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Abstract

In the spontaneous curvature model for two-phase lipid bilayer membranes the
shape of vesicles is governed by a combination of an elastic bending energy and
an interface energy that penalises the size of phase boundaries. Each lipid phase
induces a preferred curvature to the membrane surface, and these curvatures as
well as phase boundaries may lead to the development of kinks.

In a rotationally symmetric setting we introduce a family of energies for
smooth surfaces and phase fields for the lipid components and study convergence
to a sharp-interface limit, which depends on the choice of the bending parameters
of the phase field model. We prove that, if kinks are excluded, our energies I'-
converge to the commonly used sharp-interface spontaneous curvature energy
with the additional assumption of C'-regularity across interfaces. For a choice
of parameters such that kinks may appear, we obtain a limit that coincides with
the I'-limit on all reasonable membranes and extends the classical model by
assigning a bending energy also to kinks.

We illustrate the theoretical result by some numerical examples.
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List of symbols

The following list contains notation that is used throughout the dissertation. The number

at the end of each entry is the page where the notation is defined or introduced.

Ay, Ay (J)  Area of M, or M,(J).

| B| Norm of the second fundamental form, |B| = \/x% + k3. |§|

Ce X Pe Set of curves and phase fields for the approximate energies.

Cx7P Set of limit curves and phase fields for the regular approximation.

Cco1 Space of Lipschitz continuous functions.

DxQ Set of limit curves and phase fields for the singular approximation.

E Limit energy in the regular setting.

E. Approximate energy in the regular setting.

F Limit energy in the singular setting.

Fe Approximate energy in the singular setting.

H Helfrich energy in the limit of the singular approximation.

He Helfrich energy in the singular approximation.

H Mean curvature of a surface, H = k1 + Ks.

HF k-dimensional Hausdorff measure.

T Interface energy in the limit of the singular approximation.

I Interface energy in the singular approximation.

K Gauss curvature of a surface, K = kiko.

K1, K2 Principal curvatures of a surface; for a surface of revolution k1 is the
curvature of the generating curve.

Ly, Ly(J)  Length of the curve v or the segment (J). E

M., M, (J) Surface of revolution generated by the curve v or the segment ~(.J). EI

7 Area measure of a surface.

0y Velocity ¢y = |7/| of the constant speed curve 7. @

Sy Set of tangent discontinuities in {y > 0} of v = (z,y) € D.

Su Jump set in {y > 0} of u € P or u € Q associated to v = (z,y); s € S,
is an interface point of (v, u).

Wk, I/Vllf)f Sobolev space of k-times weakly differentiable functions with derivatives
in LP, LV .

w, My (w) Component of {y > 0} or M, generated by v = (z,y).






Chapter 1

Introduction

Lipid bilayers are an integral part of biological cells, enclosing for instance the nucleus or
separating the interior of the cell from the outside environment. Their mechanical properties
influence not only the structure of the cell but also its functions [Boa02].

The building block of a bilayer is a lipid molecule that consists of a hydrophilic head
and two hydrophobic tails. In an aqueous environment these molecules aggregate into two
layers, as schematically shown in Figure thereby shielding the tail from the water.
Closed vesicles are formed due to unfavourable contact between the tails and the water at
open ends of the bilayer. There is no covalent bonding between lipid molecules, the bilayer
structure is solely caused by the hydrophobic effect.

Bilayer vesicles appear in a rich variety of shapes and are able to undergo shape trans-
formations, including bud formation and vesicle fission [SBLIT, DKNT93]; two examples are
shown in Figure Membranes that consist of two or more lipid phases display an even

more complex morphology such as micro-domains resembling lipid rafts, see for instance
[BHW03] BDWI0H] and Figure for experimental measurements. Phase separation in

Figure 1.1: Lipid molecules in a bilayer structure. Reproduced from [PR09].
With kind permission from Springer Science and Business Media
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Figure 1.2: Budding transition (top) and discocyte-stomatocyte transition (bottom), both
induced by raising temperature. Reproduced from ﬂBKL_"'__Qﬂﬂ
With kind permission from EDP Sciences. Article available at http://epljournal.edpsciences.org/

such bilayers affects equilibrium shapes and shape transformations of the vesicles.

1.1 Spontaneous curvature model for lipid bilayers

n [Can70 Hel73l [Eva7d] Canham, Evans and Helfrich independently introduced energy-
based methods to study the shapes of single-phase bilayers. The two layers of lipid molecules
are represented by a single reference surface, and stable equilibrium shapes are described

as closed two-dimensional surfaces minimising the bending energy
/ k(H — Hy)? + koK du (1.1)
M

among surfaces with prescribed area (and enclosed volume). Here H and K are the mean
and Gauss curvature of the membrane surface M, and p is its area measure; the bending
rigidity k& and the Gauss bending rigidity kg are elastic material parameters; and Hg, the
so-called spontaneous or preferred curvature, is supposed to reflect an asymmetry in the
membrane introduced for instance by a different chemical environment on both sides of the
bilayer or a different chemical composition of the two monolayers. The energy is by
now well-known by the name Helfrich energy.

In [IL93] BLI5 this model was extended to vesicles made of two lipid phases M =
MY UM~UOMY, MT N M~ = () using an energy

Z/ R(H — HI) 4+ kLK dy + oM (OM*) (1.2)

that consists of a bending term (|1.1)) for each component and an additional interface term
oH'(OM™) with line tension o. The elastic parameters k* and kzé and the spontaneous
curvatures H ;t are constant within each lipid phase but in general different between the

two phases. The area constraint translates into a constraint for each lipid phase.


http://epljournal.edpsciences.org/

1.1. Spontaneous curvature model for lipid bilayers 3

Figure 1.3: Hemispherical projection of image stacks (left) and equatorial section (right) of
two-phase membranes from biological experiments. Reproduced from [BHWOQ3].
Reprinted by permission from Macmillan Publishers Ltd

Studies of stationary shapes are usually based on solving the Euler-Lagrange equations
of or . Seifert et al. and Jiilicher, Lipowsky investigate axially symmetric shapes
for single-phase vesicles [SBLIT] and for completely separated two-phase membranes [JL93]
[JL96]. In the latter case the authors briefly discuss the possibility of different smoothness
conditions for the rotated curve at the interface, their analysis, however, is done for smooth
membranes only.

In recent years, phase field approaches have been successfully applied in numerical simu-
lations of membranes. For instance, Du, Liu, Wang [DILW04] [WDQS] and Lowengrub, Rétz,
Voigt [LRVQ9] use diffuse interfaces for both the membrane surface and the lipid phases;
Elliot and Stinner [ESIOal [ESTIOD| consider a surface phase field model. Convergence to
the sharp interface limit in these approaches is usually obtained by asymptotic analysis or
under strong smoothness assumptions on the limit surface, which can not be justified from
the energy.

Few analytical results for membrane models are known. For instance, Bellettini and
Mugnai [BMIQ] propose a diffuse interface approximation for a single-phase membrane
that slightly differs from the one used by the authors above, and they prove that under
certain restrictions on the parameters its I'-limit is given by the Helfrich energy on smooth
limits. Interestingly, already in 1991 De Giorgi conjectured I'-convergence of similar diffuse
interface models to Helfrich type energies [DGAI]. To our knowledge there is no analytical

approach to multi-phase membranes that does not rely on strong regularity assumptions.
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1.2 Diffuse interfaces without a priori smoothness

The aforementioned studies of two-phase membranes rely on the assumption that the mem-
brane is smooth, at least C!, across lipid interfaces. This assumption, however, is not
justified from the energy . In this work we are interested in rotationally symmet-
ric two-phase membranes, which are described by surfaces of revolution and rotationally
symmetric lipid phases, without this a priori smoothness assumption. We study approxim-
ations by regular surfaces of revolution and phase fields for the lipid phases with the aim of
obtaining two limits with different regularity properties at interfaces.

For a surface M, obtained by rotating a curve v and an associated phase field u: M, — R

we consider an approximate energy of the form

/ k(u,e) (H — Hy(u)? + ka(u, &) K du + / 5|VM7U|2 + 1W(u) du, (1.3)
M, €

M’Y
where Hy: R — R is an extension of the preferred curvatures H of each lipid phase and
W:R — [0,00) is a double-well potential such as W (u) = (1 — u?)2.

Apart from the surface setting, the second integral in is the usual diffuse interface
energy derived from the Cahn-Hilliard theory of phase transitions [CH58]. Intuitively, if (u.)
is a sequence with bounded interface energy as ¢ — 0, the potential term forces the phase
fields to £1, while the gradient term penalises transitions between these values. Both terms
together fix the size of each transition layer of u. to be of order . In [MMT717 [Mod&7 Modica
and Mortola show that in the non-surface setting the I'-limit as € — 0 of the diffuse interface
energies is given by the size of the sharp interface times the tension o = 2 f_ll \/W du.

The first integral in accounts for the bending energy of the membrane. The para-
meter functions k£ and kg have a twofold meaning: on the one hand they are extensions of
the bending rigidities, on the other hand their precise dependence on u and e determines
the properties of the limit. It is reasonable to assume that k¥ > 0 and that kg and kg
have the same sign. Then the extensions of these rigidities can be realised by continuous
functions that are uniformly bounded away from zero, and the precise values of k% will not
enter our arguments; we will thus assume that k* = k= = 1. The relation between k and
ke is more subtle and discussed in Chapter [4

We study the limit as ¢ — 0 of in two cases. When k£ = 1 and for simplicity
kg = 0, sequences (M., ,u.) with uniformly bounded energy develop tangent singularities
in the limit at the axis of revolution only. Limit surfaces hence consist of a finite number of
regular topological spheres connected at points on the axis of revolution; in particular, the

surfaces are smooth across interfaces. We refer to this case as the regular approximation.
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In order that tangent discontinuities or kinks can appear in the limit, k¥ and kg have to
be close to zero near phase transitions, that is when u. ~ 0. Motivated by the Ambrosio-
Tortorelli approximation of free-discontinuity problems [AT90l [Bra9g], the choice k ~ kg ~
u? seems reasonable. However, we will see in Chapter [4] that this choice is not sufficient

to obtain compactness of uniformly energy-bounded sequences (M,

€

, Ue ), because the first
variations of the surfaces M., are not necessarily uniformly bounded. We therefore introduce
an additional e-dependence and essentially consider k ~ kg ~ u? 4+ e. Then we obtain a
limit where kinks are possible and carry a certain amount of “bending energy” proportional
to their size. We call this the singular approximation.

An interesting feature of the singular approximation is that tangent discontinuities are
not restricted to interfaces, but may also appear inside a lipid phase. These ghost interfaces
are unavoidable with a coupling of phase field and curvature like ours, and they might be
useful for including curvature-induced budding in the model.

This thesis is organised as follows: We specify the rotationally symmetric setting in
Chapter Afterwards we derive the limit of the regular and singular approximation in
ChaptersBland[d Finally, we illustrate the theoretical results with some numerical examples
in Chapter






Chapter 2

The rotationally symmetric setup

In this chapter we introduce our notation and recall some facts about surfaces of revolution.

We also specify our setting for the approximation.

2.1 Surfaces of revolution
2.1.1 Basic definitions and notation

Let I C R be an open interval and v = (x,y): I — R? a Lipschitz parametrised curve in the
upper half of the zy-plane, that is y(¢) > 0 for all ¢ € I. By Lipschitz continuity v(9I) exists
and we have y(t) > 0 for ¢ € 1. We denote by M, the surface in R? obtained by rotating

v about the x-axis, thus M, is the image of I x [0,27) under the Lipschitz continuous map
D: (t,0) — (x(t),y(t) cosd,y(t)sinh);

7 is called generating curve of M., see for instance [dCTG] for a detailed discussion of
surfaces.

Since v is Lipschitz continuous, it is weakly and almost everywhere differentiable with
bounded derivative 4" and the Fundamental Theorem of Calculus

2(t) — A(to) = / ()t

to

holds for all tg,t; € I. The length of v is well-defined and given by
£, = [Wla

If I = (a,b), the function I(s) = f;“ |7/(t)] dt, is continuous and increasing in I. It has
at most countably many constancy intervals, because these are disjoint and each of them
contains a rational number, and those intervals agree with the constancy intervals of ~.
Removing the interior of the constancy intervals, pulling thus created holes together, and

reparametrising linearly, we may assume that v has no constancy intervals and that [ is
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strictly increasing. After a further reparametrisation, we may assume that + has constant
speed 7| = ¢y = L£,/|I] almost everywhere in / [BGHI8 Lemma 5.23].

By 1 we denote the area measure of M, that is du = |0;® A 0p®|dt dd = ||y dt db.
If v is embedded, then also M, is, and p is the two-dimensional Hausdorff measure H?
restricted to M,; in general, however, the multiplicity of x4 may be larger than 1.

If J is a measurable subset of I, we denote by M., (J) the part of M, obtained by rotating
v(J), by L,(J) its length, and by

Ay (J) =/ du=2ﬂ/ Y|y dt
M (J) J

its area; we abbreviate A, = A,(I), and if J = (a,b) we write A,(a,b) = A,((a,b)) and
similarly for £, and M.,.
The tangent space Ty, g,) M, exists for almost every (¢,6) € I x [0,27) and is the plane

spanned by the orthonormal vectors

0P r ., , . Oy P )
= = — (2',y cosf,y sinf and = = (0,—sin#,cosf); (2.1
&1 5,3~ Tyl («',y Y ) &2 EXy ( ); (2.1)

a unit normal is given by
1 0

0t<I> /\8@‘1’ ’}//J‘ 1 ’ ’ ’ .
v=————"—=|0 cosO | -—=—(—y,x cosh,z'sinb), 2.2
o nogal ~ \0 0 = ). @2

where 7/t = (—y,2"). We associate tangent space, normal and the quantities defined below
to the parameter (t,6) and not to the point ®(¢,6) on the surface, because the surface is
not necessarily embedded. But if tg € I is a point such that ~ is continuously differentiable
in a neighbourhood of ¢ty and |y/(to)| > 0, then there is a small interval J around ¢y such
that the restriction of v to J is embedded. Thus, M, (J) is embedded and T, 6, M- is the
tangent space of M, (J) at ®(to, o).

We consider a function f: M, — R* to be a function F: T x [0,27) — RF of the
parameters. On embedded parts of M, this amounts to f(®(¢,0)) = F(t,6). Given a
tangent vector £ at (tg,0p) € I x (0,27), the directional derivative of f in direction & is

defined as
d

D¢ f(to,00) = gF(U(S)) N

where 1: (—6,8) — I x[0,27) is any C'-curve satisfying 7(0) = (to, o) and %@(n(s))‘szo =
§. The tangential gradient of f: M, — R and the tangential divergence of a vector field
h: M, — R3 are

Vi, [ = (De, )& + (Dg, )2
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and

divar, h = De h - & + Dg,h - &,

where {£1,&} is any orthonormal basis of the tangent space [SIm83] [KGh02]. For {1, &}
as in [2.1), we find D, f = |7/| 710, F and D, f =y~ 19 F, hence

VMWf = L — (O F)&1 + — ((%F){ | /‘2 (OLF)0,® —l— (69F)89<I>

od

In particular, if f is rotationally symmetric then

Vi f(1,0) = ‘F:((;‘ﬁl(t 6)  and [V f(4,0) =

where | - | is the Euclidean norm of a vector in R3.

To consider curvatures we assume for the rest of this subsection that v € Wlicl (I;R?)

is twice weakly differentiable, thus twice differentiable almost everywhere, and that y > 0
in 1. An orientation of M, is given by the unit normal v from (2.2). Since v is weakly
differentiable, the shape operator

S Tito,000M = Tto,00) M, S¢ = D¢v
and the second fundamental form
B: ﬁto,Qo)M X 7Zt07‘90)M — R, (€, &) —¢- Dev

are well-defined for almost every (tp,6y). The matrix representation with respect to the
basis {£1,&2} in of both is
"o I~/ " /L /

k1 0 . —yrt+yx 7y x
with K1 = 3 = — 3 and K2 = —.
U b4 b4 ylY|

The eigenvalues 1, kg of S are the principal curvatures of M,, and k1 is just the signed

curvature of  with respect to the normal —'+/|7/|. The mean curvature H and the Gauss

curvature K of M, are
H =trace S = k1 + k2 and K =detS = k1ko.

By |S|? = k2 + k3 we denote the squared Frobenius norm of S, and since B(¢,¢) = ¢ - S¢,
we also write |B|? = |S|?. Obviously, |B|?> = H? — 2K, and a simple calculation shows
H =divpg, v.

The signs of the principal curvatures and the mean curvature depend on the sign of the
normal v. Our choice above ensures that a unit ball has outer unit normal v as in

and curvatures k1 = kg = +1 when it is parametrised “from left to right” such that 2’ > 0,
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for instance by (t) = (— cost,sint), t € [0,7]. Note that the Frenet formulas for the plane

AN /L ARG /

Y Y Y Y
— | = —Kk1— and <> = +K1—.
(Iv’l) b4 b4 b4

Let ¢: I — R be an angle function for ~, that is, let ¢(t) be the angle between the

positive z-axis and the tangent vector /(¢). Since I/Vlicl embeds into Cﬁ)c,

curve v then read

the angle ¢ can
be chosen continuously and is then uniquely determined up to multiples of 27. In terms of

©, 7 is characterised by fixing one point and
7’ = |v| cos o, y = |y/|sine.

The principal curvatures take the form

and we have ) . , o
_pleosp  (sing) _ (y'/]Y])

K — _ _ W/ 2.3
'ly 7'ly 7'ly 23)
From ([2.3) we see that for any J = (a,b) € I the integral
b
/ Kdu = —271/ (sin @)’ dt = 27 (sin p(a) — sin (b)) . (2.4)
M (J) a

depends only on the tangent angle at 8.J. If sin p € WH1(TI), then is by approximation
also true for J = I, which is just the Gauss Bonnet Theorem for surfaces of revolution.
In particular, if y(8I) = {0} and M, is a Cl-surface, v’ is perpendicular to the axis of
revolution at 01, thus ¢(a) = —p(b) = m/2 modulo 27 and fM7 K dy = 4.

Another consequence of is that for v parametrised with constant speed g, the

2
[l ="T [ ya (2.5)
Mo (J) Oy JJ

//’2

integral

is the L'-norm of y”. Moreover, in that case |y

27 27
[ =2 [ epya =2 [y (2.6)
M- (J) qy JJ ay JJ

Y

= ¢"¢2 and therefore

is the weighted L?-norm of ¢ and ~”.

If M, is a closed surface, that is y(0I) = {0}, k2 seemingly degenerates at the axis
of revolution. However, if M, is sufficiently smooth, say C?, the principal curvatures are
well-defined taking for instance another local parametrisation of My; to compute k2 in the
rotationally symmetric parametrisation, L’Hopital’s rule may be used and yields ko = k1 at
the axis of revolution [Kiith02]. On the other hand, bounds on certain curvature expressions

allow to derive some regularity properties of the generating curve ~.
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2.1.2 Surfaces with L?-bounded second fundamental form

In our setting we will encounter curves that satisfy only y > 0 in I, because the sharp
inequality y > 0 is not conserved by the convergence of curves that our energy bounds
yield. Also, we do not have a construction as in [Schiil [BDI0l [DDGOY [DFGS0Y] where
a priori bounds for rotated graphs are derived from bounds on the single-phase Helfrich
energy inspired by analogy with elastic curves in the hyperbolic plane.

The set {y >0} = {t € I : y(t) > 0} is open, hence its connected components are open
intervals. Since the components are mutually disjoint and each component contains at least
one rational number, {y > 0} is the union of countably many disjoint intervals. In a slight
abuse of language we refer to a component w of {y > 0} also as component of v and call
M, (w) a component of M,. Thus, M, consists of at most countably many components
which are connected at the axis of revolution.

In the following lemma and corollary we collect some regularity properties for v and M,
that can be derived from an L?-bound on the second fundamental form. The most prominent
result of such type is [Tor94] m, where the authors prove that a (generalised) surface
with L2-bounded second fundamental form has bi-Lipschitz coordinates. Here we already
assume that « is Lipschitz and twice weakly differentiable and focus on properties of « near

the axis of revolution.

Lemma 2.1. Let v = (x,y): I — R2, y > 0 be a Lipschitz curve that satisfies v €
2,1 _ ,
Wie ({y > 0};R?), [/ = ¢y > 0 in {y > 0} and

/ |B|? du < 0.
M, ({y>0})

Then v € Wlif({y > 0};R?) and y € W21({y > 0};R?). Moreover, for any connected
component w = (a,b) of {y > 0} we have v € C1(w; R?) with v'(a) = —+'(b) = £(0, |Y]),
that is, v is perpendicular to the azis of revolution. The number of components of {y > 0}

is finite.

Proof. Given J € {y > 0}, y has a positive lower bound c; in J, and v € W22(.J; R?) follows
from (2.6). Using 2|K| < |B|* and we obtain y € W21({y > 0}). By embedding we
have z € Cl (w) and y € C'(w) for any connected component w = (a,b) of {y > 0}, that
is, 3/ is continuous when approaching dw from the interior of w. Using this continuity and
2 +y? = q,2y in w, we show that 2’ is continuous. Assume for contradiction that there are
sequences tx — a, s — a in w such that lim 2/(¢;) # lim 2’(sg); if such sequences cannot be

2

found, 2/(t) converges as t \, a. Since 2/(t)? and 2/(sg)? converge to ¢2 — y'(a)?, we have

lima/(s;) = —lima/(tx) = m # 0 and 2/(t;) < —m/2 and 2/(sg) > m/2 for sufficiently
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large k. Thus, there is r € (tg, sk) or (sg,tx) such that 2/(rx) = 0. Since r, — a, we find
y?(a) = ¢2. Therefore, 2"*(sx) = ¢ — y*(sx) — 0 and the same holds for z’(t;) which
contradicts the assumptions. The same argument holds at b.

To prove that ~ is perpendicular to the axis of revolution at a, consider the second

principal curvature. Since v is Lipschitz, we have y(t) < y(a) + ¢4(t — a) = ¢,(t — a) in w,

2 a+dé .02 a+o dt
oo>(17/ H%d,uZ/ w dtZ( inf :):’2>/
27 M (w) a t—a (a,a+9) a t—a

uniformly in 6 € (0,b— a). The continuity of 2’ now implies z'(a) = 0, and similarly we get

hence

z'(b) =0. As || = ¢y and y > 0 in w, we find ¢/(a) = —y'(b) = gy or ¥/ (a) = —y/'(b) = —¢,.
By the Gauss-Bonnet formula ([2.4) we have

‘/ Kdu
M(w)

so the number N, of components of {y > 0} satisfies

= 4m,

1 1
NS [ Klaus B dy
! 4”%: M, () 87, (fy>0})

and is thus finite. O

Corollary 2.2. Lety = (x,y) be as in Lemma. Then M, has finitely many components
which are connected at the axis of revolution. Each component is an immersed C'-surface

and a W?2-surface in {y > 0}, that is, away from the awis of revolution.

Remark. The properties y € W*({y > 0}) and = € C'({y > 0}) but 2’/ ¢ W' ({y > 0})

in Lemma [2.1] are sharp, as the following example shows. Let

sinln(1/t) + 1
In(1/t)

for t € (0,t9) with to sufficiently small that ¢ € [0,1] and consider

o(t) =

2/(t) = cos (/2 — $(t) = sing(),  y/(£) = sin (/2 = $(¢)) = cos ()

with z(0) = y(0) = 0. As ¢t — 0, ¥(t) converges to 0, so for small ¢t we have a/(t) ~ ¥(t),
y'(t) ~ 1, and y(t) ~ ¢, where a < b denotes a < Cb with a constant C' > 0 and a ~ b means
a S b < a. We obtain that

fan [ 5% [ i <

cosln(1/t) = sinln(1/t) +1
Um0 T tn(1/0)?

Moreover, we have

W'(t) =
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and

/H%dﬂw/¢'2tdt§/7M<oo.

On the other hand, " = 9’ cos1) ~ 1)/ for small ¢ and

|Cos1n(1/t)|
/|1Mdt Im(/t) dt = oo,

thus = € W21((0,t0)). Furthermore, 3 = —’sint) ~ —1)’y) and

[~ [ <<Ci/t>> -

for any p > 1, thus y" & LP((0,tp)). Note that M, is embedded due to 2’ > 0.

2.1.3 Diameter bounds

In order to establish compactness we look for uniform bounds on the generating curves that
are derived from uniform bounds on the curvature integrals in the energy and on surface
area. The following two well-known results relate the mean curvature of a surface M, to its
external and internal diameter, thus to the L°°-norm and the length of v. Both Lemmas
are valid for arbitrary two-dimensional surfaces that are smoothly immersed in R”, where

for n > 3 H is the mean curvature vector [SIm&3].

Lemma 2.3 ([Sim93] Lemma 1.1]). If M is a closed (compact, no boundary) and connected

surface that is smoothly immersed in R™, then

-1
u(M) (/ H? du) < degt(M)? < Cu(M)/ H?dy,
M M
where (M) is the area of M and deys the extrinsic diameter.

Lemma 2.4 ([Top0§]). If M is a closed, connected surface that is smoothly immersed in
R"”, then

ding (M) < c/ Hldp,
M

where dj,; 18 the intrinsic diameter.

The proofs of these lemmas hinge on the fact that inside an arbitrary extrinsic or intrinsic
ball not both the area of M and the mean curvature integral can be small at the same time.
The upper bounds on the diameters are then derived by exploiting this fact in some carefully
chosen balls. For closed surfaces of revolution there is a straightforward proof that the mean

curvature integral bounds the length of the generating curve.



14 2. The rotationally symmetric setup

Lemma 2.5. Let v = (x,y) € C%(;R?) N VVli’cl(I;RZ) be a curve such that y(I) C (0,00)
and y(0I) = {0}. Then
/ |H|dp > 2mL,.

.
Proof. We assume that the mean curvature integral is finite because otherwise there is
nothing to prove. Without loss of generality we also assume that ~v: (0,£,) — R? is
parametrised by arc length. If 2/ > 0in I, we can find an angle ¢ that is weakly differentiable
in I and satisfies ¢ € [—7/2,7/2]. Then

Ly on
Hdu:27r/ (—«p’+ Cow)ydt:%/ soy’+cos<pdt—2wy\oﬁw
M, 0 ) 0

Ly
:277/ @sin g + cos p dt
0

> 2mL,,

because psiny + cosp > 1. In general, when 2’ > 0 does not hold, consider the curve
~v = (z,y) defined by

foy and () =2(0)+ /0 12/(s) ds.

Obviously |3/| = |¥/|, and a simple calculation shows H = Hsigna' almost everywhere.

J,

~

Therefore
|H| dp > /M Hdji > 21Ls = 21L,,. O
q

Remark. The inequality in Lemma [2.5] is actually strict: equality in the above calculation
means psing + cosp = 1 in I, which holds for ¢ € [—m/2,7/2] only if ¢ = 0, and is thus
impossible for a nontrivial closed surface of revolution. Moreover, the inequality is sharp,

as can be seen by a cylinder with spherical caps when the radius tends to zero.

2.2 The approximate energy

In this section we state the setting of the shared approximation for the singular and the
regular case, that is everything but the parameter extensions k£ and kg. The energy we

consider is

/ k(u,e) (H — Hy(u))* + ka(u, ) K du + / e[Var ul® + 1W(u) du (2.7)
M, €

:
for surfaces of revolution M, with prescribed area A, = Ay > 0 and phase constraint
wa wdp = mAg with m € (=1,1). If the areas of the two phases are given by AT and A~
then Ag = AT+ A~ and m = (AT — A7) /Ap. The double-well potential W: R — [0, 00) is
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a continuous function that vanishes in 41 only and for technical reasons C? around these
two points. For notational simplicity we assume that W is symmetric with respect to the
origin. The function Hs: R — R is a continuous and bounded extension of two prescribed

preferred curvatures Hy(+1) = HZ, for instance

Hy if u<—1,
Hy(u) =S Y(Hf +H)+3(Hf —H)u if —1<u<l,
Hf if 1 <.

We consider (2.7)) for parametrisations (v, u) € C. X P. where
Ce:= {’y = (x,y) € COY(;R*) N VVE)’(}(I;R% :

7| = const, y(0I) = {0}, y(I) C (0,00), 2’ > 0,/ B du < o0, A, = Ao}

~

and

P. = {u € I/Vlz’cl(l) : /M |VMvu|2du < 00, [Julle < Co, /Mudu = mAy, }

vy

The first three conditions in the definition of C. ensure that v is parametrised with constant
speed and that M, is a closed surface. The requirement 2’ > 0 fixes the orientation and
guarantees that M, is embedded. The L?-bound on the second fundamental form of M,
and the first two conditions on the phase fields ensure that the energy is well-defined
for (v,u) € Cc x P for the choices of k and kg that we will make. If v € C., then by
Lemma and the subsequent corollary, M, is a Cl-surface and a W22-surface away from
the axis of revolution. The uniform bound |lu|l. < Cp with a large constant Cp > 1 is
actually slightly more than is needed for the energy to be well-defined, but we impose it for
technical reasons. This does not seem to be a strong restriction, as one would expect phase
fields with small energy to be roughly between +1 and —1 for small . The set P. depends
on the chosen v € C; due to the phase integral constraint, but since we usually consider
pairs or configurations (v, u) we suppress this fact in the notation. Instead we highlight the
affiliation to the approximate energy by the index ¢ in C. x P-. In the following chapters
we will write M, instead of M, and so forth, when considering sequences (7.) of curves.
If necessary for clarification we will also add the curve or an € as index to other quantities
such as H, pi, or y..

Obviously, is invariant under reparametrisations that preserve the orientation and
the regularity properties of +. In particular, if v satisfies all requirements of C. but only
|7/| # 0 instead of |y/| = const, the corresponding constant speed parametrisation belongs to

Cc and has the same energy. Hence, considering only |y/| = const is no geometric restriction.
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2.3 TI'-convergence

We study the limit of (2.7) in the sense of I'-convergence introduced by De Giorgi and
Franzoni in [DGETH|, see also [DM93] Bral2] for systematic studies. If X is a normed
linear space, for instance a function space, then a sequence of functionals F.: X — R is

said to I'-converge to F': X — R, if

e for any sequence (zc) C X that converges to some x € X there holds

liminf F,(x.) > F(z); (2.8)

e—0

e for any x € X there is a sequence (z.) C X that converges to = as € — 0 such that

limsup Fy(z:) < F(x). (2.9)
e—0

Here and in the following we understand convergence with respect to the continuous para-
meter ¢ — 0 as convergence for all sequences €; — 0 as j — oo, but still write € instead of ¢;.
Inequality is called the lower bound, the upper bound inequality; the sequence
(z¢) in the latter is called recovery sequence for z and, due to (2.8), satisfies F.(z.) — F(x)
as € — 0. It is sufficient to prove for a subset Y C X such that for any « € X there is
a sequence (x5) C Y with x5 — x and F(z5) — F(x) as § — 0. Then a diagonal argument
yields the existence of a recovery sequence for x.

I'-convergence is most useful when combined with equi-coercivity. The functionals (F;)
are called equi-coercive if any sequence (z.) C X with uniformly bounded F;(z.) admits
a convergent subsequence. If (F.) is equi-coercive and I'-converges to F, every almost
minimising sequence (z.), that is, every sequence satisfying F.(z.) = inf x F. 4+ 0(1)c—0, has
a subsequence that converges to a minimiser of F', whose existence is thus proved. Such an
almost minimising sequence trivially exists if each F; is bounded from below.

The notion of I'-convergence depends on the convergence in the underlying space X.
Our singular and regular case are the limit of with respect to two different notions
of convergence. For the first in Chapter [3] we prove full I'-convergence, for the second in

Chapter [4 only a partial convergence result.



Chapter 3

The regular approximation

In this chapter we study the regular approximation where the energy is given by (2.7) with
k(u,e) =1 and kg(u,e) = 0, that is
1
E(v,u) = / (H — Hy(u))*du +/ e[Var, ul* + =W (u) dp
M, M, €
for configurations (v, u) € C. x P.. The limit energy will be
e = [ (H = Hafw) du-+ oM (M(S,)
M’Y

for curves with parametrisations v in

Ci= {v = (@) € COULR) W (> 0} :
17| = const, y(0I) = {0}, y >0, H'({y =0}) < o0, 2’ >0,

J,

|BI?dp < 00, A, = AO}
~{y>0})

and associated phase fields u in

P = {u: I — {£1} piecewise constant : / udp = mAg, H'(M,(Sy)) < oo}.

My

Here S, C {y > 0} denotes the countable jump set of u in {y > 0}, and we call s € S, and

the corresponding circle M, ({s}) an interface of (v, w). The constant o is given by

1
o= 2/ VW (u) du, (3.1)
-1

and

MM, (S) = 21 S y(s)

SESy

is the one-dimensional Hausdorff measure of the union of the countably many circles M., (S,,).
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> ' > T

Figure 3.1: The curve 7. € C; on the left can, as element of a sequence, lead to a limit v € C
as on the right. The two components of M, touch each other along a vertical line segment.

The difference between C. and C is that v € C may touch the axis of revolution also
in the interior of I, but this can happen only at finitely many points: For v € C we infer
from Lemma and the subsequent corollary that M., consists of finitely many components
which are C'-surfaces and W?22-surfaces away from the axis of revolution. Due to 2/ > 0
each component is embedded, but different components may touch. In fact, they can touch
not only in {y = 0}, but also in {y > 0} if and only if 2’ = 0 in a neighbourhood of some
s € {y = 0}. Moreover, {y = 0} is finite. See Figure 3.1] for an example.

The set P resembles the set of special functions of bounded variation SBV with values
in {£+1}, weighted with the height y of the generating curve v € C. Indeed, for u € P and
any J € {y > 0} we have u € SBV(J;{£1}), but as jumps of height 2 may accumulate
near the axis of revolution, u ¢ SBV(I) in general. Points in {y = 0} can be jump points of
u or singular points where one or both one-sided limits are undefined. We emphasise that
in our notation S, only contains points in {y > 0}, because the restriction of u to {y = 0}
does not contribute to the limit energy £.

We extend & and & to WH(I;R?) x L'(I) by setting & (v, u) = (7, u) = oo whenever
(7, u) does not belong to C. x P. and C x P, respectively. The result of this chapter is the

following theorem.

Theorem 3.1. The energies £ are equi-coercive, that is, any sequence (Ve,us) € Ce X Pe
with uniformly bounded energy admits a subsequence that converges strongly in W' (I; R?)x
LY(I) to some (y,u) € C x P. Furthermore, & T-converges to £ with respect to strong
convergence in WH(I;R?) x LY(I) as ¢ — 0.

The proof of Theorem [3.1] is divided into the three steps equi-coercivity, lower bound,

and upper bound, which are carried out in the following three sections.

3.1 Equi-coercivity

The weak coupling between phase fields and curves in &., which is present only in the

interface energy, allows to consider both almost separately. Furthermore, £ bounds the
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L%norm of the mean curvature of M, for (y,u) € C. x P due to
2 > [ B2 g om2a
6(7)“) = dp 2” SHoo 0-
2 ur,

Adding —27 = —3 M, K dp and 2||H,||% Ao to both sides, we find

1
E-(y,u) + const > / |B|? dp > / | K| dpu,
2 M’Y vy

that is, £ (7, u) also bounds the L?-norm of the second fundamental form and the L'-norm

of the Gauss curvature of M,.

Lemma 3.2. Let (e, u:) € Cc X Pe be a sequence with uniformly bounded energy E- (e, ue).

Then there are v = (z,y) € C and a subsequence, not relabelled, such that
o e = in Wh(I;R?);
o e =7 in Wit ({y > 0} R?);
o . — v in WHP(I;R?) for any p € [1,00).

Proof. Let . = (2., y:) and |.| = ¢.. With Lemma 2.5 and Hélder’s inequality we find

1/2
277(]2’[’ =2nL. < / |H£| dpe < <-A£/ Hg2 dﬂa) )
M. M,

so the sequence (¢c) is bounded from above. Since translations in z-direction do not change
the energy, we may assume that all 7. have a common end point. Hence (7.) is bounded
in W1°°(I;R?) and we may extract a subsequence such that ¢ — ¢ in R and 7. = v in
Whee([;R?) = C%(I;R?). By compact embedding, the convergence is uniform in I, thus
y > 0 and y(0I) = {0}. Since

A0:A5:27Tq5/y5dt%27rq/ydt,
I I

neither ¢ = 0 nor y = 0 in I. Without loss of generality we assume ¢ = 1, thus |7/| < 1
almost everywhere in 1.

Taking into account only the just selected subsequence, let € be sufficiently small so that
¢: <2, and let J € {y > 0} and ¢; > 0 such that y > 2¢; in J. By uniform convergence of
Y- we then have y. > c;, hence

1 1 cJ
— B.|?du. > — 2 due. > -2 "2 dt 3.2
p 1Bz g [ ez [ (32)

for all sufficiently small . Since the left hand side of (3.2]) is uniformly bounded, a sub-

sequence of (v/) converges weakly in L?(.J;R?) to some +j. The corresponding subsequence
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of (7) converges weakly in W22(J;R?), and from uniqueness of the weak limit we infer
that /] is the weak derivative of 4/ in J and that the whole sequence converges. This proves

Ve — v in Wlif({y > 0} ;R?). Consequently,

/ |B|? dp < liminf/ |B.|* dp. < liminf/ | B.|? dpse
M(J) e—0 M (J) e—0 M-

for any J € {y > 0}, and since the right hand side is finite and its value independent of J,

/ |B]* du < oo
M ({y>0})

by exhausting {y > 0} with J € {y > 0}.

we obtain

By compact embedding of W22 into C!, . converges strongly to v in CL_({y > 0};R?),
and we infer that 7/ — 4/ pointwise in {y > 0}. Therefore 2’ > 0 and |y/| = lim |7/| =
limg. = 1 in {y > 0}; the latter implies

e—0

A, :27T/|’y'|ydt:27r/ ydt = lim 27r/ qeye dt = lim A. = Ajp.
I {y>0} {y>0} =0

To conclude v € C, we have to show that {y = 0} is finite. This also yields strong
convergence of (v.) in W'P(I;R?), because it implies 7. — ~/ almost everywhere in I
and the Dominated Convergence Theorem applies. Assume for contradiction that J is a

non-empty open subset of {y = 0}. Then

2 / 2
A(J)
! dt> =(/ ] \/”dt> <= / K3 - dpte
</J| €| J V4eYe =Y = 4n? M, 2 O

12
€

implies 7. — 0 and y2 = ¢ — 2’2 — 1in L'(J), which contradicts ¢’ = 0 almost everywhere
in {y = 0}. Consequently, {y = 0} does not contain interior points, and since by Lemma

the number of components of {y > 0} is finite, we conclude H°({y = 0}) < oc. O

Lemma 3.3. Let (y:,u:) € Cc X P. and v € C be as in Lemma . Then there exist a
countable set S C I that is finite in any J € {y > 0} and uw € P with S,, C S such that
for a subsequence u. — u in measure, almost everywhere in I, and in LP(I) for p € [1,00).

Moreover, in any J € {y > 0} \ S there holds |u:| > 1/2 for all sufficiently small .

Proof. According to Lemma [3.2] we restrict ourselves to a subsequence v, that converges to
7; as before, |v.| = ¢. and without loss of generality |y/| = 1. Uniform convergence implies
that for J € {y > 0} there is ¢; > 0 such that y. > ¢y in J for all sufficiently small .

Therefore,

1

1 €
o [ el W de = e [ Sl W () (3.3)
T JM(J) € J 9e €
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and the well-known arguments of Modica and Mortola [Mod&7 [MMT1] apply in J, see in
particular [Bra02 Lemma 6.2 and Remark 6.3] for a proof in one dimension. The outcome
is a finite set of points S; C J and a piecewise constant function u: J — {£1} whose jump
set is contained in Sy such that a subsequence of u. converges to u in measure and almost
everywhere in J \ S. Since (u.) is uniformly bounded in L*(I), convergence in LP(J) for
any p < oo follows. Moreover, in the one-dimensional setting we obtain that in any set
compactly contained in J \ Sy there holds |u.| > 1/2 for sufficiently small .

Exhausting {y > 0} by a sequence of increasing sets such as J = {y > 1/k} for k — oo
and taking a diagonal sequence, we find an at most countable set S C {y > 0} and a function
u: {y > 0} — {£1} whose jump set is contained in S. A subsequence of (u.) converges to
u in measure and almost everywhere in {y > 0} and satisfies |uc| > 1/2in J € {y >0} \ S
for all sufficiently small € depending on J. The uniform L°°-bound on u. together with
HO({y = 0}) < oo yields convergence in LP(I) for any 1 < p < oo. Taking convergence of
y= and |7.] into account, we obtain

onz/ Ue dp — wdp
M. M,

as ¢ — 0. The bound H(M(S,)) < oo follows from (B.3) and Young’s inequality, the

details are given in the lower bound section and are thus here omitted. O

Remark. In the classical one-dimensional setting without the area measure, a uniform L>°-
bound for the phase fields is in fact a result of the uniform energy bound, see [Bra02]. In our
case, however, this bound depends in J € {y > 0} on the constant c;, which is essentially
the infimum of y on J, and might tend to infinity as ¢; — 0. Our assumption ||uc||s0 < Co

is used to ensure LP-convergence and can here be weakened to an L'-bound.

3.2 Lower bound

Next we prove the lower bound inequality
liminf & (vz,ue) > E(7, u) (3.4)
e—0

whenever (ve,u.) converges to (v, u) in Wh1(I;R?) x L*(I). It suffices to examine the case
when the left hand side of ((3.4)) is finite and to consider a subsequence such that the lower
limit is attained. Then by definition (y¢,u:) € C. X P, and our compactness argument

yields (v,u) € C x P and the convergence properties listed in Lemmas and In
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particular, v — v in VVlicz({y > 0};R?) and u. — w in L'(I) imply

e—0

/ (H — Hy(u))?dp < liminf/ (He — H(uc))? dpe

< liminf/ (H. — Hy(ue))* dpe
M

e—0
for any J € {y > 0}, and since the right hand side is independent of .J, we obtain the bulk
lower bound inequality

/ (H — Hy(u))?dp < lim inf/ (H. — Hy(ue))? dpe. (3.5)
M({y>0}) M.

e—0

To analyse the interface energy let s € S, and fix an interval J € {y > 0} such that
J NS, = {s}, which exists because S, N {y > y(s)/2} is finite. From the convergence of
ue we deduce that there are points a.,b. € J with a. < s < b, or b, < s < a. such that
a: — 8, be = s, ucs(a:) - —1 and u.(b:) — 1 as € — 0. Assuming without loss of generality
that a. < b., we have

1 1 , be
5|VM5U5]2+ EI/V(ug)du8 > <( inf y5>/ 2/ W (ug)ul| dt

2m Ms(as’bs) Qe ;e

> inf
> (ot )

thanks to Young’s inequality and a change of variables. Taking the lower limit yields

£

/UE(bs) 2/ W (u) du

ue (ae)

1 1
lim inf/ e| Vi ue|* + EW(ua) dpe > 2my(s) / 2/ W (u)du = 2my(s)o.  (3.6)
M. (ae,be) 1

e—0

The above argument applies to each point of any finite subset S of .5, and in addition we
may extend the integral on the left hand side of (3.6) to the whole surface to obtain

1
liminf/ | Vi ue|? + EW(UE) dpe > oH(M(S)).
M.

e—0

Since the left hand side is independent of .S, the interface lower bound inequality

lim nf / e[V |2 + éW(us) dp. > oH (M(S) (3.7)
e—

follows from taking the supremum over all finite sets S C S,. Combining (3.7) and (3.5
yields the lower bound inequality (3.4]).

3.3 Upper bound

In the final section of the current chapter we construct a recovery sequence for (v, u) with
finite energy £(y,u). To this end we first show that (v, ) can be approximated by config-

urations with finitely many interfaces. We then construct a recovery sequence for such a
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configuration by changing the curve essentially only between components near the axis of
revolution and the phase field only around interfaces.
Throughout this section we assume without loss of generality that + is parametrised

with constant speed |y| = 1.

3.3.1 Approximation by finite number of interfaces

Lemma 3.4. Assume that (y,u) € C X P has countably many interfaces. Then there exists
(v,us) € C X P for sufficiently small 6 > 0, each with a finite number of interfaces, such
that us — w in LP(I) for any p € [1,00) and E(v,us) = E(v,u) as § — 0.

Proof. Let 35 be smaller than the minimal length of « restricted to a component of {y > 0}.
We construct us by omitting interfaces whose distance on v to a component boundary is less
than 6. More precisely, for a component w = (a,b) of {y > 0} let a5 = a+ 0 and by = b— 9.
By the choice of 6, as < bs and L(a,as) = L,(bs,b) = 6. Define us on w to be equal to u

in (as, bs), and continuously extend it to (a,as) U (bs,b), that is

u in (as, bs),
g = tl{‘rgts u(t) in (a,as),

I .

t}%lé u(t) in [bs,b)

in w. Since the number of components NN, is finite, this procedure can be applied to each
component and yields a configuration (v, us) with finitely many interfaces. By construction

|lu —us| <2and y <4din (a,as) U (bs,b), so we have
/ lu — uslP dp < 2PTI N 62 (3.8)
M'Y
and us — u as § — 0 in LP(I) for any p € [1,00). Furthermore,

[ (Mo (Su)) = H (Mo (Su,))| < H (Mo (Sun {y < 6}))

and
‘ / (H — Hy(u))> — (H — H.(ug))? dp
M’V

As / | Hlloo + || dps,
M, ({y<d}

converge to 0, therefore E(vy,us) — E(y,u). Finally, for sufficiently small § there is an
interface s € S, N S,; that is independent of § and whose distance to all other interface
points is greater than §. According to the error in the phase constraint is at most of
order 62, so it suffices to move s by an order of at most 62 to the left or right to recover
the integral constraint [ M, Us du = mAp. This additional change yields us € P and does

obviously not disturb the convergence of the phase fields or the energy. O
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Thanks to Lemma we can assume from now on that (v,u) has only finitely many
interfaces. Then the minimal distance between two interfaces and from an interface to the
boundary of its component is strictly positive. Hence, for any interface s € S, there is an
interval J € {y > 0} that contains no other interface, and for any component boundary
point s € {y = 0} there is an interval J C I that contains no other component boundary
point or interface. The recovery construction for interfaces and component boundaries is

done separately for each of these points.

3.3.2 Curve approximation

Let s € {y = 0} be a point that connects two components of M., on the axis of revolution,
and fix J C I such that J N ({y =0} US,) = {s}. For simplicity of notation we assume
s =0 and v(0) = (0,0).

We aim to replace v in J by a sequence (v;) C W?22(J;R?) that converges to v and
satisfies £(vs,u) — E(v,u) as 6 — 0. Since we are close to the axis of revolution, the
dominating term in the energy is the squared mean curvature, in particular the second
principal curvature. In order to control this term, the approximation is based on scaled
catenoids which satisfy k1 = —ko, thus H = 0. Since both one-sided limit tangents of
v = (z,y) are perpendicular to the axis of revolution at s = 0 and ~y satisfies z(¢) > 0 for
t >0, xz(t) <0 for t <0, it suffices to study a construction for v5 in J N {¢t > 0} that can
be smoothly joined at s = 0 with its mirrored counterpart in J N {t < 0}.

Two situations can occur in J N {t > 0}: either v is a vertical line segment near s = 0 or
it is not. In the latter case, which is studied in Lemma [3.5] we glue the catenoid directly to
the original surface; in the former case, considered in Lemma [3.6] an additional transition
region is needed to join the catenoid to the vertical original surface, see Figure for a
sketch of the constructions. In both cases the construction is essentially local, but the
original surface is slightly shifted in z-direction to gain some space for the catenoid and
maintain ' > 0. These shifts obviously do not change energy, area or phase constraint, and
they vanish as § — 0.

We denote by c5 = (i5, js) € C°(R;R?), where

is(t) = d arcsinh £, Js(t) = V6% +t2,

the d-catenary, which is the generating curve of a J-catenoid parametrised with unit speed.
The d-catenoid has principal curvatures

5

—K1(t) = ka(t) = 212
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ms is(ss) ms

Figure 3.2: The construction for Lemma (left) and Lemma (right): original curve
(black), d-catenary (light grey), and circle segment (dark grey).

and thus satisfies

b (52 "
Bey|2d =47r/ Rt dt=dr ———| <8t (3.9
/Mcé(a,b)’ ool i o (52+t2)2\/7 Nl i (3.9)

for any § > 0 and all a,b € R, a < b.

Lemma 3.5. Assume that 7 is not a vertical line segment in J = (0,ty), that is, there
exists a decreasing sequence t, — 0 as k — oo such that 2/(ty,) > 0. Then for all sufficiently

small § depending only on vy there is a curve vs = (vs,ys) € W22(J;R?) such that
o 75 satisfies ys > 0, x5 > 0 and |v5| =1 in J;

e at the end points of v5(J) we have
5(0) = (0,8),  75(0) = (1,0), 75(t0) = (z(to) + o(1),y(t0)),  ¥5(to) ="(t0);

o 5 — v in WEP(J;R?) for any p € [1,00) as § — 0;

o As(J)=A(J)+o(1) and udps = / udp +o(1) as 6 — 0;
Ms(J) M ()
. sup/ |Bs|? dus < oo; and
6>0 M(;(J)
o / (Hs — Hy(u))? dus — (H — Hy(u))?dp as 6 — 0.
Ms(J) M, (J)

Proof. We replace v in some interval (0, s5) with ss to be chosen by a d-catenary, shifting
the remaining part of v slightly in z-direction to obtain a C''-connection at s;, see F igure
on the left. Since 7' is continuous up to 0 and y(t) > 0 for ¢ > 0, we have 7/(t;) — (0,1) as
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tr — 0. By choosing t; sufficiently small we may assume 3/(t) > 0 for all 0 < ¢t < t;. We
look for the connection point ss € J and a shift ms € R such that
Js(ss) _ y'(ss)
is(ss)  @'(ss)
The second equation in ensures that the piecewise defined curve

and  cs5(ss) = (z(ts) +ms, y(ts))- (3.10)

'mw—uwmmm—{z%+mmm»1£i;§%

is continuous; the first equation together with |c§(ss)| = |7/(ss)| = 1 implies c§(s5) = ¥'(s5)-
Since v € W22(J N {t > s5};R?) for any s5 > 0 and c5 € C®(R;R?), 75 € W22(J;R?)
follows.

To find ss we compute the derivatives of the catenary and rewrite to obtain
x'(s5)
y'(ss)
for ss < t;. The function g: [0,t1] — R, t — ta/(t)/y/(t) is continuous and satisfies g(0) = 0

5= s5 (3.11)

and gy := g(tx) > 0 for all k£ € N. After restriction to a subsequence, we may assume that
(g) is decreasing. Given ¢ € (0,g1), let ks be the largest k, or equivalently gi, the smallest
gk, such that § < gy,. Then by the Intermediate Value Theorem there exists s5 € (0,x,)
such that holds. To satisfy the second condition in (3.10)), we set ms = i5(s5) — z(s5).

As § tends to 0, also s5 < ty, — 0, gr; = g(tx,) — 0, and ms — 0. Since both v and
cs are uniformly bounded in W1, we obtain 75 — v in W1P(J;R?) for any p € [1,00)
and A;(J) = A,(J). The mean curvature H,; of 75 is given by H.,(t) = 0 for t < s5 and
H.,(t) = Hy(t) for t > ss, and the spontaneous curvature H(u) is constant in J. Hence,

[ - B du s [ Hw)d
M5 () M (J)

as § — 0. Moreover,

[ Pl < [ B [ BRd
M (J) M, (R) M

Vs cs v
is bounded because of (3.9) and (y,u) € C x P.
Finally, we estimate the error in the area constraint that is introduced by ~5. We find
A, (0, s5) = O(s2) and

1 58 1
%A%(O,s(;) :/ V&2 +t2dt = 2(75\/52 + 12 + 5% In(t + \/52+t2)>
0
1
- 2<55\/52+5§+521n<55+\/52+s§) —5%5),
1 14+ 4/h3+1
zigwm$q+@mggagf,

85
0
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where hs = §/ss = 2/(ss)/y'(ss) — 0 as 6 — 0. Therefore,
1
A 055) ~ 53 (1) ~ (14 (1)
6

and the error in the area constraint is of order O(s%). Since u € {£1}, the same is true for

the phase integral constraint. O

Lemma 3.6. Assume that v is a vertical line segment in J = (0,tp), that is v(t) = (0,1)
in J. Then there is vs such that all conclusions of Lemma except for |ys| =1 in J still
hold. Instead, there exists J € J that is independent of § such that
) 1 ift=J\J,
15| = . ¥
1+rs ifted,

with rs — 0 in WY2(J) N CO(J) as § — 0.
Proof. Now we replace v by a d-catenary in some interval [0, ss) and a segment of a circle
of radius one in [ss,t5), which connects the catenary and the shifted original curve, see

Figure [3:2] on the right. Writing

A~ ~

ks(t) = sin(t — bs) + ks and l5(t) = —cos(t — bs) + 15
for the z- and y-coordinate of the circle and fixing § and ss for the moment, we aim to

determine tg, b, l;:(;, Zg, and shifts mg, ng such that

cs(t) if 0 <t < s,
v5(t) = (ks(t),ls(t)) if ss <t <'ts,
(ms,t+ngs) ifts <t

is continuously differentiable at s5 and t5. The corresponding conditions are

ks(ss) = ig(ss), I5(ss) = j5(ss), ks(ss) = is(ss), ls(s5) = js(ss),
1, ks(ts) = ms, ls(ts) =t + ns,

and a short calculation shows

bs = ss — arctan(ss/J), ts = 7/2 + bs,
ks = is(ss) — sin(ss — bs), Is = js(ss) + cos(ss — by),
ms =1+ ks, ng = ls — t5.

If we let s5 = 67 for some 3 € (0,3/4), we find

ts ~ 08 + 8175, mg ~ 01nd? 1, ng ~ 6% + 5175,
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that is, the catenary and circle vanish as § — 0, and therefore 75 — v in W'P(J;R?) for

p € [1,00) and A, (J) = A,(J). The principal curvatures of the circle segment are

bi= -1 and kg = S0
ls — cos(t — bs)

thus its second fundamental form is estimated by

1

S cos?(s5 — bs)
27r M’Y§ (557t5)

Js(s5)

= <1+(52+526)3/2> . <7T/2—arctan5 )

~ (14 82799) 010 = 10 g

| Bs|? dps < <1 + > - (ts — s5)

which vanishes as § — 0 due to 0 < 8 < 3/4. Therefore, convergence of the curvature
integral and the uniform bound on the second fundamental form follow as in Lemma [3.5
Also as in Lemma the area of the catenoid part is of order sg = 6%8, and a similar
computation shows A, (ss,t5) ~ 0 + 62-26 and A, 0,t5) ~ 0 + 628 + 52728, Hence we
obtain

| A (0,25) — Ay (0, 85)] S 6+ 6% + 67720,

To dispose of the shift ns in y-direction, fix J € J with t5 < inf J for all sufficiently

small § and a function f € C°(J) with [, fdt = 1. The perturbed curve 75 = (T5,7s) =
(zs5,ys — nsF'), where F(t) = fg f(s)ds, has the desired end point y-coordinate

Ys(to) = ys(to) — ns = y(to)-

Since |ns| — 0 as & — 0, the perturbation vanishes in any function space to which s
belongs. The second fundamental forms are still uniformly bounded in L?(J), because
for all small § the perturbation is supported in a vertical line segment of -5, where both

principal curvatures are equal to 0. Moreover, we have inf 75 > 0 and
A5, (t5,t0) — Ay (t, t0)| ~ |(t5 — (ts + ns)?) — (15 — ts)?| ~ nsts +ng ~ 6+ 8% + 52727,

so the error in the area constraint in J and in the phase integral constraint are of the same

order as above. O
Next we use the local constructions to build global approximations of ~.

Corollary 3.7. Let (v,u) € C X P have finitely many interfaces. Then there exists a
sequence (Vs,us) € C x P such that v5 — v in WYP(L;R?), us — u in LP(I) for any
p € [1,00) and E(vs,us) = E(v,u) as § — 0. Moreover, there holds vs € C. for any 6 > 0.
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Proof. Let {t € I : y(t) = 0} = {s1,...,sn} where n = N, —1. We employ Lemma[3.5|or [3.6]
and their mirrored versions successively for each si, taking the global shifts in x-direction
into account. The result for sufficiently small § is a sequence 75 that converges to « in
WLP(I;R?) for any p € [1,00) and satisfies

/ (Hs — Hy(w)2dps — | (H — Hy(w)dy
M'Y(S M’Y

as 0 — 0. New interfaces might have been introduced at s1, ..., s, if u has a jump at one or
more of these points. Their energy, however, is bounded by o N, d; hence £(v5,u) = E(v,u)
as & — 0.

To obtain a configuration in C x P with vs5 € C. we have to correct the area, the phase
integral, and the velocity constraint |ys| = const. For the first find J € {y > 0} \ S, such
that v5 = v except for an x-shift in J for all sufficiently small 6, 2/ > 0 in J and M, (J) is
not part of a catenoid, that is, v is not stationary for the area among graphs of revolution
with the same boundary as v in J. Such an interval exists, because otherwise ~ restricted
to any component of {y > 0} would consist only of vertical lines and catenary segments
which is impossible for a C'-curve that starts and ends on the z-axis. Let f € C°(J) and
Vs, = Vs +af. Since

A%,a = A’Y& + A%,Q(J) - A’Y(J)a

the requirement A, = Az, | is equivalent to
A%,Q(J) - A () = Ay — Ay, (3.12)

The left hand side of equals 0 for o = 0 and depends continuously on «. It is strictly
positive for one sign of o and strictly negative for the other, since 7y is not stationary for the
area in J. Note that we need it to be negative, since the area is increased when replacing
the original curve with a catenoid. The right hand side of vanishes as § — 0, hence
for all sufficiently small § there is an ag such that holds; moreover, ag — 0 as § — 0.

The phase integral constraint is recovered as in Lemma by moving one or more
interfaces by a distance o(1)s_,o to the left or right in a way that does not interfere with the
other approximation procedures applied so far. Hence, we obtain (s, us) that satisfies all
conditions of C. and P except for the constant speed requirement. But since by construction
|75] = 140(1) and the perturbation vanishes in W12, the constant speed reparametrisations
converge to the identity in W22(I) and the properties of (75, us) carry over to reparametrised

curve and phase field. O

As a consequence of Corollary it remains to construct a recovery sequence for (v, u),

where v € C. and u € P has finitely many jumps.
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3.3.3 Local interface recovery

The recovery of a phase field v with finitely many jumps follows the lines of the one-
dimensional setting of the Modica-Mortola theory for phase transitions; the main difference
is the inhomogeneity due to the area measure dy = 27y dt. But since u is changed only in
an interval of order /¢ around each interface, this difference is easy to cope with.

It is well known, see for instance [AIDOQ], that in the classical one-dimensional setting

the e-energy-minimal profile for a transition of u. from —1 to 41 is obtained by minimising
12 1
Ge(u) = [ e|u'|* + =W (u)dt
R 9

among functions u that satisfy u(0) = 0 and u(+o0) = £1. Indeed, setting u.(t) = u(t/e)

we observe
Ge(us) = Gy(u) > 2/ VW (u)u dt = 2/ VW(u)du =o.
R R
Equality holds if and only if
u =/ W(u), (3.13)

which admits a local solution p with initial condition p(0) = 0 because /W (*) is continuous.
Obviously, the constants +1 and —1 are a global super- and sub-solution of , hence
p can be extended to the whole real line. Since W (p) > 0 for p € (—1,+1), p(t) converges
to £1 as t — +o00. Thus p(t/c) minimises G.. Due to the symmetry of W we can presume
—p(—t) = p(t) and need to know the profile only for ¢ > 0.

Let (y,u) € C x P, v € C. have finitely many interfaces and consider s € S, and
J € {y > 0} such that JN S, = {s}. For simplicity of notation we assume s = 0. Using an
appropriately scaled version of the optimal profile p and a linear interpolation, we aim to

construct the recovery sequence by replacing v = signt in J with

p(t/e) if 0 <t < e,
pe(t) = { p(1/VE) + Lt — V) if VE <t < VE+e(1—p(1/VE)),
| itV +e(1— p(1/yE)) <t
for t > 0 and p.(t) = —p:(—t) for t < 0; if u = —signt in J, we use —p.. But since ~ is in
general not symmetric around s = 0 we have to correct p. in order to conserve the phase

integral constraint.

Lemma 3.8. There is u. € W42(J) with {u. # u} € J such that ||uc||co < Co, e — u in
L'(J), va(J) uedu:fM(J)ud,u, and

1
lim sup/ €|VMWU5|2 + =W (ue)dp < 2moy(s). (3.14)
Mo (J) €

e—0
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Proof. Convergence p. — u in L'(.J) is obvious from the definition of p., and the estim-
ate (3.14) with p. instead of u. follows by taking the upper limit ¢ — 0 in

1 1//e
/ eV, pel® + =W (pe) du < 2 (sup y) / P'(6)]* + W (p(t)) dt
M (J) € [~eel ) J-1vE

+ 27 (1 — p(1/VE)) (sgp y> (1 + sup W) )

[7171]

To recover the constraint let f: J — R be smooth, have compact support in J N {t > 0}
and satisfy [ M., () fdp = 1. Then the phase integral is conserved by u. = p; + o, f if

046:/ U — Pe dt.
Mo(J)

~

Since

1
/ | = pedp < 27r||y]oo\/§/ 1= p(t/y/3) dt = o(V3),
M’Y(Oﬂ/g) 0

a. is also of order o(y/¢). This is sufficient to still ensure convergence u. — u in L'(J) and

the energy inequality

e—0

1
lim sup/ & Vi uel® + EW(ug) dp < 2moy(s)
)

M’Y
thanks to
éW(il +acf) = %(W(:l:l) +a fW'(£1) + O(a?)) = o(1).

By construction, we have u. € WbH2(J) and |[uelloo < [[pelloo + |ae|||flloc < Co for all
sufficiently small € > 0. O

3.3.4 Summary

For convenience we summarise the construction of the recovery sequence.

Corollary 3.9. For (y,u) € Cx P there is a sequence (e, ue) € Coe X P such that (e, us) —
(v, u) in WHL(I;R?) x LY(I) and limsup,_,o & (Ye, ue) < E(v,u).

Proof. By Lemma Corollary and a diagonal argument there is a sequence (s, ugs) €
C x P that converges to (v, u) in Whi(I;R?) x LY(I) such that &(vs, us) — E(v,u) as § — 0.
Each (vs,us) satisfies 75 € C. and has finitely many interfaces; thus, applying Lemma
to each interface of any wus yields recovery sequences (75, use) for (vs,us). Taking another

diagonal sequence finishes the proof. O






Chapter 4

The singular approximation

In this chapter we study the singular approximation

1
Fe(y,u) :/ u? (H—Hs(u))z—UQKd,u—l—e/ |B|2d,u—{—/ 5|VMWu]2—i—gW(u) du (4.1)
M

¥ M, My
for (v, u) € Cc x P.. Essentially, this amounts to choosing the bending parameter extensions

k(u,€) = —kg(u,e) = u? + ¢ in (2.7)), since € [ Hy(u)? dp vanishes as ¢ — 0.

4.1 Approximate setting

As stated in the introduction, the factor u? in front of the curvature terms in is based
on the Ambrosio-Tortorelli approximation of free discontinuity problems [AT90] [Bradg]. It
allows curvatures to become large where the phase field is zero. The choice of the Gauss
rigidity depends on the bending rigidity and is motivated as follows. In order that F; is
bounded from below and to obtain the lower bound inequality, we require that an extension

ka(u) of k% to continuous phase fields satisfies

[t = @R+ e dn > [ g @IBPE - ga(w) d (4.2)
M.

ol M’Y
where g1 and g; are to be found such that | M, 92 (u) dp is controlled by certain norms of u
and g; is continuous, non-negative and satisfies g;(£1) > 0. Expanding the quadratic term
on the left hand side of and applying Young’s inequality with some § > 0 to the mixed
term 2H Hy yields

/ 2(H — Hy(w)) + ha(w)K d

= [ Ay (i B i )
M’Y
/ kGQ(U IBJ? + < 21— §) + k:G2(u)> H? _ U21T_6Hs(u)2 dys.

~y
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Hence, ([#.2)) holds with g1(u) = —kg(u)/2 and go(u) = u?H,(u)?(1 — 6)/5, provided that
for all u € [-Cp, Cp] we have

kg (u)

ka(u) <0,  ke(£l)=k5<0 and  w*(1-6)+ 5

> 0. (4.3)

The first two inequalities require that the Gauss rigidities k‘é of the membrane and their
continuous extension are non-positive. The last inequality can be restated as kg (u)/(2u?) >
—1 uniformly in u, and u = 1 implies k3 /(2k*) = kL/2 > —1. Letting kg (u) = u?ke(u)
where kg continuously extends k% such that 0 > kg(u) > —2 uniformly in u, we find
that is satisfied for some > 0. Then EG can in all the following arguments be treated
as the extension of the preferred curvatures, and for simplicity of notation we assume
kg(u) = k% = —1. Then becomes

1
/ 2 (H — Hy(w)? — 2K dp > / L 2B — w2 H,(u)? dp
M 3y 2 (4.4)
X .
> [ SuIBdu— LI A
M.

~

Including ¢ [ |B |2du we arrive at the energy . The necessity of this stabilising term
will become clear in Lemma [4.1] and the subsequent remark.

Experimental measurements of the Gauss bending rigidity are difficult and scarce, but
available data suggests that it is negative and that at least for some monolayers —1 <
kc/(2k) < 0 is satisfied [SK04 [TKS9]]. Thus our assumptions are not unrealistic, and
relations between the bending rigidity and the Gauss bending rigidity have also been used in
other mathematical approaches. For instance, in [BMIQ] the authors need similar conditions
as above to establish convergence of diffuse approximations for the Helfrich energy of single-
phase membranes.

In the following we write Fz (7, u) = Ho (v, u) + Zo(7y, u) where

W= [ (- () - K dy
M.

Y

is the Helfrich energy and

1
L) = [ elNuul + SWducte [ (BPdg.

Y M"/
the interface energy. Moreover, for J C I we will use the notation F.(v,u,J), He(7v,u, J),
and Z.(v,u,J) to denote the corresponding integrals restricted to the set M, (J). The
inclusion of the curvature term ¢ [ |B|?dp in the interface energy is due to its effect in the

limit e — 0, where it contributes at (ghost) interfaces and the axis of revolution.
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Inequality (4.4)) provides a lower bound for H. on C. x Pe, hence F. is bounded from

below on C. x P.. Moreover, we have the individual bounds

Falrou)| < C (Flyow) + | C3Ay) (4.5)

T.(y,u) < Fulyou) + | Ho||2.CR Ao, (4.6)
/ W?B dy + e / B dp < C (Fol,u) + [ Hy|%C3 Ao) (4.7)
vy M’V

for all (v,u) € C. x P., where the constant C' > 0 is independent of (v, u) and all data of
the problem. From (4.6) and (4.7) we derive a bound on the first variation of M.,.

Lemma 4.1. There is a constant C = C(W, Hg, Cy, Ag) such that

1
= /MW H|dy < / Bl dy < C(Foly,u) +1)

s
for all (y,u) € Cc x P-. Here |B| = /K% + k3.

Proof. Splitting M., into two pieces where the phase field is small and large, respectively,
and applying Holder’s inequality, we get

| Bl [ Blau+ [ |Bldu
M, My ({|u|<1/2}) My ({|u]>1/2})

1 1/2 1/2
< (24l <12 ( /MvélBIQdu>

From the interface energy we obtain the estimate

1/2
+ 2/ Ay (/ u2]B|2d,u> .
M’Y

T (v, u) 2/ LWy dy > ( nf W(u)> Ay ({Jul < 1/2})
My ({lul<1/2}) € ul<1/2 e

and since W has a positive minimum on [—1/2,1/2], we find

1/2
| 1Bldu< ¢ (T2 1) (/ e\BFdM) +</ u2lBl2du>
M, M, M,

The conclusion now follows from ([&.6), (A7) and the elementary inequality \/a + Vb <
2(a +b) < V2(y/a+ Vb) for a,b > 0. O

1/2

Remark. Combining Lemmas and we find that any sequence (ve, u:) € Cc X P. with
uniformly bounded energy has uniformly bounded length. For this conclusion we could have
argued with [ u?H? + eH? dy directly, instead of using the second fundamental form in the
proof of Lemma The following example shows that an additional term like ¢ [ H 2dy or
e [|B |2 du is necessary to obtain the length bound. Let M. be a sequence of “dumbbells”

that consist of two nearly balls of fixed size smoothly connected by a cylinder of length I,



36 4. The singular approximation

and diameter h., and let the phase field u. be 0 on the cylinder and +1 and —1 on the
balls with exactly one transition at each connection. Then H. ~ 0 on the cylinder and H.
is bounded independently of £ on the balls. The energy of the two phase transitions and
ue ~ 0 on the cylinder is

1 1
/ | Var ue|* + EW(ug) dpte ~ he + gzgha.

The smoothing of the cylinder ball connections can be done where ue ~ 0. Then its energy
stems from Z. only and tends to zero as h. — 0; see the lower and upper bound sections
for details.

If [ — oo and h. — 0 such that l-h. = o(e), the energy without ¢ [ |B|? du is bounded,
but the length of the generating curve is unbounded; (7., us) can easily be made admissible,
since the area and phase constraint, which are disturbed by the vanishing cylinder with area

2wl he, can be recovered by slightly perturbing the balls. On the other hand, M, satisfies

I
6/ |B|* dppe ~ 5=,
M, hz—:

and therefore I — oo is excluded for bounded total energy F-.

Note that the scaling of € in the stabilising term is critical. If the energy contained
eP f |B|? di with p > 1, the above example would still work and there would be no length
bound. If p < 1, there would be no tangent discontinuities in the limit, since an argument
similar to the proof of Lemma would yield an L?-bound for some ¢ > 1 on the second

fundamental form and thus on %1, compare the equi-coercivity arguments in Section

Remark. The bound ||ulls < Cp used in the derivations of (4.6)), and Lemma [1.1] can
for small e be replaced by the assumption that W has quadratic growth, that is W (u) > cu?

for all |u| > up and some constants ¢ > 0, ug > 0. Then

/udu<u0Ao+ /W

leads to similar estimates for e < eo(W, Hy) = ¢/(2||Hs||%,)

4.2 Limit setting

The major technical difficulties in the limit of (4.1)) as € — 0 stem from the appearance of
kinks and from the axis of revolution. In particular, at the axis the compactness result for

sequences (7e, 1) and the regularity properties of the limit are weaker than elsewhere. The
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Figure 4.1: Example of a curve v € D. The component on the left is regular except for one
kink. In the centre there are countably many self-similar components decreasing from right
to left. In the right component kinks accumulate at both ends; at the left end the limit
tangent exist, at the right end it does not.

limit curves will have parametrisations in

D= {7 =(2,y) € C*(LRY) :
1/l = ¢y = const in{y > 0}, || =2’ < ¢, in{y =0},
y(aI) = {0}, y >0, 2’ >0,
there is S, C {y > 0} s.t. H'(M,(S,)) < oo and

/ |B|2 dy < oo, AW:AO}.
M, ({y>01\S5)

A curve v € D is globally Lipschitz with Lipschitz constant ¢ and its restriction to {y > 0}
is a constant speed parametrisation. Due to H!(M,(S,)) < oo the set S, is countable and
S, N J is finite for any J € {y > 0}. From the bound on the second fundamental form
we infer v € W22(J \ S,;R?) for any J € {y > 0}, and by embedding of W??2(a,b) into
C'([a,b]), 7' is continuous from either side at any s € S,. Thus S, contains the tangent
discontinuities of v in {y > 0}.

Since the bound on the second fundamental form is disturbed by the kinks and there
is not enough control on the size of the kinks, see the definition of the limit energy below,
there is no Gauss-Bonnet type argument to conclude that M., has finitely many components
as in Chapter 3] Each component is piecewise embedded between kinks, but not necessarily
globally. Moreover, if kinks accumulate at a component boundary, we cannot conclude that
~ is perpendicular to the axis of revolution there, not even that the one-sided limit of the
tangent vector exists. We obtain only the weak continuity result of the following lemma,

see Figure [I.]] for an example of curve in D.
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Lemma 4.2. Letw = (a,b) be a component of v = (x,y) € D and assume that (s;) C S,Nw
is a decreasing sequence such that s; — a as j — oo and v € W*2(s;41,s;) for all j € N.

Then the one-sided approzimate limit of ¥’ vanishes at a, that is

1 [ote
lim — 2 dt =0,
PO P Jq

and |y'| has one-sided approzimate limit q.,. Moreover, v is almost piecewise straight near
a in the sense

lim osc ' = lim sup Y/ (t) —4/(s)| = 0.

J=00 (sj+1,55) It 5€(s511,55)

Proof. The approximate limit of 2’ is found similarly to the strong limit in the proof of

Lemma 2.1} Lipschitz continuity implies y(t) < y(a) + ¢y(t — a) < gyp in (a,a + p), hence

1 [ote atp 12 q2
/ :U/thgq?y/ dtgy/ f@%du.
P Ja a avy 2m M ((a,a+p)\Sy)

The integral on the right hand side vanishes as p — 0 due to the finite L?-norm of the second
fundamental form of M, (w \ S,). The approximate limit of |y/| follows from y? = ¢2 — 2’
almost everywhere in w.

For the straightness we recall that |B|?> > |K| and |K|du = |y”|dt almost everywhere

in w, and thus we find

S [ was [ pPai<e.
j=1"7%+1 7 (W\Sy)
Consequently, ‘
swp [0~y ()| < [ e 0
t,s€(8j+1,5j) Sj+1
as j — 0o, and likewise for 2’ due to
[ (1) — 2’ (s)|* < [2(t) — 2" (s)] = [y (t) — ¥ (5)] < 24519/ (6) — /' (s)]. O

According to Lemma[4.2] v consists roughly of straight line segments when approaching
the component boundary, but the directions of these segments may vary as long as the
approximate limit is perpendicular to the axis of revolution. Finally, note that for v € D
there is no restriction on the size of {y = 0} as it was the case for v € C. We refer to
Section for examples of rather singular admissible limit curves.

To v € D we associate a phase field u in
Q= {u: I — [-Cy, Cp] : u € {£1} piecewise constant in {y > 0},

/ wdp =mAg, H'(M,(S,)) < oo}
M'Y
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The only difference between Q and P is that u € Q is not specified in the possibly large set

where 7 lies on the axis of revolution. For (y,u) € D x Q we consider the limit energy

F=H+1
where
M) = [ (H ~ Hyw)* ~ K dy
My ({y>0}\S5)
and
I(v,u) =2 Y (o+6|[1(s)]) y(s) + 276L, ({y = 03}). (4.8)

s€S,USy
Here |[7](s)| denotes the modulus of the angle enclosed by the two one-sided tangent vectors

at s modulo 27, that is, the jump of the tangent vector because its length is fixed. The
constant o is given as before by (3.1)), and ¢ is defined by

& =2/W(0).

In an interface without kink is essentially penalised by its length, while kinks carry an
additional “bending energy” proportional to their size. Kinks without phase field jumps,
which we call ghost interfaces, are charged like corresponding kinks at interfaces. Segments
of v on the axis of revolution are penalised by their length. As for F, = H. + Z., we find

1
2 M, (fy>01\8,)

and bounds corresponding to (|4.5)—(4.7).

|BI? dpe — || H 3 Ay

4.3 Convergence theorem

We extend F. and F to CO(I;R?) x LY(I) by setting F-(vy,u) = F(vy,u) = oo whenever
(7,u) does not belong to C. x P, or D x Q, respectively. The result of this chapter is the

following theorem.

Theorem 4.3. The energies F. are equi-coercive: any sequence (Ve ,ue) € Ce X P- with
uniformly bounded energy F-(ve,u:) admits a subsequence that converges in C°(I;R?) x
L'({y > 0}) to some (v,u) € D x Q. Furthermore, F. converges to F in the following

sense:

e any sequence (Ve,u:) that converges to (v,u) in CO(I;R?) x L*({y > 0}) satisfies the
lower bound inequality

lim inf F. (yz, us) > F(v,u);
e—0
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o for any (v,u) € D x Q such that vy is parametrised with constant speed in all of I there
exists a sequence (Ye,u:) € Ce X P- that converges to (y,u) in C°(I;R?) x L*({y > 0})

and satisfies the upper bound inequality

limsupfg(’}%’us) S f(’)l’ u)

e—0

Theorem differs from I'-convergence in two aspects. First, the underlying conver-
gence of phase fields in L!'({y > 0}) depends on the limit curve v = (z,y). This could
be avoided by formulating the theorem with respect to the metrisable weak-x topology in
{ue L*(I) : |ulloc < Cp}. There is, however, not enough control on the phase fields in
{y = 0} by the approximate energy, and the actual value of the limit in {y = 0} is not used.
Therefore, we prefer to regard it as essentially undefined.

Second, only “good” limits (v, u) with constant speed |y/| are recovered. Nevertheless it
is still true that almost minimising sequences for F, can accumulate only in minimisers of
F. If (n,w) € D x Q is arbitrary, one finds a good parametrisation of the same membrane
by arguing as in Chapter [2} First, removing constancy intervals in {y = 0}, pulling holes
together, and reparametrising linearly does not change the membrane, its area, energy F
or phase integral. Then, if 77 has no constancy intervals and I = (a,b), the function
b—a [!

Ly Ja

P(t) =a+ 7' (s)| ds

is strictly increasing, and the configuration (n,w) = (704 ~!, @ o ¢)~!) has constant speed
L5/(b—a). Since 1 is affine in each component of 7, the pair (7, w) inherits its differenti-
ability properties and bounds in {y;, > 0} from (77,w) in {y; > 0}. Again, energy, area and
phase integral are unchanged.

If (7z,ue) € Co x Pe is an almost minimising sequence, then by equi-coercivity a sub-
sequence converges in CY(I;R?) x L ({y > 0}) to some (y,u) € D x Q. If (,w) € D x Q is
arbitrary, (n,w) the corresponding constant speed parametrisation, and (7., w) its recovery
sequence, then

.F(y,u) < hm%lf]:e('%yua) = hmiglf (inffs) < limSUPJre(naa we) < J:(Th’w) = ‘7:(777 f[ﬁ)’
e e

e—0

Thus, (7, u) has minimal energy F.

From Theorem [£.3] we cannot deduce the full I'-limit of F. on D x Q. For instance, we do
not know whether I'-lim F; is invariant under reparametrisations; in fact, the arguments for
the lower bound and the example in Section [4.6.2] suggest that it is not. Hence, the above
reparametrisation argument for F cannot be used for I'-lim .. The difficulty, however,
appears at the axis of revolution only; we refer to Section [4.§| for a further discussion.

As in Chapter [3] we prove the theorem in three steps. We also consider some examples

that lead to undesired effects in the limit and discuss some generalisations of Theorem
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4.4 Equi-coercivity

The equi-coercivity proof basically follows the lines of the corresponding arguments for the
regular case. Since now, however, the coupling between curve and phase field is stronger

than in &, both have to be considered simultaneously.

Lemma 4.4. Let (7., u:) € Cc X P: be a sequence with uniformly bounded energy Fe(7e, ue).
Then there exist (y,u) € D x Q, v = (x,y), a countable set S C {y > 0} with Sy US, C S
and SN J finite for any J € {y > 0}, and a subsequence, not relabelled, such that

o e in WH (L R?);

o u. — u in LP({y > 0}) for any p € [1,00);

* %= in Wil{y > 0}\ SiR?);

e inany J €{y >0} \ S there holds |u:| > 1/2 for all sufficiently small €.

Proof. Let v = (z¢,y:) and |7.| = ¢.. By Lemma [4.1] and Lemma [2.5| the sequence (g.) is
uniformly bounded from above. Asin Lemma|3.2] we extract a subsequence ¢- — ¢ in R and
Ye = 5 in Who°(I; R?) and strongly in C°(I; R?). The limit satisfies y > 0, y(dI) = {0},
yZ0,2’ >0,q>0,and || < ¢. Without loss of generality we assume ¢ = 1.

We now apply the argument for the phase fields from the proof of Lemma in {y > 0}
to find an at most countable set S C {y > 0} with SN J finite for any J € {y > 0}, a
function w: {y > 0} — {£1} with S, C S, and subsequence of (u.) that converges to u in
measure and almost everywhere in {y > 0} and that satisfies |uc| > 1/2in J € {y >0} \ S
for all sufficiently small € > 0 depending on J. From the uniform L°°-bound on u. we infer
convergence in LP({y > 0}) for any p € [1,00).

Along this subsequence we establish further compactness of the curves. Given J &
{y >0} \ S, there holds ¢ < 2, |us| > 1/2, and y. > c; for a constant ¢; > 0 and all
sufficiently small € > 0. Therefore,

1 ey
/ ug‘Ba|2dﬂa > 4/ ’i%,s dpe > 16/ ”Yg‘th
M. Me(J) J

is uniformly bounded for all sufficiently small &, and a subsequence of v” converges weakly
to some +/f in L?(J;R?). From 4. = « in Wh(I;R?) we obtain that 4/ is the weak
derivative of 7/ in J and that the whole sequence . converges weakly in W2?2(.J; R?). This
shows v, — 7 in Wlif({y > 0} \ S;R?) and by embedding 7. — v in CL_({y > 0} \ S;R?)
and 7. — 7/ pointwise in {y > 0} \ S. Hence, we find S, C S, 1 = lim¢? = lim(22 + y?) =
22 +y? in {y > 0} \ S and obtain
A0:A5:27T/ qugdt—l-Qﬂ'/

qaygdt%27r/ ydt =A,{y > 0}) =A,
{y>0} {y=0}

{y>0}
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as well as

onz/ ugd,ug—>/ w dt.
M.

2
To conclude (7, u) € Dx Q we must show that H! (M, (S,US,)) and wa({y>0}\Sw) |B|* du
are finite. From 7. — v in W22(J;R?), u. — u € {1} in LQ(J), and sup, ||uel| ooy < 00
in any J € {y > 0} \ S we infer that

Uek1e/QePe — Ur1y/Y  and  Uckoey/@e¥e — ukay/y  in L2(J),

hence
/ |B|?dp < liminf/ u?|B.|? dp. < liminf/ u?| B |? dpse.
M’Y(J) e—0 Mg(J) e—0 M.

Since the right hand side is bounded independently of J, we obtain

/ |B|? dp < liminf/ uZ| Be|? dpe < oo.
M, ({y>0}\5) =0 U

Similar to Chapter the inequality H'(M, (S, US,)) < oo follows from Young’s inequality
applied to the interface energy and the fact that each kink or interface s € S, U S, carries
at least an energy of 2woy(s) in the limit £ — 0. The details are given in the lower bound

section and are thus here omitted. O

The following corollary states the convergence around possible kinks more precisely and

will be used to establish the lower bound.

Corollary 4.5. For any subsequence as in Lemma [{.4 there are angle functions p. €
L(I) N W22 (1) of e that converge weakly in BVieo({y > 0}) to an angle function ¢ of ~

loc

in {y > 0}. Moreover, p € WH2(J\ S) for any J € {y > 0}.

Proof. Without loss of generality let I = (0,£,) and ¢y = 1. Since 7. € W22(I;R?) and

loc

2 > 0 by definition of C., there are angle functions ¢. € W22(I) N L (I; [-x/2,7/2]) of

loc

Ye. Recalling ¢. = —Kj ¢qe, uniform convergence of y. and Lemma we fix J € {y > 0}

and obtain that
1
/\soéldt—/lm,e!quts 2/ | B.| dpie
J J TCj M.

is uniformly bounded for sufficiently small ¢ > 0. Hence, . is uniformly bounded in W1t(.J)
and there exists a subsequence that converges weakly in BV (J) to some ¢, that is, . — ¢
in L1(J) and k. dt restricted to J converges weakly to the measure dy’. Consequently,
7L = ge(cos e, sin ) — (cos p,sin ) = 4/ in LP(J;R?). Since this argument can be applied
to any subsequence, convergence of the whole sequence (¢.) in BV (J) follows. Arguing as

in Lemma for v/, we obtain ¢, — ¢ in W2(J) for any J € {y > 0} \ S and

e—0

/ /|2 dt < thmf/M uzkaia dpe < o00.



4.5. Lower bound 43

Exhausting J € {y > 0} by J € J\ S yields ¢’ € L%(J) and ¢ € W'2(J \ S). 0

Remark. In the proofs of Lemma [£.4] and Corollary the L*°-bound for wu. is used to
establish LP-convergence in {y > 0} and lower semi-continuity of the second fundamental
form in J € {y >0} \ S. However, due to the one-dimensional setting u. is uniformly
bounded in L*°(J) with a bound depending on J € {y > 0} \S. Thus the global L>*°-bound

can be weakened to an L2-bound.

4.5 Lower bound
To prove the lower bound
lim inf Fe (yz, ue) > F(v,u) (4.9)
e—0

whenever (7., u.) converges to (y,u) in CY(I;R?) x L'({y > 0}), it suffices to consider
sequences such that the left hand side of is finite and the limit inferior is attained.
Then (v:,u:) € Cc x P., and the equi-coercivity result yields (y,u) € D x Q and the
convergence properties listed in Lemma [£.4) and Corollary In the following we consider

the bulk energy H (v, u), kinks and interfaces, and the axis of revolution separately.

4.5.1 Bulk lower bound

Lemma 4.6. There holds
lim inf H. (7e, ue, {y > 0}) > H(v, u).
e—0

Proof. Let J € {y >0} \ S. From 7. — v in W?2(J;R?), u. — u € {£1} in L?(J), and

sup, |[ue || poe () < 00 we infer that

uHor/[Velye = uHA/|Yly in L*(J)  and  wl2K |yllye = w*K[Yly in L'(J).

Moreover, we have

ue Hy(ue) v/ Ilye = uHo(u)/[y'ly  in L*({y > 0}). (4.10)

Hence the inequality

H(’y,u,J)—i-/

Hs(u)QdH < liminf { He (e, te, J) +/
M'Y(J) e—0 M,

ugHs(us)Q dﬂs) (4.11)
()

holds. According to (4.4]), the right hand side of (4.11)) is non-negative, so we estimate it
from above by extending the domain of integration to M.({y > 0}). The right hand side is
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then independent of J € {y > 0} \ 5, and by exhausting {y > 0} \ S we obtain

H(y,u) +/ Hy(u)*dp
M, ({y>0}\S)
< liminf He (e, ue, {y > 0}) + lim sup/ ulH,(uz)? dpe.
=0 e=0 S M({y>0})
The claim now follows from the convergence (4.10)). O

4.5.2 Kinks and interfaces

Next we consider the interface energies Z. and Z in {y > 0}. Points in S'\ (S, U S,) do not
contribute to the limit energy Z, so it suffices to examine s € S, U S,. In the following let
J € {y > 0} be an interval around s such that J NS = {s}.

If s € S, \ Sy is an interface without kink, we estimate the curvature term in Z. from
below by zero and use the same argument as in Chapter |3| for the other terms. Recall that
there are points ac,b. € J such that a. — s, b — s, us(a:) = —1, ue(b:) — +1, and
without loss of generality a. < s < b.. Hence we have

1 ue (be)
liminf/ |V ue|* + =W (ue) dpe > 2 lim (( inf y5> / 2\/Wdu>
€70 J M. (ac be) € e=0 \ \(ac,be) e (ac)
= 27y(s)o.
(4.12)

If s €S, NS, is a kink and a proper interface, let ¢, be angle functions of 7. in J that

by Corollary converge weakly in BV (J) to an angle function ¢ of . We then have
[ et~ el = [ gy
where r1 = —¢//q, € L*(J \ {s}) is the curvature of v in J \ {s}. Since 2. > 0, we may
assume @, € [—7/2,7/2], so that [¢] = [y/] € [-7,7]|. The key step for the lower bound in

J is to formalise the intuition that +. approaches the kink where u. is close to zero.

Lemma 4.7. For sufficiently small 6 > 0 let J.5 = {t € I : |uc| < }. Then

/ QLye dt
JﬁJE,g

Proof. We show that the complement of J. 5 in J contains only the absolutely continuous
part of dy’. Let 8 > 0 be arbitrary but fixed, and let Ug = [s — 5,s + f]. As J\ Ug is
compactly contained in {y > 0} \ S, we have |u.| > 2§ in J \ Up for all sufficiently small ¢,

lim inf
e—0

> y(s)[[#)(s)]-

and therefore J N J. 5 C Ug. Writing w. = ¢Ly. + gyK1y, we have

/ w, dt| < / we dt +/ |we| dt
INes J\Us (I\Je.6)NUg
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for all sufficiently small €. The first term on the right hand side converges to 0 by weak
convergence of w, in J \ Ug, and the second term is bounded by a constant times /3 due

to Holder’s inequality and the uniform bound on the second fundamental forms of M, in

/ we dt
J\JE,5

and taking the lower limit in the inequality

/ we dt /wgdt‘ — / we dt
JNJe s J J\J575

yields the claim as |J N J; 5| — 0 due to the uniform bound on the potential energy and
yk1 € L2(J\ {s}). O

I'\ J.5. As > 0 is arbitrary, we obtain

=0,

lim sup
e—0

>

Using the above splitting of J into J N J; 5 where |u.| is small and J \ J. s where the

phase transition to £1 takes place, we prove the lower bound inequality.
Lemma 4.8. There holds
lim inf e (v, ue, J) > 27 (6][7](s)] + o) y(s)-
&

Proof. With the notation of the Lemma [I.7] we have

T J
Ehstedl s [ (S Ew Jpede [ (P s Ew) v
2m JnJ. s \Ge € T\Je \ e ©

Estimating the first term with Young’s inequality we obtain

€ q.
/ <|<P’52+€W(ua)) vt [ oWy d
JNJ.s € J

QE mJE,S
/ ‘Plgys dt
JOJE,(S

With the second integral we deal as in (4.12); the only difference is that we now find an

interval (ac,b.) C J\ J. 5 such that uc(a:) — d, u-(b:) — 1 on one side of s, and the same

>2 inf /W(u)
u€[—4,9]

with —§ and —1 on the other side. Combining both estimates and taking the lower limit as
€ — 0 yields

o liminf 7 (v, e, ) > 2(s) ] ()] inf /W)

T e~ —4,0]

1 -0
—f-2y(s)/{S VW (u) du—|—2y(s)/1 VW (u) du.

Taking the supremum over § > 0 finishes the proof. O
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Finally, if s € S, \ S, is a ghost interface, then the phase field u is constant in J, say
u = 1. Arguing as in Lemma but with two transitions of u. from ¢ to 1, we find

.. .
o T e ) 2 61 () + ) [ VW

™

and the right hand side is equal to &|[Y](s)|y(s) + oy(s) due to the symmetry of W. The
same argument holds when v = —1 near s.
Asin Chapter@, the above reasoning extends to any finite subset S of S, U Sy, and we

obtain the lower bound for kinks and interfaces

liminf 7. (v, ue, {y > 0}) > 20 Y (0 +611)(5)]) y(s) = Z(v,u, {y > 0}).
5€S,USy,

4.5.3 Axis of revolution

Let R = {y = 0}. To motivate the lower bound estimate below, we first consider the simple
example of 7. being a straight horizontal line segment in R that converges to the axis of
revolution. Then k1. = 0, while ko, ~ 1/y. blows up and is likely to contribute to the

limit energy. From the uniform bound on

2m
/ uks . dpie > - / ula? dt
<(R) PrYe JR

and 2. = ¢- — ¢ = 2’ in R we conclude that u. converges to zero in R. Therefore, the

potential term will contribute to the limit energy. On the other hand, there is no reason
for u. to have a large gradient in R, and it is reasonable to assume that u. converges fast

enough to 0 so that there is no contribution of H.(7e, ue, R) in the limit. Then

1
E(%’“&R)N/ ~W (ue) +er3 o dpe ~ /+dt
R

=(R) € Ye

is bounded as ¢ — 0 if and only if y. ~ ¢, and in this case F.(q:, ue, R) ~ H'(R).

To extend the reasoning from the example to general (., u.), when in particular the
behaviour of wu. is not known, recall that A.(R) — 0 as ¢ — 0 and |Juc||co < Cp. These
properties imply
wrH(ue)?dpe -0 as e —0, (4.13)

3
M (R)

and with (4.4)) we conclude

lim inf H. (ve, ue, R) = lim inf <7‘[5(’75,UE,R) —l—/ u?H,(u.)? due) > 0.
e—0 e—0

=(R)
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For the interface energy we consider again J.5 = {|uc| < ¢}. Similar to the proof of

Lemma [4.7] Holder’s inequality yields

2
(6 / \Bsmue) <AR) [ 1B, (4.14)
Ms(R\Js,(S) Me

and the right hand side of (4.14]) converges to zero as ¢ — 0. Thus, using Young’s inequality

*. . .
and L = 2’ in L*°(I), we estimate

1
liminf Z, (¢, ue, R) > lim inf/ e|Bc|? + =W (uz) dpe
e—0 ME(ROJE,é) €

e—0
>2 ( inf \/W(u)> liminf/ | Be| dpie
u€[~4,0] 20 JM.(RNJ.5)
=2 < inf \/W(u)> liminf/ | Be| dpie
u€[—4,0] e=0  JM.(R)
> 2 ( inf \/W(u)> lim inf/ |Ko.c| dpte
u€[—4,0] e=0  JM.(R)

:47T< inf W(u)>/az'dt.
u€[—4,9] R

Taking the supremum over all § > 0 and combining with the estimate for H. yields

e—0

lim inf Fe (e, ue, R) > (ﬂiminf/ | Be| dpe > 271'[7/ x' dt. (4.15)
e—0 ME(R) R

Due to 2/ > 0 and ' = 0 in R, the integral [, 2’ dt measures the length of v on the axis of

revolution. Hence we may write
277/ o' dt = 277/ |y dt = 2w L (R) = H' (M, (R)),
R R

and this concludes the proof of the lower bound .

Since 7. converges only weakly-x in L°°(R;R?), the length £-(R) may be strictly less
than ¢H'(R) = limg-H'(R) = lim £L.(R) where |7.| = ¢- — ¢ > 0. As we will see in
Section it may even happen that segments of 4. with uniformly positive length collapse
to a single point in the limit, that is, 2/ = 3 = 0 in a set J C R of positive measure H!(J).
Finally, for and the subsequent reasoning to be true the uniform L°°-bound on wu,.

can be weakened, for instance to a uniform L?-bound on u.Hy(u.) in R.

4.6 Examples

Before proving the upper bound inequality we consider three examples of rather singular,
non-membrane situations that may occur as limits of uniformly energy-bounded sequences.

The first is the trivial note that a limit curve may consist of only vertical lines interrupted
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by kinks. The corresponding surface of revolution consists of circles and annuli that all have
the same z-coordinate. Such a surface is unlikely to be a minimiser of F if Hs(£1) # 0 but

is easily approximated by a uniformly energy-bounded sequence.

4.6.1 A Cantor-type example

As second example we construct (vy,u) € D x Q, v = (x,y) and an approximation such that
R = {y = 0} has no interior points yet satisfies £(R) = H'(R) = H'(OR) > 0. The two
ingredients for the example are a Cantor-type set and a curve segment that consists of an
upward vertical line followed by a horizontal and a downward vertical. We only construct
the interesting part of M, and assume that it is extended to an otherwise nice surface of
revolution, for instance by two nearly ball-shaped segments. In particular, in the following
all quantities £, A, F and so on refer only to the interesting segment of (v, u) and not to
the whole surface.

First, we briefly recall the construction of a generalised Cantor set [Maf09]. Let 0 < s <
1/2,1; = (s/2)F and Ey = [0, 1]. Construct F; by deleting the open middle segment of length
l; from Ey, so that E; consists of two disjoint closed intervals of length (1 —11)/2 > Io.
Inductively, if Ej consists of 2* disjoint closed intervals of length (1 — I} — 2ly — --- —
2F=11,)/2% > 13,1, delete the open middle segment of length I, 1 of each of these intervals

to obtain Ey41. Obviously, Eyy1 C Ej and

k
YNEy) = lim HY(Ey) =1 — i 271 =1~
H'(NEy) = lim H'(Fy) Jim » 277

k—o0

1/2,1).
7=1

We now construct a sequence (7x) of curves using the sequence (E}), see Figure
With s from above let 0 < 4,/g < s <r < 1/2, and let 7o be the horizontal line segment of
height £9 = ¢° above the Ey. Obtain ; from 7y by changing the height of the horizontal
from e¢ to e = ¢ in E; and from ¢ to by = r! in Ej \ Fj; then connect the horizontals
by two vertical lines. Inductively, construct ;41 from 7 by changing the height of the
horizontals above Ej.; from e, = ¢* to €41 and the height of the horizontals above
Ej \ Ejyq from e to hyypy = r*H1; then introduce new verticals and adjust the length of
existing ones to obtain a connected curve. Note that except for the latter adjustment ~y; is
unchanged outside Fj.

We call the horizontals of heights hq, ..., hy the top horizontals of v and those of height
€k the bottom horizontals. The sum of the lengths of all bottom horizontals S is obviously
equal to H!(E}), and the sum of the lengths of all top horizontals is 7, = 1 — 8. The

length of ~; is the length of all horizontals and all verticals, so

as k — oo.

k k
_ i—1/7 . _ i (ok+l _ o\ k
EW_1+2Z;23 (h; gk)_1+2(2r)ﬂ (2 2" =
J= 1=
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Figure 4.2: Sketch of the curves 7, (black) and 73 (grey).

Therefore, v, can be parametrised with constant speed converging to 1 on an interval of
length 1/(1—2r). The area of M,,, split in top, bottom, and vertical segments is computed

as

k k
A“/k = 27‘(‘2 2jflljhj + 27 Brer + FZ 2j(h? — E%)
j=1 J=1
k k
=7 (sr) +0(1) + WZ(2r2)j —
J=1 Jj=1

sr 2712

2—237”—{_1—27"2'

So for sufficiently large k we can change v; outside our construction slightly in order to
keep the area constant.

To ~; we associate a phase field u; that is 0 on bottom horizontals and +1 on the top
horizontals and the verticals. As the area, the phase integral can be kept constant by small
changes outside this construction.

We will see in the next section that each kink of ~; and each jump of u can be smoothed
out in a neighbourhood of size of order /gy and with cost JF, proportional to its height
above the axis of revolution. By our choice of 0 < 4,/q < s < r this construction is possible
and we obtain a sequence (v, ur) € C. X P.. The contribution of all interfaces and kinks

to Fe, (7K, uk) is of order

2r

o)) g oktlgh o
(2r) + q o

1

k
Jj=

k
Z Qj(hj -+ Ek) ~
j=

Note in particular that the contribution of the kinks at the bottom horizontals vanishes in

the limit. Apart from the smoothing, the energy behaves like the energy for the verticals and
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horizontals. Since k1., = K2, = 0 on the verticals and u; = 0 on the bottom horizontals,

H., is non-zero only on the top horizontals, if we set H; = 0. Then we have

He, (o0, ) zzﬂ ()

J=1

In the interface energy there is a contribution from u. = 0 at the bottom horizontals,

S

1 1
LW (wp) dpte, ~ —Bpep — 1 — —>—
/Ek (uk) dpse, -, Dre 59"

and another one from the second principal curvature on all horizontals
k ] 3
.y A
5k/|Bsk’2dﬂsk ~ Ef ZQJ 17]_{_7 ~ B.
= hj — ex

In summary, F¢, (Vk, ui) is uniformly bounded, and setting (ve,us) = (7, ug) for € €
(€k+1,€k), we obtain a uniformly energy-bounded sequence defined for all sufficiently small
e > 0. By construction and the equi-coercivity result, the sequence (7., u:) converges to a

limit (v, u) € D x Q. Also by construction, we have that {y = 0} = N{yx = e},

£,({y =0} =H'({fy = 0}) = lim B =1— 37— € (1/2,1),

and that {y = 0} has no interior points. Note finally that 7}, ~ (1,0) in {yx = 5} converges
strongly in LP.

4.6.2 A constancy interval in the limit

Our third example consists of a sequence such that the corresponding limit parametrisation
has a constancy interval. Again we consider only the interesting part of M, and assume
that it is extended to a nice surface of revolution. The example is based on a rectangular

signal

0,t) ifo<t<l,
t—1,1) if1<t<3,
1 5 e 3 5
3593 t) 1f§§t<§,

(
o(t) = (1), 9o(1)) = E
(t—2,0) if3<t<3

for t € [0,3) and extended periodically. For a sequence £ — 0 to be chosen below, let the

i(t) = (z(t), yu(t)) = <£€> T <$ypp((ljﬂtt))//f>

for t € [0,3) consist of an appropriately scaled version of p, see Figure By counting

approximate curve

once again horizontals and verticals one easily checks that £,, = 2 + 1/k; hence ~;, can
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Figure 4.3: The shape of 71, 2, 73, neglecting the base height ¢y.

be parametrised with constant speed converging to 1 on the interval [0,2]. Also, A,, <
2m(er + 1/k)L,, = o(1) as k — oo, so the area constraint can be conserved outside the
construction.

To each ~y; we associate the phase field up = 0. Then no phase transitions are necessary
and each kink can be smoothed out in a neighbourhood of size of order ¢, with energy F,
proportional to its height above the axis of revolution, see the next section for the details.
Since the height of each rectangle in 7y is 1/k, the choice e = ¢/k, where 0 < ¢ < 1 is a
small constant, allows to do the smoothing and to obtain (v, ug) € C- X P.. The number
of kinks of 7., both at the top and the bottom of the rectangle, is obviously proportional

to k, so the total cost for smoothing out all kinks of v is of order
k(er + 1/k) ~ 1.

Apparently, He, (Vk,ux) = 0 due to ux = 0. The non-zero terms of the interface energy

without the smoothing are of order

1
/Ek‘BEdeMEk 5 %7

because yi > € and the total length of all horizontals is 1/k, and

1
QW(uk) dpe, ~ L, — 2.

In summary, JF:, (7, ux) is uniformly bounded, and v, = (0,0) in L™ in a set of measure
2. Note that F,, is of order 1+ £,, with non-zero contributions from the smoothing of
kinks and the potential term as € — 0, while 7 = 0. We will return to this degenerate

behaviour in the last section of this chapter.
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4.7 Upper bound inequality
This section is devoted to the upper bound inequality

lim sup Fe (e, ue) < F(7v,u)

e—0

whenever (v,u) € D x Q and ~ is parametrised with constant speed. Since the value of u in
{y = 0} does not enter the energy or our arguments, we assume v = 0 in {y = 0}. Similar
to the previous chapter we first approximate (v, u) by a sequence (75, us) € D x Q of simple
configurations that have a finite number of components and finitely many (ghost) interfaces
and then construct a recovery sequence for such configurations.

Throughout this section we assume that (v,u) € D x Q has finite energy F(vy,u) and

constant speed |y'| = ¢, in I, without loss of generality ¢, = 1.

4.7.1 Approximation by simple configurations

Lemma 4.9. Assume that M, has infinitely many components. Then there is a sequence
(75, us) € D x Q that converges to (v,u) in CO(I;R?) x L'({y > 0}) as § — 0 such that
F(vs,us) = F(v,u) and each M., has finitely many components.

Proof. Given 6 > 0 sufficiently small, we construct 75 by replacing components w of {y > 0}
with length £, (w) at most 6 by horizontals on the z-axis of the same length. More precisely,

if without loss of generality I = (0, L), let

(1,0) ift € w with £,(w) <4,
v (t) otherwise

75(0) =~(0),  5(t) = {

and

0 if t € w with £, (w) <4,
u(s(t):{ ) <

u(t) otherwise.

Since length, area, and |F (7, u)| are finite, the contributions of the small components vanish

as § — 0, that is

Z | F (v, u,w)| + Ay (w) + Loy (w) +H (W) =0 as § — 0. (4.16)
w:ly(w)<d

Denoting by U = U{w : L(w) < 0} the union of all replaced components, we find
t
() — w(t)] < / 12/(s) — a(s)| ds < / 1~ o/(s) ds
0 (0,)NU

S/ lds < Z L (w)
N Wil () <6
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and

ly(t) — ys(t)]

0 if t € w with £, (w) > 6 or y(t) =0,
y(t) otherwise
9,

IA

that is y5 — v in C°(I;R?) as § — 0. Also,

/|U—U5|Pdtg/ |u|pdt:/dt§ Y H(w),
I U v wily (w)<é

hence us — u in LP(I) as § — 0. The energy difference consists of the total energy of
the removed components and the interface energy of the new horizontals on the axis of

revolution. Thus we have

FOruw) = Flsus)l < 3 1F(ru,w)] +276L,(w),
wily(w)<d
and both terms vanish as § — 0 due to (4.16). The area of Ms is smaller than the area of

M., and the difference satisfies

A-ds= Y Aw=20 ¥ /mydt

w:Ly (w)<§ w:Ly (W) <6
<2m8 Y Loy(w) = o(d).

w: Ly (w)<6
The area constraint can for all sufficiently small § be recovered as follows. If we find an
interval J € {y > 0}\(S,US,) such that 2’ > 0 in J, we argue as in the proof of Corollary
and add a small perturbation supported in J to 75 that corrects the constraint and vanishes
as § — 0; a final reparametrisation ensures vs € D. Note that, in contrast to Corollary
we do not have to exclude that M, is a catenoid in J, because here the perturbation has
to increase the area of Mjy. If there is no such interval J, then v consists only of vertical
line segments interrupted by kinks. In this case the area constraint is easily recovered by
increasing the length of two adjacent line segments by an order less than §, which together
with the resulting energy vanishes as § — 0.

Finally, if there is at least one proper interface without kink in (7, u) then this interface
also belongs to (s, us) for all sufficiently small 6. It can be moved by an order less than § to
recover the phase integral constraint. If (7, u) contains no proper interface, introducing one
or more new interfaces at a height of order less than V8 above the axis of revolution and

flipping us below these new interfaces recovers the constraint and vanishes as 6 — 0. O
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Lemma 4.10. Assume that M, has finitely many components. Then there is a sequence
(75,us) € D x Q that converges to (v,u) in CO(I;R?) x L*({y > 0}) as § — 0 such that
F(vs,us) = F(v,u) and HO(S,, U Sys) < 0o. Moreover, every component w = (a,b) of
Ms meets the axis of revolution in a line perpendicular to it, that is v5 = (0,1) near a and

75 = (0, —1) near b.

Proof. Given § > 0 such that §/2 is less than the minimal length of a component of M., we
construct (vs,us) by changing v and u at points whose distance to the boundary of their
component is less than §. More precisely, let w = (a,b) be a component of M, and let
bs € w be the point such that dist, (y(b),v(bs)) = 9, that is bs = b— 9. In [bs, b] we change v
in the following way: starting from ~(bs) we move vertically down with speed |7'| = 1 until
we reach the axis of revolution at some 35 € (bs,b], where l;g = b corresponds to the case
that v(w) is already a vertical line segment in [bs,b]. We fill the remaining interval (bs, b]

by moving to the right with speed 1. Thus in (bs, b], s is given by

| (@(bs), y(bs) — t +bs) if t € (bs, bs),
Ys(t) = . _ .
(z(bs) +t — bs,0) if t € (bs, b),

where bs = y(bs) +bs. Note that the length of the new vertical as well the length of the new
horizontal is less than b — bs = § and that ys < y < J in (bs,b). At the other component
boundary a we do the same but with the horizontal to the left. Finally, we set the phase
field us to (for instance) +1 on the new verticals and 0 on the new horizontals.

Making this replacement for every component and moving remaining segments of v

slightly in z-direction to glue all parts together continuously we obtain (vs,us) such that
ly(t) —ys(®)] <0,  |(t) —zs(t)] < ANy,

where N., denotes the number of components of 7. Hence, 75 converges to v in C%(I;R?)
as 6 — 0. Obviously, us — u almost everywhere in I and thus in LP(I). Denoting by M4
all the parts of M, that have been removed and by Mj,, and M., the newly introduced

horizontals and verticals, the Helfrich energy difference is bounded by

H (v, u) — H(vs,us)] S/ |H, — Hs(u)|* + |K’Y|dﬂ+/M H,(us)? dps.

orig

The second term is bounded by || Hs]|% ps(Myer) — 0 as § — 0, and the first vanishes as
d — 0 due to u(Morig) — 0 and uniform continuity of the integral. The difference in the
interface energy consists of original (ghost) interfaces that are omitted in (vs,us), the two

probably introduced kinks for each component, and the new pieces on the axis of revolution.
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L

—

Figure 4.4: Approximation of the curve in Figure original segments in black, new
parts in grey. Small components are removed and the ends of the remaining components
are replaced by line segments; between two adjacent components there is always a small
horizontal segment on the axis of revolution. The number of kinks and interfaces is finite.

Therefore, we obtain

1 . . .
—IZ(v,u) = Iy, us) < D (0 + 61 1(s))y(s) + 2N, (0 + 67)6 + 2N, 56.
2

SESLUSy
y(s)<o

The first term converges to 0 as § — 0 because the sum over all (ghost) interfaces is finite,
thus the energy difference vanishes as § — 0. Finally, the area difference is bounded by the

area of the segments taken away plus the area of the newly introduced vertical segments.

Hence,
Ay = Asl <2 [ Jy) - ys(0)] e < 87,8
{y<s}
and area and phase field constraint can be recovered as in the proof of Lemma [4.9 O

Combining Lemmas and and applying some minor cosmetics, namely removing
horizontals at 91 and adding a horizontal between adjacent components if necessary, yields

the following approximation.

Corollary 4.11. For (vy,u) € D x Q with finite energy and |y'| = const there is a sequence
(75, us) € Dx Q such that F(vs,us) — F(v,u) as 6 — 0 and each (s, us) has finitely many
components and finitely many (ghost) interfaces. Any component w of M., meets the axis
of revolution in a straight line perpendicular to it; in particular, s is vertical near 0I. Two

adjacent components are always connected by a horizontal segment on the axis of revolution.

From now on we assume that (7, u) has the form of the approximations constructed above
and summarised in Corollary As an example see Figure [£.4] for the approximation of
the curve in Figure
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4.7.2 Kinks and interfaces

Let s € S, be a kink, S = S, US,, and J € {y >0} with JN S = {s}. For simplicity
of notation we formulate the following arguments for curves and phase fields given in an
interval J around s = 0; recall that |y/| =1 in J.

First we smooth out kinks by a linear interpolation of the tangent angle of + around
s = 0. This local procedure disturbs area and phase integral constraint and disrupts the
curve, so that we have to add some corrections and global shifts in z-direction similar to

the curve approximation in Chapter

Lemma 4.12. Let J = (—a,a). For all sufficiently small € > 0 there is v, = (zc,ys) €
W?22(J;R?) such that

e . satisfies inf yy. > 0 and z. > 0;

at the end points of v-(J) we have

/

Ye(—a) =v(=a), 7i(—a)=7'(=a), 7e(a) = (z(a)+o(1),y(a)), 7i(a)="(a);

Ye = in WEP(J;R?) for any p € [1,00) as € — 0;

A:(J) = Ay(J) + O(e) and/ ud,ugz/ udp+ O(e) as e — 0; and
=(J) My (J)

with Je. = (—0¢,d:), where
/
5. = I (4.17)

there holds
lim 7 (7, 0, J=) = 276|[7'](0)]y(0).
e—0

Moreover, . =~ 4+ r. in J \ J. where sptr. € J \ Je is independent of € and r. — 0 in
WH2(J;R?) as e — 0.

Proof. Let ¢ be an angle function for + in J that is uniformly continuous on either side
of s = 0 and satisfies || < 7/2. Denote by ¢t and ¢~ the one-sided limit of ¢ at
s = 0 from the right and the left, respectively. Then the kink carries the “bending energy”
2mey(s)le™ — 7.

In the simple case that v consists of two straight lines in J so that ¢ is constant on either
side of s = 0, the linear interpolation . € W1P(J) of »* in the interval J. = (—d,d0:) C J

is given by
w0~ if t < =6,
+ o +
pt) = P P TPy 5 <t<,
2. 2

ot if 6. < t.
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Angle

» T

Figure 4.5: Linear interpolation of the angle (left) and the corresponding curve (right).
Original angle and curve are black, interpolations grey.

The curve 7., defined by . and the left endpoint of .(J) equal to the corresponding
endpoint of v(J), converges in W1P(J;R?) to v as ¢ — 0, and using Young’s inequality one

easily verifies

iI( 0,J.) = 25€W(0)+i( T p7)? 1/56 dt+5/55m2 dt
o e\(Ve, U, Jeg) = 2 P @ 2. s Ye s 2,cYe

e S
> Gt _90/5 Ye dt—f—&/ﬁ n%’sya dt. (4.18)

Equality holds if and only if J. is as in (4.17). The first integral in (4.18]) divided by 24,
converges to y(0) as € — 0, and the second one vanishes because k. = 2. /y. is bounded
in J. Thus Z. (7,0, J.) — 276|[y']ly(0) as desired.

The interpolation of a general angle function is

o(t) if [t] > O,

pe(t) = 4 ((5.) — p(=0:), ., (#(0) +p(=0))

i <
%. 5 if [t| < 0e,

see Figure and similarly as above we get

1 6) — (=) 1 [ 0
5202002 = V) (11l + O S0 [ e [
€

]l ~5. ~é

= 2¢/W(0)[[¢lly(s) = 6117 ly-

By construction, ¢, € [—m/2,7/2], that is 2L > 0, and |7.| = 1 in J. Also, 7. — v in
WLP(J;R?) because p. — ¢ in LP(J) for any p € [1,00). Therefore, y. > inf;y/2 > 0 for
all sufficiently small e.

It remains to correct the y-coordinate of the right end point of 7.(J) and to calculate
the error in the area and phase integral constraint. We proceed similarly to the curve
approximation in Lemma and fix J € J \ Je such that inf J > 0 for all small ¢, and f €
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Figure 4.6: Construction of p. consisting of a “platform” for the curve recovery, the optimal
profile, and the connection to 1.

C°(J) with [5 fdt = 1. The perturbed curve 3. = (., ye + ac F), where F(t) = [y £(s)ds,

has the desired end point y-coordinate for

ae = y(a) — ye(a).

Since 5
e(t) — 7(8)] < / . — /| dt < 46. = O(c),

13

also ag, |7 = Ylloo and ||3Z — /|| ee(s\J.) are at most of order €. The claims for area and

phase constraint follow, and we have r. = (0, ac f). O

Next we construct a recovery sequence for the phase field in J which is in line with
Y. of Lemma 4.12] The building block p. for the recovery connects p. = 0 and p. = 1
by a transition according to the optimal profile of the homogeneous one-dimensional phase
transition problem and a linear function as in Chapter But in addition, there is a

“platform” {p. = 0} to smooth out the kink, see Figure and the profile is given by

0 ifo<t<i,
pe(t) = p () if 6. <t < 0.+ Ve,
) p(L/VE) + Lt 8. — VE) b+ VE<E <O+ E+e(l-p(1/VE)),
1 if 5. +e+e(1—p(1/ye)) < t.

We now estimate the interface energy of 7. combined with a suitable phase field u. based

on pe.

Lemma 4.13. Let 7. be as in Lemma . Then there exists u. € WP(J) such that
uellpoo(y < Co, ue = w on 9J, ue — u in LP(J) for any p € [1,00), fMe(«]) Ue dpte =
fMW(J)udu+o(ﬁ), and

lim sup Z (7e, ue, J) < 2m(0 + &[[v'](0)[)y(0),

e—0

lim sup He (ve, ve, J) < H(7y,u, J).

e—0



4.7. Upper bound inequality 59

Proof. If s =0 is a proper interface let

t if 0 <t
w(ty= POt
—pe(—t) if 0>t

if u(t) = signt in J, and the negative of it if u(t) = —signt; for a ghost interface take the
combination of p.(t) and p.(—t) or its negative. Obviously, u. — u in LP(J), |us| < Cp in
J, and ue = u on dJ. For the energy estimates we assume u(t) = signt, the proof of the
other cases works with the obvious changes.

Due to u, =0 in J. = (=0, :), Lemmam provides

lim sup Ze (e, te, J2) < 276|[7'](0)[y(0).-

e—0

Since v € W22(J \ {0};R?) and 7. = v+ o(1) in W?2(J \ J:;R?), the curvature term in

Ze (e, uey J \ Je) vanishes as € — 0. The other terms are easily estimated by

1 2 1 1/\/5 / 2
o E‘VMEp5| + 7W(pa) dpe < sup  Ye |p (t)| + W(p(t)) dt
27 Mc(Jn{t>d:}) € [0c,0c++/€] 0
+ [[9elloo (1 —p (1/VE)) (1 + up W)
0,1

on the positive side of s = 0, and similarly on the other side. Taking the limit superior as
e — 0 proves the upper bound for the interface energy in J as in Lemma [3.8 The estimate
for the Helfrich energy follows from H. (e, ue,J) = He(Ve, ue, J \ Jz) and the Dominated
Convergence Theorem using convergence of us and veX 7\ J. -

Finally, one easily sees that

‘/ udu—/ Ue dpie
My (J) «(J)

and since

be+v/2
5‘“/5 (1—pe)dt +e (1— p(1/VE)),

de++/e 1
[ e pyde=E [ 1= pte/vR) = olv)
Oe 0

the phase integral difference is also of order /. O

4.7.3 Axis of revolution

At the axis of revolution let Jy C {y = 0} be an interval that is enclosed by two intervals

Ji, Jr such that (J;U JoU J,) NS =10,

(0,—1) in Jj,
v (t) = (1,0) in Jy,
0,1) in J,,
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and v = 0 in Jo, |u| = 1 in J; U J,. The energy F(v,u,Jo) is 2n6H"'(Jo), and this is easily
recovered by setting u. = 0 and . = v+ (0,2¢/6) in Jy because then
1 , 2 & o
T (e, ue, Jo) = 2 -W(0) +er5, |y-dt =21 | =W(0)+ = dt =276H (Jy).

Jo g ’ Jo g 2
In J; and J, we use the same construction as for kinks. If for simplicity of notation J, =
(0,a), v(0) = (0,0), and w = 1 in J,, we consider the approximate curve 7. given by
v:(0) = (0,2¢/6) and the angle function

QLt if0 <t < ae,

@E(t) = 7_(0(5 .
5 ift > ae

together with the phase field u. = p. for 6 = ae. The purpose of o = 27 /(6(7 — 2)) is to
ensure the condition y.(t) =t = y(t) for ¢t > ae. Thanks to y. > 2¢/6 in J,, we have

1 9 /ozs /2 (3' aE 9 &
— eks du. =¢ Edtg/ o dt < —ae,
o oy 0 Ye 2o 2

and since the computations for all other terms of Z. from the kink and interface recovery
still apply, we conclude Z.(7e, ue, J,.) = 0 = Z(~, u, J;.). For the Helfrich energy we use that
v is a vertical line where u. # 0 in J, and obtain

HE(’YE) Ug, Jr) = /Hs((xsa t), Ug, (066, CL)) = / UEHS(U5)2 dus
M (ae,a)

— / Hs(u)2 dp = H(y,u, Jp),
M(JT‘)

where z. = foag cosu. dt = 2ae/m. The change in area when replacing 7 by 7. is of order
e, and the difference in the phase integral is of order o(y/2) as in Lemma Finally,

applying the above reasoning to J; finishes the construction at the axis of revolution.

4.7.4 Summary

Corollary 4.14. Let (v,u) € D x Q satisfy |y'| = const in I. Then there exists a se-
quence (Ve,ue) € Ce x Pe such that (ve,us) — (v,u) in CO(I;R?) x L'({y > 0}) and
lim sup, _,o Fe(Ve, te) < F(y,u).

Proof. By Corollary there is a sequence of simple configurations (s, us) € D x Q such
that (ys,us) — (v,u) in C°(I;R?) x L'({y > 0}) and F(vs,us) — F(v,u) as § — 0. Each
(75, us) can be approximated by a sequence (7s,, us, ) that results from combining the local
constructions from Lemmas [£.12] [£.13] and the last subsection with the unchanged segments
of (vs,us), taking the x-shifts into account. These sequences satisfy As, = As + O(e) =
Ap+0O(e) and fM§€ ug, dus. = mAg~+o(y/€). The area constraint can be recovered as in the
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proof of Lemma [£.9] and the phase integral as in Lemma [3.8 A final reparametrisation to
fix the constant speed requirement yields configurations in C. x P, and taking a diagonal

sequence finishes the proof. O

4.8 (Generalisations and open problems

Finally, we discuss possible extensions of Theorem 4.3| and problems related to them. First
of all, the proof is easily adapted to non-symmetric potentials W. In this case one splits o
into two constants

ot = /1 2/ W (u) du and o = /O 2/ W(u)du
0 1

and distinguishes proper interfaces and ghost interfaces in the different phases © = £1 by
the line tension ot +0~, 207", or 20~ instead of ¢ in the limit energy. One may also consider
potentials such as W(u) = (1 — u)? and drop the phase integral constraint for u.. Then
there is only one lipid phase, and u. is merely an auxiliary variable that allows curvature
induced kinks in the limit.

As already stated, bending rigidities other than k* = —ké = 1 can be considered
without change of the proof as long as holds. Also, k(u) = u? can be replaced by other
continuous functions such as k(u) = |u| or k(u) = (Vu2 + 62 — 6)/(v/1 + 62 — §) with § > 0.

4.8.1 Open membranes

The arguments can be changed to handle open surfaces of revolution generated by curves
v =(x,y): I - R xRs with prescribed boundary conditions for y and 7’ at dI. The curve
length is then controlled by energy, area and boundary conditions due to

2L, < / |H| dp + 2mpylar, (4.19)

M"/

where ¢ is the tangent angle, see the proof of Lemmal[2.5] Then the equi-coercivity argument
still applies and the only additional issue in this situation is that kinks may appear at the
boundary in the sense that the tangent vector of the limit curve differs from the prescribed
one and contributes to the limit energy like a ghost interface. We refer to [Hel09] where we
studied two-phase elastic curves as a one-dimensional analogue for membranes.

It is also possible to weaken the boundary conditions as long as still ensures equi-
coercivity. For instance, since 2’ > 0 we can always assume [|¢| o < /2, hence requiring
a uniform L*°-bound on y at 01 is sufficient. Such a bound can be derived from uniformly
bounded energy F. + G or & + G, where

G(y) = O'/M dH! = 215 Z y(s)

~(01) s€ol
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with a constant line tension . Since G is continuous with respect to curve convergence in
CY, its presence does not influence the arguments of the current and previous chapter. The
limit energies £ + G and F + G model open lipid membranes, see [STTHI8, [TOY03] WDOS]
for experimental observations, modelling and numerical simulations of single-phase open

membranes, respectively.

4.8.2 Relaxed and additional constraints

The constraint of prescribed area in the approximate setting can be relaxed to

0 < inf A, < sup A, < oo,
"/ECg 'YECE

and this chapter’s arguments for equi-coercivity and lower bound still apply. The constraint

can be incorporated as penalty term in the energy, for instance

(A — Ag)?
or any other scale of ¢, because we have recovered the constraint exactly. In the same way,
the phase integral constraint can be replaced by a penalty term.

Other constraints that change continuously under the convergence proved in Lemma [4.4]

can also be imposed, for instance on the enclosed volume V(M) == [ M, x'y? dt.

4.8.3 The role of the Gauss curvature and the full I'-limit of F.

Another desirable extension is to drop the Gauss curvature in F. and to consider

Fo(yu) :/M V2(H — Ho(u) dpt + . (v, u).

Y

Since ]T"g still bounds the first variation of M., see Lemma and the remark thereafter,
a uniformly energy-bounded sequence (7e,u:) € C. x P. admits a subsequence such that
Y. =y = (x,y) in WH®(I;R?). Using ko = 2./qey. < 2/infyy and |u| > 1/2 in

J € {y > 0} for sufficiently small € > 0, we obtain

1 1
/ uZ(H — Hy(ue))? dpe > / H? dp. — / H(ue)? dpse
M (J) 8 2 Ja)
1 9 1 9 1
> — dpe — = dpe — =||Hsl|oo A
T 16 i T /ME(J) 2 e = 1 Helloe o
and thus an L?-bound for 4 in J as in the Equi-Coercivity Lemma Then compactness
and the lower bound in the bulk, at kinks and at interfaces follow as before; in R = {y = 0}

the argument from Section yields

lim inf 7. (ve, e, R) > 6 lim inf |H| dpie (4.20)
e—0 R)

e—0 MS(



4.8. Generalisations and open problems 63

in place of (4.15)). We would like to express the right hand side of (4.20)) in terms of the
limit curve ~y, but we are not able to do this except for a special case. If J C R is an interval,
|7%| = ge, and . an angle function for 7. we can integrate by parts as in Lemmato find

1

- H, dﬂa = Q¢ / e sin g + cos Y. dt — 908y5|8J > / xi; dt — @ayabJa (4'21)
21 S J J

where the last inequality holds due to ¢ sin . > 0. We conclude

lim inf/ |H|dpe > 277/ z' dt = 2r L (int R) (4.22)
=0 JM.(int R) M (int R)

by exhausting int R with open intervals. In general, however, R is a closed set with OR # 0,
and we have already seen an example where R = OR in Section thus (4.22) is not

sufficient. On the other hand, using simple measure theoretic arguments, one finds

e—0

lim inf/ |H:| dpe = liminf v (R) > v(R),
ME(R) e—0

where v, = |Hc|pue — v as finite Radon measures on R. But we are not able to connect v
to the limit curve v, because we lack good bounds on the curves in R. In Section [£.5.3] this
problem is circumvented by the estimate |B:| > |ka|.

Actually, provides the estimate

e—0

lim inf/ |Hc| dpe > 27 liminf £, (int R), (4.23)
M. (int R) e—0

using . sin . + cosp. > 1 for p. € [—7/2,7/2] instead of ¢.sinp. > 0, and the right
hand side of may be strictly larger than £(int R). Recall also the second example in
Sectionwhere liminf 7. (7, ue, J) > Oinaset J C R with H'(J) > 0and £L,(J) = |¥/| =
0. Both and the example suggest that the full I'-limit of F. or ]?E contains a term
that explicitly depends on the parametrisation and is not invariant under reparametrisation.
The example also suggests that all three terms of Z., and not only those considered here
and in Section [£.5.3] can contribute to the limit.

On the other hand, due to liminf H.(-,-, R) > 0 and Z. > 0, the lower limit of F. at the
axis of revolution is non-negative. Since changing (v,u) € D x Q at the axis of revolution
does not change area or phase integral constraint, removing segments of v at the axis is
admissible and only reduces the limit energy. Minimisers of F as well as I'-lim F. should
thus have no energy at the axis of revolution at all; for such membranes the two energies

agree.






Chapter 5

Numerical examples

In the final chapter we present some numerical examples to compare the regular and sin-
gular approximation. We study numerical local minima of £ and JF. that are obtained by
a gradient flow type evolution, which has to our knowledge first been considered by Elliott
and Stinner. In [ESIOa] they numerically investigate the flow with Hy = 0 and identical
bending parameters in both phases; in [ESI0D] they show convergence of the diffuse in-
terface equilibrium equations to sharp interface equilibrium equations by means of formal
asymptotic expansions. In the latter considerations, spontaneous curvature and bending
parameters may differ between the two phases, but all surfaces, including the limit, are
assumed to be C! across interfaces.

In this chapter, we fix € > 0 and let
G(M, ) = / k(u) (H — Hy(u))? + ke (u)K dp
M
~ 1
+ a/ e|Viul® + =W (u) du + kB/ e|B|? dp.
M € M

be a general approximate energy. Here kg > 0 and ¢ > 0 are constants that we include to
control the relative size of the different energy terms. For our simulations we use W(u) =

(1 — u?)2, so that G penalises an interface with the line tension

1
5(7:5/ 2/ W (u)du = 25,
-1

and kinks additionally with their size times

2/koW (0) = 2/kpo.

Ford=1k=1,kg=0and kg =0 we have G = &.; for 7 = 1, k(u) = —kg(u) = u? and
kg = 1 we obtain G = F..
The evolution equations are described in full detail in [ESIOD], but we include their

derivation here for completeness. We first consider general surfaces and in a second step
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restrict the flow to rotationally symmetric membranes. Then we describe the numerical
scheme, which is based on [MS02], and conclude the chapter with some numerical experi-

ments.

5.1 The flow
5.1.1 More geometric analysis

To study the variation of the energy, we consider evolving surfaces indexed by a continuous
time parameter 7. It is necessary that functions and vector fields given on a closed oriented
surface M can be extended to a neighbourhood of M, and this is true if M is embedded
and sufficiently smooth. For simplicity of notation we write for instance f: R® — R bearing
in mind that existence in a neighbourhood of M is sufficient. We assume that all surfaces
and functions are sufficiently regular such that all calculations are justified.

Recall from Section that the tangential gradient of f : R® — R on M is

Y f = (Dﬁlf)fl + (Dézf)é%

where {£1, &2} is any orthonormal basis of the tangent space of M. For a surface of revolution

parametrised by ®(t,0) = (z(t), y(t) cos 0, y(t) sinf) we choose

0P 1 O0p®

= z' vy cosf,y sinf and =
6= ] =y (7Y st/ sinf) R

= (0, —sin @, cos ) .

Interpreting the tangent space 7,M at p € M as a subspace of R? and thus Vi, f € R3, we
may write Vs f = (D1 f, Daf, D3f), where

and {e1, e2, e3} is the standard basis of R?. The definition of Vj; is extended to vector fields
h = (hi,ho, h3): R® — R3 by setting (Vash)ij = Djh;. Since Vf = (D¢, f)& + (Dg, f)é2 +
(D, f)v, where v is the outer unit normal to M, we find Vi, f = PV f and Vjyh = VhP,
where Vf is the usual gradient of f, (Vh);; = djh; and P is the projection of R? onto the
tangent space of M.

Recall also that the tangential divergence of h: R3 — R3 on M is

divas h = Dg,h - & + Dgyh - .

Writing h = 2?21 hie; in coordinates with respect to the basis {e1, ez, €3}, we find

divys h = ZZszhGl &= Zez ZDgJ ZDh
7=1

7j=11i=1
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The Laplace-Beltrami operator for f : R? — R on M is defined by

3

Anf = divy S f =) DiDif.
i=1

Finally, recall from Chapter [2] that H = trace S = divyy v = K1 + ko and K = det S =
k1k2, where S: T,M — T,M, { — D¢v is the shape operator of M. Extending the domain
of S to R3 by setting S¢ = SP( for ¢ € R3, we find

S¢ = SP( = Dpcv =VvP( = Vyv(,

which means that Vj v is the matrix of the shape operator with respect to {e1, €2, es}. Since
for a surface of revolution S = diag(k1, k2,0) with respect to the basis {{1, &2, v} and since

the Frobenius norm is invariant under an orthogonal change of basis, we conclude
3
2 2 2 2 2 2
B = ki + 15 = IS = Vv = D [V
i=1

It is easy to see that this reasoning is also true for surfaces that are not rotationally sym-
metric.

The following Divergence Theorem, integration by parts formula and Green’s identity
hold on M, for a proof see for instance [GTOI].

Lemma 5.1. Let f,g: R? = R be sufficiently smooth. Then
/ D;fdu :/ f(divar v)v; dp :/ fHuy; dpu,
M M M
/ Difg+ fDig dp =/ f9Hvidp,
M M
/ fApgdp =/ An fgdp.
M M

Let M, T € (—79,70), 70 > 0 be a surface that evolves smoothly with velocity v, : R? —
R3. That means, if ®,: Q C R? — U C R3 parametrises M, N U there holds
L () = (@),
dr
For simplicity of notation we will omit the dependence on 7 when it is clear from the context
whether we consider an evolving surface or a surface at a fixed time.

We denote by 0?2 f the material derivative of a function f on the evolving surface M,

Of =05 + VI v = f(@.(),7),

and we call

02f =0, f + (v-v)Vf v
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the normal time derivative, which is the material derivative taken only the normal velocity
of M, into account. Obviously, 03 f = 02 f if v, is normal to M.

The following Leibniz formulas for the derivative of a time-dependent integral hold, a
proof can be found in [DEQT].

Lemma 5.2. Let f: R3 x R — R. Then
d o )
/ fdu:/ Or f + fdivar, vdp
dr M, M,

and

d .
ar / |VMTf|2 dy = / 2V f -V 03 f + ’VMTf|2 divar, v — 2D(v)Vay, f - Vg, f di
M- M,
where (D(v))i; = (Div; + Djv;)/2.

If w: R — R and v = wvr is normal to M, we have divy; v = Viyw - v + wdivy = Hw,

and the first equation in Lemma [5.2| reads

d
/ fd,u:/ 02 f + fHwdpu.
dr M, M,

Likewise, the second equation becomes
d 0
o[NPl [ 2N S, 02 N S H — 25, 0) % S - o, fud
M, M,

Finally, the following formulas for derivatives of the normal and the mean curvature will

be used to compute the first variation of the Helfrich energy:

v =—Vy(v-v), (5.1)
Ay = —|Viyv|*v + Vi H, (5.2)
O°H = —Ap(v-v) — Vv (v-v). (5.3)

A proof of these identities can be found in [GurQQ].

5.1.2 First variation of the energy

Given a membrane (M, u), we consider variations of G in direction (w,), where v =
wr: M — R? and w,v¢: M — R are smooth; (M;,u,) is defined by

M; = {PT :p—l—Tw(p)V(p) ‘pE M}7
ur(pr) = u(p) + 7¢(p)-
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Since M is embedded and smooth, there exists 79 > 0 such that for all |7| < 79 there is
for each p; € M; a unique p € M = My such that p, = p + Tw(p)v(p) and u(p;) is

well-defined. The velocity of M is normal to M, hence we have

d
a‘;uT"r:O - a7?u7—‘7':0 - EuT(pT)

7=0

The first variation of G in direction (w, ) is defined as

(DG(M, w), (w,)) = +-G(Mr,ur)

7=0
We split the energy G into G = MC + K + MM + B, where

MC(M,u) = /M k() (T — Ho(u)? dp,

K(M,u) = /M e (u)K dp,

~ 1
MM(M, u) = a/ e[ Vhre? + TV (u) di
M
B(M) = / kel B dp,
M
and compute the first variation of each of these functionals separately.
Lemma 5.3. The first variation of the Modica-Mortola energy in direction (w,) is

(DMM( ), (w,0)) = | a{—zeAMu+ iw’(@}wdu

M
~ 1
+ / o { <5|VMU\2 + 8VV(u)) H — 2(Vyv)Viu - VMU} wdp.
M

Proof. Using both Leibniz formulas from Lemma [5.2) and integrating by parts, one obtains

d
MMMy, uy)

= 5/ 2eViyu - Vi — 2e(Vyv) Viru - Varuw
=0 M
1 1
+ EW/(U)T/J + <6\VMu\2 + ET/V(u)) Huwdp
1
= / o {—25AMU + W’(u)} Y du
M g
1
+ / o { <€‘VMU’2 + 6VV(u)) H —2(Vyv)Varu - VMU} wdp.
M
Lemma 5.4. The first variation of the mean curvature energy in direction (w,1)) is
(DMEM ), (w,0)) = | { () (0 = H.0))? = 2k00) ( = H () H} ) o

- /M {20501 () ( — Ho(w) ) + 2k(u) (H — Hy(w)| B

~ k(u)(H — Hs(u))2H}w dp.
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Proof. Using the first Leibniz formula and 9°H = —Ayyw — | B|?w from (5.3)), one computes

d
5 T T
dTMC(M Ur)

= / E'(H — Hy)*) — 2k(H — Hy)H'ep dp
T7=0 M
- / 2k(H — Hy)Apyw + 2k(H — Hy)|B*w — k(H — Hy)*Hw dp.

M
Applying Green’s identity to the Ap;w term yields the claim. O
Corollary 5.5. There holds
(DB(M),w) = —kgs/ {2AnH + H(|B? — 2K) } wdp

M

and

(Vav)Varvj - Vv — |BI?H + KH = 0.

3
=1

J
Proof. On the one hand, we have |B|> = H? — 2K, and since fMTKdu is constant,
Lemma 5.4 with H; =0 and k = 1 yields

d _ 4 </ kpeH? dp)
7=0 dr M-

7B(MT)
On the other hand, |BJ? = |Vjyv|? = Z?:l |Varv;)?, and with the second Leibniz formula

— 2 —
= - /M k:Bs{2AMH+H(\B| 2K)}w dy.

we obtain

d
EB(MT)

= k}Bé‘Z/ QVMVj . VMa:Vj + |VMV]‘|2HU) — Q(VMI/)VMVj . VMij dyt.
7=0 j M

Integrating by parts the first term and using (5.1) and (5.2)) for 97v and Apsv yields

d
dTB( )

= kpe Z/ 2A v Djw + |Vigv; |2 Hw — 2(NVyv) Vv - Vivjw dp
7=0 j M

= k’Bs/ —2ApHw + |B‘2H’w -2 E (VMI/)VMI/j - Vvvjw dpt.
M -
J

Equating both expressions for (DB(M ), w) and using that w is an arbitrary smooth function

yields the second claim. ]

Lemma 5.6. The first variation of the Gauss curvature energy in direction (w,) is

(DK(M,u), (w,v)) = /M ke (u) K dp + /M divys (k:;(u)(VMV — Hid)Vu) w dp.

Proof. We use K = (H? — |B|?)/2 and Lemmawith H; =0 to get

d kg o / ki o
= CH2q = | 2CH%yq

- /M {AM (kg H) + %GH (21B” - H?) } wdpt.

7=0
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With |B|? = |Vjyv|? and the second Leibniz formula we compute as in Corollary

— —B d
k,G 2 ke 2
= | “CBPvdu+ | “Z|BPHwdp
M 2 M 2

+ Z/ kaVyv;j - VMail/j — kg(VMI/)VMVj - Vv dup
~ J M

k/
— [ BPodu+ [ S BRHW
M M
+ Z/ (k’C;VMU - Vv + k(;AMI/j) Djw — kg(VMV)VMVj -Vvvjw dp
~ JM
k/
— [ FeBPodu+ [ 5 BRHW
M M
—~ / divas (ke NVavNaru + ke Vi H) w+ ke (V) Vary; - Vuviw dp.
M

J
Combining both expressions and employing the second claim of Corollary [5.5] yields

£ (f o)
dT M

= / kL K du
M

7=0

n /M divas (k:’GVMuVMu + ke H — VM(kgH)>w dy
+ /M ko (HK ~ HIBP + Y k6(Sh) Vv, - vMyj) wdp
= /M ke K dp + /M divas (kg (Vayy — Hid)Vigu) w dp. O
Lemma 5.7. The first variations of the constraint functionals
.A(M):/ du and PI(M,u):/ udp
M M
in direction (w,v) are
(DA / Hwdp and (DPLZ(M,u), (w,v)) Z/MdJ—l-undu.

Proof. The assertion is obvious from the first Leibniz formula. O
5.1.3 Flow equations

The flow we consider is formally a weighted L? gradient flow for the membrane energy
G on the manifold N of smooth oriented closed surfaces and smooth phase fields with
prescribed area and phase integral. At (M,u) € N the tangent space to N consists of
smooth normal variations of M and variations of u such that the constraints are maintained,

that is, according to Lemma

ﬁM,u)NI{(w,@Z)):M%RQ;/ deu:/ w+undu:0},
M M
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We endow N with the weighted L? metric tensor

gy (w,9), (v,9)) = /M wo 4 e dp.

Neglecting the coupling between phase field and surface in the Helfrich energy, the € scaling
in the metric yields an Allen-Cahn equation for the phase field on the evolving surface.
As ¢ — 0, this equation approximates a geodesic curvature flow for the interface line, in
analogy to the phase field approximation of the mean curvature flow [ESI0al [DDEQS].
The gradient flow for G with respect to g reads as follows: given an initial configuration

(Mo, up) € N, find (M;,u;) € N for 7 > 0 such that

gr((vr, Our), (w,v)) = —(DG(Mr,u.), (w,¥)) for all (w,v) € Tias, u )N, (5.4)

where v, is the normal velocity of M; and gr = g(u, 4.). As for any gradient flow, the

energy decreases along solutions, because

diTg(MT,uT) = (DG(M:,u,), (vs,07ur)) = —g-((vr, O3ur), (vr, O2ur)) < 0. (5.5)

In the numerical simulations we incorporate the constraints on (w,1) using Lagrange

multipliers. Instead of (5.4) we look for (M;,u,) and A4 -, Apz+ € R for 7 > 0 such that

9 ((vr, 07ur), (w,v))

= —(DG(M7,ur) + Aua7 DA(M:) + Apz,- DPL(M7, uz), (w,9)) >0
for all smooth (w,): M, — R? and
AM,) = Ay, PI(My,ur) = mA. (5.7)
Thanks to , we have
0= T A(M;) = (DAM), o) and 0= L PI(M;) = (DPL(M;,ur), (vr, 9ur)),

hence the energy inequality (b.5)) also holds for G + A4 A + ApzPZ. Since w and 9 are
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arbitrary smooth functions, we obtain from ([5.6)) the evolution equations
v = {QAM<k(u)(H - Hs(u))) 4 2% () (H — Hy(u))|BI? — k(u)(H — Hs(u))QH}
- diVM (k’lg(u)(VMI/ — Hld)VMU)
1
- { <6|VMU|2 + 6VV(u)) H — 2(Vyv)Viu - VMU}

+ kpe {2AMH + H(|B]> - 2K)}

— AuH — ApruH, (5.8)
0% = — (I (u)(H — Hy(u))? — 2k(u)(H — H,(w)) H.(u)}
— ke (u)K

1
- {—2€AMU + EW’(u)}
— Apr.
5.1.4 Restriction to rotationally symmetric membranes

The flow , is easily restricted to rotationally symmetric membranes by considering
only rotationally symmetric variations (w, ), and one obtains the same evolution equations
as in , denoting by v now the normal velocity of the generating curve. To see that
the right hand sides of depend only on the generating curve, we compute the terms
involving the shape operator Vjsv; for all other terms this is obvious.

If M is a surface of revolution parametrised by ®: (¢,0) — (x(t),y(t) cosd,y(t)sin6),
where v(t) = (x(t),y(t)) with |y/| = 1, then & = 9;® and & = y~19y® form an orthonormal
basis for the tangent space of M. The tangential gradient of a rotationally symmetric
function f: M — R and the tangential divergence of a tangential vector field h: M — R3

are then given by
. 1
Vi f = (8tf)fl and divas h = Oth - & + ;agh - &o.

If the restriction of A to the curve v is tangential to vy, we may write h = h1£;, where

(h1,0,0) are the coordinate functions of h with respect to the basis {&1, &2, v}, to find
y 1
divay h = Othy + ghl = gat(yhl)’
provided that y > 0. Since Vi, f is such a vector field, we obtain
/
Apf=0uf+ %&tf-

Using these formulas and the matrix representation diag(ki, k2) for Vasv restricted to the

tangent space of M, we obtain

oS5 (30 (% (%) = sy

K2
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and

divay (K(u) (Vi — Hid)Vagu) = —;at(y@k'c(u)atu).

If y(tp) = 0, smoothness and rotational symmetry imply that 0;f(to) = 0, hi(tp) = 0
and that the curve is perpendicular to the z-axis at tg. We thus find y/(¢t) = £1+ O(t — to)
and y(t) = £(t — to) + O((t — tp)?) and conclude

y’ hl(t) — hl (t())

i th = lim (£1+0(t ~to)) T(t—to) + O((t — t0)?)

= O¢h1(to).
Consequently, we have

divas h(to) = 20:ha(to), Aps f(to) = 204 f (to),

and
divas (k:’G(u)(VMz/ ~ Hid)VMu> (to) = —20h (rakls (u)Ayu) (to) = —2 (rakts (u)Dynt) (to).

Our model includes the assumptions y > 0 and 2/ > 0 in I. The numerical scheme,
however, does not need 2’ > 0 and maintains both constraints locally in time when starting

with initial data such that ' > 0. We therefore omit both constraints in our simulations.

5.2 Numerical scheme

We employ a numerical scheme developed by Mayer and Simonett in [MS02] for rotationally
symmetric solutions of curvature driven free boundary problems. The scheme consists of
a semi-implicit discretisation in time followed by a discretisation in space. In [MSQ02] the
authors give numerous examples for the Willmore flow and provide numerical evidence for
convergence. We extend the scheme to include the phase field in a straightforward manner;
the description here follows [MS02].

5.2.1 Time discretisation

Denoting the right hand sides of (5.8) by f(k1, ke, u, A, Apz) and g(k1, k2, u, Apz), the flow

reads
V= f(’ilv K2, U, )‘Aa )‘pZ)v

a:u = g(lﬁ, R2,U, A’PI),
A= AOv
PL = mAO,

(5.9)

where v = 0, - v is the normal velocity of the generating curve v = ~,(t). We omit the
dependence on the curve parameter ¢ in the notation and usually also the dependence on

the time 7 if the meaning is clear from the context.
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A first-order finite difference approximation of (5.9) is given by

Yr+h = Vr T th”T,
Ur = f(/il,‘r+h7 K2, 7+hy Ur+h, )\A,Ty )\PI,T)7
Urth = Ur + ha:ura

O2ur = g(K1,r4hy K2,7+hs Ur+hy APT,7)-

It is implicit in k1, K2, u, and explicit in the Lagrange multipliers. The dependence of k1,

ko and u on the next time step 7 + h is linearised by

Kigrth & Kiz + ML vr,

~ o
Urqh = Ur + har“’T?

where the operators L; -, i = 1,2 are formally defined by

d
Liﬂ-vT = %K’i,T+h . (510)
h=0

Taylor expansion of f in the first three arguments yields

f(’ilﬂ"f'h’ R2.74+hs Ur+h, )‘.A,Ta APZ,T) ~ f("/”'l,Tv R2 1, Ur, )‘.A,Ta )\PZ,T)
+ am f(K‘l,Ta K21, Ur, )\A,ﬂ >\’PI,7—) (/{177+h - /{1,7)
+ 8/42.]0("‘71,77 K2 1, Ur, AA,7’7 >\'PI,T) ('%2,7'-1—}1 - 52,7—)

+ Ouf (K17, K2,ms Ury A rs APT,r) (Urgen — Ur)
and thus
f)Hh ~ (f + h, fLrv + 1O, Lyv + 0O, [0} ] = (f + hdufLo + h, fO5u) L,
where O, f = (Ox, f,0n,f) and L = (L1, L2)T. Using the same approximation for g, we

id — hOxfL  —hOuf v\ (f
( —hdegL  id — h@ug> <agu> = <g> : (5.11)

Since f and g depend linearly on the Lagrange multipliers, (5.11)) is a linear system in the

obtain

variables (v, 02u, A, Apz). To complete the system, we linearise the constraints A, = A-

and PZ.yp = PZ,, that is, we complement (5.11]) by
/ Hvdp =0 and / 07u+ uHvdp = 0. (5.12)
M M

When discretised, (5.11]) and (5.12]) yield a linear system for (v, 02u, A4, Apz) at time 7.
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5.2.2 Spatial discretisation

The generating curve v = (z,y) is subdivided into a finite number of arcs by points v; =
(xi,yi), 1 =0,...,N; since y > 0 and M, is a smooth closed surface, we have yo = yny =0
and y; > 0 for ¢ = 1,..., N — 1. It is not necessary to know any parametrisation of the
curve; instead, the scheme uses the points 7;. The phase field u is discretised by u; = u(%;).

Given a function w on v, we approximate its integral over the surface segment obtained

by rotating the arc (7;,7vi+1) by

2 1 1
/ wdp = 37 <wi+1yi+1 + S Wit1Yi + 5 Willit1 + wiyi> Yit1 = vils
My ((viyvit1))
and the integral over M, by summation over all segments. In particular, if w = 1, we obtain
the exact area of the discrete surface as approximation to the area of the continuous surface.

The derivatives J;w and Jyw are approximated by the finite differences

Lo (wlvis) —w(y) | w) —w(ie1)
Orw (i) ~ 5 ( Po—— Eo—— ) (5.13)

and

1Yi+1 — il v — Yi-1]

() ~ [1)1 (w(%+1) —w(v)  w(y) - w(%’—l)) 7 (5.14)

where D; = (|vit1 — il + |vi — 7vi—1|) /2 is the average distance of ; to its two neighbours.

For the points vy and vy on the axis of revolution we may define

V-1 =(z1,—y1) and N1 = (TN-1,—YN-1) (5.15)

as well as w(v_1) = w(y1) and w(yn+1) = w(yn—1) by smoothness and rotational symmetry,
so that the above formulas are valid for ¢ =0,..., N.

From with w = y and we obtain a discretisation of the Laplace-Beltrami
operator; using w = x in yields the approximation

I (@1 — x| X — T )
ko(Vi) R Koj = — + 5.16
() C 2y <|%'+1 =yl v =il (5.16)

of the second principal curvature kg for y > 0. If y(t9) = 0, the same argument as for the

tangential differential operators in the last section gives

1 wl(t) 1 wl(t)_x/(t(ﬁ _ " o " .
ralto) = i o = B T T ol — oy~ = (o) =¥ (t)a"(to) = ra(to),

and the approximation for k1(tg) below is also used for xo(tg).
To obtain an approximation for 1, recall that the variation of the length £, of a smooth
plane curve v under variations v, where v is the outer normal to v, is given by

(DL, ) = / K1y ds. (5.17)

Y
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Let n5: R — R be the piecewise linear hat function with 75(0) = 1 and ns(¢t) = 0 for |t| > 6,

2o a point on v and ¥s5(2) = ns(|z — 20|). By (.17) we then have
1 0 t
(DL, s) = 1-— 5]2 — 20| | K1(2) ds(z) = k1(20) 1-— 5 dt = 0k1(20).
yNBs(2) -0
On the discretised curve let +; be a vertex and choose d to be the average distance D; from

~; to its two neighbours. Consider the length of the curve as function of +; while all other

vertices are fixed, that is, consider
Li(z) = CH|vig1 — 2| + |z — vl

Replacing 7; by v; + hé, where € € R? is a fixed vector, yields

_ (%‘—%‘—1 Vil — % ) ¢
h=0 Vi = i1l i =il

d
%Ei(%‘ + hé)

and thus

Vi —Yi-1 Y+l — i

[vi = Y1l |y — il

One the one hand, £; increases most for variations normal to v at 7;; on the other hand,

V[,i = Vﬁi(’yi) =

VL;(z;) points in the direction of greatest increase of £;. Thus we infer that

VL;

=+
v VL]

is an approximation of the outer unit normal to 7 at ~y;, provided that V.L; # 0. Here the
positive sign applies, if V.L; points towards the outside of -y, and the negative sign otherwise.
Since the normal movement of one vertex of the discretised curve has by our choice of § the

same effect as the variation with 5, the above reasoning yields the approximation

. Vﬁz Rz

K1() = K= D, (5.18)

of the first principal curvature. If V.L; = 0, the vectors ;41 —; and ~; — ;-1 are parallel,
and we have k1; = 0; the normal v; is obtained by normalising ;41 — 7; and rotating it
by the angle +7/2. At the start and end point of v on the axis of revolution the above
formulas apply with v_; and vy from .

It remains to consider the linearisations of the principal curvatures. To this end, denote
by v; the normal velocity of the vertex 7;, and by v; 4 = 7; + hv;v; the vertices at the next
time step. Since k1 r4h = VL r4h Virtn/Diryn from and VL, -4, is perpendicular
to %VZ-,TH“ we find

d 1 d Ki; d

Bl - — VL. I ]
dhﬁl,z,r—&—h o D; dh i,7+h o vy D; dh 1,7+h -
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Using the approximations

VL = T hvivi — vi-1 — hvicivicr i + hiavigr — i — hoiv;
v Vi + hvivi — i1 — hvicvia] i + hvigavicr — v — hoivg|

and
1
Dirin = 5(\%’ + hvivg — o1 — hvivioa| + [vig1 + hvipvier — v — hUiVi|)

at 7 + h, one computes

d

i VLirin

Iy — Yi-1]? v — Yi-1]

{ (%’ - %'71) “V (%’ - %‘71) cVi—1 Vi Vi—1 }
Vi = Vi-1
h=0

1 1
+ +
Vi —vie1l v — il

9 9 (5.19)
_ ((%’ —Yi-1) - Vi) _ ((%’H - i) - Vi) v
’%‘ - %’—1|3 |’Yz'+1 - %’!3 ’
(’Yi+1 - ’Yz') "V (’Yz'+1 - %’) * Vi1 Vi Vi1
+ 3 - Vi41
Vi1 — il Vi1 — Vil
and
d (v — Yi-1) - Vi1
Dizin| =4 - Vi1
dh T { 2 —yial [
1 R - . _ .
T ( Vi —Yi-1 Vil — Vi ) v S (5.20)
2 \ |y — i1l |Yirr — ¥l
+ (Vit1 — ) - Vi Vit
2|it1 — il ’

Combining (5.19) and (5.20)) yields an expression for the operator L; from (5.10) of the
form (Liv)(y;) = Z;E_l ll-l’jvj. At the start point on the axis of revolution we use again
v—1 = (z1,—y1) and K1 1 = K1,1; the same applies at the end point.

For the linearisation of the second principal curvature we use (5.16) if y; > 0 and obtain

i,@ o — 1) Vi1 + (i —mi—1) (Vi —vi-1) * Vi1 Vit
dh T 2y Vi — i1 Vi — Y13 "
1 x T
+ —9q — 2/%271'1/? — Yi =+ Vi
2y Vi1 =l v — il

L @i — ) G =) v (@i —wio) (=) v |
Vit — il Ivi —vi-1/? '

* 2y; a

1 Vit (g1 — ) (Yie1 — V%) - Vi1
o5, ) . . 13 Vit1,
h/z—‘rl - ’Yz’ ‘714—1 - 7z|
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where (v, v}) are the components of the approximate normal v;. As for k1, this yields an

expression for Ly of the form (Lav)(y;) = Z;Zf} l%jvj. At the start point on the axis of
revolution we have koo = k1,0, so the linearisation of k2 is the one of x; and l%,j = lé’j; the

same holds for the end point.

Remark. All spatial approximations are local in the sense that for an evaluation at a vertex
~; only data from ~; itself and the neighbouring vertices is needed. Since the evaluation of
f, g and their derivatives is also local, the resulting linear system is sparse; the only dense

rows and columns stem from the constraints and the Lagrange multipliers.

5.2.3 Implementation, mesh adaption and time stepping

We implemented the above scheme in Matlab. Discrete initial data was obtained by
sampling continuous curves and phase fields at uniformly distributed points on the curve.
Since regions of large phase field gradients and kinks are expected to be of order £, the
point distance was at least an order smaller than ¢.

It has already been noted in [MS02], that the evolution moves some points closer to
their neighbours and other points away from each other. We observed that this behaviour
is more pronounced in regions, where the phase field is close to zero, than in other domains.
We therefore readjust the position of a point, if the distance to its neighbours becomes too
large or too small. The idea is to move such a point 7; so that on the one hand its new
location has the same distance to both neighbours +;_1, 7,41 and on the other hand its
discrete curvature s1; as in is preserved. This means, we look for the new position
on a circular arc through ~;_1 and 7;41 of prescribed signed curvature x1;. In a similar
fashion we introduce new points with curvature and phase field equal to the mean value of
the two new neighbours, and we also remove points that are too close to their neighbours.
We refer to [MS02] for the details of the insertion and the computation of new locations.

Since interfaces and regions of high curvature may move, it is desirable to adapt the grid
to be finer in such regions and coarser in less curved bulk domains. We implemented this
idea by prescribing different thresholds for the point distance in these regions, which were
identified by an upper bound on |u;| and a lower bound on Kii + n%’i, respectively. However,
in our simulations the mesh adaption procedure often increased the energy. Additionally,
the insertion of new points near highly curved interface regions sometimes produced locally
large phase field gradients. In most cases we observed that the algorithm could recover and
return close to the previous state; occasionally it failed, though. We therefore chose grid
thresholds to keep the number of mesh adaptions small and we avoided mesh adaptions in

consecutive time steps.
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1 1
0.5 ’ 05
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-0.5
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0 0.7854 1.7854 3.7854

Figure 5.1: Initial data for the example in Section [5.3.1} cross section of the surface on the
left, phase field over arclength on the right. The marks on the horizontal axis indicate the
interface and the connection of the spherical caps to the cylinder.

The simulations presented below were carried out with a constant time step h. Stability
considerations for explicit discretisation of the potential term in the Allen-Cahn equation

yield a time step restriction of the form h < &2

In the simulations we chose h < d2,
where d < & denotes the initial minimum point distance; compare [ESI0a]. We stopped the

simulation, when the norm g, (-,-) of the gradient was small.

5.3 Examples

5.3.1 A phase separated tube without kink

As an example we consider a cylinder of length 3 and radius 1/2 with spherical caps, see
Figure p.1] The cylinder is centred in the origin so that the z-coordinate ranges from —2
to 2, and the phase field is given by

-1 if o < -3
u(z,y) =< sx+3 if —2<a<i
1 if%gaz.

For the regular approximation we use k = 1 and kg = kp = 0, for the singular approxima-

tion kg =0, kg = 0.1 and
k(u) = (Vu?+.01-.1)/(v1.01 —.1). (5.21)

The function is closer to |u| than u? and is numerically more stable. In both cases
we set ¢ = 1, and let Hs(u) in [—1,1] be equal to the fifth-order polynomial interpolation
of Hy(1) =2 and Hs(—1) = 1 with zero first and second derivative at £1. When extended
by the constants Hg(41) to the whole real line, H; belongs to C?(R).

Figure [5.2] shows the numerically stationary membranes for both approximations and

€ = 0.05. The main observation is that the neck in the singular approximation has smaller
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Figure 5.2: Numerically stationary shapes for the tube of Section with ¢ = 0.05. The

81

there is no kink.

regular approximation (left) has a larger neck than the singular approximation (right), but

03 03
s 7 ’ / ’
0.25 o 0.25¢ /
02f - o 0.2k,
e _ N R . /
0.5} 015 e -7
L ]
¢=0.15 ¢=0.15
€=0.10 €=0.10
- =005 - =005
05 045 04 035 03 -025 -02 015 05 045 04 035 -03 -025

Figure 5.3: Numerically stationary generating curves for ¢ = 0.15, 0.1 and 0.05 in the neck
regions for the regular (left) and singular approximation (right); the dots indicate the vertex

where the phase field is closest to 0.
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Figure 5.4: Evolution of energies for ¢ = 0.15, 0.1 and 0.05, regular approximation on the
left, singular on the right. Note the different scaling of the energy axes.
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L I I L L I I I I
2 -15 -1 -0.5 0 0.5 1 1.5 2

Figure 5.5: Numerically stationary membranes for the example of Section with e = 0.1,
regular approximation on the left and singular approximation on the right.
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Figure 5.6: Angle of the generating curves of the membranes in Figure [5.5] over arc length,
regular approximation on the left and singular approximation on the right.

diameter than in the regular approximation, there is, however, no kink. The neck regions
are enlarged in Figure for e = 0.15, 0.1 and 0.05; Figure [5.4] shows the evolution of
the membrane energies. It can be seen that the regular approximation seems to converge
well as € — 0, including the interface position; convergence of the singular approximation is
less visible. Furthermore, both approximations first quickly decrease the energy and evolve
curve and phase field, later these quantities hardly change any more. Interestingly, the
energy of the regular approximation decreases if € decreases, the energy of the singular
approximation increases. The change in area from time 7 = 0 to 7 = 0.3 in the above
simulations is at most of order 1073, the change in the phase integral of order 10~%4. Hence,

both constraints are preserved within the order of the linearisation.

5.3.2 A phase separated tube with kink

Next we provide an example in which both approximations behave differently and a kink in
the singular approximation appears. We consider the same initial data and parameters as
in the last example except for & = 0.8 and k¢. For the regular approximation we let kg(u)
be the fifth-order polynomial interpolation of kg(—1) = —1 and kg(+1) = —0.5, and for
the singular approximation we multiply this interpolation with a root function as in .

The computed stationary membranes for ¢ = 0.1 are shown in Figure [5.5 the angle

functions of their generating curves in Figure Obviously, while in the regular approx-
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=0.0000 =0.0058 ©=0.0060

-225 -22 215 -21 -205 -2 -195 -19 -185 -18 -225 -22 -215 -21 205 -2 -195 -19 -185 -18 -225 22 -215 -21 -205 -2 -195 -19 -185 -18
=0.0070 ©=0.0101 ©=0.0150

-225 -22 215 -21 -205 -2 -195 -19 -185 -18 -225 -22 -215 -21 205 -2 -195 -19 -185 -18 -225 -22 -215 -21 -205 -2 -195 -19 -185 -18

Figure 5.7: Left end of the generating curves for the example in Section for e = 0.1
and several time steps 7. The phase u© = —1 is coloured blue, regions where u = 0 are
yellow.

imation there is a rather ample neck region that lies completely in the red phase u = 1, the
singular approximation makes a sharp turn at the interface: the angle almost jumps from
about —0.24 to +0.54. Simulations with other values of ¢ led to the same result, thus we

may conclude that there is a kink in the limit € — 0 and have omitted further figures.

5.3.3 Axis of revolution

The previous two examples show the potential of the singular approximation and its limit
to model quite different shapes and behaviour of membranes — with or without kinks. The
following example on the other hand emphasises once more the difficulties that arise at the
axis of revolution. We used the same initial surface and parameters as in Section but

changed the initial phase field to

-1 ifx <-—m/20rx>m/2,
u(w,y) =

cosbr if —7m/2 <z <7/2.

Hence, there are six interfaces on the surface.

Figure shows the left end of the generating curve for several small time steps 7.
The right end of the curve looks similar due to symmetry, and the middle segments, which
contain the initial interfaces, are still far away from a stationary point and thus also omitted.
It can be seen that the phase field u, which is initially equal to —1, quickly changes to 0

at the boundary. Afterwards the transition layer moves into the surface, thus creating a
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large region where u = 0 near the axis of revolution. Such regions cause a problem for the
algorithm, which tends to move points out of it and towards or below the z-axis. Moreover,
inside these regions the evolution of the surface is dominated by ekp [ |B|? du and not the

membrane bending energy any more.



References

[ALb0O]

[AT0]

[BD10]

[BDWJO5]

[BGHYS]

[BHWO03]

[BKLT90]

[BM10]

[Boa02]

G. Alberti. Variational models for phase transitions, an approach via TI'-
convergence. In Calculus of variations and partial differential equations (Pisa,

1996), pages 95-114. Springer, Berlin, 2000.

L. Ambrosio and V. M. Tortorelli. Approximation of functionals depending
on jumps by elliptic functionals via I'-convergence. Comm. Pure Appl. Math.,
43(8):999-1036, 1990.

M. Bergner and A. Dall’Acqua. Willmore surfaces of revolution bounding two
prescribed circles. Preprint 10-13, Faculty of Mathematics, Universitat Magde-
burg, 2010.

T. Baumgart, S. Das, W. W. Webb, and J. T. Jenkins. Membrane elasticity in
giant vesicles with fluid phase coexistence. Biophys. J., 89(2):1067-1080, 2005.

G. Buttazzo, M. Giaquinta, and S. Hildebrandt. One-dimensional variational
problems, volume 15 of Ozxford Lecture Series in Mathematics and its Applica-

tions. Oxford University Press, Oxford, 1998.

T. Baumgart, S. T. Hess, and W. W. Webb. Imaging coexisting fluid domains in
biomembrane models coupling curvature and line tension. Nature, 425:821-824,

2003.

K. Berndl, J. Kas, R. Lipowsky, E. Sackmann, and U. Seifert. Shape Transform-
ations of Giant Vesicles: Extreme Sensitivity to Bilayer Assymetry. Europhys.
Lett., 13(7):659-664, 1990.

G. Bellettini and L. Mugnai. Approximation of Helfrich’s functional via diffuse
interfaces. SIAM J. Math. Anal., 42(6):2402-2433, 2010.

D. Boal. Mechanics of the cell. Cambridge University Press, Cambridge, 2002.



86

References

[Brags]

[Bra02

[CanT70]

[CH58]

[dC76]

[DDEOS5]

[DDGOS]

[DEO7]

[DFGS08]

[DGI1]

[DGF75]

[DKN*+93]

A. Braides. Approximation of free-discontinuity problems, volume 1694 of Lec-

ture Notes in Mathematics. Springer-Verlag, Berlin, 1998.

A. Braides. I'-convergence for beginners, volume 22 of Ozford Lecture Series in

Mathematics and its Applications. Oxford University Press, Oxford, 2002.

P. B. Canham. The minimum energy of bending as a possible explanation of
the biconcave shape of the human red blood cell. J. Theor. Biol., 26(1):61-81,
1970.

J. W. Cahn and J. E. Hilliard. Free energy of a nonuniform system. I. Interfacial
free energy. J. Chem. Phys., 28(2):258—-267, 1958.

M. P. do Carmo. Differential geometry of curves and surfaces. Prentice-Hall

Inc., Englewood Cliffs, New Jersey, 1976. Translated from the Portuguese.

K. Deckelnick, G. Dziuk, and C. M. Elliott. Computation of geometric partial

differential equations and mean curvature flow. Acta Numer., 14:139-232, 2005.

A. Dall’Acqua, K. Deckelnick, and H.-C. Grunau. Classical solutions to the
Dirichlet problem for Willmore surfaces of revolution. Adv. Cale. Var., 1(4):379-
397, 2008.

G. Dziuk and C. M. Elliott. Finite elements on evolving surfaces. IMA J. Numer.
Anal., 27(2):262-292, 2007.

A. Dall’Acqua, S. Frohlich, H.-C. Grunau, and F. Schieweck. Symmetric Will-
more surfaces of revolution satisfying arbitrary Dirichlet boundary data. Pre-

print 08-24, Faculty of Mathematics, Universitdt Magdeburg, 2008.

E. De Giorgi. Some remarks on I'-convergence and least squares method. In
Composite media and homogenization theory (Trieste, 1990), volume 5 of Progr.
Nonlinear Differential Equations Appl., pages 135—142. Birkh&user Boston, Bo-
ston, MA, 1991.

E. De Giorgi and T. Franzoni. Su un tipo di convergenza variazionale. Atti
Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8), 58(6):842-850, 1975.

H. G. Débereiner, J. Kés, D. Noppl, I. Sprenger, and E. Sackmann. Budding
and fission of vesicles. Biophysical Journal, 65(4):1396-1403, 1993.



References

87

[DLWO04]

[DM93]

[ES10a]

[ES10b]

[Eva74]

[GTO1]

[Gur00]

[Hel73]

[Hel09]

[JL93]

[J1.96]

[Kiih02]

Q. Du, C. Liu, and X. Wang. A phase field approach in the numerical study
of the elastic bending energy for vesicle membranes. Journal of Computational

Physics, 198(2):450-468, 2004.

G. Dal Maso. An introduction to I'-convergence, volume 8 of Progress in Non-
linear Differential Fquations and their Applications. Birkh&user Boston Inc.,

Boston, MA, 1993.

C. M. Elliott and B. Stinner. Modeling and computation of two phase geometric
biomembranes using surface finite elements. J. Comput. Phys., 229(18):6585—
6612, 2010.

C. M. Elliott and B. Stinner. A surface phase field model for two-phase biological
membranes. STAM J. Appl. Math., 70(8):2904-2928, 2010.

E. A. Evans. Bending Resistance and Chemically Induced Moments in Mem-
brane Bilayers. Biophys. J., 14(12):923-931, 1974.

D. Gilbarg and N. S. Trudinger. FElliptic partial differential equations of second
order. Classics in Mathematics. Springer-Verlag, Berlin, 2001. Reprint of the
1998 edition.

M. E. Gurtin. Configurational forces as basic concepts of continuum physics,

volume 137 of Applied Mathematical Sciences. Springer-Verlag, New York, 2000.

W. Helfrich. Elastic properties of lipid bilayers: Theory and possible experi-
ments. Z. Naturforsch.(C), 28(11-1):693-703, 1973.

M. Helmers. Towards two-component lipid bilayer membranes: snapping elastic
curves. OxPDE Technical Report 09/10, 20009.

F. Jilicher and R. Lipowsky. Domain-induced budding of vesicles. Phys. Rev.
Lett., 70(19):2964-2967, 1993.

F. Jiilicher and R. Lipowsky. Shape transformations of vesicles with intramem-

brane domains. Phys. Rev. E, 53(3):2670-2683, 1996.

W. Kiihnel. Differential geometry, volume 16 of Student Mathematical Library.
American Mathematical Society, Providence, RI, 2002. Translated from the 1999

German original.



88 References

[LRV09] J. Lowengrub, A. Rétz, and A. Voigt. Phase-field modeling of the dynamics
of multicomponent vesicles: spinodal decomposition, coarsening, budding, and
fission. Phys. Rev. E, 79(3):0311926, 20009.

[Mat95]  P. Mattila. Geometry of sets and measures in Euclidean spaces, volume 44
of Cambridge Studies in Advanced Mathematics. Cambridge University Press,
Cambridge, 1995. Fractals and rectifiability.

[MM77] L. Modica and S. Mortola. Un esempio di I'-convergenza. Boll. Un. Mat. Ital.
B (5), 14(1):285-299, 1977.

[Mod87] L. Modica. The gradient theory of phase transitions and the minimal interface
criterion. Arch. Ration. Mech. Anal., 98(2):123-142, 1987.

[MS95] S. Miiller and V. Sverdk. On surfaces of finite total curvature. J. Differential
Geom., 42(2):229-258, 1995.

[MS02] U. F. Mayer and G. Simonett. A numerical scheme for axisymmetric solutions
of curvature-driven free boundary problems, with applications to the Willmore
flow. Interfaces Free Bound., 4(1):89-109, 2002.

[PRO9] M. A. Peletier and M. Roger. Partial localization, lipid bilayers, and the elastica
functional. Arch. Ration. Mech. Anal., 193(3):475-537, 2000.

[SBLO1]  U. Seifert, K. Berndl, and R. Lipowsky. Shape transformations of vesicles: Phase
diagram for spontaneous-curvature and bilayer-coupling models. Phys. Rev. A,
44(2):1182-1202, 1991.

[Sch11] S. Scholtes. Elastic catenoids. Analysis (Munich), 31(2):125-143, 2011.

[Sim83] L. Simon. Lectures on geometric measure theory, volume 3 of Proceedings of the
Centre for Mathematical Analysis, Australian National University. Australian
National University Centre for Mathematical Analysis, Canberra, 1983.

[Sim93] L. Simon. Existence of surfaces minimizing the Willmore functional. Comm.
Anal. Geom., 1(2):281-326, 1993.

[SKO04] D. P. Siegel and M. M. Kozlov. The Gaussian Curvature Elastic Modulus of N-

Monomethylated Dioleoylphosphatidylethanolamine: Relevance to Membrane
Fusion and Lipid Phase Behavior. Biophys. J., 87(1):366-374, 2004.



References

89

[SL95]

[STTHOS]

[TKS98]

[Top08]

[Tor94]

[TOY03]

[WDOS]

U. Seifert and R. Lipowsky. Morphology of vesicles. In Structure and Dynam-
ics of Membranes, volume 1 of Handbook of Biological Physics, pages 403-463.
North-Holland, 1995.

A. Saitoh, K. Takiguchi, Y. Tanaka, and H. Hotani. Opening-up of liposomal
membranes by talin. Proc. Natl. Acad. Sci. USA, 95(3):1026-1031, 1998.

R. H. Templer, B. J. Khoo, and J. M. Seddon. Gaussian curvature modulus of
an amphiphilic monolayer. Langmuir, 14(26):7427-7434, 1998.

P. Topping. Relating diameter and mean curvature for submanifolds of Euc-
lidean space. Comment. Math. Helv., 83(3):539-546, 2008.

T. Toro. Surfaces with generalized second fundamental form in L? are Lipschitz
manifolds. J. Differential Geom., 39(1):65-101, 1994.

Z. C. Tu and Z. C. Ou-Yang. Lipid membranes with free edges. Phys. Rev. E,
68(6):061915, 2003.

X. Wang and Q. Du. Modelling and simulations of multi-component lipid mem-
branes and open membranes via diffuse interface approaches. J. Math. Biol.,

56(3):347-371, 2008.



	List of symbols
	1 Introduction
	1.1 Spontaneous curvature model for lipid bilayers
	1.2 Diffuse interfaces without a priori smoothness

	2 The rotationally symmetric setup
	2.1 Surfaces of revolution
	2.1.1 Basic definitions and notation
	2.1.2 Surfaces with L²-bounded second fundamental form
	2.1.3 Diameter bounds

	2.2 The approximate energy
	2.3 Γ-convergence

	3 The regular approximation
	3.1 Equi-coercivity
	3.2 Lower bound
	3.3 Upper bound
	3.3.1 Approximation by finite number of interfaces
	3.3.2 Curve approximation
	3.3.3 Local interface recovery
	3.3.4 Summary


	4 The singular approximation
	4.1 Approximate setting
	4.2 Limit setting
	4.3 Convergence theorem
	4.4 Equi-coercivity
	4.5 Lower bound
	4.5.1 Bulk lower bound
	4.5.2 Kinks and interfaces
	4.5.3 Axis of revolution

	4.6 Examples
	4.6.1 A Cantor-type example
	4.6.2 A constancy interval in the limit

	4.7 Upper bound inequality
	4.7.1 Approximation by simple configurations
	4.7.2 Kinks and interfaces
	4.7.3 Axis of revolution
	4.7.4 Summary

	4.8 Generalisations and open problems
	4.8.1 Open membranes
	4.8.2 Relaxed and additional constraints
	4.8.3 The role of the Gauss curvature and the full Γ-limit of Fε


	5 Numerical examples
	5.1 The flow
	5.1.1 More geometric analysis
	5.1.2 First variation of the energy
	5.1.3 Flow equations
	5.1.4 Restriction to rotationally symmetric membranes

	5.2 Numerical scheme
	5.2.1 Time discretisation
	5.2.2 Spatial discretisation
	5.2.3 Implementation, mesh adaption and time stepping

	5.3 Examples
	5.3.1 A phase separated tube without kink
	5.3.2 A phase separated tube with kink
	5.3.3 Axis of revolution


	References



