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Abstract

Developmental biology allows us to answer crucial questions about how patterned,

polarized cells can organize robustly and repeatably to form living tissues and or-

ganisms. Quantitative imaging data is now available that can provide deep insights

into developmental processes, but to make best use of these data, we need mathe-

matical and computational models. Linking complex mechanistic models to quanti-

tative experimental data is challenging, but Bayesian inference provides a principled

framework for this. Together, mechanistic models can guide hypothesis-driven exper-

iments, while quantitative experimental data can inform modelling through a data-

driven framework for inference and testable predictions. However, challenges remain

in developing methodological tools to relate mechanistic models to data effectively.

We address a number of these challenges in this thesis, and demonstrate the use of

such tools in an integrative framework to address hypotheses about the robustness

and points of control governing mRNA localization during development. We begin

by studying the bottlenecks controlling the regulation of mRNA transport, using a

fine-grained stochastic model of transport within a single cell and relate this model

to experimental data. We then study this stochastic model in a more general setting

and ask how experimental design, such as the sampling frequency of observations

via imaging, affects parameter estimation. Summary statistics are frequently used

to simplify inference for problems with high-dimensional data. It is not clear how

to select and combine summary statistics for approximate Bayesian computation, al-

though much previous work has been done in this area. We address this problem with

an adaptive algorithm that aims to maximize the distance between prior and approx-

imate posterior distributions. Finally, we return to our study of mRNA localization

by developing a coarse-grained model to address questions about how robustness

of mRNA localization is regulated during development. Using a simple differential

equation model, we make testable predictions, which demonstrate the surprising ro-

bustness of mRNA localization, and subsequently reveal crowding as a mechanism

for regulation of this process. Together, the contributions of this work are towards

developing modelling and inference tools to enable quantitative hypothesis-driven

study of developmental and cell biology.
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Chapter 1

Introduction
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In biological systems, where non-linear behaviour is common, intuition can be

a misleading guide. Mathematical and computational models can aid researchers

in interpreting data by formalizing hypotheses about nonlinear and indirect inter-

actions between components of a model [4]. Interfacing mathematical modelling

and quantitative experimental data is key to unlocking the full potential of both of

these techniques to investigate biological hypotheses, but remains a major challenge.

Due to advances in experimental technologies, there is an abundance of quantita-

tive imaging data available, particularly in the study of developmental biology and

cancer. This mountain of data represents a key challenge to biology and medicine;

the development of appropriate tools to link mathematical models with quantitative

data to enable predictions and testing of biological hypotheses is therefore crucial.

The aim of this thesis is the development and application of such tools in the context

of developmental biology.

Quantitative modelling enables us to formalise hypotheses about how biologi-

cal systems operate [5, 6]. Through modelling, we can gain an understanding of

the underlying biological mechanisms controlling a certain process. In addition, a

fully quantitative framework, comprising a mathematical or computational model

together with quantitative data and a parameterization to fit the model to the

data, enables us to make predictions about behaviour under perturbations to the

biological system, such as genetic mutations. Experimentally testable predictions

enable us to close the predict-test-refine loop (see Figure 1.1), improving our biolog-

ical understanding in the process, and subsequently also refining our computational

model. Reliable model predictions have the potential to enable the use of quanti-

tative models as a screening tool to explore behaviour in silico that may be more

costly to investigate in vivo [7, 8]. Adopting a quantitative framework also allows

appropriate propagation of uncertainty through a model [9].

Throughout this work, we take a Bayesian perspective on statistical inference in

order to link models with quantitative data. This perspective lets us account for
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Figure 1.1. The predict-test-refine loop connecting mathematical modelling with
the underlying biological process via testable experimental predictions. This
approach enables an improved understanding of relevant biological mechanisms,
and improved experimental predictions.

measurement error in the data collection process, in addition to underlying stochastic

variability in the biological process itself. When we make testable predictions about

the behaviour of a system under a biological perturbation, it is important to account

for the uncertainty in this prediction, which is not available from a point estimate.

In both Bayesian and frequentist settings, the likelihood is a central quantity.

Given observed data, y, and model parameters to infer, θ, then Bayes’ theorem,

p(θ|y) ∝ p(y|θ)p(θ), (1.1)

relates the posterior distribution, p(θ|y), which provides information about the pa-

rameters based on the observed data, to our prior beliefs encoded via p(θ) and the

likelihood, p(y|θ), which describes the probability of observing data, y, given model

parameters, θ. Closed form solutions and methods to sample from the posterior

distribution rely on the likelihood, p(y|θ). For complex biological models, the likeli-

hood function can be intractable in many cases, due to the complexity of the model

or due to computational cost. Likelihood-free methods [10–13] such as approximate

Bayesian computation (ABC) [14–19] have been developed to facilitate inference
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for models with intractable likelihoods.

1.1 Grand challenges

The problem of parameterizing a model becomes even more critical, but also more

challenging, as biological models grow in complexity; consider, for example, whole

cell models [20–22], multiscale models [23–26], and hybrid models [27–30]. These

modelling frameworks may offer opportunities to study emergent phenomena across

scales, or to perform realistic patient-specific simulations and analysis. Patient-

specific modelling requires accurate parameterization of computational models in

addition to detailed understanding of the underlying biology [31, 32], but can en-

able design of patient-specific treatment protocols [33, 34]. Progress towards pa-

rameterizing these complex models requires the development of new methodological

techniques due to the computational challenges of evaluating these expensive mod-

els, and the statistical challenges of incorporating information from diverse sources

of data.

1.1.1 Statistical challenges: summary statistics

ABC avoids evaluation of the likelihood by comparing simulated data with ob-

served data. In practice, this comparison can be challenging and inefficient for

high-dimensional data [35]. Summary statistics are used to reduce the dimension-

ality of both observed and simulated data, thus aiding in comparison. If sufficient

statistics are available then no information is lost in comparing summary statistics

rather than the data directly. In practice, sufficient statistics are not usually avail-

able and the choice of summary statistics is far from obvious, even with guidance

from biological domain knowledge. Using insufficient statistics results in an extra

layer of approximation during inference with ABC and a poor choice of summary

statistics can be prohibitive to inference. Open questions remain around the role
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of summary statistics in ABC [2, 36, 37] relating to selection of summary statistics

and how best to combine different sources of data.

1.1.2 Experimental design informed by computational mod-

elling

Computational approaches can offer key insights into experimental design [1, 38]

which, in turn, can enable more effective study of biological phenomena. Care must

be taken since experimental design can influence the biological conclusions drawn

when comparing models [39]. Choice of summary statistics for inference relates di-

rectly to experimental design, in the sense that, from one point of view, experiments

involve collecting summary statistics of an underlying (biological) data-generating

process. Interdisciplinary approaches are needed to bring together modelling, exper-

iment, and inference in ways that get the best out of each of these separate parts,

such that testable predictions can be made to probe hypotheses.

When drawing conclusions from a computational study, it is important that the

results of this work do not depend on the computational implementation of the study.

Robustness to the exact methodology used is desirable if the conclusions made are

to relate to the biological mechanism rather than simply the representation of this

mechanism in the computational model. This applies both to the implementation

of a complex computational model, such as a cell-based model [40] or agent-based

model [41], as well as to the statistical inference techniques used [42]. Concerns

that the implementation of computational studies may influence results can govern

experimental design choices [41] to ensure that, when a model is combined with

data, the conclusions drawn are reliable.
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1.1.3 Biological challenges: mRNA localization

Proteins provide the machinery for cells to perform a variety of different functions.

In order for the proteins to perform their functions, they need to be in the right

place at the right time. It is easier to regulate and move mRNA and then translate

the mRNA into protein in position, as opposed to moving large proteins directly,

particularly for large polarized cells such as oocytes and neurons. A single mRNA

can be localized in a dormant state to give rise to many proteins locally once acti-

vated; it can then be degraded, which allows precise spatial and temporal control

of gene expression. mRNA localization is important for setting up the body axes

during development [43, 44] and for synaptic plasticity in the brain [45]. Studying

mRNA localization offers both an opportunity to gain insight into important bio-

logical phenomena and also a good case study for the application of quantitative

modelling and inference methods.

In development, precise coordination of the expression of mRNA and protein

must be robust to changes, so that development can occur in the same way across

many individuals. It remains unclear exactly how this robustness is controlled to

ensure that development progresses consistently despite genetic and environmental

variation [46].

Insight into how a biological process is regulated can be gained by studying

bottlenecks of the process, since such bottlenecks often act as points of control.

Such understanding can guide further experiments or even synthetic control of the

biological process. The process of mRNA localization involves several different steps,

including transcription, nuclear export, active transport on the cytoskeleton, and

transit between cells via ring canals. A key question is how the timescales of these

processes relate to one another, and whether there are any obvious bottlenecks in

the mRNA localization process. Any such bottlenecks would be important targets

for regulation by the cell.
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1.2 Aims and outline

The overarching aim of this thesis is to develop and apply Bayesian inference tools

for the study of key phenomena in cell and developmental biology. In Chapter 2, we

review necessary background on Bayesian inference tools from the point of view of

a mathematical or computational biologist looking to fit models to biological data

and make predictions with these models.

Following this, Chapter 3 outlines the main biological application considered

in this thesis: mRNA localization in the development of the fruit fly Drosophila

melanogaster. We review experimental and modelling work on regulation of mRNA

in Drosophila development, focusing on transport and localization of mRNA. By

developing a fine-grained stochastic model, we examine how transport of mRNA is

regulated within a single nurse cell. Using ABC methods, we fit this microscopic

model to experimental data and assess the effect of different data types. Parameter-

izing the model in this way allows us to make experimentally testable predictions.

Motivated by the consideration of the experimental design needed to gather

data for the fine grained model, we present in Chapter 4 a computational study

on the effects of experimental design on parameter inference in biological transport

models. We formulate our biological transport model within a hidden Markov model

framework to enable inference via particle Markov chain Monte Carlo methods. This

enables us to consider the effect of varying experimental design parameters, such as

how often we observe the system, or how much experimental noise is present, and

make decisions about trade-offs between these.

Fitting the microscopic model to data via ABC in Chapter 3 provides further

motivation for a theoretical study in Chapter 5 that aims to provide a method to

automatically select summary statistics relevant to parameter inference using ABC.

In practice, it is far from obvious how to decide on what summary statistics to

use when implementing ABC. We outline a method that provides weights for a
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collection of summary statistics within the ABC distance function and demonstrate

the method on some test problems.

Revisiting the mRNA localization process considered previously in Chapter 3, we

consider the same process on a larger spatial scale in Chapter 6, wherein we develop

a coarse-grained differential equation model of transport between nurse cells and

the oocyte. By making testable predictions from this coarse-grained model for a

genetic mutant, we highlight the tight regulation of mRNA localization within the

Drosophila egg chamber, and show that crowding and blocking of ring canals can be

an additional mechanism that contributes to the robustness of mRNA localization.

Finally, in Chapter 7 we discuss the implications of this work, both biologically

and for the wider modelling community. We make recommendations about sensible

approaches to interdisciplinary science in the form of interactions between mod-

elling and experiment, as well as highlighting useful frameworks for modelling and

inference.

All experimental results shown in this thesis are due to a collaboration with Dr.

Richard Parton and Prof. Ilan Davis. Experiments and data collection were per-

formed by Dr. Richard Parton. My contribution lies in the data analysis, modelling,

inference, and development of methodology.
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Chapter 2

Bayesian and approximate

Bayesian inference
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2.1 Bayesian inference

Decision making under uncertainty is an important part of science. Is the growth

rate of a certain cell type greater before or after treatment with a drug? How many

people in the UK will become infected with flu in the next week? Bayesian inference

offers a principled framework for answering questions about the world around us,

and allows decisions to be made based on a combination of prior beliefs about

the world and observations. In the following chapter, we will provide an overview of

Bayesian approaches and methods for parameter estimation and prediction, focusing

on methods appropriate for stochastic and differential equation models.

2.1.1 Bayes’ theorem

The foundation of Bayesian inference is in conditional probability and Bayes’ theo-

rem. Suppose we have observed data, y, and a generative model, f(x|θ), dependent

on parameters, θ. Bayes’ Theorem allows us to relate the posterior distribution for

parameters θ, that is the conditional distribution of the model parameters given the

observed data, y, to the likelihood, p(y|θ), and our prior information, p(θ), about

the parameters, θ:

p(θ|y) =
p(y|θ)p(θ)
p(y)

. (2.1)

Bayes’ theorem (2.1) can be interpreted as an updating of beliefs. The prior

distribution, p(θ), encodes current scientific knowledge about a biological system of

interest due to previous studies and other external data sources. After observing

new experimental data, y, we update our beliefs about the parameters, θ, in light of

how consistent they are with the new data, y, which we quantify via the likelihood.

The likelihood, p(y|θ), gives the probability of observing data y given parameters

θ. The denominator p(y), which is known as the evidence or marginal likelihood,

provides a normalizing constant to ensure that the left hand side of Equation (2.1)
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is a probability distribution.

In practice, even for simple models, it is not analytically tractable to compute

the posterior distribution in any closed form way. Conjugate models can permit this

but are not widely used in computational biology; see Hines [47] for details. We

resort instead to simulation-based approaches.

2.1.2 Expectation and Monte Carlo

In order to extract the rich information contained in the posterior distribution,

p(θ|y), we need to compute expectations with respect to this distribution. We

consider expectations of the form

E[h] =

∫
h(q)π(q)dq, (2.2)

where h is the function of interest, and π is the density with respect to which we are

computing the integral (often π(θ) = p(θ|y) in a Bayesian inference setting). For

example, taking h(q) = q allows one to compute the mean or h(q) = 1q>10 can help

to compute the probability that the model parameters are greater than 10.

Similarly, in a Bayesian setting, we may need to make predictive inferences about

unknown observable variables. Before considering data, y, the distribution of the

unknown observable, ỹ, is given by the prior predictive distribution obtained by

integrating over θ in the joint distribution of ỹ and θ.

p(ỹ) =

∫
p(ỹ, θ)dθ =

∫
p(θ)p(ỹ|θ)dθ. (2.3)

After observing data, y, we update our beliefs via Bayes’ Theorem (2.1) to obtain

a posterior distribution, and can make predictions by the same process. This forms

the posterior predictive distribution p(ỹ|y) via

p(ỹ|y) =

∫
p(ỹ|θ)p(θ|y)dθ. (2.4)
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In this way, the problem of extracting information from data has been reduced to

computing integrals of functions with respect to the posterior density.

Quadrature approaches to compute integrals scale very badly with the dimension

of the space over which the integration is performed. To form a grid of n points

in each of d dimensions will require nd function evaluations. Instead, for high-

dimensional integrals, Monte Carlo methods are popular, as these have convergence

rates independent of the dimension, d. A natural estimator to take for an integral

formulated as an expectation is to average the function, h, evaluated at samples

drawn from the distribution of interest, as follows

ĥN =
1

N

N∑
i=1

h(qi), (2.5)

where qi ∼ π(q) for i = 1, . . . , N . By the Strong Law of Large Numbers, ĥN → E[h]

as N → ∞. When the expectation of h2 under π(q) is also finite, then the speed

of convergence of the estimate ĥ can also be assessed [48], and is proportional to

1/
√
N . For sufficiently large N ,

ĥN =
1

N

N∑
i=1

h(qi) (2.6)

∼ N
(
E[h],

Var[h]

N

)
. (2.7)

In practice, this convergence rate can be prohibitively slow. Techniques have

been developed for improving the Monte Carlo convergence rate, many of which

focus on variance reduction techniques to reduce Var[h]. Recent work in this area

has focused on Multilevel Monte Carlo methods [49–52], which use a telescoping sum

to incorporate coupled simulations from low accuracy methods along with fewer

simulations from high accuracy methods, and Multifidelity Monte Carlo methods

[53], which aim to expand these ideas to a more general framework for use of arbitrary

surrogate models.
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Further to this work, Quasi Monte Carlo methods [54–56] have proved successful

in improving the overall scaling of the convergence rate for Monte Carlo methods

from O(N−1/2) to up to O((logN)dN−1). These methods rely on low discrepancy

sequences of numbers rather than (pseudo) random numbers. For some stochastic

biological models, however, the discrete nature of the problems can be prohibitive

in achieving these optimal rates [57].

2.1.3 Importance sampling

Often we may be unable to draw samples directly from the target distribution of

interest, π(θ). Instead, importance sampling provides an alternative whereby we

draw samples from another distribution, g(θ), which we consider as an approxima-

tion to the target distribution, π(θ), and weight the terms in the Monte Carlo sum

appropriately. We rewrite the expectation with respect to π(θ) as an expectation

with respect to g(θ), assuming that π(θ) > 0 implies g(θ) > 0:

E[h(θ)] =

∫
h(θ)π(θ)dθ∫
π(θ)dθ

(2.8)

=

∫
[h(θ)π(θ)/g(θ)] g(θ)dθ∫

[π(θ)/g(θ)] g(θ)dθ
. (2.9)

This can be viewed as a change of measure from π(θ)dθ to g(θ)dθ. Taking samples

θ1, . . . , θN from g(θ) allows the estimation of E[h] via the following Monte Carlo

sum:
1
N

∑N
i=1 h(θi)w(θi)

1
N

∑N
i=1w(θi)

, (2.10)

where

w(θi) =
π(θi)

g(θi)
(2.11)

are importance weights. If the proposal density g(θ) can be chosen such that

w(θ)h(θ) is approximately unity, then precise estimates of the integral are possi-

ble [58]. We have assumed that, although we are unable to draw samples directly
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from the target, π(θ), we are nonetheless able to evaluate the value of π(θi) at a

given point θi. It is possible to relax this requirement slightly and formulate im-

portance sampling for unnormalized densities where we are unable to evaluate the

normalizing constant [58].

2.1.4 Markov chain Monte Carlo

Markov chain Monte Carlo (MCMC) methods are a broad class of algorithms to

construct a Markov chain of samples θ1, θ2, . . . , such that these samples are dis-

tributed according to the target distribution π(θ). A Markov chain is a sequence of

random variables θ1, . . . , θi, . . . such that for any i ≥ 2, the next random variable

only depends on the most recent variable. That is θi| (θi−1, . . . , θ1) has the same

distribution as θi|θi−1. By constructing these methods in the right way, we can en-

sure that the Markov chain has an equilibrium or stationary distribution equal to

the target distribution of interest, π(θ). Provided the Markov chain we construct is

ergodic, then this guarantees convergence of the empirical average of the samples to

the desired expectations that we wish to compute [48]:

1

N

N∑
i=1

f(θi)→ Eπ[h(θ)] as N →∞. (2.12)

A number of questions remain, including how should we determine the transition

between states θi−1 and θi of the Markov chain, and how do we know whether the

Markov chain has converged to the target distribution when in practice we must stop

any computations after a finite number of steps? In a Bayesian context, if it was so

hard to compute the the posterior distribution in closed form, and we also cannot

sample from it directly, how is it going to be any easier to construct an ergodic

Markov chain with the posterior as a stationary distribution? We now outline brief

sketches of some answers to these questions.
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Metropolis-Hastings algorithm

The Metropolis-Hastings algorithm is a general class of MCMC methods based on

an adapted random walk with an acceptance/rejection rule to ensure convergence to

the correct target distribution, π(θ). It is based on the original work of Metropolis

et al. [59] in the context of interacting particles in statistical mechanics.

Suppose that we have a proposal distribution K(θ̃|θ), which will dictate how

jumps to new states of the Markov chain are proposed. Given an initial state θ0,

which can be drawn at random or chosen deterministically:

1. Propose a new state θ̃ ∼ K(·|θt−1).

2. Take

θt =


θ̃ with probability α(θt−1, θ̃),

θt−1 with probability 1− α(θt−1, θ̃),

(2.13)

where the acceptance rate is

α(x, y) = min

(
π(y)K(x|y)

π(x)K(y|x)
, 1

)
.

In the case where the proposal distribution, K(θ̃|θ), is symmetric, then the accep-

tance rate reduces to

α(x, y) = min

(
π(y)

π(x)
, 1

)
.

Often a multivariate normal distribution is used for the proposal distribution,

K(θ̃|θ). This case is known as the random walk Metropolis-Hastings algorithm.

A key implementation hyperparameter is the covariance matrix of the multivariate

normal distribution. There is a trade-off in the choice of how large to make the jumps

in exploring parameter space. With very large jumps, then with high probability

the proposed state will be far from the target distribution, particularly in high

dimensions, which is likely to be rejected by the accept/reject step, resulting in a
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low acceptance probability. When very small jumps are used, the proposed state

will remain close to the current position, moving across the target distribution by

diffusion, which can be slow to explore the full distribution. As such, both very

large and very small jumps result in inefficient implementations of the Metropolis-

Hastings algorithm.

Suppose we take a proposal distribution of the form

K(θ̃|θ) = N (θ, Idσ
2
d),

where Id is the identity matrix in dimension d, and

σ2
d =

l2

d
,

for scaling factor l. Theoretical results from Roberts et al. [60] demonstrate that

there is an optimal scaling l∗ giving the optimal acceptance rate of α∗ = 0.234. This

allows the most efficient exploration of the target distribution. In practice, to tune

MCMC algorithms it is recommended to use trial runs of the MCMC to tune the

acceptance rate first [61]. We note also that these theoretical results are specific to

the Metropolis-Hastings class of algorithms.

Hamiltonian Monte Carlo

Even with optimized implementations to tune the proposal distribution, Metropolis-

Hastings MCMC algorithms can be prohibitively inefficient in high dimensions. In

high-dimensional parameter spaces, the region that contributes the vast majority of

the value of an integral (known as the ‘typical set’ [62]) can be vanishingly small.

To ensure that a Markov chain stays in this region when generating new samples,

gradient information can be very helpful. Hamiltonian Monte Carlo (HMC) provides

a class of MCMC algorithms that make use of geometric information about the tar-

get distribution in the form of gradient information [63, 64]. This requires stronger
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information about the target distribution, π(θ), than usual MCMC algorithms in

the form of the gradient of the log-density of the target distribution, ∇ log π(θ).

The position variable in state space is augmented with an auxiliary momentum

variable, which together are used to define kinetic and potential energies. Hamilto-

nian dynamics based on these energies provide the governing equations of motion

in augmented state space [63]. Avoiding the random walk behaviour of Metropolis-

Hastings style algorithms is one of the major benefits of Hamiltonian Monte Carlo.

In modern statistical computing, the availability of general purpose probabilistic

programming languages, such as Stan [65] and Edward [66], allows for easy spec-

ification of flexible generative models. In particular, Stan uses HMC in the form

of an implementation of the No-U-Turn sampler [67]. To obtain the gradient in-

formation required for HMC, Stan employs reverse-mode automatic differentiation

[68]. Software of this kind is important in enabling modellers who are not experts in

the implementation of Bayesian statistical methods to perform robust and efficient

inference with mechanistic generative models.

MCMC diagnostics

Geometric ergodicity, which bounds how close a Markov chain is to its stationary

distribution after a certain number of steps, is sufficient to ensure a Central Limit

Theorem for Markov chain Monte Carlo estimators [69]. In turn, the Central Limit

Theorem ensures that these estimators converge in a sensible manner as expected.

However, demonstrating such properties for even the simplest model is not practical.

Instead, MCMC practitioners use diagnostic tests to check whether MCMC chains

have desired properties. For example, the split R̂ statistic [58] relies on running

an ensemble of several Markov chains simultaneously and comparing the results of

these to quantify the variation between chains. Inconsistencies between chains are

suggestive of pathological behaviour.
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Since MCMC chains generate correlated samples, using 1000 draws from a distri-

bution via MCMC will not tell you as much about a distribution as 1000 independent

draws. The impact of this correlation can be assessed via the effective sample size

(ESS), neff. In the importance sampling case of Section 2.1.3, the effective sample

size can be calculated as

neff =

(∑N
i=1wi

)2

∑N
i=1 w

2
i

. (2.14)

The maximum value that the effective sample size can take is N , which is equivalent

to an independent sample.

MCMC methods aim to sample from a target distribution, which is the stationary

distribution of the MCMC chain. Often we do not know in advance where the mass

of the target distribution is. An initial condition for the MCMC chain must be

chosen. If the initial condition does not lie close to the target distribution, a chain

will not provide samples from its stationary distribution initially. After running a

chain for long enough, it should approach the mass of the target distribution, but

estimators that include the initial part of the chain may still retain some bias. By

ignoring the first B steps of the chain (known as using a burn-in or warm-up of length

B), the bias in estimators based on MCMC samples can be reduced [58]. Often the

first half of a chain is discarded. Use of burn-in is not universally recommended,

with some statisticians arguing that due to the Markov property of a Markov chain,

all the burn-in does is help to pick a sensible initial condition [70]. Using half the

available computational effort to pick the initial condition may seem wasteful, and

other suggestions include using an optimizer to help find an initial condition.

Simulation-based checks, such as visualizing the prior predictive distribution

and posterior predictive distribution, can be highly informative [71]. Particularly

for complex models, such visualizations are strongly recommended [72]. These offer

diagnostic information regarding the model and prior in addition to information

about the MCMC methods themselves. For validating the outputs of Bayesian
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computation algorithms, simulating rank statistics via simulation-based calibration

methods can offer insight into how an algorithm has failed [73].

Non-reversible MCMC

The MCMC methods discussed thus far are discrete-time algorithms with reversibil-

ity properties. Alternative methods that expand the class of MCMC algorithms have

recently been proposed based on non-reversible methods in continuous time [74–76].

These methods use dynamics similar to the velocity jump process to explore the

parameter state space, rather than traditional MCMC methods based on variations

of the Metropolis-Hastings algorithm, which can be more similar to random walks

in state space. Gradient information about the target distribution is used to inform

the changes in direction in state space.

2.1.5 Sequential Monte Carlo

Sequential Monte Carlo (SMC) methods encompasses a class of algorithms to sam-

ple from a distribution that function by building successive approximations to the

distribution [77, 78]. At each generation of a SMC method, importance sampling

is used to weight a collection of samples (or particles). To produce samples for the

next generation, the existing samples are perturbed to new values and new weights

are calculated. Details are provided in Algorithm 1 for a simple bootstrap parti-

cle filter [79], also known as a Sequential Importance Sampling (SIS) scheme, since

the samples form a sequence of importance sampling approximations to the target

distribution.

Issues can arise with degeneracy of particles in cases where only a small subset

of the samples at a generation, t, have a non-negligible weight. If the majority of

samples are in a region with very low density, their corresponding weights will be

close to zero. Upon resampling at the next generation, the population of samples

can become dominated by a single sample. The effect of this is inefficient explo-
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Algorithm 1 Bootstrap particle filter

1: Sample a collection of particles {x1
1, . . . , x

M
1 } from an initial density p(x1).

2: for i = 1 to M do
3: Compute the weights for each particle, i, via wi1 = p(y1|xi1, θ).
4: Find the normalized weights

w̃i1 =
wi1∑M
j=1 w

j
1

.

5: end for
6: Resample M times with replacement from the collection of particles
{x1

1, . . . , x
M
1 } with probabilities given by the normalized weights {w̃1

1, . . . , w̃
M
1 }.

7: for t = 1 to (T − 1) do
8: for i = 1 to M do
9: Evolve the current collection of particles according to the forward model,

by drawing xit+1 ∼ p(xt+1|xit, θ).
10: Compute the weights for each particle, i, via wit+1 = p(yt+1|xit+1, θ).
11: Find the normalized weights

w̃it+1 =
wit+1∑M
j=1 w

j
t+1

.

12: end for
13: Resample M times with replacement from the collection of parti-

cles {x1
t+1, . . . , x

M
t+1} with probabilities given by the normalized weights

{w̃1
t+1, . . . , w̃

M
t+1}.

14: end for
15: Obtain an estimate of the marginal likelihood using the unnormalized weights,

via

p̂(y|θ) =
T∏
t=1

1

M

M∑
i=1

wit.

16: return p̂(y|θ)

ration of the target distribution. To avoid these problems with particle degeneracy,

the particles can be resampled according to their weights, either when the ESS in

Equation (2.14) falls below a certain value, or at every generation. Multinomial

resampling is a commonly used method to perform the resampling. Many other re-

sampling schemes, and many other sequential Monte Carlo algorithms are available;

see Del Moral et al. [78] for details.
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2.1.6 Fitting differential equation models

Differential equations are a powerful tool used throughout applied mathematics to

understand processes involving changes in space and time. Although simple linear

differential equations can be solved analytically, many biological differential equation

models must be solved numerically in practice [80].

Suppose we have a simple ordinary differential equation (ODE) model of the

form

dx

dt
= F (x, t; θ), (2.15)

where x is an observable variable and F describes some mechanistic model of its

behaviour dependent on parameters of interest θ. To perform inference for this

model, an observation model for how we measure x should be specified, which will

impose a likelihood function, L(θ; y) = p(y|θ), where y is an observation of the

variable x. If we assume normally distributed noise with variance σ2, then the

log-likelihood function l(θ; y) = log(L(θ; y)) is given by

l(θ; y) =
1

2
log(2πTσ2) +

T∑
k=1

−(x(tk)− y(tk))
2

2σ2
,

where the tk are the T observation times, and x(tk) is obtained by solving the

differential equation (2.15). Since evaluating the likelihood involves solving the

differential equation in this case, it can be computationally expensive. MCMC

methods presented thus far in this work rely on evaluating the likelihood many

times to generate samples from the posterior distribution, meaning that performing

Bayesian inference for differential equation models can be extremely challenging.

For these reasons, frequentist methods for inference have remained popular for

many mathematical and computational biologists using differential equation models

[81], or the focus has remained on showing possible qualitative behaviours of mod-

els for certain parameter regimes [82]. These methods remain valuable approaches,

able to offer important insights into the mechanisms underlying biological systems,
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and were key in many early studies in the field of mathematical biology [83, 84].

Nevertheless, to harness the full potential for quantitative prediction and uncer-

tainty quantification through Bayesian inference, further improvement of existing

computational methods is required.

2.1.7 Identifiability

For some models, each different value of model parameters will result in a different

model output. For other models, several different parameter values can result in the

same model output. Bellman and Åström [85] highlighted how this can cause issues

in identifying model parameters. If the same data can be explained by multiple

parameter values (or a manifold of parameter values) then it is not possible to find

parameters uniquely corresponding to the observed data.

Issues of identifiability particularly affect differential equation models [86]. A

model is structurally identifiable if it is possible to determine estimates of the pa-

rameters based on observed outputs from the model [87]. It is practically identifiable

if parameters can be determined based on realistic noisy measurements of the system.

If parameters of interest only occur in the model in combination with other param-

eters, they are susceptible to problems with (structural) identifiability. Suppose for

example, that we have a population undergoing birth and death proportional to the

current population at birth and death rates b and d, respectively, such that

dx

dt
= (b− d)x. (2.16)

Since the birth rate, b, only occurs in combination with the death rate, d, these

parameters will not be uniquely identifiable in this case, based on observations of

the population, x. Rescaling or reparameterizing models can be effective in avoiding

some identifiability problems. For example, the birth-death model in Equation (2.16)

can be reparameterized via a net birth rate, r = b− d, which would be identifiable.
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Various methods have been developed to assess identifiability of models. If ob-

servables can be expressed as a linear system of model parameters, then considering

the rank of the design matrix provides a test for structural identifiability [88]. Local

sensitivity analysis approaches can provide insight into identifiability, for example

via the singular value decomposition based method of Sher et al. [89]. Raman

et al. [90] argue that local analysis is insufficient for assessing the reliability of

parameter estimation and suggest alternative methods based on multiscale sloppi-

ness [91]. Tests for identifiability of parameters based on data cloning have also

been suggested [92], where data cloning involves taking many copies or clones of a

dataset [93]. Bayesian approaches with MCMC can avoid some of the issues with

identifiability by integrating out over parameters [88], even if the mass of the pos-

terior is spread over a manifold (although this may make the posterior distribution

harder to sample from). Alternatively, MCMC and ABC methods can be used to

diagnose identifiability for unidentifiable biophysical models [94, 95].

2.2 Likelihood-free inference

There are a wide variety of situations that can lead to the likelihood function being

intractable. Computational agent-based and stochastic models are powerful biologi-

cal modelling tools for realistic modelling of complex biological systems. Multiscale

models provide tools to examine behaviour across spatial and temporal scales of

biological processes. For many models of this form, it is relatively easy to forward

simulate samples from the model, but hard or computationally very expensive to

calculate the likelihood function. Similar issues with differential equation models

have been outlined in Section 2.1.6. To solve this problem of intractable likelihood

functions, likelihood-free methods for Bayesian inference have been developed. We

will outline a selection of these methods below.
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2.2.1 ABC

Suppose we wish to infer a posterior distribution over parameters θ of a generative

model such that we can simulate from x ∼ f(x|θ). In ABC, parameters θ are

drawn from a prior, π(θ), and data, x∗, is simulated from the generative model

using those parameters, such that x∗ ∼ f(x|θ). The distance between the simulated

dataset, x∗, and the real data, y, is calculated using a distance function d(x∗,y). In

cases where the data are discrete, we can consider whether simulated data, x, are

exactly equal to observed data, y, and accept parameters correspondingly, which

gives exact samples from the posterior (ε = 0 case). Often, though, mechanistic

models provide continuous data and the acceptance rate from an exact comparison

is prohibitively small. Instead, if the distance is below a certain non-zero tolerance,

ε, then the parameters θ can be accepted into the approximate posterior sample.

This introduces an approximation that becomes exact in the limit ε → 0. This

method is known as ABC rejection sampling and is summarized in Algorithm 2.

The resulting ABC approximation to the posterior distribution is given by:

pABC(θ|y) ∝
∫
p(y|θ)p(θ)1[d(x,y) ≤ ε] dx.

Choice of the tolerance ε can be avoided, to some extent, by simulating a

large number, N , of parameter samples and datasets, calculating the correspond-

ing distances for these and accepting the proportion α that lie closest to the real

data [95, 96].

2.2.2 Summary statistics

In many practical circumstances, the data (either collected experimentally or sim-

ulated from the in silico model) will be very high dimensional. High-dimensional

data pose difficulties within the ABC framework, as it is difficult to sensibly estimate

when the output of a particular simulation is ‘close’ to the data. Even taking ac-
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Algorithm 2 ABC rejection sampling

1: Set number of accepted particles i = 0.
2: while i < N do
3: Sample parameter value θ from the prior p(θ).
4: Generate synthetic dataset from the model x ∼ f(x|θ).
5: if d(s(x), s(y)) < ε, for a distance function, d(·, ·), summary statistics, s(·),

and tolerance ε, then
6: Accept sample θ and set θi = θ. Set i = i+ 1.
7: end if
8: end while
9: return {θi}Ni=1

count of domain expertise, it can be hard to determine which features of the data are

important. This issue of comparing high-dimensional data is further compounded

using stochastic models where there is noise in the process model in addition to

measurement noise. Repeatedly drawing from a stochastic model with the same

parameter values can give vastly different outputs.

As such, it is often necessary to work with a lower-dimensional vector of sum-

mary statistics, s(x), of the data, such that we require the distance between sum-

mary statistics to be less than the tolerance, d(s(x∗), s(y)) < ε. Using (insufficient)

summary statistics introduces another approximation into the method. Examples

of summary statistics may be data points within a time series, an average transition

time between different states of a system, or the moments of a certain species within

a model.

Selecting a good choice of summary statistics can have a large effect on the

efficiency of an ABC algorithm. Expert knowledge can help guide choice of summary

statistics. Nonetheless, designing appropriate summary statistics has proved to be a

challenging problem for ABC, and various researchers have sought to address these

issues [36, 37, 97]. We review many of these approaches further in Chapter 5 and

also introduce an adaptive method to combine summary statistics by automatically

selecting weights within the ABC distance function.
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2.2.3 Improvements to ABC

A number of additional improvements to the simple ABC rejection sampling pro-

cedure of Algorithm 2 have been proposed. We will outline these in the following

sections.

Regression adjustments

Post-processing methods to aid with some of the approximations of ABC have been

advocated since the earliest literature on ABC [15]. Regression adjustments can

correct for the relationship between parameters, θ, and summary statistics, s(x), as

shown in Figure 2.1, in the sense of accounting for the imperfect match between ob-

served and simulated data [17]. Further extensions include non-linear, heteroscedas-

tic regression adjustment [98] and ridge regression approaches [35]. Theoretical

results on the convergence of regression-adjusted ABC [99] indicate that regression

adjustment can be beneficial in the sense that in the limit of infinite data it pro-

vides the correct point estimate and uncertainty for the posterior with an acceptance

probability that tends to unity for a well-designed algorithm. However, under the

assumption of model misspecification, Frazier et al. [100] show that regression adjust-

ments concentrate posterior mass on a different pseudo-true parameter value than

for rejection ABC. Recently, a recalibration post-processing adjustment method has

been developed [101] based on a diagnostic coverage property for ABC [102].

ABC-MCMC

Rejection sampling algorithms can be very inefficient with a low acceptance rate

when the proposal distribution is very different to the target distribution, but de-

signing good proposal distributions can be difficult. This motivated the development

of likelihood-free MCMC methods [103, 104], also known as ABC-MCMC methods,

to leverage some of the benefits of generating a correlated Markov chain of samples

as outlined in Section 2.1.4.
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Figure 2.1. Illustration of regression adjustment for a rejection ABC algorithm.
Points shown are sampled from the joint distribution, (θ, s(x)). The prior
distribution, p(θ), is shown as the marginal on the right hand side. The marginal
likelihood, p(s(x)), is shown above the plot. ABC aims to approximate the
posterior distribution p(θ|s(y)) based on observed data y, where s(y) is illustrated
by the vertical orange dashed line. The horizontal orange dashed line shows a slice
through the joint distribution corresponding to the likelihood p(s(x)|θ) for given θ.
An acceptance region is used shown by vertical black lines, such that points
between these lines are accepted for the approximate posterior, and points outside
are rejected. Conditional density estimation via regression adjustment can aid with
the accuracy of the approximation to the posterior distribution. The sloping black
line illustrates the regression line used for this adjustment (line is based on local
regression about s(y) and so is only fitted to points inside the accepted region).

Model error

It has been shown that under the assumption of model error, inference via ABC is

exact [105], where the acceptance kernel and tolerance, ε, govern the distribution of

the model error. In practice, when modelling a real biological system, models will

be misspecified due to a lack of full understanding of the biological processes.
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2.2.4 ABC-SMC

In cases where the prior and posterior distributions are very different, the rejection

sampling version of ABC described above can have very low acceptance rates. Algo-

rithm 3 summarizes how samples from an approximate posterior can be generated

via a more efficient version of ABC using sequential Monte Carlo techniques, known

as ABC-SMC [16, 78, 106]. Importance sampling is used iteratively so that instead

of sampling repeatedly from the prior, parameters are sampled from an approxi-

mate posterior at each generation of the algorithm. A weight must be given to each

sample to correct for the fact that it is not drawn from the prior. In Figure 2.2,

the successive approximations to the posterior distribution are demonstrated for a

simple toy model. This example also illustrates the acceptance region in summary

statistic space, which shrinks here as the tolerances are decreased. An advantage

of ABC-SMC methods over ABC-MCMC (see Section 2.2.3) is that, while ABC-

MCMC methods can become stuck in regions of low probability, ABC-SMC can

avoid getting stuck in such regions if sufficiently many particles are used in the

SMC algorithm. Figure 2.3 shows the genealogy of particles in ABC-SMC, illus-

trating how samples with a high weight are likely to be sampled again at the next

generation, whereas samples with a low weight in the tails of the posterior distribu-

tion are unlikely to have descendants in the next generation of ABC-SMC.

Improvements to ABC-SMC

In addition to the choice of summary statistics, there are several aspects of the

ABC-SMC algorithm that require user specification, and a natural question is how to

choose these. Primarily these aspects are the proposal kernel, Kt(θ|θ∗), the tolerance

thresholds, εt, and the distance function, d(s(y), s(x)). Optimal proposals for ABC-

SMC have been studied [107] for Gaussian kernels via the Kullback–Leibler (KL)
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Figure 2.2. Illustration of the ABC-SMC algorithm (see Algorithm 3). (a) shows
the accepted samples in the ABC approximation to the joint posterior distribution
at successive generations. (b) shows the acceptance region in the space of summary
statistics for successive generations of ABC-SMC. Successive generations are
shown in different colours, with blue as the first generation. The model used is as
follows: s1 ∼ N (θ1, 2

2), and s2 ∼ N (2θ2, 1
2) independently, with prior distribution

N (0, 1002I2), Euclidean distance function, and observed data (s1, s2) = (0, 0).
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Figure 2.3. Illustration of the relationships between collections of particles at
successive generations of a Sequential Monte Carlo algorithm, due to resampling.
Points represent a collection of N = 20 particles generated via ABC-SMC for the
same toy model used in Figure 2.2. The size of the particles correspond to the
weights of the particles. At each successive generation, particles are resampled
according to their weights. For particles with small weights, there is a high
probability that they will not be sampled in the next generation.

divergence1 between proposal and target, minus the log acceptance ratio. Filippi

et al. [108] extended these results and derived optimal kernels of different forms, in-

cluding local perturbation kernels. Instead, Alsing et al. [109] maximize the effective

number of samples per parameter proposal. Optimal threshold design schemes have

been proposed [110]. In practice, tolerances are often chosen by taking a quantile of

the distribution of ABC distances at each generation of ABC-SMC [95, 96]. Prangle

[111] has studied choice of weighted Euclidean distance functions, and developed an

adaptive method to choose distance weights within an ABC-SMC framework.

1The Kullback-leibler divergence is a distance between distributions and is defined as

DKL(F,G) =

∫
F (x) log

(
F (x)

G(x)

)
dx,

for continuous distributions F (x) and G(x).
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Algorithm 3 ABC-SMC

1: for t = 1 to T do
2: Set i = 1.
3: while i ≤ N do
4: Sample θ∗ from previous population {θit−1}Ni=1 with weights {vt−1}Ni=1.

Peturb θ∗ to give θ∗∗ ∼ Kt(θ|θ∗). If π(θ∗∗) = 0, return to step 5.
5: Simulate dataset x∗i ∼ f(x|θ∗∗) and calculate distance d(s(x∗i), s(y)).
6: if d(s(xi∗), s(y)) < εt then
7: Accept the parameters.

Set θit = θ∗∗.
Calculate the weight vit for particle θit via

vit =
π(θit)∑M

j=1 v
j
t−1Kt(θ

j
t−1, θ

i
t)
.

8: Set i = i+ 1.
9: end if

10: end while
11: Normalize the particle weights {vit}Ni=1.
12: end for
13: return {θiT}Ni=1, {viT}Ni=1

2.2.5 Lazy and multifidelity approaches to ABC

For certain practical problems, it can become clear before a simulation is complete

that it is unlikely that the pseudo-data generated by that simulation will be close

to the observed data. Lazy ABC [112] offers a method to take advantage of such

situations. Suppose that for a proposed parameter value, θ∗, generating simulated

data via x∗ ∼ f(x|θ∗) results in d(x∗,y) > ε. Additionally, by stopping the simula-

tion early in some way, we could determine that the simulated data, x, will be far

from the observed data, y, and save computational cost. In performing the early

stopping, we do not want the resulting Monte Carlo estimators to be biased. To

ensure that the parameter inference process still targets the correct distribution,

not every unlikely, expensive computation is stopped, but instead the simulation is

continued with some probability, a(y). This allows an importance weight for con-

tinued simulations to be calculated. The benefit of this procedure is that it can

save computational cost on simulations that would have been rejected by the ABC
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algorithm anyway, at the price of some increased variance of the Monte Carlo esti-

mators. Depending on the problem of interest, the magnitude of the computational

savings can easily outweigh any increase in variance.

To take advantage of lazy ABC, there must be a stopping rule available to

enable us to indicate the success of a simulation before the simulation is complete.

For example, for an ODE (as in Equation (2.15)) or stochastic differential equation

(SDE) model with observations in the time interval [0, T ], a stopping rule could be

determined by integrating numerically up to time T/2 and comparing to observed

data over [0, T/2]. A variety of stopping rules are possible and can be based on

analytic results or approximate models in addition to early stopping of simulations.

Recently, these ideas have been further extended to include early acceptance of

some parameter values, using ideas from machine learning to guide where it is best

to use an approximate model and where to spend computational effort on the full

model. Wiqvist et al. [113] use Gaussian process emulators as an approximate model

on which to base early accept-reject decisions. Prescott and Baker [114] provide a

general framework for use of multifidelity approximate models within ABC, and

demonstrate how to make best use of a limited computational budget.

From a more philosophical perspective, lazy ABC methods can be viewed as

a way of encoding prior information about a problem (depending on the choice

of stopping rule). When performing statistical inference to gain knowledge about a

scientific problem, it is common to take broad uninformative priors about parameters

of interest, and aim to learn from data without assuming anything about the problem

in advance. It can be more effective to attempt to encode what we know about a

problem within the prior distribution. An alternative approach to lazy ABC in

certain subsets of cases could be a more careful design of prior distributions to

capture our scientific or computational knowledge about a problem.
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2.2.6 Other likelihood-free methods

Variational methods rely on approximating a distribution of interest by a simpler,

more tractable distribution for which it is possible to perform inference via simpler

methods [115]. The aim is to find the closest distribution to the exact target within

the approximating family of distributions. A popular variational approximation is

the mean field approximation, which, given a distribution of interest jointly over

many parameters, assumes that this distribution factorizes as a product of distri-

butions over these parameters independently. Variational methods typically seek to

minimize the KL divergence between the approximating distribution and the exact

distribution.

Indirect inference [116] bases inference on two steps, the first of which is based on

an incorrect model, which can be corrected at the second step. Synthetic likelihood

methods [11, 13] approximate an intractable likelihood by a normal distribution. The

approximation is at the level of the likelihood function, and MCMC methods can be

used as usual with this approximate likelihood. This strong normality assumption

has been relaxed via a semi-parametric approach to the Bayesian synthetic likelihood

method [117].

Similarly, Gaussian process emulator methods have also been proposed [118],

which assume continuity when approximating the log-likelihood, an assumption that

can help save computational effort. Other machine learning methods such as neural

networks have been used for likelihood-free inference based around density esti-

mation for the posterior [119–121]. For example, Papamakarios and Murray [119]

assume a parametric form for a posterior approximation as a mixture of Gaussians,

and aim to estimate parameters for this mixture using neural networks, showing

that many fewer simulator evaluations are required compared to ABC methods.
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2.2.7 Particle MCMC

Particle MCMC (pMCMC) methods provide a Bayesian framework for parameter

estimation by allowing samples to be drawn from the posterior distribution of the

model parameters, given observed data, without needing to evaluate the likelihood

function directly. Instead of evaluating the likelihood directly, we can use (unbiased)

estimates of the likelihood within an MCMC algorithm. Estimating the likelihood

of the observed data given certain parameters can be achieved with a particle filter

[79] for a fixed, finite, number of particles (see Algorithm 1). The results of Andrieu

et al. [122] demonstrate that, even when a finite number of particles are used in the

filter to estimate the likelihood, the MCMC algorithm will still target the correct

posterior distribution. These methods have been applied in the context of modelling

epidemics [123] and biochemical reaction networks [124, 125].

Suppose we have an observed dataset y = {yk | k = 1, 2, . . . , T}. The Metropolis-

Hastings MCMC algorithm [59] described in Section 2.1.4 involves an acceptance

rate for new parameters

α(x, y) = min

(
π(y)K(x|y)

π(x)K(y|x)
, 1

)
,

where K(y|x) is the proposal distribution, and π(x) is the target distribution which

in this case will be the posterior distribution, p(θ|y). Evaluation of the likelihood,

p(y|θ), is required in calculating the acceptance probability for the proposed move,

via Equation (2.1): p(θ|y) ∝ p(θ)p(y|θ). We replace the likelihood with an unbiased

estimate of the likelihood, p̂(y|θ), obtained from a particle filter.

Details of the bootstrap particle filter algorithm [79] used within the pMCMC

algorithm (Algorithm 4) are given in Algorithm 1. A particle filter represents the

state of the system via a population of weighted particles [77]. We obtain an estimate

of the likelihood by successively updating the hidden state of the system (represented

via the particles) and comparing this hidden state with the observed data at each
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Algorithm 4 Particle MCMC

1: Initialize parameters, θ0.
2: Run a particle filter (see Algorithm 1) to compute an estimate of the marginal-

ized likelihood p̂(y|θ0), where y is the observed data.
3: for j = 1 to N do
4: Draw parameters θ∗ from a proposal distribution K(·|θj−1).
5: Run a particle filter to compute an estimate of the marginalized likelihood

p̂(y|θ∗).
6: Accept the proposed move with probability α where

α = min

(
1,

p(θ∗)K(θj−1|θ∗)p̂(y|θ∗)
p(θj−1)K(θ∗|θj−1)p̂(y|θj−1)

)
.

If the move is accepted, set θj = θ∗, otherwise set θj = θj−1.
7: end for

observed time point. This procedure provides new weights for the particles according

to how well they match the observed data. To prevent a degenerate situation where

the state of the system is represented solely by a single particle, it is necessary to

resample from the population of particles according to their weights.

2.3 Model comparison

A large part of the motivation for using modelling relates to representing hypothe-

ses as models. Valuable biological insight can be gained from comparing hypotheses

representing competing perspectives on a biological system in the form of models.

Methods for model comparison allow us to answer questions about which hypothesis

is best supported by the data. However, there can be criticism as to whether we

should base decisions on a single criterion or single number from a model compar-

ison method [126]. As scientists, we want to know in a straightforward way which

hypothesis is ‘right’ and the temptation is to use model comparison techniques as

a black box to make a decision between competing hypotheses. However, as statis-

ticians, we should recognize that this decision-making process is complex and to

summarize it in a single number can be misleading under certain circumstances.

To assess a model, we often may not have access to any additional data beyond
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the data, y, used to infer parameters of the model. Evaluating a model based on

the same data used to fit the parameters can lead to biased results [127]. To correct

for this bias due to using the same data, y, twice, various methods incorporating

different choices of bias correction to prevent overfitting have been proposed.

In the following section, we will outline methods for comparison between models

and discuss their strengths and weaknesses. We focus primarily on Bayesian ap-

proaches for mechanistic biological models, although it should be highlighted that

some of the approaches described here are not limited to the Bayesian paradigm.

2.3.1 Information criteria

Information theory based methods to assess the ‘best’ model based on data have been

in use for several decades. The Akaike information criterion (AIC) [128, 129] is a

widely used method for model selection, based on foundations of information theory.

Akaike derived an estimator of the (relative) expectation of the KL divergence based

on Fisher’s maximized log-likelihood. AIC is based on this estimator and includes

a bias correction that accounts for the number of parameters, k, in the model. The

criterion takes the following form:

AIC = −2(log(L̂(θ; y))− k), (2.17)

where

L̂(θ; y) = max
θ∈Θ

p(θ|y) (2.18)

is the maximum of the log-likelihood for a given model. Akaike recognized the log-

likelihood as a measure of model fit [128] and penalized this based on the number

of parameters in the model to prevent overfitting, thus accounting for assessing the

model with the same data as used to fit it.

An alternative criterion is the Bayesian information criterion (BIC) proposed by

Schwarz [130], who views model comparison as a problem of estimating the correct
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dimensionality of model to use. The BIC is related to the AIC, but is not an estimate

of KL divergence in the same way [131]. The BIC is defined as

BIC = −2(log(L̂(θ; y))− 1

2
k log n), (2.19)

where L̂(θ; y) is as defined in Equation (2.18), k is the number of model param-

eters and n is the dimensionality of the data y. An approximation to the Bayes

factor (see Section 2.3.2) comparing two models, M1 and M2, can be obtained via

exp(−∆BIC/2), where ∆BIC is the difference in the BIC values for models M1

and M2 [132]. This approximation is motivated by performing an expansion of the

marginal likelihood via Laplace’s method. The BIC favours lower dimensional mod-

els compared to the AIC when n ≥ 8 [130]. Warne et al. [133] have shown Bayesian

approaches such as BIC have benefits over other information criteria when selecting

between continuum models of cell spreading and proliferation.

The deviance information criterion (DIC) [134] makes use of Monte Carlo esti-

mation methods to estimate generalization performance of a model, M . The DIC

is defined as:

DIC =
1

n

n∑
i=1

log p(yi|θ̄,M)− peff

n
, (2.20)

where θ̄ is the posterior mean estimate of the parameters θ, and peff is an estimate

of the effective number of parameters given by

peff = 2
n∑
i=1

(
log p(yi|θ̄,M)− E[log p(yi|θ,M)]

)
,

with expectation taken with respect to the posterior distribution. As in the AIC and

the BIC, the DIC still uses a point estimate of the parameters, θ, rather than taking

a full Bayesian approach by integrating out over the parameters [127]. Although

the DIC has been widely used due to computational convenience, concerns have also

been raised that the DIC is inconsistent with the results of other model comparison
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methods such as Bayes Factors, and the DIC can fail to choose the true model in the

case that the true model is available within the set of models to be compared [135].

A successor to these information criteria [135] is the Widely Applicable Informa-

tion Criterion (WAIC) [136]. The WAIC can be computed as follows:

WAIC =
1

n

n∑
i=1

log p(yi|y,M)− V

n
, (2.21)

where V is the functional variance given by

V =
n∑
i=1

(
E[(log p(yi|θ,M))2]− E[log p(yi|θ,M)]2

)
, (2.22)

with expectations taken with respect to the posterior distribution. The WAIC is

asymptotically equal to using Bayesian leave-one-out cross-validation [136] (see Sec-

tion 2.3.5). Compared to the DIC, WAIC involves estimation of predictive densities

as opposed to log densities.

2.3.2 Model evidence and Bayes Factors

The model evidence, or marginal likelihood for a model, p(y|M), offers an assessment

of evidence in support of a given model M . In order to compare competing models,

Bayes factors provide a method to quantify the support for one model, M1, over an

alternative model, M2. We can express Bayes’ Theorem (compare with Equation

(2.1)) as follows:

p(Mi|y) =
p(y|Mi)p(Mi)

p(y)
, (2.23)

for i = 1, 2. The Bayes Factor, B1,2, comparing models M1 and M2 is given by

B1,2 =
p(y|M1)

p(y|M2)
=
p(M1|y)p(M2)

p(M2|y)p(M1)
. (2.24)
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In the case of equal priors for M1 and M2, the Bayes factor reduces to a likelihood

ratio. Guides on how to interpret the values of Bayes factors have been provided [132,

137]. Nonetheless, some statisticians are uncomfortable with the dependence of

Bayes factors on the priors for each model, p(M1) and p(M2), which can result in

arbitrary increases/decreases to a Bayes factor when using vague priors [138].

Methods to compute Bayes factors via MCMC can be challenging. Thermody-

namic integration has been proposed as an effective method for estimating Bayes

factors in the context of phylogenetic models [139], but the authors warn that this

method is both theoretically involved and requires 10 times more CPU time than

simple posterior sampling for the more expensive of the two models being compared.

SMC methods (see Section 2.1.5) can provide estimates of the model evidence as a

convenient by-product for model comparison [16, 140], and population-based MCMC

methods can also prove effective [141]. In the context of approximate Bayesian in-

ference though, there can be further issues with model comparison via Bayes factors.

Due to the approximations involved with insufficient summary statistics in ABC,

model comparison based on approximate ABC posteriors can result in misleading

conclusions [142]. This need not be a concern if the full dataset is used, rather

than insufficient summary statistics, or if the posterior distribution is defined via

the desired system outputs [143].

2.3.3 Alternatives

With such a zoo of methods for model comparison, each with strengths and weak-

nesses, it is hard to know which method to use. Further alternatives breaking with

the commonly used paradigms for model comparison have been suggested. For ex-

ample, many of the methods described, including Bayes factors, are based on the

logarithmic score function. The Hyvärinen score has been proposed [138] leading to

a method robust to vague priors, in contrast to Bayes factors. Some statisticians

suggest moving away from decisions based on a single criterion resulting in binary
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0-1 decisions [144, 145], proposing instead taking a broader picture of model com-

parison. Kamary et al. [144] suggest testing hypotheses represented as models M1

and M2 via inference for the mixture model:

p(y|θ) = µp(y|θ1,M1) + (1− µ)p(y|θ2,M2), (2.25)

where µ is a mixture weight, and θ1 and θ2 are the parameters for the respective

models. A mixture weight close to either 0 or 1 can provide evidence in favour of a

particular model. Mixture models can be challenging to fit robustly in practice due

to identifiability problems (see Section 2.1.7). This may, however, provide a good

diagnostic that models M1 and M2 are hard to distinguish.

2.3.4 Prediction

Models can be evaluated based on the quality of their predictions about future

behaviour, based on unknown future observations, ỹ [146]. The posterior predictive

distribution for a model, M , based on observed data, y, can be written as:

p(ỹ|y,M) =

∫
p(ỹ|θ,M)p(θ|y,M) dθ, (2.26)

by marginalizing out the model parameters, θ. Evaluation of the quality of predic-

tions requires a utility function, u(M, ỹ) [127]. A common choice for this utility

function is the logarithmic score

u(M, ỹ) = log p(ỹ|y,M), (2.27)

which possesses desirable properties, such as invariance to reparameterization [147],

and a connection to the KL divergence between the true distribution of ỹ and the

distribution based on predictions from model M [127].

Consideration of the log score as a utility function leads to the following Monte
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Carlo estimator for the expected log predictive distribution (elpd) [148]:

E
[
log

(∫
p(ỹ|θ)p(θ|y) dθ

)]
≈ 1

n

n∑
i=1

log

(∫
p(ỹi|θ)p(θ|y) dθ

)
, (2.28)

where unknown observations ỹ = (ỹ1, . . . , ỹn). We note that in some cases where

data are limited, additional observations ỹ may be unavailable. The following Sec-

tion 2.3.5 describes strategies appropriate for reuse of a single dataset, y, to assess

prediction, in place of additional data, ỹ.

2.3.5 Cross-validation

Cross validation allows the predictive performance of a model to be assessed by

efficient use of a single dataset, rather than requiring collection of a full new inde-

pendent dataset on which to assess predictive performance. A dataset is divided

into equally sized subsets, one of which is retained to evaluate the performance of

a model fitted to the remaining data. For example, from a dataset of n points of

observed data y, we can produce n subsets of the data y−i for which the single point

yi has been removed. Using these subsets to evaluate predictive performance of a

model results in leave-one-out cross validation [149, 150].

2.3.6 Pseudo Bayesian model averaging

Weights for a collection of models under comparison can be obtained via the elpd de-

fined in Equation (2.28). Using a Bayesian leave-one-out estimator of the elpd [151]

gives

elpdloo =
n∑
i=1

log(p(yi|y−i)) (2.29)

where p(yi|y−i) =
∫
p(yi|θ)p(θ|y−i) dθ is the leave-one-out predictive density omit-

ting the ith data point. Suppose elpdjloo is the estimated expected log predictive

density for the model Mj, then the corresponding weight wj for model Mj can be
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computed as

wj =
exp (elpdjloo)∑J
j=1 exp (elpdjloo)

. (2.30)

These weights are known as Pseudo-BMA (Bayesian model averaging) weights. The

Pseudo-BMA weights can provide an assessment of which model is most predictive

from a set of models. Bayesian bootstrap methods can compute uncertainties for

the leave-one-out estimates based on the n independent components from different

data points [148], which leads to adjusted weights known as Pseudo-BMA+ weights.

2.3.7 Bayesian model averaging

Rather than drawing conclusions based on what has been assessed to be the ‘best’

model, more robust inferences can be drawn by considering several models or all

of a set of models. Better predictive ability can be provided by averaging over all

models in a set of models than for any single individual model from that set [152].

The resulting posterior distribution can be computed for a set of models M =

{M1, . . .MJ} in the form

p(θ|y) =
J∑
j=1

p(θ|y,Mj)p(Mj|y). (2.31)

This is a weighted average of posterior distributions conditional on each of the

models weighted by the posterior model probability. Model averaging in this way

can help to find the optimal model configuration in the space spanned by all the

individual models [148]. Bayesian model averaging provides a convenient way of

accounting for uncertainty in the structure of a model, particularly when the aim is

prediction.

In the setting where the true model is not contained in the set of models being

compared, Bayesian model averaging will select the single model closest in KL diver-

gence to the true model from the set of available models. This may be undesirable

in the sense that the model misspecification has been concealed and may not be
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immediately evident. We note also that in Equation (2.31), there is a dependence

on p(Mj|y) ∝ p(y|Mj), where p(y|Mj) is the evidence or marginal likelihood for

model Mj. The evidence is sensitive to the prior distribution, p(θ|Mj), for model

Mj in undesirable ways, similar to the discussion for Bayes factors in Section 2.3.2.

2.3.8 Stacking

Recent work has proposed using stacking of predictive distributions to combine

predictive distributions from different models together and aid in model compari-

son [148]. This approach is based on previous work on averaging of point estimates

for multiple models [153, 154]. This technique can help avoid some of the criticisms

of Bayesian model averaging and other model comparison methods.

In the stacking method of Yao et al. [148], the log score of the combined predictive

distribution is maximized subject to the weights combining predictive distributions

for each model being positive, normalized weights:

max
w

1

n

n∑
i=1

log

(
J∑
j=1

wjp(yi|y,Mj)

)
subject to wj ≥ 0,

J∑
j=1

wj = 1, (2.32)

where wk are the stacking weights for each model. Asymptotically, rather than

concentrating on a single model closest to the true model on KL divergence, the

stacking weights method will find the optimal predictive distribution within the

convex set formed from the span of models. This may be more informative in the

case where the true model is not contained in the set of models considered.

2.3.9 So, can I fit an elephant?

Models should have the ‘right’ amount of complexity, often measured by the number

of free parameters, to fit to data, and no more. This concept of the simplicity of

models is often related to Occam’s razor, but is highlighted well by the following

quotation attributed to Von Neumann: “With four parameters I can fit an elephant,
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and with five I can make him wiggle his trunk” [155]. The question of how many

parameters are needed to fit an elephant has been studied [156], with recent results

showing that a single parameter is enough using properties of the logistic map [157],

thus suggesting that simply counting parameters is not a complete picture of model

complexity. A variety of complex behaviours can be exhibited by a model with

a small number of parameters, while for instance it may be possible to reduce a

differential equation model with many parameters to a simpler model with fewer

parameters since most of the behaviour of the original model lies only on a manifold.

Model comparison comes in as a way of selecting a model that fits the observed data

well and will also generalize well to new observations.

Selecting a model to meet these criteria can fail in one of two main ways. Over-

fitting of a model occurs when a flexible model is fitted to data without sufficient

constraints. Constraints can be the complexity of the model itself, or some form

of regularization. In a Bayesian context, the prior distribution can provide regular-

ization through restricting to biologically plausible parameter regimes. In contrast,

underfitting occurs when a model is not sufficiently flexible to explain the observed

data due to model misspecification of some form.

This perspective on failures of overfitting or underfitting is usually associated

with statistical machine learning models rather than mechanistic models. However,

there is much that can be gained through sharing a synergy of ideas between these

fields [158]. Mechanistic models hold the advantage that they constrain the class of

models under consideration (which helps to avoid overfitting) and gain interpretabil-

ity into biological mechanisms.
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Chapter 3

An interdisciplinary approach to

elucidate the regulation of mRNA

transport in Drosophila oogenesis
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3.1 Regulation of RNA controls expression of pro-

tein in space and time

During development, it is crucial for a wide variety of cells to direct proteins to

particular locations so that they can carry out their functions [159]. Since it is

challenging to move large proteins around the crowded environment of the cell, a

better option can be to localize the mRNA and enable protein synthesis in place.

Transporting mRNA rather than the proteins themselves can be more efficient and

allow cells to respond quickly to stimuli, since a single mRNA can give rise to many

proteins locally once activated, which enables precise spatial and temporal control.

Intracellular mRNA localization is a commonly used mechanism across a range of cell

types, particularly for large cells such as neurons and oocytes [160–163], although

this ubiquitous process is not limited to large cells as it has also been observed in

chicken fibroblasts, yeast and bacteria [164–166]. Controlling spatial and temporal

expression of protein is important for a wide variety of processes in developing cells

[167]. It remains unclear however, how mRNA localization is controlled and how

the timescales involved in mRNA localization are regulated.

Identifying bottlenecks in a cellular process indicates key targets for regulation

by the cell. However, in many cases, these rate-limiting steps are neither identified

nor well understood. In many cases, mRNA localization by molecular-motor-driven

transport is crucial for cell polarization, but the rate-limiting processes underlying

the localization processes are not fully understood. We begin to address this question

in this chapter.

To make progress, we employ an interdisciplinary approach to examine the rate-

limiting steps in the localization of gurken/TGF-alpha mRNA in Drosophila egg

chambers. First, we construct a fine-grained stochastic model of the transport

of mRNA within a single nurse cell based on the current understanding of the

mechanisms of transport. This computational model allows us to examine how the
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timescale for transport of mRNA within a single cell depends on biophysical param-

eters by performing a sensitivity analysis. Using approximate Bayesian inference, we

relate the fine-grained model to quantitative imaging data obtained specifically for

this study. By considering different summary statistics extracted from the data, we

gain differing amounts of information about different parameters. Informed by the

fine-grained model and inference on synthetic data, we suggest future experiments

to make best use of combined information from different sources of data. Finally,

we make a testable prediction from the fine-grained model about the timescale for

mRNA transport in a Dynein mutant with a reduced speed of molecular motor.

The research in this chapter motivates further investigation in three separate ar-

eas: the velocity jump process modelling framework for the fine-grained model, the

Bayesian inference framework for fitting the model to data, and an interdisciplinary

experimental collaboration to investigate hypotheses about the regulation of mRNA

localization with a coarse-grained model. Subsequent chapters of this thesis are de-

voted to these investigations. In this chapter, we will begin by providing background

material on development and localization of mRNA in Drosophila, before describing

the fine-grained stochastic model, and how we relate this to experimental data to

investigate the rate-limiting steps and processes controlling mRNA localization.

3.2 Drosophila development

Drosophila melangaster is a commonly used and extremely widely studied model

organism [168] since it allows easy use of genetic manipulations via technologies

such as gene editing with CRISPR [169] and subcellular imaging [170]. In early

Drosophila development, mRNA localization plays a key role in determination of

the body axes. During oogenesis, one of the early stages of Drosophila development,

maternal mRNA is transported from the nurse cells into the oocyte itself, where

it is localized to specific locations (as illustrated in Figure 3.1) in order to target
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proteins to regions where they can function. Polarity of the body axes is established

by localizing gurken [171], bicoid [172], oskar [173] and nanos [174] mRNA within

the developing oocyte. Drosophila rely heavily on the asymmetric localization of

mRNAs to coordinate early development processes both spatially and temporally.

S4 S6 SE8 S6 

10 μm

grk-MS2-GFP grk-MS2-GFP grk-MS2-GFP

10 μm 10 μm

(a) (b) (c) (d) 

A P 

FC 

NC OO 

(e) 

Figure 3.1. Distribution of gurken mRNA in Drosophila egg chambers. A
schematic of a Drosophila egg chamber at stage 6 of development is shown in (a).
The oocyte, marked as OO, is surrounded by 15 nurse cells, indicated as NC. The
tissue is enclosed by an epithelial layer of follice cells labelled as FC. gurken
mRNA is localized to the posterior (P) pole of the oocyte, with the anterior of the
egg chamber labelled as A. gurken complexes in transit are shown as small red
dots; localized gurken is visible anchored at the posterior pole of the oocyte as a
larger red region. In (b), (c) and (d), the distribution of gurken mRNA is shown at
different stages of development. The nurse cells grow in size between these stages
and the distribution of localized gurken mRNA also varies at different stages of
development. In (e), several egg chambers at different stages of development are
shown together, organized linearly in an ovariole, which acts as an assembly line of
developing egg chambers [175]. The differences in gurken localization at different
stages of development are further displayed in (e). (e) is adapted from Lasko [176].
Note that S is an abbreviation for stage; G indicates the germarium, which
consists of germ line cells.
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Moesin::GFP

Oo

NC

Figure 3.2. Ring canals form cytoplasmic bridges between nurse cells and the
oocyte. These contractile rings between cells can be clearly seen here as small
ellipses. An egg chamber at stage 5 of oogenesis is shown with F-actin marked
with Moesin-GFP. To highlight the ring canals, the image has been projected in
the z direction over a partial volume in z of depth 5µm. The scale bar is 20µm.
Ring canals are highlighted by orange arrowheads. The oocyte is labelled as Oo
and NC indicates a nurse cell.

3.2.1 Drosophila oogenesis

Oogenesis is the process of growth and development of the primary egg cell (or

oocyte) and supporting tissue. In Drosophila, this begins with the asymmetric

division of a germline stem cell into another germline stem cell and a cytoblast

[177]. This is followed by further rounds of division until, after four rounds of

division, 16 cells have formed into a cluster of interconnected germline cells known

as a cyst, shown in Figure 3.1a). One of these cells will become the oocyte, while

the other 15 maternal germline cells are known as nurse cells [178] whose main role

is to provide nutrients for the oocyte [179]. Maternal mRNA is produced in the 15

nurse cells neighbouring the oocyte [180]; it is then packaged into complexes with

various proteins [181] and transported into the oocyte [182].

Cytoplasmic bridges remain connecting the nurse cells and oocyte due to incom-

plete cellular divisions [183, 184]. The connections between cells are known as ring
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canals, and these are made of cytoskeleton proteins such as actin forming structures

of 1 to 2µm in diameter [185]. The ring canals between nurse cells and the oocyte

can be clearly seen in Figure 3.2 as small ellipses in the cell membranes. Figure 3.2

shows a maximum projection of several z slices through a Drosophila egg chamber

with Moesin GFP marking F-actin on the cell membranes. The ring canals result in

the 15 nurse cells and the oocyte being connected in a characteristic pattern [186].

A schematic of the early Drosophila egg chamber is shown in Figure 3.3, together

with a microscopy image showing the ring canals (highlighted with an actin (phal-

loidin) marker), and a diagram illustrating the characteristic connections between

nurse cells.

The egg chamber undergoes development over a timescale of hours to days,

which is divided into 14 morphologically distinct stages [43, 178]. Transport of

RNA and other cellular components must be coordinated within and between nurse

cells through the ring canals to localize in the oocyte at the right time. In this

thesis, we focus on early to mid stages of development, up to stage 8, and note

that gurken mRNA is expressed and localized at these stages. After late stage 10,

the remaining contents of the nurse cells are violently dumped into the oocyte [43],

involving distinctly different dynamics of transport.

3.2.2 Dynamic cytoskeleton forms part of the subcellular

environment

The environment within a cell is crowded and filled with a variety of cellular compo-

nents. The cytoskeleton, consisting of tubular polymers known as microtubules and

actin filaments, is a structure that provides shape and organization to the cell. The

microtubule network has been shown to have a key role in the localization of mRNAs

such as gurken [159, 187]. Figure 3.4 shows the microtubule network in the nurse

cells of a stage 5 Drosophila egg chamber. Although the microtubule cytoskeleton

was initially thought to be a stable static network, due to how it was analysed in
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14 μm

Phalloidin Alexa488 (actin)
grk smFISH

Figure 3.3. Stage 6 Drosophila egg chamber. (a) A microscopy image of a fixed
egg chamber labelled in green with phalloidin-alexa488 (actin) and in magenta
with grk smFISH probes (stellaris, Cal Fluor 590). Localization of gurken RNA is
observed at the posterior of the oocyte. Ring canals providing cytoplasmic bridges
connecting between nurse cells and to the oocyte can be seen highlighted by the
actin marker. (b) Schematic of the early egg chamber. (c) Diagram of the
connections between nurse cells and the ooctye via ring canals. The oocyte (red) is
labeled 1 and the nurse cells are labeled 2 to 16.
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fixed material, it has been revealed to be a dynamic network with a biased random

orientation of microtubules [188]. This underlying structure had been suggested by

the work of Zimyanin et al. [189] who observed complexes containing osk mRNA

moving in a biased random walk.

10 μm

Oo

NC

Tau-GFP
grk*mCherry

(a) (b)

MTs

Key

Figure 3.4. The distribution of microtubules in the nurse cells of a stage 5
Drosophila egg chamber is shown with a schematic diagram in (a) and via
Tau-GFP in (b). In (a) microtubules are shown as short green line segments. A
population of microtubules passes directly through ring canals at early stages of
oogenesis, but the cytoskeleton organization is rearranged during mid-oogenesis. In
(b), an image of the dynamic distribution of microtubules is shown at a single
point in time. Microtubules are tagged via Tau-GFP and are visible as short green
line segments. The label Oo highlights the oocyte and NC indicates a nurse cell.

3.2.3 mRNA localization in Drosophila

Once mRNA has been transcribed from DNA in the nucleus of the nurse cells, the

process by which it reaches its final site of localization, where it is then translated

into protein, can be divided into four main stages [44]: particle assembly; nuclear

export; transport; and anchoring.
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Assembly of particles

mRNA does not exist in isolation inside the cell. Instead the mRNA molecules

bind to proteins to form particle complexes, which are also known as ribonucle-

arproteins (RNPs). These proteins perform a range of different functions, including

translational regulation, preventing translation while the mRNA is in transit, and

may determine the final destination of the particle [190]. There is also evidence

that RNPs are dynamically remodelled during the transport process, to support

translational regulation [191].

Nuclear export of particles

After the mRNA has assembled into RNP complexes, the RNP complexes must

diffuse through crowded interchromatin spaces in the nucleus until they reach a

nuclear pore complex (NPC) [192]. The RNP is then exported out of the NPC into

the cytoplasm via interactions with co-factors. Certain NPCs are more active than

others at different times [191], but the overall direction of export out of the nucleus

is unbiased [162].

Transport of particles

The transport stage of mRNA localization occurs by different mechanisms for differ-

ent mRNAs. The most common method observed is active transport via molecular

motors moving along the dynamic cytoskeleton (either microtubules or actin fila-

ments). However, nanos mRNA localizes using a diffusion and trapping technique

[193] rather than by active transport. Active transport results in fast, directed mo-

tion with velocities of the order of 1µms−1 [189, 194], which is an order of magnitude

faster than movement by free diffusion in the cell.

Individual types of molecular motors are thought to move generally unidirec-

tionally, with Dynein directed towards the minus end of microtubules and Kinesin

directed towards the plus end [195]. Dynein-mediated transport on microtubules is a

53



common mechanism for mRNA localization [162]. Bidirectionality was observed by

Vendra et al. [196] in the motion of mRNA complexes on microtubules in Drosophila

blastoderm embryos. The number of motors required for a given mRNA complex

can vary and may be governed by cis-acting localization elements in the mRNA

[197]. Possible explanations for the bidirectionality include: the bidirectional dis-

organized distribution of the microtubule network; a tug of war between different

molecular motors moving in opposing directions on different microtubules; a tug of

war between different motor species all bound to the same mRNA complex; and

reversal of a molecular motor moving on a single microtubule, possibly due to regu-

lation by microtubule associated proteins (MAPs) [45]. The molecular motors must

be correctly joined to their cargo and the motor cargo complex secured to the cy-

toskeleton. This is ensured by the linkers Bicaudal D (BicD) and Egalitarian (Egl)

[44].

Anchoring of particles

Once the mRNA complex has reached its destination, these complexes must be

maintained in position by an anchoring mechanism to keep the mRNA localized

within the cell, as for the population of mRNA localized at the posterior of the

oocyte in Figure 3.1. grk mRNA is anchored by the molecular motor Dynein [198]

in the Drosophila oocyte and nos is trapped by actin [193]. Dynein was observed

by Delanoue and Davis [198] to act as a static motor without requiring further

energy in the form of ATP to function. An alternative hypothesis is that continuous

active transport is required to ensure the localization of mRNA, since Weil et al.

[194] found that Dynein motor activity is required to ensure bcd localization in the

anterior cortex of the Drosophila embryo. The transport process may ensure that

mRNA complexes are kept near their targeted region of localization by directing

them back if they move away.
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3.2.4 Advanced imaging tools shed light on mRNA local-

ization

Recent advances in imaging techniques and image analysis technologies [170, 199,

200] have allowed progress in understanding of the mechanisms of mRNA localiza-

tion [193, 201, 202]. The use of single molecule flourescence in situ hybridization

(smFISH) [203, 204] enables single molecules of mRNA to be labelled with high lev-

els of sensitivity and specificity. The development of the MS2-MCP system, which

consists of a MS2 bacteriophage RNA stem loop bound by MS2 coat protein fusion

to a fluorescent protein [44], has provided great benefits for the imaging of live cells

in vivo. The MS2-MCP system has been used successfully in the visualization of

nos, grk, bcd and osk mRNAs in Drosophila [189, 193, 194, 205]. Although there are

limitations to these technologies dependent on cell type, they have permitted an im-

provement of our understanding of intracellular motility and structure. Both these

imaging tools, MS2-MCP and smFISH, are used to enable detailed analysis and

quantification of the localization of mRNA in Drosophila for the research presented

in this thesis. What has become clear is that a variety of different mechanisms are

used to ensure localization of mRNAs [44].

3.3 The role of modelling

While we have provided an overview of the current understanding of the processes in-

volved in localizing mRNA in Drosophila egg chambers, many of the mechanisms of

transport and localization, including the cues and signals governing each stage of de-

velopment, remain unclear. Computational and mathematical modelling can assist

in elucidating aspects of these mechanisms. This can be achieved through formal-

izing a descriptive ‘word model’ form of a hypothesis into a quantitative framework

able to make testable predictions. Modelling further allows more rapid prototyping

and investigation of hypotheses at a cheaper cost compared to in vivo experiments
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which may, for example, require lengthy genetic manipulation to generate mutant

phenotypes in order to test a hypothesis.

More specifically, for this model system, modelling aids our understanding by

simulating processes that are hard to observe directly. In practice, automated track-

ing of RNA-protein complexes is extremely challenging due to the spatial and tem-

poral scales involved. Complexes frequently move out of the field of vision during

imaging making both automated and manual tracking challenging, although some

attempts at this hard problem have been made [206] and identifying particles can

be simpler in fixed material [207]. Rather than directly observing full trajectories of

complexes, constructing models of this behaviour based on our current understand-

ing can reveal new aspects of the mechanisms involved.

A modelling description of the full Drosophila egg chamber capturing all the

microscopic detail of mRNA transport and localization may seem initially to be

desirable for querying biological hypotheses. Developing such a detailed model of

multiple connected cells is challenging computationally and from a model develop-

ment point of view. Few previous modelling studies in this area have considered

multiple cells, although detailed models of mRNA localization in the oocyte itself

have been developed [208–210]. To simplify to a tractable problem, we focus here

on a fine-grained model of transport in a single nurse cell. This framework can be

extended in future to encompass the full tissue of multiple cells and enable us to

probe questions on larger spatial scales once we have a solid understanding of the

regulation and rate-limiting processes of mRNA transport and localization within a

single nurse cell.

3.3.1 Previous modelling approaches to Drosophila devel-

opment

Although mathematical and computational modelling approaches have become in-

creasingly widespread in biology [211, 212], such modelling approaches are more
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mature in certain application areas than others. Much work has focused on mor-

phogen gradient formation during Drosophila embryogenesis to quantify the spatio-

temporal dynamics [213, 214]. For example, Liu and Niranjan [215] investigated

competing hypotheses about bicoid mRNA stability regulation via differential equa-

tion and stochastic models, concluding their models support regulated stability of

mRNA. Steps have been made towards quantitative analysis of genetics experiments

through modelling [216] and through improved imaging. Modelling approaches in

oogenesis have received rather less attention.

At mid to late stages of oogenesis, Kinesin-dependent cytoplasmic streaming

becomes important in driving transport dynamics in the oocyte. By using an

advection-diffusion model with noise in the local mean velocity of complexes repre-

sented via a correlated random field, Ganguly et al. [208] show that these cytoplasmic

streaming dynamics reflect the microtubule cytoskeleton architecture and may aid in

localization of complexes. Szymańska et al. [217] construct a generic model of intra-

cellular mRNA and protein dynamics, including active transport on microtubules,

showing that oscillations in protein concentrations are possible since the regulation

of protein synthesis acts as a negative feedback. Trong et al. [209] have demonstrated

how localization of mRNA can be achieved in a Drosophila oocyte using a partial dif-

ferential equation (PDE) description of mRNA dynamics and a stochastic model of

cytoskeleton dynamics. Ciocanel et al. [210] used a PDE model of RNA localization

in Xenopus oocytes to quantify aspects of the transport process using FRAP (fluo-

resence recovery after photobleaching) data, and others have considered models of

RNA transport to examine the behaviour of individual molecular motors [195, 218],

or the cytoskeleton structure [219]. Here, we will describe the transport of mRNA in

the nurse cells surrounding the ooctye using an individual-based stochastic descrip-

tion of mRNA complexes. This microscopic, individual-based description is more

appropriate than continuous densities of mRNA at low copy numbers.
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3.3.2 Summary

In this chapter, we will address the question of how mRNA localization is controlled

within a single nurse cell and what the rate-limiting steps in this aspect of the mRNA

localization process are. Specifically, we ask here whether transport of mRNA is a

rate-limiting bottleneck during mRNA localization. Any rate-limiting bottleneck of

a process will play a key role in its regulation since a small change at this point

can have a large downstream effect. For this reason, study of such bottlenecks can

provide a focus for future studies of the biological mechanisms governing localization

of mRNA and highlight potential targets for synthetic control of this process. We

construct a fine-grained model of gurken RNA transport and localization within a

single nurse cell. We build a stochastic model for movement of individual mRNA-

protein complexes from export at a NPC to the ring canal. To relate this model

to experimental data, we use approximate Bayesian methods which allow us to

identify the parameters of the model. The parameterized model enables us to make

predictions about summary statistics, such as the first passage time for mRNA

complexes to move from nucleus to ring canal, which agree with other previously

published data on the timescales of RNA transport. Additionally, we are able to

make a testable prediction about the behaviour of a genetic mutant with a reduced

speed Dynein motor.

3.4 Fine-grained stochastic model of mRNA trans-

port within a nurse cell

To investigate the regulation of mRNA localization and transport, we develop a fine-

grained stochastic model of the transport of mRNA complexes. In particular, this

model allows us to investigate the transport of gurken mRNA within and between

nurse cells. We focus on a single nurse cell and study the regulation of transport

of mRNA from export at the NPC to transit through a ring canal into the oocyte.
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Figure 3.5. Typical behaviour of VJP model showing reorientations and a
corresponding change of direction. Biologically these reorientations would
correspond to mRNA complexes falling off microtubules, reattaching, and moving
off in a different direction.

By using the model, we can study the role of molecular motors versus that of the

biased cytoskeleton network in controlling the timescale for transport, which is hard

to tease apart experimentally. We model a nurse cell neighbouring the oocyte with a

single ring canal into the oocyte, and will later discuss generalizations of this setup.

The timescale for transport from the nucleus to the ring canal is important as this

characterizes transport between cells.

The movement of mRNA complexes is often described as a biased random walk

[189]. Rather than modelling this transport process as a simple random walk in

position, we let the velocity of motion vary. This type of model is known as a

velocity jump process (VJP) and has been successfully applied to directed migration

of animals and cells [220–222].

The VJP model involves fast directed motion in a given direction followed by

switching events, at which an mRNA complex will reorientate and subsequently

move in a different direction (see Figure 3.5). This process continues until the

mRNA complex reaches a small target, the ring canal. The VJP is a good choice of

model here because it represents well the mechanistic movement process via active

transport on microtubules. Trajectories from a VJP can be highly correlated and

persistent, similar to observed trajectories of mRNA complexes.
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Active 

transport Di usion

Figure 3.6. States and transitions between the states for mRNA complexes
moving according to the fine-grained VJP model. The speeds in active transport
and diffusion are given by ν1 and ν2, respectively. Transition rates between states
are given by ω1, ω2 and λ as shown.

There are two phases of motion included in the model: an active transport phase

when the mRNA complex is attached to a molecular motor and is moving on the

microtubules with constant speed ν1; and a slower diffusive phase with constant

speed ν2. In the diffusive phase, the complex is detached from the microtubules and

moves by diffusion in the cytoplasm until it reaches another microtubule. Switching

occurs between these two phases of motion with exponential waiting times1 between

switching events. Biologically, this switching corresponds to the molecular motor

falling off and reattaching to the microtubule network. As illustrated in Figure 3.6,

switching occurs from the active transport state to diffusion with rate ω1. From the

diffusive phase, switching events within the same phase occur with rate λ, provid-

ing a representation of diffusion between microtubules via frequent movements and

reorientations, and switching to the active transport phase takes place at rate ω2.

After each switching event from diffusion to the active transport state, the mRNA

complex changes direction (see Figure 3.5) by picking a new velocity, ν1v, where the

direction v ∈ S2 = {x ∈ R3 : ‖x‖ = 1} is drawn from a reorientation kernel T (v,v′),

which in general can depend on the previous direction v′. Following a transition to

1Exponential distributions for the waiting times are the simplest possible choice for waiting
time distributions, which helps keep the model tractable, and ensure the memorylessness property.
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the diffusive state, or a reorientation within the diffusive state, the particle travels

with velocity ν2v where the direction v is chosen via a reorientation kernel T̃ (v,v′).

In this work, we will assume that new directions are chosen independent of the

previous direction of motion, v′, since reorientations correspond to mRNA complexes

detaching from microtubules or moving by diffusion. Therefore we will instead write

T (v) in place of T (v,v′).

3.4.1 Master equation

We can describe this model via a master equation of the following form [220]:

∂p1

∂t
+ ν1v · ∇p1 = −ω1p1 + ω2

∫
S2

T (v)p2(x,v′, t)dv′, (3.1)

∂p2

∂t
+ ν2v · ∇p2 = −λp2 + λ

∫
S2

T̃ (v)p2(x,v′, t)dv′

− ω2p2 + ω1

∫
S2

T̃ (v)p1(x,v′, t)dv′, (3.2)

where pj(x,v, t), j = 1, 2, is the probability density of a complex being at position

x ∈ R3 moving in a direction v ∈ S2 at time t in the active transport state, or in

the diffusive state, respectively; νj > 0, j = 1, 2, are the speeds in active transport

and diffusion; λ > 0 and ωj > 0, j = 1, 2, are transition rates between states, as

shown in Figure 3.6; T (v) and T̃ (v) are reorientation kernels. The left hand side

of Equation (3.1) represents an advection term in (x,v). The integral terms on the

right hand side are due to mRNA complexes arriving in a given state of motion due

to reorientations. The negative terms on the right hand side are due to complexes

leaving a given state to transition to a new state of motion.

Due to the integral terms, as well as the challenging geometry and boundary

conditions, it is difficult to gain insight from this master equation by attempting

to solve directly or integrate numerically. Nonetheless, we can simulate trajectories

from the VJP model and use Monte Carlo methods to gain insight into the variability

of the process and any bottlenecks affecting the regulation of mRNA localization.
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3.4.2 Geometry

We use a realistic three-dimensional (3D) geometry for the fine-grained stochastic

model to enable us to study the regulation of mRNA transport within a single nurse

cell. We model the nurse cell as an ellipsoid

Ω =

{
x = (x, y, z) :

x2

L2
x

+
y2

L2
y

+
z2

L2
z

= 1

}
,

with the x axis aligned along the anterior-posterior axis of the oocyte, where Lx, Ly, Lz

describe typical length scales in each dimension. The ellipsoid geometry of the sys-

tem is shown in Figure 3.7. Within the nurse cell, the cell nucleus is modelled

as a spherical region of given radius, R, placed centrally in the cell at the origin.

The nucleus is excluding to the mRNA complexes in the model. The remainder

of the nurse cell is accessible to the complexes, which seems reasonable since ex-

perimentally mRNA complexes are observed in all parts of the nurse cell. Initially,

mRNA complexes are placed randomly at time t = 0 on the circumference of the

nucleus to represent their export from NPCs. Complexes move randomly, as de-

scribed by Equation (3.1), until eventually they hit a small target at the posterior

end of the nurse cell representing the ring canal joining to the oocyte, where they

are absorbed and removed from the system. mRNA complexes are assumed to be

non-interacting; since the volume of a complex is much smaller than the volume

of the cell it is reasonable to neglect volume exclusion of complexes in this case.

Throughout all simulations in this work, we fix Lx = 26µm, Ly = Lz = 18.5µm,

R = 10µm and the diameter of the ring canal as 2µm based on measurements per-

formed on nurse cells in egg chambers at stage 5 of oogenesis using FIJI (ImageJ

V1.51d; fiji.sc, [223]).
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Figure 3.7. The 3D ellipsoid geometry used to represent a nurse cell in the
fine-grained VJP model. The ring canal is visible at the posterior pole of the nurse
cell shown as a cyan region. The length scales used for the nurse cell geometry are
obtained from measurements of experimental data and are as follows: Lx = 26µm,
Ly = Lz = 18.5µm.

3.4.3 Reorientation kernels based on cytoskeleton distribu-

tion

Here we choose to define the reorientation kernel, T (v), empirically based on bi-

ological data reflecting the observed biased distribution of microtubules [188], as

described in Section 3.2.2, since mRNA complexes move in active transport on

microtubules. We define a proportion of microtubules, φ ∈ [0, 1], aligned in the

posterior direction (parallel to the x axis in our 3D model, see Section 3.4.2) and

thus take the following for T (v) using spherical coordinates (θ, ψ):

T (v) = T (θ, ψ) =


φ
4π

θ ∈ [0, π]

1−φ
4π

θ ∈ [π, 2π),

(3.3)
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where θ ∈ [0, 2π] is the azimuthal angle and ψ ∈ [0, π] is the polar angle. The

resulting distribution of reorientation angles from this reorientation kernel is shown

in Figure 3.8. For the reorientation kernel for transitions into the diffusive state,

−π 2
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π 2

−π/π

0
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40
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C
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nt

Simulated biased microtubule distribution

A P

Figure 3.8. The distribution of microtubules in the nurse cells of a stage 5
Drosophila egg chamber as represented in the model. A circular histogram of 1000
reorientation angles simulated from the reorientation kernel given in Equation 3.3
with φ = 0.58 is shown, corresponding to the biased microtubule distribution
observed in Parton et al. [188]. (Compare to Figure 3.4 which shows an image of
the microtubule network at this stage.) Note that A indicates the anterior
direction in the egg chamber and P indicates the posterior direction along the
anterior-posterior axis.

T̃ (v), we take a uniform distribution on the unit sphere:

T̃ (v) =
1

4π
for v ∈ S2. (3.4)
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3.4.4 Boundary conditions

In addition to specifying the geometry of a nurse cell, an important aspect of the

dynamics is how mRNA complexes interact with the cell membrane. Based on

observations from live imaging, when a complex approaches the membrane it pauses

and reorientates. To represent this in the computational model, we implement a

boundary condition such that if a complex has hit the boundary, it stops on the

boundary and reorientates so that its next direction of movement is inside the cell.

This is a non-standard boundary condition, but best captures the observed biological

behaviour. In addition, we have an absorbing condition at the ring canal such that

mRNA complexes are removed from simulations upon hitting the ring canal.

3.5 Analysis of the microscopic model

We proceed by analyzing behaviour of the microscopic model. Knowledge of prop-

erties of the model can help guide us in relating this model to experimental data

and gaining insight from it.

3.5.1 Parameter estimates from direct measurements

The fine-grained VJP model described in Section 3.4 is mechanistic and several

parameter values correspond to biophysical quantities that are directly measurable,

such as the speed of particles moving in active transport on microtubules. By

analysing data from manually tracked gurken mRNA complexes in the nurse cells,

we are able to obtain direct biophysical measurements of some model parameters

and estimate the rate parameters indirectly.

Based on measurements from manually tracked grk -GFP mRNA complexes in

Drosophila nurse cells, we are able to make preliminary estimates of the parameters

of our model. All data were obtained from Davidson [224]. Particles are classed

as static, paused or active. Paused and active particles will correspond to those in
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the diffusive and active transport phases of our model, respectively. Static particles

will be assumed to be either anchored or undergoing anomalous behaviour. Using a

two-dimensional (2D) imaging slice in a single z plane, the number of total particles

counted was N = 340 in a 40 × 40 µm area of a nurse cell. The proportions of

particles in each of the classes are 25% active, 50% paused and 21% static. Over the

timescale of the experiment, particles were not observed to transition between states.

Particle speeds were assessed by observing a 10 × 10 µm area for 50 timepoints,

with images taken in a single z slice at three frames per second. The average speed

in the active transport state ν1 was 1.16± 0.08µms−1 from n = 33 trajectories. The

average run length was 2.79 ± 0.66µm. In the paused phase, an average speed, ν2,

of 0.8 ± 0.6µms−1 was observed from 58 particles with an average run length of

0.84± 0.06µm.

Considering the process as a continuous time Markov chain, with active transport

and diffusive states as shown in Figure 3.6, we obtain that the steady state of the

continuous time Markov chain is [ω2/(ω1 + ω2), ω1/(ω1 + ω2)]. Then, assuming

ergodicity and neglecting static particles, this approach gives us ω2/(ω1 +ω2) = 2/3

and ω1/(ω1 + ω2) = 1/3 by comparing to the proportions of particles observed in

each state.

Assuming there are no internal transitions back to the active transport state,

then we have ω1 = 0.42s−1 and hence ω2 = 0.84s−1. We can also deduce that the

turning rate λ = 0.95 − 0.84 = 0.11s−1. In addition, we assume the distribution of

microtubule orientations in the nurse cells is similar to that in the oocyte, since there

is data available for the oocyte [188] but not for the nurse cells. Therefore we take

the microtubule bias parameter as φ = 0.58. Parameter estimates are summarized

in Table 3.1.

3.5.2 Simulation of first passage times
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Parameter Value Units Description

ν1 1.16 µms−1 Speed in active transport
ν2 0.80 µms−1 Speed in diffusion

ω1 0.42 s−1 Transition rate from active
transport to diffusion

ω2 0.84 s−1 Transition rate from diffusion
to active transport

λ 0.11 s−1 Transition rate within
diffusive state

φ 0.58 - Proportion of microtubule bias

Table 3.1. Parameter estimates for the fine-grained VJP model based on direct
measurements

The timescale for transport between nurse cells (or from a nurse cell to the oocyte)

can be characterized by the timescale for transport from the nucleus to the ring canal

of a nurse cell. We estimate this timescale via Monte Carlo simulation methods and

demonstrate dependence on biophysical model parameters. Based on simulations

from the fine-grained VJP model as described in Section 3.4, we obtain a distribution

of first passage times (FPTs), computed across 1024 particles, with a median of 25

mins and a 95% interval of [5, 109] mins. The distribution of FPTs is shown in

Figure 3.9. These results agree with experimental observations of Clark et al. [182],

who report that 15-20 mins after injection of gurken RNA accumulation of RNA

was observed around ring canals in 88% of egg chambers (n = 8). We plot the

evolution of a typical path from the fine-grained VJP model in Figure 3.10. This

highlights how movement of mRNA complexes by the mechanisms assumed in the

model results in indirect paths that do not take a direct route to the ring canal, as

observed experimentally [189].

Given that stage 5 in Drosophila oocytes lasts five hours, the timescale for the

FPT appears to be an order of magnitude shorter than the timescales over which

grk mRNA transport is observed in oogenesis. This suggests that transport of a

single complex within a single nurse cell from the nucleus to the ring canal is fast,

and so not the limiting step in the transport and localization of the mRNAs. Other
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Figure 3.9. The FPT distribution for a mRNA complex to travel from the
nucleus of a nurse cell to a ring canal simulated as simulated via the fine-grained
VJP model for parameters in Table 3.1 obtained by direct measurements as
described in Section 3.5.1. Simulations were performed with 1024 mRNA
complexes. The green line shows an experimentally observed timescale of 0.3 hrs
at which accumulation near ring canals of RNA was noticeable.

candidates for any bottleneck in mRNA transport and localization (if such a bottle-

neck is present) include transcription and export of mRNA complexes, availability

of molecular motors to transport multiple complexes simultaneously, and transit

through ring canals. Experimental observations from Clark et al. [182] show slower

speeds of mRNA complexes in ring canals than moving on cytoskeleton in the cyto-

plasm, for example. These aspects are not captured well by the current model so are

hard to assess in this context. Nonetheless, we have been able to rule out transport

within a single nurse cell as a bottleneck within the mRNA localization process by

demonstrating that this intracellular transport is fast relative to the timescales of

oogenesis and localization of gurken during oogenesis.

3.5.3 Sensitivity analysis highlights the role of the cytoskele-

ton

We explore the dependence of the fine-grained VJP model on model parameters by

performing a sensitivity analysis, varying each parameter to the extent of biolog-

ically plausible parameter regimes. This allows us to study how the transport of
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Figure 3.10. The evolution of a typical path from the fine-grained model until
absorption at the posterior ring canal, showing also the geometry of the model
projected into two dimensions. In (a), the position of an mRNA complex is shown
along the x axis (parallel to the anterior-posterior axis) over time. The complex
reaches the ring canal after just over 500s in this case. In (b), the path of the
mRNA complex is shown in the (x, y) plane until the complex reaches the ring
canal. Note that (a) and (b) are two different representations of the same data.
Small black circles on the path show switching events between the active transport
and diffusion states. The dashed ellipse represents the boundary of the nurse cell,
the large filled black circle shows the nurse cell nucleus, and the thick cyan line at
the posterior pole represents the ring canal into the oocyte. Model parameters
used are: ν1 = 1.16µms−1, ν2 = 0.80µms−1, ω1 = 0.42s−1, ω2 = 0.84s−1,
λ = 0.11s−1, φ = 0.58.

mRNA complexes is regulated. The fine-grained transport model is dependent on

six parameters: ν1, ν2, ω1, ω2, λ, φ. We show in Figure 3.11 the effect of varying key

parameters on the FPT from the nucleus to the ring canal into the oocyte. The re-

sults of this sensitivity analysis demonstrate that decreasing the speed parameters,

v1 and v2, or the microtubule bias, φ, leads to a sharp rise in the FPT (see Figure
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3.11b) and Figure 3.11e)). Travelling slower on microtubules and in the diffusive

phase increases the time to reach the ring canal, but moving much faster has a more

limited effect on the FPT distribution due to effects of the geometry of the nurse

cell.

The transition rates ω1 and ω2 have opposite effects with an increase in ω1

increasing the FPT, and a decrease in ω2 increasing the FPT (see Figure 3.11c) and

Figure 3.11d)). Biologically, ω1 is the rate of falling off a microtubule to move out

of the active transport state, and ω2 is the rate of attaching onto a microtubule

to enter the active transport state. This agrees qualitatively with our intuition in

that spending less time in the active transport state should increase the FPT. The

turning rate within the diffusive state, λ, has no noticeable effect on the FPT (see

Figure 3.11a)), since it only effects movement within the diffusive phase.

The strongest effects on the FPT are due to variation in the parameter φ describ-

ing the reorientation bias due to the distribution of the cytoskeleton. These effects

can be seen in the shift in the distribution of the FPT for values of φ close to 0.5

and the elongation of the tail of the distribution. This dependence on φ emphasises

the role of the cytoskeleton in transport of mRNA complexes within nurse cells;

cytoskeleton morphology has been similarly highlighted by other studies [225] fo-

cusing on mRNA localization in different biological model organisms. Interestingly,

the microtubule bias, φ, observed by Parton et al. [188] in the oocyte corresponds

to a value φ = 0.58 which is approximately the minimum bias value consistent with

the observed FPT data. Together these results offer quantitative insight into how

altering the mechanisms of transport would effect the timescales for transport of

mRNA within a nurse cell.

We note that although varying many of the parameters results in a stretching

of the distribution of FPTs possible from the model, only reducing the speed and

increasing the switching rate ω1 result in a marked shift in the support of the distri-

bution of FPTs. For the remaining model parameters, a wide range of parameters
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Figure 3.11. Sensitivity analysis of the FPT for mRNA-protein complexes to
travel from the nucleus to the ring canal of a nurse cell, as simulated with the
fine-grained VJP model. Results show the FPT times for 256 particles as
individual parameters are varied to demonstrate the sensitivity to each parameter.
Parameters used for these simulations are φ = 0.58, ν1 = 1.16µms−1,
ν2 = 0.8µms−1, ω1 = 0.42s−1, ω2 = 0.84s−1, λ = 0.11s−1, as in Table 3.1. We vary
the speed in the diffusion and active transport states together such that ν2 = ν1/2
while varying ν1, whereas for the remaining subplots we vary individual
parameters ω1, ω2, λ, and φ. For comparison, the timescale (0.3 hrs) over which
Clark et al. [182] report experimental observations of RNA build-up at ring canals
is shown as the green dashed line for comparison. Note the different scales on the
x axes of each subplot.
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are capable of producing FPT data similar to experimentally observed timescales.

This may indicate potential identifiability problems as outlined in Section 2.1.7

when using only the FPT as data, and motivates investigation of further summary

statistics.

3.5.4 Spatial distribution as a summary statistic

Although studying FPTs provides valuable information about the timescales of

mRNA transport, this process is inherently spatial and since spatial data is available

via live imaging, it makes sense also to study summary statistics that can be informa-

tive about the spatial properties of mRNA transport. We investigate the sensitivity

of certain spatial summary statistics to parameters of the fine-grained model. These

spatial summary statistics will be informative when we consider inference for the

fine-grained model.

In particular, we exhibit the dependence of the spatial distribution of mRNA

complexes simulated from the fine-grained model on parameters of the model, as

shown in Figure 3.12. The spatial distribution is studied parallel to the anterior-

posterior axis (x axis in Figure 3.7), since this direction of transport is of greatest

interest biologically. We simulate the movements of mRNA complexes with the

fine-grained model up until a fixed time T , and assess the spatial distribution by

dividing the domain into bins and recording the number of particles that fall in each

bin. Any particles that have already been absorbed at the ring canal are recorded

in the final compartment. Since the timescale used here, T = 0.075 hr = 4.5 min, is

less than the biological timescale for the FPT described above in Section 3.5.3, we

expect that not all the particles will be localized at this time.

For increased motor speeds, ν1 and ν2, the mRNA complexes spread out faster

from the nucleus and are directed towards the posterior of the nurse cell. By in-

creasing the microtubule bias, φ, the motion of the mRNA complexes becomes much

more directed towards the posterior with accumulation near the posterior and ab-
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sorption upon reaching the ring canal there. For high values of the switching rate,

ω1, the distribution of complexes is more spread out and has not reached the pos-

terior, as little time is spent in the active transport state. For low values of ω1, the

mRNA complexes stay in the active transport state for longer on average, so greater

accumulation near the ring canal is seen for intermediate values of ω1. We note that,

for large values of ω2, there is an accumulation of particles near the posterior, but

that these are not quickly absorbed, since the mRNA complexes spend little time in

the diffusive phase of motion. The diffusive state is not required for absorbtion in

the model, but the size of the small target together with the geometry induces this

effect. Changes in the turning rate, λ, have little effect on the spatial distribution

of particles in the x direction.

3.6 Bayesian inference methods to link the micro-

scopic model to data

In order to make testable predictions from our model, we aim to relate the fine-

grained model directly to experimental data such that we can obtain estimates of

uncertainty in our parameter estimates. Testable predictions allow us to verify the

model and evaluate new biological hypotheses [5]. We make use of the framework

of Bayesian inference described in Chapter 2 and consider fitting the fine-grained

model to experimental data directly using ABC. A Bayesian inference framework

allows us to make full use of the quantitative image data available to us, and to make

quantitative predictions. However, since the fine-grained model relies on a complex

geometry and boundary conditions, evaluating the likelihood is expensive, although

we are able to perform forward simulation from the model. ABC allows us to draw

from an approximate posterior distribution from our model based only on forward

simulation, as described in Section 2.2.1. Challenges here in implementing ABC for

the fine-grained model stem from the choice of summary statistics and the computa-
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Figure 3.12. Sensitivity analysis of the spatial distribution in the x direction for
mRNA complexes simulated with the fine-grained model for parameters as in
Table 3.1. As previously, we vary the speed in diffusion and active transport
together such that ν2 = ν1/2 while varying ν1, whereas for the remaining subplots
we vary individual parameters ω1, ω2, λ, φ, respectively. The spatial distributions
shown are computed by dividing the domain into bins of a histogram and
recording the number of particles in each bin, with 256 particles shown at time
T = 270 s = 0.075 hr. The final spatial bin to the right of the cyan dashed line
represents particles that have hit the ring canal and been absorbed.
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tional cost of performing forward simulations from the model in three dimensions in

this complex geometry. To overcome some of the computational cost of ABC with

this model, we apply ABC-SMC (see Section 2.2.4) and use a prior distribution that

excludes non-biological parameter values that would be expensive to simulate. The

implementation of these methods is outlined in Section 3.6.1 below. We describe

microscopic summary statistics based on properties from individual complexes, and

macroscopic summary statistics focused on population level behaviour.

3.6.1 Implementation of ABC

Priors and distance function

We assume truncated normal priors for parameters ν1, ν2, λ, ω1 and ω2 with N (0, 1)

priors truncated at zero. Based on biological knowledge and the previous estimate

described in Section 3.5.1, we expect these parameters to be positive and on the unit

scale. Values of φ < 0.5 result in much larger FPTs, which can be very expensive

to simulate. Experimental evidence suggests the microtubule distribution is biased

towards the posterior direction of the oocyte and thus we constrain the prior for the

microtubule bias, φ, to the interval [0.5, 1], uniform on this interval.

Nonetheless, for certain choices of parameter values supported by this prior,

simulations from the fine-grained model can be extremely expensive due to very

frequent transitions between states, or long trajectories before the mRNA complex

hits the ring canal. Stopping simulations after a shorter fixed time or using an

analytic approximation can prevent long simulations that for parameters with low

posterior density that are likely to be rejected. Methods to enable this via Lazy

ABC are described in Section 2.2.5. Here instead we use a simple analytic quantity

as a guide for ignoring nonbiological parameter values by excluding them from our

prior distribution. We note that excluding regions of parameter space results in zero

posterior density for these parameter values, whereas Lazy ABC uses importance

sampling to reweight the resulting samples. Since the excluded parameter regions are
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nonbiological, it is not an issue here to exclude such parameter regions completely.

The mean distance travelled in the active transport state in a single run is given

by ν1/ω1. It would be outside of the typical biological parameter regime to have

very large runs, so we exclude parameters for which the following holds:

ν1

ω1

> 20µm.

This criterion can be implemented by rejection sampling or by a stretch transforma-

tion of parameters drawn over R5 × [0.5, 1]. We find this exclusion of nonbiological

parameter regions to be effective at reducing computational cost whilst retaining

otherwise weakly informative priors.

A scaled Euclidean distance function is used to measure how close the simulated

and observed data are:

d(x,y)2 =
∑
i

(xi − yi)2

σ2
i

.

The scaling factors, σi, are chosen adaptively according to the method of Prangle

[111]. See Chapter 5 for further details on this method.

ABC-SMC

We use ABC-SMC (see Algorithm 3) with N = 512 particles over 5 generations.

At each generation, t, we generate synthetic datasets until M samples satisfy the

tolerances, εi for i < t; that is they satisfy the tolerances for all previous generations

of ABC-SMC. The tolerance at generation t is chosen as the α = 0.5 quantile of the

distribution of distances between simulated and observed data. Taking M = dN/αe

results in N samples.

3.6.2 Inference on synthetic data

It is advisable in many circumstances to begin with synthetic data generated with

known parameters from a known model, and check if it is possible to recover the
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same parameters. This avoids issues with misspecification of models and can help

uncover identifiability problems at an initial stage. Here we begin by considering

the performance of different summary statistics for parameter estimation via ABC

on synthetic data, with a view to using these summary statistics for analysis on

experimental data.

Microscopic summary statistics

Individual behaviour of mRNA complexes can be studied in vivo by tracking in-

dividual complexes. Properties such as the FPT offer insight into the timescales

of mRNA transport within a nurse cell. We perform inference based on summary

statistics that use properties of individual mRNA complex trajectories. These are

the average speed of mRNA complexes moving in active transport on microtubules

and the average number of switching events2, both calculated over a short trajectory

of 30s, along with the FPT. The median is used to compute these averages, and we

further average over a small population of 12 trajectories. From these microscopic

summary statistics, we obtain the following posterior as shown in Figure 3.13, based

on synthetic data created with parameters as in Table 3.1.

Macroscopic summary statistics

Since the microscopic summary statistics rely on properties of the path, they are

hard to collect when tracking of particles is difficult. This is the case for the live

imaging data that we have access to due to mRNA complexes moving out of the

imaging plane in z (thus resulting in very short tracks), low signal to noise ratio and

rapid bleaching when taking a full z stack. Instead we investigate population-level

summary statistics to inform us of the population-level behaviour of particles. We

use estimates of the distribution of particles spatially at several time points as a

summary statistic, as described in Section 3.5.4. We simulate trajectories for T =

2Switching events were detected by considering framewise angle changes above a tolerance value
of 0.5.
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Figure 3.13. Marginal plots of the posterior distribution for the fine-grained VJP
model with synthetic data using individual summary statistics. The dashed black
lines show point values of the parameters in Table 3.1. The magenta curve shows
the posterior distribution with the yellow curve showing the prior distribution for
comparison. Parameters used for the VJP model are given in Table 3.1. The
posterior distribution was sampled via ABC-SMC with N = 512 particles and
α = 0.5 over 10 generations as described in Section 3.6.1.

0.075 hrs = 4.5 mins and observe these every 1.5 mins, recording the quartiles of the

spatial distribution. This results in four observations in time (including the initial

condition) each consisting of three statistics summarizing the spatial distribution,

giving a summary statistic of dimension 12. As it is expensive to simulate from the

fine-grained VJP model, we construct this spatial distribution based on only a small

population of complexes (n = 12). From these spatial summary statistics we obtain

the following posterior shown in Figure 3.14, using synthetic data simulated with

the same parameters in Section 3.6.2.
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Figure 3.14. Marginal plots of the posterior distribution for the fine-grained VJP
model with synthetic data using population summary statistics. The dashed black
lines show point values of the parameters in Table 3.1. The magenta curve shows
the posterior distribution with the yellow curve showing the prior distribution for
comparison. Parameters used for the VJP model are given in Table 3.1. The
posterior distribution was sampled via ABC-SMC with N = 512 particles and
α = 0.5 over 5 generations as described in Section 3.6.1.

3.6.3 Combined summary statistics

The microscopic and macroscopic summary statistics provide complementary con-

tributions towards the information gained about different model parameters for our

fine-grained VJP model. The microscopic summary statistics offer detailed infor-

mation about local dynamics and are informative about the speed of travel, ν1, and

turning rate, λ. In contrast, the macroscopic summary statistics describe high-level

behaviour and are informative about the microtubule bias, φ.

Various approaches are possible to combine information from multiple different

experimental sources in a Bayesian framework, such as performing multiple anal-
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yses successively where the posterior from one analysis informs the prior for the

next analysis [226]. Here, we provide the data from multiple sources together as one

dataset. We concatenate together the microscopic and macroscopic summary statis-

tics into a single vector of summary statistics. Performing inference via ABC for the

combined summary statistics results in the posterior distribution presented in Figure

3.15, which is able to benefit from contributions from both summary statistics.
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Figure 3.15. Marginal plots of the posterior distribution for the fine-grained VJP
model with synthetic data using combined microscopic and macroscopic summary
statistics. The dashed black lines show point values of the parameters in Table 3.1.
The magenta curve shows the posterior distribution with the yellow curve showing
the prior distribution for comparison. Parameters used for the VJP model are
given in Table 3.1. The posterior distribution was sampled via ABC-SMC with
N = 512 particles and α = 0.5 over 5 generations as described in Section 3.6.1.
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Figure 3.16. gurken mRNA complexes moving in the nurse cells tracked over a
timescale of 30s. From a stage 5 egg chamber, 12 tracks were obtained and
summary statistics computed based on these tracks. The tracks are shown
overlayed over an original image obtained via live imaging of grk -MS2-GFP.

3.6.4 Using ABC to fit to real data

We perform parameter estimation via ABC for the fine-grained model using the FPT

for transport to the ring canal of a nurse cell as a summary statistic, along with

individual microscopic summary statistics (the median number of reorientations and

median speed over a 30s trajectory) computed from tracks of mRNA complexes over

short timescales. We obtain an experimental measurement of 18 mins for the FPT

from Clark et al. [182] based on observations of accumulation of grk mRNA near

ring canals after injection in a nurse cell. The individual summary statistics are

computed based on 12 tracks from a stage 5 egg chamber, shown in Figure 3.16.

Experimentally, measurements of the distribution of a population of mRNA com-
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plexes proved challenging. For this reason we were restricted to summary statistics

based on individual properties. This aspect is discussed further in Section 3.8.

Marginal posterior distributions for each parameter are shown in Figure 3.17 in

order to display the results of inference for these data. We find similar results to

those from using the microscopic summary statistics on simulated data in Figure

3.13 in that the shape of marginal posterior distributions are similar. The speed in
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Figure 3.17. Posterior marginal distributions for the parameters of the VJP
model with real observed data using microscopic summary statistics, sampled via
AMC-SMC. The dashed black lines show point values of the parameters in Table
3.1. The magenta curve shows the posterior distribution with the yellow curve
showing the prior distribution for comparison. The posterior distribution was
sampled via ABC-SMC with N = 512 particles and α = 0.5 over 10 generations as
described in Section 3.6.1.

active transport, ν1, is identified clearly by the summary statistic relating directly

to this parameter (median speed). The marginal posterior distribution for the mi-

crotubule bias parameter φ excludes any posterior density at very low bias values

82



suggesting these are inconsistent with observed data, and shows a shift from the

uniform prior to greater posterior density at low to intermediate values of this bias

parameter. However, posterior distributions for the remaining parameters in the

model are very broad and comparable to the prior distributions. This suggests that

the data used were not hugely informative about these parameters overall and that

a range of combinations of parameter values could equally well explain the observed

data. This behaviour is indicative of an unidentifiable model given the microscopic

summary statistics from tracking data currently available. Although a lack of identi-

fiability means we are unable to uniquely identify parameters for the model without

further data, we can still make predictions from the model. Since the posterior pre-

dictive distribution p(ỹ|y) involves marginalizing over the model parameters, we can

integrate out the uncertainty over these parameters. Additionally, combined with

the sensitivity analysis of Section 3.5.3, these results reveal significant insights into

the key mechanisms and parameters affecting control over this mRNA localization

process.

3.7 Testable prediction of FPT for a Dynein mu-

tant

We conclude by making a testable prediction from the fine-grained model about

the behaviour of a Dynein Heavy Chain hypomorphic mutant [162]. Dynein is the

molecular motor responsible for active transport of grk mRNA on microtubules.

Wilkie and Davis [162] report that, for this Dynein mutant, injected RNA particles

move at 60 to 70% speed compared with wild type. We therefore assume that the

speed of complexes in active transport for the mutant is 0.65 × ν1. We make a

prediction for the FPT from nucleus to ring canal for the Dynein mutant, shown in

Figure 3.18. The median FPT for the wild type based on the posterior predictive

distribution is 19 mins with a 95% credible interval of [4, 69] mins for the FPT. In
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contrast, for the Dynein mutant, the median FPT is 25 min with a 95% credible

interval of [6, 133] mins. The difference between the phenotypes for the median

values for this timescale is not large since we assumed the only parameter that

changed is ν1. However, the difference is more noticeable if one considers the tails

of the distributions. For example, it should be very unlikely for mRNA complexes

in the wild type to take longer than 90 mins to be transported from the nucleus to

ring canal, but should be observable for the mutant. The fine-grained model could

also be used to make similar predictions for other summary statistics, or for other

mutant phenotypes.
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Figure 3.18. Prediction for the FPT of a Dynein Heavy Chain hypomorphic
mutant affecting the Dynein molecular motor. We assume this phenotype affects
the parameter ν1 only, with a reduction to 0.65× ν1. We simulate the posterior
predictive distribution showing the FPT as a summary statistic. The yellow curve
shows the predictive distribution for the wild type, and the magenta curve shows
the predictive distribution for the Dynein mutant. The dashed vertical lines show
the median of the FPT distribution for each phenotype to highlight the difference
between the two distributions.
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3.8 Discussion

In this chapter, we have developed a fine-grained stochastic model of mRNA trans-

port within a single nurse cell. This allowed us to investigate hypotheses about the

regulation and timescales of mRNA localization. We have demonstrated that mRNA

transport within a single nurse cell operates on a fast timescale relative to the full

mRNA localization process, which rules out transport within a cell as a regulatory

bottleneck. Results of the sensitivity analysis in Section 3.5.3 indicate that reducing

the motor speed by as much as an order of magnitude from observed values would

be required for transport of individual mRNA complexes within a single nurse cell to

be rate-limiting for the mRNA localization process. We propose possible alternative

bottleneck mechanisms to be investigated such as availability of molecular motors,

transcription and export through NPCs, and transit through ring canals.

With the fine-grained stochastic model, we showed a simulated FPT consistent

with experimentally observed values, based on model parameters identified by bio-

physical measurements. A sensitivity analysis highlighted the role of cytoskeleton

organization in controlling the mRNA transport process and we comment that the

experimentally observed microtubule bias is the minimum bias value capable of pro-

ducing the observed FPT data.

Approximate Bayesian inference methods enabled us to infer an approximate

posterior distribution for model parameters and to propagate forward uncertainty

to testable predictions. We performed inference here using individual summary

statistics from tracking data and a FPT measurement, but have also shown via syn-

thetic data that improved posterior distributions can be obtained using summary

statistics that incorporate spatial information about the mRNA transport process.

We have recommended alternative experiments to allow combined summary statis-

tics employing spatial information to be used in future. Together, this has allowed

us to make a testable model prediction about the FPT of a Dynein mutant to enable

us to close the predict-test-refine loop (see Figure 1.1).
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Based on currently available data in the form of microscopic summary statistics,

parameters of the fine-grained VJP model are not all identifiable (see Section 2.1.7),

as is common for computational and systems biology models [86]. A range of con-

trasting biological behaviours could equally well explain the observed data. This

raises the possibility that a nurse cell could transition between different regulatory

behaviours over time. For example, both a strongly polarized network with a slower

motor speed, and a weakly polarized network with a higher motor speed could result

in similar summary statistics. Some reorganization of the microtubule network is

known to occur after stage 6 [224] and this could mark a transition between dif-

ferent regimes of regulation corresponding to different regions of parameter space.

Drosophila oogenesis operates robustly under a range of different conditions, in-

cluding a range of different temperatures which affect biophysical quantities such as

motor speed. It is therefore important for the robustness of the mRNA localization

process that a change in one parameter, such as motor speed, can be compensated

for by varying other parameters.

Summary statistic choice related to experimental design

Computational studies allow us to explore experimental design setups before per-

forming expensive or challenging experiments. In Section 3.6.3, we demonstrated

the benefits of using both microscopic and macroscopic summary statistics com-

bined together in inference with ABC on synthetic data. This result helps guide

experimental design to parameterize the fine-grained model directly with experi-

mental data. In particular, we suggest performing both short timescale imaging to

enable tracking of mRNA complexes in three dimensions for microscopic summary

statistics. This is nonetheless challenging since z slices must be imaged sequen-

tially, and mRNA complexes move between imaging different slices. In addition,

we recommend also performing injection or photo-activation experiments, such as

with Dendra [227, 228], to study macroscopic behaviour of a population of mRNA
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complexes on a timescale of minutes.

(a) (b) (c)

5 µm 5 µm 5 µm

Figure 3.19. Photo-activation of grk* MCP-Dendra can be used to study spatial
distributions of mRNA complexes over time. Switching of Dendra in a stage 9
oocyte is illustrated. In (a), the distribution of gurken mRNA complexes is shown
in the green channel prior to photo-activation. The activation of Dendra in a
region of interest is displayed in (b). Activation occurs via excitation through the
green channel. In (c), the oocyte is shown in two channels with red showing the
photo-activated mRNA complexes, and green showing complexes that have not
been activated. These data can then be used to study spatial distributions of
mRNA complexes over time. As discussed in Section 3.8, technical details make
collection and analysis of such data challenging.

However, although photo-activation experiments offer a wealth of possibilities

for studying dynamic behaviour of mRNA regulation in space and time, they can be

challenging to perform. We show typical data from a photo-activation experiment

in the oocyte of a stage 9 egg chamber in Figure 3.19. Photo-activation involves

using an intense irradiation at a specific wavelength to change the fluorescent state

of a fluorescent protein [228]. The key issue is one of the signal to noise ratio

compared to the signal to background ratio. Ideally, switching a subpopulation of

tagged transcripts would allow that population to be studied easily. However this

requires high signal to background ratio from a precisely defined point in time and

space. The activation can be initiated in a local region of interest within the egg

chamber, but the intense irradiation will not be entirely limited to this region of

interest, meaning that some switching will also occur in other spatial regions. Since

the switching is not instantaneous, some complexes will move in and out of the
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switching region while the activation is taking place. In the oocyte with a higher

concentration of complexes, it can be easier to define the switching region [229] but

these experiments seem to be currently prohibitive in the nurse cells. Tracking of

individual complexes for extended periods has only recently become possible in the

nurse cells [224] using the MS2 system with enhanced GFP, which is brighter than

Dendra2.

After the photo-activation, we would aim to observe activated and non-activated

populations of complexes to study their dynamics. However, the Dendra protein is

easily switched by further imaging, thus obscuring the dynamics of the activated

mRNA complexes. Rapid bleaching of the sample is another obstacle to overcome.

Currently, these issues are prohibitive to quantitative analysis of photo-activation

data for the purposes of extracting spatial distributions of mRNA complexes for

parameter estimation. We discuss this further in Section 7.2.2.

The fine-grained model motivates further investigation in three areas: experi-

mental design within the VJP modelling framework used for the fine-grained model,

the ABC inference framework for fitting the model to data, and a coarse-grained

model to interrogate hypotheses about the regulation of mRNA localization on dif-

ferent scales.
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Chapter 4

The impact of temporal sampling

resolution on parameter inference

for biological transport models
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Imaging data has become an essential tool to explore key biological questions

at various scales, for example the motile behaviour of bacteria or the transport

of mRNA, and it has the potential to transform our understanding of important

transport mechanisms. Often these imaging studies require us to compare biologi-

cal species or mutants, and to do this we need to quantitatively characterize their

behaviour. Mathematical models offer a quantitative description of a system that

enables us to perform this comparison, but to relate mechanistic mathematical mod-

els to imaging data, we need to estimate their parameters. In this chapter, we study

how collecting data at different temporal resolutions impacts our ability to infer

parameters of biological transport models; performing exact inference for simple ve-

locity jump process models in a Bayesian framework. The question of how best to

choose the frequency with which data is collected is prominent in a host of stud-

ies because the majority of imaging technologies place constraints on the frequency

with which images can be taken, and the discrete nature of observations can in-

troduce errors into parameter estimates. In this chapter, we mitigate such errors

by formulating the velocity jump process model within a hidden states framework.

This allows us to obtain estimates of the reorientation rate and noise amplitude for

noisy observations of a simple velocity jump process. We demonstrate the sensitivity

of these estimates to temporal variations in the sampling resolution and extent of

measurement noise. We use our methodology to provide experimental guidelines for

researchers aiming to characterize motile behaviour that can be described by a veloc-

ity jump process. In particular, we consider how experimental constraints resulting

in a trade-off between temporal sampling resolution and observation noise may affect

parameter estimates. Finally, we demonstrate the robustness of our methodology to

model misspecification, and then apply our inference framework to a dataset that

was generated with the aim of understanding the localization of RNA-protein com-

plexes. The research contained in this chapter has been published in the journal

PLoS Computational Biology as Harrison and Baker [1].
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4.1 Introduction

Biological transport processes occur on a wide range of spatial and temporal scales,

and a common mechanism for transport involves two phases: fast active transport,

and a quasi-stationary reorientation phase. This pattern of movements has been

observed at a range of scales from the intracellular transport of cellular components

such as mRNA particles moving on a microtubule network [44], to the run-and-

tumble motion of bacteria such as Escherichia coli [220, 230, 231], and the flights

of birds between nesting sites [222]. To capture appropriately these two phases of

motion, a class of models known as VJP models [220–222, 232, 233] (also known as

correlated random walks [234–238] or Levy Walks [239–242]) have been developed.

The VJP model framework was utilized for the fine-grained stochastic model of

Chapter 3 and will be explored in further detail here.

Estimating the parameters of these models can give us mechanistic information

relating to the underlying biological process, such as the rate of reorientation. Being

able to obtain accurate estimates, with appropriate uncertainty, for these parame-

ters allows us to compare different biological species or mutants, and gain an un-

derstanding of the underlying mechanistic behaviour. Importantly, parameterizing

models and quantifying the uncertainty in parameter estimates, as can be achieved

via Bayesian inference, enables us to use models to make quantitive predictions of

behaviour in new conditions with quantifiable uncertainty. By performing experi-

ments to test model predictions, we can evaluate the areas in which a given model

fails to describe experimental data, and so iteratively refine our understanding of a

given system or phenomenon.

In this work, we consider the effects that experimental design can have on the

information we can obtain from a data set, in terms of using that data to estimate

parameters of a mechanistic model. In particular, for time series data describing

a biological transport process, we vary the time between successive measurements.

We demonstrate a framework for estimating the parameters of a VJP model for
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data of this form in the presence of noise, and examine how the posterior estimates

of the model parameters change for more coarsely sampled and noisier datasets.

Our framework formulates the VJP model as a process with hidden states, as in a

hidden Markov model (HMM), which allows us to use pMCMC methods to perform

exact Bayesian inference. We use our framework to suggest sensible experimental

design choices in the context of microscopy studies, where there may be a trade-off

between how frequently it is possible to image, and the noise resulting from more

or less frequent observations of the process. We present a comparison between the

pMCMC framework described in this work and ABC for parameter inference in

this context. We demonstrate robustness to model misspecification in a situation

where we attempt inference on synthetic data generated with a different model

to the assumed model. Finally, we apply our method to an imaging dataset of

tracks of RNA-protein complexes allowing us to estimate motility parameters for a

mechanistic model.

4.1.1 Velocity jump process models

VJP models have been developed to describe biological transport processes where

there is persistent or biased random motion [220, 222, 243]. Correlated, persistent

motion is observed experimentally in a variety of contexts [244, 245]. VJP models

are most appropriate for motion consisting of multiple phases, such as a fast directed

phase and a stationary or reorientation phase, and these models describe how an

object moves in one direction before reorienting and moving in a new direction. This

type of “run and reorientate” motion is exhibited, for example, by Escherichia coli

[230, 231], fibroblasts [245], and RNA-protein complexes [44].

We present here a mathematical description of a VJP model. Suppose we have a

running time distribution, with probability density function (pdf) fτ , and a waiting

time distribution, with pdf fµ. Random variables drawn from these distributions

dictate the lengths of time spent in the fast active transport, or running, phase of
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the VJP and the reorientation phase, respectively. After the reorientation phase, a

velocity for the new run is chosen according to a transition kernel, fv. This transition

kernel could incorporate a distribution of speeds as well as directions, or could rely

on a fixed speed and specify only the directionality of the run. In the fixed speed

case,

fv(v) = δ(|v| − c)fΦ(φ), (4.1)

where δ is the Dirac delta function, fΦ is a reorientation kernel describing the angle

change, and c is the constant running speed. For biological processes with a dis-

tinct separation of timescales between the running and reorientation phases, it is

often possible to assume that reorientations between successive runs occur instan-

taneously and therefore neglect the reorientation phase in a model of the process

[220, 222]. Repeated simulation from this model can be used to generate trajectories

of individual particles (see Figure 4.1, for example).
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Figure 4.1. Four example VJP trajectories, simulated with a uniform
reorientation kernel, running speed c = 50µms−1, exponential running time
distribution, fτ (t) = λe−λt, with reorientation frequency λ = 0.2 s−1 and no waiting
time between runs, for a duration of Tfinal = 64 s. These trajectories start from the
origin, and are orientated initially parallel to the positive x-axis.
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In the simplest case, where we assume that the running time distribution is

memoryless, that is, exponentially distributed, with fτ (t) = λ exp(−λt), the long

time behaviour of the mean squared displacement scales linearly with time, t [220].

Further moments of the motion of individuals displaying such VJP behaviour have

been characterized by making certain closure assumptions [221]. For the case of a

more general running time distribution, with finite mean and variance, in the large

time limit the probability of the particle being at position x at time t follows a

diffusion equation [222].

In practice, VJP models are often parameterized by obtaining measurements

of the effective diffusion coefficient or the mean squared displacement, and using

these data to estimate the parameters of a specific running distribution [220, 222].

Rosser et al. [231] parameterized a HMM via maximum likelihood estimation, whilst

Nicosia et al. [246] fitted a hidden state random walk model to animal movement

data using an expectation-maximization algorithm. These frequentist approaches

can provide useful point estimates of the VJP parameters, and quantify the error in

these estimates. However, Bayesian approaches can propagate uncertainty from both

process noise and measurement noise, which can be crucial when dealing with noisy

biological data (see Figure 4.1). In addition, they provide the added benefit that

we can interpret the results of a Bayesian analysis as probabilistic statements about

the model parameters. This quantification of uncertainty enables the generation

of predictions of further biological behaviour using the model. In addition, we can

consider the effects of noisy data measurements upon the accuracy of the inferred

parameter distributions, something which has previously been difficult to deal with

in practice, or has been neglected.

For simplicity, in this work we will assume that there is a separation of timescales

between the lengths of the running and reorientation phases, such that reorientations

can be considered instantaneous. We will restrict ourselves to considering a two

dimensional (2D) model. For some of the relevant biological processes for VJP
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models, such as bacterial motility, experiments are conducted in an environment

that can be well approximated by a 2D plane [231]. The arguments presented in

this chapter could be extended to a further spatial dimension for a relevant biological

application.

In addition, we assume that the running time distribution, fτ , is exponentially

distributed, that particles run at a fixed speed, c, and the reorientation kernel

is a uniform distribution on [−π, π). That is fτ (t) = λ exp(−λt) and fΦ(φ) =

1/2π 1[−π,π)(φ). We follow the trajectory of a single, motile individual, and take,

as experimental measurements, the change in angle between successive observed

positions (calculated relative to the previous observed position, see Figure 4.2),sub-

ject to measurement noise drawn from a wrapped Normal distribution, N (0, σ2),

where σ is the magnitude of the noise. Our Bayesian inference approach will target

estimation of the reorientation rate, λ, and the magnitude of the noise, σ.

4.1.2 Inference for velocity jump process models via particle

MCMC

Inference for partially observed Markov processes can be performed using particle

Markov Chain Monte Carlo (pMCMC), as developed by Andrieu and Roberts [247]

and Andrieu et al. [122]. pMCMC, as described in Section 2.2.7, provides a Bayesian

framework for parameter estimation by allowing samples to be drawn from the pos-

terior distribution of the model parameters, given observed data, without needing

to evaluate the likelihood function directly. For partially observed Markov process

models, the model structure makes directly evaluating the likelihood difficult or

expensive. (We note that VJP models can be viewed in this form by introducing

hidden states, as explained in Section 4.2.) Instead of evaluating the likelihood

directly, we can use (unbiased) estimates of the likelihood within an MCMC algo-

rithm. Estimating the likelihood of the observed data given certain parameters can

be achieved with a particle filter [79] for a fixed, finite, number of particles. The
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results of Andrieu et al. [122] demonstrate that, even when a finite number of parti-

cles are used in the filter to estimate the likelihood, the MCMC algorithm will still

target the correct posterior distribution. However, pMCMC methods for parameter

inference have not previously been applied to spatial agent-based models, such as

the VJP model considered here. The details of the pMCMC algorithm used in this

work are given in Section 4.2.

4.2 Methods

We will demonstrate how to exploit pMCMC methods to obtain posterior parameter

estimates for the VJP outlined in Section 4.1 by formulating the model within an

appropriate framework that incorporates hidden states. This formulation addition-

ally allows us to incorporate a model for measurement noise in our observations, as

well as explicitly accounting for the temporal discretization of the data. The hidden

states (also known as latent variables) in our model will describe whether or not a

reorientation event occurred between observations of the VJP. This is not a vari-

able that we can observe directly, since we only measure the observed angle change.

For example, in Figure 4.2 there was a reorientation event between observations at

t = k∆t and t = (k + 1)∆t, and an observed angle change of θ1. On the other

hand, there was no reorientation event between observations at t = (k + 1)∆t and

t = (k + 2)∆t but still a non-zero observed angle change of θ2. Note that the true

reorientation angle for the reorientation event that takes place between observations

at t = k∆t and t = (k + 1)∆t is φ.

We assume that we observe the system at times {k∆t : k ∈ {0, 1, . . . , T}},

up until a final time Tfinal = T∆t, by measuring the position of the individual of

interest and recording the observed angle change. We define the hidden variable,
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Figure 4.2. The motile individual is observed at discrete times t = k∆t for
k ∈ {0, 1, . . . , T} (marked by crosses). In each time interval between observations,
we measure the angle change between the observed direction of travel between
successive observations. We assign a hidden state to each time interval according
to whether a reorientation event occurred in that time interval or not. In this
example, which excludes measurement noise, there is a reorientation, through
angle φ, between observations at times t = k∆t and t = (k + 1)∆t; however, the
measured angle change between these observations is θ1. Conversely, there is no
reorientation event between observations at t = (k + 1)∆t and t = (k + 2)∆t and
an observed angle change of θ2.

Xk, as follows:

Xk =


1, if a reorientation event occurred during [k∆t, (k + 1)∆t),

0, otherwise.

(4.2)

The observed state is the observed angle change, θk, defined as the difference between

the observed direction of travel during [(k− 1)∆t, k∆t) and [k∆t, (k+ 1)∆t), k ≥ 1,

as illustrated in Figure 4.2. For example, if we directly observe as data the positions

{(xk, yk) : k ∈ {0, 1, . . . , T}}, then we can calculate the observed angle change as

{
θk = arctan

(
yk+1 − yk
xk+1 − xk

)
: k ∈ {0, 1, . . . , T − 1}

}
.
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We illustrate the sequence of hidden and observed states in Figure 4.3, with de-

pendence between these states given by the transition and emission probabilities,

denoted βi and pij, respectively. The hidden variable, Xk, evolves according to the

VJP model. Here, since we have an exponential distribution for the running time,

P (reorientation event in [(k − 1)∆t, k∆t)) = 1− exp (−λ∆t).

Figure 4.3. Hidden and observed states in a partially observed Markov process
model. We observe an angle change, θk, which is dependent on a hidden state Xk

defined in Equation (4.2). This dependency is shown by the arrows between states.
Here, we require dependencies on the previous hidden state, Xk−1, since
observation times will not coincide with reorientation events in general.
Additionally, we introduce an extra layer of state dependencies to capture the
measurement noise in this noisy biological system. We suppose that θk is the true
observed angle change and our noisy observed version of this is zk, with
dependencies shown by the arrows.

We assume that reorientation events are rare relative to the sampling rate such

that λ∆t � 1. This assumption allows us to neglect multiple reorientations in

a single time interval, enabling us to greatly simplify the problem, so that it is

tractable via the binary hidden variables Xk. We highlight that the model structure

as shown in Figure 4.3 is an approximation. In reality, observed data will not be
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a function of only the current and previous hidden states, Xk and Xk−1, but may

depend on other previous states also. The assumption that λ∆t � 1 enables us to

neglect dependence on earlier states.

4.2.1 Model without measurement noise

We initially make progress by simplifying the problem and its exposition via the

assumption of zero measurement error. To relate the unobserved hidden state to the

observed angle change, which we can measure, we derive probability distributions for

the angle change given the hidden state. Note that there is additional dependence

not only on the current hidden state, but also on the previous hidden states, as

shown in Figure 4.3. We can obtain expressions for the emission probabilities by

considering the path that is taken under different sequences of hidden states (Figure

4.4); we will outline simplifying assumptions as they are made.

Suppose we observe the system at times (k − 1)∆t, k∆t, and (k + 1)∆t for

some k, as shown in Figure 4.4. The sequence of hidden states i, j, corresponds to

whether there were reorientation events in the time intervals [(k − 1)∆t, k∆t) and

[k∆t, (k+1)∆t), respectively. Let pij(θ) be the pdf of observing a reorientation angle

of θ given the sequence of hidden states i, j. We assume angle change θ was observed

over the time interval [k∆t, (k + 1)∆t) corresponding to the hidden state j. In the

case where no reorientation occurs in either of the time intervals (corresponding to

the situation in Figure 4.4a)), then, assuming no noise, we would observe zero angle

change. That is, we have p00(θ) = δ(θ). If a reorientation occurs in the time interval

[k∆t, (k+ 1)∆t), but not in the preceding time interval, [(k− 1)∆t, k∆t), (as shown

in Figure 4.4b)), then the observed reorientation angle is θ1, as labelled in Figure

4.4b). This gives p01(θ) := pΘ1(θ). The marginal distribution of Θ1 is derived in

Section 4.2.3, and depends on the running time distribution and the reorientation

kernel.

If, immediately after a reorientation, we have no reorientation in the following
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Figure 4.4. Example paths for each pattern of hidden states. The particle of
interest moves from left to right, and is observed at times (k − 1)∆t, k∆t, and
(k + 1)∆t. In a), there are no reorientation events, so the particle continues along
a straight trajectory. In b), there is a single reorientation in the time interval
[k∆t, (k + 1)∆t), where the particle turns through an angle φ, but the observed
angle change is θ1 due to the discrete nature of the observations. In c), there is a
single reorientation in the time interval [(k − 1)∆t, k∆t). The particle turns
through an angle φ and continues on its new trajectory. We observe an angle
change θ1 for the time interval [(k− 1)∆t, k∆t), and observe an angle change θ2 for
the next time interval [k∆t, (k + 1)∆t) even though there was no reorientation
during this time interval. Similarly, in d), there was a reorientation of true angle
change φ during [(k − 1)∆t, k∆t) followed by another reorientation of true angle
change φ′ in the time interval [k∆t, (k + 1)∆t). In this case, we observe angle
change θ1 for the time interval [(k − 1)∆t, k∆t), and observe an angle change of
θ2 + θ′1 for the time interval [k∆t, (k + 1)∆t).

time interval, then we may still observe a nonzero angle change since our discrete

observation times do not in general coincide with the reorientation events. In this

case, we have a reorientation event during [(k − 1)∆t, k∆t), and no reorientation

during [k∆t, (k+1)∆t). Such a situation with a pattern of hidden states 1, 0 is shown

in Figure 4.4c), and the observed angle change during the time interval [k∆t, (k +

1)∆t) corresponds to θ2 in the diagram. We note that, by geometric arguments, we
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have

θ1 + θ2 = φ, (4.3)

where φ is the true angle change. Therefore, given a pattern of hidden states 1, 0

the angles θ1 and θ2 are not independent, and we have p10(θ1, θ2) = pΘ2|Θ1=θ1(θ2).

Note that throughout we will assume that we can observe the previous angle change

directly, which is equivalent to assuming that the pattern of hidden states is in fact

0, 1, 0.

The remaining cases involve reorientation events in successive time intervals.

Suppose we have the case where we have two successive reorientation events, giving

a pattern of hidden states 1, 1, which is shown graphically in Figure 4.4d). This

case is similar to the case with hidden states 1, 0 (see Figure 4.4c)), in that we

observe a contribution to the reorientation angle, θ2, from the correction for the

previous reorientation event, and also a contribution from the new reorientation

event, θ′1. As can be seen in Figure 4.4d), these contributions sum to give an

observed angle change for the time interval [k∆t, (k + 1)∆t) of θ = θ2 + θ′1. The

probability density for sums of random variables can be expressed as a convolution

[248]. Hence, p11(θ1, θ) = (pΘ1 ∗ pΘ2|Θ1=θ1)(θ), where ∗ is the convolution operator.

Any further cases involve multiple reorientation events within a single time interval

which occurs rarely, with probability on the order of O((λ∆t)2). We can safely

neglect these provided λ∆t� 1.

To summarize therefore, the emission probabilities (that is the probability of

observing a certain angle change given the sequence of hidden states) in the case
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without noise can be given as follows:

p00(θ) = δ(θ); (4.4)

p01(θ) = pΘ1(θ); (4.5)

p10(θ) = pΘ2|Θ1(θ); (4.6)

p11(θ) = (pΘ2|Θ1 ∗ pΘ′)(θ). (4.7)

4.2.2 Model with measurement noise

To account for noise, we introduce another layer of states in our diagram of state

dependencies, as shown in Figure 4.3. Let zk be the noisy observed angle change at

time k∆t, which is a noisy observation of θk, such that for a noise model K we have

zk ∼ K(·, θk). Alternatively, we can write the noisy observed angle as

zk = θk + εk, (4.8)

where εk ∼ K(·, 0). Under the assumption of a wrapped normal noise model, εk ∼

N (0, σ2), where σ is the magnitude of the measurement noise. Since Equation (4.8)

represents zk as a sum of random variables, it becomes clear that we can obtain the

noisy emission probabilities, qij, corresponding to a pattern of hidden states i, j via

the following convolution:

qij(θ) = (pij ∗K)(θ) (4.9)

=

∫
Θ

pij(θ − x)K(x, 0) dx. (4.10)

To extend our previous results to the noisy case, we therefore need to compute these

convolutions, a task that must be carried out numerically.
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4.2.3 Derivation of emission probabilities

In previous work [249], marginal distributions for the observed angle change, Θ1,

were obtained and we summarize the arguments here. Figure 4.5 shows the true

angle change, Φ, and the observed angle change, Θ1, based on discrete time obser-

vations of the VJP for the case of hidden states 0, 1.

Figure 4.5. True and observed angle changes (Φ and Θ1, respectively) based on
discrete time observations of a VJP without measurement error. Cartesian
co-ordinates X and Y are shown in addition to polar co-ordinates R and Θ1. The
particle is moving along the trajectory from left to right as shown by the arrows.

By changing co-ordinates from the displacement, L, (which is given by the run-

ning time distribution fτ ) and true angle change, Φ, to Cartesian co-ordinates X

and Y , and then to polar co-ordinates, R and Θ1, we can obtain a joint distribution

for R and Θ1 of

fR,Θ1(r, θ1) =


r

c∆t(c∆t− r cos θ1)
fΦ

(
arccos

[
r2 sin2 θ1−(c∆t−r cos θ1)2

r2 sin2 θ1+(c∆t−r cos θ1)2

])
, if (r, θ1) ∈ C,

0, otherwise,

(4.11)

where C = {r ≤ c∆t, θ ∈ [−π, π)} is the set of permissible values for r and θ, ∆t is
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the discretization in time and c is the running speed. Integrating fR,Θ1(r, θ1) over r

allows us to obtain the marginal distribution for θ1 via

fΘ1(θ1) =

∫ ∞
0

fR,Θ1(r, θ1) dr. (4.12)

In the case where we assume a uniform reorientation kernel, fΦ(φ) = 1/2π 1[−π,π)(φ),

then this integral becomes

fΘ1(θ1) =

∫ c∆t

0

r

2πc∆t(c∆t− r cos θ1)
dr (4.13)

=
−1

2πc∆t cos(θ1)

∫ c∆t

0

(
1 +

c∆t
cos θ1

r − c∆t
cos θ1

)
dr (4.14)

=
−1

2πc∆t cos(θ1)

[
r +

c∆t

cos θ1

log

∣∣∣∣r − c∆t

cos θ1

∣∣∣∣]c∆t
0

(4.15)

=
−1

2π cos2 θ1

(cos θ1 + log(1− cos θ1)) . (4.16)

We note that the marginal distribution for θ1 does not depend on the speed, c, or the

time discretization, ∆t. This is intuitive because fΘ1 is the pdf of a certain observed

angle change, θ1, given there was a reorientation in that interval, irrespective of the

length of that interval.

Derivation of the joint distribution of Θ1 and Θ2

By considering the displacement in the X and Y directions during a time step, we

have

r cos(θ1) = l + (c∆t− l) cos(φ), (4.17)

r sin(θ1) = (c∆t− l) sin(φ). (4.18)
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Dividing these expressions, we can relate θ1 to l and φ by

tan(θ1) =
(c∆t− l) sin(φ)

l + (c∆t− l) cos(φ)
, (4.19)

and rearranging for l, we have

l =
c∆t(tanφ− tan θ1)

tanφ+ tan θ1(secφ− 1)
. (4.20)

Differentiating with respect to θ1, we obtain

∂l

∂θ1

=
−c∆t sec2 θ1

tanφ+ tan θ1(secφ− 1)
− c∆t(tanφ− tan θ1) sec2 θ1(secφ− 1)

(tanφ+ tan θ1(secφ− 1))2
, (4.21)

which can be simplified to give

∂l

∂θ1

=
−c∆t sinφ

(sinφ cos θ1 + sin θ1(1− cosφ))2
. (4.22)

To transform from coordinates (L,Φ) to coordinates (Θ1,Φ), we can use the Jacobian

JL,Φ, where

det JL,Φ =
∂l

∂θ1

=
−c∆t sinφ

(sinφ cos θ1 + sin θ1(1− cosφ))2
. (4.23)

Therefore the joint distribution of θ1 and φ is

fΘ1,Φ(θ1, φ) =


|c∆t sinφ|

(sinφ cos θ1 + sin θ1(1− cosφ))2
.fφ(φ).

1

c∆t
, if θ1, φ ∈ C,

0, otherwise,

(4.24)

where C = {(θ1, φ) : φ ∈ [−π, π), θ1 ∈ (min(0, φ),max(0, φ))}. Under the as-

sumption that φ is uniform on [−π, π), as described in the Section 4.1.1, such that

105



fΦ(φ) = 1/2π 1[−π,π)(φ), we have

fΘ1,Φ(θ1, φ) =


| sinφ|

2π(sinφ cos θ1 + sin θ1(1− cosφ))2
, if θ1, φ ∈ C,

0, otherwise.

(4.25)

Changing variables again to (θ1, θ2), via φ = θ1 + θ2, we have

fΘ1,Θ2(θ1, θ2) =


| sin(θ1 + θ2)|

2π(sin(θ1 + θ2) cos θ1 + sin θ1(1− cos(θ1 + θ2)))2
, if θ1, θ2 ∈ C,

0, otherwise,

(4.26)

where C = {(θ1, θ2) : θ1 + θ2 ∈ [−π, π)}. From this joint distribution, we can then

find the conditional distribution of θ2 given θ1, which is required to give p10(θ) =

fΘ1,Θ2(θ1, θ)/fΘ1(θ1).

4.2.4 Comparison of expression for emission probabilities

with simulations

To verify our emission probabilities calculated in the Section 4.2.3, we can compare

the distributions of observed angle changes from simulations with those predicted

theoretically. We simulate from the VJP model for a known pattern of hidden states

and assume no measurement noise is present. Performing these checks for hidden

states of the form 0, 1, we obtain results as shown in Figure 4.6a); there is excellent

agreement between simulation and theory which verifies our theoretical results. For

hidden states of the form 1, 0, we must condition on the value of the previous

angle change. We demonstrate agreement between the theory and simulations, for

different values of the previous angle change, in Figure 4.6b). Similarly, we show

corresponding results for hidden states of the form 1, 1 in Figure 4.6c).

Figure 4.6 shows a comparison between simulated results and theoretical predic-
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Figure 4.6. Comparison between simulated results and theoretical predictions of
the observed angle change for hidden states of the form 0, 1 in a), 1, 0 in b), and
1, 1 in c). The simulated results are shown by the histogram and the theoretical
prediction for the observed angle change distribution is shown as the red dashed
line. For both b) and c), we have conditioned on an observed angle change in the
previous time interval of 0.1 rad, and for c) we also conditioned on an observed
angle change prior to that of −1.0 rad. To generate these results, we used N = 107

simulated trajectories with running speed c = 50µms−1, uniform reorientation
kernel, reorientation rate λ = 0.2 s−1 and time discretization ∆t = 1 s.
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tions of the observed angle change for hidden states of the form 0, 1 in a), 1, 0 in b),

and 1, 1 in c). The simulated results are shown by the histogram and the theoretical

prediction for the observed angle change distribution is shown as the red dashed

line. For both b) and c), we have conditioned on an observed angle change in the

previous time interval of 0.1 rad, and for c) we also conditioned on an observed angle

change prior to that of −1.0 rad. To generate these results, we used N = 107 sim-

ulated trajectories with running speed c = 50µms−1, uniform reorientation kernel,

reorientation rate λ = 0.2 s−1 and time discretization ∆t = 1 s.

4.2.5 Particle MCMC algorithm

The pMCMC algorithm used in this work is given in Algorithm 4 for an observed

dataset y = {yk | k = 1, 2, . . . , T} (see Section 2.2.7 for further detail). We use a

Metropolis-Hastings MCMC algorithm [59], in which we need to evaluate the like-

lihood, p(y|θ), in calculating the acceptance probability for the proposed move.

We replace the likelihood with an unbiased estimate of the likelihood, p̂(y|θ), ob-

tained from a particle filter. Details of the bootstrap particle filter algorithm [79]

used within the pMCMC algorithm are given in Algorithm 1 (see Section 2.1.5 for

further detail).

4.2.6 Implementation of MCMC methods

We use a Metropolis-Hastings algorithm to run the MCMC algorithm with a boot-

strap particle filter [79] using 400 particles to provide an estimate of the likelihood.

As a proposal distribution, we use the kernel K(., θ) ∼ N (θ,Σ), where

Σ =

0.5 0

0 0.05

 .
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We run the Markov chain for N = 50, 000 steps with thinning of m = 2 which gives

a minimum effective sample size of neff = 743 for the slowest chain to converge,

corresponding to the smallest value of ∆t. We demonstrate the convergence of our

Markov chains by showing traceplots and autocorrelation functions in Figure 4.7,

for data generated with parameters λ = 0.2 s−1,∆t = 0.25 s, σ = 0.04 rad, as for the

first posterior shown in Figure 4.10a). Similar results are seen in sampling for other

posterior distributions shown.

Iteration

0 10000 20000 30000 40000 50000

−
1
.4

0
−

1
.3

5
−

1
.3

0
−

1
.2

5

0 10 20 30 40

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

Lag

A
C

F

Iteration

0 10000 20000 30000 40000 50000

−
1
.4

−
1
.2

−
1
.0

−
0
.8

0 10 20 30 40

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

Lag

A
C

F

Figure 4.7. Traceplots and autocorrelation functions for MCMC chains to analyse
convergence are shown for data generated with parameters λ = 0.2 s−1,∆t = 0.25 s,
σ = 0.04 rad, as for the first posterior shown in Figure 4.10a). Similar results are
seen in sampling for other posterior distributions shown.
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We choose the number of particles in the filter by considering the variance in

estimating the log likelihood using the particle filter at the true values of the param-

eters used to generate the synthetic data, and balancing this with the time needed

to run the particle filter to obtain a single estimate. The number of particles used in

the particle filter decreases the variance of estimates of the log-likelihood; however, a

higher computational cost is required to use more particles, as shown in Figure 4.8.

In a), we show how the distribution of the log-likelihood estimates varies (provided

the filter does not become degenerate) as we change the number of particles. We use

1000 runs of the particle filter with the specified number of particles and estimate

the log-likelihood at the true value of the parameters (λ = 0.2 s and σ = 0.08 rad)

used to generate a synthetic dataset. In b), we illustrate the variance in the (non-

degenerate) log-likelihood estimates, and the mean time to obtain a single estimate.

A moderate increase in the compute time to run the particle filter offers substan-

tial decrease in the variance of the log-likelihood estimates. To strike a reasonable

balance, we use 400 particles to generate the results presented in this work.

To further tune the number of particles for optimal efficiency of the pMCMC

algorithm, the recommendations in Sherlock et al. [250] and Pitt et al. [251] could

be employed. The prior used in this work is uniform on the log of the parameters

over the intervals [−1.70, 1.30] and [−5, 1] for λ and σ, respectively.

4.2.7 Approximate Bayesian computation

An alternative method commonly used for parameter estimation for models with

intractable likelihoods is approximate Bayesian computation, or ABC [14, 15], as

explained in detail in Section 2.2.1. The ABC method used in this chapter is the

ABC rejection sampling algorithm given in Algorithm 2, and will show a comparison

between application of pMCMC and ABC for parameter estimation of a VJP model

based on time series data.

In practice, the choice of summary statistics can have a strong effect on the ef-
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Figure 4.8. The number of particles used in the particle filter affects the variance
of estimates of the log-likelihood. However, a higher computational cost is required
to use more particles. In a), we show how the distribution of the log-likelihood
estimates varies (provided the filter does not become degenerate) as we change the
number of particles. We use 1000 runs of the particle filter with the specified
number of particles and estimate the log-likelihood at the true value of the
parameters (λ = 0.2 s and σ = 0.08 rad) used to generate a synthetic dataset. In
b), we illustrate the variance in the (nondegenerate) log-likelihood estimates, and
the mean time to obtain a single estimate. A moderate increase in the compute
time to run the particle filter offers substantial decrease in the variance of the
log-likelihood estimates. To strike a reasonable balance, we use 400 particles to
generate the results presented in this work.

ficiency of the ABC algorithm. Here, we perform ABC with three different choices

of summary statistic. First, we consider using the full data, a vector of the noisy

observed angle changes, zi, i = 1, . . . , T . Second, we use a simple threshold-based

summary statistic which produces a count of the number of observed angle changes

with magnitude above a certain threshold, h. That is s(z) =
∑T

i=1 1|zi|>h. This

provides an intuitive one-dimensional summary statistic. Finally, we use a tran-

sition matrix as a summary statistic of the data, an approach described by Jones

et al. [238]. A transition matrix allows us to summarize time series data via a two-

dimensional binning of the observed angle changes, based on the current observed
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angle change and the previous observed angle change. We bin the observed angle

change time series data into an n by n matrix, where n = 5. This summary statistic

provides a much lower dimensional summary of the data for small values of ∆t,

although for large values of ∆t we may end up with higher dimensional (sparse)

data compared to the full time series data, as in this case there will be fewer than

n2 observations. The distance function, d(s(x), s(y)), used also plays a role in the

parameter estimation possible via ABC, and has been investigated in other work

[2, 111, 238, 252].

In using Algorithm 2, we generate N = 1, 000, 000 synthetic datasets based on

parameters sampled from the prior, calculate the Euclidean distance between these

synthetic datasets and our observed data, and select the parameters corresponding to

the 0.1% of the datasets closest to the observed data. As for the pMCMC approach,

we take a duration of time series Tfinal = 64 s, and a prior uniform on the log of the

parameters on the intervals [−1.70, 1.30] and [−5, 1] for λ and σ, respectively.

4.3 Results

We are able to investigate the effects of experimental design such as the discretiza-

tion, ∆t, of a time series on the estimated biophysical parameters, using the frame-

work for inferring the parameters of a VJP described in the Section 4.2. We demon-

strate the effects of restrictions imposed by experimental constraints on a trade-off

between discretization in time versus measurement noise. Our results can be used

to provide guidance for experimental design choices. As we vary experimental de-

sign hyperparameters, such as ∆t, we will produce a separate posterior distribution

for each of the model parameters, λ and σ, for each value of the hyperparameter.

This approach allows us to illustrate directly the effects of the experimental design

hyperparameter on the inferred posterior distributions.
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4.3.1 Increasing ∆t results in an abrupt breakdown in the

posterior

We first assume that the magnitude of the noise on the observed angle, σ, is fixed.

We vary the sampling frequency used to collect the data (corresponding to using

different values of ∆t). We generate observed (in silico) data by simulating one

single trajectory directly from the VJP model. We discretize this trajectory to

generate observed angle changes with a temporal resolution of ∆t, and add inde-

pendent Gaussian noise with zero mean and variance σ2 to these observations, to

represent measurement noise. Using datasets generated from the same simulated

path discretized at different temporal resolutions, ∆t, as shown in Figure 4.9, we

infer the posterior distribution for the reorientation rate, λ, of the VJP model and

the magnitude of the measurement noise, σ, via pMCMC.

The results of using pMCMC to infer model parameters are shown in Figure 4.10

for ∆t = 1/8, 1/4, 1/2, 1, 2, 4, 8 seconds, with noise of unknown magnitude σ, where

σ = 0.04 rad. The estimated posterior distributions are very similar for small ∆t,

but we observe an abrupt breakdown in the quality of the posterior distributions

obtained as ∆t is increased. This breakdown in posterior quality arises for values of

∆t ≥ 2 s, as multiple reorientation events in a time interval start to become more

common (see also Figure 4.11). Provided that ∆t and λ are such that the probability

of multiple reorientations in a time interval is small, we obtain accurate estimates

of the joint posterior distribution for the model parameters.

4.3.2 Increasing σ increases the variance of the posterior for

λ

To investigate sensitivity of the posterior to measurement noise, we now fix the

discretization, ∆t, and vary the measurement noise amplitude, σ, used to create

each dataset. Applying the same analysis as in the previous subsection, for a fixed
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Figure 4.9. The data used in the pMCMC inference discretized at differing
resolutions. The true trajectory is shown without discretization in a). The same
path is shown in b) with circle markers to show the observed positions with
∆t = 4 s and filled triangular markers to show observed positions with ∆t = 8 s.
The corresponding observed angle changes are shown in c) for different values of
∆t. Observations corresponding to multiple reorientations in a single time interval
are highlighted in red. Parameters used in generating these data were a
reorientation rate of λ = 0.2 s−1, a run speed of c = 50µms−1 and a total duration
of observation of Tfinal = 64 s. A circular uniform distribution was used for the
reorientation kernel. Observations are shown without measurement noise.

value of ∆t = 1 s, we obtain posterior distributions for the reorientation rate, λ, and

measurement noise, σ, as shown in Figure 4.10. We find that increasing the noise

amplitude, σ, increases the variance in the posterior distribution obtained for the

reorientation rate, λ. In addition, we are able to accurately estimate the value of σ

used to generate the datasets.

We note that the presence of noise in the datasets results in a bias towards

smaller estimates of the reorientation rate, λ. This can be explained intuitively by

reasoning that some reorientations leading to very small observed angle changes are
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Figure 4.10. Results of parameter estimation via pMCMC for the reorientation
rate, λ, and measurement noise, σ. Data collected with different values of ∆t and
fixed measurement noise, σ = 0.04 rad, were used in a) and b). Data generated
with a fixed value of ∆t = 1 s and different values of the measurement noise, σ,
were used in c) and d). The marginal posterior distributions for λ are given in a)
and c), while the marginal posterior distributions for σ are shown in b) and d).
The red dashed lines indicate the true values of parameters used in simulation of
the datasets. A reorientation rate of λ = 0.2 s−1 was used throughout.

115



mistaken for noise as σ increases.

4.3.3 Probability of hidden state sequences

The probability of sequences of hidden states varies as ∆t increases with reorienta-

tion rate fixed at λ = 0.2 s−1. For large values of ∆t, the assumptions of the model

start to break down as multiple reorientations appear within a single time interval,

as shown in Figure 4.11.
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Figure 4.11. The probability of sequences of hidden states as ∆t varies with
reorientation rate λ = 0.2 s−1. For large values of ∆t, the assumptions of the model
start to break down as multiple reorientations appear within a single time interval.

4.3.4 More data provides better estimates

Let Tfinal be the total duration of our observations of the system. For a fixed value of

the time discretization, ∆t, varying Tfinal is equivalent to gathering a bigger dataset.

We fix ∆t = 1 s and allow Tfinal to vary so that we can consider the effects of

collecting more data. In practice, collecting more data experimentally may come at

a cost. Quantifying the benefits of collecting more data with an in silico model can
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aid decisions about whether it is worthwhile to collect a larger dataset. Posteriors

for the reorientation rate, λ, are shown in Figure 4.12.
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Figure 4.12. Results of parameter estimation via pMCMC for the reorientation
rate, λ, with ∆t = 1 s and σ = 0 rad, whilst varying Tfinal to give different sized
datasets.

It is clear that larger datasets result in less bias and less variance for estimates

of the reorientation rate, λ. However, we note that running the particle filter within

the pMCMC algorithm becomes much more computationally intensive as the size of

the dataset increases, scaling as O(T ) as the size of the dataset increases.

4.3.5 Experimental constraints

We investigate the implications of these results for experimental design by consid-

ering an imaging experiment to observe the position of a particle of interest (for

example, a bacterium) at regular time points. The behaviour of our system of in-

terest happens over a certain timescale inherent to the biological process, so we fix

the total duration for the imaging experiment, Tfinal, based on this timescale. We

consider how best to choose the time between successive observations, ∆t, given the

restriction of a fixed photon budget. That is, we assume that the biological sample
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can only be exposed to a fixed number of photons before phototoxicity or photo-

bleaching significantly reduce the quality of, or destroy, any further potential data.

We assume that the sample is only exposed to photons during imaging. The results

of Zhao et al. [253] suggest that the signal to noise ratio (SNR) is proportional to

the square root of the time between successive frames, ∆t, giving a relationship of

the form

SNR = κ
√

∆t, (4.27)

where κ is a constant that depends on the imaging set up, but not other experimental

design choices. Assuming that for our model the noise is of magnitude σ, we find

an inverse square relationship between σ and ∆t, such that

σ =
K√
∆t
, (4.28)

for a new constant K which is κ times the average angle change.

To investigate how to choose ∆t given a fixed photon budget, we set a value of

the proportionality constant and vary σ and ∆t according to this relationship. We

take proportionality constants K = 0.08 and K = 0.8 in Figure 4.13. A larger value

of the proportionality constant, K, corresponds to worse imaging conditions, in that

for a fixed value of ∆t, the noise in the images obtained will be greater. Therefore

we expect our inference method to perform worse for a larger value of K. We then

ask the question, for a given value of K, how should we choose ∆t to improve the

parameter estimation process? Our results in Figure 4.13 suggest that the value of

∆t should be taken as small as possible, even if this increases the noise present in

the data.

4.3.6 Comparison to ABC

A common approach for mathematical and computational models where the likeli-

hood is intractable is to apply ABC for parameter inference [14, 15]. Although ABC
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Figure 4.13. Results of parameter estimation via pMCMC for the reorientation
rate, λ, and measurement noise, σ, using data generated with a fixed value of ∆t
and different values of the measurement noise, σ. We have varied both σ and ∆t
with an inverse square root relationship between these, as in Equation(4.28). The
posterior distributions for λ are given in a) and c), while the posterior
distributions for σ are shown in b) and d). The proportionality constant is
K = 0.08 for a) and b), and K = 0.8 for c) and d).

produces samples from an approximate posterior, rather than the exact posterior

distribution, it is intuitively simple to understand and implement. ABC methods

have been applied to parameter estimation for biased, persistent random walk mod-

els very similar to our VJP model [237, 238, 254, 255]. For these methods, the choice
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of which summary statistics to use has notable effects on the approximate poste-

rior distributions obtained via ABC. We consider three different summary statistic

choices: the full time series of observed angle changes, a threshold-based summary

statistic, and a transition matrix summary statistic1.

We compare the quality of resulting posterior distributions obtainable with ABC

to those from pMCMC. Our results, shown in Figure 4.14, indicate that the choice

of summary statistic has a substantial effect on the inferred posterior distribution.

When the dimensionality of the data observed is high, ABC performs poorly at

approximating the posterior for the parameters of our VJP, which we were able

to sample exactly using pMCMC. For the full time series summary statistic, the

dimensionality is high (up to 511 dimensions for ∆t = 0.125 s), meaning that the

approximation we obtain to the posterior is very poor (see Figure 4.14a) and b)).

Since reorientation events are rare, particularly for small ∆t, a greater fraction of

the distance between simulated datasets and observed data is accounted for by the

observation noise. ABC excludes part of the parameter space considered in the

prior, but does poorly at identifying the reorientation rate, λ, since reorientations

are rare events.

The threshold summary statistic is effective at identifying the number of reorien-

tation events and provides a reasonable approximation of the marginal posterior for

λ. However, it offers very little information about the observation noise, σ, except in

relation to the threshold chosen. As a result the approximate marginal posteriors for

σ are poor (see Figure 4.14c) and d)). Another summary statistic more informative

about σ could be used in addition here to improve results.

When using the transition matrix summary statistic, the approximate posteriors

for small ∆t provide better estimates of the true reorientation rate and are much

closer to the true posterior, as shown in Figure 4.14e) and f). The transition matrix

1The transition matrix summary statistic consists of a two-dimensional discretization of the
empirical frequency of observed angle changes, based on the current observed angle change and
the previous observed angle change. Further details are described in Section 4.2.7 and in Jones
et al. [238]
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Figure 4.14. Parameter estimation via ABC rejection sampling for the
reorientation rate, λ, in a), c), and e) and for the measurement noise, σ, in b), d),
and f) using different summary statistics and data collected with noise of
magnitude σ = 0.04 rad, for different values of ∆t. N = 1, 000, 000 datasets were
generated and parameter samples corresponding to the closest 0.1% of the datasets
were retained to give the approximate posterior. As summary statistics, we take
the full time series of observed angle changes in a) and b). In c) and d), we use a
simple threshold summary statistic counting the number of observed angle changes
with magnitude above a threshold, here taken as h = 0.1 rad. In d) and e), we use
a transition matrix summary statistic using n = 5 bins to discretize the observed
angle change.

121



is able to capture the distribution of the angle changes and dependence on recent

history, whilst also reducing the dimensionality of the data. However, the transition

matrix is unable to distinguish angle changes smaller than the resolution of the

discretization, 2π/n, and so offers limited information about the measurement noise,

σ. This issue could be mitigated by increasing the number of bins used, n, to give

a finer discretization of the observed angle changes (which would require sufficient

data), or by targeting the noise with an additional summary statistic.

We still notice a deterioration in the quality of the approximate posterior dis-

tributions as ∆t increases when using ABC for each choice of summary statistic

even though there are no explicit assumptions made about multiple reorientations

within a time interval, as was the case when using pMCMC. This suggests that the

lack of information content about the parameters may be a property of the data,

rather than the inference method. For large values of ∆t, the data contains limited

information about the model parameters, particularly the reorientation rate, λ.

To obtain potentially improved results for inference with ABC for this type of

data (time series observations of angle changes), we could consider a more system-

atic choice of summary statistics [35–37] or a more efficient version of the ABC

algorithm, such as ABC-SMC [16, 106], which applies sequential Monte Carlo meth-

ods to generate a sequence of approximations to the posterior distribution, using the

previous posterior distribution to propose parameters for the next approximation.

Other improvements could be possible by applying a regression adjustment, via lin-

ear regression [15] or using nonlinear regression techniques such as with a neural

network [98].

4.3.7 The computational cost of pMCMC and ABC per ef-

fective sample size.

To further investigate a comparison between pMCMC and ABC in this context,

we quantify the computational cost of each method. The computational cost of
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parameter estimation with pMCMC and ABC per effective sample size depends on

the sampling frequency of the data, ∆t. We quantify here a comparison between

the computational cost of the pMCMC and ABC methods for parameter estimation

when varying ∆t. Datasets were generated with σ = 0.04 rad as in Figure 4.10a).

The cost to produce a sample via pMCMC increases as ∆t decreases, as shown by

the grey squares. The cost for ABC remains approximately constant with ∆t as we

simulate data from the model a fixed number of times, N . The acceptance rate, α,

in ABC affects the sample size we produce for a fixed number of simulations, N . For

the results in Figure 4.14, an acceptance rate of α = 0.1% was used. This gives a

cost per sample lower than for pMCMC, shown by the blue circles and triangles. For

a smaller acceptance rate, α = 0.01% (shown by red circles and triangles), the cost

per sample is much higher and the plots of the posterior are unchanged compared

to those for α = 0.1%. The results for pMCMC are given by squares, ABC with

transition matrix summary statistics are shown as circles and ABC with time series

summary statistics are shown as triangles. We note that the computational cost

depends strongly on the problem considered and the implementation used.

4.3.8 Model misspecification

In general, in applying a model to a real world dataset, any model that we choose

will be an approximation of the true data generating process. Before applying

our inference methods to real world data, where we will fit to a model that is

but an approximation to the true biological process, it is important to check the

robustness of our method to fit a misspecified model. We investigate this robustness

computationally by considering a misspecified model which should be no longer

misspecified in an appropriate limit. It has previously been shown by Frazier et al.

[100] that inference with ABC on a misspecified model can concentrate posterior

mass around different pseudo-true parameter values depending on the version of

ABC used, where the pseudo-true parameter values are those closest within the
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Figure 4.15. The computational cost of parameter estimation with pMCMC and
ABC per effective sample size depends on ∆t. We quantify here a comparison
between the computational cost of the pMCMC and ABC methods for parameter
estimation when varying ∆t. Datasets were generated with σ = 0.04 rad as in
Figure 4.10a). The cost to produce a sample via pMCMC increases as ∆t
decreases, as shown by the grey squares. The cost for ABC remains approximately
constant with ∆t as we simulate data from the model a fixed number of times, N .
The acceptance rate, α, in ABC affects the sample size we produce for a fixed
number of simulations, N . For the results in Figure 4.14, an acceptance rate of
α = 0.1% was used. This gives a cost per sample lower than for pMCMC, shown
by the blue circles and triangles. For a smaller acceptance rate, α = 0.01% (shown
by red circles and triangles), the cost per sample is much higher and the plots of
the posterior are unchanged compared to those for α = 0.1%. The results for
pMCMC are given by squares, ABC with transition matrix summary statistics are
shown as circles and ABC with time series summary statistics are shown as
triangles. We note that the computational cost depends strongly on the problem
considered and the implementation used.

misspecified model 2.

2A model is misspecified if
inf
θ∈Θ

d(y, f(θ)) > 0,

where f(θ) is a generative model dependent of parameters θ. In the case of a misspecified model,
f(θ), with observed data y, the pseudo-true parameter value, θ∗, is defined as

θ∗ = arg inf
θ∈Θ

d(y, f(θ)).
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Here, we demonstrate the robustness of our inference framework, using the pM-

CMC algorithm within a hidden states framework, to give relevant estimates for

a misspecified model. We generate synthetic datasets using a wrapped normal re-

orientation kernel with dispersion parameter γ, but choose to estimate the model

parameters with a model different to the data generating process by assuming a

uniform reorientation kernel. As previously, we attempt to infer posterior distri-

butions for the reorientation rate, λ, and the measurement noise, σ. The effect of

misspecifying the model will be that some of the transmission probabilities used in

the particle filter estimate of the likelihood of model parameters given the data will

be wrong (see Figure 4.16).

In Figure 4.16, we show a comparison between the assumed distribution of ob-

served angle changes and simulated distributions when using a misspecified model

for the reorientation kernel. We simulate N = 107 angle changes using a wrapped

normal reorientation kernel with dispersion parameter γ given a certain sequence of

hidden states (0,1 in a), d), g); 1,0 in b), e), h); 1,1 in c), f), i)) and show a grey

histogram of the simulated observed angle changes. To demonstrate the misspeci-

fication in the emission probabilities, we plot the assumed theoretical distribution

of the observed angle changes as a red dashed line, based on assuming that the

reorientation kernel is a uniform distribution. The model is more misspecified for a

smaller value of the dispersion parameter γ. As in Figure 4.6, we have conditioned

on an observed angle change in the previous time interval of 0.1 rad for b), c), e),

f), h), and i). For c), f), and i), we also conditioned on an observed angle change

prior to that of −1.0 rad. We used a dispersion parameter, γ, in the reorientation

kernel of γ = 0.4 for a), b), and c), γ = 1 for d), e), and f), and γ = 6.4 for g), h),

and i).

This error in the misspecified emission probabilities will give rise to some bias in

our estimates of the likelihood within the particle filter (as demonstrated by Figure
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Figure 4.16. Comparison between assumed distribution of observed angle changes
and simulated distributions when using a misspecified model for the reorientation
kernel. We simulate N = 107 angle changes using a wrapped normal reorientation
kernel with dispersion parameter γ given a certain sequence of hidden states (0,1
in a), d), g); 1,0 in b), e), h); 1,1 in c), f), i)) and show a grey histogram of the
simulated observed angle changes. To demonstrate the misspecification in the
emission probabilities, we plot the assumed theoretical distribution of the observed
angle changes as a red dashed line, based on assuming that the reorientation kernel
is a uniform distribution. The model is more misspecified for a smaller value of the
dispersion parameter γ. As in Figure 4.6, we have conditioned on an observed
angle change in the previous time interval of 0.1 rad for b), c), e), f), h), and i).
For c), f), and i), we also conditioned on an observed angle change prior to that of
−1.0 rad. We used a dispersion parameter, γ, in the reorientation kernel of γ = 0.4
for a), b), and c), γ = 1 for d), e), and f), and γ = 6.4 for g), h), and i).
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4.17), and hence to some bias in our final approximation of the posterior. We

will consider the effect of varying the dispersion parameter, γ, in the reorientation

kernel used to generate the synthetic dataset, on the resulting posterior distribution

for the model parameters. In the limit γ → ∞, the wrapped normal distribution

converges to the uniform distribution on (−π, π], meaning that the model is no longer

misspecified. The misspecification of the model is most pronounced for smaller

values of γ.

We find, for a fixed value of the measurement noise, σ, that a reasonable approx-

imation to the true posterior can be obtained for values of the dispersion, γ, larger

than the measurement noise, σ. The approximate posterior distributions obtained

are shown in Figure 4.18. When the dispersion, γ, is a similar magnitude to the

measurement noise, which here is σ = 0.04 rad, then reorientation events are fre-

quently missed resulting in low estimates of the reorientation rate. For larger values

of the dispersion parameter, we are able to robustly sample from the posterior dis-

tribution for λ and σ, despite notable differences in the misspecified reorientation

kernel compared to the assumed uniform reorientation kernel. In this case, when

a reorientation occurs, the observed angle changes are sufficiently different to the

background measurement noise, that often it is interpreted as a reorientation event

by the particle filter, despite error in the emission probabilities due to the model

misspecification.

4.3.9 Application to RNA transport dataset

To demonstrate the effectiveness of our inference framework, we apply it here to a

dataset of tracks obtained from imaging the transport of RNA-protein (RNP) com-

plexes in a Drosophila oocyte. These complexes move on microtubules via molecular

motors [44], as explained in Chapter 3. Occasionally, the complexes fall off a mi-

crotubule, and reattach on a different microtubule moving in a different direction.

We neglect the diffusive stationary phase between falling off and reattaching on mi-
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Figure 4.17. Estimates of the log likelihood via a particle filter for data
generated with the true model and under a misspecified model. In a) and b), we
show estimates of the log likelihood for different values of λ and σ based on a
dataset simulated with a uniform reorientation kernel, and assuming this same
reorientation kernel in estimating the log likelihood via the particle filter. The
peak of the log likelihood coincides with the true values of the parameters shown
by the red dashed line. In c) and d), we show estimates of the log likelihood for
different values of λ and σ based on a dataset simulated with a wrapped normal
reorientation kernel with dispersion γ = 0.1. However, we assume a uniform
reorientation kernel in the particle filter. This model misspecification results in a
slight shift in the peak of the log likelihood compared to the true parameter values
used shown by the red dashed line. The log likelihood estimates will be biased in
the case of the misspecified model.
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Figure 4.18. The posterior distribution obtained under model misspecification
converges to the distribution obtained with the true model as the misspecified
model approaches the true model. We assume a wrapped normal reorientation
kernel with dispersion parameter γ and vary this dispersion parameter. For large
γ, this tends in distribution towards a uniform reorientation kernel, as shown in a).
The posterior distributions obtained from performing inference with data
generated for different values of γ are shown in b), with the corresponding
marginal distributions shown in c) and d). In b), the true parameter values used
are shown by the dark blue circle. In c) and d), the true parameter values are
given by the red dashed line. Parameters used to generate the synthetic datasets
are λ = 0.2 s−1, σ = 0.04 rad,∆t = 0.25 s, c = 50µms−1, and the details of the
pMCMC are as in Figure 4.10.
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crotubules, meaning that we assume a running phase is followed immediately by

another running phase. We apply our modelling framework, assuming an expo-

nentially distributed running time distribution, fτ (t) = λ exp (−λt), with constant

running speed, c, and a uniform reorientation kernel, fΦ(φ) = 1/2π 1(−π,π](φ).

We take 10 tracks of separate complexes moving in Drosophila nurse cells ob-

tained from an in vivo imaging dataset of movements of staufen protein available

in Zimyanin et al. [189]. Each track is short since the dataset is imaged in a single

plane in the z direction, meaning that complexes move out of the frame of view

frequently. The tracks used are shown in Figure 4.19a). We infer a subposterior dis-

tribution for each individual track and combine these together to produce a single

posterior distribution combining data from different tracks. To combine the subpos-

teriors, we use the consensus Monte Carlo algorithm of Scott et al. [256] developed

for running MCMC on large datasets, via the implementation in the R [257] pack-

age parallelMCMCcombine [258]. The consensus Monte Carlo algorithm works by

computing a weighted average of the Monte Carlo samples from each subposterior

distribution, and is most appropriate when posterior distributions have a Gaussian-

like shape. Application of the consensus Monte carlo algorithm produces an ap-

proximate posterior distribution for the turning rate, λ, and measurement noise, σ,

as shown in Figure 4.19b). We find 95% credible intervals for the turning rate λ

of [1.06, 1.58] s−1 and for the measurement noise σ of [0.27, 0.47] rad, respectively.

Based on a VJP model corresponding to Brownian motion, the relation λ = c2/(2D)

holds for a constant running speed c and diffusion constant D. The running speed

in active transport for staufen RNPs is of the order 0.5µms−1 [189], and based on

the size of the staufen protein, we can estimate its diffusion coefficient as 1µm2s−1

[259], which gives a similar order of magnitude for λ as the estimate obtained here.

Evidently the dataset used here is very noisy, and a limitation of the dataset is that

the transport process occurs in 3D, whereas the data and model are in 2D, so there

may be limitations due to complexes moving out of plane, but nonetheless we are
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Figure 4.19. Posterior distribution for model parameters λ and σ for RNA
transport in a Drosophila oocyte. The results are based on 10 tracks labelled
manually and sampled at a resolution of ∆t = 0.478 s, with subposteriors obtained
for each track and combined to give a single posterior via Consensus Monte Carlo.
The tracks are shown drawn on the first frame in a), although not all tracks start
from the same time point. The marginal posterior distributions for the
reorientation rate, λ, and the measurement noise, σ, are shown in b).

able to obtain estimates for the turning rate in a model of RNA transport.

4.4 Discussion

In this work, we have considered parameter estimation of a VJP model for biolog-

ical transport and how insights from this parameter inference process can inform

experimental design. We generated estimates of the posterior distribution for pa-

rameters of a VJP model based on noisy datasets collected at varying temporal

resolutions. To perform this parameter inference, we used pMCMC and derived the

appropriate emission probabilities. We observed an abrupt breakdown in the quality

of the posteriors obtained when decreasing the temporal resolution. This transition

corresponds to a breakdown in modelling assumptions underlying the derivation of

the emission probabilities. For example, as ∆t increases we see multiple reorien-

tations in a time interval. These assumptions are necessary in the development of
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our inference framework which relies on hidden states consisting of binary variables

indicating whether or not a reorientation occurred in a time interval.

Increasing the magnitude of the noise in the data slowly decreased the quality

of the median posterior estimates and increased the posterior variance. In general,

better estimates were obtained when more data was available, either by decreasing

∆t, or by increasing the total duration of the experimental observations, Tfinal. These

results are intuitive, but the real benefit here is in quantifying the effects of choices of

these experimental hyperparameters to enable researchers to make decisions about

experimental design.

We also compared parameter estimation with pMCMC to that with ABC, and

results suggest that different methods are appropriate in different situations, de-

pendent on the data available. In particular, pMCMC performs well provided the

assumptions made in deriving the emission probabilities hold, which is true for small

∆t. For larger values of ∆t, neither ABC nor pMCMC provide accurate samples

from the full posterior distribution. The information about the model parameters

present in the data for large ∆t is limited. In terms of computational cost compar-

isons between ABC and pMCMC, an ABC rejection sampler is highly parallelizable

over independent parameter samples [42] whereas pMCMC is less amenable to sim-

ple parallelization. Making use of this parallelization, our implementation of ABC

rejection sampling was more computationally efficient than pMCMC. We show a

quantitative comparison between the methods in Figure 4.15. We note that the

computational cost is strongly problem and implementation dependent.

Through comparison between inference with pMCMC and ABC, our results

highlight a weakness of inference with ABC, in that it performs poorly for high-

dimensional data, and also a weakness of our application of pMCMC, which is that

it relies upon assumptions about the number of reorientation events in a time step;

when this fails our posterior estimates are no longer accurate. We note, additionally,

that pMCMC allows us to sample from the exact posterior for parameters from a
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model (given that model is appropriate to describe the data), whereas via ABC we

obtain approximate posteriors for a fixed tolerance, ε, which only become exact in

the limit as ε→ 0.

In Section 4.2, we described a framework for inference using pMCMC, and made

certain assumptions about the VJP model, such as a separation in timescales be-

tween runs and reorientations, and a memoryless exponential distribution for the

running time. Although many of these are standard assumptions, it would be possi-

ble to perform the same analysis in a more general model. For instance, if a running

time distribution was chosen that does not satisfy the memoryless property, we could

introduce an extra hidden variable, s, for the time since the last reorientation. In

addition, in this work we have described parameter estimation via a hidden states

formulation of the VJP model using dependence on hidden states from two time

intervals. This can be extended to hidden states from three time intervals, which

can allow rare consecutive reorientation events to be handled more accurately, albeit

at greater computational cost.

Given a fixed photon budget and a trade-off between temporal sampling fre-

quency and measurement noise, our results in the Section 4.3.5 indicate that a small

value of ∆t should be used for the discretization in time i.e. that motile individuals

should be imaged as frequently as possible. In practice, there may be disadvantages

to this choice of ∆t. Computationally, conducting parameter inference via pMCMC

will be significantly more expensive, although the computational run time may still

be small in comparison to the duration of an experimental protocol. Datasets with

higher noise present may also be much harder to interpret. Here, we have assumed

that the noise present in the data is applied to the observed angle change. In reality

there is noise on each pixel, which may contribute to an uncertainty in identifying

the observed position of the object of interest.

Additionally, we considered using our particle MCMC inference framework to fit

data from a misspecified model; our results indicate that the framework is robust
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to moderate amounts of model misspecification. This allowed us to be confident in

applying our framework to a real dataset of RNA tracks to consider the motility of

RNA-protein complexes moving on the cytoskeleton, demonstrating the ability of

our framework to obtain parameter estimates in challenging conditions with very

noisy data.
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Chapter 5

Adaptive weighting of summary

statistics for ABC
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To infer the parameters of mechanistic models with intractable likelihoods, tech-

niques such as approximate Bayesian computation (ABC) are increasingly being

adopted. One of the main disadvantages of ABC in practical situations, however,

is that parameter inference must generally rely on summary statistics of the data.

This is particularly the case for problems involving high-dimensional data, such as

biological imaging experiments. However, some summary statistics contain more in-

formation about parameters of interest than others, and it is not always clear how to

weight their contributions within the ABC framework. In this chapter, we address

this problem by developing an automatic, adaptive algorithm that chooses weights

for each summary statistic.

When using quantitative models to explore biological or physical phenomena, as

for example in the model of mRNA transport in Chapter 3, it is crucial to be able

to estimate parameters of these models and account appropriately for uncertainty

in both the parameters and model predictions. Bayesian statistics offers a wealth of

tools in this regard [47, 260], as outlined in Chapter 2. However, much of the current

theory surrounding the generation of posterior distributions for parameter inference

relies on being able to evaluate the likelihood of the data given the parameters of

a model. In practice, for a large class of mechanistic models the likelihood is not

tractable, either due to computational or analytical complexity. Therefore, the use

of likelihood-free methods for inference has become widespread [10] (see Section 2.2

for further details). In particular, ABC [14, 15, 17, 18, 261] has been widely adopted

due to its ease of understanding and implementation. The focus on ABC in this

chapter is consistent with the use of ABC-SMC for study of mRNA transport and

localization in Drosophila described in Chapter 3.

Both ABC and ABC-SMC methods have been described in Sections 2.2.1 and

2.2.4, respectively. These methods rely on approximations at several different levels.

Use of a mechanistic or statistical model results in an approximation since the

model will not be an exact representation of reality. The tolerance ε introduces
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an approximation leading to an approximate Bayesian method rather than an exact

method for performing Bayesian computation. Monte Carlo error will be present due

to approximating a distribution by samples. In addition to these errors which are

always present in ABC, summary statistics can optionally be used instead of the full

dataset, which introduces a further source of error when these summary statistics are

not sufficient statistics. In the following, we explore motivations for using summary

statistics, methods for selecting and weighting different summary statistics, and

introduce an algorithm to adaptively weight summary statistics within the ABC

distance function. The algorithm aims to maximize the distance between the prior

and the approximate posterior by automatically adapting the weights within the

ABC distance function. Computationally, we use a nearest neighbour estimator of

the distance between distributions. We justify the algorithm theoretically based

on properties of the nearest neighbour distance estimator, and show it targets the

correct distribution. To demonstrate the effectiveness of the algorithm, we apply it

to a variety of test problems, including several toy models, a stochastic model of

a biochemical reaction network, and a spatial model of diffusion, and compare the

results with existing algorithms.

5.1 Role of summary statistics in ABC

As outlined in Section 2.2.2, it is often necessary to work with a lower-dimensional

vector of summary statistics, s(x), of the data, so that we require the distance

between summary statistics is less than the tolerance ε, such that d(s(x∗), s(y)) < ε.

Examples of these summary statistics may be spatial moments of the position of

a random walker, or the FPT from nucleus to ring canal studied in the model

in Chapter 3. However, not all summary statistics are equally informative about

the posterior. Common practice is to combine summary statistics based on some

heuristic approach, such as the weighting the contribution of each summary statistic
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according to its standard deviation. However, it is not clear whether these heuristic

approaches result in optimal weighting of the various summary statistics available.

As such, the aim of this chapter is to provide an automated and adaptive method

for determining the weighting of available summary statistics in order to optimize

the quality of the resulting posterior.

5.1.1 Previous literature on selecting summary statistics in

ABC

Previous work has also considered how to weight or select summary statistics for

ABC. Fearnhead and Prangle [37] developed a popular method to find informative

linear combinations of summary statistics by fitting a regression for each model

parameter. This approach uses a projection method to find informative linear com-

binations of statistics by fitting a regression for each parameter in the model. The

result is a reduction from the original high-dimensional set of summary statistics

to a new lower dimensional set of summary statistics with the same dimension-

ality as the parameter space. Improved results are seen by using a pilot run of

ABC to choose a subset of parameter space as a training region for the regression.

Further improvements are obtained by extending the vector of summary statistics

by concatenating with a non-linear transformation of the same summary statistics,

s(x) = (s, s2, s3, s4), where s is a given vector of summary statistics and the super-

scripts indicating raising these to the given power. This method uses contributions

from all of the summary statistics and should optimize the mean quadratic loss.

Other successful approaches rely on subset selection methods [36, 97, 262]. Joyce

and Marjoram [97] use criteria for approximate sufficiency of a subset of statistics

to test whether adding a new statistic results in a change in the posterior above

a certain threshold. Nunes and Balding [262] minimize an information criterion

based on knn-entropy over all subsets of summary statistics. Barnes et al. [36]

use an approximate sufficiency criterion to select a subset of summary statistics
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on which to base inference, by adding summary statistics until the KL divergence

between the resulting posteriors is below a threshold in order to reduce any loss of

information. All of these methods seek to choose a lower dimensional subset of a

given list of summary statistics. Using this lower dimensional subset increases the

acceptance rate for samples in ABC by avoiding the curse of dimensionality for the

data. However, the results can depend on the order in which the summary statistics

(or subsets) are analysed.

Further methods rely on assigning weights to each summary statistic within the

ABC distance function and considering how best to choose these weights. Prangle

[111] present a method for adaptively choosing summary statistic weights for ABC

based on the scale of the summary statistics from the predictive distribution for

summary statistics at each generation of an ABC-SMC algorithm. The median

absolute deviation (MAD), a measure of spread of a statistic, is used for the scaling.

All summary statistics are scaled by a measure of their spread, but if the summary

statistics are not equally informative about the posterior distribution this may not

be the best choice. A genetic algorithm has also been used to choose the weights of

different summary statistics [263]. This algorithm attempts to optimize the mean

squared error (MSE) of the posterior samples from the true parameter. Recently,

Singh and Hellander [264] have proposed a multi-armed bandit approach to selecting

summary statistics for ABC. Other work has avoided using summary statistics at

all by considering the Wasserstein distance between full data sets [252] or by using

classification techniques from machine learning to discriminate between datasets

[265].

We approach the problem of combining summary statistics from the point of view

of adapting the ABC distance function to information contained in the summary

statistics, rather than selecting a certain subset of summary statistics. We provide

an automatic algorithm that adaptively selects weights for each summary statistic

within the ABC distance function.
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5.1.2 Outline

The contribution of this chapter is to present a flexible, novel framework for improv-

ing inference with ABC by adapting the weights of different summary statistics to

maximize the gain in posterior information from a dataset. This is helpful for avoid-

ing bias and variance from redundant information in data (such as would be the

case when including a summary statistic that is uncorrelated with the parameters

of interest). A further advantage of this work is that it can alleviate the burden of

designing and selecting summary statistics ‘by hand’, since a large collection of sum-

maries can be used and weighted appropriately via the procedure presented in this

chapter. It is also possible to combine this framework with existing dimensionality

reduction techniques for summary statistics in ABC (see Section 5.4.9).

We outline in Section 5.2 an adaptive algorithm for combining summary statis-

tics in an ABC framework. We provide theoretical justification for the algorithm

in Section 5.3 and demonstrate that we obtain convergence to the posterior dis-

tribution. To demonstrate the utility of the algorithm, we apply it to several test

problems based on biochemical reaction networks in Section 5.4. We compare re-

sults of parameter inference using the adaptive algorithm against benchmark results

from applying ABC-SMC using other choices of weights for the summary statistics.

Finally, in Section 5.5, we summarize the work presented in this article and com-

pare the methodology for combining summary statistics with other techniques in the

literature that are based on dimensionality reduction of a set of summary statistics.

5.2 An algorithm for automatic weighting of sum-

mary statistics in ABC

A Sequential Monte Carlo (SMC) algorithm produces a sequence of approximations

that aid in moving between the prior and posterior distributions (see Section 2.1.5).

The motivation for the method introduced here is to accelerate this movement from
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the prior to the posterior by maximizing the distance between the prior and the

current approximation to the posterior distribution, subject to the samples for this

current approximation being generated from a valid ABC-SMC algorithm.

In order to use ABC-SMC (see Algorithm 3), we must specify a function to mea-

sure the distance between simulated and real datasets. Suppose we take a weighted

Euclidean distance as the ABC distance function such that

dw(s(x1), s(x2)) =
κ∑
i=1

wi(s1i − s2i)
2,

where s(x) = (s1, . . . , sκ) ∈ Rκ is a vector of summary statistics and the sum over

i is taken over all the summary statistics considered. This distance function is a

reasonable and flexible choice commonly used in the literature [266]. It is these

distance weights, wi, that control how the summary statistics are combined in this

case. Given simulated pairs of parameter samples and datasets, we find weights,

w = (w1, . . . , wκ) ∈ E ⊂ Rκ, that maximize a distance between the prior and

the posterior that represents the maximum possible gain in information about the

parameters from the given data. Constructing the weights in this way allows us to

account for the scale of the summary statistics, as well as their relative contribution

to a posterior.

5.2.1 Adaption of weights

We seek to optimize the weights, w, so that we can place less emphasis on sum-

mary statistics that are not informative for the posterior, but also scale summary

statistics appropriately so that we do not neglect to obtain information about cer-

tain parameters. We do this within the ABC-SMC framework [16, 78, 106] given

in Algorithm 3 using the implementation outlined in Prangle [111]. We outline the

proposed methodology in Algorithm 5.

At each generation, we search for the weights, w, of the distance function that
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maximize the distance between the prior and resulting posterior, given M ABC

samples from the model for different θ values. This distance between prior and

posterior gives a measure of the information gain in moving from the prior to the

posterior.

5.2.2 Distance between distributions

We use the Hellinger distance to measure the discrepency between the prior and

approximate posterior, and so to quantify the information gained in moving towards

the true posterior distribution. The Hellinger distance is defined, for distributions

P and Q, with densities p and q, respectively, as

H2(P,Q) =
1

2

∫ (√
p(x)−

√
q(x)

)2

dx (5.1)

= 1−
∫ √

p(x)q(x) dx. (5.2)

Alternative measures of distance between distributions such as the Euclidean dis-

tance or KL divergence can be used. The Hellinger distance performs better than

alternatives, particularly for robustly identifying relatively small differences between

posterior distributions, an observation that is supported by other work [238]. In ad-

dition, the Hellinger distance is finite when comparing distributions with different

support (unlike the KL divergence). This property is desirable when comparing a

broad prior with a posterior distribution where we have gained some knowledge of

parameter space and can exclude certain regions.

Nearest neighbour distance estimator

To estimate the distance between two distributions, based on samples from these

distributions, we use a k nearest neighbour estimator [267–269] developed to describe

a family of distances between distributions known as α divergences, of which the

Hellinger distance is a special case. Suppose we have two probability distributions,
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P and Q with densities p(x), and q(x), and are interested in the distance between

these. We suppose that we have samples, X1:N and Y1:N from p and q. If we define

Dα(p||q) =
∫
pα(x)q1−α(x) dx for α ∈ R, then the Hellinger distance, which is related

to the divergence Dα for α = 1/2, is defined as

Dh(p||q) = 1−D1/2(p||q).

The k nearest neighbour estimator that we use depends only on distances between

observations in a sample. Let ρk(i) be the Euclidean distance from the sample Xi

to its kth nearest neighbour in X1:N . Similarly, let νk(i) be the distance from Xi to

its kth nearest neighbour in Y1:N . Then the estimator [267] is given by

D̂α (X1:N ||Y1:N) =
1

N

N∑
i=1

(
(N − 1)ρk(i)

Nνk(i)

)1−α

Bk,α, (5.3)

where

Bk,α =
Γ(k)2

Γ(k − α + 1)Γ(k + α− 1)
.

At each generation of ABC-SMC we seek to find weights w ∈ E ⊂ Rκ such that

w∗ = argmax
w∈E

(
1− D̂α

(
{ξi}Ni=1||{θi}Ni=1

))
, (5.4)

where {ξi}Ni=1 are samples from the prior distribution, and {θi}Ni=1 are samples from

the approximate posterior distribution, which depends on the summary statistic

weights, w.

To perform the optimization in weight space in the implementation of Algorithm

5, we use a constrained nonlinear optimizer, implemented via fmincon in MATLAB

[270], with multiple initializations of the optimizer. This nearest neighbour estimator

is computationally intensive in high dimensions, where the high dimensional setting

corresponds to using many particles in the SMC part of the adaptive ABC-SMC

algorithm. In the context of ABC, the computational cost is dominated nonetheless
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by the expensive model simulations.

Algorithm 5 Adaption of distance weights for ABC

1: Set generation index t = 1. Let M = dN/αe. Set i = 1.
2: while i ≤M do
3: Sample from prior θ∗∗ ∼ π(θ).
4: Simulate dataset x∗i ∼ f(x|θ∗∗).
5: Accept the parameters.

Set θit = θ∗∗.
Calculate the weight vit for particle θit as vit = 1.

6: Set i = i+ 1.
7: end while
8: Let

L(w) = 1− D̂1/2

({
ξi
}N
i=1
||
{
θit
}N
i=1

)
,

where
{
θit
}N
i=1

are the closest N samples when ranked according to ABC distance from the

observed dataset, y, via dw(s(xi∗), s(y))).
9: Maximize L(w) as a function of summary statistic weights, w.

10: Keep the samples
{
θit
}N
i=1

corresponding to the maximum of L(w) (i.e. the maximum distance
between prior and approximate posterior).

11: Normalize the particle weights
{
vit
}N
i=1

.
12: Calculate tolerance, εt, as the α quantile of distances. Store the optimum weights w∗t .
13: for t = 2 to T do
14: Set i = 1.
15: while i ≤M do
16: Sample θ∗ from previous population {θit−1}Ni=1 with weights {vt−1}Ni=1.

Perturb θ∗ to give θ∗∗ ∼ Kt(θ|θ∗). If π(θ∗∗) = 0, return to step 15.
17: Simulate dataset x∗i ∼ f(x|θ∗∗).
18: if dw∗

j
(s(xi∗), s(y)) < εj for all j < t then

19: Accept the parameters.
Set θit = θ∗∗.
Calculate the weight vit for particle θit as

vit =
π(θit)∑M

j=1 v
j
t−1Kt(θ

j
t−1, θ

i
t)
. (5.5)

20: end if
21: Set i = i+ 1.
22: end while
23: Let

L(w) = 1− D̂1/2

({
ξi
}N
i=1
||
{
θit
}N
i=1

)
,

where
{
θit
}N
i=1

are the closest N samples when ranked according to ABC distance from the

observed dataset, y, via dw(s(xi∗), s(y)).
24: Maximize L(w) as a function of summary statistic weights, w.

25: Keep the samples
{
θit
}N
i=1

corresponding to the maximum of L(w) (i.e. the maximum
distance between prior and approximate posterior).

26: Normalize the particle weights
{
vit
}N
i=1

.
27: Calculate tolerance, εt, as the α quantile of distances. Store the optimum weights w∗t .
28: end for
29: return {θiT }Ni=1, {viT }Ni=1
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5.3 Theoretical justification

In the following, we demonstrate that by using the nearest neighbour estimator,

we can obtain optimum weights that maximize the distance between the prior and

approximate posterior. Furthermore, we show by using standard arguments that

the adaptive ABC-SMC algorithm given in Algorithm 5 will converge to the correct

ABC posterior distribution.

5.3.1 Convergence of the nearest neighbour estimator

The estimator we use is a k nearest neighbour estimator relying only on distances

between observations in a sample, as described above in Section 5.2.2. With this

nearest neighbour estimator (5.3), under certain conditions on p and q, we have L2

convergence of the estimator [267]. This ensures that, in the limit of more samples,

estimates of the distance between p and q will become more concentrated around

the true distance, such that optimizing the estimate of the distance will give the true

optimum, w∗. We note that although the Hellinger distance, Dh(p||q), is symmetric

in p and q, the estimator above in Equation (5.3) is not. By using the estimator

from Equation (5.3) and choosing q as the distribution that depends on the weights,

w, we are able to make strong assumptions about p independent of the weights, w,

and make weaker assumptions about q. In the context of the adaptive algorithm

for ABC, this allows us to treat p as the prior and q as the approximate posterior

distribution.

Theorem 1. Suppose that k ≥ 2 and that M = supp(p). Assume that

(a) q is bounded above;

(b) p is bounded away from zero;

(c) p is uniformly Lebesgue approximable;

(d) ∃ δ0 such that ∀δ ∈ (0, δ0)∫
M
H(x, p, δ, 1/2)p(x)dx <∞, (5.6)
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where H(x, p, δ, ψ) =

k−1∑
j=0

(
1

j!

)ψ
Γ

(
1

2
+ jψ

)(
p(x) + δ

p(x)− δ

)jψ
(p(x)− δ)−

1
2

((1− δ)ψ)−
1
2
−jψ ;

(e) ∫
M
||x− y||γp(y)dy <∞ for almost all x ∈M,∫ ∫

M2

||x− y||γp(y)p(x)dydx <∞;

(f) E ⊂ Rκ is compact;

(g) a unique w∗ ∈ E maximizes Dh

(
p||q(w)

)
.

Then

lim
N→∞

P
(

argmax
w∈E

D̂h

(
X1:N ||Y (w)

1:N

)
= w∗

)
= 1. (5.7)

Proof. See Appendix B for details.

The proof of Theorem 1 relies on results from Póczos and Schneider [267] showing

L2 consistency of the nearest neighbour estimator, which ensures that the estimates

of the distance between p and q become more concentrated around the true values

as more samples are used. This requires the construction of an integrable function

as a bound such that Lebesgue’s dominated convergence theorem can be applied.

Most of the conditions on p and q are to ensure that this all holds. We assume

that the space of ABC distance weights, E, is compact. In practice this is not a

problem, since we can work with a constrained optimization problem and assume

that the summary statistic weights lie within a large but finite region. Although

there are several conditions on the prior distribution, p, most reasonable choices of

prior distribution will satisfy these, and only a single condition on the approximate

posterior distribution, q, is assumed. In the limit of having more samples from the

distributions p and q(w), selecting summary statistic weights, w, based on optimizing

the estimate from D̂h will give the true optimum, w∗, of this distance between

distributions.
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5.3.2 Convergence of adaptive ABC-SMC

We demonstrate here that Algorithm 5 converges to the correct target distribution

by using arguments from Prangle [111].

Theorem 2. Prangle [111]

Suppose that the following conditions hold:

(a) θ ∈ Rλ, s(x) ∈ E ⊂ Rκ and these random variables have joint density π(θ, s(x))

with respect to the Lebesgue measure;

(b) the sets At = {s(x) | dw∗t (s(x), s(y)) < εt} are Lebesgue measureable, where w∗

are the optimal weights at generation t, and εt are the tolerances at each generation;

(c) π(s(y)) > 0;

(d) limt→∞m(At) = 0, where m(·) represents Lebesgue measure;

(e) the sets At have bounded eccentricity. That is, for any At, ∃ a ball Bt =

{s(x) | ||s(x − s(y)||2 ≤ rt} about s(y) with radius rt such that At ⊂ Bt and

m(At) ≥ cm(Bt), where || · || is the Euclidean or L2 norm and c > 0 is a con-

stant.

Then the posterior approximations converge,

lim
t→∞

pABC,t(θ|s(y)) = p(θ|s(y)) for almost all (θ, s(y)),

where pABC,t(θ|s(y)) is the ABC posterior, defined as

pABC,t(θ|s(y)) ∝
∫
p(s|θ)π(θ)1[dw∗t (s(x), s(y)) ≤ εt] dx.

Proof. See Appendix B for details.

Similarly to Prangle [111], we can take

At = {s(x) | dw∗t (s(x), s(y)) < εt for all i ≤ t} as the acceptance region for Algo-

rithm 5, which ensures that m(At) is decreasing in t. This acceptance region is not

guaranteed to converge to zero under all circumstances due to model misspecification

or particles becoming trapped in the wrong mode of a multimodal posterior within

the SMC algorithm. However, these are issues that equally affect the conventional

ABC-SMC algorithm, as discussed in Prangle [111]. The bounded eccentricity con-

dition is ensured for the scaled Euclidean distance in Algorithm 5 by using weights

w ∈ E with compact support, since the weights will be bounded by a maximum
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upper bound at each generation. Thus the conditions for convergence of Algorithm 5

are essentially the same as those for convergence of standard ABC-SMC algorithms,

provided that the weights considered in the distance function have compact support.

5.4 Examples

We apply the algorithm of automatic, adaptive weighting of summary statistics to

a variety of test problems, including toy models and problems based on different

chemical reaction networks. The dynamics of these networks are simulated stochas-

tically using Gillespie’s direct method [271], which allows us to sample trajectories

directly from the model. The summary statistics collected for each of the chemical

reaction network problems are in the form of a time series, to imitate data that could

be collected from a biological experiment. For some of these models it is possible to

solve for the likelihood analytically, and we show comparisons with exact posterior

distributions sampled via MCMC. However, for some of the more complex, but more

biologically realistic, test problems, the likelihood is very computationally expensive

and the exact posterior distribution is not available.

To demonstrate the effectiveness of taking a flexible choice of distance weights,

we make two comparisons. Firstly, we compare results obtained using Algorithm

5 to those generated using a uniform choice of weights, wi = 1 ∀i. Secondly, we

compare to results generated using weights that scale with each summary statistic,

as in the method of Prangle [111]. For this method, we use wi = 1/σi ∀i, where

σi is the MAD of the given summary statistic based on simulations from a given

generation of ABC-SMC. We show approximate posterior distributions produced by

each method for choosing weights. For the tractable test problems considered, we

compute the MSE, Hellinger distance between prior and approximate posterior, and

Hellinger distance between approximate posterior and exact posterior sampled via

MCMC, all averaged over 40 repeats of Algorithm 5.

We note that a table summarizing the parameters used in the implementation
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of all the test problems can be found in Appendix B. For the nearest neighbour

estimator, k = 5 is used throughout, as recommended by previous work [268].

5.4.1 Uniform toy model

We first consider a tractable toy problem with a sufficient statistic to illustrate the

method of Algorithm 5. We observe

xi ∼ Unif([0, θ]), (5.8)

for i = 1, . . . , r. In this case, the maximum of the observed values is a sufficient

statistic, s(x) = maxi xi. Instead of using only this single statistic, we take the

full sample vector sorted in ascending order, such that the summary statistics are

the order statistics of the sample s(x) = (x(1), . . . , x(r)). We can sample the true

posterior distribution p(θ|s(y)) directly via (likelihood-based) MCMC and compare

to the approximations obtained via ABC.

In Figure 5.1 we show the marginal posterior distribution generated using uni-

form weights, weights scaled with the MAD of each summary statistic via the adap-

tive method of Prangle [111], and adaptively chosen weights via the method outlined

in Algorithm 5. The results indicate that the method in Algorithm 5 is able to pro-

duce a higher quality approximation of the posterior for a given number of parameter

samples compared to other methods of weighting the summary statistics. The true

parameter is θ = 10, a prior uniform on the logarithm of the parameters over the

interval [100, 102] was used, and r = 10 samples of the uniform model were used as

the dataset.

5.4.2 Bimodal toy model

Although distances between distributions can be intuitive for unimodal Gaussian-like

distributions, we want to ensure the method of Algorithm 5 is robust to multimodal

distributions. The benefit of using a general distance measure like the Hellinger

149



Figure 5.1. The posterior distribution for parameter θ of the uniform toy model
for different weights in the ABC distance function is shown in (a). ABC-SMC was
used to provide estimates of the posterior, with 10 generations and N = 2, 000
particles at each generation with the posterior constructed from the closest 50% of
the simulations (α = 0.5). Metrics to evaluate the performance of Algorithm 5 are
shown in (b), (c), and (d) as N varies resulting in different total numbers of
simulations from the model. Results are averaged over 40 repeated runs. In (b), is
shown the Hellinger distance from the prior to approximate posterior distribution,
which is maximized directly within Algorithm 5. In (c), the Hellinger distance
from the approximate posterior to the exact posterior distribution (as sampled via
MCMC) is displayed. A lower value of this distance indicates a better
approximation to the posterior. In (d), the MSE from the approximate posterior
mean to the exact posterior mean is shown.

distance is that it is well suited to quantifying distances between such general dis-

tributions. We aim to infer θ = (θ1, θ2) ∈ R2 based on observations

s(x) ∼ N


sin(θ1)

sin(θ2)

 , 0.12I2

 .
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We take a prior distribution for θ1 and θ2 uniform on [0, 2π]. We suppose that we

observe s(y) = (
√

2/2,−
√

2/2), which leads to four distinct modes of a multimodal

posterior distribution in two dimensions. As shown in Figure 5.2, the adaptive

method performs robustly for multimodal posterior distributions and is competitive

with the other methods considered. There are added complications in evaluating

the quality of an approximation to a multimodal posterior distribution, since several

distinct regions of parameter space can equally well explain the observed data. Using

the symmetry of the posterior, we measure MSE by distance of the approximate

posterior mean from (π/2, π/2) at the centre of the four modes.

5.4.3 Gaussian toy model

Suppose we aim to infer a single parameter, θ. We observe two summary statis-

tics s(x) = (x1, x2), where x1 ∼ N (θ, 0.12) and x2 ∼ N (0, 12) such that the first

summary statistic is informative and the second is uninformative. We take a broad

prior distribution of N (0, 1002) for θ. The effect of this is that by choosing weights

for summary statistics based on the prior predictive distribution, the weight for the

informative summary statistic, x1, is smaller than for the uninformative statistic, x2.

This toy model was used previously by Prangle [111] to demonstrate their weight

adaption method, by comparison with fixed weights based on summary statistics

simulated from the prior predictive distribution. The method from Algorithm 2

improves on this method, as shown in Figure 5.3, by reaching faster adaption to

the scales of the summary statistics, combined with how informative they are. In

addition, in Figure 5.3 we show the scaling of the MSE as the number of simulations

increases. Here there are two summary statistics on similar scales, so weighting

these equally is a sensible choice. The adaptive method of Algorithm 5 matches the

scaling of MSE of the uniform choice of weights, improving upon the scaled method.
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Figure 5.2. The posterior distribution for parameters θ = (θ1, θ2) of the bimodal
toy model for different weights in the ABC distance function is shown in (a) and
(b). ABC-SMC was used to provide estimates of the posterior, with 10 generations
and N = 2, 000 particles at each generation with the posterior constructed from
the closest 50% of the simulations (α = 0.5). Metrics to evaluate the performance
of Algorithm 5 are shown in (c), (d), and (e) as N varies resulting in different total
numbers of simulations from the model. Results are averaged over 40 repeated
runs. In (c), is shown the Hellinger distance from the prior to approximate
posterior distribution. In (d), the Hellinger distance from the approximate
posterior to the exact posterior distribution is displayed. In (e), the MSE from the
approximate posterior mean to the point (π/2, 3π/2) is shown.
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Figure 5.3. Posterior for parameters θ of the gaussian toy model for different
weights in the ABC distance function. ABC-SMC was used to provide estimates of
the posterior, with five generations and N = 2, 000 simulations at each generation
with the posterior constructed from the closest 50% of the simulations (α = 0.5).
Metrics to evaluate the performance of Algorithm 5 are shown in (b), (c), and (d)
as N varies resulting in different total numbers of simulations from the model.
Results are averaged over 40 repeated runs. In (b), is shown the Hellinger distance
from the prior to approximate posterior distribution, which is maximized directly
within Algorithm 5. In (c), the Hellinger distance from the approximate posterior
to the exact posterior distribution (as sampled via MCMC) is shown. A lower
value of this distance indicates a better approximation to the posterior. In (d), the
MSE from the approximate posterior mean to the exact posterior mean is shown.

5.4.4 Death process

For our first test problem, we consider estimating the rate parameter for a single,

first order degradation reaction:

A
k1−−→ ∅. (5.9)

153



We will consider for this, and subsequent, test problems that time has been non-

dimensionalized. Initially, we assume there are A(0) = 10 particles in the system,

which is observed over a (non-dimensional) time period [0, 20]. We assume it is

possible to measure the state of the system (in this case the number of molecules

of species A) without observation noise at given time points t0, t1, . . . , tn. For this

test problem, we assume that we measure at n equally spaced time intervals, where

n = 8.

As our summary statistics, we take s(x) = [A(t0), A(t1),

. . . , A(tn), z] where z is an observation of a random variable Z ∼ N (0, σ2) that

is uncorrelated with the death process. We suppose that the scale of the variance,

σ, is different to the scale of the observations of the exponential decay process, giv-

ing a simple system with a two-dimensional parameter to infer: θ = (k1, σ). Note

that the scale of z is determined by the standard deviation, σ, but the scale of the

death process is affected by the initial condition, A(0) = 10, resulting in two distinct

scales in these summary statistics.

Results of parameter inference for this system using ABC-SMC are shown in

Figure 5.4, where the true parameters used are θ = (0.1, 0.01) and a prior uniform

on the logarithm of each of the parameters over the interval [10−3, 103] was used.

We observe similar performance in identification of the decay parameter k1 using

uniform weights, scaled weights and the adaptive choice of weights. Scaling the

summary statistics with the MAD results in problems here since some summary

statistics may not vary much upon simulation from the prior predictive distribution

intially, resulting in σi = 0 for the corresponding summary statistic. To solve this,

we set the weight for a given summary statistic to a large fixed value if the MAD

for that summary statistic was below a small threshold value. Note that only one

summary statistic provides information about the random variable Z, whereas the

other n+ 1 summary statistics (which are observations of the decay process at time

points {ti}ni=0) provide information about the decay of species A. The summary
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Figure 5.4. Posteriors for parameters k1 and σ in the death process test problem
for different weights in the ABC distance function. ABC-SMC was used to provide
estimates of the posterior, with five generations and N = 2000 simulations at each
generation with the posterior constructed from the closest 50% of the simulations
(α = 0.5). (a) shows typical output from the model for the true parameters. The
posteriors for k1 are given in (b) and for σ in (c).

statistic weights chosen via the search process outlined in Algorithm 5 give rise to

a posterior that outperforms the posteriors generated using uniform weights and

scaled weights for the second parameter σ, since only a single summary statistic

provides relevant information for this parameter.

5.4.5 Dimerization system

To examine a system with multiple scales, we consider also a dimerization model,

which undergoes a fast initial transient followed by slower subsequent dynamics [51].
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This system has higher dimensional parameter and summary statistic spaces, and

exhibits more complex behaviour typical of more realistic biological models. The

dimerization system consists of the following reactions:

R1 : S1
k1−−→ ∅;

R2 : S2
k2−−→ S3;

R3 : S1 + S1
k3−−→ S2;

R4 : S2
k4−−→ S1 + S1.

We take initial conditions S1(0) = 105, S2(0) = 0, S3(0) = 0 and consider an

observational time period of [0, 100] with n = 16 geometrically spaced observations

(to capture the multiple timescales present), without observational noise. For the

dimerization system, we take the time series s(x) = [S1(t0), . . . , S1(tn), S2(t0), . . . ,

S2(tn), S3(t0), . . . , S3(tn)] as summary statistics and infer the four-dimensional pa-

rameters θ = (k1, k2, k3, k4). We note that for a choice of parameter θ∗ = (1, 0.04,

0.002, 0.5), and the given initial conditions, we obtain a fast decay of species S1 and

accumulation of species S2, followed by a slower decay of S2 and accumulation of S3

(see Figure 5.5(a)).

The results of parameter inference for this system can be seen in Figure 5.5.

The true parameters used are θ = (1, 0.04, 0.002, 0.5), and we apply a prior uni-

form on the logarithm of the parameters over the intervals [10−2, 102], [10−3, 101],

[10−5, 10−1], [10−3, 101], respectively, for each parameter. Parameters k1 and k2 are

clearly identified by the adaptive choice of weights. The fast transient behaviour

initially involves reactions at rate k1, while k2 corresponds to the longer timescale

accumulation of species S3. Parameters k3 and k4 are harder to identify with broader

resulting posteriors, but again the adaptive algorithm does a better job at excluding

regions of search space than a uniform choice of weights, or scaling with the MAD.

For this test problem (and also for the simple spatial model in Section 5.4.6),

comparison to the true posterior distribution is not feasible. If an observation noise
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Figure 5.5. Posteriors for parameters θ = (k1, k2, k3, k4) in the dimerization
system for different weights in the ABC distance function. ABC-SMC was used
with 10 generations and N = 2000 particles at each generation with the posterior
constructed from the closest 50% of the simulations (α = 0.5). (a) shows typical
output from the model for the true parameters, for each species, Si. Posterior
marginal distributions for parameters k1, k2, k3, k4 are shown in (b) to (e).

model were assumed, then sampling the true posterior distribution via particle

MCMC would be possible, but the algorithm breaks down in the absence of an
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observation noise model.

5.4.6 Simple spatial model

Spatial models produce very high dimensional data, containing information about

dynamics in both space and time. Here, we consider a simple spatial model in one

dimension to describe the spreading of particles by diffusion without volume exclu-

sion. We divide our spatial domain X ∈ [−1, 1] into m boxes or voxels, and label

the numbers of particles in voxels 1, . . . ,m as S1, . . . , Sm, respectively. Particles can

jump between neighbouring voxels at rate θ = D/h2, where D is the macroscopic

diffusion constant and h is the width of the voxel. We assume zero flux condi-

tions at X = ±1 and take m = 8, so that h = 1/4. As an initial condition, we

place 10 particles in each of the m/2 voxels on the left-hand side of the domain

where x < 0, and allow the system to evolve over the time interval [0, 20]. We

observe the system at n = 8 equally spaced time points, and take as the summary

statistic the time series for each voxel, s(x) = [S1(t0), . . . , S1(tn), S2(t0), . . . , S2(tn),

. . . , Sm(t0), . . . , Sm(tn)], where Si(tj) is the number of particles in voxel i at time

point tj. Using synthetic data simulated with θ = 0.1, we attempt to recover the

jump rate θ. The results of parameter inference for this problem are shown in Fig-

ure 5.6, where we have used a prior uniform on log10(θ) over the interval [10−4, 100].

We successfully obtain an informative unbiased posterior for θ using the adaptive

choice of weights, with a notable improvement in comparison to the other methods

for selecting the weights.

5.4.7 Computational overhead

If the proposed approach of adapting the weights of each of the summary statistics

is to be used in practice, we must ensure that the increases in the quality of the re-

sulting posterior justify the computational overhead required for the search process.

Otherwise, it would be preferable simply to generate the posterior using ABC-SMC
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Figure 5.6. Posteriors for parameter θ in the simple diffusion model for different
weights in the ABC distance function. ABC-SMC was used for the inference with
10 generations and N = 2000 particles at each generation with the posterior
constructed from the closest 50% of the simulations (α = 0.5). (a) shows the
spatial profile at three different time points (t = 0, 10, 20) and demonstrates the
variability in the output for this spatial process across four realizations with the
same parameter, θ = 0.1. In (b), we compare the posteriors obtained for θ with
different choices of weights.

with more samples. Therefore we are interested in evaluating the computational

overhead of the search process, and how to limit the cost of the search in higher

dimensions.

Using the uniform toy problem, as described in Section 5.4.1, we ran Algorithm

5 with N = 1, 000, α1 = 0.5% for one generation. To compare this to ABC-SMC

with uniform weights, we performed parameter inference with uniform weights using

both N = 1, 000, α1 = 0.5% and N = 1, 000, α2 = 0.001%. The value of α2 was

chosen such that an equal length of computation time was spent in the search steps

to find the summary statistic weights in Algorithm 5, as was spent in generating

extra samples in ABC-SMC with uniform weights. The number of samples in the

final posterior approximation was equivalent.

In this case, adaptively choosing weights using Algorithm 5 resulted in a signifi-

cantly greater distance between the prior and posterior, and reduced the bias in the

posterior compared to running ABC-SMC with more samples, as measured by the
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Test problem Hellinger distance Bias in posterior
between prior and posterior

Uniform toy model 0.800 / 0.809/ 0.828 0.184 / 0.141 / 0.134
Bimodal toy model 0.865 / 0.867 / 0.866 0.029 / 0.034 / 0.031
Dimerization 0.921 / 0.919 / 0.921 0.563 / 0.493 / 0.421
Diffusion 0.700 / 0.710 / 0.743 0.533 / 0.475 / 0.125

Table 5.1. Performance of Algorithm 5 compared with increasing the number of
samples in ABC-SMC. Results are shown for each of the test problems in the form:
ABC-SMC with N and α1 / ABC-SMC with N and α2 / Algorithm 5 with N and
α1. Highlighted in bold is the method with best performance according to each
metric.

distance between the maximum posterior estimate and the true parameters. These

results, which represent improvements in the posterior for the same computational

cost, are shown in Table 5.1 and the same procedure was used for the other test

problems. Values shown have been averaged over 10 repeated runs for different

datasets.

5.4.8 Consistent weights

Ideally, the search process should find the global optimum weight vector, so that if

Algorithm 5 is run multiple times the same weight vector is obtained. In practice,

for the examples we have explored, the function to be optimized (distance between

prior and posterior as a function of the distance weights) is very flat with respect to

some of the distance weights. This makes it hard to consistently identify a global

maximum. In Figure 5.7, we explore how the chosen weights vary for the uniform toy

model. We can interpret this as the algorithm identifying the informative summary

statistics and appropriately using the information from these, while allowing weights

for other summary statistics to take a range of values without much effect on the

resulting posterior. The largest weight is given to the most informative summary

statistic. In the case of the uniform toy model, this is s(x) = maxi xi.
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Figure 5.7. The optimal distance weights found from the search procedure after
40 successive runs of Algorithm 5 on the toy model test problem (described in
Section 5.4.1 in (a) and on the death process test problem (described in Section
5.4.4) in (b). Parameters as for Figures 5.1 and 5.4 in each case. The faint purple
lines show the resulting summary statistics weights from repeated runs of the ABC
distance weight algorithm, while the black line shows the mean of the weights
selected.

5.4.9 Comparison to dimensionality reduction methods

Adaptively choosing the summary statistic weights within the ABC distance func-

tion can be seen as achieving a similar goal to summary statistic dimension reduction

techniques [35, 262]. These techniques either project high-dimensional summary

statistics into a lower dimensional subspace, or select an optimal subset of summary

statistics via some optimality criterion. In contrast, a similar effect is achieved

here when the statistics are combined in the weighted Euclidean distance function,

dw(x1,x2), by weighting summary statistics to take account of both their inherent

scale, and also their relative contribution towards the posterior distribution. Un-

informative summary statistics are automatically assigned a lower weighting, while

more informative summary statistics are given high weights relative to their scale.

We tested the adaptive weight selection algorithm against the semi-automatic

ABC method [37] (using the implementation available via abctools [272]), and the
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Test problem Hellinger distance Bias in posterior
between prior and posterior

Uniform toy model 0.822 / 0.806 / 0.815 0.055 / 0.059 / 0.056
Bimodal toy model 0.873 / 0.872 / 0.855 0.025 / 0.024 / 0.028
Dimerization 0.930 / 0.914 / 0.925 1.109 / 1.274 / 0.783
Diffusion 0.723 / 0.680 / 0.709 0.358 / 0.399 / 0.373

Table 5.2. Comparison of the quality of the posteriors obtained using different
methods to combine summary statistics. Results given as adaptive method/Barnes
et al. [36]/Fearnhead and Prangle [37]. Bold text highlights the best performance
on a metric for a test problem.

subset selection method of Barnes et al. [36] based on an approximate sufficiency

criterion. In general, for the test problems considered, as described in Section 5.4, the

method equals the performance of the competing methods, as shown by the metrics

in Table 5.2. A larger value of the Hellinger distance indicates a greater distance

between prior and posterior. The bias gives the distance between the posterior mean

and the true parameter value. Values shown have been averaged over 10 successive

runs of each method on different datasets. In implementing these methods, we have

used only ABC rejection sampling, equivalent to a single generation of ABC-SMC,

to compare the methods. This hinders the method of Algorithm 5 which makes use

of adaptive selection of weights, but is evaluated only on a single generation. In

practice, these results mean that the method outlined in Algorithm 5 for adaptively

choosing the weights of summary statistics produces a more informative posterior

than competing methods based on dimensionality reduction of summary statistics.

5.5 Discussion

In this work, we have presented a method for improving the quality of posteriors

resulting from approximate inference using ABC-SMC by optimizing the weights

of the ABC distance function, dw(s(x1), s(x2)). By applying the methodology to

several test problems we have demonstrated that the novel, adaptive method allows

effective combination of summary statistics. We see superior performance using
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Algorithm 5 in comparison with naive choices of uniform weights or using the scale

of the summary statistics based on the method of Prangle [111]. Further benefits of

adapting the weights include removing the requirement for design and selection of

summary statistics ‘by hand’.

In the future, our method for automatically adapting the weights of the ABC

distance function could be combined with other methods for dimensionality reduc-

tion of summary statistics to further improve the quality of posteriors produced with

ABC for given computational effort. A particular area to consider would be how

best to combine optimization of the distance weights for ABC and dimensionality

reduction of the summary statistics. These are related approaches that can work

well together. One approach that could be explored, for example, is enforcing some

sparsity of the weights during the search step of the weights optimization. By setting

some weights to be explicitly zero, we exclude the corresponding summary statistics,

effectively reducing the dimensionality of the summary statistics. Further investiga-

tions could explore how best to sample sparse subsets of weights in high dimensions.

The adaptive framework for maximizing the distance between prior and posterior

could also incorporate choice of other hyperparameters needed for implementation

of ABC-SMC methods such as the tolerance ε, in addition to ABC distance weights.

In summary, we propose a computationally efficient search procedure to identify

a set of optimum weights to allow us to combine summary statistics within the ABC

distance function in such a way that the gain in information in the posterior over

the prior is maximized.
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Chapter 6

Experimental verification of a

coarse-grained model of mRNA

localization reveals robustness

regulated by crowding at ring

canals
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6.1 Introduction

Robust control of gene expression in both space and time is of central importance

in the regulation of cellular processes, and for multicellular development. However,

the mechanisms by which robustness is achieved are generally not identified or well

understood. For example, mRNA localization by molecular-motor-driven transport

is crucial for cell polarization in numerous contexts, but the regulatory mechanisms

that enable this process to take place in the face of noise or significant perturbations

are not fully understood.

Biological systems are constantly subjected to noise from both internal and exter-

nal sources, and also to random mutations. It is crucial that key driving mechanisms

are able to buffer against such insults, thereby enabling organisms to display pheno-

types that are robust to perturbation. Localization of mRNA is a fundamental, and

crucially important, mechanism that enables the polarization of cells such as oocytes

and early embryos [43–45] (see Chapter 3). However, despite the widespread nature

of mRNA localization, there is still much that we do not understand, in particular

what ensures robustness. To this end, we combine mathematical modelling with

quantitative experimental data to investigate the regulatory mechanisms controlling

mRNA localization, capturing, in particular, the roles of transport and production.

We focus our study, as in Chapter 3, on early development of the model organism

Drosophila, where maternal mRNA prepatterns the oocyte [43–45].

In this chapter, we use a combined experimental-theoretical approach to charac-

terize the robustness of gurken/TGF-alpha mRNA localization in Drosophila egg

chambers. We develop a coarse-grained ODE model of gurken (grk) transport

through the Drosophila egg chamber, including all 15 nurse cells and the develop-

ing oocyte, with terms representing both the production and transport of mRNA 1.

Using Bayesian inference methods, we fit this simple model to quantitative imag-

1In referring to production, we include mRNA transcription, export through the nuclear pore
complex, and assembly of RNA-protein complexes.
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ing data obtained using smFISH (single molecule fluorescence in situ hybridiza-

tion) [203, 204]. By analyzing both the steady state and dynamic behaviours of the

model, we provide estimates for the rates of different steps of the localization process,

as well as the extent of directional bias in transport through the ring canals. The

model predicts that mRNA synthesis and transport must be balanced to maintain

robustness, a prediction which we tested experimentally using an over-expression

mutant. Surprisingly, the over-expression mutant fails to display the anticipated de-

gree of overaccumulation of mRNA in the oocyte predicted by the model. Through

careful model-based analysis of quantitative data from the over-expression mutant

we conclude that saturation of transport of mRNA through ring canals engenders

robustness of the localization process, in the face of significant variation in the levels

of mRNA synthesis.

Combining quantitative modelling approaches with experimental data in this

way allows us to explore underlying biological mechanisms through the generation

of testable model predictions with appropriate quantification of uncertainties. In

particular, it enables estimation of the mRNA production and transport rates in

the model, and predicts that there is a balance between production and transport

for the localization of gurken in the Drosophila egg chamber.

In the process of fitting the model to microscopy imaging data, we examine the

formation of higher-order RNA-protein complexes in the oocyte. In the nurse cells,

mRNA is assembled into complexes containing both mRNA and various proteins,

and these RNA complexes are then transported into the ooctye. An important

aspect of the transport process is that the RNA complexes are remodelled (so that

more mRNA transcripts are contained in each complex) upon transit through the

ring canals that connect the nurse cells to the oocyte [182, 273], leading to larger

complexes in the oocyte [274]. We use quantitative data analysis to provide an

estimate of the extent of this assembly of higher-order complexes for gurken.

In addition, we explore the question of whether transport of RNA complexes
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occurs unidirectionally or bidirectionally through ring canals in the Drosophila egg

chamber. Some evidence that transport through ring canals is unidirectional has

previously been provided [273]. However, since ring canals are small relative to the

nurse cells, the passage of complexes through them is relatively difficult to observe in

vivo. Our study offers further evidence in support of the hypothesis that transport

through ring canals is strongly biased towards the oocyte.

Finally, we use the coarse-grained ODE model to make testable predictions about

the behaviour of an over-expression mutant with increased production of mRNA.

We demonstrate strong agreement between the model predictions and observed data

for nurse cells close to the oocyte, but find discrepancies for nurse cells far from the

oocyte. Surprisingly, we find the numbers of complexes localized in the oocyte of

the over-expression mutant are very similar to wild type, whereas the model pre-

dicts numbers should increase significantly. To probe the reasons for this disparity,

we consider a suite of extended models incorporating inhomogeneous production,

density dependent transport and crowding-induced blocking of transport through

ring canals. We show, via statistical techniques that allow quantitative model com-

parison, that the crowding-induced blocking mechanism is best supported by the

data, and that a model incorporating blocking is capable of producing distributions

of RNA complexes similar to those observed experimentally. In strong support of

this model-based prediction, we observe accumulation of complexes at ring canals

in smFISH microscopy data for the over-expression mutant consistent with this

crowding-induced blocking mechanism.

6.2 Modelling approaches to RNA regulation in

oogenesis

Despite their increasing use across the biological sciences, mathematical and compu-

tational modelling approaches have not to-date been widely adopted in the study of

mRNA localization. Trong et al. [209] have demonstrated how localization of mRNA
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can be achieved in a Drosophila oocyte using a partial differential equation (PDE)

description of mRNA dynamics and a stochastic model of cytoskeleton dynamics.

Ciocanel et al. [210] used a PDE model of RNA localization in Xenopus oocytes

to quantify aspects of the transport process using FRAP (fluoresence recovery after

photobleaching) data, and others have considered models of RNA transport to ex-

amine the behaviour of individual molecular motors [195, 218], or the cytoskeleton

structure [219]. However, these works have focused on dynamics within a single

cell, the oocyte, as has other work in model systems such as mating budding yeast

and the neuronal growth cone [275, 276]. Recent research by Alsous et al. [277]

has quantified collective growth and size control dynamics in Drosophila nurse cells.

Similarly, our work considers dynamic behaviours in multiple cells. However, our

focus is to examine the regulation and robustness of mRNA localization by consider-

ing a coarse-grained ODE model of the entire Drosophila egg chamber, and using it

to interrogate quantitative experimental data. Further, our work highlights that by

combining an incredibly simple mathematical model with quantitative experimental

data one can draw relevant conclusions and make testable predictions about key

biological processes that would not, otherwise, have been possible.

6.3 A coarse-grained model for gurken mRNA lo-

calization

To investigate the mechanisms governing robustness of mRNA localization, we have

developed a minimal, compartment-based ODE model of gurken localization in a

Drosophila egg chamber. We view each cell as a separate compartment and assume

that mRNA complexes are produced in each of the nurse cells [180]. We assume

that there is transport of mRNA complexes between cells that are connected by ring

canals (see Figure 3.3), and that there is negligible degradation (there is evidence

that the majority of maternal mRNAs are stable during oogenesis over the timescales

of interest [214, 278]; see also Section 6.14.1).
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The model can be written as

dy

dt
= av + bB(ν) y, (6.1)

where the i th entry of the vector y is the number of mRNA complexes in cell i

(indexed as in Figure 3.3). mRNA complexes are produced at constant rate a > 0

in units of [particles hr−1], and the vector v ∈ R16 lists the cells that produce mRNA;

for the Drosophila egg chamber, where mRNA is produced in all cells except the

ooctye, v = (0, 1, . . . , 1)ᵀ since the oocyte is transcriptionally silent for most of

oogenesis [279]. Transport of complexes between cells takes place at constant rate

b > 0 in units of
[
hr−1

]
. The matrix B describes the network of connected nurse

cells (so that entry (i, j) is non-zero only when cells i and j are connected by a ring

canal). Transport bias (towards the oocyte) is represented by parameter ν so that

complexes in a given nurse cell move towards the oocyte at relative rate ν and away

from it at relative rate 1 − ν (see schematic in Figure 6.7). The precise form of

B is provided in Equation (6.2). Note that a similar approach has been employed

B(ν) =



−4 + 4ν ν ν 0 ν 0 0 0 ν 0 0 0 0 0 0 0
1− ν −3 + 2ν 0 ν 0 ν 0 0 0 ν 0 0 0 0 0 0
1− ν 0 −2 + ν 0 0 0 ν 0 0 0 ν 0 0 0 0 0

0 1− ν 0 −2 + ν 0 0 0 ν 0 0 0 ν 0 0 0 0
1− ν 0 0 0 −1 0 0 0 0 0 0 0 ν 0 0 0

0 1− ν 0 0 0 −1 0 0 0 0 0 0 0 ν 0 0
0 0 1− ν 0 0 0 −1 0 0 0 0 0 0 0 ν 0
0 0 0 1− ν 0 0 0 −1 0 0 0 0 0 0 0 ν

1− ν 0 0 0 0 0 0 0 −ν 0 0 0 0 0 0 0
0 1− ν 0 0 0 0 0 0 0 −ν 0 0 0 0 0 0
0 0 1− ν 0 0 0 0 0 0 0 −ν 0 0 0 0 0
0 0 0 1− ν 0 0 0 0 0 0 0 −ν 0 0 0 0
0 0 0 0 1− ν 0 0 0 0 0 0 0 −ν 0 0 0
0 0 0 0 0 1− ν 0 0 0 0 0 0 0 −ν 0 0
0 0 0 0 0 0 1− ν 0 0 0 0 0 0 0 −ν 0
0 0 0 0 0 0 0 1− ν 0 0 0 0 0 0 0 −ν


(6.2)

by Alsous et al. [277] to show that differences in cell sizes in the Drosophila egg

chamber result from the characteristic cell network generated through incomplete

divisions, and the resulting ring canal connections. As an initial condition, we

assume there are no mRNA complexes in any of the cells at time t0 (where t0 is

determined from the linear model described in Section 6.4.4). The system of ODEs

is solved numerically using the fourth order Runge-Kutta scheme implementation

contained in the Boost C++ library [280].
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Typical behaviour of the model is shown in Figure 6.1. Much of the biologically

relevant behaviour occurs in the quasi-steady-state regime where we have linear

growth in the number of mRNA complexes in the oocyte, and a characteristic dis-

tribution of mRNA complexes across the nurse cells. Typical dynamic behaviour for

each nurse cell is shown in Figure 6.2.

6.4 Bayesian inference framework

We connect the model directly to quantitative experimental data so that it can

provide relevant predictions and insight. We use a Bayesian inference framework

to take account of both measurement and process uncertainty, incorporating the

mechanistic model stated in Equation (6.1), a model of the measurement process,

and prior knowledge of parameters.

The biological process model (Equation (6.1)) can be related to the observed

data via a measurement model. The measurement model accounts for any errors

in processing the data, in addition to raw experimental error. However, we first

note that mRNA complexes consist of multiple individual mRNA transcripts, and

recall that upon entry to the oocyte there is some higher-order assembly of these

complexes [182, 273, 274]. Since we have quantitative data on the number of mRNA

complexes in each cell, rather than the number of individual transcripts, we account

for this higher-order assembly of complexes in the oocyte in the measurement model.

We assume that in the oocyte we observe φ y1 complexes, where φ ∈ (0, 1] is a scaling

parameter. We can interpret φ as a ratio between the number of transcripts per

complex in the nurse cells as compared to the oocyte.

We use a negative binomial distribution2 for the measurement model, so that

2We use a parameterization of the negative binomial distribution via a mean parameter, µ, and
overdispersion parameter, ψ, such that

p(y|µ, ψ) =

(
y + ψ − 1

y

)(
µ

µ+ ψ

)y (
ψ

µ+ ψ

)ψ
.

With this parameterization, if y ∼ NB(µ, ψ), then E[Y ] = µ and Var[Y ] = µ+ µ2/ψ.
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Figure 6.1. Predictions from the ODE model (6.1). (a) Dynamic behaviour of
the number of complexes in the oocyte; the remaining nurse cells are shown in
Figure 6.2. (b) The distribution of complexes across the cells in the egg chamber
at t = 32.4 hrs demonstrates the accumulation of mRNA in the oocyte. The
numbering for the Cell ID on the x axis corresponds to that given in Figure 3.3.
Parameters are a = 10 particles hr−1, b = 0.20 hr−1 and ν = 0.90.

171



13 14 15 16

9 10 11 12

5 6 7 8

160

180

200

220

90
95

100
105
110
115

52.5
55.0
57.5
60.0
62.5

52

54

56

58

150

200

250

300

90

100

110

56

60

64

52

54

56

58

300

400

500

90

100

110

120

55

60

65

70

75

52.5

55.0

57.5

1 2 3 4

15 20 25 30 15 20 25 30 15 20 25 30 15 20 25 30

500

1000

1500

2000

2500

120

150

180

210

60
80

100
120
140
160

51

54

57

60

Time (hrs)

m
R

N
A

0

1000

2000

a)

4 8 12 16

Cell ID

m
R

N
A

b) Time: 32.4 hrs

Figure 6.2. Typical behaviour of the coarse-grained ODE model across each of
the cells in the egg chamber is shown in a). The distribution of mRNA across cells
is shown at a single time point at 32.4 hrs. The numbering for the Cell ID on the x
axis corresponds to that given in Figure 3.3. Parameters are a = 10 particles hr−1,
b = 0.20 hr−1 and ν = 0.90.

measured mRNA complex counts, z, are given by

z ∼ NB(Φy, σ), (6.3)

where Φ is a diagonal matrix with entries [φ, 1, 1, . . . , 1], σ is a parameter controlling

the magnitude of the measurement error, and y is the solution of the biological
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process model (Equation (6.1)), giving the numbers of RNA complexes in each cell.

We take the product of the likelihoods over each of the observed cells (including

nurse cells and oocyte), with each biological sample corresponding to a unique time

point, to give the full likelihood. The parameters to be inferred are a, b, ν, φ and σ.

6.4.1 Choice of prior distributions

The prior distributions are chosen to incorporate existing biological knowledge of

feasible parameter ranges. For the rate parameters, a and b, we choose Truncated

Normal3 priors with parameters µ = 0, σ = 10 and support (0,∞) in units of

[particles hr−1] and [hr−1], respectively. For the assembly parameter, φ, we use a

Truncated Normal prior with µ = 0.30, σ = 0.036 and support (0, 1]. This is a strong

prior informed by experimental evidence (see Section 6.5). For the transport bias

parameter, ν, we assume a uniform prior, U(0.5, 1); it is clear that transport is biased

towards the oocyte, but we avoid providing any further information about ν. For the

measurement noise parameter, σ, we choose a broad Truncated Normal prior with

µ = 0, σ = 10 and support (0,∞). We check that these priors are compatible with

the observed data by simulating from the prior predictive distribution, as suggested

in the Bayesian workflow outlined by Gabry et al. [71] (see Figure 6.3).

6.4.2 Implementation of Monte Carlo methods

We use the open source software package Stan mc − stan.org (version 2.17.0) [65]

to perform MCMC sampling from the posterior distribution. Stan uses Hamil-

tonian Monte Carlo techniques to navigate the geometry of the posterior distri-

bution efficiently [64], along with automatic differentiation to compute gradients.

3 Note that we define a Truncated Normal distribution with parameters µ and σ and support
on an interval J ⊂ R via the following rescaled probability density function

p(x;µ, σ, J) =
N (x;µ, σ2)

1−
∫
R\J N (s;µ, σ2)ds

,

where N (x; 0, 12) is the probability density function of a standard unit normal distribution.
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Figure 6.3. Predictions from the model given by Equation (6.1) before it has
been fitted to the data, by drawing samples from the prior predictive distribution.
Each separate facet plot gives predictions for a different nurse cell. The red dots
show the observed wild type data. The shaded grey ribbon gives the 95% credible
interval of predictions from the prior predictive distribution, while the black line
gives the median prediction. The red dots clearly lie within the range of possible
model predictions suggesting that the model and priors are flexible enough to
generate the data.

We run four chains in parallel for 2000 iterations with a burn in of 1000 itera-

tions. Traceplots illustrating convergence of each of the chains are shown in Fig-

ure 6.4. Code to reproduce the analysis described in this work is available at

https://github.com/shug3502/rstan analysis.

6.4.3 Image analysis

Basic image handling and processing was carried out in FIJI (ImageJ V1.51d;

fiji.sc, [223]). Image data was archived in OMERO (V5.3.5) [282]; image conver-

sions were carried out using the BioFormats plugin in FIJI [283]. mRNA particles

in the nurse cells and oocyte are identified and located using the FISH QUANT

software [207]. We combine use of this software with manual segmentation of the
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Figure 6.4. Traceplots indicate convergence of MCMC chains for the model at
steady state and the full model as described in Sections 6.6 and 6.7 respectively.
Four Markov chains were run in parallel and sample from the same distribution,
indicating convergence to the posterior distribution. HMC implemented via Stan
[65] was used to perform this sampling, as described in Section 6.4.2. The
potential scale reduction statistic [281], R̂, is 1.0 for inference at steady state, and
also 1.0 for the full problem indicating convergence in both cases. The minimum
effective sample size, neff, across the model parameters is 1940 for inference at
steady state, and 1630 for the full model.
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nurse cells and oocyte performed in three dimensions using a GUI (graphical user

interface) designed for the annotation of training and evaluation data for machine

learning via software available from QBrain [284]. This enables quantification of the

total numbers of complexes observed in each cell. Identification of cells within the

egg chamber is performed by counting the number of ring canals connecting each

cell, and which cells these connect. Data is processed from n = 9 egg chambers

between stage 5 and stage 8 of oogenesis. Since the mRNA complexes are sparse in

the nurse cells, using counts of particles is a valid method of quantifying the total

gurken RNA expression [285].

6.4.4 Identification of developmental time via an exponen-

tial growth model

In order to relate the coarse-grained ODE model to data from a given egg chamber,

we need to quantify how far through developmental time the egg chamber is, such

that we can numerically integrate the ODE model up to this time. To identify a

precise developmental time variable for each egg chamber, we apply an exponential

growth model to measurements of the area of the median section. Effectively this

allows us to use log(A), where A is the area of the median section, as a rescaled

variable for the timescale of development, by fitting the following model by linear

regression: log(A) = log(A0) + τt, where the intercept t0 = log(A0) corresponds to

the start of gurken mRNA production, and τ gives a rescaling of time. To fit this

model, we manually identify the developmental stage of each egg chamber and take

the time point corresponding to the midpoint of each stage as an estimate of its

age (see Figure 6.5). This approach is supported by the results of Jia et al. [286],

who use log (A) in a similar way to assist with automatic stage identification for

Drosophila egg chambers.
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Figure 6.5. Fitting of exponential growth model to give timescale based on
staging of egg chambers and measurements of area of the median section through
the egg chamber. A linear model was used to fit the logarithm of the area as
log(A) = log(A0) + τt via linear regression as described in Section 6.4.4. The
values of log(A0) and τ found were 7.57 and 0.0559 respectively.

6.5 Quantification of higher-order assembly of gurken

mRNA complexes in the oocyte

Considering directly the total integrated intensity of mRNA complexes in the oocyte

compared to those in the nurse cells allows us to directly estimate the relative

numbers of mRNA transcripts in an mRNA complex in the oocyte compared to the

nurse cells. We calculate the total integrated intensity for 448 foci in n = 13 example

datasets for egg chambers from stage 5 to stage 8, including both the nurse cells and

oocyte. By subtracting the background intensity, and dividing by the mean nurse

cell intensity, we can obtain an estimate for φ, as shown in Figure 6.6: the median

estimate gives φ = 0.345± 0.048.

We can now use this independent estimate of φ to specify a strong prior for φ

when fitting the full Bayesian model. We obtain posterior estimates for the assembly

parameter, φ, with 0.33 as a median value, and [0.26, 0.39] as a 95% credible inter-

val. This gives an estimate of between three and four nurse cell mRNA complexes

assembled into one equivalent oocyte mRNA complex. The posterior distribution

for φ is shown in pairwise plots of all the model parameters in Figure 6.9.
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Figure 6.6. Assembly of higher order gurken complexes in the oocyte and
quantification of the size of the assemblies in terms of equivalent complexes in the
nurse cells. (a)-(c) typical complexes in background (BGD), nurse cells (NC) and
the oocyte(OO). (d) By measuring total integrated intensity of these complexes in
n = 13 egg chambers, we obtain distributions in each region, normalized by
subtracting the average background value and scaling to a single nurse cell
complex. We find that complexes in the oocyte are equivalent to a median of 3.33
times a single complex from the nurse cells.
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6.6 Biased transport through ring canals revealed

by parameter estimation at quasi-steady state

We now consider the question of whether transport of mRNA complexes through

ring canals in Drosophila is unidirectional (towards the oocyte) or bidirectional (both

towards and away from the oocyte). In addition, if transport is bidirectional, how

biased is it towards the oocyte? Within the mathematical model (Section 6.3), the

network structure (encoded in the matrix B) and the bias parameter, ν, impose

a distribution of mRNA complexes across the nurse cells. By inferring a posterior

distribution for ν, through comparison of the model with quantitative data, we can

estimate the extent to which transport through the ring canals is biased.

To simplify the model and ensuing Bayesian analysis, we consider the model

behaviour in the large time, quasi-steady-state limit (which corresponds to the time

scale on which observations are made). In this limit, we have y ≈ 15ak2t, where

k2 is the quasi-steady-state distribution that can be uniquely calculated for a given

matrix B, as follows. (see Section 6.6.1).

6.6.1 Analytic solution to the coarse grained ODE model

The coarse-grained ODE model for the evolution of complex numbers in the egg

chamber is given by

dy

dt
= av + bB(ν)y, (6.4)

where y gives the number of complexes in each of the cells of the egg chamber, v is

a vector describing which cells produce mRNA, and B is a rate matrix where each

row gives the relative rates at which RNA flows into and out of a cell. As an initial

condition, we take y(t0) = 0.

Equivalently, we can write Equation (6.4) as

Ly = f = av,
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where L is the linear operator

Ly :=
dy

dt
− bB(ν)y.

We note that we can solve the homogeneous problem Ly = 0 by calculating the

eigenvalues and eigenvectors of the matrix bB(ν). The solution to the homogeneous

problem is yh = VDc, where V a matrix of eigenvectors of bB(ν), D is a diagonal

matrix with diagonal entries eλit, such that the λi are the corresponding eigenvalues,

and c is a vector of constants determined by the initial conditions.

For the particular solution, we take yp = k1 + k2t, for some vectors k1 and k2.

Applying the linear operator to this particular solution gives

Lyp = k2 − bBk1 − bBk2t.

In addition, we note that the inhomogeneous problem, Ly = av, has a solution that

has a constant term, but no term linear in t. Therefore, we must have k2 ∈ ker(B).

Provided that ν ∈ [0, 1], this allows us to find k2 uniquely (up to a constant of

proportionality), since the null space of B has dimension 1. That the null space has

dimension 1 is due to the zero eigenvector of B, which is present due to the fact

that no complexes are lost from the system (we can also use this fact to determine

the constant of proportionality).

Given we can determine k2 by finding the null space of B, we can solve the

following for k1:

−bBk1 = av − k2. (6.5)

Since B is not a full rank matrix, we cannot uniquely determine a solution to Equa-

tion (6.5); instead we obtain a line of solutions of the form k1 = k1
∗+λk2, for some

parameter λ.

The constants in the vector c can be determined from the initial conditions, y0.

180



Initially at t = 0,

y0 = Vc + k1,

=⇒ c = Vᵀ(y0 − k1
∗ − λk2).

Put together, we have a general solution for the ODE model of the form

y = VDc + k1 + 15ak2t. (6.6)

6.6.2 Parameter estimation at quasi-steady state

Normalizing both the vector k2 (so that the normalized RNA complex count in

the oocyte is unity), and the equivalent distribution measured from smFISH data,

enables comparison of the distribution of complexes across the egg chamber under

the assumption of a Gaussian measurement error model, N (0, ξ2). We note that a

different measurement error model is required here compared to Section 6.4, since

the normalized mRNA distribution takes positive real values rather than integer

counts. Priors for ν and φ are as stated above in Section 6.4.1. For the model at

steady state, we additionally have a prior on the measurement noise, ξ, in the form

of a Truncated Normal prior with µ = 0, σ = 0.1 and support (0,∞).

In Figure 6.7, we show the marginal posterior distribution for the transport

bias parameter, ν. The median of the marginal posterior distribution for ν is 0.95,

with a 95% credible interval of [0.81, 1.00]. The posterior predictive distribution

(Figure 6.7(c)) contains the observed data points within the 95% credible region for

the complex distribution in each cell. Together these results strongly support the

hypothesis that transport of complexes is significantly biased towards the oocyte.
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Figure 6.7. Estimation of the bias in transport through ring canals obtained via
MCMC sampling for the coarse grained model at steady state, as described in
Section 6.6. In a), we display a schematic diagram of biased transport between two
compartments, with transport from cell 2 to cell 1 at rate ν, and transport from
cell 1 to cell 2 at rate 1− ν. In b), we display a density plot of the marginal
posterior distribution for the transport bias parameter ν, compared to the prior for
the same parameter which is uniform over [0.5, 1]. This shows evidence of strong
bias in transport through ring canals. In c), we show the posterior predictive
distribution with the raw data shown as red points. The shaded region shows a
95% credible interval of the distribution of predictions from the model. Here the
distribution of mRNA across cells in the egg chamber is normalized such that the
amount of mRNA in the oocyte is 1. The model provides a good fit to the data,
since most of the data points lie within the grey envelope of the 95% credible
interval.
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6.7 Estimates of production and transport rates

show production and transport are balanced

We obtain estimates for the rates of production, a, and transport, b, of mRNA

complexes by applying the modelling approach outlined in Equation (6.1) and Sec-

tion 6.4. We consider the full dynamic behaviour of the model, together with the

smFISH dataset of n = 9 egg chambers (see Section C.1) and infer all model pa-

rameters (a, b, ν, φ and σ).

Upon sampling from the posterior for the full model, we find that the production

rate, a, takes a median value of 12.9 and lies within a 95% credible interval of

[9.5, 18.9] (in units of [particles hr−1]). The transport rate, b, has a median value of

0.24 and lies within a 95% credible interval of [0.16, 0.35] (in units of [hr−1]). The

marginal posterior distributions for the rate parameters a and b are shown in Figure

6.8, and the posterior distribution for all the model parameters is shown pairwise in

Figure 6.9.

Using these parameter estimates, we can compare the relative contributions of

the production and transport terms in Equation (6.1) to the rate of change in the

number of mRNA complexes. We have 12.9 ≈ a ≈ b〈ỹ〉 ≈ 23.3, where a is the

complex production rate, b is the transport rate and 〈ỹ〉 = 97 is the median number

of gurken mRNA complexes at time t considered across all cells of the egg chamber.

This result indicates that the mRNA complex production rate is of the same order of

magnitude as the rate of complex transport, and therefore suggests that production

and transport are balanced. We provide further evidence to support this hypothesis

by evaluating the sensitivity of the model described in Section 6.3 to changes in the

rate parameters a and b (see Section 6.7.1).

6.7.1 Sensitivity to rate parameters

We provide further evidence to support the hypothesis that production and transport

are in tightly regulated balance by performing a sensitivity analysis of the model
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Figure 6.8. Estimation of all model parameters via MCMC sampling for the
model described in Section 6.4 and predictions for numbers of mRNA complexes in
each cell. In a), we display the posterior marginal distribution for the rate
parameters a and b (other parameters can be found in Figure 6.9). In b), we show
the posterior predictive distribution, which gives the predictions from the model
with parameters fitted to the data. Each panel gives the prediction for each cell
(numbered 1 for the oocyte through 2 to 16 for the nurse cells as in Figure 3.3) as
a solid line, with measured experimental particle counts shown as points. A 95%
credible interval for the predictions is shown as a shaded region. The blue points
are observed data used to train the model, whilst the red points are observed data
used to test the model (note that these red points are egg chambers for which only
the oocyte and neighbouring nurse cells have been segmented). The subplots are
arranged to highlight distance from the oocyte within the network of connections
between nurse cells shown in Figure 3.3c).
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Figure 6.9. Pairwise posterior plot for the full dynamic coarse-grained ODE
model (6.4). Marginal distributions for each parameter (a, b, ν, σ, φ) are shown on
the diagonal. Pairwise plots are shown as hex plots with darker purple indicating
higher density. We note the positive correlation between production rate a and
transport rate b due to an unidentifiability in the model.

described in Section 6.6.1. We consider the effects of making a small perturbation to

the production and transport rates a and b. Since Equation (6.1) is a linear system

of ODEs, we can obtain an analytical solution for the evolution of y, as given in

Equation (6.6). By differentiating this solution with respect to model parameters a

and b, we find an expression for how sensitive the number of RNA-protein complexes

is to these parameters.

Using the general solution obtained in Equation (6.6), and differentiating with

respect to the production rate, a, we have

∂y

∂a
= VD

∂c

∂a
+
∂k1

∂a
+
∂k2

∂a
t,

= (I −VDV−1)
∂k1

∂a
+
∂k2

∂a
t.

We obtain a similar expression when differentiating with respect to the transport
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rate, b, but without the term giving linear growth in time

∂y

∂b
= (I −VDV−1)

∂k1

∂b
.

We show in Figure 6.10 how sensitivity to the rate of production, a, and the rate of

transport, b, vary across different parameter values, and highlight relevant biological

parameters by the orange circle. At realistic parameter values: (a, b) = (12.9, 0.24),

then

∂y

∂a
≈ ∂y

∂b
.
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Figure 6.10. Sensitivity analysis for the ODE model given in (6.1). In (a), we
show the sensitivity of the number of RNA particles in the oocyte to the rate of
production, a, with realistic model parameters highlighted with an orange circle.
Similarly in (b), we show sensitivity to the rate of transport, b. Results are
presented at time t = 30 hrs.

6.7.2 Balance between parameter estimates may be due to

unidentifiability

However, we note that the shape of the pairwise posterior distribution in Figure

6.9 between the production rate a and transport rate b suggests that there is an

unidentifiability between these parameters given the data available to us since the

posterior mass lies on a manifold relating these parameters. Similar results are also
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seen when performing inference based on synthetic data simulated from the model.

This indicates that this relationship between a and b is a property of the model.

The same data can equally be explained by a high production rate combined with

a high transport rate, or by a lower production rate with a lower transport rate,

provided this is compensated for by the assembly parameter φ. Although we can

observe that the production and transport rates, a and b, are balanced, we should

be cautious in drawing further biological conclusions from the relationship between

these parameters, since what appears to be a tight regulatory balance between pro-

duction and transport could simply represent a consequence of the unidentifiability

of these parameters.

6.8 Perturbing mRNA production yields results

inconsistent with model predictions

To further validate our results, we explored whether the model can predict the

response of the system to a perturbation in the mRNA complex production rate

by considering an over-expression mutant with multiple copies of the gurken gene.

The behaviour of the over-expression mutant phenotype is illustrated in Figure 6.11.

We make the assumption that the mutant has mRNA complex production rate γa,

where a is the production rate in wild type, and γ > 1 is a scale factor, but that

all other model parameters are unchanged. The model specified in Equation (6.1)

predicts that the total number of RNA complexes in an egg chamber should increase

at rate 15a in wild type, and 15γa in the over-expression mutant. Comparing this

prediction with experimental data, we estimate a median value for γ as follows.

6.8.1 Estimates of γ

We assume that the over-expression mutant has RNA complex production rate γa,

where a is the production rate in wild type, and γ > 1 is a scale factor. We determine

γ by considering the total mRNA over time in all cells in the egg chamber (15 nurse
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grk smFISH
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Figure 6.11. Comparison of phenotypes between wild type and over-expression
mutant for egg chambers at similar stages of development and under identical
imaging conditions. Similar amounts of gurken mRNA have been localized in each
case. For the over-expression mutant, one of the nurse cells contains much more
mRNA than the others, whereas the distribution across nurse cells for the wild
type is more equal.

cells and the oocyte). Recall that mRNA is produced in the nurse cells, but not

the oocyte which is transcriptionally silent, such that if we define the total mRNA

across all cells as:

Y (t) =
16∑
i=1

yi(t), (6.7)

then by summing Equation (6.1), the transport terms cancel and we obtain

dY

dt
= 15a. (6.8)

Suppose that we observe ZWT ∼ N (YWT, σ
2
WT) and ZOE ∼ N (YOE, σ

2
OE) for the

wild type and over-expression mutant, respectively, where we assume that each has

production at rate aWT and aOE, with aOE = γaWT.

We assume the following prior distributions: Truncated Normal distribution

with µ = 0, σ = 10 and support (0,∞) for the production rates aOE and aWT;

Half-Cauchy(0, 3) with support on (0,∞) for observation noise parameters σOE and
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σWT. Results of performing MCMC for this model are shown in Figure 6.12, giving

a median estimate for γ of 2.18, with a 95% credible interval of [1.08, 3.18]. We take

the value γ = 2 for simplicity for the remainder of this chapter.
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Figure 6.12. Posterior distribution for the ratio, γ, between production in wild
type and the over-expression mutant.

6.8.2 Prediction of the distribution of mRNA complexes for

an over-expression mutant

We now use the model to predict the distribution of mRNA complexes in each of

the cells of the egg chamber by sampling from the posterior predictive distribution

generated in Section 6.7 using wild type data only. In doing so, the implicit assump-

tion is that, in the over-expression mutant, the only process significantly affected is

the mRNA complex production rate. For the oocyte and neighbouring nurse cells,

the model predictions are consistent with the observed data (Figure 6.13). However,

for the nurse cells furthest away from the oocyte (such as 8,12,14,15,16 which are at

least three ‘steps’ away from the oocyte) the observed experimental data contains

nurse cells with much greater accumulation of mRNA complexes than predicted by

the model (Figure 6.13). This result clearly indicates that the model does not cap-

ture key mechanistic details of the mRNA localization process that are relevant to

the over-expression mutant. The aim of the ensuing analysis is to tease apart the

nature of these missing mechanistic details.
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Figure 6.13. Posterior predictive distribution for the over-expression mutant
based on the ODE model (6.1) fitted to wild type data. Model predictions (the
grey ribbons) show good agreement with observed data (red points) for cells close
to the oocyte. Cells further from the oocyte, such as cell 16, show discrepancy
between model predictions and the observed data, indicating that there is some
biological mechanism not captured by the model. The observed data for the
over-expression mutant is shown as red dots, with the grey envelope showing a
95% credible interval of predictions from the model via the posterior predictive
distribution. The subplots are arranged to highlight distance from the oocyte
within the network of connections between nurse cells shown in Figure 3.3c).
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6.9 Localization of mRNA in the oocyte of the

over-expression mutant reveals robustness

Quasi-steady-state analysis of the ODE model in Equation (6.1) predicts that mRNA

complex numbers in the oocyte, y1, grow linearly at a rate proportional to 15a (Sec-

tion 6.6.1). Therefore, in addition, the model predicts that in the over-expression

mutant, which has an increased production rate of γa, the number of mRNA com-

plexes localized to the oocyte at a given developmental time should increase by a

factor of γ compared to wild type. However, rather than this predicted increase,

we observe experimentally the number of mRNA complexes in the over-expression

mutant oocytes to be similar to that in wild type (Figure 6.14). This results demon-

strates an incredible robustness of the system in the sense that the same amount

of gurken mRNA is localized to the oocyte, despite large changes to the production

rate. A key question is now what mechanism gives rise to the observed robustness?
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Figure 6.14. The number of mRNA complexes in the oocyte increases linearly
over time for both the wild type and the over-expression mutant. Strikingly, the
rate of increase of mRNA in the oocyte (shown by the gradient of the red and blue
lines) is approximately equal in each case, whereas we would have expected this to
be γ ≈ 2 times greater for the over-expression mutant. The tight regulation of this
process biologically ensures the right amount of RNA reaches the oocyte at the
right time, even under biological perturbation. The points show observed data on
number of mRNA complexes, and the lines show linear models fit to these data.
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6.10 Biological mechanisms to explain the over-

expression data can be represented as alter-

native models

We propose several plausible biological mechanisms to explain the behaviour of the

localization process in the over-expression mutant, as listed below.

Inhomogeneous production. Previously we assumed equal production rates of

mRNA complexes across all nurse cells. However, the over-expression of gurken in

nurse cells is driven by the GAL4-UAS system, which can result in patchy expression

across cells. We now relax the assumption of equal production rates, and estimate

the production rates of individual nurse cells by quantifying the number of nascent

gurken transcripts (see Section C.2 for details on the methods used to obtain these

estimates). The measurements of nascent transcription in units of arbitrary fluo-

rescence are shown in Figure 6.15. The resulting estimates for transcription rates
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Figure 6.15. Nascent transcription measured in the nuclei of nurse cells from
Drosophila egg chambers when a gurken over-expression phenotype. Each line
corresponds to a different egg chamber, coloured to indicate the age of the egg
chamber in hours. The index for each cell shown on the x axis corresponds to the
numbering of the graph in Figure 3.3. The transcription shown on the y axis is in
units of fluorescence.

in each cell are shown Figure 6.16, assuming that each cell has a characteristic

individual transcription rate which is shared across egg chambers.
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Figure 6.16. Estimated inhomogeneous production values across cells based on
measurements of nascent transcription and a mixture model. Points shown are
median estimates for the production in each cell. Posterior distributions are tight
around these median values. Note that the normalized production values are
shown such that an homogeneous model for the over-expressor would have
production of γ = 2 across all nurse cells, and the wild type would have production
of 1 in each nurse cell.

Blocking or queuing at ring canals. With increased levels of gurken in the

over-expression mutant, the environment inside the nurse cells is more crowded. We

hypothesize that the transport of mRNA complexes through ring canals could be

blocked or restricted due to crowding. We can represent this hypothesis in the model

by changing appropriate entries in the matrix B to zero: manual examination of the

data was used to predict which ring canals are blocked.

Density dependent transport. The final hypothesis we consider is that in-

creases in gurken in the over-expression mutant lead to saturation of the transport

mechanism. This hypothesis is motivated by observations of a build up of mRNA

at nuclear pore complexes in the over-expression mutant, suggesting that nuclear

export or the ability to form competent mRNA particles for transport may be sat-

urated. Instead of assuming that transport is linearly proportional to the number

of mRNA complexes, we assume a saturating transport term of the form

f(y) =
y

1 + βy
,
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where β is a parameter describing the density dependence.

A collection of models. We represent the hypotheses detailed above as a collec-

tion of models,M = {M0,M1, . . . ,M7}, that together represent all possible combi-

nations of the additional mechanisms (see Table 6.1 for details). Models including

the crowding-induced blocking at ring canals and inhomogeneous production mech-

anisms can be forward simulated using parameters from the posterior distribution

based on wild type data, as in Figure 6.13. Models including density dependent

transport must be fitted to the wild type data to estimate the parameter β.

6.11 Model comparison

We perform model comparison via leave-one-out cross validation [127, 149, 150].

From the family of models under consideration, we make testable predictions for

the behaviour of a genetic mutant and compare these with experimental data. We

compute pseudo-BMA+ (Bayesian Model Averaging) weights [148] for each model,

where the largest weight will give the model closest in KL divergence to the data

generating model. However, these weights can potentially be misleading in the case

where the true model is not contained in the set of models considered, as is the

case here. In this M-open case, stacking weights [148] offer a more conservative

choice of models. We present pseudo-BMA+ and stacking weights, since both are

informative. For further details on these model comparison methods, see Sections

2.3.6 and 2.3.8.

6.12 Model comparison reveals blocking of ring

canals as the most plausible mechanism

We use model comparison approaches (Section 6.11) to evaluate the ability of the

different models to explain the biological observations. Table 6.1 indicates strong

support for the blocking of ring canals as a mechanism to explain the observed over-
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Production Blocking
Density

dependent
transport

Pseudo
BMA+
weights

Stacking
weights

M0 0 0 0 0.04 0.00
M1 0 1 0 0.94 0.40
M2 0 0 1 0.00 0.08
M3 1 0 0 0.01 0.23
M4 1 0 1 0.00 0.00
M5 1 1 0 0.00 0.29
M6 0 1 1 0.00 0.00
M7 1 1 1 0.00 0.00

Table 6.1. A description of the collection of models M = {M0,M1, . . . ,M7},
together with the weights generated using model comparison (see Section 6.11 for
details).

expression data: Model M1 has a pseudo-BMA+ weight close to 1, indicating that

of the models considered this is the most plausible model. The more conservative

stacking weights approach also weights several other models highly, however these

are predominantly models that involve blocking as well as additional mechanisms.

These results, shown also in Figure 6.17, suggest that none of the models considered

perfectly describe the data generating process (to be expected since the model is

an incredibly simplified description of a very complex biological process). However,

predictions of mRNA complex distributions for the over-expression mutant made

using M1 (which incorporates only the blocking of ring canals) are substantially

improved compared to the predictions of the basic model. Taken together, our results

reveal crowding-driven blocking of ring canals as the most plausible explanation for

our experimental observations.

6.13 Reexamining microscopy data provides evi-

dence of queuing at ring canals

A natural question to ask is then whether it is possible to validate this prediction

experimentally? By re-examining microscopy data from the over-expression mutant,

we demonstrate evidence for the crowding-related blocking of ring canals in smFISH
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Figure 6.17. Model comparison based on predictions for the over-expression
mutant provides weights for each of the models, which represent combinations the
proposed biological mechanisms: inhomogeneous production, blocking of ring
canals and density dependent transport. Two different methods are used to
compute weights for the models. The Pseudo BMA+ weights assume the true
model comes from the collection of models considered (M-closed). The stacking
weights assume that the true model is not contained among the models considered
(M-open), giving a more conservative weighting of models. The weights computed
support blocking of ring canals (M1) as the best explanation for the observed
over-expression data.

data: we observe clusters of mRNA complexes around ring canals (Figure 6.18).

Similar observations of a build up of mRNA complexes near ring canals have also

been reported upon injection of gurken mRNA in nurse cells [182]. Together, these

results suggest that, while the transport of mRNA complexes within nurse cells may

be relatively fast, the efficiency of the transport process as a whole can suffer when

transit through ring canals is blocked by crowding.

6.14 Model generalizations support the same con-

clusions about the blocking mechanism

We consider generalizations of the simple model (Equation (6.1)) to incorporate

inhomogeneous variance across cells in our observations or a decay term with decay

of RNA at rate δ. Our conclusions about the blocking mechanism hold also for these

more general descriptions. The simple model is favoured by model comparison when
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Figure 6.18. Crowding-induced blocking of ring canals results in significant
accumulation of mRNA in nurse cells far from the oocyte. a) A clustered
distribution of mRNA complexes queuing near the ring canal (arrow). b) A
comparison between simulations from the model with all ring canals transporting
RNA equally, and a situation where the ring canal between cells 8 and 16 is
blocked. The schematic inset in b) shows the position of the blocked ring canal
within the tissue.
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compared to these models, which do not generalize as well to predictions for the

over-expression data.

6.14.1 Extension to model with mRNA decay

We consider a generalization of the model described in Equation (6.1) and Section 6.4

that accounts for degradation of mRNA. We assume that mRNA degrades at rate

δ in each of the cells. If there is no degradation or decay of mRNA this will be

captured by this model with a very low decay rate, δ. Including decay in the model

fundamentally changes the dynamics of the system of equations. In the quasi-steady-

state, the mRNA levels in the nurse cells will be constant when decay is included

whereas without decay mRNA levels in the nurse cells increase linearly over time.

The resulting system of equations with degradation of mRNA at rate δ is as

follows:

dy

dt
= av + bB(ν) y − δ y. (6.9)

Setting the same prior for the decay rate, δ, as for the other rate parameters

of N (0, 102) in units of
[
hr−1

]
, and otherwise using the same priors described in

Section 6.4.1, we can perform inference for the model with degradation given by

Equation (6.9). We obtain a 95% credible interval for δ of [0.01,0.33] with a median

of 0.14. Samples from the posterior predictive distribution for this model are shown

in Figure 6.19. Conclusions drawn from our analyses are unaffected by using the

model with decay.

6.14.2 Analysis of inhomogeneous variance model

Previously we have assumed a homogeneous noise model across cells in the egg cham-

ber, in that the overdispersion parameter, σ, in the negative binomial measurement

model in Equation 6.3 is the same for every cell. The observed data, shown as dots

in Figures 6.8 and 6.13, seems to exhibit greater variation in certain cells than oth-

ers. We attempt to account for this variation by relaxing the assumption that the
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Figure 6.19. Posterior predictive distribution for the over-expression mutant
using the model with mRNA decay at rate δ. The grey envelope shows a 95%
credible interval for predictions, while the red points correspond to observed data.

overdispersion parameter is the same for all cells and instead letting it vary across

the tissue. Predictions for the over-expression mutant from the simple model, M0,

but with inhomogeneous overdispersion, σ, are shown in Figure 6.20. The biggest

difference is a smaller range of predictions for the oocyte. This is consistent with the

robustness of the amount of mRNA localized in the oocyte. The disparity between

the prediction for the over-expression mutant and the observed levels of mRNA

localization in the oocyte is clearly apparent from these results also.

Further to this we considered a comparison of the collection of models M =

{M0,M1, . . . ,M7} between the homogeneous and inhomogeneous overdispersion

cases. We computed weights jointly for this collection of 16 models together. The

results are shown in Figure 6.21 and demonstrate that in general the homoge-

neous overdispersion parameter models should be favoured over the inhomogeneous

overdispersion parameter models. This justifies using the model with homogeneous

overdispersion across cells. Moreover, the conclusion that crowding-induced block-
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Figure 6.20. Posterior predictive distribution for the over-expression mutant
using the overdispersion model, where a separate overdispersion parameter has
been fitted in the measurement model for each cell in the egg chamber. The grey
envelope shows a 95% credible interval for predictions, while the red points
correspond to observed data.

ing of ring canals is the most plausible model to explain the observed data for the

over-expression mutant still holds when jointly comparing this larger collection of

models. We note that the inhomogeneous overdispersion model is a more flexible

class of model, but that this overfits to the wild type data and is less able to make

predictions relevant for the over-expression mutant. This could indicate further bi-

ological differences between the wild type and over-expression mutant, which could

be investigated in future studies.

6.15 Discussion

Combining very simple mechanistic mathematical models and Bayesian inference

approaches together with experimental evidence, we have investigated the dynam-

ics of mRNA localization in Drosophila egg chambers, and made quantitative pre-
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Figure 6.21. Model comparison weights between homogeneous and
inhomogeneous overdispersion models based on a joint comparison of 16 models.
Weights are computed via pseudo-BMA+ and stacking methods.

dictions of the dynamics of the localization process. Estimates of the production

and transport rates of gurken mRNA indicate that these processes are balanced in

mRNA localization. To confer robustness on the system, large perturbations must

be buffered by the localization mechanism to ensure that the ‘correct’ amount of

RNA is localized at the right time in development. We have shown that crowding-

driven blocking of ring canals is sufficient to regulate the localization of mRNA in

the oocyte.

In addition, our results suggest that transport of mRNA complexes through

ring canals is strongly biased. The characteristic network of connections between

the nurse cells specifies a given network structure that we represent via the matrix

B in Equation (6.1). By inferring the bias parameter, ν, we have shown that the

observed distribution of mRNA complexes across the egg chamber is consistent with

strongly biased transport of mRNA complexes towards the oocyte. Biologically, this

biased transport is due to active transport of mRNA complexes on microtubules,

and reflects bias in the orientation of the microtubule network within a cell, although

ν is not a direct quantification of the bias in the microtubule network.

We have also provided measurements and estimates for the assembly of higher

order mRNA complexes in the oocyte following remodelling upon transit through the
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ring canals between the oocyte and the nurse cells. Measurements of RNA content

for bicoid, oskar and nanos mRNA complexes have been performed previously [229,

274], although largely for later stages of development, and we note that the estimates

given here are consistent with similar measurements on the distribution of multimeric

mRNA complexes of oskar upon entry to the oocyte at stage 10b [274]. This process

of remodelling of mRNA complexes upon transit into the oocyte may play a role

within wider changes in how RNA is packaged in the oocyte compared to the nurse

cells.

We attempted to validate the mathematical model (Equation (6.1)) by making

predictions about behaviour of an over-expression mutant. The predictions of this

simple model revealed a discrepancy in the accumulation of mRNA in the nurse cells

furthest from the oocyte compared with the observed experimental data: in some

cases, far more mRNA is observed in these cells than predicted by the model. In

addition, the observed rate of localization of mRNA in the oocyte is similar in the

over-expression mutant as compared to wild type, contrary to predictions from the

simple model. We resolved this discrepancy by using model comparison approaches

to compare the ability of a range of biological mechanisms to replicate the observed

data. Our results suggest crowding-induced blocking of ring canals as a plausible

explanation for the discrepancy between model prediction and experimental obser-

vations, and more generally that the transport process becomes overloaded in the

over-expression mutant. We therefore argue that the crowding-induced blocking of

ring canals is effectively a regulatory mechanism that helps ensure the robustness of

gurken localization in Drosophila oocytes. Precise control of gene expression during

development can be facilitated by indirect methods [287]; blocking of ring canals is

an example of such indirect regulation.

Finally, we highlight that the conclusions drawn as a result of this combined

modelling-experiment study were made possible through use of Bayesian inference

approaches that allowed us to interrogate and interpret quantitative data, making
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full use of the information contained therein. It is important to note also that

our conclusions were reached through the use of an incredibly simple, analytically

tractable, coarse-grained model, that allowed us to abstract many of the intricate

details, and focus on salient mechanisms. The fine-grained stochastic model of

Chapter 3 provided a detailed description of the mechanisms of mRNA transport

within a cell; the simple representation presented in this chapter relates to the same

underlying process on different spatial and temporal scales. Previously in Chapter

3, we provided evidence that transport within a single cell is not rate-limiting for the

mRNA localization process, whereas here we suggest that production and transport

are in tightly regulated balance. These results are nonetheless consistent, since the

transport process considered in this chapter includes also transit through ring canals

between cells in addition to transport within a single cell.
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Chapter 7

Discussion
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Quantitative approaches to interrogating biological hypotheses with data are

crucial in utilising complex data sources such as imaging data. In this work, we

have developed and applied Bayesian inference methods to aid in understanding

processes in developmental and cell biology. By using simple models together with

experimental data, we have gained insight into regulation of mRNA localization. In

this chapter, we review the progress made in this thesis and set out areas for further

work in the future.

7.1 Discussion

The contribution of this thesis has been in several parts, spanning methodologi-

cal improvements to approximate Bayesian inference algorithms (Chapter 5, novel

application of existing modelling methods to a new biological application area to an-

swer biological questions (Chapters 3 and 6), computational investigation into the

effect of experimental design on inference (Chapter 4), and integrated modelling and

Bayesian inference to shine light on the regulation of mRNA localization (Chapter

6). We hope that this portfolio of work can help guide future studies in similar

areas.

7.1.1 Chapter 3

In particular, we developed a microscopic, stochastic model in Chapter 3 for the

movement of individual mRNA complexes within a nurse cell. This model allowed

us to study the timescale for transport from the nucleus of the nurse cells to ring

canals with other cells. By fitting this model to experimental data via ABC, we have

made an experimentally testable prediction regarding the behaviour of a half-speed

Dynein mutant.

Localization of mRNA is crucial in controlling the expression of proteins in

space and time. In this work, we have addressed questions about the regulatory

mechanisms and bottlenecks governing mRNA localization. By using a microscopic
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stochastic model of mRNA transport within a single nurse cell, we have demon-

strated that the timescale of transport of mRNA complexes within a single cell is

not a bottleneck for localization of mRNA, and this timescale is strongly dependent

on the structure and dynamics of the cytoskeleton.

7.1.2 Chapter 4

Motivated by this work in Chapter 4, we have examined the effects of experimental

design parameters such as the temporal sampling frequency of collecting imaging

data, or the observation noise, on parameter estimation within a Bayesian frame-

work. When using certain models of biological transport, such as the VJP model,

and linking this to data observed at discrete times, estimates of parameters can be

biased. Although we must still make approximations to formulate the VJP model

within a hidden states framework to enable us to use particle MCMC methods for

inference, this approximation can be understood and controlled.

7.1.3 Chapter 5

Although one of the appealing aspects of the ABC algorithm is its simplicity in

how easy it is to understand, computational performance of the method can depend

highly on its implementation. In Chapter 5, we focused on the role of summary

statistics in ABC and how to combine them within the ABC distance function to

make best use of the information contained therein. We developed an algorithm that

chooses weights for a collection of summary statistics adaptively by maximizing the

distance between the prior and approximate posterior distribution. We analyzed

this method thoroughly both from a theoretical point of view and by applying it to

a suite of test problems. To enable a wider audience of computational scientists to

make use of inference methods such as ABC, it may be beneficial to have robust,

automated methods of selecting key implementation parameters such as summary

statistics and tolerance schedules for ABC-SMC. Although the adaptive method
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presented in Algorithm 5 does not remove completely the need for a collection of

summary statistics, it can help avoid the need for hand-crafted summary statistics.

The concept of an automated statistician [288] may be one way of incorporating

quantitative approaches in science by removing the burden of choice of implemen-

tation parameters or even choice of algorithm from the practitioner.

7.1.4 Chapter 6

Finally, we have investigated the nature of robustness during development, empha-

sizing the role of robustness during localization of mRNA in Drosophila oogenesis.

We developed a coarse-grained differential equation model, and related this model to

smFISH data via Bayesian inference methods. By making testable predictions from

our model, we showed that our initial understanding of the dynamics was not suffi-

cient to explain the data observed for an over-expression mutant. Model comparison

between competing hypotheses, which were represented quantitatively as alternative

models, uncovered a crowding-induced blocking mechanism at ring canals as the

most plausible hypothesis to explain the observed behaviour. This framework for

thorough model-based analysis, through representing competing hypotheses as mod-

els and performing comparison between them, is a promising approach to answering

biological questions in a quantitative manner.

By comparing predictions from a simple differential equation model of mRNA

transport and localization with experimental data from an over-expression mutant,

we revealed robustness in how much mRNA is localized at different stages of de-

velopment. We highlighted crowding-induced bottlenecks in transport through ring

canals between nurse cells as a possible regulatory mechanism involved in maintain-

ing this robustness.
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7.2 Future work

7.2.1 Further work to extend inference methods

Biological phenomena generally involve processes taking place on multiple spatial

and temporal scales. It can therefore be informative to build models that focus on

events taking place on each of these scales and combine the models into a hierarchy

in which detail from a finer scale model can be represented in a simplified way in a

model on a more coarse scale, as in Chapters 3 and 6. We currently lack method-

ologies to conduct parameter inference within such hierarchies of models. The key

difficulty lies in uniting the model descriptions within a single framework in a gen-

eral way to allow for parameter inference informed jointly by behaviour across scales.

Sequential applications of Bayesian analyses [226] can fulfil this role if the models

are nested appropriately. Similarly Multifidelity Monte Carlo methods [114] go some

way to addressing this by using cheaper or surrogate models to assist inference with

a more expensive model of interest. Tools to enable parameter estimation within

a hierarchical, multiscale modelling framework integrating models and data across

scales could be developed in future work.

7.2.2 Further work to test current biological hypotheses

As a result of developing the microscopic, stochastic model of mRNA transport

within a single nurse cell in Chapter 3, we have made testable predictions about the

behaviour of a Dynein mutant and the effect of this on FPTs, which described the

timescale for transport within a nurse cell. These predictions should be investigated

experimentally to assess and validate the predictions of the model.

In Chapter 3, we investigated different summary statistics, including population

based summary statistics, and combined summary statistics using both microscopic

and macroscopic data. These proved to be effective in simulations on synthetic

data. For further investigation of models of this type, we recommend performing

injection or photo-activation experiments to make use of these summary statistics.
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In photo-activation experiments, a region of interest is switched from green to red

by excitation with radiation at a particular wavelength. Thus far, such experiments

have been challenging due to the sensitivity of the photo-activatable protein to fur-

ther light used during imaging. In further imaging the sample to observe changes

after a period of time, much of the remaining sample will also switch, making inter-

pretation of results challenging. As improved photo-activation technologies become

available, experiments such as this may become more feasible.

In Chapter 6, we proposed a crowding-induced blocking mechanism to explain

accumulation of mRNA in nurse cells for an over-expression mutant. Although

other regulatory mechanisms such as saturation of rate-limiting transit through ring

canals could account for such a build up of mRNA, by performing model comparison

we showed that the observed data favour the blocking model. To further assess

the crowding-induced blocking mechanism, we suggest directly measuring transit

through ring canals in the wild type and over-expression mutant conditions. This

is nontrivial and would require extended time lapse imaging to track movements of

complexes though representative subsets of all ring canals.

7.2.3 Further work to extend modelling of mRNA localiza-

tion

The models presented in Chapters 3 and 6 offer different perspectives on parts of the

same biological process. From a modelling point of view, it would be desirable to

unite these into a single model of the entire Drosophila egg chamber capturing the

microscopic detail of mRNA transport within and between cells, up to localization.

This detailed model would allow different regulatory mechanisms to be explored in

ways that cannot be captured by the models outlined in this work. Before starting

with this ambitious project to model many cells with microscopic detail, it is im-

portant to build, test and validate simpler models of transport within a single cell,

and at coarser scales in space and time, and we have done so in this thesis.
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One detail of the geometry used by the fine-grained microscopic model described

in Chapter 3 that could be further investigated is the positioning of the ring canal

and the number of ring canals. In this work, we assumed that the nurse cell of

14 µm

grk-GFP
phalloidin

B

A

Figure 7.1. Stage 6 Drosophila egg chamber showing the positioning of ring
canals in two different nurse cells. The nurse cell labelled A has only a single ring
canal connecting it to the oocyte and none of the other nurse cells. In contrast, the
nurse cell labelled B has connections to the oocyte and to 3 other nurse cells. The
ring canals are indicated by white arrowheads.

interest contained only a single ring canal connecting it to other cells, as in cell A in

Figure 7.1. It would be interesting to assess the effects of several ring canals within

a modelling framework on the transport dynamics, for example cell B in Figure 7.1

has four ring canals. Due to the graph structure of ring canals connecting different

nurse cells, certain nurse cells will have sterotypic numbers of ring canals connecting

them to other cells. Since the cytoskeleton is connected directly to the ring canal, the

presence of a ring canal does affect the cytoskeleton locally and further experimental

studies of the cytoskeleton structure in nurse cells may be required before modelling

assumptions can be made regarding multiple ring canals.
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7.2.4 Further work on software and reproducibility

Modern computational science works most effectively when analyses can be repro-

duced easily by other researchers, but there are currently problems in this area in

terms of the availability of raw data and computer codes [289, 290], stemming from

a lack of appropriate training and incentives for researchers.

To help replicate the work presented in this thesis, we have provided code repos-

itories hosted on Github with key parts of code used. Code for Chapter 3 is avail-

able at https://github.com/shug3502/mRNA Code for Chapter 4 is available at

https://github.com/shug3502/pmmc_inference_for_vjps Code for Chapter 5 is

available at https://github.com/shug3502/CombiningSumStats Code for Chap-

ter 6 is available at https://github.com/shug3502/rstan_analysis. This code is

intended to help other researchers interested in replicating or extending the research

presented here, rather than providing a fully reproducible analysis.

7.2.5 Details on computational methods used

To aid with further studies, we outline here the languages and computational tools

used in each chapter of this thesis and describe the computational running time

in each case. For Chapter 3, code to simulate the fine-grained model and perform

inference with ABC is written in MATLAB. The inference with ABC takes hours

to around a day in duration. For Chapter 4, code is primarily written in R with

parts of the bootstrap particle filter written in C++ to accelerate inference with the

particle MCMC algorithm. To create figures such as Figure 4.10, MCMC chains were

run in parallel for different values of ∆t using a python script. The computational

cost is dominated by the smallest ∆t values, which take up to around 3 days to

run. The ABC analysis in this chapter takes hours to around a day to complete

and a computational comparison between the ABC and particle MCMC methods is

presented in Section 4.3.7. For Chapter 5, code to implement the adaptive algorithm

to combine summary statistics is written in MATLAB, and also to implement the
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test problems described in this chapter. In comparing with other work, we use our

own MATLAB implementation of the algorithm of Barnes et al. [36], and use the R

package abctools [272] for the method of Fearnhead and Prangle [37]. For Chapter

6, code to analyse the data is written in R with the model implemented via Stan.

The Bayesian inference takes minutes to hours to run. Image analysis involved spot

detection using a MATLAB package (FISH-quant [207]) accessible via a GUI, and

manual segmentation of cells through a custom python GUI [284].

7.2.6 Conclusions

Many of the most ambitious problems currently being tackled in biology and medicine

require quantitative data and quantitative models to aid the analysis of these data,

and interrogate biological hypotheses. Complex models become most useful when

we have a good understanding of their parameters [9], but this can present numer-

ous challenges. In this work, we have addressed some of these challenges and have

applied mathematical modelling and Bayesian inference methods in the context of

mRNA localization and transport. We have used the predict-test-refine loop to

connect computational models with the underlying mRNA localization process via

testable experimental predictions. We hope that the work contained in this thesis

provides a foundation and an exemplar for future studies in this area.
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A.1 Experimental methods and materials

A.1.1 Fly strains and tissue preparation

Stocks were raised on standard cornmeal-agar medium at 25◦C. The wild type

was Oregon R (OrR). Over expression of gurken RNA was obtained by cross-

ing UASp grk3A (based upon genomic sequence DS02110, which includes the full

3’ and 5’ UTRs [291]) to maternal tubulin driver TubulinGal4-VP16. Tagging

of gurken RNA for live imaging was achieved using the MS2-MCP(FP) system:

gurken-(MS2)12 [205], P[nos-NLS-MCP-mCherry ] [191]; P[w+nanos-5’-NLS-MCP-

Dendra2 K10-3’ ] (Rippei Hayashi). GFP protein trap lines: Moesin::GFP [292];

Tau-GFP 65/167 (D. St Johnston, University of Cambridge). Oocytes were isolated

for live imaging as described in Parton et al. [293].

A.1.2 Live-Cell imaging

Live imaging of isolated Drosophila oocytes was done at 21◦C with a GE Healthcare

DeltaVision CORE integrated wide field imaging system (Lumencor 7-line illumi-

nation source upgrade) using an Olympus 100x SI 1.35 NA lens, standard filter sets

and a Cascade-II EMCCD camera.
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B.1 Theoretical justification

We will require the following results:

Lemma 3. Póczos and Schneider [267]

Suppose that k ≥ 2 and that M = supp(p). Let γ = 1 − α. Assume that (a)

q is bounded above, (b) p is bounded away from zero, (c) p is uniformly Lebesgue

approximable 1, (d) ∃ δ0 such that ∀δ ∈ (0, δ0)
∫
MH(x, p, δ, 1/2)p(x)dx < ∞, (e)∫

M ||x− y||
γp(y)dy <∞ for almost all x ∈ M,

∫ ∫
M2 ||x− y||γp(y)p(x)dydx <∞,

where H(x, p, δ, ψ) =∑k−1
j=0

(
1
j!

)ψ
Γ(1

2
+ jψ)

(
p(x)+δ
p(x)−δ

)jψ
(p(x)− δ)−( 1

2
) ((1− δ)ψ)−( 1

2
)−jψ .

Then

lim
n→∞

E
[(
D̂h (X1:N ||Y1:N)−Dh (p||q)

)2
]

= 0. (B.1)

The proof of this results relies on constructing an integrable function as a bound

such that Lebesgue’s dominated convergence theorem can be applied. See Póczos

and Schneider [267] for details. Lemma 3 specifies L2 consistency of the nearest

neighbour estimator, which ensures that the estimates of the distance between p

and q become more concentrated around the true values as more samples are used.

Lemma 4. Let Xn and X be random variables in Rd.

If

lim
n→∞

E
[
||Xn −X||2

]
= 0,

then, for any ε > 0,

lim
n→∞

P (||Xn −X|| > ε) = 0.

That is, L2 convergence implies convergence in probability.

Proof. By Chebyshev’s inequality, for any ε > 0

P (||Xn −X|| > ε) ≤ E [||Xn −X||2]

ε2
.

1

Definition (Uniformly Lebesgue approximable function). Let g ∈ L1(E) for E ⊂ Rd. g is
uniformly Lebesgue approximable on E if, for any sequenceRn → 0 and any δ > 0, ∃n = n0(δ) ∈ Z+

(independent of x) such that if n > n0, then for almost all x ∈ E,

g(x)− δ <

∫
B(x,Rn)∩E g(t)dt

V(B(x,Rn) ∩ E)
< g(x) + δ,

where B(x,R) is the closed ball around point x ∈ Rd with radius R, and V(B(x,R)) is the volume
of the ball.
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Theorem 5. Assume E is finite, |E| = χ. Assume the conditions of Lemma 3

hold for distributions p and q(w). Assume that a unique w∗ maximizes Dh

(
p||q(w)

)
and arrange parameter values wj for j ∈ {1, . . . , χ} in order such that they are

descending in Dh

(
p||q(w)

)
. That is w1 = w∗, using w2 gives the next biggest value

and so on. Then

lim
n→∞

P
(

argmax
w∈S

D̂h

(
X1:N ||Y (w)

1:N

)
= w∗

)
= 1. (B.2)

Proof. Let ε > 0. Take δ < Dh

(
p||q(w∗)

)
−Dh

(
p||q(w2)

)
. Using Lemma 3, we have

L2 convergence for the estimator D̂h and, via Lemma 4, this implies convergence in

probability. Therefore ∃M ∈ N such that ∀n ≥M

P
(∣∣∣D̂h

(
X1:N ||Y (w)

1:N

)
−Dh

(
p||q(w)

)∣∣∣ > δ
)
< ε.

Therefore ∀N ≥M

P
(

argmax
w∈E

D̂h

(
X1:N ||Y (w)

1:N

)
= w∗

)
> 1− ε.

If we make the (generally unrealistic) assumption that the space of possible

parameters, E, is finite, then we are able to show that, in the limit of a large number

of samples, we can recover the optimum parameters with probability 1. We next

explore how this can be extended to a compact, continuous space of parameters, E,

provided we make assumptions about the structure of dependence of the distance

estimator on parameters w ∈ E. We show that assumptions about this dependence

structure of the estimator on the parameters can be justified by considering some

of the details of Algorithm 5.

Lemma 6. Consider the estimator of the Hellinger distance as a function of pa-

rameters, w, such that

L(w) = D̂h

(
X1:N ||Y (w)

1:N

)
.

Then L(w) is piecewise constant with respect to parameters w ∈ E, with finitely

many discontinuities.
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Proof. Suppose that, according to Algorithm 5, at generation t, we have gener-

ated pseudo data {xi∗}Ni=1, which we summarize via summary statistics s(xi∗) =

(s1, . . . , sκ) ∈ Rκ and κ is the number of summary statistics used to summarise the

model output. The parameters w ∈ Rκ are summary statistic weights, and these

are used within a weighted Euclidean distance function

dw (s(x), s(y)) =
κ∑
j=1

w2
i (sj − sj(y))2

= (s(x)− s(y))>Σ>wΣw(s(x)− s(y))

= (Σws(x)− Σws(y))> (Σws(x)− Σws(y)) ,

where Σw = diag(w), to compare the pseudo data with observed data. We note

that this is equivalent to stretching the space in which the pseudo data lies via the

matrix Σw, and using the usual Euclidean distance.

Consider a small perturbation in parameter space w = w0 + ε, with ||ε|| � 1.

Then

Σw = diag(w0 + ε) = diag(w0) + diag(ε) = Σw0 + Σε.

Using this decomposition of Σw gives, for the weighted Euclidean distance,

dw0+ε(s(x), s(y)) = ((Σw0 + Σε) s(x)− (Σw0 + Σε) s(y))>

((Σw0 + Σε) s(x)− (Σw0 + Σε) s(y))

= (Σw0s(x)− Σw0s(y))> (Σw0s(x)− Σw0s(y))

+ (Σεs(x)− Σεs(y))> (Σw0s(x)− Σw0s(y))

+ (Σw0s(x)− Σw0s(y))> (Σεs(x)− Σεy) +O(ε2)

= dw0(s(x), s(y)) + A+ A> +O(ε2),

where A = (Σw0s(x)− Σw0s(y))> (Σεs(x)− Σεs(y)) which is linear in ε. Suppose

we order the pseudo-data such that xj∗ is the jth closest point to the observed data

based on dw0 . Provided that

dw0(s(x
n∗), s(y))− dw0(s(x

(n+1)∗), s(y)) > A+ A> +O(ε2), (B.3)

then making this perturbation in w will not change which parameter samples are

selected, as the same pseudo data will remain closest to the observed data, y. If the

same parameter samples are selected, then the value of L(w) will remain constant

as a function of w under the perturbation w = w0 + ε.

In cases where Equation (B.3) does not hold, there will be a jump discontinuity

in L(w) as different parameter samples are selected. This will occur finitely many
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times corresponding to the finite number, N , of points in the sample of pseudo data,

{xi∗}Ni=1.

We confirm computationally that L(w) is piecewise constant for the test problem

described in Section 5.4.1, and show this in Figure B.1.

0 500 1000

0.764

0.765

0.766

0.767

Figure B.1. The estimator L(w) = D̂h

(
X1:N ||Y (w)

1:N

)
is piecewise constant for the

toy model described in Section 5.4.1 when X1:N are samples from the prior and
Y

(w)
1:N are samples from the approximate posterior generated via ABC with

summary statistics weights w. After a single generation of ABC-SMC, we optimize
L(w) as a function of w to find a local maximum w∗. In (a), we then consider the
value of L(w) on a line of parameters in parameter space w = w∗ + 10−4r~η, where
~η ∼ N (0, Iκ) is a random choice of direction, Iκ is the κ× κ identity matrix and r
parameterizes a line in this direction. L(w) is piecewise constant in w as shown in
Lemma 6. For a piecewise constant function L(w), we can choose δ and wj for
j ∈ {1, . . . , κ} such that L(w) is locally constant. We illustrate such a choice of δ
and wj in (b).

Lemma 7. Assume E ⊂ Rκ is compact and that a unique w∗ ∈ E maximizes

Dh

(
p||q(w)

)
. Assume the conditions of Lemma 3 hold for distributions p and q(w).

Suppose L(w) is piecewise constant in w with finitely many jump discontinuities.

Then

lim
n→∞

P
(

argmax
w∈E

D̂h

(
X1:n||Y (w)

1:n

)
= w∗

)
= 1.

Proof. We can choose a δ > 0 and finitely many wj, j ∈ {1, . . . , χ} such that every

point w is within a ball of radius δ from some wj (see Figure B.1 and note that L

is locally constant). Then ∀w ∈ E ||w−wj|| < δ =⇒ L(w) = L(wj) = Lj. Since

there are finitely many values wj corresponding to distinct unique values Lj, we can

apply the result from Theorem 5 to give the required result.
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Theorem 8. Suppose that k ≥ 2 and that M = supp(p). Assume that

(a) q is bounded above,

(b) p is bounded away from zero,

(c) p is uniformly Lebesgue approximable,

(d) ∃ δ0 such that ∀δ ∈ (0, δ0)∫
M
H(x, p, δ, 1/2)p(x)dx <∞,

(e)
∫
M ||x− y||

γp(y)dy <∞ for almost all x ∈M,∫ ∫
M2 ||x− y||γp(y)p(x)dydx <∞,

(f) E ⊂ Rκ is compact,

(g) a unique w∗ ∈ E maximizes Dh

(
p||q(w)

)
.

Then

lim
n→∞

P
(

argmax
w∈E

D̂h

(
X1:N ||Y (w)

1:N

)
= w∗

)
= 1. (B.4)

Proof. Apply Lemma 6 to show that L(w) is piecewise constant in w. Apply Lemma

7 to give the desired result.

Theorem 9. Prangle [111]

Suppose that the following conditions hold:

(a) θ ∈ Rλ, s(x) ⊂ Rκ and these random variables have joint density π(θ, s(x)) with

respect to the Lebesgue measure.

(b) The sets At = {s(x) | dw∗t (s(x), s(y)) < εt∀t} are Lebesgue measureable, where

w∗ are the optimal weights at generation t, and εt are the tolerances at each gener-

ation.

(c) π(s(y)) > 0.

(d) limt→∞m(At) = 0, where m(·) represents Lebesgue measure.

(e) The sets At have bounded eccentricity. That is for any At, ∃ a ball Bt =

{s(x) | ||s(x − s(y)||2 ≤ rt} about s(y) with radius rt such that At ⊂ Bt and

m(At) ≥ cm(Bt), where || · || is the Euclidean or L2 norm and c > 0 is a con-

stant. (This property implies that At is contained within a ball Bt, but that its

measure is comparable to the measure of the ball [294]).

Then the posterior approximations converge:

lim
t→∞

pABC,t(θ|s(y)) = p(θ|s(y)) for almost all (θ, s(y)),

where pABC,t(θ|s(y)) is the ABC posterior defined as:

pABC,t(θ|s(y)) ∝
∫
p(s|θ)π(θ)1[dw∗t (s(x), s(y)) ≤ εt] dx.
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Proof.

lim
t→∞

pABC,t(θ|s(y)) = lim
t→∞

∫
p(θ, s)1[s ∈ At] ds∫
p(θ, s)1[s ∈ At] dsdθ

= lim
t→∞

∫
s∈At p(θ, s) ds∫

s∈At p(θ, s) dsdθ

=
limt→∞

1
m(At)

∫
s∈At p(θ, s) ds

limt→∞
1

m(At)

∫
s∈At p(s) ds

=
p(θ, s(y))

p(s(y))
almost everywhere

= p(θ|s(y)).

The fourth equality above is due to the Lebesgue differentiation theorem [294], which

requires bounded eccentricity and limt→∞m(At) = 0.
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Test κ A(0) T θ∗ N α Repeats Prior
problem interval
Uniform toy 10 - - 10 2000 0.5 1 log10 θ ∼ U [−4, 4]
model
Bimodal toy 2 - - (π/4, 5π/4) 2000 0.5 1 θ ∼ U [0, 2π]
model
Gaussian toy 2 - - (0,0) 2000 0.5 1 θ ∼ N(0, 100)
model
Death 9 10 20 (0.1, 0.01) 2000 0.5 1 log10 θ ∼ U [−4, 4]
process
Dimerization 24 (105, 0, 0) 100 (1, 0.04, 2000 0.5 1 log10 θ ∼ U([−2, 2]× [−3, 1]

0.002, 0.5) ×[−5,−1]× [−3, 1])
Diffusion 64 10 ∗ 1x<0 20 0.1 2000 0.5 1 log10 θ ∼ U [−4, 0]

Table B.1. Summary of hyperparameters used in simulations.
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C.1 Experimental methods and materials

C.1.1 Fly strains and tissue preparation

Stocks were raised on standard cornmeal-agar medium at 25◦C. The wild type

was Oregon R (OrR). Over expression of gurken RNA was obtained by cross-

ing UASp grk3A (based upon genomic sequence DS02110, which includes the full

3’ and 5’ UTRs [291]) to maternal tubulin driver TubulinGal4-VP16. Tagging

of gurken RNA for live imaging was achieved using the MS2-MCP(FP) system:

gurken-(MS2)12 [205], P[nos-NLS-MCP-mCherry ] [191]; P[w+nanos-5’-NLS-MCP-

Dendra2 K10-3’ ] (Rippei Hayashi). GFP protein trap lines: Moesin::GFP [292];

Tau-GFP 65/167 (D. St Johnston, University of Cambridge). Oocytes were iso-

lated for fixation and single molecule fluorescence in situ hybridization (smFISH),

as described in Davidson et al. [295].

C.1.2 Single molecule FISH

smFISH detection of gurken RNA was performed as described in Davidson et al.

[295]. Stellaris Olignoucleotide probes 20nt in length complementary to the gurken

transcript (CG17610; 48 probes) conjugated to CAL Fluor Red 590 were obtained

from Biosearch technologies). Labelled oocytes were mounted on slides in 70%

Vectashield (Vector laboratories).

C.1.3 Fixed-cell imaging

Confocal imaging of fixed Drosophila oocytes was performed using an inverted Olym-

pus FV3000 six laser line spectral confocal system fitted with high sensitivity gallium

arsenide phosphide (GaAsP detectors) and using a 60x SI 1.3 NA lens. For smFISH

detection of gurken transcripts, settings were optimized with a pinhole of 1.2 airy

units and increasing laser power over the depth of the sample (between 30-50µm

from the coverslip) to compensate for signal attenuation.
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C.2 Quantifying production via nascent transcrip-

tion

Previously in Section 6.3, we assumed equal production of mRNA in each of the

nurse cell nuclei. Here we relax this assumption and consider estimating directly

how much production occurs in each nurse cell nucleus. The UAS system is used

as a genetic driver to drive the over-expression of gurken, and this may not operate

identically in all the nurse cells. This justifies considering inhomogeneous production

for the over-expression mutant, but nonetheless assuming equal production across

nurse cells in the wild type.

Challenges arise in the nature of the data available in that the smFISH data is

from fixed specimens capturing a snapshot of the dynamics at a particular point

in time. Transcription is a noisy process and there is some evidence that time

averaging of transcription helps regulate gene expression [287]. By considering only

a single sample in time from each nurse cell, we lack information to make sound

inferences that can extrapolate to other time points. Instead, we assume that there

is a characteristic distribution of transcription across cells within the egg chamber.

To quantify transcription in each nurse cell, we measure the brightness of nascent

transcripts in the nuclei of nurse cells. We perform these measurements based on an

average projection in the z direction through the nucleus of each nurse cell, and apply

a threshold to remove background signal using FIJI (ImageJ V1.51d; fiji.sc, [223]).

We note that the resulting distributions of fluorescence across cells for different over-

expression egg chambers are very noisy, as shown in Figure 6.15. In particular, a

notable minority of cells have a measured nascent transcription value of zero. To

overcome problems caused from these zero observations, we use a mixture model

and treat the data as missing with some probability, p, in which case we observe

zero for the nascent transcription in a given cell; otherwise with probability 1−p we

use a poisson model for the nascent transcription. Suppose a = (a2, . . . , a16) are the

production rates in each cell (we assume a1=0 since the oocyte is transcriptionally
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silent), and suppose also that τ = (τ2, . . . , τ16) are the observed nascent transcription

values. The model to estimate the rates of inhomogeneous production in each cell

takes the following form:

τ ∼ (1− p) Poisson(ã) + p δ(x), (C.1)

where δ(x) is a delta function, and ã are the unnormalized production rates such

that a = 15γã/
∑

i ãi. We assume a prior uniform on (0, 1) for the missing data

probability, p, and a Half-Cauchy(0, 5) prior with support on (0,∞) for the inhomo-

geneous production rate ã. The resulting estimates for inhomogeneous production,

a, across nurse cells of the egg chamber are shown in Figure 6.16 and are used in

Section 6.10 for the inhomogeneous production model.
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250



S Y Shvartsman. Quantifying the Gurken morphogen gradient in Drosophila

oogenesis. Developmental Cell, 11(2):263–272, 2006.
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H E Stanley. Lévy flight search patterns of wandering albatrosses. Nature,

381(6581):413–415, 1996.

[240] G M Viswanathan, V Afanasyev, S V Buldyrev, S Havlin, M G Da Luz, E P
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