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1 Introduction

A remarkable feature about general relativity is that, even far from the source of the
gravitational field, the theory does not reduce to special relativity. This fact is particularly
transparent in the context of asymptotically flat spacetime, where the asymptotic symmetry
group is given by the Bondi, van der Burg, Metzner and Sachs (BMS) group [1, 2], and not
simply the Poincaré. group. It was subsequently enhanced to include super rotations [3—6],
this is called extended BMS. Later the symmetry was further enhanced by incorporating
diffeomorphisms on the celestial sphere [7—11, 44].

Although the importance of super rotations for scattering in flat space was understood
through their relation with subleading soft graviton theorem [12, 45|, several fundamental
questions remain. One of them concerns understanding the precise role of the BMS repre-
sentations in formulating a well-defined theory of scattering amplitudes, with the long-term
goal of better understanding the infrared divergences of the S-matrix as well as establishing
a holographic description of asymptotically flat spacetime.

The works of McCarthy [13-17] provided a mathematical classification of the unitary
irreducible representations of the BMS group in four dimensions in the absence of the super
rotations. A similar analysis was performed for the BMS group in three dimensions [18-20]
including the super rotations. The irreducible representations of BM S5 were also discussed
in reference [46] from the viewpoint of ultra relativistic limit of SL(2,R) modules. More
recently the results of McCarthy were further discussed [21, 22] in relation to the infrared
structure of the S-matrix. Despite these results, this mathematical machinery has not yet



found concrete applications in the context of scattering theory and the role of super rotations
in the representation theory remains unexplored.

To fill this gap, we take a very pedestrian approach to constructing the wave functions
associated with the irreducible representations of the extended BMS group in three and
four dimensions that correspond to the massive and massless representations of the Poincaré
group. Such representations are of importance for the Carrollian proposal for flat space
holography [5, 23, 25-29] which hopes to determine the scattering of the usual particles
by using BMS symmetry at infinity.

Our concrete approach consists in extending the standard Wigner construction of Poincaré
particles [30] to the infinite-dimensional extended BMS group which has the same semi-direct
product structure. In particular we find the wavefunctions in super momentum space and
Fourier transform them to find the wavefunctions in position space. We argue that these
irreducible representations are carried by extended objects rather than particles and in
particular strings. Unlike in the Poincaré case, taking the Fourier transformation requires
an infinite number of position coordinates as we need one for each momentum, including
the super momentum. These infinite coordinates can be interpreted as modes of a string
that lives in the familiar spacetime. The super rotations are crucial for this conclusion as
without them the super momenta obey and infinite number of constraints which reduce their
number to be that of the usual spacetime. We also discuss the form of the wavefunction
in position space as we take the limit to time-like infinity for the massive extended BMS
irreducible representations in three dimensions.

The paper is organized as follows. In section two we find the irreducible representations
of the extended BMS group in three dimensions that correspond to the massive and massless
particles of the Poincaré group. We compare our results with those of references [18-20]. In
section three we push the massive irreducible representations of BM S5 to time-like infinity
i*. In this section and section two we argue that the representations of extended BM S3
are carried by a string. In section four we construct the irreducible representations of the
extended BM S4 group, including the super rotations, in four dimensions that correspond
to the massive and massless Poincaré particles. In section five we construct the irreducible
representations of the BMS groups, without including the super rotations, in three and four
dimensions that correspond to the massive and massless Poincaré particles. We compare our
results with those of McCarthy. In section 6 we summarise and discuss our results.

The contents of this paper are as follows:

1 Introduction
2 Irreducible representations of BM S5

2.1 Massive BM S5 representations
2.2 Massless BM S5 representations

3 Irreducible representations of Poincaré and BM S5 at time-like infinity

3.1 Massive Poincaré particles at time-like infinity

3.2 Massive BM S5 irreducible representations at time-like infinity



4 Extended BM S, irreducible representations

4.1 Massive extended BM Sy representations
4.2 Massless extended BM S, representations
4.3 Interpretation of the extended BM Sy representations

5 Irreducible representations of BMS without the super rotations

6 Summary and Discussion

2 Irreducible representations of BM S5

In this section, we construct the irreducible representations of BM S5 which have the same
rest frame momentum as those of the irreducible representations of the Poincaré group. The
BMS3 algebra [31, 33] is given by

Z
[Ty In] = i(m — n)Jppn + il—;m(m2 — 1)0n4+m,0,

. Lz
[Jm, Pn] = i(m —n) Py + zl—;m(m2 — 1)dn+4m,0: [P, P,) =0 (2.1)
where J, and P,, n = 0,4+1,42,... are the super rotations and the super translations,

respectively and Z; and Z3 are the possible central generators. All the generators in the
above commutators are related by a minus sign to the commutators in equation (5.7) given in
reference [18]. The values of the central charges for three dimensional gravity in asymptotically
flat spacetimes is given by ¢; = 0 and ¢o = % = —(Z3).

The Poincaré subalgebra in three dimensions has the generators J,, and P, u,v =
0,1,2 which are contained in the BM S5 generators J_1, Jy, J1, P_1, Py, Pi. The precise
identification is given by

Jo=—J12, Ji1=Jo1 £iJo2, Po=Fy, Pi1=PyFiP; (2.2)
We take the following conventions for the Poincaré algebra

[Jows o] = opd e — Mppdve — Mowdpp + Muedvps [Ty, Ppl = mupPp — nuo Py (2.3)

Since the super translations P, commute we can, just as in the case of the Poincaré
algebra, take the representations of the algebra to act on super momentum eigenstates |py,)
with P, |pn) = pnlpn). Acting with a super rotation the momentum eigenstates transform
as |pl) = e2m A=mJm |pn). As a result we find that

P,|pl,) = D D N D |Dn) (2.4)

Using the above commutators of BM S3 we find, for infinitesimal A,,, that the super momenta
transform as
iCQ

En(n2 — 1A, (2.5)

6pn = =i Y A (=1 + m)Ppsm —



The BM S5 algebra is of the form of a semi-direct product of the algebra of the super
rotations, J,, with the abelian super translations, P,. As such it has the same generic
form as the Poincaré algebra, which it contains, and as such we can apply the Wigner
method to find the irreducible representations. The irreducible representation of BMSg
were previously studied in [18-20] and we will discuss the relation between our results and
those given in that paper.

The first step in the Wigner method is to choose which momenta are non-zero in the
rest frame and then find the isotropy group that preserves this choice. Since there are an
infinite number of such generators there is a considerable choice. In this paper we will
confine our attention to when only the usual momenta p, are non-zero. As such we will
make contact with the usual irreducible representation of the Poincaré group. We begin
with the massive representation.

2.1 Massive BM S3 representations

We choose the only non-zero rest frame super momentum to take the values p,(lo) to be

p(o) =m = p((]o), pglo) = 0,|n| > 1. This corresponds to the usual massive particle with

0
p(()o) =m, pgo) =0= pgo). To begin with we will take the central charge co =0 = ¢; but we
will consider ¢o to be non-zero later on which is the case relevant for gravity in asymptotically

flat spacetime. Using equation (2.5) we find that this choice of momentum is preserved if

(0)
opn_ =2inA, =0 (2.6)
m

Hence we find that the group which preserves our chosen momentum p,(qo) is just ’H?n 20 = {Jo}
which is the same isotropy group as for the Poincaré case, namely SO(2) as Jy = Jia.
Next we take an irreducible representation of the isotropy group ’Hg@;ﬁo carried by the

states \p%o),a> which obey Pn|pq(10),a> = mén,o\p,(lo),a) where the index transforms under
Hi’n?éo = {Jo}. For example, for spin one this representation is given by

J0|p(0)a ]-> = |p£LO)7 2>7 JO’ngO)72> = _|p£LO)a 1> (27)

n
The general state in the irreducible representation is given by

[pny ) = e2iniz2 P et ikl p0) ) (2.8)

We will refer to this representation, which is based on the above choice of rest frame momentum,

as the massive irreducible representation of BM.Ss. Similarly in the next section we will refer

to the massless BM S3 irreducible representations as the one that corresponds to the same

choice of momenta as for the massless irreducible representation of the Poincaré group.
By acting on the state |p,,a) with P, we find its eigenvalue p,,, indeed

% = 0n0 + 2inpn + Y Ppinp—p(P? —1°) + ... (2.9)

P
We recall that 9 = 0 and in deriving this equation we have combined the exponentials
in equation (2.8) and the ¢, in the last equation are the new variables. This irreducible
representation is in the list given in [18].



It is instructive to consider the restriction of the above to the Poincaré case where the
general state is given by

I, a) = e<p—1J1+90+1J—1‘p£LU)7 a) = elpr1te—1)Jor—i(pr1—p-1)Joz ‘pg])7 a) (2.10)

We find at lowest level
Pbo b+1

—=142p_10p41+-.., — =2ipy1+ ...,

m m

Pl i it (2.11)
m

The momenta are parameterised by the two degrees of freedom 41 which is the correct
count given that p,p* = —pg + pip—1 = —m?>
In momentum space the wavefunction of equation (2.10) is a function of ¢4, or equiv-

2

alently p,,u = 0,1,2 subject to p,p* = —m*. We denote the Cartesian coordinates of

spacetime to be given by X*, u = 0,1,2 and the Fourier transform to x space is given by

d2p

3
V(X" a) =/(62”)35(1)”%+m2)€i"“X“@(p0)¢(p,a) :/( ™" Xy (p, a)

) 2m)?p?
doro_1sinh o(p1 = © 1) i popoterpsio.
/ 27-‘- 22 803 el( Topo+xrip—1+x 1p1)¢(p7a)
dp1p_1 sinh p(p1 — p_1)? i(mopo—2iz1p—14+2ix_101)
= - - 2.12

where ¥(p,a) = (p|pn,a). In going between the first and second lines we have identified
xo and x4; to be given by

1 ,
xo = Xo, x41 = §(X2 FiX1) (2.13)

Hence we find the usual result, a function ¥(z) subject to (049, — m?)¥ = 0.

The situation for BM Ss is rather different. Equation (2.8) shows that the wavefunction in
momentum space depends on ¢,, n # 0, or equivalently p,, for all n, subject to the condition
(=P} + PPy + m2)\p,(10),a) = 0. As a result we find that

62‘"|22 Spfn]netpfljl—‘rtpl(]fl (_P()2 + Plpfl + m?)e—(cpfl‘h-f—(plt]fl)e_ Z‘n|22 ©—ndn
etz $on et kel Oy — O(p,) pn,a) = 0 (2.14)
where

¢(Py) E62\n|22§0*"J”6e071J1+s01J71 (_PO2+P1P_1_*_m?)e—(soflJ1+¢1J71)6_E|n\22‘f’*"‘7" (2.15)

= —POQ—i-PlP_l —i—m2+ Z z’np_n(—QnPnP0+(n—1)Pn+1P_1+(n+1)Pn_1P1+m2)+. ..
n,|n|>2

=—P{+PP_y+m’+ > Lon (2nP,Py—(n—1)Pyy1P_1—(n+1)P,_1Py)+
n,n|>2

where we have used equation (2.9) and + ... means terms of order P* and higher. At very
lowest order pg = m + ... and so at lowest order C(p) = —pg + 2 nns£0 PnD—n + m? = 0. Thus



the super momenta of the states obey the constraint C'(p,) = 0 and hence the wavefunction
in momentum space depends on an infinite number of variables. We note that the above
general states of equation (2.8) do not include those with only the usual massless momentum
of the Poincaré group, that is, they cannot have p#p, = 0 with all higher super momenta
being zero. This justifies our division of irreducible representations into massive and massless.

We can take the Fourier transform to x space for the above massive BM Ss irreducible
representation. However, now we must introduce a space that is parameterised by an infinite
number of variables which we denote by z,, n = 0,4+1,£2,... as we need one coordinate
for each momentum p,,. The Fourier transform has the generic form

U(zy,a) = /Hdganeian"L"w(pn,a) (2.16)

where J is a function of ¢, which is required for an invariant measure. The wavefunction
U(xzy,a) is subject to one equation, which is the x-space version of equation (2.14), namely
C(—i%)\ﬁ(mn,a) = 0.

We choose the x, to be coordinates on the coset space constructed from BM S35 with
the subgroup being the group generated by the super rotations J,. This mimics the case
for the Poincaré group where the usual spacetime is the coset space of the Poincaré group
divided by the Lorentz group. The coordinates x, then transform as

Z ', P,=e" Do Aemdm Z x,nPneZm Amdm o 5o — Z(Zm +n)A_pZpgm (2.17)
n n m

At first sight it looks as if we have a particle moving in an infinite spacetime but this is
not consistent with the fact that the BM Ss algebra is derived in three dimensional spacetime.
To better understand the meaning of the many coordinates we will reformulate the above
by introducing z = € and the quantities

J(z) = Z Inz™, A(z) = ZAmzm, X(z) = Zwmzm (2.18)

In which case we can write the transformation of the coordinates of equation (2.17) as

dX (z) dA(z)
: dz e dz

0X(z) = —iA(2) X(z) (2.19)
Thus X (z) transforms under diffeomorphisms of z as a weighted scalar which is consistent
with interpreting z as a parameter labelling a one dimensional object. We can then write the
wavefunction in x-space as V(X (z), a). It follows that the massive irreducible representation of
BM S5 should be viewed as an object of dimension one, that is, a string which is parameterised
by z. We will discuss this string interpretation in greater detail in section 3.2.

We now find the massive irreducible representation when the central charge co # 0. In
this case the momenta vary under the super rotations as given in equation (2.5). Taking into
account that the rest frame momentum is given by pﬁf)) = mdyo we find that the condition
to preserve this choice of momentum is given by

P _ <2 ~ 22 1)> Ap =0 (2.20)



In the generic case, the isotropy group is the same as above, namely the isotropy group just
contains the generator Jy. However, if the central charge is such that n = /1 + 24/c¢ is an
integer, then the isotropy group is HS . = {Jo, Jn, J—n} which is the algebra of SL(2,R).
These irreducible representations are also in the list of [18]. There are only a limited number
of solutions if cg is positive as it should be. We note that if ¢y is negative then there is only
one solution, that is, co = —24 with n = 0 but this does not lead to a larger isotropy group.
The situation is a bit like that for supersymmetry where for certain values of the central
charge the irreducible representations of supersymmetry are smaller.

If the central charge does not have one of these special values the general momentum

state is given by
Py @) = e2iniz1 = Tn 5(0) gy (2.21)

While if n = ++/1 + 24/cy is an integer then we have the above state but must set ¢, =
0= p_pn
The momenta of this state are given in terms of the ¢, by

p . (&) Co
P but 2ingn (1= 52002 = 1)) + S0 = n¥)o-ppusy (1 2 ((n+ 9P = 1)) + ..
m 24 5 24
(2.22)
We note that —p3 + >, pup—n + -+ = 0 where + ... indicates higher terms in powers of

pn and the central charge.

To construct the wavefunction in x space we must introduce a coordinate for each
independent momenta and so we introduce x,,, n > 1 as well as a coordinate y corresponding
to the presence of the central charge generator Zs. The transformation of these coordinates
follows from demanding that

N 2l Pty 2o = e 2w NI (Z T _n Py + yZ2> e2m Amm (2.23)

We find that

o0xy = —i Z(Qm + )N Zpgm, Oy = ’LZ T A,n(n? —1) (2.24)

We can rewrite this in terms of the quantities of equation (2.19) as

3

dX(z) 'sz(Z)X(z), Sy = i/dZZA(Z)ng,(ZX(Z)) (2.25)

0X (2) = —il(2)z P +1 7

The wavefunction in x space then has the form ¥(X(z),y,a). The dependence on the
coordinate y could be rather trivial and it may be related to the central charge the string
may carry.

2.2 Massless extended BM S3 representations

We choose the rest frame momentum to be the momentum one usually takes for the massless
irreducible representation of the Poincaré group, namely p@+ = %(p(o)2 + p(o)o) =1,



pl0— = %(p(o)2 - p(o)o) = 0 and p@! = 0, which has p*p, = 0, and all other super

momenta vanishing. This is equivalent to

0 1 0 0
A =L 0

The first step is to find the isotropy group, which preserves this momentum. The variation

)= —, pO =0,|n|>2 (2.26)

of the super momenta P, under the super rotations is given in equation (2.5) and so the
super rotations preserving this choice of super momenta satisfy

op 0 =0 = —\}é <2nAn (1 + \/2%402 (n® — 1)) +(1=2n)Ap—1 — (1+ 2n)A1+n> (2.27)

At lowest orders we find the conditions on the parameters

A—A_1=0, 2A;—Ag—3A2=0, 2A_1—Ag—3A_o=0, (2.28)

V2¢s
8

V2¢y
8

4A5 <1+ >—3A1—5A3 =0, 4N _5 <1—|— )—SA_1—5A_3:O,...
Taking n — —n in equation (2.27) it is easy to realise that A, = A_,. In the BMS3 case we

find that equations (2.28) can be solved in terms of two real parameters a and b as follows

2
Alza:A_l, A0:2b, A2:§(a—b):A_2,

PO (- \1/5562(“ =0, (2.29)

As a result the isotropy group for the massless BM Ss is Hy,_, = {H1, Ha} where

1 4 2
Hy=Jo—5(Ja+J2)— — 1+\[C2 (J3+J3)+...,
3 15 8
2 1
Hy = (Jl + Jfl) + g(:]g + Jfg) — B(l — ﬂCQ)(Jg + J,3) + ... (2.30)

As such the isotropy group has two elements and this conclusion appears to be independent
of whether ¢y is zero or not.
It will be instructive, following [18], to rephrase the above steps in terms of the quantities.

P(z) = Zszm, A(z) = ZAnz”, J(z) = Z Imz™ (2.31)

where z = €. Under a super rotation [ %A(Z)J (z) the super momentum transformation
of equation (2.5) can be written as [18-20]

o d d o d?
(2) = i2(A(2) -p(a) + 20(2) TA) - 2 75 (A())) (232
Thus our rest frame momenta will be preserved if
d d e d}
o d o) O 4y 2 &
5p(2) = 0 zz(A(z) “pO() + 290 () M) - 2 (zA(z))) (2.33)



which we can rewrite as

d
dz

c 2
(AGPPO() ~ 2 (2 () = 0 (231

As we now illustrate one has to handle this equation with care. For simplicity we will
illustrate this for co = 0. In this case it might appear that one can rewrite equation (2.34) as

ARV (2) =e® or A2)y/|p©(2)] = +e (2.35)

where e is a constant.
It is tempting to conclude that, if p(?)(z) does not have any zeros, then we can take

A=) = 7o

group of dimension one. This is the case of the massive particle as p(o)(z) =1, and as a

In this case the isotropy group has one element [ %A(Z)J (z) and so is a

result A = e, and so the isotropy group contains the one generator Jy in agreement with

what we found in section 2.1. In the massless case p(¥)(z) = —%(1 — (2 + z71)) which has

two zeros as z = 3(1 +1/3i). Taking this value in equation (2.35), we find that e = 0 and
so A = 0. This implies that the isotropy group has no elements which is not in agreement
with the above two dimensional isotropy group.

We note that

=

214/ |p0)| = (1—(z+z*1))% = 1—1(2—1—271)—}(2—1—271)2—§(z+zfl)3—g(z+zfl)4+...

2 4 8 24
1 90
:1—5—2—3+'--+z dependent terms (2.36)
The problem is that this is not a convergent series as the constant term goes as 22" for

large n. As a result one cannot take the square root as in equation (2.35). This problem
is generic for any rest frame momenta which, when written as p(o)(z), possess positive and
negative powers of z.

The A(z) corresponding to the isotropy group of equation (2.30) is given by

(a + 8b)

15 (23 +273)+... (2.37)

Az) =20+ a(z' +271) + g(a —b) (22 +27%) —

One can verify that this does satisfy equation (2.33) at lowest orders when taking p(®)(z) =

—L(1 - (2+271)). In fact the same divergence problem occurs when we take (A(z))?

an\éliso one cannot reliably use equation (2.34), or indeed the first equation in (2.35). We
note that equation (2.33) does not involve any divergent expressions and so can be used
to find the isotropy group.

It is instructive to consider the restriction of the above to the Poincaré group. In this case
A, =0, |n| > 2 and we only consider the action of Jy and J11 and pg and py;. Looking at the
first three constraints of equation (2.28) we find that Ag = 2A; = 2A_; which is equivalent to
taking a = b. As such the isotropy group has the one generator (Jy + %(Jl +J 1) = —V2J14
where Jy4 is the Lorentz generator in light-cone notation. The remaining Lorentz generators
are 2J1_ = (—Jo+ %(Jl +J_1))and Jy_ = Jpa = —%(Jl —J_1). In the massless irreducible
representation of the Poincaré group the generator Ji is trivially realised on the rest frame



states and as such the effective isotropy group is trivial. As such the general state for the
massless Poincaré irreducible representation is given by

Ip) = e“ajl—ed"]+—]p£0)> (2.38)

The boost in effect contains the generators J; and J_j.
Returning to the BM S5 irreducible representation, the general state in the massless
irreducible representation of BM S35 can be written as

Zn,n;éo 90777‘]" |p7(’LO)’ a> e 6@71 (Jl_J71)+Z|"|Z2 9077“]” |p7(,LO)’ CL> (239)

’pn> =e€

where g = 0 and 1 = —p_1. Even when restricted to just the Poincaré group, that is, ¢, =0

for |n| > 2, the massless extended BM S3 general state is different to that for the Poincaré

case in that even restricted to these generators the latter has an additional boost J; + J_;.
The momenta of the general state of equation (2.39) are given, when co = 0, by

pm =p9 — %<2msom + (1= 2m)pm1 — (14 2m)@11m)

- 2\1@ S 6o nd (02 = M) gnim + (n— m)(1 = 21+ m))Pnm-1

(0= m)(L+ 200+ M) @1 gm)} + - (2.40)

subject to the above condition, g = 0 and p; = —p_1.

In the Poincaré case we have the momentum p, which is subject to the one condition
p.P" = 0 leaving two independent components. Calculating the momentum of the general
state of equation (2.38) we find that it is expressed in terms of ¢ and ¢, which is in agreement.
In the massless BM S3 case we have an infinite number of momenta which can be expressed
in terms of ¢_1 and ¢,, [n| > 2 but not ¢y or ¢; + ¢_1 as these vanish. This suggests
that the super momenta are subject to two constraints, one of which will be the analogue
of the Poincaré condition.

There is, however, a problem with the above isotropy group H3 _,: computing the
commutator of the two generators appears to give a divergent result. One could take one of
the generators to vanish on the rest frame state leaving the other to have a non-trivial action.
In particular one could take the latter generator to be the one with a = b which agrees with
the isotropy group for the massless Poincaré group when restricted to this case. It could be
that this step is required by taking the super momenta to satisfy certain topologies.

3 Irreducible representations of Poincaré and BM S3 at time-like infinity

In this section we push the massive representations of the Poincaré group in any dimension
to time-like infinity . For the massless Poincaré particle this was carried out in [34] and
we follow this paper for the massive Poincaré particles. We then carry out the analogous
construction for the massive irreducible representation of BM S5 to find it is described by
a string.

,10,



3.1 Massive Poincaré particles at time-like infinity

We will first look at how the irreducible representations of the Poincaré group behave at
time-like infinity. This has already been discussed in [35, 47|, but we will revisit it using
the techniques of section 5 of reference [34] which were used to find the behaviour of the
massless irreducible representations of the Poincaré group at null infinity. We will carry out
this calculation in a spacetime with D dimensions. This approach uses only group theory
manipulations starting from the irreducible representations.

Let us choose the rest frame momentum to be given by

p\Y) =m(1,0,...,0) (3.1)
such that pﬁo)p(o)“ = —m?2. The isotropy group is given by
Hpole = {Jy;, i,j=1,...,D—1} (3.2)

which form the SO(D — 1) algebra. The irreducible representation of the Poincaré group
is built from an irreducible representation of an";%care carried by a wavefunction of the
momentum p( ) namely ¢(p(©), a), which satisfies Puw(p(o), a) = p&o)w(p(o), a). This wave
function carries an index a which transforms in an irreducible representation of Hg‘i%care.

The wave function associated with a generic momentum p* in the orbit of p(® is by
definition given by

Y(p,a) = 2= %70 (p® q) (3.3)

and satisfies P,1(p,a) = pu(p,a).
The value of the momenta is determined by the action of the momentum operator on
the general state and we find that

/\

pu = m(cosh ¢ cp, ! sinh $), i=1,...,D—1 (3.4)
%

where ¢ = \/Zf;—ll @;@i- Rather than take the momentum to be a function of the D — 1 ¢;
we will take it to be a function of n; = %,i =1,...,D —2and ¢. We note that n'n; = 1.
The wave function in position space is given by
dD

U(X,a) = /(2)5(1) p,+m2)e® X0 (p%)y(p, a) :/W_Il)ﬁ]eip”X“w(p,a) (3.5)

del

where the second integral is over the D — 1 spatial components of the momentum. Rather
than integrate over the momenta we can integrate over n; and ¢. The corresponding Jacobian
J is given by

(sinh ¢)P~2 cosh ¢

J = 3.6
ND-1 ( )

where it is understood that (np_1)? = 1 — 27272 As a result we find that

h 2
W(X,a) ﬁde$m@w1””wmm (37)
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We now wish to push the associated position space wave function to time-like infinity.
We will focus on future time-like infinity ™, but the analogue procedure can be repeated for
past time-like infinity ¢~. Let us introduce the spacetime coordinates 7 and y* as follows

Xt =7y, Yy’ = -1 (3.8)
In this parametrization, the flat space metric reads as
ds® = NudXHdX" = —dr? + 7'277Wdy“dy” (3.9)

Each 7 = constant leaf in the foliation is a hyperboloid, and taking 7 — +oo leads us to i*.
A convenient parametrization on the hyperboloid is given by

i D—1
y" = (cosh ¢, i sinh¢), where (=Y (i(7; (3.10)
4]

with 7 = 1,..., D — 1. While one could take the variables to be ¢,i=1,...,D—11in
what follows we will take them to be ¢ = %, 1 =1,...,D —2 and (. In terms of these
coordinates the metric reads as

ds? = —dr? + 72(d€? + 2 sinh? ¢ d0%_,) (3.11)

where dﬂ%_2 is the unit round sphere metric on Sh-2
We want to consider the representation of a massive particle at time-like infinity in

equation (3.7). The argument of the exponential is given by

p#X/L = ng(niv Ca gi’ 95’ 771)7
D—1
N ~ 1 i N - . ~
900, ¢, &, @,mi) = cosh(@ = Q) + 5 3 (&' +n')*sinh (sinh (3.12)
i=1
We will now take the limit of 7 — 400 of ¥,(X) to obtain the states at the boundary i+
by using the stationary phase approximation formula

b . . ;
lim/ dzf(2)e'™® = lim f(z)e'™9*) 2t (3.13)

T—$00 T—$00 Tg”(z) !

where z is a point in the interval [a,b] where ¢'(z) = 0 and ¢"(z) = dei(f). Setting the

derivative of g to zero we find that
ni =—¢&, and @ =( orequivalently ¢; =—( (3.14)

Putting everything together, in the saddle point approximation, we find that

. D—1 3 D77 D-2 . .
V(G.6ha) = Jim T () =~ lim () T x ey <TG E ) (315)

T—00 T—00 \ 27T

The massive irreducible representation of the Poincaré group in momentum space is carried
by 1(p,a) in equation (3.3) which depends on p;, or equivalently n; and ¢, that is, ¥(p, n;, a).
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The wave function in position space depends on X*, namely ¥(X,a) but at time-like infinity
which corresponds to taking 7 — oo it depends on hypersphere with parameters &; and 7.
Equation (3.14) tells us that the coordinates in momentum space and in position space are,
up to a sign, equal. Furthermore equation (3.15) tells us that the wave function in momentum
space is essentially equal to the wave function in position space when we take 7 — oo.

Hence the massive irreducible representations of the Poincaré group are completely
described by functions on the hypersphere at 7 — oo which carry a representation of
H{ﬁ%care. As such at the kinematic level, massive particles can be completely described
by the behaviour of wave functions at i*, the final hyperboloid in the foliation and so in
terms of local operators on this surface.

3.2 Massive BM S3 irreducible representations at time-like infinity

We now wish to generalise the above construction and push the massive irreducible BM S5
representations, found in section 3.1, to time-like infinity. As we discussed before, massive
in this context means they are the analogous representations to the massive irreducible
representations of the Poincaré group. As a first step let us review the calculation given in
previous section, but in three dimensions and using the notation of the BM S5 formulation.
The general state of equation (3.3) can be written as

Y(p, a) = €223 P70 (p0) g) = ep-1N1terr 1y (p(©) g (3.16)

Looking at equation (2.10), or the above equation, and using equation (2.2) we identify

A

. . . ., ..
P1= (P11 +9-1), P2 =i(pr1 — 1) orequivalently  guy = —o(P1£ig2)  (3.17)
Recalling equation (2.13), namely 29 = Xo, 241 = 5(X?FiX"'), we can write equations (3.8)
and (3.10) as
sinh
¢

where (11 = 3(C2 Fi¢') and ¢ = 2/ (01 = V(1?2 + (¢?)2. While, using equation (3.17),
equation (3.4) can be written as

o =TYyo =TCosh(, i1 =7TYr1 =700 (3.18)

sinh ¢

po =mcoshp, pi1=p2Fip1 = £2imp4 (3.19)

where p = @ = /@2 + $3 = 2,/011p—_1. The reader can verify that for small ¢ this agrees
with equation (2.11).
In terms of these variables
sinh ¢ sinh ¢
¢

It is straightforward to take the derivatives of g, as we did above, and find that the contribution

Xtpy =1mg =mrt (coshgocosh( + 21 (—Cro—1+ C—1<P+1)) (3:20)

to the wave function in position space as 7 — oo is given when (11 = F2ip4.
Let us now discuss how to push the irreducible representation of BMS3 to time-like
infinity. In section 2.1, we introduced a coordinate x,, for each of the super momenta p,, and
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the corresponding wavefunction was given in equation (2.16). Examining equation (3.18) the

above discussion of the Poincaré case can be naturally generalised to BM S5 by taking

sinh
¢

where ( = 2 o 1 Cnlon. As (zp)* = z_, we find that ({,)* = (_,, for all n, although
(o = 0. By abuse of notation we use the same symbol for (.

T =TYn, y°=cosh(, yn =Ca , n==+1,42,... (3.21)

The expression for the wavefunction in position space given in equation (2.16) contains
the quantity e’ 20 T=nPn which is crucial for the behaviour at infinity and which we will now
study. Using equation (3.21) we can write

sinh

Z C—npn) (3'22>

79(Tn, Pn) ZCE nPn = ToPo + Z T_npn =T | pocosh  + c
n,n#0

n,n#0

The next step in pushing the Poincaré wavefunction to time-like infinity was to use the
parameterisation of p, of equation (3.4), or equivalently (3.19). To do the same for BM S3
we would need the analogue of these latter equations. Calculating the super momenta using
equation (2.4) would give a parametrisation of p, in terms of ¢, (¢o = 0) which would
also solve equation (2.14). The lowest order solution was given in equation (2.9) but the
all orders solution is not known.

As such we can write p, () and z,((,) and then equation (2.16) takes the form

(En, /HdQOn m ZTg(CnMn)w(pn(SDm)?a) (3.23)
where g(Cn, on) = 9(2n(Cn)s Pn(pm)). The contribution as 7 — oo is then given by taking
89(<m Son)
5, -0 3.24
Iepn ( )

We will now explicitly carry out this calculation to lowest order in ¢, which at lowest
order is related to the super momenta by %" = 0p,0 + 2ingy,, and the coordinates (,. In
this case, setting m = 1, we find that

2
g(Cnapn) = Po ( C ) + Z Cnpn =1 + Z Cn + Pn (C— +p- n) (3'25>
2 n,n#0 nn;é()

where we have used the fact, noted below equation (2.15), that at lowest order

1
poz\/1+2p_npn+...:1+2Zp_npn—l—... (3.26)
n,n#0 n,n#0
The contribution as 7 — oo is given by (, = —p, = —2iny, which agrees when restricted

to the Poincaré case with the result of equation (3.14).

Thus at lowest order we find that the coordinates at infinity, (,, are essentially the same as
the parameters, ,,, which describe the momenta. It would seem inevitable that the solution
of equation (3.24) will result in a one to one map between the spaces parameterised by ¢y,

— 14 —



and (,. As such the massive BM S5 irreducible representation in position space is described
by a wavefunction that depends on the infinite number of coordinates (,, at time-like infinity.

In order to get a better understanding of what is going on we introduced, in section 2.1,
a parameter z in equation (2.18). In terms of the above variables we introduce

X(2) =) wmz™, ()= D G2 p(2)= ) Pz w(2)= D enz" (3.27)
m n,n#0 n,n#0 n,n#0
We note that (X (2))* = X(z), ((2)* = ((z) and similarly for the other quantities.
The lowest order relation between the coordinates ¢, at time-like infinity and the ¢,, which
parameterise the super momenta was given below equation (3.26) and this can be written as

((2) = p(s) = ~2iz5 () (3.25)

although the relation at higher orders may be more complicated.

In terms of these variables the wave function in x space of the massive BM S3 irreducible
representation at time-like infinity depends on ((z), that is, U({(2),a). To clarify the meaning
of this dependence it is useful to introduce the variables X}, X2, or equivalently (!, ¢2, as
well as p1y,, pon for n = 1,2,.... These are related to the above variables by

Lo 1 : Lo .1
Xin = i(Xn + ZXn)7 P+n = P2n F P1n, Cin = §(Cn + ch) (329)
We identify the coordinates of the original spacetime as X! = X, X2 = X? or ¢! = ¢
and (2 = (. In terms of these variables we have

((z) = i((ﬁcosnﬁ + ¢sinnb) = ¢2(2) + ¢Hz) = P cosh + (Lsinh + ... (3.30)
n=1

where z = €. We can think of z, or 0, as a parameter of a closed string As we take 6 from
0 to 2m we move in spacetime in a circle in the ¢!, ¢? original space with higher modes
in the higher coordinate ¢!, ¢? space.

We can interpret the massive extended BM Ss irreducible representation at time-like
infinity as a string living in the hyperboloid at time-like infinity which has coordinates (!
and ¢? with 6 being the parameter on the string. The higher order coordinates ¢} and (>
describe the higher modes of the string. Equation (2.9) tells us that the super rotations
act so as to change the parameterisation of the string. Thus the massive BM S5 irreducible
representation is described at time-like infinity by a one dimensional extended object, a string,
living in the two dimensional hyperboloid at time-like infinity.

4 Extended BM S, irreducible representations

In this section we will find irreducible representations of extended BM S, which has the
super rotation generators J,, J,, n € Z, and the supertranslations generators P, s and PM,
r,s € Z + 5. Their algebra was written in [5] and we use the conventions of [24, 38].

[Ty I] = (0 = M) Tty [Jns Im] = (0 —m)psm,  [Jn, Jm] =0 (4.1)
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and
n

n —
[Jn, Pri) = (2 — k) Piings  [In, Pri) = (2 - l) Pyiyn, [Pri, Prs)=0 (4.2)

The Poincaré subalgebra P, J,,, u,v = 0,1,2,3,4 is generated by

1 - ' o ‘ _
Jig =5 (i + o+ D+ J), Jas = %(—Jl b I+ T —J). T =i(Jo — Jo)

1 o i . i
Jo1 = 5(—J1+<L1—J1+J71), Jo2 = _5(,]14_1]71 —J1—=J1). Jz=Jo+Jo (4.3)
and

Py=PF:

Py = —i(Py

29

N

The momentum eigenvalues py; transform as

n n =
5pk,l = - Z (2 - k) A—nanrk,l - Z (2 - l) A—npk:,n+l (45)

n n

under the super rotation e2mB=mImtAmTm)

4.1 Massive extended BM S, representations

We will now construct the massive extended BM Sy irreducible representations meaning the

ones that correspond to the massive irreducible representation of the Poincaré group. In

the latter case we can choose to take the rest frame momentum to be p(()o) = m, with all

other components zero. In the extended BM Sy case we take only the corresponding super

momentum to be non-zero which is

Py =5 =p (4.6)

)

0 _m 0
2

ol
Nl =
ol

Em(Afme"F/_\fmjm)

Taking the super rotations to be of the form e we find, using equation (4.5),

that this choice is preserved if

m (1 — 6k) (1 + 6k)
0Pkt = _2<5lu§4Ak—§ I Sy el YRR
(1—60) 4 (1460) <
0 4 Ay =0y 4 Al+§) =0 (4.7)

It is straightforward to show that this implies that A, and Ap vanish for all p except for
p = 0 whose parameters obey the condition

Ao+ /_\0 =0 (4.8)

Thus the isotropy group contains the one generator ”an 20 = i(Jo — jo) = Ji2. The
irreducible representation is built out of a single state which is an eigenstate of Jis. The
most general state in the irreducible representation is given by boosting this state with
6Z7IL((P7me+@7me) with Yo = Yo
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This is quite different from what one might expect if one was thinking about the massive
irreducible representation of the Poincaré subgroup. To understand more clearly what is
going on we will repeat the above calculation but for just the Poincaré group. As such we take
only the parameters Ag, Ao, A1, Aiq to be non-zero as well as considering only the momenta
Pilsl and p 1l Putting these restrictions into equation (4.7) we find the three conditions

Ao—i—J_Xo:O, A_l—l_hzo, A1—1_X_1:0 (4.9)

Thus the isotropy group has the generators Jy — Jy, J_1 + J; and J; + J_; which we can
also write as

. - 1 - - 7 - -
Jig = Z(JQ — Jo), Jig = —§(J1 +J1+J1+ Jl), Jog = —§(J1 +J1—-J_ 1 - Jl) (4.10)

These generate SO(3) as indeed had to be the case as this is the isotropy group for the
massive particle of the Poincaré group.

The irreducible representation of the massive Poincaré group is constructed from a state
|p(9), a) which carries a representation of SO(3). The general state is boosted by the generators
Jo1, Joz2 and Jpg which, in terms of the above notation, can be written as

We get a smaller isotropy group for extended BM Sy as even the usual Lorentz rotations
act on some of the higher super momenta to give additional constraints, for example

=mA_; =0 (4.12)

Thus the massive irreducible representation of the Poincaré group is constructed from a
representation of SO(3) while the massive irreducible representations of extended BM Sy is
constructed out of a representation of the much smaller SO(2). As such these latter irreducible
representations do not contain the massive irreducible representations of the Poincaré group!

The general state in the irreducible massive representation of extended BM Sy is given by

[prssa) = 92(2)91 () g3(A) P, ) where  (Jo — Jo)[p'V, A) = Ap¥, A) (4.13)

with

(80) _ ezm’lm‘22(@fm-]m+¢fmjm,) (¢) _ 6¢(J1+j71)+(5(‘]71+j1) (414)

92 , 93

We recognise g1(x) as the boost for the Poincaré group, gs(¢) as the boost arising because
the isotropy group for extended BM Sy is smaller and go as the boost involving generators
not in the Poincaré group. The group element gog1g3 belongs to the coset of extended
BM S, with subgroup Jy — Jo.

Examining equation (4.13) we see that the general extended BM Sy state depends on
©m and @, |m| > 2, and x, X, X0, which correspond to the same boosts as for the Poincaré
group, it also depends on ¢, ¢ which correspond to Poincaré generators which were in the
SO(3) isotropy group of the massive Poincaré irreducible representation. As such the general
extended BM S, state has an additional dependence, that is on ¢ and ¢ to that found in
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the case of the Poincaré group in addition to the ¢ and ¢ dependence arising from the
generators not in the Poincaré group.

Although the massive irreducible representations of extended BM .S, does not contain
the massive irreducible representations of the Poincaré group, we can construct reducible
representations of extended BM S, that do contain the irreducible representations of the
Poincaré group. We take a representation of the SO(3) group, which was the isotropy group
of the Poincaré group, to be carried by the states |p7(«?5), a) and boost it by the extended
BM S, transformation to find the general state as follows

Pr.s; a) = g2()g1(x) 0%, a) (4.15)

We note that this boost is now missing the Poincaré group element g3(¢) which is now in
the new SO(3) “isotropy group”. The group element g2(¢)g1(x) belongs to the coset of
extended BM Sy with subgroup SO(3).

Under a super rotation the general state transforms as

eXm Aot A In) | o) = go (6 )gr (3 )2, X) P, ) (4.16)

where h(p, x) is an element of SO(3) which acting on the rest frame states leads to a matrix
transformation.

Let us now compute the momentum of the general state of the irreducible representation
which we can rewrite in the generic form as

i) = e2om #-nTnedn @ Tn | pl0)) (4.17)

The ¢, and @, are subject to certain constraints, which for the massive case is 9 = @g,
but we will do the calculation without initially specifying the constraints so that it applies
to the general case. The momenta are then given by

0 n 0
Pt =D = D p-n (2 - k) Pl (4.18)
1 n m 0 _
t3 E P—nP-m (2—k:> (2—k—n>p§€ln+m7l+...+(gpn — On, k<> 1)

Thus we find an expression for the super momenta py; in terms of ¢, and ¢,, but there
are many more of the former than the latter and so there must be an infinite number of
constraints on the super momenta.

For the massive case the rest frame momentum is given by equation (4.6) and substituting
this into the above equation we immediately find that py; = 0 unless either £ or [ takes the
values i%. One finds at lowest order that the non-zero super momenta are given by

m 1 _ m _ m (1—61) _ 1
p;7;=2(1+2(900+800)>7 pro1=5(01=¢-1),  pL=—o Pl FES
m 1 _ m -
p_;_ézz(l—z(woﬂoo)), poy 1 =5 (=p-1ten),
m (1+61) _ 1
p—%,l_§ 4 Pl l?éig (4.19)
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All the super momenta of the form p, 1 ; are determined by ¢,. We observe that up to this
2 b

order p 1= %p_ 1 The equivalent results for p, 1 follow from the above if we swap

k and [, ¢, <> ¢, and take py; <+ p;r and we conclude that p, ,1 are determined by ¢;,. It
2

is clear that the super momenta must satisfy an infinite number of constraints whose form at

lowest order could be computed from the above expressions when extended to higher orders.

4.2 Massless extended BM S, representations

We now construct the massless irreducible representations of extended BM .S, and so choose
our rest frame momentum to be
) 1

1
p(_o) = ﬁ(pgo) — p((]o)) =1, or equivalently p(%oé = —ﬁ (4.20)

all other super momenta being zero. Using equation (4.5) we find this is preserved provided

1 1 -6k
6pk:,l = ﬁ <5l lAk%w + 614:

]\F% (1 ;6”) =0 (4.21)

From this we find that A, = 0 and 1_\p = 0 for p # 0 as well as the condition
Aog+Ag=0 (4.22)

Thus the isotropy group H,_, contains one generator, namely Jy — Jo. This is the same
isotropy group as for the massive case.

The irreducible representation is built out of a single state ’p’(€01) , A) which is an eigenstate
of this generator, that is, (Jo — jo)\p,(gl) JA) = )\]pggl) , A). The general state is found by boosting
with the generators J,,, Jp, |m| > 1 and Jy + Jo. We can write this as

Dios, A) = o2 jml>2(P—mImFG—mTm) X(Ji+T1)+X(J1—J)+x0(Jo+Jo)

U046 =T 0 3y = 05(0)g1 () 93() P, A) (4.23)

In order to better understand what is going on it is useful to analyse the situation for
the Poincaré group in the same notation. In this case we only consider p 141 and p, 141
and the generators Jy, Ji1, Jo and J41. As such we only take the parameters Ag, Ag, A,
A~ to be non-zero. Equation (4.21) then implies that

Ao + Ao =0, A1=0=A_, (424)

Hence the isotropy group Hfﬁ;@mwre = SO(2) ®s T? contains the generators Jy — Jo, J_1
and J_; which we can write as

Jio = i(Jo — j(]), J_1+ j,l = _\/§J1+, J.1— j,l = —i\/§J2+ (4.25)
leaving the generators
Jo + j() =Jgs=J4—, 1+ jl = —\/§J1_, J1 — jl = 'L.\/§J2_ (4.26)

from which the boosts will be constructed.
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The usual irreducible representations of the Poincaré group which correspond to conven-
tional particles with discrete spin are constructed from the state |p(0), A) which obeys

(Jo = JO) P, A) = Ap@. Ay, Jap@ Ay =0, T p®A) =0 (4.27)

Adopting the latter constraints means that the effective isotropy group is generated by
Jiz = i(Jo — Jo) and so is SO(2) which is the same as for the massless extended BM S,
irreducible representation. The general state is given by

p,A) = g1(x) 1™, ) (4.28)

Returning to the extended BM Sy massless irreducible representation we observe that
if we were to take the rest state to obey

J—l‘pg?s)v )‘> =0, j—l‘pSﬂ?s)v )‘> =0 (4'29>

then the general state of equation (4.23) takes the form of [p,s,A) = g2(¢)g1(x) |p$€2, A).
Since g; is the boost of the Poincaré massless particle we can think of this as a Poincaré
state which is boosted by the higher mode generators of extended BM Sy contained in ga(¢p).
As such the massless extended BM S, irreducible representations do contain the massless
irreducible representations of the Poincaré group.

There are other irreducible representations of the Poincaré group called the continuous
spin representations. These do not satisfy the last two conditions in equation (4.27).

Given the general state can be written in the form of equation (4.17), subject to the
constraint @9 = g, and that the rest frame momenta given in equation (4.20), we can
compute its super momenta to find that

1 (1 — 6k)

(1—61) _
Pk = —% <5k,§5l,§ — 6l,%T¢—%+k — 51@,%T¢—%+l + ... (4.30)

Hence py, ; is zero unless either k or [ is equal to % The non-zero components at lowest order are

1 1 (1—61) _
=35 (s (14 3m) o).
1 1 (1 — 6k)

Py =T (51«,; (1 3 ) - 4¢—;+k) (4.31)

As such p 10 and Py,L are determined by ¢, and ¢, respectively.

It would be interesting to find the isotropy group for other momenta that are not in the
orbit of the massive and massless cases. An interesting case is to take p_ 3 3= 1. Looking at
equation (4.5) we find three group elements with non-zero A’s, A’ s given by Ay =1, A; =1
and Ag = —Ag = 1, that is, the algebra SO(3). The corresponding parameters can also be
written as A(z) = z A(z) =0, A(z) =0, A(z) = 2z, and A(z) = 1 = —A(2) and the reader can
verify that they provide three solutions for the isotropy algebra by using equation (4.35). We
note that this is not one of the momenta in the orbit of the massive case, see equation (4.40).!

We thank Blagoje Oblak for drawing our attention to this case.
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4.3 Interpretation of the extended BM S, representations

The above results are summarised at the beginning of section 6. At the end of section 2.1
and in section 3.2 we argued that the massive irreducible representations of BM S3 were not
carried by a particle but by an extended one dimensional object. In this section we give the
analogous discussion for the massive irreducible representations of extended BM Ss. Given
the wave function in super momentum space 1(p; s) we can find the wave function in x space.
To do this we must introduce x space coordinates z, , for each of the super momenta p;. .
The wave function in x space has the generic form

/ dpJ(p)e 2me P (p, ) (4.32)
The coordinates z,s transform as

Sl Prg= e LA nthondn Sy p o3 At AT

r,S n

0Ty s = — Z (2171 + 7“) A Zrim,s — Z (2m + s) /_\_mxnﬁm (4.33)

m

Like in the three dimensional case we introduce parameters z = ¢ and z = ¢® and define
p(z,2) = mezrés, A(z) = ZAmzm, A(Z) = Z]&mim, x(z,2) = mez’"is (4.34)
T,8 m m s

The transformation of the super momenta of equation (4.5) can be written as

3 dA(2) _ dp(z,2) 3 _dA(Z) o=, _dp(z,Z2)
= —-2— A - A — 4.
While the transformation of the coordinates is given by
S2(z,2) = ;deiz)x(z, 5 — zd”””i;’Z)A(z) ;zd/:liz)x(z, 5 — zdxilzz’z)A(z) (4.36)

Thus the super rotations of extended BM S, are a reparameterisation z(z,z) under the
parameters of z and z but separately in z and Z.

In section 3.1 we argued that the massive irreducible representation of extended BM S3
was described by a string and we will give the analogous discussion here for extended BM Sy.
What the above very generic discussion does not take account of is that one must introduce
a position coordinate for every independent momenta, or equivalently every ¢, and @,.
For both the above massive and massless representations the momenta are very highly
constrained as is apparent from equations (4.19) and (4.31) respectively and as such we must
only introduce the corresponding position space coordinates. In particular for the massive
case the momenta p, ; are only non-zero if either r or s are equal to :I:%. As such, and to
make contact with our usual spacetime, we introduce the quantities

1 1
PLr = 5Por = P3yr), Py = 5(Por +p3),
1 . 1 ) 1
Pr—1 = 5 (=p1r +ip2s), p_p1 = =5 (=prr +ip2y), rzg (4.37)
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where we recognise the momenta of our usual spacetime as

Poi =P0, Py _1 =D3, Py i = —PL Po_1 = P2 (4.38)
We also introduce
oy, = (@ XP), L)
1
v 1= (2 —iX7), z, 1 = (—a, +ix}), r>o o (439)
5 )
Then
_ 0 3 2 1

Zpr,sx—’r,—s = (PO,N?T + P3,T, + D22 +p1,r$r) (440>

T8 7‘2%
29 = X0, 3 = X3, i = X1, 3 = X2, (4.41)

2 2 2 2

The above quantities can be naturally encoded in two quantities if we introduce parameters
z and z, namely

p(z) = Z (p%ﬂjr + pfé,frér), p(z) = Z (pnf%z’“ + pﬂnézr) (4.42)
r>3 r>1
and
X(z)= (x%’T,?T —i—:B_%,_TET), X(z) = Z(xr,—%zr —I—x_rézr) (4.43)
7“2% 7“2%
Then

;xfr,fspr,s = / %p(z)X C) + / gﬁ(é))_( (i) (4.44)

These expansions are guided by the solutions of the momenta in terms of ¢, and ¢, given
in equation (4.19).

Taking the Fourier transformation we find the massive irreducible of extended BM Sy is a
functional which depends on X () and X (Z). As such this representation is carried by a string.

It would be interesting to push this representation to time-like infinity as we did in three
dimensions. To do this we should express equation (4.44) as a square, like in equation (3.25)
and then differentiate to find the relationship between the independent momenta and the coor-
dinates on the hyperboloid at time-like infinity. One should find that the above representation
is carried by a string living on the three dimensional hyperboloid at time-like infinity.

5 Irreducible representations of BMS without the super rotations

In this section we will construct the irreducible representations of BMS symmetries without
including the super rotations. We begin with BMSg3. In this case we have the Lorentz
generators Jy and Jiq and all the super translations P,. As such only the parameters Ag
and Ai; are non-zero. Clearly the isotropy group can only be the same or smaller than
that for the BMS group.

For the massive irreducible representation, considered for BM S3 in section 2.1, we find,
examining equation (2.6), that only A¢ is non-zero and so the isotropy group just contains
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the generator Jy. This is the same isotropy group as we had when the super rotations were
present and indeed we also had for the massive Poincaré particle.
The general state can be taken to be

[P @) = 21171619 0 ) (5.1)
One finds that the super momenta p, are given by
pn =+ Dmips1)" (1 —2¢410-1),n >0, p_1=—2imep_q (5.2)

The result for the remaining super momenta is more complicated, one finds that

p—n = (_Efi(pz_)ll)n i " +7z|+ 2! (n+p+1)(—ip-1)’, n=2 (5.3)
| & !

Since we have an infinite number of super momenta but the general state only depends
on the two variables, p11, the super momenta must obey an infinite number of constraints
that can be found from the above expressions for the momenta. Indeed we can express all
the super momenta in terms of p4i. As a result the irreducible representation is rather
similar to that for the Poincaré group.

The massless BM S3 irreducible representation was the subject of section 2.2 and looking
at equations (2.27) and (2.28) we conclude that A, = 0 for all p = 0, £1. In particular we find
that dpy = —?”TmAl =0and dp_o = —?”TmA_l =0 and so A41; = 0 which, with the variations
of p+1, lead to the result that there is no isotropy group in contrast to the case when the
super rotations were present which has an isotropy group with two generators while the
massless Poincaré particle which has an isotropy group with the one generator Ji,. However,
in the usual representations this latter generator is taken to vanish on the rest frame state.
We can write the general state for BMS3 without super rotations as

Ip) = e~ T epr - el p(0) (5.4)
where Ji— = — 5 (Jo+5(Ji+J-1)), Jiy = J5(=Jo+5(Ji+J1)) and Ty = Joa = —5(J1—

J_1) which are Lorentz generators in light-cone notation. It will coincide with the Poincaré
case if we also take Jj; to vanish on the rest frame state.

We now consider the same calculations for extended BMSy, but without the super
rotations. We now have only the Lorentz generators Jy, J+1 and Jo, J+1 and so only the
corresponding parameters in the group transformations are now non-zero. The massive
irreducible representations of BM Sy were given in section 4.1. Examining equation (4.7) we
find that A4; = 0 and A4; = 0 leaving only Ag and Ag which obey the condition Ag + Ag = 0.
Thus the isotropy group is generated by Jy — Jo. Thus we find the same isotropy group as
when the super rotations were present but different to the isotropy group SO(3) of the massive
particle. The general state is given by equation (4.13) provided we take ¢,, = 0 = @y, for
lm| > 2. Tt therefore depends on ¢, ¢, x, ¥ and xo. As such the infinite number of super
momenta satisfy an infinite number of constraints.

The massless irreducible representations of BM Sy were given in section 4.2 and taking
only parameters that correspond to the Lorentz group we find that Ay; = 0 and Ay =0
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leaving only Ay and A¢ which obey the condition Ag + Ag = 0. Thus the isotropy group has
only one generator Jy — Jy which is the same as when the super rotations were present and in
effect agrees with that of the massless Poincaré particle when we take account of the fact that
Ji4+ and Joq are trivially realised. The general state is given by equation (4.23) provided we
set o, and @, to zero for |m| > 2. Again the momenta obey an infinite number of constraints.

For the orbits with the same representative as in the Poincaré case that we are considering
here, the irreducible representations of BMS, when super rotations are absent, are much more
trivial than when super rotations are present, since the boosts contain only the generators of
the Lorentz group that lie outside the isotropy group. As a result even though there are an
infinite number of super momenta they are trivial in the sense that they satisfy an infinite
number of constraints that express them in terms of the usual momenta. This is a general
feature of representations of BMS when the super rotations are absent.

Above we truncated the super rotations in the extended BM S, algebra and found the
irreducible representations. However this is not the same as the global BM S, algebra
of Bondi, Metzner and Sachs that also has just Lorentz rotations, but using a spherical
harmonic decomposition for the super translations. This algebra has momenta Z;,, where
j=0,1,2,..., m < |j| and it is given by [3§]

[T I = (M =) i [Ty dn] = (M= 0) i [Ty Jn] =0 (5.5)
G+2)G+m)G+m-1) _Jtm
425+ 1)(25 — 1) =tm=1 2
G+2)+m)(—m)

[J-1, Zjm] =

Zim-1+(—1) Zjr1m1

m
Jo, Ziml = — Zi_ - —Z; i—1) Z;
[ 0, ],m} 4(2] + 1)(2] . 1) ¥ 1,m 2 J,m + (] ) ]+1,m
I +2) (7 —m)(g—m —1 -m .
[J1, Zjm] = U2 —m) ) Zi—tgmir + = Zimr + G = 1) Zjsrmnt

425+ 1)(25 — 1) 2

7 _ U+G-m)G—m-1) j—m
e T 1] N e

U +2) G +m)G—m)

Zim+1— (= 1) Zj11,mn1

_ m .
[J(), Zj7m} = — 4(2j T 1)(2j — 1) Zj—l,m + 9 Zj,m + (] - 1) Zj+17m
. G+2)G+m)G+m—1) jt+m :
J1,Z5m) = — Zi1m—1— Zim—1—(J—1)Z; _
[ 17 ]7m} 4(2] + 1)(2] _ 1) J 17m 1 2 J,m 1 (‘] ) J+17m 1
(Zm> Zjt amt] = 0 (5.6)

We identify the usual Poincaré algebra as the identification of equation (4.3) as well as

Py = Zy, P, =211 -7, Py=i(Z11+ Z1-1), Py =-2Z1p. (5.7)

(0) (0)
0

In the massive case we take p;” = z;) = m where we have used the symbol z;
to denote the momenta in this basis. Inserting this value on the right-hand side of the
commutators of equation (5.6) we find that this choice is preserved if

52’1,1 1 - (521,0 .

= “(Ay—A_)=0 -
m 2(1 ) T m

021,-1

(ho+A0) =0, "2 = LA, —A) =0, (58)

1
4
all other variations being trivially satisfied. Thus we find the conditions of equation (4.9)
and so the isotropy group SO(3), which is the same isotropy group as the massive irreducible
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representation as the Poincaré group but not the same as for extended BM S, which was

SO(2). The general state has the form of equation (4.15) provided we set ¢, = 0.

Now we will find the massless irreducible representations for which we take p(()o) =

= —péo), or equivalently 25?3 = —21% and z(()f)g = —%. One finds, using commutators

of

s

quation (5.6), that the only non-trivial results are

_ 1 _
V25211 =A1=0, V25z,0= E(AO +Ag) =0, V20z,_1=—-A41=0,

V26200 = %(Ao +Ap) =0 (5.9)
as well as
V2620, — —%(Al _A)=o0, V262, = %(A,1 _A) =0,
V20200 = %(Ao +Ap) =0 (5.10)

The conditions of equation (5.9) are the same as those of the massless Poincaré particle, as
must be the case, but the variation of the super momentum leads to the additional conditions
of equation (5.10) that leave only Ay and Ao subject to Ag + Ag = 0. As such we have the
same isotropy group as for extended BM S4. We recall that in the Poincaré case the isotropy
group is, in effect, reduced to SO(2) and so to this extent it is the same.

Since we only have at most three and five boosts for the massive and massless cases the
general state of the massive and massless irreducible representations respectively, the super
momenta satisfy an infinite number of constraints as they did for global BM S4. As such
these representations are rather trivial compared to extended BM Sjy.

The little groups discussed above for the massive and massless cases all appear in
the classification of McCarthy [14], and one can check that the corresponding Poincaré
representatives considered here are in agreement with those discussed in that reference. It
is worth mentioning that additional little groups have been discussed later, for example
in [32], and arise in a different functional-analytic setting, namely by changing the topology
on the supertranslation space and allowing distributional representatives. In particular, the
I50(2) little group, which is the same as the massless Poincaré little group before imposing
additional constraints, can be obtained in that way.

6 Summary and discussion

In this paper we have constructed the irreducible representations of the BMS group in three
and four dimensions that correspond to the massive and massless irreducible representations of
the Poincaré group, or put another way the Poincaré particle. More precisely we took the BMS
representations to have the same rest frame momenta as the Poincaré particles. We found that

e The massive irreducible representation of BM S3 has the isotropy group SO(2). This
agrees with that of the massive Poincaré particle in three dimensions and it contains
this representation. While if we included a central charge with a very precise value the
isotropy group was enhanced to SL(2,R). These isotropy groups agree with those found
in references [18-20)]
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e The massless irreducible representation of BM S5 has an isotropy group that has two
generators even if the central charge cs is non-zero. This contrasts with that of the
massless Poincaré particle in three dimensions, whose isotropy group has only one
generator. However, the commutator of the two generators is ill defined and so it
is difficult to make a comparison with the massless Poincaré particle. To properly
understand this result requires further study.

e The massive irreducible representation of extended BM Sy has isotropy group SO(2)
while the isotropy group of the massive Poincaré particle in four dimensions is SO(3).
As such the former does not contain the latter representation, but we showed that there
is a reducible representation of extended BM Sy that does contain that of the massive
Poincaré particle.

e The massless irreducible representation of extended BM Sy has isotropy group SO(2)
while the isotropy group of the irreducible massless Poincaré particle in four dimensions
is SO(2) ®s T?. However for the usual representations of the massless Poincaré particle
the generators of the 72, that is Ji, and .Jo,, are trivially realised and in this case the
isotropy groups coincide and the former representations contains the latter.

The isotropy group of representations of BMS is generally smaller than that of the
Poincaré group as the variation of some of the higher momenta, the super momenta, can
transform under a Lorentz transformation into a non-zero frame momenta.

The relationship between the irreducible representation of extended BMS algebra and its
Poincaré subalgebra is more complicated than one might naively have expected. However,
one can always find a representation, perhaps reducible, of the former that contains the usual
massive and massless irreducible representations of the latter.

We also constructed the equivalent irreducible representations of BM S3 and extended
BMS, in the absence of the super rotations. We found the super momenta are subject
to an infinite number of constraints to leave in effect only the momenta of the Poincaré
group and as such the representations are rather trivial compared to those when the super
rotations are present.

In this paper we have constructed the above irreducible representations in detail paying
particular attention to the role of the super rotations. The general state is found by boosting
the rest frame state | p(0)> by those rotations that are not in the isotropy group. As the isotropy
group is very small this contains an infinite number of generators which are of the generic form
e’ The momenta of the general state is determined in terms of the ¢ and so the number of
independent momenta is the same as the number of ¢. As such the number of constraints
the momenta satisfy is the difference in the number of momenta and the number of ¢.

This is just the same as for the Poincaré case, for example for a massive particle in
four dimensions there are three boosts (Jg;,i = 1,2,3) and so three ¢ leading to only three
independent momenta. Put another way p,, is subject to the one constraint p#p, + m? =0.

To find the wave function in position space we took the Fourier transform of the general
state of the irreducible representation with a factor e””* and integrate over the independent
components of the momenta, or equivalently the ¢. To do this one must introduce one
position space coordinate for every independent momentum. Since there are an infinite
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number of the latter we must introduce an infinite number of position coordinates. As the
BMS symmetries were deduced in the usual spacetime it is not immediately clear what is
the meaning of these infinite number of additional coordinates.

We showed that the position space coordinates can generically be encoded in an object
X (z) which at its lowest level contains the usual coordinates of spacetime. The BMS
symmetry is then realised as a reparameterisation of z. As such in position space the
irreducible representations of BMS are carried by functionals of X (z), that is ¥(X(z)). Thus
one can think of this as a string with parameter z. Although this result has been discussed
in the context of the representations discussed in this paper, it is very likely to apply to any
representations in which the isotropy group is of finite dimension as in this case the boost
has an infinite number of parameters and so there are an infinite number of momenta and
as a result an infinite number of position coordinates.

It would be interesting to find the dynamics that this string obeys. The dynamics of this
string is BM Ss invariant and so it must be invariant under the reparameterisation of the
world line of equation (2.25) which is that for an object with an upper world index. In a
Hamiltonian approach one would expect that such a local symmetry would lead to first class
constraints and it would be interesting to see how these are realised on the string states.

We showed in section 3.1 that the irreducible representation for the massive Poincaré
particle can be described in position space by an unconstrained function at time-like infinity
it which carried a representation of the isotropy group. We then argue that this result can
be generalised to representations of extended BMS in three and four dimensions in that these
can be described by a string, more precisely a functional of a string living on ™.

One obvious way to extend the results of this paper is to compute the extended BMS
variations of the general state of the representation as was done, for example in reference [34]
for the massless Poincaré particle. One could also try to find a covariant representation
as one does for the Poincaré group. In this regard it would be interesting to find what
equations of motion the irreducible representations satisfy and in particular what equations
the string fields satisfy. The latter would be strongly constrained by the BMS symmetries
which manifest themselves as reparameterisations. Once one had the equation of motion
one could quantise the string and it would be very interesting to know what is the physical
meaning of the quantum excitations and if they had something to do with the infrared effects
and, in particular, particle dressing.

That a duality connects objects of different dimensions is not new as the AdS/CFT
correspondence relates strings to point particles. It would be of interest to see what is the
significance of the strings we have identified in the context of the Carrollian proposal for flat
space holography. It would seem that the scattering of particles in Minkowski space should
be related to the scattering of strings at infinity. It would also be interesting to investigate if
there is a connection to the work of references [36] and [37] which consider a world sheet action
at null infinity. This construction is based on the ambitwistor string [39] which is related to
the null string obtained by taking the tensionless limit of a relativistic string [40-42].
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