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Abstract
Superconductivity in high magnetic fields has attracted considerable atten­ 
tion in recent years. The topic is important both for our fundamental un­ 
derstanding of superfluids and for numerous practical applications. In this 
thesis, we consider several effects originating from the interplay between the 
Landau level structure of the normal state quasiparticle spectrum, and the 
tendency of the quasiparticles to form Cooper pairs below the critical tem­ 
perature.

A formalism designed to describe extreme type-II superconductors close 
to the upper critical field H& is developed. The theory which utilizes the 
selection rules coming from the symmetry properties of the vortex lattice, 
simplifies the algebra describing a superconductor in the mixed state signifi­ 
cantly. We are, on the mean field level, able to include the quantizing effects 
of the magnetic field on the electron motion exactly. A main achievement is 
the exact calculation of the expansion coefficients giving the grand canonical 
potential of a superconductor in terms of a power series in the size of the or­ 
der parameter. The result is an expression for the grand canonical potential 
in terms of a polynomial in a finite set of variables close to H&.

Using this formalism, a theory for the experimentally observed damped de 
Haas-van Alphen (dHvA) oscillations in the mixed state of a 2-dimensional 
(2D) superconductor is presented. The theory is compared with numerical 
results and the agreement is found to be good. A simple physical interpreta­ 
tion of the damping is provided. The dependence of the damping on a finite 
Zeeman term, temperature, and the magnetic field is considered. A compar­ 
ison of the theory with experimental data for the quasi-2D superconductor 
K-(ET)2Cu(NCS)2 yields good agreement. .

The attenuation of a longitudinal sound wave in the mixed state is then 
calculated. In analogy with the dHvA effect, we predict that there should be 
damped oscillations in the sound attenuation in the mixed state as the exter­ 
nal magnetic field is varied. Furthermore, the dependence of the oscillations 
on the sound frequency and temperature is shown to yield information on the 
low lying quasiparticle spectrum. Especially, the presense of gapless excita­ 
tions due to the magnetic field makes the attenuation qualitatively different 
as compared to the attenuation in the Meissner state.

Some formal convergence properties of the Gor'kov theory for type-II su­ 
perconductors close to Hc2 are derived. We show that the theory is essentially 
a high temperature expansion; the convergence radius of the Gor'kov series is 
proportional to A^T when there is a Landau level at the chemical potential.
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Chapter 1

Introduction

The relationship between external magnetic fields and superconductivity is 

both of practical importance and of fundamental interest as a physical phe­ 

nomenon. It gives rise to a broad range of effects such as the Meissner 

effect (i.e. perfect diamagnetism), vortex structures and a number of differ­ 

ent phases in the phase diagram. Indeed, with the discovery of the Meissner 

effect in 1933 [77], it became clear that a crucial problem to understand in 

superconductivity was that of perfect diamagnetism. Once this was under­ 

stood, effects such as the infinite DC conductivity, discovered by Onnes [64], 

could also be explained. At the same time, this inherent property of su­ 

perconductors can be used in practical applications, for example, to provide 

shielding from external fields.

Superconductors can, in general, be divided into two types according 

to their response to an external magnetic field. For type-I superconduc­ 

tors, it is energetically favorable to expel the magnetic field completely apart 

from a thin surface layer (Meissner effect) below an upper critical field Hc . 

Type-II superconductors allow a partial penetration of the external field in 

form of vortices. In the mean field approximation, these vortices form a 

regular lattice when the external field H is between the two critical fields 

Hc \ < H < HC2, as predicted theoretically by Abrikosov [1]. The supercon-



ductor is said to be in the so called mixed state. A wide range of phenomena 

arise from the tendency of the electrons to form Cooper pairs and the or­ 

bital frustration from the magnetic field. A thorough understanding of this 

mixed state is also very important from a practical point of view since type-I 

superconductors suffer from a small thermodynamic critical field Hc . This 

means that large currents (creating large fields) or large external fields will 

destroy the superconducting phase in type-I superconductors. Likewise, the 

Meissner phase in type-II superconductors is bounded by an even smaller 

critical field Hc i whereas Hc? can be very large (several Teslas). Hence, most 

technologically relevant materials are type-II superconductors operating in 

the mixed state.

Up to the late 1980's, the mixed state was (with a few noticeable excep­ 

tions) described in terms of Ginzburg-Landau theory [34, 107]. This theory 

has been successful in describing almost all physical phenomena for type-II 

superconductors. However, just over 20 years ago, magnetic oscillations in 

the free energy were observed in the layered superconductor 2H-NbSe2 [49]. 

These oscillations which are called de-Haas-van Alphen (dHvA) oscillations, 

were later observed in a number of different type-II superconductors. From a 

theoretical point of view it is clear that such oscillations cannot be described 

by a semiclassical treatment such as Ginzburg-Landau theory which assumes 

that the bending of the electron orbit due to the magnetic field is negligible 

over the range of the electron mean free path. The oscillations are a pure 

quantum phenomenon originating in the quantization of the electron motion 

in a magnetic field, which becomes important when the mean free path of 

the electron is such that it can propagate coherently over many unit cells in 

the vortex lattice, and when the temperature T is sufficiently low such that 

kBT < hujc , where ujc = eH/mc is the cyclotron frequency. The occurrence 

of the dHvA oscillations in a wide range of superconductors seems to sug­ 

gest that this effect is a fundamental property of a type-II superconductor 

in the mixed state. Furthermore, recent advances in Scanning Tunneling



Microscopy (STM) have enabled us to directly probe the quasiparticle levels 

bound in the vortex core [55, 57, 56], thus giving direct experimental evi­ 

dence of the nature of the superconducting state in a magnetic field. These 

quasiparticle levels are completely ignored in the Ginzburg-Landau theory. 

Hence, an understanding of superconductivity in high magnetic fields based 

on the Ginzburg-Landau theory cannot be complete. A successful theory de­ 

scribing superconductors in high magnetic fields must include the quantum 

effects of the magnetic field from the beginning and should therefore be a 

generalization of the original BCS-theory [9]. The need for such a theory 

is further underlined by the high temperature (high Tc ) superconductors, 

first discovered in the cuprates by Bednorz and Miiller [13]. The normal 

state properties in these materials are unknown; the existence of a normal 

state Fermi surface is a highly controversial and debated issue. Since the 

dHvA measurements are a powerful tool in mapping out the Fermi surface, 

it is clearly of interest to carry out such experiments for high Tc materials. 

However, the high Tc materials are quasi 2-dimensional extreme type-II su­ 

perconductors with a very high upper critical field (HC2 ~ 102 T) at the low 

temperatures appropriate for dHvA measurements. This means that such 

experiments will be carried out in the mixed state of the high Tc 's. Hence, 

even at the mean-field level, it is necessary to develop a microscopic theory 

for superconductivity in strong magnetic fields which goes beyond the tra­ 

ditional Ginzburg Landau treatment and includes the quantum effects due 

to the magnetic field from the beginning. Because of this, there has been a 

dramatic increase in the number of articles de'aling with this issue since the 

late 1980's. Some theories have been in direct contradiction with each other, 

and there has been much debate, not least in connection with developing a 

consistent description of the dHvA oscillations in the mixed state.

This thesis examines theoretically several aspects of the interplay between 

a strong magnetic field and superconductivity. Specifically, I will present a 

theory for the dHvA oscillations described above. Furthermore, the effect of



the magnetic field on the quasiparticle levels is treated within the context of 

sound attenuation. In addition, we examine some formal properties related 

to the validity of aspects of the theoretical formalism which is used to treat 

type-II superconductors close to //c2 . The thesis is structured as follows:

• Chapter 2. The traditional BCS theory, which has been hugely suc­ 

cessful in describing weak coupling superconductors, is briefly outlined 

for an arbitrary external field. We discuss the effective interaction ap­ 

plicable as a first approximation to describe the attraction between the 

electrons. Then, the pairing hypothesis is described and the resultant 

pairing field is defined. The Bogoliubov-de Gennes (BdG) equations 

which diagonalize the corresponding mean field Hamiltonian, are in­ 

troduced. These equations form a theoretical framework for much of 

the material presented in this thesis. The Green's function formalism 

used to describe weak coupling superconductors is presented. This for­ 

malism is very useful when developing a perturbation theory for type-II 

superconductors near H^. Finally, the validity of the mean field theory 

and the role of the fluctuations are discussed.

• Chapter 3. As this thesis is dealing with cases where the semiclassical 

approximation breaks down, this chapter develops further the formal­ 

ism introduced in chapter 2 to specifically treat cases where the effect of 

the magnetic field must be included from the outset. We first consider 

the problem of two-electron scattering in a magnetic field. This will 

introduce a useful splitting of the Cooper pair motion into a center-of- 

mass motion and a relative motion. The symmetry of the vortex lattice 

is then introduced. This symmetry simplifies the mean field Hamilto­ 

nian and the corresponding BdG equations are then solved exactly in 

the limit of a very high magnetic field. A perturbative expansion of the 

grand canonical potential based on Green's functions is then developed. 

The symmetry of the vortex lattice reduces the necessary algebra sig­ 

nificantly and we can solve the appropriate expansion integrals exactly.



A major result is the expression of the grand canonical potential in 

terms of a simple polynomial in a finite set of variables. The problem 

of self-consistency reduces to the trivial algebraic task of minimizing 

this polynomial; a fact that will be very useful when developing a self- 

consistent perturbative description of a type-II superconductor close to 

HC2 .

• Chapter 4. This chapter presents a theory for the dHvA oscillations 

in the mixed state of a type-II superconductor. We start by briefly 

sketching the well known theory of the dHvA oscillations in the normal 

state. Then, a perturbative theory for the oscillations in the mixed 

state is developed. We compare the predictions of this theory with an 

exact numerical solution of the BdG equations. The agreement is good 

close to Hc2 . A physical interpretation of the presence of the dHvA os­ 

cillations in the mixed state is then presented. The effect of the electron 

spin and the difference between the case where the chemical potential 

is constant and the case where the number of particles is conserved 

is considered. Then, we simplify the analytical theory for the dHvA 

effect in order to make some predictions concerning the dependence of 

the oscillations on various quantities such as the temperature and the 

magnetic field. The agreement between these theoretical predictions 

and experimental data is found to be satisfactory. Finally, I briefly 

outline the main features of some of the alternative theories developed 

to describe the dHvA oscillations in the mixed state.

• Chapter 5. This chapter considers the problem of longitudinal sound 

attenuation for clean type-II superconductors in the mixed state. Since 

phonons interact with the quasiparticles, we can gain considerable in­ 

formation on the low lying density-of-states by considering this prob­ 

lem. The sound attenuation is shown to be an oscillatory function of 

the external magnetic field in analogy with the dHvA oscillations. We



consider the two limits fuo ^> fc^T and hui -C ksT where u> is the fre­ 

quency of the sound wave. It turns out that the interpretation of the 

attenuation of the sound wave is somewhat more straightforward than 

the interpretation of the damped dHvA oscillations in the mixed state. 

The temperature dependence of the attenuation in the HUJ >C fc^T limit 

is shown to yield information about the quasiparticle spectrum in the 

mixed state. The same is true for the frequency dependence in the 

hu S> ksT limit. This should make it possible to test some aspects of 

our theoretical understanding of type-II superconductors in high mag­ 

netic field by measuring the sound attenuation in the mixed state.

• Chapter 6. It has recently been suggested that perturbation (Gor'kov) 

theory should break down when describing type-II superconductors 

close to HC2 due to the large degeneracy of the normal state electron 

levels (Landau levels). The Gor'kov theory is a very important theoreti­ 

cal tool used by numerous authors to describe superconductors. If true, 

the break-down of the Gor'kov expansion for type-II superconductors 

would be a very important discovery. Also, it would invalidate much 

of the theory presented in this thesis! Thus, this chapter examines the 

convergence properties of the Gor'kov expansion in order to verify the 

existence of this break down. For zero temperature, it is shown that the 

Gor'kov expansion in fact is invalid and that there are non-perturbative 

terms in the expression for the ground state energy in the mixed state. 

For finite temperature however, it turns out that the non-perturbative 

terms for the appropriate thermodynamic potential cancel and that the 

Gor'kov theory is valid. We derive some criteria for the convergence 

of the Gor'kov series. These criteria essentially state that the Gor'kov 

theory is a high temperature expansion; the change of the quasiparticle 

levels as compared to the normal state levels must be of the order of 

fcfiT or smaller for the Gor'kov expansion to be valid.



Chapter 7. The results presented in the previous chapters are sum­ 

marized. We also outline some future possible research projects which 

emerge naturally from the work described in this thesis.



Chapter 2

Formalism

2.1 Introduction

Superconductivity is a widespread phenomenon in nature. It is an example 

of a macroscopic quantum effect with observable consequences. Below a cer­ 

tain critical temperature Tc , the relevant particles forming a physical system 

condense into a phase which in many ways can be viewed as a macroscopic 

molecule. The particles can form a state characterized by a frictionless mo­ 

tion of the center-of-mass in much the same way as the electrons of atoms 

can form states with a non-zero angular momentum. The state of non­ 

zero average motion gives rise to the remarkable effect of superconductivity. 

The condensation to the superfluid state appears on many energy scales in 

nature. Fig. 2.1 shows the transition temperature in different systems ex­ 

hibiting superconductivity. As can be seen, it varies from one milliKelvin for 

3 He to approximately 10 13 Kelvin for the quark condensate. In condensed 

matter physics, superconductivity, a consequence of the condensation of the 

electrons, occurs in numerous systems such as many metals and alloys (e.g. 

Al and V3 Si), some of the quasi two-dimensional organic charge transfer 

salts (ET) nX where ET is the donor ion bis(ethylenedithio)-tetrathiafulvalene, 

and X is an inorganic anion such as Cu(NCS)2, and in the now famous so-
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Figure 2.1: The critical temperature Tc for a wide range of systems

called high Tc materials such as YBCO. The list of superconducting materials 

stretches into the thousands and is ever increasing. Superconductivity rep­ 

resents a spectacular failure of Landau Fermi Liquid Theory and cannot be 

obtained in any finite order perturbation expansion [95] from the normal 

state. It therefore took almost fifty years to construct a theory for this non- 

Fermi liquid phenomenon. Furthermore, the mechanisms behind the new 

high Tc materials are still unknown.

In this chapter, we will briefly outline the traditional BCS theory for weak- 

coupling superconductivity. In section 2.2, we define the BCS Hamiltonian. 

Then in section 2.3, we introduce the generalized mean-field approximation 

leading to the introduction of the pairing field. In section 2.4, the Bogoliubov 

equations are introduced. Section 2.5 presents the Green's function formalism 

used to describe weak-coupling superconductors. These two sections form the 

framework of much of the theory developed later in this thesis. Finally in 

section 2.6, we will consider the validity of the mean-field approximation.



2.2 The BCS Hamiltonian

Superconductivity in condensed matter physics arises in general as a result 

of an effective attractive force between the electrons. In most cases, possibly 

excluding high Tc 's, the organics, and other "exotic" superconductors, the 

attractive interaction is due to an overscreening effect from the phonons. It 

can be shown [98] that the effective interaction Vef/(q) for a wave vector q 

and a frequency cu (q = (q, cu)) between two electrons in a metal within the 

jellium approximation has the form

Here K,(q) is the dielectric function of the electrons, Vc (q) — 47re2 /g2 /t(g) is the 

screened coulomb potential and fi^ is the bare longitudinal phonon frequency. 

This effective interaction between the electrons includes the screening due to 

electrons and phonons. We will not go into the details of the derivation 

and the approximations behind this effective interaction. They are not rel­ 

evant for this thesis, which is based on a more simple effective interaction 

described below. The important point to note is that for u> < u)q , where 

ujg = f2^/«;(<7) is the dressed phonon frequency, the interaction is attractive 
due to the overscreening from the phonons. Hence, when the electrons do 

not differ too much in energy they attract each other. One can analyze the 

electron-phonon system using the interaction given above. This leads to the 

strong coupling theory as described by Eliashbejrg [41].

In this thesis, we will take a more modest approach and assume that 

the effective interaction between electrons close to the Fermi surface can be 

represented by an attractive contact potential   gS(r) where g is the coupling 

strength. The phonon degrees of freedom are in some sense "integrated" 

out and we are left with the simple contact potential. This is the usual 

effective interaction used in the so-called weak coupling BCS-theory [10, 11]. 

The actual mechanism responsible for the attraction is unknown in materials

10



such as the high Tc 's or the organic transfer salts. For our purposes, it is 

therefore appropriate to take this more pragmatic approach and just assume 

that there is some sort of mechanism giving rise to an effective attraction 

between electrons close to the Fermi surface, and that such an interaction 

is well described by a contact potential. A problem with this interaction is 

that as it stands, it introduces divergencies in the theory. This is because 

it is effective for arbitrarily high energies. This is, of course, unphysical; 

the contact interaction should really be regarded as an effective low energy 

interaction. The standard way to renormalize this divergence is to introduce 

a physically motivated cutoff U>D around the Fermi surface within which the 

interaction is effective [98]. Outside this range there is no interaction. Since 

the attraction for most materials is due to the phonons, UD is typically of the 

order of the Debye frequency. Using this approximation, the Hamiltonian of 

the electron system becomes

H = HO + HJ

). (2.2)

Here

C/0 (r)

where the momentum operator is p =   ihV, the effective mass of the elec­ 

tron is m, H.F is the chemical potential, and Vv^r) is the field operator for 

an electron with spin a = ±1 along the c-direction. In this thesis, we take 

e > 0 so that the charge of the electron is   e. The electronic g- factor is 

denoted g*, HB = eh/2m0 c with m0 taken to be the free electron mass, is 

the Bohr magneton. The magnetic field which points along the ^-direction, 

is given by H = V x A. UQ(T) denotes an external potential. Since the 

typical energy difference between a metal in the normal and in the super-

11



conducting phase is O(kBT?/TF ) ~ 10~ 8 eV per electron (TF is the Fermi 

temperature) and the Coulomb and phonon interactions between electrons 

in the normal state lead to correlation energies of the order of leV, it is 

perhaps surprising that such a simple effective Hamiltonian as the one above 

should encapsulate the relevant physics of the problem [98]. However, one 

should regard the above Hamiltonian as describing the residual interaction 

between the quasiparticles. From Landau Fermi liquid theory, we know that 

the low lying excitations (which are the ones relevant for superconductivity) 

of the normal metal are well described as quasiparticles. Hence, it is assumed 

that the effects of the Coulomb and other interactions in the normal state are 

included in the effective mass m of the quasiparticle and that the effective 

Hamiltonian in Eq. (2.2) describes the effect of the weak residual attraction 

between the quasiparticles. Further justification for the introduction of the 

simple contact interaction is given in the standard books by Schrieffer [98] 

and de Gennes [34].

2.3 Pairing Theory

An essential step in the understanding of superconductivity was made by 

Cooper [28] when he studied a pair of interacting electrons above a Fermi 

sea of non-interacting electrons. The crucial result of his analysis is, that 

a bound state of the two electrons exists for an arbitrarily weak coupling. 

This result, which is in sharp contrast to the behaviour of two electrons in­ 

teracting via a finite range potential in free space, suggests that the Fermi 

sea is unstable towards the pair formation of the electrons. In principle, the 

system will spontaneously form bound pairs of electrons until the pairs begin 

to overlap. If the condensation were to stop at this point, a Bose-Einstein 

condensation (BEG) approach might be appropriate. Instead, a quite dif­ 

ferent phenomenon takes place, namely a cooperative pairing condensation 

which involves a strong overlap of the pairs. In most superconductors there

12



are ~ 106 pairs within a given volume of one electron pair. Hence, there is 

a massive overlap between the pairs; an independent pair approximation is 

totally invalid 1 . Due to this strong overlap, the Pauli principle is of utmost 

importance and there is a gap in the quasiparticle spectrum which does not 

appear in the EEC case. Describing superconductivity in terms of a Bose 

condensation of Cooper pairs is therefore incorrect for most superconductors 

with the possible exception of the high Tc materials. To reduce the com­ 

plexity of the problem without losing the essential physics arising from the 

pairing correlations, the BCS theory makes the following substitution:

(2.3)

Here (...) means the thermal average. The fluctuation term in the brack­ 

ets is now considered to be small. By substituting the above identity into 

the Hamiltonian and only keeping terms to first order in the fluctuation, it 

becomes

Hmean =

- /dV[A(r)V>J(r)^{(r) + c.c] + - /d3r|A(r)| 2 (2.4) 

where the order parameter is defined self-consistently as

). (2.5)

This approximation can be viewed as a Hartree-Fock theory generalized to 

include the essential pairing correlations between the electrons. These non- 

perturbative correlations are described by the order parameter A(r). The

1 In the high Tc 's, the size of the pairs is only a few times the lattice spacing. There is 
therefore only a few pairs overlapping a given pair in marked contrast with the systems 
described by BCS theory.

13



price one pays by the introduction of A(r) is the violation of particle con­ 

servation due to the non-zero value of the anomalous average (il>c ip-a ). For 

macroscopic systems, it is easy to show that this causes no major problems 

in the sense that the relative fluctuation, ((N— (Ar)) 2 )/{-/V), in the number of 

particles, (N), goes as (TV)" 1/2 [107]. Thus, it is negligible for most systems. 

We note that the Hamiltonian in Eq. (2.4) ignores any dynamical interaction 

between the Cooper pairs. It is in some sense striking that BCS theory, which 

is based on such crude approximations, seems to work so well in many cases. 

The reason is that in real metals the pair-pair correlations are dominated by 

the Pauli-principle due to the strong overlap. One can therefore ignore the 

dynamical interactions between the pairs and concentrate on the correlations 

between the "mates" of the pairs. These correlations are well described by 

the effective Hamiltonian given in Eq. (2.4). Also, note we have ignored the 

usual Hartree-Fock terms (ip^ip^) in Hmean . This approximation is based on 

the assumption that these terms are the same in both the normal and the 

superconducting state and therefore do not affect the comparison between 

the two states [42].

It is interesting to note that the self-consistency condition given in Eq. 

(2.5) can be derived using the Gibbs variational principle. Take a Hermitian 

operator p with positive eigenvalues such that the trace Tr(p) — 1. Define 

the function if>(p) — Tr(Hp)+(3~ l Tr(p\n(p)) where H is the Hamiltonian for 

the system in question and (3 = -^. Minimize $(p) by varying /5, subject to 

the condition Tr(p) = 1. The operator p that minimizes ip(p) is the density 

operator: that is, p = exp(—(3H)/Tr(exp(—/?H)) and tp(p) is the grand 

canonical potential for the system described by H [58]. This is the statistical 

mechanical analogue of the variational principle in quantum mechanics. By 

minimizing ijj(p) within the subset of density operators of the form p = 
exp(-(3Hmean )/Tr(eyip(-(3Hmean )) where Hmean is given by Eq. (2.4) with 

arbitrary A(r), one recovers the self-consistency condition given in Eq. (2.5). 

Based on physical arguments, we assert that the above subset of density
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operators describe superconductivity well [98]. We will in section 2.5 show 

that the above generalized mean field approximation can also be regarded as 

a stationary phase approximation to the free energy.

2.4 The Bogoliubov-de Gennes equations

There are many ways of proceeding from the Hamiltonian defined in Eq. (2.4). 

Since it is quadratic in the field operators, a straightforward approach is to 

diagonalize the Hamiltonian by performing a suitable unitary transforma­ 

tion. This method was introduced independently by Bogoliubov [16] and 

Valatin [109]. It is described in detail by de Gennes [34] in its general form, 

when the order parameter varies in space. The Hamiltonian can be diago- 

nalized by writing the field operators as

(2.6)

Here, the 7'$ are new fermion operators satisfying the usual commutation 

rules j^jma' + 7m<7'7L = <5nm<W etc. If the Bogoliubov wave functions 

un (r) and un (r) satisfy the Bogoliubov-de Gennes (BdG) equations

En un (r) = n0 un (r) + A(r)un (r)

Envn (r) = -HX(r) + ACr)*un (r) ( 2 . 7)

then the Hamiltonian is diagonalized; i.e. it is on the form

Hmean = Eg + E™^na (2.8)

where Ena = En +g*/j,B Haz /2. The BdG equations have the property that if 

(uni vn) is a solution with energy En then (  t;*, u*n ) is a solution with energy
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—En . By choosing only the positive energy solutions, we ensure that Eg is the 

ground state energy for the Hamiltonian. The BdG equations above contain, 

within the mean field approximation, all possible effects for any value of the 

magnetic field in the presence or absence of impurities (described by the 

external potential t/o( r))- They are, however, very difficult to solve in the 

general case. Since the above system of equations is hermitian, the solutions 

satisfy the orthogonality conditions

r[un (r)*um (r) + vn (ryvm (r)] = 5nm 

d3r[un (r)vm (r)-vn (r)um (r)} = 0 (2.9)

and the completeness relations

n (rK(r')* + Mr)*7;n (r')] - «J(r' - r)

Un (rK(r')*-un (r)*wn (r')] = 0. (2.10)
n

The self-consistency condition reads

A(r) =

(2.11)

where f(E) = 1/[1 + exp((3E)] is the Fermi function. The above set of 

equations serve as a convenient general starting point to investigate super-
•

conductors with a spatially varying order parameter in an external potential 

t/o(r); we will use them throughout the thesis. They can be solved ex­ 

actly in some special cases and are, in general, well-suited for a numerical 

calculation. One such case where the BdG equations can be solved analyti­ 

cally, arises when there is no external potential and no magnetic field. One 

then obtains the well-known solutions u^(r) = Ukelkr and ^k(r) = t^e11"" 

with u\ = |(1 + £(k)/E(k)), vl = i(l - £(k)/E(k)), £(k) = k2 /2m - ^F

16



and E(k) = (£2 + A2 ) 1 /2 [98]. The order parameter is determined by 1 = 

%J2k tanh((3E(k)/2)/E(k) (ignoring spin). From here, we recover all the 

well-known results of the BCS theory for a homogeneous system in no exter­ 

nal magnetic field.

2.5 The Partition Function

It is sometimes convenient to solve the problem using standard many-body 

methods based on Green's functions. This is especially true when we cannot 

solve the BdG equations exactly but need to do some perturbative calcula­ 

tions. In this case, the Green's function technique is very powerful. Another 

case where the Green's functions come in useful, is in the calculation of 

various responses of the superconductor to external probes. The formalism 

outlined in this section is also a natural starting point if one wants to go 

beyond mean field theory. We start by noting that the partition function

Z = Tr(e-^} (2.12) 

can be written as a functional integral [80]:

r,T)<Mr,r)) e-/ d4*^>. (2.13)

Here I>(^*(r, r)^CT (r, r)) denotes functional integration over the electron 

fields which are Grassman variables, r is imaginary time, and / d4x = 

J0 dr f d3 r . The Lagrangian is given by

£(r, r) = C(r, r)drW(r, T] + H (^(r, r), W(r, T}}
(2.14)

where #('0*(r,T),'i/v(r )'r )) is the effective Hamiltonian given by Eq. (2.2). 

The standard trick to introduce pairing in this formalism is to use the fol-
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lowing identity:

I |2 1 f |2 - -e |Q| = - / dxdx* e (M +ax +a x) . (2.15) 
TT 7

The functional form of this identity used to introduce the pairing correlations 

is written

«« I/" f 4 r |2 .

N J
(2.16)

The pairing field A(r,r) is complex and it has Bose statistics (i.e. A(r,/3) = 

A(r, 0)). The normalization constant is /Z>(AA*) exp(- f d4x |A| 2 /^) and 

will not be important in the following. Using this identity, the partition 

function becomes

Z = /"r>(AA*)£(A,A*) 

*) = e-

fX

The integral over the electron fields is now Gaussian and can be done ana­ 

lytically. Hence, the introduction of these so-called auxiliary (pairing) fields 

enables us to integrate out the electronic degrees of freedom and we are left 

with the collective degrees of freedom described by the pairing field. This 

method was first used by Stratonovich [103] and Hubbard [59] and is therefore 

called the Hubbard-Stratonovich transformation. Here, we will approximate 

the partition function by the saddle point approximation. To do so, one puts

(2.18)

where A(r, r) is determined by the condition <51nZ(A, A*)/5A|^ = 0. This 

condition gives A(r) = g(^(r)ip±(r)) and we recover mean field theory. Mean
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field theory is therefore equivalent to a saddle point approximation to the par­ 

tition function. However, the choice of the auxilary fields is largely arbitrary. 

One could just as well have obtained standard Hartree-Fock theory by an­ 

other choice of fields. The choice of the auxiliary field should be guided by 

the physics of the problem which in this case is the pairing interactions. Ig­ 

noring spin for the moment and using Wick's theorem for the above quadratic 

integral, we get:

0(rr,rV) F(rr, rV) \ = _^ (r _ r/)1 

-Q^r'^r}) * * '

Here 64 (r - r') = 63 (r- r')5(r - r') and 1 is a 2 x 2 unit matrix. The Green's 

functions are defined as [42]

(2.20)

The operator Tr denotes time-ordering with respect to the argument r; and 

tp(r) = exp('Hmeanr/^)^exp(-?{mean r//i). Eq. (2.19) are the celebrated 

Gor'kov equations. They are used as a starting point for the treatment of 

superconductors using Green's functions within the mean-field approach [42]. 

It is easy to show that they are equivalent to the BdG equations derived in 

section 2.4. In the case of zero magnetic field and no external potential, these 

equations can readily be solved. We recover the well known results stated at 

the end of section 2.4. For a general magnetic field and external potential, 

the Gor'kov equations cannot be solved exactly. It is then fruitful to return 

to Eq. (2.18) which, as it stands, is suitable for a perturbative expansion in 

the order parameter. This expansion will obviously only be valid close to the 

transition line HC2(T) where the order parameter is small. Such an expansion
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will form the basis for many of the analytical results presented in this thesis.

2.6 Validity of the Mean Field approximation

Before embarking on developing further the mean field theory for supercon­ 

ductors in high magnetic fields, we will briefly consider the fluctuations away 

from the mean field approximation. In general, below a certain upper critical 

dimension dc , the fluctuations will dominate the behavior of a physical system 

close to the phase transition lines. The critical dimension for the universality 

class to which the Ginzburg-Landau theory belongs is dc = 4. Unfortunately, 

experimental systems tend to have spatial dimensions less then 4! Thus, there 

will be a region around the phase transition line where mean field theory is 

invalid. Using simple dimensional analysis, one can show [80, 44] that the 

temperature region, called the Ginzburg region, in which one expects the 

mean field theory to begin to break down is determined by

(2.21)

Here, D is the dimension of the system, AC is the discontinuity of the specific 

heat per unit volume at Tc , and £ is the correlation length. This expression 

enables us to understand why mean field theory works so well for normal 3D 

weak coupling superconductors. Here the correlation length is of the order 

of the size of a Cooper pair f ~ 103 A and AC is several joule/cm3 [80]. This 

gives t ~ 10~ 15 , which means that mean field theory is valid apart from an 

unobservably small region around the phase transition line. For high Tc 's 

where £ ~ 10A or for highly anisotropic or essentially 2D materials, the 

critical region can be much larger. One can observe several new phases such 

as "pancake" vortices, entangled, and disentangled vortex liquids [31] in these 

systems; the theory for this kind of vortex physics is currently being actively 

investigated [14].
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Chapter 3

Superconductivity at high 

magnetic fields

3.1 Introduction

A superconductor in no external magnetic field and no external potential 

is characterized by the pairing of electrons with opposite momenta k and 

-k 1 . Because the time-reversed states are degenerate in energy, the pairing 

instability is greatest for this choice of pairing. When a superconductor is 

subjected to an external magnetic field, the Hamiltonian is no longer real due 

to the substitution —iHV  > —ihV + Ae/c and the time-reversal symmetry 

is broken [106]. It is not possible to form a translationally invariant super­ 

conducting state. For low external fields, it is useful to think of the external 

field as "frustrating" the order parameter by inducing currents perpendicu­ 

lar to the field as it couples to the transverse momentum of the electrons. 

The superconductor sets up screening currents corresponding to a spatially 

varying order parameter. The response of the superconductor to an external 

magnetic field can, on the mean-field level, be separated into two cases as 

mentioned in the introduction. For type-I superconductors, it is energetically

1 This is not true if the superconductor is in a current carrying state.
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favorable below a certain field Hc \ to expel the external field completely in 

the bulk of the superconductor. From a microscopic point of view, this arises 

because the transverse supercurrents induced by the external field screen the 

field completely in the bulk of the material. Type-II superconductors are 

different since they allow partial penetration of the magnetic field below an 

upper critical field Hc2 . This is energetically favorable due to the fact that 

the coherence length £, which measures the length scale of the variation of 

the order parameter, is smaller than the penetration depth A of the magnetic 

field. By allowing the field to penetrate partially, the superconductor can 

benefit both from the superconducting condensation energy and from the 

free energy —BH/Sn2 associated with a magnetic field. The order parame­ 

ter becomes nonuniform; it forms the so-called vortices of screening currents 

surrounding nodal lines of the order parameter where the magnetic field is 

high and the density of the superconducting electrons is low. Each vortex 

contains a flux quantum $0 = hc/2e (h = InK). To minimize the energy, 

the vortices form a regular array. Microscopically, this happens because the 

Cooper pairs acquire less transverse momentum in the presence of the mag­ 

netic field as compared to the type-I case. The screening of the external field 

is therefore not complete. When the field is lowered below a lower critical 

field Hci, the currents screen the field completely and the superconductor 

enters the Meissner state2 . Using Ginzburg-Landau theory, one can derive 

the result [107] that for K = A/£ > l/\/2 and Hcl < H < Hc2 , the free 

energy is lowered by allowing a partial penetration of the field; hence the 

superconductor is of type-II. For K < l/\/2 the superconductor is of type-I. 

The state of the superconductor for Hc\ < H < Hc2 is often called the mixed 
state. In Fig. 3.1, we illustrate the phase diagram for the two types of su­ 

perconductors. In Fig. 3.2, we sketch the structure of an isolated vortex for 

a type-II superconductor when A S> £. Up to the beginning of the 90's, the

2 This simple picture is only true within mean-field theory where fluctuations of the 
order parameter are ignored as described in section 2.6.
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Normal Phase
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Normal Phase

BCD

Meissner Phase

H(T)

Meissner Phase

(a) (b)

Figure 3.1: The mean-field phase diagrams for type-I (a) and type-II (b) 
superconductors.

(a) (b)
Figure 3.2: Structure of an isolated vortex, (a) The microscopic magnetic 
field h(r) is maximum at the center of the vortex and decreases going out­ 
wards because of the screening from the supercurrents in a region of radius 
~ A. (b) The density of superconducting electrons ns is reduced in a core 
region of radius ~ £.
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effect of a magnetic field on a superconductor was typically described within 

Ginzburg-Landau theory which is based on a semiclassical approximation for 

the treatment of the magnetic field [42]. This approximation breaks down 

if the electron states are not localized and there is a non-zero average field 

H = V x A . In this case, A oc L where L is the system size; since the elec­ 

tron states are not localized, even a weak magnetic field cannot be treated 

perturbatively. The discrete nature of the Landau levels become important 

and the semiclassical approximation breaks down when the temperature is 

sufficiently low and the material clean enough such that ksT -C fojJc and 

wc /27r 3> r" 1 , where r is the impurity scattering lifetime.

As large parts of this thesis deal with cases where the semiclassical approx­ 

imation breaks down, we will in this chapter outline the theoretical formalism 

developed in order to include the quantum effects of the average magnetic 

field exactly from the outset. In section 3.2, we consider the problem of 

two-electron scattering in a high magnetic field. This leads us to a useful 

splitting of the two particle motion into the center-of-mass (COM) and the 

relative motion. The symmetries of the vortex lattice will be used in sections 

3.3-3.5 to simplify the Hamiltonian and the corresponding BdG equations. 

We will then examine the solutions of the resultant BdG equations in the 

limit of a very high magnetic field. The perturbative expansion of the grand 

canonical potential in A(r) is considered in section 3.7. Again, the use of the 

symmetries of the system enables us to simplify the problem considerably; 

the expansion can be expressed as a simple polynomial in a finite set of vari­ 

ables describing the amplitude of Cooper pairing with different COM kinetic 

energies. Self-consistency reduces in this language to the simple algebraic 

problem of minimizing this polynomial. The perturbative expansion is then 

used in section 3.7.4 to examine the transition temperature Tc in different 

COM kinetic energy channels.
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3.2 Two particle scattering in a magnetic field

We start by considering a pair of electrons in a magnetic field. As is well 

known, free electrons in a constant external magnetic field reside in discrete 

energy levels (Landau levels) [65]. The presence of the Landau levels gives 

rise to many interesting phenomena in the theory of normal metals and, as we 

shall see, in superconductors as well. Since Ginzburg-Landau theory which 

is based on a semiclassical treatment of the effect of the magnetic field, com­ 

pletely ignores the quantizing effect of the magnetic field, it is necessary to 

develop a more microscopic formalism to describe these phenomena. Con­ 

sider an electron moving in a magnetic field H pointing in the z-direction. 

In the Landau gauge A = (0, Hx, 0) which is used throughout the thesis, the 

eigenstates of the single particle Hamiltonian can be chosen to be [65]

(3.1)

where <J>N(X) = (2 N'N\^lYl/2 HN (x)e~ with HN being a Hermite poly­ 

nomial of order N, and I 2 = hc/eH is the magnetic length squared. The 

size of the system is Lx x Ly x Lz . The energy Eff(kz ) of such a state is 

EN (kz ) = huc (N + 1/2) + H2 k2z /2m with u>c = eH/mc. We have ignored 

the Zeeman effect for simplicity. Since the energy does not depend on k, 
each energy level (Landau level) has a degeneracy of Lx Ly /2irl2 for a single 

spin value. The motion along the z-direction is unaltered by the magnetic
•

field and we will, for notational simplicity, ignore this degree of freedom until 

chapter 5.

We will treat the case of extreme type-II superconductors (K ^> 1), where 

the magnetic field can to a good approximation be considered as constant 

in space. The problem of superconductivity in a magnetic field then re­ 

duces to the case of pairing between electrons residing in different Landau 

levels around the Fermi level. Most physical systems such as the high Tc
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materials, the organics and the A15 compounds (eg. NbSe2 ) have K > 1 

making the case of K ~^> 1 experimentally relevant. A simple two-particle 

state of non-interacting electrons in two Landau levels can be written as 

 0(r 1 ,r2 ) = 0jVi,fci(ri)0Ar2 ,fc2( r2)- The energy of such a state is (A^+A^+l)/^. 

As we are going to consider electrons interacting through the contact poten­ 

tial   g5(ii — r2 ) which only depends on the relative coordinate between 

the electrons, it is convenient to move to a picture describing the two par­ 

ticle state in terms of center-of-mass (COM) and relative coordinates. This 

transformation, which of course is trivial in the case of zero external field, 

was given by MacDonald et al. [67] in the case of electrons in an external 

magnetic field. It reads

l

j=0
B

(3.2)

where R = (i^ -f r2 )/2 and r = TI   r2 are the COM and relative coordinates 

respectively. The expressions for the COM and relative wave functions are 

identical to Eq. (3.1) except that the magnetic lengths are 1 R = l/\/2 and 

l r = V2L The coefficients B?l 'Ni are given by

NtM _ f jl(N + M - j)lN\AI\\ l/z~

min(j,M) , , A/ _ m

V ___________ (——— '- ________________ (1 31
^ (j - m)\(N + m - j)\(M - m)\m\ ^ ' '

m=max(0,j-;V) U ' V J ' V '

The coefficients give the amplitude for having kinetic energy Huc (j + 1/2) in 

the COM motion and hu>c (Ni + N2 — j + 1/2) in the relative motion.

Superconductivity is, as pointed out by Cooper [28], associated with an 

instability with respect to pair formation due to the attractive interaction 

between the electrons. One way to examine this instability is to consider 

the scattering of two electrons interacting via the attractive effective inter-
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action in the presence of the Fermi sea. To derive an expression for the 

critical temperature in high magnetic fields, MacDonald et al. [67] looked 

at the scattering of two electrons residing in the electron states \(f)Ni,K+k/2) 
and |0AT2 ,/\-fc/2)> into the states \4>N{,K+k'/2) and \<pN^,K-k'/2) m the ladder 

approximation. The instability towards pair formation manifests itself as 

a divergence of the particle-particle ladder graphs for the electron-electron 

scattering amplitude [98]. Since the interaction only depends on the relative 

coordinate and hence is diagonal in the COM energy, it turns out that the 

scattering amplitude separates into different channels corresponding to dif­ 

ferent values of the conserved COM kinetic energy. The critical temperature 

Tc for the channel with the lowest COM kinetic energy has the highest Tc 
when more than one Landau level is occupied[94, 68]. We will return in more 

detail to this point in section 3.7.4. The main conclusion one can draw from 

the analysis above is that the superconducting pairing can be separated into 

instabilities at different COM kinetic energies. Since Tc is highest for the 

minimum COM kinetic energy, it is to be expected that the superconducting 

order parameter will mainly be formed by Cooper pairs with minimum COM 

kinetic energy.

3.3 Symmetries

In order to set up an appropriate theory for a physical problem, it is al­ 

ways prudent to take advantage of the symmetries of the problem. In the 

present case, the relevant symmetries are described" by the magnetic trans­ 

lation group [115]. The relevant property of this group for the present 

problem is that the single-particle Hamiltonian for an electron in a uni­ 

form magnetic field does not commute with the ordinary translation op­ 

erator perpendicular to the applied field, since the vector potential A de­ 

pends on r. Instead, it commutes with an operator that translates and 

gauge transforms. Denoting Tg&x as the operator which translates by Arc
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and gauge transforms in the re-direction (and likewise for the y-direction), 

we have [Ho,Tg&x } = [Ho,TgAy ] = 0. It is then natural to look for sin­ 

gle particle eigenfunctions of H0 which obey this symmetry. However, since 

[T#Ax,T#Aj/] = 0 only when AzAy = nhc/eH = n2$0 /H (n is an integer), 

we cannot find eigenfunctions of T-L 0 which are also eigenfunctions for Tg&x 
and Tg&y for general Ax and Ay. Instead, we can look for eigenfunctions of 

Tg&x=ax and Tg&y=2ni?/ax since then AxAy = nhc/eH = 2Q0 /H. This con­ 

straint gives rise to the Aharanov-Bohm effect [2]. In the superconducting 

case, the above symmetry properties can be directly generalized to the case 

of the Gor'kov equations [94]. One obtains from the symmetry properties of 

the Gor'kov equations that the order parameter can only be an eigenfunction 

of both T<?AX and Tg&y if AxAy = nhc/2eH = n$0 /H. This leads directly 

to the famous flux quantization condition, i.e. the fact that each vortex must 

inclose an integer number of $0 -

3.4 The vortex lattice Hamiltonian

Experimentally, one observes that the vortices formed in the mixed state 

form a regular array; i.e. the vortex lattice3 . On the mean-field level, this 

configuration of the vortices comes from the fact that the superconductor 

is minimizing the free energy. Within Ginzburg-Landau theory, one can 

show [1] that this minimization leads to a regular array of the vortices. It 

turns out that the symmetry of the lattice that gives the lowest free energy 

is triangular [107]. The same conclusion for the order parameter is reached 

within the more microscopic BCS theory as we will describe in section 3.5. 

Thus, one expects that in order to develop a theory for type-II supercon­ 

ductors in the mixed state, it will be beneficial to use a set of basis states 

which obey the appropriate symmetries of the magnetic translation group

3 Again, we disregard systems for which the region in phase-space where fluctuations 
are dominant is large.
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such that the vortex lattice can readily be formed. Furthermore, from sec­ 

tion 3.2, we must expect the condensation of the electrons into different COM 

kinetic energy channels to emerge from the theory as well. A convenient set 

of orthogonal basis states which has the desired symmetry properties, was 

introduced by Norman et al. [84]:

(3.4)

The magnetic Brillouin zone (MBZ) is defined by k = (kx ,ky ) where kx e 

[0, g[ with A/cx = g and ky e [0,ax //2 [ with Afcv = £-. The advantage of 

using this set of basis functions becomes apparent once we assume that the 

order parameter has the following translational-gauge transformation sym­ 

metries:

A(:r,y + ay ) = A(z,y)

(z, y). (3.5)

with ay = 7r/ 2 /ax . This symmetry, combined with the symmetry properties 

of the basis states defined in Eq. (3.4), results in the following selection rule:

<x <Jk ,_k,. (3.6)

This selection rule states that the pairing of electrons in the single particle 

states defined in Eq. (3.4), is restricted to pairs with .opposite quantum num­ 

bers k and -k. Equation (3.5) implies that |A(r)| forms a vortex lattice. The 

selection rule given in Eq. (3.6) simplifies both the subsequent numerical and 

analytical analysis significantly, since we can now treat the pairing problem 

for each k independently. In the </>;vk(r) basis, the mean-field Hamiltonian
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with the assumed translationally symmetric order parameter becomes:

Hmean = H0 + HI

H0 =

f d
•*

+c.c.}. (3.7)

NM 
k

Note that this Hamiltonian explicitly shows that pairing only arises between 

electrons with vectors k and -k. This, of course, is a direct consequence of 

the assumed vortex lattice symmetry. There is another new feature in the 

Hamiltonian as compared to the conventional BCS-Hamiltonian: we have 

introduced some the functions w(N). These weight functions are introduced 

to get a smoother and hence more physically realistic cut-off in the pairing 

interaction around the Fermi level. This is achieved using a model where the 

pairing interaction between Landau levels N and AI is scaled by \V(N)W(M) 
as in Eq. (3.7). The weight function is chosen to be Gaussian, i.e. w(N) oc 

e -(?N/o.5fiu;D ) 2 wnere U}D is the pairing width and £N — (N+l/2)tiwc —fj,F. This 

slight generalisation of the BCS Hamiltonian was introduced by Norman et 
al. [84], although they used a different weight function. The order parameter 

is now defined as

NM * 

k

This definition of the order parameter differs from Eq. (2.5) through the 

presence of the weight functions. It is important to introduce this redefini­ 

tion once the weight functions are introduced; otherwise the self-consistency 

condition will not be equivalent to minimizing the thermodynamic potential 

within the subset of density operators described by Hmean as mentioned in
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section (2.3) or to the saddle point approximation of the partition function as 

described in section (2.5). Also, it is easily checked that 0;vk(r)</»M-k(r) has 

the right symmetry properties as denned in Eq. (3.5). This means that the 

assumed symmetry of A(r) is self-consistent since the corresponding selection 

rule leads to a pairing with the right symmetry.

3.5 The Bogoliubov de-Gennes equations in 

a magnetic field

In this section, we will expand the BdG equations in the basis set 

introduced in Eq. (3.4). The idea is to use the symmetry properties of the 

vortex lattice to write the BdG equations in as simple a form as possible. 

This will facilitate subsequent numerical and analytical analysis significantly. 

As shown in section 3.4, the advantage of using this basis set is that in 

the presence of the vortex lattice we only have pairing between states with 

magnetic momenta k and   k. Thus, the BdG equations split into a set of 

equations for each k. Expanding the Bogoliubov wave functions for a given k 

as u£(r) = £jv uATk^vk(r ) and uj(r) = *£„ u^k^_k (r), the BdG equations 

defined in section 2.4 for the Hamiltonian given by Eq. (2.4) become [84]:

= 0
A/

M •

where E£ is the the quasiparticle energy corresponding to the Bogoliubov 

wave functions u^(r) and uk (r). We have defined £N = (N + l/2)huc - p,F . 
Using the inverse of the unitary transformation given in Eq. (2.6), i.e. a^kt =

t- and aN.k = _7! + V> ̂  obtain
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from Eq. (3.8):

A(r) =

The self-consistency arises through the parameters Aj which are determined 

via the solutions to the BdG equations:

El1 - f(^ - /TO) E B^tw(N)w(M}ulNv\M N̂+M_^) (3.11)
kr; AT A/

with E^ = El + g'(^BHa/2. Here

Xj-(k) = Vl e^^e-^^^^kyl + tax /l)]. (3.12)
t

The appearance of the weight functions w(N) in this formula is a direct 

result of the redefinition of the order parameter in Eq. (3.8). The matrix 

element F^^M which is the k-dependent pairing self-energy in the Landau 

level representation, is given by:

N+M

(k). (3.13)
\/2Lx Lyl j

Thus, by using the symmetry of the vortex lattice, we have split the BdG 

equations into a set of equations for each magnetic momentum k in the
•

MBZ. These equations are however still linked through the self-consistent 

determination of the order parameter which contains contributions from all 

k, as can be seen from Eq. (3.11). For each k, the BdG equations describe 

the problem of pairing of electrons in the same and in different Landau 

levels. The sums over the Landau levels are restricted to levels within UD 

of the Fermi level and each level is weighted by a factor w(N). So the 

problem of describing a weak coupling extreme type-II superconductor in
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a strong external magnetic field can be reduced to that of a 2NL x 2NL 
matrix diagonalization for each k, with NL being the number of Landau levels 

within the pairing width. Another major advantage of using the symmetry 

of the vortex lattice is that the order parameter is given by a finite set of 

parameters Aj where 0 < j < 2Nmax , with Nmax being the highest Landau 

level participating in the pairing. So within this formalism, self-consistency 

has been reduced to the determination of this set of parameters. The Aj's 

give the amplitude for electron pairing with COM kinetic energy (j + l/2)hujc 
thus linking up with the remarks in section 3.2. They are also directly related 

to the Landau level expansion of the Ginzburg-Landau order parameter[34, 

107] as can be seen directly from Eq. (3.10). The Landau level functions in 

the expansion given in Eq. (3.10) correspond to a magnetic length of //\/2- 

This suggests that the order parameter can be described as being formed by 

electron pairs of charge 2e residing in "bosonic Landau levels". However, 

such language, which is used by some authors[92], is somewhat misleading 

as one in general cannot regard the Cooper pairs as bosons as emphasized 

in section 2.3. From Ginzburg-Landau theory, we know that near the phase 

transition line HC2(T] the order parameter is very well described by only 

the lowest Landau level wave function. Therefore, we conclude that close to 

HC2(T) we have A0 3> Aj^0 - However, deeper into the mixed state, we must 

expect that many Aj's contribute to the order parameter.

Up till now, we have not specified the value of ax which was introduced in 

Eq. (3.4). Varying this free parameter corresponds to changing the transla- 

tional symmetry of the vortex lattice. For instance, fo'r ax = (X/37T/2) 1 /2 /, the 

lattice has triangular symmetry; for ax = ^n/2l the order parameter forms a 

square lattice. Thus, ax determines the geometry of the vortex lattice. From 

Ginzburg-Landau theory, we expect [107] that the triangular lattice gives the 

lowest value of the grand canonical potential. Within the more microscopic 

theory outlined in this chapter, the only way to decide which symmetry is 

the correct one is to evaluate the grand potential for each solution with a
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(a) (b)

Figure 3.3: The triangular vortex lattice. The size |A(r)| of the order pa­ 
rameter is depicted in Fig. (a) as a 3D plot, whereas Fig. (b) shows the same 
in terms of a contour plot to highlight the triangular symmetry. The centers 
of the concentric circles are the zeroes of the order parameter.

given symmetry. The configuration of the vortices which gives the lowest 

energy is then the correct one. The energy for various vortex lattices has 

been calculated both by the present author [19] and by Norman et al. [84]. 

In every calculation, it has turned out that the triangular vortex lattice gives 

the lowest energy in agreement with Ginzburg-Landau theory. So for the rest 

of this thesis, we will work with a triangular vortex lattice corresponding to 

ax = (v/37r/2) 1 /2 /. The triangular lattice has six-fold rotational symmetry 

in addition to the translational symmetry. This additional symmetry intro­ 

duces even more simplifications in the algebra. It can be shown [84, 19] that
•

one need only consider the k's in an irreducible triangle defined by a triangle 

with vertices F = (ay /4,az /2), M = (3ay /4, az /2) and A" = (3^/4,^/6). 

The area of this triangle is 1/24 of the area of the full MBZ. Also, Ryan and 

Rajagopal have shown [94] that for a triangular symmetry, Aj is different 

from zero only for j = 0, 6,12.... The triangular vortex lattice, given by 

Eq. (3.10) with ax = (\/37r/2) 1/2 Z and only A0 ^ 0, is plotted in Fig. 3.3. 

An important property of the formalism stated above is the presence of

34



the zeroes in A(r). When we have triangular symmetry, it is easy to show 

that

A(r) = 0 for r = (-ax/2, aw /4) + n^ + n2R2 (3.14)

where HI and n2 are integers and RI = (Q,ay ) and R2 = (ax ,ay /2) are 

vectors spanning the vortex lattice. These zeroes constitute the centers of 

the vortices as illustrated in Fig. 3.3. As can be seen from Eqs. (3.10) and 

(3.12), the expressions for A(r) and X(k) are very similar. It is therefore 

not surprising that there is a direct link between the zeroes of the order 

parameter in real space and the zeroes of X(k) and thus the k-dependent 

pairing self-energy F^NM- Specifically, we have:

Xj-(k) =0 for k = (a^/4/2 , ax /2l2 ) + njKj + n2 K2 (3.15)

where KI = ay /l2 and K2 = ax /l2 . These zeroes of the pairing self-energies 

have important consequences for various thermodynamic and transport prop­ 

erties as will be discussed in chapter 5.

Once a self-consistent solution to the BdG equations is obtained, one can 

of course calculate various thermodynamic quantities and also a number of 

transport coefficients within the linear response approximation. As we have 

seen, the assumed symmetry of the order parameter makes it much easier 

to find such a solution. In the language of section 2.3 and section 2.5, one 

can say that finding self-consistent solutions to the BdG equations assum-
*

ing a regular vortex lattice corresponds to minimizing the grand potential 

within the mean-field approximation, using only a subset of density opera­ 

tors p describing systems with translational (and rotational) symmetry. This 

requirement on the functional form of A(r), which is formed by products of 

single particle states, restricts the electrons to form pairs of opposite mag­ 

netic momenta k and -k. We end up with a set of functions A(r) which 

can be characterized by a finite discrete set of parameters Aj. Again, the
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assumption that the triangular symmetry gives the global minimum for the 

mean-field approximation to the grand potential is based both on Ginzburg- 

Landau theory and on several calculations for various ax using the formalism 

outlined above.

3.6 Solutions at a very high magnetic field

3.6.1 The quantum limit

The BdG equations take a particularly simple form when we are in the quan­ 

tum limit (QL). The quantum limit is denned as the case of high magnetic 

fields and/or low electron densities, such that all the electrons reside in the 

lowest N = 0 Landau level. In 2D, this limit is achieved for external fields H 
and densities nc such that eH/2nhc > na where na — Na /Lx Ly is the den­ 

sity of electrons with spin a. In this section, we will treat this limit to gain 

some feeling for the formalism developed in section (3.5). Also, some of the 

results from the QL will be used later as a starting point for the development 

of analytical theories. In the QL, Eq. (3.9) reduces to a simple 2x2 matrix 

for each k which can be solved analytically [3, 37, 81, 94]. The quasiparticle 

energy is

(3.16) 

and the corresponding Bogoliubov functions are given by

 )| 2 . (3.17)

Here, we have N = 0 since the electrons are confined to the lowest Landau 

level. This solution looks very much like the normal BCS solution in zero 

external magnetic field [107]. The Cooper pairs are formed by electrons in 

states of opposite magnetic momenta. However, contrary to the H = 0 case,
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these states are not related by a time-reversal operation, since time-reversal 

symmetry does not exist for H ^ 0. More importantly, the energy gap 

A(k) = |Fkoo| is no longer constant but depends on the magnetic momen­ 

tum k. Significantly, as A(k) a X0 (k), we get gapless superconductivity for 

the points denned by Eq. (3.15). The consequence of such gapless points will 

be considered in chapter 5. The above solution can in some ways be consid­ 

ered as a simple limit in which to study superconductivity in high magnetic 

fields. The corresponding critical temperature turns out to be an increasing 
function of the magnetic field [104]. This behaviour is a direct consequence 

of the increased degeneracy of the Landau level with increasing magnetic 

field. Based on these results, Tesanovic et al. [92] proposed the existence of 

a new superconducting state for very high magnetic fields. This state could 

possibly exist without the system being superconducting for H = 0, the 

idea simply being that the increasing degeneracy of the lowest Landau level 

makes the system unstable towards the formation of Cooper pairs. However, 

there has been some debate whether a superconducting state in such high 

magnetic fields is physically reasonable [82, 93, 97, 105] and there is still no 

experimental verification of such a state.

3.6.2 The quantum limit approximation

The QL solution has also served as an inspiration to obtain approximate 

solutions for the BdG equations in the general case, when several Landau 

levels participate in the pairing. It is then tempting to assume that when we 

are close to the transition line, such that the matrix elements in Eq. (3.9) 

are sufficiently small (huc » |-FkArM |), the Cooper pairs are only formed by 

electrons belonging to the same Landau level. Hence, one ignores all off- 

diagonal terms in Eq. (3.9) which is equivalent to setting F^NM <x 5NM . The 

solution of the BdG equations then again reduces to the diagonalization of 

a 2 x 2 matrix for each k in each Landau level. The solution is given by 

Eq. (3.16) and (3.17) where N is now the index of a Landau level within
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the pairing width. This approximation which is called the quantum limit 

approximation (QLA), has formed the basis of several calculations [24, 37, 38, 

40, 92]. However, one has to be careful when using this approximation. This 

is most apparent in 2D when the chemical potential fj,F is either at a Landau 

level such that rip = 0-  1/2 = n (n integer)or exactly between two Landau 

levels (np = n + 1/2). For nF = n, we have exact degeneracy between an 

electron in a Landau level nF + m and a hole in the level nF — m, i.e. £nF +m = 
-£nF _m ; for nF = n + 1/2, we have £nF+m+i/2 = -fnf-m-i/2- A major 

effect of the self-consistent pairing field is then to mix these two degenerate 

excitations strongly. The Cooper pairs are mainly formed by mixing the hole 

level with Landau level index n = nF — m ( or nF — m — 1/2) and an electron 

in the Landau level nF + m (or nF + m + 1/2). This mixing is caused by the 

off-diagonal matrix element Fknf, +m^F _m (or FknF+m+1/2]7lF _m_ 1/2 ) and the 

diagonal approximation is clearly invalid.

3.7 The Gor'kov expansion of the grand 

canonical potential

3.7.1 The expansion

In much of this thesis, we will be calculating various properties of the mixed 

state very close to the phase transition line Hc2 (T). Since the order parameter 

is small close to Hc2 , it is natural to use a perturbation theory in A(r) as
•

a basis for analytical calculations. The formalism outlined in section 2.5 

provides a natural starting point for such a theory. The grand canonical 

potential is given by fi = —kBT\n(Z) [80]. From Eq. (2.18), we know that 

within the mean-field approximation the partition function for a system with
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the Hamiltonian of Eq. (3.7) can be written as: 

ZS = /

Here ZQ = Tr(e~^H°) and the thermal average of an operator in the non- 

interacting system is written

(6}o = Tr(e-0flo O)/Z0 . (3.19)

Owing to the presence of the weight functions in Eq. (3.7), we have introduced 

the modified field operator:

(3.20)

where a^ ko. creates a particle in the state of spin a and wave function </>(r)jvk- 

A perturbation theory in A(r) could be obtained by expanding the exponen­ 

tials in Eq. (3.18) in a power series. However, it turns out that it is much 

more convenient to expand the grand canonical potential f^s =   kBTlu(Zs) 

since it follows from the linked cluster theorem, that we then only have to 

consider a subset of the perturbation terms; these are the so-called connected 

graphs [80]:

J]s - £1 N = -jfcBTj^(all connected graphs) (3.21)

where fi^ = —kBT\nZ0 . In that way we obtain to fourth order in the order 

parameter:

(3-22)
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where

r 2= 1 |d2r|A(

(3.23)

(3.24) 

The kernels are given by [23]:

#2(ri,r2 ) =   

^4(ri,r2 ,r3 ,r4 ) =  
V

x 0̂ (r3 ,r2 ,a;,)^t0 (r4 ,r2 ,-a;i/ ) (3.25)

where u^ = (2f + \)-nksT /h (v integer) are the fermionic Matsubara fre­ 

quencies. Because we are using a smooth pairing cutoff in our Hamiltonian, 

we have instead of the Green's function for the normal state £°(r2 , r^w,,), 

the following function in our kernels:

with £na = £n + 9*° ĴljJc-^- The appropriate Feynman graphs for QS are 

presented in Fig. (3.4).

Equations (3.22)-(3.25) represent the desired perturbation expansion of 

the grand canonical potential in the size of the order parameter. It is often 

called the Gor'kov expansion since it was derived by Gor'kov in his micro­ 

scopic derivation of the Ginzburg-Landau theory [47]. We expect this expan­ 

sion to give a good description of the mixed state close to //c2 where A(r) is 

small. In chapter 6, We will examine when this perturbation series in A(r) is
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Figure 3.4: The contributions to QS to fourth order. The arrowed lines are 
the electron propagators with a given Matsubara frequency and spin. The 
filled squares with outgoing and incoming arrows are the A(r) and A*(r) 
respectively.

convergent. It turns out to be a high temperature expansion with the small 

parameter essentially being A(r)//cB T.

3.7.2 Self-consistency and minimization of ^5

In the formalism outlined in section (3.7.1), nothing has been said about 

how to determine the size and form of the order parameter A(r). All that 

is given is how to compute £ls — QN once A(r) is known. But from sections 

(2.3) and (2.5), we know that mean-field theory is equivalent to a saddle 

point approximation of the partition function and hence the grand canonical 

potential. Thus, an elegant result of the Gor'kov expansion is the fact that 

self-consistency in this formalism amounts to the somewhat simpler problem 

of minimizing QS with respect to A(r). We saw that the gap equation can 

be derived by putting <HnZ(A, A*)/£A| A = 04^ *fls /(JA(r) = 0. From 

Eq. (3.22)-(3.25), we obtain to third order in A(r):

-A*(r) = 
9 P -I

-i /> d2r 1 d2r2 d2r3

(3.27)

41



This non-linear integral equation for A(r) is in general very hard to solve. 

It forms the basis for the derivation of the Ginzburg-Landau theory which 

essentially states that Eq. (3.27), under certain conditions which constitute a 

semiclassical approximation, can be rewritten as a simpler differential equa­ 

tion, i.e. the Ginzburg-Landau equation. But as explained in section 3.1, 

these conditions are not fulfilled in the case of strong external magnetic fields. 

We therefore have to consider Eq. (3.27) in all its complexity. There have 

been some attempts to solve this equation for special cases. Most progress 

has been made in the case of the quantum limit as defined in section (3.6). In 

this case, the Landau level sum for the modified Green's function in Eq. (3.26) 

reduces to one term, and Tesanovic et al. [104] managed to find a set of so­ 

lutions to Eq. (3.27). The solutions are characterized by an order parameter 

which formes a regular lattice with one flux quantum $0 Per lattice cell. 

However, as mentioned in section (3.6), there has been some doubt whether 

this limit has any physical relevance. Thus, it is desirable to try to solve 

Eq. (3.27) for the much harder case where several Landau levels participate 

in the pairing.

3.7.3 The vortex lattice solution

To make any progress in developing an analytical theory based on the Gor'kov 

expansion for superconductors in high magnetic fields, we must address the 

question of solving Eq. (3.27) when several Landau levels participate in the 

pairing. There have been some attempts to solve this equation using various 

approximations. Using a semiclassical approach in addition to various other 

types of approximations, Maniv et al. [72, 116] have provided an approxi­ 

mate solution to Eq. (3.27). As they do not seem to use the simplifications 

coming from the symmetry of the order parameter to their fullest extent, 

their calculation is long and rather complicated. From their solution they 

calculate several observables. Unfortunately, as we shall see in more detail 

in section (4.10.2), their results seem to be unphysical and do not agree
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with exact numerical solutions of the BdG equations nor with experimental 
observations.

Not surprisingly, a solution is much easier to find if one uses the symme­ 
tries and the formalism of section (3.5) extensively. Assuming that the order 
parameter forms a vortex lattice and therefore can be written in the form 
of Eq. (3.10), the Gor'kov expansion of the grand canonical potential will 
reduce to a polynomial expansion of QS — £1 N in the parameters Ar It turns 
out that using the formalism of section (3.5) and especially Eq. (3.6) one is 
able to solve the integrals in the Gor'kov expansion given by Eq. (3.23)-(3.25) 
exactly [23]. We obtain to fourth order:

where

1 _ V D"l«22 

47T/ 2

?/ \ It \ """"VA-'Sni^/ "j ' """"VA-'SnJT/ "} / o nri \x w (ni)w (n2 ) ——————————-—————| (3.29) 

and

x y n\...ri4
^, X
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Here

/(ni,n2 ,n3 ,n4 ) =

1
(3.31) 

and

13,J4 ~~

Lx Lly

4?ra'i

/
L ) . (3.32)

To the best of my knowledge, Eqs. (3.28)-(3.32) represent the first exact 
quantum-mechanical solutions for the expansion coefficients of fis — f2jv to 
fourth order in A(r) away from the quantum limit. The reason that we 
have been able to calculate the expansion coefficients exactly is that the 
selection rule given by Eq. (3.6) simplifies the relevant integrals significantly. 
The assumed symmetry of the vortex lattice enables the development of a 
powerful algebra which makes integrals involving A(r) much easier to solve. 
Indeed, one could in principle calculate the expansion coefficients for any 
order of A(r) exactly. To examine the convergence properties of the Gor'kov 
expansion, we have calculated the expansion coefficients for fis — 0^ up 
to and including the eighth order term in A(r) [23]. But, as usual, the 
algebra gets more cumbersome with increasing order and most of the essential 
physics is contained within the first two terms given by Eq. (3.29)-(3.30). 
The result given by Eq. (3.28) is a multidimensional polynomial in Aj where 
the coefficients depend on the temperature T and the external field H. A
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very important result of this section is that the self-consistency inherent in 

the mean-field approximation is now reduced to a much simpler algebraic 

problem: the minimization with respect to the A/s of the multidimensional 

polynomial in Eq. (3.28). This will form the basis for much of the analytical 
results presented in the following chapters.

3.7.4 The transition temperature

We will now examine the transition temperature Tc in the different COM 
channels. Since the order parameter is very small close to Tc , we know 

that the perturbation theory developed in section 3.7 should describe this 
transition regime well4 . In this formalism, the transition to the mixed state 

occurs when the quadratic term for f^s — QN given by Eq. (3.23) becomes 
negative. The system can then lower its energy by forming a non-zero order 

parameter. Thus, we can determine Tc by finding where the quadratic term 

changes sign. From Eq. (3.23), we obtain

,. (3.33)

This is, of course, just the linear term in the self-consistency condition given 
by Eq. (3.27). Equation (3.33) is in general simpler to solve than Eq. (3.27). 

In 1966, Rajagopal and Vasudevan [90, 91] provided a solution of this equa­ 

tion. These papers constitute, to my knowledge, the first calculations of the 

properties of the mixed state taking into account the quantizing effect of the 

external magnetic field. Using the formalism developed in section 3.4, we can 

relatively easily find a solution to the integral equation given by Eq. (3.33). 

It turns out that a A(r) of the form given by Eq. (3.10) with only one 

AJ ^ 0 is an eigenfunction to the integral operator K2 (r,Ti) in Eq. (3.33) 

with eigenvalue \j. Thus, Tc for this A^ can be derived by setting \j = (3/g. 

Equivalently, the desired equation can simply be derived by looking at the

4 Again, this is true within mean-field theory.
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Figure 3.5: ctj as a function of /?' = huc/kBT for nF = 12, g/hu>cl2 = 8 and 
UJ D = 5. We get Tc (j = 0) ~ |^. Tc for j = 2 is not depicted on this plot.

sign change of the quadratic terms of Q 5 - £1 N as given in Eq. (3.29). When 
OLJ becomes negative, it is energetically favorable to form Cooper pairs with 
COM kinetic energy (j + l/2)hv. From Eq. (3.29), we immediately obtain:

- (B, )
2)

(3.34)

This equation determines Tc for the channel with COM kinetic energy (j + 
1/2)faj. It was first derived by Rajagopal and Ryan [89] and by MacDonald 
et al. [67]. Again, we see the advantage of using the symmetry of the vortex 
lattice. By looking for a subset of order parameters with a lattice symmetry, 
the integral equation determining Tc has been turned into the much simpler 
question of examining the size of a simple sum. As an example, we have in 
Fig. 3.5 plotted atj(l3) for the parameters nF = I2,g/hujcl2 = 8 and UJ D = 5. 
As can be seen, aQ (j3] changes sign for (3 ~ 2/fiwc & Tc (j = 0) ~ fa
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Also, we see that Tc for j = 2 is much larger than for j = 0. This is 
not specific to the parameters chosen above but is a general property. It 
turns out that Tc (j = 0) is larger than Tc (j > 0) when more than one 
Landau level participates in the pairing. From Eq. (3.34), we see that for 
two particles to contribute to the pairing, they must be on the same side of 
the chemical potential. Otherwise, the factor tanh(/3£ni;/2) + tanh(/3£n2f/2) 
becomes vanishingly small. A closer analysis shows that the probability of 
the two single particle states being on the same side of the chemical potential 
for a given total energy is, in general, largest for j = 0 [68]. This means that 
additional terms in Eq. (3.34) are non-vanishing. They are all greater than 
zero; thus, Tc is highest for j = 0.

Of course, A0 does not increase indefinitely in size when a0 < 0. This is 
because the quartic term 70000 in Eq. (3.28) is positive close to the transition 
point. Thus, if A0 becomes too large, the quartic contribution will start to 
dominate and the energy increases. Also, the fact that o^o > 0 does not 
necessarily mean that Aj^0 = 0. The quartic terms 70ooj might make it 
energetically favorable to have A^o ¥" 0 even though a^o > 0. To fourth 
order in A(r), we see from Eq. (3.28) that the values of the A/s follow from 
the minimization of a multidimensional polynomial in Aj. However, close to 
Tc , we can conclude that the Aj with Q.J < 0 is much larger than the other 
Aj's for which otj > 0. Since we have seen that the minimum COM kinetic 
energy becomes unstable to pairing first («o < 0 and a^o > 0), we conclude 
that A0 3> AJ^O close to Tc . This conclusion leads to a major simplification 
of the algebra as will be seen in chapter 4. *

3.8 Summary

In this chapter, we restricted the formalism presented in chapter 2 to the 
case when the effect of an external magnetic field must be included right 
from the beginning. By considering the problem of two-particle scattering,
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we saw that the motion of the electron pairs naturally splits into the COM 
and the relative motion. We then introduced the lattice symmetry of the 
order parameter. This symmetry was shown to simplify the BdG equations 
drasticly. They split into a set of equations for each conserved magnetic mo­ 
mentum k. We found a solution of the BdG equations in the limit of a very 
high magnetic field. Then, the perturbative expansion of the grand canonical 
potential was considered. The symmetry of the vortex lattice enabled us to 
develop an algebra such that the relevant integrals in the expansion could 
be solved exactly; the grand canonical potential was expressed in terms of a 
simple polynomial in a finite set of variables and the self-consistency prob­ 
lem reduced to the simple task of minimizing this polynomial. Finally, we 
calculated the transition temperature for a given magnetic field. It turned 
out that there is a transition temperature for Cooper pair formation in each 
COM channel. By considering the transition in each channel, we concluded 
that the lowest Tc is obtained for Cooper pair formation with minimum COM 

kinetic energy.
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Chapter 4

de Haas-van Alphen oscillations 
in the mixed state

4.1 Introduction

When a system of electrons in the normal (i.e. non-superfluid) state is sub­ 
jected to a varying external magnetic field, one observes oscillations in the 
magnetization, magnetoresistance and various other observables. The os­ 
cillations in the magnetization AI are called de Haas-van Alphen (dHvA) 
oscillations. As is well known [6], dHvA oscillations are a powerful tool for 
probing the Fermi surface for electron systems. Indeed, the presence of the 
dHvA oscillations has in some sense been considered as one of the prime 
experimental evidences for the existence of the Fermi surface. Interestingly, 
these oscillations have also been observed in the mixed state of several type-II 
superconductors. The first experimental evidence that such oscillations exist 
in the mixed state, was provided over 20 years ago for the layered super­ 
conductor 2H-NbSe2 [49]. These observations were confirmed much later by 
Onuki et al. [85] and by Janssen et al. [61]. Recently, dHvA oscillations have 
been observed in several other systems such as the organic superconductor K- 
(ET) 2 Cu(NCS) 2 [110, 111], the A15 compounds V3 Si [29, 61] and Nb3 Sn [53],
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the borocarbide superconductor YNi2 B2 C [45], and the high temperature su­ 

perconductors YBa2 Cu3 O6 [43] and BaO6 KO4 BiO3 [46]. The occurrence of 
the dHvA oscillations in such a variety of systems seems to suggest that this 

effect is a fundamental property of a type-II superconductor in the mixed 

state. This is somewhat surprising at first sight, as the development of the 

superconducting gap normally is associated with the breakdown of the Fermi 
surface. Superficially, one would therefore expect the magnetic oscillations 
to disappear once the superconducting order parameter is formed. For type- 

I superconductors, there are of course no oscillations below Hc since the 
Meissner effect means that the magnetic field is expelled from the bulk of 

the conductor. But, as we know, type-II superconductors allow a partial 
penetration of the magnetic field in the mixed state making the situation 
less straight forward. The experimental results for the materials mentioned 
above show that there are indeed oscillations in the magnetization close to 
HC2 and that these oscillations in the mixed state suffer an additional damp­ 
ing as compared to the normal state oscillations. Eventually, when the field 
is low enough such that the system is deep into the mixed state, the oscilla­ 

tions are completely washed out. These observations have motivated a lot of 
theoretical work and several theories for the dHvA effect in the mixed state 

have been proposed in recent years. However, there seems to be a general dis­ 
agreement about the mechanism leading to these oscillations. As the dHvA 
effect is essentially the occurrence of oscillations in the appropriate thermo- 
dynamic potential, one would expect a successful theory to yield information 

about the magnetic field dependence of the quasipSrticle spectrum and of 
the superfluid correlations in the ground state 1 .

In this chapter, we will develop a theory for the magnetic oscillations of 
the grand potential and hence of the magnetization. The formalism we have

of the theories for the dHvA oscillations in the mixed state have only focused 
on the quasiparticle excitations. In my opinion, this cannot provide the full picture as the 
dHvA effect is strongest for T = 0 when there are no quasiparticles present.

50



set up in chapter 3 is well suited to handle such a problem in the limit of 

extreme type-II superconductors. This is because the single-particle Landau 
level structure is included in the theory from the outset. It is precisely 

this level structure which is responsible for the magnetic oscillations in the 

normal state. Thus, one would expect the formalism to describe fairly well 
the transition to the damped oscillations in the mixed state. This was one 

of the reasons why we set up the theoretical formalism outlined in chapter 3. 
In this chapter, we will present the resultant theory for the dHvA effect for 

2D systems. The reason why we restrict the theory to describe 2D systems is 
partly because some materials, such as the layered organic superconductors, 
can be regarded as quasi-2D systems. Also, the notation for 2D is somewhat 
simpler than the 3D case. The generalization of the theory to describe 3D 
systems should be fairly straightforward. This chapter is essentially a more 

detailed description of the theory first presented in Ref. [23].
In section 4.2, we will briefly outline the theory of the dHvA oscillations 

for metals in the normal state. Then in section 4.3, the theory of the dHvA 
oscillations in the mixed state based on the Gor'kov expansion will be devel­ 

oped. In order to check the validity of this theory, section 4.4 compares its 
predictions to an exact numerical solution of the BdG equations. It turns 

out that the theory works well close to HC 2 and that it predicts the existence 
of the damped dHvA oscillations in the mixed state. A straightforward phys­ 

ical interpretation of the existence of the damped oscillations emerges quite 
naturally from the perturbation theory. This is discussed in section 4.5. The 
effect of a finite Zeeman term and the difference between a fixed chemical 
potential and a fixed number of particles are then discussed in sections 4.6- 

4.7. In section 4.8, we simplify the perturbation theory in order to be able 
to make some precise predictions concerning the dependence of the damping 

on the magnetic field, temperature and various other quantities. Using these 

simplified expressions, we compare our theory with experimental data in sec­ 

tion 4.9. The agreement between theory and experiment is found to be good.
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In section 4.10, we briefly describe some of the other theories developed to 
describe the dHvA oscillations in the mixed state. Finally, in section 4.11, 
we summarize the results presented in this chapter.

4.2 The normal state oscillations

Before describing the theory for the magnetic oscillations in the mixed state, 
we will in this section briefly develop the corresponding well-known theory for 
the normal state. We are interested in the magnetization M which is given by 
M = — j-g T . Within the approximations leading to Eq. (2.8), the normal 
state is just a set of non-interacting quasiparticles with effective mass m in 
an external magnetic field H. The quasiparticle states are simply the 2D 
form of the Landau levels introduced in section 3.2 with a wave function 
given by 4>N,k(x,y} and an energy f#. For such a system of non-interacting 
quasiparticles, one can easily obtain the grand canonical potential; for a given 
temperature, magnetic field, and chemical potential, it is given by (ignoring 
the Zeeman splitting for the moment) [58]:

(4.1)

with T> = ^j^r being the degeneracy of each Landau level, while the factor 
of 2 accounts for the electron spin. We are interested in extracting the 
oscillations of the grand canonical potential as the magnetic field is varied. 
The origin of these oscillations can easily be seen: they arise because the 
Landau level energies cross the chemical potential as the magnetic field varies. 
With increasing field, the energies rise and the grand canonical potential 
increases. Then, as a level goes through the chemical potential ///?, it is 
depleted and the grand potential decreases again. Thus, when a Landau 
level is at the chemical potential the grand canonical potential is at a local 
maximum and when \ip is in between two levels, the grand canonical potential
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is at a local minimum. This is the origin of the magnetic oscillations of QN 
and the various thermodynamic quantities derived from it. To extract the 
oscillatory behaviour of the grand canonical potential, it is convenient to 
rewrite the sum in Eq. (4.1) using the Poisson summation formula:

F(n\ — > / dr F(rV27™' x (42}-I \llil —— 7 I \JjJu J. I «-t/ / {-s • \/

This formula is essentially a Fourier decomposition of the summand F(ri). 
By using it to calculate £1 N in Eq. (4.1), we obtain after using the variable 
substitution x —>• x — [ip, the Fourier components of the grand canonical 
potential as a function of H. After some integrations, we end up with the 
following formula for the Z'th harmonic Qjv, of £1 N :

cos(2vr/nF ) (4.3)
\ ^ /

with HF — (np + l/2)fkuc and np e 5ft [99]. We have for clarity written 
the reduction factor due to a finite temperature T in square brackets. This 
reduction comes from the fact that for a finite T, the transition as a function 
of energy between occupied and un-occupied levels is smoothed out on a 
scale of the order ksT. Thus, the depletion of the Landau level when it goes 
through the chemical potential happens less abruptly as compared to the 
T = 0 case.

4.2.1 Effect of impurities

We see from Eq. (4.3) that when kB T <C hu>c , the grand canonical potential 
and thus the magnetization will contain many harmonics as a function of 
1/H [100]. But even for ksT -C fajjc , one normally observes only the first 
harmonic (k = 1) of the signal, i.e. the magnetization signal looks almost like 
a pure sine wave as a function of 1/H. This is because the scattering of the

53



quasiparticles on impurities tends to attenuate the higher harmonics of the 
grand canonical potential in much the same way as a finite T. If the effect of 
the impurities can be treated as a simple broadening of the quasiparticle lev­ 
els, one can include them in the calculation of the grand canonical potential in 
much the same way as the effect of a finite temperature: The grand canon­ 
ical potential with level broadening is found by convoluting the potential 
without any broadening with a suitable probability function for the energies, 
whereas the potential for finite T can be found by convoluting the T = 0 
potential with the negative derivative of the Fermi function [100]. From the 
convolution theorem, we know that this procedure is equivalent to multiply­ 
ing the Fourier components given in Eq. (4.3) with the Fourier transform of 
the relevant probability function. In this picture, the quantity in the square 
brackets in Eq. (4.3) is just the Fourier transform of the negative derivative 
of the Fermi function. Also, if several independent damping effects occur 
together, the appropriate convolutions can be carried out successively. The 
result is a multiplication of the harmonic terms in Eq. (4.3) by the various 
Fourier transforms of the probability functions describing the damping mech­ 
anisms. Assuming that the level broadening due to impurities can be well 
described by a Lorentzian distribution function, the damping factor RD due 
to impurities for the fc'th harmonic becomes #£>(&) = exp(— irk/u)cT] with T 
being the (energy independent) relaxation time2 . Thus, if 7r/wcr > O(l), the 
impurities cancel any higher harmonics and the oscillations are well described 
by the k = I term in Eq. (4.3) even for kBT <C HLO.

•

4.2.2 Effect of Spin

We have up till now ignored the effect of a finite Zeeman term in the quasipar­ 
ticle energies. The electron spin can be taken into account simply by splitting 
the sum in Eq. (4.1) into two terms for the spin up and spin down part respec-

2 Ro is often called the "Dingle reduction factor" as it was derived by Dingle in 1952[35].
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tively. As the energy levels are split as £na = f,n ±g*huc^- the correspond­ 
ing harmonic of the grand canonical potential becomes the sum of two terms 
which differ in phase by ±g*nl^ from the oscillations without spin. Using

- g*)} = cos(27rlnF )
we immediately see that a finite Zeeman term reduces the amplitude of the 
/'th harmonic by a factor

4.2.3 Behaviour for constant N

We have in Eq. (4.3) implicitly assumed that the chemical potential is con­ 
stant such that np is the appropriate variable to parametrize the magnetic 
field. Keeping HF constant implies that the number of particles N in the 
system oscillates as a function of the magnetic field as the Landau levels 
pass through the chemical potential. Hence, if N is constant the chemical 
potential must vary with the magnetic field. From a theoretical point of 
view, one must calculate N = —d^^iff and adjust the chemical potential 
such that N is constant. We will not go through the rather tedious analysis 
here but will just state the result: It turns out that for a 2D system, the 
magnetic field dependence of the chemical potential has a strong effect on 
the magnetic oscillations of the grand canonical potential when the system is 
at a low temperature and is sufficiently clean, such that many harmonics in 
Eq. (4.3) are important [99]. On the other hand, for higher temperatures and 
impurity concentrations such that only the first harmonic of the oscillations 
is important, the oscillations are the same when N is constant as compared 
to when //F is constant.

4.3 Perturbation Theory

As explained in section 4.1, the oscillations of the magnetization in the mixed 
state are observed for fields close to Hc2 . When the field is lowered further, 
the superconducting correlations seem to wash out the oscillations; i.e. the
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dHvA effect is only observed for fields not much below the transition line 
HC2(T) such that A(r) is small. This suggests that the perturbation theory 
developed in section 3.7 for a superconductor in the mixed state should be 
well suited to describe this phenomenon. Indeed, we will see that a theory 
based on this perturbation expansion does predict the presence of magnetic 
oscillations in the mixed state. Also, it explains the additional attenuation 
of the amplitude of the oscillations as compared to the normal state. In this 
section, we will develop the main part of this perturbation theory for the 
dHvA oscillations.

From Eq. (3.28), we know, that the difference ^ls -^N between the grand 
canonical potential in the mixed state and in the normal state state close to 
the transition line can be expressed as a polynomial in the parameters Aj, 
if the order parameter has a vortex lattice symmetry. The self-consistency 
condition A(r) = g(i{j^(r)ip±(T)) is equivalent to minimizing this polynomial 
with respect to the variables Ar Furthermore, in section 3.7.4, we saw that 
close to the transition line one can to a good approximation neglect all Aj^0 
as the instability towards pairing occurs in the j = 0 channel first. Thus, one 
can put AJ^O = 0 when H is close to HC2. This important fact will simplify 
the subsequent analysis significantly. We have checked the validity of this 
assumption by numerically solving the BdG equations using the formalism 
outlined in section 3.5. In the region of interest (i.e. close to Hc2 ), the 
numerical solutions show as expected that A0 >• AJ^Q thereby justifying 
the approximation. Therefore, from Eq. (3.28), the difference f^s — QJV now 
has the simple Landau form:

tts (T, H) - nN (T, H) = a(T, H)&20 + 7(T, H)&* (4.4)

with a(T,H) = a0 (T,H) and *f(T,H) = 70000 (T,/0- We have explicitly 
written the dependence of the expansion coefficients on the temperature and 
magnetic field. Because the magnetic quantization has been included in this
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Figure 4.1: a as a function of rip for fixed T The transition between the 
normal and the mixed state is indicated by a thin dashed line.

formalism from the beginning, the coefficients will in general be oscillating 
functions of H. This oscillatory behaviour of the expansion coefficients forms 
the core of the perturbation theory of the dHvA effect.

4.3.1 The transition line

To gain some familiarity with the behaviour of the expansion coefficients, we 
will in this section briefly describe the behaviour of a(T, H) when the exter­ 
nal field H varies. In Fig. 4.1, we plot a(T, H) calculated from Eq. (3.29), as

•

a function of nF = HF/^C ~ 0-5 for the parameters LL>D /UJC = 5, j^-p = 8.2 
and kBT/hujc = 0.28 when nF = 12. For the moment, we are ignoring the 
Zeeman effect and the temperature and the chemical potential are constant. 
We see that a in general is a decreasing function of nF and hence with de­ 
creasing external field H . We know from section 3.7.4 that the transition 
from the normal state to the mixed state occurs when a becomes negative. 
Therefore, the decrease of a with decreasing field simply reflects the fact that
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the system becomes increasingly unstable towards superconducting pairing 
with decreasing field3 . From Fig. 4.1, we see that for the specific set of pa­ 
rameters chosen in this section, the system becomes superfluid for nF w 9.7. 
Importantly, we also see that a oscillates as the external field varies. It has 
a local minimum when the chemical potential is at a Landau level (nF in­ 
teger) and a local maximum when the chemical potential is in between two 
Landau levels (rip half-integer). Thus, the instability towards superconduc­ 
tivity has an oscillatory behaviour reflecting the shell structure of the Landau 
level spectrum. This behaviour is exactly what we predicted above. Math­ 
ematically, this comes from the fact that when the chemical potential is at 
a Landau level, the sum in Eq. (3.29) is dominated by the terms with zero 
denominator, as an application of 1'Hospital's rule confirms. If one calculates 
Hcz(T), i.e. the upper phase transition line in Fig. 3.1 (b) by finding the 
zero of a(T,H), then one finds that the transition line exhibits oscillations 
as a function of the field. This effect was predicted already in 1966 by A. K. 
Rajagopal and R. Vasudevan [90, 91]. We see that this is simply a reflection 
of the discreteness of the Landau level quasiparticle spectrum: when np is an 
integer the density of states is high at the chemical potential and the insta­ 
bility towards superconductivity is enhanced. Also, from Fig. 4.1 we see that 
this oscillatory behaviour gives rise to the phenomenon of re-entrance: the 
system becomes superfluid for 8.85 < rip < 9.2, it is then in the normal state 
for 9.2 < np < 9.7, and then finally becomes superfluid for np > 9.7. This 
rather striking effect of the magnetic field is destroyed if we include the effect 
of a finite Zeeman term and a level broadening due* to a realistic impurity 
concentration. As we will see later, inclusion of these effects will attenuate 
the oscillatory part of a such that the re-entrance effect is suppressed [23].

3 We are not considering the special case of the quantum limit discussed in section 3.6 
where the instability towards superconductivity actually increases with increasing field.
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h<0

(a)

Figure 4.2: £7$ — QN as a function of A0 in arbitrary units for different values 
of h = H^H <C 1. For h > 0 the value A0 of A 0 for which the grand 
canonical potential has a minimum is indicated on the figure by the arrow.

4.3.2 Self-consistency

From the simple Landau form of QS — Q^v given in Eq. (4.4), we see that 

the self-consistency problem to fourth order in A(r) is reduced to a simple 

minimization problem of a quadratic polynomial in the variable AQ. From 

this form, we can easily understand the transition from the normal state to 

the mixed state when the external field is varied. When H > HC2, we have 

a > 0 and the minimum of the grand canonical potential occurs at A 0 = 0; 

the system is in the normal state. The transition occurs when H = H&. 

Here a = 0 and fis — fiw is a very flat function of AQ around the origin. The 

minimum is still at A0 = 0 making the phase transition second order. For 

H < HC2, we have a < 0 and the minimum of QS — fijv is now at A0 / 0; the 

system is in the mixed state. The behaviour of ^5 — fi/v as a function of A0 

for different fields is depicted in Fig. 4.2. Below Hc2 , the potential is of the 

so-called "Mexican hat" form. The reason for this name becomes apparent 

when one remembers that energy is independent of the phase of the order 

parameter. By rotating the plot given in Fig. 4.2(c) around the ^5 - QJV axis 

in order to reflect the phase degree of freedom of the order parameter, one 

ends up with the shape of a Mexican hat (in the case of Fig. 4.2(c) albeit
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a rather distorted one) 4 . The minimimum of a quadratic polynomial can 
readily be found. From the requirement dAo (^s - ̂ N)(AO = ° and EQ- ( 4 ' 4 )> 
we obtain:

A2 <*(T,H) 
)

-

When ft(T,#) < 0, Eq. (4.5) yields A0 and therefore A(r) and Qs - VN as 
a function of H. The value A0 which minimizes fi5 — fi#, will be a function 
of If and T through the coefficients a and 7. Note that i~2s — QJV < 0 as it 
should be for H < //c2 . From Eq. (4.5) and section 4.2, we can calculate the 
grand canonical potential and thus the magnetization MS = — (dn^s) =

4.4 Comparison between numerical data and 

perturbation expansion

Before employing perturbation theory, it is important to establish its range of 
validity. We have set up a code to solve the BdG equations self-consistently 
using the formalism outlined in section 3.5. In order to estimate the ac­ 
curacy of the perturbation expansion, we will in this section compare it to 
an exact numerical solution of the corresponding BdG equations. We have 
chosen the same parameters as in section 4.3.1, \.e.'ujD /u>c = 5, -^-^ = 8.2 
and kBT/hujc = 0.28 when nF = 12. Fig. 4.3 depicts the self-consistent 
order-parameter A0 as a function of np. The chemical potential /^ is fixed. 
We have plotted both the numerical result and the fourth order prediction 
obtained from Eq. (4.5). The eighth order perturbative solution is shown as

4 This fact is the origin of the so-called Goldstone collective modes. These modes are 
not important for our purposes and we are keeping A(r) real.
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Figure 4.3: The self-consistent order parameter A0 vs rip calculated numer­ 
ically (solid line), to fourth order in A0 (dashed line), and to eighth order in 
A0 (dash-dot line).

well. This solution is obtained by keeping terms up to order A(r) 8 in the ex­ 
pansion given by Eq. (3.21). The algebra is a straightforward extension of the 
one developed in section 3.7.3 and one ends up with the problem of minimiz­ 
ing a fourth order polynomial in AQ instead of the quadratic one in Eq. (4.4). 
This can be done analytically and the details are given in Ref. [23]. Not sur­ 
prisingly, the notation becomes somewhat cumbersome for the sixth and the 
eighth order terms. Since the essential physics is contained in the quadratic 
and quartic term, we have for simplicity left out the formulae connected with 
the eighth order perturbation terms. From Fig. 4.3, we see that there is good 
agreement between the numerical solution and our perturbation expansion 
for both fourth and eighth order. The general behaviour of A0 is correctly 
predicted by the perturbation expansion. Note that the order parameter ex­ 
hibits oscillations in magnitude as the external field is varied. As expected, 
it has local maxima whenever the chemical potential is at a Landau level (nF
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Figure 4.4: The difference fis — £V in the grand canonical potential between 
the mixed state and the normal state. The solid line is a numerical calcu­ 
lation, the dashed line corresponds to fourth order perturbation theory, and 
the dash-dot line is eighth order perturbation theory.

integer) reflecting the enhanced instability towards superconductivity. It is 
important to include this oscillatory behaviour of the order parameter in any 
self-consistent treatment of the dHvA effect. As will be seen in section 4.10, 
this fact casts doubts on some of the alternative theories developed in the 
last few years to describe the magnetic oscillations in the mixed state.

In Fig. 4.4, we plot the corresponding condensation energy QS — QN. 
The fourth order result is obtained from Eq. (4.5) and the expression for the 
eighth order result is given in Ref. [23]. We are measuring energies in units of 
hojc . The grand canonical potential can easily obtained from the numerical 
solution as well. Using fi = (H) — TS, we obtain after some algebra

(4.6)
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with the interaction energy given as

A5 ' (4J)

The occupation number of the n'th Landau level with spin a is

(4-8)
T)k

and the expression for the entropy reads

"*" (4.9)

Using these formula, we can calculate fis and hence, using Eq. (4.1), Q 5 —fijy 
from the numerically obtained solution to the BdG equations. From Fig. 4.4, 
we see that the agreement between the perturbative results and the numerical 
solution is good when the field is close to HC2. Again, we see an oscillatory 
behaviour when the magnetic field is varied. The difference QS — ^N has local 
minima for np integer. This simply reflects the fact that the superconducting 
order has local maxima at these fields. We can now understand the damping 
of the magnetic oscillations of the grand canonical potential and therefore 
the magnetization when the system enters the mixed state. Since the normal 
state grand canonical potential fijv has local maxima for np integer, the 
condensation energy oscillates 180° out of phase with the contribution from 
the normal state. We therefore get partial cancellation of the normal state 
oscillations and a damping of the corresponding dHvA-oscillations.

This is seen in Fig. 4.5 where we plot the magnetization for both the nor­ 
mal and the mixed state. When the superconducting order starts to increase 
at np ~ 10, we get significant damping of the dHvA oscillations. Again the 
agreement with the numerical data is good as long as nF < 12. Eighth order 
theory tends to agree better with numerical data than does the fourth order
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Figure 4.5: The magnetization vs rip- The solid line is a numerical calcu­ 
lation, the dashed line corresponds to fourth order, the dash-dot line eighth 
order, and the dotted line is the magnetization in the underlying normal 
state.

theory, indicating that the perturbation expansion is convergent. However, 
once we go too far into the superconducting state, the perturbation theory 
starts to disagree with the numerical results, also as expected. We see from 
Fig. 4.3 and Fig. 4.4 that the magnitude of A0 and £ls - &N is still fairly 
well described for nF > 12, but the perturbative results start to pick up 
spurious oscillations in the order parameter and in the energy. £ls - £1 N 
actually starts to oscillate in phase with QN according to the perturbation 
theory yielding an enhancement of the dHvA-oscillations in the mixed state 
as compared to the normal state, as seen from Fig. 4^5. This is an unphysical 
effect and is absent in the exact numerical solution. As this enhancement 
is neither confirmed numerically nor experimentally, we conclude that per­ 
turbation theory in the single parameter A0 breaks down at this point; we 
are simply beyond the convergence radius for the Gor'kov series. In chap­ 
ter 6, we will examine in detail when the Gor'kov expansion is convergent. 
It will be shown that the Gor'kov expansion is convergent if the change in
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the quasiparticle energies |E£ - fj is not larger than ~ O(kB T). We have 
looked at the numerically calculated quasiparticle energies as a function of 
rip- As expected, we observe that the quasiparticle bands go from being 
essentially broadened Landau levels close to the transition point to losing all 
their Landau level structure deeper into the mixed state. This broadening of 
the Landau levels with increasing superconducting order was first predicted 
by Norman et al. [84]. It gives a complementary view on the damping of the 
dHvA oscillations; i.e. the damping directly reflects the broadening of the 
Landau levels. For the above specific case, we have found that for rip > 12 
the quasiparticle energies are changed so much that the above condition for 
the validity of the Gor'kov series does not hold in large regions of k-space, 
thus explaining the breakdown of perturbation theory.

From Fig. 4.5, it can be seen that the numerical results show total sup­ 
pression of the dHvA effect once we are deep enough into the mixed state 
(np •> 12). This effect is general and not dependent on the specific param­ 
eters chosen above. It reflects the fact that when the order parameter be­ 
comes large enough, the Landau level structure of the spectrum is completely 
washed out. This numerical result is in agreement with what is observed ex­ 
perimentally.

We have compared the numerical solution and the perturbation expansion 
for a number of different parameters. Our conclusion is that both fourth 
and eighth order perturbation theories describe well the superconducting 
state and the corresponding damping of the magnetic oscillations near the 
transition point. We have established that a theory f<5r the mixed state based 
on this perturbative expansion must be expected to describe well the presence 
of the damped dHvA oscillations close to Hc2 . However, the perturbation 
theory eventually breaks down when the quasiparticle levels are changed too 
much in the sense described above.
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4.5 Damping of the magnetic oscillations

In section 4.4, we saw that both the numerical results and the perturbative 

theory predicted the experimentally observed damping of the dHvA oscilla­ 

tions in the mixed state. Also, we noted that the perturbation theory gives 

a natural explanation of this effect5 . To get a physical understanding of 

the damping of the magnetic oscillations due to the superconducting order, 

it is helpful to consider the ground state energy which gives the dominant 

contribution to the grand canonical potential for low temperatures. From 

section 2.4 and section 3.5, we know that our theory is based on the follow­ 

ing canonical transformation:

N

N

The corresponding ground state \^> g } of the mean field Hamiltonian is defined 

as having no quasiparticle excitations present, i.e. TkJ^s) = 0. It can be be 

shown to be given by:

Here |\I>} is a state in which all single particle states with energy less than 

HF — U>D are empty and all single particle states with energy higher than 

occupied. If this were not the case, Eq. (4.11) would yield zero since

for £r,<r >
r ffor t* <

5 At least close to Hc2 .
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From Eqs. (4.10)-(4.11), we see that the ground state is a coherent superposi­ 
tion of states where the pairs ajyk a^, _JO) are either occupied or unoccupied. 
When we have a Landau level at the chemical potential p,F (nF =integer), 
it does not cost any kinetic energy to make a superposition of states with 
either occupied or unoccupied pairs formed by electrons in that level. The 
instability towards superconductivity is therefore at a maximum when we 
have HF = (n-\-\/1}fiw. As we noted before, the grand canonical potential of 
the normal state is at a maximum [100] when (j,F — (n + l/2)huj and we con­ 
clude that QS — QW and QTV oscillate 180° out of phase. This analysis is true 
for both constant chemical potential and constant number of particles. In 
the latter case one works with the Helmholtz free energy but the conclusions 
are the same. This is the physical picture of the damping of the magnetic 
oscillations that naturally emerges from our formalism.

Norman et al. [84] interpret the damping of the magnetic oscillations 
as an effect of the broadening of the Landau levels due to superconducting 
order. An alternative explanation has been put forward P. Miller and B. 
L. Gyorffy [78] which emphasizes the role of non-diagonal pairing. There is 
in fact an intimate link between the two approaches that we can elucidate 
by the following simple calculation: we estimate fig — ^N (for simplicity 
we consider T = 0 where the grand canonical potential is simply the ground 
state energy) for the two cases when (I) the chemical potential is at a Landau 
level (np integer; maximum of the free energy) and (II) when it is exactly 
between two LL (nF is half an odd integer; minimum of the free energy). 
In both cases, the lowest order effect of the pairirfg is to mix degenerate 
hole and electron levels as explained in section 3.6.2. Thus, from degenerate 
perturbation theory we obtain to lowest order in A(r) that the quasiparticle 
levels are given by E£ = |^| ± \Fkr,\- Here \F^\ is the pairing matrix element 
connecting the degenerate states. However, for nF integer only the positive 
solution E£F = +\Fknf,\ should be taken for the Landau level at the chemical 
potential. Now, using the following expression for the ground state energy

67



E•^

Eg EE

it is easy to show that to lowest order in A(r):

-^EklF«Fk| for nF integer
0 for 2np equal to an odd integer.

This is essentially because the change in the quasiparticle energies cancel 
pairwise when nF is half an odd integer whereas one is left with the change 
|-fnjrk| °f the level at the chemical potential when rip is an integer. There­ 
fore, the minimum of the oscillation is reduced by substantially less than 
the maximum, which shows that the damping of the oscillations is a direct 
consequence of the broadening of the quasiparticle levels accompanied by the 
mixed orbital character of quasiparticle excitations.

4.6 Finite Zeeman splitting

We saw in section 4.2.2 that the effect of including the electron spin in the 
normal state was to attenuate the /c'th harmonic of the oscillations of the 
grand canonical potential by a factor cos(g*Trk^-). This reduction in ampli­ 
tude was simply due to the splitting of the Landau levels into two sublevels 
corresponding to spin up and spin down. In the mixed state, we must also 
expect that the inclusion of spin reduces the magnitude of the oscillations 
in A 0 and fis — fi/v- In the language of section 4.5, we can never have the 
situation whereby pairing betweens electron of opposite spins occurs without 
a cost in kinetic energy. Thus, the increase in the instability towards super­ 
conductivity when np is an integer is decreased, and the oscillatory effect of

6 This expression can easily be derived by expressing the field operators using Eq. (2.6) 
and the BdG equations.
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QS—QN is damped. The mathematical reason for the reduction in oscillations 
is that for finite spin, fni-j_ and £nrf can never be zero at the same time. Thus, 
the large factors [tanh(/3f/2) + tanh(-/3f/2)]/(f - 0 = f cosrT 2 (/?£/2) in 
Eq. (3.29) coming from the terms with £nU = -£n it , are reduced by a factor 
cosh~ 2 (/3£/2) as compared to the £nl; = fnlt = 0 case for no spin splitting. 
Hence, we expect the magnetic oscillations in the mixed state to be reduced 
due to spin. The question is whether this reduction is larger or smaller than 
the corresponding reduction in the normal state oscillations, thus giving rise 
to extra damping effects. Within the region of validity of the perturbation 
expansion of £7$ — £1 N , the answer is that the amplitude of the first harmonic 
of the dHvA oscillations in the mixed state is reduced by a factor COS(TT^L ). 
Thus, the reduction of the oscillations due to the presence of a finite Zeeman 
term is the same as in the normal state and the relative damping due to 
superconductivity is therefore insensitive to the electron spin. This result 
will be proved in section 4.8.2. We have confirmed this result by solving 
the BdG-equations numerically with and without a finite Zeeman splitting. 
The reduction in the amplitude in both the mixed and in the normal state, 
as compared to the amplitude with no spin splitting, corresponds very well 
to a cos(?r^L )-factor in the region where the mixed state is described well 
by the perturbation expansion. Deeper into the mixed state, beyond the 
convergence radius of the perturbation series, the numerical results indicate 
that the effect of spin is suppressed by the superconducting order. The re­ 
duction in the amplitude of the magnetic oscillations due to a finite Zeeman 
term is less than the cos(7r^-)-factor. This is due to" the fact that when the 
superconducting order increases, the pairing interaction starts to dominate 
the Zeeman term and the effect of any finite #*-factor is suppressed.

So we conclude that within the region described well by our perturbative 
expansion, a finite Zeeman term does not alter the rate of the damping of the 
magnetic oscillations due to superconductivity. When only the first harmonic 
is important, the effect of the Zeeman term close to Hc2 is simply a reduction
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by a factor COS(TT^) of the amplitude of the oscillations in both the mixed 
and normal states. Deeper into the mixed state, the superconducting order 
starts to suppress the effect of the spin splitting and the magnetic oscillations 
are less affected by a finite Zeeman term. Hence in this region, the relative 
size of the magnetic oscillations in the mixed state as compared to the normal 
state is larger for finite spin-splitting and the damping is less efficient as 
compared to the spinless case.

4.7 Conserved number of particles

As mentioned in section 4.2.3, it is well known that for a 2D system with 
a fixed number of particles, the magnetic field dependence of the chemical 
potential /J-p(H) has a strong effect on the magnetic oscillations in a normal 
metal when higher harmonics are important. For low temperatures and clean 
samples, the shape of the oscillations look qualitatively different in the normal 
state when the chemical potential is fixed as compared to when the number 
of particles N is fixed [99]. In the theory presented in this chapter, we have 
until now only considered the case of a constant chemical potential. It is of 
interest to examine the behaviour of the oscillations in the mixed state for 
fixed N. When the number of particles is constant, we need to consider the 
Helmholtz free energy F = Q + N^p instead of the grand canonical potential. 
The chemical potential is determined implicitly by the equation

This is a numerically cumbersome problem since we need to solve the BdG- 
equations self-consistently for a given chemical potential, then calculate (N) 
and repeat the calculation for a new value of p,p until Eq. (4.12) is obeyed. It 
is tempting to assume that the chemical potential is unchanged in the mixed 
state as compared to the normal state. Thus, we could naively calculate the

70



'•= 00e*00

O)

7.0 8.0 9.0 10.0

Figure 4.6: The magnetization when the chemical potential is constant (D) 
and when the number of particles is constant (*) for a very low tempera­ 
ture. The solid and dashed lines are the normal state magnetization for fixed 
chemical potential and fixed number of particles respectively.

chemical potential for the normal state and then solve the BdG equations 
with this /J,F . This would make the numerical problem much easier. However, 
it is essential that we determine the chemical potential self-consistently. The 
reason is that the oscillations in the normal state chemical potential as the 
external field is varied would generate persistent magnetic oscillations of 
the free energy in the mixed state even when the Landau level structure is 
completely destroyed by superconducting order. These oscillations would, of 
course, be unphysical. Hence, we must resort to the numerically demanding 
problem of solving the BdG equations for a varying field with a fixed number 

of particles.
In Fig. 4.6, we plot the magnetization when the chemical potential is 

constant (D) and when the number of particles is constant (*) for a very low 
temperature. We have chosen parameters such that UJ D /UJC = 5, j^. = 9.0, 
and ksT/huJc = 0.05 and g*m/m0 = I when nF = 12. For comparison, the
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Figure 4.7: rip as a function of the magnetic field for fixed chemical potential 
(dashed line) and fixed number of particles (solid line).

solid and dotted lines give the magnetization in the normal state for np > 8.2 
for conserved /j,p and N respectively. In the normal state, we note the differ­ 
ence between the oscillations in the two cases. The reason for the difference 
is that we have chosen a perfectly clean system at a very low temperature 
such that many harmonics in Eq. (4.3) contribute to the magnetization in 
the normal state. In the mixed state, we see that there is only a significant 
difference between the two curves close to Hc2 (rip ~ 7.7 at Hcz). Deeper 
into the mixed state, the oscillatory behaviour of the chemical potential is 
damped by the superconducting order and it becomes practically constant. 
In this regime, there is no difference between the oscillations for constant N 
and for constant HF as can be seen from Fig. 4.6 for nF > 8.6. This is illus­ 
trated in Fig. 4.7 where we have plotted nF = /-tF(H)/hujc — 0.5 as a function 
of the magnetic field (Hc2 ~ 1.5) for the parameters* given above, when the 
number of particles N is constant (solid line) and when the chemical poten­ 
tial is constant (dashed line). Above Hc2 , the chemical potential oscillates 
with the varying external field in order to keep N constant, as explained 
in section 4.2.3. From Fig. 4.7, we see that the oscillations in the chemical 
potential when N is constant are damped in the mixed state. The reason 
is that the order parameter broadens the Landau levels thereby making the
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depletion of a level going through the chemical potential less abrupt. Once 
the superconducting order has damped the oscillations in the magnetization, 
it has also damped the oscillations in Hp(H] and the behaviour for fixed N 
is essentially the same as for fixed p,F . Thus, the conclusion is that although 
there is some difference in the dHvA signal close to Hc2 when N is conserved 
as opposed to fixed HF, the overall rate of damping of the oscillations is essen­ 
tially the same in the two cases. We are reminded that the difference between 
the two cases is only important for very pure systems and low temperatures 
such that many harmonics contribute in Eq. (4.3). Experimentally, one often 
only observes the leading harmonic (k — 1) in the magnetization since the 
systems are never perfectly clean. Assuming that the impurity scattering is 
unaltered by the superconducting order, we therefore expect there will be no 
difference between the case of fixed N and fixed HF in the mixed state for 
realistic impurity concentrations. In the rest of this chapter, we will there­ 
fore restrict ourselves to considering experimentally realistic conditions, in 
which case only the first harmonic is important. We can then, to a good 
approximation, assume that the chemical potential is constant.

4.8 Simplified form for the damping

The perturbative theory for the magnetic oscillations has yielded a natural 
interpretation of the damping of the magnetic oscillations in the mixed state. 
Also, it provides a significantly quicker way of calculating the damping close 
to HC2, as it is much easier to calculate the a(T, H) and j(T, H) coefficients 
given in Eq. (3.29)-(3.30) as a function of the field, than it is to solve the BdG 
equations self-consistently for a varying field. In fact, for most experimentally 
realistic parameters, it is unfeasible to solve the BdG equations numerically 
as there are too many Landau levels participating in the pairing. Then, the 
perturbative expansion offers a way of calculating the onset of the damping 
close to Hc2 . However, it would be interesting to simplify the theory such
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that we can make predictions concerning the dependence of the damping on 
the magnetic field, temperature, spin etc. Such predictions are very useful in 
order to compare the theory with experimental results. As they stand, Eqs. 
(3.29)-(3.30) are rather complicated and, in order to make the predictions 
stated above, they must be simplified. In this section, we will give some 
simple analytical expressions for the expansion coefficients. Using these, the 
dependence of the damping on the temperature, spin and the magnetic field 
can then be extracted.

4.8.1 The first harmonic of the condensation energy

To obtain a simple form for the damping, we must take a closer look at the 
coefficients a(H) and i(H] given in Eq. (3.29) and Eq. (3.30). As mentioned 
in section 4.4, the Gor'kov expansion is a high temperature expansion and it is 
therefore most relevant for temperatures such that only the lowest harmonics 
of the dHvA signal are significant. This allows us to focus only on the zeroth 
and first harmonics of the relevant quantities. Thus, we take a(H) to have 
the form:

a(H) ~ ai(l - Hc2 /H) - a2 cos(2™F ) (4.13)

where ai > 0 and a2 > 0. The coefficients a\ and a-z will in general depend 
weakly on the magnetic field but we assume they are constant. This is reason­ 
able since for rip 3> 1 the rate of change of a\ and a^ is very slow as compared 
to the frequency fj,pmc/he of the oscillations. The essential physics comes 
from the sign change of a(H) at H& and its oscillatory behaviour, combined 
with the features of j(H) described below. We have assumed that a(H) has 
a local minimum when rip is an integer. This is in agreement with the conclu­ 
sion made in section 4.3.1, that the instability towards superconductivity is 
greatest when a Landau level is at the chemical potential (See Fig. 4.1). Note 
that Eq. (4.13) does not seem to be a very good approximation to describe
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the functional form of a(nF ) as depicted in Fig. 4.1. This is because the 
relative variation of nF for this plot is rather big as nF ~ (9(10) is small. For 
larger np (rip > 100), the relative change of np around HC 2 is small such that 
Eq. (4.13) is an excellent description of the functional form of a(np}. This 
has been checked by evaluating a(nF ] exactly from Eq. (3.29). Likewise, the 
fourth order coefficient j(H) is assumed to have the form:

cos(27mF ) (4.14)

where g± > 0 and g2 > 0. Again, both g\ and <?2 depend on the magnetic field 
but this dependence is weak as compared to the strong oscillatory behaviour 
coming from the Landau level structure. Note that we have opposite signs 
for the first harmonics of a(H) and ^(H). This is because ^(H] has a local 
maximum when rip is an integer since we then have terms in Eq. (3.31) 
where the denominator is zero. Again, by using I'Hospital's rule, it is easy to 
see that these terms will dominate the sum and that ^(H] thus has a local 
maximum. In Appendix A, we outline the calculations in order to extract a2 
and g2 from Eq. (3.29) and Eq. (3.30) whereas the calculations to obtain ai 
and QI are given in Appendix B. Using these approximate forms for a(H) 
and ^(H), we obtain for the condensation energy

(4.15)

Assuming that g2 <C g\, we obtain the following approximate form for the 
first harmonic of QS — f^ to first order in g2 /g\'.

L 9i

(4.16)
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where Q(H) n is the n'th harmonic of ft(H). It should be recalled that the 
above expression is, of course, only valid for a(H) < 0. We thus obtain the 
following form for the first harmonic of the grand canonical potential:

MSI = fijvi + (fis - UN)! (4.17)

where the first harmonic tlNl of the normal state grand canonical potential 
is given by Eq. (4.3) and (fis - fi jv ) 1 is given in Eq. (4.16).

4.8.2 The dependence of the damping on spin, tem­ 

perature and magnetic field

As we now have approximate closed expressions for the perturbation terms, 
we will in this section draw some conclusions from the general form of the 
damping of the dHvA-oscillations due to the growth of the superconducting 
order as described by Eq. (4.16). The first thing we notice is that in this 
approximation, the superconducting damping has a simple polynomial form 
in (Hc2 /H - 1). The damping is maximum for (Hc2 /H - 1) = gfli. For 
(Hc2 /H — 1) > 22Si , the damping decreases when we go deeper into the 
superconducting state and for (Hc2 /H — 1) > ^^ the magnetic oscillations 
are enhanced by the superconducting order; perturbation theory predicts that 
&s — 17 AT oscillates in phase with £1 N . This explains the observations made in 
section 4.4 were we noticed that once the field got too low, the perturbative 
result predicted an enhancement of the dHvA oscillations. The in-phase

•

oscillations between £ls - 17/v and & N are due to the oscillatory behaviour 
of j(H). As we noted in section 4.8.1, ~f(H) oscillates in phase with fi#. 
When the smooth part of a(H) is sufficiently large, the oscillatory behaviour 
of fis — QJV = — «2 /47 will be determined by ~f(H). Then, QS — fijv will 
oscillate in phase with £1 N and we will get an enhancement of the oscillations 
of QS compared to fijv. Again, as in section 4.4, we must emphasize that 
this prediction is obviously an indication that our perturbative scheme has
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broken down. The enhancement has never been observed experimentally nor 
does it agree with any numerical results: it is not a real physical effect.

Using the approximate closed analytical expressions for e^ and gt , we can 
now make some quantitative predictions concerning the spin and temperature 
dependence of the damping. From Eq. (4.16) and the temperature depen­ 
dence of a,i and Qi, we conclude that the first harmonic of the condensation 
energy (Q5 - tlN )i is proportional to A;BTexp(-27T2 ^). From Eq. (4.3), 
we have SlNl oc kBTexp(-2n2^) when 2x2 kBT/hu}c > 1. Thus, the tem­ 
perature dependence of the magnetic oscillations in the mixed state is the 
same as in the normal state. This result has been confirmed by experimen­ 
tal observations [30]. Likewise, from the spin dependence of a^ and <?;, we 
see that the effect of a finite Zeeman term on (£2$ — fijv)i is a reduction in 
the amplitude by a factor COS(TT|^). Hence, our perturbation theory repro­ 
duces the numerical result stated in section 4.6 for fields close to H&. The 
reduction factor is the same as for the oscillations in the normal state (see 
section 4.2.2). We therefore have no extra damping effects due to spin close 
to the transition line where the perturbation theory is valid.

In order to compare with experimental data, it is convenient to express the 
damping of the oscillations through a factor Rs = flsi/^Ni- It is customary 
to define a field dependent "scattering rate" rs such that Rs = e""/ulcTs . This 
brings the damping of the oscillations due to superconductivity into the same 
form as the damping due to impurity scattering (see section 4.2.1). We will 
assume that the damping of the oscillations due to impurity scattering is the 
same in the mixed state as in the normal state, i.eT we write for the total 
scattering rate r^ 1 = T.T 1 + T~ I (Matthiessen rule) where r is the scattering 
rate due to impurities in the normal state. Now, from Eq. (4.17) we have:

7T
(4.18) 

where we have used Eq. (4.16). The approximate equality is only valid for
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» Hc2 /H - 1 such that only the linear term in Eq. (4.16) contributes 
to the damping. Using the expressions for a*, #,, and Qyvi, we obtain

( " ' C2) (

where uc (Hc2) = ^f • We see that the magnetic field dependence of the 
scattering rate close to Hc2 is determined by the factor 1 - H/Hc2 apart from 
the weak dependence through y/n/r. One of the most thorough experimental 
investigations of the dHvA oscillations in the mixed state has been performed 
by Janssen et al. [61] on the compounds Nb3 Sn and VsSi. In a series of 
careful experiments, they measured the field dependence of the scattering 
rate. It was found that the scattering rate for Nb3 Sn obeys the relation 
T~ I oc 1 — H/Hc2 very well in agreement with our theoretical prediction. 
However, although Nb3 Sn is a layered compound, the Fermi surface is really 
three dimensional since the variation of the Fermi surface area perpendicular 
to the applied field is much greater than the difference l-xeH/hc in area of 
consecutive Landau orbits. Thus, a quantitative comparison between their 
data and our 2D theory is unfortunately not possible.

4.9 Comparison with experiments

We will in this section compare the predicted damping rate, as given in 
Eq. (4.19), with experimental data. In this thesis, we have concentrated on 
a model for 2D systems. Hence, we need to compare with an essentially 2D 
material. The charge transfer salts such as ft-(ET) 2 Cu(NCS) 2 are layered 
systems with almost perfect 2D Fermi surfaces7 . They are characterized by 
the formation of a salt as a result of the partial oxidation of an organic 
molecule [27]. The ET molecules stack in planes separated by layers of the

7 ET is an abbreviation for the molecule bis(ethylenedithio)-tetrathiafulvalene or 
BEDT-TTF.
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Cu(NCS)2 anions. The transfer of electrons occurs readily within the 2D 

planes since the organic molecules contain unpaired electrons in •n orbitals 

and the TT orbitals on neighbouring molecules overlap within the plane. Since 

there is almost no electron transfer through the planes of the inorganic anions, 

the system behaves to a good approximation as if it consisted of conducting 

planes separated by insulating layers [27]. Such materials should therefore 

be well described by a 2D theory such as the one developed in this chapter . 

The salt which is of interest to us is K-(ET) 2 Cu(NCS)2 because it is super­ 

conducting with Tc — 10.4K at H = 0. The Fermi surface of this compound 

consists of a quasi-2D hole pocket and a quasi-lD electron section [108]. It is 

the quasi-2D hole pocket which contributes to the fundamental frequency of 

the dHvA oscillations. The quasi-ID section of the Fermi surface only plays 

a role when magnetic breakdown effects cause the electrons to jump from 

the 2D pocket to the ID section. This magnetic breakdown only appears 

at very high fields H > 20T > Hc2 [26] and the ID section of the Fermi 

surface is thus irrelevant to the present analysis. K>(ET) 2 Cu(NCS)2 is an ex­ 

treme type-II superconductor with a short coherence length (between 70 and 

100A) and a penetration depth of « 5350A [27] giving a Ginzburg-Landau 

parameter K « 70. It is therefore well-suited to test our theory which is only 

valid for materials with K 3> 1. dHvA measurements for the system in the 

normal state (i.e. H > H^) yield magnetic oscillations with a fundamen­ 

tal frequency of 597 ± 5T [110, 111]. The frequency exhibits almost perfect 

cos" 1 9 behaviour as a function of the angle 0 between applied field and the 

normal to the layers, indicating the strong two-dimensionality of the com­ 

pound [114]. The effective mass m associated with this hole pocket, deduced 

from the temperature dependence of the dHvA oscillations, is m ~ 3.5m0 

when 9 = 0°. One also observes the dHvA oscillations in the mixed state 

below HC2 [110, 111]. The frequency of the oscillations is unaltered as com­ 

pared to the normal state but the amplitude is reduced. As explained in 

section 4.8.2, this attenuation of the oscillations can be parametrized by a
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Figure 4.8: T~ I as a function of l/H. The solid line is the theoretical pre­ 
diction based on Eq. (4.19) and the bars are the experimental data.

field dependent scattering rate TS such that the total damping due to super­ 
conductivity and impurities is e~*/WcT with rt~ l = T~ I + T~ I , r being the 
scattering rate from impurities. By assuming that the impurity scattering 
rate T is unaltered by the presence of superconductivity, one can deduce TS 
from the extra attenuation of the dHvA oscillations in the mixed state. In 
Fig. 4.8, we plot the experimental data for r^ 1 (bars) measured in (THz) 
as a function of l/H measured in Tesla" 1 . The data are obtained from the 
experiments by van der Wel et al. [110, 111]. We see that there is a constant 
scattering rate due to impurities of r ~ 0.4 x lO^s" 1 when the system is 
in the normal state. More importantly, we note that the onset of the ad­ 
ditional attenuation on passing from the normal to the mixed state. From 
Fig. 4.8, we see that Hc2 « 4.6T giving nF « 150 at Hc2 . Unfortunately, 
it is experimentally impossible to determine Hc2 precisely. Due to impuri­ 
ties and sample inhomogeneities, the transition from the normal state to the 
superconducting state occurs over a field range of approximately 2T [27].

To compare our theory with this set of experimental data, we have calcu­ 
lated the damping rate due to superconductivity from Eq. (4.19). We note 
that for this many Landau levels participating in the pairing, a numerical 
solution of the BdG equations is not feasible and we have to rely on the
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perturbation theory in order to come with any theoretical predictions. From 
Eq. (4.19), we immediately see that the theory predicts a sharp onset of an 
additional damping due to superconductivity when H < Hc2 . This does not 
correspond to the observed smooth increase of r^ 1 as seen in Fig. 4.8. To 
reproduce this effect, we assume a Gaussian spread in Hc2 . This method 
was introduced by van der Wel et al. [110, 111] in order to model the exper­ 
imental uncertainty in Hc2 and thus to obtain a better fit with theoretical 
predictions8 . The solid curve in Fig. 4.8 is our theoretical prediction obtained 
from Eq. (4.19) using nF = 150. We have used the Gaussian distribution of 
Hc2 around Hc2 = 4.6T explained in Ref. [110, 111]. The agreement between 
the theory and the experimental data is good. Importantly, the theory based 
on Eq. (4.19) predicts the right order of magnitude of the additional damping 
due to superconductivity. Note, that the only free parameter in our theory 
is Hc2 (see Eq. (4.19)). Contrary to the theories described in section 4.10, 
we do not have free parameters such as the size of the order parameter. This 
fact makes the agreement between theory and experiment somewhat more 
satisfactory. Unfortunately, due to the uncertainty in Hc2 and the rather few 
experimental data points for H < Hc2 , a more precise and rigorous compar­ 
ison between our theory and the experiment cannot be made.

Much better experimental data for the 3D systems V3 Si and 2H-NbSe2 has 
recently been published [61]. Therefore, in order to check the validity of the 
theory presented, it would be desirable to extend our theory to 3D systems 
and then compare its predictions with the data published in Ref. [61]. This 
extension should be rather straightforward, as we khow from section 3.2 that 
the motion along the field is unaltered by a non-zero H. This line of research 
may possibly be taken up in the future.

8 These authors compared their experimental results with the theory of Maki [71] which 
will be described in section 4.10.1.
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4.10 Other theories

A number of competing theoretical models have been proposed for the dHvA 

effect below HC2. We will finish this chapter by briefly describing some of 
these theories and compare their predictions with the ones stated in this 
chapter.

4.10.1 The theories of Stephen, Maki and Wasserman 

and Springford

The approach of Stephen [102] is based on solving the Gor'kov equations 
given in Eq. (2.19). They are solved by regarding the order parameter A(r) 
as a random potential in which the electrons scatter. In the limit of strong 

fields, the author obtain a damping of the oscillations exp(— TT/U}C TS ) with the 

scattering rate TS given by:

TS
(4,0)

Here A is the spatial average of the order parameter. Maki [71] obtained 
the same result by quantizing a semiclassical Green's function introduced by 

Brandt et al. [18]. By using this Green's function in a more general field 

theoretical scheme, Wasserman and Springford [112, 113] also obtained the 
result given in Eq. (4.20). They considered corrections to this result coming 
from the spatial dependence of A(r), but they found that such corrections 

were insignificant.
Note that a common feature of these theories is that the order parame­ 

ter is not determined self-consistently; it is simply a free parameter which 

can be determined, for instance, by the semiclassical equation
A(0)v/l — H/HC2- Thus in order to compare our theory with this result, 

we must ignore for the moment the oscillations in A0 and treat it formally as 

a free parameter (i.e. (f2s - O^)i = -a2 A^ + g^l + ...). We will focus on
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the A4-term since there are discrepancies between the predictions of different 
authors for this term. From Eq. (3.10), we have:

A 2 EE (Lx Ly }- 1 />r|A(r)| 2 = yf^^o- (4.21)

Using Eq. (A. 10) and Eq. (4.3), we obtain the formal result for the fourth 
order term:

(4.22)

By expanding ex.p(—Tr/Ljcrs ) using Eq. (4.20), we obtain 
for the same quantity, according to the theory presented by Stephen. Note 
that the np dependence of the two results agree. As we will see in sec­ 
tion 4.10.2, this np dependence does not agree with some other theories. 
The numerical prefactors have the same order of magnitude but differ by 
about 50%. Considering the difference in the approaches of the two theories, 
such a difference is not surprising. The arguments stated in appendix A can 
easily be generalized to the first harmonic of the A 2 ™ expansion coefficient 
taking A as a free parameter. Since this dependence comes from the coeffi­ 
cients Bp 1 '" 2 , we immediately get from Eq. (A.I) that the np dependence of 
the first harmonic of the A2n-term is n^"™/2 . This np dependence agrees with 
the result obtained by Stephen. However, one must remember that the order 
parameter itself is an oscillatory function of the field as can be seen numeri­ 
cally from Fig. 4.3 or analytically from Eq. (4.5). This oscillatory behaviour 
is important to include in a self-consistent theory for the dHvA oscillations. 
In my opinion, theories, such as the one by Stephen et al. described in this 
section, which present the damping of the oscillations as a function of a free 
but smoothly varying order parameter A, have limited validity.
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4.10.2 The theory of Maniv, Rom, Vagner and Wyder

The theory of Maniv et al. is based on the same idea as the one presented 
in this chapter. It uses the Gor'kov expansion Eq. (3.22)-(3.25) of the grand 
canonical potential up to fourth order in A(r) as a starting point. Also, the 
theory is for simplicity only considered for 2D systems and the approximation 
Aj^o = 0 is made. However, since the symmetry of the order parameter is 
not used to simplify the calculations, the algebra is complicated and they 
have to use various semiclassical and other approximations in order to solve 
the integrals given in Eqs. (3.23)-(3.24) [72, 116]. Note that the use of the 
symmetry of A(r) was crucial in enabling us to solve these integrals exactly 
as explained in section 3.7.3. Perhaps owing to the complexity of the algebra, 
the authors draw some rather surprising and contradictory conclusions from 
their calculations:

They predict that the amplitude of the dHvA oscillations increases in 
the mixed state below #c2 [73, 76]. This prediction is in contradiction to 
the analytical results for the perturbation terms presented in this thesis. In 
particular, it cannot be reconciled with the simple physical picture of ^5 — DAT 
oscillating in anti-phase with Ojv due to the enhanced instability towards 
superconductivity when there is a Landau level at the chemical potential. 
Also, it is not confirmed by numerical solutions to the BdG equations as 
presented in this thesis and by other authors [83, 84]. Furthermore, this 
increase has never been observed experimentally. These facts indicate, in my 
opinion, that their prediction must be based on a flawed evaluation of the

•

expansion terms.
Indeed, this assumption is confirmed by some later publications, where, 

in contradiction to their predictions stated above, they state that £ls — &N 
oscillates in antiphase with flN thus giving rise to the damping [74]. This 
result is in agreement with the conclusions reached in this chapter. However, 
as in the theories outlined in section 4.10.1, they take the order parameter 
as a free parameter thereby neglecting its oscillatory behaviour. Also, they
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predict that the A4-term is oc nF3 ' 2 in contradiction with the nF l dependence 

obtained by the theory presented in this chapter and the theories described 
in section 4.10.1.

The question of the sign inversion

The anti-phase oscillation of f25 - QN leads Maniv et al. to an exiting pre­ 
diction: one should be able to observe a sign change of the first harmonic 
of the magnetization for fields below Hinv < H& [75, 116]. The oscillations 
are claimed not to be damped below Hinv . Instead, they should persist vir­ 
tually undamped with a reversed sign in the amplitude. This surprising 
effect is postulated to occur because the superconducting contribution to the 
oscillations overwhelms the contribution from the normal grand canonical 
potential deep enough into the superconducting state. Based on an approx­ 
imate evaluation of the Gor'kov expansion parameters and assuming that
A(H) = A(0)-y/l - H/Hc2 , they calculate an expression for Hmv [116, 75]. 
However, they fail to take into account that the order parameter has to be 
determined self-consistently. Using Eq. (4.16), we easily obtain the result 
that the maximum amplitude of the antiphase oscillations of QS ~ QN is

2
given by ^-. From our approximate expressions for a? and g%, we have

,,23)
By comparing this amplitude with the contribution from the normal state 
oscillations given in Eq. (4.3), one can easily show that the antiphase oscil­ 
lations of QS — fi/v will never exceed the oscillations in Q/v [23]. Hence, we 
can conclude that the argument for the inversion of the oscillations based on 
the Gor'kov expansion is flawed.

These authors also base their prediction of the sign change on another line 
of argument: they assume that the quasiparticle spectrum in the mixed state 
can be described by a simple splitting of the Landau levels into two levels

85



symmetrically placed around each Landau level. This splitting should gener­ 
ate a beating frequency in the oscillatory behaviour of the magnetization M. 
Once the splitting of the Landau levels due to the superconducting order is 
of the order \E£ - f,,|//iu;c w ±0.23, one should observe a sign change of the 
dHvA oscillations [75]. However, by solving the BdG equations numerically 
for various sets of parameters, we have found that the low lying quasiparti- 
cle levels lose their Landau level structure and describe essentially localized 
bound states when the change in energies is of the above magnitude. The 
crossover to localized states makes the argument leading to the sign change 
of the first harmonic based on the quasiparticle spectrum invalid. This con­ 
clusion is in agreement with the numerical analysis presented by Norman and 
MacDonald [83]. It therefore seems that there is no theoretical grounding, 
neither within perturbation theory nor within a numerical solution of the 
BdG equations, to support the prediction that the dHvA oscillations would 
persist virtually undamped below Hc2 and that they would have opposite 
sign compared to the oscillations in the normal state. Also, there has been 
no experimental observation of this striking effect, thereby supporting our 
rejection of its existence.

4.10.3 The theory of Dukan and Tesanovic

Dukan and Tesanovic focus on the quasiparticle contribution to the grand 
canonical potential [39]. Inspired by the results for a very high magnetic field 
as given in section 3.6, they assume that the quasiparticle energies are given
by E£ = \/£^ + \FkNN\ 2 - As mentioned in section 3.6, there will be points 
in the MBZ where F^NN = 0. According to their theory, it is exactly the 
gapless excitations connected to these zeros that contribute to the magnetic 
oscillations in the mixed state. To simplify the theory, they assume a simple 
field-independent form for the order parameter in k-space with gapless and 
gapped regions. This simplification of the quasiparticle spectrum is not appli­ 
cable in 2D where the number of gapless points and their dispersion relation
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vary strongly with the magnetic field. However, the approximation should be 
somewhat better in 3D as described in chapter 5. These approximations lead 
to the amplitude of the dHvA oscillations containing an additional damping 
factor Rs as compared to the normal state, in particular

(4.24)

Here the scattering rate is given by T(H) = x/r0 A(//)/2 with A(#) = 
A(0)>/1 — H/HC2. The parameter C is a constant of order unity describing 
the radius of the gapless region in k-space. Again, we note that this theory 
does not use a self-consistent order parameter but assumes that it has the
simple semiclassical form A(#) = A(0)^/1 - H/Hc-2 thereby ignoring its 
oscillatory behaviour. Also, the theory completely ignores the contribution 
from the ground state to the grand canonical potential by focusing only 
on the quasiparticle excitations. This is rather questionable as the grand 
canonical potential is identical to the ground state energy for T = 0. One 
would therefore expect the ground state energy to make a major contribution 
to the grand canonical potential for the low temperatures relevant for dHvA 
measurements.

4.10.4 The theory of Miller and Gyorffy, and Miyake

Miller and Gyorffy solve numerically the BdG equations corresponding to a 
tight binding model [78]. Contrary to the theory of Dukan and Tesanovic,

•

they focus on the oscillations in the ground state energy by restricting their 
calculations to T = 0. They obtain the interesting result that the damping 
of the oscillations in the mixed state can essentially be ascribed to the fact 
that the Landau level occupation number Nna changes less abruptly with 
the magnetic field, since it contains the factors \u\\ 2 and \v^k \ 2 which vary 
on an energy scale A (See Eq. (4.8)). In the large gap limit A > kBT they
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conclude that the damping can be described by a factor

Rs = zKl (z) (4.25)

where z = 27rA//iu;c and K\ is the Bessel function of imaginary argument. 
The same result was obtained by Miyake by using various semiclassical ap­ 
proximations [79].

4.10.5 Comparison of the theories with experimental 

results

As mentioned in section 4.9, Janssen et el. [61] have performed a series of 
dHvA experiments on the 3D materials V3 Si and 2H-NbSe2 . They compare 
their results for the damping of the dHvA oscillations in the mixed state 
with the theoretical predictions described in sections 4.10.1-4.10.4. Their 
conclusion is that none of the theories presented in this section can explain 
their experimental data for both V3 Si and 2H-NbSe2- Thus, it seems that 
more theoretical work is required in order to clarify the mechanism behind 
the damped dHvA oscillations in the mixed state. As it stands, we cannot 
compare our theory, which is developed for 2D systems, directly to these 
measurements, although the 1 — H/Hc2 dependence of l/r5 agrees well with 
their measurements on 2H-NbSe2 . It would therefore be very interesting 

to extend the theory presented in this chapter, which seems to be the only 
one taking into account the oscillatory behaviour of the order parameter,

»

to 3D systems in order to compare it with their data. Alternatively, more 

precise measurements of the dHvA oscillations in 2D systems such as K- 
(ET) 2 Cu(NCS) 2 would enable a more rigorous test of our theory.
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4.11 Summary

In this chapter, we have presented a theory for the experimentally observed 
dHvA oscillations in the mixed state of a type II superconductor in the 2D 
limit. The basis for the theory is a self-consistent Gor'kov expansion of the 
grand canonical potential. The use of translational and rotational symmetry 
has simplified the analysis to such an extent that we have been able to calcu­ 
late the expansion coefficients exactly to any order without using semiclassi- 
cal or other approximations. Contrary to many other theories for the dHvA 
effect, an inherent feature of our analysis is the self-consistent determination 
of the order parameter. This seems to be important as A(r) is an oscillatory 
function of the external field. The theory has been carefully checked against 
an exact numerical solution of the BdG equations; we concluded that the 
perturbation theory works well close to R&. A physical interpretation of 
the damping emerged naturally from the perturbative theory: the conden­ 
sation energy oscillates in antiphase with the normal state grand canonical 
potential thus producing damping of the dHvA oscillations. The damping 
is directly connected with the enhancement of superconductivity when we 
have a Landau level at the chemical potential. Superficially, these antiphase 
oscillations open up the possibility of a sign change of the first harmonic of 
the dHvA oscillations in the mixed state. However, a more careful analysis 
shows that there is no theoretical grounding for this claim.

The effect of spin and a conserved number of particles, as opposed to 
a conserved chemical potential, was examined. Also, we derived a simple

•

form of our theory which is valid when many Landau levels participate in 
pairing. As it gives the damping in terms of closed analytical expressions, 
we have been able to make precise predictions concerning the dependence 
of the damping on the magnetic field, the temperature and various other 
parameters. These predictions were compared with experimental data for 
the quasi 2D organic superconductor K-(ET) 2 Cu(NCS) 2 . We found good 
agreement between our theory and the experiment. However, due to exper-
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imental uncertainty about //f2 , any quantitative comparison is impossible. 
We concluded that in order to perform such a comparison, we would need to 
extend our theory to 3D systems where higher quality measurements have 
been performed- alternatively, it would be interesting to compare it with 
future experimental results for a 2D system.
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Chapter 5

Acoustic attenuation

5.1 Introduction

As we saw in chapter 4, the Landau level quantization of the electron lev­ 

els has important consequences on various thermodynamic quantities derived 
from the appropriate thermodynamic potential. We chose to focus on the ex­ 
perimentally observed dHvA oscillations in the mixed state. Unfortunately, 
as explained in section 4.10, there is a lot of confusion about the interpre­ 
tation of these oscillations and the agreement between some theories and 
experimental data is less than convincing. Certain theories attribute the os­ 

cillations to the existence of the gapless points in the quasiparticle spectrum 
whereas others focus on the ground state energy. As the theory presented in 

chapter 4 indicates, it seems to be necessary, at least for finite T, to include 
both the gapless excitations and the ground staie energy in a complete self- 
consistent treatment of the dHvA oscillations. This makes an interpretation 

solely in terms of gapless points dubious. However, the existence of these 
gapless excitations close to HC2 is a fundamental property of the theory for a 

type-II superconductor in a strong magnetic field. This fact was explained in 

section 3.6.1 where we solved the BdG equations in the limit of a very high 

magnetic field such that only one Landau level participates in the pairing.
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Also, in section 3.6.2, the gapless points were shown to emerge naturally if 
one ignores the off-diagonal pairing in the BdG equations (i.e. the diago­ 
nal approximation). We noted that this approximation only works well for 
quasiparticle levels close (on the scale of huc ) to the chemical potential. For 
levels with higher energy, the possible degeneracy between a hole level and 
an electron level will invalidate the diagonal approximation. The fact that 
the existence of the gapless excitations close to Hc2 follows naturally from 
the microscopic theory makes it desirable to propose an observable which 
would determine the possible existence of these quasiparticle states. Such an 
observable would enable a test of our theoretical understanding of supercon­ 
ductors on a fundamental level. Theoretical investigations have suggested 
that the existence of the gapless points leads to an algebraic temperature 
dependence of various thermodynamic functions and an algebraic voltage 
dependence in the tunneling conductance [38].

In this chapter, we consider the attenuation of longitudinal acoustic waves 
in the mixed state in the clean limit. Since the absorption of the phonons 
is due to quasiparticle excitations, the experiment directly probes the quasi­ 
particle density of states. Hence, for low frequencies of the sound wave, the 
attenuation should in principle give information on the character of the low- 
lying quasiparticle spectrum and, in particular, on the predicted existence of 
the gapless modes. There have been several calculations of the attenuation in 
the mixed state. However, for clean systems, theoretical results have proved 
rather difficult to obtain. Theories based on a simple expansion of the atten­ 
uation in powers of the order parameter have been shown to produce unphys- 
ical results [32]. It was proposed that this difficulty could be circumvented 
using a conjectured equivalence between a current-carrying superconductor 
and a type-II superconductor in high magnetic fields [70]. A more rigorous 
theory based on a solution to the Gor'kov equations was provided by Brandt 
et al. [18]. Unfortunately, their solution gives completely unphysical results 
for the acoustic attenuation in the clean limit. Scharnberg showed that this
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was due to their theory being based on a semiclassical approximation for the 
Green's function [96]. He therefore suggested that it is crucial to take into 
account exactly the Landau level quantization of the quasiparticle levels due 
to the magnetic field when one calculates the attenuation [96]. Using the 
formalism in chapter 3, we are very well equipped to calculate the attenua­ 
tion including the Landau levels right from the beginning. In this chapter, 
we will present such a calculation based on the microscopic Green's function 
approach. Contrary to earlier calculations, we obtain physically reasonable 
results for the attenuation in the clean limit. We avoid the difficulties en­ 
countered in the semiclassical treatment by Brandt et a/., thereby confirming 
the prediction of Scharnberg. Due to the presence of the Landau levels, we 
furthermore predict that the attenuation will be an oscillatory function of the 
magnetic field in analogy with the dHvA oscillations described in chapter 4. 
In order to obtain simple analytical results, we calculate the attenuation in 
two limits: ksT <C hu> and A^T ^> hu where v = uj/2iv is the frequency 
of the sound wave. We will show that the frequency and temperature de­ 
pendence of the attenuation is strongly influenced by the existence and the 
nature of the gapless points in the quasiparticle spectrum for k%T <C HUJ and 
ksT ^> huj respectively. This, in principle, gives an experimental tool for 
probing the nature of the low-lying quasiparticle energies in the mixed state. 
By measuring the attenutation of a longitudinal sound wave, one should be 
able to probe the existence of the gapless points and their dispersion law. We 
therefore propose a fundamental test of the theoretical models for a type-II 
superconductor in a strong external magnetic fieW. The results described in 
this chapter have been presented on abridged form in Ref. [24].

The chapter is structured as follows: In section 5.2, we develop the for­ 
malism necessary to calculate the sound attenuation for a longitudinal wave 
in the clean limit. Then in section 5.3, we use the diagonal approximation to 
simplify the algebra such that some analytical results can be derived. The 
diagonal approximation is then checked against an exact numerical solution.
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Analytical results for the attenuation are presented in section 5.4 for the low 
frequency case and in section 5.5 for the low temperature case. Finally, our 
results are summarized in section 5.6.

5.2 Formalism

We consider the problem of calculating the attenuation of a longitudinal 
sound wave propagating in a type-II superconductor in the mixed state. From 
a microscopic point of view, there is a fundamental difference between the 
attenuation of a longitudinal sound wave as compared to a transverse wave. 
The reason is that the mechanisms behind the electron-phonon coupling are 
quite distinct in the two cases. In the longitudinal case, the sound wave com­ 
prises density fluctuations for the ions/molecules forming the crystal. The 
corresponding fluctuations in the crystal potential set up fluctuations in the 
electron density as the quasiparticles are excited out of their equilibrium dis­ 
tribution. The response of the quasiparticles to a longitudinal variation of the 
crystal field is essentially the same in the superconducting state as compared 
to the normal state [88, 98]. Thus, we can, to a good approximation, assume 
that the electron-phonon coupling strength is the same in the two states for 
longitudinal phonons. This will simplify significantly a comparison between 
the attenuation in mixed state and in the normal state. In the transverse 
case however, the sound wave corresponds to varying transverse currents set 
up by the vibrating lattice. These currents will produce a transverse electro­ 
magnetic (EM) field which couples to the quasiparticles. From the Meissner 
effect, we know that a superconductor responds very differently to a trans­ 
verse EM-field as compared to a normal metal; the supercurrents screen 
the EM-field almost perfectly. The electron-phonon coupling for transverse 

phonons will thus be very different in the superconducting state as compared 
to the normal state. This complicates the comparison between the damping 
of a transverse wave in the two states, as we would have to take into account
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the completely different screening properties. Therefore, for simplicity, we 

restrict ourselves to the calculation of the attenuation of a longitudinal sound 

wave. Also, the sound wave will be assumed to propagate parallel to the mag­ 

netic field H which defines the z-axis. For this particular geometry, there 

is no displacement of the lattice in the xy-plane. As the vortices formed by 

the order parameter move in this plane, there is no coupling between the 

sound wave and the collective degrees of freedom associated with the order 
parameter [25, 36].

The problem of calculating sound attenuation for a superconductor is an 

old one and various theoretical approaches have been used. In a series of 

papers, Pippard and Kadanoff developed an elegant model, based on the 
semiclassical Boltzman transport equation, to calculate the acoustic attenu­ 

ation in normal metals as well as superconductors [63, 86, 87]. The approach 

is essentially to calculate the rate at which the quasiparticles absorb phonons. 
It is then implicitly assumed that the quasiparticles return their excess en­ 

ergy to a thermal bath such that the energy is lost for the sound wave. As the 

method uses semiclassical dynamics for the quasiparticles and only takes the

zero field quasiparticle energy relation E = J^m(v — vp) 2 + A2 as a micro­ 

scopic input, one is able to obtain rather general results for both transverse 

and longitudinal waves for arbitrary impurity concentrations 1 .
In this chapter, we are interested in microscopic effects such as the in­ 

fluence of the Landau levels and the gapless excitations on the attenua­ 

tion. To consider this, it is necessary to return to a more fundamental 

level. From a microscopic point of view, the'attenuation is due to the 

finite lifetime of a longitudinal phonon. This lifetime can be calculated 

within the language of many-body perturbation theory. We start by defining 

the longitudinal phonon propagator (finite temperature Green's function) as

1 Ref. [66] provides a short and precise review of the results based on the Boltzmann 
transport equation.

95



,4(rr,rV) = -(Tr^(rr), 0(rV)} where the phonon field is [42]

+ 4e-lkr i. (5.1)

Here cjk = ck is the phonon frequency with c being the sound velocity, L3 is 
the volume of the system, <J>(T) = exp(#Y)0exp(-//V), and ck removes an 
acoustic phonon with wave number k. The interaction between the phonon 
and the electrons is described by the term [42]:

(5.2)

with K being the strength of the electron-phonon interaction. The Dyson 
equation for the phonon propagator is:

A(x, x1 } = A°(x, x') + Ac2 dVV A°(x, j/)ir (y, y')A(y', x')
(5.3)

where A°(x,x') is the free phonon propagator in the absence of the electron- 
phonon interaction, x = (r, r) and f d4x = f d3 r J0 dr. We have denoted 
the proper phonon self-energy as H*(y,y'). Using perturbation theory, we 
can easily calculate the self-energy to lowest order in the electron-phonon 
interaction given in Eq. (5.2). The result is that U*(x,x'} = K2T)(x,x') 
where *D(x, x'} is the density-density correlation function

(5.4)

and the operator n(r) = n(r) — (n(r)) describes density fluctuations. As 
explained above, we consider phonons propagating with wavenumber q along 
the z-axis parallel to the external magnetic field. This simplifies our analysis 
significantly as from section 3.2, we know that the electron motion along 
this axis is unaltered by the magnetic field. Therefore, the momentum is a
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conserved quantity along this axis (in the clean limit) and we can simplify 
Eq. (5.3) by performing a Fourier transform. We also go to frequency space; 
the Dyson equation then reads:

A(q, u7 ) = A°(q, w7 ) + K2A°(q, w7 )2%, uJA(q, W7 ). (5.5) 

We have defined

J = t e"^-1- I d2 r I d^r'e 1 "2 ' A(rr, rV) (5.6)
JO Vcell ,/cell J

with u>7 = 2*jTrkBT/h (7 integer) being the bosonic Matsubara frequencies. 
As the phonon wave length is much larger than the inter-vortex distance, 
we should average over one vortex cell. This averaging is indicated by the 
symbol ^r— Jcell d?r which denotes integration over one vortex lattice cell in 
the xy plane and division by the lattice cell area V^eii = nl2 . The integration 
J c?3 r' is over the whole crystal. Eq. (5.5) is now readily solved and we obtain

(5 ' 7)
The phonon will in general have a finite lifetime due to its scattering with the 
electrons described by the interaction term in Eq. (5.2). It is this scattering 
which gives rise to the damping of the sound waves since, as mentioned 
above, we implicitly assume that the energy given to the electrons by the 
scattering is not returned to the sound wave but is lost to a heat bath. To 
calculate the lifetime of the phonon, we as usual need the real-time retarded 
phonon Green's function AR (q,us}. It is a standard result that the energy 
of the phonon with wave vector q is given by the real part of the pole of 
AR (q,uj) in the lower half of the complex w-plane, whereas the lifetime is 
inversely proportional to the imaginary part of the pole [42]. The acoustic 
attenuation is inversely proportional to the lifetime of the phonon and hence 
proportional to the imaginary part of the pole. The retarded Green's function
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is most easily obtained by first calculating the temperature Green's function 

A(q, o>7 ) as outlined above. The retarded Green's function is then given by 

the analytical continuation [42]:

(5.8)

with 6 > 0 being an infinitesimal positive number. From Eq. (5.7), we see 

that the acoustic attenuation a(q, w) for a longitudinal sound wave with 

frequency ui and wavenumber q along the 2-axis, is given by:

a(q,u) oc -ujlm{DR (q,uj)} (5.9)

where DR (q, LO) is the Fourier transform of the retarded density-density cor­ 

relation function

£> fi (x, x', t-t') = -i{[n(x, t),n(x', t')])d(t - t') (5.10)

and DR (q,uj) = T>(q,u}^)\ iw _>u+if Tne symbol Im in Eq. (5.9) denotes the 
imaginary part. Note that we have omitted the strength of the electron- 

phonon interaction in Eq. (5.9). We simply treat the electron-phonon matrix 

element as an overall factor in our formalism (i.e. its frequency dependence 

(jj is included as a prefactor in Eq.(5.9)) making use of the fact that the 

screening for longitudinal modes is essentially the same as in the normal 

phase.
We have obtained Eq. (5.9) by looking at the Hfetime of a phonon within 

the framework of standard many-body perturbation theory. The same for­ 

mula can also be derived by treating the displacement of the ions/molecules 

forming the sound wave as a classical field and then looking at the interaction 

of this displacement field with the electrons. The resultant wave equation 

for the field then yields Eq. (5.9) in the limit of a pure system with qlmf > 1 

where lmf is the mean free path of the electrons [62].
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(a) The Dyson equation (b) The self-energy to low­
est order.

Figure 5.1: The Dyson equation for the phonon propagator. The proper 
self-energy II is drawn as a filled blob. The electron propagators are drawn 
as solid lines. The second term in (b) is absent in the normal state.

The density-density correlation function can be expressed in terms of 
single-particle Green's functions using Wicks theorem. In this chapter, we 
will for simplicity ignore the electronic Zeeman effect. We hence obtain

cell ~~ce\\

(5.11)

where G(Y,Y' ,ujv ) and F(r',r,cjt/ ) are the one-particle Green's functions for 
the superconductor denned in section 2.5. In Fig. 5.1(a), we illustrate the 
Dyson equation in terms of Feynman diagrams. The thick dashed line denotes 
the full phonon propagator whereas the thin dashed line is the free phonon 
propagator. The lowest order contributions to the self-energy as given by 
Eq. (5.11) are illustrated in Fig. 5.1 (b). Note that the second term in 
Eq. (5.11) is absent in the normal state where the anomalous Green's function 
T is zero. Also, we are only considering the clean limit such that there is no 
impurity scattering.

In order to make any progress, we must have some expressions for the 
Green's functions appearing in Eq. (5.11). These functions can be obtained 
from the solution to the BdG equations. We need to solve these equations for 
a 3D system as the problem is intrinsically 3D with a sound wave traveling 
parallel to the magnetic field. To simplify the analysis, it is again assumed 
that the order parameter forms a vortex lattice in the rry-plane as explained
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in section 3.4. The order parameter is constant along the direction parallel 
to the magnetic field, such that the vortex lines run in the direction of the 
sound wave. It is then straightforward to extend the formalism outlined 
in section 3.5 to 3D. The motion along the ^-direction is unaffected by the 
magnetic field and there is only pairing between electrons with momentum 
kz and —kz . We write the Bogoliubov functions as

N

N

where (f)Nk(x, y] is defined in Eq. (3.4) and Lz is the extent of the system in the 
z-direction. The resultant BdG equations then split into a set of equations 
for each k, kz with k eMBZ; the quasiparticle energy associated with the 
Bogoliubov functions u1̂ . (T) and v^k (r) is denoted E^(k). We choose the 
normal state dispersion law along the ^-direction to be either the plane wave 
form f.(kz ] = kl/2m or, more suitably for layered structures, the tight-binding 
form e(kz ) = tcos(kz az ) where az is the distance between the planes. The 
formulae for solving the BdG equations are straightforward extensions of 
the ones given in section 3.5. The only difference is a summation over the 
quantum number kz when calculating the parameters Aj. For reasons of 
space, I will not give the precise formula here. From the solution of the BdG 
equations, we can calculate the appropriate Green's functions as:

= V"

F(T',T,UV ) = _

_ i-,,". M,,?. w «?. M'«?. rrii
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Using the orthogonality of the Bogoliubov functions, and the identity

E ll 0 
iuv - xi iujv -iu -x2 = x -x - iuj ^^ ~ ^x^

we finally obtain from Eqs. (5.9) and (5.11): 

a(q,u) <x j~y2Y] I dkz {[/(£?) - f(E')][6(E' - E - huj)(\U' A U\'
m< k

-\" A V* [/" At/)- 6(E -E'- fiw)(\V" A V\ 2 - U1 * A U V A \ '*)] 

+[1 - f(E') - f(E)]8(E' + E- hw)(\U' A V\ 2 + F' A UU1 * A F*)} .

(5.14)

Here £7 = f/k\2 (r), V = Vk\(r), [/' = 0£i+,(r) and V" = Fkl+g (r) are the 
Bogoliubov functions. The quasiparticle energies are given by E = E\ (k) 
and E1 = E^ +q (k), and the A-product means integration over the xy-plane. 
The physical interpretation of the three terms in Eq. (5.14) is straightforward: 
the first two delta functions 8(E' — E — huj) and 5(E — E' — HLU) describe the 
scattering of a quasiparticle with a phonon whereas the last delta function 
6(E' + E — huj) describes the decay of a phonon into two quasiparticles with 
energies E and E'. The first two terms will dominate when the frequency 
of the phonon is small such that there is not enough energy to create two 
quasiparticles, whereas the third term will dominate when the temperature 
is low such that there are no quasiparticles present in the medium to scatter.

•

5.3 The diagonal approximation

Although it is straightforward to extend the formulae for the BdG equations 
from 2D to 3D, finding the actual solution is significantly more demanding 
computationally for 3D systems as compared to 2D systems. This is, of 
course, because we in 3D need to find a solution for the each set of quantum 
numbers (k, k,),k eMBZ, whereas we only need to solve the BdG equations
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for the set k eMBZ in 2D. This makes the necessity for analytical results, in 
order to compare with experiments, even more apparent in 3D than it was for 
the dHvA results for the 2D systems in chapter 4. In order to develop such an 
analytical theory for the attenuation, we need to make some approximations 
such that we can simplify Eq. (5.14). Near the upper critical field Hc2 , we 
saw from section 3.6 that one can, as a first approximation, ignore the off- 
diagonal pairing (diagonal approximation) for quasiparticle levels close to the 
Fermi energy. The quasiparticle energies are then given by

(5.15) 

and the corresponding Bogoliubov functions read

Here fn (/cz ) = (n + l/2)Hu}c + e(kz ] - HF and A(k) = |Fknn |. Again, we 
must remember that this approximation is only valid for energy levels close 
to /j,p. Further away from the chemical potential, there are degeneracies be­ 
tween electron and hole states belonging to different Landau levels. There 
is a strong mixing between the degenerate states caused by the off-diagonal 
matrix elements ignored by the diagonal approximation. Hence, the approx­ 
imation breaks down for these states. Fortunately, for low frequencies and 
temperatures, only low energy levels for which Eqs. (5.15) and (5.16) hold will 
contribute to the damping. A closer examination- yields the requirement for 
the diagonal approximation to hold to be max(&BT, HUJ) < huc /4. This fol­ 
lows because the mixing between hole and electron levels becomes important 
for levels with E > fajc /4. Since we have hu ~ 10~ 7 eV for u ~ 100 MHz, 
hujc ~ 10~4 eV for H = ITesla, and kBT ~ 10~ 5 eV for T = IK, the limit 
max(kBT, huo] < /io;c/4 is not unrealistic experimentally. Contrary to 2D, 

for 3D systems there are always normal state energies for which £n (kz ) ~ 0
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due to the dispersion law along the z-direction. This means that for small 

A(r) and close to Hc2 , there are low-lying quasiparticle states for which the 
diagonal approximation is good for any external magnetic field. In 2D, this is 
only the case when the external field is such that there is a Landau level close 
to the chemical potential (|fn | < fkuc /4). Thus, the diagonal approximation 
is reasonable for 3D systems when calculating quantities depending only on 
the low-lying quasiparticle excitations, whereas it is harder to justify for 2D 
systems. As was shown in section 3.6, it follows directly from the diago­ 
nal approximation that there are gapless points in the MBZ [i.e A(k) = 0]. 
These gapless excitations will play a crucial role in the calculation of the 
attenuation. We are in some sense lucky, since the diagonal approximation 
must be expected to work best for the low-lying levels which contribute the 
most to the damping. The diagonal approximation breaks down when the 
off-diagonal matrix elements become too large. However, Dukan et al. [38] 
argued that the off-diagonal pairing does not change the qualitative behav­ 
ior of the superconductor as long as one is close to HC2', the quasiparticle 
spectrum remains essentially the same when the off-diagonal terms are in­ 
cluded. Even when the diagonal approximation breaks down, there will still 
be points in the MBZ where the gap vanishes. They claimed that the role 
of the off-diagonal terms is to shift the value of the Fermi momentum kzf 
where the gapless behaviour occurs, away from its diagonal approximation 
value e(kz f) — 0. Eventually, true gapped behaviour sets in when the super­ 
conducting order is strong enough to increase the energies of the quasi-bound 
states in the vortices above huc . Using Eq. (5.16),*we can easily calculate the

zy-integral in Eq. (5.14); for example \U' A U\ = \^(\ + £/E)(l +
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Equation (5.14) then becomes:

_ S (E - £' - M [(E -

E - fa)[(E - 0(# + O + |A(k)| 2 ]} (5.17)

where f = ^(A;2 ) and f = ^(/cz + q). We have here neglected transitions 
between different Landau levels since we have assumed LO <C u)c .

In order to check the validity of the diagonal approximation, we have 

calculated the quasiparticle spectrum exactly by solving the BdG equations 

numerically for a 3D system. Then, we compare the results for the low 

lying energies with the analytical approximation as given in Eq. (5.15). In 
Fig. 5.2, we plot the lowest quasiparticle energy calculated numerically, along 

the F — M direction in k-space for two different values of the order param­ 

eter A(r) at a low temperature. The two points F and M in the MBZ are 

defined in section 3.5 as two of the corners in an irreducible triangle re­ 
flecting the symmetry of the BdG-equations in k-space. We have chosen 

the size of the system such that 7r/(2ax Afcx ) = 50 where A/cx = 2vr /Lx . 

The dashed lines give the diagonal approximation to the energies while the 

solid lines depicts the exact numerical result. The two highest-lying curves 

are calculated with (A(k))k ~ Q.3Tiu>c and the two lowest lying curves are 

with (A(k))k — 0.05/kjc . Here (A(k)) k means .the k-space average of the 

diagonal matrix element in the BdG equations. There are 10 Landau lev­ 

els within the pairing width and the dispersion law along the ^-direction is 

e(kz ) = tcos(kz az ). The value of k: is chosen such that e(kz ) = 0. As can 

be seen, the diagonal approximation predicts two gapless points along this 

k-space direction, both with a linear dispersion law. For a small pairing pa­ 

rameter, there is good agreement between the diagonal approximation and
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Figure 5.2: The lowest quasiparticle energy bands in units of Hiuc for two dif­ 
ferent values of the order parameter. The solid lines show the exact numerical 
result while the dashed lines correspond to the diagonal approximation.

the full calculation. For a larger pairing parameter, i.e. (A(k)} ~ Q.3Huc , 
the approximation is less precise; indeed the gapless points predicted by the 
diagonal approximation disappear in the full self-consistent calculation. This 
is due to the off-diagonal pairing which become increasingly important as the 
pairing interaction increases deeper into the mixed state. Thus, we expect 
our theory to be valid reasonably close to the transition line such that we can 
ignore the off-diagonal pairing. As mentioned above, the major contribution 
to the damping actually comes from the gapless points where the diagonal 
approximation is most valid. We will now calculate the attenuation in two 
limits using this approximation.
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5.4 Low frequency

We will first treat the low frequency case hjj <C kBT. In this limit, we 
can focus on the first two delta functions in Eq. (5.14) which describe the 
scattering of a quasiparticle with a phonon. This is because quasiparticles 
with energies of the order kBT will contribute to the damping from the first 
two terms whereas only quasiparticles with energies huj will contribute to 
the damping from the third term. We will outline the calculation for the 
dispersion law e(fc,) = kl/2m. Making the approximation £'/£" ~ 
which is valid for huj <C fc^T, the first two terms of Eq.(5.17) become:

(5.18)
HLxLy q

Here k*(n, k) is the solution to the equation E%z+q (k.) — E%z (k) = HLU. As 
in chapter 4, we express the sum over Landau levels in terms of harmonics 
such that we can isolate the oscillatory and smooth parts. From the Poisson 
formula, we have the identity

r 
/J

j 2dx

where £x (k*z ) = (x + l/2)Huc + e(k*z ) - HF = (x - nF }huc + c(fc!). We have 
extended the Landau level sum to go from — oo since the lowest levels do not 
contribute. Making the variable substitution £x (k*z ) = :frwc , we end up with

2 __ oo 
U m y^ y^ e27rzj(nF -e( fc;)/^c ) / fa^ijzg^^^J^L ( 5 . 20)
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where ^(k) = [£ 2 + A(k) 2 ] 1 / 2 . We have approximated k*z as the correspond­ 

ing normal state solution (i.e. it is independent of n). This approximation 

which is only necessary when we calculate the oscillations of the attenuation 

(i.e. the terms in Eq.(5.20) with j / 0), should be good close to the gapless 

points and is equivalent to ignoring any phase shift in the oscillations due to 

the superconducting order. The zeroth harmonic is given by the j = 0 term. 

We obtain

, N 2u> 2m

We are now able to compare this simple and rigorous (apart from the use of 

the diagonal approximation) result for the zeroth harmonic of the attenuation 

in the clean limit, with the conjecture presented by Maki [32, 70]. Using an 

ansatz of a formal similarity between a pure type-II superconductor in high 

magnetic fields and a current-carrying superconductor, Maki arrived at the 

following expression for the ratio as/aN between longitudinal attenuation in 

the mixed state and in the normal state:

(5 ' 22)

where A2 = (|A(r)| 2 ) is the real space average of the gap. As Maki used a 

semiclassical approximation, he was unable to calculate the oscillatory parts 

of the attenuation. To compare with this result, we expand Eq. (5.21) to 

first order in A(k). We obtain:

as _ (|A(k)|) k^ ~ l ~ ~u^T (5 ' 23)

where (|A(k)|)k is the k-space average of |A(k)|. The result for the normal 

state is simply obtained by putting A(k) = 0 in Eq. (5.21). We see that 

our theory for the zeroth harmonic, which is exact within the diagonal ap­ 

proximation, produces a term linear in A for the ratio as/aN as does Maki's
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conjecture. This linear term is somewhat surprising as the Gor'kov expansion 

of the Green's functions would seem to imply that the first correction term 

is quadratic in A. However, even in the zero field BCS-state one obtains [98] 

(XS/®N = 2/[exp(A/A;BT) + 1] which cannot be expanded in A2 . So our 

theory confirms Maki's ansatz of a linear correction term for the damping. 
Our result substitutes Maki's real space average A = ((lA(r)l 2 )) 1 /2 with the 

k-space average of |A(k)|.

5.4.1 Zeroth harmonic

For conventional superconductors in the Meissner state, it is a well-known 

result [98] that a finite gap for all k suppresses the attenuation by a factor 

2/[exp(A/A;BT + 1]. A qualitative difference between the Meissner state and 

the mixed state in a high magnetic field is the existence of the gapless points. 

We expect these gapless points to change the result for the attenuation signifi­ 

cantly. To simplify the analysis and to highlight the importance of the gapless 

parts of the spectrum, we therefore split the MBZ into two qualitatively dif­ 

ferent regions: the "gapped" region where we assume A(k) — (A(k)) k where 

we still define (A(k)) k as the k-space average of A(k), and the "gapless" 

region where we assume A(k) = 7^, with 7 and t] being positive constants. 

We furthermore take this dispersion law to hold for A(k) up to A(k) > kBT. 

This simplified form for A(k) is a slight generalization of the model used 

by Dukan and Tesanovic [39] in their theory for the dHvA oscillations. We 

assume that the gapped region takes up a fraction J7 of the MBZ. The contri-
•

bution a(q, u)o,gap to the attenuation from the gapped region is then readily 

obtained from Eq. (5.21) to be:

where h = hln. As expected, the attenuation from the gapped part of the 

spectrum is strongly suppressed due to the 2/[exp((A(k) k )/A;BT) + 1] factor.
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This result for the zeroth harmonic of the attenuation from the gapped part 

of the spectrum in the mixed state is the same as for the total attenuation 

in the Meissner state of a conventional superconductor. The qualitatively 

new feature comes from the presence of the gapless points. We are interested 

in the temperature dependence of the attenuation which can be extracted 

directly from Eq. (5.21) by using the variable substitution x^ = ff^k11 . How­ 

ever, we can actually solve the 2D k-space integral given in Eq. (5.21) exactly 

using the assumed dispersion law. After some variable substitutions, we end 

up with the contribution a(q,u) gi from the gapless part to be:

a(q,uj)o,gi =
7

where Qgi is the number of gapless points in the MBZ. Here £(x) = Y^n=i n~ x 

is Riemann's zeta function and T(x) = /0°° exp(-i)tx ~ 1 dt is the gamma func­ 

tion. For a linear dispersion around the gapless points, we obtain

(5-26)

The relative size of the contributions from the gapped and gapless parts of the 

spectrum is determined by (A(k)) k /A;BT, J= and 7. For (A(k)) k > 3kBT, the 

contribution from the gapped part can be ignored and the attenuation is given 

by Eq. (5.25). Since the normal state attenuation is given by a(q, w)o,w = 

m2u2 /H2qh we obtain
•

= 2h_ /^T\ 2/" J-21 -2/^ /2\ /2\
gl \ 7 / r] \r] ) \r} )

(5.27)

The calculation outlined above is valid in the clean case where the momentum 

is conserved during the scattering process. As a typical mean free path lmf 

for the electrons is ~ 103 A and the wave length js of the sound wave is
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between ~ 10~ 5 m for v = 100 MHz and ~ 10" 7 m for v - 10 GHz, the dirty 
limit is experimentally relevant. As a first approximation to the dirty limit, 
we can assume that there is no momentum conservation in the scattering 
process and take k, and k'z as free variables [69] (i.e k'z ^ kz + q). As in 
the Meissner state, this relaxation, somewhat surprisingly, does not alter the 
result stated in Eq. (5.27). This is due to the fact that we are looking at 
energies close to the Fermi level such that we can assume that the normal 
state density-of-states is constant. It has been shown [40] that for small 
impurity concentrations and weak scattering potentials, the density of states 
behaves essentially in the same way as for the pure case. We therefore believe 
that the results presented in this section are somewhat insensitive to the 
presence of impurities.

5.4.2 First harmonic

As in the case of the dHvA oscillations considered in chapter 4, the Landau 
level structure of the normal state electron energies implies that there will 
be oscillations in the attenuation as the external field varies. The oscillatory 
terms are given by the j ^ 0 terms in Eq. (5.20). We end up with the 
following expression for the first harmonic a(q, u} gi,i of the attenuation from 

the gapless part of the spectrum:

2mu>,2 / oo /*oo 
kdk I dx x 

Jo

x

. (5.28)

This integral can be solved in the case of a linear spectrum around the gapless 
points (i.e 77 = 1). In this case, we obtain for the first harmonic of the
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attenuation

cos(27r(nF - e(£;

1 
sinh2 (27T 2 A; B T/fiu;c ) ' ( '

For low temperatures, this expression varies as T2 . In the case of a general 
dispersion law around the gapless point given by A(k) = 7^, the leading 
term for the first harmonic varies as (T/7) 2/7? . This result is easily obtained 
using the variable substitutions zn = (j^k*1 and t = x(3HLUc in Eq. (5.28). 
This should be contrasted to the Meissner state, or the contribution from 
the gapped part of the spectrum, where the oscillatory terms will again be 
damped by a factor 2/[exp((A(k)) k /A;B T') + 1]. In the case of the normal 
state, the first harmonic can be found relatively easily from Eq. (5.20) to 
be [19]:

which is independent of T for low temperatures. In the case of a dispersion 
law along the z-direction given by e(kz ) = tcos(kz az ), we have to substitute 
m/q by 2/taz sm(k*z az ) — sin((fc* + q)az )\ in Eq. (5.25) and mcos(27r(nF - 
€(k*)/huc))/q by Ez =i,2 cos ( 27r (n^ ~ e(^,i)/^c))/*a2 |sin(A;;oz ) - sin((A:* + 
q)az )\ in Eq. (5.29)-(5.30) where kZii are the two solutions of the equation 
tcos[(kz + q)az ] — tcos(kz az ) = fiw.

In Fig. 5.3, we show an example of the acoustic attenuation calculated 
numerically from Eq. (5.14) for two different coupling strengths as a func­ 
tion of np. We have solved the BdG equations self-consistently in 3D as a 
function of the external magnetic field at constant chemical potential. In 
this chapter, we have chosen to work with a constant chemical potential. 
The difference between holding the chemical potential constant and holding 
the number of particles constant is negligible in 3D, even for the normal
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Figure 5.3: The attenuation as a function of rip- The solid line is the normal 
state attenuation. The dashed line is for the coupling g/huJ^3 = 7.85. The 
dash-dot line is for g/hujcl3 = 8.7.

state [100]. From section 4.6, we know that the superconducting order tends 
to suppress any difference between the two cases even further. Thus, we 
expect the approximation of a constant ^F instead of a fixed number of par­ 
ticles to introduce no serious error in the conclusions reached in this chap­ 
ter. We have chosen parameters such that UJD /UJC = 5, ksT/h^c = 0.05 
and uj/ujc = 0.01 when nF - 12. The solid curve is the normal state 
attenuation which is continued into the mixed state to facilitate compari­ 
son with the mixed state attenuation; the dashed curve corresponds to the 
coupling strength g/huclz = 7.85 while the dash-dot curve corresponds to 
g/hajcl3 = 8.7, both when nF = 12. The dispersion law along the ^-direction 
is c(kz ) = tcos(kz az ) where t/huc = 0.4. The double-peak structure of the 
attenuation signal seen in Fig. 5.3 comes from the fact, that the condition 
tcos((kz + q)az ) - tcos(kz az ) = HUJ has two solutions for kz 6 [0,27r/a2 [. It 
follows that the attenuation will be a superposition of two sets of harmon­ 
ics. In Fig. 5.4, we plot the corresponding order parameter characterized 
by the dimensionless number A0 oc A(k). The connection between A0 and
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Figure 5.4: The order-parameter as a function of rip- The dashed line is for 
the coupling g/fiwcl3 = 7.85 while the dash-dot line is for g/hujc l 3 = 8.7.

A(k) = |Fknn | or A(r) is given by an obvious generalization to 3D of the 
results given by Eq. (3.10) and Eq. (3.13). The phase transition between the 
normal and the mixed state occurs for nF ~ 7.6 when g/hujcl3 = 8.7 and for 
nF ~ 9.5 when g/Hujcl 3 = 7.85. As can be seen from Fig. 5.3, the oscillations 
of the attenuation due to the Landau level quantization persist into the mixed 
state, although they are damped as compared to the normal state oscillations. 
Eventually, the oscillations die out when the off-diagonal pairing becomes 
dominant and the diagonal approximation breaks down. This happens for 
nF > II for g/litjJcP = 8.7. This behaviour is equivalent to the damped dHvA 
oscillations in the mixed state described in chapter 4. However, contrary to

•

the dHvA case, no one has to my knowledge yet confirmed experimentally the 
theoretically predicted oscillations in the attenuation. Comparing the atten­ 
uation for the two coupling strengths in the region 10 < nF < 11, we obtain 
a0 (7.85)/a0 (8.7) ~ 1.9 and a!(7.85)/ai(8.7) ~ 2.4 where a(g)i is the i'th 
harmonic of the attenuation for the coupling strength g. From section 3.5, 
we know that (A(k)) k can be calculated directly from A 0 and the coefficient 7 
in the dispersion law around the gapless points is proportional to #A0 . Hence,
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we can compare the numerical results with the analytical predictions outlined 

above. If the quasiparticle spectrum is essentially gapped, Eq. (5.24) pre­ 

dicts that a0 (7.85)/a0 (8.7) = /({A7 . 85 })//«A8 . 7 }) ~ 8.8. If the attenuation 

is primarily originating from gapless points in the quasiparticle spectrum, 

Eq. (5.25) predicts that a0 (7.85)/a0 (8.7) = [8.7Ao(8.7)/7.85Ao(7.85)] 2/". 

This gives 2.5 for rj = 1 and 1.6 for 77 = 2. Hence, the numerical calcu­ 

lation (a0 (7.85)/a0 (8.7) ~ 1.9) implies (i) that the gapless points dominate 

the attenuation and (ii) that the dispersion law is somewhere between 77 = 1 

and 77 = 2, since the gapless predictions agree reasonably well with the nu­ 

merical results while the gapped predictions are qualitatively wrong. We 

cannot, however, make a quantitative numerical determination of the dis­ 

persion law around the gapless points. This is due to the fact that in order 

to reduce the computation load, which is high in the 3D case, we have to 

choose a k-mesh with a rather large spacing between the points. The mesh 

consists of 100 x 50 points. This means that the gapless regions in the 

quasiparticle spectrum are only probed by a few k-vectors, thereby prohibit­ 

ing a quantitative determination of the dispersion law. Likewise, Eq. (5.29) 

predicts that a 1 (7.85)/o;i(8.7) equals 2.5 and 1.6 for r\ = I and rj = 2 re­ 

spectively. The rj = 1 prediction of 2.5 agrees well with the numerical result 

ai(7.85)/o;i(8.7) ~ 2.4. Again, any quantitative comparison would require 

a much finer k-mesh. A further complication is that due to the number of 

Landau levels participating in the pairing (~ 10), the oscillations in the at­ 

tenuation are quickly damped as the field is lowered, and hence the diagonal 

approximation is only valid over relatively few oscillations. This problem 

could be avoided if we were to perform the calculations for experimentally 

realistic parameters, where there are many more Landau levels in the pairing 

region. As mentioned in chapter 4, we have not been able to do numerical 

calculations for experimentally realistic parameters even in 2D; for 3D sys­ 

tems this is totally unfeasible. The above example does show however that 

the numerical calculations support our analytic theory. In short, the normal
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state oscillations of the attenuation continue into the mixed state and the 

damping is dominated by gapless points not too far into the mixed state.

We have therefore derived analytical expressions for both the zeroth and 

first harmonic of the acoustic attenuation in the mixed state, starting from 

the microscopic Gor'kov equations. The presence of gapless points enhances 
the acoustic attenuation above the conventional value for the Meissner state. 

When (A) > 3kBT such that we can ignore the contribution from the gapped 
part of the spectrum, the temperature dependence of the attenuation is a 
power law given by a oc T2/7) . Furthermore, we predict that one should 
observe oscillations in the signal as the external field is varied. The magnitude 
of these oscillations should have the same temperature dependence as the 

average value of the signal. Hence by looking at the temperature dependence 
of the attenuation, one should be able to detect the presence of the gapless 
points and extract the dispersion law around these points. This is in contrast 
to the experimentally well-documented effect of the dHvA oscillations in the 
mixed state where, as we saw in chapter 4, there is no such simple link 
between the attenuation of the signal and the quasiparticle spectrum.

5.5 Low Temperature

We will now consider the limit where kBT <C hu. In this limit, only the third 

delta function in Eq. (5.14), which describes the creation of two quasiparti- 
cles will contribute to the damping since there are no quasiparticles present 
to scatter with the phonon. We first calculate thfe zeroth harmonic of the at­ 

tenuation. Using the Poisson identity, making a substitution of variables and 
using the fact that vs = u/q <C vf (vf is the Fermi velocity), we obtain from 

Eq. (5.17) that the zeroth harmonic of the attenuation, when t(kz ) = k2z /2m,
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is given by

/
2 (5.31)

In the limit u/ksT — > oo (i.e. zero temperature), this integral can be written 
as a complete elliptic integral [15] and we obtain

(5-32)

Here £(&) = /0 \/l - k2 sin2 #c?0 is the complete elliptic integral of the 
second kind [48]. The existence of the gapless points again gives rise to a 
qualitatively different result for the acoustic attenuation in the mixed state 
as compared to the Meissner state. This is most easily understood by the 
observation that there will always be attenuation for any frequency in the 
mixed state since there are always quasiparticle states with A(k) < /iw/2. 
Hence, the phonon will always have enough energy to create two quasipar- 
ticles. This is in contrast to the Meissner state, where there is no attenu­ 
ation for hu < 2A. Thus, a clear experimental signature of these gapless 
points would be the absence of the discontinuity in the attenuation which 
is present in the Meissner state [15], when HU = 2A, and the presence of 
acoustic attenuation in the mixed state as uj -> 0. We will now show that 
the frequency dependence of the attenuation gives direct information on the 
quasiparticle dispersion law around the gapless points. It is again assumed 
that the dispersion law around a gapless point to leading order is given by 
A(k) = 7^ (k - |k|) in the region that contributes to the attenuation (i.e for 
A(k) < hu}/2). Using the variable substitution x11 = 2jkrl /u> in Eq. (5.32),
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we obtain

(5 ' 33)

Since the attenuation for the normal state is a(q,uj) QiN — m2uj2 /2-n-H3 q, we 
have

«(9.<*)o _„ , - ,"' •-„ (534)

The frequency dependence cu 2/7' of the attenuation in the mixed state, as 
given in Eq. (5.33), can be qualitatively understood from the following sim­ 
ple argument: only quasiparticles with energy less than huj/2 contribute to 
the damping as the phonon cannot create quasiparticles with higher ener­ 
gies. Thus to estimate the frequency dependence, we can assume that the 
attenuation is proportional to u> 2 J0 kdk oc w 2//77+2 . This is exactly the 
frequency dependence given in Eq. (5.33) which was obtained by the more 
rigorous analysis outlined above. For the same reasons as the huj -C kgT 
case, we expect Eq. (5.34) to also be valid in the dirty limit. Thus, as ex­ 
pected, the dispersion law around the gapless points in the spectrum shows 
up in the frequency dependence of the low T attenuation. Incidentally, the 
remaining integral in Eq. (5.33) can be solved for various 77. We obtain, for 
instance, /i - 2/3, 72 = 7T 2 /16, 71/2 = 32/45 etc.

•

Again, the attenuation has an oscillatory behaviour as a function of the 
magnetic field H~ l due to Landau levels. From the Poisson identity, we 
obtain for the first harmonic

«<'•">'
3—

. (5.35)

117



We have not been able to solve this integral exactly. However, in the region 
where the diagonal approximation holds (i.e for huj < /kjc /4), one can expand 
the factor e^/hjjjc to a good approximation. This immediately yields the result 
that, to leading order in u/u}c , the amplitude of the first harmonic varies as

Hence, we see that the existence of the gapless points in the MBZ has 
perhaps even more dramatic consequences on the sound attenuation in the 
low T limit compared to the low u limit. In contrast to the Meissner state, 
there is a finite attenuation for any frequency of the sound wave. There will be 
no discontinuity in the attenuation as a function of the sound wave frequency. 
Also, as the external field is varied, one should observe oscillations in the 
attenuation. The dependence of the attenuation on frequency is algebraic and 
the power-law is determined by the dispersion law around the gapless points. 
If A(k) = 7^ we obtain a oc cj2 /7)+2 . The absence of the discontinuity in the 
attenuation should give a direct experimental indication of the presence of 
the gapless points. The frequency dependence should in principle provide the 
possibility of experimentally determining the dispersion law for the gapless 
points. By making the same substitutions as in the Hu> <C A^T limit, one 
can obtain the results for the case e(kz ) = tcos(kz az ) relevant for layered 
structures.

5.6 Summary

In this chapter, we have considered the acoustic attenuation in a type-II BCS 
superconductor at high magnetic fields using both numerical and analytical 
methods. We have been able to derive simple expressions for the attenu­ 
ation starting from the microscopic Gor'kov equations. By including the 
Landau level structure in the formalism from the outset, we avoided some 
of the problems encountered in earlier theoretical attempts. It was shown 
that away from the semiclassical regime where the Landau level structure
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of the electronic states is important, the attenuation will in general be an 
oscillatory function of the external magnetic field. Furthermore, since the 
attenuation probes the low lying quasiparticle energies, it is well suited to 
check the theoretically predicted existence of gapless excitations in the spec­ 
trum. Indeed, we showed that the presence of such gapless points makes 
the attenuation behave qualitatively different as compared to the Meissner 
state attenuation. For kgT <C huc -, the attenuation is an algebraic function 
of the frequency and there is no discontinuity, as opposed to the Meissner 
state attenuation. For kgT 3> hujc , the attenuation is an algebraic function 
of the temperature. The exponent of the power law in the two cases is deter­ 
mined by the dispersion law around the gapless points. Thus, the acoustic 
attenuation provides an observable to test our theoretical understanding of 
the low energy quasiparticle spectrum in the mixed state. The oscillatory 
behaviour of the attenuation, the lack of discontinuity at hui = 2A for low 
T and the frequency and temperature dependence of the attenuation should 
in principle be experimentally detectable; such an experiment would provide 
confirmation of the existence and nature of the gapless points.
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Chapter 6

Convergence properties of the 

Gor'kov expansion

6.1 Introduction

The Gor'kov expansion of the grand canonical potential in powers of A(r) 
was described in section 3.7. Since its derivation by Gor'kov in 1959 [47], 
it has been a cornerstone in the theoretical framework describing supercon­ 
ductors; most standard microscopic calculations of the properties of type-II 
superconductors near the upper critical field rely on this expansion. For in­ 
stance, the Ginzburg-Landau theory which is extremely useful when describ­ 
ing many physical phenomena for superconductors with a spatially varying 
order parameter 1 , is derived from the Gor'kov expansion. Furthermore, as 
we saw in chapter 3 and chapter 4, much of the'theory presented in this 
thesis to handle problems where the quantizing effect of the magnetic field 
is crucial, is based on the Gor'kov expansion. Surprisingly, it has recently 
been postulated that the Gor'kov expansion may be invalid when describing 
type-II superconductors near the upper critical field [8]. It was suggested

1 Apart, of course, from the phenomena described in this thesis connected to the quan­ 
tization of the electron motion in a magnetic field.
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that there are non-perturbative effects coming from the large (macroscopic) 
degeneracy Lx Ly/2irl2 of the Landau levels describing the electron motion 
perpendicular to a magnetic field. The degeneracy means that even a small 
perturbation (e.g. superconducting order) can change the quasiparticle lev­ 
els significantly as compared to the normal state. This effect, which should 
be present even close to Hc2 , has been proposed as a mechanism for the 
breakdown of the standard perturbation (Gor'kov) theory describing type-II 
superconductors [8]. The non-perturbative terms should give rise to spectac­ 
ular observable effects such as exponential tails of residual superconductivity 
above the usual Hc2 , the possibility of the superconducting transition being 
first order, and unusual behavior of the heat capacity, magnetization etc. 
close to the phase boundary. For T — 0, there should be a non-perturbative 
linear term in the expansion of fis — QAT in powers of A(r), whereas for T > 0 
there should be a non-perturbative third order term [7, 8]. As the Gor'kov 
expansion is an extremely useful theoretical tool when describing supercon­ 
ductors, it is important to certify the validity of such surprising results. If 
true, they would invalidate numerous theoretical results, including much of 
the work presented in this thesis. Thus, we will in this chapter examine the 
convergence radius of the Gor'kov expansion. This is done in order to check 
the results of ref.[8] and to understand better the formal convergence proper­ 
ties of the Gor'kov expansion. Such an understanding should be very useful 
taking into consideration the significance of this expansion in the field of the­ 
oretical superconductivity. For simplicity, we work in 2D in this chapter and 
we neglect any finite Zeeman splitting. Note that the above non-perturbative 
effects are within mean-field theory and have nothing to do with any of the 
fluctuation effects away from the mean-field solution described in section 2.6. 
This chapter is basically a more detailed presentation of the results published 

in Ref. [22].
The chapter is structured as follows: In section 6.2, we present the argu­ 

ments leading to the conjecture of the invalidity of the Gor'kov expansion.
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Also, we provide an expression for the grand canonical potential £7 which is 
well suited to check the existence of the proposed non-perturbative terms. 

Then in section 6.3, we examine the zero temperature case. In this limit, 
we indeed do find non-perturbative terms in the Gor'kov expansion in agree­ 

ment with Bahcall [8]. The T > 0 case is treated in section 6.4. First, in 
section 6.4.1, we look at the quantum limit where an exact solution for the 
grand canonical potential is available. We then treat the general case of many 
Landau levels participating in the pairing in section 6.4.2. It is shown that 
the non-perturbative terms in the expansion for the grand canonical poten­ 
tial cancel and that the Gor'kov theory is valid for finite T when the order 
parameter is small. Furthermore, we derive some criteria for the convergence 
of the Gor'kov expansion. It is examined whether these criteria impose any 
new restrictions on Ginzburg-Landau theory. In section 6.5, we consider 
some numerical results in order to check some of the convergence properties 
of the Gor'kov expansion derived in section 6.4.2. Finally, in section 6.6, we 
summarize the results presented in this chapter.

6.2 The degeneracy

In this section, we will outline the theoretical considerations leading to the 
proposal of the non-perturbative terms in the Gor'kov expansion. We will 
assume that the order parameter forms a vortex lattice as described in sec­ 
tion 3.3. From section 3.5, we know that the BdG equations can then be split 
into a IN x 27V secular matrix equation for each k* where TV is the number of 

Landau levels participating in the pairing. Also, when nF = /j,F/huc - 1/2 = 
n (n integer) there is an exact degeneracy between an electron state in the 

Landau level nF + m and a hole state in the Landau level np - m. For clarity, 
the structure of the BdG equations for a given k as given by Eq. (3.9), is
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outlined below when np — integer: 
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The normal state degeneracy between the electron Landau levels np + m 
and the hole Landau level np — m means that even a small order parameter, 
giving a small but finite FknF+m7lF _m , will cause a strong mixing between 
these two levels. To lowest order, the pairing splits each Landau level into 
two levels with energies mhu>c ± \F^nF+mnF-m \ with the ± coming from the 
two solutions to the degenerate 2x2 problem. For the filled levels below 
the chemical potential, the number of occupied states shifted up in energy 
equals the number of states shifted down. However, for the partially filled 
Landau level right at the chemical potential, more particles will reside in the 
levels shifted down in energy since the levels shifted up will be depleted due 
to the Fermi factor. Thus, we expect this effect to give a term linear in A(r) 
for the energy difference between the superconducting and the normal state. 

Schematically:

(6.1)ES -EN = -aA + a A2 + C>(A3 ).
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From section 3.7, we know that the Gor'kov expansion only produces terms of 
even order in A(r) [see, for instance, Eq. (3.22) or Eq. (4.4)]. Thus, the linear 
term -<rA is non-perturbative in the sense that it cannot be obtained by a 
summation of a finite number of terms in the Gor'kov expansion. It seems the 
Gor'kov expansion does not work. This is in essence the argument leading to 
the postulate of the failure of the Gor'kov theory for type-II superconductors 
close to HC2 [8]. In order to examine the argument given above in detail, it 
is convenient to use the following expression for the difference in the grand 
canonical potential [12]:

=-!- />r|A(r)| 2 
y j

-2kBT ln[cosh(/3££/2)] + 2fcBTPln[cosh(/3£n/2)] (6.2)
TjkeMBZ n

with, as usual, T> = kjj$- being the degeneracy of each Landau level and 
£n = (n—nF }hjjc . Equation (6.2) which can be derived by calculating (Hmean ) 
using the canonical transformation given in Eq. (2.6), gives the grand canon­ 
ical potential solely in terms of the quasiparticle energies. This is very useful 
as we can calculate these quasiparticle energies directly from the BdG equa­ 
tions, taking into account the possible degeneracy between electron and hole 
levels. In that way, we can obtain an expression for f2 5 - QN using Eq. (6.2) 
which includes the possible non-perturbative effects predicted above. By 
comparing the resultant expression with the one obtained from the standard 
Gor'kov expansion, we can check the validity and convergence properties 
of the Gor'kov theory for type-II superconductors in high magnetic fields. 
For notational simplicity, we use the approximation A^0 = 0 such that the 
Gor'kov expansion for the grand canonical potential is given by Eq. (4.4). 
None of the conclusions in this chapter are altered when this restriction is 

relaxed.
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6.3 Zero temperature

First, we consider the case T = 0 for which the grand canonical potential is 

equal to the ground state energy. It turns out that there are non-perturbative 

terms in the expression for the energy in this limit. To illustrate the origin of 

the non-perturbative effect for T = 0, it is sufficient to examine the case when 

only one Landau level participates in the pairing (quantum limit) and np is 

an integer. The BdG equations then reduce to the diagonalization of the 

simple 2x2 matrix (g, £). The positive energy solution is Enf, k = \FknFTlF \ 

and Eq. (6.2) reduces to:

EgS - = - /"cPr|A(r)| 2 - ̂ Enpk (6.3) 
9 J

From Eq. (3.13) and Eq. (3.10), we have \Fknf. nF \ oc A0 oc |A(r)|. Hence, we 

conclude that there is a linear term in |A(r)| for the ground state energy of 

the superconductor in the mixed state. This is the non-perturbative linear 

term mentioned in section 6.2. The result is unaltered when we allow many 

Landau levels to participate in the pairing. Hence, we confirm the result 

obtained by Bahcall [8] that for T = 0, the ground state energy has a term 

linear in A(r) making any finite Gor'kov expansion invalid. It is simply 

a trivial consequence of the fact that we have to take the T — >• 0 limit 

/CBTln[2cosh(/?EWk2)] — >• -EWk/2 before we perturbatively expand the result 

in the size of the order parameter. It is of no surprise that the Gor'kov 

expansion breaks down in the limit T = 0 as it_is well known to be a high 

temperature expansion.
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6.4 Finite temperature

6.4.1 Quantum limit

The situation is different for finite temperature. It is now possible to expand 
ln[2cosh(/3£V/k/2)] in powers of the order parameter and then check if we 
obtain any non-perturbative terms. For notational simplicity, we will in 
this section do the calculation in the quantum limit when only one Landau 
level participates in the pairing. In section 6.4.2, we will treat the slight 
modifications in our result when more than one Landau level is within the 
pairing width. The 2x2 matrix for a general rip in the quantum limit 
is ( J-1 _^n ) with £„ being the energy of the single Landau level within the 
pairing width. The quasiparticle energy is now, from section 3.6, given as
Enk = y^ + \Fknn 2 . Using this result for the energy, Eq. (6.2) yields an 
exact expression for the grand canonical potential in the quantum limit. 
In order to compare this result with the Gor'kov expansion, we need to 
expand ln[cosh(/?.E'n |t /2)] in powers of |Fknn | 2 . Also, since we have the exact 
solution for the grand canonical potential, we can determine the convergence 
radius for a power series in the strength of the order parameter. Writing 
(3Enk/2 = Vt2 + z2 where e = fcn/2 and z = /?|Fk7m |/2, we are led to 
consider the analytic properties of the function ln[cosh(\/e2 + z2 )}. From the 
theory of analytic functions, we know that if a function f(z) is analytic in 
some area W in the complex plane z G C, then it can be written as a power
series in the variable z — a with a € W. The radius of convergence TQ of this

• 
series is at least the minimum distance from the point a to the edge of the
area W. Thus, the poles and branch cuts in the complex plane z e C of the 
function ln[cosh(-\/e2 + z2 }] determine the convergence radius r0 for a power 
series in z. A simple analysis gives r0 = v/e2 + 7T 2 /4. The requirement for 
the convergence of a perturbation series for \n[2cosh(/3ENk /2)} in powers of
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|Fknn | is then

+ K 2 (kBT)*. (6.4)

This requirement is most restrictive when the Landau level is at the chemical 
potential (£n = 0). We then have Ek < kB T7T. Furthermore, by calculating 
the Taylor expansion of In [cosh (Ve2 + z2 )], we see that there will appear only 
even powers of \Fknn \ in the series. This is true for general p,F (i.e also when 
£„ = 0). So we can immediately rule out any non-perturbative cubic term 
in the expression for QS — QJV, thereby disproving the predictions based on 
a numerical analysis [7, 8]. We can now expand the exact expression given
by Eq. (6.2) for the grand canonical potential with Enk = V£2 + l 

in powers of |Fknn | 2 and compare the resulting perturbation series with the 
Gor'kov expansion as given in Eq. (4.4) 2 . This would rigorously check the 
validity of the Gor'kov expansion for type-II superconductors close to H&. 
We find (not surprisingly) that the two expansions of QS — Qjv agree term 
by term. We have therefore, within the quantum limit, disproven the rather 
serious claim that the Gor'kov expansion is invalid even for finite T due 
to the degeneracy of the Landau levels. Also, we have derived the result 
that the convergence of the Gor'kov expansion is determined by Eq. (6.4). 
From this, it is clear that the Gor'kov expansion is a high temperature series; 
the breakdown of the theory for T = 0 as described in section 6.3 is of no 
surprise. Furthermore, for finite T, we expect the Gor'kov series first to 
become unreliable when there is a Landau level at the chemical potential. 
This is because the requirement in Eq. (6.4) is most restrictive when £„ = 0. 
This conclusion is supported further by the fact shown in chapter 4 that 
superconductivity, and thereby the change in the quasiparticle energies, is 
enhanced when there is a Landau level at the chemical potential, making a

2 Note that we use Eq. (3.13) to express the expansion in |Fknn | 2 in terms of an expan­ 
sion in A.
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perturbative theory less reliable.

6.4.2 Several Landau levels

The above conclusions are essentially unaltered when there is more than one 
Landau level participating in the pairing. As the convergence radius for the 
Gor'kov series is smallest when the chemical potential is at a Landau level, 
we will here consider the case of nF integer. The structure of the calculation 
is the same as in section 6.4.1. We calculate the quasiparticle energies from 
Eq. (3.9) perturbatively in Fknm using both degenerate and non-degenerate 
perturbation theory. Then, we expand ln[2cosh(/3£'Ar k /2)] in powers of the 
order parameter. The only complication is that we now obtain both even 
and odd powers of Fknm in the expression for the quasiparticle energies. For 
instance, we saw in section 6.2 that the first order correction to the energy is 
±\FknF +mnf—m\- There are also terms of order 3, 5 etc. in the expression for 
the quasiparticle energy. It is therefore not a priori clear that an expansion 
from Eq. (6.2) involving both degenerate and non-degenerate perturbation 
theory will reproduce the Gor'kov expansion with only even powers in \F^nm . 
As the actual expansion is a long and tedious calculation, I will not reproduce 
it here. Instead, I will simply mention its main conclusions: it turns out that 
the odd terms cancel in the expression for Sis — &N- The reason is, as we 
saw for the first order term in section 6.3, that there are two quasiparticle 
levels when £„ ^ 0 for which the odd powers in the expression for the energy 
have opposite signs. There is only one positive energy solution for the case 
£np = 0 though. This was indeed the origin of the non-perturbative effect for 
T = 0. However, for finite T, the odd terms from this solution vanish in the 
expression for Sls - &N due to the fact that d^+l ln[cosh(x)]| x=0 = 0 where 
/ is an integer. The calculation reveals that we indeed recover the standard 

terms in the Gor'kov series.
In order to examine the convergence properties of the Gor'kov expansion, 

we write 0Enk/2 = j3(£,n + 6E)/2 = e + z. This leads us to consider the
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Figure 6.1: The analytic properties of ln[cosh(e + z)} with z e C. There are 
two branch cuts at Im(z) = ±in and poles at z = in/2 + inn — e with n 
integer. The convergence radius r0 for a power series in z is indicated on the 
figure.

analytic properties of / = ln[cosh(e + z)]. The function / has poles for 
cosh(e + c) = 0 and a branch cut for arg[cosh(e + z)] = ±TT «=> lm(z) = ±ITT. 
The analytic properties of / in the complex plane are illustrated in Fig. 6.1. 
We see from this that the convergence radius r0 for a power series in z is
r0 = min(Y/e2 + 7r 2 /4, TT). Thus, a sufficient condition for the convergence of 
the Gor'kov series is

\Enk - £n | < min + 7r 2 ) (6.5)

which has to hold for each quasiparticle level within the pairing region. We 
expect that the Gor'kov theory breaks down when significant portions of the 
quasiparticle bands lie outside the regions defined in Eq. (6.5). So we have 
disproven the claim that the Gor'kov expansion is invalid for a finite tem­ 

perature. The non-perturbative terms cancel in the expression for QS — fi^
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and the resulting Gor'kov series in even powers of A has a finite convergence 

radius for T > 0. Again, from Eq. (6.5), we clearly see that the Gor'kov 

theory is a high temperature expansion.

As a first approximation, we can take \Enk - £n \ = \FknF+mnF _m \ when 

the chemical potential is at a Landau level. Using Eq. (3.10), Eq. (3.12), 

Eq. (3.13), and Eq. (A.I), we can after some algebra transform Eq. (6.5) into 
the requirement:

(6.6)
J-'x-'-'

This condition gives v^<|A(r)| 2>/n)/4 < V2n5^kBT ~ 1.9irkBT Based 

on an extensive numerical analysis, Norman et al. [83] suggested that a 

crossover from a perturbative to a non-perturbative regime should occur for 

\/{|A(r)| 2 )/nF' = InksT in almost precise agreement with Eq. (6.6). Thus, 

our analytical conditions for the convergence radius of the Gor'kov expansion 

seem to be verified by a numerical analysis.

As mentioned in section 6.1, Ginzburg-Landau theory can be derived 

from the microscopic Gor'kov expansion under certain semiclassical condi­ 

tions [42]. This theory is widely used when solving problems connected to 

type-II superconductors near the upper critical field. Since we have now es­ 

tablished a criterion for the convergence of the Gor'kov expansion, it would 

be of interest to restate Eq. (6.6) in terms of Ginzburg-Landau parameters. 

In that way, we can examine if the convergence radius of the Gor'kov expan­ 

sion introduces a new constraint on the validityof Ginzburg-Landau theory. 

From the derivation of the Ginzburg-Landau theory from BCS theory, there 

is a precise link between the Ginzburg-Landau constants and the micro­ 

scopic parameters [42]. The Ginzburg-Landau wave function \I/(r) is given
1 /O

by \I/(r) = ( 8 /^3^ )2 ) A(r) where ((:r) is Riemann's Zeta function and n is 

the density of electrons. Close to the upper critical field, we have for the spa­

tial average (|tf (r) 2 ) = - t34] with K bein§ the GinzburS Landau
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parameter and /3A the Abrikosov parameter3 . We have /3A = 1.16 for a trian­ 
gular lattice. Here a = -%^6F (1 -T/TC ) and /? = 6^gfff are the usual 
Ginzburg-Landau constants. Using these relations and HC (T) 2 = 47ra2 //?, we 
can after some algebra rewrite Eq. (6.6) as

(6.7)

where 7 is Euler's constant. Fortunately, this restriction is always fulfilled for 
type-II superconductors within the normal range of validity of the Ginzburg- 
Landau equations (i.e |T - TC \/TC < 1). We conclude that the convergence 
criteria for the Gor'kov series does not introduce any new restrictions on the 
validity of Ginzburg-Landau theory.

6.5 Numerical analysis

Finally, we will briefly consider numerical results in order to check some of 
the statements above. We compare our fourth order perturbative results for 
A(r) derived from Eq. (4.5) with the exact numerical solution of the BdG 
equations. This was already done in some detail in section 4.4 where the 
parameters UJD/UJC = 5, ^_ = §2 and ksT'/hu)c = 0.28 when np = 12 were 
used. We saw that there was relatively good agreement between the Gor'kov 
expansion and the exact solution close to H& thereby confirming the validity 
of the perturbation theory. Also, we note from Fig. 4.3 with nF > 12 that 
the perturbative result tends to differ most from the exact solution when 
the chemical potential is at a Landau level. This conclusion is confirmed 
by solving the BdG equations with various sets of parameters [22]. It is in 
agreement with the remarks made in section 6.4.1 and section 6.4.2 that the 
Gor'kov expansion is expected to break down first when there is a Landau 
level at the chemical potential.

3 This equation directly gives the much used relation A(#) = A(0) v/l - H/HC 2-
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Figure 6.2: The order parameter A 0 vs nF calculated numerically (solid 
line) and perturbatively to fourth order in A 0 (dotted line) for UD/UC = 5, 

= 7.0 and kBT/Hiuc = 0.05 when nF = 12.

To illustrate the temperature dependence of the convergence radius of 

the Gor'kov series, we plot in Fig. 6.2 A 0 as a function of nF for a very 

low temperature. As can be seen, the perturbation series breaks down much 

earlier (A0 ~ 1000) for this low temperature in agreement with Eq. (6.5). 

In Fig. 6.3, we plot the lowest quasiparticle level along the high symme­ 

try K — hi direction in k-space when np = 12 for the parameters used in 

Fig. 6.24 . The horizontal line gives the boundaries for E^ — £nF calculated 

from Eq. (6.5). As expected, there are large part? of the quasiparticle band 

in k-space lying outside the region of convergence of the perturbation expan­ 

sion. This explains the observed discrepancies between perturbation theory 

and the exact numerical result. Thus, the numerical results presented here 

and by other authors [22, 83] seem to confirm the convergence properties of 

the Gor'kov expansion derived in this chapter.

4The line K - M in the MBZ is denned in section 3.5.
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Figure 6.3: The lowest quasiparticle band in units of hu>c along a high sym­ 
metry line in k-space for UF = 12 . The dashed line marks the boundary 
defined by Eq. (6.5).

6.6 Summary

In conclusion, we have in this chapter examined the convergence properties 
of the Gor'kov expansion. Recently, it was claimed that this expansion is 
invalid for type-II superconductors close to HC 2 due to the large degeneracy 
of the Landau levels. It is important to establish whether such a claim is true 
since the Gor'kov theory is widely used to calculate properties of supercon­ 
ductors in magnetic fields. We find, in agreement with Bahcall [8], that for

*

T = 0 there is indeed a non-perturbative term linear in A(r) in the expres­ 
sion for the grand canonical potential. For finite T, our conclusion is that 
although the degeneracy of the Landau levels gives large effects on the quasi­ 
particle wave functions even for a weak superconducting order, these effects 
cancel in the expression for the grand canonical potential and the Gor'kov 
expansion is in fact correct. We have therefore ruled out the possibility of a 
non-perturbative third order term in the expression for the grand canonical
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potential. Also, we have derived some convergence criteria for the Gor'kov 

expansion; the minimum range of validity is given by Eq. (6.5) which indi­ 
cates that Gor'kov theory is essentially a high temperature expansion. This 
requirement is always fulfilled within the range of validity of the Ginzburg- 
Landau equations leading to no inconsistencies. Furthermore, we have the 
usual requirement \Enk - fn | < Huc for perturbation theory to work. We 
conclude that the Gor'kov expansion is expected to breakdown first when 
the chemical potential is at a Landau level. Our results are confirmed by a 
comparison between the results of an exact numerical solution to the BdG- 
equations and a Gor'kov series to fourth order in the order parameter, and 

they agree with the conjecture of Norman et al. [83].
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Chapter 7

Summary and outlook

7.1 Review of main results obtained

In this thesis, we have studied clean type-II superconductors in the mixed 

state in high magnetic fields and low temperatures such that the semiclassical 

approximation breaks down. The physics of the mixed state is characterized 

by the competition between the tendency of the electrons to form Cooper 

pairs and to reside in Landau levels. This is the origin of a number of 

interesting phenomena, and an understanding of this subject is important 

both from a fundamental point of view and for practical applications.

We have considered several aspects of the physics in the mixed state. 

Within the mean field approximation, the order parameter A(r) is known to 

form a vortex lattice. This symmetry puts strict limitations on the functional 

form of order parameter and it can be parametrized by a finite set of variables. 

Using this, we were able to develop an algebra which simplifies the analysis 

considerably; the Gor'kov expansion for the grand canonical potential was 

found to reduce to a simple polynomial in the variables parametrizing the 

order parameter. The problem of determining A(r) self-consistently was 

shown to be equivalent to the much easier task of minimizing this polynomial 

with respect to these variables. The critical temperature determined from
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the sign shift of the lowest order term in the Gor'kov expansion was shown 
to be maximum when the Cooper pairs acquired a minimum in the kinetic 
energy.

The algebra developed to describe type-II superconductors in the mixed 
state was used to construct a theory for the experimentally observed damped 
dHvA oscillations in the mixed state. An inherent feature of the theory is 
the self-consistent determination of the order parameter. This seems impor­ 
tant as the order parameter was found to be an oscillatory function of the 
magnetic field; these oscillations must be included in any consistent theory 
for the dHvA-effect. The theory which is based on the Gor'kov expansion, 
was compared to an exact numerical solution and we found good agreement 
close to HC2. A physical interpretation of the damping of the oscillations 
emerged naturally from the formalism; the superconducting condensation 
energy oscillates in anti-phase with the normal state energy since the in­ 
stability towards superconductivity is enhanced whenever there is a Landau 
level at the chemical potential such that the density of states for gapless nor­ 
mal state excitations is large. The difference between the cases of constant 
chemical potential and a fixed number of particles was considered. By sim­ 
plifying the theory in the limit of many Landau levels participating in the 
Cooper pairing, we were able to predict the dependence of the damping of the 
dHvA oscillations in the mixed state on parameters such as a finite Zeeman 
term, the temperature, and the magnetic field. We compared our theoretical 
predictions with experimental data on the quasi-2D organic superconductor 
K-(ET) 2 Cu(NCS)2 and found good agreement. '

A theory for the attenuation of longitudinal sound waves in the clean 
limit of type-II superconductors in the mixed state was presented. Contrary 
to many earlier attempts, the algebra set up in this thesis enabled us to 
derive physically reasonable results from the microscopic BdG equations. 
The attenuation was shown to be an oscillatory function of the external 
magnetic field close to Hc2 . Since the attenuation probes the low lying density
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of states, the presence of gapless points in the quasiparticle spectrum was 
predicted to have a fundamental influence on the attenuation. In contrast to 
the Meissner state, there is no discontinuity in the attenuation as a function 
of frequency in the limit of low temperature. Furthermore, the frequency and 
temperature dependence of the attenuation was found to yield information on 
the dispersion law around these gapless points in the limit of low temperature 
and low frequency respectively. As the existence of the gapless quasiparticle 
excitations follows directly from the formalism for type-II superconductors in 
a strong magnetic field, we suggested that a measurement of the attenuation 
of a longitudinal sound wave in the mixed state should provide a fundamental 
check of our theoretical understanding of the interplay between magnetic 
fields and superconductivity.

Some aspects concerning the convergence properties of the Gor'kov ex­ 
pansion were derived. This rather formal analysis was performed in the light 
of recent predictions of the breakdown of the Gor'kov theory when describing 
type-II superconductors in high magnetic fields. The origin of the breakdown 
was claimed to be due to the large degeneracy of the Landau levels in the 
normal state. This degeneracy makes the system very sensitive to any small, 
but finite, order parameter and perturbative description is questionable. In­ 
deed, for T = 0, we showed that the expression for the ground state energy 
of the superconductor contains a non-perturbative term not included in any 

finite Gor'kov series. However, for finite temperature, we found that the 
non-perturbative terms cancel and that the Gor'kov expansion yields correct 
results close to the upper critical field #c2 . We disproved the claim that the 
Gor'kov expansion is invalid at finite T for type-II superconductors close to 

the upper critical field, thereby establishing the validity of a large body of 
published work on the properties of the mixed state (including parts of this 
thesis). In fact, the Gor'kov series was shown to be a high temperature ex­ 

pansion in the sense that it is convergent if the change 5E of the quasiparticle 
energies in the mixed state, as compared to the normal state, is such that
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kBT.

7.2 Possible future research

Since the interplay between superconductivity and external magnetic fields 

gives rise to such a rich variety of phenomena, there are several natural 
extensions of the research presented in this thesis. I will here describe some 
of these:

• Extension of the theory of the dHvA effect to three dimen­ 
sions. As noted in chapter 4, we were unable to perform a very strict 
comparison between our theory and experimental data due to the ob­ 
served spread in the upper critical field Hc2 for the quasi-2D crystal 

K>(ET) 2 Cu(NCS)2. An immediate continuation of my research would 
be to extend my theory of the dHvA effect in the mixed state to 3D 
systems. As mentioned in section 4.10.5, Janssen et al. [61] have per­ 
formed a series of beautiful dHvA experiments on the 3D materials V3 Si 
and 2H-NbSe2. They compare their results with a number of theoreti­ 

cal predictions for the damping of the dHvA oscillations in the mixed 
state. The conclusion is that none of the present theories for 3D mate­ 

rials can reproduce the experimental data for both materials. It would 
therefore be very interesting to extend the theory presented in chap­ 

ter 4 to 3D systems, thus enabling a comparison with the high quality 
experimental data. In fact, I have been contacted by one of the authors 

of ref. [61] who requested me to embark on such an extension [101].

• Calculation of the Local Density of States. Recently, Hess et 

al. [55, 56, 57] have managed to perform a series of elegant Scan­ 

ning Tunneling Microscopy measurements of the local density of states 

(LDOS) around a vortex core for the type-II superconductor 2H-NbSe2 . 

Their results yield detailed information on the structure and energy of
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the quasiparticle states bound within the vortex core. This has sparked 
a number of theoretical investigations of the LDOS in the mixed state. 
Gygi et al. calculated the LDOS obtained from a solution to the BdG 
equations in the case of an isolated vortex [51]. However, the STM 
experiments are usually performed in a high magnetic field where the 
distance between the vortex cores is relatively short and the overlap 
of the vortices cannot be neglected. Therefore, in a later publication, 
they put in by hand the influence of the vortex lattice by introducing 
an arbitrary perturbation term in the BdG equations [52]. A more 
rigorous calculation of the LDOS including the influence of the vortex 
lattice was presented by Hayashi et al. [54, 60]. Their calculation is 
based on a solution to the semiclassical Eilenberger equations and does 
not include the quantum effects of the magnetic field. But, as we have 
seen in this thesis, the presence of the dHvA oscillations in the mixed 
state of a number of superconductors indicate that it is important to 
include the Landau level structure of the normal state spectrum when 
calculating properties of the quasiparticle states. By using the theoret­ 
ical framework outlined in this thesis, it should be straightforward to 
calculate the LDOS including the Landau levels from the outset.

• d-wave superconductivity. This thesis has exclusively considered 
superconductors with an isotropic (s-wave) pairing. In recent years, 
strong evidence has been presented that the High Tc 's have an un­ 
conventional pairing symmetry such as pure d— wave or more exotic 
mixtures [5]. As the High Tc 's have a very high upper critical field Hc2 , 
experiments are being performed in their mixed state. This means 
that the interplay between high magnetic fields and superconductiv­ 
ity with an unconventional pairing symmetry is a relevant problem to 
investigate. Thus, an interesting project would be to generalize some 
of the results presented in this thesis to cases such as d—wave pairing. 
For example, from chapter 5, we expect the inherent gapless points

139



of a d— wave superconductor to have measurable consequences on the 
acoustic attenuation.

Lattice melting. As mentioned in section 2.6, mean field theory is 
expected on general grounds to break down close to the upper critical 
field. This breakdown should be accompanied by the melting of the 
vortex lattice; it simply loses its regular lattice structure as the vor­ 
tices start to move in the plane perpendicular to the magnetic field. 
For many low temperature superconductors, the melting occurs unob- 
servably close to Hc2 . However, in High Tc 's, with their short coher­ 
ence length, high critical temperature and low dimensionality, there is 
sufficient thermal energy to induce melting well below Tc [14]. This 
gives rise to a wealth of interesting problems such as how the thermal 
energy, the vortex-vortex interaction, pinning and interlayer coupling 
determines the various phases (pancake phase, disentangled and entan­ 
gled vortex liquid) [31]. To address such questions, we would have to 
include the effect of fluctuations of the order parameter away from the 
mean field solution in the theory presented in the preceding chapters. 
In that way, we could investigate the question of the vortex lattice 
melting including the quantum effects of the magnetic field right from 
the beginning.

BCS state in a magnetic trap. Another exciting project is the 
question of a BCS state for a gas of ultra-cold atoms in an external 
trap. This problem emerged naturally afte'r the impressive experimen­ 
tal achievement of Bose-Einstein condensation in the trapped Bosonic 
systems 87 Rb, 7 Li, and 23 Na [4, 17, 33]. The main candidates for achiev­ 

ing a BCS transition in a trap are the fermionic atoms 40 K and 6 Li. 
Several groups both in Europe and in the United States are now exper­ 

imentally investigating the problem of forming a BCS state with these 
atoms. A problem of obvious importance to experimentalists is how
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to observe the formation of the superfluid. In the Bose-Einstein case, 
the formation of the condensate could be observed by measuring the 
momentum distribution or by looking at the excitations of the conden­ 
sate. In the fermionic case, the problem seems to be somewhat more 
complicated. Due to the Pauli exclusion principle, one cannot macro- 
scopically populate the quasiparticle excitations making them easily 
observable. Also, it is not obvious that the momentum distribution 
will change significantly in the BCS state as compared to the normal 
state. Hence, the development of a microscopic theory for a superfluid 
in a trap and for the various experimentally measurable quantities is 
desirable. The external trapping potential can, to a good approxima­ 
tion, be represented by a simple harmonic oscillator potential. As the 
motion of a particle in a harmonic potential is closely linked to that 
of a charged particle in a magnetic field, much of the formalism devel­ 
oped through my research on superconductivity in high magnetic fields 
can be carried over to the problem of the BCS state in a trap. I am 
therefore at the moment heavily involved in research into this area. A 
major problem has been the development of a renormalizable theory 
for an interacting trapped Fermi gas. Since there is no natural cutoff 
UD for the effective interaction in the case of trapped atoms, one has to 
remove the ultraviolet divergence in a somewhat more careful way [21]. 
The primary objective of such a theory is to calculate various observ- 
ables such as the density distribution, the energy, heat capacity, and 
the quasiparticle excitations. In that way,*we hope/expect to identify 
an observable which will change significantly at the phase transition. 
I have also examined the properties of a gas of interacting fermions 
in a trap in the normal state [20]. These properties are important to 
understand in order to achieve superfluidity and to be able to compare 
the properties of the two states. There are, of course, numerous other 
interesting theoretical challenges. These involve a calculation of the
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collective modes (Goldstone modes) and their damping for a trapped 
BCS state, the formation of vortices in such a state, extension of the 
theory to include time-dependent problems, etc. Also, as one can cool 
Li with the bosons 7 Li, it would be relevant to develop a theory for a 

system of bosons mixed with fermions in a magnetic trap.
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Appendix A

Calculation of the oscillatory 
terms

In this section, I will outline the derivation of some approximate expressions 
for the coefficients a^ and <?2 . We are interested in how a2 and g% depend on 
the parameters n/?, UD, T, the spin and on the external magnetic field. It 
turns out that it is fairly straightforward to extract this dependence. First, 
we note the following approximate identity coming from the law of large 
numbers:

0
-- 2 -(ni-ni) 2 /8n F

where we have assumed that \n\ — n2 |/ni <^C 1 and n\ ~ np (i-e U)D/UC = 
2cJ <C rip}- Using this formula, Eq. (3.29), and the Poisson identity Eq. (4.2),
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we obtain the following integrals for a(H) 

hwc Y^ BJ 1 n '<
i

(A.2)

where £x = /kjcx and w(x) = e-(^/°-5^o)2 = e ~ l2/(72 . Also, we have neglected 

a finite Zeeman term for the moment. To estimate I^m where (/, m) ^ (0, 0), 
we write the integral in the form:

2kBT r-^ ff
Ii,m = -L—— V / / dx dy

n^c JJ (x — iuj 1 ) (y + iuj' )
(A.3)

where u?v = (jjv jujc . The I'st harmonic of ot(H} comes from the terms with 
\l — m\ = 1. Taking m = 1 and / = 0 yields the integral:

[ dx-————— [ dy—————-J——- (A.4) 
J x — lUy J y + iu>u

We approximate this integral by:

/ 2vix r p-(y-i) 2 /4nF 
dx———— \ dy-—————— (A.5) 

x - iu'v J y + iuj'v
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since we have assumed 8nF < a2 . The integral can be solved exactly and 
we obtain:

T __

4kB TTT 2 ^ , , / , 2 . x———_ \ e 2™" [1 _ $(^/v^F")]ew " /np + 6** \(l - $(U)]e~47r np 
njuJc^-nnp ^—' \ L v 1/ ' v yj LV v ^'' J /

2 e -2T 2 ^r (A.6)

where $(;r) = 27I- 1 /2 /Qx e~ s2 ds is the error function and tv = ( 

Here we have used that exp(-27ro;i//o) < exp(-27ro;1/=o) for 2-K 2 kBT/hujc > 1, 

exp(-47T2nF ) < 1, and nF 1/2wV = 0 < 1. So, in this temperature range the 
dominant contribution to the I'st harmonic comes from the lowest Matsub- 
ara frequency, which makes our approximation above self-consistent. Note, 
that in this temperature regime only the I'st harmonic of the oscillations is 
important in agreement with the comments at the end of section 4.7. The 
contribution to the I'st harmonic from the \l — m =1 term given /, m ^ 0 can 

be calculated in the same way; it is proportional to exp(— 27T 2 mA;B/iu;c ) and 
therefore negligible for 2ir2 kBT/hujc > 1 in agreement with the results ob­ 
tained by Gruenberg and Gunther [50]. After some algebra, the calculations 
outlined above combined with Eq. (3.29) lead to the following result:

<? 2 (t) 27r kBT _^^L
v ' y e ^ (A.7)

' _0 2 k B T

The above result that a2 is proportional to 1/^/np and ksTe~ * h*c and inde­

pendent ofu)o is still correct even when a2 <^ 8nF , as long as min(a, 

1 and 27T 2 kBT/hujc > 1.
We can now easily calculate the effect of a finite Zeeman term. Inclusion 

of spin is simply equivalent to making the substitution :r —>• x + ^ and 
y ~* y~*^ in tne mtegrals Ii,m- This results in a reduction factor COS(TT^) 

in Eq. ( A.7) if min(y/nF", a) » g*. This reduction factor is the same as for
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the normal state oscillations.

The calculations for g2 are very similar to the ones above. Using Eq. (3.30) 
and the Poisson formula, we end up with the following integrals determining 
the dependence of 7 on nF , T, LUD and the magnetic field:

nF y 3 '' 4

x / dxi... dx*-^————-

0 "Xi+X2,X 3 +X4 V^W

where ^f3 'jl is given in Eq. (3.32). Contributions to the 1'st harmonic of 
g2 come from the terms with \li + 1 3 — 12 — l± =1. As in the case for 
a2 , we can neglect the terms with more than one /j different from zero 
when l^ksT/hu)c > 1. Although we do not have any simple expression 
for S^£^X3+X4> we can still extract the dependence on T, UJ D , and np. This 
is because the integral over x2 ... x4 does not vary appreciably with x\ on 
a scale O(u'v=Q ). Using the result f dx ex*2™ l] ffa) oc /(0) e-2W (u/ > 0) 
for any well-behaved function f(x) which varies slowly for x < uj' and taking 
^ = 1, 12 = /3 = /4 = 0, we get the integral:

k T C g27rixi r e -[x|+(x3 -x2 ) 2 +x|+(x3-x4 ) 2 ]/8nF
dX2 • • • axA~7~. ' \ /. : \ /. : r

g^Trixi r
dxl ———— / 

iu'v - xi jnF
2(x2+x 2 +x2 )/cr2 -i

The factors (i(jj'v ± Xj)~ l in the integrand makes the integral largely inde­ 
pendent of any long range behaviour determined by a and nF as long as 
\(jj'v \ < min(cr, v/nF). We therefore conclude that #2 is independent of UJ D and 
that it only depends on nF through the n^-factor coming from the four B^'M 
coefficients. We also obtain that g2 is proportional to /csTexp(-27r2 ^J). 
The proportionality constant is found through an exact evaluation of 7 given
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in Eq. (3.30). We obtain:

.nF (Lx Ly

Again, the effect of spin provide an additional COS(TT^) in Eq. (A. 10). It 
is not surprising that the oscillatory terms «2 and #2 are independent of the 
pairing width UD since the oscillations are a consequence of the individual 
Landau levels going through the chemical potential. Likewise the l/^/np 
and I/UF dependence reflect the fact that the probability for two electrons, 
each with energy (n 4- l/2)/kjc , to form a pair with minimum COM energy 
is proportional to l/\fn for high quantum numbers, as can be seen from 
Eq. (A.I). This proportionality can be explained via simple phase-space 
considerations. We have tested the dependence of a2 and g2 on the different 
parameters up, UD and T by evaluating Eq. (3.29)-(3.30) numerically, and 
we find excellent agreement with our approximate forms.
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Appendix B

Calculation of the smooth 
terms

In this appendix, we will extract the dependence of a\ and g± on nF , T, a 
and spin. This is considerably harder than for a2 and g2 because we do not 
have any oscillatory factor in the relevant integrals that would make the long 
range behaviour of the remaining integrand insignificant. It turns out, that it 
is still fairly straightforward to derive the temperature and spin dependence 
of a\ and </i, whereas we have to make some rather drastic approximations 
to obtain the dependence on np and a for g±.

The smooth part (zeroth harmonic) of a(H) comes from the terms /^ 
in Eq. (A.2). We first look at the term / = m = 0. Making the variable 
substitution v = ^|, u = ^=, we get the following integral:

/oo= , ° t du f dve" (^+2}u2 {tanh[Ka(v + u)}
V27m.F J J

-to*
(v~u)}}——— (B.I)

where Ka = /3fajccr/2\/2 > 1 determines the temperature dependence of the 
integral. Since A' is only important around the region v ~ 0 which does not 

contribute significantly to the integral, we conclude that /0)o is independent
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of the temperature to a very good approximation. Calculations similar to 
the ones in appendix A show that for 2TT 2 kBT/hujc > 1, we can neglect the 
contribution to the zeroth harmonic from the /j,;-terms where / ± 0; we 
conclude that a\ for is independent of the temperature for temperatures that 
are not too high. We have checked this independence against the exact result 
given in Eq.(3.29) and found very good agreement. To obtain the dependence 
on nF and <7, we make the simplification

ta,nh[Ka(v + u)] + t&nh[Ka(v — u)] \ 0 if \v\ < \u\ —————————————————————— ~ <
11 I 9 • r I Iv I A if v\ > u\11. I I (R2)

which is a very good approximation since Ka > 1. It is exact for T = 0. 
The resulting integral can then be solved and we obtain:

-^0,0 —

where we have assumed a2 ^> 4nF . This yields the result

The expression for a\ is independent of any spin effects for min(y/nF , a) 3> g*. 
We have again checked the independence of a\ on nF , a, and spin against 
the exact result obtained from Eq. (3.29) and we find very good agreement.

•

The dependence of #1 on nF , a, and T is determined by the integrals 
in Eq. (A. 8) for which /i — /2 + /3 - /4 = 0. Again, it turns out that for 
2Tr 2 kB T/hu)c > 1 we can neglect the contribution to g\ from the terms with 
k - k + k ~ k = 0 and max(|/i|, / 2 |, |/a , |/4|) > 0. Using Eq. (3.31), we can
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rewrite the integral with l { = 12 = 1 3 = /4 = 0 as

tanh(/rs3 /2)
(X 1 + X2 )(Xi + X4 ) (X3 + X2 )(X3 + X4 )

tanh(/fs4 /2)
( Xl

(B.5)

where K = hujc /kBT determines the temperature dependence. Again for 

min( 1/n^, cr) ;» #*, gv will be independent of spin effects. As in the case 
of Oi, it is fairly straightforward to see that since l/K <C min( v/n^, cr), the 
integral and therefore g\ are independent of the temperature to a very good 

approximation. We have checked this independence against the exact result 

given in Eq. (3.30) and we find excellent agreement.
To make any progress in determining the dependence of g\ on a and up, 

we need some simple expression for H™^™^™^™^. As a rough approximation, 

we make the following simplification to:

/r , r ^Lx Ly . .
°nn ^ 0nn

This is based on the expression

Ck). (B.7)
keMBZ

•

and the fact that Xji(k)x*j2 (k) in general is a complex number for ^ ^ j2 - 

When the k-sum is performed the phase factor will change 'randomly' and 

make the sum approximately zero. Physically it corresponds to ignoring 

cases where electrons in four different Landau levels interact. Using this 

simplification, Eq. (A.I) and the Poisson formula, we get from Eq. (3.30) the
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following integral determining the dependence of gi on nF and a:

k T r 

Up J 'iuj'v + z4 )

(B.8)

where u^ = t^/u^. We have again assumed 2^kBT/huc > 1. Assume now 
that 8nF <C a2 . Then we can approximate the integrals by:

BkBT
/ ^x c i _—Y2 I dx-2———— / rfx4 —

H>V -X . l^ + X,. 1W. . (BQ)

We will now show, that in this approximation the sum of the integrals is 
largely independent of nF and therefore 51 oc l/nF . The integral can be 
solved, and we get:

where we again have $(x) = -^ /^ dte~ t2 . We can then write Eq. (B.8) on 

the form

where xn — W UJ^ and Ax = ^j=- Since A:r < 1, we can approximate this 

sum by an integral and we conclude that gi is independent of the temperature 

in agreement with the result above. Furthermore, we obtain g\ oc l/nF for nF 
large and #1 independent of a. When a2 > 8nF does not hold, the calculation 

is the same as above. We just have to substitute l/4n/r with l/4nF + 2/<j2 

in the integrals. The l/nF dependence coming from the B3̂  n factors in
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Eq. (3.30) is unaltered and we still get that gl oc l/nF for min( v^,cr) large 
and that gl is independent of a and the temperature. By calibrating gi 
through an exact evaluation based on Eq. (3.30), we obtain:

4
91 ~

It should be noted that the dependence of g± on nF and a in the above 
expression is only approximate and rests on the various simplifications made. 
We have tested the above expression against the exact result and we find that 
the dependence on nF and a fits to an accuracy of 20%.
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