Emission of pairs of Minkowski photons through the lens of the Unruh effect
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We discuss the emission of pairs of photons by charges with generic worldlines in the Minkowski vacuum
from the viewpoint of inertial observers and interpret them from the perspective of Rindler observers. We show
that the emission of pairs of Minkowski photons—commonly referred to as Unruh radiation—corresponds, in
general, to three distinct processes according to Rindler observers: scattering, and emission and absorption of
pairs of Rindler photons. In the special case of uniformly accelerated charges, the radiation observed in the
inertial frame can be fully described by the scattering channel in the Rindler frame. Therefore, the emission of
pairs of Minkowski photons can be seen as further evidence supporting the Unruh effect.

I. INTRODUCTION

One of the most paradigmatic effects of quantum field the-
ory is the Unruh effect [1], which states that the usual iner-
tial vacuum of Minkowski spacetime is perceived as a thermal
bath of particles, with a temperature of

B ha
v- 2rckg’

ey

by uniformly accelerated observers. Although the Unruh ef-
fect is necessary to maintain the consistency of quantum field
theory in uniformly accelerated frames [2]—and, as such, re-
quires no more experimental confirmation than standard free
quantum field theory—its existence is often challenged (see,
for instance, Refs. [3-9]). As a consequence, much effort has
been spent on proposals for experimentally observing the Un-
ruh effect (see, e.g., Refs. [10-19]). By observing the Unruh
effect, we mean looking for signals in the laboratory frame
that can be understood in the Rindler frame by taking into
account the Unruh thermal bath. Larmor radiation emitted by
uniformly accelerated charges consists of a simple example of
it [20-25]: in the inertial frame, each photon emitted by a uni-
formly accelerated charge corresponds, in the co-accelerated
frame, to either the emission or absorption of a zero-energy
Rindler photon from the thermal bath. These zero-energy
Rindler photons, w = 0, with non-zero transverse momenta,
k; # 0 (note that there is no dispersion relation connecting
w and k), are as well-defined as, say, Minkowski photons
with k, = 0 and k, # 0. However, the unfamiliar nature of
these zero-energy modes has raised concerns about whether
Larmor radiation can be interpreted as a signature of the Un-
ruh effect [4]. To circumvent this issue, Ref. [26] consid-
ered a non-uniformly accelerated charge to verify the exis-
tence of the Unruh thermal bath encoded in Larmor radiation,
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where, now, zero-energy Rindler photons no longer play a
central role. Nevertheless, doubts and misconceptions regard-
ing the interpretation of this proposal have persisted (see, for
instance, Ref. [27]).

In a distinct front, Refs. [28-31] have proposed using high-
performance lasers to investigate higher-order effects in QED
triggered by accelerated electrons. These effects could be in-
terpreted in the framework of the Unruh effect, and their de-
tection could therefore be seen as further evidence supporting
the Unruh thermal bath. In particular, Refs. [28-30] have an-
alyzed the emission of pairs of Minkowski photons, which,
according to the authors, would correspond, in the uniformly
accelerated frame, to the scattering of Rindler photons by the
electron. Moreover, this radiation would be distinguishable
from Larmor radiation and could be directly detected in the
laboratory. This perspective would gain relevance in light
of the enormous progress in high-intensity laser technology,
where lasers with intensities > 10" W/cm? would accelerate
electrons to an Unruh temperature 2 1 eV [29].

In this paper, we consider electric charges with classical
worldlines emitting pairs of Minkowski photons as described
by inertial observers, and discuss this process from the view-
point of Rindler observers. Our results can be applied to
physical situations where the radiation emission is dominated
by soft photons, allowing us to disregard radiation reaction
on the charge. (By soft photons we mean photons with en-
ergies much smaller than the electron mass.) Here, we ex-
plicitly show that the emission of pairs of soft photons in
the inertial frame by a uniformly accelerated charge corre-
sponds in the Rindler frame to a Thomson scattering process
of Rindler photons from the Unruh thermal bath, as conjec-
tured in Refs. [29, 30]. For charges undergoing non-uniform
acceleration, however, the corresponding description in the
Rindler frame must be supplemented by two additional pro-
cesses, namely the absorption and emission of pairs of Rindler
photons.

This paper is organized as follows. In Sec. II we begin
reviewing the Rindler and Unruh modes for the scalar field.
We then proceed analyzing the corresponding modes for the
electromagnetic field. In Sec. III, as a first step, we exam-
ine the emission of pairs of massless scalar particles in the
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Minkowski vacuum by an accelerated source in the inertial
frame and its interpretation in the Rindler frame. Building on
this analysis, in Sec IV we extend the previous discussion to
the electromagnetic case. In Sec. V we summarize our con-
clusions. Hereafter, we assume metric signature (+,—,—,—)
andkg=c=h=1.

II. RINDLER AND UNRUH MODES

We begin with a brief review of the Rindler and Unruh
modes for the scalar and electromagnetic fields. We address
to Ref. [32] for more details.

A. Scalar case

The free massless scalar field is described by the La-
grangian

1
L= 3 V=8V pVH P, 2

where g is the determinant of the metric. The correspond-
ing field-operator solutions can be expanded in terms of plane
waves as

b= f Pk () fi+ al" R 3)
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Here, (f,z,x,) with x; = (x,y) are usual inertial coordinates,

k = (k;,k.), and k = ||K||. The annihilation and creation oper-

AM ~AMT .
ators & and @, ' satisfy

(a0 ] = 6@ (k- k') 5)

with all other commutation relations vanishing. The
Minkowski vacuum, |0), is defined by

a)'|0y) =0, forall k. (6)

In order to obtain the Rindler modes at the right Rindler

wedge, z > |1, it is convenient to use Rindler coordinates
eaf ) euf
t = —sinh (ar), z=— cosh(ar), 7
a a

with which the line element takes the form

ds* = &% (dr* - d¢*) - dx* - dy’. (8)

Similarly, one can define Rindler coordinates (‘T'.ff) covering
the region z < —|#|, known as the left Rindler wedge, as

eaf e‘l“?
t = —sinh (at), z=-— cosh(at), )
a a

with which the line element takes the form of Eq. (8) with 7
and & replaced by 7 and &.

Analogously to Eq. (3), we can expand the scalar field in
terms of left and right Rindler modes as

¢ =g+ 1, (10)

where @z is the scalar field restricted to the right Rindler
wedge, given by

b = f Pk, fo do[al, R +af VEC]an

Here, the right Rindler modes are

Viok, = Fuk, (£x1)e™™ (12)
with
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where K, (x) is the modified Bessel function of the second
kind. The annihilation and creation operators a , and a~'
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with all other commutation relation vanishing. Similarly, the
scalar field restricted to the left Rindler wedge, ¢, is given by

bu = f o fo do[al, Vhy +aEh VE](15)

where the modes vE | are obtained from vX , by replacing 7
~ WL L

and & by 7 and &, respectively. The annihilation and creation

operators &i,ki and &f)'kl satisfy

|55 | = (0= (k- k), (16)

with all other commutation relations vanishing. The Fulling
vacuum |0f) is defined by requiring that al, [0f) =
aly |0F) =0 forall w and k;, .

Then, the “ ¥ ” Unruh modes are defined as
7nw/avL

wk, (17)
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The expansion of the scalar field in terms of the Unruh modes
is given by

b= [ [ dofac wome o

+fl(+, wk )W+ wk) T H.C.] N (19)
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where H.c stands for Hermitian conjugate and

[a(i, RN )] = 5(w- 6D (k, ~K),  (20)

with all other commutation relations vanishing. One can show
that the Unruh annihilation operators a . ,x,) are a combina-
tion of the Minkowski annihilation ones &ﬁ” (see, e.g., [23]),
and, thus, satisfy @, «,)[0ax) = 0, for all w and k.



B. Electromagnetic case

Next, let us define the Unruh and Rindler modes for the
electromagnetic field A, described by the Lagrangian

IVEEWE LR (VAT, @)

where F,, = V,A, - V, A, and the last term is a gauge fixing
term. The quantized electromagnetic field A,J can be expanded
in terms of plane waves as

(lk)eﬂ(/l,k)e_ik“"#+H.c.], (22)

b= Gl

where 4 = 1,2 labels the physical linear polarizations and
€,(4, k) are linear polarization vectors. The operators &%’k)

and &' ., for A = 1,2, satisfy

(1)
(a0t ] = 6008 (k- K, (23)

with all other commutation relations vanishing.  The
Minkowski vacuum state for the electromagnetic field is de-
fined by requiring &%’k) |047) = O for all A and k.

In order to obtain the Rindler modes for the electromagnetic
field it is convenient to use the Rindler coordinates (7). Thus,
the electromagnetic field restricted to the right Rindler wedge,
Aﬁ, can be decomposed as

o 2
- f &k, [0 dw 3 [ s ARPOR) L He], (24)
P=1

where P labels the physical polarizations of the Rindler
modes,

ARCLOKD) _ 10,0,k R ko)), (25)
Ag(z,w,kl) _ kIl(afvf),kuafvw K, > 0, O) (26)

and vﬁk is given by Eq (12). The annihilation and creation

operators a¥ (Pwk.) and a® satisfy
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)
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with all other commutation relations vanishing. The right
Rindler vacuum for the electromagnetic field, |O), is defined
by &I(QP,w,kl) |0g) = O for all P, w, and k,. Similarly, the left

Rindler modes, Aﬁ(P’w’ki), are obtained from Egs. (25) and
(26) by replacing v&, by v, . where the latter is obtained
from the former by doing (7,¢) — (%,£).

The “F” Unruh modes are then defined as [24]
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and
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The expansion of the electromagnetic field in terms of the Un-
ruh modes above is given by

o 2
A= [k [ do Y [ac pu, Wi
P=1

(29)
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with
[&(i,P,w,kl)»‘A’Zi,pgmr,k;)] = 6ppd(w-0')6® (k —K|), (31)
and all other commutation relations vanish. As in the

scalar case, the Unruh annihilation operators &, p.k,) are
a combination of the Minkowski ones &% K) [25], and, thus,

a(+pwk,)|0n) =0, forall P,w,k,.

III. PAIR PRODUCTION OF MASSLESS SCALAR
PARTICLES AND THE UNRUH THERMAL BATH

Our ultimate goal is to interpret the emission of pairs of
Minkowski photons by accelerated charges in the Rindler
frame. For this purpose, we shall use the effective interaction
action

S;=- / d*x /=g j(x) 1 A (x)A(x) -
Nevertheless, as a first step, let us consider the analogous

problem of an accelerated scalar source j(x) emitting pairs
of massless scalar particles as given by

$1=- [ d'x vz i(x) 47, (32)

where “ ” indicates normal ordering.

A. General sources

At first order in perturbation theory, the probability of emis-
sion of a pair of scalar Minkowski photons |k; k') with three-
momenta k and k’ is

. 2
P, - f Pk f K |(k: K| S 1[0
where the S label stands for “scalar”
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. This can be recast as

where
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Using in Eq. (34) the decomposition of the identity operator

i
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we get

Py =2(fIf). 37)

Now, to evaluate Eq. (37), we use the decomposition of g?) in

terms of the Unruh modes (19) to calculate Eq. (35), obtaining
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where T = {w,k,} and du = dwd’k, (and similarly for Z’ and du’). Next, let us assume that the current j(x) has support
in the right Rindler wedge (where we recall that vﬁ)’kL = 0). In this case, using the Unruh modes (17) and (18), the emission

probability (37) reads

2
Py~ [ [ aul nom(@) |2 [ ateymg vt +
II

fdyfdy n(w") [1+n(w)] ‘Zfd“x‘/ ]vm,k/ vR
I’

where n(w) = 1/(e*/* - 1).

Now, to interpret the emission of the pair of Minkowski scalar
photons obtained above from the perspective of Rindler ob-
servers, we define the amplitudes corresponding to the absorp-
tion and emission of two Rindler scalar particles, as well as to
the scattering of a Rindler scalar particle by the source:

S ,abs I & R
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Using Eqgs. (40), (41), and (42) in Eq. (39), one has
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Thus, the emission of a pair of scalar particles with trans-
verse momenta k, and &’ in the usual vacuum of inertial ob-
servers [left-hand side of Eq. (43)] should be associated in
general to three processes in the Rindler frame: absorption
(emission) of two Rindler scalar particles from (to) the Unruh
thermal bath with the same transverse momenta k, and k/, and
scattering of a Rindler scalar particle from the Unruh thermal
bath with k, to k| (or K/, to k).

B. Uniformly accelerated sources

In the general case considered above, we have seen that the
emission of pairs of Minkowski particles is perceived by uni-
formly accelerated observers as a combination of three dis-
tinct processes. We now turn our attention to the specific situ-
ation of a uniformly accelerated source. In this case, we shall
see that only the scattering contribution survives out of the
three. For this purpose, we will carry on independent calcula-
tions in the inertial and Rindler frames.

1. Inertial frame calculation

Let us consider that the source is accelerated along the z-
direction with £, x,y = 0. In this case, j(x) = g6(£)6'® (x,),
where g is a coupling constant. By using the plane-wave de-
composition (3) to evaluate the Minkowski pair-emission am-



plitude at first order
M etaer = i (KK|S7|0x), (44)
we get
. i(k+k ) 1(T)—i (k. +K)z(T)
M ig / e :
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where #(7) and z(7) are given by Eq. (7) with £ = 0. Using
this amplitude, the probability of emission

P [ &k [ & " o]
reads

o g [T [T [ v
M 647r6 dor | &'k | dkoos

exp {Z sinh (ac/2) [(k+ k') cosh (aT)]}

(46)
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where T = (t+17')/2 and o = 7 - /. Applying the change of
coordinates [20]

k, = k,cosh (aT) + ksinh (aT),

k. = k. cosh (aT) + & sinh (aT),

where k = \/k + k% and similarly for k', the integrand be-
comes independent of 7. Using that d°k = k*sin0dkd¢ do
and integrating over the angles, we arrive at the total emission
rate

PS _ g
T ot T 4nt
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(48)
where f_°:o dT — Ty is the total proper time, and we recall
that T = (7+7")/2. We shall note that the total emission prob-
ability P}, diverges since the source is accelerated from the
past to the future infinity. Yet, the total emission rate Pﬁ,, [Tot
has a well-defined finite value, as we will explicitly see ahead.
To proceed, let us define A = ¢*”/? to cast Eq. (48) as

Py & [ (S [ -1 i) G (1)
T fdkkfdkkfd/l/l olila .
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Using [33]
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valid for Re(B) > 0,Re(y) > 0, we can perform the A integral,
obtaining

s 2
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To perform the remaining integrals, let us define

u=(k+k)/2, v=k-F, (52)
yielding
P‘fw 4u 2 V2
LTI duK, f v |-
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The last integral can be performed by noticing [33]

[Ndxx”Kv(ax) _ 2”_1a_”_1F(1 +,u+v)r(1 +;¢—v)
0
(54

2 2

for Re(u + 1 +v) > 0 and Re(a) > 0. Therefore, the emission
rate of pairs of massless scalar Minkowski particles is
Py _ga
Ty 247*

(55)

2. Rindler frame calculation

Now, we shall evaluate the probability rate associated with
the same uniformly accelerated current j(x) according to
Rindler observers by considering the Unruh thermal bath. The
response would consist, in principle, of scattering, emission,
and absorption of Rindler particles to and from the Unruh ther-
mal bath. The corresponding amplitudes (40), (41), and (42)
are in this case

S.em _ R _/S,abs
wky 0 kT wky ;0 k]

= ~47igF ux, (0,0) F i (0,0)6(w + ') (56)

and

R /S scatt
JZ{w ki’ k'

= —4nigF,x, (0,0)Fuy (0,0)6(w - '), (57)
where we recall that F,x, (¢,x,) was defined in Eq. (13).

The corresponding probabilities are given by integrating the
square of the absolute value of the amplitudes with the corre-
sponding thermal factors as in Eq. (43). For the absorption
process, we have

p;»abszlénzngdpf dy' f(w, 'k K))6 (w+ o),
z z’

(58)
where

flw,0' k,K)) = Fux (0, O)ZFw/,ki (0,0)*n(w)n(w). (59)
Since both w and «' are positive, the delta function §(w + w’)
vanishes Eq. (58). The same reasoning applies to the absorp-
tion probability. In this way, for the uniformly accelerated
particular case

Pz,abs — P}S'e,em — 0, (60)



and only the scattering process will contribute in the Rindler
frame. Note that the above argument does not hold for non-
uniformly accelerated sources, since no delta function §(w +
w") is present there; in that case, Rindler observers credit the
external agent for providing the necessary work to account for
the emission and absorption processes to occur.

Now, using Eq. (57), the scattering probability reads

Fox, (0,0)2F, 1 (0,0)2
Pi,scatt _ 47r2g2 [dﬂf d,u' ’kl(. 2) w,kL( )
z % sinh” (rw/a)

x 8 (w-w), (61)

where we have used
n(w) [1+n(w)] = (4sinh? (rw/a))™".

Recalling that du’ = dw'd’k’,, we integrate over «’, getting

Pi,scatt qz 5 k 2 K 2
= kK K. i) K. oL
Tto[ 871_7“2 L dﬂ f d 1 lw/a ( a lw/a a >

(62)
where we have used (see, e.g., Ref. [32])
TtOt = f dT
.1 o ;
= 2 lim — f dre™”
w—0 27T —oo
= 276(0) (63)

is the total proper time. Next, by using du = dwd’k, and
d’k, = k,dk,d¢, and integrating over the angles, we arrive at

S scatt oo 0 212
P;T - 2;‘;2 fo dw ‘ fo dk,k, Koo (%) (64)
The k, integral can be easily performed using [33]
foo xK, (ax)K,(bx)dx = n(t,lb)_v (a2V — bz") , (65)
0 2sin (vrr)(a? - b?)
valid for [Re(v)| < 1, Re(a + b) > 0, giving
pSseatt R o2
i
By comparing Egs. (66) and (55), we have
Py, = 2Py, (67)

which is in agreement with Eq. (43). Thus, we have estab-
lished by explicit calculation that the emission rate of pairs
of Minkowski scalar particles from a uniformly accelerated
source corresponds, in the co-accelerated frame, to the scat-
tering of Rindler particles of the Unruh thermal bath.

3. Energy spectrum in the inertial and Rindler frames

As we have just established, the total response as calculated
in the inertial and Rindler frames equal to each other (as it
should be since this is a physical observable), although the
corresponding interpretation is distinct in each frame. This is
reinforced by studying the energy distribution of emission and
scattering of Minkowski and Rindler particles, respectively.
From Eq. (66), the energy distribution for scattered Rindler
particles as a function of the particle’s energy w is (see Fig. 1)

S, scatt _ 92 w2
Prw) = 873 sinh? (rw/a) (68)

Note that the scattering of soft Rindler particles is favored
over high-frequency ones. This is in contrast with what is
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Figure 1: Energy distribution for scattered Rindler particles of the
Unruh thermal bath for different values of the source’s proper accel-
eration.

calculated for the emission of pairs of Minkowski particles.
Figure 2 depicts the energy distribution

8g° ( 4u )

S.em i 3

; =—uwKo|— 69
Py (u) 3g" o\, (69)
for the emitted pair of Minkowski particles as a function of the
mean energy u = (k + k") /2. The graph reveals a peak whose
position depends on the proper acceleration of the source, with
negligible contribution from soft and high-energy modes.

IV. EMISSION OF PAIRS OF MINKOWSKI PHOTONS
AND THE UNRUH THERMAL BATH

We now turn to the investigation of the emission of pairs of
Minkowski photons and its interpretation in the Rindler frame.
For this purpose, let us consider the effective interaction action

$i=- f dx g j(x) AA () (70)

in the radiation gauge, i.e., A = 0 and V - A = 0. We empha-
size that we are interested here in the case where the energies
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Figure 2: Energy distribution of the mean energy emitted in the iner-
tial frame for different values of the source’s proper acceleration.

of the emitted photons are much smaller than the electron’s
rest mass m, allowing us to neglect back-reaction effects. This
places us in a semiclassical regime, where the electron follows
a well-defined trajectory, described by a classical “scalar cur-
rent” j(x), while the electromagnetic field, Aﬂ, is quantized.
Note that j(x) o< e®/m, reflecting the fact that each e”ye~
vertex contributes to the amplitude with an elementary charge
factor e, while the propagator scales with 1/m at low energies
(see Appendix A for more details).

Specifically, we aim to evaluate the probability of emitting
pairs of photons in the inertial frame and examine how this
process is perceived in the Rindler frame. The probability
of emission of a pair of Minkowski photons |4, k; A, k') with
three-momenta k and k', and physical polarizations A and A’,
respectively, at first order in perturbation theory, is

~ 2
Ph= [ @k [ @K T ¥ |k K]S 1 10w)
vy

. (D

where the E label stands for “electromagnetic”. This can be
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recast as (see Eq. (35))

Pﬁ;z<f|(fd%ffk’zzu,k;/l',k’)(A,k;/l’,k’|)f>,
A

72)
where

f)= —if d4x\/—_gj(x) :Aﬂ(x)A“(x) 2 |0u) . (73)

Using in Eq. (72) the decomposition of the identity operator

I - fd3k2|/l,k)(/l,k|
A
I
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. /1 /ll
we get

=2(f1/)- (74

Now, to evaluate Eq. (74), we use the decomposition of Aﬂ in
terms of the Unruh modes (30) to calculate Eq. (73), obtaining

(1f) = 2jd;¢ j,d,u'fd“x —5(x) j(x)fd“x’\/—g(X’) J(x)

[W< PO (W s VWS () W, ()
+ W( Pk (xyw WP ir) (X)Wm
+ WP (oyw W, 'k’)(x)mm

w,ky LPwk,) Wy (o)
W(+P k)(x) (+le/k/)(x)W§+ w. (I)W(+P’ /ki)(‘x,) ,

where 7 = {P,w, k. } and du = dw d’k, .

Next, let us assume that the current j(x) has support in the right Rindler wedge. In this case, using the Unruh modes (28) and

(29), the emission probability reads

L
PM

+

i du iz, du’ n(w)n(w")

+

+

To interpret the emission of Minkowski pairs according to
Rindler observers, we define the amplitudes corresponding to

R(P' W K) 75—

id,uil du' [1+n(w)][1 +n(w")] ‘ /d4x\/ g JjAy AREw ) )AR(Pmkl)
4 R(P W' K )

fd x\/—-g jAu A%(Pka)

jdpi du’ n(w) [1 +n(w')] ’2/ d4x\/—ng5(P"”kl) Ak(pra, )
II

2

2

R(P W) T
jdyiﬂ du' n(w') [1+n(w)] ‘2[d4x\/ ]A( )Al;?(Pka) . (75)

(

the absorption and emission of two Rindler photons, as well



as the scattering of a Rindler photon by the charge:

Ifzzj;m',ki = i(0z|S/|P, ;P k)
4 R(P' W' k)
:'Qﬂfdxv 8J Ay AR(Pwoie)’
R%Eem . NN IT
Pw,k, ;P ’k' - l<P7w9kJ_yP , W ,k |S1|OR>
R(P WK ) 7w
) —21[d4x\/_]A( )A/IIQ(Pwk )’
R%Eﬂcatt — l<Pa)k|§ |P'a)'k')
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R(P W K )
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Using the above equations, Eq. (75) reads

d/ / R%Eem 2
du L ' 1+ (@) [+ ()] Pt

i du iﬂ du’ n(w)n(w'’

2
Yodu Y n(@) [+ ()] [T
a !’

+ Yodu Y du n(@)1 +n(w)]\Rﬂ,fU;;dttp, ,k,| . (76)
z il

Thus, the two-photon emission with transverse momenta k;
and k' in the usual vacuum of inertial observers [left-hand
side of Eq. (43)] corresponds, in general, according to Rindler
observers, either to the absorption (emission) of two Rindler
photons from (to) the Unruh thermal bath with the same trans-
verse momenta k, and k', or to the scattering of a Rindler
photon from the Unruh thermal bath with k, to k| (or k| to
k,). By disregarding back-reaction effects on the charge, the
scattering process in the Rindler frame can be named after
Thomson.

Let us now connect our general result (76) with Refs. [28,
29]. We begin by recovering their amplitude for the emis-
sion of pairs of Minkowski photons. To do so, we use the
Minkowski decomposition (22) to express Eq. (73) as

E
Py =

R(Q{E abs

Pwk, P w' k'

+

+

= i du i ay' Ay )s (77)
where
. L &(Lk)e (k) ,
Ak r /E—l‘[d“x‘/_ #—lk“ 1kx.
kA7 K g j(x) L6 3\/W
(78)
Here, [34]
e 6O [x —x(t
J&) =3 fM (79)

where 7 is the charge’s proper time and u’ = dx’/dr. In

Ref [28]’s notation, u® = 1/y/1-¥> with « *” = d/dt,
r, = x(7), leading to
LK) (K
Dk = —le G LK) )fd
2m 1673 Vkk!
x ei(k+k’)t l(k+k)l‘4,(t)’ (80)

which agrees with the two-photon amplitude of Ref. [28] cor-
rected by a factor of 2 (in line with Ref. [29]). Assum-
ing Thomson scattering by a non-relativistic electron in the
laboratory frame, > <« 1, Eq. (80) renders the amplitude
of Ref. [29]. (Equation (80) and the corresponding ones in
Refs. [28, 29] only differ from each other concerning the fact
that momenta in the former are continuous in contrast to the
latter.) As pointed out in Ref. [28] there is a correlation be-
tween the polarizations of the emitted Minkowski photons and
their momenta encoded in €,(4, k)e“(A’, k"), namely, photons
with k o< k’ must have the same polarization 1 = A’.

Finally, we show that the conjecture that the two-photon
emission in the inertial frame corresponds to the scattering of
Rindler photons in the Unruh thermal bath (see Ref. [28]) is
valid for uniformly accelerated charges (but not in general as
made clear by Eq. (76); see also discussion below Eq. (58)).
Let us consider that the charge is uniformly accelerated along
the z direction with &, x,y = 0. In this case,

J(x) = 86(£)6P(x,),

where g = €?/(2m) is the coupling constant. Then, the absorp-
tion amplitude calculated before becomes

k Ifz;i]lzi;l”w’,ki = AigF s (P, w, ks P 0 K )6 (w+w'), (81)
where
' 1\ Op10pr
]:abs = _Fw,kL(Ovo)Fw',k'l (0’0)(kxkx + k.ka)

k. k.

+ww'F,x, (0,0)
=0

3(F

O0p20p
X er’ki(O,O)];)ZkI:z.
170

mkl(g 0) w’k'l(g’o))

(82)

Doing the same for the other amplitudes, we get

RdEem

kPl K, = AnigFem(P,w, k3 P’ o' K )S(w+w") (83)

and
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where Fer = Faps and
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6p20pr2
ki k]

(85)

We can see immediately that the absorption and emission pro-
cesses will not contribute due to the presence of §(w + w').
(Note that, as in the scalar field analysis, discussed in Sec. III,
this result is specific to uniform acceleration.) Consequently,



only the scattering process accounts for the production of
Minkowski pairs in the inertial frame. From Eq. (76), we have

Pf,l — Zpg,scan, (86)

where

E scatt _ 14 1 / RME,scatl 2
PR = idu iﬂdy n(w) [1 +n(w")] | kPl K,
&7
and we recall that du = d°k,dw. Tt is also interesting to
note from Eq. (85) that there is no crossed scattering, lead-
ing Rindler photons with polarization P = 1 into P = 2 and
vice versa.

It is again instructive to see the energy distribution of the
scattered Rindler photons. To do this, let us evaluate the scat-
tering probability with fixed transverse momenta k, and k.
from Eq. (87). By using Eq. (84), we have

dPE,scatt
= YR
Kk d?K',

E scatt _
PL

46471'2 oo oo 2 2
= 2 j(J dwﬁ dw, Z |fscatt(P9w’kl;P,’w,’k1)|

m PP'=1

x n(w) [1+n(w)]6*(w-w), (83)

where we recall that g = ¢?/(2m). The integral over «’ can be
easily performed, yielding

E scatt
PJ_

oo

E scatt _ _ E scatt

rests = [ do pf (),
tot 0

(89)

where, we recall that Ty, = 276(0) is the total proper time,
and

fscatt(P, w, kj_; P,,OJ, ki)|2
sinh? (rw/a)

E scatt 6471' 2 2 |
Pl = m2 Z Z (90)
M= p_1pr=1

The plot of pf** for k, = 1 eV and k, = 0.5 eV is shown
in Fig. 3. (The values of a and k; were chosen according to
the characteristic scales achievable with non-relativistic opti-
cal lasers operating at a frequency of a few eV.) Note that in
both cases the scattering of soft Rindler particles is favored
over high-frequency ones, as in the scalar case (see Fig. 1).

Lastly, we can numerically solve Eq. (89) and plot the scat-
tering rate ['2*“*" as a function of the proper acceleration a
(see Fig. 4). Note that, for the same proper acceleration, pho-
tons emitted with small values of k, is favored over higher
ones. It can also be shown that l"f Selt goales with @, as in the
scalar case (see Eq. (59)).
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Figure 3: Energy distribution with fixed transverse momenta for the
Rindler description of the electromagnetic case for different values
of the electron’s proper acceleration. Here, we have assumed k;, = 1
eV and k| = 0.5 eV. Note that p***" is symmetric under exchange of
k, and k| (see Eq. (85)).
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Figure 4: Scattering rate of Rindler photons (with fixed transverse
momenta) from the Unruh thermal bath by a uniformly accelerated
electron as a function of the proper acceleration.

We emphasize that we have considered the scattering rate of
Rindler photons per fixed transverse momenta I'**" rather
than the total scattering rate as the latter exhibits an in-
frared divergence in k,, in contrast to the scalar case (see
Eq. (62)). This is similar to what occurs in the Larmor ra-
diation case [32].

V. DISCUSSION AND CLOSING REMARKS

The Unruh effect plays a crucial role in ensuring the inter-
nal consistency of quantum field theory in uniformly accel-
erated frames [2]. Yet, its physical reality remains contested,
largely because part of the scientific community considers that
no satisfactory experimental evidence has been achieved up
to the moment. In this work, we have examined the emission
of pairs of low-energy Minkowski photons by an accelerated
electron and how it is perceived in the Rindler frame. (By
low-energy we mean photons with energies much smaller than



the electron’s mass.) We show that the emission of pairs of
Minkowski photons corresponds, in general, to the incoherent
combination of three distinct processes according to Rindler
observers: scattering, and emission and absorption of pairs
of Rindler photons. In the special case of uniformly acceler-
ated charges, the radiation observed in the inertial frame can
be fully accounted for the scattering channel in the Rindler
frame, as suggested in Refs. [28, 29]. We have also noted
that arbitrarily soft Rindler photons still give a relevant con-
tribution in the uniformly accelerated case. These findings
highlight that the observation in the laboratory of the emission
of pairs of Minkowski photons by accelerated charges can be
seen as an experimental evidence supporting the Unruh effect.
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Appendix A: Interaction action (70) from QED physics

Figure 5: Feynman diagram for an electron emitting two photons.
(The external line representing the accelerating field is not taken into
account in the amplitude calculation, since in our semiclassical ap-
proach this is encoded in the choice of j(x).)

In order to justify the interaction action (70), let us con-
sider the emission of two photons by an electron under the
framework of quantum electrodynamics (QED). Let p and p’

10

be the initial and final four-momenta of the electron, respec-
tively, and k and k’ the four-momenta of the emitted photons,
see Fig. 5. Thus, the amplitude for such a process is given
by [36]

iM = a(p")(~iey")e; (K')S r(p—k) (=iey")e; (k)u(p), (Al)

where ¢, stands for the photon polarization vectors, #(p) and
i(p") are spinor solutions of the Dirac equation, and

i(p—k+m)
(p-k)?

= 0 and p*> = m? (since p is on-shell), we

Sr(p-k)= —

Using now that k2
get

i(p—k+m)

Mo s
! 2pk

a(p")¢(k) ¢(ku(p), (A2

where ¢(k) = y“€; (k) and similarly for ¢(£").

Let us proceed with the calculations in the frame where
P* = (m,0), which yields 2p,k* = 2mk°. In addition, let us
assume that the energy of the emitted photons is much smaller
than the electron’s mass, leading us to neglect the electron re-
coil, i.e., p’ ~ p. Hence,

iM=-~ ”(P)¢(k,)(lf7 f+m)¢(ku(p).  (A3)

2 ko
Next, from the Dirac equation, i(p)(p —m) = 0, we find

iM=-—

M(P) (F(K")p— ¢(K YK+ pg(K")) ¢(k)u(p).

(A4)
Now, from the Clifford algebra ¢(k")p + p¢(k') = 2p.€"(K").
Assuming the radiation gauge, €,(k") has no timelike com-
ponent; so p,e‘(k") = 0. Combining these results, Eq. (A4)
reads

2k0

iM

i k0u<p)¢(k e Ru(p)

= i——&,(k)ke,(K)a(p)y"y' Y u(p).

2 kO (AS)

Using now
PVY =AY =0 0Py i sy,
and neglecting contributions from the electron’s spin, we drop

the last (spin-coupling) term, getting

2
iM = i g LK)k 6 (kK)a(p)y u(p)

&u(K') e (k)kyit(p)yu(p)
&u(K')kve" (k)a(p)y*u(p)].-

The third term vanishes because k,€”(k) = 0. For the first and
second terms, we use the Gordon relation

a(p ' u(p) = (p') (p'ﬂ + i (p' = p),

+

(A6)

2m

)u<p>,



which reads

w(pyu(p) = Za(pyutp) = 2

m

for p’ = p and u(p)u(p) = 1. Applying this in Eq. (A6), we
obtain

2
IiM=i—-r:

2:1/{0 (eﬂ(k,)kye"(k)% - Gﬂ(k,)fﬂ(k)kv%) . (A7)

Again, the first term vanishes due to €,(k)p” = 0, and we end
up with

2

iM = —ie—e,(K)e" (k), (A8)
2m

which has the same structure as the amplitude computed in

Eq. (78). Therefore, we can extract the same QED physics at

low energies from the effective action (70).
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