
THE SPECTRA OF LARGE TOEPLITZ BAND MATRICESWITH A RANDOMLY PERTURBED ENTRYA. B�OTTCHER, M. EMBREE, AND V. I. SOKOLOVAbstra
t. This report is 
on
erned with the union sp(j;k)
 Tn(a) of all pos-sible spe
tra that may emerge when perturbing a large n � n Toeplitz bandmatrix Tn(a) in the (j; k) site by a number randomly 
hosen from some set 
.The main results give des
riptive bounds and, in several interesting situations,even provide 
omplete identi�
ations of the limit of sp(j;k)
 Tn(a) as n ! 1.Also dis
ussed are the 
ases of small and large sets 
 as well as the \dis
on-tinuity of the in�nite volume 
ase", whi
h means that in general sp(j;k)
 Tn(a)does not 
onverge to something 
lose to sp(j;k)
 T (a) as n ! 1, where T (a)is the 
orresponding in�nite Toeplitz matrix. Illustrations are provided fortridiagonal Toeplitz matri
es, a notable spe
ial 
ase.1. Introdu
tion and main resultsFor a 
omplex-valued 
ontinuous fun
tion a on the 
omplex unit 
ir
le T, thein�nite Toeplitz matrix T (a) and the �nite Toeplitz matri
es Tn(a) are de�ned byT (a) = (aj�k)1j;k=1 and Tn(a) = (aj�k)nj;k=1;where a` is the `th Fourier 
oeÆ
ient of a,a` = 12� Z 2�0 a(ei�)e�i`� d�; ` 2 Z:Here, we restri
t our attention to the 
ase where a is a trigonometri
 polynomial,a 2 P, implying that at most a �nite number of the Fourier 
oeÆ
ients are nonzero;equivalently, T (a) is a banded matrix. The matrix T (a) indu
es a bounded operatoron `2(N), and we think of Tn(a) as a bounded operator on Cn with the `2 norm.Let A stand for T (a) or Tn(a). The spe
trum spA is de�ned as usual, that is, asthe set of all � 2 C for whi
h A��I is not invertible. Given a 
omplex number !,we denote by !eje�k the matrix that is zero everywhere ex
ept in the (j; k) entry,whi
h is !. For a subset 
 of C, we putsp(j;k)
 A = [!2
 sp (A+ !eje�k):Thus, sp(j;k)
 A is the union of all possible spe
tra that may emerge as the resultof a perturbation of A in the (j; k) site by a number randomly 
hosen in 
. Thepurpose of this report is to study sp(j;k)
 Tn(a) for �xed j, k, and 
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2 A. B�OTTCHER, M. EMBREE, AND V. I. SOKOLOVGohberg identi�ed the spe
trum of T (a) in 1952 [11℄, proving thatspT (a) = a(T) [ f� 2 C n a(T) : wind(a; �) 6= 0g;(1.1)where wind(a; �) is the winding number of a (on the 
ounter-
lo
kwise oriented unit
ir
le) about �. Every point in spT (a) n a(T) is an eigenvalue of �nite multipli
ityof T (a) or the transpose of T (a); a point on a(T) may be an eigenvalue or not.The spe
tra of the large �nite Toeplitz matri
es Tn(a) were studied in 1960by S
hmidt and Spitzer [24℄, who observed that the sets spTn(a) 
onverge in theHausdor� metri
 to a limiting set �(a),limn!1 spTn(a) = �(a):(1.2)The set �(a) is either a singleton or the union of at most �nitely many analyti
ar
s, ea
h pair of whi
h has at most endpoints in 
ommon; it 
an be des
ribed asfollows. We 
an write a(t) =Pk aktk (t 2 T), the sum being �nite. For % 2 (0;1),de�ne a% 2 P by a%(t) =Pk ak%ktk (t 2 T). Then�(a) = \%>0 spT (a%):(1.3)From (1.1), (1.2), and (1.3) we see that in general spTn(a) does not 
onvergeto spT (a). Surprisingly, pseudospe
tra of Toeplitz matri
es behave di�erently. For" > 0, the "-pseudospe
trum sp"A is de�ned bysp"A = [kKk�" sp (A+K);with the union taken over all matri
es K (of the same size as A) whi
h indu
e anoperator of norm at most " (see, e.g., [7℄, [26℄, [27℄). Landau [19℄ and Rei
hel andTrefethen [22℄ showed that for ea
h " > 0,limn!1 sp" Tn(a) = sp" T (a)(1.4)(also see [2℄ and [7℄).It is the abyss between (1.2) and (1.4) that makes the question of the limit ofsp(j;k)
 Tn(a) intriguing. To state pre
ise results, we need some more preliminaries.For a sequen
e fMng1n=1 of nonempty sets Mn � C, 
onsider the limiting setslim infn!1 Mn := f� 2 C : � is the limit of somesequen
e f�ng1n=1 with �n 2Mng;lim supn!1 Mn := f� 2 C : � is a partial limit of somesequen
e f�ng1n=1 with �n 2Mng:Noti
e that if all the sets involved are 
ompa
t, then the two equalitieslim infn!1 Mn = lim supn!1 Mn =Mare equivalent to saying that Mn 
onverges to M in the Hausdor� metri
 (see [13,Se
tions 3.1.1 and 3.1.2℄ or [15, Se
tion 28℄), in whi
h 
ase we simply writelimn!1Mn =M;as in (1.2) and (1.4).



LARGE TOEPLITZ BAND MATRICES WITH A RANDOMLY PERTURBED ENTRY 3If � 2 C n�(a) then, by (1.3), there is a % > 0 su
h that T (a% � �) is invertible.We show in Lemma 3.1 thatT�1(a% � �) = �%j�kdjk(�)�1j;k=1(1.5)with analyti
 fun
tions djk : C n�(a)! C that do not depend on %. (Here and inwhat follows, we write T�1(�) for (T (�))�1.) For a set M � C, we de�ne �1=M by�1=M = f
 2 C : 1 + �
 = 0 for some � 2Mg:It is well known and easily seen that if 0 2 
, thensp(j;k)
 A = spA [ f� =2 spA : [(A� �I)�1℄kj 2 �1=
g;(1.6)where [(A� �I)�1℄kj is the (k; j) entry of the resolvent (A� �I)�1. Consequently,letting Hjk
 (a) = f� 2 C n �(a) : dkj(�) 2 �1=
g;(1.7)we obtain sp(j;k)
 T (a) = spT (a) [Hjk
 (a):(1.8)(Note that for � outside spT (a) we 
an take (1.5) with % = 1.) Formula (1.8)disposes of the \in�nite volume 
ase". In the \�nite volume 
ase" we have thefollowing theorem, whi
h is the main result of this report.Theorem 1.1. Let a 2 P and let 
 be a 
ompa
t subset of C that 
ontains theorigin. If dkj : C n �(a) ! C is identi
ally zero or nowhere lo
ally 
onstant orassumes a 
onstant value 
 that does not belong to �1=
, thenlimn!1 sp(j;k)
 Tn(a) = �(a) [Hjk
 (a):(1.9)We 
onje
ture that for every a 2 P and every (j; k) the fun
tion dkj is eitheridenti
ally zero or nowhere lo
ally 
onstant and hen
e that (1.9) is always true, butwe have not been able to prove this. The results of [6℄ imply at least the following.Theorem 1.2. Let a 2 P be of the forma(t) = qXk=�p aktk; p � 0; q � 0; a�paq 6= 0;(1.10)and let G be a bounded 
omponent of C n spT (a). The fun
tion d11 is alwaysnowhere lo
ally 
onstant in G. If k � 1 or j � 1, then the fun
tion dkj is eitheridenti
ally zero in G or nowhere lo
ally 
onstant in G provided one of the following
onditions is satis�ed:(a) C n �(a) is 
onne
ted;(b) p or q equals 1;(
) p+ q is a prime number and p or q equals 2;(d) p+ q = 4 or p+ q = 7.We remark that C n�(a) is in parti
ular 
onne
ted if T (a) is tridiagonal (whi
hmeans that p+ q = 2) or triangular (p = 0 or q = 0) or Hermitian. Condition (b)is equivalent to saying that T (a) is a Hessenberg matrix. Noti
e that we may alsowithout loss of generality assume that p � q (otherwise we may pass to the adjointoperator). The 
ase p + q = 3 is 
overed by (a) for p = 0 and by (b) for p = 1,while the 
ase p+ q = 5 is 
ontained in (a) for p = 0, in (b) for p = 1, and in (
)for p = 2. We have no result in the 
ase p+ q = 6 (unless p = 0 or p = 1).



4 A. B�OTTCHER, M. EMBREE, AND V. I. SOKOLOVSin
e spT (a) is in general mu
h larger than �(a), we see from (1.8) and (1.9) thatsp(j;k)
 generi
ally behaves dis
ontinuously when passing from large �nite Toeplitzmatri
es to in�nite Toeplitz matri
es. The following result is in the same vein. Aset 
 2 C is said to be starlike if it 
ontains the line segment [0; !℄ for every point! 2 
. We denote by 
 or 
los
 the 
losure of a set 
 and by 
Æ the set of theinterior points of 
. Finally, we put "
 = f"! : ! 2 
g.Theorem 1.3. Let a 2 P and let 
 � C be a nonempty starlike 
ompa
t set su
hthat 
 = 
los
Æ. Then limn!1 sp(j;k)"
 Tn(a) = �(a) [Hjk"
(a)(1.11)for all " 2 (0;1) with the possible ex
eption of at most �nitely many "1; : : : ; "`,where ` does not ex
eed the number of bounded 
omponents of C n �(a).We now turn to the 
ase where 
 is a small set, that is, we 
onsider Toeplitzband matri
es with a single \impurity". If a 2 P and T (a) is triangular, then thelimit of sp(j;j)
 Tn(a) is stri
tly larger than �(a) for every 
 6= f0g. It turns out thatthe limiting spe
tra of non-triangular Toeplitz band matri
es are not a�e
ted bysuÆ
iently small impurities lo
alized in a single site.Theorem 1.4. Let a 2 P and suppose T (a) is not triangular. Let further 
 be any
ompa
t subset of the plane whi
h 
ontains the origin. Then for ea
h (j; k) thereexists an "1 > 0, depending on j, k, and a su
h thatlimn!1 sp(j;k)
 Tn(a) = �(a)(1.12)whenever 
 � "1D.In [4℄ we showed that if a 2 P is not 
onstant, then there is an "0 > 0, dependingon j, k, and a, su
h that sp(j;k)
 T (a) = spT (a)(1.13)provided 0 2 
 � "0D. Equalities (1.12) and (1.13) tell us that lim sp(j;k)
 Tn(a)and sp(j;k)
 T (a) stabilize at 
onstant values before 
 
ontra
ts to zero and that,however, these values are in general di�erent.Here is a result for large perturbations.Theorem 1.5. Let a 2 P and suppose T (a) is not triangular. Let 
 � C be a
ompa
t set. Then there is an "2 > 0, depending on a, su
h thatlimn!1 sp(1;1)
 Tn(a) = sp(1;1)
 T (a)(1.14)whenever "2D � 
.We will show that Theorem 1.5 is in general no longer true with (1; 1) repla
edby (j; k).Theorems 1.4 and 1.5 reveal that for small perturbation sets 
, the asymp-toti
 behavior of sp(j;k)
 Tn(a) is as in (1.2), while for large 
 the sets sp(1;1)
 Tn(a)mimi
 (1.4). In a sense, Theorem 1.5 des
ribes a situation in whi
h there is nodis
ontinuity when passing from large �nite matri
es to an in�nite matrix. On theother hand, Theorem 1.4 shows that in the presen
e of only very small impuritiesthe passage from �nite matri
es to the in�nite matrix is analogous to (1.2), andthus dis
ontinuous.



LARGE TOEPLITZ BAND MATRICES WITH A RANDOMLY PERTURBED ENTRY 5Theorem 1.2 is immediate from [6℄. Theorems 1.1 and 1.3 will be proved inSe
tion 3, and the proofs to Theorems 1.4 and 1.5 will be given in Se
tion 4. InSe
tion 5 we dis
uss a 
on
rete example: single entry perturbations to tridiagonalToeplitz matri
es. Se
tion 2 provides several instru
tive illustrations. Our approa
his based on formula (1.6) and the 
onvergen
e of the �nite se
tion method for in-vertible Toeplitz band matri
es. In the 
ase where 
 is a �nite set, the asymptoti
behavior of sp(j;k)
 Tn(a) has been thoroughly studied in [1, 12, 18℄. However, theseresults and te
hniques are not suÆ
ient to un
over phenomena like those des
ribedby the above theorems. Perturbed Toeplitz matri
es arise in a variety of settingsin applied mathemati
s and physi
s, in
luding non-Hermitian quantum me
hani
s[8, 10, 14, 28℄ (also see [9℄), population biology [21℄, linear systems theory [16, 17℄,small world networks [25℄, and eigenvalue perturbation theory for general matri-
es [20℄. In parti
ular, single-entry perturbations are dis
ussed in [10, 25℄. Formore on the sets sp(j;k)
 T (a) (representing the in�nite volume 
ase) we refer to ourre
ent paper [4℄. Finally, it should be noted that (1.6) is the appropriate tool forinvestigating random perturbations in a single site. Perturbations in a �nite set ofsites require more ma
hinery; this is the subje
t of our arti
le [5℄, whi
h proves ananalog of Theorem 1.4 for perturbations to the upper-left blo
k of a matrix.2. IllustrationsFigures 1 to 4 
on
ern the symbol a(t) = t + 19 t�1, whi
h yields a tridiagonalToeplitz matrix. The range a(T) is an ellipse, spT (a) equals a(T)[E+, where E+denotes the set of points inside this ellipse, and �(a) is the line segment betweenthe fo
i of the ellipse. Details are given in Se
tion 5; related analysis and similarillustrations for the in�nite volume 
ase are presented in [4℄.Sin
e C n �(a) is 
onne
ted, Theorems 1.1 and 1.2 imply that (1.9) is valid. Atthe interse
tion of the jth row and kth 
olumn of Figure 1 we see �(a) [ Hjk
 (a)and thus limn!1 sp(j;k)
 Tn(a) for 
 = [�5; 5℄.Figures 2 and 3 illustrate the following experiment. We 
hoose one of the entriesof the upper m � m blo
k of Tn(a) randomly with probability 1=m2 and thenperturb Tn(a) in this entry by a random number uniformly distributed in 
 =[�5; 5℄, plotting the n eigenvalues of the perturbed matrix. We repeat this N timesand 
onsider the superimposition of the Nn eigenvalues obtained. Equality (1.9)suggests that this superimposition should approximate[1�j;k�m limn!1 sp(j;k)[�5;5℄Tn(a) = [1�j;k�m��(a) [H(j;k)[�5;5℄(a)�(2.1)as n ! 1 and N ! 1. For m = 3 and m = 5, the sets (2.1) are shown in themiddle pi
tures of Figures 2 and 3, respe
tively. Noti
e that, up to a 
hange ins
ale, the middle pi
ture of Figure 2 is nothing but the union of the nine pi
turesof Figure 1. The bottom pi
tures of Figures 2 and 3 depi
t the result of 
on
retenumeri
al experiments with N = 2000 and n = 20. The agreement between then!1 theory and pra
ti
e is striking even for modest n.The top pi
tures of Figures 2 and 3 illustrate[1�j;k�m sp(j;k)[�5;5℄T (a) = [1�j;k�m�spT (a) [H(j;k)[�5;5℄(a)�(2.2)
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j = 1j = 2j = 3

k = 1 k = 2 k = 3

Figure 1. The sets �(a)[Hjk
 (a) for a(t) = t+ 19 t�1, 
 = [�5; 5℄,and the nine possible 
hoi
es of (j; k) with j; k 2 f1; 2; 3g.Obviously, these top pi
tures (in�nite volume 
ase) di�er signi�
antly from themiddle pi
tures (�nite volume 
ase). Even more than that, in the �nite volume
ase we dis
over a remarkable stru
ture in the set (2.2). In the in�nite volume
ase, this stru
ture is hidden behind the bla
k ellipse E+, so we are only aware ofthe ends of 
ertain ar
s, resembling antennae sprouting from the ellipse.The top pi
ture of Figure 4 shows[(j;k)2N�N sp(j;k)[�5;5℄T (a) = [(j;k)2N�N�spT (a) [H(j;k)[�5;5℄(a)�(in�nite volume 
ase), while in the middle pi
ture we approximate[(j;k)2N�N limn!1 sp(j;k)[�5;5℄Tn(a) = [(j;k)2N�N��(a) [H(j;k)[�5;5℄(a)�(�nite volume 
ase) by the union of sp (T50(a) + Ej!Ek) for 1000 random 
hoi
esof j; k 2 f1; 2; : : : ; 50g and ! 2 [�5; 5℄. It is well known that the eigenvalues of the�nite Toeplitz matri
es Tn(a) are highly sensitive to perturbations even for modestdimensions [22℄. It is interesting that the single entry perturbations investigatedhere do not generally 
hange the qualitative nature of that eigenvalue instability.This is revealed for a spe
i�
 example by the pseudospe
tral plots at the bottom ofFigure 4 (
omputed using [29℄). This explains the dark interior ellipse in the 
enterplot of Figure 4: many of these 
omputed eigenvalues are ina

urate due to roundingerrors. Generi
 perturbations of norm 10�15 obs
ure the e�e
ts of our larger, single-entry perturbations. The true stru
ture is more deli
ate, as emphasized by Figure 5,whi
h zooms in on the middle image of Figure 3 for perturbations to the upper left5 � 5 
orner of Tn(a). We 
ompare the n ! 1 stru
ture to the eigenvalues ofperturbations of T10(a) and T50(a). The 
onvergen
e to the asymptoti
 limit is
ompelling, though from an appli
ations perspe
tive, any point in the interior ofa(T) will behave like an eigenvalue when n is large.
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Figure 2. Real single-entry perturbations to T (a) and Tn(a) fora(t) = t + 19 t�1 and 
 = [�5; 5℄. The top pi
ture shows theunion of sp(j;k)
 T (a) over all (j; k) in the upper 3 � 3 blo
k, themiddle pi
ture represents the union of limn!1 sp(j;k)
 Tn(a) overthe same (j; k). The bottom pi
ture superimposes the eigenvaluesof 2000 single-entry perturbations of T20(a), where the perturbedentry is randomly sele
ted from the upper left 3� 3 blo
k, and theperturbation itself is a random number uniformly distributed in[�5; 5℄.
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Figure 3. This is the analogue of Figure 2 for real single-entryperturbations in the upper 5� 5 blo
k.
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Figure 4. Real single-entry perturbations to T (a) and Tn(a) fora(t) = t + 19 t�1 and 
 = [�5; 5℄. The top pi
ture is the unionof sp(j;k)
 T (a) over (j; k) 2 N � N. The middle pi
ture shows
omputed eigenvalues of 1000 single-entry perturbations to T50(a),where the perturbed entry is 
hosen by random anywhere in thematrix, and the perturbation itself is randomly 
hosen from theuniform distribution on [�5; 5℄. The interior ellipti
al region ofhigh eigenvalue 
on
entration in the middle pi
ture is an artifa
tof �nite pre
ision arithmeti
; this is revealed by the two bot-tom pi
tures, whi
h show the boundaries of the pseudospe
trasp" T50(a) (left) and sp" (T50(a) + !e5e�4) with ! = �3 (right) for" = 10�1; 10�3; : : : ; 10�15. Dots (�) denote 
omputed eigenvalues,
ir
les (Æ) show the true eigenvalue lo
ations.
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N !1
N = 50
N = 10

Figure 5. Closer inspe
tion of Figure 3. The top plot shows aportion of limn!1 sp(j;k)
 Tn(a) over all (j; k) in the top 5 � 5 
ornerfor 
 = [�5; 5℄. The middle image shows eigenvalues of 10,000 ran-dom perturbations to a single entry in the top 
orner of T50(a); thebottom image shows the same for T10(a). (The a

urate eigenval-ues for N = 50 were obtained by redu
ing the non-normality inthe problem via a similarity transformation.)Figure 6 illustrates the e�e
ts of 
omplex single-entry perturbations. In the jthrow and the kth 
olumn of Figure 6 we seesp(j;k)D T25(a) for a(t) = t+ 14 t�1:The dots represent the results of random experiments; the solid lines are the bound-aries of �(a) [ H(j;k)D (a). While the emergen
e of wings (or antennae) is typi
alfor real-valued perturbations, one �nds that 
omplex perturbations usually lead to\bubbles". For example, we see two bubbles in sp(2;2)D T25(a), whi
h split into threebubbles in sp(3;3)D T30(a).



LARGE TOEPLITZ BAND MATRICES WITH A RANDOMLY PERTURBED ENTRY 11
j = 1
j = 2
j = 3

k = 1 k = 2 k = 3

Figure 6. Complex single-entry perturbations to T (a) and Tn(a)for a(t) = t + 14 t�1 and 
 = D, the 
losed unit disk. The plot inthe jth row and kth 
olumn shows the superimposed eigenvalues of1000 perturbations to T30(a) in the (j; k) entry for j; k 2 f1; 2; 3g.Ea
h perturbation is a random number uniformly distributed inD.The boundaries of the regions limn!1 sp (j;k)D Tn(a) = �(a) [Hjk
 (a)are drawn as solid 
urves.Finally, Figure 7 exhibits a Toeplitz matrix with six diagonals. The symbol a isgiven bya(t) = (1:5� 1:2 i)t�1+ (0:34 + 0:84 i)t+ (�0:46� 0:1 i)t2 + (0:17� 1:17 i)t3 + (�1 + 0:77 i)t4;introdu
ed in [3℄. Noti
e again the emergen
e of many wings, whi
h make the set�(a) (middle pi
ture) be
ome something reminis
ent of a horse in 
ave paintings.For further illustrations, together with analogous plots for the 
ir
ulant matrixindu
ed by the same symbol, see [3℄.3. The limiting setThis se
tion 
ontains proofs for Theorems 1.1 and 1.3. We begin by provingformula (1.5).Lemma 3.1. Let � 2 Cn�(a) and % > 0. If T (a%��) is invertible, then T�1(a%��)is of the form (1.5) with numbers djk(�) that do not depend on %.Proof. Suppose �rst that T (a) is not triangular, that is, let a be of the form (1.10)with p � 1 and q � 1. Pi
k � 2 C n �(a) and 
hoose % > 0 so that T (a% � �) is
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Figure 7. Real single-entry perturbations to Tn(a). The rangea(T) of the trigonometri
 polynomial a is seen in the top pi
ture.The middle pi
ture shows spT50(a) and provides a very good ideaof �(a). The bottom pi
ture depi
ts the superimposed eigenvaluesof 1000 perturbations of T50(a) in a randomly 
hosen entry from(1; 1); (2; 2); (3; 3) by a random number uniformly distributed in[�5; 5℄.invertible. One 
an write a(t)� � = t�paq p+qYj=1(t� zj(�));when
e a%(t)� � = %�pt�paq p+qYj=1(%t� zj(�)):



LARGE TOEPLITZ BAND MATRICES WITH A RANDOMLY PERTURBED ENTRY 13Using (1.1), it is not diÆ
ult to 
he
k that the invertibility of T (a%��) is equivalentto the existen
e of a labelling of the zeros zj(�) su
h thatjz1(�)j � � � � � jzp(�)j < % < jzp+1(�)j � � � � � jzp+q(�)j:(3.1)Abbreviating zj(�) to zj , we havea%(t)� � = aq'�(t)'+(t)where '�(t) = pYj=1�1� zj%t� ; '+(t) = p+qYj=p+1(%t� zj):Standard 
omputations with Toeplitz matri
es (see, e.g., [7℄) now giveT (a% � �) = aqT ('�'+) = aqT ('�)T ('+);T�1(a% � �) = a�1q T ('�1+ )T ('�1� ):(3.2)Clearly,'�1� (t) = pYj=1 1 + zj%t + z2j%2t2 + � � �! =: 1Xn=0 bn%�nt�n;(3.3) '�1+ (t) = (�1)qzp+1 � � � zp+q p+qYj=p+1 1 + %tzj + %2t2z2j + � � �! =: 1Xn=0 
n%ntn;(3.4)where bn = bn(�) and 
n = 
n(�) are independent of %. Convergen
e of these seriesis a 
onsequen
e of (3.1). Thus, by (3.2), T�1(a% � �) equals1aq 0BB� 
0
1% 
0
2%2 
1% 
0: : : : : : : : : : : : 1CCA0BB� b0 b1=% b2=%2 : : :b0 b1=% : : :b0 : : :: : : 1CCA ;whi
h shows that�T�1(a% � �)�jk = %j�ka�1q (
j�1bk�1 + 
j�2bk�2 + � � � );(3.5)and thus proves (1.5).The proof of (1.5) for triangular T (a) is similar.If T (a%��) is invertible, then so is T (a%��) for all � in some open neighborhoodof �. This, in 
onjun
tion with Lemma 3.1, implies that the fun
tions � 7! djk(�)are analyti
 in C n �(a).Lemma 3.2. Fix a site (j; k) and let � 2 C n �(a). If % > 0 and T (a% � �) isinvertible, then there exist an open neighborhood U � C n �(a) of � and a naturalnumber n0 su
h that T (a% � �) is invertible for all � 2 U , the matri
es Tn(a% � �)are invertible for all � 2 U and all n � n0, and�T�1n (a% � �)�jk ! �T�1(a% � �)�jk as n!1uniformly with respe
t to � 2 U .



14 A. B�OTTCHER, M. EMBREE, AND V. I. SOKOLOVProof. It is a standard result of the theory of proje
tion methods for Toeplitzoperators that if T (a% � �) is invertible, then there exist an open neighborhood Vof � and a natural number m0 su
h that T (a% � �) is invertible for all � 2 V ,M := supn�m0 sup�2V kT�1n (a% � �)k <1;and �T�1n (a% � �)�jk ! �T�1(a% � �)�jk as n!1for all � 2 V ; see, e.g., [7℄. Hen
e, given any " > 0, we 
an �nd a number n0 � m0and an open neighborhood U � V of � su
h that����T�1n (a% � �)�jk � �T�1(a% � �)�jk��� < "=3;����T�1(a% � �)�jk � �T�1(a% � �)�jk��� < "=3;and����T�1n (a% � �)�jk � �T�1n (a% � �)�jk���� kT�1n (a% � �)� T�1n (a% � �)k� j�� �j kT�1n (a% � �)k kT�1n (a% � �)k �M2j�� �j < "=3for all � 2 U and all n � n0. Assembling these three "=3 inequalities yields theassertion.Theorem 3.3. Let a 2 P and let 
 � C be a 
ompa
t set 
ontaining the origin.Further, let G be a 
onne
ted 
omponent of C n �(a). If dkj is identi
ally zero inG, or not 
onstant in G, or a 
onstant 
 =2 �1=
 in G, thenlimn!1 sp(j;k)
 Tn(a) \G = ��(a) [Hjk
 (a)� \G:(3.6)Proof. We �rst prove thatlim infn!1 sp(j;k)
 Tn(a) \G � ��(a) [Hjk
 (a)� \G:(3.7)If dkj(�) = 
 =2 �1=
 or dkj(�) = 0 for all � 2 
, then Hjk
 (a) = ;, and (3.7) isevident from (1.2). (Re
all that 0 2 
.) Thus assume dkj is not 
onstant in G andHjk
 (a) is not empty. Take � in the right hand side of (3.7). If � is in the boundary�G of G, then � is in �(a) and hen
e in lim inf sp(j;k)
 Tn(a). Thus, let � 2 G. Sin
e� 2 Hjk
 (a), there is an ! 2 
 su
h that 1 + !dkj(�) = 0. Choose % > 0 so thatT (a% � �) is invertible and let U and n0 be as in Lemma 3.2. Due to Lemma 3.1,f(�) := 1 + !dkj(�) = 1 + !%j�k �T�1(a% � �)�kjfor � 2 U . Lemma 3.2 shows that the fun
tions fn de�ned in U byfn(�) = 1 + !%j�k �T�1n (a% � �)�kj
onverge uniformly to f in U . Sin
e f is not 
onstant in U and is zero at � 2 U , awell known theorem by Hurwitz (see, e.g., [23, pp. 205 and 312℄) implies that thereare �n 2 U su
h that �n ! � and fn(�n) = 0. Let D% = diag (1; %; : : : ; %n�1). It
an be readily veri�ed thatTn(a% � �) = D%Tn(a� �)D�1% ;(3.8)
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e �T�1n (a% � �)�kj = %k�j �T�1n (a� �)�kj(3.9)and thus 0 = fn(�n) = 1 + ! �T�1n (a� �n)�kj :From (1.6) we now dedu
e that �n 2 sp(j;k)
 Tn(a), and sin
e �n ! �, it follows that� is in the left hand side of (3.7).We now show thatlim supn!1 sp(j;k)
 Tn(a) \G � ��(a) [Hjk
 (a)� \G:(3.10)Pi
k � in the left hand side of (3.10). If � 2 �G � �(a), then � is obviously in theright hand side of (3.10). We 
an therefore assume that � 2 G. By the de�nition ofthe partial limiting set, there are �n` 2 sp(j;k)
 Tn`(a)\G su
h that �n` ! �. Choose% > 0 so that T (a% � �) is invertible. By Lemma 3.2, the matri
es Tn`(a% � �n`)are invertible whenever n` is suÆ
iently large, and from (3.8) it then follows thatthe matri
es Tn(a� �n`) are also invertible for all n` large enough. Hen
e, takinginto a

ount that �n` 2 sp(j;k)
 Tn`(a) and using (1.6), we see that there are !n` 2 
su
h that 1 + !n` [T�1n` (a� �n`)℄kj = 0. Due to (3.9), this implies that1 + !n`%j�k �T�1n` (a% � �n`)�kj = 0:(3.11)Sin
e 
 is 
ompa
t, the sequen
e f!n`g has a partial limit ! in 
. Consequently,(3.11) and Lemma 3.2 give1 + !%j�k �T�1(a% � �)�kj = 0;and Lemma 3.1 now yields the equality 1 + !dkj(�) = 0. It results that dkj(�) 2�1=
 and thus that � 2 Hjk
 (a).Proof of Theorem 1.1. Take the union of equalities (3.6) over all 
omponents ofC n �(a). �Proof of Theorem 1.3. Equality (1.11) is true for some " 2 (0;1) if (and onlyif) limn!1 sp(j;k)"
 Tn(a) \G = ��(a) [Hjk"
(a)� \G(3.12)for every 
onne
ted 
omponent G of C n �(a). We prove that (3.12) always holdsfor the unbounded 
omponent G and that for ea
h bounded 
omponent G there isat most one "(G) for whi
h (3.12) is not valid. This 
learly implies Theorem 1.3.Be
ause kT�1(a � �)k ! 0 and thus dkj(�) ! 0 as j�j ! 1, the fun
tion dkj
annot be a nonzero 
onstant in the unbounded 
omponent of C n �(a). FromTheorem 3.3 we therefore obtain (3.12) in the 
ase where G is the unbounded
omponent.Now let G be a bounded 
omponent. Then (3.12) holds by virtue of Theorem 3.3provided dkj is identi
ally zero or not 
onstant in G. Thus, suppose dkj(�) = 
 6= 0for all � 2 G. We have 
 2 �1="
 if and only if �1=
 2 "
. Obviously, if" > 0 is suÆ
iently small, then �1=
 is not in "
. De�ne "(G) 2 (0;+1℄ by"(G) = supf" > 0 : �1=
 =2 "
g: If " < "(G), then 
 =2 �1="
 and hen
e (3.12)



16 A. B�OTTCHER, M. EMBREE, AND V. I. SOKOLOVfollows from Theorem 3.3. So let " > "(G). Then Hjk"
(a) \ G = G, and we mustshow that G � lim infn!1 sp(j;k)"
 Tn(a) \G:(3.13)Pi
k � 2 G and 
hoose % > 0 so that T (a% � �) is invertible. Sin
e�T�1n (a% � �)�kj ! �T�1(a% � �)�kjby Lemma 3.2, we see from (3.9) and Lemma 3.1 that�T�1n (a� �)�kj ! dkj(�) = 
:Our assumptions on 
 and the de�nition of "(G) imply that 
 is an interior point of�1="
. Consequently, �T�1n (a� �)�kj belongs to �1="
 for all suÆ
iently large n,whi
h, by (1.6), means that � 2 sp(j;k)"
 Tn(a) for all n large enough, thus 
ompletingthe proof of (3.13). �4. Small and large perturbationsThis se
tion is devoted to the proofs of Theorems 1.4 and 1.5.Lemma 4.1. If a 2 P and T (a) is not triangular, then there exists a 
onstantÆ > 1, depending on a, su
h that�(a) = \%2[1=Æ;Æ℄ spT (a%):Proof. Assume that a is of the form (1.10) with p � 1 and q � 1. We havea%(t) = aq%qtq �1 + aq�1aq 1%t + � � �+ a�paq 1%p+qtp+q� :Hen
e, if % is large enough, then, for all � 2 spT (a), a% � � has no zeros on Tand wind (a%; �) = q 6= 0. This implies there is a %1 2 (1;1) su
h that spT (a) �spT (a%) for all % > %1. Analogously, from the representationa%(t) = a�p%�pt�p�1 + a�p+1a�p %t+ � � �+ aqa�p %p+qtp+q�we infer that there exists a %2 2 (0; 1) su
h that spT (a) � spT (a%) for all % < %2.Letting Æ := max(%1; 1=%2) we get\%=2[1=Æ;Æ℄ spT (a%) � spT (a);when
e \%2(0;1) spT (a%) � spT (a) \ 24 \%2[1=Æ;Æ℄ spT (a%)35 = \%2[1=Æ;Æ℄ spT (a%):Proof of Theorem 1.4. Sin
e 0 is a point of 
, the set �(a) is 
ontained inlim infn!1 sp(j;k)
 Tn(a). To get the reverse in
lusion, it suÆ
es to prove thatlim supn!1 sp(j;k)"D Tn(a) � �(a)(4.1)
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iently small. We show thatsup�=2�(a) jdkj(�)j <1:(4.2)Clearly, (4.2) implies that Hjk"D(a) = ; provided " > 0 is small enough, say " < Æ1.Thus, if dkj is identi
ally zero or nowhere lo
ally 
onstant, then (4.1) is immediatefrom Theorem 1.1. If dkj is 
onstant in some 
omponent G of C n �(a), thenthis 
onstant is 
ertainly not in �1="D if " > 0 is suÆ
iently small, " < Æ2(G).Theorem 3.3 therefore yields (4.1) for all " > 0 less than the minimum of Æ1 and allÆ2(G).Again write a in the form (1.10) with p � 1 and q � 1. Pi
k � 2 C n �(a). ByLemma 4.1, there is a % 2 [1=Æ; Æ℄ su
h that T (a% � �) is invertible. From (3.5) weobtain jdkj(�)j = jaq j�1j
kbj + 
k�1bj�1 + � � � j(4.3) � jaq j�1 kX̀=0 j
`j2!1=2 jX̀=0 jb`j2!1=2 :Taking into a

ount (3.1), (3.3), and (3.4), we getjb`j = ������ X�1+���+�p=` z�11 � � � z�pp ������� (jz1j+ � � �+ jzpj)`� (p%)` � (pÆ)` � (pÆ)jand j
`j = jzp+1 � � � zp+qj�1 ������ X�1+���+�q=` z��1p+1 � � � z��qp+q ������� %�q(jzp+1j�1 + � � �+ jzp+q j�1)`� %�q(q%�1)` � Æq(qÆ)` � Æq(qÆ)k:Thus, (4.3) givesjdkj(�)j � jaqj�1Æq �(k + 1)(qÆ)2k�1=2 �(j + 1)(pÆ)2j�1=2;whi
h 
learly implies (4.2). �It is well known that d11(�) 6= 0 for all � 2 C n �(a). The fun
tion d11(�) isusually denoted by 1=G(a� �), and it is also well known (see, e.g., [7, Prop. 5.4℄)that G(a� �) = exp� 12� Z 2�0 log(a%(ei�)� �) d�� ;(4.4)where % > 0 is any value for whi
h T (a% � �) is invertible and where ei� 7!log(a%(ei�) � �) is any 
ontinuous bran
h of the logarithm, whi
h exists by virtueof (1.1). From Theorems 1.1 and 1.2 we obtain that if a 2 P and 
 � C is any
ompa
t set 
ontaining the origin, thenlimn!1 sp(1;1)
 Tn(a) = �(a) [ f� =2 �(a) : �G(a� �) 2 
g:(4.5)



18 A. B�OTTCHER, M. EMBREE, AND V. I. SOKOLOVProof of Theorem 1.5. By Theorem 1.2, d11(�) = 1=G(a��) is nowhere lo
ally
onstant. We therefore see from (1.7) and (1.8) thatsp(1;1)
 T (a) = spT (a) [ f� =2 spT (a) : �G(a� �) 2 
g:(4.6)From (4.5) we know thatlimn!1 sp(1;1)
 Tn(a) = �(a) [ f� =2 �(a) : �G(a� �) 2 
g:(4.7)Let � 2 spT (a) n �(a). By Lemma 4.1, there is a % 2 [1=Æ; Æ℄ su
h that T (a% � �)is invertible. From (4.4) we obtainjG(a� �)j = exp� 12� Z 2�0 log ja%(ei�)� �j d��(4.8) � exp(log ka% � �k1) = ka% � �k1� max%2[1=Æ;Æ℄ max�2spT (a) ka% � �k1 =:M <1:We 
laim that (1.14) is true with "2 =M + 1.Suppose � is not in (4.7). Then � =2 �(a) and �G(a � �) =2 
. If � were inspT (a), then (4.8) would imply that jG(a� �)j �M , whi
h is impossible be
ause�G(a��) =2 
 and thus jG(a��)j > M+1. Hen
e � =2 spT (a) and �G(a��) =2 
,whi
h shows that � does not belong to (4.6).Conversely, suppose � is not a point in (4.6). Then � =2 �(a) (re
all that �(a) �spT (a)) and �G(a� �) =2 
. Consequently, � is not in (4.7). �Even the extension of only part of Theorem 1.5 to the 
ase (j; k) 6= (1; 1) is adeli
ate problem. We note that alwayslim supn!1 sp(j;k)
 Tn(a) � sp(j;k)
 T (a);but lower estimates are more diÆ
ult to obtain.5. An exampleWe now 
onsider a parti
ular example involving tridiagonal Toeplitz matri
es.In parti
ular, we show that Theorem 1.5 is in general no longer true when (1; 1) isrepla
ed by (j; k) 6= (1; 1).Let a(t) = t+ �2t�1 with � 2 (0; 1). The set a(T) is the ellipse�x+ iy 2 C : x2(1 + �2)2 + y2(1� �2)2 = 1� :Let E+ and E� denote the sets of points inside and outside this ellipse, respe
tively.From (1.1) we see that spT (a) = a(T)[E+. For % > 0, put a%(t) = %t+�2%�1t�1.Thus, a%(T) is the ellipse�x+ iy 2 C : x2(%+ �2%�1)2 + y2(%� �2%�1)2 = 1� :It is readily veri�ed thata%(T) � E� if 0 < % < �2 or % > 1;a%(T) � E+ if �2 < % < 1;a%(T) = [�2�; 2�℄ if % = �;when
e �(a) = [�2�; 2�℄, the line segment between the two fo
i of the ellipse a(T).



LARGE TOEPLITZ BAND MATRICES WITH A RANDOMLY PERTURBED ENTRY 19Let � 2 C n [�2�; 2�℄. We havea(t)� � = t�1(t� z1(�))(t � z2(�))with z1(�) = �2 �r�24 � �2; z2(�) = �2 +r�24 � �2:(5.1)Here we denote by p�2=4� �2 the bran
h of the fun
tion whi
h is analyti
 inCn[�2�; 2�℄ and asymptoti
ally equal to �=2 as �!1. We 
laim that the labelingof the roots z1(�) and z2(�) in (5.1) agrees with (3.1); i.e., jz1(�)j < jz2(�)j. Everypoint � 2 C n [�2�; 2�℄ is lo
ated on exa
tly one of the ellipses a�(T) with � > �and 
an therefore be uniquely written in the form� = �ei� + �2��1e�i�; � 2 (�;1); � 2 [0; 2�):(5.2)For � in the form (5.2) we get�p�2=4� �2 = �12 ��ei� � �2��1e�i�� ;whi
h shows thatz1(�) = �2 �r�24 � �2 = �2��1e�i�; z2(�) = �2 +r�24 � �2 = �ei�;when
e jz1(�)j = �2��1 < � = jz2(�)j, as 
laimed.Given � in the form (5.2), 
hoose % 2 (�2��1; �). Then T (a% � �) is invertibleand the fun
tions (3.3) and (3.4) assume the form'�1� (t) = 1 + z1(�)%t + z21(�)%2t2 + � � �= 1 + �2%�ei� 1t + �4%2�2e2i� 1t2 + � � � ;'�1+ (t) = � 1z2(�) �1 + %tz2(�) + %2t2z22(�) + � � ��= � 1�ei� �1 + %t�ei� + %2t2�2e2i� + � � �� :From (3.5) we now get in parti
ulard11(�) = � 1�ei� ; d12(�) = � �2�2e2i�(5.3) d21(�) = � 1�2e2i� ; d22(�) = � 1�ei� � �2�2e2i� + 1�(5.4)Formulas (5.3) and (5.4) and their analogs for general dkj(�) 
an be used to 
omputethe sets Hjk
 (a). In fa
t, Figure 1, the top and middle pi
tures of Figures 2 and 3,the top pi
tures of Figures 4 and 5, and the boundaries of the regions in Figure 6were obtained via numeri
al implementations of this pro
edure.Let 
 = "D. We 
laim thatlimn!1 sp(2;2)
 Tn(a) $ sp(2;2)
 T (a):(5.5)By the de�nition of Hjk
 (a),H22
 (a) = f� =2 [�2�; 2�℄ : jd22(�)j � 1="g:



20 A. B�OTTCHER, M. EMBREE, AND V. I. SOKOLOVTheorem 1.1, in 
onjun
tion with Lemma 3.1, giveslimn!1 sp(2;2)
 Tn(a) = [�2�; 2�℄ [H22
 (a):(5.6)From (1.8) we dedu
e thatsp(2;2)
 T (a) = spT (a) [ f� =2 spT (a) : jd22(�)j � 1="g:(5.7)Clearly, (5.7) 
ontains a suÆ
iently small disk ÆD. We show that no su
h disk is
ontained in (5.6), whi
h will imply the 
laim (5.5). To prove this, take � of theform (5.2) with � = �=2. Thenj�j = j� � �2��1j ! 0 as � ! �+ 0and hen
e � 2 ÆD whenever � > � is suÆ
iently 
lose to �. On the other hand,the expression for d22(�) in (5.4) yieldsjd22(�)j = 1� �1� �2�2�! 0 as � ! �+ 0;whi
h shows that for any " > 0, it is possible to take Æ and � suÆ
iently small thatjd22(�)j < 1=", and thus � is not in (5.6), though it is in (5.7).Referen
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