THE SPECTRA OF LARGE TOEPLITZ BAND MATRICES
WITH A RANDOMLY PERTURBED ENTRY

A. B(")TTCHER, M. EMBREE, AND V.I. SOKOLOV

ABSTRACT. This report is concerned with the union spg’k)Tn(a) of all pos-
sible spectra that may emerge when perturbing a large n X n Toeplitz band
matrix Ty (a) in the (4, k) site by a number randomly chosen from some set 2.
The main results give descriptive bounds and, in several interesting situations,
even provide complete identifications of the limit of spg’k)Tn(a) as n — oo.
Also discussed are the cases of small and large sets €2 as well as the “discon-
tinuity of the infinite volume case”, which means that in general spg’k)Tn(a)
does not converge to something close to spg’k)T(a) as n — oo, where T'(a)
is the corresponding infinite Toeplitz matrix. Illustrations are provided for
tridiagonal Toeplitz matrices, a notable special case.

1. INTRODUCTION AND MAIN RESULTS

For a complex-valued continuous function a on the complex unit circle T, the
infinite Toeplitz matrix T'(a) and the finite Toeplitz matrices T, (a) are defined by

T(a) = (aj-k)jp=1 and Tn(a) = (a; k)] s=1,
where ay is the fth Fourier coefficient of a,
1 2T

as a(e®e 0 dh, (e Z.

2 Jo
Here, we restrict our attention to the case where a is a trigonometric polynomial,
a € P, implying that at most a finite number of the Fourier coefficients are nonzero;
equivalently, T'(a) is a banded matrix. The matrix 7'(a) induces a bounded operator
on ¢?(N), and we think of T},(a) as a bounded operator on C™ with the ¢? norm.

Let A stand for T'(a) or T,,(a). The spectrum sp A is defined as usual, that is, as
the set of all A € C for which A — AT is not invertible. Given a complex number w,
we denote by wejej the matrix that is zero everywhere except in the (j, k) entry,
which is w. For a subset 2 of C, we put

ik
spg A= U sp (A + wejey,).
wEeN

Thus, spg’k)A is the union of all possible spectra that may emerge as the result
of a perturbation of A in the (4, k) site by a number randomly chosen in 2. The
purpose of this report is to study spél’k)Tn(a) for fixed j, k, and Q as n — oo.
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Gohberg identified the spectrum of T'(a) in 1952 [11], proving that
(1.1) spT(a) =a(T)U{X € C\ a(T) : wind(a, \) # 0},

where wind(a, A) is the winding number of a (on the counter-clockwise oriented unit
circle) about A. Every point in spT'(a) \ a(T) is an eigenvalue of finite multiplicity
of T'(a) or the transpose of T'(a); a point on a(T) may be an eigenvalue or not.

The spectra of the large finite Toeplitz matrices T, (a) were studied in 1960
by Schmidt and Spitzer [24], who observed that the sets sp T, (a) converge in the
Hausdorff metric to a limiting set A(a),
(1.2) lim spT,(a) = A(a).

n—o0

The set A(a) is either a singleton or the union of at most finitely many analytic
arcs, each pair of which has at most endpoints in common; it can be described as
follows. We can write a(t) = 3_, axt® (t € T), the sum being finite. For ¢ € (0, 00),
define a, € P by a,(t) = >, aro®t* (t € T). Then

(1.3) Ala) = () spT(ay).

0>0

From (1.1), (1.2), and (1.3) we see that in general spT),(a) does not converge
to sp T'(a). Surprisingly, pseudospectra of Toeplitz matrices behave differently. For
e > 0, the e-pseudospectrum sp, A is defined by

SpEA: U Sp(A+K),
IK|I<e

with the union taken over all matrices K (of the same size as A) which induce an
operator of norm at most ¢ (see, e.g., [7], [26], [27]). Landau [19] and Reichel and
Trefethen [22] showed that for each € > 0,

(1.4) lim sp, Ty, (a) = sp. T'(a)

n—o0
(also see [2] and [7]).

It is the abyss between (1.2) and (1.4) that makes the question of the limit of
spg ’k)Tn(a) intriguing. To state precise results, we need some more preliminaries.
For a sequence {M,,}>2; of nonempty sets M, C C, consider the limiting sets

liminf M, := {A € C: X is the limit of some

e sequence {\,}52, with A, € M, },
limsup M,, := {A € C: ) is a partial limit of some

e sequence {\,}52, with A, € M,}.

Notice that if all the sets involved are compact, then the two equalities

liminf M,, = limsup M,, = M

n—oo n—o00

are equivalent to saying that M,, converges to M in the Hausdorff metric (see [13,
Sections 3.1.1 and 3.1.2] or [15, Section 28]), in which case we simply write

lim M, = M,

n—oo

asin (1.2) and (1.4).
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If X € C\ A(a) then, by (1.3), there is a o > 0 such that T'(a, — A) is invertible.
We show in Lemma 3.1 that

(1.5) T a, — N = (¢ *djr (V)

with analytic functions dj;, : C \ A(a) — C that do not depend on o. (Here and in
what follows, we write T1(-) for (T'(-))!.) For a set M C C, we define —1/M by

-1/ M ={yeC:1+4 puy=0 for some p € M}.
It is well known and easily seen that if 0 € €0, then
(1.6) sp M A = sp AU{A g spA:[(A— M)y, € —1/Q},

where [(A — AI)~!y; is the (k, j) entry of the resolvent (A — AI)~'. Consequently,
letting

0o
Jyk=1

(1.7) H(a) = {x € C\ A(a) : dij(\) € —1/Q},
we obtain
(1.8) spP T (a) = sp T(a) U H (a).

(Note that for A outside spT'(a) we can take (1.5) with o = 1.) Formula (1.8)
disposes of the “infinite volume case”. In the “finite volume case” we have the
following theorem, which is the main result of this report.

Theorem 1.1. Let a € P and let Q be a compact subset of C that contains the
origin. If di; : C\ Ala) — C is identically zero or nowhere locally constant or
assumes a constant value c that does not belong to —1/), then

(1.9) lim sp )T, (a) = A(a) U HIF (a).

We conjecture that for every a € P and every (j,k) the function dy; is either
identically zero or nowhere locally constant and hence that (1.9) is always true, but
we have not been able to prove this. The results of [6] imply at least the following.

Theorem 1.2. Let a € P be of the form
q
(1.10) a(t) = Z apt®, p>0, ¢>0, a—_pagy # 0,
k=—p

and let G be a bounded component of C \ spT(a). The function dy1 is always
nowhere locally constant in G. If k > 1 or j > 1, then the function dy; is either
identically zero in G or nowhere locally constant in G provided one of the following
conditions is satisfied:

(a) C\ A(a) is connected;

(b) p or q equals 1;

(c) p+ q is a prime number and p or q equals 2;

(d)p+tg=4orp+q="7.

We remark that C\ A(a) is in particular connected if T'(a) is tridiagonal (which
means that p + ¢ = 2) or triangular (p = 0 or ¢ = 0) or Hermitian. Condition (b)
is equivalent to saying that T'(a) is a Hessenberg matrix. Notice that we may also
without loss of generality assume that p < g (otherwise we may pass to the adjoint
operator). The case p + g = 3 is covered by (a) for p = 0 and by (b) for p = 1,
while the case p + ¢ = 5 is contained in (a) for p =0, in (b) for p = 1, and in (c)
for p = 2. We have no result in the case p+ ¢ =6 (unless p=0or p = 1).



4 A. BOTTCHER, M. EMBREE, AND V.I. SOKOLOV

Since sp T'(a) is in general much larger than A(a), we see from (1.8) and (1.9) that

spg k) generically behaves discontinuously when passing from large finite Toeplitz
matrices to infinite Toeplitz matrices. The following result is in the same vein. A
set Q € C is said to be starlike if it contains the line segment [0, w] for every point
w € Q. We denote by Q or clos the closure of a set Q and by Q° the set of the
interior points of . Finally, we put eQ = {ew : w € Q}.

Theorem 1.3. Let a € P and let QO C C be a nonempty starlike compact set such
that 2 = closQ°. Then

(1.11) Tim_ spl6" T (a) = Afa) U HIG (a)
for all e € (0,00) with the possible exception of at most finitely many e1,... e,

where € does not exceed the number of bounded components of C\ A(a).

We now turn to the case where (2 is a small set, that is, we consider Toeplitz
band matrices with a single “impurity”. If ¢ € P and T'(a) is triangular, then the
limit of Spg ! )Tn(a) is strictly larger than A(a) for every  # {0}. It turns out that
the limiting spectra of non-triangular Toeplitz band matrices are not affected by
sufficiently small impurities localized in a single site.

Theorem 1.4. Let a € P and suppose T (a) is not triangular. Let further Q0 be any
compact subset of the plane which contains the origin. Then for each (j,k) there
exists an €1 > 0, depending on j, k, and a such that

(1.12) lim sp"M T, (a) = A(a)
n— 00
whenever Q C e, D.

In [4] we showed that if a € P is not constant, then there is an 9 > 0, depending
on j, k, and a, such that

(1.13) spg’k)T(a) =spT(a)
provided 0 € Q C g,D. Equalities (1.12) and (1.13) tell us that lim spg’k)Tn(a)

and spg ’k)T(a) stabilize at constant values before 2 contracts to zero and that,
however, these values are in general different.
Here is a result for large perturbations.

Theorem 1.5. Let a € P and suppose T(a) is not triangular. Let Q@ C C be a
compact set. Then there is an €2 > 0, depending on a, such that

(1.14) lim sp871)Tn(a) = sp871)T(a)
n—o00
whenever esD C .

We will show that Theorem 1.5 is in general no longer true with (1, 1) replaced
by (4, k).

Theorems 1.4 and 1.5 reveal that for small perturbation sets 2, the asymp-
totic behavior of spg’k)Tn(a) is as in (1.2), while for large Q the sets spg’l)Tn(a)
mimic (1.4). In a sense, Theorem 1.5 describes a situation in which there is no
discontinuity when passing from large finite matrices to an infinite matrix. On the
other hand, Theorem 1.4 shows that in the presence of only very small impurities
the passage from finite matrices to the infinite matrix is analogous to (1.2), and
thus discontinuous.
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Theorem 1.2 is immediate from [6]. Theorems 1.1 and 1.3 will be proved in
Section 3, and the proofs to Theorems 1.4 and 1.5 will be given in Section 4. In
Section 5 we discuss a concrete example: single entry perturbations to tridiagonal
Toeplitz matrices. Section 2 provides several instructive illustrations. Our approach
is based on formula (1.6) and the convergence of the finite section method for in-
vertible Toeplitz band matrices. In the case where € is a finite set, the asymptotic
behavior of spéJ ’k)Tn(a) has been thoroughly studied in [1, 12, 18]. However, these
results and techniques are not sufficient to uncover phenomena like those described
by the above theorems. Perturbed Toeplitz matrices arise in a variety of settings
in applied mathematics and physics, including non-Hermitian quantum mechanics
[8, 10, 14, 28] (also see [9]), population biology [21], linear systems theory [16, 17],
small world networks [25], and eigenvalue perturbation theory for general matri-
ces [20]. In particular, single-entry perturbations are discussed in [10, 25]. For
more on the sets spg ’k)T(a) (representing the infinite volume case) we refer to our
recent paper [4]. Finally, it should be noted that (1.6) is the appropriate tool for
investigating random perturbations in a single site. Perturbations in a finite set of
sites require more machinery; this is the subject of our article [5], which proves an
analog of Theorem 1.4 for perturbations to the upper-left block of a matrix.

2. ILLUSTRATIONS

Figures 1 to 4 concern the symbol a(t) =t + § ¢!, which yields a tridiagonal
Toeplitz matrix. The range a(T) is an ellipse, sp T'(a) equals a(T)U E;., where E
denotes the set of points inside this ellipse, and A(a) is the line segment between
the foci of the ellipse. Details are given in Section 5; related analysis and similar
illustrations for the infinite volume case are presented in [4].

Since C \ A(a) is connected, Theorems 1.1 and 1.2 imply that (1.9) is valid. At
the intersection of the jth row and kth column of Figure 1 we see A(a) U Hék(a)
and thus lim,, spg’k)Tn(a) for Q = [-5,5].

Figures 2 and 3 illustrate the following experiment. We choose one of the entries
of the upper m x m block of Tj(a) randomly with probability 1/m? and then
perturb T, (a) in this entry by a random number uniformly distributed in Q =
[—5, 5], plotting the n eigenvalues of the perturbed matrix. We repeat this N times
and consider the superimposition of the Nn eigenvalues obtained. Equality (1.9)
suggests that this superimposition should approximate
(2.1) U lim sp P T@= | (A(a) vHE, (a))

1<j,k<m 1<j,k<m
asn — oo and N — oco. For m = 3 and m = 5, the sets (2.1) are shown in the
middle pictures of Figures 2 and 3, respectively. Notice that, up to a change in
scale, the middle picture of Figure 2 is nothing but the union of the nine pictures
of Figure 1. The bottom pictures of Figures 2 and 3 depict the result of concrete
numerical experiments with NV = 2000 and n = 20. The agreement between the
n — oo theory and practice is striking even for modest n.
The top pictures of Figures 2 and 3 illustrate

(2.2) U sffyr@= U (spT@UH Y, @)
1<j,k<m 1<j,k<m
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k=1 k=2 k=3

j=3 — —5—

FIGURE 1. The sets A(a)UHZ' (a) for a(t) = t+5t71, Q=[-5,5],
and the nine possible choices of (j, k) with j,k € {1,2,3}.

Obviously, these top pictures (infinite volume case) differ significantly from the
middle pictures (finite volume case). Even more than that, in the finite volume
case we discover a remarkable structure in the set (2.2). In the infinite volume
case, this structure is hidden behind the black ellipse E,, so we are only aware of
the ends of certain arcs, resembling antennae sprouting from the ellipse.

The top picture of Figure 4 shows

U SPEJ,5,)5]T(G) = U (sp T(a)U H[(is,)s] (a))
(4.k)ENXN (4,k) ENXN
(infinite volume case), while in the middle picture we approximate

U Jmsfdym@ = U (Moual)
(j,k)ENXN (j,k)ENXN

(finite volume case) by the union of sp (T50(a) + EjwE}) for 1000 random choices
of j,k € {1,2,...,50} and w € [—5,5]. It is well known that the eigenvalues of the
finite Toeplitz matrices T}, (a) are highly sensitive to perturbations even for modest
dimensions [22]. Tt is interesting that the single entry perturbations investigated
here do not generally change the qualitative nature of that eigenvalue instability.
This is revealed for a specific example by the pseudospectral plots at the bottom of
Figure 4 (computed using [29]). This explains the dark interior ellipse in the center
plot of Figure 4: many of these computed eigenvalues are inaccurate due to rounding
errors. Generic perturbations of norm 10715 obscure the effects of our larger, single-
entry perturbations. The true structure is more delicate, as emphasized by Figure 5,
which zooms in on the middle image of Figure 3 for perturbations to the upper left
5 x 5 corner of Ty, (a). We compare the n — oo structure to the eigenvalues of
perturbations of Tig(a) and Tso(a). The convergence to the asymptotic limit is
compelling, though from an applications perspective, any point in the interior of
a(T) will behave like an eigenvalue when n is large.



LARGE TOEPLITZ BAND MATRICES WITH A RANDOMLY PERTURBED ENTRY 7

P

s
Ny

-
.

\ -
-

FIGURE 2. Real single-entry perturbations to 7'(a) and Ty, (a) for
a(t) = t + +t7! and Q = [-5,5]. The top picture shows the

union of spg’k)T(a) over all (j,k) in the upper 3 x 3 block, the

middle picture represents the union of lim,_, . spél’k) Tn(a) over
the same (7, k). The bottom picture superimposes the eigenvalues
of 2000 single-entry perturbations of Tbg(a), where the perturbed
entry is randomly selected from the upper left 3 x 3 block, and the
perturbation itself is a random number uniformly distributed in
[—5,5].
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FicUure 3. This is the analogue of Figure 2 for real single-entry
perturbations in the upper 5 x 5 block.
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0.5

g

FIGURE 4. Real single-entry perturbations to T'(a) and Ty, (a) for
a(t) = t+ 5t and @ = [-5,5]. The top picture is the union
of spg’k)T(a) over (j,k) € N x N. The middle picture shows
computed eigenvalues of 1000 single-entry perturbations to Tso(a),
where the perturbed entry is chosen by random anywhere in the
matrix, and the perturbation itself is randomly chosen from the
uniform distribution on [—5,5]. The interior elliptical region of
high eigenvalue concentration in the middle picture is an artifact
of finite precision arithmetic; this is revealed by the two bot-
tom pictures, which show the boundaries of the pseudospectra
sp. Tso(a) (left) and sp, (Tso(a) + wese}) with w = —3 (right) for
e=10"1,10"3,...,107*%. Dots (-) denote computed eigenvalues,
circles (o) show the true eigenvalue locations.
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FiGurge 5. Closer inspection of Figure 3. The top plot shows a
portion of r}LII;O spg’k)Tn(a) over all (j,k) in the top 5 x 5 corner
for = [-5,5]. The middle image shows eigenvalues of 10,000 ran-
dom perturbations to a single entry in the top corner of Txo(a); the
bottom image shows the same for T1y(a). (The accurate eigenval-
ues for N = 50 were obtained by reducing the non-normality in
the problem via a similarity transformation.)

Figure 6 illustrates the effects of complex single-entry perturbations. In the jth
row and the kth column of Figure 6 we see

sp%’k)ng,(a) for a(t)=t+ 3t L.

The dots represent the results of random experiments; the solid lines are the bound-
aries of A(a) U H%’k) (a). While the emergence of wings (or antennae) is typical
for real-valued perturbations, one finds that complex perturbations usually lead to
“bubbles”. For example, we see two bubbles in sp(2’2)T25(a), which split into three

D
bubbles in sp\>®) T3o(a).
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k=2

FIGURE 6. Complex single-entry perturbations to T'(a) and T}, (a)
for a(t) =t + ;t ! and Q = D, the closed unit disk. The plot in
the jth row and kth column shows the superimposed eigenvalues of
1000 perturbations to T5q(a) in the (4, k) entry for j, k € {1,2,3}.
Each perturbation is a random number uniformly distributed in D.

GRT (a) = Ala) U HE (a)

The boundaries of the regions lim sp=""'T,
n—oco D

are drawn as solid curves.

Finally, Figure 7 exhibits a Toeplitz matrix with six diagonals. The symbol a is
given by
a(t)= (1.5—12q)t "
+(0.34 4 0.84 )t + (—0.46 — 0.13)t* + (0.17 — 1.174)t> + (=1 4 0.774)t*,

introduced in [3]. Notice again the emergence of many wings, which make the set
A(a) (middle picture) become something reminiscent of a horse in cave paintings.
For further illustrations, together with analogous plots for the circulant matrix
induced by the same symbol, see [3].

3. THE LIMITING SET

This section contains proofs for Theorems 1.1 and 1.3. We begin by proving
formula (1.5).

Lemma 3.1. Let A € C\A(a) and o > 0. IfT(a,—M) is invertible, then T (a,—\)
is of the form (1.5) with numbers d;j;(X) that do not depend on p.

Proof. Suppose first that T'(a) is not triangular, that is, let a be of the form (1.10)
with p > 1 and ¢ > 1. Pick A € C\ A(a) and choose ¢ > 0 so that T'(a, — A) is
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FIGURE 7. Real single-entry perturbations to T, (a). The range
a(T) of the trigonometric polynomial a is seen in the top picture.
The middle picture shows sp Tso(a) and provides a very good idea
of A(a). The bottom picture depicts the superimposed eigenvalues
of 1000 perturbations of Tsg(a) in a randomly chosen entry from
(1,1),(2,2),(3,3) by a random number uniformly distributed in
[—5,5].

invertible. One can write

p+q

mn—xztw%IIu—qum

whence

p+q
ao(t) = X = o7t Pay [] (ot = 2;(0).
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Using (1.1), it is not difficult to check that the invertibility of T'(a, —\) is equivalent
to the existence of a labelling of the zeros z;(A) such that

(3.1) 21V < - <V <o <Lz (N] < - < zpirg (V-
Abbreviating z;(\) to z;, we have

ag(t) = A = agp—(t)py (1)

where
P 2 p+q
p_(t) = -2), ert) = (ot — 2j).
]1;[1 ( Qt) ’ j:grl

Standard computations with Toeplitz matrices (see, e.g., [7]) now give

T(a,—A) = aT(p-p1) = a;T(p-)T(p+),

(3.2) T~ ag =) = a;'T(p: )T (p").
Clearly,
1 p 2 22 0
3.3 —(t) = 1+ 4 79 4| = b o~ "¢
(3.3) v='(1) ]1;[1 + gt T;)ng ,
1 (—1)7 pta ot  o*t? )
Zp+1 " Zpig i=pt1 25 Zj o

where b, = b, ()A) and ¢, = ¢,,(\) are independent of p. Convergence of these series
is a consequence of (3.1). Thus, by (3.2), T (a, — ) equals

€0 bo bi/o ba/0?
i c10 Co bO bl/Q
Qg 0292 C10 Co bO . )
which shows that
(35) [T_l(a'g - /\)]]k = Qj_kaq_l(cj'_ﬂ)k_l + cj—2bk—2 + .. ),

and thus proves (1.5).
The proof of (1.5) for triangular T'(a) is similar. O

If T'(a,— ) is invertible, then so is T'(a, — ) for all 4 in some open neighborhood
of A. This, in conjunction with Lemma 3.1, implies that the functions A — d;x())
are analytic in C\ A(a).

Lemma 3.2. Fiz a site (j,k) and let A € C\ Aa). If o > 0 and T(a, — A) is
invertible, then there exist an open neighborhood U C C\ A(a) of X\ and a natural
number ng such that T(a, — p) is invertible for all u € U, the matrices Tp(a, — 1)
are invertible for all p € U and all n > ng, and

[T, (a, — ,u)]jk - [T (a, — ,u)]jk as n — 0o

uniformly with respect to yu € U.
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Proof. It is a standard result of the theory of projection methods for Toeplitz
operators that if T'(a, — A) is invertible, then there exist an open neighborhood V
of A and a natural number mg such that T'(a, — ) is invertible for all p € V,

M= sup sup 1T (ag - | < oo,
n>mo pEV
and
[T, (a, — ,u)]jk — [T (a, — ,u)]jk as m — 00

n

for all u € V; see, e.g., [7]. Hence, given any € > 0, we can find a number ng > my
and an open neighborhood U C V of A such that

I (a0 =N, = [T g = N, < /3

[T @y = )] = [T Hao = V)] | < e/3,
and
(7, (@0 = )] 4 = [T M@y = V]
< ||Tn_1(a’9 — )= Tn_l(% =N
<= AT (ag = wHIT7 (ag = NI < M| =N <e/3
for all 4 € U and all n > ngy. Assembling these three /3 inequalities yields the

assertion. O

Theorem 3.3. Let a € P and let Q@ C C be a compact set containing the origin.
Further, let G be a connected component of C\ A(a). If dy; is identically zero in
G, or not constant in G, or a constant ¢ ¢ —1/Q in G, then

(3.6) lim spl{*'T,,(a) NG = (A(a) U Hgk(a)) nG.
Proof. We first prove that
(3.7 lirr_l)inf spg’k)Tn(a) NG > (A(a) u HE (a)) NG.

If dyj(p) = ¢ ¢ —1/Q or di;(p) = 0 for all g € Q, then HL(a) = 0, and (3.7) is
evident from (1.2). (Recall that 0 € Q.) Thus assume dj; is not constant in G and
Hék(a) is not empty. Take A in the right hand side of (3.7). If A is in the boundary
8G of G, then A is in A(a) and hence in lim inf spl"*) T, (a). Thus, let A € G. Since
A€ Hék(a), there is an w € Q such that 1 + wdy;(A) = 0. Choose ¢ > 0 so that
T(a, — A) is invertible and let U and ng be as in Lemma 3.2. Due to Lemma 3.1,

Flp) =1+ wdij(u) = 1+ wo " [T (a, — )],
for u € U. Lemma 3.2 shows that the functions f, defined in U by
fulp) = 14w ™ [T (a, = w)],,

converge uniformly to f in U. Since f is not constant in U and is zero at A € U, a
well known theorem by Hurwitz (see, e.g., [23, pp. 205 and 312]) implies that there
are A, € U such that A\, — X and f,(\,) = 0. Let D, = diag(1,p,...,0" }). It
can be readily verified that

(3.8) Tn(ag —p) = DQTn(a - M)Dgl,
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whence

(3.9) [T (@ = )], = "7 [T (a = w)],;
and thus

0=faAn) =1+w[T; " (a— /\n)]kj i
From (1.6) we now deduce that A\, € spg ’k)Tn(a), and since A, — A, it follows that
A is in the left hand side of (3.7).

We now show that
(3.10) lim sup spg’k)Tn(a) NG c (A(a) U Hék (a)) NnG.
n—o0

Pick A in the left hand side of (3.10). If A € G C A(a), then A is obviously in the
right hand side of (3.10). We can therefore assume that A € G. By the definition of
the partial limiting set, there are A, € spg’k)Tne (a)NG such that \,, — A. Choose
0 > 0 so that T'(a, — A) is invertible. By Lemma 3.2, the matrices T, (a, — Ap,)
are invertible whenever n, is sufficiently large, and from (3.8) it then follows that
the matrices T,,(a — A,,) are also invertible for all n, large enough. Hence, taking
into account that \,, € spgk)Tm (a) and using (1.6), we see that there are w,, €
such that 14 wy, [T, (a — An,)]k; = 0. Due to (3.9), this implies that

(3.11) 1+ wnegj_k [Tn_el(ae - /\ne)] ki 0.

Since 2 is compact, the sequence {w,,} has a partial limit w in Q. Consequently,
(3.11) and Lemma 3.2 give

1+we'™* [T_l(ag - /\)]kj =0,

and Lemma 3.1 now yields the equality 1 + wdy;(A) = 0. It results that di;(\) €
—1/9 and thus that A € HZ' (a). O

Proof of Theorem 1.1. Take the union of equalities (3.6) over all components of
C\ Afa). O

Proof of Theorem 1.3. Equality (1.11) is true for some ¢ € (0,00) if (and only
if)

(3.12) le spgik)Tn(a) NG = (A(a) u Hgé(a)) NG

for every connected component G of C\ A(a). We prove that (3.12) always holds
for the unbounded component G and that for each bounded component G there is
at most one (@) for which (3.12) is not valid. This clearly implies Theorem 1.3.

Because ||[T!(a — A)|| = 0 and thus di;(\) — 0 as |A| — oo, the function dj;
cannot be a nonzero constant in the unbounded component of C \ A(a). From
Theorem 3.3 we therefore obtain (3.12) in the case where G is the unbounded
component.

Now let G be a bounded component. Then (3.12) holds by virtue of Theorem 3.3
provided dy; is identically zero or not constant in G. Thus, suppose dj;(A) = c # 0
for all A € G. We have ¢ € —1/eQ if and only if —1/c € Q. Obviously, if
¢ > 0 is sufficiently small, then —1/c is not in Q. Define £(G) € (0, +oo] by
e(G) =sup{e > 0: —1/c ¢ eQ}. If ¢ < e(G), then ¢ ¢ —1/eQ and hence (3.12)
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follows from Theorem 3.3. So let € > ¢(G). Then Hgé(a) NG = G, and we must
show that
(3.13) G C liminfsp%¥ 7, (a) N G.
n—oo
Pick A € G and choose p > 0 so that T'(a, — A) is invertible. Since
[Tn_l(ag — /\)]k]. - [T_l(ag — /\)]kj

by Lemma 3.2, we see from (3.9) and Lemma 3.1 that

[Tn_l(a' - /\)] kj = dii(A) = c.

Our assumptions on 2 and the definition of £(G) imply that c is an interior point of
—1/£Q. Consequently, [T (a — \)] x; belongs to —1/eQ for all sufficiently large n,

which, by (1.6), means that A € spggk)Tn(a) for all n large enough, thus completing
the proof of (3.13). O
4. SMALL AND LARGE PERTURBATIONS
This section is devoted to the proofs of Theorems 1.4 and 1.5.

Lemma 4.1. If a € P and T(a) is not triangular, then there exists a constant
0 > 1, depending on a, such that

Aa)= ] spT(ay).
0€[1/5,0]

Proof. Assume that a is of the form (1.10) with p > 1 and ¢ > 1. We have

Ag—1 1 a_ 1
t) = e (14 29—~ 4.4 7P ).
G,Q( ) 4qQ ( Qq Qt Qq QP+‘ItP+q

Hence, if p is large enough, then, for all A € spT'(a), a, — A has no zeros on T
and wind (a,,A) = ¢ # 0. This implies there is a g; € (1,00) such that spT(a) C
spT(a,) for all p > 0;. Analogously, from the representation

a,(t) =a_po Pt 7 (1 + w@t 4ot ﬁgp+qtp+q>
a—p a—p
we infer that there exists a g2 € (0,1) such that spT'(a) C spT'(a,) for all ¢ < gs.
Letting § := max(g1,1/02) we get

ﬂ spT(a,) D spT(a),
o¢[1/4,0]
whence

ﬂ spT(a,) DspT(a) N ﬂ spT(ap)| = ﬂ spT (ay).

0€(0,00) 0€[1/4,4] 0€[1/4,4]
O

Proof of Theorem 1.4. Since 0 is a point of 2, the set A(a) is contained in
lim inf Spg ’k)Tn(a). To get the reverse inclusion, it suffices to prove that
n—oo

(4.1) lim sup spi%k)Tn(a) C Aa)

n—o0
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whenever € > 0 is sufficiently small. We show that

(4.2) sup |dgj(A)| < oo.
AgA(a)

Clearly, (4.2) implies that Hg%(a) = () provided ¢ > 0 is small enough, say € < d;.
Thus, if dy; is identically zero or nowhere locally constant, then (4.1) is immediate
from Theorem 1.1. If dj; is constant in some component G of C \ A(a), then
this constant is certainly not in —1/eD if ¢ > 0 is sufficiently small, e < d2(G).
Theorem 3.3 therefore yields (4.1) for all € > 0 less than the minimum of 4; and all
92(G).

Again write a in the form (1.10) with p > 1 and ¢ > 1. Pick A € C\ A(a). By
Lemma 4.1, there is a ¢ € [1/6,d] such that T'(a, — A) is invertible. From (3.5) we
obtain

(4.3) |dk; (A

lag| lerbj + cr1bj 1 + -]

k vz,
Jag| ™! (Z |0z|2> (Z Ibzl2>
=0 =0

Taking into account (3.1), (3.3), and (3.4), we get

1/2

IN

be| = Z 220
a1t tap,=¢
< (al+--+ 2D
< (po)* < (pd)" < (ps)’
and
leel = |zpt1-- Zzo-i-qr1 Z Z;—ﬁf - 'Zz;-ﬁ;

a4 Fag=L
Q_q(|Z10-i-1|_1 +oe |Z10-i-q|_1)1Z
0 “(qo )" < 8(gd)" < 6%(qd)k.

IN N

Thus, (4.3) gives

iy (V] < lag) ™87 ((k + 1)(@0)*) " (G + Do),
which clearly implies (4.2). O
It is well known that di1(A) # 0 for all A € C\ A(a). The function dy;()\) is

usually denoted by 1/G(a — A), and it is also well known (see, e.g., [7, Prop. 5.4])
that

(4.4) G(a—\) =exp (% /0 " log(a,(e?) — \) d0> ,

where ¢ > 0 is any value for which T'(a, — )\) is invertible and where ¥ —
log(a,(e?®) — \) is any continuous branch of the logarithm, which exists by virtue
of (1.1). From Theorems 1.1 and 1.2 we obtain that if « € P and  C C is any
compact set containing the origin, then

(4.5) lim. spa T, (a) = A(a) U{X ¢ Ala) : —G(a — ) € Q}.
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Proof of Theorem 1.5. By Theorem 1.2, d11(A) = 1/G(a — A) is nowhere locally
constant. We therefore see from (1.7) and (1.8) that

(4.6) sp0 T (a) = spT(a) U{A ¢ spT(a) : —G(a— A) € Q}.
From (4.5) we know that
(4.7) Tim_ spa T, (a) = Ala) U{N ¢ A(a) : —G(a— ) € Q).

Let A € spT'(a) \ A(a). By Lemma 4.1, there is a g € [1/4,d] such that T'(a, — )
is invertible. From (4.4) we obtain

1 2m )
(4.8) |G(a—A)| = exp (—/ log |a,(e?) — Al d9>
2 Jo
< exp(logla, = Alloo) = llag — Alloo
< max max |la, — A|eo =1 M < 0.

0€[1/6,6] XespT(a)
We claim that (1.14) is true with e = M + 1.

Suppose A is not in (4.7). Then A ¢ A(a) and —G(a — ) ¢ Q. If XA were in
spT(a), then (4.8) would imply that |G(a — A)| < M, which is impossible because
—G(a—M) ¢ Q and thus |[G(a—)\)| > M +1. Hence A ¢ spT'(a) and —G(a—A) ¢ Q,
which shows that A does not belong to (4.6).

Conversely, suppose A is not a point in (4.6). Then A ¢ A(a) (recall that A(a) C
spT(a)) and —G(a — A) ¢ Q. Consequently, A is not in (4.7). O

Even the extension of only part of Theorem 1.5 to the case (j, k) # (1,1) is a
delicate problem. We note that always

lim sup spg’k)Tn(a) C spg’k)T(a),

n—o0

but lower estimates are more difficult to obtain.

5. AN EXAMPLE

We now consider a particular example involving tridiagonal Toeplitz matrices.
In particular, we show that Theorem 1.5 is in general no longer true when (1,1) is
replaced by (j,k) # (1,1).

Let a(t) = t + a?t~! with a € (0,1). The set a(T) is the ellipse

72 y?
; C: =1;.
{“”’ T Ty -y }
Let E; and E_ denote the sets of points inside and outside this ellipse, respectively.
From (1.1) we see that spT'(a) = a(T)UE4. For ¢ > 0, put a,(t) = ot + a?p~ 't
Thus, a,(T) is the ellipse

372 y2
z+iy€eC: + =153.
{ Y (0+a2o71)?  (0—a?p1)? }

It is readily verified that
a,(T)CE_if0<p<a®or g>1,
a,(T) CEy if e’ <p< 1,
ao(T) = [-20,2a] if p=a,

whence A(a) = [-2q, 2a], the line segment between the two foci of the ellipse a(T).
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Let A € C\ [-2a,2a]. We have
a(t) = A=t (t —21(N)(t — 22(N))
with

A A2 A A2
AN AN AT AN
(5.1) z1(A) = 5 T z2(A) 5 + T

Here we denote by y/A%2/4 — a? the branch of the function which is analytic in
C\[—2a, 2a] and asymptotically equal to A\/2 as A\ = co. We claim that the labeling
of the roots z1(\) and z2(\) in (5.1) agrees with (3.1); i.e., |z1(N\)| < |z2()\)|. Every
point A € C\ [—2a,2q] is located on exactly one of the ellipses a,(T) with o > «
and can therefore be uniquely written in the form

(5.2) A=ce? +a’c7e”™ o€ (a,00), 6€]0,2n).

For X in the form (5.2) we get
1, . ,
+/A2/4—a? = :|:§ (oe™ —a’ote™ ),

which shows that

2 . 2 X
z1(A) = % - /\Z —a?2=a’c e 2\ = % +1/ /\Z —a? = cge?,

whence |21 (A\)] = a?07! < 0 = |22(N)], as claimed.
Given X in the form (5.2), choose ¢ € (a®?c~',0). Then T'(a, — )) is invertible
and the functions (3.3) and (3.4) assume the form

a() | 2R

—1
) = 1+ 222
w_ (1) + of + 20 +
- 14 a? 1 ot 1 N
- Qgeié‘ t 0202621'0 2 ’
_ 1 ot 0*t? >
1
) = ——[1+— 4+ +...
e (0) zm)( ENGYIETOY

1 ot 0*t?
T T et <1+ geif T g2 T

From (3.5) we now get in particular
2

a
(5.3) dii(A) = _ﬁa di2(A) = T 520218
1 a?
(5.4) d21 () = —ﬁ, da2 () = T e <U2e2i9 + 1)

Formulas (5.3) and (5.4) and their analogs for general di; () can be used to compute
the sets ngk (a). In fact, Figure 1, the top and middle pictures of Figures 2 and 3,
the top pictures of Figures 4 and 5, and the boundaries of the regions in Figure 6

were obtained via numerical implementations of this procedure.
Let Q = eD. We claim that

(5.5) lim spg’2)Tn(a) S spg’2)T(a).

n—o0

By the definition of Hglk (a),
HE(a) = {\ ¢ [-20,2a] : |d2a(N\)] > 1/e}.
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Theorem 1.1, in conjunction with Lemma 3.1, gives
(5.6) lim sp2? T, (a) = [—20, 2a] U HZ(a).
n—oo
From (1.8) we deduce that
(5.7) spi 7 T(a) = spT(a) UL\ ¢ spT(a) : [daa (V)] > 1/2}.

Clearly, (5.7) contains a sufficiently small disk 6D. We show that no such disk is
contained in (5.6), which will imply the claim (5.5). To prove this, take A of the
form (5.2) with # = w/2. Then

N =lc—a?c | =0aso—>a+0

and hence A € D whenever o > « is sufficiently close to a. On the other hand,
the expression for daa()) in (5.4) yields

1 o?
|do2(A)| == (1——= ) =0 as 0 = a+0,
o o

which shows that for any € > 0, it is possible to take d and o sufficiently small that
|d22(N)| < 1/e, and thus A is not in (5.6), though it is in (5.7).
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