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QUANTITATIVE ERROR ESTIMATES FOR THE LARGE FRICTION LIMIT
OF VLASOV EQUATION WITH NONLOCAL FORCES

JOSE A. CARRILLO AND YOUNG-PIL CHOI

ABSTRACT. We study an asymptotic limit of Vlasov type equation with nonlocal interaction
forces where the friction terms are dominant. We provide a quantitative estimate of this large
friction limit from the kinetic equation to a continuity type equation with a nonlocal velocity
field, the so-called aggregation equation, by employing 2-Wasserstein distance. By introducing
an intermediate system, given by the pressureless Euler equations with nonlocal forces, we can
quantify the error between the spatial densities of the kinetic equation and the pressureless Euler
system by means of relative entropy type arguments combined with the 2-Wasserstein distance.
This together with the quantitative error estimate between the pressureless Euler system and
the aggregation equation in 2-Wasserstein distance in [Commun. Math. Phys, 365, (2019),
329-361] establishes the quantitative bounds on the error between the kinetic equation and the
aggregation equation.

1. INTRODUCTION

Let f = f(z,v,t) be the particle distribution function at (z,v) € R x R? and at time t € R
for the following kinetic equation:

Of+v-Vuf =V - (Y0 +A(VV+V W xp))f) =V, (Bv—u)f) (1.1)
subject to the initial data
fz,v,t)|i=0 =: fo(z,v), (x,v) R xR
where u is the local particle velocity, i.e.,

d
UZM Withp::/ fdv,
p R

V and W are the confinement and the interaction potentials, respectively. In ([T), the first two
terms take into account the free transport of the particles, and the third term consists of linear
damping with a strength v > 0 and the particle confinement and interaction forces in position
due to the potentials with strength A > 0. The right hand side of (L)) is the local alignment
force for particles as introduced in [22] for swarming models. In fact, it can also be understood as
the localized version of the nonlinear damping term introduced in [28] as a suitable normalization
of the Cucker-Smale model [I6]. Notice that this alignment term is also a nonlinear damping
relaxation towards the local velocity used in classical kinetic theory [10, 32]. Throughout this
paper, we assume that f is a probability density, i.e., || f(-,-,¢)||r: = 1 for ¢ > 0, since the total
mass is preserved in time.

In the current work, we are interested in the asymptotic analysis of (ILT)) when considering
singular parameters. More specifically, we deal with the large friction limit to a continuity type
equation from the kinetic equation (LI)) when the parameters v, A > 0, and 8 > 0 get large enough.
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Computing the moments on the kinetic equation (I.I), we find that the local density p and local
velocity u satisfy

9p+ Vg - (pu) =0,

O(pu) + Vg - (pu@u) + V- </Rd(v —u)® (v —u)f(x,v,t)dv)
= —ypu — Ap(VV + V., W xp).

As usual, the moment system is not closed. By letting the friction of the equation (1)) very strong,
ie., v, A\, B> 1, for instance, y = X\ = § = 0(5*1) — +oo with A\/y = 0o(1) > k > 0ase — 0,
then at the formal level, we find

Vo (v =u+£(VaV + Ve WHp))f) =0,
and thus,
f(z,0,t) = p(x,t) @ 0y—y(zyy and pu~—kp(VV +V,Wxp) for e<1

is the element in its kernel with the initial monokinetic distribution p(z,0) ® 0y (z,0)-

Those relations provide that the density p satisfies the following continuity type equation with a
nonlocal velocity field, the so-called aggregation equation, see for instance [3, 4, [6] and the references
therein,

Op+ V- (pu) =0, pu=—rp(VysV+V,Wxp). (1.2)

The large friction limit has been considered in [2I], where the macroscopic limit of a Vlasov
type equation with friction is studied by using a PDE approach, and later the restrictions on the
functional spaces for the solutions and the conditions for interaction potentials are relaxed in [17]
by employing PDE analysis and the method of characteristics. More recently, these results have
been extended in [I8] for more general Vlasov type equations; Vlasov type equations with nonlocal
interaction and nonlocal velocity alignment forces. However, all of these results in [I7, I8 21] are
based on compactness arguments, and to our best knowledge, quantitative estimates for the large
friction limit have not yet been obtained. The large friction limit has received a lot of attention at
the hydrodynamic level by the conservation laws community, see for instance [I5] 27, 26] 20l 25],
but due to their inherent difficulties, it has been elusive at the kinetic level.

The main purpose of this work is to render the above formal limit to the nonlocal aggregation
equation completely rigorous with quantitative bounds. Our strategy of the proof uses an inter-
mediate system to divide the error estimates as depicted in Figure [l We first fix A and v with

Viasov equation
with local nonlocal forces (1.1)
Large friction limit
¥, A, B — +00
Hydrodynamic limit

B— +o0

Pressureless Euler equations ™A — +o0

with nonlocal forces (1. 3) Overdamped limit

Aggregation equation (1.2)

FIGURE 1. Schematic illustration of the strategy of the proof.
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ky = A and take 8 = 1/e. We denote by f7-¢ the solution to the associated kinetic equation (LIJ).
We then introduce an intermediate system, given by the pressureless Euler equations with nonlocal
interactions, between the kinetic equation (II)) and the limiting equation (2l

9p” + V- (pTu?) =0,
(P u”) + V- (pPPu @u) = —y (pTu” + kp"(V,V 4+ V, W xp)).
In order to estimate the error between two solutions p7¢ and p? to (LI and (3]), respectively,

where
ple = / Y dv
R 7

we use the Wasserstein distance which is defined by

1/p
Wy(p,v) := inf (/ |a — y|pd7r(x,y)>
R xR

m€M(p,v)

(1.3)

for p > 1 and p, v € P,(R?), where II(u, v) is the set of all probability measures on R? x R? with
first and second marginals ;1 and v and bounded p-moments, respectively. We refer to [II 1] for
discussions of various topics related to the Wasserstein distance.

Employing the 2-Wasserstein distance, we first obtain the quantitative estimate for W2 (p¢, p7)
with the aid of the relative entropy argument. It is worth mentioning that the entropy for the
system (3] is not strictly convex with respect to p due to the absence of pressure in the system,
see Section 2] for more details. Thus the relative entropy estimate is not enough to provide the
error estimates between the spatial density p”¢ and the density p?. We also want to emphasize
that the relative entropy estimate is even not closed due to the nonlinearity and nonlocality of the
interaction term V,W % p. We provide a new inequality which gives a remarkable relation between
the 2-Wasserstein distance and the relative entropy, see Lemma 22l Using that new observation
together with combining the relative entropy estimate and the 2-Wasserstein distance between
the solutions in a hypocoercivity type argument, we have the quantitative error estimate for the
vertical part of the diagram in Figure[ll Let us point out that in order to make this step rigorous,
we need to work with strong solutions to the pressureless Euler system ([3) for two reasons.
On one hand, strong solutions are needed for making sense of the integration by parts required
for the relative entropy argument. On the other hand, some regularity on the velocity field, the
boundedness of the spatial derivatives of the velocity field uniformly in +, is needed in order to
control terms appearing due to the time derivatives of W (p7:, p7) and the relative entropy.

We finally remark that the closest result in the literature to ours is due to Figalli and Kang in
[19]. Tt concerns with the vertical part of the diagram in Figure[llfor a related system without inter-
action forces but Cucker-Smale alignment terms. Even if they already combined the 2-Wasserstein
distance and the relative entropy between p”° and p7, they did not take full advantage of the
2-Wasserstein distance, see Remark for more details. This is our main contribution in this
step.

The final step, corresponding to the bottom part of the diagram in Figure [ is inspired on a
recent work of part of the authors [7]. Actually, we can estimate the error between the solutions p7
and p to (L3) and ([L2)), respectively, in the 2-Wasserstein distance again. Here, it is again crucial
to use the boundedness of the spatial derivatives of the velocity field uniformly in . Combining the
above arguments, we finally conclude the main result of our work: the quantitative error estimate
between two solutions p?¢ and p to the equations (I1]) and ([L2)), respectively, in the 2-Wasserstein
distance.

Before writing our main result, we remind the reader of a well known estimate for the total
energy of the kinetic equation (IJ). For this, we define the total energy F and the associated
dissipations Dy and D, as follows:

F(f):= %/Rd » |v2f dadv + %~/]Rd y W (z —y)p(x)p(y) dedy + )\/Rd Vpdz, (1.4)
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Di(f) = / flu—v*dedv, and Dy(f) := / |v|? f dadv,
Rd xR4 Rd xRd
respectively. Suppose that f is a solution of (II]) with sufficient integrability, then it is straight-
forward to check that

SFU) + D) +¥Da(]) = 0. (1.5

Notice that weak solutions may only satisfy an inequality in the above relation that is enough for
our purposes.

In order to control the velocity field for the intermediate pressureless Euler equations (3], we
assume that the confinement potential V' and the interaction potential W satisty:

(H) The confinement potential V(z) = cy|z[?/2, and the interaction potential W satisfies
W(—x) = W(x), V.W € (WhHe nWId/A+L0y(RY) and ¢y + ey > 0 with

a7y |z —y?

We are now in position to state the main result of this work.

Theorem 1.1. Assume that initial data f§ satisfy

sup I+ [0 + V) f§lle < oo, f5€L¥RxRY), and p§(W *pf) € L'(R?)
1>

for all e > 0. Let f¢ be a solution to the equation (1) with 8 =1/e, ky =X =1/ with K > 0 up
to time T > 0, such that f € L°(0,T; (L' N L>®)(R? x RY)) satisfying the energy inequality (LH)
with initial data f5. Let p be a solution of (L2) up to the time T, such that p € C([0,T]; Pa(RY))
with initial data po satisfying

po € Po(RY) and /(|uo|2+V+W*po)podx<oo-
R4

Suppose that (H) holds. Then, for e,k > 0 small enough, we have the following quantitative bound:

T
/0 W2( (1), (1)) dt < O() + CWE (5. po),

where p* = [oq f€dv and C > 0 is independent of «.

Remark 1.1. As mentioned above, our strategy consists in using ([3) as intermediate system
and compare the errors from the kinetic equation (L) to the pressureless Euler equations (L3)
and from ([L3) to the aggregation equation [(L2). These estimates hold as long as there exist strong
solutions to the system ([L3) up to the given time T > 0. Strong solutions can be obtained locally
in time by only assuming V,W € (WHl N WL)(R?), see Theorem [[.3. However, in order to
ensure existence on any arbitrarily large time interval [0,T), the additional regularity for VW is
required, see Theorem[{.4l Moreover, our error estimates in Section[d and Section[d only need the
regularity V,W € Wht n Whee)(R?) too.

The rest of paper is organized as follows. In Section 2] we provide a quantitative error estimate
the kinetic equation (IZI)) and the intermediate pressureless Euler system with nonlocal forces
([C3) by means of the relative entropy argument together with 2-Wasserstein distance. Section Bl
is devoted to give the details of the proof for our main result on the large friction limit, and the
required global-in-time existence theories for the equations (ILII), (IL2)), and (3] are presented in
Section A
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2. QUANTITATIVE ERROR ESTIMATE BETWEEN (L) AND (L3])

In this section, we provide the quantitative error estimate between weak solutions to the kinetic
equation () and a unique strong solution to the system (L3) by employing the relative entropy
estimate together with 2-Wasserstein distance. As mentioned in Introduction, we estimate the
2-Wasserstein distance between the spatial density of (1)) and the density of (I3]). This together
with the standard relative entropy estimate gives our desired quantitative estimate. Note that in
this section the result allows more general potentials V' and W; the particular choice V = cy|x|?/2
is not required, and the condition ¢y +cw > 0 appeared in (H) is not needed. The assumption (H)
implies that the sum of the last two terms in (L4) related to the macroscopic density p involving
V and W in the total energy F is displacement convex with respect to 2-Wasserstein distance.
This fact will be used for the estimate of the large friction limit from (3] to (L2)) in Section B

For notational simplicity, we drop the y-dependence in solutions and denote by f¢ := f7¢ p:=
p7,u = u” throughout this section. In the following two subsections, we prove the proposition
below on the quantitative estimate of 2-Wasserstein distance between solutions to ([LTl) and (L3]).

Proposition 2.1. Let f€ be the solution to the equation ([LII) and (p,@) be the strong solution
to the system (L3) on the time interval [0, T]. Suppose that v > 0 is large enough such that
7= CX—=e%(1+X) >0, where Cg := C||Vaii||p=(0,r;1). Furthermore, we assume that the
confinement potential V' is bounded from below and the interaction potential W is symmetric and
V.W € WL (RY). Then we have

5 a (U, Up) 4 Cq max{1, \}e + e“aAW2(p5,
WE(F (0, p10) < e (W55, n) + 000 {12} A0))

v —CX—e%(1+))
where Z(US,Uy) is given by

105,00 = [ i@l - aa(@Par+ [ ([ floPdo - mluoP) ds

Rd
and C > 0 is independent of v, \ and €, but depends on T'.
Remark 2.1. Without loss of generality, we assume that V > 0 in the rest of this section.

2.1. Relative entropy estimate. We rewrite the equations (I3)) in conservative form:

U+ Vs, AU)=FU), where m := pu, U := (Z), AU) = <m7£m>,
P

and

0
FU):=— .
() <7pu+/\p (VIV—I—VmW*p))
Then the above system has the following macro entropy form E(U) := %. Note that the entropy
defined above is not strictly convex with respect to p. We now define the relative entropy functional
H as follows.

H(U|U) = E(U) — E(U) — DE(U)(U —U) with U := (é) , (2.1)
where DE(U) denotes the derivation of E with respect to p,m, i.e.,
_ImP
DEU)=| 2
P

This yields
_plf plf faf o NP o2
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We next derive an evolution equation for the integrand relative entropy in the lemma below.

Lemma 2.1. The relative entropy H defined in (1)) satisfies the following equality:

4 HUU)de = | EU)dz— | V.(DE(U)): A(U|U)dx
dt R4 R4 Rd
DE(U) [8:U + V. - A(U) — F(U)] dz

Rd
—7/ p|a—u|2—p|u|2d:v+)\/ V.V - pudx
R4 R4

+)\/ plu—a) - VoW (p—p)+pu- VW pde,
Rd
where A(U|U) := A(U) — A(U) — DA(U)(U — U) is the relative fluz functional.

Proof. Tt follows from (Z1) that

4 HU|U) dv = OE(U)dx —
dt R4 R4

+

DE(U)(0:U + V4 - A(U) — F(U)) da
R4

D?*E(U)V, - A(U)(U —U) + DE(U)V,. - AU) dz
R4

D?*E(U)F(U)(U —U)+ DE(U)F(U) d

R4
4
== Z Il
i=1
Integrating by parts, the following identity holds
D*E(U):V, - AU)U - U)dz =

Rd
see [24, Lemma 4.1] for details of proof. Moreover, we also find from [24] that

V.DE(U) : DA(U)(U - U) da,
]Rd

V.DE(U): A(U)dx = 0.
R4

Thus we obtain

LF:Ada@DE@ny(Dmﬁxu_uq_Aw»dx

—AJ%DE@D%MW@+A@DM

—/ (VoDE(U)) : AU|U) da.
Rd

For the estimate Iy, we notice that

[ L

_ 952 _ p?
pE@ = % | and D2E@) g
m 1

— * -

P P

Then, by a direct calculation, we find
D*EFU)U - U) = —p(x)(u(z) — a(z)) - (v + AVLV + AV, W % p)

and
DE(U)F(U) = —pt - (yu+ AV, V + AV, W % p) .
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Thus we obtain
-1y =— /Rd p()(u(z) — u(@)) - (vu(z) + MV V() + (Vo W x p)(2))) d

- /Rd pl@)u(x) - (yu(x) + AV V(z) + MV W % p)(z)) dz
:’y/de|ﬁ—u|2—p|u|2daj—/\/RdeV-pudx

—)\/ plu—a) -V, Wx(p—p)+pu-V,Wxpdaz.
Rd

Combining the above estimates concludes the desired result. O

In the light of the previous lemma, we provide the following proposition.

Proposition 2.2. Let f€ be the solution to the equation (1)) and (p, @) be the strong solution to
the system ([L3) on the time interval [0,T]. Then we have

[ ooy [ [ @l @) - a)P s
< /Rd H(US|Uo) dxt+ /Rd (/Rd f|w|? dv — ﬁ0|ﬁ0|2> dx + C||V | e max{1, A\}e
+O|Vtzﬂ|Lw | [ @) dsas
o [ @) @) = a(@) - (V¢ (5= p)(a) dads.

Proof. Tt follows from Lemma 2] that

£ r7 i 5 £ — 2
| s ou@ s [ [ @) - P dds

= | HUE|Ty) d + E(UE)—E(UO)d:c—/t V. (DED)) : A(U|0) dads
Rd R4 Rd

_/t DE(U) [0,U% + V, - A(U®) — F(U®)] dwds

+7/ / z)|uf (z)? dads + )\/ VmV(w) - pf (2)us (z) dads
+ /\/0 /Rd p° () (u®(z) — u(z)) - (VoW (p— p°))(x) + p°(x)u®(z) - (VoW * p°)(x) dzds

7
=: ZJf
i=1

Here J7,i=2,---,7 can be estimated as follows.

(2.2)

Estimate of J5: Note that

/ vfsdv / lv|2f€ dv
o = e P < [ P (2.3)
]Rd

fedv
R

BU?) = 3 utf? < / o2 £* dv = K(f°).

|u

This gives
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Thus, by adding and subtracting the functional K (f¢), we find

J=| BUYde— | K(f)da+ | K(f)de— | K(f5)da
R4 R4 R4 R4

+ | K(f§)dv— | E(Up)dx
R R¢

<0+ [ K(f°)dx-— K(fg)dx—i—/ K(f§)dx — | E(Up) dx.
R4 Rd Rd R4

Estimate of J5: It follows from [24) Lemma 4.3] that

0
A(U#|0) =
pe(uf — ) ® (u —u)

This together with the fact DE(U) = (_W;/Q) yields

t t
J§§C||Vmﬂ||Loo// p5|u5—ﬂ|2dxds:C||Vmﬁ||Loo// H(U(5)|T(s)) dvds.
0 R4 0 Rd

Estimate of Ji: A direct computation asserts
¢
< Vel [ [ ][ e - s
0 Jrd |JRrd
On the other hand, we get
/ (U @u°—v)fdy :/ (u® —v) ® (v —u) f°dv.
Rd

Rd

dxzds.

This together with (CH]) gives
|75] < C||Vau| L~ max{1, \}e,
where C' > 0.

Estimate of J: + J5: Integrating by parts gives
t t
/\/ / V.V (z) - pf(x)u®(x) deds = —)\/ / V)V - (p°(x, s)u(z, s)) deds
0 JR4 0 JR4
t
= )\/ V(z)0sp®(x, s) dxds
o JRrd

=\[ V(x)p(x,t)de — )\/ V(z)pg(x) da.
R4 R4

Thus we get
t
J5 + J§ :'y/ / p8($)|u€($)|2d:17ds—|—/\/
0 JRre

g V(x)p®(z,t) de — )\/ V(z)pg(z) da.

Rd
Estimate of JZ: Note that

)\/Ot /]Rd p°(x, s)u(z,8) - (VoW ok p%) (2, s) deds

= /\/0 y 0s(p° (z, 8)) (W % p°)(x, s) duds

A [t
= 5/ Ep (/ W(z —y)p®(z, s)pa(yﬁ)dwdy) ds
0 S R4 xRd

= % (/}Rded W(x —y)p®(z,t)p° (y,t) dedy — /Rded Wz —y)pg(z)pi(y) dwdy) )
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This yields
zi=x t [ 5@ (@) ~ a(a)) - (720 5 (p — 7)) () dads
AO R

+ ) </Rded Wz —y)p®(z,t)p" (y,t) dedy — /Rdx]Rd Wz —y)p5(x)p5(y) da:dy) )

We now combine the estimates J7,7 = 2,5,6,7 to get

S = [ K de- / B(0o) dz + F(f) — F(f5)

d d
i€{2,5,6,7} R R

+ )\/O /Rd pf () (uf (z) — u(z)) - (VoW % (p — p))(x) deds

t
oy [ ] @@ dods
0 R4
We then use (L) and (Z3) to find

> Jfg/RdK(fg)d:v— RdE(UO)d:c

i€{2,5,6,7}

t
3 [ @ @) = a(w) - (VW (- 7)) dads,
0 Jrd
We finally combine all the above estimates to conclude the proof. 0

Remark 2.2. Note that we proved J; = O(e), if A is a fized constant, in contrast with [24, Lemma
4.4], where they only proved J5 = O(\/€) due to the pressure term in the Euler equations.

2.2. Relative entropy combined with 2-Wasserstein distance. In this part, we show that
the 2-Wasserstein distance can be bounded by the relative entropy.
Note that the local densities p and p® satisfy

Ohp+ Ve (pu) =0 and 9yp° + V, - (p°u®) =0,

respectively. Let us define forward characteristics X (¢) := X (¢;0,z) and X°(¢t) := X¢(¢;0,z),
t € [0, T] which solve the following ODEs:

DX (t) = a(X(t),t) and O,X°(t) = us(X5(t), 1) (2.4)

with X (0) = X¢(0) = 2 € R?, respectively. Since we assumed that @ is bounded and Lipschitz
continuous on the time interval [0, T], there exists a unique solution p, which is determined as the
push-forward of the its initial densities through the flow maps X, i.e., p(t) = X(¢;0,-)#po. Here
- # - stands for the push-forward of a probability measure by a measurable map, more precisely,
v = T #u for probability measure p and measurable map 7 implies

/ () du(y) = / (T (x)) dpa),
Rd Rd

for all ¢ € Cy(R?). Note that the solution X (¢;0,z) is Lipschitz in = with the Lipschitz constant
ellVetlize= Indeed, we estimate

|X(£0,2) = X(£0,y)| < |z —y| + /0 a(X(5;0,2)) — a(X(5;0,y))| ds

t
< |z -yl + | Va1~ / X (5:0,) — X (50, )| ds.
0

Apply Gronwall’s lemma to the above gives
|X(t;0,2) — X(£;0,)] < elVetll=t|z g, (2.5)
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On the other hand, the regularity of u® is not enough to have the existence of solutions X°(t)
to the second differential equation in ([24]). Thus, inspired by the following proposition from [I]
Theorem 8.2.1], see also [I9, Proposition 3.3], we overcome this difficulty.

Proposition 2.3. Let T > 0 and p : [0,T] — P(R?) be a narrowly continuous solution of (24,
that is, p is continuous in the duality with continuous bounded functions, for a Borel vector field u
satisfying

/ / u(z, t)[Pp(z,t) dedt < oo, (2.6)
R4

for some p > 1. Let =p : [O T] — R? denote the space of continuous curves. Then there exists a
probability measure n on Zr x RY satisfying the following properties:

(i) n is concentrated on the set of pairs (£, x) such that £ is an absolutely continuous curve
satisfying

£(t) = u(é(1), 1)
for almost everywhere t € (0,T) with £(0) = 2 € RY.

(i) p satisfies
/ p(z)pde = / (&) dn(€, x)
R4 Er xR?
for all ¢ € Cy(RY), t € [0,T).
Note that it follows from (LH]), see also [23]), that

/d [uf|?p® dx < /d . [v|? f€ dxdv < oo,
R R xR

e., [26) holds for p = 2, and thus by Proposition [Z3] we have the existence of a probability
measure 77° in =7 x R?, which is concentrated on the set of pairs (£, ) such that ¢ is a solution of

£(t) = u*(£(¢), 1) (2.7)

with £(0) = 2 € R%. Moreover, we have

/ (@) (@, 1) da = / P(E(1)) dnf (€. 2) (2.8)
Rd =7 xRd
for all p € Cy(R?), t € [0,T].

Lemma 2.2. Let f¢ be the solution to the equation (ILIl) and (p,@) be the strong solution to the
system ([L3) on the time interval [0,T]. Then we have

t
WE(G (0),10) < Coxp (€1 ¥ almo.2i-)) (WH66. ) + |
0

for 0 <t < T, where p* = fRd fedv and C' > 0 depends only on T.

H(U=(s)|U(s)) dz ds) ,

Rd

Proof. Let us introduce a density p¢ which is determined by the push-forward of pf through the
flow map X, i.e., p° = X#pf. For the proof, we estimate W (p, p°) and Wa(p®, p°) to have the error
estimate between p and p® in 2-Wasserstein distance. Let us first show the estimate of Wa(p, p°).
We choose an optimal transport map 7 (x) between p§ and po such that p§ = T #po. Then since
p = X#po and p° = X#pj, we find

WE(p(e). () < [ 1X(60,2) = X (60,75 (0) Ppo(a)
Then this together with the Lipschitz estimate of X appeared in (Z3)) yields

W), (0) < IVt [ o= T @l po(a) do = 17~ . ),
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that is,
Wa(p(t), p° (1)) < el V==t (po, pf).
For the estimate of Wa(p®, p°), we use the disintegration theorem of measures (see [I]) to write
dn (&, @) = nz(d€) & p(x) de,

where {n°},cpa is a family of probability measures on Zr concentrated on solutions of (Z71). We
then introduce a measure v on Zp x Zp x R? defined by

dv® (€, @, 0) = 05 (d§) ® 0x (0,0)(do) ® p5 () da.

We also introduce an evaluation map E; : Ep X Zp X R — RY x R? defined as E & 0,2) =
(£(t),o(t)). Then we readily show that measure 7 := (E;)#v° on R?x R? has marginals p°(z, t) dx
and pf(y,t)dy for t € [0,T], see (Z]). This yields

WEH 0. (0) < [ o yP dni(a)
R x R4
=[P ) (2.9
= [ X(0.0) €0 i (€.).

In order to estimate the right hand side of (Z3)), we use (24 and 27 to have
| X (;0,2) = £(t)]

t

< [ 10,0 = ates). ) ds + [ Jates). ) — u(e(s). )l ds
< |V, u||Lm/ 1X(5:0,2) |ds+/ [a(E(s), 5) — u (€(5), 5)| s,

subsequently, this yields

X (0, 2) = &(t)] < CeClVaule= /0 a(&(s), 8) = u(E(s), 8)| ds,

where C' > 0 is independent of ¢ > 0. Combining this with (29]), we have
2

Wg(pa(t),,sa())<ceC”Vm“”L°°/ /Iu ), 8) —us(&(s), 8)ds| dn®(§, )

=T x R4

< CteCIV=Tlns / / Jae(5):8) — w(€(e), ) (6.2 s

< CeClVailree / |u(z, ) — u(z, s)|?p°(z, s) drds
0o Jre

¢
= CeClVatlree / H(U(s)|U(s)) deds,
Rd

where C' > 0 is independent of € > 0, and we used the relation ([Z8]). Combining all of the above
estimates asserts

W3(p(t), p°(1)) < V2WE (p(t), 6°(1)) + V2W3 (p° (1), °(1))

< V2Vt 2 (5 pe) 4 CeCllVe ““Lw/ H(US(s)|U(s)) dads
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t
< CeCllVatllnee (Wf(po,pg) —l—/ H(U=(s)|U(s)) dxds) :
0o JRrd
where C' > 0 is independent of € > 0. This completes the proof. O

Proposition 2.4. Let f¢ be the solution to the equation (LI)) and (p,u) be the strong solution to
the system (L3) on the time interval [0,T). Then we obtain

HU)|U()) dz + (v — CX —e““(1 + X)) / H(US(s)|U(s)) deds
R4 0 JR4

< / H(US|Up) dz + / (/ fE|v|? dv — [)0|ﬁ0|2> dz + Cy max{1, \}e + e““ AW (5, po)-
R Rd \JR4
Here Cy = C||V,1l| o (0,1;10¢) and C > 0 is independent of v, A and ¢, but depends on T
Proof. Since V,W € WL (R?), we get

[ VWG = (o) - ) | < O 7).
This enables us to estimate the last term on the right hand side of ([22]) as

A /Rd p (@) (" () — a(z)) - (VoW (p — p))(x) dx

1/2
<o) ([ o —ads) <o) +Ox [l -,
Rd Rd
where we used Wy < Ws. This together with Proposition [2.2] gives
t
MU0 o+ (=N [ [ p@)lu(@) - a) dods
R4 0 JR4

< H(U§|Uo)dx+/ (/ f§|v|2dv—po|uo|2> dx + C||V || poe max{1, \}
RY Re \JRe

! 2( € = = ! € 7
—|—C’)\/O W5 (p°(s), p(s)) ds—|—C’HVzuHLoo/0 /]Rd H(U®(s)|U(s)) dads.

We then combine the above inequality and Lemma to have
t
HUEO0 @) da+ (=N [ [ o @)lut (@) — a(e)]? dods
Rd 0 JRrd
< / H(U§|U0) dx + / (/ f§|v|2 dv — ﬁ0|ﬂo|2> dx + OﬂE max{l, /\}
Rd Rd \JRd

t
+ eCIAWE(p5, po) + e (1 + \) / H(US(s)|U(s)) dxds,
0 JRra
where Cy = C||V, 1| (0,1;). This completes the proof. O
Remark 2.3. If we study the hydrodynamic limit e — 0 with fived v, A\ > 0, then assuming

H(U§|UQ) dx +/ (/ f§|’U|2 dv — p0|UO|2) dr + Wz(pg, ﬁo) = O(E)
R4 R4 R4

yields the relative entropy and the 2- Wasserstein distance between solutions decays to zero ase — 0:
sup (/ P (z, ) |us (z,t) — a(z, t)|? de + WE(p* (1), p(t))) =0 as —0.
0<t<T \JRrd
In this case, the limit of f¢ is also determined by

fE—=pby_a wedkly-x as e— 0
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for a.e. t € (0,T). Indeed, for ¢ € C°(RY x R? x [0,TY]), we have

/ /Rd R f‘f ,v,t) = p(z,1) 5(11—11(1,15))) o(x,v,t) dedvdt
/ / (z,v,1) (¢(z,v,t) — P, u(z,t),t)) dedvdt
Rded

/ /Rd (1) = p(x, 1)) ¢(x, ulz, 1), t) dedt
= Ri + RQ}

where R} can be estimated as

T 1/2
R < C(Veslim) ([ [ flo—aPdedudt) 0
0 JrixRrd
as € — 0, due to (). For the estimate of RS, we obtain

T
|R5| < C(llllze, 1Va,0.i0ll Lo, ||Vssﬁ||L°°)/O Wa(p® (1), p(t)) dt — 0

as € — 0. We finally note that in [19], 2- Wasserstein distance is also used to handle the nonlocal
velocity alignment force, however, they need a slightly stronger assumption like ||p§— pollr = O(e)
rather than Wa(p§, po) = O(e). We also want to emphasize that our estimate is more consis-
tent in the sense that we need to assume the condition for Wa(p§, po) to have the estimate for
Wa(pe(t), p(t)). Moreover, it is not clear that the strategy used in [19] works for the whole space
case since they make use of the periodicidity and the boundedness of the domain. In a recent work
[14], it is observed that the 1-Wasserstein distance can be also bounded by the relative entropy.

Remark 2.4. Suppose that v is large enough such that v — CX — e“=(1 4+ \) > 0. Then it follows
from Proposition that

¢ _ Z(U§, Up) + Cymax{1, A\}e + e““AW2(p§, po)
£ < I u 9 9
/0 Rd'H,(U ($)|U(s)) dzds < T COr— (1T ) ,

I(US,UQ) :/ H(Uglﬁo) dl’-i-/ (/ f05|’U|2d’U — polU0|2> dx
R4 Rd Rd

We now provide the details of Proof of Proposition 211
Proof of Proposition[2.]l Combining Lemma and Remark 4] yields

t
WG 0.9(0) < < (W00 + [ [ (O 9I0() dus)
0
i . Z(U§,Up) + Camax{1, \ye + e“a A\W2(p5, po)
Ca 2 0> ) 2 0
This concludes the desired result. O

where

3. PROOF OF THEOREM [[LT} LARGE FRICTION LIMIT

In this section, we provide the details of proof of Theorem [Tl on the large friction limit from
the kinetic equation (L)) to the aggregation equation (I2). Our main strategy is to combine the
2-Wasserstein distance estimate in Proposition 2-T] and the recent work [7] where the overdamped
limit to the aggregation equation from damped Euler system with interaction forces is established
by optimal transport techniques. We notice that the intermediate system ([3)) depends on the
parameters v and A and the estimates in Section Pl also depend on the ||V @|| Lo (o,7;r). Thus we
need to check how it depends on the parameters v and A\. Throughout this section, we set A = k.
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3.1. Lip-estimate on the velocity field. Let us denote by u the strong solution to the system
([T3). Our goal in this part is to provide the L*-estimate of V u.
Define the characteristic flow 7 associated to the fluid velocity u(z,t) by

owij(x,t) = u(f(x,t),t) for t>0 subject to 7j(z,0) =z € R (3.1)

Lemma 3.1. Let T > 0 and (p,u) be the strong solution to the system ([L3) on the time interval
[0,T]. Then there exist v« > 0 and ks« > 0 such that

[Vl Lo,y < [[Vatioll e +1
for v > v. and Kk < Ky
Proof. Tt follows from the momentum equations in (3] that
OVt + 0 - V2iu+ (V) = —yVaet — Meyly + VEW x p).
Then, along the characteristic flow defined in ([B.1), we find
(Vo) (i@, 1), 1) = (Vatio) (w)e "
= [ (T 0819+ AevLa + T2 % (a9, 50) s,
and this yields

t
Vot Bllie < [Vatllime ™ + 0 [ (IV,al5) e +2) 2 ds
0

t
([ Vadio|| pee" + ce*vt/ V0@, )2 e ds + K(1 — =71,
0

due to A = k7. Set Cy := ||Vyio||L~ + 1 and
A:={t>0: ||Vya(,s)||re < Cy for s € [0,8)}.
Since A # 0, we can define T, := sup A, and if T, < T, then the following holds:
Jim Vol 0) = C.
On the other hand, for ¢ < T\, we get

cC?
Vel Dl < [ Vatioll e + (T " ””) (1-e).

co?
Y

We now choose 7, sufficiently large and k, small enough so that + K <1 for vy > 7, and

s < Kkx. Thus we obtain

C.= lim ||V,a(-t)|pe < ||Valollpee Y™ +1 < C,,
t—Ty-
and this is a contradiction. Hence we have T, > T', and this completes the proof. 0
3.2. Overdamped limit: from Euler to aggregation equations. Let us consider the pres-
sureless Euler equations (L3):
9ep” + Vg (pTu?) =0, (32)
(P 'u)+ Ve (pu @uY) = —vp" (W + k (V,V + V., Wxp")). ’

Then, an easy generalization of [7, Theorem 5] implies the following error estimate between p” and
p, which is a solution to (2] in 2-Wasserstein distance.
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Proposition 3.1. Let T > 0 and (p",uY) be the strong solution of B2) for sufficiently large
v >0, and let (p,u) be the unique strong solution to the following equation on the time interval
[0,T7]:

Op+ V- (pu) =0, pu=—krp(V,V + V., Wxp).
We further assume that the initial data satisfy

E(po,up) < oo, sup&(pf,ud) < oo, supWa(po,p]) < oo,

v>0 >0
and
sup/ luo — ug|?pg dz < o0,
v>0 JRd
where

1
()= &g+ Eapo) = ([ vodor 3 [ wlo -yt dsdy) + [ uPpa
R4 R4 xRd R4
Then we have

0 2 ) = 2 17
where M,] >0 is given by

My = 4(€1(po, uo) + Ex(pg,ug)) + (1 + )W (po, p3)
+ 2 (Ealpo. ) + Exlp ) + [ o =iy
Remark 3.1. The improvement of Proposition [31] with respect to [7l Theorem 5] is on the initial
data assumptions to allow the initial data depending on .
Then we are now in a position to give the details of proof of Theorem .11

Proof of Theorem[I]l For a given pq satisfying the assumptions in Theorem [Tl we consider its
approximation 0 < g5 € H*(R?) with s > d/2 + 1 satisfying

sup ”p(EJ”L1 < 00, supg(ﬁg,ﬂg) < oo, and W22(p07/_)8) = 0(e).
e>0 e>0

Set 4§ := —k(VzV + VoW x 55). Then it is clear to get
W3 (95, 75) < 2W3(pG: po) + 2W3 (po, 75) = O(€) + 2W5 (9§, o)
and
IVatgllL= < Ck (L+ VW[ lIp5] 1) < Ck.
We now take into account the pressureless Euler system ([L3]) with above the initial data (5§, @f)

and the singular parameter v = 1/e, i.e., A = k/e. This, together with Lemma B Proposition
211 and choosing ¢, x > 0 small enough, yields

W2( (1), 5°(1)) < e~ <w§<pa, 5) +

Z(U§, Us) + CreA + e“ kW3 (05, 5)
v = Cry — e (1 + k) )
eZ(U§,U§) + Cr2e + ke~ W2(p§, p5)
1 —k(C+eC"(1+¢)) )

— e (W35, 9) +
— O(e) + CWE(pf, 75),
where C' > 0 is independent of £ and

1(05,05) = [ siliste) - wi@Pao+ [ ([ sgloP ao - gijagl ) as
R4 R4 R4
Note that

[ twipar <o [ gvase vl [ sgae<c( [ gyt ismlg.).
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where C' > 0 is independent of €. Then this implies
supZ(US,US) < C'sup (/ f&|v|? dadv —|—/ ooV dx + ||f§|L1||p8||%1) < o0,
>0 e>0 \JR?xRd R4
where C' > 0 is independent of £. Furthermore, since W3 (p§, p5) < O(e) + 2W3(p§, po), we have
W3 (p°(t), 5°(t)) < O(e) +2W5 (65, po).
For the error estimate of solutions to (L2) and (I3]), we use Proposition Bl with v = 1/e to obtain

/ W2 (0 (1), p(1)) dt < Cs + CWE(55, po) = O(e).

We finally combine all the above estimates to conclude

T T
| Wi i < / Wi 0.5 )i+ [ WEG ). p(0) e

) + CW3 (95, po)-
This completes the proof. O

4. WELL-POSEDNESS OF EQUATIONS (1), (L2]), axp (L3)

In this section, we show the global-in-time existence of solutions to the equations (II), (I2]), and
(T3) under suitable assumptions on the initial data, making our main result completely rigorous.

4.1. Global-in-time existence of weak solutions to the equation (LI). We first present a
notion of weak solutions of the equation (L)) and our result on the global-in-time existence of
weak solutions.

Definition 4.1. For a given T € (0,00), we say that [ is a weak solution to the equation (LI if
the following conditions are satisfied:

(i) f € L0, T; (L1 N L®)(RY x RY)),

(ii) for any ¢ € C°(R4 x R< x [0,T)),

t
/ / FOwp+v-Vao— (v + ANVV + VW xp)) - Vyp) deduds
R4 xR

t
+/0 /]Rdx]Rd F(Bu—v) - Vyup)dedvds + /]Rdx]Rd foe(-, -, 0) dzdv = 0.

We also recall the velocity averaging lemma whose proof can be found in [22] Lemma 2.7].
Lemma 4.1. For 1 <p < (d+2)/(d+1), let {Gn}, be bounded in LP(R? x R? x (0,T)). Suppose
that

(i) fn is bounded in L>=(0,T; (L' N L>®)(R? x RY)),

(ii) (J|? + [v|?) fn is bounded in L>=(0,T; L*(R? x R%)).
If f, and G, satisfy the following equation: Oy fy, + vV fn = VoG, then, for any o(v) satisfying
@(v) < clv| as |v] = oo, the sequence { [qa frnp(v dv} is relatively compact in LP(R? x (0,T)).

We can now show the existence results for this type of solutions.
Theorem 4.1. Let T > 0. Suppose that fy satisfies
foe (LENL®)RYxRY)  and (v +V + W x po) fo € L*(R? x RY).
Furthermore, we assume
Jaf?

V(z) = = W is symmetric and bounded from below, and V,W € L®(R%).

Then there exists a weak solution of the equation (L)) in the sense of Definition [{]] satisfying
(o2 +V +Wxp)f € L=(0,T; LY(R? x R?)). Furthermore, the total energy inequality (LH) holds.
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For notational simplicity, in the rest of this section, we set § = A=~y = 1.

Remark 4.1. Our strategy can be directly applied to the case, where the confinement potential V
satisfies 0 < V(z) — +oo as |z — 400, and |V, V(2)|?> < V(x) for x € RE. Without loss of
generality, we may assume that W > 0 in the rest of this subsection.

The global-in-time existence of weak solutions for the Vlasov equation with local alignment forces
was studied in [22]. In the presence of diffusion, the global-in-time existence classical solutions
around the global Maxwellian was obtained in [12]. We basically take a similar strategy as in [22]
and develop it to handle the additional terms, confinement and interaction potentials, in order to
provide the details of proof of Theorem .11

4.1.1. Regularized equation. In this part, we deal with a regularized equation of (II]). Inspired by
[22], we regularize the local velocity u and apply the high-velocity cut-off to the regularized local
velocity. More precisely, we consider

Orf +v-Vaf = Vo (f(v=xc(us)) + f(v+ VeV + VoW p)) (4.1)
with the initial data f(x,v,t)|t=0 = fo(x,v), where

Jravf dv p
—ul d g = -
Xc(w) = ulpy<c and s 0+ Jpufdv O+ p

with 6 > 0 and ¢ > 0.
Then our goal of this part is to prove the global well-posedness of the regularized equation ([@.T]).

Proposition 4.1. Let fo > 0 satisfy the condition of Theorem [[1l Then, for any 6,( > 0, there
exists a solution f € L°°(0,T; (L' N LP)(R? x RY)) with p € [1,00] of @) satisfying

| £z, < Pl folle for pe (L o] (42)

and
T
swp A+ [ [ it dedo < F(fo),

0<t<T 0 JRIxRA
where C' > 0 is independent of § and (.
Proof. Since the proof is similar to [22 Proposition 3.1}, we briefly give the idea of that.
Step 1 (Setup for fixed point argument): We first fix pg € (1,(d +2)/(d + 1)). For a given
u € LPo(R? x (0,T)), we let f be the solution of

Of+v-Vuf =V, (f(v—xc(@s)+ flo+V,V+V,Wxp)) (4.3)
with the initial data
f(x7vat)|t:0 = fO(:Eu ’U).
We then define a map 7 by
T () = us.

Step 2 (Existence): We first show that the operator T is well-defined. In fact, the global-in-time
existence and uniqueness of solution f € L°°(0,T; (L' N LP)(R¢ x R?)) to [@3J) is standard at this

point since x¢ (@) € L>®(R% x (0,7)). Furthermore, we can also obtain the uniform LP estimate
([#2). Indeed, it can be easily found by using the fact that

/ f(XC(’U’) -V, V- va*p) : V'Ufpil dv = l(XC('UJ> - V,V - VmW*p) /
R4 D

Vo, fPdv = 0.
]Rd

For the energy estimate, we obtain

i]:(f) = —2/ |U|2fdxdv—|—/ fo-xe(a)dedo < —/ [o2f dedv + ¢2, (4.4)
dt R x R4 Rd x R4 R x R4
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and this gives

T
sup f(f(t))+/0 /R » |v|2f dedvdt < F(fo) + C3T. (4.5)

0<t<T
The continuity of the operator 7 just follows from [22) Lemma 3.3]. We next provide that the
operator 7 is compact. More precisely, let {u,}, be a bounded sequence in LP°(R? x (0,7T)),
then we show that T'(u,,) converges strongly in LP°(R? x (0,T)) up to a subsequence. This proof
relies on the velocity averaging lemma, Lemma [IT], and for the proof it is enough to estimate the
uniform L? bound of force fields given in (@3] with ¢ < 2, see [22 Section 3.2]. Let us denote by
G = f(v—xc(us)) + flv+ Vo,V + VW *p). Then we find from the above LP estimate of f and

(&3 that
1Glla < Sl fllza + 20(z +v) fllze + [(VaW x p) fll Lo

<l fllze +4F ()2 + VW | || fll Lo < o0,
where we used

1/2
(@ + ) fllLe <2 (/ <|x|2+|v|2>fdwdv) A2 < 2F(HY2I A1
R xRY Lzma L

2—q

for ¢ < 2. Then using this, Lemma [ T] the argument in [22) Section 3.2], we can apply Schauder
fixed point theorem to conclude the existence of solutions to the regularized equation ().
Step 3 (Uniform energy estimate): Similarly to (£4), we find

d

—F(f) = —2/ |v2 f dzdv + / fo - xe(us) dedv.
dt R xR Re xR

We then use the following facts

elus)| < fus] < ful and pluf® < [ pfdo
R

1/2 1/2
< ([, perasa) ([ etwsPod)
R4 xRd R4

< / |v|? f dadv.
R4 xR4
d

—F(f) < —/ |v| f dzdv.
dt Rd xRd

This completes the proof. 0

to get

/ fv - xe(us) dedo
R4 xRd

Hence we have

4.1.2. Proof of Theorem [{-1] In order to conclude the proof of Theorem 1] we need to pass to
the limits ( — +oo0 and § — 0. Note that we obtain the uniform LP estimate and the energy
estimate in Proposition @] and the uniform-in-¢ bound estimate of G' in L>(0,T; L4(R¢ x R%))
with ¢ < 2 can be obtained by using the similar argument as before. Those observations together
with the argument in [22 Section 4] conclude the proof of Theorem A1

4.2. Global-in-time existence of weak solutions to the equation (Z). In this subsection,
we discuss the global-in-time existence and uniqueness of weak solutions to the continuity type
equation (L2). We just refer to [4, @, 2L [6l 29] [30] for related results. We adapt some of these ideas
for our particular purposes. We first introduce a definition of weak solutions to the equation (2]
and state the our main theorem in this part.

Definition 4.2. For a given T € (0,00), we say that p is a weak solution to the equation ([L2) if
the following conditions are satisfied:

(1) p € C([0,T]; PRT)),
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(i) p satisfies the system (L2) in the sense of distributions.

Theorem 4.2. Let T > 0. Suppose that the confinement potential V is given by V = |z|?/2 and
the interaction potential W is symmetric and V,W € WL (R?). If py € Po(R?), then there evists
a unique global solution p to the equation [(L2)) on the time interval [0, T] in the sense of Definition
[Z-2 In particular, we have \/p(dyu + u - Vyu) € L*(0,T; L*(R)).

Proof. We first introduce the flow ¥ : Ry x R, x RY — R? generated by the velocity field
u=—-VzV =V, Wxp:

%\If(t; s,x) =u(P(t;s,2),t), U(s;s,z) ==z

for all s,t € [0,T]. Note that the above flow is well-defined globally in time due to the regularity of
VoW € Wh* and V,V = z. Concerning the integrability /p(dyu + u - Vyu) € L*(0,T; L*(R?)),
we first find

[0cull o < [VaWllwrllVpull2  and  [[Vaulre < C+[[VaW [yyrce.
This yields

[ o0l + 1 9auP) do < [ plowal? do+ Vol [ pluf? do
R4 R4 R4
< (C+ |\V1W||ivl,m)/ plul® d.
Rd

On the other hand, it follows from [5 [6l 2] that

/ plul? dz S/ poluol* dz.
R R
Hence we have

/ p (10cul® + [u?|Voul?) do < C/ poluo|® dz < C (/ polx|? dx + 1) :
Rd Rd R4

This completes the proof. O

4.3. Global-in-time existence of strong solutions to the system ([3). In this part, we
study the global-in-time existence of strong solutions to the following system:
Op+Va-(pu) =0, (x,t) € RIxR,,
O (pu) + V- (pu@u) = —ypu — Ap(VV + V. W % p)
with the initial data

(4.6)

(p(;v,t),u(x,t))|t:0 = (po(.%‘),Uo(.’L‘)), z e R,
We now introduce a notion of strong solution to the system (6.

Definition 4.3. Let s > d/2 + 1. For given T € (0,00), the pair (p,u) is a strong solution of

Q) on the time interval [0,T) if and only if the following conditions are satisfied:
(i) peC([0,T]; H*(RY)), u € C([0,T]; Lip(R?) N LE (RY)), and VZu € C([0,T]; H*~1(R?)),

(i) (p,u) satisfy the system ([@G) in the sense of distributions.
We first present the local-in-time existence and uniqueness results for the systems (Z.0)).

Theorem 4.3. Let s > d/2+ 1 and R > 0. Suppose that the confinement potential V' is given by
V = |2|?/2 and the interaction potential W is symmetric and V,W € (WHL nWL>)(R?). For
any N < M, there is a positive constant T depending only on R, N, and M such that if

lpoll e + llwollL2(0,r)) + [ VauollLe + | Vauo| g:-1 < N,
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then the Cauchy problem (6] has a unique strong solution (p,u), in the sense of Definition[{.3,
satisfying

Csup (Ol + el Ol ey + Vol Oll = + V3, Ol 2) < M.

where B(0, R) denotes a ball of radius R centered at the origin.
Proof. Since the proof of local-in-time existence theory is by now classical, we sketch the proof

here, see [13] Section 2.1] for detailed discussions. For simplicity, we set A = v = 1.
Step 1 (Linearized system): We first consider the associate linear system:

Op+u-Vep+pVye-u=0,

4.7
PO+ pt - Vyu = —pu — p(Vi,V + V, W x p) (47)

with the initial data (pg,ug) satisfying the assumptions in Theorem 3l Here @ satisfies
sup ([0 oo + VoDl + T2 ) < 0 (45)

We notice that the existence of the above linear system can be proved by a standard linear theory
[23]. Since @ is globally Lipschitz, by using the method of characteristics, we can show the positivity
of the density p. By a straightforward computation, we first find from the continuity equation in

D) that

d -
il p*dx < C|| Vil L=l pll3 -
(4.9)

d
dt/ Vap|? do < OVl o | VapllZz + OV L2 [l oo | Vapl 2.

For 2 < k < s, we obtain

1d
= / V5|2 da

=— | Vip-(a-Vitip)da —/ Vap - (Vi(Vep- @) —a-Vitip)da

Rd

— | Vip-(VE(V, pdw—/V A(VE(pVy - @) = pVE(V, - @) da

Rd
4
DL
i=1
where V¥ denotes any partial derivative 92 with multi-index «, |a| = k, and we estimate
L < || Vgl g ||V Plle,
I < V5(Vap-a) = a- V5 pll 2 [ VEpll 2
< C (IVyall L2 Vaplle + | Vaill o Vipl L2) [ Vipl L2,
I3 < |lpllz=IV5pll L= V5 2,
Iy < ||V5(pVe - @) = pVE(Va - @)l 22| Vipll 2
< C (IVipll 2 IVaill o + | Vapll = V5l L2) | Vipl L2-
Here, in order to bound I» and I4, we used Moser-type inequality [T1, Lemma 2.1] as

IVE(f9) = Vgl < C(IVafll=lV5 gllez + Vi flzzllgl =)
for f,g € (H* N L*°)(R?) and V., f € L°°(R%). This, together with ([LJ), yields

d .
EHpII%S < CM|lpllz., ie.,  sup [lp(,t)llas < |lpollase“™MT, (4.10)
0<t<T
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due to s > d/2 4+ 1. For the estimate of u, we use the positivity of p to divide the momentum
equation in (A7) by p and use the similar argument as in Lemma Bl to get

t
| Vaul poe’ < ||Vauol Lo + CM/ | Viul|pee® ds + C(e' — 1).
0

Applying Gronwall’s inequality to the above, we obtain

sup ||Vau(,t)]|ne < ||Vmu0||LooeCMT + C(eCMT —1). (4.11)
0<t<T

For 2 < k < s+ 1, similarly as above, we next estimate

~ 2 d
2 dt /R Vaul"dz

=— | Viu-(a-VE)de — [ VEu- (VE(@-Vou) —a- VE ) da
R4 R4

—/ |VEu|? da —/ VEu  (V2W + VE1)p) da
Rd Rd
< NVatll e | Viull7e + C (IV5al 2l Vaul o + [Vatll L | Vul z2) [ Viul| 2
= IV3ullZe + 1V5ull 2 VW [ 2 [ V5 ol 22
< CM|Viullie + CM||[Vaul o | VEull 2 + Ol Vul 2 V5 pll e
Summing the above inequality over 2 < k < s+ 1 gives
d
S Vaullmer < CM|IViulgaer + CllVapll e + CM || V]| rox.
Then we combine the above, [II0), and (@II) to have
d
IViullaer < CM|[VEull s + Cllpoll: €T + C|[ Voo e ™™ + C(e“MT — 1),
Thus we obtain
IVl -1 < V3ol ra-1e“MT + Clllpoll e + I Vauol poe +1)Te M.

On the other hand, we get

1
Ld |u|? do = —/ u-((a-Vy)u) da:—/ |u|? dz
2dt Jpo,r) B(0,R) B(0,R)
—/ u-Vdex—/ u- (Ve W p)de
B(0,R) B(0,R)

<|IVaul zellll 2 so,r) 1ull L2(B0,R)) + CllullL2(B0,R)) — lullZ2(5(0.R))
< Cllullz2(Bo,r)) — ||U||%2(B(0,R))7

due to (@II). By using Gronwall’s inequality, we find

d .
g lullzzmo.r) = € = llullrzo,ry, e, lullzamo.r) < lluollzaso,r) + Ce’ —1).
Combining all of the above observations yields

lolles + lull 2B, Ry + I Vatl Lo + V2wl g
< (Ilpolle= + llwollL2Bo,ry) + I V200 | fre—1)eS ™M™
+ Cllpollgs + I Vauol e + 1)TeM" + C(e“MT — 1)

< (N 4 (N + 1)T)eMT 1 C(eOMT 1),
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We finally choose T > 0 small enough such that the right hand side of the above inequality is less
than M. Hence we have

S oGyt + lul Ol z2(so,ry) + IVaul 1)L + [Vl )| ga-1) < M.
Notice that T*, N, and M do not depend on .

Step 2 (Existence): We now construct the approximated solutions (p",u™) for the system (G
by solving the following linear system:

Op" Tt u" - Vo p" T 4 p" VY, u =0,
PG 4 iy v = gLyt it (Y LT % pn ),
with the initial data and first iteration step defined by
(p"(x,0),u™(x,0)) = (po(z),uo(z)) forall n>1, zeR?

and

(po(x,t),uo(:zr,t)) - (pO(I>au0(I>)a (Iat) € Rd X R+'
Then it follows from Step 1 that for any N < M, there exists T* > 0 such that if ||po| s +
lluollL2(B(o,r)) + IVauollLe + [ V2ug| gr=-1 < N, then we have

sup sup (||P"('7f)||Hs + [u" ()l 2 Bo,r)) + IVt (5 1) || + VU™ (- 8) || ra-1) < M.

Note that p"+1 — p" and u"t! — u™ satisfy
Bu(p™ = o)+ (W — ) Vg un V(= )
+ (p" T = PV U + "V (W —u ) =0
and
at(unJrl _ un) 4 (un _ unfl) . VzunJrl 4 unfl . vm(unJrl _ un)
— (U —u) = VW (p" = p"),

respectively. Then a straightforward computation gives

1" = ™))l < O/ (™t = o™ 8)lITe + 1 (u™ = u™ ) 8)[ 7 ) ds,

where C' > 0 depends on ||V,p" || L, |Vou™| Lo, ||[Vou || L, and |[p"| L. We also find

1™t =) O < C/ (1™ = p™)(s 9172 + (™ == 5) 7)) ds,

where C' > 0 depends on ||V u" Y |yp1ee, ||Vt i, and | VoW |ly1.1. This provides that
(p™,u™) is a Cauchy sequence in C([0,T]; L2(R%)) x C([0,T]; H*(R?)). Interpolating this strong
convergences with the above uniform-in-n bound estimates gives

p" = p inC([0,T.); H* Y(RY), w" —wu inC([0,T.); H'(B(0,R))) asn — oo,

V,u" = Veu in C(RY x [0,7y]), and V24" — VZu in C([0,T.]; H"3(R?Y)) asn — oo,
due to s > d/2 + 1. In order to show the limiting functions p and w satisfy the regularity in
Theorem we can use a standard functional analytic arguments. For more details, we refer to
[13} Section 2.1] and [8] Appendix A]. We also notice that it is easy to show the limiting functions
p and u are solutions to (L) in the sense of Definition [£3]

Step 3 (Uniqueness): Let (p1,u1) and (p2,u2) be the strong solutions obtained in the previous

step with the same initial data (po,uo). Then it directly follows from the Cauchy estimate in Step
2 that

11 = p2) (5 D)7z + (w1 — u2) ()l < C/O (1 = p2) (- 8)lI72 + [l (ur — u2) (-, 9) 1) ds.
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Thus we obtain
11 = p2) . ONIZ2 + [l (ur = u2) (1) 7 =0
for all ¢ € [0,7*]. Hence we have the uniqueness of strong solutions. O

We next show global-in-time existence of strong solutions to the system (6] under additional
assumptions on parameters v, A, see below, and the interaction potential W. We remark that the
assumption on v and A is used in Lemma [B1] for the uniform bound estimate of V,u. The strong
regularity of V,W is needed for the global-in-time existence of solutions. Note that we do not
require any small assumptions on the initial data.

Theorem 4.4. Let s > d/2+ 1, T > 0, and R > 0. Suppose that the confinement potential
V s given by V = |z|?/2 and the interaction potential W is symmetric and V,W € W1 N
WA/ 1Le0y(RE) . Suppose that initial data (po,uo) satisfy

po € H(RY), wp € (Lipn LE)RY),  and Viug € HH(RY).
Then there exist v« > 0 and k. > 0 such that
sup ([lp(,t)llzs + llul, )l L2((0,r)) + Vet )| + [ Viul-, )| ge1) < C
0<t<T
fory > v, and k < K., where C depends on the initial data (po,uo), T, Ve, x, and || VoW |l wias2111,1.
Here v, and k4 are appeared in Lemma[3 1]

Proof. Similarly as (£9), we estimate

%lelfm < C|Vaul =l + ClIVZull2llpllze | Vapll 2
and
%I\ViUHiz < C|Vaullp< | V3ullZz + ClI Vil L2l 2
This yields

d
= Ul + IVZullzz) < C (IVaulls + lloloe + 1) (ol + [VZullZ:)

i.e.
sup (Hp(ut)HHl + ”viu(vt)HLQ)
o<t<T

T
< C (Ilpollzr + V3ol 2) exp </ [Vaul- 1) Lo + [lp(, t)l| = dt) :
0

On the other hand, it follows from Lemma [B1] that there exist v, > 0 and k, > 0 such that
sup |[[Vau(,t)|le < [[Vauolre +1
0<t<T

for 7 > v, and k < k. Then this, together with using the method of characteristics, gives

T
sup [lo(-, )]l = < [lpoll~ exp ( / IVau( )l dt) < Cllpoll = exp (|Vauoll = +1).
0<t<T 0

Combining all of the above observations, we obtain

sup ([lp(-, )|l g + IVaul(,t)|[Le + | Vau(-, )| r2)
0<t<T (4.12)
< Cexp (|lpollarr + [[Vauol e + || V2uol 12)

for v > v, and k < k.. We also easily estimate

sup [lu(-, )| L2(B(o,r)) < ClluollL2(B(o,R))-
0<t<T
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For 0 < k <'s, we find
d
%HVI;/’”L2 < C|Vhpllee + ClViull L2 Vapl e + CIVE  ul| 2 (4.13)
and
d
EHVIQZHUHH < CIViHtull e + CIVETH (VW % p)| 2 (4.14)
Then we have from (14
d
EHV%UHH[M <C|Viullgam +C Y VAR (VLW xp) 12

1<k<[d/2]+1

<COVaullgam +C Y VAR W ][Vap] L2
1<k<[d/2]+1

< CHVi’U/”H[d/Q] + C||V1W||W[d/2]+1,1 ||Vmp||L2.
This together with (£I2]) implies

sup [|VZu(-, t)|| gasa < C, (4.15)
0<t<T

where C' depends on the initial data (po, uo), VW, and T. We back to (£I3)) to obtain
d
T Varlman < CIVEpl o + ClIVZull o [ Vel + ClVzull grase
< OVl gtara + ClIVwpll sz + ClIVaull grasa
< C+ C|Vipllaar + ClViullgiasa,
where we used (ZI5) and (IZ). It also follows from (I4) that

d
a”viu”f][d/?] < CIV3ul giasa + || VaWlwiaszre1a | V20| 12
< C”viuHH[dﬂ] + ||v§p||H[d/2].

Combining the above two differential inequalities yields

d
% (IV2pll grtasar + I Viull riarm) < C+ C (1V2pllgrasar + | Viull griasar) |
and subsequently we find

sup (o, )l griaszive + V2wl )| grrasze1) < C,
0<t<T

where C' > 0 depends on the initial data ||po || gia/21+2, || V20 || grasz41, [|[Vato| Lo, | Ve W lwasz141.1,
and T. We next estimate ([LI3) and [@I4) as

d
7 (IV5pll2 + V5T ull2) < C (IVEpllLe + IVET ull2) + Cl|VEul| 2,
where we used

VAT (VW x p)l2 S IVAW |04 VEpll2 and  [[Vapllre < ClIVapllgrasz < C.

By summing it over 2 < k£ < s and applying Gronwall’s inequality to the resulting differential
inequality, we finally have

sup (|[V2p(, )|l =2 + [ Vau(-, )| gs—1) < C,
0<t<T

where C' > 0 depends on the initial data ||po||g=, ||V2uol|frs-1, [[Vatoll L=, [[VaW |l wias2141.1, and
T. Combining all of the above discussion concludes the desired result. O
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