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31 IntroductionThe numerical solution of hyperbolic conservation laws is of fundamental importancein several areas of applied science, particularly 
uid dynamics and electromagnetics.Solutions to these partial di�erential equations frequently exhibit localised structures,such as propagating discontinuities and sharp transition layers whose reliable numericalapproximation presents a challenging computational task. Indeed, in order to resolvesuch localised phenomena in an accurate and e�cient way one has to use locally re�nedcomputational meshes. In computational 
uid dynamics, at least, traditional approachesfor constructing such locally adapted meshes resort to ad hoc criteria, usually justi�edon physical grounds, whose impact on the accuracy of the numerical solution is di�cultto assess.In contrast with such heuristic devices, in these notes we shall be concerned with thequestion of quantitative error control for hyperbolic partial di�erential equations withthe aim to achieve reliability, either in the sense that the numerical solution approximatesthe analytical solution in a given norm to within a given tolerance, or in the sense thatphysically relevant derived quantities, which can be thought of as functionals of thesolution, are approximated to within a given tolerance. Reliability in the latter senseis particularly important in engineering applications; e.g. in 
uid dynamics one maybe concerned with calculating the lift and the drag coe�cients of a body immersedinto a viscous 
uid whose 
ow is governed by the Navier-Stokes equations. The liftand drag coe�cients are de�ned as integrals, over the boundary of the body, of thestress tensor components normal and tangential to the 
ow, respectively. Similarly, inelasticity theory, the quantities of prime interest, such as the stress intensity factor orthe moments of a shell or plate, are derived quantities. To achieve reliability in one senseor the other, we shall derive computable a posteriori error bounds in terms of the �niteelement residual which is obtained by inserting the computed solution into the partialdi�erential equation under consideration. Such bounds represent the key ingredientsof reliable adaptive �nite element algorithms for hyperbolic problems: error control towithin a given tolerance is achieved through a feed-back process where the a posteriorierror bound plays the rôle of a stopping criterion.The aim of the present paper is to discuss the construction and the practical imple-mentation of a posteriori error bounds for �nite element approximations of �rst-orderhyperbolic equations. The derivation of the bounds rests on hyperbolic duality argu-ments; these will be exploited in a systematic manner throughout. In fact, followingthe paradigm of a posteriori error estimation outlined in [29] by Johnson, our analysishas two basic ingredients: the application of Galerkin orthogonality and the use of thestrong stability of the dual (adjoint) problem; the rôle of these concepts in the erroranalysis will be highlighted below.Over the last decade the a posteriori error analysis of �nite element methods forpartial di�erential equations has been an area of active research (see Ainsworth and Oden[2] Szab�o and Babu�ska [59], and Verf�urth [60]). Unfortunately, much of the interest hasfocussed on elliptic and parabolic equations and relatively little progress has been madeon the a posteriori error analysis of �nite element and �nite volume approximations



4to hyperbolic and nearly-hyperbolic problems. For an overview of current activities inthe latter area we refer to the articles [29] and [15]; see also, [28], [30], and referencestherein. The approach to a posteriori error estimation for hyperbolic problems pursuedin those papers, particularly in the work of Johnson and Szepessy [31], and reviewed atthe beginning of Section 4, rests on performing an elliptic or parabolic regularisation ofthe hyperbolic problem and exploiting the smoothing properties of the resulting adjointproblem in conjunction with Galerkin orthogonality to derive an a posteriori error boundin the L2 norm; in Section 4 we present an alternative, more direct, process which avoidsthe need for regularisation of the hyperbolic operator, at the price of arriving at errorbounds in weaker (negative Sobolev) norms. In the course of our analysis we shallrequire some basic results from the theory of function spaces; these are summarisedin the next section, followed, in Section 3, by a brief overview of the theory of well-posedness of steady linear hyperbolic equations. Section 5 is devoted to the problemof error generation, error propagation and local error estimation in the context of aposteriori error analysis. We have already noted that a posteriori error estimation oflinear functionals is of great practical importance; this topic is the subject of Section6. Section 7 concerns the a posteriori error analysis of �nite element approximationsto unsteady hyperbolic problems; we shall also comment on the implementation of ourerror bounds into an adaptive algorithm. The �nal section discusses the theory forscalar nonlinear hyperbolic conservation laws; here we rely on the work of Tadmor[57] concerning the strong stability of the linearised dual problem (a backward lineartransport equation with discontinuous coe�cients) associated with the conservation law,in Lipschitz spaces. Thus we arrive at an a posteriori error bound in the dual Lipschitz(Lip 0) norm.2 Basic function spacesIn this section, we recall the de�nitions of some familiar function spaces, including thoseof continuously di�erentiable and Lebesgue integrable functions, and Sobolev spaces.For proofs and further details, we refer the reader to the monographs [1], [34] and [46].2.1 Spaces of continuous functionsLet N denote the set of non-negative integers. An n-tuple � = (�1; : : : ; �n) in Nn iscalled a multi-index. The non-negative integer j�j = j�1j+ : : :+ j�nj is called the lengthof �. We de�ne @� = @�11 : : : @�nn where @j = @=@xj for j = 1; : : : ; n.Let 
 be an open set in Rn . For k 2 N , we denote by Ck(
) the set of all continuousreal-valued functions u, de�ned on 
, such that @�u is continuous on 
 for every multi-index �, j�j � k. Further, we de�ne C1(
) as the intersection Tk�0Ck(
). Thenotation C0(
) is abbreviated to C(
).For k 2 N , we denote by Ck(�
) the set of all u 2 Ck(
) such that @�u can becontinuously extended from 
 onto �
, for every multi-index �, j�j � k. Further, wede�ne C1(�
) as the intersection Tk�0Ck(�
), and we write C(�
) in place of C0(�
).



5Assuming that 
 is a bounded open set in Rn and k 2 N , the linear space Ck(�
) isa Banach space equipped with the normkukCk(�
) = maxj�j�k supx2
 j@�u(x)j:For k 2 N and 0 < � � 1, we denote by Ck;�(�
) the set of all u 2 Ck(�
) such that thequantity jujCk;�(�
) = maxj�j=k supx6=y; x;y2
 j@�u(x)� @�u(y)jjx� yj�is �nite. Ck;�(�
) is a Banach space with the normkukCk;�(�
) = kukCk(�
) + jujCk;�(�
):When u belongs to C0;1(�
) it is said to be Lipschitz continuous on �
.The support, supp u, of a continuous function u de�ned on an open set 
 is theclosure in 
 of the set fx 2 
 : u(x) 6= 0g; in other words, supp u is the smallest closedsubset of 
 such that u = 0 on 
 n supp u. For k = 0; 1; : : : ;1, Ck0 (
) denotes the setof all u 2 Ck(
) whose support is a compact subset of 
.2.2 Spaces of integrable functionsFor p � 1 and an open set 
 � Rn , let Lp(
) denote the set of all real-valued Lebesguemeasurable functions u de�ned on 
 such that jujp is integrable on 
 with respect tothe Lebesgue measure dx = dx1 : : : dxn; we assume here that any two functions whichare equal almost everywhere (i.e. equal, except maybe on a set of measure zero) areidenti�ed. Lp(
) is a Banach space with normkukLp(
) = �Z
 ju(x)jp dx�1=p :In particular, for p = 2, L2(
) is a Hilbert space with the inner product(u; v) = Z
 u(x) v(x) dx:L1(
) denotes the set of all real-valued Lebesgue measurable functions u de�ned on
 such that juj has �nite essential supremum; the essential supremum of juj is de�nedas the in�mum of the set of all positive real numbers M such that juj � M almosteverywhere on 
. Again, any two functions which are equal almost everywhere on 
 areidenti�ed. L1(
) is a Banach space with normkukL1(
) = ess.supx2
ju(x)j:H�older's Inequality: Let u 2 Lp(
) and v 2 Lq(
), where 1=p+ 1=q = 1, 1 � p; q � 1;then uv 2 L1(
) and ����Z
 u(x) v(x) dx���� � kukLp(
)kvkLq(
):For p = q = 2, this is referred to as the Cauchy-Schwarz Inequality.



62.3 Sobolev spacesSuppose that 
 is an open set in Rn . For a non-negative integer k and 1 � p � 1, wede�ne W kp (
) = fu 2 Lp(
) : @�u 2 Lp(
); j�j � kg:We equip W kp (
) with the Sobolev norm de�ned bykukW kp (
) = 0@Xj�j�k k@�ukpLp(
)1A1=pwhen 1 � p <1, and by kukW k1(
) = maxj�j�k k@�ukL1(
)when p =1. The associated Sobolev seminorm is de�ned byjujW kp (
) = 0@Xj�j=k k@�ukpLp(
)1A1=pwhen 1 � p <1, and jujW k1(
) = maxj�j=k k@�ukL1(
)when p = 1. In these de�nitions the derivatives are to be understood in the sense ofdistributions.The Sobolev spaceW kp (
) can be shown to be a Banach space with the norm k�kW kp (
),1 � p � 1, k � 0. A particularly important case occurs when p = 2; the normed linearspace W k2 (
) is a Hilbert space with the inner product(u; v)W k2 (
) = Xj�j�k(@�u; @�v);where (�; �) is the inner product in L2(
).In order to capture �ner smoothness properties of integrable functions, we considerfractional-order Sobolev spaces de�ned in the following way: given that s is a positivereal number, s 62 N , let us write s = m + �, where 0 < � < 1 and m = [s] is theinteger part of s. The fractional-order Sobolev space W sp (
), 1 � p < 1, is the set ofall u 2 Wmp (
) such thatjujW sp (
) = 8<:Xj�j=m Z
 Z
 jD�u(x)�D�u(y)jpjx� yjn+�p dxdy9=;1=p <1;with the usual modi�cation when p =1. When equipped with the normkukW sp (
) = nkukpWmp (
) + jujpW sp (
)o1=p ; if 1 � p <1,



7or the norm kukW s1(
) = kukWm1(
) + jujW s1(
); if p =1,the Sobolev space W sp (
) is a Banach space.When a boundary-value problem is considered for a partial di�erential equation on anopen set 
, it is convenient to incorporate the boundary condition on @
, the boundaryof 
, into the de�nition of the function space in which a solution is sought. First, wecharacterise the smoothness of @
.De�nition 1 Suppose that 
 is an open set in Rn . The boundary @
 of 
 is said tobe Lipschitz continuous if, for every x 2 @
, there is an open set O � Rn with x 2 Oand a local orthogonal coordinate system with coordinate � = (�1; : : : ; �n) � (� 0; �n) anda 2 Rn , such that O = f� : �aj < �j < aj; 1 � j � ng;and there is a Lipschitz continuous function ' de�ned onO0 = f� 0 2 Rn�1 : �aj < �j < aj; 1 � j � n� 1g;with j'(� 0)j � an=2; � 0 2 O0 ;
 \ O = f� : �n < '(� 0); � 0 2 O0g and @
 \ O = f� : �n = '(� 0); � 0 2 O0g:A bounded open set with Lipschitz continuous boundary is called a Lipschitz domain.An important property of a Lipschitz domain 
 is that the unit outward normal to @
is de�ned almost everywhere with respect to the (n� 1)-dimensional measure on @
. Asimple example of a Lipschitz domain is a bounded polyhedron in Rn , n � 2.Proposition 1 Suppose that 
 is a Lipschitz domain contained in Rn and let 1 � p <1. Then C1(�
) is dense in W sp (
) for s � 0.We note that while C1(�
) is dense in W sp (
) for s � 0 and 1 � p < 1, C10 (
)is not dense in W sp (
) for s > 1=p (although it is dense in W sp (
) for 0 � s < 1=p,1 � p <1).We conclude this section with a brief discussion about Sobolev spaces on the bound-ary @
 of a Lipschitz domain 
. Let us begin by recalling from De�nition 1 that forevery x on @
 there exists a Lipschitz continuous function ' : O0 � Rn�1 ! R suchthat, using the notation introduced in De�nition 1,@
 \ O = f� = (� 0; '(� 0)) : � 0 2 O0g;so that, locally, @
 is an (n�1)-dimensional hypersurface in Rn . We de�ne the mapping� by �(� 0) = (� 0; '(� 0)):Clearly ��1 exists and it is Lipschitz continuous on �(O0); this leads us to the followingde�nition.



8De�nition 2 Let 
 be a Lipschitz domain in Rn . For 0 � s � 1 and 1 � p < 1 wedenote by W sp (@
) the set of all u 2 Lp(@
) such that the composition u � � belongs toW sp (O0 \ ��1(@
 \ O)) for all possible O0 and ' satisfying the conditions of De�nition1, where �(� 0) = (� 0; '(� 0)) for � 0 2 O0.In order to equipW sp (@
) with a norm, we consider any atlas (Oj; 'j)Jj=1 for @
 suchthat Oj and 'j, j = 1; : : : ; J , satisfy the conditions of De�nition 1. We de�ne k � kW sp (@
)by kukW sp (@
) =  JXj=1 ku � �jkpW sp (O0j\��1j (@
\Oj))!1=pwhere �j(� 0) = (� 0; 'j(� 0)) for � 0 2 O0j, j = 1; : : : ; J .In fact, for 0 < s < 1 it can be shown that this is equivalent to the following normkukW sp (@
) = �Z@
 jujp d� + Z@
 Z@
 ju(x)� u(y)jpjx� yjn�1+sp d�(x) d�(y)�1=p ;where d� denotes the (n� 1)-dimensional surface measure on @
.Finally, we recall the notion of trace of a function on the boundary @
 of a Lipschitzdomain 
 � Rn . If  belongs to C1(�
) then we put
0( ) =  j@
 : (2.1)The trace of a function u in W sp (
) is then de�ned by extending the operator 
0 fromthe dense subspace C1(�
) to the whole of W sp (
).Proposition 2 Suppose that 
 is a Lipschitz domain in Rn , and let 1 < p <1. Assum-ing that 1=p < s � 1, the mapping 
0 de�ned on C1(�
) by (2.1) has a unique continuousextension to a linear operator, still denoted 
0, from W sp (
) onto W s�(1=p)p (@
).We adopt the following notational convention: when p = 2 we shall write Hs in placeof W s2 to signify the fact that we are dealing with a Hilbert space. We de�ne H10 (
) asthe closure of C10 (
) in the norm of the Sobolev space H1(
); when 
 is a Lipschitzdomain, it can be shown thatH10 (
) = fu 2 H1(
) : 
0(u) = 0g:3 Steady hyperbolic problemsIn this section we present a brief review of the theory of steady hyperbolic equations.In the �rst part of the section we focus on scalar hyperbolic equations, while the secondpart is concerned with symmetric hyperbolic systems.



93.1 Scalar hyperbolic equationsWe consider the question of well-posedness of the hyperbolic boundary-value problemP(f): div(au) + c u = f in 
;u = 0 on @�
;where 
 is a Lipschitz domain in Rn , with in
ow boundary@�
 = fx 2 @
 : a(x) � �(x) < 0g;here �(x) denotes the unit outward normal vector at x 2 @
 (whenever it is de�ned).The complement of @�
 with respect to @
 will be denoted @+
 and will be referred toas the out
ow boundary. For the sake of simplicity we shall suppose that 
 = (0; 1)n,that a = (a1; : : : ; an) is a real-valued continuously di�erentiable n-component vectorfunction de�ned on �
, c is a continuous real-valued function on �
 and f is a real-valuedsquare-integrable function on 
.In order to set up the variational formulation of P(f), with a and c we associate thefunction spaceH�(
) = fv 2 L2(
) : div(av) + c v 2 L2(
); 
�(av) = 0 on @�
gin which the solution to the problem is sought. We note that the boundary condition isincluded into the de�nition of the space H�(
); here 
�(av) = (av) � �j@�
 signi�es thenormal trace of the vector �eld av on @�
.At this stage, the boundary condition should be understood formally: below we shalljustify that the de�nition of H�(
) is meaningful. To do so, we �rst recall from [20](Chapter I, Theorem 2.5 and Corollary 2.8) that the normal trace operator, 
�(�), is acontinuous surjection ofH(div;
) = fv 2 [L2(
)]n : div v 2 L2(
)gonto H�1=2(@
), the latter being the dual space of the fractional-order Sobolev spaceH1=2(@
) = W 1=22 (@
). Now, suppose that � is a connected relatively open subset of@
 of positive (n� 1)-dimensional measure (for our purposes, � = @�
). We denote byH10 (�) the closure of C10 (�) in the norm of the Sobolev space H1(�). Further, we de�neH1=200 (�), using the K-method of function space interpolation (see Bergh and L�ofstr�om[8], for example), as the interpolation space `halfway' between L2(�) and H10 (�). Finally,we let (H1=200 (�))0 denote the dual space of H1=200 (�). Since the trivial extension E0 is acontinuous linear operator from L2(�) into L2(@
) and from H10 (�) into H1(@
), wededuce by function space interpolation that it is also a continuous linear operator fromH1=200 (�) into H1=2(@
). Thus, by applying the Transposition Theorem (see Theorem 4.1in Baiocchi and Capelo [4]), we conclude that the transpose of the linear operator E0 :H1=200 (�)! H1=2(@
) is a continuous linear operator tE0 from (H1=2(@
))0 = H�1=2(@
)into (H1=200 (�))0; tE0 is called the restriction from @
 to �.



10Suppose that v 2 L2(
) and div(av) + c v 2 L2(
). Then av 2 H(div; 
), and itfollows that 
�(av) 2 H�1=2(@
). Hence the restriction of 
�(av) to @�
 belongs to(H1=200 (@�
))0. The de�nition of H�(
) is, therefore, meaningful; in fact, H�(
) is aHilbert space with the normkvkH�(
) = (kvk2L2(
) + kLvk2L2(
))1=2;where L : H�(
) ! L2(
) denotes the linear operator de�ned by Lv = div(av) + c v,v 2 H�(
).With this notation, the boundary-value problem P(f), for f 2 L2(
), can be ex-pressed as follows: �nd u in H�(
) such that Lu = f . Alternatively, the variationalformulation of P(f) is: �nd u 2 H�(
) satisfying(div(au) + c u; q) = (f; q) 8q 2 L2(
): (3.1)A solution of (3.1) can be thought of as a generalised solution of P(f), with the di�er-ential equation satis�ed as an equality in L2(
) and the boundary condition obeyed asan equality in (H1=200 (@�
))0.We adopt the following additional hypothesis on a.Hypothesis 1 The components a1; : : : ; an of the vector �eld a belong to C1(�
) and arestrictly positive functions on �
.This assumption ensures that @�
 is a non-characteristic hypersurface of dimension(n� 1) for the di�erential operator v 7! div(av) + c v.Proposition 3 Under Hypothesis 1 and given that f 2 L2(
) and c 2 C(�
), problem(3.1) has a unique solution u in H�(
). In addition, the linear operator L is a continuousbijection of H�(
) onto L2(
) with a continuous inverse L�1 : L2(
)! H�(
).Proof The proof is based on Banach's Closed Range Theorem. The non-trivial step is toverify (3.3) below; to do so, let C1�(�
) denote the set of all functions in C1(�
) which vanishon @�
. It is easily seen that, for an n-component real vector �,(div(av) + c v; e�2��xv) = �c+ 12(diva) + a � �; je���xvj2�+12 Z@+
(a � �)je���xvj2 ds 8v 2 C1�(
): (3.2)Let � be such that the constantM0 = inf
 �c+ 12(diva) + a � ��is positive, and let M1 and M2 be two positive real numbers such thatM1 � exp(�2� � x) �M2 8x 2 �
:



11Omitting the second term on the right-hand side of (3.2) and noting that C1�(�
) is dense inH�(
), it follows that(Lv; e�2��xv) �M0ke���xvk2L2(
) 8v 2 H�(
);and hence  1 +� M2M1M0�2!1=2 kLvkL2(
) � kvkH�(
) 8v 2 H�(
): (3.3)Inequality (3.3) implies that L is an injective operator from H�(
) onto its range spaceR(L), and that the inverse of L is continuous. Hence L is an isomorphism from H�(
) ontoR(L); therefore R(L) is a closed subspace of L2(
). Exploiting the positivity assumption onthe components of a, it is easy to prove (using the method of characteristics, for example) thatthe transpose tL of L has trivial kernel, i.e. Ker( tL) = f0g; the Closed Range Theorem thenimplies that R(L) = L2(
). Hence L is an isomorphism from H�(
) onto L2(
). In addition,(3.3) implies that 1 � kL�1kL2!H� �  1 +� M2M1M0�2!1=2 :That completes the proof. �We note that this existence and uniqueness result can be extended in several direc-tions:a) First, a theorem analogous to Proposition 3 holds for the adjoint boundary-valueproblem: �a � ru+ c u = f in 
; u = 0 on @+
;where a, c, f and 
 are as in Proposition 3.b) Second, a result analogous to Proposition 3 can be developed more generally, in Lpnorms, 1 � p < 1. More precisely, suppose that in the de�nition of the solutionspace H�(
), L2(
) is replaced by Lp(
); then Proposition 3 holds with L2(
)replaced by Lp(
) throughout.c) Third, Hypothesis 1 can be relaxed by supposing that 
 is a Lipschitz domain inRn such that @
 is a non-characteristic hypersuface for L, and that there exists aconstant vector � 2 Rn such thatM0 = inf
 �c+ 12(div a) + a � �� > 0:d) Finally, under Hypothesis 1 the normal trace, 
�(av) 2 H�1=2(@�
) can be shownto belong to L2(@�
).We conclude this subsection with the following regularity result which is a specialcase of the general Di�erentiability Theorem stated on p.272 of the work of Rauch [49]1.1There is a typographic error in line one of the theorem: u should be replaced by f .



12Proposition 4 Under Hypotheses 1 and assuming that a 2 [C2(�
)]n, c 2 C1(�
) andf 2 H10 (
), the unique weak solution u to problem P belongs to H1(
) \H�(
). More-over, kukH1(
) � C1kfkH1(
);where C1 is a positive constant independent of f .An identical result holds for the adjoint boundary value problem stated in a) above.The next section extends the well-posedness results discussed here to symmetric positivehyperbolic systems on Lipschitz domains in Rn .3.2 Symmetric hyperbolic systemsThe aim of this section is to give a brief account of the theory of well-posedness for a classof �rst-order systems of partial di�erential equations, usually referred to as Friedrichssystems or symmetric positive systems. These represent a natural generalisation of thescalar hyperbolic equation whose properties were discussed in the previous section. Infact, symmetric positive systems embrace a large class of partial di�erential equationsirrespective of their type, allowing a uni�ed treatment of certain elliptic and hyperbolicequations by means of a common tool, energy analysis. Historically, the main motivationfor introducing this class of equations \was not the desire for a uni�ed treatment ofelliptic and hyperbolic equations, but the desire to handle equations which are partlyelliptic, partly hyperbolic, such as the Tricomi equation" (see [16]):�y @2@x2 � @2@y2� u = 0;which plays a basic rôle in the theory of transonic 
ow. Our presentation of the theorywill closely follow the functional-analytic approach adopted in the work of Mackenzie,S�uli and Warnecke [40].Suppose that 
 is a Lipschitz domain in Rn . Let Ai, i = 1; :::; n, and C be (matrix-valued) mappings from �
 into Rm�m , m � 1; we shall assume that, for each i, the entriesof Ai are continuously di�erentiable on �
 and the components of C are continuous on�
. We consider the linear �rst-order system of partial di�erential equationsLu � nXi=1 @@xi (Aiu) + Cu = f in 
. (3.4)The system (3.4) is called symmetric positive if the following conditions hold:(a) the matrices Ai, for i = 1; :::; n, are symmetric, i.e. Ai = A�i ;(b) there exists � � 0 and a unit vector � 2 Rn , such that the symmetric part of thematrix K� = C + 12 nXi=1 @Ai@xi + � nXi=1 �iAi



13is positive de�nite, uniformly on �
; namely, there exists a positive constant C0 =C0(
) such that 12(K�(x) +K�� (x)) � C0I (3.5)for all x in �
.The positivity hypothesis (b) can be seen as a direct generalisation of the positivitycondition imposed on the constant M0 in the proof of Proposition 3; see also remark c)at the end of the previous section.In practice a system of partial di�erential equations, such as (3.4), is rarely consideredin isolation and will be accompanied with a boundary condition. In order to motivate theimposition of the boundary condition for symmetric positive systems, we note that forthe scalar hyperbolic equation discussed in the previous section a well-posed boundary-value problem is arrived at by prescribing a boundary condition on the in
ow part of @
only. By formal analogy, for the system, only the `incoming components' of the solutionvector should be imposed on the boundary, in accordance with the physical notion ofcausality. This will be made more precise below. To begin, let us consider the matrixB = �1A1 + : : :+ �nAn;where � = (�1; : : : ; �n) is the unit outward normal vector �eld on @
. In order to simplifythe exposition, we shall suppose that B is non-singular almost everywhere on @
 (withrespect to the (n � 1)-dimensional measure on @
); this is equivalent to requiring thatthe boundary of 
 is almost everywhere non-characteristic for L. Since the matrix B issymmetric and of full rank it can be decomposed as B = B++B�, where B+ is positivesemi-de�nite and B� is negative semi-de�nite.Let us suppose that g is a (su�ciently smooth) real-valued vector function de�nedon �
; then an `admissible' boundary condition for (3.4) is of the formB�(u� g)��@
 = 0: (3.6)We shall also consider the homogeneous counterpart of this boundary condition, corre-sponding to g = 0; namely, B�u��@
 = 0: (3.7)For the time being, these boundary conditions are to be understood formally. Below,following a similar approach as in the scalar case described in the previous section, weshall state a trace theorem which assigns a precise meaning to B�uj@
. First, however,we single out the class of functions for which such a trace will be considered. For thispurpose, we introduce the graph space of the operator L as the linear spaceH(L;
) = fv 2 [L2(
)]m : Lu 2 [L2(
)]mg:It is a simple matter to verify that, when equipped with the normjjjvjjj
;� = �ke��(��x)vk2[L2(
)]m + ke��(��x)Lvk2[L2(
)]m� 12 ;



14the graph space H(L;
) is a Banach space (in fact, it is a Hilbert space with thenatural inner product associated with this norm). Many of the arguments that we shalluse throughout this paper rely on the concept of duality, and we shall also require L�,the formal adjoint of L, de�ned byL�v = � nXi=1 Ai @v@xi + C�v;the graph space H(L�;
) and graph norm jjj � jjj�;
;� associated with L� are introducedin the same manner as for L, but with the weight-function e��(��x) replaced by e�(��x).Let 
0 : [H1(
)]m ! [H1=2(@
)]m signify the usual trace operator, de�ned in Section2.3, which to each element of [H1(
)]m assigns its restriction to @
. We denote by[H�1=2(@
)]m the dual space of [H1=2(@
)]m; the duality pairing between these twospaces will be labelled h�; �i. The next proposition, stated and proved in [41], will playan important rôle in the rest of the paper.Proposition 5 Assuming that 
 is a Lipschitz domain in Rn , the mapping 
B : v 7!B
0(v) de�ned on [H1(
)]m can be extended by continuity to a linear and continuousmapping, still denoted 
B (and referred to as the conormal trace operator), from H(L;
)into [H�1=2(@
)]m. Moreover, for any u 2 H(L;
) and v 2 [H1(
)]m the followingGreen's formula holds (Lu;v)� (u;L�v) = h
B(u); 
0(v)i:An analogous result holds for H(L�;
).The proof of this result is identical to that of Theorem 18.6 in the monograph ofBaiocchi and Capelo [4]. The interested reader may also wish to consult [41] for adetailed proof.Proposition 5 assigns a precise meaning to the conormal trace operator, by extendingB
0(�) from [H1(
)]m to the graph space H(L;
). However the `admissible' boundarycondition (3.6) involves B� rather than B, so we need to introduce a trace operatorbased on B�. To do so, we note that the splitting B = B+ + B� induces a naturaldecomposition of 
B which leads to the de�nition of the partial conormal trace operators
B�. This can be seen by de�ning
B�(u) = B�
0(u) 8u 2 [H1(
)]m;and extending this de�nition from the dense subspace [H1(
)]m to H(L;
) to arrive atcontinuous linear operators 
B� : H(L;
)! [H�1=2(@
)]mwith 
B = 
B+ + 
B�. One can proceed in the same way for H(L�;
).Equipped with these de�nitions, in the case of the homogeneous boundary-valueproblem (3.4), (3.7) we can de�ne the domains of the operators L and L� as, respectively,D(L;
) = fu 2 H(L;
) : 
B�(u) = 0 on @
g;



15D(L�;
) = fu 2 H(L�;
) : 
B+(u) = 0 on @
g:When supplied with the associated graph-norms jjj�jjj�;
, jjj�jjj�;�;
 and the correspondingnatural inner products, D(L;
) and D(L�;
) are Hilbert subspaces of H(L;
) andH(L�;
), respectively.Now we are ready to de�ne the concept of solution. Suppose that f 2 [L2(
)]m; afunction u 2 [L2(
)]m such that(u;L��) = (f ; �) 8� 2 D(L�;
) \ [H1(
)]mwill be referred to as weak solution of the homogeneous boundary value problem (3.4),(3.7). If u is a weak solution of (3.4), (3.7) and u belongs to H(L;
), we shall saythat u is a strong solution. We note that the requirement that u be a strong solutiondoes not preclude the possibility of u being discontinuous; indeed, since only Lu 2[L2(
)]m is required for u 2 [L2(
)]m to be a strong solution (rather than u 2 [H1(
)]m),discontinuities in a strong solution u may arise across characteristic hypersurfaces.Proposition 6 Let @
 be a non-characteristic hypersurface for L, and assume thatf 2 [L2(
)]m; then the homogeneous boundary-value problem (3.4), (3.7) has a uniquestrong solution u 2 D(L;
). Further, the linear operator L is a continuous bijectionfrom D(L;
) onto [L2(
)]m with a continuous inverse L�1 : [L2(
)]m ! D(L;
). Ananalogous result holds for L�.Proof As in the scalar case discussed in the previous section, the proof is based on Banach'sClosed Range Theorem. Let us suppose that v 2 [H1(
)]m and take the inner product of Lvwith e�2�(��x)v; upon integrating by parts using Proposition 5 and splitting the conormal traceoperator 
B as 
B+ + 
B� , we deduce thathe��(��x)
B+(v); e��(��x)
0(v)i +�12(K� +K�� )e��(��x)v; e��(��x)v�= �he��(��x)
B�(v); e��(��x)
0(v)i + (e��(��x)Lv; e��(��x)v):Noting (3.5) of hypothesis (b), we arrive at the following G�arding inequality:C0k e��(��x)vk[L2(
)]m � k e��(��x)Lvk[L2(
)]m 8v 2 [H1(
)]m \D(L;
): (3.8)As [H1(
)]m \D(L;
) is dense in D(L;
), it follows thatC 00ke��(��x)Lvk[L2(
)]m � jjjvjjj�;
 8v 2 D(L;
); (3.9)where C 00 = (1 + C�20 )1=2. The rest of the proof is identical to the �nal part of the proof ofProposition 3, with D(L;
) and [L2(
)]m replacing H�(
) and L2(
), respectively. �We deduce from the proof of this theorem that the strong solution to the homogeneousboundary-value problem (3.4), (3.7) obeys the stability estimatekuk[L2(
)]m � 1C0 e2�Dkfk[L2(
)]m ;



16where D = diam(
).More generally, consider the non-homogeneous boundary-value problem (3.4), (3.6),where f 2 [L2(
)]m and g 2 H(L;
). A function u 2 [L2(
)]m satisfying(u;L��) + h
B�(g); �i = (f ; �) 8� 2 D(L�;
) \ [H1(
)]mis called a weak solution of the boundary-value problem. A weak solution u to the non-homogeneous problem (3.4), (3.6) which belongs to H(L;
) is called a strong solution.Lax and Phillips [36] proved, under the assumption that @
 is a non-characteristichypersurface for L, that every weak solution is a strong solution.In the a posteriori error analysis discussed in the next section we shall require aregularity result, analogous to that stated in the scalar case in Proposition 4, for thefollowing adjoint (dual) problem: L�z = � in 
; (3.10)
B+(�� �) = 0 on @
;where � 2 [H10 (
)]m and �j@
 2 [H1(@
)]m. Instead of imposing technical assumptionson the data and describing the various instances when such a regularity result holds, forthe sake of simplicity of presentation, we shall adopt the following hypothesis.Hypothesis 2 Suppose that (a) and (b) hold, and that for � 2 [H10 (
)]m and �j@
 2[H1(@
)]m (with @
, the boundary of the Lipschitz domain 
 � Rn , representing a non-characteristic hypersurface for L), the solution to (3.10) is in [H1(
)]m and satis�es thebound k�k[H1(
)]m � C 01 �k�k[H1(
)]m + k �j@
 k[H1(@
)]m� ; (3.11)where C 01 is a positive constant independent of � and �.We shall refer to inequality (3.11) as strong stability of the dual problem. Generalcircumstances when such a bound holds are discussed in the paper of Tartako� [58](particularly in Theorem 3, p.1118, where � 2 [H1(
)]m, in fact, but @
 is a C1hypersurface); see also Theorem 2, in Section 1 of the work of Kohn and Nirenberg [32];in the case of a symmetric positive system subject to periodic boundary conditions abound of this kind was proved by Lax [35].4 A posteriori error analysis for steady problemsIn this section we present the basic theory of a posteriori error estimation for linearhyperbolic problems.



174.1 A posteriori error analysis �a la JohnsonIn order to motivate the approach followed in this paper, we present a brief review ofthe general theoretical framework of a posteriori error analysis, in the context of linear�rst-order hyperbolic systems, pursued by Johnson and his co-workers; for a detailedaccount, see [29] and [15].Let us suppose that Y is a Hilbert space with inner product (�; �) and norm k � k,and let L : Y ! Y be a linear operator on Y with domain D(L) � Y ; in our case,L is a symmetric positive system of linear �rst-order hyperbolic di�erential operatorson Y = [L2(
)]m with domain D(L) = D(L;
). Given that f 2 Y , we consider theproblem of �nding u 2 D(L) such that Lu = f :Next we consider a Galerkin �nite element approximation to this problem. We selecta sequence of �nite-dimensional spaces fXhg, parametrised by the positive discretisationparameter h; for the sake of simplicity we shall suppose that we are dealing with aconforming approximation in the sense that Xh � D(L) for each h. Simultaneously, weconsider a sequence of �nite-dimensional spaces fYhg, with Yh contained in Y for eachh. For the present purposes, Xh and Yh can be thought of as standard �nite elementspaces consisting of piecewise polynomial functions on a partition, of granularity h, ofthe computational domain 
; Xh is called the trial space while Yh is referred to as thetest space. Let �h denote the orthogonal projector in Y onto Yh. The Galerkin �niteelement method can then be formulated as follows: �nd an approximation uh to u inXh such that �hLuh = �hf :Equivalently, we can write this as follows: �nd uh in Xh such that(Luh;vh) = (f ;vh) 8vh 2 Yh:In order to obtain a computable bound on the global error eh = u� uh in terms of the�nite element residual rh, de�ned byrh = f � Luh;we note the Galerkin orthogonality property(rh;vh) = 0 8vh 2 Yhwhich will play a crucial rôle in the analysis. Further, denoting by L� the adjoint ofL, we consider the following auxiliary problem, referred to as the dual problem: �ndz 2 D(L�) = D(L�;
) such that L�z = u� uh:



18As already indicated in the introduction, the a posteriori error analysis is based ona duality argument. The �rst step is to derive a representation of the global error interms of the residual; this is achieved as follows:ku� uhk2 = (u� uh;u� uh) = (u� uh;L�z)= (L(u� uh); z) = (Lu� Luh; z)= (f � Luh; z) = (rh; z);where the Green's identity stated in Proposition 5 has been used in the transitionfrom line one to line two. Exploiting the Galerkin orthogonality property, namely that(rh; zh) = 0 for any zh 2 Yh, we deduce thatku� uhk2 = (rh; z� zh) = (hsrh; h�s(z� zh));where s is a non-negative real number, to be chosen below. According to the Cauchy-Schwarz inequality, ku� uhk2 � khsrhk kh�s(z� zh)k:The �rst term on the right-hand side of this inequality is of the desired form, involvingthe (computable) residual rh multiplied by an appropriate power of the discretisationparameter, while the second term incorporates z, the solution to the dual problem. Sincethe dual-problem has the (unknown) global error as data, z is unknown and has to beeliminated from the analysis by relating it to u � uh; moreover, an appropriate choiceof zh has to be made. The details of these steps are described below.Let us suppose that fW�g��0 is a scale of Hilbert spaces, with corresponding normsk � k�, such that W0 = Y and W�2 is continuously embedded into W�1 when �2 � �1. Wehypothesise the following approximation property: for each z 2 Ws there exist zh 2 Yhand a positive constant Cappr (independent of z and h) such thatkh�s(z� zh)k � Capprkzks:For �nite element methods, this hypothesis is easily ful�lled by choosingWs = [Hs(
)]m,for an appropriate s = sappr > 0, and referring to standard approximation properties ofpiecewise polynomial functions in Sobolev spaces, with zh 2 Yh taken as the interpolant,the quasi-interpolant or the projection of z. Thus we arrive at the boundku� uhk2 � Capprkhsrhk kzks:Now we have reached the �nal and most subtle step in the a posteriori error anal-ysis. The norm kzks appearing on the right-hand side of the last inequality has to beeliminated in terms of u� uh by noting the relationship between z and u� uh, namelythat L�z = u� uh. In order to proceed, we shall suppose that L� is invertible and that(L�)�1 is a bounded linear operator from Y into Ws for some s 2 [0; sappr]; thus,kzks = k(L�)�1(u� uh)ks � Cstabku� uhk;



19where Cstab is a positive constant (referred to as the stability constant of the dual prob-lem), greater than or equal to the norm of (L�)�1. Upon combining the last two boundswe deduce the desired a posteriori bound on the global error eh = u � uh in terms ofthe �nite element residual rh:ku� uhk � Cappr Cstabkhsrhk:Once the numerical solution uh has been determined, the �nite element residual rhand khsrhk are easy to compute. However the last inequality will only be of practicaluse if the constants Cappr and Cstab are also available. Estimating Cappr is a relativelysimple task, using readily available results from approximation theory (see, for exam-ple, Exercise 3.1.2 in Ciarlet's monograph [12] for an explicit formula for Cappr in thecase of standard �nite element spaces consisting of continuous piecewise polynomials onsimplices, or the work of Handscomb [23] for sharper estimates of Cappr for piecewiselinear �nite elements on triangles). On the other hand, providing a numerical valuefor Cstab is much harder, involving the study of the well-posedness of the dual prob-lem. Since any value of Cstab which is arrived at through the use of general analytical(worst-case-scenario) arguments is bound to be a considerable overestimate of the ratiokzks=ku�uhk, in practice the stability constant Cstab is determined computationally forthe speci�c problem at hand, as part of the process of a posteriori error estimation or byother computational means (see, for example, the Thesis of Sandboge [50], where strongstability constants of dual problems are predicted by means of statistical analysis).Finally, we have to determine s, the exponent of h in the error bound. Ideally, onewould like the a posteriori bound to re
ect the approximation property of the test spaceYh to its full extent; consequently, one would wish to choose s as large as possible, andpick s = sappr. Unfortunately, for �rst-order hyperbolic systems the weak smoothingproperties of (L�)�1 (which is a bounded linear operator from Y = [L2(
)]m into theanisotropic space H(L�;
), but not into W1 = [H1(
)]m) pose an unsurmountablelimitation on the choice of s. Indeed, since we have restricted ourselves to operatingwithin the realm of standard isotropic Sobolev spaces, such as as Ws = [Hs(
)]m, whereapproximation theory by piecewise polynomial functions is well developed, it followsthat the strongest statement that we can make (in terms of these spaces) is that (L�)�1is a bounded operator from Y into Y = W0, only; consequently, s cannot exceed 0 andwe end up with the error boundku� uhk � Cappr Cstabkrhk:In fact, we note that when s = 0 we do not bene�t from the application of Galerkinorthogonality, and we may simply take zh = 0 in our argument to simplify this boundto ku� uhk � Cstabkrhk:Either way, we see that in the case of a �rst-order hyperbolic system the a posteriorierror bound that we arrive at on the basis of the reasoning outlined above is unsatis-factory in that it fails to display explicitly, in terms of powers of h, the approximation



20properties of the test space Yh. Worse still, when the data are discontinuous, linearhyperbolic equations may possess solutions that are discontinuous across characteristichypersurfaces and, under mesh re�nement, the associated residual norm krhk will thenconverge to 0 very slowly, if at all; consequently, in the absence of the compensatingfactor hs, any adaptive algorithm driven by this error bound is likely to be ine�cient.A possible approach to rectifying the problem is based on perturbing the �rst-orderhyperbolic operator L� (or, indeed, both L and L�) through the addition of a second-order elliptic term with a small coe�cient (see [31]), which then provides additionalisotropic regularity; in favourable circumstances the perturbed adjoint operator hasbounded inverse from W0 = [L2(
)]m into W2 � [H2(
)]m which then allows one totake s = 2. This approach, however, is associated with undesirable complications whenapplied in bounded domains, related to the fact that arti�cial boundary conditions haveto be supplied for the resulting second-order operator in such a way that the featuresof the solution to the hyperbolic system are retained, particularly in the vicinity of theboundary; a further di�culty with elliptic regularisation of non-dissipative hyperbolicproblems, such as the Maxwell system of electro-magnetism, is that it may introduce aphysically unacceptable level of damping into the model. Our aim in these notes is topursue a direct approach to the a posteriori error analysis of �nite element methods for�rst-order hyperbolic problems, namely one that does not require elliptic regularisationof the hyperbolic operator. The next section is devoted to some simple examples whichillustrate the technique.4.2 Petrov-Galerkin �nite element methodsIn this section we shall present a general framework of a posteriori error estimation forGalerkin �nite element approximations of hyperbolic problems. Suppose that X and Yare two real Banach spaces, equipped with norms k � kX and k � kY , respectively. In thecontext of the problems discussed here, we can think of two natural choices:�) When the boundary condition 
B�(u) = 0 is enforced strongly, we take X =D(L;
) equipped with the graph norm k � kX = jjj � jjj�;
 and Y = [L2(
)]m withthe norm k � kY = k � k[L2(
)]m ;�) When the boundary condition 
B�(u � g) = 0 is enforced weakly (through thede�nition of the bilinear functional in the variational formulation, rather thanthrough the de�nition of the solution space), then we take X = H(L;
) equippedwith the graph norm k � kX = jjj � jjj�;
 and Y = [H1(
)]m with the norm k � kY =k � k[H1(
)]m .Suppose further that a(�; �) is a bilinear functional on X � Y , and let l(�) be a linearfunctional on Y ; in the context of symmetric positive systems we adopt the followingde�nitions, corresponding to cases �) and �).�) In the case of a strongly imposed (homogeneous) boundary condition,a(w;v) = (Lw;v); w 2 X = D(L;
); v 2 Y = [L2(
)]m



21and l(v) = (f ;v); v 2 Y = [L2(
)]m:�) In the case of a weakly imposed (non-homogeneous) boundary condition,a(w;v) = (Lw;v)� h
B�(w); 
0(v)i;w 2 X = H(L;
);v 2 Y = [H1(
)]mand l(v) = (f ;v)� h
B�(g); 
0(v)i; v 2 Y = [H1(
)]m:Either way, we arrive at a variational problem of the following form: �nd u in X suchthat a(u;v) = l(v) 8v 2 Y: (4.1)The existence of a unique solution to this problem in the case of a strongly imposedhomogeneous boundary condition has been shown in the previous section (see Proposi-tion 6). The problem with the weakly imposed non-homogeneous boundary conditionis easily seen to be equivalent to the problem with strongly imposed non-homogeneousboundary condition, considered at the end of Section 3.2: u is a solution to one problemif and only if it is a solution to the other. While in the case of g = 0 the formulations�) and �) are entirely equivalent, this is not necessarily true of the associated Galerkindiscretisations; this will be discussed in more detail below.Let us consider the Galerkin �nite element discretisation of problem (4.1). Giventhat the computational domain 
 is a Lipschitz domain in Rn , we consider a partition of
; namely, we select a �nite collection Th = f�ig of Lipschitz subdomains �i of 
 suchthat:(1) �i \ �j is an empty set if i 6= j, and(2) [i�i = �
.Furthermore, in order to avoid the presence of \hanging nodes", a partition will beassumed to have an additional property which, for the sake of simplicity, we only for-mulate in the two-dimensional case using triangular elements; an analogous assumptionis adopted for higher dimensions and other types of elements:(3) No vertex of any triangle lies in the interior of an edge of another triangle.We select a family of �nite element spaces Xh, parametrised by h, 0 < h � h0(typically, h is taken to be a piecewise constant function whose value on element � isequal to the diameter of �), consisting of piecewise polynomial functions on the partitionTh = f�ig of 
, such that Xh � X for all h > 0. Analogously, we suppose that Yh isa �nite element space contained in Y . It will be assumed that the spaces Xh andYh are equipped with the norms of X and Y , respectively. We consider the followingapproximation of problem (4.1): �nd uh in Xh such thata(uh;vh) = l(vh) 8vh 2 Yh: (4.2)



22The only hypothesis that we shall adopt throughout is that the spaces Xh and Yhhave been chosen so that (4.2) has a unique solution uh for each h 2 (0; h0]; we notein passing that this can be ensured by satisfying the conditions of the next proposition(see [3]).Proposition 7 Suppose that the bilinear functional a(�; �) is bounded on Xh � Yh andthat the linear functional l(�) is bounded on Yh; namely, there exists a positive constantM1 such that ja(wh;vh)j �M1kwhkXkvhkYfor all wh in Xh and all vh in Yh, and a positive constant M2 such thatjl(vh)j � M2kvhkYfor all vh in Yh. Suppose further that a(�; �) satis�es the following inf-sup condition:there exists a positive constant M0 such thatinf06=wh2Xh sup06=vh2Yh a(wh;vh)kwhkXkvhkY �M0;and supwh2Xh a(wh;vh) > 0 8vh 2 Yh:Then there exists a unique uh in Xh such thata(uh;vh) = l(vh) 8vh 2 Yh:Furthermore, kuhkX � 1M0klkY 0 :Of the conditions listed in Theorem 7 the boundedness the bilinear functional a(�; �)onXh�Yh and the boundedness of the functional l(�) on Yh follow automatically from theboundedness of these functionals on X �Y and Y , respectively. On the other hand, theveri�cation of the inf-sup condition on Xh� Yh can be a non-trivial exercise, dependingon the choice of the spaces Xh and Yh. As the precise structure of the conditions whichguarantee the existence and uniqueness of uh is of no relevance in the a posteriori erroranalysis that we wish to pursue, we shall simply suppose that (4.2) possesses a uniquesolution for each h 2 (0; h0]; no structural conditions on a(�; �) and l(�) of the kindappearing in Theorem 7 will be made.Next we derive an a posteriori bound on the global error eh = u� uh. Suppose that 2 [C10 (
)]m, and consider the auxiliary (dual) problem: �nd z in Y such thata(w; z) = (w;  ) 8w 2 X; (4.3)where (�; �) denotes the inner product of [L2(
)]m. Thus,(eh;  ) = a(eh; z) = a(u� uh; z) = a(u� uh; z� zh);



23where zh is any element in Yh. Hence(eh;  ) = l(z� zh)� a(uh; z� zh):We write the right-hand side as hrh; z � zhi, where h�; �i is the duality pairing betweenY 0, the dual space of Y , and Y . The quantity rh 2 Y 0 is referred to as the �nite elementresidual. Consequently, (u� uh;  ) = hrh; z� zhi:Our aim is to derive a bound on the global error in terms of the �nite element residual,based on this error representation formula.From here on, we shall distinguish between the two cases, labelled �) and �), whichwere formulated earlier on, corresponding to strongly imposed and weakly imposedboundary conditions, respectively. We begin by developing an error analysis for case�).�) In this case Y = [L2(
)]m, and therefore(u� uh;  ) = (rh; z� zh): (4.4)We shall suppose that f 2 [L2(
)]m, that Th is a �nite element partition of 
 intoelements �, and we adopt the following standard approximation property for the testspace Yh:(c) There exists a positive constant C2, independent of h, such that for each v 2[H1(
)]m there is vh 2 Yh withkh�1(v � vh)k[L2(
)]m � C2kvk[H1(
)]m :Theorem 8 Suppose that Hypothesis 2 and condition (c) hold; then,ku� uhk[H�1(
)]m � C 01C2khrhk[L2(
)]m ;where k � k[H�1(
)]m denotes the norm of the dual space of [H10 (
)]m.Proof Given that  2 [C10 (
)]m, it follows from (4.4) that(u� uh;  ) = (rh; z� zh)� khrhk[L2(
)]mkh�1(z� zh)k[L2(
)]m� C2khrhk[L2(
)]mkzk[H1(
)]m : (4.5)According to (3.11) with � =  and � = 0,kzk[H1(
)]m � C 01k k[H1(
)]m :Substituting this into (4.5), dividing both sides by k k[H1(
)]m , taking the supremum over all 2 [C10 (
)]m and noting that [C10 (
)]m is dense in [H10 (
)]m, we obtain the desired errorbound. �



24Next, we carry out a similar analysis for case �) corresponding to weakly imposednon-homogeneous boundary condition, with g 2 [H1(
)]m.�) Arguing in the same way as in case �), we deduce that(u� uh;  ) = (rh; z� zh)+h
B�(uh � g); 
0(z� zh)i � I + II:To proceed, replace c) by the following hypothesis:(c') There exists a positive constant C2, independent of h, such that for each v 2[H1(
)]m there is vh 2 Yh withkh�1(v � vh)k[L2(
)]m + kh�1=2
0(v� vh)k[L2(@
)]m � C2kvk[H1(
)]m :Term I is dealt with as in case �) to deduce thatI � C2khrhk[L2(
)]mkzk[H1(
)]m :To estimate II, we note that
B�(uh � g) = B�
0(uh � g) 2 [L2(@
)]m;so that II � kh1=2B�
0(uh � g)k[L2(@
)]mkh�1=2(z� zh)k[L2(@
)]mand therefore II � C2kh1=2B�
0(uh � g)k[L2(@
)]mkzk[H1(
)]m :Thus, appealing to the strong stability bound (3.11) for the adjoint (dual) problem, wededuce the following theorem.Theorem 9 Suppose that Hypothesis 2 and condition (c') hold; then,ku� uhk[H�1(
)]m � C 01C2 �khrhk[L2(
)]m + kh1=2r�h k[L2(@
)]m� ;where k�k[H�1(
)]m denotes the norm of the dual space of [H10 (
)]m, rh = f�Luh denotesthe interior residual, and r�h = B�
0(g � uh) signi�es the boundary residual.The interior and boundary residuals measure the extent to which uh fails to satisfythe partial di�erential equation and the boundary condition, respectively. In Theorem8 the boundary residual term did not arise since there we had Xh � X = D(L;
), sothe boundary condition was satis�ed exactly by all elements of the �nite element trialspace, including uh.



254.3 The streamline di�usion methodFor Petrov-Galerkin approximations of symmetric positive systems ensuring stability isa non-trivial matter. We have already touched on this issue in the previous sectionwhen we commented on Proposition 7: to prove stability, one has to verify the inf-supcondition, with a constant M0 (preferably, independent of h), for the particular choiceof test and trial space. For examples of stable Petrov-Galerkin methods for hyperbolicsystems, we refer to [37], [38] and [61].As an alternative to these techniques, in this section we consider a family of meth-ods which use the same test and trial space and a bilinear functional a�(�; �) which is aconsistent perturbation of the bilinear functional a(�; �) such that the resulting Galerkinmethod is stable. The stabilising perturbation term acts along the characteristic hyper-planes of the di�erential operator L and can be thought of physically as a numericaldi�usion term in the direction of the streamlines; hence the name of the resulting dis-cretisation technique: the streamline di�usion �nite element method.In order to highlight the key issues concerning the a posteriori error analysis of thestreamline di�usion �nite element method we consider the symmetric positive systemLu = f in 
; 
B�(u� g) = 0 on @
; (4.6)where f 2 [L2(
)]m and g 2 [H1(
)]m.Let us suppose that �
 has been subdivided by a �nite element partition Th = f�ig;here h is a piecewise constant mesh function with h(x) = diam(�i) when x is in element�i. On this partition we consider the �nite element space Xh, Xh � [H1(
)]m, consistingof continuous piecewise polynomials of �xed degree k, k � 1. It will be assumed thatXh possesses the following standard approximation property:(c") Given that v 2 [H1(
)]m, there exists vh 2 Xh and a constant C2, independent ofv and h, such thatkh�1(v � vh)k[L2(
)]m + kh�1=2
0(v � vh)k[L2(@
)]m+kvhk[H1(
)]m � C2kvk[H1(
)]m : (4.7)Given a function v and an associated vh satisfying (4.7), we shall write vh = Phvto denote that vh is assigned to v.Next, we introduce the streamline di�usion �nite element approximation of (4.6); todo so, we de�ne the streamline di�usion parameter � as a piecewise constant functionon �
 whose value on � 2 Th is�j� = K0 diam(�); � 2 Th; (4.8)where K0 is a �xed positive constant. Further, we consider the bilinear form a�(�; �)de�ned by a�(w;v) = (Lw;v + �Lv)� h
B�(w); 
0(v)i;



26and the linear functionall�(v) = (f ;v + �Lv)� h
B�(g); 
0(v)i:In these de�nitions (�; �) denotes the inner product of [L2(
)]m.Streamline di�usion method: Find uh 2 Xh such thata�(uh;vh) = l�(vh) 8vh 2 Xh: (4.9)Assuming that Xh has been equipped with the norm of H(L;
), it is a simple matter toshow that a� and l� satisfy the hypotheses of Theorem 7 on Xh with X = Y = H(L;
)and Yh = Xh, and thereby (4.9) has a unique solution uh in Xh. Formally, (4.9) can bethought of as a perturbation of the standard Galerkin method corresponding to � � 0.In order to illustrate the qualitative improvement over the standard Galerkin �niteelement method o�ered by the streamline di�usion method, we show in Figure 1 theresults of a numerical experiment. Our model problem isr � (au) = 0 on 
 = (0; 1)2; u = g on @�
; (4.10)where a = (2; 1), g(0; y) = 1 for 0 � y � 1 and g(x; 0) = 0 for 0 < x � 1. On 
we considered a triangulation which arises from a 21� 21 uniform mesh by connectingthe bottom-left corner of each mesh-square with its top-right corner; Figure 1 shows thenumerical solution obtained by using: (a) the standard Galerkin �nite element methodwith continuous piecewise linear trial and test functions, and (b) the numerical solutiongiven by the streamline di�usion �nite element method with the same trial and testspaces, and stabilisation parameter K0 = 0:5=kak; where kak denotes the Euclideannorm of a.
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(a) (b)Figure 1: Corner discontinuity problem: (a) Standard Galerkin �nite element method;(b) Streamline di�usion method with K0 = 0:5=kak.Here we shall be concerned with the a posteriori error analysis of the streamlinedi�usion method. The analysis relies on the following Galerkin orthogonality property:a�(u� uh;vh) = 0 8vh 2 Xh: (4.11)



27The equation (4.11) is easily seen to hold by noting (4.9) and thata�(u;vh) = l�(vh) 8vh 2 Xh:The starting point in the argument is the following dual problem: given that  2[C10 (
)]m, �nd z in H(L�;
) such thatL�z =  in 
; 
B+(z) = 0 on @
: (4.12)The a posteriori error bound that we shall state below will be expressed in terms of the�nite element residual rh = f � Luhwhich measures the extent to which uh fails to satisfy the di�erential equation in 
;thus, as in the previous section, we shall refer to it as the internal residual. Also, sinceuh satis�es the boundary condition only approximately rather then in the pointwisesense, the di�erence B�
0(g � uh) is not necessarily zero and will be seen to enter thea posteriori error bound; thus, we also de�ne the boundary residualr�h = B�
0(g � uh):With these de�nitions we have the following result.Theorem 10 Assuming Hypothesis 2 and (c"), the following a posteriori error boundholds: ku� uhk[H�1(
)]m � C3khrhk[L2(
)]m + C 01C2kh1=2r�h k[L2(@
)]m ;where C3 = C 01(C2 + K0C4) with C 01 the strong stability constant for the dual problemappearing in (3.11), C2 and K0 the constants from conditions (4.7) and (4.8) and C4de�ned in (4.14) below.Proof Let  2 [C10 (
)]m. Recalling the dual problem (4.12), integrating by parts, andappealing to the Galerkin orthogonality property (4.11), we deduce that, for any zh 2 Xh,(u� uh;  ) = (rh; z� zh)� h
B�(g � uh); 
0(z� zh)i � (�rh;Lzh)� I + II + III: (4.13)Next, we make a speci�c choice of zh: we take zh = Phz, where Ph is de�ned in hypothesis(c"). Terms I and II are dealt with as in case �) of the previous section; thus, noting (4.7),we have that j I j � khrhk[L2(
)]mkh�1(z� zh)k[L2(
)]m� C2khrhk[L2(
)]mkzk[H1(
)]m ;and applying (4.7) and noting that 
B�(g � uh) = B�
0(g � uh) yieldsj II j � C2kh1=2r�h k[L2(@
)]m kzk[H1(
)]m :



28Further, j III j � k�rhk[L2(
)]mkLzhk[L2(
)]m� K0C4khrhk[L2(
)]mkzk[H1(
)]m ;where C4 = C2 nXi=1 kAik2[C(�
)]m�m + kCk2[C(�
)]m�m!1=2 : (4.14)Upon collecting the bounds on I, II and III, and inserting them into (4.13), we deduce thatj(u� uh;  )j � C2khrhk[L2(
)]mkzk[H1(
)]m+C2kh1=2r�h k[L2(@
)]m kzk[H1(
)]m+K0C4khrhk[L2(
)]mkzk[H1(
)]m : (4.15)Finally, recalling the strong stability estimate for the dual problem, the last inequality impliesthe desired a posteriori error bound. �When we formally set K0 = 0, the streamline di�usion �nite element method reducesto the standard Galerkin �nite element method; similarly, the bound derived in Theorem10 collapses to that in Theorem 9, as expected.4.4 The cell vertex �nite volume methodIn the previous section we outlined the error analysis of the streamline di�usion methodand we saw that perturbing the bilinear form a(�; �) to a�(�; �) did not a�ect the a poste-riori error bound in the H�1 norm (except, perhaps, altering the constant in the errorbound). In this section, we consider a di�erent perturbation of the basic Galerkin frame-work by applying numerical quadrature to a Petrov-Galerkin �nite element method; asan illustration of the e�ects of such a \non-Galerkin" perturbation, we discuss the aposteriori error analysis of the cell vertex �nite volume method.For the sake of simplicity, we suppose in this subsection that 
 is the unit square(0; 1)2. We consider the symmetric positive system in conservation form subject to anon-homogeneous boundary condition:Lu � 2Xi=1 @@xi (Aiu) + Cu = f in 
; (4.16)
B�(u� g) = 0 on @
; (4.17)where f 2 [L2(
)]m and g 2 [H1(
)]m. In order to formulate the cell vertex �nitevolume discretisation of this problem, we subdivide 
 by a structured mesh consistingof convex quadrilaterals. Here the word structured signi�es the fact that the partition istopologically equivalent to a uniform square mesh on 
. The cell vertex �nite volumeapproximation to this boundary value problem is obtained by integrating the system ofpartial di�erential equations (4.16) over each quadrilateral in the partition and exploitingthe fact that the equations are in divergence form: Gauss' theorem is applied to convert



29integrals over quadrilaterals into contour integrals over the boundaries of quadrilaterals;these contour integrals are then approximated by means of the trapezium rule. Thisprocess provides a four-point �nite di�erence scheme referred to as the cell vertex �nitevolume method, given that the unknowns are carried at the vertices of the cells { thequadrilateral elements in the partition.For the purposes of the present paper it is useful to note that the construction ofthe cell vertex scheme can be also described in the language of �nite element methods.Thus, let F = fThg, h > 0, be a regular family of structured partitions Th of 
 = (0; 1)2into convex quadrilateral elements �ij. In order to introduce the relevant �nite elementspaces, we de�ne the reference square �̂ = (�1; 1)2, and denote by F�ij the bilinearfunction that maps �̂ onto the `�nite volume' �ij. Let Q1(�̂) be the set of bilinearfunctions on �̂, and Q0(�̂) the set of constant functions on �̂. We de�neYh = nv 2 [L2(
)]m : v = v̂ � F�1�ij ; v̂ 2 [Q0(�̂)]m; �ij 2 Tho ;Xh = nw 2 [H1(
)]m : w = ŵ � F�1�ij ; ŵ 2 [Q1(�̂)]m; �ij 2 Tho :Let us denote by �h : [L2(
)]m ! Yh the orthogonal projector in [L2(
)]m onto thelinear subspace Yh, and byIh : (H(L;
) \ [C(�
)]m)2 ! Xh �Xhthe interpolation projector onto Xh �Xh. With this notation, we putah(wh;vh) = (divIh(Awh);vh) + (Cwh;vh)� h
B�(wh); 
0(vh)i;and l(vh) = (f ;vh)� h
B�(g); 
0(vh)i:The cell vertex �nite volume approximation of the boundary-value problem (4.16),(4.17) is now de�ned as follows: �nd uh 2 Xh such thatah(uh;vh) = l(vh) 8vh 2 Yh: (4.18)In order to proceed we shall suppose that (4.18) has a unique solution uh; for thediscussion of conditions which are su�cient to ensure that this is the case, and fortheoretical results concerning the stability and convergence of the cell vertex scheme werefer to [5], [43], [44], [52], [53] and [54].Theorem 11 Suppose that Hypothesis 2 and (c') hold; then, the cell vertex schemeobeys the following a posteriori error bound:ku� uhk[H�1(
)]m�C 01�C2�khrhk[L2(
)]m+kh1=2r�h k[L2(@
)]m�+kr̂hk[L2(
)]m�where C 01 is the constant from the strong stability estimate (3.11), C2 is the constantfrom the approximation property (c'), rh and r�h are the interior and boundary residual,respectively, and r̂h = �hdiv (Ih(Auh)�Auh).



30Proof Suppose that  2 [C10 (
)]m and consider the adjoint (dual) problemL�z =  on 
; 
B+(�) = 0:Then, (u� uh;  ) = (u� uh;L�z)= (L(u� uh); z)� h
B�(u� uh); zi= (rh; z) � hr�h ; zi= (rh; z� zh)� hr�h ; z� zhi+ (r̂h; zh)= I + II + III:Thus, choosing zh = �hz and exploiting the fact that with this choice of zh the approximationproperty (c') holds, we have thatjIIIj � kr̂hk[L2(
)]m kzk[L2(
)]m ;and jI + IIj � C2 �khrhk[L2(
)]m + kh1=2r�h k[L2(@
)]m� kzk[H1(
)]m ;as in the proof of Theorem 9. Adding up the bounds on I, II and III, and recalling the strongstability estimate kzk[H1(
)]m � C 01k k[H1(
)]m ;we obtain the desired result. �The third term on the right-hand side of this a posteriori error bound can be rewrittenas supvh2Yh ja(uh;vh)� ah(uh;vh)jkvhk[L2(
)]m ;and can be thought of as the consistency error between the bilinear functional a(�; �)and its discretisation ah(�; �), resulting from the non-Galerkin-type error committed byapplying a numerical integration rule.4.5 Reliable quantitative error control and adaptivityWe have established a number of a posteriori error bounds on the global error u�uh for�nite element and �nite volume approximations of symmetric positive systems. Thesebounds are of the following generic form:ku� uhk[H�1(
)]m � C�  X�2Th j��(uh)j2!1=2 ; (4.19)where C� is a `computable' constant and ��(uh) is a local error indicator on element �involving the numerical solution uh; in particular, in Theorem 8��(uh) = khrhk[L2(�)]m ;



31in Theorems 9 and 10��(uh) = �khrhk2[L2(�)]m + kh1=2r�h k2[L2(@�\@
)]m�1=2 ;and in Theorem 11 we have that��(uh) = �khrhk2[L2(�)]m + kh1=2r�h k2[L2(@�\@
)]m + kr̂hk2[L2(�)]m�1=2 :The right-hand side in the error bound (4.19) can be evaluated once the �nite elementsolution uh has been computed and can be used to estimate the size of the global error inthe norm of [H�1(
)]m. Moreover, exploiting the a posteriori error bound it is possibleto adaptively control the global error to a desired tolerance level by suitably re�ning thepartition. In order to achieve reliability in the sense thatku� uhk[H�1(
)]m � TOL;where TOL is the prescribed error tolerance, it su�ces to ensure that�
(uh) � C�  X�2Th j��(uh)j2!1=2 � TOL:In addition to reliability we are also concerned with e�ciency, which means thatamong all possible partitions which yield an approximation with this accuracy we wantto determine (the) one that has the smallest number of degrees of freedom. Constructinga partition that is optimal in this sense is a di�cult nonlinear optimisation problemwhose solution is rarely attempted in practice. The usual approach to constructing apartition which does not contain an excessively large number of elements is to proceediteratively: we start with a coarse mesh and re�ne it successively based on the size ofthe a posteriori error estimate, and in the course of doing so we try to keep the numberof elements as small as possible. The last inequality can be thought of as a stoppingcriterion in this iterative processes. In fact, one can adopt various strategies to generatea sequence of partitions from an initial coarse mesh; here we mention only three of themost popular approaches, following Rannacher and Suttmeier [48].Let an error tolerance TOL or a maximal number of elements Nmax be given. Startingfrom some initial coarse partition, the re�nement criteria are chosen in terms of the localerror indicators ��(uh).1. Error-per-cell strategy. In this approach the mesh generation aims to equilibratethe local error indicators by re�ning or coarsening the elements � in the currentpartition Th according to the criterion��(uh) � TOLC�pN ;where N is the (predicted) number of elements in the resulting new partition. SinceN depends on the result of the re�nement decision, this strategy is implicit and



32requires an iterative implementation. It is common practice to work with a varyingvalue of N on each re�nement level, with N successively updated according to theoutcome of the re�nement process. This strategy will deliver a partition on which�
(uh) � TOL, provided that Nmax is not exceeded.2. Fixed-fraction strategy. In each re�nement step, the elements are ordered accord-ing to the size of the local error indicator ��(uh), and then a �xed partition (intwo dimensions, typically 30%) of the elements � with largest ��(uh) is re�ned(resulting in about doubling the number of elements). This process is repeateduntil the stopping criterion �
(uh) � TOL is satis�ed, or Nmax is exceeded.3. Fixed-reduction strategy. Here one works with a variable tolerance TOLvar. Sup-posing that on a partition the approximate solution uh has been obtained, thetolerance is set to TOLvar = � �(uh), where � 2 (0; 1) is a �xed reduction factor(e.g. � = 0:5). In the next step one (or several) cycles of the error-per-cell strat-egy are performed with tolerance TOLvar; this provides a new mesh T newh and anew solution unewh with associated error estimator �(unewh ). Then the tolerance isreduced again by setting TOLvar = � �(unewh ) and a new re�nement cycle begins.This iterative process is repeated until TOLvar � TOL, or Nmax is exceeded.In each of the three strategies we repeat mesh modi�cation followed by solution on thenew partition until the tolerance is satis�ed, or the prescribed maximum number ofelements is exceeded.We conclude this section by showing that the adaptive algorithms outlined abovewill terminate in a �nite number of steps. We shall suppose, for simplicity, that onlymesh re�nements are carried out and no dere�nements are done. It is clear that ifreaching a prescribed maximum number is taken as stopping criterion, then the meshre�nement algorithm will terminate after a �nite number of steps. If an error toleranceis given instead as stopping criterion, then termination of the re�nement algorithm canbe ensured by proving that the �nite element method satis�es the a priori error boundku� uhk[L2(
)]m + jhj ju� uhj[H1(
)]m � C(u)jhj1��; (4.20)where C(u) depends on u (and its Sobolev smoothness),jhj = maxfh� : � 2 Thg;and � is a �xed real number in the interval [0; 1).Concerning �nite element approximations of the kind mentioned in Theorems 1 { 3,an a priori error bound of the type (4.20) can be derived under suitable assumptionson the smoothness of u, the choice of the trial and test space, and the regularity of thepartition. Then, noting that rh = L(u� uh), it follows thatkhrhk[L2(
)]m � Const:jhjku� uhk[H1(
)]m � Const:jhj1��;



33and similarly,kh1=2r�h k[L2(@
)]m � Const:jhj1=2k
0(u� uh)k[L2(@
)]m� Const:jhj1=2ku� uhk1=2[L2(
)]mku� uhk1=2[H1(
)]m� Const:jhj1��:Thus, considering Theorems 1 { 3, it is a simple matter to show that, under the sameassumptions as are required to ensure that the a priori error bound (4.20) holds, wehave that  X�2Th j��(uh)j2!1=2 ! 0 as jhj ! 0;and, therefore, the stopping criterion will be satis�ed eventually as the mesh is re�ned.Concerning Theorem 4, it can be shown that the cell vertex �nite volume methodsatis�es an a priori error bound of the type (4.20). More precisely, suppose that u 2[Hs(
)]m with s > 1, that the components of the matrices Ai, i = 1; : : : ; n, and Cbelong to C [s]+1(�
), that the matrices Ai are positive de�nite, uniformly on �
, and thatthe family of structured partitions fThg is quasi-parallel (namely, there exists a �xedpositive constant c� independent of jhj such that, for each � in Th, the distance betweenthe midpoints of the two diagonals is bounded by c�jhj2); thenku� uhk[L2(
)]m + k�hdiv(A(u� uh))k[L2(
)]m+jhjju� uhj[H1(
)]m � Const:jhjr�1kuk[Hr(
)]m ;for 1 < r � min(s; 3). In the scalar case (m = 1) and uniform square meshes this hasbeen proved in [5]; the extension of the error analysis presented in [5] to the case ofm > 1 is straightforward, while quasi-parallel meshes can be dealt with by following theanalysis in [53]. At any rate, under these hypotheses and taking r = 2� �, � 2 [0; 1), itfollows that  X�2Th j��(uh)j2!1=2 ! 0 as jhj ! 0;and, therefore, the stopping criterion will be satis�ed eventually as the mesh is re�ned.The use of an a priori error bound to prove that the re�nement algorithm termi-nates after a �nite number of steps presupposes that the hypotheses under which the apriori error bound has been established are valid; in practice, this may be a restrictiverequirement, and it is likely that termination will occur in circumstances which are lessdemanding than those in a priori error analysis.5 Local considerations for steady problemsIn the previous section we derived various a posteriori error bounds of the general formku� uhk[H�1(
)]m � Const. X�2Th j��(uh)j2!1=2 ;



34and we showed how reliable quantitative error control, to within a given tolerance, canbe achieved through a feed-back process based on mesh adaptation. We also showedthat, under mesh re�nement, the local error indicator ��(uh) must converge to zero.However, it is not clear from these global considerations to what extent the reductionof the local error indicator on element � contributes to the reduction of the global erroreh = u � uh restricted to element �? In this section we shall approach this questionfrom two di�erent viewpoints:1. We argue that, due to error propagation phenomena, the local error indicator��(uh) on a particular element � controls only a portion of ehj�, namely a localquantity ecell� called the cell error; error propagation is a non-local process andthe complementary portion of the error, etrans� = eh � ecell� , called the transmittederror, does not obey a local bound.2. Having shown that the local error indicator puts a bound only on part of the globalerror on each element, we prove that, at least for scalar problems, eh restricted toelement �0 can be bounded by the sum of local error indicators ��(uh) over all �that intersect the domain of dependence of �0.The �rst viewpoint, analysed in Section 5.1 below, highlights the fact that by reducingthe local residual rhj� we reduce only the part of the global error which has been `created'in �, but not the part which has been `transported' into �. The second viewpoint,discussed in Section 5.2, shows that in order to reduce the whole of the global errorin an element �0, we have to reduce the residual in each element � whose domain ofin
uence intersects �0.5.1 What is controlled by the local residual?This section is based on the papers [41] and [55]. Here we shall restrict ourselves to anoverview of the main results; the reader is referred to these papers for further details.Let us suppose that � is a Lipschitz subdomain of 
 whose boundary @� is a non-characteristic hypersurface for the operator L. The domain � can be an element in the�nite element partition of 
 or a union of neighbouring elements; we shall refer to � asa cell. Throughout this section (�; �)� will denote the inner product of the Hilbert space[L2(�)]m, and (�; �)@� will signify the inner product of [L2(@�)]m.On � we consider the local boundary-value problemL~uh = f on �, 
B�(~uh � uh) = 0 on @�:According to the theory outlined in Section 3.2, this problem has a unique strong solution~uh; in fact, ~uh can be thought of as a local solution of the partial di�erential equation(4.1) subject to a boundary condition whose data is a distortion of the correct localboundary data B�uj@�, due to the numerical error that has been `created' outside thecell and is being advected into � through the boundary @�. We shall refer to the quantityecell� = ~uh � uh



35as the cell error; clearly, ecell� belongs to D(L; �) and it is the solution of the localboundary-value problem:Lecell� = rh on �, 
B�(ecell� ) = 0 on @�: (5.1)Thus ecell� is governed by rhj� and is not in
uenced by numerical e�ects which occuroutside �. The complementary quantityetrans� = u� ~uh;called the transmitted error, represents the component of the global error eh which hasbeen created upwind of the cell � and is merely advected into it. The transmitted errorrestricted to � is the solution of the local problemLetrans� = 0 on �, 
B�(etrans� � eh) = 0 on @�.We note that the concept of cell error is analogous to the notion of local error arisingin the theory of numerical approximations to ordinary di�erential equations (see Hairer,Norsett and Wanner [22]).With these de�nitions, we have the following decomposition of the global error:ehj� = ecell� + etrans� :Equation (5.1) shows that the local residual rhj� is directly related to the `locally created'part of the global error, ecell� , on cell �.Next we shall state sharp two-sided bounds on the cell error in terms of the cellresidual; these will show that it is reasonable to attempt to improve the accuracy of thenumerical method by reducing the size of the residual on those cells where it is largest.In order to simplify the presentation, we shall suppose that the centre of the coordinatesystem is the centroid (centre of gravity) of cell �; if this is not the case, then the localexponential weight function expf��(� � x)g in Theorems 12 and 13 below should bereplaced by expf��(� � (x � xc))g, where xc is the centroid of cell �; this ensures thatthe local weight function is close to 1 when h = diam(�) << 1.Theorem 12 We have the two-sided local error bound:minx2� w(x)krhk[L2(�)]m � jjjecell� jjj�;� � c00(�)maxx2� w(x)krhk[L2(�)]m ; (5.2)where w(x) = expf��(� � x)g, c00(�) = (1 + 1=c0(�)2)1=2, and c0(�) is the constant fromcondition (b) applied on the cell � (clearly, c0(�) � C0(
) for all � � 
).Proof Recalling that rh = Lecell� on cell �, the �rst inequality is a straightforward consequenceof the de�nition of the norm jjj�jjj�;� . The second inequality follows from the G�arding inequality(3.9) with 
 replaced by � and v = ecell� . �It is intuitively clear that the global error eh is non-local in character, and an errorcommitted in certain part of the computational domain (say, near an in
ow boundary,



36for a scalar hyperbolic boundary-value problem) will be also felt in other parts of thedomain. Thus, it is unreasonable to expect that the restriction of the global error to acell is controllable merely in terms of the residual on that cell. This is, indeed, the case:in contrast with the local two-sided estimate obeyed by the cell error, the transmittederror satis�es only a non-local one-sided error bound; namely,c0(�)kwetrans� k2[L2(�)]m + (B+wetrans� ; wetrans� )@� � (�B�wetrans� ; wetrans� )@�;where w(x) is as in the previous theorem. We say that the bound is non-local becauseit involves B�etrans� j@�, the `incoming components' of etrans� which have been createdoutside � and are being transported into �; from the point of view of an observer sittingin cell � these are pollution e�ects from outside �. The proof of this error bound isbased on taking the L2 inner product on � of the equality Letrans� = 0 with w2etrans� ,integrating by parts, and splitting the conormal trace operator into partial conormaltraces.Using a duality argument, it is possible to derive a local two-sided bound on the L2norm of the cell error in terms of the dual graph norm of the residual, the dual graphnorm jjj � jjj0�;�;� being de�ned byjjjwjjj0�;�;�= sup�2D(L�;�) (w; �)�jjj�jjj�;�;� :Theorem 13 Suppose that ecell� 2 [H1(�)]m; then, we have the two-sided local errorbound: minx2� ŵ(x)jjjrhjjj0�;�;� � kecell� k[L2(�)]m � c00(�)maxx2� ŵ(x)jjjrhjjj0�;�;�; (5.3)where ŵ(x) = 1=w(x), and w(x) and c00(�) are as in the previous theorem.Proof Recalling the de�nition of the dual graph norm jjj � jjj0�;�, we have thatjjjrhjjj0�;�;� = jjjLecell� jjj0�;�;�= sup�2D(L�;�) (Lecell� ; �)�jjj�jjj�;�;� = sup�2D(L�;�) (ecell� ;L��)�jjj�jjj�;�;�� sup�2D(L�;�) ke��(��x)ecell� k[L2(�)]mke�(��x)L� �k[L2(�)]mjjj�jjj�;�;�� ke��(��x)ecell� k[L2(�)]m � maxx2� w(x)kecell� k[L2(�)]m :Hence the �rst inequality. To prove the second inequality, we consider the local adjointboundary-value problemL�' = e�2�(��x)ecell� on �; B+' = 0 on @�,and we note that the corresponding (unique) solution ' belongs to D(L�; �). Now sinceecell� 2 D(L; �) \ [H1(�)]m, upon integration by parts we have thatjjjrhjjj0�;�;� = sup�2D(L�;�) (Lecell� ; �)�jjj�jjj�;�;� � (Lecell� ; ')�jjj'jjj�;�;� = (ecell� ;L�')�jjj'jjj�;�;�



37
= (e�(��x)L�'; e�(��x)L�')�jjj'jjj�;�;� = ke�(��x)L� 'k2[L2(�)]mjjj'jjj�;�; �� 1c00(�)ke�(��x)L� 'k[L2(�)]m = 1c00(�)ke��(��x)ecell� k[L2(�)]m :That completes the proof. �The a posteriori bounds (5.2) and (5.3) provide sharp estimates of the cell error;unfortunately, the dual graph norm of the residual is di�cult to compute in practicesince its de�nition involves a supremum over the in�nite set D(L�; �) (although, in [51]the dual graph norm jjj � jjj0�;�;� was approximated by partitioning the cell � and consider-ing the supremum over a �nite dimensional subspace of D(L�; �) consisting of piecewiselinear functions on such micro-partitions; this approximation was then successfully im-plemented into an adaptive �nite volume algorithm for the numerical solution of theEuler equations of compressible gas dynamics in two space dimensions). In addition tothe fact that the dual graph norm is unattractive from the computational point of view,it is not clear at this stage how (5.3) relates to the a posteriori error bounds establishedin the previous section which involved khrhk[L2(�)]m instead of jjjrhjjj0�;�;�. Our aim nowis to resolve these issues by showing that jjjrhjjj0�;�;� can be further bounded above bya constant multiple of khrhk[L2(�)]m , a quantity that is simple and cheap to compute;we shall also prove that there is a similar lower bound. Thus we shall obtain a localtwo-sided bound on the L2 norm of the cell error in terms of the L2 norm of the �niteelement residual rh scaled by the local mesh size. These results will establish a connec-tion between the global a posteriori bounds of Section 4 and the local estimates on thecell error described earlier in this section.The theory of error estimation that we described so far is valid for any symmetricpositive system, irrespective of its type. In order to proceed, we shall replace the posi-tivity condition (b) by a stronger hypothesis, thereby restricting ourselves to symmetrichyperbolic systems. Namely, we shall suppose the following:(b') There exists � 2 Rn such that the matrixPni=1 �iAi is positive de�nite, uniformlyon �
; i.e. there is a positive constant c0 = c0(
), such thatnXi=1 �iAi(x) � c0I for all x 2 �
.This condition is referred to as hyperbolicity in the sense of Lax (see [35]). In the rest ofthis section we shall assume that (b') holds instead of (b).Theorem 14 Suppose that ecell� 2 [H1(�)]m; then we have the following one-sided aposteriori error bound on the cell error:kecell� k[L2(�)]m � c3(�)khrhk[L2(�)]m ;



38where c3(�) = c2(�)(1 + 1=c0(�)2)1=2exp(�(1 + h)j�j);c2(�) = (h2 + c0(�)2=4)�1=2exp(�j�j);c0(�) is the constant from condition (b') applied on the cell � and h denotes the diameterof �.Proof Let us choose � 2 Rn (to be �xed later on) and let � be any element in the partition of 
.In order to simplify the presentation we shall assume that the origin of the coordinate systemis the centroid (centre of gravity) of �; if this is not the case then the local exponential weight-function exp(�(� �x)) in the expressions below should be replaced by exp(�(� � (x�xc))) wherexc is the centroid of �, so that the local weight function remains bounded on � as h = diam(�)converges to zero. The proof consists of two parts. First we prove the local G�arding inequalitystated in (5.8) below. In the second part of the proof, we use this inequality to show thatthe dual graph norm of the residual, jjjrhjjj0�;�;�, is bounded above by a constant multiple ofjjhrhjj[L2(�)]m ; this, together with the second inequality in (5.3) will yield the desired result.Part 1: Given that � is an element of D(L�; �) \ [H1(�)]m, we have thatZ� e2�(��x) � nXi=1 Ai @�@xi + C��! � �dx = �12 Z@� e2�(��x)� � (B�) ds+Z� e2�(��x)� � C + � nXi=1 �iAi + 12 nXi=1 @Ai@xi !�dx: (5.4)Since we are dealing with real-valued functions,(e2�(��x)�;C�)� = (e2�(��x)C��; �)� = (e2�(��x)�;C��)�:Applying this identity in the second integral on the right-hand side of (5.4) givesZ� e2�(��x) � nXi=1 Ai @�@xi + C��! � �dx = �12 Z@� e2�(��x)� � (B�) ds+Z� e2�(��x)� � C� + � nXi=1 �iAi + 12 nXi=1 @Ai@xi !�dx: (5.5)Adding (5.4) and (5.5), and noting that B = B++B� with B+� = 0 on @� and ���(B��) � 0on @�, we deduce thatZ� e2�(��x)L�� � �dx � Z� e2�(��x)� � 12(K�(x) +K�� (x))� dx: (5.6)The remainder of Part 1 of the proof is devoted to showing that the matrix K�(x)+K�� (x)is positive de�nite, uniformly on �, and that the inequality (5.7) below holds. Substituting(5.7) into (5.6) will then yield the G�arding inequality (5.8). Let us therefore consider12(K�(x) +K�� (x)) = 12(C + C�) + 12 nXi=1 @Ai@xi + � nXi=1 �iAi:



39So far � has been an arbitrary vector from Rn ; now (as promised at the beginning of the proof)we �x its value and take�i = h�1�i; i = 1; : : : ; n; where h = diam(�).Applying hypothesis (b') we have that12(K�(x) +K�� (x)) � h�1 �c0(�)I + h 12(C + C�) + 12 nXi=1 @Ai@xi !! :Since, by assumption, the entries of C and @Ai=@xi belong to C(
), it follows that, for hsu�ciently small and all x 2 �, 12(K�(x) +K�� (x)) � �c0(�)2h I: (5.7)Substituting (5.7) into (5.6) gives the local G�arding inequalityZ� e2�(��x)L�� � �dx � �c0(�)2h Z� e2�(��x)j�j2 dx (5.8)for all � 2 D(L�; �) \ [H1(
)]m, and by density also for all � 2 D(L�; �). Further, applyingthe Cauchy-Schwarz inequality to the left-hand side of (5.8), it follows that�Z� e2�(��x)j�j2 dx� 12 � 2h�c0(�) �Z� e2�(��x)jL��j2 dx� 12 (5.9)for all � in D(L�; �). This completes the �rst part of the proof.Part 2: Now we use (5.9) to show that the dual graph norm of rh is bounded above by aconstant multiple of khrhk[L2(�)]m ; indeed,jjjrhjjj0�;�;� = sup�2D(L�;�) j(rh; �)�j(ke�(��x)�k2[L2(�)]m + ke�(��x)L��k2[L2(�)]m) 12� sup�2D(L�;�) ke��(��x)rhk[L2(�)]mke�(��x)�k[L2(�)]m(ke�(��x)�k2[L2(�)]m + ke�(��x)L��k2[L2(�)]m) 12� h(h2 + �2c0(�)2=4)�1=2ke��(��x)rhk[L2(�)]m : (5.10)This is essentially the desired bound on the dual graph norm of the residual, except that theleft-hand side includes jjjrhjjj0�;�;� instead of jjjrhjjj0�;�;�, and an exponential term appears underthe norm sign on the right. The concluding part of the proof shows that this exponential termis bounded independent of h and that the norms jjj � jjj0�;�;� and jjj � jjj0�;�;� are equivalent.As j�(� � x)j = h�1�j� � xj with h(< 1) denoting the diameter of �, upon recalling that theorigin of the coordinate system is at the centroid of �, it follows thatj�(� � x)j � �j�j: (5.11)Substituting (5.11) into (5.10) givesjjjrhjjj0�;�;� � c2(�)khrhk[L2(�)]m ; (5.12)



40where c2(�) = e�j�j(h2 + �2c0(�)2=4)�1=2. Now let us note that, withjjj�jjj�;�;� = (ke�(��x)�k2[L2(�)]m + ke�(��x)L��k2[L2(�)]m) 12and e�(��x) = e�(��x) e��(���)�x = e�(��x) e���(1�h)�(x=h);we have that e��j�jjjj�jjj�;�;� � jjj�jjj�;�;�:Consequently, jjjrhjjj0�;�;� = sup�2D(L�;�) j(rh; �)�jjjj�jjj�;�;� � e�j�jjjjrhjjj0�;�;� : (5.13)Finally, we recall the second inequality in (5.3),kecell� k[L2(�)]m � c00(�)maxx2� e�(��x)jjjrhjjj0�;�;�;and combine this with (5.12) and (5.13) to deduce thatkecell� k[L2(�)]m � c00(�)c2(�)e�(1+h)j�jkhrhk[L2(�)]m ;and hence the desired bound. �Theorem 14 provides an upper bound on the L2 norm of the cell error, analogous tothe second inequality in (5.3). Now we prove a lower bound on the L2 norm of the cellerror, similar to the �rst inequality in (5.3). To do so, we consider a uniformly regularfamily of micro-partitions of the cell �, and let Sĥ = Sĥ(�) be a �nite element subspaceof D(L�; �) on such a micro-partition; here ĥ = ĥ(�) denotes the maximum diameter ofelements in the micro-partition. We denote by Pĥ the orthogonal projector in [L2(�)]monto the �nite element space Sĥ.Theorem 15 We have the following a posteriori lower bound on the cell error:c4(�)kĥPĥrhk[L2(�)]m � kecell� k[L2(�)]m ;where c4(�) is a computable constant.Proof According to the de�nition of the dual graph norm, we have thatkrhk0�;�;� = sup�2D(L�;�) j(rh; �)�j(ke�(��x)�k2[L2(�)]m + ke�(��x)L��k2[L2(�)]m) 12� sup�ĥ2Sĥ j(rh; �ĥ)�j(ke�(��x)�ĥk2[L2(�)]m + ke�(��x)L��ĥk2[L2(�)]m) 12 ; (5.14)where we made use of the fact that D(L�; �) � Sĥ(�). Recalling that the family of micro-partitions of � has been assumed uniformly regular, we can apply the standard inverse in-equality (see [12]) nXi=1 ke�(��x)@�ĥ@xi k2[L2(�)]m! 12 � c5(�)ĥ ke�(��x)�ĥk[L2(�)]m ; �ĥ 2 Sĥ;



41to deduce that ke�(��x)L��ĥk[L2(�)]m � ĥ�1c6(�)ke�(��x)�ĥk[L2(�)]m ;where c6(�) = ĥkCk[L1(�)]m�m + c5(�) nXi=1 kAik2[L1(�)]m�m! 12 :Therefore, jjj�ĥjjj�;�;� � ĥ�1(ĥ2 + c6(�)2)1=2ke�(��x)�ĥk[L2(�)]mfor all �ĥ 2 Sĥ. Substituting this inequality into (5.14) giveskrhk0�;�;� � ĥ(ĥ2 + c6(�)2)�1=2 sup�ĥ2Sĥ j(rh; �ĥ)�jke�(��x)�ĥk[L2(�)]m= e��hj�j(ĥ2 + c6(�)2)� 12 kĥPĥrhk[L2(�)]m :Combining this result with the �rst inequality of (5.3) we obtain the desired lower bound onthe cell error. �The upper bound stated in Theorem 14 and the lower bound from Theorem 15 canbe coupled into a single two-sided bound on the L2 norm of the cell error; namely,c4(�)kĥPĥrhk[L2(�)]m � kecell� k[L2(�)]m � c3(�)khrhk[L2(�)]m ; (5.15)where c3(�) and c4(�) are computable constants. We note here that unlike the sharptwo-sided bound on the L2 norm of the cell error in terms of the dual graph normof the �nite element residual given in Theorem 13, the two-sided bound (5.15) is notasymptotically sharp because of the mismatch between the expressions under the normsigns in the lower and the upper estimate. Nevertheless, (5.15) is `almost sharp' in thefollowing sense: in practice ĥ can be chosen to be a �xed fraction of h such thatkrh � Pĥrhk[L2(�)]m � �krhk[L2(�)]m ;where � 2 (0; 1) is a �xed real number; then, by Pythagoras' Theorem,kĥPĥrhk[L2(�)]m � (1� �2)1=2kĥrhk[L2(�)]m :This indicates that the lower bound in inequality (5:15) is at least `comparable' in form,if not in size, with the upper bound.To conclude, inequality (5.15) shows that in adaptive mesh re�nement processesdriven by residual-based error indicators, such as the ones listed at the beginning of Sec-tion 4.5, only cells with large cell error will be 
agged for re�nement (ignoring boundaryconditions); the complementary part of the global error on a cell cannot be detected bymeasuring the residual on that cell only; to achieve local error control, a more globalbound is required. This is the theme of the next section.



425.2 What controls the local size of the global error?In the previous section we showed that due to pollution e�ects the �nite element residualrestricted to a cell puts a bound only on part of the global error restricted to that cell,and we derived local bounds on this part of the global error in terms of the residual.Here we show that in order to bound the whole of the global error restricted to cell �we have to involve residuals over all the cells which intersect the domain of dependenceof cell �: the resulting a posteriori error bound is non-local in nature. The resultspresented in this section are based on the paper [27]. For the sake of simplicity we focuson scalar hyperbolic equations, corresponding to m = 1, and consider the followingboundary-value problem:Lu � r � (au) + cu = f in 
; (� � a)�u��@
 = 0;in a convex Lipschitz domain 
 � Rn , where (x)� = min(x; 0) denotes the negative partof the number x. We shall suppose that a = (a1; : : : ; an) has its components in C2(�
)and that c 2 C1(�
). The function f will be assumed to be in L2(
). Recalling thede�nition of the in
ow boundary @�
 from Section 3.1, we can restate the problem asfollows: r � (au) + cu = f in 
; u = 0 on @�
.The adjoint operator L� of L on 
 is de�ned byL�z � �a � rz + cz:Suppose that � is an element in the partition of 
. Let D(�) denote the union of allforward (with respect to @+
) characteristics of L� contained in 
 which emanate from�. Equivalently, D(�) can be described as the union of all backward (with respect to@�
) characteristics of L contained in 
 which emanate from �. Further, we denote byDh(�) the set of all elements in the partition which intersect D(�).Similarly as in Section 4.2, we shall consider two situations, referred to symbolicallyas �) and �), corresponding to a Galerkin �nite element method with strongly andweakly imposed boundary conditions, respectively.�) In this case, we have the following result (note that since we are dealing with thescalar case hypothesis (a) is redundant).Theorem 16 Suppose that (b) and (c) hold with m = 1, that the entries of a are inC2(�
) and that c 2 C1(�
); thenku� uhkH�1(�) � C 01C2khrhkL2(Dh(�));where rh = f �Luh denotes the residual corresponding to the �nite element approxima-tion uh to u.Proof For  2 C10 (�) consider the adjoint (dual) problemL�z =  on 
; (� � a)+z��@
 = 0;



43where (x)+ = max(x; 0) denotes the positive part of the number x. Since  has compactsupport in �, characteristic theory implies that the support of z is contained in D(�). Letzh 2 Yh denote the quasi-interpolant of z (see [9], [11]); then, by Galerkin orthogonality, wehave that (u� uh;  ) = (rh; z � zh):Further, since the support of zh is contained in Dh(�) and Dh(�) � D(�), it follows that(u� uh;  ) = (rh; z � zh)Dh(�):Applying the approximation property (c) (with m = 1) and noting that Dh(�) � 
 givesj(u� uh;  )j � C2khrhkL2(Dh(�))kzkH1(
):Now, recalling the strong stability of the dual problem,kzkH1(
) � C 01k kH1(
) = C 01k kH1(�):Hence, for any  2 C10 (�),j(u� uh;  )j � C 01C2khrhkL2(Dh(�))k kH1(�):Dividing both sides of this inequality by k kH1(�) and taking the supremum over all  inC10 (�), upon noting that C10 (�) is dense in H10 (�) and recalling the de�nition of the negativeSobolev norm k � kH�1(�), we arrive at the desired a posteriori error bound. �In the previous section we decomposed the global error e, restricted to cell �, asej� = ecell� + etrans� ;and we gave, in Theorem 14, a bound on the L2 norm of the cell error in terms of thelocal �nite element residual, which in the case of a scalar hyperbolic equation (m = 1)has the following form: kecell� kL2(�) � c3(�)khrhkL2(�):We also noted that the L2 norm of the transmitted error on � can be bounded by theL2 norm of the incoming component of the transmitted error on @�. Here we show afurther bound on the transmitted error which is closer in spirit to that in Theorem 16.Theorem 17 Suppose that (b) and (c) hold with m = 1, that the entries of a belong toC2(�
) and that c 2 C1(�
); also suppose that ecell� 2 H1(�). Thenketrans� kH�1(�) � (C 01C2 + c3(�))khrhkL2(Dh(�)):Proof Writing etrans� = ej� � ecell� and applying the triangle inequality for the k � kH�1(�)norm, we have that ketrans� kH�1(�) � kekH�1(�) + kecell� kH�1(�): (5.16)According to Theorem 16, kekH�1(�) � C 01C2khrhkL2(Dh(�)): (5.17)



44Further, by the de�nition of the H�1(�) norm and recalling Theorem 14,kecell� kH�1(�) � kecell� kL2(�) � c3(�)khrhkL2(�): (5.18)Substituting (5.17) and (5.18) into (5.16) and noting that � � Dh(�) we complete the proof. ��) We consider the scalar hyperbolic equationr � (au) + cu = f in 
;subject to the non-homogeneous boundary condition(a � �)�(u� g) = 0 on @
;with the same hypotheses on a, c, f and 
 as in case �) above; further, we supposethat g 2 L2(@
). In the case of a Petrov-Galerkin �nite element approximation withweakly imposed boundary condition we have the following a posteriori error bound onthe global error restricted to element � in terms of the internal and boundary residual.Theorem 18 Suppose that hypotheses (b) and (c') hold, that the entries of a are inC2(�
) and that c belongs to C1(�
). Then,ku� uhkH�1(�) � C 01C2 �khrhkL2(Dh(�)) + kh1=2r�h kL2(@
\Dh(�))� ;where rh = f � Luh denotes the interior residual, and r�h = (a � �)�(g � uh)j@
 signi�esthe boundary residual.We shall omit the proof, as it can be easily reconstructed from the proofs of Theorems9 and 16. A similar result can be shown for the streamline di�usion �nite elementapproximation of the scalar hyperbolic problem, and a bound on the transmitted errorakin to that in Theorem 17 can be established.Figure 2 shows the qualitative behaviour of the di�erent error components in thenumerical solution of the model problem (4.10) using the streamline di�usion methodon an unstructured triangular mesh consisting of 504 nodes and 926 elements. In the�gure caption E1(uh; h) and E2(uh; h) denote the right-hand sides of the error bounds inTheorems 14 and 18, respectively.6 A posteriori error estimation for functionalsIt is frequently the case in engineering problems that the main quantity of concern is notthe solution of a partial di�erential equation, but a derived quantity which can be thoughof as a functional of the solution. In such instances it is unlikely that a posteriori errorbounds of the kind stated in Section 4 will be of use in the design of e�cient adaptivealgorithms.Our aim in this section is to propose an approach to the derivation of a posterioribounds on the error in linear functionals directly, without attempting to obtain an upperbound on the error in a norm in which the functional is bounded. In order to illustrate
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46the key ideas we begin by discussing some speci�c examples: in the next subsection weconsider the a posteriori error analysis for a particular linear functional, the normal 
uxthrough the boundary of the computational domain; in the second subsection, we presenta similar analysis for the local weighted average of the solution. In the third subsection,we approach the problem of a posteriori error estimation for linear functionals from ageneral viewpoint, following the ideas of Becker and Rannacher [7].6.1 Estimation of the normal 
ux through the boundaryLet us consider the non-homogeneous boundary-value problem (4.1), (4.3), where f 2[L2(
)]m and g 2 [H1(
)]m. For the sake of simplicity, we assume that the restrictionof g to @
 belongs to the restriction of the trial space Xh � H(L;
) to @
, and thetest space Yh is contained in [L2(
)]m. We approximate the non-homogeneous problemby the following method: �nd uh in Xh such that�hLuh = �hf in 
;B�(uh � g)��@
 = 0 on @
:Here �h denotes the orthogonal projector in [L2(
)]m onto Yh.Next we de�ne the functional that represents the normal out
ow 
ux through theboundary of the domain 
. Given any  2 [H1(@
)]m, we consider the linear functionalN (v) = Z@
(B+v) �  ds; v 2 H(L;
);here  plays the rôle of a weight function that can be chosen freely (e.g.  can betaken to so that its support is contained in a compact subset of @
, etc.). We seek toapproximate the normal 
ux N (u) by N (uh).Theorem 19 Suppose that Hypothesis 2 and condition (c) hold; then, for each  2[H1(@
)]m we have thatjN (u)�N (uh)j � C 01C2 X� khrhk2L2(�)!1=2 k kH1(@
):Proof Consider the dual problemL�z = 0 in 
; 
B+z = B+ on @
: (6.1)Since u� uh is in D(L;
) and z 2 [H1(
)]m, Green's formula gives0 = (u� uh;L�z) = (L(u� uh); z) �N (u� uh):Consequently, for any zh 2 Yh,N (u)�N (uh) = (rh; z� zh):



47Exploiting hypothesis (c), it follows thatjN (u)�N (uh)j � C2 X� khrhk2L2(�)!1=2 kzkH1(
);and therefore, by Hypothesis 2 with � = 0 and �j@
 =  ,jN (u)�N (uh)j � C 01C2 X� khrhk2L2(�)!1=2 k kH1(@
):� From the practical point of view, a particularly relevant situation concerns the esti-mation of the 
ux through a relatively open subset 
 � @
. In this case it is tempting tochoose  equal to the characteristic function of 
; unfortunately such  does not belongto [H1(@
)]m (since the characteristic function of 
 is in H1=2�"(@
) for all " > 0, butnot in Hs(@
) for s � 1=2), so Theorem 19 does not apply. Nevertheless, we note thatthe choice of a smoother cut-o� function  2 [H1(@
)]m with support in 
 is coveredby Theorem 19, and this may su�ce in practice.6.2 Estimation of the local mean valueIn this section we consider the a posteriori error analysis of �nite element approximationsto the local mean value M (u) = Z
 u(x) �  (x) dx;where  2 [H10 (
)]m, and u is the solution of the non-homogeneous boundary valueproblem (4.1), (4.3) with f 2 [L2(
)]m and g 2 [H1(
)]m. Again, for the sake ofsimplicity, we assume that the restriction of g to @
 belongs to the restriction of thetrial space Xh � H(L;
) to the boundary, and we approximate the non-homogeneousproblem by the following method: �nd uh in Xh such that�hLuh = �hf in 
;B�(uh � g)��@
 = 0 on @
:Here, as in the previous section, �h denotes the orthogonal projection in [L2(
)]m ontothe �nite element test space Yh � [L2(
)]m. We have the following a posteriori boundon the error between M (u) and its approximation M (uh).Theorem 20 Suppose that Hypothesis 2 and condition (c) hold; then, for each  2[H10 (
)]m we have thatjM (u)�M (uh)j � C 01C2 X� khrhk2L2(�)!1=2 k kH1(
):



48Proof In contrast with the previous section, here the appropriate dual problem is of the formL�z =  in 
;
B+(z) = 0 on @
:Since u� uh is in D(L;
) and z 2 [H1(
)]m, Green's formula givesM (u)�M (uh) = (u� uh;  ) = (u� uh;L�z) = (L(u� uh); z):Consequently, for any zh 2 Yh,M (u)�M (uh) = (rh; z� zh):Exploiting hypothesis (c), it follows thatjM (u)�M (uh)j � C2 X� khrhk2L2(�)!1=2 kzkH1(
);and therefore, by the strong stability of the dual problem,jM (u)�M (uh)j � C 01C2 X� khrhk2L2(�)!1=2 k kH1(
):� Comparing this analysis with the one performed in the previous subsection for theboundary 
ux, one quickly recognises the similarities. Indeed, the question arises,whether it is possible to provide a general approach to the a posteriori error analysis offunctionals. This is the theme of the next subsection.6.3 A general duality argumentWe give a brief overview of a general duality argument due to Becker and Rannacher (see[7]) for the a posteriori error estimation of functionals. For an alternative perspective onduality arguments, we refer to the work of Giles [18] and, in a slightly di�erent context,the articles of Peraire, Paraschivoiu and Patera [47] and Giles, Larson, Levenstam andS�uli [19].Suppose that X and Y are two re
exive Banach spaces equipped with their normsk � kX and k � kY , respectively, that a(�; �) is a continuous bilinear functional on X � Yand l(�) is a continuous linear functional on Y . In the framework of symmetric positivesystems, appropriate choices of X and Y and of a(�; �) and l(�) are given at the beginningof Section 4.2, in �) and �).We consider the variational problem: �nd u in X such thata(u;v) = l(v) for all v in Y :This problem is approximated by a Galerkin �nite element method using a sequence oftrial spaces Xh � X and test spaces Yh � Y parametrised by a discretisation parameterh. The discrete problem reads: �nd uh in Xh such thata(uh;vh) = l(vh) for all vh in Yh.



49Letting eh = u � uh denote the global error, we observe the Galerkin orthogonalityproperty a(eh;vh) = l(vh) for all vh in Yh:Now suppose that M(�) is a continuous linear functional on X. In order to derivean a posteriori bound on the error between M(u) and its approximation M(uh), weintroduce the following dual problem: �nd z in Y such thata(w; z) =M(w) for all w in X:Assuming that a(�; �) satis�es the hypotheses of Theorem 7 on X � Y (rather thanXh � Yh) with X and Y interchanged2, we deduce that the dual problem has a uniquesolution z in Y . Next, we see thatM(u)�M(uh) =M(eh) = a(eh; z) = a(eh; z� zh)for all zh in Yh. Equivalently, we can write this identity asM(u)�M(uh) = l(z� zh)� a(uh; z� zh):Further, noting that l(�)�a(uh; �) is a continuous linear functional on Y , we can rewritethe right-hand side as hrh; z� zhi where rh is the residual and h�; �i denotes the dualitypairing between Y 0, the dual space of Y , and Y . This leads to the error representationM(u)�M(uh) = hrh; z� zhi;for all zh in Yh. At this point we are at the same stage in the analysis as in Section 4.2in the paragraph preceding Theorem 1. Following the same reasoning as there, one canderive an a posteriori bound on the error in the functional, M(u)�M(uh). We refer to[7] for further details, in the context of elliptic boundary-value problems.To conclude this section, we note that this approach allows one to derive a posterioribounds on the global error in norms stronger than k � k[H�1(
)]m . Indeed, to obtain an aposteriori bound on the global error eh = u� uh in the norm of [Lp(
)]m, 1 � p <1,we consider the functionalMp(w) = Z
 jehjp�1kehkp�1[Lp(
)]m sgn(eh) �w dx;where sgn(v) is a vector whose jth entry is the sign of the jth entry of v. Clearly(remembering that we are dealing with real-valued functions!),ku� uhk[Lp(
)]m =Mp(u)�Mp(uh);and thereby, ku� uhk[Lp(
)]m = hrh; z� zhi; (6.2)2It can be shown that the inf-sup condition with X and Y interchanged is, in fact, equivalent to theinf-sup condition in its usual form; for a proof, we refer to Proposition A.2 in the paper of Melenk andSchwab [42].



50for any zh in the test space; here z denotes the solution to the dual problema(w; z) =Mp(w) for all w in X. (6.3)We see that the right-hand side of (6.2) is of the usual form; so, at least formally,one can proceed with the a posteriori error analysis as before. However, there is a fun-damental di�erence between (6.3) and the dual problems which occurred in Subsections6.1 and 6.2: while in those problems  was a given function, so the data for the dualwas known, here the dual problem involves the (unknown) global error eh. From thepoint of view of implementation a possible approach might be to compute the numericalsolution of two (or more) successively re�ned meshes, and use their di�erence as an ap-proximation to eh in the functionalMp(�) to �x the right-hand side of the dual problem,and repeat this process in the course of the adaptive mesh re�nement driven by theresulting a posteriori error bound. More analysis is required to quantify the e�ects ofthis additional approximation.7 A posteriori analysis for unsteady problemsSo far, we have been concerned with the a posteriori error analysis of �nite elementapproximations to steady hyperbolic problems. In the present section we consider similarquestions for unsteady problems.In the next subsection we discuss a general class of (semi-discrete in time) Petrov-Galerkin methods for strictly hyperbolic systems, while in the second subsection werestrict ourselves to (fully-discrete) evolution Galerkin methods for scalar hyperbolicequations, although the basic steps in the error analysis would be identical for fully-discrete �nite element approximations multi-dimensional hyperbolic systems.7.1 A posteriori error analysis for strictly hyperbolic systemsIn this section we shall consider the a posteriori error analysis of �nite element approx-imations to the system of partial di�erential equations@u@t = nXi=1 Ai(x; t) @u@xi + C(x; t)u+ f(x; t); (7.1)where Ai, i = 1; : : : ; n, and C are smooth m � m matrix-valued functions, constantoutside a compact subset of 
� R with
 = fx 2 Rn : x1 > 0g;@
 = fx 2 Rn : x1 = 0g;x = (x1; : : : ; xn) = (x1; x0):In physical applications modelled by this system, the variable t plays the rôle of time,and x = (x1; : : : ; xn) represent the spatial independent variables.



51It will be assumed that the di�erential operator is strictly hyperbolic; in other words,we shall suppose that the matrix Pni=1Ai(x; t)�i has m distinct real eigenvalues for all� 2 Rnnf0g and (x; t) 2 �
�R. Furthermore, we shall require that the boundary @
�R isa non-characteristic hypersurface for the di�erential operator, namely, det(A1) 6= 0 whenx1 = 0.Equation (7.1) is solved in tandem with an initial condition at t = 0, and a boundarycondition on @
� [0; T ] which is imposed by considering the boundary operator B(x0; t),a smooth l�m matrix-valued function, independent of (x0; t) for jx0j+ t large, such thatrank(B) = l, where l is the number of negative eigenvalues of A1. Then it is known that,for any T > 0, f 2 L2([0; T ]�
) and u0 2 L2(
), there is a unique strong solution u of(7.1) subject to the initial conditionu(x; 0) = u0(x) for x 2 
 (7.2)and the boundary condition Bu = 0 on @
� [0; T ]; (7.3)provided that the latter is admissible in a sense that will be made precise below.By admissibility of the boundary condition (7.3) we mean the following. Let us notethat, upon a smooth change of coordinates, A1 can be written in the formA1 = � AI1 00 AII2 � ;where AI1 is negative de�nite and AII2 is positive de�nite; by splitting the vector u in asimilar manner into uI = (u1; : : : ; ul) and uII = (ul+1; : : : ; um), the boundary conditionBu = 0, upon decomposing B correspondingly, can be restated as SIuI � SIIuII = 0.We shall say that the boundary condition is admissible if SI is invertible; in that case,(7.3) can be written in the equivalent formuI � SuII = 0;where S = S�1I SII .Now we consider a �nite element approximation to this problem. Suppose that wehave chosen a �nite element trial spaceXh � [H1(
)]m consisting of continuous piecewisepolynomial m-component vector functions on a partition Th = f�g of 
 which satisfythe boundary condition (7.3), and a �nite element test space Yh � [L2(
)]m on the samepartition. Then, we approximate (7.1) { (7.3) by a semi-discrete Petrov-Galerkin �niteelement method of the following form: �nd uh(t) 2 Xh, 0 < t � T , such that, for allqh 2 Yh, �@uh@t ;qh� = nXi=1 �Ai(�; t)@uh@xi ;qh�+ (C(�; t)uh;qh) + (f(�; t);qh) ;(uh(�; 0);qh) = (u0(�);qh):



52We note in passing that the inclusion of the boundary condition into the de�nitionof the trial space is unreasonable from the practical point of view (and implausiblefrom the theoretical point of view, unless S is a constant matrix); we have adoptedthis assumption only to simplify the error analysis. A practical method would involve aweakly imposed boundary condition, in the same spirit as in the steady case discussedearlier on. Moreover, in practice, a time-discretisation is required; as long as the latteris also a Galerkin-type method, the error analysis that we provide below in the semi-discrete case is easily modi�ed to include the e�ects of the time discretisation.We de�ne the �nite element residualrh(x; t) = f(x; t)� @uh@t + nXi=1 Ai(x; t)@uh@xi + C(x; t)uh:It is in terms of this quantity that we wish to obtain a bound on the discretisation errorin the spatial H�1 norm at time T .Theorem 21 Suppose that hypothesis (c) holds. Then, there exists a computable con-stant C5 such thatku(�; T )� uh(�; T )kH�1(
) � C5 �khrhk2L2(0;T ;L2(
)) + khr0hk2L2(
)�12 ;where r0h(x) = u0(x)� uh(x; 0).Proof Suppose that  2 [C10 (
)]m and consider the dual problem:@z@t = nXi=1 @@xi (A�i z)� C�z in 
� [0; T ),z(x; T ) =  (x) for x 2 
,subject to the boundary conditionzII � ŜzI = 0 on @
� [0; T ],where Ŝ = �AII1 ��S�AI1�. Then(eh; z)jT0 = Z T0 ddt(eh; z) dt = Z T0 (@eh@t ; z) + (eh; @z@t ) dt= Z T0 (rh; z) dt = Z T0 (rh; z� zh) dtfor any zh 2 Yh. Noting the approximation property (c), we deduce thatj(eh(�; T );  )j � C6 �kheh(�; 0)kL2(
)kz(�; 0)kH1(
)+ khrhkL2(0;T ;L2(
))kzkL2(0;T ;H1(
))� :According to a hyperbolic regularity theorem due to Rauch [49],�kz(�; 0)k2H1(
) + kzk2L2(0;T ;H1(
))� 12 � C7k kH1(
);and hence the required result with C5 = C6C7. �In the next section, we consider the a posteriori error analysis of a fully discretemethod for an unsteady hyperbolic equation.



537.2 A posteriori analysis of evolution-Galerkin methodsHere, we develop the a posteriori error analysis of evolution-Galerkin �nite elementmethods for unsteady scalar hyperbolic problems. The presentation closely follows thearticle of S�uli and Houston [56], albeit with some abbreviations. For a detailed study ofthe (unconditional) stability and accuracy properties of evolution-Galerkin methods werefer to [45].Given a �nal time T > 0, a function f 2 L2(I;L2(
)) with I = (0; T ], and u0 2L2(
), we consider the hyperbolic initial-value problem@u@t + a � ru = f; x 2 
; t 2 I; (7.4)u(x; 0) = u0(x); x 2 
; (7.5)where 
 = Rn . For the sake of simplicity we assume that the velocity �eld a is inC([0; T ];C10(
)n), that it is incompressible, i.e. r � a = 0 on 
 � [0; T ], and thatthe supports of u0 and f are compact subsets in 
 and 
 � [0; T ], respectively. Thisproblem has a unique weak solution u in L1(I;L2(
)); moreover, if u0 2 H1(
) andf 2 L2(I;H1(
)) then u belongs to L2(I;H1(
)).We consider a subdivision (not necessary uniform) of the time interval I = [0; T ]given by 0 = t0 < t1 < : : : < tM < tM+1 = T ; we de�ne time intervals Im = (tm�1; tm]and time steps km = tm�tm�1. For each m, let T m = f�g be a partition of 
 into closedsimplices �, with corresponding mesh function hm, piecewise continuous on 
, satisfyingCyhn� � meas(�) 8� 2 T m; (7.6)C�h� � hm(x) � h� 8x 2 � 8� 2 T m; (7.7)where h� is the diameter of �, and Cy and C� are positive constants. Further, h willdenote the global mesh function given by h(x; t) = hm(x) for (x; t) in 
 � Im, andwe de�ne the corresponding time step function k = k(t) by k(t) = km; t 2 Im. Let�m = 
� Im; for p; q 2 N , letShm = fv 2 H10(
) : vj� 2 Pp(�) 8� 2 T mg;V hm = fv : v(x; t)j�m = qXj=0 tjvj; vj 2 Shmg;V h = fv : v(x; t)j�m 2 V hm; m = 1; : : : ;M + 1g;where Pp(�) denotes the set of polynomials of degree at most p over �. In the following,we shall assume that p = 1 and q = 0. We note that if v 2 V hm form = 1; : : : ;M+1, thenv is continuous in space at any time, but may be discontinuous in time at the discretetime levels tm. To account for this, we introduce the notation vm� := lims!0+ v(tm � s),and [vm] := vm+ � vm� .The evolution-Galerkin approximation of (7.4), (7.5) makes use of the particle trajec-tories (or characteristics) associated with equation (7.4): the path X(x; s; �) of a particle



54located at position x 2 
 at time s 2 [0; T ] is de�ned as the solution of the initial valueproblem ddtX(x; s; t) = a(X(x; s; t); t); (7.8)X(x; s; s) = x: (7.9)For u smooth enough, the material derivative Dtu is then de�ned byDtu(x; s) := ddtu(X(x; s; t); t) jt=s= @@tu(x; s) + a(x; s) � ru(x; s) 8x 2 
; s 2 I: (7.10)The evolution-Galerkin time-discretisation is based on approximating the materialderivative by a divided di�erence operator along particle trajectories. The simplestappropriate scheme arises from using Euler's method, giving, for m = 0; : : : ;M ,Dtu(�; tm+1) � u(�; tm+1)� u(X(�; tm+1; tm); tm)km+1 :Suppose that umh denotes the approximation to u(�; tm) at time tm; then, applyingthe �nite element method in space results in what is known as the evolution-Galerkindiscretisation of the scalar linear hyperbolic equation (7.4): �nd um+1h 2 Shm+1, form = 0; : : : ;M , such that�um+1h � umh (X(�; tm+1; tm))km+1 ; v� = ( �f; v) 8v 2 Shm+1 ; (7.11)(u0h; v) = (u0; v) 8v 2 Sh0; (7.12)where �f j�m+1 := f(�; tm+1). Alternatively, by integrating (7.11) with respect to tover Im+1, we obtain the following equivalent formulation: �nd uh such that, form = 0; 1; : : : ;M , uhj�m+1 2 V hm+1 and satis�es(Dht uh; v)m+1 = ( �f; v)m+1 8v 2 V hm+1; (7.13)(u0h�; v) = (u0; v) 8v 2 V h0 ; (7.14)where Dht uhj�m+1=(uh�(X(x; tm+1; tm+1); tm+1)� uh�(X(x; tm+1; tm); tm))=km+1;here, for v; w 2 L2(Im+1;L2(
)), we have used the notation(v; w)m+1 = Z tm+1tm (v; w) dt:Before stating the relevant a posteriori error bound for this method, we note thatin (7.13), (7.14) the space discretisation may vary in both space and time, but the timesteps are only variable in time and not in space, so the corresponding space-time meshwill not be fully optimal. The method obeys the following a posteriori error bound.



55Theorem 22 Let u and uh be solutions of (7.4), (7.5) and (7.13), (7.14), respectively.Then ku� uhkL1(0;T ;H�1(
)) � �E(uh; h; k; f); (7.15)where �E(uh; h; k; f) = E(uh; h; k; f) + E0(u0; u0h�; h);E(uh; h; k; f) = C1khR1kQ + C2kkR1kQ+C3kkR2kQ + C4kkR3kQ + C5kkR4kQ; (7.16)E0(u0; u0h�; h) = C6ku0 � u0h�k; (7.17)and R1j�m+1 = [umh ]=km+1 + a � ruh � f;R2j�m+1 = (Dht uh � ([umh ]=km+1 + a � ruh))=km+1;R3j�m+1 = [umh ]=km+1;R4 = (f � �f)=k;and Ci, i = 1; : : : ; 6, are (computable) positive constants.For a proof of this result the reader is referred to S�uli and Houston [56], where the precisevalues of the constants C1; : : : ; C6 appearing in the error bound are also speci�ed.In the remainder of this section we consider the computational implementation of thea posteriori error bound stated in the last theorem. Much of what will be said, however,applies in a more general setting.For a given tolerance, TOL, we consider the problem of �nding a discretisation inspace and time Sh = f(T m; tm)gn�0 such that:1. ku� uhkL1(I;H�1(
)) � TOL;2. Sh is optimal in the sense that the number of degrees of freedom is minimal.In order to satisfy these criteria we shall use the a posteriori error estimate (7.15) tochoose Sh such that:1. �E(uh; h; k; f) � TOL;2. The number of degrees of freedom in Sh is minimal.The term E0(u0; u0h�; h) is easily controlled at the start of a computation; so here weshall only consider the problem of constructing Sh in an e�cient way to ensure thatE(uh; h; k; f) � TOL0;where TOL = TOL0 + E0(u0; u0h�; h). To do so, we �rst write E symbolically in termsof two residual terms: one that controls the spatial mesh and one that controls thetemporal mesh, i.e. we letE(uh; h; k; f) � C 01khR01kQ + C 02kkR02kQ: (7.18)



56Simultaneously, we split the tolerance TOL0 into a spatial part, TOLh, and a temporalpart, TOLk. Thus, for reliability we require that the following conditions hold:C 01khR01kQ � TOLh; (7.19)C 02kkR02kQ � TOLk: (7.20)To design the space-time mesh Sh, at each time level tm we decompose the norm in(7.19) into norms over elements � 2 T m, and the norm in (7.20) into norms over timeslabs as follows:C 01khR01kQ � C 01pT max1�m�M+1 khmR01(umh )k� C 01pNT max1�m�M+1�max�2T m khmR01(umh )kL2(�)� ;C 02kkR02kQ � C 02pT max1�m�M+1 kkmR02(umh )k;where N is the number of elements in the spatial mesh at time tm. Thus, ifC 01pNTkhmR01(umh )kL2(�) � TOLh 8� 2 T m; for m = 1; : : : ;M + 1;C 02pTkkmR02(umh )k � TOLk; for m = 1; : : : ;M + 1;then (7.19) and (7.20) will automatically hold.For the practical implementation of this method, we consider the following adaptivealgorithm for constructing Sh, under the assumption that the �nal time T is �xed: foreach m = 1; 2; : : : ;M + 1, with T m0 a given initial mesh and km;0 an initial time step,determine meshes T mj with Nj elements of size hm;j(x) and time steps km;j and thecorresponding approximate solution uh;j de�ned on Imj such that, for j = 0; 1; : : : ; m̂�1,C1khm;j+1R1(umh;j)kL2(�) = TOLhpNjT 8� 2 T mj ; (7.21)C2kkm;j+1R1(umh;j)k+ C3kkm;j+1R2(umh;j)k+C4kkm;j+1R3(umh;j)k+ C5kkm;j+1R4(umh;j)k = TOLkpT ; (7.22)where Imj = (tm�1; tm�1 + km;j] and TOL0 = TOLh + TOLk. We de�ne T m = T m̂m ,km = km;m̂ and hm = hm;m̂, where for each m, the number of trials m̂ is the smallestinteger such that for j = m̂ the following stopping condition is satis�ed:C1khm;m̂R1(umh;m̂)kL2(�) � TOLhpNm̂T 8� 2 T m̂m ; (7.23)C2kkm;m̂R1(umh;m̂)k+ C3kkm;m̂R2(umh;m̂)k+C4kkm;m̂R3(umh;m̂)k+ C5kkm;m̂R4(umh;m̂)k � TOLkpT : (7.24)By construction, this stopping condition will guarantee reliability of the adaptivealgorithm; for e�ciency, we try to ensure that (7.23) and (7.24) are satis�ed with near



57equality. Since the �nal time T is �xed, the time step given by (7.22) may need tobe limited to ensure that tM + kM+1;m̂ = T . For the implementation of this adaptivealgorithm, we shall assume that T m0 = T m�1 for m = 2; 3; : : :.Having described the construction of the space-time mesh Sh to achieve the requirederror control, ku� uhkL1(I;H�1(
)) � TOL;we note that, in order to generate the desired mesh we need a suitable mesh modi�cationtechnique.Temporal adaptation is quite straightforward, since the time step can just be set equalto kn;j+1 given by (7.22). For constructing the spatial mesh in two space dimensions weuse the red-green isotropic re�nement strategy of Bank [6]. Here, the user must �rstspecify a (coarse) background mesh upon which any future re�nement will be based. Redre�nement corresponds to dividing a certain triangle (father) into four similar triangles(sons) by connecting the midpoints of the sides. Green re�nement is only temporaryand is used to remove any hanging nodes caused by a red re�nement. We note thatgreen re�nement is only used on elements which have one hanging node. For elementswith two or more hanging nodes a red re�nement is performed. The advantage ofthis re�nement strategy is that the degradation of the `quality' of the mesh is limitedsince red re�nement is obviously harmless and green triangles can never be furtherre�ned. Within this mesh modi�cation strategy it is also possible to de-re�ne the meshby removing redundant elements, provided that these do not belong to the originalbackground mesh. Thus, to prevent an overly re�ned mesh in regions where the solutionis smooth the background mesh should be chosen suitably coarse. For the practicalimplementation of this mesh modi�cation strategy we have used the FEMLAB packagedeveloped by Kenneth Eriksson (Chalmers University).7.3 Numerical experimentsIn this section, we present some numerical experiments to illustrate the performance ofthe adaptive algorithm (7.21) on the model hyperbolic test problem:@u@t + a � ru = f; x 2 
; t 2 I; (7.25)u(x; 0) = u0(x); x 2 
; (7.26)where 
 = (0; 1)2, f = 0, a = (2; 1), subject to the boundary condition u(0; y) = 1 for0 � y � 1, u(x; 0) = (� � x)+=� for 0 � x � 1. The function u0 appearing in the initialcondition is de�ned as follows: u0(x) = 0 for x 2 
� = (�; 1)� (0; 1); and for x 2 
n
�,u0(x) is chosen to be the linear function that satis�es the boundary conditions at in
ow.We note that initially, for � small, the solution to this problem has a boundary layeralong x = 0; this layer then propagates into the domain 
, and eventually exits throughx = 1. In the following, we shall let � = 7:8125� 10�3 and T = 0:6. First, we specifythe background mesh as the one shown in Figure 3(a); this is initially re�ned in order
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(a) (b)Figure 3: (a) Background mesh, with 56 nodes and 86 elements; (b) Background meshadapted to resolve the initial condition, with 8335 nodes and 15860 elements.to resolve the boundary layer along x = 0 at time t = 0, as shown in Figure 3(b).Numerical results are presented in Figure 4 for TOLh = 0:007 and TOLk = 0:25.In Figures 4(a), 4(b) and 4(c), 4(d) we see that the adaptive algorithm has re�ned thespatial mesh in parts of the domain where the solution has a steep layer, and has keptthe mesh coarse elsewhere. Figures 4(e), 4(f) show the history of the number of nodesin the spatial mesh against time, and the size of the time step against time, respectively.We note that the arti�cial di�usion model introduced in [26] was employed in thisexperiment with C �̂1 = C �̂2 = 0:2 and �̂max = 7:0� 10�4.8 Nonlinear conservation lawsIn this concluding section we discuss brie
y the extension of the approach to a posteriorierror analysis described earlier in the case of linear problems to nonlinear hyperbolicequations; for a survey of the theory and numerical analysis of conservation laws, werefer to the recent monographs of Godlewski and Raviart [21], and Kr�oner [33]. For thesake of simplicity we shall restrict ourselves to scalar nonlinear conservation laws of theform @@tu(x; t) + @@xf(u(x; t)) = 0; �1 < x <1; 0 < t � T; (8.1)with strictly convex 
ux function f (i.e. f 00 � � > 0), subject to the initial conditionu(x; 0) = u0(x); �1 < x <1; (8.2)where u0 is a compactly supported Lip+ bounded function. We say that a functionx 7! w(x) is Lip+ bounded ifkwkLip+(R) � ess.supx6=y �w(x)� w(y)x� y �+ <1;
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(e) (f)Figure 4: Layer problem for TOLh = 0:007 and TOLk = 0:25 with T = 0:6: (a) & (b)Mesh and solution (resp.) at time, t = 0:1428, with 13596 nodes and 27109 elements;(c) & (d) Mesh and solution (resp.) at �nal time, t = 0:6, with 16829 nodes and 33566elements; (e) History of nodes against time; (f) History of time step size against time.



60where (�)+ � max(�; 0). We note that the hypotheses imposed on u0 imply that it belongsto L1(R). It can be supposed, without restricting generality, that f(0) = 0.A weak solution to this initial-value problem obeys the identity(u(�; T ); v(�; T )) = (u0; v(�; 0)) + Z T0 (u(�; t); vt(�; t)) + (f(u(�; t)); vx(�; t)) dtv 2 C1([0; T ]; C10(R)); (8.3)where (�; �) denotes the inner product of L2(R).We recall that the entropy solution of the nonlinear conservation law (8.1), (8.2)satis�es the estimate (see [10], [57])ku(�; t)kLip+(R) � 1ku0k�1Lip+(R) + �t; t � 0; (8.4)the case of ku0kLip+(R) =1 is included in this estimate and it corresponds to the exactt�1 decay rate of an initial rarefaction. We also note that since u0 has compact supportthe same is true of the function x 7! u(x; t) for each t 2 (0; T ].Identity (8.3) is the starting point for the construction of a �nite element approxi-mation to the initial value problem (8.1), (8.2). We consider the (non-uniform) mesh�1 < : : : < x�l < : : : < x0 < : : : < xl < : : : < 1 on the real line, and the (non-uniform) mesh 0 = t0 < : : : < tm < : : : < tM = T on the interval [0; T ]. We de�ne thepiecewise constant mesh function x 7! h(x) whose value on (xl�1; xl] is xl � xl�1; simi-larly, we de�ne the piecewise constant mesh function t 7! k(t) whose value on (tm�1; tm]is tm� tm�1. On the associated partitions of R and [0; T ] we consider a pair of �nite ele-ment spaces Uh � L1(R) and Vk � L1(0; T ), respectively, and de�ne the �nite elementtrial space as Xhk = Uh 
 Vk:We shall suppose that each element of Uh has compact support in R, which is a reasonableassumption given that u(�; t) has compact support for each t 2 [0; T ]. We adopt theconvention that elements of Uh and Vk are chosen to be continuous from the left. Wethen consider a (possibly di�erent) pair of �nite element spaces Sh � W 11(R) and Wk �W 11(0; T ) on these two partitions, respectively, and de�ne the �nite element test spaceYhk = Sh 
Wk;we shall suppose that each element of Sh has compact support in R.The �nite element approximation to (8.1), (8.2) is de�ned as follows: �nd uhk 2 Xhksuch that, for each vhk 2 Yhk,(uhk(�; T ); vhk(�; T )) = (u0; vhk(�; 0))+ Z T0 (uhk(�; t); vhk;t(�; t)) + (f(uhk(�; t)); vhk;x(�; t)) dt: (8.5)



61In what follows, we shall suppose that a numerical solution uhk exists and that thereis a constant Lhk (possibly dependent on h and k) such thatess.supt2[0;T ]kuhk(�; t)kLip+(R) � Lhk: (8.6)We remark that if Uh is a �nite element space consisting of continuous piecewise poly-nomials then this condition is trivially satis�ed. The a posteriori error analysis of thismethod relies on considering a dual problem de�ned as follows:�@z@t � a(x; t)@z@x = 0; �1 < x <1; 0 � t < T; (8.7)z(x; T ) =  (x); �1 < x <1;where  2 W 11(R) anda(x; t) = 8<: f(u(x;t))�f(uhk(x;t))u(x;t)�uhk(x;t) if u(x; t) 6= uhk(x; t),0 otherwise.We note that, despite being linear, this is a non-standard problem because a(�; �)may be discontinuous and then the classical theory of well-posedness of linear hyperbolicequations does not apply. Nevertheless, under certain hypotheses on a, it can be shownthat this problem is meaningful; the next theorem, due to Tadmor (see [57], Theorem2.2) will make this more precise.Theorem 23 Suppose that:i) a 2 L1(Q) where Q = R � (0; T );ii) a satis�es the following one-sided Lipschitz condition:ka(�; t)kLip+(R) � m(t); m 2 L1(0; T ): (8.8)Then there exists a unique Lipschitz continuous function (x; t) 7! z(x; t) de�ned onR � [0; T ] which solves the backward transport equation (8.7); moreover, z obeys theestimate kz(�; t)kW 11(R) � k kW 11(R)e�(t); �(t) � Z Tt m(�) d�; 0 � t � T: (8.9)Next we verify that the hypotheses of this theorem are satis�ed with our choice ofa. First note that we can writea(x; t) = Z 10 f 0((1� �)u(x; t) + �uhk(x; t)) d�: (8.10)



62Recalling that f 00(w) � � > 0 for all real w, a simple calculation shows thatka(�; t)kLip+(R) � Ahkmax �ku(�; t)kLip+(R); kuhk(�; t)kLip+(R)� � mhk(t);where Ahk = maxjwj�Khk f 00(w); Khk � max(kukL1(Q); kuhkkL1(Q)):Now (8.4) and (8.6) imply that (8.8) is satis�ed; further, since both u and uhk are inL1(Q), hypothesis i) of Theorem 23 is a trivial consequence of (8.10).Now we turn to the error analysis. First, we derive a representation formula for theerror. Given that  2 W 11(R), let z denote the solution of the backward transportproblem (8.7) with �nal data  . Then, letting ehk = u� uhk, we have that(ehk(�; T );  ) = (ehk(�; T ); z(�; T ))� Z T0 (ehk(�; t); zt + azx) dt= (u(�; T ); z(�; T ))� Z T0 (u; zt) + (f(u); zx) dt�(uhk(�; T ); z(�; T )) + Z T0 (uhk; zt) + (f(uhk); zx) dt;we remark here that since u(�; t) and uhk(�; t) have compact supports in R for eacht 2 [0; T ], the same is true of ehk(�; t), so the inner product which appear in this sequenceof equalities are all meaningful. Noting that u obeys (8.3), we deduce that(ehk(�; T );  ) = (u0; z(�; 0))� (uhk(�; T ); z(�; T ))+ Z T0 (uhk; zt) + (f(uhk); zx) dt= (u0; z(�; 0)� zhk(�; 0))� (uhk(�; T ); z(�; T )� zhk(�; T ))+ Z T0 (uhk; zt � zhk;t) + (f(uhk); zx � zhk;x) dt+(u0; zhk(�; 0))� (uhk(�; T ); zhk(�; T ))+ Z T0 (uhk; zhk;t) + (f(uhk); zhk;x) dt;for any zhk in Yhk. By virtue of (8.5), the expression on the right can be further reducedto give (ehk(�; T );  ) = (u0; z(�; 0)� zhk(�; 0))� (uhk(�; T ); z(�; T )� zhk(�; T ))+ Z T0 (uhk; zt � zhk;t) + (f(uhk); zx � zhk;x) dt:Next we integrate by parts in order to recover the residual on the right-hand side:thus, noting that z and zhk are continuous functions of x and t, that uhk(x; �) is continuous



63from the left for each x 2 R and that uhk(�; t) is continuous from the left at each t 2 (0; T ],we have that(ehk(�; T );  ) = (u0 � uhk(�; 0+); z(�; 0)� zhk(�; 0))�M�1Xm=1([uhk(�; tm)]; z(�; tm)� zhk(�; tm))� 1Xl=�1Z T0 [uhk(xl; t)](z(xl; t)� zhk(xl; t)) dt� 1Xl=�1 MXm=1 Z xlxl�1 Z tmtm�1(uhk;t + f(uhk)x)(z � zhk) dxdt;where [uhk(�; tm)] = uhk(�; tm+)� uhk(�; tm)and [uhk(xl; �)] = uhk(xl+; �)� uhk(xl; �):Thus, lettingrhk(x; 0) = u0(x)� uhk(x; 0+);rhk(x; tm) = [uhk(x; tm)]; x 2 R; m = 1; : : : ;M � 1;rhk(xl; t) = [uhk(xl; t)]; l = : : : ;�1; 0; 1; : : : ; t 2 M[m=1(tm�1; tm);rhk(x; t) = uhk;t(x; t) + f(uhk(x; t))x; (x; t)2[l;m (xl�1; xl)� (tm�1; tm);we have thatj(ehk(�; T );  )j � M�1Xm=0 khrhk(�; tm)kL1(R)kh�1(z(�; tm)� zhk(�; tm)kL1(R)+ 1Xl=�1 kkrhk(xl; �)kL1(0;T )kk�1(z(xl; �)� zhk(xl; �))kL1(0;T )+ 1Xl=�1 MXm=1 krhkkL1(Qlm)kz � zhkkL1(Qlm);where Qlm = (xl�1; xl)� (tm�1; tm).In order to proceed, we make some weak assumptions on the approximation proper-ties of the test space: we suppose that there exists zhk in Yhk and positive constants C8



64and C9, independent of h, k, z and zhk such thatkh�1(z(�; tm)� zhk(�; tm)kL1(R) � C8kzx(�; tm)kL1(R);kk�1(z(xl; �)� zhk(xl; �)kL1(0;T ) � C9kzt(xl; �)kL1(0;T );kz � zhkkL1(Qlm) � C8khzxkL1(Qlm) + C9kkztkL1(Qlm):A standard �nite element space consisting of continuous piecewise polynomials will cer-tainly satisfy these inequalities (see [12] or [11]). Hence,j(ehk(�; T );  )j � C8 M�1Xm=0 khrhk(�; tm)kL1(R)kzx(�; tm)kL1(R)+C9 1Xl=�1kkrhk(xl; �)kL1(0;T )kzt(xl; �)kL1(0;T )+ 1Xl=�1 MXm=1 krhkkL1(Qlm) �C8khzxkL1(Qlm) + C9kkztkL1(Qlm)� :Recalling the strong stability result (8.9), we have thatj(ehk(�; T );  )j � C8e�hkk kW 11(R) M�1Xm=0 khrhk(�; tm)kL1(R)+C9e�hkk kW 11(R) 1Xl=�1 ka(xl; �)kL1(0;T )kkrhk(xl; �)kL1(0;T )+e�hkk kW 11(R) 1Xl=�1 MXm=1 �C8khrhkkL1(Qlm)+C9kakL1(Qlk)kkrhkkL1(Qlm)� ;where �hk = Z T0 mhk(t) dt:Upon dividing by k kW 11(R) and taking the supremum over all  , we deduce thatku(�; T )� uhk(�; T )kLip0(R) � C8e�hk M�1Xm=0 khrhk(�; tm)kL1(R)+C9e�hk 1Xl=�1ka(xl; �)kL1(0;T )kkrhk(xl; �)kL1(0;T )+C8e�hk 1Xl=�1 MXm=1 khrhkkL1(Qlm)+C9e�hk 1Xl=�1 MXm=1 kakL1(Qlk)kkrhkkL1(Qlm); (8.11)



65where we used the notation kwkLip0(R) = sup 2W 11(R) j(w;  )jk kW 11(R)for the dual Lipschitz (Lip0) norm.Thus we have proved an a posteriori bound on the error between u and its �niteelement approximation uhk of the formku(�; T )� uhk(�; T )kLip0(R) � Const. �Q(uhk);where �Q(uhk) is the a posteriori error estimator on Q = R � (0; T ), appearing on theright-hand side of inequality (8.11). We note that since uhk(�; t) has compact support inR for each t 2 [0; T ], the same is true of rhk, so each of the in�nite sums appearing in(8.11) collapses to a summation over a �nite number of terms.Instead of using, as we have, a tensor-product grid on Q, we could have consideredan unstructured space-time triangulation Th of Q with associated �nite element trialspace Xh � L1(Q) and test space Yh � W 11(Q) instead of Xhk and Yhk, respectively.Thus, repeating the same argument as above, we would have arrived at the followinga posteriori error bound for the numerical solution uh 2 Xh (de�ned similarly as uhkbefore): ku(�; T )� uh(�; T )kLip0(R) � Const. �Q(uh);where �Q(uh) = khr0hkL1(R) + X�2Th0@khrhkL1(�) + Xe�@�n@Q khr̂hkL1(e)1A ;with e denoting an edge of a triangle � in Th,r0h(x) = u0(x)� uh(x; 0+); x 2 R;rh(x; t) = uh;t(x; t) + f(uh(x; t))x; (x; t) 2 �;r̂h(x; t) = [uh(x; t)�t(x; t) + f(uh(x; t))�x(x; t)]; (x; t) 2 e � @� n @Q;where (�x; �t) is the unit outward normal to edge e (with respect to the triangle �), and[w] signi�es the jump of w across e. In the case of Xh = Yh, a second-order numericaldissipation term could have also been included into the �nite element method; the e�ectsof this on the a posteriori error bound can be analysed similarly to the streamlinedi�usion stabilisation discussed earlier on.To conclude this section, we note that a direct approach, di�erent from ours, to thea posteriori error analysis of numerical approximations to scalar nonlinear conservationlaws was pursued in the work of Cockburn and Gau; we refer to [13], [14] for furtherdetails.



669 ConclusionsWe have presented an overview of recent developments which concern the a posteriorierror analysis of �nite element approximations to linear and nonlinear hyperbolic partialdi�erential equations of �rst order. We derived various global and local bounds onthe discretisation error, and investigated the question of error localisation and errorpropagation.While for elliptic equations there is already a well-established theoretical frameworkof a posteriori error estimation which has been successfully implemented into workingadaptive algorithms, very much less is known about these issues in the context of hy-perbolic and nearly-hyperbolic problems. However, this is now a �eld of active research,and the outcome of these investigations can make a large impact on the design of reliablenumerical algorithms for large-scale computations in engineering applications.
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