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1 Introduction

The numerical solution of hyperbolic conservation laws is of fundamental importance
in several areas of applied science, particularly fluid dynamics and electromagnetics.
Solutions to these partial differential equations frequently exhibit localised structures,
such as propagating discontinuities and sharp transition layers whose reliable numerical
approximation presents a challenging computational task. Indeed, in order to resolve
such localised phenomena in an accurate and efficient way one has to use locally refined
computational meshes. In computational fluid dynamics, at least, traditional approaches
for constructing such locally adapted meshes resort to ad hoc criteria, usually justified
on physical grounds, whose impact on the accuracy of the numerical solution is difficult
to assess.

In contrast with such heuristic devices, in these notes we shall be concerned with the
question of quantitative error control for hyperbolic partial differential equations with
the aim to achieve reliability, either in the sense that the numerical solution approximates
the analytical solution in a given norm to within a given tolerance, or in the sense that
physically relevant derived quantities, which can be thought of as functionals of the
solution, are approximated to within a given tolerance. Reliability in the latter sense
is particularly important in engineering applications; e.g. in fluid dynamics one may
be concerned with calculating the lift and the drag coefficients of a body immersed
into a viscous fluid whose flow is governed by the Navier-Stokes equations. The lift
and drag coefficients are defined as integrals, over the boundary of the body, of the
stress tensor components normal and tangential to the flow, respectively. Similarly, in
elasticity theory, the quantities of prime interest, such as the stress intensity factor or
the moments of a shell or plate, are derived quantities. To achieve reliability in one sense
or the other, we shall derive computable a posteriori error bounds in terms of the finite
element residual which is obtained by inserting the computed solution into the partial
differential equation under consideration. Such bounds represent the key ingredients
of reliable adaptive finite element algorithms for hyperbolic problems: error control to
within a given tolerance is achieved through a feed-back process where the a posteriori
error bound plays the role of a stopping criterion.

The aim of the present paper is to discuss the construction and the practical imple-
mentation of a posteriori error bounds for finite element approximations of first-order
hyperbolic equations. The derivation of the bounds rests on hyperbolic duality argu-
ments; these will be exploited in a systematic manner throughout. In fact, following
the paradigm of a posteriori error estimation outlined in [29] by Johnson, our analysis
has two basic ingredients: the application of Galerkin orthogonality and the use of the
strong stability of the dual (adjoint) problem; the role of these concepts in the error
analysis will be highlighted below.

Over the last decade the a posteriori error analysis of finite element methods for
partial differential equations has been an area of active research (see Ainsworth and Oden
[2] Szabé and Babuska [59], and Verfiirth [60]). Unfortunately, much of the interest has
focussed on elliptic and parabolic equations and relatively little progress has been made
on the a posteriori error analysis of finite element and finite volume approximations



to hyperbolic and nearly-hyperbolic problems. For an overview of current activities in
the latter area we refer to the articles [29] and [15]; see also, [28], [30], and references
therein. The approach to a posteriori error estimation for hyperbolic problems pursued
in those papers, particularly in the work of Johnson and Szepessy [31], and reviewed at
the beginning of Section 4, rests on performing an elliptic or parabolic regularisation of
the hyperbolic problem and exploiting the smoothing properties of the resulting adjoint
problem in conjunction with Galerkin orthogonality to derive an a posteriori error bound
in the Ly norm; in Section 4 we present an alternative, more direct, process which avoids
the need for regularisation of the hyperbolic operator, at the price of arriving at error
bounds in weaker (negative Sobolev) norms. In the course of our analysis we shall
require some basic results from the theory of function spaces; these are summarised
in the next section, followed, in Section 3, by a brief overview of the theory of well-
posedness of steady linear hyperbolic equations. Section 5 is devoted to the problem
of error generation, error propagation and local error estimation in the context of a
posteriori error analysis. We have already noted that a posteriori error estimation of
linear functionals is of great practical importance; this topic is the subject of Section
6. Section 7 concerns the a posteriori error analysis of finite element approximations
to unsteady hyperbolic problems; we shall also comment on the implementation of our
error bounds into an adaptive algorithm. The final section discusses the theory for
scalar nonlinear hyperbolic conservation laws; here we rely on the work of Tadmor
[57] concerning the strong stability of the linearised dual problem (a backward linear
transport equation with discontinuous coefficients) associated with the conservation law,
in Lipschitz spaces. Thus we arrive at an a posteriori error bound in the dual Lipschitz
(Lip') norm.

2 Basic function spaces

In this section, we recall the definitions of some familiar function spaces, including those
of continuously differentiable and Lebesgue integrable functions, and Sobolev spaces.
For proofs and further details, we refer the reader to the monographs [1], [34] and [46].

2.1 Spaces of continuous functions

Let N denote the set of non-negative integers. An n-tuple a = (ay,...,q,) in N* is
called a multi-inder. The non-negative integer |a| = |aq|+ ...+ || is called the length
of . We define 0% = 0" ... 95" where 0; = 0/0x; for j =1,...,n.

Let Q be an open set in R*. For k € N, we denote by C*(€2) the set of all continuous
real-valued functions u, defined on 2, such that 0“u is continuous on €2 for every multi-
index «, |a] < k. Further, we define C®(Q) as the intersection [, C*(2). The
notation C°(Q) is abbreviated to C(£2). -

For k € N, we denote by C*(Q) the set of all u € C*(Q2) such that %u can be
continuously extended from  onto €2, for every multi-index o, || < k. Further, we
define C*>((2) as the intersection (1,5, C*(2), and we write C(2) in place of C°((2).



Assuming that € is a bounded open set in R" and k € N, the linear space C*(Q) is
a Banach space equipped with the norm

u 5 = max sup |0%u(x)].
Jull ey = ma sup |9 u)

For k € N and 0 < A < 1, we denote by C**(2) the set of all u € C*(Q) such that the
quantity

|U| o |80‘u(x) B aau(y)|
ckA(Q) = Max  sup X
o=k oy, zycn |z —y|

is finite. C**(Q) is a Banach space with the norm

lullera@) = lluller@y + [ulerr@)-
When u belongs to C%'(Q) it is said to be Lipschitz continuous on Q.

The support, supp u, of a continuous function u defined on an open set (2 is the
closure in  of the set {x € Q : u(x) # 0}; in other words, supp u is the smallest closed
subset of € such that u =0 on Q\ suppu. For k =0,1,...,00, C&(Q) denotes the set
of all u € C*(2) whose support is a compact subset of Q.

2.2 Spaces of integrable functions

For p > 1 and an open set Q C R", let L,(€2) denote the set of all real-valued Lebesgue
measurable functions u defined on €2 such that |ul? is integrable on €2 with respect to
the Lebesgue measure dxr = dz; ... dx,; we assume here that any two functions which
are equal almost everywhere (i.e. equal, except maybe on a set of measure zero) are
identified. L,(?) is a Banach space with norm

1/p
el = ( / |u(x>|pdx) .

In particular, for p = 2, Ly(£2) is a Hilbert space with the inner product

(u,v) = /Qu(x)v(x) dz.

L (€2) denotes the set of all real-valued Lebesgue measurable functions u defined on
2 such that |u| has finite essential supremum; the essential supremum of |u| is defined
as the infimum of the set of all positive real numbers M such that |u| < M almost
everywhere on ). Again, any two functions which are equal almost everywhere on (2 are
identified. L, () is a Banach space with norm

[ulloc() = ess.5upgequ(@)]-

Hélder’s Inequality: Let uw € L,(Q2) and v € L,(Q2), where 1/p+1/g=1,1 < p,q < o0;
then uv € Ly (€2) and

< lullz, @) llv] L, 0)-

/Q u(z) v(x) dz

For p = ¢ = 2, this is referred to as the Cauchy-Schwarz Inequality.




2.3 Sobolev spaces

Suppose that 2 is an open set in R". For a non-negative integer k£ and 1 < p < oo, we
define
Wr(Q) ={u€ Ly(Q) : 0*ue Ly,(Q), |af <k}

We equip Wf(Q) with the Sobolev norm defined by

1/p

lellwsoy = | D 10%ull? )

la|<k
when 1 < p < 0o, and by

||U||W§O(Q) = mg ||8au||Loo(Q)

when p = co. The associated Sobolev seminorm is defined by

1/p

|U|W;;(Q) = Z ||5au||§p(9)

|a|=k

when 1 < p < oo, and
|ulw (o) = max [|0%ul|1 . (o)

jol=

when p = oo. In these definitions the derivatives are to be understood in the sense of
distributions.

The Sobolev space W¥(€2) can be shown to be a Banach space with the norm ||- w9,
1 <p<oo, k>0. A particularly important case occurs when p = 2; the normed linear
space WE(Q) is a Hilbert space with the inner product

(s V) wpo) = Z (0%, 0%v),

la| <k

where (-, -) is the inner product in Ly ().

In order to capture finer smoothness properties of integrable functions, we consider
fractional-order Sobolev spaces defined in the following way: given that s is a positive
real number, s ¢ N, let us write s = m + o, where 0 < 0 < 1 and m = [s] is the
integer part of s. The fractional-order Sobolev space W;(€2), 1 < p < oo, is the set of
all u € W™ () such that

1/p

|D*u(x) — D*u(y)P
Ulywsiq) = dx dy < 00,
ubszor = 2 /Q/Q [ — y|ror

la|=m

with the usual modification when p = co. When equipped with the norm

1/p ]
lullwgior = {ulpoy + el } - i1 <P <00,



or the norm
ullws @) = llullwa@) + [ulws, @),  if p= oo,
the Sobolev space W () is a Banach space.

When a boundary-value problem is considered for a partial differential equation on an
open set €, it is convenient to incorporate the boundary condition on 0f2, the boundary
of €, into the definition of the function space in which a solution is sought. First, we
characterise the smoothness of 0f).

Definition 1 Suppose that 2 is an open set in R*. The boundary 02 of € is said to
be Lipschitz continuous if, for every x € 0S), there is an open set O C R* with v € O
and a local orthogonal coordinate system with coordinate ¢ = ((1,...,C) = (¢, ¢,) and
a € R", such that

O={¢: —a; <(<a;, 1<j<n}

and there is a Lipschitz continuous function ¢ defined on
(’)':{C'ER”’I:—aj<Cj<aj, 1§]§n—1},

with
PN <an/2, (€0,
QNO={C: ¢ <), ('eO}andd2NO={C:( =p(), '€ O}

A bounded open set with Lipschitz continuous boundary is called a Lipschitz domain.

An important property of a Lipschitz domain €2 is that the unit outward normal to OS2
is defined almost everywhere with respect to the (n — 1)-dimensional measure on 992. A
simple example of a Lipschitz domain is a bounded polyhedron in R, n > 2.

Proposition 1 Suppose that € is a Lipschitz domain contained in R” and let 1 < p <

00. Then C*(Q) is dense in W (S2) for s > 0.

We note that while C*°(€2) is dense in W;(€2) for s > 0 and 1 < p < oo, C5°(9)
is not dense in W (§2) for s > 1/p (although it is dense in W;(Q2) for 0 < s < 1/p,
1 <p<o0).

We conclude this section with a brief discussion about Sobolev spaces on the bound-
ary 0f) of a Lipschitz domain ). Let us begin by recalling from Definition 1 that for
every x on Of) there exists a Lipschitz continuous function ¢ : @ C R* ! — R such
that, using the notation introduced in Definition 1,

02N 0 ={¢= (¢ »(() : (€0,

so that, locally, 00 is an (n— 1)-dimensional hypersurface in R”. We define the mapping
¢ by

o(¢') = (¢ ()
Clearly ¢! exists and it is Lipschitz continuous on ¢(Q’); this leads us to the following
definition.



Definition 2 Let ) be a Lipschitz domain in R". For 0 < s <1 and1l < p < oo we
denote by W;(09) the set of all u € L,(092) such that the composition u o ¢ belongs to
Wy (0'n ¢~ 1O N O)) for all possible O' and ¢ satisfying the conditions of Definition
1, where ¢(¢") = (¢, o((")) for (' € O".

In order to equip W (99) with a norm, we consider any atlas (O;, p;){_, for 9Q such
that O; and ¢;, j =1,..., J, satisfy the conditions of Definition 1. We define || - ||W£(3Q)
by

1/p
ullws o0y = (Znu 91l (0107 000, »)

where ¢;(¢") = (¢',5(¢")) for (' € O}, j=1,..., 7.
In fact, for 0 < s < 1 it can be shown that this is equivalent to the following norm

p 1/p
lullwom) (/ |u|pda+/m/m e Jutz) = wly)P da(x)da(y)) ,

where do denotes the (n — 1)-dimensional surface measure on 0.
Finally, we recall the notion of trace of a function on the boundary 9 of a Lipschitz
domain Q C R”. If ¢ belongs to C*°(Q2) then we put

’70(77/}) = ¢|BQ . (2-1)

The trace of a function u in W;(€2) is then defined by extending the operator 7 from
the dense subspace C*°(2) to the whole of W7 (€2).

Proposition 2 Suppose that () is a Lipschitz domain in R", and let 1 < p < oco. Assum-
ing that 1/p < s < 1, the mapping o defined on C*°(2) by (2.1) has a unique continuous
extension to a linear operator, still denoted 7y, from W3(Q) onto Wy~ (1/p) (092).

We adopt the following notational convention: when p = 2 we shall write H?® in place
of W3 to signify the fact that we are dealing with a Hilbert space. We define H} () as
the closure of C§°(2) in the norm of the Sobolev space H'(2); when € is a Lipschitz
domain, it can be shown that

HY(9) = {u € H'(Q) : 7o(u) = 0},

3 Steady hyperbolic problems

In this section we present a brief review of the theory of steady hyperbolic equations.
In the first part of the section we focus on scalar hyperbolic equations, while the second
part is concerned with symmetric hyperbolic systems.



3.1 Scalar hyperbolic equations

We consider the question of well-posedness of the hyperbolic boundary-value problem

P(f):

div(au) + cu = [ in Q,
u = 0 ond €

where € is a Lipschitz domain in R, with inflow boundary
0_Q={x € : a(zr) v(r) <0}

here v(x) denotes the unit outward normal vector at © € 992 (whenever it is defined).
The complement of €2 with respect to 92 will be denoted d,€) and will be referred to
as the outflow boundary. For the sake of simplicity we shall suppose that @ = (0,1)",
that a = (a1,...,a,) is a real-valued continuously differentiable n-component vector
function defined on Q, ¢ is a continuous real-valued function on 2 and f is a real-valued
square-integrable function on €.

In order to set up the variational formulation of P(f), with a and ¢ we associate the

function space
H_(Q2) ={ve Ly(Q) : div(av) + cv € Ly(2), 7(av) =0 on 0_Q}

in which the solution to the problem is sought. We note that the boundary condition is
included into the definition of the space H (2); here v, (av) = (av) - v|s_q signifies the
normal trace of the vector field av on 0_().

At this stage, the boundary condition should be understood formally: below we shall
justify that the definition of H_({2) is meaningful. To do so, we first recall from [20]
(Chapter I, Theorem 2.5 and Corollary 2.8) that the normal trace operator, 7, (), is a
continuous surjection of

H(div, Q) = {v € [Ly(Q)]" : div v € Ly(Q)}

onto H~2(0Q), the latter being the dual space of the fractional-order Sobolev space
HY2(0Q) = W,*(99). Now, suppose that I' is a connected relatively open subset of
09 of positive (n — 1)-dimensional measure (for our purposes, I' = 0_2). We denote by
H;y (T) the closure of C§°(T') in the norm of the Sobolev space H'(T'). Further, we define
H&f(l“), using the K-method of function space interpolation (see Bergh and Lofstrom
8], for example), as the interpolation space ‘halfway’ between Lo(T") and Hy(T). Finally,
we let (H&gZ(F))’ denote the dual space of Hé({Z(F). Since the trivial extension & is a
continuous linear operator from Ly(T) into Lo(992) and from H}(T) into H'(9N), we
deduce by function space interpolation that it is also a continuous linear operator from
Hyl?(T') into HY2(89). Thus, by applying the Transposition Theorem (see Theorem 4.1
in Baiocchi and Capelo [4]), we conclude that the transpose of the linear operator & :
Hyl?(T) — HY2(09) is a continuous linear operator & from (HY2(9Q)) = H~Y/2(9Q)
into (HgéQ(F))’; t&y is called the restriction from 0% to T.
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Suppose that v € Ly(2) and div(av) + cv € Ly(2). Then av € H(div;2), and it
follows that v, (av) € H~'/2(002). Hence the restriction of 7,(av) to 0_Q belongs to
(HgéQ(a_Q))’. The definition of H_(2) is, therefore, meaningful; in fact, H_(Q2) is a
Hilbert space with the norm

vl a_ () = (”7}”%2(9) + ||‘CU||%2(Q))1/2a
where £ : H_(Q2) — L2(2) denotes the linear operator defined by Lv = div(av) + cwv,
ve H (Q).

With this notation, the boundary-value problem P(f), for f € Ly(Q), can be ex-
pressed as follows: find u in H_ () such that Lu = f. Alternatively, the variational
formulation of P(f) is: find u € H_(Q) satisfying

(div(au) + cu,q) = (f,q) Vg € Ly(Q). (3.1)

A solution of (3.1) can be thought of as a generalised solution of P(f), with the differ-
ential equation satisfied as an equality in Ly(£2) and the boundary condition obeyed as
an equality in (H&({Q(a_Q))’.

We adopt the following additional hypothesis on a.

Hypothesis 1 The components a, ..., a, of the vector field a belong to C*(Q) and are
strictly positive functions on €.

This assumption ensures that d_€2 is a non-characteristic hypersurface of dimension
(n — 1) for the differential operator v — div(av) + cwv.

Proposition 3 Under Hypothesis 1 and given that f € Lo(Q2) and ¢ € C(Q2), problem
(3.1) has a unique solution u in H (). In addition, the linear operator L is a continuous
bijection of H_(Q) onto La(Q) with a continuous inverse L7 : Ly(Q) — H_().

Proof The proof is based on Banach’s Closed Range Theorem. The non-trivial step is to
verify (3.3) below; to do so, let C'* () denote the set of all functions in C'(Q) which vanish
on 0_§). It is easily seen that, for an n-component real vector &,

1
(div(av) + cv,e %) = (c + E(div a)+a-¢, |e§"”"v|2>
1 —
-l-—/ (a-v)le ¢%v2ds Yo e CL(Q). (3.2)
2 /o a

Let ¢ be such that the constant
. L ..
My = 1gf (c+ E(dlva) +a- {)

is positive, and let M; and My be two positive real numbers such that

M <exp(—2¢-z) < My V€ Q.
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Omitting the second term on the right-hand side of (3.2) and noting that C1(f2) is dense in
H_(), it follows that
(Lo,e~%70) > Mplle~$70l2, ) Vo € H (%),

and hence

M\ 2 1/2
2
(1 + () ) 1201y > Wy o€ H_(@). (3.

Inequality (3.3) implies that £ is an injective operator from H_(2) onto its range space
R(L), and that the inverse of L is continuous. Hence £ is an isomorphism from H_({2) onto
R(L); therefore R(L) is a closed subspace of Lo(Q2). Exploiting the positivity assumption on
the components of a, it is easy to prove (using the method of characteristics, for example) that
the transpose 'L of £ has trivial kernel, i.e. Ker(!£) = {0}; the Closed Range Theorem then
implies that R(L) = L2(f2). Hence L is an isomorphism from H_(2) onto Lo(£2). In addition,

(3.3) implies that
e \2 1/2
<|c! < 2 :
PR (1 + (335 ) )

That completes the proof. =
We note that this existence and uniqueness result can be extended in several direc-
tions:

a) First, a theorem analogous to Proposition 3 holds for the adjoint boundary-value
problem:
—a-Vu+cu=f inQ, u=0 on 0.,

where a, ¢, f and €2 are as in Proposition 3.

b) Second, a result analogous to Proposition 3 can be developed more generally, in L,
norms, 1 < p < oo. More precisely, suppose that in the definition of the solution
space H_(Q2), Ly(€2) is replaced by L,(2); then Proposition 3 holds with Ly(€2)
replaced by L,(€2) throughout.

c¢) Third, Hypothesis 1 can be relaxed by supposing that 2 is a Lipschitz domain in
R™ such that 0€) is a non-characteristic hypersuface for £, and that there exists a
constant vector £ € R” such that

1
d) Finally, under Hypothesis 1 the normal trace, v, (av) € H~/?(0_Q) can be shown

to belong to Ly(0_£2).

We conclude this subsection with the following regularity result which is a special
case of the general Differentiability Theorem stated on p.272 of the work of Rauch [49]'.

!There is a typographic error in line one of the theorem: u should be replaced by f.
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Proposition 4 Under Hypotheses 1 and assuming that a € [C*(Q)]", ¢ € CY(Q) and
f € H}(Q), the unique weak solution u to problem P belongs to H () N H_(Q). More-
over,

ullm@) < Cull fll ),

where Cy is a positive constant independent of f.

An identical result holds for the adjoint boundary value problem stated in a) above.
The next section extends the well-posedness results discussed here to symmetric positive
hyperbolic systems on Lipschitz domains in R”.

3.2 Symmetric hyperbolic systems

The aim of this section is to give a brief account of the theory of well-posedness for a class
of first-order systems of partial differential equations, usually referred to as Friedrichs
systems or symmetric positive systems. These represent a natural generalisation of the
scalar hyperbolic equation whose properties were discussed in the previous section. In
fact, symmetric positive systems embrace a large class of partial differential equations
irrespective of their type, allowing a unified treatment of certain elliptic and hyperbolic
equations by means of a common tool, energy analysis. Historically, the main motivation
for introducing this class of equations “was not the desire for a unified treatment of
elliptic and hyperbolic equations, but the desire to handle equations which are partly
elliptic, partly hyperbolic, such as the Tricomi equation” (see [16]):

0* 0*
- _ Z =0
(y Oz 8y2> =0
which plays a basic role in the theory of transonic flow. Our presentation of the theory
will closely follow the functional-analytic approach adopted in the work of Mackenzie,
Siili and Warnecke [40].
Suppose that  is a Lipschitz domain in R*. Let A;, i = 1,...,n, and C be (matrix-
valued) mappings from €2 into R™*™ m > 1; we shall assume that, for each ¢, the entries

of A; are continuously differentiable on { and the components of C' are continuous on
2. We consider the linear first-order system of partial differential equations

Lu=) ——(Au)+Cu=f Q. (3.4)
i=1 !

The system (3.4) is called symmetric positive if the following conditions hold:
(a) the matrices A;, for i = 1,...,n, are symmetric, i.e. A; = A};

(b) there exists @ > 0 and a unit vector £ € R”, such that the symmetric part of the

matrix
1 o= 0A4; -
K, =C+ = ’ WA
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is positive definite, uniformly on Q; namely, there exists a positive constant C, =
Co(€2) such that

1
S (Kela) + K7 () > Col (3.5
for all z in Q.

The positivity hypothesis (b) can be seen as a direct generalisation of the positivity
condition imposed on the constant M; in the proof of Proposition 3; see also remark c)
at the end of the previous section.

In practice a system of partial differential equations, such as (3.4), is rarely considered
in isolation and will be accompanied with a boundary condition. In order to motivate the
imposition of the boundary condition for symmetric positive systems, we note that for
the scalar hyperbolic equation discussed in the previous section a well-posed boundary-
value problem is arrived at by prescribing a boundary condition on the inflow part of 02
only. By formal analogy, for the system, only the ‘incoming components’ of the solution
vector should be imposed on the boundary, in accordance with the physical notion of
causality. This will be made more precise below. To begin, let us consider the matrix

B :V1A1+...—|—l/nAn,

where v = (v, ..., 1) is the unit outward normal vector field on 9. In order to simplify
the exposition, we shall suppose that B is non-singular almost everywhere on 92 (with
respect to the (n — 1)-dimensional measure on 02); this is equivalent to requiring that
the boundary of €2 is almost everywhere non-characteristic for £. Since the matrix B is
symmetric and of full rank it can be decomposed as B = BT + B~, where BT is positive
semi-definite and B~ is negative semi-definite.

Let us suppose that g is a (sufficiently smooth) real-valued vector function defined
on Q; then an ‘admissible’ boundary condition for (3.4) is of the form

B~ (u—g)|,,=0. (3.6)

We shall also consider the homogeneous counterpart of this boundary condition, corre-
sponding to g = 0; namely,
Bul,, =0. (3.7)

For the time being, these boundary conditions are to be understood formally. Below,
following a similar approach as in the scalar case described in the previous section, we
shall state a trace theorem which assigns a precise meaning to B~ ul,,. First, however,
we single out the class of functions for which such a trace will be considered. For this
purpose, we introduce the graph space of the operator £ as the linear space

H(L,Q) = {v € [Ly(]™ : Lu € [Lo(Q)]™}.

It is a simple matter to verify that, when equipped with the norm

(NI

[v]lleg = (||e_a(£'x)v||[2L2(Q)}m + ||e_a(§'x)£v||[2L2(Q)}m) ;
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the graph space H(L,2) is a Banach space (in fact, it is a Hilbert space with the
natural inner product associated with this norm). Many of the arguments that we shall
use throughout this paper rely on the concept of duality, and we shall also require L£*,
the formal adjoint of £, defined by

. —~ L o
L'v = ;Alaxi + C*v;
the graph space H(L*,Q) and graph norm ||| - |||.q, associated with £* are introduced
in the same manner as for £, but with the weight-function e~*%?) replaced by e¢®).
Let 7o : [H'(Q)]™ — [HY?(02)]™ signify the usual trace operator, defined in Section
2.3, which to each element of [H'(Q2)]™ assigns its restriction to 9. We denote by
[H='/2(0Q)]™ the dual space of [H'/?(9Q)]™; the duality pairing between these two
spaces will be labelled (-,-). The next proposition, stated and proved in [41], will play
an important role in the rest of the paper.

Proposition 5 Assuming that € is a Lipschitz domain in R", the mapping yg : v —
Bo(v) defined on [H'(Q)]™ can be extended by continuity to a linear and continuous
mapping, still denoted vg (and referred to as the conormal trace operator), from H (L, Q)
into [H=Y2(0Q)]™. Moreover, for any u € H(L,Q) and v € [H'(Q)]™ the following
Green’s formula holds

(Lu,v) = (u, L) = (v5(u), 70(v)).
An analogous result holds for H(L*,<).

The proof of this result is identical to that of Theorem 18.6 in the monograph of
Baiocchi and Capelo [4]. The interested reader may also wish to consult [41] for a
detailed proof.

Proposition 5 assigns a precise meaning to the conormal trace operator, by extending
Bo(+) from [H'(2)]™ to the graph space H(L, ). However the ‘admissible’ boundary
condition (3.6) involves B~ rather than B, so we need to introduce a trace operator
based on B~. To do so, we note that the splitting B = BT + B~ induces a natural
decomposition of yg which leads to the definition of the partial conormal trace operators
vp+. This can be seen by defining

vp:(u) = B y(u)  Vue [H(Q)]",

and extending this definition from the dense subspace [H'(Q2)]™ to H(L,) to arrive at
continuous linear operators

vge : H(L,Q) — [H Y2(0Q)]™

with 75 = vp+ + v7-. One can proceed in the same way for H(L*, ().
Equipped with these definitions, in the case of the homogeneous boundary-value
problem (3.4), (3.7) we can define the domains of the operators £ and £* as, respectively,

D(L,Q) ={ue H(L,Q) : y5-(0)=0 on d0},
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D(L*,Q) = {ue H(L*Q) : y5+(1) =0 on 99}

When supplied with the associated graph-norms |||-|||¢.q, |||]|]+¢,0 and the corresponding
natural inner products, D(L£,) and D(L* Q) are Hilbert subspaces of H(L,$2) and
H(L*, ), respectively.

Now we are ready to define the concept of solution. Suppose that f € [Ly(Q2)]™; a
function u € [Ly(2)]™ such that

(u.£¢) = (f,¢) Vo e DL Q) N[H ()"

will be referred to as weak solution of the homogeneous boundary value problem (3.4),
(3.7). If u is a weak solution of (3.4), (3.7) and u belongs to H(L, ), we shall say
that u is a strong solution. We note that the requirement that u be a strong solution
does not preclude the possibility of u being discontinuous; indeed, since only Lu €
[L5(2)]™ is required for u € [Ly(Q)]™ to be a strong solution (rather than u € [H'(Q2)]™),
discontinuities in a strong solution u may arise across characteristic hypersurfaces.

Proposition 6 Let 0€) be a non-characteristic hypersurface for L, and assume that
f € [Ly(Q)]™; then the homogeneous boundary-value problem (3.4), (3.7) has a unique
strong solution u € D(L,Q)). Further, the linear operator L is a continuous bijection
from D(L,Q) onto [Ly(2)]™ with a continuous inverse L~ : [Ly(Q)]™ — D(L, Q). An
analogous result holds for L*.

Proof As in the scalar case discussed in the previous section, the proof is based on Banach’s
Closed Range Theorem. Let us suppose that v € [H'(Q)]™ and take the inner product of Lv
with e=22€2)y: upon integrating by parts using Proposition 5 and splitting the conormal trace
operator vg as yg+ + vp-, we deduce that

1

(e EDypy (v),e ™Dy (v)) + (2 (Kg + K¢)e &0y, e‘“‘““)

= (e Dy (v), e 2D (1)) + (e Ly, 0 alE)y).
Noting (3.5) of hypothesis (b), we arrive at the following Garding inequality:
Colle € e < e €Lyl Vv € [H' @I NDLY).  (38)
As [HY(Q)]™ N D(L,R) is dense in D(L, ), it follows that
Colle™ DLy ||ipyym > VIl Vv € D(L,Q), (3.9)

where C) = (1 + C,, 2)1/ 2. The rest of the proof is identical to the final part of the proof of
Proposition 3, with D(£,Q) and [Lo(2)]™ replacing H_(2) and L2(12), respectively. m

We deduce from the proof of this theorem that the strong solution to the homogeneous
boundary-value problem (3.4), (3.7) obeys the stability estimate

1 (67
lulliz,@pm < 5062 PlEN o @ym,
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where D = diam(2).
More generally, consider the non-homogeneous boundary-value problem (3.4), (3.6),
where f € [Ly(Q)]™ and g € H(L, ). A function u € [Ly(€2)]™ satisfying

(0, L*0) + (8- (8),0) = (£.6) V¢ € DL, Q)n[H (Q)]"

is called a weak solution of the boundary-value problem. A weak solution u to the non-
homogeneous problem (3.4), (3.6) which belongs to H(L, ) is called a strong solution.
Lax and Phillips [36] proved, under the assumption that 0 is a non-characteristic
hypersurface for £, that every weak solution is a strong solution.

In the a posteriori error analysis discussed in the next section we shall require a
regularity result, analogous to that stated in the scalar case in Proposition 4, for the
following adjoint (dual) problem:

L'z = p in Q,
(3.10)
(@ —x) = 0 ond,

where p € [Hy(Q)]™ and x|,q € [H'(0)]™. Instead of imposing technical assumptions
on the data and describing the various instances when such a regularity result holds, for
the sake of simplicity of presentation, we shall adopt the following hypothesis.

Hypothesis 2 Suppose that (a) and (b) hold, and that for p € [Hy(Q)]™ and x|, €
[H'(0Q)|™ (with 09, the boundary of the Lipschitz domain Q C R", representing a non-
characteristic hypersurface for L), the solution to (3.10) is in [H'(Q)]™ and satisfies the
bound

Il < CF (el @ym + I Xlog Nl oym) » (3.11)

where C] is a positive constant independent of  and x.

We shall refer to inequality (3.11) as strong stability of the dual problem. General
circumstances when such a bound holds are discussed in the paper of Tartakoff [58]
(particularly in Theorem 3, p.1118, where p € [H'(Q)]™, in fact, but 9Q is a C*°
hypersurface); see also Theorem 2, in Section 1 of the work of Kohn and Nirenberg [32];
in the case of a symmetric positive system subject to periodic boundary conditions a
bound of this kind was proved by Lax [35].

4 A posteriori error analysis for steady problems

In this section we present the basic theory of a posteriori error estimation for linear
hyperbolic problems.
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4.1 A posteriori error analysis 4 la Johnson

In order to motivate the approach followed in this paper, we present a brief review of
the general theoretical framework of a posteriori error analysis, in the context of linear
first-order hyperbolic systems, pursued by Johnson and his co-workers; for a detailed
account, see [29] and [15].

Let us suppose that Y is a Hilbert space with inner product (-,-) and norm || - ||,
and let £ : Y — Y be a linear operator on Y with domain D(£) C Y; in our case,
L is a symmetric positive system of linear first-order hyperbolic differential operators
on Y = [Ly(Q)]™ with domain D(L) = D(L,2). Given that f € Y, we consider the
problem of finding u € D(L£) such that

Lu—="f.

Next we consider a Galerkin finite element approximation to this problem. We select
a sequence of finite-dimensional spaces { X}, }, parametrised by the positive discretisation
parameter h; for the sake of simplicity we shall suppose that we are dealing with a
conforming approximation in the sense that X, C D(L) for each h. Simultaneously, we
consider a sequence of finite-dimensional spaces {Y}}, with Y}, contained in Y for each
h. For the present purposes, X, and Y}, can be thought of as standard finite element
spaces consisting of piecewise polynomial functions on a partition, of granularity h, of
the computational domain €2; X}, is called the trial space while Y}, is referred to as the
test space. Let Il denote the orthogonal projector in Y onto Yj,. The Galerkin finite
element method can then be formulated as follows: find an approximation u, to u in
X}, such that

Hhﬁuh = th

Equivalently, we can write this as follows: find u;, in X} such that
(Ellh,Vh) = (f, Vh) Vv, € Y}.

In order to obtain a computable bound on the global error e, = u — u,, in terms of the
finite element residual ry, defined by

ry, = f— [,llh,
we note the Galerkin orthogonality property
(rp,vp) =0 Vv, €Y},

which will play a crucial role in the analysis. Further, denoting by L£* the adjoint of
L, we consider the following auxiliary problem, referred to as the dual problem: find
z € D(L*) = D(L*, Q) such that

L'z =u—uy.
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As already indicated in the introduction, the a posteriori error analysis is based on
a duality argument. The first step is to derive a representation of the global error in
terms of the residual; this is achieved as follows:

lu—wl)> = (u—upu—uy) = (u—uy, L2)
= (L(u—u),2z) = (Lu— Luy,z)
= (f — Lup,z) = (r4,2),

where the Green’s identity stated in Proposition 5 has been used in the transition
from line one to line two. Exploiting the Galerkin orthogonality property, namely that
(rn,zy) = 0 for any z, € Y}, we deduce that

[u—w||* = (4,2 — 24) = (h°rp, h (2 — 24)),

where s is a non-negative real number, to be chosen below. According to the Cauchy-
Schwarz inequality,
lw—unl® < [[A7rnll |17 (2 — z)]].

The first term on the right-hand side of this inequality is of the desired form, involving
the (computable) residual r;, multiplied by an appropriate power of the discretisation
parameter, while the second term incorporates z, the solution to the dual problem. Since
the dual-problem has the (unknown) global error as data, z is unknown and has to be
eliminated from the analysis by relating it to u — uy; moreover, an appropriate choice
of z;, has to be made. The details of these steps are described below.

Let us suppose that {WW,},>o is a scale of Hilbert spaces, with corresponding norms
I -1|s, such that Wy =Y and W, is continuously embedded into W,, when oy > 0. We
hypothesise the following approximation property: for each z € W, there exist z; € Y},
and a positive constant Cypy, (independent of z and h) such that

1h7°(z = 2n) || < Cappr[|2]]s-

For finite element methods, this hypothesis is easily fulfilled by choosing W, = [H*(Q2)]™,
for an appropriate s = sgpp > 0, and referring to standard approximation properties of
piecewise polynomial functions in Sobolev spaces, with z;, € Y}, taken as the interpolant,
the quasi-interpolant or the projection of z. Thus we arrive at the bound

[ =y [[* < Coppr | 7rn[ |21

Now we have reached the final and most subtle step in the a posteriori error anal-
ysis. The norm ||z||; appearing on the right-hand side of the last inequality has to be
eliminated in terms of u — u; by noting the relationship between z and u — u;, namely
that £*z = u — u,. In order to proceed, we shall suppose that £* is invertible and that
(£*)~" is a bounded linear operator from Y into W; for some s € [0, Suppr); thus,

Izl = 1(£7) " (a = wp)lls < Corapllu — uall,
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where Cyqp is a positive constant (referred to as the stability constant of the dual prob-
lem), greater than or equal to the norm of (£*)~!. Upon combining the last two bounds
we deduce the desired a posteriori bound on the global error e, = u — u; in terms of
the finite element residual ry,:

[lu = wp[| < Cappr Csta|| 27l

Once the numerical solution u;, has been determined, the finite element residual ry,
and ||h°r,|| are easy to compute. However the last inequality will only be of practical
use if the constants Cy,,r and Cgyp are also available. Estimating Clpy, is a relatively
simple task, using readily available results from approximation theory (see, for exam-
ple, Exercise 3.1.2 in Ciarlet’s monograph [12] for an explicit formula for C,,p, in the
case of standard finite element spaces consisting of continuous piecewise polynomials on
simplices, or the work of Handscomb [23] for sharper estimates of C,,,, for piecewise
linear finite elements on triangles). On the other hand, providing a numerical value
for Cyqp is much harder, involving the study of the well-posedness of the dual prob-
lem. Since any value of Uy, which is arrived at through the use of general analytical
(worst-case-scenario) arguments is bound to be a considerable overestimate of the ratio
|z||s/||lu—up]|, in practice the stability constant Cyy is determined computationally for
the specific problem at hand, as part of the process of a posteriori error estimation or by
other computational means (see, for example, the Thesis of Sandboge [50], where strong
stability constants of dual problems are predicted by means of statistical analysis).

Finally, we have to determine s, the exponent of h in the error bound. Ideally, one
would like the a posteriori bound to reflect the approximation property of the test space
Y, to its full extent; consequently, one would wish to choose s as large as possible, and
pick s = sgppr. Unfortunately, for first-order hyperbolic systems the weak smoothing
properties of (£*)~! (which is a bounded linear operator from Y = [Ly(Q)]™ into the
anisotropic space H(L* ), but not into W, = [H'(2)]™) pose an unsurmountable
limitation on the choice of s. Indeed, since we have restricted ourselves to operating
within the realm of standard isotropic Sobolev spaces, such as as W = [H*(2)]™, where
approximation theory by piecewise polynomial functions is well developed, it follows
that the strongest statement that we can make (in terms of these spaces) is that (£*)~!
is a bounded operator from Y into Y = Wy, only; consequently, s cannot exceed 0 and
we end up with the error bound

Ju = wsll < Cappr Cotanllral

In fact, we note that when s = 0 we do not benefit from the application of Galerkin
orthogonality, and we may simply take z, = 0 in our argument to simplify this bound
to

[lu — | < Citap[ral]-

Either way, we see that in the case of a first-order hyperbolic system the a posterior:
error bound that we arrive at on the basis of the reasoning outlined above is unsatis-
factory in that it fails to display explicitly, in terms of powers of h, the approximation
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properties of the test space Y. Worse still, when the data are discontinuous, linear
hyperbolic equations may possess solutions that are discontinuous across characteristic
hypersurfaces and, under mesh refinement, the associated residual norm ||r,|| will then
converge to 0 very slowly, if at all; consequently, in the absence of the compensating
factor h®, any adaptive algorithm driven by this error bound is likely to be inefficient.

A possible approach to rectifying the problem is based on perturbing the first-order
hyperbolic operator £* (or, indeed, both £ and £*) through the addition of a second-
order elliptic term with a small coefficient (see [31]), which then provides additional
isotropic regularity; in favourable circumstances the perturbed adjoint operator has
bounded inverse from W, = [Ly(Q2)]™ into Wy C [H?(Q)]™ which then allows one to
take s = 2. This approach, however, is associated with undesirable complications when
applied in bounded domains, related to the fact that artificial boundary conditions have
to be supplied for the resulting second-order operator in such a way that the features
of the solution to the hyperbolic system are retained, particularly in the vicinity of the
boundary; a further difficulty with elliptic regularisation of non-dissipative hyperbolic
problems, such as the Maxwell system of electro-magnetism, is that it may introduce a
physically unacceptable level of damping into the model. Our aim in these notes is to
pursue a direct approach to the a posteriori error analysis of finite element methods for
first-order hyperbolic problems, namely one that does not require elliptic regularisation
of the hyperbolic operator. The next section is devoted to some simple examples which
illustrate the technique.

4.2 Petrov-Galerkin finite element methods

In this section we shall present a general framework of a posteriori error estimation for
Galerkin finite element approximations of hyperbolic problems. Suppose that X and Y
are two real Banach spaces, equipped with norms || - ||x and || - ||y, respectively. In the
context of the problems discussed here, we can think of two natural choices:

«) When the boundary condition yg-(u) = 0 is enforced strongly, we take X =
D(L, Q) equipped with the graph norm || - ||x = ||| - |||e,0 and YV = [Lo(2)]™ with
the norm [ - [y = || - [l oy

() When the boundary condition v5-(u — g) = 0 is enforced weakly (through the
definition of the bilinear functional in the variational formulation, rather than
through the definition of the solution space), then we take X = H(L, ) equipped
with the graph norm || - [|x = || - |/le.o and Y = [H*(Q)]™ with the norm || - ||y =
|- Ny

Suppose further that a(-,-) is a bilinear functional on X x Y, and let I(-) be a linear
functional on Y; in the context of symmetric positive systems we adopt the following
definitions, corresponding to cases «) and [3).

«) In the case of a strongly imposed (homogeneous) boundary condition,

a(w,v) = (Lw,v), weX=D(LQQ), veY=[Ly("
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and
[(v) = (f,v), vey =Ly ()"

B) In the case of a weakly imposed (non-homogeneous) boundary condition,

a(w,v) = (Lw,v) = (v5-(W),%0(V)),
weX=HLQ),veY = [H Q)"

and
(v) = (f,v) = (vB-(8),%(V)), veY=[H Q)"

Either way, we arrive at a variational problem of the following form: find u in X such
that
a(u,v) =1(v) Vvey. (4.1)

The existence of a unique solution to this problem in the case of a strongly imposed
homogeneous boundary condition has been shown in the previous section (see Proposi-
tion 6). The problem with the weakly imposed non-homogeneous boundary condition
is easily seen to be equivalent to the problem with strongly imposed non-homogeneous
boundary condition, considered at the end of Section 3.2: u is a solution to one problem
if and only if it is a solution to the other. While in the case of g = 0 the formulations
«) and 3) are entirely equivalent, this is not necessarily true of the associated Galerkin
discretisations; this will be discussed in more detail below.

Let us consider the Galerkin finite element discretisation of problem (4.1). Given
that the computational domain € is a Lipschitz domain in R”, we consider a partition of
; namely, we select a finite collection 7, = {k;} of Lipschitz subdomains r; of © such
that:

1) k; Nk, is an empty set if 7 # j, and
j

Furthermore, in order to avoid the presence of “hanging nodes”, a partition will be
assumed to have an additional property which, for the sake of simplicity, we only for-
mulate in the two-dimensional case using triangular elements; an analogous assumption
is adopted for higher dimensions and other types of elements:

(3) No vertex of any triangle lies in the interior of an edge of another triangle.

We select a family of finite element spaces X}, parametrised by h, 0 < h < hg
(typically, h is taken to be a piecewise constant function whose value on element « is
equal to the diameter of k), consisting of piecewise polynomial functions on the partition
Tn = {ki} of Q, such that X;, C X for all h > 0. Analogously, we suppose that Y}, is
a finite element space contained in Y. It will be assumed that the spaces X, and
Y, are equipped with the norms of X and Y, respectively. We consider the following
approximation of problem (4.1): find u,, in X}, such that

a(uh,vh) = l(Vh) Vv, € Y}. (42)
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The only hypothesis that we shall adopt throughout is that the spaces X and Y},
have been chosen so that (4.2) has a unique solution u,, for each h € (0, hy|; we note

in passing that this can be ensured by satisfying the conditions of the next proposition
(see [3]).

Proposition 7 Suppose that the bilinear functional a(-,-) is bounded on X, X Y} and
that the linear functional [(-) is bounded on Y}; namely, there exists a positive constant
M, such that

la(wn, vi)| < Mi||wallx|[vally

for all wy, in X}, and all vy, in'Yy, and a positive constant My such that
L(va)| < Ma||vally

for all vy, in Yy,. Suppose further that a(-,-) satisfies the following inf-sup condition:
there exists a positive constant My such that

inf sup —a(wh,vh) > My;

0£WLEXK v, evy, || Wl x| Vally —

and
sup a(wp,vp) >0 Vv, €Y.
wpEXy

Then there exists a unique uy in Xy such that
a(up,vy) =1l(vy) Vv, €Y.

Furthermore,

1
u < —||lly.
fallx < 5l

Of the conditions listed in Theorem 7 the boundedness the bilinear functional af(-, -)
on X}, xY}, and the boundedness of the functional I(-) on Y}, follow automatically from the
boundedness of these functionals on X x Y and Y, respectively. On the other hand, the
verification of the inf-sup condition on X}, x Y}, can be a non-trivial exercise, depending
on the choice of the spaces X} and Y},. As the precise structure of the conditions which
guarantee the existence and uniqueness of uy, is of no relevance in the a posteriori error
analysis that we wish to pursue, we shall simply suppose that (4.2) possesses a unique
solution for each h € (0, hg]; no structural conditions on a(-,-) and I(-) of the kind
appearing in Theorem 7 will be made.

Next we derive an a posteriori bound on the global error e, = u — u;. Suppose that
Y € [CR(Q)]™, and consider the auxiliary (dual) problem: find z in Y such that

a(w,z) = (w,y) VYw € X, (4.3)
where (-, -) denotes the inner product of [Ly(€2)]™. Thus,

(en, V) = alep,z) = a(u—uy,z) = alu—uy, z — 2z),
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where z;, is any element in Y;,. Hence

(en, ) =U(z — zp) — a(up, z — z).

We write the right-hand side as (r;,z — z;,), where (-, -) is the duality pairing between
Y’ the dual space of Y, and Y. The quantity r;, € Y is referred to as the finite element
residual. Consequently,

(11 — Up, @b) = <I'h, zZ — Zh>.
Our aim is to derive a bound on the global error in terms of the finite element residual,
based on this error representation formula.

From here on, we shall distinguish between the two cases, labelled o) and ), which
were formulated earlier on, corresponding to strongly imposed and weakly imposed
boundary conditions, respectively. We begin by developing an error analysis for case
).

«) In this case Y = [Ly(2)]™, and therefore

(w—up, ) = (rn,z — 21). (4.4)

We shall suppose that f € [Ly(Q2)]™, that 75, is a finite element partition of €2 into
elements x, and we adopt the following standard approximation property for the test
space Yj:

(c) There exists a positive constant Cs, independent of h, such that for each v €
[HY(Q)]™ there is v;, € Y}, with

1A= (v = Vi)l oy < Collvl|m @y
Theorem 8 Suppose that Hypothesis 2 and condition (c) hold; then,
lu = uplli-1 @ < CLC[|Axl| Lo,
where || - || r-1@qym denotes the norm of the dual space of [Hj(2)]™.

Proof Given that ¢ € [C°(€)]™, it follows from (4.4) that

(u—uh,@b) = (I‘h,Z—Zh)
< IBenllpo e 1B (2 = 20) 1, @)
< Collhrn|l Ly 2l [ () - (4.5)

According to (3.11) with 4 =1 and x = 0,

2l iz < Crllell e (ym -

Substituting this into (4.5), dividing both sides by [|4)||(z1(qym, taking the supremum over all
Y € [C§°(2)]™ and noting that [C$(Q2)]™ is dense in [H}(2)]™, we obtain the desired error
bound. =
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Next, we carry out a similar analysis for case () corresponding to weakly imposed
non-homogeneous boundary condition, with g € [H(Q)]™.
() Arguing in the same way as in case «), we deduce that

(u—up, ) = (vn,2—24)
+(v5-(up — 8),70(z —2z1)) =1 + 11

To proceed, replace c) by the following hypothesis:

(c’) There exists a positive constant Cy, independent of h, such that for each v €
[HY(Q)]™ there is v;, € Y}, with

121 (v = villza@pm + 10270 (v = vi) lizaaym < Collviim @
Term [ is dealt with as in case a) to deduce that

I < Collhrn|a e N2l @
To estimate I, we note that
Vp-(un — 8) = B v0(u, — g) € [L2(0)]™,
so that
1T < [P B o(wh = &) ooy |1 (2 = 20) | a0

and therefore
IT < Co||h' 2 B™vo(wy, — &)l iy |2l oy

Thus, appealing to the strong stability bound (3.11) for the adjoint (dual) problem, we
deduce the following theorem.

Theorem 9 Suppose that Hypothesis 2 and condition (c¢’) hold; then,
lo = wllz-1 @y < CLC: (lhenllima@yn + 1871, a0y |

where ||- || r-1qym denotes the norm of the dual space of [Hy ()™, v, = £ —Luy, denotes
the interior residual, and r, = B~ 7y(g — uy,) signifies the boundary residual.

The interior and boundary residuals measure the extent to which uy, fails to satisfy
the partial differential equation and the boundary condition, respectively. In Theorem
8 the boundary residual term did not arise since there we had X, C X = D(L,), so
the boundary condition was satisfied exactly by all elements of the finite element trial
space, including uy,.
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4.3 The streamline diffusion method

For Petrov-Galerkin approximations of symmetric positive systems ensuring stability is
a non-trivial matter. We have already touched on this issue in the previous section
when we commented on Proposition 7: to prove stability, one has to verify the inf-sup
condition, with a constant M, (preferably, independent of h), for the particular choice
of test and trial space. For examples of stable Petrov-Galerkin methods for hyperbolic
systems, we refer to [37], [38] and [61].

As an alternative to these techniques, in this section we consider a family of meth-
ods which use the same test and trial space and a bilinear functional as(-,-) which is a
consistent perturbation of the bilinear functional a(-,-) such that the resulting Galerkin
method is stable. The stabilising perturbation term acts along the characteristic hyper-
planes of the differential operator £ and can be thought of physically as a numerical
diffusion term in the direction of the streamlines; hence the name of the resulting dis-
cretisation technique: the streamline diffusion finite element method.

In order to highlight the key issues concerning the a posteriori error analysis of the
streamline diffusion finite element method we consider the symmetric positive system

Lu=f inQ, vp-(u—g) =0 on 0, (4.6)

where f € [Ly(Q2)]™ and g € [H'(Q)]™.

Let us suppose that () has been subdivided by a finite element partition 7, = {s;};
here h is a piecewise constant mesh function with h(z) = diam(k;) when x is in element
k;. On this partition we consider the finite element space X3, X, C [H'(Q)]™, consisting
of continuous piecewise polynomials of fixed degree k, £ > 1. It will be assumed that
X, possesses the following standard approximation property:

(¢”) Given that v € [H'(Q)]™, there exists v;, € X}, and a constant Cy, independent of
v and h, such that

1B v = vidlliza@pm + 1B 270 (v = va)llizaa)m
+||Vh||[H1(Q)}m S OQHV“[HI(Q)}m (47)

Given a function v and an associated vy, satisfying (4.7), we shall write v, = P,v
to denote that vy, is assigned to v.

Next, we introduce the streamline diffusion finite element approximation of (4.6); to
do so, we define the streamline diffusion parameter ¢ as a piecewise constant function
on 2 whose value on k € T}, is

8|, = Kpdiam(k), &k € Ty, (4.8)

where Kj is a fixed positive constant. Further, we consider the bilinear form a;(-,-)
defined by
as(w,v) = (Lw, v+ 0LvV) — (vg- (W), 7(V)),
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and the linear functional

ls(v) = (£, v +0Lv) — (v5-(8), 10(V))-

In these definitions (-, -) denotes the inner product of [Ly(€2)]™.
Streamline diffusion method: Find u, € X, such that

a(;(uh, Vh) = lg(Vh) Vv, € X,. (49)

Assuming that X}, has been equipped with the norm of H(L,2), it is a simple matter to
show that as and I satisfy the hypotheses of Theorem 7 on X, with X =Y = H(L,Q)
and Y}, = X}, and thereby (4.9) has a unique solution u,, in Xj. Formally, (4.9) can be
thought of as a perturbation of the standard Galerkin method corresponding to § = 0.

In order to illustrate the qualitative improvement over the standard Galerkin finite
element method offered by the streamline diffusion method, we show in Figure 1 the
results of a numerical experiment. Our model problem is

V-(au) =0 on Q= (0,1)% u=g¢g ond_Q, (4.10)

where a = (2,1), ¢(0,y) = 1 for 0 < y < 1 and g(z,0) =0 for 0 < z < 1. On Q
we considered a triangulation which arises from a 21 x 21 uniform mesh by connecting
the bottom-left corner of each mesh-square with its top-right corner; Figure 1 shows the
numerical solution obtained by using: (a) the standard Galerkin finite element method
with continuous piecewise linear trial and test functions, and (b) the numerical solution
given by the streamline diffusion finite element method with the same trial and test
spaces, and stabilisation parameter K, = 0.5/||a||, where ||al| denotes the Euclidean
norm of a.
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Figure 1: Corner discontinuity problem: (a) Standard Galerkin finite element method;
(b) Streamline diffusion method with K, = 0.5/a]|.

Here we shall be concerned with the a posteriori error analysis of the streamline
diffusion method. The analysis relies on the following Galerkin orthogonality property:

a(;(u — llh,Vh) =0 Vv,eX,. (411)
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The equation (4.11) is easily seen to hold by noting (4.9) and that
ag(ll, Vh) = lg(Vh) Vv, € X

The starting point in the argument is the following dual problem: given that ¢ €
[C§(Q)]™, find z in H(L*,2) such that

L'z=1 inQ, vp+(z) =0 on 09. (4.12)

The a posterior: error bound that we shall state below will be expressed in terms of the
finite element residual
r, = f— Euh

which measures the extent to which u, fails to satisfy the differential equation in €;
thus, as in the previous section, we shall refer to it as the internal residual. Also, since
u;, satisfies the boundary condition only approximately rather then in the pointwise
sense, the difference B~ 7,(g — uy) is not necessarily zero and will be seen to enter the
a posteriori error bound; thus, we also define the boundary residual

r, =B (g —u).
With these definitions we have the following result.

Theorem 10 Assuming Hypothesis 2 and (¢”), the following a posteriori error bound
holds:

lu — w1 (ym < Csl|hrnliy@ym + CLC[IBr; iy
where C3 = C](Cy + KoCy) with C| the strong stability constant for the dual problem

appearing in (3.11), Cy and K, the constants from conditions (4.7) and (4.8) and Cj
defined in (4.14) below.

Proof Let ¢ € [C§°(©2)]™. Recalling the dual problem (4.12), integrating by parts, and
appealing to the Galerkin orthogonality property (4.11), we deduce that, for any z, € X,

(u—up, ) = (rp,z2 — 2) — (yp- (8 — wn), v0(z — z1)) — (drp, Lz})
— [+ IT+II1. (4.13)

Next, we make a specific choice of z,: we take z, = P,z, where P}, is defined in hypothesis
(c”). Terms I and II are dealt with as in case (3) of the previous section; thus, noting (4.7),
we have that

| 1] 1Bh | 2oy 1A (2 = 20 ) (Lo ()

<
< Gollhrn iy e 12l a1 (@)pm s

and applying (4.7) and noting that y5- (g — uy) = B (g — uy) yields

| TT| < Coll B2, 200 120 gy
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Further,
[ IIT| < ||orsllipym |1 L20 |2y )m
< KoCullhrplliry @y 12l m ()m
where
n 1/2
04 = 02 <Z ||AZ||[ZC(Q)}m><m + ||C||[2C(Q)]m><m) . (4-14)
i=1

Upon collecting the bounds on I, IT and III, and inserting them into (4.13), we deduce that

(@ —up, )| < Collhrplliny e 12l a5 )=

+Co W x|l 1 oy 12 oy
+KoCullbrnllin, @y 12l m - (4.15)

Finally, recalling the strong stability estimate for the dual problem, the last inequality implies
the desired a posteriori error bound. ®

When we formally set Ky = 0, the streamline diffusion finite element method reduces
to the standard Galerkin finite element method; similarly, the bound derived in Theorem
10 collapses to that in Theorem 9, as expected.

4.4 The cell vertex finite volume method

In the previous section we outlined the error analysis of the streamline diffusion method
and we saw that perturbing the bilinear form a(-,-) to as(+,-) did not affect the a poste-
riori error bound in the H~' norm (except, perhaps, altering the constant in the error
bound). In this section, we consider a different perturbation of the basic Galerkin frame-
work by applying numerical quadrature to a Petrov-Galerkin finite element method; as
an illustration of the effects of such a “non-Galerkin” perturbation, we discuss the a
posteriori error analysis of the cell vertex finite volume method.

For the sake of simplicity, we suppose in this subsection that €2 is the unit square
(0,1)2. We consider the symmetric positive system in conservation form subject to a
non-homogeneous boundary condition:

0 :
Lu= Z o, (Aju) +Cu = f inQ, (4.16)

vg-(u—g) = 0 on 09, (4.17)

where f € [Ly(Q)]™ and g € [H'(Q)]™. In order to formulate the cell vertex finite
volume discretisation of this problem, we subdivide €2 by a structured mesh consisting
of convex quadrilaterals. Here the word structured signifies the fact that the partition is
topologically equivalent to a uniform square mesh on 2. The cell vertex finite volume
approximation to this boundary value problem is obtained by integrating the system of
partial differential equations (4.16) over each quadrilateral in the partition and exploiting
the fact that the equations are in divergence form: Gauss’ theorem is applied to convert
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integrals over quadrilaterals into contour integrals over the boundaries of quadrilaterals;
these contour integrals are then approximated by means of the trapezium rule. This
process provides a four-point finite difference scheme referred to as the cell vertex finite
volume method, given that the unknowns are carried at the vertices of the cells — the
quadrilateral elements in the partition.

For the purposes of the present paper it is useful to note that the construction of
the cell vertex scheme can be also described in the language of finite element methods.
Thus, let F = {T,}, h > 0, be a regular family of structured partitions 75, of 2 = (0,1)?
into convex quadrilateral elements «;;. In order to introduce the relevant finite element
spaces, we define the reference square & = (—1,1)?, and denote by F,; the bilinear
function that maps & onto the ‘finite volume’ k;;. Let Q;(%) be the set of bilinear
functions on &, and Qg(k) the set of constant functions on #. We define

Vi = {velL@)"  v=voF.!, ve[Q®)]" ny T},
X, = {w € [H Q)" : w=oF,', we Q)" rye Th}

Let us denote by I, : [Ly(2)]™ — Y}, the orthogonal projector in [Ls(£2)]™ onto the
linear subspace Y}, and by

Ty : (H(L,Q) N [CE)]™)? = Xi x X,
the interpolation projector onto X, x Xj,,. With this notation, we put

an (W, vi) = (divZ, (Awy), vi) + (Cwy, vi) — (vB=(Wh), Y0 (Va)),

and
I(vi) = (£,vn) = (vB-(8), 70(Vh))-

The cell vertex finite volume approximation of the boundary-value problem (4.16),
(4.17) is now defined as follows: find u;, € X}, such that

ah(uh,vh) = l(Vh) Vv, €Y. (418)

In order to proceed we shall suppose that (4.18) has a unique solution u,; for the
discussion of conditions which are sufficient to ensure that this is the case, and for
theoretical results concerning the stability and convergence of the cell vertex scheme we
refer to [5], [43], [44], [52], [53] and [54].

Theorem 11 Suppose that Hypothesis 2 and (c¢’) hold; then, the cell vertex scheme
obeys the following a posteriori error bound:

[lu = ap| -1y < CHC|IBr Loy + 127x5 IiLaconym ) + [[En o]

where C] is the constant from the strong stability estimate (3.11), Cy is the constant
from the approzimation property (c¢’), v, and r; are the interior and boundary residual,
respectively, and ¥, = I1,div (Z,(Auy) — Auy,).
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Proof Suppose that ¢ € [C§°(2)]™ and consider the adjoint (dual) problem
Lz=¢ onQ Y+ () = 0.
Then,

(u—up, ) u—uy, L'7)

L(u—w,),2) — (yp- (u — up), 2)
ry,z) — (r},,z)

vy, % —2p) — (v, , 2 — zp) + (Fn,2p)
= I+ II+1I1I.

~—~ ~ —~

Thus, choosing z;, = II;z and exploiting the fact that with this choice of z; the approximation
property (c¢’) holds, we have that

[TTT| < 20l 2y ym N2l 1L ()pm

and
[T+ 11| < Cy (“hrh“[Lz(Q)]m + ||h1/2rﬁ||[L2(aQ)]m) 2|z ()

as in the proof of Theorem 9. Adding up the bounds on I, IT and II1, and recalling the strong
stability estimate
2/l () < CLllY I @)pm

we obtain the desired result. m
The third term on the right-hand side of this a posteriori error bound can be rewritten

as
sup |a(up, vi) — ah(uh,vh)|,
VREY} ||Vh||[L2(Q)}m

and can be thought of as the consistency error between the bilinear functional a(-,-)
and its discretisation ay(-,-), resulting from the non-Galerkin-type error committed by
applying a numerical integration rule.

4.5 Reliable quantitative error control and adaptivity

We have established a number of a posteriori error bounds on the global error u—u,, for
finite element and finite volume approximations of symmetric positive systems. These
bounds are of the following generic form:

1/2
o — up|[ -1y < C (Z Im(uh)|2> , (4.19)
KETH

where C, is a ‘computable’ constant and 7,(uy) is a local error indicator on element k
involving the numerical solution uy,; in particular, in Theorem 8

Nk (Wn) = [[hen|{Lyge)m
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in Theorems 9 and 10

_ 1/2
Nx(un) = (“hrh“[ZLQ(n)]m + ||h1/21'h ||[2L2(8nr18§2)}m) )

and in Theorem 11 we have that
2 1/2..— 12 o2 1/2
Nw(un) = (Hh’th[LQ(n)}m + 1277y s omnanym + ||rh||[L2(n)}m) -

The right-hand side in the error bound (4.19) can be evaluated once the finite element
solution uy has been computed and can be used to estimate the size of the global error in
the norm of [H~'(Q)]™. Moreover, exploiting the a posteriori error bound it is possible
to adaptively control the global error to a desired tolerance level by suitably refining the
partition. In order to achieve reliability in the sense that

[u — up|[f-1(aym < TOL,

where TOL is the prescribed error tolerance, it suffices to ensure that

1/2
na(uy) = C. (Z Im(uh)l2> < TOL.

KET

In addition to reliability we are also concerned with efficiency, which means that
among all possible partitions which yield an approximation with this accuracy we want
to determine (the) one that has the smallest number of degrees of freedom. Constructing
a partition that is optimal in this sense is a difficult nonlinear optimisation problem
whose solution is rarely attempted in practice. The usual approach to constructing a
partition which does not contain an excessively large number of elements is to proceed
iteratively: we start with a coarse mesh and refine it successively based on the size of
the a posteriori error estimate, and in the course of doing so we try to keep the number
of elements as small as possible. The last inequality can be thought of as a stopping
criterion in this iterative processes. In fact, one can adopt various strategies to generate
a sequence of partitions from an initial coarse mesh; here we mention only three of the
most popular approaches, following Rannacher and Suttmeier [48].

Let an error tolerance TOL or a maximal number of elements N, be given. Starting
from some initial coarse partition, the refinement criteria are chosen in terms of the local
error indicators 7, (uy).

1. Error-per-cell strategy. In this approach the mesh generation aims to equilibrate
the local error indicators by refining or coarsening the elements x in the current
partition 7, according to the criterion

() ~ LOL
N \(Up NC*\/N,

where N is the (predicted) number of elements in the resulting new partition. Since
N depends on the result of the refinement decision, this strategy is implicit and
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requires an iterative implementation. It is common practice to work with a varying
value of N on each refinement level, with N successively updated according to the
outcome of the refinement process. This strategy will deliver a partition on which
na(up) &~ TOL, provided that N, is not exceeded.

2. Fized-fraction strategy. In each refinement step, the elements are ordered accord-
ing to the size of the local error indicator 7, (uy), and then a fixed partition (in
two dimensions, typically 30%) of the elements x with largest 7,(uy) is refined
(resulting in about doubling the number of elements). This process is repeated
until the stopping criterion ng(u,) < TOL is satisfied, or Ny is exceeded.

3. Fized-reduction strategy. Here one works with a variable tolerance TOL,,.. Sup-
posing that on a partition the approximate solution u; has been obtained, the
tolerance is set to TO Ly, = on(uy), where o € (0,1) is a fixed reduction factor
(e.g. 0 =0.5). In the next step one (or several) cycles of the error-per-cell strat-
egy are performed with tolerance TOL,,,; this provides a new mesh 7,"*" and a

new solution u}®” with associated error estimator n(up”). Then the tolerance is

reduced again by setting TO Ly, = o n(u}®”) and a new refinement cycle begins.

This iterative process is repeated until TOL,,, < TOL, or Ny, is exceeded.

In each of the three strategies we repeat mesh modification followed by solution on the
new partition until the tolerance is satisfied, or the prescribed maximum number of
elements is exceeded.

We conclude this section by showing that the adaptive algorithms outlined above
will terminate in a finite number of steps. We shall suppose, for simplicity, that only
mesh refinements are carried out and no derefinements are done. It is clear that if
reaching a prescribed maximum number is taken as stopping criterion, then the mesh
refinement algorithm will terminate after a finite number of steps. If an error tolerance
is given instead as stopping criterion, then termination of the refinement algorithm can
be ensured by proving that the finite element method satisfies the a prior: error bound

ot = wnllzaoge + 1 [0t = Wi ey < C [T, (4.20)
where C'(u) depends on u (and its Sobolev smoothness),
|h| = max{h, : k € Tp},

and e is a fixed real number in the interval [0, 1).

Concerning finite element approximations of the kind mentioned in Theorems 1 — 3,
an a priori error bound of the type (4.20) can be derived under suitable assumptions
on the smoothness of u, the choice of the trial and test space, and the regularity of the
partition. Then, noting that r, = L(u — uy,), it follows that

||hrh||[L2(Q)]m S Const.|h|||u — llh”[Hl(Q)}m S C’OTLSt.|h|1_E,
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and similarly,

1255 ooy < Const.|h]"2|vo(u — wy)lliza o
1/2 1/2
< Const.|h]"|la = w2 gm0 = wallif oy

< Const.|h|'".

Thus, considering Theorems 1 — 3, it is a simple matter to show that, under the same
assumptions as are required to ensure that the a priori error bound (4.20) holds, we

have that
1/2
(Z |nﬁ(uh)|2> —0  as|hl =0,

KETH

and, therefore, the stopping criterion will be satisfied eventually as the mesh is refined.

Concerning Theorem 4, it can be shown that the cell vertex finite volume method
satisfies an a priori error bound of the type (4.20). More precisely, suppose that u €
[H*(Q2)]™ with s > 1, that the components of the matrices A;, i = 1,...,n, and C
belong to C*1*1(Q)), that the matrices A; are positive definite, uniformly on 2, and that
the family of structured partitions {7} is quasi-parallel (namely, there exists a fixed
positive constant ¢, independent of |h| such that, for each k in Ty, the distance between
the midpoints of the two diagonals is bounded by c,|h|?); then

||U_ — uh||[L2(Q)]m + ||thiV(A(u - uh))”[h(m]”
+|hlJu — up|igrym < Const.[h]™ ||l @y,

for 1 < r < min(s,3). In the scalar case (m = 1) and uniform square meshes this has
been proved in [5]; the extension of the error analysis presented in [5] to the case of
m > 1 is straightforward, while quasi-parallel meshes can be dealt with by following the
analysis in [53]. At any rate, under these hypotheses and taking r =2 —¢€, € € [0, 1), it

follows that
1/2
(Z |nﬁ(uh)|2> —0 as|hl =0,

KETH
and, therefore, the stopping criterion will be satisfied eventually as the mesh is refined.
The use of an a priori error bound to prove that the refinement algorithm termi-
nates after a finite number of steps presupposes that the hypotheses under which the a
priori error bound has been established are valid; in practice, this may be a restrictive
requirement, and it is likely that termination will occur in circumstances which are less
demanding than those in a prior: error analysis.

5 Local considerations for steady problems

In the previous section we derived various a posteriori error bounds of the general form

1/2
[lu = s [zr-1 (@) < Const. (Z |77“(“h)|2> !

KETH
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and we showed how reliable quantitative error control, to within a given tolerance, can
be achieved through a feed-back process based on mesh adaptation. We also showed
that, under mesh refinement, the local error indicator 7,(u,) must converge to zero.
However, it is not clear from these global considerations to what extent the reduction
of the local error indicator on element k contributes to the reduction of the global error
e, = u — uy, restricted to element k¢ In this section we shall approach this question
from two different viewpoints:

1. We argue that, due to error propagation phenomena, the local error indicator
ne(up) on a particular element s controls only a portion of ey|., namely a local
quantity e called the cell error; error propagation is a non-local process and
the complementary portion of the error, e/ = e, — e!, called the transmitted

error, does not obey a local bound.

K K Y

2. Having shown that the local error indicator puts a bound only on part of the global
error on each element, we prove that, at least for scalar problems, e, restricted to
element kg can be bounded by the sum of local error indicators 7,(uy) over all &
that intersect the domain of dependence of kq.

The first viewpoint, analysed in Section 5.1 below, highlights the fact that by reducing
the local residual ry,|,, we reduce only the part of the global error which has been ‘created’
in k, but not the part which has been ‘transported’ into k. The second viewpoint,
discussed in Section 5.2, shows that in order to reduce the whole of the global error
in an element ky, we have to reduce the residual in each element x whose domain of
influence intersects k.

5.1 What is controlled by the local residual?

This section is based on the papers [41] and [55]. Here we shall restrict ourselves to an
overview of the main results; the reader is referred to these papers for further details.

Let us suppose that x is a Lipschitz subdomain of Q2 whose boundary Ok is a non-
characteristic hypersurface for the operator £. The domain k can be an element in the
finite element partition of €2 or a union of neighbouring elements; we shall refer to x as
a cell. Throughout this section (+,), will denote the inner product of the Hilbert space
[Lay(x)]™, and (-, -)a, will signify the inner product of [Ly(9k)]™.

On k we consider the local boundary-value problem

Lu, =f on k, vp- (@, —uy) =0 on Ok.

According to the theory outlined in Section 3.2, this problem has a unique strong solution
uy; in fact, @, can be thought of as a local solution of the partial differential equation
(4.1) subject to a boundary condition whose data is a distortion of the correct local
boundary data B~ u|,,., due to the numerical error that has been ‘created’ outside the
cell and is being advected into x through the boundary dx. We shall refer to the quantity
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as the cell error; clearly, e belongs to D(L,x) and it is the solution of the local
boundary-value problem:

£ecell =r, onk, Yp- (ecell) =0 on Ok. (51)

K K

Thus e is governed by ry|. and is not influenced by numerical effects which occur
outside k. The complementary quantity

e,tirans —u— ﬁha

called the transmitted error, represents the component of the global error e, which has
been created upwind of the cell k¥ and is merely advected into it. The transmitted error
restricted to x is the solution of the local problem

trans

L —ep) =0 on Ok.

trans
Le,[ "™ =0 on Kk, vp-(e

We note that the concept of cell error is analogous to the notion of local error arising
in the theory of numerical approximations to ordinary differential equations (see Hairer,
Norsett and Wanner [22]).

With these definitions, we have the following decomposition of the global error:

eh|,i — eiell 4 eirans.
Equation (5.1) shows that the local residual ry,|_ is directly related to the ‘locally created’
part of the global error, e, on cell k.

Next we shall state sharp two-sided bounds on the cell error in terms of the cell
residual; these will show that it is reasonable to attempt to improve the accuracy of the
numerical method by reducing the size of the residual on those cells where it is largest.
In order to simplify the presentation, we shall suppose that the centre of the coordinate
system is the centroid (centre of gravity) of cell k; if this is not the case, then the local
exponential weight function exp{—«(¢ - z)} in Theorems 12 and 13 below should be
replaced by exp{—a({ - (x — z.))}, where x. is the centroid of cell k; this ensures that
the local weight function is close to 1 when h = diam(x) << 1.

Theorem 12 We have the two-sided local error bound:
min o (z) el < e e < chs) maxw(@lleallmoge. (5.2

where w(z) = exp{—a(& - 2)}, ch(k) = (1 4+ 1/co(k)?)'/?, and co(k) is the constant from
condition (b) applied on the cell k (clearly, co(k) > Co(Q2) for all k C Q).

Proof Recalling that rj, = £e§e” on cell k, the first inequality is a straightforward consequence
of the definition of the norm |||-|||,¢. The second inequality follows from the Garding inequality
(3.9) with Q replaced by x and v =e. =

It is intuitively clear that the global error e is non-local in character, and an error
committed in certain part of the computational domain (say, near an inflow boundary,
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for a scalar hyperbolic boundary-value problem) will be also felt in other parts of the
domain. Thus, it is unreasonable to expect that the restriction of the global error to a
cell is controllable merely in terms of the residual on that cell. This is, indeed, the case:
in contrast with the local two-sided estimate obeyed by the cell error, the transmitted
error satisfies only a non-local one-sided error bound; namely,

( )Hwetrans“ )]m —|—(B wetrans wetrans)an ( B wetrans wetrans)&w

K K K

where w(x) is as in the previous theorem. We say that the bound is non-local because
it involves B~ €|, the ‘incoming components’ of e which have been created
outside xk and are being transported into «; from the point of view of an observer sitting
in cell k these are pollution effects from outside k. The proof of this error bound is
based on taking the L, inner product on s of the equality Lel"® = 0 with w?el""*,
integrating by parts, and splitting the conormal trace operator into partial conormal
traces.

Using a duality argument, it is possible to derive a local two-sided bound on the Lo
norm of the cell error in terms of the dual graph norm of the residual, the dual graph
norm ||| - ||[} . . being defined by

oy (90
et Nllleme

* n,§

Theorem 13 Suppose that e € [H'(k)]™; then, we have the two-sided local error

bound:
cell”

(5.3)

min &(z)||[rall] . < lle m < ¢y(k) max i (z) s
TEK TEK

where w(x) = 1/w(x), and w(x) and c{)(/i) are as in the previous theorem.

Proof Recalling the definition of the dual graph norm ||| - |||, ., we have that

*I{,’
enllfe = Celif = sp LSO gy (LD
sk R v [ [aias7 S [ [
o I e L Bl
T $eD(L* k) 1],

< Jlem &Ml p, oy < rgggw(ﬂf)lleie”||[L2(H)]m-

Hence the first inequality. To prove the second inequality, we consider the local adjoint
boundary-value problem

L = e 2E)gcell o Bty =0 on 0k,

K

and we note that the corresponding (unique) solution ¢ belongs to D(L*, k). Now since
ec!! ¢ D(L,x) N[H'(x)]™, upon integration by parts we have that

cell cell cell L*
lieallne =  sup CEoF @ o (Lo ohn (o7, L)
GED(L* K |||¢|||* oR3 |||(,0|||*7,i,§ |||‘p|||*,n,§
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(ea(ﬁ-x)ﬁ*% ea(g'x)ﬁ*tp),ﬁ _ ||ea(£-x)ﬁ* <,0||[2L2(R)}m
1] s, el |0 €

1

(k)

e~ (&)

Y

e &)L ol 1, (yym = e s

co(r)
That completes the proof. =

The a posteriori bounds (5.2) and (5.3) provide sharp estimates of the cell error;
unfortunately, the dual graph norm of the residual is difficult to compute in practice
since its definition involves a supremum over the infinite set D(L*, k) (although, in [51]
the dual graph norm [[|-[[[} , - Was approximated by partitioning the cell & and consider-
ing the supremum over a finite dimensional subspace of D(L*, k) consisting of piecewise
linear functions on such micro-partitions; this approximation was then successfully im-
plemented into an adaptive finite volume algorithm for the numerical solution of the
Euler equations of compressible gas dynamics in two space dimensions). In addition to
the fact that the dual graph norm is unattractive from the computational point of view,
it is not clear at this stage how (5.3) relates to the a posteriori error bounds established
in the previous section which involved [|Arp|(r, )= instead of |[[ry]l[, . Our aim now
is to resolve these issues by showing that ||[rs]|[, ,  can be further bounded above by
a constant multiple of ||Ary||(z,)m, a quantity that is simple and cheap to compute;
we shall also prove that there is a similar lower bound. Thus we shall obtain a local
two-sided bound on the L, norm of the cell error in terms of the Lo norm of the finite
element residual r, scaled by the local mesh size. These results will establish a connec-
tion between the global a posteriori bounds of Section 4 and the local estimates on the
cell error described earlier in this section.

The theory of error estimation that we described so far is valid for any symmetric
positive system, irrespective of its type. In order to proceed, we shall replace the posi-
tivity condition (b) by a stronger hypothesis, thereby restricting ourselves to symmetric
hyperbolic systems. Namely, we shall suppose the following:

(b”) There exists £ € R" such that the matrix Sor &A; is positive definite, uniformly

on §2; i.e. there is a positive constant ¢y = ¢o(€2), such that

ZfiAi(x) > col for all z € Q.
i=1

This condition is referred to as hyperbolicity in the sense of Lax (see [35]). In the rest of
this section we shall assume that (b’) holds instead of (b).

Theorem 14 Suppose that et € [H'(k)]™; then we have the following one-sided a
posteriori error bound on the cell error:

e | iragmym < es(B) 1Pl Loy s
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where

cs(k) = ca(k)(1+1/co(k)?)%exp(a(l + h)E]),
c2(k) = (B*+ co(w)?/4) 7 Pexp(alé]),

co(kK) is the constant from condition (b’) applied on the cell k and h denotes the diameter

of K.

Proof Let us choose ( € R™ (to be fixed later on) and let k be any element in the partition of 2.
In order to simplify the presentation we shall assume that the origin of the coordinate system
is the centroid (centre of gravity) of «; if this is not the case then the local exponential weight-
function exp(a(( - x)) in the expressions below should be replaced by exp(a(( - (z —z.))) where
x. is the centroid of k, so that the local weight function remains bounded on k as h = diam(k)
converges to zero. The proof consists of two parts. First we prove the local Garding inequality
stated in (5.8) below. In the second part of the proof, we use this inequality to show that
the dual graph norm of the residual, |||ryl[[} . ¢, is bounded above by a constant multiple of
[[hen |[[1y(x)m; this, together with the second inequality in (5.3) will yield the desired result.
Part 1: Given that ¢ is an element of D(L*,x) N [H'(k)]™, we have that

/ 20(C-2) < ZA 8¢ 4)) -¢dx:—%/ e2C?) . (Bg) ds
K ok

n / (20(Ca) <c+ aZCZA + ‘ZA ) $dz. (5.4)

i=1

Since we are dealing with real-valued functions,

(€D, Ch), = (2D C*h, §),, = (2D, C*P),.

Applying this identity in the second integral on the right-hand side of (5.4) gives

/ 20(C-x) ( ZA —|—C* ) (ﬁdl':—%/ 62a(§'$)¢.(3¢)d3
K oK
v [y, <0* +aZ@A ‘ gA ) b, 55

Adding (5.4) and (5.5), and noting that B = BT+ B~ with BT¢ = 0 on 0k and —¢-(B~¢) >0
on dk, we deduce that

a(l-x) px oz 1 *
/KeZ CD)L*p. pde > /KeZ (o). 5 (K (@) + K (2))¢ dv. (5.6)

The remainder of Part 1 of the proof is devoted to showing that the matrix K¢(z)+ K7 (z)
is positive definite, uniformly on k, and that the inequality (5.7) below holds. Substituting
(5.7) into (5.6) will then yield the Garding inequality (5.8). Let us therefore consider

%(Kg(ac)—i-Kf(a:)) —(C+C*+

8
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So far ¢ has been an arbitrary vector from R"; now (as promised at the beginning of the proof)
we fix its value and take

G=h7, i=1,...,n, where h = diam(x).

Applying hypothesis (b’) we have that

%(Kg(x) + K¢ () > B! (aco(ﬁ)1+h ( (C+C")+ 5 2:: gi)) :

Since, by assumption, the entries of C and 0A;/dz; belong to C(Q), it follows that, for h
sufficiently small and all x € &,

L (K (o) + K2 (@) > 20

I. (5.7)

Substituting (5.7) into (5.6) gives the local Garding inequality

* ac a(C-x
/ 2T prg . pdg > 2“}5 )/e2 (C2)| |2 de (5.8)

for all ¢ € D(L*, k) N[H'(2)]™, and by density also for all ¢ € D(L*, ). Further, applying
the Cauchy-Schwarz inequality to the left-hand side of (5.8), it follows that

1 1
</ e?a(c.m)|¢|2 dI) ? < 2h </ 62(1((-:1:)|£*¢|2 dI) 2 (59)
p aco(k) \Jx

for all ¢ in D(L*, k). This completes the first part of the proof.
Part 2: Now we use (5.9) to show that the dual graph norm of r;, is bounded above by a
constant multiple of ||hry, ||z, (.)m; indeed,

|(th, P)l
sen(@ ) (@ CIGIR, o + (XL )3
. le=a(o) rhll Lz(n)]m||e°‘(c'x)¢||[Lz(n)}
< sup 5 2 3
peD(L*x) ([|e(¢2) ¢|| o+ ||ea(6-m)£*¢||[L2(K)]m)z
< h(h2 + 04200(I€)2/4)71/2||eia(<.m)rh||[L2(n)]m' (5.10)

This is essentially the desired bound on the dual graph norm of the residual, except that the
left-hand side includes |[||rp |||, , . instead of |[|rp[[. , ¢, and an exponential term appears under
the norm sign on the right. The concluding part of the proof shows that this exponential term
is bounded independent of A and that the norms ||| - [|[} . - and [[| - [|[} , ¢ are equivalent.

As |a(¢ - z)| = h~la|¢ - 2| with h(< 1) denoting the diameter of x, upon recalling that the
origin of the coordinate system is at the centroid of &, it follows that

(¢ z)| < alg]. (5.11)
Substituting (5.11) into (5.10) gives

Henlllme < c2(R)hTn iz (5.12)
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where ¢y(k) = e®l€l(h% 4 a?cy(k)?/4)~"/2. Now let us note that, with

T a(éx) px 1
1]l me = (1™ ED B, m + 167 L GIIF )2

and
e(§m) — qo(Cx) g—a((—=&)w _ ja(Cw) e*aﬁ(lfh)-(x/h),

we have that
e MRl g < 1l s

Consequently,

( h7¢)
lenllne = sup  1Em Pl atep (5.13)

pen(c* k) |18l r.e e
Finally, we recall the second inequality in (5.3),

u :
e 2oy < () max X ED ey [[L .

and combine this with (5.12) and (5.13) to deduce that
€€ 17y gy < (k) ea ()™ T Ry || 1, (oypm

and hence the desired bound. m

Theorem 14 provides an upper bound on the L, norm of the cell error, analogous to
the second inequality in (5.3). Now we prove a lower bound on the Ly norm of the cell
error, similar to the first inequality in (5.3). To do so, we consider a uniformly regular
family of micro-partitions of the cell x, and let Sh = S; (k) be a finite element subspace

of D(L*, k) on such a micro-partition; here h = h(x) denotes the maximum diameter of
elements in the micro-partition. We denote by P; the orthogonal projector in [La(x)]™
onto the finite element space Sj .

Theorem 15 We have the following a posteriori lower bound on the cell error:
ca(®)|hPxallimaeopm < e lizagoim,
where c4(K) is a computable constant.

Proof According to the definition of the dual graph norm, we have that
|(th, )«
¢€D 5* ) (le™€DP)IZ m + Ne*EDLGIZ )
I(I‘h, b3 )5l
sup . 2
2155 ([[e®CPByIIT, oy + 1e*ED LG 1T )

Ienll e

D=

M

(5.14)

where we made use of the fact that D(L*,x) D Sj (k). Recalling that the family of micro-
partitions of k has been assumed uniformly regular, we can apply the standard inverse in-
equality (see [12])

1
<2:||e (€ )—8; !|[2L2(H)]m) < —5ﬁ 1e*CD i llizamyms S5 € S
i=1 ¢
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to deduce that R
1eED L i o mym < B es(8) 162 C Db Ml i1 gy

where )
3

CG(K,) = iLHCH[LOO(H)]me + CS(K/) <Z ||Az||[2Loo(,i)}m><m>
=1

Therefore, o
165 sme < BT1(R2 + c6(5)?)/2][eED by [ 17, ey

for all ¢; € S;. Substituting this inequality into (5.14) gives

Ao ry,, b
“rh |fk,li,§ > h(h2 +06(K/)2)71/2 su |( h ¢h)’€|

e S A AT
— 7 _l j
e M (R2 + (1)) 2 | Py rall 1 (x)m -

Combining this result with the first inequality of (5.3) we obtain the desired lower bound on
the cell error. m

The upper bound stated in Theorem 14 and the lower bound from Theorem 15 can
be coupled into a single two-sided bound on the L, norm of the cell error; namely,

ca(B)[hPyrhlliaom < €5 oty < es()|Ihrnl|izeepm (5.15)

where c3(x) and ¢4(k) are computable constants. We note here that unlike the sharp
two-sided bound on the L, norm of the cell error in terms of the dual graph norm
of the finite element residual given in Theorem 13, the two-sided bound (5.15) is not
asymptotically sharp because of the mismatch between the expressions under the norm
signs in the lower and the upper estimate. Nevertheless, (5.15) is ‘almost sharp’ in the
following sense: in practice h can be chosen to be a fized fraction of h such that

ltn — Pirallizowyp < elltallizaym,
where € € (0,1) is a fixed real number; then, by Pythagoras’ Theorem,
[y e e e W [/ Y [

This indicates that the lower bound in inequality (5.15) is at least ‘comparable’ in form,
if not in size, with the upper bound.

To conclude, inequality (5.15) shows that in adaptive mesh refinement processes
driven by residual-based error indicators, such as the ones listed at the beginning of Sec-
tion 4.5, only cells with large cell error will be flagged for refinement (ignoring boundary
conditions); the complementary part of the global error on a cell cannot be detected by
measuring the residual on that cell only; to achieve local error control, a more global
bound is required. This is the theme of the next section.
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5.2 What controls the local size of the global error?

In the previous section we showed that due to pollution effects the finite element residual
restricted to a cell puts a bound only on part of the global error restricted to that cell,
and we derived local bounds on this part of the global error in terms of the residual.
Here we show that in order to bound the whole of the global error restricted to cell s
we have to involve residuals over all the cells which intersect the domain of dependence
of cell k: the resulting a posteriori error bound is non-local in nature. The results
presented in this section are based on the paper [27]. For the sake of simplicity we focus
on scalar hyperbolic equations, corresponding to m = 1, and consider the following
boundary-value problem:

Lu=V-(au)+cu=f inQ, (V-a)’u‘mzo,
in a convex Lipschitz domain @ C R", where (2)~ = min(z,0) denotes the negative part
of the number x. We shall suppose that a = (ay,...,a,) has its components in C?(Q)

and that ¢ € C1(Q). The function f will be assumed to be in Ly(Q2). Recalling the
definition of the inflow boundary 0_€2 from Section 3.1, we can restate the problem as
follows:

V-(au)+cu=f in ), u=0 on 0_9.

The adjoint operator £* of £ on €2 is defined by
L'2=-a-Vz+cz.

Suppose that & is an element in the partition of Q. Let D(x) denote the union of all
forward (with respect to 0, ) characteristics of £* contained in Q which emanate from
k. Equivalently, D(k) can be described as the union of all backward (with respect to
0_Q) characteristics of £ contained in €2 which emanate from x. Further, we denote by
Dy, (k) the set of all elements in the partition which intersect D(k).

Similarly as in Section 4.2, we shall consider two situations, referred to symbolically
as «) and f3), corresponding to a Galerkin finite element method with strongly and
weakly imposed boundary conditions, respectively.

«) In this case, we have the following result (note that since we are dealing with the
scalar case hypothesis (a) is redundant).

Theorem 16 Suppose that (b) and (c) hold with m = 1, that the entries of a are in
C*(Q) and that ¢ € C'(Q); then

lu = un|l 1) < CLO IR || Lo(Ds ()

where r, = f — Luy, denotes the residual corresponding to the finite element approxrima-
tion uy, to u.

Proof For 1) € C§°(k) consider the adjoint (dual) problem

L'z=1) on £, (v- a)Jrz‘89 =0,
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where (z)* = max(z,0) denotes the positive part of the number z. Since 1 has compact
support in k, characteristic theory implies that the support of z is contained in D(k). Let
zp, € Yy, denote the quasi-interpolant of z (see [9], [11]); then, by Galerkin orthogonality, we
have that

(u —up, ) = (v, 2 — 21)-

Further, since the support of zj, is contained in Dy(x) and Dy (k) D D(k), it follows that

(u —up, ) = (Th, 2 = 21) D, (k)

Applying the approximation property (c) (with m = 1) and noting that Dy (k) C Q gives

[(u = un, )| < Collhrall Ly Dy () 121 11 (02)-

Now, recalling the strong stability of the dual problem,

12/l () < Clllvla @) = Cillbllm w)-

Hence, for any ¢ € C§°(k),

[(w = un, )| < CLCo\hrwll Loy () 1 2 (1) -

Dividing both sides of this inequality by [[¢||z1(s) and taking the supremum over all ¢ in
C§°(k), upon noting that C°(k) is dense in H} (k) and recalling the definition of the negative
Sobolev norm || - || z7-1(,), we arrive at the desired a posteriori error bound.

In the previous section we decomposed the global error e, restricted to cell k, as

ecell + etrans

€|,i: K K )

and we gave, in Theorem 14, a bound on the L, norm of the cell error in terms of the
local finite element residual, which in the case of a scalar hyperbolic equation (m = 1)
has the following form:

lec™ a0y < cs(8) A7l ogs)-

We also noted that the Ly norm of the transmitted error on k can be bounded by the
Ly norm of the incoming component of the transmitted error on 0x. Here we show a
further bound on the transmitted error which is closer in spirit to that in Theorem 16.

Theorem 17 Suppose that (b) and (c) hold with m = 1, that the entries of a belong to
C%(Q) and that ¢ € C'(Q); also suppose that ¢« € H' (k). Then

lex ™ N1 < (C1C2 + es(W) Il LoDy (m-

cell
K

Proof Writing €7 = ¢|, — e

K
norm, we have that

and applying the triangle inequality for the || - || gz-1()
trans

e ™ -1y < llellr—1 ey + lew™ 1) (5.16)
According to Theorem 16,

el z-1(s) < CLCo\hrpll Ly (D) (1)) - (5.17)
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Further, by the definition of the H~'(x) norm and recalling Theorem 14,
e 11y < N Moty < ea(®)IATR ] Ly ()- (5.18)

Substituting (5.17) and (5.18) into (5.16) and noting that x C Dy, (k) we complete the proof. m
() We consider the scalar hyperbolic equation

V-(au)+cu=f  inQ,
subject to the non-homogeneous boundary condition
(a-v) (u—g)=0 on 092,

with the same hypotheses on a, ¢, f and Q as in case «) above; further, we suppose
that g € Ly(0). In the case of a Petrov-Galerkin finite element approximation with
weakly imposed boundary condition we have the following a posteriori error bound on
the global error restricted to element k in terms of the internal and boundary residual.

Theorem 18 Suppose that hypotheses (b) and (¢’) hold, that the entries of a are in
C%(Q) and that ¢ belongs to C1(2). Then,

lu = wpll -1y < C1Cs (107l 1a(preyy + 1821y | 1a000 e ) -

where 1, = f — Luy, denotes the interior residual, and v, = (a-v)~ (g — wy)|oq signifies
the boundary residual.

We shall omit the proof, as it can be easily reconstructed from the proofs of Theorems
9 and 16. A similar result can be shown for the streamline diffusion finite element
approximation of the scalar hyperbolic problem, and a bound on the transmitted error
akin to that in Theorem 17 can be established.

Figure 2 shows the qualitative behaviour of the different error components in the
numerical solution of the model problem (4.10) using the streamline diffusion method
on an unstructured triangular mesh consisting of 504 nodes and 926 elements. In the
figure caption & (uy, h) and Ey(uy, h) denote the right-hand sides of the error bounds in
Theorems 14 and 18, respectively.

6 A posteriori error estimation for functionals

It is frequently the case in engineering problems that the main quantity of concern is not
the solution of a partial differential equation, but a derived quantity which can be though
of as a functional of the solution. In such instances it is unlikely that a posteriori error
bounds of the kind stated in Section 4 will be of use in the design of efficient adaptive
algorithms.

Our aim in this section is to propose an approach to the derivation of a posteriori
bounds on the error in linear functionals directly, without attempting to obtain an upper
bound on the error in a norm in which the functional is bounded. In order to illustrate
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Figure 2: Corner discontinuity problem: (a) [le|lr2¢0); (b) le” ™| n20ey; (¢) (1€ || r2(s);

(d) Ev(un, h); (e) llellm1(); (£) Ealun, h).
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the key ideas we begin by discussing some specific examples: in the next subsection we
consider the a posteriori error analysis for a particular linear functional, the normal flux
through the boundary of the computational domain; in the second subsection, we present
a similar analysis for the local weighted average of the solution. In the third subsection,
we approach the problem of a posteriori error estimation for linear functionals from a
general viewpoint, following the ideas of Becker and Rannacher [7].

6.1 Estimation of the normal flux through the boundary

Let us consider the non-homogeneous boundary-value problem (4.1), (4.3), where f €
[Lo(2)]™ and g € [H'(Q)]™. For the sake of simplicity, we assume that the restriction
of g to 0 belongs to the restriction of the trial space X, C H(L,Q) to 012, and the
test space Y}, is contained in [Lo(€2)]™. We approximate the non-homogeneous problem
by the following method: find u;, in X} such that

Hhﬁuh = th in Q,
B_(uh—g)‘l99 =0 on 0S.

Here II;, denotes the orthogonal projector in [Ly(€2)]™ onto Y.
Next we define the functional that represents the normal outflow flux through the
boundary of the domain Q. Given any ¢ € [H'(9Q)]™, we consider the linear functional

Ny(v) = /m(B*V) - ds, veHLQ);

here ¢ plays the rdle of a weight function that can be chosen freely (e.g. 1 can be
taken to so that its support is contained in a compact subset of 0, etc.). We seek to
approximate the normal flux Ny (u) by Ny (uy).

Theorem 19 Suppose that Hypothesis 2 and condition (c¢) hold; then, for each ¢ €
[H'(0Q)]™ we have that

1/2
[Ny (u) = Ny(up)| < C1C (Z IIhrhII%M) 19[ 1 (00

Proof Consider the dual problem
L'z=0 inQ, vp+z = BTy on 0. (6.1)
Since u — uy, is in D(£,9Q) and z € [H(Q)]™, Green’s formula gives
0= (u—uy,L2) = (L(u—uy),z) — Ny(u—uy).
Consequently, for any z;, € Y},

Ny(u) — Ny(up) = (rp,2 — z3).
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Exploiting hypothesis (c), it follows that

1/2
[Ny (u) — Ny (up)| < Co (Z ||hrh||%2(n)> 2]l 71 ()
K

and therefore, by Hypothesis 2 with 4 = 0 and x|y = 7,

1/2
[Ny (u) = Ny(up)| < C1Cy (Z Hhth%Q(n)) 191l 21 002)-

[ |

From the practical point of view, a particularly relevant situation concerns the esti-
mation of the flux through a relatively open subset v C 0€2. In this case it is tempting to
choose 1 equal to the characteristic function of v; unfortunately such ¢ does not belong
to [H'(09)]™ (since the characteristic function of v is in H'/27%(9Q) for all £ > 0, but
not in H*(0Q) for s > 1/2), so Theorem 19 does not apply. Nevertheless, we note that
the choice of a smoother cut-off function ¢ € [H'(92)]™ with support in 7 is covered
by Theorem 19, and this may suffice in practice.

6.2 Estimation of the local mean value

In this section we consider the a posteriori error analysis of finite element approximations
to the local mean value

My(w) = [ ue) (o) e

where ¢ € [H}(Q)]™, and u is the solution of the non-homogeneous boundary value
problem (4.1), (4.3) with £ € [Ly(Q)]™ and g € [H'(2)]™. Again, for the sake of
simplicity, we assume that the restriction of g to 02 belongs to the restriction of the
trial space X, C H(L,Q) to the boundary, and we approximate the non-homogeneous
problem by the following method: find u;, in X} such that

Hhﬁuh = th in Q,
B (uy—g)|,, = O on 9.

Here, as in the previous section, IT;, denotes the orthogonal projection in [Ly(€2)]™ onto
the finite element test space Y;, C [Lo(£2)]™. We have the following a posteriori bound
on the error between My (u) and its approximation My(uy).

Theorem 20 Suppose that Hypothesis 2 and condition (c¢) hold; then, for each ¢ €
[H}(Q)]™ we have that

1/2
|My(u) — My(un)| < C1C; (Z ||hrh||%2(,$)> 9] 1 (-



48

Proof In contrast with the previous section, here the appropriate dual problem is of the form
L'z = 1 in Q,
vp+(z) = 0  on 0.
Since u — uy, is in D(£,9Q) and z € [H'(Q)]™, Green’s formula gives
My (0) = My(wp) = (0= wp, ) = (= wp, £2) = (L1 — w), 2).
Consequently, for any z; € Y},
My (u) — My(up) = (rn,z — zp).

Exploiting hypothesis (c), it follows that

1/2
My (w) — My ()] < Co (Z ||hrh||%2<ﬁ)) s

and therefore, by the strong stability of the dual problem,

1/2
My (w) — My (ws)] < C4Ch (Z ||hrh||%2<ﬁ)> o1 -

[ |

Comparing this analysis with the one performed in the previous subsection for the
boundary flux, one quickly recognises the similarities. Indeed, the question arises,
whether it is possible to provide a general approach to the a posteriori error analysis of
functionals. This is the theme of the next subsection.

6.3 A general duality argument

We give a brief overview of a general duality argument due to Becker and Rannacher (see
[7]) for the a posteriori error estimation of functionals. For an alternative perspective on
duality arguments, we refer to the work of Giles [18] and, in a slightly different context,
the articles of Peraire, Paraschivoiu and Patera [47] and Giles, Larson, Levenstam and
Siili [19].

Suppose that X and Y are two reflexive Banach spaces equipped with their norms
| - ||x and || - |y, respectively, that a(-,-) is a continuous bilinear functional on X x Y
and [(-) is a continuous linear functional on Y. In the framework of symmetric positive
systems, appropriate choices of X and Y and of a(-, -) and I(-) are given at the beginning
of Section 4.2, in «) and f3).

We consider the variational problem: find u in X such that

a(u,v) =1(v) for all vin Y.

This problem is approximated by a Galerkin finite element method using a sequence of
trial spaces X}, C X and test spaces Y, C Y parametrised by a discretisation parameter
h. The discrete problem reads: find u;, in X, such that

a(uy, vy) = 1(vy) for all v, in Y},.
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Letting e, = u — u;, denote the global error, we observe the Galerkin orthogonality
property
a(en, vp) = 1(vy) for all v, in Y},.
Now suppose that M(-) is a continuous linear functional on X. In order to derive
an a posteriori bound on the error between M (u) and its approximation M (uy), we
introduce the following dual problem: find z in Y such that

a(w,z) = M(w) for all w in X.

Assuming that a(-,-) satisfies the hypotheses of Theorem 7 on X x Y (rather than
X}, x Yy,) with X and Y interchanged?, we deduce that the dual problem has a unique
solution z in Y. Next, we see that

M(u) — M(u,) = M(ep) = aley,z) = alen,z — zp,)
for all z, in Y),. Equivalently, we can write this identity as
M(u) — M(up) = l(z — z) — a(up, z — zp).

Further, noting that [(-) — a(uy, -) is a continuous linear functional on Y, we can rewrite
the right-hand side as (rj,z — z;,) where rj, is the residual and (-,-) denotes the duality
pairing between Y, the dual space of Y, and Y. This leads to the error representation

M(u) — M(uh) = <I‘h,Z — Zh>,

for all z;, in Y},. At this point we are at the same stage in the analysis as in Section 4.2
in the paragraph preceding Theorem 1. Following the same reasoning as there, one can
derive an a posteriori bound on the error in the functional, M (u) — M (u,). We refer to
[7] for further details, in the context of elliptic boundary-value problems.

To conclude this section, we note that this approach allows one to derive a posteriori
bounds on the global error in norms stronger than || - [[jz-1(y=. Indeed, to obtain an a
posteriori bound on the global error e, = u — u,, in the norm of [L,(2)]", 1 < p < oo,
we consider the functional

len|P!

M,(w) = sgn(ey) - wdz,

-1
2 llenlliz, @

where sgn(v) is a vector whose jth entry is the sign of the jth entry of v. Clearly
(remembering that we are dealing with real-valued functions!),

[l = wp|pz, @ = My (w) = My (u),

and thereby,
||11 — U.hH[Lp(Q)}m = (I'h, 7z — Zh>, (62)

2Tt can be shown that the inf-sup condition with X and Y interchanged is, in fact, equivalent to the
inf-sup condition in its usual form; for a proof, we refer to Proposition A.2 in the paper of Melenk and
Schwab [42].
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for any z;, in the test space; here z denotes the solution to the dual problem
a(w,z) = My(w) for all w in X. (6.3)

We see that the right-hand side of (6.2) is of the usual form; so, at least formally,
one can proceed with the a posteriori error analysis as before. However, there is a fun-
damental difference between (6.3) and the dual problems which occurred in Subsections
6.1 and 6.2: while in those problems ) was a given function, so the data for the dual
was known, here the dual problem involves the (unknown) global error e,. From the
point of view of implementation a possible approach might be to compute the numerical
solution of two (or more) successively refined meshes, and use their difference as an ap-
proximation to ey, in the functional M, () to fix the right-hand side of the dual problem,
and repeat this process in the course of the adaptive mesh refinement driven by the
resulting a posteriori error bound. More analysis is required to quantify the effects of
this additional approximation.

7 A posteriori analysis for unsteady problems

So far, we have been concerned with the a posterior: error analysis of finite element
approximations to steady hyperbolic problems. In the present section we consider similar
questions for unsteady problems.

In the next subsection we discuss a general class of (semi-discrete in time) Petrov-
Galerkin methods for strictly hyperbolic systems, while in the second subsection we
restrict ourselves to (fully-discrete) evolution Galerkin methods for scalar hyperbolic
equations, although the basic steps in the error analysis would be identical for fully-
discrete finite element approximations multi-dimensional hyperbolic systems.

7.1 A posteriori error analysis for strictly hyperbolic systems

In this section we shall consider the a posteriori error analysis of finite element approx-
imations to the system of partial differential equations

n

ou Ju
ot _;Ai(x,t)a—xi+C($,t)u+f(xvt)a (7.1)

where A;, ¢ = 1,...,n, and C' are smooth m x m matrix-valued functions, constant
outside a compact subset of {2 x R with
Q = {zeR": z; >0},
Y = {xeR" : x =0},
r = (v1,...,7,) = (1,2").

In physical applications modelled by this system, the variable ¢ plays the réle of time,
and © = (z1,...,x,) represent the spatial independent variables.
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It will be assumed that the differential operator is strictly hyperbolic; in other words,
we shall suppose that the matrix Y . | A;(x, )¢ has m distinct real eigenvalues for all
¢ € R*\{0} and (z,t) € QxR. Furthermore, we shall require that the boundary 9Q xR is
a non-characteristic hypersurface for the differential operator, namely, det(A;) # 0 when
z; = 0.

Equation (7.1) is solved in tandem with an initial condition at ¢ = 0, and a boundary
condition on 92 x [0, T'] which is imposed by considering the boundary operator B(z', ),
a smooth [ x m matrix-valued function, independent of (z',t) for |z'| +¢ large, such that
rank(B) = [, where [ is the number of negative eigenvalues of A;. Then it is known that,
forany T'> 0, f € Ly([0,T] x ) and uy € Ly(Q2), there is a unique strong solution u of
(7.1) subject to the initial condition

u(z,0) = up(x) for v € Q (7.2)
and the boundary condition
Bu=0  on 09 x[0,T], (7.3)

provided that the latter is admissible in a sense that will be made precise below.
By admissibility of the boundary condition (7.3) we mean the following. Let us note
that, upon a smooth change of coordinates, A; can be written in the form

Al 0
A1:|: 01 A51:|7

where Al is negative definite and ALl is positive definite; by splitting the vector u in a
similar manner into u! = (uy,...,u) and u?! = (u;4, ..., u,), the boundary condition
Bu = 0, upon decomposing B correspondingly, can be restated as Syu’ — S;ul! = 0.
We shall say that the boundary condition is admissible if Sy is invertible; in that case,
(7.3) can be written in the equivalent form

u! — Su'l = o,

where S = S;ISH.

Now we consider a finite element approximation to this problem. Suppose that we
have chosen a finite element trial space X, C [H'(Q)]™ consisting of continuous piecewise
polynomial m-component vector functions on a partition 7, = {k} of Q which satisfy
the boundary condition (7.3), and a finite element test space Y}, C [Ly(€2)]™ on the same
partition. Then, we approximate (7.1) — (7.3) by a semi-discrete Petrov-Galerkin finite
element method of the following form: find u,(t) € X, 0 < ¢t < T, such that, for all
dn € Y,

(%a%) N zn:<Ai(-,t)%th> +(Cethun, ) + (1), an)

(un(-,0),an) = (uo(:),qn)-
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We note in passing that the inclusion of the boundary condition into the definition
of the trial space is unreasonable from the practical point of view (and implausible
from the theoretical point of view, unless S is a constant matrix); we have adopted
this assumption only to simplify the error analysis. A practical method would involve a
weakly imposed boundary condition, in the same spirit as in the steady case discussed
earlier on. Moreover, in practice, a time-discretisation is required; as long as the latter
is also a Galerkin-type method, the error analysis that we provide below in the semi-
discrete case is easily modified to include the effects of the time discretisation.

We define the finite element residual

8uh

ry(x,t) =f(x,t) — 5

- ou
+ ZAi(x,t)a—x’f + C(z, t)uy,.
i=1 ¢

It is in terms of this quantity that we wish to obtain a bound on the discretisation error
in the spatial H~! norm at time 7.

Theorem 21 Suppose that hypothesis (c) holds. Then, there exists a computable con-
stant Cy such that

1
2

(-, T) = un(, T)ll-ve) < Cs (IhrallL, 070000 + 1ATRl7,0) " -
where 9 (z) = up(z) — up(z,0).
Proof Suppose that ¢ € [C§°(2)]™ and consider the dual problem:

Oz
ot
z(z,T) = (x) for z € Q,

= S Ly - maxpm),
i O

subject to the boundary condition
z'l — Sz! = on 99 x [0,T],
where S = —AIT7"5* AI* Then

Tq T de 0z
T “w _ h
(eh7Z)|O - /0 dt(ehvz) dt /0 ( at 7Z) + (eh7 8t) dt

T T
= / (rha Z) di = / (rha z — zh) de
0 0

for any z;, € Y},. Noting the approximation property (c), we deduce that
[(en(-T), %)l < Co (lhen(-,0)llz,@)llz(, 0) | a1 (o)
+ lhenll Ly 0,750 )12l s (0,711 (02))) -

According to a hyperbolic regularity theorem due to Rauch [49],

1
(1 022 0y + 1202, 0710y ) < Crllbllan o,

and hence the required result with C5 = C4C7. =
In the next section, we consider the a posteriori error analysis of a fully discrete
method for an unsteady hyperbolic equation.
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7.2 A posteriori analysis of evolution-Galerkin methods

Here, we develop the a posteriori error analysis of evolution-Galerkin finite element
methods for unsteady scalar hyperbolic problems. The presentation closely follows the
article of Siili and Houston [56], albeit with some abbreviations. For a detailed study of
the (unconditional) stability and accuracy properties of evolution-Galerkin methods we
refer to [45].

Given a final time 7' > 0, a function f € Ly(I; Ly(2)) with I = (0,77, and uy €
Ly(€2), we consider the hyperbolic initial-value problem

@+a-Vu = f, xe, tel, (7.4)

ot
u(x,0) = w(x), x€Q, (7.5)

where €2 = R”. For the sake of simplicity we assume that the velocity field a is in
C([0,T); C4(£2)™), that it is incompressible, i.e. V-a = 0 on Q x [0,T], and that
the supports of ug and f are compact subsets in ©Q and  x [0, T], respectively. This
problem has a unique weak solution u in L (I; L2(2)); moreover, if uy € H'(Q) and
[ € Ly(I; H'(Q)) then u belongs to Lo(I; H'(2)).

We consider a subdivision (not necessary uniform) of the time interval I = [0,7]
given by 0 = 10 < t! < ... <tM < tM*! = T; we define time intervals I™ = (t™~! "]
and time steps k,, = t™ —t™~!. For each m, let 7™ = {x} be a partition of 2 into closed
simplices k, with corresponding mesh function h,,, piecewise continuous on 2, satisfying

meas(k) Ve € T™, (7.6)
P Vx ek VeeT™, (7.7)

where h,; is the diameter of k, and C} and C, are positive constants. Further, h will
denote the global mesh function given by h(x,t) = h,,(x) for (x,t) in Q x I"™, and
we define the corresponding time step function k = k(¢) by k(t) = kp, t € I™. Let
A™ =Q x I™; for p,q € N, let

Shm = {ve Hy(Q) : v, € Py(k) V& € T™},

q
Vhm = v u(x,t)Am = thvj, v; € Shm

=0
Vi o= {vivx,t)|am €V, o m=1,..., M+ 1},

where P,(r) denotes the set of polynomials of degree at most p over . In the following,
we shall assume that p = 1 and ¢ = 0. We note that ifv € V= form = 1,..., M+1, then
v is continuous in space at any time, but may be discontinuous in time at the discrete
time levels ™. To account for this, we introduce the notation v" := lim,_,o+ v(t™ £ s),
and [v™] := v — 0™

The evolution-Galerkin approximation of (7.4), (7.5) makes use of the particle trajec-
tories (or characteristics) associated with equation (7.4): the path X(x, s;-) of a particle
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located at position x € Q at time s € [0, 7] is defined as the solution of the initial value
problem

d
X st = alX(x, 1)), (7.8)
X(x,s;8) = x. (7.9)
For u smooth enough, the material derivative Dyu is then defined by
d
Diu(x,s) = EU(X(X, $;t), 1) Ji=s
0
= &u(x, s)+a(x,s) - Vu(x,s) ¥xeQ, sel. (7.10)

The evolution-Galerkin time-discretisation is based on approximating the material
derivative by a divided difference operator along particle trajectories. The simplest
appropriate scheme arises from using Euler’s method, giving, for m =0,..., M,

+1 +1.
Dtu(-, tm—l—l) ~ U(', tm ) B U(X(J tm ) tm)a tm) )
km+1

Suppose that u}* denotes the approximation to u(-,#™) at time ¢™; then, applying
the finite element method in space results in what is known as the evolution-Galerkin
discretisation of the scalar linear hyperbolic equation (7.4): find u]"™' € Sh=+1  for
m =20,..., M, such that

m+1l _ ,m . 4m+1.4m B
(Uh Up, IE;X( ;t ;t )) : U) — (f; U) = Sherl, (711)
m+1

(ud,v) = (ug,v) Yve S, (7.12)

where flym+1 = f(-,#™*1). Alternatively, by integrating (7.11) with respect to t
over I™*! we obtain the following equivalent formulation: find wu, such that, for

m=0,1,..., M, up|pm+1 € V'+1 and satisfies
(DM, V) ms1 = (f,0)me1 Vo € Vimet, (7.13)
(u) ,v) = (up,v) Vv € Vho, (7.14)
where

D?Uh|Am+1:(Uh— (X(X, tm+1; tm+1), tm+1) — uy (X(X, tm+1; tm), tm))/km+1;

here, for v,w € Ly(I™""; Ly(Q)), we have used the notation

tm+l

i = [ )

m

Before stating the relevant a posteriori error bound for this method, we note that
in (7.13), (7.14) the space discretisation may vary in both space and time, but the time
steps are only variable in time and not in space, so the corresponding space-time mesh
will not be fully optimal. The method obeys the following a posteriori error bound.
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Theorem 22 Let u and uy, be solutions of (7.4), (7.5) and (7.13), (7.14), respectively.
Then

o

| — || ro (0,1 (02)) <E (un, by K, ), (7.15)
where
(‘(}(uhahakaf) = g(uh,h,k,f)+50(U0,U27,h),
E(un, hyk, f) = Cil[hRylq + Col[kRullq
+Cs|kRellq + Cul[kRs|q + Csl|k R4l o, (7.16)
g()(UU, Ugi, h) = Cﬁ”UO — U?LiH, (717)
and
Ri|am+r = [up']/kmyr +a- Vu, — f,
Ro|pmir = (Djup — ([uf)/kmir +a - Vun)) /b1,
Rs|amer = [ug']/kme1,
Ry (f = D)k,
and C;, i =1,...,6, are (computable) positive constants.

For a proof of this result the reader is referred to Siili and Houston [56], where the precise
values of the constants C', ...,y appearing in the error bound are also specified.

In the remainder of this section we consider the computational implementation of the
a posteriori error bound stated in the last theorem. Much of what will be said, however,
applies in a more general setting.

For a given tolerance, TOL, we consider the problem of finding a discretisation in
space and time 8" = {(7™,t™)},>o such that:

1. ||’LL — uh||LOO(I;H—1(Q)) S TOL,
2. 8" is optimal in the sense that the number of degrees of freedom is minimal.

In order to satisfy these criteria we shall use the a posteriori error estimate (7.15) to
choose 8" such that:

L. g‘(uha ha ka f) < TOL)
2. The number of degrees of freedom in S” is minimal.

The term Ey(ug, u) , h) is easily controlled at the start of a computation; so here we
shall only consider the problem of constructing S” in an efficient way to ensure that

E(up, hyk, f) < TOL/,

where TOL = TOL' + & (ug, u) ,h). To do so, we first write £ symbolically in terms
of two residual terms: one that controls the spatial mesh and one that controls the
temporal mesh, i.e. we let

E(un, bk, J) = C} R} g + ClIkRS o (7.18)
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Simultaneously, we split the tolerance TOL' into a spatial part, TOLj,, and a temporal
part, TOL,. Thus, for reliability we require that the following conditions hold:

CillhRillq < TOLy, (7.19)
CyllkRlle < TOL. (7.20)

To design the space-time mesh S", at each time level t™ we decompose the norm in
(7.19) into norms over elements x € 7™, and the norm in (7.20) into norms over time
slabs as follows:

ClinRille < CIVT _max |l (ui)]

1<m<M

< C]VNT max (maXHhmR'l(uhm)HLz(n)),

1<m<M+1 \ keTm
CilkPylle < CRVT | max [lknRi(u),
where N is the number of elements in the spatial mesh at time ™. Thus, if
CiVNT||hp Ry (uf ) 1oy < TOL, VeeT™, form=1,...,M +1,
CWT||knRy(u)|| < TOLy, form=1,...,M+1,

then (7.19) and (7.20) will automatically hold.
For the practical implementation of this method, we consider the following adaptive
algorithm for constructing S”, under the assumption that the final time 7T is fixed: for

each m =1,2,..., M + 1, with 7)™ a given initial mesh and k,, an initial time step,
determine meshes 7" with N; elements of size hp,;(x) and time steps kn; and the
corresponding approximate solution uy, ; defined on I}" such that, for j = 0,1,...,m—1,

TOL
Cillhm g By = —== Ve €T, (7.21)

N;T

Collkm g1 B (upy) | + Csl[km,j 1 Ba(uj';) |

m m TOLy

+Cu[|km 1 Rs(upy)[| + Csl[km g Ra(upy) | = —=- (7.22)

\/T )

where I'* = (t™ ', t™ ! + ky;] and TOL' = TOL, + TOL,. We define 7™ = T,
kw = kmym and by, = Ay, where for each m, the number of trials m is the smallest
integer such that for j = m the following stopping condition is satisfied:

Cullbmn s ()l € ol VRETE (129
Colllmn R ()| + C i B () |
TOL
+Culbmn R () | + Colllm R < == (7.24)

By construction, this stopping condition will guarantee reliability of the adaptive
algorithm; for efficiency, we try to ensure that (7.23) and (7.24) are satisfied with near
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equality. Since the final time T is fixed, the time step given by (7.22) may need to
be limited to ensure that t" + kpr1,, = T. For the implementation of this adaptive
algorithm, we shall assume that 77" = 7™ ! for m = 2,3,....

Having described the construction of the space-time mesh S” to achieve the required
error control,

| —un| . (r;m-1(0)) < TOL,

we note that, in order to generate the desired mesh we need a suitable mesh modification
technique.

Temporal adaptation is quite straightforward, since the time step can just be set equal
to ky_ ;41 given by (7.22). For constructing the spatial mesh in two space dimensions we
use the red-green isotropic refinement strategy of Bank [6]. Here, the user must first
specify a (coarse) background mesh upon which any future refinement will be based. Red
refinement corresponds to dividing a certain triangle (father) into four similar triangles
(sons) by connecting the midpoints of the sides. Green refinement is only temporary
and is used to remove any hanging nodes caused by a red refinement. We note that
green refinement is only used on elements which have one hanging node. For elements
with two or more hanging nodes a red refinement is performed. The advantage of
this refinement strategy is that the degradation of the ‘quality’ of the mesh is limited
since red refinement is obviously harmless and green triangles can newver be further
refined. Within this mesh modification strategy it is also possible to de-refine the mesh
by removing redundant elements, provided that these do not belong to the original
background mesh. Thus, to prevent an overly refined mesh in regions where the solution
is smooth the background mesh should be chosen suitably coarse. For the practical
implementation of this mesh modification strategy we have used the FEMLAB package
developed by Kenneth Eriksson (Chalmers University).

7.3 Numerical experiments

In this section, we present some numerical experiments to illustrate the performance of
the adaptive algorithm (7.21) on the model hyperbolic test problem:

)
a—?+a-Vu _ xeQ, tel, (7.25)

u(x,0) = wuy(x), x€Q, (7.26)

where Q = (0,1)%, f =0, a = (2,1), subject to the boundary condition u(0,y) = 1 for
0<y<1,u(z,0)=(0—x)"/§ for 0 <z <1. The function uy appearing in the initial
condition is defined as follows: ug(x) = 0 for x € Q5 = (d,1) x (0,1); and for x € Q\Qs,
up(x) is chosen to be the linear function that satisfies the boundary conditions at inflow.
We note that initially, for 6 small, the solution to this problem has a boundary layer
along = 0; this layer then propagates into the domain €2, and eventually exits through
x = 1. In the following, we shall let § = 7.8125 x 102 and 7' = 0.6. First, we specify
the background mesh as the one shown in Figure 3(a); this is initially refined in order
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() (b)

Figure 3: (a) Background mesh, with 56 nodes and 86 elements; (b) Background mesh
adapted to resolve the initial condition, with 8335 nodes and 15860 elements.

to resolve the boundary layer along x = 0 at time ¢ = 0, as shown in Figure 3(b).
Numerical results are presented in Figure 4 for TOL, = 0.007 and TOL; = 0.25.

In Figures 4(a), 4(b) and 4(c), 4(d) we see that the adaptive algorithm has refined the
spatial mesh in parts of the domain where the solution has a steep layer, and has kept
the mesh coarse elsewhere. Figures 4(e), 4(f) show the history of the number of nodes
in the spatial mesh against time, and the size of the time step against time, respectively.

We note that the artificial diffusion model introduced in [26] was employed in this
experiment with C¢ = C% = 0.2 and €., = 7.0 x 1074

8 Nonlinear conservation laws

In this concluding section we discuss briefly the extension of the approach to a posteriori
error analysis described earlier in the case of linear problems to nonlinear hyperbolic
equations; for a survey of the theory and numerical analysis of conservation laws, we
refer to the recent monographs of Godlewski and Raviart [21], and Kréner [33]. For the
sake of simplicity we shall restrict ourselves to scalar nonlinear conservation laws of the
form

0

9,
_ _ = — < .
8tu(x,t) + axf(u(yv,t)) 0, ow<r<oo, 0<t<T, (8.1)

with strictly convex flux function f (i.e. f” > a > 0), subject to the initial condition
u(z,0) = up(x), —00 < ¥ < 00, (8.2)

where ug is a compactly supported Lip*t bounded function. We say that a function
x> w(z) is Lip™ bounded if

w(z) —w<y>>+ .

|w||Lip+ ) = ess.sup,., ( p—
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Figure 4: Layer problem for TOL;, = 0.007 and TOL; = 0.25 with 7" = 0.6: (a) & (b)
Mesh and solution (resp.) at time, ¢t = 0.1428, with 13596 nodes and 27109 elements;
(c) & (d) Mesh and solution (resp.) at final time, ¢ = 0.6, with 16829 nodes and 33566
elements; (e) History of nodes against time; (f) History of time step size against time.
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where (-)* = max(-,0). We note that the hypotheses imposed on uq imply that it belongs
to Lo (R). It can be supposed, without restricting generality, that f(0) = 0.
A weak solution to this initial-value problem obeys the identity

(u(-,T),v(-,T)) = (uo,v(-,0)) +/0 (u(- ), ve(5 1) + (f(u(-5 1), va(-5 1)) dt
v e C'Y([0,T],C;(R)), (8.3)

where (-, -) denotes the inner product of Ly (R).
We recall that the entropy solution of the nonlinear conservation law (8.1), (8.2)
satisfies the estimate (see [10], [57])

1
(s )| g ry < —— ,
T = Nuoll gk ey + 0t

t>0; (8.4)

the case of ||ug||zip+@®) = 00 is included in this estimate and it corresponds to the exact
t~1 decay rate of an initial rarefaction. We also note that since u has compact support
the same is true of the function z — u(x,t) for each t € (0, 7.

Identity (8.3) is the starting point for the construction of a finite element approxi-
mation to the initial value problem (8.1), (8.2). We consider the (non-uniform) mesh
—0 < ... < < ...<x<...<x <...< oo on the real line, and the (non-
uniform) mesh 0 = ¢y < ... < t, < ... <ty =T on the interval [0,7]. We define the
piecewise constant mesh function = +— h(z) whose value on (z;_y, x| is z; — x;_1; simi-
larly, we define the piecewise constant mesh function ¢ — k(t) whose value on (¢, 1, ]
is t,, —tm—1. On the associated partitions of R and [0, 7] we consider a pair of finite ele-
ment spaces U, C Ly (R) and Vi, C Lo (0,T), respectively, and define the finite element
trial space as

Xnk =Up @ Vj.

We shall suppose that each element of Uy, has compact support in R, which is a reasonable
assumption given that wu(-,¢) has compact support for each ¢ € [0,7]. We adopt the
convention that elements of U, and V), are chosen to be continuous from the left. We
then consider a (possibly different) pair of finite element spaces S, C WL (R) and W}, C
WL (0,T) on these two partitions, respectively, and define the finite element test space

Yie = Sp @ Wi

we shall suppose that each element of Sj, has compact support in R.
The finite element approximation to (8.1), (8.2) is defined as follows: find up; € Xpi
such that, for each vy, € Yy,

(unk (5, T), vnk(+, T)) = (w0, va(+,0))

+/0 (unk (55 1), Vnk (- 1)) + (f (unk (5 1)), vhk (-5 1)) dt. (8.5)
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In what follows, we shall suppose that a numerical solution uy; exists and that there
is a constant Ly, (possibly dependent on h and k) such that

eSS-Suptg[o,T}“Uhk('a t)||Lz'p+(R) S Lhk- (86)

We remark that if Uy, is a finite element space consisting of continuous piecewise poly-
nomials then this condition is trivially satisfied. The a posteriori error analysis of this
method relies on considering a dual problem defined as follows:

0z 0z
= -2 = — < T
T a(x,t)ax 0, o <r<oo 0<t<T,
(8.7)
2(z,T) = 9(x), —oo< < o0,

where ¢ € WL(R) and

Flu(z,t)—f(upg (2,t)) if /U,(fl?, t) ;é Uhk (fl]‘, t),

u(xat)_uhk' (CL‘,t)

a(z,t) =
0 otherwise.

We note that, despite being linear, this is a non-standard problem because a(-,-)
may be discontinuous and then the classical theory of well-posedness of linear hyperbolic
equations does not apply. Nevertheless, under certain hypotheses on a, it can be shown
that this problem is meaningful; the next theorem, due to Tadmor (see [57], Theorem
2.2) will make this more precise.

Theorem 23 Suppose that:
i) a € Loo(Q) where Q@ =R x (0,7T);
ii) a satisfies the following one-sided Lipschitz condition:
oDl < mlt),  m e Ly(0,T). 5.5
Then there exists a unique Lipschitz continuous function (x,t) — z(x,t) defined on

R x [0,T] which solves the backward transport equation (8.7); moreover, z obeys the
estimate

T
l2C Ollwee < IWllwe@e ™, w() E/ m(r)dr, 0<t<T.  (89)
t

Next we verify that the hypotheses of this theorem are satisfied with our choice of
a. First note that we can write

a(z,t) = /01 f (1= ul(z,t) + Eupe(x, b)) dE. (8.10)
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Recalling that f”(w) > « > 0 for all real w, a simple calculation shows that

a(-, )| Lip+@ry < Apemax ([[ul-, )] Lip+ @), 1wk (- O || Lip+ ) = M (),

where

Apr = max  f"(w), K = max(|Jul| .. @), [unkll Lo @))-
|w|<Kpp

Now (8.4) and (8.6) imply that (8.8) is satisfied; further, since both u and wuy are in
Lo (Q), hypothesis i) of Theorem 23 is a trivial consequence of (8.10).

Now we turn to the error analysis. First, we derive a representation formula for the
error. Given that ¢ € W! (R), let z denote the solution of the backward transport
problem (8.7) with final data ¢. Then, letting epy = u — upg, we have that

(ehk('aT)aw) = (ehk('aT)aZ('vT))_/0v (ehk('at)azt+azx)dt
= (u(T),2(-T)) - / (u,20) + (f (), 20) dt

(T, 2(-,T)) +/0 (une %) + (F(ung), 22) It

we remark here that since wu(-,t) and wup(-,t) have compact supports in R for each
t € [0,T], the same is true of ey (+, ), so the inner product which appear in this sequence
of equalities are all meaningful. Noting that u obeys (8.3), we deduce that

(ehk('aT)aw) = (anz('ao))_(uhk('aT)az('aT))

+/0 (e, 20) + (f (), 22)

= (UO,Z(-, 0) - th(',())) - (uhk('vT)a Z(,T) - th(-,T))
+/0 (Uhks 2t — Zniet) + (f (Unk)s 20 — Zhez) At
+(uo, 20 (- 0)) — (unk (-, T), 20 (-, T))

T
+/ (whks 2nk) + (f (unk), 2ne,z) dt,
0

for any zpy in Y. By virtue of (8.5), the expression on the right can be further reduced
to give

(ehk('aT)aw) = (anz('a 0) - th(-,())) - (uhk('aT)a Z('aT) - th('aT))

T
+/ (tnks 2 — 2hit) + (f (Unk), 22 — Zhk,e) dE.
0

Next we integrate by parts in order to recover the residual on the right-hand side:
thus, noting that z and zp; are continuous functions of z and ¢, that upg(z, ) is continuous
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from the left for each x € R and that uy(-, t) is continuous from the left at each ¢ € (0,7,
we have that

(ene(-, 1), %) = (Uo —Uhk(' 0+), 2(+,0) = 2nk(+,0))

—Z Wik (s tm)]s 2(5 tm) = 20k (s tm))
_ Z / Upk ajl, fl?l,t) - zhk(xlat))dt

[=—00
tm
N Z Z/ / (Uniye + f (Unk)z) (2 — 2nk) dav dt,
I=—ocom=1"7Zi-1 Jlm-1

where

[unk (s tm)] = une( tmt) — wnk (e, tm)
and

[unk (21, )] = unk (T4, -) — unk (21, -).

Thus, letting
re(z,0) = wo(z) — upe(z, 04),
(T tm) = [upk(z,tm)], z€e€R m=1,..., M —1,
M
r(rnt) = [fu(znt)], 1=...,-1,0,1,..., t€ | {tmo,tm).

rhe(@,t) = upkg(2,t) + fun(2,1))s, (I,t)EU(Il—hIl) X (tm—1,tm),
I,m
we have that

|(enr (-, T Z 1Ak (- t) s @) 1 (2 tm) = 20k (5 tn) 2o )

+ Z 1Erne (@0, ) o,y 1™ (2(21 ) = 2ne (@0, )| Looom)

[=—00

00 M
+ 30 lrnkllza@un 12 = 25kl e (@1

l=—ocom=1

where Qi = (211, 21) X (tm—1,tm)-
In order to proceed, we make some weak assumptions on the approximation proper-
ties of the test space: we suppose that there exists zp; in Y}, and positive constants Cy
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and Cy, independent of h, k, z and zp;, such that

1R (2 (o tm) = 20k (o tm) @) < Csll2a (e, o) | Loo )
16~ (2 (21, ) = 2ne(z, M rwory < Collze(zn, )| nw o)
||z_th||Loo(le) S CSHhZIHLoo(le) +09||kzt||Loo(le)

A standard finite element space consisting of continuous piecewise polynomials will cer-
tainly satisfy these inequalities (see [12] or [11]). Hence,

M-1
[(ene (- T), )| < Cs Y Ihrne ) Lol 22 (5 ton) [ oo )
m=0

+Cy Z 1&rne (2, )| 2y ol 26 (215 ) | Lo 0.1)

l=—o00
00 M
+ Z Z ||rhk||L1(le) (CS||th||Loo(sz) + CQHth”Loo(le)) :
[=—com=1

Recalling the strong stability result (8.9), we have that
M-1
(e (- T),90)] < Cse |0 lwaey D Ihrne (s tm) |z, o)
m=0

+Coe |llwa@ Y Na(@e, ) wom k(@ )l o,

[=—00

00 M
e [ llwam Y D (Callhrnellraum

[=—00om=1
+C9|all Lo (@) 15T L1 (1)) »

where
T
Mhe = / Mk (t) dt.
0

Upon dividing by ||¢|lwy ) and taking the supremum over all 1/, we deduce that

M-1

(s T) = wnk (- T) || iy < Cse™ Y (1hrne (-, tm) | 14 m)
m=0

+Coe" > la(@t, )| oo 1 Ernk (@1, ) | L o1

l=—o00

00 M
+Cse 3N hrnell @i

l=—ocom=1

00 M
+Coe™ > N " allrs(@u) | 57nk |21 (@), (8.11)

[=—o0o m=1
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where we used the notation

L |(w, )]
lwllLipey = sup ———
vewi®) [[Yllwym)

for the dual Lipschitz (Lip’) norm.
Thus we have proved an a posteriori bound on the error between u and its finite
element approximation uy; of the form

lu(-, T) = unk (-, T) || Liprr) < Const. ng(unk),

where g (up) is the a posteriori error estimator on @@ = R x (0,7T), appearing on the
right-hand side of inequality (8.11). We note that since up(-,t) has compact support in
R for each ¢ € [0,T], the same is true of 7, so each of the infinite sums appearing in
(8.11) collapses to a summation over a finite number of terms.

Instead of using, as we have, a tensor-product grid on @, we could have considered
an unstructured space-time triangulation 7, of ) with associated finite element trial
space X}, C Lo (Q) and test space Y, C WL (Q) instead of X}, and Yy, respectively.
Thus, repeating the same argument as above, we would have arrived at the following
a posteriori error bound for the numerical solution u;, € X (defined similarly as wupy
before):

[u(, T) = un (- T) || iy < Const. ng(un),

where

no(un) = Ihrpllaw + Y | 1Bl + Y Ihinllnae | -
KETh eCOK\OQ

with e denoting an edge of a triangle x in 7j,

ri(x) = up(z) —up(x,04), z€R,
ra(z,t) = upg(z,t) + flun(z,t)s, (x,t) € K,
rh(x,t) = [up(x, )z, t) + flup(z, t)ve(z,t)], (z,t) €e C Ok \ 0Q,

where (v, 14) is the unit outward normal to edge e (with respect to the triangle ), and
[w] signifies the jump of w across e. In the case of X}, = Y}, a second-order numerical
dissipation term could have also been included into the finite element method; the effects
of this on the a posteriori error bound can be analysed similarly to the streamline
diffusion stabilisation discussed earlier on.

To conclude this section, we note that a direct approach, different from ours, to the
a posteriori error analysis of numerical approximations to scalar nonlinear conservation
laws was pursued in the work of Cockburn and Gau; we refer to [13], [14] for further
details.
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9 Conclusions

We have presented an overview of recent developments which concern the a posteriori
error analysis of finite element approximations to linear and nonlinear hyperbolic partial
differential equations of first order. We derived various global and local bounds on
the discretisation error, and investigated the question of error localisation and error
propagation.

While for elliptic equations there is already a well-established theoretical framework
of a posteriori error estimation which has been successfully implemented into working
adaptive algorithms, very much less is known about these issues in the context of hy-
perbolic and nearly-hyperbolic problems. However, this is now a field of active research,
and the outcome of these investigations can make a large impact on the design of reliable
numerical algorithms for large-scale computations in engineering applications.
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