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ABSTRACT

This thesis describes signal analysis methods for single-molecule fluorescence data.
The primary factor motivating method development is the need to distinguish
single-molecule FRET fluctuations due to conformational dynamics from fluctua-
tions due to distance-independent FRET changes.

Single-molecule Förster resonance energy transfer (FRET) promises a distinct
advantage compared to alternative biochemical methods in its potential to relate
biomolecular structure to function. Standard measurements assume that the mean
transfer efficiency between two fluorescent probes, a donor and an acceptor, cor-
responds to the mean donor-acceptor distance, thus providing structural infor-
mation. Accordingly, measurement analysis assumes that mean transfer efficiency
fluctuations entail mean donor-acceptor distance fluctuations. Detecting such fluc-
tuations is important in resolving molecular dynamics, as molecular function often
necessitates structural changes. A problem arises, however, in that factors other
than donor-acceptor distance changes may induce mean transfer efficiency fluctu-
ations. We refer to these factors as distance-independent FRET changes.

We present analysis methods to detect distance-independent photophysical
dynamics and to determine their correlation with distance-dependent FRET dy-
namics. First, we review a theory of photon statistics and show how we can use
the theory to detect FRET fluctuations. Second, we extend the theory to alternat-
ing laser excitation (ALEx) measurements and demonstrate how fluorophore sto-
ichiometry, a measure of fluorophore brightness, reports on distance-independent
photophysical dynamics. Next, we provide a measure to determine the extent
to which stoichiometry fluctuations account for FRET dynamics. Finally, we use
a framework similar to the preceding along with recent advances in the theory
of total internal reflection fluorescence (TIRF) microscopy FRET measurements to
detect TIRF FRET fluctuations which occur on a timescale faster than the measure-
ment temporal resolution. We validate our methods with simulations and demon-
strate their utility in delineating RNA polymerase open complex conformational
dynamics.
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Chapter 1

Introduction

...and so we begin

Scientific breakthroughs are often accompanied by innovative techniques and in-

strumentation. Fluorescence1 detection is one such class of techniques which has

provided insight into fundamental physical and biological questions. New fluo-

rescence probes, biological assays, and instruments have significantly advanced

fluorescence detection. With the first observation of single fluorophores in aque-

ous solution [289], single-molecule fluorescence detection joined patch clamp tech-

niques for single ion-channel recording [9], atomic force microscopy [64, 170, 236],

tethered particle motion [19,84,212,224,280,325,325,357], magnetic tweezers [170,

264], and optical tweezers [20,304,333] as a biophysical method capable of reveal-

ing biomolecular behaviors previously obscured by ensemble- and time-averaging

inherent to conventional analysis. Single-molecule methods could study reaction

pathways and asynchronous reactions in real time and could uncover short-lived

intermediates. The additional capability to combine optical and mechanical mea-

surements on single-molecules further proposed new avenues for scientific dis-

covery [333].

Single-molecule fluorescence methods included detection of biomolecules both

freely diffusing in solution and immobilized on surfaces. Some methods used a
1i.e., spontaneous photon emission by a molecule after electronic excitation. Electronic excita-

tion occurs by photon absorption where the absorbed photon has an energy matching the energy
gap between a ground and a higher ro-vibronic energy level.

1
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point-detection methodology adapted from fluorescence correlation spectroscopy2

[79, 121, 287]. A point-detection approach uses confocal optics and typically mon-

itors only one molecule at a time but with possible picosecond temporal resolu-

tion. Other methods used wide-field microscopy, often involving evanescent elec-

tric fields [10], to excite immobilized molecules and to exploit simultaneous mil-

lisecond imaging of multiple individual molecules [367]. Initial point-detection

and wide-field methods used single-laser excitation and collected fluorescence via

a single emission detection channel. These methods could study singly-labeled

molecules to report on fluorophore location, fluorescence lifetime, quantum yield,

and diffusion coefficients [237, 339]. Higher complexity involved adding a second

detection channel. Initial ‘dual-channel’ work performed polarization measure-

ments to report on fluorophore rotational freedom and spectral shift (reviewed

in [339]). Introduction of a second fluorophore enabled inter-fluorophore distance

measurements within a single-molecule, either through high-resolution localiza-

tion [110] or Förster resonance energy transfer (FRET)3 [88–91]. The efficiency of

FRET has a steep distance dependence, making FRET useful as a nanoscale ruler

to study biomolecular structure and dynamics [284, 301].

The first reports of single-molecule detection were seminal proof-of-principle

experiments. The measurements, however, were rather limited due to fluorophore

photobleaching, complex photophysical behavior, an inability to work at fluo-

rophore concentrations greater than 200 pM, complications involving multi-component

biomolecules, and surface-immobilization challenges. Several recent solutions ad-

dress these challenges, helping shift an emphasis on initial method development

to an emphasis on answering biological questions. For example, protein encapsu-

lation in lipid vesicles [24, 244, 265] allowed extended observation times without

perturbation arising from direct surface immobilization. Alternating laser exci-

tation (ALEx) methods permitted both FRET and stoichiometric observation and

2Fluorescence correlation spectroscopy (FCS) is a ‘small-ensemble’ method that reports on dif-
fusion and reaction kinetics vis-à-vis temporal fluctuations in fluorescence intensity.

3FRET is a non-radiative energy transfer from one molecule, called a ‘donor’, to another
molecule, called an ‘acceptor’. Transfer occurs via a weak dipole-dipole coupling interaction.
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thus facilitated experiments involving multi-component interaction [167,195,229].

Furthermore, our understanding of fluorophore photophysics, such as blinking,

bleaching, and triplet states, has led to advances which improve our ability to in-

fluence fluorophore behavior [95,262,331]. The additional discovery of conditions

that make fluorophores controllable photoswitches [12,13,124–126,296,329] set the

stage for new super-resolution methods to investigate biomolecular structure and

cellular organization. And lastly, methods developed using non-fluorescent FRET

acceptors4 now allow micromolar labeled analyte concentrations and thus enable

the study of weakly interacting biomolecules [96, 193, 285, 334].

New experimental methods, however, breed new data types, where we denote

a new ‘type’ to reflect the constraints and prior probability distributions5 deter-

mined by the experiment and our knowledge of the studied physical system. For

example, we can describe photon statistics by a Poisson distribution, where pho-

ton counts belong to the set of natural numbers. From the detected photon counts,

we typically calculate the FRET efficiency in order to reflect an energy transfer

probability. As such, FRET efficiency distributions cannot physically assume val-

ues outside the interval from [0, 1]. Moreover, photon emission stochasticity in-

troduces fundamental FRET efficiency resolution limits6. The combination of all

constraints and priors makes each experimental data type unique and requires

tailored methods for data reduction, i.e., the process of identifying and extracting

meaningful information from data.7

The journey to scientific discovery does not, however, end with data reduction.

Once meaningful information is at hand, determining what the data means and as-

cribing biological relevance introduces another layer of complexity. With regard

to fluorescence detection measurements, FRET is one of several competing pho-

tophysical processes which can occur after electronic excitation of a donor fluo-

rophore. Accordingly, complications arise when we attempt to unambiguously re-
4also known as ‘dark quenchers’
5often simply called priors
6i.e., the ability to resolve two or more component distributions
7This is not to say that experimental data types do not share similarities, but to realize that we

should not expect, or even desire, a one-size-fits-all approach to data analysis.
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late a variable such as observed fluorescence to a specific biological function [272].

The story of nucleosome dynamics serves as one cautionary tale. Tomschik and

co-workers reported a significant discovery when they used single-molecule FRET

and found fast, long-range, reversible conformational fluctuations in nucleosomes

[312]. Two years later, however, Koopmans and co-workers used single-molecule

FRET and ALEx and found that distance-independent photophysics accounted for

most of the observed dynamic fluctuations [183]. Tomschik and co-workers sub-

sequently re-evaluated their work and found results consistent with Koopmans,

largely nullifying their prior findings [311].

With the exponential growth of publications containing single-molecule flu-

orescence detection measurements [160, 225], researchers from the biological sci-

ences will increasingly seek to answer questions using FRET and related meth-

ods. While a boon for the single-molecule field, the peril is that insufficient under-

standing of experimental complications will lead researchers to naive conclusions.

As others have recognized [107], single-molecule data analysis lacks standardiza-

tion, with each laboratory having its own data collection, storage, and analysis

strategy. Furthermore, most works present new single-molecule analysis methods

and make the implicit assumption that FRET fluctuations correspond to confor-

mational dynamics [3, 25, 42, 102–105, 107, 161, 197, 204, 218, 338]; fewer works aim

to identify distance-independent photophysics either experimentally [43, 44, 165]

or statistically [21, 165, 310]. As the nucleosome dynamics example highlights, a

need exists for experimental and statistical methods to delineate conformationally

induced FRET fluctuations from fluctuations due to distance-independent pho-

tophysics. While alternating laser excitation [167, 195, 229], multiparameter fluo-

rescence detection [44, 165], and TIRF-based spectra [43] methods provide exper-

imental solutions, complementary and, perhaps more importantly, independent

signal analysis methods remain to be developed. This thesis aims to provide such

a contribution.

We note, however, that the personal motivation for this thesis would undoubt-

University of Oxford Page 4



Thesis K. Gryte

edly not have arisen had experimental work not been conducted on bacterial RNA

polymerase in an attempt to better understand initial transcription. RNA poly-

merase (RNAP) is a highly dynamic and multifunctional multi-subunit enzyme,

which acts in concert with associated transcription factors to orchestrate transcrip-

tion. Transcription is the highly regulated first step in gene expression. RNAP

transcribes DNA into mRNA which subsequently enters the pathway to protein

synthesis. To initiate transcription, RNAP must first bind a transcription factor

called a σ factor and then interact with double-stranded promoter DNA to form

an initial transcription complex. The initial transcription complex must undergo

several structural changes in order to become a mature transcription elongation

complex and synthesize one strand of mRNA ready for ribosome translation. Our

work focused on the RNAP open complex and attempted to provide structural

and kinetic insight to RNAP dynamics. But as this thesis demonstrates, the quest

for unambiguous conclusions remains allusive, with significant challenges con-

fronted in distinguishing FRET fact from artifact.

This thesis is organized as follows:

Chapter 2 introduces photophysics and photochemistry and establishes the ba-

sis for all observed phenomena in this thesis.

Chapter 3 provides an overview of single-molecule signal analysis methods

and helps motivate the present work.

Chapter 4 reviews one such signal analysis method, burst variance analysis

(BVA), and demonstrates its use in investigating RNA polymerase open complex

dynamics.

Chapter 5 extends BVA to fluorophore stoichiometry. Stoichiometry BVA iden-

tifies distance-independent photophysical dynamics and provides a measure for

fluorophore fluorescence stability. After discussing the theory and validating the

method through simulations, the chapter revisits the RNA polymerase open com-

plex dynamics data of Chapter 4 and highlights the difficulty in distinguishing

FRET fluctuations due to biomolecular conformational dynamics from distance-
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independent photophysics.

Chapter 6 introduces a method termed burst correlation analysis (BCA) to cor-

relate distance-independent photophysics with conformational dynamics FRET

fluctuations. Simulations validate BCA, and, once again, RNA polymerase open

complex dynamics data serves as the experimental test case. The chapter ends

by arguing that the stoichiometric fluctuations in Chapter 5 can at least partially

account for the FRET dynamics of Chapter 4.

Chapter 7 builds on recent work which derived the measurement uncertainty

for single-molecule TIRF and applies a methodology similar to BVA to detect dy-

namics in single-molecule FRET time series. The method is termed mean-variance

analysis (MVA), and simulations demonstrate the method’s effectiveness in de-

tecting FRET dynamics across different kinetic regimes. The chapter details MVA’s

application to surface-immobilized RNA polymerase open complex data and dis-

cusses inter-molecular heterogeneity within the context of the branched pathway

hypothesis for transcription initiation.

Chapter 8 summarizes the present work and suggests directions for future de-

velopment.
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Chapter 2

Photophysics and Photochemistry

Abstract

Single-molecule fluorescence has emerged as a potentially powerful technique
to probe biochemical and cellular processes. By monitoring fluorescence inten-
sity fluctuations over time, we are able to deduce reaction pathways, link struc-
ture to function, and reveal the stochastic nature of molecular processes. Here,
we introduce photophysics and photochemistry within the context of single-
molecule spectroscopy. We begin with the theory of photon absorption and
emission and then proceed to outline the various competing pathways to flu-
orescence. We discuss triplet states and intermolecular quenching in relation to
fluorophore blinking, and we describe general photoswitching mechanisms. Fi-
nally, we present the theory of Förster resonance energy transfer (FRET) and mo-
tivate its application in studying single-molecule reaction dynamics. This chap-
ter provides a solid foundation to understand and interpret single-molecule flu-
orescence data, and we expect the chapter will prove useful in guiding both
experimental and analysis method design.

2.1 Introduction

Molecules which are capable of absorbing and emitting photons with wavelengths

in the visible spectrum have become important elements in our quest to probe

biochemical and cellular processes. Each application presents its own demands

and challenges, and determining the appropriate molecular probes has become

paramount. Fluorophores, i.e., chemical compounds that can absorb a photon of

a specific wavelength and then re-emit a photon at a different but equally spe-

7
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cific wavelength, each possess their own unique photophysical and photochemi-

cal characteristics. Some are bigger; others are smaller. Some are water soluble,

and others not. Some are incredibly photostable in the presence of oxygen, while

others destruct. Each fluorophore has its own mix of spectroscopic parameters,

redox properties, and other qualities. While the combinations are endless, finding

a fluorophore with the particular properties desired is challenging and demands

significant characterization, optimization, and experimental controls.

In single-molecule spectroscopy, we are unable to optically resolve native bi-

ological molecules at the single-molecule level due to their small size. To permit

fluorescence detection, we must first attach a fluorescent probe to the biomolecule.

Ideally, probes must be capable of being linked to the biomolecule such that attach-

ment introduces minimal perturbations and does not affect biological activity. For

many applications, the probe should emit a high number of photons and be photo-

stable (i.e., exhibit constant fluorescence intensity and be slow to photobleach) for

the entire measurement duration. For other applications, such as single-molecule-

based super-resolution imaging, variability in photon emission is desired, and,

more specifically, a variability capable of being finely tuned [322, 323].

So what insight can a fluorophore attached to a biomolecule provide?

1. The location of a biomolecule. By monitoring the diffusional and direc-

tional movements of molecular motors, we can follow such biomolecules

with nanometer precision using sophisticated single-molecule particle track-

ing algorithms. By introducing multiple fluorophore colors, we can colo-

calize and distinguish multiple biomolecules within the same complex and

observe biomolecular interaction [133].

2. Information about the local environment. Changes in fluorescence lifetimes

and intensities can report on local environment changes, such as protein

proximity and quencher interaction [193].

3. Rotational dynamics. We can use polarized excitation and emission to mon-

itor a biomolecule’s orientational changes [269].
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4. Conformational dynamics. Dipole-dipole interactions between adjacent flu-

orophores enable us to detect small distance changes, which can report on in-

tramolecular structural changes and on intermolecular interactions between

multiple molecules [50].

The growth of single-molecule fluorescence spectroscopy as an experimental

technique underscores the need to understand the fundamental processes of flu-

orescence. Building a solid understanding will inform us as to the method’s ad-

vantages and limitations and help guide our experimental design choices. Im-

portantly, a principle aim in reviewing the theory of molecular photophysics is

to help us develop an intuition as to the interpretation of single-molecule fluores-

cence data. As we will see in the chapters that follow, interpreting single-molecule

fluorescence data is neither immediate nor straightforward.

2.2 Photon Absorption and Emission

We can describe a molecule’s photophysical and photochemical state in terms of

its electronic state. We can in turn characterize an electronic state by an electronic

configuration, which we may further describe in terms of a molecule’s highest-

energy occupied molecular orbital (HOMO) and lowest-energy unoccupied molecular

orbital (LUMO) and in terms of a characteristic spin configuration, either singlet

(anti-parallel electron spins, ↑↓) or triplet (parallel electron spins, ↑↑) [319]. In

studying fluorescence, we are not concerned with the absolute energy of a partic-

ular electronic state, but with the energy difference between molecular electronic

states. We refer to this difference as the energy gap

∆E = |Ej − Ei| The energy gap between Ej and Ei (2.1)

where Ej and Ei are the absolute energies for states j and i, respectively.
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Now consider that a photon has energy

Ephoton = hν (2.2)

where h is Planck’s constant (1.58 × 10−37 kcal·sec) and ν is the frequency of the

photon (typically in units of s−1 = Hz). Molecular photon absorption transforms

the photon energy, hν, into an electronic excitation energy such that

hν + |D〉 → |D∗〉

where, for a molecule D, |D〉 is the ground electronic state and |D∗〉 is an electroni-

cally excited state. The photon performs work by using its energy to either change

electron orbital structure, vibrate nuclei, or precess molecular spins. With the ab-

sorbed photon energy, a molecule may make or break chemical bonds, or it may

change a molecule’s electronic configuration and hence the electronic distribution

about the nuclei.

We refer to transitions between states as photophysical processes. To model these

processes, we turn to quantum mechanics. According to the postulates of quan-

tum mechanics [109, 219], we may compute the value of any observable property

Pi of a state i, if the state’s wave function Ψi and the mathematical operator P̂i

corresponding to the observable property are known.1 For example, to measure

1The only observed measurement values possible must be eigenvalues that satisfy the eigen-
value equation

P̂Ψ = PΨ (2.3)

Hence, for every measurable property P of a molecular system, a mathematical function P̂ exists
that operates on the eigenfunction Ψ to produce an eigenvalue P that corresponds to an experimen-
tal measurement of that system property [109, 219]. Equation 2.3 refers to a single measurement
of a single molecule in an experiment. For a large number of experiments, we can calculate the
property’s average (or expectation) value by mathematical integration

〈P 〉︸︷︷︸
Expectation Value

=

∫
Ψ∗P̂Ψdτ = 〈Ψ|P̂ |Ψ〉︸ ︷︷ ︸

Matrix Element

(2.4)

where 〈Ψ| · |Ψ〉 corresponds to the alternative notation to wave mechanics called bra-ket notation.
In words, we extract information about a molecular system, i.e., the expectation value of an exper-
imental measurement, by “acting” on a normalized wave function Ψ with an operator P̂ and by
computing the matrix element.
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the energy we use the Hamiltonian operator Ĥ and its eigenvalue equation

ĤΨ = EΨ

and solve for E. But suppose we are interested in the transition rates between an

initial state Ψi and a second state Ψj . If we know the wave functions Ψi and Ψj , the

postulates of quantum mechanics allow us to calculate the transition rate constant

k, i.e., the transition probability per unit time, for Ψi → Ψj by computing the

square of a matrix element that corresponds to the transition, if P̂i→j , the operator

for the interaction which triggers Ψi → Ψj , is known.

ki→j ∼ 〈Ψj|P̂i→j|Ψi〉2

where “∼” indicates the omission of constants. Hence, for the transition hν+|D〉 →

|D∗〉, P̂hν is the operator which represents the interaction of D electrons with a

photon, and thus,

k0→1 ∼ 〈Ψ1(D∗)|P̂hν |Ψ0(D)〉2

The interaction represented by P̂hν causes wave function ‘mixing’ [319], where

effective mixing of two waves only occurs upon resonance between Ψ0(D) and

Ψ1(D∗). For example, if we consider hν+|D〉 → |D∗〉, we can imagine that the pho-

ton carries the energy and required interaction needed to achieve resonance and

to cause the electronic transition from D to D∗. Expressed differently, the operator

P̂hν transforms the wave function Ψ0(D); if the transformed Ψ0(D) is sufficiently

similar to Ψ1(D∗), a transition can occur.

Calculating molecular wave functions Ψn is not possible except for the simplest

molecular systems. Instead, we rely on the Born-Oppenheimer approximation, which

assumes that electron motion is much more rapid than nuclear vibration and that

the distribution of low-mass, rapidly moving, negatively charged electrons instan-

taneously adjusts to the positive potential of relatively massive, slowly moving
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nuclei.2 As a consequence, an electronic transition between orbitals occurs while

nuclei are effectively stationary. Using the Born-Oppenheimer approximation, we

can approximate Ψ in terms of three separate components: an electronic wave

function, a vibrational wave function, and a spin wave function.

Ψ︸︷︷︸
“True” molecular wave function

≈ Ψ0 · χ · S︸ ︷︷ ︸
electronic, vibrational, spin

(2.5)

The electronic wave function Ψ0 is a zero-order approximation for electronic or-

bital motion and position about a stationary and positively charged nucleus. We

can further approximate Ψ0 by neglecting electron-electron interactions. If we cal-

culate a solution to the wave function φi for a one-electron molecule, we can then

approximate the molecular wave function as a product of multiple overlapping

one-electron orbitals

Ψ0 ≈ φ1φ2 · · ·φm ; i = 1, 2, . . . ,m (2.6)

Along with these approximations, we can subsequently approximate the interac-

tion represented by P̂hν by only considering HOMO (HO) and LUMO (LU ) molec-

ular orbitals [332]

k0→1 ∼
〈

(φHO(D∗)φLU(D∗)) · χ(D∗) · S(D∗)

∣∣∣∣P̂hν∣∣∣∣(φHO(D)φHO(D)) · χ(D) · S(D)

〉2

The HOMO and LUMO molecular orbital approximation provides a sufficient

starting point for most photochemical reactions [319].

Provided we have selected a good zero-order approximation Ψ0, we can intro-

duce minor refinements to our approximation. For instance, we may “mix” one-

electron wave functions, allowing electron-electron interactions, such as electron-

electron repulsion. If the mixing effect is small, i.e., we have a good Ψ0, then we

2Two notes: (1) a proton’s mass is ∼ 103 times greater than electron’s mass; and (2) an
electron transition (or jump) is two orders of magnitude faster than nuclear vibrations: 10−15-
10−16 versus 10−13-10−14.
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call such an effect a perturbation. The mathematical theory which uses such pertur-

bations to better approximate the true system is called perturbation theory.

Importantly, weak perturbations3, such as weak electronic, vibrational, or spin

wave function “distortions”, include electron interaction with electromagnetic fields,

as well as HOMO-LUMO interaction between molecules, i.e., the interactions which

lead to chemical reactions and energy transfer [319]. Hence, we can account for

transitions of the type hν + |D〉 → |D∗〉 by weak perturbations, and we can calcu-

late the transition rate from one energy eigenstate to accessible eigenstates which

are capable of resonance through the perturbation P ′hν using Fermi’s golden rule

k0→1 =
2π

~
ρ[〈Ψ1(D∗)|P ′hν |Ψ0(D)〉]2 (2.7)

where ρ is the density of final states (number of states per unit energy) capable

of effective mixing between Ψ0(D) and Ψ1(D∗) and ~ is the reduced Planck con-

stant (= h/2π). In Equation 2.7, the perturbation relates to the transition dipole

moment. As electrons interact with the electromagnetic field, they oscillate along

the molecule’s positive nuclear framework and distort the electron cloud. If the

oscillation is large, i.e., the interaction generates a large transition dipole, the per-

turbation is strong, and the transition rate is fast.

For organic molecules, vibronic coupling, i.e., vibrational nuclear motion cou-

pled to electron orbital motion, is the most important perturbation for mixing elec-

tronic wave functions [319]. Let us then denote the vibronic coupling operator

P̂vib to represent the perturbation which vibrationally mixes the electronic wave

functions ψ0(D) and ψ1(D∗). When mixing sufficiently distorts ψ0(D) to look like

ψ1(D∗), an electronic transition can occur. We can address the density of states ρ to

which the molecule can transition by considering the overlap integral 〈·|·〉 of the

vibrational wave functions χ0(D) and χ1(D∗), i.e., the extent of similarity in nu-

clear configuration and vibrational momentum at the instant of an electronic tran-

3A weak perturbation is a perturbation which does not significantly alter the energies associ-
ated with Ψ0.
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sition. The square of the vibrational overlap 〈χ1|χ0〉2 is called the Franck-Condon

(FC) factor.

k0→1 ∼ 〈ψ1(D∗)|P̂ ′vib|ψ0(D)〉2︸ ︷︷ ︸
vibronic coupling

· 〈χ1(D∗)|χ0(D)〉2︸ ︷︷ ︸
FC factor

Accordingly, the Franck-Condon principle states that the most probable electronic

state transitions occur when the initial vibrational state wave function χi most

closely resembles the final vibrational state wave function χf . Figure 2.1 provides

a visual representation of FC factors.4

The Born-Oppenheimer approximation indicates that the nuclear configuration

in the excited state |D∗〉 is approximately the same as in the ground state |D〉 at the

instant of electronic transition. This explains why electronic transitions are vertical

arrows in Figure 2.1. Once an electron has transitioned, the nucleus experiences a

new negative electronic force field which causes the nucleus to vibrate as it adopts

a new nuclear geometry. The additional vibrational energy means zero-point tran-

sitions, i.e., direct transitions from the lowest ground vibronic state to the lowest

vibrational level of an excited electronic state, do not typically occur. Instead, elec-

tronic transitions to excited states predominantly end at higher vibrational levels,

and excited electronic state minima are located at increased internuclear separa-

tion [219].

Intramolecular vibrational relaxation, i.e., a non-radiative transition from a higher

vibrational level to a lower vibrational level, occurs when the excess vibrational

energy due to electronic transition transfers to nearby molecules. This form of

4Note that we only show transitions which begin from the lowest vibrational level of the
ground electronic state. The energy gap between vibrational states is approximately 0.1eV. This
energy is large compared to the thermal energy kBT ≈ 0.025 eV, where kB is the Boltzmann con-
stant and T = 296 K is room temperature in degrees Kelvin. We can describe the distribution of
molecules over available vibrational levels by a Boltzmann distribution [278]

Ni ∼ e−Ei/kBT (2.8)

where Ni is the number of molecules with energy Ei. We can calculate the fraction of molecules in
the ith energy level

fi =
Ni

N
=

e−Ei/kBT∑
i e
−Ei/kBT

where
∑

iNi = N . For T = 296 K, fi > 0.99, meaning that nearly all molecules at room tempera-
ture are in the ground vibrational state.
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(a) Photon Absorption (b) Photon Emission

Figure 2.1: Quantum Mechanical Representations of the Franck-Condon Principle for Photon Ab-
sorption and Photon Emission. (a) potential energy curves for initial and final electronic states.
Transitions to excited electronic states predominantly begin from the lowest vibrational level. The
probability of ending in a particular vibrational level of the final electronic state is proportional to
the overlap integral between vibrational wave functions (shown in color). Here, we indicate the
most probable transition with a thick black line. (b) similar to photon absorption in (a), photon
emission also follows the Franck-Condon principle. Transitions to lower excited states predomi-
nantly begin from the lowest vibrational level of the excited electronic state. Excited electronic state
internuclear separations frequently differ from the ground state due to nuclear adjustment to the
excited state orbital configuration; the shift in potential energy minimum thus favors transitions to
ground state vibrational levels greater than 0. The vertical lines represent n′′ → n′ and n′ → n′′

vibronic transitions. We omit rotational states for clarity.
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relaxation, on the order of 10−11-10−13 seconds, is followed by a slower inter-

molecular vibrational relaxation, which occurs on the order of 10−10-10−11 sec-

onds. In solution, solvent molecules surround the ground state molecule to create

a solvation shell in which dipole moment interaction induces an ordered distri-

bution of solvent molecules. The transition dipole moment of the vibrationally

excited molecule affects the surrounding solvent via van der Waals (London dis-

persive) forces, hydrogen bond rearrangement, polarization changes, and short-

range repulsion between molecular electronic clouds; these effects cause the sol-

vent molecules to re-orient (termed solvent relaxation) within the solvent-solute en-

vironment and allow for thermal equilibration.

Solvent acceptance of the excess vibrational energy allows the excited molecule

to further relax to reach the lowest vibrational level of the excited electronic state.

Accordingly, intra- and intermolecular relaxation combine to reduce the energy

separation between the ground and excited electronic states. As solvent polarity

increases, this produces a correspondingly larger reduction in excited state elec-

tronic energy, while a decrease produces the opposite effect. The same relation is

true for the excited molecule: polar and charged excited molecules exert a greater

effect on the solvent than non-polar molecules. Hence, a molecule’s polarity de-

termines the sensitivity of the excited state to solvent effects.

We can characterize a substance’s propensity to undergo electronic transitions

due to photon absorption based on two laws: Lambert’s and Beer’s Laws. Lam-

bert’s Law states that the proportion of photons absorbed by a medium is indepen-

dent of the initial photon intensity I0. Beer’s Law states that the number of absorbed

photons is proportional to the concentration of absorbing molecules in the photon

path. Accordingly, we can combine both laws in a single equation called the Beer-

Lambert Law [189]
I

I0

= 10−ε(ν)Cl (2.9)

where I is the transmitted photon intensity, l is the optical path length (usually 1

cm), C is the sample concentration, and ε(ν) (with units cm2/mol = cm−1/M) is
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the molar extinction coefficient as a function of photon energy ν. The coefficient

ε is a fundamental molecular property and is the quantity which characterizes a

substance’s ability to absorb photons of energy ν.

Once a molecule transitions to an excited electronic state, vibrational relaxation

is one of many competing pathways. One pathway, photon emission, is essentially

the reverse of photon absorption: radiative emission (also called fluorescence) be-

tween an excited electronic state and a ground electronic state (see Figure 2.1(b) for

a Franck-Condon principle interpretation). Once again, nuclei must adjust to the

new (ground-state) electronic force field, causing excess vibrational energy. The

excess energy dissipates, and the molecule vibrationally relaxes to the lowest en-

ergy level. Importantly, the energy gaps for the most likely electronic transitions

from an excited state to a ground state are smaller than the energy gaps from a

ground state to an excited state. We refer to the energy shift from higher energy

photon absorption to lower energy photon emission as the Stokes Shift.

Figure 2.2 provides examples of the Stokes shift in fluorophore absorption and

emission spectra. A fluorophore, i.e., a chemical compound that can emit a pho-

ton upon photon excitation, typically contains several combined aromatic groups

or conjugated double bonds. For fluorophores Cy3B and ATTO647N, two fluo-

rophores which are common in single-molecule fluorescence, conjugated double

bonds create a de-localized π electron system. Conjugation reduces the energy

gap [332] and permits absorption of photons with resonance energies (and hence,

wavelengths) in the visible light spectrum; for chemical structures, see Figure 2.3.

One feature to note in absorption and emission spectra is that the spectra are

smooth and continuous. Based on the resonance equation ∆E = hν, where ∆E

corresponds to the energy gap between electronic ground and excited states, we

might expect discrete, or quantized, photon absorption energies matching the

resonance condition. Such quantization would be manifest as sharp lines. We

should, however, remember that electron motion is coupled to vibrational and ro-

tational motion. The Franck-Condon diagram (Figure 2.1) shows electronic and
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Figure 2.2: Absorption and Emission Spectra for Fluorophores Cy3B and ATTO647N. Relative to
Cy3B, ATTO647N exhibits a greater Stokes shift. This may be due to ATTO647N’s amphiphilic-
ity, i.e., having a hydrophilic head and lipophilic tail, and its exerting London dispersive forces
which induce greater reorganization of a more rigid solvation shell; see Figure 2.3 and main text.
We highlight the significant spectral overlap between Cy3B emission and ATTO647N absorption
spectra and further include laser excitation wavelengths (λgreen = 532nm and λred = 638nm) for
reference.

(a) Cy3B (b) ATTO647N

Figure 2.3: Chemical Structures for Cy3B [49] and ATTO647N [75, 180].
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vibrational states, but does not show that, for each vibrational state, many rota-

tional, i.e., quantized angular momentum, states are possible.5 The transition be-

tween |D〉 and |D∗〉 does not correspond to a single quantum energy, but instead,

a range of energies are available due to an ensemble of possible nuclear configu-

rations. Additionally, the solvation shell surrounding a molecule in solution may

occupy one of many supramolecular configurations which are weakly coupled to

the molecule. Each coupling will correspond to a slightly different energy gap

for absorption or emission. The combination of ro-vibronic coupling and solva-

tion effects means that the number of possible energy gaps trends toward infinity,

resulting in a broadened, mostly featureless band with one, or possibly two, max-

ima.

2.3 Fluorophore Blinking

Photon emission is, however, not the only pathway which allows an excited molecule

to return to its ground electronic state. Excited molecules may ‘relax’ by (i) emit-

ting a photon, a process we refer to as fluorescence, (ii) participating in photochem-

ical reactions to produce a reactive intermediate (S1 → 1I), (iii) undergoing a spin-

allowed non-radiative transition termed internal conversion between states of the

same spin (S1 → S0 + heat), (iv) non-radiatively transferring energy to another

molecule via electronic exchange interactions, and (v) undergoing a spin-forbidden

non-radiative transition termed intersystem crossing between excited states of a

different spin (S1 → T1 + heat). Further pathways are possible once the excited

molecule transitions to available triplet states Ti. The molecule may undergo in-

tersystem crossing to the ground state (T1 → S0 + heat), emit a photon in a process

termed phosphorescence, or participate in a photochemical reaction to produce a

reactive intermediate (Ti → 3I). Each pathway has a characteristic rate constant

5Rotational quantum states have energies of approximately 0.001 eV. These energies are small
compared to the thermal energy kBT ≈ 0.025 eV, where kB is the Boltzmann constant and
T = 296 K is room temperature in degrees Kelvin. Similar to vibrational states, we can describe
rotational state occupancy by a Boltzmann distribution [219]. Consequently, a significant fraction
of molecules will occupy rotational states higher than the lowest rotational state.
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Process Transition Rate Constant Rate [s−1]

Singlet-Singlet Absorption S0 → Si kexc 1015

Internal Conversion Si → S1, Ti → T1 kIC 1014-1010

Vibrational Relaxation S1,n′=j → S1,n′=0 kvr 1012-1010

Fluorescence S1 → S0 kfl 109-107

Internal Conversion S1 → S0 kIC 107-106

Quenching S1 → S0 kQ 107-105

Intersystem Crossing S1 → T1, Si → Ti kST 1010-105

Triplet-Triplet Absorption T1 → Ti kexc 1015

Phosphorescence T1 → S0 kph 103-10−2

Intersystem Crossing/Quenching T1 → S0 kTS 103-10−2

Table 2.1: Photophysical and Photochemical Processes and Their Associated Rates [189].

kx, where the subscript x denotes the process. We summarize the main pathways

using the state energy diagram in Figure 2.4 and provide their timescales in Table

2.1.

Before proceeding, we note a few characteristics of the state energy diagram

(also called a Jablonski diagram). First, we omit electronic states higher than S1 and

T1. Molecules excited to higher electronic states rapidly internally convert to S1

or T1 and further vibrationally relax to the lowest vibrational level. As a conse-

quence, we only experimentally observe photon emission from either thermally

equilibrated S1 and T1 states. This is known as Kasha’s rule, which states that emit-

ted photon energy is independent of excitation photon energy. Second, in contrast

to the potential energy curves in Figure 2.1, state energy diagrams assume similar

equilibrium geometries corresponding to the potential energy minima of |D〉 and

|D∗〉. Formally, all species, i.e., energetic states, in the diagram are isomers: each

has the same atomic composition and connectivity but each is chemically different

from the other. For example, S0 and S1 are electronic isomers; whereas, S1 and T1

are spin-electronic isomers. The unique chemical nature of each isomer has im-

portant implications for reactivity and for an isomer’s participation in pathways

affecting fluorescence. We address these pathways next and emphasize their role

in the phenomenon of fluorophore blinking, i.e., the temporary absence of fluores-

cence over a timescale greater than the excited state lifetime.
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2.3.1 Triplet States

Recall our previous discussion concerning vibronic coupling. We introduced an

operator P̂ ′vib to represent the perturbation which vibrationally mixed electronic

wave functions ψi and ψj , The perturbation caused ψi to distort and appear like

ψj , and we used Franck-Condon factors to determine the most probable vibronic

transitions.

A triplet state refers to two interacting orbitally unpaired electrons with “par-

allel” spins. We can explain the scenario in which transitions involve a change in

spin (Si 6= Sj) similar to how we explained vibronic coupling. Here, the most im-

portant perturbation is spin-orbit coupling. By distorting the spin, i.e., twisting or

flipping it, anti-parallel spins appear parallel, and vibronic coupling to the triplet

state is thus “allowed”. If we introduce the operator P̂ ′so to represent the spin-orbit

perturbation, we can modify the transition rate for vibronic coupling (see Frank

Condon principle) such that

kS1→T1 ∼ 〈ψT1 |P̂ ′vib|ψS1〉2︸ ︷︷ ︸
vibronic coupling

· 〈ψT1|P̂ ′so|ψS1〉2︸ ︷︷ ︸
spin-orbit coupling

· 〈χT1|χS1〉2︸ ︷︷ ︸
FC factor

The additional spin distortion effectively introduces a transition prohibition, hence

reducing the transition rate compared to spin allowed electronic transitions.

For atomic electron configuration, Hund’s rule states that electrons will occupy

different orbitals rather than pair in the same orbital when orbitals are of equal

energy. We can similarly apply Hund’s rule to molecular orbitals in which elec-

trons first half-fill every orbital of equal energy before spin pairing. According to

the Pauli exclusion principle, all electronic wave functions must be antisymmetric

under pairwise exchange of identical electrons, which means that electrons hav-

ing the same quantum numbers n, l, and ml must have opposite spins ms, i.e.,

must be spin paired. Because electrons with parallel spins are forbidden to oc-

cupy the same space at the same time, these electrons must correlate their motions

and positions in space. Paired electrons, however, can occupy the same region of
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space, but they experience electron-electron repulsion forces due to their negative

charge. As triplet state electrons minimize electron-electron repulsions, the triplet

state has a reduced electronic energy. The higher energy requirement for singlet

states means that, for molecules possessing two half-filled orbitals, one a HOMO

and the other a LUMO, the triplet state is always of lower electronic energy than a

corresponding singlet state, i.e., with the same (HOMO)1(LUMO)1 configuration.

Because spin-forbidden transition rates for organic fluorophores to and from

the triplet state are typically three orders of magnitude smaller than fluorescence

rates (see Table 2.1), intersystem crossing to a triplet state leads to a temporary

absence in observed fluorescence.6 External perturbations can enhance intersys-

tem crossing rates. For example, molecular oxygen has two unpaired electrons [8]

and predominantly resides in a energetically low-lying triplet state. The highly

reactive triplet oxygen is an efficient quencher of excited singlet states, in which

the mechanism may be one of several possibilities, including spin-orbit coupling,

charge transfer, and energy transfer via electron exchange [29, 176, 249, 286]. Oxy-

gen quenching efficiency depends on oxygen concentration, such that we may

express the observed intersystem crossing rate as

kobsST = kST + kO2
ST [O2]

where kO2
ST is a bimolecular rate constant for oxygen perturbation and [O2] is the

oxygen concentration [189]. Typical values of kO2
ST are 1010-109 M−1 s−1 [298]. Given

that the O2 solubility in many organic solvents is 10−2 M [319], kO2
ST [O2] ≈ 108-107

s−1, and hence, the effect of molecular oxygen on intersystem crossing becomes

significant when kST ≤ 108 s−1. Interestingly, however, oxygen also effectively

quenches the excited triplet state such that kO2
TS > kO2

ST . The net result is a decrease

in the triplet population. Other intersystem crossing enhancers include molecules

which, like molecular oxygen, have energetically low lying triplet states and often

6Reverse intersystem crossing (T1 → S1) is possible and follows the Franck-Condon principle,
but the transition can occur only from sparsely populated higher vibrational levels in T1. Eggeling
and co-workers found this transition to be very efficient for Cy5-labeled DNA [76].
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contain heavy ions such as iodide [142].

For applications which require stable fluorescence and hence minimal blinking,

reagents such as Trolox7, β-mercaptoethanol, and β-mercaptoethylamine (MEA)

are effective triplet state quenchers [51,262]. Other works have found that combin-

ing reducing and oxidizing reagents can also selectively quench triplet states [331].

The efficacy of these additives, however, is highly variable and depends on fluo-

rophore structure and local environment. The search for fluorophores which are

unlikely to transition to the triplet state, as well as reagents which quench triplet

states is still ongoing.

2.3.2 Quenching

We have already discussed quenchers within the context of triplet states, but we

can speak more generally about competing processes that induce non-radiative

relaxation where the processes involved are intermolecular in nature. The unify-

ing theme of intermolecular quenching processes is that they compete with fluo-

rescence and can significantly reduce the photon emission rate. We can separate

quenching into roughly three categories: collisional processes, static complex for-

mation, and long-range energy transfer mechanisms.

Collisional (or dynamic) quenching occurs when a molecule collides with an ex-

cited state fluorophore and causes fluorophore relaxation to the ground electronic

state. This type of quenching does not chemically alter either molecule. Molecu-

lar oxygen is one example of a collisional quencher, but other elements and com-

pounds such as halogens, amines, and electron-deficient molecules can serve as

quenchers, as well. Dynamic quenching mechanisms can include electron transfer,

spin-orbit coupling, and intersystem crossing. For example, electron transfer can

occur in the contact-mediated fluorophore-guanosine residue interaction which is

possible when fluorophores with low reduction potentials, e.g., ATTO655, are at-

tached to DNA and positioned near guanosine residues [69,70,113,127,188]. Tryp-

76-hydroxy-2,5,7,8-tetramethylchroman-2-carboxylic acid, a water soluble vitamin E analog
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tophan quenches fluorophore fluorescence in a similar fashion when fluorophores

are located within a protein environment [128].

Static quenching occurs when fluorophore-quencher complexes form which ex-

hibit either limited or shifted absorption and emission [27]. Static quenching re-

duces the population of fluorescently active molecules and thus results in reduced

observed fluorescence. Recent work implicated this type of quenching between

fluorophores Cy3B and ATTO647N when both were closely separated on double-

stranded DNA [50].

Long-range energy transfer mechanisms8 can occur via a non-radiative dipole-

dipole interaction between a fluorophore and another chromophore in close prox-

imity. This type of interaction is strongly distance dependent and is most efficient

for distances shorter than 10 nm. We will discuss long-range energy transfer at

length below.

2.3.3 Photoswitching

While applications which require strong and stable fluorescence may seek to limit

fluorophore blinking, recent work in super-resolution microscopy exploited the phe-

nomenon to achieve optical resolution below the diffraction-limit [126, 271]. By

controlling the factors which facilitate blinking, researchers turned fluorophores

into optical switches [12, 13, 74, 124, 125, 156, 213, 324, 329]. As such, under a given

set of experimental conditions, the fluorophores turn ‘on’ and ‘off’, i.e., entering

a state from which we detect fluorescence and a different state from which we do

not detect fluorescence, in a predictable manner, and we refer to this reversible

modulation as photoswitching.

Photoswitching mechanisms can be either photochemical, e.g., reduction-oxidation

reactions from excited electronic states [329], or light-induced transformations (also

known as photochromism), e.g., cis-trans isomerizations [61]. The mechanisms drive

8We use the term ‘long-range’ to differentiate this mechanism from electron transfer which is
also an energy transfer process, but occurs between molecules typically separated within 1 nm or
less.
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Figure 2.5: Schematic for Proposed Cy5 Photoswitching Mechanism [61]. Cy5 is irradiated with
red laser light hν and reacts with a thiol containing reducing agent RS−. The introduction of a thiol
disrupts the fully conjugated polymethine bridge connecting the two aromatic rings.

a molecule into a form which either has different resonance energies or differs in

the number of photons it can absorb. While the molecule may still be fluorescent,

the photophysical properties can change such that fluorescence is undetected. For

instance, an absorption spectrum shift due to a loss in bond conjugation may pre-

vent a molecule from absorbing at a particular excitation wavelength.

One example of photoswitching occurs in rhodamine compounds where a lac-

tam ring opens and closes [179]. When the ring is closed, a fluorophore absorbs in

the UV spectrum and does not fluoresce. Upon UV irradiation, the lactam ring can

open. Ring opening allows the fluorophore to form a metastable state which ab-

sorbs in the visible spectrum. Visible-light irradiation or thermal relaxation allows

the lactam ring to reform, and the cycle can then repeat. Another example is the

cyclic photoswitching of carbocyanine fluorophore Cy5 [12,13,48,61,124,126,323].

Carbocyanine fluorophores undergo photo-induced cis-trans isomerization which

leads to blinking on the microsecond timescale [142,143,145,159,331,340,344,345,

356].9 Red laser light, thiol-containing reducing agents, such as MEA, and the ab-

sence of oxygen cause Cy5 to enter an inactive state; see Figure 2.5. Green light

irradiation and thiol removal recovers the active Cy5 state and Cy5 fluorescence. A

third example is reversible switching of oxazines, e.g., ATTO655 [125,323,329,330].

Red laser excitation, a reducing agent, and molecular oxygen cause ATTO655 in-

activation. Subsequent oxidation recovers the active form of ATTO655.

Most photoswitching mechanisms appear to be variations of a general reaction

9An exception is the fluorophore Cy3B, which differs from Cy3 by having a rigid backbone (via
a tetrohydropyranyl) to prevent isomerization [49]. Cy3B is not known to exhibit light-dependent
photoactivation.
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Figure 2.6: Extended State Energy Diagram for a General Photoswitching Mechanism. After in-
tersystem crossing, oxidation/reduction to a radical ion state F •+/F •− results in an absence of
fluorescence. Subsequent reduction/oxidation recovers the ground electronic state.

sequence [113,125,202,296,329–331]; see Figure 2.6 for a state-energy diagram rep-

resentation. The process involves reduction and oxidation reactions that reversibly

switch the fluorophore between one of two states, commonly referred to as ’active’

and ’inactive’ states. For example, after intersystem crossing from an excited sin-

glet state to an excited triplet state, a reducing agent such as ascorbic acid, Trolox,

or MEA reduces the fluorophore to an inactive radical anion. An oxidizing agent

such as methylviologen or molecular oxygen subsequently oxidizes the anion and

recovers the singlet ground electronic state. Reducing and oxidizing agents do

not generally react with the ground state, and thus photon absorption is neces-

sary to drive the photoinduced electron transfer reactions. Accordingly, several

factors control the active state lifetime: oxidizing agent concentration, reducing

agent concentration, photon flux (i.e., laser excitation intensity), and solution pH

(via hydrogen ion stabilization of the fluorophore’s radical anion state [330]).

2.3.4 Photobleaching

Excited singlet and triplet states tend to be more reactive than the ground elec-

tronic state. First, electron cloud polarization is more likely for an excited molecule

because the promoted electron is located farther away from the nucleus. A greater

likelihood for polarization increases a molecule’s reactivity. Second, absorbed res-

onance energy reduces the activation energy needed to drive photochemical reac-

tions.

If we compare excited singlet and triplet reactivity, we find the triplet state is
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Figure 2.7: Schematic for Glucose Oxidase and Catalase Oxygen-scavenging System Chemical Re-
actions [2].

generally more reactive. Due to the slow rate of phosphorescence, internal conver-

sion and other non-radiative pathways compete successfully with radiative relax-

ation of the triplet state. The probability of reactive intermediates is thus higher

compared to the excited singlet state where rapid fluorescence depletion of the

excited singlet state more effectively competes with reaction pathways producing

such intermediates. In both cases, however, a fraction of the intermediates are in-

volved in photobleaching, i.e., an irreversible reaction that dramatically changes a

molecule’s absorption and emission capabilities resulting in a permanent absence

of fluorescence.

Recall that molecular oxygen played a role in intersystem crossing and triplet

quenching. A by-product of molecular oxygen’s role is a highly reactive higher

energy singlet oxygen [146, 254, 263]. The close proximity of the by-product in

relation to the ground state molecule means the singlet oxygen can easily diffuse

and react with the molecule both in its ground state or, after photon absorption,

its more reactive excited state within the excited state lifetime [189]. As part of the

reaction, the molecule loses an electron due to oxidation and consequently loses

its fluorescence capabilities.

Oxygen removal and alternative triplet quencher, e.g., Trolox, addition can im-

prove fluorophore stability in solution. In single-molecule fluorescence, a com-

mon method to remove oxygen is an enzymatic oxygen scavenging system. For

University of Oxford Page 28



Thesis K. Gryte

Figure 2.8: Schematic for protocatechuic acid (PCA)/protocatechuate-3,4-dioxygenase (PCD)
Oxygen-scavenging System Chemical Reaction [2].

example, glucose oxidase and catalase (GOC) catalyze the reaction of oxygen and

glucose to gluconic acid and water [2]; see Figure 2.7. Another system is a proto-

catechuic acid (PCA)/protocatechuate-3,4-dioxygenase (PCD) oxygen-scavenging

system; see Figure 2.8. Note that both the GOC and PCA/PCD system produce

hydrogen ions which will lower the solution pH [290]. A drop in pH can have a

strong influence on fluorophore photophysics. A recent work provides an alter-

native enzymatic system promising pH stability, but its widespread applicability

remains to be proven [305]. Microfluidics and nitrogen degassing provide alter-

natives to enzymatic oxygen scavenging systems [68], but their implementation is

more involved and requires significant setup and optimization.

Excitation photon intensity further determines photobleaching probability [76].

As a molecule spends more time in a reactive excited state, the molecule has in-

creased probability of entering a photobleaching pathway. Moreover, excitation

wavelength and excitation scheme also have an effect on photobleaching rates.

Both simultaneous laser excitation and rapid laser alternation increase the proba-

bility of higher excited states and photoionization [181].10 While the exact mech-

anisms for photobleaching remain elusive, pathways often appear to involve sev-

eral intermediates, and the triplet state seems to be the primary starting point for

a majority of the proposed pathways [114]. Accordingly, an efficient triplet state

quencher is vital for applications which require extended observation periods and

stable fluorescence.
10Note that laser excitation coupled with energy transfer processes can also increase the prob-

ability of higher excited states. Under donor laser excitation, especially if in close proximity to
a donor fluorophore, FRET acceptor molecules have a greater probability of higher excited states
and, hence, have a decreased photobleaching lifetime τph = 1/kph.
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2.4 Förster Resonance Energy Transfer

Let us first consider the following reaction sequence

|D∗〉 → |D〉+ hν (i)

hν + |A〉 → |A∗〉 (ii)

In this scenario, an excited molecule D∗ serves as a photon source and emits a

photon which is subsequently absorbed by another molecule A to yield A∗. The

probability per unit time, i.e., the rate, of a radiative emission-absorption energy

transfer mechanism will depend on several factors:

• ΦD∗
em , the quantum yield for photon emission from D∗

ΦD∗

em =
number of photons emitted

total number of photons absorbed
(2.10)

• εA(ν), the molar extinction coefficient, which characterizes A’s ability to ab-

sorb a photon of energy ν

• the overlap between the emission spectrum of D∗ and the absorption spec-

trum of A

We may combine the latter two factors to define a normalized spectral overlap integral

J =

∫∞
0
fD(ν)εA(ν) dν∫∞
0
fD(ν) dν

(2.11)

where fD(ν) is the donor emission spectrum as a function of photon energy ν. For

the case of poor overlap, fD(ν) will close to zero when εA(ν) is large and vice versa,

and hence J → 0. For a molecule A which does not readily absorb photons, i.e., εA

is small, J will be small no matter how well D∗ emission and A absorption spectra

overlap. Because the values for εA(S0 → Tn), i.e., singlet-triplet absorption, are

very small, only singlet-singlet absorption is likely to occur.
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But now consider a non-radiative energy transfer reaction

|D∗〉+ |A〉 → |D〉+ |A∗〉 (2.12)

Instead of photon emission and absorption, the excited states of molecules D and

A are somehow coupled. Although not explicitly mentioned or detailed, we have

already encountered one such coupling in the form of electron exchange. Elec-

tron exchange involves molecular orbital overlap allowing for simultaneous hole-

electron transfer [319]. This form of energy transfer is commonly known as Dexter

energy transfer [67] and occurs when D-A separation is below 20 Å.

A different coupling mechanism not involving molecular orbital overlap or van

der Waals contact involves a weak dipole-dipole interaction. This mechanism is

known as Förster resonance energy transfer (FRET) [47, 88, 89, 91] and, relative to

Dexter electron transfer, is the predominant energy transfer mechanism whenD-A

separation is between 20 Å and 1 µm.11 FRET is the non-radiative energy transfer

of an electronic excitation from one molecule termed a donor to another molecule

termed an acceptor. We can refer to FRET as a photosensitization reaction, as the ac-

ceptor molecule becomes ‘sensitized’, not by a photon absorbed while in its orig-

inal electronic state, but by a photon absorbed by the donor molecule. By defi-

nition, a chemical compound, capable of photon emission upon receiving energy

from another molecule excited previously in the chemical reaction, is a sensitized

molecule. Accordingly, we term the donor molecule the sensitizer.

Recall our previous discussion (section 2.2) which concerned the interaction be-

tween a molecule D and a photon hν. As the photon approaches D, D’s electrons

interact with the electromagnetic field and begin to oscillate along the molecule’s

positive nuclear framework, thus distorting the electron cloud. The strength of this

perturbation dictates the magnitude of the transition dipole and the likelihood of

electronic excitation.
11Beyond 1 µm, the weak dipole-dipole coupling of FRET is negligible, and energy transfer is

radiative, i.e., photon emitted and photon absorbed, rather than virtual photon mediated; see [4]
for a unifying principle which accounts for these energy transfer mechanisms.
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Upon electronic excitation, we may classically model an excited electron as un-

dergoing periodic harmonic oscillations along the molecular framework with a

natural frequency ν0. These oscillations will create an oscillating electric dipole

and thus an oscillating electric field in the space around D∗. We can then envision

the oscillating electric field having a similar effect to that of a photon’s electric

field. If the frequency ν0 matches the energy gap ∆E(SA0 → SA1 ) for electronic ex-

citation, then ν0 satisfies the Bohr frequency (i.e., resonance) condition. Moreover,

if the intermolecular distance between D∗ and A is sufficiently small such that

D∗ can interact with A’s electrons and the perturbations induced by D∗ are suffi-

ciently strong, then energy transfer is possible between D∗ and A. Several factors

therefore determine the efficiency of non-radiative resonance energy transfer:

• ν0

• RDA, the distance between D∗ and A

• µD, the strength of the oscillating electric dipole

• θ, the relative orientation of the transition dipole moments µD∗ and µA∗

• εA(ν0), which, in the classical theory, refers to how readily A’s electrons will

begin to oscillate

Interestingly, A is unable to distinguish between photon absorption and electron

oscillation of another molecule as the cause of its own oscillations. The literature

sometimes refers to the perturbation as that of a “virtual photon” [4, 281, 319].

According to the postulates of quantum mechanics, the interaction strength is

directly proportional to the matrix element which corresponds to the interaction

(see Equation 2.4). The rate of energy transfer kET is proportional to the square

of the strength of the interaction. As both electron exchange and dipole-dipole
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interactions are weak interactions, we can use perturbation theory to express kET

kET ∼ α

〈
Ψ0(D)Ψ1(A∗)|Ĥ ′ex|Ψ1(D∗)Ψ0(A)

〉2

︸ ︷︷ ︸
electron exchange

+ β

〈
Ψ0(D)Ψ1(A∗)|Ĥ ′dd|Ψ1(D∗)Ψ0(A)

〉2

︸ ︷︷ ︸
dipole-dipole interaction

(2.13)

where Ĥ ′ex is the perturbation operator for electron exchange, Ĥ ′dd is the pertur-

bation operator for dipole-dipole energy transfer, and α and β are the relative

contributions of the two terms (α + β = 1). Ĥ ′ex follows an exponential decay12

exp(−RDA); whereas, Ĥ ′dd represents an electrostatic (Coulombic) interaction po-

tential which we express using a multipole expansion [240]

VD∗A ∼
qD∗qA∗

RDA

+
qD∗〈µA∗ ,RDA〉

R3
DA

− qA∗〈µD∗ ,RDA〉
R3
DA

+
R2
DA〈µD∗ ,µA∗〉 − 3〈µD∗ ,RDA〉〈µA∗ ,RDA〉

R5
DA

+ · · · (2.14)

where 〈x,y〉 is the inner product, qx is the molecular charge, µx is the transition

dipole moment, Rxy is the vector beginning at x and ending at y, and Rxy =

‖Rxy‖ is the separation vector norm. We can include additional terms such as

quadrupole-charge, quadrupole-dipole, and quadrupole-quadrupole interactions,

but these terms are of much shorter range. For neutral molecules, the charge-

charge and charge-dipole interactions (first, second, and third terms) are zero. We

can express the inner product in terms of its geometric interpretation to obtain

VD∗A ∼
R2
DA‖µD∗‖‖µA∗‖cos θDA − 3R2

DA‖µD∗‖‖µA∗‖cos θDcos θA
R5
DA

∼ ‖µD∗‖‖µA∗‖
R3
DA

(cos θDA − 3 cos θDcos θA)

∼ κ ‖µD∗‖‖µA∗‖
R3
DA

(2.15)

12electronic wave functions decay exponentially as a function of distance
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where θxy is the angle between the two transition dipole moment vectors, θx is the

angle between the transition dipole moment vector for x and the intermolecular

separation vector Rxy, and κ is the orientation factor. Provided both the donor and

acceptor exhibit high rotational freedom, orientational averaging on the measure-

ment timescale gives κ2 = 2/3 [54,90], with κ2 having limits of 0 and 4. In the case

of perpendicular dipoles, κ2 = 0, and, for co-linear dipoles, κ2 = 4.

The interaction potential strength thus decays asR3
DA, and hence, as the energy

transfer rate is proportional to the square of the interaction strength,

kET ∝
1

R6
DA

In the regime where electron exchange is negligible compared to energy transfer

(> 20Å), we can use Fermi’s golden rule (Equation 2.7) to account for the weak

electronic interaction involved in dipole-dipole coupling

kET =
2π

~

〈
Ψ0(D)Ψ1(A∗)|P̂ ′D∗→A∗ |Ψ1(D∗)Ψ0(A)

〉2

ρ

∼ 2π

~

〈
Ψ0(D)Ψ1(A∗)|P̂ ′D∗→A∗ |Ψ1(D∗)Ψ0(A)

〉2

· 〈χ0(D)|χ1(D∗)〉2〈χ1(A∗)|χ0(A)〉2

(2.16)

where ρ is the density of states capable of effective mixing between the four elec-

tronic states and which are also coupled by the dipole-dipole interaction; ~ = h/2π

is the reduced Planck constant; P̂ ′D∗→A∗ is the perturbation operator which mixes

the wave functions Ψ1(D∗) and Ψ0(A) of the initial system state with the wave

functions Ψ0(D) and Ψ1(A∗) of the final system state; 〈χi(x)|χj(y)〉 is the overlap

integral of the respective vibrational wave functions for x and y. The square of the

overlap integral is the Franck-Condon factor, which indicates the most probable

electronic state transitions.

One of Förster’s main insights was to relate the theoretical quantities involved

in non-radiative electronic energy transfer, e.g., transition dipole moments µx, to
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experimental quantities, e.g., molar extinction coefficients εx [88,92].13 We provide

his main result here:

kET =

(
9000 ln 10

128π5NA

)
︸ ︷︷ ︸

constants

·
(
η4

)
︸ ︷︷ ︸
solvent
effects

·
(

ΦD

τD

)
︸ ︷︷ ︸

donor
emission

properties

·
(

κ2

R6
DA

∫∞
0

fD(ν̄)εA(ν̄)
ν̄4

dν̄∫∞
0
fD(ν̄)dν̄

)
︸ ︷︷ ︸

dipole-dipole interaction
and

spectral overlap

(2.17)

where η is the refractive index of the solvent, NA is Avogadro’s number, τD and

ΦD are the inverse excited state deactivation rate and the fluorescence quantum

yield, respectively, for the donor molecule in the absence of the acceptor, fD(ν)

is the donor emission spectrum, εA(ν) is the molar extinction coefficient (units:

M−1cm3), and ν̄ = 1/λ is the wavenumber (units: cm−1). Let us define R0 to be the

intermolecular separation distance at which kET = 1/τD.

R0 =
9000 ln 10 κ2ΦD

128π5NAη4

(∫∞
0

fD(ν̄)εA(ν̄)
ν̄4

dν̄∫∞
0
fD(ν̄)dν̄︸ ︷︷ ︸

)
J(ν̄)

(2.18)

where J(ν̄) is known as the spectral density integral. We may thus express Equation

2.17 more compactly

kET =
1

τD

(
R0

RDA

)6

(2.19)

We refer to R0 as the characteristic Förster distance for a donor-acceptor FRET pair,

and we typically consider the quantity constant.14

A donor molecule’s excited state lifetime in the absence of an acceptor depends

13Note: Förster’s original publications describing FRET included a typographic error in Equa-
tion 2.17 which was not corrected until 1965.

14R0 can fluctuate based on four quantities: η, ΦD, κ2, and εA(ν̄). Protein induced fluores-
cence enhancement (PIFE) is one example of local viscosity changes affecting fluorophore fluores-
cence [85,147,207,234,293]. ΦD and εA(ν̄) may both fluctuate due to spectral shift [43,44,113,165].
Temporary fluorophore interaction with nearby nucleic/amino acids or lipid membrane interca-
lation may result in restricted rotational freedom and cause κ2 fluctuations on the measurement
timescale [38,69,149,165,187,235]. Typically, only when absolute distance measurements are sought
is κ2 an important parameter [323]; otherwise, one is primarily interested in relative changes in the
transfer rate. In which case, we need only assume that κ2 is constant. For most cases, κ2 = 2/3 re-
mains a reasonable approximation for single-molecule studies in which the measurement timescale
is greater than the timescale for dipole randomization; see [54, 71, 352] for a discussion on the im-
portance of κ, particularly in structural biology.
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on several competing processes, each having a characteristic rate constant; see

Figure 2.4. The deactivation rate, τ−1
D , is equal to the sum of all such rate constants

τ−1
D = kIC + kST + kQ + krxn + kfl (2.20)

where kIC is the rate of internal conversion, i.e., ro-vibrational relaxation, kST is

the rate of intersystem crossing, kQ is the rate of static and collisional quenching

processes, krxn is the rate for alternative reaction pathways, and kfl is the rate of

photon emission. In the presence of an acceptor, dipole-dipole interaction pro-

vides an additional deactivation pathway which we previously characterized by

the rate constant kET . We thus modify Equation 2.20

τ−1
DA = kIC + kST + kQ + krxn + kfl + kET (2.21)

We may define the energy transfer efficiency, E, between a donor-acceptor pair as

the ratio of kET to all deactivating processes

E =
kET

kIC + kST + kQ + krxn + kfl + kET
(2.22)

Substituting Equations 2.19 and 2.20 into Equation 2.22, we obtain

E =
1

1 +

(
RDA
R0

)6

=
R6

0

R6
0 +R6

DA

(2.23)

The energy transfer efficiency scales with the inverse sixth power of the donor-

acceptor separation, RDA. FRET predominantly occurs at the nanometer scale.

Most organic fluorophore donor-acceptor FRET pairs have Förster distances on the

order of 50 Å [97]). Given that the typical diameter of biological macromolecules

is between 10 Å and 1000 Å, 15 the application of Equation 2.23 to donor-acceptor

15The average protein diameter is 50 Å. Core bacterial RNA polymerase, a multifunctional
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FRET pairs attached to biomolecules can provide a highly sensitive molecular

length probe [295, 300, 301].

If we assume that the donor excited state lifetime, donor emission spectrum,

acceptor absorption spectrum, and transition dipole moment strength are not per-

turbed due to donor-acceptor interaction [281], we can manipulate Equation 2.23

to obtain several variations in which E may be calculated experimentally [47].

E = 1− τDA
τD

(2.24a)

E = 1− ΦDA

ΦD

(2.24b)

E = 1− IDA
ID

(2.24c)

where {τDA, ΦDA, IDA} and {τD, ΦD, ID} are the excited state lifetimes, fluores-

cence quantum yields, and fluorescence intensities of the donor in the presence

and absence of the acceptor, respectively.

Detected intensities are ultimately a convolution of the emitted photon flux

with fluorescence quantum yields Φ (which rarely equal unity) and experimental

detection efficiencies ξ

ξ =
number of photons detected
number of photons emitted

Accordingly, Idetectedx = I truex Φxξx, where x corresponds to the photon emission

detection channel. With this in mind,

E =
I trueA

I trueDA + I trueA

=
IdetA /ΦAξA
IdetDA

ΦDAξDA
+

IdetA

ΦAξA

=
IdetA

ΦAξA
ΦDAξDA

IdetDA + IdetA

(2.25)

enzyme responsible for RNA transcription, is 150 Å long and 110 Å wide [33].
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Let γ = ΦAξA/ΦDAξDA, such that

E =
IdetA

γIdetDA + IdetA

(2.26)

where IdetA is the acceptor fluorescence upon electronic excitation due to FRET and

γ is a correction factor accounting for the different detection efficiencies and fluo-

rescence quantum yields of the donor-acceptor pair. This expression of E in terms

of acceptor and donor fluorescence intensities is commonly referred to as a ratio-

metric approach [53, 63].

If we assume γ is equal to unity (for discussion, see [284] and [38, 216]), we

can further simplify the calculated efficiency; we refer to this form of E as the

‘apparent’, ‘raw’, or ‘uncorrected’ FRET.

Eraw =
IA

IDA + IA
(2.27)

Equation 2.27 exhibits the expected behavior: i ) as RDA decreases, kET will in-

crease and result in increased acceptor fluorescence IA and decreased donor flu-

orescence IDA in the presence of the acceptor: Eraw → 1. ii ) As RDA increases,

kET will decrease and result in a reduced acceptor fluorescence intensity and an

increased donor fluorescence intensity: Eraw → 0.

FRET promises significant advantages in the investigation of individual bio-

logical macromolecules. First, Equation 2.27 is a ratiometric measure which is

able to calculate internal molecular distance within the molecular reference frame

as opposed to the laboratory reference frame. This consequently avoids compli-

cations due experimental noise and instrumental drift [270]. Second, for RDA ∈

[0.5R0, 2R0], Equation 2.23 scales approximately linearly with changes in the donor-

acceptor separation RDA relative to the Förster distance R0. Linearity allows a

straightforward measure to detect distance fluctuations. Third, because both en-

semble and single-molecule FRET techniques do not require the comparatively

harsh experimental conditions of crystallographic and cryo-electron methods, we
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can monitor biological molecules under conditions similar to the molecules’ native

environment in real-time, and we can even possibly extend in vitro assays to in vivo

conditions. Lastly, we can investigate individual molecules over the entire dura-

tion of a reaction process. Such extended observation times allow the recovery

of kinetic pathways, intermediates, static and dynamic heterogeneity, conforma-

tional fluctuations, and structure.

2.5 Summary and Outlook

This chapter provided an introduction to photophysics and photochemistry. We

learned how quantum mechanics helps us build an intuition about why some pro-

cesses are kinetically favored over others. We further discussed how environmen-

tal factors, such as molecular oxygen, pH, solvent polarity, and oxidizing and re-

ducing agents, can affect photophysical kinetics. Many applications seek to max-

imize photon emission and photostability by minimizing the effect of processes

which compete with fluorescence. We learned how work in molecular photo-

switching has revealed general mechanisms which permit us to tune the behavior

of fluorescent molecules.

We ended our introduction with a review of Förster resonance energy trans-

fer (FRET) and highlighted the phenomenon’s suitability as a molecular ruler for

biomolecular organization and structural determination. Notably, single-molecule

FRET provides an opportunity to monitor individual biomolecular conformational

dynamics in real-time and with minimal perturbation. The competing photophysi-

cal and photochemical processes which we described in this chapter present, how-

ever, significant challenges and limit the potential of single-molecule FRET. Both

experimental and statistical methods are needed to harness the technique’s sensi-

tivity and provide unambiguous determination of system dynamics. We outline

such methods in the chapters which follow.
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Chapter 3

Single-Molecule Signal Analysis

Abstract

Single-molecule fluorescence methods can monitor molecular behavior in real-
time, at high spatial resolution, and with great sensitivity. Time-dependent flu-
orescence intensity fluctuations can reveal both kinetic and structural informa-
tion about a molecular process. A method’s practical value, however, depends
on the ability to extract information content contained in experimental data.
Here, we review signal analysis methods within the context of single-molecule
spectroscopy. We first describe in detail single-molecule fluorescence methods
to understand the data types obtained. Next, we discuss how we can extract in-
formation from equilibrium distributions and generate models which account
for the data. We then address time series analysis. Two problems are common
in single-molecule analysis: i) identifying time series correlations, and ii) mod-
eling the statistical properties of a generative process. Accordingly, we focus on
correlation methods and Markov models which provide solutions to these prob-
lems. We note each method’s strengths and limitations. Finally, we follow with
a brief discussion about software implementation and discuss its increasingly
important role in facilitating single-molecule data analysis. This chapter helps
to motivate the analysis methods introduced in this thesis, and we expect the
chapter will prove useful in informing experimental design to ensure reliable
and robust information content extraction.

3.1 Introduction

Before we can understand the information content of single-molecule fluorescence

experiments, we must first understand the experimental methods we use to ob-

tain single-molecule fluorescence data. We typically classify experimental meth-
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ods as either solution- or surface-based experiments. In solution experiments, a

fluorescent analyte freely diffuses and is able to explore an entire sample volume;

whereas, in surface experiments, biomolecules are surface-immobilized and thus

limited to tethered motion.

We will first introduce the basic principles of experimental methods relevant

to single-molecule fluorescence. We highlight what parameters we can extract,

and we describe the characteristics of the data obtained. We then discuss analy-

sis methods appropriate to solution- and surface-based measurements. We follow

with a brief discussion about software implementation and state a case for a com-

mon analysis platform. Finally, we conclude by noting the strengths and limita-

tions of current approaches and by motivating the analysis methods which are the

subject of this thesis.

3.2 Experimental Methods

3.2.1 Solution-Based

Solution-based experiments allow us to monitor biomolecular interactions between

diffusing molecules. We typically perform these measurements on a fluorescence

confocal microscope [252], in which a Gaussian laser beam is focused approxi-

mately 1 micron above an objective-glass interface. Diffraction limits the focal

spot size [122]. We characterize the focal spot based on the minimum laser cross

section radius called the beam waist w0 and the distance over which the laser cross-

sectional area doubles called the Rayleigh range

zR =
πw2

0

λ
(3.1)

where λ is the laser wavelength. We refer to a microscope’s optical response to

a point source at the center of the focus as the point spread function (PSF). Our

observation of a PSF is typically a 3-dimensional diffraction pattern brought into

focus by an optical lens. Accordingly, the observed image is a convolution of the
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true object and the PSF.

To improve signal-to-noise, we use a pinhole to reject out-of-focus light, and

consequently, we superimpose a detection volume on the focal volume. We can

approximate the observation volume, i.e., the overlap between the sample, excita-

tion, and detection volumes, as a function of position vector r by a prolate ellipsoid,

which is a 3-dimensional Gaussian with different lateral and axial dimensions.

W (r) = I0(0)exp
[
−2(x2 + y2)

w2
r

− 2z2

w2
z

]
(3.2)

where wr and wz are the radial and axial distance, respectively, from the PSF cen-

ter to where the intensity I0(0) has decreased by 1/e2. The confocal observation

volume is approximately 1 fL (10−15L).

If we assume freely diffusing, non-interacting fluorescent analytes, which do

not undergo photophysical effects, we can determine the measured fluorescence

intensity as a function of time [152].

F (t) = ξσabsΦfl

∫
W (r)C(r, t) dr (3.3)

where ξ is the overall system detection efficiency, σabs is the analyte absorption

cross section at the laser excitation wavelength, Φfl is the fluorescence quantum

yield, and C(r, t) is the analyte concentration at position r and time t. The product

B = ξσabsΦflW (0)

gives the molecular brightness at the PSF center.

As fluorescent analytes diffuse into and out of the observation volume, we ob-

serve a stochastic series of temporary fluorescence bursts, in which detected pho-

ton counts exceed a background photon count rate; see Figure 3.1. Background

photon counts arise from elastic, i.e., Rayleigh, and inelastic, i.e., Raman, scatter-

ing, fluorescent impurities, and detector and other electronic dark counts. Despite
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Figure 3.1: Confocal Microscopy of Diffusing Molecules in Solution. a) A focused laser beam
excites a fluorescent analyte, represented by the yellow sphere, as it diffuses through a small exci-
tation (green cone)/detection volume (< 1fL). b) We can subsequently bin collected photons into 1
ms bins. Here, we show a doubly labeled analyte where the fluorescent labels are a donor-acceptor
FRET pair. The donor photon count is green and acceptor count is red. Bursts (see inset) are se-
quences of photon counts which exceed the background photon count rate. Rayleigh and Raman
scattering, fluorescence impurities, and detector and electronic noise contribute to the observed
background. Sample: RNAP-promoter open complex, RPo .

the method’s simplicity, determining the information content is not straightfor-

ward and requires sophisticated analyses. Bursts often consist of < 100 photons,

and thus, shot noise dominates photon count fluctuations. Shot noise is a statisti-

cal fluctuation which arises because of randomness in photon emission, as well as

the quantum mechanical nature of photon-detector interaction. An incident pho-

ton will only probabilistically result in an output count. Hence, photon detection

is a stochastic, i.e., random, process. Additionally, an analyte may take any path

through the observation volume, which has a spatially dependent excitation inten-

sity and spatially dependent collection efficiency. The result is a burst sequence,

where bursts vary in terms of width and photon count rate.

From the theory of diffusion controlled reactions, we can estimate the fre-

quency fburst = τ−1
burst that a diffusing analyte encounters the observation vol-

ume [78]

τburst ∼ O
(

1

4πwrCDcoeff

)
(3.4)

where O indicates ’on the order of’, Dcoeff is the analyte diffusion coefficient, wr is

the PSF radius, andC is the analyte sample concentration. For sufficiently low, i.e.,

single-molecule, concentrations (on the order of pM), bursts will be well separated.

We can similarly estimate the burst duration τduration

τduration ∼ O
(

w2
r

3Dcoeff

)
(3.5)
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The average protein diameter is on the order of 50-100 Å. If we estimate wr =

0.5 µm, then τduration ≈ 1-2 ms.1 For an exact burst size distribution description,

one must account for triplet kinetics, fluorescence and detection saturation, multi-

molecule events, and photobleaching [94].

For a labeled analyte with multiple spectrally distinct fluorescent probes, we

spectrally separate photon emission based on photon wavelength and define pho-

ton emission streams for each emission detection channel. Spectral separation is

not, however, perfect, with photons from one probe ‘leaking’ into the detection

channel of another probe. Moreover, fluorescent probe absorption spectra can

overlap and laser excitation may excite multiple probes, whose absorption effi-

ciency would depend on their respective molar extinction coefficient εx(ν). Hence,

detected photon emission streams are complex convolutions which involve multi-

ple factors. For example, for a doubly-labeled analyte where the fluorescent probes

are a donor-acceptor FRET pair, we define

FDem
Dexc

= σDDexcΦDξ
D
Dem(1− E)

∫ tj

ti

IDexc(~r(t)) dt+ bD (3.7)

FAem
Dexc

=

(
σDDexcΦDξ

D
Aem(1− E)︸ ︷︷ ︸

leakage

+ σADexcΦAξ
A
Aem︸ ︷︷ ︸

direct excitation

+

σDDexcΦAξ
A
AemE︸ ︷︷ ︸

FRET

)∫ tj

ti

IDexc(~r(t)) dt+ bA (3.8)

where D stands for ‘donor’ and A for ‘acceptor’; IDexc is the D-excitation laser

intensity as a function of the analyte path ~r(t) through the confocal volume; ∆t =

tj − ti is the total time the analyte spent in the confocal volume; σDDexc and σADexc are

the absorption cross sections of D upon D-excitation and of A upon D-excitation,

respectively; ΦD and ΦA are fluorescence quantum yields ofD andA, respectively;

1For reference, RNA polymerase, a multi-subunit enzyme involved in RNA transcription, is
150 Å long and 110 Å wide [33]. The Stokes-Einstein relation allows us to calculate the diffusion
coefficient for a spherical particle

Dcoeff =
kBT

6πυr
(3.6)

where kB = 1.38 × 10−23 J/K is the Boltzmann constant, T is the absolute temperature, υ is the
viscosity, and r is the particle radius. For T = 293 K, υH2O = 1 × 10−3 Pa·s, and r ≈ 60 Å,
Dcoeff ≈ 3.5× 10−11 m/s. Using wr = 0.5 µm, then τduration ≈ 2 ms.
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ξDDem , ξDAem , and ξAAem are detection efficiencies of D-emission in the D-detection

channel, of D-emission in the A-detection channel, and of A-emission in the A-

detection channel, respectively; bD and bA are the background counts during the

interval ∆t in the D- and A-detection channels, respectively; and E is the energy

transfer efficiency, i.e., FRET.

For basic solution-based confocal measurements, we record detected photons

according to photon arrival time and detection channel, which results in an N × 2

matrix, where N is the total detected photon number. More sophisticated exper-

imental techniques such as time-correlated single photon counting (TCSPC) [22]

and separating photons based on polarization [257,341] introduce additional infor-

mation. Photon arrival and burst analysis methods attempt to uncover temporal

correlations and average burst properties.

3.2.2 Surface-Based

We typically perform single-molecule surface-based measurements in one of two

realizations: confocal scanning microscopy and total internal reflection fluores-

cence (TIRF) microscopy. Both realizations have advantages and limitations, and

we discuss each in turn.

3.2.2.1 Confocal Scanning

Confocal scanning microscopy differs only slightly from solution-based confo-

cal microscopy. The difference is two-fold. First, because we surface-immobilize

biomolecules, we position the laser focus closer to the immobilization surface. Sec-

ond, instead of positioning the focus once and collecting population statistics, we

must actively scan across a surface for immobilized biomolecules.

Confocal scanning has the advantage that we can collect individual photons

for an individual biomolecule over an extended time. In solution-based measure-

ments, diffusion limits observation times to milliseconds. With confocal scanning

and recent advances yielding photostable organic fluorophores, we can observe a
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single biomolecule for tens of seconds. Hence, confocal scanning extends our abil-

ity to probe reaction timescales, without a loss in temporal resolution. Moreover,

confocal scanning does not, as in TIRF, involve complex image analysis or intro-

duce additional camera noise. We can thus adapt, in many cases, analysis methods

we develop for solution-based confocal measurements to confocal scanning pho-

ton arrival sequences.

The method, however, has two significant limitations. First, we can only ob-

serve one molecule at a time.2 This means we cannot simultaneously observe inter-

actions for multiple immobilized biomolecules. As a corollary, the method suffers

from low-throughput. To obtain sufficient statistics, one must sequentially record

individual photon sequences, which, for photobleaching lifetimes approaching

minutes, means extended total measurement times. Second, the promise of confo-

cal scanning lies in its ability to capture fast reaction kinetics, but to achieve an ad-

equate signal-to-noise ratio to detect fast (or small) fluctuations, confocal scanning

requires high laser excitation intensities. As mentioned discussed previously (see

Section 2.3.4), however, higher laser excitation intensities may affect fluorophore

photostability and introduce photophysical complications [76].3

3.2.2.2 Total Internal Reflection Fluorescence

Whereas confocal microscopy is a point-detection method, total internal reflec-

tion fluorescence (TIRF) microscopy is a widefield method, in which we image

an extended surface area on the order 10 − 100 µm2 on a sensitive camera, such

as an electron multiplying charged coupled device (EMCCD). When a light beam

propagating through a incident medium with index of refraction ηi (e.g., glass

2Note that holographic techniques can overcome this limitation [206], but most laboratories
currently lack the ability to realize such implementations.

3Additionally, compared to TIRF, confocal scanning suffers from increased solution back-
ground, thus mitigating one of its advantages (i.e., no camera noise). TIRF illuminates a smaller
sample volume (≪ 1fL), and thus excites fewer fluorescence impurities and generates less
Rayleigh and Raman scattering. Lower background offsets the additional camera noise. In our
experience, we have found that confocal scanning does not achieve a better signal-to-noise ratio
compared to TIRF at millisecond temporal resolution and, inferred based on detected photon count
rate, similar laser excitation intensities.
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ηi = 1.51), encounters a planar interface with another medium with index of re-

fraction ηt (e.g., water ηt = 1.33), the beam will undergo total internal reflection

for incidence angles (measured relative to the normal) greater than a critical angle

θc [10, 226]

θc = arcsin
(
ηt
ηi

)
(3.9)

When ηt/ηi ≥ 1, total internal reflection does not occur. For an incidence an-

gle θ < θc, Snell’s law determines the refraction angle at which light propagates

through the transmitting medium. For θ > θc, all light reflects back into the in-

cident medium, but, nevertheless, some incident energy in the form of an elec-

tric field transmits through the interface and propagates parallel to the interface

plane [122]. The transmitted field is called an evanescent field (or wave). The

evanescent field intensity I is proportional to the square of the electric field ampli-

tude and exponentially decays according to the following relation

I(z) = I(0)e−z/d (3.10)

where I(0) is the intensity at the interface and d is the characteristic decay distance

d =
λ0

2π
√
η2
i sin2 θ − η2

t

(3.11)

λ0 is the incident light wavelength in vacuum. In the limit that θ → θc, d→∞, but,

in practice, θ > θc such that d < λ0 (usually on the order of 100 nm). We illustrate

the concept of TIRF microscopy in Figure 3.2.

The optical depth for TIRF is relatively shallow compared to confocal microscopy,

differing by an order of magnitude. Importantly, a shallow optical depth reduces

background and thus allows analytes to be resolved at lower laser excitation inten-

sities. Moreover, in confocal microscopy, fluorescent analyte concentrations must

be less than 100 pM to ensure that only one analyte traverses the confocal volume

at a time. A shorter optical depth translates to a reduced illumination volume and

thus allows higher fluorescent analyte concentrations (up to 100 nM). The ability
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Figure 3.2: Total Internal Reflection Fluorescence (TIRF) Microscopy Schematic. A light beam to-
tally reflects when two conditions are satisfied: i) the transmitting medium, here the sample vol-
ume, is of lower refractive index than that of the incident medium, and ii) the light beam is in-
cident at an angle greater than a certain critical angle. While the beam is reflected back into the
incident medium, an electric field propagates into the transmitting medium in a direction perpen-
dicular to the medium interface. TIRF microscopy exploits this electric field to excite fluorophores
located typically within ∼100 nm of the interface. The shallow optical depth minimizes sample
background contributions. The evanescent field illuminates multiple fluorescent analytes, while
maintaining spatial distinction, and thus, TIRF microscopy permits highly parallel imaging. Note:
elements are not drawn to scale.
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to measure at higher fluorescent analyte concentrations is beneficial for substrate

binding studies, in which we observe freely diffusing fluorescent analytes bind an

immobilized non-fluorescent substrate.4 The other advantage of TIRF microscopy

is its relatively high throughput compared to confocal scanning microscopy. We

are able to simultaneously observe multiple individual reaction trajectories (on the

order of 100 molecules).

TIRF microscopy is not, however, without limitations. Two limitations feature

most prominently. First, TIRF microscopy introduces additional camera noise and

requires complex image analysis [135]. We describe in detail the origins of such

noise and how we recover the underlying fluorescent signal in Chapter 7. Second,

camera electronics limit the measurement temporal resolution. Currently, TIRF

microscopy is unable to access kinetics regimes which occur on timescales faster

than the single millisecond timescale, and, at the highest temporal resolution, one

must usually sacrifice imaging area size and thus reduce throughput.

While we can temporally bin confocal scanning photon arrival data at discrete

sampling intervals, we are not required to do so. Because we have access to the

raw photon arrival data, we can arrange and sort the data as we desire, and thus,

we have great flexibility in choosing analysis methods. We are free to use either

event-driven (time inhomogeneous) or uniform sampling (time homogeneous) time

series approaches. In TIRF microscopy, we do not have access to photon arrival

information. Instead, image-extracted single-molecule TIRF intensity data repre-

sents a discrete-interval time series, X = {x0, x1, . . . , xN−1}, where N is the total

number of sampling intervals.5 This limitation thus places constraints on the types

of analysis we can employ and translates to reduced information content.

4Zero mode waveguides further extend this advantage of TIRF, allowing even higher diffusing
fluorescent analyte concentrations [77, 184, 199, 366].

5The sampling interval f−1s is the inverse of the sampling frequency (or camera frame rate) fs.
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3.2.3 Excitation Schemes

We have already observed that we can increase information content by introducing

multiple spectrally distinct fluorescent probes and multiple fluorescence emission

detection channels (Equations 3.7 and 3.8). Access to multiple photon streams

allows us to examine the relationships between those streams, such as the ex-

tent to which variation in one stream co-varies with the variation of a different

stream. For the case of spectral separation, we created multiple variables in a

time-independent manner.

We might ask if we can create variables which are time-dependent, possibly

by temporally interleaving them together. Laser excitation schemes provide such

a possibility and introduce additional information content variation. We now

discuss two such schemes, single-laser excitation and alternating-laser excitation,

within the context of single-molecule FRET.

3.2.3.1 Single-Laser Excitation

Initial single-molecule FRET experiments used single-laser excitation and a single

donor-acceptor FRET pair [111]. While several early seminal works demonstrated

the ability of single-pair FRET to study protein, nucleic acid, and protein-nucleic

acid complex dynamics [112, 283, 368], these works could only identify relative

distance fluctuations and associated kinetics. Single-pair FRET is not a general

framework for quantitative structural analysis. Additional information is needed

to measure accurate FRET efficiencies and to detect experimental artifacts which

arise from fluorophore photochemistry and non-FRET photophysics.

Moreover, single-pair FRET is not a general framework for quantitative analy-

sis of molecular interactions. Consider the following reaction

ED + SA k01−−⇀↽−−
k10

EDSA

where ED is a donor-labeled enzyme and SA is an acceptor-labeled substrate.
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Single-pair FRET cannot accurately quantify the reaction species. The first

problem is that single-pair FRET only produces an appreciable FRET signal when

the inter-fluorophore separation is sufficiently close (RDA < 1.5R0). For RDA >

1.5R0, single-pair FRET cannot distinguish between ED and EDSA species. The

next problem is that inactive acceptor fluorophores will not participate in FRET;

their inactivity will result in an apparent increase in free ED species. Further-

more, single-pair FRET cannot typically detect (or quantify) SA species at donor-

laser excitation wavelengths. Finally, single-pair FRET cannot reliably identify

stoichiometries other than 1:1 (e.g., ED[SA]n>1).

If we combine these limitations with sub-stoichiometric fluorophore labeling

(i.e., labeling ratios other than 1:1), non-FRET photophysics, photochemistry, and

aggregation phenomena, we realize that we need additional means to increase in-

formation content. Finding such means is particularly important if we want to re-

late fluorescence intensity fluctuations to biological structure and function. Never-

theless, in non-FRET contexts, such as protein-induced fluorescence enhancement

(PIFE) [85, 147, 207, 234, 293], a single-laser single-fluorophore system may suffice

to extract the information needed.

3.2.3.2 Alternating-Laser Excitation

To address the challenges of single-laser single-pair FRET, Kapanidis and co-workers

introduced alternating-laser excitation (ALEx) spectroscopy [168] (reviewed in [274]).

The method’s basic premise is as follows: interleave short laser excitation pulses

and directly excite each spectrally distinct fluorophore which has its own ded-

icated emission channel. For example, for a single donor-acceptor FRET pair,

rapidly alternate between donor-excitation and acceptor-excitation lasers. Due

to time-dependent segmentation, we can recover four different photon emission
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streams:

FDem
Dexc

= σDDexcΦDξ
D
Dem(1− E)

∫ tj

ti

IDexc(~r(t)) dt+ bDemDexc
(3.12)

FAem
Dexc

=

(
σDDexcΦDξ

D
Aem(1− E) + σADexcΦAξ

A
Aem+

σDDexcΦAξ
A
AemE

)∫ tj

ti

IDexc(~r(t)) dt+ bAemDexc
(3.13)

FDem
Aexc
≈ 0 + bDemAexc

(3.14)

FAem
Aexc

= σAAexcΦAξ
A
Aem

∫ tj

ti

IAexc(~r(t)) dt+ bAemAexc
(3.15)

where σAAexc is the absorption cross section of A upon A-excitation; IAexc is the A-

excitation laser intensity as a function of the analyte path ~r(t) through the confocal

volume; and bYX is the background count during the interval ∆t = tj − ti in the

Y -detection channel upon X-excitation. Typically, FRET pairs are matched with

laser excitation wavelengths such that a FRET donor is not appreciably excited

by direct acceptor-laser excitation; hence, background counts will be the primary

contributor to the FDem
Aexc

photon stream.

Examination of the four ALEx photon streams reveals the following relations:

leakage = σDDexcΦDξ
D
Aem(1− E)

∫ tj

ti

IDexc(~r(t)) dt

= FDem
Dexc

ξDAem
ξDDem

(3.16)

direct excitation = σADexcΦAξ
A
Aem

∫ tj

ti

IDexc(~r(t)) dt

= FAem
Aexc

σADexc
∫ tj
ti
IDexc(~r(t)) dt

σAAexc
∫ tj
ti
IAexc(~r(t)) dt

(3.17)

We can readily determine the leakage using a background-corrected ratioFAem
Dexc

/FDem
Dexc

for a donor-only species and the direct excitation using a background-corrected ra-

tio FAem
Dexc

/FAem
Aexc

for an acceptor-only species.
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We calculate a raw FRET efficiency E as discussed previously (Equation 2.27)

Eraw =
FAem
Dexc

FDem
Dexc

+ FAem
Dexc

(3.18)

and we now introduce a new parameter called the stochiometry. We define stoi-

chiometry S as the ratio of donor-laser excitation fluorescence to the total detected

fluorescence, such that

Sraw =
FDem
Dexc

+ FAem
Dexc

FDem
Dexc

+ FAem
Dexc

+ FDem
Aexc

+ FAem
Aexc

(3.19)

A few points to consider: i) both E and S are ratiometric random variables which

exist on the interval between [0,1]. ii) E is independent of excitation intensity; S

is dependent on excitation intensities. The ratio of donor- and acceptor-laser ex-

citation intensities affects the relative molecular brightness. For example, if we

increase A-excitation relative to D-excitation, FAem
Aexc

will increase, and S → 0. Ex-

citation intensity dependence also means that S is affected by confocal excitation

volume mismatch. iii) Both E and S are sensitive to confocal emission volume

mismatch. iv) E is dependent on inter-fluorophore separation RDA; S is distance-

independent6.

S subsequently allows us to identify different stoichiometric ratios and species

brightnesses, i.e., number and variation of fluorescent components. S sensitivity to

fluorophore brightness follows from its sensitivity to species brightness, which is

important for identifying non-FRET photophysics. Changes in fluorescence quan-

tum yield due to absorption/emission shifts, quenching, or restricted rotational

freedom will therefore be manifest in changes in S. S thus provides a means to

exclude non-FRET photophysics as the origin of E fluctuations. We can visualize

resolved subpopulations by plotting the transfer efficiency versus stoichiometry

in a two dimensional histogram; see Figure 3.3.

6Not strictly true. In its current form, Equation 3.19 is sensitive to changes in the sum FDem

Dexc
+

FAem

Dexc
. We can write a corrected (or accurate) form similar to E, which includes the detection

correction factor γ [195]. Nevertheless, even for γ 6= 1, the distance dependence is weak.
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Figure 3.3: Alternating-Laser Excitation (ALEx) Spectroscopy and Virtual Molecule Sorting. By cre-
ating a two-dimensional histogram from the ratiometric random variables E, the energy transfer
efficiency, and S, the stoichiometry, we can resolve multiple sub-populations buried in the respec-
tive marginal distributions (E is in red; S is in black). We can thus filter donor-only and acceptor-
only subpopulations to isolate the donor-acceptor species. Experimental sample: RNAP-promoter
DNA open complex RPo . All-photon burst search [239] with parameters: T = 500 µs,M =

7 neighbor photons, L = 10 photons. Additional per burst filtering: FAem

Aexc
> 10 photons and

FDem

Dexc
+FAem

Dexc
> 25 photons. The spreads connecting the donor-only and acceptor-only subpopula-

tions with the donor-acceptor subpopulation indicates photoblinking and/or photobleaching dur-
ing analyte transit through the confocal volume. Identifying such non-FRET photophysics within
bursts is the focus of later chapters.
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In its initial incarnation, laser alternation occurred on the microsecond timescale

[168, 195]. Subsequent extensions to the nanosecond regime (nanosecond ALEx

[192] and pulsed interleaved excitation (PIE) [229]) allow the laser excitation source

for each photon emission to be known. Time-correlated single photon counting

(TCSPC) combines with PIE to provide access to fluorescence lifetimes. Further ex-

tensions which involve three or more spectrally distinct fluorophores and multiple

FRET pairs greatly extend our ability to maximize information content [194, 361].

Finally, multiparameter fluorescence detection (MFD) methods can determine up

to 14 independent parameters from a single fluorophore [257, 341].

Unfortunately, however, many developed methodologies which are capable of

identifying and resolving photophysical processes remain out-of-reach, both ex-

perimentally (due to costs and setup) and analytically. Determining 14 parame-

ters is not particularly helpful if we do not have analytical methods which relate

each parameter to one another. With this in mind, we now address the problem

of actually extracting meaningful information from single-molecule fluorescence

data.

3.3 Analysis Methods

A time series is an ordered measurement sequence, such that data points belong to

successive time instants. Both photon arrival sequences and discrete-interval TIRF

intensity data qualify as time series. TIRF intensity data is time-homogeneous, which

means that each temporally ordered data point is equidistant in time from its two

neighboring data points. The majority of time series analysis methods address

time-homogeneous data sets; e.g., Markov models, auto- and cross-correlation,

and many change-point detection algorithms. Photon arrival sequences are time-

inhomogeneous; each photon arrival time, i.e., data point, is stochastic, where the

waiting times separating successive data points obey some form of exponential

distribution, which, itself, may time vary. Fewer time series analysis methods
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specifically address time-inhomogeneous, or event-driven, time series.7

Here, we review analysis methods for single-molecule fluorescence time series

data reduction, i.e., the process of identifying and extracting meaningful infor-

mation from single-molecule data. We first review how we identify fluorescence

bursts in photon arrival data. Next, we discuss how we can extract information

from equilibrium distributions and generate models which account for the data.

We then explicitly address time series analysis. We focus on two method types:

correlation methods and Markov models. Correlation methods quantify time se-

ries self- and cross-similarity and describe relations between random variables.

Markov models characterize a time series’ statistical properties and enable us to

forecast a system’s future behavior. We conclude by offering an assessment of

current methods and suggest future directions.

3.3.1 Burst Analysis

A fluorescent analyte diffusing into and out of a confocal observation volume gen-

erates a stochastic series of fluorescent bursts, in which the detected photon count

rate exceeds a background level; see Figure 3.1. Recall that despite the data’s ap-

parent simplicity, the data’s stochastic nature requires sophisticated analysis. Ex-

citation intensity and detection efficiency are both spatially dependent. This de-

pendence results in a burst size distribution where both burst length and photon

count varies. Moreover, photon shot noise typically contributes significantly to

data variation because of low photon numbers.

In order to analyze the burst size distribution and probe the properties of dif-

fusing molecules, we must first identify bursts. We address burst detection next.

7Often, when we want to apply time-homogeneous time series analysis methods, we transform
an event-driven time series into a time-homogeneous time series, e.g., by counting the number of
data points which fall into equally spaced bins. This transformation, however, reduces informa-
tion content–primarily the waiting times between data points which themselves may be important
information.
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3.3.1.1 Burst Detection

The most straightforward burst detection methods use photon thresholds [73, 82,

239]. First, define a temporal window T ; e.g., T = 500 µs. Next, beginning from the

measurement onset t0, incrementally slide T in time, where the increment is equal

to the detector resolution; e.g., APD dead time. Record the number of photons

in each window. If a window contains more photons than a specified threshold

M , mark the first photon as the beginning of a burst. Continue to slide T until a

window fails to exceed thresholdM , and mark the previous window’s last photon

as the burst end. Compute the burst total photon number Ni. We may optionally

apply another threshold L. If the photon number for burst i exceeds L, retain the

burst; otherwise, discard. Continue to slide the window and identify bursts until

the measurement end tf .

Many laboratories, including our own, use this threshold approach. We can

apply the method to one or multiple channels, either singly or jointly. The par-

ticular application depends on the experimental sample. Threshold burst search

algorithms are sensitive to fluorophore brightness, analyte diffusion coefficients,

and confocal optics. For applications which require accurate burst detection, an

individual should ensure that threshold parameters are appropriate by using ex-

perimental controls and/or performing simulations. For applications in which we

can afford to be more liberal in our burst selection criteria, we can specify minimal

threshold parameters, e.g., M = 7, L = 10, effectively detecting anything which

vaguely resembles a fluorescence burst, and then further filter and sort bursts af-

ter visualizing burst data, e.g., using ALEx E-S histograms.

Accurate burst detection can be essential in several applications, such as biosens-

ing [208] and determining in vivo copy numbers [313]. Several works have de-

veloped statistical methodologies to identify bursts which are more robust than

threshold algorithms. Grange and co-workers developed a parameter-free method,

which relies on iterative estimation of the background distribution [106]. Recent

work by Barber and co-workers introduced a Bayesian method capable of detect-
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ing bursts with signal amplitudes only 10% above background [11]. Other meth-

ods exploit fluorescence lifetime information to distinguish background photons

from fluorescent analytes [81, 94, 256].

We should note, however, that inter-burst intervals are not random. In solu-

tion, a focused laser beam introduces a biasing potential and creates a weak op-

tically induced trap [246]. The effect is only significant for electronically excited

molecules. Consequently, a focused laser biases diffusing fluorescent analytes to

both remain in the observation volume and to re-enter the volume after exiting.

Recurrence analysis of single particles (RASP) exploits the biasing effect to ex-

tend the measurement timescale we can observe a single diffusing analyte [132].

We expect fluorescence bursts from different and non-interacting analytes to be

uncorrelated; however, we might surmise that we would observe correlation if

bursts originate from the same molecule. RASP computes the probability that

successive bursts belong to the same analyte in a manner similar to a correlation

function and then groups those bursts based on their fluorescence properties, e.g.,

E values. Hoffman and co-workers demonstrated that, by systematically extend-

ing a recurrence interval about a burst to include bursts from different analytes,

they could extend the measurement timescale for a single analyte to∼ 100 ms and

access interconversion kinetics beyond the diffusion time.

3.3.2 Distribution Analysis

One method to extract information from single-molecule fluorescence data is to

fit functions to parameter distributions. For example, to determine the mean en-

ergy transfer efficiency and, hence, obtain relative distance information, a common

practice among researchers is to fit Gaussian functions to E histograms. While

fitting histograms is quick and straightforward, such a method often lacks statis-

tical rigor, especially if we consider that the fitting function choice, histogram bin

width, and number of components are often arbitrary. Moreover, while we can

obtain additional fit parameters beside the mean transfer efficiency, such as E dis-
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tribution variance and other moments, the fit does not inform us as to the physical

significance of these parameters.

A problem faced within the single-molecule field is resolving sample hetero-

geneity, which is frequently related to sample variance. Static heterogeneity refers

to inter-molecular variation among sample molecules, and dynamic heterogeneity

refers to intra-molecular variation of an individual molecule’s statistical qualities

over time. For example, a sample which contains multiple DNA standards, each

internally labeled with the same donor-acceptor FRET pair separated at differ-

ent inter-fluorophore distances, would exhibit a broad E distribution. Such dis-

tribution broadening would be due to static heterogeneity. In contrast, consider

a single species which dynamically fluctuates on the measurement timescale be-

tween two distinct conformations. If we were to label this species with a single

donor-acceptor FRET pair such that different E values reported on the different

conformations, the E distribution would also broaden, but, here, the broadening

would be due to dynamic heterogeneity.

One question to ask is: how we would distinguish between static and dynamic

heterogeneity based on parameter distributions alone? A parameter’s marginal

distribution removes temporal information, and thus, we cannot discern a pri-

ori whether distribution broadening is static and/or dynamic in origin. Several

works have attempted to address this problem and have provided detailed and

statistically rigorous analysis methods to extract information from parameter dis-

tributions and to determine the origins of heterogeneity.

3.3.2.1 Photon Counting Histograms

Photon counting histogram (PCH) analysis analyzes the distribution of fluores-

cence intensity during a specified sampling interval. Several works introduce

the theory and provide rigorous mathematical derivation [34, 35, 230], including

accounting for non-ideal detection and extending to multiple detection channels

[36, 130, 131]. A slightly different method termed fluorescence intensity distribu-
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tion analysis (FIDA) seeks to achieve the same aim as PCH, but differs in its math-

ematical methodology [171, 172, 220]. We briefly review the main results here.

PCH uses two parameters to characterize fluorescence fluctuation data: 〈N〉,

the average number of molecules present in the confocal volume, andB, the molec-

ular brightness. We describe the photon detection shot noise by a Poisson distri-

bution, which gives the probability of detecting k photon counts

p(k;µ) =
µke−µ

k!
=

(ζII)ke−ζI

k!
(3.20)

where µ is the mean count rate, ζI is a detection efficiency proportionality constant,

and I is the fluorescence intensity. Equation 3.20 holds for a perfectly steady light

source. We must modify this equation to account for the spatial dependence of I

within the confocal volume [35]

p(k) =

∫ ∞
0

(ζII)ke−ζI

k!
p(I) dI (3.21)

where p(I) is the intensity probability distribution. Recall that the mean of a Pois-

son distribution is equal to its variance: 〈k〉 = 〈k2〉 − 〈k〉2. The basic idea for PCH

is then as follows: an observed variance greater than 〈k〉must be due to additional

fluctuations accounted for by p(I). One source of such fluctuations is analyte dif-

fusion within the confocal volume.

We may address analyte diffusion by either theoretically [35] or empirically

[172] modeling the confocal volume. By measuring the PSF and the brightness,

i.e., the mean photon count per sampling interval per molecule, where we posi-

tion the molecule at the PSF center, we can relate I = B · PSF(r), where the PSF

is normalized to unity at its center. An analyte located at each position within the

confocal volume will contribute a Poisson number of counts based on that posi-

tion. If we assume that each position is equally likely, i.e., p(r) = 1/V , where V is
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the confocal volume, then we may express Equation 3.21 for a single analyte as

p(k;V,B) =
1

V

∫
V

(B · PSF(r))ke−B·PSF(r)

k!
dr (3.22)

To implement PCH, for each fluorescence burst, we bin photon counts into 10-

40 µs sampling intervals [35, 172, 253] and then fit the photon count distribution

using Equation 3.22. Deviations from the Poisson fit are indicative of sample het-

erogeneity [230], which may be either of static or dynamic nature. We can resolve

the number of species by fitting a convolution of single analyte distributions, each

with a different brightness parameter Bi.

3.3.2.2 Shot Noise Comparison

While PCH models shot noise to predict the photon count distribution for an emis-

sion detection channel, other works have sought a shot noise prediction for the

energy transfer efficiency. Dahan and co-workers [53, 63] showed that a Beta dis-

tribution could approximate an E distribution. In which case,

σ(E) =

√
〈E〉(1− 〈E〉)
〈N〉+ 1

(3.23)

where 〈N〉 = 〈FDem
Dexc
〉 + 〈FAem

Dexc
〉 is the mean photon count during a specified time

interval. By comparing an observed E variance to that predicted by theory, Dahan

and co-workers could infer the presence of sample heterogeneity.

Gopich and Szabo subsequently provided a rigorous theory of photon statistics

in single-molecule FRET [101]. They established an upper bound for E distribu-

tion variance

σ(E; 〈E〉, N > NT ) <

√
〈E〉(1− 〈E〉)

NT

(3.24)

where NT is a minimum photon threshold for a specified time interval. They sub-

sequently extended their theory to include conformational dynamics [103,105] and

fluorescence lifetime information [102].
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Nir and co-workers recognized that, if one knows the number of photons in

a burst, a binomial distribution with success probability p = E describes the ex-

pected number of acceptor-emitted photons [239]. Hence, we can use error prop-

agation to obtain the observed E∗ distribution standard deviation

σ(E∗;E,N) =

√
E(1− E)

N
(3.25)

where E is the true probability. If we know the experimental burst size distribu-

tion, which we readily obtain using burst search algorithms, we can generate a

predicted shot noise distribution using Monte Carlo techniques. For each burst i,

draw a random variable Xi from a binomial distribution with parameters E and

Ni, whereNi is the number of FDem
Dexc

+FAem
Dexc

photons. Compute the simulated FRET

efficiency ε = Xi/Ni, and add to a histogram. Upon comparing the shot noise pre-

diction with the observed distribution, we attribute any dispersion beyond the

shot noise limit to heterogeneity.

Probability distribution analysis (PDA) takes shot noise prediction a step fur-

ther [5, 163, 164, 277]. In this approach, we generate E distributions according to

shot noise prediction and a kinetic model and then compare the predictedE distri-

bution to the observed data. By performing a global kinetic parameter search and

minimizing the sum of squared error between the data and the PDA prediction,

we can find kinetic models which agree with the observed data [277].

While potentially useful, PDA cannot comment on whether a static or dynamic

prediction agrees better with experimental data. According to PDA, as long as

both a multiple static species simulation and a dynamic species simulation predict

an E distribution equally well, the predictions are equally valid. Consequently,

Torella and co-workers developed burst variance analysis (BVA) to address exactly

this issue. BVA uses the insight of Nir and co-workers to detect, for each burst, E

fluctuation variance beyond the shot noise prediction. In combination with PDA,

BVA can distinguish whether a static or dynamic prediction better accounts for

distribution dispersion. In subsequent chapters, we will discuss in detail both
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shot noise prediction and BVA.

3.3.3 Time Series Analysis

3.3.3.1 Time Homogeneous

Fluorescence Correlation Spectroscopy Fluorescence correlation spectroscopy

(FCS) is an experimental technique to extract information from time-dependent

fluorescence intensity fluctuations [79, 152, 189]. As a fluorescent analyte diffuses

through a confocal observation volume, the analyte’s fluorescence intensity may

fluctuate due to a variety of factors, such as translational diffusion [209,266], ligand-

macromolecule binding [353], rotational diffusion [173], conformational dynam-

ics [72, 316], intersystem crossing [342, 343], and excited-state reactions [190, 345].

The goal of FCS is to detect the existence of temporal correlations within photon

arrival data. Different processes will generate correlations on different timescales.

We may describe each timescale using analytical expressions. When used to fit

correlation data, these expressions allow us to extract parameters which provide

meaningful information about an underlying process.

The basis for FCS is the normalized temporal correlation function, R(τ)

R(τ) =

〈
(X(t)− 〈X〉)(Y (t+ τ)− 〈Y 〉)

〉
〈X〉〈Y 〉

(3.26)

where X = {x0, x1, . . . , xT−1}, Y = {y0, y1, . . . , yT−1}, T is the total number of data

points, and 〈·〉 denotes the average value. We refer to τ as the lag. Commonly,

we express Equation 3.26 in terms of fluctuations ∆X(t) = X(t)− 〈X〉. R(τ) then

becomes

R(τ) =
〈∆X(t)∆Y (t+ τ)〉

〈X〉〈Y 〉
(3.27)

A correlation function is a similarity measure between two time series as a func-

tion of time. When Y = X , we refer to Equation 3.26 as the temporal autocorrelation

function (ACF), which we normalize by the time series average squared. In the case
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of autocorrelation, R(τ) measures self-similarity. For example, consider an analyte

diffusing through a confocal observation volume. In the limit of an infinitely small

displacement during the interval ∆t = tj− ti, i.e., the analyte is effectively station-

ary during the time interval, we expect to measure similar photon count rates at tj

and ti. As ∆t→∞, the analyte will diffuse away from its position at ti. Eventually,

at some time tj , we should no longer expect similar photon count rates at ti and tj ,

e.g., if the analyte diffused out of the observation volume. Accordingly, we expect

Equation 3.27 to have a maximum value for τ = 0. By computing the fluctuation

similarity as a function of time, we can determine how long correlations persist.

In our example, correlations would inform us about diffusion coefficients.

If we assume a 3D Gaussian observation volume (see Equation 3.2), we can

analytically solve the fluctuation component of Equation 3.27 [7]

Rdiffusion(τ) =
δ

CV

(
1

1 + τ
τdiffusion

)(
1

1 + (wr
wz

)2 τ
τdiffusion

)1/2

(3.28)

where τdiffusion is the analyte’s mean diffusion time through the observation vol-

ume, C is the analyte sample concentration, V is the observation volume size, wr

and wz are the PSF radial and axial distance, respectively, and δ is a correction fac-

tor which depends on observation volume geometry; for a 3D Gaussian, δ = 1/ 3
√

2.

By inspection, we see that

Rdiffusion(0) ∝ 1

CV
(3.29)

where 〈N〉 = CV is the average number of analytes in the observation volume at

any time.

While we can model the observation volume V theoretically, we typically use

FCS to determine the volume’s dimensions using a control sample with a well-

characterized diffusion coefficientDcoeff. We fit Equation 3.28 for parameters τdiffusion

and a = wr/wz. From the mean diffusion time τdiffusion = w2
0/4Dcoeff, we obtain

the radial distance w0 [189]. The axial distance follows from z0 = aw0, and, if

we assume a 3D Gaussian observation volume, we calculate the volume size as
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V = π3/2w2
0z0. We subsequently perform FCS measurements for our experimental

sample and fit Equation 3.28, leaving only τdiffusion unconstrained.

For other processes which generate fluorescence intensity fluctuations, we need

to derive, similar to that of diffusion (Equation 3.28), appropriate models which

describe the processes and yield analytical solutions. One such process is triplet-

state photophysics. Widengren and co-workers derived a triplet state component

for the ACF, which assumed that the fluorescence rate is much faster than the rate

of intersystem crossing and triplet relaxation [344].

Rtriplet(τ) = 1 +
〈ftriplet〉

1− 〈ftriplet〉
e−τ/τtriplet (3.30)

where 〈ftriplet〉 is the equilibrium fraction of molecules in the triplet state and τtriplet

is the singlet-triplet relaxation lifetime. If we assume that the diffusion time is

well-separated from the triplet timescale, the overall correlation is proportional to

the product of the respective components

R(τ) = Rdiffusion(τ)Rtriplet(τ) (3.31)

Several works have further developed FCS capabilities to address multiple

channel cross-correlation [76, 175, 261, 287, 316], in vivo measurement [178], and

total internal reflection fluorescence [?, 198]; see [97,121,189] for further advances.

Nevertheless, FCS has limitations. First, FCS is sensitive to optical artifacts which

distort observation volume shape and generate artificial fluctuations [129]. Sec-

ond, FCS requires process timescales to be well-separated. For example, process

timescales which overlap with diffusion timescale fluctuations can be difficult to

model and identify. Third, FCS is termed a small-ensemble method, in which an-

alyte concentrations are typically > 1 nM. Nanomolar concentrations are too high

for standard single-molecule confocal detection and therefore limit our ability to

identify sample heterogeneity and isolate molecular subpopulations in complex

samples [168, 221].
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Although FCS is a versatile experimental and analysis technique, the limita-

tions of FCS help motivate the single-molecule signal analysis methods we de-

velop in later chapters to quantify diffusion timescale dynamics.

Correlation We, in the single-molecule field, frequently cite donor-acceptor anti-

correlated fluorescence intensity changes as evidence for FRET-based donor-acceptor

interaction and against non-FRET photophysics as the cause of E fluctuations.

Few works, however, provide statistical support for their assertion. Most researchers

manually search for time series correlations and, depending on the application

and additional criteria, retain anti-correlated donor-acceptor time series for fur-

ther analysis. Such an approach is not ideal.

One method to determine correlation between two random variables X and Y

is the Pearson product-moment linear correlation coefficient

ρXY =
Cov[X, Y ]

σXσY
=

E[(X − µx)(Y − µY )]

σXσY
(3.32)

where σX and σY are the respective standard deviations, and µX and µY are the

respective mean values. Equation 3.32 is a normalized measure of X-Y covari-

ance. We can modify Equation 3.32 to calculate a sample correlation coefficient r

between two time series X = {x0, x1, . . . , xN−1} and Y = {y0, y1, . . . , yN−1} of finite

length N

rXY =

∑N−1
i=0 (X − X̄)(Y − Ȳ )√∑N−1

i=0 (Xi − X̄)2

√∑N−1
i=0 (Yi − Ȳ )2

(3.33)

where X̄ and Ȳ are the respective sample means. Equation 3.33 becomes ill-

defined, however, for measurements which involve noise and where the corre-

sponding signal-to-noise ratio is small. Consider the situation in which X and Y

are N = 100 data points in length and uncorrelated except for five data points

where X and Y are negatively correlated. If the negative correlations arise from

fluctuations which only weakly deviate from the mean, then these negative corre-

lations will have little impact on rXY . In this scenario, the correlations are buried
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in the noise, and, if negative correlations are what we hope to identify, rXY would

likely fail to provide confirmatory evidence.

The work of Wang and Lu [205, 335] attempted to address this shortcoming

and proposed a method called 2-dimensional regional correlation analysis. The

basic premise is to compute the cross-correlation between time series segments

segmented by lag τ .

RXY (τ, ti : tj) =

tj∑
ti

X(t)Y (t+ τ) (3.34)

where ti is the index defining the start of a segment and tj is the index defining the

end of a segment. This calculation is repeated for multiple values of τ to generate a

2-dimensional correlation amplitude histogram. We provide the generated output

in Figure 3.4.

We offer a few comments on the method. First, for uncorrelated time series,

the method identifies significant correlations. False positives arise due to the fact

that the method computes correlation values between short segments, and shorter

segments translate to reduced statistics and a greater susceptibility to random cor-

relations. Second, if we consider perfectly anti-correlated time series (see Figure

3.4(b)), the method fails to detect negative correlations. False negatives arise due

to the method’s bias toward detecting significant deviations from mean values.

For small and/or transient fluctuations, local 3-pixel averaging obscures correla-

tions. In other tests, we found the method did identify negative correlations when

the fluctuations were large and the time series exhibited clear state behavior (data

not shown). These tests, however, beg the question as to the utility of the method,

as other methods are arguably more appropriate for time series which show clear

states. Finally, the method does not inform us as to correlation significance, but

only provides amplitudes. If we simply want an automatic way to identify and

isolate time series with significant correlations, the method, in its current form, is

unable to provide such a framework.

Hanson and Yang [117, 118] sought to develop a framework which could pro-
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Figure 3.4: 2D Regional Correlation Analysis. We simulated correlated Poisson time series and
applied 2-dimensional regional correlation analysis, which calculates a modified cross-correlation
function to identify local correlations [335]. a) 2-dimensional correlation amplitude histogram.
Cross-correlation between time series segments separated by lag τ (= Stopindex - Startindex). Cross-
correlation measures can suggest both local and lagged correlation. Green indicates no correlation;
blue indicates negative correlation; red indicates positive correlation. b) uncorrelated time series,
ρ = 0. The truncated heat map located below the time series indicates correlations within time
series segments which are separated by small τ . Full histogram calculation is omitted as such
calculation is not needed for identifying local cross-correlation. For uncorrelated time series, the
method frequently detects positive correlations. c) anti-correlated time series, ρ = −1. For perfectly
anti-correlated time series, the method does not detect anti-correlations, but primarily detects pos-
itive correlations. In general, the method is not well-suited to detect transient correlations buried
in noise.
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Figure 3.5: Statistical Test for Time Series Cross-Correlation. We simulated a Markov-switching
process and performed a statistical test for time series cross-correlation [117, 118]. a) simulated
Markov-switching process. Simulated donor photon counts are in green and acceptor counts are
in red. b) statistical test for cross-correlation. The cross-correlation function RXY (shown as a
black line) exceeds the expected 90% confidence intervals (shown as dotted lines), and thus, the
correlation is significant.

vide a statistical test for correlations. Building on the work of Watkins and co-

workers [336], their insight was to determine the uncertainties in cross-correlation

which arise due to finite-length time series. By determining the uncertainties, they

generated confidence bounds against which they could hypothesis test for signifi-

cant correlations. We demonstrate the results of their approach in Figure 3.5.

We note three qualities of the time series in Figure 3.5(a). i) They show clear

anti-correlated behavior. ii) The fluctuation magnitude is large and signal-to-

noise ratio large. iii) The time series demonstrate multiple distinct interconversion

timescales (in the example, a rapid interconversion regime, α1, and another slower

interconversion regime, α2). We found these three aspects were required in order

for the statistical test to consistently confirm significant correlation. We performed

simulations similar to those used to test 2D regional correlation analysis (Figure

3.4), and the statistical test failed to reliably identify correlation. Thus, while pro-

viding a statistical test which can identify correlated time series in an automatic

fashion, improvements to the method are needed to identify correlations at the

measurement temporal resolution.

Finally, we mention the role of correlation functions in single-molecule enzy-
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mology. Intra-molecular dynamic heterogeneity arises when an enzyme changes

conformation and the conformational change results in altered kinetics. For exam-

ple, consider the case of an immobilized enzyme binding to diffusing substrates.

Suppose the enzyme fluctuates between two conformations which affect its bind-

ing (k+1) and unbinding (k−1) rates. Interconversion can occur from either the

bound or unbound forms. We denote the rates for enzyme conformation intercon-

version by γ.

Eα + S
kα+1−−⇀↽−−
kα−1

EαS

γ+1 �� γ−1 γ+2 �� γ−2

Eβ + S
kβ+1−−⇀↽−−
kβ−1

EβS

where kα+1 6= kβ+1 and kα−1 6= kβ−1. A donor-acceptor FRET pair which monitors

the enzyme will yield an E time series whose statistical properties change over

time (similar to the time series shown in Figure 3.5(a)). The phenomenon which

describes enzymatic rate fluctuations over time is called dynamic disorder. One

way to evaluate dynamic disorder is to calculate the dwell time autocorrelation

function [346]

R(i) =

∑
i

(
τdwell(i)− 〈τdwell〉

)(
τdwell(i+ j)− 〈τdwell〉

)
∑

i(τdwell(i)− 〈τdwell〉)2
(3.35)

where τdwell is the dwell time, i is the dwell index, and j is the dwell index lag. In

the absence of dynamic disorder, R(0) = 1 and R(i) = 0 for i > 0. In the presence

of dynamic disorder, R(i) shows a decay. The initial (i = 0) amplitude reflects the

variance in rates among the different conformations. The decay time yields the in-

terconversion timescale. Repeated interconversion on the measurement timescale

is manifest as a recurring change in a time series’ statistical properties over time;

this recurrence is called a memory effect.

The ability to detect and investigate memory effects remains elusive. In or-

der to accurately calculate an autocorrelation function for a single time series,
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many enzymatic turnovers are needed, thus posing stringent measurement re-

quirements. Such requirements exponentially scale with each additional confor-

mational isomer and additional reaction step. Currently, organic fluorophore pho-

tobleaching lifetimes are too short to adequately investigate enzymatic dynamic

disorder, but continuous improvements in fluorophore photostability, as well as

new experimental methods [41], suggest such investigations may be possible in

the near future.

Markov Models We have thus far considered analysis methods which generally

exploit a time series’ known specific properties, e.g., Poisson noise, to estimate

time series parameters, e.g., photon count rate. These methods, however, cannot

accurately predict a time series’ future behavior, as the methods do not learn any-

thing about the generative process. In order to generate predictive models, we

must turn to another class of methods which seeks to understand properties of the

underlying system generating the time series. Such methods generally fall under

the heading of machine learning, which is a rapidly growing field at the forefront of

computational analysis.

Here, we focus on a subset of machine learning algorithms which we use to

learn Markov models. Several works have introduced Markov models for single-

molecule fluorescence time series analysis [23, 161, 218, 359, 360, 362]. The strength

of Markov models lies in the ability to impart our prior knowledge about the sys-

tem to help guide, structure, and improve analysis performance. Before we ap-

ply Markov models to single-molecule data, we first introduce the concept of a

Markov model and the machine learning methods we use to learn a time series’

statistical properties.

A model for a stochastic process, X = {X0, X1, . . . , XT−1}, is a set of rules char-

acterizing the joint probability distribution between all random variables derived

from that process. We define a stochastic process as a finite or infinite sequence

X = {Xt}t≥0 = {X0, X1, . . .} of random variables taking values in a discrete state-

space S. The elements of S are called states, {Si}0≤i≤N−1. X is a Markov chain if
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the conditional properties between the outcomes at different t satisfy the Markov

property, which we now explain. Consider a time t and the event Xt = qt

{X0 = q0, . . . , Xt−1 = qt−1, Xt = qt}

for some sequence of states q0, q1, . . . , qt, where qt = Si. This sequence is a record

of the process history up to and including time t. The conditional probability

P (Xt+1 = qt+1|Xt = qt, Xt−1 = qt−1, . . . , X0 = q0︸ ︷︷ ︸
entire history

)

represents the event probability one time step into the future beyond time t condi-

tioned on the entire past of the process up to t. The conditional probability

P (Xt+1 = qt+1|Xt = qt)

represents the event probability of a future event given only the present. The

Markov property is satisfied when

P (Xt+1 = qt+1|Xt = qt, Xt−1 = qt−1, . . . , X0 = q0) = P (Xt+1 = qt+1|Xt = qt) (3.36)

for every sequence of elements of S (q0, . . . , qt, qt+1) and for every t ≥ 0. A random

variable sequence with the Markov property is called a Markov chain. If X is a

Markov chain, and i and j are indexes for states in {S}, the conditional probability

aij(t) = P (Xt+1 = Sj|Xt = Si) (3.37)

is called the transition probability from i to j at time t. If the transition probabilities

do not depend on time, then aij(t) = aij , i, j ∈ S , and we say the Markov chain

is time-homogeneous.

aij(t) = aij, ∀ t (3.38)
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Figure 3.6: Hidden Markov Models (HMMs). A Markov chain consisting of two states (red and
green) undergoes state changes according to the transition probabilities {aij}. The state sequence
{Xt} is hidden from the observer (indicated by the dashed line), and the observation sequence is
a probabilistic function of the state sequence with state emission probabilities {bj(Ot)}. Here, the
observation output {Ot} is multivariate, with densities given by Gaussian distributions.

The Markov property states that, once an event Xt at the present time is known,

all past sequence events have no relevance to conditional probabilities of future

events. Or stated more poetically: the future is independent of the past given the

present.

A hidden Markov model (HMM) extends the Markov model to map an observa-

tion sequence O = {Ot}t≥0 to a hidden (or latent) state sequence Q = {qt}t≥0; see

Figure 3.6. The HMM models the observation sequence as a probabilistic function

of an underlying Markov chain X . In its most basic form, an HMM assumes each

observation Ot is independent of prior observations and solely depends on the

hidden state Xt = qt at time t, p(Ot|qt = Si).

We parameterize an HMM as follows [260]

• initial probability distribution: π = [πi]

πi = P (X0 = Si), 0 ≤ i ≤ N − 1 (3.39)
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π is a probability vector, and thus satisfies the conditions 0 ≤ πi ≤ 1 ∀ i and∑
i πi = 1. πi is the probability that the Markov chain starts in state Si.

• transition probability matrix: A = [aij], where
∑

i aij = 1, i.e., the matrix is

row stochastic.

• observation probability distribution: B ∼ N(O,µjm,Σjm) where 0 ≤ j ≤

N − 1, N is a log-concave symmetric probability density function, O is the

observation sequence to be modeled, and µjm and Σjm are the mean vector

and covariance matrix, respectively, for the mth mixture component in state

j.

Given a model parameterized by λ = (π,A,B), we calculate the probability of O

by computing the sum over all possible hidden state sequence probabilities

L(O|λ) =
∑
Q

πq0aq0q1bq1(O1)aq1q2bq2(O2) · · · aqT−2qT−1
bqT−1

(OT−1) (3.40)

We traditionally decompose learning HMMs into three problems [260]

• Efficient computation of L(O|λ).

• Selecting an ‘optimal’ state sequence Q which explains the observation se-

quence O.

• Determining model parameters λ which maximize L(O|λ).

We efficiently solve the first problem using the forward-backward algorithm [15]. We

solve the second problem via the Viterbi algorithm [87, 326]. The Viterbi algorithm

determines the state sequence Qwhich maximizes p(Q|O, λ). We compute a max-

imum likelihood estimate for the model parameters λ using the Baum Welch algo-

rithm [14, 16, 17]. The Baum-Welch algorithm belongs to the class of expectation-

maximization algorithms [62, 255]. Figure 3.7 shows HMM analysis results for sim-

ulation data and demonstrates that an HMM can correctly infer a hidden state

trajectory.
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An additional problem is model selection, i.e., determining the correct number

of states. A standard means to determine model complexity is to use an informa-

tion criterion [197, 218]. Multiple information criteria exist, but our tests indicate

that the Bayesian information criteria (BIC) generally fares best

BIC = −2 ln L(O|λ) + k ln T (3.41)

where k is the number of free parameters and T is the data length. The second

parameter acts as a penalty term for increased complexity. As more parameters

k are introduced, the likelihood that the model λ generated the observations O

must be sufficient to offset the increased penalty incurred. Accordingly, the best

model is that model which minimizes the BIC. An alternative method for model

selection is to use the recently proposed variational Bayes expectation maximization

algorithm [18] which maximizes the model evidence and obviates the need for an

information criterion. The best model is that model which maximizes the evidence

[25, 242]. More recent works have developed HMMs for multivariate inference

[204, 322] and model comparison [107].

While powerful, HMM learning has disadvantages. i) HMMs are most effec-

tive when state lifetimes are 10x greater than the measurement sampling interval.

For fast kinetics near the measurement temporal resolution, HMM performance

degrades significantly, as we will show in a subsequent chapter. ii) States must be

clearly resolved. Basic HMMs are unable to distinguish degenerate states [174].

iii) HMM learning is a global method and not amenable to real-time analysis. iv)

HMM computation scales quadratically with the number of states. For complex

systems, HMM analysis quickly becomes computationally expensive. v) HMM

performance is best when learning is seeded with appropriate prior probability

distributions (priors). Poor initial parameters can lead an HMM to become trapped

in a local, rather than global, maximum. For situations in which little is known

about the data’s statistical properties before analysis, other methods should be per-

formed to obtain parameters to inform model priors. vi) HMM learning is most
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effective when states are populated at least 10 times during a time series. For slow

kinetics, fluorophore photobleaching is limiting. vii) Simultaneous HMM anal-

ysis across multiple time series assumes kinetic homogeneity. For a kinetically

heterogeneous population, a global HMM will learn the mean population proper-

ties. The inferred parameters may lead researchers to draw incorrect conclusions

regarding system kinetics [107].

As with all analysis methods, we should exercise care in how we apply HMM

learning. We strongly make three recommendations. First, run experimentally

accurate simulations to understand the limitations and requirements of HMMs.

Second, perform complementary analysis methods, such as change-point detec-

tion and correlation analysis. Third, perform experimental controls. This is par-

ticularly important to ensure that distance-independent photophysics do not con-

tribute to FRET fluctuations. While an HMM may infer a state change, an HMM

is silent as to the transition’s physical meaning [21]. Inference difficulties of this

kind are discussed at length in subsequent chapters.

3.4 Software

Time series analysis has a rich history in statistics, signal processing, economet-

rics, and mathematical finance. This history has benefited single-molecule re-

searchers, who have adopted analysis methods developed elsewhere to analyze

single-molecule data, such as clustering techniques [321, 338], maximum likeli-

hood methods [102, 104, 116, 137, 250, 325, 348], Bayesian inference [11, 26, 185, 187,

217, 308, 336, 337], Markov models [3, 19, 45, 46, 153, 201, 222, 223, 231, 258, 259, 292,

299,306], wavelet techniques [307,308,351], image analysis [66,227,309], and stellar

photometry [135]. While these methods have advanced the field, new experimen-

tal techniques and data types require that we continually develop new analysis

methodologies to manage, process, analyze, and visualize the increasingly com-

plex data sets. Importantly, we must continue to refine existing, as well as develop

new, analysis methods which address the unique characteristics and complica-
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tions of single-molecule fluorescence data, such as fluorophore photophysics and

photochemistry, sources of experimental noise, and reaction trajectory inference.

Single-molecule approaches provide unprecedented access to biological sys-

tems; however, their utility is limited if we lack methods and platforms to extract

meaningful information. A significant challenge going forward is developing a

standard framework across which single-molecule time series are visualized and

analyzed. Within the field of single-molecule fluorescence, researchers employ a

patchwork of data analysis methods, and too few works publicly release software

implementing the methods. This patchwork varies from researcher-to-researcher,

preventing reproducibility and comparison.

While single-molecule tailored software packages do exist [25,107,135,174,218,

223, 282, 307], they fail to provide comprehensive solutions, each performing an

often singular task without interfacing with other packages or platforms. Ad-

ditionally, existing software fails to be intuitive, especially for the non-technical

user, and often requires users to be comfortable operating at the command-line–

something which cannot be expected as single-molecule techniques expand to

fields less computational. Third, most software is neither interoperable or open-

source. Proprietary software platforms such as LabVIEW and MATLAB R© are

closed development systems and restrict open collaboration and engagement with

the much larger computing and development community. Finally, the vast major-

ity of single-molecule researchers lack sufficient training in computing, design,

and software development to produce quality software solutions. These obstacles

subsequently prevent proposed solutions from being scalable.

The lack of satisfactory solutions for single-molecule time series analysis led

us to develop extensive in-house software. Previous work in our laboratory ap-

plied stellar photometry techniques for single-molecule identification, detection

channel association, and processing [135]. This work solved the problem of data

extraction, but we further needed visualization and analysis methods to extract in-

formation content and infer underlying reaction trajectories. I designed and wrote
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Seneca, a single-molecule fluorescence data analysis package, to address our needs.

Seneca implements many of the techniques discussed above, includes simulation

facilities, enables extensive visualization, and provides a user interface to access

the methods.

Future work will involve design and development of a web interface, which

will enable analysis to occur in a web browser and be device agnostic. We aim

to leverage the burgeoning open-source development community and facilitate

broader engagement within and beyond the single-molecule field. While not dis-

cussed in this thesis, our work will form the basis of a future publication.

3.5 Summary and Outlook

The information buried in single-molecule time series has immense potential to re-

veal fundamental mechanistic insights into biological behavior, both structurally

and kinetically. In this chapter, we reviewed experimental and analysis techniques

to extract information content. Each method presented its advantages and dis-

advantages, particularly in terms of data requirements necessary for information

extraction.

For example, hidden Markov methods require i) ergodicity such that the un-

derlying kinetic topology is manifest as a connected graph without missing edges,

ii) multiple state transitions allowing for repeated single state observation, and

iii) prolonged state occupancy. These constraints impose significant experimental

burdens in terms of total observation times, system kinetics, and emitted fluores-

cence intensity, and further place an upper bound on accessible kinetic regimes.

With regard to HMMs, current fluorophores do not emit sufficient photon num-

bers to access kinetic timescales beyond 1 transition every 10 milliseconds.

Watkins and Yang used information theory to demonstrate that the best tem-

poral resolution one can hope to achieve in order to resolve single-molecule dy-

namics with a 10% relative measurement error is 1ms [337]. If we use the Rayleigh

criterion as a proxy for our ability to distinguish conformations having different
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inter-fluorophore separations, this means that, for 1 millisecond kinetics, confor-

mational states must differ by at least 2nm (i.e., ∆E ≈ 30%). In their work on

protein folding, Chung and co-workers went beyond the mentioned limits to infer

a kinetic upper bound of 200µs by exploiting unique features of their experimental

design and thus extended measurement resolution by an order of magnitude [43].

As a general rule, however, sub-millisecond kinetics cannot be directly resolved.

As a consequence, the capacity for confocal scanning microscopes to record

photon arrival times does not currently provide a distinct advantage over TIRF

microscopy in its ability to resolve conformational dynamics at kinetic timescales

below 1ms. For both experimental designs, inferring reaction trajectories through

time series idealization techniques requires millisecond kinetics. Nevertheless, as

methods such as PDA and E-BVA show, with only 5 photons, we can still infer

conformational dynamics which occur at timescales below the millisecond regime.

Such methods reside at the limit of our ability to extract information content and

to probe single-molecule structural and kinetic behavior.

While several works have provided analysis methods capable of data reduction

and parameter extraction, each method has its strengths and limitations, and fur-

ther analysis improvements and developments are necessary. In particular, meth-

ods are needed which better address single-molecule data complexities and more

fully account for physical constraints and processes. Complex time series arise due

to multiple factors. Multiple interconverting structural and chemical states and

intermolecular interactions generate time series fluctuations. Competing path-

ways to fluorescence, such as intersystem crossing, quenching, and photobleach-

ing, lead to abrupt changes in a time series’ statistical properties. Discrete data

sampling, either experimentally (TIRF) or through binning, leads to complicating

quantization effects. In Förster resonance energy transfer (FRET) measurements,

distinguishing true distance-related FRET fluctuations from non-distance-related

photophysics presents significant challenges.

Experimental design must minimize complications in order to detect molec-
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ular processes and to reliably extract information content. For example, single-

molecule fluorescence experiments should exploit the information contained in

crystal structures to optimize fluorophore placement. New technologies now per-

mit chemical- and site-selective biomolecule-labeling using unnatural amino acids

[31, 32, 39, 279]. These methods inform experimental design such that fluorescent

probes i) minimally perturb biomolecular activity, ii) have unrestricted rotational

freedom, and iii) in FRET measurements, are optimally separated to maximize

distance-related FRET fluctuations.

Nevertheless, even if we minimize complications and ensure maximum signal-

to-noise, we still need analysis methods for data reduction. As experimental data

becomes more complex, richer, and more varied, we need analysis methods which

are better informed about the underlying processes which generate observed data.

This is particularly true in order to deconvolve fluorescence intensity fluctua-

tions which report on biological activity from photophysical- and photochemical-

related fluctuations that obscure the relevant signal. To this end, we present in

the chapters which follow analysis methods that detect and identify time series

fluctuations and their photophysical origins.

Contributions

I performed all simulations and evaluated method performance. All writing and

figures are my own.
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Chapter 4

Burst Variance Analysis (Efficiency)

Abstract

Burst variance analysis (BVA) is a method that detects FRET dynamics by com-
paring the time-dependent FRET standard deviation of individual molecules
diffusing through a confocal volume to the standard deviation expected from
shot noise alone. Recent work [314] used both simulations and experiments to
demonstrate that BVA can distinguish between static heterogeneity, i.e., multi-
ple shot-noise-limited species, and dynamic heterogeneity, i.e., individual species
fluctuating between two or more distinct FRET states. Here, we use BVA to an-
alyze RNA polymerase (RNAP) open complex FRET distributions and to detect
open complex conformational dynamics. Our results confirm FRET dynamics,
but we report a significant limitation of BVA in its ability to distinguish be-
tween FRET fluctuations due to conformational dynamics and FRET fluctua-
tions due to distance-independent photophysics, such as those attributable to
fluorophore blinking. We discuss possible sources of FRET distribution broad-
ening beyond the shot noise limit and state the need for both experimental and
statistical measures capable of distinguishing FRET fact from artifact.

4.1 Introduction

Burst variance analysis (BVA) attempts to detect dynamic fluctuations in Förster

Resonance Energy Transfer (FRET) as individual molecules emitting donor and ac-

ceptor fluorescence diffuse through a confocal volume. Hereafter, we refer to this

method as E-BVA to distinguish the method from additional BVA applications in-

troduced in this thesis. Motivations for E-BVA reside in the attempt to distinguish

between static and dynamic heterogeneity and to explain distribution broadening
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Figure 4.1: FRET Burst Variance Analysis (E-BVA) schematic. FRET sample mean, µi, and standard
deviation, si, calculation. We takeM samples of n consecutive photons (in the diagram,M = 4, n =
5) from each burst. We then calculate FRET, ε∗j , for each n-photon window,W , and µi and si are the
sample mean and standard deviation, respectively, of ε∗j over all M . Hence, for each burst, i, we
have a single mean and standard deviation pair (µi, si). Green sphere: donor photon; red sphere:
acceptor photon.

in confocal histograms. Existing methods proved unable to adequately address

the static-dynamic distinction, necessitating a burst-by-burst analysis [314].

As detailed by Torella and co-workers [314], E-BVA employs a statistical cri-

terion to compare observed experimental standard deviations to simulated stan-

dard deviations generated according to theoretical prediction. Observed systems

exceeding the strict confidence bounds are considered dynamic, where dynamics

are presumed to arise due to state interconversion for a sample species. We note

that E-BVA is not conclusive, however, in ascertaining whether observed dynam-

ics arise due to conformational fluctuations alone.

Depending on experimental conditions and setup, fluorescent dye quenching,

dye isomerization, or optical alignment introduce artifacts which can obfuscate

the presence of underlying conformational dynamics. This stated, what E-BVA

can validate is distribution broadening due to species dynamics, whatever those

dynamics might be, as opposed to static heterogeneity, where sample species are

in accordance with theoretical prediction. Hence, E-BVA is most effective as one

of a suite of tools and experimental controls designed to determine system hetero-

geneity and effectively eliminate artifacts.

4.2 Algorithm

E-BVA implementation is relatively straightforward (see Figure 4.1):
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1. For each burst, bin photons originating during donor excitation by arrival

time into non-overlapping bins where the bin size, i.e., number of photons,

is defined by window W .1

2. Calculate the FRET, ε∗ij , for each bin j in burst i.

ε∗ij =
na

nd + na
(4.1)

nx = number of photons; a: acceptor; d: donor

3. Calculate the sample mean, µi, and standard deviation2, si, of ε∗ across all

bins, Mi.

µi =
1

Mi

Mi−1∑
j=0

ε∗ij (4.2)

si =

√√√√ 1

Mi − 1

Mi−1∑
j=0

(ε∗ij − µi)2 (4.3)

4. For all bursts with similar mean FRET {µ(E∗) : a ≤ µ(E∗) < b}, calculate the

partition (cluster) standard deviation, σ(E∗), across all bins for all considered

bursts.

µk(E
∗) =

1

Mk

∑
i where
a≤E<b

Mi−1∑
j=0

ε∗ij (4.4)

σk(E
∗) =

√√√√√ 1

Mk − 1

∑
i where
a≤E<b

Mi−1∑
j=0

(ε∗ij − µk(E∗))2 (4.5)

1E-BVA is suitable for either continuous wave or ALEx measurements. Note, however, for
E-BVA, we disregard ALEx acceptor excitation photons, concatenate all donor excitation photons,
and bin neighbors regardless of arrival time. This means artificial change-points may occur (e.g.,
during one donor excitation, ε ∼ 0.8 and, during the next donor excitation, ε ∼ 0.2). While omitting
arrivals times is an issue if we want to determine an underlying state transition sequence, here,
we only want to determine if a molecule is dynamic. E-BVA is not designed to provide exact
timescales, but determines only whether dynamics are present over the timescale of interest (the
time a molecule spends diffusing through the confocal volume).

2Note: Torella and co-workers [314] propose using a biased estimate for the sample standard
deviation (although they do not justify its use). Here, I use the appropriate unbiased estimate
throughout. This means that my sample variance calculations will be higher than as computed by
their algorithm, but my conclusions should remain the same, however, as I use unbiased estimators
for both the observed sample variance and the expected sampling simulation.
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where Mk =
∑
Mi is the total number of windows for bursts satisfying the

conditions of the kth partition.

5. Use Monte Carlo techniques3 to simulate the expected sampling distribution.

µk(E) =
1

Mk

∑
i where
a≤E<b

Mi−1∑
j=0

F ij
A

n
(4.6)

σk(E) =

√√√√√ 1

Mk − 1

∑
i where
a≤E<b

Mi−1∑
j=0

(
F ij
A

n
− µk(E)

)2

(4.7)

where F ij
A is a random variable drawn from a binomial distribution with n

trials (i.e., the number of acceptor photons in a window of n photons; n = W )

and success probability E; define the resulting distribution as PMC(σ(E)).

6. Use a Bonferroni correction for multiple hypothesis testing [1] and compare

the upper tail confidence interval sCIE to the observed σ(E∗).

(
1− α

K

)
=

∫ sCIE

0

PMC(σ(E)) dσ (4.8)

where K is the number of partitions (clusters) and α is the confidence level

(α = 0.001).

7. Determine if the observed standard deviation exceeds the strict confidence

bounds for static behavior and is thus indicative of dynamics.

4.3 Biological System

Transcription is the process of synthesizing RNA from a DNA template. The pro-

cess is the first step in gene expression and a highly regulated process. In Es-

cherichia coli and other bacteria, transcription is initiated after RNA polymerase

3Monte Carlo methods are a class of computational algorithms which rely on repeated random
sampling, e.g., repeatedly drawing samples from a proposed population distribution.
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(RNAP) binds to a DNA promoter sequence, a process facilitated by transcription

factors known as sigma (σ) factors. For bacterial promoters controlled by the main

sigma factor, σ70 , the RNAP-σ70 complex (referred to as the holoenzyme) binds

to -10 and -35 promoter elements [120], melts ∼14 base-pairs (bp) in the DNA

surrounding the main transcription start site, and forms the catalytically active

RNAP-DNA open complex (RPo ). See Figure 4.2.

RNAP can initiate transcription from multiple positions nearby to the main

transcription start site, both in prokaryotes and eukaryotes [30, 158, 203]. In bac-

teria, RNAP predominantly initiates at purines located 4-to-12 bp downstream

of the -10 element4. Start site preferences seem suitable targets for gene regu-

lation, as 5’ transcript end variation apparently affects both secondary structure

formation inhibiting translational initiation [58, 59] and transcript stability [80].

Moreover, start site variation may affect the extent of abortive initiation or tran-

scriptional slippage, both of which could influence promoter initiation frequency

[30, 166, 169, 264, 347].

Early observations of lac operon mRNA 5’ end heterogeneity led to the hypoth-

esis that RNAP initiates from multiple start sites due to transient DNA template

strand binding [30], where RPo single-stranded DNA (ssDNA) flexibility and dy-

namics permit transcription start site sampling by the polymerase active site. Sub-

sequent structural work on RNAP-σ70 and RPo [232] did not reveal any obvious

RNAP conformational changes that could account for start site sampling, consis-

tent with the ssDNA hypothesis. Additionally, proposed DNA scrunching mech-

anisms suggest ssDNA flexibility associated with possible looped DNA structures

within the RPo transcription bubble [169, 264].

Although proposed thirty years ago, the ssDNA dynamics hypothesis has no

direct evidence confirming its validity. Obtaining direct evidence is challenging

for several reasons: (1) experimental difficulty in observing subtle ssDNA con-

formational changes within the RPo transcription complex, (2) uncertainty in the

timescale of conformational changes, and (3) RPo complex preparation hetero-
4The -10 element extends from -7 to -12 bp upstream of the +1 start site.
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geneity. Single-molecule Förster resonance energy transfer (smFRET) methods,

such as confocal microscopy of diffusing molecules and total internal reflection

fluorescence (TIRF) microscopy of surface-immobilized molecules, promise to ad-

dress these challenges by characterizing nanometer-scale dynamics at the millisec-

ond timescale [275, 277, 314].

Previous studies used fluorophore FRET pairs to monitor transcription initia-

tion conformational changes [169]. We adopt a similar methodology by placing

fluorophore pairs at different regions within promoter DNA in hope of detecting

transcription bubble formation and DNA movements associated with start site

sampling. With one fluorophore upstream of the main transcription start site and

another downstream, transcription bubble expansion and compaction asRPo sam-

ples nearby upstream and downstream start sites should, in principle, result in

detectable FRET changes, provided the changes are large enough5. And if sam-

pling occurs at the millisecond timescale, E-BVA provides a means to account for

distribution broadening beyond the shot noise limit, either due to multiple static

species6 or dynamic species7.

To probe RPo dynamics, we designed three double-stranded DNA (dsDNA)

promoter sequences, differing only in the fluorophore labeling positions; see Fig-

ure 4.3.8 For the promoter, we used a lacCONS+2 promoter, a derivative of the E.

coli lacUV5 promoter, with the +2 corresponding to two differences: a single bp

substitution in the -35 element and a single bp deletion in the spacer region lo-

cated between the -35 and -10 elements.9 We designed two constructs, (-15Cy3B,

+15ATTO647N)lacCONS+2 and (-5Cy3B, -3ATTO674N)lacCONS+2 , to directly

senseRPo dynamics [50,169], and a third construct, (-15Cy3B, -25ATTO647N)lacCONS+2

5Note that, in the linear FRET regime, i.e., E ∈ [0.2, 0.8], a ∆E ≈ 0.05 corresponds to a ∆R ≈
3Å.

6e.g., RPo does not actually sample, but rather, different RPo have preferred start sites and the
start site distribution previously observed is just the distribution of the static species

7i.e., RPo actively samples start sites, inter-converting between multiple conformations
8For sequences and labeling schemes, see Appendix D.1.
9These two differences create consensus sequences [228].
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, to serve as a static control [169].10,11 We hereafter refer to these constructs as (-

15,+15), (-5,-3), and (-15,-25).

We note several considerations with regard to our constructs. Ideally, a fluo-

rophore labeling position should ensure minimal fluorophore-protein interaction

and provide a stable local environment. This precaution aims to promote reso-

nance energy transfer at the expense of other photophysical and photochemical

pathways. When such precautions are not possible due to distance constraints or

protein functionality, we should be cautious in our interpretation of FRET obser-

vations and control for distance-independent photophysics which may obscure a

conformational dynamics FRET signal.

According to accessible volume (AV) modeling, each construct has one or more

fluorophores which contact the polymerase. Hence, although our labeling posi-

10Key: (±x D, ±y A) are the labeling positions for the FRET pair. x and y are the positions rela-
tive to the main transcription start site +1, with negative positions upstream and positive positions
downstream. D and A correspond to donor and acceptor fluorophore, respectively.

11Dynamics are not known or suggested to occur within the promoter spacer region, i.e., the
region between -10 and -35 promoter elements. Therefore, FRET pairs placed within this region
are not expected to exhibit dynamic fluctuations and should provide a static control.

Figure 4.3 (following page): Monitoring RNAP-Promoter Open Complex Dynamics. Fluorophore
labeling schemes to monitor RNAP-promoter open complex (RPo) dynamics, where the green
mesh is the donor (Cy3B) accessible volume and the red mesh is the acceptor (ATTO647N) acces-
sible volume. A larger accessible volume (AV) suggests greater rotational freedom and, possibly,
a decreased likelihood for fluorophore-protein interaction. With regard to the latter, we note that
ATTO647N is amphiphilic. a) (-15,+15) labeling scheme. ATTO647N has considerable rotational
freedom compared to Cy3B, which appears oriented toward the protein. Restricted Cy3B rota-
tional freedom should not necessarily impact the FRET efficiency via κ2, but this does not preclude
contact-induced fluorescence quenching. While ATTO647N appears mobile, ATTO647N contacts
the β-β′ subunits as the downstream dsDNA is pulled toward the active site. Such interaction may
also promote photophysical and photochemical pathways other than resonance energy transfer. b)
(-5,-3) labeling scheme. Cy3B has greater rotational freedom than in (a), but fluorophore-protein
interaction still appears likely. ATTO647N is buried within the protein, and, according to AV mod-
eling which uses a static structure, ATTO647N is completely restricted (hence, the absence of an
acceptor mesh). Despite the high probability for fluorophore-protein interaction, gel assays did not
suggest that enzyme reactivity is significantly perturbed [50]. c) (-15,-25) labeling scheme. The AV
for Cy3B is the same as in (a). ATTO647N is oriented away from the enzyme and has a large AV.
We note that fluorophore linker lengths are approximately 2nm, and, for this dsDNA construct,
Cy3B and ATTO647N are approximately 3.5nm apart. Thus, we cannot exclude the possibility for
fluorophore-fluorophore interaction and contact-induced fluorescence quenching. Subunits: β is
magenta; β′ is yellow; αI is green; αII is cyan; α C-terminal domains dark purple and orange;
ω not shown; σ70 is grey. Promoter DNA: non-template strand is light green; template strand is
dark green and, within the transcription bubble, purple. Structure based on [232] and [364]. DNA
structure and model based on [144]. Accessible volume calculation [?] and molecular modeling by
Diego Duchi.
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tions may provide access to FRET signals corresponding to conformational dy-

namics or the lack thereof, we must treat E-BVAresults with suspicion and use

appropriate biological controls and statistical analysis methods to account for pos-

sible FRET dynamics artifacts.

4.4 Experimental Results

Single-molecule FRET spectroscopy with alternating-laser excitation (ALEx) [168]

of diffusing dsDNA and RPo molecules resulted in FRET histograms and E-BVA

plots for molecules having a 1:1 labeling stoichiometry (one donor and one accep-

tor); see Appendix D.3 and D.4 and Figure 4.4. For each dsDNA construct, we

performed measurements in the absence and presence of RNAP holoenzyme.

Beginning with (-15,+15) , in the absence of holoenzyme, we expect the DNA to

behave as a rigid rod, resulting in a unimodal distribution close to the shot noise

limit. Upon holoenzyme addition, RPo formation results in downstream dsDNA

positioned closer to upstream dsDNA . As the acceptor fluorophore is closer to the

donor fluorophore, we expect to observe increased FRET. (-15,+15) should conse-

quently report on the movement of downstream dsDNA toward the transcription

start site. Figure 4.4(a) shows this to be the case, as indicated by the bimodal dis-

tribution, with the higher E population assigned to RPo .

Next, for (-5,-3) , in the absence of holoenzyme, close fluorophore proximity re-

sults in contact-mediated fluorescence quenching [50, 113] and random E fluctua-

tions without a defined distribution. Holoenzyme addition relieves quenching, as

the fluorophores are pulled apart during transcription bubble formation. Hence,

(-5,-3) should report on transcription bubble expansion and compaction. Figure

4.4(b) shows RPo having a high E value centered around E ∼ 0.75.

Previously, Kapanidis and co-workers [169] used a construct similar to (-15,-

25) and concluded that the promoter spacer region did not undergo substantial

conformational changes upon transcription initiation. We presumed this construct

to be a suitable static control in the presence of holoenzyme and transcription ini-

University of Oxford Page 92



Thesis K. Gryte

tiation. The absence of dynamics would also support RPo -mediated downstream

DNA movement accounting for any possible RPo dynamics. Figure 4.4(c) con-

firms that fluorophore separation in (-15,-25) does not substantially change upon

RPo formation, with the distribution maintaining the same relative shape, mean,

and standard deviation.

We performed E-BVA for each measurement as specified by Torella et al [314]

and outlined above, with W = 5 and α = 0.001. Ideally, static controls, such as

dsDNA and (-15,-25)RPo , would not exhibit dynamics in E-BVA. But as may be

observed in Figure 4.4, every sample but the sparsely populated (-5,-3) dsDNA

construct show ‘dynamics’, as indicated by the red triangles representing the clus-

terE standard deviation. While some may argue that the dynamic score, i.e., the dis-

tance between the cluster standard deviation value and a strict upper confidence

bound, is greater for RPo samples, the case for E-BVA supporting RPo dynam-

ics is weak and inconclusive. Hypothesis testing for significance in the difference

between dynamic scores for control and RPo samples failed to reject the null hy-

pothesis that the dynamic scores are effectively the same (data not shown). E-BVA

Figure 4.4 (following page): Burst Variance Analysis (E-BVA) of RPo Dynamics. We performed
E-BVA on promoter dsDNA constructs that differed only in the fluorophore labeling positions. (a)
lacCONS+2 dsDNA labeled with a donor fluorophore at position -15 and acceptor at +15, relative
to main transcription start site. The upper-left histogram shows the DNA alone and corresponding
E-BVA plot below. Upon addition of RNAP-σ70 (holoenzyme), the distribution is bimodal, where
the lower E distribution is assigned to either unbound dsDNA or the RNA polymerase (RNAP)
closed complex (RPc) and the higher E distribution to RPo . The bottom plot shows E-BVA for
the entire distribution. (b) lacCONS+2 dsDNA labeled with a donor fluorophore at position -5
and acceptor at -3. Due to dynamic quenching [50], we see few dsDNA events. Upon addition
of holoenzyme, quenching is removed due to RPo formation, resulting in a high E population.
E-BVA plots for both dsDNA and RPo are below their corresponding histograms. (c) lacCONS+2
dsDNA labeled with a donor fluorophore at -15 and acceptor at -25. We expect the region between
the fluorophores to remain rigid during RPo formation [169] and thus do not expect a significant
difference in histograms. E-BVA plots are below their corresponding histograms. Key: orange
regions on the promoter DNA are the -10 and -35 promoter elements to which σ70 tightly binds;
the arrow indicates the main transcription start site and transcription direction; donor fluorophore
is green; acceptor fluorophore is red; the blue oval represents RNAP; the yellow oval represents
σ70 ; the green marker inside the transcription bubble marks the main transcription start site; the
blue lines downstream of the transcription bubble are the downstream dsDNA contacts for RNAP;
histogram fits (black lines) are Gaussian fits; the black line in the E-BVA plots is the shot noise pre-
diction (W = 5); black triangles indicate burstE fluctuations in accordance with a static prediction;
red triangles indicate E fluctuations exceeding the static prediction and are evidence of dynamic
interconversion. Except for the (-5,-3) dsDNA construct, both promoter DNA control experiments
and RPo show dynamics.
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for additional control samples also demonstrate dynamics (data not shown).

One possible explanation for dynamics is distance-independent photophysics.

Achieving the shot noise limit has proven difficult to achieve [5, 38, 165, 239, 283].

Recent work suggests significant variability in fluorophore fluorescence due to dye

stacking [148, 149], DNA intercalation [165], guanine induced quenching [70, 315],

cis-trans isomerization [124, 143, 159, 345], oxygen presence [2, 369], availability of

reduction-oxidation agents [331], photochemistry [245], and protein induced flu-

orescence enhancement [136, 207, 293]. Fluorophores, including ATTO647N, are

known to undergo significant spectral shifts and to be prone to dsDNA stick-

ing [43,44,69,113,149,165,187,235,331]. We repeated dsDNA control experiments

using Trolox for triplet state quenching [51, 262], and a glucose, glucose oxidase,

and catalase [119, 290] system for oxygen removal. These samples also showed

dynamics. And as evident in Figure 4.4(c), holoenzyme binding to promoter DNA

apparently increases the dynamic score for the (-15,-25) static control.

Taken by themselves, these results fail to conclusively support active sam-

pling by holoenzyme in RPo and, instead, suggest the possibility that distance-

independent photophysics may be obscuring the true underlying signal. Quite

possibly, ATTO647N state behavior is exacerbated by the presence of RNAP (e.g.,

transient fluorophore-protein interaction), giving rise to an increased dynamic

score, irrespective of actualRPo dynamics. Differentiating between distance-independent

photophysical artifacts and FRET changes reporting on conformational changes

remains a significant challenge in single-molecule fluorescence, and the single-

molecule field has yet to establish a robust statistical framework for addressing

single-molecule complexities.

4.5 Summary

E-BVA can be an effective method to detect dynamics in single-molecule data

[239, 314]. Used in conjunction with other analytical methods, such as probabil-

ity distribution analysis (PDA) [5, 277, 310], fluorescence lifetime analysis [102],
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recurrence analysis [132], photon counting histograms [35, 172], multiparameter

fluorescence detection [73, 164, 291, 341], correlation analysis [6], maximum like-

lihood [104], and hidden Markov and semi-Markov models [23, 185, 359, 360], E-

BVA provides a statistical method to hypothesis test for dynamics. E-BVA helps

to eliminate those models, such as multiple static species, which yield similar dis-

tributions to that observed but which are incompatible with fluctuations identi-

fied within individual bursts. We do note, however, that ‘dynamics’ is a broad

term, including not only conformational fluctuations, but also photophysical ef-

fects resulting from quantum yield changes, dye sticking/stacking (restricted ori-

entation), and other events which obfuscate the underlying biological behavior.

Hence, from E-BVA alone, one cannot attribute fluctuations solely to conforma-

tional dynamics. Appropriate experimental controls and optimization are needed

to mitigate the effects of artifacts and conclusively explain distribution broaden-

ing. As such, E-BVA builds upon previous work investigating shot-noise-limited

distributions and provides a quick test for static versus dynamic heterogeneity as

the origin of excess distribution width.

Contributions

Torella and co-workers [314] first proposed E-BVA. Yusdi Santoso, Joseph Torella,

and Johannes Hohlbein provided initialE-BVA software implementations. I, alone,

wrote the publicly available E-BVA software. Thorben Cordes and Nicole Robb

conducted all RP0 start-site selection measurements, and, on these measurements,

I performed E-BVA. All writing and figures are my own, except where indicated.
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Chapter 5

Burst Variance Analysis

(Stoichiometry)

Abstract

Distinguishing distance-independent photophysics, such as fluorophore blink-
ing, from conformational dynamics FRET fluctuations remains a significant chal-
lenge in single-molecule fluorescence. Accounting for distance-independent
photophysics is critical if we want to draw conclusions concerning the biologi-
cal significance of FRET dynamics. Several recent works have shown distance-
independent photophysics, such as quantum yield variation [44, 165, 216], spec-
tral shift [43, 44], and restricted fluorophore orientation [38], can lead to in-
creased FRET fluctuation dynamics and distribution broadening beyond the
shot noise limit. We use alternating laser excitation (ALEx) spectroscopy to cal-
culate fluorophore stoichiometry. The fluorophore stoichiometry is a ratiometric
variable which contains information about a fluorophore’s photophysical state
and allows us monitor the state’s evolution over time. We derive an expres-
sion for stoichiometry similar to the analytical expression for FRET shot noise
and use simulations to validate its use in detecting distance-independent pho-
tophysics. The expression provides a simple theory which predicts the expected
stoichiometry distribution width defined by photon statistics. We additionally
provide a statistical framework analogous to burst variance analysis (BVA) to
hypothesis test for dynamic heterogeneity, i.e., individual species fluctuating
between two or more distinct stoichiometry states, against the null hypothesis
of static heterogeneity, i.e., multiple shot-noise-limited species. We then apply
our statistical method to analyze RNA polymerase (RNAP) open complex stoi-
chiometry distributions. Our results confirm distance-independent photophysi-
cal fluctuations, but their causal relation to FRET dynamics remains speculative.
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5.1 Motivation

We previously concluded that E-BVA is unable to attribute fluctuations exclu-

sively to conformational dynamics. FRET-induced acceptor fluorophore blinking

may cause anti-correlated donor intensity changes, thus creating illusory FRET

dynamics. Similarly, donor fluorophore blinking will result in FRET being a ratio

of background levels, possibly resulting in apparent FRET fluctuations. The addi-

tional information from ALEx leads us to ask whether we can develop a method

capable of identifying distance-independent photophysical fluctuations.

For E-BVA, ALEx is not necessary, as we only use the photon stream originat-

ing from donor excitation (Dex) and ignore the acceptor excitation photon stream

(Aex). As discussed previously (see Section 3.2.3.2 and references [167, 195]), by

using both Dex and Aex, we can calculate the fluorescence intensity stoichiometry

(S), which gives us a handle on non-conformational dynamic fluctuations. For in-

stance, assuming a constant Dex (γ ≈ 1), S fluctuations may be due to either the

donor or acceptor fluorophore entering a non-emitting fluorescent state. Accord-

ingly, if we can develop a method similar toE-BVA for stoichiometry, we will have

a method to detect possible non-conformational FRET fluctuations.

5.2 Theory

During donor excitation, the probability that a detected photon was emitted by

an acceptor fluorophore is given by the FRET efficiency, E, where we assume the

absence of direct acceptor excitation, leakage, and background and have 100% de-

tection efficiency in both channels. For a simple two-color experiment, a detected

photon is either one of two colors: ‘green’ or ‘red’. Let green and red be defined

by the binary values 0 and 1, respectively. And let p = E be the probability of a

red photon, given that we have detected a photon. For a discrete random variable
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X with support k = {0, 1} (equivalent to photon colors), we have

P (X = 1) = 1− P (X = 0) = 1− q = p

The probability that X is exactly equal to either 0 or 1 is then given by the proba-

bility mass function (pmf)

fX(k; p) =


p if k = 1

1− p if k = 0

which may also be expressed as

fX(k; p) = pk (1− p)1−k for k ε {0, 1} (5.1)

An experiment whose event is a random variable with two possible outcomes

is termed a Bernoulli trial. For a fixed number N independent Bernoulli trials

X0, . . . , Xn−1, each with probability of success p, the number of successes, m, has a

binomial distribution Binom(N, p)

P (m) =

(
N

m

)
pm (1− p)N−m (5.2)

where (
N

m

)
=

N !

m!(N −m)!

is the binomial coefficient. The binomial coefficient accounts for the number of

different ways of distributing m successes in a sequence of N trials. A binomial

distribution has mean and variance

E[X] = Np (5.3)

Var[X] = Np(1− p) (5.4)
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Hence, if we want to know the probability that we observe m acceptor photons

within N total photons, we know that the probability will follow a binomial dis-

tribution with standard deviation

σ(FA) =
√

Var[FA] =
√
NE(1− E) (5.5)

where FA represents a random value corresponding to detected acceptor fluores-

cence.

But what about the observed FRET distribution, E∗? Defining a function g(X)

g(FA) = E∗ = FA/N ≈ g(E[FA]) + (FA − E[FA])g′(E[FA])

where we approximate E∗ with the first two terms of a Taylor series expansion,

we use the delta method [241] to calculate the expected standard deviation of E∗ as

Var[E∗] ≈ Var[FA − E[FA]] ·
(
∂g(FA)

∂FA

∣∣∣∣
FA=E[FA]

)2

≈ σ(FA)2 ·
(
∂g(FA)

∂FA

∣∣∣∣
FA=E[FA]

)2

≈ σ(FA)2

N2
(5.6)

hence,

σ(E∗) ≈ σ(FA)

N
=

√
E(1− E)

N
(5.7)

where we recall that E is the true probability. In practice, E is not known, but we

can estimate E with µE∗ by fitting observed E∗ values to a Gaussian distribution

and using the fit mean [53].

Thus far we have only discussed a single binomial sampling, but what about

the case where we have multiple samplings, each with a different number of in-

dependent trials? For multiple samplings, we define a random variable Y as the

sum of binomial random variables X0 + . . . + XΩ−1, each with the same sample

probability p. Y is then also a binomial random variable.
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Y ∼ Binom

(∑
{ni}, p

)
(That this is the case follows intuitively by considering a story proof involving two

experiments: one involving 10 coin toss trials followed by another having 5 trials.

The expected mean would be E[X] =
∑2

i=1 nip = 15 · 0.5 = 7.5; (p = 0.5).)

Suppose, then, that we have a mixture of different sample sizes, {ni}. Let Ω be

the number of samples and ξ be the number of occurrences of sample sizeN within

our set {ni}. The probability that we will observe m successes over all samples is

given by

P (m) =

max({ni})∑
N=min({ni})

(
ξ

Ω

)
N !

m!(N −m)!
pm (1− p)N−m (5.8)

where 0 ≤ m ≤ N and PN(m) = 0 for N < m. If we once again let FA = m and

now let {ni} be the experimental distribution of burst sizes from confocal solution

data, Equation 5.8 instructs us as to how to build a shot noise distribution, fE∗SN (FA),

which accounts for the statistical fluctuations in E∗ due to small sample sizes.

fE∗(FA, si) =
si!

FA!(si − FA)!

(E∗)FA(1− E∗)si−FA
S

(5.9)

where si is the burst size for burst i and S is the total number of bursts. For each

burst size si, we randomly generate a binomial variable FA with parameters p = E∗

and ni = si and calculate fE∗(FA, si). By building a probability histogram and

multiplying the histogram bin height by the total burst number S, we generate the

expected shot-noise-limited distribution.1 For the special case where all si = N , a

constant, Equation 5.9 reduces to a single binomial distribution with variance σ2
SN .

σ(E∗) = σSN represents the expected distribution width for a single static

species with FRET probability E. Observed distribution widths that exceed the

shot noise limit may arise due to a number of factors: multiple static species, ex-

citation/emission volume mismatch, restricted fluorophore orientation, distance-

1In practice, one uses an oversampling factor k to ensure rare burst sizes are sufficiently sam-
pled, and then one divides the final histogram by k to recover the expected distribution [239].
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independent photophysics, and conformational dynamics corresponding to FRET

reported distance changes. E-BVA consequently exploits Equation 5.7 for a fixed

sample size N to exclude multiple static species as the basis of distribution broad-

ening beyond the shot noise limit.

While acceptor photon counts under donor excitation follow a binomial dis-

tribution given a known number of total photons, which makes FRET a binomial

process, we may wonder whether stoichiometry is also a binomial process. Recall,

the stoichiometry equation (see Section 3.2.3.2, Equation 3.19) is

S =
FDem
Dexc

+ FAem
Dexc

FDem
Dexc

+ FAem
Dexc

+ FDem
Aexc

+ FAem
Aexc

where, in the absence of background, the photon counts for each burst F Yem
Xexc

asso-

ciated with excitation Xexc and emission Yem channels are as follows:

FDem
Dexc

= σDDexcΦDξ
D
Dem(1− E)

∫ tj

ti

IDexc(~r(t)) dt

FAem
Dexc

=

(
σDDexcΦDξ

D
Aem(1− E)︸ ︷︷ ︸

leakage

+ σADexcΦAξ
A
Aem︸ ︷︷ ︸

direct excitation

+ σDDexcΦAξ
A
AemE︸ ︷︷ ︸

FRET

)∫ tj

ti

IDexc(~r(t)) dt

FDem
Aexc
≈ 0

FAem
Aexc

= σAAexcΦAξ
A
Aem

∫ tj

ti

IAexc(~r(t)) dt

where D stands for ‘donor’ and A for ‘acceptor’; IDexc and IAexc are the D- and

A-excitation laser intensities, respectively, as a function of the particle path ~r(t)

through the confocal volume; ∆t = tj− ti is the total time we observe a fluorescent

molecule in the confocal volume, i.e., the burst duration; σDDexc , σ
A
Dexc

, and σAAexc

are the absorption cross sections of D upon D-excitation, of A upon D-excitation,

and of A upon A-excitation, respectively; ΦD and ΦA are fluorescence quantum

yields of D and A, respectively; ξDDem , ξDAem , and ξAAem are detection efficiencies of

D-emission in the D-detection channel, of D-emission in the A-detection channel,

and of A-emission in the A-detection channel, respectively; and E is FRET effi-

ciency.
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(a) Convergence (b) Standard Deviation

Figure 5.1: Poisson and Gamma Distribution Convergence. We simulated Poisson (λ =
{1, 3, 5, 10, 15, 20, 30, 40, 50, 75, 100}) and Gamma (α = λ, β = 1) distributions. a) χ2 statistic. The
χ2 statistic suggests rapid convergence by λ = 10, with remaining disparity attributable to fluc-
tuation differences in the distribution tails. Number of simulations: N = 10, 000. b) standard
deviation comparison. The standard deviation σ is the same for both Poisson and Gamma distri-
butions, following the same

√
λ dependence. The blue circles represent the Poisson distribution

simulation, and the red line with red x’s the Gamma distribution simulation. Number of simula-
tions: N = 10, 000.

Previously, Dahan and co-workers [53] modeled FRET efficiency as a random

variable E = FDA/(FDD + FDA) given by a Beta distribution. In their work,

they assumed FDD and FDA to be two independent Poisson variables with rates

λDD, λDA ≥ 5.

E ∼ Poiss(λDA)

Poiss(λDD) + Poiss(λDA)

In the limit that λ → ∞, a Poisson distribution approaches a normal distribution

with µ = λ and σ2 = λ. And similarly, a Gamma distribution, with parameters α

and β, in the limit that α→∞, approaches a normal distribution with µ = αβ and

σ2 = αβ2. For β = 1 and α = λ, we may therefore infer that Poisson and Gamma

distributions should also approach each other (see Figures 5.1a, 5.1b, and 5.2).

Dahan and co-workers approximated FDD and FDA along these lines for suffi-

cient photon numbers (≥ 5) and described FDD and FDA by Gamma distributions

(α = λ ≥ 5, β = 1):

P (X = k;α, β) =
βα

Γ(α)
kα−1e−βk =

kλ−1e−k

Γ(λ)
(5.10)
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Figure 5.2: Poisson and Gamma Distribution QQ-plot. Same simulation method as in Figure 5.1a,
but only showing one Poisson (λ = 100) and Gamma (α = λ, β = 1) distribution. The black circles
are the sorted pairs (xi, yi), where xi is a random value drawn from a Gamma distribution and
yi a random value from a Poisson distribution. The red line is x = y, and indicates distribution
equivalence. The main discrepancy between the Poisson and Gamma distributions lies in the tails
of the distributions. The Poisson distribution is slightly fatter toward lower values, and the Gamma
toward higher values. Number of simulations: N = 1E6.

where k is the number of donor (acceptor) photons and

Γ(λ) =

∫ ∞
0

kλ−1e−kdk

E is then given by

E ∼ Γ(α2, β)

Γ(α1, β) + Γ(α2, β)

with α1 = λDD and α2 = λDA for the time interval of interest. For two Gamma

distributions with equal scale parameters, β, the ratio distribution X/(X + Y ) is

given by a Beta distribution [294]

P (ε;α1, α2) =
Γ(α1 + α2)

Γ(α1)Γ(α2)
εα1−1(1− ε)α2−1 (5.11)

where

B(α1, α2) =
Γ(α1 + α2)

Γ(α1)Γ(α2)
=

∫ 1

0

εα1−1(1− ε)α2−1dε

is the Beta function, which serves as a normalization constant. The first moment
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of the Beta distribution is given by

〈E〉 =
λDA

λDD + λDA
(5.12)

with the square root of its variance given by

σ(E) =

√
λDDλDA

(λDD + λDA)2(λDD + λDA + 1)
(5.13)

In practice, we may not know the population rates λDD and λDA; however, given

a sample of m measured values ki , we can estimate the population value of the

Poisson parameter λ. The maximum likelihood estimate (MLE) is

λ̂MLE =
1

m

m∑
i

ki (5.14)

which is the sample mean. If we then let λ̂DD = 〈FDD〉 and λ̂DA = 〈FDA〉 , with 〈·〉

representing the average, our estimate for the first moment becomes

〈E〉 =
λ̂DA

λ̂DD + λ̂DA

=
〈FDA〉

〈FDD〉+ 〈FDA〉
(5.15)

and similarly

〈(1− E)〉 = 1− 〈E〉 =
〈FDD〉

〈FDD〉+ 〈FDA〉
(5.16)

Using Equations 5.15 and 5.16, and defining NE = 〈FDD〉+ 〈FDA〉, we find that

σ(E) =

√
〈E〉(1− 〈E〉)
NE + 1

(5.17)

which has a similar form to that of Equation 5.7.

Although similar in appearance, Equations 5.7 and 5.17 represent two different

experiments. In Equation 5.7, we know the number of trials (photons) and we ask

how many ‘successes’ we can expect given the number of trials and the probability
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of success. What we lose in Equation 5.7 is the temporal information, notably the

waiting times between photon arrival. On the other hand, in Equation 5.17, we are

agnostic on the number of photons, but do know something about the rates, and

we ask how many photons we can expect within a time interval given the rates.

In fact, in Equation 5.17, NE is the average number of total photons in the donor

and acceptor channel, which is dependent on the rates and is not an arbitrary

positive integer. So when Nir and co-workers [239] claimed that Equation 5.17 is

wrong, they were mistaken: Dahan and co-workers answered a different question.

Nevertheless, Equation 5.7 does have two distinct advantages: 1) it provides an

analytical solution, and 2) E-BVA implementation is straightforward.

Although Equation 5.17 is not exact forE, its logic may prove useful in describ-

ing stoichiometry. To simplify notation, let the set {F Yem
Xexc
} be represented by the

random variables X, Y,W, and Z, respectively. In which case,

S =
X + Y

X + Y +W + Z

The ratio S is the result of two consecutive independent experiments: we first

draw random values, X and Y , during donor excitation; we then draw W and Z

during acceptor excitation. LetD be a random variable equaling the sum ofX and

Y and, similarly, A = W + Z.

S =
D

D + A

We immediately notice the similarity between S and E. Let D ∼ Poiss(λD) and

A ∼ Poiss(λA) [101]. Provided that D and A are independent Poisson random

variables (proof provided in the Appendix B.1.1), we can then describe S as a ratio

distribution given by

S ∼ Poiss(λD)

Poiss(λD) + Poiss(λA)
(5.18)

where we follow the logic used previously in approximating E to describe S.

S ∼ β(λD, λA) (5.19)
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(a) Simulation (b) QQ-Plot

Figure 5.3: Poisson Ratio and Beta Distribution Comparison. We simulated S both as a Poisson
ratio distribution using Equation 5.18 and as a Beta distribution. Simulation parameters: λD = 5;
λA = 5; total simulations = 10,000. As evident in (b), the Poisson ratio distribution is more heavily
populated in the distribution tails. As λ → ∞, this discrepancy becomes negligible, but for low
rates, we should expect that Equation 5.21 will underestimate the distribution spread. The red line
in (a) is the simulated Beta distribution. The representation in (b) is the same as Figure 5.2, but
with xi being a random value drawn from a Beta distribution and with yi drawn from a Poisson
ratio.

and

〈S〉 =
〈D〉

〈D〉+ 〈A〉
(5.20)

σ(S) =

√
〈S〉(1− 〈S〉)
NS + 1

(5.21)

whereNS = 〈D〉+〈A〉 is the total number of photons over both donor and acceptor

excitation.

To confirm σ(S) as a suitable approximation, we simulated both a ratio distri-

bution of Poisson random variables and a Beta distribution. We used Monte Carlo

techniques to build distributions (10,000 random values from each distribution),

with NS = 10, λD = 5, and λA = 5. Figure 5.3 shows the results of the simulation.

As shown in the QQ-plot (Figure 5.3b), the Poisson ratio distribution is more

heavily populated in the distribution tails. This is evident in the Beta distribu-

tion overlay atop the Poisson distribution histogram (Figure 5.3a), where more

events occur toward extreme values. We can thus conclude that, for low rates,

Equation 5.21 will underestimate σS . This conclusion is confirmed in Figure 5.4,
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Figure 5.4: Poisson Ratio and Beta Distribution Comparison. We simulated S both as a Poisson
ratio distribution using Equation 5.18 and as a Beta distribution. Simulation parameters: λD =
λA = {2.5, 5, 7.5, 10, 15, 20, 25, 37.5, 50, 75, 100, 175, 250, 500}; total simulations = 10,000. For low
photon numbers, the Beta distribution underestimates σS , but rapidly converges to the Poisson
ratio distribution for λD + λA = NS > 50. The black dashed line plots the calculated sample
standard deviation for the Poisson ratio distribution simulation; the blue line the calculated sample
standard deviation for the Beta distribution simulation; and the red line is the analytical solution
according to Equation 5.21. Note: we only show NS ≤ 50, as beyond this photon number the
difference in standard deviations is negligible.

where we simulated across a range of rates (λD, λA varied between [2.5, 500]). By

λD = 25 (NS = 50), the difference between the sample standard deviation for the

Poisson ratio and Equation 5.21 is negligible.

But now consider the scenario in which, within a temporal period T , we find

D + A = N photons. What is the distribution of D given this information? Let

X and Y be independent Poisson random variables with rates λX and λY , respec-

tively. Then X + Y = N is Poisson with rate λ = λX + λY . The question then

becomes: what is the probability that X = k, given N? We recall the definition of

conditional probability

P (X = k|X + Y = N) =
P (X = k,X + Y = N)

P (X + Y = N)

University of Oxford Page 108



Thesis K. Gryte

for 0 ≤ k ≤ N . Because X and Y are independent, we can factor the joint proba-

bility

=
P (X = k)P (Y = N − k)

P (X + Y = N)

=
p(k;λX)p(N − k;λY )

p(N ;λX + λY )

where p(n;λ) is given by a Poisson distribution parameterized by rate λ

p(n;λ) = e−λ
λn

n!

Hence,

P (X = k|X + Y = N) =
e−λX

λkX
k!
· e−λY λN−kY

(N−k)!

e−(λX+λY ) (λX+λY )N

N !

=
e−(λX+λY )

e−(λX+λY )
· N !

k!N − k!
· λkXλ

N−k
Y

(λX + λY )N

=

(
N

k

)
λkX

(λX + λY )k
· λN−kY

(λX + λY )N−k

=

(
N

k

)(
λX

λX + λY

)k(
λY

λX + λY

)N−k

Let p = λX/(λX + λY ), and hence, 1− p = λY /(λX + λY ). In which case,

P (X = k|X + Y = N) =

(
N

k

)
pk(1− p)N−k

which means that, conditional on N , X is a binomial random variable, with con-

ditional expectation Np and variance Np(1− p).

This is a rather remarkable result. Even though D and A may be separated in

time, e.g., by half an alternation cycle in ALEx, D is a binomial random variable

with probability S, so long as we know the total number of photons N for a given

time interval. Hence, for a fixed N ,

σ(D) =
√

Var[D] =
√
NS(1− S) (5.22)
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and, similar to Equation 5.7,

σ(S∗) ≈ σ(D)

N
=

√
S(1− S)

N
(5.23)

where S is the true probability.

If we consider an ALEx experiment, two successive measurements separated

in time, the thought that we can ‘choose’D photons seems counter-intuitive. After

all, for D > 0, we know that the first photon n0 has to be a D photon; we cannot

‘choose’ anything because only one permutation is possible: D photons followed

by A photons. But if we consider the scenario in which we take two Poisson pro-

cesses, D and A, both starting from t = 0, and merge them together to create a

single ‘mixed’ process beginning from t = 0, we suddenly can ‘choose’ whether

a photon belongs to D or A. This is essentially the reverse of splitting a Poisson

process, as discussed in Appendix B.1.1. Thus, in knowing N , rather than asking

how many D and A photons we expect in a time interval T , we can ask, out of

N total photons, how many photons are D photons and how many A photons,

without considering arrival order.

5.3 Algorithm

E-BVA ignores photon arrival times within a burst, except in their temporal or-

dering.2 All Dex photons from each donor-acceptor excitation alternation period,

TA, are concatenated and placed into five-photon bins, whereupon ε∗ is then cal-

culated. For S-BVA, we first address the scenario in which we consider photon

arrival times.

If we simply used a window W and binned photons from Dex and Aex, with-

out considering TA, we cannot guarantee that the photons within W are equally

sampled from both Dex and Aex; see Figure 5.5. For example, suppose Dex has

7 photons and Aex 5 photons. If W = 10, then S is biased toward 1. Similarly,

2The actual time that a photon arrived is not as important as that one photon arrived before
another.
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Figure 5.5: Problem with Applying Burst Variance Analysis Algorithm for FRET Efficiency E to
Stoichiometry S. If we do not consider photon arrival time relative to laser excitation, we cannot
guarantee equal photon sampling from both donor (Dex ) and acceptor (Aex ) excitation. Here, the
first alternation period defined by Dex + Aex contains 7 Dex photons, indicated by the green lines,
and 5 Aex photons, indicated by the red lines, yet the sliding window (W = 10 photons) contains 7
Dex photons and only 3 Aex photons. The calculated Si is biased toward 1. Shifting W to the next
10 photons includes the remaining 2 Aex photons and the next 8 photons equally sampled from
Dex and Aex . The calculated Si+1 is biased toward 0. If we calculated a sample standard deviation
based on Si and Si+1, we would infer greater S fluctuations than the data actually supports.

suppose we were to use the previous example and move W to include the next

10 photons, where the following Dex has 4 photons and the following Aex has 4

photons. In this case, the number of photons from Dex is 4 and Aex is 6 (2 from

previous + 4 from next), and S is biased toward 0. Using both of these windows to

calculate the sample standard deviation sS , we would infer greater S fluctuations

than the data actually supports.

Hence, a simple photon window W does not work for S-BVA, and we need

to use a temporal window to ensure equal temporal contribution from both Dex

and Aex. While we could define the set of {Wj} to be the sequence of alternation

periods TA within a burst (donor excitation + acceptor excitation; n = number of

donor-acceptor alternation cycles;
∑
Wj = nTA < burst length), this would not

guarantee a constant photon number, thus preventing straightforward shot noise

prediction. And while we could only accept those TA with exactly N photons, this

would limit the amount of data available for us to use because many bursts only

last upward of 20-30 alternation periods (2-3 ms).

To overcome these problems, we redefine W as a temporal window which is

an integer multiple of the alternation period cTA, where c � n. Using an integer

multiple thus ensures equal (in time) contributions from Dex and Aex. Starting
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Figure 5.6: Stoichiometry Burst Variance Analysis (S-BVA) schematic. Stoichiometry sample mean,
µi, and standard deviation, si, calculation. We take M samples of n consecutive photons (in the
diagram, M = 3, n = 10) found within a sliding temporal window W from each burst. We then
calculate Stoichiometry, Sj , for each non-overlapping n-photon window. µi and si are the sample
mean and standard deviation, respectively, of Sj over all M . Hence, for each burst, i, we have
a single mean and standard deviation pair (µi, si). Green line: donor photon; red line: acceptor
photon; Dex : donor excitation; Aex : acceptor excitation; Dex +Aex defines one alternation period,
TA (= 50µs+ 50µs). By restricting W = cTA, where c is an integer greater than 0, we ensure equal
(in time) photon contribution from Dex and Aex .

from the first photon’s arrival time within a burst, we shiftW in 100ns increments.3

If W contains N photons, we calculate the stoichiometry S and move W to a time

immediately after the photon arrival time of the last photon in W . We repeat our

search for a window containing N photons until we reach the end of the current

burst (see Figure 5.6). Similarly, as for E-BVA, this algorithm is then repeated for

each burst.

Using a time window approach as defined above ensures a constant N , while

maximizing the number of windows containing N photons within a burst. The

choice ofW andN depends on burst photon statistics. For high photon counts per

TA, c should be closer to unity, while low photon counts per TA necessitate larger

values for c. For example, if the mean photon counts per TA is 10 and N = 10,

then c should equal 1. For c > 1, few windows will have exactly 10 photons. If the

mean photon count is 3, then c should equal 3. By adjusting parameters W and N ,

3The increment choice is three orders of magnitude shorter than TA for our experimental setup.
This parameter may be adjusted if a more finely grained photon search is desired, but at the cost
of increased computation time.
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one can ensure that one obtains the maximum statistics per burst.

Using the standard E-BVA algorithm, we cannot ensure that W samples pho-

tons consistently across the same timescale. For example, suppose we perform a

Seidel burst search [73, 239] on AexAem , thus detecting all acceptor-labeled dif-

fusing molecules in which the acceptor is active. If the donor fluorophore enters

a dark state during a burst, some alternation periods will have few DexDem and

DexAem photons. Suppose further that we then performE-BVA withW = 5. In the

first alternation period, we have 7 Dex photons detected from a molecule in a par-

ticular conformational state within the first 20µs, in which case 5 of these photons

will belong to a window, with 2 left over. During the second alternation period,

the donor enters a dark state, and we detect zero Dex photons. During the third

alternation period, the donor is once again active, and we detect 3 photons in the

final 10µs. Whereas the first window sampled 5 photons within 20µs, the second

window samples 5 photons within 220µs, if we account for laser alternation. In

general, the E-BVA algorithm is more likely to detect dynamics, as windows are

more likely to contain transitions. Conversely, a fixed temporal window is less

likely to contain transitions for inverse rate constants greater than the temporal

sampling.

Alternatively, if we are comfortable sampling across varying timescales, we can

use the insight set forth at the end of the previous section to construct a merged

Poisson process, allowing a S-BVA algorithm nearly identical to the standard E-

BVA algorithm. We proceed as follows:

1. Isolate Dex and Aex excitation photon streams.

2. Condense each photon arrival stream such that t = 0 marks the start of

the first respective excitation pulse and such that each subsequent excitation

pulse is shifted to begin at the end of the previous pulse.

3. Merge the two condensed photon arrival streams and sort the merged stream

by condensed arrival time.
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4. Run a non-overlapping window W (e.g., W = 10 photons) along the sorted

merged stream, calculating the stoichiometry S∗ij

S∗ij =
nDD + nDA

nDD + nDA + nAA + nAD
(5.24)

where nx = number of photons; DD: donor excitation donor emission; DA:

donor excitation acceptor emission; AA: acceptor excitation acceptor emis-

sion; AD: acceptor excitation acceptor emission.

5. For each burst i, calculate the stoichiometry mean and sample standard de-

viation (µi, si) across all windows

µi =
1

Mi

Mi−1∑
j=0

S∗ij (5.25)

si =

√√√√ 1

Mi − 1

Mi−1∑
j=0

(S∗ij − µi)2 (5.26)

where Mi is the number of windows W for burst i.

6. For all bursts with similar mean stoichiometry {µ(S∗) : a ≤ µ(S∗) < b},

calculate the partition (cluster) standard deviation, σ(S), across all windows

for all considered bursts

µk(S
∗) =

1

Mk

∑
i where
a≤S∗<b

Mi−1∑
j=0

S∗ij (5.27)

σk(S
∗) =

√√√√√ 1

Mk − 1

∑
i where
a≤S∗<b

Mi−1∑
j=0

(S∗ij − µk(S∗))2 (5.28)

where Mk =
∑
Mi is the total number of windows belonging to bursts satis-

fying the conditions of the kth partition.
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7. Use Monte Carlo techniques to simulate the expected sampling distribution

µk(S) =
1

Mk

∑
i where
a≤S<b

Mi−1∑
j=0

(FDD + FDA)ij
n

(5.29)

σk(S) =

√√√√√ 1

Mk − 1

∑
i where
a≤S<b

Mi−1∑
j=0

(
(FDD + FDA)ij

n
− µk(S)

)2

(5.30)

where (FDD + FDA)ij is a random variable drawn from a binomial distribu-

tion with n trials, i.e., the number of Dex photons in a window of n photons

(n = W ), and success probability S. Define the resulting distribution as

PMC(σ(S)).

8. Use a Bonferroni correction for multiple hypothesis testing [1] and compare

the upper tail confidence interval sCIS to the observed σ(S)

(
1− α

K

)
=

∫ sCIS

0

PMC(σ(S)) dσ (5.31)

where K is the number of partitions (clusters) and α is the confidence level

(α = 0.001).

9. Determine if the observed standard deviation exceeds the strict confidence

bounds for static behavior and is thus indicative of dynamics.

Figure 5.7 provides a visual reference for expected S-BVA results.

5.4 Simulation Results

To validate S-BVA , we simulated diffusion-based confocal measurements; how-

ever, rather than simulate in silico, we chose a photon recoloring method, similar to

Gopich and Szabo’s proposed method for generating model histograms [104]. Ac-

curately reproducing experimental conditions in silico, including molecule transla-

tion, dye photophysics, photon detection, and optics, is challenging, particularly
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Figure 5.7: Stoichiometry Burst Variance Analysis (S-BVA): a Visual Guide. a) single static species.
The default behavior for a single static species is an elliptical distribution angled toward S = 0.5
and centered on the shot noise prediction (solid black arc). b) multiple static species. Species which
do not inter-convert on the diffusion timescale appear as individual static species, centered on the
shot noise prediction. c) dynamic species. Species which inter-convert on or near the diffusion
timescale result in a distribution centered above the shot noise prediction. The distribution center
along the S-axis is dependent on the relative occupancy of the inter-converting statics and thus a
weighted average of the individual species S values. d) fast kinetics involving a transient state.
The slope and shape of the distribution can suggest transient state dynamics. For example, sub-
millisecond acceptor blinking corresponds to a transient state at S = 1. For S > 0.5, transient
occupancy of this state results in a vertically oriented distribution with a shoulder toward higher
S values. Distribution features such as changes in slope and shape do not provide rigorous confir-
mation of fast dynamics, but do suggest their presence and motivate experiments which can either
access the kinetic timescales or remove their presence.

when many parameters may be unknown. The advantage of recoloring experi-

mental photon distributions and arrival times is that we need only concern our-

selves with photon colors, independent of other experimental processes.

A photon sequence emitted by a diffusing molecule through a laser focal vol-

ume is characterized by arrival times and photon colors (DD,DA,AD,AA). For

fixed molecules, the waiting times between successive photon arrivals are assumed

to be independent via the memoryless property of exponential waiting times (see

Appendix A.1.1) and to obey Poisson statistics. The Poisson distribution is com-

pletely characterized by photon count rates λDD, λDA, λAD, and λAA, where λXY
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is the number of photons nXY detected under X excitation in the Y channel per

unit time. For diffusing molecules, however, photon arrival times are correlated

based on a molecule’s location within the focal volume. The waiting time distri-

bution for diffusing molecules, regardless of photon color, is thus determined by

a location-dependent total photon count rate and does not obey Poisson statistics.

Assuming the interphoton times do not depend on conformation (i.e., γ = 1), ar-

rival times provide information about diffusion through the focal volume and not

about conformational dynamics.

But now consider photon colors. The ratio of λDD and λDA count rates is inde-

pendent of photon arrival time, but dependent on molecule conformational state,

made manifest by FRET efficiency E. Similarly, the ratio of (λDD + λDA) to the

total photon count rate is also independent of photon arrival time, but dependent

on relative fluorophore emission fluorescence under alternating laser excitation,

which is made apparent by stoichiometry S. As long as E and S do not depend

on molecule location, photon colors depend solely on conformation and relative

brightness. Hence, changes in photon color patterns are location independent and

must relate to changes in conformation and/or relative brightness.

Our concern is not with accurately modeling interphoton arrival times, but

with simulating the pattern of photon colors. The latter is computationally more

tractable and straightforward. We proceed as follows:

1. Obtain an experimental distribution of photon arrival times.

2. Perform a burst search [73, 239] to identify molecule transits through a con-

focal volume.

3. Obtain the burst size distribution and calculate background photon count

rates λBXY .

4. For each burst i, perform two continuous-time Markov chain simulations

(one for conformational dynamics and one for distance-independent photo-
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physical dynamics)

πE = [pE0 , pE1 , . . . , pEN−1
] πS = [pS0 , pS1 , . . . , pSM−1

] (5.32)

QE =



−
∑

j k0j k01 · · · k0j · · · k0(N−1)

k10 −
∑

j k1j · · · k1j · · · k1(N−1)

...
...

...
...

...
...

ki0 ki1 · · · −
∑

j kij · · · ki(N−1)

...
...

...
...

...
...

k(N−1)0 k(N−1)1 · · · k(N−1)j · · · −
∑

j k(N−1)j


(5.33)

QS =



−
∑

j k0j k01 · · · k0j · · · k0(M−1)

k10 −
∑

j k1j · · · k1j · · · k1(M−1)

...
...

...
...

...
...

ki0 ki1 · · · −
∑

j kij · · · ki(M−1)

...
...

...
...

...
...

k(M−1)0 k(M−1)1 · · · k(M−1)j · · · −
∑

j k(M−1)j


(5.34)

where π is an initial probability matrix specifying the probability of starting

in state i with
∑

n pEn =
∑

m pSm = 1 (e.g., the equilibrium probability distri-

bution);N is the total number of conformational states;M is the total number

of distance-independent photophysical states; Q is a rate matrix with rates

kij and diagonal equal to the negative sum of transition rates from a par-

ticular state i to all states j. Retain the state number sequence (0,1,0,2,1,. . .)

and absolute transition times. Assume photons are emitted from a defined

conformational and distance-independent photophysical state (i.e., confor-
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mational and distance-independent photophysical transitions are instanta-

neous), and label each photon by states n and m.

5. The actual number of emitted photons is unknown, being convolved with

background photons. For each burst, draw a random number B from a Pois-

son distribution with rate parameter λB =
∑
λBXY . Determine the probabil-

ity of a background photon pB.

6. For each photon t, draw a random number u from a uniform distribution on

the interval [0, 1]. If u < pB, the photon is background, and colored according

to the relative probabilities based on rates λBXY . Proceed to next photon t+1.

Otherwise, the photon is an emitted photon.

7. For each emitted photon, draw a random number u from a uniform distribu-

tion on the interval [0, 1]. If u ≥ S(t), where S(t) is the stoichiometry prob-

ability determined by the current distance-independent photophysical state,

color the photon ‘black’ and proceed to the next photon t+ 1. Otherwise, the

photon is colored ‘green’.

8. For each ‘green’ photon, draw a random number u from a uniform distri-

bution on the interval [0, 1]. If u < E(t), where E(t) is the FRET efficiency

probability determined by the current conformational (FRET) state, color the

photon ‘red’. Proceed to the next photon t+ 1.

The above algorithm assumes that coloring photons green and red are indepen-

dent processes. Fluorophore blinking violates that independence assumption. For

example, acceptor fluorophore blinking corresponds to an anti-correlated change

as E → 0 and S → 1. Donor fluorophore blinking means E is undefined and

S → 0. To incorporate E-S dependence, we can define a separate state vector

vm = [µ0, µ1, . . . , µN−1] for each state m in the paired process. For example, sup-

pose {S : 0.7, 1.0}, where S1 = 1.0 is an acceptor dark state. We define a matrix V
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containing the corresponding E states

V = [v0 v1] =

0.3 0.0

0.5 0.0


where we define each vm as a column vector. Hence, for an acceptor dark state, re-

gardless of the conformation, the FRET is 0. To incorporateE-S dependence in our

simulation, we modify Step 8 such that E is both a function of the current confor-

mational state and of the photophysical stateE(t,m). Similarly, we can modify the

recoloring method to address distance-independent photophysical dependence on

conformation, as, e.g., for γ 6= 1, making S a function of conformational and pho-

tophysical states S(t, n).

The one obvious disadvantage of the recoloring simulation is our inability to

model diffusion; thus, we are unable to accurately manipulate the burst size dis-

tribution and interphoton arrival times. If we wanted to generate longer photon

sequences, we would need experimental samples with smaller diffusion coeffi-

cients. Obtaining such samples is obviously harder than simply changing simu-

lation parameters. What we lose in absolute control, however, we make up for in

simulation speed; we can generate 30 minute diffusion simulations under experi-

mental conditions in under 2 minutes, as opposed to 3 hours.

For the recoloring simulations which follow, we used the same diffusion-based

confocal measurements investigating RPo dynamics as those presented earlier for

E-BVA (see Figure 4.4). Three 10 minute recordings for (-5,-3) dsDNA-RPo dy-

namics on provided the experimental burst size distribution and burst photon ar-

rival times. We identified 3 × 104 bursts using a Seidel burst search [73, 239] in

AexAem where we define a temporal window T = 500µs in which we search for

M = 7 photons marking the start (or end) of a burst and set a minimum total pho-

ton threshold of L = 10 photons. We then filtered for bursts having a minimum

of 30 AexAem photons, removed acceptor-only species by setting a minimum stoi-

chiometry S = 0.5 (main population centered at S ≈ 0.7), and isolated the main E
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population by setting a minimum E = 0.55. After filtering, we retained 2778 total

bursts.

We calculate background rates for each detection channel under donor and

acceptor laser excitation by determining the number of photon counts per unit

time for all photons not belonging to a burst. For the RPo dynamics experimental

sample, λDD ≈ λDA = 10kHz, λAD = 500Hz, and λAA = 5kHz.

Using the burst size distribution for the 2778 bursts and the calculated back-

ground rates, we define global Markov chain parameters π and A and perform a

recoloring simulation for each burst. We then perform S-BVA on each recoloring,

using a 10 photon window, W = 10.

5.4.1 S-BVA Distinguishes Static and Dynamic Heterogeneity

To test whether S-BVA can distinguish between static and dynamic heterogeneity,

we first tested whether S-BVA accurately predicts a single static species (S = 0.7)

as shot-noise-limited. Indeed, as Figure 5.8(a) shows, the distribution is centered

about the shot noise prediction (Equation 5.23), and no dynamics are detected

(black triangles).

We next simulated two equimolar static species {S : 0.5, 0.7}. S-BVA correctly

identifies both species as static, as all σk(S) fall below the predicted 99.9% upper

confidence bound (Figure 5.8(b)).

We then simulated a single dynamic species inter-converting between the same

two states used in the static case before {S : 0.5, 0.7}with rates k01 = k10 = 1000s−1.

The S-BVA distribution shows a clear shift toward higher standard deviation (red

triangles), indicative of S fluctuation dynamics. We note that the molecule diffu-

sion time is≈ 1ms, on the same timescale as S fluctuations. Accordingly, due to the

stochastic nature of the fluctuations, some molecules will not fluctuate while dif-

fusing through the confocal volume. ‘Non-fluctuating’ molecules appear as static

species occupying one of the S states. Other molecules will fluctuate multiple

times. Such fluctuations lead to an intermediate S value and large standard de-
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viation. The presence of both types of bursts explains the intermediate S values

which exceed the shot noise upper confidence bound, while S values close to the

actual state values are in accordance with static prediction.

In conclusion, S-BVA distinguishes between static and dynamic heterogeneity.

5.4.2 S-BVA Detects Timescale-Dependent Dynamics

Similar toE-BVA [314], we should expect S-BVA to be sensitive to dynamic timescales.

Kinetics much faster than the millisecond timescale will result in a single shot-

noise-limited species with an observed value which is an average of the inter-

converting states. Kinetics much slower will result in apparently static species.

To confirm S-BVA fluctuation detection dependence on kinetic timescale, we

simulated the same two-state Markov chain {S : 0.5, 0.7} with differing kinetics.

We simulated ‘slow’ (compared to the diffusion timescale) kinetics k01 = k10 =

1s−1, millisecond kinetics k01 = k10 = 1000s−1, and ‘fast’ kinetics k01 = k10 =

2.5× 104s−1. Figures 5.9(a-c) show the results.

As predicted, slowly inter-converting states appear as static species, while rapidly

inter-converting species appear as a single species centered about the mean value

of the two states. The fast kinetics are barely resolved, thus setting an upper bound

to S-BVA’s ability to detect fast kinetic systems. S-BVA clearly detects millisecond

dynamics (Figure 5.9(b)). As in Torella et al [314], we expect S-BVA to be sen-

sitive to the diffusion timescale. Slower diffusion times mean longer bursts and

increased chances of a burst containing one or more transitions, while faster dif-

fusion times are biased toward snapshots of inter-converting states. As diffusion

times are dependent on focal volume dimensions, S-BVA will be sensitive to the

experimental optics.

We simulated two additional scenarios: in the first, one state is sparsely pop-

ulated (one state shows fast kinetics); in the second, one state is long-lived (slow

kinetics). Figures 5.9(d-e) show the results.

While neither distribution is shifted above the shot noise upper confidence
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bound (only black triangles), we can still qualitatively infer dynamics based on

the distribution shape. S-BVA distributions as in Figure 5.8(a) are typically an-

gled toward S = 0.5.In the sparsely populated scenarios, the S-BVA distributions

become more vertical and show asymmetries, such as the slight arcs up-and-to-

the-right. The presence of such arcs suggests transient excursions to short-lived

states.

We infer from the simulation results that S-BVA is most sensitive to kinetics on

the millisecond timescale. Interconversion rates much slower than the diffusion

time result in apparently static species. Interconversion rates much faster than the

diffusion time result in single, apparently static, species. In conclusion, S-BVA

detects timescale-dependent fluctuation dynamics.

5.4.3 Effect of Background on S-BVA

We next sought to determine the effect of background on S-BVA results. We simu-

lated three scenarios: i) background-free, ii) experimental background, with back-

ground rates equal to the rates calculated from the RPo dynamics sample, and iii)

high background, with background rates double that of (ii). Figure 5.10 shows the

results.

Background has two effects. First, background shifts distribution peaks. This

shift is predictable, however. When donor excitation background counts exceed

acceptor excitation background counts, Sbkgd < 0.5. Hence, a convolution of back-

ground counts with Strue > 0.5 will result in the observed S peaks shifted toward

lower S values. The magnitude of the shift is dependent on i) the separation of

Sbkgd and Strue and ii) the background rates. Second, background reduces the ob-

served dynamics, which is indicated by a smaller distance between partition (red

triangles) exceeding the upper confidence bound and the shot noise prediction.

Accordingly, we conclude that minimizing background is important for S-BVA

to detect fluctuation dynamics, especially for closely spaced states.
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5.4.4 S-BVA Detects Non-FRET Photophysics

WhileE-BVA is designed to detect conformational dynamics, S-BVA is intended to

detect distance-independent photophysical changes. Detecting distance-independent

photophysical changes is important because we can thereby ensure that observed

E fluctuations are due to conformational dynamics alone and not fluorophore

blinking (i.e., temporary inactivation, a.k.a. a ‘dark’, or non-photon emitting, state)

or fluorescence quenching. To demonstrate the ability of S-BVA to detect distance-

independent photophysical fluctuations, we simulated donor and acceptor blink-

ing.

Fluorophore blinking is often characterized by short excursions to a non-emitting

state, commonly the triplet state. Triplet state lifetimes range from 2-3µs (Cy3B) to

longer than 1ms (ATTO647N), depending on buffer conditions and triplet quencher

availability [51]. The observed fluorophore occupancy of a non-emitting state

varies considerably. Some fluorophores enter this state repeatedly; some only oc-

casionally. We sought to reproduce the varied behavior in Figure 5.11.

We first simulated longer-lived but relatively infrequent donor blinking with

kblink = 200s−1, krecover = 10000s−1, and Sblink = 0; see Figure 5.11a. While the

weight of the population is located near the shot noise prediction, we find a high

arc of partition values toward lower S values. The fluctuation magnitude, which,

in the figure, is the distance between red triangles and black curve, is due to the

large separation between S states. Even though Sblink is sparsely populated, S-

BVA still detects donor blinking.

We increased the frequency of donor blinking kblink = 10000s−1 and recovery

krecover = 1 × 105s−1; see Figure 5.11b. The high arc is no longer present because

the inactive donor state is only transiently populated. The increased blinking fre-

quency and large state separation, however, has shifted the entire S-BVA distribu-

tion toward high standard deviation. This indicates distance-independent photo-

physical dynamics. Here, however, we would not be able to infer the exact cause of

the dynamics–we could attribute observed dynamics to either rapid donor blink-
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ing or another low S state with different kinetics.

We simulated acceptor blinking on the diffusion timescale with kblink = 1000s−1,

krecover = 10000s−1, and Sblink = 1.0; see Figure 5.11c. Transient acceptor blinking

shifts the S-BVA distribution toward higher S values, as well as toward higher

standard deviation. The trail marked on the figure by the red triangles toward

high S values suggests acceptor blinking, as we sought to demonstrate.

In conclusion, S-BVA can detect distance-independent photophysical fluctu-

ation dynamics on a variety of timescales. Calibrating relative brightness such

that S is positioned at 0.5 facilitates easy identification of either donor or acceptor

blinking and increases the timescales over which we can detect these sources of S

dynamics.

5.4.5 S-BVA Dynamic Resolution

We have already observed that fast kinetics and background noise limit our abil-

ity to resolve closely spaced states using S-BVA (Figures 5.9 and 5.10). We subse-

quently asked what is the resolution limit under ideal circumstances? Figure 5.8

demonstrates S-BVA can resolve states separated by ∆S = 0.20, even in the pres-

ence of background. We consequently simulated two-state inter-conversion with

millisecond dynamics, k01 = k10 = 1000s−1, and reduced the state separation in

0.05 increments until S-BVA failed to show dynamics.

In the absence of background, S-BVA clearly suggests dynamics for {S : 0.55, 0.70}

and ∆S = 0.15. See Figure 5.12(a). If we decrease the separation to ∆S = 0.10 with

states {S : 0.60, 0.70}, S-BVA still resolves dynamics (Figure 5.12(b)) but barely

and not consistently. Repeated simulation runs find dynamics only part of the

time (data not shown). The distribution shape, however, remained at least quali-

tatively suggestive of dynamics. If we decrease the state separation to ∆S = 0.05

with states {S : 0.65, 0.70}, the result is that S-BVA fails to detect dynamics, even

in terms of distribution shape (Figure 5.12(c)).

If we include background with experimental background rates as calculated
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from the RPo dynamics experimental sample, a state separation of ∆S = 0.15

shows an S-BVA distribution situated close to the shot noise prediction, but the

sample is still detected as dynamic. Reducing the separation to ∆S = 0.10, how-

ever, results in an S-BVA distribution that resides along the shot noise prediction.

Consequently, we would conclude that the sample is static. While the distribution

shape is varied, the inference that we observe dynamics is more tenuous than the

background-free case.

In conclusion, S-BVA requires a state separation ∆S ≥ 0.10, especially in the

presence of background, in order to resolve fluctuation dynamics. By slowing the

diffusion time, thereby increasing photon statistics, and eliminating background,

the resolution limit can be overcome, but resolving small fluctuation amplitudes

(∆S ≤ 0.05) is nearly impossible with S-BVA . We cannot even qualitatively infer

dynamics based on distribution shape.4 The same conclusion holds for E-BVA .

5.5 Experimental Results

We previously performed E-BVA in an attempt to probe RPo dynamics. We de-

signed three double-stranded DNA (dsDNA) promoter sequences (see Appendix

D.1 and Figure D.1), differing only in the fluorophore labeling positions. We de-

signed two constructs, (-15,+15) and (-5,-3) to directly senseRPo dynamics [50,169],

and a third construct, (-15,-25) , to serve as a static control [169].5

We found, however, that E-BVA was unable to conclusively support active

sampling by RNAP in the promoter open complex. Instead, we observed ‘dy-

namics’ even in our control experiments, suggesting that sources other than RPo

sampling may contribute to fluctuations beyond the shot noise prediction. One

possible source is distance-independent photophysics, such as donor or acceptor

4Note: this means, even for γ � 1 or γ � 1, we should not expect to detect stoichiometry
fluctuations due to conformational/FRET changes, i.e., due to γ. For γ = 0.5, FDD + FDA = 10,
FAA = 5, and ∆E = 0.33, ∆S ≈ 0.056, which is below S-BVA resolution. Hence, any fluctu-
ations detected by S-BVA are almost certainly due to relatively large scale distance-independent
photophysical dynamics.

5For construct naming convention and further details, see Section 4.4.
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blinking, with acceptor blinking being particularly problematic as apparentE fluc-

tuations would be due to distance-independent photophysics and not exclusively

inter-fluorophore distance changes.

To provide evidence for the presence of millisecond S dynamics, we performed

S-BVA on the same experimental data sets as in Figure 4.4 with W = 10 and

α = 0.001. As a reminder, for each dsDNA construct, we performed measure-

ments in both the absence and presence of RNAP holoenzyme (RNAP-σ70 ). Upon

holoenzyme addition, RPo formation occurs, resulting in dsDNA melting, tran-

scription bubble formation, and downstream dsDNA being pulled closer to the

transcription start site.

Beginning with (-15,+15) (Figure 5.13(a)), in the case of dsDNA only, we expect

stable donor and acceptor micro-environments and shot-noise-limited S fluctua-

tions. The dsDNA histogram and S-BVA suggest otherwise, with the histogram

showing a broad distribution and S-BVA detecting dynamics exceeding the shot

noise upper confidence bound, as indicated by the red triangles. The same is true

Figure 5.13 (following page): Stoichiometry Burst Variance Analysis (S-BVA) of RPo Dynamics.
We performed S-BVA on the same promoter DNA constructs previously analyzed with E-BVA
(Figure 4.4), where the constructs differ only in the fluorophore labeling positions. (a) lacCONS+2
dsDNA labeled with a donor fluorophore at position -15 and acceptor at +15, relative to main
transcription start site. The upper-left histogram shows the DNA alone and corresponding S-BVA
plot below. Upon addition of RNAP-σ70 (holoenzyme), the distribution weight remains similar to
the dsDNA alone, with only one distinct major population. S-BVA suggests, however, distance-
independent photophysical fluctuations due to donor blinking. Donor blinking kinetics change
slightly (possibly to faster timescales) in the presence of holoenzyme. (b) lacCONS+2 dsDNA la-
beled with a donor fluorophore at position -5 and acceptor at -3. Due to dynamic quenching [50],
we see few dsDNA events. Upon addition of holoenzyme, quenching is removed due to RPo for-
mation, resulting in a high S population. S-BVA plots for both dsDNA and RPo are below their
corresponding histograms. (c) lacCONS+2 dsDNA labeled with a donor fluorophore at -15 and
acceptor at -25. S-BVA plots are below their corresponding histograms. The distribution weight
remains the same, with increased S fluctuations in the presence of holoenzyme. Key: orange re-
gions on the promoter DNA are the -10 and -35 promoter elements to which σ70 tightly binds;
the arrow indicates the main transcription start site and transcription direction; donor fluorophore
is green; acceptor fluorophore is red; the blue oval represents RNAP; the yellow oval represents
σ70 ; the green marker inside the transcription bubble marks the main transcription start site; the
blue lines downstream of the transcription bubble represent the downstream dsDNA contacts for
RNAP; the black line in the S-BVA plots is the shot noise prediction (W = 10); black triangles
indicate burst S fluctuations in accordance with a static prediction; red triangles indicate S fluctu-
ations exceeding the static prediction and are evidence of dynamic inter-conversion. All promoter
DNA control experiments and RPo show distance-independent photophysical dynamics, primar-
ily donor blinking; however, acceptor blinking appears present as well, for all samples, except for
the (-5,-3) dsDNA construct, with dynamics extending from the main population toward a higher
S state.
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upon holoenzyme addition and RPo formation. S-BVA shows both a high arc to-

ward low S and a tail toward high S. We previously saw the high arc toward low

S for the case of donor blinking (Figure 5.11(a-b)). For low background counts,

E-BVA will primarily sample photons only when the donor is active. Thus, while

donor blinking is not desired, E-BVA dynamics may still be attributed to confor-

mational dynamics.

The tail toward high S is more problematic, however, particularly for RPo

where dynamics toward high S easily exceed the shot noise prediction. If accep-

tor blinking occurs on the millisecond timescale during donor excitation, E-BVA

will detect dynamics. While we cannot rule out conformational dynamics, S-BVA

suggests distance-independent photophysical fluctuations may contribute to fluc-

tuations in E.

S-BVA for the (-5,-3) construct also detects S fluctuations exceeding the shot

noise prediction (Figure 5.13(b)). For dsDNA alone, we expect S fluctuations due

to dynamic quenching [50]. Possibly interesting, S-BVA seems to detect three

populations. Whether these populations are significant or merely aberrations is

unknown. Upon RPo formation, a broad S distribution results. Similar to the (-

15,+15) promoter construct, S-BVA detects fluctuations exceeding shot noise pre-

diction toward both higher and lower S values. The detected dynamics, however,

appear closer to prediction than for (-15,+15). This difference could be due to a

difference in kinetic timescales (either more or less frequent blinking). While we

expect the donor and acceptor fluorophore micro-environments for (-15,+15) to

be more stable, as the fluorophores are positioned outside the protein [169], the

micro-environments for the (-5,-3) construct are unknown and likely to signifi-

cantly vary due to their being within the transcription bubble, possibly facilitating

protein-fluorophore interaction. Other data sets hint at two closely spaced S states

comprising the rather large distribution center (data not shown).

The third promoter dsDNA construct (-15,-25) also shows S dynamics for both

dsDNA alone and RPo (Figure 5.13(c)). While the distribution centers remain the
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Figure 5.14: Stoichiometry Burst Variance Analysis (S-BVA) and the Effect of Trolox. We exam-
ined the effect of 2mM Trolox in minimizing distance-independent photophysical dynamics for
(-15,+15) dsDNA. In comparison with Figure 5.13(a), Trolox does not appear to have any effect,
with the distribution center unchanged and dynamics (red triangles) extending toward both lower
and higher S values. That Trolox, a triplet quencher [51], does not reduce dynamics suggests that
intersystem crossing to the triplet state is not the primary source of fluctuations.

same, S dynamics toward both higher and lower S values upon RPo formation

further exceed the shot noise prediction than for dsDNA alone. Based on crystal

structures [169], we expect fluorophores positioned at -15 and -25 to reside out-

side the transcription bubble, but these labeling positions do not preclude protein

interaction.

To determine if S dynamics could be mitigated using triplet quenchers, we

performed measurements with 2mM Trolox, an antibleaching, antiblinking agent

which quenches triplet states via electron transfer and recovers via a complemen-

tary redox reaction [51, 262]. Figure 5.14 shows that Trolox failed to have an ef-

fect for (-15,+15) , and other constructs showed similar results (data not shown).

That Trolox did not decrease dynamics suggests Cy3B and ATTO647N intersys-

tem crossing to the triplet state is not the primary cause of S fluctuations. Other

possible causes may be quenching by nearby guanines [70, 315] (see Figure D.1),

presence of oxygen (although oxygen, a triplet quencher, is more relevant for pho-

tobleaching) [2,365,369], or ATTO647N DNA interaction or spectral shift [113,165,

331].

We further explored the possibility of removing fluorophore blinking, if present,
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Figure 5.15: Stoichiometry Burst Variance Analysis (S-BVA) and the Effect of Burst Search Method.
We investigated how the burst search method [239] affected S-BVA results. Analyzed data is the
same as Figure 5.14. (a) Dual-channel burst search (DCBS) with M = 7 photons. (b) DCBS with
M = 15 photons. (c) DCBS with M = 30 photons. (d) Donor excitation channel burst search
(DexBS) with M = 7 photons. Figures (a-d) indicate that the choice of burst search method does
not significantly affect S-BVA results for RPo dynamics. Interestingly, requiring more neighboring
photons, i.e., increasing M , does not change the extent of dynamic fluctuations. These results
suggest, if blinking is present, rapid fluorophore recovery from a non-emitting state.

by applying different burst search methods [239]. Analysis has thus far used an

acceptor-excitation acceptor-emission burst search (AexAemBS ), which finds bursts

based solely on the AexAem photon emission stream. Alternatively, ALEx permits

other burst search methods. For example, a donor-excitation burst search (DexBS )

finds bursts based on the Dex photon emission stream. A dual-channel burst

search (DCBS) performs a separate burst search on DexDem and DexAem photon

emission streams and only retains bursts found in bothDexDem andDexAem channels.

Each burst search method is biased to include particular types of bursts. AexAemBS

ensures bursts where molecules have an acceptor; however, AexAemBS is biased to

include bursts with donor, but not acceptor, blinking. DexBS ensures bursts where

molecules have a donor; however, DexBS is biased to include bursts with acceptor,
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but not donor, blinking. DCBS ensures bursts where molecules have both a donor

and an acceptor and excludes bursts with either donor or acceptor blinking.

Recall that a photon sequence is a burst if, within a time window of T = 500µs,

we find M photons. Accordingly, if we decrease T , we increase our temporal

resolution, i.e., we can detect shorter bursts, but at the risk of possibly splitting

bursts due to molecules diffusing around the confocal volume. If we increase M ,

we bias burst selection toward molecules diffusing through the confocal volume

center, i.e., where the laser excitation intensity is greatest, and exclude molecules

diffusing toward the confocal volume periphery. But also, by either decreasing T

or increasing M , we require increased fluorophore brightness and select against

fluorophore blinking.

Figure 5.15 explores the extent to which the burst search method affects S-

BVA. We explored both alternative methods, DexBS and DCBS, and different burst

search parameters. For all tested methods and parameters, S-BVA results re-

mained consistent and did not significantly differ from AexAemBS (for comparison

to AexAemBS , see Figure 5.14). Interestingly, increasing M did not significantly re-

duce the extent of dynamic fluctuations in S. We would expect that we would se-

lect against bursts exhibiting sufficiently slow fluorophore blinking. As dynamics

persist, we surmise that blinking must entail rapid recovery from a non-emitting

state.

In conclusion, all samples show both E and S fluctuations that exceed the

shot noise prediction. As γ 6= 1 is unlikely to produce detectable S fluctuations

for a dynamic E, S fluctuations are likely due to distance-independent photo-

physics. While S-BVA cannot explicitly address whether E-BVA fluctuations are

due to distance-independent photophysics (e.g., blinking), we should neverthe-

less doubt that E-BVA dynamics are genuine. We saw for both E-BVA and S-BVA

that the presence of RNAP seemed to induce greater fluctuations; this suggests

fluorophore-protein interaction. Additional experimental design is thus needed

to stabilize fluorophore micro-environments while still ensuring sufficient sensi-
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tivity to conformational changes of interest.

5.6 Summary

We have shown that S-BVA can be an effective method for detecting millisec-

ond distance-independent photophysical dynamics in single-molecule data. Used

in conjunction with fluorescence lifetime analysis [165], ALEx-2CDE [310], and

other methods [42, 44], S-BVA provides a statistical method to differentiate static

and dynamic distance-independent photophysical heterogeneity. Distinguishing

distance-independent photophysics from FRET fluctuations due to conformational

dynamics remains a significant challenge in single-molecule fluorescence, and fur-

ther experimental and statistical methods are needed to remove unwanted photo-

physics and isolate species of interest.

We note in passing possible additional applications for S-BVA, beyond de-

tecting unwanted photophysical fluctuations. Recent work exploits protein in-

duced fluorescent enhancement (PIFE) to detect protein binding and dynamics

[85, 147, 207, 234, 293]. By using PIFE, PET, or any other assay relying on flu-

orescence enhancement or quenching, in combination with a spectrally distinct

non-FRET fluorophore pair, S-BVA can hypothesis test for conformational dy-

namics, similar to E-BVA . While fluorophore blinking would remain an issue,

S-BVA would still distinguish between multiple static species and dynamically

inter-converting species.

S-BVA builds upon previous work investigating shot-noise-limited distribu-

tions and provides a straightforward test for static versus dynamic stoichiometry

heterogeneity as the origin of excess distribution width. We expect broad applica-

tion of S-BVA in detecting non-FRET fluorescence dynamics.
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Contributions

Joseph Torella first proposed Equation 5.23 in his work on stoichiometry shot noise

(unpublished). The theory and implementation of S-BVA is my own. I performed

all simulations validating S-BVA . Thorben Cordes and Nicole Robb conducted all

RP0 start-site selection measurements, and, on these measurements, I performed

S-BVA. All writing and figures are my own.
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Chapter 6

Burst Correlation Analysis

Abstract

Single-molecule Förster resonance energy transfer (FRET) proposes a distinct
advantage in its promise to relate molecular structure to function. The method,
however, is not without significant obstacles, particularly in delineating con-
formational dynamics and distance-independent photophysics. While multipa-
rameter fluorescence detection (MFD) methods [44,165] allow for identifying the
presence of distance-independent photophysical dynamics via changes in fluo-
rescence lifetimes, the experimental systems place significant demands in terms
of outlay and setup. Here, we exploit alternating laser excitation (ALEx) spec-
troscopy to propose a simple statistical method called burst correlation analysis
(BCA) that measures the extent to which distance-independent photophysics af-
fect FRET dynamics. By correlating FRET and fluorophore stoichiometry for in-
dividual molecules over time, where both FRET and stoichiometry are ratiomet-
ric variables which are independent of a molecule’s 3D position within a con-
focal volume, we can determine whether distance-independent photophysics
can account for FRET fluctuations. We use simulations to validate BCA and de-
scribe its utility in probing fluorophore fluorescence stability. We then use BCA
to analyze ALEx data of RNA polymerase (RNAP) open complex. Our results
confirm that distance-independent photophysics can at least partially account
for apparent RNAP open complex FRET dynamics. We are not, however, able to
determine the exact source of photophysical correlations.

6.1 Introduction

Burst variance analysis (BVA) attempts to detect dynamic fluctuations as individ-

ual molecules emitting donor and acceptor fluorescence diffuse through a confocal

volume. Thus far, BVA has only considered one random variable in isolation, i.e.,
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E-BVA or S-BVA , and has not addressed correlated dynamics between multiple

variables. E-BVA is limited to fluctuations in E, and S-BVA is limited to S. Al-

though S-BVA dynamics are likely to physically correlate with E-BVA dynamics,

S fluctuations do not entail E fluctuations, or vice versa (see Appendix C.1). For

a physical example in which E and S are uncorrelated, consider the case in which

an acceptor fluorophore may exhibit state-dependent fluctuations under acceptor

excitation, while maintaining a constant fluorescence intensity under donor exci-

tation and FRET.1 AexAem states would affect stoichiometry, but not efficiency, and

E and S fluctuations would be uncorrelated. Simply because S-BVA detects S

dynamics, we cannot infer distance-independent photophysics as the cause of E

dynamics detected by E-BVA .

We thus sought to develop a statistical method for detecting correlatedE-S dy-

namics, within the same general BVA framework. Such a method would possibly

permit us to isolate bursts free of S dynamics. We could then more confidently as-

sert thatE dynamics are due to conformational dynamics alone. We propose burst

correlation analysis (BCA) as a method capable of detecting E-S correlations, and

discuss its merits below.

6.2 Theory

Whereas variance measures the dispersion of a random variable X , covariance

measures the extent to which two random variables X and Y change together.

The definition of covariance between two random variables X and Y is

Cov(X, Y ) = E[(X − E[X])(Y − E[Y ])] (6.1)

where E[X] is the expected value of X [191]. We can simplify Equation 6.1 using

1We observe such laser-excitation-dependent state behavior frequently under total internal re-
flection fluorescence (TIRF) microscopy, especially for ATTO647N.
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the linearity property of expectations such that

Cov(X, Y ) = E[XY ]− E[X] E[Y ] (6.2)

An important property of covariance is that, if X and Y are independent, their

covariance is zero. This follows immediately from the definition of independence

E[XY ] = E[X] E[Y ] iff X and Y are independent

If the values of X demonstrate similar behavior to those of Y , both rising and

falling together, we expect positive covariance; we correspondingly expect nega-

tive covariance when their behaviors diverge, i.e., when one rises, the other falls.

While the sign of the covariance expresses the tendency of two random variables

to show similar or divergent behavior, the interpretation of the magnitude is not

straightforward. The normalized version of the covariance, the correlation coeffi-

cient, provides a more intuitive measure concerning linear relation strength.

Correlation methods are frequently used in time series analysis to evaluate re-

lationships between two or more variables [76,100,117,118,198,248,318,351]. The

Pearson product-moment correlation coefficient, ρ, is one such measure of the lin-

ear dependence between two random variables X and Y . Here, we define ρ as the

covariance of X and Y divided by the product of their standard deviations:

ρX,Y =
Cov(X, Y )

σXσY
=

E[(X − µX)(Y − µY )]

σXσY
(6.3)

where µX and µY are the population means. We can determine Pearson’s corre-

lation coefficient for a sample using estimates for the covariance and individual

variances , thereby obtaining

rX,Y =

∑N−1
j=0 (Xj − X̄)(Yj − Ȳ )√∑N−1

j=0 (Xj − X̄)2

√∑N−1
j=0 (Yj − Ȳ )2

(6.4)

where X̄ and Ȳ are the sample means and N the sample size. We can further
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express Equation 6.4 in terms of normalized values. We transform the random

variables X and Y to have zero mean and unit variance

rZX ,ZY =
1

N − 1

N−1∑
j=0

(
Xj − X̄
sX

)(
Yj − Ȳ
sY

)
(6.5)

where sX and sY are the sample standard deviations (sX = σX/
√
N ). Equation 6.5

allows us to represent the distance between a value Xj and the sample mean in

units of standard deviation.

In single-molecule FRET measurements, we typically concern ourselves with

identifying negatively correlated (or anti-correlated; r → −1) intensity changes in

donor and acceptor fluorescence. Such changes suggest inter-fluorophore distance

changes associated with, e.g., conformational dynamics. For random variables E

and S (FRET efficiency and stoichiometry, respectively), however, we seek the ab-

sence of correlated changes because S is a means to monitor fluorophore distance-

independent photophysics andE-S correlations suggest distance-independent pho-

tophysical fluctuations.

When considering E-BVA and S-BVA , we want to determine the extent to

which fluctuations in E covary with fluctuations in S. If E fluctuations are do not

covary with S, we can more confidently attribute fluctuations to inter-fluorophore

distance changes, commonly associated with conformational dynamics. On the

other hand, if E fluctuations do covary with S, we should be wary of associating

E fluctuations with biological activity.2

To applyE-S correlation analysis within the BVA framework, our first intuition

would be to calculate Pearson’s correlation coefficient ri for each burst i. ri would

then provide a measure for the strength of E-S correlations over the entire burst.

But what about the case in which an (E, S) state is only visited transiently once or,

for a long burst, a few times? We know from Appendix C.1 that E and S are in-

dependent random variables for constant Poisson rate parameters λDD, λDA, and

2An exception would be the scenario in which we expect E-S correlations; e.g., a FRET mea-
surement convolved with protein-induced fluorescence enhancement (PIFE).
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λAA. Accordingly, for a majority of a burst duration, we expect Cov(E, S) ≈ 0, and

if the transient correlations are sufficiently short or between closely spaced states,

then any correlations may be effectively reduced by the much larger uncorrelated

region.

Furthermore, especially for short sample E-S time series, E-S independence

does not guarantee that the sample will not show correlations. Only for suffi-

ciently large N will the covariance, and therefore r, converge to zero. For small N ,

E-S will often show r ± 1. For example, if a molecule undergoes anti-correlated

fluctuations in E and S, but, by chance, the remaining (Eij, Sij) pairs are strongly

positively correlated, then ri may very well be close to zero or even positive, de-

pending on the number and magnitude of anti-correlated transitions. In this case,

we may wrongly conclude that burst i shows uncorrelated, or even positively cor-

related, E-S behavior.

An alternative method would be to compute a ‘scaled’ correlation coefficient,

where scale refers to a restricted sampling range [238]. As with BVA, we restrict

the sampling range using a non-overlapping sliding window C over the (Eij, Sij)

pairs, and compute

rim(C) =

∑j+C−1
k=j (Eik − Ēm)(Sik − S̄m)√∑j+C−1

k=j (Eik − Ēm)2

√∑j+C−1
k=j (Sik − S̄m)2

(6.6)

where Ēm and S̄m are the window sample means for window m. We define the

number of non-overlapping windows M by

M = floor
(
N

C

)

We can then compute the average scaled correlation r̄i at scale C

r̄i(C) =
1

M

M−1∑
m=0

rim(C) (6.7)

For a segmented time series where the mean and variance remain constant across
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all segments, r̄i(C) is identical to the global burst correlation coefficient ri [238].

For each rim(C), we can test the null hypothesis that the true correlation coeffi-

cient ρ is zero using re-sampling techniques. One such technique is a permutation

test, which proceeds as follows:

1. From the original (Eij, Sij) paired data, draw a permutation ξ on the set

{j : 0, . . . , N − 1}, from a population with equal probabilities for all N ! per-

mutations.3

2. Calculate Pearson’s correlation coefficient rξ(C) for the randomized data (Eij′ , Sij).

3. Repeat Steps 1 and 2 for Ξ≫ 1.

4. Calculate the p-value4 for the permutation test. The p-value is equivalent to

the proportion of rξ(C) greater than rim(C), where ‘greater’ means either in

absolute magnitude (two-sided test) or in signed value (one-sided test). For

example, if only five rξ(C) are greater than rim(C) out of Ξ = 1000 trials,

then p = 0.005; such a value is highly significant at the 99% confidence level

(α = 0.01).

We note that an equally valid approach for hypothesis testing and constructing

confidence intervals uses bootstrapping, which is re-sampling with replacement.

While we can use re-sampling methods to also determine the p-value for r̄i(C),

for large Ξ, many bursts, and large M , re-sampling methods quickly become com-

putationally expensive. The fixed effects method, however, allows us to determine

the significance of average correlations based on the standard error SE [83, 115,

123]. Here, we assume rim(C) is normally distributed and estimate the SE5 of

3This is equivalent to drawing each member j randomly, without replacement, from the set
{0, . . . , N − 1}.

4i.e., the probability of obtaining a value at a given confidence level by chance alone
5Note that the concept of standard error (SE) differs from that of the standard deviation (SD).

The standard error of the mean determines how well the sample mean estimates the population
mean; whereas the standard deviation of the mean is the degree to which we expect individual
measurements within the sample to differ from the sample mean.

SE =
s√
N
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r̄i(C) from the number of windows M for burst i and window size C

SE(r̄i(C)) =

√
1

M(C − 3)
(6.8)

Using the SE, we compute a normalized z-score

zr̄c =
r̄c

SE(r̄c)
(6.9)

and obtain a p-value by evaluating at −|zr̄c|, where | · | is the absolute value, the

cumulative distribution of a normal distribution with 0 mean and unit variance.

By calculating scaled correlation coefficients, we obtain information about both

fast correlations and per burst correlation. Such information facilitates E-S co-

variance identification and lays the groundwork for isolating those bursts with

independent E and S.

6.3 Simulation Results

To test burst correlation analysis (BCA), we performed recoloring simulations, as

done previously for S-BVA (see Section 5.4) using the same data set under the

same data reduction parameters.

6.3.1 Static S Species

To validate BCA, we performed initial simulations on static species. For infinitely

long time series, we expect E and S to be uncorrelated r̄c = 0; however, this need

not be true for random samples drawn from the global population. As C → 0,

SD =
σ√
N

where s is the sample standard deviation, i.e., a sample-based estimate of the population stan-
dard deviation σ, and N is the sample size. For example, consider the set of observations
{X0, X1, . . . , XC}. Suppose, due to chance, the observations are highly dispersed, meaning a large
sample standard deviation s. For comparatively small σ relative to s, SE would be large compared
to SD. Accordingly, we would conclude that the sample mean is likely a poor estimator of the pop-
ulation mean and further surmise that the measured correlation is unreliable, thereby reducing its
significance.
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Figure 6.1: Burst Correlation Analysis (BCA) of a Static Species. Photon recoloring simulation of
a single static species with E = 0.5, S = 0.7, a BCA window C = 10, and 2778 bursts. (a) per
burst correlation. By chance alone, bursts will exhibit both high and low E-S correlation; however,
the distribution will be approximately normally distributed with 0 mean (on average, E and S are
uncorrelated). Red line marks rc = 0. (b) correlation histogram for the correlations in (a). For static
species, we expectE and S to be uncorrelated, but sampled correlation values will have a standard
error of 0.378 (=

√
1/M(C − 3); 〈M〉 = 1). c) correlation versus significance (p-values). p-values

follow the shape of the correlation histogram, with more extreme correlations having increased
significance. We notice that several bursts have p � 0.05 (shown in red), indicating significant
correlations. This result follows from the definition of a p-value; for ∼ 3000 bursts, we expect at
least 150 bursts to exhibit significant correlations at the 95% confidence level by chance alone. We
obtained p-values using permutation tests forN = 120. Longer bursts (≥ 200 photons; M = 2) will
have greater statistical support and a decreased likelihood to exhibit extreme correlation values
(Law of Large Numbers). These bursts form the inner p-value distribution (in green). For shorter
bursts (< 200 photons; M = 1), we expect a greater spread in correlation. These bursts form the
outer p-value distribution (in yellow).

we expect rc values to fluctuate by chance alone about a global mean. Figure 6.1

confirms that even uncorrelated species will exhibit significant correlations.

We used a permutation re-sampling test to determine the significance of the

average correlations r̄c. We expect that, for a 95% confidence interval, 150 out of

3000 bursts will show significant correlation. Should we use BCA as a filtering

method, we should bear in mind the rate of false positive identification.

We next tested BCA for a shot-noise-limited S = 0.7 and a dynamic E. We sim-

ulated two inter-converting conformational states with FRET values {E : 0.4, 0.6}

and rates k01 = k10 = 1000s−1. Similar to the case of a single shot-noise-limited

E, we do not expect E-S correlations. For a constant total intensity under donor

excitation (FDem
Dexc

+ FAem
Dexc

= constant), S will fluctuate independently of E. Figure

6.2 confirms that E and S are uncorrelated for a dynamic E, as the correlation

distribution has 0 mean.
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Figure 6.2: Burst Correlation Analysis (BCA) of a Conformationally Dynamic Species. Photon re-
coloring simulation of a conformationally dynamic species with {E : 0.4, 0.6}, k01 = k10 = 1000s−1,
S = 0.7, a BCA window C = 10, and 2778 bursts. (a-b) per burst correlation and distribution. E-S
correlations appear similar to the static case, as we expect for uncorrelated E and S. c) correla-
tion versus significance (p-values). The number of significant correlations does not change for a
dynamic E. We obtained p-values using permutation tests for N = 120.

6.3.2 The Effect of γ

While molecules with γ = 1 and dynamic E lack E-S correlations, we should not

expect E and S to be uncorrelated for γ 6= 1. γ < 1 effectively discards acceptor

photons, such that FDem
Dexc

+ FAem
Dexc

decreases with increasing E. The decrease in

Dex intensity results in S → 0. The opposite is true for γ > 1. Therefore, E and S

will show anti-correlated changes upon E dynamics. This is confirmed in Figure

6.3, in which more bursts show negative average correlations for γ = 0.5.

Interestingly, even though S-BVA fails to detect S dynamics for γ 6= 1, BCA is

able to detect subtle concomitant changes in E and S. While the shift in rc values

is small, the shift is detectable if we hold everything else constant.

6.3.3 Dynamic S: Non-FRET Photophysics

The goal of BCA is to determine if E-S fluctuations are correlated. Correlated E-S

fluctuations would argue against E fluctuations exclusively attributable to inter-

fluorophore distance changes (and associated conformational dynamics). We thus

sought to examine BCA results for S dynamics and distance-independent photo-

physics. We first investigated the effect of donor blinking, performing a recoloring
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Figure 6.3: Burst Correlation Analysis (BCA) of a Conformationally Dynamic Species and γ 6= 1.
Photon recoloring simulation of a conformationally dynamic species with {E : 0.4, 0.6}, k01 =
k10 = 1000s−1, S = 0.7, γ = 0.5, a BCA windowC = 10, and 2778 bursts. (a-b) per burst correlation
and distribution. E-S correlations shift toward a negative average correlation r̄c. The shift reflects
γ < 1 effectively discarding acceptor photons, resulting in a variable total FDem

Dexc
+ FAem

Dexc
intensity,

such that SE=0.4 > SE=0.6. c) correlation versus significance (p-values). The number of significant
correlations increases for negative rc and decreases for positive rc. We obtained p-values using
permutation tests for N = 120.

simulation with blinking rate kblink = 500s−1 and recovery rate krecover = 25000s−1.

As evident in Figure 6.4, we should not necessarily expect E-S correlation for

donor blinking as ∆E = |E −Ebkgd| ≈ 0. Once the donor blinks, background pho-

ton counts BDD and BDA determine E, and accordingly, E will not correlate with

S. For sufficiently large ∆E = |E − Ebkgd| > 0, we may expect to see a slight cor-

relation distribution shift, whose sign is determined by the relation of E to Ebkgd,

and possibly be similar in magnitude to the effect of γ 6= 1. For low background

counts, we can modify the BCA algorithm to detect when E is undefined (0/0),

and then correlate S → 1 with donor blinking. This modification is straightfor-

ward, and we will be investigate its use in further work; however, the ability to

link donor blinking to E-BVA dynamics remains tenuous because E fluctuations

due to donor blinking are likely to be limited for the same ∆E issue mentioned

above.

In contrast to donor blinking, we do expect acceptor blinking to result in E-S

correlations when the acceptor blinking lifetime is on the order of or greater than

the Dex |Aex alternation period; e.g., τblink = 1µs is unlikely to result in significant

correlation. In this scenario, E → 0 and S → 1, resulting in strong E-S anti-
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Figure 6.4: Burst Correlation Analysis (BCA) and the Effect of Donor Blinking. Photon recoloring
simulation of a species exhibiting donor blinking,E = 0.6, {S : 0.7, 1.0}, kblink = 500s−1, krecover =
25000s−1, a BCA window C = 10, and 2778 bursts. (a-b) per burst correlation and distribution. E-
S correlations appear the same as for the static case. For background counts such that Ebkgd ≈ 0.5,
we are not likely to detect E fluctuations for small ∆E because of how we calculate the correlation
using a sliding photon window. That the correlation does not change, however, is advantageous
from the standpoint that we can differentiate between donor and acceptor blinking. c) correlation
versus significance (p-values). The number of significant correlations does not change for the case
of donor blinking. We obtained p-values using permutation tests for N = 120.

correlation. We simulated millisecond acceptor blinking, with kblink = krecovery =

1000s−1.

Figure 6.5(a) confirms E-S anti-correlation, with the distribution shifted to-

ward negative correlation. While we expect on average one blinking event per

ms, and hence per burst, we should not expect every correlation to be negative.

Recall our earlier discussion and Figure 6.1 in which uncorrelated molecules will

show strong positive and negative correlations by chance alone. Now consider the

scenario in which a molecule randomly samples strongly positively correlated E-

S values, but also contains at least one strongly negatively correlated event. The

result will be a reduced correlation value, thus affecting the correlation strength

for the entire burst. Accordingly, not only will BCA identify false-positives, i.e.,

uncorrelated E and S randomly showing strong correlation, but also will include

false-negatives, i.e., correlated E and S which randomly sample values correlated

with opposite sign. The black arrows in Figure 6.5(a) highlight this occurrence, in

which rc values move along the significance curve.

We also simulated the scenario in which acceptor recovery occurs on a faster

timescale, krecovery = 10000s−1. The more transient excursion to the blinking state
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Figure 6.5: Burst Correlation Analysis (BCA) and the Effect of Acceptor Blinking. Photon recol-
oring simulation of a species exhibiting acceptor blinking, E = 0.6, {S : 0.0, 0.7}, a BCA window
C = 10, and 2778 bursts. a) per burst correlation, distribution, and significance for millisecond
acceptor blinking: k01 = kblink = 1000s−1, k10 = krecover = 1000s−1. E-S correlations due to
millisecond acceptor blinking are highly negatively correlated. Negative window correlations can
pass undetected, however, when bursts randomly exhibit high positive correlation. The result for
an individual burst is an average r̄c → 0. We indicate the shift in r̄c along the significance curve
with black arrows. b) per burst correlation, distribution, and significance for millisecond acceptor
blinking: k01 = kblink = 1000s−1, k10 = krecover = 10000s−1. E-S correlations due to millisecond
acceptor blinking and fast recovery are negatively correlated, but the correlation distribution shift
is not as drastic. Nevertheless, we can detect E dynamics due to transient acceptor blinking.

means the molecule spends a majority of time in a bright state. This has the effect

of weighting correlations toward an uncorrelated value, drowning out infrequent

rapid anti-correlations. Nevertheless, the correlation distribution does shift. In

this case, we can conclude E dynamics are at least partly attributable to acceptor

blinking.

6.3.4 Photophysics within a Heterogeneous Population

The simulations have thus far assumed sample homogeneity, i.e., all diffusing

molecules exhibit the same behavior. Experimental samples, however, are rarely

homogeneous, with some molecules undergoing conformational fluctuations and

others not, and some fluorophores exhibiting photophysical characteristics dis-
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tinct from others within the population. That samples are inherently heteroge-

neous is a significant limitation of ensemble methods, which can only report on

average population behavior. For biological systems where heterogeneity is fun-

damentally important [41,140,186,302,303,327], the primary molecules of interest,

possibly even the ones driving biological activity, are the molecules exhibiting de-

viant behavior. An ensemble average obscures single-molecule renegades6. We

thus sought to investigate how photophysical sub-populations affect BCA.

We simulated two sub-populations, one static S species and the other species

exhibiting acceptor blinking with kblink = 1000s−1 and krecover = 10000s−1, un-

der different mixing proportions. Intuitively, we can predict the outcome. For a

smaller acceptor blinking sub-population, we expect the uncorrelated behavior of

the major population to dominate and pull the distribution toward 〈r̄c〉 = 0. As

the acceptor blinking sub-population grows, more molecules will show E-S anti-

correlations and pull the distribution toward 〈r̄c〉 = −1. Figure 6.6 confirms our

intuition.

We note, however, that we can still identify the acceptor blinking population

for the 20% mixture in a way additional to the slight shift toward negative cor-

relation. Acceptor blinking molecules will sample negative correlations more fre-

quently than non-blinking molecules, and importantly, acceptor blinking molecules

will more frequently sample the more extreme negative correlations. The result

will be a change in distribution skewness, as evident in the distribution asymme-

try and the longer tail toward negative correlations. Consequently, we could intro-

duce additional hypothesis tests for distribution normality and skewness to deter-

mine the existence of photophysical sub-populations. Of course, such an analysis

would become more complicated for a sample containing many sub-populations,

or as is more likely, a continuum of heterogeneous behavior.

6I am allowed literary bravado.
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6.4 Experimental Results

Having validated burst correlation analysis (BCA) as a means to measure E-S cor-

relations, we sought to apply the method to investigate RPo dynamics and build

upon previous E-BVA and S-BVA studies. Recall that both E-BVA and S-BVA de-

tected dynamics, but we could not determine whether E and S co-varied or deter-

mine whether distance-independent photophysics could account for E dynamics.

Figure 6.7 shows BCA results.

Beginning with (-15,+15) in Figure 6.7(a), we notice significant deviations from

normality, with heavily populated distribution tails. While the distribution has

mean µ ≈ 0, the extracted standard deviation (σ = 0.1994) from the fit does not

adequately capture the distribution dispersion. For this construct, acceptor blink-

ing can possibly account for the significant negative correlations, where Sblink ≈ 1

and Eblink ≈ 0.16 (cross-talk). Additionally, the mean FRET efficiency for the ds-

DNA subpopulation is E ≈ 0.2. Hence, given relatively high background rates,

with Ebkgd ≈ 0.5, we expect E-S anti-correlations for donor blinking molecules

within this subpopulation. The significant positive correlations are more difficult

to explain. One possibility is a shift in the ATTO647N absorption spectrum, such

that FAem
Dexc

increases and FAem
Aexc

decreases [43, 44, 113].

An absorption spectrum shift is not altogether implausible if we once again

consider the E-BVA results (see Figure 4.4(a)). Surface-immobilized RPo mea-

surements reveal dynamic interconversion between a closed complex RPc with

E corresponding to that of dsDNA alone and an open complex RPo with E ≈ 0.45

(see Chapter 7). While only a fraction (< 50%) of the immobilized molecules show

RPc -RPo dynamics, ∆E is sufficiently large forE-BVA to detect dynamics even for

relatively few inter-converting molecules. Such inter-conversion likely explains

the detected dynamics exceeding the shot noise prediction in theE region between

dsDNA/RPc and RPo . If we consider that RPc to RPo conversion requires con-

formational rearrangement, ATTO647N-RPo interaction is not altogether unlikely,

possibly leading to a transient change in photophysical properties. The dynamic
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interconversion for immobilized molecules occurs on the millisecond-to-second

timescale and matches the observed timescale in BVA and BCA.

The (-5,-3) promoter construct also shows deviant behavior from normality, al-

though the effect is not as pronounced. The correlation histogram (Figure 6.7(b))

is slightly skewed toward negative correlations and indicates fluorophore blink-

ing. Given that the fluorophores are located within the transcription bubble, we

might expect increased distance-independent photophysics for this promoter ds-

DNA; however, we do not observe drastic deviations from uncorrelated E-S . In

fact, initial tests using BCA as a filter to remove bursts with significant correlation

demonstrated S-BVA detected dynamics could be reduced, or even eliminated,

while still retaining fluctuations beyond the static E prediction (data not shown).

BCA filtering, however, was not consistent across samples for reasons outlined

earlier with regard to significant correlations arising from limited random sam-

pling.

We also analyzed the (-15,-25) promoter construct (see Figure 6.7(c)). Similar

to (-5Cy3B, -3ATTO674N), we observe a slight skewness toward negative correla-

tions. Recall that S-BVA showed increased S dynamics for RPo compared to ds-

DNA alone, suggesting that fluorophore-protein interaction may be affecting flu-

orescence stability. The (-15Cy3B, +15ATTO647N) and (-15Cy3B, -25ATTO647N)

promoter construct BCA results support this hypothesis; however, more advanced

experimental methods are needed to determine the underlying cause.

Based on the BCA results for RPo dynamics, all three dsDNA promoter con-

structs show E-S correlations. These results suggest that we be wary in attribut-

ing inter-fluorophore distance changes as the source of E dynamics. We cannot,

however, determine the exact source of E-S correlations. We are limited to a

global perspective of individual molecule behavior. Analysis methods capable of

de-convolving distance-independent photophysical fluctuations from legitimate

E dynamics are still under active development.
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6.5 Summary

Determining sources of heterogeneity remains a prominent goal within single molecule

fluorescence data analysis. The ability to isolate species of interest while having

legitimate physical or statistical justification to exclude other species is a signifi-

cant challenge, and several published works have tried to provide solutions. The

methods, however, fail in one or more respects, often due to limited applicability

or difficulty in interpreting results. While many published works have provided

detailed mathematical treatments [100–105, 185, 354, 355], few have provided ro-

bust frameworks which are easy to implement and intuitive to understand.

One of the strengths of BCA is its extension of BVA, in which results are, while

more qualitative than quantitative, straightforward and built on statistical con-

cepts with which many in the field are familiar. Nevertheless, BCA has several

shortcomings. Notably, in its current form, BCA makes both type I and type II

errors, thus creating significant difficulty in isolating uncorrelated and correlated

behavior. One possible method to overcome BCA’s shortcomings is independent

component analysis (ICA), which allows us to remove components shared by E and

S and to retain independent behavior. For example, suppose E fluctuations are

a mixture of both inter-fluorophore distance changes and distance-independent

photophysics. By removing the photophysical component of E via S, we can iso-

late the inter-fluorophore distance changes component. Initial efforts are under-

way to test whether we can use ICA as an effective filter, and results are thus far

promising.

Contributions

The theory and implementation of BCA for confocal solution data is my own. I

performed all simulations. Thorben Cordes and Nicole Robb conducted all RP0

start-site selection measurements, and, on these measurements, I performed BCA.

All writing and figures are my own.
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Chapter 7

Mean-Variance Analysis

Abstract

Single-molecule Förster resonance energy transfer (FRET) in conjunction with
total-internal reflection fluorescence (TIRF) microscopy allows simultaneous ob-
servation of multiple biomolecules with high temporal and spatial resolution.
While single-molecule FRET TIRF affords extensive observation periods amenable
to time series analysis, FRET histogram analysis remains prominent in deter-
mining the presence of FRET sub-populations. Recent work derived an expres-
sion for the expected shot-noise-limited distribution for single-molecule FRET
TIRF [135] and thus provided a metric for distribution broadening. Here, we
combine mean-variance analysis (MVA) [251] with a statistical approach used
previously for diffusing molecules [314] to detect fluctuations within FRET time
series. We use simulations to validate our method and show that MVA can de-
tect FRET dynamics faster than the measurement timescale. MVA thus over-
comes a barrier to probing faster kinetic regimes not directly accessible to con-
ventional time series analysis methods. We further demonstrate how MVA pro-
vides an easy-to-interpret method for measuring inter-molecular heterogene-
ity, especially for short time series. We use MVA to analyze RNA polymerase
(RNAP) open complex FRET TIRF distributions. Our results find a broad spec-
trum of RNAP behavior and support the presence of a stable intermediate on
the pathway between RNAP closed and open complex. We discuss the inter-
mediate’s possible relevance within the context of transcription regulation and
suggest additional avenues for testing an initial transcription branched path-
way hypothesis.
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7.1 Introduction

Many single-molecule fluorescence signal analysis techniques originated in pre-

vious work in ion channels. Burst variance analysis is no exception, falling un-

der the general heading of mean-variance analysis (MVA). The work of Patlak [251]

demonstrated MVA’s potential to extract kinetics of complex single ion channel

data. As shown above, MVA is performed by calculating mean and variance val-

ues within windows consisting of N consecutive data samples. Repeated window

movement and calculation produces mean-variance pairs which can be assembled

into two-dimensional histograms. Low variance regions are assigned to defined

state values, while high variance regions represent dynamic interconversion be-

tween states.

Chapters 4-6 have thus far offered a cautionary tale. E-BVA presented a method

to detect FRET fluctuations for diffusing molecules, but the method could not

unequivocally assert whether these fluctuations resulted from changes in inter-

fluorophore separation or distance-independent photophysics, as S-BVA and BCA

analyses demonstrated. Hence, analyses employing E-BVAwithout regard for

possible distance-independent photophysics could reach incorrect conclusions and

ascribe biological significance to fluctuations where, in fact, such fluctuations are

artifacts.

As Chapter 6 demonstrated, solution-based photon arrival data of molecules

diffusing on the millisecond timescale presents difficulties for delineating distance-

dependent and distance-independent FRET fluctuations. Critically, burst analysis

suffers from insufficient statistics. Bursts frequently contain less than 200 pho-

tons, which, for a sliding 10-photon window, corresponds to at most 20 (E, S)

data pairs. 20 data points are too few for most model-based methods, e.g., hidden

Markov models (HMMs), which might allow for hypothesis testing to identify be-

havior deviant from a prior model. Further, small photon windows translate to

large E/S variance. Hence, actually visualizing burst E-S time series with an aim

to take advantage of human pattern recognition does not provide any benefit, as
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legitimate fluctuations are easily buried in noise.

One possible approach to overcome these difficulties is to extend the diffusion

timescale. Santoso and co-workers combined gel-electrophoresis with alternating-

laser excitation (ALEx) to probe dynamically active biomolecules [276]. As the

authors showed, in-gel ALEx can yield bursts which last longer than 10 seconds

and contain over 1000 photons. Additionally, Zarrabi and co-workers used vesi-

cle encapsulation to slow diffusion times and applied HMMs to burst time series

to resolve dynamic fluctuations [360]. Such methods, however, are cumbersome

(in-gel ALEx) or involved (vesicle encapsulation). Ideally, we would use other

experimental methods to probe biomolecules over extended timescales with min-

imal perturbation.

Total-internal reflection fluorescence (TIRF) microscopy provides one such method.

Importantly, TIRF microscopy allows for comparatively high photon numbers (>

200 per (E, S) pair and extended observation (> 20 seconds). As a consequence,

fluctuations exceeding the predicted shot-noise are easily detected by the human

eye. Molecules exhibiting clear S dynamics can thus be readily removed from

analysis. Consequently, we can isolate molecules whose E fluctuations show no

obvious relation to distance-independent photophysics. Such isolation obviates

the imperative for S-BVA and BCA TIRF time series analyses, which were needed

previously as visual filtering of diffusion-based FRET data was not possible.1

With these thoughts in mind, we might wonder if an analysis akin to E-BVA

is applicable to the TIRF-FRET context. Single-molecule literature abounds with

time series analyses of data containing clear step-like transitions. Arguably, sig-

nal analysis methods such as HMMs [26, 218] and change-point detection ap-

proaches [338] appear more appropriate. We note, however, that even for systems

where the majority of molecules show clear state transitions, we sample only a

1We do note that we can still apply S-BVA and BCA to TIRF time series, but these statistical
methods are not as critical when visual filtering methods provide sufficient controls. Although not
discussed here, we do recommend S-BVA for TIRF time series when performing MVA to ensure
that S fluctuations are in accordance with the shot-noise prediction and are not contributing to E
variance. This is particularly important when trying to access dynamic timescales faster than the
measurement temporal resolution.
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subset of the molecular transition rates [107]. Transition rates faster or slower than

the measurement timescale are not accessible. Hence, we may ask: are molecules

which appear ‘static’ truly static or actually dynamic, rapidly transitioning be-

tween two or more states and exhibiting a single state value which is the weighted

average of the transitioning states? MVA can help answer this question.

BVA’s novel addition to MVA was inclusion of a theoretical model for identi-

fying dynamics, vis-á-vis the shot noise prediction. Recent work by Holden and

co-workers [134, 135, 321] investigated the theoretical limits of TIRF-based FRET

and determined the expected uncertainty in TIRF-FRET measurements. Accord-

ingly, we sought to extend E-BVA to TIRF and build on the work of Patlak [251]

to identify dynamics in immobilized single-molecule time series.

7.2 Theory

We can approximate fluorescence photon counts for surface-immobilized fluorescently-

labeled molecules by a Poisson process [101]. For doubly-labeled species, having

a FRET pair consisting of a donor and acceptor fluorophore, the Poisson process

is split into two sub-processes by a parameter process with probability p, equal to

the ratio of mean acceptor to donor plus acceptor photon counts (see Appendix

B.1.1). We assign p to the FRET efficiency.

We collect fluorescence emission photons from a surface-immobilized biomolecule

on an electron multiplying CCD (EMCCD) camera. For FRET measurements, we

spectrally separate photons and focus them onto one of two channels, the ‘donor’

channel or ‘acceptor’ channel. The photons collected on a single pixel within the

integration time for a single image frame generate electrons amplified in the cam-

era electron multiplying gain register, reducing the device read noise [139]. An

analogue-to-digital converter converts the amplified electron count to digital units

(DU), which form the final fluorescence emission image. For an individual chan-

University of Oxford Page 161



Thesis K. Gryte

nel, we relate DUs and photon count by

NDU
ij =

G

S
Nij (7.1)

where NDU
ij is the number of DU for pixel ij, Nij the photon number for pixel ij,

G the electron multiplying (EM) gain (electrons per photon, a stochastic variable),

and S is the CCD sensitivity (electrons per DU). The CCD sensitivity is available

from the camera manufacturer, and G is adjustable, being scaled by the operator,

and is typically 100-1000 [267]; however, due to EM gain register aging, G fre-

quently differs from the specified value. For photon-counting applications, the

ratio G/S should be measured directly using standard methods [320]. Knowing

G/S, we can obtain Nij .

For completeness, we will now recap the work of Holden and co-workers [134,

135, 321], which establishes the equivalent of the solution-based ‘static limit’ for

surface-immobilized biomolecules. We can predict the photon-counting error for a

surface-immobilized molecule located at (x0, y0), with total expected count N0 and

independent Gaussian distributed errors, using the least-squares fitting criterion

that the sum of squared errors, χ2, is minimized:

χ2(x, y,N) =
∑
ij

(
nij −Nij(x, y,N)

)2

s2
ij

(7.2)

where nij is the observed photon count, Nij(·) the expected photon count from a

model point-spread function (PSF) located at (x, y) with total photon countN , and

s2
ij is the observed photon count sample variance (uncertainty). For square pixels

of width a, one can numerically evaluate the expected photon-counting error as

〈σ2(N)〉x0,y0 = a−2

∫ a

0

∫ a

0

[ i,j=∞∑
i,j=−∞

(
1

σi,j

∂Nij

∂N

)2]−1

dx0 dy0 (7.3)

where we can use the observed variance s2
ij as an estimator for the expected vari-
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ance σ2
ij . While exact, Equation 7.3 is a bit unwieldy. If we neglect pixellation ef-

fects (i.e., the uncertainty arising from photon arrival location within a finite-sized

pixel) and instead modify the result of Thompson and co-workers [309] (Equation

19) for the expected variance of the measured photon count on a single pixel

σ2(N) = N +
4πs2

a2
b2 (7.4)

to include electron multiplication (EM) effects, we have

σ2(N) = f 2
GN +

4πs2

a2
b2 (7.5)

where b is the background count (photons per pixel), including measurement back-

ground and on-camera noise such as read and dark noise, and fG is the excess

noise factor arising from EM.2 Using error propagation [191], where E equals3

E =
FAem
Dexc

FDem
Dexc

+ FAem
Dexc

the apparent FRET uncertainty is

Var(E) ≈
[

∂E

∂FDem
Dexc

∣∣∣∣
〈E〉

]2

Var(FDem
Dexc

) +

[
∂E

∂FAem
Dexc

∣∣∣∣
〈E〉

]2

Var(FAem
Dexc

)

≈ 1

(FDem
Dexc

+ FAem
Dexc

)2

(
〈E〉2 Var(FDem

Dexc
) + (1− 〈E〉)2 Var(FAem

Dexc
)

)
(7.6)

where 〈E〉 is the FRET value. We can obtain a full prediction σ(E) by numerically

integrating Equation 7.3 for each channel and substituting in Equation 7.6. But if

we are content neglecting pixellation and interpolating between high background

and high shot noise limiting cases as in Equation 7.5 [134,309], we arrive at a more

2b is empirically modeled. Rigorous assessment would require de-convolving individual noise
sources and determining what is amplified, with appropriate modeling. Here, we take a phe-
nomenological approach based on the observed background, assigning this value units of photons
per pixel.

3Note: the fluorescence emission variables are similar to those of solution-based confocal mea-
surements, except the intensity is not a function of a particle’s path through a confocal volume, but
a function of the evanescent electric field and camera integration time.
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convenient approximation4 using σ2(FAem
Dexc

) and σ2(FDem
Dexc

) approximations

Var(E) ≈ f 2
G〈E〉(1− 〈E〉)
FDem
Dexc

+ FAem
Dexc

+
4π

a2(FDem
Dexc

+ FAem
Dexc

)4

(
(FAem

Dexc
)2s2

Db
2
D + (FDem

Dexc
)2s2

Ab
2
A

)
(7.7)

where sD and sA are the PSF widths (in nanometers) in the donor and acceptor

channels, respectively; bD and bA are the background noise standard deviations

(photons per pixel) for each channel; a is the pixel size (in nanometers); fG is the

excess noise factor introduced by electron multiplication (fG ≈
√

2) [267]. For our

experimental setup, sD = 132nm, sA = 150nm, a = 94nm, bD = bA = 2.9 photons

per pixel, and measured G/S ratio of ∼ 6.

Note that Equation 7.7 is an approximation. Numerically integrating Equation

7.3, substituting into Equation 7.6, and comparing to Equation 7.7 reveals that

Equation 7.7 fails to fully account for observed fluctuations, underestimating the

standard deviation by ∼ 6% for moderate photon counts (N = 390 photons) [134,

135]. The effect is, however, consistent and reproducible, scaling linearly with

photon counts and converging to 0 as N → ∞. Hence, in the context of MVA, as

long as we remember this offset, we can determine whether observations exceed

the static limit.

Depending on the PSF profile-fitting technique, additional uncertainty may

arise affecting the ability of Equation 7.7 to account for observed dispersion. Dif-

ferent techniques, such as aperture photometry [138, 150], ordinary least-squares

(OLS) minimization [65, 297], weighted least-squares (WLS) minimization [309],

and maximum likelihood methods [227], introduce different additional excess un-

certainty. Holden and co-workers previously implemented OLS for image extrac-

tion and data reduction and found OLS introduced a constant excess uncertainty

of ∼ 30% beyond Equation 7.7 [135, 227, 309]. As OLS remains the implemented

4The following equation differs from Equation 6 in [134, 135], where FAem

Dexc
and FDem

Dexc
are

switched. My equation is correct, as the reader may confirm. I have communicated this error,
amongst others (Equations 4, 5, 7, S7, S15, and S22 in [135]), to Holden and co-workers (Stephan
Uphoff, personal communication, 2012).
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method in our laboratory, we calculate the apparent uncertainty as

σapp(E) = 1.30
√

Var(E) (7.8)

Hence, within the context of MVA, in order for experimental time series fluctua-

tions to be considered ‘dynamic’, they would need to exceed the predicted limit of

Equation 7.8.5

By propagating errors, we can derive an expression similar to Equation 7.7 for

the stoichiometry S. Let N = FDem
Dexc

+ FAem
Dexc

+ FAem
Aexc

.

Var(S) ≈
[

∂S

∂FDem
Dexc

∣∣∣∣
〈S〉

]2

Var(FDem
Dexc

) +

[
∂S

∂FAem
Dexc

∣∣∣∣
〈S〉

]2

Var(FAem
Dexc

)

+

[
∂S

∂FAem
Aexc

∣∣∣∣
〈S〉

]2

Var(FAem
Aexc

) (7.9)

where we defined S in Equation 5.2.

Var(S) ≈ 1

N2

(
(1−〈S〉)2 Var(FDem

Dexc
)+(1−〈S〉)2 Var(FAem

Dexc
)+〈S〉2 Var(FAem

Aexc
)

)
(7.10)

Substituting Equation 7.5 gives the approximate stoichiometry measurement un-

certainty

Var(S) ≈ f 2
G〈S〉(1− 〈S〉)

N
+

4π

a2N4

(
(FAem

Aexc
)2(s2

Db
2
D + s2

Ab
2
A) + (FDem

Dexc
+ FAem

Dexc
)2s2

Ab
2
A

)
(7.11)

Now having expressions for measurement uncertainty, we can now turn to MVA.

MVA is similar to BVA, as outlined above, except we now follow Patlak [251] in

using overlapping sliding windows.6 The mean-variance calculations are straight-

forward. Let X = {X0, X1, . . . , XT−1} be a time series defined by the sequence of

observations Xt. For each Xt, we calculate the mean µt and sample variance s2
t

5For a different fitting technique, Equation 7.8 would need to be modified accordingly. Recent
work [227] suggests that, for maximum likelihood profile fitting, σapp(E) = 1.0

√
Var(E), meaning

the fitting technique does not introduce any excess heterogeneity.
6We will address later in this chapter why overlapping windows are advantageous for single-

molecule time series.

University of Oxford Page 165



Thesis K. Gryte

within a window including that observation and the following (W − 1) observa-

tions, whereW is the observation number defining the sliding window width. The

mean and sample variance are defined as

µt =
1

W

t+W−1∑
i=t

xi (7.12)

s2
t =

1

W − 1

t+W−1∑
i=t

(xi − µt)2 (7.13)

Repeated computation produces (T −W + 1) mean-variance pairs (µt, s
2
t ), where

T is the number of observations. Figure 7.1 provides a schematic illustrating MVA

for an ideal time series.

To obtain a sense of timescales for dynamics, we construct MVA histograms

for multiple window widths, e.g., W = {3, 5, 10, 15, 20, 30, 50, 100}. To minimize

the number of arithmetic operations needed to analyze data segments, we use a

simple trick by maintaining a rolling array. For each W , build a vector of W obser-

vations. Compute the sum and the square of the sum for all window observations,

and place the paired values in a separate two-column array mt = (µt, s
2
t ). Slide the

window one data point. Add the new observation and its square to the previ-

ous values and subtract the observation immediately prior to the current window

and its square, placing the new result on the next row of the two-column array

mt+1 = (µt+1, s
2
t+1).

In contrast to Figure 7.1, data in the wild is never so ideal. Observations will

vary about their true mean, and alas, the variance will never be zero. Further-

more, as observations within a window W constitute a small sample of the parent

population, these observations will be dispersed about the population mean, even

when a window is centered over a set of observations that shows relative stabil-

ity. Assuming Gaussian noise, the distribution of mean estimates µt will also be

Gaussian, with variance

σ2
µ =

σ2
X

W
(7.14)
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Figure 7.1: Mean-Variance Analysis (MVA) schematic. For an ideal time series (no background,
instantaneous transitions) consisting of two states, represented here by green (state 0) and red
(state 1) circles, the variance is maximum when the windows (labeled brackets) are centered about
a transition point. Hence, windows c and d show the highest variance; whereas, for windows
centered over data of constant value (windows a and f ), the variance is zero and the mean value is
the true state mean. The letters in the lower plot illustrating the mean-variance relation correspond
to the letters labeling the windows in the time series above.

where σ2
X is the population variance. The sample variance estimates, s2

t , will have

a χ2 distribution with ν = W − 1 degrees of freedom [211], such that

s2
t

σ2
X

=
χ2
ν

ν
(7.15)

In a two-dimensional mean-variance histogram, low-variance regions will corre-

spond to observations that characterize individual system states. By fitting these

regions while keeping Equations 7.14 and 7.15 in mind, we can determine the pop-

ulation mean and variance for those states. Additionally, the region volume will

correspond to the total number of observations during which the entire window

is completely centered about that region, and hence, the volume will be a function

of (a) window width, (b) the frequency at which a state is populated, and (c) state

dwell time distributions.

For Markovian kinetics, in which dwell times obey exponential distributions,
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Patlak [251] provides a rubric for extracting rate constants and fitting kinetic mod-

els. We will not concern ourselves here with pursuing this approach, but mention

in passing this extension for possible further development.7

7.3 Simulation Results

We performed simulations to test and validate MVA for surface immobilized single-

molecule time series. In contrast to single-molecule confocal spectroscopy mea-

surements where the output data from avalanche photo-diodes (APDs) directly

corresponds, more or less, to detected photons, single-molecule TIRF data is the

result of a multi-step process. Detected photons are first convolved with camera

noise (read and dark noise) and background noise, then amplified, and finally con-

verted to digital units. In order to first understand how raw emitted photon counts

are ‘corrupted’, we simulated each step of the camera data acquisition process.

7.3.1 Raw Photon Counts

We first modeled a physical system as a single-state (E = 0.3) Markov chain with

Poisson emissions using kinetic Monte Carlo (KMC) techniques and realistic pho-

ton counts; N = 250 photons per camera integration period (Figure 7.2(a)). We

then simulated background noise in accordance with Equation 7.4 (term 2) by

adding Poisson noise approximated by a Gaussian distribution N (µ = λ, σ2 = λ),

with sA = 150nm, sD = 132nm, and a = 94nm. We used the experimentally deter-

mined value b = 2.9 photons per pixel to account for scattering, incomplete filter-

ing, thermal noise, and clock-induced charge (Figure 7.2(b)). While background

increases channel signal variance, σ2
E decreases due to increased photon statistics,

in accordance with Equation 5.7. We note, however, that background contribution

is proportional to PSF area which is proportional to wavelength, and, as acceptor

emission is of longer wavelength, background is relatively greater in the acceptor

channel. This artificially shifts E ≈ 0.4.

7Note that a similar extension could be made for BVA.
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7.3.2 Electron Multiplication

We next explicitly simulate electron multiplication for a gain register with n = 512

elements and total effective gain8 U = 6 (Figure 7.2(c)). The probability for electron

multiplication in each stage is

pe = U
1
n − 1 (7.16)

Whether an electron is multiplied, i.e., doubled9, is determined by drawing a uni-

form random number r ∈ [0, 1] for each element in the register. If r < pe, then an

electron is added. The output signal has a U -fold higher value, featuring multi-

plicative noise which increases the signal variance by a factor of 2 (= f 2
G) [267].

7.3.3 Signal Recovery

Standard fitting techniques utilize background subtraction to recover the ‘true’

underlying signal. Once again, we use the second term in Equation 7.4, but this

8Measured by Stephan Uphoff, 2012.
9We assume that an electron is not multiplied more than once within a gain register element.

Figure 7.2 (following page): Shot Noise in Total Internal Reflection Fluorescence (TIRF) mi-
croscopy. An electron multiplying CCD (EMCCD) collects fluorescence emission photons from
surface-immobilized biomolecules. Collected photons are convoluted with camera noise. Electron
multiplication of detected photons (raw emission + background) results in an amplified signal,
reducing camera read noise. An analogue-to-digital converter converts photo-electrons to digital
units, the final format given to the end user. (a) raw photon counts. Poisson statistics for both
donor (green) and acceptor (red) result in raw shot noise, with variance in either channel equal to
the mean channel signal. (b) addition of camera noise. Poisson noise increases channel variance,
but decreases FRET variance (due to increased photon statistics). Note that the background con-
tribution is proportional to the point spread function (PSF) area; in which case, as PSF width is
proportional to wavelength (λ/2), the acceptor channel is affected more than the donor channel.
This results in FRET being artificially increased. (c) amplified counts (photo-electrons). Photons
incident on the camera undergo electron multiplication (EM), dependent on gain factor G. EM
introduces an additional noise factor (fG ≈

√
2) in both channels. (d) background subtraction from

amplified signal. To minimize the effect of background and in an attempt to recover the ‘true’
signal, we subtract the mean background level from the amplified counts. The decrease in counts
results in increased FRET variance, but background subtraction recovers the true FRET value. (e)
By determining the effective camera gain (Equation 7.1), we can recover photon counts. Note
that channel noise remains greater than that shown in (b), with FRET variance still significantly
greater than in (a), despite similar photon statistics. (f) shot noise histogram. The simulation (blue)
is significantly broader than the predicted shot noise distribution in the absence of background
(green). Inclusion of background generates a shot noise distribution (red) which nearly accounts
for the simulation. The additional ∼ 10% difference (σobs = 0.0563 vs σSN = 0.0509) is due to
Equation 7.7 being an approximation, interpolating between high shot noise and high background
limits and failing to fully account for the region between. The observed difference is in general
agreement with [134, 135]; here, the simulated photon count is N = 250 with E = 0.3.
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time we multiply by U . Background subtraction recovers the original E value of

0.3, but increases the FRET variance due to decreased photo-electron count (Figure

7.2d).

To recover photon counts, we divide the background-subtracted, amplified

counts by U (Figure 7.2(e)). Channel noise is significantly greater than in Figure

7.2b because of the excess noise introduced by multiplication, while FRET vari-

ance is significantly greater than in Figure 7.2(a) despite having similar photon

statistics.

7.3.4 Shot Noise Prediction

To compare theory and simulation, we generated the predicted shot noise distri-

bution using a procedure adapted from Nir and co-workers [239]. For the case of

no background, for each image frame t

1. Set N to the photon number of t, and draw a binomially distributed random

number A with parameters N and E.

2. Compute A/N and store in a vector v.

3. Repeat Steps 1 and 2 m times, where m is an oversampling factor accounting

for insufficient sampling of photon numbers in the distribution tails.

4. Histogram the vector v and divide the counts by m to obtain the predicted

shot noise distribution.

Figure 7.2(f) shows the background-free shot noise prediction in green. The pre-

dicted distribution fails to account for the observed simulated distribution width.

To include background and multiplicative noise, we modify the above algorithm

as follows:

1. For each image frame t, generate Poisson distributed noise for both channels

(BD, BA) according to the second term in Equation 7.5, where we approxi-

mate the noise as Gaussian B ∼ N (µ = λ, σ2 = λ), with λ = 4πs2

a2
b2.
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2. Set N = N0 − BD − BA, where N0 is the total photon count for frame t, and

draw a binomially distributed random number A with parameters N and

E.10

3. Compute A/N and store in vector v.

4. Repeat Steps 1-3 m times, where m is an oversampling factor accounting for

insufficient sampling of photon numbers.

5. Histogram the vector v and divide the counts by m to obtain the predicted

shot noise distribution.

Figure 7.2(f) also shows the shot noise prediction including background in red.

The predicted distribution nearly accounts for the observed simulated distribution

width; σobs = 0.0563 versus σSN = 0.0509. The approximately 10% difference is due

to Equation 7.7 being an approximation, which interpolates between high shot

noise and high background limits and neglects pixellation effects. The observed

difference is consistent for all values of E and in general agreement with [134,

135]; here, the simulated photon count is N = 250 with E = 0.3. Consequently,

by adding a 10% correction offset to Equation 7.7, any distribution broadening

beyond the (offset) predicted limit is indicative of additional heterogeneity that is

not attributable to photon statistics or data acquisition alone.

7.3.5 Validating the Predicted Shot Noise Limit

Having determined the shot noise limit, we sought to validate Equation 7.7 for

MVA. We simulated a single-state Markov chain of length T = 2000 with Poisson

emissions, mean photon count N = 250, and FRET efficiency E = 0.3. We per-

formed MVA for several sliding window sizes {W : 3, 5, 10, 15, 20, 30, 50, 100}. For

each observation xt, we computed the sample mean µt and variance s2
t within a

window W , before sliding W to the next data point xt+1. We then bin T −W + 1

mean-variance pairs (µt, s
2
t ), building a histogram where contour maps indicate

10By reducing the photon count, we increase σE .
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relative density (Figure 7.3). By comparing the density to the shot noise predic-

tion, which, in the figure, is a solid black line, we can distinguish between static

(non-interconverting species) and dynamic (interconverting) heterogeneity.

We note a few key MVA features. First, smaller windows W demonstrate

greater spread in variance because small windows are poor estimators of popu-

lation variance. As W increases, sample variance estimates become more reliable

population variance estimators. Second, for static species, the density is symmet-

ric about the mean along the x-axis, with density width not changing for increas-

ing W . And third, static species are located above the predicted shot noise curve.

The offset is approximately 10%, as observed in Figure 7.2. Hence, by shifting

the predicted curve by a 10% correction factor, we validate Equation 7.7 as a reli-

able predictor for static species in MVA. The dotted lines indicate the population

mean and variance, and their intersection should coincide with the density center

for static species. For multiple static species that have different mean state values

within the same sample, each species will be scattered along the predicted curve in

accordance with the static limit. For dynamic inter-converting species, we expect

the variance to be greater than the shot noise prediction, with the density center

located above the black curve.

Figure 7.3 (following page): Mean-Variance Analysis: Simulation (Control). To demonstrate the
concept of mean-variance analysis (MVA), we simulated a time series of length T = 2000, with
FRET efficiency E = 0.3 and mean photon count N = 250. We generate mean-variance histograms
for several sliding window sizes {W : 3, 5, 10, 15, 20, 30, 50, 100}. For each observation, xt, we
compute the sample mean µt and variance s2t within a window including the observation xt and
the next W − 1 observations, thus generating T −W + 1 mean-variance pairs (µt, s

2
t ). We then plot

each pair in the histogram, using contour maps to indicate the relative density. The solid black line
represents the predicted shot noise curve, while dotted black lines correspond to the population
mean and variance. If the dotted lines cross in the distribution center, the distribution does not
have bias, indicating the absence of dynamics. As may be observed, the distribution center is
located above the shot noise prediction, but the discrepancy is attributed to Equation 7.7 being an
approximation. By taking into account the∼ 10% offset to account for pixellation and interpolation
effects, we find Equation 7.7 a suitable approximation for single-molecule TIRF shot noise.
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7.3.6 MVA Detects Clear Dynamics

Next, we simulated a two-state Markov chain of length T = 2000 with Poisson

emissions, mean photon counts N = 250, and FRET efficiencies {E : 0.3, 0.5}.

To provide a reference for detecting dynamics using MVA, we required that the

system have clear dynamics, where transitions occurred every 20 data points on

average for a total of about 100 transitions (see Figure 7.4). The histograms are

clearly distinguished from those in Figure 7.3, with a high variance band connect-

ing the two inter-converting states, the band attributable to windows including

time series change-points.11 Accordingly, the variance is maximal when high and

low FRET states contribute equally. As W increases, windows are more likely to

contain transitions, thus having higher variance. Increasing W has two further

consequences: (i) as W increases, low variance populations are depopulated, and

(ii) distribution centers converge to a single population located at the weighted av-

erage of the individual population means (e.g., here, (0.5)(0.3) + (0.5)(0.5) = 0.4).

By observing how the MVA histogram changes as W increases, one obtains an

approximate timescale for dynamics.

While Figure 7.4 is useful for obtaining a baseline for dynamics, other tech-

niques, such as change-point analysis [338, 348] and hidden Markov modeling

(HMM) [26, 218], are perhaps better suited for time series showing such clear

dynamics. Where other techniques fail, however, is in detecting fast dynamics

11All MVA histograms including shot noise predictions from here forward include the 10% off-
set. Notice that the low-variance regions are centered about the shot noise prediction, suggesting
the appropriateness of the offset factor.

Figure 7.4 (following page): Mean-Variance Analysis: Simulation (Dynamics). To demonstrate the
concept of mean-variance analysis (MVA) for detecting dynamics, we simulated a Poisson Markov
chain of length T = 2000, with state means {E : 0.3, 0.5}, mean dwell times {τ : 20, 20} (data
points), and average photon count N = 250. The spread connecting the two main populations
is indicative of dynamics. For mean dwell times greater than the window size (τ � W ), low-
variance regions in the mean-variance histogram are heavily populated by component species.
As W increases, windows are more likely to contain a transition, and the histogram becomes more
populated in high-variance regions connecting the species. ForW � τ , most windows will contain
at least one transition and thus have higher than predicted variance. The bottom right plot shows
the simulated donor (green) and acceptor (acceptor) photon emissions, as well as the calculated
FRET efficiency. Histogram: solid black lines correspond to the offset shot noise prediction ( shifted
up by 10%; see main text); dotted black lines correspond to global mean and variance.
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at, or just below, the observation timescale. While rapidly transitioning systems

will not provide easily identifiable change-points, instead showing a continuum

of intermediate values, the distribution width should increase, especially for well-

separated states.

7.3.7 MVA Detects Fast Dynamics

To test the ability of MVA to detect fast dynamics between closely spaced states, we

simulated a two-state Markov chain of length T = 2000 with Poisson emissions,

N = 250, and mean FRET states {E : 0.3, 0.4}. The states inter-converted on

average twice for each data point. Figure 7.5 shows a simulated time series, where

the green line is the underlying ‘true’ state trajectory. The black line shows that

even powerful techniques such as HMMs are unable to accurately analyze the

simulated time series. We performed maximum likelihood HMM for 1 to 3 states

and used the Bayesian information criterion (BIC) to determine the best model.

BIC found the best data fit to be a single state HMM.

We generated the predicted shot noise distribution, which failed to fully ac-

count for the simulated distribution width (Figure 7.5(b)). We then performed

MVA. Even after including the 10% offset, the population density remains signif-

icantly higher than the predicted shot noise curve across all window sizes (see

Figure 7.5(c); showing {W : 3, 20}). This indicates the presence of dynamic in-

terconversion. Note that a single distribution center is located about E ≈ 0.35,

informing us that the inter-conversion rate is faster than once every 3 frames. Ad-

ditionally, the distribution is symmetric (see W = 20), which indicates equal state

occupancy. We might predict an asymmetry would indicate disproportionate time

spent in one or the other of the two states.

7.3.8 MVA Detects Transient Dynamics

Figure 7.5 assumed equal rate constants. We relaxed this assumption, hoping to

test the sensitivity of MVA in detecting transient dynamics. We simulated a Pois-
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Figure 7.5: Mean-Variance Analysis: Simulation (Dynamics). To test the ability of mean-variance
analysis (MVA) to detect fast dynamics between closely spaced states, we simulated a Poisson
Markov chain of length T = 2000, with state means {E : 0.3, 0.4}, mean dwells times {τ : 0.5, 0.5}
(data points), and average photon count N = 250. (a) simulated time series. The underlying ‘true’
trajectory (green) rapidly inter-converts between states, often multiple times within the camera
integration period resulting in intermediate FRET values. Hidden Markov modeling (HMM) failed
to detect two states (BIC criterion used for model selection: 1 to 3 states). (b) simulation histogram.
The predicted shot noise distribution fails to account for the simulated distribution due to the
simulation‘s fatter tails. (c) mean-variance histograms for {W : 3, 20}. Even after offsetting the shot
noise prediction by 10%, the simulation distribution remains significantly higher than predicted
across window sizes, indicating the presence of dynamic interconversion. (Compare to Figure 7.6.)

son Markov chain of length T = 2000, having state means {E : 0.3, 0.5}, N = 250,

and two distinct kinetic states: one transitioning once every 100 data points and

the other transitioning within one data point. The green line shows the simulated

‘true’ trajectory, and the black line the HMM fit. Once again, the HMM finds only

a single state. The predicted shot noise distribution (see Figure 7.6(b)) fails to ac-

count for the simulated distribution, which is skewed toward higher E values.

In contrast to Figure 7.5, the main density is centered about the shot noise pre-

diction. This result makes sense because the system spends most of its time in a

shot-noise-limited state. We note, however, that the density is asymmetric, indi-

cated by the pink arrow (see Figure 7.6(c)); the density shoulder moves up-and-to-

the-right. We previously saw a similar, but more dramatic, shoulder in Figure 7.4

for clear dynamics. Here, because the high FRET state is only sparsely populated,

we only see the transition, but not the occupancy. Depending on the dynamic

timescale, the appearance and disappearance of a shoulder across W gives a clue

as to the frequency at which such excursions occur. While not quantitative, MVA
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Figure 7.6: Mean-Variance Analysis: Simulation (Dynamics). To test the sensitivity of mean-
variance analysis (MVA) for dynamics, we simulated a Poisson Markov chain of length T = 2000,
with state means {E : 0.3, 0.5}, mean dwell times {τ : 100, 1} (data points), and average photon
count N = 250. (a) simulated time series. The underlying ‘true’ trajectory (green) only sparsely
populates the short-lived high FRET state. Hidden Markov modeling (HMM) failed to detect the
second state (BIC criterion used for model selection: 1 to 3 states). (b) simulation histogram. The
predicted shot noise distribution closely matches the simulated distribution except for the slight
skewness toward higher FRET values. (c) mean-variance histogram. In the absence of dynamics
(Figure 7.3), for W > 5, an observed distribution is symmetric about its major and minor axes;
however, in the presence of dynamics, asymmetries arise. The pink arrow indicates such an asym-
metry, which is reproducible for multiple simulations having the same parameters. The appear-
ance and disappearance of the asymmetry across window sizes tells something about the timescale
of dynamics.

can at least provide a qualitative hint of transient state dynamics and motivate

higher temporal resolution experiments.

7.3.9 Multi-state Systems

Next, we investigated MVA performance for multi-state systems. We simulated 3-

state Poisson Markov chains of length T = 2000, with different kinetic topologies

and average photon count N = 250. Initially, we considered a model where two

of the three states rapidly inter-convert.

A
k01−−⇀↽−−
k10

B
k12−−⇀↽−−
k21

C

StatesA andB are closely separated states,E = 0.3 andE = 0.36, respectively, and
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k01 = k10 = 500s−1. State A cannot directly reach state C (E = 0.5), but must first

pass through B, and the inter-conversion between B and C is more than two or-

ders of magnitude slower than from A to B, k12 = 5s−1; k21 = 10s−1. Investigating

kinetic schemes with vastly different rates is difficult, as one typically optimizes

temporal resolution for rates residing within an order of magnitude of the reso-

lution. For example, if inter-conversions occur on average once every 50ms, then

5ms is a reasonable temporal resolution. But for the case with multiple and vastly

different kinetic regimes, any single temporal resolution is sub-optimal.

With MVA, however, we can optimize for one kinetic regime to achieve better

signal-to-noise under reduced laser powers by integrating over a longer data ac-

quisition period, and yet, we can still infer the existence of faster regimes. Figure

7.7(a) provides an example. Rapid inter-conversion results in a low-FRET region

located above the shot noise prediction, indicating dynamics, while the slower ex-

cursions from B to C result in the blue spread which connects the FRET states.

We observe that an HMM, which, in the figure, is the black line, is unable to re-

solve the third state. The HMM fits a low-FRET state which is the average of A

and B. While a fit of the dwell time histogram in the HMM’s ‘lower’-FRET state

may show deviation from mono-exponential kinetics, indicating dynamic disor-

der, MVA provides additional visual confirmation of multiple states.

But now consider the model

A
k02−−⇀↽−−
k20

C
k21−−⇀↽−−
k12

B

where statesA,B, andC have the same mean values as above, but where the topol-

ogy is such that the high FRET state is the ‘intermediate’ and the lower FRET states

have similar kinetics. Such a topology may model a process which fluctuates be-

tween one of two or more reactive states. The MVA histograms in Figure 7.7(b) do

not support an inference of inter-conversion between A and B, as the low-FRET

region is centered on the shot noise prediction. The histograms provide additional

support that the low-FRET dynamics in Figure 7.7(a) are ‘real’. Once again, the

University of Oxford Page 180



Thesis K. Gryte

HMM fails to resolve the third state. The HMM fits a low-FRET state as the aver-

age of A and B. Inferring dynamic disorder for the HMM’s low-FRET state may

prove difficult, and MVA does not provide clear cut evidence for multiple low-

FRET states; however, the low-FRET region may possibly exhibit a greater than

expected dispersion in E for the low E low-variance density.

We can at least visually confirm that the dispersion is greater than expected by

simulating a 3-state Poisson Markov chain with degenerate states,EA = EB = 0.33

and the same kinetic scheme as in Figure 7.7(b). We notice that the low-FRET low-

variance region in Figure 7.7(c) exhibits reduced dispersion in E along the shot

noise prediction, and thus differs from the distribution in Figure 7.7(b).12

7.3.10 MVA Detects Population Dynamics

Thus far, our discussion has focused on individual molecule behavior, but can

MVA detect dynamics at the population level? Population behavior in experi-

mental samples is rarely homogeneous. Observation times in smFRET measure-

12I would not bet my life inferring kinetic topologies from MVA histograms such as those in
Figure 7.7 (a) and (b), but we can at least get a crude sense of what different kinetic schemes may
look like, allowing us to visually eliminate certain topologies.

Figure 7.7 (following page): Mean-Variance Analysis: Simulation (3 States). To test MVA per-
formance for a multiple state system, we simulated Poisson Markov chains of length T = 2000,
with multiple state means, varying kinetics, and average photon count N = 250. (a) simulated
time series with states {E : 0.3, 0.36, 0.5} and kinetics as shown. We simulated the lower E states
to rapidly convert faster than the experimental time resolution (10ms), with slower excursions
between the higher two E states. The MVA histograms indicate variance beyond the shot noise
prediction and suggest inter-state conversion within the low E low-variance region. The hidden
Markov model (HMM) fit is unable to resolve 3 states. The HMM fits the mean of the two lower E
states, while MVA detects the presence of multiple lower E states. (b) simulated time series with
states {E : 0.3, 0.36, 0.5} and kinetics as shown. To demonstrate that the low-FRET dynamics in (a)
are real, we simulated a similar system, but where the two lower E states do not inter-convert. The
MVA histograms show that the lower E low-variance region is shot-noise-limited, which indicates
the absence of inter-conversion. The HMM fit is unable to resolve 3 states; MVA does not resolve 3
states either, except for a possible greater than expected dispersion inE for the lowE low-variance
density. (c) simulated time series with states {E : 0.33, 0.5} and kinetics as shown. To distinguish
the 3 state model in (b) from a 3 state model with one degenerate state, we simulated both lower
E states as the average of the two low E states in (a) and (b). As in (b), the lower E states do not
inter-convert. The low-variance region is, in fact, different from (b), with mean value dispersion in
(a) reduced compared to (b). HMM correctly identifies two states; neither (straightforward) HMM
or MVA distinguish degenerate states. Key: kinetic rates in red, states are black squares with mean
state values in black, underlying ‘true’ state trajectory in green, HMM fit in black, calculated FRET
in red.
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ments are highly constrained due to fluorophore photobleaching lifetimes being

on the order of only 30-60 seconds for low laser powers. Due to factors such as

uneven TIRF illumination intensity and inter-molecular heterogeneity, individual

state baselines are often highly variable. Inter-molecular heterogeneity also ex-

tends to kinetics, where some molecules exhibit kinetics that range over several

orders of magnitude. Hence, detecting dynamics at the population level is not

straightforward, as the population will be a convolution of multiple, often vastly

different, behaviors, thus masking any one particular behavior.

Nevertheless, applying MVA to populations may be useful to at least suggest

that some molecules exhibit dynamics, which would allow, for example, optimiza-

tion of experimental temporal resolution for dynamics detection. We thus simu-

lated 100 2-state Poisson Markov chains of variable length T , varying state means,

varying kinetics, and low average photon countN = 250. Letting T vary simulates

photobleaching, which we modeled as a single geometric decay.13 We define the

probability of ‘success’ p (where success is photobleaching) as the inverse expected

number of data points. Hence, for 〈T 〉 = 2000, p = 0.0005. To generate a random

geometric variable X , we draw a random number r from a uniform distribution

U(0, 1) and calculate

X = int
(

ln r
ln(1− p)

)
+ 1 (7.17)

where the int function converts the quantity in braces to an integer. If we let E

vary for both states, this simulates baseline shift and inter-molecular heterogeneity

with regard to conformational dynamics. E had mean state values {〈E〉 : 0.3, 0.4}.

The state means varied with Gaussian errors and standard deviation σ1 = σ2 =

0.05, which is greater than found by Holden and co-workers [135] for DNA stan-

dards (σ ∼ 0.03), but in accordance with both my own and others’ experimental

protein dynamics work14. To generate state means, we defined a random variable

µ according to

µi = 〈E〉i + (σi · r) (7.18)

13The geometric distribution is the discrete analogue of the exponential distribution.
14Geraint Evans, personal communication, 2012.
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where i is the state index and r is a random number drawn from a standard normal

distribution r ∼ N (0, 1).

Letting the rates kij vary simulates the inter-molecular kinetic heterogeneity

observed between experimental time series. We can approximate the logarithm of

a kinetic rate distribution by a normal distribution [86, 107, 218], such that ln k ∼

ln N (µ, σ2). A log-normal random variable X is given by

X = eµ+σZ (7.19)

where Z is a standard normal random variable with zero mean and unit variance.

Hence, we generate a kinetic rate random variable by drawing a random number

Z from a standard normal distribution and calculating

kij = exp[ln 〈kij〉+ σ2 · Z] ; i 6= j (7.20)

which reduces to kij = 〈kij〉 when the rates do not vary. Note that σ2 roughly

controls the orders of magnitude over which kij vary. We consequently simulated

kinetics on the order of the simulated temporal resolution (10ms) 〈k01〉 = 〈k10〉 =

50s−1 and defined σ2 = 1. Rates varied between 1 and 500s−1.

Figure 7.8 shows the simulation parameters and results. While the average

mean values of the states differed by ∆E = 0.1, which is equivalent to 3σ sepa-

ration, baseline variation leads to a unimodal distribution with a peak centered

about the average of the two simulated states. The data histogram does not sug-

gest multiple states within the population; the MVA histogram, however, indicates

otherwise. The distribution dispersion and asymmetry suggests the presence of

state inter-conversion for time series within the population. Hence, for complex

heterogeneous populations, MVA provides visual affirmation of dynamics.
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Figure 7.8: Mean-Variance Analysis: Simulation (Multiple Time Series). To test MVA performance
for multiple time series where samples exhibit inter-molecular heterogeneity, we simulated 100
2-state Poisson Markov chains of variable length T , varying state means {〈E〉 : 0.3, 0.4}, varying
kinetics {〈k01〉 = 〈k10〉 = 50s−1} and average photon count N = 250. (a) to account for experimen-
tal baseline variation, we simulated time series with varying mean state values, where we allowed
the values to independently vary with standard deviation {σ1 = σ2 = 0.05}. (b) to account for ex-
perimental samples having a distribution of kinetic behavior, both kinetic rates in each time series
varied according to a log-normal distribution ln N (µ = ln 〈k〉, σ2 = 1), resulting in rates varying
between 1 and 500 per second. (c) E distribution for all time series. The histogram appears uni-
modal with a peak centered about the average of the two simulated states and does not suggest
multiple states. (d) MVA histogram for all time series. While the population density is close to
the shot noise prediction, the density asymmetry and dispersion toward higher E suggests at least
two inter-converting states. Hence, for complex heterogeneous populations, MVA provides visual
affirmation of dynamics.
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7.3.11 Global MVA of Limited Data Sets

We performed one additional test for MVA. Global analysis techniques, such as

HMM, often require long time series training sets to ensure sufficient sampling of

states. While simultaneous HMM analysis of many short training sets is possible

with HMM, such analysis assumes the time series exhibit homogeneous kinetic

behavior, i.e., do not have time-varying transition probabilities; see Chapter 3. We

know inter-molecular kinetic homogeneity is rarely the norm. What we frequently

desire is simply a macroscopic overview of many molecules.

To this end, we simulated 100 short 2-state Poisson Markov chains of length

T = 100, with varying state means {〈E〉 : 0.3, 0.4}, varying kinetics {〈k01〉 =

50s−1; 〈k10〉 = 10s−1}, and high average photon count N = 1000. Mean state

values Ei and kinetic rates kij varied as above. By increasing the photon count,

we increase our photon stream signal-to-noise and FRET resolution, allowing us

to better resolve E states despite having limited data. Figure 7.9 shows the results

of the simulation.

Based on system kinetics and expected variation, we expect three types of be-

havior: (i) time series which do not transition within T , due to relatively slow ki-

netics; (ii) time series which transition rapidly, resulting in one or more transitions

per data point and a continuum of intermediate states; and (iii) time series with

kinetics ‘optimal’ for the temporal resolution and with clear state transitions. A

mixture of all three behaviors comprises the MVA histograms in Figure 7.9. Most

time series are shot-noise-limited, with dispersion along the shot noise curve. An

example is the time series at the bottom right. A second population appears most

clearly in the MVA histogram for W = 50, exhibiting high variance. Time series

from this population show rapid fluctuations that cannot be accurately resolved,

but which cause significant dispersion beyond the shot noise prediction. An ex-

ample is the middle time series in the right column. A third population belongs to

time series with clear step-like transitions. These time series show the characteris-

tic arc toward higher variance, indicating windows containing a single transition.
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Figure 7.9: Mean-Variance Analysis: Simulation (Short Time Series). To test MVA performance for
multiple short time series where samples exhibit inter-molecular heterogeneity, we simulated 100
2-state Poisson Markov chains of length T = 100, varying state means {〈E〉 : 0.3, 0.4}, varying ki-
netics {〈k01〉 = 50s−1; 〈k10〉 = 10s−1} and average photon count N = 1000. The left column shows
MVA histograms for {W : 5, 20, 50}, and the right column shows three simulated time series illus-
trating the behavior of similar time series comprising the corresponding population (arrows). We
find three distinct populations in the histograms: (i) shot-noise-limited species, with dispersion
along the shot noise curve accounting for both 〈E〉 = 0.3 and 〈E〉 = 0.4 species not fluctuating
within T ; an example is the time series at the bottom right. (ii) rapidly inter-converting species,
with high variance. Due to fast kinetics (faster than experimental temporal resolution), directly
identifying transitions is difficult, but we indirectly infer their presence due to increased disper-
sion. An example is the middle time series. (iii) species inter-converting on time scales slower than
experimental temporal resolution. These species show clear state transitions and occupancies. Ac-
cordingly, not only do the species have high variance, we expect an arc in the histogram connecting
the species, as in Figure 7.4. An example is the time series at the top right.

University of Oxford Page 187



Thesis K. Gryte

An example is the time series at the top right.

While simulated time series allow confident assignment of populations and

time series, MVA histograms for experimental data can be ‘reverse engineered’ in

the sense that we can identify density regions of interest and then investigate the

individual molecule behavior. Hence, MVA histograms provide an intuitive and

simple visualization tool for data reduction and sorting.

7.4 Experimental Results

Having tested and validated MVA using simulations, we sought to apply MVA

to experimental data. We subsequently revisit RNAP, which we previously in-

vestigated using BVA (see above, Section 4.4). Transcription initiation is a multi-

step process [28]. After forming the RNAP-σ70 holoenzyme, binding promoter

DNA, and unwinding ∼ 14 bp of DNA surrounding the transcription start site,

RNAP begins RNA synthesis as an RNAP-promoter initial transcribing complex

(RPitc ) before escaping the promoter and entering productive RNA synthesis as

an RNAP-DNA elongation complex (RDe ). RPitc does not immediately transition

to RDe , however, but instead reiteratively synthesizes and aborts short nascent

RNAs (/ 9-11 nucleotides (nt)) while remaining firmly bound to the -35 and -10

promoter elements. This reiterative synthesis is termed abortive initiation.

Previous work using confocal microscopy and magnetic tweezers elucidated

the mechanism of abortive initiation [169, 264]. Margeat and co-workers subse-

quently immobilized heparin resistant RNAP-DNA complexes on passivated sur-

faces and attempted to monitor initial transcribing complexes and their kinetic

behavior using single-molecule TIRF microscopy and ALEX spectroscopy [214].

While qualitatively informative, Margeat and co-workers lacked the temporal res-

olution to provide a quantitative assessment of initial transcribing complexes. Us-

ing brighter fluorophores and an experimental setup with higher temporal resolu-

tion, we sought to better understand RPitc kinetics.
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Figure 7.10: Surface-immobilized Initial Transcription Complexes. We immobilized RNAP initial
transcription complexes on a passivated surface. The bottom plot shows a DNA only control,
representing a lack of fluctuations in FRET efficiency E (red) in the absence of RNAP. The top
three plots show time series in the presence of RNAP. We note that the stoichiometry time series
(black) does not show significant fluctuations beyond shot noise, suggesting that the fluctuations
observed in E should not be attributed to distance-independent photophysics. We notice three
types of kinetic behavior at 60ms temporal resolution: (i) intermediate state inter-conversion rates
(top); (ii) slow inter-conversion rates (second from top); (iii) fast inter-conversion rates (third from
top).

7.4.1 Immobilized dsDNA

We surface-immobilized RNAP-promoter complexes using the (-15,+15) dsDNA

construct (see Figure D.1). Initial immobilization strategies used biotinylated ds-

DNA, to which RNAP was bound. Figure 7.10 shows acquired time series.

In the absence of RNAP holoenzyme, we do not observe E fluctuations (bot-

tom of Figure 7.10), but, once bound to RNAP, we observe a range of kinetic be-

havior. At 60ms temporal resolution, some immobilized molecules slowly inter-

convert between E states at ∼ 0.25 and ∼ 0.4, while others show fluctuations

at the experimental temporal resolution. We initially performed these measure-

ments in the presence of nucleotides, but subsequent measurements without nu-

cleotides demonstrated similar behavior, suggesting that complexes are not en-

gaged in abortive initiation. Instead, complexes appear to inter-convert between
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Figure 7.11: Surface-immobilized Initial Transcription Complex. Further to Figure 7.10, we provide
raw intensity time series for a complex undergoing dynamic fluctuations. Donor and acceptor time
series show clear anti-correlated fluctuations, suggesting that donor blinking is not the cause of E
fluctuations. The E states appear centered about {〈E〉 : 0.25, 0.4}. We attribute these states to
RPc and RPo , respectively. Note: raw intensities are in digital units [DU]. Key: DexDem is green;
DexAem is red (top plot); S is black; E is red (bottom plot). Temporal resolution: 60ms.

a ‘closed’ complex, in which dsDNA is roughly linear (compare the E value in

dsDNA only control in Figure 7.10), and a state in which downstream DNA (and

consequently the acceptor) is pulled closer to upstream DNA. A plausible explana-

tion is transcription bubble opening and closing, whereby RNAP samples closed

RPc and open RPo states.

In addition to the dsDNA control, Figure 7.11 argues against the conclusion

that distance-independent photophysics are the cause of fluctuations. We observe

clear anti-correlated fluctuations between donor and acceptor time series, and we

further observe nearly constant stoichiometry (in the figure, S is in black), sug-

gesting that distance-independent acceptor photophysics are not the cause of E

fluctuations.

7.4.2 Immobilized RNAP Holoenzyme

While the fluctuations appear real, we struggled with reproducibility. The yields

for surface-immobilized complexes remained low, despite significant optimiza-

tion attempts and complex formation strategies, e.g., in situ and using different

dsDNA constructs. Subsequent work in our laboratory has pursued two alterna-

tive approaches for surface-immobilization: vesicle encapsulation [24,151,204,243,
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Figure 7.12: Surface-immobilized RPo . RPo complexes immobilized using a his-tag antibody sur-
face attachment show similar behavior to the immobilized dsDNA strategy in Figure 7.13. Kinetics
appear faster due to decreased temporal resolution, but the complexes exhibit similar state behav-
ior ({〈E〉 : 0.2, 0.45}) as previously. Temporal resolution: 100ms.

244,270] and his-tag antibody surface attachment [154,155,247]. These approaches

have met with much greater success.

Accordingly, we focus on the most recent work, which used hig-tag antibody

surface attachment. With his-tag antibody attachment, the enzyme, rather than

the dsDNA, is surface attached, meaning unbound dsDNA is only immobilized

through non-specific absorption. This technique has the added benefit that ds-

DNA cannot be confused with RPc . As seen in Figure 7.10, dsDNA and RPc are

sufficiently close in E to be considered the same given experimental uncertainty,

e.g., due to variations in baseline. With careful pegylation, we minimize non-

specific absorption, and thus we can be confident that observed immobilized biomolecules

are RNAP-DNA complexes. We can then attribute any E fluctuations not at-

tributable to distance-independent photophysics to enzyme conformational dy-

namics.

Figure 7.12 provides a sample time series for his-tag immobilized complexes

taken at 100ms temporal resolution15. The time series shows similar state inter-

conversion behavior as before, with faster apparent kinetics as expected with de-

creased temporal resolution. Out of a sample population of 105 complexes, 56

were analyzable, i.e., free of distance-independent photophysics and focal drift, at

15Note that the 100ms temporal resolution his-tag experiments differ from the 60ms dsDNA
immobilized experiments for reasons of convenience and as both sets of experiments were pre-
liminary. As we were able to resolve dynamics at 100ms, we used this resolution for subsequent
experiments throughout the rest of this chapter.
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FRET Behavior Number

〈E〉 < 0.3 23
0.3 ≤ 〈E〉 < 0.4 7
0.4 ≤ 〈E〉 < 0.5 10
0.5 ≤ 〈E〉 2
Dynamic (∆E ≥ 0.2) 14

Table 7.1: RNAP Initial Transcription Dynamics. We categorized molecules based on their state
and kinetic behavior. We placed molecules showing stable E on the measurement timescale (∼ 30
sec) in groups based on their mean FRET. Any molecules showing persistent, i.e., non-blinking
fluctuations beyond ∆E ≥ 0.2, we categorized ’dynamic’.

least 100 data points, and having a single photobleaching step, and 14 of those 56

showed fluctuations similar to Figure 7.12, with varying kinetics as in Figure 7.10.

Previously for the dsDNA immobilization strategy, dsDNA andRPc complexes

were too closely spaced to permit virtual molecule sorting, i.e., to distinguish ds-

DNA from a closed RNAP complex, and population statistics were too low to

allow saying anything meaningful about individual molecule behavior. Using his-

tag antibody attachment, however, we overcame both barriers and could identify

behaviors consistent among molecules and within E subpopulations. In addition

to the 14 identified dynamic complexes, we provide a summary in Table 7.1.

We then asked if we could say anything about the ‘dynamics’ of the 42 molecules

which did not show obvious fluctuations between well-separated E states. Two

possibilities may explain the heterogeneity: different kinetics, either faster or slower,

or different E state values. For example, the 7 molecules with 0.3 ≤ 〈E〉 <

0.4 could be rapidly inter-converting between the 0.20 and 0.45 states in Figure

7.12 at rates faster than the experimental temporal resolution. Such rapid inter-

conversion would result in an average (intermediate) E value. Alternatively, these

molecules could be a stable species with a distinct characteristic E state value dif-

fering from the lower and higher E states found in fluctuating molecules. We

turned to MVA to provide insight into sorted species and their behavior.

We first generated a shot noise prediction for the entire sample population un-

der the assumption that each molecule is static. Figure 7.13 shows that the shot

noise prediction (in red) fails to account for increased dispersion between the main

University of Oxford Page 192



Thesis K. Gryte

Figure 7.13: Mean-Variance Analysis of RPo : All Molecules. The shot noise prediction (left; red)
for the case where each time series within the sample population is shot-noise-limited fails to ac-
count for increased dispersion between the main peaks centered around E = 0.2 and E = 0.45,
as well as in the data distribution tails. MVA histograms show the two main populations evident
in the 1D histogram, but also asymmetries connecting the two distributions, suggesting dynamic
inter-conversion, e.g., as in Figure 7.12.

distribution peaks centered around E = 0.2 and E = 0.45, as well in the distri-

bution tails. Accordingly, we performed MVA for the entire sample population.

We observe that the two main populations are close to the shot noise prediction;

however, the significant spread connecting the populations and the density asym-

metries suggest dynamic inter-conversion. Interestingly, for W = 20, we notice

that the lower density appears to connect with a more sparsely populated density

centered at E = 0.3. We can also surmise that the high variance region in blue

located at E = 0.35 belongs to molecules showing clearing transitions and mean

state lifetimes τ ≈ W/2, as in Figure 7.12.

We separately analyzed each group of molecules listed in Table 7.1. Figure

7.14 shows the MVA results. Dynamic molecules show high-variance, with kinet-

ics favoring the higher E state (middle row). The spread toward high-variance

Figure 7.14 (following page): Mean-Variance Analysis of RPo : Sorted Molecules. We performed
MVA for each group of molecules listed in Table 7.1. The left column provides representative E
time series for molecules belonging to each group, while the right column shows the MVA his-
togram for each group. Dynamic molecules show high-variance as expected (middle row), with
kinetics favoring the higher E state. Higher E populations show asymmetries toward lower E
populations and vice versa, suggesting inter-conversion between the two. Interestingly, the inter-
mediate E population (〈E〉 ≈ 0.35) shows asymmetries toward both lower and higher E values,
while its main density resides along the shot noise prediction suggesting that the population is a
legitimate E state and not simply the result of high-low E averaging.
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explains the spread in Figure 7.13 for all molecules, as we predicted. Based on

the inter-converting E state values, this group of molecules appears to be actively

sampling both RPc and RPo . High E molecules (top row) appear to be shot-

noise-limited, with some dispersion along the shot noise curve, possibly due to

the slight baseline drift, as in the example time series. These molecules appear to

remain primarily as RPo . The mid-E (〈E〉 ≈ 0.45) and low-E (〈E〉 ≈ 0.2) popula-

tions show the beginnings of high arcs, suggestive of fast dynamics not captured

at the experimental temporal resolution. See, for example, between 10-15 sec in

the second row, evident from anti-correlation in donor/acceptor intensity time se-

ries (data not shown). The low-E molecules we attribute to molecules primarily as

RPc . Perhaps more interestingly, the intermediate-E molecules (〈E〉 ≈ 0.35) show

asymmetries toward both lower and higher E values while also having the main

density centered about the shot noise prediction. This finding supports a hypoth-

esis that the intermediate-E state is a legitimate state and not simply the average

E value for molecules rapidly inter-converting between high and low E states at

timescales faster than the experimental temporal resolution.

7.5 Discussion

The observations of a stable intermediate complex between RPc and RPo along

with dynamic interconversion between RPc and RPo are the first single-molecule

observations of active sampling and of a long-lived intermediate for bacterial RNAP

holoenzyme. Chen and co-workers [33] previously performed Brownian dynam-

ics simulations of theRPc→RPo transition in Thermus aquaticus (Taq) RNAP holoen-

zyme, a closely related homolog of E. coli RNAP [232, 233, 363]. As RNAP se-

quentially melts double-stranded promoter DNA [37,60], the non-template strand

makes stable interactions with RNAP, and RNAP pulls downstream base-pairs

into itself, a process termed scrunching [169, 264]. After promoter DNA melting

and bubble formation, DNA bending and positioning inside the main channel re-

lieves strain. Template strand entry into the active site allows the RNAP-promoter
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complex to form a catalytically-competent transcription complex.

The simulations of Chen and co-workers revealed two types of trajectories. In

the comparatively fast trajectory, local promoter DNA melting began from the -10

element and then sequentially unwound until +2, which is the base immediately

downstream of the transcription start site +1. In the slow trajectory, stochastic

melting downstream of the -10 element occurred first which prevented sequen-

tial base-pair melting. Slow trajectories subsequently formed relatively long-lived

metastable intermediate states which lasted for tens of microseconds. Only after

resetting to the initial RPc state and then sequentially melting base-pairs from the

-10 element could the RNAP-promoter complex form RPo.

Previous experimental work has found intermediates for phage (T7), eukary-

otic RNA polymerase II, and mitochondrial RNA polymerases [177, 293, 317, 350].

Moreover, bacterial RNAP initial transcription complexes involving other tran-

scription factors (σ54) form stable closed complex intermediates [32, 93, 98]. Gries

and co-workers used fast permanganate footprinting of bacterial RNAP at a phage

promoter (λPR) to uncover intermediates during transcription bubble opening and

stabilization [108]; however, their work could only infer intermediate existence

without direct observation. While several additional works have provided ex-

perimental evidence for intermediates involving σ70 [268, 273, 288], the intermedi-

ates were unstable and thus short-lived. To our knowledge, no work has found

long-lived, i.e., on the order of tens of seconds, heparin-resistant bacterial RNAP-

promoter closed and intermediate complexes.

What might be the origin of these stable intermediates? One possibility is

that the intermediates are experimental artifacts. We use short dsDNA promoter

constructs16, which provide limited upstream RNAP-dsDNA interaction. Several

works have demonstrated that upstream dsDNA contacts are needed for RNAP

to form stable downstream contacts, possibly due to allosteric and/or network ef-

fects [57, 273]. Davis and co-workers found that RPo formation at λPR is greatly

16(-15,+15) is 64 base-pairs, which is less than half the DNA persistence length of ∼150 base-
pairs [56].
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accelerated by DNA upstream of -47. They further found that an intermediate

formed at an upstream-truncated λPR promoter exhibits different downstream

contacts [57]. Saecker and co-workers hypothesized that upstream DNA contacts

beyond -47 may remove an obstacle in the main channel cleft and contribute to the

difference in downstream dsDNA cleft insertion [273]. In the absence of upstream

elements, early complex stability is dependent on DNA wrapping concomitant

with downstream contact formation and DNA entry into the main channel [268].

Rogozina and co-workers observed a branched pathway in which an off-pathway

intermediate formed that did not efficiently isomerize to establish the downstream

contacts important for RPo complex stability [32]. They proposed that a differ-

ent DNA orientation within the jaws obstructed downstream contact accessibil-

ity [268]. The slow rate of back-isomerization led to off-pathway complex accu-

mulation. One hypothesis, then, is that the off-pathway intermediate may account

for the unproductive initiation complexes referred to as moribund [303]. Taken

together, these studies suggest that our promoter DNA constructs may facilitate

off-pathway intermediates due to insufficient upstream contacts.

We note, however, that surface perturbations are not likely to explain the pres-

ence of intermediates. While distance-independent photophysics complicates E-

BVA analysis of RPo diffusing in solution, a spread connects a low-E and mid-E

population for the (-15,+15) promoter construct; see Figure 4.4(a). This spread is

consistent with the dynamic interconversion observed in surface measurements.

In addition, we have encapsulated RPo complexes inside lipid vesicles and ob-

served RPc -RPo interconversion with kinetics similar to that of his-tag antibody

attachment (data not shown). Hence, we conclude that the experimental method

is unlikely to be the source of intermediates.

While our work supports the hypothesis of multiple intermediates [108] and

supports our hypothesis that RNAP can actively sample multiple states before,

and possibly during, abortive initiation, we are currently reproducing our results

using longer promoter DNA constructs. Nevertheless, if we suppose that the sta-
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ble intermediate is legitimate, its presence motivates several further experiments

to test its importance within transcription initiation.

What might be the physiological relevance of active sampling and stable in-

termediates along the pathway between promoter binding and RPo ? Several

works have proposed a branched pathway for ternary initial transcription com-

plexes RPitc – one branch leading to a moribund complex making only abortive

products and another branch leading to a complex primarily making full length

transcripts [186,302,303,328]. For the promoters previously investigated, the over-

all abortive-to-productive ratio is large, meaning that most synthesized RNA are

aborted products, and promoter-sequence dependent [328]. Abortive transcripts

are made in vivo [99], but their cellular function as small RNAs remains a matter

of open debate [196, 215].

The downstream mobile domains in the β′ subunit, including the clamp and

jaw, can form tight downstream dsDNA contacts [182], helping to stabilize RPo.

Hsu and co-workers observed that downstream DNA from +1 to +20 plays an

important role in determining initiation-to-elongation transition efficiency [141].

Tight contacts would mean an increased energetic barrier for the complex to over-

come in order to escape into elongation. Therefore, increased complex stability via

downstream contacts could favor abortive initiation.

Interestingly, the clamp/jaw contacts downstream DNA only after DNA open-

ing and unwinding is complete [32]. Complexes favoring conformational states

closer to RPc , and consequently weaker downstream contacts, would have lower

energetic barriers to elongation and productive synthesis. An intriguing possi-

bility then is that lower FRET intermediates and complexes actively sampling

both low and high FRET states may be more capable of productive synthesis,

whereas stable high FRET species are only capable of abortive initiation. Nu-

cleotide availability and regulatory ligands should further affect the relative pro-

portion of molecules in a branched pathway, suggesting additional avenues for

transcription regulation.
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A next step for our work would then be to observe how the relative proportion

of molecules belonging to low, intermediate, and higher FRET states changes upon

the addition of limiting nucleotides. By preventing complexes from entering elon-

gation, we bias molecules into abortive initiation even if not initially moribund.

If we compare the distribution of complexes when providing limiting nucleotides

to the relative proportion when providing all nucleotides, we will have direct evi-

dence for the branched pathway hypothesis and the importance of partially closed

intermediates in productive initiation.

7.6 Summary

We demonstrated that MVA presents a qualitative summary of single-molecule

time series data through which signal-to-noise ratio, individual state variance,

baseline drift, and state number can be accessed. By comparing observed time

series dispersion to a shot noise prediction, MVA provides an easy-to-interpret

method to identify dynamics and to delineate deviation from theory, even when

dynamics occur on timescales faster than experimental temporal resolution. While

several researchers have investigated the shot noise limits of solution-based con-

focal measurements, few works have presented analysis methods addressing the

shot noise limit in surface measurements.

While limited as a change-point detection and time series segmentation method,

MVA does allow for dynamics identification in real-time. Rather than having to

perform a global fit, as in, for example, hidden Markov methods, MVA is per-

formed locally. By comparing MVA distributions to the shot noise prediction,

we can tell, even for a single state system, something about distance-independent

photophysics and system stability. Further, determining raw data quality used for

analysis is particularly difficult ex post facto because literature presenting time se-

ries analyses supply only extracted dwell time histograms and a handful of “rep-

resentative” raw traces. MVA is a means for summarizing time series data and

demonstrating data suitability for change-point detection analysis. Also, because
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MVA is essentially model free, excluding the shot noise prediction, MVA provides

a fast and convenient first-pass method. One rarely performs more complex state

detection model-based methods without first having a sufficient handle on data

quality and characteristics for informing model priors. MVA provides one such

means for data-reduction and identifying those molecules appropriate for later

analysis involving model-based methods.

Contributions

Holden and co-workers [134,135,321] derived the uncertainty for surface-immobilized

biomolecule TIRF FRET measurements and performed simulations validating its

prediction. I implemented MVA for single-molecule FRET time series and per-

formed all simulations. I conducted initial experiments of surface-immobilized

initial transcription complexes. Diego Duchi continued the experiments, adopting

different immobilization strategies (vesicle encapsulation and his-tag antibody at-

tachment) to optimize experimental conditions. Analyzed data after Figure 7.11 is

Diego‘s. I performed all MVA analysis. All writing and figures are my own.
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Chapter 8

Conclusion

Single-molecule fluorescence techniques combine high spatial and temporal res-

olution to probe biochemical and cellular processes. These techniques allow us

to study reaction pathways and asynchronous reactions in real time and uncover

short-lived intermediates. By monitoring fluorescence intensity fluctuations over

time, we can deduce structural mechanisms and reaction kinetics, and, in so do-

ing, we can link structure to function. While ensemble methods allow us to in-

vestigate equilibrium distributions, single-molecule methods reveal the stochastic

nature of molecular processes. Stochasticity is inherent to single-molecules and

has important implications for cell-to-cell variability, where random fluctuations

in gene expression provide the flexibility needed for cells to adapt to changing

environments and to respond to sudden stresses [40, 55, 162, 210].

Single-molecule fluorescence data is not, however, without complications. Many

photophysical and photochemical processes compete with fluorescence. This com-

petition poses a significant challenge to our ability to unambiguously relate a vari-

able, such as observed fluorescence, to a specific biological function. Careful ex-

perimental design and the use of techniques such as alternating laser excitation

(ALEx) or multiparameter fluorescence detection (MFD) can help overcome this

challenge, but a need for signal analysis methods which account and control for

competing processes remains paramount.

In this thesis, we presented methods to detect non-distance-related fluores-
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cence intensity fluctuations. First, we developed the theory of fluorophore stoi-

chiometry S, a ratiometric variable which contains information about a fluorophore’s

photophysical state and allows us to monitor the state’s evolution over time (Chap-

ter 5). We used stoichiometry to extend burst variance analysis (BVA) to account

for dynamics in the energy transfer efficiency E which did not directly depend

on inter-fluorophore separation dynamics. Next, we proposed burst correlation

analysis (BCA) to measure the extent to which S fluctuations could account for E

dynamics (Chapter 6). We concluded that S fluctuations could at least partially

account for apparent RNA polymerase (RNAP) promoter open complex E dy-

namics. Our work highlighted the importance of statistical methods capable of

distinguishing FRET fact from artifact.

We further applied the theoretical predictions for total internal reflection fluo-

rescence (TIRF) microscopy measurements of FRET and developed mean-variance

analysis (MVA) to detect unresolved dynamics in surface-immobilized biomolecule

time series [135] (Chapter 7). We demonstrated that we could identify FRET dy-

namics at and just below the measurement timescale. We used MVA to analyze

RNAP promoter open complex dynamics. Our results found heterogeneous be-

havior and suggested a stable intermediate on the pathway between RNAP pro-

moter closed and open complex. The existence of such an intermediate may have

important implications in transcription regulation, and we proposed experiments

to test an initial transcription branched pathway hypothesis [303].

In addition, we wrote and released publicly available software to facilitate

single-molecule data analysis. We expect that such contributions will be of im-

mense benefit to the single-molecule field and will encourage others to make their

own contributions toward developing a common analysis framework for single-

molecule time series.
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8.1 Future Work

Our work has several opportunities for extension and improvement. S is more

versatile than simply an internal control for E dynamics. Arguably, S is a more

versatile molecular ruler than E. Many processes other than FRET (typically 20−

80 Å) are involved in fluorescence quenching, such photo-induced electron trans-

fer (< 20Å) [27, 70, 353] and nanometal surface energy transfer (20-200 Å) [157,

358]. Moreover, for molecular assemblies, FRET-based inter-fluorophore separa-

tion constraints are obviated. We can use two-color coincidence and S-BVA to

study dynamic assembly of multiple fluorescent components, where fluorescent

probes are beyond the Förster radius. Accordingly, we can use S-BVA to analyze

any process which involves dynamic fluorophore quenching [200, 207]. Work is

already underway to use S-BVA to study the dynamic interaction of DNA poly-

merase I (Pol I) with double-flap overhang substrates. These substrates are impor-

tant in lagging strand DNA synthesis, as well as DNA repair pathways includ-

ing base excision repair and nucleotide excision repair [349]. The combination of

FRET and protein induced fluorescent enhancement (PIFE) [147] will enable us to

determine substrate binding kinetics and to link enzyme-substrate organization to

reaction chemistry.

We are further working to improve BCA using independent component analy-

sis (ICA). Our goal is to use ICA to extract E fluctuations which are independent

of S fluctuations. This improvement will enable us to unambiguously detect inter-

fluorophore separation dynamics.

We have also extended the BVA statistical framework to develop a change-

point detection algorithm. The binomial filter provides a straightforward method

to detect change-points in solution-based single-molecule time series.

We previously developed hidden Markov model algorithms which use E-S in-

formation to delineate fluorophore stoichiometry dynamics from conformational

dynamics in Holliday junctions [322]. We have subsequently improved the method

and developed regime-changing hidden Markov models to model S-reported intramolec-
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ular heterogeneity. While correlation methods can detect the presence of memory

effects (Section 3.3.3.1), they cannot determine their location within a time series

and thus are limited in their ability to quantify interconversion kinetics. Regime-

changing HMM overcomes this limitation and provides a method to monitor lig-

and mediated dynamic disorder and detect both kinetic and conformational het-

erogeneity. This work will form the basis of a future publication.

Lastly, while we have developed several algorithms for single-molecule data

analysis, the implementing software is not unified. We are currently compiling all

our analysis algorithms into a single comprehensive software analysis package.

Single-molecule researchers will soon be able to access our work through their

web browser for fast, efficient, and robust data visualization and analysis.

Contributions

I developed the algorithm for linked hidden Markov models (HMMs) and per-

formed all simulations. Stephan Uphoff supplied Holliday junction data for linked

HMM. Timothy Craggs is performing Pol I measurements, and I am analyzing Pol

I data using S-BVA. Alistair Wardrope and I jointly developed regime-changing

HMM. I developed the binomial filter. I wrote all algorithms and software used in

this thesis. All writing is my own.
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Appendix A

Distributions

A.1 Geometric Distribution

Consider a series of independent trials, each having one of two outcomes: success

or failure, i.e., a series of Bernoulli trials. Let p = P (trial ends in success). Define

a random variable X as the trial at which the first success occurs. The probability

mass function (PMF) is given by

pX(k) = P (X = k)

= P (first success occurs on the kth trial)

= P (first k − 1 trials end in failure and kth trial ends in success)

= P (first k − 1 trials end in failure) · P (kth trial ends in success)︸ ︷︷ ︸
independence

= (1− p)k−1p, k = 1, 2, . . . (A.1)

We call the probability model in Equation A.1 a geometric distribution with param-

eter p. Regardless of its association with independent trials, the function pX(k) =

(1 − p)k−1p, k = 1, 2, . . . qualifies as a discrete PDF because (1) pX(k) ≥ 0 ∀ k and

(2)
∑
∀ k pX(k) = 1:
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∞∑
k=1

pX(k) =
∞∑
k=1

(1− p)k−1p

= p
∞∑
j=0

(1− p)j

= p

(
1

1− (1− p)

)
= 1

The distribution’s mean and variance are given by

E[X] =
1

p
(A.2)

Var[X] =
1− p
p2

(A.3)

A.1.1 Memoryless Property

Statement: The probability of needing an additional X = k trials (steps) to obtain

the first success (transition out of state Si) is unaffected by however many trials

n− 1 have already been observed.

P (X = n− 1 + k|X > n− 1) = P (X = k) (A.4)

Proof: From the definition of conditional probability,

P (X = n− 1 + k|X > n− 1) =
P ((X = n− 1 + k) ∩ (X > n− 1))

P (X > n− 1)

=
P (X = n− 1 + k)

1− P (X ≤ n− 1)

where
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P (X ≤ n− 1) =
n−1∑
k=1

(1− p)k−1p = p

n−2∑
j=0

(1− p)j

The sum is a partial sum for a geometric random variable and is equal to

p
n−2∑
j=0

(1− p)j = p
−[(1− p)n−1 − 1]

1− p− 1
= 1− (1− p)n−1

Hence, if we substitute for the numerator and denominator in our conditional

probability

P (X = n− 1 + k|X > n− 1) =
p(1− p)n−1+k−1

1− (1− (1− p)n−1)

= p(1− p)k−1

which equals P (X = k). Q.E.D.

This is a rather counter-intuitive result. Given a geometric distribution with

parameter p, if we consider the trial history with respect to the current instance,

we can describe the probability by the same distribution: a sequence of trials ge-

ometrically distributed with parameter p until the first success. And further, the

remaining number of trials until the first success has the same geometric distribu-

tion irrespective of the number of trials which have already occurred. Hence, the

stochastic characterization of the trial process is the same in both cases. Accord-

ingly, no matter when we begin to observe a process, the number of trials needed

until a success is given by the same distribution, which is equivalent to starting

anew each time we enter a queue.
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Appendix B

Stochastic Processes

B.1 Poisson Process

B.1.1 Splitting a Poisson Process

Merging two independent Poisson processes with rates λ1 and λ2 is known to

yield a Poisson process with rate λ = λ1 + λ2. But does the converse also hold

true? Namely, can we split a Poisson process into two (or more) processes which

are also independent Poisson processes? Intuitively, we would imagine the answer

is yes. But if so, what is the rate of each process?

Let the set of random variables {Xi} (inter-arrival times) form a Poisson pro-

cess with rate λ, and let this process be the parent process we would like to ‘split’

into two separate processes. To make our case more concrete, let each event be a

photon arrival, and let p be the probability of splitting off an event (photon) and

placing it in sub-process 1 and (1− p) the probability of placing an event (photon)

in sub-process 2. Note that ‘splitting’ is itself a random process, with probability

p.1

Let the set of random variables {Y 1
i } form a stochastic process of indepen-

dently, identically exponentially distributed random variables with rate λ1. Hence,

1If splitting was not random, but instead involved dependent selection (e.g., even event num-
bers in sub-process 1 and odd event numbers in sub-process 2), splitting would be conditional.
Merging two dependent Poisson processes does not necessarily result in a Poisson process, and
neither is non-random splitting guaranteed to yield Poisson sub-processes.
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Y 1
i are the inter-arrival times for a Poisson process, and let this be sub-process 1.

In which case, let N be a random variable equal to the number of events until

an event is split into sub-process 2. A moment’s reflection will reveal that N is a

geometrically distributed random variable with

P (N = k) = pk−1(1− p), for k = 1, 2, . . .

where k is the number of events until an event is placed in sub-process 2.2

Let {Y 2
j } be the inter-arrival times of sub-process 2. Each Y 2

j is a sum of Xi,

the number of which is geometrically distributed. By construction, Y 2
j are identi-

cally distributed and independent (vis-á-vis Y 1
i ). But are the Y 2

j also exponentially

distributed?

Let Z = Y 2
j =

∑N
i=1Xi. So the probability that Z ≤ z is given by

P (Z ≤ z) =
∞∑
k=1

P (Z ≤ z|N = k)P (N = k)

Substitute for Z

=
∞∑
k=1

P

( N∑
i=1

Xi ≤ z|N = k

)
P (N = k)

Use the condition that N = k, modifying the indexes of our sum...

=
∞∑
k=1

P

( k∑
i=1

Xi ≤ z

)
P (N = k)

2Each event has probability p of being placed in sub-process 1. The probability that k−1 events
are placed in sub-process 1 is pk−1. The probability that event number k is placed in sub-process 2
is (1− p). Hence, the total probability is pk−1(1− p).
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Substitute for P (N = k) with the geometric distribution provided earlier

=
∞∑
k=1

P

( k∑
i=1

Xi ≤ z

)
pk−1(1− p)

= (1− p)
∞∑
k=1

P

( k∑
i=1

Xi ≤ z

)
pk−1

Now we use the fact that the sum of k exponentially distributed random variables,

each with parameter λ is Gamma (Erlang) distributed with shape parameter k,

scale (inverse rate) parameter θ, and PDF

fΓ(k,λ)(z) =
1

θk(k − 1)!
zk−1e−k/θ

in which case, setting θ = 1/λ

P (Z ≤ z) = (1− p)
∞∑
k=1

(∫ z

t=0

fΓ(k,θ)(z) dt

)
pk−1

Substitute and rearrange

=
(1− p)
θ

∫ z

t=0

( ∞∑
k=1

pk−1

θk−1(k − 1)!
tk−1e−t/θ

)
dt

Shift the index for our sum

=
(1− p)
θ

∫ z

t=0

( ∞∑
k=0

pk

θk(k)!
tke−t/θ

)
dt

Consolidate terms

=
(1− p)
θ

∫ z

t=0

e−t/θ
( ∞∑
k=0

1

k!

(
pt

θ

)k)
dt
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The sum is a Maclaurin series converging to ex, with x = pt/θ

=
(1− p)
θ

∫ z

t=0

e−t/θept/θ dt

which, after rearranging terms, equals

=

∫ z

t=0

(1− p)
θ

e−t(1−p)/θ dt

But this is just the integral for an exponentially distributed random variable with

rate λ? = (1 − p)/θ = λ(1 − p). Hence, Y 2
j are exponentially distributed and form

the inter-arrival times of a Poisson process with rate λ2 = λ(1 − p). Accordingly,

sub-process 1 has rate λ1 = λp, with λ = λ1 + λ2. Q.E.D.

This result proves convenient in the case ofDexDem andDexAem photon streams.

If we imagine beginning with an unlabeled photon stream Dex and then, depen-

dent on probability p, assigning each photon to a separate sub-stream, we replicate

the FRET process, where p = E. In this thought experiment, DexDem and DexAem

are simply our labeling (or coloring) of photons which land in either sub-stream.

Accordingly, not only are DexDem and DexAem independent Poisson processes, but

then so is their sum Dex = DexDem +DexAem. See Figure B.1 for a schematic.3

A similar result follows for AexDem and AexAem and their sum Aex = AexDem +

AexAem, where p = dir (the direct excitation of the donor via acceptor excitation

AexDem; in practice, dir ≈ 0).

3Note that, while we have chosen a Bernoulli process, independent of N(t), as our means to
split N(t), we can further generalize splitting using a multinomial process.
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Figure B.1: Splitting a Poisson Process Schematic. Given a Poisson process N(t) with rate λ, we
can split the process into two (or more) independent sub-processes N1(t) and N2(t), with rates λ1
and λ2, respectively. How we split the processes, however, must be random. In this example,
we run the parent process N(t) through a Bernoulli box, in which photons are randomly selected
with probability p to join sub-process N1(t). The remaining photons are placed in sub-process
N2(t) (equivalently, we could reverse the order, selecting photons to join sub-process N2(t) with
probability (1 − p), and the general result would be same). Those photons selected for N1(t) are
colored red, indicating acceptor photons DexAem; for N2(t), photons are colored green, indicating
donor photons DexDem. In the case of FRET, p = E.
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Appendix C

Burst Variance Analysis

C.1 E-S Covariance

We define the FRET efficiency E and stoichiometry S as

E =
F Fret
Dexc

FDem
Dexc

+ F Fret
Dexc

; S =
FDem
Dexc

+ F Fret
Dexc

FDem
Dexc

+ F Fret
Dexc

+ FDem
Aexc

+ FAem
Aexc

To simplify notation, let us define FDem
Dexc

, F Fret
Dexc

, and FAem
Aexc

by the independent

Poisson random variables X , Y , and Z, respectively, with rates λX , λY , and λZ ,

and omit FDem
Aexc

≈ 0. And further, let g(X, Y ) = E and h(X, Y, Z) = S, where

X + Y + Z > 0 and g(X, Y ) = 0 if Z = N = X + Y + Z.

Suppose we know the value of random variable N = X + Y + Z. Our goal

is to find the conditional variance of functions of random variables g(X, Y ) and

h(X, Y, Z) given N . We begin by defining the conditional covariance:

Cov(g(X, Y ), h(X, Y, Z)|N) = E

[
g(X, Y )h(X, Y, Z)

∣∣∣∣N]
− E

[
g(X, Y )

∣∣∣∣N] E

[
h(X, Y, Z)

∣∣∣∣N] (C.1)

First recall we previously proved a convenient property of Poisson random vari-

ables (see Section 5.2). Namely that, given two independent Poisson random vari-
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ables X and Y , the distribution of Y conditioned on the sum of X and Y is bino-

mial with parameters n = X + Y and p = λY /(λX + λY ).

Now, consider E[X|N ] . . .

E[X|X + Y + Z] = E[X|X +W ]

=
λX

λX + λW
(X +W )

=
λX

λX + λY + λZ
(X + Y + Z)

=
λX

λX + λY + λZ
N

where we substituted having recognized that the sum of two independent Poisson

random variables Y + Z is also a Poisson random variable, say, W , whose rate is

the sum λY + λZ .

Now, consider the joint expectation

E

[
g(X, Y )h(X, Y, Z)

∣∣∣∣N] = E

[
X

X + Y + Z
1X+Y+Z 6=0

∣∣∣∣X + Y + Z

]
We can use the property that E[aX] = aE[X] , and hence,

E

[
g(X, Y )h(X, Y, Z)

∣∣∣∣N] =
λX

λX + λY + λZ
1X+Y+Z 6=0

Now, consider E[X + Y |N ] . . .

E[X + Y |X + Y + Z] = E[W |W + Z]

=
λW

λW + λZ
(W + Z)

=
λX + λY

λX + λY + λZ
N

where we made use of another W substitution. Similar to above,
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E

[
h(X, Y, Z)

∣∣∣∣N] = E

[
X + Y

X + Y + Z
1X+Y+Z 6=0

∣∣∣∣X + Y + Z

]
=

λX + λY
λX + λY + λZ

1X+Y+Z 6=0

Now, one more term remains E

[
g(X, Y )

∣∣∣∣N]. We can use the Law of Iterated Expec-

tations

E[X|N ] = E

[
E[X|M ]

∣∣∣∣N]
where the value of N is determined by M . In our case, N is determined by Z and

X + Y , both existing on the same probability space. So

E

[
g(X, Y )

∣∣∣∣N] = E

[
E[g(X, Y )|Z,X + Y ]

∣∣∣∣N]
But g(X, Y ) is independent of Z. In which case, focusing on the inner expectation,

E

[
g(X, Y )

∣∣∣∣Z,X + Y

]
= E

[
g(X, Y )

∣∣∣∣X + Y

]
= E

[
X

X + Y
1X+Y 6=0

∣∣∣∣X + Y

]

where we have already seen this above.

E

[
X

X + Y
1X+Y 6=0

∣∣∣∣X + Y

]
=

λX
λX + λY

1X+Y 6=0

If we insert this result into the outer expectation, we have

E

[
g(X, Y )

∣∣∣∣N] = E

[
λX

λX + λY
1X+Y 6=0

∣∣∣∣N] =
λX

λX + λY
1X+Y 6=0

where we used the property that the expectation of a constant is equal to the con-

stant (E[b] = b).
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Putting the three terms together, we arrive at our solution for the covariance:

Cov(g(X, Y ), h(X, Y, Z)|N) =
λX

λX + λY + λZ
−
(

λX
λX + λY

· λX + λY
λX + λY + λZ

)
= 0 (C.2)

So while the functions g(X, Y ) and h(X, Y, Z), i.e., E and S, appear clearly depen-

dent, they are not expected to co-vary1. Q.E.D.

This result may seem counter-intuitive, as we can write E = Y/(X + Y ) =

Y/NS. While one can manipulate the equations for stoichiometry (see Equation

5.2) to show that E and S are, in fact, physically independent, understanding why

the covariance is zero when expressing the equations in terms of random variables

remains elusive. But consider the following.

Fix N ≥ 1 and consider N uncolored photons. Paint each uncolored photon

green with probability

pG =
λX + λY

λX + λY + λZ

Now repaint color each green photon red with probability

pR =
λY

λX + λY

A moment’s thought and we realize that the mean proportion of red photons

amongst green photons is independent of the overall proportion of green pho-

tons. If we apply this example for N random with Poisson distribution Poiss(λN),

with λN = λX + λY + λZ , then the number of red, green, and uncolored photons

are independent and Poisson with parameters λX , λY , and λZ , respectively.

Note that the same result holds for measured (uncorrected) E:
1If X and Y are independent, then the covariance of X and Y is 0, as independence implies

E[XY ] = E[X] · E[Y ]. The converse, as we have just seen, is not generally true.
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Eraw =
F Fret
Dexc

+ dFAem
Aexc

+ lFDem
Dexc

γFDem
Dexc

+ lFDem
Dexc︸ ︷︷ ︸

leakage

+ F Fret
Dexc

+ dFAem
Aexc︸ ︷︷ ︸

direct excitation

(C.3)

and measured (uncorrected) S:

Sraw =
F Fret
Dexc

+ dFAem
Aexc

+ lFDem
Dexc

+ γFDem
Dexc

γFDem
Dexc

+ lFDem
Dexc

+ F Fret
Dexc

+ dFAem
Aexc

+ FAem
Aexc

(C.4)

where FAem
Dexc

is a convolution of FRET photons (F Fret
Dexc

), donor photons leaking into

the acceptor emission channel (lFDem
Dexc

), and direct excitation by the laser exciting

the donor (dFAem
Aexc

), and γ is the detection-correction factor, accounting for differ-

ences in fluorescence quantum yield and emission detection efficiency. If we as-

sume correction factors d, l, andγ are constants, then we may express the uncor-

rected quantities in terms of random variables as follows:

g(X, Y ) =
qX + rY

sX + rY
; h(X, Y, Z) =

sX + rY

sX + rY + Z
(C.5)

with constants q = l, r = a + d (a being the fraction of total detected acceptor

photons minus leakage from FRET), and s = l + γ. If we then know N = sX +

rY + Z, one can proceed as above to find

Cov(g(X, Y ), h(X, Y, Z)|N) =
qλX + rλY

sλX + rλY + λZ
−
(
qλX + rλY
sλX + rλY

· sλX + rλY
sλX + rλY + λZ

)
= 0 (C.6)

which holds for a known N .
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Appendix D

Materials and Methods

D.1 DNA and Reagents

Amino-modified oligonucleotides (IBA, Germany) were internally labeled, as pre-

viously described [50], with fluorophores Cy3B (Invitrogen, USA) and ATTO647N

(ATTOTEC, Germany) and purified using gel electrophoresis. Single-stranded

DNA (ssDNA) were annealed in hybridization buffer (50mM Tris-HCl pH 8.0,

1 mM EDTA, 500 mM NaCl). See Figure D.1 for DNA sequences and labeling

schemes.

D.2 RNAP Open Complex Formation

RNAP open complexes (RPo ) were formed according to published procedures

[50,167,169,214]. 10 nM dsDNA was mixed with 50 nM E. coli RNAP holoenzyme

(Epicentre, USA) in KG7 buffer (40 mM HEPES-NaOH pH 7, 100 mM potassium

glutamate, 10 mM MgCl2, 1 mM DTT, 100 µg/mL BSA, 5% glycerol, 1 mM mercap-

toethylamine) for a total volume of 20 µL. The mixture was incubated for 15 min-

utes at 37◦C. After incubation, 1mg/mL heparin sepharose (GE Healthcare) was

added to disrupt non-specific RNAP-DNA complexes and to remove free RNAP.

After incubating for 30 seconds at 37◦C, samples were centrifuged, and 13µL of

supernatant was transferred to a pre-warmed tube.
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Figure D.1: DNA Sequences and Labeling Schemes. The donor fluorophore Cy3B is green, and
the acceptor fluorophore ATTO647N is red. Base pair substitutions different from the lacCONS+2
sequence are grey. The boxes indicate the -35 and -10 consensus sequence promoter elements.

D.3 Single-molecule Fluorescence Spectroscopy

D.3.1 Confocal Microscopy

A custom-built confocal microscope was used for single-molecule FRET experi-

ments as described previously [276,277]. The setup was modified to allow alternating-

laser excitation (ALEx) of donor and acceptor fluorophores [167, 168]. The fiber-

coupled outputs of a 532 nm green (Samba, Cobolt, Sweden) and 638 nm red (Cube

Coherent, USA) laser were alternated with a 10 kHz modulation frequency. Both

beams were spatially filtered and coupled into an IX71 inverted confocal micro-

scope (Olympus, Germany). Average excitation intensities were 250 µW at 532 nm

and 60 µW at 638 nm. Fluorescence was collected through the same objective as ex-

citation. Fluorescence emission was separated from excitation light by a dichroic

mirror (630 DRLP, Chroma). The separated emission was then focused onto a

200 µm pinhole and subsequently spectrally split with two distinct filters (green:

585DF70; red: 650LP) onto two SPCM-AQR-14 avalanche photodiodes (APDs;

PerkinElmer, UK). Photon arrival times were recorded by a PCI-6602 board (Na-

tional Instruments). Custom-made LabVIEW software was used to register and

evaluate the detected signal. For all experiments, the sample temperature was

37±1◦C via a custom-made heated objective collar connected to a heating bath.
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D.3.2 Total Internal Reflection Fluorescence Microscopy

Imaging was performed on a custom-built total internal reflection fluorescence

(TIRF) microscope using ALEX [167,168], between a directly modulated diode 635

nm (red) laser (Cube Coherent, USA) and a continuous-wave solid state 532 nm

(green) laser (Samba, Cobolt, Sweden) modulated using an acousto-optical mod-

ulator (AA Optics). The alternation period was 5 ms in all experiments used for

analysis, unless otherwise indicated. The green and red laser beams were coupled

into the same single-mode optical fiber. At the fiber output, the laser beams were

collimated, directed into an IX71 inverted microscope (Olympus, Germany) and

focused (100× oil-immersion objective, numerical aperture (NA) 1.4, Olympus,

Germany) onto the sample under an angle allowing for total internal reflection.

The fluorescence emission was collected through the same objective, separated

from excitation light by a dichroic mirror (545 nm/650 nm, Semrock) and addi-

tional filters (545 nm LP, Chroma; and 633/25 nm notch filter, Semrock). To al-

low dual-color detection, the emission light was split into red and green channels

(630 nm DRLP; Omega) and projected onto two separate regions of an electron-

multiplying charge-coupled device (EMCCD) camera (iXon, Andor). Laser pow-

ers used were 1.5 mW (532 nm) and 0.5 mW (635 nm) for Cy3B and ATTO647N

(intensities measured before the beams entered the TIRF objective). Surfaces were

passivated with a biotin and biotin-PEG mixture, incubated with NeutrAvidin,

and then incubated with antibody (Qiagen), as specified previously [155]. Hep-

arin resistant RPo complexes were then deposited.

D.4 Confocal Data Analysis

Fluorescence photons were assigned to donor (Dex ) or acceptor (Aex ) excita-

tion based on photon arrival time and to donor (Dem) or acceptor (Aem) emission

based on the detection channel [276,277]. Bursts were identified via a Seidel burst

search [73]. Bursts were characterized by three parameters (M, T, and L). A pho-
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ton sequence is considered a burst if a total of L photons, having M neighbor

photons, arrive at the detector within a time interval of T seconds. Unless other-

wise indicated, the burst search was performed on the AexAem photon stream with

parameters M = 7, T = 500µs, and L = 10. Subsequent filtering after the burst

search selected only bright donor-acceptor molecules (AexAem > 30 photons).

Two characteristic ratios, fluorophore stoichiometry S and apparent FRET effi-

ciency E∗, were calculated for each burst which met the applied thresholds. S is

the ratio ofDex fluorescence to totalDex andAex fluorescence. S describes the ratio

of donor-to-acceptor fluorophores and the relative fluorophore brightness. Appar-

ent, i.e., uncorrected, E is commonly employed to measure fluorophore proximity.

A 1-dimensional E∗ distribution for donor-acceptor species was obtained after ap-

plying a threshold on S (typically S > 0.45) which removed acceptor-only species.

These E∗ distributions could be fit with a Gaussian function to determine the dis-

tribution mean and standard deviation.

D.5 Tirf Data Analysis

To extract single-molecule intensity time series, TIRF movies were analyzed with

custom written software in MATLAB R© (Mathworks) by applying methods adapted

from astronomy [135, 150]; the software is publicly available. The red and green

emission channels were aligned based on calibration movies of immobilized fluo-

rescence beads. The emission of single immobilized labeled DNA molecules in the

red and green channel was automatically detected and linked using a peak-finding

algorithm [52]. Peaks that did not meet ellipticity or nearest-neighbor criteria were

excluded from further analysis (ε < 0.25, NN > 8 pixels), thereby minimizing

artifacts resulting from molecules with overlapping point spread functions. The

emission intensity of each molecule was estimated by fitting a two-dimensional

Gaussian to its point spread function. This yields FDem
Dexc

(donor emission upon

donor excitation), FAem
Dexc

(acceptor emission upon donor excitation) and FAem
Aexc

(ac-

ceptor emission upon acceptor excitation). These intensities were divided by an
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EMCCD effective gain factor of 6 to obtain photon counts.
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[23] M. Börsch and J. Wrachtrup. Improving FRET-based monitoring of single chemomechanical
rotary motors at work. Chemphyschem A European Journal Of Chemical Physics And Physical
Chemistry, 12(3):542–553, 2011.

[24] E. Boukobza, A. Sonnenfeld, and G. Haran. Immobilization in Surface-Tethered Lipid Vesi-
cles as a New Tool for Single Biomolecule Spectroscopy. The Journal of Physical Chemistry B,
105(48):12165–12170, 2001.

[25] J. E. Bronson, J. Fei, J. M. Hofman, R. L. Gonzalez, Jr., and C. H. Wiggins. Learning Rates and
States from Biophysical Time Series: A Bayesian Approach to Model Selection and Single-
Molecule FRET Data. Biophysical Journal, 97(12):3196–3205, 2009.

[26] J. E. Bronson, J. M. Hofman, J. Fei, R. L. Gonzalez, and C. H. Wiggins. Graphical models for
inferring single molecule dynamics. BMC Bioinformatics, 11(Suppl 8):S2, 2010.

[27] R. Brune, S. Doose, and M. Sauer. Analyzing the influence of contact-induced quenching
processes on Förster resonance energy transfer. In Proceedings of SPIE, volume 6633, pages
66331M–66331M–11. SPIE, June 2007.

[28] H. Buc and T. Strick. RNA Polymerases as Molecular Motors. Royal Society of Chemistry, 2009.

[29] S. Camyshan, N. Gritsan, V. Korolev, and N. Bazhin. Quenching of the luminescence of
organic compounds by oxygen in glassy matrices. Chemical Physics, 142(1):59–68, Mar. 1990.

[30] A. J. Carpousis, J. E. Stefano, and J. D. Gralla. 5’ nucleotide heterogeneity and altered initi-
ation of transcription at mutant lac promoters. Journal of Molecular Biology, 157(4):619–633,
1982.

[31] A. Chakraborty, D. Wang, Y. W. Ebright, and R. H. Ebright. Azide-specific labeling of
biomolecules by Staudinger-Bertozzi ligation phosphine derivatives of fluorescent probes
suitable for single-molecule fluorescence spectroscopy. Methods in enzymology, 472(null):19–
30, Jan. 2010.

[32] A. Chakraborty, D. Wang, Y. W. Ebright, Y. Korlann, E. Kortkhonjia, T. Kim, S. Chowdhury,
S. Wigneshweraraj, H. Irschik, R. Jansen, B. T. Nixon, J. Knight, S. Weiss, and R. H. Ebright.
Opening and Closing of the Bacterial RNA Polymerase Clamp. Science, 337(6094):591–595,
Aug. 2012.

[33] J. Chen, S. A. Darst, and D. Thirumalai. Promoter melting triggered by bacterial RNA poly-
merase occurs in three steps. Proceedings of the National Academy of Sciences of the United States
of America, 107(28):12523–8, July 2010.

[34] Y. Chen, J. D. Müller, K. M. Berland, and E. Gratton. Fluorescence fluctuation spectroscopy.
Methods (San Diego, Calif.), 19(2):234–52, Oct. 1999.

[35] Y. Chen, J. D. Müller, P. T. So, and E. Gratton. The photon counting histogram in fluorescence
fluctuation spectroscopy. Biophysical Journal, 77(1):553–567, 1999.

[36] Y. Chen, M. Tekmen, L. Hillesheim, J. Skinner, B. Wu, and J. D. Müller. Dual-color photon-
counting histogram. Biophysical journal, 88(3):2177–92, Mar. 2005.

University of Oxford Page 224



Thesis K. Gryte

[37] Y. F. Chen and J. D. Helmann. DNA-melting at the Bacillus subtilis flagellin promoter nu-
cleates near -10 and expands unidirectionally. Journal of molecular biology, 267(1):47–59, Mar.
1997.

[38] D. I. Cherny, I. C. Eperon, and C. R. Bagshaw. Probing complexes with single fluorophores:
factors contributing to dispersion of FRET in DNA/RNA duplexes. European biophysics jour-
nal EBJ, 38(4):395–405, 2009.

[39] J. W. Chin, S. W. Santoro, A. B. Martin, D. S. King, L. Wang, and P. G. Schultz. Addition of
p -Azido- l -phenylalanine to the Genetic Code of Escherichia c oli. Journal of the American
Chemical Society, 124(31):9026–9027, Aug. 2002.

[40] P. J. Choi, L. Cai, K. Frieda, and X. S. Xie. A stochastic single-molecule event triggers pheno-
type switching of a bacterial cell. Science (New York, N.Y.), 322(5900):442–6, Oct. 2008.

[41] Y. Choi, I. S. Moody, P. C. Sims, S. R. Hunt, B. L. Corso, I. Perez, G. A. Weiss, and P. G. Collins.
Single-molecule lysozyme dynamics monitored by an electronic circuit. Science (New York,
N.Y.), 335(6066):319–24, Jan. 2012.

[42] H. S. Chung, I. V. Gopich, K. McHale, T. Cellmer, J. M. Louis, and W. A. Eaton. Extracting
rate coefficients from single-molecule photon trajectories and FRET efficiency histograms for
a fast-folding protein. The journal of physical chemistry A, 115(16):3642–3656, 2011.

[43] H. S. Chung, J. M. Louis, and W. A. Eaton. Experimental determination of upper bound for
transition path times in protein folding from single-molecule photon-by-photon trajectories.
Proceedings of the National Academy of Sciences of the United States of America, 106(29):11837–
11844, 2009.

[44] H. S. Chung, J. M. Louis, and W. A. Eaton. Distinguishing between protein dynamics and
dye photophysics in single-molecule FRET experiments. Biophysical Journal, 98(4):696–706,
2010.

[45] S. H. Chung, V. Krishnamurthy, and J. B. Moore. Adaptive processing techniques based on
hidden Markov models for characterizing very small channel currents buried in noise and
deterministic interferences. Philosophical Transactions of the Royal Society of London - Series B:
Biological Sciences, 334(1271):357–384, 1991.

[46] S. H. Chung, J. B. Moore, L. G. Xia, L. S. Premkumar, and P. W. Gage. Characterization of
single channel currents using digital signal processing techniques based on Hidden Markov
Models. Philosophical Transactions of the Royal Society of London - Series B: Biological Sciences,
329(1254):265–285, 1990.

[47] R. M. Clegg. Fluorescence resonance energy transfer and nucleic acids. Methods in Enzymol-
ogy, 211(1971):353–388, 1992.

[48] N. R. Conley, J. S. Biteen, and W. E. Moerner. Cy3-Cy5 covalent heterodimers for single-
molecule photoswitching. The journal of physical chemistry. B, 112(38):11878–80, Sept. 2008.

[49] M. Cooper, A. Ebner, M. Briggs, M. Burrows, N. Gardner, R. Richardson, and R. West. Cy3B:
improving the performance of cyanine dyes. Journal of fluorescence, 14(2):145–50, Mar. 2004.

[50] T. Cordes, Y. Santoso, A. I. Tomescu, K. Gryte, L. C. Hwang, B. Camará, S. Wigneshwer-
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[238] D. Nikolić, R. C. Murean, W. Feng, and W. Singer. Scaled correlation analysis: a better way to
compute a cross-correlogram. The European journal of neuroscience, 35(October 2008):742–762,
2012.

[239] E. Nir, X. Michalet, K. M. Hamadani, T. A. Laurence, D. Neuhauser, Y. Kovchegov, and
S. Weiss. Shot-noise limited single-molecule FRET histograms: comparison between theory
and experiments. The Journal of Physical Chemistry B, 110(44):22103–24, 2006.

[240] L. Novotny and B. Hecht. Principles of Nano-Optics. Cambridge University Press, 2006.

[241] G. W. Oehlert. A Note on the Delta Method. American Statistician, 46(1):27–29, 1992.

[242] K. Okamoto and Y. Sako. Variational Bayes Analysis of a Photon-Based Hidden Markov
Model for Single-Molecule FRET Trajectories. Biophysical journal, 103(6):1315–24, Sept. 2012.

University of Oxford Page 235



Thesis K. Gryte

[243] B. Okumus, S. Arslan, S. M. Fengler, S. Myong, and T. Ha. Single Molecule Nanocontainers
Made Porous Using a Bacterial Toxin. Journal of the American Chemical Society, 131(41):14844–
14849, 2009.

[244] B. Okumus, T. J. Wilson, D. M. J. Lilley, and T. Ha. Vesicle encapsulation studies reveal that
single molecule ribozyme heterogeneities are intrinsic. Biophysical journal, 87(4):2798–2806,
2004.

[245] M. Orrit. Chemical and physical aspects of charge transfer in the fluorescence intermittency
of single molecules and quantum dots. Photochemical photobiological sciences Official journal of
the European Photochemistry Association and the European Society for Photobiology, 9(5):637–642,
2010.

[246] M. A. Osborne, S. Balasubramanian, W. S. Furey, and D. Klenerman. Optically Biased Diffu-
sion of Single Molecules Studied by Confocal Fluorescence Microscopy. The Journal of Physical
Chemistry B, 102(17):3160–3167, Apr. 1998.

[247] P. Pal, J. F. Lesoine, M. A. Lieb, L. Novotny, and P. A. Knauf. A Novel Immobilization Method
for Single Protein spFRET Studies. Biophysical journal, 89(2):L11–L13, 2005.

[248] S. Papadimitriou, J. Sun, and P. Yu. Local Correlation Tracking in Time Series. Sixth Interna-
tional Conference on Data Mining ICDM06, pages 456–465, 2006.

[249] C. S. Parmenter. Fluorescence Quenching in Aromatic Hydrocarbons by Oxygen. The Journal
of Chemical Physics, 51(5):2242, Sept. 1969.

[250] V. P. Pastushenko and H. Schindler. Level detection in ion channel records via idealization by
statistical filtering and likelihood optimization. Philosophical Transactions of the Royal Society
of London - Series B: Biological Sciences, 352(1349):39–51, 1997.

[251] J. B. Patlak. Measuring kinetics of complex single ion channel data using mean-variance
histograms. Biophysical Journal, 65(1):29–42, 1993.

[252] J. Pawley. Handbook of Biological Confocal Microscopy. Springer, 2006.

[253] T. D. Perroud, B. Huang, and R. N. Zare. Effect of bin time on the photon counting histogram
for one-photon excitation. Chemphyschem : a European journal of chemical physics and physical
chemistry, 6(5):905–12, May 2005.

[254] H. Piwoski, R. Koos, A. Meixner, and J. Sepio. Optimal oxygen concentration for the detec-
tion of single indocarbocyanine molecules in a polymeric matrix. Chemical Physics Letters,
405(4-6):352–356, Apr. 2005.

[255] W. H. Press, S. A. Teukolsky, W. T. Vetterling, and B. P. Flannery. Numerical Recipes: The Art
of Scientific Computing. Cambridge University Press, 2007.
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