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Robustness of quantum chaos and
anomalous relaxation in open quantum
circuits

Takato Yoshimura 1,2 & Lucas Sá 3,4

Dissipation is a ubiquitous phenomenon that affects the fate of chaotic
quantum many-body dynamics. Here, we show that chaos can be robust
against dissipation but can also assist and anomalously enhance relaxation.We
compute exactly the dissipative form factor of a generic Floquet quantum
circuit with arbitrary on-site dissipation modeled by quantum channels and
find that, for long enough times, the system always relaxes with twodistinctive
regimes characterized by the presence or absence of gap-closing. While the
system can sustain a robust ramp for a long (butfinite) time interval in the gap-
closing regime, relaxation is “assisted” by quantum chaos in the regime where
the gap remains nonzero. In the latter regime, we prove that, if the thermo-
dynamic limit is taken first, the gap does not close even in the dissipationless
limit. We complement our analytical findings with numerical results for
quantum qubit circuits.

Quantum chaos is a powerful statistical framework for studying gen-
eric complex many-body quantum systems in and out of equilibrium.
Relating the universal late-time dynamics and typical observables of
such systems to statistical properties of random matrices allows for a
better theoretical understanding of issues ranging from thermalization
in statistical mechanics1,2, to information scrambling in quantum
information science3–5, and the holographic principle in quantum
gravity6–9. In closed quantum systems with unitary dynamics, the
spectral form factor (SFF)9–14 assumes a particularly crucial role, as it
establishes a concrete connection between dynamics and spectral
correlations15–21. In this context, the repulsion of eigenvalues and
spectral rigidity of the spectra of ergodic systems manifest as the
presence, at late times, of a ramp in the SFF, one of the hallmark
signatures of quantum chaos.

Random quantum circuits (RQCs)22–32 provide an excellent plat-
form to investigate the out-of-equilibrium dynamics and quantum
chaos features of local strongly interacting quantum systems, due to
their analytical tractability (sometimes only in the limit of large Hilbert
space dimension q24,25), simple numerical implementation, and simul-
ability in emergent quantum computing platforms33. In particular, the

emergence of the ramp and deviations from random-matrix uni-
versality can be analytically understood in a particular family of Flo-
quet RQCs, the random phase model (RPM)25,34–36, for which the exact
SFF25, autocorrelation functions36, and the out-of-time-ordered corre-
lator (OTOC)36 were computed at q → ∞.

By now, much is known about unitary circuits and pure-state
dynamics, even in the presence of external measurements32,37–43.
Nevertheless, present-day quantum computers are noisy, whichmakes
it important to study nonunitary dissipative circuits, implemented by
lossy or imperfect hardware, and modeled by quantum-channel gates
(the dissipative generalization of unitary gates)44–53. More broadly, all
physical systems are, to some degree, influenced by interactions with
an environment or errors in controlling protocols. It is therefore of
great importance to test the robustness of quantumchaotic features in
the presence of dissipation and quantify the dissipative corrections to
the quantities most commonly used to characterize chaos, e.g., the
ramp of the SFF, the butterfly velocity22,23,54, or the quantum Lyapunov
exponent8,55.

Previous research in similar directions has focused on the entan-
glement dynamics and information scrambling in brickwork open
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RQCs46–51, but the spectral correlations and relaxation dynamics of
dissipative Floquet circuits have remained unexplored. Distinct open-
system extensions of the SFF have been proposed that capture dif-
ferent aspects of dissipative quantum chaos56–70. In particular, the
dissipative form factor (DFF)56 extends the dynamical definition of the
SFF and is given by the trace of the quantum channel. The late-time
behavior of the DFF is controlled by the spectral gap and was used to
compute it for random Liouvillians56, while the finite-time behavior
captures dynamical phase transitions57. It does not, however, measure
the correlations of eigenvalues in the complex plane, which are cap-
tured, instead, by a different quantity, the dissipative spectral form
factor59–64.

This motivates us to ask a fundamental question: What, if any, are
the universal features of the DFF in quantum chaotic systems? To take
a step forward in answering this question, we introduce a minimally-
structuredmany-body chaotic open Floquet systemusing a dissipative
extension of the RPM, which we call the dissipative random phase
model (DRPM). To test the robustness of the chaotic dynamics against
the presence of dissipation, we analytically compute its DFF for arbi-
trary on-site dissipation in the limit of large local Hilbert space
dimension (q → ∞). We find that, when dissipation is weak enough, the
ramp, which signals the presence of level repulsion and spectral
rigidity, persists over a timescale that is parametrically larger than the
Thouless time, before the DFF finally decays exponentially at a rate set
by the spectral gap. Remarkably, the gap does not necessarily close in
the limit of vanishing dissipation if the thermodynamic limit is taken
first, a phenomenon recently observed in several dissipative many-
body systems71–74 anddubbed anomalous relaxation72.We expect these
features of the DFF seen in the DRPM to be generic in open Floquet
many-body systemswithout conservation laws. To further support this
claim, we provide numerical evidence by simulating a brickwork Flo-
quet circuit acting on qubits (q = 2).

Results
Exact DFF of the DRPM
The dynamics of the DRPM are generated by the Floquet operator of
the RPM and on-site dissipation prescribed by quantum channels. Let
us start by recalling the definition of the RPM25, see also Fig. 1b. We
consider a spin chain of L sites where the on-site Hilbert space
dimension is q 2 Z+ . The time-evolution of the model is discrete and
governed by the Floquet operator W(t) = W t where the operator W is
made of two layers,W =W2W1. First,W1 =U1⊗⋯⊗UL consists of q × q
on-site random unitaries Ux that are Haar distributed. Second, W2

induces interactions among adjacent sites and acts on the basis state
∣a1

�� � � � � ∣aL

� 2 ðCqÞL =H diagonally with the phase
expðiPL

x =0φax ,ax + 1
Þ. Each φax ,ax + 1

is independently Gaussian dis-
tributed with mean zero and variance ε/2 > 0.

In the DRPM, each Floquet step is followed by the action of the
quantum channel Φ that describes local dissipation. In this paper, we
consider quantum channels that factorize into a product of decoupled
single-site channels, i.e.,Φ =Φ1⊗⋯⊗ΦL. The local quantum channel
Φx acts on the state ρx at site x asΦxðρxÞ=

Pk�1
i =0 MiρxM

y
i , where k is the

number of channels and Mi are Kraus operators that satisfyPk�1
i =0 M

y
i Mi = I, with I the identity (the channels at different sites

x = 1, …, L can be different). We normalize the Kraus operators as
q�1TrðMiM

y
j Þ=ηiδij for some 0 ≤ ηi ≤ 1 such that

Pk�1
i =0 ηi = 1 (which

follows from complete positivity and trace-preservation of the chan-
nel). A complete time step of the nonunitary Floquet circuit is best
represented as an operator on the doubled Hilbert space H�H�,
which acts on the vectorized density operator as a matrix
W =ΦðW �W *Þ. The entire circuit at time t is given by Wt .

To understand the effect of dissipation on quantum chaos, the
central object in this paper is the DFF, originally introduced56 for
Lindbladian dynamics as FðtÞ=Tr etL, where the Lindbladian L acts on
the doubled Hilbert space. The DFF reduces to the standard SFF,
FðtÞ= jTr e�iHt j2, where H is the Hamiltonian, in the absence of dis-
sipation. To generalize it to Floquet dynamics, we simply replace etL by
the quantum channel Wt of our circuit34,70,75. Writing Wt in the vec-
torized Kraus representation, Wt =

P
jKj � K�

j , with global Kraus

operatorsKj =
Qt

τ = 1½ð
QL

x = 1 Mjτx
ÞW � andMjτx

the local Kraus operator at

site x and time step τ, the DFF for the Floquet quantum circuit can be
expressed as75

FðtÞ=TrWt =
X
j

jTrKjj2: ð1Þ

Figure 1a depicts the diagrammatic representation of F(2) with the
system size L = 3. InterpretingMjτx

as a generalized measurement, the
quantity jTrKj j2 is the SFF of a monitored quantum circuit37–39, where,
after each time step and for each site, ameasurement is performed and
the outcome recorded. We thus see that the DFF is the equal-weight
average over all such possible measurement histories, as relevant for
an unmonitored quantum circuit (e.g., in the presence of an external
environment or noise source), where one does not keep track of the
measurement outcomes.

Fig. 1 | Schematic representation of the computations in this work. a DFF for a
nonunitary open quantum circuit for t = 2 and L = 3. Lines represent spins. Blue and
red gates represent the unitary Floquet operator W and its conjugate W *. Yellow
and green on-site gates are Kraus operators Mixτ

and their conjugates M�
ixτ
. b and

c Circuit architecture of unitary contributionW to the DFF. b: RPM; squares denote
independently drawn single-site Haar unitaries, while ellipses denote the diagonal
randomphase couplingsbetween adjacent sites. c: brickwork circuit; the rectangles
denote independently drawn two-site Haar random unitaries.
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In what follows, we evaluate the ensemble average of the DFF, Eq.
(1), which we denote by FðtÞ, at large q, whereHaar-averaging becomes
substantially simplified, for any single-site quantum channels. We
stress that, in the RPM, the SFF retains its main features even in the
large-q limit31. This is because the mechanism that causes the early-
time deviation of the SFF from the RMT behavior at finite q is still kept
intact at large q in theRPM34.We thus expect that the large-qDFFof the
DRPM also captures the essential features of the DFF of generic open
Floquet systems without conservation laws at finite q.

We follow the same strategy as in the computation of the SFF of
the RPM25, which is to calculate the DRPM diagrammatically; see
Methods for the details of the computation. Haar-averaging at each
site induces local pairings of indices labeling on-site unitaries Ux and
U�

x , but it is straightforward to show that only those corresponding to
cyclic pairings of indices contribute at q → ∞, which is also the case in
the SFF (in the SFF, these t pairings give rise to the late-time ramp
∼ t)25. We label each pairing by s = 0,…, t − 1 (s = 0 corresponds to the
pairingwhereboth indices ofUx are contractedwith those ofU�

x on the
same time slice), and it turns out that diagrams associated with any
s ≠ 0 pairing carry the same factor κ:=

P
iη

t
i , while diagrams with an

s = 0 pairing simply come with the factor 1 (see Methods). Since dif-
ferent pairings on two neighboring sites—a configurationwhichwe call
a domain wall—induce the statistical cost e−εt upon averaging with
respect to the phase φ, similarly to the SFF of the RPM25, we find that
the DFF of the DRPM at large q can be succinctly expressed as75

FðtÞ=Tr T̂L
, T̂ =TD, ð2Þ

where T = (1 − e−εt)I + e−εtE (E is thematrix completely filled with ones) is
the t × t transfer matrix of the SFF acting on the t pairing degrees of
freedom and D= κI + ð1� κÞ∣0i 0h ∣ is the on-site dissipative contribu-
tion. Here, ∣si denotes the vector with a 1 in the sth coordinate and 0
elsewhere, thus ∣si sh ∣ is the projection matrix to the pairing labeled by
s. The trace follows from periodic boundary conditions. In writing Eq.
(2), we have assumed that the same quantum channel acts at each site;
if this condition is relaxed, the DFF reads as FðtÞ=TrQxðTDxÞ.

In ref. 25, it was shown that the SFF of the RPM [corresponding to
Eq. (2) at κ = 1: FðtÞjκ = 1 = TrTL] displays a ramp for times larger than the
Thouless time tTh = ε

�1 log L. We are interested in how this behavior is
modified by dissipation, which is quantified by the DFF. We emphasize
that Eq. (2) is valid for any choice of local dissipative gate and all
information on the latter is encoded in the weight κ.

Relaxation in the DRPM
While the exact large-q DFF Eq. (2) is valid for any choice of quantum
channels, to make the analysis concrete, we shall focus on a quantum
channel where all Φx are the same fixed depolarizing channel,
Φx(ρx) = (1 − p)ρx + pI/q, when studying the behavior of the DFF either
analytically or numerically. The corresponding Kraus operators are

given by M0 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� pðq2 � 1Þ=q2

p
I and Mi =

ffiffiffiffiffiffiffiffiffiffiffi
p=q2

p
Pi (i = 1, …, q2 − 1),

where 0 ≤ p ≤ 1 is the probability that the spin is depolarized and Pi are
Hermitian operators that form a traceless orthonormal basis of on-site
operators with q�1TrðPiPjÞ= δij . The normalization factor ηi for this
channel is η0 = 1 − p(q2 − 1)/q2 ≈ 1 − p (where the approximate
expression holds in the limit q→∞) and ηi =p/q2.We thus have κ= (1−p)t

in the large-q limit.
Themain features of theDFF of theDRPMare shown in Fig. 2a.We

first notice that, after a sharp drop from the initial-time peak Fð0Þ= q2L
[not visible in the scale of Fig. 2a] to Fð1Þ= 1, the DFF develops a second
peak, which we call the Thouless peak. After this, there is a linear ramp
forp=0 (closed system),which is still sustained for smallp. Dissipation
in theDRPM induces relaxation to its unique steady state, which is seen
in the late-time exponential decay of the DFF to a constant plateau of
value one. For larger p, the DFF decays immediately after the Thouless
peak, and there is no ramp.

As we argued earlier, we expect that the DRPM at large q embodies
themain structures in open Floquet systems without conservation laws,
and therefore that the above behavior of the DFF is universal in these
systems. To corroborate this claim, before moving to the detailed ana-
lysis of the DRPM, let us provide independent numerical support. We
numerically simulated a qubit (q = 2) random Floquet circuit with
brickwork structure, see Fig. 1c. Each unitary Floquet step has now two
layers, where 4 × 4 Haar-random unitaries couple sites 2x − 1 and 2x
(x = 0, …, ⌊L/2⌋) in the first half timestep, and sites 2x and 2x + 1 in the
second.We takeopenboundary conditions to allowus to considerodd L
and to render the Thouless peak more visible34. The local dissipative
channels are chosen as translationally-invariant depolarizing channels as
before. In Fig. 2b, we numerically computed the DFF for this circuit, see
Methods. Although the circuit architecture is different and q is finite, we
still observe the samequalitative behavior of theDFF as in theDRPM (for
this q and L the Thouless peak is less prominent34).

All of the above characteristics can be analytically understood for
theDRPMusing the exact result of Eq. (2). The Thouless peak [the peak
at small times, see the green region in Fig. 3a] is a consequence of each
site behaving independently at early times. This means that the early-
timebehavior of theDFF canbeunderstood fromacollectionof single-
site systems subject to dissipation. The DFF of the uncoupled single
site (i.e., ε = 0, L = 1) dissipated by the depolarizing channel behaves as
1 + (t − 1)κ at large q, thus the DFF of the DRPM at early times grows
as FðtÞ � ½1 + ðt � 1Þκ�L.

At late times, the effect of the coupling betweendifferent sites sets
in, inducing the decay of the Thouless peak and the relaxation of the
DFF. The late-time physics after the Thouless peak can be accurately
approximated by the pairing-domain-wall expansion (see Methods),

FðtÞ ’ 1 + tκL + tLκe�2εt +
t2L2

4
κLe�2εt + � � � , ð3Þ

Fig. 2 | DFF of Floquet open quantum circuits, for different values of p. a Exact
analytical result for the DRPM, Eq. (2), for L = 12 and ε = 0.8. b numerical results for
the brickwork random Floquet circuit for L = 8 and q = 2, obtained with the pro-
cedure detailed in Methods. In both panels, the black dashed line shows the linear

ramp as predicted by RMT. In both panels, the DFF is above this line for small t
because of the existence of the Thouless peak, while for large t and p > 0, it decays
to a value below the dashed line.
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where we only kept up to two domain walls, as they decaymost slowly
and hence capture the tail of the Thouless peak. The ellipsis refers to
the terms that contain more domain walls. It should be stressed that
the late-time expansion Eq. (3) is still applicable to any quantum
channel.

In what follows, we focus on depolarizing channels for con-
creteness. It is convenient to introduce the effective dissipation
strength γ = � ε�1 logð1� pÞ>0, with which the expansion Eq. (3) can
be written as

FðtÞ= 1 + FdðtÞ+ FDWðtÞ+ � � � : ð4Þ

Here,

FdðtÞ= te�γLεt ð5Þ

is the direct contribution from dissipation and shows an initial linear
ramp followed by an exponential decay at a rate Δd = εγL. We call the
peakassociatedwith Fd(t) the dissipationpeak, see e.g., the last peakof
the orange curve in Fig. 2. Likewise,

FDWðtÞ= tLe�εtð2 + γÞ +
t2L2

4
e�εtð2 + γLÞ ð6Þ

describes the behavior stemming from domain-wall physics. Note that
the first term in FDW(t) becomes larger than the second term when
t≫ log L=ðεγLÞ= : t*. The decay of the peak in FDW(t), i.e., the Thouless
peak, is governed by the asymptotic rate ΔDW = ε(2 + γ). The overall
asymptotic decay of the DFF is set by the slower of the decay rates (the
gap):

Δ= minfΔd,ΔDWg= minfεγL, εð2+ γÞg: ð7Þ

Below,we demonstrate how the competition between the decay of the
Thouless and dissipation peaks amounts to a rich relaxation behavior.
Since the relaxation timescales of the DRPM depend on the scaling of

the parameter γwith L, we parameterize γ = γ0Lα, whereα 2 R and γ0 is
independent of L. Often, a local dissipation strength that is indepen-
dent of the spatial extent of the system (i.e., α = 0) is the most natural
choice. However, we note that a rescaling of the local dissipation
strength with system size (in particular, with α < 0) is in some cases
necessary to get a well-defined theory in the thermodynamic limit71. In
the following, we analyze in more detail the behavior of the DFF for
different α, taking L → ∞. Since it is necessary to introduce multiple
timescales with different system-size dependence, to avoid confusion,
they are summarized in Table 1.

Robustness of the ramp
We start with the case α < − 1, i.e., γ sufficiently small. In this regime, t*
diverges in the thermodynamic limit and, therefore, FDW(t) is always
dominated by its second term atfinite times. The Thouless peak [green
region in Fig. 3a] thus decays over the timescale
tDW = 2 log L=½εð2+ γLÞ� ’ ε�1 log L= tTh and it is well-separated from,
and occurs at a much earlier time than, the dissipation peak. In parti-
cular, the build-up of the dissipation peak can be thought of as a
remnant of the ramp in the SFF, and the width of the peak can be
arbitrarily stretched aswe take γ0→0 [red region in Fig. 3a]. Eventually,
after a time td =Δ

�1
d , the dissipation peak starts to decay at a rate Δd

[blue area in Fig. 3a], where the gapΔ = Δd = εγ0Lα+1 closes as L → ∞, see
Fig. 3b. The timescale td up to which the ramp survives is para-
metrically larger than the Thouless time (and, in particular, diverges in
the thermodynamic limit), showing that the ramp of the closed RPM,
which signals the chaotic correlations of the system, is robust against
the addition of small amounts of dissipation to the system.

The robustness of the ramp persists for any α < − 1, but is
destroyed by logarithmic corrections in the limitα→ − 1−. Indeed, when
the timescales of the Thouless and dissipation peaks become com-
parable, tDW ∼ td, i.e., γ � 1=ðL log LÞ= : γramp, the ramp ceases to exist.
Thus, when γ ≳ γramp (but still α < − 1), the two peaks have an overlap,
and as a result the DFF shows a two-stage relaxation that is divided by
the timescale tDW: when t ≲ tDW the exponent of the (exponential)
decay is given by ΔDW = 2ε, whereas when t ≳ tDW the decay is dictated
by the gap Δd. We depict the two-stage relaxation for a large L = 100 in
Fig. 4. This is the intermediate regime where dissipation is strong
enough to suppress the ramp completely but not enough to over-
whelm the domain-wall contribution.

Anomalous relaxation
Aswe increase the value of α, the systementers another scaling regime
with − 1 ≤ α ≤ 0. In this case, the gap Δ does not close and remains a
positive finite constant as L → ∞ [see Fig. 3a]. Because t* now goes to
zero in the thermodynamic limit, the first term in FDW(t) is always

Fig. 3 | Relaxation in the DFF of the DRPM for large L. a Different dynamical
regimes in the DRPM as a function of γ = � ε�1 logð1� pÞ. The boundary between
the red and blue regions is given by td, while the dotted line separating the green

region from the remainingones corresponds to tDW.bAsymptotic L→∞behavior of
the gap for differentα in γ = γ0Lα. It is independentof γ0, except at the special points
α = −1 and α = 0.

Table 1 | Definition and system-sizedependenceof the various
timescales arising in the relaxation dynamics of the DRPM

t* = log L=ðεγLÞ � L�α�1 log L

tDW = 2ε�1 log L=ð2+ γLÞ � ð2+ γ0Lα + 1Þ�1
logL

tTh = ε�1 log L

td = 1/(εγL) ∼ L−α−1
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dominant after tDW ≈ tTh/(2 + γ) (the dotted line separating the green
and yellow regions in Fig. 3a ceases to be constant). Themost dramatic
change, however, is that the gap, Eq. (7), changes as the dissipation
peak is completely engulfed by the Thouless peak, which happens
when Δd = ΔDW, i.e., γ = 2/L [corresponding to the dashed line separ-
ating the blue and yellow regions in Fig. 3b]. That is, at α = − 1, as a
function of γ0, the gap changes from Δ = Δd = εγ0 to Δ = ΔDW = ε(2 + γ0/
L) [see the left inset of Fig. 3b]. Interestingly, from that point on, and
also for all − 1 < α < 0, the gap is effectively independent of the
dissipation strength γ0 at large L, Δ = ΔDW = 2ε. For α = 0, it depends
again on γ0, increasing linearly from its initial value, Δ = ε(2 + γ0) [see
the right inset of Fig. 3b]. Finally, when α > 0, the effect of the dis-
sipation peak becomes completely negligible and the decay is solely
controlled by the Thouless peak. The gap ΔDW = ε(2 + γ0Lα) ≈ εγ0Lα

diverges in the thermodynamic limit [see Fig. 3b].
From the previous discussion, it follows that if − 1 < α ≤0, the gap

does not vanish (as one would naively expect) and stays finite in the
dissipationless limit γ0 → 0, provided that the thermodynamic limit
L → ∞ is taken first. This remarkable non-commutativity of limits
implies that the system relaxes at a finite rate even in the absence of an
explicit coupling to the bath. In particular, the gap is independent of
γ0, and the relaxation is, therefore, driven not by the dissipation but
instead by domain walls, which are one of the major consequences of
the interplay between locality and the underlying RMT structure in
Floquet many-body systems without conservation laws25,34. A similar
chaos-driven relaxation was first observed71,72 in the weak-dissipation
regime dissipative Sachdev-Ye-Kitaev model57,71,72,76,77 and termed
anomalous relaxation72. It was conjectured to be a generic feature of
open chaotic quantum systems and has been, since then, observed in
other strongly interacting dissipative systems73,74.

To further support the ubiquity of anomalous relaxation, we also
computed the spectral gap for the brickwork circuit at q = 2 using a

power iterationmethod (seeMethods), depicted in Fig. 5a for different
p and L up to 9.While, strictly speaking, anomalous relaxation requires
taking the thermodynamic limit, we argue that the numerical results at
finite L support its presence. The gap increases with L for small p, while
collapsing to an L-independent single value for p ≳ 0.12. The extra-
polation to L → ∞ gives approximately a constant value for a moderate
range of p. We cannot extend the extrapolation to values of p ≲ 0.07
because this would amount to taking the small-p limit first. Moreover,
the slope near p = 0 is increasing with increasing L, signaling that,
indeed, the regime of validity of the extrapolation is increasing. In the
limit L → ∞, we expect this slope to diverge, leading to an extension of
the constant extrapolation value down to p = 0. These two features—a
linear growth of the gap in a window of p that decreases with L and a
convergence to an (almost) constant—are the smoking-gun signatures
of anomalous relaxation and they are also present, for example, in the
exact finite-L expression of the gap of the DRPM. To see this, we fitted
an exponential decay to the late-time regime of the exact transfer-
matrix expression of the DFF of the DRPM, Eq. (2), see Fig. 5b. The
resulting gap (i.e., decay rate) as a function of p shows the same qua-
litative features as discussed above. Incidentally, this also provides a
check on the accuracy of the domain-wall expansion, as we find an
excellent agreement between the fit to Eq. (2) and the domain-wall
expression, Eq. (7).

Purity dynamics
Having seen that the DFF unveils a rich relaxation mechanism in the
DRPM caused by the competition between quantum chaos and dis-
sipation, it is natural to ask what kind of signatures of dissipative
quantum chaos could be displayed in other quantities. Motivated by
this, we look into the (ensemble-averaged) purity PAðtÞ. Let
A= {1,…, LA} be the left partof the systemand traceout its complement
Ā, yielding the reduced density matrix ρAðtÞ=Tr�AðWt ½∣ψ� ψ

�
∣�Þ where

∣ψ
�
is the initial product state. The bipartite purity is then defined as

PAðtÞ= e�Sð2ÞA =TrA½ρAðtÞ2�, ð8Þ

where SðnÞA is the nth Rényi entropy, SðnÞA = logðTr½ρAðtÞn�Þ=ð1� nÞ.
Without dissipation, Sð2ÞA in general grows linearly in time, causing the
exponential decay of the bipartite purity. Again with the aid of dia-
grammatic techniques, we compute the ensemble-averaged bipartite
purity PAðtÞ at large q (see Methods for the derivation). For example,
we obtain the following simple expression in the case of depolarizing
channels:

PAðtÞ= e�2ð1 + γLAÞεt : ð9Þ

We contrast this result with the previous computation of the DFF.
There is no scaling of γ and LA with the system size such that the
dissipative correction to the bipartite purity gap2εγLAbecomes afinite

Fig. 4 | Two-stage relaxation of the exact DFF for the DRPM.We evaluate Eq. (2)
for L = 100, ε = 0.8, and p= 1� e�ε=L log L � 0:0017. It shows a two-stage exponential
relaxation with an intermediate-time exponent ΔDW ≈ 1.8 and a late-time exponent
Δd ≈ 0.17, as predicted by the domain-wall expansion.

Fig. 5 | The spectral gap of Floquet open quantum circuits as a functionofp for
different L. a Numerical results for the brickwork circuit at q = 2. The colored dots
give the average spectral gap obtained from power iteration (see Methods), while
the black line gives an extrapolation to L → ∞ (linear in 1/L). The colored full lines
give the linear slope of the gap at small p for the respective values of L.

b Comparison of the exact and domain-wall expansion results (both analytical) for
the DRPMwith ε = 0.8. The colored dots are obtained from an exponential fit to the
late-time decay of the exact transfer-matrix expression of the DFF, Eq. (2), and they
are compared to the domain-wall-expansion result (colored full lines), Eq. (7). The
dashed line is the analytical L → ∞ gap.
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constant when the thermodynamic limit is taken before the weak-
dissipation limit. Anomalous relaxation—understood as the noncom-
mutativity of these two limits, with the appropriate order yielding a
finite nonzero constant—is therefore absent in the ensemble-averaged
purity PAðtÞ (this being said, for the moment we cannot rule out the
possibility that the quenched average expf�Sð2ÞA ðtÞg exhibits anom-
alous relaxation). We thus draw the important lesson that dissipative
quantum chaos does not leave the same imprint in the relaxation of all
quantities, and a judicious choice of observable is necessary.

Interestingly, there are situations where anomalous relaxation
happens at the subleading order in q−1 and is, thereby, masked in the
q → ∞ limit. A simple example is the average of the standard purity
PðtÞ=Tr½ρðtÞ2�where ρðtÞ=Wt ½∣ψ� ψ

�
∣�. A similar computation as in the

bipartite purity shows that the averaged purity at q → ∞ reads
PðtÞ= ð1� pÞLt . Analogously to the previous case, there is no anom-
alous contribution to the purity gap. This is so because anomalous
relaxation requires domainwalls, which are absent at the leading order
in q−1 in the averaged purity but contribute at higher order. Therefore,
we expect that the averaged purity exhibits anomalous relaxation at
subleading order in q−1.

Discussion
Wehave introduced the dissipative randomphasemodel and studied its
dissipative form factor. We found that the interplay of dissipation and
quantum chaos gives rise to intriguing behaviors during relaxation that
change dramatically as the scaling of the dissipation strength in the
system size varies. We also observed that one signature of quantum
chaos in the spectral form factor, i.e., the late-time ramp, is robust when
dissipation is sufficiently weak, γ≲ ðL log LÞ�1, and its remnant persists
over a timescale controlledby thegap.Wealso showed that thegapdoes
not necessarily close in the thermodynamic limit even when the dis-
sipation strength is set to zero. We expect these behaviors to be generic
among open quantum many-body systems without conservation laws,
and to further support this claim, we provided compelling numerical
evidence by simulating another prototypical open Floquet circuit. Since
quantum-channel circuits are realistic models of noisy intermediate-
scale quantum (NISQ) computers and our results are largely indepen-
dent of the precise choice of channel, it would be interesting to look for
these signatures of dissipative quantum chaos experimentally in NISQ
devices, using, e.g., an extension of the protocol proposed in ref. 78.

Strikingly, our work reveals the underlying mechanism of anom-
alous relaxation in dissipative quantum chaotic systems without con-
servation laws. As we have seen, anomalous relaxation occurs when
relaxation is controlled by the Thouless peak in the DRPM. This implies

that anomalous relaxation is essentially caused by domain-wall physics,
which is neither an artifact of the large-q limit nor the peculiarity of the
RPM. Indeed, it was argued in ref. 34 that the domain-wall physics is
universal in Floquetmany-body systemswithout conservation laws even
at finite q where effective domain walls rule the deviation from RMT
behavior in the SFF. This observation further suggests that the presence
of conservation laws would spoil anomalous relaxation, as the Thouless
peak no longer controls the onset of RMT behavior in the SFF30. This is
also consistent with the recent study that pointed out the importance of
having no conservation laws in the system for anomalous relaxation to
takeplace74.Wewill report a systematic studyof the role of conservation
laws in anomalous relaxation in forthcoming work.

Methods
Diagrammatic computation of the DFF
Haar averaging in the presence of dissipation. The computation of
the DFF proceeds similarly to that of the standard SFF25. We first Haar-
average each on-site diagram, which induces local pairings among on-
site unitaries. We then enumerate the weight of every contributing
local pairing at large q and analyze what phase contribution we get
upon averaging with respect to the phase φ for every possible pair of
two pairings on two neighboring sites. This gives rise to the transfer
matrix T with the on-site matrix D of the DFF, allowing us to compute
the DFF as FðtÞ=Tr ðTDÞL.

Let us start with the Haar average at site n = 1,…, L. It is useful to
represent on-site diagramsas in Fig. 6, wherewe depict the case of t = 3
[it corresponds to a rotation by 90° around a vertical axis of the dia-
gram of Fig. 1a] and time runs upward. Squares represent the on-site
quantum channelsMjxτ

andM�
jxτ
, whereas circles are the Haar unitaries

and their conjugates. Haar averaging then induces (t!)2 different pair-
ings of indices of unitaries Un and U�

n
25. It turns out that, as in the SFF,

the leading pairings are those corresponding to cyclic pairings of the
set of Un and U�

n. Namely, when expanding the DFF in the computa-
tional spin basis at site n, we have the Haar average

½Un�að0Þ,að1Þ � � � ½Un�að2t�4Þ,að2t�3Þ½Un�að2t�2Þ,að2t�1Þ½U�
n�bð0Þ, bð1Þ � � � ½U�

n�bð2t�4Þ,bð2t�3Þ½U�
n�bð2t�2Þ, bð2t�1Þ,

ð10Þ

where we note that the phase coupling acts diagonally in this basis and
that, unlike in the computation of the SFF, there is no overlap of indices
as a Kraus operator is acting on the state after every unitary. Haar aver-
aging then yields cyclic pairings of indices labeled by a(t) = b(t + 2s) for
s =0,…, t− 1 [with the periodic condition thata(2t) =a(0)] as the leading
contributions at q → ∞. See Fig. 6 for the cyclic-pairing diagrams at t = 3.

Fig. 6 | Diagrammatic representationof the leading contributions to theDFF as
q → ∞. Blue and red circles represent Un and U�

n, while yellow and green squares
denote the Kraus operatorsMj and M�

j . The dashed lines denote contractions of
unitaries. a(τ) and b(τ) denote the indices of the unitaries Un and U�

n, respectively

(e.g., the first unitary hasUn has indices ½Un�að0Þ,að1Þ). The three diagrams depict the
leading cyclic pairings at t = 3, corresponding to a a(t) = b(t), b a(t) = b(t + 2), and
c a(t) = b(t + 4).
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The difference between the SFF and the DFF, however, is that in
the DFF all s ≠0 pairings are suppressed compared to the s = 0 pairing.
Indeed, the s = 0 pairing has weight 1, while all s ≠ 0 pairings have the
same weight smaller than 1. For instance, it is readily seen that the s = 1
and s = 2 pairings represented by Fig. 6b and 6c have the weight

q�3
X
i, j, k

TrMiM
y
j TrMjM

y
k TrMkM

y
i =
X
i, j, k

ηiδijηjδjkηkδki =
X
i

η3
i : ð11Þ

In general, at time t the weight is simply given by κ =
Pk�1

i =0η
t
i for an

arbitrary choice of quantum channels, and in particular, it reduces to
(1−p)t when the system is dissipated by depolarizing channels. In
contrast, the s = 0 pairing in Fig. 6a yields

q�3
X
i, j, k

TrMiM
y
i TrMjM

y
j TrMkM

y
k =

X
i

ηi

 !3

= 1: ð12Þ

Next, wemoveon tobuild the transfermatrix. This can bedoneby
performing phase averaging on neighboring sites for every possible
pairing. The situation is again the same as in the SFF in that if two sites
have different pairings then the resulting weight is e−εt25. We thus have
the transfermatrix of the form T = (1 − e−εt)I + e−εtE together with the on-
site matrix D that encodes different weights in s = 0 and s ≠ 0 pairings.
For instance, when t = 3 they are given by

T =
1 e�3ε e�3ε

e�3ε 1 e�3ε

e�3ε e�3ε 1

0
B@

1
CA, D =

1 0 0

0
Pk�1

i=0η
3
i 0

0 0
Pk�1

i =0 η
3
i

0
B@

1
CA: ð13Þ

With these, we obtain the exact large-q DFF, FðtÞ=TrðTDÞL =Tr T̂L
.

While the large-q DFF we obtained in terms of the transfer matrix
is exact at any t and for any quantum channels and system size, it is still
analytically challenging to extract any information out of it. There are
two situations for which we have analytic handles, to which we
turn next.

Small system size. The first case is when L is not too large. In this case,
the traceTr T̂

L
canbe still computedbyexpressing the transfermatrix as

T̂ = κT + ð1� κÞT ∣0i 0h ∣: ð14Þ

This allows us to express the DFF as a sum of terms involving the SFF,
KðtÞ=TrTL, and the partial SFF (PSFF),

KAðtÞ=q�ðL�LAÞTr�A ðTrAW ðtÞyÞðTrAW ðtÞÞ� �
, ð15Þ

where A is a subsystem of size LA. It is a simple matter to observe that
the PSFF at large q is given by KAðtÞ=TLA + 1

00
34.

For instance, for L = 3 and L = 4 we have

FL= 3ðtÞ = κ3KðtÞ +3κ2ð1� κÞK2ðtÞ +3κð1� κÞ2K 1ðtÞ+ ð1� κÞ3FL=4ðtÞ
= κ4KðtÞ+4κ3ð1� κÞK3ðtÞ+ κ2ð1� κÞ2 4K2ðtÞ+ 2½K1ðtÞ�

2
� �

+4κð1� κÞ3K1ðtÞ+ ð1� κÞ4,
ð16Þ

but it is clear that the computation becomes intractable as L increases.

Domain-wall expansion. Although it is always useful to have an exact
closed expression, in the present work, we are mainly interested in the
relaxation of the DRPM,which is characterized by the late-time behavior
of the DFF. In this case, we can organize the DFF, FðtÞ=Tr T̂L

, which is a
sumof all the pairing configurations with periodic boundary conditions,
in terms of domain walls of local pairings labeled by s = 0,…, t − 1. Here
what we call a domain wall is simply a configuration of two different
pairings on two neighboring sites. Note that periodic boundary condi-
tions allowonly anevennumberofdomainwalls. Sinceeachdomainwall
carries the entropic cost e−εt, themore domain walls we have in a pairing
configuration, the less contribution it has at late times. This implies that
the late-time behavior of the DFF is controlled by 1) pairing configura-
tions without any domain wall and 2) those with only two domain walls.

Let us start with the first case. The absence of domainwalls means
that every site hosts the same pairing. Noting that while s = 0 pairing
carries the factor 1 the other s ≠ 0 pairings come with κ, the con-
tributions from these configurations are 1 + (t − 1)κL as depicted in the
left panels in Fig. 7.

Fig. 7 | Leadingdomain-wall configurations at late times.Adown spin refers to one of the s ≠0pairings (different colorsmean different pairings), whereas an up spin is a
s = 0 pairing.
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Instead, when we have two domain walls, they divide the system
into two regions, each of which is made of a fixed pairing. We can
further classify them into two categories: the first type of configura-
tions consists of one regionwith s = 0 pairings and another regionwith
one of the s ≠ 0 pairings (see the upper right panel in Fig. 7), and the
second type of configurations is fullymade of s ≠0pairings but in each
region, a different one is used (e.g., s = 1 pairing in one region and s = 2
in another, see the lower right panel in Fig. 7).

Contributions from the first type can be obtained by noting that
the regionwith s≠0pairings couldbe allocated to the system in L−a+ 1
different positions where a is the size of the s ≠ 0 pairing region, and
there are t − 1 possible pairings. We thus have a contribution

ðt � 1ÞPL
a= 1

ðL� a+ 1Þκae�2εt = ðt � 1Þ L�ðL+ 1Þκ + κL+ 1

ð1�κÞ2 κe�2εt : ð17Þ

Likewise, we can also evaluate the contributions from the second type,
which gives

ðt � 1Þðt � 2Þ
2

LðL� 1Þ
2

κLe�2εt : ð18Þ

Combining these, the late-time asymptotics of the DFF has the
following form:

FðtÞ ’ 1 + tκL + tLκe�2εt +
t2L2

4
κLe�2εt , ð19Þ

where we used the fact that, at late times, κ ≪ 1.

Diagrammatic computation of the bipartite purity
While we have four replicas of W and W † in the bipartite purity, its
computation can be carried out following the same idea as in the DFF.
Again we start with representing the purity PAðtÞ diagrammatically. In
particular, we express it using the “folded”picture24 as in Fig. 8a, where
the bipartite purity at t = 2 in the system of size L = 4 with LA = 2 is
depicted. Note the different boundary conditions on A and Ā, which
amounts to different shapes of on-site diagramsonA andĀ as shown in
Fig. 8b, c. It turns out that each diagram in Fig. 8b, c has a unique
contributing pairing at large q, which is indicated in these diagrams. In
particular, at t = 2, the value of the leading pairing on A is

q�4P
i, j, k, lTrMiM

y
j TrMjM

y
i TrMkM

y
l TrMlM

y
k =

P
iη

2
i

	 
2
, ð20Þ

whereas on Ā the weight is simply 1 (here, we normalized the initial
product state as ∣〈ψ∣ψ〉∣2 = 1). For general t, it can be readily inferred that
the weights are given by

P
iη

2
i

	 
t
and 1, respectively.

Since these two pairings are clearly different, phase averaging
induces a single domain wall at the boundary of A and Ā with the

statistical cost e−2εt (the factor 2 is due to four replicas of theunitaries in
the purity), whereas no domainwall is produced in the bulk of A and Ā.
Note that this structure is similar to what was observed in the bipartite
purity of dissipationless random unitary circuits79,80. Combining these
observations, we arrive at the ensemble-averaged purity at large q:

PAðtÞ= e�2εt
X
i

η2
i

 !tLA

: ð21Þ

In the case of the depolarizing channel, it reduces to

PAðtÞ= e�2ð1 + γLAÞεt : ð22Þ

Numerical computation of the DFF and spectral gap
Numerically, the DFF of the quantum circuit can be computed by vec-
torizing its dynamical generatorΦ and thenobtaining its eigenvaluesby
exact diagonalization. This, however, limits the achievable system sizes
considerably because of the doubling of degrees of freedom in an open
quantum system. Instead, we compute the DFF by using its relation to
the average survival probability of a Haar-random initial state under the
evolutiongeneratedbyWt 57,65,81, whichwenowderive for theKrausmap
of Eq. (1). To this end,weconsider an initial stateρ(0) =VρRV †, whereV is
a qL × qL Haar-random unitary and ρR is an arbitrary reference density
matrix, and compute the average survival probability

f survðtÞ= hTr½ρðtÞρð0Þ�iV
=
Z

dμðV ÞTrfWt ½VρRV
y�VρRV

yg

=
X
j

TrfKj

Z
dμðV ÞVρRV

yKy
j VρRV

yg,
ð23Þ

where dμ(V) is the Haar measure over the unitary group. To proceed,
we make use of the identity82,83

Z
dμðV ÞVX 1V

yX2VX3V
y

=
DTr½X 1X3� � TrX 1TrX3

DðD2 � 1Þ
TrX2I +

DTrX 1TrX3 � Tr½X 1X3�
DðD2 � 1Þ

X2,
ð24Þ

for arbitrary matrices X1,2,3 and where D = qL is the Hilbert space
dimension. Using this result in Eq. (23), we find

f survðtÞ=
1

D2 � 1
PR � 1

D

� �
FðtÞ+D� PR


 �
, ð25Þ

Fig. 8 | Diagrammatic computation on the purity. a Diagrammatic representation of the purity in the folded picture at t = 2 and LA = LĀ = 2. The empty circles at the
bottom represent the initial product state ∣ψ

�
. b, c: Leading pairings of on-site diagrams on A and Ā at t = 2, respectively.
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where PR = Trρ
2
R is the purity of the reference state. Taking the refer-

ence state to be pure (PR = 1), we can write the DFF as

FðtÞ=DðD+ 1Þf survðtÞ � D: ð26Þ

To compute fsurv onlymatrixmultiplication of operators in the original
Hilbert space is done, as per Eq. (23), andnovectorization is needed.As
such, we can compute F(t) for systems as large as in the close case. We
note that for our random circuit, an additional averaging over the
Haar-random gates in each realization is performed, which in principle
improves the convergence of the averaging procedure.

Finally, we consider the computation of the spectral gap.
Assuming the DFF and spectral gap to be self-averaging56,84, we can
identify the decay rate of the averaged DFF,

Δ= � limt!1
1
t
log FðtÞ � 1
� �

, ð27Þ

with the average spectral gap Δ of the generator W. Numerically, the
former can be computed by fitting an exponential to the late-time tail of
the ensemble-averaged Eq. (26), but we find it more convenient to

computeΔ,whichcanbedoneefficientlywith apower-iterationmethod,
as follows. Since the identity is the steady state ofW, applyingW to any
traceless state produces a new state that is still orthogonal to the steady
state. As such, we start with a random initial state ρ0 that is traceless,
positivedefinite, andnormalizedasTrρ2

0 = 1. By successive applicationof

the map W and normalization, ρi + 1 =WðρiÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tr½WðρiÞ2�

q
, the initial

state ρ0 converges (up to a phase eiθ) to the leading non-steady state ρ(1),
i.e., the eigenvector associated with the leading decaying eigenvalue λ(1),

limi!1ρi = e
iθρð1Þ and Wðρð1ÞÞ= λð1Þρð1Þ. At a finite iteration step i, λ(1) is

approximated by λð1Þi =Trðρi+ 1ρiÞ and, consequently, the spectral gap is

given byΔ= limi!1 log jλð1Þi j. The deviation of ρi from ρ(1) is quantified by

the remainder ϵi =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Trðryi riÞ

q
! 0 as i → ∞, where ri =ρi � λð1Þi�1ρi�1. In

practice, we ran our algorithm until at least ϵ < 10−4.

To produce Fig. 5b in the Results section, we obtained n values of
the gap for different values of p∈ [0.01, 0.2] and L = 5,…, 9. (The value
of n varied with L, ranging from ∼ 1000 for n = 5 to ∼ 50 for L = 9.) In
Fig. 9, we plot the average gap Δ computed for four representative
values of p, as a function of 1/L. The straight lines are a linear fit as a
function of 1/L, and the intercept with the y-axis gives our estimate for
the infinite-size extrapolation [the black line in Fig. 5b].

Data availability
The data that support the findings of this study are available from the
corresponding authors upon request.
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