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“He who seeks truth is not one who
studies the writings of the ancients
and, following his natural
disposition, puts his trust in them,
but rather the one who suspects his
faith in them and questions what he
gathers from them, the one who
submits to argument and
demonstration and not the sayings
of human beings whose nature is
fraught with all kinds of
imperfection and deficiency. Thus
the duty of the man who investigates
the writings of scientists, if learning
the truth is his goal, is to make
himself an enemy of all that he
reads, and, applying his mind to the
core and margins of its content,
attack it from every side. He should
also suspect himself as he performs
his critical examination of it, so
that he may avoid falling into either
prejudice or leniency.”

al-Hasan Ibn al-Haytham
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Abstract

The orbital angular momentum (OAM) of light is one of the most in-
triguing properties of electromagnetic radiation. Although OAM is more
commonly associated with the mechanical movement of massive particles,
researchers have shown that, under certain conditions, laser beams can
carry it. This is not merely a theoretical proposition, this idea was al-
most immediately experimentally proven by showing that OAM can be
transferred between light and matter. This has, in turn, spurred an ever-
increasing interest in leveraging the interesting proprieties of the OAM
of light for various technological applications. This work focuses on the

effect that OAM has on high-intensity laser interactions.

High-intensity lasers have been a boon to scientific investigations in their
own right. They have allowed us to experimentally research astrophysical
phenomena inside of laboratories, opened the possibility to tabletop parti-
cle accelerators and gotten us closer to useful fusion energy sources. More
recently, we have been able to reach extreme intensities that allow us to
probe the most fundamental interactions in the universe. Predictions that
had been theorized decades ago by the pioneers of the quantum theory of

matter are now close to being experimentally verifiable.

In the coming chapters, I look at the fundamental nature of the OAM of
light and the many discussions it has spurred. I then show that it modifies
an interaction known as vacuum photon-photon scattering where beams
of light can interact with each other in the absence of any mediating mat-
ter violating the constraints established by the classical theory of elec-
tromagnetism. OAM provides an extra signal that makes this light-light
interaction more identifiable in an experiment. On a more practical note,
I continue to look specifically at high-intensity lasers and how they can
be manipulated to produce high-intensity OAM-carrying beams and how

sald beams can be characterized.
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Chapter 1

Introduction

The White Rabbit put on his
spectacles.

“Where shall I begin, please your
Majesty?” he asked.

“Begin at the beginning,” the King
said gravely,

“and go on till you come to the end:
then stop.”

Lewis Carroll, Alice in Wonderland

Clichés remind and reassure us that
we’re not alone,

that others have trod this ground
long ago.”

Miguel Syjuco

1.1 Overview and motivation

Light is one of the oldest studied natural phenomena. Throughout centuries of science
and philosophy, our understanding of what light is and how it behaves has dramat-
ically evolved. Thanks to the efforts and brilliance of many thinkers and scientists,
we have come a long way since the days of the extramission theory of vision. Light
or, more accurately, electromagnetic waves have come to form one half of the most
accurate physical theory known to mankind, quantum electrodynamics (QED). The
modern theoretical description of electromagnetic radiation, both in its “classical”
and quantum mechanical form, has succeeded in explaining many observed proper-

ties and behaviours of light. QED has also made several predictions that contradicted



1. INTRODUCTION

our intuitive understanding of how light behaves. Some of these predictions have been
experimentally verified while others still remain unproven due to the difficulty of mea-
suring their signals.

Despite this long history of extensive research, we are still learning new things
about fundamental properties of light, which show us that our understanding of it
may not be as complete as we think. One of the most recent examples of this was
when the late Les Allen investigated the so-called Laguerre-Gaussian (LG) radiation
modes in 1992 [1]. It was already well known that light carried an angular mo-
mentum associated with its spin [2]. What Allen showed was that certain types of
electromagnetic radiation can carry another kind of angular momentum, which was
termed orbital angular momentum (OAM).

Since its first discovery, OAM has attracted a lot of interest from a vast range
of scientific fields ranging from telecommunication sciences [3] to quantum memories
[4]. This is due to its many interesting qualities such as the fact that light carries a
quantized amount of OAM, which has an infinite possible range [1]. This OAM also
appeared to modify the way light interacts with matter in ways which can be beneficial
for some use cases, such as modifying the selection rules of atomic transitions [5].
However, although many applications of OAM have been identified and even tested,
this does not mean that we fully understand the fundamental physics behind it. There
are still many questions surrounding the precise significance of OAM, its relationship
to spin [6] and its quantum mechanical origin [7, §].

Recently, researchers have even started to theoretically investigate the possible
impact of OAM on high-power light-matter interactions. High-power laser science is
a burgeoning field of experimental and theoretical physics. This is thanks to the ever
increasing pulse powers that modern laser facilities are capable of producing such as
the soon-to-be-completed ELI facility, which will generate a 10 PW pulse when fully
operational [9] and the planned station of extreme light (SEL), which aims to produce
a 100 PW one [10]. These incredible machines, and many others around the world,
have allowed us to investigate phenomena which occur when matter transforms into a
plasma - a “fourth” phase of matter that occurs when conditions are so extreme that
electrons are ripped from their atoms, forming a quasi-neutral gas of ions and electrons
[11]. Laser-plasma physics has offered new ways of achieving fusion energy [12],
of creating small-scale particle accelerators [13] and of even studying astrophysical
phenomena in terrestrial laboratories [14]. Researchers have shown that OAM affects
laser-plasma interactions by modifying the plasma oscillations driven by the OAM-

carrying lasers [15]. This has the potential of offering a new way of manipulating



1. INTRODUCTION

the aforementioned laser plasma accelerators [16, 17], as well as controlling the laser-
plasma instabilities that occur in laser-driven inertial confinement fusion.
Unfortunately, although the techniques to produce and characterise OAM modes
had been honed to a great precision with small low-power lasers due to them being
a subject of ongoing research for close to three decades now, this is not the case for
high-power lasers. There are scarcely any experimental results on the production
of high-power beams carrying OAM or their characterisation. As such, most of the
previously mentioned findings concerning OAM in laser-plasma interactions remain
theoretical predictions. This is, in part, because interest in exploring the effects of
OAM on the interactions of high-power lasers is relatively new and the latter present
some unique challenges due to the sheer scale of the optical intensities that would

need to manipulated.

1.2 Thesis structure

In this thesis, I showcase the results of my investigations into the orbital angular
momentum of light in the context of high-intensity laser interactions. My goal was
to address parts of each of the open questions and problems outlined in the previous
section. Although the work is by no means complete, I have arrived at some interesting
results, which will be detailed and explored over the coming chapters. The thesis will

be structured as follows:

1. Firstly, I outline the various types of angular momenta for point particles, as
well as their origin both from a classical viewpoint and from the viewpoint of
quantum mechanics. This will lead to the definition of the angular momentum
of light and how it may be split into spin and orbital components. I showcase
how both of these angular momenta can be derived for an arbitrary field simply
from the symmetries obeyed by that field, ending with a discussion on the

interpretation of OAM and the on-going controversy over its rigorous definition.

2. Then, an investigation into vacuum photon-photon scattering is detailed. By
leveraging the effective field theory approach, a semi-classical framework is used
to explore the effects of OAM on this interaction, deriving additional angular
momentum conservation conditions for the scattering. This is followed by a
proposed experimental setup that would leverage this additional conservation
condition to make the signal produced by this incredibly weak interaction more

detectable. Chapter 3 concludes with an approximate quantitative estimation
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of the expected results of such an experiment as well as a discussion of some of

the more practical aspects of its realisation.

3. Following the study of the interactions of high-intensity laser pulses carrying
OAM, I turn to look at how these pulses can be generated. This chapter starts
with a look at how standard high-intensity pulses are generated. Then, I go
through a detailed rundown of the various methods that can be used for the
generation of OAM-carrying lasers as well as their relative suitability for use
on high-power lasers. Chapter 4 also contains experimental results of an OAM
mode converter that was tested at the Central Laser Facility (CLF).

4. Of course, generating high-intensity pulses with OAM is only half the battle.
For that reason, I turn my attention in Chapter 5 to the characterisation of
the OAM of high-intensity pulses. There, I detail three very different mea-
surement methods both from a theoretical point of view, and from a practical
experimental point of view, using data gathered on the ASTRA laser at the
CLF.

5. Measuring the OAM of high-power lasers is not the only important diagnostic
for the successful analysis of experimental results. Most high-power lasers use
a pulse length that is so short that it becomes impossible to characterise them
using traditional electronic methods. As such, accurate ultra-fast pulse length
measurements are one of the most important diagnostics in high-power laser fa-
cilities. Chapter 6 focuses on a novel implementation of the Frequency-Resolved
Optical Gating (FROG) diagnostic, which is used to characterise both the pulse
length and the phase evolution of laser pulses. It also outlined a new hybrid

genetic algorithm for the analysis of the measurements of this diagnostic.

6. Finally, I conclude with a short summary of the main results as well as an

overview of the future work that is planned based on them.

1.3 Units and conventions

The units and mathematical conventions that will be used throughout this thesis are

as follows:

1. For most of the thesis, the standard international system of units (SI) will be

used.
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2. In some parts, specifically dealing with quantum field theory (QFT) models,
the “natural” system of units will be used. There, all units will be normalized
sothat i=c=¢;=1.

3. The convention used for the Minkowski metric is

1 0 0 0
o -1 0 o0
=10 0 -1 0
00 0 -1

4. Greek indices take values p = 0,1,2,3 while Latin indices only take ¢+ = 1,2, 3.
5. The four-gradient is defined as 9" = (9;, —V)

6. The totally anti-symmetric tensor €7 is defined so that it is equal to 0 if any
two of its indices are the same, 4+1 for any even number of permutations of
(0,1,2,3) and —1 otherwise.

1.4 Awuthor’s contributions

e All the content of this thesis is my own writing, and the figures, plots and

illustrations are my own creation.
e [ have reproduced all the standard derivations found in the thesis.

e [ derived the theoretical framework of including the treatment of OAM in the
description of photon-photon scattering. I designed a potential experiment to
detect it based on the predictions of the framework and calculated the estimated

signal to be expected from such an experiment.

e [ worked on the interpretation of OAM as an observable independent of spin

angular momentum (SAM) from a quantum field theoretical point of view.

e [ designed, tested and analysed the performance of the OAM mode converter
for the ASTRA laser.

e [ co-led the experimental campaign to field test various OAM diagnostics on the
ASTRA laser. On that campaign, I designed, assembled, tested and analysed
the results of the three different OAM diagnostics.
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e [ built the FROG diagnostic and tested it on the Vulcan laser. I also designed
the hybrid genetic algorithm for the analysis of FROG measurements and coded

its Python implementation.

Of course, I would be remiss if I did not acknowledge the support of my colleagues.
I would have not been able to accomplish any of the above mentioned contributions
without the constant assistance and ever present advice provided by them, especially
by my supervisor Prof. Peter Norreys, and my collaborators Prof. Robert Bingham,
Dr. Kevin Glize and Dr. Pedro Oliveira.

1.5 Conferences and presentations

1. Invited talk on the generation and measurement of OAM in high-intensity laser
interactions and its effect on vacuum photon-photon scattering given at the 61st
Annual Meeting of the American Physical Society’s (APS) Division of Plasma
Physics on 21-25 October 2019.

2. Contributed talk given at the Oxford Centre for High Energy Density Science
(OxCHEDS) conference on 18-19 March 2019 on theoretical investigations of
the effect of OAM on vacuum photon-photon scattering.

3. Contributed talk given at the European Physical Society conference on High
Energy Physics (EPS-HEP) on 10-17 July 2019 on theoretical investigations of
the effect of OAM on vacuum photon-photon scattering.

4. Poster presented at the International Conference on High Energy Density (ICHED)
on 31 March5 April 2019 on theoretical investigations of the effect of OAM on

vacuum photon-photon scattering.

5. Poster presented at the National Ignition Facility (NIF) user meeting on 4-7
February 2018 on improved algorithms for the analysis of the results of the
Frequency-Resolved Optical Gating diagnostic.

6. Poster presented at the Central Laser Facility (CLF) Christmas meeting on 19-
21 December 2016 on two-qubit geometric quantum gates for superconducting

qubits.
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Chapter 2

The angular momentum of light

“The mathematician plays a game
in which he himself invents the rules
while the physicist plays a game in
which the rules are provided by
nature, but as time goes on it
becomes increasingly evident that
the rules which the mathematician
finds interesting are the same as
those which nature has chosen”

Paul A. M. Dirac

2.1 Context

Angular momentum (AM) is one of the most important concepts in physics. It
appears in practically all of its domains from classical mechanics to general relativity.
From a fundamental point of view, AM and its conservation laws are related to the
intrinsic symmetries of physical systems. It is thus a property that can be defined for
all physical fields. However, its importance is in no way limited to abstract theoretical
investigations; it has a wide range of applications. To name a few, AM is the cause
behind the fine and hyperfine structures of atomic energy transitions, it is of vital
importance to calculations of stellar dynamics and for the application of gyroscopic
stabilisation technologies.

Usually, one thinks of angular momentum as a continuously-varying property that
exists in massive particles that are performing some form of orbital motion, such as
the earth around the sun or an electron orbiting a nucleus. The advent of quantum
mechanics showed us that particles actually carry two types of quantized angular

momenta. First, there is the regular one associated with the motion of the particle
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which is called the OAM since it is the quantum analogue of the classical orbiting
particle. OAM is quantized by an unbounded quantum number, i.e. a particle can be
in any one of an infinite amount of discrete states. In addition to this, particles carry
an intrinsic AM that is related to a purely quantum mechanical property called spin.
This SAM is omnipresent no matter what kind of motion the particle is doing. Its
possible values are finite and their range is determined by the type of particle under
consideration.

However, AM is not only limited to massive particles. Quantum field theory
(QFT) tells us that it can be defined for all physical fields including those which
do not have mass, such as the electromagnetic field. Here again, it is split into a
spin and an orbital component. In the case of the electromagnetic field, the spin
of light had been a known and well studied phenomenon. Photons, the quantized
excitations of electromagnetic fields, are considered spin-1 particles. This means that
there are technically three possible spin states, but only two of them correspond to
physically allowable photon states. The spin of light has been verified in experiments
that studied the interaction between photons and matter. These experiments showed
that photons with different spin states can impart different angular momenta onto
matter, thereby confirming that this spin is indeed a type of angular momentum.
Careful measurements have shown that the ratio between the energy of the photon
and its SAM is o/w, where w is the photon’s frequency and ¢ is its spin quantum
number that determines its spin state.

More recently, it has been shown that there are modes of electromagnetic radiation
that can carry orbital angular momentum. These are called the Laguerre-Gaussian
(LG) modes. Over the past three decades, they have been well characterised and
there has been extensive research on how to generate these modes in all sorts of
different regimes, from small on-chip solid state lasers to milliwatt tabletop lasers to
the multi-terawatt beams available at high-power laser facilities. This is because the
OAM of light has attracted a significant amount of research interest over a wide range
of domains including, but not limited to, quantum information processing, quantum
optics, classical optical communication, optical imaging, laser-plasma interactions
and particle physics. In fact, the interest in OAM is no longer limited to academic
research, with projects currently undergoing to use OAM multiplexing to enhance
commercial telecommunication applications. In addition to methods of generating it,
a significant amount of research has been undertaken into how to efficiently measure
and characterise OAM-carrying light, with researchers now able to measure it with

high precision at the single photon level.
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Although research into the possible applications of OAM has greatly intensified
and has shown some very promising results, this does not mean that its fundamental
nature has been completely understood. In fact, there is a very active ongoing debate
about the fundamental physics of the OAM of light and about how it can be defined
from first principles. This mostly centres around whether or not it is possible to split
the angular momentum of these fields in a consistent way into a spin and an orbital
component or if that split is “artificial”’. This debate is quite relevant as it extends
beyond just the definitions of angular momentum of photons and into current open
questions in quantum chromodynamics (QCD) concerning the spin structure of nu-
cleons. Experiments which have been performed over the past three decades dispelled
earlier notions that the proton gains its spins almost exclusively from the spin of the
constituent quarks [18, 19, 20]. This then led to an investigation of the SAM and
OAM of gluons and quarks, the constituent particles of protons and the main fields
of QCD, which revealed issues concerning the split of angular momentum of these
fields similar to the ones present in the definition of the AM of the electromagnetic
field [21, 7]. As such, investigating the OAM of light has the potential for broader
applications to other interesting questions in fundamental physics.

This chapter will be organised as follows: first, I will discuss the various ways to
define angular momentum in the classical and quantum descriptions of the dynam-
ics of massive particles. Then, the angular momentum of classical electromagnetic
waves will be defined. Following J. Allen’s method, I will use the Laguerre-Gaussian
solutions to the electromagnetic wave equation to show how the AM of light contains
both an orbital and a spin component. Lastly, the symmetries of quantum fields will
be used to show how two types of angular momenta can be defined from first princi-
ples for any generic quantum field, hopefully addressing some of the above-mentioned

concerns about how to consistently define OAM for light.

2.2 Angular momentum in classical mechanics

Before I can address the AM of light, it is instructive to consider the classical definition
of angular momentum in general, the most basic example of which can be seen in
the case of an orbiting point-like particle. To this particle, one defines an angular

momentum J that is related to its position and momentum via [22]

J=rxp (2.2.1)
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Figure 2.1: A classical point-like particle moving in uniform circular motion around
a center O, which defines a standard right-handed Cartesian reference frame.

In the case of the simple setup in Fig.(2.1), the angular momentum takes on the
standard form for uniform circular acceleration J = mR?we, = Iw, where R is the
radius of the orbit, w is the angular velocity of the particle and I is the moment of
inertia of the system. The classical angular momentum of a system also obeys a law
of motion analogous to that obeyed by the linear momentum:

dJ
P

where 7 is the torque, or the moment of force, applied to the system. This means that,

rxF=r (2.2.2)

in the absence of torque, the total angular momentum of a system is conserved. A
more fundamental origin of the definition of angular momentum and its conservation
can be seen by considering the Lagrangian formulation of classical mechanics. There,
a system can be completely described by its Lagrangian £(g;,d;,t), where ¢; and
g; are the generalised coordinates and their time derivatives respectively [22]. This

Lagrangian defines the action of the system:

By finding the extremum of this action over all possible paths between points in

the phase space, the equations of motion that govern the dynamics of the system

12
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can be found. This principle of least action can be summarised in the well-known

d (oL oL
E(%) = 5 (2.2.4)

The Lagrangian formulation offers an important insight into the quantities that are

FEuler-Lagrange equations:

conserved during the evolution of the system through what is known as Noether’s

theorem [23]. Consider an infinitesimal transformation of the coordinates
¢ = q +ef'(a) =q +0q (22.5)

where € is an small parameter and f is an arbitrary function of the coordinates,
which models the action of the infinitesimal transformation. If one performs this

transformation on the action, then it follows that the deviation in the action is written

loc oL
5= [ (aqi _@(%>)5q¢dt+

where t; and ty are the initial and final times that parametrise the system’s path in

as

[2)
oL
—0q; 2.2.

phase space. As seen in Eq.(2.2.4), classical systems that follow paths of least action
obey the Euler-Lagrange equations and thus, for them, the first term in the integrand
on the RHS of Eq.(2.2.6) cancels out. If the transformation defined in Eq.(2.2.5) is a
symmetry of the system, i.e. leaves the action intact, then necessarily the boundary
terms also needs to vanish for arbitrary ¢; and t,. This means that one defines the

following quantity, known as the Noether charge:

Q= %fi(q) (2.2.7)

i
which is conserved along the path of the system. This signifies that for each symme-
try transformation that leaves the action of the system unchanged, there exists an
associated conserved quantity. For example, if the system is symmetric under simple
spatial translations along a particular axis n, i.e. fi(q) = n‘, then the Noether charge
is Q = (0L/0¢;)n;. If the system is symmetric with respect to spatial translations
along every axis, then all the 0L£/dq; are conserved. If one goes back to the previously
defined system of an orbital particle, then it is obvious that the physics of the system

remain unchanged under translations along the z-axis. Its Lagrangian is written as
1 .5
L= 5m\r| (2.2.8)

It follows that @) = 0L/0¢s = mz is just the particle’s momentum along the z-axis.

Another way of seeing it is that the momentum in that direction is the quantity that

13



2. THE ANGULAR MOMENTUM OF LIGHT

is conserved due to translational symmetry of the system along that axis. Consider
instead an infinitesimal rotation around an axis defined by the unit vector n, this

rotational transformation can be written as
r—>r+enxr) (2.2.9)

If the system is left invariant by this transformation, then the associated Noether

charged is written as
oL
Q:—aq-<nxr):n-(rxp):Jn (2210)

where J,, is the projection of the angular momentum along the n direction. Again,
if the system is symmetric under any rotation, the entire angular momentum is con-
served. Hence, angular momentum can be thought of as the quantity that is conserved
when the system is rotationally invariant. This confirms the conservation law for the
system outlined in Fig.(2.1). It is clear that the system of the orbiting particle is
rotationally invariant around the z-axis and, as such, the z-component of angular
momentum is conserved.

Hamiltonian mechanics offers another way of calculating the dynamics of a system
and its conserved quantities. It also lends itself more easily to the quantization of the

dynamics. There, one defines the Hamiltonian of the system [22]:
H =Y (gipi — L) (2.2.11)

where p; = 0L/0q; is the generalised momentum associated with the generalised
coordinate ¢;. The dynamics of the system are then calculated from Hamilton’s

equations:

= — — = 2.2.12

These equations allow one to also calculate the time evolution of any arbitrary func-

tion f(q;, p;) defined over the system’s conjugate positions and momenta
df of
—={f H}+—= 2.2.13
= Hy (22.13)

where {-, -} are the Poisson brackets defined for any two functions as

af dg  Of dg
= — 2.2.14
R ; (a%‘ Opi  Op; Og; ( )
If one inserts the definition of the angular momentum into the Poisson’s bracket, then
one finds that {J;, H} = 0 Vi using the Hamiltonian of the orbiting particle. Since the

angular momentum lacks any explicit time dependence, this means that the angular

momentum of that system is conserved, i.e. dJ;/dt = 0.
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2.3 Angular momentum in quantum mechanics

The classical angular momentum, as it was defined in the previous section, is a con-
tinuous quantity and it is still not clear how a part of it can be separated into distinct
components. To see how this is possible, one must use the quantum mechanical
description of physical systems. The simplest way to do so is to use the so-called
canonical quantization procedure. This is based on the Hamiltonian formulation
described above, the functions over the phase space f(q;,p;) are “upgraded” to oper-
ators I on the Hilbert space of the vectors describing the state of the system. Also,
the Poisson brackets are “upgraded” to commutators {f, g} — (1/ih)[F,G], where
[F,G] = FG — GF [24].

Consider the quantum mechanical model of the electron in the hydrogen atom. It

can be described by the central potential Hamiltonian:

A2 2

~ p e

H=—- 2.3.1
2u  Amept ( )

where ¢ is the vacuum permittivity, e is the electron charge, u is the reduced mass
of the electron-nucleus system, r is the position operator and p is the momentum

operator. These two operators obey the canonical commutation relations [25]:

where 9;; is the standard Kronecker delta. A convenient way to solve the dynamics of
this system is to find the eigenvalues of the Hamiltonian in Eq.(2.3.1). This is equiva-
lent to solving the time-independent Schrodinger equation and finding the stationary
states of the system. To do so, it is convenient to work in the position representation,
where the momentum operator can be expressed as p = —ihV while r = r. Thanks

to the spherical symmetry of the problem, the eigenvalue equation becomes

(18,00 19, o 1 9% e
o (‘ G Rererreor GO ) R remerry a¢2) T et Y
(2.3.3)

where 1 (r) is the wavefunction of the system in position representation and 6 and ¢

are the spherical polar and azimuthal angles respectively. It is clear that this equation
can be solved by separation of variables, where the wavefunction is decomposed into
a radial and angular part ¥ (r) = R(r)T(0,¢). By analogy to the classical case

mentioned above, one defines the quantum angular momentum operator as

A

L=rxp=—ihi(r x V) (2.3.4)
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The reason for denoting this quantum angular momentum operator with the letter L
instead of the J used before will be clear later on. Using the commutation relations
for the momentum and position operators in Eq.(2.3.2), it can be easily shown that

L obeys what are known as the angular momentum commutation relations:
[fm IAJ]] = iheijktk (L2, fJZ] =0 (2.3.5)

where ¢, is the completely anti-symmetric tensor and L2 = ﬂ% + ﬁ% + ﬂg is the
norm of the angular momentum vector operator. Unlike the position and momentum
operators, the different projections of angular momentum operators do not commute.
As such, it is not possible to simultaneously diagonalize two different projections of
the angular momentum operator. This means that, while a state can have well defined
linear momenta along different axes by being an eigenstate of two different projection
operators, this is not possible for angular momenta operators so a particular state
can only have a well defined angular momentum along one axis.

Via separation of variables, these operators allow one to write Eq.(2.3.3) in more

compact eigenvalue equations:

o s ,0R er R+ 1)

——(rf—= R+ Er*R=———"R 2.3.6

24 0r (T 87“) + 4meq e 244 ( )
LT = 21+ 1)T (2.3.7)

The radial equation is then solved using the ansatz R = f(r)/r, while the angular
one is simply the eigenvalue equation for the L? operator which has the standard

solutions using the spherical harmonics Y;"(0, ¢), defined as [26]:
L2Y™(0,0) = RPII+1)Y,™(0,¢)  L.Y(0,9) = Y™ (6, ¢) (2.3.8)

where [ is the quantum number that represents the absolute angular momentum
states, while m; is the quantum number that represents the projection of angular

momentum on the z-axis which obey the following constraints:
leZ -1 <m <l (2.3.9)

This indicates that the stationary solutions to the hydrogen Hamiltonian are also
eigenstates of L? and L, and, as such, carry a definite absolute angular momentum
and projection along the z-axis. As mentioned before, one cannot simultaneously
diagonalize the various projections of angular momentum. As such, these solutions

do not carry a definite projection along the x or y-axis.
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However, it should be noted that the central potential Hamiltonian is completely
spherically symmetric and, hence, the choice of the z-axis is completely arbitrary
and has only been made here since it is the standard way to define the polar angle
in spherical coordinates. In fact, since [ﬁz,H] = [IA/Z’,H] = 0, Ehrenfest theorem
specifies that the the expectation of absolute angular momentum as well as of all its
projections are constants of motion for this system. This is similar to the case of the
classical orbiting particle. Putting everything together, the stationary states of this

system can then be written as

l
Ui (x) = Ne~ /70 (2_> L ()Y (0.0) (2:3.10)

nag nayg

where N is a normalization constant, ag is the Bohr radius and n is the quantum
number representing the energy of the system. However, this is still not the full
picture. As the Stern-Gerlach experiment has shown [27], electrons carry an intrinsic
angular momentum that is quantized. This angular momentum is omnipresent and
independent from any spatial motion. This is called the SAM, which for the electron

is represented by the two-dimensional operator

S = gfr (2.3.11)

where o is a vector operator containing the standard Pauli matrices

. (01 . (0 —i . (1 0
Ux—(l O) Uy_(i O) oz—<0 _1) (2.3.12)

It is clear from the definition of the constituent Pauli matrices that the S operators
obey the above-mentioned angular momentum commutation relations with similar
eigenvalues for S; and S2. Every physical electron state has a definite SAM with a
definite projection along a particular axis with eigenvalues of img = £h/2. This is
because electrons belong to the Fermion class of particles, which all have half-integer
spin [28]. Although this treatment of spin may seem ad-hoc as the spin component was
merely added to the wavefunction to explain empirical observations, it can actually
be derived from fundamental considerations via the relativistic treatment of electrons
with the Dirac equation, showing the same results.

In summary, the quantized dynamics of the electron in the hydrogen atom present
two different types of angular momentum: the first is the spin angular momentum
S that is intrinsic to the particle itself. The second is fJ, which is related to the

spatial dynamics of the electron, and is thus appropriately called the orbital angular
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Figure 2.2: 3D surface plot of the |Y)|? spherical harmonic, clearly showing the
azimuthal symmetry and the broken polar symmetry.

momentum (OAM). In addition to these two operators, one can define the operator

for total angular momentum

J=L+S (2.3.13)

where J operators also obey the angular momentum commutation relations. One can

also similarly define J2 operators with [:12, jl] = (0 and similar eigenvalue equations
T2 1jymg) = 1257 + 1) |j.my) T 1j.mg) = himg |5, m;) (2.3.14)

Under certain conditions, it is more convenient to describe the states in terms
of the total angular momentum, since that is the quantity that is conserved. For
example, since the electron is a charged particle, each angular momentum is associated
with a magnetic moment. This means that the magnetic moment due to the spin can
couple to the one due to the OAM. This spin-orbit coupling is represented in the
Hamiltonian via a term proportional to L-S. In fact, if one wants to calculate
the fine-structure of the energy levels of atoms, one needs to account for spin-orbit
coupling among other relativistic corrections to the central potential Hamiltonian.
Due to the spin-orbit coupling term, the projections of the two angular momenta no
longer commute with the Hamiltonian and are no longer independently conserved,
thus preventing one from writing the stationary states of the system as eigenstates
of either of them. However, it is possible to index the stationary states using the J2

and J, operators.
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2. THE ANGULAR MOMENTUM OF LIGHT

Although for bounds states, it is relatively straightforward to see the origin of the
split of the angular momentum into spin and orbital components, it remains unclear
how it would be possible to define this orbital momentum for freely moving particles,
let alone for electromagnetic waves. To see how this is done, consider first the classical

description of electromagnetic waves.

2.4 Electromagnetic waves

In order to show how an electromagnetic wave can carry angular momentum, the
first step is to look at the joint classical dynamics of a charged particle in an generic
electromagnetic field. These dynamics are governed by the well known Maxwell’s

equations for the electric E and magnetic B fields [29]

v.E=L (2.4.1)
€o
V.B=0 (2.4.2)
OB
. OE
VX B = poj+ 60§> (2.4.4)

as well as the Lorentz force equation

d
d—rt’ =q¢(E+v xB) (2.4.5)

where o is the vacuum permeability, ¢ is the charge of the particle and p and j are

the charge and current densities respectively defined as
p=q0?(r —ro(t)) j=qvd®(r — (1)) (2.4.6)

with 0@ (r) being the 3-dimensional Dirac delta function and ry the position of the
particle at a specific time. Using Maxwell’s equations, the charge continuity equation
is then immediately derived, which relates the charge and current densities, and
expresses the local conservation of charge as

dp .
o TV =0 (2.4.7)

The dynamics of the system are completely defined by the above-mentioned equa-

tions. The combined particle and field system presents the following different con-
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stants of motion (one scalar and two vectors) [30]:

E= + 9 /// (E* + *B?)d (2.4.8)
P—mv+eo///V(E><B)dr (2.4.9)
J=rx(mv)+ e ///Vr x (E x B)d®r (2.4.10)

To show that these are, in fact, constants of motion, it suffices to take their time
derivative and use Maxwell’s equations, Lorentz equation and the definition for p and
j to show that the right-hand side cancels out. The interpretation of these constants
is quite straightforward: they are the total energy, linear and angular momentum of
the system. It is clear that each constant is composed of two contributions: the first
ones are just the classical constants of motion of a particle while the other ones can
be attributed to the electromagnetic field itself.

This then allows one to define for the electromagnetic field an energy density as

well as linear and angular momentum densities:

£ = %’(E2 + 2B?) (2.4.11)
P — ¢(E x B) (2.4.12)
J =¢r x (E xB) (2.4.13)

I now begin to address the question of how to define the angular momentum of the
electromagnetic waves. To better isolate the problem, consider Maxwell’s equations
in the vacuum devoid of any sources of charge and current. This leads naturally to

the vacuum electromagnetic wave equations

1 92
(gﬁ — VQ) E = (2.4.14)

1 0?
(@ﬁ - v2) B = (2.4.15)

where ¢ is the speed of light. The relationship between E and B is of course still
governed by Maxwell’s equations.
The simplest possible solution to these wave equations is the plane wave modes,

which can be written in complex notation as

E = g™ (2.4.16)
k

B=-xE (2.4.17)
C
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2. THE ANGULAR MOMENTUM OF LIGHT

where n is the polarization unit vector of the electric field, £ is the amplitude, k is
the wave-vector of the wave, k = k/|k| is the unit vector for the direction of the
wave-vector and w is the frequency. The wave-vector and the frequency obey the

following conditions
k-n=0 w = c|k]| (2.4.18)

If one was to take the simplest case where the coordinates are aligned such that the
wave is propagating along the z-axis k = &, and the electric field is polarized along
the x-axis n = €,, the time-averaged linear momentum density of this wave is then

readily calculated
co| €[

c

<Pp1ane>t = €0§R(E* X B) = e, (2419)

This is intuitive since the plane wave is propagating solely in the z-direction and
hence it would make sense for it to have its momentum aligned along the direction
of its wave-vector. To calculate the time-averaged angular momentum density, it is

more convenient to use the cylindrical coordinate system (p, ¢, z)

_€0|g|2é

<Jplane>t = (Pép + Zéz) X <7Dplane>t = @ (2420)

c
Once this is integrated over the transverse surface, it vanishes since its amplitude is
azimuthaly symmetric and the unit polar e, vector would integrate to 0. Clearly,
plane waves do not carry any net angular momentum. For that, one needs to look
at more exotic beam modes. Going back to the wave equation in (2.4.14), instead of

using the plane wave expansion, consider solutions of this form

E— (u(r)éz + %%@) gilkz=wt) (2.4.21)
1 ' »
B - <U(r)éy + %Z_Zéz) et (2.4.22)

where u(r) is a function which describes the envelope of the wave and w = ck is
the frequency of the carrier wave. This description is valid in the so-called parax-
ial approximation where the wave is propagating along a direction almost-parallel
to the z-axis [31]. In this approximation, the products of the first derivatives are
negligible and 0,u < ku(r). This approximation is also called the slowly-varying
envelope approximation because it considers that the envelope function has small
spatial derivatives compared to the spatial oscillation of the carrier wave (represented
by k). Using these approximations, the time-averaged momentum density for this
wave is

(P = %O[k!u(r)IQéz + i(uvlu* — u*Vlu)] (2.4.23)
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where V| = 0,€, + 0,€, is the transverse gradient. This indicates that depending on
the behaviour of u(r), this class of solutions may carry a non-zero angular momentum.
If the expression for the electric field in Eq.(2.4.33) is plugged into the vacuum wave
equation, by again using the paraxial approximation, the envelope function will obey

the following equation:

L ou
Viu— 2ikz— =0 (2.4.24)

The simplest solution to this equation is the Gaussian envelope, which leads one to the
well-known Gaussian beam profile, which, in turn, is the most common mode output
by lasers [31]. However, for the purposes of investigating the angular momentum
that can be carried by light, it is more interesting to solve the equation in cylindrical
coordinates where V = 0,€, + (1/p)0s€4 + 0.€.. This leads to a class of solutions
called the Laguerre-Gaussian (LG) modes

o wo [ V2p : 2p?
uf(r’t):\/ﬂiwz (wz) L¥<w2z>
(p+ [N w(z) \ w(z) (2) (2.4.25)

2 k 2
X exp (— wf—(z)+i<k2—wt+l¢+ 2R/22) —1—%[3(,2)))

where (p, 0, z) are the standard cylindrical coordinates, [ is the azimuthal mode num-

ber, p is the radial mode number, wy is the beam waist at focus. w and k are the
frequency and longitudinal wave-vector of the wave with wy &~ ck since, in the paraxial
approximation, the transverse wave-vector of the beam is assumed to be very small
compared to the longitudinal one.

Lgl is the generalised Laguerre polynomial, which is the solution of the following

differential equation
of (2)+ (1 +1—2)f (x)+pf(z) =0 (2.4.26)

The rest of the functions which govern the behaviour of LG mode are the standard
Gaussian parameters for the beam waist w(z), radius of curvature R(z) and Gouy
phase shift ¢/ (z):

w(z) = woq |1+ (%)2 (2.4.27)
R(z) = » (1 + (%‘f)z) (2.4.28)
Pl (z) = (|| + 2p + 1) arctan <k2_’j8) (2.4.29)
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2. THE ANGULAR MOMENTUM OF LIGHT

Figure 2.3: 3D surface plot of the surfaces of constant phase for a standard Gaussian
beam (upper) and for a Laguerre-Gaussian beam with [ = 1,p = 0 (lower). This
clearly shows that for the standard Gaussian the phase front is planar while it is helical
for the LG modes, illustrating why these modes have acquired the name “twisted
light”.

It is clear that when [ = 0 and p = 0, ué(r) simplifies to the standard Gaussian
envelope, which is technically the lowest-order LG mode.

Inserting the expression for the LG solution into Eq.(2.4.23), the time-averaged
linear momentum density of these modes is then

€ R [ . .
(P == (ﬁep et 6. )l (r) (2.4.30)

This clearly shows that, as well as the longitudinal component, the LG mode, has
a transverse component in its linear momentum density. However, due to the az-
imuthal symmetry of the e, and €, components, they will integrate to 0 again due to
the oscillation of the polar unit vectors. Therefore, the total linear momentum still
integrates out to be directed along the z-axis. This can also be seen from the shape
of the phase front shown in Fig.(2.3). The LG modes have a helical phase front indi-
cating that their wave-vectors have a transverse component, which are continuously
rotating around an average constant €, component.

As for the angular momentum density, it can again be calculated from the linear
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Figure 2.4: Simulated results for the LG envelope solution with [ = 1,p = 0: (a)
colour plot of the time-averaged transverse intensity at a particular transverse slice
clearly showing the characteristic “doughnut” intensity profile that is due to the phase
singularity at the origin; (b) colour plot of the instantaneous amplitude of u{(r)
at a particular transverse slice. It shows the azimuthal variation of the amplitude
from a positive maximum to a negative minimum. This profile rotates as the beam
propagates and accomplish a full turn over a wavelength; (c) longitudinal slice showing
the instantaneous amplitude of the envelope as the wave travels along the z-axis. It
shows a similar focusing behaviour as the standard Gaussian mode, except of course
for the singularity at the centre.
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momentum using Eq.(2.4.20)

1 zl

(T = E( — 5t p(% — 1>é¢ n ée) u(r)[? (2.4.31)

As before, the €, and €, components are azimuthally symmetric and thus would
vanish when the total angular momentum density is integrated. However, this time,
the angular momentum density has a €, component which does not vanish in the

integration. This means that the LG mode carries a net angular momentum equal to

Jig = eoééz (2.4.32)
which is directed along the z-axis, which, in turn, is quantized by the azimuthal mode
number [ of the envelope.

Now this shows how modes of electromagnetic radiation can carry angular mo-
mentum; however, it is not evident how this can be split into separate spin and
orbital components. To see this, instead of using linearly polarized LG modes as in
Eq.(2.4.33), consider the circularly polarized modes, where the electric and magnetic

fields can be written as

1 i s ou! ol .
ES = —< ! Ax P _< p ; P) Az) i(kz—wt) 2.4
" 1 L i pOul,  OubN N L
By, = 5 (m)(@, —iven) + (G —iog)e et (243

where ¢ = +1,0 is a parameter determining whether the wave is left (4+1) or right
(—1) circularly polarized or if it just linearly polarized.

Whereas in linearly polarized waves, the vector fields are oriented in a fixed di-
rection and circularly polarized waves have vector fields which rotate while the wave
is propagating as can be seen in Fig.(2.5). By plugging the expression for the cir-
cularly polarized LG fields in the equation for the angular momentum densities in
Eq.(2.4.13), it can be shown that these modes carry a net angular momentum equal
to [1]

el +o).

g=90Tv 2.4.35
e (2.4.35)

It is now clear that the total angular momentum of these modes can be split
into two contributions: the first is the contribution arising from the polarization of
a mode represented by the o parameter. This is solely due to the vector nature
of electromagnetic waves and is thus identified by their intrinsic spin. The other

is the contribution coming from the spatial distribution of the fields represented by
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Figure 2.5: Diagram showing how the electric field vector of a circularly polarized
light rotates drawing a helix as the wave propagates along the z-direction. It should
be noted that, as opposed to the LG envelope, this does not provide any information
on the shape of wavefront of the beam. Waves with planar wavefronts can still have
circular polarization.

the azimuthal mode number [ of the LG modes. This is then called the orbital
angular momentum of the wave. Since the LG envelope function is normalized to
that [[[ d*r|u(r)|* = 1, the energy contained in the beam is simply E = €. The
ratio between the angular momentum of the beam and its energy (I 4 0)/w takes an
analogous form to the typical ratio of the photon’s spin to its energy. This further
confirms our interpretation of J as the angular momentum of light.

Calling the property caused by the LG envelope an orbital angular momentum is
not just a mathematical formality. It does in fact act as a type of angular momentum,
separate from that arising from the polarization of light. This can be seen in how
it affects the interaction between light and matter. Very soon after LG modes were
first characterised, researchers were able to directly observe the rotation of microscopic
particles when they absorb LG radiation. This was done by monitoring the behaviour
of micrometre sized particles suspended in fluid before and after they interact with
lasers that have been converted to LG modes [32]. H. He and colleagues found that
the particles start rotating in the same direction after they interact with the beam.
They also confirmed that OAM is the origin of this induced rotation when they flipped
the sign of the azimuthal phase dependence I — —I; hence, the sign of the OAM, and
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the particles’ direction of rotation would be inverted accordingly.

That being said, it is very difficult to verify that the OAM of light is quantized
using these types of experiments due to the strong thermal fluctuations inherent to
any warm particle. Efforts were then put to try to use a superfluid or a Bose-Einstein
condensate (BEC) to evidence this quantization. In 2006, this was achieved using a
stimulated Raman scattering scheme on a BEC of sodium atoms [33]. The condensate
coherently interacted with two counter-propagating beams, one LG{ and the other a
regular Gaussian. It absorbed the photons from the LG mode and emitted ones in
the Gaussian mode via stimulated emission, thereby acquiring the difference in OAM
between the two modes as well as the linear momentum. This was proportional to
the number of photons involved in the process (1 or 2-photon Raman scattering).
The experiments confirmed that the BEC acquired a quantized OAM since it gained
either h or 2h depending on the number of photons in the interaction. Since the BEC
is a macroscopic object with quantum mechanical properties, it was actually possible
to see a hole at the center of BEC that was due to the singularity caused by the
OAM. The exact OAM state of the OAM was measured by interfering the BEC with
one which had been interacting with two counter-propagating Gaussian beams and
hence acquired no angular momentum.

These experiments confirm that the OAM of light is truly a form of angular
momentum, and that it is distinct from the intrinsic spin. Since OAM is related to
the spatial distribution of the electromagnetic wave, it is natural for it to interact with
the spatial rotational degrees of freedom of matter. However, this is not the full story.
For a long time, researchers in atomic spectroscopy had known that the polarization
(spin) of the incoming light can affect the type of electronic energy transition that
can happen in the absorbing atom. Electromagnetic waves can drive transitions
between different energy states if the wavefunctions of both states overlap with the
multipole expansion of the field of the wave and all the relevant conservation rules are
obeyed (energy, momentum). The most common type of transitions are the dipole
ones. There, if the magnetic moment due to the orbital angular momentum of the
electron has a well-defined axis, for example due to an external constant magnetic
field, polarized light will induce transitions between energy states where Am,; = o.
Here, m; refers to the quantum number specifying the projection of the electron’s
total angular momentum along the z-axis as it was defined in Eq.(2.3.14), while o
refers to the polarization of the incoming light.

Recently, experiments have proven that the OAM of light can also modify elec-

tronic transitions rules. Using precise measurements of the atomic transitions in
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Figure 2.6: Energy diagram showing the quadrupole energy transitions 45,/ — 3D5 5
in a calcium ion. The different states corresponding to the z projection of the total
angular momentum m; are split due the Zeeman effect caused by the constant external
magnetic field B. This breaks the symmetry of the system and makes the angular
momentum projection states non-degenerate. The conservation of the total angular
momentum in the stimulated absorption means that the sum of the incoming light’s
spin and orbital angular momentum must match the difference in the m; number
between the initial and final states.

calcium ions [5], it was determined that the OAM of light has an additive effect on
the change in the m; quantum number where Am; = [ 4 o. Due to the exotic shape
of the LG modes, which have a singularity at the centre with null intensity as seen in
Fig.(2.4), the relevant transitions are not the dipole transitions but the quadrupole
ones. These are dependent not on the oscillations of the field but on the oscillations
of its gradient and the LG have strong field gradients at this singularity. This means
that not only does the OAM of light affect the external rotation of an atom, it also
couples to its internal degrees of freedom in the angular momentum of its electronic
states.

It should be noted that the azimuthal mode number [ should not be confused with
the quantum number for the absolute orbital angular momentum from the previous
section. The latter quantizes the eigenvalues of L2 while the former is actually more

analogous to the m quantum number, which quantizes the projection of the angular
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momentum operator on the z-axis ﬁz, as we have seen with the case of the atomic
transitions.

I have used this notation because it is the standard one used throughout the liter-
ature on the OAM of light and the standard notation for the LG mode decomposition.
As most of the physical models in this chapter and in the following ones use a classical
or semi-classical framework, the distinction between the | and m is not important.
Where a quantum mechanical approach is used, care must be taken to avoid any
confusion as to which angular momentum operator is being referred to. Additionally,
although the LG solutions are the best-known OAM-carrying modes, they are not
the only ones. In fact, any mode with an azimuthal dependence in its phase can have
non-zero OAM since that means that its wave-vector has an azimuthal component
and, in turn, so will its linear momentum density, as can be seen from Eq.(2.4.23).
The ubiquity of the LG modes in the literature for OAM is partly due to them being
the subject of L. Allen’s seminal 1992 paper on the angular momentum of light, as
well as due to the fact that they are relatively easy to generate and manipulate, as
will be seen in subsequent chapters.

So far, only the classical description of the electromagnetic field has been con-
sidered. The form of the AM of light arose simply from considerations of conserved
quantities in the interaction between light and matter. Furthermore, its split into
a spin and an orbital part has been made for a particular configuration of the elec-
tromagnetic field and it remains unclear if there is any fundamental reason for it,
especially since they both seem to interact with matter in an identical way. Both
spin and orbital angular momenta are transferred to macroscopic particles causing
them to rotate and they both affect the internal electronic transitions in the same
way by modifying Am. Finally, a classical description does not show how this orbital
angular momentum is quantized or whether it can be defined for a single photon.
To that end, a more fundamental approach needs to be used to describe angular

momentum.

2.5 Angular momentum in field theory

Much of the current debate concerning the angular momentum of light revolved
around whether or not the split into a spin and orbital part has a fundamental reason
and whether it is possible to do it in a consistent and a gauge invariant way [7]. Some
questions have also been raised about the quantization of the spin and orbital angu-

lar momenta of light and whether the resultant quantum mechanical operators obey
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the typical commutation relations for the angular momentum operators. To address
this, angular momentum will be defined from first principles in the most generic way
without making reference to a particular physical field. This definition follows from
the typical way generators of symmetry are defined in textbooks on applied group
theory in physics [34]. As much of this section will deal with relativistic quantum
field theory, the [ and m; quantum numbers will refer to the absolute orbital angular
momentum and its projection respectively. Also, to make the notation easier, natural
units, as they are defined in the units and conventions section, will be used.

Let us move away from physical systems for a bit and consider mathematical

groups of symmetry transformations and their representations. These are defined as

Definition 2.5.1. A group (G,-) is a finite or infinite set G of elements equipped
with a binary operation - called the group law, which together satisfy four essential

properties:
e Closure: If g1,90 € G then g, - g0 € G

e Associativity: For all g1,92,93 € G, g1 - (92 93) = (91 - 92) * g3

e Identity element: There exists a unique element e € G called the identity

such that Vg€ G, e-g=g-e=g

e Inverse element; For all g € G there exists a unique inverse element ¢! € G

such that g-g ' =g '-g=ce.

Definition 2.5.2. A representation is a mapping D that maps each element in a
group g € G to a linear operator D(g) : V — V acting on the vector space V' such
that:

e D(e) = Iy, where Iy is the identity operator of the vector space

e D(g1)D(g2) = D(g1 - g2), so the mapping preserves the group’s structure and

maps the group law to the operator multiplication law of the vector space.

Care should be taken not to confuse the dimensions of the vector space on which
the operators of a particular representation act and the size of the set of elements
that form the group. In fact, the same group can have multiple different represen-
tations with different dimensions. For example, a group could have both a matrix
representation acting on a vector space of finite dimensions and another functional

representation acting on an infinitely dimensional space of functions.
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As T am considering groups of symmetry transformations, I will now focus my
attention onto Lie groups. A Lie group is a group where each element g(a®) depends
in a continuous and infinitely differentiable way on a set of continuous parameters
a’ya € {1,..,N} [35]. It is convenient to choose the origin of these parameters such
that g(0) = e. The fact that the elements vary continuously with the parameters
means that the group’s elements have a notion of “closeness” in the space spanned
by the group via the closeness of their parameters. Of course, since the group itself is
parameterized by a®, then so will any of its representations. Thanks to the differen-
tiability of the parameterization, the representation can be Taylor expanded around

a® =0 to give

D(a®) =TIy + i, X* + O((a*)?) (2.5.1)
where OD(a")
C(a

X = —j———~ 2.5.2

’ 0o, lag=0 (2:5.2)

are called the generators of the group in the particular representation D. No matter
the representation, there are of course as many generators as there are parameters
for the group.

There exists a convenient parameterization for the elements of the group “far”
from the identity. This is called the ezponential parameterization [34] where no matter

how far away from 0 the parameters are, one can write any element in the group as

XONE
D(a®) = lim (Iv+z’ak ) =i (2.5.3)

This is possible because, as the representation preserves the group’s structure, when
an element “close” to the identity, which can be written as Eq.(2.5.1), is successively
multiplied it will generate another element of the group. It should be noted that,
unlike in Eq.(2.5.1), the o, are finite and can be arbitrarily large. The limit taking the
denominator £ to infinity will then arrange it so that the expression in the parentheses
of Eq.(2.5.3) matches the Taylor expansion of group elements “near” the identity. This
way of defining the group’s elements is convenient because it allows one to express
the elements of the group in terms of its generators and further allows one to define
the Lie algebra of the group.

Consider a particular representation of two elements D(g;) = €'*" and D(g,) =
eP2X" By definition, one must have D(g,)D(g2) = D(g; - g2) so that the presentation

would preserve the structure of the group. Hence it must be the case that

ol X GiBaX? _ i6aX" (2.5.4)
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Since linear operators do not necessarily commute, it is not immediately obvious how
this equation can be satisfied. To that end, one uses the Baker-Campbell-Hausdorff
formula to find a solution to it [36]. Keeping only the terms up to the second order
in the parameters, it can be shown that in order to satisfy the above mentioned

condition one must have
1
10X =i(ae + o) X — §[OzaX“, B X"+ 0(a?B, %) (2.5.5)

QB[ X, X = 2i(ae + B — 6.) X + O(a?B, aB?) (2.5.6)

Since Eq.(2.5.6) must be true for all a, and [y, then it must be possible to factor
it out of the equation. This then allows one to write the condition for Eq.(2.5.4) as

what is called the Lie algebra of the group:
(X X =if*xe (2.5.7)

Where fo are called the structure constants. It should be noted that although the
particular form of the generators of the group depends on the representation that is
being used, the Lie algebra and, in particular, the structure constants are completely
independent from it. This is because if the structure constants depended on the
representation, then which element of the group D(g;1)D(g2) maps to, would also
depend on the representation [37]. This violates the definition outlined above since,
in this case, the representation fails to preserve the group law. This means that the Lie
algebra is defined by the structure of the group itself regardless of the representation
under consideration.

Now that the basic structure of groups has been laid out, consider one of the
most important symmetry groups in physics: the Lorentz group. This group is of
essential importance to relativistic classical and quantum mechanics. The laws that
describe the electromagnetic strong and weak forces all exhibit Lorentz symmetry.
Hence, understanding the structure of this group allows one to understand a lot of the
properties of physical fields. The Lorentz group is defined as the group of spacetime
transformations which leave the spacetime interval, defined as n,, 2"z = t* — 2% —
y? — 22, invariant thus leaving the speed of light constant during the transformation
[38]. More generally, Lorentz transformations leave invariant the Minkowski norm of
4-vectors. To see how this works, consider the linear space of 4-vectors V# equipped

with the Minkowski inner product where the norm of the 4-vector is defined by

V =, VIV =V, VH (2.5.8)
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where 7, is the Minkowski metric. A Lorentz scalar can then be made via the
Minkowski inner product of any two 4-vectors. Consider then a generic element of
the Lorentz group, the representation of this element on the above-mentioned 4-vector
space is written as a 4 x 4 tensor A*”. The Lorentz invariance condition tells us that

the norm of the transformed 4-vector
V= AR VY (2.5.9)
should remain unchanged. This invariance condition can also be written as
Moo = N A A, (2.5.10)

which indicates that det(A) = £1. Factoring out all discrete transformations such
as the parity, spatial and temporal inversion transformations (transformations which
flip the sign of an odd number of spatial components, or flip the sign of the time
component), I need only consider the subgroup of Lorentz transformations called the
SO(3,1).

All the symmetry transformations that are left can be decomposed into the three
spatial rotations around each spatial axis and the three Lorentz boosts along each
one of them. Therefore, this representation, and by extension the group, depends on
6 continuous parameters: three angles and three velocities. This means that SO(3,1)
is a Lie group. It is convenient to instead use the rapidity & defined as v® = tanh(&?)
to parameterise the boost. That way, a Lorentz boost can be thought of as hyperbolic
rotation of an angle £ in the (¢, 2%) plane. This number of parameters is confirmed
by looking at a Lorentz transformation very close to the identity A* = 0" + wH".
Then, the condition in Eq.(2.5.10) tells us that

wh = —w" (2.5.11)

meaning that the w"” is anti-symmetric and an anti-symmetric 4 x 4 tensor can only
depend on 6 parameters. This then allows one to write a generic element of the
Lorentz group as a function of only six generators. Following the standard way or
representing the Lorentz group found in quantum field theory textbooks [25, 38], it
is convenient to maintain the notation with an anti-symmetric tensor of parameters

w". In that case, any g € SO(3,1) can be written as
1
D(g(w")) = exp(=5w,uwS") (2.5.12)

where (1/2) prevents double counting. Care should be taken to not confuse the in-

dices (i, v) counting over the parameters and generators with the indices of whatever
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representation is being used. Staying in the 4-vector representation, one rewrites an
infinitesimal Lorentz transform as
/ 0
VP=AN V7= (6 — éwﬂy(S“”)pg)V” (2.5.13)

To match the original definition of the Lorentz transform (Eq.(2.5.9)) and seeing that
Wy is anti-symmetric, the generators in the 4-vector representation are then written
explicitly as

(S*)P 5 = i(n*0g — 1""0y) (2.5.14)

leading one to the Lie algebra for SO(3,1) [25]:
(S, SP7] = i(n"PSHT — nhPSYT — 7 SHP 4 pho SP) (2.5.15)

Although this algebra was derived using the explicit form of the generators in the
4-vector representation, it must hold for any representation of the SO(3,1) group.
As seen before, the transformations of this group are composed of three transfor-
mations affecting only the spatial components and three transformations mixing the
time component with a spatial one. For that reason, it is convenient to redefine the
generators into two types of operators S? = (1/2)e¢*S7% and K* = S which act on

separate subspaces. This leads to a more readable form for the Lie algebras

(5%, 59] = ielik g* (2.5.16)
(S K9] = ieF K* (2.5.17)
[K', K*] = —iehsF (2.5.18)

It is clear that the S? operators obey the typical angular momentum commuta-
tion rules as they were defined in Eq.(2.3.5). It is even possible to define an operator
S% = (8124 (S8%)%+(5?)? called the Casimir operator which commutes with all of the
generators [25]. This shows the fundamental link between angular momentum opera-
tors and the spatial generators of Lorentz symmetry. Also, since these commutation
relations are the Lie algebra of this group then they will be satisfied by the generators
of symmetry no matter what system, i.e. representation, is under consideration. The
S® operators are called the generators of rotations. To see why, one rewrites a generic

element of SO(3,1) using the new S and K* operators:

D(g(w")) = exp(—i(0'S" — n'K")) (2.5.19)
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where 0" = (1/2)e¢*wi* and n* = w®. In the 4-vector representation, the S’ are

written as
000 O 0O 0 00 00 0 O
000 O 0O 0 0 ¢ 00 — O
1 2 _ 3 _
5= 00 0 —2 5= 0 0 0O 5= 02 0 O (2:5.20)
00 2 O 0 — 0 O 00 0 O

Consider then the action of a transformation solely generated by S3, i.e. where
n® =0 Vi and 0° = 0 Vi # 3, on the 4-position vector z#

1 0 0

0 cos(#?) —sin(6?)
0 sin(f®) cos(6?)
0 0

rh = [exp(—i&gS?’)]u = (2.5.21)

—_ o oo
N e 8 o+

This means that in the 4-vector representation, the S® generates the rotation trans-
formation around the z-axis in (z,y) plane with the #% parameter being the angle of
rotation. It can be similarly shown that S, S* generate rotations in the (y,z) and
(z,z) plane respectively. It is clear that all the transformations generated by the
three S® matrices form a subgroup since any composition of spatial rotations is itself
a spatial rotation, any rotation can be inverted by rotating with the opposite angle
and there is an identity element when all angles are null. This Lie group is called the
SO(3) and its generators obey the Lie algebra defined in Eq.(2.5.16). Staying in the

4-vector representation, the Casimir operator S? would be:
0000
> 10200
ST = 00 2 0 (2.5.22)
00 0 2

It is clear that all three generators and the Casimir operator are block diagonal
in this representation. This means that it is decomposed into two sub-spaces that do
not mix. The Casimir operator in each of these sub-spaces is written as s(s+ 1)Iss1
where s € {0,1} and I, is the n-dimensional identity matrix. This means that each
subspace is labelled by a number s, which represents the eigenvalue of S? in it. Since
all three generators commute with the Casimir operator but not with each other, one
can only choose one of them to diagonalize simultaneously. Choosing S® gives us in
each sub-space integer eigenvalues mg that span —s < my; < s. This means that
when it comes to spatial rotations, a generic 4-vector representation is decomposed
into two representations on two independent sub-spaces labelled s = 0, 1 each having

25 + 1 different eigenstates for the S® operator. This is intuitive since temporal
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components are unaffected by spatial rotations, all the generators are then simply 0
when restricted to this subspace.

While the 4-vector representation has allowed the elucidation of many of the
properties of the Lorentz group, it is by no means the only physically interesting
representation. All higher-order tensors, by definition, obey Lorentz symmetry. That
being said, their representations are generally simple to find as their transformation

laws are based on the transformation of the 4-vector where a generic tensor obeys

T’alaz-nan

g2, = N Mg e A N IO (2.5.23)

MY

allowing one to construct the higher order representations from the 4-vector one.
This would also lead to eigenspaces that are labelled by even higher s numbers with
a larger amount of eigenstates. For example, a generic rank-2 tensor representation
would have an eigenspace labelled by s = 2 containing 5 states. It should also
be noted that exists a type of representation called a spinor which has a different
transformation under the Lorentz group and which has half-integer values for the s
numbers [28]. This representation is the appropriate one to describe particles such as
electrons.

However, what I really want to do is to see the symmetries obeyed by a particular
field ®(x). The interesting bit here is that in addition to having its own tensor
structure with its own transformation under the Lorentz group, a field depends on
the 4-position which in turns also transforms under the Lorentz group. Since I am
ultimately interested in applying this analysis to the electromagnetic field, consider
the 4-vector field A*(x). At a particular point in spacetime, the previous discussion

showed how the components of the field transform:

't = AF ¥ (2.5.24)
Ay = A" AV (2) (2.5.25)

However, in order to figure out the representation of generators on the field, one needs
to isolate its variation under the transformation from the variation in the coordinate
2*. One does this by considering an infinitesimal transformation and Taylor expand-
ing doA*(z) = A)(z) — AM(z) while keeping only terms linear in the transformation

parameters [25]:

oA () = AN + S () ya7) — ANw)

= AN@) 4 Swu(SH) a7 0,4 (@) = AN(@) (2.5.26)
= — (5P A (@) + S (5,070, A0a)

36



2. THE ANGULAR MOMENTUM OF LIGHT

One then uses the explicit form of S*” in the 4-vector representation to define a new
generator

L = —(S™)P 270, = i(z0” — 2" ") (2.5.27)

This generator clearly obeys the SO(3, 1) algebra. Also, it is possible to do the same
decomposition that was done before by defining L! = (1/2)e¥* 7% = jeldkgigh =
—i(r x V) thereby restricting the situation to purely spatial transformations. These
operators obey the SO(3) Lie algebra and have the same form as the orbital angular
momentum operators defined for the hydrogen atom in Eq.(2.3.4). Unlike the S°
operators, these operators act on the functional aspect of the field. Although this
operator is infinitely-dimensional, its eigenvalues are discrete. By analogy to the
previously defined quantum angular momentum operators, a Casimir operator for
the L operators can be constructed and diagonalized along with the L3 operator on
the basis of the spherical harmonics Y;™(6, ¢) defined in the Eq.(2.3.8).
The L* generator allows one to rewrite Eq.(2.5.26) as

B0AY = 20 ((S™), + D)7 = —Lwn (PP AT (25.29)

with J# = S# 4+ L* being the representation of the generators of the Lorentz group in
the linear space of the 4-vector fields. This corresponds to generators of SO(3) on the
4-vector field that have the form J¢ = S+ L, indicating where the split between the
two different kinds of angular momentum operators comes from. For fields, the total
generators of rotation are composed of two contributions: one component is related to
the rotation of the field itself. This is inherent to the type of field under consideration;
further, the generators for these rotations have a form and eigenspace that depends
on the particular representation to which the field belongs. For example, they are
null on scalar fields since they are unchanged under any Lorentz transformation; on
the 4-vector fields they are represented by the matrices in Eq.(2.5.20) and so on for
higher order tensor fields. These generators are said to generate internal rotations
and can thus be related to the spin angular momentum of the field and its operators.

The second component L is related to how the field transforms under the rotation
of the spacetime on which it acts. The generators for this transformation have a
general expression that is independent from the particular representation of the field
under consideration and acts on the spatial dependence of the field rather than on
the various components that make it up. These generators are always in the same
infinitely dimensional representation. This is because they do not act on vectors

or tensors, but on the infinitely dimensional linear space of functions of spacetime
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coordinates. These generators are said to generate spatial rotations and can then be
linked to the orbital angular momentum of the field.

In the previous sections, it was shown that the angular momentum of a system
can be thought of as the quantity that is conserved due to its symmetry of rotations.
To see how this then links it inextricably to the generators of said symmetry, consider
the application of Noether’s theorem to field dynamics which can be found in field
theory textbooks [38]. Staying with the 4-vector field, the field Lagrangian density
can be defined as £(A,,, 0, A”), which in turns defines the following action

S = /d%ﬁ(Au,@uA,,) (2.5.29)

Like in the case for classical particles, the evolution of the dynamics of the fields can

be found from the solutions of the field Euler-Lagrange equations, defined as

oL oL
a“a(aMA,,) =94 (2.5.30)

A generic transformation of the field JyA* and spacetime coordinates dx* causes
a variation in the action that is written, for fields which obey the Euler-Lagrange
equations, as

58 = — / d4a:(9u(a—£§0A,, - (wc) (2.5.31)

0(0,A,)

where the first component comes from the variation of the Lagrangian when the field
is transformed but the coordinates kept constant; and the second from the variation
of the volume element. If this transformation is a symmetry, then the action is

unchanged 65 = 0. This allows one to define a conserved Noether current 9,,j* where

oL
= ———— 00 A, — Loz 2.5.32
J 8(8MAV)O Lox (2.5.32)
as well as a Noether charge
Q- /d%jo (2.5.33)

Using Stokes’ theorem and the fact that, for physical systems, the fields vanish quickly
enough at infinity, one can readily show that 0y() = 0. Thus, this charge represents
a conserved quantity in the dynamics of the field.

Restricting oneself to infinitesimal Lorentz transformations, one can use Eq.(2.5.24)
and Eq.(2.5.26) to rewrite dx* and dypA* respectively. Since Lorentz symmetry must

be respected no matter the parameters for a particular transformation wy,, , one defines
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multiple Noether charges associated with each generator, so that

Q(W) — /d3a:j(“”)0

- / d%(%(wm S, A,) — £[S“”]Oox">

(2.5.34)

Restricting oneself even further to the spatial rotations in SO(3) as before, the com-
ponent coming from L[S*]° x° vanishes since the S? generators have no temporal
components in the 4-vector representation. This allows one to define the three charges

related to the symmetries of spatial rotations of the field.

Qi — /d:ﬂx(%@% + [52‘];14(,)> (2.5.35)

This therefore shows that it is possible to associate each generator of rotational
symmetry with a conserved charge for any field that obeys the Euler-Lagrange equa-
tions. All of the conclusions that have been reached so far are valid for any generic
4-vector field. My goal now is to see how this applies to the electromagnetic field and
how it can be linked to my earlier description of its angular momentum. To that end,
I now need to define the appropriate Lagrangian and field operator.

Typically, the physically measurable quantities that describe a particular electro-
magnetic field are the electric E and magnetic B field vectors, which obey Maxwell’s
equations as they are defined in Eq.(2.4.4). However, these are not the actual field op-
erators in field theory. It is convenient to describe the field using the electromagnetic

potentials

A
E=-V¢-— %—t B=VxA (2.5.36)

with ¢ and A being the scalar and vector potentials. Although the electromagnetic
interaction was the first physical theory to show Lorentz symmetry, the description
of its dynamics using Maxwells equations does not make this immediately obvious.
Fortunately, classical field theory offers a description that is both manifestly Lorentz
covariant and further provides a clearer progression to the quantization that will
be required when QED effects will be considered later on. Following the standard
methods of classical electrodynamics, I start by defining some important tensors that
are essential for the covariant formulation [29]. The electromagnetic field will now be

completely described by the 4-potential A*:

Ab(z) = (¢, A) (2.5.37)
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This is a 4-vector field and thus transforms in the way defined in Eq.(2.5.25) under
a Lorentz transformation. The physical fields are represented in the anti-symmetric

electromagnetic field tensor F* defined as:
Fr = 9rAY — 9" A* (2.5.38)

Considering the definition of the physical electric and magnetic fields in Eq.(3.2.3),
the electromagnetic field tensor is then written in terms of the traditional E and B

fields [29] as

0 -E, -E, —E.
E, 0 —-B, B,
E, B. 0 -B,
E. -B, B, 0

Using these objects, the classical electromagnetic field in the absence of sources is

P = (2.5.39)

described, in Lagrangian formulation, in the following way [25]:

1
L(A,,0,A,) = _ZFWFW (2.5.40)
This means that
oL
=0 2.5.41
3o As) (25.41)
oL _ 0 pi i A0\ _ i
B0 =—(0PA"'-0'A")=F (2.5.42)

Applying this to Eq.(2.5.35) and using the fact that, when restricted to the spatial
components, the generators of internal rotations can be written as S* = —ie/*, the

conserved Noether charges can be rewritten as

Q(Z) — i/d3l'(Ea(€ijkxjak>Aa _ EiabEaAb)
(2.5.43)
= —i/d3x(Ea(r x V)'A* + (E x A)Y)

Since V - E = 0 in the absence of sources and B = V x A, one can use the vector
identity for the triple product and integrate by parts while assuming that the fields

vanish at infinity to show that the above equation is equivalent to
Q= /d?’;c(r x (E x B)) (2.5.44)

This means that the conserved charges resulting from the symmetries generated via

L* and S? are none other than the total angular momentum of the electromagnetic
field as it was defined in Eq.(2.4.13).
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2.6 Conclusion

The analysis that is outlined in this section leads to several conclusions. First, the
quantum mechanical angular momentum operators have a fundamental origin in that
they simply arise from the generators of rotations in the Lorentz group. For any
physical field, there are two types of generators that can be defined, which are dis-
tinct in both their origin and the way they act on the field. One type of those is
represented by generators of internal rotations whose representation and eigenspace
depend on the kind of field under question. This generator acts on the tensor nature
of the fields and is related to the way the tensor transforms under rotation. In the
case of light, the generator takes the particularly simple form in Eq.(2.5.20). Tech-
nically, this should mean that there are four different states of light with definite
(s, mg) eigenvalues. However, only two of these states are physically allowable: (1, 1)
and (1,—1). These correspond to the right and left circular polarizations of light
respectively. The main reason why the other states are forbidden is seen from the
transversality condition for electromagnetic waves k - n = 0, meaning that there are
only two independent components for the polarization of electromagnetic excitations.
The other type corresponds to the generators of spatial rotations, which are indepen-
dent from the representation and the field under consideration. They have the same
form for the electromagnetic field as they do for other fields, such as electrons. Their
eigenspace is discrete but infinite and they act on the spacetime dependence of the
electromagnetic field. Together these generators are related, via Noether’s theorem,
to the same conserved quantity that was earlier identified, in Eq.(2.4.10), as being
the total angular momentum of the electromagnetic field.

It should be noted, however, that this is not the only method of defining the an-
gular momentum operators. Instead of identifying the operators with the generators
of rotations, another approach defines the conserved Noether charge in Eq.(2.5.43) as
being the total angular momentum operator of the electromagnetic field with the first
and second terms in the integrand being the orbital and spin angular momentum den-
sities respectively. This is generally called the “canonical” version. Other approaches
include the “Belinfante” version which starts from the classical definition of angular
momentum that is related to the Poynting vector of an electromagnetic field and
upgrades that integral to an operator [39], as well as the version proposed to make
the spin and orbital densities in the canonical version separately gauge-invariant by
splitting the electromagnetic potential into transverse and longitudinal components

21, 30]. Each of these versions has its own weaknesses and strengths: the canonical
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version has a fundamental link to symmetry transformations but lacks gauge invari-
ance for each angular momentum operator separately, the Belinfante version can be
mapped to the angular momentum that naturally arises in classical electromagnetism
but has no fundamental separation between the spin and orbital components and the
gauge invariant version does not obey the typical angular momentum commutation
relations for its operators [8]. One way which has been suggested to adjudicate which
of these versions is the best description, is to measure the angular momentum density
of the electromagnetic field in an experiment where an electromagnetic wave interacts
with matter [40].

Another interesting conclusion, that was reached in the previous section, is that
the so-called angular momentum commutation relations in Eq.(2.3.5) have a funda-
mental origin in that they are the Lie algebra that all generators of rotations must
obey. This is true for the two types of generators, corresponding to “internal” and
spacetime rotations, that were defined above no matter which physical system is
under consideration, be it the electromagnetic field or electrons. Some of the contro-
versy surrounding the behaviour of the angular momentum operators for light and
their commutation relations stems from the above-mentioned conflicting views on how
they should be defined. If one were to use gauge-invariant definition of the angular
momentum operators as being the total conserved charge due to rotations after the
integration of the spacetime dependence, expanding the field operators in the integral
in certain bases would cause the resultant integrated orbital and spin operators not to
obey the Lie algebra, as was done in reference [8]. However, this method of expressing
the angular momentum operators is flawed in that it involves the field operators in
the definition of a physical observable. The conserved charges can be thought more as
the expectation value of the angular momentum operators defined by the generators.

Lastly, there remains the question of whether the individual components of the
angular momentum of light are conserved separately or whether only the total angular
momentum is conserved. As in the case for the electron in the hydrogen atom, this also
depends on which system is considered and how it is modelled. If spin-orbit coupling
is included for the electron, the projections of its spin and orbital components are no
longer separately conserved since they interact with each other. For light, a similar
analysis is possible. For the case of a paraxial beam moving in free space, I have shown
that the envelope function u(r) that relates to the OAM is completely independent
from the polarization of the beam defining its SAM. However, there have been spin-
orbit effects observed for light in certain conditions such as whispering gallery mode

emitters [41] and photonic crystal waveguides [42]. Additionally, if we go back to the
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light-matter interaction considered previously, when an atom absorbs a photon it is
the total angular momentum that is conserved during this interaction and not simply
its separate components. In the next chapter, I will show how the conservation of
the angular momentum of light can be leveraged to experimentally evidence one of
the longest standing predictions of quantum electrodynamics: vacuum photon-photon

scattering.
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Chapter 3

Orbital angular momentum in
photon-photon scattering

“Erwin with his psi can do
Calculations quite a few.

But one thing has not been seen:
Just what does psi really mean?”

Eric Huckel

3.1 Context

As mentioned in the introduction, light has been the basis for many scientific investi-
gations due to how important it is in everyday life, from being indispensable for one
of humanity’s most important senses to being the current best carrier for high-speed
information. Throughout the history of scientific research on light, there have been
many models to describe its nature and behaviour ranging from geometric rays of
particles to waves in an electromagnetic field. However, for the vast majority of that
time, light beams were never considered to be able to interact with one another in the
absence of matter. This was mostly in line with the empirical evidence that was avail-
able. Unlike colliding particles, colliding rays of light seem to be generally transparent
to one another. The only times light seems to interact with itself are in the context
of non-linear optics where effects, such as harmonic generation coupling various laser
pulses, can occur. This happens because certain media are made of material that
exhibits significant non-linear polarization in the presence of strong electromagnetic
fields. This non-linear polarization can couple different modes of radiation together

when intense light propagates in these non-linear media.
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This all changed with the development of the theory of quantum electrodynamics
(QED) in the early-to-mid 20" century. This new theory posited that even in the
absolute vacuum, there exist fluctuations in the electromagnetic and Fermion fields
which QED describes. These fluctuations are not simply mathematical curiosities,
they lead to detectable effects such as the observed Lamb shift between two Hydro-
gen energy levels [43, 44] or the Casimir effect where a force can be detected between
two conducting plates placed in the vacuum due to the difference between the elec-
tromagnetic fluctuations inside the cavity formed by the plates versus outside that
cavity [45, 46]. One of the most fascinating consequences of these vacuum fluctua-
tions is when virtual Fermion particle-antiparticle pairs are generated in the vacuum
and annihilated almost instantly leading to a theorised vacuum polarization, which
can act in the same way as the non-linear polarization of certain dielectric media,
causing non-linear coupling between modes of electromagnetic radiation. This vac-
uum polarization makes it then possible for photons to scatter off of each other in
the absence of matter. This vacuum photon-photon scattering is an effect that has
attracted considerable interest over the past few decades [47, 48]. However, due to the
weakness of vacuum polarization, experimentally observing this effect is no easy feat.
Many different proposals have been made to detect such processes using microwave
cavities [47], plasma channels [49] and high-power lasers [50, 51]. The main obstacle
to these schemes has been the relatively weak predicted signal compared to the noise
inherent to any experiment. As such, scattering between real photons has yet to be
observed in the vacuum.

In the previous chapter, I showed how the OAM of light can be defined both from
a classical point of view, in the Laguerre-Gaussian solutions to the electromagnetic
wave equation, and from a quantum field theoretical point of view where it arises from
symmetry considerations. In this chapter, I investigate the effect of OAM coupling
in elastic photon-photon scattering and show that OAM contributes an additional
unique signature in the photons generated via this elusive effect. This signature will
help filter the aforementioned background noise and is thus predicted to make the
detection of these weak signals significantly easier.

This chapter will be organised as follows: first, it will be shown why photon-
photon scattering is purely a quantum mechanical effect not possible with the classical
electromagnetic field. Then, the path integral formulation will be used to derive an
effective field theory and a non-linear electromagnetic wave equation, allowing for a
semi-classical treatment of light-light scattering. Afterwards, a harmonic analysis of

the non-linear equation is performed to show some of its properties. Following that,
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exact solutions to the linear electromagnetic wave equation which carry OAM will
be discussed. These modes will then be used to investigate the effect of OAM on
photon-photon interaction. Finally, a proposed experimental configuration will be
presented that is expected to validate the accompanying theoretical work. As this
chapter focuses on effects from quantum field theory, I will use the natural units

throughout this chapter, except where is explicitly indicated otherwise.

3.2 The classical electromagnetic field

Before considering the modifications brought on by QED, I will first turn my attention
to classical electromagnetism and how it models the dynamics of light. Recall the
4 Maxwell equations as well as the definition of the electric and magnetic fields in

terms of the potentials:

OE

V-E=p VxB=J+ (3.2.1)
OB
VxE=-—" V-B=0 (3.2.2)
A
E:—w—%—t B=VxA (3.2.3)

with ¢ and A being the scalar and vector potentials. Since this chapter will, later
on, focus on the effects arising from QED, I will be using the covariant formulation
of classical electromagnetism outlined in the previous chapter. Whereas there I re-
stricted myself to the Lagrangian of the vacuum electromagnetic field, here I want to
introduce coupling to charges and currents. To that end, I define the four-potential

A* and the four-current as
A" = (9, A) 7= (p,d) (3.2.4)

where p is the charge density and J is the current density. Using these objects, along
with the electromagnetic field tensor F*¥  the dynamics of the classical electromag-
netic field in the presence of sources are described by the following Lagrangian density
[25]:
1
L(A,,0,A,) = _ZFWFW — A, J" (3.2.5)

This Lagrangian is composed of two parts, the first represents the electromagnetic
field in vacuum while the second part is the minimal coupling of the field to any

electromagnetic sources of charge and current. The advantage of the Lagrangian
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formulation is that the Lorentz covariance of the electromagnetic field is now explicit,
as we have constructed the Lagrangian using only Lorentz scalars. Another useful
symmetry is seen by recalling how the physically observable electric and magnetic
fields are defined using the elements of the four potential in Eq.(3.2.3). Due to
equations relating them with the scalar and vector potential, the electric and magnetic

fields are invariant under the following transformation:

00
A—A+V0o ¢—>¢—E (3.2.6)
with 6 being an arbitrary scalar function of spacetime coordinates. Again, this is

written more concisely in an explicitly Lorentz covariant way as:
AF — AF — 010 (3.2.7)

This symmetry is what is called gauge invariance, where Eq.(3.2.7) is the associated
gauge transformation, and further plays an essential role in the theoretical description
of electromagnetic interactions. As an example for the important consequences of

gauge invariance, consider the action of the electromagnetic field.
S = / d'zL(A,,d,A,) (3.2.8)

Since the physical fields are gauge invariant, one would like for the action, which
determines the equations of motion, to be so as well. Eq.(2.5.38) shows that the
electromagnetic field tensor is gauge invariant, hence if I perform the gauge trans-
formation outlined in Eq.(3.2.7) only the minimal coupling part leaves an additional

term in the new action

68 = — / d*zJ"0,0 (3.2.9)

By requiring the four-current to vanish at infinity, and by further requiring this dif-
ference in the action to vanish to respect gauge invariance, integration by parts leads

to the familiar expression of charge conservation
oJ" =0 (3.2.10)

Now that all the relevant parts of the classical electromagnetic field and its sym-
metries have been defined, all that is left is to derive the equations of motion that
govern its interactions. As usual for the Lagrangian formulation, this is done by ex-
tremising the action integral defined above in Eq.(3.2.8). This extremum is be found

by using the Euler-Lagrange equations for fields

oL oc
= 2.11
% g4y ~ 94, (32.11)
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This equation, when applied to the Lagrangian defined in Eq.(3.2.5), leads to the

following equations of motion:
0, F" = 0,0'A” — 0"(0,A") = J” (3.2.12)

Using Eq.(2.5.39) along with the definition of the four-current, it can be shown that
this equation is equivalent to the first pair of Maxwell’s of equations (Eq.(3.2.1)).
The remaining Maxwell equations can be derived by considering the so-called dual

electromagnetic tensor defined as
~ 1
P = §ewﬂFaﬁ (3.2.13)

where €5 is the totally anti-symmetric tensor. F* is also gauge-invariant and,
as such, provides a suitable alternative description for the physical electromagnetic
fields. In fact, one can use it in the Lagrangian instead of the original tensor rewriting
the former using the identity F*F w = —F*F,,. From the definition of the dual

tensor, it is clear that
~ 1
O, = Eewﬁ (0,00As — 0,05A4) =0 (3.2.14)

This is because ¢**# is anti-symmetric in all of its indices while the first element
in parentheses is symmetric under exchange of ;1 <+ « and the second element is
symmetric under p <> 3. This identity leads to the remaining Maxwell’s equations.
It should be noted that Eq.(3.2.14) was derived completely independently from the
Lagrangian and the equations of motion: it is merely a consequence of the definition
of the electromagnetic field tensor. This is reflected in the fact that there are no
source terms involved no matter what medium or free sources are being considered.
Let us now consider the equations of motion defined in the vacuum where there are
no sources and J* = (. Taking advantage of the gauge invariance defined above, one

defines the four-potential such that
A" =0 V-A=0 (3.2.15)

This is called the radiation gauge and it implies that 9,A* = 0. This means that
Eq.(3.2.12) can be written more simply as

(= —VHA =0 (3.2.16)

with ¢ = 0, as per the gauge condition. The easiest, most immediate solutions, to

this electromagnetic wave equation are the so-called plane wave modes:
A(z") = Ae"* " n(k) (3.2.17)
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Where A is a constant amplitude, k#= (w,k) is the four-wavevector and n(k) is
the polarization of the vector potential. The wave equation implies that k,k* = 0,
producing the familiar dispersion relation for electromagnetic waves in the vacuum,
while the gauge condition implies that n(k) - k = 0. Choosing the coordinate system
such that the plane wave is propagating along the z-direction, this means that the
polarization vector lies in the transverse plane, giving the field two degrees of freedom
for its polarization. The most general solution to Eq.(3.2.16) is then written as a plane

wave decomposition analogous to the Fourier decomposition.

M) = —d% a e~ hvr"y c.c
Az >‘/<27r>3m(2 - (k) (k) + c.c. (3.2.18)

Where a, (k) is the amplitude of the specific plane wave component labelled by (o, k)
and ng (k) = e, & ie, are the circular polarization vectors defined in the transverse
(x,y) plane to the direction of propagation. This decomposition of the polarization
is convenient as it expresses the field in terms of modes of definite helicity. The
normalization of the integral is somewhat arbitrary but it was chosen to render the
amplitude dimensionless, while the complex conjugate is added to ensure that the field
is real. Since ¢ = 0, the physical electric field is derived from the vector potential
using E = —0A/0t. It should be noted that although the radiation gauge provides
a convenient way of solving the equations of motion for the electromagnetic field and
decomposing it in the familiar transverse plane waves basis, the treatment becomes
no longer manifestly Lorentz covariant as can be seen in the gauge conditions in
Eq.(3.2.15).

Looking at Eq.(3.2.16), it is clear that the electromagnetic wave equation is linear
in the vacuum. This leads to what is called the superposition principle, meaning that
any superposition of solutions to the equation will also be a solution to the equation.
This is seen from the Lagrangian since in the absence of any sources of charge and
current, it is merely a quadratic function of the fields, and as such the equations of
motions are linear and there are no self-interaction terms. This seems to indicate
that two electromagnetic waves cannot interact or scatter in the vacuum. However,
as will be seen later on, once the Fermion and electromagnetic fields are quantized,

the vacuum is not strictly speaking “empty”.

3.3 Quantum electrodynamics

The dawn of the 20" century brought rapidly-moving transformative change to our

understanding of the fundamental physics of the universe. The “two clouds” pointed
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out by Lord Kelvin, in his 1900 lecture at the Royal Institution, quickly led to the
development of the ground-breaking theories of Quantum Mechanics [52] and Special
Relativity [53]. However, it was quickly realised that they did not appear to be
compatible with one another as the fundamental equation in quantum mechanics,
the Schrodinger equation [54], was not Lorentz covariant since it treated space and
time differently. The quest for symmetry led to the development of QFT pioneered
by Paul Dirac [55]. This new theory elegantly describes the elementary particles and
their interactions as coupling between quantized excitations of certain fields. The
very first interaction to successfully receive this treatment was the electromagnetic
interaction in what came to be known as Quantum Electrodynamics. Currently,
QED is the most rigorously tested physical theory and has provided the most precise
predictions we have to date such as predicting the fine structure constant with an
uncertainty better than one part in a billion [56].

Evidently, the first step to this description is to quantize all the relevant fields
starting with the electromagnetic field described before. Since the primary goal of
QED is to describe relativistic quantum mechanics, let us forgo the radiation gauge

described in the previous section for the Lorentz invariant Lorentz gauge:
0, A" =0 (3.3.1)

Plugging this in the equations of motion in the vacuum leads to the wave equation for
the entire four-potential 9,0"A” = 0. However, we can no longer decompose the field
into helicity eigenstates since the condition n(k) - k = 0 is replaced with k,n* = 0.
The so-called canonical quantization in QFT is done in analogy to the one in
non-relativistic quantum mechanics. There, a Hamiltonian H(q",p’) and its spe-
cific generalised coordinates ¢* and conjugate momenta p’ are “upgraded” to quan-
tum mechanical operators H, ¢, p/ with the Poisson brackets {p’,¢?}pg = 6% and
{¢",@}ps = {p', P’ }re = 0 “upgraded” to the commutation relations [q’, p’] = i§%
and [q',¢’] = [p, p’] = 0. The quantity of interest in QFT is not the specific coor-
dinates or momenta of the particles but the fields that describe them A*(x*). We
can then, again by generalisation from classical Lagrangian mechanics, define the

conjugate “momenta’ [25]

oL
m#(z") = —————~ 3.3.2
= @A) (332
that can then be used to define the Hamiltonian density
H(AM 1Y) =1T1"0p A, — L (3.3.3)
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Since the fields depend on time, when they are upgraded to operators, the com-
mutation relations for them are only defined at equal time. The previously defined

commutators generalise to

~ A

[Af(x, 1), 11" (y,1)] = i) (x — y) (3.3.4)

[A#(x,t),A"(y,1)] = [[1*(x, 1), I (y,t)] = 0 (3.3.5)

To make the notation less cumbersome, the “hat” on the quantized field operators will
be omitted, relying on the context to distinguish them from their classical counterpart.
This quantization poses a problem when considering the vacuum Lagrangian for the
electromagnetic field as it was previously defined. As can be seen in Eq.(3.2.5), the
Lagrangian does not depend on 9yAy meaning that II° = 0. Respecting Eq.(3.3.4) is
then impossible since the commutator of any field operator with II° would be trivial
and A° # 0 in the Lorentz gauge. The avoid this issue, while maintaining Lorentz

invariance, consider a more general vacuum Lagrangian:

1 1
E - —ZF#VF'LLV - 5(6#14#)2 (336)

At first glance, this Lagrangian appears not to be compatible with the electro-
magnetism of Maxwell’s equations as the newly-added second term breaks the gauge
invariance found in the physically observable fields. However, it does now offer a way
to properly define all the necessary conjugate momenta. It also immediately leads
to the wave equation 0”0,A* = 0 without the need for any gauge condition. The
electromagnetic field operator can now be decomposed into plane waves

AP — &’k : [N —ikyx? Booat o Jikua? 3.3.7

B / (273208 ; (i ke + ™) (3.3.7)

Where k,k* = 0 and n* is the completely unrestricted polarization four-vector with
four independent degrees of freedom. For each four-wavevector, it useful to orient
spacetime to have the spatial wavevector on the z-axis and define the four possible
polarization along the axis of that spacetime. Since the field is now an operator, the
field amplitudes in Eq.(3.2.18) also become operators. To maintain the commutation
relations between the field operators defined in Eq.(3.3.4), these amplitude operators

must obey the relations
A, 8] = —(21)200) (k — K ) (3.3.8)

By analogy with the quantum harmonic oscillator, ay, é;k are called the anni-

hilation and creation operators respectively. This allows for the construction of a
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Fock space which describes the state of the electromagnetic field in terms of excita-
tions (photons) in particular modes (k) and polarizations (). The vacuum field |0),

containing no photons, is defined as
ara0) =0 (3.3.9)

while any other basis state in the Fock space can be constructed from the vacuum via

ki A s h An) = /2wg, - /20,88 - ALy [0) (3.3.10)

Now that the completely covariant quantization of the electromagnetic field has
been done, the issue of the lack of gauge invariance in the Lagrangian still remains to
be addressed. Additionally, this method of quantization seems to allow the existence
of unphysical longitudinally polarised and time polarized photons. These inconsisten-
cies with physical electromagnetism can be resolved by what is known as the Gupta
formalism [57]. Instead of considering the complete Fock space constructed with
the creation and annihilation operators defined above, I will constrain myself to the

subspace of physically allowable states ({|®pnys)} defined as
< iDhys‘ aﬂAM ’@Phys> =0 (3311)

By considering the expansion of the field operators in terms of Fock operators, this
condition means that a generic physical single-photon state with wavevector k* is
written as

[@riye) = |@1) + a(d), — i) ) [0) (3.3.12)

with |®7) being a generic transverse state created by the action of a superposition
of éch,l and 5};72 on the vacuum. The commutation relations for the Fock operators
immediately lead to the conclusion that the second part of Eq.(3.3.12) has zero norm.
By calculating the Hamiltonian density of the electromagnetic field, it can be shown
that that second part of Eq.(3.3.12) does not contribute to the energy of the state.
Hence, this physical state is equivalent to just |®7) and the subspace of physical
states is further constrained to only consider transverse photons, which matches with
what is physically observable and what is predicted by Maxwell’s equations.

The next step in describing the electromagnetic interaction is to define the fun-
damental particles that experience it. From experimental observations, the most
common of these particles are massive spin 1/2 Fermions. The covariant field opera-

tors that describe the behaviour for these particles is the 4-dimensional Dirac spinor
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field W(x,t). First, I will define some mathematical objects, which are useful when

constructing the relevant Lagrangian, starting with the standard Pauli matrices.

N R R T

From those, the 4 x 4 y-matrices can be defined, which in the so-called chiral repre-

0 ot
o

where 7 = (1, —0) and the y-matrices satisfy the Dirac algebra

sentation are written as

{7V ="+ =2 (3.3.15)
The Lagrangian density for the Dirac field can then be compactly written as [2§]
L =(iv"9, —m)¥ (3.3.16)

Here, one defines the Dirac adjoint ¥ = 4% As one would hope, this Lagrangian is
a Lorentz scalar and thus invariant. Using the Euler-Lagrange equations, the famous

Dirac equation for free Fermions can be derived
(id —m)¥ =0 (3.3.17)

where § = 7#9),, uses Feynman’s “slash” notation. Staying in the chiral representation,

the Dirac spinor is written using the left and right 2-dimensional Weyl spinors ¢, g

U= @2) (3.3.18)

Eq.(3.3.17) then implies the simpler Klein-Gordon equation for each of these spinors
(00, +m*)bpr =0 (3.3.19)

This, of course, admits simple plane wave solutions oscillating at e~#"®» with p? =
E? — p? = m?. From the previous dispersion relation, the solutions for these particles
are thus split into positive and negative-energy solutions. Since the Dirac equation is
a first-order PDE, there are two distinct classes of solutions for the Dirac spinor field
28]:

¥ = uf(p)e P with u’(p) = (\/_J;:Zﬁs) for p’>0 (3.3.20)

U = %(p)e?'®  with 0° = VP 0175 ) for p’ <0 3.3.21
(p) (p) <_\/ﬁns p ( )
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Where s € {1,2}, and £° and 7® are two-dimensional spinors that label the dis-
tinct spinor solutions u®(p) and v*(p) while satisfying the orthogonality conditions
ghs¢r = pisy = 6. Now that solutions to the field equations have been defined,
the canonical quantization of the Dirac field is undertaken in the same way as for the
electromagnetic field. After upgrading the fields to operators, the conjugate momenta
are derived from Eq.(3.3.16):

oL
0(0y¥)

= = Wl (3.3.22)
Since the Dirac field describes spin 1/2 Fermions, defining commutation relations
for it is not appropriate. Instead, the spin-statistics theorem implies that field oper-

ators obey anti-commmutation relations instead:
{Wa(x,1), ¥l(y, 1)} = 6 (x — y)bu, (3.3.23)

where instead of using the full conjugate momenta defined in Eq.(3.3.22), I have
divided all relevant relations by the imaginary number ¢. Similarly to what was done
with the electromagnetic field operator, the Dirac field operator can now be expanded

in the plane-wave basis

d3p - ~ -

V= ——xx dp su’(p)e” '™ £ bl 0%(p)e™ on 3.3.24

| i & e ® Lt m)er ) (334

Unlike the electromagnetic field, there are no reality conditions on the Dirac field,
allowing the ap, s and Bp,s to be distinct. The anti-commutation relations for the fields

impose similar ones on the momentum-space operators
{Aps, 8l } = {bps, bl } = (27)%0®) (p — q)d* (3.3.25)

allowing one to consider these operators as creation and annihilation ones. Eq.(3.3.24)
then shows that the positive energy solutions can be interpreted as particles created
by é;s while the negative energy solutions are anti-particles created by BL,S. The
main free fields involved in the electromagnetic interaction have now been defined

and quantized with their total Lagrangian density being

- 1 1
L=W(iy"d, —m)¥ — 2w " = 5(8MA“)2 (3.3.26)
So far, we have only treated the free non-interacting fields, what is missing to complete

the QED description is the coupling between them.
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To that end, symmetry is again relied upon. Along with the typical Lorentz
invariance, the Lagrangian in Eq.(3.3.26) exhibits another interesting symmetry with

respect to the U(1) transformation
U - 0y (3.3.27)

It is clear that if € is constant, then the Lagrangian remains invariant. This type of
symmetry, which depends on a constant parameter, is called global. However with a
slight modification to the Lagrangian, it can be promoted to a local symmetry, i.e.

one where 6 = 6(z#). Consider the following Lagrangian:

A - 1 1 =
L=V(iyd, —m)¥ — ZFWF“” — 5(auAﬂ)Q — qA, U (3.3.28)
It is invariant over the previously defined physical subspace when the two following

transformation are done concurrently
T — AP — AP — 09 (3.3.29)

with 6 being an arbitrary scalar function of spacetime. Eq.(3.3.28) is the full QED
Lagrangian and it shows why QED is called a gauge theory. The gauge invariance of
the physical electromagnetic field was used to promote the global U(1) symmetry to
a local one, with the consequence being the coupling of the electromagnetic field to
the Dirac field.

However, this coupling had an unfortunate effect. It is no longer possible to easily
solve the equations of motions for the fields or decompose them into the convenient
plane waves modes. Exactly solving any equations derived from the full Lagrangian
is no longer feasible. In order to gain some insight into the interactions between the

fields, one must turn to perturbation theory. Eq.(3.3.28) can be split into three parts
L = Lem + Lpirac + Lint (3.3.30)

where Ly and Lpiae are the free electromagnetic and Dirac Lagrangian, and Ly, =
—qA, W~"W is the interaction Lagrangian responsible for the coupling between them.

Consider an input state consisting of an electron and a positron |p.k,), that are
initially, at T; — —oo, far enough apart that they do not interact. As they evolve,
their state is modified by the coupling. One of the most important applications of
QED is to determine what is the probability that after their interaction, the electron
and the positron state end up, at Ty — oo, in the state |p’ek;,>Out where they are again

considered to be far enough apart to no longer be interacting. One of the ways to
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solve this is to derive what is called the scattering amplitude of the interaction, which
is quantified by the S-matrix element _(p.k;|S |pcky);,- The S-matrix contains all
the information about the evolution of the input state via the interaction. It is useful
to decompose it into S = 1 + iT where iT contains all the non-trivial interactions

that do not leave the input state unchanged. It can be then shown that [28]

ut(p’ek;\iT\pekp>in = 0<p’ek;,]7'(exp(—i/d4x7-[1)) pky), (3.3.31)

where 7T is the time-ordering operator, H; is the Hamiltonian density in the interac-
tion picture and the states with subscript 0 are the free unperturbed states. In the
case of the electromagnetic interaction, since L;,; has no dependence on derivatives of
the field, the interaction Hamiltonian is simply H; = qA, ¥~y*W¥, where all the fields
are also in the interaction pictures and can thus be expanded as plane waves, in the
same way as for the free fields.

Even with all the prior simplifications, Eq.(3.3.31) is practically impossible to solve
exactly. However, the exponential can be expanded into powers of the coupling terms
with each higher order either revealing new possible interactions or adding successive
corrections to pre-existing ones. The field operators in the coupling terms can then
be expanded into creation and annihilation operators via the canonical quantization
procedure introduced in Eq.(3.3.7) and Eq.(3.3.24). Therefore, the contribution of
each expansion can be computed. The zeroth order term is trivial as it represents no
interaction between the input and output states. For the particular electron-positron
interaction under consideration, the first interesting contribution to the scattering
amplitude comes from the second-order term. Due to the complex nature of these
calculations, a set of rules were devised to keep track of all the different terms that
could arise from Eq.(3.3.31) along with a graphical representation of the calculations.
This framework is called the Feynman diagrams. For the electron-positron interaction,
there are two distinct diagrams that arise from the second-order expansion, these are
shown in Fig.(3.1).

Along with providing a useful way of keeping track of S-matrix calculations, Feyn-
man diagrams provide an intuitive interpretation of the various terms arising from the
coupling. For example, as shown in the right part of Fig.(3.1), the electromagnetic
interaction that leads to electron-positron scattering is no longer just an abstract
invisible force between them but is caused by the exchange of a “virtual” photon,
coming from the electromagnetic field that couples them, which mediates the mo-
mentum transfer. These two diagrams are, of course, not the only contributors to the

electron-positron interaction. Higher-order corrections can be derived corresponding

o6



3. ORBITAL ANGULAR MOMENTUM IN PHOTON-PHOTON SCATTERING

Figure 3.1: The two distinct momentum space Feynman diagrams representing the
second-order expansion of the S-matrix for electron-positron interactions. Straight
lines are Fermions and wavy lines represent photons. Left: This diagram repre-
sents electron-positron annihilation and recreation. Right: This diagram represents
electron-positron scattering.

to ever more complex Feynman diagrams that make it possible to calculate more
accurate predictions. This is what has allowed QED to be the most accurately tested
physical theory we have to date. In fact, the previously mentioned result on the fine-
structure constant was achieved by calculating 8" order corrections corresponding to
891 Feynman diagrams.

All the elements are now in place to start tackling the problem of photon-photon
scattering in vacuum. Unlike in classical electromagnetism, the effect of the coupling
between the Dirac and the electromagnetic fields in QED is clearly non-linear, and all
the various interactions can now be interpreted as various Feynman diagrams showing
exchange of momenta between the particles of the fields. To see how this can make

photon-photon scattering possible, recall some of the rules of Feynman diagrams for
QED [38]:

1. Every successive expansion has the same number of interaction vertices in its

diagram as its order;

2. Each vertex has to connect one photon line, one incoming Fermion line and one

outgoing Fermion line;

3. The initial and final states are represented by external lines while internal lines

represent “virtual” particles which mediate the interaction;
4. Charge is conserved in the interaction represented at every vertex.

These rules show that it is not possible to have scattering between just two pho-

tons in vacuum as there would not be enough interaction vertices to couple them.
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However, the same is not true when considering four photons. Expanding Eq.(3.3.31)
to fourth order gives the required four interaction vertices and thus provides the lowest
order contribution to photon-photon scattering in the vacuum. One of the resultant

coupling terms can be represented by the Feynman diagram in Fig.(3.2).

k‘g kS

ki ky

Figure 3.2: Feynman diagram representing one of the lowest-order contributions to
photon-photon scattering.

This diagram now shows that scattering between photons in vacuum is possible
via mediating virtual electron-positron pairs that form what is called a loop diagram.
There are two different ways to interpret these virtual electron-positron pairs which
can arise even from low-energy photons. The first is the so-called “old-fashioned
perturbation theory” where the Heisenberg uncertainty relations predict that energy
conservation can be violated over a very short time interval leading to the possibility
of the production of these virtual pairs since they get annihilated almost immediately.
The other way to interpret this is that there is always a finite, if small, probability of a
photon fluctuating into a virtual pair while still conserving energy because the virtual
particles do not obey the typical mass-energy dispersion relations (m? = E? — p?)
and as such have properties different than their real counterparts which have to obey
these relations.

This effect, where the virtual electron-positron pairs generated by a photon modify
the electromagnetic proprieties of the vacuum, is generally called vacuum polarization
[28]. Photon-photon scattering is only one of the many predicted consequences of
vacuum polarization. Ever since the latter was first theoretically modelled [58, 59,

60], many of its predicted effects have been experimentally verified. These include
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Delbriick scattering, where a photon scatters off the Coulomb field generated by a
nucleus, which was first observed to occur with Lead atoms [61] as well as photon
splitting, which is when a photon interacting with an electromagnetic field splits into
two photons, which was observed in atomic fields [62]. Other vacuum polarization
effects remain without experimental verification so-far but there have been many
experimental proposals and campaigns attempting to evidence them [63]. One such
effect is vacuum birefringence where the modifications brought on by the Fermion
loop induced by an electromagnetic field can make the vacuum act like a birefringent
material affecting the polarization of other electromagnetic waves. There have been
many ongoing initiatives to experimentally verify this effect either by using magnetic
fields interacting with electromagnetic waves in a Fabry-Pérot cavity such as in the
BMV and PVLAS campaigns [64, 65, 66], or by using a high-power optical laser
interacting with an x-ray free electron laser (XFEL) such as the experiment that is
proposed for the HIBEF facility [67], among others. Beyond vacuum birefringence,
there are many other unmeasured consequences of vacuum polarization which have
driven various interesting experimental proposals such as vacuum photon acceleration
[68] and vacuum harmonic generation [69].

Among the effects that remain unverified, I have chosen to focus on photon-photon
scattering. Although vacuum polarization has already been confirmed in previous
experiments as detailed above, researching the photon-photon interaction is still in-
teresting and has the potential to lead to impactful results. Not only is this because
its experimental verification can add further confirmation to the validity of QED, but
also because any deviations in the detected signal can point to new and interesting
physics beyond the framework of the standard model. This is because vacuum polar-
ization is not only predicted to occur due to non-linear QED effects, there are also
theories which hypothesize that it can occur due to coupling mediated by axions [70],
milli-charged particles [71] or due to other models of non-linear electrodynamics such
as the Born-Infeld model [72, 73]. As such, the results of an investigation of photon-
photon scattering can confirm or put bounds on the parameters of these non-standard
models.

It should be noted that scattering due to vacuum polarization does not only occur
between real photons. It can also occur between the virtual photons which mediate
the electromagnetic interaction. In fact, an experiment performed using the ATLAS
detector at the large hadron collider (LHC) was the first to report photon-photon
scattering between virtual photons [74]. This occurred because strong electromagnetic

fields, generated during the ultra-peripheral collisions between heavy relativistic ions,
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can be modelled as photons with very low virtuality. As mentioned above, virtual
particles can be interpreted to violate the standard mass-energy dispersion relation in
order to preserve energy conservation. As such, The virtuality of a particle Q? can be

defined as the deviation of its 4-momentum p* from the standard dispersion relation:
Q* =p* —m? (3.3.32)

where m is the mass of the particle and p? = ptp, making it so that Q? = 0 for
real particles. The electromagnetic fields caused by the aforementioned relativistic
ions can be treated as photons with virtuality as low as Q% <1072 GeV2. Due to the
relativistic nature of these collisions, the electromagnetic fields can be strong enough
for the higher-order QED corrections, such as the ones due to the one-loop photon-
photon interaction diagram shown above, to be relevant and have a detectable impact.
Although this detection is an important step in experimentally proving photon-photon
scattering, there is still no experimental verification for this interaction between real
photons in the vacuum.

One of the ideal ways to show this would be simply to study the interaction
between high-power lasers in the vacuum. This approach has been steadily attracting
more interest over the past two decades thanks in part to the ever increasing power
of new laser systems that will be capable of delivering multi-petawatt pulses [9, 75].
Many proposals have been put forth to leverage these high-power lasers in order
to investigate the photon-photon scattering which is predicted to occur when they
collide [51, 76, 77]. Although these proposals predict a theoretically measurable signal
using modern laser systems, they have a low signal-to-noise ratio due to the presence
of other competing interactions that occur due to imperfect experimental conditions.
An example of such sources of noise is the Compton scattered photons produced when
the intense laser pulses couple with the particles that still remain in the interaction
region in imperfect vacuum chambers.

Over the next sections, I will show how leveraging the orbital angular momentum
of light can help increase the expected signal-to-noise of the photon-photon scattering
signal. To that end, a quantitative model must first be made for this interaction
when using laser radiation so that the effects of laser spatial modes can be included.
Although the diagram in Fig.(3.2) gives a very intuitive and clear picture of how this
interaction can happen, calculating the full scattering amplitude using the S-matrix
formulation is a daunting task, even at the lowest order contributions, and requires
careful consideration to avoid any divergences that may arise. To that end, it is more

convenient to treat this problem from an effective field theory point of view.
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3.4 Effective field theory and the Euler-Heisenberg
Lagrangian

The canonical quantization procedure introduced is not the only method for calculat-
ing scattering amplitudes, and in fact it is not always the most optimal way of doing
so. An alternative procedure exists called the path integral formulation of quantum

mechanics in which the scattering amplitude between initial and final states is [38]
(i, Ti|f, Ty) = / DY DWDA" exp(iSqrp) (3.4.1)

where the initial and final state (|7, 7;) and | f, T¥)) are in the time independent Heisen-
berg picture, the integration in the functional integral runs over all possible physical
field configurations between the initial and final states and Sqrp = f d4x,CQED is the
QED action. Eq.(3.4.1) shows that the scattering amplitude is the sum of all possible
paths in configuration space between the initial and final field configurations, each
weighted by the complex exponential of their action. Applying the stationary phase
approximation to this integral leads to the classical principle of least action.

To derive an effective field theory for the vacuum electromagnetic field, one simply
integrates out all the contributions of the Dirac field and then approximates by only
keeping terms up to the one loop contributions to the QED vacuum shown in the
previous section. To that end, it is possible to expand the action in Eq.(3.4.1), group
together all the terms that depend on the Dirac fields and then integrate them out

to define an effective Lagrangian dependent only on the electromagnetic field:

exp (i/d4:p£eg(Au)) = /D\IfDlIl exp <i/d4x(‘ll(m“0u —m)¥ — qAMlIW“\IJ))
(3.4.2)
This integral is quite challenging to calculate, even if it is just a perturbative ex-
pansion. However, it satisfies a few properties that can restrict what kind of terms
the effective Lagrangian might contain. The integral on the RHS of Eq.(3.4.2) is
manifestly Lorentz invariant since everything inside of it is a Lorentz scalar. It is
also, by construction, gauge invariant under the previously defined QED gauge trans-
formation of the Dirac and electromagnetic fields. Finally, since one is integrating all
the Dirac fields, it can only depend on the electromagnetic field. These restrictions
imply that the effective Lagrangian is only made of powers of F,, F*” and F, W]:W”,
bearing in mind that F, WF’ " o F,, F'*. By expanding the integral and keeping only

terms up to ones corresponding to the one loop interaction terms in the Feynman
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—4
e

)), the so-called Euler-Heisenberg effective Lagrangian is found [58]:

1 7 -
Lg n= LM+ Legg = —ZF,WF’“W + g((ffﬂw,F‘“’)2 - Z(F“”FW)2> (3.4.3)

diagrams (O(m

2 2
e
with o = P being the fine-structure constant. It should be noted
T

where § = 3
that the modification that was made to allow for the covariant quantization of the
electromagnetic field (the added (9,A*)? term) has been omitted, as I am only con-
cerned with physical fields and am no longer going to quantize them. Also, since
this merely an expansion keeping the lowest order contributing terms, this effective
Lagrangian has a limit on its validity. Specifically, it is only adequate for fields vary-
ing slowly with respect to the electron Compton frequency (A >> 10pm) and whose
strengths are small relative to the Schwinger limit (E. = 1.32 x 10 Vm™1).

The Euler-Heisenberg Lagrangian allows for a semi-classical treatment of the
photon-photon scattering. To see how it implies the non-linearity of the electro-
magnetic vacuum, I will derive the new effective equations of motions. By applying

the Euler-Lagrange equations to Eq.(3.4.3), they can be written as

7 o

0, F" = €, ((FaﬁF"ﬁ)F’“’ + Z(FagFaﬁ)FW> (3.4.4)
It is more convenient to rewrite this equation in terms of the traditional electric and
magnetic fields. Remembering the definition of the electromagnetic field tensor from
Eq.(2.5.39), it can be readily shown that (F,zF*’) = —2(E? — B?) and F,3F* =
—4(E - B). Thus, by projecting Eq.(3.4.4) along the various rows of F** | a modified

version of the vacuum Maxwell equations is found:

V. E=—¢V. (2(E2 ~_B)E +7(E- B)B) (3.4.5)
VxB—%—?:g V x <7(E~B)E—2(E2—B2)B>
(3.4.6)
J% (2(132 ~B)E+7(E- B)B>
vxE--2B VB =0 (3.4.7)

ot

The last two equations are unchanged from their original classical form since they are
a consequence of the structure of the electromagnetic field tensor itself (9, F* = 0)

no matter the Lagrangian.
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It is instructive to compare these equations to Maxwell’s equations in non-linear

media, which are usually written, in the absence of free sources of charge and current,

as
oP OE
-E=-V-P B = M+—+— 4.
\Y \Y, V x (V x +8t+8t) (3.4.8)
VXE:—%—]? V-B=0 (3.4.9)

where P and M are the medium’s polarization and magnetization respectively. From
Eq.(3.4.6) and Eq.(3.4.8), it is clear that we can define a vacuum polarization P,

and a vacuum magnetization My,

P = §<2(E2 ~BY)E+7(E- B)B> (3.4.10)

M, = 5(7(E .B)E — 2(E* — BQ)B) (3.4.11)

This means that the electromagnetic vacuum, as described by the Euler-Heisenberg
Lagrangian, is non-linear implying that the superposition principle no longer applies
and that electromagnetic waves are no longer transparent to one another. To see
this more explicitly, the non-linear electromagnetic wave equation can be derived by
taking the curl of the left equation in Eq.(3.4.9) and replacing the resultant curl of
the magnetic field with its value in Eq.(3.4.8) leaving us with

0"0,E = (V(V-Prac) — (0P + V X Myac)) (3.4.12)

This equation indicates that one of the consequences of the modifications to the
electromagnetic Lagrangian, brought on by the effective field theory, is to add a field-

dependent source term to the electromagnetic wave equation.

3.5 The non-linear vacuum

To investigate the effect of the source term in Eq.(3.4.12) and how it allows for light-
light scattering, consider the case with three initial electromagnetic plane waves so
that the total field is E(r,t) = 3.  E;(r,t) where each wave can be written in
complex notation as

Ei(r,t) = Eje'®i™in,(k,) (3.5.1)

with k¥ = w?, n;(k) being the polarization of the field necessarily satisfying the
orthogonality condition n; - k; = 0 and ¢ € {1,2, 3} labelling each individual wave.
It should be noted that since the complex notation is being used for the fields, the
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squared fields are calculated from their real part (e.g. E* = R(E)?). From Eq.(3.4.10)
and Eq.(3.4.11), it is clear that the non-linearity is cubic, so the inhomogeneous wave

equation, Eq.(3.4.12), can be rewritten to first order as

0"0,E = Z AijkEZ.EjEkei((kﬁ‘kj+kk)‘r_(“-’i+wj+wk)t)
_|_BijkEiEjEZ€i((kz‘+kj*kk)'r*(wi+wj*wk)t) (352)
_’_CijkEiE;Ezei((kifkj —kp) r—(wi+w;—wi)t)

with 7, 7, k € 1,2, 3. This equation shows that, due to the non-linearity of the vacuum,
a multitude of different harmonics are generated via the different photon-photon
interactions between the three initial waves. It is possible to investigate this equation
via harmonic analysis in order to simplify it to a more solvable form. In particular,
one of the interactions mixes all three initial waves generating a fourth mode (ky, wy),

satisfying the following energy and momentum matching conditions:
k1 + kg = k3 + k4 Wi+ woy = W3 + Wy (353)

There are, of course, many other interaction terms that involve different combi-
nations of the three initial waves. However, in the rest of this chapter, only terms
that correspond to the matching conditions in Eq.(3.5.3) will be considered. This is
because that interaction produces the most convenient generated wave to measure ex-
perimentally and allows for flexibility in the geometrical setup of the incoming beams
as will be seen in the following sections. This does not necessarily mean that the
other interactions terms are particularly weaker. However, they are also not specifi-
cally stronger, and waves generated through them will have a different frequency and
direction of propagation (and different OAM state as will be seen later on) to the
interaction in Eq.(3.5.3), meaning that they can safely be neglected when estimating
the number of detected photons in the experimental geometry that will be considered

later on. This means that the generated field of interest can be written as
E4(I‘, t) = E4(I', t)Gi(k4.T_w4t)n4(k4) (354)

with ky = k; + ko — k3, wy = |ky| = w1 + we — w3 and Fy4(r,t) is a slowly varying
function of space and time. For this generated field, the left-hand side of Eq.(3.5.2)

can be expanded to first order as

0"0,Eq(r,t) ~ —22’(@)4% + k- V)E,(r, t)elkar—atn, (k) (3.5.5)

Multiplying both sides of Eq.(3.5.2) by e’k+7=1) it can then be Fourier transformed
in space leaving only the time derivative of E(r,¢). On the RHS, only the resonant
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source term will have its oscillatory phase cancelled out while all other sources will
remain oscillating at Aw = w;;p—ws. When integrating over time, all the non-resonant
terms oscillating at Aw # 0 will vanish and the only relevant non-linear coupling term
will be the resonant EyFE>Ej term. Hence Eq.(3.5.2) can be simplified to

"0, By (r,t) ~ Biog By By By el tatke—ka)r=(witwn—ws)t) (3.5.6)

Therefore, one is left with a somewhat familiar-looking electromagnetic wave equa-
tion with a source term which describes the growth of the electric field generated
via photon-photon scattering. Of course, this equation is only valid if |E4| remains
relatively small, which as we will see is fortunately (and unfortunately) the case. The
most straightforward way to derive an analytical form for the evolution of the gener-
ated field is to use the Green’s function method. Recalling the Green’s function for

the wave equation operator [29], the general solution to Eq.(3.5.6) is

kot —watp(r’))

i(
Ey(r,t) = A E BB} / ¢ &’ (3.5.7)

v —r'|

where A4 is a constant containing all factors arising from fundamental or geometrical
considerations and tg(r’) =t — |’ — r| is the retarded time. Any further analysis of
this equation requires that the interaction geometry be specified, which will be done

in the following section.

3.6 Orbital angular momentum in photon-photon
scattering

Now that the plane wave solution to the non-linear wave equation has been detailed,
I want to investigate the effect of OAM on the photon-photon interaction. To do
so, I need to solve Eq.(3.4.12) using OAM-carrying modes. This can potentially be
done using the Laguerre-Gaussian modes described in the previous chapter. However,

considering the mathematical description of these modes

_ 2w wo (V3 u( 20
Ei(r,t) = W(p+|l])!w(z)<w(2)) w6 (3.6.1)

><exp(—wgp—é)—i—i(kz—wot—i—lgf)—%—l—w(z)))

It is clear that they are not the most convenient ones to treat the problem of photon-

photon scattering even though they are considered the quintessential OAM-carrying
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modes. To that end, my goal is to find a way to express OAM-carrying modes in a
way that makes it simpler to solve the non-linear equation.

Going back to the linear electromagnetic wave equation, the simplest solution to
it, as was seen in the previous sections, is the plane wave decomposition, where a

plane wave is described by:
E(r,t) = Eye'cr—q (3.6.2)

where k is the wavevector, w is the angular frequency and n is the polarization unit
vector of the plane wave. We then consider an infinite superposition of plane waves

whose wave vectors lie on the surface of a cone with half-angle o around the z-axis:

Ei(r,t) = % / %<i>lei<k<¢k>*—“°f“¢k>ﬁ(ezsk)dm (3.6.3)
k(¢y) = kcos(a)z — ksin(a)(cos(¢g )X + sin(¢g)y) (3.6.4)
n(¢g) = sin(¢gg)Xx — cos(¢r)y (3.6.5)

where [ € Z is the azimuthal mode number. E; is obviously then an exact solution to
the electromagnetic wave equation as it is a linear superposition of exact solutions. Its
integral representation can be simplified by decomposing the trigonometric functions
into their exponential form and using the fact that (1/27) f027r elto=zsin(@) g = Jy(z)
[78], where Ji(x) is the [-th order Bessel function of the first kind. Thus, the electric

field in Eq.(3.6.3) can be rewritten in cylindrical coordinates (z, p, ¢) as:

Ei(z, p, 6, 1) = Egetreetto) | _ %ép n Z.Jz+1(5ﬂ) ; Ji—1(Bp) & (3.6.6)

Where k = kcos(a) and 5 = ksin(a). The corresponding magnetic field can then be
calculated from Eq.(5) using Maxwell’s equations (V x E; = —0B;/0t). This solution
can be seen as an OAM-carrying extension of the electromagnetic Bessel modes.
One of the interesting properties of Bessel modes is that they propagate without
diffraction as can be seen by noting that the radial profile of the field is independent
of the longitudinal position along the direction of propagation. True Bessel beams
are unphysical as they carry infinite energy. However, Bessel-like modes, which retain
some of the aforementioned interesting properties over a known coherence length, have
been generated using axicon lenses [79]. When considering the case of [ # 0, the field

has an azimuthal phase dependence, and therefore as shown in [1], it carries nonzero
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OAM. This can be confirmed by calculating the time-averaged angular momentum
density of the field (£) = (1/2)r x R(E* x B).

(2) - B2 (kiowmz

_ lzsin(a)

Bp

JE(Bp)p — pcos(c) 5 ¢

JE1(Bp) — I, (Bp) ) (36.7)
If (£) is integrated over a finite circular transverse profile of the field, only the z-
component of the angular momentum density contributes as the polar unit vectors
integrate to 0. This results in a total angular momentum (L) o [Z.

It should be noted that this method of defining light modes that carry OAM
obviously differs from the standard approach of considering Laguerre-Gaussian (LG)
modes shown before. However, it offers two advantages, the first being that the field
defined in Eq.(3.6.6) is, by construction, divergence-free and hence an exact solution
of Maxwell’s equations. Secondly, it offers a simple representation of OAM beams as
a superposition of plane waves. This proves highly advantageous when calculating the
nonlinear interaction terms compared to the LG modes, which contain a complicated
envelope that makes the calculation intractable.

Now that OAM-carrying modes have been well defined, we can go about intro-

ducing them in the photon-photon interaction. Let the three initial plane waves be

defined by
E, = Felhr-wtly E, = Eyel(hor—wot); (3.6.8)

E3 = (i) Ege!ke(@r)r—wot) giléngy () (3.6.9)

where k3(¢r) = ko cos(a)z — ko sin(a)(cos(dr)X + sin(¢y)y) and n(¢py) = sin(dx)x —
cos(¢y)y. It is clear that E3 is a plane wave that lies on the surface of a cone with
half-angle « similar to the aforementioned case. Further, « is considered to be very
small, which is a reasonable assumption with Bessel beams as they are generally
generated with axicon lenses which have a very shallow angle. Keeping only the
resonant interaction terms, Eq.(3.5.6) for the generated fourth wave E4 can then be

written as:

"0, By ~ (—i) WitV (¢ ) By By ek (#r)r=wot=ldr) (3.6.10)

where v(¢) = cos(a) cos(¢pr)X + cos(a) sin(¢y )y + sin(a)z and ky = —ks.

Consider now the case where Ej3 is not a plane wave, but an [-th order OAM mode
whose average wavevector is directed along the positive z-axis. As seen above, the
OAM beam can be decomposed into an appropriate superposition of plane waves. It

is only then necessary to perform an integration on Eq.(3.6.10), similar to the one
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presented above in Eq.(3.6.3), and find that the source term, in this case, can be

rewritten as Bessel functions with an overall azimuthal phase dependence.
"0, By = W2l B\ By B3 p, @)l re—wot=19) (3.6.11)

where 8 = kg cos(a), K = kgsin(a) and J is a vector containing the transverse radial
dependence of the source.

Ji1(Bp) — Jl—l(ﬂp)[;

Ji(p, ¢) =sin(a)Ji(Bp)z + i cos(a) 5

B lcos(a)Jl(Bp)QA5

Br
Eq.(3.6.11) can be solved using the standard Green’s function method, and the gen-

(3.6.12)

erated field, far from the source, can be written as:

N
E; = ﬂ0‘1(2)5E1E2E§Al(0)ei(kor_ww_l@ (3.6.13)
drr
where:
A Al
Au(0) =2r(sin(a) Az — cos(0) T2
3.6.14
. Ay — Ay, ( )
—1 COS(Q)T@
A = // o~k tko COS(Q))J,I(]?O Sjn(&)p/)Jl(ﬁp/)pldp’dz/ (3615)

and r € R* is the spherical radial distance from the origin of the finite interaction
volume V', whose extent will depend on the size of the focal spots of the three beams
being used in an experimental setup. The interaction volume is artificially limited
in this calculation because the beams used in the analytical derivation have infinite
extent and are non-integrable over all of space, while physical beams will always have
an integrable intensity envelope.

The direction of propagation of this generated wave can be seen in the angular
dependence of A;(#) in Fig.(3.3). From it one concludes that the generated wave
propagates along the same axis but in the opposite direction as the initial OAM
mode E3, which is intuitive as E; and E, are anti-parallel, and linear momentum
is conserved. It can also be clearly seen in Eq.(3.6.13) that the generated field has
the opposite azimuthal phase dependence of E3. This means that the OAM of the
generated photons will be opposite in sign, which is to be expected as a consequence
of conservation of angular momentum since the two other initial waves E; and E,
were plane waves. One then uses Eq.(3.6.13) to calculate the generated intensity
I' = (1/2)ce| ESY|? which can be integrated over the surface of the interaction volume

to calculate the number of generated photons for specific initial laser parameters.
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Figure 3.3: Plot of the angular dependence of the field of the generated photons |E4|*
to show the direction of propagation of the generated wave. 6 is the polar angle
defined, as it usually is in the spherical coordinate system, from the z-axis.

3.7 Proposed experimental setup

In the previous section, Eq.(3.6.13) shows that for a specific set of three-beam ge-
ometries, if one of the lasers is carrying some OAM (I), then the photons generated
due to photon-photon scattering will carry the opposite value [y, = —[ as can be seen
from the azimuthal dependence in the phase of the generated field. One can use this
additional signature to design a high-power laser experiment to verify this hitherto
undetected phenomenon. In order to make the generated photons even easier to dis-
tinguish, the geometry will be modified slightly from the one considered previously.
Consider instead three initial waves, where (k; = —2(w)(1/22 4+ v/3/2%), 1y, = ¥)
and (ky = —2(wp)(1/22 — v/3/2%), y = y) are plane waves, and Ej is an OAM
beam with I3 = 1 and w3 = wy that is propagating along the positive z-axis. Accord-
ing to Eq.(3.5.3) and Eq.(3.6.13), one then expects to detect photons generated at
wg = Wy + we — w3 = 3wy with [; = —1, propagating along the negative z direction
similar to the one considered previously. These generated photons are then distinct,
from any of the initial radiation in the interaction, in frequency, direction of travel and

OAM state. The expected number of photons generated by photon-photon scattering
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Figure 3.4: A sketch of the proposed geometry for the experiment showing the three
main initial beams. The 2wy (green) beams have a flat phase front whereas the wy
(red) beam has a helical front arising from the nonzero OAM. The figure illustrates
the generated 3wy (blue) spiral photons. (a) and (b) are the frequency and OAM
filters respectively, which will be used to remove background noise.

N, can be calculated from Eq.(3.6.13) using:

NSE 0T 81 2,2
N7 27%4/ / |EY(r, 0, ¢)|“r* sin(0)d0de (3.7.1)

where 7 is the duration of the interaction. In the case of a high-power laser of 10 PW
at a wavelength of 800 nm, where the laser pulse duration is 7 = 30fs, the beam
must be split into three, where two of the component parts are frequency doubled.
Considering a second harmonic conversion efficiency of 30% and a spot size of 5pm,
Eq.(3.7.1) predicts that N, is expected to be on the order of 100 photons per shot.
It should be noted that since unphysical light modes were used for this derivation,
it can only provide an initial estimate of the number of generated photons through
photon-photon scattering. This is, however, not a major concern as any additional
realistic envelope (such as a Gaussian envelope) will vary slowly compared to the
oscillations of the field and as such will have negligible contributions to the photon-
photon scattering interaction.

Although the number of photons may seem small, especially compared to the other
3 high-power beams (the main incoming beam has around 10** photons), its multiple
different signatures will allow for efficient filtering of any other background radiation.

There have been many successful experiments, in quantum optics and computation,
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Figure 3.5: Plot showing the scaling the estimated number of generated photons as a
function of initial laser power while fixing all other laser parameters (focal spot and
pulse duration).

where even single photons have been filtered by their OAM state and detected using
highly efficient single-photon detectors [4, 80]. Along with OAM filtering, frequency
filtering with ultra narrow-band bandpass filters would block any photons whose
frequency is sufficiently different from what is expected from the previously defined
three-beam interaction. The single-photon detectors can also be gated to only be
sensitive to scattered photons that are generated during the interaction time in order
to further reduce the noise. Furthermore, performing this experiment on a high-
power and high-repetition rate laser facility, such as the ELI facility [81, 82] or the
Apollon facility [75], would allow for gathering the statistics essential for verification
of the scattering event. The scattering signal would also be boosted by orders of
magnitude by performing the experiment on the upcoming 100 PW Station of Extreme
Light (SEL) laser facility as may be seen from the scaling of the predicted number
of generated photons with the incoming laser power (while keeping all the other
parameters constant) shown in Fig.(3.5).

The question now remains as to why one should use OAM-carrying beams in this
interaction. After all, Eq.(3.5.6) can be much more easily solved with the regular
plane waves and generating OAM in the lab is far from easy or ideal. The main
advantage to using beams with OAM in photon-photon scattering is the additional
signature that will be carried by the generated photons distinguishing them from

the background radiation. This is predicted to improve the signal-to-noise ratio of
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interaction making it much more detectable.

To see this, first consider the signal of the generated photons. The non-linear
equation for an incoming beam carrying OAM was derived by first considering a
superposition of incident plane waves with an angle a with respect to z-axis and
an azimuthal phase shift and then integrating them with respect to the phase. The
strength of the coupling with no OAM is derived by solving Eq.(3.6.10) for a = 0
and no phase variance. By comparing the predicted number of generated photons
through photon-photon scattering for each case (with and without OAM), the number
of generated photons is practically unaffected when parameters of the incoming beams
(power, duration and focal spot) are held constant. This is intuitive as the effect of
OAM would only be to modify the OAM state of the generated photons and not the
coupling strength of the photon-photon interaction.

Of course, high-power lasers typically do not carry OAM, which must thus be im-
parted onto them using mode converters such as so-called spiral phase plates (SPP)
[83]. Even if the coupling strength is not affected, the conversion efficiency to the
desired OAM mode is critical as a poorly designed converter would weaken the incom-
ing beam, thus potentially undermining the positive effect of the additional signature.
Efficiently generating OAM-carrying beams has been a very active topic of research
due to their potential applications in quantum computation and communication, and
high-density coding of information [4, 84]. In the coming chapter, I will discuss the
different methods of efficient conversion of laser pulses into OAM modes specifically
in the context of high-power lasers. I will show that spiral phase optics have been
proven to be highly efficiency, having a theoretical maximum efficiency of up to 93%,
and will further discuss experimental results of using spiral phase optics on the high-
power ASTRA laser at the Central Laser Facility (CLF). This means that, by using
a well-adapted mode converter, the conversion of one of the input beams into an
OAM-carrying one will have a negligible effect on the number of photons generated
through photon-photon scattering.

Considering now the noise, other than the background radiation that will come
from any scattering of the incoming beams off the surfaces inside the experimental
chamber, there is another important source of radiation noise. It is practically im-
possible to achieve a perfect vacuum even in a laboratory setting. This means that
even within a vacuum chamber, there are still some particles that can interact with
the lasers and generate some noise. The main interaction contributing to this con-
cern is the aforementioned Compton scattering, which occurs when photons scatter

off charged particles. This could be a problem because it could potentially generate
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photons of a similar frequency as the ones being generated due to photon-photon
scattering and in the same direction. An analysis done by Lundstrom and colleagues
in [50] estimated the number of Compton-scattered photons that would be generated
in the conditions of an experiment involving high-power laser facilities. They found
that if the vacuum is of sufficiently high-quality, the noise due to the Compton scat-
tering is relatively small compared to the signal of the photon-photon interaction.
However, in realistic conditions, this will still cause problems as vacuum chambers
in high-power systems tend to be very large and only capable of moderately high
vacuums. However, as proven in [85], when photons carrying OAM Compton scatter
off charged matter, the OAM state of these scattered photons will be the opposite
of the OAM carried by those generated due to photon-photon scattering. In that
case, the additional unique OAM signature carried by the photons, emanating from
the photon-photon interaction, allows for the use of OAM filtering techniques de-
veloped in quantum optics research [86] to distinguish them from those generated
due to Compton scattering. This will make the experiment to detect photon-photon
scattering between high-power laser pulses more feasible. In the coming chapters, I
will discuss these techniques and how they can be implemented on high power laser

facilities.

3.8 Conclusion

In this chapter, I have considered the photon-photon interaction caused by the non-
linear source term that is added to the vacuum electromagnetic wave equation. As I
have shown, this is caused by virtual electron-positron pairs being exchanged between
real photons in the vacuum. Using the Euler-Heisenberg formalism, I have shown how
one can get from QED considerations to a classical non-linear wave equation with a
cubic source term. Before introducing OAM to this interaction, I first solved this
non-linear equation modelling the interaction between three standard plane waves to
show how it predicts the generation of a fourth wave obeying momentum and energy
conservation conditions.

Turning my attention back to OAM, to avoid having to use the complex functional
form of the Laguerre-Gaussian modes, I have shown how another class of OAM-
carrying electromagnetic modes can be constructed as a relatively simple superposi-
tion of plane wave modes. This allows for an analytical solution of the non-linear wave
equation modelling the interaction between two plane waves and one OAM-carrying

wave. As expected, the solution shows that for a simple planar interaction geometry,
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such as the one in Fig.(3.4), angular momentum is also conserved in addition to linear
momentum and energy. Thus, the introduction of OAM to photon-photon scattering
provides a unique signature for the interaction that allows one to distinguish the pho-
tons generated due to this interaction from background noise, specifically that coming
from Compton scattering off any residual matter in the vacuum chamber. This will
hopefully allow us to finally have experimental evidence of photon-photon scattering
in vacuum, confirming one of the most intriguing and long-standing predictions made

by quantum electrodynamics.
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Chapter 4

Generating high-intensity pulses
carrying OAM

“A theory is something nobody
believes, except the person who
made it.

An experiment is something
everyone believes, except the person
who made it.”

Albert Einstein

4.1 Context

Starting with the discovery of the chirped pulse amplification (CPA) by Donna Strick-
land and Gérard Mourou [87], laser powers have been steadily increasing with cur-
rently under-construction experimental facilities planning to generate 10 PW ultra-
short laser pulses [9]. This will offer an incredible opportunity to explore non-linear
and QED effects driven by high-intensity lasers in plasma and in the vacuum.

The vast majority of laser sources, including all high-power sources, generate
modes with a relatively planar wavefront. As such, in order to be able to experimen-
tally verify the effects of OAM in high-intensity laser interactions, one has to be able
to generate OAM-carrying high-power laser modes or convert the standard ones to
OAM-carrying modes. Generally, high-power lasers have a large diameter in order to
limit their local intensity. This has the dual purpose of making it possible to manip-
ulate them with optical components without risking damage to the optical surfaces
and avoiding any unwanted non-linear effects which could damage the wavefront of
the beam and its spectrum. However, this large diameter makes it challenging to

design and fabricate OAM mode converters for these beams.
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Additionally, it is vitally important to be able to completely characterise and
measure the OAM carried by both intense light and single photons in order to be
able to perform the vacuum photon-photon scattering experiment described in the
previous chapter. This can prove challenging since it is not immediately clear how
one would go about measuring the wavefront of a photon.

This chapter will showcase multiple methods for generating lasers carrying OAM
while explaining the theoretical basis of each method and highlighting their advan-
tages and disadvantages as well as their suitability for different regimes. It will also
show experimental results for the conversion method that is most relevant for high-
intensity laser-matter interactions - data which was collected during an experimental
campaign on the ASTRA laser at the Central Laser Facility (CLF).

4.2 Chirped Pulse Amplification

Since the first laser was built by Theodore Maiman [88], laser technology has devel-
oped to become an integral part of many scientific investigations and applications
ranging across multiple diverse domains from astronomy to medical sciences. The
general operating principles for lasers were theoretically outlined by multiple research
groups working in parallel in the 1950s [89, 90]. They are based on the concept of
stimulated emission of electromagnetic radiation, first outlined by Albert Einstein
[91]. The vast majority of lasers consist of a gain medium in which radiation is
coherently amplified via stimulated emission, a pumping mechanism to provide the
energy for amplification, and a cavity that allows the radiation to perform multiple
pass-throughs in the gain medium for further amplification.

Scientists have been constantly seeking to achieve higher and higher intensities of
laser radiation in order to investigate multiple interesting phenomena. This includes
non-linear effects, such as self-focusing or high-harmonic generation, which occur
when light polarizes the material with which it is interacting, i.e. when the electric
field of the laser radiation becomes comparable to the atomic binding field [31]. This
occurs when the intensity of the laser becomes around Is: ~ 10° W/cm?. Beyond
that, lasers can start ionizing the material, i.e. stripping the atoms of electrons,
forming a plasma and allowing for the study of laser-plasma phenomena. With even
higher intensities (flager ~ 10¥ W/cm?), the speed of electron motion driven by laser
light in the aforementioned plasma gets closer to the speed of light allowing for the
investigation of relativistic effects. Finally, ultra-intense lasers near the Schwinger

limit (corresponding to l.ser ~ 10 W/cm?) can start driving non-linear effects in
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the vacuum and generating electron-positron pairs [92], allowing for the investigation
of strong field QED effects.

After its initial inception, laser technology progressed gradually with techniques
such as Q-switching and mode locking, allowing for the generation of intense short-
pulses [93]. This allowed for the investigation of non-linear effects. Unfortunately,
and ironically, it is these very effects that also made it difficult to progress further
and generate lasers with even higher-intensities using the standard methods. Once
laser intensities start getting near the threshold for dielectric non-linear effects, it
becomes extremely difficult to amplify them further in the same gain media since,
by definition, they can now trigger these damaging effects in those media. To com-
pound this problem, non-linear self-focusing could occur, effectively transforming the
material into a lens and increasing the peak intensity of the laser even more and
potentially triggering ionization effects and destroying the gain medium. One way to
circumvent these issues was to increase the diameter of the beam and all the relevant
optical components in order to reduce the peak intensity. Once sufficiently ampli-
fied, the beam could then be refocused to get a high-intensity focal spot. However,
these obstacles had effectively put a limit on achievable laser intensities since they
meant that laser diameters needed to be extremely large, making the required gain
media prohibitively expensive and impractical. They also made the development of
high-intensity conventional lasers impossible. This led to a stagnation in the peak
achievable intensity for decades.

A breakthrough came when Donna Strickland and Gerard Mourou invented a
technique that was termed chirped pulse amplification [87]. The idea behind CPA
was deceptively simply. Instead of stretching the pulse in space and increasing the
size of the system, the pulse would be stretched in time. This is done by chirping
the pulse, i.e. making it so that the higher frequency components of the pulse lag
behind the lower ones or vice versa. The stretching lowers the peak intensity of the
pulse allowing it to be amplified in a standard amplification medium. The pulse is
then compressed back to its original duration. This process allows for amplification
by orders of magnitude more than what can be achieved without it.

The first experimental setup using CPA exploited the group velocity dispersion
inherent to fibre optic cables to chirp and stretch the pulse, which was then subse-
quently compressed using a grating compressor. This achieved a 1.5 ps pulse with a
power of 0.5 GW. The early attempts at CPA were constantly plagued with the issue

of matching the stretching and compressing of the pulse, which were driven by the
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Figure 4.1: Schematic diagram describing the basic CPA procedure using a grating
pair as its stretcher and compressor.
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fibre cable and grating compressor respectively. This was solved when Oscar Mar-
tinez discovered that a telescope system placed within a double grating setup would
modify the phase shift experienced by the different wavelengths in a way that would
invert the chirp caused by the system [94]. This was leveraged to create a grating
stretcher, the dispersion of which can be much more easily matched with a compressor
for optimal CPA.

In the years since the invention of CPA, technological advancements have helped
optimise the CPA procedure to produce extremely intense pulses. This included better
seed pulse generation, higher compression ratios and the use of optical parametric
amplification (OPA) instead of traditional gain media, which has allowed for the
generation of shorter pulses at a higher repetition rate and with more energy [95].
As of today, even more than 30 years after its first use, CPA remains the most
used method of generating high-power pulses by far. CPA powers facilities such as
the central laser facility (CLF) at the Rutherford Appleton laboratory (RAL), the
OMEGA EP laser at the laboratory for laser energetics (LLE) and even the soon-to-
be-completed extreme light infrastructure (ELI) project which is aiming to achieve a
10 PW. Even more impressively, the basic scheme for CPA has not been significantly
altered over all these years. As can be seen in Fig.(4.1), the CPA procedure starts
with an oscillator producing a short pulse, which then goes through a grating stretcher
to be chirped and subsequently amplified. The amplified pulse is then re-compressed,

producing an extremely high-intensity short pulse which is ready to be used.

4.3 The ASTRA GEMINI laser

The ASTRA GEMINI facility is one of the flagship high-power laser facilities in the
United Kingdom [96]. Located at the Central Laser Facility in the Rutherford Apple-
ton Laboratory, it is a Ti:Sapphire (TiS) short pulse high-intensity laser operating at
a 800 nm wavelength. The full laser is capable of delivering two beams each carrying
15 J of energy achieved using CPA. Although this is a relatively low energy beam, it
can be compressed to an ultra-short pulse length of 30 fs, producing a 0.5 PW pulse.
At an optimal, diffraction-limited focal spot, this corresponds to a theoretical peak
intensity of around 3 x 10** W /em?. This kind of short ultra-intense pulse is ideal for
many scientific investigations including, but not limited to, laser particle acceleration,
higher-harmonic generation and X-ray generation.

The facility is divided into two main target areas. There is target area 3 (TA3)

where the two pulses, as they were described above, are available. The other is target
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Figure 4.2: (a) The TA2 vacuum chamber where the high-intensity interactions take
place (b) The compressor which takes the stretched and amplified pulse and com-
presses it before it is directed towards the interaction chamber.
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area 2 (TA2) where only one, not fully amplified pulse is available (TA1 is not cur-
rently active). While this pulse has all the pulse length and wavelength characteristics
stated earlier, it only carries 600 mJ. Fig.(4.2) shows the experimental vacuum cham-
ber and the compressor of TA2. At the exit of this compressor, the laser pulse has a
diameter of 60 mm. It is in TA2 where we carried out an experimental campaign to
investigate the optimal methods for generating and characterising the OAM of high-
power pulses. All experimental results showcased in this chapter and the following
one were gathered from that campaign. For our purposes, the pulse length was set
at 50 fs at the exit of the compressor. To maintain the terminology preferred by the
CLF, the TA2 pulse shall be referred to as the ASTRA beam.

4.4 Lasers carrying orbital angular momentum

Generating beams which carry angular momentum is not a straightforward task. Al-
though the previously defined LG modes form a complete set of solutions to the
electromagnetic wave equation, creating a laser which naturally operates at a higher
LG mode is quite difficult. One of the main reasons behind is that, as seen before, dif-
ferent OAM modes will modify the way light interacts with matter, thereby changing
how the light will be amplified through a particular gain medium. Although there has
been some progress towards creating a laser system which naturally produces OAM
light, especially with solid state lasers [97], it remains an impractical option especially
if one wants to control the amount of OAM generated.

As such, methods for converting other laser radiation into OAM modes have been
under development ever since the initial characterisation of LG beams. The simplest
way to evaluate the conversion efficiency of a particular method is to define an inner
product on the space V of functions v € V : R? — R, describing the transverse profile
of a beam. Consider a method that is described by an operator 7 : V — V, the inner
product describing the conversion efficiency into a particular Laguerre-Gaussian mode

at a particular plane z = zy can be written as
(T (u),LGL) = // T (u) (2, y)LGL (z, y)*dwdy (4.4.1)

where LG;(x, y) are the functions describing the Laguerre-Gaussian modes, as previ-

ously defined in Eq.(2.4.25), evaluated at the aforementioned specific plane:
! _ il
LGP(QZ, y) - Ep(I‘, 0)

(4.4.2)

z=20
Depending on the form of 7 (u), it may be easier to switch to circular polar coordinates

and in that case, the area element will transform to pdpde.
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4.4.1 Conversion of Hermite-Gaussian modes

One of the earliest methods for generating LG modes consisted of converting the so-
called Hermite-Gaussian (HG) modes. HG are also a complete orthogonal family of

solutions to the paraxial wave equation in Cartesian coordinates that can expressed

as [31]
__Wo V2 @ exp | — v
B (1) = w(z)Hn <w(2)>Hm (w(z)) ! ( w2(z))

2

X exp (z (k:z — wt + %/22) + @Dnm(z)))

where H,(x) is the “physicist’s form” of the Hermite polynomial of order n. The

(4.4.3)

radius of curvature R(z) and the beam width w(z) are the same as in Eq.(2.4.25) and

the Gouy phase shift is only slightly modified to be

2
Ypm = (n+m+ 1) arctan (—Z2> (4.4.4)
kwg

As was done above with LG;(x, y), we can define at a particular plane

HGrm(2,y) = Epml(r,0) (4.4.5)

2=20

For both the Hermite- and Laguerre-Gaussian modes, it is useful to define the N-
number which can be expressed using the mode numbers as N = n 4+ m = || + 2p.
These HG transverse field distributions can be used to describe the resonant modes
of an optical cavity such as the ones used in lasers. As such, it is possible to describe
the output of a laser in terms of these modes and, depending on how the cavity is
constructed, it is possible to have lasers which produce higher-order HG modes.
Since the HG modes are a complete and orthogonal set of solutions, any LG;(x, Y)

profile can be expressed a sum of various HG,, ,,(x, y) ones:

LG (2, y) =Y (HGym, LGL) HGy o (, y) (4.4.6)
A closed form solution for this change of basis can be readily found in the literature
of basis modes and so Eq.(4.4.6) can be rewritten as [98]
N+l N—-I
" ——, —— if =|l|+2
(HGm, LGLY = { ' f( 2 2 ’m)’ it m =i+ 2p

0, else

(4.4.7)
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Figure 4.3: Simulation of creating of a LGj modes using the two Hermite-Gaussian
modes HG; p and HGg ;. (a)-(b) Show the field and intensity of HGq o, while (c)-(d)
show those of HGg o and (e)-(f) show those of (1/v/2)(HG; o —iHGg ;).
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where N is the previously defined number shared by the HG and LG modes in the

case where the inner product is finite and

f(n,l,m):\/(n+l_m)!m! 1 & (1—t)”(1+t)l]

ontHplll  mldt

(4.4.8)

t=0
As can be seen in Fig.(4.3), the lowest order OAM-carrying mode LGj can be

written in terms of the first two Hermite modes HGy and HGo 1:

1
LG(l] - E(HGLO - Z'HGOJ) (449)

This then allows for a relatively easy generation of OAM modes as long as one has
access to HG beams. In fact, it was shown that just by using cylindrical lenses, one can
readily convert HG modes into LG ones [99]. If the lens was of high quality, then this
conversion would be highly efficient, since it relied on the mathematical relationship
between the two mode families. However, this method has severe limitations. Firstly,
it is still quite difficult to tune the desired OAM mode since this requires having access
to the appropriate HG laser. Additionally, if one wants to generate higher-order LG
modes, many HG ones (on the order of O(l)) would be needed. Finally, and much
more critically, modern lasers are made in such a way so as to avoid producing HG
radiation, thus making this method unviable, particularly for high-intensity lasers.
What I am looking for is a method that is somewhat tunable and that can take as an

input the types of modes that are currently being generated by high-power sources.

4.4.2 Computer generated holograms

A hologram is an optical element which leverages the diffractive properties of light
to recreate a particular image [100]. Unlike a regular photographic image which only
contains information about the intensity of light, a hologram also holds information
about its phase. As can be seen in Fig.(4.4), the basic principle of holographic imaging
is using a reference laser beam and interfering it with light containing information
about a particular image, encoding that image onto a holographic plate. Later, when
a laser similar to the encoding one is shone on the holographic plate at the same angle,
light scatters off, generating a virtual image similar to the one that was encoded. The
fact that there is an angular dependence to the reconstruction of the image has been
exploited to create a stereoscopic 3D effect using holograms and is indeed the driver
behind most current major commercial uses of holograms.

In order to gain a bit more insight on how holographic techniques could be used to

generate LG modes, let us consider the transverse profile of a generic electromagnetic
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Figure 4.4: Diagram of a typical holography setup: (a) information on the shape of
the object is recorded onto the plate via the interference between the light scattered
off of it and a reference laser. (b) When the holographic plate is illuminated with the
same reference laser, a virtual image is then generated.
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wave F;(x,y), as well as a particular reference plane wave Fy(x,y), which intersects
with the former with an angle 6. At the plane (z,y), which is transverse to the
direction of propagation of E; and placed where the two waves intersect, the profile

of each beam can be written as

Ei(z,y) = v/1i(z,y) exp(i®(z,y)) Ey = +/Iyexp(iksin(f)x) (4.4.10)

where k = 27/ )\ is the wavenumber of the reference plane wave. The superposition
of the two beams creates an interference pattern at this intersection plane where the

intensity can be written as

\Ei(z,y) + Eo(x,y)]> = Li(z,y) + Io(z,y) + 23/ 1o cos(k sin()z — ®(z,y)) (4.4.11)

This interference pattern is then used to construct a hologram by recording it in an
optical plate. This plate acts as a converter on any input radiation E(z,y) with a
conversion operator that can be expressed as multiplication by a particular trans-
mission function T(F) = Ty(x,y)E(z,y). Broadly speaking, there are two major
sub-types of holographic plates: ones where Ty modifies the amplitude of a beam
going through it (amplitude modulation), and ones where T only modifies the phase
(phase modulation). When the reference laser Ej is again shone on this plate, the
diffraction of light off the plane of the plate reconstructs the recorded beam F; in the
far-field similar to what can be seen in Fig.(4.4-b).

For our particular purposes, we are only interested in recording the phase infor-
mation contained in the beam we wish to reconstruct, since this is what contains
information about the OAM state. Hence, we can discard the intensity information
I;, creating a so-called phase-only hologram [101]. In a phase modulation setup, dis-
carding constant phase terms, the transmission function of such a hologram is written
as

Ty (x,y) = exp(iy cos(ksin(f)zr — ®(z,y))) (4.4.12)

where v is the amplitude of the phase modulations. To keep the terminology concise,

I shall henceforth refer to the aforementioned holograms simply as phase holograms.

To use this technique to generate OAM beams, it is of course not possible to try
interfering a reference mode with the desired LG mode and recording the resultant
pattern, like in Fig.(4.4), since this would require having access to said LG mode.
Instead, one must create a computer-generated hologram where this process is simu-

lated and a pattern is generated based on assumptions on the reference and desired
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Figure 4.5: Simulated phase holograms for (a) [ = 1 and (b) [ = 2 with an 800 nm
reference beam and 6 = 7/9.

mode. Since the goal is to make a phase hologram, only the phase information of an
LGé mode is required, which can be expressed in polar coordinates as exp(il¢). This

then allows us to rewrite Eq.(4.4.12) as
Ty (z,y) = exp(iycos(ksin(f)x — 1)) (4.4.13)

Fig.(4.5) shows a simulated phase hologram designed for a 800 nm laser. The hologram
shows the distinctive "fork” in the centre which is caused by the phase singularity.
Away from the fork, the hologram looks like a transmissive diffraction grating. In
fact, as mentioned earlier, its action is quite similar to diffraction gratings. When
800 nm light passes, directed along the normal, through the hologram several diffrac-
tion orders are produced. The zeroth order contains the unmodified wavefront, while
the first order, produced at the angle 6, contains the LG}, wavefront. In fact, a diffrac-
tion grating can be thought of as a phase hologram simply reconstructing the same
reference beam but with the propagation along an angle ¢, with different wavelengths
subtending different angles.

Unfortunately, it is quite difficult to fabricate phase holograms where the phase
acquired varies sinusoidally such as those in Fig.(4.4.13). In practice, they are replaced
by binary phase holograms where the variance in phase is step-wise. For these, the

phase function cos(k sin(6)z — l¢) is replaced with
Ty (x,y) = exp(iysquare(ksin(f)z — l9)) (4.4.14)
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where square(x) = sgn(cos(z)) is the square wave function. Another problem with
this type of hologram is that it is quite inefficient. Similar to a diffraction grating,
most of the energy remains in the zeroth order with only very little of it going into
the desired first order.

Thankfully, this problem can be remedied by taking a cue from diffraction gratings
and making the hologram blazed to the first order. This means that it is optimised
to maximise the energy deposited in the chosen order. The transmission function of

such a hologram can be written as [102]
Ty (z,y) = exp(iyMod(k sin(f)x — 1o, 27)) (4.4.15)

where Mod(z,y) = = — y[(z/y)] is the modulus function where |z] is the floor
function which outputs the largest integer smaller than its input. While these blazed
holograms are more difficult to fabricate than the binary holograms, especially due
to the fork at the centre, they have a theoretical 100% energy deposition in the first
order.

To model these phase holograms, their action on input modes can be readily mod-
elled using diffractive optics simulations. Even more simply, since we are interested
in the far field limit, the effect of phase holograms can be modelled using Fraunhofer
diffraction. This allows us to write the intensity in the far field as the magnitude
of the Fourier transform of the field in the plane of the hologram Ty (x,y)Eo(x,y).
Since the most common transverse mode output for lasers is the Gaussian mode,

this is generally what is taken to be the input which can be then written, in polar

2 2
Eylp,¢) = ,/Wm—g—g) (4.4.16)

where wy is the waist of the beam in the focal plane and the pre-factor is added to

coordinates, as

normalise the mode.

As can be seen in Fig.(4.6), by simulating the action of these holograms using
the above-mentioned method, the difference between the binary and blazed hologram
becomes clear. In the far field of the binary hologram, the various diffraction orders
can be seen with the doughnut shape corresponding to the LG, mode visible in the
+1 orders. However, as mentioned previously, most of the energy of the incoming
laser is deposited into the unchanged zeroth order. On the other hand, the far field
of the blazed hologram shows that the entirety of the energy has been deposited into
the desired first order of diffraction.
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(b)
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Figure 4.6: Simulated results comparing the action of a (a) binary phase hologram
versus a (b) blazed hologram. Both holograms are generated to produce a state with
[ =1 as can be seen from the form of the phase singularity at the centre. (c¢) and (d)
show the far-field image produced by these holograms when a Gaussian laser, as in
Eq.(4.4.16) is shown through the binary and blazed hologram respectively.
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Phase holograms were some of the earliest methods used to produce OAM-carrying
modes. They have the advantage of relying on the same input beam no matter what
OAM state one wants to achieve. This input beam can be a simple Gaussian mode,
which is already the standard output of a vast majority of lasers. They are also
quite tunable. By using the same technique and simply modifying the hologram, one
can generate any arbitrary OAM state, including LG modes with a non-zero radial
mode number p # 0 [103]. These advantages made them the go-to method for many
use cases. Over the decades since the first introduction of phase holograms, better
fabrication methods meant that higher efficiencies were possible, with modern phase
holograms capable of over 80% conversion efficiency into the desired mode [86].

All of this, however, does not mean that holograms are suited for all purposes.
Although they can achieve very high conversion efficiencies, blazed phase holograms
are very difficult to fabricate. As can be seen in Fig.(4.5), for an 800 nm, the detail in
the structure is extremely small and requires a very high precision fabrication process.
This may not have been a large impediment for designing these holograms for low-
power lasers, such as the ones used in quantum optics, where the beam diameter is
generally less than a 5mm. Unfortunately, this does become an issue when trying
to make a hologram suited for use in high-power laser systems. This is because, as
mentioned previously, they generally have a large beam diameter >50 mm to reduce
their peak intensity and avoid any non-linear effects. This means that any hologram
that would be suited for these purposes would also need to be at least as big as
the beam itself, making its fabrication prohibitively difficult. Furthermore, even if it
were possible to make a hologram of the appropriate size, it would still not be suited
for PW facilities. This is because, even with the large beam diameters, PW pulses
are intense enough to be distorted when passing through any transmissive optical
component and are generally only handled in vacuum and with reflective optics to
preserve their spectrum and pulse length. All of this means that even though they
can be highly efficient, phase holograms do not provide a reliable practical method

for producing high-power beams carrying OAM.

4.5 Spiral phase optics

A relatively simpler alternative is to turn to what are called spiral phase optics (SPO).
These are optical components that impart an azimuthally varying phase on the wave-
front of any incoming beam either through the use of a transmissive spiral phase

plate (SPP) or a reflective spiral phase mirror (SPM). Consider for example the
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h=hlmnI

Figure 4.7: Model of a typical transmissive spiral phase plate optimized for converting
an input Gaussian to the LGj mode.

model shown in Fig.(4.7) of a typical continuous transmissive SPP. When a beam
with a planar phasefront passes through the SPP, it acquires different relative phase
shifts depending on the azimuthal angle due to the azimuthally-varying thickness of
the plate. Since we want the beam to acquire a relative phase factor oc e’? after
passing through the SPP, the thickness of the plate as a function of the azimuthal
angle can be mathematically modelled as:

h(¢) = 920 + ho (4.5.1)

B 27T(nplate - next)

where A\ is the wavelength of the light in question, @) is the topological “charge”
of the phase discontinuity of the plate, hg is the thickness of the base of the SPP
before the helical section, npjate is the refractive index of the plate and ney is the
refractive index of the external medium in which the plate is located. Generally,
these plates are operated in air, as such the latter is taken to be ney ~ 1. For a
spiral phase mirror, although their end goal is the same, the operating principle is
slightly different. Instead of a varying thickness of some dielectric medium causing a
varying phase shift for propagating light, spiral phase mirrors are designed to have
an azimuthally-varying height from a particular base. That way, when light beams
reflects off these mirrors, different parts of the beam travel paths of varying lengths

to reach the reflective surface, thus acquiring different phases. In all cases, the most
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significant parameter, which defines a particular spiral optic, is the height of the step

discontinuity of the plate, which, in the case of SPPs is simply

hey = h(27) — o — — @0 (4.5.2)

Nplate — Tlext

Due to the relative ease of their fabrication and use, interest in spiral phase optics
has steadily increased over the past two decades [104]. In particular, their conversion
efficiency has been the subject of much research, both theoretical and experimental.
The action of all spiral phase optics, transmissive or reflective, can be simply modelled
as a multiplication by a phase factor. For a standard continuous SPP, this can be

written as
Tspo(Fo(x,y)) = exp(—iQo)Eo(x, y) (4.5.3)

As such, evaluating the inner product which quantifies the conversion efficiency to a

particular LG; mode of these plates gives us

m 2 2

c / / exp(—iQd) Eo(p, ) <@> Ly (ﬂ) exp (— ”T> exp(ild)pdpds
wLa Wrg Wrg

(4.5.4)

where C' is a normalisation constant, wyg is the waist of the desired LG mode and

2

the integral is evaluated in cylindrical coordinates as they are more convenient for
describing LG modes.

As mentioned previously, we are only interested in modes with a null radial mode
p = 0. Since L‘Oll(x) = 1, this greatly simplifies Eq.(4.4.1). When a simple Gaussian
input, such as the one in Eq.(4.4.16), is considered, it is possible to find a closed form

analytical expression for the conversion efficiency with [105]

2
2lll+2(%) 2(1]/2 + 1)
0

|l|!<1 + (ww—f)z)””

where LGj is simply another way of expressing a Gaussian profile, wy is the waist of

| (Tspo(LGS), LGh) |* = 5 (4.5.5)

the input Gaussian and I'(z) is the Gamma function. The Kronecker delta shows that
the conversion is only non-zero when the charge of the SPP is matched with the OAM
state of the desired. It is possible to extend the calculations to non-integer charges
but, in that case, the efficiency would not have a simple analytical solution. The
remaining parts of the equation show that the conversion efficiency is only dependent
on the ratio between the wait of the desired mode and that of the input Gaussian. If

it assumed that the waist of the beam is unchanged as it goes through the SPP, then
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the maximum theoretical conversion efficiency is T?(|I|/2+1)/|l|!, which evaluates to
~ T7% for | = 1.

However, there is no physical reason for this assumption to be true. In fact,
there have been reports of conversion efficiencies of over 90%, exceeding the theo-
retical maximum for when the waists are matched [106]. A higher-order LG mode
has a very different intensity profile from that of a standard Gaussian and, as such,
matching the waist would not satisfy any “continuity” requirement. The conversion
efficiency is measuring the decomposition of the converted beam into particular modes
of radiation. Thus, there is no reason to a priori exclude any parameter from con-
sideration [105]. If the waist ratio is left as a variable, then the optimal waist for the

LG component of the converted beam can be found by finding the maximum of the

function
72
T _$2)|l|+2 (4.5.6)
This can be easily done to show that the optimal waist is ratio is
BLG _ (1] + 1)1 (4.5.7)

Wo
Plugging this into Eq.(4.5.5) gives us a theoretical maximum conversion efficiency of
~ 93%. Since we have shown that it is impossible to have contributions from modes
[ # @, the remaining energy of the converted beam is to be found in the various other
radial modes where p # 0.

All of this indicates that SPOs seem to provide a reliable and efficient method
of converting lasers from standard output modes to OAM-carrying modes. The con-
struction techniques of these plates have been undergoing constant improvements with
modern plates capable of reaching very high conversion efficiencies. Since there are
no complex micrometric patterns, scaling the plates to larger diameters to accommo-
date high-power beams is not too challenging. It is even possible to use a segmented
plate instead of a continuous one. These plates are formed by placing circular sector
layers of varying thicknesses forming a helical ladder-like structure. The transmission

function of an N-step segmented plate can be modelled as

N—1 :
. 21j
T = 14, 4.5.8
0= (105 107 ) 1459
where 1 4, (¢) is the indicator function which is equal to 1 if ¢ € A; and zero otherwise,

and A; is a set of the partition of the domain of ¢

2mj 2m(j+ 1)
N’ N

A.:

J

(4.5.9)
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In this case the quality of the conversion will depend on the number of segments.
It has been shown that with just 16 steps, there is minimal efficiency loss for [ = 1
[107]. Segmented plates can be easier to fabricate especially if the fabrication relies
on deposing layers of material instead of etching.

For our purposes, we have built a continuous SPP made of polymethyl methacry-
late (PMMA) with a diameter of 100 mm. This particular plate was designed for the
aforementioned ASTRA laser. Considering the refractive index of PMMA and the
wavelength of the ASTRA laser, the step of this SPP needs to be h(27) = 1.65 pm
in order for it to have a charge of () = 1. The plate was fabricated in the SciTech
fabrication facilities at the RAL

In order to fabricate the plate, it was first turned out of a stock material. The rear
surface of the plate is skimmed to ensure that it is parallel to the machine axis and
is flat with no waviness as any variation would cause the step in the SPP to be lost.
The active face is then skimmed flat with respect to that zero plane. The machine
then runs the cutting program to shave the form into the surface. The plate is not
held with a vacuum chuck as that would distort the surfaces when machining. The
spacing of the cuts, the tool speed, start diameter and helix depth are all optimised
to ensure the best cutting performance; further, the depth of the step is limited by
the swarf pick on the tool. The plate is measured using a white light interferometer
to determine the step height of the SPP across its radius, which is then fed back into
the algorithm to optimise the programming. Fig.(4.8) shows the focal spot of the
ASTRA laser after it had gone through the SPP, where the beam was apertured to
20mm in order to be able to see the distinctive “doughnut” shot typical of an OAM
beam.

There are various difficulties and challenges that arise when using transmissive
spiral phase plates to generate OAM-carrying beams. Firstly, for the plate to work
as expected, the incoming beam must have a relatively flat phase front in order to
produce the best quality OAM beams at the output. This generally can be arranged as
most high-power laser facilities, which have a way to correct any wavefront aberrations
using adaptive optics and wavefront sensors. These adaptive optics can similarly be
used to optimise the quality of the converted beam [108].

Additionally, there are mechanical concerns when it comes to fabricating these
plates. Since they are transmissive, we would like to have them as thin as possible
in order to minimise any B-integral or non-linear effects driven by the high-powered
lasers that will be propagating through them. Although the thickness of the step in
any given SPP is quite small (on the order of the wavelength of the light for which
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Figure 4.8: The focal spot of the ASTRA laser after passing through the transmissive
continuous spiral phase plate. The beam has been apertured from its full size down
to 20mm to increase the size of the focal spot in order to better resolve the spatial
structure imparted by the SPP and to avoid the step height inhomogeneity that
existed on the plate away from its centre. As can be clearly seen from the image, the
spot shows the distinctive singularity near the centre due to the phase discontinuity
caused by the azimuthal dependence.
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it is designed), this only contributes to a small fraction of the overall thickness of
the device. The base of the plate, which corresponds to the hy in Eq.(4.5.1), needs
to be thick enough to prevent any warping effects and to keep the SPP structurally
stable and flat. This is because even a slight warping in the plate could potentially
wash out the step and damage the quality of the wavefront that it produces. This
becomes even more crucial as the size of the plate increases to accommodate larger
laser diameters.

There is then a trade-off between maintaining a thick enough plate for it to be
structurally sound and avoiding non-linear effects. This is compounded by the fact
that with higher-power lasers the diameter needs to be even larger, making it neces-
sary to design even thicker plates to maintain structure stability. All of this effectively
puts a power-threshold on the usability of these transmissive plates, especially if one
is very sensitive to any distortions in the pulse length or spectrum that can occur
when using transmissive optics with high power beams.

For our particular plate, there were many difficulties with maintaining a consis-
tent step height along an entire radial line. This was due to the way the plate was
fabricated, its continuous nature and its large diameter. This inhomogeneity was se-
vere enough that it made the plate incapable of adequate conversion for the full-sized
60mm ASTRA beam. As such, in order to perform our diagnostic tests, we were
forced to only use it with the beam apertured to 20 mm as the height of the SPP was
fairly consistent over that length. This reduces the energy in the pulse to about 10%
of the full energy.

A more promising method of OAM conversion is found in reflective spiral plates.
As mentioned previously, they operate in a similar way to SPP while avoiding the
transmission of beams in dielectric media. As such, they circumvent any issues as-
sociated with non-linear dielectric effects caused by high-power beams. That way,
they can be as thick as needed to make them stable and can be further made from
materials that withstand even the most powerful lasers in operation. This means
that, in principle, they can withstand any practically realisable beam power in the
same way that other optical components are built for these beams. They can even
be fabricated in such a way so as to operate off-axis [109], reflecting the beam at an
angle and avoiding any geometrical issues with their inclusion in experimental setups

that might have been caused by a normal-incidence-only mirror.
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4.6 Conclusion

In this chapter, I have looked at how high-power laser pulses are generated in general
as well as the specifications and parameters of the ASTRA GEMINI laser facility in
particular. I then looked at various methods of generating lasers which carry OAM
and the suitability of each method for use on high-power lasers. The three main

methods that were explored for producing OAM-carrying lasers are

1. Using Hermite-Gaussian modes to create Laguerre-Gaussian ones either via su-
perposition of various modes or via the action of appropriate optical compo-
nents. Although this method has a theoretical 100% conversion efficiency if the
input HG modes are ideal (due to the fact that any LG mode can be repre-
sented as a sum of HG modes), it presents many other disadvantages that make
it impractical. Chief among those are the fact that higher-order LG modes will
be more complicated to produce and, more importantly, the fact that modern

lasers, especially high-power ones, are optimised to avoid producing HG modes.

2. Using holographic phase plates to convert standard laser modes into OAM-
carrying ones. This method presents the advantage that making higher-order
modes using it is not particularly more difficult than lower-order ones and that
it uses standard laser outputs as its input modes. This method can also achieve
very high efficiencies when the hologram is blazed. However, due to the incred-
ibly complex process of fabricating these plates for the large beam diameters
required for high-power lasers, they are not a practical solution for generat-
ing high-intensity lasers with OAM even if they are ideal for certain low-power
use cases due to the increasing ease of creating small-scale computer-generated

holograms.

3. Using spiral phase optics to convert standard laser modes. This method has
a very high theoretical conversion efficiency and there have been multiple re-
ports of efficient conversions using it. It also has the advantage of a relatively
straightforward fabrication process that can be scaled to accommodate large
beam sizes. Another important advantage offered by this method is the fact
that it can use reflective optics instead of transmissive ones by using spiral phase
optics. This circumvents any issues with non-linear effects distorting the pulse
length or spectrum of very high-power pulses when they are transmitted in di-
electric media. It also effectively means that the only limitation to its use with

high-power optics is the damage threshold of the material used in the coating of
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the mirrors, which generally also limits all other reflective optical components

used in high-power laser systems.

Now that there is a reliable way of generating high-intensity pulses which carry
OAM, I will turn my attention to the best methods of characterising these pulses
and the amount of OAM they carry. Not only is this important for experimentally
gauging, in an accurate manner, the quality of conversion methods, it is also important
for diagnosing the results of any experiment which investigates OAM effects, including

the one proposed in the previous chapter.
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Chapter 5

Characterising the OAM of
high-intensity pulses

“I often say that when you can
measure what you are speaking
about, and express it in numbers,
you know something about it; but
when you cannot measure it, when
you cannot express it in numbers,
your knowledge is of a meagre and
unsatisfactory kind; it may be the
beginning of knowledge, but you
have scarcely, in your thoughts,
advanced to the stage of science,
whatever the matter may be.”

William Thomson, First Baron
Kelvin.

5.1 Context

Although OAM-carrying beams have a very distinctive transverse spatial structure
with the singularity present at the centre of the intensity profile, that alone does
not suffice to characterise these modes. The singularity could potentially be due to
other effects and even if it is simply due to the presence of OAM, it would not be
possible to accurately gauge the amount of OAM present nor its orientation. As
such, more sophisticated methods are required in order to be able to analyse the
results of experiments involving the interaction of high-power OAM-carrying modes.
Of course, the most comprehensive method would be to use a wavefront sensor to

measure the phase information contained within the beam profile. However, this is
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highly impractical as most wavefront sensors lack the resolution required to completely
acquire all the phase information over the relatively large diameter of these beams.
Additionally, these sensors are highly sensitive to alignment and any other aberrations
that are bound to exist in physical situations.

As with the generation of OAM-carrying beams, much of the research into char-
acterising the OAM of light has been focused on low-power beams and even single-
photons [86]. This is due to the fact that the vast majority of experiments involving
OAM have been in that regime, while the application of OAM to high-power in-
teractions has mostly remained in theoretical and numerical research so far. For a
characterisation method to be suited for measure the OAM of a high-power laser, it
must meet some important criteria: firstly, it needs to be able to measure collective
electromagnetic effects (not single-photons). Depending on the type of high-power fa-
cility, additional constraints must be met. For low-energy high-intensity facilities, the
characterisation method also needs to be able to measure short to ultra-short pulses
(ps down to fs-scale). For high-energy facilities with ns pulses, this method further
needs to be able to perform the measurement in a single-shot, since the repetition
rate on high-energy laser facilities can be extremely low and there are often issues
with shot-to-shot reproducibility.

This chapter explores three different methods for characterising the OAM and
their applicability to experiments involving high-power laser pulses. Firstly, the ex-
periment on the ASTRA laser, where the different diagnostic methods were tested
and the experimental results on them were collected, is described. This is followed
by detailing the three different methods: the cylindrical lens diagnostic, the interfero-
metric diagnostic and the projective diagnostic. The theoretical basis of each method
is discussed and their experimental results are showcased. The chapter concludes
with a brief discussion on the relative advantages and disadvantages of each method

and how they fit in the context of the planned photon-photon scattering experiment.

5.2 ASTRA experiment

The ASTRA laser, which was described in the previous chapter, provided the optimal
platform for testing the conversion and characterisation of the OAM of high-power
laser pulses. Although it is by no means the most powerful laser available, the ASTRA
laser and the associated experimental facility are ideal for field testing new diagnostics.
This is due to the fact that they provide a reasonably powerful laser (in the range

of 10s of TW) for long experimental runs with a very similar setup to what would
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be found on the most powerful laser systems: a large vacuum interaction chamber,
a large beam size, diagnostic optical tables inside and outside the chamber, and
adaptive optics control of the beam’s wavefront.

The particular experimental campaign which produced the results that are out-
lined in this chapter was a twelve-week long campaign aimed at identifying the best
ways of measuring the OAM of high-power pulses. The experiment was also specif-
ically focused on the context of high-intensity laser-plasma interactions. This was
in preparation for an experimental campaign to investigate the effects of OAM on
laser-plasma instabilities. As such, the experimental setup was arranged to emulate
what a laser-plasma experiment looks like.

Fig.(5.1) shows an overview of the main components of the setup. The ASTRA
beam enters the compressor where it is compressed to ~ 50fs. At this point, the
compressed pulse is carrying a power of 12 TW and as such is only propagated in
vacuum. The compressor is connected to the vacuum interaction chamber through
a gate valve which transports the pulse between the two chambers and allows for
maintaining separate vacuums if the interaction chamber needs to be opened. Inside
of the interaction chamber, the ASTRA pulse passes through the SPP described in
the previous chapter where it acquires an OAM of [ = 1.

The converted beam then passes by a 99 : 1 beamsplitter, which backreflects a
portion of the laser pulses with an angle. This portion is diverted out of the inter-
action chamber towards the diagnostic table. This is meant to emulate the radiation
produced during laser-plasma interactions, which would generally be a fraction of
the input laser’s energy. The main beam continues to be focused using an off-axis
parabola and then another portion of it is diverted out of the interaction chamber
to a focal spot diagnosis. This focal spot diagnosis is what produced the “dough-
nut” image in Fig.(4.8),which is used to adjust the adaptive optics and correct any
aberrations in the wavefront of the beam. Before placing the SPP, a Haso wave-
front sensor is placed in the focal spot diagnostic where it measures the wavefront of
the beam. This measurement is used to adjust the adaptive optics and produce the
flattest wavefront possible in order for optimal OAM conversion.

The portion of the beam which was diverted before the focusing optic is directed
onto the external diagnostic table. There, the beam is split into the three different
diagnostics allowing for simultaneous measurements on each shot. The beamsplitters
can also be replaced with mirrors to focus on each diagnostic independently. Each
diagnostic was initially assembled and pre-aligned independently using a small contin-

uous wave (CW) laser. It should also be noted that, although the diagnostics in this
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Figure 5.1: Diagram of the main parts of the ASTRA laser’s target area showing the
compressor chamber, the vacuum interaction chamber with its internal optical setup
and the external diagnostics table with all the different OAM diagnostics.
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experiment were placed in air outside the interaction chamber due to size limitations,
this is not necessary and they would work similarly under vacuum. This could be
needed if the beam to be measured is very high-intensity and cannot be manipulated
in air. However, if that is the case, some of the diagnostics may not be suitable due
to the use of transmissive components. Once the setup of each diagnostic is complete,
reference shots were taken without the presence of the SPP, which were then followed
by the data shots, which, in turn, were taken after placing the spiral phase plate in
the path of the beam.

5.3 Cylindrical lens diagnostic

It is well known that lenses, arranged in particular configurations, can be used to
immediately compute the spatial Fourier transform of transverse spatial profile of the
input light field. In particular, a one-lens imaging system would produce, at the focal
plane, a field whose magnitude is equivalent to the magnitude of the spatial Fourier
transform of the input field [110]. However, as seen in the previous section, the
information contained in the focal plane of a spherical lens would not be sufficient to
characterise the OAM on the input field. However, it has been shown that cylindrical
lenses, which only focus along one particular spatial axis leaving the other intact,
produce very distinctive shapes at their focal planes when a collimated OAM-carrying
mode is incoming on them [111].

In fact, the intensity I(xf, yy) at the focal plane (x¢,ys) of a simple one-cylindrical
lens optical system can be modelled as the magnitude of a one-dimensional Fourier
transform of the two-dimensional function describing the transverse profile of the
input LG mode LGé(xi, y;) at the input plane (z;,y;):

2

Iz, yp) o /LG;(:Q,yf)ew”fzi/’\fdxi (5.3.1)

where A is the wavelength of the incoming light and f is the focal length of the
cylindrical lens. There are two subtleties here that should be noted. This form as-
sumes that the cylindrical lens has been perfectly aligned so as to act along some
well-defined spatial z-axis. However, the choice of the z-axis is of course completely
arbitrary and, in the case of LG modes, irrelevant since rotations in the transverse
plane would only amount to adding a constant phase factor which is physically mean-
ingless. In experimental conditions, the rotation of the cylindrical lens around the

axis of propagation of the incoming beam would be adjusted for the convenience of
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Figure 5.2: (a) Picture of the inside of the ASTRA laser’s interaction chamber (b)
Picture of the diagnostics table outside of the interaction chamber showing the various
OAM diagnostics.
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Figure 5.3: (a-d) Simulated norm of a one-dimensional Fourier transform per-
formed along the transverse z-axis of different Laguerre-Gaussian modes with [ =

0,+1,—1,+2 respectively. The simulated norms clearly show the distinctive fringe
pattern caused by the OAM.

X (um)
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(a)

Cylindrical
Lens Camera

Figure 5.4: (a) Optical setup for the diagnostic that was built at the ASTRA target
area (b) Experimental result from a shot of the ASTRA laser after going through
the SPP clearly showing the pattern similar to the [ = 1 simulated pattern shown
above (c¢) Experimental result from a continuous low-power 400 nm beam after it went
through the same SPP placed in the opposite orientation.

106



5. CHARACTERISING THE OAM OF HIGH-INTENSITY PULSES

the setup and subsequent data analysis but would not impact the information con-
tained within. The second point is that, although the cylindrical lens only acts along
the x-axis, technically there are diffraction effects on the y-axis from the plane of the
lens y; to the focal plane y;. However, since I am considering a collimated input beam
with a Rayleigh length that is larger than any of the relevant physical dimensions of
the system, these effects can be ignored.

Fig.(5.4.a)-(5.4.d) show simulated results of the action of a cylindrical lens on
various LG modes LG (z;, ;). These simulations clearly show that for LG modes
with [ # 0, there are fringes which appear. The number of dark fringes correspond
to the absolute value of the different [ mode numbers. The simulations further show
that the tilt of the fringes changes with the sign of [. This means that in one shot,
this diagnostic is capable of providing information concerning both the magnitude
and the orientation of the OAM carried by the mode. It is important to note that
there is no "absolute” sign for the OAM of light and it is only meaningful to speak
of the relative sign of one with respect to another. In fact, Eq.(5.3.1) can be solved
for particular values of [ so that the experimental data may be compared to the ideal

solution. For example, solving the equation for the first LG modes with unit waist

gives:
I (vy,yp) o< exp [ — (%2 + yQ)} (k £ 2y) (5.3.2)
I (vp,yp) o< exp [ — (%2 + y2)} (=2 + (k £ 2y)?) (5.3.3)

Fig.(5.4.f)-(5.4.g) show some experimental results using this diagnostic both on
an ASTRA main beam shot and using a much weaker mW CW laser diode emitting
light at 2wasTra after they had gone through the SPP. The output of the diagnostic
fits well with what is to be expected from these beams. For the laser diode, the
SPP was put in the opposite direction to showcase the ability of this diagnostic to
distinguish the sign of the OAM, which is clear from the image seen at the focal
plane. Additionally, since the laser diode is emitting at twice the frequency of the
ASTRA beam, it will acquire twice the azimuthal charge going through the SPP,
and subsequently twice the OAM. As expected, the result of the diagnostic on the
converted laser diode shows two dark fringes characteristic of [ = 2.

This diagnostic has many important advantages that make it well suited for use
in high-power laser systems. Indeed, it is based on a single optical component and a
single sensor component and, as such, requires very little alignment. Additionally, re-

flective cylindrical optics are available that would allow for the characterisation of even
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more high-powered beams where the intensity would damage traditional transmissive
cylindrical lenses. This method also gives us information both on the magnitude and
the orientation of the OAM in one easy-to-interpret output. Space-wise, since this
diagnostic requires so few components, it can be made arbitrarily compact by using a
cylindrical optic of appropriate focal length. It should be noted, however, that if the
F-number (f/D with f being the focal length and D the diameter of the beam) of the
system is too small, this will result in a very small spatial extent in the direction of
the focusing. This might make interpreting the output difficult, or even impossible,
depending on the spatial resolution of the sensor being used. However, this problem
can be circumvented by aperturing the input beam reducing the F-number of the sys-
tem. A shortcoming that cannot be avoided, unfortunately, is that if the input beam
to the diagnostic is composed of a superposition of various OAM modes, then it will
be relatively difficult to accurately decompose them, since the only data that would

be in the output is the magnitude of the sum of their various Fourier transforms.

5.4 Interferometric OAM diagnostic

Another common way of characterising structured spatial phase variations is by in-
terfering the beam with another reference, such as one carrying a well-defined OAM
(e.g., a Gaussian [ = 0 beam). This allows for extracting certain information about
the phase of the original beam. However, using a reference beam is impractical when
it comes to high-power laser experiments, as this requires precise alignment (in space
and time) of the pulse with another reference pulse that is similar enough in ampli-
tude and wavelength. A way around these restrictive conditions is to interfere the
pulse with a copy of itself. However, for this to give any useful information on the
azimuthal charge, there must be a way to modify the transverse profile of one copy
relative to another. This can be done using optical components known as prisms
[112]. In the case of the setup that will be discussed in this section, I used what is
called a dove prism. A dove prism is a transparent hexahedron where the four lateral
sides are regular trapezoids, and the top and base are different sized rectangles. It
can be used to rotate the transverse profile of an input beam or to create a mirror
image of it. Here, I am interested in its ability to rotate an input OAM beam, which,
as mentioned previously, amounts to adding a relative phase shift.

My setup is based on the well-known Mach-Zehnder (M-Z) interferometer. As
shown in Fig.(5.5.a), two dove prisms are introduced into each of the M-Z interfer-

ometer’s arms. The prisms are rotated by a = 7/2 with respect to each other. This
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@) 50/50
Mirror Beamsplitter

Figure 5.5: (a) Shows the basic schematic of the optical setup for the OAM inter-
ferometer (b-c) Simulated results for the output of the interferometer in the case of
normal Gaussian profile and a LG with [ = 1 respectively.
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causes one copy of the input beam to be rotated by 2a = « relative to the other. In
the case of an LG mode, this would mean that the transverse spatial variation of the
phase of one copy will be 180° out of phase with the other. This signifies that when
the M-Z inteferometer is perfectly aligned, even OAM modes would favour one path
after the final beamsplitter while odd modes would favour another. This can be used
to create an "OAM-splitter” for single photons [113].

However, this splitting is not very relevant for my purposes as I am currently
interested in characterising macroscopic fields and not single photons. Another con-
sequence of this setup can be seen when the interferometer is not perfectly aligned so
as to create interference fringes at the outputs of the final beamsplitter. As can be
seen in Fig.(5.5.b-5.5.c), the interference between a beam and a rotated copy of itself
creates distinctive patterns depending on the [ mode number. For a regular Gaussian
[ = 0, the pattern corresponds to the standard fringes normally seen in such inter-
ferometers. For [ = 1, the fringes present a distinctive “fork” shaped discontinuity
similar to the one present in the phase holograms mentioned in the previous chapter.
These varying patterns make it possible to diagnose the different OAM states of the
beam. Again, they not only hold information on the magnitude of the beam but also
on its relative orientation. For example, the pattern for [ = —1 would be inverted
relative to the one for [ = 1.

The setup shown in Fig.(5.5.a) was built and aligned at the CLF and tested on
the ASTRA laser. Due to the relative complexity of the setup, it was done on mul-
tiple stages. First, a standard Mach-Zehnder interferometer was built and aligned
using a continuous source to first align the direction of the two copies in order to see
the standard interference fringes in one of the two outputs of the final beamsplitter.
Although the arms of the interferometer were adjusted so as to have two approxi-
mately equal path lengths, some final alignment is always needed using a delay stage
on which one of the mirrors is fixed. This allowed me to fine-tune the path length
to optimise the interference when switching to pulsed beams. This became especially
crucial when dealing with fs pulses such as those from the ASTRA laser. Once the
alignment and optimisation of the Mach-Zehnder was complete, Dove prisms with the
desired relative rotations were inserted into each path. The orientation and position
of the Dove prisms were then adjusted to first retrieve the interference fringes with the
continuous beam. Although the Dove prisms were chosen to be of the same size, un-
certainties in the manufacturing can be large enough to cause temporal misalignment
for fs pulses. This was compensated for by using the aforementioned delay stage. As

for the experimental performance of this diagnostic, this can be seen by looking at the
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Figure 5.6: Experimental results for the interferometric diagnostic on the ASTRA
laser: (a) The result for the standard beam without the SPP, so | = 0, shows the
typical fringes usually seen in interferometers; (b) When the SPP is placed in the
beam path, the profile of the fringes change and a discontinuity similar to the one in
Fig.(5.5.c) is seen indicating the presence of OAM.

results shown in Fig.(5.6), which compares the output of the interferometer between
the unconverted ASTRA pulse (a) and the converted one (b). The behaviour of the
beam is similar to the one shown in the previously discussed simulated results. The
interferometric diagnostic allows us to distinguish between regular Gaussian beam
and a [ = 1 beam.

Although this diagnostic offers a way to quantify the OAM state (both magnitude
and relative orientation) of a pulsed beam, it suffers from many shortcomings. The
setup is complex and the alignment is quite involved and time-consuming. Further,
any slight drift in the direction of propagation of the input pulse might cause the di-
agnostic to fail. This alignment problem is only gets exacerbated as the pulse length
decreases because the system then becomes even more sensitive to temporal misalign-
ment. Hence comes the need for the delay stage in the Mach-Zehnder interferometer.
For example, the ASTRA pulse, at 50 fs, would get temporally misaligned if the two
paths in the interferometer drifted by 15pum. Since many high-power lasers tend to
use even shorter pulses, this makes this drawback particularly critical. Besides the
practical implementation aspects of this diagnostic, it has other more fundamental

disadvantages. Although it is relatively easy to diagnose the [ = 0,£1 OAM states
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(b)

Figure 5.7: Simulated results of the output of the interferometric diagnostic for (a)
I =2and (b) I = 3. As can be seen from (a) as compared to Fig.(5.5), the LG3 mode
has a forked shaped but with two inner prongs instead of one. For LG%, the pattern
becomes extremely difficult to identify and exceeds the size of the window.

from the pattern in the output image, this is not at all the case for higher order
modes. Fig.(5.7) showcases the complex interference patterns that emerge from pure
higher-order OAM states. In fact, higher-order modes would generate patterns that
would require ever increasing spatial windows to properly diagnose. Additionally,
in an actual experiment, the modes being diagnosed are rarely pure OAM modes.
As such, the emerging patterns would be even more difficult to interpret and fit to

simulated data.

5.5 OAM projective measurement

So far, the diagnostic methods that have been discussed have shown some weaknesses
when faced with non-pure OAM states. The last one that will be discussed offers a
way around this problem. This is done by “projecting” the input beam onto various
OAM basis states. The basic principle around this projective method is the fact that
any beam can be filtered from its non-Gaussian components by using a spatial mode
filter, such as a pinhole. Consider a setup such as the one in Fig.(5.8). If one splits
the input beam with [;, into multiple paths and inserts a known OAM mode converter

onto each path (such as phase holograms or spatial light modulators (SLM)). Each
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Figure 5.8: Schematic of an example of a projective diagnostic capable of projecting
on [ = 0 along path (a), [ = —1 along path (b) and [ = 1 along path (c). The
remainder components of the beam can be inferred from the control measurement
along path (d).

Spatial Mode
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beam on each path j thus has an OAM state of [;, + ;. Consider a beam that is a
superposition of various OAM modes; on each path j, the component of the beam
that has OAM of —[; will be converted into a Gaussian mode (I = 0), while other
components will be converted to various other modes. This means that if the beam
is focused on a spatial mode filter placed after the mode converter followed by a
detector, only the —I; component will pass through the filter and be detected. An
additional path can be added which has no filters or mode converters. This allows
for the detection of the power that is in the rest of modes not being projected by the
other paths.

To test the operation of this diagnostic method, I opted to project on just one state
in order to calculate the Gaussian component that is left in the beam after the OAM
conversion. This was done because fabricating spatial mode converters for beams

of the size typically used in high-power laser experiments, is quite a complex and
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difficult process. The spatial mode filter that was used was a single mode step-index
optical fibre cable optimised for use for 800 nm light.

A step-index fibre cable is a cable formed of two distinct dielectric zones: the
internal core and the surrounding cladding. The refractive index is uniform inside
the core and decreases rapidly, going from the core to the cladding where it remains
uniform again. When an external beam is coupled into a fibre-optical cable, it has
the potential to excite a variety of what are called waveguide modes. For the vast
majority of use cases, the waveguide modes of interest in step-index fibre optic cables
are the so-called weakly-coupled linearly polarized modes LP! [114], where I and m
serve a similar purpose as in the free-space LGﬁn modes. These LP modes have a
similar appearance to the free-space LG because they both arise from solving the
wave equation in cylindrical coordinates. Fig.(5.9) shows the first two LP modes. It
should be noted that, as opposed to the free space modes, the radial mode number
for the guides linearly polarised modes starts at m = 1 not m = 0.

A single mode step-index fibre is one where the V' number is less than 2.4 for its

wavelength of operation A\, where V is defined as
V =="—4/n? —n (5.5.1)

with a being the diameter of the core, n; the refractive index of the core and no
the refractive index of the cladding. When the aforementioned condition is satisfied,
only the fundamental LP{ (analogous to the free-space Gaussian) is guided in the
fibre. In such a cable, any higher-order mode that gets excited decays quickly in an

—oL where «a is the attenuation coefficient and L is the

exponential manner [ « e
length of the cable.

It should be noted that a fibre optic cable is only single-mode above a particu-
lar wavelength, termed the ”cut-off” wavelength. Below this threshold, high-order
modes can be guided. In practical use, the cut-off wavelength is generally defined
as that where the attenuation of the second mode LP] is 20dBm™! more than the
fundamental mode [115]. The higher the wavelength relative to the cut-off, the more
high-order modes are attenuated. Experiments have shown that the attenuation can
be as high as 25dBm™! for single photons [86]. In my setup, I used a one-meter
long single-mode optical fibre where the cut-off was at 730 nm, i.e., well below the
wavelength of the Astra beam. Detecting the power of the beam after the filter, and
adjusting for the action of the filter as well as the transmission of the SPP, shows that
27% of the power remains in the Gaussian beam. This signifies that the transmissive

SPP has a conversion efficiency of around 73% into non-Gaussian modes.
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Figure 5.9: Simulated transverse profile of the the guides modes in a step-index fibre.
The black circle represents the boundary between the core and the cladding. The two
modes are (a) the LP{ fundamental mode analogous to the free-space Gaussian and
(b) the LP} mode analogous to the [ = 1 mode.
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Since this characterisation method is capable of identifying and quantifying an ar-
bitrary number of LGf) components present in a beam with very little post-processing,
it is technically the most complete way to characterise the OAM of any beam. How-
ever, this method does have several important drawbacks that limit its practicality.
First, the alignment procedure can be very involved depending on the number of
modes one wishes to project on. Each additional path requires at least four compo-
nents aligned: a mode converter, a lens, a mode filter and a camera/photodetector.
This makes the device poorly scalable. This is also aggravated by the fact that any
misalignment in one particular path relative to the others would make it more dif-
ficult to interpret the results of the diagnostic. Additionally, mode converters can
be quite difficult to make, especially if they need to accommodate the beam size or
if they need to avoid dielectric transmission to accommodate the intensity of some
high-power laser pulses. This brings us to the final limitation of the device when it
comes to its use with high-power beams. Although there are fibre cables designed
for high-power use, almost all high-power beams would require heavy attenuation if
fibre cables are to be used to directly diagnose their OAM. An alternative, and more
suitable, solution would be to use pinhole spatial filters, which can made be from
materials that can easily withstand much higher intensities. There have even been
pinhole filters capable of withstanding up to 3 x 102 W /cm? [116].

5.6 Conclusion

In this chapter, I have considered the various ways to characterise OAM both from
a theoretical point of view and from a practical implementation standpoint in the
context of high-power laser pulses. Looking at the results of the ASTRA experimental
campaign, I summarise the various advantages and disadvantages of each method as

follows:

e The cylindrical lens diagnostic is by far the easiest diagnostic to setup and re-
quires the fewest components. By leveraging the Fourier transform properties of
cylindrical focusing optics, it is possible to assess the magnitude and orientation
of the OAM of an incoming beam in one shot. Thanks to the availability of
cylindrical mirrors, this diagnostic can even be used with high-intensity beams,
although there will remain the issue of finding an appropriate detector. These
advantages make it ideal for quick and simple characterisation of very short
pulses. Further, this method will prove especially useful in ensuring that OAM

mode converters are well aligned and are working properly. The main weakness
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of the cylindrical lens diagnostic is that it is unsuitable for when there is a

superposition of various OAM modes.

Although the interferometric diagnosis seemingly offers a single-shot way to
characterise both the magnitude and the orientation the OAM of laser pulses,
it has distinct disadvantages compared to the cylindrical one. Indeed, the in-
terferometric diagnosis is incredibly difficult to align since it requires aligning
a complete Mach-Zehnder interferometer and then adding the dove prisms to
each arm without losing the alignment: a task whose difficulty is compounded
by the fact that many high-power pulses are extremely short in duration. An-
other important shortcoming is that the pattern produced becomes increasingly
complex to analyse with higher-order OAM modes and requires a larger spatial
window. Finally, this method also shares the problem of the cylindrical lens

diagnostic when measuring a superposition of modes.

The projective diagnostic has the powerful advantage of being able to completely
characterise the OAM content of both pure and mixed modes. However, this
comes with the caveat that it can only characterise as many or as few modes as
its setup allows. If one wishes to increase the number of projection states, an
additional path needs to be setup and aligned. The precise relative alignment
of each path is also crucially important since the way the results are analysed
is by looking at the relative measurement on the photodetector placed on each
path. The difficulty of aligning a single arm varies depending on whether simple
holographic phase plates and single mode fibre cables can be used, or whether
the intensity of the beam requires reflective mode converters and high-damage

threshold pinhole filters are needed.

As such, it appears that the cylindrical lens diagnostic and the projective diag-

nostic are the two most suitable ones. Whether one is more suitable than the other

depends upon the particular experiment and its requirements. In the context of the

photon-photon scattering detection experiment proposed in Chapter 3, there are two

important steps in that experiment which will require precise OAM characterisation.

The first is to gauge the efficiency of the conversion of one of the driver beams into

an OAM-carrying mode in order to maximise it as much as possible. This is essential

as it will determine the amount of photons that we should expect in the predicted
OAM mode. It is also important to fix a specific orientation for the OAM of the

driving laser pulse since the generated photons are expected to have the opposite

117



5. CHARACTERISING THE OAM OF HIGH-INTENSITY PULSES

(d)

(@)

) W

(€)

Figure 5.10: Planned schematic for the photon-photon scattering detection experi-
ment: (a) Narrow-band wavelength filters eliminates light at undesirable frequencies;
(b) Mode converters only convert the appropriate OAM mode to Gaussian; (c¢) Lens
to focus the radiation on the spatial mode filter; (d) Spatial mode filter leading to a
photodetector.

orientation. To accomplish this task, it will actually be easier to use two diagnostics.
First, one should use the cylindrical lens diagnostic to obtain the rough alignment of
the mode converter, followed by the projective diagnostic with only one projection
state required: the desired OAM state.

Secondly, one needs to filter out light based on its OAM state while detecting a
small number of photons. Again, here, the idea is to use the projective diagnostic
method with only one projection state as an OAM filter. Since I am interested
in measuring a few hundred photons, it suffices to use a blazed holographic plate
mode converter and a single-mode fibre cable. As can be seen from Fig.(5.10), this
filter needs to be placed after a wavelength filter along the expected line of sight
of the interaction. Also, from Reference [86], one expects a 25dB reduction of the
background noise coming from other sources thanks to this filter. This drastically

improves the signal-to-noise ratio, thus rendering this experiment more feasible.
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Chapter 6

Single-Shot Frequency Resolved
Optical Gating

“We have to remember that what we
observe is not nature herself, but
nature exposed to our method of
questioning.”

Werner Heisenberg

6.1 Context

As discussed in Chapter 4, in order for lasers to reach the extreme intensities that
are needed for experiments such as the photon-photon scattering experiment, it is
generally necessary to compress them into ultra-short fs and ps pulses. As CPA
became more advanced, the use of high-power ultrashort pulses became widespread
in scientific experiments in physics, chemistry and biology. As such, the need arose
to properly measure and fully characterise these pulses.

Unfortunately, the response time of electronic circuits is generally significantly
slower than the time-scale of these pulses. For sufficiently long pulses (> 30ps), high
temporal resolution optical streak cameras used in conjunction with optical spec-
trometers are able to characterise the pulses spectrally and temporally. However, for
shorter pulses, other methods must be used to measure the temporal evolution of the
pulse such as the spectral phase interferometry for direct electric-field reconstruction
of ultrashort optical pulses (SPIDER) method used for femtosecond-scale pulses [117]
and the reconstruction of attosecond beating by interference of two-photon transitions
(RABBITT) method used for attosecond-scale pulses [118]. Another notable example
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of a diagnostic, that is used to characterize femtosecond-scale pulses, is frequency-
resolved optical gating (FROG) - originally developed by Rick Trebino [119]. Over
the decades since its invention, this diagnostic has become so ubiquitous that there
are multiple manufacturers supplying commercial versions of it. However, with most
current commercial single-shot FROG devices, the maximum pulse length that can
be measured is limited to ~ 5ps [120], thus leaving a sizeable interval of pulse lengths
with no readily available method for characterisation.

This chapter will discuss a novel single-shot FROG device based on a second-
harmonic generation that has been developed for the short pulse of the Vulcan laser
at the Central Laser Facility (CLF) [121]. This instrument can measure pulses up to a
theoretical limit of 25 ps. This device was commissioned specifically because commer-
cially available FROGs could not be used on the Vulcan short pulse. As previously
discussed, high power laser facilities, such as the CLF, are home to many important
high energy density (HED) scientific experiments. To be able to properly interpret
the results of experiments conducted at these facilities [121], accurate characterisation
of the laser pulses is required.

The raw data output from FROGs do not immediately give us the required in-
formation about the pulses they are measuring. A specific algorithm is required to
extract the information on the temporal evolution of the intensity of the pulse as well
as its phase. This process is called phase retrieval. Traditionally, FROG retrieval
algorithms have been based on an iterative Fourier transform loop. However, these
algorithms tend to stagnate in the myriad of local minima that generally plague the
solution space of possible laser pulses. To that end, a novel hybrid genetic algorithm
has been developed and tested which circumvents the stagnation problem by iterating
between randomly searching the solution space and optimising the current solution
in a particular region of it.

This chapter is structured as follows: first, the general principles behind FROG
diagnostics are discussed. Then, the design of the single-shot FROG diagnostic de-
vice is presented. Following that, the new genetic algorithm is described, as are its
advantages over the traditional iterative Fourier transform algorithms. Finally, some
experimental results are presented for two distinctly different pulse measurements and

the limitations of the device in range and resolution are discussed.
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6.2 The FROG diagnostic

Ignoring the separate issue of polarisation, the problem of fully characterising an
ultra-short electric pulse can be reduced to retrieving its scalar electric field E().

The latter can be written in complex notation as

E(t) = /I(t) exp(io(t)) (6.2.1)

where I(t) is the function which describes the temporal evolution of its intensity,
while ¢(t) describes the evolution of its phase. Or equivalently, since they are related

by a simple Fourier transform, it would suffice to know scalar field in the spectral

domain E(w) = FT(E(t))
E(w) = +/S(w)exp(ip(w)) (6.2.2)

where S(w) is the spectrum of the pulse and ¢(w) is its spectral phase.

Although it might seem that the spectral field is relatively simple to characterise
since it no longer has the ultra-short time dependence, this is not necessarily the case.
When a pulse is spectrally measured, such as in a spectrometer, one generally only
acquires the spectrum S(w) with no access to the spectral phase. This is because
when any beam of light is measured, one can only measure its intensity since that is
what electronic sensors respond to. This means that in order to use this measurement,
one needs to be able to retrieve E(t) from just the magnitude of its Fourier transform
|E(w)|. Mathematically, this problem is known as phase retrieval.

For a one-dimensional function like the electric field, it can be shown that this
has no unique solution in the vast majority of cases. There are a few ambiguities
that are immediately obvious, such as shifting E(t) by a global phase ¢, displacing
it in time and inverting it in time. However, even up to these ambiguities, a given

solution is not unique. To see why, consider the case of a discretised electric field F;

with t € {0,1,--- , N — 1}. Its discrete Fourier transform (DFT) can be written as
. N-
By =) Ejexp( z—jk: Z E;z (6.2.3)
=0

where z = exp(—i(27/N)k) provides a concise way of expressing the DFT as a sum
of complex polynomials. The fundamental theorem of algebra tells us that any on-
dimensional complex polynomial can be factorised in such a way that it can be ex-

pressed as:

Jh (z — zj) (6.2.4)
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Figure 6.1: Basic schematic of a generic SHG intensity autocorrelation diagnostic.

Since one only has access to |E’k|2 = EkE,j, replacing one of the factors in the decom-

position of Ej, with its complex conjugate leaves the magnitude of the observed signal

unchanged. In fact, it has been shown that there are up to 2V 2

vectors of length N
which share the same magnitude of their DFT.

Even if one where to abandon trying to retrieve the phase evolution 6(t) and focus
just on I(t), this task remains quite difficult. A common way of circumventing the
issue of the relative slowness of electronic response is to try to measure the light pulse
with a copy of itself that is shifted in time. This is called an intensity autocorrelation
measurement. One of the most common methods of generating these signals is to mix
the signal and its time-shifted copy on a second-harmonic generating (SHG) crystal.
The output of the crystal can then be modelled as E(t)E(t — 7), where 7 is the shift
in time between the two copies. By imaging this signal on a camera, one obtains the

intensity autocorrelation signal A®®(7) which can be mathematically expressed as

AP (7) = / T I — e (6.2.5)

oo

A basic schematic for such a system can be seen in Fig.(6.1). There, a pulse is
split into two parts using a 50/50 beamsplitter and one half is propagated through a
variable delay stage. The two halves are then recombined on a SHG crystal and the
frequency-doubled signal is measured using a camera or photodetector. By varying the
delay, one then constructs a discretised autocorrelation signal. If the mathematical

shape of the pulse is known, then the autocorrelation can give information about
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some of its parameters. For example, if the input pulse is known to have a Gaussian

intensity envelope

2v/1In2t \2
then its autocorrelation should also have a Gaussian shape
2V In271 2
2
then its temporal full-width at half-maximum 7F WHM can be estimated by fitting the

measured autocorrelation signal. The same is true for other common pulse shapes
such as those following a sech? or Lorentzian distribution. Since laser pulses usually
have a theoretical model which describes their output, the intensity autocorrelation
is frequently used to characterise the pulse length of standardised laser systems.
However, if the assumption about the shape of the laser pulse is incorrect, then the
estimated width can be wildly incorrect. Without some knowledge about the shape of
the pulse, it becomes impossible to characterise it from its intensity autocorrelation.
Even though one is using a sufficiently fast signal to sample the intensity of the pulse,
namely a copy of itself, this signal does not provide sufficient information about the
pulse in order to retrieve even just I(t). To see why, consider the Fourier transform
of Eq.(6.2.5):
A@)(w) =FT((t)«1(t)) = |f(w)|2 (6.2.8)

Since knowing the signal is equivalent to knowing its Fourier transform, one is left
again with the phase retrieval problem to obtain I(¢) from its autocorrelation. This
means that an autocorrelation does not map to a unique pulse, even if one accounts for
the above-mentioned trivial ambiguities. This can be seen from Fig.(6.2), where two
simulated pulses with different intensity profiles have exactly the same autocorrela-
tion. Another common problem with autocorrelation signals is that the more complex
a pulse shape becomes, the more its autocorrelation “washes” out the high-frequency
features. This makes this measurement unusable when one wants to characterise the
laser pulse after an interaction.

In order to resolve all these issues, Rick Trebino and Daniel Kane invented the
so-called Frequency-Resolved Optical Gating (FROG) method [119]. The setup of
the FROG diagnostic is relatively straightforward. It starts, like an intensity auto-
correlator, by mixing a pulse with a time-shifted copy of itself in a non-linear process.
However, instead of directly imaging the output, it is first Fourier transformed by

measuring its spectrum, which is then imaged on a camera. The basic setup of a
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Figure 6.2: Simulated data for two pulses (A and B) with different intensity profiles:
(a) The intensity autocorrelation signal for the two pulses; (b) The temporal intensity
profile of the two pulses. This shows that although they have identical autocorrelation
signals, they have vastly different intensity profiles.
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SHG-FROG can be seen in Fig.(6.3), which is basically the same as the SHG inten-
sity autocorrelation setup but with the camera replaced by spectrometer.

As the shift in time of the copy is varied, the 2-dimensional spectrogram of the
pulse S(w, ) can thus be formed. The actual measured signal is the squared magni-
tude of this spectrogram, which is conventionally called the FROG trace I(w,7) and

can be mathematically expressed as:

2

I(w,7) = |S(w, ) = ‘ /_ T B@E( — )t (6.2.9)

It may seem that we are back in the same old spot, having to retrieve a signal
from the magnitude of its Fourier transform. However, counter-intuitively, this 2-
dimensional phase retrieval is an easier problem to solve than the previously discussed
1-dimensional case. One way to see why is that, although the fundamental theorem of
algebra specifies that one can expand the 1-D DFT into factors such as in Eq.(6.2.4),
there is no equivalent theorem in 2-D. Thus, it can be shown that, given a measured
FROG trace, 2-D phase retrieval gives, in most cases, a unique solution for the spec-
trogram S(w, 7). This is, of course, up to the trivial ambiguities that were outlined
before. However, these ambiguities do not affect the physically relevant fields. This
means that, given the right retrieval algorithm, it is possible to use the FROG diag-
nostic to not only retrieve the intensity of the pulse I(¢), but also to retrieve its phase
0(t) and characterise it completely. This has made the FROG diagnostic one of the

most used measurements in ultra-fast laser experiments.

6.3 Design

One disadvantage of traditional FROG systems, such as the one described in Fig.(6.3),
is that to generate the full trace, multiple shots are needed to capture the signal at
different delays. Therefore, the temporal resolution is limited by the size of the steps
of the variable delay stage. This is especially problematic when one wants to use this
diagnostic to characterise high-power laser pulses where the repetition rate of the laser
is often less than 1 Hz and where shot-to-shot reproducibility is rarely guaranteed.
For that reason, the FROG device that was built for the Vulcan laser was based on
a single-shot design capable of acquiring the full FROG trace in only one shot.

My design is based on second-harmonic generation, where the pulse halves are
recombined on a barium borate (BBO) crystal to generate the field autocorrelation

in the second-harmonic pulse that is produced by the crystal. However, instead of
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Figure 6.3: Basic schematic of a generic SHG FROG diagnostic.

using a variable delay stage, the pulses are recombined on the crystal at an angle. As
shown in Fig. 6.4, this causes different points on the crystal’s axis to have different
delays between the pulse halves. That way, the time delay axis of the autocorrelation
is mapped onto the transverse spatial axis of the crystal, thus getting a full autocor-

relation in a single shot. The temporal window of the FROG can be expressed as:

T(z) = 2(z/c)sin(6/2) (6.3.1)

The maximum temporal window of the FROG can then be shown to be 7, =
(2d/c) tan(60/2) [122], where d is the diameter of the beam and @ is the recombination
angle between the two pulse halves as shown in Fig.(6.4). This technique allows for
a full FROG trace with each shot. Both the traditional scanning FROG devices and
their single-shot counterparts have their advantages and disadvantages. The former
is agnostic to the quality of the transverse profile of the beam and does not require
the use of large imaging spectrometers. However, as the latter nets the full FROG
trace in a single-shot, it is better suited for use with high power laser systems as the
previously mentioned low repetition rate and the significant variation between shots
would make the use of the scanning FROG highly impractical.

The single-shot FROG has been used extensively in many experiments across a
varied number of scientific disciplines [123, 124, 125]. However, with most current

commercially available single-shot FROG devices, their temporal window is limited to
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Figure 6.4: Diagram showing the two pulses mixing at angle 6 on the second-harmonic
generation crystal. The bigger the angle, the larger the maximum temporal window
of the autocorrelator.

around ~ 5ps [120]. In order to be able to measure longer pulses, a diffraction grating
has been used to add pulse-front tilt to the laser pulse. By doing so, the recombination
angle increases, increasing the maximum temporal window up to a theoretical limit
of 25 ps. It should be noted that there is a trade-off between the size of the temporal
window and the temporal resolution of the device. This can be adjusted by changing
the diffraction order used by the autocorrelator. With the zeroth order, there is no
pulse-front tilt and thus the temporal window is at its minimum. Further, by using
higher orders, the size of the window is increased.

Fig.(6.5) shows a schematic of our FROG design, clearly indicating that the au-
tocorrelation is then split using a 50/50 beamsplitter, where one half of the signal
is imaged onto a charged coupled device (CCD) camera. This camera helps with
the alignment of the pulse in the autocorrelator so that second-harmonic generation
can first be confirmed before aligning the rest of the device. The second half is then
focused using a cylindrical lens onto the slit of a Princeton Instruments Spectra Pro
SP300 imaging spectrometer to measure the Fourier transform of the autocorrelation
along one axis. This is because for a single-shot measurement, one axis contains the
spectral information and the other contains all the time delay information. Due to the
design of the slit of this spectrometer, the second harmonic had to be inverted using

a periscope in order to obtain the proper axis on the grating, as shown in Fig.(6.6).
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Figure 6.5: Schematic detailing the major optical components of the FROG.
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Figure 6.6: Picture showing the completed FROG device: (i) The second-harmonic
generation autocorrelator used to generate the second harmonic signal for the FROG;
(ii) The periscope and cylindrical lens used to flip the signal in the proper orientation
and focus it onto the spectrometer’s slit; (iii) The PI SP-300 spectrometer with the
Andor NEO camera used to generate the FROG signal.
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The device was aligned using a high-repetition oscillator that produces short pulses
that are only visible using an infrared (IR) viewer. The challenge with aligning
the second-harmonic into the spectrometer lies within the fact that the former is
very weak. To combat this, a green diode laser is fed into the device and aligned
with the second-harmonic. This is accomplished by putting two iris and using the
autocorrelation camera to ensure that the green laser and the second-harmonic are
co-propagating. Using this method, I have managed to transport the device between
different locations on the site and align it successfully at these different locations

using low-power high repetition rate pulsed sources.

6.4 Hybrid genetic algorithm

As discussed earlier, it is possible to recover the temporal evolution of both the
intensity and the phase of an ultra-fast pulse from its measured FROG trace up to
the typical ambiguities. In the case of the second-harmonic generation-FROG, there
is an additional ambiguity as the direction of time cannot be determined due to the
time reversal symmetry of the second-harmonic generation process.

Although it can be shown that the 2-D phase retrieval required to analyse FROG
traces usually produces a unique solution, this does not mean that finding this solution
is straightforward. Much research has been done into designing efficient and effective
retrieval algorithms. This is because 2-D phase retrieval is not only important for
FROG characterisation, it is also indispensable for important experimental techniques
such as x-ray crystallography and coherent diffractive imaging. Traditional FROG
algorithms are usually based on an iterative Fourier transform/projection process
that seeks to minimise an objective function, which is measuring the error between a
numerically simulated FROG trace (generated from an initial guess using Eq.(6.2.9))
and the experimentally measured trace. The most commonly used function for this

is the mean-squared error which is defined at the i iteration to be [126]:

N
FEY) = \| 53 2 1FRS6(7596) = Iipoa (7, @) (6.4.1)
J,k=0

Where I75%4(T;, wy) is the value of the measured FROG trace and ISEOG(T]-, we) |
is the value of the simulated FROG trace generated from the i-th iteration of the esti-
mation of the pulse’s electric field E®. Since these functions are discrete, the temporal
and spectral axes are labelled by j and k respectively. The iterative algorithm then
seeks to find the electric field E(t) that generates a FROG trace resembling most

130



6. SINGLE-SHOT FREQUENCY RESOLVED OPTICAL GATING

the trace that was measured. This method is known to generally converge well if the
objective function is convex over the space of possible solutions [126]. Unfortunately,
this is often not the case for FROG measurements.

To illustrate this, the FROG trace of a simulated unchirped double pulse, shown
in Fig.(6.7(a)), was numerically generated. Many guesses “close” to the true signal
were then generated by varying two parameters: the duration of the double pulse
and its chirp. The objective function was computed for all of these guesses. In
general, the actual solution space has many more than two dimensions; pulses can
vary not only in terms of the parameters that govern their mathematical functional
expressions but also in the functions themselves. Here, I have restricted myself to
these two parameters for purely illustrative reasons. The results for this parameter
scan are shown in Fig.(6.7(b)).

It is clear from Fig.(6.7(b)) that, in addition to the global minimum at the correct
parameters, there are multiple local minima at other parameter combinations. Within
these minima, the traditional algorithm can stagnate and never reach the best possible
estimation for the pulse. To combat this, a hybrid genetic algorithm that is based on
a routine used in phase retrieval in x-ray diffraction [127] (a mathematically similar
problem that faces many of the same obstacles) was used. Instead of starting with a
single guess, this algorithm initialises many guesses simultaneously, which means it
explores multiple areas of the solution space at the same time. After performing a
few iterations of the traditional iterative algorithm on each guess, it selects a sample
of them quasi-randomly (with a bias for the “closest” guesses) and combines them in
order to generate the population for the next iteration. There is also a probability
of a random “mutation” happening that alters some components in the guesses. A
beneficial consequence of these steps is that it is very difficult for the algorithm to be
stuck in a local minimum since it is constantly stochastically sampling different areas
of the solution space, thus driving it out of any local minima.

This stochastic exploration can be quite slow, especially when very large high-
dimensional solution spaces are considered, such as the ones for laser pulses. How-
ever, combined with an efficient local improvement step that exploits each guess, the
algorithm runs quite efficiently [128]. As such, I developed a hybrid algorithm that
combines the stochastic element of genetic evolutionary algorithms with the tradi-
tional iterative FROG algorithm as the local improvement step. Another advantage
of this hybrid algorithm is that it can be fine-tuned so that it focuses more on the

stochastic element or on the local improvement step. The flowchart in Fig.(6.8)
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Figure 6.7: (a) Numerical FROG trace produced from a double pulse showing the
distinct interference pattern that is usually used to calibrate FROG devices (b) 3D
surface plot of the objective function across the two parameter scans of the guesses
“around” the double pulse.
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provides the basic overview of one iteration of the retrieval routine, which is then

expanded upon in subsections 1-4 below.

6.4.1 Initialization

The first step in the algorithm is to generate an initial population of guesses. To
do so, I start with some initial guesses for the pulse, E;,;(t). The initial population
{Ei(t)}i=1, .~ is then generated by randomly changing the phase at each timestep of

each pulse.

Ei(tj) = |Ema(t;)] exp(ig;)

(6.4.2)
¢; = arg(Eii(t;)) + R - rand[—m, 7]

The parameters that govern this step are N € N, the size of the population used in
the algorithm, and R € [0, 1], the degree of randomness in generating the initial pop-
ulation from the initial guess. IV can greatly affect the performance of the algorithm.
By increasing N, there are more guesses that explore the solution space. However,
this comes at the cost of considerably slowing down the algorithm as there are many

elements that have to go through the local improvement.

6.4.2 Selection

This is a crucial step in the algorithm, since it is the process by which elements of
the population are chosen to become “parents” for the next generation. First, the
current population is ordered with respect to the objective function (in our case the
mean squared error) from best to worst. The algorithm then draws from a biased
distribution to obtain the ranking of the element that will be selected. A bias that
heavily favours the best elements will speed up the convergence. However, it increases
the risk of the algorithm becoming stuck in a local minimum as it does not sufficiently
explore the solution space. On the other hand, while choosing elements completely
at random increases the exploration, it runs the risk of taking too much computing

time. The ranking is drawn using the following distribution:
n= L(rand(O, 1)%) - NJ 41 (6.4.3)

Where rand(a,b) is the uniform distribution over the interval (a,b). The parameter
that controls this step is § > 1, which adjusts the bias of the distribution.
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6.4.3 Crossover

In this step, the next generation of guesses is produced. Inspired by the genetic
crossover that is the driver of natural evolution[129], differential crossover randomly
combines different components from the parents. Each time I want to generate an
offspring, four parents are chosen using the selection procedure outlined above. The
offspring are then created following:

Ei(t;) ifrand[0,1) > C

Enew(ti) = { Ex(t) + D - (Es(t;) — Ext;)) clse (6.4.4)

Where C' € [0, 1], called the balancing coefficient, controls how much crossover hap-
pens at each iteration and D, called the differential coefficient, controls the contribu-
tion of the third and fourth parent.

The number of offspring N, can in fact be smaller than the current population size,
such that N, = G- N, where G € [0, 1] is usually called the genetic function [127]. In
those cases, the next generation is supplemented with elements from the current one,
which are also chosen using the biased distribution outlined in the previous section,

so that all the generations have the same size as the initial one.

6.4.4 Mutation

In this step, for each element, the phase of each time step is modified by adding a
random phase.

E;(t;) ifrand[0,1) < M

Ei(t;) = { E;(t;) exp(iRy - rand[—m, 7]) else (6-4.5)

Where M € [0,1] is the mutation coefficient, which controls the probability of a
mutation occurring at any given time step. Ry; € [0, 1] controls the range of the
added phase, hence controlling the ‘degree’ of the mutation. This step increases the
exploration of the solution space to regions that might not have been reached in the
initialisation step by randomly pushing the members of the population towards those

regions.

6.4.5 Local improvement

The last step in an iteration of the hybrid algorithm is subjecting each element of the
current generation to several iterations of a traditional retrieval algorithm. In our
case, the iterative Principal Component Generalised Projections (PCGP) algorithm,

which is well suited for the second-harmonic generation FROG [130], was used. For
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each guess vector E, an autocorrelation matrix is created by computing the outer
product EE'. By rearranging the matrix and taking the squared magnitude of its
Fourier transform, a numerical FROG trace can be created, which can then be com-
pared to the measured one. If the guess is not “close” enough, the magnitude of
the rearranged matrix is replaced with the square root of the measured FROG. By
performing a singular value decomposition (SVD) on the resulting matrix, it can then
be written as a product of two orthogonal matrices and a diagonal matrix. By taking
the columns corresponding to the largest singular value in the diagonal matrix, the
“improved” guess is attained. While this process can be computationally costly, since
larger matrices are used, it can be sped up by implementing what is called the power
method [130].

The parameter that controls this step is V;, which determines the number of
iterations of the PCGP algorithm that are run on each generation. At the end of the
iteration, the objective function is again computed for all the members of the current
population and the “best” guess is kept in memory as the routine goes into the next

iteration.

6.4.6 Practical difficulties

A number of difficulties usually arise with this algorithm, the first being the choice of
the parameters. Due to the large number of parameters that significantly impact the
result of the algorithm, trial and error must be employed to determine the optimum
set of parameters for each class of “similar” pulses. Also, as with most FROG retrieval
algorithms, since there is an iterative Fourier transform step, the size of the temporal
window and the frequency resolution are intrinsically related, as are the extent of
the frequency window and the time resolution. More explicitly, if a large temporal
window is required, the frequency resolution must be small enough to enable its
calculation and vice versa, or else preforming the numerical Fourier transform would

be impossible.
6.4.7 Comparing the hybrid algorithm to traditional algo-
rithms

To compare the performance of the hybrid algorithm relative to the traditional PCGP
algorithm, both of them were used on the FROG trace generated by the double pulse

used above to showcase the solution space in Fig.(6.7(a)). The parameters used for
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Figure 6.9: The graph shows the different progression for the two algorithms as they
try to retrieve the original simulated double-pulse from its FROG trace. It should
be noted that each iteration of the memetic algorithm contains multiple iterations of
the local improvement using the PCGP.

the memetic algorithm were: N =40, N; =10, R=05M =1,C=0.5,D =0,G =
1,8 =0.15.

As can clearly be seen in Fig. 6.9, the traditional algorithm encounters a local
minimum and is unable to improve beyond it, no matter how many iterations are
performed. Conversely, the memetic algorithm does not become stuck and is able
to continue and reduce the error by more than two orders of magnitude over ~100
iterations.

It should be noted that the hybrid algorithm runs in ~ 30 minutes on a windows
laptop with an Intel Core i7 processor clocked at 2.6 GHz. The main parameters that
affect its runtime are N, N;, the number of iterations of the full algorithm and the
size of the FROG trace, the effect of the latter of which can be mitigated by using
the power method instead of the SVD.
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6.5 Experimental results

The device was tested in two very different conditions, with the first measuring the
output of a femtosecond oscillator that produces a train of pulses at a 50 Hz repetition
rate with a pulse duration on the order of hundreds of femtoseconds. This oscillator
is the source that was used to first calibrate the FROG. The calibration was done by
introducing a prepulser between the oscillator and the device. The prepulser splits
each pulse into two with equal energies, separated in time by a controllable delay.
When two pulses enter the FROG, the trace has a very distinct shape, similar to
the one shown in Fig.(6.7(a)), which has three separate 2D peaks separated in time
by the delay between the two pulses [131]. The central peak also shows a distinct
spectral interference pattern where the peaks are separated with the reciprocal of the
delay. By varying the delay and measuring the effect it has on the FROG traces, [
calibrated the spectral and temporal axis of the FROG trace. I found that the device
had a pixel temporal resolution of 65 fs and a pixel spectral resolution of 0.01 nm.
After calibrating the device, the FROG trace produced by the oscillator, without the
prepulser, is then run through the hybrid retrieval algorithm. Fig.(6.10(b)) shows the
results of this process. The retrieved pulse fits well with a Gaussian intensity profile
with a FWHM of 390.01 fs, while the phase shows a slight chirp. The direction of this
chirp is ambiguous since, as noted in the previous section, both positive and negative
chirps have the same effect on the trace of second-harmonic generation-FROG. There
is, however, a way to break this symmetry by introducing a small prepulse [131]. This
breaks the time reversal symmetry of the pulse, which thus lifts the ambiguity in the
retrieved pulse.

The device was then used to measure the pulse duration and relative phase shift
of a high-power short pulse from the Vulcan laser system [121]. Fig.(6.11) shows
the results of a measurement of the 10J short pulse. It should be noted that the
beam profile was smoothed using a random phase plate [132], both for the purposes
of the experiment and because the single-shot FROG is quite sensitive to spatial
non-uniformity. The FWHM of the retrieved intensity is 4.7 ps, which is in the ex-
pected range, with the phase showing an ambiguous chirp. I have also confirmed this
measurement by taking the spectrum of the retrieved pulse and comparing it to the
independently measured spectrum of the laser. It should be noted that, in all cases,
the phase points of the retrieved signal that are beyond the temporal width of the
intensity envelope were dropped because they convey no physical meaning. That is

because these phase points represent points where the actual measured signal was
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Figure 6.10: (a) FROG trace produced by the femtosecond oscillator (b) Intensity of
the retrieved pulse and its phase.
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Figure 6.11: (a) FROG trace produced by the Vulcan short pulse beam (b) Intensity
of the retrieved pulse and its phase.
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below the intensity threshold required to register as a constituent part of the laser

pulse.

6.6 Conclusion

In conclusion, a new single-shot FROG device based on second-harmonic generation
was developed, which can measure the duration and relative phase of high intensity
pulses up to ~ 25ps with high temporal resolution. This was achievable primarily
due to the use of dispersive optical elements in order to introduce pulse front tilt
to a laser pulse so as to increase the maximally measurable temporal window. This
is very relevant to characterise picosecond laser pulses used in many different high
energy density physics experiments. The device was developed and tested on the
Vulcan laser at the Central Laser Facility, Rutherford Appleton Laboratory. The
new, relatively low-cost instrument, is suitable for implementation on any short-pulse
laser facilities, such as the OMEGA laser [133] and the National Ignition Facility
[134].

A novel hybrid genetic algorithm was developed for the retrieval of pulses from the
FROG trace. This algorithm avoids the stagnation problem that can occur with the
traditional algorithm when it encounters a local minimum. By randomly exploring
the solution space, the evolutionary algorithm seems to be resilient to the stagnation

problem and continues to improve the guess beyond the traditional algorithm.
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Chapter 7

Conclusions and future work

“Fverything has to come to an end,
sometime.”

L. Frank Baum

7.1 Summary

Over the course of this thesis, I have detailed the calculations and results supporting

the following key conclusions:

e Using the standard formulations of quantum field theory, I have reproduced
the derivation of the fundamental origins of the Orbital Angular Momentum
(OAM) of light. I have also argued how, on the level of a single photon, OAM
can be modelled as a true quantum mechanical observable, separate from the

one associated with the spin of photons.

e Using the effective field theory developed by Euler and Heisenberg, I have shown
how OAM modifies the vacuum photon-photon scattering interaction and cre-

ates an additional constraint to respect the conservation of angular momentum.

e Leveraging the additional conservation relation, I have proposed a novel design
for an experiment to detect photon-photon scattering using high-power lasers
carrying OAM. I also estimate the number of detectable scattered photons to
be around 100 photons for a 10 PW input beam while reducing the impact of
background radiation by an estimated 25 dB.

e [ have described the different methods of generating OAM-carrying laser pulses
and have shown experimental results of using continuous transmissive spiral
phase plates on the ASTRA laser.
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e [ have shown how different methods of characterising OAM can be used on
high-power laser facilities as well as discuss their differing effectiveness. I have
outlined experimental results comparing each method on the ASTRA laser,
showing that, while the cylindrical lens method is ideal for quick setup and
analysis, it is not optimised for handling a superposition of different modes,
which is a task better suited for the more complex, but more complete, projec-

tive diagnostic.

e [ have outlined the design, assembly and experimental performance results of a
novel Frequency-Resolved Optical Gating (FROG) diagnostic designed to char-
acterise the pulse shape and phase evolution of ultra-short laser pulses up to a

pulse length of 25 ps with a 65 fs pixel resolution.

e [ have detailed a novel hybrid genetic algorithm which addresses the local
minimum stagnation problem common with two-phase retrieval tasks, such as
analysing FROG outputs to retrieve pulse diagnostic data. I have demonstrated
that the hybrid algorithm improves upon the standard FROG retrieval algo-

rithms and reduces the retrieval error by at least 2dB, while never stagnating.

7.2 Future work

Based on the above, I have planned to perform several studies to leverage and expand
upon the results of this thesis. The envisioned work will continue to focus on OAM in
the context of high-intensity lasers and can be mostly split into two broad categories:
the first is continuing the work on the impact of OAM on the vacuum photon-photon
interaction and planning an experimental campaign to verify it. The second part is
furthering theoretical work on the impact of OAM on laser-plasma interactions as
well as planning experimental campaigns to verify the various predictions that have
been made on this topic. These campaigns will leverage the findings concerning the
effectiveness of various methods of producing and characterising the OAM of high-

power lasers.

7.2.1 Experimental verification of photon-photon scattering

There are two main aspects in which the theoretical work on OAM in photon-photon
scattering, detailed in this thesis, can be extended. Firstly, the variety of possible
geometric setups for the three high-power beams that are driving the photon-photon

interaction can be greatly expanded. The configuration that was chosen in Fig.(3.4)
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was selected because it greatly simplified the calculation of the field that was generated
via the interaction between the three beams. This was because all three beams were
on the same plane, only one was carrying OAM and the two others were symmetric
around it. This necessarily caused the generated photons (for a particular interaction
term) to be anti-parallel with the OAM-carrying beam. This is due to the conservation
of linear momentum, thus rendering the calculation of the conservation of angular
momentum easier since it was restricted to a single one-dimensional axis. However,
this arrangement is not necessarily the easiest geometric set-up from an experimental
point of view since the generated photons are counter-propagating with a high-power
beam, complicating the placement of the measurement and OAM filtration system.
Allowing the beams to occupy different planes would simplify the experimental setup.
Thus, further work needs to be done to investigate how the OAM is transferred with
an off-axis interaction.

Another important extension of the work is to consider physically realistic laser
spatial modes in the calculation of the expected scattered photons. To make it possible
to reach an analytical solution to the Euler-Heisenberg Lagrangian, the input modes
were considered to be either plane wave modes or the OAM extension to plane waves.
However, both of these solutions technically hold infinite energy. A more realistic
approach would instead consider Gaussian and Laguerre-Gaussian modes, or other
modes more commonly found in high-power laser facilities, such as the supergaussian
modes. This has the advantage of more accurately modelling the interaction, as it
would happen in real world facilities and not requiring any artificially-imposed limits
on the integration volume. Unfortunately, there is no such thing as a free lunch.
Indeed, using realistic modes would make it impossible to find a generally analytical
solution to the problem and would thus require a computational solution. Thankfully,
since the Euler-Heisenberg wave equation, Eq.(3.4.12), is simply a non-linear wave
equation with a cubic source term, it can be numerically solved for arbitrary input
fields using similar numerical approaches to those used to solve other equations found
in non-linear optics.

Finally, beyond the theoretical aspects, we are currently organising an experimen-
tal campaign to verify vacuum photon-photon scattering using OAM as an identifying
marker for the scattering signal. There are multiple candidate facilities for the main
experiment such as the ELI project’s 10 PW beamline, the extreme photonics appli-
cations centre (EPAC) at the CLF and 100 PW SEL. These facilities are currently
being commissioned and it will take a few years before they are fully operational. In

the meantime, the plan is to work on the diagnostics aspect of the experiment with
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a view to optimising the single-photon detection and OAM filtration setup so that
it can efficiently operate at the expected wavelength and in the presence of various
sources of background noise. This will be done over two stages, where first the de-
tection setup will be assembled and tested using low-power sources to optimise the
optical alignment of the system, which will then will be tested on currently opera-
tional PW-scale facilities such as the ASTRA-GEMINI facility in order to optimise
the background noise filtration. Because this project has so many different aspects
to it, the plan is to gather a team with a variety of expertise, ranging from ultra-fast
quantum optics and strong field low-energy QED, to experimental high-power laser

science and statistical methods from high energy physics.

7.2.2 Impact of OAM on laser-plasma interactions

The study and applications of laser-plasma interactions (LPI) have been one of the
biggest drivers behind the development of high-power laser facilities around the world.
As mentioned in the introduction, understanding laser-plasma interactions is essential
for many scientific investigations. These include laser-driven inertial confinement
fusion (ICF), where a capsule of fusion fuel is ionised and compressed via the direct,
or indirect, action of an intense laser beam until it reaches the necessary temperature
and pressure conditions required for nuclear fusion. Necessarily, since the compression
process is driven by the laser, the interactions between the laser and the plasma that
forms become crucial to a successful implosion. Another important application of
LPI can be found in laser wakefield acceleration (LWFA), where an intense laser
pulse drives a particular structure in the plasma, creating a strong electric field which
can be used to accelerate particles [13]. The electric fields generated via this method
can be a 1000 times the strength of those found in conventional accelerators, thus
allowing for high acceleration over very short distances.

Laser-driven parametric instabilities are a particularly important type of LPI.
These occur when a laser couples to a plasma wave, i.e., an oscillation of the con-
stituents of the plasma, amplifying and generating additional electromagnetic or
plasma oscillations. The two most important instabilities are known as stimulated
Raman scattering (SRS) and stimulated Brillouin scattering (SBS), where a laser cou-
ples with an electron plasma wave and an ion acoustic wave respectively [135, 136].
Controlling these instabilities is essential for the aforementioned ICF and LWFA. The
large accelerating electric field in LWFA is caused by a laser driven electron plasma
wave. As for ICF, unwanted SRS, caused by the laser driver, can generate so-called

hot electrons in the plasma, making the compression of the fuel, and by extension the
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Figure 7.1: Slices of the simulated intensity profile of various normalized LG modes
at a particular y and z. The modes only differ in the [ mode number while keep
all other Gaussian parameters constant. As can be seen from the plot, for the same
amount of energy, the peak intensity of an LG mode decreases with the increasing [
number.

achievement of fusion conditions, more difficult [137]. Additionally, SBS can cause
cross-beam energy transfer (CBET), where the energy from one laser beam can be
coupled away from the plasma into another backpropagating beam through a medi-
ating ion acoustic wave, reducing the amount of laser energy that can be used in the
compression, thereby reducing the efficiency of the process [138].

A lot of theoretical work has been dedicated to exploring the effect of OAM
on certain LPI, producing many interesting predictions. For instance, it has been
theorised that OAM can be transferred from lasers into different plasma waves [15],
that OAM modifies the landau damping experienced by electron plasma waves [139]
and that OAM can be used to control the topology of wakefields and further affects
LWFA [16]. However, there are very few experimental results on OAM in LPI. This is
because it was only recently that we have been able to generate high-intensity lasers
carrying OAM.

The ASTRA experimental campaign, which served to field test the OAM con-
version and characterisation methods on high-power facilities, was envisioned as a
starting point for multiple planned experiments with the goal of investigating LPI
with OAM. One particular focus of these experiments would be to examine whether
OAM can mitigate the growth of laser-plasma instabilities. This is important because

it can be detrimental to the use of OAM in LWFA, since it depends on laser-driven
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plasma oscillations. This mitigation, if verified, will also be beneficial in the context
of ICF since it will reduce the harmful impact of plasma instabilities.

There are multiple reasons to suspect why OAM may affect the growth of laser-
plasma instabilities. The most straightforward reason is simply the difference in the
spatial energy distribution between the fundamental Gaussian mode and higher-order
LG modes. As can be seen in Fig.(7.1), for the same amount of energy, the peak
intensity decreases as the [ mode number increases. In fact, an analytical expression
quantifying how much the peak intensity decreases can be easily derived. Considering
LG modes with radial modes p = 0, the ratio between the peak intensity of the mode
to the peak intensity of a Gaussian, both normalised so that [[ I(z,y)dQ = 1, can

be written as

Toeu _ I ! 7.2.1
=t — 2.
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where Iéeak is the peak intensity of an LG profile, remembering that [ = 0 is the

standard Gaussian. Since the growth rate of laser-driven plasma instabilities is deter-
mined by the intensity of the driving laser, this decrease in intensity could mean that
there needs to be more energy in a higher-order LG mode as compared to a Gaussian
one in order to drive the same level of plasma waves.

Another more fundamental reason is the different damping rates that are experi-
enced by OAM-carrying plasma waves. Depending on the type of lasers driving the
plasma oscillation, the latter can carry different levels of OAM. It has already been
shown that OAM can affect the collisionless Landau damping experienced by plasma
waves. An open question which remains to be explored is whether OAM also modifies
the kinetic collisional damping experienced by plasma waves. Identifying the effect of
OAM on the damping rate will be crucial, since damping works against the growth
of plasma instabilities and can slow them down considerably [140].

As such, one important focus of the planned future work would be to continue
investigating the impact of OAM on LPI. This will be done by looking at its effect on
collisional damping by using kinetic theory models, and by running multiple experi-

mental campaigns to evidence the various predictions that were already made about

LPI with OAM.

7.3 Afterword

High-intensity lasers have had a tremendous impact on scientific discovery allowing

us to both verify decades-old predictions and discover new physics. Their impact will
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only increase as technology allows us to reach intensities once-thought unattainable.
The orbital angular momentum (OAM) of light is an incredibly powerful tool, which
is both interesting in its own right from a fundamental physics point of view as well
as in the ways in which it can be used in light-matter interactions. This work aims
to combine these two tools and show how they can be used to shed light on some of
the most fundamental interactions in the universe. The potential benefits that OAM
can have in the context of high-intensity laser science are gathering a rapidly-growing
amount of interest from the scientific community, producing discoveries which have
the potential for wide-reaching impact on various physical phenomena, ranging from

laser-QED effects to laser-plasma interactions.
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