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1 Introduction

It is conjectured that if f(X) is an irreducible integer polynomial with positive
leading coefficient, then f(n) takes infinitely many prime values, providing only
that f(n) has no fixed prime divisor. As an approximation to this conjecture one
might ask whether f(n) has a very large prime factor in infinitely many cases.
To make this more precise, we shall define P(x; f) to be the largest prime factor

of
[T
n<zx

and ask for lower bounds for P(z; f).

The first non-trivial result in this direction was found by Chebyshev, and

states that
P(x; X2+ 1)
e ©)

X

The proof was sketched in Chebyshev’s posthumous manuscripts. The result
was published and proved in full by Markov [8]. It was later sharpened and
generalized by Nagell [9] who showed that

P(z; f) > z(logx)?

for any fixed irreducible polynomial f(X), and any constant § < 1. Further
strengthenings of this latter result were obtained by Erdés [2] who showed that

P(l",f) > z(logx)Alogloglogx
for a suitable constant A > 0, and Tenenbaum [10], who obtained
P(z; f) > zexp{(logz)™*}

for any constant A < 2 —log4 = 0.61.... This is the best result currently
available for polynomials of arbitrary degree. However for the specific case
f(X) = X2 + 1 Hooley [5] was able to show that

P(x; X2 4+ 1) > 21110,

Indeed Hooley’s method handles X2 — D for any non-square integer D, and
presumably can be generalized to arbitrary irreducible quadratic polynomials.
In the case of the polynomial X2 + 1 the exponent 11/10 was improved by
Deshouillers and Iwaniec [1], to the root § = 1.202... of the equation 6 +
2log(2 — ) = 3/4. Again one can handle X? — D for any non-square D.



Until now, no corresponding result for cubic polynomials has been estab-
lished. However Hooley [6] succeeded in giving a conditional proof that

P(z; X3 +2) > o'

for some constant § > 0, assuming certain estimates for short Ramanujan-
Kloosterman sums. Indeed under the best possible hypothesis of this type,
the ‘R* Hypothesis’, Hooley showed that 6 = 1/30 would be admissible. The
purpose of the present paper is to give an unconditional treatment of such an
estimate.

Theorem 1 Let w = 1073% and suppose that X is sufficiently large. Then,
for at least a positive proportion of the integers n € (X,2X], the number n® + 2
has a prime factor in excess of X% . In particular we have

P(z; X3 4+ 2) > 2™,

The constant w is indeed barely positive. It seems likely that the exponent 303
could be reduced very considerably. The proof we shall present is designed to
be as simple as possible while still producing an explicit value for w. There
is much scope for optimising the argument. In particular there is one point in
our analysis at which ! depends exponentially on a certain parameter. With
more care a polynomial bound may be given.

It would be interesting to know whether the result could be generalized to
other irreducible cubic polynomials. It seems likely that this can be done, the
only serious difficulties arising in §3. Indeed one may also ask whether higher
degree polynomials might be successfully treated. As yet it is still not clear that
such an extension is impossible.

In [6] Hooley was able to show how solutions of the congruence X2 + 2 = 0
(mod n) could be related to the representations of n by the norm form X3 +
2Y3 4+ 473 —6XY Z, just as Gauss had done for the theory of binary quadratic
forms. We have preferred an alternative formulation in terms of the theory of
ideals in Q(4/2). We do this principally because we believe that it will be more
familiar to readers, the two approaches being largely equivalent. Whichever line
of attack one chooses, the transition from solutions of a polynomial congruence
modulo n to a representation of n by a norm form will be a cornerstone of the
agrument.

Hooley’s approach, which began with Chebyshev’s basic idea, gave rise to

sums of the form
§ : eq (ﬁ(q)%
A<n<A+B

where e,(m) = exp(2mim/q) and n7'? = 1 (mod q). (Only values of n for which
(g,m) = 1 are to be included above.) For these sums it was necessary to have a
non-trivial bound when B was roughly of size ¢'/3. No such bound is currently
available, and Hooley was therefore forced to rely on an unproved hypothesis at
this point.

Our work will use an estimate of the type assumed by Hooley, which holds
providing that ¢ factorizes suitably. It must however be emphasized that the
values of ¢ arising in Hooley’s work do not automatically have suitable factor-
izations. It is therefore necessary to revise the basic approach to our problem
very considerably. Indeed our new method is applicable, in principle, to a large



number of questions for which Chebyshev’s method has been used. This will be
discussed in the final section of the paper.

To estimate short Ramanujan-Kloosterman sums, we shall use what we have
termed the ‘g-analogue of van der Corput’s method’, the principles of which
were described by the author [4]. Since it requires little extra effort, we shall
establish a result more general than is needed for the current application. This
will concern sums

(q)

S= > elf(m)g(n)™"),

A<n<A+B

with integral A and B, involving a general rational function f(n)/g(n), inter-
preted modulo ¢. In writing such sums we shall adopt the convention that only
values of n for which (g(n),q) =1 are to be included in the summation.

Theorem 2 Let g = quq1 - - - qx be a positive square-free integer. Suppose that
f(X),g(X) are integral polynomials with deg(f(X)),deg(g(X)) < D. Assume
that for every prime factor p of ¢ we have p > 2¥D. Moreover for all plq,
suppose that there is no polynomial h(X), with deg(h(X)) < k + 1, for which
f(X) = g(X)h(X) (mod p). (In particular we must have p t f(X).) Then, for
any € > 0 we have

S egwfngm®)

A<n<A+B

k
e A kt+1 —1/2% 40 k+1 i 1/27
<epe @(BCY BRI ARG ),

j=1

where A = (qo, w).

It may be instructive to examine the case in which A = 1 and the factors ¢;
satisfy
L 1/(2K-1) L 1/(2K—1)
(BkK72K+2) < < (BkK72K+2)
and
B(—L_

P/QK-2) (1< j<k),
quO ) ( —.] — )

7 /(2K —2) B
)2 L Qhy1—5 K (qu0

where K = 2. These constraints are compatible with ¢ = goqi . . . ¢, and yield
q; > 1 for all 4, providing that

q> Bk_2+2/K.

Under the above assumptions the theorem produces an estimate

<kDeq {B(Bk+2)1/(4K 2 4 pi- 1/K(Bk+2) 1/(4K72)}, (1.1)
which is non-trivial when
Bk72+2/K+€/ << q << Bk+27€/ (12)

for some fixed &’ > 0. Thus, if ¢ has suitably located factors, we may obtain a
non-trivial result even when B is a small power of q.

The bound (1.1) should be compared with the well known ‘k-th derivative
estimate’ for exponential sums, (with k replaced by k 4 2), see Titchmarsh [11
Theorem 5.13], for example.



2 Outline of the Method

We shall work with the set
A={n+V2: X <n<2X}

regarded as algebraic integers in Q(4/2). These integers are composed solely of
first degree prime ideals. Thus our goal is to show that a positive proportion
of these integers have a prime ideal factor P with N(P) > X'*®. Here, and
throughout the paper N(...) denotes the absolute norm on Q(\‘Vﬁ) For any
ideal I we define

Ar={a e A: Ila},

and we define
p(I) = #{n (mod N(I)) : n = V2 (mod I)}.
The following rather trivial result describes this function.

Lemma 1 If n = ¥/2 (mod I) is solvable with a rational integer n, then I is
composed of first degree prime ideals only. Moreover I cannot be divisible by
two distinct prime ideals of the same norm, nor by P§ or P, where Py and P3
are the primes above 2 and 3 respectively. In all other cases the congruence is
solvable, and we have p(I) = 1. Moreover, if I is an ideal for which p(I) =1,
then for any m € Z, we have I|lm if and only if N(I)|m.

The verification of this is left to the reader. We shall use Lemma 1 repeatedly
in the course of our argument, without further comment. We should stress that
the function p(I) is not multiplicative. However we do have p(IJ) = p(I)p(J)
providing that N(I) and N(J) are coprime. It is clear that

p)
#A = mx + O(l)

for any I, and we shall define

Ry =#A; - ][\)7((?))(7

so that Ry = O(1).
We may factor the ideal (n + ¥/2) as

(n+ v2) = ( 11 Pe)( 11 Pe).
Pe||n+¥/2, N(P)<3X Pe||n+ /2, N(P)>3X
Corresponding to this decomposition we write
log(n® +2) = log N(n 4 V/2) = log™™ (n® + 2) + log® (n® + 2),

say, where
log™M (n® +2) = Z log N(P°)
Pe||n+ Y2, N(P)<3X



and
log® (n® 4 2) = Z log N(P°).
Pe||n+¥2, N(P)>3X

Alternatively we may write

log™M (n® 4 2) = > A(I).

I|n+ ¥2, A(I)<log 3X

Our principal task will be to construct a set A" C A, with the property that
logM(n3 +2) > (1 + 6)log X for n € AY, for a certain constant § > 0. We
shall also require that the cardinality X1, say, of A1) satisfies X; > X. Now
suppose that among the set A® = A \ AW there are precisely X, elements
n + ¥2 with log®™(n + 2) > (1 — §')log X, where & is to be chosen later. It
then follows that

3 log™(n® +2) > X1(1 +8) log X + Xa(1 — &) log X. (2.1)
neA

On the other hand, since n3 + 2 < 9X3, we have

D logM(n?+2) = > A #A;

neA N(I)<9X3, A(I)<log 3X

= > A(I){X& +0(1)}. (2.2)

. N(I)
N(I)<9X3, A(I)<log 3X

However

I Pe
3 A(I)p((l)): > lgNE) Y ]"\’[((Pe)).

N(I)<9X3, A(I)<log 3X N(P)<3X e: N(Pe)<9X3

It is clear that the total contribution from terms with exponent e > 2 is O(1).
The remaining part is therefore

Z log N(P)
N(P) ’
N(P)<3X

where the sum is for first degree primes only. By the Prime Ideal Theorem this
is log X + O(1). We may also calculate that the error term in (2.2) is

< ) logN(P) > 1

N(P)<3X e: N(P¢)<9X3
log X
log N(P)—————
< Z og N )logN(P)
N(P)<3X
< X,

by the Prime Ideal Theorem again. Thus (2.2) is X log X 4+ O(X).
It therefore follows from (2.1) that

Xi(140)+Xo(1-46") <X +0(

).

log X



Now, if we set
A®) = {n+V2e A:logP(n®+2) < (1-6)log X}

and X5 = #A40) = X — X — X5, we deduce that

X
/
_ _ _ < -
Xi(14+6)+ (X - X; —X3)(1 6)_X+O(logX),
whence
Xs>X3(1-0)>X N — X6 )
3> X3(1-9") > X1(6+0) 5+O(10gX)
We shall therefore choose
6’:(5&
X7
whence x 5
X5 > 6(21)2x .
3_5(X) +O(logX)
Since

Z A(I) = log N(I) = log(n® +2) > 3log X,
Iln+ 2
we deduce that

log®® (n* +2) = log(n® + 2) —log" (n” +2) > (2+ §') log X

for any n + /2 € A®). Since n® + 2 < (3X)? for every n + ¥/2 € A, the total
multiplicity of all prime ideal factors P counted by log(z) (n®+2) can be at most
2. We then see that there must be a factor with

24+ 1log X
log N(P) > %’
or equivalently N(P) > X1+9'/2,

We now summarize our conclusions thus far.

Lemma 2 Let o and & be positive constants. Suppose that we have a set AL
of integers n + /2 as above, with #AM) > aX. Then the number of integers
n € (X,2X] for which n® + 2 has a prime factor p > X'19/2 s at least
(0o +o(1))X.

In order to construct elements n + /2 of A®) we shall arrange that n + 2
has an ideal factor J = KL with

X' < N(KL) < X', (2.3)
and
X¥ < N(K) < X%, (2.4)
It will be convenient to impose the condition
5e(0 L) (2.5)
100 '
and to write
M = X(1+5)/3, N = X(1+26)/3. (26)



For K, L as above we have

Since any factor P of J must divide either K or L, it follows that N(P) < X.
Thus

logM(n® +2) = > A(I)
IIn+¥2, A(I)<log 3X

> > A(D)
I1J, A(I)<log 3X

= Y A
I|J

= log N(J)

> (1446)logX,

as required.

We shall take K to run over the set K of first degree prime ideals satisfying
(2.4). For each such K we shall let L run over a set £(K) to be described, subject
to (2.3). However, if we were merely to count values of n + /2 produced as
multiples of the ideals J considered above, we would find that a given n + /2
might occur many times. We avoid this difficulty by ensuring that L is composed
only of prime ideals P with N(P) > X?, say. To be more precise, we shall sieve
L, from below, to level X°. Thus we take Ag to be the Rosser weights for
the lower bound sieve of dimension 1 and sieving limit ‘D’= X39 as described
by Iwaniec [7], for example. These are supported on the square-free integers
d < X3 and have the properties that

|Aal <1,
and

1, n=1,
dZAd<{ 0 n>2. (2.7)

Moreover, for any non-negative multiplicative function g(d) satisfying g(p) < p
for all primes, and

1 1
[T o282 ol
wipes P log w log w

for all z > w > 2, we have
S g@rad = {Co+o} [ -2 ey
d: pld=p< X9 p< X7 b

where 5
Co = 567 log 2.

(Here we have ‘s’=3 and ‘f(s)’= Cp, in the usual notation of sieve theory.)



We shall set

Q=[] »

p< X9
the product being restricted to primes p which split in Q(\?/ﬁ) We then proceed
to consider
> D (2 A=
KeK LeL(K) d|Q,N(L)
say. In view of (2.7) we see that

> X Am

KeKk

LeL(K)
(N(L),Q)=1
= > #{(KL:Kek, LeLl(K), (NL),Q) =1, KLn+ V2}.
n+ V2€A

By construction, any n+ /2 which is counted with positive weight in the above
sum will meet our requirements. However

n3 42 < 9X3 < X(1+[35*1])57

for large enough X. We therefore see that n + /2 can have at most [367]
prime ideal factors P, counted according to multiplicity, for which N(P) > X?.
Similarly, there can be at most [§~1] prime ideal factors P for which N(P) >
X33 Moreover, if Ay, # 0 and (N(L),Q) = 1 then L must be composed of
first degree prime ideals P with N(P) > X?. It follows that there are at most
[671] possible choices for K, and at most 2[3/9] possible choices for L, for any
given choice of n 4 /2. We have therefore produced at least 62-[3/91§ suitable
values of n + /2.
On the other hand,

s=Y Y X )\d{Xp )+RKL}:XSO+51,

KeK LeL(K) d|Q,N(L) KL)

where

S Sl S S nY L

KeK LeL(K) d|Q,N(L)

=2 2 (> MRk

KeK LeL(K) d|Q,N(L)

and

We shall regard these as a main term and a remainder term. In view of the
analysis above we now have the following result.

Lemma 3 Suppose that S; = o(X). Then any constant o satisfying
o < 627 B/05,

will be acceptable in Lemma 2.



We remark that, with a little extra work, the exponential dependence on §*
can be replaced by a polynomial one. This improves the constant w in Theorem
1 substantially.

We next turn our attention to the sum S;. Here the following lemma, es-
sentially due to Hooley [6], will play a crucial role.

Lemma 4 Suppose a,b,c are integers, with a odd, and that C = b*> — ac and
D = a2 + be are both coprime to q = a3 — 203, Write o = a + b¥/2 + ¢4 and
J = (a). Then (q,a) = 1. Moreover there is an integer k such that n+ /2 € J
if and only if n = k (mod N(J)). In particular we have p(J) = 1.

Suppose further that N and H are positive integers. Let o Tun over a set of
integers in Q(¥/2) with a,b,c < N, and suppose that N(a) > M3 and q > M?
in each case, and that the ideals J = («) are distinct. Let J be the set of ideals
J produced in this way. Then, if X' = X or 2X is suitably chosen, we have

> Ry < (logH)(H™'+HN*M O)#J
JeJ
H2
+ (log H)* Y " min(n~", Hn=?)|o(n)], (2.9)

n=1

where
= eq(—na o9 e nX’

JeJg

This will be proved in §3. The form of the hypotheses leads us to specify
the set L(K) by taking KL = (a) where o = a + bv/2 + ¢V/4, with

2+ta, (2.10)

(b* — ac,a® — 2b%) = 1, (2.11)
(a® + be,a® — 2b%) =1,
g=a>—2b% € Q,

and
(CL, bv C) € Rv

where @ C N is a set which will be specified in due course. Moreover the set
R C R3 is defined by the constraints

M? < N(x) < N?, (2.12)
T+ 22V/2 + T3 V4
1< NERE < €0, (2.13)

and
o3 — 223 > M3

Here x = (x1, 22, 23) and

N(x) = 23 + 223 + 423 — 621293,



while g = 1 + ¥/2 + ¥/4 is the fundamental unit of Q(\S/i) Conditions (2.12)
and (2.13) then yield a,b,c < N. Moreover (2.13) will ensure that the ideals
() are distinct. We also note that (2.11) and (2.10) yield

(a,b) = (2ab,q) = 1. (2.14)

We now return to the remainder term S;. Here we shall apply Theorem 2 to
estimate the sums o(n) occuring in Lemma 4. The necessary cancellation will
come from the variable ¢, which is essentially of order ¢'/3. Thus the case k = 1
of Theorem 2 is not quite sufficient to give a non-trivial bound, as the condition
(1.2) shows. We therefore take k = 2, which will produce a useable estimate
providing the factors g; are sufficiently close to their theoretical optimal values.
We shall therefore define the set Q by the conditions

q is square-free, (2.15)
(¢,6) =1, (2.16)
Jq1¢2|g with N°/T < gy < N®™9 and NO/T < gy < NO/THS, (2.17)

Note that (2.15) implies that that (a,b) = 1, and that (2.16) implies (2.10).
Under the above assumptions we may estimate S7 via the following result, which
will be proved in §5.

Lemma 5 We have S1 = o(X) providing that 6 < 1/321.

It remains to estimate Sy from below. The first stage in this process is given
by the following result.

Lemma 6 Define
I(a,b) = / N(a, b, )" Ldt
(a,bt)ER

and
9(p) = #{P : N(P) = p}.
Then
So > 2{Co + o(1)}(log4/3) [[ A —g(p)/p) >_ I(a,b)h(q)+o(1),
p< X9 a,b: geQ
where Yy
- —<4/P
o) = g(l - g(p)/p)’

if q is square-free and coprime to 6, and h(q) = 0 otherwise.

This will be proved in §6.

Our second major task will be to construct suitably many elements of Q. It
will suffice to consider prime values of ¢; and go. Define multiplicative functions
I(m) and v(m) as follows. We put I(p¢) =0 for e > 3, and

1(3) = —1, 1(3%) =0, (2.18)
_9(p) =2 oy_ __P—2
lp) = p— @) I(p”) P— o) (p#3). (2.19)

10



Moreover we take

v(p®) =
We then have the following result.
Lemma 7 Let A,B < N and write

C(m) = > h(q). (2.20)

A<a<A+M, B<b<B+M

mlq
Suppose that
(0,0) ¢ (A, A+ M] x (B, B + M]. (2.21)
Then if
6 (d
= 1=
d=1

we have

> IC(@a) - C'1M2M| < M?N~?,

q1,92 092

the sum being over prime values of g1, qa in the ranges (2.17).
It is now straightforward to prove the following lower bound for Sj.

Lemma 8 Let

1 T
Cg = 200(10g 3)30 7\/3(10g60).

Then
S0 > {Ca + o1} 05 X) [ (1 - L2,

p<X? p

where

L(5) = (log(1 +76/5))(log(1 4+ 75/6)).
Finally we need a result concerning the product that appears here.

Lemma 9 We have

H(l_M)N 03 )

it P log x
where /T ®)
27 g(p 1 1
Cy=—"— 1- 22 1— ——)'n
57 e log g 1;[{( P ) N(g_p( N(P)) }

It follows from Lemmas 8 and 9 that
S() > CQCgL((S) + 0(1)

In view of the definitions of the various constants we may calculate that

CoCs — (log 2)(log 4/3) Hk

o 3r2
p>5

11



where a1
(I-p72)7Y  glp) =

0,

k(p)={ 1—(@+1)7% g =1,
1 3p2—4p—1 3

~ Gooir 90)

This yields
I %) =091,

p=>5

and hence
CyC3 > 6.1 x 1073,

If we now choose § = 1/321, as suggested by Lemma 5, we find that
Sy > CoC3L(8) +o(1) > 9.2 x 1078,

for large enough X. According to Lemma 3 we may choose

. 1 .
— 10730() 9.2 1078 27963
« < X X 7321 s

Theorem 1 then follows from Lemma 2, with
w =107 < §a/2,

as claimed.

3 Proof of Lemma 4
We begin the proof by establishing the following coprimality conditions. Let
A=a?—-2bc, B=2c—ab.

Then we have

(N(a),q) =1, 3.1
and
(N(a),C) = 1. (3.3)

It clearly follows from (3.1) that (g, @) = 1, as required for the lemma. We note
at the outset that ¢ is odd, since a is. Then, to prove (3.1), we have only to use
the identity

4C?D = a®bN () + {4ac® — 2b%c — a’blq

and recall that (2CD, q) = 1. To prove (3.2) we note that
q=aA —2bC,
whence (A4, C)|(q,C) = 1, by hypothesis. Finally, to prove (3.3) we observe that
aN(a) = A*> - 2BC.

This shows that (N(a),C)|A2. Thus (3.2) implies (3.3).

12



Having dealt with these preliminary assertions, we observe that
a+bV24c¢V4=0 (mod J)
and - .
(a+bV2+cV4)V2=2c+aV2+bV4=0 (mod J).

On eliminating v/4 we obtain C'v/2 = B (mod J). Since (C,J) = 1, by (3.3), we
see that p(J) = 1 and that n+ /2 € J if and only if Cn+ B € J. By Lemma 1
this last condition is equivalent to N(J)|Cn + B. This proves the first assertion
of the lemma with ()

k=-BC (mod N(a)),

where _(N(e)
cc™ ™ = 1 (mod N(a)).

Note that C' does indeed have an inverse modulo N(«), in view of (3.3).
We now examine #.A;. It will be convenient to write k; for the value of k
corresponding to the ideal J, so that

ky = -BC™ (mod N(a)).
According to what we have proved so far,

#A; = #{n:X <n<2X,n=k (mod N(J)}

X -k 2X —k
- N =gy
X X -k 2X —k
where ¢(t) =t — [t] — . Now
sin(27nt) . 1
Y(t)=—- — - +O(min{1, (H[[¢][)™"}). (3.4)

n<H
The sum on the left contributes to (2.9) a total

< > on Z{sm(nW’) - sin(nXN(Jk)J)H

n<H JeJg

< Y nTlEm),

n<H

for X’ = X or 2X, where

S(n) =Y en(n(X —ky)).

JeJg
Since -
min{1, (H[[t])™'} = cae(nt)
with
< in{logH H
Cn m y "o >
H ’'n?

13



we find that the error term in (3.4) contributes to (2.9) a total

1
< 2 mindl, e N

JeJ

= Z ZCnGN(J)(n(X/ka))

JeJ —o0

= ch Z eN(J)(TL(X/ - k]))

-0 JeJg

< Zmin{logH, H}I Z(n)l.

— 00

We may therefore conclude that

Y R; < (logH)H '#J + (log H) me L Hn™2)|2(n)|
JeJg n=1
H2

< (log HYH '#J + (log H) > _min(n~", Hn™?)|3(n)],

n=1

in view of the trivial bound X(n) < #J.
In order to handle the sum (n) more effectively, we shall show that

—(a) 2 2 2

k abC 2a“c + 4bc* — 4ab
= + mod 1). 3.5
N(J) q gN(J) ( ) (3.5)

In order to verify this we note that N(J) and ¢ are coprime, by (3.1). Thus it
suffices to show that

—abN(a)é(q) = 2a°%c 4 4bc? — 4ab?® (mod q)

and
kjq = 2a*c + 4bc® — 4ab® (mod N(.J)).

However, the identity
C(2a’c + 4bc* — 4ab®) = —abN (o)) — Bq
shows that

—abN(a)é(q) = Cé(q)(2a26 + 4bc? — 4ab?)
2a%c + 4bc? — 4ab® (mod q),

and also that

kjgq = Bé(N(a))q
oo™ (2a%c 4 4bc* — 4ab?)
2a°c 4 4bc® — 4ab® (mod N(J)),

as required. This completes the proof of (3.5).

14



It now follows from (3.5) that

/
X OmNEM),

en (s (X' = k) = eq(-nabC el s

so that
Y(n) = a(n) + O(nN*M~C#7).

The error term makes a contribution O(H (log H)?N3M~S#7) to (2.9), and
the final assertion of Lemma 4 follows.

4 Preliminary Transformation of the Sums S5,
and Sl

The initial stages in our treatment of the sums Sy and S; are the same, and will
be described in this section.
We recall that

p(KL)
Y Yy wiy

KeK LeL(K) d|Q,N(L)

Si=> > (Y X)Byxr):

KeK LeL(K) d|Q,N(L)

and

According to Lemma 4, we will have p(KL) = 1 for every L € L(K). We may
therefore introduce a factor p(K L) into the sum S;. Since p(KL) = 1 we see
that L is composed of first degree prime ideals. Let

rR= J] P

2<N(P)<X?

the product being restricted to first degree primes. We proceed to show that we
may take d to run over all square-free values of N(A), where A|R, L. To prove
this we let (L,d) = A, say. Then A|Q, so that A must be composed of first
degree prime ideals P with N(P) < 2°. We also have (2, KL) = 1 by (2.10),
whence (2, 4) = 1. Since p(KL) = 1 we have p(A) = 1. Thus A cannot have
two distinct prime factors of the same norm, nor can P§ divide A, where Pj is
the prime ideal above 3. Moreover, since we may assume d to be square-free, we
cannot have P?|d for any P # Pj, either. Thus A must divide R, and N(A) must
be square-free. Since A|d we have N(A)|d®, whence N(A)|d. On the other hand
if p is a prime factor of d, then p|N (L), whence L must have a prime ideal factor
P of norm p. Then P|L,d so that P|A and p|N(A). It follows that d|N(A), and
hence that N(A) = d. Thus each value of d arises as N(A). Conversely we note
that if AR and N(A) is square-free, then A|L implies N(A)|Q, N(L). Hence
each possible A produces an admissible value d = N(A). This establishes the
result claimed above.
It now follows that

5= ¥ (X wa) i

KeK LeL(K) A|R,L

15



and

=Y > (> Av@)e(KL)Ry k).

KeK LeL(K) A|R,L

We see from the condition (2.4) for K and the fact that A4 is supported on
d < X3° that K and A can be taken to be coprime. For every L € L(K) we
have p(KL) =1 and (KL,q) =1, by Lemma 4. We may therefore write

So= Y Avup(EA) > N(KL)™

KeK AR LeL(K), A|L, (KA,q)=1
and
- Z Z)‘N(A)P(KA) Z RN (kL)-
KeK AR LeL(K), A|L, (KA,q)=1

We proceed to investigate the innermost sums above, by putting
= (a+bV2+cV4)
and summing over ¢ for fixed a,b. The conditions

3 3 «
M?° < N(a) < N7, 1§7N(a)1/3<80’

then define for ¢ a set C = C(a, b) which is a disjoint union of at most 3 intervals.
If we write

U =T —&-xz\g’/ﬁ—&—xgxs/i, v =1x +x2w\3/§+x3w2\3/zl,

where w = (=1 + v/=3)/2, then N(x) = ulv|?, and (2.13) implies that v <
N(x)'/3. Since we also have u < N(x)'/? and 7 < N(x)'/? we may conclude
that

T1, 20,23 < N(x)Y/? (x € R). (4.1)

Thus
a,b,c < N(a)'/® < N.

We introduce the coprimality conditions
(b* —ac,q) =1, (a*+bec,q) =1,
via sums involving the Mdbius function, to deduce that

> N(KL)™!

LeL(K), AL, (A,q)=1

= Z S u(r)u(s) Y N(a)™!

r,s|lq

qeQ, (KA,q)—

and

Z NRkr

LeL(K), AL, (A,q)=1

= Z > ulr)us) Z R(q),

r,slq

q€Q, (KA,q):

16



where the sum over c is subject to
ceC, KAla+bV2+4cV4, rp*—ac, s|a®+ be. (4.2)

Since we may assume that p(K A) = 1 it follows that there is a rational integer 7,
say, for which /2 = j (mod K A). The condition KA\a—i—b\s/i—i—cxs/éI is therefore
equivalent to a congruence of the form ¢ = ¢1(a,b, KA) (mod K A), for some
rational integer ¢ (a, b, KA), and this itself is equivalent to

¢ =c1(a,b, KA) (mod N(KA)).

To handle the conditions 7|b*> — ac and s|a? + bc we begin by observing that if
r and s have a common prime factor p, say, then

b = b.b* = b.ac = a.bc = —a.a®> = —a® (mod p).

However p|q, since r|q, whence pla® — 2b%. It follows that p|3b, which is im-
possible, since (¢,3b) = 1 by (2.14) and (2.16). We may therefore assume that
(r,s) = 1in (4.2). Moreover we will have (r,a) = (s,b) = 1, since (g, ab) = 1,
by (2.14). We then see that the conditions 7|b? — ac and s|a? + be are equivalent
to a congruence

¢ = co(a,b,r,s) (mod rs)

for a suitable rational integer cs(a,b,r,s). Since we have (KA, q) = 1 we may
now replace (4.2) by

celC, c=cs(a,b, KA rs) (mod rsN(KA)). (4.3)

We therefore conclude that

So=_ > AvwpeEA) > > om ZN T4

KeK AR ab rsla
q€Q, (KA,9)=1 (r,s)=1

and

S =5 S avaplka) Y o))y R,

Kex AlR b ol

1€Q, (KA, q)=1  (rs)=1

with ¢ running over the set given by (4.3).

5 The Remainder Sum S5;

It follows from our work in the previous section that

SI<Y > YYD Rl (5.1)

KEK N(A)<X3% a,b<Nrs|qg ¢

where the sum over c is subject to (4.3).
We are now ready to apply Lemma 4, taking J to run over integers « for
which a and b are fixed, and ¢ runs over the set (4.3). We shall write

c=-cs(a,b, KA, r s)+mrsN(KA),

17



so that m runs over a union of at most 3 intervals, whose total length is O(1 +
N/rsN(KA)). In order to put o(n) into a shape suitable for Theorem 2, we
shall write

g(X) =b* —a{csz(a,b, KA,r,8) + XrsN(KA)} = ¢y — arsN(KA)X,

where
cy = ca(a,b, KA r,s) = b*> —acs(a,b, KA, r,s).

Clearly we may exclude values of r,s, A and K for which ¢4 is not coprime to
rs. Then (C,q) = 1 if and only if (g(m),q') = 1, where ¢’ = q(rs)~'. Moreover

= g(m)(q ) = rsﬁ(q/)g(m)(q ) (mod ¢),
on noting that (rs,q’) =1, by (2.15). We also have

6(‘1) = a(rs) = q/a(rs)a(rs) (mod TS),

whence )
c\? = rsﬁ(q')g(m)(q '+ q'¢s (mod q),
with
)
s =q'ca .
If we now set /
w = —nabrs?)

we may conclude that

’

o(n) = eps(—nabes) Z eqr(wm(q ))e(nX’/N(a)).

m

We now wish to remove the factor e(nX’/N(«)), using partial summation.
It follows from (4.1) that

VN(x)"' < N(x)™3 (xeR), (5.2)
whence
DN+ bY2 4 tVD)"L < N(a)3 <« M5, (teC).  (5.3)

dt

This estimate allows us to conclude, by partial summation, that

o(n) < L +nXNM| 3 ey (wglm) ™’

B'<m<B'+B

)‘7

for some integers B’ and B with B < 1+ N/rsN(AK). Since XNM~* < 1,
by (2.6), this implies that

o) <nl Y eplwgim ™)l

B'<m<B’'+B

Theorem 2 may now be applied with £k = 2 and D = 1. We have p > 4
for all pl¢’, by (2.16). Since f(X) = 1 and g(X) is non-constant modulo any

18



prime factor p of ¢/, the hypotheses of the theorem are satisfied. We shall take
g1 =q1/(rs,q1) and ¢ = g2/ (rs, q2), whence ¢ ¢5|q’. We may then deduce that

U(n) < nXe{Bqal/s(qO,w)l/g+Bg/4qé/8 +B?’/4q}/4+31/2q;/2},

with qo = ¢'/q1¢5. We recall that (¢,ab) = 1, by (2.14), whence (q()?w)l/s <
(g,n). Moreover, the inequalities (2.17) yield

q (rs,q1)(rs,q2)

Q0 = <L« N1/
q192 rs q1492
and
q 1
Qo =z ——
qig2 1S

> M3N—11/7—25(T8)—1
N3X—5N—11/7—25(TS)—1
NS(N3)76N711/7726(7"8)71
_ N10/7756(TS)71.

Y

since M? <« ¢ < N3. This leads to the bound
O’(TL) < nXs{BN75/28+55/8(7,3)1/8 + B3/4N5/28+5/4 + Bl/2N3/7+5/2}(q’ n)
However
1/2 1/8 Ni1/o 1/8
B*/%(rs) < (1+ E) (rs)

< q1/8+N1/2
< N1/2,

since ¢ < N3. It therefore follows that
o(n) < nXBY2N3/T+3/2(¢ p).

We feed this bound for o(n) into Lemma 4, assuming that H < X, and
noting by (2.6) that N3M~6 = X~1. This produces

H2

H
> Ry < X“(H '+ HX )B4 X*BY2N¥T/2 3 "min(1, —)(¢,n).
n
c n=1
Since
Z(q,n) < Zk#{n <x: kln} <xd(q),
n<z k|q
we have

H2
Zmin(l7 Hn ') (¢,n) < HX®.
n=1

This leads to

ZR(Q) < {(H71 _|_HX71)B+HBl/2N3/7+5/2}X35.

c
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We therefore choose
H =1 + [Bl/4N_3/14_6/4].

Since this yields H < N'/?8 <« X1/2 we deduce that

ZR(O‘) < {B3/4N3/14+5/4 + Bl/2N3/7+6/2}X35.

We insert this bound into (5.1), to deduce that

S < X35 Z Z Z Z{B3/4N3/14+6/4+B1/2N3/7+6/2}.

KeK N(A)<X3% a, b N r,s|q

However

> B < @)+ )

r,slq

for ¢ =1/2 or 3/4, and

N
¢ 75 ¢
Y Y g X
KeK:N(A)<X36
by (2.4) and (2.5). We therefore have
S < X4€N2X75{N3/14+5/4( N )3/4+N3/7+5/2( N )1/2}
' X7 X
N
— X46N3{N3/14+6/4(X7 ) 1/4+N3/7+6/2(X ) 1/2}

Thus we will have S; < X'~¢, for example, providing that
N3/7+6/2( N )—1/2 < X 10e—45
X790 :
This latter condition is equivalent to
X156/2+10s o N1/14-5/2.

or
1426

156/2 + 10e < (1/14 — 6/2)( ).

This is satisfied for 6 < 1/321, if € is small enough, and Lemma 5 follows.

6 The Main Term, S5

In this section we shall prove Lemma 6, which estimates

So=3 X (X Mg

KeK LeL(K) d|Q,N(L)

According to (4.4) we have

So= 3 Y dwapka) Y S u(r)u(s) Y N(a)

KeK A|R b rslg c

9€Q, (KA,g)=1  (rs)=1
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We may now use partial summation, coupled with the bounds (2.12) and (5.3),
to compute that

1
-1 _ —4
E N(a) = SN(EA) )I(a,b)—l—O(NM ),
c€C, c=cg (mod rsN(KA))

where

I(a,b) = / N(a,b, )" dt,
(a,b,t)ER
as in the statement of Lemma 6. If we write
pr)p(s) _
> B -TIa-2/p = fl).
Tvs‘Q7 (T7S):1 plq
say, it follows that
K A
So = Z % Z f(@)1(a,b) Z )\N(A)LA)
KeK (K) a,b:q€Q, (K,q)=1 AlR, (A,q)=1 (4)

+O(N**T* M~ Z IAncay])s
Kek, AR

since
> 1< N

a,b,r,s

for any fixed ¢ > 0. Since N(K) < X% and N(A) < X3 we find that the error
term is
< N3+EM—4X75 < X_1/3+236/3+6.

On taking ¢ sufficiently small, we conclude, in view of (2.5), that
So=Y_ f(@I(a,b)a1(q)o2(q) + o(1). (6.1)
a,b:qeQ

Here we have defined

n= ¥ R (62)
Kek, (K,q)=1
and "
oa(q) = Z AN(A) p((2)~

AlR, (A,q)=1

We proceed to examine the sum o4(g). If we drop the condition (K,¢q) =1
the resulting error is at most

Z N(K)—l < X—36+87
KeK, K|q

since K runs over primes in the range (2.4). Indeed, if K € K and p(K) = 1,
then N(K) is a prime p in the range (X3%, X4°]. Conversely, for such a prime
p, if N(K) =p then K € K and p(K) = 1. It follows that

Z]@((I]%— > alp)/p,

KeK X35 <p< X 46
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where
9(p) = #{P : N(P) = p}.
By the Prime Ideal Theorem we have

xT

S g(p) = {1+ 0(——)}

logz’” logx’

n<x
since prime ideals of degree 2 or more make a negligible contribution. We
therefore conclude that
(K

Z ][\)T(K)) = loglog X*° —loglog X*° + o(1) = log(4/3) + o(1). (6.3)
KeK

Thus (6.2) is asymptotically log(4/3).
We turn lastly to the sum

p
o2(q) = Z )‘N(A)N(A)-
A|R, (A,q)=1

If we set N(A) = d then we will find that d is square-free with d|@ and (d,2q) =
1. Moreover, for such d, if N(A) = d, then A|R,(A,q) =1 and p(A) = 1. It

follows that
o2(q) = Y Aagqe(d)/d,
dlQ

where g,(d) is the multiplicative function defined by taking g,(p) = 0 for p|2q,
and

9q(p) = #{P : N(P) = p}
otherwise. Clearly g4(p) < g(p), whence
9q(P) 1 9(p)\ 1
1 J8 1 S8
I[ -7 < 1’[ 1-=")
wp<z w<p<z
for z > w > 2. Moreover
Z M — Z N(P)—l +O(U}_1/2)

w<p<z p w<N(P)<z

= loglogz —loglogw + O((logw) ™),

by the Prime Ideal Theorem, so that

I1 (1_@)*1< gz o oLy

wpes D ~ logw log w

It therefore follows from (2.8) that

o2(q) = {Co+ o)} T (1 = 94(p)/p)-

p<X?
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However, since q is odd we have

I @ =g.e)/p) ~2][0=9)/p)™" T] (1 - 9()/p).

p<X? plg p<X?

on noting that any prime factor p of ¢ for which p > X° can have only a
negligible effect. It follows that

flo Y A J[\)f(&))

AlR, (A,q)=1
= f(q)o2(q)
> 2{Co+ oM} (@) [T =9)/p) ™" T] 1 —9)/p)
plq p<X?®
= 2{Co+o()}h(q) J] (1 - g)/p)-
p< X8

Lemma 6 is now a consequence of this estimate along with equations (6.1) and
(6.3).

7 Proof of Lemma 7

This section will be devoted to the proof of Lemma 7. The necessary ideas may
be traced back to work of Greaves [3]. We begin with the following result.

Lemma 10 Let

S(R) = S(R;A,B,U)
= #{a,b: A<a<A+U B<b<B+U, Rla—bV2}.
Then
U2
Y. ISR - | < U+Q)Q7, (7.1)
N(R)
N(R)<Q, p(R)=1

for any e > 0.

To establish Lemma 10 we begin by splitting the vectors (a, b) into congru-
ence classes modulo N(R), whence

S(R) = Z #{a,b: a=u,b=v (mod N(R))}
u,v (mod N(R))
Rlu—v V2

N(R)™2 Z Z ZeN(R)(c(u—a)—l—d(v—b))
u,w (mod N(R)) c,d (mod N(R)) a,b
R\u—v\?’/ﬁ

= N(R)™? Z So(R, ¢,d) Z en(r)(—ca — db)

c,d (mod N(R)) a,b
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where
So (R, c, d) = Z EN(R) (cu + d’U)
w,v (mod N(R))
R\ufv\‘?ﬁ

To evaluate the sum Sy(R,c,d) we observe that there is a rational integer k,
say, such that k¥ = ¥/2 (mod R), since p(R) = 1. The condition R|u — vv/2 is
therefore equivalent to Rlu—vk. However, if Rlu—vk we must have N(R)|u—vk,
again using the fact that p(R) = 1. We therefore see that

So(R,c,d) = Z en(r)(cvk + dv),
v (mod N(R))

whence Sp(R, ¢,d) = N(R) for N(R)|ck + d, and Sp(R, ¢,d) = 0 otherwise. Re-
versing the argument above one finds that the condition N (R)|ck+d is equivalent
to R|d + cv/2.

Since Sp(R,0,0) = N(R), we obtain

U2+ 0(U)

+ O(N(R)*l 3 min{U, ij)} min{U, ngl%)}). (7.2)

lel|dI<N(R)/2
(¢,d)#(0,0), Rld+c¥/2

The total contribution from the first error term on the right is

<U Y NR)'<U(ogQ),
N(R)<Q

which is satisfactory for Lemma 10.
We proceed to estimate the contribution to (7.1) arising from terms in (7.2)
for which ¢, d are both non-zero. This is

< Q Y |edT'#{N(R)<Q: Rld+cV2}

0<[cl,|d|<Q

< Q D ed @
0<|cl,|d|<Q

< Q1+26’

which is satisfactory for Lemma 10.
We turn now to the terms of (7.2) in which ¢, say, is zero. By the same
argument as before we find that the corresponding contribution to (7.1) is

< U Y ld7'#{N(R) <Q: Rld}

0<]d|<Q

< UY
0<ld|<Q

< U@~
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Again this is satisfactory for Lemma 10. An entirely analogous argument applies
for terms with d = 0, thereby completing the proof of the lemma.

Our next task is to derive a version of Lemma 10 in which one only counts
terms with (a,b) = 1.

Lemma 11 Let
T(R)=#{a,b: A<a<A+M,B<b<B+M, (a,b) =1, Rla—bV2},
and let

Then

6 M?>
> IT(R) = 5y PR < (NQU2 o+ NO2)Ne,
N(R)<@Q

for any Q < N? and any £ > 0.

For the proof we begin by noting that T'(R) vanishes unless p(R) = 1, as we
henceforth assume. We next observe that

T(R) = u(d)Tu(R),
d=1

with
Ta(R) =
#{a,b: A<a<A+M,B<b< B+ M, d|a, d|b, Rjla — bV/2}.
Writing a = da’,b = db’ we find that

T(R) = 3 p(@)S(R: A, B, 01, (73)
d=1

where A’ = A/d,B' = B/d,M’' = M/d and R' = R(R,d)~*. Moreover, if
p(R) =1 we have

c- M? oo M — (d)
S G NRIR ) = i SN (R ) (1.4
M? 1
= wm - [a-1
NB) v P pflv_<[R) b
60> 1.,
- sz(R)pgR)(H) ’

which produces the leading terms in Lemma 11.
We shall split the sums (7.3) and (7.4) at d = A, where 1 < A < N will be
specified below. Terms in (7.4) for which d > A contribute a total

M2 _2
< > N(R)Zd N((R,d))
N(R)<Q d>a
p(R)=1
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in Lemma 11. We put (R,d) = S and R = ST. Thus N(S)|d, since p(R) = 1,
and on setting d = N(S)e, the above becomes

< M* > N(S ()t Y e
N(ST)<Q e>A/N(S)

< M* ) N(STAN(T)'min{1, N(S)/A}
N(S),N(T)<Q

< M?*A'(log N)% (7.5)
Similarly, the contribution from the terms of (7.3) in which d > A is
N(R)<Q d>A R d) ddd
A B M
d>A N(S)|d N(T)<Q/N(S)
< Z d° Z 7(a' — b V?2)
a>A aly
N
€ ' \2 pn7e
< N> | TN
A<d<N
< N?FEATL (7.6)

Here we have used (2.21) and observed that, since 4, B, M < N, the number
of integer pairs a’, b with

A , A+M B

B+ M
< = ! <
d<a_ 7 d<b_ ]

is zero unless d < N, in which case it is O(N2d~?).
If we now write S = (R,d) and R = ST once more, it follows via Lemma 10
that the overall contribution from terms of (7.3) and (7.4) with d < A is

R ABM (M/d)?

< Y Z|S((R,d)’d’d’ 7 N<R/(Rad>)|

N(R)<Q d<a

p(R)=1

A B M, (M/d)?

< Yy X > |S(T;d’d’d)_(N(/T§ |

d<A N(S)d n(T)y<@/N(S)

p(T)zl

< > *JriN

d<A N(S)|d
< A(M+Q)N*.
On comparing this with (7.5) and (7.6) we find that the sum in Lemma 11

is

< {N?2A7T 4+ A(M +Q)}N%,
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We shall choose A = min(Nl/Q, NQ_l/Q), which does indeed satisfy the condi-
tion 1 < A < N, and yields a bound

< (NQ1/2 +N3/2)N2E,

thus completing the proof of Lemma 11.
We may now deduce Lemma 7. In view of the definition of h(g) we may
include an extra summation condition (a,b) =1 in (2.20). Moreover, we have

ha) = 3 1(d),

dlq

where [(d) is the multiplicative function defined by (2.18) and (2.19). It follows

that
C(q1g2) Zl (lg1g2.d)),

with
C'(m)=#{a,b: A<a<A+M,B<b< B+ M, (a,b) =1, m|q},
and hence that

Z 1C(q192) — C1M2M|

q192

Z |Zl (0192, d D—CHMQML (7.7)

a1.q0 d=1 q192

q1,92

We begin by considering the contribution to (7.7) arising from terms with
d > D, say. This is at most

Z Z [1(d)C"([q192, d])]- (7.8)

q1,92 d>D

If I(d) # 0 we may write d = ef? with e, f coprime and square-free. Moreover
we then have [(d) < d®e™!, for any € > 0. We also note that if f is coprime to
q1q2 then

[(142,d] > qugof* > N7 ¢,
We may therefore assume that f < N°/7 for such f, since C’(m) clearly vanishes
for m > N3. When (f,q1q2) = 1 and e > D'/?, say, the contribution to (7.8)
is then

< N€D71/2Z#{(qlan7e7f) : Q17q2aevf|a3_2b3}

a,b
< N6D71/2 Z NE
a,b
< M?N?*D~1/2 (7.9)

while the contribution from terms with (f,¢1¢g2) = 1 and e < D'/ is

< N¢ Z Z #{(Q17QQ76) : 1117‘1276|03 - 2b3}

D1/4<f<<N5/7 a,b: f2\a3—2b3

< N> > Ne (7.10)

DY/A< < N5/T ab: f2]aB—2b3
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Here we observe that if f?|a® —2b3 then f and b must be coprime, since a and b
are. Thus a® = 2b® (mod f?2) determines O(f¢) values of @ modulo f? for each
choice of b. It follows that

#{a,b: f|a® - 20} < N°M(1+ Mf~?), (7.11)
whence (7.10) is

<N¥ N (M4 M) < N¥(MNYT 4 MPDTHVY). (7.12)
D1/4<f<<N5/7

It remains to consider the contribution to (7.8) from terms for which ¢;, say,
divides f. If we write f = ¢ g, then this is

< Z Z #{(@;679) : Q2»€a9|03 - 2b3}

q1 ab:q?lad—2b3
< E E N¢
q1 a,b:q?lad—2b3

< N*Y (M + M?q?)
q1

< NZ?%(MN®/™0 4 M2N—5/T), (7.13)
on applying (7.11) with f = ¢;. Similarly, terms with go|f contribute
< N%(MNS/T0 4 M2N—6/T). (7.14)

In view of (2.6) we see that the bounds (7.9), (7.12), (7.13) and (7.14) will be
satisfactory for Lemma 7, providing that we choose D = N°, as we now do.
To be specific we will have

S (Clags) — Cua2 240 @2)

q1,92 N2

= Z \ Zl (0192, d ])—C1M2M|+O(M2N_5),

q1,92 d<D 142

by (7.7).
We now examine the representation

C) = %Zzw@.
d=1

T
We have (d o a)
Q1QQ q1492,
@)D = 3 gl )
G142 ;) d ;) (4142, d]

28



since d is coprime to q1¢z for d < N®0. Moreover, if we take d = ef?, with e, f
coprime and square-free, then

> id) (dd <Y (ef)yE

d>D A2
< Y (enT
ef>D1/2
< Z n—2+2e
n>D1/2
<« D Y2%te
< N79.
Since
y avle)
q1,92 q192
we may conclude that
Z ‘ClMQu — M2 Z ([9192, ])| < M2N- 5
e ne d<D (912, d]
whence
Z |C(q192) — ClM2M|
q1,92 q1q2
<« M3 N9+ Z Z [1(d){C"([q1g2,d]) — ELQV([QIQQ,CZ])H
72 [q1q2,d]
q1,92 d<D
2
< MNP N° Y |C(lqugz,d)) — — angordD)|
d 72 [q142, d]
q1,92,
< antenE S e - S (7.15)
w2 or .
r N1/ 7+75

It is an easy exercise to verify that, if (a,b) = 1, then there is a 1-1 corre-
spondence between divisors r of a® — 2b% and ideal divisors R of a — bV/2, given
by r — (r,a—bv/2) = R and R — N(R) = r. Moreover one readily checks that

v(r)=Y_ YR)p(R).

N(R)=r
Thus (7.15) is

_ i 6 M>
N(R)KN1L/7+75 ™

< MQN—5 + (N.N(11/7+76)/2 +N3/2)N€
< M2N76 + N25/14+75/2+€
by Lemma 11. This clearly suffices for Lemma 7, since
N25/14+75/2+€ < M2N75

for € sufficiently small.
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8 The Lower Bound for S,

In this section we shall prove Lemmas 8 and 9. To handle the sum
> I(a,b)h(g),
a,b: qeQ
where
I(a,b) = / N(a,b,t)"tdt
(a,b,t)ER
we shall divide the available range for the variables a, b and ¢ into disjoint cubes
B=(AA+M]x (B,B+ M]x (C,C+ M] CR3.

We shall call such a cube ‘good’ if it falls entirely inside the region Rg given by
the constraints

M3X°%/2 = X1H39/2 < N(x) < N® = X1+% (8.1)
1+ o \3/5 + x3 \3/41
1< N1/ < o, (8.2)

and
x3 — 223 > M3,
Plainly we then have
> Habh) =3 Sk [ Nabold (53
a,b: q€Q B a,b (a,b,t)eB

where only good cubes B are counted, and the sum over a, b is restricted by the
condition (2.17).
In view of (4.1), if N(x) attains its maximum on B at xg, we have

N(x) = N(xq) + O(MN (x0)*?) (8.4)

for any x € B. Since N(xg) > M3X°%/2 it follows that N(x) > N(x¢) for all
x € B, whence

N(A,B,C) < N(x) < N(A,B,C) (x¢€ B).

We may then apply (5.2) to show that

N(x)"' = N(A,B,C)"' + O(MN(A, B,C)~*/3), (8.5)
whence
/ N(a,b,t)"'dt = M + O(M?N(A, B,C)~*/?)
(a,bt)eB o N(AvaC) T
M

1 Dy ——rr—m—r
A+l yrigar
by (8.1). We may therefore deduce from (8.3) that

S Habho) = (146} Y 5 L) (56
. N(4,B,

a,b:qeQ a,b
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subject to the same restrictions on B and a, b as before.

We now observe that if ¢ < N3 has m distinct prime divisors in the range
N5/T < p < N®7+9 and n in the range N%/7 < p < NY/7+% then mn < 3. It
follows that ¢ can be counted with multiplicity at most 3 in the sum

Z C(Q192)~

q1,92

We therefore see, via Lemma 7, that for any given good cube B, we have

> hlg) > %ZC(QND)
a,b

q1,92

_ 1 v(q1)v(g2) _
— 501M2Z +O(M?N79).

142
q1,92 N

Moreover

> v(p)/p =loglogz + C + o(1),

p<z
for a suitable constant C, by the Prime Ideal Theorem, whence

> vig)r(e) _ L(3) + o(1),

91,92 Nq2

and hence

S hla) 2 5GP+ o(1}L().
a,b

We may combine this with (8.6) to deduce that

3
> I(a.b)h(g) > %Cl{l +o(1)}L(9) EB: ﬁ'

a,b: qgeQ

A second application of (8.4) now shows that

M3 dxdydz
vame =0 [N

whence
drdydz

ZNABC = {1401} =, N(z,y,2)’

where R4 is the part of the region Ry made up of points in good cubes. It
follows that

1
> Ia,b)h(e) = 5Ci{1 +o()}LEO)N, (87)
a,b: qeQ
where
dxdydz
I, = —_—.
R1 N(Ia Y, Z)
We now aim to compare I; with the integral
I = drdydz
2 Ro N(il', Y, Z) ’
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where R is defined by the constraints
M3X5/2 — X1+35/2 < N(X) < N3 _ X1+267

V2 V4
1<$1+$2\[+$3\[<807
N(X)1/3

and
o3 —2x3 > 0.

In order to do this we make a change of variables

1
z::g(w+2rcost9), Yy = (w+ 2rcos(0 +47/3)),

1
3V2
z ! (w + 2rcos(0 + 27/3))

= — T ,

3V/4

where r > 0 and 0 < 6 < 2m, so that

4 yV2+2Vi=w, x4+ywV2+ 2V =re? (w=e¥3).

The Jacobian of this transformation is r/ 3\/3, whence

z,Y,2 N(l',y,z) B 3\/7

drdydz 1 / dw dr df
3 w,r,0 wr .
We also note that
2 .
2% — 28 = ——r|w —re’ 0273 2 5in(0 + 27/3).

33

(8.9)

The condition (8.8) is therefore equivalent to sin(6 + 27/3) > 0. It follows that

I - 1 / dw dr db
2 3\/§ w,r,0 wr ’
subject to
X1H38/2 402 <X1+257
1< (E)2/3 < €o,
T
and

sin(6 4 27 /3) > 0.

I - 7r/ dw dr
* T 3VB Ly, wr

This produces

A further substitution w = p'/3v, r = p'/3=12 for which the Jacobian is

—1/2

%u’l/?’z/ , yields

I_W/dudy
ERVEN AT

Since the region of integration is now merely

XM30/2 )« XU 1 << g,
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we deduce that 5
I §(logX)(log50).

o
VG

We must now estimate I — I;. Any point x € Ry \ Ry must lie a distance
O(M) from a boundary point x’, say of the region Ry. The argument leading
to (8.4) then shows that

N(x) = N(x') + O(MN(x)?/3).
Thus if N(x’) = X129 then
N(x) = X120 L O(X1+59/3) (8.10)
and if N(x') = X'+3%/2 then
N(x) = X'T30/2 4 O(x1H49/3), (8.11)
Moreover, (5.2) yields

0 1+ x2V/2+ x3V/4

: N(x) '3,
3o, N1 < N(x)
so that
T +$2\3ﬁf$3\3/‘1 _ ) + JJIQ\S/E-I- xh 34 +O(M(X1+35/2)—1/3)
N(x)/3 N(x/)1/3

N(X/)l/S

Thus if , ,
/ / 2 / 4
:c1+x2\f—|—x3 =1 or ¢y,
N(X/)l/S
then
V2 V4
1 +$2f+x3f -1+ O(X—5/6) or & —|—O(X_6/6), (812)

N(X)1/3
respectively. Finally,
2> =220 = 23 — 223 + O(MN(x)%/3)

so that
) —225° = M°

implies

z3 — 223 < MN(x)?/3. (8.13)

To put this final condition into a more suitable form we note that r < |w| < r,
by (8.2), whence (8.9) yields

|z} — 223| > N(x)|sin(0 + 27/3)|.
Thus (8.13) produces

sin(f + 21/3) < MN(x)™Y% « X796, (8.14)
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We also observe that if x € Ry \ Ro then (8.13) holds, so that we again have
(8.14).

We can now estimate Iy — I; by using exactly the same changes of variables
as were employed in our treatment of Ip. If (8.10) holds then the range for pu
becomes p = X720 + O(X'+59/3) and the overall contribution to Iy — I is
O(X~9/3). Similarly when (8.11) holds we have p = X+39/2 4 O(X1+49/3)
which contributes O(X~%/6). For those values of x for which one or other of
the constraints (8.12) hold the variable v is restricted to an interval of length
O(X~9/6), so that there is a contribution to I, — I; of size O(X ~%/6). Finally
when we have (8.14), the variable 6 is restricted to lie in an interval of length
O(X~9/8), with a corresponding contribution to Iy — I;. We therefore conclude
that

12 - Il < X_5/67

so that

é(log X)(logeo).

I ~o
1 6v/3 2

We now deduce from (8.7) that

S>> Hab)hla) > SCi{1 +o()}L() "

a,b: qgeQ

\f 3 (log X)(logeo),

so that Lemma 8 follows from Lemma 6.
We move now to the treatment of Lemma 9. We begin by observing that

1 1-

D R R ]
z<p<y p z<p<y p

uniformly for ¢ > 1. Moreover, the Prime Ideal Theorem and the Prime Number

Theorem show that
D (1-g(p) < z(log2) 2,
p<z

since prime ideals of degree 2 or 3 make a negligible contribution. It follows by
partial summation that

1—
> A (g,
z<p<y b
uniformly for o > 1, whence
10) 1 o
Z log —=) —log(l — —) < (logz) ™.
z<p<y b
We may therefore deduce that

1—9()/p”
H 1-1/p° = {1+ lox}H l—l/p

p<z

the final product being over all primes. However

H 11_9(119/);71)0 = F(U)C(U)C@(\?’/ﬁ) ()71,
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where

Flo)=][{a-gw)/p7) JI Q-1NEP)7)'}

N(P)=p

This last product is absolutely and uniformly convergent for ¢ > 1, so that

F(o) — F(1) as o tends down to 1. On the other hand
1 T

0o m() ™ = gt

as o tends down to 1. We conclude that

L—g(p)/p 1 V27
,,1;1171 iy {1 +O(@)}F(1)ﬂog50-

To complete the proof of Lemma 9 we have merely to note that

-

(&
1—1/p) ~
pl:[w( /p) gz’

by Mertens’ Theorem.

9 Proof of Theorem 2

Co(my(8); s =1)  mlogeo’

We may observe at the outset that Theorem 2 is trivially true if the polynomial
g(X) is not coprime to ¢, since the sum will be empty. We shall therefore

suppose henceforth that (g(X),q) = 1.

We shall prove Theorem 2 by induction on k, and so we begin by examining

the case k = 0. Here we find in the usual way that if

S= Y eqwimgm'™®),

A<n<A+B
then )
S=- 3 Saml) Y e-mn),
T 1) (mod q) A<n<a+B
where

Sama)= 3 eg(a{wf(h)gm) ™ +mh}).

h (mod q)

The above sum has a multiplicative property,
S(uv,m,a) = S(u,m,av™)S (v, m,au®),

for (u,v) = 1. Moreover, if p is prime, and p t a but p|w, then

0, m,
smmm={p,§m

(9.1)

It therefore follows that S(g,m, 1) vanishes unless A|m. In the latter case Weil’s

estimate shows that
|S(p,m,a)| < 2Dy/p,
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for p f aw, providing that f(X)/g(X) does not reduce to a linear (or constant)
polynomial modulo p. Under the latter assumption we therefore have

1S(p,m,a)| < 2D(w,p)t/?*p'/?,
for p 1 a, whether or not w is coprime to p. We now apply the hypotheses of
Theorem 2, noting that ¢ = gp. This allows us to deduce that

1S(q,m, 1)| < dap(q)(Ag)*?,
when Alm. If we insert this bound into (9.1) we find that

S < ¢t Y dap(@)(Ag)*min{B, [jm/q|| 7'}
m (mod q), Alm

< g 'dan()(Aq) (B + | log g}

< dap(@){B(A/9)"? + (a/A)*}log g
<o d{BA/QY? + (a/D),
as required for the case k = 0 of Theorem 2.
To establish the general case of Theorem 2 by induction we shall assume it

holds true when ¢ has an expression ¢ = gyqj - - - g, and deduce that it holds
for a representation ¢ = qoq1 - .. qr. For ease of notation we write

a(n) = { eq(wf(n)W(Q)), A<n<A+B,

0, otherwise.

Then, if H = [B/q;] + 1 we find that

H
HS = ZZa(nJrhqk)

h=1 n
H

= Z a(n + hqy)

n h=1

H
= Z Z a(n + hqy).
h=1

A—Hqp<n<A+B—qy

Thus Cauchy’s inequality yields

H
H|S? < (Hge+B—qi)Y | Y a(n+hg)
n  h=1
H H
= (Hq+B—qi) Y > Y a(n+hiag)a(n+ hoar)
h1:1 h2:1 n
= (Hgo+B—q) Y Y a(n+{h —ha}a)a(n)
hi=1ha=1 n
< 2BH Y |> a(n+ hg)a(n)|
—H<h<H n
H-1
< 2B*H+4BH Y _|> a(n+ hgy)a(n)|. (9.2)
h=1 n
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We now examine the function a(n+ hqi)a(n). Suppose that the polynomials
f(X) and g(X) satisfy the conditions of Theorem 2. Let t = hqg, and set

w(X) = {g(X)f(X +1) = f(X)g(X +8)}/t, v(X) =g(X)g(X +1).

Then » W
fn+ g+ 8" = fo)gm) ™ = tu(nyo(m) ",

for (g(n)g(n +t),q) = 1. We proceed to show that Theorem 2 may be applied

to
Y an+hglan) = Y eg(whgru(n)o(n)

n A<n<A+B—hgqy

(q))7 9.3)

when g = qyq] ... q),_,, With ¢4 = qogr and ¢} = ¢; for 1 <i < k.

In order to do this we must verify that u(X) and v(X) satisfy the conditions
of Theorem 2, with k replaced by k£ — 1 and D replaced by 2D. We first observe
that deg(u(X)),deg(v(X)) < 2D, and that p > 2¥=1 x 2D for every prime plq.
Moreover, suppose that u(X) = v(X)h(X) (mod p) for some polynomial h(X)
with deg(h(X)) < k. We first examine the case in which p t ¢. Then, in the field
modulo p we may write (by abuse of notation),

{g(X)f(X +1) = fF(X)g(X +1)}/t = uw(X)
= v(X)h(X)
= 9(X)g(X + )h(X).
Let f(X) and g(X) have highest common factor d(X), in the field modulo p,

and put f(X) =d(X)F(X) and g(X) = d(X)G(X) accordingly, so that
GX)F(X +1t) - F(X)G(X +t) =tG(X)G(X + t)h(X). (9.4)

Then G(X)|F(X)G(X+t), whence G(X)|G(X+t). In a similar way we find that
G(X+t) |G(X). Since G(X) and G(X +t) have the same leading coefficient, they
must be equal. Then, since p 1 t, and deg(G(X)) < D < p, we must conclude
that G(X) is constant, and without loss of generality we take G(X) = 1. The
relation (9.4) then reduces to FI(X +¢) — F(X) = th(X). Since deg(F(X)) <
D < p,and ptt we have

deg(F(X +1t) — F(X)) = deg(F (X)) — 1.

It then follows that F(X) is a polynomial of degree at most k + 1, since
deg(h(X)) < k. We therefore find that

F(X) = d(X)F(X) = d(X)G(X)F(X) = g(X)F(X) (mod p),

contradicting the assumptions of Theorem 2.
Now assume that p|t. We have

g(X) (X +T) - f(X)g(X +T)
= T{g(X)f"(X) = f(X)g'(X)} + T*K(X,T),

for a suitable polynomial k(X,T). It follows that

u(X) = g(X)f'(X) = f(X)g"(X),
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in the field modulo p. As before we write f(X) = d(X)F(X) and ¢g(X) =
d(X)G(X), where d(X) is the highest common factor of f(X) and g(X), modulo
p. It follows that

u(X) = d(X){G(X)F'(X) - F(X)G'(X)} (mod p)

Thus if u(X) = v(X)h(X) (mod p), then

GX)F'(X) - F(X)G'(X) = GX)G(X + t)h(X) = G(X)*n(X),  (9.5)
in the field modulo p. Since G(X) is coprime to F(X) it then follows that
G(X)|G'(X). However G'(X) has smaller degree than G(X), so that this can
occur only when G'(X) = 0. As before we note that deg(G(X)) < D < p,
so that we may deduce that G(X) is constant, and without loss of generality
we take G(X) = 1. The relation (9.5) then reduces to F'(X) = h(X). Since
deg(F(X)) < D < p we deduce that deg(F (X)) =1+deg(h(X)) <1+ k. This
then contradicts the hypotheses of Theorem 2, since

F(X) = d(X)F(X) = d(X)G(X)F(X) = g(X)F(X) (mod p).

Having checked that the hypotheses of Theorem 2 are verified for our appli-
cation, we may deduce that the sum (9.3) is

A - k=1 q/ k = i 41/27
<Lk,De q {B(q )1/2 Bl-1/2 (Ko/)lﬂ +ZBI 1/2 // 1,

0 j=1

with A’ = (q}), whq). In view of our choice of the ¢, we conclude that

> a(n + hay)a(n)

n

A J
<ppe ¢ {B(— " )1/2k_|_Bl 1/2k1 ‘IO/ 1/2k+ZB1 1/2 1/21 1

with
A" = (g0, wh) < (q0,w)(q0,h) = Alqo, h).
We insert this into the bound (9.2), noting that

H-1

Z QO7 1/2k < Z (q07 h’)
h=1 h=1
SEST>

mlqo  h<H,ml|h

H
< -
< D ome
m|qo
= d(q)H
<. ¢°H.
It then follows that
1SI” <k,p,e
2771 2 A 1/2k 1—1/2k=1 40 \1/2F = 1-1/29 1/27
B“H " +q¢q B{B(qfo) +B (K) +ZB Ay }
j=1
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In view of our choice H = [B/q;] + 1 this leads to the bound

k—1
SP pe @ (B ()% 4 BV (gt L 57 gy,
0 A = ’

We therefore have

S <kpe (f{B(%)l/?’““ B2 qO Y ZBl 120+ 1/2J+1}

A k+1 _ k. qo k+1 _ i 1/929
= BT B R PP
j=1

as required for our induction step. This completes the proof of Theorem 2.

10 Comparison with the Method of Hooley

We shall begin by looking at Chebyshev’s original method, as used by Hooley.
We shall do this in a quite general context. We therefore choose a set A of pos-
itive integers, and we write X = #.A. Let p(d) be an appropriate multiplicative
function, and define

Ry =#Aq— %X.

We shall suppose that our set has ‘level of distribution’ D, in the sense that

> A(d)|Rq] < X. (10.1)
d<D

We shall also assume that there is some constant A such that
Alog D+ O(1) <logn < Alog D (10.2)

for all n € A. We shall take the constant A to be an integer, for simplicity of
exposition, and we shall think of it as representing the ‘degree’ of the set A.
Moreover, we shall suppose that

> @A(d) = logz + O(1), (10.3)

d<zx

so that we have a 1-dimensional sieve.
In our setting we might choose

A={n*+2: X <n<2X}

and A = 3.
Returning to the general formulation, it is immediate from (10.1) and (10.3)
that

Y. (ogp)#A, = (log A7) X + O(X).

AD<p<D

Thus, if A is a sufficiently small constant, there must exist n € A with a divisor
p > AD. We shall regard this as the trivial result.
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To get a non-trivial result the standard method is as follows. For any positive

integer n, define
logM n = Z A(d).
d|n,d<D
Then
D logMn = > A(d)#A

neA d<D

= X)) @A(d) +0(X)
d<D
= XlogD+ O(X), (10.4)

by (10.1) and (10.3). One now chooses a constant § > 1 and decomposes logn

logn = Y Ad)+ D> Ad+ DY A

d|n,d<D d|n, D<d<D? d|n,d>D?
= log(l) n—+ log(2) n—+ log(g) n,
say. In general one then tries to show that

dlog®n = > AMd)#Ag

neA D<d<D?
< (A-1-0)XlogD (10.5)

for large enough X if the constant § > 0 is chosen suitably. A comparison of
(10.2), (10.4) and (10.5) then reveals that

Z log(?’) n = Z (logn — log(l) n— log(2) n)

neA neA
> XAlogD—XlogD-0O(X)—(A—-1-4)X1logD
= 6XlogD+ O(X).

Thus there is an n € A with a divisor p¢ > D?. Under suitable circumstances
one can show that the exponent e may be taken to be 1, giving a result of the
desired type. Clearly this approach therefore hinges on the availabilty of upper
bound information on #.A4,, for D < p < D? so that (10.5) can be established.

We now describe our alternative approach, again in the general setting. We
should note that the function log(l) defined above does not correspond exactly
to that used in §2, since the condition d < D does not correspond exactly to
A(d) <log D. However, when d is a prime the two conditions agree, and this is
the most important case.

The key idea is to construct a set AL C A, of cardinality X; > X, with
the property that

logMn > (1+0)logD forall ne AWM. (10.6)

Now suppose that the set A\ AW contains precisely X, elements n with
logV n > (1 — ¢")log D, where & is to be chosen later. It then follows that

3 log™ n > Xy (14 6)log D + X2(1 — §') log D,
neA
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whence (10.4) yields

X
Xi(140)+Xo(1-0) <X+ O(@).

Now, if we set
A®) = ne A:logMn < (1-0)logD}

and X3 = #A40) = X — X — X, we deduce that

Xo(146) + (X - X1 — X3)(1—6) < X +0(—),

log D
whence X
X3> X3(1-6)> X.(6+68)— X6 —).
3> X3( ) > X1(6+46") +O(1ogD)
We shall therefore choose
5’:5£

whence

X X
X3 > 5(%)2)( + O(@)-

In view of (10.2) we have

> Ad)>(A—1+6)logD+0(1)
d|n,d>D

for any n € A®). We shall suppose that

X
. (2 6> > [
#{neA: Ipn, p _D,e_2}<<logD

Moreover we define

AD = fne A: Z logp > (A —1+§")log D}
pln,d>D

and X, = #AW . Tt then follows that

X
log D

X

X426(X

)2X +O(

).

However it is clear from (10.2) that any n € A®) can have at most A — 1 prime
factors p > D. It follows that there must be at least one prime factor p with
A—-1+4¢

logp > A1 log D,

or, equivalently,
!

A—-1"
This is the desired conclusion. Clearly, this second approach requires us to

construct a set of integers n, each with a ‘D-smooth’ factor d > D', so that
logV'n > (1+6)log D.

p>D =1+
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We should stress that neither of these two approaches will work without
detailed knowledge of the set A. However it is worth emphasizing that the
second approach allows us considerable freedom in constructing A, whereas
the first approach requires us to consider A, specifically for primes p.

We shall now discuss in a little more detail the arguments leading to (10.5)
and (10.6) for our particular set 4. One can produce an estimate of the type
given in (10.5) by using an upper bound sieve method. For example, suppose
that one can show

S #A <{CHo()}X > p, (10.7)

P<p<2P P<p<2P

for some constant C, and any P with D <« P < D?. Then we will be able
to deduce (10.5) for any 8 < 1+ C~!(A — 1), providing that the prime powers
can be satisfactorily handled. To achieve a bound of the form (10.7) one needs

information about
> Ram (10.8)
m: P<dm<2P

for values of d up to some small level of distribution. For the particular set
A={n*>+2: X <n <2X}, Hooley was able to handle this problem, but only
under Hypothesis R*.

In order to examine Hooley’s analysis it will be simplest if we depart consid-
erably from Hooley’s exposition, and indeed from the above formulation, and
work with the set

A={n+V2: X <n<2X}.

We then see that in place of (10.8) we must handle

> Rpr

I: P<N(BI)<2P

where N(B) is ‘small’ and D < P < DY. In particular, a simple estimate with
level of distribution D is insufficient.
In contrast, our new approach requires information about sums of the form

> Ry, (10.9)

JET: Q<N(J)<2Q

where J is a set of ‘D-smooth’ ideals.

In view of Lemma 4 one needs, in either case, a non-trivial bound for the
exponential sum o(n). In both methods one fixes a and b, and hence ¢, and
sums over ¢, which is essentially of order ¢*/3. In Hooley’s analysis there is no
control over ¢, and one must resort to Hypothesis R* in order to get a suitable
estimate for o(n).

In contrast the new approach allows us considerable freedom in choosing the
ideals J in (10.9). We may therefore restrict the set J so that the modulus ¢
factorizes sufficiently well for Theorem 2 to apply. This is the key to our success.
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