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1 Introduction

It is conjectured that if f(X) is an irreducible integer polynomial with positive
leading coefficient, then f(n) takes infinitely many prime values, providing only
that f(n) has no fixed prime divisor. As an approximation to this conjecture one
might ask whether f(n) has a very large prime factor in infinitely many cases.
To make this more precise, we shall define P (x; f) to be the largest prime factor
of ∏

n≤x

f(n)

and ask for lower bounds for P (x; f).
The first non-trivial result in this direction was found by Chebyshev, and

states that
P (x;X2 + 1)

x
→∞.

The proof was sketched in Chebyshev’s posthumous manuscripts. The result
was published and proved in full by Markov [8]. It was later sharpened and
generalized by Nagell [9] who showed that

P (x; f) À x(log x)θ

for any fixed irreducible polynomial f(X), and any constant θ < 1. Further
strengthenings of this latter result were obtained by Erdős [2] who showed that

P (x; f) À x(log x)A log log log x

for a suitable constant A > 0, and Tenenbaum [10], who obtained

P (x; f) À x exp{(log x)A}

for any constant A < 2 − log 4 = 0.61 . . .. This is the best result currently
available for polynomials of arbitrary degree. However for the specific case
f(X) = X2 + 1 Hooley [5] was able to show that

P (x;X2 + 1) À x11/10.

Indeed Hooley’s method handles X2 − D for any non-square integer D, and
presumably can be generalized to arbitrary irreducible quadratic polynomials.
In the case of the polynomial X2 + 1 the exponent 11/10 was improved by
Deshouillers and Iwaniec [1], to the root θ = 1.202 . . . of the equation θ +
2 log(2− θ) = 3/4. Again one can handle X2 −D for any non-square D.
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Until now, no corresponding result for cubic polynomials has been estab-
lished. However Hooley [6] succeeded in giving a conditional proof that

P (x;X3 + 2) À x1+δ

for some constant δ > 0, assuming certain estimates for short Ramanujan-
Kloosterman sums. Indeed under the best possible hypothesis of this type,
the ‘R∗ Hypothesis’, Hooley showed that δ = 1/30 would be admissible. The
purpose of the present paper is to give an unconditional treatment of such an
estimate.

Theorem 1 Let $ = 10−303 and suppose that X is sufficiently large. Then,
for at least a positive proportion of the integers n ∈ (X, 2X], the number n3 + 2
has a prime factor in excess of X1+$. In particular we have

P (x;X3 + 2) À x1+$.

The constant $ is indeed barely positive. It seems likely that the exponent 303
could be reduced very considerably. The proof we shall present is designed to
be as simple as possible while still producing an explicit value for $. There
is much scope for optimising the argument. In particular there is one point in
our analysis at which $−1 depends exponentially on a certain parameter. With
more care a polynomial bound may be given.

It would be interesting to know whether the result could be generalized to
other irreducible cubic polynomials. It seems likely that this can be done, the
only serious difficulties arising in §3. Indeed one may also ask whether higher
degree polynomials might be successfully treated. As yet it is still not clear that
such an extension is impossible.

In [6] Hooley was able to show how solutions of the congruence X2 + 2 ≡ 0
(mod n) could be related to the representations of n by the norm form X3 +
2Y 3 + 4Z3 − 6XY Z, just as Gauss had done for the theory of binary quadratic
forms. We have preferred an alternative formulation in terms of the theory of
ideals in Q( 3

√
2). We do this principally because we believe that it will be more

familiar to readers, the two approaches being largely equivalent. Whichever line
of attack one chooses, the transition from solutions of a polynomial congruence
modulo n to a representation of n by a norm form will be a cornerstone of the
agrument.

Hooley’s approach, which began with Chebyshev’s basic idea, gave rise to
sums of the form ∑

A<n≤A+B

eq(n(q)),

where eq(m) = exp(2πim/q) and nn(q) ≡ 1 (mod q). (Only values of n for which
(q, n) = 1 are to be included above.) For these sums it was necessary to have a
non-trivial bound when B was roughly of size q1/3. No such bound is currently
available, and Hooley was therefore forced to rely on an unproved hypothesis at
this point.

Our work will use an estimate of the type assumed by Hooley, which holds
providing that q factorizes suitably. It must however be emphasized that the
values of q arising in Hooley’s work do not automatically have suitable factor-
izations. It is therefore necessary to revise the basic approach to our problem
very considerably. Indeed our new method is applicable, in principle, to a large
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number of questions for which Chebyshev’s method has been used. This will be
discussed in the final section of the paper.

To estimate short Ramanujan-Kloosterman sums, we shall use what we have
termed the ‘q-analogue of van der Corput’s method’, the principles of which
were described by the author [4]. Since it requires little extra effort, we shall
establish a result more general than is needed for the current application. This
will concern sums

S =
∑

A<n≤A+B

eq(f(n)g(n)
(q)

),

with integral A and B, involving a general rational function f(n)/g(n), inter-
preted modulo q. In writing such sums we shall adopt the convention that only
values of n for which (g(n), q) = 1 are to be included in the summation.

Theorem 2 Let q = q0q1 . . . qk be a positive square-free integer. Suppose that
f(X), g(X) are integral polynomials with deg(f(X)), deg(g(X)) ≤ D. Assume
that for every prime factor p of q we have p > 2kD. Moreover for all p|q,
suppose that there is no polynomial h(X), with deg(h(X)) ≤ k + 1, for which
f(X) ≡ g(X)h(X) (mod p). (In particular we must have p - f(X).) Then, for
any ε > 0 we have

∑

A<n≤A+B

eq(wf(n)g(n)
(q)

)

¿k,D,ε qε{B(
∆
q0

)1/2k+1
+B1−1/2k

(
q0
∆

)1/2k+1
+

k∑

j=1

B1−1/2j

q
1/2j

k+1−j},

where ∆ = (q0, w).

It may be instructive to examine the case in which ∆ = 1 and the factors qi
satisfy

(
qK

BkK−2K+2
)1/(2K−1) ¿ q0 ¿ (

qK

BkK−2K+2
)1/(2K−1)

and

B(
q

Bkq0
)2

j/(2K−2) ¿ qk+1−j ¿ B(
q

Bkq0
)2

j/(2K−2), (1 ≤ j ≤ k),

where K = 2k. These constraints are compatible with q = q0q1 . . . qk, and yield
qi À 1 for all i, providing that

q À Bk−2+2/K .

Under the above assumptions the theorem produces an estimate

¿k,D,ε q
ε{B(

q

Bk+2
)1/(4K−2) +B1−1/K(

q

Bk+2
)−1/(4K−2)}, (1.1)

which is non-trivial when

Bk−2+2/K+ε′ ¿ q ¿ Bk+2−ε′ (1.2)

for some fixed ε′ > 0. Thus, if q has suitably located factors, we may obtain a
non-trivial result even when B is a small power of q.

The bound (1.1) should be compared with the well known ‘k-th derivative
estimate’ for exponential sums, (with k replaced by k+ 2), see Titchmarsh [11;
Theorem 5.13], for example.
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2 Outline of the Method

We shall work with the set

A = {n+ 3
√

2 : X < n ≤ 2X}

regarded as algebraic integers in Q( 3
√

2). These integers are composed solely of
first degree prime ideals. Thus our goal is to show that a positive proportion
of these integers have a prime ideal factor P with N(P ) ≥ X1+$. Here, and
throughout the paper N(. . .) denotes the absolute norm on Q( 3

√
2). For any

ideal I we define
AI = {α ∈ A : I|α},

and we define

ρ(I) = #{n (mod N(I)) : n ≡ 3
√

2 (mod I)}.

The following rather trivial result describes this function.

Lemma 1 If n ≡ 3
√

2 (mod I) is solvable with a rational integer n, then I is
composed of first degree prime ideals only. Moreover I cannot be divisible by
two distinct prime ideals of the same norm, nor by P 2

2 or P 2
3 , where P2 and P3

are the primes above 2 and 3 respectively. In all other cases the congruence is
solvable, and we have ρ(I) = 1. Moreover, if I is an ideal for which ρ(I) = 1,
then for any m ∈ Z, we have I|m if and only if N(I)|m.

The verification of this is left to the reader. We shall use Lemma 1 repeatedly
in the course of our argument, without further comment. We should stress that
the function ρ(I) is not multiplicative. However we do have ρ(IJ) = ρ(I)ρ(J)
providing that N(I) and N(J) are coprime. It is clear that

#AI =
ρ(I)
N(I)

X +O(1)

for any I, and we shall define

RI = #AI − ρ(I)
N(I)

X,

so that RI = O(1).
We may factor the ideal (n+ 3

√
2) as

(n+ 3
√

2) = (
∏

P e||n+ 3√2, N(P )≤3X

P e)(
∏

P e||n+ 3√2, N(P )>3X

P e).

Corresponding to this decomposition we write

log(n3 + 2) = logN(n+ 3
√

2) = log(1)(n3 + 2) + log(2)(n3 + 2),

say, where
log(1)(n3 + 2) =

∑

P e||n+ 3√2, N(P )≤3X

logN(P e)
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and
log(2)(n3 + 2) =

∑

P e||n+ 3√2, N(P )>3X

logN(P e).

Alternatively we may write

log(1)(n3 + 2) =
∑

I|n+ 3√2, Λ(I)≤log 3X

Λ(I).

Our principal task will be to construct a set A(1) ⊆ A, with the property that
log(1)(n3 + 2) ≥ (1 + δ) logX for n ∈ A(1), for a certain constant δ > 0. We
shall also require that the cardinality X1, say, of A(1) satisfies X1 À X. Now
suppose that among the set A(2) = A \ A(1) there are precisely X2 elements
n + 3

√
2 with log(1)(n3 + 2) ≥ (1 − δ′) logX, where δ′ is to be chosen later. It

then follows that
∑

n∈A
log(1)(n3 + 2) ≥ X1(1 + δ) logX +X2(1− δ′) logX. (2.1)

On the other hand, since n3 + 2 ≤ 9X3, we have
∑

n∈A
log(1)(n3 + 2) =

∑

N(I)≤9X3, Λ(I)≤log 3X

Λ(I)#AI

=
∑

N(I)≤9X3, Λ(I)≤log 3X

Λ(I){X ρ(I)
N(I)

+O(1)}. (2.2)

However
∑

N(I)≤9X3, Λ(I)≤log 3X

Λ(I)
ρ(I)
N(I)

=
∑

N(P )≤3X

logN(P )
∑

e: N(P e)≤9X3

ρ(P e)
N(P e)

.

It is clear that the total contribution from terms with exponent e ≥ 2 is O(1).
The remaining part is therefore

∑

N(P )≤3X

logN(P )
N(P )

,

where the sum is for first degree primes only. By the Prime Ideal Theorem this
is logX +O(1). We may also calculate that the error term in (2.2) is

¿
∑

N(P )≤3X

logN(P )
∑

e: N(P e)≤9X3

1

¿
∑

N(P )≤3X

logN(P )
logX

logN(P )

¿ X,

by the Prime Ideal Theorem again. Thus (2.2) is X logX +O(X).
It therefore follows from (2.1) that

X1(1 + δ) +X2(1− δ′) ≤ X +O(
X

logX
).
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Now, if we set

A(3) = {n+ 3
√

2 ∈ A : log(1)(n3 + 2) < (1− δ′) logX}
and X3 = #A(3) = X −X1 −X2, we deduce that

X1(1 + δ) + (X −X1 −X3)(1− δ′) ≤ X +O(
X

logX
),

whence
X3 ≥ X3(1− δ′) ≥ X1(δ + δ′)−Xδ′ +O(

X

logX
).

We shall therefore choose
δ′ = δ

X1

X
,

whence
X3 ≥ δ(

X1

X
)2X +O(

X

logX
).

Since ∑

I|n+ 3√2

Λ(I) = logN(I) = log(n3 + 2) > 3 logX,

we deduce that

log(2)(n3 + 2) = log(n3 + 2)− log(1)(n3 + 2) > (2 + δ′) logX

for any n + 3
√

2 ∈ A(3). Since n3 + 2 < (3X)3 for every n + 3
√

2 ∈ A, the total
multiplicity of all prime ideal factors P counted by log(2)(n3 +2) can be at most
2. We then see that there must be a factor with

logN(P ) ≥ (2 + δ′) logX
2

,

or equivalently N(P ) ≥ X1+δ′/2.
We now summarize our conclusions thus far.

Lemma 2 Let α and δ be positive constants. Suppose that we have a set A(1)

of integers n + 3
√

2 as above, with #A(1) ≥ αX. Then the number of integers
n ∈ (X, 2X] for which n3 + 2 has a prime factor p À X1+δα/2, is at least
(δα2 + o(1))X.

In order to construct elements n+ 3
√

2 of A(1) we shall arrange that n+ 3
√

2
has an ideal factor J = KL with

X1+δ < N(KL) ≤ X1+2δ, (2.3)

and
X3δ < N(K) ≤ X4δ. (2.4)

It will be convenient to impose the condition

δ ∈ (0,
1

100
) (2.5)

and to write
M = X(1+δ)/3, N = X(1+2δ)/3. (2.6)
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For K,L as above we have

N(L) =
N(J)
N(K)

≤ X1−δ.

Since any factor P of J must divide either K or L, it follows that N(P ) ≤ X.
Thus

log(1)(n3 + 2) =
∑

I|n+ 3√2, Λ(I)≤log 3X

Λ(I)

≥
∑

I|J, Λ(I)≤log 3X

Λ(I)

=
∑

I|J
Λ(I)

= logN(J)
≥ (1 + δ) logX,

as required.
We shall take K to run over the set K of first degree prime ideals satisfying

(2.4). For each suchK we shall let L run over a set L(K) to be described, subject
to (2.3). However, if we were merely to count values of n + 3

√
2 produced as

multiples of the ideals J considered above, we would find that a given n + 3
√

2
might occur many times. We avoid this difficulty by ensuring that L is composed
only of prime ideals P with N(P ) > Xδ, say. To be more precise, we shall sieve
L, from below, to level Xδ. Thus we take λd to be the Rosser weights for
the lower bound sieve of dimension 1 and sieving limit ‘D’= X3δ, as described
by Iwaniec [7], for example. These are supported on the square-free integers
d ≤ X3δ and have the properties that

|λd| ≤ 1,

and ∑

d|n
λd ≤

{
1, n = 1,
0, n ≥ 2. (2.7)

Moreover, for any non-negative multiplicative function g(d) satisfying g(p) < p
for all primes, and

∏

w≤p<z

(1− g(p)
p

)−1 ≤ log z
logw

{1 +O(
1

logw
)}

for all z > w ≥ 2, we have

∑

d: p|d⇒p≤Xδ

g(d)λdd
−1 ≥ {C0 + o(1)}

∏

p≤Xη

(1− g(p)
p

), (2.8)

where
C0 =

2
3
eγ log 2.

(Here we have ‘s’= 3 and ‘f(s)’= C0, in the usual notation of sieve theory.)
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We shall set
Q =

∏

p<Xδ

p,

the product being restricted to primes p which split in Q( 3
√

2). We then proceed
to consider ∑

K∈K

∑

L∈L(K)

(
∑

d|Q,N(L)

λd)AKL = S,

say. In view of (2.7) we see that

S ≤
∑

K∈K

∑

L∈L(K)

(N(L),Q)=1

AKL

=
∑

n+ 3√2∈A
#{(K,L) : K ∈ K, L ∈ L(K), (N(L), Q) = 1, KL|n+ 3

√
2}.

By construction, any n+ 3
√

2 which is counted with positive weight in the above
sum will meet our requirements. However

n3 + 2 ≤ 9X3 < X(1+[3δ−1])δ,

for large enough X. We therefore see that n + 3
√

2 can have at most [3δ−1]
prime ideal factors P , counted according to multiplicity, for which N(P ) ≥ Xδ.
Similarly, there can be at most [δ−1] prime ideal factors P for which N(P ) >
X3δ. Moreover, if AKL 6= ∅ and (N(L), Q) = 1 then L must be composed of
first degree prime ideals P with N(P ) ≥ Xδ. It follows that there are at most
[δ−1] possible choices for K, and at most 2[3/δ] possible choices for L, for any
given choice of n+ 3

√
2. We have therefore produced at least δ2−[3/δ]S suitable

values of n+ 3
√

2.
On the other hand,

S =
∑

K∈K

∑

L∈L(K)

(
∑

d|Q,N(L)

λd){X ρ(KL)
N(KL)

+RKL} = XS0 + S1,

where

S0 =
∑

K∈K

∑

L∈L(K)

(
∑

d|Q,N(L)

λd)
ρ(KL)
N(KL)

,

and
S1 =

∑

K∈K

∑

L∈L(K)

(
∑

d|Q,N(L)

λd)RKL.

We shall regard these as a main term and a remainder term. In view of the
analysis above we now have the following result.

Lemma 3 Suppose that S1 = o(X). Then any constant α satisfying

α < δ2−[3/δ]S0

will be acceptable in Lemma 2.
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We remark that, with a little extra work, the exponential dependence on δ−1

can be replaced by a polynomial one. This improves the constant $ in Theorem
1 substantially.

We next turn our attention to the sum S1. Here the following lemma, es-
sentially due to Hooley [6], will play a crucial rôle.

Lemma 4 Suppose a, b, c are integers, with a odd, and that C = b2 − ac and
D = a2 + bc are both coprime to q = a3 − 2b3. Write α = a + b 3

√
2 + c 3

√
4 and

J = (α). Then (q, α) = 1. Moreover there is an integer k such that n+ 3
√

2 ∈ J
if and only if n ≡ k (mod N(J)). In particular we have ρ(J) = 1.

Suppose further that N and H are positive integers. Let α run over a set of
integers in Q( 3

√
2) with a, b, c¿ N , and suppose that N(α) ÀM3 and q ÀM3

in each case, and that the ideals J = (α) are distinct. Let J be the set of ideals
J produced in this way. Then, if X ′ = X or 2X is suitably chosen, we have

∑

J∈J
RJ ¿ (logH)(H−1 +HN3M−6)#J

+ (logH)2
H2∑
n=1

min(n−1 , Hn−2)|σ(n)|, (2.9)

where

σ(n) =
∑

J∈J
eq(−nabC(q)

)e(
nX ′

N(α)
).

This will be proved in §3. The form of the hypotheses leads us to specify
the set L(K) by taking KL = (α) where α = a+ b 3

√
2 + c 3

√
4, with

2 - a, (2.10)

(b2 − ac, a3 − 2b3) = 1, (2.11)

(a2 + bc, a3 − 2b3) = 1,

q = a3 − 2b3 ∈ Q,
and

(a, b, c) ∈ R,
where Q ⊆ N is a set which will be specified in due course. Moreover the set
R ⊆ R3 is defined by the constraints

M3 < N(x) ≤ N3, (2.12)

1 ≤ x1 + x2
3
√

2 + x3
3
√

4
N(x)1/3

< ε0, (2.13)

and
x3

1 − 2x3
2 ≥M3.

Here x = (x1, x2, x3) and

N(x) = x3
1 + 2x3

2 + 4x3
3 − 6x1x2x3,
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while ε0 = 1 + 3
√

2 + 3
√

4 is the fundamental unit of Q( 3
√

2). Conditions (2.12)
and (2.13) then yield a, b, c ¿ N . Moreover (2.13) will ensure that the ideals
(α) are distinct. We also note that (2.11) and (2.10) yield

(a, b) = (2ab, q) = 1. (2.14)

We now return to the remainder term S1. Here we shall apply Theorem 2 to
estimate the sums σ(n) occuring in Lemma 4. The necessary cancellation will
come from the variable c, which is essentially of order q1/3. Thus the case k = 1
of Theorem 2 is not quite sufficient to give a non-trivial bound, as the condition
(1.2) shows. We therefore take k = 2, which will produce a useable estimate
providing the factors qi are sufficiently close to their theoretical optimal values.
We shall therefore define the set Q by the conditions

q is square-free, (2.15)

(q, 6) = 1, (2.16)

∃q1q2|q with N5/7 < q1 ≤ N5/7+δ, and N6/7 < q2 ≤ N6/7+δ. (2.17)

Note that (2.15) implies that that (a, b) = 1, and that (2.16) implies (2.10).
Under the above assumptions we may estimate S1 via the following result, which
will be proved in §5.

Lemma 5 We have S1 = o(X) providing that δ ≤ 1/321.

It remains to estimate S0 from below. The first stage in this process is given
by the following result.

Lemma 6 Define

I(a, b) =
∫

(a,b,t)∈R
N(a, b, t)−1dt

and
g(p) = #{P : N(P ) = p}.

Then

S0 ≥ 2{C0 + o(1)}(log 4/3)
∏

p<Xδ

(1− g(p)/p)
∑

a,b: q∈Q
I(a, b)h(q) + o(1),

where

h(q) =
∏

p|q
(

1− 2/p
1− g(p)/p

),

if q is square-free and coprime to 6, and h(q) = 0 otherwise.

This will be proved in §6.
Our second major task will be to construct suitably many elements of Q. It

will suffice to consider prime values of q1 and q2. Define multiplicative functions
l(m) and ν(m) as follows. We put l(pe) = 0 for e ≥ 3, and

l(3) = −1, l(32) = 0, (2.18)

l(p) =
g(p)− 2
p− g(p)

, l(p2) = − p− 2
p− g(p)

, (p 6= 3). (2.19)
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Moreover we take

ν(pe) =
g(p)

1 + p−1
.

We then have the following result.

Lemma 7 Let A,B ¿ N and write

C(m) =
∑

A<a≤A+M, B<b≤B+M

m|q

h(q). (2.20)

Suppose that
(0, 0) 6∈ (A,A+M ]× (B,B +M ]. (2.21)

Then if

C1 =
6
π2

∞∑

d=1

l(d)
ν(d)
d

,

we have ∑
q1,q2

|C(q1q2)− C1M
2 ν(q1)ν(q2)

q1q2
| ¿M2N−δ,

the sum being over prime values of q1, q2 in the ranges (2.17).

It is now straightforward to prove the following lower bound for S0.

Lemma 8 Let
C2 = 2C0(log

4
3
)
1
3
C1

π

12
√

3
(log ε0).

Then

S0 ≥ {C2 + o(1)}δL(δ)(logX)
∏

p<Xδ

(1− g(p)
p

),

where
L(δ) = (log(1 + 7δ/5))(log(1 + 7δ/6)).

Finally we need a result concerning the product that appears here.

Lemma 9 We have ∏

p≤x

(1− g(p)
p

) ∼ C3

log x
,

where

C3 =
√

27
eγπ log ε0

∏
p

{(1− g(p)
p

)
∏

N(P )=p

(1− 1
N(P )

)−1}.

It follows from Lemmas 8 and 9 that

S0 ≥ C2C3L(δ) + o(1).

In view of the definitions of the various constants we may calculate that

C2C3 =
(log 2)(log 4/3)

3π2

∏

p≥5

k(p),
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where

k(p) =





(1− p−3)−1, g(p) = 0,
1− (p+ 1)−2, g(p) = 1,
1− 3p2−4p−1

(p−1)3(p+1) , g(p) = 3.

This yields ∏

p≥5

k(p) ≥ 0.91,

and hence
C2C3 ≥ 6.1× 10−3.

If we now choose δ = 1/321, as suggested by Lemma 5, we find that

S0 ≥ C2C3L(δ) + o(1) ≥ 9.2× 10−8,

for large enough X. According to Lemma 3 we may choose

α = 10−300 < 9.2× 10−8 × 1
321

2−963,

Theorem 1 then follows from Lemma 2, with

$ = 10−303 < δα/2,

as claimed.

3 Proof of Lemma 4

We begin the proof by establishing the following coprimality conditions. Let

A = a2 − 2bc, B = 2c2 − ab.

Then we have
(N(α), q) = 1, (3.1)

(A,C) = 1, (3.2)

and
(N(α), C) = 1. (3.3)

It clearly follows from (3.1) that (q, α) = 1, as required for the lemma. We note
at the outset that q is odd, since a is. Then, to prove (3.1), we have only to use
the identity

4C2D = a2bN(α) + {4ac2 − 2b2c− a2b}q
and recall that (2CD, q) = 1. To prove (3.2) we note that

q = aA− 2bC,

whence (A,C)|(q, C) = 1, by hypothesis. Finally, to prove (3.3) we observe that

aN(α) = A2 − 2BC.

This shows that (N(α), C)|A2. Thus (3.2) implies (3.3).
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Having dealt with these preliminary assertions, we observe that

a+ b
3
√

2 + c
3
√

4 ≡ 0 (mod J)

and
(a+ b

3
√

2 + c
3
√

4) 3
√

2 = 2c+ a
3
√

2 + b
3
√

4 ≡ 0 (mod J).

On eliminating 3
√

4 we obtain C 3
√

2 ≡ B (mod J). Since (C, J) = 1, by (3.3), we
see that ρ(J) = 1 and that n+ 3

√
2 ∈ J if and only if Cn+B ∈ J . By Lemma 1

this last condition is equivalent to N(J)|Cn+B. This proves the first assertion
of the lemma with

k ≡ −BC(N(α))
(mod N(α)),

where
CC

(N(α)) ≡ 1 (mod N(α)).

Note that C does indeed have an inverse modulo N(α), in view of (3.3).
We now examine #AJ . It will be convenient to write kJ for the value of k

corresponding to the ideal J , so that

kJ ≡ −BC(N(α))
(mod N(α)).

According to what we have proved so far,

#AJ = #{n : X < n ≤ 2X, n ≡ k (mod N(J))}
= #{m :

X − k

N(J)
< m ≤ 2X − k

N(J)
}

=
X

N(J)
+ ψ(

X − k

N(J)
)− ψ(

2X − k

N(J)
),

where ψ(t) = t− [t]− 1
2 . Now

ψ(t) = −
∑

n≤H

sin(2πnt)
πn

+O(min{1 , (H||t||)−1}). (3.4)

The sum on the left contributes to (2.9) a total

¿
∑

n≤H

n−1|
∑

J∈J
{sin(n

2X − kJ

N(J)
)− sin(n

X − kJ

N(J)
)}|

¿
∑

n≤H

n−1|Σ(n)|,

for X ′ = X or 2X, where

Σ(n) =
∑

J∈J
eN(J)(n(X ′ − kJ )).

Since

min{1 , (H||t||)−1} =
∞∑
−∞

cne(nt)

with
cn ¿ min{ logH

H
,
H

n2
},

13



we find that the error term in (3.4) contributes to (2.9) a total

¿
∑

J∈J
min{1 , 1

H||(X ′ − kJ )/N(J)|| }

=
∑

J∈J

∞∑
−∞

cneN(J)(n(X ′ − kJ))

=
∞∑
−∞

cn
∑

J∈J
eN(J)(n(X ′ − kJ))

¿
∞∑
−∞

min{ logH
H

,
H

n2
}|Σ(n)|.

We may therefore conclude that

∑

J∈J
RJ ¿ (logH)H−1#J + (logH)

∞∑
n=1

min(n−1 , Hn−2)|Σ(n)|

¿ (logH)H−1#J + (logH)
H2∑
n=1

min(n−1 , Hn−2)|Σ(n)|,

in view of the trivial bound Σ(n) ¿ #J .
In order to handle the sum Σ(n) more effectively, we shall show that

kJ

N(J)
≡ abC

(q)

q
+

2a2c+ 4bc2 − 4ab2

qN(J)
(mod 1). (3.5)

In order to verify this we note that N(J) and q are coprime, by (3.1). Thus it
suffices to show that

−abN(α)C
(q) ≡ 2a2c+ 4bc2 − 4ab2 (mod q)

and
kJq ≡ 2a2c+ 4bc2 − 4ab2 (mod N(J)).

However, the identity

C(2a2c+ 4bc2 − 4ab2) = −abN(α)−Bq

shows that

−abN(α)C
(q) ≡ CC

(q)
(2a2c+ 4bc2 − 4ab2)

≡ 2a2c+ 4bc2 − 4ab2 (mod q),

and also that

kJq ≡ −BC(N(α))
q

≡ CC
(N(α))

(2a2c+ 4bc2 − 4ab2)
≡ 2a2c+ 4bc2 − 4ab2 (mod N(J)),

as required. This completes the proof of (3.5).
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It now follows from (3.5) that

eN(J)(n(X ′ − kJ)) = eq(−nabC(q)
)e(

nX ′

N(α)
) +O(nN3M−6),

so that
Σ(n) = σ(n) +O(nN3M−6#J ).

The error term makes a contribution O(H(logH)2N3M−6#J ) to (2.9), and
the final assertion of Lemma 4 follows.

4 Preliminary Transformation of the Sums S0

and S1

The initial stages in our treatment of the sums S0 and S1 are the same, and will
be described in this section.

We recall that

S0 =
∑

K∈K

∑

L∈L(K)

(
∑

d|Q,N(L)

λd)
ρ(KL)
N(KL)

and
S1 =

∑

K∈K

∑

L∈L(K)

(
∑

d|Q,N(L)

λd)RN(KL).

According to Lemma 4, we will have ρ(KL) = 1 for every L ∈ L(K). We may
therefore introduce a factor ρ(KL) into the sum S1. Since ρ(KL) = 1 we see
that L is composed of first degree prime ideals. Let

R =
∏

2<N(P )<Xδ

P,

the product being restricted to first degree primes. We proceed to show that we
may take d to run over all square-free values of N(A), where A|R,L. To prove
this we let (L, d) = A, say. Then A|Q, so that A must be composed of first
degree prime ideals P with N(P ) < xδ. We also have (2,KL) = 1 by (2.10),
whence (2, A) = 1. Since ρ(KL) = 1 we have ρ(A) = 1. Thus A cannot have
two distinct prime factors of the same norm, nor can P 2

3 divide A, where P3 is
the prime ideal above 3. Moreover, since we may assume d to be square-free, we
cannot have P 2|d for any P 6= P3, either. Thus Amust divide R, andN(A) must
be square-free. Since A|d we have N(A)|d3, whence N(A)|d. On the other hand
if p is a prime factor of d, then p|N(L), whence L must have a prime ideal factor
P of norm p. Then P |L, d so that P |A and p|N(A). It follows that d|N(A), and
hence that N(A) = d. Thus each value of d arises as N(A). Conversely we note
that if A|R and N(A) is square-free, then A|L implies N(A)|Q,N(L). Hence
each possible A produces an admissible value d = N(A). This establishes the
result claimed above.

It now follows that

S0 =
∑

K∈K

∑

L∈L(K)

(
∑

A|R,L

λN(A))
ρ(KL)
N(KL)
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and
S1 =

∑

K∈K

∑

L∈L(K)

(
∑

A|R,L

λN(A))ρ(KL)RN(KL).

We see from the condition (2.4) for K and the fact that λd is supported on
d ≤ X3δ that K and A can be taken to be coprime. For every L ∈ L(K) we
have ρ(KL) = 1 and (KL, q) = 1, by Lemma 4. We may therefore write

S0 =
∑

K∈K

∑

A|R
λN(A)ρ(KA)

∑

L∈L(K), A|L, (KA,q)=1

N(KL)−1

and
S1 =

∑

K∈K

∑

A|R
λN(A)ρ(KA)

∑

L∈L(K), A|L, (KA,q)=1

RN(KL).

We proceed to investigate the innermost sums above, by putting

KL = (a+ b
3
√

2 + c
3
√

4)

and summing over c for fixed a, b. The conditions

M3 ≤ N(α) < N3, 1 ≤ α

N(α)1/3
< ε0,

then define for c a set C = C(a, b) which is a disjoint union of at most 3 intervals.
If we write

u = x1 + x2
3
√

2 + x3
3
√

4, v = x1 + x2ω
3
√

2 + x3ω
2 3
√

4,

where ω = (−1 +
√−3)/2, then N(x) = u|v|2, and (2.13) implies that v ¿

N(x)1/3. Since we also have u ¿ N(x)1/3 and v ¿ N(x)1/3 we may conclude
that

x1, x2, x3 ¿ N(x)1/3 (x ∈ R). (4.1)

Thus
a, b, c¿ N(α)1/3 ¿ N.

We introduce the coprimality conditions

(b2 − ac, q) = 1, (a2 + bc, q) = 1,

via sums involving the Möbius function, to deduce that
∑

L∈L(K), A|L, (A,q)=1

N(KL)−1

=
∑

a,b

q∈Q, (KA,q)=1

∑

r,s|q
µ(r)µ(s)

∑
c

N(α)−1

and
∑

L∈L(K), A|L, (A,q)=1

NRKL

=
∑

a,b

q∈Q, (KA,q)=1

∑

r,s|q
µ(r)µ(s)

∑
c

R(α),
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where the sum over c is subject to

c ∈ C, KA|a+ b
3
√

2 + c
3
√

4, r|b2 − ac, s|a2 + bc. (4.2)

Since we may assume that ρ(KA) = 1 it follows that there is a rational integer j,
say, for which 3

√
2 ≡ j (mod KA). The condition KA|a+b 3

√
2+c 3

√
4 is therefore

equivalent to a congruence of the form c ≡ c1(a, b,KA) (mod KA), for some
rational integer c1(a, b,KA), and this itself is equivalent to

c ≡ c1(a, b,KA) (mod N(KA)).

To handle the conditions r|b2 − ac and s|a2 + bc we begin by observing that if
r and s have a common prime factor p, say, then

b3 = b.b2 ≡ b.ac = a.bc ≡ −a.a2 = −a3 (mod p).

However p|q, since r|q, whence p|a3 − 2b3. It follows that p|3b, which is im-
possible, since (q, 3b) = 1 by (2.14) and (2.16). We may therefore assume that
(r, s) = 1 in (4.2). Moreover we will have (r, a) = (s, b) = 1, since (q, ab) = 1,
by (2.14). We then see that the conditions r|b2−ac and s|a2 + bc are equivalent
to a congruence

c ≡ c2(a, b, r, s) (mod rs)

for a suitable rational integer c2(a, b, r, s). Since we have (KA, q) = 1 we may
now replace (4.2) by

c ∈ C, c ≡ c3(a, b,KA, r, s) (mod rsN(KA)). (4.3)

We therefore conclude that

S0 =
∑

K∈K

∑

A|R
λN(A)ρ(KA)

∑

a,b

q∈Q, (KA,q)=1

∑

r,s|q
(r,s)=1

µ(r)µ(s)
∑

c

N(α)−1 (4.4)

and

S1 =
∑

K∈K

∑

A|R
λN(A)ρ(KA)

∑

a,b

q∈Q, (KA,q)=1

∑

r,s|q
(r,s)=1

µ(r)µ(s)
∑

c

R(α),

with c running over the set given by (4.3).

5 The Remainder Sum S1

It follows from our work in the previous section that

S1 ¿
∑

K∈K

∑

N(A)≤X3δ

∑

a,b¿N

∑

r,s|q
|
∑

c

R(α)|, (5.1)

where the sum over c is subject to (4.3).
We are now ready to apply Lemma 4, taking J to run over integers α for

which a and b are fixed, and c runs over the set (4.3). We shall write

c = c3(a, b,KA, r, s) +mrsN(KA),
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so that m runs over a union of at most 3 intervals, whose total length is O(1 +
N/rsN(KA)). In order to put σ(n) into a shape suitable for Theorem 2, we
shall write

g(X) = b2 − a{c3(a, b,KA, r, s) +XrsN(KA)} = c4 − arsN(KA)X,

where
c4 = c4(a, b,KA, r, s) = b2 − ac3(a, b,KA, r, s).

Clearly we may exclude values of r, s, A and K for which c4 is not coprime to
rs. Then (C, q) = 1 if and only if (g(m), q′) = 1, where q′ = q(rs)−1. Moreover

C
(q) ≡ g(m)

(q′) ≡ rsrs(q
′)g(m)

(q′)
(mod q′),

on noting that (rs, q′) = 1, by (2.15). We also have

C
(q) ≡ c4

(rs) ≡ q′q′
(rs)

c4
(rs) (mod rs),

whence
C

(q) ≡ rsrs(q
′)g(m)

(q′)
+ q′c5 (mod q),

with
c5 = q′c4

(rs)
.

If we now set
w = −nabrs(q′)

we may conclude that

σ(n) = ers(−nabc5)
∑
m

eq′(wg(m)
(q′)

)e(nX ′/N(α)).

We now wish to remove the factor e(nX ′/N(α)), using partial summation.
It follows from (4.1) that

∇N(x)−1 ¿ N(x)−4/3 (x ∈ R), (5.2)

whence

d

dt
N(a+ b

3
√

2 + t
3
√

4)−1 ¿ N(α)−4/3 ¿M−4, (t ∈ C). (5.3)

This estimate allows us to conclude, by partial summation, that

σ(n) ¿ (1 + nXNM−4)|
∑

B′<m≤B′+B

eq′(wg(m)
(q′)

)|,

for some integers B′ and B with B ¿ 1 + N/rsN(AK). Since XNM−4 ≤ 1,
by (2.6), this implies that

σ(n) ¿ n|
∑

B′<m≤B′+B

eq′(wg(m)
(q′)

)|.

Theorem 2 may now be applied with k = 2 and D = 1. We have p > 4
for all p|q′, by (2.16). Since f(X) = 1 and g(X) is non-constant modulo any
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prime factor p of q′, the hypotheses of the theorem are satisfied. We shall take
q′1 = q1/(rs, q1) and q′2 = q2/(rs, q2), whence q′1q

′
2|q′. We may then deduce that

σ(n) ¿ nXε{Bq−1/8
0 (q0, w)1/8 +B3/4q

1/8
0 +B3/4q

1/4
1 +B1/2q

1/2
2 },

with q0 = q′/q′1q
′
2. We recall that (q, ab) = 1, by (2.14), whence (q0, w)1/8 ≤

(q, n). Moreover, the inequalities (2.17) yield

q0 =
q

q1q2

(rs, q1)(rs, q2)
rs

≤ q

q1q2
¿ N10/7

and

q0 ≥ q

q1q2

1
rs

À M3N−11/7−2δ(rs)−1

= N3X−δN−11/7−2δ(rs)−1

≥ N3(N3)−δN−11/7−2δ(rs)−1

= N10/7−5δ(rs)−1.

since M3 ¿ q ¿ N3. This leads to the bound

σ(n) ¿ nXε{BN−5/28+5δ/8(rs)1/8 +B3/4N5/28+δ/4 +B1/2N3/7+δ/2}(q, n).

However

B1/2(rs)1/8 ¿ (1 +
N

rs
)1/2(rs)1/8

¿ q1/8 +N1/2

¿ N1/2,

since q ¿ N3. It therefore follows that

σ(n) ¿ nXεB1/2N3/7+δ/2(q, n).

We feed this bound for σ(n) into Lemma 4, assuming that H ≤ X, and
noting by (2.6) that N3M−6 = X−1. This produces

∑
c

R(α) ¿ Xε(H−1 +HX−1)B +X2εB1/2N3/7+δ/2
H2∑
n=1

min(1 ,
H

n
)(q, n).

Since ∑

n≤x

(q, n) ≤
∑

k|q
k#{n ≤ x : k|n} ≤ xd(q),

we have
H2∑
n=1

min(1 , Hn−1)(q, n) ¿ HXε.

This leads to
∑

c

R(α) ¿ {(H−1 +HX−1)B +HB1/2N3/7+δ/2}X3ε.

19



We therefore choose
H = 1 + [B1/4N−3/14−δ/4].

Since this yields H ¿ N1/28 ¿ X1/2, we deduce that
∑

c

R(α) ¿ {B3/4N3/14+δ/4 +B1/2N3/7+δ/2}X3ε.

We insert this bound into (5.1), to deduce that

S1 ¿ X3ε
∑

K∈K

∑

N(A)≤X3δ

∑

a,b¿N

∑

r,s|q
{B3/4N3/14+δ/4 +B1/2N3/7+δ/2}.

However ∑

r,s|q
Bφ ¿ d(q)2(1 +

N

N(KA)
)φ

for φ = 1/2 or 3/4, and

∑

K∈K

∑

N(A)≤X3δ

(1 +
N

N(KA)
)φ ¿ X7δ(

N

X7δ
)φ,

by (2.4) and (2.5). We therefore have

S1 ¿ X4εN2X7δ{N3/14+δ/4(
N

X7δ
)3/4 +N3/7+δ/2(

N

X7δ
)1/2}

= X4εN3{N3/14+δ/4(
N

X7δ
)−1/4 +N3/7+δ/2(

N

X7δ
)−1/2}.

Thus we will have S1 ¿ X1−ε, for example, providing that

N3/7+δ/2(
N

X7δ
)−1/2 ¿ X−10ε−4δ.

This latter condition is equivalent to

X15δ/2+10ε ¿ N1/14−δ/2,

or
15δ/2 + 10ε ≤ (1/14− δ/2)(

1 + 2δ
3

).

This is satisfied for δ ≤ 1/321, if ε is small enough, and Lemma 5 follows.

6 The Main Term, S0

In this section we shall prove Lemma 6, which estimates

S0 =
∑

K∈K

∑

L∈L(K)

(
∑

d|Q,N(L)

λd)
ρ(KL)
N(KL)

.

According to (4.4) we have

S0 =
∑

K∈K

∑

A|R
λN(A)ρ(KA)

∑

a,b

q∈Q, (KA,q)=1

∑

r,s|q
(r,s)=1

µ(r)µ(s)
∑

c

N(α)−1.
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We may now use partial summation, coupled with the bounds (2.12) and (5.3),
to compute that

∑

c∈C, c≡c3 (mod rsN(KA))

N(α)−1 =
1

rsN(KA)
I(a, b) +O(NM−4),

where
I(a, b) =

∫

(a,b,t)∈R
N(a, b, t)−1dt,

as in the statement of Lemma 6. If we write
∑

r,s|q, (r,s)=1

µ(r)µ(s)
rs

=
∏

p|q
(1− 2/p) = f(q),

say, it follows that

S0 =
∑

K∈K

ρ(K)
N(K)

∑

a,b: q∈Q, (K,q)=1

f(q)I(a, b)
∑

A|R, (A,q)=1

λN(A)
ρ(A)
N(A)

+O(N3+εM−4
∑

K∈K, A|R
|λN(A)|),

since ∑

a,b,r,s

1 ¿ N2+ε

for any fixed ε > 0. Since N(K) ≤ X4δ and N(A) ≤ X3δ we find that the error
term is

¿ N3+εM−4X7δ ¿ X−1/3+23δ/3+ε.

On taking ε sufficiently small, we conclude, in view of (2.5), that

S0 =
∑

a,b: q∈Q
f(q)I(a, b)σ1(q)σ2(q) + o(1). (6.1)

Here we have defined

σ1(q) =
∑

K∈K, (K,q)=1

ρ(K)
N(K)

, (6.2)

and

σ2(q) =
∑

A|R, (A,q)=1

λN(A)
ρ(A)
N(A)

.

We proceed to examine the sum σ1(q). If we drop the condition (K, q) = 1
the resulting error is at most

∑

K∈K, K|q
N(K)−1 ≤ X−3δ+ε,

since K runs over primes in the range (2.4). Indeed, if K ∈ K and ρ(K) = 1,
then N(K) is a prime p in the range (X3δ, X4δ]. Conversely, for such a prime
p, if N(K) = p then K ∈ K and ρ(K) = 1. It follows that

∑

K∈K

ρ(K)
N(K)

=
∑

X3δ<p≤X4δ

g(p)/p,
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where
g(p) = #{P : N(P ) = p}.

By the Prime Ideal Theorem we have

∑

n≤x

g(p) = {1 +O(
1

log x
)} x

log x
,

since prime ideals of degree 2 or more make a negligible contribution. We
therefore conclude that

∑

K∈K

ρ(K)
N(K)

= log logX4δ − log logX3δ + o(1) = log(4/3) + o(1). (6.3)

Thus (6.2) is asymptotically log(4/3).
We turn lastly to the sum

σ2(q) =
∑

A|R, (A,q)=1

λN(A)
ρ(A)
N(A)

.

If we set N(A) = d then we will find that d is square-free with d|Q and (d, 2q) =
1. Moreover, for such d, if N(A) = d, then A|R, (A, q) = 1 and ρ(A) = 1. It
follows that

σ2(q) =
∑

d|Q
λdgq(d)/d,

where gq(d) is the multiplicative function defined by taking gq(p) = 0 for p|2q,
and

gq(p) = #{P : N(P ) = p}
otherwise. Clearly gq(p) ≤ g(p), whence

∏

w≤p<z

(1− gq(p)
p

)−1 ≤
∏

w≤p<z

(1− g(p)
p

)−1

for z > w ≥ 2. Moreover

∑

w≤p<z

g(p)
p

=
∑

w≤N(P )<z

N(P )−1 +O(w−1/2)

= log log z − log logw +O((logw)−1),

by the Prime Ideal Theorem, so that

∏

w≤p<z

(1− g(p)
p

)−1 ≤ log z
logw

{1 +O(
1

logw
)}.

It therefore follows from (2.8) that

σ2(q) ≥ {C0 + o(1)}
∏

p<Xδ

(1− gq(p)/p).
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However, since q is odd we have
∏

p<Xδ

(1− gq(p)/p) ∼ 2
∏

p|q
(1− g(p)/p)−1

∏

p<Xδ

(1− g(p)/p),

on noting that any prime factor p of q for which p ≥ Xδ can have only a
negligible effect. It follows that

f(q)
∑

A|R, (A,q)=1

λN(A)
ρ(A)
N(A)

= f(q)σ2(q)

≥ 2{C0 + o(1)}f(q)
∏

p|q
(1− g(p)/p)−1

∏

p<Xδ

(1− g(p)/p)

= 2{C0 + o(1)}h(q)
∏

p<Xδ

(1− g(p)/p).

Lemma 6 is now a consequence of this estimate along with equations (6.1) and
(6.3).

7 Proof of Lemma 7

This section will be devoted to the proof of Lemma 7. The necessary ideas may
be traced back to work of Greaves [3]. We begin with the following result.

Lemma 10 Let

S(R) = S(R;A,B,U)

= #{a, b : A < a ≤ A+ U, B < b ≤ B + U, R|a− b
3
√

2}.

Then ∑

N(R)≤Q, ρ(R)=1

|S(R)− U2

N(R)
| ¿ (U +Q)Qε, (7.1)

for any ε > 0.

To establish Lemma 10 we begin by splitting the vectors (a, b) into congru-
ence classes modulo N(R), whence

S(R) =
∑

u,v (mod N(R))

R|u−v 3√2

#{a, b : a ≡ u, b ≡ v (mod N(R))}

= N(R)−2
∑

u,v (mod N(R))

R|u−v 3√2

∑

c,d (mod N(R))

∑

a,b

eN(R)(c(u− a) + d(v − b))

= N(R)−2
∑

c,d (mod N(R))

S0(R, c, d)
∑

a,b

eN(R)(−ca− db)
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where
S0(R, c, d) =

∑

u,v (mod N(R))

R|u−v 3√2

eN(R)(cu+ dv).

To evaluate the sum S0(R, c, d) we observe that there is a rational integer k,
say, such that k ≡ 3

√
2 (mod R), since ρ(R) = 1. The condition R|u − v 3

√
2 is

therefore equivalent to R|u−vk. However, if R|u−vk we must have N(R)|u−vk,
again using the fact that ρ(R) = 1. We therefore see that

S0(R, c, d) =
∑

v (mod N(R))

eN(R)(cvk + dv),

whence S0(R, c, d) = N(R) for N(R)|ck + d, and S0(R, c, d) = 0 otherwise. Re-
versing the argument above one finds that the conditionN(R)|ck+d is equivalent
to R|d+ c 3

√
2.

Since S0(R, 0, 0) = N(R), we obtain

S(R) =
U2 +O(U)
N(R)

+O
(
N(R)−1

∑

|c|,|d|≤N(R)/2

(c,d)6=(0,0), R|d+c 3√2

min{U, N(R)
|c| }min{U, N(R)

|d| }
)
. (7.2)

The total contribution from the first error term on the right is

¿ U
∑

N(R)≤Q

N(R)−1 ¿ U(logQ),

which is satisfactory for Lemma 10.
We proceed to estimate the contribution to (7.1) arising from terms in (7.2)

for which c, d are both non-zero. This is

¿ Q
∑

0<|c|,|d|≤Q

|cd|−1#{N(R) ≤ Q : R|d+ c
3
√

2}

¿ Q
∑

0<|c|,|d|≤Q

|cd|−1Qε

¿ Q1+2ε,

which is satisfactory for Lemma 10.
We turn now to the terms of (7.2) in which c, say, is zero. By the same

argument as before we find that the corresponding contribution to (7.1) is

¿ U
∑

0<|d|≤Q

|d|−1#{N(R) ≤ Q : R|d}

¿ U
∑

0<|d|≤Q

|d|−1|d|ε

¿ UQε.
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Again this is satisfactory for Lemma 10. An entirely analogous argument applies
for terms with d = 0, thereby completing the proof of the lemma.

Our next task is to derive a version of Lemma 10 in which one only counts
terms with (a, b) = 1.

Lemma 11 Let

T (R) = #{a, b : A < a ≤ A+M, B < b ≤ B +M, (a, b) = 1, R|a− b
3
√

2},
and let

γ(R) =
∏

p|N(R)

(1 +
1
p
)−1.

Then ∑

N(R)≤Q

|T (R)− 6
π2

M2

N(R)
γ(R)ρ(R)| ¿ (NQ1/2 +N3/2)Nε,

for any Q ≤ N2 and any ε > 0.

For the proof we begin by noting that T (R) vanishes unless ρ(R) = 1, as we
henceforth assume. We next observe that

T (R) =
∞∑

d=1

µ(d)Td(R),

with

Td(R) =

#{a, b : A < a ≤ A+M, B < b ≤ B +M, d|a, d|b, R|a− b
3
√

2}.
Writing a = da′, b = db′ we find that

T (R) =
∞∑

d=1

µ(d)S(R′;A′, B′,M ′), (7.3)

where A′ = A/d,B′ = B/d,M ′ = M/d and R′ = R(R, d)−1. Moreover, if
ρ(R) = 1 we have

∞∑

d=1

µ(d)
M2

d2
N(R/(R, d))−1 =

M2

N(R)

∞∑

d=1

µ(d)
d2

N((R, d)) (7.4)

=
M2

N(R)

∏

p-N(R)

(1− 1
p2

)
∏

p|N(R)

(1− 1
p
)

=
6M2

π2N(R)

∏

p|N(R)

(1 +
1
p
)−1,

which produces the leading terms in Lemma 11.
We shall split the sums (7.3) and (7.4) at d = ∆, where 1 ≤ ∆ ≤ N will be

specified below. Terms in (7.4) for which d > ∆ contribute a total

¿
∑

N(R)≤Q

ρ(R)=1

M2

N(R)

∑

d>∆

d−2N((R, d))
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in Lemma 11. We put (R, d) = S and R = ST . Thus N(S)|d, since ρ(R) = 1,
and on setting d = N(S)e, the above becomes

¿ M2
∑

N(ST )≤Q

N(S)−2N(T )−1
∑

e>∆/N(S)

e−2

¿ M2
∑

N(S),N(T )≤Q

N(S)−2N(T )−1 min{1, N(S)/∆}

¿ M2∆−1(logN)2. (7.5)

Similarly, the contribution from the terms of (7.3) in which d > ∆ is

¿
∑

N(R)≤Q

∑

d>∆

S(
R

(R, d)
;
A

d
,
B

d
,
M

d
)

¿
∑

d>∆

∑

N(S)|d

∑

N(T )≤Q/N(S)

S(T ;
A

d
,
B

d
,
M

d
)

¿
∑

d>∆

dε
∑

a′,b′
τ(a′ − b′ 3

√
2)

¿ Nε
∑

∆<d¿N

(
N

d
)2Nε

¿ N2+2ε∆−1. (7.6)

Here we have used (2.21) and observed that, since A,B,M ¿ N , the number
of integer pairs a′, b′ with

A

d
< a′ ≤ A+M

d
,

B

d
< b′ ≤ B +M

d

is zero unless d¿ N , in which case it is O(N2d−2).
If we now write S = (R, d) and R = ST once more, it follows via Lemma 10

that the overall contribution from terms of (7.3) and (7.4) with d ≤ ∆ is

¿
∑

N(R)≤Q

ρ(R)=1

∑

d≤∆

|S(
R

(R, d)
;
A

d
,
B

d
,
M

d
)− (M/d)2

N(R/(R, d))
|

¿
∑

d≤∆

∑

N(S)|d

∑

N(T )≤Q/N(S)

ρ(T )=1

|S(T ;
A

d
,
B

d
,
M

d
)− (M/d)2

N(T )
|

¿
∑

d≤∆

∑

N(S)|d
(
M

d
+

Q

N(S)
)Nε

¿ ∆(M +Q)N2ε.

On comparing this with (7.5) and (7.6) we find that the sum in Lemma 11
is

¿ {N2∆−1 + ∆(M +Q)}N2ε.
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We shall choose ∆ = min(N1/2, NQ−1/2), which does indeed satisfy the condi-
tion 1 ≤ ∆ ≤ N , and yields a bound

¿ (NQ1/2 +N3/2)N2ε,

thus completing the proof of Lemma 11.
We may now deduce Lemma 7. In view of the definition of h(q) we may

include an extra summation condition (a, b) = 1 in (2.20). Moreover, we have

h(q) =
∑

d|q
l(d),

where l(d) is the multiplicative function defined by (2.18) and (2.19). It follows
that

C(q1q2) =
∑

d

l(d)C ′([q1q2, d]),

with

C ′(m) = #{a, b : A < a ≤ A+M, B < b ≤ B +M, (a, b) = 1, m|q},
and hence that

∑
q1,q2

|C(q1q2)− C1M
2 ν(q1)ν(q2)

q1q2
|

=
∑
q1,q2

|
∞∑

d=1

l(d)C ′([q1q2, d])− C1M
2 ν(q1)ν(q2)

q1q2
|. (7.7)

We begin by considering the contribution to (7.7) arising from terms with
d ≥ D, say. This is at most

∑
q1,q2

∑

d≥D

|l(d)C ′([q1q2, d])|. (7.8)

If l(d) 6= 0 we may write d = ef2 with e, f coprime and square-free. Moreover
we then have l(d) ¿ dεe−1, for any ε > 0. We also note that if f is coprime to
q1q2 then

[q1q2, d] ≥ q1q2f
2 ≥ N11/7f2.

We may therefore assume that f ¿ N5/7 for such f , since C ′(m) clearly vanishes
for m À N3. When (f, q1q2) = 1 and e ≥ D1/2, say, the contribution to (7.8)
is then

¿ NεD−1/2
∑

a,b

#{(q1, q2, e, f) : q1, q2, e, f |a3 − 2b3}

¿ NεD−1/2
∑

a,b

Nε

¿ M2N2εD−1/2, (7.9)

while the contribution from terms with (f, q1q2) = 1 and e < D1/2 is

¿ Nε
∑

D1/4<f¿N5/7

∑

a,b : f2|a3−2b3

#{(q1, q2, e) : q1, q2, e|a3 − 2b3}

¿ Nε
∑

D1/4<f¿N5/7

∑

a,b : f2|a3−2b3

Nε. (7.10)
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Here we observe that if f2|a3−2b3 then f and b must be coprime, since a and b
are. Thus a3 ≡ 2b3 (mod f2) determines O(fε) values of a modulo f2 for each
choice of b. It follows that

#{a, b : f2|a3 − 2b3} ¿ NεM(1 +Mf−2), (7.11)

whence (7.10) is

¿ N3ε
∑

D1/4<f¿N5/7

(M +M2f−2) ¿ N3ε(MN5/7 +M2D−1/4). (7.12)

It remains to consider the contribution to (7.8) from terms for which q1, say,
divides f . If we write f = q1g, then this is

¿
∑
q1

∑

a,b : q2
1 |a3−2b3

#{(q2, e, g) : q2, e, g|a3 − 2b3}

¿
∑
q1

∑

a,b : q2
1 |a3−2b3

Nε

¿ N2ε
∑
q1

(M +M2q−2
1 )

¿ N2ε(MN5/7+δ +M2N−5/7), (7.13)

on applying (7.11) with f = q1. Similarly, terms with q2|f contribute

¿ N2ε(MN6/7+δ +M2N−6/7). (7.14)

In view of (2.6) we see that the bounds (7.9), (7.12), (7.13) and (7.14) will be
satisfactory for Lemma 7, providing that we choose D = N5δ, as we now do.
To be specific we will have

∑
q1,q2

|C(q1q2)− C1M
2 ν(q1)ν(q2)

q1q2
|

=
∑
q1,q2

|
∑

d<D

l(d)C ′([q1q2, d])− C1M
2 ν(q1)ν(q2)

q1q2
|+O(M2N−δ),

by (7.7).
We now examine the representation

C1 =
6
π2

∞∑

d=1

l(d)
ν(d)
d

.

We have
ν(q1q2)
q1q2

∑

d<D

l(d)
ν(d)
d

=
∑

d<D

l(d)
ν([q1q2, d])

[q1q2, d]
,
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since d is coprime to q1q2 for d < N5δ. Moreover, if we take d = ef2, with e, f
coprime and square-free, then

∑

d≥D

l(d)
ν(d)
d

¿
∑

ef2≥D

(ef)−2+ε

¿
∑

ef≥D1/2

(ef)−2+ε

¿
∑

n≥D1/2

n−2+2ε

¿ D−1/2+ε

¿ N−δ.

Since ∑
q1,q2

ν(q1)ν(q2)
q1q2

¿ 1

we may conclude that
∑
q1,q2

|C1M
2 ν(q1)ν(q2)

q1q2
− 6
π2
M2

∑

d<D

l(d)
ν([q1q2, d])

[q1q2, d]
| ¿M2N−δ,

whence
∑
q1,q2

|C(q1q2)− C1M
2 ν(q1)ν(q2)

q1q2
|

¿ M2N−δ +
∑
q1,q2

∑

d<D

|l(d){C ′([q1q2, d])− 6
π2

M2

[q1q2, d]
ν([q1q2, d])}|

¿ M2N−δ +Nε
∑

q1,q2,d

|C ′([q1q2, d])− 6
π2

M2

[q1q2, d]
ν([q1q2, d])|

¿ M2N−δ +N2ε
∑

r¿N11/7+7δ

|C ′(r)− 6
π2

M2

r
ν(r)|. (7.15)

It is an easy exercise to verify that, if (a, b) = 1, then there is a 1-1 corre-
spondence between divisors r of a3 − 2b3 and ideal divisors R of a− b 3

√
2, given

by r → (r, a− b 3
√

2) = R and R→ N(R) = r. Moreover one readily checks that

ν(r) =
∑

N(R)=r

γ(R)ρ(R).

Thus (7.15) is

¿ M2N−δ +N2ε
∑

N(R)¿N11/7+7δ

|T (R)− 6
π2

M2

N(R)
γ(R)ρ(R)|

¿ M2N−δ + (N.N (11/7+7δ)/2 +N3/2)Nε

¿ M2N−δ +N25/14+7δ/2+ε,

by Lemma 11. This clearly suffices for Lemma 7, since

N25/14+7δ/2+ε ¿M2N−δ,

for ε sufficiently small.
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8 The Lower Bound for S0

In this section we shall prove Lemmas 8 and 9. To handle the sum
∑

a,b: q∈Q
I(a, b)h(q),

where
I(a, b) =

∫

(a,b,t)∈R
N(a, b, t)−1dt

we shall divide the available range for the variables a, b and t into disjoint cubes

B = (A,A+M ]× (B,B +M ]× (C,C +M ] ⊆ R3.

We shall call such a cube ‘good’ if it falls entirely inside the region R0 given by
the constraints

M3Xδ/2 = X1+3δ/2 < N(x) < N3 = X1+2δ, (8.1)

1 <
x1 + x2

3
√

2 + x3
3
√

4
N(x)1/3

< ε0, (8.2)

and
x3

1 − 2x3
2 > M3.

Plainly we then have

∑

a,b: q∈Q
I(a, b)h(q) ≥

∑

B

∑

a,b

h(q)
∫

(a,b,t)∈B
N(a, b, t)−1dt, (8.3)

where only good cubes B are counted, and the sum over a, b is restricted by the
condition (2.17).

In view of (4.1), if N(x) attains its maximum on B at x0, we have

N(x) = N(x0) +O(MN(x0)2/3) (8.4)

for any x ∈ B. Since N(x0) À M3Xδ/2 it follows that N(x) À N(x0) for all
x ∈ B, whence

N(A,B,C) ¿ N(x) ¿ N(A,B,C) (x ∈ B).

We may then apply (5.2) to show that

N(x)−1 = N(A,B,C)−1 +O(MN(A,B,C)−4/3), (8.5)

whence
∫

(a,b,t)∈B
N(a, b, t)−1dt =

M

N(A,B,C)
+O(M2N(A,B,C)−4/3)

= {1 + o(1)} M

N(A,B,C)
,

by (8.1). We may therefore deduce from (8.3) that

∑

a,b: q∈Q
I(a, b)h(q) ≥ {1 + o(1)}

∑

B

M

N(A,B,C)

∑

a,b

h(q), (8.6)
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subject to the same restrictions on B and a, b as before.
We now observe that if q ¿ N3 has m distinct prime divisors in the range

N5/7 < p ≤ N5/7+δ, and n in the range N6/7 < p ≤ N6/7+δ, then mn ≤ 3. It
follows that q can be counted with multiplicity at most 3 in the sum

∑
q1,q2

C(q1q2).

We therefore see, via Lemma 7, that for any given good cube B, we have
∑

a,b

h(q) ≥ 1
3

∑
q1,q2

C(q1q2)

=
1
3
C1M

2
∑
q1,q2

ν(q1)ν(q2)
q1q2

+O(M2N−δ).

Moreover ∑

p≤x

ν(p)/p = log log x+ C + o(1),

for a suitable constant C, by the Prime Ideal Theorem, whence

∑
q1,q2

ν(q1)ν(q2)
q1q2

= L(δ) + o(1),

and hence ∑

a,b

h(q) ≥ 1
3
C1M

2{1 + o(1)}L(δ).

We may combine this with (8.6) to deduce that

∑

a,b: q∈Q
I(a, b)h(q) ≥ 1

3
C1{1 + o(1)}L(δ)

∑

B

M3

N(A,B,C)
.

A second application of (8.4) now shows that

M3

N(A,B,C)
= {1 + o(1)}

∫

B

dx dy dz

N(x, y, z)
,

whence ∑

B

M3

N(A,B,C)
= {1 + o(1)}

∫

R1

dx dy dz

N(x, y, z)
,

where R1 is the part of the region R0 made up of points in good cubes. It
follows that ∑

a,b: q∈Q
I(a, b)h(q) ≥ 1

3
C1{1 + o(1)}L(δ)I1, (8.7)

where
I1 =

∫

R1

dx dy dz

N(x, y, z)
.

We now aim to compare I1 with the integral

I2 =
∫

R2

dx dy dz

N(x, y, z)
,
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where R2 is defined by the constraints

M3Xδ/2 = X1+3δ/2 < N(x) < N3 = X1+2δ,

1 <
x1 + x2

3
√

2 + x3
3
√

4
N(x)1/3

< ε0,

and
x3

1 − 2x3
2 > 0. (8.8)

In order to do this we make a change of variables

x =
1
3
(w + 2r cos θ), y =

1
3 3
√

2
(w + 2r cos(θ + 4π/3)),

z =
1

3 3
√

4
(w + 2r cos(θ + 2π/3)),

where r > 0 and 0 ≤ θ < 2π, so that

x+ y
3
√

2 + z
3
√

4 = w, x+ yω
3
√

2 + zω2 3
√

4 = reiθ (ω = e2πi/3).

The Jacobian of this transformation is r/3
√

3, whence
∫

x,y,z

dx dy dz

N(x, y, z)
=

1
3
√

3

∫

w,r,θ

dw dr dθ

wr
.

We also note that

x3 − 2y3 =
2

3
√

3
r|w − rei(θ+2π/3)|2 sin(θ + 2π/3). (8.9)

The condition (8.8) is therefore equivalent to sin(θ + 2π/3) > 0. It follows that

I2 =
1

3
√

3

∫

w,r,θ

dw dr dθ

wr
,

subject to
X1+3δ/2 < wr2 < X1+2δ,

1 < (
w

r
)2/3 < ε0,

and
sin(θ + 2π/3) > 0.

This produces

I2 =
π

3
√

3

∫

w,r

dw dr

wr
.

A further substitution w = µ1/3ν, r = µ1/3ν−1/2, for which the Jacobian is
1
2µ
−1/3ν−1/2, yields

I2 =
π

6
√

3

∫

µ,ν

dµ dν

µν
.

Since the region of integration is now merely

X1+3δ/2 < µ < X1+2δ, 1 < ν < ε0,
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we deduce that
I2 =

π

6
√

3
δ

2
(logX)(log ε0).

We must now estimate I2 − I1. Any point x ∈ R0 \ R1 must lie a distance
O(M) from a boundary point x′, say of the region R0. The argument leading
to (8.4) then shows that

N(x) = N(x′) +O(MN(x′)2/3).

Thus if N(x′) = X1+2δ then

N(x) = X1+2δ +O(X1+5δ/3), (8.10)

and if N(x′) = X1+3δ/2 then

N(x) = X1+3δ/2 +O(X1+4δ/3). (8.11)

Moreover, (5.2) yields

∂

∂xi

x1 + x2
3
√

2 + x3
3
√

4
N(x)1/3

¿ N(x)−1/3,

so that

x1 + x2
3
√

2 + x3
3
√

4
N(x)1/3

=
x′1 + x′2

3
√

2 + x′3
3
√

4
N(x′)1/3

+O(M(X1+3δ/2)−1/3)

=
x′1 + x′2

3
√

2 + x′3
3
√

4
N(x′)1/3

+O(X−δ/6).

Thus if
x′1 + x′2

3
√

2 + x′3
3
√

4
N(x′)1/3

= 1 or ε0,

then

x1 + x2
3
√

2 + x3
3
√

4
N(x)1/3

= 1 +O(X−δ/6) or ε0 +O(X−δ/6), (8.12)

respectively. Finally,

x′1
3 − 2x′2

3 = x3
1 − 2x3

2 +O(MN(x)2/3)

so that
x′1

3 − 2x′2
3 = M3

implies
x3

1 − 2x3
2 ¿MN(x)2/3. (8.13)

To put this final condition into a more suitable form we note that r ¿ |w| ¿ r,
by (8.2), whence (8.9) yields

|x3
1 − 2x3

2| À N(x)| sin(θ + 2π/3)|.
Thus (8.13) produces

sin(θ + 2π/3) ¿MN(x)−1/3 ¿ X−δ/6. (8.14)
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We also observe that if x ∈ R2 \ R0 then (8.13) holds, so that we again have
(8.14).

We can now estimate I2 − I1 by using exactly the same changes of variables
as were employed in our treatment of I2. If (8.10) holds then the range for µ
becomes µ = X1+2δ + O(X1+5δ/3), and the overall contribution to I2 − I1 is
O(X−δ/3). Similarly when (8.11) holds we have µ = X1+3δ/2 + O(X1+4δ/3),
which contributes O(X−δ/6). For those values of x for which one or other of
the constraints (8.12) hold the variable ν is restricted to an interval of length
O(X−δ/6), so that there is a contribution to I2 − I1 of size O(X−δ/6). Finally
when we have (8.14), the variable θ is restricted to lie in an interval of length
O(X−δ/6), with a corresponding contribution to I2− I1. We therefore conclude
that

I2 − I1 ¿ X−δ/6,

so that
I1 ∼ π

6
√

3
δ

2
(logX)(log ε0).

We now deduce from (8.7) that

∑

a,b: q∈Q
I(a, b)h(q) ≥ 1

3
C1{1 + o(1)}L(δ)

π

6
√

3
δ

2
(logX)(log ε0),

so that Lemma 8 follows from Lemma 6.
We move now to the treatment of Lemma 9. We begin by observing that

∑

x<p≤y

log(1− g(p)
pσ

)− log(1− 1
pσ

) =
∑

x<p≤y

1− g(p)
pσ

+O(x−1),

uniformly for σ ≥ 1. Moreover, the Prime Ideal Theorem and the Prime Number
Theorem show that ∑

p≤z

(1− g(p)) ¿ z(log z)−2,

since prime ideals of degree 2 or 3 make a negligible contribution. It follows by
partial summation that

∑

x<p≤y

1− g(p)
pσ

¿ (log x)−1,

uniformly for σ ≥ 1, whence

∑

x<p≤y

log(1− g(p)
pσ

)− log(1− 1
pσ

) ¿ (log x)−1.

We may therefore deduce that

∏

p≤x

1− g(p)/pσ

1− 1/pσ
= {1 +O(

1
log x

)}
∏
p

1− g(p)/pσ

1− 1/pσ
,

the final product being over all primes. However

∏
p

1− g(p)/pσ

1− 1/pσ
= F (σ)ζ(σ)ζQ( 3√2)(σ)−1,
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where
F (σ) =

∏
p

{(1− g(p)/pσ)
∏

N(P )=p

(1− 1/N(P )σ)−1}.

This last product is absolutely and uniformly convergent for σ ≥ 1, so that
F (σ) → F (1) as σ tends down to 1. On the other hand

ζ(σ)ζQ( 3√2)(σ)−1 → 1
Res(ζQ( 3√2)(s); s = 1)

=
√

27
π log ε0

,

as σ tends down to 1. We conclude that

∏

p≤x

1− g(p)/p
1− 1/p

= {1 +O(
1

log x
)}F (1)

√
27

π log ε0
.

To complete the proof of Lemma 9 we have merely to note that

∏

p≤x

(1− 1/p) ∼ e−γ

log x
,

by Mertens’ Theorem.

9 Proof of Theorem 2

We may observe at the outset that Theorem 2 is trivially true if the polynomial
g(X) is not coprime to q, since the sum will be empty. We shall therefore
suppose henceforth that (g(X), q) = 1.

We shall prove Theorem 2 by induction on k, and so we begin by examining
the case k = 0. Here we find in the usual way that if

S =
∑

A<n≤A+B

eq(wf(n)g(n)
(q)

),

then
S =

1
q

∑

m (mod q)

S(q,m, 1)
∑

A<n≤a+B

eq(−mn), (9.1)

where
S(q,m, a) =

∑

h (mod q)

eq(a{wf(h)g(h)
(q)

+mh}).

The above sum has a multiplicative property,

S(uv,m, a) = S(u,m, av(u))S(v,m, au(v)),

for (u, v) = 1. Moreover, if p is prime, and p - a but p|w, then

S(p,m, a) =
{

0, p - m,
p, p|m.

It therefore follows that S(q,m, 1) vanishes unless ∆|m. In the latter case Weil’s
estimate shows that

|S(p,m, a)| ≤ 2D
√
p,
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for p - aw, providing that f(X)/g(X) does not reduce to a linear (or constant)
polynomial modulo p. Under the latter assumption we therefore have

|S(p,m, a)| ≤ 2D(w, p)1/2p1/2,

for p - a, whether or not w is coprime to p. We now apply the hypotheses of
Theorem 2, noting that q = q0. This allows us to deduce that

|S(q,m, 1)| ≤ d2D(q)(∆q)1/2,

when ∆|m. If we insert this bound into (9.1) we find that

S ¿ q−1
∑

m (mod q), ∆|m
d2D(q)(∆q)1/2 min{B , ||m/q||−1}

¿ q−1d2D(q)(∆q)1/2{B +
q

∆
log q}

¿ d2D(q){B(∆/q)1/2 + (q/∆)1/2} log q
¿ε qε{B(∆/q)1/2 + (q/∆)1/2},

as required for the case k = 0 of Theorem 2.
To establish the general case of Theorem 2 by induction we shall assume it

holds true when q has an expression q = q′0q
′
1 . . . q

′
k−1, and deduce that it holds

for a representation q = q0q1 . . . qk. For ease of notation we write

a(n) =

{
eq(wf(n)g(n)

(q)
), A < n ≤ A+B,

0, otherwise.

Then, if H = [B/qk] + 1 we find that

HS =
H∑

h=1

∑
n

a(n+ hqk)

=
∑

n

H∑

h=1

a(n+ hqk)

=
∑

A−Hqk<n≤A+B−qk

H∑

h=1

a(n+ hqk).

Thus Cauchy’s inequality yields

H2|S|2 ≤ (Hqk +B − qk)
∑

n

|
H∑

h=1

a(n+ hqk)|2

= (Hqk +B − qk)
H∑

h1=1

H∑

h2=1

∑
n

a(n+ h1qk)a(n+ h2qk)

= (Hqk +B − qk)
H∑

h1=1

H∑

h2=1

∑
n

a(n+ {h1 − h2}qk)a(n)

≤ 2BH
∑

−H<h<H

|
∑

n

a(n+ hqk)a(n)|

≤ 2B2H + 4BH
H−1∑

h=1

|
∑

n

a(n+ hqk)a(n)|. (9.2)
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We now examine the function a(n+hqk)a(n). Suppose that the polynomials
f(X) and g(X) satisfy the conditions of Theorem 2. Let t = hqk, and set

u(X) = {g(X)f(X + t)− f(X)g(X + t)}/t, v(X) = g(X)g(X + t).

Then
f(n+ t)g(n+ t)

(q) − f(n)g(n)
(q)

= tu(n)v(n)
(q)
,

for (g(n)g(n + t), q) = 1. We proceed to show that Theorem 2 may be applied
to ∑

n

a(n+ hqk)a(n) =
∑

A<n≤A+B−hqk

eq(whqku(n)v(n)
(q)

), (9.3)

when q = q′0q
′
1 . . . q

′
k−1, with q′0 = q0qk and q′i = qi for 1 ≤ i < k.

In order to do this we must verify that u(X) and v(X) satisfy the conditions
of Theorem 2, with k replaced by k− 1 and D replaced by 2D. We first observe
that deg(u(X)),deg(v(X)) ≤ 2D, and that p > 2k−1 × 2D for every prime p|q.
Moreover, suppose that u(X) ≡ v(X)h(X) (mod p) for some polynomial h(X)
with deg(h(X)) ≤ k. We first examine the case in which p - t. Then, in the field
modulo p we may write (by abuse of notation),

{g(X)f(X + t)− f(X)g(X + t)}/t = u(X)
= v(X)h(X)
= g(X)g(X + t)h(X).

Let f(X) and g(X) have highest common factor d(X), in the field modulo p,
and put f(X) = d(X)F (X) and g(X) = d(X)G(X) accordingly, so that

G(X)F (X + t)− F (X)G(X + t) = tG(X)G(X + t)h(X). (9.4)

ThenG(X)|F (X)G(X+t), whenceG(X)|G(X+t). In a similar way we find that
G(X+t)|G(X). Since G(X) and G(X+t) have the same leading coefficient, they
must be equal. Then, since p - t, and deg(G(X)) ≤ D < p, we must conclude
that G(X) is constant, and without loss of generality we take G(X) = 1. The
relation (9.4) then reduces to F (X + t) − F (X) = th(X). Since deg(F (X)) ≤
D < p, and p - t we have

deg(F (X + t)− F (X)) = deg(F (X))− 1.

It then follows that F (X) is a polynomial of degree at most k + 1, since
deg(h(X)) ≤ k. We therefore find that

f(X) ≡ d(X)F (X) ≡ d(X)G(X)F (X) ≡ g(X)F (X) (mod p),

contradicting the assumptions of Theorem 2.
Now assume that p|t. We have

g(X)f(X + T )− f(X)g(X + T )
= T{g(X)f ′(X)− f(X)g′(X)}+ T 2k(X,T ),

for a suitable polynomial k(X,T ). It follows that

u(X) = g(X)f ′(X)− f(X)g′(X),
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in the field modulo p. As before we write f(X) = d(X)F (X) and g(X) =
d(X)G(X), where d(X) is the highest common factor of f(X) and g(X), modulo
p. It follows that

u(X) ≡ d(X)2{G(X)F ′(X)− F (X)G′(X)} (mod p)

Thus if u(X) ≡ v(X)h(X) (mod p), then

G(X)F ′(X)− F (X)G′(X) = G(X)G(X + t)h(X) = G(X)2h(X), (9.5)

in the field modulo p. Since G(X) is coprime to F (X) it then follows that
G(X)|G′(X). However G′(X) has smaller degree than G(X), so that this can
occur only when G′(X) = 0. As before we note that deg(G(X)) ≤ D < p,
so that we may deduce that G(X) is constant, and without loss of generality
we take G(X) = 1. The relation (9.5) then reduces to F ′(X) = h(X). Since
deg(F (X)) ≤ D < p we deduce that deg(F (X)) = 1 + deg(h(X)) ≤ 1 + k. This
then contradicts the hypotheses of Theorem 2, since

f(X) ≡ d(X)F (X) ≡ d(X)G(X)F (X) ≡ g(X)F (X) (mod p).

Having checked that the hypotheses of Theorem 2 are verified for our appli-
cation, we may deduce that the sum (9.3) is

¿k,D,ε q
ε{B(

∆′

q′0
)1/2k

+B1−1/2k−1
(
q′0
∆′ )

1/2k

+
k−1∑

j=1

B1−1/2j

q′1/2j

k−j },

with ∆′ = (q′0, whqk). In view of our choice of the q′i we conclude that
∑

n

a(n+ hqk)a(n)

¿k,D,ε qε{B(
∆′′

q0
)1/2k

+B1−1/2k−1
(
q0
∆′′ )

1/2k

+
k−1∑

j=1

B1−1/2j

q
1/2j

k−j },

with
∆′′ = (q0, wh) ≤ (q0, w)(q0, h) = ∆(q0, h).

We insert this into the bound (9.2), noting that

H−1∑

h=1

(q0, h)1/2k ≤
H−1∑

h=1

(q0, h)

≤
∑

m|q0

m
∑

h<H, m|h
1

≤
∑

m|q0

m
H

m

= d(q0)H
¿ε qεH.

It then follows that

|S|2 ¿k,D,ε

B2H−1 + q2εB{B(
∆
q0

)1/2k

+B1−1/2k−1
(
q0
∆

)1/2k

+
k−1∑

j=1

B1−1/2j

q
1/2j

k−j }.
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In view of our choice H = [B/qk] + 1 this leads to the bound

|S|2 ¿k,D,ε q
2ε{B2(

∆
q0

)1/2k

+B2−1/2k−1
(
q0
∆

)1/2k

+
k−1∑

j=0

B2−1/2j

q
1/2j

k−j }.

We therefore have

S ¿k,D,ε qε{B(
∆
q0

)1/2k+1
+B1−1/2k

(
q0
∆

)1/2k+1
+

k−1∑

j=0

B1−1/2j+1
q
1/2j+1

k−j }

= qε{B(
∆
q0

)1/2k+1
+B1−1/2k

(
q0
∆

)1/2k+1
+

k∑

j=1

B1−1/2j

q
1/2j

k+1−j},

as required for our induction step. This completes the proof of Theorem 2.

10 Comparison with the Method of Hooley

We shall begin by looking at Chebyshev’s original method, as used by Hooley.
We shall do this in a quite general context. We therefore choose a set A of pos-
itive integers, and we write X = #A. Let ρ(d) be an appropriate multiplicative
function, and define

Rd = #Ad − ρ(d)
d
X.

We shall suppose that our set has ‘level of distribution’ D, in the sense that
∑

d≤D

Λ(d)|Rd| ¿ X. (10.1)

We shall also assume that there is some constant ∆ such that

∆ logD +O(1) ≤ log n < ∆logD (10.2)

for all n ∈ A. We shall take the constant ∆ to be an integer, for simplicity of
exposition, and we shall think of it as representing the ‘degree’ of the set A.
Moreover, we shall suppose that

∑

d≤x

ρ(d)
d

Λ(d) = log x+O(1), (10.3)

so that we have a 1-dimensional sieve.
In our setting we might choose

A = {n3 + 2 : X < n ≤ 2X}
and ∆ = 3.

Returning to the general formulation, it is immediate from (10.1) and (10.3)
that ∑

λD<p≤D

(log p)#Ap = (log λ−1)X +O(X).

Thus, if λ is a sufficiently small constant, there must exist n ∈ A with a divisor
p > λD. We shall regard this as the trivial result.
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To get a non-trivial result the standard method is as follows. For any positive
integer n, define

log(1) n =
∑

d|n, d≤D

Λ(d).

Then
∑

n∈A
log(1) n =

∑

d≤D

Λ(d)#Ad

= X
∑

d≤D

ρ(d)
d

Λ(d) +O(X)

= X logD +O(X), (10.4)

by (10.1) and (10.3). One now chooses a constant θ > 1 and decomposes log n
as

log n =
∑

d|n, d≤D

Λ(d) +
∑

d|n, D<d≤Dθ

Λ(d) +
∑

d|n, d>Dθ

Λ(d)

= log(1) n+ log(2) n+ log(3) n,

say. In general one then tries to show that
∑

n∈A
log(2) n =

∑

D<d≤Dθ

Λ(d)#Ad

≤ (∆− 1− δ)X logD (10.5)

for large enough X, if the constant δ > 0 is chosen suitably. A comparison of
(10.2), (10.4) and (10.5) then reveals that

∑

n∈A
log(3) n =

∑

n∈A
(log n− log(1) n− log(2) n)

≥ X∆logD −X logD −O(X)− (∆− 1− δ)X logD
= δX logD +O(X).

Thus there is an n ∈ A with a divisor pe > Dθ. Under suitable circumstances
one can show that the exponent e may be taken to be 1, giving a result of the
desired type. Clearly this approach therefore hinges on the availabilty of upper
bound information on #Ap for D < p ≤ Dθ so that (10.5) can be established.

We now describe our alternative approach, again in the general setting. We
should note that the function log(1) defined above does not correspond exactly
to that used in §2, since the condition d ≤ D does not correspond exactly to
Λ(d) ≤ logD. However, when d is a prime the two conditions agree, and this is
the most important case.

The key idea is to construct a set A(1) ⊆ A, of cardinality X1 À X, with
the property that

log(1) n ≥ (1 + δ) logD for all n ∈ A(1). (10.6)

Now suppose that the set A \ A(1) contains precisely X2 elements n with
log(1) n ≥ (1− δ′) logD, where δ′ is to be chosen later. It then follows that

∑

n∈A
log(1) n ≥ X1(1 + δ) logD +X2(1− δ′) logD,
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whence (10.4) yields

X1(1 + δ) +X2(1− δ′) ≤ X +O(
X

logD
).

Now, if we set
A(3) = {n ∈ A : log(1) n < (1− δ′) logD}

and X3 = #A(3) = X −X1 −X2, we deduce that

X1(1 + δ) + (X −X1 −X3)(1− δ′) ≤ X +O(
X

logD
),

whence
X3 ≥ X3(1− δ′) ≥ X1(δ + δ′)−Xδ′ +O(

X

logD
).

We shall therefore choose
δ′ = δ

X1

X
,

whence
X3 ≥ δ(

X1

X
)2X +O(

X

logD
).

In view of (10.2) we have
∑

d|n, d>D

Λ(d) > (∆− 1 + δ′) logD +O(1)

for any n ∈ A(3). We shall suppose that

#{n ∈ A : ∃pe|n, pe ≥ D, e ≥ 2} ¿ X

logD
.

Moreover we define

A(4) = {n ∈ A :
∑

p|n, d>D

log p > (∆− 1 + δ′) logD}

and X4 = #A(4). It then follows that

X4 ≥ δ(
X1

X
)2X +O(

X

logD
).

However it is clear from (10.2) that any n ∈ A(4) can have at most ∆− 1 prime
factors p > D. It follows that there must be at least one prime factor p with

log p ≥ ∆− 1 + δ′

∆− 1
logD,

or, equivalently,

p ≥ Dθ, θ = 1 +
δ′

∆− 1
.

This is the desired conclusion. Clearly, this second approach requires us to
construct a set of integers n, each with a ‘D-smooth’ factor d ≥ D1+δ, so that
log(1) n ≥ (1 + δ) logD.
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We should stress that neither of these two approaches will work without
detailed knowledge of the set A. However it is worth emphasizing that the
second approach allows us considerable freedom in constructing A(1), whereas
the first approach requires us to consider Ap specifically for primes p.

We shall now discuss in a little more detail the arguments leading to (10.5)
and (10.6) for our particular set A. One can produce an estimate of the type
given in (10.5) by using an upper bound sieve method. For example, suppose
that one can show

∑

P<p≤2P

#Ap ≤ {C + o(1)}X
∑

P<p≤2P

p−1, (10.7)

for some constant C, and any P with D ¿ P ¿ Dθ. Then we will be able
to deduce (10.5) for any θ < 1 + C−1(∆− 1), providing that the prime powers
can be satisfactorily handled. To achieve a bound of the form (10.7) one needs
information about ∑

m: P<dm≤2P

Rdm (10.8)

for values of d up to some small level of distribution. For the particular set
A = {n3 + 2 : X < n ≤ 2X}, Hooley was able to handle this problem, but only
under Hypothesis R∗.

In order to examine Hooley’s analysis it will be simplest if we depart consid-
erably from Hooley’s exposition, and indeed from the above formulation, and
work with the set

A = {n+ 3
√

2 : X < n ≤ 2X}.
We then see that in place of (10.8) we must handle

∑

I: P<N(BI)≤2P

RBI

where N(B) is ‘small’ and D ¿ P ¿ Dθ. In particular, a simple estimate with
level of distribution D is insufficient.

In contrast, our new approach requires information about sums of the form
∑

J∈J : Q<N(J)≤2Q

RJ , (10.9)

where J is a set of ‘D-smooth’ ideals.
In view of Lemma 4 one needs, in either case, a non-trivial bound for the

exponential sum σ(n). In both methods one fixes a and b, and hence q, and
sums over c, which is essentially of order q1/3. In Hooley’s analysis there is no
control over q, and one must resort to Hypothesis R∗ in order to get a suitable
estimate for σ(n).

In contrast the new approach allows us considerable freedom in choosing the
ideals J in (10.9). We may therefore restrict the set J so that the modulus q
factorizes sufficiently well for Theorem 2 to apply. This is the key to our success.
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[8] A.A. Markov, Über die Primteiler der Zahlen von der Form 1 + 4x2, Bull.
Acad. Sci. St. Petersburg, 3 (1895), 55-59.
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