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Abstract

In the presence of selection and mutation, the genealogy of a given sample configu-

ration can be described by two classes of ancestral processes, namely the coalescent-

in-a-random-background model of Kaplan et al. (1988) and the dual process with

typed lines of Etheridge and Griffiths (2009). These two processes are based on the

same forwards population genetics model. However, in the former model, selection

is reflected in the ancestral frequencies in the population, while in the latter model,

there are branching events that generate virtual ancestral lines. We simulate the dual

processes with typed lines and derive the limits of the two ancestral processes un-

der strong selection and under selection-mutation balance to address the question

of to what extent the genealogy is distorted. The two ancestral processes generate

the same limiting genealogy. In a two-allele population under strong selection, the

disfavoured individuals in the sample are instantaneously converted to a random

number of favoured individuals, and the limiting genealogy is governed by the usual

Kingman’s coalescent. Under selection-mutation balance, all disfavoured individuals

in the sample are instantaneously converted to the favoured type, and the limiting

genealogy is determined by a time-changed Kingman’s coalescent. The proofs of these

limiting processes are based on the convergence result of Möhle (1998, Lemma 1).

The studies of selection-mutation balance are then extended to an additive selection

model, where each individual is composed of L diallelic loci. In the corresponding dual

process with typed lines, the evolution of the virtual lines on a faster timescale can

be approximated by a deterministic process, while the evolution of the real lines is

independent of the virtual lines. The structure in the limiting genealogy collapses to

Kingman’s coalescent. We also let L tend to infinity, and obtain a full description of

the limiting genealogy in the background selection model.
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Chapter 1

Introduction

Mathematical population genetics is an area of study that is used to quantitatively

and qualitatively understand the genealogical structure of populations by employ-

ing stochastic processes to model the evolutionary forces of genetic drift (random

reproduction), mutation and selection that produce and maintain genetic variation.

Consider a haploid (one-parent) and panmictic population (e.g., mitochondrial DNA)

of size N . Assume the population is neutral, which means that each individual has the

same fitness (or reproductive ability). Let ν be the number of offspring an individual

may produce in one generation. Kingman (1982a,b) shows that if limN→∞Var(ν) = c2,

0 < c2 <∞, the random genealogical structure of a sample taken from the population

can be approximated by a coalescent process in the limit as N →∞, provided time

is measured in units of N/c2 generations.

Two individuals are said to coalesce when they are related via a common ancestor

at some time in the past. Let αn(t) be the number of distinct ancestors (or ancestral

lines) at (scaled) time t > 0 in the past, of a sample of size n ≥ 1 taken from the

population at time t = 0. The ancestral process {αn(t), t ≥ 0} in Kingman’s coalescent

is a continuous-time Markov process on the state space S = {1, 2, . . . , n}, which has
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n as its initial state and 1 as its absorbing state. The transition rates

q(α, β) := lim
δt→0

1

δt
P[αn(t+ δt) = β | αn(t) = α],

where α, β ∈ S and α 6= β, are given by

q(α, β) =

{(
α
2

)
, if β = α− 1,

0, otherwise.
(1.1)

The coalescence rate
(
α
2

)
in equation (1.1) is independent of the population size and

the structure of the genealogy. The process {αn(t), t ≥ 0} is a death process with

initial state n and death rate
(
α
2

)
.

The beauty of Kingman’s coalescent is the simple tree-like genealogy it generates

(see Figure 2.1), and the intuitive probabilistic interpretation due to the assumption

of exchangeability (as a consequence of panmixia). In the context of coalescent theory,

exchangeability means individuals are not labelled in any way, and all individuals are

equally likely to be involved in a coalescence event (hence the coalescence rate
(
α
2

)
in

equation (1.1)). A genealogy consists of two types of information: the branch lengths

of the genealogy, and the topology (who shares a common ancestor with whom). The

neutral genealogy in Kingman’s coalescent will be discussed in detail in Section 2.1.

Although Kingman’s coalescent is derived in the setting of the classic Wright-Fisher

model (Fisher, 1930; Wright, 1931) with non-overlapping generations, the coalescent

is a robust limiting process for a large class of neutral population genetics models,

including the Moran model (Moran, 1958) with overlapping generations, in the sense

that properties of Kingman’s coalescent are shared by all these models that converge

to it in the limit. Möhle (1998) illustrates that even some non-exchangeable population

genetics models converge to Kingman’s coalescent in the limit of large population

size (provided time is scaled appropriately). Kingman’s coalescent is also extended to

model various biological phenomenon, such as diploid, two sexes, selfing and varying

population sizes. Hudson (1991), Nordborg (2007), Durrett (2008), Wakeley (2009)
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and Etheridge (2011) provide comprehensive introductions and reviews for these

extensions. Griffiths and Marjoram (1996, 1997) propose an analogue of the coalescent,

the ancestral recombination graph, to describe genealogies in multi-locus models under

recombination. Moreover, Kingman’s coalescent has led to numerous computationally

intensive algorithms for a wide range of evolutionary problems (see Griffiths, 1989;

Griffiths and Tavaré, 1994; Tavaré et al., 1997).

The structured coalescent process is introduced by Takahata (1988) and Notohara

(1990) for populations subdivided into a discrete collection of demes or different genetic

backgrounds, each of which is large and panmictic. Donnelly and Tavaré (1995) and

Wilkinson-Herbots (1998) provide review articles. Denote the set of non-negative

integers by Z+, and the set in which all elements are 0 by 0. Let |α| :=
∑

i αi be the

sum of elements in a vector. Write α > β when αi > βi for all i. Consider d ≥ 1

subpopulations and a sample n ∈ Zd+, where each ni is the number of individuals

sampled from the ith subpopulation. The structured ancestral process {α(t), t ≥ 0} is

a continuous-time Markov process with initial state α(0) = n and state space {α : α ∈

Z
d
+, 1 ≤ |α| ≤ |n|}, in which each αi(t), 1 ≤ i ≤ d counts the number of ancestral

lines in the ith subpopulation t time units ago. Let the configuration of ancestral

lines at time t be α. Each pair of ancestral lines within the same subpopulation can

coalesce with the transition α → α − ei, where ei is a unit vector with a 1 in the

ith position and 0 everywhere else; and every ancestral line in the ith population can

move to the jth subpopulation with the transition α→ α− ei + ej, i 6= j by some

form of migration.

The genealogy in the structured coalescent for a sample of size |n| ≥ 2 from

d ≥ 1 subpopulations must contain |n| − 1 coalescence events, and a minimum

of d − 1 migrations between subpopulations, since the coalescence of two ancestral

lines cannot occur unless the lines are in the same subpopulation. Because of this,

when migration rates are small, genealogies in the structured coalescent are stretched
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compared with those in the (unstructured) Kingman’s coalescent. When population

is subdivided according to allelic types, and movement between subpopulations is

caused by mutation, the structured coalescent can be used to study genealogies under

selection (see Kaplan et al., 1988; Barton et al., 2004; Barton and Etheridge, 2004),

which will be discussed in Section 3.1.

A mutation is a heritable change in the genetic material of an organism. Mutation

was first recognised by Gregor Mendel from his experiments on peas. Barton et al.

(2007, p. 325) state that mutation is the ultimate source of all genetic variation, and

without it there would be no evolution. The mutation rate per nucleotide site per

generation for completely linked DNA sequences, is small (10−8 is a typical value for

advanced organisms, see Drake et al., 1998). However, there is a positive correlation

between nucleotide diversity and the recombination rate (Lercher and Hurst, 2002).

Consider a population of fixed size N with discrete generations, in which the

mutation probability is u per individual per generation. A continuous time limit can

be obtained by measuring time t ≥ 0 in units of N generations. We assume

lim
N→∞

Nu = θ/2,

such that θ/2 is the mutation rate per individual per unit of time that is rescaled in

units of N generations. Denote the largest integer not greater than x by bxc. The

number M of mutations that occur on an ancestral line of length bNtc generations,

t ≥ 0, is binomially distributed with probability mass function

P(M = m) =

(
bNtc
m

)
um(1− u)bNtc−m, m = 0, 1, . . . , bNtc.

The moment generating function of M is

E(eλM) = (1− u+ ueλ)bNtc → e
θ
2
t(eλ−1),

as N → ∞. Thus in the limit, the distribution of M is Poisson with rate θt/2.
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In Kingman’s coalescent, mutations can be superimposed on genealogies such that

mutations occur at the points of an independent Poisson process of rate θ/2 on each

branch of a genealogy. Conditional on the length W of an ancestral line, the number

of mutations that arise on this line has a Poisson distribution with rate Wθ/2.

The influence of mutations can be described by two models: the infinitely-many-

alleles model (Kimura and Crow, 1964) and the infinitely-many-sites model (Watterson,

1975). The former model assumes that each mutation leads to a novel allelic type never

seen before in the population, so the model retains the information of the most recent

mutation on each ancestral line; the latter model supposes that each mutation occurs

at a nucleotide site that is different from those of previous mutations, hence the model

has the details of all mutations on the genealogy. In the infinitely-many-alleles model,

the number of distinct alleles observed in a neutral sample follows a distribution

specified by the Ewens sampling formula (Ewens, 1972), which appears (somehow

surprisingly) in Theorem 2.5 for the shape of genealogies under strong selection.

Natural selection, discovered by Charles Darwin, is another force besides genetic

drift and mutation, that drives evolution. Selection occurs when alleles in the popula-

tion have different fitness. Gillespie (1986, 1991) argues that not all genetic similarity

can be attributed to genetic drift and mutation. It is therefore important to examine

models with selection. It is, however, complicated to incorporate natural selection into

coalescent theory, because the fundamental assumption of exchangeability is invalid,

as the fitness of an individual depends on its allelic type.

Nevertheless, Neuhauser and Krone (1997) and Krone and Neuhauser (1997) de-

velop a model for describing the genealogy of a random sample in a population under

selection and mutation, where all possible genealogies are embedded in an exchange-

able process named the ancestral selection graph. Baake and Bialowons (2008) provide

a review article. In the ancestral selection graph for a two-allele population, besides

the coalescence events, an ancestral line can branch into an original continuing line
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and a newly-created incoming line. However, one of the continuing and incoming lines

is virtual (see Figure 1.2 for an illustration of how virtual lines arise when we trace a

genealogy backwards in time). The virtual lines do not belong to the actual genealogy;

they are used to capture the effect that individuals of a certain type are selectively

favoured. Including virtual lines is essential for retaining the exchangeability of the

coalescent.

1.1 Structure and main results

The structure of this thesis and the main results are as follows. In the remainder

of this chapter, we describe in detail the ancestral selection graph in the two-type

case for incorporating selection into the coalescent process . We illustrate in Proposi-

tion 1.1 that the number of branching events in the ancestral selection graph increases

exponentially with the selection coefficient σ > 0. Thus, the ancestral selection graph

is not suitable for our investigation of the genealogies in the strong selection limit.

Further studies of the genealogies are primarily based on the dual process with typed

ancestral lines developed by Etheridge and Griffiths (2009). The Moran model with

selection and mutation, its diffusion approximation and the corresponding ancestral

dual process with typed lines are also introduced in the present chapter. We also

carefully explain, with Figure 1.2, how branching events occur in the ancestral dual

process and how virtual lines emerge at branching events.

We use the Moran model to capture the way in which we can establish a duality

between and forwards-in-time and backwards-in-time processes. We pass the Moran

model to its diffusion approximation, so the behaviour of the population is simpler.

We then derive the corresponding dual processes in the diffusion limit, which are

the starting point of our studies of strong selection and selection-mutation balance

limits. The properties of the genealogies are analysed when the parameters of the
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dual processes tend to infinity. Our approach is in contrast to the approach where one

starts with a Moran model with selection and mutation parameters being order 1 and

then lets the population size N →∞, because many results for the forwards-in-time

and backwards-in-time processes in the diffusion limit are in a simpler form.

In Chapter 2, we start to address the question of to what extent strong selection

distorts the shape of genealogies. We show in Theorem 2.1 that in the dual process with

typed lines, the real and virtual ancestral lines can be identified immediately as the

genealogy is traced. One then only needs to simulate up to the time when the number

of real lines reduces to one to extract information on the real genealogy. We derive in

Theorem 2.3 that the number of branching events in the dual process with typed lines

is finite in the limit as the selection coefficient σ →∞. We observe from simulation

results in Tables 2.2 and 2.3 and in Figures 2.3 and 2.4 that, although selection

does not have a significant impact on the genealogy of a sample with random type

configuration (heuristically a random sample under strong selection only contains the

favoured type so selection cannot operate), it does substantially affect the genealogy

of a sample with given configuration. The expected height of the genealogy of a

given sample under strong selection is smaller than that in Kingman’s coalescent

when there is more than one disfavoured individual in the sample; the genealogy is

given by Kingman’s coalescent otherwise. This observation makes intuitive sense by

considering the forwards-in-time dynamics. There tends to be only one allele existing

in the population under strong selection. When the population happens to contain a

considerable proportion of the disfavoured allele (so we can draw a sample containing

some individuals of type 1), the disfavoured allele will be eliminated rapidly from

the population by the strong selective force. The probability that the most recent

common ancestor (the remaining single line on the real genealogy) is the favoured

type 2, is approximately 1 under strong selection, even when there are no type 2

individuals in the sample. We then derive explicit formulae for the limiting quantities
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(under strong selection) that have been simulated. The formulae in Theorems 2.5,

2.15 and 2.16 are obtained by analysing various recursive equations for the desired

expectations and variances, where the Ewens sampling formula plays an important

role (see Remark 2.6). These theoretical results are novel and are consistent with the

simulations.

In Chapter 3, we study the effect of strong selection at a process level with our

dual process with typed lines and the coalescent-in-a-random-background model of

Kaplan et al. (1988). Both the dual process with typed lines and the coalescent-in-a-

random-background model can describe the genealogy of a given sample configuration.

However, these two models are different in that in the dual process with typed lines,

the ancestral lines can branch and virtual lines can appear, while in the coalescent-in-a-

random-background model, there are no branching events in the ancestral process, and

selection is reflected in the ancestral frequencies of alleles. In spite of this difference, the

genealogies generated by these two models are the same. However, it is still of interest to

study how strong selection affects the genealogies in both models. The ancestral process

in the coalescent-in-a-random-background model is time-inhomogeneous, which we

approximate by a time-homogeneous process, as the fluctuations in the ancestral

frequencies under strong selection are negligible. We then derive in Theorem 3.5 that

the genealogy in such an approximated model can be described by a limiting process,

in which type 1 individuals in the sample are instantaneously converted to a random

number of type 2 individuals according to a distribution that is related to the Ewens

sampling formula, and then the resulting sample follows Kingman’s coalescent. The

limiting theorem is new, and its derivation is based on the time-scaling convergence

result of Möhle (1998). However, in the dual process with typed lines, as the state

space of the dual process is infinite due to the mechanism of virtual lines, Möhle’s

lemma cannot be applied exactly. Nevertheless, these limiting results are supported

by simulations. The extension of the strong selection limit to the ancestral dual
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process with three types is also investigated in the chapter. We assume individuals

of type 1 and type 2 are strongly disfavoured, while individuals of type 3 are neutral.

We observe that, although on different timescales, the disfavoured individuals in the

sample instantaneously coalesce and mutate to the favoured type 3 according to the

Ewens sampling formula, and then the resulting sample, which consists of individuals

of the same type, evolves as in Kingman’s coalescent on the original timescale.

In Chapter 4, we examine the genealogy of a sample taken from a two-allele

population in which the mutation coefficient θ1 (for type 2 individuals to mutate to

type 1) and the selection coefficient σ (for eliminating type 1 individuals) are both

large and comparable such that the forwards-in-time frequency can be approximated

by a deterministic trajectory. We again use the constant frequency assumption in

the studies of the limiting processes in this chapter. The limits of the ancestral dual

processes with constant frequencies are deduced in Theorems 4.3 and 4.13. These

two limiting theorems are new. We observe that in the dual process with typed lines,

under selection-mutation balance, the evolution of the real lines is independent of the

virtual lines, but not vice versa. However, on a faster timescale, the evolution of the

scaled numbers of virtual lines is independent of the real lines. The evolution of the

virtual lines on the faster timescale can be approximated by a deterministic process

in Theorem 4.11, where the numbers of virtual lines increase from (ancestral) time 0

and then stabilise to constants. Although independently of the virtual lines, the real

lines evolve on two timescales, and the limit is a time-changed Kingman’s coalescent

as derived in Theorem 4.13.

In Chapter 5, we consider a more general model where the type of each individual

is described by a sequence of L diallelic loci. Let the two alleles on each locus be

labelled 0 and 1. We suppose the reproductive ability of an individual is determined

by the number of type 1 loci. Thus, there are L+ 1 different types in the population.

We formulate the Moran model with this additive selection scheme, and obtain the
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diffusion approximation and the corresponding ancestral dual process with typed

lines. Under a selection-mutation balance that is different from the assumption in

Chapter 4 (compare equation (4.1) with equation (5.1)), we derive in Theorem 5.6 that

the stable equilibrium point of the forwards-in-time frequencies satisfies a binomial

formula. We then examine the real genealogy in this additive selection model. The

limiting behaviour of the ancestral dual process can be described with the ideas

used in Chapter 4, and the results are summarised in Theorems 5.17 and 5.19. In

the final section, the limit under selection-mutation balance is extended to the case

where L → ∞. The number of type 0 loci that an individual has is finite in the

limit as L → ∞, as derived in Lemma 5.20. The corresponding forwards-in-time

stationary frequencies become Poisson. Backwards in time, types in a sample are lost

one by one on a faster timescale, and the sample is instantaneously converted to the

one in which individuals are not composed of any type 0 locus. The real genealogy

then follows a time-changed Kingman’s coalescent. These results provide new insight

into the studies of background selection model. The genealogies in the background

selection model have been studied by various authors; see, e.g, Charlesworth et al.

(1993, 1995), Hudson and Kaplan (1994, 1996) and Durrett (2008). Those authors

investigate various properties of the genealogy under selection-mutation balance, e.g.,

the nucleotide diversity and the average time to lose a sampled type. We provide a

full description of the genealogies backwards in time under the constant frequency

assumption; see Remarks 5.21 and 5.23 for detailed discussions.

In the appendix, we present the algebra used in the derivation of some lemmas in

the thesis.
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1.2 Ancestral selection graph

The ancestral selection graph of Neuhauser and Krone (1997) and Krone and Neuhauser

(1997) is a continuous-time Mpro with a branching-coalescing structure existing in the

limit of large population size, which can be seen as an analogue of Kingman’s coalescent

under weak selection. In the ancestral selection graph, the types in the sample are not

specified initially to make the ancestral lines exchangeable. We consider the ancestral

process {αn(t), 0 ≤ t ≤ TUA(n)} for a sample of size n ≥ 1, which is a continuous-time

Markov process that counts the number of ancestral lines at time t in the past, starts

with αn(0) = n and stops at the time

TUA(n) := inf{t ≥ 0: αn(t) = 1}.

The remaining single line is called the ultimate ancestor. If αn(t) = α ≥ 2, the

following transitions occur:

α→

{
α + 1 at rate 1

2
ασ,

α− 1 at rate 1
2
α(α− 1),

(1.2)

where σ ≥ 0 is the selection coefficient. The state space of the ancestral process is

Z+ \ {0}. The ancestral process will be absorbed into the ultimate ancestor in finite

time almost surely, since the quadratic coalescence rate dominates the linear branching

rate in this birth-death-type ancestral process (Etheridge, 2011, p. 73).

In the ancestral selection graph, besides the coalescence events, an ancestral line

can branch into an original continuing line and a newly-created incoming line. To

extract the real genealogy which is always a binary tree, knowledge about the types of

ancestral lines is required. Once the entire ancestral selection graph has been built, the

type of the ultimate ancestor is chosen according to the distribution of a sample of size

one in the stationary population (such a sample can be simulated using the rejection

algorithm developed by Donnelly et al., 2001). Mutations are then superimposed

on the graph forwards in time as points of an independent Poisson process along
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each ancestral line, independently of the coalescence and branching events, since all

ancestral lines are exchangeable.

One then goes through the graph forwards in time from the ultimate ancestor to

the sample, to assign types to ancestral lines and to determine branching events. At a

coalescence event, the two ancestral lines involved have the same type as the ancestral

line to which they coalesced. When a mutation is encountered, the type of ancestral

line changes. The branching events are resolved by following the rules that incoming

lines are kept if they are the favoured type. The real genealogy is then extracted

by deleting all virtual lines. The remaining single line on the real genealogy is the

most recent common ancestor (MRCA) of the sample, which may or may not coincide

with the ultimate ancestor. Stephens and Donnelly (2003, Algorithm 3.1) provide an

algorithm for simulating the ancestral selection graph. Nevertheless, an actual tree

structure of the graph has to be simulated in order to discover the real genealogy.

The ancestral selection graph provides a tool for investigating the properties of a

genealogy under selection and mutation. The graph can accommodate populations with

more than two types, both infinitely-many-allele and infinitely-many-sites mutation

schemes, and frequency dependent selection (Krone and Neuhauser, 1997; Neuhauser

and Krone, 1997); the approach is also extended to the general diploid population by

Donnelly and Kurtz (1999).

However, as we will see in Proposition 1.1, the number of branching events in

the ancestral selection graph increases exponentially with the selection coefficient σ.

Thus, simulations and studies of strong selection limit are impractical. For instance,

when the mutation coefficient θ = 2 (for mutating to both types) and the sample size

n = 10, it takes 0.3 seconds to simulate 100 graphs for σ = 1; the computational time

soars to 1.2 hours for σ = 10. Furthermore, these simulations require a considerable

amount of memory on a computer to store the structure of each graph.

We notice that in the transition rates (1.2) of the ancestral process, as σ → ∞,

12



the coalescence rate becomes negligible in comparison with the branching rate. The

ancestral process behaves like a birth process with birth rate ασ/2. Let Kn(t) ∈

{n, n + 1, . . . } be the number of descendants at time t ≥ 0 of a sample of size n in

this birth process. Then Pm(t) := P(Kn(t) = m) satisfies

Pm(t+ δt) = Pm−1(t)

(
1

2
σ(m− 1)δt

)
+ Pm(t)

(
1− 1

2
σmδt

)
+ o(δt), (1.3)

where the probability that more than one birth event occurs in a small time interval

of length δt is o(δt). Equation (1.3) implies

dPm(t)

dt
=

1

2
σ(m− 1)Pm−1(t)−

1

2
σmPm(t), (1.4)

with initial value Pn(0) = 1. We can verify that the unique solution to equation (1.4)

is

Pm(t) =

(
m− 1

m− n

)
e−

1
2
σnt
(
1− e−

1
2
σt
)m−n

, m = n, n+ 1, . . . .

Therefore, for fixed t, Kn(t) has a negative binomial distribution with parameters n

and 1− exp(−σt/2), and

E[Kn(t)] = n
(
1− e−

1
2
σt
)
e

1
2
σt ∼ ne

1
2
σt,

for large σ.

The following proposition shows that the mean number of branching events until

the ultimate ancestor increases exponentially with σ (see also the far-right column of

Table 2.1). Similar results have been obtained by Ethier and Griffiths (1990, Theo-

rem 5.1 and Corollary 5.2) in the context of the ancestral recombination graph.

Proposition 1.1 (Branching events in the ancestral selection graph). Consider the

ancestral process with transitions (1.2) in the ancestral selection graph for a finite

sample of size n ≥ 1. Let V (n) be the number of branching events until the ultimate

13



ancestor. The expectation of V (n) satisfies

E[V (n)] = eσ
n−2∑
l=0

l!

σl
−

n−2∑
l=0

1

σl

n−2∑
k=l

k!

(k − l)!
. (1.5)

Proof. Let ψn := E[V (n)]. By considering the first-step transitions of the Markov

process, it follows that

(n− 1 + σ)ψn = (n− 1)ψn−1 + σψn+1 + σ, n ≥ 2, (1.6)

with ψ1 = 0. We can verify that a unique solution to the recursive equation (1.6) is

ψn = σ

∫ 1

0

[1− (1− x)n−1]x−1eσx dx.

The boundary condition is clearly satisfied. For n ≥ 2, we have

(n− 1 + σ)ψn = (n− 1)σ

∫ 1

0

[1− (1− x)n−2(1− x)]x−1eσx dx

+ σ2

∫ 1

0

[1− (1− x)n−1]x−1eσx dx

= (n− 1)σ

∫ 1

0

[1− (1− x)n−2]x−1eσx dx+ σ

+ σ2

∫ 1

0

(1− x)n−1eσx dx+ σ2

∫ 1

0

[x−1 − (1− x)n−1x−1]eσx dx

= (n− 1)ψn−1 + σψn+1 + σ.

To obtain the desired expression for E[V (n)] ≡ ψn as in equation (1.5), we write

E[V (n)] = σeσ
∫ 1

0

1− (1− x)n−1

1− (1− x)
e−σ(1−x) dx

= σeσ
∫ 1

0

n−2∑
k=0

(1− x)ke−σ(1−x) dx.

Let y = σ(1− x). It follows that

E[V (n)] = eσ
∫ σ

0

n−2∑
k=0

yk

σk
e−y dy
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= eσ
(∫ ∞

0

n−2∑
k=0

yk

σk
e−y dy −

∫ ∞
σ

n−2∑
k=0

yk

σk
e−y dy

)

= eσ
( n−2∑

k=0

k!

σk
− e−σ

n−2∑
k=0

k!

σk

k∑
j=0

σj

j!

)
,

where the last equality follows Abramowitz and Stegun (1965, Equation 6.5.29). By

setting l = k − j, we have

E[V (n)] = eσ
n−2∑
k=0

k!

σk
−

n−2∑
k=0

k∑
l=0

k!

(k − l)!
1

σl

= eσ
n−2∑
l=0

l!

σl
−

n−2∑
l=0

1

σl

n−2∑
k=l

k!

(k − l)!
,

where the last equality follows from interchanging the order of summation.

Further investigation of genealogies under selection and mutation in this thesis will

be mainly based on an ancestral dual process developed by Etheridge and Griffiths

(2009). This dual process with typed ancestral lines is similar to the ancestral selection

graph but has the following advantages: firstly, this dual process allows us to investigate

the genealogy of a sample with given type configuration (cf. the genealogy of a random

sample in the ancestral selection graph); secondly, as we will show in Theorem 2.1,

although the branching events can still occur in the dual process and introduce virtual

lines, the genealogy is controlled in the sense that the real and virtual lines can be

identified immediately so we know which lines are ancestral to the sample and which

are not (cf. the real genealogy is extracted after an ultimate ancestor is reached

in the ancestral selection graph). This dual process is certainly more practical for

simulations, and for the analysis of whether, and to what extent, selection and mutation

affect genealogies of samples with given configuration, particularly when selection and

mutation are strong. The shortcoming of the dual process with typed lines is that

unless one has convenient expressions for the sampling formulae under the stationary

distribution (which is only the case for parent-independent mutation), it is then
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numerically intensive to evaluate the sampling formulae in the transition rates of

the dual process.

In the remaining part of this chapter, we describe the stochastic models that

underline the studies in the remainder of the thesis. In Section 1.3, we present a Moran

model with selection and mutation, and its diffusion approximation. In Section 1.4, a

graphical representation of the Moran model is plotted in Figure 1.2, which we use

to illustrate how branching events and virtual ancestral lines emerge in the ancestral

process. The ancestral process with typed lines that is dual to the forwards-in-time

diffusion, is derived in Theorem 1.9 with the method of duality in Definition 1.8.

However, the strong duality can only be established with respect to the Moran model;

the duality in the diffusion limit is weak.

1.3 Moran model with selection and mutation

To avoid ambiguity, we specify a Moran model with purifying selection and parent-

independent mutation as follows. We only use the Moran model to introduce the

diffusion approximation in the limit of large population size. The subsequent studies

of strong selection and strong mutation limits are based on the dual processes in the

diffusion limit.

Consider a haploid and panmictic population in which there are N individuals,

each of which is either the selectively disfavoured type 1 or the favoured type 2. Each

individual of type i produces an offspring of the same type at rate λi ≥ 0, i = 1, 2.

Simultaneously, an individual is chosen uniformly at random from the population to

die (so the population size is kept constant); an offspring may replace its own parent.

We assume the type 2 individuals have a fertility selective advantage by setting λ2 = 1

and

λ1 = 1− s, 0 ≤ s ≤ 1.
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Hence, selection is purifying, as its effect is to eliminate the disfavoured allele from

the population.

Mutations are assumed to occur continuously in time, independently of the repro-

duction process. Each individual mutates at rate µ ≥ 0. When a mutation occurs,

regardless of the present type of the individual, an individual has probability pi of

mutating to type i, i = 1, 2, and p1 + p2 = 1. The null-mutations that do not change

the type of an individual can be removed in the ancestral dual process (see Theo-

rem 1.9). In the two-type case, a more general parent-dependent mutation model can

also be rewritten as an equivalent parent-independent mutation model. The parent-

independent mutation is desirable when there are more than two types, because the

explicit form of the stationary distribution as that in Proposition 1.3 is then known.

Let Z1(t) denote the number of type 1 individuals in the Moran model population

at time t ≥ 0. Since the population size is fixed for all time t, the evolution of the

population can be described by the continuous-time Markov process {Z1(t), t ≥ 0}

with state space S = {0, 1, . . . , N}. For z, k ∈ S and z 6= k, the transition rates of the

process {Z1(t), t ≥ 0} are

qN(z, k) =


(1− s)zN−z

N
+ µp1(N − z), if k = z + 1,

(N − z) z
N

+ µp2z, if k = z − 1,

0, otherwise.

(1.7)

For a bounded function f : S → R, the generator of {Z1(t), t ≥ 0} is

LNf(z) := lim
δt→0

1

δt
E[f(Z1(t+ δt))− f(Z1(t)) | Z1(t) = z]

= [f(z + 1)− f(z)]qN(z, z + 1) + [f(z − 1)− f(z)]qN(z, z − 1). (1.8)

Definition 1.2 (Moran model with selection and mutation). We call the process

{Z1(t), t ≥ 0} with generator given by equation (1.8) the Moran model with selection

and mutation.

When the population in the Moran model with selection and two-way mutation has
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evolved indefinitely in time, the process {Z1(t), t ≥ 0} will approach an equilibrium

such that

lim
t→∞

P(Z1(t) = z | Z1(0) = k) = π(z), for all z, k ∈ S.

Let B(a, b) be a beta function defined as

B(a, b) :=
Γ (a)Γ (b)

Γ (a+ b)
, a > 0, b > 0,

where Γ (a) is a gamma function such that

Γ (a) :=

∫ ∞
0

e−uua−1 du, a > 0.

In the case of parent-independent mutation, an exact formula is known for the sta-

tionary distribution π(z) (see Etheridge and Griffiths, 2009).

Proposition 1.3 (Stationary distribution of the Moran model). The process {Z1(t), t ≥

0} has a unique stationary distribution with probability mass function

π(z) = Cλz1λ
N−z
2

(
N

z

)
B(Nµp1/λ1 + z,Nµp2/λ2 +N − z)

B(Nµp1/λ1, Nµp2/λ2)
, 0 ≤ z ≤ N, (1.9)

where C is the normalising constant such that
∑N

z=0 π(z) = 1.

The process {Z1(t), t ≥ 0} is time-reversible with respect to its stationary distri-

bution, as it is readily verified that the above probability mass function (1.9) satisfies

the following detailed balance equation:

π(z)qN(z, z + 1) = π(z + 1)qN(z + 1, z), for all 0 ≤ z < N.

When the forces of genetic drift, selection and mutation are comparable in size, the

process {XN(t), t ≥ 0}, where XN(t) := Z1(t)/N , can be approximated by the diffusion

process named after Sewall Wright and Ronald Fisher, in the limit as N →∞, provided

that we speed up time by a factor of N/2. Ewens (2004) and Etheridge (2011) provide

a comprehensive reference for diffusion processes arising in mathematical population
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genetics.

We assume Ns = σ and Nµpi = θi, i = 1, 2. Let θ = θ1 + θ2. The derivation of the

ancestral dual process in Theorem 1.9 relies on the following diffusion approximation.

Proposition 1.4 (Wright-Fisher diffusion). The process {XN(Nt/2), t ≥ 0} con-

verges in distribution to a diffusion process {X(t), t ≥ 0} on [0, 1], as N → ∞. The

generator of the diffusion process, evaluated on a twice continuously differentiable

function f : [0, 1]→ R, is

Lf(x) =
1

2
x(1− x)

d2f(x)

dx2
+

1

2
[−σx(1− x) + θ1 − θx]

df(x)

dx
. (1.10)

Proof. Consider the generator LN defined in equation (1.8) with scaled parameters.

Let x = z/N . The effect of speeding up time is to multiply LN by a factor of N/2. It

follows that

lim
N→∞

N

2
LNf(x) = lim

N→∞

{[
f

(
x+

1

N

)
− f(x)

]
×
[
N

2

(
1− σ

N

)
Nx(1− x) +

N

2
θ1(1− x)

]
+

[
f

(
x− 1

N

)
− f(x)

]
×
[
N2

2
(1− x)x+

N

2
θ2x

]}
=

1

2
[−σx(1− x) + θ1 − θx]

df(x)

dx
+

1

2
x(1− x)

d2f(x)

dx2

= Lf(x),

where the Taylor expansion is applied to the functions f(x + 1/N) and f(x − 1/N)

about the point x to obtain the second equality. The convergence of the generator is

uniform in x. In addition, the state space [0, 1] is compact. The weak convergence of

the process {XN(Nt/2), t ≥ 0} to the diffusion then follows Ethier and Kurtz (2005,

Theorem 6.5 in Chapter 1 and Theorem 7.8 in Chapter 3).

Denote the set of non-negative real numbers by R+. Let p : R+×[0, 1]×[0, 1]→ R+

be the transition density function of the diffusion {X(t), t ≥ 0} such that

P[X(t) ∈ I | X(0) = y] =

∫
I

p(t, y, x) dx, I ⊆ [0, 1].
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When a sufficiently long period of time has passed, the diffusion will eventually ap-

proach an equilibrium such that limt→∞ p(t, y, x) = π(x) exists for all x, y ∈ [0, 1]. The

density π(x) is a special case of the Wright’s formula (Wright, 1931, p. 123), which

can be computed by solving the following Kolmogorov forward equation:

d2

dx2
[x(1− x)π(x)]− d

dx
[(−σx(1− x) + θ1 − θx)π(x)] = 0.

The construction of the dual process in Theorem 1.9 will depend crucially on such

stationary distribution.

Proposition 1.5 (Stationary density of the Wright-Fisher diffusion). The Wright-

Fisher diffusion with generator (1.10) has a unique stationary distribution with density

π(x) =
xθ1−1(1− x)θ2−1e−σx

B(θ1, θ2)M(θ1, θ,−σ)
, 0 < x < 1, (1.11)

where

M(θ1, θ,−σ) =
1

B(θ1, θ2)

∫ 1

0

uθ1−1(1− u)θ2−1e−σu du, θ1 > 0, θ2 > 0, (1.12)

is the confluent hypergeometric function of the first kind.

Remark 1.6 (Confluent hypergeometric function). In the neutral case where σ = 0,

M(θ1, θ, 0) = 1. There is also a useful Kummer’s transformation

M(θ1, θ,−σ) = e−σM(θ2, θ, σ), σ ≥ 0.

One can refer to Abramowitz and Stegun (1965, Chapter 13) for more properties of

the confluent hypergeometric functions.

Figure 1.1 plots the stationary density (1.11) with respect to different values

of mutation coefficients θ1 and θ2, and selection coefficient σ. The figure provides

some understanding of the long-term balance of the competing forces of genetic drift,

selection and mutation. When there is no selection (σ = 0) and mutation is very weak
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Figure 1.1: The stationary density of the frequency of the disfavoured type 1 individuals
in the diffusion limit, as given in equation (1.11), with respect to various strengths of
selection and mutation.

(θ1 = θ2 = 0.5), genetic drift is the dominant evolutionary force, and the probability

mass concentrates around 0 and 1. The (non-bold) dashed and dotted curves illustrate

that selection pushes the frequency of the disfavoured allele towards 0. The frequencies

of alleles achieve a balance in the population when the strengths of selection and

mutation are large and comparable (see the bold solid curve). Moreover, the bold

dashed curve shows that the frequencies are also balanced when the values of θ1 and

σ are both large and comparable.

The sampling probability in the following proposition will become useful in the

derivation of the ancestral dual process in Theorem 1.9.
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Proposition 1.7 (Sampling probability in the diffusion limit). Consider an ordered

sample with type configuration (n1, n2) ∈ Z2
+of size n = n1 + n2 ≥ 1. The probability

of drawing such a sample from the stationary population governed by the diffusion

with generator (1.10), is

H (n1, n2) =
B(n1 + θ1, n2 + θ2)M(n1 + θ1, n+ θ,−σ)

B(θ1, θ2)M(θ1, θ,−σ)
. (1.13)

Proof. Let X1 be the stationary frequency of type 1 individuals in the population

governed by the diffusion with generator (1.10). We have

H (n1, n2) = E(Xn1
1 Xn2

2 ),

where X2 = 1 − X1. Since X1 has the probability density function π(x) in equa-

tion (1.11), it follows that

H (n1, n2) =

∫ 1

0

xn1(1− x)n2π(x) dx

=
B(n1 + θ1, n2 + θ2)M(n1 + θ1, n+ θ,−σ)

B(θ1, θ2)M(θ1, θ,−σ)
.

The probability of obtaining the corresponding unordered sample is
(
n
n1

)
H (n1, n2),

since there are
(
n
n1

)
possible orderings of a specific unordered sample, and every ordered

sample has the same distribution H (n1, n2).

1.4 Ancestral dual process with typed lines

The algebraic derivation of the ancestral process with typed lines that is dual to

the Moran model is provided by Etheridge and Griffiths (2009) for a general case of

d ≥ 2 types under selection and parent-dependent mutation. Etheridge et al. (2010)

demonstrate that similar algebra can be applied to the construction of dual processes

in the Λ-coalescent limit. However, instead of using the results of Etheridge and
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Griffiths (2009) and focusing on two types and parent-independent mutation, and

then taking the diffusion limit, we derive the dual process in Theorem 1.9 directly

from the diffusion process with generator (1.10). The purpose is to illustrate the

method of duality in Definition 1.8 and to present the dual process in the diffusion

limit for later usage.

We first demonstrate how an ancestral process arises naturally as a dual to the

Moran model of Definition 1.2. The key is to formulate the Moran model as a biased

voter model with mutation on a complete graph (see the review by Liggett, 2004). The

voter model is introduced into mathematical population genetics by Donnelly (1984)

to study the Moran model with mutation. The biased voter model is used to study

the Moran model with selection by Krone and Neuhauser (1997) and Etheridge and

Griffiths (2009).

A graphical representation of the Moran model is shown in Figure 1.2. The vertical

lines represent ancestral lines, time is run from the top of the graph to the bottom,

and there is no spatial structure among the lines.

Recall that in the Moran model of Definition 1.2 we set the reproduction rates

λ1 = 1 − s and λ2 = 1. The Moran model starts forwards in time with the types of

the individuals being known. For each ordered pair of lines, arrows are drawn between

the lines at the points of a Poisson process with rate λ2/N to model the reproduction

events. The individual at the tail of an arrow is a potential ancestor; it may replace

the individual at the head. The selection difference is reflected such that when the

potential ancestor is the disfavoured type 1, the individual at the head of the arrow

is replaced with probability λ1/λ2 = 1− s (a thinning procedure is used to produce a

Poisson process that gives arrivals at a smaller rate); when the potential ancestor is

the favoured type 2, the individual at the head is replaced with probability λ2/λ2 = 1.

Mutations are superimposed on each ancestral line as the points of an independent

Poisson process with rate µ. Given a mutation occurs on a line, the type of the line
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Figure 1.2: A graphical representation of the Moran model with selection and mutation.
Forwards in time, line g reproduces and the offspring replaces line e; line c replaces
line d; line e replaces line f ; a mutation occurs on line c and changes the line to type
2; and line a fails to replace line b. Take a sample of the individuals b, c, d and e at
the bottom of the graph, whose types are known to be 2, 2, 1 and 2. As the ancestral
lines are traced backwards in time in the dual process, line b branches and a virtual
line a is added, because line a fails to replace line b forwards in time, and line a is not
in the sample; line c mutates from type 2 to type 1; the reproduction event from line
e to line f does not affect the dual process; lines c and d coalesce, as both lines are
in the sample; and line e is replaced by line g, but this event does not appear in the
dual process because the event does not change the distribution of the ancestral lines.

changes to i with probability pi, i = 1, 2.

We can recover the genealogy of a sample with given configuration by tracing the

ancestral lines backwards in time (see Figure 1.2). In particular, when the potential

ancestor fails to replace an individual forwards in time, and the potential ancestor is

outside the genealogy of the sample, this ancestor becomes virtual.

The ancestral dual process constructed in Theorem 1.9 is based on the following
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method of duality of Ethier and Kurtz (2005, Section 4 in Chapter 4).

Definition 1.8 (Duality). Consider two Markov processes {X(t), t ≥ 0} and {α(t),

t ≥ 0} with state spaces SX and Sα, respectively. The two processes are dual to each

other with respect to a function f : SX × Sα → R, if

E[f(X(t), α) | X(0) = x] = E[f(x, α(t)) | α(0) = α], (1.14)

for all x ∈ SX , α ∈ Sα and t ≥ 0.

With the power of the duality equation (1.14), we can use the knowledge of the

forwards-in-time process to study the backwards-in-time dual process.

Consider a sample of finite size taken from the stationary population governed by

the diffusion with generator (1.10). The numbers and types of the ancestral lines at

time t ≥ 0 in the past can be represented by a two-dimensional vector α(t), where

αi(t), i = 1, 2 is the number of ancestral lines of type i at time t.

Theorem 1.9 (Dual process with typed lines in the diffusion limit). For a sample

n ∈ Z2
+ of size |n| ≥ 1, the ancestral dual process {α(t), t ≥ 0} is a two-dimensional

Markov process with state space Z2
+ \ {0} and initial state n. The non-zero entries in

the αth row of the Q-matrix of the dual process are

q(α,α+ e1) =
1

2
ασ

(α1 + θ1)

α + θ

ν(α+ e1 + θ)

ν(α+ θ)
, (1.15)

q(α,α− ei) =
1

2
αi(αi − 1)

α− 1 + θ

αi − 1 + θi

ν(α− ei + θ)

ν(α+ θ)
, (1.16)

q(α,α+ ei − ej) =
1

2
αjθj

αi + θi
αj − 1 + θj

ν(α+ ei − ej + θ)

ν(α+ θ)
, i 6= j, (1.17)

q(α,α) = −1

2
[α1σ + α(α− 1) + α1θ2 + α2θ1], (1.18)

where i, j = 1, 2, α = |α|, θ = |θ|, and

ν(θ) = E[e−σξ] = M(θ1, θ,−σ)
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with ξ being a random variable having the Beta(θ1, θ2) distribution and M(θ1, θ,−σ)

being the confluent hypergeometric function defined in equation (1.12).

Proof. The subtlety of the construction of the dual process with typed lines is to

apply the diffusion generator L in equation (1.10) to a specific test function of the

form xα1(1− x)α2 . The quantity xα1(1− x)α2 can be thought of as the probability of

sampling α1 individuals of type 1 and α2 individuals of type 2 from the population

composed by frequencies x and 1− x. We obtain

Lxα1(1− x)α2 =
1

2
ασxα1+1(1− x)α2

+
1

2
α1(α1 − 1)xα1−1(1− x)α2 +

1

2
α2(α2 − 1)xα1(1− x)α2−1

+
1

2
α1θ1x

α1−1(1− x)α2+1 +
1

2
α2θ2x

α1+1(1− x)α2−1

− 1

2
[α1σ + α(α− 1) + α1θ2 + α2θ1]x

α1(1− x)α2 . (1.19)

Let X be the stationary frequency with density (1.11), and H (α) be the sampling

probability derived in Proposition 1.7. Define

gα(x) =
xα1(1− x)α2

E[Xα1(1−X)α2 ]
=
xα1(1− x)α2

H (α)
. (1.20)

By applying the diffusion generator L in equation (1.10) to gα(x) and using equa-

tion (1.19), it follows that

Lgα(x) =
1

2
ασ

H (α+ e1)

H (α)
gα+e1(x) +

1

2

2∑
i=1

αi(αi − 1)
H (α− ei)

H (α)
gα−ei(x)

+
1

2

2∑
i=1

2∑
j=1
j 6=i

αjθj
H (α+ ei − ej)

H (α)
gα+ei−ej(x)

− 1

2
[α1σ + α(α− 1) + α1θ2 + α2θ1]gα(x)

= [gα+e1(x)− gα(x)]× 1

2
ασ

H (α+ e1)

H (α)

+
2∑
i=1

[gα−ei(x)− gα(x)]× 1

2
αi(αi − 1)

H (α− ei)
H (α)
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+
2∑
i=1

2∑
j=1
j 6=i

[gα+ei−ej(x)− gα(x)]× 1

2
αjθj

H (α+ ei − ej)
H (α)

. (1.21)

Now it should be clear that the test function (1.20) is chosen because E[gα(X)] = 1

for all choices of α, and E[Lgα(X)] = 0 when the expectation is taken with respect

to the stationary distribution of the diffusion. Hence, by using the method of duality

in Definition 1.8, and considering g·(·) as functions of the configuration α of ancestral

lines taken from the stationary population, rather than as functions of the frequency x,

those terms after gβ(x)− gα(x) in equation (1.21) can be interpreted as the transition

rates of a Markov process.

The transition rates (1.15) to (1.17) then follow a minor algebraic manipulation

using equation (1.13) for functions H (·) and the definition of functions ν(·).

Etheridge and Griffiths (2009) show that the strong duality can be established

with respect to the Moran model through the graphical representation such as that

in Figure 1.2. However, in the diffusion limit, the duality is weak.

It is clear from the transition rates (1.15) to (1.17) that the types are carried at

all times by ancestral lines in the dual process, as opposed to the genealogical history

being simulated and types assigned later in the ancestral selection graph described in

Section 1.2.

The transition α → α + e1 with rate (1.15) corresponds to a branching event;

α→ α−ei with rate (1.16) corresponds to a coalescence event; and α→ α+ei−ej,

i 6= j with rate (1.17) corresponds to a mutation event. The total transition rate out

of the state α is minus the diagonal entry (1.18), i.e.,

−q(α,α) = lim
δt→0

1

δt
P[α(t+ δt) 6= α | α(t) = α].

Remark 1.10 (Mutations in the dual process). Although in the forwards-in-time

process mutations occur independently of the reproduction events, mutations do not
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have a simple independence interpretation in the ancestral dual process with typed

lines.
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Chapter 2

Genealogies under strong selection

The forwards-in-time process whereby a mutant with a strong selective advantage arises

in an otherwise neutral population and eventually spreads to the entire population

is called a selective sweep, which can have a dramatic effect on levels of variation on

the selective locus (and on the neighbouring neutral locus). Selective sweeps and their

effect on genetic variation have been investigated (usually with recombination) by a

number of authors (see Stephan et al., 1992; Barton, 1998; Durrett and Schweinsberg,

2004; Yu et al., 2012). The spread of the favoured allele in the middle phase of the

selective sweep can be approximated by a deterministic process, while the beginning

and the end of the sweep are modelled by branching processes. Our intention in

this chapter is to provide quantitative and qualitative insights into the shape of the

genealogy of a sample under strong selection, using the ancestral dual process with

typed lines introduced in Theorem 1.9. We assume the selection coefficient σ → ∞

while the mutation coefficients θ1 and θ2 remain constant.

For large σ, as we will see in Theorem 2.15, the probability of obtaining an un-

ordered sample (n1, n2) is θ1(n1)/σ
n1+O(σ−n1−1), where we write x(n) = x(x+1) · · · (x+

n − 1) for n ∈ Z+ with x(0) = 1. Therefore, forwards in time there tends to be only

one allele existing in the population under strong selection. When the population
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happens to contain a considerable proportion of the disfavoured allele (so we can

draw a sample containing some individuals of type 1), the disfavoured allele will be

eliminated rapidly from the population by the strong selective force. We will see in the

remainder of this chapter that the genealogies under strong selection exactly reflect

this heuristic.

This chapter has the following structure. In Section 2.1, we briefly review the

properties of the neutral genealogy generated by Kingman’s coalescent. In Section 2.2,

we consider the simulation of the ancestral dual process with typed lines. We decompose

the ancestral lines into real and virtual ones in Theorem 2.1. It is then unnecessary

to simulate beyond the most recent common ancestor (MRCA) in order to extract

information on the real genealogy. A realisation of the genealogy is illustrated in

Figure 2.2. In Section 2.3, we analyse the properties of the real genealogy for various

combinations of selection and mutation coefficients through simulations. We observe

the effect of selection and mutation on the coalescence times in Section 2.3.1, on

the time to the MRCA and the length of the genealogy in Section 2.3.2, and on the

distribution of the types of the MRCA in Section 2.3.3, with particular emphasis on

samples with given configuration under strong selection. In Section 2.4, we derive

explicit formulae in Theorems 2.3, 2.5, 2.15 and 2.16 and in Corollaries 2.13 and 2.14

for the limiting values of the quantities we simulate, through computations of various

recursive equations. These theoretical results are consistent with the simulations. In

the generic recursive equations in Lemmas 2.9 and 2.11 and in Corollary 2.10, we

also provide the terms of O(1/σ), from which the error of our approximation of the

limiting expectations and variances can be computed.
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W (2)

W (3)

W (4)

W (5)

Figure 2.1: A genealogy in Kingman’s coalescent for a sample of size n = 5.

2.1 Genealogies in Kingman’s coalescent

The genealogy in Kingman’s coalescent is traced backwards as time recedes into the

past. The genealogy can be graphically represented as a rooted binary tree, on which

the branches have lengths in units of time. Figure 2.1 plots a genealogy for a sample

of size n = 5. The tips at the bottom of the genealogy are individuals in the sample.

In a coalescence event, when there are i ancestral lines, i ≥ 2, each of the
(
i
2

)
pairs of

ancestral lines is equally likely to merge at rate 1. The number of distinct lines thus

follows the ancestral process with transition rates (1.1). The remaining single line on

the top of the genealogy is the MRCA of the sample. LetW (i) represent the coalescence

time, i.e., the time until the first coalescence event when there are i ancestral lines. W (i)

is exponentially distributed with mean 1/
(
i
2

)
, independently for each i. The genealogy

can be simulated by generating n − 1 independent and exponentially distributed

random time, and independently of these, a random bifurcating topology.

There are two important quantities associated with the shape of a genealogy: the

time to the MRCA, i.e., the height of the genealogy, and the total length of all branches

on the genealogy. The time to the MRCA satisfies TMRCA(n) =
∑n

i=2W (i); and the
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length of the genealogy satisfies LMRCA(n) =
∑n

i=2 iW (i). In Kingman’s coalescent,

the mean and variance of TMRCA(n) are

E[TMRCA(n)] = 2

(
1− 1

n

)
, (2.1)

Var[TMRCA(n)] = 8
n∑
i=2

1

i2
− 4

(
1− 1

n

)2

; (2.2)

and the mean and variance of LMRCA(n) are

E[LMRCA(n)] = 2
n−1∑
i=1

1

i
, (2.3)

Var[LMRCA(n)] = 4
n−1∑
i=1

1

i2
. (2.4)

Hudson (1991) derives equations (2.1) and (2.2),while Watterson (1975) deduces

equations (2.3) and (2.4).

Even though the mean time for the last two ancestral lines to coalesce is E[W (2)] =

1, we have

lim
n→∞

E[TMRCA(n)] = 2.

Therefore, a large number of coalescence events are likely to occur near the bottom of

the genealogy, generating very short ancestral lines. The mean length of the genealogy

increases logarithmically without bound, since

E[LMRCA(n)] ∼ 2(log n+ C)

for large n, where C ≈ 0.58 is the Euler constant. It is well known (see Tavaré et al.,

1997) that

lim
n→∞

Var[TMRCA(n)] = 4π2/3− 12 ≈ 1.16

and

lim
n→∞

Var[LMRCA(n)] = 2π2/3 ≈ 6.58.
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Since Var[TMRCA(2)] = 1, most of the variation in TMRCA(n) is attributed to the

coalescence time of the last two ancestral lines before the MRCA. Hence, the genealogy

tends to be dominated by ancestral lines near the MRCA.

In the next section, we will show how the real genealogy in the ancestral dual

process with typed lines can be simulated.

2.2 Simulation of ancestral dual processes with typed

lines

The ancestral dual process of Theorem 1.9 models the evolution of the real and virtual

ancestral lines all together backwards in time. To simulate the real genealogy, it is

natural to decompose ancestral lines into real and virtual ones. Although the virtual

lines are not part of the real genealogy, we still need to track their numbers and types

up to the MRCA, since the transition rates (1.15) to (1.17) of the dual process depend

on them. Examination of the transition rates (1.15) to (1.17) reveals that it is only

possible to have virtual lines of type 1 emerging at branching events. However, once

these virtual lines are introduced into the dual process, subsequent mutations can

convert them to type 2. Hence, virtual lines of both types may exist in the dual process.

Let ri(t) be the number of real lines of type i, and vi(t) be the number of virtual lines

of type i, at time t ≥ 0 in the past. The configuration of real and virtual ancestral lines

can be denoted by (r(t),v(t)), where r(t) = (r1(t), r2(t)) and v(t) = (v1(t), v2(t)).

Let π(x) be the stationary density of the diffusion with generator (1.10), as given

in equation (1.11). According to Etheridge and Griffiths (2009), by extending the

sampling probability of Proposition 1.7, the probability of obtaining an ordered type

configuration associated with the decomposition (r,v) in the dual process at any fixed
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time in the past, is

H (r,v) =

∫ 1

0

xr1+v1(1− x)r2+v2π(x) dx

=
B(r1 + v1 + θ1, r2 + v2 + θ2)M(r1 + v1 + θ1, r + v + θ,−σ)

B(θ1, θ2)M(θ1, θ,−σ)
, (2.5)

where r = |r|, v = |v| and θ = |θ|. The sampling probabilities are stationary; hence,

they are independent of time. Etheridge and Griffiths (2009) also argue that the

configuration of only real lines in the dual process does not follow the sampling

probability (2.5), since the probability is for both real and virtual lines. We have to

simulate the stochastic dual process, as in the following theorem, in order to obtain

the real genealogy, not just draw a random sample from the population. Including

virtual lines is necessary to construct an ancestral process that is Markov; and the

virtual lines also implicitly provide information on the composition of the population

backwards in time.

Theorem 2.1 (Dual process decomposed into real and virtual lines). Consider the

ancestral dual process decomposed into real and virtual lines, {(r(t),v(t)), t ≥ 0}, for

a sample n ∈ Z2
+ of size |n| ≥ 1. The ancestral dual process {(r(t),v(t)), t ≥ 0} is

Markov with state space Z4
+ \ {0} and initial state (n,0). The non-zero entries in the

(r,v)th row of the Q-matrix of the dual process are

q((r,v), (r,v + e1)) =
1

2
σ(r + v)

(r1 + v1 + θ1)

r + v + θ

ν(r + v + e1 + θ)

ν(r + v + θ)
, (2.6)

q((r,v), (r − ei,v)) =
1

2
ri(ri − 1)

r + v − 1 + θ

ri + vi − 1 + θi

ν(r + v − ei + θ)

ν(r + v + θ)
, (2.7)

q((r,v), (r,v − ei)) =
1

2
(2rivi + vi(vi − 1))

r + v − 1 + θ

ri + vi − 1 + θi

ν(r + v − ei + θ)

ν(r + v + θ)
, (2.8)

q((r,v), (r + ei − ej,v)) =
1

2
rjθj

ri + vi + θi
rj + vj − 1 + θj

ν(r + v + ei − ej + θ)

ν(r + v + θ)
, (2.9)

q((r,v), (r,v + ei − ej)) =
1

2
vjθj

ri + vi + θi
rj + vj − 1 + θj

ν(r + v + ei − ej + θ)

ν(r + v + θ)
, (2.10)
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q((r,v), (r,v)) = −1

2
[(r1 + v1)σ + (r + v)(r + v − 1) + θ2(r1 + v1) + θ1(r2 + v2)],

(2.11)

where i, j = 1, 2 and i 6= j, r = |r|, v = |v|, θ = |θ|, and

ν(θ) = E[e−σξ] = M(θ1, θ,−σ)

with ξ being a random variable having the Beta(θ1, θ2) distribution and M(θ1, θ,−σ)

being the confluent hypergeometric function defined in equation (1.12).

Remark 2.2. The dual process derived in Theorem 2.1 is closely related to the work

of Fearnhead (2002) and Stephens and Donnelly (2003). Those authors construct

ancestral selection graphs where the type of individuals in the sample is known. In

particular, Fearnhead (2002) studies the history of the common ancestor in a haploid

population with parent-independent mutation, and achieves an additional simplifica-

tion of the dual process by not following the virtual lines that mutate backwards in time

(as their type is then a random draw from the stationary distribution and thus does

not carry any information about the composition of the population). Stephens and

Donnelly (2003) do not take advantage of that additional simplification but consider

the general diploid population in the diffusion limit.

Proof of Theorem 2.1. Let α = r + v. The dual process decomposed into real and

virtual lines is a continuous-time Markov process which remains in a state (r,v) for an

exponentially distributed length of time, with rate −q(α,α) given in equation (1.18).

The process then jumps to a new state according to the following events and transition

rates:

1. A line branches, adding a virtual line of type 1 to the genealogy. The correspond-

ing transition is (r,v)→ (r,v+e1) at rate q(α,α+e1) given in equation (1.15).

Since all real and virtual lines are equally likely to branch, we have

q((r,v), (r,v + e1)) = q(α,α+ e1).
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2. A pair of lines of type i, i = 1, 2 coalesce at rate q(α,α − ei) given in equa-

tion (1.16). Conditional on this event,

(a) the coalescence occurs on a pair of real lines of type i, giving a transition

(r,v)→ (r−ei,v) as two real lines coalesce to a real line, with probability(
ri
2

)
/
(
ri+vi

2

)
. Since all pairs of real ancestral lines of type i are equally likely

to coalesce, we have

q((r,v), (r − ei,v)) = q(α,α− ei)×
(
ri
2

)(
ri+vi

2

) ;

(b) the coalescence occurs on a pair of virtual lines of type i, giving a transition

(r,v) → (r,v − ei) as two virtual lines coalesce to a virtual line, with

probability
(
vi
2

)
/
(
ri+vi

2

)
;

(c) the coalescence occurs on a real and a virtual line of type i, giving a

transition (r,v)→ (r,v− ei) as one real and one virtual line coalesce to a

real line, with probability 1− [
(
ri
2

)
+
(
vi
2

)
]/
(
ri+vi

2

)
. Since all real and virtual

lines of type i are equally likely to be involved, we have

q((r,v), (r,v − ei)) = q(α,α− ei)×
(
ri+vi

2

)
−
(
ri
2

)(
ri+vi

2

) .

3. A mutation occurs such that a line of type j changes its type to i, i, j = 1, 2

and i 6= j, at rate q(α,α+ei−ej) given in equation (1.17). Conditional on this

event,

(a) a real line of type j mutates to type i, giving a transition (r,v) → (r +

ei−ej,v) with probability rj/(rj +vj). Since all real ancestral lines of type

j are equally likely to mutate, we have

q((r,v), (r + ei − ej,v)) = q(α,α+ ei − ej)×
rj

rj + vj
;

(b) a virtual line of type j mutates to type i, giving a transition (r,v) →
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(r,v+ei−ej) with probability vj/(rj +vj). Since all virtual ancestral lines

of type j are equally likely to mutate, we have

q((r,v), (r,v + ei − ej)) = q(α,α+ ei − ej)×
vj

rj + vj
.

The theorem is then proved.

To extract the quantities such as the time to the MRCA and the length of the

genealogy, simulation of a tree-like structure is unnecessary, since information about

real and virtual lines is already contained in the dual process, and each event occurs

on an ancestral line that is picked uniformly at random from the genealogy. The

knowledge required is that of the particular transition which occurs, with respect to

the resulting configuration of ancestral lines.

The simulation of a genealogy starts from the state (n,0) for a given sample n. At

each state, an event is drawn uniformly from the set of possible events with normalised

probabilities that are calculated as their individual transition rates in equations (2.6)

to (2.10) divided by the their sum −q((r,v), (r,v)) in equation (2.11). The normalised

probabilities are the jump probabilities of the Markov process. The configuration of

real and virtual lines is then updated accordingly. Inter-jump times are simulated as

independent and exponential distributed random variables with rate −q((r,v), (r,v))

in equation (2.11).

Although the total number of real and virtual lines does not follow a monotonic

process, the numbers of real lines are non-increasing, and will eventually be absorbed

into (0, 1) or (1, 0). The simulation stops when a MRCA is reached with the configu-

ration (ei,v), i = 1, 2. Figure 2.2 depicts a real genealogy generated by the ancestral

dual process with typed lines for a sample containing one individual of type 1 and

one of type 2.

Once again, we see the advantages of the dual process with typed lines over the

ancestral selection graph. Although the real genealogy in the dual process for a random
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Figure 2.2: A genealogy in the ancestral dual process with typed lines for a sample
with configuration (1, 1). The dashed lines represent virtual ancestral lines, the bold
lines represent ancestral lines of type 2, and the crosses correspond to mutations. The
coefficient values are σ = 2 and θ1 = θ2 = 1.5.

sample has the same distribution as those embedded in the ancestral selection graph,

with the dual process we can study the genealogy of a sample with given configuration.

Simulation of the dual process is also much more efficient for strong selection and

mutation, as the real genealogy can be directly obtained without tracing ancestral

lines beyond the MRCA.

Table 2.1 presents a comparison of the number of branching events in the dual

process with typed lines and in the ancestral selection graph. For a sample of moderate

total size of 5, for σ = 1, 3 and 5, the number of branching events in dual process with

typed lines increases with n1; while when σ = 1000, the number of branching events

decreases as n1 increases. For samples of a relatively large size, say (20, 20), (50, 50)

and (100, 100) in the dual process, simulations show that the expected numbers of
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Table 2.1: The mean number of branching events in the ancestral dual process with
typed lines for three sample configurations, and in the ancestral selection graph for
random samples of size 2. The mutation coefficients are θ1 = θ2 = 1.5.

σ (0, 5) (1, 4) (2, 3) (3, 2) (4, 1) (5, 0) ASG

0 0 (0) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0) 0
1 0.8 (0.6) 1.0 (0.9) 1.2 (1.0) 1.3 (1.2) 1.3 (1.2) 1.3 (1.2) 3.2
3 2.5 (1.7) 3.2 (2.3) 3.6 (2.7) 4.1 (3.1) 4.4 (3.4) 4.4 (3.4) 28.5
5 4.0 (2.4) 4.7 (3.1) 5.4 (3.7) 6.0 (4.2) 6.6 (4.8) 6.8 (5.0) 191.7
103 6.1 (3.9) 6.1 (3.9) 5.9 (3.8) 5.5 (3.5) 5.0 (3.1) 4.0 (2.4) -

∞ 6.1 6.1 5.9 5.5 5.0 4.0 -

In both the ancestral dual process with typed lines and the ancestral selection graph, we count up to
the ultimate ancestor. (The MRCA cannot be determined without reaching the ultimate ancestor in
the ancestral selection graph, while it is unnecessary to simulate the ancestral dual process with typed
lines beyond the MRCA.) The bracketed values are the mean number of branching events up to the
MRCA. These values are obtained from simulations of the ancestral dual process of Theorem 2.1 and
the ancestral selection graph. The values in the bottom row are calculated from Theorem 2.3. There
are gaps in the table because it is very computationally expensive to simulate those values.

branching events are 7.4, 11.8 and 22.8 up to the MRCA when σ = 1000. However,

in this thesis, we always consider samples of a finite size.

In Proposition 1.1, we have proved that for a random sample of finite size in the

ancestral selection graph, the mean number of branching events until the ultimate

ancestor is O(exp(σ)) for large σ. By contrast, the following theorem shows that in

the dual process with typed lines, the mean number of branching events up to the

ultimate ancestor is finite as σ →∞. (Although it is unnecessary to simulate up to

the ultimate ancestor in the dual process with typed lines.) This result is novel, and

the proof of this theorem is postponed to the end of Section 3.2.

Theorem 2.3 (Branching events in the dual process with typed lines). Consider the

dual process {(r(t),v(t)), t ≥ 0} of Theorem 2.1 for a sample (n1, n2) ∈ Z2
+ of size

n1 + n2 ≥ 1. The ultimate ancestor is reached at the time

TUA(n1, n2) := inf{t ≥ 0: |r(t) + v(t)| = 1}.

Let V (n1, n2) be the number of branching events until the ultimate ancestor for the
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sample (n1, n2). Then,

lim
σ→∞

E[V (n1, n2)] =

n1∑
m=0

θm1
θ1(n1)

∣∣∣S(m)
n1

∣∣∣(eθ1 n2+m−2∑
l=0

l!

θl1
−

n2+m−2∑
l=0

1

θl1

n2+m−2∑
k=l

k!

(k − l)!

)
,

(2.12)

where S
(m)
n1 are the Stirling numbers of the first kind.

Remark 2.4 (Stirling numbers). The unsigned Stirling numbers of the first kind,

|S(m)
n |, arise as coefficients of the rising factorial such that

x(n) =
n∑

m=0

∣∣∣S(m)
n

∣∣∣xm. (2.13)

We also have the recursive equation∣∣∣S(m)
n

∣∣∣ =
∣∣∣S(m−1)

n−1

∣∣∣+ (n− 1)
∣∣∣S(m)

n−1

∣∣∣, 0 < m < n, (2.14)

with boundary values |S(0)
0 | = 1, and |S(0)

n | = 0 for n > 0. See Abramowitz and Stegun

(1965, Section 24.1) for more properties of the Stirling numbers.

2.3 Shape of genealogies

There is considerable interest in understanding the shape of genealogies under selection

and mutation. Coalescent processes and the shape of the genealogies they generate

have proved very useful in interpreting and understanding the patterns of variation in

population genetics data, as the structure of genetic data usually reflects the underlying

genealogy (Donnelly and Tavaré, 1995). Stephens and Donnelly (2003) also claim that

many current methods for discovering the genetic basis of common diseases in humans

focus on detecting linkage disequilibrium, which is the non-random association of

alleles at loci that may or may not be on the same chromosome. The pattern of

linkage disequilibrium depends crucially on the shape of genealogies at the loci. The

famous statistical tests of neutrality of Fu and Li (1993) are also based on measuring

the deviation of branching lengths on a genealogy under purifying selection from the
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neutral case.

Kaplan et al. (1988) use the coalescent-in-a-random-background model (which

will be discussed in Section 3.1) and Neuhauser and Krone (1997) use the ancestral

selection graph (which was introduced in Section 1.2) to both conclude that for a

random sample under weak purifying selection, the shape of the genealogy differs

only slightly from the neutral expectation. This observation is later advocated by

Przeworski et al. (1999). In addition, Kaplan et al. (1988) discover that the genealogy

of a sample containing only disfavoured individuals appears much shorter than a

neutral one, while the genealogy of a sample containing only favoured individuals

looks neutral.

On the one hand, Kaplan et al. (1988) merely consider samples of size 2 for simula-

tions, as the ability of solving diffusion equations (see their Equation 20) on computers

was limited. However, Coop and Griffiths (2004) later show that the genealogy of a

sample together with the ancestral history of the population in the coalescent-in-a-

random-background model can be efficiently simulated by generating a stochastic

trajectory of the ancestral frequency backwards in time, and then constructing a ge-

nealogy given this trajectory. On the other hand, Neuhauser and Krone (1997) and

Przeworski et al. (1999) only simulate the genealogies of random samples with the

value of σ being smaller than 6, because of the shortcomings of the ancestral selection

graph mentioned in Section 1.2.

Simulation studies of the ancestral dual process with typed lines of Theorem 2.1

have never been done before. It is of interest to us to use these simulations to examine

how genealogies depend on the interaction of strong selection and strong mutation,

for samples with given configuration, as we are able to simulate genealogies with large

selection and mutation coefficients, e.g., σ = 1000 and θ1 = θ2 = 100.

In the remainder of this section, genealogies of samples with random configuration

are investigated in Section 2.3.1, while genealogies of samples with given configuration
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are studied in Sections 2.3.2 and 2.3.3. In all cases, simulation results are averaged

over 50000 Monte Carlo replicates. It is well known (see Ripley, 2006, p. 120) that

the difference between the Monte Carlo expectation and the true one is inversely

proportional to the square root of the number of replicates, provided that the Monte

Carlo paths are independent and the variance is finite. It is also not feasible to increase

the number of replicates indefinitely. Therefore, some numerical instability is inevitable,

especially when the values of the selection and mutation coefficients become extreme.

In the following sections, we often compare the genealogy in the dual process

with typed lines with that in the neutral structured coalescent and that in Kingman’s

coalescent. By setting the selection coefficient σ = 0 in the dual process with typed

lines, we obtain the neutral structured coalescent, which is not the same as Kingman’s

coalescent. The shape of the genealogy in the neutral structured coalescent depends

on the mutation rates, while that in Kingman’s coalescent does not.

2.3.1 Coalescence times for samples with random configura-

tion

In this section, we study how the coalescence times and the time to the MRCA for

samples with random configuration are modified by selection and mutation, with

Tables 2.2 and 2.3.

Consider the dual process {(r(t),v(t)), t ≥ 0} of Theorem 2.1 for a sample with

given configuration (n1, n2) ∈ Z2
+ of size n1 + n2 ≥ 1. Denote the time to the MRCA

by

TMRCA(n1, n2) := inf{t ≥ 0: |r(t)| = 1}.

It follows that the (unconditional) time to the MRCA of a sample with random
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Table 2.2: The mean time to the MRCA and the length of the genealogy for random
samples of size 10, with respect to various strengths of selection and mutation.

θ1 σ E[TMRCA(10)] E[LMRCA(10)]

10−4 ∗ 1.80 5.66
1.5 1.79 5.63
# 1.80 5.66

1.5 † 1.80 5.66
10 1.67 5.32
103 1.79 5.64

102 ‡ 1.80 5.66
103 1.66 5.24

- - 1.80 5.66

∗ : σ = 0, 0.3; #: σ = 10, 103; † : σ = 0, 0.3, 1.5; ‡ : σ = 0, 0.3, 1.5, 10. We set θ1 = θ2. The values in
the bottom row are from Kingman’s coalescent.

configuration of size n, TMRCA(n), satisfies

E[TMRCA(n)] =
n∑

n1=0

(
n

n1

)
H (n1, n− n1)E[TMRCA(n1, n− n1)],

where H (n1, n − n1) is the sampling probability specified in Proposition 1.7. The

time to the MRCA is also the height of the real genealogy.

Let Wn(i) be the coalescence time, i.e., the waiting time until the next coalescence

event, given that there are currently i ≥ 2 ancestral lines, on the real genealogy of a

sample of size n ≥ 2. Wn(i) is also the length of the branches on the real genealogy

between two consecutive coalescence events. We have E[TMRCA(n)] =
∑n

i=2 E[Wn(i)].

Table 2.2 shows that, for a random sample, the values of E[TMRCA(n)] are only

slightly smaller than the neutral expectation when σ is slightly larger (but not ex-

tremely large) compared with θ1 and θ2 (see the cases where θ1 = θ2 = 1.5, σ = 10

and θ1 = θ2 = 100, σ = 1000). In the case where θ1 = θ2 = 100 and σ = 1000, the

strong selective force is offset by strong mutation force.

Table 2.3 further demonstrates that for moderate strength of mutation (θ1 = θ2 =

1.5), a slightly larger selection coefficient (σ = 10) mainly affects the coalescence
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Table 2.3: The mean coalescence times E[Wn(i)] for random samples of size 10, with
respect to various strengths of selection and mutation.

Number of ancestral lines, i

θ1 σ 2 3 4 6 8 10

10−4 ∗ 1.00 0.33 0.17 0.07 0.04 0.02

1.5 † 1.00 0.33 0.17 0.07 0.04 0.02
10 0.90 0.31 0.16 0.07 0.04 0.02
103 0.99 0.33 0.16 0.07 0.04 0.02

102 ‡ 1.00 0.33 0.17 0.07 0.04 0.02
103 0.92 0.31 0.15 0.06 0.03 0.02

- - 1.00 0.33 0.17 0.07 0.04 0.02

∗ : σ = 0, 0.3, 1.5, 10, 103; † : σ = 0, 0.3, 1.5; ‡ : σ = 0, 0.3, 1.5, 10. We set θ1 = θ2. The values in the
bottom row are from Kingman’s coalescent.

time of the last two ancestral lines before the MRCA, i.e., the value of E[Wn(2)], and

causes the value to decrease, so the whole genealogy has a tendency to be star-shaped.

Shorter coalescence times near the MRCA lead to less mutations that occur, thus

the variation is also expected to reduce locally. However, when mutation is strong

(θ1 = θ2 = 100), a slightly stronger selection coefficient (σ = 1000) makes almost all

branches of the genealogy shorter than those in Kingman’s coalescent.

For small values of σ, no drastic effect of selection on the genealogies of random

samples can be discovered in Tables 2.2 and 2.3. This observation is consistent with

the conclusions of Kaplan et al. (1988), Golding (1997), Neuhauser and Krone (1997)

and Przeworski et al. (1999). However, we will see in Sections 2.3.2 and 2.3.3 that

for samples with given configuration, selection does have a significant impact on the

shape of genealogies.

In the limits as θ1, θ2 → 0, θ1, θ2 →∞, or σ →∞, the mean heights and branch

lengths of genealogies of random samples in Tables 2.2 and 2.3 are the same as those

in Kingman’s coalescent. Intuitively, when there is no mutation, or selection is very

strong, the population tends to consist of only one allele. Hence, a random sample

from such a population contains only one allele, and so the genealogy must be the
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same as that in Kingman’s coalescent.

2.3.2 Time to the MRCA and length of the genealogies for

samples with given configuration

One of the advantages of the ancestral dual process of Theorem 2.1 is that it can

generate the genealogy for a given sample configuration. We will observe in this section

that genealogies, especially those under strong selection, can be very different from

those in Kingman’s coalescent, depending on the configuration of samples.

Figure 2.3 plots the values of E[TMRCA(n1, n2)] as a function of the number n2 of

type 2 individuals in a sample of size n1 +n2 = 10. The balance between selection and

mutation distorts genealogies of samples with given configuration. Curves in Figure 2.3

become asymmetric as σ increases. When θ1 = θ2 = 10−4, σ = 1000 and the values of

n2 are small, the values of E[TMRCA(n1, n2)] can be much smaller than those in the

neutral case (σ = 0). By contrast, the values of E[TMRCA(n1, n2)] approach the neutral

expectation as the value of n2 increases. This observation makes intuitive sense by

considering the forwards-in-time dynamics. When there is no mutation, there tends

to be only one allele existing in the population. When the population happens to

contain a considerable proportion of the disfavoured allele (so we can draw a sample

containing some individuals of type 1), the disfavoured allele will be eliminated rapidly

from the population by the strong selective force. Thus, the genealogy of our sample

viewed backwards in time is much shorter than the neutral one, when the value of n2

is small.

For θ1 = θ2 = 1.5, σ = 1000 and n2 < 9, genealogies also tend to be shorter

than the neutral expectation, but become longer when n2 = 9 and 10. In fact, the

values of E[TMRCA(1, 9)] and E[TMRCA(0, 10)] are both approximately 1.8, which is

the expected height of a genealogy in Kingman’s coalescent for a random sample of

size 10.
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Figure 2.3: The mean time to the MRCA, plotted against the number of type 2
individuals in the sample, with respect to various strengths of selection and mutation.
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When mutation is strong (θ1 = θ2 = 100) and selection is relatively weak (0 <

σ ≤ 10), no departure from the neutral case can be observed. The selective force is

overwhelmed by the strong mutation force. We also notice that, under strong muta-

tion, the height of the genealogy becomes insensitive to initial sample configurations.

Intuitively, the reason for the insensitivity is that the types of ancestral lines under

strong mutation are assigned according to the stationary distribution of the mutation

process such that an ancestral line is type i, i = 1, 2 with probability θi/(θ1 + θ2).

In the neutral case where σ = 0, for a given sample configuration, the values of

E[TMRCA(n1, n2)] tend to be smaller when mutation coefficients become larger. This

is because when θ1 and θ2 are small, the number of ancestral lines on the genealogy

is reduced, due mostly to coalescence events. When all lines of the same type have

coalesced, mutation is essential for changing the remaining two ancestral lines to the

same type before coalescing to the MRCA, and smaller θ1 and θ2 cause this mutation

event to take longer.

2.3.3 Type distribution of the MRCA

Consider the ancestral dual process {(r(t),v(t)), t ≥ 0} of Theorem 2.1 for a sample

(n1, n2) ∈ Z2
+ of size n1 + n2 ≥ 1. Denote the probability that the MRCA is the

favoured type 2 by

ρ(n1, n2) = P[r2(TMRCA(n1, n2)) = 1]. (2.15)

In the neutral case (σ = 0), the MRCA type distribution of a random sample of size n

drawn from the stationary population is equal to the distribution of a random sample

of size one.

In this section, we use Monte Carlo simulations of the dual process with typed

lines to study the MRCA type distribution for a given sample configuration under

selection and mutation. Figure 2.4 plots the values of ρ(n1, n2) against the number n2

of type 2 individuals in a sample of size n1 + n2 = 10, with respect to different values
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Figure 2.4: The probability that the MRCA is type 2, plotted against the number of
type 2 individuals in the sample, with respect to various strengths of selection and
mutation.
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of θ1, θ2 and σ.

Slade (2000) simulates the MRCA type distribution with a modified ancestral

selection graph. The author finds that under selection the MRCA type distribution

is biased towards the favoured type. This result is also intuitive as the MRCA of

the favoured type tends to have more descendants in the population at the present

time from which our sample is taken. Figure 2.4 also shows that all probabilities are

higher than those in the neutral case, so the probability that the MRCA is type 2 for

a random sample must also be higher than the probability of sampling one individual

of type 2 randomly from a neutral population.

However, we are particularly interested in observing the effect of strong selection

and strong mutation on the MRCA type distribution for a given sample. Figure 2.4

illustrates that in the neutral case or when the values of θ1, θ2 and σ are moderate,

the probability that the MRCA is type 2 increases almost linearly with the number of

type 2 individuals in the sample. Selection makes the distribution skewed towards the

favoured allele. When selection is strong (σ = 1000), the probability is significantly

high even when there are no individuals of type 2 in the sample.

The probabilities become insensitive to given sample configurations when the

strength of mutation grows, as strong mutation force shuffles the types of the ancestral

lines according to the stationary distribution of the mutation process. Since the

mutation rates for both types are the same, under moderate strength of selection

(0 ≤ σ ≤ 10) and strong mutation (θ1 = θ2 = 100), the probability that the MRCA is

type 2 is approximately 0.5.

2.4 Recursive equations under strong selection

These limiting phenomena observed from simulations in Sections 2.3.1 to 2.3.3 are not

clear by simply looking at the dual process of Theorem 2.1. Some limiting theorems
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from formal calculations are needed.

It is not difficult to establish some recursive equations for the expectations we have

simulated in Sections 2.3.1 to 2.3.3. For example, by considering the first event that

happens in the dual process, E[TMRCA(r,v)] satisfies

− q((r,v), (r,v))E[TMRCA(r,v)]

= 1 + q((r,v), (r,v + e1))E[TMRCA(r,v + e1)]

+
2∑
i=1

q((r,v), (r − ei,v))E[TMRCA(r − ei,v)]

+
2∑
i=1

q((r,v), (r,v − ei))E[TMRCA(r,v − ei)]

+
2∑
i=1

2∑
j=1
j 6=i

q((r,v), (r + ei − ej,v))E[TMRCA(r + ei − ej,v)]

+
2∑
i=1

2∑
j=1
j 6=i

q((r,v), (r,v + ei − ej))E[TMRCA(r,v + ei − ej)], (2.16)

where q(·, ·) are the transition rates given in equations (2.6) to (2.11). The boundary

conditions are E[TMRCA(ei,v)] = 0, i = 1, 2.

Recursive equations such as the one in equation (2.16) allow us, at least in principle,

to compute the relevant quantities. However, such recursive equations are usually too

large to solve directly. The main question addressed in this section is how to solve such

recursive equations under the assumption of strong selection. This can be approached

by asymptotically expanding the transition rates (2.6) to (2.10) for large σ, so that

the recursive equations become much more tractable when we ignore terms of o(1),

and explicit formulae for the quantities we are interested in can be obtained.

The following theorem for the expectation and variance of the height and the

length of the genealogy under strong selection is new, and the proof of it will be

presented at the end of this section after we have all the auxiliary lemmas. Note that

we assume the mutation coefficients θ1 and θ2 are constant but the selection coefficient
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σ is very large. The probabilistic interpretation will become clearer from the limiting

behaviour of the ancestral process presented in Theorem 3.5 in the next chapter. We

will see that backwards in time the disfavoured type 1 individuals in the sample are

converted to a random number of type 2 individuals according to the number M of

mutations that occur on a faster timescale. The resulting sample that contains only

individuals of type 2 then follows the usual Kingman’s coalescent.

Theorem 2.5 (Genealogies under strong selection). Let M be a random variable

whose distribution is

P(M = m | n1) =
θm1
θ1(n1)

∣∣∣S(m)
n1

∣∣∣, 0 ≤ m ≤ n1, (2.17)

where S
(m)
n1 are the Stirling numbers of the first kind.

Consider the genealogy generated by the ancestral dual process of Theorem 2.1 for

a sample (n1, n2) ∈ Z2
+ of size n1 + n2 ≥ 1. The mean and variance of the time to the

MRCA satisfy

lim
σ→∞

E[TMRCA(n1, n2)] = 2

n1∑
m=0

P(M = m | n1)

(
1− 1

n2 +m

)
, (2.18)

lim
σ→∞

Var[TMRCA(n1, n2)] = 4

n1∑
m=0

P(M = m | n1)

[
2

n2+m∑
i=2

1

i2
−
(

1− 1

n2 +m

)2]
;

(2.19)

and the mean and variance of the length of the genealogy satisfy

lim
σ→∞

E[LMRCA(n1, n2)] = 2

n1∑
m=0

P(M = m | n1)

n2+m−1∑
i=1

1

i
, (2.20)

lim
σ→∞

Var[LMRCA(n1, n2)] = 4

n1∑
m=0

P(M = m | n1)

n2+m−1∑
i=1

1

i2
. (2.21)

Remark 2.6 (Ewens sampling formula).

1. The distribution ofM in equation (2.17) is related to the famous Ewens sampling

formula discovered by Ewens (1972), which itself is a more detailed formula
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for the distribution of the number of times the alleles are represented in a

random neutral sample in the infinitely-many-alleles mutation model where

every mutation leads to a new allele. M can be interpreted as the number

of distinct alleles in a neutral sample of size n1 in the infinitely-many-alleles

mutation model. M can also be understood as the number of mutations that

occur until the number of ancestral lines is absorbed from n1 into 0 in a process,

where, when there are i ≥ 2 ancestral lines, a line is lost through a coalescence

event at rate i(i − 1)/2 or a mutation event at rate iθ1/2 (see Tavaré, 2004,

Section 3.6).

2. Some useful properties of the Stirling numbers are listed in Remark 2.4. In

particular, equation (2.13) implies that

n1∑
m=0

P(M = m | n1) = 1, n1 ≥ 0.

Before proceeding to the proof of Theorem 2.5, we present some supporting lemmas.

The main ingredient in the proof of Theorem 2.5 is the asymptotic expansions of the

transition rates (2.6) to (2.10) for large σ, based on the following lemma.

Lemma 2.7 (Confluent hypergeometric function for large σ). Consider the confluent

hypergeometric function of the first kind, M(θ1, θ,−σ), where θ = θ1 + θ2, θ1, θ2 > 0

and σ > 0, as defined in equation (1.12). For large σ,

M(θ1, θ,−σ) =
Γ (θ)

Γ (θ2)σθ1

[
1 +

θ1(1− θ2)
σ

+
θ1(θ1 + 1)(1− θ2)(2− θ2)

2σ2
+O(σ−3)

]
.

(2.22)

Proof. See Appendix A.1.

By applying equation (2.22), we obtain the asymptotic expansions of the transition

rates of the ancestral dual process of Theorem 2.1 in the following lemma.
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Lemma 2.8. Consider the non-zero entries (2.6) to (2.11) in the (r,v)th row of

the Q-matrix of the dual process of Theorem 2.1. For large σ, these entries can be

rewritten as

q((r,v), (r,v + e1)) =
1

2
(r + v)(r1 + v1 + θ1)[1 + σ−1(1− r2 − v2 − θ2)] +O(σ−2),

q((r,v), (r − e1,v)) =
r1(r1 − 1)

2(r1 + v1 − 1 + θ1)
[σ + r2 + v2 − 1 + θ2

+ σ−1(r1 + v1 + θ1)(r2 + v2 − 1 + θ2)] +O(σ−2),

q((r,v), (r − e2,v)) =
1

2
r2(r2 − 1)[1 + σ−1(r1 + v1 + θ1)] +O(σ−2),

q((r,v), (r,v − e1)) =
v1(2r1 + v1 − 1)

2(r1 + v1 − 1 + θ1)
[σ + r2 + v2 − 1 + θ2

+ σ−1(r1 + v1 + θ1)(r2 + v2 − 1 + θ2)] +O(σ−2),

q((r,v), (r,v − e2)) =
1

2
v2(2r2 + v2 − 1)[1 + σ−1(r1 + v1 + θ1)] +O(σ−2),

q((r,v), (r + e1 − e2,v)) =
1

2
σ−1r2θ2(r1 + v1 + θ1) +O(σ−2),

q((r,v), (r + e2 − e1,v)) =
r1θ1

2(r1 + v1 − 1 + θ1)
[σ + r2 + v2 + θ2 − r1 − v1 − θ1

+ σ−1(r1 + v1 + θ1)(r2 + v2 − 1 + θ2)] +O(σ−2),

q((r,v), (r,v + e1 − e2)) =
1

2σ
v2θ2(r1 + v1 + θ1) +O(σ−2),

q((r,v), (r,v + e2 − e1)) =
v1θ1

2(r1 + v1 − 1 + θ1)
[σ + r2 + v2 + θ2 − r1 − v1 − θ1

+ σ−1(r1 + v1 + θ1)(r2 + v2 − 1 + θ2)] +O(σ−2),

q((r,v), (r,v)) = −1

2
[(r1 + v1)σ + (r + v)(r + v − 1) + (r1 + v1)θ2 + (r2 + v2)θ1].

Proof. See Appendix A.2.

We want to evaluate the expectation and variance of the height and the length of

a genealogy in the ancestral dual process under strong selection, as in Theorem 2.5.

Calculations that are required rely on the recursive equations in the following lemma.
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Lemma 2.9. Let β and γ be functions defined on Z4
+ \ {0}. Suppose β and γ satisfy

γ(r1, r2, v1, v2) =
1

−q((r,v), (r,v))
× {β(r1, r2, v1, v2)

+ q((r,v), (r,v + e1))γ(r1, r2, v1 + 1, v2)

+ q((r,v), (r − e1,v))γ(r1 − 1, r2, v1, v2)

+ q((r,v), (r − e2,v))γ(r1, r2 − 1, v1, v2)

+ q((r,v), (r,v − e1))γ(r1, r2, v1 − 1, v2)

+ q((r,v), (r,v − e2))γ(r1, r2, v1, v2 − 1)

+ q((r,v), (r + e1 − e2,v))γ(r1 + 1, r2 − 1, v1, v2)

+ q((r,v), (r + e2 − e1,v))γ(r1 − 1, r2 + 1, v1, v2)

+ q((r,v), (r,v + e1 − e2))γ(r1, r2, v1 + 1, v2 − 1)

+ q((r,v), (r,v + e2 − e1))γ(r1, r2, v1 − 1, v2 + 1)}, (2.23)

where q(·, ·) are the transition rates given in equations (2.6) to (2.11). The boundary

conditions are γ(1, 0, v1, v2) and γ(0, 1, v1, v2).

If r1 + v1 > 0, then for large σ,

γ(r1, r2, v1, v2) =
r1(r1 − 1)

(r1 + v1)(r1 + v1 − 1 + θ1)
γ(r1 − 1, r2, v1, v2)

+
v1(2r1 + v1 − 1)

(r1 + v1)(r1 + v1 − 1 + θ1)
γ(r1, r2, v1 − 1, v2)

+
r1θ1

(r1 + v1)(r1 + v1 − 1 + θ1)
γ(r1 − 1, r2 + 1, v1, v2)

+
v1θ1

(r1 + v1)(r1 + v1 − 1 + θ1)
γ(r1, r2, v1 − 1, v2 + 1) (2.24)

+
φ1

σ(r1 + v1)
+O(σ−2),

where the boundary conditions remain the same, and

φ1 = 2β(r1, r2, v1, v2) + γ(r1, r2, v1 + 1, v2)(r + v)(r1 + v1 + θ1)

+ γ(r1, r2 − 1, v1, v2)r2(r2 − 1) + γ(r1, r2, v1, v2 − 1)v2(2r2 + v2 − 1)
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+ [(r1 + v1)(r1 + v1 − 1 + θ1)]
−1

× {γ(r1 − 1, r2, v1, v2)r1(r1 − 1)[(r1 + v1)(r2 + v2 − 1 + θ2) + φ2]

+ γ(r1, r2, v1 − 1, v2)v1(2r1 + v1 − 1)[(r1 + v1)(r2 + v2 − 1 + θ2) + φ2]

+ γ(r1 − 1, r2 + 1, v1, v2)r1θ1[(r1 + v1)(r2 + v2 + θ2 − r1 − v1 − θ1)− φ2]

+ γ(r1, r2, v1 − 1, v2 + 1)v1θ1[(r1 + v1)(r2 + v2 + θ2 − r1 − v1 − θ1)− φ2]}

(2.25)

with φ2 = (r + v)(r + v − 1) + (r1 + v1)θ2 + (r2 + v2)θ1.

Proof. Equation (2.23) arises by considering the first transition when the dual process

with transition rates (2.6) to (2.10) is at the state (r1, r2, v1, v2). Equation (2.24) is de-

rived by substituting the transition rates of the form in Lemma 2.8 into equation (2.23).

By rearranging terms, it follows that

γ(r1, r2, v1, v2) =
r1(r1 − 1)

(r1 + v1)(r1 + v1 − 1 + θ1)
γ(r1 − 1, r2, v1, v2)

+
v1(2r1 + v1 − 1)

(r1 + v1)(r1 + v1 − 1 + θ1)
γ(r1, r2, v1 − 1, v2)

+
r1θ1

(r1 + v1)(r1 + v1 − 1 + θ1)
γ(r1 − 1, r2 + 1, v1, v2)

+
v1θ1

(r1 + v1)(r1 + v1 − 1 + θ1)
γ(r1, r2, v1 − 1, v2 + 1)

+
φ1

σ(r1 + v1)
+O(σ−2),

where φ1 is given in equation (2.25).

The next corollary follows immediately from Lemma 2.9.

Corollary 2.10. Let β and γ be functions defined on Z4
+ \ {0}. If β and γ satisfy the

recursive equation (2.23) with r1 = 0 and v1 = 1, then for large σ,

γ(0, r2, 1, v2) = γ(0, r2, 0, v2 + 1) +
1

σ
φ+O(σ−2), (2.26)
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where

φ = 2β(0, r2, 1, v2) + γ(0, r2, 2, v2)(r2 + 1 + v2)(1 + θ1)

+ γ(0, r2 − 1, 1, v2)r2(r2 − 1) + γ(0, r2, 1, v2 − 1)v2(2r2 + v2 − 1)

+ γ(0, r2, 0, v2 + 1)[(r2 + v2)(r2 + v2 − θ1)− 1− θ1]. (2.27)

When r1+v1 = 0, the assumption in Lemma 2.9 no longer holds. We then need the

following lemma. Heuristically, the above corollary and the following lemma suggest

that under strong selection, when a line branches, a virtual line of type 2 is added to

the genealogy instead of the line of type 1.

Lemma 2.11. Let β and γ be functions defined on Z4
+ \ {0}. If β and γ satisfy the

recursive equation (2.23) with r1 = 0 and v1 = 0, then for large σ,

γ(0, r2, 0, v2) =
2β(0, r2, 0, v2)

(r2 + v2)(r2 + v2 − 1 + θ1)
+

(r2 + v2)θ1
(r2 + v2)(r2 + v2 − 1 + θ1)

γ(0, r2, 0, v2 + 1)

+
r2(r2 − 1)

(r2 + v2)(r2 + v2 − 1 + θ1)
γ(0, r2 − 1, 0, v2)

+
v2(2r2 + v2 − 1)

(r2 + v2)(r2 + v2 − 1 + θ1)
γ(0, r2, 0, v2 − 1)

+
θ1φ

σ(r2 + v2)(r2 + v2 − 1 + θ1)
+O(σ−2),

where

φ = γ(0, r2, 0, v2 + 1)(r2 + v2)(1− r2 − v2 − θ2)

+ γ(0, r2 − 1, 0, v2)r2(r2 − 1) + γ(0, r2, 0, v2 − 1)v2(2r2 + v2 − 1)

+ (r2 + v2)× {2β(0, r2, 1, v2) + γ(0, r2, 2, v2)(r2 + v2 + 1)(1 + θ1)

+ γ(0, r2 − 1, 1, v2)r2(r2 − 1) + γ(0, r2, 1, v2 − 1)v2(2r2 + v2 − 1)

+ γ(0, r2, 0, v2 + 1)[(r2 + v2)(r2 + v2 + θ1)− 1− θ1]}. (2.28)
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Proof. When r1 = 0 and v1 = 0, we have

γ(0, r2, 0, v2) =
1

(r2 + v2)(r2 + v2 − 1 + θ1)
×
{

2β(0, r2, 0, v2)

+ (r2 + v2)σ
θ1

r2 + v2 + θ

ν(r + v + e1 + θ)

ν(r + v + θ)
γ(0, r2, 1, v2)

+ r2(r2 − 1)
r2 + v2 − 1 + θ

r2 + v2 − 1 + θ2

ν(r + v − e2 + θ)

ν(r + v + θ)
γ(0, r2 − 1, 0, v2)

+ v2(2r2 + v2 − 1)
r2 + v2 − 1 + θ

r2 + v2 − 1 + θ2

ν(r + v − e2 + θ)

ν(r + v + θ)
γ(0, r2, 0, v2 − 1)

+ r2θ2
θ1

r2 + v2 − 1 + θ2

ν(r + v + e1 − e2 + θ)

ν(r + v + θ)
γ(1, r2 − 1, 0, v2)

+ v2θ2
θ1

r2 + v2 − 1 + θ2

ν(r + v + e1 − e2 + θ)

ν(r + v + θ)
γ(0, r2, 1, v2 − 1)

}
.

By substituting the transition rates in Lemma 2.8 into the above equation, we obtain

γ(0, r2, 0, v2) =
2β(0, r2, 0, v2)

(r2 + v2)(r2 + v2 − 1 + θ1)
+

(r2 + v2)θ1
(r2 + v2)(r2 + v2 − 1 + θ1)

γ(0, r2, 1, v2)

+
r2(r2 − 1)

(r2 + v2)(r2 + v2 − 1 + θ1)
γ(0, r2 − 1, 0, v2)

+
v2(2r2 + v2 − 1)

(r2 + v2)(r2 + v2 − 1 + θ1)
γ(0, r2, 0, v2 − 1)

+
θ1φ1

σ(r2 + v2)(r2 + v2 − 1 + θ1)
+O(σ−2), (2.29)

where

φ1 = γ(0, r2, 1, v2)(r2 + v2)(1− r2 − v2 − θ2) + γ(0, r2 − 1, 0, v2)r2(r2 − 1)

+ γ(0, r2, 0, v2 − 1)v2(2r2 + v2 − 1).

By substituting equation (2.26) in Corollary 2.10 into equation (2.29), it follows that

γ(0, r2, 0, v2) =
2β(0, r2, 0, v2)

(r2 + v2)(r2 + v2 − 1 + θ1)
+

(r2 + v2)θ1
(r2 + v2)(r2 + v2 − 1 + θ1)

γ(0, r2, 0, v2 + 1)

+
r2(r2 − 1)

(r2 + v2)(r2 + v2 − 1 + θ1)
γ(0, r2 − 1, 0, v2)

+
v2(2r2 + v2 − 1)

(r2 + v2)(r2 + v2 − 1 + θ1)
γ(0, r2, 0, v2 − 1)

+
θ1φ

σ(r2 + v2)(r2 + v2 − 1 + θ1)
+O(σ−2),
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where φ is given in equation (2.28). The proof is then completed.

For the proof of Theorem 2.5, we still need the following Lemma 2.12 due to Krone

and Neuhauser (1997, Theorem 3.12). This lemma is intuitive because when there is no

mutation, the population consists of only one allele, so selection cannot have an effect

on the genealogy of a sample. Our proof of the lemma is also an easier circumscription

of Krone and Neuhauser’s proof.

Lemma 2.12 (Ancestral process without mutation). Consider an ancestral process

with selection but no mutation for a sample containing n ≥ 1 individuals of the same

type. We suppose, when the configuration of ancestral lines is (r, v), the process has

the following transition rates

q((r, v), (r, v + 1)) =
1

2
(r + v)ψ, (2.30)

q((r, v), (r − 1, v)) =
1

2
r(r − 1), (2.31)

q((r, v), (r, v − 1)) =
1

2
v(2r + v − 1), (2.32)

where ψ is some positive selection coefficient. The real genealogy in this ancestral

process follows Kingman’s coalescent for a sample of size n.

Proof. The transitions at the rates (2.30) and (2.32) change the configuration of virtual

lines. The rates of these transitions are determined by both the number of real lines

and the number of virtual lines. The configuration of real lines changes according to

the coalescence events at rate (2.31), which depends only on the number of real lines,

and is the one usually found in Kingman’s coalescent. The lemma thus follows.

The following is the proof of the main theorem of this section.

Proof of Theorem 2.5. We prove equation (2.18) for the values of E[TMRCA(n1, n2)]

in the limit as σ → ∞. The other equations (2.19) to (2.21) can be shown with an

analogous argument.
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The recursive equation (2.16) implies that E[TMRCA(n1, n2)] satisfies the recursive

equation (2.23) with v1 = v2 = 0 and β = 1. Hence, by Lemma 2.9, for large σ,

E[TMRCA(n1, n2)] satisfies the following recursive equation where no branching events

and virtual lines are involved:

E[TMRCA(n1, n2)] =
n1 − 1

n1 − 1 + θ1
E[TMRCA(n1 − 1, n2)]

+
θ1

n1 − 1 + θ1
E[TMRCA(n1 − 1, n2 + 1)] +O(σ−1), (2.33)

with boundary conditions E[TMRCA(1, 0)] = E[TMRCA(0, 1)] = 0.

By iterating equation (2.33), it follows that

E[TMRCA(n1, n2)] =
(n1 − 1)(n1 − 2)

(n1 − 1 + θ1)(n1 − 2 + θ1)
E[TMRCA(n1 − 2, n2)]

+
(n1 − 1)θ1

(n1 − 1 + θ1)(n1 − 2 + θ1)
E[TMRCA(n1 − 2, n2 + 1)]

+
θ1(n1 − 2)

(n1 − 1 + θ1)(n1 − 2 + θ1)
E[TMRCA(n1 − 2, n2 + 1)]

+
θ21

(n1 − 1 + θ1)(n1 − 2 + θ1)
E[TMRCA(n1 − 2, n2 + 2)] +O(σ−1).

We can eventually obtain

E[TMRCA(n1, n2)] =

n1∑
m=1

P(M = m | n1)E[TMRCA(0, n2 +m)] +O(σ−1), (2.34)

where the distribution of M is analogous to that of M heads in a series of n1 coin

tosses such that

P(M = m | n1) = P
( n1∑

i=0

Bi = m

∣∣∣∣ n1

)
,

in which Bi are independent, but not identically distributed, random variables having

Bernoulli distribution with success probability θ1/(θ1 + i). It is well known (see Tavaré,

2004, Section 3.6) that the distribution of M then follows the classic Ewens sampling

formula such that

P(M = m | n1) =
θm1
θ1(n1)

∣∣∣S(m)
n1

∣∣∣, 0 < m ≤ n1,
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where S
(m)
n1 are the Stirling numbers of the first kind. Since |S(0)

0 | = 1, if n1 = 0,

P(M = 0 | n1) = 1.

We can also algebraically verify that equation (2.34) is the unique solution to the

recursive equation (2.33). The boundary conditions obviously hold. By substituting

equation (2.34) into the right-hand side of equation (2.33), we have

RHS =
n1 − 1

n1 − 1 + θ1

n1−1∑
m=1

θm1
θ1(n1−1)

∣∣∣S(m)
n1−1

∣∣∣E[TMRCA(0, n2 +m)]

+
θ1

n1 − 1 + θ1

n1−1∑
m=1

θm1
θ1(n1−1)

∣∣∣S(m)
n1−1

∣∣∣E[TMRCA(0, n2 + 1 +m)] +O(σ−1)

=

n1−1∑
m=1

θm1
θ1(n1)

(n1 − 1)
∣∣∣S(m)

n1−1

∣∣∣E[TMRCA(0, n2 +m)]

+

n1∑
m=2

θm1
θ1(n1)

∣∣∣S(m−1)
n1−1

∣∣∣E[TMRCA(0, n2 +m)] +O(σ−1)

=
θ1

θ1(n1)

(n1 − 1)
∣∣∣S(1)

n1−1

∣∣∣E[TMRCA(0, n2 + 1)] +
θn1
1

θ1(n1)

∣∣∣S(n1−1)
n1−1

∣∣∣E[TMRCA(0, n2 + n1)]

+

n1−1∑
m=2

θm1
θ1(n1)

∣∣∣S(m)
n1

∣∣∣E[TMRCA(0, n2 +m)] +O(σ−1)

=
θ1

θ1(n1)

∣∣∣S(1)
n1

∣∣∣E[TMRCA(0, n2 + 1)] +
θn1
1

θ1(n1)

∣∣∣S(n1)
n1

∣∣∣E[TMRCA(0, n2 + n1)]

+

n1−1∑
m=2

θm1
θ1(n1)

∣∣∣S(m)
n1

∣∣∣E[TMRCA(0, n2 +m)] +O(σ−1)

=

n1∑
m=1

θm1
θ1(n1)

∣∣∣S(m)
n1

∣∣∣E[TMRCA(0, n2 +m)] +O(σ−1)

= LHS,

where the third equality follows the recursive identity (2.14) for the Stirling numbers,

and the fourth equality holds because

(n1 − 1)
∣∣∣S(1)

n1−1

∣∣∣ =
∣∣∣S(1)

n1

∣∣∣− ∣∣∣S(0)
n1−1

∣∣∣ =
∣∣∣S(1)

n1

∣∣∣,
and ∣∣∣S(n1−1)

n1−1

∣∣∣ =
∣∣∣S(n1)

n1

∣∣∣ = 1.
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Now consider E[TMRCA(0, n2 +m)] ≡ E[TMRCA(0, n2 +m, 0, 0)], which satisfies the

recursive equation (2.23) with r1 = v1 = 0 and β = 1. By Lemma 2.11, we have, for

large σ,

E[TMRCA(0, r2, 0, v2)] =
2

(r2 + v2)(r2 + v2 − 1 + θ1)

+
(r2 + v2)θ1

(r2 + v2)(r2 + v2 − 1 + θ1)
E[TMRCA(0, r2, 0, v2 + 1)]

+
r2(r2 − 1)

(r2 + v2)(r2 + v2 − 1 + θ1)
E[TMRCA(0, r2 − 1, 0, v2)]

+
v2(2r2 + v2 − 1)

(r2 + v2)(r2 + v2 − 1 + θ1)
E[TMRCA(0, r2, 0, v2 − 1)] +O(σ−1),

where the boundary condition is E[TMRCA(0, 1, 0, v2)] = 0. In the limit as σ →

∞, the distribution of the time to the MRCA is equal to that in a dual process

{(r2(t), v2(t)), t ≥ 0} whose initial state is (n2 +m, 0), and the transitions and rates

are

(r2, v2)→


(r2, v2 + 1) at rate 1

2
(r2 + v2)θ1,

(r2 − 1, v2) at rate 1
2
r2(r2 − 1),

(r2, v2 − 1) at rate 1
2
v2(2r2 + v2 − 1).

Lemma 2.12 states that the distribution of real genealogy in such an ancestral process

follows Kingman’s coalescent for a sample of size n2 +m. Thus, we have

lim
σ→∞

E[TMRCA(0, n2 +m)] = 2

(
1− 1

n2 +m

)
.

Equation (2.18) for the limit of E[TMRCA(n1, n2)] as σ → ∞, is thus proved by

substituting the above equation into equation (2.34).

To provide additional support to Theorem 2.5, we simulate the height and the

length of the genealogies for samples (10, 0), (5, 5) and (0, 10), with respect to differ-

ent values of σ. The limiting values calculated from equations (2.18) and (2.20) in

Theorem 2.5 are listed in the bottom row of Table 2.4, and simulation results are in

other rows. The agreement between the simulated and the theoretic results is quite

good, especially in view of the fact that as σ → ∞, simulations become more and
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Table 2.4: The mean time to the MRCA and the length of the genealogy in the ances-
tral dual process with typed lines, with respect to various sample configurations and
increasing values of σ. The mutation coefficients are θ1 = θ2 = 2.

σ E[TMRCA(10,0)] E[LMRCA(10,0)] E[TMRCA(5,5)] E[LMRCA(5,5)] E[TMRCA(0,10)] E[LMRCA(0,10)]

0 1.64 5.00 1.85 5.86 1.63 4.99
102 1.43 3.64 1.75 5.21 1.77 5.55
103 1.43 3.54 1.75 5.16 1.81 5.67
104 1.43 3.54 1.75 5.16 1.81 5.67

∞ 1.43 3.52 1.74 5.14 1.80 5.66

The bottom row lists the limiting values calculated from Theorem 2.5. The other values are obtained
from simulations of the ancestral dual process of Theorem 2.1.

more unstable due to the evaluation of the confluent hypergeometric function.

The next corollary shows that in the limit as σ → ∞, the distributions of the

height and the length of the real genealogy of a sample (n1, n2) with n1 ≤ 1 is the same

as those in Kingman’s coalescent. In contrast, the genealogy of a sample (n1, n2) with

n1 > 1 can be very different. This justifies the observation in Figure 2.3 that when

θ1 = θ2 = 1.5 and σ = 1000, both the values of E[TMRCA(0, 10)] and E[TMRCA(1, 9)]

are approximately 1.8, which is the expected height of the genealogy in Kingman’s

coalescent for a sample of size 10.

Corollary 2.13. Consider the dual process of Theorem 2.1 for a sample (n1, n2),

where n1 = 1, n2 ∈ Z+. Let n = 1 + n2. The mean and variance of the time to the

MRCA satisfy

lim
σ→∞

E[TMRCA(1, n2)] = 2

(
1− 1

n

)
, (2.35)

lim
σ→∞

Var[TMRCA(1, n2)] = 8
n∑
i=2

1

i2
− 4

(
1− 1

n

)2

; (2.36)

and the mean and variance of the length of the genealogy satisfy

lim
σ→∞

E[LMRCA(1, n2)] = 2
n−1∑
i=1

1

i
, (2.37)

lim
σ→∞

Var[LMRCA(1, n2)] = 4
n−1∑
i=1

1

i2
. (2.38)
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Proof. Since |S(0)
1 | = 0 and |S(1)

1 | = 1, we have

P(M = m | n1 = 1) =

{
1, if m = 1,

0, otherwise.

Equations (2.35) to (2.38) then follow immediately from the corresponding equa-

tions in Theorem 2.5 and the above equation.

We notice that these limiting values in Theorem 2.5 for a sample (n1, n2) cannot

be larger than those for a sample of size n1 + n2 in Kingman’s coalescent, since the

maximum value ofM is n1. This agrees with the simulations in Sections 2.3.1 and 2.3.2,

where we see that genealogies under strong selection can only be compressed when

compared with those in Kingman’s coalescent. In the next corollary, the upper and

lower bounds of E[TMRCA(n1, n2)] in the limit as σ →∞ are deduced. The bounds of

the other quantities in Theorem 2.5 can be given analogously.

Corollary 2.14. For n1, n2 ∈ Z+ and n2 > 0, we have

2

(
1− 1

n2

)
≤ lim

σ→∞
E[TMRCA(n1, n2)] ≤ 2

(
1− 1

n

)
.

Proof. We have, as shown in Theorem 2.5,

lim
σ→∞

E[TMRCA(n1, n2)] = 2

n1∑
m=0

P(M = m | n1)

(
1− 1

n2 +m

)
.

Since 0 < m ≤ n1 for n1 > 0, and m = 0 if n1 = 0, it follows that

1− 1

n2

≤ 1− 1

n2 +m
≤ 1− 1

n1 + n2

,

which implies

2

n1∑
m=0

P(M = m | n1)

(
1− 1

n2

)
≤ lim

σ→∞
E[TMRCA(n1, n2)]

≤ 2

n1∑
m=0

P(M = m | n1)

(
1− 1

n

)
.
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Therefore, we have

2

(
1− 1

n2

)
≤ lim

σ→∞
E[TMRCA(n1, n2)] ≤ 2

(
1− 1

n

)
.

The following theorem shows that as σ → ∞, the distributions of the height

and the length of the real genealogy of a random sample are the same as those in

Kingman’s coalescent. This is consistent with the simulation results in Table 2.2 in

the cases where θ1 = θ2 = 1.5 or 10−4, and σ = 1000.

Theorem 2.15 (Genealogies of random samples under strong selection). Consider a

random sample of size n ≥ 1 drawn from the stationary population. The mean and

variance of time to the MRCA satisfy

lim
σ→∞

E[TMRCA(n)] = 2

(
1− 1

n

)
, (2.39)

lim
σ→∞

Var[TMRCA(n)] = 8
n∑
i=2

1

i2
− 4

(
1− 1

n

)2

; (2.40)

and the mean and variance of the length of the genealogy satisfy

lim
σ→∞

E[LMRCA(n)] = 2
n−1∑
i=1

1

i
, (2.41)

lim
σ→∞

Var[LMRCA(n)] = 4
n−1∑
i=1

1

i2
. (2.42)

Proof. We are going to show that the sampling probability converges to 1 as σ →∞

and then a random sample drawn from the population is neutral.

Recall that we define H (n1, n2) in equation (1.13) to be the probability of obtaining

an ordered sample with configuration (n1, n2) from the stationary population. The

corresponding unordered sampling probability is
(
n
n1

)
H (n1, n2).

Given equation (2.22), we have, for large σ,

H (n1, n2) =
θ1(n1)

σn1
+O(σ−n1−1).
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Thus,

lim
σ→∞

H (n1, n2) =

{
1, if n1 = 0,

0, if n1 > 0.

That is, in the limit of σ →∞, a random sample drawn from the population is neutral

with probability 1. The theorem then follows immediately.

Simulations in Section 2.3.3 show that as the value of σ becomes larger, even when

there are no type 2 individuals in the sample, the probability that the MRCA is type

2, approaches 1. This result is proved in the next theorem.

Theorem 2.16 (MRCA type distribution under strong selection). Consider the dual

process of Theorem 2.1 for a sample (n1, n2) ∈ Z2
+ of size n1 +n2 ≥ 1. Let ρ(n1, n2) be

the probability that the MRCA is type 2, as defined in equation (2.15). The probability

ρ(n1, n2) satisfies

lim
σ→∞

ρ(n1, n2) = 1.

Proof. The probability ρ(n1, n2) satisfies the recursive equation (2.23) with v1 = v2 = 0

and β = 0. Hence, by Lemma 2.9, for large σ, ρ(n1, n2) satisfies the recursive equation

ρ(n1, n2) =
n1 − 1

n1 − 1 + θ1
ρ(n1 − 1, n2) +

θ1
n1 − 1 + θ1

ρ(n1 − 1, n2 + 1) +O(σ−1),

with boundary conditions ρ(1, 0) = 0 and ρ(0, 1) = 1. We have

lim
σ→∞

ρ(n1, n2) =
n1 − 1

n1 − 1 + θ1
lim
σ→∞

ρ(n1 − 1, n2) +
θ1

n1 − 1 + θ1
lim
σ→∞

ρ(n1 − 1, n2 + 1).

It follows that

lim
σ→∞

ρ(n1, n2) =

n1∑
m=0

[
P(M = m | n1) lim

σ→∞
ρ(0, n2 +m)

]
, (2.43)

by using an argument similar to that in the proof of Theorem 2.5, where the distribution

of M is given in equation (2.17).

Consider ρ(0, n2 + m) ≡ ρ(0, n2 + m, 0, 0) with n2 + m > 0, which satisfies the
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recursive equation (2.23) with r1 = v1 = 0 and β = 0. By Lemma 2.11, we have

lim
σ→∞

ρ(0, r2, 0, v2) =
(r2 + v2)θ1

(r2 + v2)(r2 + v2 − 1 + θ1)
lim
σ→∞

ρ(0, r2, 0, v2 + 1)

+
r2(r2 − 1)

(r2 + v2)(r2 + v2 − 1 + θ1)
lim
σ→∞

ρ(0, r2 − 1, 0, v2)

+
v2(2r2 + v2 − 1)

(r2 + v2)(r2 + v2 − 1 + θ1)
lim
σ→∞

ρ(0, r2, 0, v2 − 1),

where the boundary condition is ρ(0, 1, 0, v2) = 1.

It is clear from the above recursive equation that no lines of type 1 can be added

to the genealogy. The MRCA can only be type 2. Therefore,

lim
σ→∞

ρ(0, n2 +m) = 1,

for any n2 +m > 0. By substituting the above equation into equation (2.43), we have

lim
σ→∞

ρ(n1, n2) =

n1∑
m=0

P(M = m | n1) = 1.

The theorem is thus proved.
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Chapter 3

Ancestral processes under strong

selection

In the previous chapter, we have observed some interesting aspects of the genealogy

under strong selection from simulations in Section 2.3. Then, in Theorems 2.5, 2.15

and 2.16, we have derived explicit formulae for those quantities simulated in the limit

as the selection coefficient σ →∞.

In this chapter, we analyse the ancestral processes under strong selection at a pro-

cess level. We consider two classes of ancestral processes that can describe the geneal-

ogy of a given sample configuration, namely the coalescent-in-a-random-background

model, which will be introduced in Proposition 3.2, and the dual process with typed

lines of Theorem 2.1. Although the two ancestral processes are based on the same

forwards-in-time model for gene frequency evolution, the two processes are distinct in

that in the coalescent-in-a-random-background model, there are no branching events

in the ancestral process, and selection is reflected in the ancestral frequencies of alleles,

while in the dual process with typed lines, the ancestral lines can branch and virtual

lines can appear.

The genealogies generated by the coalescent-in-a-random-background model and
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the dual process with typed lines are the same by construction. The genealogies

are also the same under strong selection, as we will see in this chapter. However, it

is of interest to see how the limiting arguments work in both models. The proofs

of the limiting theorems are based on the idea of separation of timescales in the

ancestral processes, which dates back to the investigation of the coalescent process

with selfing (Nordborg and Donnelly, 1997), strong migration limit in the structured

coalescent process (Nordborg and Krone, 2002) and infinite demes limit of the ancestral

recombination graph in a subdivided population (Lessard and Wakeley, 2004).

Möhle (1998) provides a formal convergence result for the ancestral processes

arising in population genetics where the timescales of events are drastically different

in some limit. Consider a matrix A = (aij). The following lemma of Möhle (1998,

Lemma 1) is a generalisation of a well-known matrix equation limk→∞(I +A/k)k =

exp(A). We define the norm ‖A‖∞ = maxi
∑

j|aij| which is the maximum of the

absolute row sums of the matrix. For a stochastic matrix A, we have ‖A‖∞ = 1.

Lemma 3.1 (Möhle’s lemma). Let t,K ≥ 0 be fixed and let {ck, k ∈ N} be a sequence

of positive real numbers with limk→∞ ck = 0. Further let A be a matrix with ‖A‖∞ = 1

such that P := limm→∞A
m exists. Then

lim
k→∞

sup
‖B‖∞≤K

‖(A+ ckB)[t/ck] − (P + ckB)[t/ck]‖∞ = 0.

If {Bk, k ∈ N} is a matrix sequence such that G := limk→∞PBkP exists, then

lim
k→∞

(A+ ckBk)
[t/ck] = P − I + eGt

for all t > 0.

We apply the above Möhle’s lemma to the proofs of the limiting ancestral processes.

The idea is that for a large selection coefficient σ, the transition rates of the ancestral

processes can be o(1), O(1) or O(σ). The events with transition rates of O(σ) occur in-

stantaneously such that between the events with transition rates of O(1), the genealogy
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is converted according to the equilibrium of these instantaneous events. The ances-

tral process in the coalescent-in-a-random-background model is time-inhomogeneous,

which we approximate by a time-homogeneous process, as the fluctuations in the

ancestral frequencies under strong selection are negligible. In the dual process with

typed lines, as the state space of the dual process is infinite due to the mechanism of

virtual lines, Möhle’s lemma cannot be applied exactly. Nevertheless, these limiting

results are supported by simulations.

Studies of ancestral processes with a branching-coalescing structure under strong

selection have been rare. Wakeley (2008) uses the separation of timescales to describe

a modified ancestral selection graph in the limit of strong purifying selection, and

Wakeley and Sargsyan (2009) use a similar approach to explore the limit under strong

balancing selection. Their outcomes are mainly heuristic and are based on the ancestral

selection graph, which is different from the two models we consider.

The remaining part of this chapter is divided into three sections. In Section 3.1,

we examine the ancestral process in the coalescent-in-a-random-background model

under strong selection. In Section 3.2, we show the limiting ancestral dual process with

typed lines. In Section 3.3, we investigate the limiting behaviour of the real genealogy

in the ancestral dual process with three types under strong selection. The description

of the limiting genealogy in Section 3.3 is heuristic, because, although the methods

in Sections 3.1 and 3.2 still apply, there are a few different timescales involved in the

three-type case, which make formal analysis difficult.

3.1 Coalescent in a random background

The coalescent analysis of genealogies under selection originates from the work of

Kaplan et al. (1988). Their approach is to subdivide the population into genetic

backgrounds according to allelic types, within which there is no selection, and then
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approximate the ancestral frequencies of alleles in the population by some deterministic

process, and use the structured coalescent discussed at the beginning of Chapter 1 to

investigate the effect of selection on the height and the length of the genealogy. This

approach is numerically practical for examining strong selection of arbitrary form, since

only the ancestral frequencies need to be altered, not the structure of the ancestral

process. However, when there is weak selection, the fluctuations in ancestral frequencies

can no longer be ignored. Darden et al. (1989) develop a numerical scheme to calculate

the coalescence times in the genealogy in the case where ancestral frequencies are

stochastic. Barton et al. (2004) prove the convergence of a Markov process describing

the genealogy of a Moran model as the population size N →∞, and the existence of

the ancestral process in the following Proposition 3.2. Etheridge (2011, Section 5.5)

provides a comprehensive guide to this model.

We now introduce the coalescent-in-a-random-background model. We will present

its limit under strong selection in Theorem 3.5. There is no concept of virtual lines in

the coalescent-in-a-random-background model; all ancestral lines belong to the real

genealogy. For a sample n ∈ Z2
+ of size |n| ≥ 1, the distribution of its genealogy

can be described by an ancestral process {α(t), t ≥ 0}, where αi(t), i = 1, 2 is the

number of ancestral lines of type i at time t in the past. The ancestral process has the

state space S = {α : α ∈ Z2
+, 1 ≤ |α| ≤ |n|}, and the initial state n. The following

proposition is due to Barton et al. (2004).

Proposition 3.2 (Coalescent in a random background). Let {ρ(t), t ≥ 0} on [0, 1] be

the time-reversal of the forwards-in-time diffusion process with generator (1.10). ρ(t)

is the ancestral frequency of type 1 individuals at time t in the past.

When the ancestral process {α(t), t ≥ 0} is at a state α at time t, conditional on

ρ(t), the transition rates are

q(α,α− e1) =

(
α1

2

)
1

ρ(t)
, (3.1)
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q(α,α− e2) =

(
α2

2

)
1

1− ρ(t)
, (3.2)

q(α,α− e1 + e2) =
1

2
α1θ1

(1− ρ(t))

ρ(t)
, (3.3)

q(α,α− e2 + e1) =
1

2
α2θ2

ρ(t)

1− ρ(t)
, (3.4)

where θ1 and θ2 are the mutation coefficients.

Barton et al. (2004, Proposition 4.3) prove that as long as θ1 and θ2 are positive, the

ancestral process {α(t), t ≥ 0} is well defined as the value of ρ(t) tends to 0 or 1, in the

sense that the lines ancestral to the sample will have jumped to the other background

before the frequency of one background actually hits zero. The ancestral process is a

time-inhomogeneous Markov process, as the probability of a given transition in the

time interval (t, t+ δt) depends on t. The transition rates (3.1) and (3.2) correspond

to the coalescence events that occur at rates that are inversely proportional to the

ancestral frequencies; the transition rates (3.3) and (3.4) correspond to mutation

events that occur at rates that are scaled by the ratios of the ancestral frequencies.

There are no branching events in the ancestral process. The effect of selection is

reflected in the path of {ρ(t), t ≥ 0}.

Recall the diffusion process {X(t), t ≥ 0} with generator (1.10), where X(t) is

the forwards-in-time frequency of type 1 individuals at time t. By Feller’s boundary

classification for one-dimensional diffusions (see Durrett, 2008, Example 7.33), if the

mutation coefficient θ2 ≥ 0.5, the point 0 is an entrance boundary such that the

diffusion {X(t), t ≥ 0} started from a point in (0, 1) can never reach 0, but the

diffusion started from 0 is well-defined. The following lemma shows that the diffusion

{X(t), t ≥ 0} can be approximated by a deterministic process, and the errors follow

an Ornstein-Uhlenbeck process.

Lemma 3.3. Consider the diffusion process {X(t), t ≥ 0} with generator (1.10) and
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initial value X(0) = ζ ∈ (0, 1). Let

x(t) =
ζ

ζ + (1− ζ)et/2
, t ≥ 0. (3.5)

Define Zσ(t) =
√
σ(X(t/σ) − x(t)). As σ → ∞ under strong selection, the

real-valued process {Zσ(t), t ≥ 0} converges in finite-dimensional distribution to an

Ornstein-Uhlenbeck process {Z(t), t ≥ 0} that satisfies the stochastic differential equa-

tion

dZ(t) = −1

2
(1− 2x(t))Z(t) dt+

√
x(t)(1− x(t)) dW (t),

where {W (t), t ≥ 0} is a standard Brownian motion. The process {Z(t), t ≥ 0}

approaches 0 with probability 1 as t→∞.

Proof. The dynamics of the diffusion {X(t), t ≥ 0} with generator (1.10) can be

represented by the stochastic differential equation

dX(t) =
1

2
[−σX(t)(1−X(t)) + θ1 − θX(t)] dt+

√
X(t)(1−X(t)) dW (t),

where {W (t), t ≥ 0} is a standard Brownian motion. Write X̃(t) = X(t/σ). It follows

immediately that

dX̃(t) =
1

2σ
[−σX̃(t)(1− X̃(t)) + θ1 − θX̃(t)] dt+

√
1

σ
X̃(t)(1− X̃(t)) dW (t).

Define a real-valued process {Zσ(t), t ≥ 0} where Zσ(t) :=
√
σ(X̃(t)− x(t)) with

x(t) given in equation (3.5). We have Zσ(0) = 0. It follows from Itō’s formula that

dZσ(t) =
√
σ dX̃(t)−

√
σ dx(t)

=

√
σ

2

[
− X̃(t)(1− X̃(t)) +

θ1 − θX̃(t)

σ
+ x(t)(1− x(t))

]
dt+

√
X̃(t)(1− X̃(t)) dW (t)

=

√
σ

2

[
−
(

1√
σ
Zσ(t) + x(t)

)(
1− 1√

σ
Zσ(t)− x(t)

)
+
θ1
σ
− θ

σ

(
1√
σ
Zσ(t) + x(t)

)
+ x(t)(1− x(t))

]
dt
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+

√(
1√
σ
Zσ(t) + x(t)

)(
1− 1√

σ
Zσ(t)− x(t)

)
dW (t)

:= mσ(t, Zσ(t)) dt+
√
νσ(t, Zσ(t)) dW (t).

The generator of the process {Zθ1(t), t ≥ 0} is thus

Lσf(z) = mσ(t, z)
df(z)

dz
+

1

2
νσ(t, z)

d2f(z)

dz2
,

for a twice continuously differentiable function f : R→ R. We have

lim
σ→∞

Lσf(z) = m(t, z)
df(z)

dz
+

1

2
ν(t, z)

d2f(z)

dz2
,

where

m(t, z) = lim
σ→∞

mσ(t, z) = −1

2
(1− 2x(t))z,

and

ν(t, z) = lim
θ1→∞

νθ1(t, z) = x(t)(1− x(t)).

Therefore, as σ →∞ under strong selection, the process {Zσ(t), t ≥ 0} converges in

finite-dimensional distribution to an Ornstein-Uhlenbeck process {Z(t), t ≥ 0} that

satisfies the stochastic differential equation

dZ(t) = −1

2
(1− 2x(t))Z(t) dt+

√
x(t)(1− x(t)) dW (t).

To deduce the stationary distribution of the process {Z(t), t ≥ 0}, we apply Itō’s

formula to

Z(t)e
∫ t
0

1
2
(1−2x(u)) du.

The solution of the resulting stochastic differential equation gives

Z(t) = e−
∫ t
0

1
2
(1−2x(u)) du ×

∫ t

0

√
x(u)(1− x(u))e

∫ u
0

1
2
(1−2x(v)) dv dW (u).
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Therefore, the distribution of Z(t) is normal with mean 0 and variance

Var(Z(t)) = e−
∫ t
0 (1−2x(u)) du ×

∫ t

0

x(u)(1− x(u))e
∫ u
0 (1−2x(v)) dv du.

We use L’Hôpital’s rule to obtain

lim
t→∞

Var(Z(t)) = lim
t→∞

x(t)(1− x(t))

[1− 2x(t)]
= 0.

The proof of the lemma is completed.

Furthermore, the following lemma shows that once the diffusion process becomes

stationary, the frequency of individuals of type 1 is O(σ−1) for large σ.

Lemma 3.4. Let X be the stationary frequency of type 1 individuals in the population

governed by the diffusion with generator (1.10). Then σX converges in probability to

1 as σ →∞.

Proof. Given the density of X in equation (1.11) and using equation (2.22) for the

confluent hypergeometric functions M(·, ·, ·), the mean of X satisfies

E(X) =
B(θ1 + 1, θ2)M(θ1 + 1, θ + 1,−σ)

B(θ1, θ2)M(θ1, θ,−σ)

=
θ1
σ

+O(σ−2),

for large σ; and the variance of X satisfies

Var(X) =
B(θ1 + 2, θ2)M(θ1 + 2, θ + 2,−σ)

B(θ1, θ2)M(θ1, θ,−σ)
− (E(X))2

=
θ1
σ2

+O(σ−3).

By Chebyshev’s inequality, for any βσ →∞ as σ →∞,

P
(
|σX − θ1| ≥ βσ

)
≤ σ2 Var(X)

β2
σ

→ 0,

as σ →∞. The lemma then follows.
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In the remainder of this section, we assume the ancestral frequency ρ(t) = 1/σ

for all t in coalescent-in-a-random-background model. This approximation was also

considered by Kaplan et al. (1988) as the ancestral frequencies of alleles under strong

selection are tightly regulated. Thus, the ancestral process of Proposition 3.2 becomes

a time-homogeneous Markov process, while the state space and initial state remain the

same. By ignoring terms of o(1), the non-zero entries in the αth row of the Q-matrix

of the simplified ancestral process are

qσ(α,α− e1) =
1

2
α1(α1 − 1)σ, (3.6)

qσ(α,α− e2) =
1

2
α2(α2 − 1), (3.7)

qσ(α,α− e1 + e2) =
1

2
α1θ1(σ − 1), (3.8)

qσ(α,α) = −1

2
[α1(α1 − 1)σ + α2(α2 − 1) + α1θ1(σ − 1)]. (3.9)

Denote the ancestral process with such a Q-matrix by {ασ(t), t ≥ 0}. The initial state

of {ασ(t), t ≥ 0} is the sample n, and the state space is S = {α : α ∈ Z2
+, 1 ≤ |α| ≤

|n|}.

The next theorem describes the limit of our simplified ancestral process {ασ(t), t ≥

0} as σ → ∞. Heuristically, the coalescence events and mutation events (to type 2)

for type 1 individuals occur in the genetic background with a proportion 1/σ of the

total population. Thus, these events happen on a much faster timescale; and in the

equilibrium, all type 1 individuals in the sample are lost due to the coalescences and

mutations. The limiting genealogy then follows Kingman’s coalescent for a sample

containing M +n2 individuals of the same type, where M is the number of mutations

which have occurred on the faster timescale.

Theorem 3.5. For a sample (n1, n2) ∈ Z2
+ of size n1 + n2 ≥ 1, as σ → ∞, the

ancestral process {ασ(t), t ≥ 0} with transition rates (3.6) to (3.8) converges in finite-

dimensional distribution to a process {α(t), t ≥ 0} with the same initial state and
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state space.

There is an instantaneous jump at t = 0 in the limiting process such that

α(0+) = (0,M + n2),

where M is distributed as the number of alleles in the Ewens sampling formula with

mutation coefficient θ1, as in equation (2.17). For t > 0, the transition rates of the

limiting process are

q((0, α2), (0, α2 − 1)) =
1

2
α2(α2 − 1), α2 ≥ 2. (3.10)

Remark 3.6 (Connections to previous work). Hartl and Campbell (1982) and Sawyer

(1983) consider a Wright-Fisher model with infinitely-many-alleles mutation in which

there are two classes of alleles, and each class consists of different alleles with the

same fitness. The authors derive that the type configuration of a sample containing

only disfavoured alleles follows the Ewens sampling formula, provided that selection

is sufficiently strong such that the equilibrium frequency of the disfavoured alleles is

o(1) (cf. our assumption of the ancestral frequency of type 1 being 1/σ). In our model,

by Theorem 3.5, backwards in time, the disfavoured type 1 individuals in the sample

are converted to a random number of type 2 individuals according to the number M

of mutations that occur on a faster timescale, where M is determined by the Ewens

sampling formula.

We now prove Theorem 3.5. It is well known that the exponential of D, which is

an n× n matrix, is defined as

eD =
∞∑
k=0

1

k!
Dk,

where the series converges for any square matrix D (Bellman, 1997, Theorem 2 in
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Chapter 10). The limits of matrices are defined component-wise such that

(
lim
σ→∞

Dσ

)
ij

:= lim
σ→∞

(Dσ)ij,

provided all the limits on the right-hand side exist.

Proof of Theorem 3.5. Consider the ancestral process {ασ(t), t ≥ 0} with transition

rates (3.6) to (3.8) for a sample (n1, n2) of finite size n = n1 + n2 ≥ 1. Let S be

the state space of the ancestral process, which is the set of all possible configurations

of ancestral lines. The order of the states in S is arbitrary but fixed. We let S have

three mutually disjoint subsets such that S = ∪3i=1Si. Each state in S1 contains only

lines of type 2, and S1 = {(0, n), (0, n − 1), . . . , (0, 1)}; each state in S2 consists of

only lines of type 1, and S2 = {(n, 0), (n − 1, 0), . . . , (1, 0)}; and S3 is broken up

into levels that are determined by the total number of ancestral lines, and S3 =

{(1, n−1), (2, n−2), . . . , (n−1, 1), (1, n−2), (2, n−3), . . . , (n−2, 1), . . . , (1, 1)}. The

size of the state space is |S| =
∑3

i=1|Si| = 2n+
∑n−1

i=1 i = n(n+ 3)/2. The absorbing

states are (0, 1) and (1, 0). See Example 3.8 for a demonstration of the structure of

the matrices in this proof.

Let Qσ be the Q-matrix of the ancestral process. The entries of Qσ are specified

in equations (3.6) to (3.9). Qσ can be written in the block form as

Qσ =

Q11 0 0
Q21 Q22 Q23

Q31 0 Q33

 ,

where eachQij contains the transition rates from the states in Si to Sj, and 0 represents

the zero matrix of which all the entries are 0.

The matrix Qσ can be decomposed such that Qσ = σA+B, where

A = lim
σ→∞

Qσ/σ,
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and

B = lim
σ→∞

(Qσ − σA).

The entries aij of A, where i = (α1, α2) ∈ S, j ∈ S, are

aij =


1
2
α1(α1 − 1), if j = (α1 − 1, α2),

1
2
α1θ1, if j = (α1 − 1, α2 + 1),

−1
2
α1(α1 − 1 + θ1), if j = i,

0, otherwise.

(3.11)

In the block form, we have

A =

 0 0 0
A21 A22 A23

A31 0 A33

 .

The matrix A is a Q-matrix. There exists a Markov process with the corresponding

Q-matrix A, in which the states in S1 are absorbing states and all other states are

transient states.

The entries bij of B, where i = (α1, α2) ∈ S, j ∈ S, are

bij =


1
2
α2(α2 − 1), if j = (α1, α2 − 1),

−1
2
α1θ1, if j = (α1 − 1, α2 + 1),

−1
2
[α2(α2 − 1)− α1θ1], if j = i,

0, otherwise.

In the block form, we have

B =

B11 0 0
B21 B22 B23

B31 0 B33

 .

The transition matrix of the ancestral process {ασ(t), t ≥ 0} over a period of time

t in the past, is Πσ(t) = exp(Qσt). It follows algebraically that

lim
σ→∞

Πσ(t) = lim
σ→∞

e(A+σ−1B)σt

= lim
σ→∞

(
eA + eA

∞∑
k=1

Bk

σkk!

)σt
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= lim
σ→∞

(
eA +

1

σ
eAB +O(σ−2)

)σt
.

According to Lemma 3.1, we have

lim
σ→∞

Πσ(t) = P eGt := Π(t), (3.12)

where

P = lim
m→∞

eAm (3.13)

is the result of letting the process with Q-matrix A run to its conclusion; and

G = P eABP = P

( ∞∑
k=0

Ak

k!

)
BP = PBP , (3.14)

where the last equality follows from the fact that PA = AP = 0.

It follows from equation (3.12) that P = limt→0Π(t). Hence, the limiting ancestral

process {α(t), t ≥ 0} with transition matrix Π(t) jumps instantaneously at time t = 0

from a state i to a state j, with probabilities specified by the entries of P . By the

definition of P in equation (3.13), the instantaneous jump is a result of the coalescence

and mutation events occurring at the rates in A on a faster timescale where one unit

of time corresponds to σ units of time on the original timescale.

It follows from equation (3.13) that P is a projection matrix such that P 2 = P .

Thus, we have Π(t) = P eGt = P − I + eGt. The matrix G in equation (3.14) then

satisfies

G = lim
t→0

1

t
[Π(t)−Π(0+)].

G is the Q-matrix of the limiting process {α(t), t ≥ 0} and includes both the process

described by B and the instantaneous jumps represented by P .

We investigate the entries of P . The matrix P can be written as

P =

 I 0 0
P 21 0 0
P 31 0 0

 ,
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where I := (δij) is the identity matrix with δij = 1{i=j} being the Kronecker delta.

The entries of P i1, i = 2, 3, are the probabilities of absorption from the states in Si

into the states in S1. These entries are equal to the probabilities that a state (α1, α2)

becomes absorbed into (0,M+α2) after a series of coalescence events among ancestral

lines of type 1 and M mutation events from type 1 to type 2 (on the faster timescale).

The distribution of M is well known (see Tavaré, 2004, Section 3.6) to follow the

Ewens sampling formula in equation (2.17). Hence, the entries of P are

pij =


1, if i ∈ S1, j = i,
θm1

θ1(α1)

∣∣∣S(m)
α1

∣∣∣, if i = (α1, α2) ∈ S2 ∪ S3, j = (0,m+ α2) ∈ S1, 0 < m ≤ α1,

0, otherwise.

(3.15)

We can also algebraically verify that the entries pij given in the above equa-

tion (3.15) solve the equation AP = 0, i.e.,

∑
l∈S

ailplj = 0, i, j ∈ S, (3.16)

as follows. Equation (3.16) holds for any i ∈ S1, since by equation (3.11), we have

ail = 0 for any i ∈ S1 and l ∈ S. Equation (3.16) also holds for any j ∈ S2∪S3, since by

equation (3.15), we have plj = 0 for any l ∈ S and j ∈ S2∪S3. For i = (α1, α2) ∈ S2∪S3

and j = (0,m+ α2) ∈ S1 with 0 < m ≤ α1, we have

∑
l∈S

ailplj =
1

2
α1(α1 − 1)× θm1

θ1(α1−1)

∣∣∣S(m)
α1−1

∣∣∣+
1

2
α1θ1 ×

θm−11

θ1(α1−1)

∣∣∣S(m−1)
α1−1

∣∣∣
− 1

2
α1(α1 + θ1 − 1)× θm1

θ1(α1)

∣∣∣S(m)
α1

∣∣∣
=

1

2
α1

θm1
θ1(α1−1)

[
(α1 − 1)

∣∣∣S(m)
α1−1

∣∣∣+
∣∣∣S(m−1)

α1−1

∣∣∣− ∣∣∣S(m)
α1

∣∣∣]
= 0,

where we use the recursive identity (2.14) for the Stirling numbers in the last equality.

The proof of equation (3.15) is completed.
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The limiting ancestral process {α(t), t ≥ 0} moves instantaneously at time 0

according to P , from a sample (n1, n2) ∈ S to a state (0,m + n2) ∈ S1. After

entering such a state, the limiting process behaves like a Markov chain with initial

state (0,m + α2) and Q-matrix G running on the original timescale. The following

equation (3.17) indicates that the genealogy follows Kingman’s coalescent.

The matrix G = PBP has the block form

G =

 B11 0 0
P 21B11 0 0
P 31B11 0 0

 .

Let gij be the entries of the matrix G. We have gij =
∑

l,k∈S pilblkpkj. For a state

i = (0, α2) ∈ S1, since pij = 1{j=i} for j ∈ S, we have

gij = bij =


1
2
α2(α2 − 1), if j = (0, α2 − 1) ∈ S1,

−1
2
α2(α2 − 1), if j = (0, α2) ∈ S1,

0, otherwise.

(3.17)

For a state i = (α1, α2) ∈ S2 ∪S3 and j = (0,m+α2) ∈ S1 with 0 < m ≤ α1, we have

gij =
θm+1
1 |S(m+1)

α1 |
θ1(α1)

× 1

2
(m+ 1 + α2)(m+ α2)−

θm1 |S
(m)
α1 |

θ1(α1)

× 1

2
(m+ α2)(m+ α2 − 1),

since for a state l = (0, α2) ∈ S1, we have blk = α2(α2 − 1)/2, if k = (0, α2 − 1) ∈ S1;

blk = −α2(α2 − 1)/2, if k = l; and blk = 0, otherwise. The other entries of the matrix

G are all zero. The proof is then completed.

In the following corollary, we specify the entries of the limiting transition matrix

Π(t) in equation (3.12) in the proof of Theorem 3.5. We write

x[n] = x(x− 1) · · · (x− n+ 1), n ∈ Z+,

for the falling factorial, with x[0] = 1.

Corollary 3.7. Consider the ancestral process {ασ(t), t ≥ 0} with transition rates

(3.6) to (3.8) for a sample (n1, n2) ∈ Z2
+ of size n1 + n2 ≥ 1. For fixed t > 0, the
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transition probability of the ancestral process satisfies

lim
σ→∞

P[ασ(t) = (α1, α2) | ασ(0) = (n1, n2)]

=


∑n1

m=0
θm1

θ1(n1)

∣∣∣S(m)
n1

∣∣∣dm+n2,α2(t), if α1 = 0,

0, otherwise,
(3.18)

where dij(t) is defined as

dij(t) =


∑i

l=j e
−(l2)t (2l−1)(−1)

l−jj(l−1)i[l]
j!(l−j)!i(l)

, if 2 ≤ j ≤ i,

1−
∑i

l=2 e
−(l2)t (2l−1)(−1)

li[l]
i(l)

, if j = 1, j ≤ i,

0, otherwise.

(3.19)

Proof. We have seen in the proof of Theorem 3.5 that the transition matrix Πσ(t) of

the ancestral process {ασ(t), t ≥ 0} on the state space S satisfies

lim
σ→∞

Πσ(t) = Π(t) = P eGt, t > 0,

where the matrix P represents the instantaneous jumps, and G = PBP is the Q-

matrix of the limiting process. Equation (3.17) shows that once the limiting ancestral

process enters the state (0,m + n2), the process follows Kingman’s coalescent. By

matrix multiplication, the entries of Π(t) are

πij(t) =
∑
k∈S

pik
(
eGt
)
kj
.

The entries of P are given in equation (3.15), and the transition probabilities dij(t)

in equation (3.19) are those of Kingman’s coalescent derived by Griffiths (1980).

Equation (3.18) then follows.

In the following Example 3.8, we will illustrate the structure of the matrices in

the proofs of Theorem 3.5 and Corollary 3.7. Before proceeding to the example, we

introduce a standard technique for calculating the transition matrix of a continuous-

time Markov process with a given Q-matrix. Let A be the Q-matrix of a Markov

process, and P (t) = exp(At), t ≥ 0 be the corresponding transition matrix. The
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entries of P (t) can be calculated by considering the resolvent R(λ), i.e., the Laplace

transform of P (t). We have

R(λ) :=

∫ ∞
0

e−λtP (t) dt =

∫ ∞
0

e−(λI−A)t dt = (λI −A)−1,

where the integrals over matrix-valued functions are understood component-wise,

and the last equality is well known (see Ethier and Kurtz, 2005, Proposition 2.1 in

Chapter 1). The entries of P (t) can then be recovered by inverting the Laplace

transform.

Example 3.8. Consider the ancestral process {ασ(t), t ≥ 0} with transition rates

(3.6) to (3.8) for a sample (n1, n2) of size n1 + n2 = 3. The state space is

S = {(0, 3), (0, 2), (0, 1), (3, 0), (2, 0), (1, 0), (1, 2), (2, 1), (1, 1)}.

According to the entries specified in equations (3.6) to (3.9), the Q-matrix Qσ of

{ασ(t), t ≥ 0} is

−3 3 0 0 0 0 0 0 0
0 −1 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 −3σ− 3

2
θ1(σ−1) 3σ 0 0 3

2
θ1(σ−1) 0

0 −1 1 0 −σ−θ1(σ−1) σ 0 0 θ1(σ−1)
0 0 1

2
θ1(σ−1) 0 0 − 1

2
θ1(σ−1) 0 0 0

1
2
θ1(σ−1) 0 0 0 0 0 −1− 1

2
θ1(σ−1) 0 1

0 0 0 0 0 0 θ1(σ−1) −σ−θ1(σ−1) σ
0 1

2
θ1(σ−1) 0 0 0 0 0 0 − 1

2
θ1(σ−1)


,

in which, for example, the first row shows that when the ancestral process is at the

state (0, 3), the process jumps after an exponential waiting time of mean 1/3 to a

state (0, 2) with probability 1.

The Q-matrix can be separated into σA and B with respect to the order of the
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terms in each entry. The terms of O(σ) are collected in

A =



0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 −3− 3

2
θ1 3 0 0 3

2
θ1 0

0 0 0 0 −1− θ1 1 0 0 θ1
0 0 1

2
θ1 0 0 −1

2
θ1 0 0 0

1
2
θ1 0 0 0 0 0 −1

2
θ1 0 0

0 0 0 0 0 0 θ1 −1− θ1 1
0 1

2
θ1 0 0 0 0 0 0 −1

2
θ1


;

and the terms of O(1) are collected in

B =



−3 3 0 0 0 0 0 0 0
0 −1 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 3

2
θ1 0 0 0 −3

2
θ1 0

0 −1 1 0 θ1 0 0 0 −θ1
0 0 −1

2
θ1 0 0 1

2
θ1 0 0 0

−1
2
θ1 0 0 0 0 0 −1 + 1

2
θ1 0 1

0 0 0 0 0 0 −θ1 θ1 0
0 −1

2
θ1 0 0 0 0 0 0 1

2
θ1


.

Then, as given in the proof of Theorem 3.5, the limiting ancestral process {α(t), t ≥

0} undergoes an instantaneous jump at time t = 0 according to

P = lim
m→∞

eAm =



1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
θ21

(θ1+1)(θ1+2)
3θ1

(θ1+1)(θ1+2)
2

(θ1+1)(θ1+2)
0 0 0 0 0 0

0 θ1
θ1+1

1
θ1+1

0 0 0 0 0 0

0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
θ1
θ1+1

1
θ1+1

0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0


.

The entries ofP (m) = exp(Am) are calculated by considering the resolvent introduced

before the example, and P is obtained by letting m→∞ in P (m).
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The Q-matrix of the limiting ancestral process is

G = PBP =



−3 3 0 0 0 0 0 0 0
0 −1 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

− 3θ21
(θ1+1)(θ1+2)

3θ21−3θ1
(θ1+1)(θ1+2)

3θ1
(θ1+1)(θ1+2)

0 0 0 0 0 0

0 − θ1
θ1+1

θ1
θ1+1

0 0 0 0 0 0

0 0 0 0 0 0 0 0 0
−3 3 0 0 0 0 0 0 0
− 3θ1
θ1+1

3θ1−1
θ1+1

1
θ1+1

0 0 0 0 0 0

0 −1 1 0 0 0 0 0 0


.

The transition matrix of the limiting ancestral process is

P eGt =



e−3t 3
2
e−t − 3

2
e−3t 1 + 1

2
e−3t − 3

2
e−t 0 0 0 0 0 0

0 e−t 1− e−t 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0

θ21e
−3t

(θ1+1)(θ1+2)

3(θ1+2)θ1e−t−3θ21e−3t

2(θ1+1)(θ1+2)
1 +

θ21e
−3t−3θ1(θ1+2)e−t

2(θ1+1)(θ1+2)
0 0 0 0 0 0

0 θ1e−t

θ1+1
1− θ1e−t

θ1+1
0 0 0 0 0 0

0 0 1 0 0 0 0 0 0
e−3t 3

2
e−t − 3

2
e−3t 1 + 1

2
e−3t − 3

2
e−t 0 0 0 0 0 0

θ1e−3t

θ1+1
−3θ1e−3t+(3θ1+2)e−t

2(θ1+1)
1 + θ1e−3t−(3θ1+2)e−t

2(θ1+1)
0 0 0 0 0 0

0 e−t 1− e−t 0 0 0 0 0 0


,

where the entries are exactly those derived in equation (3.18) of Corollary 3.7. We

have also verified Theorem 3.5.

3.2 Ancestral dual process with typed lines

In this section, we study the limiting behaviour of the ancestral dual process with typed

lines under strong selection. In such a dual process, the ancestral lines can branch and

virtual lines can appear. As a consequence, the state space of the dual process with

typed lines is not fixed, so Möhle’s lemma does not apply. It is not easy to prove a

generalisation of Möhle’s lemma for infinite-dimensional matrices, so in the remainder

of this section, our arguments are heuristic and we show some interesting aspects of the

calculations, provided that Möhle’s lemma holds for infinite-dimensional matrices. In
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fact, we will see in Remark 3.10 that the limiting ancestral process in this case is still

a Markov process with a branching-coalescing structure, but in which there are only

individuals of type 1, thus the real genealogy is neutral. Given such a limiting process,

the time to the MRCA, the length of the genealogy, and the type distribution of the

MRCA in the limit as σ → ∞, follow immediately. The expectations and variances

of these quantities are consistent with those derived in Theorems 2.5 and 2.16 in the

previous chapter by considering recursive equations, as well as the limiting process in

the coalescent-in-a-random-background model in Theorem 3.5.

We do not distinguish the real and virtual lines for now, and consider the non-zero

entries (1.15) to (1.18) in the αth row of the Q-matrix of the dual process with typed

lines of Theorem 1.9. The following lemma can be shown with a similar argument to

that in the proof of Lemma 2.8.

Lemma 3.9. Consider the non-zero entries (1.15) to (1.18) in the αth row of the

Q-matrix of the dual process of Theorem 1.9. For large σ, these entries can be rewritten

as

qσ(α,α+ e1) =
1

2
α(α1 + θ1) +O(σ−1),

qσ(α,α− e1) =
1

2
α1(α1 − 1)

σ + α2 − 1 + θ2
α1 − 1 + θ1

+O(σ−1),

qσ(α,α− e2) =
1

2
α2(α2 − 1) +O(σ−1),

qσ(α,α+ e1 − e2) = O(σ−1),

qσ(α,α+ e2 − e1) =
1

2
α1θ1

σ + α2 + θ2 − α1 − θ1
α1 − 1 + θ1

+O(σ−1),

qσ(α,α) = −1

2
[α1σ + α(α− 1) + α1θ2 + α2θ1]. (3.20)

Let Qσ be the Q-matrix of the ancestral dual process with transition rates (3.20).

We then follow the same approach as that in the proof of Theorem 3.5 to separate

the terms in the entries of Qσ by their orders, and write Qσ = σA+B +O(σ−1).
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According to equations (3.20), the entries aij of A, where i = (α1, α2), are

aij =


1
2
α1(α1−1)
α1−1+θ1 , if j = (α1 − 1, α2),

1
2

α1θ1
α1−1+θ1 , if j = (α1 − 1, α2 + 1),

−1
2
α1, if j = i,

0, otherwise;

the entries bij of B, where i = (α1, α2), are

bij =



1
2
α(α1 + θ1), if j = (α1 + 1, α2),

1
2
α1(α1 − 1)α2−1+θ2

α1−1+θ1 , if j = (α1 − 1, α2),
1
2
α2(α2 − 1), if j = (α1, α2 − 1),

1
2
α1θ1

α2+θ2−α1−θ1
α1−1+θ1 , if j = (α1 − 1, α2 + 1),

−1
2

[
α(α2 − 1) + α1(θ2 − θ1) + α(α1 + θ1)

]
, if j = i,

0, otherwise.

(3.21)

Since A is a Q-matrix, there exists a Markov process with the corresponding Q-matrix

A. In this Markov process, the states in S1 are absorbing states and all other states

are transient states.

Let Πσ(t) = exp(Qσt) be the transition matrix of the dual process with transition

rates (3.20) over a period of time t in the past. We have

Πσ(t) = exp

[(
A+

B

σ
+O(σ−2)

)
σt

]
=

[
eA +

1

σ
eAB +O(σ−2)

]σt
.

If Möhle’s lemma holds for infinite-dimensional matrices, we would have

lim
σ→∞

Πσ(t) = P eGt := Π(t),

where

P = lim
m→∞

eAm (3.22)

represents the equilibrium of the Markov process withQ-matrixA; andG = P eABP =

PBP , where the second equality follows from the fact that P exp(A) = P because

PA = 0.

Since P = limt→0Π(t), the limiting ancestral process with transition matrix Π(t)
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jumps instantaneously at time t = 0 from the sample (n1, n2) to a state (0,m+n2), with

probabilities specified by the entries of P . By the definition of P in equation (3.22),

the instantaneous jump is a result of the coalescence events and M mutation events

that occurred at the rates inA on a faster timescale where one unit of time corresponds

to σ units of time on the original timescale. The distribution of M is well known (see

Tavaré, 2004, Section 3.6) to be the Ewens sampling formula given in equation (2.17).

The entries of the matrix P are

pij =


1, if i = (0, α2), j = i,
θm1

θ1(α1)

∣∣∣S(m)
α1

∣∣∣, if i = (α1, α2), j = (0,m+ α2) with 0 < m ≤ α1,

0, otherwise.

(3.23)

We can verify that the entries pij given in the above equation (3.23) satisfy
∑

l ailplj = 0

for all i, j, as follows. The equation holds for any i = (0, α2), since then ail = 0 for

any l. The equation also holds for any j = (α1, α2), since then plj = 0 for any l. For

i = (α1, α2) and j = (0,m+ α2) fixed with 0 < m ≤ α1, we have

∑
l

ailplj =
1

2

α1(α1 − 1)

α1 − 1 + θ1
× θm1
θ1(α1−1)

∣∣∣S(m)
α1−1

∣∣∣+
1

2

α1θ1
α1 − 1 + θ1

× θm−11

θ1(α1−1)

∣∣∣S(m−1)
α1−1

∣∣∣
− 1

2
α1 ×

θm1
θ1(α1)

∣∣∣S(m)
α1

∣∣∣
=

1

2
α1

θm1
θ1(α1)

[
(α1 − 1)

∣∣∣S(m)
α1−1

∣∣∣+
∣∣∣S(m−1)

α1−1

∣∣∣− ∣∣∣S(m)
α1

∣∣∣]
= 0,

where we use the recursive identity (2.14) for the Stirling numbers to obtain the last

equality. The proof of equation (3.23) is completed.

The limiting ancestral process with transition matrix Π(t) moves instantaneously

at time 0 according to P , from the sample (n1, n2) to a state (0,m + n2). At time

t > 0, the limiting process behaves like a Markov chain with initial state (0,m+ n2)

and Q-matrix G. Let gij be the entries of the matrix G. We have gij =
∑

l,k pilblkpkj.

First consider the state i = (0, α2). We have pil = 1{l=i}; and given l = (0, α2), blk = 0
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unless k = (0, α2 − 1), (1, α2) or l. It then follows that

gij =



1
2
α2θ1

θ1
θ1(1)

∣∣∣S(1)
1

∣∣∣ = 1
2
α2θ1, if j = (0, α2 + 1),

1
2
α2(α2 − 1), if j = (0, α2 − 1),

−1
2
α2(α2 − 1 + θ1), if j = i,

0, otherwise.

(3.24)

Then consider the states i = (α1, α2) and j = (0,m+ α2) with 0 < m ≤ α1 fixed.

We have

gij =
θm+1
1

θ1(α1)

∣∣∣S(m+1)
α1

∣∣∣× 1

2
(m+ 1 + α2)(m+ α2) +

θm−11

θ1(α1)

∣∣∣S(m−1)
α1

∣∣∣× 1

2
(m− 1 + α2)θ1

− θm1
θ1(α1)

∣∣∣S(m)
α1

∣∣∣× 1

2
[(m+ α2)(m+ α2 − 1) + (m+ α2)θ1].

The other entries of the matrix G are all zero.

Therefore, according to equation (3.24), once a sample (n1, n2) is converted (on

the faster timescale) to (0,m+n2) at time 0+, the transitions and rates of the limiting

ancestral dual process on the original timescale are

(0, α2)→

{
(0, α2 + 1) at rate 1

2
α2θ1,

(0, α2 − 1) at rate 1
2
α2(α2 − 1).

Remark 3.10. If Möhle’s lemma holds for infinite-dimensional matrices, we would

arrive at a limiting process for the ancestral dual process with typed lines under strong

selection with the above arguments.

There is an instantaneous jump at t = 0 in the limiting process such that

α(0+) = (0,M + n2),

where M is distributed as the number of distinct alleles in the Ewens sampling formula

with mutation coefficient θ1, as in equation (2.17). For t > 0, the transitions and rates

of the limiting process are

(0, α2)→

{
(0, α2 + 1), at rate 1

2
α2θ1,

(0, α2 − 1), at rate 1
2
α2(α2 − 1),

(3.25)
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for α2 ≥ 2.

Remark 3.11. The limiting ancestral process with transitions (3.25) can be inter-

preted as an ancestral process that can branch with coefficient θ1, and coalesce at the

usual coalescence rate , but which cannot mutate. By Lemma 2.12, the real genealogy

in such an ancestral process is determined by Kingman’s coalescent.

Given the limiting dual process in Remark 3.10, the time to the MRCA, the length

of the genealogy, and the type distribution of the MRCA in the limit as σ →∞, follow

immediately. It is clear that the expectation and variance of these quantities are the

same as those deduced in Theorems 2.5 and 2.16 by considering recursive equations,

as well as those from the limiting process in the coalescent-in-a-random-background

model in Theorem 3.5.

In addition, it is clear from the limiting dual process that the mean and variance

of the coalescence time for a sample (n1, n2) satisfy

lim
σ→∞

E[W(n1,n2)(i)] = E(coalescence time in Kingman’s coalescent)

× P(M + n2 is greater than or equal to i in the limiting dual process)

=
2

i(i− 1)

n1∑
m=max{1,i−n2}

P(M = m | n1),

for 2 ≤ i ≤ n.

We complete this section by proving Theorem 2.3 for E[V (n1, n2)] in the limit as

σ → ∞, i.e., the mean number of branching events to the ultimate ancestor in the

dual process of Theorem 2.1 under strong selection. In Theorem 2.3, we claim that

limσ→∞ E[V (n1, n2)] is finite (cf. the number of branching events grows exponentially

with σ in the ancestral selection graph).

Proof of Theorem 2.3. Given the limiting dual process in Remark 3.10, it is clear that

lim
σ→∞

E[V (n1, n2)] =

n1∑
m=0

P(M = m | n1)E[V (n2 +m)], (3.26)
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where the distribution of M is given in equation (2.17), and V (n2 +m) is the number

of branching events in an ancestral process that starts with a sample containing n2+m

individuals of the same type, and has the following transitions and rates:

α→

{
α + 1, at rate 1

2
αθ1,

α− 1, at rate
(
α
2

)
.

These transitions and rates are similar to those of the ancestral selection graph

in (1.2), expect that the branching rate is determined by θ1 instead of σ. Thus, by

Proposition 1.1, we have

E[V (n2 +m)] = eθ1
n2+m−2∑
l=0

l!

θl1
−

n2+m−2∑
l=0

1

θl1

n2+m−2∑
k=l

k!

(k − l)!
. (3.27)

The theorem is then proved by substituting equation (3.27) into equation (3.26).

3.3 Ancestral dual process with three types

It is natural to extend the studies of the strong selection limit in the previous sections

to the population in which there are individuals of three types. The aim of this

section is to investigate the limiting behaviour of the ancestral dual process with

typed lines in the three-type case, in which individuals of type 1 and type 2 have

a strong selective disadvantage and individuals of type 3 are neutral. Although the

methods in Sections 3.1 and 3.2 still apply, our description of the genealogy in this

section is heuristic, because there are a few different timescales involved, which make

formal analysis difficult.

From an algebraic derivation similar to that in the two-type case in Theorem 1.9,

we can obtain an ancestral process with typed lines that is dual to the forwards-in-

time diffusion in the three-types case (see Etheridge and Griffiths, 2009). Then, by an

argument similar to that in Theorem 2.1, we can decompose the ancestral lines in the

dual process into real and virtual ones. The configuration of decomposed ancestral
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lines at time t in the past can be represented by (r(t),v(t)), where the elements

of the three-dimensional vectors r(t) and v(t) are, respectively, the numbers of real

and virtual ancestral lines of corresponding types. We have the following proposition

for the ancestral dual process with typed lines in the three-type case with selection

coefficients σ1 and σ2 and mutation coefficients θ1, θ2 and θ3.

Proposition 3.12 (Ancestral dual process with three types in the diffusion limit).

For a sample n ∈ Z3
+ of size |n| ≥ 1, the dual process {(r(t),v(t)), t ≥ 0} is a Markov

process with state space Z6
+ \ {0} and initial state (n,0). The non-zero entries in the

(r,v)th row of the Q-matrix of the dual process are

q((r,v), (r,v + ei)) =
1

2
(r + v)σi

(ri + vi + θi)

r + v + θ

ν(r + v + ei + θ)

ν(r + v + θ)
, i 6= 3,

q((r,v), (r − ei,v)) =
1

2
ri(ri − 1)

r + v − 1 + θ

ri + vi − 1 + θi

ν(r + v − ei + θ)

ν(r + v + θ)
,

q((r,v), (r,v − ei)) =
1

2
vi(2ri + vi − 1)

r + v − 1 + θ

ri + vi − 1 + θi

ν(r + v − ei + θ)

ν(r + v + θ)
,

q((r,v), (r + ei − ej,v)) =
1

2
rjθj

ri + vi + θi
rj + vj − 1 + θj

ν(r + v + ei − ej + θ)

ν(r + v + θ)
, i 6= j,

q((r,v), (r,v + ei − ej)) =
1

2
vjθj

ri + vi + θi
rj + vj − 1 + θj

ν(r + v + ei − ej + θ)

ν(r + v + θ)
, i 6= j,

q((r,v), (r,v)) = −1

2

[ 2∑
i=1

(ri + vi)σi + (r + v)(r + v − 1) +
3∑
i=1

3∑
j=1
j 6=i

(ri + vi)θj

]
,

(3.28)

where i, j = 1, 2, 3, r = |r|, v = |v|, θ = |θ|, and

ν(θ) = E[exp(−σ1ξ1 − σ2ξ2)], (3.29)

with (ξ1, ξ2) having the Dirichlet(θ) distribution with density

D(x;θ) =
Γ (θ)

Γ (θ1)Γ (θ2)Γ (θ3)
xθ1−11 xθ2−12 (1− x1 − x2)θ3−1,

for x1 > 0, x2 > 0 and x1 + x2 < 1.
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For strong selection, we assume σ1 → ∞, σ2 → ∞. For the sake of arguments,

we further distinguish two cases, namely where the disfavoured types have a strong

selective disadvantage of the same order such that

lim
σ2→∞

σ1/σ2 = γ (3.30)

with 0 < γ < ∞ fixed; and where the disfavoured types have a strong selective

disadvantage of different orders such that

lim
σ2→∞

σ1/σ2 =∞ and lim
σ2→∞

σ1/σ
2
2 = 0,

i.e.,

σ1 � σ2 �
σ1
σ2
� 1. (3.31)

We will see in Remark 3.15, the limiting genealogies in these two cases are the same.

The first task in this section is to asymptotically expand the transition rates of the

ancestral dual process of Proposition 3.12 under our assumption of strong selection.

In the two-type case, the function ν(θ) in equation (3.29) is equal to the confluent

hypergeometric function of the first kind. However, in the three-type case, the following

lemma is needed.

Lemma 3.13. Consider the function ν(θ) defined in equation (3.29). For large σ1

and σ2, we have

ν(θ) =
Γ (θ)

Γ (θ3)σ
θ1
1 σ

θ2
2

[
1 +

(1− θ3)θ1
σ1

+
(1− θ3)θ2

σ2

+
(1− θ3)(2− θ3)

2

(
θ1(1 + θ1)

σ2
1

+
2θ1θ2
σ1σ2

+
θ2(1 + θ2)

σ2
2

)
+ o(σ−21 )

]
.

Proof. See Appendix A.3.

We then have the following lemma for the transition rates in (3.28) under our

assumption (3.30) of strong selection.
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Lemma 3.14. Suppose the disfavoured types have a strong selective disadvantage of

the same order such that σ1 →∞, σ2 →∞ and

lim
σ2→∞

σ1/σ2 = γ,

with 0 < γ <∞ fixed. Ignoring the terms of o(1), the non-zero entries (3.28) in the

(r,v)th row of the Q-matrix of the ancestral process become

q((r,v), (r,v + e1)) =
1

2
(r + v)(r1 + v1 + θ1), (3.32)

q((r,v), (r,v + e2)) =
1

2
(r + v)(r2 + v2 + θ2), (3.33)

q((r,v), (r − e1,v)) =
1

2
r1(r1 − 1)

γσ2 + r3 + v3 − 1 + θ3
r1 + v1 − 1 + θ1

, (3.34)

q((r,v), (r − e2,v)) =
1

2
r2(r2 − 1)

σ2 + r3 + v3 − 1 + θ3
r2 + v2 − 1 + θ2

, (3.35)

q((r,v), (r − e3,v)) =
1

2
r3(r3 − 1), (3.36)

q((r,v), (r,v − e1)) =
1

2
v1(2r1 + v1 − 1)

γσ2 + r3 + v3 − 1 + θ3
r1 + v1 − 1 + θ1

, (3.37)

q((r,v), (r,v − e2)) =
1

2
v2(2r2 + v2 − 1)

σ2 + r3 + v3 − 1 + θ3
r2 + v2 − 1 + θ2

, (3.38)

q((r,v), (r,v − e3)) =
1

2
v3(2r3 + v3 − 1), (3.39)

q((r,v), (r + e1 − e2,v)) =
1

2
r2θ2

r1 + v1 + θ1
γ(r2 + v2 − 1 + θ2)

, (3.40)

q((r,v), (r + e2 − e1,v)) =
1

2
r1θ1

γ(r2 + v2 + θ2)

(r1 + v1 − 1 + θ1)
, (3.41)

q((r,v), (r + e3 − e1,v)) =
1

2
r1θ1

γσ2 + r3 + v3 + θ3 − r1 − v1 − θ1 − γ(r2 + v2 + θ2)

r1 + v1 − 1 + θ1
,

(3.42)

q((r,v), (r + e3 − e2,v)) =
1

2
r2θ2

σ2 + r3 + v3 + θ3 − r2 − v2 − θ2 − (r1 + v1 + θ1)/γ

r2 + v2 − 1 + θ2
,

(3.43)

q((r,v), (r,v + e1 − e2)) =
1

2
v2θ2

r1 + v1 + θ1
γ(r2 + v2 − 1 + θ2)

, (3.44)

q((r,v), (r,v + e2 − e1)) =
1

2
v1θ1

γ(r2 + v2 + θ2)

(r1 + v1 − 1 + θ1)
, (3.45)
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q((r,v), (r,v + e3 − e1)) =
1

2
v1θ1

γσ2 + r3 + v3 + θ3 − r1 − v1 − θ1 − γ(r2 + v2 + θ2)

r1 + v1 − 1 + θ1
,

(3.46)

q((r,v), (r,v + e3 − e2)) =
1

2
v2θ2

σ2 + r3 + v3 + θ3 − r2 − v2 − θ2 − (r1 + v1 + θ1)/γ

r2 + v2 − 1 + θ2
,

(3.47)

q((r,v), (r,v)) = −1

2

[ 2∑
i=1

(ri + vi)σi + (r + v)(r + v − 1) +
3∑
i=1

3∑
j=1
j 6=i

(ri + vi)θj

]
.

(3.48)

Proof. See Appendix A.4.

It is not difficult to check that the sum of the above non-zero entries in the

(r,v)th row is zero. The rates (3.32) and (3.33) correspond to branching events; when

an ancestral line branches, a virtual line of either type 1 or type 2 can be added to

the genealogy. The rates (3.34) to (3.39) correspond to coalescence events; ancestral

lines of type 3 with a selective advantage coalesce at the rate of lower order than that

for lines of type 1 and 2. The rates (3.40) to (3.47) correspond to mutations; ancestral

lines of type 3 cannot mutate to type 1 or 2, and virtual lines of type 3 may also

appear in the dual process as a consequence of mutations of virtual lines of type 1

and 2.

According to the idea in the previous sections, we can separate the terms in the

transition rates (3.32) to (3.47) with respect to their orders. The transitions with rates

of O(σ2) are

q((r,v), (r − e1,v)) =
1

2
r1(r1 − 1)

γσ2
r1 + v1 − 1 + θ1

,

q((r,v), (r − e2,v)) =
1

2
r2(r2 − 1)

σ2
r2 + v2 − 1 + θ2

,

q((r,v), (r,v − e1)) =
1

2
v1(2r1 + v1 − 1)

γσ2
r1 + v1 − 1 + θ1

,

q((r,v), (r,v − e2)) =
1

2
v2(2r2 + v2 − 1)

σ2
r2 + v2 − 1 + θ2

,
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q((r,v), (r + e3 − e1,v)) =
1

2
r1θ1

γσ2
r1 + v1 − 1 + θ1

,

q((r,v), (r + e3 − e2,v)) =
1

2
r2θ2

σ2
r2 + v2 − 1 + θ2

,

q((r,v), (r,v + e3 − e1)) =
1

2
v1θ1

γσ2
r1 + v1 − 1 + θ1

,

q((r,v), (r,v + e3 − e1)) =
1

2
v2θ2

σ2
r2 + v2 − 1 + θ2

;

and the transitions with rates of O(1) are

q((r,v), (r,v + e1)) =
1

2
(r + v)(r1 + v1 + θ1),

q((r,v), (r,v + e2)) =
1

2
(r + v)(r2 + v2 + θ2),

q((r,v), (r − e1,v)) =
1

2
r1(r1 − 1)

r3 + v3 − 1 + θ3
r1 + v1 − 1 + θ1

,

q((r,v), (r − e2,v)) =
1

2
r2(r2 − 1)

r3 + v3 − 1 + θ3
r2 + v2 − 1 + θ2

,

q((r,v), (r − e3,v)) =
1

2
r3(r3 − 1),

q((r,v), (r,v − e1)) =
1

2
v1(2r1 + v1 − 1)

r3 + v3 − 1 + θ3
r1 + v1 − 1 + θ1

,

q((r,v), (r,v − e2)) =
1

2
v2(2r2 + v2 − 1)

r3 + v3 − 1 + θ3
r2 + v2 − 1 + θ2

,

q((r,v), (r,v − e3)) =
1

2
v3(2r3 + v3 − 1),

q((r,v), (r + e1 − e2,v)) =
1

2
r2θ2

r1 + v1 + θ1
γ(r2 + v2 − 1 + θ2)

,

q((r,v), (r + e2 − e1,v)) =
1

2
r1θ1

γ(r2 + v2 + θ2)

r1 + v1 − 1 + θ1
,

q((r,v), (r + e3 − e1,v)) =
1

2
r1θ1

r3 + v3 + θ3 − r1 − v1 − θ1 − γ(r2 + v2 + θ2)

r1 + v1 − 1 + θ1
,

q((r,v), (r + e3 − e2,v)) =
1

2
r2θ2

r3 + v3 + θ3 − r2 − v2 − θ2 − (r1 + v1 + θ1)/γ

r2 + v2 − 1 + θ2
,

q((r,v), (r,v + e1 − e2)) =
1

2
v2θ2

r1 + v1 + θ1
γ(r2 + v2 − 1 + θ2)

,

q((r,v), (r,v + e2 − e1)) =
1

2
v1θ1

γ(r2 + v2 + θ2)

r1 + v1 − 1 + θ1
,

q((r,v), (r,v + e3 − e1)) =
1

2
v1θ1

r3 + v3 + θ3 − r1 − v1 − θ1 − γ(r2 + v2 + θ2)

r1 + v1 − 1 + θ1
,
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q((r,v), (r,v + e3 − e2)) =
1

2
v2θ2

r3 + v3 + θ3 − r2 − v2 − θ2 − (r1 + v1 + θ1)/γ

r2 + v2 − 1 + θ2
.

(3.49)

The events with transition rates of O(σ2) occur much more quickly on a faster

timescale when compared with the events with transition rates of O(1) on the original

timescale. The number of these faster events tends to infinity before another event

occurs on the original timescale. Thus, between the slower events on the original

timescale, the genealogy is converted instantaneously according to the equilibrium of

the faster events.

Consider a sample drawing from the stationary population, with the configuration

n > 0 so all three types are presented. We call the instantaneous jump of the limiting

dual process at time t = 0 the first phase, and the evolution on the original timescale

at time t > 0 the second phase. Let time be rescaled such that one unit of time on the

faster timescale corresponds to σ2 units of time on the original timescale. At time 0,

transitions with rates of O(σ2) occur on the faster timescale before those with rates of

O(1). The branching events in particular, cannot occur on this faster timescale. Hence,

no virtual lines will be added to the genealogy in the first phase. The transition rates

of the events on the faster timescale are

q(r, r − e1) =
1

2

r1(r1 − 1)γ

r1 − 1 + θ1
,

q(r, r − e2) =
1

2

r2(r2 − 1)

r2 − 1 + θ2
,

q(r, r + e3 − e1) =
1

2

r1θ1γ

r1 − 1 + θ1
,

q(r, r + e3 − e2) =
1

2

r2θ2
r2 − 1 + θ2

. (3.50)

The ancestral lines of type 1 and type 2 with a selective disadvantage can coalesce with

the lines of the same type or mutate to type 3. Furthermore, there is no interaction

between type 1 and type 2 by considering the transition rates (3.50). The genealogies

of the individuals of type 1 and type 2 in the sample are independent in the first
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phase, and each genealogy follows Kingman’s coalescent in which there are coalescence

events and mutation events to type 3. The sample n is converted to M1 + M2 + n3

real lines of type 3 by the end of the first phase on the faster timescale, where Mi,

i = 1, 2 is the number of mutation events occurred, in which ancestral lines of type i

mutate to type 3. As already given in equation (2.17), the distribution of Mi, i = 1, 2,

satisfies the Ewens sampling formula

P(Mi = mi | ni) =
θmii
θi(ni)

∣∣∣S(mi)
ni

∣∣∣, 0 < mi ≤ ni, (3.51)

where S
(mi)
ni are the Stirling numbers of the first kind (see Remark 2.4).

The duration of the first phase is O(σ−12 ) for a finite sample, which is negligible

on the original timescale in limit as σ2 → ∞. After the instantaneous jump in the

first phase, at the beginning of the second phase at time 0+, the configuration of

ancestral lines is ((M1 + M2 + n3)e3,0). The ancestral dual process then undergoes

the transitions with rates of O(1). The transition rates of possible events at time

t = 0+ on the original timescale are

q((r,v), (r,v + e1)) =
1

2
r3θ1,

q((r,v), (r,v + e2)) =
1

2
r3θ2,

q((r,v), (r − e3,v)) =
1

2
r3(r3 − 1).

The possible next events are the coalescences among ancestral lines of type 3, or an

ancestral line branching into a virtual line of either type 1 or type 2. If a branching

event occurs, and a virtual line of type 1 is added to the genealogy (the argument is

similar if a virtual line of type 2 is added), the possible next transitions are

q((r,v), (r,v + e1)) =
1

2
(r3 + 1)(θ1 + 1),

q((r,v), (r,v + e2)) =
1

2
(r3 + 1)θ2,

q((r,v), (r − e3,v)) =
1

2
r3(r3 − 1),
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q((r,v), (r,v + e3 − e1)) =
1

2
[γσ2 + θ3 + r3 − θ1 − 1− θ2γ],

q((r,v), (r,v + e2 − e1)) =
1

2
θ2γ.

These transition rates are again composed of terms of O(σ2) and O(1). The newly-

added virtual line of type 1 will mutate to type 3 at rate γσ2/2 in a time that is

negligible on the original timescale in the limit as σ2 →∞. So whenever a branching

event occurs, a virtual line of type 3 is added to the genealogy on the original timescale.

The transition rates of the events that are observable on the original timescale are

q((r,v), (r,v + e3)) =
1

2
(r3 + v3)(θ1 + θ2),

q((r,v), (r − e3,v)) =
1

2
r3(r3 − 1),

q((r,v), (r,v − e3)) =
1

2
v3(2r3 + v3 − 1).

We are only interested in the real genealogy in the dual process, and the above rates

show that the real lines can only coalesce at rate r3(r3 − 1)/2. The evolution of

the real lines is independent of the virtual lines. Therefore, after the instantaneous

jump at time t = 0, the limiting ancestral dual process starts with the configuration

((M1 +M2 + n3)e3,0) at time t = 0+, and evolves according to Kingman’s coalescent

with coalescence rate r3(r3 − 1)/2 on the original timescale.

Now we turn to the other case in which the individuals of types 1 and 2 are strongly

disfavoured, and the individuals of type 3 are neutral, i.e., we assume

σ1 � σ2 �
σ1
σ2
� 1.

The transition rates of the dual process under strong selections of different orders

can be rewritten in the same way as those in Lemma 3.14, except that we cannot

write σ1 as γσ2 since σ1 and σ2 are of a different order now. In this case the type 2

lines cannot mutate to type 1 anymore, as the type 2 lines are much more selectively

favoured than the type 1 lines.
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The terms in the transition rates now have three different orders. The transitions

with rates of O(σ1) are

q((r,v), (r − e1,v)) =
1

2
r1(r1 − 1)

σ1
r1 + v1 − 1 + θ1

,

q((r,v), (r,v − e1)) =
1

2
v1(2r1 + v1 − 1)

σ1
r1 + v1 − 1 + θ1

,

q((r,v), (r + e3 − e1,v)) =
1

2
r1θ1

σ1
r1 + v1 − 1 + θ1

,

q((r,v), (r,v + e3 − e1)) =
1

2
v1θ1

σ1
r1 + v1 − 1 + θ1

;

the transitions with rates of O(σ2) are

q((r,v), (r − e2,v)) =
1

2
r2(r2 − 1)

σ2
r2 + v2 − 1 + θ2

,

q((r,v), (r,v − e2)) =
1

2
v2(2r2 + v2 − 1)

σ2
r2 + v2 − 1 + θ2

,

q((r,v), (r + e3 − e2,v)) =
1

2
r2θ2

σ2
r2 + v2 − 1 + θ2

,

q((r,v), (r,v + e3 − e2)) =
1

2
v2θ2

σ2
r2 + v2 − 1 + θ2

;

and the transitions with rates of O(1) are the coalescences with the same rates in

(3.49) and mutations with the following rates

q((r,v), (r + e3 − e1,v)) =
1

2
r1θ1

r3 + v3 + θ3 − r1 − v1 − θ1
r1 + v1 − 1 + θ1

,

q((r,v), (r,v + e3 − e1)) =
1

2
v1θ1

r3 + v3 + θ3 − r1 − v1 − θ1
r1 + v1 − 1 + θ1

,

q((r,v), (r + e3 − e2,v)) =
1

2
r2θ2

r3 + v3 + θ3 − r2 − v2 − θ2
r2 + v2 − 1 + θ2

,

q((r,v), (r,v + e3 − e2)) =
1

2
v2θ2

r3 + v3 + θ3 − r2 − v2 − θ2
r2 + v2 − 1 + θ2

.

Thus, according to the same argument, on the σ1-timescale (where one unit time

corresponds to σ1 units of time on the original timescale), ancestral lines of type 1 can

coalesce and mutate to type 3. The sample (n1, n2, n3) is converted to (0, n2,M1 +n3).

On the σ2-timescale, ancestral lines of type 2 can coalesce and mutate to type 3. The

sample is further converted to (0, 0,M1+M2+n3). These transitions all happen before

100



the transitions with rates of O(1). The limiting dual process then starts on the original

timescale with configuration ((M1+M2+n3)e3,0) at time 0+. As soon as a branching

event occurs, the newly-created virtual line of type 1 or type 2 instantaneously mutates

to type 3. Thus, the transition rates of the events that are observable on the original

timescale are

q((r,v), (r,v + e3)) =
1

2
(r3 + v3)(θ1 + θ2),

q((r,v), (r − e3,v)) =
1

2
r3(r3 − 1),

q((r,v), (r,v − e3)) =
1

2
v3(2r3 + v3 − 1).

Although the evolution of the virtual lines depends on the number of real lines, the

evolution of the real lines does not depend on the virtual lines. The real lines coalesce

in the limiting dual process at the rate r3(r3 − 1)/2.

Remark 3.15. Consider the ancestral dual process of Proposition 3.12 for a sample

n ∈ Z3
+ of size |n| ≥ 1. Suppose σ1 → ∞ and σ2 → ∞. The real genealogy in the

limiting ancestral dual process is determined by Kingman’s coalescent for a sample

which contains only M1 + M2 + n3 individuals of type 3. The distribution of Mi,

i = 1, 2, is

P(Mi = mi | ni) =
θmii
θi(ni)

∣∣∣S(mi)
ni

∣∣∣, 0 < mi ≤ ni,

where S
(mi)
ni are the Stirling numbers of the first kind.
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Chapter 4

Genealogies under

selection-mutation balance

In this chapter, we study the limiting behaviour of the ancestral processes when

selection and mutation are balanced so that the forwards-in-time frequencies are

constants in equilibrium. Recall that in the population governed by the diffusion

with generator (1.10), selection operates in a way to eliminate type 1 individuals, but

mutation converts type 2 individuals to type 1 at rate θ1/2 per individual per unit of

time. Suppose the selection coefficient σ →∞, the mutation coefficient θ1 →∞ and

lim
θ1→∞

θ1/σ = τ, (4.1)

where 0 < τ < ∞ is fixed. Note that the mutation coefficient θ2 is assumed to be

a constant. This is the case usually referred to as unidirectional mutation in the

literature. We expect the frequencies of the two alleles to reach a balance by the

interaction of selection and mutation. The bold dashed curve in Figure 1.1 on page 21

demonstrates that when θ1 = 30, σ = 60 and θ2 = 0.2, the stationary density of the

diffusion process concentrates around 0.5.

In the remainder of this chapter, the term “under selection-mutation balance”
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means under the assumption (4.1). In Section 4.1, we review the classic results regard-

ing the dynamics of the forwards-in-time allelic frequencies under selection-mutation

balance. The two backgrounds are approximately constant in this case. We again use

the constant frequency assumption in the studies of the limiting processes in this

chapter. In Section 4.2, we derive the limit in the coalescent-in-a-random-background

model as θ1 →∞ under selection-mutation balance in Theorem 4.3. In Section 4.3, we

deduce the limit in the ancestral dual process with typed lines in Theorem 4.13. These

limiting processes are novel and are additionally supported by simulation results in

Table 4.1. There are no branching events in the ancestral process in the coalescent-

in-a-random-background model, but branching events can occur in the ancestral dual

process with typed lines, and virtual ancestral lines can appear. We discover in The-

orem 4.11 that in the ancestral dual process with typed lines, as θ1 → ∞ under

selection-mutation balance, the numbers of virtual lines increase and stabilise to a

level of O(θ1) on a much faster timescale. In Section 4.4, we discuss the connections

of the ancestral dual process with typed lines under selection-mutation balance to the

forwards-in-time deterministic process with Theorem 4.16.

4.1 Deterministic approximation of the diffusion

In this section, we consider the Wright-Fisher diffusion with selection and mutation,

which is specified by the generator (1.10). The diffusion can be approximated de-

terministically as θ1 → ∞ under selection-mutation balance, as follows. The stable

equilibrium point of the deterministic trajectory is derived in equation (4.4). We also

study the fluctuations about the deterministic trajectory in Lemma 4.2. These results

are known in the literature, but are a prerequisite for the investigation of the limit of

the ancestral processes in the remainder of this chapter.

Consider the diffusion process {X(t), t ≥ 0} with generator (1.10) and initial
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value X(0) = ζ for a constant ζ ∈ (0, 1). The generator of the time-changed process

{X(t/θ1), t ≥ 0}, evaluated on a twice continuously differentiable function f : [0, 1]→

R, satisfies

lim
θ1→∞

1

θ1
Lθ1f(x) = lim

θ1→∞

1

2

{[
− σ

θ1
x(1− x) + 1−

(
1 +

θ2
θ1

)
x

]
df(x)

dx

+
1

θ1
x(1− x)

d2f(x)

dx2

}
=

1

2
(1− x)(1− τ−1x)

df(x)

dx
,

under selection-mutation balance (4.1). Thus the time-changed diffusion can be ap-

proximated by {x(t), t ≥ 0} where x(t) is the solution to the equation

dx(t)

dt
=

1

2
(1− x(t))(1− τ−1x(t)), (4.2)

with initial value x(0) = ζ.

Figure 4.1 shows a path of the diffusion with generator (1.10), superimposed on

the trajectory of the differential equation (4.2). Note that in the simulation we use

the Moran model with a large population size to approximate the diffusion process.

The solution to the differential equation (4.2) is

x(t) =

τ + (1−τ)(τ−ζ)

τ−ζ−(1−ζ)e
1−τ
2τ t

, if τ 6= 1,

1− 2(1−ζ)
2+(1−ζ)t , if τ = 1.

(4.3)

Remark 4.1 (Stable equilibrium under selection-mutation balance). For any initial

value x(0) = ζ ∈ (0, 1), we have

lim
t→∞

x(t) =

{
τ, if 0 < τ < 1,

1, if τ ≥ 1,
(4.4)

which is the stable equilibrium point of the differential equation (4.2).

Figure 4.2 plots the trajectories of the differential equation (4.2) with τ = 0.3 and

different initial values. Recall that we assume θ1, σ → ∞ and θ1/σ → τ . If τ ≥ 1,

type 1 individuals will become fixed in the population as t → ∞; and if 0 < τ < 1,
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Figure 4.1: A path of the diffusion with generator (1.10), superimposed on the trajec-
tory of the differential equation (4.2). In the simulation the diffusion is approximated
by the Moran model of Definition 1.2 with population size N = 20000. The other
coefficient values are θ1 = 5000, τ = 0.3 and θ2 = 2.

the frequency stabilises to a fixed proportion τ of the total population. The latter

case is more interesting, so in the remaining part of this chapter, we always assume

0 < τ < 1 unless otherwise stated.

The limiting results for the ancestral processes in the remainder of this chapter rely

on the deterministic approximation and the stable equilibrium point in equation (4.4).

However, before the discussion of the ancestral processes, we investigate the devia-

tion from the deterministic trajectory in the following lemma due to Norman (1974,

Theorem 1).

Lemma 4.2 (Fluctuations about the deterministic trajectory). Consider the diffusion
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Figure 4.2: The solution to the differential equation (4.2) when τ = 0.3, with respect
to various initial values in {0, 0.1, 0.3, 0.5, 0.9, 1}.

process {X(t), t ≥ 0} with generator (1.10) and initial value X(0) = ζ ∈ (0, 1). Let

x(t) = τ +
(1− τ)(τ − ζ)

τ − ζ − (1− ζ)e
1−τ
2τ

t
, t ≥ 0, (4.5)

as in equation (4.3).

Define Zθ1(t) =
√
θ1(X(t/θ1)−x(t)). As θ1 →∞ under selection-mutation balance,

the real-valued process {Zθ1(t), t ≥ 0} converges in finite-dimensional distribution to

an Ornstein-Uhlenbeck process {Z(t), t ≥ 0} that satisfies the stochastic differential

equation

dZ(t) = − 1

2τ
(1 + τ − 2x(t))Z(t) dt+

√
x(t)(1− x(t)) dW (t),
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Figure 4.3: The comparison of the stationary density (1.11) of the diffusion with
generator (1.10) to the density of N(τ, τ 2/θ1) distribution, with respect to various
values of θ1. The other coefficient values are τ = 0.8 and θ2 = 1.5.

where {W (t), t ≥ 0} is a standard Brownian motion. The process {Z(t), t ≥ 0} has a

unique stationary distribution N(0, τ 2).

See Figure 4.3 for a comparison of the stationary density (1.11) of the diffusion to

the density of N(τ, τ 2/θ1) distribution, with respect to various strengths of selection

and mutation.

Proof of Lemma 4.2. The dynamics of the diffusion {X(t), t ≥ 0} with generator

(1.10) can be represented by the stochastic differential equation

dX(t) =
1

2
[−σX(t)(1−X(t)) + θ1 − θX(t)] dt+

√
X(t)(1−X(t)) dW (t),
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where {W (t), t ≥ 0} is a standard Brownian motion. Write X̃(t) = X(t/θ1). It follows

immediately that

dX̃(t) =
1

2θ1
[−σX̃(t)(1− X̃(t)) + θ1 − θX̃(t)] dt+

√
1

θ1
X̃(t)(1− X̃(t)) dW (t).

Define a real-valued process {Zθ1(t), t ≥ 0} where Zθ1(t) :=
√
θ1(X̃(t)− x(t)) with

x(t) given in equation (4.5). We have Zθ1(0) = 0. It follows from Itō’s formula that

dZθ1(t) =
√
θ1 dX̃(t)−

√
θ1 dx(t)

=

√
θ1
2

[
− σ

θ1
X̃(t)(1− X̃(t)) + 1−

(
1 +

θ2
θ1

)
X̃(t)

+
1

τ
x(t)(1− x(t))− 1 + x(t)

]
dt+

√
X̃(t)(1− X̃(t)) dW (t)

=

√
θ1
2

[
− σ

θ1

(
1√
θ1
Zθ1(t) + x(t)

)(
1− 1√

θ1
Zθ1(t)− x(t)

)
−
(

1 +
θ2
θ1

)(
1√
θ1
Zθ1(t) + x(t)

)
+

1

τ
x(t)(1− x(t)) + x(t)

]
dt

+

√(
1√
θ1
Zθ1(t) + x(t)

)(
1− 1√

θ1
Zθ1(t)− x(t)

)
dW (t)

:= mθ1(t, Zθ1(t)) dt+
√
νθ1(t, Zθ1(t)) dW (t).

The generator of the process {Zθ1(t), t ≥ 0} is thus

Lθ1f(z) = mθ1(t, z)
df(z)

dz
+

1

2
νθ1(t, z)

d2f(z)

dz2
,

for a twice continuously differentiable function f : R→ R. We have

lim
θ1→∞

Lθ1f(z) = m(t, z)
df(z)

dz
+

1

2
ν(t, z)

d2f(z)

dz2
,

where

m(t, z) = lim
θ1→∞

mθ1(t, z) = − 1

2τ
(1 + τ − 2x(t))z,

and

ν(t, z) = lim
θ1→∞

νθ1(t, z) = x(t)(1− x(t)).
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Therefore, as θ1 → ∞ under selection-mutation balance, the process {Zθ1(t), t ≥

0} converges in finite-dimensional distribution to an Ornstein-Uhlenbeck process

{Z(t), t ≥ 0} that satisfies the stochastic differential equation

dZ(t) = − 1

2τ
(1 + τ − 2x(t))Z(t) dt+

√
x(t)(1− x(t)) dW (t).

To deduce the stationary distribution of the process {Z(t), t ≥ 0}, we apply Itō’s

formula to

Z(t)e
∫ t
0

1
2τ

(1+τ−2x(u)) du.

The solution of the resulting stochastic differential equation gives

Z(t) = e−
∫ t
0

1
2τ

(1+τ−2x(u)) du ×
∫ t

0

√
x(u)(1− x(u))e

∫ u
0

1
2τ

(1+τ−2x(v)) dv dW (u).

Therefore, the distribution of Z(t) is normal with mean 0 and variance

Var(Z(t)) = e−
∫ t
0

1
τ
(1+τ−2x(u)) du ×

∫ t

0

x(u)(1− x(u))e
∫ u
0

1
τ
(1+τ−2x(v)) dv du.

We use L’Hôpital’s rule to obtain

lim
t→∞

Var(Z(t)) = lim
t→∞

x(t)(1− x(t))

[1 + τ − 2x(t)]/τ
= τ 2.

The proof of the lemma is completed.

4.2 Coalescent in a random background

We now investigate the ancestral processes under the assumption (4.1) of selection-

mutation balance. In this section, we focus on the limit of the coalescent-in-a-random-

background model of Proposition 3.2, while in Section 4.3, we will study the limit

of the ancestral dual process with typed lines of Theorem 2.1. Recall that these two

models for the genealogy of a given sample configuration under selection and mutation

are different in that in the coalescent-in-a-random-background model, there are no
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branching events in the ancestral process, and selection is reflected in the ancestral

frequencies of alleles. In the dual process with typed lines on the other hand, the

ancestral lines can branch and virtual lines can appear.

The deterministic approximation of the diffusion with generator equation (1.10)

by equation (4.2) and equation (4.4) show that, as θ1 →∞ under selection-mutation

balance, the forwards-in-time frequencies in the population rapidly approach the stable

equilibrium point (τ, 1− τ). Consider the coalescent-in-a-random-background model

introduced in Proposition 3.2. We approximate the time-inhomogeneous ancestral

process of Proposition 3.2 by a time-homogeneous process, in which we assume the

ancestral frequency of type 1 individuals ρ(t) = τ for all t ≥ 0 in the past. Therefore,

for a sample n ∈ Z2
+ of size |n| ≥ 1, we consider the ancestral process {αθ1(t), t ≥ 0},

which is a Markov process with state space {α : α ∈ Z2
+, 1 ≤ |α| ≤ |n|} and initial

state n. When the ancestral process is at a state α, the transition rates are

qθ1(α,α− e1) =
1

2τ
α1(α1 − 1),

qθ1(α,α− e2) =
1

2(1− τ)
α2(α2 − 1),

qθ1(α,α− e1 + e2) =
1− τ

2τ
α1θ1,

qθ1(α,α− e2 + e1) =
τ

2(1− τ)
α2θ2. (4.6)

Kaplan et al. (1988) use the above time-homogeneous ancestral process to study

how the shape of genealogies is altered by different strengths of selection and mutation.

A similar assumption of constant frequencies has been used broadly in studies of the

background selection model (see Remark 5.23 in Chapter 5). The novelty of our work

is that we give a formal description of the limiting ancestral process as θ1 →∞ under

selection-mutation balance in the next theorem.

Heuristically, under selection-mutation balance the population is subdivided into

two genetic backgrounds, where the proportion of the type 1 population is τ . Since we
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assume θ1 →∞, the mutations of type 1 individuals to type 2 occur at rate of O(θ1).

These events happen much faster than the other events with rates of O(1). Thus, at

time 0, all type 1 individuals in the sample instantaneously mutate to type 2, and the

resulting sample undergoes Kingman’s coalescent in the genetic background of the

type 2 population, which takes a proportion 1− τ of the total population. In contrast,

in Section 3.1 in the previous chapter where we assume the population under strong

selection is subdivided into backgrounds of proportion 1/σ and 1− 1/σ, individuals

of type 1 may also coalesce as well as mutate on the faster timescale. Therefore type

1 individuals in the sample are converted to a random number of type 2 individuals

on the faster timescale, and the genealogy of the resulting sample is determined by

the usual Kingman’s coalescent.

Theorem 4.3. Consider the ancestral process {αθ1(t), t ≥ 0} with transition rates

(4.6) for a sample n ∈ Z2
+ of size n = |n| ≥ 1. As θ1 →∞, the process {αθ1(t) : t ≥ 0}

converges in finite-dimensional distribution to a process {α(t), t ≥ 0} with the same

initial state and state space.

There is an instantaneous jump at t = 0 in the limiting process such that

α(0+) = (0, n).

For t > 0, the transition rates of the limiting process are

q((0, α2), (0, α2 − 1)) =
1

2(1− τ)
α2(α2 − 1), α2 ≥ 2. (4.7)

Before proceeding to the proof of Theorem 4.3, we deduce the limit of the expecta-

tion and variance of the height and the length of the genealogy under selection-mutation

balance, as an immediate consequence of Theorem 4.3. In Kingman’s coalescent with

the usual coalescence rate

1

2
α(α− 1), α ≥ 2,

the mean and variance of the time to the MRCA and the length of the genealogy
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are given in equations (2.1) to (2.4). By Theorem 4.3, the genealogy in the limiting

ancestral process has the same distribution as that in a time-changed Kingman’s

coalescent.

Remark 4.4 (Genealogies under selection-mutation balance). Consider the genealogy

generated by the ancestral process with transition rates (4.6) for a sample n ∈ Z2
+ of

size n ≥ 1. The mean and variance of the time to the MRCA satisfy

lim
θ1→∞

E[TMRCA(n)] = 2(1− τ)

(
1− 1

n

)
, (4.8)

lim
θ1→∞

Var[TMRCA(n)] = 4(1− τ)

[
2

n∑
i=2

1

i2
−
(

1− 1

n

)2]
; (4.9)

and the mean and variance of the length of the genealogy satisfy

lim
θ1→∞

E[LMRCA(n)] = 2(1− τ)
n−1∑
i=1

1

i
, (4.10)

lim
θ1→∞

Var[LMRCA(n)] = 4(1− τ)
n−1∑
i=1

1

i2
. (4.11)

We now prove Theorem 4.3. The main ingredient in the proof is to separate the

timescales and apply Lemma 3.1.

Proof of Theorem 4.3. Consider the ancestral process {αθ1(t), t ≥ 0} with transition

rates (4.6) for a sample (n1, n2) of size n = n1 + n2 ≥ 1. Let S be the state space,

which is the set of all possible configurations of ancestral lines. The order of the states

in S is arbitrary but fixed. We let S have three mutually disjoint subsets such that

S = ∪3i=1Si. The states are ordered in a way that each state in S1 contains only

lines of type 2, so S1 = {(0, n), (0, n− 1), . . . , (0, 1)}; each state in S2 consists of only

lines of type 1, thus S2 = {(n, 0), (n− 1, 0), . . . , (1, 0)}; and S3 = {(1, n− 1), (2, n−

2), . . . , (n− 1, 1), (1, n− 2), (2, n− 3), . . . , (n− 2, 1), . . . , (1, 1)}. The size of the state

space is |S| = 2n +
∑n−1

i=1 i = n(n + 3)/2. The absorbing states are (0, 1) and (1, 0).

See Example 4.6 for a demonstration of the structure of the matrices in this proof.
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The Q-matrix Qθ1 of the ancestral process {αθ1(t), t ≥ 0} is (n(n+ 3)/2)× (n(n+

3)/2)-dimensional of which the non-zero off-diagonal entries are specified in equations

(4.6), and the diagonal entries are minus the sum of off-diagonal entries. Qθ1 can be

written in the block form as

Qθ1 =

Q11 Q12 Q13

Q21 Q22 Q23

Q31 Q32 Q33

 ,

where each Qij contains the rates at which transitions from the states in Si to the

ones in Sj occur.

The matrixQθ1 can be decomposition asQθ1 = θ1A+B, whereA = limθ1→∞Qθ1/θ1

and B = limθ1→∞(Qθ1 − θ1A). For i = (α1, α2) ∈ S and j ∈ S, the entries aij of A

are

aij =


1−τ
2τ
α1, if j = (α1 − 1, α2 + 1),

−1−τ
2τ
α1, if j = i,

0, otherwise;

and the entries bij of B are

bij =



1
2τ
α1(α1 − 1), if j = (α1 − 1, α2),
1

2(1−τ)α2(α2 − 1), if j = (α1, α2 − 1),
τ

2(1−τ)α2θ2, if j = (α1 + 1, α2 − 1),

−
[

1
2τ
α1(α1 − 1) + 1

2(1−τ)α2(α2 − 1 + τθ2)
]
, if j = i,

0, otherwise.

In the block form, we have

A =

 0 0 0
A21 A22 A23

A31 0 A33

 ,

and

B =

B11 B12 B13

0 B22 0
0 B32 B33

 .

Since A is a Q-matrix, there exists a Markov process with corresponding Q-matrix

A. This Markov process has the states in S1 as absorbing states, and all other states
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as transient states.

Let Πθ1(t) be the transition matrix of the ancestral process {αθ1(t), t ≥ 0} over a

period of time t in the past. We have Πθ1(t) = exp(Qθ1t). According to Lemma 3.1

and the algebra similar to that in the proof of Theorem 3.5, we have

lim
θ1→∞

Πθ1(t) = P eGt := Π(t), (4.12)

where P = limm→∞ e
Am andG = PBP . Π(t) is the transition matrix of the limiting

ancestral process {α(t), t ≥ 0}.

Since P = limt→0Π(t), the limiting ancestral process jumps instantaneously at

time t = 0 from a state i ∈ S to a state j ∈ S1, with probability pij (entries of P ), i.e.,

according to the mutation events occurring at the rates in A on a faster timescale

where one unit of time corresponds to θ1 units of time on the original timescale. P

has the block form

P =

 I 0 0
I 0 0
P 31 0 0

 .

The entries of P i1, i = 2, 3 are the probabilities of absorption from the states in Si

into the states in S1, which are equal to the probabilities that the state (α1, α2) ∈ Si

becomes absorbed into (0, α1 + α2) ∈ S1 after a series of mutation events from type 1

to type 2 (on the faster timescale). Thus, the entries of the matrix P are

pij =

{
1, if i = (α1, α2) ∈ S, j = (0, α1 + α2) ∈ S1,

0, otherwise.
(4.13)

The limiting ancestral process {α(t), t ≥ 0} with transition matrix Π(t) moves

instantaneously at time 0 according to P , from the sample (n1, n2) ∈ S to a state

(0, n1 + n2) ∈ S1. After entering such a state in S1, the limiting process behaves like a

Markov process (on the original timescale) with initial state (0, n1 +n2) and Q-matrix

G. The following equation (4.14) shows that the limiting ancestral process behaves

like the death process of a time-changed Kingman’s coalescent.
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The matrix G has the block form

G =

 B11 +B12 +B13P 31 0 0
B11 +B12 +B13P 31 0 0

P 31B11 + P 31B12 + P 31B13P 31 0 0

 .

The entries gij of G satisfy gij =
∑

l,k∈S pilblkpkj. For a state i = (0, α2) ∈ S1, since

pil = 1{l=i}, we have

gij =


1

2(1−τ)α2(α2 − 1), if j = (0, α2 − 1) ∈ S1,
τ

2(1−τ)α2θ2 − 1
2(1−τ)α2(α2 − 1 + τθ2) = − 1

2(1−τ)α2(α2 − 1), if j = i,

0, otherwise.

(4.14)

For a state i = (α1, α2) ∈ S2 ∪ S3, pil is non-zero only when j = (0, α1 + α2) ∈ S1.

Thus,

gij =


1

2(1−τ)(α1 + α2)(α1 + α2 − 1), if j = (0, α1 + α2 − 1) ∈ S1,

− 1
2(1−τ)(α1 + α2)(α1 + α2 − 1), if j = (0, α1 + α2) ∈ S1,

0, otherwise.

The proof is then completed.

The following corollary specifies the entries of the transition matrix Π(t) of the

limiting ancestral process {α(t), t ≥ 0} of Theorem 4.3.

Corollary 4.5. Consider the ancestral process {αθ1(t), t ≥ 0} with transition rates

(4.6) for a sample (n1, n2) ∈ Z2
+ of size n1 + n2 ≥ 1. For fixed t > 0, the transition

probability of the ancestral process satisfies

lim
θ1→∞

P[αθ1(t) = (α1, α2) | αθ1(0) = (n1, n2)] =

{
dn1+n2,α2(t), if α1 = 0,

0, otherwise,
(4.15)

where dij(t) is given by

dij(t) =


∑i

l=j e
−(l2)

t
1−τ

(2l−1)(−1)l−jj(l−1)i[l]
j!(l−j)!i(l)

, if 2 ≤ j ≤ i,

1−
∑i

l=2 e
−(l2)

t
1−τ

(2l−1)(−1)li[l]
i(l)

, if j = 1, j ≤ i,

0, otherwise.

(4.16)
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Proof. We have seen in the proof of Theorem 4.3 that the transition matrix Πθ1(t)

of the ancestral process {αθ1(t), t ≥ 0} satisfies

lim
θ1→∞

Πθ1(t) = Π(t) = P eGt, t > 0,

where the matrix P represents the instantaneous jumps, and G = PBP is the Q-

matrix of the limiting process with state space S. Therefore, by matrix multiplication,

the entries of Π(t) are

πij(t) =
∑
k∈S

pik
(
eGt
)
kj
.

The entries of P are given in equation (4.13); and dij(t) in equation (4.16) are the

entries of the transition matrix of the death process of a time-changed Kingman’s

coalescent, which was derived by Griffiths (1980). The corollary then follows.

Example 4.6. We illustrate the structure of the matrices in the proof of Theorem 4.3

and Corollary 4.5. Consider a sample (n1, n2) of size n = n1 +n2 = 3. The state space

of the ancestral process {αθ1(t), t ≥ 0} is

S = {(0, 3), (0, 2), (0, 1), (3, 0), (2, 0), (1, 0), (1, 2), (2, 1), (1, 1)}.

The Q-matrix Qθ1 of the ancestral process {αθ1(t), t ≥ 0} is

−3(1+τθ2/2)
1−τ

3
1−τ 0 0 0 0 3τθ2

2(1−τ) 0 0

0 −1−τθ2
1−τ

1
1−τ 0 0 0 0 0 τθ2

1−τ
0 0 −τθ2

2(1−τ) 0 0 τθ2
2(1−τ) 0 0 0

0 0 0
−3(1+(1−τ)θ1)

2τ
3
2τ

0 0
3(1−τ)θ1

2τ
0

0 0 0 0
−1−(1−τ)θ1

τ
1
τ

0 0
(1−τ)θ1

τ

0 0
(1−τ)θ1

2τ
0 0 − (1−τ)θ1

2τ
0 0 0

(1−τ)θ1
2τ

0 0 0 0 0 − 1+τθ2
1−τ −

(1−τ)θ1
2τ

τθ2
1−τ

1
1−τ

0 0 0 τθ2
2(1−τ) 0 0

(1−τ)θ1
τ

− 1+(1−τ)θ1
τ

− τθ2
2(1−τ)

1
τ

0
(1−τ)θ1

2τ
0 0 τθ2

2(1−τ) 0 0 0 − (1−τ)θ1
2τ

− τθ2
2(1−τ)


.

The Q-matrix can be decomposed according to the order of the terms in each entry,
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such that Qθ1 = θ1A+B. We have

A =



0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

0 0 0 −3(1−τ)
2τ

0 0 0 3(1−τ)
2τ

0
0 0 0 0 −1−τ

τ
0 0 0 1−τ

τ

0 0 1−τ
2τ

0 0 −1−τ
2τ

0 0 0
1−τ
2τ

0 0 0 0 0 −1−τ
2τ

0 0
0 0 0 0 0 0 1−τ

τ
−1−τ

τ
0

0 1−τ
2τ

0 0 0 0 0 0 −1−τ
2τ


and

B =



−3(1+τθ2/2)
1−τ

3
1−τ 0 0 0 0 3τθ2

2(1−τ) 0 0

0 −1−τθ2
1−τ

1
1−τ 0 0 0 0 0 τθ2

1−τ
0 0 −τθ2

2(1−τ) 0 0 τθ2
2(1−τ) 0 0 0

0 0 0 −3
2τ

3
2τ

0 0 0 0
0 0 0 0 − 1

τ
1
τ

0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −1−τθ2

1−τ
τθ2
1−τ

1
1−τ

0 0 0 τθ2
2(1−τ) 0 0 0 − 1

τ
− τθ2

2(1−τ)
1
τ

0 0 0 0 τθ2
2(1−τ) 0 0 0 −τθ2

2(1−τ)


.

As shown in the proof of Theorem 4.3, the limiting ancestral process {α(t), t ≥ 0}

undergoes instantaneous jumps according to

P = lim
m→∞

eAm =



1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0


.
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The Q-matrix of the limiting ancestral process is

G = PBP =



− 3
1−τ

3
1−τ 0 0 0 0 0 0 0

0 − 1
1−τ

1
1−τ 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0
− 3

1−τ
3

1−τ 0 0 0 0 0 0 0

0 − 1
1−τ

1
1−τ 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0
− 3

1−τ
3

1−τ 0 0 0 0 0 0 0

− 3
1−τ

3
1−τ 0 0 0 0 0 0 0

0 − 1
1−τ

1
1−τ 0 0 0 0 0 0


.

The transition matrix of the limiting ancestral process is Π(t) = P eGt, where

P eGt =



e−
3t

1−τ 3
2
e−

t
1−τ − 3

2
e−

3t
1−τ 1− 3

2
e−

t
1−τ + 1

2
e−

3t
1−τ 0 0 0 0 0 0

0 e−
t

1−τ 1− e−
t

1−τ 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0

e−
3t

1−τ 3
2
e−

t
1−τ − 3

2
e−

3t
1−τ 1− 3

2
e−

t
1−τ + 1

2
e−

3t
1−τ 0 0 0 0 0 0

0 e−
t

1−τ 1− e−
t

1−τ 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0

e−
3t

1−τ 3
2
e−

t
1−τ − 3

2
e−

3t
1−τ 1− 3

2
e−

t
1−τ + 1

2
e−

3t
1−τ 0 0 0 0 0 0

e−
3t

1−τ 3
2
e−

t
1−τ − 3

2
e−

3t
1−τ 1− 3

2
e−

t
1−τ + 1

2
e−

3t
1−τ 0 0 0 0 0 0

0 e−
t

1−τ 1− e−
t

1−τ 0 0 0 0 0 0


.

We have verified Corollary 4.5, and the fact that the limiting ancestral process un-

der selection-mutation balance behaves like the death process of the time-changed

Kingman’s coalescent, as stated in Theorem 4.3.

4.3 Ancestral dual process with typed lines

In this section, we examine the limiting behaviour of the ancestral dual process with

typed lines of Theorem 2.1 under selection-mutation balance. This investigation is

new, and the main results are in Theorems 4.11 and 4.13.

The starting point is to asymptotically expand the confluent hypergeometric func-

tions appearing in the transition rates (2.6) to (2.10) of the ancestral dual process with

typed lines. The confluent hypergeometric function M(r1 + v1 + θ1, r + v + θ,−σ) ≡
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ν(r + v + θ), where r = |r|, v = |v|, θ = |θ| and σ > 0, is defined in equation (1.12).

The following lemma is due to López and Pagola (2010).

Lemma 4.7 (Confluent hypergeometric function under selection-mutation balance).

For large θ1 and σ such that limθ1→∞ θ1/σ = τ , and r1, r2, v1, v2 ∼ O(1), the confluent

hypergeometric function has the following asymptotic expansion:

M(r1 + v1 + θ1, r + v + θ,−σ)

∼ Γ (r + v + θ)(1− γ)r2+v2+θ2−1

Γ (r1 + v1 + θ1)Γ (r2 + v2 + θ2)

(
γ

e

)γσ√
2γπ

σ

×
[
1 +

1

σ

(
(2− γ(r2 + v2 + θ2))(1− r2 − v2 − θ2)

2(1− γ)2
+

1

12γ

)
+O(σ−2)

]
,

where γ = τ + (r1 + v1 − 1)/σ.

Note that a condition for the asymptotic expansion in the above Lemma 4.7

to hold is r1, r2, v1, v2 ∼ O(1). The numbers of real ancestral lines are always of a

constant order, but the numbers of virtual lines could potentially be of a higher order.

The asymptotic expansions of the transition rates (2.6) to (2.10) are obtained in the

following Lemma 4.8, for v1, v2 being of a constant order. The situation where v1, v2

are of a higher order is dealt with in Remark 4.9.

Lemma 4.8. Consider the transition rates (2.6) to (2.10) of the ancestral dual process

with typed lines. Suppose v1, v2 ∼ O(1), for large θ1 under selection-mutation balance,

these transition rates can be rewritten as

qθ1((r,v), (r,v + e1)) =
1

2
(r + v)θ1 +

(r + v)[r1 + v1 − τ(r + v − 1 + θ2)]

2(1− τ)
+O(θ−11 ),

qθ1((r,v), (r − e1,v)) =
1

2τ
r1(r1 − 1) +O(θ−11 ),

qθ1((r,v), (r − e2,v)) =
1

2(1− τ)
r2(r2 − 1) +O(θ−11 ),

qθ1((r,v), (r,v − e1)) =
1

2τ
v1(2r1 + v1 − 1) +O(θ−11 ),

qθ1((r,v), (r,v − e2)) =
1

2(1− τ)
v2(2r2 + v2 − 1) +O(θ−11 ),
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qθ1((r,v), (r + e1 − e2,v)) =
τ

2(1− τ)
r2θ2 +O(θ−11 ),

qθ1((r,v), (r + e2 − e1,v)) =
1− τ

2τ
r1θ1 +

r1[τ(r + v − 1 + θ2)− r1 − v1]
2τ(1− τ)

+O(θ−11 ),

qθ1((r,v), (r,v + e1 − e2)) =
τ

2(1− τ)
v2θ2 +O(θ−11 ),

qθ1((r,v), (r,v + e2 − e1)) =
1− τ

2τ
v1θ1 +

v1[τ(r + v − 1 + θ2)− r1 − v1]
2τ(1− τ)

+O(θ−11 ).

(4.17)

Proof. We substitute the asymptotic formula for the confluent hypergeometric func-

tions in Lemma 4.7 into the transition rates (2.6) to (2.10) of the ancestral dual

process with typed lines to obtain the asymptotic expansions of the rates.

Remark 4.9. We notice that the transition rates (2.6) to (2.10) of the ancestral dual

process of Theorem 2.1 can be interpreted, using Bayes’ rule, as the unconditional

rate of an event multiplied by the sampling probability of ancestral lines given the

event, then divided by the sampling probability before the event. For example, the

branching rate (2.6) can be expressed in the form

qθ1((r,v), (r,v + e1)) =
1

2
(r + v)σ

H (r,v + e1)

H (r,v)
,

where H (·, ·) are the sampling probabilities given in equation (2.5). Let X1 and

X2 ≡ 1−X1 be the stationary frequencies of the two alleles in the population governed

by the diffusion with generator (1.10). X1 and X2 are asymptotically τ and 1 − τ ,

respectively, as θ1 → ∞ under selection-mutation balance, as argued in Lemma 4.2.

Thus, we have

H (r,v) = E(Xr1+v1
1 Xr2+v2

2 ) ∼ τ r1+v1(1− τ)r2+v2 .

Therefore, the branching rate satisfies

qθ1((r,v), (r,v + e1)) ∼
1

2
(r + v)σ

τ r1+v1+1(1− τ)r2+v2

τ r1+v1(1− τ)r2+v2
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=
1

2
(r + v)στ

∼ 1

2
(r + v)θ1, (4.18)

since limθ1→∞ θ1/σ = τ . This asymptotic form of the branching rate agrees with our

algebraic result in equations (4.17). In fact, the asymptotic rates in (4.17) are all in the

form of equation (4.18) plus a lower-order term representing additional randomness.

Therefore, for v1, v2 being of any order, the transition rates should still be in the

form of equations (4.18) plus a lower-order term representing additional randomness.

Thus, we consider the process {(rθ1(t),vθ1(t)), t ≥ 0} with the following transition

rates, as an approximation to the ancestral process with the full transition rates under

selection-mutation balance:

q̃θ1((r,v), (r,v + e1)) =
1

2
(r + v)θ1, (4.19)

q̃θ1((r,v), (r − e1,v)) =
1

2τ
r1(r1 − 1), (4.20)

q̃θ1((r,v), (r − e2,v)) =
1

2(1− τ)
r2(r2 − 1), (4.21)

q̃θ1((r,v), (r,v − e1)) =
1

2τ
v1(2r1 + v1 − 1), (4.22)

q̃θ1((r,v), (r,v − e2)) =
1

2(1− τ)
v2(2r2 + v2 − 1), (4.23)

q̃θ1((r,v), (r + e1 − e2,v)) =
τ

2(1− τ)
r2θ2, (4.24)

q̃θ1((r,v), (r + e2 − e1,v)) =
1− τ

2τ
r1θ1, (4.25)

q̃θ1((r,v), (r,v + e1 − e2)) =
τ

2(1− τ)
v2θ2, (4.26)

q̃θ1((r,v), (r,v + e2 − e1)) =
1− τ

2τ
v1θ1, (4.27)

where r = r1 + r2 and v = v1 + v2.

The transition rates (4.19) to (4.27) are composed of terms of O(1) and ones

of a higher order which is O(θ1) when v1 and v2 are O(1), but if the orders of v1

and v2 become O(θ1), the orders of some terms in the rates can potentially become
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O(θ21). Nevertheless, we can still use the idea of separation of timescales to study the

behaviour of the limiting ancestral dual process, which is a combination of a process

running on a faster timescale and one running on the original timescale.

The rates (4.19), (4.22), (4.23), (4.26) and (4.27) of the transitions (r,v)→ (r,v+

e1), (r,v)→ (r,v− e1), (r,v)→ (r,v− e2), (r,v)→ (r,v + e1 − e2) and (r,v)→

(r,v+ e2− e1) that change the configuration of virtual ancestral lines, are dependent

on both the numbers of virtual and the numbers of real lines. However, the rates (4.20),

(4.21), (4.24) and (4.25) of the transitions (r,v)→ (r − e1,v), (r,v)→ (r − e2,v),

(r,v)→ (r + e1 − e2,v) and (r,v)→ (r + e2 − e1,v) that change the configuration

of real ancestral lines, are independent of the numbers of virtual lines.

Remark 4.10. The real genealogy in the ancestral process with transition rates

(4.19) to (4.27) is governed by the marginal process of the real ancestral lines, which

is independent of the numbers of virtual lines. We will see in Theorem 4.11 that on a

faster timescale, the evolution of the virtual lines is also independent on the real lines.

We now give a description of the evolution of the virtual lines. The limiting

behaviour of the real genealogy will be derived in Theorem 4.13. The numbers of

virtual lines are both zero at time 0 when a sample is taken. The possible events

occurring on the faster timescale where one unit of time corresponds to θ1 units of

time on the original timescale, are: the branching events, the mutation events for real

lines of type 1 to type 2, and the mutation events for virtual lines of type 1 to type 2,

with the following rates (on the faster timescale):

qθ1((r,v), (r,v + e1)) =
1

2
(r + v), (4.28)

qθ1((r,v), (r + e2 − e1,v)) =
1− τ

2τ
r1, (4.29)

qθ1((r,v), (r,v + e2 − e1)) =
1

2
v1

1− τ
τ

. (4.30)

The mutation events do not change the total number of real lines nor the total
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number of virtual lines. Thus, the branching rate (4.28) is not affected by these

mutation events. The total number of virtual lines follows a birth process with birth

rate (r+ v)/2. The rate (4.30) at which the virtual lines of type 1 mutate to type 2 is

of the same order as the branching rate, so the numbers of virtual lines of both types

will keep growing in such a process.

Consider the ancestral dual process {(rθ1(t),vθ1(t)), t ≥ 0} with transition rates

(4.19) to (4.27). For a sample n, we have 0 ≤ r(t) ≤ n for all t ≥ 0; however, v(t) is

in Z2
+. Define κθ1(t) = vθ1(t)/θ1. Consider the process {(rθ1(t),κθ1(t)), t ≥ 0} with

state space S = {0, 1, . . . , n1} × {0, 1, . . . , n2} ×R+ ×R+.

Theorem 4.11 (Virtual lines under selection-mutation balance). Assume κθ1(0) 6= 0.

As θ1 →∞ under selection-mutation balance, the process {(rθ1(t/θ1),κθ1(t/θ1)), t ≥ 0}

converges in finite-dimensional distribution to a process {(r(t),κ(t)), t ≥ 0} with state

space S running on the faster timescale where one unit of time corresponds to θ1 units

of time on the original timescale.

Suppose h(r,κ) : S → R is continuously differentiable with respect to κ. The

process {(r(t),κ(t)), t ≥ 0} is specified by the following generator:

Lh(r,κ) = [h(r − e1 + e2,κ)− h(r,κ)]× 1− τ
2τ

r1

+

[
1

2
(κ1 + κ2)−

1

2τ
κ21 −

1− τ
2τ

κ1

]
∂h(r,κ)

∂κ1

+

[
1− τ

2τ
κ1 −

1

2(1− τ)
κ22

]
∂h(r,κ)

∂κ2
. (4.31)

Proof. Consider the process {(rθ1(t),κθ1(t)), t ≥ 0} that has the transition rates

(4.19) to (4.27) and the generator Lθ1 . Suppose h(r,κ) : S → R is twice continuously

differentiable with respect to κ. For κ1 = v1/θ1 and κ2 = v2/θ1, we have

Lθ1h(r,κ) = [h(r − e1,κ)− h(r,κ)]× 1

2τ
r1(r1 − 1)

+ [h(r − e2,κ)− h(r,κ)]× 1

2(1− τ)
r2(r2 − 1)
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+ [h(r + e1 − e2,κ)− h(r,κ)]× τ

2(1− τ)
r2θ2

+ [h(r − e1 + e2,κ)− h(r,κ)]× 1− τ
2τ

r1θ1

+ [h(r,κ+ e1/θ1)− h(r,κ)]× 1

2

(
r1
θ1

+
r2
θ1

+ κ1 + κ2

)
θ21

+ [h(r,κ− e1/θ1)− h(r,κ)]× 1

2
κ1

(
2r1
θ1

+ κ1 −
1

θ1

)
1

τ
θ21

+ [h(r,κ− e2/θ1)− h(r,κ)]× 1

2
κ2

(
2r2
θ1

+ κ2 −
1

θ1

)
1

1− τ
θ21

+ [h(r,κ+ e1/θ1 − e2/θ1)− h(r,κ)]× 1

2
κ2θ2

τ

1− τ
θ1

+ [h(r,κ− e1/θ1 + e2/θ1)− h(r,κ)]× 1

2
κ1

1− τ
τ

θ21

= [h(r − e1,κ)− h(r,κ)]× 1

2τ
r1(r1 − 1)

+ [h(r − e2,κ)− h(r,κ)]× 1

2(1− τ)
r2(r2 − 1)

+ [h(r + e1 − e2,κ)− h(r,κ)]× τ

2(1− τ)
r2θ2

+ [h(r − e1 + e2,κ)− h(r,κ)]× 1− τ
2τ

r1θ1

+

[
1

θ1

∂h(r,κ)

∂κ1
+

1

2θ21

∂2h(r,κ)

∂κ21
+O(θ−31 )

]
× 1

2

(
r1
θ1

+
r2
θ1

+ κ1 + κ2

)
θ21

+

[
− 1

θ1

∂h(r,κ)

∂κ1
+

1

2θ21

∂2h(r,κ)

∂κ21
+O(θ−31 )

]
× 1

2
κ1

(
2r1
θ1

+ κ1 −
1

θ1

)
1

τ
θ21

+

[
− 1

θ1

∂h(r,κ)

∂κ2
+

1

2θ21

∂2h(r,κ)

∂κ22
+O(θ−31 )

]
× 1

2
κ2

(
2r2
θ1

+ κ2 −
1

θ1

)
1

1− τ
θ21

+

[
1

θ1

(
∂h(r,κ)

∂κ1
− ∂h(r,κ)

∂κ2

)
+

1

2θ21

(
∂2h(r,κ)

∂κ21
+
∂2h(r,κ)

∂κ22
− 2

∂2h(r,κ)

∂κ1∂κ2

)
+O(θ−31 )

]
× 1

2
κ2θ2

τ

1− τ
θ1

+

[
1

θ1

(
∂h(r,κ)

∂κ2
− ∂h(r,κ)

∂κ1

)
+

1

2θ21

(
∂2h(r,κ)

∂κ21
+
∂2h(r,κ)

∂κ22
− 2

∂2h(r,κ)

∂κ1∂κ2

)
+O(θ−31 )

]
× 1

2
κ1

1− τ
τ

θ21.

It follows that the generator of the time-changed process {(rθ1(t/θ1),κθ1(t/θ1)), t ≥ 0}
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satisfies

lim
θ1→∞

1

θ1
Lθ1h(r,κ) = [h(r − e1 + e2,κ)− h(r,κ)]× 1− τ

2τ
r1

+
1

2
(κ1 + κ2)

∂h(r,κ)

∂κ1
− 1

2τ
κ21
∂h(r,κ)

∂κ1
− 1

2(1− τ)
κ22
∂h(r,κ)

∂κ2

+
1− τ

2τ
κ1

(
∂h(r,κ)

∂κ2
− ∂h(r,κ)

∂κ1

)
= Lh(r,κ).

The proof is thus completed.

Remark 4.12. Given the generator (4.31), on the faster timescale, the Markov jump

process of the numbers of real lines {r(t), t ≥ 0} and the continuous process of the

scaled numbers of virtual lines {κ(t), t ≥ 0} are independent.

The scaled numbers of virtual lines {κ(t), t ≥ 0} can be approximated by the

trajectory of the following system of equations:

dκ1(t)

dt
=

1

2

[
κ1(t) + κ2(t)−

1

τ
κ21(t)−

1− τ
τ

κ1(t)

]
,

dκ2(t)

dt
=

1

2

[
1− τ
τ

κ1(t)−
1

1− τ
κ22(t)

]
, (4.32)

with some initial value κ(0) 6= 0.

The possible equilibrium point (κ∗1, κ
∗
2) of the system (4.32), where κ∗i = limt→∞ κi(t),

i = 1, 2, can be derived by setting the left-hand sides of the equations (4.32) to zero.

We then have the following non-linear algebraic system:

0 = κ∗1 + κ∗2 −
1

τ
κ∗21 −

1− τ
τ

κ∗1,

0 =
1− τ
τ

κ∗1 −
1

1− τ
κ∗22 ,

which gives two distinct sets of solutions, namely κ∗1 = κ∗2 = 0 and

κ∗1 = τ, κ∗2 = 1− τ.
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The Jacobian matrix of the system (4.32) is

J(κ1(t), κ2(t)) =

(
2τ−1−2κ1(t)

2τ
1
2

1−τ
2τ

−κ2(t)
1−τ

)
.

The eigenvalues of the matrix J(τ, 1− τ) are −1/2 < 0 and −(1 + τ)/(2τ) < 0. Then,

according to Hale (1980, Theorem 4.2 in Chapter 3), the equilibrium point (τ, 1− τ)

is asymptotically stable in the sense that whenever (κ1(0), κ2(0)) 6= (0, 0),

lim
t→∞

∥∥(κ1(t), κ2(t))− (τ, 1− τ)
∥∥ = 0,

where for an n-dimensional vectorx, we consider the Euclidean norm ‖x‖ :=
√∑n

i=1 x
2
i .

Therefore, on the faster timescale, the numbers of virtual lines will initially grow

because of branching and mutation events. When the numbers of virtual lines reach

the level of O(θ1), the rates (4.22) and (4.23) at which the virtual lines coalesce become

O(θ21), so these coalescence events take effect on the faster timescale. The numbers

of virtual lines then stabilise to τθ1 and (1 − τ)θ1. See Figure 4.4 for a plot of the

evolution of the virtual lines from simulations.

However, the total number of virtual lines will eventually become one via the events

occurring on the original timescale. This follows because if we do not distinguish the

types and the real and virtual lines and set the mutation coefficients to zero, the

ancestral dual process is just a birth-death process with quadratic death rate and

linear birth rate (see Etheridge and Griffiths, 2009, Equation 37). These events for

virtual lines on the original timescale have been ignored in our approximation as they

are complicated to handle and our interests focus mainly on the real genealogy.

As stated in Remark 4.10, the shape of the real genealogy is independent of the

evolution of the virtual lines. The real genealogy is governed by a process where only

real ancestral lines are evolved, with the following transition rates:

qθ1(r, r − e1) =
1

2τ
r1(r1 − 1),
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Figure 4.4: The numbers of virtual lines in the ancestral dual process of Theorem 2.1,
superimposed on the deterministic trajectory of the system (4.32). Time is measured
on the original timescale. The sample is (5, 3), and the coefficient values are θ1 = 1000,
τ = 0.3 and θ2 = 2. The horizontal dotted lines represent the stable equilibrium point
(θ1τ, θ1(1− τ)).

qθ1(r, r − e2) =
1

2(1− τ)
r2(r2 − 1),

qθ1(r, r + e1 − e2) =
τ

2(1− τ)
r2θ2,

qθ1(r, r + e2 − e1) =
1− τ

2τ
r1θ1. (4.33)

We provide a heuristic description of the evolution of the real lines here. The formal

derivation will be given in the proof of Theorem 4.13. We see that the transitions

r → r+ e2− e1 occur at a rate of O(θ1), therefore much more quickly than the other

events with rates of O(1), in the limit as θ1 →∞. The number of these faster mutation
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events tends to infinity before another event occurs on the original timescale. Consider

a sample (n1, n2) ∈ Z2
+. The sample is instantaneously converted to (0, n1 +n2), which

has only individuals of type 2.

The transitions on the original timescale starts at time 0+. Since there is no real

line of type 1 at time 0+, the coalescence events between a pair of real lines of type 1

cannot occur. The only possible transitions on the original timescale are

q((r,v), (r − e2,v)) =
1

2(1− τ)
r2(r2 − 1),

q((r,v), (r + e1 − e2,v)) =
τ

2(1− τ)
r2θ2.

However, as soon as a real line of type 2 mutates to type 1 so that r1 becomes 1,

this line of type 1 will mutate back to type 2 on the faster timescale because the

corresponding mutation rate is O(θ1). Thus, the only observable events on the original

timescale are the coalescence events of real lines of type 2 at rate

q((r,v), (r − e2,v)) =
1

2(1− τ)
r2(r2 − 1).

The following theorem is for the real genealogy in the limiting ancestral dual

process as θ1 →∞ under selection-mutation balance.

Theorem 4.13 (Real lines under selection-mutation balance). Consider the ancestral

process {rθ1(t), t ≥ 0} for a sample n ∈ Z2
+ of size n = |n| ≥ 1, which has the state

space {r : r ∈ Z2
+, 1 ≤ |r| ≤ |n|}, the initial state n and the transitions rates (4.33).

As θ1 →∞, the process {rθ1(t), t ≥ 0} converges in finite-dimensional distribution to

a process {r(t), t ≥ 0} with the same state space and initial state.

There is an instantaneous jump at t = 0 in the limiting process such that

r(0+) = (0, n).
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For t > 0, the transition rates of the limiting process are

q((0, r2), (0, r2 − 1)) =
1

2(1− τ)
r2(r2 − 1), r2 ≥ 2.

Proof. The process {rθ1(t), t ≥ 0} with transition rates (4.33) is the same as the

ancestral process with transition rates (4.6), so the present theorem follows the proof

of Theorem 4.3.

Remark 4.14. Although the coalescent-in-a-random-background model and the an-

cestral dual process with typed lines are different, as mentioned at the beginning of this

chapter, the limiting real genealogies in Theorems 4.3 and 4.13 are the same. In fact,

the two models generate the same real genealogy in the limit of selection-mutation

balance as well as strong selection (see Theorem 3.5 and Remark 3.10).

Given Theorem 4.13, the real genealogy in the limiting ancestral dual process

has the same distribution as that in a time-changed Kingman’s coalescent. We can

immediately write down formulae for the limit of the expectation and variance of the

time to the MRCA and the length of the genealogy , as in the following Remark 4.15.

We can also derive the limiting values of the other quantities relating to the genealogies,

e.g, the coalescence times and the type distribution of the MRCA.

Remark 4.15 (Genealogies under selection-mutation balance). According to Theo-

rem 4.13, as θ1 →∞ under selection-mutation balance (4.1), the mean and variance

of the time to the MRCA satisfy equations (4.8) and (4.9), and the mean and variance

of the length of the genealogy satisfy equations (4.10) and (4.11).

Table 4.1 lists the values of the mean time to the MRCA obtained from simula-

tions of the ancestral dual process of Theorem 2.1, with respect to various sample

configurations and values of θ1. The simulation results are averaged over 20000 Monte

Carlo replicates. It is observed that, as the value of θ1 increases (the value of σ also in-

creases), the values of the mean time to the MRCA decrease for sample configurations
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Table 4.1: The mean time to the MRCA in the ancestral dual process with typed lines,
with respect to various sample configurations and increasing values of θ1. The other
coefficient values are τ = 0.3 and θ2 = 0.2.

θ1 E[TMRCA(2, 0)] E[TMRCA(1, 1)] E[TMRCA(0, 2)]

2 0.97 1.27 0.59
5 0.82 0.87 0.61
10 0.71 0.75 0.65
30 0.69 0.71 0.68
150 0.69 0.70 0.69

∞ 0.70 0.70 0.70

The bottom row lists the limiting values calculated from equation (4.8). The other values are obtained
from simulations of the ancestral dual process of Theorem 2.1.

(2, 0) and (1, 1) but increase for sample configuration (0, 2), and eventually approach

the theoretical limiting value in equation (4.8). These simulation results provide an

additional support to the limiting quantities in Remark 4.15 regarding the shape of

genealogies under selection-mutation balance, and also to the limiting ancestral dual

process in Theorem 4.13.

4.4 Connections to the forwards-in-time process

If, instead of the diffusion process with generator (1.10), we assume, in the first place,

the forwards-in-time frequency in the population is governed by the deterministic

process satisfying the differential equation (4.2), we can derive the corresponding

ancestral dual process as in the following theorem.

Theorem 4.16 (Ancestral process dual to a deterministic process). Consider a pop-

ulation (under selection-mutation balance) in which the forwards-in-time frequency of

type 1 individuals is governed by the deterministic process satisfying the differential

equation (4.2).

Let {(r(t),v(t)), t ≥ 0} be the ancestral process that is dual to the deterministic

process. For a sample (n1, n2) ∈ Z2
+ of size n1 + n2 ≥ 1, the ancestral dual process
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is Markov with state space Z4
+ \ {0} and initial state (n,0). When the ancestral dual

process is at a state (r,v), the transition rates are

q((r,v), (r,v + e1)) =
1

2
(r + v),

q((r,v), (r − e1 + e2,v)) =
1− τ

2τ
r1,

q((r,v), (r,v − e1 + e2)) =
1− τ

2τ
v1,

where r = |r| and v = |v|.

Proof. By equation (4.2), the infinitesimal generator of the deterministic process,

evaluated on a continuously differentiable function f : [0, 1]→ R, is

Lf(x) =
1

2
(1− x)

(
1− τ−1x

) df(x)

dx
.

By applying the deterministic generator L to a test function of the form xα1(1− x)α2 ,

it follows that

Lxα1(1− x)α2 =
1

2
α1x

α1−1(1− x)α2 − 1

2
α2x

α1(1− x)α2−1

+
1

2τ
α2x

α1+1(1− x)α2−1 +
1

2
α2x

α1(1− x)α2−1(1− (1− x))

− 1

2τ
α1x

α1(1− x)α2 − 1

2
α1x

α1−1(1− x)α2(1− (1− x))

+
1

2τ
α1x

α1+1(1− x)α2 − 1

2τ
α2x

α1+1(1− x)α2−1(1− (1− x))

=
1

2τ
αxα1+1(1− x)α2 +

1

2
α1τx

α1−1(1− x)α2+1

− 1

2
(α2 + τ−1α1)x

α1(1− x)α2 ,

were α = α1 + α2.

Let x(t) be the solution to the differential equation (4.2). Equation (4.4) shows that

x(t)→ τ as t→∞. Thus, τα1(1− τ)α2 is the probability of sampling α1 individuals

of type 1 and α2 individuals of type 2 from the stationary population governed by the

deterministic process.
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By applying the deterministic generator L to the function

gα(x) =
xα1(1− x)α2

τα1(1− τ)α2
, (4.34)

we have

Lgα(x) =
1

2
αgα+e1(x) +

1− τ
2τ

α1gα−e1+e2(x)− 1

2
(α2 + τ−1α1)gα(x)

=
1

2
α[gα+e1(x)− gα(x)] +

1− τ
2τ

α1[gα−e1+e2(x)− gα(x)].

By using the method of duality in Definition 1.8, and considering g·(·) as functions

of the type configuration α of ancestral lines taken from the stationary population,

rather than as functions of the frequency x, these terms before gβ(x)− gα(x) in the

above equation can be interpreted as the transition rates of a Markov process. The

transition rates of the ancestral dual process are

q(α,α+ e1) =
1

2
α,

q(α,α− e1 + e2) =
1− τ

2τ
α1.

The ancestral lines can be decomposed into real and virtual ones by an argument

similar to that in the proof of Theorem 2.1. Hence, the transition rates of the ancestral

dual process decomposed into real and virtual lines, are

q((r,v), (r,v + e1)) =
1

2
(r + v),

q((r,v), (r − e1 + e2,v)) =
1− τ

2τ
r1,

q((r,v), (r,v − e1 + e2)) =
1− τ

2τ
v1.

Recall that one unit of time on the timescale of the deterministic process equals

θ1 units of time on the diffusion timescale (see the derivation of equation (4.2)). Thus

the transition rates of the ancestral dual process of Theorem 4.16 on the diffusion
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timescale are

q((r,v), (r,v + e1)) =
1

2
(r + v)θ1,

q((r,v), (r − e1 + e2,v)) =
1− τ

2τ
r1θ1,

q((r,v), (r,v − e1 + e2)) =
1− τ

2τ
v1θ1. (4.35)

Remark 4.17 (Connections to the forwards-in-time process). The transition rates

(4.35) of the ancestral process that is dual to a forwards-in-time deterministic pro-

cess are exactly the higher-order terms in the transition rates (4.17) obtained from

asymptotic expansions in θ1.
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Chapter 5

Selection-mutation balance in an

additive selection model

In this chapter, we consider an additive selection model, which is a special case of

assortative mating models that have been proposed by numerous authors to study

speciation (see Crow and Felsenstein, 1968; Kondrashov and Shpak, 1998; Devaux

and Lande, 2008, and references therein). We consider a population of fixed size,

where each individual is composed of L diallelic loci. Let the two alleles on each

locus be labelled 0 and 1. (The types are labelled 0 and 1 in this chapter, instead

of 1 and 2 as in the previous chapters, because the type of an individual in our

additive selection model is then the sum of the type of loci.) We assume that the

reproductive ability of an individual is determined by the number of type 1 loci. There

are L+ 1 different types in the population. The frequencies of individuals in a large

population can be approximated by a diffusion process, provided that time is rescaled

appropriately. Etheridge and Lemaire (2011) present a theoretical treatment of the

diffusion approximation for multi-locus models with assortative mating, recombination

and mutation.

However, the particular problem we are concerned with in this chapter is the
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limiting behaviour of the multi-dimensional ancestral dual process with the additive

selection scheme under selection-mutation balance. We first identify the ancestral

process with typed lines that is dual to the forwards-in-time diffusion. We then adopt

the methods in the previous chapters to analyse the limit of the genealogies embedded

in the ancestral dual process, under the assumption that the mutation coefficient

θ →∞ and the selection coefficient σ →∞ such that

lim
θ→∞

θ/σ = τ, (5.1)

where 0 < τ <∞ is fixed. The ancestral dual process and its limit in such an additive

selection model have never been investigated before.

The remaining part of this chapter is organised as follows. In Section 5.1, we

introduce a multi-dimensional variant of the Moran model with additive selection

and mutation. The diffusion approximation of the Moran model is derived in Propo-

sition 5.1. However, the explicit form of the unique stationary distribution of the

L-locus diffusion is unknown. In Section 5.2, we deduce that the diffusion process

can be approximated as θ → ∞ under selection-mutation balance by a process sat-

isfying a system of differential equations (5.6). In Section 5.3, we are then able to

asymptotically expand the transition rates of the dual process in terms of the sta-

ble equilibrium point of the deterministic system. The asymptotic expansions are in

Lemma 5.10. We then concentrate on the limiting behaviour of the ancestral dual

process with typed lines under selection-mutation balance. In Section 5.4.1, we con-

sider the one-locus case (L = 1) for simplicity. The evolution of the virtual lines on

a faster timescale is shown in Theorem 5.12, which is supported by simulations in

Figure 5.3; while the real genealogy follows a time-changed Kingman’s coalescent as

proved in Theorem 5.14. In Section 5.4.2, we analyse the ancestral dual process in the

L-locus case. The main results are in Theorems 5.17 and 5.19. In the final section,

Section 5.5, we extend the studies to the case where L→∞. The number of type 0
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loci in an individual drawn from the stationary population is proved to be finite in

the limit as L→∞ in Lemma 5.20. The corresponding stationary frequency of type

j individuals, j ∈ N0 := {0, 1, 2 . . . }, is Poisson with parameters j and τµ0, where µ0

is the probability that given a mutation occurs on a locus, the mutation changes the

locus to type 0. Backwards in time, types in a sample are lost one by one on a faster

timescale, and the sample is instantaneously converted to the one in which individuals

are not composed of any type 0 locus. The real genealogy then follows Kingman’s

coalescent with coalescence rate
(
r
2

)
exp(−τµ0). These results provide new insight

into the studies of background selection model. The genealogies in the background

selection model have been studied by various authors; see, e.g, Charlesworth et al.

(1993, 1995), Hudson and Kaplan (1994, 1996) and Durrett (2008). Those authors

investigate various properties of the genealogy under selection-mutation balance, e.g.,

the nucleotide diversity and the average time to lose a sampled type. We provide

a full description of the genealogies under the constant frequency assumption; see

Remarks 5.21 and 5.23 for detailed discussions.

5.1 Moran model and diffusion approximation

This section is devoted to the presentation of a diallelic multi-locus Moran model with

additive selection and mutation. The diffusion approximation of the Moran model in

a large population is deduced in Proposition 5.1.

In the Moran model, we consider a haploid and panmictic population of fixed size

N . The genotype of each individual is composed of a finite number, L > 0, of loci,

with two alleles per locus, denoted 0 and 1. Hence, an individual can be represented

by a L-tuple ξ = (ξ1, ξ2, . . . , ξL) ∈ {0, 1}L. The type of an individual is determined by

the number of type 1 loci, i.e., the type of an individual ξ is |ξ|. Let E = {0, 1, . . . , L}

be the finite set of possible types.
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In each reproduction event, an individual of type j, j ∈ E gives birth at rate

λj ≥ 0; and at the same time, an individual is chosen at random to die. Each locus

is assumed to have an identical influence on the reproductive ability of an individual.

We suppose that each type 0 locus decreases the reproductive ability by s, i.e.,

λj = 1− (L− j)s, j ∈ E, (5.2)

where 0 ≤ s ≤ 1/L.

Mutations are assumed to occur continuously in time at rate u ≥ 0 on each

individual, independently of the reproduction process. At each locus, the allele has

a probability µ0 of mutating (independently of its current type) to type 0, and a

probability µ1 to type 1; µ0 + µ1 = 1. Given a mutation occurs on an individual of

type i ∈ E, the probability that the mutation changes this individual to type j ∈ E,

is

pij =


L−i
L
µ1, if j = i+ 1,

i
L
µ0, if j = i− 1,

L−i
L
µ0 + i

L
µ1, if j = i,

0, otherwise.

(5.3)

It is clear that (pij)i,j∈E is a transition matrix, since each pij ≥ 0, and for any fixed i,∑
j∈E pij = 1.

The population configuration at time t ≥ 0 can be described by a vector Z(t) =

(Zj(t))j∈E, where Zj(t) is the number of type j individuals at time t. We have |Z(t)| =

N for all t ≥ 0. The transition rate of the Markov process {Z(t), t ≥ 0} from z to

z − ei + ej, i, j ∈ E, i 6= j, is

qN(z, z − ei + ej) = zjλj
zi
N

+ ziupij.

To obtain a diffusion approximation for a large population, we speed up time by a

factor of N/2, and correspondingly scale the coefficients in the model by N , i.e., we set

Ns = σ and Nu = θ. Let X
(N)
i (t) = Zi(t)/N be the proportion of type i individuals
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at time t ≥ 0. The generator of the L-locus diffusion in the additive selection model in

the following equation (5.4) is a special case of the general multidimensional diffusion

that describes mutation and selection on a set of a finite number of alleles (see, e.g.,

Etheridge and Lemaire, 2011).

Proposition 5.1 (L-locus diffusion in the additive selection model). The process

{XN(Nt/2), t ≥ 0} converges in distribution to a diffusion process {X(t), t ≥ 0}, as

N →∞. The state space of the diffusion is the L-dimensional simplex

SL+1 := {x : x ∈ [0, 1]L+1, |x| = 1}.

The generator of the diffusion, evaluated on a twice continuously differentiable function

f : SL+1 → R, is

Lf(x) =
1

2

∑
i,j∈E

aij(x)
∂2f(x)

∂xi∂xj
+
∑
j∈E

bj(x)
∂f(x)

∂xj
, (5.4)

where

aij(x) = δijxi − xixj

and

bj(x) =
θ

2L

[
xj−1(L− j + 1)µ1 + xj+1(j + 1)µ0 − xj((L− j)µ1 + jµ0)

]
+
σ

2
xj

(
j −

∑
k∈E

kxk

)
.

We set x−1 = xL+1 = 0.

Proof. Let δXN(t) = XN(t + δt) − XN(t) and x = z/N . The mean of δX
(N)
j (t)

satisfies

E
[
δX

(N)
j (t) |XN(t) = x

]
=

1

N

∑
k∈E

[qN(z, z − ek + ej)− qN(z, z − ej + ek)]
N

2
δt+ o(δt)

=
θ

2L
[xj−1(L− j + 1)µ1 + xj+1(j + 1)µ0 − xj(L− j)µ1 − xjjµ0]δt
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+
∑
k∈E

[
xjxk

N

2
(1− (L− j)s)− xjxk

N

2
(1− (L− k)s)

]
δt+ o(δt)

=
θ

2L

[
xj−1(L− j + 1)µ1 + xj+1(j + 1)µ0 − xj((L− j)µ1 + jµ0)

]
δt

+
σ

2
xj

(
j −

∑
k∈E

kxk

)
δt+ o(δt),

where the probability of seeing more than one transition in a time interval of length

δt, is o(δt). The variance of δX
(N)
j (t) satisfies

Var
[
δX

(N)
j (t) |XN(t) = x

]
=

1

N2

∑
k∈E
k 6=j

[qN(z, z − ek + ej) + qN(z, z − ej + ek)]
N

2
δt+ o(δt)

=
θ

2NL
[xj−1(L− j + 1)µ1 + xj+1(j + 1)µ0 − xj(L− j)µ1 − xjjµ0]δt

+
1

2

∑
k∈E
k 6=j

[xjxk(1− (L− j)s) + xjxk(1− (L− k)s)]δt+ o(δt)

=

[
xj
∑
k∈E
k 6=j

xk +O(N−1)

]
δt+ o(δt)

= [xj(1− xj) +O(N−1)]δt+ o(δt).

For the covariance, we have

Cov
[
δX

(N)
i (t), δX

(N)
i+1 (t) |XN(t) = x

]
= − 1

N2
[qN(z, z − ei+1 + ei) + qN(z, z − ei + ei+1)]

N

2
δt+ o(δt)

= −1

2

[
xi(1− (L− i)s)xi+1 + xi+1

θ

N
(i+ 1)µ0

+ xi+1(1− (L− i− 1)s)xi + xi
θ

N
(L− i)µ1

]
δt+ o(δt)

= −[xixi+1 +O(N−1)]δt+ o(δt);

and for j /∈ {i− 1, i, i+ 1}, we have

Cov
[
δX

(N)
i (t), δX

(N)
j (t) |X(N)(t) = x

]
139



= − 1

N2
[qN(z, z − ej + ei) + qN(z, z − ei + ej)]

N

2
δt+ o(δt)

= −1

2
[xi(1− (L− i)s)xj + xj(1− (L− j)s)xi]δt+ o(δt)

= −[xixj +O(N−1)]δt+ o(δt).

Higher-order moments of δX(t) are o(δt). Thus, as N → ∞, we obtain the weak

convergence to the diffusion with generator (5.4), according to Ethier and Kurtz

(2005, Theorem 1.1 in Chapter 10).

Example 5.2 (Diffusion in the one-locus case). Consider the case of one locus with

two alleles, i.e., L = 1. Let x0(t) be the frequency of type 0 individuals at time

t ≥ 0. For a twice continuously differentiable function f : [0, 1]→ R, it follows from

Proposition 5.1 that the generator of the diffusion {x0(t), t ≥ 0} on [0, 1], is

Lf(x0) =
1

2
x0(1− x0)

d2f(x0)

dx20
+

1

2
[θ(µ0x1 − µ1x0)− σx0x1]

df(x0)

dx0

=
1

2
x0(1− x0)

d2f(x0)

dx20
+

1

2
[−σx0(1− x0) + θµ0 − θx0]

df(x0)

dx0
. (5.5)

We recover the generator (1.10) of the diffusion in the two-type case with selection

and mutation.

Remark 5.3 (Stationary distribution of the L-locus diffusion). The L-locus diffusion

specified by generator (5.4) with additive selection and recurrent mutation at each

locus (θµ0 > 0 and θµ1 > 0), is ergodic (i.e., irreducible and aperiodic). The L-locus

diffusion falls into a general class of diffusions with selection and mutation, of which the

existence of a unique stationary distribution is proved by Ethier and Kurtz (1998). The

unique stationary distribution π(x) of the L-locus diffusion satisfies the Kolmogorov

forward equation

1

2

∑
i,j∈E

∂2

∂xi∂xj
[aij(x)π(x)]−

∑
j∈E

∂

∂xj
[bj(x)π(x)] = 0,

where aij(x) and bj(x) are the covariance and drift of the diffusion, respectively.
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However, the explicit form of the stationary distribution π(x) is unknown.

Recall that in the one-locus case in Chapter 4, we see in Remark 4.9 that the

transition rates of the ancestral dual process with typed lines depend on the sampling

probabilities H (·, ·), which in turn depend on the stationary density π(x) of the

forwards-in-time diffusion process. Let X be a random variable with the density π(x).

We have shown that, for a configuration (r,v) of ancestral lines,

H (r,v) := E[Xr1+v1(1−X)r2+v2 ] ∼ τ r1+v1(1− τ)r2+v2 ,

as θ1 →∞ under selection-mutation balance, where τ is the stable equilibrium point

of the deterministic process that approximates the diffusion. In other words, by letting

t → ∞, we obtain the stationary distribution of the diffusion process. Then, by

letting θ1 →∞, the sampling probability H (r,v) can be approximated by τ r1+v1(1−

τ)r2+v2 . We can take another route. By letting θ1 → ∞, the diffusion process can

be approximated by a deterministic process. Then, by letting t → ∞, the stable

equilibrium point τ of the deterministic process can be used to approximate the

sampling probability.

In the following section, the analogy of this approximation is applied to the additive

selection model, since the explicit form of the stationary distribution of the L-locus

diffusion is unknown. The L-locus diffusion can be approximated by a deterministic

process {x(t), t ≥ 0} as θ → ∞ under selection-mutation balance. Then, by letting

t→∞, we obtain the stable equilibrium point x∗ = limt→∞ x(t).

5.2 Deterministic trajectories

As θ →∞ under selection-mutation balance (5.1), the path of the L-locus diffusion

can be approximated by the trajectory of a system of differential equations as in the

following equation (5.6).
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Consider the diffusion process {X(t), t ≥ 0} with the generator Lθ given in equa-

tion (5.4) and initial valueX(0) = ζ ∈ (0, 1)L+1. For a twice continuously differentiable

function f : SL+1 → R, the generator of the time-changed process {X(t/θ), t ≥ 0}

satisfies

lim
θ→∞

1

θ
Lθf(x) = lim

θ→∞

{∑
j∈E

(
1

2L

[
xj−1(L− j + 1)µ1 + xj+1(j + 1)µ0 − xj((L− j)µ1 + jµ0)

]
+

σ

2θ
xj

(
j −

∑
k∈E

kxk

))
∂f(x)

∂xj

+
1

2θ

∑
i,j∈E

(δijxi − xixj)
∂2f(x)

∂xi∂xj

}
=
∑
j∈E

{
1

2L

[
xj−1(L− j + 1)µ1 + xj+1(j + 1)µ0 − xj((L− j)µ1 + jµ0)

]
+

1

2τ
xj

(
j −

∑
k∈E

kxk

)}
∂f(x)

∂xj
.

Therefore, the time-changed diffusion process can be approximated by {x(t), t ≥ 0}

where x(t) is the solution to the following system of differential equations:

dxj(t)

dt
=

1

2L

[
xj−1(t)(L− j + 1)µ1 + xj+1(t)(j + 1)µ0 − xj(t)((L− j)µ1 + jµ0)

]
+

1

2τ
xj(t)

(
j −

∑
k∈E

kxk(t)

)
, j ∈ E, (5.6)

with initial value x(0) = ζ.

5.2.1 One-locus case

In the one-locus case, the corresponding differential equation is

dx0(t)

dt
=

1

2

[
µ0 − x0(t)−

1

τ
x0(t)(1− x0(t))

]
(5.7)

with some initial value x0(0) = ζ ∈ (0, 1).

Note that equation (5.7) is different from the differential equation (4.2) deduced

in Chapter 4. This is because in Chapter 4, we assume that the selection coefficient,

142



and the mutation coefficient for mutating to type 1, are large and balanced (see

equation (4.1)). But in the present chapter, we assume that the selection coefficient,

and the mutation coefficient for mutating to both types, are large and comparable (see

equation (5.1)). The following stable equilibrium point is also different from that in

equation (4.4) in Chapter 4. However, by setting µ0 = 1, we recover the results under

the selection-mutation balance discussed in Chapter 4.

Lemma 5.4 (Stable equilibrium in the one-locus case). In the one-locus case, let x0(t)

be the solution to the differential equation (5.7) with initial value x0(0) = ζ ∈ (0, 1).

Let γ =
√

(1 + τ)2 − 4τµ0. We have

x0(t) =
1

2

[
1 + τ − γ +

2γ(1 + τ − γ − 2ζ)

1 + τ − γ − 2ζ − (1 + τ + γ − 2ζ) exp(γt/(2τ))

]
. (5.8)

Let x∗0 := limt→∞ x0(t). Then,

x∗0 =
1

2
(1 + τ − γ) =

1

2

(
1 + τ −

√
(1 + τ)2 − 4τµ0

)
. (5.9)

Furthermore, 0 < x∗0 < min{1, τ}, for τ > 0.

Proof. Let γ =
√

(1 + τ)2 − 4τµ0. The differential equation (5.7) can be rewritten as

dx0(t)

dt
= a(x0(t)− b)(x0(t)− c),

where a = 1/(2τ), b = (1 + τ + γ)/2 and c = (1 + τ − γ)/2. The solution is then

x0(t) = c+
(b− c)(c− ζ)

c− ζ − (b− ζ)ea(b−c)t

=
1

2

[
1 + τ − γ +

2γ(1 + τ − γ − 2ζ)

1 + τ − γ − 2ζ − (1 + τ + γ − 2ζ) exp(γt/(2τ))

]
.

The stable equilibrium point in equation (5.9) follows immediately.

Since 0 < µ0 < 1 and τ > 0, we have

|1− τ | < γ < 1 + τ.

143



0 5 10 15 20

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

time

x(
t)

Figure 5.1: The solution to the differential equation (5.7) in the one-locus case.
The coefficient values are τ = 2 and µ0 = 0.5, and the initial value ζ is in
{0, 0.1, 0.38, 0.5, 0.8, 1}. The stable equilibrium point is x∗0 ≈ 0.38, which is calcu-
lated from equation (5.9).

It follows that

1

2
(1 + τ − |1− τ |) =

{
τ, if 0 < τ < 1,

1, if τ ≥ 1.

Thus, we have 0 < x∗0 < min{1, τ}, for τ > 0.

Figure 5.1 plots the solution x0(t) to the differential equation (5.7), and shows that

as t→∞, x0(t) converges to the stable equilibrium point x∗0 given in equation (5.9).

Remark 5.5. Consider x0(t) which satisfies equation (5.7) and x1(t) = 1− x0(t) for

all t. Let x(t) = (x0(t), x1(t))
T , where we write AT for the transpose of a vector (or
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matrix) A. We have

dx(t)

dt
= Ux(t) +

(
vTx(t)

)
x(t), (5.10)

where v = (0,−1/(2τ))T and

U =
1

2

(
−µ1 µ0

µ1 −µ0

)
+

1

2τ

(
0 0
0 1

)
(5.11)

with µ1 = 1 − µ0. The matrix U is the sum of a matrix for mutation and a matrix

representing selection differences. The solution and stable equilibrium of such a system

of differential equations in population genetics have been known in the literature (see,

e.g., O’Brien, 1985; Baake and Wagner, 2001). The idea is that we can use Thompson’s

trick (Thompson and McBride, 1974) by letting

y(t) = x(t)e−
∫ t
0 v

Tx(u) du

to turn equation (5.10) into the equation

dy(t)

dt
= Uy(t) (5.12)

with y(0) = x(0). The general solution of the above equation is y(t) = exp(U t)y(0).

The solution for x(t) in equation (5.10) is provided by O’Brien (1985, Equation 21).

Since the matrix U is primitive, the system will converge towards an equilibrium that

is given by the Perron-Frobenius eigenvector, i.e., the eigenvector corresponding to

the largest eigenvalue of U .

We define γ =
√

(1 + τ)2 − 4µ0τ . The eigenvalues of U are (1− τ ± γ)/(4τ). The

eigenvector corresponding to the largest eigenvalue (1− τ + γ)/(4τ) is

F ∗ =

(
− 1− µ0τ + µ1τ − γ

2µ1τ
, 1

)T
.

Let ‖F ∗‖1 be the sum of all elements of F ∗. We then have

lim
t→∞

x(t) =
F ∗

‖F ∗‖1
=

1

2

(
1 + τ − γ, 1− τ + γ

)T
,
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which is the same as our result in Lemma 5.4.

5.2.2 L-locus case

In the L-locus case, the deterministic system (5.6) is in the form

dx(t)

dt
= F (t,x),

with initial value x(0) ∈ (0, 1)L+1. Since F (t,x) is continuously differentiable with

respect to x (all of the partial derivatives ∂F /∂xj exist and are continuous), there

exists a unique solution to the initial value problem (5.6), according to Hale (1980,

Theorem 3.1 in Chapter 1). The stable equilibrium point of the deterministic system

(5.6) is deduced in the following theorem.

Theorem 5.6 (Stable equilibrium in the L-locus case). Let x(t) be the unique solution

to the system (5.6) of differential equations with initial value x(0) ∈ (0, 1)L+1. Define

x∗ = (x∗j)j∈E such that

x∗ = lim
t→∞

x(t).

We have

x∗j =

(
L

j

)
ψjL,τ,µ0(1− ψL,τ,µ0)

L−j, j ∈ E, (5.13)

where

ψL,τ,µ0 =
1

2L

(
L− τ +

√
(L+ τ)2 − 4Lτµ0

)
, τ > 0, (5.14)

with max{0, 1− τ/L} < ψL,τ,µ0 < 1.

Remark 5.7. In our L-locus model, an individual is an unordered sample of L loci

from the population. The constant ψL,τ,µ0 in equation (5.13) can be understood as

the stationary frequency of type 1 loci.

Proof of Theorem 5.6. Since there exists a unique solution to the deterministic system
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(5.6) with initial value x(0) ∈ (0, 1)L+1, we propose a solution (xj(t))j∈E, where

xj(t) =

(
L

j

)
ψ(t)j(1− ψ(t))L−j, j ∈ E. (5.15)

The aim is to find a differential equation for ψ(t). For the brevity of notation, we

write

xL,j(t) :=

(
L

j

)
ψ(t)j(1− ψ(t))L−j.

By substituting equation (5.15) into the differential equation (5.6), the left-hand side

of equation (5.6) becomes

LHS =

[
j

(
L

j

)
ψ(t)j−1(1− ψ(t))L−j − (L− j)

(
L

j

)
ψ(t)j(1− ψ(t))L−j−1

]
dψ(t)

dt

= L[xL−1,j−1(t)− xL−1,j(t)]
dψ(t)

dt
;

and the right-hand side of equation (5.6) becomes

RHS =
1

2

[
L

τ
ψ(t)(xL−1,j−1(t)− xL,j(t)) + (1− ψ(t))µ1xL−1,j−1(t)

+ ψ(t)µ0xL−1,j(t)− (1− ψ(t))µ1xL−1,j(t)− ψ(t)µ0xL−1,j−1(t)

]
=

1

2

[
L

τ
ψ(t)(1− ψ(t))(xL−1,j−1(t)− xL−1,j(t)) + (1− ψ(t))µ1xL−1,j−1(t)

+ ψ(t)µ0xL−1,j(t)− (1− ψ(t))µ1xL−1,j(t)− ψ(t)µ0xL−1,j−1(t)

]
,

where the second equality follows from the identity

xL,j(t) = xL−1,j−1(t)ψ(t) + xL−1,j(t)(1− ψ(t)).

By dividing both sides of equation (5.6) by [xL−1,j−1(t)− xL−1,j(t)], it follows that

dψ(t)

dt
=

1

2L

[
µ1 − ψ(t) +

L

τ
ψ(t)(1− ψ(t))

]
, (5.16)

with some initial value ψ(0) = ψ0 satisfying

xj(0) =

(
L

j

)
ψj0(1− ψ0)

L−j, j ∈ E.
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Let γ =
√

(L+ τ)2 − 4Lτµ0. The differential equation (5.16) can be rewritten as

dψ(t)

dt
= a(ψ(t)− b)(ψ(t)− c),

where a = −1/(2τ), b = (L− τ − γ)/(2L) and c = (L− τ + γ)/(2L). The solution is

then

ψ(t) = c+
(b− c)(c− ψ0)

c− ψ0 − (b− ψ0)ea(b−c)t
.

Thus, we have

ψ∗ := lim
t→∞

ψ(t) = c =
1

2L
(L− τ + γ).

Since 0 < µ0 < 1, τ > 0 and L > 0, we have

|L− τ | < γ < L+ τ.

It follows that

1

2L
(L− τ + |L− τ |) < ψ∗ < 1.

Since

1

2L
(L− τ + |L− τ |) =

{
1− τ

L
, if 0 < τ < L,

0, if τ ≥ L,

we have max{0, 1− τ/L} < ψ∗ < 1.

Example 5.8 (Deterministic approximation in the two-locus case). We illustrate the

deterministic approximation and Theorem 5.6 in the two-locus case. As θ →∞ under

selection-mutation balance (5.1), the path of the forwards-in-time diffusion can be

approximated by the trajectory of the following system of differential equations:

dx0(t)

dt
=

1

2

[
1

τ
x0(t)(−x1(t)− 2x2(t))− µ1x0(t) +

1

2
µ0x1(t)

]
,

dx1(t)

dt
=

1

2

[
1

τ
x1(t)(1− x1(t)− 2x2(t)) + µ1x0(t)−

1

2
x1(t) + µ0x2(t)

]
,

dx2(t)

dt
=

1

2

[
1

τ
x2(t)(2− x1(t)− 2x2(t)) +

1

2
µ1x1(t)− µ0x2(t)

]
. (5.17)
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Figure 5.2: A path of the diffusion with generator (5.4) in the two-locus case, superim-
posed on the trajectory of the deterministic system (5.17). Time is measured on the
diffusion timescale. In the simulation the diffusion is approximated by the multi-locus
Moran model in Section 5.1 with population size N = 15000. The other coefficient
values are θ = 2000, τ = 0.5 and µ0 = 0.9.

The stable equilibrium point calculated from equation (5.13) is (x∗0, x
∗
1, x
∗
2), where

x∗0 = (1− ψ2,τ,µ0)
2 =

1

16

(
2 + τ −

√
(2 + τ)2 − 8τµ0

)2
,

x∗1 = 2ψ2,τ,µ0(1− ψ2,τ,µ0) =
1

4

(
4τµ0 − τ 2 − 2τ + τ

√
(2 + τ)2 − 8τµ0

)
,

x∗2 = ψ2
2,τ,µ0

=
1

16

(
2− τ +

√
(2 + τ)2 − 8τµ0

)2
. (5.18)

Figure 5.2 shows that the deterministic system (5.17) is a good approximation of the

diffusion process, and the frequencies stabilise to the point (5.18) as t→∞.

Recall that in Remark 5.5, we discussed the calculations of stable equilibrium in
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the one-locus case using the techniques of O’Brien (1985) and Baake and Wagner

(2001). The techniques also work for the general L-locus case. However, in order to fit

our additive selection model into those authors’ formulation, we need to consider an

ordered version where the type of an individual is represented by a sequence of zeros

and ones instead of the sum of the number of ones.

We first consider the two-locus case (L = 2) to illustrate the ideas. The sequences

of loci are ordered such that the possible types are (0, 0), (0, 1), (1, 0) and (1, 1). Recall

equation (5.12). Let y(t) be the (scaled) frequencies of those types in the population.

We still have

dy(t)

dt
= Hy(t).

But for ordered sequences,

H =
1

4


−2µ1 µ0 µ0 0
µ1 −1 0 µ0

µ1 0 −1 µ0

0 µ1 µ1 −2µ0

+
1

2τ


0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 2

 .

Let

U =
1

4

(
−µ1 µ0

µ1 −µ0

)
+

1

2τ

(
0 0
0 1

)
(5.19)

be the one-site Hamiltonian. We then have

H =
2∑
i=1

H i,

where H1 = U ⊗ I and H2 = I ⊗ U with I being the identity matrix and ⊗

representing the tensor product. The eigenvalues of U are λ1,2 = (2 − τ ± γ)/(8τ)

where γ =
√

(2 + τ)2 − 8µ0τ . We denote the corresponding eigenvectors by v1 and

v2. The eigenvector v1 is

v1 =

(
− 2 + (1− 2µ0)τ − γ

2µ1τ
, 1

)T
,
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which implies

v1
‖v1‖1

=
1

4

(
2 + τ − γ, 2− τ + γ

)T
.

As argued by Baake and Wagner (2001, Section 6), the maximum eigenvalue for

H is then 2λ1 and the corresponding Perron-Frobenius eigenvector is

F ∗ = v1 ⊗ v1

=

(
2 + (1− 2µ0)τ − γ)2

4µ2
1τ

2
,−2 + (1− 2µ0)τ − γ

2µ1τ
,−2 + (1− 2µ0)τ − γ

2µ1τ
, 1

)T
.

It then follows that the stable equilibrium point of the frequency of the ordered

sequences is

F ∗

‖F ∗‖1
=

1

8

(
1

2
(2 + τ −γ)2, 4τµ0− τ 2− 2τ + τγ, 4τµ0− τ 2− 2τ + τγ,

1

2
(2− τ +γ)2

)T
.

Since type 0 of the unordered sequences corresponds to type (0, 0) of the ordered

sequences, type 1 corresponds to types (0, 1) and (1, 0), and type 2 corresponds to

type (1, 1), we recover the values in equations (5.18).

For a general L, the one-site Hamiltonian becomes

U =
1

2L

(
−µ1 µ0

µ1 −µ0

)
+

1

2τ

(
0 0
0 1

)
. (5.20)

The mutation-selection operator H becomes H =
∑L

i=1H i where

H i = I ⊗ · · · ⊗ I ⊗U ⊗ I · · · ⊗ I

with U in the ith place. The eigenvalues of U are λ1,2 = (L− τ ± γL)/(4Lτ) where

γL =
√

(L+ τ)2 − 4Lτµ0; and the eigenvector corresponding to λ1 is

v1 =

(
− L+ (1− 2µ0)τ − γ

2µ1τ
, 1

)T
,

which implies

v1
‖v1‖1

=
1

2L

(
L+ τ − γL, L− τ + γL

)T
.
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The first and second elements in the above vector are indeed our ψL,τ,µ0 and 1−ψL,τ,µ0

in equation (5.14). Following a similar argument, the Perron-Frobenius eigenvector

of H is F ∗ = ⊗Lv1. It is then not difficult to see that the stable equilibrium of the

ordered sequences must satisfy the binomial formula derived in equation (5.13).

5.3 Ancestral dual process with typed lines

We now focus on the ancestral dual process with typed lines in the additive selection

model under selection-mutation balance. The transition rates of the multi-dimensional

ancestral dual process will be given in the following equations (5.21). The asymptotic

form of these transition rates will be computed in Lemma 5.10.

The L-locus diffusion specified by generator (5.4) fits the formulation of the multi-

dimensional diffusion processes with selection and mutation of Sato (1978). Etheridge

and Griffiths (2009, Equation 24) derive that the transition rates of the corresponding

ancestral dual process with typed lines can be written in the form of the unconditional

rate of an event multiplied by the sampling probability of ancestral lines given the

event, then divided by the sampling probability before the event.

Consider the ancestral process {(r(t),v(t)), t ≥ 0} that is dual to the L-locus

diffusion with generator (5.4), where r(t) count the numbers of real lines and v(t)

count the numbers of virtual lines at time t in the past. By a decomposition of the

ancestral lines into real and virtual lines (cf. Theorem 2.1), the transition rates of the

ancestral dual process {(r(t),v(t)), t ≥ 0} are

q((r,v), (r,v + ej)) =
1

2
(r + v)(L− j)σH (r,v + ej)

H (r,v)
,

q((r,v), (r − ej,v)) =
1

2
rj(rj − 1)

H (r − ej,v)

H (r,v)
,

q((r,v), (r,v − ej)) =
1

2
vj(2rj + vj − 1)

H (r,v − ej)
H (r,v)

,

q((r,v), (r + ej+1 − ej,v)) =
1

2L
rj(j + 1)θµ0

H (r + ej+1 − ej,v)

H (r,v)
,

152



q((r,v), (r + ej−1 − ej,v)) =
1

2L
rj(L− j + 1)θµ1

H (r + ej−1 − ej,v)

H (r,v)
,

q((r,v), (r,v + ej+1 − ej)) =
1

2L
vj(j + 1)θµ0

H (r,v + ej+1 − ej)
H (r,v)

,

q((r,v), (r,v + ej−1 − ej)) =
1

2L
vj(L− j + 1)θµ1

H (r,v + ej−1 − ej)
H (r,v)

, (5.21)

where j ∈ E, r = |r|, v = |v| and H (·, ·) are the sampling probabilities defined in the

following equation (5.22). Note that we abuse the notation by letting the indices of the

vectors r and v start from 0. So, for example, r−e0 = (r0, r1, . . . , rL)− (1, 0, . . . , 0) =

(r0 − 1, r1, . . . , rL).

Let Xj be the stationary frequency of type j individuals in the population governed

by the L-locus diffusion, and π(x) be the density of (Xj)j∈E. By analogy to the

sampling probability (2.5) in the one-locus case, the probability of obtaining an ordered

type configuration associated with the decomposition (r,v) in the ancestral dual

process {(r(t),v(t)), t ≥ 0} at any fixed time, is

H (r,v) = E
[∏
j∈E

X
rj+vj
j

]
=

∫
x∈SL+1

xr0+v00 xr1+v11 · · · xrL+vLL π(x) dx. (5.22)

The sampling probability is stationary; hence it is independent of time.

The stationary density π(x) of the L-locus diffusion is required in order to compute

the sampling probabilities in the transition rates (5.21). However, the explicit form of

π(x) is unknown, as mentioned in Remark 5.3. Nevertheless, as the path of the L-locus

diffusion can be approximated by the trajectory of the deterministic system (5.6), the

sampling probabilities can be approximated in terms of the stable equilibrium point

(5.13) of the deterministic system. We have the following lemma for the sampling

probabilities in the L-locus ancestral dual process.

Lemma 5.9 (Sampling probability under selection-mutation balance). The sampling
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probability defined in equation (5.22) satisfies

H (r,v) ∼
∏
j∈E

(
x∗j
)rj+vj , (5.23)

as θ →∞ under selection-mutation balance (5.1), where (x∗j)j∈E is the stable equilib-

rium point in equation (5.13) of the deterministic system (5.6).

Given Lemma 5.9, we can write down the asymptotic expansions of the transition

rates (5.21) of the L-locus ancestral dual process under selection-mutation balance in

the following lemma.

Lemma 5.10. Consider the transition rates (5.21) of the L-locus ancestral dual

process. As θ → ∞ under selection-mutation balance (5.1), these transition rates

satisfy

qθ((r,v), (r,v + ej)) ∼
x∗j
2τ

(r + v)(L− j)θ, (5.24)

qθ((r,v), (r − ej,v)) ∼ 1

2x∗j
rj(rj − 1), (5.25)

qθ((r,v), (r,v − ej)) ∼
1

2x∗j
vj(2rj + vj − 1), (5.26)

qθ((r,v), (r + ej+1 − ej,v)) ∼
x∗j+1

2x∗j
rj
j + 1

L
θµ0, (5.27)

qθ((r,v), (r + ej−1 − ej,v)) ∼
x∗j−1
2x∗j

rj
L− j + 1

L
θµ1, (5.28)

qθ((r,v), (r,v + ej+1 − ej)) ∼
x∗j+1

2x∗j
vj
j + 1

L
θµ0, (5.29)

qθ((r,v), (r,v + ej−1 − ej)) ∼
x∗j−1
2x∗j

vj
L− j + 1

L
θµ1, (5.30)

where j ∈ E, r = |r|, v = |v| and (x∗j)j∈E is the stable equilibrium point in equa-

tion (5.13).

Proof. This lemma follows immediately from substituting equation (5.23) into the

transition rates (5.21) and some minor algebra.
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5.4 Genealogies under selection-mutation balance

In this section, we study the genealogies embedded in the ancestral dual process with

transition rates (5.24) to (5.30) in the limit as θ → ∞ under selection-mutation

balance. To illustrate the idea, the one-locus case where L = 1 is considered in the

following section. The general L-locus case is presented in Section 5.4.2.

5.4.1 One-locus case

In the one-locus case, the differential equation that approximates the diffusion process

with generator (5.5) is given in equation (5.7). The corresponding stable equilibrium

point is derived in equation (5.9). According to Lemmas 5.9 and 5.10, we consider the

ancestral dual process with the following transition rates:

qθ((r,v), (r,v + e0)) =
x∗0
2τ

(r + v)θ, (5.31)

qθ((r,v), (r − e0,v)) =
1

2x∗0
r0(r0 − 1), (5.32)

qθ((r,v), (r − e1,v)) =
1

2x∗1
r1(r1 − 1), (5.33)

qθ((r,v), (r,v − e0)) =
1

2x∗0
v0(2r0 + v0 − 1), (5.34)

qθ((r,v), (r,v − e1)) =
1

2x∗1
v1(2r1 + v1 − 1), (5.35)

qθ((r,v), (r + e1 − e0,v)) =
x∗1
2x∗0

r0θµ0, (5.36)

qθ((r,v), (r + e0 − e1,v)) =
x∗0
2x∗1

r1θµ1, (5.37)

qθ((r,v), (r,v + e1 − e0)) =
x∗1
2x∗0

v0θµ0, (5.38)

qθ((r,v), (r,v + e0 − e1)) =
x∗0
2x∗1

v1θµ1, (5.39)

where r = r0 +r1, v = v0 +v1, x
∗
0 is the stable equilibrium point given in equation (5.9)

and x∗1 = 1− x∗0.

The transition rates (5.31) to (5.39) are composed of terms of different orders;
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thus, we can apply the idea of separation of timescales used in previous chapters to

study the limiting behaviour of the ancestral dual process.

Remark 5.11. The transitions with rates (5.32), (5.33), (5.36) and (5.37) that change

the configuration of real lines do not depend on the configuration of virtual lines. Thus,

the real genealogy is independent of the evolution of the virtual lines. However, the

evolution of the virtual lines does depend on the numbers of real lines.

The limiting behaviour of the real genealogy will be deduced in Theorem 5.14.

Before proceeding to that, we will give a description of the behaviour of the virtual

lines. We will see in Theorem 5.12 that, if time is rescaled, the evolution of the virtual

lines is also independent of the real lines, and can be approximated by a deterministic

process.

In the ancestral dual process for a finite sample n, the numbers of real lines r(t)

are always O(1), in fact, 0 ≤ r(t) ≤ n for all t. When the numbers of virtual lines

v(t) are also O(1), the transition rates (5.31) to (5.39) are composed of terms of O(θ)

and O(1). The transitions with rates of O(θ) occur before those with rates of O(1).

When time is rescaled such that one unit of time on the faster timescale corresponds

to θ units of time on the original timescale, the possible transitions and rates are

qθ((r,v), (r,v + e0)) =
x∗0
2τ

(r + v), (5.40)

qθ((r,v), (r + e1 − e0,v)) =
x∗1
2x∗0

r0µ0, (5.41)

qθ((r,v), (r + e0 − e1,v)) =
x∗0
2x∗1

r1µ1, (5.42)

qθ((r,v), (r,v + e1 − e0)) =
x∗1
2x∗0

v0µ0, (5.43)

qθ((r,v), (r,v + e0 − e1)) =
x∗0
2x∗1

v1µ1. (5.44)

The mutations with rates (5.41) to (5.44) do not change the total number of

real lines nor the total number of virtual lines. Thus, the branching rate (5.40) is

not affected by these mutations. The total number of virtual lines follows a birth
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process with birth rate (5.40). The mutations among the virtual lines, with transitions

(r,v) → (r,v + e1 − e0) and (r,v) → (r,v + e0 − e1), occur at rates that are of

the same order as those of the branching events. Thus, the virtual lines of both types

will keep growing in such a process, and will eventually reach the level of O(θ). The

coalescence rates (5.34) and (5.35) for virtual lines then become very large (O(θ2)),

and these coalescence events take effect on the faster timescale. We will see in the

following Theorem 5.12, the numbers of virtual lines will stabilise on the level of O(θ).

Consider the ancestral dual process {(rθ(t),vθ(t)), t ≥ 0} with transition rates

(5.31) to (5.39). Define κθ(t) = vθ(t)/θ. The process {(rθ(t),κθ(t)), t ≥ 0} has the

state space S = {0, 1, . . . , n1} × {0, 1, . . . , n2} ×R+ ×R+.

Theorem 5.12 (Virtual lines under selection-mutation balance in the one-locus case).

Assume κθ(0) 6= 0. As θ → ∞, the process {(rθ(t/θ),κθ(t/θ)), t ≥ 0} converges in

finite-dimensional distribution to a process {(r(t),κ(t)), t ≥ 0} with state space S

running on the faster timescale where one unit of time corresponds to θ units of time

on the original timescale.

Suppose h(r,κ) : S → R is continuously differentiable with respect to κ. The

process {(r(t),κ(t)), t ≥ 0} is specified by the generator

Lh(r,κ) = [h(r − e0 + e1,κ)− h(r,κ)]× x∗1
2x∗0

r0µ0

+ [h(r + e0 − e1,κ)− h(r,κ)]× x∗0
2x∗1

r1µ1

+
x∗0
2τ

(κ0 + κ1)
∂h(r,κ)

∂κ0
− 1

2x∗0
κ20
∂h(r,κ)

∂κ0
− 1

2x∗1
κ21
∂h(r,κ)

∂κ1

+
x∗1
2x∗0

κ0µ0

[
∂h(r,κ)

∂κ1
− ∂h(r,κ)

∂κ0

]
+

x∗0
2x∗1

κ1µ1

[
∂h(r,κ)

∂κ0
− ∂h(r,κ)

∂κ1

]
, (5.45)

where x∗0 is the stable equilibrium point in equation (5.9), and x∗1 = 1− x∗0.

Proof. The proof follows that same idea as that in the proof of Theorem 4.11. We
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consider the process {(rθ(t),κθ(t)), t ≥ 0} that has the transition rates (5.31) to

(5.39) and infinitesimal generator Lθ. The generator of the time-changed process

{(rθ(t/θ),κθ(t/θ)), t ≥ 0} is then θ−1Lθ. We apply the generator to a test function

h(r,κ), and then take the limit of θ−1Lθh(r,κ) as θ →∞ to obtain equation (5.45).

Remark 5.13. Given the generator (5.45), on the faster timescale, the Markov jump

process {r(t), t ≥ 0} for the numbers of real lines, and the continuous process {κ(t), t ≥

0} for the scaled numbers of virtual lines, are independent.

In the dual process, the scaled numbers of virtual lines evolve backwards in time

on the faster timescale, according to the following system of differential equations:

dκ0(t)

dt
=

1

2

(
x∗0
τ

(κ0(t) + κ1(t))− κ20(t)
1

x∗0
− κ0(t)µ0

x∗1
x∗0

+ κ1(t)µ1
x∗0
x∗1

)
,

dκ1(t)

dt
=

1

2

(
κ0(t)µ0

x∗1
x∗0
− κ21(t)

1

x∗1
− κ1(t)µ1

x∗0
x∗1

)
. (5.46)

The possible equilibrium point κ∗ = (κ∗0, κ
∗
1) of the system (5.46) satisfies the

following system of equations:

0 =
x∗0
τ

(κ∗0 + κ∗1)− (κ∗0)
2 1

x∗0
− κ∗0µ0

x∗1
x∗0

+ κ∗1µ1
x∗0
x∗1

0 = κ∗0µ0
x∗1
x∗0
− (κ∗1)

2 1

x∗1
− κ∗1µ1

x∗0
x∗1
,

which has two solutions, namely (0, 0) and

κ∗ =
1

τ

(
(x∗0)

2, x∗0x
∗
1

)
. (5.47)

Given 0 < µ0 < 1 and τ > 0, we have max{0, 1 − τ} < x∗1 < 1. Thus κ∗ > 0. The

Jacobian matrix of the system (5.46) is

J(κ0(t), κ1(t)) =

x∗0
τ
− 2κ0(t)+µ0x∗1

x∗0

x∗0
τ

+ µ1
x∗0
x∗1

µ0
x∗1
x∗0

−2κ1(t)+µ1x∗0
x∗1

 .

The eigenvalues of J(0, 0) are x∗0/τ > 0 and −(µ1x
∗
0/x

∗
1 + µ0x

∗
1/x

∗
0) < 0; and the
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Figure 5.3: The numbers of virtual lines in the ancestral dual process with full transition
rates in the one-locus case, superimposed on the trajectory of the deterministic system
(5.46). Time is measured on the original timescale. The sample is (5, 3), and the
coefficient values are θ = 1000, τ = 0.3 and µ0 = 0.8. The horizontal dotted lines
represent the stable equilibrium point (θκ∗0, θκ

∗
1), where κ∗0 and κ∗1 are calculated from

equation (5.47).

eigenvalues of J(κ∗0, κ
∗
1) are −x∗0/τ < 0 and −2x∗0/τ − µ1x

∗
0/x

∗
1 − µ0x

∗
1/x

∗
0 < 0. It

follows Hale (1980, Theorem 4.2 in Chapter 3) that the positive equilibrium point

κ∗ in equation (5.47) is locally asymptotically stable, while (0, 0) is not even locally

asymptotically stable.

Figure 5.3 plots a path of the numbers of virtual lines in the ancestral dual process

with full transition rates in the one-locus case, superimposed on the trajectory of

the deterministic system (5.46). The simulation provides additional support to our

argument.
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The total number of virtual lines will eventually become absorbed into one via

the events occurring on the original timescale. (This follows because if we do not

distinguish the types and the real and virtual lines and set the mutation coefficients to

zero, the ancestral dual process is just a birth-death process with quadratic death rate

and linear birth rate, see Etheridge and Griffiths, 2009, Equation 37). These events for

virtual lines on the original timescale have been ignored in our approximation of the

transition rates, as they are complicated to handle and our interests focus primarily

on the real genealogy.

We have described the behaviour of the virtual lines in the limit. According to

Remark 5.11, for the real genealogy, it is sufficient to consider the marginal process

of real ancestral lines in which the transition rates are

qθ(r, r − e0) =
1

2x∗0
r0(r0 − 1), (5.48)

qθ(r, r − e1) =
1

2x∗1
r1(r1 − 1), (5.49)

qθ(r, r + e1 − e0) =
x∗1
2x∗0

r0θµ0, (5.50)

qθ(r, r + e0 − e1) =
x∗0
2x∗1

r1θµ1, (5.51)

where x∗0 is the stable equilibrium point in equation (5.9), and x∗1 = 1− x∗0.

The ancestral process with transition rates (5.48) to (5.51) in the limit as θ →∞, is

the same as the strong migration limit (when migration is caused by mutation) in the

structured coalescent (see Nagylaki, 1980; Notohara, 1993; Nordborg and Krone, 2002).

Nordborg and Krone (2002) use the idea of separation of timescales to study the strong

migration limit of the ancestral dual process. In the process with transition rates (5.48)

to (5.51), as θ → ∞, the mutation events with transition rates (5.50) and (5.51) of

O(θ) occur much more quickly than the coalescence events with transition rates (5.48)

and (5.49) of O(1). The number of mutation events between the coalescence events

tends to infinity. Thus, in the limit, the mutation events approach an equilibrium
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on the faster timescale between the coalescence events, and the total number of real

lines reduces by one when a coalescence event occurs on the original timescale. In

the terminology of Nordborg and Krone (2002), the structure associated with types

collapses to a one-type Kingman’s coalescent where the coalescence rate is an average

over the stationary distribution of the mutation process.

The following theorem shows that in the limit as θ →∞ under selection-mutation

balance, the real genealogy in the ancestral dual process follows Kingman’s coalescent

with the coalescence rate given in equation (5.52). The theorem is obtained by

applying the theorem of Nordborg and Krone (2002) to the context of our strong

mutation limit.

Let {(r(θ)0 (t), r
(θ)
1 (t)), t ≥ 0} be the ancestral process for a sample (n0, n1) ∈ Z2

+

of size n = n0 + n1 ≥ 1, which has the transition rates (5.48) to (5.51). Define

rθ(t) = r
(θ)
0 (t) + r

(θ)
1 (t). The process {rθ(t), t ≥ 0} has state space S = {1, 2, . . . , n}

and initial state n.

Theorem 5.14. The process {rθ(t), t ≥ 0} converges in distribution, as θ →∞, to a

process {r(t), t ≥ 0}. {r(t), t ≥ 0} is a death process with state space S, initial value

n and death rate

q(r, r − 1) =

(
r

2

)(
(1− φ)2

x∗0
+
φ2

x∗1

)
≡
(
r

2

)
µ2
0ψ

3 + µ2
1(1− ψ)3

(µ0ψ2 + µ1(1− ψ)2)2
, r ≥ 2, (5.52)

where

φ =
µ0ψ

2

µ0ψ2 + µ1(1− ψ)2
,

x∗0 = 1− ψ, x∗1 = ψ and

ψ =
1

2

(
1− τ +

√
(1 + τ)2 − 4τµ0

)
,

as given in equation (5.9).

Proof. Consider the ancestral process {(r(θ)0 (t), r
(θ)
1 (t)), t ≥ 0} with transition rates
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(5.48) to (5.51). According to Nordborg and Krone (2002, Theorem 1), we first consider

the events with transition rates (5.50) and (5.51) that occur on the faster timescale

where one unit of time corresponds to θ units of time on the original timescale. For

fixed r, 2 ≤ r ≤ n, there exists a Markov process {(r(r)0 (t), r
(r)
1 (t)), t ≥ 0} (running on

the faster timescale) that has the transition rates

qr((r0, r1), (r0 − 1, r1 + 1)) =
x∗1
2x∗0

r0µ0,

qr((r0, r1), (r0 + 1, r1 − 1)) =
x∗0
2x∗1

r1µ1.

The state space of the process {(r(r)0 (t), r
(r)
1 (t)), t ≥ 0} is Sr = {(r0, r1) : (r0, r1) ∈

Z
2
+, r0 + r1 = r}. We call the process {(r(r)0 (t), r

(r)
1 (t)), t ≥ 0} the level-r mutation

process.

The level-r mutation process {(r(r)0 (t), r
(r)
1 (t)), t ≥ 0}, in which only mutation

events occur, is ergodic so it has a unique stationary distribution. The stationary

distribution is, for (r0, r1) ∈ Sr,

πr(r0, r1) =

(
r

r0

)
(1− φ)r0φr1 , (5.53)

where

φ = µ0
x∗1
x∗0

(
µ0
x∗1
x∗0

+ µ1
x∗0
x∗1

)−1
.

Then, by equation (5.9) for x∗0, we can write

φ =
µ0ψ

2

µ0ψ2 + µ1(1− ψ)2
, (5.54)

where

ψ =
1

2

(
1− τ +

√
(1 + τ)2 − 4τµ0

)
.

We can verify that the stationary distribution (5.53) satisfies the detailed balance

equations as follows. For r0 = 1, 2, . . . , r, we have

πr(r0, r1)qr((r0, r1), (r0 − 1, r1 + 1))
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=

(
r

r0

)
(1− φ)r0φr−r0 × x∗1

2x∗0
r0θµ0

=

(
r

r0 − 1

)
(1− φ)r0−1φr−r0+1 × 1

2
(r − r0 + 1)θµ1

x∗0
x∗1

= πr(r0 − 1, r1 + 1)qr((r0 − 1, r1 + 1), (r0, r1));

and for r0 = 0, 1, . . . , r − 1, we have

πr(r0, r1)qr((r0, r1), (r0 + 1, r1 − 1))

=

(
r

r0

)
(1− φ)r0φr−r0 × x∗0

2x∗1
r1θµ1

=

(
r

r0 + 1

)
(1− φ)r0+1φr−r0−1 × 1

2
(r0 + 1)θµ0

x∗1
x∗0

= πr(r0 + 1, r1 − 1)qr((r0 + 1, r1 − 1), (r0, r1)).

Equation (5.53) is then proved.

In the ancestral process {(r(θ)0 (t), r
(θ)
1 (t)), t ≥ 0} with transition rates (5.48) to

(5.51), the transitions with rates of O(1) are

q(r, r − e0) =
1

2x∗0
r0(r0 − 1), (5.55)

q(r, r − e1) =
1

2x∗1
r1(r1 − 1). (5.56)

These transitions correspond to the coalescence events occurring on the original

timescale.

Consider the process {rθ(t), t ≥ 0}, where rθ(t) = r
(θ)
0 (t) + r

(θ)
1 (t). According to

Nordborg and Krone (2002, Theorem 1), as θ → ∞, we have the weak convergence

of the process {rθ(t), t ≥ 0} to the death process of Kingman’s coalescent with an

effective coalescence rate q(r, r − 1). q(r, r − 1) can be computed as the coalescence

rates (5.55) and (5.56) averaged over the stationary distribution (5.53) of the level-r

mutation process. Therefore,

q(r, r − 1) =
r∑

r0=0

1

2x∗0
r0(r0 − 1)πr(r0, r − r0) +

r∑
r1=0

1

2x∗1
r1(r1 − 1)πr(r − r1, r1)
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=
(1− φ)2

2x∗0
r(r − 1) +

φ2

2x∗1
r(r − 1)

=

(
r

2

)(
(1− φ)2

x∗0
+
φ2

x∗1

)
=

(
r

2

)
µ2
0ψ

3 + µ2
1(1− ψ)3

(µ0ψ2 + µ1(1− ψ)2)2
, (5.57)

for r ≥ 2, where the last equality follows from equations (5.9) and (5.54). The proof

is then completed.

Remark 5.15.

1. By equation (5.53), when there are a total of two lines in the level-2 mutation

process, the probability that these two lines are both type 0 is (1 − φ)2, and

the probability that these two lines are both type 1 is φ2. The terms φ2 and

(1 − φ)2 appear in the formula for q(r, r − 1) in equation (5.52), because two

ancestral lines must be of the same type (through mutations) in order for them

to coalesce. The squared terms that have a similar interpretation also appear in

the relevant formulae in the strong-migration models (see Nagylaki, 2000; Bahlo

and Griffiths, 2001).

2. The selection-mutation balance we assume in this chapter is different from that in

Chapter 4. However, by setting µ0 = 1, we recover the selection-mutation balance

discussed in Chapter 4. When µ0 = 1, according to equation (5.9), the forwards-

in-time frequencies will approach a stable equilibrium point (x∗0, x
∗
1) = (τ, 1− τ),

0 < τ < 1. Moreover, as we have φ = 1 when µ1 = 1−µ0 = 0, by Theorem 5.14,

the real genealogy under such a selection-mutation balance follows Kingman’s

coalescent with coalescence rate(
r

2

)
1

1− τ
, r ≥ 2.

We then recover the result derived in Theorem 4.13 in Chapter 4.
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5.4.2 L-locus case

In the previous section, we have discussed the limiting behaviour of the ancestral

dual process for a sample under selection-mutation balance (5.1) in the one-locus case.

In this section, we generalise the investigation to the L-locus case. We will give a

heuristic description first, and the formal results will be deduced in Theorems 5.17

and 5.19.

We consider the ancestral dual process {(rθ(t),vθ(t)), t ≥ 0}, where r
(θ)
j , j ∈ E =

{0, 1, . . . , L} denotes the number of real ancestral lines of type j, and v
(θ)
j denotes the

number of virtual ancestral lines of type j. The process {(rθ(t),vθ(t)), t ≥ 0} has the

following transition rates, as derived in Lemma 5.10:

qθ((r,v), (r,v + ej)) =
x∗j
2τ

(r + v)(L− j)θ, (5.58)

qθ((r,v), (r − ej,v)) =
1

2x∗j
rj(rj − 1), (5.59)

qθ((r,v), (r,v − ej)) =
1

2x∗j
vj(2rj + vj − 1), (5.60)

qθ((r,v), (r + ej+1 − ej,v)) =
x∗j+1

2x∗j
rj
j + 1

L
θµ0, (5.61)

qθ((r,v), (r + ej−1 − ej,v)) =
x∗j−1
2x∗j

rj
L− j + 1

L
θµ1, (5.62)

qθ((r,v), (r,v + ej+1 − ej)) =
x∗j+1

2x∗j
vj
j + 1

L
θµ0, (5.63)

qθ((r,v), (r,v + ej−1 − ej)) =
x∗j−1
2x∗j

vj
L− j + 1

L
θµ1, (5.64)

where j ∈ E, r = |r|, v = |v| and (x∗j)j∈E is the stable equilibrium point given in

equation (5.13).

Remark 5.16. The transitions with rates (5.59), (5.61) and (5.62) that change the

configuration of real lines do not depend on the configuration of virtual lines. The real

genealogy is thus independent of the evolution of the virtual lines. But the evolution

of the virtual lines does depend on the numbers of real lines. However, we will see in
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Theorem 5.17 that, if we rescale the time, the virtual lines can be treated independently

of the real lines.

The transition rates (5.58) to (5.64) are composed of terms of O(1) and terms

of a higher order. We separate the timescales according to the order of the terms

in the transition rates. The transitions with rates of a higher order occur before the

transitions with rates of O(1). The numbers of real lines are always O(1). At time that

is sufficiently close to 0, the numbers of virtual lines are also O(1). The transition rates

(5.58) to (5.64) then consist of terms of O(θ) and terms of O(1). On the faster timescale

where one unit of time corresponds to θ units of time on the original timescale, the

possible transitions and rates are

qθ((r,v), (r,v + ej)) =
x∗j
2τ

(r + v)(L− j), (5.65)

qθ((r,v), (r + ej+1 − ej,v)) =
x∗j+1

2x∗j
rj
j + 1

L
µ0, (5.66)

qθ((r,v), (r + ej−1 − ej,v)) =
x∗j−1
2x∗j

rj
L− j + 1

L
µ1, (5.67)

qθ((r,v), (r,v + ej+1 − ej)) =
x∗j+1

2x∗j
vj
j + 1

L
µ0, (5.68)

qθ((r,v), (r,v + ej−1 − ej)) =
x∗j−1
2x∗j

vj
L− j + 1

L
µ1. (5.69)

The branching rates (5.65) are not affected by the mutation events with transition

rates (5.66) to (5.69), because these mutation events do not change the total number

of real lines nor the total number of virtual lines. Thus, the total number of virtual

lines follows a birth process. Since the rates (5.68) and (5.69) at which the virtual

lines mutate are of the same order as the branching rates, all virtual lines will keep

growing in such a process. When the numbers of virtual lines reach the level of O(θ),

the rates (5.60) of the coalescence events that eliminate the virtual lines become O(θ2).

These coalescence events take effect on the faster timescale; the numbers of virtual

lines then stabilise on the level of O(θ).
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Consider the ancestral dual process {(rθ(t),vθ(t)), t ≥ 0} with transition rates

(5.58) to (5.64) for a sample n ∈ ZL+1
+ of size |n| ≥ 1. Define κ

(θ)
j (t) = v

(θ)
j (t)/θ,

j ∈ E. We have the following theorem regarding the rescaled and time-changed process

{(rθ(t/θ),κθ(t/θ)), t ≥ 0} with state space S = {0, 1, . . . , n0} × {0, 1, . . . , n1} × · · · ×

{0, 1, . . . , nL} ×RL+1
+ .

Theorem 5.17 (Virtual lines under selection-mutation balance). Assume κθ(0) 6= 0.

As θ → ∞ under selection-mutation balance (5.1), the process {(rθ(t/θ),κθ(t/θ)),

t ≥ 0} converges in finite-dimensional distribution to a process {(r(t),κ(t)), t ≥ 0}

with state space S running on the faster timescale where one unit of time corresponds

to θ units of time on the original timescale.

Suppose h(r,κ) : S → R is continuously differentiable with respect to κ. The

process {(r(t),κ(t)), t ≥ 0} is specified by the following generator:

Lh(r,κ) =
∑
j∈E

{
[h(r + ej+1 − ej,κ)− h(r,κ)]×

x∗j+1

2x∗j
rj
j + 1

L
µ0

+ [h(r + ej−1 − ej,κ)− h(r,κ)]×
x∗j−1
2x∗j

rj
L− j + 1

L
µ1

}
+
∑
j∈E

{
x∗j
2τ
|κ|(L− j) ∂h(r,κ)

∂κj
− 1

2x∗j
κ2j
∂h(r,κ)

∂κj

+
x∗j+1

2x∗j
κj
j + 1

L
µ0

(
∂h(r,κ)

∂κj+1

− ∂h(r,κ)

∂κj

)
+
x∗j−1
2x∗j

κj
L− j + 1

L
µ1

(
∂h(r,κ)

∂κj−1
− ∂h(r,κ)

∂κj

)}
,

where (x∗j)j∈E is the stable equilibrium point given in equation (5.13).

Proof. Consider the process {(rθ(t),κθ(t)), t ≥ 0} that has the transition rates (5.58)

to (5.64) and generator Lθ. Suppose h(r,κ) : S → R is twice continuously differen-

tiable with respect to κ. For κj = vj/θ, j ∈ E, we have

Lθh(r,κ) =
∑
j∈E

[h(r − ej,κ)− h(r,κ)]× 1

2x∗j
rj(rj − 1)

167



+
∑
j∈E

[h(r + ej+1 − ej,κ)− h(r,κ)]×
x∗j+1

2x∗j
rj
j + 1

L
µ0θ

+
∑
j∈E

[h(r + ej−1 − ej,κ)− h(r,κ)]×
x∗j−1
2x∗j

rj
L− j + 1

L
µ1θ

+
∑
j∈E

[h(r,κ+ ej/θ)− h(r,κ)]×
x∗j
2τ

(
r

θ
+ |κ|

)
(L− j)θ2

+
∑
j∈E

[h(r,κ− ej/θ)− h(r,κ)]× 1

2x∗j
κj

(
2rj
θ

+ κj −
1

θ

)
θ2

+
∑
j∈E

[h(r,κ+ ej+1/θ − ej/θ)− h(r,κ)]×
x∗j+1

2x∗j
κj
j + 1

L
µ0θ

2

+
∑
j∈E

[h(r,κ+ ej−1/θ − ej/θ)− h(r,κ)]×
x∗j−1
2x∗j

κj
L− j + 1

L
µ1θ

2

=
∑
j∈E

[h(r − ej,κ)− h(r,κ)]× 1

2x∗j
rj(rj − 1)

+
∑
j∈E

[h(r + ej+1 − ej,κ)− h(r,κ)]×
x∗j+1

2x∗j
rj
j + 1

L
µ0θ

+
∑
j∈E

[h(r + ej−1 − ej,κ)− h(r,κ)]×
x∗j−1
2x∗j

rj
L− j + 1

L
µ1θ

+
∑
j∈E

[
1

θ

∂h(r,κ)

∂κj
+

1

2θ2
∂2h(r,κ)

∂κ2j
+O(θ−3)

]
×
x∗j
2τ

(
r

θ
+ |κ|

)
(L− j)θ2

+
∑
j∈E

[
− 1

θ

∂h(r,κ)

∂κj
+

1

2θ2
∂2h(r,κ)

∂κ2j
+O(θ−3)

]
× 1

2x∗j
κj

(
2rj
θ

+ κj −
1

θ

)
θ2

+
∑
j∈E

[
1

θ

(
∂h(r,κ)

∂κj+1

− ∂h(r,κ)

∂κj

)
+

1

2θ2

(
∂2h(r,κ)

∂κ2j
− 2

∂2h(r,κ)

∂κj∂κj+1

+
∂2h(r,κ)

∂κ2j+1

)
+O(θ−3)

]
×
x∗j+1

2x∗j
κj
j + 1

L
µ0θ

2

+
∑
j∈E

[
1

θ

(
∂h(r,κ)

∂κj−1
− ∂h(r,κ)

∂κj

)
+

1

2θ2

(
∂2h(r,κ)

∂κ2j
− 2

∂2h(r,κ)

∂κj∂κj−1
+
∂2h(r,κ)

∂κ2j−1

)
+O(θ−3)

]
×
x∗j−1
2x∗j

κj
L− j + 1

L
µ1θ

2.

The generator of the time-changed process {(rθ(t/θ),κθ(t/θ)), t ≥ 0} then satisfies

lim
θ→∞

1

θ
Lθh(r,κ) =

∑
j∈E

{
[h(r + ej+1 − ej,κ)− h(r,κ)]×

x∗j+1

2x∗j
rj
j + 1

L
µ0
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+ [h(r + ej−1 − ej,κ)− h(r,κ)]×
x∗j−1
2x∗j

rj
L− j + 1

L
µ1

}
+
∑
j∈E

{
x∗j
2τ
|κ|(L− j) ∂h(r,κ)

∂κj
− 1

2x∗j
κ2j
∂h(r,κ)

∂κj

+
x∗j+1

2x∗j
κj
j + 1

L
µ0

(
∂h(r,κ)

∂κj+1

− ∂h(r,κ)

∂κj

)
+
x∗j−1
2x∗j

κj
L− j + 1

L
µ1

(
∂h(r,κ)

∂κj−1
− ∂h(r,κ)

∂κj

)}
= Lh(r,κ).

The proof is thus completed.

It follows from Theorem 5.17 that on the faster timescale, we can treat the process

for the virtual lines separately from the one for the real lines. We consider the virtual

lines first; the real genealogy will be described in Theorem 5.19. The scaled numbers

of virtual lines evolve on the faster timescale according to the following system of

differential equations:

dκj(t)

dt
=

1

2

[
(L− j)

x∗j
τ

∑
l∈E

κl(t)− κ2j(t)
1

x∗j
+ κj−1(t)

j

L
µ0

x∗j
x∗j−1

− κj(t)
j + 1

L
µ0

x∗j+1

x∗j

− κj(t)
L− j + 1

L
µ1

x∗j−1
x∗j

+ κj+1(t)
L− j
L

µ1

x∗j
x∗j+1

]
, (5.70)

where j ∈ E. The equilibrium point κ∗ := limt→∞ κ(t) of the above deterministic

system (5.70) satisfies the following system of equations:

0 = (L− j)
x∗j
τ

∑
l∈E

κ∗l − (κ∗j)
2 1

x∗j
+ κ∗j−1

j

L
µ0

x∗j
x∗j−1

− κ∗j
j + 1

L
µ0

x∗j+1

x∗j

− κ∗j
L− j + 1

L
µ1

x∗j−1
x∗j

+ κ∗j+1

L− j
L

µ1

x∗j
x∗j+1

,

where j ∈ E. The solutions to the above algebraic system are 0 and

κ∗j =
L(1− ψ)

τ
x∗j , j ∈ E, (5.71)

where x∗j is the forwards-in-time stable equilibrium point given in equation (5.13) and
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Figure 5.4: The numbers of virtual lines in the ancestral dual process with transition
rates (5.58) to (5.64) in the three-locus case, superimposed on the trajectory of the
deterministic system (5.70). Time is measured on the original timescale. The sample is
(5, 3, 6, 1), and the coefficient values are θ = 2000, τ = 0.9 and µ0 = 0.8. The horizontal
dotted lines represent the stable equilibrium point θκ∗, where κ∗ is calculated from
equation (5.71).

ψ is given in equation (5.14).

Figure 5.4 plots a path of the numbers of virtual lines in the ancestral dual process

with transition rates (5.58) to (5.64) in the three-locus case. The path is superimposed

on the trajectory of the deterministic system (5.70). We observe that the numbers

of virtual lines increase rapidly from time 0, and then stabilise to θκ∗, where κ∗ is

given in equation (5.71), when the coalescence events with rates (5.26) for virtual

lines become effective on the faster timescale. Thus, our argument is supported by

simulations.
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We now concentrate on the real genealogy. According to Remark 5.16, it is sufficient

to consider the marginal process of the real ancestral lines, {rθ(t), t ≥ 0}, which has

the transitions rates

qθ(r, r − ej) =
1

2x∗j
rj(rj − 1), (5.72)

qθ(r, r + ej+1 − ej) =
x∗j+1

2x∗j
rj
j + 1

L
θµ0, (5.73)

qθ(r, r + ej−1 − ej) =
x∗j−1
2x∗j

rj
L− j + 1

L
θµ1, (5.74)

where j ∈ E, and (x∗j)j∈E is the stable equilibrium point given in equation (5.13).

We use the idea of separation of timescales to study the limit of the process

{rθ(t), t ≥ 0} as θ → ∞. Nordborg and Krone (2002) use the same idea to deduce

the strong migration limit in the structured coalescent process, which can be adopted

to our process when migration is caused by mutation. The transition rates (5.73)

and (5.74) are O(θ). These mutation events occur much more rapidly than the coales-

cence events with rates (5.72) of O(1). In the limit as θ → ∞, the mutation events

approach an equilibrium on the faster timescale between the coalescence events, and

the total number of real lines reduces by one when a coalescence event occurs on the

original timescale. According to Nordborg and Krone (2002), the real genealogy follows

Kingman’s coalescent, where the coalescence rate is an average over the stationary

distribution of the mutation process.

We first consider the mutation process on the faster timescale. For fixed r, 2 ≤ r ≤ n

where n is the sample size, there exists a Markov process {rr(t), t ≥ 0} with state

space Sr = {r : r ∈ ZL+1
+ , |r| = r} and transition rates

qr(r, r + ej+1 − ej) =
x∗j+1

2x∗j
rj
j + 1

L
µ0, (5.75)

qr(r, r + ej−1 − ej) =
x∗j−1
2x∗j

rj
L− j + 1

L
µ1, (5.76)

where j ∈ E. We call the process {rr(t), t ≥ 0} the level-r mutation process. The
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mutation process is ergodic; hence it has a unique stationary distribution, which is

specified in the following lemma.

Lemma 5.18. Define

γj =

(
L

j

)
φj(1− φ)L−j, j ∈ E, (5.77)

where

φ =
µ0ψ

2

µ0ψ2 + µ1(1− ψ)2
,

with ψ given in equation (5.14).

The unique stationary distribution of the level-r mutation process {rr(t), t ≥ 0}

(running on the faster timescale), is multinomial with parameters r and (γj)j∈E; i.e.,

for r ∈ Sr, the stationary distribution is

πr(r) =
r!

r0!r1! · · · rL!

∏
j∈E

γ
rj
j . (5.78)

Proof. As given in equation (5.13), the forwards-in-time stable equilibrium point

(x∗j)j∈E satisfies

x∗j =

(
L

j

)
ψj(1− ψ)L−j, j ∈ E,

where ψ is given in equation (5.14) as

ψ =
1

2L

(
L− τ +

√
(L+ τ)2 − 4Lτµ0

)
.

Thus, γj defined in equation (5.77) can be rewritten as

γj =

(
x∗j
x∗0

)2
j!

L[j]

(
µ0

µ1

)j
γ0, (5.79)

for j = 1, 2, . . . , L, where

γ0 =

[∑
j∈E

(
x∗j
x∗0

)2
j!

L[j]

(
µ0

µ1

)j]−1
.

We then verify that the probability mass function (5.78) with γj in the form of
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equation (5.79) satisfies the following detailed balance equations:

πr(r)qr(r, r + ej−1 − ej) = πr(r + ej−1 − ej)qr(r + ej−1 − ej, r), (5.80)

for j = 1, 2, . . . , L, and

πr(r)qr(r, r + ej+1 − ej) = πr(r + ej+1 − ej)qr(r + ej+1 − ej, r), (5.81)

for j = 0, 1, . . . , L − 1, where the transition rates qr(·, ·) are those given in equa-

tions (5.75) and (5.76).

By substituting the probability mass function (5.78) and the transition rates into

the left-hand side of equation (5.80), we have, for j = 1, 2, . . . , L,

LHS =
r!

r0!r1! · · · rL!
γr00 γ

r1
1 · · · γ

rL
L ×

x∗j−1
2x∗j

rj
L− j + 1

L
µ1

=
r!

r0!r1! · · · (rj−1 + 1)!(rj − 1)! · · · rL!
γr00 γ

r1
1 · · · γ

rj−1+1
j−1 γ

rj−1
j · · · γrLL

×
x∗j

2x∗j−1
(rj−1 + 1)

j

L
µ0 ×

γj
γj−1

(
x∗j−1
x∗j

)2
L− j + 1

j

µ1

µ0

= πr(r + ej−1 − ej)×
x∗j

2x∗j−1
(rj−1 + 1)

j

L
µ0

= RHS.

Similarly, by substituting the probability mass function (5.78) and the transition rates

into the left-hand side of equation (5.81), we have, for j = 0, 1, . . . , L− 1,

LHS =
r!

r0!r1! · · · rL!
γr00 γ

r1
1 · · · γ

rL
L ×

x∗j+1

2x∗j
rj
j + 1

L
µ0

=
r!

r0!r1! · · · (rj − 1)!(rj+1 + 1)! · · · rL!
γr00 γ

r1
1 · · · γ

rj−1
j γ

rj+1+1
j+1 · · · γrLL

×
x∗j

2x∗j+1

(rj+1 + 1)
L− j
L

µ1 ×
γj
γj+1

(
x∗j+1

x∗j

)2
j + 1

L− j
µ0

µ1

= πr(r + ej+1 − ej)×
x∗j

2x∗j−1
(rj−1 + 1)

j

L
µ0

= RHS.
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Finally, it is easy to see from equation (5.79) that

∑
j∈E

γj = 1.

The proof is thus completed.

Given the stationary distribution of the level-r mutation process on the faster

timescale, we can now present the following Theorem 5.19 for the real genealogy in

the additive selection model in the limit as θ →∞ under selection-mutation balance.

Consider the process {rθ(t), t ≥ 0} with transition rates (5.72) to (5.74). Nordborg

and Krone (2002) show that in the limit as θ → ∞, the structure associated with

types in the process {rθ(t), t ≥ 0} collapses to Kingman’s coalescent in which all

ancestral lines are exchangeable. Define rθ(t) = |rθ(t)|. The process {rθ(t), t ≥ 0} for

a sample (n1, n2) ∈ Z2
+ of size n = n1 + n2 ≥ 1, has state space S = {1, 2, . . . .n} and

initial state n.

Theorem 5.19 (Real lines in the additive selection model under selection-mutation

balance). As θ →∞, the process {rθ(t), t ≥ 0} converges in distribution to {r(t), t ≥

0}. {r(t), t ≥ 0} is a death process with state space S, initial state n and death rate

q(r, r − 1) =

(
r

2

)∑
j∈E

γ2j
x∗j
≡
(
r

2

)(
µ2
0ψ

3 + µ2
1(1− ψ)3

(µ0ψ2 + µ1(1− ψ)2)2

)L
, r ≥ 2,

where (γj)j∈E is given in equation (5.77), (x∗j)
L
j=0 is the stable equilibrium point given

in equation (5.13) and ψ is given in equation (5.14).

Proof. According to Nordborg and Krone (2002, Theorem 1), as θ → ∞, we have

the weak convergence of the process {rθ(t), t ≥ 0} to the death process of Kingman’s

coalescent with an effective coalescence rate q(r, r − 1). q(r, r − 1) can be computed

as the coalescence rates (5.72) (on the original timescale) averaged over the station-

ary distribution of the level-r mutation process (on the faster timescale) derived in

Lemma 5.18. Let (Rj)j∈E be a random vector distributed with the probability mass
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function (5.78). We have

q(r, r − 1) =
∑
j∈E

E
[

1

2x∗j
Rj(Rj − 1)

]

=

(
r

2

)∑
j∈E

γ2j
x∗j

=

(
r

2

)∑
j∈E

(
L

j

)(
µ2
0ψ

3

(µ0ψ2 + µ1(1− ψ)2)2

)j(
µ2
1(1− ψ)3

(µ0ψ2 + µ1(1− ψ)2)2

)L−j
,

=

(
r

2

)(
µ2
0ψ

3 + µ2
1(1− ψ)3

(µ0ψ2 + µ1(1− ψ)2)2

)L
,

where the third equality follows from equations (5.13) and (5.77), and the last equality

follows from the binomial theorem. The proof is then completed.

5.5 Limit as L→∞

In this section, we consider the additive selection model in which each individual is

composed of an infinite number of diallelic loci, i.e., we let L → ∞. We derive in

Lemma 5.20 that as L→∞, there is a finite number of type 0 loci in an individual

drawn randomly from the stationary population. Thus, we need to assign the type to

an individual according to the number of type 0 loci, instead of type 1 loci as in the

previous sections. We also deduce that, backwards in time, types in a sample are lost

one by one on a faster timescale, and the sample is instantaneously converted to the

one in which individuals are not composed of any type 0 locus. The real genealogy

then follows Kingman’s coalescent with coalescence rate
(
r
2

)
exp(−τµ0). These results

provide new insight into the studies of background selection model (see Remarks 5.21

and 5.23).

For now, let L still be finite to see how the way we assign types to individuals

changes the settings of the Moran model, the diffusion and the ancestral dual process.

Recall that E = {0, 1, . . . , L} is the set of possible types.
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In the Moran model, since each type 0 locus decreases the reproductive ability of

an individual by s, we assume each individual of type j gives birth at rate

λj = 1− js, j ∈ E,

where 0 ≤ s ≤ 1/L; cf. equation (5.2). At the same time as reproduction, an individual

is picked uniformly at random from the population to die.

Mutations still occur continuously in time at rate u ≥ 0 on each individual,

independently of reproduction. At each locus, the allele has a probability µ0 of mutating

to type 0, and a probability µ1 to type 1, independently of its current type; µ0+µ1 = 1.

Given a mutation occurs on an individual of type i ∈ E, the probability that the

mutation changes this individual to type j ∈ E, is

pij =


L−i
L
µ0, if j = i+ 1,

i
L
µ1, if j = i− 1,

L−i
L
µ1 + i

L
µ0, if j = i,

0, otherwise;

cf. equation (5.3).

Let Z̃j(t) be the number of type j individuals in the population at time t. Define

Y
(N)
j (t) = Z̃j(t)/N . Suppose Ns = σ, andNu = θ. By slightly altering the calculations

in Proposition 5.1, we can show that the process {Y N(Nt/2), t ≥ 0} converges in

distribution to a diffusion process {Y (t), t ≥ 0} on the L-dimensional simplex SL+1, as

N →∞. For a twice continuously differentiable function f : SL+1 → R, the generator

of the diffusion is

Lf(y) =
1

2

∑
i,j∈E

ãij(y)
∂2f(y)

∂yi∂yj
+
∑
j∈E

b̃j(y)
∂f(y)

∂yj
, (5.82)

where

ãij(y) = δijyi − yiyj,
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and

b̃j(y) =
θ

2L

[
yj−1(L− j + 1)µ0 + yj+1(j + 1)µ1 − yj((L− j)µ0 + jµ1)

]
− σ

2
yj

(
j −

L∑
k=0

kyk

)
.

We set y−1 = yL+1 = 0.

Then, similar to the deterministic approximation of the L-locus diffusion with

generator equation (5.4) by equation (5.6), as θ →∞ under selection-mutation balance

(5.1), the time-changed process {Y (t/θ), t ≥ 0} with initial value Y (0) = ζ ∈ (0, 1)L+1,

can be approximated by the solution y(t) to the following system of differential

equations:

dyj(t)

dt
=

1

2L

[
yj−1(t)(L− j + 1)µ0 + yj+1(t)(j + 1)µ1 − yj(t)((L− j)µ0 + jµ1)

]
− 1

2τ
yj(t)

(
j −

L∑
k=0

kyk(t)

)
,

where j ∈ E, with initial value y(0) = ζ.

By an argument similar to that in Theorem 5.6, there exists y∗ = limt→∞ y(t),

where

y∗j =

(
L

j

)
ψjL(1− ψL)L−j, j ∈ E, (5.83)

with

ψL =
1

2L

(
L+ τ −

√
(L+ τ)2 − 4Lτµ0

)
. (5.84)

Then, according to Lemma 5.10, the transition rates of the ancestral process that

is dual to the diffusion with generator (5.82) satisfy

qθ((r,v), (r,v + ej)) ∼
y∗j
2τ

(r + v)jθ,

qθ((r,v), (r − ej,v)) ∼ 1

2y∗j
rj(rj − 1),

qθ((r,v), (r,v − ej)) ∼
1

2y∗j
vj(2rj + vj − 1),
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qθ((r,v), (r + ej+1 − ej,v)) ∼
y∗j+1

2y∗j
rj
j + 1

L
θµ1,

qθ((r,v), (r + ej−1 − ej,v)) ∼
y∗j−1
2y∗j

rj
L− j + 1

L
θµ0,

qθ((r,v), (r,v + ej+1 − ej)) ∼
y∗j+1

2y∗j
vj
j + 1

L
θµ1,

qθ((r,v), (r,v + ej−1 − ej)) ∼
y∗j−1
2y∗j

vj
L− j + 1

L
θµ0, (5.85)

where j ∈ E.

In the following lemma, we prove that as L → ∞, the stationary frequency of

individuals with j type 0 loci is

(τµ0)
j

j!
e−τµ0 , j ∈ N0.

The above quantity can also be interpreted as the distribution of the number of

type 0 loci in an individual of infinite length chosen randomly from the stationary

distribution.

Lemma 5.20. Consider ψL given in equation (5.84). For 0 < τ <∞ and 0 < µ0 < 1,

we have

lim
L→∞

LψL = τµ0. (5.86)

Furthermore, the stationary frequencies y∗j in equation (5.83) satisfy

lim
L→∞

y∗j =
(τµ0)

j

j!
e−τµ0 , j ∈ N0. (5.87)

Proof. Consider

ψL =
1

2L

(
L+ τ −

√
(L+ τ)2 − 4Lτµ0

)
,

as in equation (5.84), with 0 < τ <∞ and 0 < µ0 < 1. By letting k = 1/L, we have

ψL =
1

2

(
1 + kτ −

√
(1 + kτ)2 − 4kτµ0

)
:= g(k).

By applying the Taylor expansion to the function g(k) at the point k = 0, it follows
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that

g(k) = τµ0k − µ0µ1τ
2k2 +O(k3),

which implies

ψL =
τµ0

L
− µ0µ1τ

2

L2
+O(L−3).

The limit in equation (5.86) then follows.

There is a well-known fact that the binomial distribution with parameters n and

p converges to the Poisson distribution with parameter np, as n→∞ and p→ 0, but

np remains fixed. Hence, we have

y∗j =

(
L

j

)
ψjL(1− ψL)L−j → (τµ0)

j

j!
e−τµ0 ,

as L→∞.

The result in Lemma 5.20 can be related to the studies of Muller’s ratchet and the

background selection model. Consider an asexual population in which chromosomes

are passed down as indivisible blocks. When only deleterious mutations can occur, once

an individual has a certain number of mutations, it will never have fewer mutations

(forwards in time). This effect is known as Muller’s ratchet, as when all individuals

in the current “best” class have accumulated additional mutations, the ratchet clicks.

Muller (1964), Haigh (1978) and Etheridge et al. (2009) investigate the properties of

this mechanism (e.g., the average time between clicks of the ratchet). The studies of

Muller’s ratchet are often based on the background selection model as follows. The

population is of a large size, in which the type of an individual is determined by the

number of deleterious mutations accumulated. In a reproduction event, each individual

chooses a parent from the previous generation as in the classic Wright-Fisher model.

The relative fitness of a type j individual is assumed to be (1− s)j, where 0 < s < 1

and j ∈ N0, so selection is against deleterious alleles maintained by mutation. The

number of extra mutations that occur between two successive generations is assumed
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to follow a Poisson distribution with rate λ. The aforementioned authors find that

when selection and the deleterious mutation are balanced, the frequency of type j

individuals in the stationary population is Poisson with parameters j and λ/s. We

can compare this result with ours, as in the following remark.

Remark 5.21 (Connections to previous work). The Poisson distribution shows up

both in the classic derivation of Muller’s ratchet and in our additive selection model. In

the background selection model, the Poisson stationary distribution of the frequencies

in the population is shown by Haigh (1978, Equation 6). In our model, as the stable

equilibrium frequencies satisfy a binomial formula in equation (5.13), we arrive in a

Poisson distribution when L→∞. More specifically, in our Moran model, type 0 loci

are deleterious. As L → ∞, there are an infinite number of type 1 loci but only a

finite number of type 0 loci. Hence, the mutation rate for a type 1 locus to type 0 is

approximately uµ0, while the mutation rate for a type 0 locus to type 1 is approximately

0. Therefore, uµ0 in our Moran model has an identical role as the coefficient λ in the

background selection model. The reproductive ability of an individual composed of j

type 0 loci is 1− js in our Moran model. We have 1− js ≈ (1− s)j for small s, which

is the relative fitness assumed in the background selection model. Lemma 5.20 shows

that the stationary frequency of an individual (of infinite length) having j type 0 loci

is Poisson with parameters j and τµ0, which is approximately uµ0/s since we assume

s = σ/N , u = θ/N and limθ→∞ σ/θ = τ .

We now concentrate on the ancestral dual process. We will see in Remark 5.23 that

our results for the limiting genealogy are consistent with the arguments and simulations

in the literature for the genealogy in the corresponding background selection model.

The novelty of our work is that we obtain a full description of the genealogy using

the ancestral dual process with typed lines and the time-scaling theorems developed

in the previous sections.

Given the transition rates (5.85) and the limiting values of y∗j in equation (5.87),
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as L→∞, we consider an ancestral dual process {(rθ(t),vθ(t)), t ≥ 0} that has the

following transition rates:

qθ((r,v), (r,v + ej)) =
y∗j
2τ

(r + v)jθ, (5.88)

qθ((r,v), (r − ej,v)) =
1

2y∗j
rj(rj − 1), (5.89)

qθ((r,v), (r,v − ej)) =
1

2y∗j
vj(2rj + vj − 1), (5.90)

qθ((r,v), (r + ej−1 − ej,v)) =
1

2τ
jrjθ, (5.91)

qθ((r,v), (r,v + ej−1 − ej)) =
1

2τ
jvjθ, (5.92)

where j ∈ N0, and

y∗j =
(τµ0)

j

j!
e−τµ0 ,

as given in equation (5.87). Note that by assuming the stationary frequencies in the

population are constants, we implicitly neglect the effect of Muller’s ratchet.

Remark 5.22. Lemma 5.20 shows that, as L→∞, there are only a finite number of

type 0 loci in an individual. Thus, forwards in time, given a mutation occurs on such

an individual, the probability that the mutation acts on a type 0 locus and changes

it to type 1 tends to zero. Therefore, in the ancestral dual process, there are only

mutations with transitions (r,v)→ (r+ ej−1− ej,v) and (r,v)→ (r,v+ ej−1− ej)

that decrease the number of type 0 loci.

We note that the transitions with rates (5.89) and (5.91) that change the configu-

ration of real lines do not depend on the configuration of virtual lines. Thus, the real

genealogy is independent of the evolution of the virtual lines. On the faster timescale,

the real lines evolve according to the transition rates

q((r,v), (r + ej−1 − ej,v)) =
1

2τ
jrj, j ∈ N0.

It is not difficult to see that the types in the sample are lost one by one because of
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the mutations on the faster timescale. In the equilibrium of the mutation process on

the faster timescale, there are only individuals of type 0, i.e., having no type 0 loci.

Then, from time 0+ on the original timescale, the real genealogy follows a time-

changed Kingman’s coalescent with coalescence rate

1

2y∗0
r0(r0 − 1) ≡ 1

2
r0(r0 − 1)e−τµ0 . (5.93)

Remark 5.23 (Connections to previous work).

1. The nucleotide site diversity, i.e., the probability that a pair of randomly chosen

chromosomes differ at a given nucleotide site, indicates the shape of the underly-

ing genealogy (see Tavaré, 2004, Chapter 5). Charlesworth et al. (1993) study the

nucleotide site diversity in the background selection model (see Remark 5.21).

The authors show that, in a large population of size N , under selection-mutation

balance, the nucleotide site diversity is the same as that observed in a neutral

population with an effective population size Nf0, where f0 is the equilibrium

frequency of individuals not having any mutation. In the context of our dual

process as L → ∞ under selection-mutation balance, their result means the

shape of the real genealogy is determined by Kingman’s coalescent with the

coalescence rate given in equation (5.93).

2. Durrett (2008, p. 213) argues that in the background selection model under

selection-mutation balance, the average time it takes for a sampled type j

individual to become type 0 backwards in time, is smaller than or equal to

log(j + 1)/s� N . This corresponds to the time spent by our limiting ancestral

dual process on the faster timescale, which is negligible on the original timescale

where the coalescence events occur.

3. Walczak et al. (2012), Desai et al. (2012) and Nicolaisen and Desai (2012) study

the effect of purifying selection in the background selection model, in which
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these authors assume there is a selection-mutation balance so the stationary

frequency of type j individuals (individuals that have accumulated j mutations)

is a constant determined by a Poisson formula similar to that in equation (5.87).

These authors show that for a certain range of parameters corresponding to very

strong selection, our approximation of the limiting genealogy with the coalescence

rate (5.93) does hold well. However, these authors also prove that for moderately

strong selection, the genealogy is neutral but with a time-dependent effective

population size.
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Appendix A

Proofs

A.1 Proof of Lemma 2.7

The confluent hypergeometric function of the first kind, M(θ1, θ,−σ), is defined as

M(θ1, θ,−σ) =
1

B(θ1, θ2)

∫ 1

0

xθ1−1(1− x)θ2−1e−σx dx,

where θ1 > 0, θ2 > 0, θ = θ1 + θ2 and σ > 0. After the change of variable by setting

y = σx, the above equation can be rewritten as

M(θ1, θ,−σ) =
1

B(θ1, θ2)σθ1

∫ σ

0

yθ1−1
(

1− y

σ

)θ2−1
e−y dy.

By applying the Taylor expansion to the function g(y) = (1 − y/σ)θ2−1 about the

point y = 0, we have(
1− y

σ

)θ2−1
=
∞∑
k=0

yk

k!
g(k)(0) =

∞∑
k=0

(1− θ2)(k)
k!

(
y

σ

)k
,

where g(k)(0) denotes the kth derivative of g evaluated at the point 0.

Therefore, we have

M(θ1, θ,−σ) =
1

B(θ1, θ2)σθ1

∫ σ

0

e−yyθ1−1
∞∑
k=0

(1− θ2)(k)
k!

(
y

σ

)k
dy
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=
1

B(θ1, θ2)σθ1

∞∑
k=0

(1− θ2)(k)
k!σk

∫ σ

0

e−yyθ1+k−1 dy

=
1

B(θ1, θ2)σθ1

∞∑
k=0

(1− θ2)(k)
k!σk

(
Γ (θ1 + k)−

∫ ∞
σ

e−yyθ1+k−1 dy

)
=

Γ (θ)

Γ (θ2)σθ1

∞∑
k=0

θ1(k)(1− θ2)(k)
k!σk

− e−σ Γ (θ)

Γ (θ1)Γ (θ2)σ

∞∑
k=0

(1− θ2)(k)
k!

( 2∑
j=0

(θ1 + k)[j]
σj

+O(σ−3)

)
=

Γ (θ)

Γ (θ2)σθ1

[
1 +

θ1(1− θ2)
σ

+
θ1(θ1 + 1)(1− θ2)(2− θ2)

2σ2
+O(σ−3)

]
,

where the fourth equality follows Olver et al. (2010, Equation 8.11.2).

A.2 Proof of Lemma 2.8

We show how the transition rates (2.6) to (2.10) of the ancestral dual process with

typed lines can be asymptotically expanded for large σ. The calculations are done

by substituting equation (2.22) for the confluent hypergeometric function into the

transition rates (2.6) to (2.10). It follows that

q((r,v), (r,v + e1)) =
1

2
σ(r + v)

(r1 + v1 + θ1)

r + v + θ

ν(r + v + e1 + θ)

ν(r + v + θ)

=
1

2
σ(r + v)

(r1 + v1 + θ1)

r + v + θ
× Γ (r + v + 1 + θ)

Γ (r2 + v2 + θ2)σr1+v1+1+θ1

× [1 + σ−1(r1 + v1 + 1 + θ1)(1− r2 − v2 − θ2) +O(σ−2)]

× Γ (r2 + v2 + θ2)σ
r1+v1+θ1

Γ (r + v + θ)

× [1 + σ−1(r1 + v1 + θ1)(1− r2 − v2 − θ2) +O(σ−2)]−1

=
1

2
(r + v)(r1 + v1 + θ1)[1 + σ−1(1− r2 − v2 − θ2)] +O(σ−2);

q((r,v), (r − e1,v)) =
1

2
r1(r1 − 1)

r + v − 1 + θ

r1 + v1 − 1 + θ1

ν(r + v − e1 + θ)

ν(r + v + θ)

=
1

2
r1(r1 − 1)

r + v − 1 + θ

r1 + v1 − 1 + θ1
× Γ (r + v − 1 + θ)

Γ (r2 + v2 + θ2)σr1+v1−1+θ1
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×
[
1 + σ−1(r1 + v1 − 1 + θ1)(1− r2 − v2 − θ2)

+
1

2
σ−2(r1 + v1 − 1 + θ1)(r1 + v1 + θ1)

× (1− r2 − v2 − θ2)(2− r2 − v2 − θ2)

+O(σ−3)

]
× Γ (r2 + v2 + θ2)σ

r1+v1+θ1

Γ (r + v + θ)

×
[
1 + σ−1(r1 + v1 + θ1)(1− r2 − v2 − θ2)

+
1

2
σ−2(r1 + v1 + θ1)(r1 + v1 + 1 + θ1)

× (1− r2 − v2 − θ2)(2− r2 − v2 − θ2)

+O(σ−3)

]−1
=

1

2
r1(r1 − 1)

σ

r1 + v1 − 1 + θ1

× [1− σ−1(1− r2 − v2 − θ2)

+ σ−2(r1 + v1 + θ1)(r2 + v2 − 1 + θ2) +O(σ−3)]

=
r1(r1 − 1)

2(r1 + v1 − 1 + θ1)

× [σ + r2 + v2 − 1 + θ2 + σ−1(r1 + v1 + θ1)(r2 + v2 − 1 + θ2)]

+O(σ−2);

q((r,v), (r − e2,v)) =
1

2
r2(r2 − 1)

r + v − 1 + θ

r2 + v2 − 1 + θ2

ν(r + v − e2 + θ)

ν(r + v + θ)

=
1

2
r2(r2 − 1)

r + v − 1 + θ

r2 + v2 − 1 + θ2
× Γ (r + v − 1 + θ)

Γ (r2 + v2 − 1 + θ2)σr1+v1+θ1

× [1 + σ−1(r1 + v1 + θ1)(2− r2 − v2 − θ2) +O(σ−2)]

× Γ (r2 + v2 + θ2)σ
r1+v1+θ1

Γ (r + v + θ)

× [1 + σ−1(r1 + v1 + θ1)(1− r2 − v2 − θ2) +O(σ−2)]−1

=
1

2
r2(r2 − 1)[1 + σ−1(r1 + v1 + θ1)] +O(σ−2);

q((r,v), (r + e1 − e2,v)) =
1

2
r2θ2

r1 + v1 + θ1
r2 + v2 − 1 + θ2

ν(r + v + e1 − e2 + θ)

ν(r + v + θ)
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=
1

2
r2θ2

r1 + v1 + θ1
r2 + v2 − 1 + θ2

× Γ (r + v + θ)

Γ (r2 + v2 − 1 + θ2)σr1+v1+1+θ1

× [1 + σ−1(r1 + v1 + 1 + θ1)(2− r2 − v2 − θ2) +O(σ−2)]

× Γ (r2 + v2 + θ2)σ
r1+v1+θ1

Γ (r + v + θ)

× [1 + σ−1(r1 + v1 + θ1)(1− r2 − v2 − θ2) +O(σ−2)]−1

=
1

2
σ−1r2θ2(r1 + v1 + θ1)

× [1 + σ−1(r1 + v1 + θ1 + 2− r2 − v2 − θ2) +O(σ−2)]

=
1

2
σ−1r2θ2(r1 + v1 + θ1) +O(σ−2);

and

q((r,v), (r + e2 − e1,v)) =
1

2
r1θ1

r2 + v2 + θ2
r1 + v1 − 1 + θ1

ν(r + v + e2 − e1 + θ)

ν(r + v + θ)

=
1

2
r1θ1

r2 + v2 + θ2
r1 + v1 − 1 + θ1

× Γ (r + v + θ)

Γ (r2 + v2 + 1 + θ2)σr1+v1−1+θ1

× [1− σ−1(r1 + v1 − 1 + θ1)(r2 + v2 + θ2) +O(σ−2)]

× Γ (r2 + v2 + θ2)σ
r1+v1+θ1

Γ (r + v + θ)

× [1 + σ−1(r1 + v1 + θ1)(1− r2 − v2 − θ2) +O(σ−2)]−1

=
1

2
r1θ1

σ

r1 + v1 − 1 + θ1
× [1 + σ−1(r2 + v2 + θ2 − r1 − v1 − θ1)

+ σ−2(r1 + v1 + θ1)(r2 + v2 − 1 + θ2) +O(σ−3)]

=
1

2

r1θ1
r1 + v1 − 1 + θ1

× [σ + r2 + v2 + θ2 − r1 − v1 − θ1

+ σ−1(r1 + v1 + θ1)(r2 + v2 − 1 + θ2)] +O(σ−2).

The other equations follow analogously. The proof is then completed.
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A.3 Proof of Lemma 3.13

Let θ > 0 be a three-dimensional vector representing the mutation coefficients. We

consider the function

ν(θ) =
Γ (θ)

Γ (θ1)Γ (θ2)Γ (θ3)

∫ 1

0

∫ 1−x1

0

e−σ1x1−σ2x2xθ1−11 xθ2−12 (1− x1 − x2)θ3−1 dx2 dx1,

as defined in equation (3.29).

After the changes of variables by setting x1 = y1/|σ1| and x2 = y2/σ2, we have

ν(θ) =
Γ (θ)

Γ (θ1)Γ (θ2)Γ (θ3)σ
θ1
1 σ

θ2
2

×
∫ σ1

0

∫ (1−y1/σ1)σ2

0

e−y1−y2yθ1−11 yθ2−12

(
1− y1

σ
− y2
σ

)θ3−1
dy2 dy1.

By applying the Taylor expansion to the function(
1− y1

σ1
− y2
σ2

)θ3−1
about the point y1 = 0 and y2 = 0, we have(

1− y1
σ1
− y2
σ2

)θ3−1
=
∞∑
i=0

i∑
j=0

(
i

j

)
(1− θ3)(i)

i!

(
y1
σ1

)i−j(
y2
σ2

)j
.

It follows that

ν(θ) =
Γ (θ)

Γ (θ1)Γ (θ2)Γ (θ3)σ
θ1
1 σ

θ2
2

×
∞∑
i=0

i∑
j=0

1

σi−j1 σj2

(
i

j

)
(1− θ3)(i)

i!

∫ σ1

0

∫ (1−y1/σ1)σ2

0

e−y1−y2yθ1+i−j−11 yθ2+j−12 dy2 dy1

=
Γ (θ)

Γ (θ1)Γ (θ2)Γ (θ3)σ
θ1
1 σ

θ2
2

×
∞∑
i=0

i∑
j=0

1

σi−j1 σj2

(
i

j

)
(1− θ3)(i)

i!

∫ σ1

0

yθ1+i−j−11 e−y1
[ ∫ (1−y1/σ1)σ2

0

e−y2yθ2+j−12 dy2

]
dy1

=
Γ (θ)

Γ (θ1)Γ (θ2)Γ (θ3)σ
θ1
1 σ

θ2
2
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×
∞∑
i=0

i∑
j=0

1

σi−j1 σj2

(
i

j

)
(1− θ3)(i)

i!
Γ (θ1 + i− j)Γ (θ2 + j) + o(σ−21 )

=
Γ (θ)

Γ (θ3)σ
θ1
1 σ

θ2
2

∞∑
i=0

i∑
j=0

(
i

j

)
(1− θ3)(i)θ1(i−j)θ2(j)

i!σi−j1 σj2
+ o(σ−21 )

=
Γ (θ)

Γ (θ3)σ
θ1
1 σ

θ2
2

[
1 +

(1− θ3)θ1
σ1

+
(1− θ3)θ2

σ2

+
(1− θ3)(2− θ3)

2

(
θ1(1 + θ1)

σ2
1

+
2θ1θ2
σ1σ2

+
θ2(1 + θ2)

σ2
2

)
+ o(σ−21 )

]
,

where the third equality holds according to Olver et al. (2010, Equation 8.11.2).

A.4 Proof of Lemma 3.14

Consider the ratios ν(·)/ν(r + v + θ) in the transition rates in equations (3.28). The

ratios in the branching rates satisfy, for i, j = 1, 2 and i 6= j,

ν(r + v + ei + θ)

ν(r + v + θ)

=
Γ (r + v + 1 + θ)Γ (r3 + v3 + θ3)σ

ri+vi+θi
i σ

rj+vj+θj
j

Γ (r + v + θ)Γ (r3 + v3 + θ3)σ
ri+vi+1+θi
i σ

rj+vj+θj
j

×
(

1 +
(1− r3 − v3 − θ3)(ri + vi + 1 + θi)

σi
+

(1− r3 − v3 − θ3)(rj + vj + θj)

σj

)
×
(

1 +
(1− r3 − v3 − θ3)(ri + vi + θi)

σi
+

(1− r3 − v3 − θ3)(rj + vj + θj)

σj

)−1
=
r + v + θ

σi

(
1 +

1− r3 − v3 − θ3
σi

+ o(σ−1i )

)
.

For the ratios appearing in the coalescence rates for individuals of type 1 and type

2, we have, for i, j = 1, 2 and i 6= j,

ν(r + v − ei + θ)

ν(r + v + θ)

=
Γ (r + v − 1 + θ)Γ (θ3 + α3)σ

ri+vi+θi
i σ

rj+vj+θj
j

Γ (r + v + θ)Γ (θ3 + α3)σ
ri+vi−1+θi
i σ

rj+vj+θj
j

×
(

1 +
(1− r3 − v3 − θ3)(ri + vi − 1 + θi)

σi
+

(1− r3 − v3 − θ3)(rj + vj + θj)

σj

)
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×
(

1 +
(1− r3 − v3 − θ3)(ri + vi + θi)

σi
+

(1− r3 − v3 − θ3)(rj + vj + θj)

σj

)−1
=

σi
r + v − 1 + θ

(
1 +

r3 + v3 − 1 + θ3
σi

+ o(σ−1i )

)
.

The ratio in the coalescence rate for individuals of the favoured type 3 is slightly

different from the previous two ratios. This ratio satisfies

ν(r + v − e3 + θ)

ν(r + v + θ)

=
Γ (r + v − 1 + θ)Γ (r3 + v3 + θ3)σ

r1+v1+θ1
1 σr2+v2+θ22

Γ (r + v + θ)Γ (r3 + v3 − 1 + θ3)σ
r1+v1+θ1
1 σr2+v2+θ22

×
(

1 +
(2− r3 − v3 − θ3)(r1 + v1 + θ1)

σ1
+

(2− r3 − v3 − θ3)(r2 + v2 + θ2)

σ2

)
×
(

1 +
(1− r3 − v3 − θ3)(r1 + v1 + θ1)

σ1
+

(1− r3 − v3 − θ3)(r2 + v2 + θ2)

σ2

)−1
=
r3 + v3 − 1 + θ3
r + v − 1 + θ

(
1 +

r1 + v1 + θ1
σ1

+
r2 + v2 + θ2

σ2
+ o(σ−11 )

)
.

The ratios in the mutation rates between individuals of type 1 and type 2 satisfy,

for i, j = 1, 2 and i 6= j,

ν(r + v + ei − ej + θ)

ν(r + v + θ)

=
Γ (r + v + θ)Γ (θ3 + α3)σ

ri+vi+θi
i σ

rj+vj+θj
j

Γ (r + v + θ)Γ (θ3 + α3)σ
ri+vi+θi+1
i σ

rj+vj+θj−1
j

×
(

1 +
(1− r3 − v3 − θ3)(ri + vi + θi + 1)

σi
+

(1− r3 − v3 − θ3)(rj + vj + θj − 1)

σj

)
×
(

1 +
(1− r3 − v3 − θ3)(ri + vi + θi)

σi
+

(1− r3 − v3 − θ3)(rj + vj + θj)

σj

)−1
=
σj
σi

(
1 +

1− r3 − v3 − θ3
σi

+
r3 + v3 − 1 + θ3

σj
+ o(σ−11 )

)
.

The ratios in the mutation rates of the two disfavoured types to the favoured type

3 satisfy, for i, j = 1, 2 and i 6= j,

ν(r + v + ei − e3 + θ)

ν(r + v + θ)
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=
Γ (r + v + θ)Γ (r3 + v3 + θ3)σ

ri+vi+θi
i σ

rj+vj+θj
j

Γ (r + v + θ)Γ (r3 + v3 + θ3 − 1)σri+vi+θi+1
i σ

rj+vj+θj
j

×
(

1 +
(2− r3 − v3 − θ3)(ri + vi + θi + 1)

σi
+

(2− r3 − v3 − θ3)(rj + vj + θj)

σj

)
×
(

1 +
(1− r3 − v3 − θ3)(ri + vi + θi)

σi
+

(1− r3 − v3 − θ3)(rj + vj + θj)

σj

)−1
=
r3 + v3 + θ3 − 1

σi

(
1 +

ri + vi + θi − θ3 − r3 − v3 + 2

σi
+
rj + vj + θj

σj
+ o(σ−11 )

)
.

We also have, for i, j = 1, 2 and i 6= j,

ν(r + v + e3 − ei + θ)

ν(r + v + θ)

=
Γ (r + v + θ)Γ (r3 + v3 + θ3)σ

ri+vi+θi
i σ

rj+vj+θj
j

Γ (r + v + θ)Γ (r3 + v3 + θ3 + 1)σri+vi+θi−1i σ
rj+vj+θj
j

×
(

1− (r3 + v3 + θ3)(ri + vi + θi − 1)

σi
− (r3 + v3 + θ3)(rj + vj + θj)

σj

)
×
(

1 +
(1− r3 − v3 − θ3)(ri + vi + θi)

σi
+

(1− r3 − v3 − θ3)(rj + vj + θj)

σj

)−1
=

σi
r3 + v3 + θ3

(
1 +

r3 + v3 + θ3 − ri − vi − θi
σi

− rj + vj + θj
σj

+ o(σ−11 )

)
.

The lemma then follows.
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