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Abstract

In the presence of selection and mutation, the genealogy of a given sample configu-
ration can be described by two classes of ancestral processes, namely the coalescent-
in-a-random-background model of Kaplan et al. (1988) and the dual process with
typed lines of Etheridge and Griffiths (2009). These two processes are based on the
same forwards population genetics model. However, in the former model, selection
is reflected in the ancestral frequencies in the population, while in the latter model,
there are branching events that generate virtual ancestral lines. We simulate the dual
processes with typed lines and derive the limits of the two ancestral processes un-
der strong selection and under selection-mutation balance to address the question
of to what extent the genealogy is distorted. The two ancestral processes generate
the same limiting genealogy. In a two-allele population under strong selection, the
disfavoured individuals in the sample are instantaneously converted to a random
number of favoured individuals, and the limiting genealogy is governed by the usual
Kingman’s coalescent. Under selection-mutation balance, all disfavoured individuals
in the sample are instantaneously converted to the favoured type, and the limiting
genealogy is determined by a time-changed Kingman’s coalescent. The proofs of these
limiting processes are based on the convergence result of Mohle (1998, Lemma 1).
The studies of selection-mutation balance are then extended to an additive selection
model, where each individual is composed of L diallelic loci. In the corresponding dual
process with typed lines, the evolution of the virtual lines on a faster timescale can
be approximated by a deterministic process, while the evolution of the real lines is
independent of the virtual lines. The structure in the limiting genealogy collapses to
Kingman’s coalescent. We also let L tend to infinity, and obtain a full description of

the limiting genealogy in the background selection model.
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Chapter 1

Introduction

Mathematical population genetics is an area of study that is used to quantitatively
and qualitatively understand the genealogical structure of populations by employ-
ing stochastic processes to model the evolutionary forces of genetic drift (random
reproduction), mutation and selection that produce and maintain genetic variation.
Consider a haploid (one-parent) and panmictic population (e.g., mitochondrial DNA)
of size N. Assume the population is neutral, which means that each individual has the

same fitness (or reproductive ability). Let v be the number of offspring an individual

2

may produce in one generation. Kingman (1982a,b) shows that if limy_,o, Var(v) = ¢?,

0 < ¢? < oo, the random genealogical structure of a sample taken from the population
can be approximated by a coalescent process in the limit as N — oo, provided time
is measured in units of N/c? generations.

Two individuals are said to coalesce when they are related via a common ancestor
at some time in the past. Let a,(t) be the number of distinct ancestors (or ancestral
lines) at (scaled) time ¢ > 0 in the past, of a sample of size n > 1 taken from the
population at time ¢ = 0. The ancestral process {«,(t),t > 0} in Kingman’s coalescent

is a continuous-time Markov process on the state space S = {1,2,...,n}, which has



n as its initial state and 1 as its absorbing state. The transition rates

q(a, B) == lim %P[an(t +0t) = B | an(t) = o,

0t—0
where o, € S and a # 3, are given by

f@). #s—a-1,
ale ) = {0, otherwise. (1.1)

a) in equation (1.1) is independent of the population size and

The coalescence rate (2

the structure of the genealogy. The process {a,(t),t > 0} is a death process with
initial state n and death rate (3‘)
The beauty of Kingman’s coalescent is the simple tree-like genealogy it generates
(see Figure 2.1), and the intuitive probabilistic interpretation due to the assumption
of exchangeability (as a consequence of panmixia). In the context of coalescent theory,
exchangeability means individuals are not labelled in any way, and all individuals are
equally likely to be involved in a coalescence event (hence the coalescence rate (‘2“) in
equation (1.1)). A genealogy consists of two types of information: the branch lengths
of the genealogy, and the topology (who shares a common ancestor with whom). The
neutral genealogy in Kingman’s coalescent will be discussed in detail in Section 2.1.
Although Kingman'’s coalescent is derived in the setting of the classic Wright-Fisher
model (Fisher, 1930; Wright, 1931) with non-overlapping generations, the coalescent
is a robust limiting process for a large class of neutral population genetics models,
including the Moran model (Moran, 1958) with overlapping generations, in the sense
that properties of Kingman’s coalescent are shared by all these models that converge
to it in the limit. Méhle (1998) illustrates that even some non-exchangeable population
genetics models converge to Kingman’s coalescent in the limit of large population
size (provided time is scaled appropriately). Kingman’s coalescent is also extended to
model various biological phenomenon, such as diploid, two sexes, selfing and varying

population sizes. Hudson (1991), Nordborg (2007), Durrett (2008), Wakeley (2009)



and Etheridge (2011) provide comprehensive introductions and reviews for these
extensions. Griffiths and Marjoram (1996, 1997) propose an analogue of the coalescent,
the ancestral recombination graph, to describe genealogies in multi-locus models under
recombination. Moreover, Kingman’s coalescent has led to numerous computationally
intensive algorithms for a wide range of evolutionary problems (see Griffiths, 1989;
Griffiths and Tavaré, 1994; Tavaré et al., 1997).

The structured coalescent process is introduced by Takahata (1988) and Notohara
(1990) for populations subdivided into a discrete collection of demes or different genetic
backgrounds, each of which is large and panmictic. Donnelly and Tavaré (1995) and
Wilkinson-Herbots (1998) provide review articles. Denote the set of non-negative
integers by Z., and the set in which all elements are 0 by 0. Let |a| :== >, a; be the
sum of elements in a vector. Write a > 3 when «; > (; for all i. Consider d > 1
subpopulations and a sample n € Zjl_, where each n; is the number of individuals
sampled from the ith subpopulation. The structured ancestral process {a(t),t > 0} is
a continuous-time Markov process with initial state at(0) = n and state space {a: a €
Z%,1 < |a| < |nl}, in which each ;(t), 1 < i < d counts the number of ancestral
lines in the ¢th subpopulation ¢ time units ago. Let the configuration of ancestral
lines at time ¢t be a. Each pair of ancestral lines within the same subpopulation can
coalesce with the transition a — a — e;, where e; is a unit vector with a 1 in the
1th position and 0 everywhere else; and every ancestral line in the th population can
move to the jth subpopulation with the transition o« =+ o — e; + €;, ¢ # j by some
form of migration.

The genealogy in the structured coalescent for a sample of size |n| > 2 from
d > 1 subpopulations must contain |n| — 1 coalescence events, and a minimum
of d — 1 migrations between subpopulations, since the coalescence of two ancestral
lines cannot occur unless the lines are in the same subpopulation. Because of this,

when migration rates are small, genealogies in the structured coalescent are stretched



compared with those in the (unstructured) Kingman’s coalescent. When population
is subdivided according to allelic types, and movement between subpopulations is
caused by mutation, the structured coalescent can be used to study genealogies under
selection (see Kaplan et al., 1988; Barton et al., 2004; Barton and Etheridge, 2004),
which will be discussed in Section 3.1.

A mutation is a heritable change in the genetic material of an organism. Mutation
was first recognised by Gregor Mendel from his experiments on peas. Barton et al.
(2007, p. 325) state that mutation is the ultimate source of all genetic variation, and
without it there would be no evolution. The mutation rate per nucleotide site per
generation for completely linked DNA sequences, is small (1078 is a typical value for
advanced organisms, see Drake et al., 1998). However, there is a positive correlation
between nucleotide diversity and the recombination rate (Lercher and Hurst, 2002).

Consider a population of fixed size N with discrete generations, in which the
mutation probability is u per individual per generation. A continuous time limit can

be obtained by measuring time ¢ > 0 in units of N generations. We assume

lim Nu=46/2,

N—o0

such that 6/2 is the mutation rate per individual per unit of time that is rescaled in
units of N generations. Denote the largest integer not greater than x by |z|. The
number M of mutations that occur on an ancestral line of length | Nt| generations,

t > 0, is binomially distributed with probability mass function

[IV]

P(M =m) = ( )um(1 —u)Vm s =0,1,. .. [Nt

The moment generating function of M is
E(eM) = (1 — u 4 ue*) NV — et -1,

as N — oo. Thus in the limit, the distribution of M is Poisson with rate 6¢/2.



In Kingman’s coalescent, mutations can be superimposed on genealogies such that
mutations occur at the points of an independent Poisson process of rate /2 on each
branch of a genealogy. Conditional on the length W of an ancestral line, the number
of mutations that arise on this line has a Poisson distribution with rate W6/2.

The influence of mutations can be described by two models: the infinitely-many-
alleles model (Kimura and Crow, 1964) and the infinitely-many-sites model (Watterson,
1975). The former model assumes that each mutation leads to a novel allelic type never
seen before in the population, so the model retains the information of the most recent
mutation on each ancestral line; the latter model supposes that each mutation occurs
at a nucleotide site that is different from those of previous mutations, hence the model
has the details of all mutations on the genealogy. In the infinitely-many-alleles model,
the number of distinct alleles observed in a neutral sample follows a distribution
specified by the Ewens sampling formula (Ewens, 1972), which appears (somehow
surprisingly) in Theorem 2.5 for the shape of genealogies under strong selection.

Natural selection, discovered by Charles Darwin, is another force besides genetic
drift and mutation, that drives evolution. Selection occurs when alleles in the popula-
tion have different fitness. Gillespie (1986, 1991) argues that not all genetic similarity
can be attributed to genetic drift and mutation. It is therefore important to examine
models with selection. It is, however, complicated to incorporate natural selection into
coalescent theory, because the fundamental assumption of exchangeability is invalid,
as the fitness of an individual depends on its allelic type.

Nevertheless, Neuhauser and Krone (1997) and Krone and Neuhauser (1997) de-
velop a model for describing the genealogy of a random sample in a population under
selection and mutation, where all possible genealogies are embedded in an exchange-
able process named the ancestral selection graph. Baake and Bialowons (2008) provide
a review article. In the ancestral selection graph for a two-allele population, besides

the coalescence events, an ancestral line can branch into an original continuing line



and a newly-created incoming line. However, one of the continuing and incoming lines
is virtual (see Figure 1.2 for an illustration of how virtual lines arise when we trace a
genealogy backwards in time). The virtual lines do not belong to the actual genealogy;
they are used to capture the effect that individuals of a certain type are selectively
favoured. Including virtual lines is essential for retaining the exchangeability of the

coalescent.

1.1 Structure and main results

The structure of this thesis and the main results are as follows. In the remainder
of this chapter, we describe in detail the ancestral selection graph in the two-type
case for incorporating selection into the coalescent process . We illustrate in Proposi-
tion 1.1 that the number of branching events in the ancestral selection graph increases
exponentially with the selection coefficient o > 0. Thus, the ancestral selection graph
is not suitable for our investigation of the genealogies in the strong selection limit.
Further studies of the genealogies are primarily based on the dual process with typed
ancestral lines developed by Etheridge and Griffiths (2009). The Moran model with
selection and mutation, its diffusion approximation and the corresponding ancestral
dual process with typed lines are also introduced in the present chapter. We also
carefully explain, with Figure 1.2, how branching events occur in the ancestral dual
process and how virtual lines emerge at branching events.

We use the Moran model to capture the way in which we can establish a duality
between and forwards-in-time and backwards-in-time processes. We pass the Moran
model to its diffusion approximation, so the behaviour of the population is simpler.
We then derive the corresponding dual processes in the diffusion limit, which are
the starting point of our studies of strong selection and selection-mutation balance

limits. The properties of the genealogies are analysed when the parameters of the



dual processes tend to infinity. Our approach is in contrast to the approach where one
starts with a Moran model with selection and mutation parameters being order 1 and
then lets the population size N — oo, because many results for the forwards-in-time
and backwards-in-time processes in the diffusion limit are in a simpler form.

In Chapter 2, we start to address the question of to what extent strong selection
distorts the shape of genealogies. We show in Theorem 2.1 that in the dual process with
typed lines, the real and virtual ancestral lines can be identified immediately as the
genealogy is traced. One then only needs to simulate up to the time when the number
of real lines reduces to one to extract information on the real genealogy. We derive in
Theorem 2.3 that the number of branching events in the dual process with typed lines
is finite in the limit as the selection coefficient ¢ — co. We observe from simulation
results in Tables 2.2 and 2.3 and in Figures 2.3 and 2.4 that, although selection
does not have a significant impact on the genealogy of a sample with random type
configuration (heuristically a random sample under strong selection only contains the
favoured type so selection cannot operate), it does substantially affect the genealogy
of a sample with given configuration. The expected height of the genealogy of a
given sample under strong selection is smaller than that in Kingman’s coalescent
when there is more than one disfavoured individual in the sample; the genealogy is
given by Kingman’s coalescent otherwise. This observation makes intuitive sense by
considering the forwards-in-time dynamics. There tends to be only one allele existing
in the population under strong selection. When the population happens to contain a
considerable proportion of the disfavoured allele (so we can draw a sample containing
some individuals of type 1), the disfavoured allele will be eliminated rapidly from
the population by the strong selective force. The probability that the most recent
common ancestor (the remaining single line on the real genealogy) is the favoured
type 2, is approximately 1 under strong selection, even when there are no type 2

individuals in the sample. We then derive explicit formulae for the limiting quantities



(under strong selection) that have been simulated. The formulae in Theorems 2.5,
2.15 and 2.16 are obtained by analysing various recursive equations for the desired
expectations and variances, where the Ewens sampling formula plays an important
role (see Remark 2.6). These theoretical results are novel and are consistent with the
simulations.

In Chapter 3, we study the effect of strong selection at a process level with our
dual process with typed lines and the coalescent-in-a-random-background model of
Kaplan et al. (1988). Both the dual process with typed lines and the coalescent-in-a-
random-background model can describe the genealogy of a given sample configuration.
However, these two models are different in that in the dual process with typed lines,
the ancestral lines can branch and virtual lines can appear, while in the coalescent-in-a-
random-background model, there are no branching events in the ancestral process, and
selection is reflected in the ancestral frequencies of alleles. In spite of this difference, the
genealogies generated by these two models are the same. However, it is still of interest to
study how strong selection affects the genealogies in both models. The ancestral process
in the coalescent-in-a-random-background model is time-inhomogeneous, which we
approximate by a time-homogeneous process, as the fluctuations in the ancestral
frequencies under strong selection are negligible. We then derive in Theorem 3.5 that
the genealogy in such an approximated model can be described by a limiting process,
in which type 1 individuals in the sample are instantaneously converted to a random
number of type 2 individuals according to a distribution that is related to the Ewens
sampling formula, and then the resulting sample follows Kingman’s coalescent. The
limiting theorem is new, and its derivation is based on the time-scaling convergence
result of Mohle (1998). However, in the dual process with typed lines, as the state
space of the dual process is infinite due to the mechanism of virtual lines, Mohle’s
lemma cannot be applied exactly. Nevertheless, these limiting results are supported

by simulations. The extension of the strong selection limit to the ancestral dual



process with three types is also investigated in the chapter. We assume individuals
of type 1 and type 2 are strongly disfavoured, while individuals of type 3 are neutral.
We observe that, although on different timescales, the disfavoured individuals in the
sample instantaneously coalesce and mutate to the favoured type 3 according to the
Ewens sampling formula, and then the resulting sample, which consists of individuals
of the same type, evolves as in Kingman’s coalescent on the original timescale.

In Chapter 4, we examine the genealogy of a sample taken from a two-allele
population in which the mutation coefficient 6; (for type 2 individuals to mutate to
type 1) and the selection coefficient o (for eliminating type 1 individuals) are both
large and comparable such that the forwards-in-time frequency can be approximated
by a deterministic trajectory. We again use the constant frequency assumption in
the studies of the limiting processes in this chapter. The limits of the ancestral dual
processes with constant frequencies are deduced in Theorems 4.3 and 4.13. These
two limiting theorems are new. We observe that in the dual process with typed lines,
under selection-mutation balance, the evolution of the real lines is independent of the
virtual lines, but not vice versa. However, on a faster timescale, the evolution of the
scaled numbers of virtual lines is independent of the real lines. The evolution of the
virtual lines on the faster timescale can be approximated by a deterministic process
in Theorem 4.11, where the numbers of virtual lines increase from (ancestral) time 0
and then stabilise to constants. Although independently of the virtual lines, the real
lines evolve on two timescales, and the limit is a time-changed Kingman’s coalescent
as derived in Theorem 4.13.

In Chapter 5, we consider a more general model where the type of each individual
is described by a sequence of L diallelic loci. Let the two alleles on each locus be
labelled 0 and 1. We suppose the reproductive ability of an individual is determined
by the number of type 1 loci. Thus, there are L + 1 different types in the population.

We formulate the Moran model with this additive selection scheme, and obtain the



diffusion approximation and the corresponding ancestral dual process with typed
lines. Under a selection-mutation balance that is different from the assumption in
Chapter 4 (compare equation (4.1) with equation (5.1)), we derive in Theorem 5.6 that
the stable equilibrium point of the forwards-in-time frequencies satisfies a binomial
formula. We then examine the real genealogy in this additive selection model. The
limiting behaviour of the ancestral dual process can be described with the ideas
used in Chapter 4, and the results are summarised in Theorems 5.17 and 5.19. In
the final section, the limit under selection-mutation balance is extended to the case
where L — oo. The number of type 0 loci that an individual has is finite in the
limit as L — oo, as derived in Lemma 5.20. The corresponding forwards-in-time
stationary frequencies become Poisson. Backwards in time, types in a sample are lost
one by one on a faster timescale, and the sample is instantaneously converted to the
one in which individuals are not composed of any type 0 locus. The real genealogy
then follows a time-changed Kingman’s coalescent. These results provide new insight
into the studies of background selection model. The genealogies in the background
selection model have been studied by various authors; see, e.g, Charlesworth et al.
(1993, 1995), Hudson and Kaplan (1994, 1996) and Durrett (2008). Those authors
investigate various properties of the genealogy under selection-mutation balance, e.g.,
the nucleotide diversity and the average time to lose a sampled type. We provide a
full description of the genealogies backwards in time under the constant frequency
assumption; see Remarks 5.21 and 5.23 for detailed discussions.

In the appendix, we present the algebra used in the derivation of some lemmas in

the thesis.
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1.2 Ancestral selection graph

The ancestral selection graph of Neuhauser and Krone (1997) and Krone and Neuhauser
(1997) is a continuous-time Mpro with a branching-coalescing structure existing in the
limit of large population size, which can be seen as an analogue of Kingman’s coalescent
under weak selection. In the ancestral selection graph, the types in the sample are not
specified initially to make the ancestral lines exchangeable. We consider the ancestral
process {a,(t),0 <t < Tya(n)} for a sample of size n > 1, which is a continuous-time
Markov process that counts the number of ancestral lines at time ¢ in the past, starts

with «,(0) = n and stops at the time
Tya(n) =inf{t > 0: a,(t) = 1}.

The remaining single line is called the ultimate ancestor. If «,(t) = a > 2, the

following transitions occur:

1.2
a—1 atrate Jo(o — 1), (12)

. {a 4+ 1 at rate %aa,
where o > 0 is the selection coefficient. The state space of the ancestral process is
Z \ {0}. The ancestral process will be absorbed into the ultimate ancestor in finite
time almost surely, since the quadratic coalescence rate dominates the linear branching
rate in this birth-death-type ancestral process (Etheridge, 2011, p. 73).

In the ancestral selection graph, besides the coalescence events, an ancestral line
can branch into an original continuing line and a newly-created incoming line. To
extract the real genealogy which is always a binary tree, knowledge about the types of
ancestral lines is required. Once the entire ancestral selection graph has been built, the
type of the ultimate ancestor is chosen according to the distribution of a sample of size
one in the stationary population (such a sample can be simulated using the rejection

algorithm developed by Donnelly et al., 2001). Mutations are then superimposed

on the graph forwards in time as points of an independent Poisson process along

11



each ancestral line, independently of the coalescence and branching events, since all
ancestral lines are exchangeable.

One then goes through the graph forwards in time from the ultimate ancestor to
the sample, to assign types to ancestral lines and to determine branching events. At a
coalescence event, the two ancestral lines involved have the same type as the ancestral
line to which they coalesced. When a mutation is encountered, the type of ancestral
line changes. The branching events are resolved by following the rules that incoming
lines are kept if they are the favoured type. The real genealogy is then extracted
by deleting all virtual lines. The remaining single line on the real genealogy is the
most recent common ancestor (MRCA) of the sample, which may or may not coincide
with the ultimate ancestor. Stephens and Donnelly (2003, Algorithm 3.1) provide an
algorithm for simulating the ancestral selection graph. Nevertheless, an actual tree
structure of the graph has to be simulated in order to discover the real genealogy.

The ancestral selection graph provides a tool for investigating the properties of a
genealogy under selection and mutation. The graph can accommodate populations with
more than two types, both infinitely-many-allele and infinitely-many-sites mutation
schemes, and frequency dependent selection (Krone and Neuhauser, 1997; Neuhauser
and Krone, 1997); the approach is also extended to the general diploid population by
Donnelly and Kurtz (1999).

However, as we will see in Proposition 1.1, the number of branching events in
the ancestral selection graph increases exponentially with the selection coefficient o.
Thus, simulations and studies of strong selection limit are impractical. For instance,
when the mutation coefficient §# = 2 (for mutating to both types) and the sample size
n = 10, it takes 0.3 seconds to simulate 100 graphs for ¢ = 1; the computational time
soars to 1.2 hours for ¢ = 10. Furthermore, these simulations require a considerable
amount of memory on a computer to store the structure of each graph.

We notice that in the transition rates (1.2) of the ancestral process, as 0 — oo,

12



the coalescence rate becomes negligible in comparison with the branching rate. The
ancestral process behaves like a birth process with birth rate ac/2. Let K,(t) €
{n,n+1,...} be the number of descendants at time ¢ > 0 of a sample of size n in

this birth process. Then P,,(t) = P(K,(t) = m) satisfies

Po(t 4 6t) = Py (1) <%J(m _ 1)575) + Po(t) (1 _ %am&) Fodt),  (13)

where the probability that more than one birth event occurs in a small time interval

of length 6t is o(dt). Equation (1.3) implies

dP,(t) 1 1
T = 50(m = NP (t) — SomP(b), (1.4)

with initial value P,(0) = 1. We can verify that the unique solution to equation (1.4)
is
m—1\ _1,., _lgp\m—n
P,(t) = e 2 (1—62 ) , m=n,n+1,....
m—n

Therefore, for fixed ¢, K, (t) has a negative binomial distribution with parameters n

and 1 — exp(—ot/2), and
E[K,(t)] = n(1 — e 27)ex” ~ nea”,

for large o.

The following proposition shows that the mean number of branching events until
the ultimate ancestor increases exponentially with o (see also the far-right column of
Table 2.1). Similar results have been obtained by Ethier and Griffiths (1990, Theo-

rem 5.1 and Corollary 5.2) in the context of the ancestral recombination graph.

Proposition 1.1 (Branching events in the ancestral selection graph). Consider the
ancestral process with transitions (1.2) in the ancestral selection graph for a finite

sample of size n > 1. Let V(n) be the number of branching events until the ultimate
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ancestor. The expectation of V(n) satisfies

[\

BV =Y -3t

(1.5)

QN
—
o

|
=

Proof. Let 1, = E[V(n)]. By considering the first-step transitions of the Markov

process, it follows that

(Tl —1 + J)wn = (Tl - 1)1%4 + anﬂ + g, n Z 27 (16)
with ¢); = 0. We can verify that a unique solution to the recursive equation (1.6) is
1
Uy = O'/ [1—(1—a)" e’ du.
0
The boundary condition is clearly satisfied. For n > 2, we have
1
(0= 14 o) = (1= Do [ (1= (L= 2" 1= ) e da
0
1
+ 02/ [1— (1 —2)" Yot da
0
1
=(n— 1)0/ 1—(1—2)" Yz e dr + o
0
1 1
+ 02/ (1—z)" te" da + 02/ 27! = (1 —2)" 2 e’ do
0 0
=(n =11+ 0Yp +o.

To obtain the desired expression for E[V'(n)] = 1, as in equation (1.5), we write

E[V(n)] = oe” /1 el ) i e 71=2) g

o 1—-(1-x)
1 n—2
= ae"/ Z(l — x)fe o072 qg,
0 k=0

Let y = (1 — x). It follows that

o n—2

E[V(n)] = e"/o kz_o %e’y dy
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k=0 7 k=0
n—2 k' n—2 ]{' k Uj
_ g —0
= (D> )
k=0 g k=0 o 7=0 J

where the last equality follows Abramowitz and Stegun (1965, Equation 6.5.29). By

setting [ = k — j, we have

gy I L
EV(n)] = R ; (k— D)o’
gy | e P oL
’ 1=0 o 1=0 o k= (k=D
where the last equality follows from interchanging the order of summation. O

Further investigation of genealogies under selection and mutation in this thesis will
be mainly based on an ancestral dual process developed by Etheridge and Griffiths
(2009). This dual process with typed ancestral lines is similar to the ancestral selection
graph but has the following advantages: firstly, this dual process allows us to investigate
the genealogy of a sample with given type configuration (cf. the genealogy of a random
sample in the ancestral selection graph); secondly, as we will show in Theorem 2.1,
although the branching events can still occur in the dual process and introduce virtual
lines, the genealogy is controlled in the sense that the real and virtual lines can be
identified immediately so we know which lines are ancestral to the sample and which
are not (cf. the real genealogy is extracted after an ultimate ancestor is reached
in the ancestral selection graph). This dual process is certainly more practical for
simulations, and for the analysis of whether, and to what extent, selection and mutation
affect genealogies of samples with given configuration, particularly when selection and
mutation are strong. The shortcoming of the dual process with typed lines is that
unless one has convenient expressions for the sampling formulae under the stationary

distribution (which is only the case for parent-independent mutation), it is then
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numerically intensive to evaluate the sampling formulae in the transition rates of
the dual process.

In the remaining part of this chapter, we describe the stochastic models that
underline the studies in the remainder of the thesis. In Section 1.3, we present a Moran
model with selection and mutation, and its diffusion approximation. In Section 1.4, a
graphical representation of the Moran model is plotted in Figure 1.2, which we use
to illustrate how branching events and virtual ancestral lines emerge in the ancestral
process. The ancestral process with typed lines that is dual to the forwards-in-time
diffusion, is derived in Theorem 1.9 with the method of duality in Definition 1.8.
However, the strong duality can only be established with respect to the Moran model;

the duality in the diffusion limit is weak.

1.3 Moran model with selection and mutation

To avoid ambiguity, we specify a Moran model with purifying selection and parent-
independent mutation as follows. We only use the Moran model to introduce the
diffusion approximation in the limit of large population size. The subsequent studies
of strong selection and strong mutation limits are based on the dual processes in the
diffusion limit.

Consider a haploid and panmictic population in which there are N individuals,
each of which is either the selectively disfavoured type 1 or the favoured type 2. Each
individual of type ¢ produces an offspring of the same type at rate \; > 0, i = 1, 2.
Simultaneously, an individual is chosen uniformly at random from the population to
die (so the population size is kept constant); an offspring may replace its own parent.
We assume the type 2 individuals have a fertility selective advantage by setting Ao = 1
and

)\1:1—8, OSSSl
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Hence, selection is purifying, as its effect is to eliminate the disfavoured allele from
the population.

Mutations are assumed to occur continuously in time, independently of the repro-
duction process. Each individual mutates at rate p > 0. When a mutation occurs,
regardless of the present type of the individual, an individual has probability p; of
mutating to type ¢, ¢ = 1,2, and p; + po = 1. The null-mutations that do not change
the type of an individual can be removed in the ancestral dual process (see Theo-
rem 1.9). In the two-type case, a more general parent-dependent mutation model can
also be rewritten as an equivalent parent-independent mutation model. The parent-
independent mutation is desirable when there are more than two types, because the
explicit form of the stationary distribution as that in Proposition 1.3 is then known.

Let Z,(t) denote the number of type 1 individuals in the Moran model population
at time ¢ > 0. Since the population size is fixed for all time ¢, the evolution of the
population can be described by the continuous-time Markov process {Z;(t),t > 0}
with state space S ={0,1,..., N}. For z,k € S and z # k, the transition rates of the
process {Z(t),t > 0} are

(1—s)z2=2 4 pupy(N —2), ifk=z+1,
z

an (2, k) = ¢ (N = 2) % + up2z, if k=2-1, (1.7)
0, otherwise.

For a bounded function f: S — R, the generator of {Z;(t),t > 0} is

Luf(z) = Jim < BIf(Zi(t +01)) — (1) | Z1() = =]

=[fGz+1) = flan(z 2+ D+ [f(z=1) = f(R)lan(z,2 = 1), (L.8)

Definition 1.2 (Moran model with selection and mutation). We call the process
{Zy(t),t > 0} with generator given by equation (1.8) the Moran model with selection
and mutation.

When the population in the Moran model with selection and two-way mutation has
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evolved indefinitely in time, the process {Z;(t),t > 0} will approach an equilibrium
such that
tlim P(Zi(t) =21 Z1(0) = k) =7(z), forallzkeb.
—00
Let B(a,b) be a beta function defined as

I(a)(b)

B(a,b) = Tatb)

where I'(a) is a gamma function such that
I'(a) = / e “u*'du, a>0.
0

In the case of parent-independent mutation, an exact formula is known for the sta-

tionary distribution 7(z) (see Etheridge and Griffiths, 2009).

Proposition 1.3 (Stationary distribution of the Moran model). The process {Z;(t),t >

0} has a unique stationary distribution with probability mass function

L (N\B(Nppi/A + 2, Nupa/As + N — 2)
= CN\Y~2 <z<N 1.

where C'is the normalising constant such that Y%  7(z) = 1.

The process {Z;(t),t > 0} is time-reversible with respect to its stationary distri-
bution, as it is readily verified that the above probability mass function (1.9) satisfies

the following detailed balance equation:
m(2)an(z, 2+ 1) =m(z+ Dgn(z2+1,2), forall0<z< N.

When the forces of genetic drift, selection and mutation are comparable in size, the
process { Xn(t),t > 0}, where Xx(t) = Z;(t)/N, can be approximated by the diffusion
process named after Sewall Wright and Ronald Fisher, in the limit as N — oo, provided
that we speed up time by a factor of N/2. Ewens (2004) and Etheridge (2011) provide

a comprehensive reference for diffusion processes arising in mathematical population
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genetics.
We assume Ns = o and Nup; = 6;,7=1,2. Let § = 6; 4 6,. The derivation of the

ancestral dual process in Theorem 1.9 relies on the following diffusion approximation.

Proposition 1.4 (Wright-Fisher diffusion). The process {Xn(Nt/2),t > 0} con-
verges in distribution to a diffusion process {X(t),t > 0} on [0,1], as N — oco. The
generator of the diffusion process, evaluated on a twice continuously differentiable

function f:]0,1] = R, is

—_

df(z)

d*f(x) + =[—ox(l — x) + 6, — Ox] de

dz? 2

Lf(x) = %az(l ) (1.10)

Proof. Consider the generator Ly defined in equation (1.8) with scaled parameters.
Let © = z/N. The effect of speeding up time is to multiply Ly by a factor of N/2. It

follows that

ngéo—&vf() A}l_fgo{[f(asjt%) } [];[( )Na:l—a:) g@l(l—x)]
N

+[f(x_i> ] 721—35“%924}

;[ ox(l—x)+ 0, — ]déi)—kéx(l—x)%

= Lf(x),

where the Taylor expansion is applied to the functions f(x + 1/N) and f(x — 1/N)
about the point x to obtain the second equality. The convergence of the generator is
uniform in z. In addition, the state space [0, 1] is compact. The weak convergence of
the process {Xn(Nt/2),t > 0} to the diffusion then follows Ethier and Kurtz (2005,
Theorem 6.5 in Chapter 1 and Theorem 7.8 in Chapter 3). O

Denote the set of non-negative real numbers by R;. Let p: Ry x [0, 1] x [0, 1] — R4

be the transition density function of the diffusion {X(¢),¢ > 0} such that
PIX() € 1 X0) =) = [ pltg)dn, 1€ 1)
I

19



When a sufficiently long period of time has passed, the diffusion will eventually ap-
proach an equilibrium such that lim;_,, p(t, y, x) = w(x) exists for all z,y € [0, 1]. The
density 7(x) is a special case of the Wright’s formula (Wright, 1931, p. 123), which

can be computed by solving the following Kolmogorov forward equation:

d? d
@[x(l —z)m(x)] — E[(—am(l —z)+ 6, —0x)n(z)] =0.

The construction of the dual process in Theorem 1.9 will depend crucially on such

stationary distribution.

Proposition 1.5 (Stationary density of the Wright-Fisher diffusion). The Wright-

Fisher diffusion with generator (1.10) has a unique stationary distribution with density

.’Lﬁl_l(l _ 33)92_16_01

= 0 1 1.11
") = B o009, -y T (1.11)
where
1 ! 01—1 0a—1
M(6,,0, —0) = ———— 1l —w)? e 7 d 0 0 1.12
( 1,Y, U) B(@l,ﬁg) /[) Uu ( U) € u, 1> 07 2 > 07 ( )

is the confluent hypergeometric function of the first kind.

Remark 1.6 (Confluent hypergeometric function). In the neutral case where o = 0,

M (6,,6,0) = 1. There is also a useful Kummer’s transformation
M(6,,0,—0) = e °M(0s,0,0), o >0.

One can refer to Abramowitz and Stegun (1965, Chapter 13) for more properties of

the confluent hypergeometric functions.

Figure 1.1 plots the stationary density (1.11) with respect to different values
of mutation coefficients 6; and 65, and selection coefficient . The figure provides
some understanding of the long-term balance of the competing forces of genetic drift,

selection and mutation. When there is no selection (¢ = 0) and mutation is very weak
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Figure 1.1: The stationary density of the frequency of the disfavoured type 1 individuals
in the diffusion limit, as given in equation (1.11), with respect to various strengths of
selection and mutation.

(01 = 63 = 0.5), genetic drift is the dominant evolutionary force, and the probability
mass concentrates around 0 and 1. The (non-bold) dashed and dotted curves illustrate
that selection pushes the frequency of the disfavoured allele towards 0. The frequencies
of alleles achieve a balance in the population when the strengths of selection and
mutation are large and comparable (see the bold solid curve). Moreover, the bold
dashed curve shows that the frequencies are also balanced when the values of 6; and
o are both large and comparable.

The sampling probability in the following proposition will become useful in the

derivation of the ancestral dual process in Theorem 1.9.
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Proposition 1.7 (Sampling probability in the diffusion limit). Consider an ordered
sample with type configuration (ny,ne) € Z2 of size n = ny +ny > 1. The probability
of drawing such a sample from the stationary population governed by the diffusion

with generator (1.10), is

B(ny + 61,09+ 0)M(ny + 61,n +0,—0)
B(ela HZ)M(HM Qa _J>

%(nl,m) == . (]_].3)

Proof. Let X, be the stationary frequency of type 1 individuals in the population

governed by the diffusion with generator (1.10). We have
A (n1,m2) = E(X]" X57),

where X5 = 1 — Xj. Since X; has the probability density function m(z) in equa-

tion (1.11), it follows that

H(n1,ne) = /0 2" (1 —x)"n(z)de

B(m + 91,712 + ‘92)M<n1 + 91,n + 9, —0')
B(elu QQ)M(GL 97 _O-> '

]

The probability of obtaining the corresponding unordered sample is (1?1) H(n1,ns),

since there are (:1) possible orderings of a specific unordered sample, and every ordered

sample has the same distribution 7 (nq, ns).

1.4 Ancestral dual process with typed lines

The algebraic derivation of the ancestral process with typed lines that is dual to
the Moran model is provided by Etheridge and Griffiths (2009) for a general case of
d > 2 types under selection and parent-dependent mutation. Etheridge et al. (2010)
demonstrate that similar algebra can be applied to the construction of dual processes

in the A-coalescent limit. However, instead of using the results of Etheridge and
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Griffiths (2009) and focusing on two types and parent-independent mutation, and
then taking the diffusion limit, we derive the dual process in Theorem 1.9 directly
from the diffusion process with generator (1.10). The purpose is to illustrate the
method of duality in Definition 1.8 and to present the dual process in the diffusion
limit for later usage.

We first demonstrate how an ancestral process arises naturally as a dual to the
Moran model of Definition 1.2. The key is to formulate the Moran model as a biased
voter model with mutation on a complete graph (see the review by Liggett, 2004). The
voter model is introduced into mathematical population genetics by Donnelly (1984)
to study the Moran model with mutation. The biased voter model is used to study
the Moran model with selection by Krone and Neuhauser (1997) and Etheridge and
Griffiths (2009).

A graphical representation of the Moran model is shown in Figure 1.2. The vertical
lines represent ancestral lines, time is run from the top of the graph to the bottom,
and there is no spatial structure among the lines.

Recall that in the Moran model of Definition 1.2 we set the reproduction rates
A =1—s and Ay = 1. The Moran model starts forwards in time with the types of
the individuals being known. For each ordered pair of lines, arrows are drawn between
the lines at the points of a Poisson process with rate Ay /N to model the reproduction
events. The individual at the tail of an arrow is a potential ancestor; it may replace
the individual at the head. The selection difference is reflected such that when the
potential ancestor is the disfavoured type 1, the individual at the head of the arrow
is replaced with probability A; /Ay = 1 — s (a thinning procedure is used to produce a
Poisson process that gives arrivals at a smaller rate); when the potential ancestor is
the favoured type 2, the individual at the head is replaced with probability Ay/Ay = 1.
Mutations are superimposed on each ancestral line as the points of an independent

Poisson process with rate . Given a mutation occurs on a line, the type of the line
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a b c d e f g

Figure 1.2: A graphical representation of the Moran model with selection and mutation.
Forwards in time, line g reproduces and the offspring replaces line e; line ¢ replaces
line d; line e replaces line f; a mutation occurs on line ¢ and changes the line to type
2; and line a fails to replace line b. Take a sample of the individuals b, ¢, d and e at
the bottom of the graph, whose types are known to be 2, 2, 1 and 2. As the ancestral
lines are traced backwards in time in the dual process, line b branches and a virtual
line a is added, because line a fails to replace line b forwards in time, and line a is not
in the sample; line ¢ mutates from type 2 to type 1; the reproduction event from line
e to line f does not affect the dual process; lines ¢ and d coalesce, as both lines are
in the sample; and line e is replaced by line g, but this event does not appear in the
dual process because the event does not change the distribution of the ancestral lines.

changes to ¢ with probability p;, + = 1, 2.

We can recover the genealogy of a sample with given configuration by tracing the
ancestral lines backwards in time (see Figure 1.2). In particular, when the potential
ancestor fails to replace an individual forwards in time, and the potential ancestor is

outside the genealogy of the sample, this ancestor becomes virtual.

The ancestral dual process constructed in Theorem 1.9 is based on the following
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method of duality of Ethier and Kurtz (2005, Section 4 in Chapter 4).

Definition 1.8 (Duality). Consider two Markov processes { X (t),t > 0} and {a(t),
t > 0} with state spaces Sx and Sy, respectively. The two processes are dual to each

other with respect to a function f: Sx x So — R, if
E[f(X(t), @) | X(0) = 2] = E[f (2, a(t)) | a(0) = o], (1.14)
forallx € Sx, a € S, and t > 0.

With the power of the duality equation (1.14), we can use the knowledge of the
forwards-in-time process to study the backwards-in-time dual process.

Consider a sample of finite size taken from the stationary population governed by
the diffusion with generator (1.10). The numbers and types of the ancestral lines at
time ¢t > 0 in the past can be represented by a two-dimensional vector a(t), where

a;(t), i = 1,2 is the number of ancestral lines of type i at time t.

Theorem 1.9 (Dual process with typed lines in the diffusion limit). For a sample
n € Z2 of size |n| > 1, the ancestral dual process {a(t),t > 0} is a two-dimensional
Markov process with state space Z2 \ {0} and initial state n. The non-zero entries in

the acth row of the QQ-matrix of the dual process are

. 1 (a1+6’1)u(a+el+0)
o, a+ey) = e a0 (1.15)

a—14+60 via—e;+0)

—e;) = —a;la; — 1 , 1.1
Al o —ei) 2a(a >Oéz'—1+9¢ via+0) (1.16)
1 a; + 6; V(Oé+€i—€'+9) . .
_e) = b, J 1.1
q(o,  +e; — e;) 2a] Jaj_l_l_ej v(a+ 0) ;1 F (1.17)
1
(o, ) = —5[0410 + ala — 1) + a0z + asby], (1.18)

where i,j =1,2, a = |a|, § = |0|, and

v(0) = Ele™ ] = M(6,,0, —0)
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with & being a random variable having the Beta(6y,02) distribution and M(6,,0,—0)

being the confluent hypergeometric function defined in equation (1.12).

Proof. The subtlety of the construction of the dual process with typed lines is to
apply the diffusion generator £ in equation (1.10) to a specific test function of the
form 2% (1 — 2)*2. The quantity z* (1 — z)** can be thought of as the probability of
sampling «; individuals of type 1 and ay individuals of type 2 from the population
composed by frequencies z and 1 — x. We obtain
Lx® (1 —2)*" = %ozaxm“(l —z)*
+ %oq(ozl — a1 —2)* + %ag(og — 1)z (1 — x)*2!

1
+ —alﬁlxal_l(l —x)ett ¢ 5&292930‘1“(1 — x)o‘2_1

—_ Do =

— 5[ 10+ a(a—1) + arby + a2 (1 — )2 (1.19)

Let X be the stationary frequency with density (1.11), and 7#(a) be the sampling

probability derived in Proposition 1.7. Define

o (l—x)2 (1l — )
90 = FXm (1= X)m] ~ Ala)

(1.20)

By applying the diffusion generator £ in equation (1.10) to g(z) and using equa-

tion (1.19), it follows that

Lga(z) = %aamgaﬂl(@ L1 Y il — 1)M9a_6i(g€)

A (a) 245 H(a)
+ % Z Z O‘ﬂj%(aj;(f;)_ ej)g‘”ei—ej ()
of-
— %[ala + oo — 1) + by + a26:1]ga(2)
~ s (0) ~ ga(0)] x a0 )
2 1 H (o — e;)
+ ) [Jae, () = galx)] X F0iai = DW

i=1
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+ Z Z[gaﬂfej (2) = ga(2)] X %ajej%(aj;(z)_ &) (1.21)

gLy
N

Now it should be clear that the test function (1.20) is chosen because E[gq(X)] = 1
for all choices of a, and E[Lg4(X)] = 0 when the expectation is taken with respect
to the stationary distribution of the diffusion. Hence, by using the method of duality
in Definition 1.8, and considering ¢.(-) as functions of the configuration a of ancestral
lines taken from the stationary population, rather than as functions of the frequency =,
those terms after gg(z) — go() in equation (1.21) can be interpreted as the transition
rates of a Markov process.

The transition rates (1.15) to (1.17) then follow a minor algebraic manipulation
using equation (1.13) for functions J#(-) and the definition of functions v(-).

Etheridge and Griffiths (2009) show that the strong duality can be established
with respect to the Moran model through the graphical representation such as that

in Figure 1.2. However, in the diffusion limit, the duality is weak. O]

It is clear from the transition rates (1.15) to (1.17) that the types are carried at
all times by ancestral lines in the dual process, as opposed to the genealogical history
being simulated and types assigned later in the ancestral selection graph described in
Section 1.2.

The transition &« — a + e; with rate (1.15) corresponds to a branching event;
a — o — e; with rate (1.16) corresponds to a coalescence event; and o — ac+e; —€e;,
i # 7 with rate (1.17) corresponds to a mutation event. The total transition rate out

of the state ¢ is minus the diagonal entry (1.18), i.e.,

—g(a, ) = lim %]P’[a(t +6t) £alalt)=al

6t—0

Remark 1.10 (Mutations in the dual process). Although in the forwards-in-time

process mutations occur independently of the reproduction events, mutations do not
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have a simple independence interpretation in the ancestral dual process with typed

lines.
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Chapter 2

Genealogies under strong selection

The forwards-in-time process whereby a mutant with a strong selective advantage arises
in an otherwise neutral population and eventually spreads to the entire population
is called a selective sweep, which can have a dramatic effect on levels of variation on
the selective locus (and on the neighbouring neutral locus). Selective sweeps and their
effect on genetic variation have been investigated (usually with recombination) by a
number of authors (see Stephan et al., 1992; Barton, 1998; Durrett and Schweinsberg,
2004; Yu et al., 2012). The spread of the favoured allele in the middle phase of the
selective sweep can be approximated by a deterministic process, while the beginning
and the end of the sweep are modelled by branching processes. Our intention in
this chapter is to provide quantitative and qualitative insights into the shape of the
genealogy of a sample under strong selection, using the ancestral dual process with
typed lines introduced in Theorem 1.9. We assume the selection coefficient 0 — oo
while the mutation coefficients 6; and 65 remain constant.

For large o, as we will see in Theorem 2.15, the probability of obtaining an un-
ordered sample (n1,n2) i8 015,y /0™ +O0(c™ 1), where we write 2,y = z(x+1) - - - (z+
n — 1) for n € Z, with xy = 1. Therefore, forwards in time there tends to be only

one allele existing in the population under strong selection. When the population
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happens to contain a considerable proportion of the disfavoured allele (so we can
draw a sample containing some individuals of type 1), the disfavoured allele will be
eliminated rapidly from the population by the strong selective force. We will see in the
remainder of this chapter that the genealogies under strong selection exactly reflect
this heuristic.

This chapter has the following structure. In Section 2.1, we briefly review the
properties of the neutral genealogy generated by Kingman’s coalescent. In Section 2.2,
we consider the simulation of the ancestral dual process with typed lines. We decompose
the ancestral lines into real and virtual ones in Theorem 2.1. It is then unnecessary
to simulate beyond the most recent common ancestor (MRCA) in order to extract
information on the real genealogy. A realisation of the genealogy is illustrated in
Figure 2.2. In Section 2.3, we analyse the properties of the real genealogy for various
combinations of selection and mutation coefficients through simulations. We observe
the effect of selection and mutation on the coalescence times in Section 2.3.1, on
the time to the MRCA and the length of the genealogy in Section 2.3.2, and on the
distribution of the types of the MRCA in Section 2.3.3, with particular emphasis on
samples with given configuration under strong selection. In Section 2.4, we derive
explicit formulae in Theorems 2.3, 2.5, 2.15 and 2.16 and in Corollaries 2.13 and 2.14
for the limiting values of the quantities we simulate, through computations of various
recursive equations. These theoretical results are consistent with the simulations. In
the generic recursive equations in Lemmas 2.9 and 2.11 and in Corollary 2.10, we
also provide the terms of O(1/0), from which the error of our approximation of the

limiting expectations and variances can be computed.
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Figure 2.1: A genealogy in Kingman’s coalescent for a sample of size n = 5.

2.1 Genealogies in Kingman’s coalescent

The genealogy in Kingman’s coalescent is traced backwards as time recedes into the
past. The genealogy can be graphically represented as a rooted binary tree, on which
the branches have lengths in units of time. Figure 2.1 plots a genealogy for a sample
of size n = 5. The tips at the bottom of the genealogy are individuals in the sample.
In a coalescence event, when there are ¢ ancestral lines, i > 2, each of the (;) pairs of
ancestral lines is equally likely to merge at rate 1. The number of distinct lines thus
follows the ancestral process with transition rates (1.1). The remaining single line on
the top of the genealogy is the MRCA of the sample. Let W (i) represent the coalescence
time, i.e., the time until the first coalescence event when there are i ancestral lines. W (i)
is exponentially distributed with mean 1/ (;), independently for each 7. The genealogy
can be simulated by generating n — 1 independent and exponentially distributed
random time, and independently of these, a random bifurcating topology.

There are two important quantities associated with the shape of a genealogy: the
time to the MRCA, i.e., the height of the genealogy, and the total length of all branches

on the genealogy. The time to the MRCA satisfies Tyrpca(n) = >, W(i); and the
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length of the genealogy satisfies Ly gca(n) = > ;o iW (i). In Kingman’s coalescent,

the mean and variance of Ty rca(n) are

EHMMMOﬂ]:2(1—1), (2.1)

Var[Tarea(n)] = 8Zn— - 4(1 - 1)2; (2.2)

and the mean and variance of Ly;rca(n) are

n—1

EMMMMMHZQEZ%, (2.3)
Var[Lyroa(n)] = 4 z_: le (2.4)

Hudson (1991) derives equations (2.1) and (2.2),while Watterson (1975) deduces
equations (2.3) and (2.4).

Even though the mean time for the last two ancestral lines to coalesce is E[W (2)] =
1, we have

lim E[TMRCA(TL)] = 2.

n—oo
Therefore, a large number of coalescence events are likely to occur near the bottom of
the genealogy, generating very short ancestral lines. The mean length of the genealogy

increases logarithmically without bound, since
]E[LMRCA(’H,)] ~ 2(logn + C)

for large n, where C' & 0.58 is the Euler constant. It is well known (see Tavaré et al.,

1997) that

lim Var[Tyrea(n)] = 47%/3 — 12 ~ 1.16

n—oo

and

lim Var[Lyrca(n)] = 27°/3 ~ 6.58.

n—oo
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Since Var[Thyrca(2)] = 1, most of the variation in Ty rca(n) is attributed to the
coalescence time of the last two ancestral lines before the MRCA. Hence, the genealogy
tends to be dominated by ancestral lines near the MRCA.

In the next section, we will show how the real genealogy in the ancestral dual

process with typed lines can be simulated.

2.2 Simulation of ancestral dual processes with typed
lines

The ancestral dual process of Theorem 1.9 models the evolution of the real and virtual
ancestral lines all together backwards in time. To simulate the real genealogy, it is
natural to decompose ancestral lines into real and virtual ones. Although the virtual
lines are not part of the real genealogy, we still need to track their numbers and types
up to the MRCA, since the transition rates (1.15) to (1.17) of the dual process depend
on them. Examination of the transition rates (1.15) to (1.17) reveals that it is only
possible to have virtual lines of type 1 emerging at branching events. However, once
these virtual lines are introduced into the dual process, subsequent mutations can
convert them to type 2. Hence, virtual lines of both types may exist in the dual process.
Let r;(t) be the number of real lines of type ¢, and v;(t) be the number of virtual lines
of type 7, at time t > 0 in the past. The configuration of real and virtual ancestral lines
can be denoted by (r(t),v(t)), where r(t) = (r1(t),r2(t)) and v(t) = (vi(t), va(t)).
Let m(x) be the stationary density of the diffusion with generator (1.10), as given
in equation (1.11). According to Etheridge and Griffiths (2009), by extending the
sampling probability of Proposition 1.7, the probability of obtaining an ordered type

configuration associated with the decomposition (7, v) in the dual process at any fixed
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time in the past, is

1
H(r,v) = / (1 = x)? 2 (z) da
0

. B(Tl+U1—|—91,T’2+02+92)M(7’1+Ul+9177“+1)+0,_0') (2 5)
- B(0y,02) M (61,0, —0) ’ '

where 7 = |r|, v = |v| and 6 = |0|. The sampling probabilities are stationary; hence,
they are independent of time. Etheridge and Griffiths (2009) also argue that the
configuration of only real lines in the dual process does not follow the sampling
probability (2.5), since the probability is for both real and virtual lines. We have to
simulate the stochastic dual process, as in the following theorem, in order to obtain
the real genealogy, not just draw a random sample from the population. Including
virtual lines is necessary to construct an ancestral process that is Markov; and the
virtual lines also implicitly provide information on the composition of the population

backwards in time.

Theorem 2.1 (Dual process decomposed into real and virtual lines). Consider the
ancestral dual process decomposed into real and virtual lines, {(r(t),v(t)),t > 0}, for
a sample n € 72 of size n| > 1. The ancestral dual process {(r(t),v(t)),t > 0} is
Markov with state space Z% \ {0} and initial state (n,0). The non-zero entries in the

(r,v)th row of the Q-matriz of the dual process are

o((r ), (r, v + €)= so(r +0) (T;:?:;” ”(’;(t’i:il;)e), (2.6)
0((r,0), (= e50)) = grilry ~ 1) e D) 27
al(r,0), (rvw — €) = 3 2rvi+ (o, — 1) ”(";;i;‘ig)m, 28)
0((r.0). (r + € = €,0)) = gy UL E Bt oy
q((r,v),(r,v+e —e;)) = %vj jrj :Z_—;Ui—'l—f_zej v(r —;z)rt_e; ; ZJ) + 0), (2.10)
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q((r,v), (r,v)) = —%[(7“1 +v1)o + (r+v)(r+v —1) 4 b2(r1 + v1) + 61(r2 + va2)],

(2.11)

where i,j =1,2 and i # j, r =|r|, v=|v|, 0 =|0|, and
v(0) = E[e "] = M(0,,0, —0)

with & being a random variable having the Beta(6y,02) distribution and M(6,,0,—0)

being the confluent hypergeometric function defined in equation (1.12).

Remark 2.2. The dual process derived in Theorem 2.1 is closely related to the work
of Fearnhead (2002) and Stephens and Donnelly (2003). Those authors construct
ancestral selection graphs where the type of individuals in the sample is known. In
particular, Fearnhead (2002) studies the history of the common ancestor in a haploid
population with parent-independent mutation, and achieves an additional simplifica-
tion of the dual process by not following the virtual lines that mutate backwards in time
(as their type is then a random draw from the stationary distribution and thus does
not carry any information about the composition of the population). Stephens and
Donnelly (2003) do not take advantage of that additional simplification but consider

the general diploid population in the diffusion limit.

Proof of Theorem 2.1. Let @ = r 4+ v. The dual process decomposed into real and
virtual lines is a continuous-time Markov process which remains in a state (r, v) for an
exponentially distributed length of time, with rate —¢(c, &) given in equation (1.18).
The process then jumps to a new state according to the following events and transition

rates:

1. A line branches, adding a virtual line of type 1 to the genealogy. The correspond-
ing transition is (r,v) — (r,v+e;) at rate ¢(a, a+ey) given in equation (1.15).

Since all real and virtual lines are equally likely to branch, we have

q((’r, 'l)), ('T', v+ 61)) = Q(a7 o+ 61).
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2. A pair of lines of type i, i = 1,2 coalesce at rate ¢(a, a — €;) given in equa-

tion (1.16). Conditional on this event,

(a) the coalescence occurs on a pair of real lines of type i, giving a transition
(r,v) — (r —e;,v) as two real lines coalesce to a real line, with probability
(%)/(7%"). Since all pairs of real ancestral lines of type i are equally likely

2 2

to coalesce, we have

C]((’I", ’U), (r - €, ’U)) = q<a7 o — ei) X (Ti—i-vi) )

(b) the coalescence occurs on a pair of virtual lines of type i, giving a transition

(r,v) — (r,v — e;) as two virtual lines coalesce to a virtual line, with
probability (”21) / (”‘5“) :

(c) the coalescence occurs on a real and a virtual line of type i, giving a
transition (r,v) — (r,v — e;) as one real and one virtual line coalesce to a
real line, with probability 1 — (%) + (%)]/("%"). Since all real and virtual

lines of type i are equally likely to be involved, we have

q((r,v),(r,v—¢€)) = q(a,a — e;) X %

3. A mutation occurs such that a line of type j changes its type to i, i,5 = 1,2
and ¢ # j, at rate ¢(o, o+ e; — e;) given in equation (1.17). Conditional on this

event,

(a) a real line of type j mutates to type i, giving a transition (r,v) — (r +
e; —e;,v) with probability r;/(r; +v;). Since all real ancestral lines of type
j are equally likely to mutate, we have

Ty .
)
Tj‘i"l)j

q((r,v),(r + e —e;,v)) = gla,a + e; — ;) X
(b) a virtual line of type j mutates to type i, giving a transition (r,v) —
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(r,v+e; —e;) with probability v;/(r; 4+ v;). Since all virtual ancestral lines

of type j are equally likely to mutate, we have

Uj

Tj—|—1)j

q((r,v),(r,v+e —ej)) =qla,a+e; —e;) x

The theorem is then proved. O

To extract the quantities such as the time to the MRCA and the length of the
genealogy, simulation of a tree-like structure is unnecessary, since information about
real and virtual lines is already contained in the dual process, and each event occurs
on an ancestral line that is picked uniformly at random from the genealogy. The
knowledge required is that of the particular transition which occurs, with respect to
the resulting configuration of ancestral lines.

The simulation of a genealogy starts from the state (n, 0) for a given sample n. At
each state, an event is drawn uniformly from the set of possible events with normalised
probabilities that are calculated as their individual transition rates in equations (2.6)
to (2.10) divided by the their sum —g((r,v), (7, v)) in equation (2.11). The normalised
probabilities are the jump probabilities of the Markov process. The configuration of
real and virtual lines is then updated accordingly. Inter-jump times are simulated as
independent and exponential distributed random variables with rate —q((7,v), (r,v))
in equation (2.11).

Although the total number of real and virtual lines does not follow a monotonic
process, the numbers of real lines are non-increasing, and will eventually be absorbed
into (0,1) or (1,0). The simulation stops when a MRCA is reached with the configu-
ration (e;,v), i = 1,2. Figure 2.2 depicts a real genealogy generated by the ancestral
dual process with typed lines for a sample containing one individual of type 1 and
one of type 2.

Once again, we see the advantages of the dual process with typed lines over the

ancestral selection graph. Although the real genealogy in the dual process for a random
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X

Figure 2.2: A genealogy in the ancestral dual process with typed lines for a sample
with configuration (1,1). The dashed lines represent virtual ancestral lines, the bold
lines represent ancestral lines of type 2, and the crosses correspond to mutations. The
coefficient values are 0 = 2 and 6, = 05 = 1.5.

sample has the same distribution as those embedded in the ancestral selection graph,
with the dual process we can study the genealogy of a sample with given configuration.
Simulation of the dual process is also much more efficient for strong selection and
mutation, as the real genealogy can be directly obtained without tracing ancestral
lines beyond the MRCA.

Table 2.1 presents a comparison of the number of branching events in the dual
process with typed lines and in the ancestral selection graph. For a sample of moderate
total size of 5, for 0 = 1,3 and 5, the number of branching events in dual process with
typed lines increases with ny; while when o = 1000, the number of branching events
decreases as n; increases. For samples of a relatively large size, say (20, 20), (50, 50)

and (100, 100) in the dual process, simulations show that the expected numbers of
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Table 2.1: The mean number of branching events in the ancestral dual process with
typed lines for three sample configurations, and in the ancestral selection graph for
random samples of size 2. The mutation coefficients are #; = 6y = 1.5.

o (0,5) (1,4) (2,3) (3,2) (4,1) (5,0) ASG
0 0 (0) 0 (0) 0 (0) 0 (0) 0 (0) 0 (0) 0

1 08(06) 1.0(0.9) 1.2(1.0) 1.3(12) 13(12) 13(1.2) 3.2
3 25(17) 32(23) 36(27) 4.1(3.1) 44(34) 44(34) 285
5 4.0(24) 47(31) 54(37) 6.0(42) 6.6(48) 68(5.0) 1917
103 6.1(3.9) 6.1(3.9) 5.9(38) 55(3.5) 50(3.1) 4.0(2.4) -
00 6.1 6.1 5.9 5.5 5.0 4.0 -

In both the ancestral dual process with typed lines and the ancestral selection graph, we count up to
the ultimate ancestor. (The MRCA cannot be determined without reaching the ultimate ancestor in
the ancestral selection graph, while it is unnecessary to simulate the ancestral dual process with typed
lines beyond the MRCA.) The bracketed values are the mean number of branching events up to the
MRCA. These values are obtained from simulations of the ancestral dual process of Theorem 2.1 and
the ancestral selection graph. The values in the bottom row are calculated from Theorem 2.3. There
are gaps in the table because it is very computationally expensive to simulate those values.

branching events are 7.4, 11.8 and 22.8 up to the MRCA when ¢ = 1000. However,
in this thesis, we always consider samples of a finite size.

In Proposition 1.1, we have proved that for a random sample of finite size in the
ancestral selection graph, the mean number of branching events until the ultimate
ancestor is O(exp(c)) for large o. By contrast, the following theorem shows that in
the dual process with typed lines, the mean number of branching events up to the
ultimate ancestor is finite as 0 — oo. (Although it is unnecessary to simulate up to
the ultimate ancestor in the dual process with typed lines.) This result is novel, and

the proof of this theorem is postponed to the end of Section 3.2.

Theorem 2.3 (Branching events in the dual process with typed lines). Consider the
dual process {(r(t),v(t)),t > 0} of Theorem 2.1 for a sample (ny,ny) € Z3 of size

ny + no > 1. The ultimate ancestor is reached at the time
Tua(ny,ng) =inf{t > 0: |r(t) + v(t)| = 1}.

Let V(nq1,ny) be the number of branching events until the ultimate ancestor for the
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sample (ny,ny). Then,

nl

na+m—2 no+m—2 no+m—2
( Z el Z el Z )’

(2.12)

lim E[V (ny, ng)
o—00 ! 2 Z 01(77,1

where Sg?) are the Stirling numbers of the first kind.

Remark 2.4 (Stirling numbers). The unsigned Stirling numbers of the first kind,

|ST(Lm)|, arise as coefficients of the rising factorial such that

T = |54 | (2.13)
m=0
We also have the recursive equation
\s,g = 1)‘+(n—1) S| 0<m<n, (2.14)

with boundary values |S(()0)| =1, and |ST(LO)| = 0 for n > 0. See Abramowitz and Stegun

(1965, Section 24.1) for more properties of the Stirling numbers.

2.3 Shape of genealogies

There is considerable interest in understanding the shape of genealogies under selection
and mutation. Coalescent processes and the shape of the genealogies they generate
have proved very useful in interpreting and understanding the patterns of variation in
population genetics data, as the structure of genetic data usually reflects the underlying
genealogy (Donnelly and Tavaré, 1995). Stephens and Donnelly (2003) also claim that
many current methods for discovering the genetic basis of common diseases in humans
focus on detecting linkage disequilibrium, which is the non-random association of
alleles at loci that may or may not be on the same chromosome. The pattern of
linkage disequilibrium depends crucially on the shape of genealogies at the loci. The
famous statistical tests of neutrality of Fu and Li (1993) are also based on measuring

the deviation of branching lengths on a genealogy under purifying selection from the
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neutral case.

Kaplan et al. (1988) use the coalescent-in-a-random-background model (which
will be discussed in Section 3.1) and Neuhauser and Krone (1997) use the ancestral
selection graph (which was introduced in Section 1.2) to both conclude that for a
random sample under weak purifying selection, the shape of the genealogy differs
only slightly from the neutral expectation. This observation is later advocated by
Przeworski et al. (1999). In addition, Kaplan et al. (1988) discover that the genealogy
of a sample containing only disfavoured individuals appears much shorter than a
neutral one, while the genealogy of a sample containing only favoured individuals
looks neutral.

On the one hand, Kaplan et al. (1988) merely consider samples of size 2 for simula-
tions, as the ability of solving diffusion equations (see their Equation 20) on computers
was limited. However, Coop and Griffiths (2004) later show that the genealogy of a
sample together with the ancestral history of the population in the coalescent-in-a-
random-background model can be efficiently simulated by generating a stochastic
trajectory of the ancestral frequency backwards in time, and then constructing a ge-
nealogy given this trajectory. On the other hand, Neuhauser and Krone (1997) and
Przeworski et al. (1999) only simulate the genealogies of random samples with the
value of ¢ being smaller than 6, because of the shortcomings of the ancestral selection
graph mentioned in Section 1.2.

Simulation studies of the ancestral dual process with typed lines of Theorem 2.1
have never been done before. It is of interest to us to use these simulations to examine
how genealogies depend on the interaction of strong selection and strong mutation,
for samples with given configuration, as we are able to simulate genealogies with large
selection and mutation coefficients, e.g., o0 = 1000 and 6; = 6, = 100.

In the remainder of this section, genealogies of samples with random configuration

are investigated in Section 2.3.1, while genealogies of samples with given configuration
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are studied in Sections 2.3.2 and 2.3.3. In all cases, simulation results are averaged
over 50000 Monte Carlo replicates. It is well known (see Ripley, 2006, p. 120) that
the difference between the Monte Carlo expectation and the true one is inversely
proportional to the square root of the number of replicates, provided that the Monte
Carlo paths are independent and the variance is finite. It is also not feasible to increase
the number of replicates indefinitely. Therefore, some numerical instability is inevitable,
especially when the values of the selection and mutation coefficients become extreme.

In the following sections, we often compare the genealogy in the dual process
with typed lines with that in the neutral structured coalescent and that in Kingman’s
coalescent. By setting the selection coefficient ¢ = 0 in the dual process with typed
lines, we obtain the neutral structured coalescent, which is not the same as Kingman’s
coalescent. The shape of the genealogy in the neutral structured coalescent depends

on the mutation rates, while that in Kingman’s coalescent does not.

2.3.1 Coalescence times for samples with random configura-
tion

In this section, we study how the coalescence times and the time to the MRCA for
samples with random configuration are modified by selection and mutation, with
Tables 2.2 and 2.3.

Consider the dual process {(7(t),v(t)),t > 0} of Theorem 2.1 for a sample with
given configuration (ny,ns) € Z2 of size ny + ny > 1. Denote the time to the MRCA
by

Trrea(ni, ng) = inf{t > 0: |r(t)| = 1}.

It follows that the (unconditional) time to the MRCA of a sample with random
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Table 2.2: The mean time to the MRCA and the length of the genealogy for random
samples of size 10, with respect to various strengths of selection and mutation.

91 o E[TMRCA(H))] ]E[LMRCA(lO)]
1074 * 1.80 5.66
1.5 1.79 5.63
i 1.80 5.66
15 t 1.80 5.66
10 1.67 5.32
103 1.79 5.64
102 1 1.80 5.66
103 1.66 5.24
- - 1.80 5.66

x:0=0,03; #: 0 =10,10%; ¥: 0 = 0,0.3,1.5; {: 0 = 0,0.3,1.5,10. We set §; = #5. The values in
the bottom row are from Kingman’s coalescent.

configuration of size n, Tyrrca(n), satisfies

E(Tyrca(n)] = (7?1)%”(”17” —n1) E[Tvrca(na, n —ni)l,

where 7 (ny,n — ny) is the sampling probability specified in Proposition 1.7. The
time to the MRCA is also the height of the real genealogy.

Let W,,(i) be the coalescence time, i.e., the waiting time until the next coalescence
event, given that there are currently ¢ > 2 ancestral lines, on the real genealogy of a
sample of size n > 2. W,,(7) is also the length of the branches on the real genealogy
between two consecutive coalescence events. We have E[Tyrea(n)] = >, E[W,(7)].

Table 2.2 shows that, for a random sample, the values of E[Ty;rca(n)] are only
slightly smaller than the neutral expectation when o is slightly larger (but not ex-
tremely large) compared with 6; and 6 (see the cases where ) = 05 = 1.5, 0 = 10
and 0; = 6, = 100, 0 = 1000). In the case where ¢; = 05 = 100 and o = 1000, the
strong selective force is offset by strong mutation force.

Table 2.3 further demonstrates that for moderate strength of mutation (6; = 6, =

1.5), a slightly larger selection coefficient (¢ = 10) mainly affects the coalescence
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Table 2.3: The mean coalescence times E[W,,(i)] for random samples of size 10, with
respect to various strengths of selection and mutation.

Number of ancestral lines, 7

01 o 2 3 4 6 8 10
1074 * 1.00 0.33 0.17 0.07 0.04 0.02
1.5 T 1.00 0.33 0.17 0.07 0.04 0.02
10 0.90 0.31 0.16 0.07 0.04 0.02
103 0.99 0.33 0.16 0.07 0.04 0.02
102 I 1.00 0.33 0.17 0.07 0.04 0.02
103 0.92 0.31 0.15 0.06 0.03 0.02
- - 1.00 0.33 0.17 0.07 0.04 0.02

%0 =0,0.3,1.5,10,10%; t: 0 = 0,0.3,1.5; {: o = 0,0.3,1.5,10. We set 6; = 0. The values in the
bottom row are from Kingman’s coalescent.

time of the last two ancestral lines before the MRCA, i.e., the value of E[IV,,(2)], and
causes the value to decrease, so the whole genealogy has a tendency to be star-shaped.
Shorter coalescence times near the MRCA lead to less mutations that occur, thus
the variation is also expected to reduce locally. However, when mutation is strong
(01 = 6, = 100), a slightly stronger selection coefficient (o = 1000) makes almost all
branches of the genealogy shorter than those in Kingman’s coalescent.

For small values of o, no drastic effect of selection on the genealogies of random
samples can be discovered in Tables 2.2 and 2.3. This observation is consistent with
the conclusions of Kaplan et al. (1988), Golding (1997), Neuhauser and Krone (1997)
and Przeworski et al. (1999). However, we will see in Sections 2.3.2 and 2.3.3 that
for samples with given configuration, selection does have a significant impact on the
shape of genealogies.

In the limits as 61,0y — 0, 01,60, — o0, or ¢ — 00, the mean heights and branch
lengths of genealogies of random samples in Tables 2.2 and 2.3 are the same as those
in Kingman’s coalescent. Intuitively, when there is no mutation, or selection is very
strong, the population tends to consist of only one allele. Hence, a random sample

from such a population contains only one allele, and so the genealogy must be the
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same as that in Kingman’s coalescent.

2.3.2 Time to the MRCA and length of the genealogies for

samples with given configuration

One of the advantages of the ancestral dual process of Theorem 2.1 is that it can
generate the genealogy for a given sample configuration. We will observe in this section
that genealogies, especially those under strong selection, can be very different from
those in Kingman’s coalescent, depending on the configuration of samples.

Figure 2.3 plots the values of E[Tyrca(n1,n2)] as a function of the number ny of
type 2 individuals in a sample of size n; +ny = 10. The balance between selection and
mutation distorts genealogies of samples with given configuration. Curves in Figure 2.3
become asymmetric as o increases. When 6; = 6, = 10™*, o = 1000 and the values of
ny are small, the values of E[Tyrca(n1,ng)] can be much smaller than those in the
neutral case (0 = 0). By contrast, the values of E[Tyrca(n1,n2)] approach the neutral
expectation as the value of ny increases. This observation makes intuitive sense by
considering the forwards-in-time dynamics. When there is no mutation, there tends
to be only one allele existing in the population. When the population happens to
contain a considerable proportion of the disfavoured allele (so we can draw a sample
containing some individuals of type 1), the disfavoured allele will be eliminated rapidly
from the population by the strong selective force. Thus, the genealogy of our sample
viewed backwards in time is much shorter than the neutral one, when the value of ny
is small.

For #; = 0, = 1.5, 0 = 1000 and ny < 9, genealogies also tend to be shorter
than the neutral expectation, but become longer when ny, = 9 and 10. In fact, the
values of E[Tyrca(1,9)] and E[Tyrca(0,10)] are both approximately 1.8, which is
the expected height of a genealogy in Kingman’s coalescent for a random sample of

size 10.
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Figure 2.3: The mean time to the MRCA, plotted against the number of type 2
individuals in the sample, with respect to various strengths of selection and mutation.
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When mutation is strong (6; = 63 = 100) and selection is relatively weak (0 <
o < 10), no departure from the neutral case can be observed. The selective force is
overwhelmed by the strong mutation force. We also notice that, under strong muta-
tion, the height of the genealogy becomes insensitive to initial sample configurations.
Intuitively, the reason for the insensitivity is that the types of ancestral lines under
strong mutation are assigned according to the stationary distribution of the mutation
process such that an ancestral line is type 4, i = 1,2 with probability 6;/(0; + 02).

In the neutral case where o = 0, for a given sample configuration, the values of
E[Tnrea(ni, n2)] tend to be smaller when mutation coefficients become larger. This
is because when 0, and 6, are small, the number of ancestral lines on the genealogy
is reduced, due mostly to coalescence events. When all lines of the same type have
coalesced, mutation is essential for changing the remaining two ancestral lines to the
same type before coalescing to the MRCA, and smaller ¢, and 6, cause this mutation

event to take longer.

2.3.3 Type distribution of the MRCA

Consider the ancestral dual process {(r(t),v(t)),t > 0} of Theorem 2.1 for a sample
(n1,n2) € Z2 of size ny + ny > 1. Denote the probability that the MRCA is the
favoured type 2 by

p(ny,ng) = Plra(Tayrrca(ni, ng)) = 1]. (2.15)

In the neutral case (¢ = 0), the MRCA type distribution of a random sample of size n
drawn from the stationary population is equal to the distribution of a random sample
of size one.

In this section, we use Monte Carlo simulations of the dual process with typed
lines to study the MRCA type distribution for a given sample configuration under
selection and mutation. Figure 2.4 plots the values of p(ny,n2) against the number ngy

of type 2 individuals in a sample of size ny + ny = 10, with respect to different values
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Figure 2.4: The probability that the MRCA is type 2, plotted against the number of
type 2 individuals in the sample, with respect to various strengths of selection and
mutation.
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of 01, 05 and o.

Slade (2000) simulates the MRCA type distribution with a modified ancestral
selection graph. The author finds that under selection the MRCA type distribution
is biased towards the favoured type. This result is also intuitive as the MRCA of
the favoured type tends to have more descendants in the population at the present
time from which our sample is taken. Figure 2.4 also shows that all probabilities are
higher than those in the neutral case, so the probability that the MRCA is type 2 for
a random sample must also be higher than the probability of sampling one individual
of type 2 randomly from a neutral population.

However, we are particularly interested in observing the effect of strong selection
and strong mutation on the MRCA type distribution for a given sample. Figure 2.4
illustrates that in the neutral case or when the values of #;, 65 and o are moderate,
the probability that the MRCA is type 2 increases almost linearly with the number of
type 2 individuals in the sample. Selection makes the distribution skewed towards the
favoured allele. When selection is strong (o = 1000), the probability is significantly
high even when there are no individuals of type 2 in the sample.

The probabilities become insensitive to given sample configurations when the
strength of mutation grows, as strong mutation force shuffles the types of the ancestral
lines according to the stationary distribution of the mutation process. Since the
mutation rates for both types are the same, under moderate strength of selection
(0 < o <10) and strong mutation (6; = 6 = 100), the probability that the MRCA is

type 2 is approximately 0.5.

2.4 Recursive equations under strong selection

These limiting phenomena observed from simulations in Sections 2.3.1 to 2.3.3 are not

clear by simply looking at the dual process of Theorem 2.1. Some limiting theorems
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from formal calculations are needed.
It is not difficult to establish some recursive equations for the expectations we have
simulated in Sections 2.3.1 to 2.3.3. For example, by considering the first event that

happens in the dual process, E[Tyrca(r, v)] satisfies

- q((’l‘, v)? (T‘, U)) E[TMRCA(rv ’U)]

=1+ q((r,v),(r,v+e1))E[Tyrca(r,v + €1)]

+ Z q((r,v), (r — €;,v)) E[Thrca(r — e, v)]
+ Z q((r,v), (r,v — €)) E[Thrca(r, v — €;)]

2 2
+3 3 ql(r,v), (r+ e — €, ) E[Tarrea(r + €; — €;,v)]
i=1 j=1
J#i
2 2
+)°> al(r,v), (r,v+e; — ;) E[Tyrea(r,v + e —€;)],  (2.16)
i=1 j=1
J#
where ¢(+,-) are the transition rates given in equations (2.6) to (2.11). The boundary
conditions are E[Tyrca(e;,v)] =0,1=1,2.

Recursive equations such as the one in equation (2.16) allow us, at least in principle,
to compute the relevant quantities. However, such recursive equations are usually too
large to solve directly. The main question addressed in this section is how to solve such
recursive equations under the assumption of strong selection. This can be approached
by asymptotically expanding the transition rates (2.6) to (2.10) for large o, so that
the recursive equations become much more tractable when we ignore terms of o(1),
and explicit formulae for the quantities we are interested in can be obtained.

The following theorem for the expectation and variance of the height and the
length of the genealogy under strong selection is new, and the proof of it will be

presented at the end of this section after we have all the auxiliary lemmas. Note that

we assume the mutation coefficients #; and 6, are constant but the selection coefficient
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o is very large. The probabilistic interpretation will become clearer from the limiting
behaviour of the ancestral process presented in Theorem 3.5 in the next chapter. We
will see that backwards in time the disfavoured type 1 individuals in the sample are
converted to a random number of type 2 individuals according to the number M of
mutations that occur on a faster timescale. The resulting sample that contains only

individuals of type 2 then follows the usual Kingman’s coalescent.

Theorem 2.5 (Genealogies under strong selection). Let M be a random variable

whose distribution s

0" | gim)
O1(n1)

ni

P(M =m|ny) =

., 0<m<ny, (2.17)

where Sfff) are the Stirling numbers of the first kind.
Consider the genealogy generated by the ancestral dual process of Theorem 2.1 for

a sample (ny,ny) € Zi of size ny +no > 1. The mean and variance of the time to the

MRCA satisfy

Ng + M

lim E[Threa(n, no)] = 2 > P(M =m | n) (1 I > (2.18)

m=0

n1 na+m 2
1 1
Tim Var[Throa(ni, na)] PR m| nl){ 2 i2 ( n2+m) }’

m=0 =2
(2.19)
and the mean and variance of the length of the genealogy satisfy
n1 natm—1 4
lim E[Larrea(nn,na)] = 2 Z_ P(M =m | ny) Z = (2.20)
" 1|
lim Var[Lasrea(ni, na)] = 4;1@(1\4 =m | ny) Zl = (2.21)

Remark 2.6 (Ewens sampling formula).

1. The distribution of M in equation (2.17) is related to the famous Ewens sampling

formula discovered by Ewens (1972), which itself is a more detailed formula
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for the distribution of the number of times the alleles are represented in a
random neutral sample in the infinitely-many-alleles mutation model where
every mutation leads to a new allele. M can be interpreted as the number
of distinct alleles in a neutral sample of size n; in the infinitely-many-alleles
mutation model. M can also be understood as the number of mutations that
occur until the number of ancestral lines is absorbed from ny into 0 in a process,
where, when there are ¢ > 2 ancestral lines, a line is lost through a coalescence
event at rate i(i — 1)/2 or a mutation event at rate i6;/2 (see Tavaré, 2004,

Section 3.6).

2. Some useful properties of the Stirling numbers are listed in Remark 2.4. In

particular, equation (2.13) implies that

ni
ZP(M:mMLl) =1, n; >0.
m=0

Before proceeding to the proof of Theorem 2.5, we present some supporting lemmas.
The main ingredient in the proof of Theorem 2.5 is the asymptotic expansions of the

transition rates (2.6) to (2.10) for large o, based on the following lemma.

Lemma 2.7 (Confluent hypergeometric function for large o). Consider the confluent
hypergeometric function of the first kind, M(6,,0,—0c), where § = 01 + 05, 61,05 > 0

and 0 > 0, as defined in equation (1.12). For large o,

_ I 01(1 —02)  601(61 +1)(1 — 62)(2 — 62) -3
M(0,,0,—0) = TG0 1+ > + = +O0(c77)|.
(2.22)
Proof. See Appendix A.1. m

By applying equation (2.22), we obtain the asymptotic expansions of the transition

rates of the ancestral dual process of Theorem 2.1 in the following lemma.
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Lemma 2.8. Consider the non-zero entries (2.6) to (2.11) in the (r,v)th row of
the Q-matriz of the dual process of Theorem 2.1. For large o, these entries can be

rewritten as

q((r,v),(r,v+e)) = %(r +0)(ry + v +0)[1+ 07 1 =1y — vy — 0y)] + O(c7?),

7“1(7"1 — 1)
—_— p— ]. 0
Q(O 7U)7(’ 81,1))) 2(’/"1 1 1 01)[0 + 79 + Vg 2

+0_1(7’1 +v1+01)(ry +ve — 1+ 65)] +O(U_2)»

(7). (r — 2,0)) = Srafrs = DL+ 07 (1 + 00+ 60)] + O(02),

U1(2’I“1 + v — 1)
2(’["1 + v — 1 + 91)

q((r,v),(r,v—e)) = [0+ ry+ vy — 146,

+ 0'_1(7’1 + v + 01)(7“2 + vy — 14+ 02)] + 0(0'_2),
1
q((r, ), (r,v — €2)) = Jva(2r2 +v2 — [1 + o~ (1 + v+ 601)] + O(07?),

1
q((r,v),(r+e; — ey, v)) = 50’17“262(7”1 + 01 +61) + O(07?),

r16h
2(ry + vy — 1+ 61)

q((r,v),(r+ey—e,v)) = [0 +rs+vy+ 0y —1r1 —v — 0

+ 0_1(7”1 +u14+01)(ra+ve — 1+ 6)] + 0(0_2)»

1
q((r, ), (r,v +e1 — €2)) = 5-vaby(r1 + v +61) + O(o7?),

0104

+ro+va+0—11—v —0
2(7’1—1—1}1—1—1—01)[0 2 2 2 1 1 1

q((’l‘,’v), (Ta U+ €3 — 61)) =
+ o Fu+0)(ro v — 14+6,)] +0(07?),

q((r,v),(r,v)) = —%[(Tl Fu1)o + (r+v)(r+v—1) 4 (r1 +v1)0z + (r2 + v2)61].

Proof. See Appendix A.2. n

We want to evaluate the expectation and variance of the height and the length of
a genealogy in the ancestral dual process under strong selection, as in Theorem 2.5.

Calculations that are required rely on the recursive equations in the following lemma.
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Lemma 2.9. Let 8 and ~ be functions defined on Z2 \ {0}. Suppose 5 and vy satisfy

712 = ey X

+q((r,v), (r, v+ e1))y(r, 72,01 + 1, v2)
+q((r,v), (r — e1,v))y(r1 — 1,72, v1,02)
+q((r,v), (r — e2,v))y(r1,72 — 1, v1,09)
+q((r,v), (r,v—e1))y(r1,re,v1 — 1, v9)
+ q((r,v), (r,v — e3))y(r1, 79, v1,v9 — 1)
+q((r,v),(r + e — e,v))y(r1 + 1,72 — 1,01, 02)
+q((r,v),(r+ex—e,v))y(r1 — 1,79 + 1,01, v9)
+q((r,v), (r, v+ e; —ey))y(r1,re,v1 + 1,03 — 1)

+q((r,v), (r, v+ ey —e1))y(ry,r2,v1 — 1,02 + 1)}, (2.23)

where q(-, ) are the transition rates given in equations (2.6) to (2.11). The boundary
conditions are (1,0, v1,v9) and (0,1, vy, vs).
If ri +v; > 0, then for large o,
Tl(Tl'— 1)
T1'+’U1)(T1'+’U1 -1 +'91

U1(2T1‘+'U1 —-1)
(ri1 +v)(r+vr—1+6;

7(T17r27U17U2) - ( )’V(Tl - 1,7’2,'01,'02)

7(7017 To, U1 — 17 UQ)
)

r191
4 rn— 1,4+ 10,0
(o)t o —Tagy) T b L)
v101
+ ri,ro,v1 — 1,9 + 1 2.24
o) o —1rgy e T Lt @2
¢1 92
+—+4+0 ,
o(ry +v1) ()

where the boundary conditions remain the same, and

¢ = 2B(r1, 72, v1,02) + (11, 72,01 + 1, 09) (r + ) (11 + v1 + 64)

+ (11,12 — Lvg, vg)ra(re — 1) + (1, 7, v1, v2 — 1)va(2ry + v — 1)

o4



+[(r1 +v)(r v —14+607)]7!
X {y(r1 — 1, ra,v1,v)r1(ry — D)[(r1 + v1)(re + vo — 1 4+ 63) + ¢o
+(r1, mo, v1 — Lvg)vy (2 +v1 — D)[(r1 + 1) (12 + 09 — 1+ 63) + ¢
+y(ry — 1, re 4+ 1,01, 09)r101[(r1 + v1)(re + v2 + 0 — r1 — v1 — 071) — @9
+ y(r1, 2,01 — 1Lvg 4+ D)0y [(r1 + v1) (12 + 09 + 02 — 11 — 01 — 01) — ¢o }
(2.25)

with ¢ = (r +v)(r+v —1) 4 (r1 +v1)02 + (ra + v2)0.

Proof. Equation (2.23) arises by considering the first transition when the dual process
with transition rates (2.6) to (2.10) is at the state (rq, 72, v1,v2). Equation (2.24) is de-
rived by substituting the transition rates of the form in Lemma 2.8 into equation (2.23).
By rearranging terms, it follows that

ri(ry — 1)
(r1 +v1)(r1 +v1 — 14 6y)

U1(2T1 + v — 1)
(ri+v1)(r1 +v1— 1406,

7(7"1,7’277}1;1}2) == ’Y(TI - ]-arQ;vlaUQ)

>"}/(7“1, Tr9, U1 — 17 UQ)

101
+ ri—1,ra+1,v1,0
(ri+v)(r +v —1 +91)7( ! ? 1, v2)
v16h
+ r, 7T, U1 — 1,ug + 1
(r1+v1)(r1+vl—1+el)7(1 20 2+ 1)
LM 00,
o(ry +vy)
where ¢, is given in equation (2.25). O

The next corollary follows immediately from Lemma 2.9.

Corollary 2.10. Let 3 and v be functions defined on Z% \ {0}. If 8 and ~ satisfy the

recursive equation (2.23) with 1y = 0 and vy = 1, then for large o,

1
7(07 T, 17 UQ) - 7(07 T, 07 Vg + ]-) + ;qb + 0(0_2)7 (226)
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where

¢ = 25(07 T2, 17U2) + V(Oa 2, 2a 1)2)(7”2 +1+ UQ)(l + 01)
+ 7(077"2 - 1a 17”2)T2(r2 - 1) + ’7(07T2a 17,02 - 1)/02(27“2 + Uy — ]—)

+ ’7(0,7“2, 0, Vg + 1)[(7"2 + Ug)(’l"g + vy — 91) —-1- 01] (227)

When ry +v; = 0, the assumption in Lemma 2.9 no longer holds. We then need the
following lemma. Heuristically, the above corollary and the following lemma suggest
that under strong selection, when a line branches, a virtual line of type 2 is added to

the genealogy instead of the line of type 1.

Lemma 2.11. Let 3 and ~y be functions defined on Z% \ {0}. If B and v satisfy the

recursive equation (2.23) with r1 = 0 and v, = 0, then for large o,

70,72, 0,2) = (ry + 1}226)57?2212 i2>1 o) et wgzjfiiei 1+ 91)%0’ r20.v2 4 1)
T 02)7;27“(2@;021)_ gy (0 1.0 ee)
(r2 +052<)2(7;2211;22 = 11>+ gy (O 0 = 1)
"ot UQ)(rflfv? “17a) T
where

¢ =7(0,7r2,0,v3 + 1)(ry + v2)(1 — 179 — vy — 63)
+ (0,79 — 1,0,v9)19(1 — 1) + (0,72,0,v9 — 1)vg(2rg + v9 — 1)
+ (ro +v2) X {28(0,79, 1, v9) + (0, 79,2, v9) (12 + vo + 1)(1 + 61)
+ (0,79 — 1,1, v9)ra(rg — 1) + v(0,72, 1,09 — 1)va(2rg + vo — 1)

+ ")/(0, T, 0,212 + 1)[(7“2 + UQ)(?“Q -+ U9 + 91) —1- 91]} (2.28)
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Proof. When r; =0 and v; = 0, we have

1

RS T— X {2@(0,7“2,0,1)2)

0, vir+v+e +0)
ro+ve+60 vir+v+0)
ro+ve—1+0 v(r+v—ey+0)
ro+ve—1+60y v(r+v+0)
rot+ve—1+0v(r+v—e+0)
ro+ve—1+60y v(r+v+0)

7(07 ro, 07 UQ) =

+ (T2+U2)U 7(077‘2717?}2)

+ 7’2(7’2 - 1) 7(O7r2 - 17 071)2)

+ ’U2<2T2 + Vo — 1) 7(07T27 07U2 - 1)

0, vir+v+e —ey+0)
+ 790 1,79 —1,0,v
2 Ty — 14 0, vir +v+6) (172 2)
0, vir+v+e —ey+0) }
+ v 0,79,1,09 — 1) 5.
22r2+v2—1—|—02 v(r + v+ 0) 7(0, 79 2 )

By substituting the transition rates in Lemma 2.8 into the above equation, we obtain

107 0] = (12 + 1)2552;?1?27 112)1 +6,) * (ry + UQSE;Q—:_Uizei 1+ 91)7(0> T2, 1,v2)
(rs + UQ)T(er(;i_v;)— T30 02~ L0.w)
(rs +U52<)2(Z :Z - 11)+ gy O re 0 = 1)
o(rs + vg)(rililvg —1+6) +0(@7), (2.29)
where

(rbl = ’Y(O,Tg, 1,1}2)(7"2 + UQ)(]_ — T9 — Vg — 92) —+ ’7(0,7“2 — 1,0,1}2)7”2(7“2 — ].)

+ ’7(0,7"2,0,1}2 — 1)U2(2T2 + Vo — 1)

By substituting equation (2.26) in Corollary 2.10 into equation (2.29), it follows that

Qﬂ(())rQaOaUQ) (TQ _’_,02)01
0,72,0,v2) = + 0,7r2,0,v9 + 1
V( "2 U2) (T2+U2)(T2+U2—1+91) (7"2—}-1)2)(7”2—}-1)2—14-81)7( "2 v )
7“2(7"2 — 1)

0,7 —1,0,v
(ro + v2)(r2 + vg — 1 +91)7( 2 2)

v9(2rg + vg — 1)
(rg +v)(ra +vg — 1+ 61)
N 010
o(ry +ve)(ra +vg — 1+ 64)

7(07 T2, 07 Vg — 1)

+O0(07?),
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where ¢ is given in equation (2.28). The proof is then completed. O

For the proof of Theorem 2.5, we still need the following Lemma 2.12 due to Krone
and Neuhauser (1997, Theorem 3.12). This lemma is intuitive because when there is no
mutation, the population consists of only one allele, so selection cannot have an effect
on the genealogy of a sample. Our proof of the lemma is also an easier circumscription

of Krone and Neuhauser’s proof.

Lemma 2.12 (Ancestral process without mutation). Consider an ancestral process
with selection but no mutation for a sample containing n > 1 indwiduals of the same
type. We suppose, when the configuration of ancestral lines is (r,v), the process has

the following transition rates

a((r,0), (r, v+ 1) = 5 + 0, (2.30)
q((r,v), (r—1,v)) = %r(r —1), (2.31)
q((r,v), (r,v—1)) = %’U(QT’ +v—1), (2.32)

where 1 1s some positive selection coefficient. The real genealogy in this ancestral

process follows Kingman’s coalescent for a sample of size n.

Proof. The transitions at the rates (2.30) and (2.32) change the configuration of virtual
lines. The rates of these transitions are determined by both the number of real lines
and the number of virtual lines. The configuration of real lines changes according to
the coalescence events at rate (2.31), which depends only on the number of real lines,

and is the one usually found in Kingman’s coalescent. The lemma thus follows.  [J
The following is the proof of the main theorem of this section.

Proof of Theorem 2.5. We prove equation (2.18) for the values of E[Thrca(n1,n2)]
in the limit as ¢ — oo. The other equations (2.19) to (2.21) can be shown with an

analogous argument.
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The recursive equation (2.16) implies that E[Ty;rca(n1,n2)] satisfies the recursive
equation (2.23) with v; = v = 0 and § = 1. Hence, by Lemma 2.9, for large o,
E[Taroa(ng, n2)] satisfies the following recursive equation where no branching events

and virtual lines are involved:

ny —1
E[TMRCA(nl,nQ)] = mE[TMRCA<n1 — 17 n2>]
0
+ m—1+0, 11+ 0, E[Tyroa(ng —1,ng +1)] +O0O(c™h),  (2.33)

with boundary conditions E[Tyrca(1,0)] = E[Tyrca(0,1)] = 0.

By iterating equation (2.33), it follows that

(ni —1)(n1 —2)
(ng —14601)(ny —2+0y)

E[TMRCA(nl, TLQ)] = IE:[YﬂMRCA(nl - 27 77,2)]

(n1 - 1)91
E|T -2 1
(N1 —1461)(n1 —2+061) Tyroa(m M2+ 1)
91(711 — 2)
+ E[T —2.m9+1
(ngp —1+61)(ny —2+6y) [Trirca(na N9 )]
07

E[T -2 2 O(c1).
T T 0 (m — 21 0y) [Tvrca(ni = 2,m2 +2)] + O(c™)

We can eventually obtain

E[Tarca(ni,na)] = > P(M =m | n1) E[Tyrea(0,na +m)]+ O(c™"),  (2.34)

m=1

where the distribution of M is analogous to that of M heads in a series of n; coin

nl)a

in which B; are independent, but not identically distributed, random variables having

tosses such that

ni
P(M:m|n1):P(ZBi:m
=0

Bernoulli distribution with success probability 6 /(61 +1). It is well known (see Tavaré,
2004, Section 3.6) that the distribution of M then follows the classic Ewens sampling

formula such that

0" | gom)
O1(n1)

ni

P(M =m|ny) =

, 0<m < ny,
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where S are the Stirling numbers of the first kind. Since |Séo)| =1,if n; =0,
P(M=0|n)=1

We can also algebraically verify that equation (2.34) is the unique solution to the
recursive equation (2.33). The boundary conditions obviously hold. By substituting
equation (2.34) into the right-hand side of equation (2.33), we have

ni—1
ny — 1 911%

S(m)
ny— 146, m—1 01(711—1)

ny—1

RHS =

E[Tvrca(0,n0 +m)]

b N~ o7
n—1+61 “= b1,

ni—1

+

57(:21’ E[Tvroa(0,n2 +14+m)] +0(c™ 1)

m

= Z 91(n1 (n1—1) m 1‘ E[Trrca(0,n2 +m)]
+ Z 01 f]f 3| ElTanca(0,ny +m)] + O™

= 010:“) (ng — 1) 57(111)—1‘ E[Tyroa(0,m2 +1)] + 9?211 S| ETarroa(0,ma + 1))
+ ni:l nl) E[Tvrca(0,ns +m)] + O(c™")

= % S,(“) E[Tyrca(0,n0 + 1)] + 0?7;1 S(m E[Tarroa(0,ng + 1)

np—1

- Z ‘91(77,1)
= Z e

=LHS,

[TMRCA(O No + m)] + O(O’il)

nl

[TMRCA(O ) + m)] + 0(0'_1)

where the third equality follows the recursive identity (2.14) for the Stirling numbers,

and the fourth equality holds because

S0

ni

(n1—1)

1
S(1>_1‘ _

n

0
_ ‘57(“)_1’ =

— | g(n1)

—_= 1

Y

and

S(nl 1)

ni—1

=1.
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Now consider E[Tyrca(0,n0+m)] = E[Tyrca(0,n2+m,0,0)], which satisfies the

recursive equation (2.23) with r; = v; =0 and 5 = 1. By Lemma 2.11, we have, for

large o,
E[Tyrea(0, 7,0, 05)] = 2
MRCANS T2 o O S 09) (ra + 02 — 1+ 0y)
<T2+U2)91
E[T 0,79,0,v0 + 1
(ro +v2)(ro +vo — 1+ 6y) Tarrca(0 2, 0,02 + 1))
7"2(7”2—1)

+ BTy nea(0,75 — 1,0,
(o oa)(ra v — gy 0 nea0e = 10,0

UQ(ZTQ + Vg — 1)

ET 0,79,0,v9 — 1 O(c™1),
(T2+U2)(r2+U2_1+91) [MR(JA( 9 Vg )]+ (0. )

where the boundary condition is E[Thrca(0,1,0,v2)] = 0. In the limit as 0 —
00, the distribution of the time to the MRCA is equal to that in a dual process
{(ra(t),v2(t)),t > 0} whose initial state is (ny +m,0), and the transitions and rates

are
(ro,v2 4+ 1) at rate £(rs + v2)61,
(ro,v2) = { (ro — 1,v9) at rate %7"2(7’2 - 1),

(ro,uy — 1) at rate %v2(2r2 + vy — 1).
Lemma 2.12 states that the distribution of real genealogy in such an ancestral process

follows Kingman’s coalescent for a sample of size no + m. Thus, we have

1
lim E[T; 0 =2|1- .
Jim ElTarroa(0mz + m)] ( n2+m)

Equation (2.18) for the limit of E[Tyrca(ni,na)] as ¢ — oo, is thus proved by

substituting the above equation into equation (2.34). O

To provide additional support to Theorem 2.5, we simulate the height and the
length of the genealogies for samples (10,0), (5,5) and (0, 10), with respect to differ-
ent values of o. The limiting values calculated from equations (2.18) and (2.20) in
Theorem 2.5 are listed in the bottom row of Table 2.4, and simulation results are in
other rows. The agreement between the simulated and the theoretic results is quite

good, especially in view of the fact that as ¢ — oo, simulations become more and
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Table 2.4: The mean time to the MRCA and the length of the genealogy in the ances-
tral dual process with typed lines, with respect to various sample configurations and
increasing values of 0. The mutation coefficients are 6, = 6, = 2.

o E[Tmrca(10,0)] E[Lyrca(10,0)] E[Tvmrca(55)]  E[Lmrca(5,5)] E[Tmrca(0,10)] E[Lyrca(0,10)]

0 1.64 5.00 1.85 5.86 1.63 4.99
102 1.43 3.64 1.75 5.21 1.77 9.55
103 1.43 3.54 1.75 5.16 1.81 2.67
10* 1.43 3.54 1.75 5.16 1.81 2.67
00 1.43 3.52 1.74 5.14 1.80 5.66

The bottom row lists the limiting values calculated from Theorem 2.5. The other values are obtained
from simulations of the ancestral dual process of Theorem 2.1.

more unstable due to the evaluation of the confluent hypergeometric function.

The next corollary shows that in the limit as ¢ — oo, the distributions of the
height and the length of the real genealogy of a sample (ny, ny) with n; < 1 is the same
as those in Kingman’s coalescent. In contrast, the genealogy of a sample (ny, ns) with
ny > 1 can be very different. This justifies the observation in Figure 2.3 that when
0, = 05 = 1.5 and o = 1000, both the values of E[Tyrc4(0,10)] and E[Tyrrca(1,9)]
are approximately 1.8, which is the expected height of the genealogy in Kingman’s

coalescent for a sample of size 10.

Corollary 2.13. Consider the dual process of Theorem 2.1 for a sample (ni,ns),
where ny = 1, ny € Zy. Let n = 1 4+ ny. The mean and variance of the time to the

MRCA satisfy

: 1
(}LHC}OE[TMRCA(LTQ)] = 2(1 — ﬁ)’ (2.35)
lim Var[T’ (I,n9)] =8 En 1 41— 1 2' (2.36)
oot MRCA\L,102)] — g i2 n ) .

and the mean and variance of the length of the genealogy satisfy

n—1
: 1
Jim E[Lyrroa(1,ns)] = 2 ; o (2.37)
n—1 1
lim Var[Lasrea(1, n2)] = 4 2; = (2.38)
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Proof. Since |S§0)| =0 and |S§1)| = 1, we have

1, ifm=1
P(M=m|n=1)=4" """"

0, otherwise.
Equations (2.35) to (2.38) then follow immediately from the corresponding equa-

tions in Theorem 2.5 and the above equation. O

We notice that these limiting values in Theorem 2.5 for a sample (ny, ny) cannot
be larger than those for a sample of size n; + ns in Kingman’s coalescent, since the
maximum value of M is n;. This agrees with the simulations in Sections 2.3.1 and 2.3.2,
where we see that genealogies under strong selection can only be compressed when
compared with those in Kingman’s coalescent. In the next corollary, the upper and
lower bounds of E[Ty;rca(n1,n2)] in the limit as 0 — oo are deduced. The bounds of

the other quantities in Theorem 2.5 can be given analogously.

Corollary 2.14. For ny,ny € Z, and ns > 0, we have

2(1 — i) < lim E[Tyroa(ni,na)] < 2(1 — 1).

n2 T—00 n

Proof. We have, as shown in Theorem 2.5,

. N 1
(}LIEOE[TMRCA(HDRQ)] - 2;1@(]\4 =mlm) (1 B ng + m)'

Since 0 < m < ny for n; > 0, and m = 0 if ny = 0, it follows that

1 1 1
1—-—<1- <1-

_— )
o) Ng +m Ny + No

which implies

ni 1 ‘
2) P(M=m|mn) (1 - —) < lim E[Tyrrea(ni, ne)]

§2§:IP’(M:m\nl)(1—%).

m=0

m=0
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Therefore, we have

2(1 — i) < lim E[Tapea(ng, ns)] < 2(1 - 1)_

n2 T—00 n

]

The following theorem shows that as ¢ — oo, the distributions of the height
and the length of the real genealogy of a random sample are the same as those in
Kingman’s coalescent. This is consistent with the simulation results in Table 2.2 in

the cases where 0; = 0, = 1.5 or 1074, and o = 1000.

Theorem 2.15 (Genealogies of random samples under strong selection). Consider a
random sample of size n > 1 drawn from the stationary population. The mean and

variance of time to the MRCA satisfy

1
lim E[Tyrea(n)] = 2(1 - —), (2.39)
o—00 n
lim Var|T, —snl 4(1 1y, 2.40
Jim Var[Tyroa(n)] = 22—\ (2.40)

. 1

lim E[Lysrea(n)] =2 Zl = (2.41)
n—1 1

lim Var[Lyrea(n)] = 4 > = (2.42)

Proof. We are going to show that the sampling probability converges to 1 as ¢ — oo
and then a random sample drawn from the population is neutral.

Recall that we define 5 (n1, n2) in equation (1.13) to be the probability of obtaining
an ordered sample with configuration (n,ns) from the stationary population. The
corresponding unordered sampling probability is (7:‘1)% (ny,na).

Given equation (2.22), we have, for large o,

010
H(myng) = =2 L 0@ ™).

o™
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Thus,

1, ifn =0
lim %(nl,nz) = ’ 1 m 7
T—00 0, ifny>0.

That is, in the limit of ¢ — 00, a random sample drawn from the population is neutral

with probability 1. The theorem then follows immediately. m

Simulations in Section 2.3.3 show that as the value of ¢ becomes larger, even when
there are no type 2 individuals in the sample, the probability that the MRCA is type

2, approaches 1. This result is proved in the next theorem.

Theorem 2.16 (MRCA type distribution under strong selection). Consider the dual
process of Theorem 2.1 for a sample (ny,ns) € Z3 of size ny +ny > 1. Let p(ny, na) be
the probability that the MRCA is type 2, as defined in equation (2.15). The probability
p(ny,ng) satisfies

lim p(ny,ng) = 1.
g—00

Proof. The probability p(ni, ny) satisfies the recursive equation (2.23) with v; = vy =0

and 8 = 0. Hence, by Lemma 2.9, for large o, p(n, nsy) satisfies the recursive equation

b
nq —1—|—91p

n1—1

_ —1 1 O(c™!
—— (n1—1ny+1)+0(),

p(ny,ng) = (n1 — 1,ng) +

with boundary conditions p(1,0) = 0 and p(0,1) = 1. We have

. om—1 . 0 .
Tim p(ny, ng) = P LY p(n1 —1,ny) + P LY p(ny —1,n2 + 1).
It follows that
lim p(ny,ne) = {P(M =m | ny) im p(0,ne +m)|, (2.43)
g—00 g—00

m=0
by using an argument similar to that in the proof of Theorem 2.5, where the distribution
of M is given in equation (2.17).

Consider p(0,ny +m) = p(0,n9 + m,0,0) with ny + m > 0, which satisfies the
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recursive equation (2.23) with ry = v; =0 and § = 0. By Lemma 2.11, we have

) (rg + v9)6; )
| 0 0 = | 0 0 1
Ugﬁlop( 72,0, 22) (12 +vo)(ro +v2 — 14 61) "Egop( 20,02 +1)
7’2(7”2 — 1)

lim p(0,r, — 1,0,v
(r2+v2)(r2+v2—1+91)o—>oop( 2 2)

U2(2T2+U2—1) .
lim p(0,79,0,v9 — 1),
(T2+Ug)(r2+vg—l+91)a—>oop( 20,0, = 1)

where the boundary condition is p(0,1,0,v,) = 1.

It is clear from the above recursive equation that no lines of type 1 can be added

to the genealogy. The MRCA can only be type 2. Therefore,

lim p(0,ny +m) =1,

ag—00

for any ny +m > 0. By substituting the above equation into equation (2.43), we have

T—00

ni
lim p(ny,ng) = ZIP’(M =m|n) =1
m=0

The theorem is thus proved.
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Chapter 3

Ancestral processes under strong

selection

In the previous chapter, we have observed some interesting aspects of the genealogy
under strong selection from simulations in Section 2.3. Then, in Theorems 2.5, 2.15
and 2.16, we have derived explicit formulae for those quantities simulated in the limit
as the selection coefficient o — oo.

In this chapter, we analyse the ancestral processes under strong selection at a pro-
cess level. We consider two classes of ancestral processes that can describe the geneal-
ogy of a given sample configuration, namely the coalescent-in-a-random-background
model, which will be introduced in Proposition 3.2, and the dual process with typed
lines of Theorem 2.1. Although the two ancestral processes are based on the same
forwards-in-time model for gene frequency evolution, the two processes are distinct in
that in the coalescent-in-a-random-background model, there are no branching events
in the ancestral process, and selection is reflected in the ancestral frequencies of alleles,
while in the dual process with typed lines, the ancestral lines can branch and virtual
lines can appear.

The genealogies generated by the coalescent-in-a-random-background model and
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the dual process with typed lines are the same by construction. The genealogies
are also the same under strong selection, as we will see in this chapter. However, it
is of interest to see how the limiting arguments work in both models. The proofs
of the limiting theorems are based on the idea of separation of timescales in the
ancestral processes, which dates back to the investigation of the coalescent process
with selfing (Nordborg and Donnelly, 1997), strong migration limit in the structured
coalescent process (Nordborg and Krone, 2002) and infinite demes limit of the ancestral
recombination graph in a subdivided population (Lessard and Wakeley, 2004).
Méhle (1998) provides a formal convergence result for the ancestral processes
arising in population genetics where the timescales of events are drastically different
in some limit. Consider a matrix A = (a;;). The following lemma of Mohle (1998,
Lemma 1) is a generalisation of a well-known matrix equation limy_ . (I + A/k)* =
exp(A). We define the norm [|A[|, = max; Y _|a;;| which is the maximum of the

absolute row sums of the matrix. For a stochastic matrix A, we have ||A|| = 1.

Lemma 3.1 (Mohle’s lemma). Lett, K > 0 be fized and let {cx, k € N} be a sequence
of positive real numbers with limy_,o ¢ = 0. Further let A be a matriz with ||Al| =1
such that P = lim,,, ., A" exists. Then

lim sup [(A+ B — (P4 ¢.B)Y)| _ =o0.

=00 |1B)l <K

If {By, k € N} is a matriz sequence such that G = limy_,., PByP ezists, then

lim (A + ¢ By)V/) = P — I + &

k—o0

for allt > 0.

We apply the above Mohle’s lemma to the proofs of the limiting ancestral processes.
The idea is that for a large selection coefficient o, the transition rates of the ancestral
processes can be o(1), O(1) or O(o). The events with transition rates of O(o) occur in-

stantaneously such that between the events with transition rates of O(1), the genealogy
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is converted according to the equilibrium of these instantaneous events. The ances-
tral process in the coalescent-in-a-random-background model is time-inhomogeneous,
which we approximate by a time-homogeneous process, as the fluctuations in the
ancestral frequencies under strong selection are negligible. In the dual process with
typed lines, as the state space of the dual process is infinite due to the mechanism of
virtual lines, Mohle’s lemma cannot be applied exactly. Nevertheless, these limiting
results are supported by simulations.

Studies of ancestral processes with a branching-coalescing structure under strong
selection have been rare. Wakeley (2008) uses the separation of timescales to describe
a modified ancestral selection graph in the limit of strong purifying selection, and
Wakeley and Sargsyan (2009) use a similar approach to explore the limit under strong
balancing selection. Their outcomes are mainly heuristic and are based on the ancestral
selection graph, which is different from the two models we consider.

The remaining part of this chapter is divided into three sections. In Section 3.1,
we examine the ancestral process in the coalescent-in-a-random-background model
under strong selection. In Section 3.2, we show the limiting ancestral dual process with
typed lines. In Section 3.3, we investigate the limiting behaviour of the real genealogy
in the ancestral dual process with three types under strong selection. The description
of the limiting genealogy in Section 3.3 is heuristic, because, although the methods
in Sections 3.1 and 3.2 still apply, there are a few different timescales involved in the

three-type case, which make formal analysis difficult.

3.1 Coalescent in a random background

The coalescent analysis of genealogies under selection originates from the work of
Kaplan et al. (1988). Their approach is to subdivide the population into genetic

backgrounds according to allelic types, within which there is no selection, and then
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approximate the ancestral frequencies of alleles in the population by some deterministic
process, and use the structured coalescent discussed at the beginning of Chapter 1 to
investigate the effect of selection on the height and the length of the genealogy. This
approach is numerically practical for examining strong selection of arbitrary form, since
only the ancestral frequencies need to be altered, not the structure of the ancestral
process. However, when there is weak selection, the fluctuations in ancestral frequencies
can no longer be ignored. Darden et al. (1989) develop a numerical scheme to calculate
the coalescence times in the genealogy in the case where ancestral frequencies are
stochastic. Barton et al. (2004) prove the convergence of a Markov process describing
the genealogy of a Moran model as the population size N — oo, and the existence of
the ancestral process in the following Proposition 3.2. Etheridge (2011, Section 5.5)
provides a comprehensive guide to this model.

We now introduce the coalescent-in-a-random-background model. We will present
its limit under strong selection in Theorem 3.5. There is no concept of virtual lines in
the coalescent-in-a-random-background model; all ancestral lines belong to the real
genealogy. For a sample n € Z2 of size |n| > 1, the distribution of its genealogy
can be described by an ancestral process {«(t),t > 0}, where «;(t), i = 1,2 is the
number of ancestral lines of type ¢ at time ¢ in the past. The ancestral process has the
state space S = {a: a € Z2,1 < || < |n|}, and the initial state n. The following

proposition is due to Barton et al. (2004).

Proposition 3.2 (Coalescent in a random background). Let {p(t),t > 0} on [0, 1] be
the time-reversal of the forwards-in-time diffusion process with generator (1.10). p(t)
is the ancestral frequency of type 1 individuals at time t in the past.

When the ancestral process {a(t),t > 0} is at a state o at time t, conditional on

p(t), the transition rates are

daa-e)=(7) 05 (3.1)



daa-e) = (7)) (32)

p(t)’
g, 0 —e; +ey) = %aﬁl%, (3.3)
(o, — ey +e) = %%9215(—?@, (3.4)

where 01 and 0y are the mutation coefficients.

Barton et al. (2004, Proposition 4.3) prove that as long as 6; and 6, are positive, the
ancestral process {a(t),t > 0} is well defined as the value of p(¢) tends to 0 or 1, in the
sense that the lines ancestral to the sample will have jumped to the other background
before the frequency of one background actually hits zero. The ancestral process is a
time-inhomogeneous Markov process, as the probability of a given transition in the
time interval (¢,¢ + dt) depends on ¢. The transition rates (3.1) and (3.2) correspond
to the coalescence events that occur at rates that are inversely proportional to the
ancestral frequencies; the transition rates (3.3) and (3.4) correspond to mutation
events that occur at rates that are scaled by the ratios of the ancestral frequencies.
There are no branching events in the ancestral process. The effect of selection is
reflected in the path of {p(¢),t > 0}.

Recall the diffusion process {X(t),¢ > 0} with generator (1.10), where X () is
the forwards-in-time frequency of type 1 individuals at time ¢. By Feller’s boundary
classification for one-dimensional diffusions (see Durrett, 2008, Example 7.33), if the
mutation coefficient #, > 0.5, the point 0 is an entrance boundary such that the
diffusion {X(¢),t > 0} started from a point in (0,1) can never reach 0, but the
diffusion started from 0 is well-defined. The following lemma shows that the diffusion
{X(t),t > 0} can be approximated by a deterministic process, and the errors follow

an Ornstein-Uhlenbeck process.

Lemma 3.3. Consider the diffusion process {X (t),t > 0} with generator (1.10) and
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initial value X (0) = ¢ € (0,1). Let

#(t) = g+(1<—<)et/2’ 120 (3.5)

Define Z,(t) = /o(X(t/o) — z(t)). As 0 — oo under strong selection, the
real-valued process {Z,(t),t > 0} converges in finite-dimensional distribution to an
Ornstein-Uhlenbeck process {Z(t),t > 0} that satisfies the stochastic differential equa-
tion

AZ(t) = —%(1 —22(1)Z(t) dt + /() (1 = 2(0) AW (L),
where {W(t),t > 0} is a standard Brownian motion. The process {Z(t),t > 0}

approaches 0 with probability 1 as t — oo.

Proof. The dynamics of the diffusion {X(¢),¢ > 0} with generator (1.10) can be

represented by the stochastic differential equation

dX(t) = %[—JX(t)(l — X () + 0, — 0X(8)] dt + VX)L — X (8) AW (2),

where {W(t),t > 0} is a standard Brownian motion. Write X (t) = X (t/o). It follows

immediately that

AX (1) = %[—afm)u _ X)) + 6, — 0K (1)) dt + \/éff(t)(l _ X)W (e).

Define a real-valued process {Z,(t),t > 0} where Z,(t) = \/o(X (t) — z(t)) with

x(t) given in equation (3.5). We have Z,(0) = 0. It follows from It6’s formula that
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1 1
+ \/ (%Za(t) + x(t)) (1 - 5 Zt) - x(t)) AW (¢)
= My (t, Zo (1)) dt + /s (t, Zo(£)) AW ().

The generator of the process {Zp, (t),t > 0} is thus

df(z d?f(z
£of @) = mo(t,2) L 1 21,2 T

for a twice continuously differentiable function f: R — R. We have

df(z) 1 d?f(2)

li = =
Tim Lof(z) =mlt, z) o + 21/(t,z) 2
where
. 1
m(t,z) = gh_)rgoma(t, z) = —5(1 —2z(t))z,
and

v(t,z) = lim vy, (t,2) = z(t)(1 — x(t)).

91 —00

Therefore, as ¢ — oo under strong selection, the process {Z,(t),t > 0} converges in
finite-dimensional distribution to an Ornstein-Uhlenbeck process {Z(t),t > 0} that

satisfies the stochastic differential equation

dZ(t) = —%a —2(8)Z(t) dt + /2 () (1 — 2()) AW (£).

To deduce the stationary distribution of the process {Z(t),t > 0}, we apply 1to’s

formula to

Z(t)efg 3 (1=22(u)) du

The solution of the resulting stochastic differential equation gives

t
Z(t) = e Jo 2(1-20(w) du / V)1 = z(u))elo 2072200 quy ().
0
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Therefore, the distribution of Z(t) is normal with mean 0 and variance
t
Var(Z(t)) = e~ Jo(1=2x(w)) du o / 2(u)(1 — x(u))efou(l—zm(v))dv du.
0

We use L’Hopital’s rule to obtain

Jm Var(Z(1)) = lim === =0
The proof of the lemma is completed. [

Furthermore, the following lemma shows that once the diffusion process becomes

stationary, the frequency of individuals of type 1 is O(c~!) for large o.

Lemma 3.4. Let X be the stationary frequency of type 1 individuals in the population
governed by the diffusion with generator (1.10). Then o X converges in probability to

1 as 0 — 0.

Proof. Given the density of X in equation (1.11) and using equation (2.22) for the

confluent hypergeometric functions M (-, -, -), the mean of X satisfies

B(91 + 1,92)M(91 + 1,‘9 + 1, —O')
B(GI,HQ)M(QI,H,—U)
0,

= —+0(c7?),

o

E(X) =

for large o; and the variance of X satisfies

B(01+2,00)M(61 +2,0+2,—0)

Var(X) = B(61,0:)M (61,0, —0)

— (E(X))*

By Chebyshev’s inequality, for any 5, — oo as 0 — 00,

< o Var(X)

]P<|UX - 01' Z /BO') = /62 — Oa

as ¢ — 00. The lemma then follows. OJ
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In the remainder of this section, we assume the ancestral frequency p(t) = 1/0
for all ¢ in coalescent-in-a-random-background model. This approximation was also
considered by Kaplan et al. (1988) as the ancestral frequencies of alleles under strong
selection are tightly regulated. Thus, the ancestral process of Proposition 3.2 becomes
a time-homogeneous Markov process, while the state space and initial state remain the
same. By ignoring terms of o(1), the non-zero entries in the ath row of the Q-matrix

of the simplified ancestral process are

g0, 00 — 1) = %al(al — 1o, (3.6)
gl 0 — ) = %az(% ), (3.7)
Gol,c—e1 +e5) = %oq@l(a _), (3.9)
go v, o) = —%[al(al ~ 1o + aslas — 1) + abi(o — 1)]. (3.9)

Denote the ancestral process with such a Q-matrix by {a,(t),t > 0}. The initial state
of {a,(t),t > 0} is the sample n, and the state space is S = {a: @ € 73,1 < || <
n[}.

The next theorem describes the limit of our simplified ancestral process {a,(t),t >
0} as 0 — oo. Heuristically, the coalescence events and mutation events (to type 2)
for type 1 individuals occur in the genetic background with a proportion 1/0 of the
total population. Thus, these events happen on a much faster timescale; and in the
equilibrium, all type 1 individuals in the sample are lost due to the coalescences and
mutations. The limiting genealogy then follows Kingman’s coalescent for a sample
containing M + n, individuals of the same type, where M is the number of mutations

which have occurred on the faster timescale.

Theorem 3.5. For a sample (ni,ns) € Zi of size ny +ngy > 1, as 0 — 00, the
ancestral process {a,(t),t > 0} with transition rates (3.6) to (3.8) converges in finite-

dimensional distribution to a process {a(t),t > 0} with the same initial state and
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state space.

There is an instantaneous jump at t = 0 in the limiting process such that
a(0+) = (0, M + nsy),

where M 1is distributed as the number of alleles in the Fwens sampling formula with
mutation coefficient 0y, as in equation (2.17). For t > 0, the transition rates of the

limiting process are
1
q((0,a0), (0,0 — 1)) = 50@(042 1), az>2. (3.10)

Remark 3.6 (Connections to previous work). Hartl and Campbell (1982) and Sawyer
(1983) consider a Wright-Fisher model with infinitely-many-alleles mutation in which
there are two classes of alleles, and each class consists of different alleles with the
same fitness. The authors derive that the type configuration of a sample containing
only disfavoured alleles follows the Ewens sampling formula, provided that selection
is sufficiently strong such that the equilibrium frequency of the disfavoured alleles is
o(1) (cf. our assumption of the ancestral frequency of type 1 being 1/0). In our model,
by Theorem 3.5, backwards in time, the disfavoured type 1 individuals in the sample
are converted to a random number of type 2 individuals according to the number M
of mutations that occur on a faster timescale, where M is determined by the Ewens

sampling formula.

We now prove Theorem 3.5. It is well known that the exponential of D, which is

an n X n matrix, is defined as

| —

Dk

o0
e?=2.
k=0

where the series converges for any square matrix D (Bellman, 1997, Theorem 2 in

-

!
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Chapter 10). The limits of matrices are defined component-wise such that

g—00

( lim D(,) = lim (D,);;,
o—00 ij
provided all the limits on the right-hand side exist.

Proof of Theorem 3.5. Consider the ancestral process {a,(t),t > 0} with transition
rates (3.6) to (3.8) for a sample (ny,ng) of finite size n = ny; +ny > 1. Let S be
the state space of the ancestral process, which is the set of all possible configurations
of ancestral lines. The order of the states in S is arbitrary but fixed. We let S have
three mutually disjoint subsets such that S = U?_,S;. Each state in S} contains only
lines of type 2, and S; = {(0,n),(0,n — 1),...,(0,1)}; each state in Sy consists of
only lines of type 1, and Sy = {(n,0),(n — 1,0),...,(1,0)}; and Ss is broken up
into levels that are determined by the total number of ancestral lines, and S3 =
{1,n—-1),(2,n—2),...,(n—1,1),(1,n—2),(2,n—3),...,(n—2,1),...,(1,1)}. The
size of the state space is |S| = 20, [Si| = 2n + S.1—"i = n(n + 3)/2. The absorbing
states are (0,1) and (1,0). See Example 3.8 for a demonstration of the structure of
the matrices in this proof.

Let Q, be the ()-matrix of the ancestral process. The entries of Q, are specified

in equations (3.6) to (3.9). @, can be written in the block form as

Qn 0 0
Qa: Q21 sz Q23 )
Q31 0 Q33

where each Q,; contains the transition rates from the states in \S; to S;, and 0 represents
the zero matrix of which all the entries are 0.

The matrix @, can be decomposed such that Q, = 0 A + B, where

A= lim Q,/o,
g—00
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and

B = lim (Q, —cA).

ag—00

The entries a;; of A, where i = (o, a2) € 5,5 € 5, are

%O&l(Oél — 1), lfj = (Oél — 1,&2),
1.0 if j = -1 1
= {700 = tet
—sai(ag —1+0y), ifj=i,
0 otherwise.

In the block form, we have

0 0 0
A=|Ay Ay Ay
Az 0 Asg

The matrix A is a Q-matrix. There exists a Markov process with the corresponding
(Q-matrix A, in which the states in S} are absorbing states and all other states are

transient states.

The entries b;; of B, where i = (a1, a2) € S,j € S, are

%042(042—1), lfj: (011,042—1),
—%06191, lfj = (CYl — 1, Qg + 1),

—%[042<052 — 1) — 06101], lf] = ?:,

0, otherwise.

In the block form, we have

By O 0
B = | By By By
B;; 0 Bss

The transition matrix of the ancestral process {a,(t),t > 0} over a period of time

t in the past, is IT,(t) = exp(Q,t). It follows algebraically that

lim IT,(t) = lim eA+o Bt
T—00 T —00

A A - Bk ot
= i (e 2
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1 ot
= lim (eA + —e“B + 0(0_2)) :
o

T—00

According to Lemma 3.1, we have

lim IT,(t) = PeC' = IT(t), (3.12)
g—00
where
P = lim 4™ (3.13)
m—0o0

is the result of letting the process with ()-matrix A run to its conclusion; and

G = Pe“BP = P(Z F) BP = PBP, (3.14)

k=0
where the last equality follows from the fact that PA = AP = 0.

It follows from equation (3.12) that P = lim,_,o IT(¢). Hence, the limiting ancestral
process {a(t),t > 0} with transition matrix IT(t) jumps instantaneously at time t = 0
from a state ¢ to a state j, with probabilities specified by the entries of P. By the
definition of P in equation (3.13), the instantaneous jump is a result of the coalescence
and mutation events occurring at the rates in A on a faster timescale where one unit
of time corresponds to ¢ units of time on the original timescale.

It follows from equation (3.13) that P is a projection matrix such that P* = P.
Thus, we have IT(t) = Pe®" = P — I + ¢%'. The matrix G in equation (3.14) then
satisfies

G — lim L[IT(t) — IT(04)).

t—0 ¢
G is the Q-matrix of the limiting process {a(t),t > 0} and includes both the process
described by B and the instantaneous jumps represented by P.

We investigate the entries of P. The matrix P can be written as

I 00
P=|(P, 0 0],
Py 00
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where I = (§;;) is the identity matrix with d;; = 1;—;; being the Kronecker delta.
The entries of P;;, i = 2,3, are the probabilities of absorption from the states in .5;
into the states in S;. These entries are equal to the probabilities that a state (a, )
becomes absorbed into (0, M 4 «) after a series of coalescence events among ancestral
lines of type 1 and M mutation events from type 1 to type 2 (on the faster timescale).
The distribution of M is well known (see Tavaré, 2004, Section 3.6) to follow the

Ewens sampling formula in equation (2.17). Hence, the entries of P are

1, ifieS,j=i
Pij = 919(?) SUV,if i = (an,a0) € S5 U S5, j = (0,m + az) € 51,0 < m < an,
a
0, otherwise.

(3.15)
We can also algebraically verify that the entries p;; given in the above equa-

tion (3.15) solve the equation AP =0, i.e.,
> aupy =0, i,j€S, (3.16)

les

as follows. Equation (3.16) holds for any i € Si, since by equation (3.11), we have
ay = 0foranyi € S;and !l € S. Equation (3.16) also holds for any j € SsUSs, since by
equation (3.15), we have p;; = 0 forany ! € S and j € ShUS;. Fori = (o, an) € SaUSs

and j = (0,m + ay) € S; with 0 < m < a3, we have

1 o m 1 gm—1 m—
Zailplj = —Ckl(Oél — 1) X 1 S(qul + _alel X L qu—ll)
e 2 1(0&1—1) 2 91(0{1—1)
1 or
— —ay(a; +6; — 1) x —— SC(YT)‘
2 91(0&1)

= - - [(041 —1) 52121 + Sélfll) - Sc(n) ]
2 O
=0,

where we use the recursive identity (2.14) for the Stirling numbers in the last equality.

The proof of equation (3.15) is completed.
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The limiting ancestral process {a(t),t > 0} moves instantaneously at time 0
according to P, from a sample (ny,ny) € S to a state (0,m + ny) € S;. After
entering such a state, the limiting process behaves like a Markov chain with initial
state (0, m + a2) and Q-matrix G running on the original timescale. The following
equation (3.17) indicates that the genealogy follows Kingman’s coalescent.

The matrix G = PBP has the block form

B 00
G=|PyyB;; 00
P3;B;; 00

Let g;; be the entries of the matrix G. We have g;; = Zlﬁespilblkpkj. For a state
i =(0,a2) € Sy, since p;; = Lyj—; for j € S, we have

%062(042 — 1), lf] = (0,0[2 — 1) S Sl,
9ij = bij = { —30a(az — 1), if j=(0,a9) € 5, (3.17)

2
0, otherwise.

For a state i = (ay, ) € SoUS3 and j = (0,m+ ay) € S with 0 < m < «ay, we have

9m+1 ng""l) 1 pm S&m) 1
gij = # X —(m+1+az)(m+az) — M X ~(m+ ag)(m+ ay — 1),
O1(ar) 2 O1(ar) 2

since for a state [ = (0, an) € Sy, we have by, = ag(as — 1)/2, if k = (0,00 — 1) € Sy;
b, = —aa(ay — 1)/2, if k = 1; and by, = 0, otherwise. The other entries of the matrix

G are all zero. The proof is then completed. O

In the following corollary, we specify the entries of the limiting transition matrix

II(t) in equation (3.12) in the proof of Theorem 3.5. We write
T =ax(x—1)---(x —n+1), neZ,
for the falling factorial, with xg = 1.

Corollary 3.7. Consider the ancestral process {oa,(t),t > 0} with transition rates

(3.6) to (3.8) for a sample (n1,n2) € Z2% of size ny + ny > 1. For fized t > 0, the
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transition probability of the ancestral process satisfies

lim Pla, (&) = (o1, a2) | ax(0) = (n1, na)]

g—00

w67 | gm) Lo

_ Zm:o 91(n1) Snl dm+”27a2 (t)7 Zf ap = 07 (318)
0, otherwise,
where d;;(t) is defined as

i (Ve Q=) (=15 _qyi . . .

S e l j!(l*j)!i(l()lkl) 4if2 <<
dij(t) = Q1= S0 e (P EEDCI - e iy <, (3.19)

i)
0, otherwise.

Proof. We have seen in the proof of Theorem 3.5 that the transition matrix IT,(t) of

the ancestral process {a,(t),t > 0} on the state space S satisfies

lim IT,(t) = II(t) = P,  t>0,

T—00

where the matrix P represents the instantaneous jumps, and G = PBP is the Q-
matrix of the limiting process. Equation (3.17) shows that once the limiting ancestral
process enters the state (0,m + ns), the process follows Kingman’s coalescent. By
matrix multiplication, the entries of IT(t) are
mii(t) = Zpik(eat)kj'
keS
The entries of P are given in equation (3.15), and the transition probabilities d;;(t)
in equation (3.19) are those of Kingman’s coalescent derived by Griffiths (1980).

Equation (3.18) then follows. O

In the following Example 3.8, we will illustrate the structure of the matrices in
the proofs of Theorem 3.5 and Corollary 3.7. Before proceeding to the example, we
introduce a standard technique for calculating the transition matrix of a continuous-
time Markov process with a given @)-matrix. Let A be the Q-matrix of a Markov

process, and P(t) = exp(At),t > 0 be the corresponding transition matrix. The
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entries of P(t) can be calculated by considering the resolvent R()), i.e., the Laplace

transform of P(t). We have
R(\) = / e MP(t)dt = / e ML qE = (AT - A7,
0 0

where the integrals over matrix-valued functions are understood component-wise,
and the last equality is well known (see Ethier and Kurtz, 2005, Proposition 2.1 in
Chapter 1). The entries of P(t) can then be recovered by inverting the Laplace

transform.

Example 3.8. Consider the ancestral process {a,(t),t > 0} with transition rates

(3.6) to (3.8) for a sample (ny,ns) of size ny + ny = 3. The state space is

S ={(0,3),(0,2),(0,1),(3,0),(2,0),(1,0),(1,2),(2,1),(1,1)}.

According to the entries specified in equations (3.6) to (3.9), the @Q-matrix Q, of

{a, (1), > 0} is

-3 3 0 0 0 0 0 0 0

0 -1 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 —30—261(c-1) 30 0 0 20,(0-1) 0

0 -1 1 0 —o—01(c—1) o 0 0 01(c—1)

0 0 16:1(0-1) 0 0 —101(0-1) 0 0 0
101(c—1) 0 0 0 0 0 —1-16:(0-1) 0 1

0 0 0 0 0 0 01(c—1) —o—01(c—1) o

0 36i(c-1) 0 0 0 0 0 0 —261(c—1)

in which, for example, the first row shows that when the ancestral process is at the
state (0,3), the process jumps after an exponential waiting time of mean 1/3 to a
state (0,2) with probability 1.

The @-matrix can be separated into 0 A and B with respect to the order of the
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terms in each entry. The terms of O(co) are collected in

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0o 0 0 —-3-36 3 0 0 20, 0
A=10 0 0 0 -1-6, 1 0 0 01 |;
0 0 1i6 0 0 —361 0 0 0
16, 0 0 0 0 0 —36 0 0
0 0 0 0 0 0 0 —1—06, 1
0 36, 0 0 0 0 0 0  —36
and the terms of O(1) are collected in
-3 3 0 0 0 0 0 0 0
o -1 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 36, 0 0 0 —-26, 0
B=| o0 -1 1 0 6 0 0 0 -6
0 0 —360 0 0 36 0 0 0
—30; 0 0 0 0 0 —-1+436, 0 1
0 0 0 0 0 0 —6, 6 0
0 —36, 0 0 0 0 0 0 16

Then, as given in the proof of Theorem 3.5, the limiting ancestral process {a(t),t >

0} undergoes an instantaneous jump at time ¢ = 0 according to

1 0 0 00 0O0O0O
0 1 0 00 0O0O0O
0 0 1 00 0O0O0O

03 361 2
. G Gryery wonesy 0 00 000
P:W%gr(l)oe "= 0 efjrl 9111 00 0O0O0O 0
0 0 1 00 0O0O0FO
1 0 0 00 0O0O0FO

01

e A 0 000000
0 1 0 000 O0O0O 0

The entries of P(m) = exp(Am) are calculated by considering the resolvent introduced

before the example, and P is obtained by letting m — oo in P(m).
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The @-matrix of the limiting ancestral process is

-3 3 0 000O0O0O0

0 —1 1 00 0O0O0O

0 0 0 000O0O0O0

362 360230, 30

~ (61 +1)(191 +2) (61 +i)(991 +2) (61 +1g(i91 +2) 000000

G =PBP = 0 — 7 T 000O0O0O

0 0 0 000O0O0O

-3 3 0 000O0O0O0

— 9?‘111 _3091 1;11 Tlﬂ 00 0O0O0O0

0 —1 1 00 0O0O0O0

The transition matrix of the limiting ancestral process is
e Semt— e l+e® -2 000000
0 et 1—e! 00 0O0O0O0
0 0 1 00 0O0O0O
62e—3t 3(01+2)01e~t—307e—3¢ 02e=3t—30, (01 +2)e~ !
G (91+1)(91+2) 12(91311)£Htl+2) 1 2(9151;£9tll+2) O O O O 0 0
Pe™" = 0 ﬁ 11— glleﬁ 00 0O0O0O0],
0 0 1 00 0O0O0O
e~3! Sp=t — 33t I+3e ¥ -3¢t 000000
f1e3t —301e7 3t (301 4+2)e? fr1e3t—(30142)e"t

01+1 2(6:+1) 1+ 20,41 00 0O0O0O
0 et 1—et 00 0O0O0O©O

where the entries are exactly those derived in equation (3.18) of Corollary 3.7. We

have also verified Theorem 3.5.

3.2 Ancestral dual process with typed lines

In this section, we study the limiting behaviour of the ancestral dual process with typed
lines under strong selection. In such a dual process, the ancestral lines can branch and
virtual lines can appear. As a consequence, the state space of the dual process with
typed lines is not fixed, so Mohle’s lemma does not apply. It is not easy to prove a
generalisation of Mohle’s lemma for infinite-dimensional matrices, so in the remainder
of this section, our arguments are heuristic and we show some interesting aspects of the

calculations, provided that Mchle’s lemma holds for infinite-dimensional matrices. In
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fact, we will see in Remark 3.10 that the limiting ancestral process in this case is still
a Markov process with a branching-coalescing structure, but in which there are only
individuals of type 1, thus the real genealogy is neutral. Given such a limiting process,
the time to the MRCA, the length of the genealogy, and the type distribution of the
MRCA in the limit as ¢ — oo, follow immediately. The expectations and variances
of these quantities are consistent with those derived in Theorems 2.5 and 2.16 in the
previous chapter by considering recursive equations, as well as the limiting process in
the coalescent-in-a-random-background model in Theorem 3.5.

We do not distinguish the real and virtual lines for now, and consider the non-zero
entries (1.15) to (1.18) in the axth row of the Q-matrix of the dual process with typed
lines of Theorem 1.9. The following lemma can be shown with a similar argument to

that in the proof of Lemma 2.8.

Lemma 3.9. Consider the non-zero entries (1.15) to (1.18) in the ath row of the
Q-matrix of the dual process of Theorem 1.9. For large o, these entries can be rewritten

as

1
G(a,a+e) = 504(041 +61) + O(O'_l),

O'+OZQ—1+92

-1
051—1+91 +O<U >7

qa(Oé;a - 61) = 5041(041 - )
1

¢ (o, a0 — e3) = 5042(042 —1)+0(c™),

G(a,aa+ e —ey) = O(a_l),

1 o+ay+0y—a; —0
e

+0(c7 ),

1
¢ (o, @) = —é[ala +ala—1) + arby + azbq]. (3.20)

Let Q, be the Q-matrix of the ancestral dual process with transition rates (3.20).
We then follow the same approach as that in the proof of Theorem 3.5 to separate

the terms in the entries of @, by their orders, and write Q, = cA + B + O(c™1).
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According to equations (3.20), the entries a;; of A, where i = (a4, as), are

%Zi‘fﬂéfa if j = (o1 — 1, ),
oo = b

—301, if j =1,

0, otherwise;

the entries b;; of B, where i = (a4, az), are

sa(ay +6y), if j = (a1 + 1, a9),
sa(og — 1)3?:—112?, if j = (a1 — 1, a0),
by — %og(ozi :el)a 0 if 5 : (a1, a9 — 1), (3.21)
5&9%, if j=(ay — 1,00+ 1),
—= [Oz(OéQ — 1) +aq(02—01) +a(a + 01)}, if j =1,
0, otherwise.

\

Since A is a ()-matrix, there exists a Markov process with the corresponding Q)-matrix
A. In this Markov process, the states in S; are absorbing states and all other states
are transient states.

Let IT,(t) = exp(Q,t) be the transition matrix of the dual process with transition

rates (3.20) over a period of time ¢ in the past. We have

ot

B 1
IT,(t) = exp [(A +—+ 0(0_2))015] = {eA + =B+ 0(07?)
o o
If Mohle’s lemma holds for infinite-dimensional matrices, we would have

lim IT,(t) = PeC = II(t),

g—00

where

P = lim 4™ (3.22)

m—ro0

represents the equilibrium of the Markov process with Q-matrix A; and G = PeABP =
PBP, where the second equality follows from the fact that P exp(A) = P because
PA=0.

Since P = limy_,¢ IT(t), the limiting ancestral process with transition matrix IT (t)
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jumps instantaneously at time ¢ = 0 from the sample (ny, ny) to a state (0, m+ns), with
probabilities specified by the entries of P. By the definition of P in equation (3.22),
the instantaneous jump is a result of the coalescence events and M mutation events
that occurred at the rates in A on a faster timescale where one unit of time corresponds
to o units of time on the original timescale. The distribution of M is well known (see
Tavaré, 2004, Section 3.6) to be the Ewens sampling formula given in equation (2.17).

The entries of the matrix P are

1, if i =(0,00),j =1,
Py = Jf") SV i i = (an,00),f = (0,m+ ) with 0 < m < oy, (3.23)
ay
0, otherwise.

We can verify that the entries p;; given in the above equation (3.23) satisty >, ayp;; = 0
for all 4, 7, as follows. The equation holds for any i = (0, as), since then a; = 0 for
any [. The equation also holds for any j = (a1, ag), since then p;; = 0 for any [. For

i = (aq,0a9) and j = (0,m + a2) fixed with 0 < m < a4, we have

pr.:lalml_l)x o
l T 00 =140, Oy

afy gt

1 S(m—l)
2 a1 — 1+ 01 Ql(al,l) a1

ST+

«

1 o
_ X S(m)
20[1 el(al) [e%)
1o (m) (m—1)
== — 1)\ ’ sum — | gm)
g (VI T

=0,

where we use the recursive identity (2.14) for the Stirling numbers to obtain the last
equality. The proof of equation (3.23) is completed.

The limiting ancestral process with transition matrix I7(¢) moves instantaneously
at time 0 according to P, from the sample (nq,n2) to a state (0,m + ng). At time
t > 0, the limiting process behaves like a Markov chain with initial state (0, m + ng)
and @-matrix G'. Let g;; be the entries of the matrix G. We have g;; = Zl,k Ditbikpr;-

First consider the state i = (0, az). We have py = Ly—;; and given [ = (0, ag), by, = 0
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unless k = (0, — 1), (1, ) or [. It then follows that

;

5@291919(11) S =Lasly, if j = (0,05 + 1),
1 _ if = _
gij = 20i2(042 1), 1f] = (0,042 1), (3.24)
—5(p — 14 61), if j =1,
0, otherwise.

\

Then consider the states i = (a1, as) and j = (0, m + az) with 0 < m < ay fixed.

We have
ot many| o 1 o m-n] 1
gij:e—sal ‘ Xé(m—l—l—}—ag)(m—l—O@)—{— Soq ‘ ><§(m—1+042)91
1(a1) (o)
gm 1
S SéT)‘ X =[(m+ ag)(m+ az — 1) + (m + az)b,].
91(041) 2

The other entries of the matrix G are all zero.
Therefore, according to equation (3.24), once a sample (ny,n2) is converted (on
the faster timescale) to (0, m+ny) at time 0+, the transitions and rates of the limiting

ancestral dual process on the original timescale are

0,05+ 1) at rate Zanf
(0’&2>_> (72+) %217
(0,0 — 1) at rate gas(as —1).
Remark 3.10. If Mohle’s lemma holds for infinite-dimensional matrices, we would
arrive at a limiting process for the ancestral dual process with typed lines under strong

selection with the above arguments.

There is an instantaneous jump at ¢ = 0 in the limiting process such that
a(0+) = (Oa M + 712),

where M is distributed as the number of distinct alleles in the Ewens sampling formula
with mutation coefficient ¢y, as in equation (2.17). For ¢ > 0, the transitions and rates
of the limiting process are

(0,0 + 1), at rate %agél,

3.25
(0,a9 — 1), at rate %ag(ag - 1), ( )

(O, Oég) — {
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for ay > 2.

Remark 3.11. The limiting ancestral process with transitions (3.25) can be inter-
preted as an ancestral process that can branch with coefficient 6;, and coalesce at the
usual coalescence rate , but which cannot mutate. By Lemma 2.12, the real genealogy

in such an ancestral process is determined by Kingman’s coalescent.

Given the limiting dual process in Remark 3.10, the time to the MRCA, the length
of the genealogy, and the type distribution of the MRCA in the limit as ¢ — oo, follow
immediately. It is clear that the expectation and variance of these quantities are the
same as those deduced in Theorems 2.5 and 2.16 by considering recursive equations,
as well as those from the limiting process in the coalescent-in-a-random-background
model in Theorem 3.5.

In addition, it is clear from the limiting dual process that the mean and variance

of the coalescence time for a sample (n,ng) satisfy

lim E[W,, n,)()] = E(coalescence time in Kingman’s coalescent)

aT—00
x P(M + ngy is greater than or equal to ¢ in the limiting dual process)
2 ¢
= — Yo PM=m|m),
i(i—1) P
m=max{l,i—ng
for 2 <7 <n.

We complete this section by proving Theorem 2.3 for E[V (n1,n2)] in the limit as
0 — 00, i.e., the mean number of branching events to the ultimate ancestor in the
dual process of Theorem 2.1 under strong selection. In Theorem 2.3, we claim that
lim, o0 E[V (11, n2)] is finite (cf. the number of branching events grows exponentially

with o in the ancestral selection graph).

Proof of Theorem 2.3. Given the limiting dual process in Remark 3.10, it is clear that

T—00

lim E[V(ny,ny)] = ZlP(M =m | ny) E[V(ny + m)], (3.26)
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where the distribution of M is given in equation (2.17), and V(ny +m) is the number
of branching events in an ancestral process that starts with a sample containing n,+m
individuals of the same type, and has the following transitions and rates:

a—1, atrate (CQ“)

{a + 1, at rate %a@l,
o

These transitions and rates are similar to those of the ancestral selection graph
in (1.2), expect that the branching rate is determined by 6; instead of o. Thus, by

Proposition 1.1, we have

no+m—2 “ no+m—2 1 no+m—2
l l
1 1

E[V (ng + m)] = ¢ IZ_; o ; . ; ﬁ (3.27)

The theorem is then proved by substituting equation (3.27) into equation (3.26). [

3.3 Ancestral dual process with three types

It is natural to extend the studies of the strong selection limit in the previous sections
to the population in which there are individuals of three types. The aim of this
section is to investigate the limiting behaviour of the ancestral dual process with
typed lines in the three-type case, in which individuals of type 1 and type 2 have
a strong selective disadvantage and individuals of type 3 are neutral. Although the
methods in Sections 3.1 and 3.2 still apply, our description of the genealogy in this
section is heuristic, because there are a few different timescales involved, which make
formal analysis difficult.

From an algebraic derivation similar to that in the two-type case in Theorem 1.9,
we can obtain an ancestral process with typed lines that is dual to the forwards-in-
time diffusion in the three-types case (see Etheridge and Griffiths, 2009). Then, by an
argument similar to that in Theorem 2.1, we can decompose the ancestral lines in the

dual process into real and virtual ones. The configuration of decomposed ancestral
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lines at time ¢ in the past can be represented by (r(t),v(t)), where the elements
of the three-dimensional vectors r(t) and v(t) are, respectively, the numbers of real
and virtual ancestral lines of corresponding types. We have the following proposition
for the ancestral dual process with typed lines in the three-type case with selection

coefficients 01 and o9 and mutation coefficients 61, 6, and 05.

Proposition 3.12 (Ancestral dual process with three types in the diffusion limit).
For a sample n € Z3_ of size [n| > 1, the dual process {(r(t),v(t)),t > 0} is a Markov
process with state space Z5 \ {0} and initial state (n,0). The non-zero entries in the

(r,v)th row of the Q-matriz of the dual process are

(ri+vi+6)vir+v+e +6)
, 13,
r+v+60 vir+v+0)
r+v—1460 vir+v—e;+0)
ritv,—1+4+6; v(r+v+80)
r+v—14+60 v(r+v—e; +0)
ritvi—1+6;, v(r+v+80)
q((r,v),(r—i—ei—ej,v)):%rjejrjijjqi"l‘—%ejl/(rerz)T—i;Le;jLZJ)—l—O)’ i J,
1 ri+vi+6;, vir+v+e —e;+0)

o)) = 0.0,
q((r,v), (r,v+e; — €))) o Vi Tri+ v, — 146 vir+ov+0)

Q((’l“, ’U), (Ta v+ 61)) = %(T + ’U)Ui

o((rv), (r — e, v)) = %ri(ri )

Y

)

q((r,v),(r,v—e;)) = %%(27”@' +uv;—1)

, LF T,

q((r,v), (r,v)) = —% [Z(m +ooi+ (ro)r+v—1)+ ) > (r+ vi)ej} :

=1 i=1 j=1
J#
(3.28)
where i,j =1,2,3, r = |r|, v = |v|, 0§ = |0|, and
v(0) = Elexp(—0161 — 0262)], (3.29)
with (&1,&) having the Dirichlet(0) distribution with density
r
D(x;0) = () 21—y — )Y

L(0)D(0)(65)" " 2

forxy >0, 29 >0 and 1 + x5 < 1.
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For strong selection, we assume o; — 00, 0o — 00. For the sake of arguments,
we further distinguish two cases, namely where the disfavoured types have a strong

selective disadvantage of the same order such that

lim oy/0y =7 (3.30)

09— 00

with 0 < v < oo fixed; and where the disfavoured types have a strong selective

disadvantage of different orders such that

lim 0y/0p =00 and lim o;/0; =0,
g92—00 g2 —00

ie.,

2
01 > g9 > 0_—1 > 1. (331)
2

We will see in Remark 3.15, the limiting genealogies in these two cases are the same.

The first task in this section is to asymptotically expand the transition rates of the
ancestral dual process of Proposition 3.12 under our assumption of strong selection.
In the two-type case, the function v(0) in equation (3.29) is equal to the confluent
hypergeometric function of the first kind. However, in the three-type case, the following

lemma is needed.

Lemma 3.13. Consider the function v(0) defined in equation (3.29). For large oq

and oo, we have

o 1—065)0 1—65)0
V(H) — (9) 5 |:1 + ( 3) 1 + ( 3) 2
I'(03)07'0y° o1 o9
1—03)(2—03) (0:(1+6 20105  05(1+46
—I-( 3)( 3)( 1( "2‘ 1)+ 10> 2( —12- 2))+0(01_2)}‘
2 o3 0102 lop
Proof. See Appendix A.3. m

We then have the following lemma for the transition rates in (3.28) under our

assumption (3.30) of strong selection.
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Lemma 3.14. Suppose the disfavoured types have a strong selective disadvantage of

the same order such that o1 — 00, 09 — 00 and

lim oy/09 =7,
g2—>00

with 0 < v < oo fized. Ignoring the terms of o(1), the non-zero entries (3.28) in the

(r,v)th row of the Q-matriz of the ancestral process become

a((r ), (r 0+ €)= 5+ 0)(r + 01+ 00),

1
Q((T',’U), (’l",’U + 62)) = §<T _'_U)(TQ + U2 + 02)7
’}/0'2+7'3+113—1—|—93

o((r.0),(r — e1,0)) = 5r1(r — 1)

7"1—|-U1—1+91 ’
1 O'2+7'3+U3—1+93

r.v), (r—eyv)) = - -1
A((r,v),(r =ex,v)) = gralre = )= g

1
(1), (r = e3,0)) = 37l — 1),
Yoy + 13+ vz —1+03
T1+U1—1+(91
0'2—|—7”3+113—1+03
7’2+U2—1+92

Y

(7). (r,v — e1)) = sy (2ry 01— 1)

Y

(7). (r,0 — €2) = 522 03— 1)

al(r,0), (r,v — ) = (2 05— 1),

1 T1+U1+91
r,v),(r+e —eyv)) = —-ryf ,
q(( ), ( 1 2,v)) 52 27(r2+1}2_1+92)

1 Y(re + va + 02)
q((r,v), (r+e—e,v)) = 2T161 (ry+v1—1+6,)’

(3.32)
(3.33)

(3.34)
(3.35)

(3.36)
(3.37)
(3.38)
(3.39)

(3.40)

(3.41)

1 ’)/02+T3—|—U3+€3—T‘1—U1—91—’7(T2+U2+92)

0((r,0). (7 + €3 = 1,9)) = g6 FasTTe

)

(3.42)

1 oy + 13+ v3+ 03 —1r9—vy— 0y — (ry + vy +61)/7

al(rv), (r+ e —ex,v)) = 5126 Ty + vy — 1+ 0

1 T1+U1 +91
_ = — 50
Q((r, ’U), ('I‘, v+e; 62)) 21)2 2,Y<7,2 + vy — 1+ (92>’

1 Y(rg + vy + 62)
) ) ) + - =3 9 )
d(r,v), (rvte: —e) = gubh g o m T,
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(3.43)

(3.44)

(3.45)



1 PP ,
A(r,0), (v + €5 — e1)) = 2uygy 22t a0 7 o — 6 7 A(re tva t 6)

2 r+ v — 1 + 61 ’
(3.46)
1 o9 +713+v3+ 03 —1r9 —vy— 0y — (r1 +v1+0
(7, 0), (1,0 + e — ey)) = 50202 2 T 73T U3 3r2_ivz _2 : —'_202 (r1 1 1)/77
(3.47)
2 3 3
1
q((r,v), (r,v)) = ) [Z(Tz +v)oi+ (r+v)(r+v-1)+ (ri + Ui)ej:| :
i=1 i=1 j=1
=
(3.48)
Proof. See Appendix A.4. n

It is not difficult to check that the sum of the above non-zero entries in the
(7, v)th row is zero. The rates (3.32) and (3.33) correspond to branching events; when
an ancestral line branches, a virtual line of either type 1 or type 2 can be added to
the genealogy. The rates (3.34) to (3.39) correspond to coalescence events; ancestral
lines of type 3 with a selective advantage coalesce at the rate of lower order than that
for lines of type 1 and 2. The rates (3.40) to (3.47) correspond to mutations; ancestral
lines of type 3 cannot mutate to type 1 or 2, and virtual lines of type 3 may also
appear in the dual process as a consequence of mutations of virtual lines of type 1
and 2.

According to the idea in the previous sections, we can separate the terms in the
transition rates (3.32) to (3.47) with respect to their orders. The transitions with rates

of O(oy) are

1 Yo2
_ _ - 1
q((’l",’U),('l" 61,’0)) 27“1(7“1 ),rl_i_vl _1+91’
02
_ _ - 1
q((r,v), ('I" 6270)) 27“2(’["2 )7“2 + vy — 1+ 92’
1 YO2
q((’f’,’U),('f‘,’U 61)) 2U1( T+ U1 )T1+U1—1+01’
(), (v — €2)) = Sua(2ra vy — 1)—— 2
— = —U T Vo —
q ) ) ) 2 9 2 2 2 Ts + vy — 1 + 02a
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1 Yoo

Q((ra 'v)v (’I‘ +e3 — ey, v)) = -rith

02

2 7"1+U1—1+91’

Q((r’ 'v)> (7‘ + e3 — ey, U)) = =1l

1 Yoo

2 T2+U2—1+92’

q((’l“, 'U), (7‘, v+ e3— 61)) = vt

1 (o)

2 7’1+’U1—1—|—617

Q((r7 'U), (’I‘, v+ e3— 61)) =~y

and the transitions with rates of O(1) are

o((r0), (r, 0+ e1)) = ;(r+v)(r1+vl+91)

q((’l“, v)7 (’I“, v+ 62)) =

1
5(7‘ —|—U>(7’2 +U2 + 82),

2 7’2+U2—1+62;

a((r ), (r — ey, 0) = S~ 1)

q((r,v), (r — ez, v)) = 57'2(7“2 —1

q((rv ’U), (T — €3, ’U)) = 57’3(7“3 - 1)a

T2+U2—1+02’

7"3-’-1)3-1-}-03

o(rv), (v — e1)) = %v1(2r1 b — 1)

ri+u—1+6;
7"3-’-1)3-1-}-93

G(r0), (0 — €3)) = %w(zm b — 1)

a((r,0), (r,v — ) = (2 + 05— 1),

7’2"‘1)2—1"‘927

1 oy + 0

0((r. ).+ 1 — e0,v)) = gy T,

(7). (r + €3 — e1,0)) = 5116y g(lefjfz)l

(). (r + €3 — €1,0)) = % R + vg + 03 —:11;211_—191_1_—917(7“2 + vy +92)7
A(r0). (4 €3 — €3,0)) = % o T3t Ut 05— Z 11:; - ?:—9(271 +vi+61)/y
al(r,v), (r,v + e —e)) = ;122927(7’27’1_'_?:1_4—1?92),

q((r,v),(r,v+e —e)) = %v :1(:_2;; ?sz,

(). (v + €5 — 1)) = % 973 + g+ 03 —:11;711_—191—1_—917(7’2 + vy +92)’
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1 T3+ U3+ 03 —19—ve— 06y — (11 +v1 +01) /7y
_ — Zuof )
q((r,v),(r,v+e3 —ey)) 5 V202 )

(3.49)

The events with transition rates of O(oy) occur much more quickly on a faster
timescale when compared with the events with transition rates of O(1) on the original
timescale. The number of these faster events tends to infinity before another event
occurs on the original timescale. Thus, between the slower events on the original
timescale, the genealogy is converted instantaneously according to the equilibrium of
the faster events.

Consider a sample drawing from the stationary population, with the configuration
n > 0 so all three types are presented. We call the instantaneous jump of the limiting
dual process at time t = 0 the first phase, and the evolution on the original timescale
at time ¢ > 0 the second phase. Let time be rescaled such that one unit of time on the
faster timescale corresponds to oo units of time on the original timescale. At time 0,
transitions with rates of O(oy) occur on the faster timescale before those with rates of
O(1). The branching events in particular, cannot occur on this faster timescale. Hence,
no virtual lines will be added to the genealogy in the first phase. The transition rates

of the events on the faster timescale are

q(r,r —ep) = %H,

q(r,r —eg) = %%,

q(r,r+e3—e)) = %%7
ﬂnr+%—eﬁ=%5{¥%@. (3.50)

The ancestral lines of type 1 and type 2 with a selective disadvantage can coalesce with
the lines of the same type or mutate to type 3. Furthermore, there is no interaction
between type 1 and type 2 by considering the transition rates (3.50). The genealogies

of the individuals of type 1 and type 2 in the sample are independent in the first
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phase, and each genealogy follows Kingman’s coalescent in which there are coalescence
events and mutation events to type 3. The sample n is converted to My + My + ns
real lines of type 3 by the end of the first phase on the faster timescale, where M;,
1 = 1,2 is the number of mutation events occurred, in which ancestral lines of type 7
mutate to type 3. As already given in equation (2.17), the distribution of M;, i = 1,2,

satisfies the Ewens sampling formula

0

S
Oiniy 1™

;o 0<m; <y, (3.51)

where SSZ%) are the Stirling numbers of the first kind (see Remark 2.4).

The duration of the first phase is O(o; ') for a finite sample, which is negligible
on the original timescale in limit as o9 — oco. After the instantaneous jump in the
first phase, at the beginning of the second phase at time 0+, the configuration of
ancestral lines is ((M; + Ms + n3)es, 0). The ancestral dual process then undergoes
the transitions with rates of O(1). The transition rates of possible events at time

t = 04 on the original timescale are

1
Q((T', 'U), (ra v+ 61)) - §T3917

1
Q((Irv ’U), (’I", v+ 62)) = 57“302,

G((rv), (r — e5,v)) = %rg(rg _).

The possible next events are the coalescences among ancestral lines of type 3, or an
ancestral line branching into a virtual line of either type 1 or type 2. If a branching
event occurs, and a virtual line of type 1 is added to the genealogy (the argument is

similar if a virtual line of type 2 is added), the possible next transitions are
(7). (r,v+ e1) = 5 (75 + 1)(0: + 1),
0((r,0), (r,0 + €2) = (1 + 10
al(r,0), (1 — e3,0) = 37475 — 1),
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1
q((r,v),(r,v+es—e)) = 5[702 + 05413 — 01 — 1 —0,7],

1
Q((rav)7 (’I’, v+e— 61)) = 5027

These transition rates are again composed of terms of O(c2) and O(1). The newly-
added virtual line of type 1 will mutate to type 3 at rate yo2/2 in a time that is
negligible on the original timescale in the limit as o9 — 00. So whenever a branching
event occurs, a virtual line of type 3 is added to the genealogy on the original timescale.

The transition rates of the events that are observable on the original timescale are

d((r,0), (r,0 -+ €5)) = 53+ 05) (61 + 03),
a((r, ), (r — e3,0) = 5773 — 1),

q((r, U), (T7 U= 63)) = %U3(2T3 + vs — 1).

We are only interested in the real genealogy in the dual process, and the above rates
show that the real lines can only coalesce at rate rs(r3 — 1)/2. The evolution of
the real lines is independent of the virtual lines. Therefore, after the instantaneous
jump at time ¢ = 0, the limiting ancestral dual process starts with the configuration
((My 4+ M3+ n3)es, 0) at time t = 0+, and evolves according to Kingman’s coalescent
with coalescence rate r3(rz — 1)/2 on the original timescale.

Now we turn to the other case in which the individuals of types 1 and 2 are strongly
disfavoured, and the individuals of type 3 are neutral, i.e., we assume

01> 0> > 1
02

The transition rates of the dual process under strong selections of different orders
can be rewritten in the same way as those in Lemma 3.14, except that we cannot
write o1 as yoy since o1 and oy are of a different order now. In this case the type 2
lines cannot mutate to type 1 anymore, as the type 2 lines are much more selectively

favoured than the type 1 lines.
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The terms in the transition rates now have three different orders. The transitions

with rates of O(o;) are

1 01
_ E— —1
q((’l",’U),(T’ 6170)) 27’1(7’1 )7’1—|—U1 _1+91’
((r,v). ) = Sva(2r + vy — 1)
r.v),(r,v—e;)) = —v(2r V] —
q ) ) ) 1 21 1 1 T1+U1—1+91’
01

_ = —r0
q((’r,’v),(r—i—eg 61,'0)) 27”1 1T1+U1 _1+91’
1 01

_ — Zu 0 :
q((r,v),(r,v+e;—e)) 51 o —1+0,

the transitions with rates of O(oy) are

1 o
a((rv),(r — e2,0) = gralr2 = 1) 2,
= e 1 &
q((r,v),(r,v—ez))—iw( T2+ U2 — )r2+vg—1+92’
1 02

_ — 210
q((’l",’l)),(’f'+63 627/0)) 2T2 2T2+U2—1+92’

1 op)
_ — 200 ;
0((r0), r.v0 4 e = ) = ol

and the transitions with rates of O(1) are the coalescences with the same rates in

(3.49) and mutations with the following rates

1 r3+uv3+63—r —uv —6
P = — 9 J
q((’l",'U), (7' T €3 61,’1))) 2T1 ! r+ v — 1 —+ 91
1 r3+ vy 4603 —ry —uv — 6
) ) - = S0 ’
q((r,v), (r,v+e3 —ey)) V101 i+ — 140,
1 r34v3+63—1o—vs—6
s - ) = 5720
a(r, o), (r+es = €2, v) = Grabe— T ¥,

1 T3+03—|—¢93—T2—U2—92
) ) - = 3 9 .
q((r,v), (r,v+e3 —ey)) 5 V202 Ty + 0y — 1 + 0,

Y

Thus, according to the same argument, on the o;-timescale (where one unit time
corresponds to oy units of time on the original timescale), ancestral lines of type 1 can
coalesce and mutate to type 3. The sample (nq, ns, n3) is converted to (0, ny, My +ng).
On the oo-timescale, ancestral lines of type 2 can coalesce and mutate to type 3. The

sample is further converted to (0,0, M; + My +ng3). These transitions all happen before

100



the transitions with rates of O(1). The limiting dual process then starts on the original
timescale with configuration ((M;+ M>+n3)es, 0) at time 0+. As soon as a branching
event occurs, the newly-created virtual line of type 1 or type 2 instantaneously mutates
to type 3. Thus, the transition rates of the events that are observable on the original

timescale are

a((r,v), (v + e5)) = %(rg +05)(01 + 0),
o((r, ), (r — e5,0)) = 5rs(rs — 1),

o7, ), (r, v — e3)) = Sus(2rs +v5— 1)

Although the evolution of the virtual lines depends on the number of real lines, the
evolution of the real lines does not depend on the virtual lines. The real lines coalesce

in the limiting dual process at the rate r3(rs — 1)/2.

Remark 3.15. Consider the ancestral dual process of Proposition 3.12 for a sample
n € Z3 of size |n| > 1. Suppose 01 — 0o and 05 — oo. The real genealogy in the
limiting ancestral dual process is determined by Kingman’s coalescent for a sample
which contains only M; 4+ My 4 n3 individuals of type 3. The distribution of M;,

1=1,2, 18

o

S(mi)
Oi(n,)

ng

) O<mz§n17

where S,(LTi) are the Stirling numbers of the first kind.
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Chapter 4

Genealogies under

selection-mutation balance

In this chapter, we study the limiting behaviour of the ancestral processes when
selection and mutation are balanced so that the forwards-in-time frequencies are
constants in equilibrium. Recall that in the population governed by the diffusion
with generator (1.10), selection operates in a way to eliminate type 1 individuals, but
mutation converts type 2 individuals to type 1 at rate #;/2 per individual per unit of

time. Suppose the selection coefficient 0 — 0o, the mutation coefficient #; — oo and

lim 6,/0 =T, (4.1)

91*)00

where 0 < 7 < oo is fixed. Note that the mutation coefficient 65 is assumed to be
a constant. This is the case usually referred to as unidirectional mutation in the
literature. We expect the frequencies of the two alleles to reach a balance by the
interaction of selection and mutation. The bold dashed curve in Figure 1.1 on page 21
demonstrates that when 6; = 30, 0 = 60 and 6, = 0.2, the stationary density of the
diffusion process concentrates around 0.5.

In the remainder of this chapter, the term “under selection-mutation balance”
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means under the assumption (4.1). In Section 4.1, we review the classic results regard-
ing the dynamics of the forwards-in-time allelic frequencies under selection-mutation
balance. The two backgrounds are approximately constant in this case. We again use
the constant frequency assumption in the studies of the limiting processes in this
chapter. In Section 4.2, we derive the limit in the coalescent-in-a-random-background
model as 6; — oo under selection-mutation balance in Theorem 4.3. In Section 4.3, we
deduce the limit in the ancestral dual process with typed lines in Theorem 4.13. These
limiting processes are novel and are additionally supported by simulation results in
Table 4.1. There are no branching events in the ancestral process in the coalescent-
in-a-random-background model, but branching events can occur in the ancestral dual
process with typed lines, and virtual ancestral lines can appear. We discover in The-
orem 4.11 that in the ancestral dual process with typed lines, as §; — oo under
selection-mutation balance, the numbers of virtual lines increase and stabilise to a
level of O(#;) on a much faster timescale. In Section 4.4, we discuss the connections
of the ancestral dual process with typed lines under selection-mutation balance to the

forwards-in-time deterministic process with Theorem 4.16.

4.1 Deterministic approximation of the diffusion

In this section, we consider the Wright-Fisher diffusion with selection and mutation,
which is specified by the generator (1.10). The diffusion can be approximated de-
terministically as #; — oo under selection-mutation balance, as follows. The stable
equilibrium point of the deterministic trajectory is derived in equation (4.4). We also
study the fluctuations about the deterministic trajectory in Lemma 4.2. These results
are known in the literature, but are a prerequisite for the investigation of the limit of
the ancestral processes in the remainder of this chapter.

Consider the diffusion process {X(t),t > 0} with generator (1.10) and initial
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value X (0) = ¢ for a constant ¢ € (0,1). The generator of the time-changed process

{X(t/0,),t > 0}, evaluated on a twice continuously differentiable function f: [0, 1] —

R, satisfies
) 1 L 1 o 02 df(x)
B e e (e
1 d*f (=)
— (1 —
+ 913:( x) 2 }
1 o df (@)
—2(1—35)(1—7 x) o

under selection-mutation balance (4.1). Thus the time-changed diffusion can be ap-

proximated by {x(t),t > 0} where z() is the solution to the equation

dx(t)
dt

= %(1 —z(t)(1 — 77 1z(t), (4.2)

with initial value z(0) = (.

Figure 4.1 shows a path of the diffusion with generator (1.10), superimposed on
the trajectory of the differential equation (4.2). Note that in the simulation we use
the Moran model with a large population size to approximate the diffusion process.

The solution to the differential equation (4.2) is

R L2
z(t) = T—(—(1-C)e 27 (4.3)

2(1-¢) e
1—m, lfT— 1.

Remark 4.1 (Stable equilibrium under selection-mutation balance). For any initial

value 2(0) = ¢ € (0,1), we have

lim z(t) =

t—o00

T, if0<7<1,
1, ifr>1,

which is the stable equilibrium point of the differential equation (4.2).

Figure 4.2 plots the trajectories of the differential equation (4.2) with 7 = 0.3 and
different initial values. Recall that we assume 6,0 — oo and 6y/c — 7. If 7 > 1,

type 1 individuals will become fixed in the population as t — oo; and if 0 < 7 < 1,
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Figure 4.1: A path of the diffusion with generator (1.10), superimposed on the trajec-
tory of the differential equation (4.2). In the simulation the diffusion is approximated
by the Moran model of Definition 1.2 with population size N = 20000. The other
coefficient values are 6; = 5000, 7 = 0.3 and 6y = 2.
the frequency stabilises to a fixed proportion 7 of the total population. The latter
case is more interesting, so in the remaining part of this chapter, we always assume
0 < 7 < 1 unless otherwise stated.

The limiting results for the ancestral processes in the remainder of this chapter rely
on the deterministic approximation and the stable equilibrium point in equation (4.4).
However, before the discussion of the ancestral processes, we investigate the devia-

tion from the deterministic trajectory in the following lemma due to Norman (1974,

Theorem 1).

Lemma 4.2 (Fluctuations about the deterministic trajectory). Consider the diffusion
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x(t)

0.2

10

0
time

Figure 4.2: The solution to the differential equation (4.2) when 7 = 0.3, with respect

to various initial values in {0,0.1,0.3,0.5,0.9,1}.
process {X (t),t > 0} with generator (1.10) and initial value X (0) = ¢ € (0,1). Let
(4.5)

1-7=0 .,

+ e
T= (= (1= Qe

x(t) =71

as in equation (4.3).
t
the real-valued process {Zy,(t),t > 0} converges in finite-dimensional distribution to

an Ornstein-Uhlenbeck process {Z(t),t > 0} that satisfies the stochastic differential

equation
—— 4+ 7=22)Z(t)dt + /z(t)(1 — z(t)) dW (t),

dZ(t) = -

Define Zp, (t) = VO, (X (t/01)—x(t)). As O, — oo under selection-mutation balance,
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Figure 4.3: The comparison of the stationary density (1.11) of the diffusion with
generator (1.10) to the density of N(7,72/6;) distribution, with respect to various
values of 6;. The other coefficient values are 7 = 0.8 and 6, = 1.5.

where {W (t),t > 0} is a standard Brownian motion. The process {Z(t),t > 0} has a

unique stationary distribution N(0,7?).

See Figure 4.3 for a comparison of the stationary density (1.11) of the diffusion to
the density of N(7,72/6,) distribution, with respect to various strengths of selection

and mutation.

Proof of Lemma 4.2. The dynamics of the diffusion {X(¢),¢ > 0} with generator

(1.10) can be represented by the stochastic differential equation

dX(t) = %[—aX(t)(l — X (1)) + 0, — 0X(8)] dt + VX ()1 — X (£)) AW (2),
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where {W(t),t > 0} is a standard Brownian motion. Write X (t) = X (t/6;). It follows

immediately that

. 1

dX (t) —oX(8)(1 = X (1) + 01 — 60X (1)) dt + | —X (£)(1 — X (£)) dIW (2).

~ 20, 0,

Define a real-valued process {Z, (t),t > 0} where Zp, (t) == /81 (X (t) — x(t)) with

x(t) given in equation (4.5). We have Zy, (0) = 0. It follows from Ito6’s formula that

X1 —-X(#)+1— (1 + %)X(t)

1

+ %x(t)(l — ()~ 1+ x(t)} dt + /X (B)(1 - X (1) dW (1)

B[ 0 +0) o)

_ <1 + Z—j) <izel () + x(t)) + Lo - 2) + x(t)] dt

T

; \/ (%z (0) + x<t>) (1 - (0 - w(t)) aw ()
= my, (t, Zp, (t)) dt + /v, (t, Zy,(t)) AW ().

The generator of the process {Zp, (t),t > 0} is thus

A L1, L)

for a twice continuously differentiable function f: R — R. We have

: B df(z) 1 d*f(z)
0}1—I>r<l>o £91f(2) - m(t7 Z) W + §U(t7 Z) dz2
where
1
m(t,z) = lim my, (t,2) = ——(1 4+ 7 — 22(1))z,
01—o00 27—
and

v(t,z) = lim vy (t,2) = z(t)(1 — z(t)).

01 — 00
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Therefore, as #; — oo under selection-mutation balance, the process {Zy, (t),t >
0} converges in finite-dimensional distribution to an Ornstein-Uhlenbeck process

{Z(t),t > 0} that satisfies the stochastic differential equation

dZ(t) = —%(1 47— 20(t)Z() dt + /2O (1 — 2(t) AW ().

To deduce the stationary distribution of the process {Z(t),t > 0}, we apply 1to’s

formula to

Z(t)e g%(1+r—2z(u))du.

The solution of the resulting stochastic differential equation gives

t
Z(t) — e~ fg %(1+T—2x(u))du % / \/I(U)(l _ J](U))@ o %(I-FT—Q;U(U))dv dW(U)
0
Therefore, the distribution of Z(¢) is normal with mean 0 and variance
t
Var(Z(t)) = e~ w(r2e()du o / (u)(1 — z(u))els = (0F7=2e)dv g,
0

We use L’Hopital’s rule to obtain

. oz =)
Jm Var(Z(8) = lim o=~

The proof of the lemma is completed. O

4.2 Coalescent in a random background

We now investigate the ancestral processes under the assumption (4.1) of selection-
mutation balance. In this section, we focus on the limit of the coalescent-in-a-random-
background model of Proposition 3.2, while in Section 4.3, we will study the limit
of the ancestral dual process with typed lines of Theorem 2.1. Recall that these two
models for the genealogy of a given sample configuration under selection and mutation

are different in that in the coalescent-in-a-random-background model, there are no
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branching events in the ancestral process, and selection is reflected in the ancestral
frequencies of alleles. In the dual process with typed lines on the other hand, the
ancestral lines can branch and virtual lines can appear.

The deterministic approximation of the diffusion with generator equation (1.10)
by equation (4.2) and equation (4.4) show that, as §; — oo under selection-mutation
balance, the forwards-in-time frequencies in the population rapidly approach the stable
equilibrium point (7,1 — 7). Consider the coalescent-in-a-random-background model
introduced in Proposition 3.2. We approximate the time-inhomogeneous ancestral
process of Proposition 3.2 by a time-homogeneous process, in which we assume the
ancestral frequency of type 1 individuals p(t) = 7 for all ¢ > 0 in the past. Therefore,
for a sample n € Z2 of size |n| > 1, we consider the ancestral process {ap, (t),t > 0},
which is a Markov process with state space {a: e € Z2,1 < |a| < |n|} and initial

state m. When the ancestral process is at a state «, the transition rates are

g0, (o, 0 —ey) = Zal(al - 1),
1
Q(h(a; o — 62) = mCQ(OQ - 1)7
1—71
Q(h (au o — e + 62> - alelu
T
4o, (a, o — ey + 6’1) = m@Qeg. (46)

Kaplan et al. (1988) use the above time-homogeneous ancestral process to study
how the shape of genealogies is altered by different strengths of selection and mutation.
A similar assumption of constant frequencies has been used broadly in studies of the
background selection model (see Remark 5.23 in Chapter 5). The novelty of our work
is that we give a formal description of the limiting ancestral process as 6; — oo under
selection-mutation balance in the next theorem.

Heuristically, under selection-mutation balance the population is subdivided into

two genetic backgrounds, where the proportion of the type 1 population is 7. Since we
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assume #; — oo, the mutations of type 1 individuals to type 2 occur at rate of O(6;).
These events happen much faster than the other events with rates of O(1). Thus, at
time 0, all type 1 individuals in the sample instantaneously mutate to type 2, and the
resulting sample undergoes Kingman’s coalescent in the genetic background of the
type 2 population, which takes a proportion 1 — 7 of the total population. In contrast,
in Section 3.1 in the previous chapter where we assume the population under strong
selection is subdivided into backgrounds of proportion 1/0 and 1 — 1/0, individuals
of type 1 may also coalesce as well as mutate on the faster timescale. Therefore type
1 individuals in the sample are converted to a random number of type 2 individuals
on the faster timescale, and the genealogy of the resulting sample is determined by

the usual Kingman’s coalescent.

Theorem 4.3. Consider the ancestral process {ay, (t),t > 0} with transition rates
(4.6) for a sample n € Z3 of sizen = |n| > 1. As 6, — oo, the process {ag, (t): t > 0}
converges in finite-dimensional distribution to a process {a(t),t > 0} with the same
inatial state and state space.

There is an instantaneous jump at t = 0 in the limiting process such that
a(0+) = (0,n).

Fort > 0, the transition rates of the limiting process are

1

CI((()? a2)a (Oa Qg — 1)) = 2(1—_7_)

ag(ag — 1), g > 2. (4.7)

Before proceeding to the proof of Theorem 4.3, we deduce the limit of the expecta-
tion and variance of the height and the length of the genealogy under selection-mutation
balance, as an immediate consequence of Theorem 4.3. In Kingman’s coalescent with
the usual coalescence rate

1
—ala—1), a>2,
2
the mean and variance of the time to the MRCA and the length of the genealogy
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are given in equations (2.1) to (2.4). By Theorem 4.3, the genealogy in the limiting
ancestral process has the same distribution as that in a time-changed Kingman’s

coalescent.

Remark 4.4 (Genealogies under selection-mutation balance). Consider the genealogy
generated by the ancestral process with transition rates (4.6) for a sample n € Z2 of

size n > 1. The mean and variance of the time to the MRCA satisfy
1
lim E[Tygrea(n)] =2(1—1) <1 — —), (4.8)
914)00 n
lim Var[T (n)] =4(1 — )2?1— 1—12' (4.9)
6rse * L MRCA N T i n) | '

and the mean and variance of the length of the genealogy satisfy

n—1
. 1
Q}I_I)IlOOE[LMRCA( = 2 1—7 zzl Z (410)
n—1 1
lim Var[LMRcA( )] = 4(1 - 7') - (411)
61—00 i1 7

We now prove Theorem 4.3. The main ingredient in the proof is to separate the

timescales and apply Lemma 3.1.

Proof of Theorem 4.3. Consider the ancestral process {ay, (t),t > 0} with transition
rates (4.6) for a sample (nq,ny) of size n = ny + ng > 1. Let S be the state space,
which is the set of all possible configurations of ancestral lines. The order of the states
in S is arbitrary but fixed. We let S have three mutually disjoint subsets such that
S = UL, S;. The states are ordered in a way that each state in S; contains only
lines of type 2, so S; = {(0,n), (0,n—1),...,(0,1)}; each state in Sy consists of only
lines of type 1, thus Sy = {(n,0), (n — 1,0),...,(1,0)}; and S3 = {(1,n —1),(2,n —
2),...,(n—=1,1),(1,n—2),(2,n —3),...,(n—2,1),...,(1,1)}. The size of the state
space is |S| = 2n 4 Y°77"i = n(n + 3)/2. The absorbing states are (0,1) and (1,0).

See Example 4.6 for a demonstration of the structure of the matrices in this proof.
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The Q-matrix @, of the ancestral process {a, (t),t > 0} is (n(n+3)/2) x (n(n+
3)/2)-dimensional of which the non-zero off-diagonal entries are specified in equations
(4.6), and the diagonal entries are minus the sum of off-diagonal entries. @y, can be

written in the block form as

Qn Q12 Q13
Q(;l: Q21 Q22 Q23 )
QSl Q32 Q33

where each Q;; contains the rates at which transitions from the states in 5; to the
ones in S; occur.
The matrix Q,, can be decomposition as Q, = 01 A+B, where A = limg, o Qy, /01

and B = limy, ,o(Qy, — 01.A). For i = (o, ) € S and j € S, the entries a;; of A

are
12’—;041, if j = (a1 — 1,0 + 1),
Ay = —12_—7_7061, lf] = ’i,
0, otherwise;
and the entries b;; of B are
(
%O&l(&l—]_), ifj:(al—ljag),
2(+_T)a2(042 — 1), if j = (a1, 00 — 1),
bij = § a7 @202, if j =(oq+1,a2—1),
—[%al(al —1)+ ﬁ%(% -1+ 7—92)}7 if j =1,
0, otherwise.
\
In the block form, we have
0 0 0
A= | Ay Ay Ay|,
A 0 Asg
and
B,y B,y Bg;
B = 0 By 0
0 Bj Bss

Since A is a ()-matrix, there exists a Markov process with corresponding -matrix

A. This Markov process has the states in S; as absorbing states, and all other states
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as transient states.
Let ITy, (t) be the transition matrix of the ancestral process {a, (t),t > 0} over a
period of time ¢ in the past. We have ITy, (t) = exp(Qy,t). According to Lemma 3.1

and the algebra similar to that in the proof of Theorem 3.5, we have

lim ITy, (t) = Pe® = I (1), (4.12)

91 — 00

where P = lim,, ,,, 4™ and G = PBP. II(t) is the transition matrix of the limiting
ancestral process {a(t),t > 0}.

Since P = lim;_,o I1(t), the limiting ancestral process jumps instantaneously at
time ¢ = 0 from a state ¢ € S to a state j € Sy, with probability p;; (entries of P), i.e.,
according to the mutation events occurring at the rates in A on a faster timescale

where one unit of time corresponds to #; units of time on the original timescale. P

has the block form

I 00
P=|1 00
P;, 0 0

The entries of P;;, i = 2,3 are the probabilities of absorption from the states in .S;
into the states in Sy, which are equal to the probabilities that the state (aq,ay) € S;
becomes absorbed into (0, a; + a) € Sy after a series of mutation events from type 1

to type 2 (on the faster timescale). Thus, the entries of the matrix P are

1, if i = (Ckl,Oég) S S,] = (0,0(1 +042) € Sl,

i = 4.13
Pi {0, otherwise. ( )

The limiting ancestral process {a(t),t > 0} with transition matrix I (¢) moves
instantaneously at time 0 according to P, from the sample (ny,ny) € S to a state
(0,n1 + ny) € Sy. After entering such a state in Sy, the limiting process behaves like a
Markov process (on the original timescale) with initial state (0, ny +ny) and Q-matrix
G. The following equation (4.14) shows that the limiting ancestral process behaves

like the death process of a time-changed Kingman’s coalescent.
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The matrix G has the block form

By, + By + B3P3s; 00
G = Bll+B12+313P31 00
P3; By, + P3;B; + P31 B13P3; 0 0

The entries g;; of G satisfy gi; = >, cg Pabwpr;. For a state i = (0,az) € Sy, since

pir = Ly—sy, we have

ﬁ@g(()@ —1), if j = (0,0 — 1) € 5y,
Gij = ﬁ@g@z — ﬁag(og —1+76) = —ﬁag(ag —1), ifj =1,
0, otherwise.
(4.14)

For a state i = (a1, a3) € Sy U S, p;y is non-zero only when j = (0,01 + ag) € Sj.

Thus,
ﬁ(aﬁ—ag)(aljtag—l), ifj:(O,a1+a2—1)eSl,
Gij = —ﬁ(al—i—ag)(al%-ag—l), if j = (0,&1+Q2) € 51,
0, otherwise.
The proof is then completed. O

The following corollary specifies the entries of the transition matrix IT(t) of the

limiting ancestral process {a(t),t > 0} of Theorem 4.3.

Corollary 4.5. Consider the ancestral process {o, (t),t > 0} with transition rates
(4.6) for a sample (n1,ne) € Z2 of size ny + ny > 1. For fized t > 0, the transition

probability of the ancestral process satisfies

. Ay tng,an (T ) ZfO{ =0,
lim Plaw, (1) = (0, 2) | a6, (0) = (mn m)] = { raeali 01 =00
1—00 0, otherwise,
where d;;(t) is given by
i () @-DED ey i . gy
D1 e' (2)s . ]‘2!l(l—1j)!z‘(1l>l' , if2<j<u,
dij(t) = 1= S0 e () BN s g <) (4.16)

i)
0, otherwise.
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Proof. We have seen in the proof of Theorem 4.3 that the transition matrix ITy, (t)

of the ancestral process {ay, (t),t > 0} satisfies

lim ITy (t) = II(t) = PS¢ >0,

91 —00

where the matrix P represents the instantaneous jumps, and G = PBP is the Q-
matrix of the limiting process with state space S. Therefore, by matrix multiplication,

the entries of IT(t) are

mij(t) = Zpik(th)kj'

keS

The entries of P are given in equation (4.13); and d;;(t) in equation (4.16) are the
entries of the transition matrix of the death process of a time-changed Kingman’s

coalescent, which was derived by Griffiths (1980). The corollary then follows. ]

Example 4.6. We illustrate the structure of the matrices in the proof of Theorem 4.3
and Corollary 4.5. Consider a sample (n,ns) of size n = ny +ny = 3. The state space

of the ancestral process {ay, (t),t > 0} is

S ={(0,3),(0,2),(0,1),(3,0),(2,0),(1,0),(1,2),(2,1), (1, 1) }.

The Q-matrix @, of the ancestral process {a, (t),t > 0} is

—3(11-0-_7_?2/2) & 0 0 0 0 2?{2.) 0 0
0 e 0 0 0 0 0 zh2
0 e 0 0 T2y 0 0 0
0 0 0 —3(1+(2{r—7')91) % 0 0 3(1;:)91 0
0 0 0 0 7*1*21;”91 1 0 0 (=76
0 0o UzDh 0 R 0 0 0

GEm 0 0 o = .e

0 0 0 2(‘;9_27) 0 0 (17?91 _IHI;T)gl _2(71-9—27‘) 7
0 (1_277——)91 0 0 2(;9727—) 0 0 0 - (1_2:-)01 - 2(;0—27-)

The @)-matrix can be decomposed according to the order of the terms in each entry,
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)

o

such that Q, = ;A + B. We have

e}

and

1000O0O0O0O0O
117

01 0000O0O0O0
001 0O0O0O0O0O
1000O0O0O0O0O
01 000O0O0O0O0
0010O0O0O0O0O0
1000O0O0O0O0O
10000O0O0O0O
01 0000O0O0O

lim A" =
m—0o0

P

As shown in the proof of Theorem 4.3, the limiting ancestral process {a(t),t > 0}

undergoes instantaneous jumps according to



The @-matrix of the limiting ancestral process is

- £ 0 000000
0 —7= = 000000
0 0 0 000000
-2 £ 0 000000
G=PBP=| 0 —%& = 000000
0 0 0 000000
-2 £ 0 000000
-2 &= 0 000000
0 —7= = 000000

—_
|
3
—_
|
3

The transition matrix of the limiting ancestral process is IT(t) = Pe%!, where

_ 3t 3

e SeTTr —3e¢7i7 1-3e T 44T 000000
0 e T 1—e T 0000O0O
0 0 1 0000O0O
33—t 3,—-L 3,— 17— 1,3

e 7 selr—sel7 l—feT-+ze1- 000000

P =1 0 e T 1—e 1 000000
0 0 1 00000O0O0

e 7 e Tr 3ot 1—deTr4le s 0000000
SR P e P 3o~ T 4 Llemios

el felr—sel 7 l—feT-+ze 1> 000000
0 e T 1—e T 0000O0O

We have verified Corollary 4.5, and the fact that the limiting ancestral process un-
der selection-mutation balance behaves like the death process of the time-changed

Kingman’s coalescent, as stated in Theorem 4.3.

4.3 Ancestral dual process with typed lines

In this section, we examine the limiting behaviour of the ancestral dual process with
typed lines of Theorem 2.1 under selection-mutation balance. This investigation is
new, and the main results are in Theorems 4.11 and 4.13.

The starting point is to asymptotically expand the confluent hypergeometric func-
tions appearing in the transition rates (2.6) to (2.10) of the ancestral dual process with

typed lines. The confluent hypergeometric function M (ry + vy + 61, r + v+ 0, —0) =
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v(r 4+ v+ 6), where r = |r|, v = |v|, § = |8] and o > 0, is defined in equation (1.12).

The following lemma is due to Lépez and Pagola (2010).

Lemma 4.7 (Confluent hypergeometric function under selection-mutation balance).
For large 6, and o such that limg, oo 61/0 = T, and r1,13,v1,v9 ~ O(1), the confluent

hypergeometric function has the following asymptotic expansion:

M(ri+v+ 60, r+v+0,—0)

I(r4v+0)(1 — )retvetoe-t <1)W\/@
F(T1+Ul+91)F(T2+U2—|—92) e o

12— (ry+va+02))(1 =1y —vy — ) 1 B
x{l—kg( 20— )2 +12’y +O0(c7 )],

where vy =1+ (1 +v1 — 1) /0.

Note that a condition for the asymptotic expansion in the above Lemma 4.7
to hold is ry, 79, v1,v2 ~ O(1). The numbers of real ancestral lines are always of a
constant order, but the numbers of virtual lines could potentially be of a higher order.
The asymptotic expansions of the transition rates (2.6) to (2.10) are obtained in the
following Lemma 4.8, for vy, vy being of a constant order. The situation where vy, vy

are of a higher order is dealt with in Remark 4.9.

Lemma 4.8. Consider the transition rates (2.6) to (2.10) of the ancestral dual process
with typed lines. Suppose vy, vy ~ O(1), for large 01 under selection-mutation balance,

these transition rates can be rewritten as

(r4+ov)ri+v —7(r+v—1+0)]
2(1—17)

(), (ry0 -+ e2)) = S0+ )01 + +O0),

(), (r = €1, 0)) = 51y = 1)+ 065,

0, (). (r = €2.9)) = 5 —ralra = 1)+ 067",
@, ((r,v), (r, 0 — e1)) = %m(% Fo—1)+ 067,
g, ((r,v), (r,v —e3)) = ﬁ?@(?ﬁg +uve—1)+ 0(91_1),

119



QQl((T,U),<7‘+€1 - 6270)) - T292+O<9;1),

2(1—1)

17 rlr(r+v—140y) —ry —v] .
qel((rav)7<r+62 61,’0)) - 27 7‘101 + 27_(1 _7_) +O(01 ),
qel((ra 'U), ('T', v+e — 62)) - ﬁ/UQQQ + 0(91_1),

_ I v[T(r+v—1460;) —r —vi] 1
qel((rv ’U)v ('I”, v+ ey 61)) - 27 ’U1(91 + 27_(1 — 7_) + 0(01 )
(4.17)

Proof. We substitute the asymptotic formula for the confluent hypergeometric func-
tions in Lemma 4.7 into the transition rates (2.6) to (2.10) of the ancestral dual

process with typed lines to obtain the asymptotic expansions of the rates. ]

Remark 4.9. We notice that the transition rates (2.6) to (2.10) of the ancestral dual
process of Theorem 2.1 can be interpreted, using Bayes’ rule, as the unconditional
rate of an event multiplied by the sampling probability of ancestral lines given the
event, then divided by the sampling probability before the event. For example, the

branching rate (2.6) can be expressed in the form

(0 .+ e2) = 5+ o T p TR,

where J(-,) are the sampling probabilities given in equation (2.5). Let X; and
X5 = 1— X, be the stationary frequencies of the two alleles in the population governed
by the diffusion with generator (1.10). X; and X, are asymptotically 7 and 1 — T,

respectively, as 6; — oo under selection-mutation balance, as argued in Lemma 4.2.

Thus, we have
H(r,v) = (X X52H02) ~ 7710 (] — )2t

Therefore, the branching rate satisfies

TT1+U1+1 (1 _ 7-)7"2+v2

Trito1 (1 _ 7—)7"24-’02

0, (r0), (r v+ €1)) ~ (7 + )0
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1
=—(r+v)or

1
~ 5(7“ + v)0, (4.18)

since limg, o 01 /0 = 7. This asymptotic form of the branching rate agrees with our
algebraic result in equations (4.17). In fact, the asymptotic rates in (4.17) are all in the

form of equation (4.18) plus a lower-order term representing additional randomness.

Therefore, for vy, vy being of any order, the transition rates should still be in the
form of equations (4.18) plus a lower-order term representing additional randomness.
Thus, we consider the process {(rg, (t), vy, (t)),t > 0} with the following transition
rates, as an approximation to the ancestral process with the full transition rates under

selection-mutation balance:

in((r0), (r, v + €)= 5 + ), (4.19)
n((r,v), (r — e1,0)) = ori(ry — 1), (4.20)
G (12 0), (7 — €2, 0)) = ﬁrz(m _, (4.21)
G (1, 0), (70 — 1)) = %vl@rl fo—1), (4.92)
Go, ((r,v), (r,v —e3)) = ﬁvz(%z + vy — 1), (4.23)
Go,((r,v),(r + e, — ey, v)) = 2(1—_T)r292, (4.24)
G (12 0), (7 + €3 — €1, 0)) = - 2_7%91, (4.25)
Go, ((r,v), (r,v+ e —ey)) = m’vgeg, (4.26)
Go. (r,v), (r, v + €3 — €1)) = 1_7%191, (4.27)

where r = r; + 79 and v = v + vs.
The transition rates (4.19) to (4.27) are composed of terms of O(1) and ones
of a higher order which is O(6;) when v; and vy are O(1), but if the orders of v;

and vy become O(#;), the orders of some terms in the rates can potentially become
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O(6?). Nevertheless, we can still use the idea of separation of timescales to study the
behaviour of the limiting ancestral dual process, which is a combination of a process
running on a faster timescale and one running on the original timescale.

The rates (4.19), (4.22), (4.23), (4.26) and (4.27) of the transitions (r,v) — (r,v+
e), (r,v) — (r,v—ey), (r,v) = (r,v—es), (r,v) = (r,v+e —es) and (r,v) —
(r,v+ ey — eq) that change the configuration of virtual ancestral lines, are dependent
on both the numbers of virtual and the numbers of real lines. However, the rates (4.20),
(4.21), (4.24) and (4.25) of the transitions (r,v) — (r — ey, v), (r,v) = (r — eq, v),
(r,v) = (r+e; —e2,v) and (r,v) — (r + ex — e, v) that change the configuration

of real ancestral lines, are independent of the numbers of virtual lines.

Remark 4.10. The real genealogy in the ancestral process with transition rates
(4.19) to (4.27) is governed by the marginal process of the real ancestral lines, which
is independent of the numbers of virtual lines. We will see in Theorem 4.11 that on a

faster timescale, the evolution of the virtual lines is also independent on the real lines.

We now give a description of the evolution of the virtual lines. The limiting
behaviour of the real genealogy will be derived in Theorem 4.13. The numbers of
virtual lines are both zero at time 0 when a sample is taken. The possible events
occurring on the faster timescale where one unit of time corresponds to ; units of
time on the original timescale, are: the branching events, the mutation events for real
lines of type 1 to type 2, and the mutation events for virtual lines of type 1 to type 2,

with the following rates (on the faster timescale):

qo,((r,v), (r,v+e1)) = %(r—l—v), (4.28)
g0, (7, v), (r + e2 — e1,v)) = 12_TTT1, (4.29)

1 1-—71
qel((""av)a (r,v+ey— 61)) = 501 .

(4.30)

T

The mutation events do not change the total number of real lines nor the total

122



number of virtual lines. Thus, the branching rate (4.28) is not affected by these
mutation events. The total number of virtual lines follows a birth process with birth
rate (r 4+ v)/2. The rate (4.30) at which the virtual lines of type 1 mutate to type 2 is
of the same order as the branching rate, so the numbers of virtual lines of both types
will keep growing in such a process.

Consider the ancestral dual process {(rg, (t),vq, (t)),t > 0} with transition rates
(4.19) to (4.27). For a sample n, we have 0 < r(t) < n for all ¢ > 0; however, v(t) is
in Z3 . Define kg, (t) = vy, (t)/61. Consider the process {(7g, (t), Ko, (t)),t > 0} with

state space S = {0,1,...,n1} x {0,1,...,no} x Ry x Ry.

Theorem 4.11 (Virtual lines under selection-mutation balance). Assume kg, (0) # 0.
As 6y — oo under selection-mutation balance, the process {(rg, (t/01), ko, (t/01)),t > 0}
converges in finite-dimensional distribution to a process {(r(t), k(t)),t > 0} with state
space S running on the faster timescale where one unit of time corresponds to 6, units
of time on the original timescale.

Suppose h(r,k): S — R is continuously differentiable with respect to k. The

process {(r(t), k(t)),t > 0} is specified by the following generator:

Lh(r,k) = [h(r — e, + ey, k) — h(r,K)] x 12—TT

1 1 o 1—7 ]0h(rk)
* §(FL1 ) - or 1T T M Ok,

. {1_7 | 2] Oh(r,k)

or 1T 2(1—1) "2 Ok

r1

(4.31)

Proof. Consider the process {(7g,(t), kg, (t)),t > 0} that has the transition rates
(4.19) to (4.27) and the generator Ly,. Suppose h(r,k): S — R is twice continuously

differentiable with respect to k. For k1 = v1/6; and ky = v9/6;, we have

Lo h(r k) =[h(r —e, k) — h(r,k)] x %Tl(Tl —1)

+ [h(r — eq, k) — h(r,K)] X ro(re — 1)

2(1—17)
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2(1—1)

1—71

+ [h(r+e —ey k) — h(r,K)] x rob,

+ [A(r —e; + ey, k) — h(r,K)] X

r16h

1
S [h(r ket er/0) — h(r, k)] % = [ 2+ 2 4k 4k )62
o\e, "o

1 2r 1\1
+ [h(r,k — e1/61) — h(r,K)] X 3 (9—11 + Ky — 0_1> ;g%

+ [h(r,k — e3/6) — h(r,K)] x %@ (% + Ky — i) ! 2

01 ‘91 I—7
1
+ [h(r,k + e1/01 — ex/0h) — h(r, k)] x 5"12621 i 7-91
1 1-—71

+ [h(r,k —e1 /01 + e3/01) — h(r,K)] x 5h1 6?

= [h(r — e, k) — h(r,K)] x %rl(rl - 1)

+ [h(r — ey, k) — h(r,K)] X 20— T)rg(rg - 1)
+ [hA(r +e; — ey, k) — h(r, k)] X ﬁm@g
+ [h(r — e; + ey, k) — h(r, k)] X L= L6,

(1 Oh(r,k) 1 O*h(r,K) 5 L(ri 1o )
+_0—1 Or, Q_Q%—ﬁl-ﬁ% —f—O(Ql) ><§ 0—1+9—1+/€1+/€2 07
1 Oh(r,k) 1 O*h(r,K) 4 1 [2r 1\1
_ = gLk 0 o (el I e
70 Ton T am OO gl g )T
[ 1 0h(r,k) 1 O*h(r,K) 4 1 [ 2ry 1
78 o, T om0 | xgrel Gt )i
N (1 (Oh(r,k) Oh(r,K) 1 (Ph(r,K) N Ph(r,k) 5 O*h(r, k)
2 Ok, kg 26?2 K3 K3 OK,0Ky
1
+ 0(913):| X 5%292 1 i 7_01
N 1 (0h(r,k) Oh(r k) N 1 (Ph(r,K) N O*h(r, K) O*h(r, K)
01 Ok Ok, 203 K3 K3 Ok, 0k,
4 0(913)} < %m L= The

It follows that the generator of the time-changed process { (7, (t/601), ko, (t/61)),t > 0}
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satisfies

1 1 —
0}1_1>noo 9—1£91h(r, K)=[h(r — e+ e, k) —h(r,K)] x QTTh
1 Oh(r,k) 1 ,0h(r,K) 1 5 Oh(T, K)
* 2</€1 ) Ok, or 1 Ok, 2(1—1) "2 Oky
N 1-— T < Oh(r,k)  Oh(r,k) )
27 Ok Ok,
= Lh(r,K).
The proof is thus completed. O

Remark 4.12. Given the generator (4.31), on the faster timescale, the Markov jump
process of the numbers of real lines {r(¢),t > 0} and the continuous process of the

scaled numbers of virtual lines {k(t),t > 0} are independent.

The scaled numbers of virtual lines {k(t),t > 0} can be approximated by the

trajectory of the following system of equations:

0 = a0+ mat) - ) - T
dzzt(t) _ %{1;%1@) B iky%@)]’ (4.32)

with some initial value £(0) # 0.
The possible equilibrium point (k}, 3) of the system (4.32), where x} = limy_, o k;(1),
i = 1,2, can be derived by setting the left-hand sides of the equations (4.32) to zero.

We then have the following non-linear algebraic system:

1 1—17
ok * *2 *
O—/{:1+/€2_;/{1 - H’l?
0_1_7—*_ 1 *2
= K1 25
T 1—17

which gives two distinct sets of solutions, namely x7 = k5 = 0 and
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The Jacobian matrix of the system (4.32) is

27—1—2k1(t) 1
J(r1(t), k2(t)) = s N E
2T 1—7

The eigenvalues of the matrix J(7,1 —7) are —1/2 < 0 and —(1+7)/(27) < 0. Then,
according to Hale (1980, Theorem 4.2 in Chapter 3), the equilibrium point (7,1 — 7)

is asymptotically stable in the sense that whenever (x1(0), k2(0)) # (0,0),

lim || (k1 (), ka(t)) — (7,1 = 7)|| =0,

t—o00

where for an n-dimensional vector , we consider the Euclidean norm ||| = />, z7.

Therefore, on the faster timescale, the numbers of virtual lines will initially grow
because of branching and mutation events. When the numbers of virtual lines reach
the level of O(6,), the rates (4.22) and (4.23) at which the virtual lines coalesce become
O(6%), so these coalescence events take effect on the faster timescale. The numbers
of virtual lines then stabilise to 76; and (1 — 7). See Figure 4.4 for a plot of the
evolution of the virtual lines from simulations.

However, the total number of virtual lines will eventually become one via the events
occurring on the original timescale. This follows because if we do not distinguish the
types and the real and virtual lines and set the mutation coefficients to zero, the
ancestral dual process is just a birth-death process with quadratic death rate and
linear birth rate (see Etheridge and Griffiths, 2009, Equation 37). These events for
virtual lines on the original timescale have been ignored in our approximation as they
are complicated to handle and our interests focus mainly on the real genealogy.

As stated in Remark 4.10, the shape of the real genealogy is independent of the
evolution of the virtual lines. The real genealogy is governed by a process where only

real ancestral lines are evolved, with the following transition rates:

qo, (rar - 81) = Zrl(rl - ]-)7
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Figure 4.4: The numbers

of virtual lines in the ancestral dual process of Theorem 2.1,

superimposed on the deterministic trajectory of the system (4.32). Time is measured
on the original timescale. The sample is (5, 3), and the coefficient values are 6; = 1000,
7 = 0.3 and 0y = 2. The horizontal dotted lines represent the stable equilibrium point

(91’7’, 91(1 — 7'))

qo, (r,7r —€3) = ﬁm(m - 1),
T
qo,(r,r+ e —ey) = mmﬁg,
1—7
o, (1,7 + €2 —€1) = 7101 (4.33)

We provide a heuristic description of the evolution of the real lines here. The formal

derivation will be given in the proof of Theorem 4.13. We see that the transitions

r — T+ ey — e occur at a rate of O(6), therefore much more quickly than the other

events with rates of O(1

), in the limit as #; — oo. The number of these faster mutation
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events tends to infinity before another event occurs on the original timescale. Consider
a sample (n1,ns) € Z3 . The sample is instantaneously converted to (0, ny 4ns), which
has only individuals of type 2.

The transitions on the original timescale starts at time 0+. Since there is no real
line of type 1 at time 0+, the coalescence events between a pair of real lines of type 1

cannot occur. The only possible transitions on the original timescale are

1

Q(('rvv)’ (’l" — €2, ’U)) = mTQ(TQ - 1)7

Q((Tvv)a (’l" + e — 62,’0)) - ﬁ?"g@g.

However, as soon as a real line of type 2 mutates to type 1 so that r; becomes 1,
this line of type 1 will mutate back to type 2 on the faster timescale because the
corresponding mutation rate is O(6;). Thus, the only observable events on the original

timescale are the coalescence events of real lines of type 2 at rate

1

q((r,v), (r — ey, v)) = mm(m —1).

The following theorem is for the real genealogy in the limiting ancestral dual

process as #; — oo under selection-mutation balance.

Theorem 4.13 (Real lines under selection-mutation balance). Consider the ancestral
process {rg,(t),t > 0} for a sample n € Z2 of size n = |n| > 1, which has the state
space {r: r € 72,1 < |r| < |n|}, the initial state n and the transitions rates (4.33).
As 0) — oo, the process {rg,(t),t > 0} converges in finite-dimensional distribution to
a process {r(t),t > 0} with the same state space and initial state.

There is an instantaneous jump at t = 0 in the limiting process such that

r(0+) = (0,n).
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Fort > 0, the transition rates of the limiting process are

1

Q((O’r2)> (07T2 - 1)) = m

7“2(7”2 — 1), 9 Z 2.

Proof. The process {ry, (t),t > 0} with transition rates (4.33) is the same as the
ancestral process with transition rates (4.6), so the present theorem follows the proof

of Theorem 4.3. O

Remark 4.14. Although the coalescent-in-a-random-background model and the an-
cestral dual process with typed lines are different, as mentioned at the beginning of this
chapter, the limiting real genealogies in Theorems 4.3 and 4.13 are the same. In fact,
the two models generate the same real genealogy in the limit of selection-mutation

balance as well as strong selection (see Theorem 3.5 and Remark 3.10).

Given Theorem 4.13, the real genealogy in the limiting ancestral dual process
has the same distribution as that in a time-changed Kingman’s coalescent. We can
immediately write down formulae for the limit of the expectation and variance of the
time to the MRCA and the length of the genealogy , as in the following Remark 4.15.
We can also derive the limiting values of the other quantities relating to the genealogies,

e.g, the coalescence times and the type distribution of the MRCA.

Remark 4.15 (Genealogies under selection-mutation balance). According to Theo-
rem 4.13, as 6; — oo under selection-mutation balance (4.1), the mean and variance
of the time to the MRCA satisfy equations (4.8) and (4.9), and the mean and variance

of the length of the genealogy satisfy equations (4.10) and (4.11).

Table 4.1 lists the values of the mean time to the MRCA obtained from simula-
tions of the ancestral dual process of Theorem 2.1, with respect to various sample
configurations and values of #;. The simulation results are averaged over 20000 Monte
Carlo replicates. It is observed that, as the value of #; increases (the value of o also in-

creases), the values of the mean time to the MRCA decrease for sample configurations
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Table 4.1: The mean time to the MRCA in the ancestral dual process with typed lines,
with respect to various sample configurations and increasing values of #;. The other
coefficient values are 7 = 0.3 and #, = 0.2.

01 E[Tnrca(2,0)] E[Tvmrea(1,1)] E[Twnrca(0,2)]
2 0.97 1.27 0.59
5 0.82 0.87 0.61
10 0.71 0.75 0.65
30 0.69 0.71 0.68
150 0.69 0.70 0.69
00 0.70 0.70 0.70

The bottom row lists the limiting values calculated from equation (4.8). The other values are obtained
from simulations of the ancestral dual process of Theorem 2.1.

(2,0) and (1,1) but increase for sample configuration (0,2), and eventually approach
the theoretical limiting value in equation (4.8). These simulation results provide an
additional support to the limiting quantities in Remark 4.15 regarding the shape of
genealogies under selection-mutation balance, and also to the limiting ancestral dual

process in Theorem 4.13.

4.4 Connections to the forwards-in-time process

If, instead of the diffusion process with generator (1.10), we assume, in the first place,
the forwards-in-time frequency in the population is governed by the deterministic
process satisfying the differential equation (4.2), we can derive the corresponding

ancestral dual process as in the following theorem.

Theorem 4.16 (Ancestral process dual to a deterministic process). Consider a pop-
ulation (under selection-mutation balance) in which the forwards-in-time frequency of
type 1 individuals is governed by the deterministic process satisfying the differential
equation (4.2).

Let {(r(t),v(t)),t > 0} be the ancestral process that is dual to the deterministic

process. For a sample (ny,ny) € Zi of size nq + ny > 1, the ancestral dual process
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is Markov with state space 7% \ {0} and initial state (n,0). When the ancestral dual

process is at a state (r,v), the transition rates are

Q((T,’U), (T',’U + 61>> = %(T + 'U),
1—71
27
1—7

2T

q((T,U),(T—€1+62,U)) = 1,

q((r,v),(r,v—e; +e;)) = vy,

where r = |r| and v = |v|.

Proof. By equation (4.2), the infinitesimal generator of the deterministic process,

evaluated on a continuously differentiable function f: [0,1] — R, is

Lf(x) = %(1 —2)(1— 1) %f).

By applying the deterministic generator £ to a test function of the form z®'(1 — )2,

it follows that

1 1
L (1 —x)* = 50411;0‘1*1(1 — 1) — —apr® (1 — x)*!

1 1

+ Zozﬂo‘l“(l — x)o‘2_1 + 5@2930‘1(1 — 93)0‘2_1(1 —(1—ux))
1 1

— Zozlxal(l — )% — ialxalfl(l —z)*(1—(1—2x))
1 1

+ —alxo‘1+1(1 —x)¥ — —Ozzl’al+1(1 —2)2 1 - (1-12))
2T 2T

1 1

— Zaxaﬁ'l(l — ) 4 50517':160‘1_1(1 )

1

- 5(0@ + T_lal):vo“(l — )%,

were o = Qi + Q.

Let x(t) be the solution to the differential equation (4.2). Equation (4.4) shows that
x(t) = 7 as t = co. Thus, 7% (1 — 7)*2 is the probability of sampling «; individuals
of type 1 and « individuals of type 2 from the stationary population governed by the

deterministic process.
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By applying the deterministic generator £ to the function

ga(l‘) = a1 o (434)

we have
1 1—7 1 _
Ega(x) = _O‘ga+e1(x) + alga—e1+ez(x) — (g +7 1051>9a(x)
2 2T 2
1 1—17
= Z0ldaser (1) — ga()] + 1o

051 [ga*el+62 (iL‘) ~ Yo (iL‘)] :

By using the method of duality in Definition 1.8, and considering g¢.(-) as functions
of the type configuration a of ancestral lines taken from the stationary population,
rather than as functions of the frequency x, these terms before gg(x) — go(z) in the
above equation can be interpreted as the transition rates of a Markov process. The

transition rates of the ancestral dual process are

1
¢(a,a+ey) = 3

1—7
2T

(o, —e; +ey) = Q.

The ancestral lines can be decomposed into real and virtual ones by an argument
similar to that in the proof of Theorem 2.1. Hence, the transition rates of the ancestral

dual process decomposed into real and virtual lines, are

o(rv), (0 + e1)) = %(r ),
G((r0), (1 — €1 + €3, v)) = 12_7%,
q((r,v),(r,v—e +ey)) = 12—771}1‘

]

Recall that one unit of time on the timescale of the deterministic process equals
¢, units of time on the diffusion timescale (see the derivation of equation (4.2)). Thus

the transition rates of the ancestral dual process of Theorem 4.16 on the diffusion
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timescale are

(7). (r, v+ €1) = S+ ),
1—7
2T
1—71
2T

Q((T,U),(T—€1+62,U)) = 7alela

q((r,v), (r,v—er +e)) = v16;. (4.35)

Remark 4.17 (Connections to the forwards-in-time process). The transition rates
(4.35) of the ancestral process that is dual to a forwards-in-time deterministic pro-
cess are exactly the higher-order terms in the transition rates (4.17) obtained from

asymptotic expansions in 6.
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Chapter 5

Selection-mutation balance in an

additive selection model

In this chapter, we consider an additive selection model, which is a special case of
assortative mating models that have been proposed by numerous authors to study
speciation (see Crow and Felsenstein, 1968; Kondrashov and Shpak, 1998; Devaux
and Lande, 2008, and references therein). We consider a population of fixed size,
where each individual is composed of L diallelic loci. Let the two alleles on each
locus be labelled 0 and 1. (The types are labelled 0 and 1 in this chapter, instead
of 1 and 2 as in the previous chapters, because the type of an individual in our
additive selection model is then the sum of the type of loci.) We assume that the
reproductive ability of an individual is determined by the number of type 1 loci. There
are L + 1 different types in the population. The frequencies of individuals in a large
population can be approximated by a diffusion process, provided that time is rescaled
appropriately. Etheridge and Lemaire (2011) present a theoretical treatment of the
diffusion approximation for multi-locus models with assortative mating, recombination
and mutation.

However, the particular problem we are concerned with in this chapter is the
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limiting behaviour of the multi-dimensional ancestral dual process with the additive
selection scheme under selection-mutation balance. We first identify the ancestral
process with typed lines that is dual to the forwards-in-time diffusion. We then adopt
the methods in the previous chapters to analyse the limit of the genealogies embedded
in the ancestral dual process, under the assumption that the mutation coefficient

6 — oo and the selection coefficient 0 — oo such that

lim 0/0 =T, (5.1)

0—o00

where 0 < 7 < oo is fixed. The ancestral dual process and its limit in such an additive
selection model have never been investigated before.

The remaining part of this chapter is organised as follows. In Section 5.1, we
introduce a multi-dimensional variant of the Moran model with additive selection
and mutation. The diffusion approximation of the Moran model is derived in Propo-
sition 5.1. However, the explicit form of the unique stationary distribution of the
L-locus diffusion is unknown. In Section 5.2, we deduce that the diffusion process
can be approximated as # — oo under selection-mutation balance by a process sat-
isfying a system of differential equations (5.6). In Section 5.3, we are then able to
asymptotically expand the transition rates of the dual process in terms of the sta-
ble equilibrium point of the deterministic system. The asymptotic expansions are in
Lemma 5.10. We then concentrate on the limiting behaviour of the ancestral dual
process with typed lines under selection-mutation balance. In Section 5.4.1, we con-
sider the one-locus case (L = 1) for simplicity. The evolution of the virtual lines on
a faster timescale is shown in Theorem 5.12, which is supported by simulations in
Figure 5.3; while the real genealogy follows a time-changed Kingman’s coalescent as
proved in Theorem 5.14. In Section 5.4.2, we analyse the ancestral dual process in the
L-locus case. The main results are in Theorems 5.17 and 5.19. In the final section,

Section 5.5, we extend the studies to the case where L — co. The number of type 0
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loci in an individual drawn from the stationary population is proved to be finite in
the limit as L — oo in Lemma 5.20. The corresponding stationary frequency of type
j individuals, j € Ng := {0,1,2... }, is Poisson with parameters j and 7pg, where pq
is the probability that given a mutation occurs on a locus, the mutation changes the
locus to type 0. Backwards in time, types in a sample are lost one by one on a faster
timescale, and the sample is instantaneously converted to the one in which individuals
are not composed of any type 0 locus. The real genealogy then follows Kingman’s
coalescent with coalescence rate (}) exp(—7uo). These results provide new insight
into the studies of background selection model. The genealogies in the background
selection model have been studied by various authors; see, e.g, Charlesworth et al.
(1993, 1995), Hudson and Kaplan (1994, 1996) and Durrett (2008). Those authors
investigate various properties of the genealogy under selection-mutation balance, e.g.,
the nucleotide diversity and the average time to lose a sampled type. We provide
a full description of the genealogies under the constant frequency assumption; see

Remarks 5.21 and 5.23 for detailed discussions.

5.1 Moran model and diffusion approximation

This section is devoted to the presentation of a diallelic multi-locus Moran model with
additive selection and mutation. The diffusion approximation of the Moran model in
a large population is deduced in Proposition 5.1.

In the Moran model, we consider a haploid and panmictic population of fixed size
N. The genotype of each individual is composed of a finite number, L > 0, of loci,
with two alleles per locus, denoted 0 and 1. Hence, an individual can be represented
by a L-tuple & = (&1, &, ...,&1) € {0,1}F. The type of an individual is determined by
the number of type 1 loci, i.e., the type of an individual € is |&|. Let £ = {0,1,...,L}

be the finite set of possible types.
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In each reproduction event, an individual of type j, 7 € E gives birth at rate
Aj > 0; and at the same time, an individual is chosen at random to die. Each locus
is assumed to have an identical influence on the reproductive ability of an individual.

We suppose that each type 0 locus decreases the reproductive ability by s, i.e.,
/\j:1_<L_j)S7 j€E7 (52)

where 0 < s < 1/L.

Mutations are assumed to occur continuously in time at rate v > 0 on each
individual, independently of the reproduction process. At each locus, the allele has
a probability po of mutating (independently of its current type) to type 0, and a
probability p; to type 1; puo + 1 = 1. Given a mutation occurs on an individual of
type ¢« € F, the probability that the mutation changes this individual to type j € E,

18

SACE if j=i+1,

i‘:LL()a if .] =1— ]-7
7 ,LLO‘I’E,ula lfj =1

0, otherwise.

It is clear that (p;;)ijer is a transition matrix, since each p;; > 0, and for any fixed 7,
2 jenbij =1

The population configuration at time ¢t > 0 can be described by a vector Z(t) =
(Z;(t))jer, where Z;(t) is the number of type j individuals at time ¢. We have |Z(t)| =
N for all t > 0. The transition rate of the Markov process {Z(t),t > 0} from z to

z—e +eji,jEE i#],is

gn(z,z —e;+e;) = Py

Ny T AP

To obtain a diffusion approximation for a large population, we speed up time by a
factor of N/2, and correspondingly scale the coefficients in the model by N, i.e., we set

Ns =0 and Nu = 0. Let X,L-(N) (t) = Z;(t)/N be the proportion of type i individuals
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at time ¢t > 0. The generator of the L-locus diffusion in the additive selection model in
the following equation (5.4) is a special case of the general multidimensional diffusion
that describes mutation and selection on a set of a finite number of alleles (see, e.g.,

Etheridge and Lemaire, 2011).

Proposition 5.1 (L-locus diffusion in the additive selection model). The process
{X Nn(Nt/2),t > 0} converges in distribution to a diffusion process { X (t),t > 0}, as

N — o0o. The state space of the diffusion is the L-dimensional simplex
Spy1 = {x:x [0, 1)) |x| = 1}.

The generator of the diffusion, evaluated on a twice continuously differentiable function

f:8pp — R, s
1 O f(x) df(x)
Lf(x)= 5 Z ai;(x) oz, | ij(zc) o (5.4)
ZvJEE ¢ J jEE J
where
027 (m) = 5131102 — TiTj
and

We set v_1 = xp11 = 0.

Proof. Let 6 X n(t) = Xn(t + 0t) — Xn(t) and € = z/N. The mean of 5X;N)(t)

satisfies

E[0XV(t) | Xn(t) = 2]

1 N
= ¥ %ZE[QN(z, z—ey,+e;)—qn(z,z—e; + ek)]E(St + o(dt)

0 . . . .
= i[l’jfl(lj —J+Dm+xi(f+ Dpo — (L — j)pn — x5 p0)0t
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+ Z {xjxkg(l —(L—17j)s) — xjxkg(l — (L —k)s)|dt + o(6t)

keE

i1 (L =+ Vw42 (G + Dpo — 25((L = §)p + jpo) |0t

+ %xj <j - Z k:):k) ot + o(dt),

keE

0
:ﬁ[

where the probability of seeing more than one transition in a time interval of length

dt, is 0(0t). The variance of 5X]€N) (t) satisfies

Var [6XN (1) | Xn(t) = 2]

1 N
=¥z Z[QN(z, z—e,+e;)+tqn(z,z—e; + ek)]g(% + o(6t)

keE
k#j

0
~ 2NL
+ % S lrgar(l — (L = j)s) + ajai(l — (L — k)s)|6t + o(6t)

keE
k#j

- {xj > a+ O(N‘l)} 5t + o(0t)

= [z;(1 — x;) + O(N"1)]5t + o(6t).

(21 (L —j+ Dpn +2j500(5 + D)o — 25(L — j)pa — x5 p10)6t

For the covariance, we have

Cov [6X™M (1), 6xX N (1) | Xn(t) = ]

1 N
TN lqn(z,z —eiy1 +€;) +an(z,z —e; + ei“)]Eét + o(dt)
1 . 6 .
= =5 |%i(l = (L = 9)8)Tis1 + @ira (0 + Dpo

= —[mwiq + O(N Y6t + o(t);
and for j ¢ {i —1,4,7 + 1}, we have

Cov [6XN(1),6xV (1) | XM(t) = z]
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1 N
= —m[qN(z, z—e;j+e)+an(z,z—e + ej)]?&t + o(dt)

= —%[xi(l — (L —i)s)zxj +x;(1 — (L — j)s)x;]0t + o(dt)

— —[xixj + O(Nfl)](st + 0(5t).

Higher-order moments of 0 X (t) are o(dt). Thus, as N — oo, we obtain the weak
convergence to the diffusion with generator (5.4), according to Ethier and Kurtz

(2005, Theorem 1.1 in Chapter 10). O

Example 5.2 (Diffusion in the one-locus case). Consider the case of one locus with
two alleles, i.e., L = 1. Let z((t) be the frequency of type 0 individuals at time
t > 0. For a twice continuously differentiable function f: [0,1] — R, it follows from

Proposition 5.1 that the generator of the diffusion {xy(t),¢ > 0} on [0, 1], is

2
£fan) = 2ol = a0) T Lo, — ) — gy S0
0 0
1 d? 1 d
= 5:1:0(1 — %) df;g()) + 5[-0’1)0(1 — x9) + Opo — Oz ‘Q(;OO) ) (5.5)

We recover the generator (1.10) of the diffusion in the two-type case with selection

and mutation.

Remark 5.3 (Stationary distribution of the L-locus diffusion). The L-locus diffusion
specified by generator (5.4) with additive selection and recurrent mutation at each
locus (O > 0 and Guy > 0), is ergodic (i.e., irreducible and aperiodic). The L-locus
diffusion falls into a general class of diffusions with selection and mutation, of which the
existence of a unique stationary distribution is proved by Ethier and Kurtz (1998). The
unique stationary distribution 7(x) of the L-locus diffusion satisfies the Kolmogorov
forward equation
2
%2; G @ (@) - > a; (@@ =0

where a;;(x) and b;(x) are the covariance and drift of the diffusion, respectively.
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However, the explicit form of the stationary distribution 7(z) is unknown.

Recall that in the one-locus case in Chapter 4, we see in Remark 4.9 that the
transition rates of the ancestral dual process with typed lines depend on the sampling
probabilities J#(-,-), which in turn depend on the stationary density 7(z) of the
forwards-in-time diffusion process. Let X be a random variable with the density 7 (x).

We have shown that, for a configuration (7, v) of ancestral lines,
%(7‘, ’U) = E[XT1+D1(1 — X)T2+U2] ~ Tr1+v1(1 . T)r2+v2’

as #; — oo under selection-mutation balance, where 7 is the stable equilibrium point
of the deterministic process that approximates the diffusion. In other words, by letting
t — 00, we obtain the stationary distribution of the diffusion process. Then, by
letting 1 — oo, the sampling probability 7 (r, v) can be approximated by 77111 (1 —
7)"27T%2 We can take another route. By letting #; — oo, the diffusion process can
be approximated by a deterministic process. Then, by letting ¢ — oo, the stable
equilibrium point 7 of the deterministic process can be used to approximate the
sampling probability.

In the following section, the analogy of this approximation is applied to the additive
selection model, since the explicit form of the stationary distribution of the L-locus
diffusion is unknown. The L-locus diffusion can be approximated by a deterministic
process {x(t),t > 0} as # — oo under selection-mutation balance. Then, by letting

t — oo, we obtain the stable equilibrium point &* = lim,_,, ().

5.2 Deterministic trajectories

As 6 — oo under selection-mutation balance (5.1), the path of the L-locus diffusion
can be approximated by the trajectory of a system of differential equations as in the

following equation (5.6).
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Consider the diffusion process { X (t),t > 0} with the generator Ly given in equa-
tion (5.4) and initial value X (0) = ¢ € (0, 1)+, For a twice continuously differentiable
function f: Sp11 — R, the generator of the time-changed process {X(¢/6),t > 0}

satisfies
1 . . . .
i g 0fe) = Jim {5 (G faima( =5 D 0+ Do = (L = s + )]
JEE
. of(z)
keE J

1 *f(x)
+ 20 (0 = @i;) Oz, 0x; }

,jEE

1 . . . .
= Z {—L i1 (L= j+ D+ 2501 (5 + Vo — 25((L = §)pa + juo)]
ck

: 0f(x)
"—Zl’j (j —kGZEkxk)} 8;Uj .

Therefore, the time-changed diffusion process can be approximated by {x(t),t > 0}

where x(t) is the solution to the following system of differential equations:

dw(;t( ) _ 57 [g;] L)L = j + Dpr + 2532 (0)(F + Dpo — 20 (L — J)pa + Jpo)]

( =) kg (t ) jeE, (5.6)

with initial value x(0) =

5.2.1 Omne-locus case

In the one-locus case, the corresponding differential equation is

q oMo~ @) — Zme(t)(1 = wo(t) (5.7)

with some initial value z¢(0) = ¢ € (0,1).
Note that equation (5.7) is different from the differential equation (4.2) deduced

in Chapter 4. This is because in Chapter 4, we assume that the selection coefficient,
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and the mutation coefficient for mutating to type 1, are large and balanced (see
equation (4.1)). But in the present chapter, we assume that the selection coefficient,
and the mutation coefficient for mutating to both types, are large and comparable (see
equation (5.1)). The following stable equilibrium point is also different from that in
equation (4.4) in Chapter 4. However, by setting 1o = 1, we recover the results under

the selection-mutation balance discussed in Chapter 4.

Lemma 5.4 (Stable equilibrium in the one-locus case). In the one-locus case, let xo(t)

be the solution to the differential equation (5.7) with initial value xy(0) = ¢ € (0,1).

Let v = /(1 +7)% — 4Tpo. We have

1 2y(1+7—~—2
o) = L1 47—t Y1 +71—7—2()

5 17— 2—(I+r47-20) eXp(fyt/(QT))]' (58)

Let z§ == limy_,o0 xo(t). Then,

.CES:%(1—1—7’—7):%(1+T—\/(1+T)2—4TM0). (5.9)

Furthermore, 0 < x§ < min{1, 7}, for 7 > 0.

Proof. Let v = /(1 + 7)2 — 47p0. The differential equation (5.7) can be rewritten as

dl’o(t)
dt

= a(wo(t) = b)(wo(t) = ¢),

where a = 1/(27), b= (1+7+7v)/2 and ¢ = (1 + 7 — v)/2. The solution is then

(b—c)(c—¢)
zo(t) = c+ c—C—(b— C)ea(b—c)t
1 B 29(14+7—7v—2¢)
] LA P vy R o pees owyTo Ry &

The stable equilibrium point in equation (5.9) follows immediately.

Since 0 < pp < 1 and 7 > 0, we have

-7 <vy<1l+T.
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1.0
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x(t)

0.4

0.2

time

Figure 5.1: The solution to the differential equation (5.7) in the one-locus case.
The coefficient values are 7 = 2 and py = 0.5, and the initial value ¢ is in
{0,0.1,0.38,0.5,0.8,1}. The stable equilibrium point is z§ ~ 0.38, which is calcu-
lated from equation (5.9).

It follows that
T, if0<7<1,
1, ifr>1.

1
§<1+T—|1—r|>={
Thus, we have 0 < z§ < min{1, 7}, for 7 > 0. ]

Figure 5.1 plots the solution x(t) to the differential equation (5.7), and shows that

as t — 0o, o(t) converges to the stable equilibrium point xj given in equation (5.9).

Remark 5.5. Consider x(t) which satisfies equation (5.7) and z(t) = 1 — x¢(t) for

all t. Let a(t) = (zo(t), 21(t))", where we write A” for the transpose of a vector (or
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matrix) A. We have
da(t)
dt

where v = (0, —1/(27))" and

Lf—p po 1 {00
U=- — 5.11
2 ( n1 —Uo + 2r\0 1 ( )

with p; = 1 — pg. The matrix U is the sum of a matrix for mutation and a matrix

=Ux(t) + (v z(t))z(t), (5.10)

representing selection differences. The solution and stable equilibrium of such a system
of differential equations in population genetics have been known in the literature (see,
e.g., O’Brien, 1985; Baake and Wagner, 2001). The idea is that we can use Thompson’s

trick (Thompson and McBride, 1974) by letting

t T

(1) = (t)e T
to turn equation (5.10) into the equation
Uy (5.12)

with y(0) = x(0). The general solution of the above equation is y(t) = exp(Ut)y(0).
The solution for x(t) in equation (5.10) is provided by O’Brien (1985, Equation 21).
Since the matrix U is primitive, the system will converge towards an equilibrium that
is given by the Perron-Frobenius eigenvector, i.e., the eigenvector corresponding to

the largest eigenvalue of U.

We define v = /(1 + 7)% — 47 The eigenvalues of U are (1 — 74 ~)/(47). The

eigenvector corresponding to the largest eigenvalue (1 — 7+ ) /(47) is

Fr— (_ 1—M07'+/117'—’Y’1)T'
20T

Let || F™||, be the sum of all elements of F**. We then have

*

lim x(t) = —
= 1],

%(1+T—7,1—7’+7)T,
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which is the same as our result in Lemma 5.4.

5.2.2 [L-locus case

In the L-locus case, the deterministic system (5.6) is in the form

dz(t)
T F(t,x),

with initial value x(0) € (0,1)**!. Since F(¢,x) is continuously differentiable with
respect to @ (all of the partial derivatives 0F /Ox; exist and are continuous), there
exists a unique solution to the initial value problem (5.6), according to Hale (1980,
Theorem 3.1 in Chapter 1). The stable equilibrium point of the deterministic system

(5.6) is deduced in the following theorem.

Theorem 5.6 (Stable equilibrium in the L-locus case). Let x(t) be the unique solution
to the system (5.6) of differential equations with initial value x(0) € (0,1)X. Define

x* = (2})jer such that

x* = lim x(t).

t—o0
We have
N EAWY L—j
T; = ; ¢L777M0(1 — Vi)t JEE, (5.13)
where
1
Vo = o (L — 74+ \/(L +7)2 — 4L7',LL0>, T >0, (5.14)

with max{0,1 —7/L} <y 7, < 1.

Remark 5.7. In our L-locus model, an individual is an unordered sample of L loci
from the population. The constant vy, ; ,, in equation (5.13) can be understood as

the stationary frequency of type 1 loci.

Proof of Theorem 5.6. Since there exists a unique solution to the deterministic system
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(5.6) with initial value x(0) € (0,1)%™, we propose a solution (z;(t));cr, where

(1) = (?)wo&m YW, e (5.15)

The aim is to find a differential equation for ¢ (¢). For the brevity of notation, we

write

J
By substituting equation (5.15) into the differential equation (5.6), the left-hand side

natt) = (1w - vty

of equation (5.6) becomes

RS = j(?)w)f'*(l — ()" = (L) @w(tm — @) %@

and the right-hand side of equation (5.6) becomes

RHS = 3| Z0(0) (o110 = 1,(0) + (1= 9011

+ () porr—1,t) — (1 =) prr—1,;(t) — ¢(t)M0xL—1,j—1(t)}

Z000~ BN r1-4(0) = 1-15(0) + (1 = r1-4()

N | —

(O on sy (1) — (1 — ()1 (f) — w<t>uoxu,j1<t>] ,

where the second equality follows from the identity

2rj(t) = vp1;1 (0P () + 21,0 (1 — ¥(1)).
By dividing both sides of equation (5.6) by [z1_1;-1(t) — xr_1,;(t)], it follows that

dot) 1

at 2L {“1 —v(t) + éw(t)(l —¥(t))|, (5.16)

with some initial value 1(0) = vy satisfying
O = (X -y, jeE
z;(0) = j Py o), jEE.
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Let v = /(L + 7)2 — 4L7po. The differential equation (5.16) can be rewritten as

do(t) _
S = a(w(t) = () — o)

where a = —1/(27), b= (L —7—7)/(2L) and ¢ = (L — 7+ 7)/(2L). The solution is

then
(b —c)(c— o)

w(t) =c+ c— 1/}0 . (b _ 1/)0>€a(b—c)t'

Thus, we have

Yt i= im g (t) = ¢ = %(L—T+7)'

Since 0 < pp < 1, 7 > 0 and L > 0, we have
IL—7|<y<L+T.

It follows that

1
E(L—T+|L—T|)<¢*<1.

Since

1-1, if0o<7<I,

|
Lt |L—1]) =
(L=r+|L=7l) {0, ifr>1L

2L

we have max{0,1 —7/L} < ¢* < 1.

Example 5.8 (Deterministic approximation in the two-locus case). We illustrate the
deterministic approximation and Theorem 5.6 in the two-locus case. As § — oo under
selection-mutation balance (5.1), the path of the forwards-in-time diffusion can be

approximated by the trajectory of the following system of differential equations:

dx;t<t) - % }%(t)(_xl(t) = 2w5(1)) = po(t) + %uoxl(t)} ,
d%(t) -3 _%W)(l — 1(t) = 222(6)) + o (t) = 31 (6) + um(t)} ,
dxdgt(t) _ % %xz(t)@ —x1(t) — 2zo(t)) + %ulxl(t) — /,Lol'g(t):| ) (5.17)
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Figure 5.2: A path of the diffusion with generator (5.4) in the two-locus case, superim-
posed on the trajectory of the deterministic system (5.17). Time is measured on the
diffusion timescale. In the simulation the diffusion is approximated by the multi-locus
Moran model in Section 5.1 with population size N = 15000. The other coefficient
values are 6 = 2000, 7 = 0.5 and po = 0.9.

The stable equilibrium point calculated from equation (5.13) is (z, 7, x3), where

1 2
zg = (1- ¢2,T,uo)2 —(2 +7T— \/(2 +7)2— 87—#0) ’

" 16
1
o) = 20700 (1 = Vo7 ) = ) (47'#0 — 72 _2r 4+ T\/(2 +7)2 — 87u0>,
1 2
xy = z@w = E(2 — T+ \/(2 +7)%— 8T,uo) ) (5.18)

Figure 5.2 shows that the deterministic system (5.17) is a good approximation of the

diffusion process, and the frequencies stabilise to the point (5.18) as t — oc.

Recall that in Remark 5.5, we discussed the calculations of stable equilibrium in
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the one-locus case using the techniques of O’Brien (1985) and Baake and Wagner
(2001). The techniques also work for the general L-locus case. However, in order to fit
our additive selection model into those authors’ formulation, we need to consider an
ordered version where the type of an individual is represented by a sequence of zeros
and ones instead of the sum of the number of ones.

We first consider the two-locus case (L = 2) to illustrate the ideas. The sequences
of loci are ordered such that the possible types are (0,0), (0,1), (1,0) and (1,1). Recall
equation (5.12). Let y(t) be the (scaled) frequencies of those types in the population.
We still have

But for ordered sequences,

—2p1 flo Ho 0 0000

1 =10 p 110100
7{_4 w0 =1 g T loo1 o0
0w m —2p 000 2

Let

L[ —p1 po 1 (00
_ 1 2 1
v 4 ( M1 —Ho * 2r \0 1 (5.19)

be the one-site Hamiltonian. We then have

where Hy = U ® I and Hy, = I ® U with I being the identity matrix and ®

representing the tensor product. The eigenvalues of U are A\ = (2 — 7 £ 7)/(87)

where v = \/ (24 7)? — 8uoT. We denote the corresponding eigenvectors by v; and

vy. The eigenvector v is

o — 2T A= 2p0)7—7 !
1 2#17— ) )
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which implies

(5] 1 r
=—\24+7—72—-7T+7]) .
loal, 4

As argued by Baake and Wagner (2001, Section 6), the maximum eigenvalue for

‘H is then 2\, and the corresponding Perron-Frobenius eigenvector is

F*:’U1®'Ul

_ (2+(1—2u0)7—’y)2 2+ (L=2u)T =y 24 (L —2u)7T — 1)T

4pdr? ’ 201 T ’ 24T
It then follows that the stable equilibrium point of the frequency of the ordered

sequences is

BLANN 1(2+ )24 221+ 71y,4 221+ 1(2 +7)? '
=—|= T— Tho —T" =27+ T Tho —T —271+77v,=(2—1T .
||F*||1 ]\ 2 YY) Mo e Ko e 92 Y

Since type 0 of the unordered sequences corresponds to type (0,0) of the ordered
sequences, type 1 corresponds to types (0,1) and (1,0), and type 2 corresponds to
type (1,1), we recover the values in equations (5.18).

For a general L, the one-site Hamiltonian becomes

L (= o L (00
u 2L ( H1 — o * 27 \0 1 (5.20)

The mutation-selection operator H becomes H = Zle H; where
H=12--IUI---&1

with U in the ith place. The eigenvalues of U are A\ o = (L — 7 £ 7)/(4L7) where

v = /(L + 7)% — 4LTuo; and the eigenvector corresponding to \; is

o (Lt =2u)r—y '
1 2/147_ ) )

which implies

T
U1 1
= —(L+7—7,L— .
Toull, 2L( T TW)
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The first and second elements in the above vector are indeed our ¥y, ; ,, and 1 =y, 7 .,
in equation (5.14). Following a similar argument, the Perron-Frobenius eigenvector
of H is F* = @%v;. It is then not difficult to see that the stable equilibrium of the

ordered sequences must satisfy the binomial formula derived in equation (5.13).

5.3 Ancestral dual process with typed lines

We now focus on the ancestral dual process with typed lines in the additive selection
model under selection-mutation balance. The transition rates of the multi-dimensional
ancestral dual process will be given in the following equations (5.21). The asymptotic
form of these transition rates will be computed in Lemma 5.10.

The L-locus diffusion specified by generator (5.4) fits the formulation of the multi-
dimensional diffusion processes with selection and mutation of Sato (1978). Etheridge
and Griffiths (2009, Equation 24) derive that the transition rates of the corresponding
ancestral dual process with typed lines can be written in the form of the unconditional
rate of an event multiplied by the sampling probability of ancestral lines given the
event, then divided by the sampling probability before the event.

Consider the ancestral process {(r(t),v(t)),t > 0} that is dual to the L-locus
diffusion with generator (5.4), where r(t) count the numbers of real lines and wv(t)
count the numbers of virtual lines at time ¢ in the past. By a decomposition of the
ancestral lines into real and virtual lines (cf. Theorem 2.1), the transition rates of the

ancestral dual process {(r(t),v(t)),t > 0} are

(o), (rov €)= 50+ o)L~ T g8,
0((r,0), = e5,0)) = ry(ry — D7 0,
q((r,v),(r,v—e;)) = %%(27"]- by — 1)%”;;,(1; ;)@)7

%(7’ + €1 — €y, ’U)
H(r,v) ’

1 .
7i(7 4+ 1)0p0

(7, 0), (7 + g1 — j,0) = 5=
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H(r+ej_1 —ej,v)

q((r,v). (r +ej1 — €, 0)) = o715(L = j + 1) () :
1 ) H(r,v+ej —e;
(7, 0), (o0 + €501 =€) = 5oyl + Do "o =)
. H(r,v+ej_1—e;
q((r,v),(r,v+ej_1—ej)) = Evj(L —j+ 10w ( o Jv)l j), (5.21)

where j € E, r = |r|, v = |v| and (-, ) are the sampling probabilities defined in the
following equation (5.22). Note that we abuse the notation by letting the indices of the
vectors  and v start from 0. So, for example, r —eq = (19, 71,...,72) —(1,0,...,0) =
(ro — 1,71,...,7L).

Let X; be the stationary frequency of type j individuals in the population governed
by the L-locus diffusion, and 7(x) be the density of (Xj);ep. By analogy to the
sampling probability (2.5) in the one-locus case, the probability of obtaining an ordered
type configuration associated with the decomposition (r,v) in the ancestral dual
process {(7(t),v(t)),t > 0} at any fixed time, is

H(r,v)=E {HX;jﬂj]
jEE

= / oo a:EL’L”LW(a:) dx. (5.22)
:EESL+1

The sampling probability is stationary; hence it is independent of time.

The stationary density m(x) of the L-locus diffusion is required in order to compute
the sampling probabilities in the transition rates (5.21). However, the explicit form of
7(a) is unknown, as mentioned in Remark 5.3. Nevertheless, as the path of the L-locus
diffusion can be approximated by the trajectory of the deterministic system (5.6), the
sampling probabilities can be approximated in terms of the stable equilibrium point
(5.13) of the deterministic system. We have the following lemma for the sampling

probabilities in the L-locus ancestral dual process.

Lemma 5.9 (Sampling probability under selection-mutation balance). The sampling
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probability defined in equation (5.22) satisfies
*\ 73 TU5
H(rv) ~ ] (25)", (5.23)
jJEE
as § — oo under selection-mutation balance (5.1), where (x7)jer is the stable equilib-

rium point in equation (5.13) of the deterministic system (5.6).

Given Lemma 5.9, we can write down the asymptotic expansions of the transition
rates (5.21) of the L-locus ancestral dual process under selection-mutation balance in

the following lemma.

Lemma 5.10. Consider the transition rates (5.21) of the L-locus ancestral dual

process. As 0 — oo under selection-mutation balance (5.1), these transition rates

satisfy
Tk ,
qo((r,v), (r,v+e;)) ~ #(r—i—v)(L—])Q, (5.24)
1
go((r,v), (r — ej,v)) ~ ﬁrj(rj - 1), (5.25)
J
1
CM((T‘, ,U)a ('I",’U - 6]‘)) ~ Q—ﬁ’l)j(QTj + v — 1)7 (526)
J
s 41
QQ«T‘, ’U), (r + 6j+1 — 6]‘, ’U)) ~ 2J+*1 T’jj—eﬂo, (527)
T L
i, L—j+1
go((r,v),(r+ej_1 —ej,v)) ~ 2] *1 T J Oy, (5.28)
T L
x: i+ 1
W((7,0), (r,v + €1 — €))) ~ o, =6, (5:29)
T L
i, L—7+1
@((r,v),(r,v+ej_1 —e;)) ~ 2] *1 v; J Opy, (5.30)
T L
where j € E, r = |r|, v = |v| and (z});ep is the stable equilibrium point in equa-
tion (5.13).

Proof. This lemma follows immediately from substituting equation (5.23) into the

transition rates (5.21) and some minor algebra. ]
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5.4 Genealogies under selection-mutation balance

In this section, we study the genealogies embedded in the ancestral dual process with

transition rates (5.24) to (5.30) in the limit as # — oo under selection-mutation

balance. To illustrate the idea, the one-locus case where L = 1 is considered in the

following section. The general L-locus case is presented in Section 5.4.2.

5.4.1 Omne-locus case

In the one-locus case, the differential equation that approximates the diffusion process

with generator (5.5) is given in equation (5.7). The corresponding stable equilibrium

point is derived in equation (5.9). According to Lemmas 5.9 and 5.10, we consider the

ancestral dual process with the following transition rates:

*

qGo((r,v),(r,v+ey)) = ﬁ(7“ +v)6,

2T
q((r,v),(r —eg,v)) = 2%7"0(7"0 —1),
@p((r,v), (r —ey,v)) = 2;*7“1(7“1 - 1),

1
QQ<(T7 'U), (’r,'U - 60)> - 9 >,(1}0(2710 + vy — 1)7
Lo

@((r,v),(r,v—-e)) = L v1(2ry + v — 1),

277
Gp((r,v),(r+e —eyv)) = 2:?67“09#0,
qG((r,v),(r+ey—e,v)) = 251;21“19”1,
qp((r,v),(r,v+e —ey)) = ;jévgﬁuo,
@p((r,v),(r,v+ey—ey)) = ﬁ{vlem,

(5.31)

(5.32)
(5.33)
(5.34)
(5.35)
(5.36)
(5.37)
(5.38)

(5.39)

where r = ro+7r1, v = vg+ vy, & is the stable equilibrium point given in equation (5.9)

* *
and 27 =1 — xf.

The transition rates (5.31) to (5.39) are composed of terms of different orders;
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thus, we can apply the idea of separation of timescales used in previous chapters to

study the limiting behaviour of the ancestral dual process.

Remark 5.11. The transitions with rates (5.32), (5.33), (5.36) and (5.37) that change
the configuration of real lines do not depend on the configuration of virtual lines. Thus,
the real genealogy is independent of the evolution of the virtual lines. However, the

evolution of the virtual lines does depend on the numbers of real lines.

The limiting behaviour of the real genealogy will be deduced in Theorem 5.14.
Before proceeding to that, we will give a description of the behaviour of the virtual
lines. We will see in Theorem 5.12 that, if time is rescaled, the evolution of the virtual
lines is also independent of the real lines, and can be approximated by a deterministic
process.

In the ancestral dual process for a finite sample n, the numbers of real lines r(¢)
are always O(1), in fact, 0 < r(t) < n for all t. When the numbers of virtual lines
v(t) are also O(1), the transition rates (5.31) to (5.39) are composed of terms of O(0)
and O(1). The transitions with rates of O(6) occur before those with rates of O(1).
When time is rescaled such that one unit of time on the faster timescale corresponds
to 6 units of time on the original timescale, the possible transitions and rates are

*

T
qo((r,v), (1, v + €)) = 2—3(r+v), (5.40)
:l’:*
qo((r,v),(r+ e, —ey,v)) = 5 7o ko, (5.41)
o)

m*

QQ((T', 'U), (r + €y — €, 'U)) = 2 0* r1pt1, (542)
Ty
x*

@p((r,v),(r,v+e —ey)) = 2—1*1)0“0, (5.43)
Lo
qe((rv ’U), ('I", v+ €y — 61)) = 2;* Vi1 (544)

1

The mutations with rates (5.41) to (5.44) do not change the total number of
real lines nor the total number of virtual lines. Thus, the branching rate (5.40) is

not affected by these mutations. The total number of virtual lines follows a birth
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process with birth rate (5.40). The mutations among the virtual lines, with transitions
(r,v) —» (r,v+e; —ey) and (r,v) — (r,v + ey — e;), occur at rates that are of
the same order as those of the branching events. Thus, the virtual lines of both types
will keep growing in such a process, and will eventually reach the level of O(f). The
coalescence rates (5.34) and (5.35) for virtual lines then become very large (O(6?)),
and these coalescence events take effect on the faster timescale. We will see in the
following Theorem 5.12, the numbers of virtual lines will stabilise on the level of O(6).

Consider the ancestral dual process {(7g(t), vg(t)),t > 0} with transition rates
(5.31) to (5.39). Define ky(t) = wvy(t)/6. The process {(rq(t), ko(t)),t > 0} has the
state space S = {0,1,...,n1} x {0,1,...,m} x Ry x R,.

Theorem 5.12 (Virtual lines under selection-mutation balance in the one-locus case).
Assume kg(0) # 0. As 0 — oo, the process {(ro(t/0),ko(t/0)),t > 0} converges in
finite-dimensional distribution to a process {(r(t),k(t)),t > 0} with state space S
running on the faster timescale where one unit of time corresponds to 6 units of time
on the original timescale.

Suppose h(r,k): S — R is continuously differentiable with respect to k. The
process {(r(t), k(t)),t > 0} is specified by the generator

*

Eh('f', K',) = [h(r —eq+ ey, ’("’) - h’(,r7 ’(‘")] X 21;:1* ToHo
0
+ [h(r + ey — €1, k) — h(r,K)] x 2;*7“1M1
1

@ Oh(r,k) 1 ,0h(r,k) 1 ,0h(r k)
* QT(KO ) Ok 2 "o Ok 2% 1 Ok,

xy Oh(r,k)  Oh(r,K)
* 2x§ HOMO{ 0K, 0K

) Oh(r,k) Oh(r,K)

_ 5.45

+ 2@’“’“{ . o | (5.45)

where xj s the stable equilibrium point in equation (5.9), and x5 =1 — .

Proof. The proof follows that same idea as that in the proof of Theorem 4.11. We
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consider the process {(ry(t), ko(t)),t > 0} that has the transition rates (5.31) to
(5.39) and infinitesimal generator L£y. The generator of the time-changed process
{(re(t/0),ka(t/0)),t > 0} is then 7' Ly. We apply the generator to a test function
h(r, k), and then take the limit of 671 Lyh(r, k) as § — oo to obtain equation (5.45).

O]

Remark 5.13. Given the generator (5.45), on the faster timescale, the Markov jump
process {r(t),t > 0} for the numbers of real lines, and the continuous process {k(t),t >

0} for the scaled numbers of virtual lines, are independent.

In the dual process, the scaled numbers of virtual lines evolve backwards in time

on the faster timescale, according to the following system of differential equations:

dro(t 1/ 1 i T
o) 1 (foao(t) #m1(0) = R0 = b + m(t)ulx—g),

dli1<t) 1 ZET 2 1 ZL’S

Ny -1 - _ = . 4
2 = 5 (a0 - 02 = (o (5.40

The possible equilibrium point kK* = (k§, k7) of the system (5.46) satisfies the

following system of equations:

*

Ty 1 x i
%P0 % * *\2 * 1 * 0
0= (ko + 1) = (ko)™ — Koko—, + K —
1

* 0 * xo
0= "%Moi—% - (%T)Z% - ﬁiuli—ﬁf),
which has two solutions, namely (0,0) and
* 1 *\2 * ok
K" = ;((370) ,Tox}). (5.47)

Given 0 < py < 1 and 7 > 0, we have max{0,1 — 7} < 2} < 1. Thus k* > 0. The

Jacobian matrix of the system (5.46) is

g 2ko(t)+HoT] 4 x4
—_— g N 15 e

J(KaO(t)? K1 (t)) = " [ xfpo 2&1(15)—&—;11;3
0 - =
%o Ty

The eigenvalues of J(0,0) are zf/7 > 0 and —(uxs/x; + poxi/xf) < 0; and the
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Figure 5.3: The numbers of virtual lines in the ancestral dual process with full transition
rates in the one-locus case, superimposed on the trajectory of the deterministic system
(5.46). Time is measured on the original timescale. The sample is (5,3), and the
coefficient values are § = 1000, 7 = 0.3 and py = 0.8. The horizontal dotted lines
represent the stable equilibrium point (0kg, 0x}), where xj and k7 are calculated from
equation (5.47).
eigenvalues of J(k{, ki) are —xf/7 < 0 and —2x(/7 — pyay/xt — poxy/xh < 0. It
follows Hale (1980, Theorem 4.2 in Chapter 3) that the positive equilibrium point
K* in equation (5.47) is locally asymptotically stable, while (0,0) is not even locally
asymptotically stable.

Figure 5.3 plots a path of the numbers of virtual lines in the ancestral dual process
with full transition rates in the one-locus case, superimposed on the trajectory of

the deterministic system (5.46). The simulation provides additional support to our

argument.
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The total number of virtual lines will eventually become absorbed into one via
the events occurring on the original timescale. (This follows because if we do not
distinguish the types and the real and virtual lines and set the mutation coefficients to
zero, the ancestral dual process is just a birth-death process with quadratic death rate
and linear birth rate, see Etheridge and Griffiths, 2009, Equation 37). These events for
virtual lines on the original timescale have been ignored in our approximation of the
transition rates, as they are complicated to handle and our interests focus primarily
on the real genealogy.

We have described the behaviour of the virtual lines in the limit. According to
Remark 5.11, for the real genealogy, it is sufficient to consider the marginal process

of real ancestral lines in which the transition rates are

1
qo(r,r —ep) = ot ro(ro — 1), (5.48)
0
1
go(r, T —€e1) = 2$*7”1(7“1 —1), (5.49)
1
x*
go(r, 7 +e, —ey) = 5 l*roﬁuo, (5.50)
L
x*
qo(r,7 +e9—er) = 5 B, (5.51)
Ty

where 2 is the stable equilibrium point in equation (5.9), and 2} = 1 — .

The ancestral process with transition rates (5.48) to (5.51) in the limit as 6 — oo, is
the same as the strong migration limit (when migration is caused by mutation) in the
structured coalescent (see Nagylaki, 1980; Notohara, 1993; Nordborg and Krone, 2002).
Nordborg and Krone (2002) use the idea of separation of timescales to study the strong
migration limit of the ancestral dual process. In the process with transition rates (5.48)
to (5.51), as 8 — oo, the mutation events with transition rates (5.50) and (5.51) of
O(6) occur much more quickly than the coalescence events with transition rates (5.48)
and (5.49) of O(1). The number of mutation events between the coalescence events

tends to infinity. Thus, in the limit, the mutation events approach an equilibrium
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on the faster timescale between the coalescence events, and the total number of real
lines reduces by one when a coalescence event occurs on the original timescale. In
the terminology of Nordborg and Krone (2002), the structure associated with types
collapses to a one-type Kingman’s coalescent where the coalescence rate is an average
over the stationary distribution of the mutation process.

The following theorem shows that in the limit as # — oo under selection-mutation
balance, the real genealogy in the ancestral dual process follows Kingman’s coalescent
with the coalescence rate given in equation (5.52). The theorem is obtained by
applying the theorem of Nordborg and Krone (2002) to the context of our strong
mutation limit.

Let {(r((f)) (t),rge) (t)),t > 0} be the ancestral process for a sample (ng,n1) € Z2
of size n = nyg +n; > 1, which has the transition rates (5.48) to (5.51). Define
ro(t) = r(()e)(t) + r%e) (t). The process {ro(t),t > 0} has state space S = {1,2,...,n}

and initial state n.

Theorem 5.14. The process {ro(t),t > 0} converges in distribution, as § — oo, to a
process {r(t),t > 0}. {r(t),t > 0} is a death process with state space S, initial value
n and death rate

0= () (Y 5) = () g o T2 6

_ pot)?
poth? + pr (1 — )%’

ry=1—1, 27 = and

1
Y= 5(1—T+\/(1+7)2—4Tu0>,
as given in equation (5.9).
Proof. Consider the ancestral process {(rég) (t),rge) (t)),t > 0} with transition rates

161



(5.48) to (5.51). According to Nordborg and Krone (2002, Theorem 1), we first consider
the events with transition rates (5.50) and (5.51) that occur on the faster timescale
where one unit of time corresponds to € units of time on the original timescale. For
fixed 7, 2 < r < n, there exists a Markov process {(r” (¢),7{"()),t > 0} (running on
the faster timescale) that has the transition rates

*

T
QT((rmrl)a (TO - 17 1+ 1)) = 2 1* Tolo,
Lo
T
¢-((ro,m1), (ro + 1,71 — 1)) = oy LA
Ty

The state space of the process {(r{”(t),r\"()),t > 0} is S, = {(ro,71): (ro,71) €
Z3,ro + 11 = r}. We call the process {8 @), 7)), ¢ > 0} the level-r mutation
process.

The level-r mutation process {(r(()r) (t),rgr) (t)),t > 0}, in which only mutation
events occur, is ergodic so it has a unique stationary distribution. The stationary

distribution is, for (rg,r1) € S,

r

) = ()1 oo, (5.53)

To
where

-1
rif ¥, T
¢=po~ (o~ Fm— | -
Lo Lo T

Then, by equation (5.9) for =, we can write

Lot

ot + (1= 9)? 559

where

w:%<1—7+\/(1+7)2—4ﬂ/@).

We can verify that the stationary distribution (5.53) satisfies the detailed balance

equations as follows. For ro = 1,2,...,r, we have

7 (ro, 71)q-((ro, 1), (ro — 1,71 + 1))
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*

r B T}
1 — 0 _LT—T0 0
<r0>( )P X 2:):3% Ho

*

r 1 x
_ 1 — ro—1 ir—ro+1 T 1)0 0
(,,0Ja= oot s S ot o 2

=m(ro — 1,71+ 1)g-((ro — 1,71 + 1), (10, 71));

and for ro =0,1,...,r — 1, we have
7 (ro,71)q-((ro, 1), (ro + 1,71 — 1))
(o) ome
(7,0:_1) . )r0+1¢r ro—1

=m.(ro+ 1,71 — 1)g.((ro + 1,71 — 1), (ro,71))-

*

(1o + 1)9M0x—
O

l\.’)lr—\

Equation (5.53) is then proved.
In the ancestral process {(7"(()9) (t),r@ (t)),t > 0} with transition rates (5.48) to

(5.51), the transitions with rates of O(1) are

— = -1 2.55

ol = o) = 5zrolro 1) (5.55)
1

— = —1). 5.56

These transitions correspond to the coalescence events occurring on the original
timescale.

Consider the process {ro(t),t > 0}, where r(t) = r{(t) + ri”(t). According to
Nordborg and Krone (2002, Theorem 1), as § — oo, we have the weak convergence
of the process {ro(t),t > 0} to the death process of Kingman’s coalescent with an
effective coalescence rate ¢q(r,r —1). ¢(r,r — 1) can be computed as the coalescence
rates (5.55) and (5.56) averaged over the stationary distribution (5.53) of the level-r

mutation process. Therefore,

r

q(r,r—1) = Z L (ro — V)m.(ro, 7 — 10) +Z L — D)m.(r —r,71)

2z Ty

ro=0 ri= 0
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(197 ¢?
=g Do

() (0o
- E’Q“ 3 (uéwg;’OJr pi(l l)wf”
2/ (no? + (1 —¥)?)*’

r(r—1)

(5.57)

for r > 2, where the last equality follows from equations (5.9) and (5.54). The proof

is then completed. [
Remark 5.15.

1. By equation (5.53), when there are a total of two lines in the level-2 mutation
process, the probability that these two lines are both type 0 is (1 — ¢)?, and
the probability that these two lines are both type 1 is ¢%. The terms ¢? and
(1 — ¢)? appear in the formula for ¢(r,r — 1) in equation (5.52), because two
ancestral lines must be of the same type (through mutations) in order for them
to coalesce. The squared terms that have a similar interpretation also appear in
the relevant formulae in the strong-migration models (see Nagylaki, 2000; Bahlo

and Griffiths, 2001).

2. The selection-mutation balance we assume in this chapter is different from that in
Chapter 4. However, by setting pg = 1, we recover the selection-mutation balance
discussed in Chapter 4. When o = 1, according to equation (5.9), the forwards-
in-time frequencies will approach a stable equilibrium point (zf, 27) = (1,1 —17),
0 < 7 < 1. Moreover, as we have ¢ = 1 when p; = 1 — g = 0, by Theorem 5.14,
the real genealogy under such a selection-mutation balance follows Kingman’s

coalescent with coalescence rate

1
" , r>2
(2)1—7

We then recover the result derived in Theorem 4.13 in Chapter 4.
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5.4.2 [L-locus case

In the previous section, we have discussed the limiting behaviour of the ancestral
dual process for a sample under selection-mutation balance (5.1) in the one-locus case.
In this section, we generalise the investigation to the L-locus case. We will give a
heuristic description first, and the formal results will be deduced in Theorems 5.17
and 5.19.

We consider the ancestral dual process {(ry(t), vy(t)),t > 0}, where rj(-e), jeFE=
{0,1,..., L} denotes the number of real ancestral lines of type j, and v](-e) denotes the
number of virtual ancestral lines of type j. The process {(7¢(t), vy(t)),t > 0} has the

following transition rates, as derived in Lemma 5.10:

*

X ,
go((r,v), (r,v +e;)) = #(TJFU)(L—J)@, (5.58)
1
go((r,v), (r —e;,v)) = ﬁrj(rj - 1), (5.59)
J
1
qe((’l’, ’U)u (’I”, v — ej)) = ﬁvj(zrj + V5 — 1)? (560)
J
x; 1
G ((r,v), (1 + €51 — €;,0)) = L0, (5.61)
ij L
iy L—g44+1
q((r,v),(r+ei_1 —e;,v)) == 17°j J+ Oy, (5.62)
2:5; L
s 1
Gol(r,v), (r,v + e — €) = 20,1, (5.63)
ij L
i, L—73+1
go((r,v), (r,v + €j—1— ej)) = 2;: Uj sz Opi1, (5.64)

J
where j € E, r = |r|, v = |v| and (z});cr is the stable equilibrium point given in

equation (5.13).

Remark 5.16. The transitions with rates (5.59), (5.61) and (5.62) that change the
configuration of real lines do not depend on the configuration of virtual lines. The real
genealogy is thus independent of the evolution of the virtual lines. But the evolution

of the virtual lines does depend on the numbers of real lines. However, we will see in
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Theorem 5.17 that, if we rescale the time, the virtual lines can be treated independently

of the real lines.

The transition rates (5.58) to (5.64) are composed of terms of O(1) and terms
of a higher order. We separate the timescales according to the order of the terms
in the transition rates. The transitions with rates of a higher order occur before the
transitions with rates of O(1). The numbers of real lines are always O(1). At time that
is sufficiently close to 0, the numbers of virtual lines are also O(1). The transition rates
(5.58) to (5.64) then consist of terms of O(#) and terms of O(1). On the faster timescale
where one unit of time corresponds to # units of time on the original timescale, the

possible transitions and rates are

*

xt ,
QQ((T,U),(T,U+€j)) = i(r—l—v)(l’_j)v (565)
x5 1
((r,v), (r + e — e5,0)) = 2o, (5.66)
T} L
i, L—j+1
go((r,v), (r+e;_1 —e;,v)) = 2;:; S (5.67)
xh 1
a((r,v), (r, v + €1 — €)) = Zoto o, (5.68)
T} L

r;y L—j+1

200 T L

L1 (5.69)

QQ((’I", U)v (’P, v+ej1— ej)) =

The branching rates (5.65) are not affected by the mutation events with transition
rates (5.66) to (5.69), because these mutation events do not change the total number
of real lines nor the total number of virtual lines. Thus, the total number of virtual
lines follows a birth process. Since the rates (5.68) and (5.69) at which the virtual
lines mutate are of the same order as the branching rates, all virtual lines will keep
growing in such a process. When the numbers of virtual lines reach the level of O(0),
the rates (5.60) of the coalescence events that eliminate the virtual lines become O(6?).
These coalescence events take effect on the faster timescale; the numbers of virtual

lines then stabilise on the level of O(#).
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Consider the ancestral dual process {(r¢(t),vq(t)),t > 0} with transition rates
(5.58) to (5.64) for a sample n € ZX*! of size |n| > 1. Define /4;5-9)(15) = vj(e)(t)/ﬁ,
j € E. We have the following theorem regarding the rescaled and time-changed process
{(r9(t/0),k9(t/0)),t > 0} with state space S = {0,1,...,n0} x {0,1,...,m1} X -+ X
{0,1,...,n} x REFE

Theorem 5.17 (Virtual lines under selection-mutation balance). Assume ky(0) # 0.
As 0 — oo under selection-mutation balance (5.1), the process {(ry(t/0), ko(t/0)),
t > 0} converges in finite-dimensional distribution to a process {(r(t), k(t)),t > 0}
with state space S running on the faster timescale where one unit of time corresponds
to 0 units of time on the original timescale.

Suppose h(r,k): S — R is continuously differentiable with respect to k. The

process {(r(t), k(t)),t > 0} is specified by the following generator:

Tig j+1
Lhir,k) =3 {Wr +eji = ejk) = hr k)] x Sl
jerE xj
rjy L—j+1
+ [h(r + ej_l - ej’ K) - h(r’ K)] X 2]1,; Tj L Ml}
zj LOh(r,k) 1, Oh(r,K)
—|g|(L —j) ———= — 2 VT Y
+Z{2T|””|( 7) o el
JjeEE J J J
Ti j+1  (Oh(r,k) Oh(r, k)
* Kj Ho —
N xj_*l KjL —j+ 1#1 ( Oh(r, K) B Oh(r, k) ) }

where (x3)jer is the stable equilibrium point given in equation (5.13).

Proof. Consider the process {(7ry(t), ko(t)),t > 0} that has the transition rates (5.58)
to (5.64) and generator Ly. Suppose h(r,k): S — R is twice continuously differen-

tiable with respect to k. For k; = v,/0, j € E, we have

Lohlr,m) = S [h(r — 5, ) — h(r, k)] ¥ %rj(rj — 1)

JjEE J
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T +1
+ Z[h(r +ej1 —e;, k) —h(r,K)] x 23;1 Jj 7 Lob

jEE J
r;, L—j+1
+ ZWT +ej_1—ej k) —h(r,K)] x 2]1;* i 1110
JEE J
# YTl eg/0) = o) x 2 (7 el ) (2= 6
JjEE
1 27, 1
+ Z[h('rﬂ"& - Bj/e) — h(T, Iﬂ',)] X %’fj (% + Kj — 5)@2
jerE 7
Tig g+1
+ ;[h(r,n +ej1/0—e;)0) — h(r,K)] X 2% ks 1o?

w;—l L—j+1 2
+ jEZE[h(r, K+ej_1/0—e;/0) — h(r, k)] x 20 K= 16
1
=) [b(r — ej,K) — h(r,K)] X 5 = 1)
jEE J
x; 1
+ Z[h(r +ej1 —e;, k) — h(r, k)] x 2];1 rjjT,uOH
jEE J
i, L—g+1
+ D lh(r + ;1 — e, k) = h(r,®)] x Z=tr =l
JEE J
(1 9h(r, k) 1 9?h(r, k) 4 } xi[r o
+ — —+— —— = 1+ 007 | x L=+ k| |(L—75)0
];5 0 Ok, 20> Ok} 27\ 0
[ 10h(r,k) 1 0?h(r,k) 4 1 2r; 1Y
_ - A L) 9 R e e T
+j€ZE_ 0 on, o om0 gt g
1/ 0h(r,k) Oh(r,k 1 [ 0*h(r,k Ph(r,k)  O*h(r,k
+) |5 —~ + —2 +
= O\ Ok, Ok 262 OK3 k0K 44 K3,
-3 $;+1 J +1 5
1/ 0h(r,k 8h K 1 [ 0*h(r, K ?h(r,k)  O*h(r,k
+) |5 — + ~2 -
= O\ Or; 4 Ok 202 OK3 Ok,;0K;_4 K3
3 ig L—j+1
+O(6 )} X 20 K= 10°.

The generator of the time-changed process {(7¢(t/0),kg(t/0)),t > 0} then satisfies

o1 +1
lim §£9h<'f’7 K) = Z {[h(r +ejr1 — e, k) — h(r,K)] X 2J+*1 ]j 7 Ho

6—o00 -
jeE
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i, L—g+1
+[h(r+e]‘—1_ejan)_h(ra’i)]X ];T‘j / :U“l}

2z} L
T} ~ Oh(r,K) 1 ,0h(r,K)
Il — ) = 2 2N
+Z{27’n’( 7) Ok ; 2057 O,
JjeEE J J J
xjﬂm-j—{—l O(@h(r,n)_@h(r,m))
203 7 L Ok O
1 L—j+1
n J; *1 ) £+ 0 ( 82(7", K) (’3hér,n) )}
L) Fj-1 Fj
= Lh(r,K).
The proof is thus completed. [

It follows from Theorem 5.17 that on the faster timescale, we can treat the process
for the virtual lines separately from the one for the real lines. We consider the virtual
lines first; the real genealogy will be described in Theorem 5.19. The scaled numbers
of virtual lines evolve on the faster timescale according to the following system of

differential equations:

dwy(t) 1, 1 i jH1 2l
=—|(L -5~ t) — K3(t)— + K1 (1) po—2 — K;j(t) = p1o—
= | DT A~ w0 ) T — s
leE J J J
L—j+1 x4 L—j
K;(t) p =+ R () =1 (5.70)
/ L T I L Tiiq

where j € E. The equilibrium point k* = lim; ,, k(t) of the above deterministic

system (5.70) satisfies the following system of equations:

*

0—(L—J)7Z/€z = (K}) o TR TR o

J 7 *
IeE Tj J=1 L J
. " . "
- i 1 i -5 M1
J * 7+1 * )
L T L T7i4

where j € E. The solutions to the above algebraic system are 0 and

L(l—
m*:wxj,
T

jEeE, (5.71)

where 77 is the forwards-in-time stable equilibrium point given in equation (5.13) and
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Figure 5.4: The numbers of virtual lines in the ancestral dual process with transition
rates (5.58) to (5.64) in the three-locus case, superimposed on the trajectory of the
deterministic system (5.70). Time is measured on the original timescale. The sample is
(5,3,6,1), and the coefficient values are § = 2000, 7 = 0.9 and o = 0.8. The horizontal
dotted lines represent the stable equilibrium point 0k*, where k* is calculated from
equation (5.71).

¥ is given in equation (5.14).

Figure 5.4 plots a path of the numbers of virtual lines in the ancestral dual process
with transition rates (5.58) to (5.64) in the three-locus case. The path is superimposed
on the trajectory of the deterministic system (5.70). We observe that the numbers
of virtual lines increase rapidly from time 0, and then stabilise to Ok*, where K* is
given in equation (5.71), when the coalescence events with rates (5.26) for virtual

lines become effective on the faster timescale. Thus, our argument is supported by

simulations.
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We now concentrate on the real genealogy. According to Remark 5.16, it is sufficient
to consider the marginal process of the real ancestral lines, {ry(t),t > 0}, which has

the transitions rates

1
Q(r,r—e;) = ﬁrj(rj —1), (5.72)
J
T j+1
QQ(’I”, r+ €j+1 — ej) = 2]1'; roQ,uo, (573)
i, L—j+1
QQ(’I‘, r 4+ ej_l — ej) = 2]1:* Tj I 9/11, (574)

j
where j € E, and (7});cr is the stable equilibrium point given in equation (5.13).

We use the idea of separation of timescales to study the limit of the process
{ry(t),t > 0} as § — oo. Nordborg and Krone (2002) use the same idea to deduce
the strong migration limit in the structured coalescent process, which can be adopted
to our process when migration is caused by mutation. The transition rates (5.73)
and (5.74) are O(#). These mutation events occur much more rapidly than the coales-
cence events with rates (5.72) of O(1). In the limit as # — oo, the mutation events
approach an equilibrium on the faster timescale between the coalescence events, and
the total number of real lines reduces by one when a coalescence event occurs on the
original timescale. According to Nordborg and Krone (2002), the real genealogy follows
Kingman’s coalescent, where the coalescence rate is an average over the stationary
distribution of the mutation process.

We first consider the mutation process on the faster timescale. For fixed r,2 <r < n
where n is the sample size, there exists a Markov process {r,(¢),t > 0} with state

space S, = {r: r € ZL™ |r| = r} and transition rates

Tig j+1
H(r,r+ei1 —e;) = —=——r;—— Lo, 5.75
ar( +ej i) Qx;f Ty I Ho ( )

r;, L—j+1
(rrte  —e) = . , 5.76
q (T. r e] 1 e]) 21}; TJ L K1 ( )

where j € E. We call the process {7,(t),t > 0} the level-r mutation process. The
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mutation process is ergodic; hence it has a unique stationary distribution, which is

specified in the following lemma.

Lemma 5.18. Define

Vi = (f) ¢](1 - ¢)L_j7 ] € E7 (577)
where

_ Lot
ot 4 pa (1 — )%’

with ¥ given in equation (5.14).
The unique stationary distribution of the level-r mutation process {r.(t),t > 0}
(running on the faster timescale), is multinomial with parameters r and (v;)jeg; i.e.,

for r € S,., the stationary distribution is

|
(1) = mg% (5.78)
Proof. As given in equation (5.13), the forwards-in-time stable equilibrium point
(7})jer satisfies

7} = (?)W(l ), JEE,

where 1) is given in equation (5.14) as

1
- 2L

" (L—T+\/(L+T)2—4L7'u0>.

Thus, ~; defined in equation (5.77) can be rewritten as

*\ 2 - J
xj) j! (,uo)
vi=1=)—(—] 7, (5.79)
’ (900 Ly \

for y=1,2,..., L, where
w\ 2 jq -1
T 4!
w2 G) 5G]
ier \To ] \ 1

We then verify that the probability mass function (5.78) with 7; in the form of
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equation (5.79) satisfies the following detailed balance equations:

T (r)g(r, 7+ e 1 —e;) =m.(r+e;1—e)q(r+e _1—e;r), (5.80)
for j=1,2,...,L, and

T (r)g.(r,r + e —ej) =m.(r+ e —ej)g(r+ e —ejr), (5.81)

for j = 0,1,...,L — 1, where the transition rates ¢,(-,-) are those given in equa-
tions (5.75) and (5.76).
By substituting the probability mass function (5.78) and the transition rates into

the left-hand side of equation (5.80), we have, for j =1,2,..., L,

r! iy L—j+1
LHS = — = ATOATL L ALy D 4
rolry! - .TL!’VO "1 YL 21,; Tj I 51
T! ri—1+1_r; 1
= TOA~TL | J—1 J .. ATL
rolril - (o + DIy — D)l 0707050 L
* . * 2 .
X *] (ijl + 1)1/14) X i ( ]*1> ‘7 &
2154 L Ti-1\ T J Ho

*

x; 7
=m(r+ej1—e€j)x %(7}—1 +1)7Ho

=RHS.

Similarly, by substituting the probability mass function (5.78) and the transition rates

into the left-hand side of equation (5.81), we have, for j =0,1,..., L — 1,

r! x;'(_i,_l ]+1

LHS = —— ATOATL. . ATL
7”0!7’1!"'7’[/!70 n T 232‘;( " L L M
i 7/.' —1 7']+1+1 L
ol ! (ry = DNrjp + D! '70 W 7 it L
o L—j Y <$;f+1) J+1 po
X r +1 X =
2 ;k+1( o ) L & Vi+1 \ T L—jm

*

Tt
*J (rj—1+ 1)2#0

= RHS.
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Finally, it is easy to see from equation (5.79) that
> =1
jEE

The proof is thus completed. [

Given the stationary distribution of the level-r mutation process on the faster
timescale, we can now present the following Theorem 5.19 for the real genealogy in
the additive selection model in the limit as # — co under selection-mutation balance.
Consider the process {ry(t),t > 0} with transition rates (5.72) to (5.74). Nordborg
and Krone (2002) show that in the limit as # — oo, the structure associated with
types in the process {ry(t),t > 0} collapses to Kingman’s coalescent in which all
ancestral lines are exchangeable. Define r4(t) = |ry(t)|. The process {ry(t),t > 0} for
a sample (nq1,n2) € Z% of size n = nq + ny > 1, has state space S = {1,2,....n} and

initial state n.

Theorem 5.19 (Real lines in the additive selection model under selection-mutation
balance). As @ — oo, the process {ry(t),t > 0} converges in distribution to {r(t),t >
0}. {r(t),t > 0} is a death process with state space S, initial state n and death rate

0= () 0= () (i i =) - 22

jeE I

L

where (v;)jer s given in equation (5.77), (})jo is the stable equilibrium point given

in equation (5.13) and v is given in equation (5.14).

Proof. According to Nordborg and Krone (2002, Theorem 1), as § — oo, we have
the weak convergence of the process {ry(t),t > 0} to the death process of Kingman’s
coalescent with an effective coalescence rate ¢(r,r — 1). ¢(r,r — 1) can be computed
as the coalescence rates (5.72) (on the original timescale) averaged over the station-
ary distribution of the level-r mutation process (on the faster timescale) derived in

Lemma 5.18. Let (R;);jcr be a random vector distributed with the probability mass
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function (5.78). We have

giror—1)=> E {%Rj(}zj — 1)}

%2
()5 0) i) (Gt omm)

()=

where the third equality follows from equations (5.13) and (5.77), and the last equality

follows from the binomial theorem. The proof is then completed. O

5.5 Limit as L — oo

In this section, we consider the additive selection model in which each individual is
composed of an infinite number of diallelic loci, i.e., we let L — oo. We derive in
Lemma 5.20 that as L — oo, there is a finite number of type 0 loci in an individual
drawn randomly from the stationary population. Thus, we need to assign the type to
an individual according to the number of type 0 loci, instead of type 1 loci as in the
previous sections. We also deduce that, backwards in time, types in a sample are lost
one by one on a faster timescale, and the sample is instantaneously converted to the
one in which individuals are not composed of any type 0 locus. The real genealogy
then follows Kingman’s coalescent with coalescence rate (g) exp(—Tpo). These results
provide new insight into the studies of background selection model (see Remarks 5.21
and 5.23).

For now, let L still be finite to see how the way we assign types to individuals
changes the settings of the Moran model, the diffusion and the ancestral dual process.

Recall that £ = {0,1,..., L} is the set of possible types.
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In the Moran model, since each type 0 locus decreases the reproductive ability of

an individual by s, we assume each individual of type j gives birth at rate
/\j =1- .j87 .] € E7

where 0 < s < 1/L; cf. equation (5.2). At the same time as reproduction, an individual
is picked uniformly at random from the population to die.

Mutations still occur continuously in time at rate v > 0 on each individual,
independently of reproduction. At each locus, the allele has a probability jo of mutating
to type 0, and a probability p; to type 1, independently of its current type; po+pu, = 1.
Given a mutation occurs on an individual of type ¢ € E, the probability that the

mutation changes this individual to type j € F, is

K o, if j=i+1,
i, if j=i—1,
Pij = i i e
’ LL 241 + f/l/()? lf] =1,
0, otherwise;

cf. equation (5.3).

Let Zj (t) be the number of type j individuals in the population at time ¢. Define
Yj(N) (t) = Z;(t)/N. Suppose Ns = o, and Nu = . By slightly altering the calculations
in Proposition 5.1, we can show that the process {Y n(NNt/2),t > 0} converges in
distribution to a diffusion process {Y (¢),t > 0} on the L-dimensional simplex Sy,1, as

N — oo. For a twice continuously differentiable function f: S;y; — R, the generator

of the diffusion is

£iw) =5 X anle) 510+ Y Y, (5.52)

where

a;;(y) = 6i5Yi — Yiyj,
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and
~ 0

bi(y) = 57 [Yji—1(L =+ Dpo + yie1 (5 + 1)pa — (L — 5)po + jun)]

L
- 2 (j - Zkyk)
k=0
We set y_1 = yri1 = 0.
Then, similar to the deterministic approximation of the L-locus diffusion with
generator equation (5.4) by equation (5.6), as # — oo under selection-mutation balance

(5.1), the time-changed process {Y (t/6),t > 0} with initial value Y (0) = ¢ € (0,1)5*1,

can be approximated by the solution y(t) to the following system of differential

equations:
d?gt(t) = i [ ()L =5+ Dpo + 451 (0) (G + D = y5(8) (L = )po + jpn)]

- 50 (3 - kiokyk@)),

where j € E, with initial value y(0) = ¢.

By an argument similar to that in Theorem 5.6, there exists y* = lim;_,o y(?),

where
* L 7 L—j .
yj = <])¢L(1_wL) ) J €E7 (583)
with
1
Y = Y7 (L + 7= (L+7)2— 4L7-,u0). (5.84)

Then, according to Lemma 5.10, the transition rates of the ancestral process that

is dual to the diffusion with generator (5.82) satisfy

*

wl(r,v), (1 v+ €)) ~ T + )6,
wo((r ), (r — e, ) ~ }Wm 1),

1
gp((r,v), (r,v —ej;)) ~ -—v;(2r; +v; — 1),
Qyj
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Go((r,v), (r + €11 — €;,0)) ~ 2L O,

ol ), (r+ 1 — €5, ) ~ Gt g o,

(), 0+ € €,)) ~ G0,
gp((r,v),(r,v+ej_1 —e;)) ~ fy_j ij _Z + 19,u0, (5.85)

where j € F.
In the following lemma, we prove that as L — oo, the stationary frequency of

individuals with 7 type 0 loci is

J
TH) oro e N,

4!
The above quantity can also be interpreted as the distribution of the number of

type 0 loci in an individual of infinite length chosen randomly from the stationary

distribution.

Lemma 5.20. Consider vy, given in equation (5.84). For 0 <7 < 0o and 0 < ug < 1,

we have
lim Ly, = Tup. (5.86)
L—oo

Furthermore, the stationary frequencies y; in equation (5.83) satisfy

J
]_lm y; — M 6_7',“0 ,
L—oo j'

j € No. (5.87)

Proof. Consider

b = i([/—f—T— \/(L+T)2—4L7,u0),

as in equation (5.84), with 0 < 7 < oo and 0 < py < 1. By letting & = 1/L, we have

Ur = %(1 + kT — /(1 + k)2 — 4/<:wo> = g(k).

By applying the Taylor expansion to the function g(k) at the point k = 0, it follows
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that

g(k) = Tpok — popn T2k + O(k:3),

which implies

2
THo — HoH1T -3

= — — O(L™7).
(0 I 2 +O(L™)

The limit in equation (5.86) then follows.
There is a well-known fact that the binomial distribution with parameters n and
p converges to the Poisson distribution with parameter np, as n — oo and p — 0, but

np remains fixed. Hence, we have
* L j —J T . —T
y; = ()WL(l_wL)L ]%@e Ho
J J:
as L — oo. O]

The result in Lemma 5.20 can be related to the studies of Muller’s ratchet and the
background selection model. Consider an asexual population in which chromosomes
are passed down as indivisible blocks. When only deleterious mutations can occur, once
an individual has a certain number of mutations, it will never have fewer mutations
(forwards in time). This effect is known as Muller’s ratchet, as when all individuals
in the current “best” class have accumulated additional mutations, the ratchet clicks.
Muller (1964), Haigh (1978) and Etheridge et al. (2009) investigate the properties of
this mechanism (e.g., the average time between clicks of the ratchet). The studies of
Muller’s ratchet are often based on the background selection model as follows. The
population is of a large size, in which the type of an individual is determined by the
number of deleterious mutations accumulated. In a reproduction event, each individual
chooses a parent from the previous generation as in the classic Wright-Fisher model.
The relative fitness of a type j individual is assumed to be (1 — s)/, where 0 < s < 1
and j € Ny, so selection is against deleterious alleles maintained by mutation. The

number of extra mutations that occur between two successive generations is assumed

179



to follow a Poisson distribution with rate A\. The aforementioned authors find that
when selection and the deleterious mutation are balanced, the frequency of type j
individuals in the stationary population is Poisson with parameters ;7 and A/s. We

can compare this result with ours, as in the following remark.

Remark 5.21 (Connections to previous work). The Poisson distribution shows up
both in the classic derivation of Muller’s ratchet and in our additive selection model. In
the background selection model, the Poisson stationary distribution of the frequencies
in the population is shown by Haigh (1978, Equation 6). In our model, as the stable
equilibrium frequencies satisfy a binomial formula in equation (5.13), we arrive in a
Poisson distribution when L — oo. More specifically, in our Moran model, type 0 loci
are deleterious. As L — oo, there are an infinite number of type 1 loci but only a
finite number of type 0 loci. Hence, the mutation rate for a type 1 locus to type 0 is
approximately ug, while the mutation rate for a type 0 locus to type 1 is approximately
0. Therefore, upo in our Moran model has an identical role as the coefficient A in the
background selection model. The reproductive ability of an individual composed of j
type 0 loci is 1 — js in our Moran model. We have 1 — js ~ (1 — s)? for small s, which
is the relative fitness assumed in the background selection model. Lemma 5.20 shows
that the stationary frequency of an individual (of infinite length) having j type 0 loci
is Poisson with parameters j and 7pg, which is approximately wugy/s since we assume

s=0/N,u=0/N and limy_,,, 0/0 = T.

We now concentrate on the ancestral dual process. We will see in Remark 5.23 that
our results for the limiting genealogy are consistent with the arguments and simulations
in the literature for the genealogy in the corresponding background selection model.
The novelty of our work is that we obtain a full description of the genealogy using
the ancestral dual process with typed lines and the time-scaling theorems developed
in the previous sections.

Given the transition rates (5.85) and the limiting values of y; in equation (5.87),
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as L — oo, we consider an ancestral dual process {(ry(t),vq(t)),t > 0} that has the

following transition rates:

wl(r,v), (r,0+ €;)) = 22 (r +v)j0, (5.88)
ao((r,v), (1 — e;,v)) = %wrj(rj _1), (5.80)
w((r,v), (r,v0 — €;)) = %Uj(zrj Loy - 1), (5.90)
(7). (r + €1~ e;,0)) = o jrsb (5.91)
Go((r,0), (1,0 + €51 — €;)) = ——juyh, (5.92)

2T

where j € Ny, and

y; _ ( ,U'o) e—Tuo’
j!
as given in equation (5.87). Note that by assuming the stationary frequencies in the

population are constants, we implicitly neglect the effect of Muller’s ratchet.

Remark 5.22. Lemma 5.20 shows that, as . — oo, there are only a finite number of
type 0 loci in an individual. Thus, forwards in time, given a mutation occurs on such
an individual, the probability that the mutation acts on a type 0 locus and changes
it to type 1 tends to zero. Therefore, in the ancestral dual process, there are only
mutations with transitions (r,v) — (r +e;_1 —e;,v) and (r,v) — (r,v +e;_1 — €;)

that decrease the number of type 0 loci.

We note that the transitions with rates (5.89) and (5.91) that change the configu-
ration of real lines do not depend on the configuration of virtual lines. Thus, the real
genealogy is independent of the evolution of the virtual lines. On the faster timescale,

the real lines evolve according to the transition rates

1. .
Q((ra’v)v (’I" + €j-1— ej?”)) - erja J € NO-

It is not difficult to see that the types in the sample are lost one by one because of
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the mutations on the faster timescale. In the equilibrium of the mutation process on
the faster timescale, there are only individuals of type 0, i.e., having no type 0 loci.
Then, from time 0+ on the original timescale, the real genealogy follows a time-

changed Kingman'’s coalescent with coalescence rate

1

ro(ro — 1)e"THo. (5.93)
Remark 5.23 (Connections to previous work).

1. The nucleotide site diversity, i.e., the probability that a pair of randomly chosen
chromosomes differ at a given nucleotide site, indicates the shape of the underly-
ing genealogy (see Tavaré, 2004, Chapter 5). Charlesworth et al. (1993) study the
nucleotide site diversity in the background selection model (see Remark 5.21).
The authors show that, in a large population of size N, under selection-mutation
balance, the nucleotide site diversity is the same as that observed in a neutral
population with an effective population size N fy, where fy is the equilibrium
frequency of individuals not having any mutation. In the context of our dual
process as L. — oo under selection-mutation balance, their result means the
shape of the real genealogy is determined by Kingman’s coalescent with the

coalescence rate given in equation (5.93).

2. Durrett (2008, p. 213) argues that in the background selection model under
selection-mutation balance, the average time it takes for a sampled type j
individual to become type 0 backwards in time, is smaller than or equal to
log(j +1)/s < N. This corresponds to the time spent by our limiting ancestral
dual process on the faster timescale, which is negligible on the original timescale

where the coalescence events occur.

3. Walczak et al. (2012), Desai et al. (2012) and Nicolaisen and Desai (2012) study

the effect of purifying selection in the background selection model, in which
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these authors assume there is a selection-mutation balance so the stationary
frequency of type j individuals (individuals that have accumulated j mutations)
is a constant determined by a Poisson formula similar to that in equation (5.87).
These authors show that for a certain range of parameters corresponding to very
strong selection, our approximation of the limiting genealogy with the coalescence
rate (5.93) does hold well. However, these authors also prove that for moderately
strong selection, the genealogy is neutral but with a time-dependent effective

population size.
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Appendix A

Proofs

A.1 Proof of Lemma 2.7

The confluent hypergeometric function of the first kind, M (0,6, —o), is defined as

1 1
M6, 0. — — 01—1 1— O02—1 _—ox d
( 1, Y, J) B(01’92)‘A T ( ZE) e x,

where 0; > 0, 6, > 0, 6 = 0, + 6, and o > 0. After the change of variable by setting

y = ox, the above equation can be rewritten as

1 7 a1 Y 92_17
)= - 1 12 vdy.
M00.0) = g [ (1-2) v

By applying the Taylor expansion to the function g(y) = (1 — y/0)%~1 about the

point y = 0, we have

1 Y = k i 1_92
o k:‘g —~ o)’

where g (0) denotes the kth derivative of g evaluated at the point 0.

Therefore, we have

M (6,0, ~0) = —— ’ 3 1_92 1= B)w kd
(61, 7_0)—W Z Y

k=0
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1 - (1 - 92)(@ 7 —y, 01+k—1
3(91,62)091;:0 kloh /0 ©Y Y

- 3(91,192)091 g ¢ ;!ii)(k) (F(el +k) - /U vyt dy)
- e e
- T ,g: - (; )
_ F(];i?;‘h { 91(10— b2) 61061 + 1)(120—2 62)(2—62) . 0(0_3)] |

where the fourth equality follows Olver et al. (2010, Equation 8.11.2).

A.2 Proof of Lemma 2.8

We show how the transition rates (2.6) to (2.10) of the ancestral dual process with
typed lines can be asymptotically expanded for large o. The calculations are done
by substituting equation (2.22) for the confluent hypergeometric function into the

transition rates (2.6) to (2.10). It follows that

(ri+uv+6)vir+v+e +6)
r+v+46 v(ir+v+80)
(r1+v1+91)x Iir+v+1+86)
r+ov+6 F(T2+U2+92)UT1+01+1+91

q((r,v),(r,v+e;)) = %0‘(7’ +v)

1
= 50(7“ + )

X [1+0_1(T1 +v+1 +01)(1 — 79 — Uy —02) —I—O(O'_Q)]

F(TQ + V2 + 92)0.r1+v1+91
I'(r+v+0)

X[L4+o  (ri+v+601)(1—ry—va—0)+ 00 )]

= 1(74 +U)(7’1 + v + (91)[1 —FU*l(l — Ty — Uy — 92)] + 0(0.72);

2
1 r+v—140 vir+v—e +0)
_ —— 1
r+v—1+6 ir+v—1+0)
:—7’1(7’1—1) X
2 ri+uv =146 I(ro4ve + 6y)omtu-1+6
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X |:1+0'_1(T1+U1—1+01)(1—T2—U2—02)

1
+§O'72(7”1—|—U1 —1+91)(T1 +U1 +91)

X(1—7“2—1)2—92)(2—7‘2—’02—92)

F(Tz + (%) + 02)0.r1+v1+91
I'(r+v+96)

—i—O(US)] X
X |:1 —|—0'71<7’1 + v +01>(1 — 79 — Vg — 92)

1
+ 50_2(7“1 +’U1 +91)<7“1 + v + 1 +91)

X (1 —1ry—vy—03)(2—1ry —v9 — 05)
+O(0_3)}_

1 o
= —ri(r — 1
27“1(711 >T1+U1—1+61

X [1—0’71(1—7“2—1}2—62)

+ 072(7"1 + v +(91)(?“2 + vy —1+ (92) + 0(073)]

_ 7"1(7’1 — 1)
2(7"1 —|—U1 -1 + 91)

X [U+T2+1)2—1—|—02+0'_1(7”1—|—Ul+91)(7“2+’02—1+¢92)]

+0(07%);
r+v—1460 vir+v—ey+80)

q((r,v), (r — ey, v)) = 17’2(7’2 - 1)

2 T2+U2—1+92 V(?“+U+0)

1 r+v—1+40 I'r+v—-1+90)
:—7"2(7“2—]_> X

2 7“2—’—’02—1—}-02 F(r2+vg— 1_|_Q2)0-r1+v1+61

X [1 + 0'_1(7"1 + v+ 01)(2 — T9 — Vg — 92) + O(O'_2)]

F(T’Q + (%) + 02)0'T1+U1+01
I'(r+v+0)

X [14+o0 (ri+ v +601)(1 =19 —va — b2) + O(c™?)]

1
= 57"2(7’2 - 1)[1 + 0_1(’/“1 + v + 91)] + 0(0'_2);

((r,v),(r+e —e ,U))_lr rmt+uv+60 vir+vt+e —ey+0)
q ) ) 1 2 2227~2+U2—1+92 V("“—}—’U—}—O)
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—17" r1+v + 60, y I'(r+v+0)
B 2 2 27”2+UQ— 1+92 F(T2+U2—1+92)0T1+v1+1+91

X[1+o ri+v+14+60)(2—1 —vy—0) +0(c7?)]

F(T’Q + (%) + 92)0’T1+Ul+01
I'(r+v+0)

X[L4+o (ri+o+6)(1L—ry—vy—6) + O(c )]

1
= 50_17"292(7‘1 + v +61)

X[1+o ri+vi+60+2—1—vy—0y) +O0(c7?)]

1
= 50717’292(7’1 +v1 4 601) + O(c7?);

and

(r,v),(r+e—e v))_lr otV +0y vir+v+e—e +0)
q ’ ) 2 1 _211r1+vl—1+61 V('r"f—’U—f-e)
ro 4 vy + 0y C(r+v+0)

X
Yrid o — 14601 D(rg+vs + 1+ fy)gn - 1401

1
=7
57

X [1 —O'_1<T1 + v — 1+01)(’T‘2 + Vo +02) +O<O'_2)]

F(T’Q + vy + @2)0-1”1+U1+91
I'(r+v+0)

X[1+o ' (ri+v1+01)(1—ry—va—602) + O(c?)] "

1 o
= 210 x[1+o 0y — 11 — v — 0
27al 17414_1}1_1_’_01 [ +0o (T2+U2+ 2 (&1 V1 1)

+O’72(7"1 + v +01)(7’2 + U9y — 1 —|—92) + 0(0'73)]
1 7”191
2T1 + v —1+91

X[O'—l-’l"g—i-’l)g—i-eg—rl—vl—el

+ 0'71(7”1 + v + 91)(7“2 + v — 1+ 92)] + 0(072).

The other equations follow analogously. The proof is then completed.
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A.3 Proof of Lemma 3.13

Let @ > 0 be a three-dimensional vector representing the mutation coefficients. We

consider the function

V<0) = F(9> / /1 h 70-1:“ 722 ?1 13732 1<1 — T —x'g)egil dI'Q dxl,
L(00)(02)1(03) Jo Jo

as defined in equation (3.29).

After the changes of variables by setting x1 = y;/|o1| and xo = ys/09, we have

v(0) =

r (9)
01 02

(93)‘71 )

(1 y1/01)02 63—1
/ / ey 1(1 %—%) dys dy:.

By applying the Taylor expansion to the function

63—1
-2-2)
g1 g9

about the point y; = 0 and y, = 0, we have

(-a-m) e () () (2)

It follows that

')
v(0) = T
I'(01)(02)1°(05)01" 0
= < 1 1 (1—93)(1') o1 r(l—yi/o1)o2 s Orbij—1 Oati1
S e
_ ')
[(61)1(62)1(63)0 0y
SR 1 i\(A—0)e [ O1+i—j—1_—y Urnfoes 9, O2+j—1
X;;oijag (a) il /0 h ' /0 e "y dye | dys
')
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7

XD ( ) O P (g, 1= )T + ) + ofor)
=0 j=
)@ 01i-5)020) s
+0 o
0103210]20(> Zlgz ]O.% ( 1 )
(6 3)0 1—065)0,
I'(03)07" 0y? o1 02
(1
+

2 2 2

02— 0s) <91(1 £0) 200, 6a(1 92)) ol 2)} |

where the third equality holds according to Olver et al. (2010, Equation 8.11.2).

A.4 Proof of Lemma 3.14

Consider the ratios v(-)/v(r + v + ) in the transition rates in equations (3.28). The

ratios in the branching rates satisfy, for 7,7 = 1,2 and i # 7,

vir+v+e +0)
vir+v+0)
D(r+v+1+40)D(rs + vg + 03)o) Hotligh s
CD(r 4 v O) (g + vy + Gg)o IO T

% <1+(1—7“3—?)3—93)(7“1‘—}-1)1‘—}-1—’—92‘)+(1—T3—03—03)(Tj+1}j+9j))

g; 0

% (1+ (1—7"3—"03—93)(7“2'4—’01'4-01') i (1—7“3—’03—93)(7“]'+Uj+9j))1

g; o;

J
1 — e — Ua —
ZM(H rs — s 93+0(0.—1)),

ag; 0; ‘

For the ratios appearing in the coalescence rates for individuals of type 1 and type

2, we have, for 7,57 = 1,2 and i # j,

vir+v—e; +6)
v(ir+v+0)
D(r+v—1+0)1 (03 + ag)oytotbigh ot

F(T + v+ Q)F(eg + OZ3) Tﬁ_vz 1+9i0‘;j+vj+0j

% <1+(1—7’3—1)3—93)(7'14-111—14—91) i (1—7"3—1]3—63)(7“]""’0]"{’9]'))

g;

9j
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g; g

0; rs+uv3 — 1+ 03 1
r—i—v—1+9( + p +o(o; )

% <1+ (1—7”3—1}3—93)(7’2'4-’1}1‘4—01‘) 4 (1—7’3—U3—93)<7"j+1)j+6j))_1

The ratio in the coalescence rate for individuals of the favoured type 3 is slightly

different from the previous two ratios. This ratio satisfies

vir+v—e3+0)
vir+v+0)
_ F(rr Ty —1+ 8)F<7‘3 +vg + 03)0.71"1+v1+910.72"2+v2+92
F(’/’ + v+ Q)F(Tg + vy — 14+ 93)0.71"1+v1+910.72"2+v2+02
2—r3—wv3—0 0 2—r3—wv3—0 6
» (1+ (2—r3 —v3—63)(ri +v1 +61) n (2 =173 —v3—03)(ry +v2 + 2))
01 09

01 02
r3+uvyg—1+6 r+v +0 ro + vy + 60 _
N 3 3(1+ 1 1 LT 2 2+0(011)).

r+v—1+86 o1 09

% (1+ (1—T3—U3—83)(T1+U1+¢91) i (1—T3—U3—83)(T2+U2+92)>_1

The ratios in the mutation rates between individuals of type 1 and type 2 satisfy,
fori,j =1,2 and i # j,

vir+v+e —e;j+0)

vir+v+0)
[(r+ v+ )1 (03 + ag)ol ot bigh it
- I(r+v+0)I'0s+ 043)J?”iwi“a;jﬂjwj_l
y <1+ (1—r3—v3—03)(r; +v; +60; +1) N (1—r3—vg—03)(rj+vj+9j—1))
o oj

% <1+ (1—7"3—’03—93)(7"1'4—1)2'4-91') 4 (1—r3—v3—93)(7"j+vj+«9j))1
g; g

; 1—75—v3—0 +u3—1+6
ﬁ(l—i— s — U3 3_|_T3 U3 3"’0(01_1))-

g; g; O'j

The ratios in the mutation rates of the two disfavoured types to the favoured type
3 satisty, for 7,7 = 1,2 and i # j,

vir+v+e —e;+80)
v(r+v+0)
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We also have, for 7,7 = 1,2 and i # 7,
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The lemma then follows.

191



Bibliography

Abramowitz, M. and I. A. Stegun (1965). Handbook of Mathematical Functions: With
Formulas, Graphs, and Mathematical Tables. Dover Books on Mathematics. New

York: Dover Publications.

Baake, E. and R. Bialowons (2008). Ancestral processes with selection: Branching
and Moran models. In R. Biirger, C. Maes, and J. Miekisz (Eds.), Banach Cen-
ter Publications, Volume 80, pp. 33-52. Warsaw: Institute of Mathematics, Polish

Academy of Sciences.

Baake, E. and H. Wagner (2001). Mutation-selection models solved exactly with

methods of statistical mechanics. Genetical Research 78, 93-117.

Bahlo, M. and R. C. Griffiths (2001). Coalescence time for two genes from a subdivided

population. Journal of Mathematical Biology 43, 397-410.

Barton, N. H. (1998). The effect of hitch-hiking on neutral genealogies. Genetical
Research 72, 123-133.

Barton, N. H., D. E. Briggs, J. A. Eisen, D. B. Goldstein, and N. H. Patel (2007).

FEvolution. Cold Spring Harbor, New York: Cold Spring Harbor Laboratory Press.

Barton, N. H. and A. M. Etheridge (2004). The effect of selection on genealogies.

Genetics 166, 1115-1131.

192



Barton, N. H., A. M. Etheridge, and A. K. Sturm (2004). Coalescence in a random
background. Annals of Applied Probability 14, 754-785.

Bellman, R. (1997). Introduction to Matriz Analysis (2nd ed.), Volume 19 of Classics in

Applied Mathematics. Philadelphia: Society for Industrial and Applied Mathematics.

Charlesworth, B., M. T. Morgan, and D. Charlesworth (1993). The effect of deleterious

mutations on neutral molecular variation. Genetics 134, 1289-1303.

Charlesworth, D., B. Charlesworth, and M. Morgan (1995). The pattern of neutral

molecular variation under the background selection model. Genetics 141, 1619-1632.

Coop, G. and R. C. Griffiths (2004). Ancestral inference on gene trees under selection.
Theoretical Population Biology 66, 219-232.

Crow, J. F. and J. Felsenstein (1968). The effect of assortative mating on the genetic

composition of a population. Fugenics Quarterly 15, 85-97.

Darden, T., N. L. Kaplan, and R. R. Hudson (1989). A numerical method for calcu-
lating moments of coalescent times in finite populations with selection. Journal of

Mathematical Biology 27, 355-368.

Desai, M. M., L. E. Nicolaisen, A. M. Walczak, and J. B. Plotkin (2012). The structure
of allelic diversity in the presence of purifying selection. Theoretical Population

Biology 81, 144-157.

Devaux, C. and R. Lande (2008). Incipient allochronic speciation due to non-selective
assortative mating by flowering time, mutation and genetic drift. Proceedings of

The Royal Society B 275, 2723-2732.

Donnelly, P. (1984). The transient behaviour of the Moran model in population
genetics. Mathematical Proceedings of the Cambridge Philosophical Society 95,
349-358.

193



Donnelly, P. and T. G. Kurtz (1999). Genealogical processes for Fleming-Viot models

with selection and recombination. Annals of Applied Probability 9, 1091-1148.

Donnelly, P., M. Nordborg, and P. Joyce (2001). Likelihoods and simulation methods

for a class of nonneutral population genetics models. Genetics 159, 853-867.

Donnelly, P. and S. Tavaré (1995). Coalescents and genealogical structure under

neutrality. Annual Review of Genetics 29, 401-421.

Drake, J. W., B. Charlesworth, D. Charlesworth, and J. F. Crow (1998). Rates of

spontaneous mutation. Genetics 148, 1667-1686.

Durrett, R. (2008). Probability Models for DNA Sequence Evolution (2nd ed.). Proa-

bility and Its Applications. New York: Springer.

Durrett, R. and J. Schweinsberg (2004). Approximating selective sweeps. Theoretical

Population Biology 66, 129-138.

Etheridge, A. M. (2011). Some Mathematical Models from Population Genetics: Ecole
d’été de probabilités de Saint-Flour XXXIX - 2009, Volume 2012 of Lecture Notes

in Mathematics. Berlin: Springer.

Etheridge, A. M. and R. C. Griffiths (2009). A coalescent dual process in a Moran

model with genic selection. Theoretical Population Biology 75, 320-330.

Etheridge, A. M., R. C. Griffiths, and J. E. Taylor (2010). A coalescent dual process
in a Moran model with genic selection, and the lambda coalescent limit. Theoretical

Population Biology 78, T7-92.

Etheridge, A. M. and S. Lemaire (2011). Diffusion approximation of a multilocus

model with assortative mating. FElectronic Journal of Probability 16, 2122-2181.

194



Etheridge, A. M., P. Pfaffelhuber, and A. Wakolbinger (2009). How often does the
ratchet click? Facts, heuristics, asymptotics. In J. Blath, P. Morters, and M. Scheut-
zow (Eds.), Trends in Stochastic Analysis, Volume 353 of London Mathematical

Society Lecture Note Series, pp. 365-390. Cambridge: Cambridge University Press.

Ethier, S. N. and R. C. Griffiths (1990). On the two-locus sampling distribution.
Journal of Mathematical Biology 29, 131-159.

Ethier, S. N. and T. G. Kurtz (1998). Coupling and ergodic theorems for Fleming-Viot
processes. Annals of Probability 26, 533-561.

Ethier, S. N. and T. G. Kurtz (2005). Markov Processes: Characterization and
Convergence. Wiley Series in Probability and Statistics. Hoboken, New Jersey:

Wiley-Interscience.

Ewens, W. (2004). Mathematical Population Genetics: Theoretical Introduction (2nd
ed.), Volume 27 of Interdisciplinary Applied Mathematics. New York: Springer-

Verlag.

Ewens, W. J. (1972). The sampling theory of selectively neutral alleles. Theoretical

Population Biology 3, 87-112.

Fearnhead, P. (2002). The common ancestor at a nonneutral locus. Journal of Applied

Probability 39, 38-54.

Fisher, R. (1930). The Genetical Theory of Natural Selection. Oxford: Clarendon

Press.

Fu,Y. X. and W. H. Li (1993). Statistical tests of neutrality of mutations. Genetics 133,

693-709.

Gillespie, J. H. (1986). Variability of evolutionary rates of DNA. Genetics 113,

1077-1091.

195



Gillespie, J. H. (1991). The Causes of Molecular Evolution. Oxford Series in Ecology

and Evolution. New York: Oxford University Press.

Golding, G. B. (1997). The effect of purifying selection on genealogies. In P. Don-
nelly and S. Tavaré (Eds.), Progress in Population Genetics and Human FEvolution,
Volume 87 of IMA Volumes in Mathematics and its Applications, pp. 271-285. New

York: Springer.

Griffiths, R. C. (1980). Lines of descent in the diffusion approximation of neutral

Wright-Fisher models. Theoretical Population Biology 17, 37-50.

Griffiths, R. C. (1989). Genealogical-tree probabilities in the infinitely-many-sites

model. Journal of Mathematical Biology 27, 667—680.

Griffiths, R. C. and P. Marjoram (1996). Ancestral inference from samples of DNA

sequences with recombination. Journal of Computational Biology 3, 479-502.

Griffiths, R. C. and P. Marjoram (1997). An ancestral recombination graph. In
P. Donnelly and S. Tavaré (Eds.), Progress in Population Genetics and Human
Evolution, Volume 87 of IMA Volumes in Mathematics and its Applications, pp.
257-270. New York: Springer.

Griffiths, R. C. and S. Tavaré (1994). Simulating probability distributions in the

coalescent. Theoretical Population Biology 46, 131-159.

Haigh, J. (1978). The accumulation of deleterious genes in a population - Muller’s

ratchet. Theoretical Population Biology 14, 251-267.

Hale, J. K. (1980). Ordinary Differential Equations (2nd ed.). Huntington, New York:

R. E. Krieger Publishing Company.

Hartl, D. L. and R. B. Campbell (1982). Allele multiplicity in simple Mendelian

disorders. American Journal of Human Genetics 34, 866-873.

196



Hudson, R. R. (1991). Gene genealogies and the coalescent process. In D. Futuyama
and J. Antonovics (Eds.), Ozford Surveys in Evolutionary Biology, Volume 7, pp.
1-44. New York: Oxford University Press.

Hudson, R. R. and N. L. Kaplan (1994). Gene trees with background selection. In G. B.
Golding (Ed.), Nonneutral Evolution: Theories and Molecular Data, pp. 140-152.

New York: Springer.

Hudson, R. R. and N. L. Kaplan (1996). The coalescent process and background
selection. In P. H. Harvey, A. J. L. Brown, J. M. Smith, and S. Nee (Eds.), New

Uses for New Phylogenies, pp. 57-65. Oxford: Oxford University Press.

Kaplan, N. L., T. Darden, and R. R. Hudson (1988). The coalescent process in models

with selection. Genetics 120, 819-829.

Kimura, M. and J. F. Crow (1964). The number of alleles that can be maintained in

a finite population. Genetics 49, 725-738.

Kingman, J. F. C. (1982a). The coalescent. Stochastic Processes and their Applica-
tions 13, 235-248.

Kingman, J. F. C. (1982b). On the genealogy of large populations. Journal of Applied
Probability 19, 27-43.

Kondrashov, A. S. and M. Shpak (1998). On the origin of species by means of

assortative mating. Proceedings of the Royal Society B 265, 2273-2278.

Krone, S. M. and C. Neuhauser (1997). Ancestral processes with selection. Theoretical

Population Biology 51, 210-237.

Lercher, M. J. and L. D. Hurst (2002). Human SNP variability and mutation rate are

higher in regions of high recombination. Trends in Genetics 18, 337-340.

197



Lessard, S. and J. Wakeley (2004). The two-locus ancestral graph in a subdivided
population: convergence as the number of demes grows in the island model. Journal

of Mathematical Biology 48, 275-292.

Liggett, T. M. (2004). Interacting Particle Systems, Volume 276 of Grundlehren der

mathematischen Wissenschaften. New York: Springer.

Lépez, J. L. and P. J. Pagola (2010). The confluent hypergeometric functions M(a, b; z)
and U(a, b; z) for large b and z. Journal of Computational and Applied Mathemat-
ics 233, 1570-1576.

Mohle, M. (1998). A convergence theorem for Markov chains arising in population
genetics and the coalescent with selfing. Advances in Applied Probability 30, 493—
512.

Méhle, M. (1998). Robustness results for the coalescent. Journal of Applied Probabil-
ity 35, 438-447.

Moran, P. A. P. (1958). Random processes in genetics. Mathematical Proceedings of
the Cambridge Philosophical Society 54, 60-71.

Muller, H. J. (1964). The relation of recombination to mutational advance. Mutation

Research/Fundamental and Molecular Mechanisms of Mutagenesis 1, 2-9.

Nagylaki, T. (1980). The strong-migration limit in geographically structured popula-
tions. Journal of Mathematical Biology 9, 101-114.

Nagylaki, T. (2000). Geographical invariance and the strong-migration limit in subdi-

vided populations. Journal of Mathematical Biology 41, 123-142.

Neuhauser, C. and S. M. Krone (1997). The genealogy of samples in models with
selection. Genetics 145, 519-534.

198



Nicolaisen, L. E. and M. M. Desai (2012). Distortions in genealogies due to purifying

selection. Molecular Biology and Evolution 29, 3589-3600.

Nordborg, M. (2007). Coalescent theory. In D. J. Balding, M. Bishop, and C. Cannings
(Eds.), Handbook of Statistical Genetics (3rd ed.), Volume 2, Chapter 25, pp. 843-877.
Chichester: Wiley.

Nordborg, M. and P. Donnelly (1997). The coalescent process with selfing. Genet-
1cs 146, 1185-1195.

Nordborg, M. and S. M. Krone (2002). Separation of time scales and convergence
to the coalescent in structured populations. In M. Slatkin and M. Veuille (Eds.),
Modern Developments in Theoretical Population Genetics: The Legacy of Gustave

Malécot, Oxford Biology Readers, pp. 194-232. Oxford: Oxford University Press.

Norman, M. F. (1974). A central limit theorem for Markov processes that move by
small steps. Annals of Probability 2, 1065-1074.

Notohara, M. (1990). The coalescent and the genealogical process in geographically

structured population. Journal of Mathematical Biology 29, 59-75.

Notohara, M. (1993). The strong-migration limit for the genealogical process in
geographically structured populations. Journal of Mathematical Biology 31, 115—
122.

O’Brien, P. (1985). A genetic model with mutation and selection. Mathematical
Biosciences 73, 239-251.

Olver, F. W. J., D. W. Lozier, R. F. Boisvert, and C. W. Clark (2010). NIST Handbook

of Mathematical Functions. Cambridge: Cambridge University Press.

Przeworski, M., B. Charlesworth, and J. D. Wall (1999). Genealogies and weak

purifying selection. Molecular Biology and Evolution 16, 246-252.

199



Ripley, B. (2006). Stochastic Simulation. Wiley Series in Probability and Statistics.

Hoboken, New Jersey: Wiley-Interscience.

Sato, K. (1978). Convergence to a diffusion of a multi-allelic model in population

genetics. Advances in Applied Probability 10, 538-562.

Sawyer, S. (1983). A stability property of the Ewens sampling formula. Journal of
Applied Probability 20, 449-459.

Slade, P. F. (2000). Simulation of selected genealogies. Theoretical Population Biol-
ogqy 57, 35—49.

Stephan, W., T. H. E. Wiehe, and M. W. Lenz (1992). The effect of strongly selected
substitutions on neutral polymorphism: Analytical results based on diffusion theory.

Theoretical Population Biology 41, 237-254.

Stephens, M. and P. Donnelly (2003). Ancestral inference in population genetics
models with selection. Australian and New Zealand Journal of Statistics 45, 395—

423.

Takahata, N. (1988). The coalescent in two partially ioslated diffusion populations.
Genetical Research 52, 213-222.

Tavaré, S. (2004). Ancestral inference in population genetics. In J. Picard (Ed.),
Lectures on Probability Theory and Statistics: Ecole d’été de probabilités de Saint-
Flour XXXI - 2001, Volume 1837 of Lecture Notes in Mathematics, pp. 1-188. New

York: Springer.

Tavaré, S., D. J. Balding, R. C. Griffiths, and P. Donnelly (1997). Inferring coalescence

times from DNA sequence data. Genetics 145, 505-518.

Thompson, C. and J. McBride (1974). On Eigen’s theory of the self-organization of

200



matter and the evolution of biological macromolecules. Mathematical Biosciences 21,

127-142.

Wakeley, J. (2008). Conditional gene genealogies under strong purifying selection.
Molecular Biology and Evolution 25, 2615-2626.

Wakeley, J. (2009). Coalescent Theory: An Introduction. Greenwood Village, Colorado:
Roberts & Co. Publishers.

Wakeley, J. and O. Sargsyan (2009). The conditional ancestral selection graph with

strong balancing selection. Theoretical Population Biology 75, 355-364.

Walczak, A. M., L. E. Nicolaisen, J. B. Plotkin, and M. M. Desai (2012). The struc-
ture of genealogies in the presence of purifying selection: A fitness-class coalescent.

Genetics 190, 753-779.

Watterson, G. A. (1975). On the number of segregating sites in genetical models

without recombination. Theoretical Population Biology 7, 256-276.

Wilkinson-Herbots, H. M. (1998). Genealogy and subpopulation differentiation under

various models of population structure. Journal of Mathematical Biology 37, 535—

585.
Wright, S. (1931). Evolution in Mendelian populations. Genetics 16, 97-159.

Yu, F., A. M. Etheridge, and C. Cuthbertson (2012). Fixation probability for com-

peting selective sweep. FElectronic Journal of Probability 17, 1-36.

201



