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Abstract

Redox flow cells have a significant potential as efficient, scalable energy storage and

use of nano-materials is likely to increase the energy density even further. Efficient cell

design requires understanding of mass transport effects and for colloidal systems the

theoretical assumptions commonly used for molecular species require re-evaluation.

In the present work the effect of near-wall hindered diffusion is investigated in the

convective-diffusive system of a colloidal suspension of nanoparticles. The rotating

disk electrode system is used as a model due to wide applicability of the technique for

the battery testing. A major influence of near-wall hindered diffusion is observed in

the resulting concentration profiles of the nanoparticles (aqueous concentration as a

function of distance) and the current responses in the case of the colloidal suspensions,

and the finding is likely to have a significant impact on the understanding of physical

processes underlying the practical cell design and modelling.

Introduction

Efficient, scalable and low-cost energy storage remains a limiting factor to a wide adoption

of renewable energy sources and a range of potential solutions have been developed over the

years.1,2 Electrochemical methods provide an attractive option due to relative simplicity,

potential scalability and low cost.3 Redox flow batteries meet many of the required criteria

due to decoupled power/energy-storage design. One of the main limitations of traditional

redox flow systems is poor energy density due to low ion concentrations used and limited

cell-voltage. Nanoparticles have significant potential to alter the field of energy production

and storage. A novel approach involves use of colloidal suspension of electroactive nanopar-

ticles as a “nanoelectrofuel” where the charge and discharge rates are enhanced due to the

presence of nanoparticles, while the resultant increase in viscosity is negligible.4,5 Efficient

practical applications and further improvements in the efficiency require understanding of

physical processes which arise in such colloidal nanoparticulate systems. One of the main ap-
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proaches to modelling convective-diffusive systems has been the Colloidal Filtration Theory

(CFT) originally introduced by Yao et.al 6 which takes into account near-wall hydrodynamic

effects and interactions of molecular and solute nature as described by Derjaguin Landau

Verwey Overbeek (DLVO) theory.7 The CFT has been successfully applied to diverse sys-

tems ranging from colloidal suspensions8 to movement of bacteria in a contaminated sandy

aquifer.9 Earlier models neglected hydrodynamic retardation of diffusion10 and as a result

were not accurate for smaller colloids (r < 100 nm). Current CFT approaches take into ac-

count the hydrodynamic effects and demonstrate high degree of accuracy.11–14 These models

feature high degrees of complexity and in many cases require numerical simulations. The

aim of the present work is to provide a treatment of a convectional-diffusional system from

electrochemical point of view with the main aim of predicting the current response rather

than the collector properties.

The rotating disk electrode (RDE) has proved to be an invaluable tool15,16 for the study

of electrochemical processes as evidenced by the large body of literature. RDE technique

has been successfully used to elucidate reaction mechanisms17 and finds a wide variety of

industrial applications (in particular battery testing)18–20 and was successfully applied to

characterize electrochemical behaviour of colloidal suspension of nanoparticles.21–23 Advan-

tages of the rotating disk are: the bulk solution is well-mixed and homogeneous, the rotation

rate allows control of the hydrodynamic layer thickness, and most importantly the steady-

state current response allows accurate analysis of the systems and extraction of kinetic

parameters. In addition the RDE electrode involves an electrode of macro-dimensions and

the resulting high current signal does not require the setup to be shielded by a Faraday

cage, unlike the microelectrodes which often suffer from interferences due to the low current

signal.

Traditionally the focus of RDE studies has been on molecular electrochemistry and only

recently has the focus shifted to colloidal systems. Unlike molecular systems, colloidal sus-

pensions introduce additional complications to the analysis and theoretical treatment due
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to non-uniform diffusion coefficient of the species as a result of the hindered diffusion near

surfaces. As the particles approach a solid boundary they experience hydrodynamic retar-

dation and as a result the diffusion coefficient is lowered, which leads to a reduction in

the observed mass transport. In the following work we present a theoretical treatment of

a colloidal nano-particulate system undergoing electrolysis at a RDE and contrast it with

the behaviour of a traditional molecular system. In particular we demonstrate the following

physical insights: near-wall hindered diffusion plays a dominant role for mass transport in

convective systems and the balance of electron tunneling and near-wall hindered diffusion

leads to a significant change in the position of electron tunnelling compared to molecular

systems. We combine mass transport of the particles and kinetics of the electron transfer

with an inclusion of the electron tunneling in order to predict the current response of the

electrochemical convective-diffusive system.

Theory

In this section we initially consider the hydrodynamics of the rotating disk and the convective-

diffusive mass transport taking place. We then consider the cases of uniform and near-

wall hindered diffusion and develop a model which incorporates electron tunnelling into

Butler-Volmer kinetics demonstrating the impact of these considerations on the diffusion

limited current at a rotating disk. We consider the case of high ionic strength, which is

typical for almost all batteries, which leads to negligible double layer effects in accordance

with the DLVO theory and corresponding simplifications of the model. As a result the

conditions are favorable to deposition of the particles and there is no energy barrier. In

addition the nanoparticles arriving at the electrode held at a high overpotential are dissolved

electrolytically and as a result there is no perturbation to the resultant concentration profile

of the particles at the electrode surface.
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Hydrodynamics of a rotating disk

The velocity profile at the rotating disk is based on the solution of the Navier-Stokes equa-

tions as provided analytically by Von Kaŕmań24 and numerically by Cochran.25 The complete

hydrodynamics description of the rotating disk involves for simplicity three dimensionless

components: radial, azimuthal and the axial velocities. According to this solution at the

disk surface there exists a relatively stagnant solution layer. This layer is known as hydro-

dynamic layer and its thickness is defined in accordance with Equation 1, where δ0 is the

hydrodynamic layer thickness, υ is the kinematic viscosity, ω is the angular velocity (defined

in accordance with Equation 2) and f is the frequency.

δ0 = 3.6

√
v

ω
(1)

ω = 2πf (2)

Within the hydrodynamic layer, the radial flow contribution is negligible and only axial

velocity needs to be taken into account. The radial and azimuthal velocities do not perturb

the electrochemical response of the system and only axial velocity is of significant importance.

The axial velocity vx is a function of separation distance x from the rotating electrode and for

electrolytes, assuming a high Schmidt number (defined as the ratio of momentum diffusivity

(viscosity) and mass diffusivity),26 is given according by Equations 3-424

vx =
√
υω(
−0.51ωx2

υ
+
ω3/2x3

3υ3/2
− ...) for x < δ0 (3)

vx = −0.886
√
υω for x > δ0 (4)

which show that the axial velocity decreases to zero at the electrode surface and as a result

within close proximity to the electrode the mass transport will be dominated by the diffusion

process rather than convection. An infinitely large rotating disk is uniformly accessible27

and as result the velocity profile is independent of the radial component and hence only
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the knowledge of axial velocity is required for the resolution of the mass transport problem

which effectively simplifies the equations to one dimension.

The landmark theoretical treatment for the flux of electroactive species to the rotating

disk was given by V. Levich,28,29 who solved the diffusion-convection equation (Equation 5)

under steady state conditions (Equation 6), where ∂c
∂t

is change of concentration with time,

∂2c
∂x2

is a diffusion term, and vx
∂c
∂x

denotes the convection term.

∂c

∂t
= D

∂2c

∂x2
− vx

∂c

∂x
(5)

D
d2c

dx2
− vx

dc

dx
= 0 (6)

Levich developed the insight that the rotating disk is uniformly accessible (a property only

possessed by a select few hydrodynamic systems27 but including the wall-tube electrode) and

derived the concentration profile of the reactants under first order-convection approximation

given by Equation 7.

c(x) =
γ
(
1
3
, 0.51ω

3/2x3

3Dv1/2

)
Γ
(
1
3

) c∗ (7)

where Γ and γ are the full and incomplete Gamma functions respectively. The steady state

limiting current is given by Equation 8.

Iss = 0.62FAc∗D2/3ω1/2v−1/6 (8)

where F is the Faraday constant, A is the electrode area, c* is the bulk concentration, and

D is the bulk diffusion coefficient of the species. This equation provides a useful comparison

for the simulated system and allows validation of the numerical simulations in the absence

of the near-wall hindrance.

Levich assumed that the diffusion coefficient is independent of x, an assumption which

is usually exact for molecular species, but can potentially introduce inaccuracy in the case
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of nanoparticles, which are larger in size.30–32 It has been demonstrated by Brenner33 that

a moving particle near a wall experiences a hindrance due to a hydrodynamic force. The

effect is known as near-wall hindered diffusion and is significant for colloidal systems as

demonstrated with a wide range of experimental techniques.30,32,34–36 The effect manifests

itself in the apparent reduction of the diffusion coefficient within close proximity to the

solid boundary. As a result a distance dependent correction factor λ is required. In the

present work we extend the Levich’s analysis of the rotating disk to a colloidal system. We

consider a system of electroactive particles and solve the diffusion-convection equation for

species of various sizes accounting for the near-wall hindrance term. For the solution of the

mass transport to a rotating disk we use the analysis developed by Elimelech.37 The mass

transport problem can be formulated mathematically by Equation 9,

∂c

∂t
=

∂

∂x,
(λ(x,)D

∂c

∂x,
)− vx,

∂c

∂x,
= 0 (9)

x, = x− r (10)

where c is the concentration of electroactive species, x, is the separation between the nanopar-

ticle edge and the electrode and r is the radius of a particle. In order to facilitate ease of

analysis and reduce complexity of the analysis the equation is solved under steady-state

condition.

Near-wall hindered diffusion

As a particle approaches a solid boundary it experiences reduced mobility and a result the

diffusion coefficient is no longer uniform and a correction factor is needed. The detailed

analysis has been provided by Brenner33 and the solution was given in terms of an infinite

series. An approximation was introduced by Bevan and Prieve38 in order to facilitate ease
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of use and this expression has been used in the present work as shown in Equation 11.

λ =
6x,2 + 2rx,

6x,2 + 9rx, + 2r2
(11)

The resultant diffusion coefficients of the particles will depend on their position with respect

to a boundary as shown in Equation 14.

Dx, = Dbulkλ(x,) (12)

where Dx is the diffusion coefficient at a given distance from the electrode, and Dbulk is the

bulk diffusion coefficient. For an RDE system which involves a planar electrode the most

important parameter is electrode/particle separation, as a result unlike the case described

by Eral et al.12 the angular component will be insignificant as it will not have an effect on

the observed current response and the main contribution will be the normal component of

the diffusion.

Justification of applicability of near-wall hindered diffusion

The derivation obtained by Brenner33 is only strictly valid for unperturbed system and hence

application to the RDE requires justification. According to the solution for the velocities

provided by Von Karman24 and Cochrane25 at the surface the azimuthal component is equal

to unity, and both axial and radial components decay to zero. As a result provided that

the flow to the disk is laminar a virtually stagnant layer is observed, which allows us to

make use of the Brenner analysis. At very fast rotation rates (high Reynolds numbers,

Re = ωr2

v
> 2000) the flow will become turbulent and as a result the treatment presented

in the present work would no longer be applicable. An additional important point is the

centrifugal force experienced by a particle with effective mass m∗ (defined in accordance with
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Equation 13) at the close proximity to the electrode.

m∗ =
4

3
πr3np(ρnp − ρsolvent) (13)

vnp =
m∗ω2r

6πµrnp
(14)

where m∗ is the effective mass, ρ is the respective densities of a particle and a solvent, vnp

is the radial velocity of the particle, µ is the dynamic viscosity. The resultant radial veloc-

ity even for the large nanoparticles, r ≈ 50 nm, is small and does not lead to significant

perturbations and as result near-wall hindrance to diffusion remains applicable as the domi-

nant mass transport. Note also for such small particles their radius is tiny compared to the

thickness of the hydrodynamic layer so that the mass transport enhancement seen for much

larger particles is not significant.39–42

Unlike traditional electrochemical simulations for the case of hindered diffusion an al-

ternative electrical flux measurement is required as the diffusion coefficient at the electrode

surface is zero, which leads to an apparent zero mass flux (f) for the simulation.

f = Dx=0
dc

dx

∣∣∣∣
x=0

= 0 (15)

if the concentration gradient at the electrode is measured in accordance with Equation 15, as

is usual in many past simulations.43–46 On the other hand if the electrical flux is measured at a

small distance from the electrode where the diffusion coefficient is not zero, the electrical flux

will change with the spatial variation of the diffusion coefficient. As a result an alternative

approach is warranted in order to simulate the actual electrical flux of the species.

In reality the electron transfer takes within a zone close to the electrode surface where

electron tunnelling is possible47,48 and as a result a more complex boundary condition is

warranted for the solution of convection diffusion equation.
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Electron tunnelling

In order to measure the simulated electrical flux and avoid the problems highlighted in

the previous section, it is possible to incorporate electron tunnelling which is confined to a

certain volume in close proximity to the electrode surface.47–50 Electron tunnelling is a distant

dependent problem and its probability P is thought to fall off approximately exponentially

with increasing distance in accordance with Equation 16:

P = ve−βx (16)

where v is a frequency factor (s−1), and β is the electron-tunnelling decay factor (m−1) is

dependent on the medium where the electron transfer takes place and for aqueous solvent is

equal to 1.59 Å
−1

.46,51,52

Butler-Volmer Kinetics

The rate of electron transfer can be modelled at every point in the solution in accordance

with the Butler-Volmer kinetics equation,46,53 which describes the rate of electron transfer

dependence on the potential applied. For a single electron transfer reaction, for a redox cou-

ple where both A and B have the same diffusion coefficient the Butler-Volmer concentration

dependence is defined in accordance with Equation 21.

B ⇀↽ A+ e− (17)

DA = DB (18)

[B] = [A]bulk − [A] (19)

fBV = ([A](x)e−αη + ([A](x)− [A]bulk)e
(1−α)η) (20)
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η =
F

RT
(E − E0

f ) (21)

where [j]a is the bulk concentration, [j] is the concentration of a given species, α is the charge

transfer coefficient (for many reactions α ≈ 0.5),54,55 k0 is the standard heterogeneous rate

constant and η is the dimensionless potential with respect to the formal potential, Ef ,

for a given species couple, F is the Faraday constant, R is the gas constant and T is the

temperature. In the absence of tunnelling the electrical flux is given in accordance with the

ideal Butler-Volmer equation (Equation 22):

f = k0fBV (22)

Dimensionless Parameters

In order to simplify subsequent analysis dimensionless parameters will be used. Conventional

dimensionless parameters were chosen in order to combine the angular velocity and the

diffusion coefficient of the particles. This allows considerable simplification of convection-

diffusion equations.15,45Equations (ODEs) were converted to a dimensionless form using the

parameters described in Table 1.
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Table 1: Dimensionless parameters used for the simulation

Dimensional Parameter Dimensionless Form

Velocity constant L L = (0.51023(2πf)3/2υ−1/2

Time t T = (L2Dbulk)
1/3t

Space x W = ( L
Dbulk

)1/3x

Concentration c C = c
cbulk

Tunnelling Constant β β∗ = ( L
Dbulk

)−1/3β

Radius of a particle r R = ( L
Dbulk

)1/3r

Frequency factor v v∗ = ( L
Dbulk

)1/3v

Heterogeneous rate constant k0 K =
( L
Dbulk

)−1/3k0

Dbulk

Butler-Volmer fbv FBV = (Ce−αη + (C − 1))e(1−α)η

The relationship between dimensional and dimensionless values used in the simulations

is given in Table 2:

Table 2: Conversion between dimensional and dimensionless parameters

Dimensional Value Dimensionless Value at 10 Hz Dimensionless Value at 50 Hz
Parameter rnp = 1 nm rnp = 50 nm rnp = 1 nm rnp = 50 nm

β 1.57× 1010m−1 1.6× 105 0.45× 105 0.7× 105 0.19× 105

v 0.001− 1 s−1 6.3× 106 − 2.3× 107 6.3× 109 − 2.3× 1010 1.2× 106 − 4.6× 106 6.3× 109 − 2.3× 1010

E − Ef 0.25 to -0.38 V 10 to -15 10 to -15 10 to -15 10 to -15

Extension of Butler-Volmer Kinetics applied to the RDE

Levich solved the Equation 6 under the conditions of infinite kinetics (in accordance with

the boundary condition cx=0 = 0). It is possible to extend the solution by assuming that the

surface concentration of species is controlled by Butler-Volmer kinetics. Hence the following

Equation 24 must be solved:

D
d2c

dx2
− vx

dc

dx
= 0 (23)
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subject to the boundary conditions at the electrode surface and in the bulk:

D
dc

dx

∣∣∣∣
x=0

= k0fBV and cx=∞ = cbulk (24)

The analytical solution for the concentration profile with the finite Butler-Volmer kinetics

was obtained using Mathematica Software (Wolfram Research, Inc., Mathematica, Version

10.3, Champaign, IL (2016).) and is given in accordance with Equation 25 in dimensionless

form:

C(W ) =
3eαη + 3

√
3KΓ

(
1
3

)
eαη − 3

√
3Kγ

(
1
3
, W

3

3

)
+ 3
√

3KΓ
(
1
3

)
3eαη + 3

√
3KΓ

(
1
3

)
eαη + 3

√
3KΓ

(
1
3

) (25)

where K is the dimensionless heterogeneous rate constant. At highly negative overpotentials

the expression becomes equivalent to the Levich concentration profile which is consistent

with the assumptions of zero concentration at the electrode surface used by Levich, while

at high positive overpotentials the concentration is uniform as no depletion of the reactants

takes place.

lim
η→−∞

C(W )→ 1−
γ
(
1
3
, W

3

3

)
Γ
(
1
3

) (26)

lim
η→∞

C(W )→ 1 (27)

By evaluating the derivative of Equation 25 at the electrode surface the electrical flux re-

sponse can be evaluated in accordance with Equation 28.

F =
3K

3eαη + 3
√

3KΓ
(
1
3

)
e2αη + 3

√
3KΓ

(
1
3

) (28)

where F is the dimensionless electrical flux.

Combining tunnelling and the convection-diffusion equations

The concentration profile will be time dependent, however in the present work we consider

the steady-state case.47,56 At steady state the concentration profile does not change with

13



time and we can equate the tunnelling terms and convection-diffusion equations in order to

yield the Equation 29 in the case of isotropic diffusion coefficient and Equation 30 for the

near-wall hindered diffusion, which is required to be solved in order to obtain the steady-state

concentration profile (∂[A]
∂t

= 0) and calculate the resulting electrical flux.

0 =
∂[A]

∂t
=

∂

∂x
(D

∂[A]

∂x
)− vx

∂[A]

∂x
− υe−βxfBV (x) (29)

0 =
∂[A]

∂t
=

∂

∂x,
(λ(x,)D

∂[A]

∂x,
)− v,x

∂[A]

∂x,
− υe−βx,fBV (x) (30)

subject to the boundary condition, where fBV is the function of x:

dc

dx

∣∣∣∣
x=0

=
dc

dx,

∣∣∣∣
x,=0

= 0 (31)

The dimensionless form of Equations 29-30 is given below:

dC

dT
=

d2C

∂W 2
+W 2 dC

dW
− υ∗e−β∗WFBV (W ) = 0 (32)

d2C

dW 2
+ (

dln(λ(W ))

dW
(λ(W ) +

W 2

λ(W )
)
dC

dW
− υ∗e−β

∗W

λ(W )
FBV (W ) = 0 (33)

They were solved subject to the boundary condition:

∂C

∂W

∣∣∣∣
W=0

= 0 (34)

Flux and current output

The electron transfer can take place at any point in the solution with the probability given

with Equation 16, and as a result the overall electrical flux will correspond to the sum of

all flux contributions at every spatial point as defined in accordance with Equation 38. The

current I is proportional to the area of the electrode and is given in accordance with Equation
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35.

I = FAc∗v
∫ ∞
0

e−βxfBV (x) dx (35)

Full model of the system

By combining knowledge of the mass transport of nanoparticles which involves convection

and diffusion and the kinetics of heterogeneous electron transfer which takes place once the

particles are in close proximity to the electrode (accounted by the standard Butler-Volmer

model and electron tunnelling) it is possible to derive the resultant current response of the

system and predict the behaviour of the colloidal suspension, which will depend on the

above components. The electron tunnelling was included to allow realistic modelling of the

electron transfer taking place and to avoid the apparent zero flux caused by the reduction of

the diffusion coefficient at the electrode. The model is represented schematically in Figure

1 which shows the rotating disk electrode and the theoretical parts of the model. As the

particles collide with the electrode surface they are electrolytically destroyed and as a result

do not perturb the local concentration at the electrode.

Figure 1: Schematic representation of the rotating disk system and the components of the
theoretical model, which include mass transport of the particles, kinetic model of the electron
transfer and the overall current response
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Simulation

Discretization and Numerical Algorithm

The Equations 32-33 were discretized, solved and plotted using Mathematica software (Wol-

fram Research, Inc., Mathematica, Version 10.2, Champaign, IL (2015)). The explicit Runge-

Kutta method was trialled initially, but showed poor stability and excessive calculation times.

Hence an implicit Runge-Kutta method57 was used for the resolution of the numerical prob-

lem with an adaptive spatial grid through the use of the built-in solver. An expanding-

adaptive grid was used for discretization. Within close proximity to the electrode the grid

step-size was kept to machine level of precision (2 × 10−16) in order to ensure accuracy of

representation of the exponential decay term. The algorithm uses the previous step in order

to evaluate the next step size within the specified error tolerance by comparing between

several orders of Runge-Kutta methods (Orders 2-8) used to estimate the local error and

adjusts the step size accordingly. Figure S1 (supplementary material) shows a logarithmic

plot of the step size used against the distance from the electrode, a generally high sampling

density is observed in the region of close proximity to the electrode with a relatively sparse

grid in the bulk.

Comparison

The numerical solution to Equation 29 was tested against the analytical solutions by Levich

for the concentration profile and steady-state limiting current(Equations 7-8). For conve-

nience the Levich expression for the concentration profile was converted to dimensionless

form in order to facilitate ease of comparison in accordance with Equation 36.

C(W ) = 1−
γ
(
1
3
, W

3

3

)
Γ
(
1
3

) (36)
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Figure 2 shows the resulting concentration profiles obtained analytically (solid red line)

and numerically with electron tunnelling at high overpotential (dashed blue line) assuming

infinitesimally small particles and hence no hindered diffusion. An excellent agreement is

observed between the two calculations. The difference between the two concentration profiles

is only apparent in the region close to the electrode surface as shown in the inset, where in

accordance with the analytical solution the concentration decreases to zero at the electrode

surface, while the simulation shows a finite concentration gradient. It is a result of a difference

in terms of boundary conditions used to obtain the solutions. In the case of analytical

solution, infinite kinetics is assumed and as a result the concentration at the electrode surface

is zero but for the case of electron tunnelling the boundary condition only requires the

concentration gradient to be zero and as a result zero concentration will only be observed at

infinite overpotential.

Figure 2: Comparison of the concentration profiles obtained analytically in the absence of
electron tunnelling (solid red line) and numerically with electron tunnelling at high over-
potential (dashed blue line). Equations 32 and 36 were used to calculate the concentration
profiles

At rotation rates orresponding to the typical experimental practice (f = 10 Hz), the

discrepancy in the limiting steady state current between the analytical and numerical values

was found not to exceed 0.07%. In addition the effects of the heterogeneous rate constant and

transfer coefficients were tested through use of Tafel plots. Figure S2 (supplementary mate-

rials) shows Tafel plots of corrected current ic against the overpotential, obtained according
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to the Equation 37 for the two limiting cases, dashed red line shows the plot for highly

electrochemically irreversible process with dimensionless frequency constant v∗ = 6.3 × 104

and the blue line shows a highly electrochemically reversible process with an artificially high

frequency constant v∗ = 6.3 × 108. (Simulation parameters used for dimensionless conver-

sion: R = 1× 10−4, α = 0.5, v∗ = 6.3× 104 for irreversible case, v∗ = 6.3× 108 for reversible

case, β∗ = 1.57 ∗ 105 η = −15, corresponding physical values are given in Table 2)

ln ic = ln[
1

i
− 1

il
] (37)

where ic is the corrected current, i is the measured current and il is the limiting current. For

fast kinetics (v∗ = 6.3× 108) the gradient of the must coincide with the Nernstian limit and

be equal to 1 while for the slow kinetics the gradient is determined by the α value, which in

this case is equal to 0.5. Excellent agreement is observed between the theoretical values and

the simulation used in the present work.

Heterogeneous rate constant and frequency factor relationship

The relationship between “standard” Butler-Volmer kinetics and the case of electron tun-

nelling was tested by taking a range of β∗ values and frequency factors v∗ and least square

fitting of the analytical Butler-Volmer result (Equation 28) to the resultant plots. Figure 3a

shows an example of steady-state voltammogram obtained using the tunnelling model and

the resultant fit of classic BV model (Parameters used: α = 0.5, v∗ = 108, R = 1 × 10−4).

A linear relationship was observed between the fitted K values and v∗, the gradient of each

of the lines is close to β∗.
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(a)

(b)

Figure 3: (a) Example of least squares fitting of the analytical BV model to the tunnelling
simulation, red dashed line is the analytical fit and blue dotted line represent the tunnelling
simulation. Parameters used: α = 0.5, v∗ = 1 × 108 (b) Dimensionlss rate constant and
frequency factor relationship fitting for the two models relationship between the two values.
Dimensionless Parameters:R = 1 × 10−4, β∗ = 8.8 × 104, 1.1 × 105, 1.57 × 105, α = 0.5,
v∗ = 1× 106 to 4.5× 107, Equations 28 and 32 were used to calculate the resultant fluxes.

.

Unification of electron tunnelling and the traditional Butler-Volmer Model

The simulation presented above justifies the approach used in previous works,47 where Butler-

Volmer kinetics determines the rate of electron transfer, while the probability of electron

transfer is guided by the the exponential fall-off and a frequency factor. As the electron
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tunnelling takes place the overall electrical flux is the sum of all contributions from each

spatial point and can be represented by an integral defined in Equation 38.

f =
∫ ∞
0

vfBV e
−βxdx ≈ vfBV

β
(38)

β is the decay constant and fBV can be taken as almost constant since the scale of tunnelling

is tiny compared to the distance over which the concentration changes in the solution (see

below). Accordingly as suggested by Dickinson:47

v = k0β (39)

Results and Discussion

In this section we first report the concentration profiles obtained for the uniform and near-

wall hindered diffusion, obtained through the solution of Equations 32-33. We then inves-

tigate the spatially distributed tunnelling current contributions for the two cases. Last the

effect of the rotation rate on the resultant limiting current is taken into account and shown

in terms of modified “Levich plots”. The significant differences for the two cases reflect a

significant reduction in the current response for the case of near-wall hindered diffusion.

Concentration Profiles

It is insightful to compare simulated concentration profiles obtained for a range of overpo-

tentials for the uniform diffusion case and for the near-wall hindered diffusion in order to

develop an understanding of the underlying physical processes. Figure 5 shows the contrast-

ing concentration profile obtained for the two cases. It can be clearly observed that near-wall

hindered diffusion (Figure 4b) leads to a lower depletion of the species within close proximity

to the electrode in contrast to the uniform case (Figure 4a). The reduced depletion is caused

by the reduction in the diffusion coefficient caused by the presence of the solid boundary.
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The insets on both graphs show that the boundary condition (Equation 31) is satisfied for

both cases within close proximity to the electrode.

(a)

(b)

Figure 4: (a) Uniform diffusion concentration profile for dimensionless potentials -15 to
+10, inset shows region within close proximity of the electrode (b) Near-wall hindrance
concentration profile for overpotentials -15 to +10, inset shows region within close proximity
of the electrode. Dimensionless Parameters: R = 1.86 × 10−2, α = 0.5, v∗ = 2.3 × 107,
β∗ = 0.42 × 105. Equations 32 and 33 were used to calculate the resultant concentration
profiles.

Figure 5 shows the differences between the two concentration profiles obtained where
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cuniform − chindered, cuniform is the uniform diffusion concentration profile and chindered is the

near wall hindered concentration profile. It can be seen that at high overpotential a depletion

is present in close proximity to the electrode with a relatively higher concentration further

away due to depletion of the layer.

Figure 5: Difference of the concentration profiles obtained for uniform and near-wall hindered
diffusion. Dimensionless Parameters: R = 1.86 × 10−2, α = 0.5, v∗ = 2.3 × 107, β∗ =
0.42× 105. Equations 32 and 33 were used to calculate the resultant concentration profiles
and the curves correspond to different potentials.

Flux comparison for the uniform and near-wall hindered diffusion

cases

Spatial dependence of the current contribution

Knowledge of the steady-state concentration profile allows the calculation of the current

contribution at each point in the solution and is given in accordance with Equation 38.

Figure 6 shows the distance-dependent current profile for the species for the uniform (Figure

6a) and near-wall hindered case (Figure 6b). A sharp decay is observed for the case of the

uniform diffusion, which is consistent with the sharp decay of tunnelling probability. At high

negative overpotentials higher current contribution are observed within close proximity to

the electrode. In both cases the electron transfer process is confined to a finite tunnelling
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zone and decreases to zero with increasing distance. Surprisingly for the near-wall hindered

case a peak appears at high negative overpotentials. Its appearance can be ascribed to the

depletion of the species in close proximity to the electrode which results in an overall low

contribution to the electrical flux further evidence is the fact that at higher potentials the

maximum current contribution shifts further away from the electrode as the depletion layer

increases. (Note that this observation might also be attributed to the physical unreality of

the Butler-Volmer model at highly negative overpotential: where infinite rates of electron

transfer are predicted; for such cases Marcus-Hush theory may be more realistic.)
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(a)

(b)

Figure 6: (a) Uniform spatial electrical flux contribution for overpotentials -15 to +10 (b)
Near-wall hindrance electrical flux contribution for overpotentials -15 to +10. Dimensionless
Parameters: R = 1.86×10−2, α = 0.5, v∗ = 2.3×107, β∗ = 0.42×105. Equations 32, 33 and
38, were used to calculate the resultant concentration profiles and the curves correspond to
different potentials.

Steady state voltammetry response for the uniform and near-wall hindered dif-

fusion

In accordance with the Equation 35 the current output was calculated and the following

parameters were used for the conversion to the dimensional form: A = 7.85 × 10−5 m2,

c = 1× 10−3 mol m−3. Figure 7 show the steady-state voltammograms in the presence and
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absence of the near-wall hindrance. There is a clear difference between the predicted current

responses for the two cases. For low positive dimensionless overpotentials (≈ 2−10) the effect

of near-wall hindrance is not significant due to the fact that the current response is limited

kinetically and not by the mass transport of the species. However it can be clearly seen

that the effect becomes increasingly important at high overpotentials due to depletion of the

diffusion layer at the electrode and significant deviations are observed for large particles.The

effect is size-dependent and the discrepancy increases with increasing size of a particle.

Figure 7: Comparison of linear scan voltammograms for the uniform (solid line) and near-
wall hindered (dashed line) cases. The particle radii used in the simulation are 10, 50 and
100 nm respectively. Simulation parameters used f = 10 Hz, α = 0.5, β = 1.57× 1010 m−1,
k0 = 0.001 ms−1, Equations 32 and 33 were used to calculate the resultant concentration
profiles.

Effect of the rotation rate on the limiting current response

The rotation speed of the disk has an effect on the thickness of the hydrodynamic layer in

accordance with the Equation 1 and as a result at higher rotation rate the limiting current

is expected to be proportional to the square root of the rotation rate in accordance with the

Equation 8. As a result a linear relationship is expected for the uniform diffusion coefficient

but deviations are expected for the case of hindered diffusion. The plot of limiting current

against
√
ω is known as a ‘Levich plot’. Figures 8a-8b shows Levich plots for particle sizes
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of 10 and 50 nm. For the 10 nm particle a small deviation is observed at higher rotation

but an overall increasing trend is seen as for uniform diffusion. However for the larger 50

nm nanoparticles a significant deviation is observed at higher rotation rates and the plot is

non-linear. For the case of 10 nm particle the calculated adjusted R2 value for linear fit was

found to be 0.999875, which is indicative of a closely linear fit. By contrast for the case of

50 nm the calculated adjusted R2 was 0.996945, which is indicative of the deviation from

linearity. As the particle size increases the deviations from linearity increase.
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(a)

(b)

Figure 8: (a) Levich plots for a particle with a radius of 10 nm: analytical solution (dashed
red line), uniform diffusion coefficient with tunnelling (green line) and near-wall hindered
diffusion (blue line)(b) Levich plots for a particle with a radius of 50 nm, same color lines
were used. Other parameters Simulation parameters used f = 10 Hz, α = 0.5, β∗ =
1.57 × 1010 m−1, k0 = 0.001 ms−1, η = 15. Equations 8, 32 and 33 were used to calculate
the electrical flux response.
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Conclusions

In the case of convective system a significant impact on mass transport is caused by the

near-wall hindrance, the effect is particularly significant for the development of nanoparticle

sensors and novel-battery technologies. The near-wall hindrance becomes significant at high

overpotentials and high rotation rates and will have a significant effect on applications which

rely on these characteristics. Design of the novel nanoparticle sensors and applications such as

fuel cells and batteries requires rethinking of the traditional approach to the electrochemical

simulations, as approximations valid for molecular are no longer accurate for the case of

colloidal suspensions and as a result may lead to a significant error. In addition analysis of

the near-wall diffusion hindrance requires the introduction of distance-dependent58 electron-

tunnelling and the traditional measurement of the electrical flux in terms of the concentration

gradient at the electrode is invalid.
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