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Abstract

Bayesian modelling is a natural fit for tasks in computational linguistics, since
it can provide interpretable structures, useful prior controls, and coherent man-
agement of uncertainty. However, exact Bayesian inference is intractable for
many models of practical interest. Developing both accurate and efficient ap-
proximate Bayesian inference algorithms remains a fundamental challenge, es-
pecially for the field of computational linguistics where datasets are large and
growing and models consist of complex latent structures.

Collapsed variational inference (CVI) is an important milestone that combines
the efficiency of variational inference (VI) and the accuracy of Markov chain
Monte Carlo (MCMC) (Teh et al., 2006). However, its previous applications
were limited to bag-of-words models whose hidden variables are condition-
ally independent given the parameters, whereas in computational linguistics,
the hidden variable dependencies are crucial for modelling the underlying syn-
tactic and semantic relations. To enlarge the application domain of CVI as
well as to address the above Bayesian inference challenge, we investigate the
applications of collapsed variational inference to computational linguistics.

In this thesis, our contributions are three-fold. First, we solve a number of in-
ference challenges arising from the hidden variable dependencies and derive a
set of new CVI algorithms for the two ubiquitous and foundational models in
computational linguistics, namely hidden Markov models (HMMs) and proba-
bilistic context free grammars. We also propose CVI for hierarchical Dirichlet
process (HDP) HMMs that are Bayesian nonparametric extensions of HMMs.

Second, along the way we propose a set of novel algorithmic techniques, which
are generally applicable to a wide variety of probabilistic graphical models in
the conjugate exponential family and computational linguistic models using
non-conjugate HDP constructions. Therefore, our work represents one step
in bridging the gap between increasingly richer Bayesian models in computa-
tional linguistics and recent advances in approximate Bayesian inference.

Third, we empirically evaluate our proposed CVI algorithms and their stochas-
tic versions in a range of computational linguistic tasks, such as part-of-speech
induction, grammar induction and many others. Experimental results consis-
tently demonstrate that, using our techniques for handling the hidden variable
dependencies, the empirical advantages of both VI and MCMC can be com-
bined in a much larger domain of CVI applications.
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Chapter 1

Introduction

Chapter Abstract

In this chapter, we motivate this thesis by discussing the benefits of Bayesian
modelling and current limitations of Bayesian inference in the field of compu-

tational linguistics. Then we state our contributions and thesis structure.

1.1 Bayesian Modelling

The field of computational linguistics aims to understand and manipulate natural language
with computational means. Despite its early history that begins with rules-based systems
in 1950s, statistical approaches to computational linguistics have been in ascendancy over
the past three decades (Jurafsky and Martin, 2000). This profound shift is not only credited
to the availability of large corpora and machine learning techniques, but also driven by the
phenomena of natural language. For example, language is riddled with ambiguity, and it is
not surprising that statistical approaches based on probability theory (extension of formal
theory of logic) have played an important role in modelling this ambiguity.

Statistical approaches to computational linguistics have evolved in several ways. One
significant evolution taking place in the early 2000s was the use of fully fledged Bayesian
models. Prior to it, most work in statistical computational linguistics had been frequentist,
arguably due to the low computational cost as usually thought. Bayesian modelling starts
with a prior belief that can represent domain knowledge, in the light of observed data, it

is updated to reflect the posterior belief over the model and parameters. Putting aside the



cost of Bayesian inference, Bayesian modelling accommodates for various shortcomings
in frequentist modelling and provides a principled framework for encoding prior beliefs,
managing uncertainty, sharing statistical strength and comparing models, all of which are
essential to capturing the natural language phenomena. In the following, we elaborate on

each of these beneficial functionalities in more specific terms in computational linguistics.

1. The ability to incorporate prior knowledge. Building assumptions of linguistic knowl-
edge into models is helpful for improving model performances, sometimes dramat-
ically. For example, given a model with discrete distributions, if we seek to build
sparsity into the model, we often set its conjugate Dirichlet priors with hyperparame-
ters less than 1. Sparsity is typical of natural language and applies to many linguistic

units including phonemes, words, phrases and others.

2. The ability to integrate over all possible parameter values. Bayesian modelling treats
parameters as random variables and provides a coherent approach for managing un-
certainty, avoiding the issue of overfitting. In addition, for natural language data that
is often too complex to be explained by a single set of parameters, using an ensem-
ble of possible parameters is helpful for making better predictions, especially in the

unsupervised setting, where learning is done without labelled data.

3. The ability to share statistical strength. Despite the availability of large corpora,
sparse data problems abound in computational linguistics. Statistical sharing, oth-
erwise known as smoothing is used to partially mitigate the curse of dimensionality
in sparse data. Hierarchical Bayesian modelling allows the development of sophis-
ticated smoothing strategies that are both effective and justifiable. For example, the
effective and widely used KN smoothing strategy (Kneser and Ney, 1995) was later
mathematically justified by the hierarchical Pitman-Yor process (Teh, 2006).

4. The ability to select between models. To use a computational linguistic model in a
particular dataset, it is often hard to decide the appropriate model size using domain
knowledge. Bayesian modelling provides a coherent approach for model selections,
by estimating the marginal data likelihoods that automatically encode Ocaam’s Razor
(Jefferys and Berger, 1992) to penalize over-complex models. Bayesian nonparamet-
rics (BNP) is a more efficient modern approach. For a finite amount of observed data,
BNP modelling offers an infinite capacity, only a finite portion of which is used to

model the data so that the model size is adjusted adaptively with the data size.
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1.2 Bayesian Inference

With the benefits summarized in the previous section, in the past decade there has been an
explosion of hierarchical Bayesian models and applications, ranging from topic modelling
(Blei et al., 2003), language modelling (Teh, 2006), word segmentation (Goldwater et al.,
2009), part-of-speech induction (Blunsom and Cohn, 2011) to grammar induction (Liang
etal., 2007). Although Bayesian modelling is well suited for computational linguistic tasks,
Bayesian inference is a fundamental challenge. For most models of practical interests, the
posterior distributions are intractable. In such situations, we need to approximate the true
posteriors by using some approximation techniques.

Variational Inference (VI) and Markov Chain Monte Carlo (MCMC) are two dominant
approaches for approximate Bayesian inference. VI casts an inference problem as a con-
straint optimization problem and uses the solution as a proxy for the true posterior. The
common choice of constraints for the models in computational linguistics is assuming the
independence between the tightly coupled parameters and hidden variables. This choice
allows to develop deterministic and efficient iterative procedures, but it can often lead to
poor approximations. On the other hand, MCMC approximates the true posterior by form-
ing an empirical estimate from samples. Although it reaches the exact solution in the limit,
in practice MCMC sampling is notoriously slow to converge, especially with distributions
over complex structures. Therefore, it remains a challenge to develop algorithms that are
both accurate and efficient, in particularly for the field of computational linguistics where
datasets are large and growing and models contain complex latent structures.

There has been a constant passion in the Bayesian community for proposing new infer-
ence algorithms that are more accurate or more scalable or both than existing ones. Col-
lapsed Variational Inference (CVI), which combines the advantages of both VI and MCMC,
is one of the important milestones (Teh et al., 2007). The essential idea of CVI is applying
the mean field method on hidden variables after integrating out model parameters such that
their tight couplings are preserved. Substantial empirical evidence in topic modelling (Teh
et al., 2007; Asuncion et al., 2009) and theoretical justifications (Sato and Nakagawa, 2012)
show that CVI with a first order Taylor approximation is significantly more accurate than
VI, often comparable with MCMC, and as computationally efficient as VI.

The above advantages suggest that CVI can be a promising venue for developing both

accurate and efficient algorithms for models in computational linguistics. However, the



previous success of CVI in topic modelling and other bag-of-words settings (e.g., Kurihara
et al. (2007)) relies on the perfect match between the mean field method and the bag-of-
words condition. Here we define a model to be i.i.d. (or bag-of-words) if its any two hidden
variables are conditionally independent given the model parameters. Given an i.i.d. model,
marginalizing out the model parameters induces dependencies that spread over many hid-
den variables, especially in large datasets; thus the dependency between any two hidden
variables is very weak. Therefore, it is reasonable to break the weak dependencies in the
collapsed space and to apply the mean field method. We call the induced dependencies
weak and the original dependencies strong, and they are formally defined in Section 2.2.

For the majority of models in the field of computational linguistics, the bag-of-words
assumption does not hold. On the contrary, hidden variable dependencies play a signifi-
cant role in modelling the underlying syntactic or semantic dependencies. Hidden Markov
Models (HMMs) with sequential dependencies and Probabilistic Context Free Grammars
(PCFGs) with structural dependencies are the two foundational models for learning natu-
ral language. For these models, there exist strong dependencies among hidden variables
in the original generative process; and after the integration of the model parameters, these
strong dependencies will be inherited in the collapsed space. In such contexts, the complete
factorization assumption required by the mean field method is not an ideal choice.

As well as developing accurate and efficient CVI algorithms for the two foundational
models in computational linguistics, the previous application domain of CVI should be
expanded beyond the simple bag-of-words setting. In particular, for probabilistic graphi-
cal models that are traditionally learnt by the Expectation Maximization (EM) algorithm
(Dempster et al., 1977), with some mild conditions on distribution conjugacy, Beal (2003)
proposed an important connection between EM and VI. This connection provides an ele-
gant algorithmic shortcut from EM to VI and has contributed to the widespread applications
of VI in graphical models. For CVI, it remains an open question whether and how it can be
made generally applicable to probabilistic graphical models and even beyond, so that the

advantages of both VI and MCMC can be combined in a much larger application domain.

1.3 Thesis Contributions

In this thesis, we propose a set of new collapsed variational inference algorithms for HMMs,

PCFGs and the Bayesian nonparametric extensions of HMMs based on the Hierarchical



Dirichlet Process (HDP). In a number of computational linguistic tasks, including part-
of-speech induction, word alignment, text prediction and grammar induction as well as in
audio sequence analysis and synthetic datasets, we empirically validate that our proposed
CVI algorithms are more accurate (often significantly) than the corresponding EM and VI
algorithms with similar training time. Compared with the corresponding MCMC sampling
algorithms, our CVI algorithms achieve comparable performances while using significantly
less training time (sometimes by an order of magnitude). Along with developing CVI algo-
rithms for the concrete models, we propose a set of novel algorithmic techniques that allow
CVI to be applicable to a wide variety of computational linguistic models in the Conjugate
Exponential (CE) family as well as those using non-conjugate HDP constructions. In the

following, we highlight the specific research contributions in each of the core chapters.

In Chapter 3, we investigate the applications of CVI to HMMs that exhibit sequential
dependencies and are ubiquitous in modelling time series data in computational linguistics
and many other fields. Given a chain structure in collapsed space where a hidden variable
strongly depends on both the previous and next variables, and weakly depends on others,
we incrementally derive three CVI algorithms, by exploring different ways of factorizing
the collapsed variational distributions. Each algorithm relaxes some of the assumptions or
application conditions required by the previous one. Along the way several novel technical

tricks are proposed to solve the inference challenges arising from the various factorizations.

1. In the first algorithm, we apply the mean field method in the same way as for i.i.d.
models. We propose a new calculation method to address the challenge of calculating

the number of state transitions, which arises from breaking the strong dependencies.

2. In the second algorithm, we assume the setting of multiple sequences and apply the
structured mean field method to update posteriors at the sequence level. We propose
and empirically validate a new approximation method to joint posterior predictive
distributions in the CE family, to address the challenge that the parameters changing

on the fly inside a sentence prohibits efficient dynamic programming.

3. In the third algorithm, we relax the previous condition and factorize a single long se-
quence into subsequences. As well as meeting the above two challenges, we propose
a novel propagation redesign method to address the third challenge that the standard

forward-backward algorithm can not be used to infer subsequence posteriors. This



leads to a new sum-product algorithm that allows for message passing across subse-
quences, effectively mitigating most factorizing loss at the subsequence boundaries.
It is the first message passing procedure in collapsed space, whereas previously such

a sophisticated procedure was only possible when parameters were provided.

4. We make contributions to collapsed variational inference in the CE family, extending
the previous work of Sung et al. (2008). Specifically, we extend the CVI’s capability
of updating multiple hidden variables and updating sufficient statistics stochastically,
yielding Stochastic Collapsed Variational Inference (SCVI) for the CE family, gen-
eralizing the SCVI algorithm for latent Dirichlet allocation (Foulds et al., 2013).

5. We discuss the general usage rules of collapsed variational inference for probabilistic
graphical models. As with the algorithmic shortcut from EM to VI proposed by Beal
(2003), we propose an analogous algorithmic shortcut from EM to CVI, following a
systematic approach of reusing/redesigning propagation algorithms of EM. It allows

CVIto be generally applicable to a wide variety of graphical models in the CE family.

6. We empirically evaluate our proposed CVI (or SCVI) algorithms in several compu-
tational linguistic tasks, settings and evaluation metrics, to confirm that indeed they

combine the advantages of both VI (or SVI) and collapsed Gibbs sampling.

The above contributions are partially covered by the papers originally published in the
proceedings of AISTATS (Wang and Blunsom, 2013a) and at the NIPS workshop on Time
Series Analysis (Wang and Blunsom, 2015b).

In Chapter 4, we extend CVI for HMMs along the Chomsky hierarchy to probabilistic
context free grammars that are widely used for representing syntactic structures in compu-

tational linguistics, with the following specific contributions.

1. We follow the second CVI algorithm for HMMs and derive CVI for PCFGs. A no-
table difference between HMMs and PCFGs is that while HMMs can be represented
by graphical models, PCFGs can not, since the models structures (i.e., parse trees)
are random objects. We propose to define an ordering in grammar rules to simplify
the joint posterior predictive distribution before the previously proposed approxima-
tion method can be applied. This technique demonstrates that CVI can be applied to

statistical models with random model structures.



2. We empirically evaluate our proposed CVI algorithm in three different grammar in-
duction tasks, with standard PCFGs and their two variants, confirming that indeed our

algorithm combines the advantages of both VI and Metropolis Hastings sampling.

The above contributions are partially covered by the paper originally published in the

proceedings of CONLL (Wang and Blunsom, 2013b).

In Chapter 5, we extend CVI for HMMs to their Bayesian nonparametric counterparts,
namely HDP-HMMs (Teh et al., 2006). In practical applications of time series, especially
in computational linguistics, it is often hard to decide the number of states a priori using
domain knowledge. HDP-HMMs can determine the number of states automatically as well
as improve the performances of HMMs by the statistical sharing mechanism. However, the
hierarchical structures of HDP, coupled with the sequential dependencies of HMMs, pose

significant inference challenges. Specifically, we make the following contributions.

1. We derive a CVI algorithm for HDP-HMMs. For the HMM part, we have presented
three algorithms based on different ways of factorizing hidden sequences in Chapter
3. For the HDP part, we make use of the existing algorithmic techniques as in the
work of CVI for HDP-LDA by Teh et al. (2008), but propose a slightly different ap-
proach in our derivations: instead of taking the normally used functional derivatives
that give batch CVI updates only, we take the Euclidean gradients to yield both batch

and stochastic CVI updates at the same time.

2. Central to our algorithm is a set of novel algorithmic techniques for computing the
probabilities of each state transition’s existence, which form important ingredients of
the expected table counts (in the metaphor of Chinese Restaurant Franchise). Such
probabilities are trivial to compute in HDP-LDA but much harder for HDP-HMMs
due to the sequential dependencies. We propose an exact message passing algorithm
with high computational complexity, and several approximate techniques, which are
empirically evaluated against the exact one. Our techniques are generally applicable

to many HDP-based computational linguistic models such as HDP-PCFGs.

3. We empirically evaluate our proposed CVI (or SCVI) algorithm, to show that it can
reliably determine the effective number of states in synthetic datasets, it outperforms

other benchmarks for HDP-HMMs (two VI algorithms and beam sampling) in large



scale audio sequence analysis and it also improves upon CVI for finite HMMs, pro-

viding a new scalable and strong benchmark for time series analysis.

In the above list, the first contribution is partially covered by the paper originally pub-
lished at the NIPS workshop on Advances in Approximate Bayesian Inference (Wang and

Blunsom, 2015a). The second and third contributions are new pieces of research.

Overall this thesis is structured as follows. In Chapter 2, we briefly introduce the back-
ground material including probabilistic graphical models, approximate Bayesian inference,
the conjugate exponential family and the Dirichlet process. In particular, we argue what we
mean by the ‘strong” and ‘weak’ dependencies in posterior distributions using the represen-
tation of Markov Random Fields. The core Chapters 3-5 directly build on the background
material and employ a number of intermediate results in Chapter 2 such as the conjugacy
properties, the propagation rules of the sum-product algorithm and others.

In each of the core Chapters 3-5, our presentation follows the same pattern: we start
with a gentle introduction to the background specific to the model, define the model, review
certain existing approximate inference algorithms (if they are relevant to our CVI deriva-
tions), present our research contributions as we have enumerated above, and evaluate our

proposed CVI algorithms. Finally, Chapter 6 concludes this thesis with future work.



Chapter 2

Background

Chapter Abstract

In this chapter, we briefly review the background on which this thesis builds.
The background material is organized into four subjects, probabilistic graphi-
cal models, approximate Bayesian inference algorithms, the exponential family
and conjugacy, and the Dirichlet process. In particular, our representation of
Bayesian posterior distributions using the notion of Markov random fields pro-
vides a new perspective, which allows us to qualitatively define what we mean

by strong and weak dependencies through this thesis.

2.1 Probabilistic Graphical Models

In this section, we first overview the key concepts for directed, undirected and factor graph-
ical models, which we use for defining and explaining models throughout this thesis. For
a more thorough treatment, see Bishop (2006, Chapter 8) and Murphy (2012, Chapter 10,
Chapter 19). Next, we review the sum product inference algorithm for factor graphs, which
we use for designing our own inference procedures.

Starting from a graph comprising a set of nodes that are connected by edges, a proba-
bilistic graphical model associates each node with a random variable and each edge with a
possible probabilistic relationship between the nodes. Here and in the rest of the thesis, we
denote the set of all variables by y = {x,z}, where x is the set of all observed variables and

z is the set of all hidden ones. Alternatively, we can index the variables by the subscript



t € T, where T denotes a set of indices. In Section 2.3, we will introduce a superscript 4,
which represents which data point out of a size [ dataset is being referred to. For now, we
consider a single data point and omit the superscript. Also we make no formal distinction
between the terms ‘node’, ‘variable’ and ‘variable node’ and use them interchangeably.

The edges in a graphical model can be directed or undirected. The directed edges are
intuitive for representing casual relationships, while the undirected one are often used for
expressing degrees of interaction, agreement or constraints between variables. Neverthe-
less, it is the absence of some edges that convey useful information: it allows a graphical
model to define a family of joint distributions over all the variables, and each joint distribu-
tion can be decomposed into a product of factors that only depend on subsets of variables.
By the decompositions, one can exploit the conditional independence properties of a graph-
ical model and design efficient inference algorithms.

Bayesian networks (BNs), also called belief networks or probabilistic directed acyclic
graphs (DAGs) are graphical models in which all the edges are directed and there are no
cycles following any directed edges. We use Bayesian networks for defining hierarchical
Bayesian models in this thesis. A Bayesian network expresses a joint distribution over 7T’

variables, y = {y;}L_, to be a product of T conditional distributions,

T

p(v10) = [ [ (vil¥paey 0), 2.1)

t=1
where y,, ;) denotes the set of parents of y;. A node a is called a parent of another node b
and conversely b is a child of a, if there is an edge from a to b. In this section, we assume
that the parameters of a model, denoted by 6 are deterministic and given. In order to keep
the notations uncluttered, we omit the implicit dependences on 6.

Markov random fields (MRFs) are another kind of graphical models in which all the
edges are undirected. We will use Markov random fields for describing posterior distribu-
tion structures in Bayesian inference. A Markov random field expresses a joint distribution

over variables y to be a product of potential functions over its JJ maximal cliques,

p(y) = %H fi(D;(y)), (22)

where D;(y) denotes a maximal clique, and f; denotes the potential function that returns

a non-negative value for each setting of variables in D;(y). A subgraph is said to be a

10



Figure 2.1: Examples of probabilistic graphical models. Left: a Bayesian network. Middle:
a Markov random field. Right: a factor graph. We use circles to denote variable nodes with
observed ones being shaded, and use small squares to denote factor nodes. In the example
of factor graph, we use arrows in two colors to denote messages sent in opposite directions.

clique if it is fully connected (there is an edge between every pair of nodes), and a clique is
said to be maximal if the inclusion of any other nodes ceases its full connectivity property.
Unlike BNs, the product of potential functions in a MRF can be unnormalized. In (2.2), the
normalization constant, denoted by Z ensures that the right hand side sums to one.

We can see that both BNs and MRFs decompose a joint distribution into a product of
factors over subsets of variables. Factor graphs make the decompositions more explicit by
using additional factor nodes for the factors themselves, as well as variable nodes. There-
fore, factor graphs are bipartite graphical models in which there are two types of nodes, all
the edge are undirected and they connect nodes of opposite types. A factor graph expresses

a joint distribution over variables y to be a product of J factors,

J
o) = 5 [T 5D, @3

where D;(y) denotes a subset of y and the factor f; is a non-negative function over the
subset D;(y). Since D;(y) does not have to be a clique as required by MRFs, factor graphs
are more flexible about factorizations, and thus subsume MRFs. For example, the normal-

ization constant Z can be considered as a factor defined on the empty set.

Example Figure 2.1 shows three graphical models, one for each type we have defined.
The left graph shows a simple Bayesian network, which is a segment of hidden Markov
models we study in Chapter 3. It is possible to convert BNs to graphical models of other
types. For example, the middle graph shows a Markov random field that is converted from
the BN example by dropping the arrows of all edges and equating the potential functions
with the corresponding conditional distributions. The general method for converting BNs

to MRFs via moralization can be found in Bishop (2006, Chapter 8).
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In the rest of this section, we focus on factor graphs, since they are more flexible and
specific about exact forms of factorizations and we use such representations for deriving
our algorithms. The right graph of Figure 2.1 shows a factor graph, which is also converted
from the BN example by creating two factor nodes f> and f3 for the conditional distribution
p(23]22), as well as creating f; for p(zq|21) and f4 for p(x1|22). In particular, the factor
node f3 is useful when there is probabilistic information about z3 only, which is the case
we will see in Section 3.6, when we break a long HMM sequence into subsequences. By

the structures of this factor graph, the joint distribution factorizes as follows,

p($1, 21, 22, 23) = %fl(zl, Z2)f2(227 Z3)f3(2’3)f4($1, 22)- (2.4)

Graphical models allow us to visualize conditional independence relationships between
variables, which are important for designing efficient inference algorithms without enumer-
ating all settings of all variables. Two sets of variables A and B are conditionally indepen-
dent given a third set of variables C, denoted by A 1L B|C, if p(A|B,C) = p(A|C) or
equivalently, p(A, B|C) = p(A|C)p(B|C). In our factor graph example shown in Figure
2.1 (right), we can by hand verify that p(z3|z1, 22) = p(23]22), and thus 23 1L 21 | zo. Alter-
natively, we can perform a simple graphical inspection: for factor graphs, A Il B |C'if all
paths connecting any variable in A and any variable in B pass through at least one variable

node in C'. For analogous arguments for BNs and MRFs, see Bishop (2006, Chapter 8).

2.1.1 Exact Inference

The problem of inference in graphical models is computing marginals over one or more
variables, optionally conditioned on observations. In this subsection, we review exact in-
ference for factor graphs, namely the sum product algorithm (Wiberg, 1996; Kschischang
et al., 2001). The exact inference for BNs, namely the belief propagation algorithm (Pearl,
1988) and the one for MRFs, namely the junction tree algorithm (Lauritzen and Spiegel-
halter, 1988; Jordan, 1999) are presented in details in Jensen (1996).

Given a factor graph, the sum product algorithm starts with passing messages around
the underlying graph, and then queries about arbitrary marginals can be easily computed
using these messages. We denote the neighbours of a variable y,, a set of factors, by ne(y;),
and similarly we denote the neighbours of a factor f;, a set of variables, by ne(f;). We use
\ to denote the exclusion. For example, ne(f;) \ y: denotes the set of all neighbours of f;

excluding ;. The message passing scheme is summarized by the following two rules:
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1. The message sent from a factor node f; to a variable node y; is,

mfjﬁyt(yt): Z f](ne(fj)) H myt/%fj(yt/)- (2.5)

ne(fi)\yt Yy €ne(f5)\yt

2. The message sent from a variable node y; to a factor node f; is,

My, ) = [ msy—n - (2.6)
fir€ne(y)\f;

As we can see, a message sent from a node to its neighbour requires the node to receive
messages from all of its other neighbours first. For example, the first rule in (2.5) states
that the message from a factor f; to a variable y, is by multiplying the factor f; by the
product of incoming messages from all its neighbours excluding y;, and summing over all
the neighbours excluding y;. Thus, a message passing ordering needs to be defined. For
singly connected factor graphs (i.e., trees) that we deal with in this thesis, we can randomly
define a node in a graph to be the root. Then passing messages away from the root (or in
reverse order) guarantees that each node will receive enough messages to send out one.

After we pass messages from the leaves to the root of a factor graph as well as from the

root to the leaves using the above two rules, the marginal over an arbitrary variable is,

ply) o< [T mpou(w), 2.7)

fi€ne(yt)

and the marginal over an arbitrary subset of variables associated with the factor f; is,

p(D;(¥) < f;(Di(y) [ muesr, (), (2.8)

yeene(f;)

where their normalization constants can be found by summing over any right hand side.
We have implicitly assumed that all the variables are hidden in the above presentation
of the sum product algorithm. Sometimes we wish to compute marginals conditioned on
some observations. In this case, we can eliminate the observed variables by absorbing their
observed and constant values into the corresponding factors. In other words, we work with
the joint distribution p(z, x = X), where X denotes the observed values. By running the sum
product algorithm, we can obtain the required conditionals, for example, p(z|x), up to a

normalization constant, whose value again can be found by a local summation.
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Example In the factor graph example shown in Figure 2.2 (right), we pick the node z; to
be its root. Then we perform message passing in both directions as indicated by the red and
blue arrows, respectively. Now we are ready to efficiently obtain any marginals conditioned

on the observation x; = 1, where 2 is the observed value. For example,

R p(xl = I, ,22)
— = 2.9
p<22’$1 ml) Zzz ( . /\17 22)7 ( )

in which
p(xl = a1, 22) XM f1— 25 (Z2>mf2%Z2 (ZQ)mf4HZ4 ('22)' (2.10)

2.2 Approximate Bayesian Inference

In the previous section, we have considered model parameters to be a set of fixed values. In
this section, we treat model parameters as random variables, and review some approximate
Bayesian inference techniques on which our algorithms will build.

Given a Bayesian model, we denote the set of all model parameters by #; and as before,
we denote the sets of all observed and hidden variables by x and z, respectively. Since 6
are unknown and random, we place a prior distribution over ¢, denoted by p(f) to reflect
our prior belief about the parameters’ likelihoods. In this setting, the problem of Bayesian

inference is computing the posterior distribution over both z and ¢ given x,

p(x,2[0)p(0)

p(z,0|x) = , (2.11)
=0 =
in which the denominator, known as the marginal likelihood is,

p(x) = /p(x, z|0)p(0)dzdo. (2.12)

In (2.11), we can see that Bayes’ rule provides a mean of updating the posterior dis-
tribution in light of observed data. Then the posterior distribution can be used to reveal
hidden structures and to make predictions. Unlike the maximum likelihood estimation, the
Bayesian approach does not try to fit parameters to observations. Therefore, such approach
does not suffer from overfitting. In (2.12), the marginal likelihood has been shown to au-
tomatically encode Occam’s razor, penalizing over-complex models (Jefferys and Berger,

1992). Thus, this quantity is often used to select between models.
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The central challenge of Bayesian posterior inference is the integration in (2.12). For
most models in practice, these integrals are not only in high dimensional space but also
analytically intractable. In such situations, we need to approximate the exact answers by
using some approximation techniques; and these range from the Laplace approximation,
variational inference, loopy belief propagation to a wide variety of Monte Carlo methods.
In this section, we review Markov Chain Monte Carlo, variational inference, and collapsed
variational inference, since they are closely related to our later developments.

It might be worth pausing to clarify a terminology. In a Bayesian model, if the param-
eters and hidden variables are viewed on an equal footing, and their union is denoted by
h, then the Bayesian inference problem in (2.11) is in fact an inference problem, p(h|x),
as we have seen in the previous section. For this reason, we choose to use the shorter ter-
minology ‘inference’ instead of ‘Bayesian inference’ in this thesis. Nevertheless, we still
employ two distinct sets of notations for parameters and hidden variables to emphasise the
different roles they play in Bayesian models: models parameters are global variables, and

they govern the generation of local hidden and observed variables.

2.2.1 Variational Inference

Variational inference (VI) (Jordan, 1999; Wainwright and Jordan, 2008) casts an inference
problem as the solution to a constraint optimization problem. Then the solution is used as
an approximation to the true posterior. Specifically, in the VI framework, we first define
a variational distribution ¢(h) that is restricted in a tractable family, denoted by Q. Recall
that h includes both the hidden variables z and model parameters 6. Next, we seek to find
the optimal member in Q, which has the minimum Kullback-Leibler (KL) distance to the
true posterior, by solving the following constraint optimization problem,

¢"(h) = argmin KL(q(h)|[p(h]x)), (2.13)

a(h)eQ

where a KL distance from one distribution to another is defined as follows,

KL(q(z)||p(x)) = Eq[log g(z) — log p()]. (2.14)

Since the marginal likelihood in (2.12) is constant, the above minimization problem is

equivalent to the following maximization problem,

¢*(h) = argmax £"'(q), (2.15)
q(h)eQ
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where £Y!(¢), known as the model evidence lower bound (ELBO) is defined by,

LY(q) £ Eqllog p(x, h)] — Ey[log q(h)]
= log p(x) — KL(q(h)||p(h[x))
< log p(x). (2.16)

Broadly speaking, there are many ways to restrict ¢(h), for example by assuming its
parametric form. The most commonly used methodology is partitioning h into subsets of
variables and assuming that ¢(h) factorizes with respect to these subsets. If the partition is
simply a collection of singletons (i.e., complete factorization), the resulting VI algorithm is
often called mean field; if the partition is a collection of subsets of variables, the resulting
VI algorithm is often called structured mean field'. In choosing partitions, a rule of thumb
is to preserve as many important dependencies in true posteriors as possible, as long as the
efficiency of the resulting VI algorithm is at an acceptable level.

Now we review a particular VI algorithm, which is also known as variational (Bayesian)
expectation maximization (VBEM) (Beal, 2003), and serves as a benchmark in comparison
with our collapsed VI algorithms. In VBEM, the variational distribution ¢(h) is factorized

by assuming independence between parameters and hidden variables,

q(h) ~ q(z)q(0). (2.17)

To maximize £Y(¢), a coordinate ascent method can be applied, i.e., updating each ¢
factor while fixing others. By taking functional derivatives of £Y!(¢q) and setting them to
zeros (for an introduction to the calculus of variation, see Bishop (2006, Appendix D)), the

update equations of VBEM is given by,

VBE step: ¢(z) o exp{Eq@)[log p(x,z,0)]}, (2.18)
VBM step: ¢(0) o exp{Eq [logp(x,z,0)]}, (2.19)

and the two steps are iterated until convergence.

As well as deriving the above results, Beal (2003) points out that the Expectation Maxi-
mization (EM) algorithm (Dempster et al., 1977) is a special case of VBEM, with a further
restriction for ¢(6): q(6) degenerates, ¢(6) = 6(0 = 6*). The delta function §(+) returns one

'In some literatures (e. g., Wiegerinck (2000); Xing et al. (2003)), the term ‘generalized mean field’ refers
to the case in which the partition is a collection of disjoint subsets, whereas the term ‘structured mean field’
refers to a more complicated case in which the subsets are allowed to overlap.
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(b). exact posterior (d). exact collapsed posterior
Dl @@ @ @ JOREIC)

(a). ani.i.d. model (c). approximate posterior by VI ). approximate posterior by CVI

Figure 2.2: Graphical model representations of an i.i.d. model and the various posteriors.
(a): the original generative model. (b)-(e): the posteriors assumed by Gibbs sampling (b),
variational inference (c), collapsed Gibbs sampling (d), and collapsed variational inference
(e). We use red lines to denote dependencies that are inherited from original models, and
dashed green lines to denote dependencies that are induced by collapsing parameters.

if its argument is true and zero otherwise. In other words, EM approximates ¢(f) by point
estimation. More importantly, Beal (2003) proposed an algorithmic shortcut from EM to
VBEM: any propagation algorithm (assuming its existence) in the expectation step of EM
can be directly adopted in the VBE step of VBEM by inverting expected natural parameters
(defined in the next section). This proposal has contributed to the widespread applications
of variational inference in graphical models such as those we study in this thesis.
Although the above variational approach is well studied and widely used, its main draw-
back is the independence assumption between ¢ and z. Neglecting how fluctuations in 6
induce fluctuations in z (and vice-versa) allows for analytic updates, but this can potentially
lead to very inaccurate local optimal solutions, since ¢ and z can be strongly dependent in
true posteriors. In the following example, we use the notion of Markov random fields to

explain dependencies in true and approximate posteriors.

Example We consider a simple i.i.d. model with 7" pairs of hidden and observed variables

shown in Figure 2.2 (a). It is trivial to write down its posterior,

7. 0lx Ht L P, 2410)p(0)
p(z,0]x) = e ) (2.20)
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To see why it is a Markov random field shown in Figure 2.2 (b), we identify p(¢) and
p(xy, 2|0) for t={1, ..., T} as the T+1 potential functions over cliques, as well as identify
p(x) as the normalization constant. Figure 2.2 (c) shows the posterior distribution assumed
by variational inference, where z and 6 are disconnected by dropping their dependencies.
Since (2.20) suggests that {z;} directly depend on 6 in the terms p(z;, z;|6), we call such
dependencies strong. We may wish not to break such strong dependencies in order to get
more accurate solutions. This motivates collapsed variational inference (Teh et al., 2007,

Sung et al., 2008).

2.2.2 Collapsed Variational Inference

The idea of collapsed variational inference (CVI) is applying variational inference after
model parameters are marginalized out (thus the strong dependencies between model pa-
rameters and hidden variables are preserved). Hence, this collapsed variational approach
has potential to produce more accurate solutions than variational inference.

Formally, in the CVI framework, we first marginalize out the model parameters, yield-

ing the following quantity, known as the complete data marginal likelihood,

p(%,7) = / p(x,20)p(0)d6. 221)
Next, we introduce a variational distribution ¢(z) that is restricted in a tractable family,
denoted by Q, and seek to solve the following constraint optimization problem,

¢*(z) = argmax LV (q), (2.22)
q(2)€Q

in which £¢V!(g), another lower bound on log p(x) is defined by,

LN (q) £ Eqllog p(x, z)] — Eq[log ¢(z)]
< log p(x). (2.23)

Finally, the optimal ¢*(z) is used as an approximate solution to p(z|x). If the posterior
over model parameters is ever required, we can take a single VBM step of VBEM.

Alternatively, CVI can be viewed as a special case of VI (Teh et al., 2007), where the
dependencies between model parameters and hidden variables are modelled in an exact
fashion. That is we write q(h) = ¢(6|z)q(z). Then maximizing £"!(¢q) w.r.t. ¢(0|z) results
in updating ¢(6|z) by the true posterior p(6|z,x). Plugging the result into £Y!(q) recovers
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LEVY(q), which is tighter than £V!(¢) with any other choices of ¢(6|z). Hence, to model the
exact dependencies between two sets of variables, it is sufficient to integrate out either set.

For restricting ¢(z), in theory we should be able to adopt the wide variety of method-
ologies that have been proposed for restricting ¢(h) in VI. Nevertheless, to date, the only

method proposed for restricting ¢(z) is the complete factorization,

T

q(z) = [ [ a(=). (2.24)

t=1

By this assumption, we maximize £°V!(¢) w.r.t. each ¢ factor, yielding a set of iterative

update equations as follows,

q(z) exp{Eq(z\t)[log p(x,z)]} (2.25)

where z\! denotes the set of all hidden variables with z; removed. When the RHS of (2.25)
1s too expensive to compute in practice, we can apply Taylor approximations to some of its
components. This often results in simple expressions that only require computing expected
sufficient statistics of {x, z}.

CVI with the mean field assumption has been successful for a number of 1.i.d. models
(Teh et al., 2007; Kurihara et al., 2007; Sung et al., 2008; Teh et al., 2008). A key reason
for such success lies in the perfect match between the mean field assumption and the 1.i.d.
condition. Given an i.i.d. model, the hidden variables are conditionally independent given
the model parameters. Marginalizing out the parameters induces dependencies that spread
over many hidden variables; and thus the dependency between any two hidden variables
is very weak. Hence, we can reasonably assume that the hidden variables are independent
with each other in collapsed space and apply a mean field method.

We use our i.i.d. example shown in Figure 2.2 (a) to give more insights about the in-
duced dependencies in the true posterior and explain why it is reasonable to break them in
the approximate posterior. We first write down the true posterior in collapsed space,

p(x,z)
p(x)

p(z|x) = (2.26)

If our example model is in the conjugate exponential family (which is defined in the
next section and this condition is assumed to be true until Chapter 5), then p(x,z) can be
tractably computed and the result is a function of sufficient statistics in {x,z}. Since this

function can not be factorized further, there must exist dependencies among all the hidden
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variables. We call such dependencies induced, since they do not exist in the original model.
With these induced dependencies, the true posterior can be viewed as an MRF shown in
Figure 2.2 (d) by identifying p(x, z) as the only potential function over the maximal clique
that contains all the variables, and identifying p(x) as the normalization constant.

Figure 2.2 (e) shows the approximate posterior assumed by CVI, in which the induced
dependencies are dropped. Since all {z;} decide the sufficient statistics that in turn de-
cide the potential function p(x, z); given a large 7', any z; is negligible to the statistics. In
other words, changing the value of one variable barely affects the value of another variable.
Hence, we consider the induced dependencies to be weak. Breaking these dependencies
fits ideally with the mean field theory: one particular variable relies on the field (i.e. suffi-
cient statistics), through which it interacts with other variables. Therefore, we expect the
approximate posterior assumed by CVI to be accurate in the i.i.d. setting.

However, collapsed variational inference has not been applied to more complex mod-
els that exhibit for example sequential dependencies (e.g. in hidden Markov models) and
structural dependencies (e.g. in probabilistic context free grammars). For models that do
not satisfy the i.1.d. condition, there exist strong dependencies among hidden variables in
the original generative models, and these dependencies will be inherited in the collapsed
space. In these contexts, the complete factorization assumption, required by the mean field
method is not an optimal choice. In Chapter 3, we extend the current application domain
of CVI to the same application domain of VBEM. We address the challenge of using the
complete factorization, explore other factorization strategies and propose an algorithmic
shortcut from EM to CVI, analgous to the shortcut from EM to VBEM by Beal (2003).

We conclude this subsection by briefly reviewing another research line of CVI, which
focuses on the theoretical analysis of CVI. In particular, Sato and Nakagawa (2012) in-
terpreted CVI with the first order Taylor approximation to (2.25) as an alpha divergence
minimization with o = 1, whereas VI and exact CVI are alpha divergence minimizations
with o = 0. By this interpretation, they answered the question raised by Asuncion et al.
(2009), who empirically observed that CVI with the first order Taylor approximation often
performs better than CVI. This is because inference with o = 1 is much less affected by
the zero-forcing effect that induces the mode-seeking property than o = 0 (Minka, 2005).

This theoretical result is orthogonal to our algorithmic contributions in this thesis.
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2.2.3 Markov Chain Monte Carlo

Markov Chain Monte Carlo (MCMC) (Neal, 1993; Gilks, 1996) is an alternative inference
technique based on stochastic approximations. It estimates a probability distribution using
random samples that are generated by a Markov chain mechanism. Formally, a Markov
chain is specified by a transition matrix P, where P (h, h") denotes the probability of tran-
sitioning into the state h’ from the state h. By defining P appropriately (the detailed con-
ditions for P can be found in Bishop (2006, Chapter 11)), the Markov chain can have the

true posterior p(h|x) that we desire as its equilibrium (or stationary) distribution. That is,

p(h|x) = // P(h',h)p(h|x). (2.27)

Once the Markov chain has reached its equilibrium distribution (i.e., converged), we
simply collect a series of samples h* ~ P(h*"! h*) to form a stochastic approximation to

the true posterior,

p(h|x) ~ Z he. (2.28)

Gibbs sampling (GS) is the simplest MCMC algorithm that satisfies the conditions for
P. Its basic idea is instead of sampling the whole set of variables, h at once; we sample
each of the variables in turn, conditioned on all remaining variables. Let h = {h,}/ ; and

h\* = h\ {&;}, the transition matrix for Gibbs sampling is given by,

P(h W) = p(hh", x) [ [ 6(h; = 1)), (2.29)
J#t

The conditional distributions in (2.29) are the core computations for a Gibbs sampler.
From the perspective of graphical models, due to the conditional independence properties,
the conditionings on h"* can be further reduced to the Markov blankets? of each h,. In
our i.i.d. model example shown in Figure 2.2 (a), for each z, we have p(z|z\,0,x) =
p(z:]0,x). Such reduced conditionings make the derivations of required conditional distri-
butions much easier and allow Gibbs sampling to be widely used in graphical models.

In this thesis, we use two variants of Gibbs sampling as benchmarks in comparison with
our CVI algorithms. Collapsed Gibbs sampling (CGS) improves upon GS by marginaliz-

ing out model parameters. In our i.i.d. model example shown in Figure 2.2 (a), CGS draws

2The Markov blanket of a variable is defined to be the minimal set of variables conditioned on which the
variables is independent of all remaining variables.
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2, from p(z|z\t, x) in the collapsed space. Again if our model is in the conjugate expo-
nential family, p(z|z\,x) can be tractably computed up to a normalization constant. In
the bag-of-words setting, CGS has been empirically observed to converge more quickly
than GS (Griffiths and Steyvers, 2004). Another useful strategy for improving GS is sam-
pling blocks of variables. The blocked Gibbs sampling is particularly useful when some
variables are strongly dependent, sampling them altogether increases the mobility of the
sampler (moving to a very different state) to avoid being trapped in a local optimal state.
Although Gibbs sampling, or MCMC more generally, in the limit can produce samples
from the true posteriors that we desire, in practice, it is notoriously difficult to assess the
convergence of a sampling method, and normally a sufficiently large number of samples
may be required to produce accurate results. Therefore, it is fair to say that in most cases
variational inference is a more efficient alternative. As we will see in our experiments, our
collapsed variational inference algorithms can match the performances of Gibbs sampling

with significantly less training time.

2.3 The Conjugate Exponential Family

In this section, we introduce the exponential family and conjugate priors. We give some of
the conjugacy properties that are used in this thesis. Although we deal with categorical data
in computational linguistics, our algorithms are generally applicable to distributions in the

exponential family. We use the Discrete-Dirichlet distribution pair as a running example.

2.3.1 Definitions

The exponential family is a broad class of probability distributions including the Bernoulli,
Beta, Chi-Squared, Dirichlet, Discrete, Gamma, Gaussian, Multinomial, Poisson, Wishart
and many others. A probability distribution over x given parameters 6 is in the exponential

family if it is of the form,

p(x10) = hi(x) exp{n(6)"s(x) — ar(n(9))}. (2.30)

The natural parameters 7(6) and sufficient statistics s(x) are vector functions. We can

also write the distribution as p(x|n), in which case the distribution is directly parametrized
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in terms of 7). The base measure h(x) and log normalizer a(n) are scalar functions. The log

normalizer ensures that the distribution is normalized,

ay(n) = /hl(x) exp{n’ s(x)}dx. (2.31)

Since we often draw many local data points from the same distribution in (2.30), we
have used the subscript [ to denote ‘local’. This is in contrast with the subscript g that
denotes ‘global’ in the prior in (2.33). The subscripts provide a straightforward distinction

between data points that are local variables and parameters that are global variables.

Example The discrete distribution (or multinomial distribution with a single observation)
over an integer = € [1, K| given a K dimensional real vector ¢ (with constraints: ¢ > 0

and Zszl ¢r = 1) can be written in the exponential form,

K
p(x]¢) £ ¢, = exp{>_log ¢yd(x = k)} = exp{(log ¢)"4, }, (2.32)
k=1

where 0(+) is the standard indicator function that returns the value 1 if its argument is true
and 0 otherwise. 4, is an indicator vector and the value in its k™ entry is §(z = k). The
natural parameters 7(¢) = log ¢ and the sufficient statistics s(x) = J,. Note that there
are other exponential representations for the discrete distribution. Besides (2.32), common
alternatives include using a one-hot binary vector X = (1, ..., ) for an observation and
using a K —1 parameter vector ¢ (¢ > 0 and ZkK:_ll ¢ < 1) for parameters.

For any distribution in the exponential family, there exists a conjugate prior. The conju-
gacy means that the posterior has the same functional form as the prior. A conjugate prior

over 7) given natural parameters )\ takes the form,

p(MIA) = hy(n) exp{ATn + AL (—ai(n)) — ag(N)}. (2.33)

The natural parameters A = (A, A2) where \; has the same dimension as 1 and A, has

the dimension of one. The sufficient statistics are (1, —a;(n)).

Example The Dirichlet distribution over a K dimensional real vector ¢ (with constraints:

¢r > 0 and Zle ¢r = 1) given a K dimensional real vector [ (with constraints: 55 > 0)

23



can also be written in the exponential form,

p(6)6) 2 sz 1) Hasﬁk 1

K
= exp{(8 — 1)" (log ¢) — Zlogr Bi) —logT(>_ B}, (2.34)
k=1

where I'(z) = f;io r'~le™®dx is the generalised factorial function. The natural parameters
AB)=(B1—1,8—1,..., B — 1,1, Br — K) and the sufficient statistics are (log ¢, 0).

2.3.2 Properties

Members of the exponential family have shared properties. This allows us to derive algo-
rithms without loss of generality. In this subsection, we give four properties that relate to
conjugacy and we use them either directly or as building blocks in this thesis.

Suppose there are I + M data points, {XZ}ZILM . Each data point x* is drawn from the
same distribution p(-|n) in the exponential family in (2.30). The parameters 7 are drawn
from the conjugate prior p(-|\) in (2.33). The conjugacy properties about the posterior,

marginal, predictive, and joint predictive distributions are given as follows.

Property 1. The posterior p(n|[{x}._,,\) = p(n|Al!!) has the same form as the prior
p(n|A) with updated hyperparameters, /\[11 =+ Zle s(x") and )\[21’1} =X+ 1.

It is easy to show by some algebraic manipulation,

p(nlx, A) o< p(x|n)p(n|A)

= [T exp{n"t(x') = ai(n)}hy(n) exp{A{n + Af (—ai(n)) — ay(A)}

=1

I
hg(n) exp{(Ar + 2; s(x))"n + Qe+ D) (—ai(n))}- (2.35)
= )\[21,1]
/\[11,1]

In this thesis, we use [a, b] to denote the closed integer interval, or more precisely a set
of integers {a,a + 1,a+ 2, ...,b}. In (2.35), we have used the interval [1, ] as superscripts
of ) to denote the updated hyperparameters after observing the data points {x’}/_,. For the
rest of this section, we use the following notations,

A =M+ ) s(x), A=Ay + | A (2.36)
JEA

where A is a set of integers representing indices and | A| is the cardinality of A.
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Example In the Discrete-Dirichlet case, suppose there are / + M discrete observations,
{2} M Each 2% ~ Discrete(¢) defined in (2.32) fori € [1,I + M], and ¢ ~ Dir(3)
defined in (2.34). The posterior p(¢|{z'}_,, ) = Dir(3M!]), where pI"1] = g4 C") and
CM1] is a counting function that takes {z}/_, as its argument and returns a vector whose
k" entry being 21'1:1 §(x' = k). As with \, we use the same superscript conventions both

for g and C. Given a set of integers A,

Bl =B+ 6l =k), Gt =38’ = k). (2.37)

jeA jeA
Property 2. The marginal distribution p({x"}/_|\) after marginalizing out 1 composes of

the analytical known log normalizers in the following form,

XN = / (X} ) p(n|\)
/ th Jexp{n”s(x') — ai(n) Yy (n) exp{ATn + AL (—ai(n)) — ag(A) b
H hu(x / () exp{ AT + SN (—au(n)) ydn exp{—ag(A)}

= th x')) exp{ag (A1) — ag (1)} (2.38)

Example The marginal distribution in the Discrete-Dirichlet case is,

PN ) oY SER =SV R e s
p({z'}ii1B) = LI+, 6k) 1;[ }}(Bk)

(2.39)

Property 3. The posterior predictive distribution p(x'*![{x‘}/_,  \) composes of the ana-

lytical known log normalizers in the following form,

XY
p({(x N
e ER{a (AT — (1))
) o a, () — 4, (V)
=hy(xI 1) exp{a, (ALY — g, (ALY, (2.40)

p(x X L) =
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Example The predictive posterior in the Discrete-Dirichlet case is,
D(I+5 60 1plB+C™)
DI +1+35, 8+ 18+ )

:C;[rllﬂl + 5$1+1 7 (241)
I + Zk Bk

where the last line uses the property of the Gamma function, I'(x + 1) = zI'(z).

p(a" {ai, B) =

Property 4. The joint posterior predictive distribution p({x™}"™ |{x'}/_,, \) composes

of the analytical known log normalizers in the following form,

p({(X" 2 X iz, )

I+M

myy EXP{ag(AMHM) — ag (M)}
= ( H ha(x™) 1,7
Tt exp{ay (A1) —ag(N)}
I+M
=( H h(x™)) exp{ag(AMTM) — a (A1)} (standard formalism)
m=I+1
I+M
=( JI htx™) exp{3 2 agA™T) = ag (A1)}
m=I+1
I+M
H hi(x™) exp{ag(AL™) — a, (AL} (our formalism) (2.42)

m=I+1 ioti :n’ : jim—1
predictive over x™ given {x7 }7"7

Example The joint predictive posterior in the Discrete-Dirichlet case is,

p{a™ b n=ra e, )

[1,14+M]
_ U7+ 2 B) (B + G = ) (standard formalism)
P+ M+ 680+ 1B+ M
+M C:][CLI] Zj =I+1 (fE = ) + me

-1l

m=I+1

our formalism 2.43

2.4 Bayesian Nonparametrics

The Dirichlet process (DP) (Ferguson, 1973) has been an important cornerstone of Bayesian
nonparametrics. It is widely used to construct models in which model sizes are unbounded

a priori (Escobar and West, 1994; Rasmussen, 2000; Blei and Jordan, 2005). In this section,
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we review the basic definitions of the Dirichlet process, and in particular its stick breaking
construction that we use for defining models in Chapter 5.

The Dirichlet process is often viewed as the infinite extension of the Dirichlet distri-
bution we have reviewed in Section 2.3. Its formal definition was introduced by Ferguson
(1973). Let (2, F, H) be a probability space, where 2 is a sample space, F is a o-algebra®
and H: F — [0, 1] is a probability measure. A random probability measure G is distributed
according to the Dirichlet process parametrized by H and a concentration parameter «, de-

noted by G ~ DP(«, H), if for any finite partition {A; C Q: j € [1, J]} of Q,
(G(AL), G(As), .. G(A)) ~ Dir(aH(Ar), aH(As), . aH(A)). (244

This definition is based on the consistent finite marginals, and it is convenient for de-
riving the DP’s posterior and other properties using the properties of the finite Dirichlet
distribution. Nevertheless, this definition is not constructive, leaving the questions such as
how to draw samples from the DP.

Alternatively, Sethuraman (1994) proposed an explicit definition based on the stick
breaking process. An infinite random vector 7 = (7, 79, ...) is distributed according to
the stick breaking process with the concentration parameter «, denoted by 7 ~ GEM(«)
(GEM standard for Griffiths, Engen and McCloskey) if

me =7 [ (1= 7). 71, ~ Beta(1, ), fork=1,2, ... (2.45)
1<k

Let J,, be an atomic measure such that d,(A) = 1if ¢ € A, otherwise it is 0. Then sum-
ming over a set of weighted atomic measures is also a measure, for example, Y, | T304, .
Provided that 7 is a random draw from GEM(«), and for k = 1,2, ..., ¢y are i.i.d. random
draws from the base measure H; Sethuraman (1994) shows that G = "~ mdy, is a

random probability measure distributed according to the DP(«, H).
Since G is a random probability measure over the measurable space (€2, F) (due to
> e, T = 1 with probability one), we can treat it as a distribution over €2. This distribu-
tion is discrete and has a countably infinite number of supports. For this reason, the DP is

known as the infinite extension of the Dirichlet distribution.

3A o-algebra F is a collection of subsets of {2 that satisfy the following conditions: (1)  is not empty;
(2)if Ae F,thenQ\ A e F;and 3)if A; € Qfor j € [1, J], then szlAj e F.
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Chapter 3

Collapsed Variational Inference for
HMMs

Chapter Abstract

In this chapter, we investigate the application of collapsed variational infer-
ence to hidden Markov models. Incrementally, we propose three algorithms:
each relaxes some of the assumptions or application conditions required by
the previous one (Wang and Blunsom, 2013a, 2015b). The novel techniques
proposed along with the algorithms are generally applicable to a wide vari-
ety of probabilistic graphical models in the conjugate exponential family. We
validate our collapsed variational algorithms in the Part-of-Speech tagging,
word alignment and textual prediction tasks, showing that our algorithms are
as scalable as, but significantly more accurate than variational inference. Our
algorithms perform comparably with collapsed Gibbs sampling with much less

training time.

3.1 Introduction

Hidden Markov Models (HMMs) are widely used for representing sequential data in var-
ious fields including computational linguistics, speech recognition, information retrieval,
computer vision, bioinformatics and finance. The core theory of HMMs, together with the

celebrated forward-backward (or Baum-Welch) algorithm was developed by Baum and his

28



colleagues (Baum and Petrie, 1966; Baum et al., 1970). As a simple but effective statis-
tical tool, the popularity of HMMs soared in the following decades, yielding a variety of
applications and elaborations, reviewed by Juang and Rabiner (1991). Smyth et al. (1997)
expressed HMMs as Bayesian networks, which inspired the development of more complex
and hierarchical networks such as factorial HMMs (Ghahramani and Jordan, 1997) and tree
decision HMMs (Jordan et al., 1997). To exploit the advantages of the Bayesian paradigm
(no overfit, coherent treatment of uncertainty), MacKay (1997) proposed to place priors
on HMMs and derived an ensemble learning algorithm. Since then, there has been an ex-
plosion of new approximate inference algorithms for Bayesian HMMs (Scott, 2002; Beal,
2003; Goldwater and Griffiths, 2007; Wang and Blunsom, 2013a; Foti et al., 2014; Wang
and Blunsom, 2015b), all of which aim to improve the accuracy or the scalability or both.

Variational inference (VI) for HMMs (MacKay, 1997; Beal, 2003) seeks to minimise
the divergence between the true posterior and an approximation in which the parameters
and hidden sequences are assumed independent. This strong assumption allows for an ef-
ficient iterative solution, but it can lead to poor approximations. Alternatively, collapsed
Gibbs sampling (CGS) for HMMs (Goldwater and Griffiths, 2007) integrates out the pa-
rameters, and draws samples for hidden variables in turn from the true posterior. In theory,
CGS reaches the true posterior after convergence. In practice it is notoriously difficult to
assess the convergence of samplers, and mixing is slow for distributions with tightly cou-
pled latent variables like the HMM. It remains a challenge to develop algorithms that are
accurate, efficient and deterministic, especially for large scale problems in our application
domain of computation linguistics.

To address the above challenge, in this chapter we develop collapsed variational in-
ference (CVI) algorithms for HMMs. As we have reviewed in Section 2.2, it is ideal to
apply collapsed variational inference (Teh et al., 2007) to models whose hidden variables
are conditional independent given parameters. In such settings, hidden variables are only
weakly dependent on each other after parameters are integrated out. Thus, applying the
mean field method in collapsed space is reasonable and the empirical result of CVI is often
superior to VI. However, in the time dependent setting of HMMs, the mean field method is
not optimal since there are strong first order dependencies among hidden variables even in
the collapsed space. Whether and how CVI can be applied and its empirical performance

in a time dependent setting are unknown.
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We investigate CVI for HMMs incrementally and propose three algorithms (Sections
3.4-3.6). Each algorithm relaxes some of the assumptions or application conditions re-
quired by the previous one. First, we apply the vanilla mean field method to update poste-
riors at the variable level in the same way as for i.i.d. models. A challenge of calculating
transition counts arises from breaking sequential dependencies and thus we propose a new
calculation method. Second, we consider the common scenario of many independent time
series and apply the structured mean field method to update posteriors at the cluster level.
A challenge in this case is that inside a cluster surrogate parameters change on the fly, and
thus we propose a simple approximation method, which is reasonable by intuition and ac-
curate by empirical validation. Subsequently, the variational posteriors exhibit the desired
first order Markov dependencies. Third, we relax the previous condition and break a single
long time series into subsequences. As well as the above two challenges, the third chal-
lenge is that the standard forward-backward algorithm is not directly applicable to infer
subsequences. To address it, we propose a novel propagation redesign method.

One recent trend in approximate Bayesian inference is to develop stochastic optimiza-
tion procedures for batch algorithms. An important milestone was made by Hoffman et al.
(2013), who proposed to compute cheap gradients based on minibatches of data and de-
rived stochastic variational inference (SVI) for the CE family. Following this achievement,
numerous SVI algorithms have been developed and one relevant example to this chapter
i1s SVI for HMMs (Foti et al., 2014). Combining the advantages of CVI and SVI, Foulds
et al. (2013) proposed a stochastic collapsed variational inference (SCVI) algorithm for
latent Dirichlet allocation, outperforming SVI. In Section 3.7, we consider HMMs whose
emission distributions are in the exponential family and derive SCVI for the CE family,
building on the CVI for the CE family framework by Sung et al. (2008).

In Section 3.8, we validate our (stochastic) CVI algorithms for HMMs in the language
processing tasks, Part-of-Speech (PoS) induction and word alignment, as well as the stan-
dard prediction performance. For PoS induction, we use a number of evaluation metrics in
both the semi-supervised and unsupervised settings (Christodoulopoulos et al., 2010). By
all of the evaluation metrics, our (stochastic) CVI algorithms consistently and often signif-
icantly outperform the (stochastic) VI algorithms. CGS has slight performance advantages

over CVI when datasets are very small, while CVI can be one order of magnitude faster.
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Figure 3.1: Graphical model representation of a Bayesian HMM.

3.2 Definitions

A hidden Markov model consists of an observed sequence x = {z;}_, and a corresponding
hidden state sequence z = {z;}7_,. Let there be K hidden states. For convenience, we set
the start state 0 and z, = 0. Let @ be the transition matrix where 6; , = p(2 = k|z_1 = j),
and 0, be the initial state distribution where 6y, = p(z1 = k). Here we focus on discrete
HMMs and consider the general exponential family case in Section 3.7. In the discrete case,
let ¢, parametrize the Discrete distribution at each state £ with 1 possible observations
and ¢, = p(z; = w|z; = k). In a Bayesian setting, we place symmetric Dirichlet priors
with hyperparameters « and 3 on each 60; and ¢, respectively. Formally, the generative

process of a Bayesian HMM is,

forj=0,...K, 0;~Dir(a), (3.1)
fort =1,...,7, z|z_1,0 ~Mult(d,, ,), (3.2)
fork=1,..,K, ¢~ Dir(3), (3.3)
fort =1,...,T, x|z, ¢ ~ Mult(¢,,). (3.4)

The graphical model representation is given in Figure 3.1. Having defined the model,

the joint probability of the parameters and variables is,

T
p(X,Z,Q,gb\oz, ) 0|Oé (b‘ﬁ Hp Zt’zt 17 xt|2t, ) (35)
t=1

As we have reviewed in Section 2.3, the sufficient statistics for Discrete distributions

are the delta functions; with multiple observations, we have also introduced the counting
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functions. For discrete HMMs, we define the following counting functions,

T

N (2) 23 6z = j, 2 = k), (3.6)
t=1
T

Cll(x,2) 2 6(z = k2, = w), 3.7)
t=1

and they represent the number of transitions from state j to state £ and number of observa-
tions w at state k, respectively. As before we omit the arguments of the counting functions.
The superscripts are by default [1, 7] and thus can be omitted too. In other words, C ; and
C'k .« are the shorthand notations for C' ][},;T] (z) and C’,[:wT ] (x,z), respectively.

We often use the dot to denote the summed out column, e.g.,

K K
G 23 O Cr2> Cin (3.8)
k=1 Jj=0

tth

It is standard to use the superscript \¢ to denote exclusion of the " variable. For exam-

ple, z\ = {z,}7_, a1+ Here we also use \t to denote the exclusion of the contributions

tth

from the ¢"" variables. Formally, we define C]\Z and C’,éfw as follows,

T
N2> 0(zus = g, 20 = k)
t'=1

ALY F 41
=05k — 5(2%71 =72t = /f) - 5(Zt =7, %41 = k)7 (3.9)
T
Clz,tw £ 25(2&/ = kaxt’ = w) = Ok:,w - 5(275 = k7ﬂft = w) (310)
o

Note that for transition, C’]\Z is defined to exclude both transitions from¢—1to ¢ and ¢ to
t + 1. As aresult, the argument of the counting function Cj\tk is z\'. Since their superscripts

are consistent, then the argument can be safely omitted.

3.3 Approximate Inference for HMMs

In this section, we review the VI and CGS algorithms for HMMs as they are widely used
for learning HMMs, which serve as benchmarks in our experiments. Some parts of VI and

CGS are used in the derivations of our CVI algorithms.
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3.3.1 Variational Inference

The standard Baum-Welch training algorithm (Baum and Petrie, 1966) for HMMs is a spe-
cial case of a general class of algorithms, namely expectation-maximization (EM) (Demp-
ster et al., 1977), which can be further considered as a subclass of variational inference
(Beal, 2003). Variational inference introduces an evidence lower bound (ELBO) on the log

marginal likelihood log p(x), denoted by £V,

logp(x) > Ey0.0)[logp(x,2,0,¢)] — Equee(logq(z, 0, ¢)] = LV, (3.11)

with ¢(z,0, ¢) a variational posterior, and it is factorized by assuming independence be-

tween parameters and latent variables,

q(z,0,9) = q(z)q(0, 0). (3.12)

Maximizing the ELBO requires an coordinate ascent update, alternating between ¢(z)
and ¢(0, ¢). For the Baum-Welch algorithm based on the maximum likelihood estimation,
q(0) degenerates, that is ¢(6) = 6(0 = 6*). Hence, the Baum-Welch algorithm consists of

the Expectation and Maximization steps,

E step: ¢(z) = p(z|x, 0, ¢*), (3.13)
M step: 6%, ¢* = argmax Eq,) [p(X, 2|0, ¢)]. (3.14)
0,6

Solving the E step yields,
q(z) o p(x, 2|0", ¢7)

T
= H (2t] 21, 0 )p(we| 21, ¢7)

- Hezt—lvthb:t,xt' (315)

t=1

!

The distribution over the whole sequence ¢(z) is intractable, but the forward back-
ward dynamic programming algorithm can be used to calculate the marginals ¢(z;) and

q(2¢—1, z;) that are required in the M step,

q(zt) oc ay(2¢) Bi(2e), (3.16)
(20, 241) < (2003, L, Db e Bt (Z041), (3.17)
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where oy (k) = p(z; = k,X1.4|0%, ¢*) is the forward probability of being in state & at time
step ¢ together with the observations before and include ¢; 5;(k) = p(X¢11.7|2c = k, 0%, ¢*)
is the backward probability of seeing observations after ¢, given that the state is k at time
step t. Both are computed recursively. Details can be found in Bishop (2006).

Solving the M step yields,

x ZtQ(zt—l =72 = k) . IE’q(Z) [Cj,k]

_ _ _ : 3.18
Tk Yo a(z—1 =7J) Ey[Cj, ] G-18)
o 2=k =w)  Eyw[Crul

_ - . 3.19

Phw = S = B Ey[C.d (3.19)

Variational inference generalizes EM by putting no restrictions on the parametric form

of q(0, ¢). Thus, the update in the M step becomes,

Q(07 ¢) X eXp{Eq(z) [logp(x, Z|07 ¢) + logp(87 ¢)]} (320)

Solving the above equation results in Dirichlet distributions with updated hyperparam-
eters by the conjugacy property 1 in Section 2.3. Based on the theorem relating EM and
VI (Beal, 2003, p.74), we can equivalently make a minor change to the M step and reuse
the forward-backward implementation in the E step based on the inverted expected natural
parameters, which are defined as follows,

G, - O E[Cid + )
exp(P(Byy[C5,] + Ka))’

Ge = exp(V(Eq@) [Cr,w) + B))
T exp(t (g [Coa] + W)’

(3.21)

(3.22)

where ¢ (z) = 62( %) is the digamma function.

Ignoring how fluctuations in (6, ¢) induce fluctuations in z (and vice-versa) allows for
analytic iterations, and both the EM and VI algorithms are efficient and easy to imple-
ment. Nevertheless, the independence assumption may potentially lead to very inaccurate
estimates. The parameters and latent variables are strongly dependent in the true posterior
p(z, 0, ¢|x, a, 5), which is proportional to the joint distribution given by (3.5). As we see

in the following, CGS and CVI model the strong dependencies in an exact fashion.
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3.3.2 Collapsed Gibbs Sampling

The collapsed Gibbs sampler for HMMs (Goldwater and Griffiths, 2007) marginalizes out

parameters, thus dealing them exactly. It leads to the complete-data marginal likelihood,

p(x,z]a, ) = /p(LX!@, ¢)p(0, ¢la, B)dbde. (3.23)

Although the above integration is in high dimensions, it is in fact easy to compute due
to the conjugacy between Dirichlet and Discrete distributions. Specifically, we can apply
the conjugacy property 2 in Section 2.3 and obtain,

K

T(a+C
p(x,z]a, B) = OF(Ka+C (I[ (a+ Jk)
j= =1
K w
ﬁ—i_ckw
ngWBJrO (H ) (3.24)

The CGS then draws hidden sequence samples by drawing each z; conditioned on other
variables in turn. Let z\! denote z excluding z,, the posterior predictive p(z|x,z\, a, 3) can
be derived by using the conjugacy property 3 in Section 2.3,

p(x,z|a, B)

\t
p(zlx, 2", o, B) o St 2Vl B) (3.25)
(CX 1,2t + Oé) X CZ\iZHI rat 5(Zt71:Zt:Zt+l) X CZ\tt’zt * 6

CY 4 Ka+8(zi_1=2) cM, +wp

where C,ifw and Cj\z have been defined formally in Section 3.2. The existence of the delta
functions is due to sampling two transitions (from ¢ — 1 to ¢ and from ¢ to ¢ 4 1) at the same
time.

The CGS does not make any independence assumptions, and draws samples from the
true posterior p(z|x, «v, 3). However, as with other MCMC samplers, it is often hard to
assess convergence, and one needs to set the number of samples and burn-in period based
on experience. In practice, one often draws as many samples as possible (within the limited
time frame) to reduce sampling variance, and thus it is much less efficient than VI.

Griffiths and Steyvers (2004) observed that CGS for LDA converged relatively quickly.
In LDA, the conditional distribution for the currently updating variable depends on other
variables only through the counts, i.e. the dependency on any particular other variable is
very small. Hence quick convergence is to be expected. For HMMs the conditional distri-

bution for z; in (3.25) depends on the states of the previous hidden variable (z;_1) and the
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Figure 3.2: Graph depicting the true posterior p(z|x, a, 3) in a collapsed HMM (only the
dependencies relating to z; are drawn). Strictly speaking, it is a fully connected Markov
random field. For describing our algorithms, we make the following distinctions: the solid
red lines depict the strong dependencies inherited from the original model, and the dashed
green lines depict the weak dependencies induced by marginalizing out parameters.

next hidden variable (z;,1), as well as the global counts. Such strong dependencies make

CGS for HMMs much slower to converge (Gao and Johnson, 2008).

3.4 CVI Algorithm 1 for HMMs

The goal of collapsed variational inference is to approximate the true posterior p(z|x, «, 3)
that is intractable to compute. Figure 3.2 gives a graphical depiction of the true posterior,
which essentially can be considered as a fully connected Markov random field. In other
words, there is dependency between every pair of variables. Hence, any marginals are
intractable. As we have discussed in Section 2.2, we consider the dependencies inherited
from the original HMM to be strong and those induced by integrating out parameters to be
weak. Unlike an i.i.d. latent variable model shown in Figure 2.2 (d), the true posterior of a
collapsed HMM consists of both types of dependencies.

The distinctions between inherited and induced dependencies have also been reflected
in the update equation of CGS. In the conditional distribution (3.25), the dependencies of
zyon z;_1 and z;,4 are clearly different from its dependencies on other variables. Take 2;_;

for example, in (3.25), the term Cz\f,l,zt is given by,

T
C;il,m 2 Z S(zp_1 = 21, 20 = 21), (3.26)
t'=1

YA Et 41

and we can see that Cz\f,m strongly depends the value of z;_;, but the value of any another
hidden variable merely affects this counting term, especially when 7' is large.
Collapsed variational inference integrates out parameters and introduces an evidence

lower bound on the log marginal likelihood log p(x), denoted by £V,
log p(x) > E,p[log p(x,z|a, B)] — Eyllog q(z)] = LV, (3.27)
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with ¢(z) a variational posterior. In Section 2.2, we have shown that £°V! is a tighter bound
than £Y!, and integrating out parameters is equivalent to modelling the dependencies of
parameters on hidden variables in an exact fashion.

In our first CVI algorithm, we assume that the hidden variables are mutually indepen-

dent in the collapsed space (shown in Figure 3.3),

T

q(z) = [ [ a(=). (3.28)

t=1

It is a strong assumption for HMMs, since both the strong and weak dependencies have
been broken. However, when we examine the assumption of VI in (3.12), the strong de-
pendencies between parameters and hidden variables are also broken. It is not immediately
apparent which assumption is weaker, and thus this CVI algorithm has the potential to lead
to better approximations than VI. Furthermore, our assumption is reminiscent of the naive
mean field algorithm for Ising models, which breaks the pairwise dependencies and pro-
vides a first step in investigating more structured mean field algorithms in the uncollapsed
setting (where model parameters are provided) (Xing et al., 2003).

The standard mean field update for ¢(z;) is given by,

q(zt) o< exp{E ) [log p(x, z|av, B)]} (3.29)
o exp{Eq[log p(z[x, 2", o, B)]} (3.30)

Although in previous work (Teh et al., 2007; Sung et al., 2008), the standard approach
for deriving a CVI algorithm is plugging the complete-data marginal likelihood into (3.29),
a simpler and more explicit approach is to plug the unnormalized posterior predictive dis-
tribution into (3.30). We can easily verify that the proportional relation still holds.

We plug (3.25) into (3.30), obtaining the first CVI update for HMMs,

exp{IFﬂ[log(C;f,Zt+1 + o+ 0(z1=z=2141))]}

Z4) X ex og(CY a)ly X
q(z) p{E[log(C +a)l} exp{E[log(C . + Ko+ 8(z_1=2))]}

2t—1,2t

exp{E[log(C’z\ixt + )]

- . (3.31)
exp{E[log(C., + WB)]}

The exact computation of the expected log functions in the above update is intractable.
We follow Teh et al. (2007) and use a Taylor approximation. Originally, Teh et al. (2007)

proposed the second order Taylor approximation which was shown to under perform the
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Figure 3.3: Graph depicting the variational posterior ¢(z) assumed by the CVI algorithm 1.
All the dependencies are broken and thus all the variables are mutually independent.

same algorithm with only the first order information in later work (Asuncion et al., 2009).
Sato and Nakagawa (2012) argued that the lower order approximation was less affected
by the zero-forcing effect, which induces the mode-seeking property in statistical learning
(Minka, 2005). Therefore, we employ the first order Taylor approximation throughout this

thesis. Here we have for example,

Ey ) log(C) . +a)]~ log(Eq(Z\t)[C\t |+ a). (3.32)

Zt—1,%t 2t—1,2t

Applying the first order Taylor approximation to all the expected log terms in (3.31),

we obtain an approximate CVI update,

E[Cz\f,ztﬂ] +a+ E[(S(thzztzztﬂ)]

Zp) X \ o
1) o (Bl o) e o R 1 Blo(e =)

Zt—1,%t

\t
o E[CYa]+ 5

. 333
E[CY,] + W8 G-3)

The extreme similarity between CGS comprising of actual counts (3.25), and CVI com-
prising of expected counts (3.33), confirms that the our first CVI algorithm indeed is the
mean field version of collapsed Gibbs sampling.

The expected emission counts in (3.33) are easy to compute,

Eq(z\t)[cgfw] = ZEQ(ZH)[(S(:CV = w)(s(zt/ e k)]
t'#t

— Z 5(1715' = w)q(Zt/ = k?) (334)
t/#t

However, the strong dependencies in the true posterior brings an unforeseen challenge
(only the variational posterior is factorized). Specifically, the expected transition counts
involving z; 1 and z;,1 in (3.33) give rise to the difficulty: unlike the CGS update (3.25),
here z;_; and 2, are not fixed values but distributions. This challenge does not appear for
i.i.d. latent variable models and the existing techniques can not be applied, and therefore

we propose our approach.
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To compute for example E[Cz\t 1,=), we utilize the following equations that hold triv-

ially,

C) = C TV 4+ 8(zim0 = jo 2o = K), (3.35)
q(2") = q(z1)q(z" ), (3.36)

where z\'~1* denotes excluding both the t—1** and ¢ hidden variables, and C’]\fljl’t denotes
excluding the following transitions: from¢ —2tot — 1, from¢ —1tot and from¢tot + 1.
Our definitions are consistent: since removing one hidden variable results in removing two
transitions, removing two hidden variables results in removing three transitions.

We can compute E[C;t 1,=) as follows,

By [CY

Zt—1, zt]

=By [CY ] + By [0(21-2 = 2121, 221 = )] (by (3.35))
= Eyer ) [Eqi-109[CY ] (by (3.36))
+ Z Z q(21-1)q(21-2)0 (212 = 211, 211 = )
= Z (51-1)E g1 [CX7 ] +g(zima = 2)a(zm1 = 2), (3.37)

TV
one contribution from t—2 to t—1

TV
most contributions weighted by q(z¢—1)

in which

T
Eype-10[C 1= D alzva = j,z0 = k). (3.38)

—

=1
t' ¢ {t—1,t,t+1}

We can interpret our equation (3.37) as follows. The number of transitions from z;
to z; depends on the specific state of z;_;. Since we do not know the fixed state of z;_, by
intuition we should sum over all the possible states and obtain a weighted average, which
is precisely the first term in (3.37). The first term counts for most contributions, and the
second term only counts for one contribution from the time stept —2to ¢ — 1.

Similarly, we can compute the expected counts involving z;,4 in (3.33),

Eq(z\t) [C\t Jt+1 (Z\t)]

Zty2t+1
_ E t,t+1 _ _
= Q(Zt—i-l)E (z\t: t+1)[C>t Zt+1] —|—q(Zt+1 = Zt)q(ZH_g = th. (339)
A v~
z o
t+1 o ost contribution weighted by q(ze41) one contribution from t+1 to t+2
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Figure 3.4: Graph depicting the true posterior p(z|x, «, 3) in the multiple sequence setting.
The sequence level dependencies between ¢ and j mean that every variable in sequence 7 is
dependent on every variable in sequence j. Other drawing conventions follow Figure 3.2.

The implementation for the first CVI algorithm simply keeps track of the global ex-
pected transition and emission counts E[C ;| and E[C},,], subtracting the local expected
counts contributed by z; (and z,_; or z.,1) when needed. After updating ¢(z;), the new
expected counts around z; are added back into the global counts. Each update of ¢(z;) has

the computational complexity O(K?), which is the same as variational inference.

3.5 CVI Algorithm 2 for HMMs

The strong independence assumption in our first CVI algorithm has the potential to lead to
inaccurate results. In this section and the next, we aim to break as few strong dependencies
as possible. Our investigation of CVI for HMMs is inspired by large scale applications in
computational linguistics. We note that a common feature of those problems is that there
are usually many short sequences (i.e. sentences), where each sequence is drawn i.i.d. from
the same set of parameters. In this section, we consider the multiple sequence setting: a
collection of independent HMM sequences can be considered as a bag of clusters.

In the multiple sequence setting, we alter some notations while keeping most consistent
with those in the previously described algorithms. We still use ¢ to index the time step
and 7" to denote the length of a sequence. For notational simplicity, we assume that all the
sequences have the same length T". As with other parts of this thesis, we use ¢ to index the
data point. Altogether, we define x = {x’}/_, and z = {z'}!_,, where x’ and z’ are the i'"
observed and hidden sequences, respectively; and x* = {z{}1 | and z' = {2/}, where

2fth

2! and 2! are the t'" observed and hidden variables in the i’ sequence, respectively. In this

setting, we alter the definitions of the counting functions accordingly: C; ; and C}, ,, denote
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the transition and emission counts accumulated from all the sequences, respectively,

I T
Cik=Y_> 0z =j.2 =k), (3.40)

i=1 t=1

I T
Cra =YY 0z = k2 = w), (3.41)

i=1 t=1

and \7 denotes the exclusion of the contribution from the ith sequence,

I T
Ch=3_3 0(z =32 =k), (3.42)
/=1 t=1
ok
) I T
Clw =2 D 8z = k] =w). (3.43)
i'=1 t=1
i'#i

Our goal is to approximate the true posterior p(z|x, «, 5) depicted in Figure 3.4. Again,
itis a fully connected Markov random field and thus the exact computation of any marginal
is intractable. As with our first CVI algorithm 1, we introduce an evidence lower bound
LEV! after marginalization of the parameters. For the variational posterior ¢(z), this time
we only break the sequence level dependencies, which are induced by marginalizing out

parameters and thus are weak. Formally, we assume that ¢(z) is factorized by,

q(z) = H q(z"). (3.44)

It might be worth emphasising that for each ¢(z'), we do not assume any further fac-
torizations, not even the first order Markov structures. That is each ¢(z") itself is a fully
connected Markov random field. The graphical depiction is in Figure 3.5.

Let x\! denote the set of all observed sequences with x* removed. Similarly, let z\!
denote the set of all hidden sequences with z’ removed. Applying the structured mean field
method at the cluster level, we obtain the update equation for ¢(z'), which maximizes the

lower bound £V,

q(2") o< exp(Eq(pi) log p(z'[x, 2V)])
oc exp(E i [log p(x’, 2'|x\", z\)]) (3.45)

In our first CVI algorithm, we have revealed an important connection between CGS and

CVI: a posterior predictive distribution used by CGS can be plugged into the corresponding
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Figure 3.5: Graph depicting the variational posterior ¢(z) assumed by the CVI algorithm 2.
Only the sequence level weak dependencies are broken.

CVI update equation. Since now we update a cluster of variables simultaneously, it makes
sense to first derive its joint posterior predictive. As we will see in more details in Chapter
4, blocked CGS and structured CVI share exactly the same spirit in updating a cluster of

variables. By using the conjugacy property 4, with some algebraic manipulation we derive,

\i t—1 i i Y
p(x', 7 [x\, z2V) = ﬁ Co ot 2= 0 =702y = 21) +a
o Y o, A+ K
t=1 zz_17_ t'=1 Zt/—l e Zt—l o
K t=1 i i i i
C’Z\;’,I% + Ztlil 6(Zt’ = Zt7'rt’ — xt) + /8
% 3

CV 4+ 30 0 = ) + W

, (3.46)

where C’]\’,C and C]\Zk have been defined in (3.42) and (3.43).

At this stage, we face another inference challenge: if we proceed the same way as in
the first algorithm (plugging (3.46) into (3.45) and applying a Taylor approximation), then
the delta functions in (3.46) require at each time step ¢, looking up variables until the £ — 1
time step. This prohibits the use of efficient dynamic programming. Thus we seek to make
an approximation before proceeding.

We propose to approximate (3.46) by removing all its delta functions. This approxi-
mation essentially ignores the local contribution from some parts of the i** sequence to the
global counts. Compared with contributions from all other sequences, the impact of these
local counts is small. We empirically analyse our approximation in the next subsection.

By removing the delta functions, the approximate joint predictive is,
TN g Cz\;,wi + 8

i oile\Ni NP 712
p(x', z'|x ,Z)Nll - X — :
21O+ Ka OV, +wWg
t—1° "t

(3.47)

Substituting (3.47) into (3.45), and with the first order Taylor approximation, we derive

q(z") that exhibits the desired first order Markov dependencies and output independence,
T p— —
(') moc [ [0 i (3.48)
t=1
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in which we define,

_ E z\i C\l + «
f = L] \Zf’“] , (3.49)
oG] + Ka

 Egu(Cl]+8
Gra = — . (3.50)
Eq(z\i) [O,k‘] + Wﬁ

The similarity between (3.15) and (3.48) suggests that the dynamic programming used
in the EM algorithm can be applied here to obtain the required marginals. In the E step, the
EM algorithm uses the maximum likelihood parameters (6*, ¢*) learnt from the M step;
the VI algorithm uses the inverted expected natural parameters (0~ , gz~5) after the variational
M step; while our second CVI algorithm uses the surrogate parameters (), ¢) based on the
expected counts from all other sequences. The main difference with EM and VI is that
the surrogate parameters in CVI change after updating each sequence; whereas EM and VI

batch update the parameters in the M step after processing all sequences in the E step.

3.5.1 Empirical Validation

In this subsection, we empirically validate the approximation method we have proposed in
our second CVI algorithm and discuss its application conditions. Then we generalize it to
the conjugate exponential family case, which we use in Section 3.7.

To formalize our approximation method, we return to the notations in Section 2.3. Sup-
pose z* ~ Discrete(¢) for i € [1,1 + M] and ¢ ~ Dir(/3). As before, we let C’,El’[] denote
Zfil d(z" = k). The conjugacy property 4 states that the joint posterior predictive is,

I+M [1,1] m—1 i ..m
p({e =Yl 8) = [ ot ¥ 2y =2 Fher 55y
m=I+ i= erall m—1+ Zk Bk

If we consider (3.51) as a product of predictives over 2™, then they are changing on the
fly because of the delta functions (m — 1 in the denominator can be written as Zf;l o(1)).
Removing the delta functions allows (3.51) to be expressed as a product of predictives over

x™ given the fixed {z}L_|,

I+M  ~[1,1]
. Crm —i—ﬁ m
mI+M i1 x T
L '}, B) = | | B (3.52)
P({ _I+1’{ 1 5) T T+ Zk B
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Figure 3.6: Empirical analysis of our approximation method. The approximation errors are
averaged by 20 runs and their standard derivations are depicted by the vertical bars.

We define the average approximation error as,

rore L S | T =0 e O el
Mm:1+1 m_1+2kﬂk [+Zk/8k ’ '

and conduct a comprehensive set of experiments to show the accuracy of our approxima-
tion. We vary I € {1,000, 1,000,000}; and for each I, we vary M € {10°,10%,...,7}. In
other words, we start with one predictive data point that has no errors, and then increase
the number of predictive data points exponentially until it is equal to /. By increasing the
number of delta functions, we expect errors to increase as well. We assume the Dirichlet
prior to be symmetric, since it is a common choice in practice when we do not have fur-
ther prior information. We vary (5, K) € {(0.1,10), (0.1, 50), (10, 10)} to investigate if
there are any correlations between their values and errors. For each of the above combined
settings, we run 20 experiments to reduce variance.

Figure 3.6 shows the averaged approximation errors and standard deviations. In each
plot, we can see that a larger M leads to more errors, confirming our intuition. Comparing
the top and bottom plots, we see a larger dataset can reduce errors dramatically. For exam-
ple, when I = 1,000,000 and M = 10 (which is common in computational linguistics), the
difference between the true and approximate distributions is indeed negligible (less than

107%). When M = 1,000, errors are also at an acceptable level (less than 107°). Finally,
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comparing different values of (fy, K), the correlations between their choices and errors are
not obvious, and our approximation works well for all the tested combinations.

By the above empirically analysis, we can conclude that for our second CVI algorithm
to be accurate (at least in discrete sequential datasets), we need to impose two application
conditions. First, the length of each sequence is relatively small compared with the com-
bined length of all sequences. Second, the combined length is large, which we assume to
be true throughout this thesis (if datasets are small, then sampling is preferred). Both con-
ditions are almost always satisfied in the field of computational linguistics (datasets often
consist of many short sequences) and in many other areas including speech recognition,
computer vision and data compression.

Below we generalize our approximation method to the CE family. In the rest of this

thesis, we refer to this method as the approximation method to joint posterior predictives.

The Conjugate Exponential Family Using the same notations as in Section 2.3, we sup-
pose that for i € [1, 1+ M], x is drawn from a distribution in the exponential family p(-|n)
defined by (2.30) and the natural parameters 7 are drawn from the conjugate prior p(-|\)
defined by (2.33). As before, let \{ = X+, s(x) and ' =

of integers. The conjugacy property 4 states that the joint posterior predictive distribution

, where A is a set

18,

pEX" 1 Er X N

I+M
= ( H hy(x™)) exp{a, A\ — g, (A1) (standard formalism)
m=I+1
I+M
= H hy(x™) exp{ay(AP™) — a, (AL} (our formalism) (3.54)
m=I+1 ~

predictive over x™ given {x*}7_; and {x/ }J I+1

By formalizing the joint distribution in this way, we can consider it as a product of M
predictive distributions. Inspired by removing the delta functions in the Discrete-Dirichlet

case, here we propose to remove the sufficient statistics >~ ", s(x?) in both log normal-

71+1
izers in (3.54). Denoting the union of the set [1, /] and the singleton {m} by [1, I] U {m},

our approximation to the joint predictive in the CE family is,

I+M
PR ) &[] ) expla, GBI90) — g ()} (355)
m=I+1 e

ot m g v
predictive over X" given fixed {x*};_,
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Figure 3.7: Graph depicting the true posterior p(z|x, «, 5) in the one long sequence setting.
Compared to Figure 3.4, in this setting there are strong dependencies at the boundaries of
subsequences. Drawing notations follow Figure 3.4.

Provided that [ is large and / > M, our approximation is expected to be accurate, since

the contribution from {x7}"""/! , is negligible compared to the contribution from {x'}/_,. In
this thesis we focus on categorical datasets, and leave empirical analysis for other conjugate

distribution pairs as future work.

3.6 CVI Algorithm 3 for HMMs

In this section, we propose our third CVI algorithm that is applicable to the single sequence
setting. Our motivations are two-folds. First, for some applications of HMMs in the fields
of biology and finance, datasets often consist of several very long time series (Foti et al.,
2014). In this cases, our second CVI algorithm is inaccurate (for example, when there are
two very long sequences) or even inapplicable (when there is only one sequence). Second,
and more importantly, it is of theoretical interest to investigate how collapsed variational
inference can be applied to truly chain-based structures, rather than a bag-of-chains!. This
helps to shed lights on the general application of CVI to probabilistic graphical models.

In the one long sequence setting, we keep notations consistent with those in our second
CVI algorithm. Here we do not have a collection of independent sequences. Instead, we
consider a dataset (one long sequence) to be made of many consecutive subsequences.
Using the same notations, we let x = {xi {:1, where x is the " subsequence; and
x! = {x1}T | where ¢ is the t!" observation in the i*" subsequence. We decompose the
corresponding hidden sequence into consecutive subsequences as well, namely z = {z'}_,

and z' = {z}1_,. The counting functions are also defined the same as in our second CVI

'Our first and second CVI algorithms were proposed in Wang and Blunsom (2013a), where an anonymous
reviewer argued that ‘what I consider as a main contribution in this area is to propose an approach for the
case of one long sequence’. Our third algorithm was proposed in Wang and Blunsom (2015b).
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Figure 3.8: Graph depicting the variational posterior ¢(z) assumed by the CVI algorithm 3.
The subsequence level dependencies are broken including the strong ones at the boundaries.

algorithm (3.40-3.43) except for a minor change to C’J\Z ,

T
Oy = Che — 0( =, 2i=k) — 0(h=y, 2 =k) = Y 6(2) =), zi=k),  (3.56)
t=2
in which excluding the i*" subsequence of length T removes 1" + 1 transitions.

In (3.56) and the rest of this section, the hidden variables z% ' and 2{*' are not conve-
nient for writing concise mathematical expressions, and thus we rename them. Formally,
for a subsequence z' in the context of the whole sequence z, the hidden variable preceding
z' is the last variable in the previous subsequence, 2/ '; and the hidden variable following
it is the first variable in the next subsequence, 2. We rename 2" to z} (the 0" hidden
variable of the i subsequence), and rename z{™" to 2%, (the T’ + 1'" hidden variable of

the i*" subsequence). By our renaming, (3.56) can be concisely written as,

T+1

Cl=Cin— > 0(z =5, 2i=k). (3.57)
t=1

As with our previous CVI algorithms, the true posterior p(z|x, «, 5) shown in Figure
3.7 1s intractable due to the graphical model’s full connectivity. Instead we optimize the

ECVI

evidence lower bound . We introduce a variational distribution and assume that it

factorizes as a product of local distributions over subsequences (shown in Figure 3.8),

q(z) = H q(z'). (3.58)

Compared with our first CVI algorithm, we keep most dependencies intact inside subse-
quences and our third algorithm is expected to be much more accurate. Compared with our
second CVI algorithm, there exist strong dependencies at the boundaries of subsequences
in the true posterior, which allows for message passing at the cluster level. Therefore, our

third CVI algorithm works beyond the bag-of-clusters setting.
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Similar to our second CVI algorithm, the update equation of ¢(z*) maximizing £V is

given by,

q(2;) o exp(E i [log p(xy, z:[xV, 2\))), (3.59)

in which the joint posterior predictive is similarly derived as in (3.46),

apply (3.61b) for ¢t € [2, T and apply (3.61c¢) for t = T+1
o\

apply (3.61a) \i i—1 s ; ; s
(’ \> oy i+ Zt’:l 0zt = zi1,2p = 2) +

CV  ta H i
2h,2% 7 -1 i i
o t=2 C;;_l,. + 30 0(zy = 2 ) + Ka
g -1 i i i i
o ﬁ Oz\z,x"{ + Zi’il 5<Zt’ - Zt7 $t/ - I't) + B
i —1 i i '
t=1 Oz\g,. + 20 02 = ) + Wi

NV
apply (3.61b)

p(x',2[x",2"') =

(3.60)

J/

If we proceed in the same way as our second CVI algorithm (removing the delta func-
tions in (3.60), plugging the result into (3.59) and applying a Taylor approximation), then
all the emission counts and most of the transition counts (for ¢t € [2,7T]) work out in the
same way as our second CVI algorithm. However, the transition counts at the boundaries
(t =1and ¢t =T + 1) turn out to be very problematic. To calculate their expected values,
which will play important roles in message passing between clusters, we extend and utilize
the techniques we have proposed in our previous CVI algorithms.

We first generalize our approximation to joint posterior predictives. In (3.60), instead
of removing the delta functions only, we also remove the contribution from one more sub-

sequence to the global counts. Explicitly, we present the following approximate relations,

C\V o~ OV (3.61a)
CV 36 = OV, (3.61b)
OV 326(-) = CNFL (3.61c)

where C\'~1¢ excludes the contribution from both the i — 1** and i** subsequences and
C\""*1 excludes the contribution from both the i*" and i + 1** subsequences. For simplicity,
we write > d(-) to denote a summation of some delta functions, e.g., those in (3.60). Since

S 6(+) represents a partial contribution from the "

subsequence, the largest difference
between LHS and RHS in all the approximate relations of (3.61) is less than two subse-

quences’ contribution, which is accurate by our empirical analysis in Subsection 3.5.1.
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We apply the approximate relations (3.61) to (3.60) (details are given in (3.60)). Then
we plug the result into (3.59) and apply a Taylor approximation, yielding,

| - zvm§j1k+afi_ fi_
q(ZZ) ~X < (z\%) [Czlz Z] + Oé) i Il in 2 gbzi’xi . (362)
C B[O+ Kag

-~

TV
challenge: the expectations at boundary a standard HMM

We have divided (3.62) into two parts. Its second part is similar to (3.48) in our second
CVI algorithm: it is a standard HMM (except for the initial distribution) parametrized by

the surrogate parameters,

— E z\i C\z + «
G = e \Z’k] , (3.63)
EylC ] + Ka

_ E, 0 [CY ]+
B = o0 \;;,w] v (3.64)
Eyi[Co] + WB

For the first part of (3.62), since the required expectations are at boundary where strong
dependencies are broken, we extend some technical tricks in our first CVI algorithm. To

compute for example E[C’Z\z —21 ’i], we utilize the following equations that hold trivially,
0771

q(z\') = q(z)q(z"" 1), (3.65)
gz ") = q(zF q((z )\ (3.66)
2 (z4)q((z")\"|%)  (by our renaming), (3.67)

in which (z°~!)\" denotes the set of all variables in z"~! with z% ' removed. Hence, z' ! =

(z—')\T U {2%.}. Subsequently, (3.66) holds trivially by the product rule of probability.

We can compute IE[CZ\’ _Zl Z] as follows,
071

Eqp| C\’ D= @ z\i_l,i)[c;g:j;] (by (3.65))

zi—1

=3 > al@)a(@H\E ,\,.,l,i)[cz\g;;i] (by (3.67))

% @O\

=S el (X a6 )
)

(Z’L 1 \T

J/

-~

=1
_Z (2 By 11)[0}231] (3.68)

transition counts Welghted by q(z§)
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As with our first CVI algorithm, IE[C’Z\Z _Zzl Z} requires a sum over all possible states of
071
2% and indeed is a weighted average. Similarly, we can compute the expectation involving
24,1 in (3.62),
AlCY T 1= (2 ) By [CH 1. (3.69)

ZT7ZT+1 Zp ZT+1

Z,} 41 ~\~
transition counts weighted by g (2} 1)

Plugging (3.68) and (3.69) into (3.62), we have ¢(z') that consists of standard expected

transition and emission counts,

a5 )EIC T [ +a

>

1 i \i—l,i AT4+1 ZT7ZT+1
q(z') ~ox ( q(20)E[C) "] + oz) _
Z O A E[CY"] 4 Ka
0 T

(& J/
-

challenge: the summations at boundary

T

T
o | 2 | 2P (3.70)
t=1

t=2

N

a stand;rrd HMM
Given the above update, the only work left now is to design an algorithm that computes

marginals q(z}) and q(z!_,, z{) tractably.

3.6.1 A Sum Product Algorithm

Having expanded the boundary expectations (3.68-3.69), the resultant summations at the
boundaries (the first part of (3.70)) give rise to another inference challenge: the available
forward backward algorithm used in the EM algorithm can not be directly applied to (3.70)
for calculating its marginals. The challenge is not present in the bag-of-words setting nor
in the bag-of-clusters setting (our second CVI algorithm).

We propose our approach with the aims of making use of most the forward-backward
implementation while computing the required marginals correctly. Our essential idea is to

define an expanded distribution® over {z{,z’, 2% },

T+1

@220, 2", 2 4q) o fo(zh (Hft z_ 17Zt>)fT+2<ZT+1) (3.71)

such that with carefully defined potential functions { f{}/?, our interested posterior ¢(z’)

in(3.70) isequal to 3= ;. . ¢2(24,2', 24, 1) in (3.71). Consequently, the required marginals

2We use g2 to emphasize that our definition treats it as an unrelated distribution to q.
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Figure 3.9: Factor graph depicting the explicit factorization in the expanded distribution ¢s.

q(zl_y,2}) and q(z}) are equal to qo(2i_,, z!) and go(2}), respectively. The reason for in-
troducing the expanded distribution is that compared with (3.70), (3.71) does not contain
complicated summations, and therefore we can design a propagation algorithm for com-
puting its marginals that are equal to those of (3.70).

Formally, we employ a factor graph representation for ¢o(z§, z’, 25 ;) shown in Figure

3.9. We define the potential functions as follow,

z0) = q(z (3.72)
A \z 11 a "
£ , i i 3.73
fl ZOazl ( 25, Zl q(zé)>¢zl7xl7 ( )
e _
fOI't € [27 T]’ ft (Zt 1 Zt) = zt 1,zt¢zt,xt (374)
B[OV |4 o
i i i e (2741)
fi (2 2k ) & ks : (3.75)
711 (27 741) IE[CZ\Z’Z_“] Ko
T
frea(er) £ a(#r4)- (3.76)
We can verify that with the above definitions, >° . g, @ (', 2, 2 1) ] Zo = q(2") ] Z1,

where Z; and Z, are their normalizers, respectively. To show 7, = Zy, we sum over z' on
both sides, ) EZ i, 02 (', 20, #1) ) Z2 =, q(2")/Z;. Since both g and g, are valid
distributions, it follows 1/Z; = 1/Z; and thus Z; = Zs.

In Section 2.1, we have reviewed probabilistic graphical models and propagation algo-
rithms. For any factor graph, we can design a sum product algorithm following the rules
described in the subsection 2.1.1. In this specific example, we give details both for com-
pleteness and for comparison with the standard forward backward algorithm.

We first pick f%_, as the root node and pass messages from the leaf node f¢, and
then do it in the reverse direction. We present the messages from factor nodes to variable
nodes only, and eliminate the messages from variable nodes to factor nodes, since variables
nodes with only two neighbours perform no computations (Bishop, 2006, Chapter 8). Let
my_,.(z) denote the message from the factor node f to the variable node z, our sum product

algorithm is constructed as follows.
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The starting messages are given by,

myi(20) = fo(20) = a(=), (3.77)

7

mf;+2—>zgp+l(zé+1) = f:;+2(ZT+1) = Q(zé“+1)' (3.78)

The message recursions, similar to the forward backward algorithm are given by,

fort =[1,7 + 1],
Mypizi (Zzzt) = Z Mypi sz (Z§_1)ff(2§_17 22)7 (3.79)
Z%—l
fort = [T, 0],
mf§+1—>z§(zz> = Z Myi =zt (Z§+1)ff+1(zf, Z§+1)- (3.80)
Z§+1

After message passing in both directions, the required marginals are given by,

(1) o< mypi,i(2)my a(2), (3.81)

(21, 2) o fi (i 2)myy e ()M o (2), (3.82)

in which the normalization constant can be obtained by normalizing any of them.

Compared with the standard forward backward propagation, our sum product algorithm
can be considered as an expanded version: there are additional messages on each side of a
subsequence. In particular, we have made the standard propagation compatible with these
additional messages and thus the propagation is expanded smoothly. Consequently, we can
make use of most forward backward implementation (for ¢ € [2, T']) and only make a minor
change at the subsequence boundaries.

In (3.77-3.78), we see that the initial messages for updating the i'* subsequence are the
boundary marginals of its adjacent subsequences, since by our renaming ¢(z{) and ¢(2%., ;)
are actually the variational posteriors over z&* and z{™, respectively. After updating ¢(z'),
its boundary marginals become initial messages for updating its adjacent subsequences.
In other words, the messages in our sum product algorithm are not locally restricted, but
passed around in the whole sequence by adjacent subsequence communications. Therefore,
our third CVI algorithm is different from naively breaking one long sequence into smaller
pieces and ignoring their correlations, but provides the first message passing algorithm for

graphical models in collapsed space.
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3.6.2 Implications and Related Work

As we have reviewed via the HMM example in Section 3.3, a propagation algorithm for
hidden variable posterior inference in EM can be directly reused in VI, by inverting ex-
pected natural parameters. In this subsection, we propose an analogous algorithmic short-
cut from EM to CVI?, following a systematic approach of reusing/redesigning propagation
algorithms of EM, and then we discuss some related work.

In the frameworks of both EM and VI, we iteratively update the hidden variables and
model parameters in turn (by either their values or their posterior distributions). In the CVI
framework, unfortunately, the model parameters are integrated out and thus not available
for iterating. To form an iterative method, it is logical to consider partitioning the set of all
hidden variables into smaller subsets, namely clusters. If these clusters are disconnected
in the original model (e.g., HMMs in the multiple sequence setting), then computing their
posteriors is quite straightforward. We can express a cluster’s posterior in terms of the sur-
rogate parameters based on other clusters’ statistics. Next, we run the existing propagation
algorithm of EM under the surrogate parameters for obtaining the required marginals.

If the clusters are connected in the original model (e.g., HMMs in the single long se-
quence setting), then computing their posteriors requires additional considerations. Stem-
ming from the standard structured mean field equation, the update for a cluster’s posterior
requires summing over its Markov Blanket (or integration for continuous hidden variables
and Dirac delta for observed variables), and thus the existing propagation algorithm in EM
is inapplicable. In this case, our propagation redesign approach breaks down into three
steps: expand a cluster to include its MB, define the potential functions for the expanded
distribution approximately such that summing over the MB reduces to the original distri-
bution, and finally make modifications to the original propagation at the boundaries.

The summing over MB in our approach is reminiscent of the ‘expected Markov Blanket’
in the generalized mean field algorithm (Xing et al., 2003). Here our approach is specialized
to collapsed space and primarily focuses on making local propagation compatible with
incoming messages. An alternative way of deriving local propagation in a large graph was
proposed by Foti et al. (2014) in the stochastic variational inference for HMMs, which we

will compare. Their method propagates messages from a manually selected set of observed

30ur claim is restricted to the cases in which the model parameters are marginalized out and the conjugate
analysis is available. We do not claim to have a method for marginalizing arbitrary variables.
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variables until the MB of a targeted cluster is reached; then use those MB marginals as the
initial messages. Hence, our approach is more mathematically principled and much more
computationally efficient. On the other hand, there is extra memory cost of our approach:

the MB marginals for each cluster (not each variable) need to be kept in memory.

3.7 CVI for the CE Family

In the previous sections (3.4-3.6), we have presented the novel aspects relating to handling
the sequential dependencies. In this section we make contributions to collapsed variational
inference in the conjugate exponential family, building on the work of Sung et al. (2008).
In particular, the algorithm proposed by Sung et al. (2008) does not consider updating mul-
tiple variables nor updating statistics stochastically. Here we extend collapsed variational
inference in these two directions.

To be concrete we continue working with our HMM example in the multiple sequence
setting and focus on the emission part. This time we assume that the emission distributions
are in the general exponential family and there is a conjugate prior. We use the definitions
in Section 2.3. The emission distribution at the hidden state k£ over a possible observation

w given the natural parameters 7, is defined by,

p(Wlnk) = hy(w) exp{n} s(w) — ai(n)}, (3.83)

and its conjugate prior parametrized by A is defined by,

p(k|A) = hg(ni) exp{A{m, + A3 (—ai(ne)) — ag(A)}. (3.84)

We also alter the definitions and notations relating to the emission part while keep-
ing those relating to the transition part the same as in our second CVI algorithm. As be-
fore, we denote the set of all observed sequences by x = {x‘}~  and the i*" sequence
by x' = {x;}/_;. Here each observation X; ~ p(-|r,;) defined in (3.83) and is written in
boldface, since it can be a vector. The counting functions C} ,, (number of observation w
at hidden state k) used in the Discrete-Dirichlet case are replaced by the general notions
of sufficient statistics. We define A\, = ((Ax)1, (Ax)2) to be the posterior hyperparameters

(prior hyperparameters plus sufficient statistics from all sequences) at hidden state k as
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follows,

I T
M= +> > 6z (3.85)
ljl t;l
M2=Xa+> Y 6 (3.86)
=1 t=1

and )\;i denotes the exclusion of the contribution from the i** sequence.
In the following subsections, we focus on presenting collapsed variational inference for
the emission part. This involves deriving CVI for multiple hidden variables and stochastic

CVlI in the general CE family setting.

3.7.1 CVI for Multiple Variables

As with our second CVI algorithm, we assume the variational distribution ¢(z) = [, ¢(z’)

£CVI

and optimize . The update equation for ¢(z') is given by,

¢(z') oc exp{E[log p(z'[2")]} x exp{E[log p(x'[x", 2)]}, (3.87)

in which the first term in RHS of (3.87) is well studied in Section 3.5, and here we solve
the second term. By the conjugacy property 4 in Section 2.3, we derive the joint posterior

predictive with some algebraic manipulation,

T
mewuHM@wﬁ%wﬁ@nwwzﬁﬁnzhﬂa:@»

t=1
—%uyuzwﬁ@zdﬁ@mzwﬁw—am} (3.88)

By our approximation method to joint posterior predictives (3.55) in Subsection 3.5.1,

we remove the small contribution from {x,, z}, }!,”, in both log normalizers in (3.88),

(x'|x",2)

II:ﬂ

h(x}) exp {a, ()\Z + (s(x}), 1)) — a4 (/\2;) }, (3.89)

which is then plugged into the second term in RHS of (3.87), yielding,

exp{E[log p(x'|x\?, )]} ~ H hi(x;) exp {E[a, ()\: + (s(x}),1))] —E[a, ()\:)} }. (3.90)
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The expected log normalizers are intractable to compute. We follow Sung et al. (2008)
who applies the first order Taylor approximation to complete-data marginal. Here we apply

the Taylor approximation to both log normalizers in (3.90),

ag (A + (5(x), 1)) ~ @ (Byip| (s(x)), 1)) (3.91)
+ (0 — B [M) LBy M)+ (s(x). 1), (3.92)

ag (M) ~ ag (Eqgn] ) (3.93)

+ (A = By M1 (Eyn [A]). (3.94)

and plug the results into (3.90). Note that the first order terms of Taylor expansions, (3.92)
and (3.94) become zero. Altogether, the update for ¢(z') is,

T
q(z') moc exp{E[log p(z'[2")]} | [ .4.x:- (3.95)

t=1

in which we define,
Tew = (W) exp{a, (BDNY] + (s(w), 1) —a(E[\])}. (3.96)

Implementing (3.96) is easy: it is a predictive distribution over w given expected suf-
ficient statistics collected from all other sequences; and this distribution is expected to be
known for any conjugate distribution pair. To list a few examples, in the Discrete-Dirichlet
case, (3.96) is the same as (3.64); in the Gaussian-GaussianWishart case, (3.96) is the stu-
dent distribution; in the Poisson-Gamma case, (3.96) is the negative binomial distribution.

In Sung et al. (2008)’s algorithm, instead of predictives or joint predictives, complete-

data marginals are plugged into the mean field update,

q(z') = exp{E i [log p(x,2)]}, (3.97)

and then a Taylor approximation is employed, yielding an abstract update formula. How-
ever, the abstract formula is not implementable. For updating a single hidden variable,
in the Mixture of Gaussian example (Sung et al., 2008, Section 4.1), their implementable
update is the same posterior predictive as by our approach. For updating multiple hidden
variables, they consider each data point to contribute one statistic to global statistics, no
matter how complex a data point is. This bypasses the implementation details that involve
complicated joint predictives, for which we propose a solution using our approximation

method.
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3.7.2 Stochastic CVI

In the previous subsection, we have presented a batch CVI algorithm for HMMs whose
emission distributions are in the exponential family. One disadvantage of this algorithm is
its memory requirement: we need to keep sufficient statistics for each sequence so that they
can be subtracted or added when required. For example, )\X can be efficiently obtained by
subtracting statistics of {x’,z'} from ). To circumvent this requirement, in this subsection
we extend the batch CVI algorithm to the stochastic setting, deriving stochastic CVI for
the CE family. Stochastic optimization is also useful for scaling batch algorithms to large
datasets (Robbins and Monro, 1951).

Overall our algorithm for HMMs is a generalization of the SCVI algorithm for LDA at
the variable level (Foulds et al., 2013) to the cluster level. Given x, our algorithm examines
one sequence X' at a time to learn the local variational posterior ¢(z’), and then it stochas-
tically updates the transition counts and emission statistics. We first present the algorithm
updates and then discuss its optimization objectives and convergence.

In the batch setting, we have derived the local update equation for ¢(z’) in (3.95). In the
stochastic setting, we do not keep local statistics, and thus we do not have access to E[CJ\Z]
and E[),"]. Following Foulds et al. (2013), in (3.95) we replace E[C')}] with the stochastic
approximation for the expected transition count, denoted by V; . For the emission part,
we propose to replace IE[)\,E;Z] with the stochastic approximation for the emission statistics,

denoted by Mj,. Altogether the local update of ¢(z') in the stochastic setting is,

T T
Q(ZZ) ~X H sz_l,zf H ﬁzf,xi ) (3.98)

t=1 t=1

emission part
in which,
A N; T Q

., =% - 3.99
-k Nj7. + Ko ( )
Teow = (W) exp{ay (M + (s(W), 1))—ay,(My)}. (3.100)

Given (3.98), we compute its marginals ¢(z{_;,2!) and ¢(z}) by the standard forward

backward algorithm. Then we collect its local expected transition counts E| JZ ] and emis-
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sion statistics E[\;] defined as follows,

E

E[C;) =) alz_,=j,2 = k), (3.101)
. t:1T . . T .
EN] = () alz = k)s(xi), )_al(z) = k). (3.102)

t=1 t=1

Since [E[C? ] and TE[)}] are the stochastic estimates of E[C} ;] and E[;], respectively,
we can update their stochastic approximations, N;; and M), by online averaging the new

estimates and their previous values (Robbins and Monro, 1951),

Nix = (1 = pi) Njx + piIE[C] ], (3.103)
My, = (1 = pi) My + p TE[N;], (3.104)

in which p; is the step size satisfying > >~ p; = oo and Y oo, p? < c0.

In our SCVI algorithm, if the emission distribution is discrete, then we can follow the
same analysis in Foulds et al. (2013) to prove its convergence. The proof is based on the fact
that SCVI is equivalent to online EM (Cappé and Moulines, 2007) with MAP estimation
and incrementing Dirichlet hyperparameters by one. Nevertheless, this interpretation does
not allow for encoding sparsity and can not explain other distributions.

For the general CE family case, we do not have a rigorous proof for its convergence,
as with some other adaptations of variational inference. In particular, our algorithm is very
similar to the locally stochastic collapsed variational inference (LSCVI) by Wang and Blei
(2012) except that they drew samples to form an empirical estimation of ¢(z’). They argue
that LSCVI approximately optimizes the objective of expectation propagation algorithm
(Minka, 2009), which may not converge. Sato et al. (2016) derived the same SCVI algo-
rithm for the CE family as ours under a different framework. They interpreted this algo-
rithm as an approximate solution to the predictive distribution (PD) optimization, arguing
that SCVI can make better predictions about what is yet to be observed than SVI. Both
work investigates the optimization objectives and thus sheds light on SCVT’s convergence.
Orthogonally, our thesis does not focus on theoretical analysis but on algorithmic contri-
butions that allow CVI and SCVI to be generally applicable to a wide variety of graphical

models in the conjugate exponential family.
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3.8 Experiments

In this section, we empirically evaluate our proposed (stochastic) collapsed variational in-
ference algorithms for HMMs. In Subsections 3.8.1 and 3.8.2, we compare our batch CVI
algorithms with EM, VI and CGS on the task of Part-of-Speech induction, both in the
semi-supervised and unsupervised settings, using a number of evaluation metrics. In Sub-
section 3.8.3, we apply our first CVI algorithm to the word alignment task. The material
in Subsection 3.8.3 is mostly contributed by my co-author* and is included to provide an-
other application of CVI. In Subsection 3.8.4, we compare our stochastic CVI algorithms
with SVI (Hoffman et al., 2013) on the large scale textual prediction task. In particular, in
the single long sequence setting, we compare our third algorithm that uses a propagation

redesign with the SVI algorithm for HMMs that uses a buffering scheme (Foti et al., 2014).

3.8.1 Semi-Supervised PoS Induction

In this subsection and next, we evaluate our CVI algorithms on the task of learning syntactic
categories for words in text, namely the Part-of-Speech induction. Our dataset is the Wall
Street Journal (WSJ) treebank (Marcus et al., 1993), which consists of 49, 208 sentences
with the average length roughly 22. Each token in WSJ has been assigned one of the 45 PoS
tags based on the linguistic domain knowledge, and these tags are often called reference
tags or gold tags. One important evaluation metric is to compute the accuracy of the hidden
states produced by an inference algorithm against those reference tags.

We compare our first and second CVI algorithms with the EM, VI and CGS algorithms
for HMMs. They can be considered as the two special cases of our third CVI algorithm (one
breaks all strong dependencies and the other breaks none in the multiple sentence setting
here). We leave the explicit evaluation of our third algorithm to the single long sequence
setting in Subsection 3.8.4 when we compare it with a recent benchmark (Foti et al., 2014).
Also we experiment with simple bi-gram taggers with the aim of understanding the prop-
erties of our proposed inference algorithms, rather than building a state-of-the-art (higher-
gram) tagger (e.g. Berg-Kirkpatrick et al. (2010); Blunsom and Cohn (2011)). Finally, we

conduct our experiments both in the semi-supervised and unsupervised settings.

4The technical manuscript is entitled ‘Collapsed Variational Bayes for Inference in Word Alignment Mod-
els’, in which Yarin Gal was the first author. My contributions were proposing CVI for the IBM word align-
ment model 1 (which is a simpler case of the HMM) and writing the algorithm section.
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EM VB Algorithm 1 | Algorithm 2 CGS
Size | Random | p o " o I o W o I o
1K 65.1 81.0 112|792 |13 (829 | 02 |842| 02 |83]05
2K 65.2 81.1 1098051181 | 03 |8.5| 03 |85.0]03
3K 65.1 81.1 108|805 (10|81 | 02 |8.8| 03 |85.0]02
5K 64.9 81.0| 1580415830 | 02 |8.6 | 01 |8.2]02
10K 64.7 814 |17 |80.7 (121|834 | 02 |8.6 | 0.1 |850]02
All 64.8 814109 814 |1.1(837| 01 |87 | 0.1 |84.6]0.1

Figure 3.10: The tagging accuracies and standard deviations of 10 random runs on various
corpus sizes with a complete tag dictionary.

In the semi-supervised setting, we adopt the formulation of Merialdo (1994): given a
raw corpus and a tag dictionary that defines legal syntactic categories for each word type,
tag each token in the corpus with the goal of maximizing accuracy against a reference
tagged corpus. The tag dictionary is constructed by collecting all the tags found for each
word type in the entire WSJ. We conduct experiments for different corpus sizes, from 1K
sentences to the entire treebank. For all the corpora, the percentages of ambiguous tokens
is roughly 55% and the average number of tags per token in the dictionary is approximately
2.3. Later we gradually relax the tag dictionary constraints with increasing ambiguity to-
wards the unsupervised PoS induction.

We conduct our experiments using the following experimental settings. We run 50 it-
erations for all the variational algorithms including EM, which is included to serve as a
benchmark although it optimizes the likelihoods nor marginals. We run 20, 000 iterations
for CGS with the annealing scheme designed by Goldwater and Griffiths (2007) (tempera-
ture incrementally decreased from 2.0 to 0.08). For each algorithm, we run it 10 times with
random initializations’, and the hyperparameters o and 3 € [0.003,0.01,0.03,0.1,0.3, 1.0]
are optimized on held-out data. Finally, to compute tagging accuracies, we produce hidden
states using the maximum posterior decoding, since we find that it almost always yields
slightly better results than the Viterbi decoding for all algorithms.

Figure 3.10 presents the tagging accuracies and standard derivations achieved by each

of the algorithms on the various corpora. Both of our first and second CVI algorithms (de-

SWe thought that it was natural for EM and VI to randomly initialize model parameters. For CVI and CGS,
which integrate out model parameters, we had no choices but initialize local posteriors, q(2¢|z{_;) o U[0,1]
and z{ ~ U0, 1], respectively. We suspect that randomizing initial parameters might cause higher variances
as reported in Figures 3.10 and 3.12. In the remaining implementation, for ‘absolutely fair’ comparisons (or
at least with same starting points), we initialize local posteriors for all the deterministic algorithms.
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Figure 3.11: The average tagging accuracy over 10 runs versus the number of iterations for
the entire treebank with a complete tag dictionary. All the variational algorithms were im-
plemented in Python, and the CGS algorithm were implemented in C++. All the algorithms
were run on an Intel Core i5 3.10GHZ computer.

noted by ‘CVI-1" and ‘CVI-2") outperform the standard VI algorithm, which in turn does
not seem to have an advantage over EM. The first CVI algorithm surpasses VI by 1-3%,
suggesting that the seemingly strong hidden variable independence assumption proves to
be weaker than the assumptions in standard VI. Furthermore, we think given the highly
peaked posterior, products of marginals might be good approximations to joint distribu-
tions. Our second CVI algorithm that takes advantages of collapsing without breaking the
sequential dependencies yields the best results in most cases except for the 1K subset.
Figure 3.11 shows the convergence rates for all the algorithms. The variational algo-
rithms converge after approximately 20 iterations, whereas the accuracy of CGS is near its
maximum with 10K iterations. All the variational algorithms have the same computational
complexity (O(ITK?)), but their time usage varies in practice. The most efficient method
is our first CVI algorithm, not EM, since EM is normally implemented in log space to avoid
underflow®. VI requires to compute expensive digamma functions, while our second CVI

algorithm calculates dynamic parameters; hence both are slower than EM. Finally, CGS

®In the semi-supervised setting, we implemented the deterministic algorithms in Python, used log space
in computing the forward and backward probabilities to avoid underflow, and used dictionaries as main data
structures. All these simple choices make our implementation quite slow, and as a result, we had to implement
CGS in C++. In the remaining experiments in the unsupervised setting, we implemented all the algorithms in
Cython, used rescaling factors to avoid underflow, and only used arrays as main data structures. These more
sophisticated choices can give more than 100 times speed up for some algorithms.
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EM VB CVI-1 CVI-2 CGS
d | tags/token | % ambig. | p o W o W o W o W o
1 2.3 54 81.0 112|792 |13 (82902 |842|02]|853]|0.5
2 7.8 63 69.6 | 1.5 1696 | 16| 738 |04 |779|04]|79.0 |04
3 10.8 66 64.7 | 1.7 |61.1 | 1.6 | 65.1 | 04 | 741 |03 | 725 | 0.7
5 14.9 71 547 129|543 120|647 |04 650 |05]|642 |09
10 20.8 77 435124143621 512107 |533|05|557]0.6

Figure 3.12: The tagging accuracies and standard deviations of 10 random runs on the 1K
dataset with various incomplete dictionaries depending on values of d.

takes an order of magnitude more time than any of the deterministic algorithms. When
CGS mixes quickly we would expect its performance to exceed all the other algorithms.
From our experiments we see that this is the case for the smallest dataset, but as the data
size increases CGS performs poorly. We see that the accuracies of our collapsed variational
algorithms increase with the size of the data, countering the decreasing trend for CGS.

In practice, it is not always possible to build a complete tag dictionary, especially for the
infrequent words. We investigate the effects of reducing dictionary information. Following
Smith and Eisner (2005), we use the 1K dataset with various tag dictionaries depending
on the value of d. Specifically, we define a word type to be frequent if the word’s tokens
appear at least d times in the training corpus, otherwise it is infrequent. For frequent word
types the standard tag dictionary is available; whereas for infrequent word types, all the
45 tags are considered to be legal. Figure 3.12 presents the accuracies achieved by all the
algorithms at various ambiguity levels. Because of the small data set, the collapsed Gibbs
sampler performs best in most cases, although somewhat surprisingly in some cases the
second CVI algorithm outperforms CGS even in this small corpus. We also find that with
more ambiguity, the margins between the uncollapsed algorithms and collapsed algorithms

increase. In particular, when d = 3, the margin is as large as 13%.

3.8.2 Unsupervised PoS Induction

In the unsupervised setting, without a tag dictionary, the hidden states are interchangeable
and we have a label identifiability issue. In general, there are two kinds of methods to deal
with this issue: one tries to identify mappings between hidden states and gold tags before
evaluation; whereas the other uses information theoretic measures for calculating clustering

distances. We first briefly describe four evaluation methods (two for each kind), and then
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we present our experiment settings and evaluation results.

Many-to-one is probably the most commonly used evaluation method. It maps each
hidden state to the gold tag it co-occurs most frequently and computes the tagging accuracy
by that mapping. This method favours larger numbers of hidden states: in the extreme case,
each token has its unique state, yielding 100% accuracy. This can be partially mitigated by
cross validation: we identify a mapping in one half of the dataset and compute accuracy
in the second half. Another approach for defining a mapping is called greedy one-to-one:
it constrains the mapping so that at most one hidden state is mapped to any gold tag, by
greedily assigning hidden states to tags until either is used up. We use the greedy one-to-one
(denoted by ‘1-17) and cross validation many to one (denoted by ‘M-1") in this experiment.

We also use entropy based measures for evaluation, which consider not only the major-
ity mapped tag in each cluster, but also the reminders. Variance of information (denoted by
‘V-I') is a popular clustering evaluation metric. It assesses the homogeneity and complete-
ness of clusterings using the conditional entropies, H(G|S) (entropy of gold tag distribu-
tion conditioned on state clustering), and H (S|G) (entropy of state clustering conditioned
on gold tag distribution), respectively. This evaluation favours smaller numbers of hidden
states: in the extreme case, all tokens having the same state does disturbingly well (John-
son, 2007). This can be partially fixed by reweighing the conditional entropies, leading to
the V-measure (denoted by ‘V-M’) (Rosenberg and Hirschberg, 2007), which is analogous

to the standard F measure and is defined by,

ohe _,_ H(GS) o1 HSIG) (3.105)

VM= H(G) H(S)

We conduct our experiments using the same experimental settings as in previous semi-
supervised task, except for the followings: we run all the deterministic algorithms for 200
iterations; and the grid search of («, 3) is conducted w.r.t. each evaluation metric and each
algorithm on held-out data. In addition, we find that occasionally, in some hyperparameter
settings, some algorithms produce clusterings with less than five hidden states, which give
very good V-I scores, but are poor by other metrics. Since these taggers should be consid-
ered as poor taggers in general, we exclude those settings for the corresponding algorithms.

Figure 3.13 presents the evaluations of all the algorithms by four metrics on two datasets.
On the 1K sentence dataset, we see that our first CVI algorithm outperforms EM and VI by

all the evaluation metrics. Hence, it seems that on a small dataset, the benefits of collapsing
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EM VI CVI-1 CVI-2 CGS
Size | Metric | p o 7 o I o I o I o
1K 1-1 263241249 |28 304 |27 |325|28|303]20
IK | M-1 |389 |22 (336|19|48.1|26|505|22|514 |15
1K V-I |655(.09]686|.06 546 .08 532 .08 5.16 | .06
IK | V-M | 31010279 |06 |428 |09 | 444 |08 | 454 |05
All 1-1 376 | 2.1 | 42019 (395 |20 | 462 |26 |41.3 |19
All | M-1 59722564 |19 (592 ]08]|635|12]63.7 0.7
All V-I 465 |.08 |482|.07|431|.04|410 .06 | 4.19 | .07
All | V-M | 51408 ]495|09 53303567 | 06| 564 |0.6

’ All | Time | 95 mins | 98 mins | 86 mins | 101 mins | 565 mins ‘

Figure 3.13: Evaluation of algorithms on the 1K dataset and on the entire treebank, by four
metrics in the unsupervised setting. For variation of information (V-I), lower score is better.
The averages and standard deviations are over 10 random runs.

outweigh the benefits of modelling sequential dependencies perfectly. Our second CVI al-
gorithm performs better than the first one, as expected; and its performance is comparable
with CGS. In the entire WSJ, we see that our second CVI algorithm performs the best by
three evaluation metrics except for many-to-one accuracy. In particular, it surpasses CGS
by 5% in one-to-one accuracy. Our first CVI algorithm is still advantageous over EM and
VI by the entropy based metrics. By our implementation of all algorithms in Cython and
using rescaling factors to avoid numerical underflows, all the deterministic algorithms take

between 85—105 minutes, while CGS consumes about five times more training time.

3.8.3 Word Alignment

In this subsection, we apply our first CVI algorithm to the task of word alignment, which
is often an important early step in training a statistical machine translation system. The
traditional word alignment pipeline is made of the IBM model 1 (Brown et al., 1990), the
HMM (Vogel et al., 1996), and the IBM models 3-6 reviewed by Och and Ney (2003).
Each model’s parameters are used for bootstrapping the parameters of the model following
it, with the IBM model 1 being the starting point. Given a parallel corpora consisting of
the source and target sentences, the IBM model 1 only takes into account the frequencies
of occurrences for the source-target word pairs in those sentences. Thus it is a simpler case
of the HMM without the alignment orders (i.e., transition information). Here we apply our

first CVI algorithm to the IBM model 1 and HMM. Alternatively, a recent reparametrization
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Metric EM VI CVI-1 CGS Model 4
BLEU (ZH-EN) 27.6 28.8 29.2 29.2 28.5
BLEU (EN-ZH) 14.2 14.2 14.3 14.6 14.6

AER 36.4 36.8 35.7 34.6 34.5

Figure 3.14: Evaluation of different algorithm trained models for word alignment on the
Chinese FBIS data. Top row: BLEU scores of translating from Chinese to English. Middle
row: BLEU scores of translating from English to Chinese. Bottom row: alignment qualities
(AER). For references, the last column shows the results produced by the IBM model 4.

of the IBM Model 2 (Dyer et al., 2013) provides an efficient and strong benchmark for word
alignment, although we have not explored this direction yet.

We compare our first CVI algorithm trained IBM model 1 and HMM (denoted by ‘CVI-
1’) with the following benchmarks: the pipelined EM trained IBM model 1 and HMM as
provided by Giza++ (Och and Ney, 2003) (denoted by ‘EM’), the VI trained IBM model
1 and HMM (Riley and Gildea, 2012) (denoted by ‘VI’), and the CGS trained hierarchical
Pitman-Yor process (HPYP) IBM model 1 and HMM provided by Giza# (Gal and Blun-
som, 2013) (denoted by ‘CGS’). Note that the last benchmark uses the HPYP as the prior
distribution and also models the phrasal dependencies, and thus CGS is essentially carried
out on much more sophisticated models.

We conduct our experiments using the following experimental settings. Our dataset is
the Chinese FBIS corpus that consists of paralleled Chinese and English sentences. MT02
was used for tuning and MTO3 was used for evaluation. We run the EM trained Giza++
for 5 iterations as suggested by Och and Ney (2003) and the same is done for VI. On the
validation data, we find that our CVI algorithm takes as little as 3 iterations to yield good
results, and thus we choose 3 iterations. We run CGS for 50 iterations as suggested by Gal
and Blunsom (2013). For the Dirichlet priors, we set the hyper-parameters to 0.1 in order to
encourage sparsity. Finally, we use Moses (Koehn et al., 2007) for training the translation
systems. We use the BLEU scores (Papineni et al., 2002) and alignment error rates (AER)
as our evaluation metrics; and the results are reported by averaging 5 random runs.

In Figure 3.14, we can see that our CVI-1 trained model achieves higher BLEU scores
than both the Giza++ and VI trained models. In particular, when translating from Chinese
to English, it surpasses the Giza++ trained benchmark by 1.6 BLEU points and the IBM
model 4 by 0.7 BLEU points; furthermore, the comparable results with the CGS trained
HPYP IBM model are achieved by using only a fraction of its running time: CVI-1 takes
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about 1 hour compared to the 11.5 hours for CGS. For both the BLEU scores of translating
from English to Chinese and AER, the results also favour towards our CVI-1 trained model,
with small improvements over the Giza++ and VI trained models. Given the performance
patterns of all algorithms in the PoS induction task, one might expect that applying our sec-
ond CVI algorithm can lead to more improvements. With the promising initial experiment
results, we leave it as a future work to fully explore our CVI algorithms for the remaining

IBM models and the reparametrized variants (Dyer et al., 2013).

3.8.4 Text Prediction

In this subsection, we evaluate our stochastic CVI algorithms on the text prediction tasks
especially on large scales, by calculating the predictive likelihoods of unseen text. We first
compare the stochastic version of our second CVI algorithm (denoted by ‘SCVI-2’) with
the standard SVI algorithm (Hoffman et al., 2013) in the bag-of-sentences setting. Next,
we compare the stochastic version of our third CVI algorithm (denoted by ‘SCVI-3") with
SVI for HMMs (Foti et al., 2014) in the long single sequence setting.

We create two datasets in addition to the standard WSJ. The New York Times (NYT)
dataset is extracted from the English Gigaword (Graff, 2003) corpora. We select the articles
tagged as ‘story’ from years 1994 to 1995. After cleaning the text, the final corpora consist
of about 5M sentences with 105M tokens. This dataset is approximately 100 times larger
than the WSJ. We also create a very long time series that is about 1.1 million in length, by
concatenating all the sentences in WSJ. We split each dataset into a training set and a testing
set at random, and compare the algorithms’ predicative log likelihoods on the testing sets.
For the WSJ (and the single long sequence), the ratio of the training set size and testing set
size is set to 9:1; and for the NYT, the ratio is set to 99:1.

First, we conduct our experiments in the multiple sequence scenarios by the following
experiment settings. For both SVI and SCVI-2, we set the hyper-parameters o = 5 = 0.1,
to encourage sparsity. In the stochastic setting, since we do not need to keep local statistics
(and also, initializing local statistics on NYT is too computationally expensive), we di-
rectly initialize the global transition and emission counting matrices using the exponential

distributions, as suggested by Hoffman et al. (2013),

N; . ~ Exponential(IT/K?), (3.106)
Ny..o ~ Exponential(IT/(KW)), (3.107)
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Figure 3.15: Evaluation of the stochastic algorithms on the WSJ treebank by their predictive
performances. Left: we set the minibatch size M = 100 and vary forgetting rates. Right:
we set the forgetting rate x = 0.5 and vary minibatch sizes. For references, we include the
results produced by the batch algorithms that run for 200 iterations.

and the resulting N; 5, and N} ,, are similar to those we would get by tallying the local statis-
tics with randomly assigned hidden states. We use the per word predictive log likelihood as
the evaluation metric. In a test set, X' = {x’}/_, let [x’| be the length of the i*" sentence,

and the per word likelihood is defined as follows,

Zi lOg Zzi Ht ezéfl,zz ng,xz

likelihoodpw = - , (3.108)
Zi x|
in which

é- B Nj,k—l-Oé
Ik NJ: + KO/
A Nkw + 5
Oy = ———. 3.109
k, N.’k —+ Wﬁ ( )

On the WSJ, we investigate a range of learning rates for stochastic inference. Given the
step sizes p,, = (1+m)~" parametrized by forgetting rates x € [0.5, 1.0) and the minibatch
sizes M, we first set minibatch size M/ = 100 and vary x € {0.5,0.7,0.9}. Then we set
x = 0.5 (the best choice for both SVI and SCVI-2) and vary M = {20,100, 500}. We run
both algorithms for 2 hours and report their predictive log likelihoods versus wall-clock
time. On the NYT, we set x = 0.5 and M = 1000. This time we explore various values of
K € {20,40, 80}, since the true number of hidden states on this corpora is undefined. We
run both the SVI and SCVI-2 algorithms for 6 hours.
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Figure 3.16: Evaluation of the stochastic algorithms on the NYT by their predictive perfor-
mances. We set k = 0.5, M = 1000, and vary the numbers of hidden states.

We present the predictive performances of SVI and SCVI-2 on the WSJ in Figure 3.15.
We can see that under each explored setting, our SCVI-2 is significantly more accurate than
SVI, extending the success of our CVI algorithms to the stochastic setting. For references,
we also include the results produced by VI and CVI-2 that run for 200 iterations (~ 90
minutes). Both of their stochastic versions achieve comparable (or slightly worse for SCVI-
2) results within 1000 seconds (~17 minutes), i.e., roughly one fifth of the batch training
time. Despite the stochasticity, SVI performs slightly better than VI. Indeed VI is a special
case of SVI, which takes a unit gradient in Riemannian space (Hoffman et al., 2013).

In our experiments, it is interesting to notice that fixing M, a smaller forgetting rate x
(i.e., larger step sizes) seems preferred both by SVI and SCVI-2. Our findings contradict
with the empirical observations in LDA (a larger  is preferred) (Hoffman et al., 2013), but
confirms the those observations in HMMs (Foti et al., 2014; Zhang et al., 2016). We think
that at least on this dataset, larger step sizes in early phase might be helpful for stochastic
HMMs to escape from bad local optimums. On the ther hand, both algorithms are not too
sensitive with minibatch sizes: even when M = 20, both algorithms perform surprisingly
well. These preferences allow both algorithms to be scalable to very large datasets.

In Figure 3.15, we show the predictive performances of SVI and SCVI-2 on the NYT
that has 105 million tokens and is roughly 100 times larger than the WSIJ. In this dataset,
batch algorithms are not scalable. We see that again our SCVI-2 outperforms SVI by large

margins, while both algorithms favour more hidden states to represent the posteriors.
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Figure 3.17: Evaluation of the stochastic algorithms in the single sequence setting by their
predictive performances. We set x = 0.5, T' x M = 1000, and vary subsequence lengths.

Next, we conduct our experiments in the single sequence setting to evaluate our third
stochastic CVI algorithm (denoted by ‘SCVI-3’). In this setting, Foti et al. (2014) proposed
an SVI algorithm that buffers several observations on both sides of each subsequence, and
demonstrated the utility of their buffering method. Here as well as comparing SCVI-3 with
SVI, we also explicitly evaluate the utility of our propagation redesign method. Specifi-
cally, for both SCVI-3 with SVI, we create two benchmarks that do not use propagation
redesign or buffering mechanisms, respectively. In these reduced algorithms (denoted by
‘vanilla’), each subsequence starts with the initial distribution equal to the stationary dis-
tribution of the whole HMM sequence. For SVI with buffering, we pad 10 observations on
both sides of each subsequence, which is sufficient by our empirical observations.

We use the same hyperparameters and initialization methods as previously in the multi-
ple sequence setting. To fully study the effectiveness of our propagation redesign method,
we also vary the subsequence lengths, since we expect that it will be most effective when
subsequences are short. Following Foti et al. (2014), we fix the number of tokens in a mini-
batch, " x M = 1000, and vary T € {2,5,10}. That is increasing 7" means decreasing M
and vice-versa. We set the forgetting rate x to 0.5. Finally, we run both SVI and SCVI-3
for 10000 time steps and report the results by averaging 5 random runs.

Figure 3.17 presents the predictive performances of SVI, SCVI-3 and their correspond-
ingly reduced versions. We can see that by the per time step evaluation, our SCVI-3 also
converges much more accurately than SVI in each setting, extending the success of col-
lapsing to the single time series setting. For both algorithms, when 7' is small, there are
significant improvements using respective methods for handling subsequence boundaries.

For SCVI-3, we attribute such improvement to the inter subsequence communication by
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the message passing in our redesigned propagation algorithm. We have tried to plot likeli-
hoods versus wall clock time as with other stochastic experiments in this thesis, but found
that the buffer/redesign increases can not be clearly illustrated. This is because for example
when 7" = 2, SCVI-3 takes twice training time as its reduced version (1 hidden variable on
each side); while SVI consumes 11 times training effort as its reduced version (10 observed
variables on each side). Therefore, given a single time series, SCVI-3 can be much more

computationally efficient than SVI depending on the subsequence lengths’.

3.9 Summary

In this chapter, we have studied how we can apply collapsed variational inference beyond its
current bag-of-words setting, and to probabilistic graphical models in general. Specifically,
we have explored three approaches for marring the idea of collapsing with the sequential
dependencies in HMMs, using from brute-forced mean field, softened structured mean field
to the mixture of both in the single sequence setting. We can see that it is possible to derive
sophisticated message passing procedures in collapsed space, as we have done when model
parameters are provided. As a result, our study sheds lights on the general usage rules of
CVI, as we have summarized in Subection 3.6.2. We also extend the CVI research for the
conjugate exponential family (Sung et al., 2008). These extensions allow CVI to be applied
to many probability distributions and in the stochastic setting. With the novel techniques we
have developed during the algorithm derivations, we expect that many exciting applications
of CVI will continue to come in the future.

We have conducted a comprehensive set of experiments in the domain of computational
linguistics to evaluate our proposed CVI algorithms, from PoS induction, word alignment
to textual prediction. The experiment results show that our CVI algorithms (especially the
second and third ones) consistently and significantly outperform the standard variational
inference algorithms. Our second CVI algorithm often performs comparably with CGS,
which sometimes consumes up to an order of magnitude more training time. In Chapter 5,
we will extend our CVI algorithms to HDP-HMMs that allow for using an infinite number

of hidden states and learning the model hyper-parameters.

7In addition, our SCVI-3 algorithm does not compute the digamma functions required by SVI.
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Chapter 4

Collapsed Variational Inference for
PCFGs

Chapter Abstract

In this chapter, we extend collapsed variational inference along the Chomsky
hierarchy, from hidden Markov models in the previous chapter to probabilistic
context free grammars (PCFGs) (Wang and Blunsom, 2013b). This extension
allows collapsed variational inference to be applied to statistical models whose
model structures are random objects and thus can not be represented by graph-
ical models. We evaluate our proposed algorithm both in vanilla PCFGs and
their two variants, showing that our algorithm achieves close performance to
the Metropolis-Hastings sampling algorithm while using an order of magni-
tude less training time; and outperforms the standard inside-outside algorithm

and variational inference with similar training time.

4.1 Introduction

Probabilistic context free grammars (PCFGs) are ubiquitous for modelling syntactic struc-
tures in the field of computational linguistics, as well as other hierarchical structures in the
fields such as speech recognition (Baker, 1979), computational biology (Sakakibara, 2005)
and computer vision (Zhu and Mumford, 2007). In computational linguistics, PCFGs un-
derlie most high-performance parsing and grammar induction systems, either in the semi-

supervised setting (i.e., learning grammars from labelled parse trees) (Charniak and John-
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son, 2005; Petrov et al., 2006), or in the unsupervised setting (i.e., learning grammars from
raw text) (Headden III et al., 2009; Blunsom and Cohn, 2010). The traditional method for
learning PCFGs is the inside-outside (I0) algorithm (Lari and Young, 1990). As an instance
of the expectation maximization (EM) algorithm based on the principle of maximum like-
lihood estimation (MLE), the standard IO algorithm often learns relatively uniform distri-
butions for grammars, whereas the true distributions can be highly skewed (Johnson et al.,
2007). In order to encourage sparse distributions and avoid overfitting, recent research for
learning PCFGs therefore has drifted away from MLE in favor of Bayesian inference.

Variational inference (VI) for PCFGs (Kurihara and Sato, 2006) generalizes the inside-
outside algorithm by placing no constraints when updating parameters in the variational M
step. As in the HMM case in the previous chapter, the performances of both EM and VI
for PCFGs suffer from their local optimality issues. Johnson et al. (2007) proposed several
Markov Chain Monte Carlo (MCMC) algorithms for PCFGs that can reach the global op-
timal solutions after convergences. In particular, their Metropolis-Hastings algorithm that
makes use of both collapsing and blocking is probably the most effective sampling strategy
for PCFGs. Nevertheless, still a large number of samples are often required in practical ap-
plications (e.g. our experiment in Subsection 4.5.1). Given the computational complexity
of PCFGs that is two orders higher than LDA and HMMs in data size and the availability of
large corpora, there is a more demand of inference algorithms for PCFGs that are efficient,
accurate and can be used in various grammar induction tasks.

In this chapter, we extend the collapsed variational approach to PCFGs, using the algo-
rithmic techniques we have developed in the previous chapter. Specifically, we follow the
idea of our second CVI algorithm for HMMs and apply the structured mean field method af-
ter model parameters are integrated out. A notable difference between HMMs and PCFGs
is that while HMMs can be represented by probabilistic graphical models (model struc-
tures are fixed, hidden variables are random); PCFGs can not. This is because for PCFGs,
model structures are parse trees, and parse trees themselves are random objects as well as
hidden variables conditioned on parse trees. In Section 4.4, we show that the joint poste-
rior predictive distribution over random parse tree in PCFGs requires additional algebraic
manipulation to be simplified than in HMMs, and derive our CVI algorithm for PCFGs
that makes use of the traditional inside-outside procedure. Our work further enlarges the

application domain of CVI to statistical models with random model structures.
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In the following presentation, we employ the standard version of PCFGs in the Chom-
sky normal form. The extensions of all the reviewed algorithms and CVI to other versions
or variants of PCFGs are either straightforward or standard, and thus we omit those elabo-
rations. In Section 4.5, we conduct three grammar induction experiments and validate our
CVI algorithm in standard PCFGs, PCFGs with latent annotations (PCFGs-LA) (Matsuzaki
et al., 2005) and dependency model with valence (DMV) (Klein and Manning, 2004).

4.2 Definitions

A probabilistic context free grammar (PCFG) generalizes a probabilistic regular grammar,
namely a hidden Markov model by relaxing the production constraints for non-terminals.
Formally, adopting the similar notations to Johnson et al. (2007), we specify a PCFG by a
tuple (7, N, S, R, 0), where T', N, R and 0 are the finite sets of terminals (e.g., words in sen-
tences), non-terminals (e.g., phrase labels in trees), production rules and parameters respec-
tively, and S € N is the start symbol. Given the context free grammar G = (7, N, S, R)
in the Chomsky normal form, each rule » € R takes either the form A — BD or A — w,
where A, B,D € N and w € T. Let §4_,5 be the probability of rule A — 3, where [
ranges over (N x N)UT. Finally, in a Bayesian setting, we put symmetric Dirichlet priors
with hyperparameters o on each 04 = {04_,5}.

Having defined the grammar, a parse tree and its yield (e.g., sentence) is generated by
the following stochastic process: start with S and apply a rule rs_, 3 with probability 0s_, 3;
for the non-terminals in 3, recursively apply rules and generate their subtrees; the process
stops when all the parse tree’s leaves are terminals. Furthermore, we consider the scenario
of many parse trees and sentences, which is assumed by all the grammar induction tasks in
computational linguistics. We have not encountered the scenario of learning probably very
large and deep trees from a single long sentence in any application fields.

Given a corpus of sentences x = {x’}/_, and the corresponding parse trees z = {z'}!_,,
as with HMMs, we first define the counting functions for PCFGs. Let C,.(x, z) denote the
count (or frequency) of the product rule r in all the parse trees, C*(x’, z") denote the count
of r in the i*" parse tree, and C’>i(x\i, z\") denote the count of r in all but the i" parse tree.
By our conventions, since the arguments to C' can be inferred by the superscripts of C', we

can safely omit the arguments for brevity. For example, C. is short for C..(x, z).
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By the above definitions, the joint probability distribution of parameters and variables

can be expressed as follows:

1

p(x,z,0]a) = (9la)H Pa(x',2'|0)
( 11 Po(6ala) ) 11, (4.1)

AeN reR
in which,
\RA|04 am
Pp(04|a) = T(a)l IT oo (4.2)

rERA

Pg(+) denotes the distribution under the grammar G', Pp(-) denotes the Dirichlet distribu-
tion reviewed in Section 2.3, R4 denotes the set of rules with left-hand side A, and |R 4|

denotes the size of R4.

4.3 Approximate Inference for PCFGs

In this section, we review the EM, VI and Hastings algorithms for PCFGs, which are widely
used, served as benchmarks in the experiments and closely related to CVI. In particular, our

CVI algorithm shares the same (approximation) spirit with the Hastings algorithm.

4.3.1 Variational Inference

The traditional inside-outside algorithm for PCFGs (Lari and Young, 1990) belongs to the
general EM class, which is further a subclass of variational inference. As with HMMs in
the previous chapter, we review both EM and VI for PCFGs in one framework. Specifically,
VI seeks to maximize an evidence lower bound on the log marginal likelihood log p(x|«),

denoted by £V,

log p(x|a) > Eyp0)[log p(X, z, 0|r)] — Egz0)[log ¢(z, 0)] £ oVt 4.3)

in which ¢(z, #) is an approximate posterior whose model parameters and hidden variables

are assumed to be independent. That is it is factorized by,

q(z,0) = q(z)q(0). (4.4)

'Pg(x,2%|0) = 0 if z* can not be generated by the grammar G or yield(z') # x'.
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This strong independence assumption allows for the separate updates of ¢(z) and ¢(6),
maximizing the lower bound £"!. For the traditional inside outside algorithm using maxi-
mum likelihood estimation, ¢(€) is further assumed to be degenerate, i.e. ¢(0) = §(0 = 6*).

Hence, the 10 algorithm iterates over the following expectation and maximization steps,

E step: ¢(z) < Pg(x,z[0%), 4.5)
M step: 0* = argmax E,;)[Pa(x, z|6)]. (4.6)
0

In the E step, we update each ¢(z') over random parse trees,

q(z") < Pg(x',7'0%)

=TJw6ne. @4.7)

reER

The distribution over parse trees ¢(z') is intractable to compute as its normalization re-
quires summing over all possible parse trees producing x’. But the inside-outside dynamic

programming algorithm can be used to compute the expected counts required in the M step,

E(Cly ,ppl & > Pour(A j,1)0aspp Px(B.j k) (D, k1),  (4.8)

0<j<k<I<|xE|
E[C ) o< Y Pour(A, j) Oasud (@) = w), (4.9)
0<5<|x?|

in which the word positions in the sentence x’ are indexed {j, k, 1}, e.g., x; denotes the
j" word in the i*" sentence; the inside probability of observation {x%,x% ,...,z}} given
A is the root of the subtree is denoted by Pin(A4, j, ), and the probability of A spanning
(4,1), together with the rest of X is denoted by Poyr(4, 7,1). Both the inside and outside
probabilities are computed recursively in O(|G||x‘|?) with |G| the grammar size and |x'|
the sentence length. Details can be found in Lari and Young (1990).

In the M step, we find the optimal #* based on the MLE principle,

YL E[CH gl E[Cag)

Oass = ' - , (4.10)
e 21{:1 E[C)-.] E[C4-]
in which we have used the dot to denote the summed out right-hand side,
E[Ci.]= ) ElCi.pl (4.11)

A—pB'ER4
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VI generalizes EM by allowing arbitrary parametric forms for ¢(#) (Kurihara and Sato,
2006). Using the algorithmic shortcut from EM to VI (Beal, 2003), we can reuse the inside-
outside implementation with a minor change in the variational M step, namely updating the
following inverted expected natural parameters instead of the MLE ones,

6oy exp(Y(E[Capg] + @)
77 exp(W(E[Cas] + |Rala))

(4.12)

4.3.2 Hastings Algorithm

The Hastings algorithm for PCFGs (Johnson et al., 2007) first integrates out the model pa-
rameters 6, and thus dealing with their dependencies on the parse trees in an exact fashion.

By the conjugacy property 2 in Section 2.3, the complete data likelihood is given by,
px.ala) = [ Polx.2lt)Po(6la)as
0

_ L([R4le) [(or+ Casp)
=11 F(]RA|a+CA_,.)( 11 (o) ) “.13)

AeN A—BERA

Then the Hastings algorithm draws samples in a component wise manner, i.e., by draw-
ing each parse tree conditioned on the remaining ones in turn. Let x\* and z\* denote the set
of all sentences and parse trees with the i*" ones removed, respectively. By the conjugacy
property 4 in Section 2.3, the joint posterior predictive distribution over each random parse
tree z' is given by,

p(x, z|a)
p(xV, zV|o)

_ H F(|RA|04+C>‘¢_>')( H r(a+CAﬁﬁ))' @.14)

AEN P([Rala +Cass) Aspen, Lo+ CXQB)

p(z'|x, 2", a) o

Johnson et al. (2007) suggests that sampling a parse tree from the above distribution
is difficult, since the counts of the current parse tree C’Z is included in C,, which is in the
RHS of (4.14). This prohibits the efficient dynamic programming techniques. Although it
is essentially the same problem we have faced in our second CVI algorithm for HMMs, the
problem for PCFGs is a little more complicated. Due to the stochastic model structures, it
requires additional calculations to derive exactly how the rule parameters change on the fly

inside a parse tree, which we will show in the next section.
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In order to solve this problem, Johnson et al. (2007) introduced a proposal distribution

using an alternative set of rule probabilities, denoted by 64,

z' ~ p(z'|x", 6"), (4.15)
oV . +a

gH A A28~ 4.16

A—=p CA_>. + ‘RA’CY ( )

Since 6" are based on the counts collected from all other parse trees, they are fixed for
the conditional distribution of the current parse tree. Therefore, by using a variant of inside
parsing and outside sampling algorithm (Goodman, 1998), one can efficiently sample an
entire parse tree, which is either accepted or rejected by the Metropolis choice.

In theory, in a Metropolis Hastings algorithm any proposal distribution is valid. That
is there are no approximations no matter how far the proposal distribution is from the true
conditional. Empirically, we conduct the experiment of learning Sesotho language as in
Johnson et al. (2007) in Subsection 4.5.1, and we find that the sampled trees based on 6™
never get rejected (i.e., no waste computations at all), illustrating an acceptance rate close
to 100%, and meaning that the Metropolis proposal in (4.15) is very close to the true con-
ditional in (4.14). This is not surprising, because as we will see shortly, the difference
between (4.14) and (4.15) is precisely our approximation method to joint posterior predic-

tives, which has been empirically validated in Subsection 3.5.1.

4.4 CVIfor PCFGs

To combine the best of both VI (efficiency) and the Hastings algorithm (accuracy), in this
section, we propose collapsed variational inference for PCFGs. Specifically, CVI integrates
out the model parameters and introduce a model evidence lower bound on the log marginal
likelihood log p(x), denoted by £V,

log p(x|a) > Eyz[log p(x, z|a)] — Eyy [log g(z)] = LV 4.17)

We follow the idea of our second CVTI algorithm for HMMs, and only break the sentence
level dependencies, which are induced by marginalizing out model parameters and thus are

weak. Formally, the variational distribution ¢(z) is assumed to factorize as follows,

q(z) = [ [ az). (4.18)



To maximize the model evidence lower bound £°V!, we apply the structured mean field

method, and the update equation for each ¢(z') is given by,

q(z") o< exp{E, i [log p(2'|x, z\' )]} (4.19)

As with the Hastings algorithm, the intractable conditional distribution p(z’|x, z\', o) in
(4.14) is also required in the above update. But for CVI, replacing the intractable distri-
bution with a tractable one (e.g., (4.15)) means making hard approximations, and thus we
need to understand and validate them if possible. In the following, we show that the bridge
from (4.14) to (4.15) is simply made of some algebraic manipulation and our approxima-
tion method to joint posterior predictives in Subsection 3.5.1.

Using the property of the Gamma function I'(x + 1) = xI'(x), we can simplify (4.14)

into the following form,
a product of C? A p terms

~ ™~

A~>B
p(#'|x, 2V, ) [ A*EGRA = 0 . (4.20)
AEN A—-
[T @i, +n+Rala)
n=0

TV
aproduct of C% _, terms

A key insight in the above equation is that the number of terms to be multiplied in the
numerator is equal to the number of terms to be multiplied in the denominator: both have
C',_,. terms. By this observation, we seek to rearrange all these terms so that they form a
product of C*_,. fractions, and each fraction takes one term from the numerator and one
term from the denominator. To do this, let there be an arbitrary ordering in the production
rules, for example, A — (3 precedes A — (3, which precedes A — (3", and so on. We use
A —< [ to denote summing over all the rules preceding A — 3. That is,

Chocy= > Chg (4.21)
ApI<A—p

Then we can rearrange (4.20) into the following form,

Chos™ CV . +m+a
i i A=p
s 1 1] H i .
AEN A—BER, m=0 N (ZA—)ﬁ’<A—>B A—>6’) +m+ [Rala
oo™ Lptmta
= 1] H : (4.22)
ASBER  m=0 O +CA—><B+m+ [Rala

78



The above equation explicitly expresses that how the rule probabilities change on the
fly inside a parse tree, and we can recognize that our approximation method to joint pos-
terior predictives in Subsection 3.5.1 can be applied. Note that the ordering assumed in
the production rules is arbitrary and does not matter, since different orderings just express
different ways of changing rule probabilities. By removing the local contributions from the

current parse tree z' in both the numerator and denominator in (4.22), we have,

. ) + « CA%B
p(@|x,2", a) moc [] (#) , (4.23)

ASBER + |Rala

which is the proposal distribution in the Hastings algorithm in (4.15).
Since we have validated that our approximation method to joint posterior predictives
is very accurate, we plug (4.23) into the structured mean field update in (4.19). Then we

apply the first order Taylor approximation. In total, we have,
. + « CA%B
st (B TT (502 )))
ASBER O, + | Ralo
1 o (2]}
= exp § By | l0g | 77—
ASBER C L.+ |Rala
H ( [CA—>ﬁ] )Ci‘”
E[C

A—BEN Aﬁ\-] + |RA|05

[T (6ass) . (4.24)

A—BEN

Q

lI>

where in the last line, we have defined the surrogate rule parameters of CVI, denoted by 6.
The similarity between (4.7) and (4.24) indicates that the inside-outside dynamic program-
ming algorithm used in both EM and VI can take over from now. That is our CVI algorithm
runs the inside-outside algorithm based on the surrogate parameters § computed from the
expected counts of all other sentences, in the same ways as EM based on 6* and VI based
on 6. The main difference with EM and VI is that CVI updates parameters after processing
each sentence, and thus information can be propagated even sooner.

In the previous chapter, we have developed three CVI approaches for HMMs. It might
be worth mentioning that our first and third approaches are applicable to PCFGs with fixed
shapes, e.g., PCFGs-LA (see definition in Subsection 4.5.3). By fixing the shape of a parse
tree, our first CVI approach would break all the dependencies despite whether they are

79



strong (for adjacent nodes) or weak (for other). On the other hand, in the above derivations
we have followed our second CVI approach, and this approach is more widely applica-
ble: by simplifying and rearranging terms in the joint posterior predictive distribution, our
derivations for PCFGs with random structures finally arrive at an elegant update equation
in (4.24) as with those models with fixed structures, and therefore the application domain

of collapsed variational inference has been further expanded.

4.5 Experiments

In this section, we conduct three experiments to evaluate our CVI algorithm for PCFGs. In
Subsection 4.5.1, we illustrate the significantly reduced training time of our CVI algorithm
compared to the Hastings algorithm for standard PCFGs; and in later two subsections, we
demonstrate the increased performance of our CVI algorithm compared to the correspond-
ing EM and VI algorithms for two variants of PCFGs. The experiments in Subsection 4.5.2

are conducted by my co-author and the rest is my work.

4.5.1 Standard PCFGs

Firstly, we conduct the same experiment of inferring sparse grammars describing the mor-
phology of the Sesotho language as in Johnson et al. (2007). We employ a similar corpus
that consists of 1,671 unsegmented Sesotho verb types extracted from CHILDES (MacWhin-
ney and Snow, 1985), and define a CFG grammar by allowing each non-terminal to emit

any substrings in the corpus as terminals plus five predefined production rules as follows,

Word — V (4.25)
Word - VM (4.26)
Word - SM VM (4.27)
Word - SMTVM (4.28)
Word - SM T OM V M. (4.29)

We randomly withhold 10% of the verb types from the corpus for testing, and use the
rest 90% for training. Both algorithms are evaluated by their per word test perplexity on the
test data set with prior set to 10~° as suggested by Johnson et al. (2007). We run five times

with random starts, and report the averaged results in Figure 4.1 (left). We can see that the
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Figure 4.1: Left: Evaluation of the CVI and Hastings algorithms for standard PCFGs in the
task of learning Sotho verbs, by the test perplexities. Right: Evaluation of the EM, VI and
CVI algorithms for Dependency Model with Valence in the task of unsupervised grammar
induction, by the directed accuracy scores on section 23, WSJ.

Hastings algorithm? takes roughly 1,000 iterations to converge, while our CVI algorithm
reaches the convergence in 10 iterations, consuming only a fraction of training time (CVI:
1.5 minutes; Hastings: 20 minutes). As well as little difference margin in final perplexities,
we also evaluate their segmentation qualities using the F1 scores, and again the difference

is trivial (CVI: 29.8%, Hastings: 31.3%).

4.5.2 Dependency Model with Valence

As a second empirical validation of our CVI algorithm, we apply it to unsupervised gram-
mar induction with the popular Dependency Model with Valence (DMV) (Klein and Man-
ning, 2004). Although the original maximum likelihood formulation of this model has
long since been surpassed by more advanced models, all of the state-of-the-art approaches
to unsupervised dependency parsing still have DMV at their core (Headden III et al., 2009;
Blunsom and Cohn, 2010). As such we believe demonstrating improved inference on this
core model will enable future improvements to more complex models.

We evaluate a Dirichlet-Multinomial formulation of DMV in the standard fashion by
training on sections 2-21 and testing on section 23 of the Wall Street Journal treebank (Mar-

cus et al., 1993). We initialize our models using the original harmonic initialiser (Klein and

% Annealing is not used in order to facilitate the perplexity calculation in the test set.
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H=2 H=4 | H=8 | H=16
LP LR F1 | Exact| Fl1 F1 F1
EM | 75.84 | 72.92 | 74.35 | 11.13 | 82.59 | 85.48 | 87.42
VI | 7698 | 73.32 | 75.11 | 11.49 | 82.62 | 85.46 | 87.33
CVI | 78.85 | 76.98 | 77.90 | 12.56 | 83.36 | 86.55 | 88.06

Figure 4.2: Evaluation of the EM, VI and CVI algorithms for PCFGs-LA in the task of
semi-supervised grammar induction on section 23, WSJ. We report the precision, recall, F1
and exact match scores for H = 2 and F1 scores for H = {4, 8, 16}.

Manning, 2004). Figure 4.1 (right) displays the directed accuracy results for DMV models
trained with CVB and VB with hyperparameters « € {0.1,1}, as well as the previously
reported MLE result. In both cases we see superior results for CVB inference, providing
evidence that CVB may be a better choice of inference algorithm for Bayesian formulations

of generative grammar induction models such as DMV.

4.5.3 PCFGs with Latent Annotations

It is known that the standard PCFGs estimated by simply taking the empirical rule frequen-
cies off treebanks are not accurate models to capture the syntactic structures in most natural
languages, as demonstrated by Charniak (1997) and Klein and Manning (2003). Our third
experiment is to apply our CVI algorithm to the PCFGs with latent annotations (PCFGs-
LA) Matsuzaki et al. (2005), where each non-terminal symbol is augmented with hidden
variables (or subtypes). Given a parsed corpus, training a PCFG-LA yields a finer grammar
with the automatically induced features represented by the subtypes. For example, an aug-
mented binary rule takes the form A[a] — B[b]D[d|, where a,b,d € [1, H| are the hidden
subtypes, and H denotes the number of subtypes for each non-terminal.

In our experiments, we adopt the methods in Petrov et al. (2006) to process the WSJ
treebank: right binarizing the training trees and replacing infrequent words with the generic
unknown word marker for English; for initialization, we add 1% randomness to the param-
eters 6 to start the EM training, and we calculate the expected counts to initialize both VI
and CVI. For the hyperparameters, we use a grid search for o € [1,0.1,0.01,0.001] on
the development set (section 22) for both VI and CVI. Finally, we report the results on the
section 23, using the best grammar tested on the development set from 5 random runs.

In Figure 4.2, when each non-terminal is split into 2 hidden subtypes, we show that

our CVI algorithm outperforms the EM and VB algorithms in terms of all the evaluation
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objectives. We also investigate the hidden state space with higher dimensions (4,8,16 sub-
types), and find our CVI algorithm retains the advantages over the other two, whereas the

VI algorithm fails to surpass its more restricted version, the EM algorithm.

4.6 Summary

In this chapter we have presented a collapsed variational inference algorithm for PCFGs.
By making use of the common scenario where data consists of multiple sentences, we apply
our second CVI approach in the previous chapter. A notable difference between HMMs and
PCEFGs is that the model structures of PCFGs are random objects, which require additional
algebraic manipulation before our approximation method to joint posterior predictives can
be applied, demonstrating the applicability of CVI to random model structures. In a range
of parsing applications, our CVI algorithm produces more accurate results than standard
VI, and close results to sampling with significantly less training time.

While not state-of-the-art, the models we have illustrated our CVI algorithm on are
the core building blocks for a number of high performance parsers (Blunsom and Cohn,
2010; Petrov et al., 2006; Petrov and Klein, 2007; Liang et al., 2007). Therefore, our future
work naturally extends to employing our CVI algorithm in more advanced models such as
hierarchical splitting and merging system used in Berkeley parser (Petrov and Klein, 2007),
and generalizing our CVI algorithm to the non-parametric models such as tree substitution
grammars (Blunsom and Cohn, 2010) and infinite PCFGs (Liang et al., 2007). In particular,
the generalization to infinite PCFGs can be easily achieved by following the algorithmic

techniques we will develop in the next chapter.
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Chapter 5

Collapsed Variational Inference for
HDP-HMMs

Chapter Abstract

In this chapter, we derive a collapsed variational inference algorithm for hi-
erarchical Dirichlet process hidden Markov models (HDP-HMMs), allowing
for an unbounded number of states and statistical sharing. Essential to our
algorithm is a set of novel techniques for computing the probabilities of each
transition’s existence, which are important ingredients of the expected table
counts (Teh et al., 2008). Specifically, we propose an exact but expensive cal-
culation method and some approximate techniques, which are empirically eval-
uated against the exact one (Wang and Blunsom, 2015a). Our techniques are
widely applicable to many HDP-based computational linguistic models. In our
experiments, our CVI algorithm for HDP-HMMSs reliably determines the effec-
tive number of hidden states and significantly outperforms other uncollapsed

variational benchmarks and (in large datasets) beam sampling as well.

5.1 Introduction

The hierarchical Dirichlet process (HDP) (Teh et al., 2006) is a Bayesian nonparametric
prior for drawing multiple random measures on the same countably infinite set of supports
with different weights. The infinite capacity and statistical sharing mechanism provided by

the HDP makes it an ideal tool for managing related groups of data that share clusters, a
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recurring theme in Bayesian statistics. In the past decade, the HDP has been widely applied
to a number of mixed membership models including hidden Markov models reviewed by
Airoldi et al. (2014). HDP-HMMs (Teh et al., 2006), otherwise known as infinite HMMs
(Beal et al., 2002) are Bayesian nonparametric extensions of the finite state HMMs we
have studied in Chapter 3. In practical applications of time series, we often do not know
the number of states a priori. The HDP-HMMs can determine this automatically as well as
improve the performance of HMMs by optimizing the HDP-related parameters.

The hierarchical structure of the HDP prior coupled with the sequential dependencies
of HMMs pose a significant challenge to the posterior inference. Collapsed Gibbs sam-
pling and beam sampling are two popular inference methods for HDP-HMMs. CGS (Teh
et al., 2006) is the first algorithm for the HDP inference based on the Chinese restaurant
franchise representation. For HDP-HMMs, it draws each hidden state variable separately
conditioned on others, which can be slow to mix due to the strong coupling (Scott, 2002).
Beam sampling (Van Gael et al., 2008) combines the slice sampling with dynamic pro-
gramming to draw whole state trajectories. Although beam sampling often mixes relatively
faster than CGS, both algorithms are not as efficient as the deterministic methods.

Variational inference is a promising efficient alternative, but it has been less well de-
veloped for HDP-HMMs until recently. This is arguably because the ‘standard’ variational
inference! doest not exist due to the non-conjugate structure of the HDP, and thus some ap-
proximation must be introduced. To avoid non-conjugacy, Liang et al. (2007) and Johnson
and Willsky (2014) proposed a point estimate strategy for the top level DP. Recently, with
the aim of developing a full posterior estimation, Hughes et al. (2015b) proposed a surro-
gate variational bound for tractable inference; while Zhang et al. (2016) applied a two level
stick breaking construction (Wang et al., 2011) to HDP-HMMs. Both algorithms require
additional approximation to derive close-form updates.

Despite the empirical superiority of CVI over VI, the current variational algorithms do
not take advantages of collapsing, i.e., marginalizing out model parameters. In this chapter,
we explore this direction and propose a (stochastic) collapsed variational algorithm for
HDP-HMMs, which is as efficient as the previous variational approaches, but significantly
more accurate due to collapsing. Our algorithm builds on the work of CVI for HDP-LDA
by Teh et al. (2008), who proposed a set of useful techniques to variationally deal with the

By ‘standard’, we mean that given a factorization q(y) = [] je7 4(y;), the standard variational updates
q(y;) oc exp{E[log p(y)]} have closed form solutions without using any approximation.
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HDP in collapsed space, including the direct assignment truncation, introducing auxiliary
variables and approximating digamma functions. We divide our presentation into two parts.
In Section 5.3, we derive closed-form updates (for batch CVI) and gradients (for stochastic
CVI), employing the techniques in Teh et al. (2008). In Section 5.4, we address an inference
challenge that arises because of the sequential dependencies of HDP-HMMs.

Putting it simple, the challenge is to compute a function’s expectation under a Markov
chain distribution. Jointly factorizing the target function and the Markov chain, we propose
a message passing algorithm that is exact but has high computational cost. Then we propose
three efficient approximate methods. First, we replace the Markov chain distribution with
a mean field approximation, reducing the high computational cost by two orders of magni-
tude. Second, we estimate the expectation by sampling, using a form of ancestral sampling.
Thirdly, we propose a heuristic method, which is intuitively interpretable, computationally
efficient and very accurate evaluated against the exact method. Though we focus on HDP-
HMMs, our techniques are generally applicable to a variety of HDP-based computational
linguistic models such as HDP-PCFGs (Liang et al., 2007), sticky HDP-HMMs (Fox et al.,
2008) and word segmentation models (Goldwater et al., 2009).

In Section 5.5, we validate our CVI algorithm for HDP-HMMs in several sequential
analysis tasks. First, we create synthetic datasets so that the numbers of states are known.
We truncate our CVI algorithm to larger values, and most of the time it converges to the
correct number of states. Second, we compare our CVI algorithm with beam sampling
(Van Gael et al., 2008) and two recent variational benchmarks (Johnson and Willsky, 2014;
Zhang et al., 2016), showing that our algorithm performs the best in most cases. Finally, we
revisit the textual datasets in Chapter 3. We compare our CVI algorithm for HDP-HMMs
with the one for finite HMMs, demonstrating the usefulness of sharing statistical strength

and optimizing concentration parameters of the HDP.

5.2 Definitions

The hierarchical Dirichlet process (Teh et al., 2006) is a distribution over a global random
measure GG and a set of secondary level random measures G'; coupled through the global

one. Formally, the global random measure is distributed according a Dirichlet process with
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Figure 5.1: Graphical model representation of an HDP-HMM.

concentration parameter y and base measure H,
G ~ DP(v, H), (5.1)

and each secondary level random measure is distributed according to the Dirichlet process

with concentration parameter o and the same global measure G,
G; ~DP(0,G) forj e J. (5.2)

In the stick breaking representation of the HDP, the random measures can be expressed
explicitly as follows: G = > ;7| 0y, and G; = >~ 0;104,, Where m = (7, T2, ...) ~
GEM(v), ¢, ~ H and 6; ~ DP(a, 7). The GEM distribution is defined in Section 2.4,

m, =7 | [(1— 7). r ~ Beta(1, ), fork =1,2, ... (5.3)
1<k

We see that all G; have supports on the same set of points {¢;}22 ; as Gy, which is the
key to define HDP-HMMs. Without tying (G, a state trajectory would keep entering into a
new state that has never been entered before. The concentration parameter o controls the

variability of each ¢; around 7, with a smaller value implying greater variability.
Let x = {x;}]_, be a sequence of observations and z = {z;}]_, be the corresponding
hidden sequence. Let the base measure H be a conjugate prior on emission distributions
F parametrized by ¢y, at each state k. By identifying each G; as describing from state j,

the probabilities of transitioning into each state k£, namely 6, ; and its associated emission
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distribution F'(¢y), we can define the generative process of an HDP-HMM as follows,

7 ~ GEM(a), (5.4)

0; ~DP(ar,w) forj=0,1,2, ..., (5.5)
dp ~ H fork=1,2, ... (5.6)
2¢|z4-1,0 ~ Discrete(d,, ,) fort =[1,T], (5.7)
X¢|zt, ¢ ~ F(¢,,) fort=[1,T]. (5.8)

The graphical model representation is given in Figure 5.1. The joint probability of the

parameters and variables is,

=

p(x,2,0,0|y,0) = p(7|7)p(0|7, 0)p(d) | | P(2t]2-1, 0)p(Xe|22, D). (5.9)

t=1

To be concrete, we focus on the discrete HDP-HMMs in the multiple sequence setting.
The single long sequence setting is covered in Section 3.6, and the general CE family case
is covered in Section 3.7. We briefly review our notations that are used in Chapter 3: for
discrete emission, we have H = Dir(/5) and F'(¢;) = Discrete(¢y) with ¢y, = p(z; =
w|z; = k). In the multiple sequence setting, we have x = {x'}/_, andz = {z'}_,, where
x' and Z' are the i'" observed and hidden sequences, respectively; and x' = {z!}Z_, and
z' = {z/}]_,, where 2! and 2 are their {"" observed and hidden variables, respectively. As
usual we use C ;, and C}, ,, to denote the transition and emission counts, respectively; and
C\* to denote the exclusion of the contribution from the i** subsequence.

Unlike the previous two chapters, although we use the beam sampler (Van Gael et al.,
2008) and variational inference algorithms (Johnson and Willsky, 2014; Zhang et al., 2016)
as comparing benchmarks, they do not share the same derivations with our CVI algorithm.

Hence, we skip reviewing them here.

5.3 CVI for HDP-HMMs

In this section and next, we present collapsed variational inference for HDP-HMMs. For
a concise presentation, we focus on the aspects relating to the HDP, avoiding the duplicate
materials relating to finite HMMs in Chapter 3. Further, our attention is specifically given to
the novel aspects of our algorithm; omitting the derivation steps that use existing methods

with algebraic manipulation. The detailed derivations can be found in Appendix 5.A.

88



The goal of collapsed variational inference is to approximate the true posterior in col-
lapsed space, p(z, 7|x, 7y, o) that is intractable to compute. We also aim to update the con-
centration parameters so that our algorithm is not sensitive to their initial values. We start
with integrating out the parameters 6 and ¢. By the conjugacy property 2 in Section 2.3,

the complete-data marginal is as follows,

K K
FUTI‘k—i—C]k
= 5.10
st = o () om0

k=1

in which K is a function of z and defined to be the index such that Vi, ¢, z! < K. We do
not expand p(x|z), since here we focus on the HDP part.

Teh et al. (2008) pointed out that the Gamma functions in (5.10) can be inconvenient
for deriving certain variational posteriors. Following Teh et al. (2008), we replace some of

them with summing over the auxiliary variables s = {s,},

Cin
r C; C;
Llome + Cin) _ { J”“} (o), (5.11)
(o) 2 Lsin
where [] are Stirling numbers of the first kind. The auxiliary variables have interpretable

meanings in the Chinese Restaurant Franchise representation: s, 5 € [0, C; ;] is the random
number of tables serving the dish & in the j restaurant. The above equation (5.11) holds
by properties of Stirling number of the first kind, included in Appendix 5.A.

Then the expanded probability distribution is,

K K

p(x,z,slo,7) =[] (% II {Cﬂ (mk)w> x p(x|z). (5.12)

I'(o + Cj. 5
=0 + 17 =1 Jik

We can verify that summing over s reduces (5.12) to (5.10). Including the auxiliary vari-
ables s, we introduce a variational distribution ¢(z, 77, s) and form the following evidence

lower bound on the log marginal likelihood,
log p(x) > Ellog p(x, z,|7, 0)] + Ellog p(7|7)] — Ellog q(z, 7,8)] £ L. (5.13)

We assume that the variational distribution factorizes as follows,

q(z,7,s) H HHq (sjk|Z) HBeta |tk Uk ). (5.14)

7=0 k=1
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We have modelled the exact dependence of s on z. This is equivalent to marginalize out
s with respect to z (Teh et al., 2007). For tractable inference, we truncate the variational
distribution. We choose to use the direct assignment truncation strategy (Teh et al., 2008),
which has a number of advantages over other choices. Specifically, we truncate the hidden
sequence distributions by fixing ¢(z = 0) when any 2! > K, where K is the truncation
level we choose. With this assumption, the global variables (7, s, 6, ¢) with indices greater
than A are conditionally independent of the observations; and thus we can ignore updating
their posteriors. This strategy is also nested over K: ¢ with truncation K + 1 can represent
another ¢ with truncation K by setting its final component to zero. Hence, K can be treated
as a parameter and optimized, for example, by the split-merge search method (Bryant and
Sudderth, 2012), though we have not explored this direction yet.

Having defined £V!

and truncated ¢, we are ready to derive a set of update equations
that optimize £°V!. For each update, we state our derivation approach and key results. The

complete derivation steps are provided in Appendix 5.A.

Concentration Parameters We derive the partial gradients of £°V! w.r.t. concentration
parameters v and o, which are used in the stochastic CVI algorithm. Setting the gradients
to zeros yields closed form solutions that are used in the batch CVI algorithm. Central to
our gradient derivation is simplifying the relative terms in £V! so that they become explicit

functions of the target parameters. In £V!, the terms relating to -y can be simplified to,

E[log p(7|y)] = K'logI'(1 4+ v) — K logI'()

]~

+(v—=1) ) (¥(vp) — Y(ug + vg)). (5.15)

=
Il
—

Taking the partial gradient w.r.t. 7y, we have,

L K &
— = — — ) 5.16
I + ; Y(vg) — Y(ug + vy) (5.16)
Setting the gradient to zero yields,
K
ol (5.17)

- Sy Wk + o) — (ug)
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In £CV1, the terms relating to o can be simplified to (const denotes the dropped terms

that are constant w.r.t. o),

K
Ellogp(x,zslo, )] = Y _(log'(0) — EflogI'(0 + C;,)])
=0
’ K K
+ log o Z Z E[s; x| + const. (5.18)

7=0 k=

[y

Taking the partial gradient w.r.t. o, we have,

O S (Wlo) Ello + G+~ 3 S Byl (5.19)
=0 j=0 k=1

Setting the gradient to zero yields,

o= Zjio Z?:l ]E[Sj,k]
S E B0+ )] — (o)

(5.20)

Top Level Stick As with the concentration parameters, we derive the partial gradients of

LV wrt. uy, and v,. A more standard approach for deriving the batch CVI updates is

taking the functional derivative of LV w.r.t. ¢(7;,) and equating it to zero. We derive the
Euclidean gradients to give both the batch and stochastic CVI updates at the same time. In

LV | the terms relating to 1, and vy, can be simplified to,

Ellog p(x,2,s|o, 7)] =E[s. ] (¥ (uk) — ¥ (uk + vi))
+ E[s. k] (¥(vr) — ¥ (ug, + vg)) + const, (5.21)
Ellog q(7x)] = log I'(uy + vy) — log I'(ug) — log I'(vg)
+ (ur — 1) (P (ug) — P(uy + vy))
+ (o = 1) (¥ (ve) — ¢ (ug + vi)), (5.22)

in which dot denotes the summed out column, and > % denotes summing over the indices

that are greater than k. Taking the partial gradients w.r.t. u; and v, we have,

g_ﬁ =" (ur, + vp) (uk + vp — Els. 5] — 7 — 1)
uy,
— ' (ug) (uy — Els.x] — 1), (5.23)
§—£ =" (u + vi) (up +vp — E[s. 56] =7 — 1)
U
— " (vi) (v — E[s. 5] — 7). (5.24)

91



Setting the gradients to zeros yields,

we =1+ E[s.], (5.25)
v =7+ E[s. ] (5.26)

Auxiliary Variables The conditional posterior ¢(s|z) are used for calculating the expected
number of tables E[s; ;]. We take the functional derivative of LV w.r.t. ¢(s|z) and equate
it to zero (the Lagrange multiplier term enforcing normalisation is omitted for brevity),

aECVI
dq(s|z)

= 4@ By [logp(x, z,8/7,0)] = Y q(z)logg(slz) — 1

z z

= 0. (5.27)

Solving the above equation, we derive,
F(UG[?Tk]) |:Cj7k
. 7) =
1ixl?) = 5G] + Con)

in which G|z] denotes geometric expectation. G|[my| can be computed as follows: G[my] =

} (0 G[mg])%*, (5.28)

Sjk

G| 11, G[1 —7]; using properties of the Beta distribution, each G|[7;] = exp{t(uy) —
U(ug + vg) } and G[1 — 7] = exp{e(vg) — Y (ug + vi)}.

Expected Digamma Functions The expected table counts, E[s; ;] are used for updating
o, ui and vg. Since they are w.r.t. both ¢(z) and ¢(s|z), we first compute E ) [s;%] using
a property (in 5.87) of Stirling numbers of the first kind,

Eo)[Eq(siz) [551]]
Cik
B J, F(O‘G[ﬂ'k]) Cj,k Sik .
= Fato [ Zl [(oGlmi] + Cjx) L‘Jyk] (oG] S]’k} (by 3.28)

= 0G[my) (Eqn[(0Clm] + Cy)] — ¥(0Glm])) (by 5.87) (5.29)

Sjk=

Since the expected digamma function in (5.29) is intractable, we seek to use the Taylor
approximation, as we have done several times for the log functions in Chapter 3. Neverthe-
less, a complication for the digamma function pointed out by Teh et al. (2008) is that, when
x approaches zero, () diverges more quickly than log x and thus the Taylor approxima-

tion is inappropriate. Following Teh et al. (2008), we consider two sets of z,

A2 {z:Cj(z) =0}, (5.30)
B £ {z: Cjx(z) > 0}, (5.31)
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and introduce the following shorthand notations,

9(Cin=0) 2> q(2), (5.32)
z€eA
9(Ci > 0) 2> (), (5.33)
z€B
1A E[Cj,k]
E. [Cj.] 2 2G> 0] (5.34)

To compute the expected digamma function in (5.29), we treat z € A exactly and apply

the first order Taylor approximation when z € B (i.e., C’M(z) > 1), deriving,

Eq@) [Eq(spn)[5,x]]
~ 0G[m]q(Cjr > 0) (0 (0Glmi] + E4[Cjx]) — ¥ (0G[mi))). (5.35)

We see that the quantity, ¢(C;; > 0) (or ¢(C}x = 0)), roughly interpreted as the like-
lihood of whether (or not) there exists a transition from state j to state k, is an important
ingredient of the expected table count, El[s; ;]. However, unlike HDP-LDA, this quantity
in HDP-HMMs is not straightforward to compute due to the sequential dependencies. We
investigate its exact computation and some approximate alternatives in the next section.

In the update equations for o (5.19-5.20), we have also encountered expected digamma
functions, E[¢)(c+C; .)]. Following a similar approach (splitting z into two cases: C;.(z) =
0 and C;.(z) > 0, and applying the Taylor approximation to the second case), the expected

digamma functions in (5.19-5.20) can be computed as follows,
(o) — E[(o + Cp.)] = q(C. > 0)((0) — (0 +E4[C,]),  (5.36)

where ¢(C;. > 0) £ 3, 5 q(z), B’ = {z: C;.(z) > 0}, and E;[C;.] £ q(EC[fj;]o). The

quantity, ¢(C;;. > 0) can be computed using the same approaches for ¢(C;; > 0).

Hidden Sequences It has been proved that given two sets of hidden variables, D and F/,
preserving the exact dependence of D on FE is equivalently marginalizing out D (Teh et al.,
2007). Therefore, we consider s together with (6, ¢) to be integrated out w.r.t. z and derive

the variational posterior for each hidden sequence,

T
q<zl) (8 Hézéil,zzquz,xia (537)
t=1
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in which we define the surrogate parameters as follows,

G- Ey9[C)] . 0G|
E,\9[Cl] + o

Ey09[Ci] + 8

Ey0[C] + W3

: (5.38)

Do = (5.39)

We can see that the above updates only differ from those (3.48-3.50) for finite HMMs

in priors of transition parameters éj,k: symmetric « are replaced by asymmetric cG|my].

Stochastic CVI We extend our CVI algorithm for HDP-HMMs to the stochastic setting.
In Section 3.7, for finite HMMs, we have proposed to iterate between learning local poste-
riors by (3.98- 3.100) and updating global counts by (3.103-3.104). For the HMM part, the
only modification required for HDP-HMM s is replacing the symmetric « with asymmetric
oG[my] in surroagate transition parameters G_j,k. Hence, we do not repeat the details here.

For the HDP-related hyperparameters (v, o) and variational distribution ¢(7y,), they are
conditionally independent of data sizes given those expected digamma functions in (5.35-
5.36). Therefore, stochastic inference is not necessary for them, and we can batch update
them after processing all sequences. Alternatively, we propose to optimize the variational
bound by gradient ascent after processing a minibatch of sequences. Specifically, we treat
uy, and vy, parametrizing ¢(7;) as hyperparameters too. Let (m) denote the m'™ iteration
(or minibatch). For any hyperparameter z € {7y, o} U {us } | U {vx },,

a £CVI

(m+1) _ (m) oL~"
x T Py Ty

(5.40)

where the partial gradients have been derived in (5.16), (5.19) and (5.23-5.24).

In terms of implementation, the expected digamma functions in (5.35-5.36) require the
following statistics, E[C; ] = >, E[CT}], ¢(Cjp > 0) = 1-]],,, ¢(C}}, = 0) and ¢(C;.. >
0) = 1 —I,,q(CJ" = 0), where those with the superscript m denote the corresponding
local statistics for the m" minibatch. The decomposition of ¢(C;; > 0) and ¢(C;. > 0)
are explained in the next section. For each minibatch, we keep track of these local statistics,

which are replaced by their new values after processing that minibatch.
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5.4 Algorithms for Computing ¢(C';; > 0)

In this section, we address the challenge of computing ¢(C;; > 0) and ¢(C;. > 0), which
is the only remaining problem in our CVI algorithm for HDP-HMMs. Since ¢(C;. > 0) is
a special case of ¢(C;; > 0) as we will see, it is sufficient to focus on ¢(Cj; > 0)%. We
first formalize the problem by investigating the structure of ¢(z). Then we propose an exact

algorithm and several approximate techniques that are empirically analysed.

5.4.1 Problem Formalization

By our definitions in (5.30-5.34), since the set A is the complement of the set B, the fol-

lowing series of equations hold trivially,

(Cix>0) 2> ql)=1-) q(z) £1-q(Cj =0). (5.41)

zeB €A

Let C’jz .(z') denote the number of transitions from state j to state  in the i’ sequence.
The membership condition of an arbitrary z belonging to the set A, §(C;x(z) = 0) can be

factorized as follows,

I
0(Cin(z) = 0) = [[9(Cip(z) = 0), (5.42)
where each term in RHS can be further factorized as follows,
T
0(Cay(2) = 0) = [[ (i1, 2 # 4. k). (5.43)
t=1

We will use (5.41-5.43) to decompose ¢(C;, > 0). Before getting into it, we briefly
show why ¢(C;. > 0) is a special case of ¢(C}; > 0). By its definition,

9(Cj. >0 2> q(z) =1-> q(2), (5.44)

zeB’ ze A’
and the membership condition of an arbitrary z belonging to the set A’, §(C;.(z) = 0) can
similarly factorized,

I T

6(Cy.(m) = 0) = [ [ o(Cl@) = 0) = ][ ][ oGt £ -1)- - (549

i=1 t=1

2If the concentration parameters are set to be fixed, we do not need to compute ¢(Cj,. > 0).
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It is clear that (5.45) is a special case of (5.43), and therefore ¢(C;. > 0) is a special
case of ¢(Cj > 0).
Now we decompose ¢(C;; > 0) using (5.41-5.42) as follows,

¢(Cix > 0)=1-> q(z) (by(541))

z€A

=1—§:ﬂ@ﬂ@d)=0)0w63®)

A—ZHq = 0)(by (5.14), (5.42))

z =1

a functlon of z¢
I

—1-T] > a@)s(Cllz) = 0)

=1 gzt

21 _JJa(c=0) (5.46)

We see that the global statistic ¢(C;; > 0) is composed of local statistics q(Cj,k =0)
that we define in the last line of (5.46). In (5.46), if we replace the superscript ¢ (indexing
sequences) with m (indexing minibatches), a similar decomposition will follow. Hence, as
we have mentioned in the previous section, ¢(Cjx > 0) =1 —[],, ¢(C}, = 0) holds.

We proceed to compute ¢(Cj ;. = 0). We start with investigating the structure of ¢(z"),

whose update equation is given by,
T — —
() o< [[ 0., i0usas (5.47)
t=1

One fast way to realize the structure of ¢(z') is as follows: we treat 0722_1722' and ngzyri as
potential functions over a Markov random field and run a junction tree algorithm (Jensen,
1996). It is known that the resulting ¢(z') will be a product of cluster marginals divided by
a product of separator marginals. Then it follows immediately that ¢(z") is a Markov chain.
Expressing this idea mathematically, we have,

i T
Q(Zi) = H? lq(Zt I’Zt = HQ Zt|zt 1) (5.48)
Ht 1 Q(Zt> t=2

Alternatively, we can formally show the structure of ¢(z’). Recall that ¢(z') is computed

by the standard forward backward algorithm in the multiple sequence setting in Section

3.5. We define the forward variable ai(z!) = p(zi,x,|0, $), and the backward variable
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Bi(zl) = p(xi 17|z, 0,0). Let Z denote the normalization constant of (5.47). Our claim

can be deduced by the following arguments (‘< reads as ‘is equivalent to show’),

t=2
RN ( z) ( i)ﬁq(zz—hzz)
q(z') = q(z ;
' o q(2_1)

i i Wzt lthﬁzt xtﬁt( )Z
Rl e e

(by (3.16)-(3.17))

- T BiG)
& q@) =) [0 0 [
e o Bi-1(zi1)
T
o aa(21) 8= 5 Br(zr)
g q(Z ) - 7 H ezt 1 Zt(bzt z 52
t=2 1
6_21 P (Ez 1.72 T — _
~ Q(Z ) - - OZ — Hezt 1 zt¢z§,m,’;
t=2
1y -
= Q(ZZ) = Z H ezz_l,zégbzg,zi' O (549)

It might be worth mentioning that in the single long sequence setting, the posterior of
each subsequence, ¢(z') is also a Markov chain. This can be proved by similar arguments,
where the forward and backward variables are replaced by the analogous messages in our
sum product algorithm in Section 3.6. Therefore, our problem is to compute an expected

delta function w.r.t. a distribution over Markov chains,

9(Cly=0) 2> " q(2)s(C),(z') = 0). (5.50)

7zt

5.4.2 An Exact Algorithm

To compute (5.50), one naive approach is summing over all possible Markov chains. This
approach has the exponential computational complexity O(KT) and thus is intractable. In
this subsection and next, we exploit some dynamic programming tricks.

We consider two cases: j = 0 and j € [1, K]. When j = 0 (the initial state), the delta
function in (5.50) is true if and only if z{ # k. Thus in this case, (5.50) is straightforward
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to compute as follows,

S a#)S(C) = 0) = S gl AR = 1—a(:i = k). (55D

7 7
z Zq

When j € [1, K], we have shown that the delta function in (5.50) can be factorized as a

product of deltas over smaller pieces, i.e., pairs of variables,
T
6(Cp(@) = 0) = [ 6(ziors 2 # 4 k). (5.52)
t=2

Then we can jointly factorize ¢(z’) and 6(C" ,(z) = 0) in (5.50) as follows,

T
Hg(ZZIZE 1)5(215 12 # ) Z

_ft—l(ztfl z{)

T
=DV ER] | FEEE ) (5.53)
zi t=2

By the distributive property of multiplication over addition, which is the essential idea

of all sum product algorithms, we manipulate (5.53) as follows,

Z q(z1 Hft 1z 2)
= ZZ ZZfT (#7110 20) 1o (2 ay 271) -+ fi(21, 23)a(21)

2 2p oy

—Z |:ZfT (715 27) - {Zfz %, 23 |:Zf1 21, 23)4(% H } (5.54)

Zp_q

mb(25)
We recognize that the above computations can be performed in a message passing style,
with the starting message indicated in the last line of (5.54). In general, the t'* message,

mi(z?) is computed recursively as follows,

mt Zt th 1 Zt 1a2t)mt I(Zt 1) (5.55)

z_y
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and our goal, ¢(C}, = 0) is achieved by the final summation,
=0) = mi(z). (5.56)

Finally, we work out the computational cost of our message passing (or sum-product)
algorithm. To compute a message, m’(z!), we perform K2 multiplications to obtain a table
of K x K numbers and sum over z;_, for each value of ;. Thus the computational cost
for each message is O(K?). Since we need to perform 7' such operations to get the final
result in (5.56), the computational cost is O(T K?). Therefore, the total computational cost
for g(Cjx > 0) =1 =[], q(C}, = 0) for all (4, k) pairs is O(ITK*?).

5.4.3 Approximate Algorithms

The exact algorithm can be computationally too expensive for practical applications, espe-
cially when large truncations are used (normally, we choose truncation levels that are larger
than our expected number of states). In this subsection, we propose three computationally
efficient algorithms for approximating q(Cj’ » = 0). The first two are more mathematically
principled, using two well acknowledged approximations, namely the mean field approxi-
mation and sampling approximation, respectively. The third algorithm, which surprisingly

performs the best is based on a simple heuristic idea.

Mean Field Approximation For ¢(z'), we assume a simpler structure than Markov chain

(first order dependence), namely the complete factorization,

T .
~ [ at)- (5.57)
t=1

Given the empirical performances of our first CVI algorithm for HMMs in Section 3.4,
this mean field approximation has potential to be accurate. Following similar calculations

as in (5.53) and (5.54), again we can compute q(CZ r = 0) in a message passing style,

C]( ;,k:O)
T T ‘
=> TTaGH]Ta)o(i . = # . k)
@ = = 7gt(;r1 Zt)
_Z[ZQT 1ZT 1’ZT {Zgz 22’23 [Zgl Z17752 Zl H} (5.58)
2 Y

m2 (22)
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in which the starting message is indicated in the last line. In general, the #!" message can

be computed recursively as follows,

my(z;) Z Gi-1(zi_1, 2)mi_(214) (5.59)
z
Currently, this algorithm has the same computational cost as the exact algorithm. We

simplify the above message expression to reduce the computational cost,

Z i1 (21> 20y (#4)

i
Zi—1

é Z Q(Zf)d(zi—la ZZ 7é j7 k)mzl;—l(zz—l)

i
Zt—1

= " q(=)(1 =8z, = 5)d(zf = k))mi_y (21 )

)
= Q(ZZ)(Zle(le)) - Q<Z§)mi71(2;171 = 5)0(z = k). (5.60)
%

We can see that to obtain m}(z!), we need to compute a sum of the previous message.
Then for each value of z/, we only need to perform constant operations. Hence, we have
reduced the computational cost by O(K). To inspire a further reduction, we represent the
message mi(z!) in a K dimensional vector (each entry k" corresponds to mi(zi = k') as

follows (the k" entry is different from other entries by (5.60)),

q(z = 1)Zzt 1mi 1(ZZ 1)
q(z _Q)Zzt M 1(z11)
q(z = k) Zz;‘_l mt—l(zt—l) —q(z = k)mi_y (24 = J)
i q(z = K) Zzg my_y(2-1) |
Since we are interested in the final summation in (5.58)
q(Ci, =0) ZmT (5.62)

and in (5.61), the only quantities required from the previous message are Zzg ) mi (21 ,)

and m!_,(z!_, = j); itis not necessary to compute the entire message. Formally, we define
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a recursion over message sums, instead of messages: summing over all the rows in (5.61)

yields,

D_mila) =D mia(z) =l = R)mi (20 = J). (5.63)
2t szl
In other words, at each time step ¢, instead of computing K values in (5.61); we simply

compute two quantities, namely 3 ; m;(2}) in (5.63) and m{(z; = j) given as follows,

(A0

mi(z = j) = q(z = j) Zz271 my_1 (%) if j # Fk,
' ‘ B mi_1(22_1) - ‘J(Zz = j)mi(z; = j) else

(5.64)

We have reduced the computational cost by another O(K’), and thus the computational
cost for ¢(C%, = 0) is O(T). In total, the computational cost of ¢(C; > 0) for all (j, k)
pairs is O(ITK?), which is the same as the computational complexity of finite HMMs.

Sampling Sampling is a useful tool for computing expectations that are either intractable
or too expensive if solved exactly. Given a collection of S samples {(z%)*}5_, that are
drawn i.i.d. from ¢(z'), ¢(Cj,, = 0) is approximated by,

S
¢(Ch, =0) 2 Zq 5(Cl(2') = Z (Ci,((2')*) = 0). (5.65)

O) |

To obtain a sample from the joint distribution ¢(z’) that is a Markov chain, we employ
the ancestral sampling method (Bishop, 2006). Specifically, we start with drawing a sample
from p(z%), which we call 2!; then we draw a sample from p(24|2}), which we call 2%; we
keep this procedure until we draw a sample from p(z%|2%. ). It is easy to verify that this
series {21, 2%, ..., 25.} is one sample from ¢(z'). Alternatively, we can embed a sampling
procedure in our CVI algorithm: after a forward pass, we backward sample state sequences
using the technique detailed in Scott (2002).

Both algorithms have the same computational cost O(T'K') to draw one sample. With
either method, we do not need to repeatedly draw samples for each q(C’; , = 0): the drawn
samples can be reused for computing all q(C’; . = 0). Therefore, the total computational

cost for computing ¢(C;; > 0) for all (4, k) pairs is O(ITK S).
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Heuristic Finally, we propose a heuristic algorithm. Given the problem,

4(Cjy, = 0) £ Y " q(2)3(Cj(2') = 0)

T
=By [ [6(z1 1, 2 # 5.K)), (5.66)
t=2

our intuition is as follows: instead of considering a sequence of variables, z = {2z} |, we
assume it to be replaced by a collection of variable pairs {(2%, 23), (2%, 24), ..., (2{_1, 20) },
which are mutually independent from each other. Our heuristic has potential to work well,
since those overlapping pairs can capture the crucial transition information induced by the
first order dependence on a Markov chain. On the other hand, the independence assumption

allows us to move the product operation in (5.66) before the expectation, yielding,

9(Cip, = 0) = | | Egw[0(2t_1, 2 # 5, K)]

1~

-
[l
N

I
1~

Eq(szl,zé)[(s(ztifla Z; 7é Js k)]

-+
[|
N

(1—q(z_y,2 = j. k). (5.67)

Il
1~

o~
||
(]

In (5.67), it is easy to identify that the cost for computing each ¢(C%, = 0) is O(T).
Hence, the total computational cost for ¢(C;, > 0) for all (7, k) pairs is O(ITK?), which
is the same as the computational cost of using our mean field approximation method. Al-
though we find it difficult to prove exactly what approximations are introduced by such
heuristic, the empirical evaluations suggest that our intuition of using ‘the overlapping but

independent pairs’ can produce very accurate results compared with the exact algorithm.

5.4.4 Empirical Validation

In this subsection, we empirically evaluate the approximate methods against the exact one
and study the behaviour of ¢(C;j > 0) both by simulation and in real datasets. Our study
also sheds lights on understanding the mechanism for determining the number of effective
hidden states provided by our CVI algorithm for HDP-HMMs.

To begin our investigation, we define the average approximation error as,

error = ——— ZZ 1g(Cj x> 0) — ¢™PX(C; 1 > 0)], (5.68)

jlkl
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Figure 5.2: Empirical evaluation of the approximate algorithms against the exact method
in simulated data. The results are averaged by 5 runs.

in which ¢(C;; > 0) are the results produced by the exact algorithm in Subsection 5.4.2,
and ¢*""*(C}; ), > 0) are the results produced by each of the approximate algorithms in
Subsection 5.4.3. For the sampling method, we use 100, 1000 and 10000 samples to show

that how many samples are required for accurate approximation.

Simulation We conduct the following experiment to show the errors introduced by the
approximate algorithms with the aim of finding some patterns. For each ¢(z’), we simulate
it by creating a heterogeneous series of discrete distributions: each ¢(z¢|z!_;) oc U]0,1],
where 1[0, 1] is the uniform distribution between 0 and 1. The simulation is equivalent to
the standard initialization method for CVI, which we have used in Chapter 3. Although
we keep in mind that ¢(z’) will evolve with algorithm iterations, the simulation provides a
rough estimation about the errors in early iterations and reveals some patterns. We vary the
total length of Markov chains, namely I x T' € {10°,10', ..., 10°}, and we expect errors to
increase with larger total length (since errors accumulate). For [ x T' < 100, we set [ = 1;
for I x T" > 100, we create multiple sequences, each of which is 100 in length. We also try
different values for K € {10,50}. Under each setting and for each approximate algorithm,
we run the simulation 5 times to reduce variances.

Figure 5.2 shows the average performance with standard deviation error bars for each
approximate algorithm. In both the left and right plots, we can see that for the sampling
method, the errors decrease by using more samples; the heuristic algorithm performances

surprisingly well, and even better than drawing 10, 000 samples. We also notice that for all
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Figure 5.3: Empirical behaviour of ¢(C;; > 0) in simulated data: for each K in x-axis, the
y-axis shows the required / x 7" so that all ¢(C}; > 0) > 0.999. The results are averaged
by 5 runs (the exact method does not scale for £ > 160 and the heuristic one is used).

algorithms, initially the errors increase as I x T' gets large, as we expected; but then the
errors diminish after / x T is large enough. This is because with the increasing total length
of all Markov chains, it becomes more and more likely that at least one transition of each
type will occur; and when ¢(C}; > 0) is close to 1 (which we will verify soon), there is
little slack for approximation methods to make mistakes. Finally, we empirically observe
that for the deterministic approximation methods (mean field method and heuristic), their
errors decrease as K increases, making them more suitable when truncation levels are set
large; while the sampling method is less sensitive to the value of K.

We investigate the behaviour of ¢(C}; > 0) as I x T increases. In particular, we study
whether ¢(Cj; > 0) > 0.999 for all (j, k) pairs when I x T is large enough. Comparing
two plots in Figure 5.2, we suspect that the required length for all ¢(C;; > 0) > 0.999
depends on K, and thus we vary K € {10, 20,40, 80, 160, 320}. The results averaged over
5 runs are given in Figure 5.3. We see that given a sufficiently large dataset, ¢(C;; > 0)
can be very close to 1 for all (7, k) pairs. Therefore, we initially think that it is reasonable
to assume ¢(C}; > 0) ~ 1 in large datasets; and subsequently, we do not have to compute
this quantity at all’>. Nevertheless, as the variational posteriors ¢(z’) evolve with algorithm

iterations in real data, such assumption becomes inaccurate.

3With a simple assumption ¢(C} ;, > 0) ~ 1, our submission to NIPS 2016 was criticized by an anony-
mous reviewer, who strongly argued the necessity for computing ¢(C; , > 0).
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Figure 5.4: Empirical evaluation of the approximate algorithms against the exact method
in Alice’s Adventures in Wonderland. The results are averaged by 5 runs.

Real Data We also empirically evaluate the approximate algorithms in real datasets and
study the behaviour of ¢(C;;, > 0) as variational posteriors change over time. We use a tex-
tual dataset taken from ‘Alice’s Adventures in Wonderland’. Specifically, we filter out all
the symbols except for the 26 characters and white space. Then we choose the first 10, 000
characters and split it into 100 sequences, each of which is 100 in length. This gives the the
training data in which we run our CVI algorithm for HDP-HMMs. We use the following
experiment settings: v = 5, 0 = 3, 3 = 1/27; and we initialize q(z{|2! ;) oc U0, 1],
G[mr] = 1/ K, where K is the truncation level. For each iteration, we compute the quantity
q(C;x > 0) by all the exact and approximate algorithms; and for each approximate algo-
rithm, we compute its approximation error as defined in (5.68). We repeat the experiment
5 times with random starts to reduce variance.

Figure 5.4 shows each approximate algorithm’ performance as a function of iterations
(i.e., as variational posteriors ¢(z’) change). In both the left and right plots, we empirically
observe that the mean field approximation, which works well in the simulated data, per-
forms quite badly in the real dataset here; the sampling method with 1K or 10K samples
are reasonably accurate; and finally, the heuristic algorithm performs again surprisingly the
best, with the approximation errors less than 0.001 throughout all iterations. For K = 10,
in the first 20 iterations, the approximations errors are negligible for all the approximate
algorithms due again to the fact that ¢(C;;, > 0) is very close to 1.

To illustrate the behaviour of ¢(C} ) > 0), we draw the heat maps both after the first

and final iterations of our CVI algorithm. In Figure 5.5, in each heat map, the color of its
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Figure 5.5: Empirical behaviour of ¢(C; > 0) in Alice’s Adventures in Wonderland. Top
row: heat map for ¢(C}; , > 0) after the first iteration of the CVI algorithm for HDP-HMMs.
Bottom row: heat map for ¢(C};; > 0) after the final iteration.

(4, k) entry represents the value of the corresponding ¢(C;; > 0). As we can see, after
the first iteration where the symmetries in count matrices are probably not much broken,
q(Cjx > 0) is almost 1 for K = 10, and is about 0.985 in average with small variances for
K = 50. After the final iteration, it is clear that not all q(C’M > () are close to 1, and thus
assuming that ¢(C;; > 0) ~ 1 is no longer reasonable. Even for K = 10, there are some
cells filled by white colors, meaning that the corresponding ¢(C;; > 0) ~ 0. For K = 50,
we see that about half cells are white; and by (5.35), the corresponding table counts E[sj’k]
are almost zeros, resulting in very small priors for certain states, and therefore, our CVI
algorithm finds a smaller number of effective states than the truncation level.

Finally, we evaluate the approximate methods in another dataset, the Wall Street Journal

to ensure that the astonishing performances of the heuristic method is consistent. Specifi-
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Figure 5.6: Empirical analysis of the approximate algorithms against the exact method in
the Wall Street Journal. The results are averaged by 5 runs.

cally, we use the first 450 sentences as the training data, with the average length is roughly
22. We run our CVI algorithm and for each iteration, record the approximation errors by
each approximate algorithm. Figure 5.6 shows the similar performances for each algorithm
as they are in Alice’s Adventures in Wonderland. Given the consistent performances of
the heuristic method and its computational efficiency, we will use it in our experiments, to

compare our CVI algorithm for HDP-HMMs with other benchmarks.

5.5 Experiments

In this section, we evaluate our CVI algorithm and its stochastic version for HDP-HMMs, in
terms of learning effective states, learning the HDP-related parameters as well as competing

with other benchmarks including two recent stochastic variational algorithms.

5.5.1 Finding Numbers of States

Since the HDP defines distributions on an infinite set of supports, in this subsection, we let
our algorithm to determine the number of effective states given that we set the truncation
levels to larger values. In order to achieve this, to the best of our knowledge, some ad hoc
methods need to be used. For example, for variational algorithms, there are several ways
of pruning ineffective states: Liang et al. (2007) cut the PCFG rules if they are below 10~°;
Zhang et al. (2016) used the minimum number of states to cover 99.5% of data. On the

other hand, for sampling methods, we often get around with this issue by just using one
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sample. In this subsection and Subsection 5.5.3, we count the number of effective states to
be the minimum number of states that cover 99% of the data*.

We employ the similar datasets and the same experiment settings described in the pre-
vious papers. Specifically, we first follow Zhang et al. (2016) and generate datasets of 100
sequences (each is 100 in length) from the following two transition matrices pos and Opeg,

respectively, as well as the shared emission matrix,

099 001 0 0 001 099 0 0
0 099 001 0 0 001 099 0
s =10 0 099 0.01]" bee="1 g o 001 099|° ©
00l 0 0 0.99 099 0 0 001
10000O0T 1
1111000711
¢_§00111000 (5.70)
000O0T1T1T1°0

We also follow Beal et al. (2002) and generate datasets of 100 sequences (each is length
100) using the following regular grammar. A sequence can be one of the three types: the
first type is a substring of (abc)*, where * denotes the infinite repetition; the second type is
a substring of (acb)*, and the third type is a substring of (a*b*)* where a and b are symbols
emitted stochastically with probability 0.5 each. Given the grammar rules, we expect an
HMM with seven hidden states to model the generated data (i.e., three states for (abc)*,
three states for (acb)*, and one self-transitioning state for (a*b*)*).

For each scenario, we run our CVI algorithm 10 times with newly generated datasets
and report the averaged results. In the datasets generated by (5.69-5.70), we set the trunca-
tion level K = 10, as suggested in Zhang et al. (2016); and in the datasets generated by the
regular grammar, we set X = 12, as suggested in Beal et al. (2002). Both choices allow
for some redundancy. We also include the results of beam sampling, since it is known as a
reliable algorithm for recovering data structures. For both algorithms, we fix v = 1,0 = 1,
$ = 1. For our CVI algorithm, we initialize ¢(z{|z_,) oc U[0, 1]; for beam sampling, we
randomly assign a hidden state from {1, 2, ..., K'} to each observation.

Figure 5.7 shows the numbers of effective states recovered both by our CVI algorithm

and beam sampling on the artificial datasets. In the left plot, we see that our CVI algorithm

“This is simply achieved by reordering the state labels such that E[C. ;] > E[C. 5] > -+ > E[C. k] as in
Teh et al. (2008).
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Figure 5.7: Demonstration of finding the correct numbers of hidden states. Left: results on
the datasets generated by a diagonally dominant HMM and a cycled HMM in (Zhang et al.,
2016). Right: results on the datasets generated by a regular grammar in Beal et al. (2002).

uses about 300 iterations (~ 27 seconds) to converge to exactly four states, whereas beam
sampling takes more than 2, 500 iterations (~ 180 seconds) to stabilize close to the correct
number. In the right plot, our CVI algorithm again converges much faster and it finds a
slightly smaller number (6.6 in average) than the correct number of states, seven. On the
other hand, beam sampling recovers a little the more than seven states using about 3, 000
samples. Therefore, it is fair to claim that both algorithms have abilities to recover hidden

data structures to certain extents, but our CVI algorithm is significantly more efficient.

5.5.2 Comparison with Other Benchmarks

In this subsection, we compare our CVI algorithm and its stochastic version with other
inference algorithms for HDP-HMMs on the Million Song Dataset, created by Zhang et al.
(2016). Initially, the dataset consists of music pieces. By extracting their audio features
and clustering them using the K-means algorithm, the resulting training dataset consists of
125K discretized sequences (each is 50 in length); and the number of possible observations
1s 256. There is also a testing dataset of 634 sequences being withheld for calculating the
predictive log likelihoods.

First, we compare our batch CVI algorithm with beam sampling. We follow exactly the
same experiment settings as in Zhang et al. (2016): we set the truncation level K = 500

(or the initial number of states for beam sampling); we fix v = 20, 0 = 3 and § = 0.1. We
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Figure 5.8: Comparison of our CVI algorithm and other benchmarks for HDP-HMMs on
the Million Song Dataset. Left: comparison of CVI and beam sampling in the batch setting.
Right: comparison of SCVI and SVI in the stochastic setting; the horizontal lines denote
the final results produced by the ‘svi-sb’ algorithm after processing 1 million sequences.

run our CVI algorithm for 100 iterations and beam sampling for 500 iterations®. The left
plot of Figure 5.8 presents their predictive log likelihood results on two training datasets
with different numbers of sequences. We can see that although beam sampling is slightly
better for the 1K sequence dataset, our CVI algorithm outperforms beam sampling when
there are 5K sequences. In the 5K dataset, our CVI algorithm occupies around 310 states
in its posterior while the beam sampling uses about 330 states.

Next, we compare our stochastic CVI algorithm with two recent stochastic variational
inference algorithms. Specifically, the SVI algorithm using a point estimate for the top level
stick (Johnson and Willsky, 2014) is denoted by ‘svi-p’, whereas the SVI algorithm using a
full posterior estimate based on the two level stick breaking contribution is denoted by ‘svi-
sb’. As suggested by Zhang et al. (2016), we set the learning rate as p,,, = (100 + m) %5,
instead of conducting further explorations; and vary M € {64,256}, since by both mini-
batch sizes, ‘svi-sb’ converge to the best (and very similar) results. The right plot of Figure
5.8 shows the predictive log likelihoods for the three stochastic algorithms, all of which
have processed around 1 million sequences. The results of ‘scvi’ and ‘svi-p’ are based on
our implementation, and for ‘svi-sb’ we reuse the reported results in Zhang et al. (2016). As

we can see, our SCVI algorithm significantly outperforms both SVI algorithms, extending

>The beam sampling results based on our implementation are slightly better than those reported in Zhang
et al. (2016), where the authors report results using wall clock time and the iteration numbers are unknown.
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Figure 5.9: Comparison of CVI for HMMs and CVI for HDP-HMMs on the WSJ. We use
various corpus sizes and the results are reported by averaging 5 random runs.

the success of SCVI for finite models to nonparametric models. In addition, we notice that
our SCVT algorithm seems to work better when the minibatch size is smaller, whereas the

SVI algorithms are less sensitive.

5.5.3 Hyperparameter Optimization

The HDP provides a natural mechanism for sharing statistical strength among clusters,
and such mechanism often improves model performances. In this subsection, we demon-
strate the benefits of sharing statistical strength and optimizing concentration parameters.
Specifically, unlike the previous two subsections, here we do not prune ineffective states,
but instead we keep the truncation levels in CVI for HDP-HMMs equal to the numbers of
states in CVI for finite HMMs. Then we compare these two CVI algorithms. Furthermore,
for HDP-HMMs, as well as learning the asymmetric global transition distribution deter-
mined by {7} U {o} U {us,vx },, we also let ¢, ~ Dir(37), where 7 = {1, ..., i} is
the asymmetric global emission distribution over the vocabulary and /3 is its concentration
parameter. We update 3 and 7 following the same approach in Teh et al. (2008).

We revisit the text prediction tasks on the Wall Street Journal in Chapter 3, and use the
same initializations and experiment settings. In the batch setting, we initialize the local
statistics q(zj|z{_;) o< U[0,1]. In the stochastic setting, we directly initialize the global
statistics using exponential distributions defined in (3.106-3.107). For finite HMMs, we

set both the transition and emission priors to be Dir(0.1), in order to encourage sparsity.
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Figure 5.10: Comparison of SCVI for HMMs and SCVI for HDP-HMMs on the WSJ. Left:
we set minibatch size M = 100 and vary forgetting rates. Right: we set the forgetting rate
x = 0.5 and vary the minibatch size. Both algorithms run for 2 hours.

For HDP-HMMs, we add the same prior counts (i.e., 0.1 in each dimension) for the first
iteration for fair comparisons. We set the the concentration parameters to the initial values:
v =10, 0 = 5 and 8 = 100 and batch update them after processing all the sentences®.
First, we compare CVI for finite HMMs and CVI for HDP-HMMs on the Wall Street
Journal in the batch setting. As before, we set K = 45 (the number of states for HMMs
or the truncation level for HDP-HMMs). We run each algorithm for 200 iterations and
vary the dataset sizes. Figure 5.9 shows their predictive log likelihood results. It is not so
surprising to notice that the hyperparameter optimization is most effective on the smallest
1K sentence dataset. We think this is because with a smaller dataset, the hyperparameters
plays a comparatively more important roles. In the 5K dataset and the whole WSJ, we can
see that there are still noticeable benefits of including the hyperparameter optimization.
Next, we compare SCVI for finite HMMs and SCVI for HDP-HMMs. In Chapter 3,
we have explored a range of settings, showing that for finite HMMs, SCVI is consistently
more accurate than SVI. Here, we test the SCVI algorithm for HDP-HMMs under each
of the previous settings. Specifically, we first fix the minibatch size M = 100 and vary

%These values were never tweaked, and they were optimized each time a dataset was gone through in any
way. For v and o, we can also set their values by our prior expectations about the number of states: take ~y
for an example, we first compute the expected (1, 72, ...), where 7 ~ Beta(1,~). If we define the number
of states to be those that occupy 99% of the stick, and we expect there might be 30 to 60 states; then «y should
fall in [5.9,12.5]. Similarly, o € [2.6,5.9] if we expect 15 to 30 states in the second level DPs. Therefore,
our choices of y and o are reasonable. We explored 3 € [10, 100, 1000] as well as 8 = 0.1 x W (the same as
in finite HMMs), the final results were insensitive (no more than 0.01 per word log likelihood differences).
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k= {0.5,0.7,0.9}; and then we fix k = 0.5 and vary M € {20,100, 500}. Under each of
the setting, we run both algorithms for 2 hours. Figure 5.10 shows optimizing the hyper-
parameters also improves upon the finite HMMs by certain margins, thus transferring the

performance gains to the stochastic setting and making better use of the training time.

5.6 Summary

In this chapter, we have presented and evaluated a new (stochastic) collapsed variational
inference algorithm for HDP-HMMs. On the algorithmic side, our main contribution is
solving the inference challenge caused by coupling the hierarchical structure of the HDP
and sequential dependencies of HMMs. Such coupling makes computing the probabilities
of CRP tables’ existences much more challenging than in the HDP-LDA. We propose an
exact algorithm and evaluate several approximate techniques. Our algorithmic contribution
allows CVI for HDP to be widely applied beyond the bag-of-words setting, including to
a number of HDP-based computational linguistic models. On the application side, our
algorithm often outperforms the previous benchmarks including beam sampling and two
uncollapsed variational algorithms for HDP-HMMs as well as our CVI for finite HMMs,

and therefore provides a new strong benchmark for time series analysis.
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5.A Derivation Details in Section 5.3

In this appendix, we provide the detailed derivation steps that are omitted in Section 5.3.

Recall the evidence lower bound is,
LN £ Ellog p(x, 25|77, 0)] + E[log p(7|7)] — Ellog (2, 7, 5)], (5.71)

in which the variational distribution factorizes as follows,

q(z,7,8) = [[a(@) [T [ a(sinl2) | | BetaFelux, ve).

i=1 §=0 k=1
Given the direct assignment truncation strategy, the indices greater than K are indepen-

dent of observations, and thus we do not include them in our derivations.

Concentration Parameters In £°V! the terms relating to v can be simplified as follows,

Eq(# [log p(7|7)]

=KlogT'(1+7) — KlogI'(y) + (v — 1) Y _E[log(1 — )]

e
Il
—

= KlogT'(1+7) = KlogT'(7) + (v = 1) > ((vx) — ¥ (ux + vx))- (5.72)

i
I

Taking the partial gradient w.r.t. v and using the fact ¢)(x + 1) = ¢(z) + L, we have,

g—f = KOOy 1) — Kb() + S on) — (e + )

K

- % +) (k) — 1 (ug + vg).- (5.73)
k=1

Setting the gradient to zero yields,

_ K
Z;I::l Y(ug + vg) — 1/1(01@)'

ol (5.74)
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In ECVI

terms that are constant w.r.t. o),

Eq(2)q(sin)a(r) [log p(X, 2, 8|0, )]

K K
Ja(slz)a(#)[108 H H o] + const

j=0 k=1

K K
E[log |+ Z Z E[log o°*] + const.

M-

<
I
o
k»
,_.

0+C’

(logI'(o) — Ellog'(0 + C;.)]) + log o Z Z E[s; x| + const.

M-

<
Il
o
u
Eol
Il
-

8£ K 1 K K
O 3 (o) ~ Bl + )+ 2 30 Bl
7=0 7=0 k=1

Setting the gradient to zero yields,

_ Zf:o Zszl Els;]
Yo El(o+Cj)] — (o)

, the terms relating to o can be simplified as follows (const denotes the dropped

(5.75)

(5.76)

(5.77)

Top Level Stick In £V, the terms relating to u, and v, can be simplified as follows,

Eq@)q(siz)a(7) [10gp(x z,8|0, )|

=E q(z)q(s|z)q(7) log H H 7Tk + const

7=0 k=1
= Eq@yqtslaam [log H H w " [0 = @)*#] + const
7j=0 k=1 <k
K K
:ZZ ;x| Ellog 7] —l—ZZZEsM [log(1 — 7;)] + const
k=1 j—0 k=1 j=0 i<k
K K
= Z s. x|E[log Tx] + ZE s.>k|E[log(1 — 7)] 4 const
k=1 k=1
=E[s. 1] (¥(ur) — ¢ (ur + vg)) + Els. s} (¥ (vr) — ¥ (ug + vx)) + const,
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Eq(z)[log q(7x)]

= Eq(ﬁ-k)[log 5((3:);:(1;1)) 7r]1: 1(1 — ﬁk)vk—l]
= log I'(uy, + v) — log I'(ux) — log I'(vy,)
+ (up — DE[log ] + (ve — 1)E[log(1 — )]

= log I'(uy + vg) — log T'(uy) — log T'(wvy)
+ (up — D) (W (ur) — P(ug +vp)) + (vx — 1) (W (0x) — Y (ur, + 1)) (5.79)

Taking the partial gradients w.r.t. u; and v, we have,

oL
F = (= (= + )

— Y(ug + vi) — (k) + (P(ur) — V(uk + vi))
+ (ur = D) (" (ug) — " (ur, + vg)) + (vp — 1)(=2" (ug, + vi))
+ Efs x] (¥ (ur) — ¥ (ug + ) + Els. ] (=0 (ue + i)
=" (up, + vp) (ug +vp — E[s. 5] =y — 1)
— ¢ (ur) (u, — E[s. 0] — 1), (5.80)

oo == D (00) = /(e + 1)

— P(ug +vi) — P(op) + (up — (=" (ug + vi))

+ (o5 = D@ (k) — ¥ (un + vp) + (¥ () — (ur + vr))

+ Efs 1] (=" (ur + vx)) + Els. ] (¢ (vi) — ¥ (ur, + vi))
=" (uk + vi) (ur + v — Es. 2] — 7 — 1)

— ' (vg) (g — E[s. k] — 7). (5.81)

Setting the gradients to zeros yields,

up =1+ E[s.4), (5.82)
Vg =Y + E[S.,>k]. (583)

Stirling Numbers Before we derive the conditional variational posterior ¢(s|z), we review

the definition of Stirling numbers of the first kind and their properties. Denoted by [S] , 1t
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counts the number of permutations of C' elements with s disjoint cycles. It can be defined

in terms of rising factorials as follows,

C
g;<C>éx(x+1)(x+2).--(x+c—1)ézugf. (5.84)
s=1
Using the fact that I'(x + 1) = aI'(z),
['(z+C)
(O I S 5.85
z e (5.85)
Therefore, we have the following property,
c
C I(z+C)
S —— =, 5.86
> [ - 50

s=1
Taking the derivatives of both sides of (5.86) w.r.t. z, and then multiplying each side by

x, we have the second useful property,

Lx) [C] , _ tle
ZWMIS—SU(I/)(HC) Y(x)). (5.87)

s=1

We will use these two properties in deriving the conditional variational posterior ¢(s|z)

and computing the expectation E[s; x].

ﬁCVI

Auxiliary variables We take the functional derivative of w.r.t. ¢(s|z) and equate it to

zero (the Lagrange multiplier term enforcing normalisation is omitted for brevity),

8£CVI
dq(s|z)

=Y 4(@)Eymllogp(x,z,8|7,0)] = Y q(z)logg(s|z) — 1

z z

_0, (5.88)
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which implies,

7”“]]}exp{Eq<ﬁ> log(om) 5]}
Sg,k

:HH P81 exp{Eyes log(omy)*+]}

I
>
1>

2
<
IS
\:]/1
g

Q

K K C
= TTTT |7* | exp{Eymlog m] })

K K oo
=II11 || oGlmd), (5:89)
which then implies,

q(sjxz) [Cj’k} (oG[mg])%*. (5.90)

Sik
In (5.91), G[my] is a geometric expectation and it can be computed as follows: G[r;] =
G[7k] I I, G[1 —7]; using properties of the Beta distribution, each G|[7;] = exp{t(uy) —
U(uk +vi)} and G[1 — 7] = exp{(vx) — t(ur + vi)}-
The normalization constant of ¢(s; |z) can be found be summing over s; . Using the

property of Stirling numbers of the first kind in (5.86), we have,

_ D(oGlm])  [Cix S
q(sjklz) = TGl + Con) LJJ (oG lmg])%*. (5.91)

Expected Digamma Functions Since E|[s; ;] is w.r.t. both ¢(z) and ¢(s|z), we first com-
pute Eg) [s5,x] by using the conditional posterior in (5.91) and a property of Stirling num-
bers of the first kind in (5.87),

B [Eq(siz) 351 ]]
Cj’k oG|my Cir
:Eq(z)[ Z F(JI;SE[WC]EL]&? k) lej (OG[M])S]"]CSM} (by>91)
=Ey[0Gm] (Y (0G[mi] + Cjx) — ¢¥(0G[m]))]  (by 5.87)

= 0GBy [ (0G[m] + Cj)] — ¥(0Glma])) (5.92)

118



Then we deal with the expected digamma function in (5.92). We reproduce our defini-

tions here for convenience. Specifically, we have defined two disjoint sets of z,

A2 {z:Cj(z) =0}, (5.93)
B £ {z: Cjx(z) > 0}, (5.94)

and introduced some shorthand notations,

9(Cin=0) 2> q(2), (5.95)
z€A
Cix>0)2) g(z (5.96)
z€B
1A E[Cj,k]

Given the definitions, we have the following trivial relations,

(Cj 0) =1—q(Cjx =0), (5.98)
>z = q(2)Cju(2), (5.99)

zeB z
where (5.98) holds by the fact that set A is the complement of set B and (5.99) holds by
the definition of the set A, which implies ) ,_, ¢(z)C;x(z) = 0.
We continue to compute (5.92) using the two relations (5.98-5.99),

oG] (Eq(z) W(UG[7T ] + Cj B — 1/1(0@[7%]))

=0Gm] (> q(z)y )+ (@) (0Glm] + Cjx) — P(0Glmy])
z€eA z€B
=0G[my] Zq Y(oGlme] + Cix) — q(Cjr > 0)(0Gmy))). (5.100)

Since the C ;, in (5.100) is always great than O (due to z € B), we can apply the Taylor
approximation to the first digamma function in (5.100), expanding at cG[m;] + E[C} &),

Y(0G[mi] + Cj i) =Y (0Glm] + EL[C).])
+ (Cjx — By [Ci )Y (0Glmi] + By [Cj]). (5.101)

Plugging (5.101) into (5.100) and applying (5.99) (the first order Taylor term becomes

zero), we have,

Els;x] = 0G[m]q(Cjx > 0)(¥(0Glmi] + E4[Cjk]) — ¥ (oG[mi])). (5.102)
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In the update equations for o (5.76-5.77), we have also encountered expected digamma

functions, E[¢)(c + C;.)]. Following a similar approach, we define two disjoint sets of z,

A £ {z:Cj.(z) =0},
B' £ {z:C;.(z) > 0},

and introduce the following shorthand notations

q(Cj, = 0) £ Y q(2),

z€eA’

a(Cy, > 0) £ ) ql2),

zeB’

s _E[C]
E((C] = 4(Cs > 0

The expected digamma functions in (5.76-5.77) is computed as follows,

Eyw[¥(o +Cj.)] — ¢(o)
= q@v(0) + > q@(o +C) — (o)

! zeB’

N
m
h

— Z q(z)(o + C;.) — q(Cj. > 0)(o)

—q(C;. > 0)y(o) (by Taylor approximation)
=q(Cj. > 0)(¥(0 + EL[C5.]) — ¥(0)).
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Chapter 6

Conclusion and Future Work

Chapter Abstract

In this chapter, we conclude this thesis by overviewing the journey and progress
made towards the goals of developing both accurate and efficient inference al-
gorithms for the field of computational linguistics and enlarging the applica-
tion domain of collapsed variational inference. We also suggest several future

directions relating to the research presented in this thesis.

6.1 Conclusion

This thesis was motivated by the demand of developing both accurate and efficient approx-
imate inference algorithms, since current inference tools have been found lacking due to
their respective drawbacks in the large scale applications in computational linguistics (in
terms of both data size and model complexity). To evaluate the proposed algorithms, we
consider the deterministic and fast variational inference as the reference point of efficient
algorithms, and the MCMC sampling with as many samples as possible in a computational
feasible time as the reference point of accurate algorithms. Given that collapsed variational
inference combines the efficiency of VI and accuracy of MCMC, we embarked on an explo-
ration of applying CVI to models in computational linguistics, and our exploration greatly
enlarges the application domain of CVI so that the combined advantages may benefit many
models and applications in other fields as well.

Our journey started in Chapter 2, in which we interpreted collapsed models as fully

connected Markov random fields to explain why collapsed variational inference is usually
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considered as an inflexible framework (Wang and Blei, 2012). Due to the full connectiv-
ity, exact inference is clearly intractable, and even the naive mean field method requires a
further Taylor approximation to arrive at tractable update equations in the simple bag-of-
words setting, let alone developing more sophisticated algorithms in more complex mod-
els. Nevertheless, given the attractive empirical advantages of CVI, it is likely that we
can make positive progress to address the demand in computational linguistics, if the chal-
lenges raised in extending CVI to more complex models are handled ‘correctly’ (e.g., by
introducing accurate approximation methods, by algebraic manipulation and so on).

As an initial step, we began with hidden Markov models that are widely used and form
one of the most important cornerstones in computational linguistics. We employed the
naive mean field method to derive the first CVI algorithm. Although breaking the sequential
dependencies seems a strong assumption, it is not a priori obvious whether it is stronger
than the assumption of VI. Indeed, our experiment results suggested that most of time the
benefits of collapsing outweigh the benefits of modelling sequential dependencies perfectly.
It is not too surprising that our first CVI algorithm works well, since it is reminiscent of
the first mean field algorithm that was proposed for the Ising model: the counts here are
analogous to the model parameters in the Ising model; the sequential dependencies are
analogous to the pairwise dependencies; and to update a variable’s posterior, summing
over its previous and next variables in our technique of computing the transition counts is
analogous to the summation of neighbouring variables in the standard mean field equation.

Modelling larger substructures can yield more accurate approximation and there is no
‘overfitting’ regarding over-complex factorizations. Hence, we employed the structured
mean field method to derive the second CVI algorithm. By taking advantages of both
collapsing and modelling sequential dependencies perfectly, our experiment results showed
that this algorithm significantly outperforms EM and VI and achieves comparable or even
better results than MCMC; using the same forward-backward implementation as its core,
it is as efficient as VI. Hence, we derived a both accurate and efficient inference algorithm
for HMMs. The success was partly credited to using our approximation method to the joint
posterior predictive distributions, which is very accurate by empirical validation.

We took a further step to relax the previous bag-of-clusters condition. Given a single
long sequence, we broke it into subsequences in the variational distribution and applied the

structured mean field method to derive the third CVI algorithm. Essential to this algorithm

122



is a propagation redesign technique that makes the incoming messages to a subsequence
compatible with its local message propagation, providing consistent and commutable mes-
sage passing between subsequences. This technique, combined with our contributions to
CVIin the CE family building on the work of Sung et al. (2008), allows CVI to be generally
applicable to a wide variety of probabilistic graphical models, by employing a systematic
approach to reusing/redesigning the propagation algorithms of EM. This algorithmic short-
cut from EM to CVI was detailed in Subsection 3.6.2 and parallels the previous algorithmic
shortcut from EM to VI developed by Beal (2003).

The next generalization of HMMs in the Chomsky hierarchy, namely probabilistic con-
text free grammars play a central role in the modelling of syntactic and semantic structures
in computational linguistics. We applied the structured mean field method and derive a
CVI algorithm for PCFGs. In several grammar induction tasks, we illustrated that our CVI
algorithm can combine the advantages of VI and MCMC, not only for standard PCFGs,
but also for the two popular variants that underline most high-performance parsers. Our
derivation of CVI for PCFGs whose model structures are random objects demonstrates that
CVI can be applied to a range of computational linguistic models with random latent struc-
tures such as tree substitution grammars (Cohn and Blunsom, 2010), adding an accurate
and efficient technique to the computational linguists’ toolbox.

Last we arrive at Bayesian Nonparametrics. The Bayesian nonparametric extensions
of HMMs, namely HDP-HMMs, provide an ideal framework for managing related groups
of data and are particularly useful when one can not decide a priori the number of states
in computational linguistic models or other applications. We derived a CVI algorithm for
HDP-HMMs by employing the existing algorithmic techniques in CVI for HDP-LDA (Teh
et al., 2008) and proposing our algorithms for computing the probabilities of each transi-
tion’s existence, which are essential but complicated due to the sequential dependencies
of HMMs. In particular, our simple and efficient heuristic algorithm is very accurate, even
more so than drawing 10,000 samples. Such heuristic fits naturally for many computational
linguistic models using HDP constructions for example HDP-PCFGs, since its essential
insight is to replace a large structure with a set of overlapping but independent substruc-
tures. The empirical evaluation of our CVI algorithm showed that it reliably determines
the number of effective states, and outperforms several recent benchmarks including beam

sampling, two VI algorithms, and our CVI algorithm for finite HMMs. Thus it provides a
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new scalable and strong benchmark for time series analysis.

With all the above achievements in our exploration, we conclude that we have made
positive progress in the development of both accurate and efficient proximate inference
algorithms for the field of computational linguistics and in the endeavour of enlarging the

application domain of collapsed variational inference.

6.2 Future Work

This concludes our current research, but we believe that the exploration of CVI will con-

tinue in future. Our suggestions for the future directions are as follows:

1. To apply CVI to more complex models or systems in computational linguistics. In
particular, the two variants of PCFGs we demonstrated CVI on are the core building
blocks for most high-performance parsers that are often trained by EM. Applying
CVI to those systems might yield state-of-art results. Another work is to develop CVI
for Hierarchical Pitman-Yor Process (HPYP), which generalizes HDP and produces
the power-law distributions that are often seen in natural language, but currently can

only be trained by relatively slower MCMC sampling.

2. To develop automated system for deriving CVI algorithms. Utilizing our exploration
of various factorization strategies in the collapsed space, and in particular our sys-
tematic propagation redesign method, we believe such automated procedure can be

embedded in general purpose software such as VIBES (Winn and Bishop, 2005).

3. To use the split and merge mechanism in the CVI framework. Given the encouraging
results in VI and memorized VI (Bryant and Sudderth, 2012; Hughes and Sudderth,
2013; Hughes et al., 2015a), we expect applying their split and merge mechanism

can also help CVI to escape local optima and further improve its performance.

4. To apply CVI to deep architectures. The variational idea has been exploited in neural
networks with several successful examples, including Kingma and Welling (2013)
and Mnih and Gregor (2014). A recent work on CVI for the sum-product networks
(Zhao et al., 2016) may have just opened the door for CVI in this new territory.
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