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Abstract

The Vanna-Volga (VV) method has been in wide use as one of the major tools for
several years among foreign exchange (FX) trading desks. Despite its popularity, the
properties of the VV method are not well studied and understood. This thesis attempts
to understand better why and when the VV method makes sense, and how to use it
better. Often under practical circumstances the state of calibration can be described as
being frequent but imperfect. To take advantage of this level of calibration, we studied
the properties and benefits of the Karasinski method, and extended this method to a few
useful applications. We have found that the Karasinski method, if used with a reasonably
calibrated model, can provide significant performance improvement over the VV method.
The VV and Karasinski chapters contain most of the original research in this thesis; there
are a wealth of discoveries made in these chapters. Novel methods and applications related
to the VV and Karasinski methods are proposed, and some of which can be readily applied
to the practical trading environment.

To make the VV and Karasinski methods work well in practice, the numerical issues for
computing the price and Greeks have been carefully addressed with finite difference schemes
that are second-order convergent and fast to compute. As an example of easy-to-compute
but difficult-to-calibrate model candidates for the Karasinski method, the Multi-Heston
model has been discussed too. A sound computational preparation enables the VV and in
particular Karasinski methods to enjoy high viability as being fast, efficient and practical.

This thesis is tailored to the purpose of making a detailed study on these useful methods

whose great potential has not been adequately understood and fully realised.
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CHAPTER 1

Overview

This thesis is mainly concerned with fast calculation of option prices and Greeks using
the Vanna-Volga (VV) and Karasinski methods, mainly for the FX market, although the

results can also be applied to other markets. In the VV method, Vanna means the second-
21/ BS

0500 )

underlying price S and the Black-Scholes implied volatility ¢ and Volga means the second-
21/ BS

o2 )
Scholes implied volatility . The VV method is already very popular among FX trading

order sensitivity ( of the Black-Scholes option price VB9 with respect to both the

order sensitivity ( of the Black-Scholes option price with respect to the Black-
desks. A characteristic of the FX market is that this market is volatile with shifting smile
characteristics while traders demand quick answers with little appetite for complexity. In
such a market, to use a well-calibrated but complex model to price can be expensive. The
primary motivation driving the use of the VV method is that no calibration is needed in
pricing options with this method. A different but broader set of problems in a similar vein
initially raised by Karasinski [55] is how, if the model is not the flat-vol Black-Scholes but
some general model having been imperfectly calibrated, the risk correction based method
behaves to improve the accuracy.

Chapters 5, 6, and 7 contribute to the study of the VV and Karasinski methods. Despite
the popularity of the VV method in FX trading, this method has not been well explained
and justified. There has been very little research covering the VV and Karasinski methods.
Chapter 5 first gives an introduction on the FX conventions, and proceed to explain what
the VV method is by first constructing a hedging portfolio based on one liquid vanilla and
then extending this portfolio to include three liquid vanillas. A discussion is dedicated to
the assumptions on the spot and the Black-Scholes implied volatility made by the Castagna
and Mercurio’s analysis. The derivation of the equivalence between the VV price and the
RRBF-VV price is made, to which the Traders’ Rule price is shown just an approximation.
The VV price is tested under different market assumptions such as the Heston, SABR,
CEV, Merton Jump models. The performance of the VV method applied to exotics is
shown to be influenced by the unbalanced Vanna terms. Chapter 6 first raises the issue
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of the P factor, which modifies the VV formula. The unmodified VV method has price
inconsistency when the barrier is hit. The P factor is shown to make the P-VV price correct
in two extreme ends of the no-touch probability Pyorouch- We then proceed to analyse
whether the P factor makes sense. Two issues are identified to be related to the need
for a P factor. The so-called V-VV method is introduced with the implications discussed.
Numerical tests are done to compare various methods. A detailed discussion on the benefits
of methods are given afterwards. Chapter 7 discusses a generalisation of the VV method -
the Karasinski method. We first give discussion on how the Karasinski method compares
to the VV method conceptually. In the following discussion, we show that the Karasinski
method assumes a “parameter-error” view and the VV method assumes a “hedging-costs”
view. These two views are related to the model-market relationship with which these
methods are put into use. The Karasinski method is extended to include any number of
liquid vanillas and any number of weights-computing equations. The resulting pseudo-
inverse issue is discussed. A method of computing Greeks with the Karasinski method
is proposed. A fast linear calibration method is proposed to work with the Karasinski
method. Numerical analysis then follows to support the arguments made in the chapter.

Chapters 2, 3, and 4 contribute to the study of the computational methods which may
benefit the VV and Karasinski methods. The VV and Karasinski approaches demand fast
numerical implementation. In order to compute the model prices and Greeks in a fast
and efficient fashion for the risk correction methods, we look into the relationship between
discretisation, time marching and numerical convergence of the finite-difference method,
which holds a speed advantage over the Monte-Carlo method in low dimensions. To com-
pute the VV and Karasinski prices, some model Greeks will need to be computed along
with the model price. For models that lack analytical solutions, second order numerical
convergence ensures that the prices and Greeks can be obtained quickly. This thesis anal-
yses the effects of various schemes on the order of convergence and the shifting pattern of
convergence in different scenarios. Non-uniform grids and adaptive upwinding are studied
with an emphasis on the links between them. The Multi-Heston model is studied to high-
light the type of difficult-to-calibrate but fast-to-compute models that can take advantage
of the Karasinski method.

Chapter 8 summarises the findings presented in the previous chapters, and discusses

potential directions for future research.



CHAPTER 2

Discretisation, Non-Uniform Grids and Adaptive Upwinding

2.1. Finite Difference Methods for PDEs

2.1.1. Pros and Cons of Monte-Carlo vs. Finite-Difference Methods (FDM).
The Monte-Carlo method is used to solve stochastic differential equations (SDEs) while
the finite-difference method is used to obtain solutions for partial differential equations
(PDEs). Since expectations of SDEs and solutions of PDEs are closely related by results
such as the Feynman-Kac theorem, both methods are employed to address the needs of
similar problems under many circumstances. However, other than one’s taste or personal
liking, there are both advantages and disadvantages associated with either method.

The Monte-Carlo method is conceptually straightforward in the basic mathematics
it requires. Many software packages are available from both commercial sources or in-
house development. To develop new programs is relatively easy because a new programme
may be adapted from existing programs without much effort. Other benefits of Monte-
Carlo solution include easy modelling of correlations and path dependency. For very high
dimensional problems (dimension d > 4), the Monte-Carlo method is generally better than
FDM because it avoids the property of FDM that the number of mesh points in FDM
increases exponentially with d.

In comparison with FDM, despite the above strengths, the Monte-Carlo technique has
disadvantages in the following areas. First, for dimensions up to 4, the Monte-Carlo method
is slow. The error € between the Monte-Carlo estimate and the true model value is roughly
of the order of the inverse square root of the number N of simulations (¢ ~ 1/v/N)).
Therefore an accuracy improvement by factor of 10 must be achieved by performing 100
times more simulations.

Secondly, the FDM method is superior to Monte-Carlo method in free boundary prob-
lems. In dealing with American option, one needs to optimise early exercise as t varies.
To perform such a task requires all values calculated up to expiry, not just today’s value.

However, the Monte-Carlo method is usually used for calculation at a single point in S,



t-space. FDM when used in backward induction naturally computes the history of values
as the computation moves backward in time, thus having an advantage.! Also the finite

difference method can be better to get the Greeks.

2.1.2. Parabolic Equation and Discretisation. Many models in financial mathe-
matics lead to linear parabolic partial differential equations,? which take the general form

in the one-dimensional case as follows:

ov o0*V ov
7:a($77)@+b( )a—x—i-c(x )V (2.1.1)

where 7 = T'—t is the time to maturity, 7" is the maturity and a (x, t) is strictly positive. In
order to solve the equation, an initial condition and boundary conditions are required. From
(2.1.1), we see finite difference discretisation is needed for the first and second derivatives

V., Vo, and V.

Three basic forms of discretisation are forward, backward and central differences.

ov. 6V V(x+dx)—V(x)

Forward difference: e ~ 5 5
Backward difference: ov ~ 6—‘/ — V(z) = V(- dx)
oz ox dx
Central difference: i ?x/ Vi~ 6x)2(5xV(w — o)
2 2 B B
Central difference: oV ~ oV 2 V(x+dx) —2V(z) + V(x — bx)
0z2 ox2 (53,3)2

A Taylor series expansion of the above differences will show that the forward and back-
ward differences are first order accurate and central differences are second order accurate.
Multi-dimensional models will further incur cross-derivative terms. The parabolic PDE

in two dimensions can be written as

8—‘/ 62 +aa2 +d v +b 8V—i—ba—v—i-cv
or ~ 027 T 0xT T M 0mi0my ' 0my | 2 0xs

ISee [38], [100] for related topics in this section.
2See [75], [94] for topics related to finite difference methods in this and the following sections.
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The following central difference scheme for a cross derivative provides an example of a

discretisation that is second order accurate in both z1 and xo:

0*v
axlal‘g

~ (V (z1 4 dz1,22 + 0x2) — V (21 + 021,22 — dT2) —

|4 (x1 —dx1, 19 + 5:U2) +V (.731 —0x1,T9 — (5:62)) /4(5:615372

A successful numerical scheme needs to satisfy two fundamental conditions: consistency
and stability. A numerical scheme is said to be consistent if the finite difference represen-
tation converges to the PDE as the space and time steps tend to zero. A numerical scheme
is considered stable if perturbations to the initial conditions produce a uniformly bounded
perturbation to the solution. A stable scheme only guarantees that the numerical solution
will not blow up as time goes to infinity. A scheme is said to converge if the difference
between the numerical solution and the exact solution at a fixed point in the domain of
interest tends to zero uniformly as the space and time discretisations tend to zero.

Consistency, stability and convergence are related through the Lax Equivalence Theo-
rem |62, 75|, which states that given a consistent difference approximation to a well-posed
linear initial value problem, stability is necessary and sufficient for convergence. The Lax

Equivalence Theorem illustrates the importance of focusing on and understanding stability.

2.1.3. Definition of Operators. Before the introduction of numerical schemes, it is
convenient to define a few operators. In defining the operators, we mainly follow Mitchell
and Griffiths [73] and Shaw [90].

The differentiation operators are defined as

1°)%
LV = —
or
ov
DV = —
v Ox
and the difference operators are defined as
0 VI = Vil = Vity s
523:‘/]'” = jn+1 - ijn,p (212)

BV = Vi =27 VI,

where n is the temporal index and j the spatial index.
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Assuming the Taylor expansion of V with respect to time or space is possible, the

V'TL-H

Taylor expansion of V""" =V (2, Tn + 0T) gives

anH = <1 +d7L+ = (57’) ) V (x5, )

= exp(07L)V (x5, )
and the Taylor expansion of V| =V (z; + 0z, 7,) gives

L= @+MD+(M) +M)V@ﬂw

= exp (6xD)V (z;, )

where 07 is the time interval and dx the grid interval.

An exact formula [44, 90, 73] linking D and J, is

2 O 1 1z 135

Similarly, we can write the formula linking D and ds, as

1 .. 1 12 4 123
D = 571' Slnh (6293) = 257 (52x — 2T3'52w + 445'52$

The formula for D? is given by Shaw [90]:

1 1 1 1
D? = 62 — — 5ty —6 - —48 ——ﬂm O (5, .
(6)? ( r 1% T 90% T 5e0% T 3150% T (6)""

The Taylor expansion of d2,V;" and 551/]” are given by

5o,V = (@@D+ w@1ﬁ+ogﬁfpﬂ>vmﬁm)

B2V = Qprﬁwémeﬁ+OOMWDﬂ>V@wm)

(2.1.3)

(2.1.4)

(2.1.5)

(2.1.6)

(2.1.7)

(2.1.8)

2.1.4. Explicit Euler Scheme. In the explicit method, (2.1.1) is discretised using

only the second-order terms da, in (2.1.6) and 42 in (2.1.7):
orT 0T
n+1 n ) 2y .
Vit =Vt e a(x],Tn)i((Sx)Qéij +b(xj, Th) = 550

+oT c(xj,Tn)Vj"

b2z V"

(2.1.9)



Plugging (2.1.8) into (2.1.9) gives

yrtl _yn
J 5 L LV (xj7 Tn) ~
-
1 1y In b isIn
—5 (07) L + (62)° (a(x{; )i 4 (%67 )D?’) ] V (2, ),

hence the truncation error of this scheme is O(87, (6z)%).

n+1

2 S (i

FiGURE 2.1.1. Explicit Euler Discretisation

The explicit method calculates the values at time n + 1 using only the values at time
n. Therefore computation can be done easily by progressing forwards in time to maturity
backwards in calendar time. This method can become unstable if §7/ (5:{3)2 is too large.
When the size of dz needs to be reduced to increase the accuracy of solution, we need to
sharply reduce 7 as well. Therefore this scheme could be costly in computation time.

Assuming a = max (a(xj,7,)), the stability requirement for the explicit scheme is

0 < 67 < (62)%/ (2a).

2.1.5. Backward Euler Scheme. A Backward Euler scheme replaces the forward

time difference with a backward time difference, and the space differences remain the same.

oT
(0z)°
b(zj, T +0T)

VI -V & (g, T + OT) V4

o7
20x

7

(5255‘/;-"“ + 071 ez, T + 5T)Vj"+1 (2.1.10)
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FIGURE 2.1.2. Implicit Euler Discretisation

The Backward Euler method is unconditionally stable; ie no restriction is needed in d7.
Obviously it is an improvement over the explicit method in this regard. So the Backward
Euler method can take much larger time steps than the explicit method[75]. Nonetheless,
this method is still a first order method with respect to time because the truncation error
of this scheme is O (07, (6z)%).

This scheme is unconditionally stable (7 > 0).

2.1.6. Crank-Nicolson Scheme. The Crank-Nicolson method is a mix of the ex-
plicit and the Backward Euler methods. It is a special case of the #- method. Let 0 < 0 < 1

; we can use 6 and 1 — 6 to obtain a weighted average of (2.1.9) and (2.1.10) of the form

0T 0T

n+1 n __ 2y, n+1 n+1
Vi =V =10 [a (5,0 +07) (5x)26x‘/j +b(xj, 7 + 07) %521316
+07 (x5, 0 + OT) an+1]
oT S22y oT SV LS n
+(1-96) |a(xj, 1) W 2V b (T, ) %n 2. V" + 0T c(zj,m) Vi (2.1.11)



n+1 & ¢ ®

A g

FIGURE 2.1.3. Crank-Nicolson Discretisation

It is clear that (2.1.11) is an explicit method when # = 0, and a Backward Euler method
when 6 = 1. Both methods incur a discretisation error of the order of O(d7, (6z)%). When
6 = 1/2, (2.1.11) becomes the Crank-Nicolson scheme. Truncation error analysis shows
that the Crank-Nicolson scheme is second order with respect to both time and space
(0((67)% , (62)%)). Obviously having second-order convergence represents a significant
improvement over both explicit and Backward-Euler methods, which are only first-order
methods. Furthermore, just like the Backward-Fuler method, the Crank-Nicolson method
is unconditionally stable.® Because of these two nice properties, the Crank-Nicolson scheme
is a suitable and powerful tool for many problems in financial mathematics. This scheme
is unconditionally stable (67 > 0).

However, the Crank-Nicolson scheme has an undesirable effect of oscillation of its
solution around the strike when the payoff function is not smooth. To continue to enjoy
the benefit of the Crank-Nicolson scheme, we can combine some other methods with this

scheme in order to achieve satisfactory results.

2.1.7. Discretisation of the Black-Scholes Equation. For the purpose of conve-
nience, when the Black-Scholes equation is used in our research, we often transform the
co-ordinates t and S to 7 and x. Assuming S ranges from 0 to Sy, We let S = Siaz,

7 = T — t. Through this transformation, mathematical backward-marching becomes

3This is actually a simplified statement, which will be discussed later in the thesis.
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forward-marching in computer code, and the payoff function becomes the initial condi-

tion. The domain of the equation now becomes [0, 1]. If the domain is discretised into J

grid points, we will have éx = 1/J. The Black-Scholes equation

ov

1228V oV B
" 2 5852+ S@S rV =0

now takes the form

ov 1228V oV
ar 20 Ve Ty TV

After discretising (2.1.13) using the explicit method, we have

yrtl _yn = 57‘0’ ]252\/" + 1"57']5ng —orr Vv

If we discretise (2.1.13) using the Backward Euler method, we will have
vty = %57 PV + %raf J 62V — s VI

The average of (2.1.14) and (2.1.15) will yield the Crank-Nicolson form

Vit — v = L3167 02282V 4 $67 1 j 0o VI — 6 VI
+3[307 02]25%1/]-" + 2071 o V' — 0T V.

(2.1.12)

(2.1.13)

(2.1.14)

(2.1.15)

(2.1.16)

2.1.8. Douglas Scheme. Shaw [90] applied the #—method as discussed in the Crank-

Nicolson method section to the discretisation of the diffusion equation
LU = D*U

and gave the difference equation to the order §°

n+1 n 2rrn+1 21

1 2o’ 1
— 50 <a9 + > SU ™ + af (0 @ ooy ) sourtt

1 1
+<2(1—0)2a2—(1—9)a> SUT

where oo =

[\

(0z)

10

(2.1.17)

(2.1.18)



For a general value of #, Wilmott [100] gave the local truncation error as

0 @(ST _ 113 (52)? — 867, (52)*, (57)2) |

Thus the truncation error will become O ((5x)4 , (57’)2) when 6 is chosen to be

(2.1.19)

By choosing the 6 by (2.1.19), this numerical scheme is called the Douglas scheme

[90, 100]. Mitchell & Griffiths [73] suggest that the optimal T is
(6z)*

or _ L (2.1.20)

(62)> V20

. . T e .
because this choice of 5 )2 minimises the truncation error of the scheme.
T

For the Black-Scholes equation (2.1.12) with constant parameters, Wilmott et al [101]

gave the following transform formula
1 1 9
V(t, S) = Kexp —§(k—1)a:—1(k:+1) T ) U (T, x)

where

LU = DU, —xc<z<o0, >0
S = Keé”
k= 2r/o®

T = o*(T—t)/2
After the transform, the payoff will be

max (e%(kﬂ)x — e%(k_l)””, O) ) for call option

max (e%(k_l)x — e%(k+1)$, O) ) for put option

for the heat equation of U. So the Black-Scholes equation with constant parameters can
be solved through the heat equation with the Douglas scheme. The Douglas scheme is

unconditionally stable (67 > 0).
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Truncation Error Stability Condition
Explicit Scheme: O ((6z)?, (67) 0 < 61 < (62)*/(2a)

Implicit Scheme: O ( (62)%, (67) ot >0
Crank-Nicolson: O ((6z)?, (67)%) 67 >0
Douglas: O ((6x)*, (67)*) 67 >0

TABLE 2.1. Comparison of truncation error and stability of schemes

The following table lists the truncation errors and stability* of these schemes that
have been discussed. Because the Douglas scheme is fourth-order in space, it has a clear
advantage over other schemes in terms of error convergence.

The difficulty limiting the use of Douglas scheme is that this scheme cannot be ap-
plied as a general method to an arbitrary convection-diffusion equation with non-constant
parameters. For non-constant parameters, the choice of 6 will usually depend on the pa-

rameters so there may be no choice of # that can remove all the second-order terms.

2.2. Non-uniform Grids

2.2.1. Discretisation of Non-uniform Grids. For non-uniform grids, the first de-

rivative of V' can be discretised as

1/ Vet — V. v
v 1 (VJH Vi ViV 1> (2.2.1)
oxr 2\ 0zji1)0 012
or Ve v V-V,
ir1—V; j—Vi—1
o ~ 0T j11/2 ( 5]“/’j+1/2j> 0Ty < 5;7*1/2 ) = Vi1 = Vi1 (2.2.2)
O 0Tjy1/2 +0Tj1/2 Ojr1/2 + O%j-1/2

where 0z, /2 = Tjy1 —xj and 0z _1/9 £z — x;_1/9 as illustrated in Figure 2.2.1.

- 595‘;.\1»2
£ R

|

S

i+ it

FIGURE 2.2.1. The way dx;_; /5 and 6z /o are defined

The first discretisation expression of first derivative is basically an average of two

first-order discretisations on the two sides of the point of interest. The second way of

4The stability issue will be revisited for the Crank-Nicolson and Douglas schemes in Chapter 3.
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discretisation for the first derivative is a weighted average of two first-order discretisations.
The second way of discretisation essentially computes the value of second derivative at the
mid-point between the points j — 1 and j + 1. If the j point is significantly shifted from
the mid-point between the points 7 — 1 and j + 1, being an average of the two sides, the
first way of discretisation is better than the second way of discretisation. In most practical
cases in this thesis, however, the two methods do not seem to differ much in accuracy.

The second derivative has only one form of discretisation

A

Oz 0T;j41/2 0Tj-1/2 ) [ (Ojo1j2 +021112) (2.2.3)

When a non-uniform grid is used in practice, we usually treat a point x; on the non-

uniform grid as a function of a point y; on a uniform grid.

PROPOSITION 1. If the function x (y) is twice differentiable on the y domain [Ymin, Ymaz),

the above discretisation schemes are second order with respect to dy.

PROOF. We can use Taylor series expansion to verify that they are second-order

schemes. For the first way of discretising 9V/0xz,

oV 1 (Vj+1—‘/} Vj—Vj—1>
—_— - +
ax 2 (5.’13'j+1/2 (5.%]',1/2
2 2
1 <5$j+1/2 Val; + 5 (0251)2)" Vaal; + - N 5xj_1/2 Val; — 5 (025-1/2)" Vaal; + )

2

051172 0%j1/2

1 1 1
1
= Vx|j + 1 (5«73j+1/2 - 53?];1/2) Vza)’j + .. (2.2.4)

oV :
where V,; means 3> precisely.

Because

0Tjp1/2 — 0T 172 = Tjy1 — 205 + T
= z(y+0y) —2x(y) +2z(y — 0y) (2.2.5)
2
~ o ayy (6y)”.
so the first way of discretisation (2.2.1) is second order with respect to dy.
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Similarly, we have

oV Vin=Via
51’ 5$j+1/2 + 6.’Ej_1/2

2 2
V‘j + 5I'j+1/2 Vm‘j + % (51']'_,_1/2) wa’] +...— V|] + 6.%']‘_1/2 VEE|J — % (5.7}]‘_1/2) wa’]
0Tj11/2 +0Tj_1/2

+% ((5%’j+1/2)2 V.Z’Z‘|J + ... — % ((5.%'3',1/2)2 Vzax’]

; 0xjp1/2 + 025 172
2 2
Y 0xjy1/2 + 0T 172
1
= Val; + B (64172 — 6 j_1/2) Vaal; + - (2.2.6)

and so this scheme is also second order.

For second derivatives, we have

52V Viea =V Vi—=V._
_9 < Jj+1 i Y J 1) / (5%._1/2 +6:cj+1/2)

dx? 0Tj11/2 0Tj—1/2
2 3
= 2 6xjy1/2 Val; + 3 (0z541/2) Vial; + 8 (241/2) Vawel; -
0j_1/2 + 0Zj11/2 0js1/2

0wy Valy — 5 (025-1/2)" Vsl + § (67,-1/2)° Vi, )

5‘%]'*1/2

2 2
_ 2 0j—1/2 + 0%jt1j2 L+ (02;4172)" = (625-102)" |, Lt
(51Ej,1/2 + 52Uj+1/2 2 L 8 Tl
1
= Vaal; + 1 (62j41/2 — 0xj_1/2) Vaiazl; - (2.2.7)
Therefore, as above, this scheme is second order. O

Because z (y) has a role in determining the order and magnitude of the truncation error,
it is important to choose a good functional form for it. Figure (2.2.2) gives an example of
the effects on error by applying non-uniform grids to the Black-Scholes equation (2.1.12).
The parameters for the equation are r = 0.02, ¢ = 02, T =1, K = 1 and § = 1.
The error in the plot is the maximum absolute error between the numerical price and the
Black-Scholes formula price for a put option over the range of [0,5]. While the overall
convergence rate is similar, the error of the non-uniform grid z = y + 3 is smaller than

the uniform grid in this case is because this non-uniform grid is coarser towards the end of
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the range [0, 5] and finer close to the strike 1. For different problems, the choices of best

performing non-uniform grids will vary.

Example of Error Comparison between Uniform and Non-uniform Grid

10°

—%— Uniform Grid
—F— Non-uniform Grid, x:y+y3

10}

Maximum Error
1

1

10

10

FiGUuRrRE 2.2.2. Non-uniform grid applied to put option with the Black-
Scholes model

2.2.2. Coordinate Transform and Non-uniform Grids. Coordinate transform is
often used to place denser grids on critical areas such as around the strike, and coarser
grids on areas where the solution is flat.

Given the following general convection diffusion equation,

oV oV 02V
oar A V. 2.92.
ot +a(ty) a2y +c(t,y) 2,2 ftyV, (2.2.8)

we define the coordinate transform as

r=2x(y), (2.2.9)
which implies
oV 9Vox
oy 0z oy
PV PV (or\! oV (2.2.10)
o~ Oa? <8y> O Iy?

Therefore, (2.2.8) can be written as

2
et @)a G ey (@r 55 +ea ) = @)V 221
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hence

ov

ov

S+ @ty @)a, +elty@)e,) 5

2 (2.2.12)

ety @) @2 2L = ity (@) V

ox
For a two dimensional convection diffusion equation
oV oV ov v
9t +a(t,y1,1y2) I +b(t,y1,92) E +c(t,y1,92) D2
0 DU gJ2 A (2.2.13)
+d (¢, y1, -5 teltuy, a. A, L, Y1, Vv
(t,y1,2) oy (t,y1,92) 99107 f (@t y1,92)
we define the coordinate transform as
rT = ,
1 1(y1 yz) (2-2-14)
T2 = T2 (y17y2)
We can obtain
871/ N 8‘/ 8371 + 9 8V 8%2
8%{} 6951 ay1 (9.%'2 8y1
o _ oVon  oVom
3%2 5901 8y2 0z 3292
o’V [0V Oy N dxg\ (O 87‘/82371
Gy% - ax% 8y1 83?18%2 8y1 8y1 (91'1 8y]2
0*V Oxs o*V % % LV oV 0%x
81}2 8y1 a.%'laxg 8y1 8:1/1 8:152 6y1
PV (O b L PV 0my (9 OV Pm (2.2.15)
8y§ N 81:1 6y2 0x10xs Oyo 0ya ox1 8y22
OV Ozy 9%V % % LV oV 0“x
8:62 8y2 0x10xy Oyo 0ya 0xo 8y
0*V 0%V 81‘1 9%V Oz % L v ov 82331
8y18y2 ax% (93/2 81’13332 6yg 8 8.%'1 8y18y2
n GQV% 4 o*V % 8302 . al 0?1y
022 dys  Dx10x2 Dy2 ) \ Oy1 Oz2 0Yy10y2

Substituting (2.2.15) to (2.2.13), we can have the coordinate transformed PDE.

A reason for doing coordinate transform for multi-dimensional problems is to eliminate

83:2 aa:l

2

cross derivative terms. In the above case, the coefficient of the term is
6331(91'2
81'1 8.732 daxg 81‘1 daxl 8372 81‘2 8331 8331 6952 (2.2.16)
oy oyr " “Oys 0y “Oya 0y | “Oyga 0yr Oy o

8y1 A1

For some problems, it is possible to make the above expression zero by choosing the

right forms for 1 and x9, hence eliminating the cross derivatives in the new coordinate
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system. For example, if ¢ and e are constants, we can set

Tr1 =
e . (2.2.17)
T2 = Y1 + py2
o : . 0*v
and substituting (2.2.17) into (2.2.16), and we find so that the coefficient of SO
107T2
ishes
P (2.2.18)
e

Substituting (2.2.18), (2.2.17), and (2.2.15) into (2.2.13), we obtain the coordinate

transformed (2.2.13) without the cross derivative term,

v oV b (¢ N oy
o ta (o, we) 5+ | a” (21, w2) — QM ov
+C*82V+ c”‘—Qd*(t’snl’@)dk aQV—f*(tx x9) V 2.
Ox? e 022 y L1, T2
where
a (tvl‘lva) =a <t,$1, T2 — 1:1)
p
b (t,fbl,mg) =} <t,$1’ xro — iU1>
p
cf=c
Ty — T (2.2.20)
d (tw%'l?xQ) =d <t,.ﬁl’,’1’ 2 » 1>

2.3. Mesh-adaptive Upwinding

2.3.1. Diagonal Dominance and Tridiagonal Solver (Thomas Algorithm).
Following Mitchell & Griffiths [73], the finite difference equations for a parabolic PDE

Vi1 +bVj —¢jVimi =dj, 1< < J

can be written in matrix form as

AV =d

where
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b —a Vi di1 + a1V
—az by  —c2 Va do
A= V= ,d=
—aj-1 bjo1 —cja Via dj—1
—ay by Vs dj+cjVip

and Vj, V11 are known from the boundary conditions.

If A is diagonally dominant, a; > 0, b; > 0, ¢; > 0, and b; > a; + ¢j, V can be
solved with a very efficient algorithm |73, 75| called either the tridiagonal matrix algorithm
(TDMA) [21] or the Thomas algorithm |75, 21|. This algorithm is a simplified Gaussian
elimination method without the error growth associated with the back substitution in the
Gaussian elimination method and with less computer storage requirement [73].

Sometimes, when central differencing is used, the property of diagonal dominance of
the tridiagonal matrix A is no longer true. In this case, upwinding can help to restore

diagonal dominance for this matrix.

2.3.2. Upwinding for Uniform Grids. Rewrite the Black-Scholes equation

oV 1, ,0°V oV
_1 V. _ 2.3.1
5y 57 T 922 +rx o rV (2.3.1)

in the form
ov 1 0%V 191%
_1 _ 9.3.2
or ~ 2%z TG, TV (2:32)

where ay = 0222, and a; = rz. To obtain second order convergence in x, we use central
differencing.
(52:cvjn - J'7_L|.1 - Vv]n_l (2 3 3)
BV = Vi -2V

However, when central differencing is used, there is a desirable condition on the size of
grid interval dx for which the spatial tridiagonal matrix is diagonally dominant. For the
discretised (2.3.2), this condition becomes

2 (343)
o]

dx < (2.3.4)

Q
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In many practical problems, ai may be significantly smaller than a. To ensure diag-
onal dominance, this will result in a very small §z, which translates to a large number of
mesh points.

The use of upwinding can solve this issue by lifting the restriction (2.3.4). Upwinding
is the differencing method with which we use the forward difference when a’' is positive
and the backward difference when it is negative |75].

Upwinding relaxes the size requirement on dz. But it brings a downside of lowering the
order of truncation error. While the central difference is O((6z)?), the forward difference
introduces an error of O(dz). When some mesh points need to use the forward/backward
difference and the others use the central difference, the overall error will be between O(dx)
and O((6z)?). If only a small number of mesh points need to use the forward/backward
difference, the overall error will remain O((6x)?) approximately.

If we implement upwinding using the definition discussed above, we will need to de-
termine the sign of a] and use many “ifs” and “thens” in numerical programmes. This
could be costly to programme speed. An alternative way is normally used to achieve the
same effect of upwinding. Especially when GPU (NVidia Cuda® and etc) computation
is involved, many branching clauses will make the performance suffer significantly. The
adaptive upwinding we will next discuss avoids doing the branching logic at the micro-
level and instead makes upwinding happen in a batch at the beginning, hence improving
computation efficiency.

There is another downside of upwinding. The purpose of implementing upwinding is
to maintain diagonal dominance. Upwinding may be an overkill in some instances as so
much diffusion is added to the scheme in upwinding as to reduce the order of convergence.
In other words, regular upwinding may add more diffusion than necessary to keep diagonal
dominance. By comparison, adaptive upwinding addresses this problem by adding just

enough amount of diffusion.

2.3.3. Mesh-adaptive Upwinding for Uniform Grids. For (2.3.2), a mesh-adaptive

upwinding can be implemented by replacing ao with

a3 — max(as, a1 |6z/2) (2.3.5)

Shttp://www.nvidia.com/cuda
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For easy reference, we call this type of upwinding the mesh-adaptive upwinding so
as to differentiate itself with the term “adaptive” that normally implies solution-adaptive
methods. This method has been used in engineering for many years (see 88, 93|).

When the convection term is larger than the diffusion term, this is essentially just
enough upwinding that ensures that the discretisation is diagonally dominant and a tridi-
agonal solver can be used without any possibility of ill-conditioning. Oftentimes, mesh-
adaptive upwinding helps maintain the second order convergence while maintaining diag-
onal dominance.

On the boundaries, central difference does not apply as one point is always missing.
Thus forward and backward differences are employed there. The boundary condition em-
ployed is to set the diffusion term zero. This boundary condition is rather common.|94] If

the range between boundaries is wide enough, it is normal to ignore the diffusion term on

the boundaries. To meet these two requirements, we conveniently use agdap b = —ay62/2
on the upper boundary and a;dap b= a6z /2 on the lower boundary.

2.3.4. Mesh-adaptive Upwinding Formula for Non-uniform Grid. The idea of
mesh-adaptive upwinding is to add just enough diffusion to make the tridiagonal matrix
diagonally dominant when the convection term is too big in value compared to the diffusion

term. We have derived the mesh-adaptive upwinding formula for the non-uniform grid.

PROPOSITION 2. Assume ay is the coefficient of the first x-derivative term and ao
the coefficient of the second x-derivative term. For first derivative discretisation satisfying
(2.2.1) or (2.2.2) and second derivative discretisation satisfying (2.2.3), adaptive upwinding
can be tmplemented by re-adjusting as to agdapt based on a1, the original a2, and the grid

intervals using the following formula:

agdapt = max (ag, |a1| (63412 + 6xj_1 /) /4) (2.3.6)

if (2.2.1) is used, or

1
max { ag, 5‘@1’5%&',1/2 , aj 2 O, 5$j+1/2 < (513]',1/2

adapt 1
Qg - max { ag, 5‘&1’(5.’13]'4,1/2 , a1 < 0, (Sl'j+1/2 > 51'.]',1/2 (237)

max (a2, la1] (5$j+1/2 + 5:vj_1/2) /4) , aq (5mj+1/2 — 5xj_1/2) >0
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if (2.2.2) is used. For the financial PDE problems for which only the boundary condition

Vm|b0undwy = 0 is applied, on the boundary the value of as needs to be re-adjusted to

a; = |ai (573]‘-&-1/2 + 5$j_1/2) /4 (2.3.8)
if (2.2.1) is used, or

1
max | ag, §|a1‘5‘7}j71/2 , a1 20
a = . (2.3.9)
max | ag, §|a1\5xj+1/2 , a1 <0

if (2.2.2) is used.

PROOF. We prove only the case for (2.2.1); the analysis for (2.2.2) is similar.

Without loss of generality, assume the option pricing PDE has the following form:
Ve=a1Vy +agVye — 1V (2.3.10)
where 7 = T — t, T is the maturity, and as>0, » = 0. This equation can be discretised

using the Crank-Nicolson scheme as

or

5 (@ V] +aV]>E +rV")  (2.3.11)

5
VIV = (@l a4 ey 4

We will first discretise a1 V"1 4 aoV%H! using (2.2.1) and (2.2.3).

S n+1 62 n+1 Vﬂ-‘rl . Vﬂ-‘rl V.n+1 o V‘n_—i-l
ay i + ag v 5 a Ae ! 2 =
537 5.73 2 5‘/1"j+1/2 (5‘%‘].*1/2
n+1 n+1 n+1 n+1
. 2az Viegr =Y B Vit = Vit
(02412 + 0xj_1 /) 0Tj11)2 0T _1/2
 gn ViR gV g v
202117207172 (021172 + 02-172)
(2.3.12)
where
giv1 = a10x_1y9 (6 j41/0 + 0xj 1)) + 4agdz; 1o
2 2
9j = a ((595j+1/2) - (5%‘71/2) ) — 4ay (5$j+1/2 + 5xge1/2) (2.3.13)
gji-1 = 10Ty (5$j+1/2 + 5%’—1/2) +4a20w;1/0

Note in Equation (2.3.10), we do not need to consider cross derivatives for the purpose

of this proof because they are not included on the left side in the tridiagonal matrices; for
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all the schemes we use in this thesis, cross derivatives if applicable are placed on the right
side of finite-difference equations.

We can rearrange (2.3.11) as

b VI + 0V b VI = d (2.3.14)
where
bj+1 = —al(sl‘j,l/z (5I'j+1/2 + 5113]‘,1/2) - 4(126:’6]'71/2
4(5.1' 1 25.’13‘,1 2 5.’17 1 2+5.’I}',1 2
bj = i+l =Y (57_ ity izl ) + 25$j+1/2(5$j_1/2 ((ij+1/2 + 5%’—1/2) T
2
ay (025175 + 025-17) — a1 ((021412)" = (62;10)%)
bi-1 = a16z41/2 (0211/2 + 0Tj_1/2) — 4a20x11 2
(2.3.15)

For convenience, we define

o 402541/982 172 (02540 + 6T5-12)
o7 (2.3.16)
+202j1/20wj 172 (0251172 + 02j-1/2) 7

which obviously is positive.

We are not concerned with the content in dj because only the tridiagonal matrices
represented by bji1, bj, are bj_1 are relevant in our analysis. d7 denotes whatever the
right-hand side is once the form of the left-hand side is written as in (2.3.14). So we do
not need to write d7 in full detail here.

First, we will prove that

b5 > [bj41] + [bj—1] (2.3.17)

where

62541y + 825
0> Jax | ( UCaJrl/fl Zj-1/2) (2.3.18)

If (2.3.18) holds, we obtain

|bj+1’ = alﬁxj,l/Q (5xj+1/2 + 51Ej,1/2) + 4(125{1,3,1/2

b; = 7"+ 4das (0z; +dx,_

| ]’ 2 ( ]+1g2 J 1/2)2 (2319)
—a1 ((021412)" = (925-112)°)

|b]’71| = —015$j+1/2 (5‘Tj+1/2 + 61Ej_1/2) + 4&2(5$j+1/2
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hence
;] = |bj+1] +[bj—a| + 77

(2.3.20)
> bjsa| + [bj—1]
Now we will try to establish diagonal dominance for the case of
ay| (dx; +0x;_
0y < 1010231172 +0251) (2.3.21)

4

In this case, the diffusion component is not sufficient to ensure tridiagonal dominance.

Therefore, some extra diffusion is added by replacing as with

oz, + 0
agont _ 111 Lo S 2) (2.3.22)
Substituting as = a;dapt into (2.3.15), we obtain
bjril = [(a1+ |aa]) 625172 (6254172 + 0z 1/)
* 2
|bj‘ = T+ ’CL1| (6$j+1/2 + (5.’Ej_1/2)
X , (2.3.23)
—or ((250112)" = (5012)°)
bj—1l = (a1 = lau]) 021172 (0xj41/2 + 0xj-1/2)
When a; > 0, (2.3.23) becomes
‘bj+1’ = 2(1151']‘,1/2 (5$j+1/2 + 533:7‘,1/2)
|b]| = r* + 2&1(5$j_1/2 ((5l‘j+1/2 + (5563'_1/2) (2324)
bj—1] = 0
whereas for a; < 0, (2.3.23) becomes
bsal = 0
bl = 1" = 2a102j41)9 (025412 + 0T 1/2) (2.3.25)
bj1| = —2a162412 (625112 + 0xj_1/2)

In both cases a1 > 0 and a; < 0, it is obvious that |b;| > |bj41| + |bj—1| holds.

We have proved that (2.3.22) adds just the right amount of extra diffusion adaptively
by adjusting as to ensure tridiagonal dominance when the diffusion term in the PDE is not
large enough. Therefore, (2.3.6) is a suitable choice of mesh-adaptive upwinding formula.

For the problems for which natural boundary conditions are applied, the convection

flow always goes out of the boundary, hence on the right boundary, a; < 0, whereas on the
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left boundary, a; > 0. It is easy to verify that with (2.3.8), we have bj_; = 0 on the left

boundary and b1 = 0 on the right boundary. ([l

Having just enough upwinding is ideal. After all, upwinding is a first-order scheme.
Therefore, too much upwinding damages the second-order convergence of the Crank-

Nicolson scheme. (2.3.6) has the advantage of being a simple form of implementation.
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CHAPTER 3

Fast Numerical Schemes for Non-smooth Payoffs

3.1. Numerical Schemes of Second Order Convergence

3.1.1. Inadequate Crank-Nicolson Time Marching. To obtain price and Greeks
through the PDE method is particularly useful if the numerical algorithm of our choice
achieves second order convergence with respect to time and space. The success of the
Vanna-Volga and Karasinski methods that will be discussed in the later chapters rely
upon sound numerical algorithms capable of computing both price and Greeks in a speedy
fashion. In this chapter, we will discuss schemes specifically targeted at problems with
non-smooth payoffs.

The Crank-Nicolson time marching is often described as an unconditionally stable
second-order numerical scheme. However, this is a simplified statement. Richtmyer &
Morton [87] and Smith [92] reported that non-smooth initial conditions can induce oscil-
lation that cannot be eliminated by refining the grids; rather the oscillation can become
worse as the grids are made finer. In the case of European call or put payoff, the oscillation
around the strike will be greatest when the oscillation appears. Smith [92, 90] categorised
the numerical schemes using the Padé approximation labelled P (s, t), where s and ¢ are
integers; When s > t, the associated scheme has the property of “strong stability” . Smith
[92] concluded that the Crank-Nicolson scheme as being a P (1, 1) scheme does not hold
the property of strong stability whereas the fully implicit scheme being a P (1, 0) scheme
does. Richtmyer & Morton [87] and Smith [92] recommended to apply three time-steps
to the Crank-Nicolson and Douglas schemes to overcome the stability issue. Chawla [18]
analysed the stability problems under a generalised set of trapezoidal formulas for para-
bolic equations labelled GTF(a)-FDS, « € [0, 1], of which the special case of o = 0 is the
Crank-Nicolson scheme. Chawla [18]| suggested that the Crank-Nicolson scheme is only
A-stable but not L- stable and hence it is not able to cope with the non-smooth and dis-
continuous initial conditions. Chawla’s generalised trapezoidal formulas are second-order

in space and time except for GTF(a = 1/3)-FDS, for which case Chawla’s formula is
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third-order in time and second-order in space. Giles and Carter [37| pointed out that the
payoff of a European call/put option does have limited local £2 norm and so does its first

2

oV
derivative —. But its second derivative does not have limited local £2 norm. The

)
oS 052
Crank-Nicolson scheme is unconditionally stable in the £2? space, but only conditionally
stable in the £ space. Consequently, it is only guaranteed to converge in the £2 space,
for £2 initial data. This causes the property of second-order convergence not to hold for
non-smooth payoff functions.

If the payoff function is smooth everywhere, the Crank-Nicolson time marching will
be quite satisfactory in terms of having the desirable effect of second order convergence.
However, many financial instruments do not have smooth payoffs. Take the vanilla call or
put for example. The neighbourhood around the strike is not smooth. For digital options
it is even more difficult to maintain second order convergence. Therefore, the content of

this chapter is more or less relevant to most of the existing financial option PDE problems,

hence choosing the right schemes for fast convergence is a major not a minor issue.

3.1.2. Three-Time-Step Douglas Scheme. It was demonstrated by Shaw [90] that
the Douglas scheme will result in the same oscillation as in the Crank-Nicolson scheme for
the non-smooth payoff functions. Shaw [90] used three-time-step Douglas scheme to com-
pute price and Greeks for the Black-Scholes equation and obtained excellent convergence
results.

The Black-Scholes equation can be reduced to a heat equation problem as discussed
in the last chapter. The three-time-step Douglas scheme for the heat equation (2.1.17) is

given by

10T\ (yn+1 et 5 0T \ nt1 _

n n n 1 n—1 n—1 n—1
(Vi + Vi + 10V)) = o (vt + vt + 10v ) (3.1.1)

—_

6
which uses the two-time-step Douglas scheme

o7 n+1 n+1 o7 nt+l _
<1 —6(5$>2) (vt +vist) + (104 1205 )V =

(1 + 6((;Z)Q> (Vi + Vi) + (10 — 12(;;)2) v (3.1.2)
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to kick start. The two-time-step Douglas scheme is first used once for a quarter time step,
then the three-time-step Douglas scheme is used once for a quarter time step and once
again for a half time step. The three-time-step Douglas scheme is used on the rest of the
whole time steps.

For the problems that can be solved by the three-time-step Douglas scheme, the fourth-
order error convergence is superior. However, the Douglas scheme applied to a general
convection-diffusion equation is not as straightforward as the Crank-Nicolson scheme. Not
all convection-diffusion equations can be converted to a standard heat equation. For some
problems, the choice of § may depend on x, ¢, and V, making the Douglas scheme not
suitable. The same issue is with Chawla’s [18] GTF(a = 1/3)-FDS scheme. The choice of
a = 1/3 was derived with the heat equation. For a general convection diffusion equation,
there might not be a third-order choice of a. Even if there is one for a specific equation,
this choice will likely be obtained through co-ordinate transform and new truncation error
analysis for this particular equation. Overall, while the schemes like Douglas and GTF («a =
1/3)-FDS may have higher order of accuracy, they may require more tailored work for each
specific problem in order to take advantage of the accuracy benefits. Nonetheless, these
schemes will be highly valuable in practice to the quant desks who are specialised to certain
problems that can be solved with them.

Since we are studying the numerical schemes with the purpose of using them for a
general convection diffusion problem on a real trading desk, we will focus on the remedies
for the second-order Crank-Nicolson scheme. These schemes can be implemented once to

deal with a wide majority of the problems, hence being very easy to maintain.

3.1.3. Rannacher Start-up. To recover second-order convergence in Crank-Nicolson
time-marching with discontinuous initial data, Rannacher [85] studied the £2 convergence
issue in convection-diffusion approximations. With energy methods he proved that second-
order convergence can be maintained by replacing the Crank-Nicolson approximation for
the very first timestep by two half-timesteps using the Backward Euler scheme. This
treatment removes the oscillation in the solution by adding some smoothness to the payoff
through a couple of initial time steps with the Backward Euler method.

Giles and Carter [37] analysed this problem and proposed that replacing the first two
timesteps (R = 2 where R denotes the number of initial time steps using the fully im-

plicit scheme.) with four half-timesteps be regarded as optimal. Using more than four
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half-timesteps will increase the overall error. Their research reveals that in the Crank-
Nicolson scheme coupled with the Rannacher start-up there are two types of errors, the
low wavenumber error and the high wavenumber error. The low wavenumber error is
O((6x)?) (6z is the grid interval) and the high wavenumber error is O((6z)**™1).

With R = 0, which is the standard Crank Nicolson scheme without the Rannacher
startup, the high wavenumber error in approximating I' is O((6z)'). As éx becomes
smaller, the high wavenumber error grows bigger. At some point, the low wavenumber
error may become smaller than the high wavenumber error. When this happens, the
O((6z)™") high wavenumber terms become dominant and the O((6z)?) convergence will
not hold.

When in the Rannacher startup the first two timesteps are replaced with four half-
timesteps (R = 2), the high wavenumber error now becomes O((6z)*). Therefore, in
this scheme, the low wavenumber error remains dominant for all dz, and the O((dx)?)

convergence continues to hold.

3.1.4. ADI Time-Marching. Assume the two dimensional convection-diffusion equa-

tion in the generic form

ov 0%V 0%V 0%V oV ov
ar - SAS Al 1.
o ~ Wz +as 9,2 + a2 920y + b 9 + by By +cV (3.1.3)

The discretisation of (3.1.3) can be written as
1 1 n+1 n
(1= 5Ds = 5D,)0V™ = (1+ Dy + Dy + D)V (3.1.4)

where V"t = V7l _ " D denotes the central-difference discretisation of

02 0
0T alﬁ + bla— + cV), D, denotes the central-difference discretisation of
T T
0? 0 2
07 ( a5 + b2+~ ) and D,, denotes the central-difference discretisation of 47 a2 .
Oy? Oy Oxdy

Although ¢V here is included in D,, ¢V can actually be included in either D, or D,.

If this equation is solved directly, (J, —1)(J, —1) linear equations will be involved. The
matrix of the system has many zeros but is not tridiagonal so it cannot be solved using the
efficient Thomas algorithm. Although this equation can certainly be solved numerically,

directly solving it is laborious.
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The ADI time-marching was first proposed by Peaceman and Rachford [79]. This

method rewrites the left-hand side operator of (3.1.4) in the functional form
1 1 5 n+l n
(1- li)(l — §Dy) V' =1+ Dy + Dy + Dyy)V (3.1.5)

This is a splitted version of Crank-Nicolson so that the ADI scheme can be introduced.
While the classical Crank-Nicolson scheme with which the D, term is also time centred is
second order, we will focus on the splitted version of the Crank-Nicolson scheme and the
ADI scheme, and the easy-to-implement Craig-Sneyd scheme that will be introduced after
the ADI scheme.

Compared to (3.1.4), (3.1.5) incurs an extra error term %Dnyévnﬂ, but this extra
term is of the same order as the truncation error. If the left side of (3.1.4) is discretised as

1 1

1
(1-— §Dx - QDy)V"‘H, using the ADI scheme will incur an extra error term ZDIDy

1 1
Generally ZDnyM/"H is smaller than ZDQ;DyV"H. So using §V™*! on the left side of

Vn+1

(3.1.4) is usually better than using V"1,
3.1.5) can be written in an equivalent form with the introduction of an intermediate
q

variable W
(1—3D,)W = (1+ Dy + Dy + Dyy)V" (3.1.6)
(1—3Dy)svrtt = W
With (3.1.6), W is first solved and then §V" " is solved. The advantage of using the
ADI method is that multi-factor problems now can be solved by effective tridiagonal system
solver through the Thomas algorithm. There are variants (e.g. Douglas & Rachford [69],
D’yakonov [30]) of the ADI scheme, which mainly differ in how the intermediate values are

calculated.

Now consider the three dimensional convection-diffusion equation

a—v = a82V+a 62V+a 82V—i—a > +a >
or " lox? 2 9y2 2922 2ozoy T " oyoz (3.1.7)
0? oV ov ov o
4ai3———+b1— +by— +by— +cV

0x0z ox oy 0z

The three dimensional discretisation of (3.1.7) can be written as

1 1 1
(1— §DI — §Dy — 5DZ)(W”“ = (14 Dy + Dy + D, + Diross) V"™ (3.1.8)
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0? 0
where V" = V7 Hl_y D is the central-difference discretisation of 67 <a1 922 + by 8> ,
T T
2 0
D, is the central-difference discretisation of o7 <a262 + by 8> , D, is the central-difference
Y Yy

2

discretisation of &7 (a + b3> and D...ss is the central-difference discretisation of

3022 0z

0? 0?2 0?
1) —_— )
T <a12 0x0y +as 0y0z s 6$02>
The ADI method in 3D can be written in the form

1
(1 _ *Dz)Wl = (1+DI+Dy+D2+DCTOSS)Vn

(I1-sD)Wy = W (3.1.9)
(1— §DZ)5V“+1 = W

3.1.5. Craig-Sneyd Correction. The Crank-Nicolson scheme is a second order scheme

in both time and space O((67)%) + O((6z)?) + O((dy)?) for a two-dimensional case. How-
2

ever, when the ADI scheme is used and the cross derivative term is present, the ADI

0xdy

scheme becomes first order in time O(37) + O((5x)?) + O((Jy)?). The reason for the drop
of order is that because the cross derivatives cannot be split into single dimensions in the
ADI method, their time differencing is one-sided. To remedy this, Craig and Sneyd [27]

explored an iterative version of the ADI scheme to “time-centre” the cross derivatives.

Consider an equation in its matrix form

AV = (A4 B)V" (3.1.10)
where
N
A=1]a- =D, 111
ZHI( 5 Da) (3.1.11)
and
N 1 N -1
B:ZDziJriZZij (3.1.12)
i=1 i=2 j=1

M = % Z mej (3.1.13)

The Craig and Sneyd method adds a second step to time-centre the cross derivatives

as follows:
AVl = (A+ B)V"
M ( ) (3.1.14)
AVn+1 — (A + B)Vn + %M(Vn+1 _ Vn)
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FIGURE 3.1.2. Averaging for discontinuous payoff

For 2D and 3D problems, the Craig and Sneyd method is unconditionally stable and
second-order convergent in both time and space. Each step of (3.1.14) can be split by the

ADI time marching method.

3.1.6. Smoothing for Discontinuous Payoffs. Figure (3.1.1) shows a digital payoff
function F'(x) with the strike K. The strike K falls between the grid points x; and
T;y1/2, which is the halfway point between x; and z;1;. Without any smoothing, any
K € (xj, xj41/2] will give the same discretised F (z) with F(z;) = 0 and F(xj41) =
1. Obviously an error will be introduced through this simple way of discretisation of
discontinuous payoffs. Tavella and Randall [94] commented that a simple remedy that
usually increases the accuracy is to shift the grids so that K falls right at z;, /5. It is
easy to do for one dimensional problems. But grid shifting is not a general method for
all problems; For example, a two-dimensional digital payoff F(zq1 — 22 — K) has no fixed
discontinuous point for either dimension, hence not suitable for grid shifting.

In practice, the practioners often use the averaging method (see the definition in [94])

1 Tj+1/2
F(zj) = F(zj—y)dy (3.1.15)
Tj+1/2 = Tj—1/2 Ja;_19
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F1GURE 3.1.3. The Pooley Method for discontinuous payoff

When F' (z) is the digital payoff with the strike K,

(zj4172 — K)

F(x;)= .
( j) (:CJ'+1/2 - xj*1/2)

Kreiss [60] and Thomée & Wahlbin [95] have proven the validity of the averaging method.
Heston and Zhou [43] showed that it increases the rate of convergence. It was demonstrated
by Pooley et al [83] that the averaging method results in second-order convergence.
Pooley et al [83] proposed a method of smoothing the payoffs, which interpolates the
payoff function using nodal approximations and consequently achieves second-order con-
vergence for the integration error. The Pooley method is a special case of the projection
method (see Rannacher [85]) with the lumped mass matrix approximation (see [45, 35]).

Let N; be the standard Lagrange basis function, or the “hat” function. On the nodes,

N; = 1 atnode:
= 0 at all other nodes (3.1.16)
>« Ny = 1 everywhere in the solution domain

N;(z) between node ¢ and node i + 1 (or node ¢ — 1) is simply defined by a line linking
these two nodes.
F}. is defined as
F = (62)"" / Ni(2) F(2)dz (3.1.17)

where F(x) is the payoff function.

Pooley et al [83| proved that the resulting integration error is second order,
S plak, T)owFy — / p(@, T)F(z)dz = O((52)?) (3.1.18)
k

where p is the state price probability density function and dx is the grid interval.
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When a strike is perfectly located at the mid point of a grid interval, for piecewise
constant payoffs, we can choose not to use any smoothing treatment because in this case
no smoothing is the same as the averaging method. Since the averaging method is already
second-order, the cost of applying a smoothing technique can be saved.

The Pooley method appears to be more complex than the averaging method. But there
seems to be an error advantage over the averaging method in some occasions as Pooley
et al [83] demonstrated in a two-factor numerical test. It may be due to the fact that
the Pooley method in general makes a discontinuous payoff smoother than the averaging
method. For example, if K = x;,/o, the grid points z; and x;41 in Figure (3.1.2) will
have the values 0 and 1 respectively, and the grid points z; and z;4; in Figure (3.1.3) will
have the values 1/8 and 7/8 respectively.

One might argue that processing a payoff across all grid points with the Pooley method
could bring additional computational cost. Actually, the Pooley treatment is often needed
for a very limited set of grid points around the strike, and separation of dimensions allows

quick computation for many multi-dimensional payoffs.
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F1GURE 3.1.4. Example of localised effect around strikes with the Pooley method

3.1.6.1. Localisation of the Pooley Method. Figure (3.1.4) shows the plots for a two-
dimensional payoff function that has been treated with the Pooley method. The payoff
function is defined as the product of a call in one dimension with a strike 0.28 and a digital
in the other dimension with a strike at 0.11, max (1 — 0.28, 0) digital (z2 — 0.11). On the
left is the payoff treated by the Pooley method; on the right is the absolute difference
between the Pooley-treated payoff and the payoff. After the Pooley treatment, it can be

seen that this payoff changes little from its original function. Only the values around the
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strikes have been modified. All other places remain unchanged. Therefore, the Pooley
treatment can be applied to a very limited number of grid points, making the computation
very economical.

3.1.6.2. Separation of Dimensions of the Pooley Method. For a n-dimensional space,

(3.1.17) can be written as

Fj, = <ﬁ5x;1> //.../Nk(a:)F(:c)darldxg...dxn (3.1.19)
=1

where x; is the element of the vector x.
We can choose to express F'(x) and Ny () using a product of piecewise linear functions

in each dimension.

Fx) =TTz FO ()

o (3.1.20)
Ni(2) = [Tizy Ny (i)
Combining (3.1.20) and (3.1.17) gives
Fy =[] 027! /N,f? (2:) FD (;)d; (3.1.21)
i=1

Many payoff functions allow us to reduce the multi-dimensional integral to a product
of one-dimensional integrals. But there are a few exceptions like max (z1 — z9 — K) and
digital (z1 — x2 — K). These functions will need to involve embedded loops to complete

the numerical computation.

3.1.7. Computing Sensitivities through “Bumping”. Backward time marching
automatically yields A and I' along with V. When we know the discretised solution Vj,
where j € [1,2... J] , we can compute A; and I'; by central differencing with V;_1, V}, and
Vj41. Some sensitivities such as Vega and Vanna can not be obtained this easily. For some
models and instruments, analytical solutions exist for the common Greeks.

For those sensitivities that have to be obtained numerically, a common industrial prac-

tice is through parameter perturbation, an easy-to-implement method also called “bump-
2

o2
V(o) and V (¢ — Ac), where the perturbed Ao value is chosen to be small.

ing”. For example, the value of can be computed through the values of V' (o + Ao),
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3.2. Convergence Results for Second-order Schemes

3.2.1. Giles-Carter Results on Non-smooth Payoffs with the Black-Scholes
model. This section is meant to verify and present the results made by Giles & Carter
[37] in summary.

We use the Black-Scholes model for our numerical tests because the Black-Scholes
model has nice analytical formula for the price and the Greeks, and the convergence results
come from comparing the analytical and numerical solutions. The Black-Scholes equation®
was derived by Fischer Black and Myron Scholes [8] in 1973. The underlying asset is

assumed to follow geometric Brownian motion.

dS = pSdt + o SdX (3.2.1)
which leads to the PDE
8V 1 2 282 8V B

For European call and put options, explicit formulas exist for the solution of Black-
Scholes equation.

Assume the terminal condition (S — K,0)" for a European call. The solution is

C(S,t) = SN (d1) — Ke " TN (dy) (3.2.3)
where
1 r 1,2
N(z) = / 29 3.2.4
@=—=[ iy (3:2.4)
_ log(S/K)+(r+%U2)(T—t) (3.2.5)
; o(VT —t) -
log(S/K) + (r — 302)(T —t
| log(S/K) + (1= 30A)(T ~ ) 2
o(vT —t)
The terminal condition for a European put is (K — S,0)T. The solution for a put
option is
P(S,t) = —SN(—dy) + Ke " T=ON (—dy) (3.2.7)

By taking first and second derivatives of option price with respect to the underlying,

we obtain A and I". A measures the sensitivity of the option to the underlying while I"

1See [52], [101], [99], [51] for related topics in this section.
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measures the sensitivity of the delta to the underlying.

ov

0?V

For European options with no dividends, the Greeks for the Black-Scholes model have

the following formulas:

Aol = N(dl) (3.2.10)
Apyt =N (dy) -1 (3.2.11)
'(d
Cean = N( 1) (3212)
oSVT —t
N (dv)

Tput = ———=—= 3.2.13

NG ( )
The payoff function is not smooth around the strike. As pointed out earlier, the option

2
price V and its first-order derivative % have limited local £2 norm but 3552 does not. It

means that over a limited length of discretised domain, we have

(3.2.14)

(3.2.15)

(3.2.16)

where j denotes the index of grid point, the total number of grid points is J, §.5 is the grid
, ov; 9*V;
interval of S and —

057 052

The plots in this section exhibit the contrast between the numerical and analytical so-

are the discretised delta and gamma at the point j.

lutions under regular Crank-Nicolson method and Crank-Nicolson method with Rannacher
start-up for a European put option. The strike is set to 1. The computation is conducted
over S between 0 and 4, r set to 0.02, the terminal time T set to 1, and ¢ = 0.14. In the
plots, p denotes O'QK%, where 0t is the time interval.

In Figure (3.2.1) we see a good match of numerical and analytical solutions for V using

the Crank-Nicolson method. In the non-smooth payoff area, there is no apparent non-

smoothness in V. For this particular p, a small area of discontinuity sets in around the
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Crank-Nicolson, European Put V vs S, p=2.5 J=320 x 107 Crank-Nicolson, Error of European Put V vs S, p=2.5 J=320
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F1GURE 3.2.2. Oscillation in Crank-Nicolson, A = Vg, European Put

strike in the plot for A in Figure (3.2.2). For this particular u, a huge oscillation appears
around the strike in the plot for I' in Figure (3.2.3). This oscillation as we shall later see
in the convergence plots will not go away if we refine the grid. Rather, it will grow even
bigger.

The initial smoothing introduced by the Rannacher start-up allows the Crank-Nicolson
method to overcome the £2 norm restriction. Thus in Figures (3.2.4), (3.2.5) and (3.2.6)
a good fit between solutions is illustrated.

Figure (3.2.7) shows that for smaller p, V' converges in second-order. However, as p
grows, an “elbow” appears and the convergence line becomes first-order in the part beyond
the “elbow” point.

Figure (3.2.8) shows that for smaller u, A apparently converges in second-order. How-

ever, as u grows, an “elbow” appears and the convergence line becomes flat (Oth order) in
the part beyond the “elbow” point.
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FiGURE 3.2.5. Rannacher Start-up, A = Vg, European Put

Figure (3.2.9) shows that for smaller p, I' apparently converges in second-order. How-

ever, as u grows, an “elbow” appears and the line becomes first-order divergent in the part

beyond the “elbow” point.
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Ficure 3.2.7. Deviation from second-order convergence of Crank-
Nicolson, V, European Put

With the Rannacher start-up, a restoration of second-order convergence is evident in
Figure (3.2.10), Figure (3.2.11) and Figure (3.2.12).

Giles et al [37] show that the Rannacher start-up works for non-smooth data in the £
norm. Although the Rannacher start-up is useful in restoring second-order convergence for
nonsmooth payoffs, the Rannacher start-up introduces a little loss of accuracy compared
to the standard Crank-Nicolson method for smooth payoffs. That is because the initial

steps for the Rannacher start-up use the Backward Euler method and are only first-order.
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3.2.2. Multi-dimensional Numerical Convergence. We will use the short rate
model to demonstrate the performance of the second order Craig-Sneyd scheme and the
performance of the co-ordinate transform method when the co-ordinate transform can
be used to eliminate the cross-derivative term. The particular form of the PDE and its
analytical solution will be introduced, followed by the numerical results.

The spot interest rate r in certain models can be expressed by the following stochastic

differential equation.?

2See [80], [91], [6] for related topics in this section.
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dr = u(t,r)dt + o(t,r)dW (3.2.17)

The methodology by Vasicek [96] gives the partial differential equation for the price of
a zero-coupon bond

ov

where \(r,t) is called market price of risk.

The class of normal models describe the spot interest rate as follows (80):

r = F(t,r*)
dr* = (6*(t) — a*(t)r*)dt + o(t)dW

(3.2.19)

Due to the fact the process r* is linear, r* has a normal distribution. F(¢,7*) = r*
gives the Hull and White model [49]. When F(¢,*) = (r*)?, (3.2.19) becomes the squared
Gaussian model. If F(t,7*) equals €, (3.2.19) becomes the Black-Karasinski model [7].
It is the Ho-Lee model [46] for the conditions a*(t) =0, o(t) = o, and F(t,r) = r*.

Using the Hull-White model gives

vV 1 L,V . oV B
e + iazﬁ + ((6%(t) —a®™(t)r) — A(t,r) o(t)) o rV =0 (3.2.20)

Assuming that the market price of risk A (¢, 7) takes the form of A1 (¢) + Aa(¢)r (49, 80),
(3.2.20) becomes
oV 1 ,0%°V oV

AT 57 + (0(t) — a(t)r)a —rV =0 (3.2.21)

where

0(t) = 07(t) — M (t)o(t)
a(t) = a*(t) + Xa(t)o(t)
This Hull-White model can be extended by combining a Heston-type stochastic volatil-

(3.2.22)

ity. The extended process for r is assumed to be

dr = (0:(t) — a(t)r)dt + o.(t)\/vdW
dv = (0,(t) — a,(t)v)dt + o, (t)\/vdWs

(3.2.23)

where dW1dWy = pdt. In this model, r has a mean reverting stochastic volatility expressed
by \/V.
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Similarly, the PDE for this model is obtained as

oV ov ov 1,
E—i—(&r—arr)ﬁ—i-(@,,—a,,y)%—i-iarVaTQ

82V+102V82V+ oo VLQV =
27V Py oron ~

5 rV. (3.2.24)

where 6,(t) = 05(t) — A\ (t)o(t) and a,(t) = a’(t) + A2(t)oy(t). A zero-coupon bond has
the unit terminal payoff V' (T') = 1, where T is the maturity.

The semi-analytical solution for the above equation for a zero-coupon bond is given by
V(r,v,t) =exp (bi(T —t) +rbo(T —t) + vb3(T — t)) (3.2.25)

where by (t), ba(t), bs(t) satisfies the o.d.e system

bl eer + eub3
d
dt b2 = —arbg -1 (3.2.26)
1 1
b3 —a,bs + fazbg + poro,babs + 503()3

subject to the initial conditions by (0) = b2(0) = b3(0) = 0. As can be seen, the zero-coupon
bond V(r,v,t) pays off one at t =T.

Equation (3.2.24) was used for computation of convergence results. The following
parameter values were assumed: r» = 0.02, v = 0.001, 4, = 0.002, a, = 0.1, 0, = 1,

6, = 0.0003, a, = 0.3, 0, = 0.003, p = 0.5, and T = 15.

quvergence, 2D Gaussian Short Rate, No Craig—Sneyd or Co-ordinate Transform
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Fi1GuRE 3.2.13. Error with only Crank-Nicolson, short rate model for zero-
coupon bond
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With the introduction of the cross-derivative term, the splitted Crank-Nicolson method
fails to maintain second-order convergence as shown in Figure (3.2.13). The convergence
rate is at best first-order in this case.

One solution is to use the Craig-Sneyd correction. As shown in Figure (3.2.14), the
Craig-Sneyd correction well handles this term and nicely restores second-order convergence.
Another approach is to use transformation of co-ordinates with the resulting convergence
plot shown in Figure (3.2.15).

The co-ordinate transform method in this particular example restores second-order
convergence as well. A smooth co-ordinate transform does not usually bring qualita-
tive changes to convergence performance. When the ADI method is used and the cross-
derivative term is present, however, co-ordinate transform that eliminates the cross-derivative
term may improve convergence performance. But not all problems have the desired second-
order effect with co-ordinate transform. If co-ordinate transform is not properly applied
to smooth out the discretised payoff, a second-order convergence will not be seen.

Compared to transformation of co-ordinates approach, the Craig-Sneyd method is eas-
ier to implement. With it, the effort of deriving a proper co-ordinate transformation is
spared. The code for the standard Crank-Nicolson scheme can be kept intact for the
most part. Essentially, the Craig-Sneyd method is similar to running the standard Crank-
Nicolson scheme twice. Thus very little code modification is involved when the Craig-Sneyd

correction is needed on top of the Crank-Nicolson method.

Convergence, 2D Gaussian Short Rate, Craig—Sneyd
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FIGURE 3.2.14. Second order error convergence of Craig-Sneyd on short
rate model for zero-coupon bond
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Convergence, 2D Gaussian Short Rate, Co-ordinate Transform
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FIGURE 3.2.15. Second order error convergence of co-ordinate transform
on short rate model for zero-coupon bond

3.2.3. Payoff Smoothing by the Pooley and Averaging Methods. We will

demonstrate the error performance by the Pooley and averaging methods using the Ornstein-

Uhlenbeck (OU) process.

Assume the underlying follows a d-dimensional OU process:

dx; = —N\jx;dt + o;dW; (3.2.27)
where 1 < ¢ <d, \; > 0, 0; > 0, \; and 0; are nonrandom, measurable, and locally
bounded; Wj is a Wiener process, dW;(t)dW;(t) = ps;(t)dt, 1 =i < d.

Let x denote the vector [z, =2, ... xd]T. According to the Feynman-Kac theorem, the

value function E} [F (x)] satisfies the following PDE:

ov ov 1 0*V

oSN Naia— 4= pijoiojm—a— =0 3.2.28
ot Z Yor 2 ;f’ﬂ” %I o0 (3:2.28)
subject to the terminal condition V' (x,T) = F(x).

Given constant p;;, o; and A;, the probability density function p(x,t) satisfies the
adjoint PDE

Op Olprs) (I~ o O
(%Jrzi:)\z o +2;szaz%8xia%—0 (3.2.29)

subject to the initial condition p(x,0) = §(x — xp).

3See [77], [56], [76] for related topics in this section.
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The above equation has the solution [34]

. ) — 1 1 “Aty, \Ty—1 At
p(x0;x,t) = W—d\/ﬁexp(—i(x—e X0) X (x —e 'xq)) (3.2.30)

where Ajj i—; = A; and A;j ;»; = 0, and the covariance matrix satisfies

_ Pijoi;

Zi’j (t) N i + )\j

(1 —exp(—=(Xi +X))1))). (3.2.31)

Figure (3.2.16) illustrates the error reduction effect with the Pooley and averaging
method. The numerical test is done by applying Crank-Nicolson scheme and Rannacher
Start-up to one dimensional mean reverting PDE (3.2.28) with the parameters A = 0.05,
T =5, K =0.2795 and o = 0.03. The payoff is a digital function. The grid is adjusted
so that the strike K falls between the two grid points z;_1 and x;. In the first plot, the
strike is 0.150x away from a grid point and in the second plot, the strike is 0.4 dx away
from a grid point, where dx denotes the grid interval.

The one dimensional model is used because we want to show the error effect of the strike
location within the grid interval clearly. For higher dimensional models, the Pooley method
is applied using (3.1.19), or (3.1.21) if possible, for which Figure (3.1.4) gives an example.
The Rannacher Start-up can also be easily applied to multidimensional models with ADI.
Take a two-dimensional model for example: the discretisation for the fully implicit scheme
in ADI can be expressed by (1 — D,) (1 — D,) V" = V", what the Rannacher scheme
needs is just to run two half timesteps of the fully implicit scheme.

The performance of the Pooley method is better than that of the averaging method. In
particular, when the strike is closer to a grid point (as in the first plot), the improvement

appears more pronounced.
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FIGURE 3.2.16. Error improvement with the Pooley and averaging methods
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CHAPTER 4

Multi-Heston Stochastic Model

4.1. Multi-Heston Model Problem

Kainth et al [54] proposed the Multi-Heston model, an extended Heston model with

multiple stochastic variance components
N
ds, ; .
5, = (r—q)dt—l—Z\/uithj
7=1
vl = & (9]- — Vﬁ) dt + &\ vl dZ]

where Wtj, and Zg are Wiener processes, and j € {1,2,..N}; dW/dZ[" = pndt for

(4.1.1)

m € {1,2,..N}; dWmdZ]» = dW™dW]' = dZ*dZ} = 0 for m # n, m,n € {1,2,..N}.
Here r is the interest rate and g is the dividend rate. When the model is used in FX, r
means the domestic interest rate ry and ¢ means the foreign interest rate ry. The drift
r — ¢ and model parameters x;, ;, and {; are not limited to constants. However, for the
case of these being constant, a pseudo-analytical solution exists. Christoffersen et al [20]
proposed the Double-Heston model, essentially the Multi-Heston model (4.1.1) with two
stochastic variance factors.

For constant parameters, Kainth et al [54] and Christoffersen et al [20] gave the analyt-
ical solutions for the Multi-Heston model and Double-Heston model, respectively. Other
than the difference in number of dimensions, the solutions developed by the two group of
authors are exactly the same. Hence the solution developed by Kainth et al [54] is more
general.

This chapter will be mainly concerned with the constant-parameter Multi-Heston
model.

The Multi-Heston model is not a sum of the Heston models of individual instruments
in a portfolio. For example, assume we have to price an option, of which the underlying is

the sum of N instruments. Each one of the underlying instruments is assumed to satisfy
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a Heston process

s} = (r—q;)Sldt+ Si\/v]dw}

, . - (4.1.2)
dv] = k;j <0j—l/g>dt+€j\/ngth
The sum of the instruments, II; = Z;VZI Sg , will follow
N
dll, = Z r—q;) S dt+ZSJ\/ Jaw)
= (4.1.3)
dvl = (9 _yt>dt+gﬂ/ Jdz]
Obviously,
N N
dily = > (r—gq)Sldt+Y Si\/vldw]
j=1 j=1

N
(r—q) ZSJ dt + ZSJ Z\/;g'dwg‘
j=1

where ¢ is assumed to be the dividend for II;. So II; does not follow the Multi-Heston
model.

Although the Multi-Heston underlying is not a simple sum of Heston underlyings, it is
close to a geometric mean of the Heston underlyings but not in an exact way. Re-arrange

(4.1.2) into the log form and sum them up to become

N , N 1 . N -
ZlnSg = Z(r—qj—zyg> dt—i—Z\/ygthj
j=1 j=1 j=1

dv) = Kj (Hj—yg) dt—i—fﬂ/utdeg

The analytical solution for a call option given by Kainth et al [54] is

Va1 = PL(S,v,7) — Ke ™ "=D7 Py (S, v, 7) (4.1.4)

where F' = Se("=97_ the time to maturity 7 = T — ¢,

o] —i¢pIn K
I:)1 — 1_{_ 1 / Re(e @t(¢ ))d¢,
— € Pt
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and

N
e(S,vj,T30) = exp Z A* (1,¢) + Bj (7, P)vj) +i¢InF|
7j=1
K0 ) c*edj -1
As(r¢) = L (k- pi&oi+dy) T —2n | Z—— ] |,
fj Cj—l

. kj— pi&idi+di [ e —1
BJ (7-7 ¢) = dtr _ 1 ’

2
& ;

cje J
* . IQj — pjqub’b' + d;k
di(¢) = \/(pj§j¢i — k)% + 820 + 292, (4.1.6)

4.1.1. Pseudo-Analytical Multi-Heston Solutions through Fundamental Trans-
form. Lewis [65] and Shaw [89] used an elegant fundamental transform technique to derive
the pseudo-analytical solution for the Heston model. The same process of derivation can
be applied to the Multi-Heston model.

The Multi-Heston model through the Feynman-Kac theorem gives the following Multi-

Heston PDE
_8l+( )5614_1 i\f:y. 282 +Z,€ al
or a8 L 952 i 31/j
=1 (4.1.7)
+-= Z§ Vjaz—l—SZ&]l/Jpjasa =rV
Applying the following co-ordinate transform
T = In(S)+(r—q)7
(5)+(r =) (4.1.8)
Viz,vj,7) = Wiz, vj, 7)exp(—rT)
o (4.1.7) gives
N N
1 *W oW
2;Vj<8x2 B ) Zg] jp]@m@l/
N N (4.1.9)
8W 1 *PwW oW
+Z/€j(9j + ij Vj 8% :W
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Define the Fourier Transform

1 igr+oo
W (z,vj, 7) = o e TW (¢, vj, T) dob

T Jigr—oo (4.1.10)
Wi(p, vj, 1) = / Ty (x, vj, T) dx

where ¢ is a complex variable and i¢; is its imaginary part.

Therefore, the Fourier transformed PDE for (4.1.9) becomes

N = N i~
1 W , ow
52532 i g7t > (15(0; — vy) — itivip;) B
j=1 Jo =1 J
v - (4.1.11)
]. . 2 ~
; Z”ﬂ) (0 =)W =5
j=1
At the maturity 7 = 0,
W (¢, v, 0) = / W (z, vj, 0)dx = / eV (x, vj, 0) dx

For the call, put, digital call and digital put payoffs, Shaw [89] gave W (¢, vj, 0) for

different payoffs in the following table:

Payoffs ‘ V(z, vj, 0) ‘ W (¢, v;, 0) ‘ Restriction ‘
K (1+id)
Call max (e — K, 0) Py ¢r=1Im(¢p) >1
K (+id)
Put max (K — €%, 0) o ¢r =Im(¢) <0
. I, e >K K _
Digital Call { 0, K<t ~ ¢r =Im(¢p) >0
. 0, e >K K _
Digital Put { | K<er i ¢or=1Im(¢) <0

TABLE 4.1. W (¢, vj, 0) for Different Payoffs

The “Restriction” columns give the conditions that allow the Fourier Transform inte-
grals to converge. From these “Restriction” requirements, it can be seen that ¢; can be any
constant that satisfies the corresponding “Restriction” for an option. For example, Lewis
[65] suggested that a valid choice of ¢y for the call option will be 3/2, for it is larger than
1. For the above payoff functions or any payoff independent of volatility, W (¢, vj, 0) can

be written as W (¢, 0).

Assume a function G (¢, v}, 7) can be found so that

W (¢, vj, T) = W (¢, 0) G (¢, vj, T), (4.1.12)
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At 7 =0, G (¢, v;, 0) =1 obviously holds.
Because W (¢, 0) depends on neither 7 nor vj, substituting (4.1.12) to (4.1.9) gives the
ODE of G (¢, v;, T7) independent of W (¢, 0)

N

oG
Zf] J + —i9&vipj) 75— o
- j
J‘l (4.1.13)
1 oG
2 Z”ﬂ) -G =%
j=1
subject to G (¢, v;, 0) = 1.
Assume G (¢, vj, T) takes the following form:
N
G (¢, v, 7) =exp | > (A;(, 7) + Bj(o, T)vy) | , (4.1.14)

J=1

which is an extension to the form used by Heston [42]. Set A;(¢, 0) = B;(¢, 0) = 0 to

satisfy the condition G (¢, v;, 0) = 1. Substituting (4.1.14) to (4.1.13) gives

0A; oB; &B7 . ¢>2
[ == — k;0;B; ] v % + (kj — idpj&;) By z¢+ =0. (4.1.15)
where j € {1,...N}.
To make (4.1.15) true for all v, the following must hold:
0A;
5. = fibiB,
T 4.1.16)

0B; £2B? . 1 ¢2 (
5 = 5~ (R —idni&) By + gio —

subject to A;j(¢, 0) = Bj(¢, 0) =0 for j € {1,...N}.

The ODEs involving B; only are Riccati-type equations that have the following solu-

tions:
Kj+ pi&di+d; [ b —1
B = Y J>) J 4.1.17
J (¢a T) 5]2 Cjedjr -1 ( )
where it d
ki + pi&idi .
ei(¢) = STLISIOTS

wj + pi€idl — d; (4.1.18)
di(9) = \/(ps0i+ ry)? — i€20 + 292
On knowing Bj, A; can be obtained by integrating the first equation of (4.1.16):

N 9 edjT—l
Aj (¢, 7) = Z 3 <(mj+pj§]¢n+d)r—21n(1)> (4.1.19)
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Lewis [65] called G a fundamental transform. Lewis [65] and Shaw [89] suggested the
solution for a given payoff can be easily obtained by combining (4.1.8), (4.1.10), (4.1.12)

and (4.1.14) into the general Multi-Heston option price

e

Viz,vj, 1) =

21 Jigr—oc

—rr  pigrtoo N
[ e 0.0 exp | 3 (4506, 1) + By, ) | do
~ (4.1.20)
Notice that A;(¢, 7) = Aj(—¢, 7) and B;(¢, 7) = Bj (¢, 7) where A7 and B; follow
(4.1.6). So (4.1.20) can be changed to

e T —i¢r+0o (;51 s N
Vo= S [ W s 0o | 3 (4506 7) 4 Bilo. 7)o
j=1
e T —i¢pr+oo N
o RSP (11.21)
™ —i¢pr—o0

2. Why Multiple Stochastic Variance Factors Matter

First of all, it should be noted that the Multi-Heston model is a one-factor model
with respect to the underlying asset S;. There is just one underlying S; in the model; the
multiple thj existing in the asset process only give rise to multiple variance processes.
This becomes more evident in the Multi-Heston PDE that we will later see with only a
single underlying variable.

Secondly, the Multi-Heston model can also be viewed as having a single variance factor.

as
The variance of the return < in the Multi-Heston model (4.1.1) is computed as [20]

()] ()

The variance of the asset return is just the sum of the variances in the Multi-Heston model.
Let 1y = (Zjvzl I/g) . So the dS process in the Multi-Heston process can actually be written

as
dsS;

= =(r—q)dt + vedWy = (r —q) dt +
0

So the Multi-Heston process in fact has only one variance factor \/vydW;. All the

individual variances v/ influence the variance of the asset return through the sum of 1.
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The sum of variances dv; process follows
N . N . .
dvy = Z/@j (Hj — VZ) dt + ij\/udeg
j=1 J=1
The variance of dv; is

N .
E [(dut)ﬂ = Zf?yt]
j=1

which is a weighted sum of 7.

If dvy could be written as a square root process dyy = k(0 — 1) dt + 5\/1/7ng, the
variance of dv; would have to be €214, not a weighted sum of th . Also the mean reverting
part Zjvz1 Kj <0j - Vf) dt cannot be written as the form & (0 — 1) dt for a general case.
This shows that the Multi-Heston model is not the same as the Heston model, hence it
gives rise to possible properties that the Heston model does not have.

Define the log-moneyness s = In (S/K) and log-strike k = —s = In (K/S). Gatheral
[36] gave the state price probability density for the Heston model by taking the sensitivity
of P in (4.1.5) with respect to s (or k) because P represents Probability (In Sz > In S).
The same method of computing the probability density function p(s) (or p(k)) can be

applied to the Multi-Heston model:

N
0s T ’

p(s) = o _1 /OOO Re | € exp | (A5(¢) + Bj(d)vy) +ip(r —q) 7| | dp (4.2.1)

J=1
With A;(¢) = Aj(—¢) and Bj(¢) = Bj(—¢), p(s) can be rewritten as

p(s) = 1 /000 Re (e_i¢se_i¢(r_q)TG (¢)> d¢ (4.2.2)

™

So the log-moneyness probability density function p(s) is just the Fourier Transform
of the fundamental transform e~**"~97G (¢) in (4.1.14). From this formula, it is easily
seen that the log-moneyness probability density function p(s) depends on Zé\le Bj(o)vj,
not on Zjvzl vj.

We will use a Double-Heston model example to illustrate how two variance processes
influence the log-moneyness probability density function p(s). Assume k1 = 2.13, kg =
5.49, 01 = 0.085, 62 = 0.058, & = 0.27, & = 0.1, v1 (0) = 0.091, v, (0) = 0.065, p; =
—0.86, p2 = 0.96, r = 0.07, ¢ = 0, and T = 1 as the original parameters. Figure (4.2.1)

gives some examples of p (s) under the influence of different parameters. The parameters
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Probability Density Functions of Double—Heston Model

1.4 T T T T T T T
Original Parameters
— — —0.25k
1.2} - — 28 i
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FIGURE 4.2.1. Examples of p (s) Changing with Parameter Changes. (See
Text for Parameter Values)

are assumed unchanged in each curve in this figure except the one being indicated. For
example, 0.25x means that both k1 and k2 are reduced to a quarter of their original values.

Kainth et al [54] applied the Double-Heston model to the FX European and DNT (a
barrier-type product called “Double No Touch”) products and found the model captures
the smile feature of the market and it can reproduce the prices very well. Kainth et al [54]
argued that the Multi-Heston model echoes the market that appears to display more than
one volatility processes in its dynamics. It can accommodate more complex mean reverting
properties. For example, the volatility may revert on multiple time scales, one fast and one
slow. The stochastic vol may quickly revert to one long vol which itself is slowly reverting
[5]. The inclusion of more mean-reverting variance processes could potentially help to
describe the underlying’s stochastic volatility movement in more detail. Christoffersen
et al [20] demonstrated that the double-Heston model is more flexible in modelling the
level and slope of the smile that empirically known fluctuate largely independently with
each other, and it is more flexible in modelling the volatility term structure. Through
empirical studies, Christoffersen et al [20] found that in the single factor Heston model,
“the conditional skewness and kurtosis are very strongly linked to the trend and variation

in the conditional variance” while such a relationship is much weaker in the double-Heston
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model, hence benefitting the modelling of the largely independently fluctuating level and
slope of the smile. Christoffersen et al [20] also pointed out that the resulting differences
between the one-factor and two factor models strongly depend on what parameter estimates
are used. Indeed, from (4.2.2), we can see that the parameters of the Multi-Heston model
affect the probability density distribution function is a rather complex fashion through the
integral of the nonlinear function G. More empirical studies may reveal more applications

where the Multi-Heston model can have an advantage.

4.3. Numerical Implementation with the Kahl-Jackel Algorithm

Now let us look at how to implement the semi-analytical solution of the Multi-Heston
model. To this end, we will extend the Kahl-Jackel algorithm [53], which uses a “rotation

count” algorithm to handle the complex discontinuity which originates from the component

* d¥T 1
In (ci_1> in (4.1.6).

The first type of error may arise when taking the logarithm of a complex number

t+27n)

produces multiple values. Let z = re'l be a complex number and ¢ € (—m, 7] be the

phase in the principal branch. The logarithm of z is In |r| 4+ ¢ (¢t + 27n). If we restrict the
phase to the principal branch or any single branch, a discontinuity will occur. The second
type of discontinuity is caused by the branch switching of the complex power function.

For example, we know €™ = ™" but i = (ei”) 1/2 #* (e*”)l/2 = —i. If a 27 is added to

the phase of e, we obtain i = (e”)l/2 = (e_”””‘%)l/2 = i while keeping '™ = 7" =

e~ ™27 This example illustrates how important it is to keep an eye on the phase while
doing complex operations.

Kahl-Jackel [53] presented an algorithm called “rotation count” as follows:

1
Vcall_em—/ Y (y)dy (4.3.1)
0
where
e () K ()
W = (F-K)+ —
ilnyan lny

e R (- )
l(_y) r (4.3.2)
Y
(
Yy

f1 = Re

iBY Iy K
e 7

|
p(—=)

%)
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and

=Y 15_ P’ (v + K07) (4.3.3)

This formula is identical to (4.1.4). Kahl-Jickel made a coordinate transform y = e =97,
where v > 0. Thus y has the range from 0 to 1 while ¢ € [0, c0].

According to the Kahl-Jéckel algorithm, the function of ¢ is obtained by

(

d = (ptdi — K)* + (i + ¢?)
. k= pEpitd

k- pipi—d
te = arg(c)
GD = c¢c—1
m = int[tc i TF]

27

Gy = ce¥™—1 (4.3.4)
n = im‘c[tc ks ImQ(:)T - W]
InG = In(abs(Gy)/abs(Gp)) + i(arg(Gn) — arg(Gp) + 27w (n — m))
B k—pépi+d [ el —1

- ()
A = %[(m—p{qﬁi—i—d)T—anG]
© = exp (A" + B'v+i¢ln(F))

where int [ | means Gauss’s integer bracket (or the floor function).
It has been previously proved that the characteristic function of the Multi-Heston model

can be synthesized by A;‘f, B? as if they are obtained with the Heston model formula. So
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4 = \Jlost0i— )2 + (01 + B?)
o _ K= pi&iditd;
’ ki — pi&idi — dj
th = arg(cy)
Gp = ¢-1
4T
mj = 1nt[ 27r ]
va = cj -1 ( |
J ) 4.3.5
n; _ 1nt[tc + Im(d;)T + w]
Gy = In(abs(Gy)/abs(Gh)) +i(arg(Gy) — arg(GTh) + 2n(n; — my))
B _ Kj — pj§j¢i + dj ehim — 1
J 5]2 c.eHT — 1
K0 .
A;k = gz [(Hj - pjfj¢l + dj) 7—2In GJ]
J
N
") = exp Z A% + Bjvj) +i¢In(F)
\ Jj=1

Although any positive function v seems to be fine with (4.3.2), Kahl-Jackel choose the
form of (4.3.3) because it best reflects the asymptotic decay of the integrand in (4.3.1).
The function f(¢) has the following asymptotic behaviour as ¢ tends to infinity:

. A*+B*
—¢Rebm¢ﬁm( 5 v)

lim f(¢) } ! (4.3.6)

¢p—00

Kahl-Jackel selected v = Re [hdeOO W

} to reflect the fact that asymptotically
f(¢) decays at least exponentially.

Similarly, with the Multi-Heston model, it can be proved with the Kahl-Jéckel approach

that
one ... ZRalliznin)
¢hm f(o) ! (4.3.7)
Therefore, we choose
S (A B) ] XL (102
YMultiHeston = Re ¢h_>m P = Z T (T/j + IijejT) (438)
& J

The important part of the Kahl-Jackel approach is to get the characteristic function ¢

through the “rotation counting” algorithm. To price an option (given the condition that
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the payoff function does not depend on volatility), we can just get ¢ and then use (4.1.21)
by plugging in the Fourier Transform of the payoff.
The generalised Multi-Heston formula (4.1.21) can be re-arranged into
e—TT  [Hoo

Vv o= W (i¢r — ¢, 0) p(—igs + ¢)d¢

2 J_

+o00
= e /O £ (6) dg

f(9) = % [W (i¢1 — ¢, 0) p(—idr + ¢) + W (idr + ¢, 0) (=i — )| (4.3.9)

1
Through the same coordinate transform ¢ = ~ Y 45 in the method of Kahl-Jickel

[53], we obtain

1f _Iny
V= e”/ Mdy (4.3.10)
0 Yy

A numerical integration over the range of [0, 1] can be implemented very easily. This
range seems to be better than the range of [—00, co] because no guess about the cutoff is
necessary with the [0, 1] range. On Matlab, the numerical integration over this range can
be implemented with extremely fast speed. Using the Kahl-Jackel [53] approach, we have
verified that the prices obtained through the formulas (4.1.4) and (4.1.21) are exactly the
same. (In the numerical tests, the results are to the accuracy 10719 set for the Matlab
function quadl()). Next, we will give the comparison between the analytical solution and

the Monte-Carlo solution of the Multi-Heston model.

N k| b0 | & [v0)] p I{ézej

vi
1 [2.130.0850.27 | 0.091 | -0.86 | 2.48
2 [5.490.058 | 0.1 | 0.065| 0.96 | 31.84
3 [1.670.038] 0.2 |0.055 | -0.76 | 1.59
4 | 1.58]0.028] 0.1 | 0.045 | 0.91 | 4.42
5 [1.67 0018 ] 0.2 |0.075| 0.22 | 0.75
6 | 1.13 | 0.075 | 0.17 | 0.036 | -0.83 | 2.93
7 [ 4.31]0.047 | 0.15 | 0.045 | 0.2 | 9.00
8 [3.890.088]0.13 | 0.012 | -0.19 | 20.26
9 [2.91]0.052]0.18 | 0.045 | 0.55 | 4.67
10 [4.77 | 0.018 | 0.19 | 0.03 | 0.15 | 2.38

TABLE 4.2. Parameters for the Multi-Heston model test

59



| N[ Anal | C.I(10%) \ C.L(10°) | AE.(10%) | AE.(10°) | RE.(10%) | R.E.(107)

1 10.3493 | 0.3575+0.0208 | 0.34644+0.0065 | 0.0082 | 0.0029 | 1.1800 | 1.3568

2 10.5459 | 0.539740.0354 | 0.53854+0.0110 | 0.0062 0.0074 | 0.5256 2.0127

3 10.6603 | 0.67434+0.0431 | 0.66044+0.0135 | 0.0140 | 0.0001 0.9785 0.0166

4 10.7472 | 0.7324+0.0502 | 0.7454+0.0157 | 0.0148 0.0019 | 0.8841 0.3534

5 10.8442 | 0.87631+0.0616 | 0.842840.0184 | 0.0321 0.0014 1.5621 0.2244

6 | 0.9388 | 0.9251+0.0643 | 0.9460+0.0208 | 0.0137 | 0.0072 | 0.6377 | 1.0414

7 11.0212 | 1.03144+0.0725 | 1.0311£0.0232 | 0.0101 0.0098 | 0.4198 1.2698

8 | 1.1324 | 1.152940.0844 | 1.139240.0264 | 0.0205 0.0067 | 0.7286 0.7633

9 |1.2080 | 1.1754+0.0890 | 1.2148+0.0291 | 0.0327 | 0.0068 | 1.1010 | 0.6978

10 | 1.2375 | 1.1410+£0.0892 | 1.22584+0.0300 | 0.0965 0.0117 | 3.2468 1.1756

TABLE 4.3. Error behaviour as the number of Monte-Carlo simulation sam-
ples increases from 10* to 10°
N[ Anal. | crao!) [ cro? [AE(@0 ) ]AE(0?[RE@0)|RE(10?) |

1 ] 0.3493 | 0.3429+0.0063 | 0.34644-0.0065 | 0.0064 0.0029 3.0551 1.3568
2 10.5459 | 0.538340.0107 | 0.53854+0.0110 | 0.0076 0.0074 2.1242 2.0127
3 10.6603 | 0.6539+0.0130 | 0.6604+0.0135 | 0.0064 0.0001 1.4732 0.0166
4 10.7472 | 0.7366+0.0151 | 0.74544+0.0157 | 0.0106 0.0019 2.1185 0.3534
5 10.8442 | 0.841040.0176 | 0.8428+0.0184 | 0.0032 0.0014 0.5445 0.2244
6 | 0.9388 | 0.9332+0.0199 | 0.94604+0.0208 | 0.0056 0.0072 0.8505 1.0414
7 11.0212 | 1.019540.0222 | 1.031140.0232 | 0.0017 0.0098 0.2284 1.2698
8 |1.1324 | 1.1483+0.0251 | 1.13924+0.0264 | 0.0159 0.0067 1.8939 0.7633
9 | 1.2080 | 1.2366+0.0278 | 1.21484+0.0291 | 0.0286 0.0068 3.0847 0.6978
10 | 1.2375 | 1.2511£0.0283 | 1.2258+0.0300 | 0.0135 0.0117 1.4308 1.1756

TABLE 4.4. Error behaviour as d¢ is refined from 0.1 to 0.01

Table (4.3) is an example comparing the analytical result (denoted by “Anal.”) and
Monte-Carlo confidence interval (denoted by “C.1.”) for a vanilla call option based on the
N dimensional Multi-Heston model. The C.I. (m) columns are the confidence intervals

on 3 standard deviations with m Monte-Carlo simulation samples, which are expressed
St.Dev.

Jm

simulation samples, which are expressed by abs(Anal.-Mean) the absolute error between

by Mean + 3

. The A.E.(m) columns give the error results with m Monte-Carlo

the analytical solution and the Monte-Carlo mean whereas the R.E.(m) columns give the
St.Dev.

vm

results corresponding to a specific N value are computed with the parameters listed in

relative errors defined by A.E./( ). The Multi-Heston analytical and Monte-Carlo

Table (4.2) for dimensions from the first to the Nth included. The parameters are chosen

K;0;

1
5 >3 (see [72, 54]) so that the v; will not go to zero. The other parameters
j

to satisfy
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used in this test are r = 0.07, ¢ = 0, K = 6.15, S = 5.15, and T' = 1. The Euler Monte-
Carlo scheme is used with the time interval 6t = 0.01. We follow Glasserman [38] for the
Monte-Carlo algorithm.

Table (4.4) shows the error comparison between 6t = 0.1 and §t = 0.01 for 10° Monte-
Carlo simulation samples. Shaw [89] suggested that the Milstein scheme (see [38]) if used
with the Heston model will have the difficulty of computing the “Levy Stochastic Area”
for the first Heston SDE involving dS; because the stochastic variance v changes within
one time-step evolution of S;. Although pointing to an O ((5t)3/2) scheme proposed by
Kloeden and Platen [58], Shaw [89] recommended that the Euler method be used with finer
0t as the Euler method is much easy to implement. Table (4.4) shows that the discretisation
error resulting from a coarser §t = 0.1 is obvious; When the ¢ is fine enough as in the case
of t = 0.01, the relative errors look very much in the regular range and give the indication

that 6t = 0.01 is a sensible choice for the Euler simulation.

4.3.1. Easy Computation of Greeks and a Candidate for Karasinski. Shaw
[89] suggested with taking Greeks with respect to spot using the Heston formula is very
easy. It can be seen in (4.1.20) that we only need to multiply the integrand by —% and
—?z to get delta and gamma, respectively. Gatheral [36] suggested that the Greeks with
respect to the variance v and spot S are very easy to compute with the Heston formula
because A* and B* in the characteristic function (4.3.4) contain neither variance nor spot.
The same statement can be applied to the Multi-Heston formula as well. The rotation

counting of the Kahl-Jéckel algorithm will only need to run once for A and B; in (4.3.5).

The first and second order sensitivities of ¢ in (4.3.5) with respect to v; and S are

given
dp _i¢ Oy _ L,
95 = 5% oy, DY
Po  *rip Py 2
55T P e (B)" ¢ (4.3.11)
¢  i¢B]
8881/]- N S

With (4.3.11), the explicit formulas for the Greeks of V' can be easily written but since
the combined expressions of them are lengthy and do not offer new insight, we choose not

to include them here.
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A downside of the Heston-family stochastic models is slow to calibrate and difficult to
reach high accuracy in calibration. However, because both price and Greeks can be com-
puted with the analytical formulas with constant model parameters, the Heston-family
stochastic models with constant parameters can be quickly computed with these formu-
las. The characteristic of the constant-parameter Heston-family models being difficult-
to-calibrate but fast-to-compute will be echoed in the later chapter about the Karasinski

method, which could help improve accuracy in these models.
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CHAPTER 5

The Vanna-Volga Method

5.1. Some Background on FX Conventions

An exchange rate S means the amount of domestic currency needed to buy one unit

of the foreign currency [104],

_ Domestic Currency (5.1.1)

Foreign Currency

In the Black-Scholes model, an exchange rate .S is modelled by the geometric Brownian
motion [104]
dsS = (T‘d—Tf) Sdt + o SdW (5.1.2)

where rg is the domestic interest rate, r; the foreign interest rate, o the Black-Scholes
implied volatility, and W a Wiener process.

The difference between the domestic currency and the foreign currency has nothing to
do with a trader’s nation. It is used only to denote the domestic currency as the numeraire
currency. For example, in the quote of USD-JPY, yen is the domestic currency and dollar
the foreign currency; the option price computed by the Black-Scholes formula is given in
yen per unit of dollar (termed d pips). In FX trading, however, an option price can be
given by 6 different ways, namely domestic cash (d), foreign cash (f), % domestic (%d),
% foreign (%f), domestic pips (d pips) and foreign pips (f pips). Their relationships are

summarised below [104],

d pips =8 x %f = K x %d = KS x f pips
d = Notional x %d (5.1.3)
f = Notional x %f

where K is strike. The Black-Scholes price yields a value expressed in d pips.
A vanilla option, whose price will be denoted by U in this thesis from now on, has the
payoff of (S — K)T if it is a call option or (K — S7)" if it is a put. At some strikes, the

vanilla options have observable market quotes. In the FX market, the liquid vanilla options
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are quoted by their Black-Scholes implied volatilities but these volatilities are not quoted
directly by strikes; rather, the volatilities are quoted using the Delta values computed by
the Black-Scholes formula

A =¢e TN (¢dy), (5.1.4)

where N is the normal cumulative function,

de = In(S/K)+ (ra—ry+0%/2) 7
+ = ;

oNT

K is the strike, o is the Black-Scholes implied vol, 7 is the time to maturity , and

¢ =1, Call,
¢ =—1, Put.

There are just a few such liquid volatilities, namely 10A put (a put option with the
Black-Scholes Delta being —10%), 25A put (a put option with the Black-Scholes Delta
being —25%), at-the-money (ATM) (the strike where Acqy = —Apur), 25A call (a call
option with the Black-Scholes Delta being 25%), and 10A call (a call option with the
Black-Scholes Delta being 10%). In FX, the standard notion of ATM [104] in the market
quotes is the Delta parity where A.qy = —Apyut holds on K z7as although the value parity
notion of ATM (where call and put option values are equal on K a7y) also exists. The
equity option notion of ATM means S = K. In this thesis, we will follow the market
standard notion of ATM. Given the Delta parity, the ATM strike [82] is

2
Kary = Sexp ((rd —rp+ UA;M> T) (5.1.5)

where S is the current spot, o 47y is the ATM Black-Scholes implied vol, and 7 is the time
to maturity.

Among the five liquid strikes, the three strikes namely 25A put, ATM, 25A call are
most liquid. The o—A pairs are just a mapping for the o—K pairs for convenience; In
essence, the 0—A pairs are just a way of expressing the o—K pairs. Using the 0—A pairs
help to standardise the vanilla products across different currency markets. Compared with
non-intuitive strikes of vastly different scales in different currency markets, quoting the
same set of liquid A’s is obviously a better language.

Although the strikes of vanillas are not explicitly given by the market quotes, the strike

of a vanilla can be easily inferred from the Delta and the market Black-Scholes implied
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volatility associated with it using [104]

K = Sexp |—oN 1 (¢A ) o/T + (rd —rf+ U;) 7':| ) (5.1.6)

This formula is simply inverted from the formula of the Black Scholes Delta (5.1.4). The
discrete liquid strikes are often referred to as the wvol pillars.

5.1.0.1. RR and BF - Simple Skew and Kurtosis Indicators. The skew and kurtosis
are statistically defined as the third central and fourth central moments respectively [78].
The normalised skew (denoted by u3) and kurtosis (denoted by p4) of a random variable

X with standard deviation ox are defined by

EB[(X -~ B(x))]

H3 = o3 ’
X
E|(x - B(x))]
M4 = 0_4
X

When X has a normal probability density, pug = 3 holds, so uq4 — 3 is called the excess
kurtosis. To use the statistical definitions directly on the state price X = Sp of the
underlying will not be easy in practice. Since there are only a handful of such liquid pillars,
it is convenient to define some parameters based on the liquid vol pillars to describe the
skew and kurtosis of the underlying return as well as the slope and curvature of the implied

volatility smile. We define
RR=o0.—0p
Oc— 20aTM + 0p
2
where o, is the implied volatility of an out-of-the-money call, o, the implied volatility of

(5.1.7)

BF =

an out-of-the-money put, and o 47,7 the implied volatility of the at-the-money option. RR
is called the risk reversal and BF' the butterfly.
Usually the volatility of 25A call is used for o. and the volatility of 25A put for o,.

From (5.1.7), oo5Acan and oosapyt are given by

095ACall = 0ATM + BF +0.5RR (5.1.8)

oo5APut = 0aTM + BF —0.5RR

Sometimes we run into situations when risk reversals and butterflies are expressed with
vanilla prices rather than volatilities. For the sake of consistency, in this thesis, RR and

BF are reserved for risk reversals and butterflies expressed by volatilities whereas RR and
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BF are used to denote risk reversals and butterflies expressed not by volatilities but by
prices:

RR = Upsacan — Ussaput
BF - Uzsacau — 2U;1TM + Ussaput
Carr and Wu [14] and Wu [102] state that in the quotes of FX options RR is used to

(5.1.9)

describe the skew pg and BF indicates the level of the kurtosis p4. This can be easily seen
from the quadratic implied vol fitting function given by Wu [102]. Wu [102] suggested that
the Black-Scholes implied vol smile can be approximately fitted by the following quadratic

function using the skew and kurtosis of the underlying return as its coefficients:

o (k) = oarn <1+’g”k+ “42;3/#) (5.1.10)

where
_In (K/F)

k N7
oAaTMNT

K : Strike, F': Forward Price

Let the three liquid log-strikes be denoted by kj, karas, and k., which correspond to
the implied vols o, o a7rM, and o, respectively. With the quadratic function (5.1.10), RR

and BF can be approximately written as

f —3
RR ~ %(kc—kpwr“‘*% (k2 = k2) | caras

_3 k3+k2 bt b (5.1.11)
BF = H4 <( p) —k,24TM> "‘& <(p)_kATM> AT

24 2 6 2

pa — 3
24
term. In the BF equality, karps can be approximately viewed as the middle point of the

In the RR equality, the

(k2 — k2) term is usually far smaller than the % (ke — ky)

two strikes k. and k, on its two sides, hence (k. + kp) /2 — karam ~ 0. So the equalities in

(5.1.11) can be simplified:

RR =~ %(k‘c_kp)O'ATM

—3 [ (K2 + k2 (5.1.12)

The approximate linear relations between RR and p3 and between BF and p4 suggest
that it is a sensible approximation to use RR and BF as simple measures for the skew and

kurtosis of the underlying return, respectively.
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5.2. Vega Hedging and the Vanna-Volga Method

First, we will introduce some Greeks that are relevant in the discussion in this chapter.

The Black-Scholes Greeks Vega, Volga, and Vanna are defined by

BS
Vega = oV
o ‘gBS
Volga = ——5— (5.2.1)
626‘9-35
Vanna = 9595 "

where VB is the Black-Scholes option price and ¢ is the Black-Scholes implied volatility.

5.2.1. Hedging Against Volatility Risk. FX option products are built on exchange
rates, which are fast moving and inclined to have significant skews. The flat vol Black-
Scholes model is obviously not suitable for the task of accurate estimation of the mark-
to-market price. Stochastic or local vol models can be used but high quality calibration is
often required for these models. There are two problems: firstly, calibration takes time to
complete and the market may drift a bit since the last calibration or even during calibration;
secondly, the option prices can be very sensitive to spot and volatility changes, and even
small errors in estimates of spot and vol may result in unacceptable errors in prices.

A common industrial practice that reduces the risks of a model is through hedging.
Hedging the risk of spot is straightforward because the spot S (the currencies in the FX
market) is a tradable asset. As volatility o is not directly traded, the difficult part is the
hedging of the volatility risk. In the FX market, in order to hedge the spot and volatility
risks of a target option whose price is denoted by V, one can construct a portfolio IT"**
including some currencies represented by the exchange rate S and in the simple case a
number of just one vanilla option whose price is denoted by U™

This portfolio can be written as
Mkt — ymkt _ A — U™k (5.2.2)

where A and w are the numbers of currencies and the vanilla option held in the portfolio,
respectively: mkt denotes “market”. Note U™* is observable in the market and V™ is

not.
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The relationship between the change of value of II"™* and the changes in the values of
S and U™kt is
dIT™kE = qVmkt _ AdS — wdU™k (5.2.3)

The exact dynamics of the market are unknown. Therefore A and w have to be
computed with a specific model that is hoped to approximate reality. Assume both S and

its instantaneous vol follow diffusion processes

ds = (..)dt+ odW;

do = (..)dt+(...)dWs
where dWidWs, = pdt and (...) means the coefficient is not specified. Assume V™°¢ and
U™ed are the option prices under this model. Assume also V™% and U™ are twice

differentiable w.r.t. S and o.

We rearrange (5.2.2) into
Hmkt — mGt . Vmod —w (Umkt . Umod) + Hmod

where IT™0d = ymod _ A G _ ,[ymod,
Ignoring the second-order terms, dII can be expanded through It6’s Lemma and will

have the following stochastic terms

dekt}Stoch. = d [mG:t _ Vmod —w (Umk:t _ Umod)] 4
avmod 8Um0d avmod aUmod (524)
< a5 STV a8 )ds+< 9o Yoo >d“

When A and w are chosen to satisfy

avmod aUmod

A = -
as Y as
8vmod 8Um0d
= 5.2.5
w Oo / Oo ( )
the dS and do terms in dIT™°% will be eliminated and dekt’Smch. will follow
mkt ~ mkt _ yrmod __ mkt _ rrmod

dIl ‘Stoch. ~d [V v w (U U )] (5.2.6)

To have a perfect hedge, dekt‘Stoch. needs to be zero as well. That will require

d [Vm’“ —ymed _y, (Um’“ - Umod)} =0 (5.2.7)
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avmod aUmod
oo oo

is impossible unless the market and the model coincide. However, if V™4 and U™ are

There is no guarantee that w = makes (5.2.7) true. So a perfect hedge

computed with a model closely following the market but with a slightly wrong o, the

expression (5.2.5) can be written as

w =

o-mkt _ O-mod O-mkt _ O-mod

8vmod aUmod mGt o Vmod Umkt o Umod
75~ )/( )

hence

ymkt —ymed g (gt — grmet) o, (5.2.8)

and therefore

dekt

. ~d {mGt _ Vmod —w (Umkt _ Umod)] ~ 0.
toch.

When the stochastic terms are eliminated, in the ideal case described above, dIT™*t

will grow at the risk-free rate r,
dII™F ~ P II™RE gy (5.2.9)

For real cases, however, the hedged portfolio will not be entirely free of risk.
The equality (5.2.8) means that V™ +w (U™ — U™°4) can be used to approximate

the market price. Hence a good candidate of mark-to-market price is
f}mkt — yymod +w (Umkt N Umod) (5210)

where w is given by (5.2.5).
When the model is the Black-Scholes model, and ¢ is the ATM Black-Scholes implied

vol, (5.2.10) is rewritten as

f}mkt _ VBS" 4w (Umk:t o UBS‘ ) (5211)
CATM

OATM

where BS denotes the Black-Scholes model and

aUBS
/ do

OATM

ovhs
YT o

(5.2.12)

OATM
This is just Vega hedging under the assumption that the model is closely following the

market.
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If (5.2.11) is to be used to price an option in the FX market, a practical requirement
is that this pricing method must be able to produce the market prices on the three of
the most liquid strikes described earlier, namely 25A put, ATM, 25A call. With only
one market input variable U™* (5.2.11) obviously cannot fit the prices of all three liquid
strikes. Naturally, (5.2.11) can be extended to

(5.2.13)

UATM)

3
{rmkt BS kt BS
Vet — v }O'ATM—'_Zwk (U]gn _Uk ‘
k=1

With three market input variables U,Tkt, 1 < k < 3, it is possible that the mark-to-
market price V' will be able to fit the prices of all three liquid strikes. So the remaining

issue is how to determine the weights wy. With one market input, w in (5.2.12) is computed

by making VBS | —wUBs ’ Vega neutral. With three market input variables as

OATM OATM

in (5.2.13), in relation with the one market input case, a way of computing the weights

wg is by making VBS’ — Zizlw Ubs oarar Vega, Volga, and Vanna neutral. The
3

=D p1 W UBS‘

Vega, Volga, and Vanna neutral is called the Vanna-Volga (VV) method, which will be

OATM

formula (5.2.13) combined with wy computed by making VBS‘

OATM OATM

discussed next.

5.2.2. Castagna and Mercurio Representation of the Vanna-Volga Method.
The above-mentioned Vanna-Volga (VV) method was first mentioned by Lipton and McGhee

[66]. The option price computed by the VV method is

3
VV _ {/BS kt BS
VW= VBS| 13 (U,g” — U} \UATM) (5.2.14)
k=1
where the weights wy, satisfy
oV BS > oups
do |, - Z ko0
ATM k=1 OATM
OQVBS 3 82U£S
—— = > w2k (5.2.15)
do TATM k=1 do TATM
92y BS 3 aQUkBS
9005 “k 9085
TATM k=1 TATM

This method was invented and adopted by FX traders based on empirical understand-
ing, and is almost exclusively limited to the FX world. An obvious reason that this has

largely been an FX tool may be because only in FX do we see so few strikes available; a
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consistent pricing method will need to agree with the market values on a limited set of vol

pillars. The price correction zg:wk (U mht _ 7BS ) is often called the “overhedge” [104] in
banks. =

Assume that k = 1 denotes the 25A put strike, k = 2 denotes the ATM strike, and
k = 3 denotes the 25A call strike. In FX trading, the flat vol used for VBS and UkBS is
frequently updated to the current ATM market implied vol, hence Uy = UQBS . In this

case, we have

VYV = VES oy (07— UPS|, ) g (U5 - UFS (5.2.16)

UATM>

If V' is the price of a vanilla option with the price U (K), Castagna and Mercurio [16]

gives the unique solution to (5.2.15),

_ v(K)In£2m L B V(K)ln%ln% B l/(K)anﬁlanﬁ2
w“i= Ko K3 Y2~ Ky Ky W3 = e (5.2.17)
v(K1)In 2 In 22 v(K2)In g2 In 22 v(K3)In 22 In 22
where
aUBS
v(K) = =5— (K) = Spe TNV Tp (dy (K)) (5.2.18)
and

In 9+ (rg—ry+30%) T
dy (K) = —K (rdm/;f 27") (5.2.19)

In the above formula, ¢ is the normal density function, r4 the domestic interest rate,

and r the foreign interest rate.

Due to the analysis given by Castagna and Mercurio to this formula of the VV method
(5.2.14), we name it the Castagna and Mercurio representation so as to differentiate this
representation from other representations which will be discussed later.

The minimum consistency test is to see whether this pricing method will agree on the
market prices of three plain vanillas. This agreement can be easily verified by the following

VYV prices on the three liquid strikes:

UVV(K,) = UBsS (Kl)‘UATM +1x (Umkt (K1) — UBs (Kl)‘O'AT1M> — [Jmkt (K1)

9444 (KQ) — [UBs (KQ)‘UATM +1x (Umkt (KQ) _yBs (KQ)‘UATM> — [ymkt (K?))

Uvv (K3) = UBS (Kg)‘UATJV[ +1x (Umkt (K3) — UBs (KS)‘O'ATNI) — [Jmkt (K3)
(5.2.20)

where UYV (K) means the VV price at K. The above equalities hold because we can tell
from (5.2.17) that w; (K;) is 1 when ¢ = j, zero when i # j.
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Although the VV method is empirically found to be useful, it has not been adequately
studied. Castagna and Mercurio [15, 16| showed that the VV method produces results
rather close to those of the SABR [40] model for the smile between the 10A put and
10A call. Castagna and Mercurio also attempted to provide an explanation for the VV
method. Castagna and Mercurio constructed a hedged portfolio consisting of a target
vanilla instrument (so V' = U (K) in (5.2.14)), AS amount of currency, and a portfolio
of three liquid vanilla options which is expressed by 22:1 wiUk. In trading, AS is used
to hedge the Delta risk and the portfolio of vanillas at the vol pillars are used to hedge
the Vega risk. Suppose at a particular time all of the option prices are valued by the
Black-Scholes formula. However, the implied volatility is stochastic so the Black-Scholes
prices are constantly revalued to the new volatility as the time ¢ progresses. When there
are changes in the option price U (K), exchange rate S, and vanilla prices Uy, the hedged
portfolio will change in value. The change in value of the hedged portfolio is expressed by

Ito’s Lemma: s
dVP% — AdS =) wpdUP®

k=1

3
= dUP% (K) — AdS = > " wpdUP®
k=1

JUBS (K) S~ oUPS
==Y w dt
ot = ot
oUPBS (K) oups
+ | = A Zwk k_1ds
oS oS
B s Lo (5.2.21)
N oUPS (K) 3 s\
oo — (:k oo g
aQUBS (K) OQUkBS 9
2 952 ;”’“ a5z | (4%
1[2UBS (K) < 9UPS )
2 Oo? - — Wk Oo? (do)
32UBS 3 82U£5
T 0800 Z“’ 9500 | 4940

where o is the ATM Black-Scholes 1mphed vol oarpr and the Black-Scholes prices and
Greeks are computed at o47p. By doing this expansion, the authors actually made an
implicit assumption about o 47ps being a function of variables following diffusion processes,

which we will discuss later.
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[t6’s Lemma is used instead of Taylor’s expansion because here dt, dS, and do con-
ceptually represent a step of stochastic movement from the present time. When S is
assumed to follow a diffusion process and the Black-Scholes implied volatility o is as-
sumed to be a function of diffusion processes, the higher-than-second-order terms will be
zero in the statistical sense; this will be further discussed a bit later. The purpose of

(5.2.21) is to pick the weights wy and A so that the expectation of the future growth of

3

dvBS — AdS — ZwkdU,fs is zero. In reality, however, continuous hedging in (5.2.21)
is not possible, l;;lld discrete hedging takes place instead. The higher-than-second-order
terms may not be zero in the discrete hedging case; but as these terms are in higher order,
they are usually much smaller than the lower order terms. We can also say that (5.2.21)
is a truncated Taylor’s expansion, which appears to be in the same form as the [t6’s ex-
pansion. If (5.2.21) was regarded a truncated Taylor’s expansion, almost all of our late
analysis would be the same. In the analysis of the VV method in this chapter, however,
we agree with Castagna and Mercurio in using the It6’s Lemma because we want to em-
phasise that the VV price is conceptually based on choosing the hedging strategies so as to
achieve the zero expectation of hedging error in the Black-Scholes world looking into the
future period dt immediately after the present time ¢. In a later chapter on the Karasinski
method, we will use the Taylor’s expansion in the analysis because the Karasinski method
will be assumed to have no model error and have only parameter value estimation errors at
the present time ¢. By contrast, the VV method has no parameter value estimation errors
because S and o7 are observable in the market; but the VV method has a model error
(the flat-vol Black-Scholes cannot be right for a market with a smile), hence a hedging
argument applies to the VV method. This subtle difference can later be seen in the barrier
option example where a P factor is needed in the VV method but not in the Karasinski
method.

The authors suggest that this expansion about o4rps may be thought of carrying
contradiction because the Black-Scholes implied vol is usually viewed as a constant. But
this can be justified because FX traders habitually run their books by hedging with the
flat vol Black-Scholes model, and continuously updating the at-the-money volatility to the
market level. Therefore, UP¥ (K) and UP® can be simply regarded as functions of the

stochastic ATM volatility, and the values of these functions happen to equal the stochastic
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price movements of these instruments. Therefore, this analysis captures the essence of
traders’ hedging and there is no contradiction.

Castagna and Mercurio argue that after the stochastic components are balanced out by
choosing the VV weights wy, (5.2.15) and A for (5.2.21), dUP® (K) — AdS — 22:1 wrdUPS

will have to grow at the risk free rate:

3
dUPS (K) = AdS = " wpdUP®
k=1 (5.2.22)
=1rq |UPS(K) = AS =) " wpUP?| dt
k=1

Note that the above equality only makes sense in the Black-Scholes model values and it

3
does not mean that the market value of the portfolio dU™ (K) — AdS — Z widU* will
k=1
grow at the risk free rate.
Castagna and Mercurio made an example to illustrate how the hedging will perform in

market reality. We will make it a bit more general. (5.2.22) can be re-arranged into

3
— AdS = wpdUp™
k=1

3
a [UPS (K) + 3wy (U — UfS)

k=1

3 3
~ry [UBS (K)+ > w (U,T’“ - U,fs) —AS = w Uk | dt
k=1 k=1
hence :
dUYV — AdS = widUi™
k=1
3
=rq |U"V = AS = " wp U™ | dt
k=1

If the VV mark-to-market price UV is indeed the market price, w, will make a perfect
hedge. In reality, it is impossible to have a perfect hedge because the VV price of an option

VYV cannot be a perfect duplicate of the unobservable market price V.

5.2.2.1. Model Consistency of the VV Method with the Liquid Prices U,?”‘kt. A funda-
mental requirement of a model is the ability of fitting the liquid market vanilla prices U ,g”kt.
Castagna and Mercurio [16] gave the consistency proof for the VV method based on the
analytical solutions of wy using the Black-Scholes formula and the specific combination of
sensitivities Vega, Volga and Vanna. We will show the VV method keeps the required price

consistency on the liquid strikes regardless of the choices of sensitivities.
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Assume that wy are computed with three sensitivities, whose operators are defined by
D1, Dy and Ds3. Each D is not limited to Vega, Volga or Vanna; instead it can be any
sensitivity allowed by the Black-Scholes model.

Without loss of generality, assume that we try to price the vanilla U; with the VV
method. Hence (5.2.15) becomes

DlUlBS|O'AT]W - wi DlUlBS‘UATM + w2 DIUQBS‘UAT]W + wg D1U3BS‘UATM
DQUlBS{aATM = w DQUlBS‘UATM + wo DQUQBS‘JATM + w3 DQU?J’BS‘UATM (5.2.23)
D3U1BS|UAT]M - w1 D3UIBS’UAT]W + w2 D3U2BS‘UATM + w3 D3U3BS’UAT]\J
to which w; =1, we = 0, w3 = 0 is obviously a solution.
Assume the matrix
Dl UlBS ‘O'ATM Dl UQBS ’UAT]W Dl U3BS ’UAT]\/I
A= DUPS| - DUPS| o DoUPS| (5.2.24)
DS U]‘BS ‘UAT]M D3 UQBS ‘UATIW D3 USBS ‘UATM

is invertible; under this assumption, the weights w; admit a unique solution. Under this
assumption, wq; = 1, wy = 0, w3 = 0 is the unique solution. Therefore, the VV price for
Uy is Ufrodel 4 1 (UHt — ggrodel) = Umk - a perfect fit of the market price of the liquid
vanilla. For the other vanillas Uy and Us, the same proof applies.

From the above analysis, we can see what types of sensitivities (Vega, Volga, or Vanna)
do not matter much in fitting the market vanilla prices on the liquid strikes with the VV
formula. What is important is that the number of liquid vanillas is equal to the number
of sensitivities so the solution wy = 1, w4 = 0 can be obtained for a liquid vanilla Uj.

Although the error of the VV formula on the liquid vanillas is zero, the combination of
sensitivities used in computation of wy is not arbitrary; it has an effect on the error on the
prices of options on strikes that are not liquid. We will analyse the error between the VV
and market prices under different market assumptions later. We will use a test to show

how the choice of sensitivities affects the error.

5.2.3. Implicit Assumptions in Castagna and Mercurio’s Hedging Analysis.
5.2.3.1. Option Prices Depending Only on Current Spot. An obvious assumption for
the Castagna and Mercurio’s hedging analysis (5.2.21) is that the option prices only depend

on current spot as far as the spot is concerned. If the target option V is a path dependent
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option whose price is based on a history of spot prices, there will be extra terms in (5.2.21).
In the similar analysis in the following text of this thesis, we will make the same assumption
unless specified otherwise.

5.2.3.2. oarpm being a function of variables following diffusion processes. By taking the
Itd’s expansion in (5.2.21), Castagna and Mercurio actually made an implicit assumption
about the process of the ATM Black-Scholes implied volatility o a7as being a function of
stochastic variables following diffusion processes. For example, if the market follows the
CEV model the Black-Scholes implied vol depends only on S; if the market follows the
Heston model, the Black-Scholes implied vol depends on S and v; if the market follows the
double-Heston model, the Black-Scholes implied vol depends on S, v; and v5. So g7/ is
assumed to follow

oarm = oarm (S, X1, Xo, ..., Xp, ... XN) (5.2.25)

where each of the stochastic variables X,,, 1 < n < N, follows a diffusion process. So the

1t6’s expansion of o 47 will take the form of

N
doary = () dt+ ) () dWy, (5.2.26)
n=1

where dW,,, 1 < n < N, are the Wiener processes.

5.2.3.3. Hedging with Three Vanillas or One? In the hedging of the portfolio in (5.2.21),
the aim is to remove the stochasticity of the portfolio, It is easy to see that the coefficients
of do, (do)?, and dSdo will be zero when (5.2.15) holds. Hence making the coefficients of
do, (do)?, and dSdo in (5.2.21) all zero would require three vanillas.

However, because o is assumed to follow the process (5.2.26), (do)* and dSdo can be
rearranged to become part of the dt term. It appears that holding w units of just one

hedging vanilla would be needed to cancel out the coefficient of the do term. The [t6’s
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expansion of the portfolio of an option V', some currency and one hedging vanilla U gives

dVBS — AdS — wdUBS
oves  pubs
= [ w } dt

ot ot
ovhs oubs
A —w——|d
1 o5 Y755 ] S
N oves - oute
% W o (5.2.27)
1 62‘/BS 82UBS p
+§ 852 — W 852 :|() t
1 82VBS aQUBS
+§ 00_2 — W 80’2 ()dt

82vBS 82UBS
* [ 9500 “ 9500 ] () dt

where o is the ATM Black-Scholes implied vol o 473s and Vv Bs , UBS and their Greeks are
evaluated at oa7pr.

If we have the perfect knowledge of (5.2.25), using one vanilla to hedge is quite enough,
VBS 8UBS

by making 9 w . There are three practical problems with this approach. First,
o o

the relationship (5.2.25) is not directly market observable. One may calibrate (5.2.25) based

on one’s view on the market. (5.2.25) depends on the model of choice. But there is no
market consensus on what specific model the market is exactly following and what are the
parameters for this model. So it is likely there is always imperfection in the understanding
of the function and parameters of (5.2.25). Second, even if our choice of model is perfectly
following the market, it is not realistic to expect continuous calibration to make the model
parameters perfect in tune with a fast changing market. Finally, as we have discussed
earlier, the price correction formula based on only one vanilla instrument will not be able
to fit all the market prices on three liquid strikes.

In light of the practical issues, a simple way of removing the concern over oaras
movement is through making the coefficients of not only do but also (do)2 and dSdo zero.
This approach does not require the knowledge of the specific model and parameters of the
o process at all. But with only one hedging vanilla, it is impossible because just one w

cannot possibly satisfy three equalities

8VBS aUBS 82VBS 82UBS 82VBS 82UBS

oo o0 ' 00z Y002 ' 8500 V9S00

where the above Greeks of VS are evaluated at o7y
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That is why the VV method demands three vanilla instruments. The FX market seems
to be lucky enough to happen to have three liquid vanillas. This perhaps explains why the
VV method was invented in the FX trading community. With three liquid vanilla options,
the VV weights computed by (5.2.15) cause the uncertainty in (5.2.27) to go away.

So in the hedging analysis in this thesis later on, we will always choose to cancel out
do, (do)? and dSdo terms unless otherwise specified.

Note in Chapter 7, we will introduce another method called the Karasinski method,
which is based on using the right market model with some slightly wrong parameters. In
the discussion of the Karasinski method, which has no model error but has a parameter
uncertainty error, the focus is to remove the parameter uncertainty. However, there is
hardly any parameter uncertainty in the VV method, for which the model parameter
oarm is market observable. With a model error but no parameter uncertainty error, the
VV method is based on a hedging argument whereas the Karasinski method will be shown
more appropriate to follow a parameter error argument. We will further compare these

two methods later in the thesis.

5.2.4. Alternative Castagna and Mercurio Form. It was pointed out by a referee
of the Castagna and Mercurio [16] paper that the VV price can alternatively be expressed
by the sum of the Black-Scholes price, and a linear combination of Vega, Volga, and Vanna

of the Black-Scholes price.

Define
Ulmkt _ UlBS VUBS
C = Uénkt _ UzBS B = VUB;S
Ugnkt o U?)BS V%S
7 oAy (5.2.28)
w®), 7%, (U), wi
A=\ (UF),, ), U, w=| @
(UlBS)o'S (UQBS)JS (U3BS)O'S CATM w3

The VV price gives

VW=vVBS| 40w
TATM (5.2.29)
B=A -w
hence
vVV = vBS| +C - A"B (5.2.30)
OATM



Define Y = C" - A™' = (y1, y2 ,y3). (5.2.30) can be written as

VW=vBS|  +v.B
aTM . (5.2.31)
+ 1 VUBS‘ BS + 3 BS

— yBS
=V } 42 Voo OATM oS loarm

OATM OATM

The above Y is independent of VB ‘GATM. Therefore, it can be computed just once,

which is a major benefit of using this representation. This expression of VVV

may be
viewed as a combination of the ATM vol price, hedging costs of Vega, Vanna, and Volga at
the ATM vol. The process of computing Y can equally be viewed as a simple calibration

based on three market vanillas.

5.2.5. Conceptual Difficulties with the VV Method as a Hedging Tool. As-
sume a portfolio consisting of an option whose unobservable market price is denoted by
Vmkt some currency AS, and a portfolio of three liquid vanillas with the sum of mar-
ket prices %wkU}f’“t. A change of market portfolio value driven by the changes in the

underlying price and volatility follows

AV — AdS = "wpdUp

k 2.32
_ BS . BS mkt _ 1, VV (5.2.32)
=dV AdS § wrpdU?” +d (V 1%
k

where VB and U,fs denote the Black-Scholes prices valued at oaras, and VVV denotes
the VV mark-to-market price.
The above equality holds when the mark-to-market price V'V is chosen to be the VV

price described in (5.2.14), which can also be re-arranged into

dv¥VV — AdS = wpdU™

s k s (5.2.33)
= dVP% — AdS = wpdUy
k
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Expanding dV % — AdS — ZwkdUkBS by It6’s Lemma gives
k

dVBS — AdS — Zwkd UpBs

ovBs oups ov oUps
—_—— dt — A k_|d
ot R ot a8 zk:”’“ s | %
82VBS aQUBS
+§ 55 W askz S*o?dt (5.2.34)
k

ot 052 ot 052
aVBS

oV Bs S 2aszs_Z k<aU,§ 752 , OPUP )

aUBS

— A — Zwk

where the do, (da)z, dSdo terms have been cancelled out with the choices of the VV
weights wy, computed through the Vega, Volga, and Vanna neutrality in (5.2.15), and the
Black-Scholes prices and Greeks are computed with o47;.

Choosing the Delta hedge

ovhs ouUps

A= as_k“’“as’

(5.2.35)

we will make the coefficient of dS; zero. From the fact that VPS and UkBS satisfy the

Black-Scholes PDE

— —rqu =0, (5.2.36)
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we obtain
8VBS 1 5 o 62 VBS
—S“o
ot 2 052

8UBS 1 82UBS
Zwk< k +§S20_2 k )
k

ot 052
ovBs
_ . 1BS .
_r;lV (rg —rg) S 55 .
oup
—Zwk rqUPS — (rg —rp) S——k
oS
k=1 i
=1y VBS o ZwkUk;BS (5237)
L k i

BS BS
—(rg—ryg)S v —ZwkaUk

=ry |VBS — ZwkUkBS —(rqg —rp) SA

+rrSA

=rq |V = SA =Y wUP°
k

Combining (5.2.37), (5.2.34) and (5.2.33), we obtain

dVBS — AdS = "wpdUP®
k

(5.2.38)
=rq |VP5 = SA =N w,UP5| dt + rpSAdt
k
With the VV formula (5.2.14), (5.2.38) can be changed to
dvVV — AdS = "wpdUp
g (5.2.39)
=rg |VVV = SA = wp U | dt + rpSAdt
k
and
AV — AdS = "wpdU
k
=g |V SA = S "W U dt + rpSAdt (5.2.40)
k

(VI VYY) g (V- VYY) e
Here we see the hedged portfolio locally grows at the rate of ry, the domestic risk
free rate, plus d(mGt — VVV) -1y (mGt — VVV) dt. There is also an rpSAdt term.
To explain this term, we notice the similarity between (5.2.36) and the standard Black-
Scholes equation with dividend payments. The foreign rate 7y corresponds to the dividend

rate. rpSAdt means the initial cash SA grows at the rate of ry, which can be viewed
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as the dividend delivered by the foreign interest. The component d (mGt — VVV) is still
stochastic; therefore the risk has not been fully hedged away.

If the VV price VVV follows V™ exactly and V™ — VYV grows at the rate rq,
the market portfolio in (5.2.40) will always grow at the rate r4. However, the mark-to-
market price V' cannot possibly be a perfect copy of V™ so a perfect hedge is impossible,
making the VV method not a perfect arbitrage-free hedging tool. However, as the VV price
is considered a very good mark-to-market price, in particularly for vanillas, the difference
d (mGt — VVV) is usually not large. We will demonstrate this using numerical analysis
on the performance of the VV price later.

Therefore, the above analysis shows that the VV method is not a perfect hedging
tool theoretically; it is not possible to ascertain that the VV method is free of arbitrage.
However, we will show in a hedging test with the VV strategies later in this chapter that
the VV method can be an excellent hedging tool with very low hedging error and very

small standard deviation of hedging error in a stochastic simulated market.

5.2.6. The VV Method Expressed by Risk Reversal and Butterfly. If we use
the risk reversal RR = Us — Uy and the butterfly BF = (Us —2Uz + Uy) /2 (both are
defined in (5.1.9)) to replace the vanillas U; and Us, respectively, the VV price (denoted

by VERBF=VV i this representation) will take the form of

——mk ——BS
VRRBF-VV _ VBS\ + wgg (RR - RR ) +
OATM ag
ATM (5.2.41)
w (Umkt _ UBS ) v (BE™ _ BE5S
ATM \Y AT M ATM o arp BF caTM
where
——BS oy raad
oy BS ORR OUiTy  OBF
Jo dg 0o dg RR
92V BS PRR PULS, 9*BF
A e o o e | 02
=~ BS opBs
>V 2RR~  0%UBS,, 9°BF YBF
0S0o oATM 0Sdo 0S0o 0S0o oaTM

Remember that Us is Uty RR and BF are composed of Uy, Uy and Us. They can be

viewed as liquid prices. According the analysis for the VV method, VERBF=VV defined by

——mkt ——mkt
(5.2.41) will produce the market prices UA”{?}&V[, RR™" and BF " ; therefore, the market

prices Ut UM and UM can be produced by this VV formula.
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VRRBF—VV

We will now prove that the price is just a different form of the V¥V price.

Both prices are actually equal to each other. By the definitions of RR and BF , (5.2.41)

can be rearranged to

RRBF-VV __ 1,BS Kt BS
1% —v }UATM+Zwk (Um _ut \UATM) (5.2.43)
where
1
w1 -1 0 3 WER
wy | = 01 —1 WATM (5.2.44)
1
w3 1 0 5 wﬁ

Equations (5.2.44) give

1 1
Wﬁ —2 0 5 w1
warm | = 11 1 wo (5.2.45)
wap 10 1 ws
Combining (5.2.42) and (5.2.45) gives
——BS ——BS
oVBS ORR™"  oUBS,, OBF" L1
Jdo oo oo do —— 0 B
21/ BS —5BS BS
628‘/ = 8222}32 82gAQTM 32?2 11 1
g? o o o
BS oo”
oV PRR 0°UBS, O*BF 10 1
0500/ loaru 0590 0500 0500 /) losru

oups  oups oups

Jo4 Jo. Jo4 Wi
_ 8?UlBS 82 UQBS 8?U3BS .
o2 o2 o2 2
8S80' 8580 8S80' OATM

w3

Therefore, VERBF=VV — y/VV always holds. The formula of VERBF=VV ig just a different
representation of the VV price VVV defined in (5.2.14).

Because of Ukt = U2, oarar’ , (5.2.41) can be written as

VRRBF Vv _ VBS’

RNRmkt EVRBS ﬁmkt Eﬁ’BS
UATM RR B OATM —HUEI? a

UATM>

(5.2.46)

where wpp and wgp satisfy (5.2.42).

For easy reference, we will name this VV representation the RRBF-VV method.
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5.3. Traders’ Rule Representation

Wystup [104] described a representation similar to the RRBF-VV method, which was
also referred to as “the Traders’ Rule of Thumb” (this representation will be called the

“TR-VV” method in this thesis). This “Traders’ Rule” representation of the TR-VV mark-

VTR—VV)

to-market price (denoted by is expressed by

——mk ——BS
VITR-VV = yBS| +wpp <RRm "_RR )
TATM TATM 53.1
——mkt ——DBS (5:3.1)
twsn (BF — BF )
OATM
where
mGt
WER = —— Vmkt . Black-Scholes Volga on Market Vol
RR,
mkt
WgE = Aifnkt’ V;gkt : Black-Scholes Vanna on Market Vol (5.3.2)
oo
SRt 4 BS BS
RO'S = (U3 )O'S|o'3 B (Ul )05‘01
LN BS BS BS
L BFcra = 5 ((Ul )0'0"0'1 + (U3 )0’0"0’3) - (U2 )UU’U’ATM

where o is the market Black-Scholes implied vol for the strike of Uy, 09 = oaras is the
market Black-Scholes implied vol for the strike of Us, and o3 is the market Black-Scholes
implied vol for the strike of Us. Vm** and V;?Skt are a bit tricky. They are priced on the
Black-Scholes implied vol smile and not just on o 47)s. Suppose we are trying to price Eé,
hence Vmkt = R\l/?mkt; according to Wystup [104], R/vR?;n5 is defined above in (5.3.2) and

——mkt
RR. = (U33 s ) | (UlBS ) ‘ . According to the above definitions, the estimates
o1

oo oolos oo
of Vk and V;gkt for liquid strikes are straightforward because the market Black-Scholes
implied vols are available on these strikes. But for other strikes or an exotic option with
no strike parameter, it is unclear how V** and Vg’gkt can be exactly computed without
accurate information on the market Black-Scholes implied vol for the instrument V; a
simple approximation in practice is to just use the ATM vol to price them.

The TR-VV method also has a few assumptions [104], whose importance will be dis-

cussed later.
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The TR-VV formula can be re-arranged into

——mkt ——BS ——mbkt ——BS
<RR — RR ) (BF — BF
OATM kt
VmEt
o ——mbkt oo ——mkt
ATM RR.g BF..

VBS} + Cost of Volga + Cost of Vanna
OATM

TR-VV BS UATM> mkt
V ~ V } VO’S

[I>

(5.3.3)
Comparing (5.3.3) to (5.2.31), (5.3.3) appears to lack an explicit “cost of Vega” term,
which is the term containing VUBS}UATM in (5.2.31). However, it does not mean either
representation is wrong. It is easy to verify that the cost-of-Volga term in (5.3.3) is not
the same as the cost-of-Volga term in (5.2.31), and the cost-of-Vanna term in (5.3.3) not
the same as the cost-of-Vanna term in (5.2.31). We will later see that this missing Vega is
possible only when some assumptions are made.
Wystup [104] verified that the TR-VV method gives good fitting to the market prices

of the liquid vanillas.

5.3.1. Assumptions of the Trader’s Rule Representation. The TR-VV made
the assumptions [104, 103] of zero Volga of the vanilla risk reversal, zero Vanna of vanilla

butterfly, very small Volga and Vanna of ATM vanilla options:

——mk ——BS
*RR™ _  9°RR .
do2 T do? -
OATM
oBr™ _ oBFT|
Assumptions : 9Soc 7 9Soc - (5.3.4)
OATM
PURfu o PUSM
Do ' 92
U, U
\ 9890 7 9S00

These assumptions hold in approximation in normal markets. But they are criticised
because they are not exact [104, 103]. From a hedging error point of view, we will analyse
the possible basis on which these assumptions are made.

A major difference between the TR-VV method and the RRBF-VV method is the way
by which w7 and w7 are computed. The formula for wz and wgz in the TR-VV
method seems to be some approximate form of the formula in the RRBF-VV method. We

will explore whether the assumptions (5.3.4) are linked to the specific formula to compute

WER and WEE in the TR-VV method.
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Applying the assumptions (5.3.4) to the formula of the RRBF-VV formula (5.2.42)

gives
——BS ——BS
oV Bs ORR oULs,, OBF
do do do Q\U/BS WER
82VBS _ 2BF y
701295 0 0 W AT M
——BS
& 82RR MEF
0800/ loaras 9S00 0 0 s
hence __pg
P i ’RR
RR 9890 oary 0800
21/ BS 2 BS T
- 0°V 0*BF
WBr = Ho2 o rar Ho2
OATM

Therefore, the mark-to-market price VI EBS=VV {efined by

BS
VTRBS-VV o yBS | j/vs% . rE™ _ RR®° )
RRSU TATM AT 5.3.5
VB ——mkt ——BS (5:3.5)
Yoo BF™ _ BF )
g
BFO_U o ATAL ATM

is an approximation to the RRBF-VV price defined in (5.2.46). For easy reference, we
name (5.3.5) the TRBS-VV method.
——mk ——mk
If we assume that U%’f&, RR" t, and BF ‘ are twice differentiable, through the

hedging analysis, we can similarly obtain the TR-VV price

Vmkt (ke —BS VIRt mkt ——BS
VTR-VV o yBS | 280 <RRm '~ RR ) + = (BFm '~ BF )
RRSU OATM BFo'o' OATM

(5.3.6)

Our analysis shows that the TR-VV method and the TRBS-VV method are just ap-
proximated methods to the VV (or RRBF-VV) method, which requires no assumptions in
(5.3.4). The computational costs are comparable between the VV method and the TR-VV
(or TRBS-VV) method. Computing Greeks of the vanillas costs little time because of the
existence of analytical solutions. Compared to the TR-VV method, the VV method will
only need to compute an extra Vega of the target option V. Given current computing
environment, the speed advantage gained in the TR-VV method does not seem to justify

the need for an approximation to the VV price. As a result, in this thesis, we will focus on
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the Castagna and Mercurio representation of the VV method defined in (5.2.14) and the

corresponding Karasinski risk correction method.

5.4. Error Estimation of the Vanna-Volga Price

5.4.1. Reflection on the Hedging Arguments. In the above analysis about the
VV price using the hedging arguments, assuming that the Black-Scholes implied volatility
follows a diffusion process, we find the VV price VVV in (5.2.14) and the VV wy, in (5.2.15)
will allow the portfolio value change VYV — A6S — Zw@Uﬁ”kt to grow at risk-free rate.
If the VV price VYV is a perfect duplicate of the marllzet price Vit =kt gymkt _
A6S — Zk:wkdU,g”kt will grow at risk-free rate too. However, the VV price cannot be a

mGt

perfect duplicate of , so the VV hedging strategies wy are not actually risk-free.

5.4.2. Black-Scholes Market with Flat Smile. We will now assume that V2% and
U,fs are sufficiently differentiable with respect to the model parameters so we can take
Taylor series expansion on them.

The flat vol Black-Scholes model has a single volatility parameter value oaras. If
the market has a rather flat smile, we can try to expand V™kt — y/BS |0’ATM and U ;"kt -
U ,fs |0'ATM around the single o o7 using Taylor series, where do is the difference between
the market Black-Scholes implied vol and o 47)s. By doing so, we actually assume that
the systematic error of the model is small and the main error between the model and

the market is in the volatility parameter. The Taylor series expansion around the model

volatility at the current time leads to

SV L mGt o VBS}
8VBS O—ATMl 82VBS
~ do+ - ——— (60)*+0 ((60)?
0o 2 002
e o )
o= U™ =U” |,
8U’€BS AT]Wl 82UkBS ) ( 3>
N —E— oo+ — (00)" 4+ O ( (d0)
80' TATM 2 60-2 TATM

where 00 = 0 — o o1, 0 being the unobservable market Black-Scholes implied volatility
for the instrument V.

Note we do not take It6’s expansion here with respect to the current volatility because
we are not concerned with the future progression of the volatility, hence no stochasticity

is involved.
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Substituting (5.2.15) into (5.4.1), we obtain
3
SV ~ SwdUs+ O ((50) ) (5.4.2)
k
where wy, satisfy (5.2.15). So we obtain

ymkt ~ O ((50)3) (5.4.3)

VBS‘UATM + Zwk (U;T’“ _ U’stloATM)
k

From (5.4.3), we see that the error between a model price and the sensible mark-to-
market price is cubic with respect to volatility using the VV method, given the precondition
that the model is a good model describing the market dynamics well but having slightly
biased volatility parameter. If the precondition does not hold, the mark-to-market price

V cannot be accurately expressed by the Taylor expansion of V5% ‘

oaryM’
2vBS 82UBS
Just from an error analysis point of view, ——— = g Wi is not
000S |, 0odS
ATM k OATM

necessarily needed to ensure a cubic convergence when 05 is always zero. However, the
2y/BS 92U BS
s, = Gk
00dS |, 0c0S
ATM k OCATM
the spot risk can be Delta hedged, but the Vega risk brought about by the spot movement

condition cannot be simply ignored because although

can not. That is why the computation of cost of Vega hedging needs to include the effect

82VBS 82 UBS
of 9005 = Zwk B ak 5 . We will show that the balance of the Vanna terms
TATM k OATM

is important in a numerical test later.

5.4.3. Market with Non-flat Smile. When the Black-Scholes implied volatility
smile is not flat, each strike will have its own implied volatility level. Conceptually, the
fact that derivatives for the same underlying but with different strikes can have different
implied volatilities seems to be in self-contradiction because the volatility is a property of
the underlying. If there is only one underlying, it appears to make more sense to use one
volatility for all strikes. Indeed, Derman & Kani [29] observed that prior to the 1987 market
crash, there had been no implied smile in the American equity market. Derman & Kani
[29] also gave an excellent explanation to the question why varying volatility for strikes
makes sense. In the Black-Scholes model, with the constant volatility, the underlying is
assumed to follow the lognormal distribution. Traders today do not view the underlying
as following the lognormal distribution, which the constant Black-Scholes vol implies. By

varying volatility for strikes, traders are essentially changing the underlying distribution
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by which they view the market. In today’s market, traders tend to view that the out-
of-the-money options are more risky than the at-the-money options, hence carrying a risk
premium that causes the vol smile to appear. The reasons for a non-lognormal distribution
include crashes (downward jumps cause fatter tail on the left side), clustering (One high
volatility period is often followed by another high volatility period) etc.

When the market has a smile, it is no longer appropriate to assume that the market
follows the Black-Scholes model but with a wrong vol. We will study the error behaviours

under different market assumptions later.

5.4.4. The VV Method and the Heston Model. Polishchuk and Carr [82] used
the perturbation method to expand the Heston vanilla price with the Black-Scholes price
VBS Yy BS VB and VIS

Assume the Heston model is written as

d
gs = (r—q)dt+JvdW
dv = k(0—v)dt+eb/vdZ

where dWdZ = ¢pdt and ¢ is very small. Let £ = eé and p = ep.
A Heston call price can be written as
VHeston — VBS' (6‘)

_ <a§2 _ Z) VBS (5) + oS yns (&) + ﬂ%svﬁs 6)] +0 ()

&3 527

e (5.4.4)
e

where «, (8, 7, 6 are functions of k, 0, £, p and time to maturity 7. The volatility & can
be calibrated to the ATM vol o 47ys. While Polishchuk & Carr [82] made the expansion of
Heston price around both £ and p, it is worth pointing out that Lewis [65] made a similar

expansion around . When £ and p are small, (5.4.4) can be approximately written as

VHestOn ~ VBS (O'ATM)

(5.4.5)
+21 VP (oarm) + 22V.ES (0 arnr) + 23VES (0 armr)

where x1, xo, x3 are functions of the Heston parameters and 7. The three coefficients can
be calibrated to three liquid instruments.

A comparison between (5.4.5) and (5.2.31) shows that the Heston model is roughly the
same as the VV method for a vanilla option when £ and p are small. (5.4.4) shows that

yHeston o yVannaVolga 4 () (£3). From (5.4.4), the VV method can be viewed as the first
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order approximation of the Heston model w.r.t. £ or p. When £ and p are large, the VV
price can no longer be viewed as a Heston price due to the existence of the higher order
terms in (5.4.4).

Although the results from Polishchuk and Carr [82] show that the Heston vanilla price
is about the same as the the VV price for small £ and p, the difference between these two
prices depends on the strike. When both the Heston and the VV models are well calibrated
to the three liquid strikes, meaning their prices are equal on these strikes, we believe it is
reasonable to expect that the price difference on a strike in between the two outer liquid
strikes will generally be smaller than that on a strike outside the two outer liquid strikes.
The numerical results to be presented later will support this statement. Our numerical
results will also show that the small price difference between the VV and Heston prices is
not limited to small £ and p.

Polishchuk and Carr [82] suggest that for exotic options, the above perturbation results
will not hold, and hence the above correspondence between the Heston and VV prices at

small £ and p does not apply.

5.4.5. The VV Method and the Gram-Charlier Series.

5.4.5.1. Option Pricing using the Gram-Charlier Series. The Black-Scholes model as-
sumes the normal asset return probability distribution. If the probability distribution of
an asset return is nonnormal, it is possible to express it with an expansion series based on
the normal distribution and the moments of the nonnormal distribution. This expansion
series is commonly known as the Gram-Charlier series in the literature [19, 31, 17, 28|.
Following [23], the Gram-Charlier series in a general setting is expressed by

m

P(z)mP™(2) =Y enHn(2) 6 (2) (5.4.6)

n=0
where P (z) is the nonnormal probability distribution, P™ (z) is the approximation of P (z)
using the first m terms of the series, ¢ (z) is the standard normal distribution with zero

mean and unit variance, and H,, (z) are the Hermite polynomials

n/2 k
(_1) n! n—2k
Hn (Z) = kzo mz 5 (5.4.7)



and the coefficients c¢,, are determined by
1 oo

Cp = H, (z2) P (z)dz (5.4.8)

ol )

Jarrow & Rudd [50], Corrado & Su [24, 26, 25|, Knight and Satchell [59] applied the
Gram—Charlier series to the Black—Scholes formula for vanilla options in order to model
the market skew and kurtosis in the distribution of stock returns. Madan & Milne [68],
Longstaff [67], Abken et al [1], Brenner & Eom [12]|, Potters et al [84], Backus et al [4]
have applied the Gram—Charlier series to the studies of financial economics. Marco Airoldi
[3] applied the Gram—Charlier series to Asian options with discrete fixings, reverse cliquet
options, and barrier options with discrete monitoring dates.

The Gram—Charlier series is usually truncated to the fourth moment. Corrado & Su
[24] suggest that adding more higher order moments to the series often leads to unstable
parameter estimates instead of better accuracy; for practical applications, it is recom-
mended to use up to the fourth moment. Because of the truncation, the Gram-Charlier
series with limited moment terms may not always be positive |28]; hence strictly speaking,
it is not a valid probability density distribution but an approximation to a probability
density distribution. A nonnormal probability distribution P can thus be expressed by the

Gram-Charlier probability distribution PE¢ (z) [26]

P(2) m POC(2) = 6(2) | 1420 (9 32) 4 1420 (20— 622 1. 9) (5.4.9)

where u3 and py are the normalised skew and kurtosis of P (z), and z is defined by

L In (S7/So) — (r—o%c/2) T
- — , (5.4.10)

and St is the underlying price at the maturity, Sy is the current underlying price, r is the

interest rate, ogc is a volatility parameter to be calibrated from the market, and T is the
time to maturity.
Corrado & Su [26] gives the call option price by integrating the payoff function

C = e_TT/KOO (St — K) P (2 (S7)) dz (St) (5.4.11)

= Cps+p3Q3+ (14 —3)Qu
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where Cpg is the Black-Scholes price (3.2.3),
1 2
Q3 = §SOUGCV\/T ((2000\/T— d) ¢ (d) — UGCTN(d)> )
1 2 3 43/2
Qi = pSoaeVT ((¢2 = 1=3806eVT (4= 06eVT) ) 6 (d) + obc TN (d))

g log(So/K) + (r — 5040)7T)
ocoVT ’

and ¢ () is the standard normal distribution, N () is the cumulative normal function

(3.2.4).

Since the model parameters ogc, w3 and g are to be calibrated to the market prices,
the Gram-Charlier model involve potentially time-consuming and inaccurate nonlinear op-
timisation. Compared to the Gram-Charlier model, the VV method has a clear advantage
in not requiring calibration.

5.4.5.2. Probability Density Function of the VV Method. Breeden and Litzenberger
[11] suggest that the state price probability density function can be obtained by taking the
second derivative of the call option price with respect to the strike. Castagna and Mercurio
[15] give the probability density function at the maturity based on the VV price
Y Tei44 (K) = T 920BS

OK? OK?

s 82w1 m r 8%3 m
+ T (U1 o UPS) 4 g (g - U3BS> (5.4.12)

p"V(K) = (K)

Notice the ATM price difference Uzgfjt\/[ -U ffﬁ v = 0 because the Black-Scholes implied

vol is calibrated to the ATM vol, and e™” 82%2'5 (K) is the the normal distribution g (z).

We will use the following approximate equalities for the vanillas:

0 (UF)

OATM
o UBS
OATM

where o7 is the Black-Scholes implied vol of U{”kt and o3 is the Black-Scholes implied vol

of Ukt,

Combining (5.4.13) and (5.4.12) gives

PV (K) ~ ¢ (2 (K)) + A(K) (RR’”’“) + B(K) (Bkat) (5.4.14)
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o1+ 03

where the risk reversal RR™* = g3 — o1, the butterfly BF™* = 5 — 09, and
A(K) = 1 T 0’ws 9 (UF7) _ T 0%w; 9 (UP?) :
2 0K? 0o 0K?2 0o
OATM OATM
B (K) — T 82“‘}1 9 (UIBS) erT 32(4}3 9 (U3BS)
OK?2 Qo OK?2 Qo
OATM OATM
A (K) and B (K) are function of K because wy, are functions of K.
Combining (5.4.14) with (5.1.12) gives
~ —3\ ~
PV (K) ~ (2 (K)) + %A(K) + <“44, ) B(K) (5.4.15)
A(K) =~ A(K) (ke kp) oaru
~ k2 + k2

A and B are not the same as the Hermite polynomials H3 and Hy described by (5.4.7)

so the probability density functions p¥'V and p©C are not exactly equal.

5.5. Performance of the VV Method for Vanillas

We will study the performance of the VV method under different market assumptions.
First, we will assume that the Black-Scholes model follows the market but the Black-
Scholes implied vol used for the model is wrongly estimated. Next, we will test how the

accuracy will be under the Heston, CEV, SABR and Merton Jump models as the market.

5.5.1. Model Follows Market but with Wrong Parameter Estimation. In this
section, we will present results for the cases where the Black-Scholes model resembles the
market but with wrong volatility estimation. The market has the market volatility but
the model adopts a volatility slightly different from the market vol. The case of a model
potentially using a model parameter value different from the true market value is quite
common in practice.

The market is assumed to be a vanilla call option with the market Black-Scholes implied
vol, and the model is the same call option but with a mispriced Black-Scholes implied vol.
This instrument and the hedging vanillas have the following parameters: the maturity
T =1, the spot S = 5, the domestic rate rq = 0.03, the foreign rate r; = 0.02, the market

Black-Scholes implied vol o, = 0.25, the 25A put strike K5, = 4.42, at-the-money
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0Absolute Relative Error under the Flat Vol Black—Scholes Market
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FiGUuRrE 5.5.1. Cubic Convergence of the VV Price Error in a Flat Vol
Black-Scholes Market. (See text for parameter values)

strike Ky = 5.21, 25 call strike Ko5. = 6.14, the strike of the instrument to be priced
K = Kary + 0.5 (Kaose — Karar). Figure (5.5.1) compares the convergence behaviours
of the Black-Scholes price and the VV price. With log scales, the rate of convergence is
clearer. The model Black-Scholes implied vol o,,,q4 shifts away from the market Black-
Scholes implied vol o+ by some percentage that is expressed by the (mod — Tmkt) /Omkt
axis.

The resulting absolute relative error of the Black-Scholes price is |V (oykt) — V (0mod)| /V (Omkt),
which in this plot demonstrates a first-order convergence. By comparison, the absolute rel-
ative error of the VV price ‘V (Omkt) — VVV‘ /V (0mke) achieves the far better third-order
convergence. Not only is the third-order convergence result outstanding, the absolute value
of the VV price error drastically drops to a level that is negligible whereas the absolute
value of the Black-Scholes price errors are still in the range of dozens of basis points in
this case. This means that the VV price performs much better than the model price alone
in absorbing the error caused by the model parameter (Black-Scholes implied volatility)
mispricing. The VV price is a rather stable price that is capable of retrieving the true
price even if the model parameter is slightly wrong. The amazing characteristic of the VV

price comes from the market information the vanillas on the vol pillars provide.
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5.5.2. Heston as the Market - Model Dynamics Do not Follow the Market.
We have illustrated the situation where the market is more or less the Black-Scholes world
but the Black-Scholes model is used with imperfect model vol parameter that is different
from its market counterpart. Now we will present comparisons made between a market
and model that are not so similar in their dynamics.

In the Black-Scholes world, the concept of volatility is expressed by a single parameter,
the Black-Scholes implied volatility. The Heston model does not use the Black-Scholes
implied vol as its sole volatility parameter. Rather it relies on several parameters to

describe the volatility of the market. The Heston model is described by

ds = (Td—’l“f)Sdt—i—S\/lde
dv = k(0 —v)dt+¢&J/vdZ

(5.5.1)

where the correlation of dW; and dZ; is p. Elder [32] in a study of hedging strategies used
the Heston model as the assumed market. To understand better how the Vanna-Volga
price is different from that of the stochastic model, we will follow Elder [32] to use the
Heston model as the market truth.

Figure (5.5.2) shows the Black-Scholes implied vol comparison of the Heston, Black-
Scholes and VV models. The parameters for the Heston model and the option are x = 1.1,
0 =009 ¢=027p=-07 1 =009 7=06, 5 =25,rg =003 and ry = 0.02.
The parameters for three liquid strikes are Ky = 4.3, Ko = 5.05 and K3 = 5.7. The
Black-Scholes price is calibrated at the strike Ko against the Heston price on Ks. So the
ATM Black-Scholes implied vol for the VV method is backed out by the Heston price on
K>. The weights wy, in the V'V price formula are computed using the Heston prices on the
liquid strikes, hence the VV and Heston prices exactly agree on the strikes K;, Ko, and
K3. Figure (5.5.3) gives the relative error between the Heston and VV prices. The relative
error is defined by

Error

Relative Error = Vmarket (5.5.2)

where Error = V/market _ ysestimate,

In this test, Vmarket = yHeston anq yestimate — yyVV - Rigures (5.5.2) and (5.5.3) show
that between Ky (K1/S = 0.86) and K3 (K3/S = 1.14) the price difference between the
Heston model and the VV method is small (the relative error is less than 0.05%). Outside

of the range of interpolation between K; and K3, the price difference increases quickly
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FIGURE 5.5.2. Black-Scholes Implied Vol Smile of Heston, Black-Scholes
and VV

but a range of extrapolation still allows small price difference between the Heston and VV
models. Overall, the fitting of the VV price to the Heston price is excellent in the range of
0.8 < K/S < 1.2. The Black-Scholes model calibrated to the ATM vol displays increasing
differences with the Heston price as K is further away from the strike Ko.

Figures (5.5.4), (5.5.5), and (5.5.6) display the behaviours of the relative error defined
in (5.5.2) when the parameters are varied. The option in these comparisons is a European
call at K = 0.5(K2+ K3) = 5.35. We use this strike for more testing because (5.5.3)
shows that the price difference between the Heston and VV models at K is relatively
bigger compared to other strikes between K; and Ks. The top plot of Figure (5.5.4) is
the same as the bottom plot except that the bottom plot shows the data on —1 < p < 0
and 0 < £ < 0.5 whereas the top plot shows the dataon —1 < p< —-1land 0 < ¢ < 1. Of
the two plots of Figure (5.5.4), the ranges of p and & in the bottom plot are usually the
realistic choices for the Heston model in the market. For the normal ranges of parameters,
Figures (5.5.4), (5.5.5), and (5.5.6) show that the relative errors between the Heston and
VV prices are small, usually in the order of 1073, This suggests that the VV price is an

excellent alternative to the Heston model, at least for vanilla options.
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FIGURE 5.5.3. Relative Error between Heston and VV Prices

5.5.2.1. Comparison with the Cases of One Hedging Vanilla and Two Hedging Vanillas.
Echoing the earlier analysis made on the relationship between (do)?, (dodS) and dt and
the argument whether less than three hedging vanillas would be good enough, we will study
the effect of reducing the number of vanillas used in the VV formula on the Heston-VV
price difference. The parameters are the same as the previous tests.

With the option with strike K5 as the only Hedging vanilla, the VV price formula will

be
v BS oUps
do Jo

With both Ky and K3 as the Hedging vanillas, the VV price formula will be

VVVI—vBS 4 (U;nkt - UQBS> , where

OATM OATM

VVV2 _ yBS 4, (U2mkt _ U2Bs> T ws (U3mkt _ UéBS)

where
oV Bs oups  oups
Jo — o Jo w2
82 VBS' 8§U2BS 02 UgBS vy
80-2 TATM 80-2 60-2 OATM

Figure (5.5.7) shows the difference between the Heston and VV prices using only one
or two hedging vanillas. The model and option parameters are the same as the case of
the three hedging vanillas in the assumed Heston market. The left plots are shown with

Black-Scholes implied vol smiles and the right plots are shown with relative errors (defined
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FIGURE 5.5.4. Relative Error between Heston and VV vs p and &

in (5.5.2)) of the option prices . The top plots are made with one hedging vanilla and the
bottom plots are made with two hedging vanillas. With one hedging vanilla at Ks, the
VV formula can only perfectly fit the price at Ko. With two hedging vanillas at Ky and
K3, the VV formula can perfectly fit the prices at K2 and K3. The relative error increases
quickly when K is away from Ko with one hedging vanilla. With two hedging vanillas, the

relative error is held relatively small between the strikes of these two hedging vanillas. But
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FIGURE 5.5.5. Relative Error between Heston and VV vs 0, vy and &

Relative Error between Heston and VV Prices

Relative Error

FIGURE 5.5.6. Relative Error between Heston and VV vs 7 and p

a comparison between (5.5.7) and (5.5.3) reveals that the difference using three hedging
vanillas is much smaller than the two-hedging-vanillas case between Ko and Kj.

Figure (5.5.8) shows the plots of relatives errors vs p and £. The option used is a
European call at K = 0.5 (K2 + K3). Although the relative error of the case of two

hedging vanillas is smaller than that of the case of one hedging vanilla, a comparison with
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FIGURE 5.5.7. Heston, Black-Scholes and VV with One/Two Hedging Vanillas

the case of the three hedging vanillas in Figure (5.5.4) reveals that the relative error of the

three hedging vanillas is much smaller than either of them.

AVolga
do

VV method, wy is computed by balancing the Vega, Volga and Vanna of

5.5.2.2. wy, Computed by Vega, Volga, and Using Three Liquid Vanillas. In the

VB5 and the wy,
weighted sum of Vega Volga, and Vanna of U,f 9. From an error analysis view, the choices
of Vega, Volga and Vanna are not arbitrary. For a flat vol market, as shown earlier, the
choices of Vega, Volga and Vanna cancel out the first and second order error terms about
the Black-Scholes implied vol.

We will explore how the error behaviour changes when this Vega, Volga, Vanna com-

bination is altered. In the combination of Vega, Volga and Vanna, we will replace Vanna

oVolga oVolga
oo do

instead of Vanna will still allow the VV method to fit the market prices on the liquid

with

, where o is the Black-Scholes implied vol. As analysed earlier, using

strikes. From an error analysis view, using a higher order sensitivity but leaving a lower
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FIGURE 5.5.8. Relative Error between Heston and VV vs p and £ with
One/Two Hedging Vanillas

order sensitivity unbalanced will likely make the error not on the liquid strikes become

bigger.
We will assume the Heston model follows the market. The parameters used in Figure

(5.5.9) are the same as those used in Figures (5.5.2) and (5.5.3). The only difference is
AVolga
do
instead of Vega, Volga, and Vanna. The left plot of Figure (5.5.9) shows the comparison

that in Figure (5.5.9), wy are computed with the sensitivities Vega, Volga, and
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FIGURE 5.5.9. Heston, Black-Scholes and VV (Vanna Replaced by

of implied vol smiles and the right plot shows the relative error between the Heston and
VV prices.

As analysed earlier, the market prices of the three liquid strikes are perfectly produced
by the VV formula using 8‘;(;@@

than the usual VV method using Vanna in computation of wy. Therefore, the combination

in Figure (5.5.9). But the error elsewhere is much bigger

choice of sensitivities is not arbitrary.

5.5.3. CEV as the Market. The Constant Elasticity of Variance (CEV) model [48]

assumes that the underlying satisfies
dS = (rq —ry) Sdt + o S*dW (5.5.3)

where dW is a Wiener process, o is the volatility parameter of the CEV model, and the
constant & > 0. The CEV model volatility of the underlying return is 0S*~!. When o = 1,
the CEV model is just the Black-Scholes model; when 0 < oo < 1, the CEV model volatility
of the underlying return increases as S decreases, giving the probability distribution a heavy
left tail and a less heavy right tail; when o > 1, the CEV model volatility of the underlying
return increases as S increases, giving the probability distribution a heavy right tail and a
less heavy left tail. While the heavy left tail distribution may be more common, the heavy

right tail is sometimes seen in options on futures [48]. The CEV model has the following
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formulas [48] for European call and put

v, ST (1=x*(a, b+2,0) = KeT""x* (¢, b,a),  0<a<l
call —
Se7 T (1=x* (e, =b,a)) = Ke7""x*(a, 2= b, c), a>1
y KeTdT (1 _ X2 (c, b,a)) — Se_TfTX2 (a, b+2, ¢), I<axl
put =
Ke 7 (1 - XQ ((I, 2-b ) C)) - Se_rfTXQ (07 *ba a) ’ a>1
where 2(1—a)
K2(1—a) 1 (Se(mfrf%-)
= y U= , €=
oo T W (=)ot

and y? is the cumulative non-central y? function. In Matlab, this function is ncx2cdf.

The parameters for three liquid strikes are K1 = 4.3, Ko = 5.05 and K35 = 5.7. The
parameters for the CEV model and the option are a = 0.6, 0 = 0.25, 7 = 1, § = 5,
rq = 0.03, and 7y = 0.02. Figure (5.5.10) shows the Black Scholes implied volatilities
of the CEV and VV prices for different strikes. Figure (5.5.11) shows the relative error
between the CEV and VV prices for different strikes; put prices are used before Ko and
call prices are used after Ko to compute the relative error. For the range between K7 and
K3, the relative error is less than 0.05%.

Figure (5.5.12) displays the relative error between the CEV an V'V prices for a European
put at K = (K; + K»3)/2 = 4.675 with respect to changes in ¢ and . When both
0 < o < 0.1 and a < 0.8 are satisfied, the relative error will increase as both ¢ and «
decrease. But for the most part of 0 < ¢ < 1 and 0.5 < « < 2, the relative error is less

than 0.05%.

5.5.4. SABR as the Market. Hagan et al [40] proposed the SABR (meaning “Sto-

chastic Alpha, Beta, Rho”) model, which is as follows:

dFF = aFPdw,
dao = vadW,

(5.5.4)

where dW1dWs = pdt, —1 < p < 1, F is the forward price of the underlying, « is the
stochastic volatility, v is the vol of vol (v > 0), and 0 < < 1. The SABR model is like a
CEV model with a stochastic volatility.

Castagna and Mercurio [16] gave results on the excellent agreement between the Black-

Scholes implied vols of the SABR and VV prices. We will show the relative error between
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FIGURE 5.5.11. Relative Error between CEV and VV Prices

the SABR and VV prices in Figure (5.5.14). The parameters for three liquid strikes are
Ky =43, Ky =5.05 and K3 = 5.7. The parameters for the SABR model and the option
are 3 =0.5,p=-05rv=037=15=5,r3=0.03, ry =0, the current vol oy = 0.4.
Figure (5.5.14) shows that within the range of the three strikes, the prices are very close

(the relative error smaller than 0.5%).
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We will further show how the agreement between the SABR and VV prices changes with
the model parameters 3, ag, p, v. Assuming the above parameters, Figure (5.5.15) and
Figure (5.5.16) show the relative errors between the SABR and VV prices for a European
put option at K = (K7 + K3)/2 = 4.675 with respect to changes in model parameters.

Because the negative p is arguably more common, the right plot of Figure (5.5.16) which

105



Relative Error between SABR and VV Prices

0.025

$8211d 10 o113 aAneay

-0.005

.05 11 1.15 1.2

1

95

0.9 0.

0.85

0.8

K/S
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FIGURE 5.5.15. Relative Error between SABR and VV prices

is a part of the left plot is shown as a separate plot. For most of the ranges shown in these

plots, the relative error is in the order of 1073.
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5.5.5. Merton Jump Diffusion' as the Market. Merton [71] developed the fol-

lowing jump diffusion model
dS = (rqg—ryg) Sdt + o SdW + (J — 1) SAN (5.5.5)

where ¢ is the volatility of the geometric Brownian motion, dW is a Wiener process, dIN
is the number of jumps that happen in dt, N follows the Poisson process P (N =n) =
(AT)" e~ /nl, X is the average number of jumps per year. The probability of a jump in dt
is Adt. The processes dW and dN are independent of each other.
J usually is assumed to follow the lognormal distribution with m being the mean and
6 being the volatility of the logarithm of the percentage jump size. For this lognormal
distribution of J, Merton [71] gave a semi-analytical solution to the European vanilla
option
o e 7 (Wr)"
V=>" TVnBS (5.5.6)
n=0
where \" = A1+k), k= exp (m—|—52/2) — 1 is the average jump size measured as a
percentage of the asset price, VnBS is the Black-Scholes price with the risk-free rate ry
adjusted to ry — Ak + nln (1 + k) /7 and the Black-Scholes implied volatility adjusted to
Vo2 +no?/T.
Figure (5.5.17) displays the comparison of Black-Scholes implied vol smiles of the Mer-
ton Jump and VV models. Figure (5.5.18) displays the relative error between the Merton

Jump and VV prices;put prices are used before Ky and call prices are used after Ky to

ISee [48, 52, 33] for the Merton Jump Diffusion.
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FIGURE 5.5.17. Black-Scholes Implied Vol Smile of Merton Jump, Black-
Scholes and VV

compute the relative error. Figure (5.5.19) assumes m = 0 and Figure (5.5.20) assumes
6 = 0.3. The parameters for three liquid strikes are K1 = 4.3, Ko = 5.05 and K3 = 5.7.
The parameters for the Merton Jump model and the option are o = 0.25, 7 =1, S = 5,
rqg = 0.03, and 7y = 0.0. For the ranges of 0 < 6 <1, =1 <m < 1, and 0 < A < 15,
Figures (5.5.19) and (5.5.20) show that the relative errors between the Merton Jump Model
and VV prices are in the order of 107*. All these test results suggest that the VV option

price is a sound alternative to the price obtained through the Merton Jump Model.

5.5.6. Gram-Charlier as the Market. The VV price does not seem to agree as
closely with the Gram-Charlier price as with the Heston, SABR, CEV, Merton Jump
prices. The parameters for three liquid strikes are K1 = 4.3, Ko = 5.05 and K3 = 5.7.
The parameters for the Gram-Charlier model and the option are 7 =1, S =5, r4 = 0.03,
rr = 0.0, ogc = 0.2, u3 = —1.2 and pug = 5. See the earlier section about the Gram-
Charlier model for the details about this model. Figure (5.5.21) shows that the Black-
Scholes implied smile given by the VV model is less fitted to the smile given by the
Gram-Charlier model than the smiles given by the Heston, SABR, CEV, Merton Jump
models. Figure (5.5.22) shows that the relative error between the VV and Gram-Charlier

prices is around 2% between K and K3.
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FIGURE 5.5.19. Relative Error between Merton Jump and VV Prices

5.5.7. A Study of the VV Method as a Useful Hedging Tool. We have shown
that the VV method is not an arbitrage-free method. Although the VV method is not a
perfect hedging tool theoretically, we are interested in knowing whether the VV weights
can be used to provide a good hedge in practice.

To serve this purpose, a test is done with the market being assumed to be a double-

Heston model (defined in (4.1.1)) and the instrument assumed to be a call option. Assume
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FI1GURE 5.5.21. Black-Scholes Implied Vol Smile of Gram-Charlier, BS and VV

k1 = 2.13, kg = 549, 6; = 0.085, 62 = 0.058, & = 0.27, & = 0.1, v; (0) = 0.091,
v (0) = 0.065, p1 = —0.86, p2 = 0.96, rq =0, 7, =0, S =5.0, K1 = 4.3, K3 = 5.05 and
K3 =5.7, K =5.35, and T = 0.25 as the testing parameters. The number of the Monte

Carlo simulation paths is 100, 000.
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FIGURE 5.5.23. Average Hedging Error and Standard Deviation of Hedging
Error per Hedge Interval with the VV Weights in a Double-Heston Market.
(See Text for Parameter Values)

The hedging error per hedge interval is computed by §V™* — A§S — S wi6U ,;”kt (Note
k
the hedging error is dIl — rIIdt, where II = V™kt — AS — ZwkUngt; but we set the
k
interest rates zero so that rIldt is zero, so the hedging error dII is expected to be zero in

the Black-Scholes model world.), where the market option values are computed with the
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double-Heston model and the hedging weights wy and A are computed by the VV weights
(5.2.15) and the delta hedge (5.2.35) in the Black-Scholes world. The actual hedging error
in the simulated double-Heston market can reveal how well the VV weights perform as
valid hedging strategies. For a three-months dated vanilla call option, Figure (5.5.23)
shows that the hedging error per hedge interval is decreasing in the first order as the
number of hedge intervals increases (corresponding to an error of O (0t), where dt is the
size of hedge interval), and the standard deviation of the hedging error per hedge interval
is decreasing approximately in the order of O ((5t)3/ 2). Furthermore, for this test, the VV
weights demonstrate a superb hedging precision that is very close to static hedging; when
there is just a single hedging interval, Figure (5.5.23) gives very good hedging error already;
when the number of hedging interval is just 10, the hedging is in very high accuracy.
Because of the demonstrated very low hedging error and the very narrow distribution
of the hedging error, at least for the vanillas, the VV weights have the potential to be an

excellent hedging tool.

5.5.8. Summary of Key Findings for Vanillas. (1) Based on our numerical anal-
ysis, the VV price can arguably be an excellent alternative to the Heston, SABR, CEV,
Merton Jump prices for vanilla options because the VV price is very close to the Heston,
SABR, CEV, Merton Jump prices. The Heston, SABR, CEV, Merton Jump models must
be calibrated. The VV method requires no time-consuming calibration, which is a sub-
stantial advantage. The agreement between the VV and Heston, SABR, CEV, Merton
Jump prices is true for a wide range of parameters. Although the VV formula is proved
roughly the same as the Heston formula only for small £ and p as Polishchuk et al [82]
suggested, the VV and Heston prices remain very close for a wide range of £ and p values.
(2) The RRBF-VV price is the same as the VV price; the Traders’ Rule price is just an
approximation to the RRBF-VV price. (3) The VV price is very flexible in modelling dif-
ferent smiles. We know that the Heston, SABR, CEV, Merton Jump model can not be fit
to any vol smile; each of these models is only good for certain types of smiles. But the VV
method can always be fitted to the three liquid strikes, suggesting the VV method is good
for a wide range of market conditions. (4) It is important to use three hedging vanillas
U in the VV formula. Using only one or two hedging vanillas will result in a substantial
increase of error; using only one hedging vanilla will make the VV method fit one market

price and using only two hedging vanillas will make the V'V price fit only two market prices.
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With perfect estimates of market prices on the liquid strikes by the VV method, on other
strikes there are underestimates and overestimates. (5) The errors between the VV and
Heston, SABR, CEV, Merton Jump prices outside the range between K; and K3 increase
quickly as the strike is further away from this range; it suggests that the interpolation of
the VV method has better results than its extrapolation. (6) For vanillas, the VV method
will always match the market prices on the liquid strikes. For exotics, however, there is
no guarantee that for certain conditions the VV method will produce a perfect match to
the market price because no market exotic prices can be observed. For example, an exotic
option with a fixed strike parameter priced by the VV method on the liquid strikes will not

necessarily give the market prices. (7) The VV weights may be excellent hedging strategies.

5.6. The VV Method for Exotics

The VV method is empirically believed to produce excellent mark-to-market vanilla
prices. Our analysis above has revealed that the VV method is a highly accurate alternative
to the Heston, CEV, SABR, and Merton Jump models. While the calibration process can
be time-consuming for the Heston, CEV, SABR, and Merton Jump models, the VV price
incurs no calibration cost. However, for exotics, there is no consensus whether and when
the VV method has as good performance on exotics among the traders. While the VV
price is often the default pricing method for vanillas, the VV price is often one of the
pricing choices for exotics.

For different exotics, the VV method is not equally received in banks. One type of
exotics for which the VV method is often used in banks is barrier options. Also because
the VV method used with barrier options has an additional correctional factor in the VV
formula, we will focus on the barrier options in the next chapter.

In this chapter, we will analyse what types of exotics are likely to benefit from the VV

method and what types are not, and the reason for that difference.

5.6.1. Unbalanced Vanna Terms - Breakdown of the Hedging Analysis for
Path Dependent Exotics. In the previous hedging analysis, we take the It6’s expansion

for the portfolio dVP% — AdS — deUES with respect to current spot S and the ATM

k
Black-Scholes implied volatility; then in order to cancel out the stochastic terms in the
expansion, we arrive at the formula to compute the VV weights wy defined in (5.2.15). For

vanillas, taking the Itd’s expansion this way is fine.
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As we point out earlier in the discussion about the implicit assumptions for the hedging
analysis, for the path dependent exotic options, this analysis may not apply very well. For
instance, when the Black-Scholes exotic option price V is determined not only by the
current spot S but also by a function of a history of spot prices (for Asian options this
function is the average of spot prices S; for lookback options this function is the minimum
Siin Or maximum Sy, price), the VV weights wy will not be enough to cancel out all
of the stochastic terms in the 1t6’s expansion because there will be the unbalanced Vanna
terms in the It6’s expansion. Take Asian options for example, the unbalanced Vanna term

82VBS o o a2UBS
— dSdo a7y because the Vannas of the vanillas w.r.t. S, _k are
9S00 |y ,0.. 9500 |g4p

zero as they are independent of S. In the Itd’s expansion, there are also (...)dS and

is

_ _ 1 rt
(...) (dS)2 terms but they are part of the dt term; that is because from S = t/ Sdt
0

we obtain d (tg) = Sdt, hence dS = gdt. So the unbalanced Vanna terms are the
main issue affecting the accuracy of the VV price for path dependent exotic options. As
shown in Figures (5.5.8) and (5.5.9), dropping or replacing the Vanna in the VV formula
to compute wy, will result in large errors. In this example, we discuss the dSdo 47y term
because the Asian option price (whether it is in the real market or in the Black-Scholes
world) depends on the average price S from the contract starting time to the present time
as well as depending on the current price level S, and to keep the dSdo a7)s term balanced
will not be enough. The Vanna-Volga method has not been known a popular method for
Asian options.

Just like the exclusion of the dS error terms, using the same type of the error analysis
as in (5.4.1) will not include the dS error terms because the present time S is observable.
In a flat-vol market, the error convergence order with respect to the Black-Scholes implied
volatility will also be like (5.4.2), oV =~ > wipéUp+ O ((50)3> . Like the dS error
terms, the dS error terms make sense in a hedging perspective.

Therefore, from the hedging argument, it can be argued that the VV method will
not work as well for the path dependent exotic options as for the options with a single
current spot dependence; thus digital options, depending only on the current spot in the
Black-Scholes model, should be a very good candidate for the VV method.

Among the path dependent exotic options, it can also be argued that the VV method
is more applicable to some exotic options than to the others. The VV method should be
more applicable to barrier options than to Asian or lookback options because the knockout
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barriers depend on the current spot just like vanillas unless the barriers are hit while the

Asian or lookback options always depend on a history of spot.

5.6.2. Performance of the VV Method on Digital Options. The digital options
are not path dependent. These options do not have the problem of unbalanced Vanna

terms in the It6’s expansion for the portfolio dVP% — AdS — Z wdU, ,f S, According to our

k
analysis, these options should work very well with the VV method. To verify our analysis,
we will apply the VV method to the cash-or-nothing options in a market assumed to follow
the Heston model.

A cash-or-nothing call has the following payoff :

1 S>2K . 0 S>K )
for call options, for put options.

0 S <K 1 S<K

The Black-Scholes closed-form formula [48| for cash-or-nothing options is

e T TN (dy), for call options,

e TN (—dy),  for put options.

where N is the cumulative normal function (3.2.4) and dy is defined in (3.2.6). The Heston
price for cash-or-nothing calls and puts can also be computed analytically. [65, 89]

The parameter values assumed in the test of cash-or-nothing options for Figures (5.6.1)
and (5.6.2) are the same as those assumed in the test of vanillas for Figures (5.5.3), (5.5.4),
and (5.5.5). Figure (5.6.1) shows the relative error between the Heston and VV prices for
Cash-or-Nothing options at different strikes. When K > S the call prices are compared
and otherwise the put prices are compared. Figure (5.6.2) shows that the relative error
between the Heston and VV prices for a Cash-or-Nothing call option at K = 0.5 (K2 + K3)
with different Heston model parameters.

The testing conditions are made exactly the same for the digitals as for the vanillas
because we want to find whether or how the difference between the VV and Heston prices
changes. By a comparison between the test of cash-or-nothing options and the test of
vanillas, we can see the VV price is almost as accurate for the cash-or-nothing options as
for the vanillas; across different strikes, the relative errors in both tests are in the order of

10~3; under the same model parameters, the relative errors stay in the same order as well.
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FIGURE 5.6.1. Relative Error between Heston and VV Prices for Cash-or-
Nothing Option

The confirms our early analysis that the VV method should work much better when

the option is not path dependent.

5.6.3. The Smile-VV Method for Exotics with a Fixed Strike. For an exotic
option with a fixed strike parameter, we will explore an alternative way of using the VV

method with the following steps:

o Compute the vanilla prices at each strike K using the VV method
e Obtain the Black-Scholes implied vol at each K
e Use the Black-Scholes model to compute the exotic price at strike K using the

Black-Scholes implied vol at K

In pricing some path dependent exotics, this method can have an advantage, which is that
the Black-Scholes implied vol smile is the same for the vanillas and the exotics. Since the
Black-Scholes implied vol smile obtained with the VV method is very good at matching
the market smile, it is reasonable to explore the possibility that the Black-Scholes model
may be able to produce good prices for some exotics with this smile, provided that the
exotic has a fixed strike.

For easy reference, we will call this method the Smile-VV method.
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FIGURE 5.6.2. Relative Error between Heston and VV Prices for Cash-or-

Nothing Option
5.6.4. Heston as Market for Fixed Strike Continuous Asian Option. The

It must be emphasised that this method is not intended for all path dependent ex-
otics. In the next section, we will explain why the Smile-VV method may be used as an

payoff of a fixed strike continuous Asian option is (?— K )+ for a call and (

approximation for Asian options in some cases.



_ 1 _
for a put where § = T / Sdt for an arithmetic continuous Asian option and S =

T
exp % / In Sdt | for a geometric continuous Asian option, [61] T is the maturity and K
is the str[i)ke.

For Asian options, as we will shortly see, the Smile-VV method is shown in examples to
perform much better than the Smile-VV method for lookbacks. The Asian option payoff
depends on the average underlying asset price from the present time to the maturity.
We will use the analysis of the geometric Asian option to provide a simple conceptual
explanation for the Smile-VV method.

Assuming the underlying follows the geometric Brownian motion dS; = u:Sydt +
01S1dWy where the instantaneous volatility oy may be random, Gatheral |36, 63| gave

a general path-integral representation of the Black-Scholes implied variance:
T
1
0

where
E [075¢Tps (S, 7)| Fo)
E[S7Tgs (St )| Fo]

in which T'gg (St, 77) is defined as the Black-Scholes gamma of a vanilla option Cgg with

v (K, T, t) £E° [of] £ (5.6.2)

the variance 7y
2

FBS (Stv 7t) é 882

Cgs (S, K, vy, T — 1)
and 7; is defined as
a1
1= —— | v(K, T, u)du

Tt
t

Because the definition of 7 relies on the history of v (K, T\ t), it is clear that (5.6.2)

is an implicit equation about v (K, T} t).
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The variance of In S ’ . satisfies
Geometric

T
_ 1
Var [ln S ‘Geometric] = Var T / In Sidt
L o0
-1 r 1 /
= Var T/ 1nSo+/<r—2a§> ds—i—/ades dt
L o0 0

T T
1 1 1
= Var IHS()“F T/(T—t> (7’— 20't2) dt—i_f (T—t) O'tth
rT T
1 1, 1
= Var f (T — t) —50'?5 dt + f (T - t) O'tth
L O 0

(5.6.3)

For simplicity of discussion, assume that the instantaneous volatility o is only a
function of time ¢, i.e. o = o (t). With this assumption, the definition (5.6.2) gives
02 = 0%(t) = v(K, T, t) (see Gatheral [36]), and hence from (5.6.3) the variance for

In g‘Geometric can be simplified:

T
— 1
Var [In S|Geometrlc 2/ v(K,T,t)dt. (5.6.4)
0

If v (K, T, t) is a constant (which is equal to the Black-Scholes variance 0% (K, T)
from (5.6.1)) with respect to time, the expression for the variance for In ?‘Geometric, (5.6.4)
becomes % fOT (T —t)*v (K, T, t)dt = 0% (K, T)T/3, hence

T
9 3 = 1 /3 2
obs (K, T) = ZVar [In S el = Fzv (K T, ) (T = 1) dt (5.6.5)
0

The right hand side of (5.6.5) can be viewed as the Black-Scholes geometric Asian

implied variance. Following the form of (5.6.1), we define

T
055 (K, T)| qeometric = / Geometric (fr 7 ) dt (5.6.6)
0
where
Z/Geometric (K, T, t) _ %I/ (K, T, t) (T _ t)2 (567)

So we now see that the reason why we introduced v (K, T, t) from the beginning instead

of just discussing 0% (K, T) is because we wanted to work out an equivalent version of
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v (K, T, t) implied by Asian option, p&°metric ()¢ T ), and through this we can compare
how the Black-Scholes vanilla and Asian implied variances differ.

When v (K, T, t) is a constant, we see from above that the Black-Scholes vanilla
implied variance is equal to the Black-Scholes geometric Asian implied variance, hence
ohs (K, T) = 055 (K, T) | Geometric:

When v (K, T, t) is not a constant, the equality (5.6.5) will not necessarily hold. In

this case, we will compute the difference

UBS (K’ T) - JBS‘Geometmc K’ T)
1 ’ 1 i 3
I/KTtdt—/ v(K, T, t)(T —t)*dt
T/ T) 12" )T =) (5.6.8)
0 0
T
1 2
= [ V(K. T.1) —3(T—t)}dt
0

Assuming v (K, T t) takes the simple term structure form based on the Taylor expan-
sion up to the quadratic terms of v (K, T, t) = ae~* 4  (which through (5.6.1) gives an
exponential 0% ¢ (K, T) with respect to T' (see [36] for this assumption)), i.e. v (K, T, t) ~
K, T).

1
a (1 — At + 2)\2752) + 0, we will compute the error of 0% (K, T) — GQBS’GeometriC (K,

This term structure and (5.6.8) give

J]233 (K’ T) - U%S‘Geometric (K’ T)
T
1 1
— :/’3/ {a (1 — M+ 2)\2t2> + 9} [T2 —3(T —t)?| dt (5.6.9)
1 43
I AT4 A2T5
1¢ 60

For the case in which oy is only a function of time ¢, therefore, when the term structure
decaying component is small (a is small) or there is not much decay (A is small), or the
maturity is short-dated (7" < 1), the Black-Scholes vanilla implied variance 0%¢ can be
used to approximate the Black-Scholes Asian implied variance 0123 S‘Geomemc.

For the general case where o; is not just a function of time ¢, and rather it can be

random or a function of S, the computation of Var [ using (5.6.3) is rather

S| Geomotic)
complex; as a consequence, the computation of pyGeometric (K, T, t) is difficult too. In this
case, in addition to a term structure, v (K, T, t) and vGeomettic (K T ) should have a
smile with respect to the strike K. We shall for this case provide a crude qualitative

analysis to get some intuition.
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Assume that v (K, T, t) = a (K, T) e ST 49 (K, T). Assume that pGeometric (T ¢)
also follows an exponential term structure but has different decaying rate and smile from
v(K, T, t), ie. vOeometric (g T ¢) = ¢* (K, T)e KD 9% (K, T). Therefore, we
obtain

U%S (K’ T) o UéS‘Geometric <K’ T)
T
1
= [a(K, T)e D L g(K, T)dt

N

o (K, T)e N U L g* (K, T)dt

|
Sl

1 1 — e NEDT 1 — ¢ MK DT (5.6.10)
“r "D S D TR wm T
+O (K, T)— 0" (K, T)

~ _% (a (K, T)—a* (K, T)A\(K, T)T

a(K,T)+0(K,T)—a* (K, T)— 6 (K, T)
+0 (a (K, T) N2 (K, T) T2, a* (K, T) (\* (K, T))2T2)

When the term structure decaying component is small (a (K, T') and o* (K, T) are
small) or there is not much decay (A (K, T) and \* (K, T) are small), or the matu-

rity is short-dated (T < 1), o%¢ (K, T) — (K, T) becomes smaller with

a 12915 | Geometric
the elimination of the first term in (5.6.10) (—5 (a(K,T)—a" (K, T))NK,T)T), and
approaches a (K, T) + 0 (K, T) — a* (K, T) — 6* (K, T). With the further assumption
that a (K, T)+ 0 (K, T) —a* (K, T) — 6* (K, T) is small, the Black-Scholes vanilla im-
plied variance 0]23 g can be used to approximate the Black-Scholes Asian implied variance
ohs | Geometric’

For lookbacks, the above analysis does not apply; thus we will later see that the Smile-
VV method performs not as well with lookbacks as Asians.

The Black-Scholes model price for the fixed strike arithmetic continuous Asian option
is computed through the PDE method developed by Vecer (2001[97], 2002[98]). The Vecer
approach assumes the same log-normal model (the spot follows the process (5.1.2).) for the
underlying as the Black-Scholes model. Through the Vecer method, a fixed strike Asian
call price option can be obtained by V = SyU, where Sy is the current spot level, and U

is the solution of the following PDE and terminal condition,
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1
U + = (z — e_rftqt)2 U, = 0
2 (5.6.11)
U(T,z) = (2)°

where

@ = —— (e—rf(T—t) _ e—rd(T—t))

(ra _1"”f) r K (5.6.12)
20 = (e—rfT _ 6—"’dT) _ —rqT
(ra —rp)T

The Black-Scholes model price for the fixed strike geometric continuous Asian option

is computed by the analytical solution given by Kemna and Vorst: [57]

‘/C(lll = Se(b_rd)(T_t)_N(dl) — Ke_rd(T_t)N(d2)
Vout = *Se(b_rd)(T_t)_N(*dl) + Ke_Td(T_t)N(*dg)

where

5 — log(S/K) + (b+ %0’124)(1_' —t)

_ log(8/K) + (b~ 5o3)(T ~ 1)
! oA(VT —1)

oAa(VT —1)

; W2

and

1 2
o4 =0/V3, b:2<rd—7‘f—2>

The market Asian option price and the market vanilla prices are assumed to follow
the Heston model. The Heston Asian prices are computed by Euler Monte Carlo simula-
tions. The market vanilla prices are computed with the closed-form Heston formula. The
parameters for the Heston model are k = 1.1, 6 = 0.09 £ = 0.27, p = —0.7, v = 0.09,
7 =06, 5 =5, rg = 0.03 and ry = 0.0. The maturity for the Asian and vanillas is
T = 0.6. The parameters for three liquid strikes are K1 = 4.3, Ko = 5.05 and K3 = 5.7.
The PDE (5.6.11) is solved with the code by Lehalle.[64] Vecer in his papers presented
results comparing with several different methods such as Monte Carlo for the no dividends
case, which the code well replicates. Over z € [—1, 1] and ¢t € [0, T], both the numbers of
spatial grid points and time steps are set to 500. For the Heston simulations, the number
of time steps is set to 500 and the simulation path number is set to one million. Under
these parameters, Figure (5.6.3) shows the errors and relative errors between the Heston
call prices and the VV call prices for different strikes; the errors and relative errors between
the Heston call prices and the Black-Scholes call prices are also included for comparison.
The Black-Scholes Asian call option prices are computed by using the Black-Scholes im-

plied vol at Kj. Figure (5.6.3) shows that the VV prices result in larger errors than the
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Black-Scholes prices for most strikes but the Smile-VV prices have much smaller errors
than the Black-Scholes prices across all strikes.

The Smile-VV method seems to work much better with the Asian options than the
VV method. The Smile-VV circumvents the issue of unbalanced Vanna that would be
encountered if the VV method is applied directly. Whether in the in-the-money or in the
out-of-the-money range of K, the Smile-VV prices achieve much better accuracy than the
VV or Black-Scholes prices. The relative errors of the Smile-VV prices are around 1% to
3% for most strikes; the relative errors of the Black-Scholes price are are around six times
those of the Smile-VV prices; the relative errors of the VV price are comparable to those
of the Black-Scholes prices.

Figure (5.6.4) displays the relative errors between the Heston and VV prices for an
arithmetic Asian call at K = 0.5 (K2 + K3) with respect to different Heston parameters £
and p. It shows that the VV prices are close to the Heston prices if either £ or p is small.
Especially, when & or p is close to zero, the relative errors are very small.

Figure (5.6.5) displays the relative errors between the Heston and Smile-VV prices for
an arithmetic Asian call at K = 0.5 (K2 + K3) with respect to different Heston parameters
¢ and p. Compared the VV price errors in Figure (5.6.4), the Smile-VV price errors are
much smaller. Under the same parameter values, as shown in (5.6.5), the Smile-VV prices
are roughly 10 times more accurate than the VV prices for Asian options. On the other
hand, the VV prices show a rapidly increasing error as the strike moves further out of
money away from the spot. This suggests that the dynamical behaviour of the VV model
appears to disagree with the market dynamics.

We will explain why the relative errors of the VV prices for arithmetic Asian options are
very small when £ and p are close to zero as shown in Figure (5.6.4). For Asian options,
as we have discussed earlier, the unbalanced Vanna term is dSdo a7y in the portfolio

dVBS — AdS — deU,fS . Because the market follows the Heston model, o473; can

k
be viewed as a function of current S, v, hence doarys containing the dS and dv terms.

_ 1 &
Assume S = — Z Si, where S; is equally sampled n + 1 times across the time period[0, ¢],
n
i=0
Sy, being S and t being current time. The continuous Asian option can be viewed as the

sampling of S; becomes extremely frequent. In dSdoars, the dSdS = (d5)2 part is just

part of the dt term. The dSdv part in the dSdoary terms is what is left unbalanced.
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FIGURE 5.6.3. Error (Left) and Relative Error (Right) with the Heston
Market for Arithmetic (Top) and Geometric (Bottom) Asian call Option

— 1 « 1
Now dSdv = — g dS;dv = —€pSvdt. Note dS;dv = 0 if i < n. When £ and p are close
n n
i=1
to zero, the dSdv term is insignificant in value; therefore, although the term dSdoaras is

unbalanced, it will only incur small errors in the VV prices if £ and p are small.

5.6.5. Heston as Market for Lookback Options. The payoff of a fixed strike
lookback option is (Syar — K)+ for a call and (K — Smin)+ for a put where Spax =
maxe(o, 7] (St) and Spin = minge(o 1) (S¢), T' is the maturity and K is the strike. The
payoff of a floating strike lookback option is (S — Smm)+ for a call and (S0 — S )+ for a
put. The Black-Scholes model price for the fixed strike lookback option can be computed
through the closed form formula developed by Conze & Viswanathan [22]. The Black-
Scholes model price for the floating strike lookback option can be computed through the
closed form formula developed by Goldman, Sosin & Satto[39].

The parameters for the Heston model are k = 1.1, 8 = 0.09 £ = 0.27, p = 0.7,
vp = 0.09, 7= 0.6, S =5, rg = 0.03 and 7y = 0.02. The maturity for the lookback and
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Relative Error between Heston and VV Prices

Relative Error

FIGURE 5.6.4. Relative Error between Heston and VV Arithmetic Asian
Call Prices w.r.t. £ and p Parameters

Relative Error between Heston and Smile-VV Prices

Relative Error

FIGURE 5.6.5. Relative Error between Heston and Smile-VV Arithmetic
Asian Call Prices w.r.t. £ and p Parameters

vanillas is T' = 0.6. The parameters for three liquid strikes are K; = 4.3, Ko = 5.05 and
K3 =5.7. Assume also t = 0 at the contract origination time. For the Heston simulations,
the number of time steps is set to 500 and the simulation path number is set to one million.

The left plot of Figure (5.6.6) shows the comparison of the assumed Heston market, the
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FIGURE 5.6.6. Prices (Left) and Relative Error (Right) with the Heston
Market for Fixed Strike Lookback call Option

VV and the Smile-VV and the Black-Scholes call prices at various strikes; the right plot
shows the relative errors at various strikes between the assumed Heston market call prices
and the call prices of the VV, Smile-VV and Black-Scholes models.

With the parameters set the same as those in the above test of Asian options, Figure
(5.6.6) shows that the VV method performs better on lookback options than on Asian
options. The relative errors of the VV method for this lookback test stay around 5% for
the in-the-money strikes and 10% for the out-of-the-money strikes. The relative errors
of the Smile-VV method are around 10% for the in-the-money strikes and 15% for the
out-of-the-money strikes. Both the VV and the Smile-VV methods have significant error
improvement over the Black-Scholes method. However, compared to path independent
options, the VV method does not work as well with the lookback options.

The left plot of Figure (5.6.7) shows the relative errors between the Heston market
prices and the VV prices for different £ and p values of the Heston market; the left plot
is for a fixed strike lookback call option at K = 0.5 (K3 + K3) and the right plot is for a
floating strike lookback call option. Overall, the general trend is that when £ and p are
small, the VV prices are close to the Heston prices. Similar to the analysis presented in the
last section, for lookback options, the dSy.q:doary or dSpindoarys term is unbalanced;
the unbalanced part in the dS;,ecdoary or dSpindo arys term will contain the dSy,q.dv

or dSmindv term. When £ and p are small, dS;,q.dv and dS),;,dv terms are small too.

5.6.6. Summary of Key Findings for Exotics. (1) The VV prices of the path

dependent exotic options are much less close to the Heston prices than the VV prices of
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FIGURE 5.6.7. Relative Error with the Heston Market for Fixed (Left) and
Floating (Right) Strike Lookback call Option

the path independent exotic options such as digitals. The increased errors are related to
the unbalanced Vanna terms such as dSdo arus, dSmazdo aryr and dSpindo ars in the way
of computing the hedging weights wy, for the VV method. (2) When the Heston parameters
& and p are smaller, these unbalanced Vanna terms become less important in value, making
the VV prices closer to the Heston prices. However, even with small & and p values, the
relative errors between the VV and Heston prices for Asians and lookbacks are around 1%
to 5% while the relative errors for the vanillas are in the order around 10™* to 1072 for a
large range of £ and p values. (3) The Smile-VV method performs much better than the
VV method for Asian options; for most £ and p values shown in Figure (5.6.5), the relative
errors between the Smile-VV and Heston prices are less than 5%. (4) The VV formula
applied to an exotic option does not guarantee to produce market prices for any strikes
(if this option does have a strike). (5) Barrier options, which do not have an unbalanced
Vanna term problem, should be a good candidate for the VV method. We will discuss

barrier options in the next chapter.
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CHAPTER 6

The Vanna-Volga Method for Barrier Options

6.1. The P-VV Method

In trading practice, the VV formula for a barrier option is usually adjusted by a factor,

denoted by P € [0,1], so that (5.2.14) becomes

VP—VV _ VBSl +p

OATM

Zw’f (U]Tkt _ UES‘UATM)] (6.1.1)
k

and (5.3.1) becomes

——mk ——BS
VP-VV _ y/BS L P [wRR (RRm '~ RR >
OATM TATM (6 1 2)
——mkt ——BS o
+ WRBF <BF — BF >:|
TATM
where
P = PnyTouch 1 the no touch probability for knock-out Options; (6.1.3)

here wy satisfy (5.2.15) and wgrgr, wpr satisfy (5.3.2). The Black-Scholes model prices
for the barrier options can be computed analytically: Merton [70] developed a closed
form formula for down and out call options; Reiner & Rubinstein [86] provided the closed
form formulas for all eight types of barrier options; Haug [41] provided a well organised
generalisation of the Reiner & Rubinstein formulas. We will focus on knock-out barrier
options in this thesis because a knock-in barrier can be priced with a vanilla and a knock-
out option by in-out parity.

The choice of P is not unique in practice. Some practitioners adopt the following P:
P=P.,=T.,/T (6.1.4)

where Tg, is the expected early exercise time defined by

T
Tex = PnorouenT + fo tp (t) dt,
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where p () is the probability density for the barrier being hit at ¢t. Hence P., = Tep /T >
PrnoTouch always holds. The difference between P., and PyoTouch 18 % /0 Tt p(t)dt. Be-
tween PyoTouch and Py, the choice of Pnorouch 18 more common. Both Pyorouen and
P., are often estimated at the ATM vol using the Black-Scholes model; Note that as a
result of using the Black-Scholes model, both P factors are estimated with the expected
spot movement under the risk-neutral probability. Bossens et al [9] studied how to used
parametrised scaling factors that is based on the commonly used choices Pynorouch OF Pes,
and systematically calibrate the parameters in the scaling factors. As (6.1.1) is common
for knockout barrier options, we will focus our discussion on the form of (6.1.1) in this
thesis.

The very existence of, and the specific choices of, P have only some empirical basis but
without solid justification. Nevertheless, the FX trading community has a plausible and
intuitive explanation as to why some factor P is needed in the VV method. The prevailing
intuition is that to keep a hedging portfolio is expensive, and after the exotic option V is
already exercised, the hedging portfolio is no longer needed, hence a necessary scale-down
of the “Vanna-Volga costs”. This intuition only says that a P is possibly needed but does
not explain why the amount of the Vanna-Volga costs reduction will be tied to the specific
choices of P used in practice.

For easy reference to this form of VV method, we will call this method the P-VV
method. For the choice of P = Pnorouch, the P-VV method will also be called the Py orouch-
VV method; for the choice of P = P,,, the P-VV method will also be called the P.,-VV
method; the unmodified VV method will be called the VV method.

6.2. Why the P-VV Method is Used

6.2.1. Inconsistency of the VV Price When the Barrier is hit. We will now
study the direct source of the requirement for a P factor. When the spot just hits the
barrier, the Vega and Volga of V5% become zero but the Vanna does not, making the
wi non-zero according to the formula for wg. The vanilla difference U,g”kt — UkBS has
nothing to do with the barrier and will not be zero except at the ATM vol (which only
applies to Ué”kt - UQBS ). So when the barrier is hit, the VV price of a knockout barrier

VVV £ VBS = ( holds.
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For a knock-out barrier, the market price V™ = VBS = ( holds when the spot hits
the barrier. Hence wi would need to be zero at the time the barrier being hit if the VV
price were consistent with the market. Therefore, it is a problem that the w; in the VV
price formula are actually not zero when the barrier is hit. That will lead to wrong prices

when the spot is close to the barrier.

6.2.2. Correctness in Two Extreme Ends of P. The use of no touch probability
PnoTouch or P. as the choice of P for knock-out options makes sense in the two extreme
cases, either when the underlying is far away from the barrier with virtually no possibility
of an early expiry or when the option expires at the current underlying price due to a hit on
the barrier. In the former case, Pyorouch = Pex = 1; in the latter case, Pyorouch = Pex = 0.

When the no touch probability is close to 1, it means this barrier option will expire
almost on the maturity 7" with little possibility of early expiry; this option can be approx-
imately viewed as a vanilla option. The analysis in the last chapter shows that the VV
method works very well with vanillas. So the VV price for these barriers can be expressed

as

VP—VV — VBS‘G. +
ATM

S (U;gzkt _ UkBS}gATM)] (6.2.1)
K

When P = 0, which means the current underlying price already makes the option

expire, the VV price becomes

VPV = yBS =0 (6.2.2)

OATM

which is a correct price.
The P corrected VV method demonstrates good behaviour in the extreme ends when
P is at either 0 or 1. However, it has not been unclear how Pnorouch Or Pe, performs in

the formula when P falls in the middle part of [0, 1].

6.2.3. First Issue of Price Inconsistency at ¢ - Liquidating the Hedge When
Barrier is Hit. The P-VV method will be discussed using the dynamic hedging argument
just like the VV method. Carr and Chou [13| described a static hedging method for barrier
options; they suggested that a barrier option can be replicated by vanillas if the vanillas on
all strikes are available. Since the FX market has a very limited number of liquid strikes,

thus a dynamic hedging strategy is more applicable.
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Suppose the barrier is hit at time ¢, 0 < ¢, < T, where the current time is 0. The
VYV price of a down-out barrier option will be consistent with the market price if the VV
weights wy, are set to zero at tj,. The setting of wy to zero at t corresponds to the hedging
practice in reality that before tj, traders use currencies and vanilla options to hedge the
risk of the target option; at t;, traders will liquidate the hedge because the hedge is no
longer needed.

At t = 0, we do not know if the barrier will be hit before T' so we want to hedge the
risk of it. At a time ¢, 0 < t < t3, the Black-Scholes value growth of the hedged portfolio
for the knockout barrier V' will follow (5.2.38):

dVPS — AdS - "wpdUP®

(6.2.3)
=rq |VP5 = SA = w,UP5| dt + rpSAdt
k

where the Black-Scholes option prices are valued at oa7;.

At t =t < T, the task of hedging is not yet finished because we still hold a portfolio
of —AS — ZwkUlfs at this time despite V2% = 0. Because the Vanna of VB9 is not zero
at the time kwhen the barrier is hit, w; and A are not zero at t;,. The vanillas U} expire at
the maturity T'; the portfolio —AS — > w,U ,fs remains stochastic at t5; so continuing to
use the VV weights (5.2.15) at t = ¢, W’igll not make this portfolio hedged. However, (6.2.3)

will hold if wg and A are set to zero at t = t;,. Therefore, the modified hedging weights

the VV weights satisfying (5.2.15), 0 <1t <ty,
wy, = (6.2.4)
0, t, <t<T.
will keep (6.2.3) well hedged between time 0 and 7.
Although the VV price is correct at ¢t = ¢, with the modified VV weights (6.2.4), we

will describe the second issue that can not be solved by (6.2.4).

6.2.4. Second Issue of Price Inconsistency before ¢, - A Probabilistic View
to Reduce the Hedging Requirement. The weights computed by (6.2.4) are flawed.
Suppose we are pricing a down-out barrier option at time ¢;°, which denotes a time smaller
than but infinitesimally close to t,. Because t; is not yet t, the V'V price will be computed
by (5.2.15); because the Vanna of a down-out barrier option can be significant when the

barrier is being approached, there may be a sizable VV correction at ¢, . So the problem is
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that the VV price computed by (6.2.4) may have a not so insignificant value at ¢, , but will
jump to zero at t;. This implied that the VV price computed at ¢, based on (6.2.4) may
be incorrect. We will analyse this issue and argue that the reason is that by using the VV
weights, more hedging is committed than necessary. Although the hedging (6.2.4) may be
used by some traders in a real market, it may be too much to correct the Black-Scholes
price in the VV method. To keep a hedge carries costs, hence an unnecessary hedge level
should be avoided.

The purpose of dynamic hedging is to cancel out the uncertainty in the cashflow of the
target option. Maintaining (6.2.3) for each small time step dt is is not the purpose itself
but just a means to achieve that purpose. When the VV method is applied to a vanilla
(VB3 is now expressed by UP), the vanilla Black-Scholes price UP* needs to be hedged
no matter how UPS will evolve because the payoff of the target vanilla is determined by
St, which is uncertain unless at the maturity. Therefore, maintaining (6.2.3) for each small
time step dt until maturity is correct for vanillas. For a down-out barrier option, however,
the payoff is always zero if the barrier is hit; with the probability 1 — Pnorouch, the payoff
of a down-out barrier option is certain and predictable; this gives rise to the possibility of
reduced hedging. Therefore, just setting wy to zero at t; as described by (6.2.4) is not a
good enough remedy to the unmodified VV method.

Let we take another look. We will assume that we have some knowledge about the
future movement of the spot. Suppose that we know that the spot movement over [0, 7]
will take a path that does not hit the barrier, ¢, > T'. The above problem will not exist,
so (6.2.3) applies to the entire period of [0, T] and wy will be the VV weights defined in
(5.2.15).

However, if we expect that the barrier will be hit at ¢;, < T, we know the current price
yBS ‘ 1o and the future prices VBS ‘ ety = Vv BS ‘ . = 0; because we know what the price
of the barrier option will be at T' for sure, we do not need to hedge the price movement
of this option at all. In the case of knowing ¢, < T, wg and A should be zero. So in this
case, no hedging costs need to be added to the Black-Scholes price.

Of course, we do not know how the evolution of VB9 will eventually be in future at
time 0. But we have some knowledge about the probability that the barrier will be hit
before T. We know that the probability that we will need to add in the VV hedging costs

to the ATM Black-Scholes price is PnoTouch- S0 the VV price for barrier options will be
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adjusted to the P-VV price:

VPV = Pnorouch (VBS‘UATM + [Zk W <U’:nkt - UES‘UATM)D
(1= Praross) <VBS‘UATM + [Zko (Ulg”kt N UkBS‘aATM)D (6.2.5)
— VBS‘ + PNoTouCh [Zk Wk (U]::nkt - UICBS‘UATM)}

oATM

This explains the choice of P = Pnorouch for the P-VV method.

As we see from (6.2.5), the estimation error in Pynyroucn Will contribute to the error
of VP=VV However, we want to note that even if the Pyorouch is perfectly estimated,
VP=VV may still be different from the V™. As we have analysed, the VV method will
keep VB9 hedged in the Black-Scholes world but not in the real market; unless we know
the market model perfectly, we cannot guarantee that the barrier option be well hedged in
the real market using the Pyxorouch -VV method.

Although we do not find a solid underlying reason for adopting P = P., for the P-VV
method, we will explain a possible intuition behind such a choice of P. As we have analysed
above, the portfolio in (6.2.3) will be well hedged if we hedge with the VV wy up to ¢, and
set wy zero afterwards. Notice the expectation of tj,, E (t5,) = T., holds. Therefore, on
average, in the time period T¢, of the total time T, the VV wy, defined in (5.2.15) are used
and in the remaining time of T', the wy are set to zero. One might average these two cases
Teg T —Tey Tew

0:
7Yt T T

at different times are different things. The averaging in this way is problematic in theory.

to choose the P-VV weights to be wr = P.rwi. However, the wy
Between the choice of P = Pnorouch and P = P,.,, we find that the choice of P =
PnoTouch has a better underlying reason than the choice of P = P.,.
With the P factor, the first issue of the breaking of the hedging argument described
early disappears as well. So when the barrier is hit, the P-VV price is correct. Therefore,
the P factor at the same time solves both issues, namely the breaking of hedging argument

at t, and the over-hedging at ¢t < tp,.

6.2.5. Problems with the P-VV Method. Because 0 < P < 1, the P-VV price
is a price between the Black-Scholes price and the unmodified VV price. When the no
touch probability is small, the P-VV price is close to the Black-Scholes price. As we have
analysed earlier, the P factor is very useful in correcting the VV price, especially when P
is small. When the barrier is hit, the P-VV method will correctly price a knockout barrier

option at the Black-Scholes price of this option, which is zero. But when the barrier has
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not been hit and P is small, the accuracy of the P-VV method is only the same as that
of the Black-Scholes method, although the P-VV price may be much better than the VV
price in this case. The Black-Scholes price alone is not known for being a very good price
for barrier options. Thus the accuracy of the P-VV price may still not be very good when
P is small and in the mean time the error of the Black-Scholes price is not insignificant.

The second problem is that the P-VV method does not guarantee that the barrier
options priced on the liquid strikes will agree with the market prices of these barrier
options. This applies to all exotic options too; notice that if the instrument on the left side
of (5.2.23) is not one of those in the right side, the market prices on the liquid strikes will
not be produced. Without precisely matching the market prices on the liquid strikes, it is
reasonable to think that the P-VV prices between these strikes for barrier options will be
less accurate than the VV prices for the vanillas.

There is also a problem with the accuracy of the P estimate. The Black-Scholes implied
volatility term structure could affect P., significantly: if the implied volatility is high at
the beginning and low later, P, will be smaller and if the implied volatility is low at the
beginning and high later, P., will be larger. However, for a Pnorouch €stimate made on
the Black-Scholes ATM market implied vol, we will show that the accuracy of PnxoTouch
could affect the P-VV prices but to a very limited extent. The first two problems appear
to be the most important factors that affect the accuracy of the P-VV prices.

These problems are related to the fundamental issue that the P-VV method only adds
statistically plausible hedging costs to the Black-Scholes price while the VV method adds
exact hedging costs to the Black-Scholes price; here the “exact” only means that the hedging
costs computed by the VV formula will make the portfolio dV 2% — AdS — ZwkdU ,f 5 well

k
hedged in the Black-Scholes world. In the real world, of course, the hedging will not be

exact.

6.3. The V-VV Method - an Alternative or Complement to P

6.3.1. The V-VV Method - Replacing Vanillas U, with Exotics V. In the
P-VV method, the barrier option V5% and the vanilla options U,fs are different types of
instruments. We want to explore whether a change from vanilla options U,fs to exotic
options VkBS in the VV formula has any benefits to pricing. VkBS are the exotics on the

same liquid strikes as for U,f 9. the hedging options VkB S and the target VB9 are of the same
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type. There are a few reasons for such a consideration: first, this modified VV method will
resemble in form to the highly successful VV method for vanillas because the target option
and the hedging options are of the same type; second, we will see that this modified VV
method will match the market prices Vkmkt supplied as input, just as in the VV method the
market vanilla prices on the liquid strikes can be produced; third, for a down-out barrier
option, when the spot hits the barrier, Vkmkt - VkBS will be zero so this modified VV price
will be correctly made equal to the Black-Scholes price VFS. A problem with the modified
VV price is that the market prices of the exotics Vkmkt are not market observable. The
market prices of the exotics Vkmkt have to be estimated. Hence the Vkmkt estimation error
affects the quality of the modified VV price. However, as we will show with numerical
examples, this modified VV price with the Vkmkt estimation error in a limited degree may
still outperform some other more frequently used methods. We will further discuss the
pros and cons after we introduce the definition of this method.

For exotics with a fixed strike parameter, we propose the following modified version of

the VV method:

BS
VA \GATM) (6.3.1)

estimate

3
V-vVv BS 2 : kt
4 =V ‘UATM * Wk (Vkm
k=1

where k is the index for the exotic option V evaluated at the liquid strike K}, and wy

satisfy

oV BS B 3 BVkBS

oo - Z Wk Oo

TATM k=1 TATM
92y BS 3 92 VkBS
= —r 6.3.2

802 TATM ; o 802 OATM ( )

o2y BS 3 92 VkBS
9005 D%k 5,55
OATM k=1 TATM

where VkBS are the same type of instruments as V2. For example, if the target option V'
is a knockout barrier option, the Vi will be knockout barrier options on liquid strikes K.
The target exotic option VB }UATM is priced at K while Vi, are prices at Ki, k =1, 2, 3.

kt‘ are possible. In this

On the liquid strikes, only estimated market prices V™ estimate

modified form of VV method for barrier options, the vanilla options Uy are replaced by

the exotic options Vj, of the same maturity at the liquid strikes in the VV formula.
Replacing U with V' in (5.2.23) and following the same analysis, we will see that the

VV=VV formula is able to produce estimated market prices Vkm’“t estimate 01 the liquid
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strikes. If a perfect observation is available on the exotic prices on these liquid strikes so

that V™| = V"t the following will hold:

estimate

3
V-vVv __ BS mkt BS
1% =VES| 43w (v,c — VB9
k=1

UATM) ’

and the VY=YV formula will produce the true market prices Vkmkt on the liquid strikes.

Although the market values of the exotic options are not available, the market values
at the liquid strikes can be estimated from the P-VV prices (if barrier options are priced)
and the Black-Scholes exotic prices at the market Black-Scholes implied vols. Compared
to the non-liquid strikes, the liquid strikes have more information for price estimates.

The limitation of this method is that if Vkmkt — Vkmkt‘ are large, this method

estimate

mkt

will result in large errors. This formula will fit the estimated prices V} exactly

estimate
on the liquid strikes; therefore, it will not fit the true market prices Vkmkt exactly. To make
the method work, the estimated market prices of the barrier options at the liquid strikes
must be close to the market prices.

For easy reference to this form of VV method, we will call it the V-VV method.

6.3.2. Applying the V-VV Method to Barrier Options. When the barrier is hit,

the V-VV formula will give the correct knock-out barrier price of VV=VV = VB ‘ =0

OATM

because Vkmkt — VkBS ‘O_ATM = 0 holds. The V-VV method completely avoids the hedging
problem analysed earlier, because the target barrier option VZ$ and the hedging barriers
VkBS always expire at the same time.

The barrier options at the vol pillars in the V-VV method can be comparable in type
to the vanillas in the VV method. But we have some flexibility as to whether a call or put
should be used for VkB S oarar For instance, if the spot is larger than the barrier and the
barrier is larger than Kj, the price and Greeks of the down-out put are zero, making the
wy, difficult to compute. In this case, we can instead use a down-out call for VkBS oarar to
avoid this difficulty.

Although the market values of the barrier options are not observable on an open ex-
change, traders do have some information about the prices of the exotic options, for exam-
ple, the observations of the prices originated from their own dealings with these options. So

the V-VV method can be an alternative method to the P-VV method. The V-VV method

can work with the P-VV method as its complement too if the P-VV method is used to
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compute the barrier prices at three liquid strikes. Then if we have some ways to adjust and
improve the P-VV prices based on market factors, we can use them in the V-VV method
and let the V-VV method estimate what the prices should be between the liquid strikes.

The V-VV method is proposed only as a secondary method in occasions when several
market prices are already estimated. Its mentioning in this thesis is driven by the following
reasons:

First, it is interesting to see that the VV method works for non-vanilla products as
hedging instruments. This shows that the VV method is more appropriate being viewed
as a framework than a model that must theoretically depend on the use of vanilla options
in its construction.

Second, it is not a goal to view the V-VV method as a sweeping solution for barrier
options in all occasions. But as we will see later, one part of the practical usefulness of
the V-VV method that this thesis has identified is this method’s input error tolerance for
barrier options with small P. It will be demonstrated that with certain not so insignificant
amount of input error in estimated barrier option prices, the resulting V-VV interpolation
for barrier option with small P is far more accurate than the P-VV and the Black-Scholes
prices.

Finally, traders may have much better confidence in estimating prices for exotics on
only some strikes because of the pattern of their dealings with the exotics in the market.
For example, a trader may have bought and sold barrier options only on some strikes
for the past hour; thus it would be much easier for him to make new estimates on those
options, given the recent prices he made to or were offered by the counterparties. The
V-VV method provides an effortless way to interpolate a trader’s estimates for the strikes

that lack dealings by the trader.

6.4. Performance under Market Assumptions

6.4.1. Black-Scholes Model as the Market. In this section, we will assume that
the flat smile Black-Scholes model actually follows the market but the model makes a
wrong estimate about the true market Black-Scholes implied vol. We will compare errors
resulting from the VV, Pnorouch-VV, Per-VV, V-VV, Black-Scholes prices of a knock-out

barrier call option.
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We have studied the error behaviour of the VV method under a flat vol Black-Scholes
market assumption in the last chapter. We will now apply the same type of error anal-

ysis in the last chapter to compare the P-VV and V-VV methods. The price differences

ymkt _yBS ‘ and UMkt — UBS ’ are in an approximate sense viewed as the Taylor
OATM k k TM

expansion around VBS‘UATM and U ES‘UATM.

6.4.1.1. Error about the P-VV Method. The Taylor series expansion of ymkt_ VBS‘

and Ukt — UPS|

OATM

gives rise to
OATM

mkt __ BS mkt _ 77BS
4 <V ’UAT]\/I + P%“”" (Uk Uk ’U’AT]W))

oupBs 82U
k OATM TATM
1 [ 03vBs 83U,§S 3 4
+8 (&‘_3 Pzwk ((50) +O((5U) )
OATM OATM
hence

ymkt _ <VBS‘UATM PY (Umkt U’CBS‘UATM)> N @ ((50)3), P=1

k O (60), P#1
(6.4.2)

where do means the Black-Scholes implied vol difference between the market and the Black-
Scholes model; the model estimate uses o arps. As P approaches 1, the value of the do term
will decrease; at some point, the (50)3 term will dominate the error, and the convergence
behaviour switches from O (d0) to O ((60)3>.

From the above analysis, the factor P cuts the order of error convergence in volatility
from cubic to linear. From this view, this does not seem to be a very good method.
However, as has been discussed earlier, the factor P corrects the VV pricing error by
scaling down the hedging costs. We will show numerical studies on how the P-VV price
improves over the VV method in a market with a smile. .

6.4.1.2. Error about the V-VV Method. Here we replace the vanillas Uy with barrier

options V in the VV formula. We obtain

mGt B <VBS|UATM + %wk <Vkmkt|estimate B Vk‘BS‘gATM>> ~ O <(6O’)3)

(6.4.3)
+Zwk (Vkmkt _ Vkmkt|
k

estimate)
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This modified form of the VV method for barrier options has an advantage in price cor-
rection power compared to the P corrected Vanna-Volga method if Vkmkt‘estimate are close
estimates of Vkmkt. The error of the modified form is in the third order whereas that of the
P corrected form is linear with respect to vol change. Because the market prices Vkmkt are
approximated by Vkmkt|

estimate) :

a1 kt kt
estimater Uh€ total error will include Xk:wk (Vkm - }

So the quality of the estimate Vkmkt} is essential in the accuracy of this VV formula.

estimate

6.4.1.3. Error Convergence under a Flat Black-Scholes Market. The parameters used
for testing are 7 = 1, S = 5, rg = 0.03 and ry = 0.02. The three liquid strikes are
K1 =4.49, Ky =5.32 and K3 = 6.29. The strike K for the knock-out barrier call option is
set to 0.5 (K3 + K3). The Black-Scholes implied volatility of the underlying is o,k = 0.25
for the assumed market. The model Black-Scholes implied vol ¢,,,,q Will be varied to study
the convergence behaviours. The Black-Scholes barrier price and Greeks are computed
by the closed form formulas. [41] The P factors Pyorouch and Pe, are computed by the
Black-Scholes model using the oa7ps. The first hitting time probability distribution is
given by Wystup [104] and the factors Pyorouch and Pe, can be obtained by integrating
this first hitting time probability distribution.

The “V-VV Distort” in Figure (6.4.1) denotes the relative error of the estimated market

prices at liquid strikes

V-VV Distort = (Vkmkt — JVmkt,

estimate)

Figure (6.4.1) shows that the errors of the “V-VV Distort 0%” and VV methods are
cubic with respect to 0,04 — Omit changes. “V-VV Distort 0%” means V-VV Distort = 0%.
The factor PyoTouch Or Per in the P-VV method decreases the order of error convergence
from cubic to first order.

The errors of the V-VV prices with market price estimate errors on liquid strikes are
dominated by the market price estimate errors, hence demonstrating a flat error.

According to the P-VV formula, both the Pnotouch-VV and P., -V'V prices are always in
between the Black-Scholes price and the VV price. Because P, is larger than Pnotouch, the
P... -VV price is always closer to the VV price than the Pyotouch-VV price; the Pyotouch-VV
price is always closer to the Black-Scholes price than the P., -VV price. This observation
can be clearly seen in Figure (6.4.1). As the barrier is closer to the spot in the bottom

plot of Figure (6.4.1), both the Pnotouch-VV and P, -VV prices will be closer to the
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Black-Scholes price; otherwise, they will be closer to the VV price as shown in the top
plot.

Figure (6.4.2) gives the error behaviours of the P-VV price under different P values.
Except the value of P, all the parameters are kept the same in Figure (6.4.2) as those
in the top plot of Figure 6.4.1. The equality (6.4.1) suggests that the P-VV price error
under a flat vol Black-Scholes market should see a switch from the linear to the cubic
error convergence as P tends to 1. Figure (6.4.2) shows that this switch of error behaviour
happens when P is close to 1.

Following Elder [32], we will then move to a more realistic market assumption by setting

the Heston model as the market.
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6.4.2. Heston Model as the Market. The parameters for the Heston model and
the option are k = 1.1, 8 = 0.09 £ = 0.27, p = =0.7, 1y = 0.09, 7 =1, S =5, rg = 0.03
and ry = 0.02. The parameters for three liquid strikes are K; = 4.3, Ko = 5.05 and
K3 = 5.7. The target option is a down and out barrier call option. The Heston market
barrier prices are computed by the finite difference method with the Crank-Nicolson, ADI
and Craig-Sneyd schemes implemented. The Black-Scholes price and Greeks are computed
with the closed form formulas [41]. The P factors Pnorouch and Pe, are computed by the
Black-Scholes model using the o 47ys. Figures (6.4.3), (6.4.4) and (6.4.5) show the relative
error comparison of the VV, Pnorouch-VV, Per -VV, Smile-VV, V-VV and Black-Scholes
prices under different no touch probabilities.

Figure (6.4.3) shows the case of the spot being far away from the barrier and the no
touch probability being high. In this case, the P-VV prices are close to the VV price and
the barrier option is close to a vanilla option. Conceptually, the Smile-VV method is the
same as the VV method for pricing a vanilla option. So in this case, the Smile-VV price
is also close to the VV price. Because the VV method works very well for vanilla options
as we have seen in the last chapter, the P-VV, Smile-VV and VV prices all show excellent
relative error in the order of 1073. Relatively speaking, the VV price works better than

the P-VV prices; between the two choices of P-VV prices, the P, -VV price is better than
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the Pyxorouch-VV price because it is closer to the VV price. However, they all seem to be

mkt

very good prices. The V-VV price is the best price if the (Vkmkt — Vkm’“‘es timate) /Vi

is

zero; with 0.5% or 1% biases in the Vkmkt‘ the V-VV price is not as good as the

estimate’
P-VV and Smile-VV prices.

Figure (6.4.4) shows the case of the no touch probability being in the middle range of
[0, 1]. In this case, the P-VV and Smile-VV prices have less than half the error of the VV
price; in this particular test, both the P-VV and Smile-VV prices are around 2 x 1072

Now the V-VV price with a bias (Vkmkt — Vkmkt| ) JVikt up to 1% appears better

estimate
than the P-VV and Smile-VV prices.

Figure (6.4.5) shows the case of the no touch probability being small. According to
our analysis earlier, the P factor should be particularly useful in correcting the VV price
for this case. As we can see on Figure (6.4.5), if uncorrected, the VV price behaves very
badly; the relative error even goes over 40% for some strikes whereas the Pyorouch-VV and
P, -VV prices have the errors consistently within 6% across the displayed range. From
Figures (6.4.5) and (6.4.4), we see that as an overall trend, the correcting power of the P
factor becomes larger as the no touch probability becomes smaller. When the no touch
probability is small, the P-VV price is closer the Black-Scholes price, which appears to be
a good price now. Figure (6.4.5) shows that the Smile-VV price is still a very good price
in this case.

Overall, the Smile-VV price keeps a relatively flat error behaviour at each of these
cases of no touch probability.

The difference between the two choices of P factors is small; this may explain why both
are used in practice. However, unless the no touch probability is very large, these figures
suggest that the Pnorouch-VV price is a better choice overall than the P., -VV price.
Even when the no touch probability is very large, the small error of the Pyorouch-VV price
makes it a very good price too. What is also conspicuous is that the Smile-VV appears
to be a price roughly as good as the Pyorouch-VV price for all three cases of no touch
probability. In Figure (6.4.4), the errors of the Pnyrouch-VV price and the Smile-VV price
are in opposite signs, suggesting the average of the two prices may lower the error in some
occasions.

The V-VV method is not a primary method because it cannot be used alone; in order

for it to work, it has to be combined with some liquid strike market barrier option price
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estimation method. If the market barrier option prices are wrongly estimated, the error of
the V-VV price can be large. However, it can be very accurate if the estimates Vkm“ ‘es timate
are very accurate.

We have tested using the Black-Scholes implied vol from the VV vanilla price to com-
pute no touch probability; we have also tested on estimating the no touch probability with
the Heston model using Monte Carlo. No significant shifts of error behaviours have been
observed. The P estimation error using oa7ys seems to be minor in an ordinary market
parameter settings. An example is shown in Figure (6.4.6), for which the computation for
the PnoTouch-VV and P, -VV prices is the same as in Figure (6.4.4) except that in Figure
(6.4.6), PnoTouch and P, are computed using not o473 but the Black-Scholes implied vol
of the VV vanilla price at each K, denoted by ¢¥'V (K). The effects are barely noticeable
in this particular example. But it should be cautioned that in some extreme market con-
ditions when the estimation using the ATM vol might not suffice, an estimate of the P

factor using the ATM Black-Scholes implied vol could increase the error of the P-VV price

to a noticeable level.
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6.4.2.1. Error with respect to the Barrier. Figure (6.4.7) shows the error between the
Heston market price and the other prices as listed in the plot. The same parameters as
in the last section are assumed except that the strike K is fixed and the barrier level now
changes; the strike K is set to be 0.5 (Kytn + Kas.) in the top plot and to 1.2S in the
bottom plot. The strike K = 1.25 is in the extrapolation range outside of the liquid strike
Kose.

Without the P factor, the VV price will not be zero when the spot hits the barrier. As
the barrier moves closer to the spot, the Pyorouch-VV and Pe,-VV prices show significant
improvement over the unmodified VV price. The error of the Black-Scholes price improves
as the barrier is closer to the spot; at a point very close to the spot, the Black-Scholes
price becomes better than the VV and P-VV prices.

The Pyxorouch-VV price performs better than the P.,.-VV price when the strike is less
out-of-the-money as shown in the top plot; the P.,-VV price outperforms the the Pyorouch-
VV price around barrier being 0.55 to 0.85 when the strike is more out-of-the-money as
shown in the bottom plot. The Pynorouch-VV price seems to be better when the strike is
between the liquid strikes, hence good at interpolation; as the strike goes far out of the
money, the P.,-VV price starts to show better performance, especially in the extrapolation

range of the strike.
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The V-VV prices are better than the other prices shown in Figure (6.4.7). In the
extrapolation range of the strike, the performance of the V-VV prices are much better
than the other prices shown in Figure (6.4.7). Of course, this satisfying performance must
kt’

be achieved by accurate estimates about V[ . If the estimates about Vkmkt

estimate estimate

carry large errors, the V-VV prices will have large errors as well.

The Smile-VV price overall performs better than the P-VV prices, demonstrating a
rather flat error curve with respect to the barrier. The interpolation and extrapolation
performances are both better compared to the P-VV prices, suggesting the Smile-VV price

may be a sound alternative to the P-VV prices too.
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6.4.2.2. Error Affected by the Choice of Model Vol Level. In the VV and P-VV methods,
o ATy is usually chosen to be the Black-Scholes model implied volatility. We will explore
whether a change in the model implied volatility can influence the pricing error. Figure
(6.4.8) gives a comparison between different Black-Scholes model implied vol choices for
the Pnorouch-VV method. Except the different Black-Scholes model implied vol choices,

all other parameters stay the same as those for Figure (6.4.4).
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Despite having a slightly higher error than the other two choices at some strikes, the
Black-Scholes implied vol of the VV vanilla price as denoted by o'V (K) appears to have
a small overall error across a wide range of strikes. The Black-Scholes barrier option price
computed using o'V (K) is the Smile-VV price. Therefore, the Pyorouch-VV price using
"V (K) is to add a price correction to the Smile-VV price, which is already an accurate
price; on the other hand, Pyorouch-VV price using o7y is to add a price correction to
the Black-Scholes price on the ATM vol, which is a less accurate price than the Smile-VV
price. So the Pyorouch-VV price using 0¥V (K) seems to enjoy a better starting point. The
ProTouch-V'V price using (025, + 0arm + 025¢) /3 as the model vol has some improvement
over the Pynorouch-VV price using o4y as the model vol roughly after K/S = 1. For
convenience, we define oavg = (025p + 0arm + 025¢) /3. An average of all three market
Black-Scholes implied volatilities is possible to reduce error because the resulting average
volatility differences between the model vol and the three liquid vols may be smaller, hence
making the overall price error smaller. As a rule of thumb we can suggest based on our
numerical examples, a sound alternative to o 47y is the average of the three market Black-
Scholes implied vols (o25p + oaTM + 025¢) /3. The choice V'V (K) may also be used and
its extrapolation seems to be better. Other choices have not been found to benefit the
error behaviour of the P-VV method.

Relative Error of the PNoTouch—VV Price, Heston as Market, DownOut, Barrier=4
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FIGURE 6.4.8. Relative Error for Down-Out Call under Different Model
Vol Choices, Heston as Market
6.4.2.3. Comparing the V-VV Method Applied to Other Path Dependent Exotics. The

V-VV method gives a sound interpolation method if the barrier options on the liquid strikes
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are accurately priced. To other path dependent options such as Asian and lookback options,
the V-VV method will not perform as well as it is for the barrier options. According to the
analysis in the last chapter, the VV wj will not make all the Vanna terms balanced in the

portfolio dVP® — AdS — ZwkdU ,f 9 for some path dependent options such as Asian and

k
lookback options. By similar analysis, the V-VV wy, defined in (6.3.2) will not make all the
Vanna terms balanced in the portfolio dV 2% — AdS — ZwdekB 5 for Asian and lookback
k

BS avBS'
oV k__ and etc will not be cancelled out just

0008’ 0008
by the V-VV weights wy. However, since VkB S are VB9 are the same type of instruments in

options either because the terms such as

the V-VV method, the unbalanced stochastic components in dV? S _ AdS — ZwdekB o

k
may be smaller than those in the VV method.

Figure (6.4.9) shows the VV price relative error comparison among a down and out
barrier call, an arithmetic Asian call, and a fixed strike lookback call prices under a He-
ston market assumption. All of the Heston and option parameters are kept the same as
those used for the computation in the last section; that means that all three options have
the same strike (K = 0.5 (K2 + K3)); the maturity and the spot are the same for all of
them; the barrier option has the barrier equal to 4. The same computational methods
as discussed in the last section are used to compute the Heston market prices and Black-
Scholes model prices for all these options. The VV method is assumed to have zero bias:

(Vkmk't — Vkmkt‘ = 0 in the market price estimates.

estimate)

Figure (6.4.9) shows the errors for Asian and lookback options are generally larger than
those for barrier options. Note all three plots of Figure (6.4.9) have equal ranges of £ and
p; the mesh plots are presented in angles from which the surfaces can be best viewed. The
top plot of Figure (6.4.9) shows that the relative error is well within 1%; the middle plot

and the bottom plot both have errors over 1% for some parameters. This result agrees

with the early analysis about the unbalanced Vanna terms of Asian and lookback options.
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6.4.2.4. Comparison of the P-VV price and the Smile-V'V price under Different Mar-
ket Parameters. In this section, we will study the performance of the P-VV and Smile-VV
prices under different market smiles by changing the assumed market Heston model pa-
rameters.

We will now focus on a comparison between the P-VV and Smile-VV methods. The
errors of the P-VV and Smile-VV prices seem to be roughly of similar sizes as in the early
discussion on the relative error changing with respect to strike. The P-VV method is used
in banking practice but the Smile-VV method is not. So it is interesting to see whether
the Smile-V'V price is as good as the P-VV prices for a wide range of market parameters.

All the parameters for Figures (6.4.10), (6.4.11), (6.4.12) are set the same as those
used for the barrier option computation in the last section. The plots on the left side
have the strike K = K3 and the plots on the right side have the strike K = 0.5 (K2 + K3).
These figures suggest that the Smile-VV is roughly as accurate as the P-VV method. From
these figures, we learn that the P.,-VV and Smile-VV methods perform better than the

Pnorouch-VV method when the strike K is further out of the money.
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FIGURE 6.4.10. Relative Error of the Pynorouch-VV Price for Down-Out
Call, Heston as Market, Barrier= 4
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6.5. Summary of Key Findings

(1) The P factor in the P-VV method is related to a correction to the hedging costs
added to the Black-Scholes price; the VV hedging weights wy alone will not be enough
for the barrier options. Two issues with the unmodified VV method are identified for the
down-out barrier options: the inconsistency of the VV price at ¢, and over-hedging at
t < tp. Both P factors solve the first issue completely. From a view of solving the second
issue, the Pyorouch-VV method is found to have better underlying reason than the P.,-VV
method. (2) When the no touch probability is small, the Pyorouch-VV and Pe,-VV prices
are much better than the VV price; this suggests a divergence of the VV price as the no
touch probability becomes smaller. The error of the P-VV price is close to the error of the

Black-Scholes price when the no touch probability is small. Therefore, although the P-VV
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price may be a big improvement over the VV price when the no touch probability is small,
any further improvement on error is limited by how close the Black-Scholes price is to the
market price in this case. (3) If the market barrier option prices on the liquid strikes can
be accurately estimated, the V-VV method can help to interpolate prices between these
strikes with relatively high accuracy. The accuracy of the V-VV price relies on the accuracy

of the estimates of Vkmkt‘ (4) The V-VV method works better for barrier options

estimate’
than for Asian and lookback options because there is still an unbalanced Vanna problem
for Asian and lookback options. (5) The estimation of Pyorouch and P, with the Black-
Scholes model using o 477 is good enough for normal market parameters. (6) ¢"'V (K) and
oayva are useful alternatives to ocarps as the model vol for the P-VV price computation.
(7) The errors between the Heston price and the Pnorouch-VV, Per-VV, Smile-VV prices
are of the similar order for down-out barrier options. Within the same order, each method
may outperform another depending on the strike and other parameters. The overall trend
is that in the interpolation range of the strike, the Pnorouch-VV price usually outperforms
the P,,-VV price; in the extrapolation range of the strike, the P.,-VV price appears to
have an advantage over the Pyorouch-VV price. The relative error of the Smile-VV price
is relatively flat with respect to the strike and the barrier level compared to the P-VV
method; the Smile-VV price appears to be a very good price in both the interpolation and
the extrapolation ranges of the strike. This suggests that the Smile-VV price may be used

as a sound alternative to the P-VV prices.
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CHAPTER 7

The Karasinski Method

7.1. A Generalisation of the VV Method

The VV method provides a fast pricing tool that is based on the flat-vol Black-Scholes
model. We have shown in the previous chapters that the VV method is an excellent
alternative to the Heston, SABR, CEV and Merton Jump models. This method is very
fast because it requires no model calibration at all.

But if the model used in the VV method is not limited to the flat vol Black-Scholes
model, will the information on the market vanilla prices improve the mark-to-market price?
When the model is not well calibrated, will the market vanilla prices help to correct this cal-
ibration error? Karasinski [55] first raised this question and a special case of the Karasinski

generalisation (the general case to be discussed shortly) follows

VKar — Vmod

a2 (e — oo mmod) (7.1.1)
k

and the weights wy, 1 < k < L (L is the total number of liquid vanillas; see below) are

chosen to satisfy

avmod 8Ul?wd
8x zmod N ; Wk‘ a-r a;mod
82 Vmod 82 U]::nod
T | Ek: S I (7.1.2)
82 Vmod B Z y 82 Ul’gnod
al‘as pmod - A K axas gmod

where “Kar” is an abbreviation of Karasinski, “mod’ means model, = denotes a model
parameter, £°? is the model parameter value currently used and it may be slightly wrong
compared to the value if the model were well calibrated to the market, V"wd‘xmod is the

mod ‘

model target option price, Uj

4moa denote the model liquid vanilla prices, U, ,’gmd‘

gpmod
denote the market liquid vanilla prices.
The model parameter x moves stochastically with time. The value of z used by the

model Greeks is different from the true value of the market; the model is not restricted

to the Black-Scholes model and can be a model which already takes into account the vol
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smile. For the Black-Scholes model, x means the Black-Scholes implied volatility. If the
model is the CEV model, x may be the parameter o in (5.5.3) for example.

Depending on the market, the number of vanilla instruments L is not necessarily limited
to three. If L = 3, the Karasinski weights w; have unique solutions. If L > 3, Karasinski
recommends that wy, are chosen so >, w? is minimised. The case of L < 3 is not realistic
for a market.

In Karasinski’s original work, the parameter x was written as ¢. In many smile-
generating models, there is no single volatility parameter. So we use x here to indicate
that it is just one parameter of the model just to avoid confusion. In an extended form of
the Karasinski method, the parameter x can be a vector of parameters (z1, z3...x ), which
we will later discuss. We will specify the meaning of the model parameters x (depending
on the model choice) in each case of our discussion later.

Karasinski does not provide a name for this model. For easy reference, we will refer to
this model as the Karasinski method. It should be noted that the Karasinski generalisation
defined in (7.1.1) and (7.1.2) is only a special case of the general Karasinski method. The
general Karasinski method is a broad framework that consists of a model price and a
correction part. There may very well be other ways to compute the correction part other
than using the balance of sensitivities w.r.t. model parameters. Because this special
case of the Karasinski method, which relies on the balance of sensitivities w.r.t. model
parameters, offers sound computational convenience, we will limit the discussion of the
Karasinski method to this special case only in this thesis.

We call this special case of the Karasinski method the VVV-Karasinski method; VVV
stands for Vega, Volga and Vanna. It should be noted that all of the methods and variants
to be introduced later are part of the Karasinski method in general. For easy reference,
we will simply call the VVV-Karasinski method the Karasinski method.

We can see from the illustration in Figure (7.1.1) that the Karasinski method becomes

the VV method when VmOd‘xmod and U,’g”"d follow the flat vol Black-Scholes model and

xmod

™4 is the model Black-Scholes implied vol. In the first plot, the Black-Scholes method
only recognises a flat Black-Scholes implied vol curve whereas in the second, the model in

the Karasinski method can be priced on a non-flat vol curve with a single parameter x.
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FiGURE 7.1.1. Comparison between Vanna-Volga and Karasinski Methods
(o is the Black-Scholes implied volatility.)

7.1.1. The Hedging-Costs View and the Parameter-Error View. In what we
call the parameter-error view of the Karasinski method, the market price is the model price
with correct model parameter values, and the model price is the model price with wrong
model parameter values due to imperfect calibration. Assuming the Taylor expansions
exist, the market-model price differences of the target option V' and the vanillas Uy can be

expressed by

mod 21, mod
ymkt _ ymod o 5o+ & aLz (62)> + 0 ((5x)3)
a:l: gmod 2 8.T pmod (7 1 3)
Umk;t _ Umod — aUI?wd S + 1 aZU’znod (5$)2 +0 (((55[,‘)3) o
k k 8:1: gpmod 2 8'1‘2 xmod

Because the market-model spot difference 6.5 is zero as S is observable, it is not included

in the above expansions. In practice, there could be minor factors that make §S nonzero.
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For example, there may be a slight time gap between making the fresh observations of
U g“’d and making the Karasinski computation using S. Because S is a market observable
value, 65 can be considered insignificant. In the parameter-error view of the Karasinski
method, it is clear to see that the balance of Vanna terms

62 Vmod

W (7.1.4)

0x0S

xmod gpmod

82U12n0d
= wp —
Zk: b

is not needed in (7.1.2).

In the hedging-costs view of the Karasinski, on the contrary, we will see that the balance
of Vanna terms is necessary. Just like o477 in the VV method, assume the parameter x
follows a function of diffusion processes. If the target option VmOd‘xmod and the vanillas
U, ,2”0‘1 smoa depend on no other stochastic variable but S and x, following the analysis for

the VV method, we can easily verify that the Karasinski weights (7.1.2) will make the

following equality hold:

AVt — AdS =Y wp U7
k

(7.1.5)
=rq |V = SA = "W Upred| dt + rpSAdt
k

As we made the same statement for the growth of dVP% — AdS — ZwkdU,fS for the

k
VV method, it should be noted that the risk-free growth of the portfolio in (7.1.5) for the
Karasinski method is only true in the model world; it does not mean that the real market

portfolio value dV™ " — AdS — ZwkdU Mk orows at the risk-free rate. Without (7.1.4),

the equality (7.1.5) will not hold. kFor the VV method where mod means the Black-Scholes
model, we have shown that the balance of the Vanna terms is essential; without it, large
errors between liquid strikes may appear (e.g. see Figure (5.5.9)).

So the question is which view is more appropriate. We find that both views can be
correct, depending on the market-model relationship.

In the case of the model not following the market, such as the VV method (a special
case of the Karasinski method), the hedging-costs view is more appropriate. Because the
model and the market are very different, to build a link between V™ and V™4 needs to
rely on hedging. The hedging costs are computed in the way that ensures that the portfolio
in (7.1.5) grows at rate r4 in the model world. The estimated market price is then based

on V™4 plus the hedging costs. The Vanna term in this view is important because it
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gives the Vega shift due to the spot movement. With the balance of the Vanna terms, the
portfolio growth (7.1.5) cannot be ensured in the model world.

In the case of the model following the market but with a few slightly wrong parameter
values, the parameter-error view is more appropriate because we now have a way to build
a direct link between V™* and V™°? which is through the Taylor expansion. In this
case, the balance of Vanna terms (7.1.4) in (7.1.2) is unnecessary; the balance of Vanna

terms has little effect on the error behaviour of the Karasinski price. This is because no
2vmod 82Ul?wd
—_ 0xdS = —_— 0xdS =0
0208 v ;”k 020S | mod

will hold as long as S = 0. If there is only one parameter x, in the FX market, the

matter whether (7.1.4) holds or not,

gmod

balance of Vanna does have the benefit of making three equations in (7.1.2) so the vanilla
prices on all three liquid strikes may be exactly produced. In the case of (7.1.2), replacing
the balance of Vanna with the balance of 0Volga/0x will make the error of the Karasinski
price fourth-order, V™mkt — yKar — ((53:)4). So (7.1.2) is replaced with

avmod aUlznod

855 Imod n g Wk 8:1? l.mod
82 Vmod 82 U;:wd

8$2 pmod N zk;: K 6'1:2 gpmod (716)
83 Vmod 83 Ulgnod

6'%.3 gpmod N g ok 6.’E3 gpmod

However, the sensitivity Vanna may be a little easier to compute and the resulting
accuracy of using Vanna may be high enough (as will be shown later), so for one parameter
x, we can still use (7.1.2).

In the VV method, the model and the market are usually quite different unless the
market has a flat Black-Scholes implied vol smile. Although a special case of the broad
Karasinski method definition includes the VV method, the Karasinski method is not in-
tended to be used when the model does not follow the market; rather, the Karasinski
method is mainly designed to correct calibration errors when the model closely resem-
bles the market with only some slightly wrong model parameter values due to imperfect
calibration.

We will demonstrate later that the choice of the parameter-error view for the Karasinski
method is proper while the hedging-costs view is not when the model and the market are
close with a few parameter values apart. We will show a test on down-out barrier options.

If the hedging-costs view is correct, a factor P (e.g. Pnorouch) Must also be used to adjust
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the Karasinski price the same way as the VV method. But if the parameter-error view is
correct, no factor P should be needed. It will shown that a factor P should not be added
to the Karasinski price formula, confirming our analysis above that the parameter-error
view is appropriate for the Karasinski price whereas the hedging-costs view is appropriate
for the VV method.

Therefore, in the following discussion, we will follow the parameter-error view for the

Karasinski method.

7.1.2. The Karasinski Method in Higher Dimensions. Suppose there are two
parameters in a model that are not well calibrated to the market values, and these two
parameters are denoted by x; and z9. The parameters x; and x5 move stochastically with
time. Assume x; and x5 follow functions of diffusion processes. The Karasinski weights
defined in (7.1.2) are good for the case of one parameter; in order to satisfy (7.1.5) for two

parameters, we will extend (7.1.2) to

8Vm0d Z 3U]€nod avmod aUlznod
axl mmod L axl CC;nod ’ aﬂjQ mgnod 8«'1:2 xgnod ’
82 Vmod Z 62 U]znod 32 VmOd 82 Umod
e I ) i oV Z Al
83:% x{”"d k aﬂ’j% m'i’wd 7 ax% mg’“’d axQ x;’wd 7
62 Vmod 62 Ulgnod
- - — wp ——F
011023 | mo Z 021022 | _mod
\ 1652 331,2d k 1552 $1,2d
(7.1.7)

In the parameter-error view of the Karasinski method, the balance of Vanna terms is
unnecessary, hence they are left out.

In the general case, the Karasinski weights can be computed for N parameters, x,,

n < N, by
avmod Z aU]::’nod
= w
axn IZLOd k axn xmod ’
82vmod aQUmod
Qa9 Wk —f3 5 ) 7.1.8
8$% x:{wd Z Imod ( )
aQVTnod 82Um0d
02 0Tm | ymod Z R 20T gmod |

n,m

where n < N, m < N, n # m.
Suppose M denotes the number of equalities in (7.1.8). For N parameters, the resulting

number of equalities M in (7.1.8) can be computed by

N2-N
M =2N + —— (7.1.9)
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Note (7.1.8) can also be extended to include higher order sensitivities of V™4 w.r.t.
x; in some markets where liquid strikes are abundant, this extension will achieve better
accuracy. However, we will show that even (7.1.8) using only the Vega terms will be able

to achieve excellent results.

7.1.3. Computing wj through Pseudo-Inverse when M # L. Rewrite (7.1.8)

for the multi-dimensional Karasinski method in the matrix form:
Y = Aw (7.1.10)

where

a?vmod 82vmod
gmod ’ am% gmod [ 8xn8xm
n n

T
yoee ,
d
T >

8vmod
vo (o

w = (wi,wo, ...wL)T ,

aU{nod 82U{”"d 82Uim0d T
Y Oz gmod ’ 81‘% gmod ’ 0 0xn 0Tm gmod [ (7 1 11)
n n n,m .
mod 277mod 277mod
oU; 02U 92U}
) dl’n gmod ’ 675% gmod ’ dmnal'm gmod )
A = n n n,m
8U£nod 62U£nod aQUznod
9 "oz S ) i OzndT &0
n |gmo n xmo nOTm $:/ﬂnqm

When L # M, to compute w vector is to find a pseudo-inverse of A, which is a M x L
matrix.

If L > M, the system of equations are under-determined, there are many solutions to
(7.1.10). To find one solution, the square of the Euclidean norm of w, ||w||?, is minimised.
This the least-norm pseudo-inverse [47, 10, 2]. This is the same as what Karasinski has
suggested.

If M > L, the system of equations are over-determined, there are no exact solutions to
(7.1.10). So a solution can only be found in a least-squares sense by minimising the square
of the Euclidean norm of ||Aw —Y'||?. This is the Moore-Penrose pseudo-inverse [74, 81, 2].

The formula w can be computed by the following formula (see [47, 10]):

AT (AATY'B, M <1,
w= (7.1.12)

(ATA)'ATB, M > L.
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Including the case of M = L, the formula for w can be written as

AT (AAT)'B, M <,
w=4¢ (A 'B M =1L (7.1.13)
(ATA)'ATB, M > L.

7.1.4. Model Consistency of the Karasinski Method with the Liquid Prices
U g”kt. A fundamental requirement of a model is the ability to fit the liquid market vanilla
prices U,;”kt. We will consider whether the general case, the Karasinski method has the
required price consistency on the liquid vanillas.

When the number of vanillas and the number of equalities in (7.1.8) are equal, L =
M =2N + 22_N, the consistency can be proven. Following (5.2.23), the sensitivities in
the equalities in (7.1.8) are written as D1, Da,..., Dj;. Without loss of generality, suppose

that we try to price the vanilla U; with the Karasinski method. Hence (7.1.2) becomes

DiUMd = DU + we DU + .. + wp D UM
DoUmed = w1 DU + Wy DoUd + .. + wy DoUmod

(7.1.14)
DpUmed = w1 DpUmod + wo D pgUed + .. + wy D Umod

to which w; = 1, wy = 0,... wr = 0 is obviously a solution. The sensitivities D1, Da,...,
Dy are evaluated at the current model parameters.

Assume further the matrix

DyUpod  Dyugred L DyUped

DoU™d  DyUgmed . DyUpod

2 . 2L (7.1.15)
DyUm™ DyUged . Dy Uped iy

is invertible.

Therefore the weights wy admit a unique solution. Under this assumption, wy = 1,
wo = 0,... wr = 0 is the unique solution. Therefore, the Karasinski price for Uj is
Upred + 1 (Ut — Ured) = UM, a perfect fit of the market price of the liquid vanilla.
For the other vanillas Us,...,Uy,, the same proof applies.

In the case of L # M, depending on the choice of the pseudo-inverse method for

the matrix A in (7.1.10), the solution wy = 1, wpz = 0 for a liquid vanilla Uy is not
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necessarily guaranteed. In the case of L < M, however, the Moore-Penrose pseudo-inverse
[74, 81| ensures the solution wy = 1, wyk = 0 for a liquid vanilla Uy, hold as well because
by the definition of the Moore-Penrose pseudo-inverse, the solution wy = 1, wipr = 0 for
a liquid vanilla Uy will ensure || Aw — Y||? = 0 on the strike of Uy In the case of L > M,
the solution of wyr = 1, wirr = 0 for a liquid vanilla Uy is usually not guaranteed for all
liquid vanillas; we will show later that although the error of the Karasinski price increases
a little as a result of the Karasinski method not producing all of the liquid vanilla prices,
the application of the pseudo-inverse method has very limited negative influence on the

accuracy of the Karasinski method.

7.1.5. Mapping the Black-Scholes Implied Vol Smile to a Flat » Smile. Sup-
pose the model closely follows the market; there is only one model parameter x that has
an incorrect value due to imperfect calibration and other than this parameter all the other
parameters of the chosen model are well calibrated. Following the same error analysis in

the VV chapter, for M < L, we obtain for the Karasinski method
ymkt _yEar & 0 ((69@)3) (7.1.16)

where 0z is the difference between the market and model x values. If M > L, the equalities
in (7.1.8) will not be exact, hence the breaking of the cubic error behaviour.

We have shown earlier that the VV method will see the cubic error convergence V< —
VYV~ 0 ((60)3> when the market Black-Scholes vol smile is flat and the Black-Scholes
model is a close reflection of the market with a small difference in its vol. If x is viewed
as a model implied “z smile” in the same vein as the Black-Scholes implied volatility, the
x smile is flat even when the Black-Scholes implied vol smile may be not. This is an
advantage of the Karasinski method in the case of the model with a smile closely following
the market but having a wrong = value: while the VV method needs a flat market Black-
Scholes implied vol smile to see cubic error, the Karasinski may have the cubic error even
when the market Black-Scholes implied vol smile is not flat.

Similarly, assuming that the model follows the market but with slightly wrong =1, 9,

wery Tpyseery Xy parameter values, for M < L, we will see the error

VIR VRO N " O (620 0mmda) (7.1.17)
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where 0x,,, 02y, 0x;, 1 < n, m, l <N, is the difference between the market and model x,,

T, X7 values.

7.2. The Vega-Karasinski Method for M > L

If M > L, we rely on the pseudo-inverse to find the weights wy, which may lower the
accuracy of the Karasinski method. As a result of the pseudo-inverse, the error behaviours
described by (7.1.16) and (7.1.17) are not cubic; instead, they will be first-order, ™k —
VEa ~ O (§z) and VR — VK o Egzl O (dxy,), respectively.

In the FX market, if we correct the model price error due to three incorrect model

parameters x1, o and x3 with the first order sensitivities only, we will have

( mod aUmod
agxl - zk: wk 8;1
agZ)d = Zk:wk 8552 " (7.2.1)
mod aUmod
agxg - Z Wk 0:123
which gives the quadratic error
ymkt _yKar 23: 0 ((5%)2) + 3 0 (6anbm) (7.2.2)
n=1 ntm

while still allowing the Karasinski formula to fit exactly the market prices of all three liquid
strikes. For easy reference, we will call this the Vega-Karasinski method because it uses
only the first-order sensitivities.

When L = N in a general case, the weights for the Vega-Karasinski method are com-

puted by

avmod aU”gnod
or, Zk:wk 0xy

where 1 < n < N. Similarly, the error will follow V™t — y/Kar ~ 22]:1 0 ((6xn)2) +
> ngm O (62n0T).

Although the Karasinski method with a pseudo-inverse balances the first-order and
second-order sensitivities, both the first and the second sensitivities are balanced in an
approximate sense. On the other hand, when M > L, the Vega-Karasinski method leaves
out the second-order sensitivities but makes a better balance of the first-order sensitivities.

Comparing the Vega-Karasinski method with the Karasinski method with a pseudo-inverse,
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we find that the error behaviour of the Vega-Karasinski method appears to be better;
the error of Vega-Karasinski method is second-order compared the first-order Karasinski
method with a pseudo-inverse when M > L. Later we will show in numerical examples
that the Vega-Karasinski method is better in accuracy than the Karasinski method with
a pseudo inverse when M > L.

In the FX market (L = 3), if there are only two incorrect model parameters z; and xs,

the Karasinski weights w; computed by the equations

8vmod aU]:rwd
ox 1 N Z Wk 81‘ 1
avmod aUlznod
o = Zk:wk e (7.2.3)
62 Vmod 82 U]:nod
\ Ox? N Zk:: h Ox?

will ensure that the quadratic error (7.2.2) continues to hold. We will call the Karasinski
method based on the weights computed by (7.2.3) the Vega-Karasinski method as well,
because the first-order sensitivities with respect to incorrect model parameters are balanced

and the second-order sensitivities are only partially balanced.

7.3. Treat a Greek as the Target Instrument

Currently there are no published or known methods to compute Greeks with the VV
method as Carr and Wystup [104] indicated. In practice, the Black-Scholes Greeks are
usually used while the VV method is used to produce prices. It is problematic because the
Greeks are often priced on the wrong vols as the usual candidate for the model vol is the
at-the-money vol and the Black-Scholes dynamics might not be a close reflection of the
market. If we directly take derivatives of the VV price, we will encounter the challenge
of computing the Greeks of market vanilla prices. The sensitivity of the VV price of an

option V' with respect to a model parameter y satisfies

ovvv ovBs Owy,
= D (R vl
Ay Y o urnr % dy ( ATM)
Ukt oUps
— 3.1
¥ (- i
k OATM

While the model Greeks can be computed, we have no idea what the market Greeks

of the vanillas are. The lack of a method to compute Greeks using the concepts of the VV

165



and Karasinski approaches mainly involves the inability to obtain derivatives of market

prices.

7.3.1. Price a Greek like a Target Instrument in the Karasinski Method.
We find that this issue can be circumvented if we treat the Greek to be priced as the target
instrument in the Karasinski formula and change the definition of the hedging weights in
the Karasinski methods. Treating a Greek as the target instrument means that we regard
the Greek as an option price in the Karasinski Method. Essentially, by this approach, the
Greek of an option price V takes the position of V' in the Karasinski formula. The meaning

of this approach will be made clear with the formula and explanation laid out below.

VKar
First example, the Karasinski formula for computing a first-order sensitivity is
8VKa,r 8vmod
- + > (ot - ot ) 7.3.2
ay ay gmod ; k K k gmod ( )
where the weights wZ are computed from
d d
L
ax ay pmod & k af[f gpmod
82 avmod y 82U]7€7wd
o (" )| = T (7:33)
Kl <8Vm0d> - Y U
8$3 83/ pmod & k ax3 gpmod
Vv

The VV formula for computing a first-order sensitivity

avVV 8VBS

oy oy

kt BS
*Z%@?*%\WQ
k

OATM

where the weights wz are computed from

g avBS
ox oy

w
B OCATM k B OATM
0% [oV y 07U}
6:132( Ay ) - Zwk Ox?
9 BS OATM 9r1BS OATM
o7 (ovP® _ Zwy Uy
0xdS oy " ko 9x0S
TATM OATM
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82 Vmod

is

Similarly, the Karasinski formula for a second-order sensitivity

8y82 pmod
82‘/Kar 82vmod ” L
= 7 (UKt — gyred 7.3.4
0yoz 0Y0z | mod + zk: “k ( k xmod) ( )
where the weights wzz are computed from
g aQVmod B Zwyz 8Ul€n0d
Ox \ 0y0z )| mea - 0z | o
62 32vmod " 62U,g”°d
@ < 8y82 > pmod B Zk: Wk axQ grmod (735)
i?) 82vmod _ Zwyz a3U]gnod
0z \ 0y0z )| moa - Fo0zd | e

Our approach of computing Greeks with the Karasinski model is a very straightforward
idea. If the model closely follows the market and x is the only model parameter that has
a wrong value, the error of a Karasinski sensitivity is cubic.

Suppose G denotes a Greek to be priced. Similarly, for the Karasinski method, the

mod >
T1,.N

formula for pricing the Greek G for N > 1 is

kt d
o+ Z”k (U,;n - ure
xl,A.AN k

GKG/I‘ — Gmod

and the weights wy, satisfy

aGmod 8Ulznod

al‘n [L'Z“)d axn xmod ’
82 Gmod 82 Umod
— E Wi

6$% x;bnod a:mod ’
82 Gmod 62 Umod
e E Wk —~— .
axnaxm xmod 8xn8xm od

n,m n, m

where n < N, m < N, n # m.
If the model is the Black-Scholes model, N = 1 and L = 3, we will also call GK%" the
VV Greek GVV.

7.4. Fast Linear Model Calibration Coupled with the Karasinski Method.

When a complex model is frequently but imperfectly calibrated, we regard this model
as a model closely following the market but with slightly wrong model parameter estimates.
In this case, the Karasinski method can work with a fast linear calibration scheme to offer

the best performance and speed.

167



Assuming the vanilla prices U™** and U™°? are close with the parameters z,,, 1 < n <

N, having slightly different values between the market and the model, we take Taylor’s

expansion of U™ — U™°d on the liquid strikes and obtain
N
6Um0d 1 82Umod 82Umod
[ymkt _ prmod E__ s Z k ) 2 —k 52,6 4.
K K ; Oxy, ot 2 0x2 (02n)” ) + T;ﬂ 0xn 0T, U0 (7.4.1)

where dx,, denotes the x, parameter difference between the market and the model. We
know U™kt — Umod and wy, for each strike, so the question of model calibration is to
compute 0z, through a system of quadratic equations. Solving the quadratic equations
may be easier than the traditional calibration method.

If the market-model parameter differences dz;, are small enough, (7.4.1) can be further

reduced to the first-order linear form:

8Um0d
Umkt Umod ~ Z < 8; &L'n) (742)

which is a system of linear equations that can be easily solved.

We can use the solutions from (7.4.2) to estimate the solutions of (7.4.1) approxi-

(1)

mately by solving another system of linear equations. Assume that dx;,’ are the solutions
obtained from the linear equations (7.4.2) and that (5:6%2) are the solutions obtained from

the quadratic equations (7.4.1). Assume further that 5m%2) can be expressed by

62 = gzl 4 520 (7.4.3)

n

Substituting (7.4.3) into (7.4.1) gives

i (O ) S )

O (7.4.4)
82U£n0d 1) s
5z
+ Z 8a:n8xm Tm

(0)

where the quadratic terms containing dzy’ in (7.4.4) have been ignored for they are far
mad

smaller than the first-order terms

(5x(0) After 5x£l) have been solved through the
(

system of linear equations (7.4.2), to obtain 525 from (7.4.4) is a simple task of solving

xn

another system of linear equations . Therefore, to solve the quadratic equations (7.4.1)
approximately is to solve two systems of linear equations, which is very easy and fast. Once

(53059 are computed, (533%2) can be computed with (7.4.3). This method can potentially be
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extended to even higher orders, but we will show later that the second-order calibration is
already very accurate for the Karasinski method and even when used on its own.

For easy reference, we will call the first-order calibration the FLF (fast linear first-order)
calibration, and the second-order calibration the FLQ (fast linear quadratic) calibration.

Both (7.4.1) and (7.4.2) have the high-order terms cut off, hence not perfect. However,
the Karasinski method does not need extremely high accuracy in model parameters; it just
needs a model that is reasonably close to the market. Later we will see that 10%, 20%
relative errors in model parameters still make the Karasinski prices highly accurate in our
test examples.

If the question is to maintain a calibration that is not far behind the market and is good
to use with the Karasinski method, we can either solve the equations (7.4.2) to conduct
a first-order calibration (FLF), or use the combination of (7.4.2), (7.4.4) and (7.4.3) to
give a second-order calibration (FLQ), both of which can be quickly computed through
linear equations. Every time the Karasinski method is run, the first-order or the quadratic
calibration can be used to bring the z,, roughly to the market values. The resulting model
price error because of the imperfection in x,, can be corrected by the Karasinski method.

Therefore, the Karasinski method and the FLF or FLQ calibration schemes can act in

partnership to offer great efficiency and speed.

7.5. Performance Analysis

7.5.1. Inverse of Square Matrix A, (M = L =3) - CEV Market and Model
Differ by One Parameter (N = 1). As we have analysed, to compute the Karasin-
ski weights wy, the matrix A in (7.1.13) needs to be either inverted or pseudo-inverted
depending on M and L.

When M = L, the matrix A in (7.1.13) can be simply inverted. A test based on the
CEV model described by (5.5.3) is performed. Except the model CEV parameter o™°? for
the Karasinski method that is specified in the plots of Figure (7.5.1), the parameters for
the CEV test are the same as those used for Figure (5.5.11); the model CEV parameter
o™? is assumed to have different values from the market CEV parameter o™t due to
the imperfection in calibration in these plots. The top plot of Figure (7.5.1) shows the

relative error between the CEV market price and the Karasinski prices for different strikes

under various parameter estimation errors in ™°?; the bottom plot of Figure (7.5.1) shows
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the relative error between the CEV market price and the CEV model, the VV, and the
Karasinski prices for a European call with the strike K = 0.5 (K2 + K3). In the top plot
of Figure (7.5.1), the European call prices are compared for K > S and the European put
prices are compared for K < S. The top plot of Figure (7.5.1) reveals that the Karasinski
prices with the relative 0™ estimation errors less than 10% demonstrate much smaller
errors than those of the VV prices, in both the interpolation and extrapolation ranges
of the strike. The bottom plot of Figure (7.5.1) shows cubic convergence (with Vanna
terms balanced) and fourth-order convergence (with dVolga/Odx terms balanced) of the
Karasinski price; it can be seen that the Karasinski price is a more accurate price than
the V'V price if the relative 0™°¢ estimation error is smaller than a certain level, such as
10% or 20% in this plot. Figure (7.5.1) shows that replacing the balance of Vanna terms
with the balance of 9Volga/0x achieves higher accuracy, which implies that the balance of

Vanna terms is not essential.

7.5.2. Pseudo-Inverse of Matrix A.

7.5.2.1. Over-Determined (7.1.10) - M =5 > L = 3. The top plot of Figure (7.5.2)
shows the relative error between the SABR market price and the Karasinski prices for
different strikes under various parameter estimation errors in the SABR model parameters
p™d and v™°4; the bottom plot of Figure (7.5.2) shows the relative error between the
SABR market price and the Karasinski prices for a European call with the strike K =
0.5 (K2 + K3). In the top plot of Figure (7.5.2), the European call prices are compared
for K > S and the European put prices are compared for K < S. Except that the SABR

model parameters p°? and v™°¢

are specified in the plots, the parameters for Figure (7.5.2)
are the same as those of Figure (5.5.14). Since there are two incorrect model parameters,
N =2, we have M =5 > L = 3, hence having a system of over-determined equations in
(7.1.10). With the system of over-determined equations, as shown on Figure (7.5.2), the
pseudo-inverse of the matrix A makes the Karasinski method perfectly match the market
vanilla prices on the liquid strikes.

Figure (7.5.2) shows that the pseudo-inverse of the matrix A works very well; with the
model parameter estimation errors within 10%, the resulting relative error between the
SABR market price and the Karasinski price is in the order around 10~% to 1073. The

bottom plot of Figure (7.5.2) shows that even with 20% model parameter estimation errors,

the relative error of the Karasinski price is roughly —1.2 x 1073, which is still very small.
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The bottom plot of Figure (7.5.2) also shows that with the pseudo-inverse on the over-
determined equations, the error behaviour of the Karasinski price will no longer be cubic;
the error behaviour instead demonstrates a first-order convergence with respect to changes
in the SABR model parameters p™°? and ™4,
7.5.2.2. Further Over-Determined (7.1.10) - M =9 > L =3 and M =20 > L = 3.

Figure (7.5.3) shows the relative error between the Heston market price and the Karasinski

prices for different strikes under various parameter estimation errors in the Heston model
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FIGURE 7.5.2. SABR Market and Model Differ by Two Parameters (N = 2)

parameters ™04, ¢mod and pmed. In Figure (7.5.3), the European call prices are compared
for K > S and the European put prices are compared for K < S. Except that the Heston
model parameters 87°%, £m0% and p™e? are specified in the plots, the parameters for Figure
(7.5.3) are the same as those of Figure (5.5.3). Because of N = 3, we have M =9 > L = 3,
hence having a more over-determined system of equations (7.1.10) than the SABR case
described in the above section, which has M = 5 and L = 3. A comparison between Figure
(7.5.3) and the top plot of Figure (7.5.2) shows that as the system of equations (7.1.10)

becomes more over-determined, the relative error of the Karasinski price will increase; the
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FIGURE 7.5.3. Heston Market and Model Differ by Three Parameters (N = 3)

relative error curve with a 10% parameter estimation error in the top plot of Figure (7.5.2)
is flat and close to zero between the liquid strikes but the relative error curve with a 10%
parameter estimation error in Figure (7.5.3) shows slightly larger errors. However, Figure
(7.5.3) shows that the pseudo-inverse still works quite well with the resulting relative errors
of the Karasinski prices in the order around 10~% and 10~ when the relative parameter
estimation errors are within 10%.

Inspired by the success of the Moore-Penrose pseudo-inverse demonstrated by Figures
(7.5.2) and (7.5.3), we will extend the above Heston result one step further by assuming
that all five parameters of the Heston model, x™od, gmod ¢mod - ymod and ypnod are slightly
wrong compared to the Heston market parameter values. Except the model parameters
gmod  gmod - gmod - ymod and yied gpecified in Figure (7.5.4), all the other parameters are
the same as those for Figure (7.5.3). Because of N =5, we have M = 20 > L = 3. Figure
(7.5.4) shows very little changes from Figure (7.5.3).

This shows the the pseudo-inverse method is highly robust with the Karasinski method.
With only three liquid vanillas, the Karasinski method can reliably correct its model price
computed with at least five wrong model parameters.

7.5.2.3. Under-Determined (7.1.10) - M = 3 < L = 5. The parameters for Figure
(7.5.5) are the same as those for the top plot of Figure (7.5.1) except that the two error
curves marked with L = 5 in Figure (7.5.5) assume two additional liquid strikes Ky =

K71 —0.3 and K4 = K3+ 0.3 are also available in this CEV market, hence L = 5. We have
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known that the market vanilla prices on the liquid strikes are produced by the Karasinski
method for M > L, provided the Moore-Penrose pseudo-inverse [74, 81| is used for M > L.
However, when M < L, as shown in Figure (7.5.5), the market vanilla prices on the liquid
strikes are not necessarily produced by the Karasinski method.

Figure (7.5.5) shows that the relative errors of the Karasinski method with a system
of under-Determined equations (M = 3, L = 5) in (7.1.10) are larger than those of the
Karasinski method with a square matrix A (L = M = 3) in (7.1.10). However, the error
difference between the case of M = 3, L = 5 and the case of L = M = 3 is very small; the
errors for both cases are roughly in the same order.

This suggests that the least-norm pseudo-inverse used for under-determined (7.1.10)
has a very limited impact on the accuracy of the Karasinski method.

The other side of the same issue is that we can simply use just enough number of
liquid vanillas to make L = M, even if more liquid vanillas are available. For a strike K,
we can use the liquid strikes near K to make L = M in the Karasinski method. With
increased computational costs and no improvement on error, to use more liquid vanillas

than equations (L > M) appears to offer no clear benefit.

7.5.3. Performance of the Vega-Karasinski Method. The parameters for Figure
(7.5.6) are the same as those for Figure (7.5.3). Figure (7.5.6) shows the relative error of
the Vega-Karasinski price whereas Figure (7.5.3) shows the relative error of the Karasinski
price through pseudo-inverse. A comparison between Figure (7.5.6) and Figure (7.5.3)

clearly shows the accuracy advantage of the Vega-Karasinski method. In Figure (7.5.6),
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the relative errors of the Vega-Karasinski method stay flat and close to zero between liquid
strikes.

To see the accuracy of the Vega-Karasinski method more clearly, we compare the
relative errors of the Vega-Karasinski price and the Karasinski price for a European call
with the strike 0.5 (K3 + K3) with respect to the Heston model parameter changes in
Figure (7.5.7). Except the Heston model parameter changes as shown in the plots, all
other parameters of Figure (7.5.7) are the same as those used for Figure (7.5.6). The left
plots of Figure (7.5.7) show the relative error of the Karasinski price and the right plots of
Figure (7.5.7) show the relative error of the Vega-Karasinski price. The top plots of Figure
(7.5.7) show the relative error with respect to model £, § changes and the bottom plots of
Figure (7.5.7) show the relative error with respect to model &, p changes. Figure (7.5.7)
shows that the Vega-Karasinski price is roughly 10 to 20 times more accurate than the
Karasinski price obtained through pseudo-inverse; the Vega-Karasinski price is much more
accurate because the first-order error has been removed in the Vega-Karasinski price. Due
to the existence of the first-order error component in the Karasinski price obtained through
pseudo-inverse, the left plots of Figure (7.5.7) show linear error behaviours; because the
error of the Vega-Karasinski price is a sum of quadratic terms, the right plots of Figure

(7.5.7) have curvy surfaces.
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Figure (7.5.8) shows the performance of the Vega-Karasinski method described by
(7.2.3) (L = 3 and N = 2) under a SABR market. The parameters for Figure (7.5.8) are
the same as those for the bottom plot of Figure (7.5.2). A comparison between Figure
(7.5.8) and the bottom plot of Figure (7.5.2) shows that the Vega-Karasinski method
demonstrated by (7.2.3) is more than 10 times more accurate than the Karasinski method
demonstrated in the bottom plot of Figure (7.5.2).

Figures (7.5.6) and (7.5.7) demonstrate the importance of fully cancelling out the lower-

order error component before taking the higher-order error components into account.

7.5.4. The Karasinski Greeks. Figure (7.5.9) shows the relative error of the Black-
Scholes, SABR, VV and Vega-Karasinski prices of a European call option with the strike
0.5 (K2 + K3) under a SABR model market. The parameters of Figure (7.5.9) are the
same as Figure (7.5.2). The Black-Scholes Greek prices are computed at o 47yr; the SABR
model parameters p and v are different from the market values by 10%; the VV prices are
computed by treating the Black-Scholes Delta and Gamma as the target instruments for
the VV method; the Vega-Karasinski prices are computed by treating the SABR model
Delta and Gamma as the target instruments for the Vega-Karasinski method.

Figure (7.5.9) shows that the relative error of the Vega-Karasinski Greek values are
very close to zero and far better than the other displayed choices of values. The VV Greek

values are not as accurate as the Vega-Karasinski values because the Black-Scholes model
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used in the VV method does not closely follow the SABR market whereas the SABR
model used in the Vega-Karasinski method is much closer to the SABR market. From the
earlier numerical analysis, we have learned that the pricing error of the Karasinski method
will increase when the model parameter estimation errors increase. If we roughly view the
Black-Scholes prices as some poorly calibrated SABR prices, it is reasonable to expect that
the resulting pricing error of the VV method will be higher than that of the Karasinski
method. Also the sensitivities of a model may be very much different from those of another
model; so it is better to use a calibrated model (although the model may be not accurately
calibrated) as a starting point in the Karasinski method than to use the Black-Scholes
model.

With the same parameters as those for Figure (7.5.9), Figure (7.5.10) shows the com-
parisons between the SABR model Greek values and the Vega-Karasinski Greek values for
Delta, Gamma and Vegas with respect to p and v. The Vega-Karasinski Greek value are
shown with much higher accuracy (10 to 10* times more accurate) than the SABR model
Greek values. This suggests that the Karasinski method is highly accurate in computing
the Greeks. Compared to the usual methods, which are the Black-Scholes and the model

values, the Karasinski method appears to enjoy a clear advantage.

7.5.5. Confirmation of the Parameter-Error View - the Karasinski Method
Applied to Barrier Options. When the model and market are not similar, we have
argued that a hedging-costs view on the model price correction is appropriate. In the last
chapter on the VV method applied to barrier options, we presented a special case where the
model and the market both follow the flat vol Black-Scholes model but with a difference in
the Black-Scholes implied volatility value. In this case, Figure (6.4.1) shows that the VV
price is far better than the P-VV prices; this result is in sharp contrast with the other test
cases in the same chapter where the model and the market are assumed to be different (e.g.
the market is the Heston model while the model is the Black-Scholes model). When the
market and the model are different, the P-VV prices have been shown to be better than
the VV price unless the no touch probability is very close to one. If the the hedging-costs
view is proper for the Karasinski method, following the same analysis presented in the last

chapter, a P factor must be used for the Karasinski method as well:

VKa’r‘ — Vmod

proa© P 20 (U - U
k

xmod) (7.5.1)
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Black-Scholes, SABR, VV and Vega-Karasinski methods under the SABR
Market (N = 2)

Otherwise, if the parameter-error view is correct, the P factor is not needed. When the
model and the market are assumed to be close (as both follow the Black-Scholes model),
the VV price is one case of the Karasinski price. This suggests that the parameter-error
view makes sense for the Karasinski method when the model and the market are close,

and the hedging-costs view makes sense when the model and the market are different.
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Assuming the same parameters as those of Figure (6.4.4), Figure (7.5.11) presents a
Karasinski test based on the model and the market both following the Heston model with
the model having three wrong model parameters (N = 3). The model in the Karasinski
method is assumed to have the Heston parameters with 10% estimation errors, §"°% =
1.19mkt gmod — 1 1¢mF and pmed = 1.1p™kt. Figure (7.5.11) compares the prices of the
Pnorouch-VV, Pep-VV, Heston model and Vega-Karasinski prices. The Vega-Karasinski
price is far better in error behaviour across the entire displayed strike range. In Figure
(7.5.11), the Pnorouch-corrected Vega-Karasinski price as in (7.5.1) shows a significantly
larger error than the unmodified Vega-Karasinski price; the error of unmodified Vega-
Karasinski price appears to be zero as far as our eyes can tell whereas the Pyorouch-
corrected Vega-Karasinski price has an error of around 4%. Along with the earlier test
of both the model and the market following the Black-Scholes model in the last chapter,
this Heston-based test again confirms that the hedging-costs view is not appropriate for
the Karasinski method; the parameter-error view is more appropriate for the Karasinski
method.

Figures (7.5.12) and (7.5.13) display the relative errors of the Vega-Karasinski method
w.r.t. the Heston parameter value changes. It can be seen that the Vega-Karasinski method
is highly accurate in pricing barrier options. As the model parameter estimation errors
increase, the error of the Vega-Karasinski price will increase. However, even with 20%
model parameter estimation errors, the relative error of the Karasinski price stays in the

order of 10~%.

7.5.6. Fast Linear Model Calibration plus the Karasinski Method for Difficult-
to-Calibrate but Easy-to-Compute Models. The performance of first-order and second-
order fast linear calibration based on (7.4.2), (7.4.4) and (7.4.3) is shown in Figures (7.5.14)
and (7.5.15). The parameters for these figures are the same as those for the bottom plot
of Figure (7.5.2).

The top plots of Figures (7.5.14) and (7.5.15) show the relative error of the calibrated
p™ and % based on the FLF calibration scheme. Both plots show that the calibrated
parameters are closer to the market values after the calibration. For example, when p™°¢
and v™°¢ before calibration both have 20% relative errors, the calibrated p™°? has the
relative error of 4% and the calibrated v™°¢ has the relative error of 1%. When the

relative errors in the model parameters are within a few percent, we have shown that the
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w.r.t. £ and 6 under Heston Market (N = 3)

Karasinski price is highly accurate. This suggests that the FLF scheme can be used with
the Karasinski method for fast and accurate pricing: the FLF scheme is used to bring

the model parameters close to the market values although they may be not very highly
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w.r.t. £ and p under Heston Market (N = 3)

accurate; then the Karasinski method corrects the error in the model price and achieves
high accuracy in pricing.
The bottom plots of Figures (7.5.14) and (7.5.15) show the relative error of the cal-

mod and 1™ based on the FLQ calibration scheme using the combination of

ibrated p
(7.4.2), (7.4.4) and (7.4.3). These plots show that the FLQ calibration scheme has a
superb accuracy in the order of 1073 when the model parameter estimation errors are
within 20%. Compared to the first-order linear scheme, the second-order linear calibra-
tion scheme incurs very little extra computational costs by solving two systems of linear
equations, hence the FLQ scheme is recommended over the FLF scheme.

With the same parameters as in Figures (7.5.14) and (7.5.15), Figure (7.5.16) displays
the accuracy of the FLQ scheme w.r.t. a much wider range of pre-calibration model param-
eter errors. These plots of Figure (7.5.16) show that the second-order linear calibration
scheme can provide significant model parameter estimation accuracy improvement even
when the model parameters are in 80% relative errors with the market.

The linear model calibration scheme FLF and FLQ coupled with the Karasinski method
may be particularly useful for the category of difficult-to-calibrate but easy-to-compute

complex models. The Heston, Multi-Heston, CEV, SABR, Merton Jump models, which

all have analytical solutions for vanillas, are excellent candidates that can benefit from the
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combination of the linear calibration and the Karasinski method. Both the linear calibra-
tion schemes (FLF and FLQ) and the Karasinski method are extremely fast with these
model. When the number of dimensions increases, a complex model will become increas-
ingly difficult to calibrate, but a calibration using the FLF or FLQ scheme will still be very
easy and fast; so these schemes and the highly accurate Karasinski method complement
each other and they can offer great accuracy in pricing with very small computational

costs.

7.6. Summary of Key Findings

(1) In analysing the Karasinski and VV methods, a parameter-error view is appropriate
for the case when the model and the market are close but with slightly different parameter
values whereas the hedging-costs view is appropriate for the case when the model and the
market are different. Because the Karasinski method is intended for the case when the
model and market are close, the parameter-error view is appropriate for the Karasinski
method; because of the difference between the Black-Scholes model and the real market,
the hedging-costs view is appropriate for the VV method. The parameter-error view for
the Karasinski method is supported by the two tests with barrier options. (2) As a result
of the parameter-error view of the Karasinski method, the Vanna terms need not to be
balanced for computing the weights wy in the Karasinski method when the model follows
the market. (3) The Karasinski method is a more accurate pricing method than the VV
method if the model used by the Karasinski method is reasonably calibrated; our tests
show that a 10% model parameter estimation error still makes the Karasinski prices highly
accurate and better than the alternatives used in our tests. The closer the parameters of
the model to the market values, the better the error of the Karasinski price. (4) Although
the VV method can be viewed as a special case of the Karasinski method, they are intended
for different applications. The VV method is used when the model and the market are
different, and the Karasinski method is used when the model is close to the market but
having some parameter estimation errors. (5) The Karasinski method is extended to include
any number of liquid vanillas L and any number of weights-determining equations M.
With the extended Karasinski method, the case of M = L has a better accuracy than
the case of M # L. (6) If M > L holds, the Vega-Karasinski method is proposed and

recommended because it cancels out the first-order error whereas the error of the Karasinski
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method with pseudo-inverse is first-order. The Vega-Karasinski method is very accurate
and it is much more accurate than the Karasinski method with pseudo-inverse. In the FX
market, where M > L usually holds, the Vega-Karasinski method is particularly helpful.
(7) It M < L, the use of more liquid vanillas than the number of weights-determining

equations will neither significantly improve nor damage the error behaviour, hence we
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recommend to just use M liquid vanillas to keep computational costs to a minimum. (8)
For M > L, the Karasinski method will exactly match the market vanilla prices on the
liquid strikes. (9) It is proposed that the Greeks can be computed by the Karasinski (but
not the VV) method by regarding them as the target instruments. The market model

Greeks computed by the Karasinski method are highly accurate. The Greeks computed
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by the VV method are far less accurate because the Black-Scholes model used in the VV
method is very different from a smile-generating market model. The Karasinski method
excels in computing market model Greeks in very high accuracy because the model used
in the Karasinski method behaves more like the market than the flat-vol Black-Scholes
model does. (10) Two fast linear market model calibration schemes (FLF and FLQ) in
different accuracy are proposed to work with the Karasinski method. The idea is that
since the Karasinski method does not require extremely high model parameter accuracy,
a fast linear calibration scheme (in first- or second-order) can be used to bring the model
parameter values close to those of the market and the remaining accuracy gap can be filled
by the adoption of the Karasinski method. This way, both calibration and computation
of prices will be quick and efficient. For difficult-to-calibrate but easy-to-compute models,
this combination is particularly useful. The FLQ scheme is much more accurate than the
FLF scheme and it requires very little extra computational cost - only solving one more
system of linear equations than the FLF scheme. Therefore, the FLQ calibration scheme

is the preferred scheme to work with the Karasinski method.
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CHAPTER 8

Conclusions and Future Directions

8.1. Conclusions

This research work focuses on the validity and performance of the VV and Karasinski
methods. We have made an attempt to conduct a comprehensive study on these methods
whose merits deserve more research. The VV method has already gained a great deal of
popularity as the pricing tool many traders rely upon in the FX market. Through this
study, the VV method, a fast and effective but highly empirical pricing method is given the
justification it needs to be better understood and explained with reasons for its success.
Although the Karasinski method was proposed by Karasinski [55] as a generalisation, this
method has a few interesting and powerful characteristics of its own. Potentially the
Karasinski method can replace the VV method in many occasions.

In a broad sense, the VV method can be viewed as a special case of the Karasinski
method. However, they are intended for different applications: the VV method is used
when the model and the market are different, and the Karasinski method is used when the
model is close to the market but having some parameter estimation errors. In analysing
the Karasinski and VV methods, we distinguish between two views: a parameter-error
view is appropriate for the case when the model and the market are close but with slightly
different parameter values whereas the hedging-costs view is appropriate for the case when
the model and the market are different. Because the Karasinski method is intended for
the case when the model and market are close, the parameter-error view is appropriate for
the Karasinski method; because of the difference between the Black-Scholes model and the
real market, the hedging-costs view is appropriate for the VV method. A major difference
between these two views is that the Vanna terms need not to be balanced for computing
the weights wy, in the parameter-error view whereas the hedging-costs view will require the
inclusion of the balance of Vanna terms.

The VV price is found to be an excellent alternative to the Heston, SABR, CEV, Merton

Jump prices for vanilla options under a wide range of market parameter assumptions; the
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VV method requires no calibration, hence having a significant advantage over these model
in computing vanillas. While each of these models is only suitable for certain types of
smiles, the VV method can always match the market vols on the three liquid strikes,
making the VV method far more flexible in modelling a smile than any of these models.
The RRBF-VV price is found to be the same as the VV price; the Traders’ Rule price
is explained as an approximation to the RRBF-VV price. It has been found that it is
necessary to use three hedging vanillas Uy in the VV formula; using one or two hedging
vanillas will see a substantial increase of error and will not fit the market vols on all three
liquid strikes. While perfect estimates of market vanilla prices on the liquid strikes are
given by the VV method, on other strikes there are underestimates and overestimates. In
an example, it is also shown that the VV weights may be excellent hedging strategies.
For exotics, there is no guarantee that the VV method will produce a perfect match to
a market price. The VV prices of the path dependent exotic options are much less close to
the Heston prices than the VV prices of the path independent exotic options such as digi-
tals; the increased errors are explained by the unbalanced Vanna terms such as dSdo arar,

dSmazdoary and dSyindo arys in the portfolio growth dVBS — AdS — ZwkdUlfs. The

Smile-VV method is proposed for exotic options; the Smile-VV method hkas been demon-
strated to perform much better than the VV method for Asian options.

The P-VV method is explained with the two issues identified with the unmodified VV
method for the down-out barrier options: the inconsistency of the VV price at ¢, and over-
hedging at ¢ < t;. From a view of solving the second issue, the Pnorouch-VV method is
found to have better underlying reason than the P.,-VV method, although both P factors
solve first issue completely. Although the P-VV price may be a big improvement over the
VYV price when the no touch probability is small, because the P-VV price is in between
the Black-Scholes price and the unmodified VV price, any further improvement on error
is limited by how close the Black-Scholes price is to the market price in this case. The
V-VV method is proposed to help to interpolate prices between these strikes if the market
barrier prices on the liquid strikes have been estimated somehow with certain accuracy. It
is found that the estimation of Pyorouch and P, with the Black-Scholes model using o arps
is good enough for normal market parameters. We have explored the issue whether there
are useful alternatives to o o47s as the model vol for the P-VV price computation, and have

proposed two possible choices " (K) and oy . The overall trend of the P-VV prices
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can be summarised as that in the interpolation range of the strike, the Pyorouch-VV price
usually outperforms the P.,-VV price; in the extrapolation range of the strike, the P.,-VV
price appears to have an advantage over the Pyorouch-VV price. the Smile-VV method
also appears to be roughly as good a method for barrier options as the P-VV method.

We have found that the Karasinski method is much more accurate than the VV method
if the model used by the Karasinski method is reasonably calibrated (e.g. a 10% model
parameter estimation error still makes the Karasinski prices highly accurate). The closer
the parameters of the model to the market values, the better the error of the Karasinski
price. With the multi-dimensional Karasinski method, the case of M = L has the better
accuracy than the case of M # L, where L is the number of liquid vanillas and M is the
number of weights-determining equations.

For the case of M > L, we propose to use the Vega-Karasinski method because this
method cancels out the first-order error, making the error behaviour second-order, which
is better than the first-order error convergence of the Karasinski method with a pseudo-
inverse. We have pointed out that in the FX market, where M > L usually holds, the
Vega-Karasinski method is particularly helpful. If M < L, we recommend to just use M
liquid vanillas to keep computational costs down because using more liquid vanillas than
M offers no significant increased benefits. For M > L, the Karasinski method will exactly
match the market vanilla prices on the liquid strikes. The Karasinski method has been
shown to be highly accurate for pricing barrier options.

We propose to compute the Karasinski Greeks by regarding the Greeks as the tar-
get instruments in the Karasinski formula. The market model Greeks computed by the
Karasinski method are very accurate. The Greeks computed by the VV method are not
accurate. The Karasinski method excels in computing market model Greeks in very high
accuracy because the model used in the Karasinski method behaves more like the market
than the flat-vol Black-Scholes model does.

Through the analysis and numerical tests in this thesis, the Karasinski method has been
demonstrated with superior performance in computing option prices and Greeks compared
to the VV method. The tradeoff of the Karasinski method is that it requires a calibrated
model, although the calibration can be imperfect, whereas the VV method does not need

calibration at all. Since frequent but imperfect calibration is very common among the
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trading systems, this research work reveals that the existing calibration can be taken
advantage of through the Karasinski method.

We have also proposed two fast linear market model calibration schemes (FLF and
FLQ) to work with the Karasinski method. The logic is that since the Karasinski method
does not require very high model parameter accuracy, a fast linear calibration may be used
to bring the model parameter values close to those of the market and the remaining price
error may be corrected by the Karasinski method. This combination is quick and efficient,
and can be particularly useful for difficult-to-calibrate but easy-to-compute models. The
FLQ calibration scheme can be a highly accurate calibration scheme in its own right.

This thesis also covers a careful exploration on the choices of finite difference schemes
as well as the Multi-Heston model in the early chapters. The effects of the chosen schemes,
Crank Nicolson, Douglas scheme, ADI time marching, Rannacher start-up, Giles extension
to Rannacher start-up, Craig-Sneyd correction, payoff smoothing, non-uniform grids, and
mesh-adaptive upwinding are studied. An informed combination of these schemes is fast
and efficient in computing a wide range of options with non-smooth payoffs to the second-
order precision. With the Fundamental Transform method (see Lewis [65] and Shaw [89]),
the Multi-Heston model is studied to highlight that a slow-to-calibrate but fast-to-compute
model may be a good candidate for the Karasinski method. The studies of these topics
help qualify the Karasinski method as a highly practical method capable of dealing with a
wide range of the trading needs.

Overall, this thesis has made a detailed inquiry into the VV and Karasinski methods.
With the increased understanding about these powerful methods, plus the suitable nu-
merical tools to make their implementations easy, it is hoped that the future use of these

methods will benefit from this work.

Future Directions

A major followup of this line of discussion is to extend the VV and Karasinski methods
from a largely FX method to a tool in other markets. Take the equity option market for
example. There are many more liquid strikes in the equity option market whereas there are
just several liquid strikes in the FX market. However, it may also be possible to simplify

computation by using only the strikes of the hedging instruments around the strike of
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interest. Overall, there are no significant obstacles preventing the VV and Karasinski

methods from being applied in other markets.
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Table of Conventions for the VV and Karasinski Chapters

FX: | Foreign Exchange Pnorouch: | No touch risk neutral probability
V. The price of an option T: Maturity
U: The price of a vanilla option | 7: Time to maturity
BS: | Black-Scholes Tey: Expected early exercise time
mkt: | Market P..: Te/T
mod: | Model th: The time when the barrier is hit
VV: | Vanna-Volga S: Spot
Vega: 3‘(;*:5 A: Delta, 8‘(;55
92/ B3
Volga: 907 T4 Domestic interest rate
92/ B3
Vanna: 90203 Ty Foreign interest rate
Wi Hedging weights N: Normal cumulative function
Kar: | Karasinski vol pillars: | See Ky,
ATM: | At-the-money Us: The liquid vanilla 25A put
GC: | Gram-Charlier U, The liquid vanilla AT M call
Vmkt, | Esitimated price of Vkt Us: The liquid vanilla 25A call
TR: | Traders’ Rule Uarr: U,
RR: | Risk Reversal based on vols K Liquid strike for Uy,
RR | Risk Reversal based on prices | K: Strike of the target option
BF: | Butterfly based on vols FLF: “Fast linear first-order” calibration
BF Butterfly based on prices FLQ: “Fast linear quadratic” calibration
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