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Membranes regulate transport in a wide variety of
industrial and biological applications. The microscale
geometry of the membrane can significantly affect
overall transport through the membrane, but the
precise nature of this multiscale coupling is not well
characterized in general. Motivated by the application
of transport across a bacterial membrane, we use
formal multiscale analysis to derive explicit effective
coupling conditions for macroscale transport across
a two-dimensional (2D) impermeable membrane
with periodically spaced gaps, and validate these
with numerical simulations. We derive analytic
expressions for macroscale membrane quantities,
such as the effective permeability, in terms of the
microscale geometry. Our results generalize the classic
constitutive membrane coupling conditions to a wider
range of membrane geometries and time-varying
scenarios, e.g. we demonstrate that the unsteady
conditions can gain a memory property and depend
on the system history. By applying our effective
conditions to small-molecule transport through gaps
in bacterial membranes called porins, we predict that
membrane permeability here is primarily dominated
by membrane thickness. Furthermore, we predict
how alterations to membrane microstructure, e.g. via
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changes to porin expression, might affect overall transport. These results apply to other
physical applications with similar membrane structures, from medical and industrial filtration
to carbon capture.

1. Introduction
Membrane transport plays an important role in many biological and industrial settings, including
haemodialysis for virus filtration in laboratories [1], kidney dialysis to treat renal failure [2],
carbon capture from flue gas [3], wastewater treatment [4] and bacterial communication [5].
In many of these applications, transport across membrane structures, such as channels in the
membrane, occurs over much smaller lengthscales than the overall system scales. Membrane-
mediated transport is therefore inherently multiscale, creating difficulties in resolving disparate
lengthscales in mathematical modelling. A common way to deal with these difficulties is to
use constitutive macroscale relationships motivated by physical intuition. These relationships
typically link the flux through the membrane to the concentration difference across it, with
standard conditions of the form

∂c
∂n

|above = ∂c
∂n

|below = Peff(cabove − cbelow), (1.1)

where c is the solute concentration, ∂/∂n is the derivative normal to the membrane and Peff
is a (typically fitted) constant of proportionality [6–10]. Other authors have also incorporated
the effect of membrane transport by coupling production and decay of concentrations
on either side of the membrane [11,12]. While these constitutive conditions are generally
successful in replicating observed phenomena in the parameter regimes in which their
coefficients are estimated, and deal with the issue of computational complexity induced by
disparate lengthscales, they may not be able to predict transport in new regimes because
the lumped parameters within constitutive relations do not explicitly depend on microscale
geometry.

To address the multiscale challenge of accounting for microscale channel effects in larger scale
models, many authors have sought to derive effective conditions representing transport across
membranes. A review of early work in this field is presented in [13]. Several authors consider
homogenization of a surface of periodically varying boundary conditions in order to describe
effective membrane behaviour for various transport mechanisms, for example using (periodic)
patches of perfect absorbers on an otherwise reflecting surface [14–18]. With this method, one can
derive effective boundary conditions for the bulk concentration in the region above, providing an
effective uptake equation on one side of a membrane surface.

Transport across thin membranes has been studied in [19,20], where the authors consider
advective transport (including diffusive transport and surface reactions in the latter paper),
deriving appropriate effective jump conditions on the stress and solute flux across a membrane.
In the absence of any surface reactions, the authors calculate that the leading-order concentration
and concentration flux are continuous across the effective membrane surface to leading order. This
is in part owing to the thin membrane geometry that the authors investigate, which cannot sustain
a leading-order concentration jump across the membrane. Here, we are interested in a different
class of membranes, those across which significant concentration differences can be sustained by
membrane geometry alone. As such, we include a physical membrane with a significant thickness
as part of our model as well as domains both above and below the membrane, in contrast to the
thin membrane or single domain problems discussed above. Several authors have considered
similar problems of membrane transport from a rigorous standpoint, proving convergence of
specific effective problems and solution forms [21–24]. These typically take the form of a derived
microscale system to be solved, coupled to a macroscale problem, and provide mathematical
insight into the structure of membrane transport problems. However, owing to their generality,
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one typically cannot solve explicitly the microscale systems derived therein. Here, in order to
gain further insight into the coupling between microscale geometry and macroscale function, we
investigate a specific microscale geometry in which we can derive explicit relationships between
scales.

We are primarily motivated by applications involving bacterial membranes—more specifically,
the outer membrane of Gram-negative bacteria—where transport is typically limited to specific
channels with binding sites or non-specific channels, called porins, which provide a size-
restricted passageway for small water-soluble molecules [8]. Understanding transport across
bacterial membranes is vital because the ability of bacterial populations to regulate complex
collective behaviours that facilitate infection and resistance relies on the exchange and build
up of small diffusible signal molecules that cross bacterial membranes [25,26]. The disruption
of communication pathways is therefore a proposed target for interventions in preventing
bacterial infection, particularly owing to the growing numbers of antibiotic resistant bacteria
[27]. Transport is also fundamental in current prevention methods of bacterial infection, such
as in antibiotic delivery, in which porins play a key role [28]. For many species of bacteria,
antibiotics must cross bacterial membranes in order to be effective. In particular, transport
across the outer membrane of Gram-negative bacteria is complicated by many factors. For
example, antibiotic molecules are often of a similar size to the porins and channels in the
membrane, so steric effects, including interaction with channel surfaces, can be a limiting factor
in antibiotic permeation [28]. In addition, interactions between antibiotic molecules and binding
sites in specific channels and the charge of the molecules can enhance transport [8]. However,
for transport of both signal and antibiotic molecules in bacterial populations, processes that
occur on the scale of membrane channels can generate effects that occur over the colony scale,
again highlighting the need for multiscale insight. Here we wish to specifically understand
how membrane microstructure itself affects bacterial scale transport, independent of channel
interactions and finite-size particle effects, focusing on diffusion of small solutes (typically with
a molecular mass cut-off of around 600 Da) through general porins facilitating non-specific
diffusion [28].

In this paper, we use homogenization via the method of multiple scales to derive explicit
coupling conditions across an impermeable perforated membrane, allowing us to connect the
concentration fields away from the membrane. Our membrane consists of an impermeable barrier
periodically punctured with channels that are thin compared to their spacing. We consider both
the limits in which gap height is much larger than gap width, which we call the long thin channel
limit, and the limit in which gap height is around the same size as gap width, which we refer
to as the O(1) aspect ratio limit. The multiscale (asymptotic) techniques we use to derive the
effective coupling conditions to apply across our membrane are similar to those used to derive
effective coupling conditions in wave transmission problems in Faraday cages in [29,30]. More
generally, boundary homogenization methods are widely used to obtain coupling conditions
for wave transmission problems across thin interfaces [31–33]. We exploit the extreme disparity
in the spatial scales in our problem, with our derived effective coupling conditions formally
incorporating channel lengthscale effects over bacterial lengthscales. Our results allow one to
formally treat the membrane as a continuous boundary with effective conditions which couple the
concentration on either side, and allow us to understand how these effective conditions depend
on the microscale properties of the membrane. We derive coupling conditions for both steady
and unsteady transport across the membrane. Notably, the coupling conditions we derive for
the steady problem are mathematically equivalent to the standard permeability equation (1.1),
and we are able to explicitly determine the effective permeability Peff in terms of the microscale
membrane geometry. In the unsteady case, we derive new effective coupling conditions which
gain terms with integrals in time, i.e. generating emergent memory properties. We use our results
to investigate how the microscale structure of the membrane affects its effective permeability.
Our analysis allows us to understand in which limits the constitutive models are valid, when one
might expect them to break down, and the appropriate form of the coupling conditions in these
scenarios.
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Figure 1. Schematic demonstrating the output of our homogenization procedure. We systematically derive effective coupling
conditions that allow us to accurately model the membrane as a continuous and homogeneous boundary, removing the need
to account for each gap individually. Dimensional parameters are defined in §2.

The structure of this paper is as follows. In §2, we introduce the mathematical description of
our problem, and discuss the asymptotic structure and specific asymptotic regions of the problem.
In §3, we consider the steady problem and, using boundary layer theory and homogenization
via the method of multiple scales, we systematically derive the appropriate effective coupling
conditions. For clarity of presentation we show the analysis of the long thin channel limit in the
main text, and present analysis of the O(1) aspect ratio limit in appendix A. In §4, we consider the
unsteady problem, allowing us to determine when it is appropriate to use the steady effective
conditions we derive in §3, and the appropriate unsteady conditions to use when it is not.
We also present an early-time approximation to our effective coupling conditions, when they
are generically slow to converge, using an asymptotic Euler–Maclaurin summation. In §5, we
validate our effective results against simulations of the full membrane geometry. In §6, we explore
the implications of our results and compare them to other models for membrane and channel
transport. Finally, in §7, we discuss our results and highlight how they could be used in other
applications.

2. Mathematical framework
We consider the diffusive transport of a solute, representing, e.g. autoinducers or antibiotics,
in the two-dimensional (2D) domain Ω∗ = {(x∗, y∗) ∈ R

2} with the membrane modelled as an
impermeable wall with finite thickness, 2L∗, periodically perforated with physical gaps of width
2a∗ each separated by a distance of r∗. These gaps model non-specific channels, i.e. channels
with no interaction or binding, across which a solute consisting of small molecules diffuses
freely. Mathematically, we describe the impermeable part of the membrane (i.e. the membrane
excluding the gaps) as Γ ∗ = {x∗ = (x∗, y∗) : x∗ ∈ R, y∗ ∈ (−L∗, L∗)}\{x∗ = (x∗, y∗) : x∗ ∈ (r∗j − a∗, r∗j +
a∗), y∗ ∈ (−L∗, L∗), j ∈ Z} with ∂Γ ∗ denoting its boundary. We denote our solute concentration by
c∗(x∗, t∗), where x∗ is the spatial vector coordinate and t∗ is time. We use homogenization via the
method of multiple scales to derive effective coupling conditions across the membrane (illustrated
schematically in figure 1). The problem we consider can be thought of as the ‘inner’ problem
(in the language of matched asymptotic expansions) in which we derive the correct coupling
conditions for an unsteady ‘outer’ problem which sees the membrane as a curved interface.
As such, we consider a locally flat membrane for the inner problem, noting that our results will
be valid for membranes with moderate curvature in the outer problem.

We consider diffusive transport through the impermeable membrane. Mathematically, this is
given by

∂c∗

∂t∗
= D∗∇∗2c∗, x∗ ∈ Ω∗\Γ ∗, (2.1a)
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Table 1. Dimensional membrane parameters for a range of bacterial species.

dimensional parameter physical interpretation size (nm) ref.

R∗ macroscale length (e.g. cell radius) 360–3000 [34,35]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

a∗ porin radius (half porin width) 0.325–4 [8,36]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2L∗ porin length (membrane thickness) 2.4–12 [37–39]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

r∗ centre-to-centre porin spacing 9–10.8 [36,40]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

∂c∗

∂n
= 0, x∗ ∈ ∂Γ ∗ (2.1b)

and c∗(x∗, 0) = c∗
init(x

∗), x∗ ∈ Ω∗\Γ ∗, (2.1c)

where c∗
init denotes a general initial condition, D∗ is the constant diffusivity of the solute and ∂/∂n

denotes the derivative in the direction of the outward pointing normal to the membrane. As we
assume no solute is absorbed on the impermeable membrane walls, equation (2.1b) describes
no flux boundary conditions. While far-field conditions (y∗ → ±∞) are also required to fully
close the problem, our analysis is agnostic to their specific form for non-pathological cases
and so we do not prescribe these for generality. Our overarching goal is to derive the effective
coupling conditions that link the ‘internal’ concentration as y∗ → −∞, below the membrane, to
the ‘external’ concentration at y∗ → ∞ above the membrane.

We list typical parameter values for bacterial systems, which motivate our specific geometry, in
table 1. In general, bacteria can regulate the expression of porins, for example, lowering expression
in response to environmental factors to reduce permeability to, e.g. antibiotics. They can also alter
porin configuration, changing them to a closed configuration in response to voltage, acidic pH
and binding of certain molecules [36,41]. However, for simplicity, here we consider purely static
membrane geometries neglecting temporal effects in porin expression.

We non-dimensionalize the problem using the following macroscale scalings:

t∗ = R∗2

D
t, x∗ = R∗x, c∗ = c∗

0c and c∗
init = c∗

0cinit, (2.2)

where R∗ is a characteristic macroscale length (e.g. cell radius) and c∗
0 is a characteristic

macroscale concentration. Applying our non-dimensionalization equation (2.2), to our governing
equations (2.1), we have

∂c
∂t

= ∇2c, x ∈ Ω\Γ , (2.3a)

∂c
∂n

= 0, x ∈ ∂Γ (2.3b)

and c(x, 0) = cinit(x), x ∈ Ω\Γ . (2.3c)

Our dimensionless membrane is now defined as

Γ = {x = (x, y) : x ∈ R, y ∈ (−L, L)}\
{x = (x, y) : x ∈ (δj − δε, δj + δε), y ∈ (−L, L), j ∈ Z}, (2.4)

where we have introduced the rescaled parameters

δ = r∗

R∗ , ε = a∗

r∗ and L = L∗

R∗ . (2.5)

These parameters δ, δε and L now represent the non-dimensional channel spacing, channel width
and membrane thickness, respectively. We illustrate our full non-dimensional geometry with the
membrane and porins alongside the asymptotic structure of our problem in figure 2.
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Figure 2. Full asymptotic structure and non-dimensional geometry of the perforated membrane problem in 2D. We showΓ ,
the impermeable parts of membrane in red, and its boundary, ∂Γ in purple, where we apply no flux conditions. Regions I and
V denote our outer regions where x and y are ofO(1). Regions II and IV denote the boundary layers on either side of the
membrane and regions IIIa, b and c represent our three inner regions. In theO(1) aspect ratio problem, these collapse to one
inner region.

To get an idea of the relative sizes of our non-dimensional parameters, we take, for example,
R∗ = 360 nm, r∗ = 10 nm, a∗ = 0.325 nm and 2L∗ = 12 nm from table 1 giving approximate scalings
for our non-dimensional parameters of δ = 0.028, ε = 0.0325 (i.e. δε = 0.00091) and L = 0.017. With
this choice of physical parameter values, we have δε � L and δ, ε � 1, meaning adjacent channels
are close relative to bacterial radius, channel width is small compared to channel spacing and
channels are much longer than they are wide, motivating the asymptotic structure we detail
below.

(a) Asymptotic structure
We proceed in deriving an effective coupling condition for transport across the membrane
by exploiting the disparity in lengthscales within the problem. Specifically, we consider the
scenario in which the membrane has many well-separated gaps, i.e. gap width is much smaller
than the separation length. Mathematically, the limit of many gaps corresponds to δ � 1,
and the limit of well separated gaps corresponds to ε � 1. From table 1, we see that L/δε ≈
1−100. The limit in which L/δε =O(1), which we refer to as the O(1) aspect ratio limit, is
of potential physical relevance, and acts as a distinguished limit here, with the ‘long thin
channel’ limit, δε � L, emerging as a sublimit of this problem. However, we later demonstrate
that the coupling conditions derived in the long thin channel problem work well across most
parameters investigated, since this captures transport dominated by channel entrance effects
as well as channel length effects. As such, we present the long thin channel limit in the main
text, allowing for more straightforward mathematical analysis and more interpretable derived
effective coupling conditions. We present the O(1) aspect ratio limit in appendix A and discuss
the key results for this limit in §3d.

In both of the limits described above, our domain has several distinct asymptotic regions in
space, as highlighted in figure 2 and detailed in figure 3. In the order we discuss them below,
we term these the ‘outer’, ‘boundary’ and ‘inner’ regions. In the outer regions away from the
membrane, x =O(1), and these are the regions we wish to connect via our effective coupling
conditions. Our outer regions I and V are shown in figure 3a. We then have boundary layer
regions, II and IV, on either side of the membrane where |y ± L| =O(δ). In these regions, the



7

royalsocietypublishing.org/journal/rspa
Proc.R.Soc.A482:20250703

..........................................................

Figure 3. Asymptotic structure of (a) the outer regions, (b) the boundary layer region cell problem and (c) the inner regions of
the multiple gaps problem in 2D. In each region, we show the asymptotic size of the (x, y) coordinates.

individual nature of the gaps becomes evident, but we still cannot see their full structure and
the gaps act as effective sinks or sources. In these regions, we must analyse a multiple scales
problem in x with long-scale variation of O(1) and short-scale variation of O(δ), giving us periodic
mathematical ‘cells’ of O(δ) as shown in figure 3b. Our two boundary layer regions are connected
by our inner regions labelled IIIa–c where x =O(δε), shown in figure 3c. Here, we can see the full
finite geometry of the gap. Inner regions IIIa and IIIc describe the O(δε) regions about our two
gap openings, and inner region IIIb describes the length of the channel where y =O(L). In the
O(1) aspect ratio limit, IIIa–c coalesce into a single inner region.

3. Steady problem
We start by considering the steady problem, setting the time derivative in equation (2.3a) to zero.
To determine our effective coupling conditions, we calculate the leading-order concentration in
each of our asymptotic regions and then asymptotically match our solutions across each region.
This process connects the outer region concentrations, systematically taking into account the
variation across the channel owing to geometry. As discussed above, we present the full solution
for the long thin channel limit δε � L.

For convenience, we first analyse the inner regions, then the boundary layer regions and finally
the outer regions (see figure 3). Our goal is to understand how the flux through these regions
depends on the problem geometry and how this information generates an appropriate effective
macroscale membrane condition.

(a) Inner regions
We start by considering the three inner regions in our periodic cell, as shown in figure 3c. In these
inner problems, we have x =O(δε). Starting within the channel and working outwards, we first
consider region IIIb, in which concentration diffuses across the length of the channel.

(i) Region IIIb
The first and simplest region is region IIIb where we have x =O(δε) and y =O(L). Although
δε � L here, the precise size of L beyond this is not important for our analysis. As it is
mathematically convenient to do so, we henceforth formally treat L =O(1), which does not affect
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our leading-order analysis. We scale into region IIIb by defining a rescaled horizontal coordinate

x = δεX̄, (3.1)

which transforms equation (2.3) into

∂2c

∂X̄2
+ (δε)2 ∂2c

∂y2 = 0, |X̄| < 1, |y| < L (3.2a)

and
∂c

∂X̄
= 0, |X̄| = 1, |y| < L, (3.2b)

where the asymptotic region IIIb is defined via {(X̄, y) : |X̄| < 1, |y| < L}. At leading order,
equations (3.2) imply that c ∼ c(y). We determine this leading-order function of y by integrating
equation (3.2a) over X̄ ∈ (−1, 1) and applying the boundary condition equation (3.2b). Hence, the
leading-order concentration satisfies

d2c
dy2 = 0, (3.3)

effectively corresponding to one-dimensional diffusion through the channel. We may therefore
deduce

c ∼ αy + β, (3.4)

where the integration constants α and β must be determined by asymptotic matching. We next
consider regions IIIa and IIIc, the gap opening region. We emphasize that these smaller asymptotic
regions terminate region IIIb at finite values of y, rather than transitioning at asymptotically large
values of y.

(ii) Regions IIIa and IIIc
We now investigate region IIIc, which is defined by an O(δε) region about the gap opening centred
at x = (0, −L). The analysis for region IIIa follows from the region IIIc analysis immediately from
symmetry. We scale into region IIIc defining rescaled horizontal and vertical coordinates:

x = δεX̄, y = −L + δεY−, (3.5)

converting equation (2.3) into the following scaled system:

0 = ∂2c

∂X̄2
+ ∂2c

∂Y2−
, {X̄ ∈ R, Y−<0} ∪ {|X̄| < 1, Y−>0} (3.6a)

and
∂c
∂n

= 0, {|X̄| > 1, Y−=0} ∪ {|X̄| = 1, Y−>0}. (3.6b)

Although we are formally considering an asymptotic series expansion of our concentration, only
the leading-order problem will be relevant for our purposes here, so we work directly with
equations (3.6).

As equation (3.6a) represents Laplace’s equation in a 2D domain, we use conformal mapping
to map our region IIIc problem into a domain in which it is easier to solve. Specifically, setting
Z− = X̄ + iY−, we use the combination of a Schwarz–Christoffel map from the upper-half-plane
to the open polygon representing our physical domain and a map from the upper-half-plane to
an infinite strip, in which our problem is straightforward to solve [42]. These two maps are shown
schematically in figure 4. Our Schwarz–Christoffel map from the upper-half-plane to the physical
domain takes the form

Z−= − 1 − 2
π

(
(ω2

− − 1)1/2 − 1
2i

log

(
i − (ω2− − 1)1/2

i + (ω2− − 1)1/2

))
, (3.7)

where we chose the branch cuts to lie outside our physical domain for the complex logarithm and
square-root functions.
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Figure 4. Schematic to show the effects of the conformal maps Z−1
− , equation (3.7), and ζ−, equation (3.8), on the physical

domain, with contour lines to show how the space is transformed.

Combining equation (3.7) with the standard map from the upper-half-plane to the semi-infinite
strip

ζ−= 2
π

log ω−, (3.8)

where ζ− = ξ− + iη−, we can write the full transformation from the semi-infinite strip to our
physical domain as

Z−= − 1 − 2
π

(
(eπζ− − 1)1/2 − 1

2i
log

(
i − (eπζ− − 1)1/2

i + ( eπζ− − 1)1/2

))
. (3.9)

In the semi-infinite strip, our problem is now given by

∂2c

∂η2−
+ ∂2c

∂ξ2−
= 0, {ξ− ∈ R, 0 < η− < 2} (3.10a)

and
∂c

∂η−
= 0, η− = 0, 2. (3.10b)

Our remaining task is to find solutions to Laplace’s equation with a finite flux through the
channel region. In the transformed ζ− plane, the general solution corresponding to a finite flux is
c ∼ a−Reζ− + b−, which can be simply transformed into the ω− plane using equation (3.8):

c ∼ 2
π

a−Re(log ω−) + b−, (3.11)

where a− and b− are constants to be determined via later matching.
For these matching purposes, it is helpful to record various far-field behaviours. From the form

of the transformation equation (3.7), we may deduce that

Z−∼− 2
π

ω− → −∞ as |ω−| → ∞. (3.12)

Therefore, combining equations (3.11) and (3.12), we have

c ∼ 2a−
π

log |Z−| + 2a−
π

log
π

2
+ b− as |Z−| → ∞, Y− < 0. (3.13)

Similarly, from equation (3.7), we deduce that

Z−∼−1 − 2i
π

− 2i
π

log ω− + 2i
π

log 2 as ω− → 0, (3.14)

and then combining equations (3.11) and (3.14), we have

c ∼ −a−Y−−2a−
π

+ 2a−
π

log 2 + b− as Z− → i∞. (3.15)
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As noted above, the analysis for region IIIa follows immediately via symmetry. Very briefly,
we scale into this region using

x = δεX̄ and y = L + δεY+. (3.16)

Setting Z+ = X̄ + iY+, the equivalent map taking the semi-infinite strip in the ζ+ plane to the
physical Z+-plane is

Z+=1 + 2
π

(
(eπζ+ − 1)1/2 − 1

2i
log

(
i − (eπζ+ − 1)1/2

i + (eπζ+ − 1)1/2

))
. (3.17)

Hence, our solution in region IIIa is

c ∼ a+Re(ζ+) + b+, (3.18)

where a+ and b+ are determined by later asymptotic matching, and ζ+ is our intermediate
variable describing the semi-infinite strip. In this case, the far-field behaviour takes the forms

c ∼ 2a+
π

log |Z+| + 2a+
π

log
π

2
+ b+ as |Z+| → ∞, Y+>0 (3.19a)

and

c ∼ a+Y+−2a+
π

+ 2a+
π

log 2 + b+ as Z+ → −i∞. (3.19b)

We have now determined the solutions in the three inner regions. Our remaining tasks are (i) to
derive the leading-order concentration in the boundary layer regions, where the individual nature
of the channels is apparent as point sinks or sources, and (ii) match between all the asymptotic
regions to obtain the effective coupling conditions we seek.

(b) Boundary layers: regions II and IV
As with our inner regions, the analysis for region II follows from the region IV analysis via
symmetry. Region IV arises when y =O(δ) with y < −L as shown in figure 3b. The local periodicity
of this problem means that this takes the form of a multiple scales problem in x where we have
periodic delta sinks or sources situated at δj for j ∈ Z on an otherwise impermeable line. We choose
our coordinates so that the centre of one gap lies on x = 0, and scale into our periodic cell-level
problem on this gap centred at the origin, using the scaling

y = −L + δY1, (3.20)

and introducing the microscale variable

X = x
δ

. (3.21)

In the standard multiple scales manner, we assume that x and X are independent of one another,
considering c = c(x, X, Y1). To remove the extra degree of freedom this introduces, we impose
periodicity in X. The symmetry of the geometry means that this periodicity is equivalent to
imposing no flux boundary conditions on the periodic boundaries of our cell.

To match the region IIIa and IIIc solutions, equations (3.11) and (3.18), into our boundary layer
regions II and IV, we have to match the flux from the inner problems through regions of O(ε)
in the boundary layer problems. To facilitate this matching, we introduce delta functions in the
leading-order boundary layer problems, representing the inner regions as effective point sinks or
sources. The strength of these effective delta functions will be related to the microscale channel
geometry and flux through later matching.1

1A strictly formal asymptotic matching procedure would require writing c as an asymptotic expansion and taking care
about the asymptotic strength of the delta function. However, since we are able to solve the problem with an O(1)-strength
delta function, it is more straightforward to solve this general problem without considering relative strengths, and then to
determine the precise strength of the delta function a posteriori via matching.
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Figure 5. Cell-level region IV under the mapping equation (3.23) showing the transformation of lines of constant X and Y1.

The leading-order problem in region IV is therefore

∇2
B1c = 0, Y1 < 0, −1

2
< X <

1
2

, (3.22a)

∂c
∂Y1

= κ1δ̂(X, Y1) = κ1δ̂(X), Y1 = 0, −1
2

< X <
1
2

(3.22b)

and
∂c
∂X

= 0, Y1 < 0, X = ±1
2

, (3.22c)

where we denote ∇2
B1 := (∂2/∂X2) + (∂2/∂Y2

1) to represent the Laplacian purely in microscale
variables. Here, δ̂ is the Dirac delta function introduced for matching purposes as discussed
above, and κ1 is the (as-of-yet unknown) strength of the effective source/sink given by the flux,
determined later via matching. We have replaced the condition of periodicity in X with a no flux
condition, which is equivalent owing to the symmetric geometry of this cell problem. Setting
Z1 = X + iY1, we use the standard conformal map

ζ1 = sin(πZ1) (3.23)

to map our open box domain to the lower half-plane, as shown in figure 5.
In the ζ1 plane, equations (3.22) become

∇2
ζ1c = 0, η < 0, ξ ∈ R (3.24a)

and
∂c
∂η

= κ1δ̂(ξ , η) = κ1δ̂(ξ ), η = 0, ξ ∈ R, (3.24b)

where we denote ∇2
ζ1 := (∂2/∂ξ2) + (∂2/∂η2). Using Neumann–Green’s functions [43],

equations (3.24) are solved by

c = A1 + κ1

2π
log (η2 + ξ2) = A1 + κ1

π
log |ζ1| = κ1

π
Re(log(ζ1)), (3.25)

where A1 and κ1 are constants that will be determined from matching later. Hence, our region IV
solution is

c ∼ A1 + κ1

π
Re(log(sin(πZ1))). (3.26)

The analysis in region II follows from that in region IV by symmetry. The appropriate scaling
in this case is

y = L + δY2 (3.27)

and, using the notation Z2 = X + iY2, is solved by

c ∼ A2 + κ2

π
Re(log(ζ2)) = A2 + κ2

π
Re(log(sin(πZ2))), (3.28)

where A2 and κ2 are determined from later matching. This concludes our specific analysis of all
inner and boundary regions. It is useful to determine the limiting forms of equations (3.28) and
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(3.26) as Yi → ∓∞ and |Zi| → 0∓, i ∈ {1, 2}, for later matching purposes. First, taking the limit as
Yi → ±∞, we obtain

c ∼ Ai ∓ κiYi − κi

π
log 2 as Yi → ∓∞, i ∈ {1, 2}, (3.29)

which we use to match into the outer regions. Next, taking the limit as |Zi| → 0∓, we obtain

c ∼ Ai + κi

π
log |πZi| as |Zi| → 0∓, i ∈ {1, 2}, (3.30)

which we match to our inner region solutions.

(c) Effective coupling conditions for the long thin channel limit
Our final task for the steady problem is to match our solutions between each asymptotic region.
This generates the asymptotically correct connection formulae between the outer concentrations
and concentration fluxes, which are the effective coupling conditions we have been seeking. We
match from our outer regions inwards, allowing us to determine our unknown constants in each
region entirely in terms of outer quantities. First, Taylor expanding the outer solutions about
y = ±L, we obtain

c(x, y) = c(x, ±L + δYi) ∼ c|±L + δYi
∂c
∂y

|±L, i ∈ {1, 2}. (3.31)

Matching our outer solutions equation (3.31), to our regions II and IV solutions in the limit Yi →
∓∞, i ∈ {1, 2}, equation (3.29), we deduce that

κ1 = −δ
∂c
∂y

|y=−L and κ2 = δ
∂c
∂y

|y=L (3.32a)

and
A1 = c|y=−L − δ

π

∂c
∂y

|y=−L log 2 and A2 = c|y=L + δ

π

∂c
∂y

|y=L log 2. (3.32b)

Similarly matching our regions IIIa and IIIc solutions as Z∓ → ∓∞, equations (3.19a) and (3.13),
to our regions II and IV solutions in the limit Zi → 0, i ∈ {1, 2}, equation (3.30), we obtain

2a−=κ1 and 2a+=κ2 (3.33a)

and
b−=A1 + κ1

π
log 2ε and b+=A2 + κ2

π
log 2ε. (3.33b)

Finally, matching the solutions in regions IIIa and IIIc, equations (3.19b) and (3.15), to the
solution in region IIIb, equation (3.4), we obtain relations between a−, a+, b− and b+:

α = − a−
δε

= a+
δε

and β = b−+αL + 2a−
π

(log 2 − 1) = b+−αL + 2a+
π

(log 2 − 1). (3.34)

Substituting equations (3.32) into (3.33), we can write a±, b± in terms of the outer concentration,
concentration flux and membrane geometry parameters. Subsequently using equation (3.34),
which gives us the relationship between a±, b±, we arrive at our effective coupling conditions,
directly relating the outer flux and concentrations on either side of the membrane via the classic
permeability equation

∂c
∂y

|y=−L = ∂c
∂n

|y=L = Peff [c]L
−L (3.35a)

and
Peff = 1

L/ε + (2δ/π )(log (1/8ε) + 1)
. (3.35b)

The effective coupling conditions equations (3.35) have the same functional form as equation (1.1),
but now with an explicit expression for the effective permeability Peff, equation (3.35b), as a
function of the physical gap properties of length, width and separation distance. This allows
us to directly understand how changing microscale geometry affects membrane permeability,
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and hence the concentration jump across the membrane. Continuity of flux is encoded in
equation (3.35a) (and equation (1.1)), which follows physically since flux is conserved throughout
the inner regions. We validate equations (3.35) against numerical simulations of the full
membrane geometry in §5.

(d) TheO(1) aspect ratio limit
We present the O(1) aspect ratio limit, where δε =O(L), in detail in appendix A, summarizing
the main results here. We introduce the channel aspect ratio a = L/δε =O(1) for notational
convenience. Briefly, the main change from our analysis above is that our inner regions IIIa, IIIb
and IIIc coalesce into a single inner region encompassing the gap openings and length. We can
solve this problem using a different complex variable mapping to transform our gap domain to
the upper-half-plane; that is, the inverse of the conformal map:

Z = X + iY = ai + d

⎧⎨
⎩ω

(
1 − 1

ω2

)1/2
(

1 − λ2

ω2

)1/2

− E
(

arcsin
1
ω

, λ
)

− λE
(

arcsin
λ

ω
,

1
λ

)⎫⎬
⎭ ,

(3.36)

where {X, Y} = {x, y}/δε are our inner variables describing the new region III, ω = u + iv, v > 0, is
our mapping variable in the upper-half-plane as in equation (3.7), and E(φ, k) is the incomplete
elliptic integral of the second kind defined by

E(φ, k) =
∫ sin φ

0

√
1 − k2t2√
1 − t2

dt. (3.37)

As in equation (3.7), we choose the branch cuts for equation (3.36) to lie outside the physical
domain. The constant d is defined as

d = − 1
{E(arcsin 1/λ, λ) + λE(π/2, 1/λ)} ∈ R, (3.38)

where the constant λ(a) > 1 is defined implicitly through the relation

2a =
(∫λ

1

(λ2 − t2)1/2

(t2 − 1)1/2 dt − λ

∫ 1

1/λ

(t2 − (1/λ2))1/2

(1 − t2)1/2 dt

)

×
(∫ 1

0

(λ2 − t2)1/2

(1 − t2)1/2 dt − λ

∫ 1/λ

0

((1/λ2) − t2)1/2

(1 − t2)1/2 dt

)−1

, (3.39)

noting that λ → 1 as a → 0. Proceeding as before, we use the limiting behaviour of the solution
and the map equation (3.36) to match into our boundary layer regions. This procedure yields our
effective coupling conditions, which again take the form of the classic permeability equation (1.1),
but now Peff is given by

Peff = 1
δ/π log (1/4ε2π2λd2)

. (3.40)

We now investigate how the effective permeability changes in this O(1) aspect ratio limit,
equation (3.40), compared to the long thin limit, equation (3.35b). To do this, we examine the
dependence of λ on a, written implicitly in equation (3.39) and plotted in figure 6a. We see that
a → 0 corresponds to λ → 1 and a → ∞ corresponds to λ → ∞. As such, we now examine the
leading-order approximations of the integrals in equation (3.39) in the limits λ → 1 and λ → ∞.

We first explore how a small aspect ratio affects the form of the effective permeability by taking
the limit λ → 1 (and therefore a → 0) in equation (3.39) to obtain

a ∼ π

16
(λ − 1)2 as a → 0 (3.41)
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Figure 6. (a) Aspect ratio a= L/δε versusλ as given by equation (3.39). We include the leading-order term in the expansion
as a→ 0, equation (3.41) (pink), alongside the leading-order expansion as a→ ∞, equation (3.43) (blue). (b) Aspect ratio
a= L/δε versusPeff as givenby equation (3.40).We include the leading-order limiting forms as a→ 0, equation (3.42) (pink),
and a→ ∞, equation (3.44) (blue). Inset plots show behaviour for small a.

to leading order. Substituting equation (3.41) into equation (3.40), we deduce

Peff ∼ 1
2δ/π log (1/επ ) + (16/π2)δa

∼ 1
2δ/π log 1/επ

as a → 0, (3.42)

where we have used d ∼ −1/2 + (λ − 1)/4 as λ → 1 in equation (3.38). We note that in this limit,
we require ε sufficiently small, ε � exp(−1/δ), to sustain a leading-order concentration difference
across the membrane. For larger ε, we find Peff → ∞ and we recover the results in [20], where
concentration is equal on either side of an infinitely thin membrane at leading order. Similarly, we
explore the large-aspect-ratio limit by taking λ → ∞ (and therefore a → ∞) in equation (3.39) to
obtain

a ∼ 1
π

(log 4λ − 2) as a → ∞. (3.43)

Substituting equation (3.43) into equation (3.40), we now obtain

Peff ∼ 1
2δ/π (log (1/8ε) + 1) + aδ

as a → ∞, (3.44)

using d ∼ −2/πλ as λ → ∞ in equation (3.38). Writing a = L/δε, we find that the large-a limit of the
O(1) aspect ratio permeability equation (3.44) recovers the effective permeability equation (3.35b)
we derived separately from our long thin channel limit analysis. We note that the effective
permeability in both small and large aspect ratio limits, equations (3.42) and (3.44), depends on
the membrane geometry through the parameters a, δ and ε with the same functional form, but
with different pre-multiplying constants.

In figure 6b, we show how the effective permeability, Peff, varies with the aspect ratio, a = L/δε,
including the full effective permeability in our O(1) aspect ratio limit, equation (3.40) and the two
limiting forms equations (3.42) and (3.44). We see that the large aspect ratio limit matches well
even as the aspect ratio becomes fairly small, with good agreement for a � 0.25, meaning that
our simpler long thin channel limit performs well as an effective interface condition unless the
membrane is much thinner than the width of the gaps.

4. Time-dependent problem
We now return to the full unsteady problem. Importantly, the genuine unsteady nature of the
problem for t =O(1) is only relevant for the upscaling procedure in the long thin channel limit.
This is because the small lengthscales in the boundary layer and inner regions lead to quick
equilibration in the O(1) aspect ratio limit, and so equations (1.1) and (3.40) would still hold,
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albeit in a quasi-steady manner. However, in the long thin channel limit, the channel length L
can be large enough so that in region IIIb, transport across the channel is not quasi-steady. As we
shall see, this introduces additional technicalities and emergent effects when deriving effective
coupling conditions. Specifically, we find that the coupling conditions we derive gain memory
properties, where the history of the system becomes important. Given that the only significant
change between analysis in the time-dependent problem is in region IIIb, we focus on this region
below.

(a) Region IIIb
As before, region IIIb describes the channel, where x =O(δε) and y =O(L). We scale into this
region using

x = δεX̄ and y = −L + 2ȳ, (4.1)

where our y scaling is chosen for later notational convenience. Our channel is now defined
by {(X̄, ȳ) : |X̄| < 1, 0 < ȳ < L}. Substituting the scalings equation (4.1) into our unsteady system
equation (2.3) for our channel region, we obtain

(δε)2 ∂c
∂t

= ∂2c

∂X̄2
+ (δε)2

4
∂2c
∂ ȳ2 , |X̄| < 1, 0 < ȳ < L (4.2a)

and
∂c

∂X̄
= 0, |X̄| = 1, 0 < ȳ < L. (4.2b)

In the same manner as in §3a(i), we deduce that the leading-order concentration is independent
of X̄, so now we have c ∼ c(y, t), and hence the leading-order concentration satisfies

∂c
∂t

∼ 1
4

∂2c
∂ ȳ2 , 0 < ȳ < L. (4.3)

We can write the general solution of equation (4.3) as

c(ȳ, t) ∼ α(t)ȳ + β(t) +
∞∑

n=1

gn(t) sin λnȳ and λn = nπ

L
, (4.4)

where the functions α(t) and β(t) are the time-dependent analogues to the constants of integration
in the steady problem equation (3.4), and will be determined via later matching with the other
regions. As we shall see later, the functions gn(t) represent genuinely unsteady effects, and
splitting the solution as in equation (4.4) generates helpful smoothness properties whereby the
ȳ-derivative of the infinite sum in equation (4.4) is convergent.

Substituting equation (4.4) into equation (4.3), multiplying by sin λmȳ and integrating over ȳ
in (0, L), we obtain the following ordinary differential equation (ODE) for each gn(t):

d
dt

gn + λ2
n

4
gn = d

dt

(
2α

λn
(−1)n + 2β

Lλn
((−1)n − 1)

)
. (4.5)

Solving the linear ODE equation (4.5) using standard methods, we obtain the solution

gn(t) = exp

(
−λ2

nt
4

)
gn(0) + exp

(
−λ2

nt
4

) ∫ t

0
exp

(
λ2

nτ

4

)

× d
dτ

(
2α(τ )
λn

(−1)n + 2β(τ )
Lλn

((−1)n − 1)
)

dτ . (4.6)

Reassuringly, gn(t) → 0 as t → ∞ if dα/dt, dβ/dt → 0 as t → ∞, from which we can recover the
steady equation (3.4).
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Returning to the time-dependent solution equation (4.6), with initial condition represented by
cinit(ȳ) in the channel length, and writing in terms of a Fourier series, we have

gn(0) = 2α(0)
λn

(−1)n + 2β(0)
Lλn

((−1)n − 1) + 2
L

∫L

0
cinit(ȳ) sin λnȳ dȳ. (4.7)

For brevity, we henceforth set cinit(ȳ) = 0, but it is straightforward to extend the following to
general initial conditions if required.

Our final task is to match our solutions to determine α(t) and β(t) in terms of outer variables.
This gives us the effective coupling conditions we seek by formally connecting the outer variables
on either side of the membrane.

(b) Time-dependent effective coupling conditions
As time only arises as an effective parameter in the boundary layer and region IIIa and IIIc
solutions, the matching between those regions is essentially the same as for the steady case. This
generates the relations (3.32) and (3.33), but with matching functions of time κ1,2, A1,2, a± and b±
instead of parameters. The fundamental difference in the unsteady problem is the explicit time
dependence in region IIIb. This means that the matching between region IIIb and its neighbouring
regions IIIa and IIIc needs to be considered separately, which we discuss below.

To match, it is helpful to expand equation (4.4), our solution in region IIIb, in terms of its
derivatives. We expand equation (4.4) about ȳ = 0 and ȳ = L, using the regions IIIa and IIIc
scalings, Y±, equations (3.5) and (3.16), to obtain

c(ȳ, t) ∼ c(ȳ = 0; t) + δε

2
Y−

∂c
∂ ȳ

(ȳ = 0; t) as ȳ → 0 (4.8a)

and

c(ȳ, t) ∼ c(ȳ = L; t) + δε

2
Y+

∂c
∂ ȳ

(ȳ = L; t) as ȳ → L. (4.8b)

We match into regions IIIa and IIIc using the values of the region IIIb concentrations and
concentration fluxes at the region IIIb endpoints.

Matching regions IIIa and IIIc with their respective outer regions follows in a similar manner to
§3c. We can therefore expand our leading-order solutions in regions IIIa and IIIc, equations (3.11)
and (3.18), as they approach the channel entrance, to obtain

c ∼ c∓ ± δ

π

∂c∓
∂y

(
1 + log

1
8ε

)
+ δ

2
∂c∓
∂y

Y∓, Y∓ → 0∓, (4.9)

where for notational convenience, we have introduced the representations c± := c(y = ±L, t).
Comparing equation (4.9) with equations (4.8), we deduce the values of α(t) and β(t) in
equation (4.4):

α(t) = 1
L

[c]+−− δ

Lπ

(
1 + log

1
8ε

)(
∂c+
∂y

+ ∂c−
∂y

)
(4.10a)

and

β(t) = c− + δ

π

(
1 + log

1
8ε

)
∂c−
∂y

. (4.10b)

We are now able to write our concentration in region IIIb purely in terms of the membrane
microstructure and outer concentration and flux using equations (4.10). We do this using
the concentration flux at the endpoints of our channel to obtain our coupling conditions
connecting the concentration and flux on either side of the membrane. We start by differentiating
equation (4.4) with respect to ȳ and evaluate for the flux at the endpoints of our channel
using equation (4.6). We then match this with the flux from regions IIIa and IIIc, as given by
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equation (4.9), to obtain

∂c−
∂y

= εα(t) + ε

∞∑
n=1

λngn(t) and
∂c+
∂y

= εα(t) + ε

∞∑
n=1

λngn(t)(−1)n. (4.11)

To obtain our effective interface conditions, we combine equation (4.11) using equations (4.10),
relating the average flux and flux jump across the interface. First, the difference between the
expressions in equation (4.11) yields

∂c+
∂y

− ∂c−
∂y

= ε
∑

n odd

exp

(
−λ2

nt
4

){
−2λngn(0) + 4

∫ t

0
Fn

(
τ , c+ + c−,

∂c+
∂y

− ∂c−
∂y

)
dτ

}
(4.12a)

and

Fn

(
τ , c+ + c−,

∂c+
∂y

− ∂c−
∂y

)
:= exp

(
λ2

nτ

4

)
d

dτ

(
c++c−

L
− δ

πL

(
log

1
8ε

+ 1
)(

∂c+
∂y

− ∂c−
∂y

))
.

(4.12b)

Importantly, equations (4.12) represent the first main result from the time-dependent analysis:
the time-dependent flux jump across the interface. We note that the infinite sum vanishes and
equations (4.12) tend to the steady condition of flux continuity [∂c/∂y]+− = 0 for large time if c±
and ∂c±/∂y become independent of time as t → ∞.

We obtain the final coupling condition, the average flux across the interface, by summing the
expressions in equation (4.11) to arrive at

1
2

(
∂c+
∂y

+ ∂c−
∂y

)
= Peff[c]+− + LPeff

∑
n even

exp

(
−λ2

nt
4

)

×
[
λngn(0) + 2

∫ t

0
Gn

(
τ , c+ − c−,

∂c+
∂y

+ ∂c−
∂y

)
dτ

]
(4.13a)

and

Gn

(
τ , c+ − c−,

∂c+
∂y

+ ∂c−
∂y

)
:= exp

(
λ2

nτ

4

)
d

dτ

(
c+−c−

L

− δ

πL

(
log

1
8ε

+ 1
)(

∂c+
∂y

+ ∂c−
∂y

))
, (4.13b)

where Peff is our steady effective permeability derived in the long thin channel limit,
equation (3.35b). Equations (4.13) represent the second main result from our time-dependent
analysis. This closes the time-dependent problem. We again note that the infinite sum vanishes if
c± and ∂c±/∂y become independent of time as t → ∞, and that in this scenario, equations (4.13)
would tend to the steady coupling condition equations (3.35) at large time. We therefore interpret
equations (4.13) as our time-dependent effective permeability equation.

The effective unsteady coupling conditions, equations (4.12) and (4.13), represent the key
results from our time-dependent analysis. Importantly, these effective coupling conditions have
gained a memory property from the time integrals, which is not present in the steady problem.
This can be interpreted as a quasi-delay time for information about the environment on one side
of the channel to cross to the other side. The importance of this memory contribution depends on
the channel geometry, and also the past averages and differences of the concentrations and fluxes,
incorporated through the time integral terms. Reassuringly, this memory contribution decays in
the large-time limit if the outer concentrations tend to a steady solution; that is, in this scenario,
the large-time limits of the sums vanish in equations (4.12) and (4.13) and we recover the steady
coupling conditions equations (3.35).

Finally, we also note that the infinite sums in equations (4.12) and (4.13) are slow to
converge as t → 0+. To circumvent this numerical issue, we use an asymptotic Euler–Maclaurin
approximation to convert our slowly converging sums into integrals. We present full details
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in electronic supplementary material, §1, and note that, assuming vanishing initial conditions
for simplicity, the key result of this analysis is that we can write our coupling conditions,
equations (4.12) and (4.13), in a simpler closed form as t → 0+:

∂c+
∂y

− ∂c−
∂y

∼ 4εL

√
t
π

d
dt

[
c++c−

L
− δ

πL

(
log

1
8ε

+ 1
)(

∂c+
∂y

− ∂c−
∂y

)]
(4.14a)

and

1
2

(
∂c+
∂y

+ ∂c−
∂y

)
∼ Peff[c]+− + L2Peff

√
t
π

d
dt

[
c+−c−

L
− δ

πL

(
log

1
8ε

+ 1
)(

∂c+
∂y

+ ∂c−
∂y

)]
. (4.14b)

5. Numerical validation
We now compare simulations of a section of the full membrane problem against simulations with
our effective membrane conditions, using the open source finite-element Python package FEniCSx
[44–47] with meshes generated using the finite-element mesh generator Gmsh [48]. We take our
full domain to have height and width 2R = 5 in all simulations. In each of our simulations, we
impose no flux boundary conditions on the side walls, and Dirichlet boundary conditions on
the top and bottom walls of c = 0 and c = 1, respectively. We validate the numerical method in
electronic supplementary material, §3.

(a) Steady simulations
Our simple Neumann and Dirichlet boundary conditions yield an analytic solution to our steady
effective problem. Representing our effective permeability as Peff in both the long thin channel
limit, equation (3.35b), and the O(1) aspect ratio limit, equation (3.40), we deduce

c ∼
⎧⎨
⎩

1 − Peff y
1+2Peff(R−L) , y < R − L,

Peff(y−2R)
1+2Peff(R−L) , y > R + L,

(5.1)

where L is replaced with aδε in the O(1) aspect ratio limit.
We focus here on the long thin channel limit (similar results and simulations are obtained in

the O(1) aspect ratio limit). To evaluate the accuracy of our coupling conditions equation (3.35a),
we take 2L = 0.5 and vary the number and width of channels between simulations to explore
different membrane permeabilities, effectively changing δ and ε.

We obtain good visual agreement between the analytical solutions of our effective interface
problem equation (5.1) and simulations of transport in the full geometry, both at higher
permeability (figure 7; δ = 0.25, ε = 0.25) and lower permeability (figure 8; δ = 0.25, ε = 0.05). We
show the absolute value of the error between the analytical solution of our effective problem
and the full simulation in fig. S2 in electronic supplementary material, §2. We plot the flux
across a horizontal line away from the membrane in simulations of the full problem alongside
our analytical flux calculated from equation (5.1) as we vary permeability in figure 9a. We
see good agreement for a range of permeabilities, including for larger permeabilities. For
example, the flux predicted by our coupling conditions matches the flux in the full numerical
simulation to 99.4% for a membrane with Peff = 1.5, see fig. S1 in electronic supplementary
material, §2.

(b) Time-dependent simulations
To evaluate the accuracy of our time-dependent coupling conditions equations (4.12) and (4.13),
we carry out our time-dependent simulations using the inbuilt Portable, Extensible Toolkit for
Scientific Computation Krylov generalized minimal residual method, with an LU preconditioner,
using a time step of �t = 0.25 (time step convergence is discussed in electronic supplementary
material, §3 and shown in fig. S3b). We plot average flux over a horizontal line away from the
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Figure 7. Concentration profile for amembranewith effective permeabilityPeff = 0.953 andmicroscale parametersδ = 0.25,
ε = 0.25 for (a) a numerical simulation of the full membrane geometry and (b) the analytical solution with our effective
interface condition equation (3.35a). Contours denote separations of 0.025.

Figure8. Concentrationprofile for amembranewith effective permeabilityPeff = 0.189 andmicroscale parametersδ = 0.25,
ε = 0.05 for (a) a numerical simulation of the full membrane geometry and (b) the analytical solution with our effective
interface condition equation (3.35b). Contours denote separations of 0.025.

membrane versus time in figure 9b for simulations of the full membrane geometry, simulations
using our effective interface conditions, equations (4.12) and (4.13), and simulations using our
Euler–Maclaurin early-time approximations for the interface condition, equations (4.14a) and
(4.14b), for two different membrane geometries with effective permeabilities Peff = 0.189 (blue)
and Peff = 0.953 (red). We see good agreement between all three simulations in both membranes,
noting that we have simulated the Euler–Maclaurin approximations to t = 2.75, beyond which
they start to deviate more significantly from the other two simulations. We see convergence
towards the steady flux value calculated from equations (3.35b) and (5.1). We quantify the
accuracy of the average flux in fig. S1b in electronic supplementary material, §2.

6. Permeability regimes and implications
The straightforward nature of our derived steady coupling conditions in the long thin channel
limit, equations (3.35a) and (3.35b), means that we can explicitly evaluate the contributions of the
microstructure on the resulting macroscale membrane permeability. Our effective permeability
coefficient equation (3.35b) depends explicitly on the microscale membrane geometry through
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Figure 9. (a) Average flux versus effective permeability in the steady long thin channel problem, equation (3.35b). The black
dashed line shows the analytical flux calculated fromequation (5.1),with the full simulation added as purple crosses. (b) Average
flux versus time in the unsteady problem for two different membrane geometries with steady effective permeabilities of 0.189
(blue) and 0.953 (red). We plot the flux for a numerical simulation of the full geometry (crosses), a numerical simulation of the
effective interface condition with the infinite sum truncated at 30 terms, equations (4.12) and (4.13), (squares) and a numerical
simulation of the Euler–Maclaurin condition, equations (4.14), up to t = 2.75 (circles). The solid lines give the steady effective
flux of themembrane geometry simulation calculated from equation (5.1). In both plots, flux is calculated over a horizontal line
away from the membrane.

the non-dimensional parameters, L, δ and ε, representing the channel length, spacing and the
ratio of channel width to spacing, respectively.

We can write our permeability, equation (3.35b), as

Peff ∼ 1
α1 + α2

with α1 = L
ε

and α2 = 2δ

π
log

1
8ε

, (6.1)

where α1 represents channel length effects and α2 represents the combined effects of the
channel opening and interactions between neighbouring channels. With this notation, we can
straightforwardly explore the dominant contributions of each physical effect by the relative sizes
of our parameter groupings, as shown in figure 10. In each regime in figure 10, our effective
membrane condition will take the form of equation (3.35a), but with the effective permeability,
equation (3.35b), taking a different form depending on the limiting factor inhibiting transport.
A higher permeability coefficient means the membrane is offering less resistance to transport,
whereas a lower permeability coefficient means more resistance to transport.

Regimes 1 and 2 are shown in green in the lower-right-hand half of figure 10. Here, transport
is limited by channel length effects, with α1 � α2, and we can write the effective permeability
as Peff ∼ 1/α1 = L/ε. In these regimes, the effective permeability can be both large (in regime 1 if
L � ε) and small (in regime 2 if L � ε), depending on the relative size of channel length compared
to the ratio of channel width to spacing.

Regimes 3 and 4 are shown in purple in the upper-left-hand half of figure 10. Here, the limiting
factor in transport is channel opening and pore–pore interaction effects, with α2 � α1, and so we
write the effective permeability as Peff ∼ 1/α2 = π/(−2δ log 8ε). Here, we can also have both small
and large effective permeabilities, depending on the relative sizes of channel width to channel
separation. Specifically, the effective permeability is small in regime 3 (where 8ε � exp(−π/2δ)),
and it is large in regime 4 (where 8ε � exp(−π/2δ)). This difference in system behaviour depends
on the size of ε compared to an exponentially small function of δ � 1. This critical behaviour when
ε =O(exp(−π/2δ)) agrees with the 2D critical scalings obtained in [22], in which the authors also
rigorously prove the form of the limiting problem for the thick Neumann sieve in n dimensions
for n � 3, and [29,30], in which the authors derive several models to describe shielding effects of
the Faraday cage, including a homogenized continuum model.



21

royalsocietypublishing.org/journal/rspa
Proc.R.Soc.A482:20250703

..........................................................

Figure 10. Schematic showing how different parameter regimes of our microscale geometry affect the effective membrane
permeability, equation (3.35b), in the steady long thin channel limit. We group our parameters into α1 = L/ε and α2 =
2δ/π log (1/8ε), where L is the non-dimensional channel length, δ is the channel spacing and ε is the ratio of channel
width to channel spacing. Thewhite dotted line is given by logα2 = logα1 + log (2/π log 1/8ε) andmarks the boundary in
parameter space in which we cross into theO(1) aspect ratio limit. The dotted circle in the centre represents the scalings giving
anO(1) effective permeability. When L=O(δε), the white dotted line coalesces with the blue dashed line. Above the blue
dashed line (in the purple region), permeability is dominated by channel width and pore–pore interaction effects, and below
this line (in the green region), it is dominated by channel length effects. Taking R∗ = 360 nm, r∗ = 10 nm, a∗ = 0.325 nmand
2L∗ = 12 nm, from table 1, we mark an example bacterial membrane by a red cross with (logα1, logα2)= (−0.65,−3.73).

Regime 5 arises in the top left of figure 10, and is shaded grey. Here our long thin channel
analysis technically breaks down as δε = O(L) and the analysis of our O(1) aspect ratio limit holds.
However, from figure 6, we see that our long thin channel limit still provides a good estimate of
the effective permeability as we move into regime 5, therefore we expect transport to be limited
by channel opening and pore–pore interaction effects as in regimes 3 and 4.

(a) Applications to bacterial membranes
Using the parameter values in table 1, we find a range of −7 � log α1 � −0.6 and log α2 � −3.6,
with permeabilities mostly found in regime 1, implying permeability in bacterial membranes is
likely to be largely dominated by channel length effects. Taking our example parameters from
before of R∗ = 360 nm, r∗ = 10 nm, a∗ = 0.325 nm and 2L∗ = 12 nm, we obtain log α1 = −0.65 and
log α2 = −3.73 placing us in a regime where permeability is O(1) and dominated by channel
length effects, with Peff ≈ 1.9. We mark this by a red cross on figure 10, noting that these
parameters are from a range of Gram-negative bacteria, and the membrane geometry of specific
bacteria could lead to larger or smaller permeabilities with a potentially different limiting factor,
which can be calculated using equation (3.35b).

We predict that transport is limited by channel length effects when log α2 > log α1. In
dimensional parameters (defined in equation (2.2)), this is equivalent to L∗ < 2a∗/π log (r∗/8a∗).
Using this, we can predict how changes to the membrane microstructure could alter the limiting
effect on transport. It is known that bacterial cells downregulate expression of porin genes in
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response to environmental stresses, allowing them to, for example, reduce intracellular antibiotic
concentrations [28]. This effectively increases r∗ which could push permeability into channel
width and entrance limited regimes. Similarly, mutant strains that show higher resistance to
antibiotics are also found to express porins with reduced diameters, decreasing permeability by
reducing a∗ which can also shift behaviour into channel width and entrance limited regimes [8].

To complete our interpretation, we return to the full steady permeability equation, converting
equations (3.35) to dimensional variables using the transformations equation (2.2) and the
parameter relations equation (2.5), obtaining

D∗ ∂c∗

∂y∗ |y∗=L∗ = D∗ ∂c∗

∂y∗ |y∗=−L∗ = a∗D∗

r∗(L∗ + (2a∗/π )[log (r∗/8a∗) + 1])
[c∗]L∗

−L∗ , (6.2)

where we have multiplied through by the diffusivity D∗ to turn the first two terms into genuine
diffusive fluxes. We can write the effective coupling conditions equation (6.2) independently of
D∗ owing to their steady nature, but the unsteady conditions have a genuine D∗ dependence.
The dimensional formulation equation (6.2) allows us to directly consider the implications of the
physical microscale geometry. Writing our channel length as l∗ = 2L∗ and our channel width as
w∗ = 2a∗, our dimensional permeability coefficient is given by

P∗
eff = w∗

r∗(l∗ + (2w∗/π )[log (r∗/4w∗) + 1])
. (6.3)

It is instructive to compare our derived effective permeability equation (6.3) to the constitutive
permeability one might pose assuming there are no interactions between porins. That is, to
compare equation (6.3) to the density of porins multiplied by the flux J through a single isolated
porin, calculated in [8] to be

J = A∗D∗

l∗
�c∗. (6.4)

In equation (6.4), A∗ represents the cross-sectional area of the porin (cf w∗ here), l∗ represents the
length of the porin, D∗ is the diffusivity of c∗, and �c∗ represents the difference in concentration
at either end of the porin. If each porin has an independent effect on the flux, the total effect of all
the porins on the macroscale membrane flux is

density × J = 1
r∗ × A∗D∗

l∗
�c∗. (6.5)

Our result equation (6.3) takes the same form as equation (6.5) in the limit in which permeability
is dominated by porin length effects. That is, in regimes 1 and 2 (figure 10) where L/ε �
(−2δ/π ) log 8ε, equation (6.2) reduces to

D∗ ∂c∗

∂y∗ ≈ 1
r∗

w∗D∗

l∗
[c∗]L∗

−L∗ , (6.6)

where the right-hand sides of both equations (6.6) and (6.5) follow the same structure:

density × channel cross-sectional ‘area’ × diffusivity
channel length

× concentration difference. (6.7)

We can understand this limit of our permeability equation to represent the case where there are no
interactions between porins and each contributes individually to the overall flux. We can therefore
interpret 2w∗/π [log r∗/4w∗ + 1], the term remaining in equation (6.3), as encoding the effect of the
interaction between porins on membrane permeability.

(b) Analogy to resistivity
Since the permeability P∗

eff is the reciprocal of the effective resistance imposed by the membrane,
R∗

tot, we can use our explicit result equation (6.3) to assess the individual contributions of
microscale geometry to the effective resistance. This allows us to draw analogies with the
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resistance offered by resistors in an electrical circuit. Specifically, using the relation P∗
eff = 1/R∗

tot
and equation (6.3), we can write

R∗
tot

r∗ = l∗

w∗ + 2
π

+ 2
π

log
1

4w∗ , (6.8)

where the left-hand side represents the effective resistance multiplied by the porin density 1/r∗.
Equation (6.8) is analogous to the total resistance of an electrical circuit, given in terms of the
resistance of resistors in series. With this analogy, we consider the contributions to total resistance
that the concentration transport has to overcome in order to cross the membrane. The first term
on the right-hand side of equation (6.8) relates to the resistance of the channel length, the second
to a constant resistance (purely affected by the density of porins) and the third to the resistance
offered by the porin openings. The interplay between how these various aspects of the microscale
geometry affect permeability (and membrane resistance) is encoded in equations (6.3) and (6.8).
Specifically we see that, as one might expect physically, thicker membranes (larger l∗), narrower
channels (smaller w∗) and larger channel spacing (larger r∗) all lead to increased resistance and
therefore decreased membrane permeability. Our results quantify the relative importance of these
effects explicitly in terms of the membrane geometry.

7. Discussion
In this paper, we systematically derived effective coupling conditions for concentrations of solutes
diffusing through narrow gaps in an otherwise impermeable membrane, allowing us to couple
the concentration on either side of the membrane. We explored the limit in which membrane
thickness is much greater than gap width, which we called the long thin channel limit, and
the limit in which membrane thickness is of similar size to gap width, which we referred to
as the O(1) aspect ratio limit. In the steady problem, the effective coupling conditions for both
limits took the form of an effective permeability condition, equation (1.1), written in terms of the
concentration difference across the membrane and an effective permeability coefficient given by
equations (3.35b) and (3.40) in the long thin channel and O(1) aspect ratio limits, respectively.
This coefficient depends explicitly on the microscale geometry of the membrane, through the
non-dimensional parameters, L, δ and ε, representing the gap length, spacing and the ratio
of gap width to spacing, respectively. Using this effective permeability coefficient, we were
able to explore how changes in membrane microstructure alter the resulting permeability of
the membrane, and explore various sublimits of the problem to determine the limiting factors
affecting transport, and resulting size of the effective permeability. These results are summarized
schematically in figure 10.

When considering the full time-dependent problem, the added complexity of the time it takes
the solute to diffuse across the channel is captured within the infinite sums in our coupling
conditions equations (4.12) and (4.13). We see that the coupling conditions gain a memory
property encoded through the time integrals in equations (4.12) and (4.13). Provided that the
outer concentration tends to a steady solution in the long time limit, i.e. ċ± → 0, we find that
the memory contribution decays and we recover the steady coupling conditions. Care needs to
be taken evaluating the integrals and infinite sums in the limit t → 0+, where the sums are slow
to converge. Here, we approximate the infinite sums using an Euler–Maclaurin approximation to
obtain simpler effective coupling conditions, as given in equations (4.14) and derived in electronic
supplementary material, §1. This early-time approximation gives us insight into how the time-
dependent conditions scale with t and allow for faster simulations at early times, removing the
need to include many terms in the infinite sums of equations (4.12) and (4.13). For both the
steady and time-dependent problems, we validated the derived effective coupling conditions
against simulations of the full membrane structure, as shown in §5. We anticipate that our results
could be used to generate reduced continuum models to describe diffusion problems in complex
geometries such as examples explored in [49], where the authors propose new numerical methods
for these problems, exploiting Laplace transforms and boundary integral methods.
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In this paper, our primary application of interest was the outer membrane of Gram-
negative bacteria. Using our steady effective conditions, equations (3.35), we explored how the
microstructure of this membrane affects its resulting permeability in §6. With typical parameter
values from a range of Gram-negative bacteria, as listed in table 1, we find that permeability
is likely to be dominated by the membrane thickness, i.e. channel length, but hypothesize that
reduced porin expression could lead to channel entrance effects becoming the limiting factor as
porins become sparse. Both of these behaviours are captured in equation (3.35b), from which we
can obtain the appropriate form for the effective permeability in each limit, as discussed in §6,
and which can be used to calculate permeabilities specific to individual bacterial species. We also
provide an explicit form for the effective permeability in the limit of O(1) aspect ratio channels
in equation (3.40), for example representing thinner membranes or wider porins, and calculate
the appropriate effective conditions to use when the concentrations inside or outside the cell are
time-varying in equations (4.12) and (4.13).

It would be interesting to consider different membrane geometries and asymptotic limits in
the future. For example, in [36], the authors found that porins form clustered patches in the
outer membrane of E. coli, suggesting a membrane geometry with periodic patches of porin-
free and porin-dense regions is biologically relevant. This could also potentially be explored
by adapting the techniques of [50], where the author considered periodic windows of slots
in a superhydrophobic grooved surface. More generally, the limit in which the width of our
impermeable chunks goes to zero (r∗ − 2a∗ → 0) could be of mathematical interest, as it may allow
for fully analytical solutions of the problem, by extending the conformal mapping techniques
used in [50–52] to the domains here.

In this paper, we considered membrane transport in 2D for simplicity. Through this, we
have identified key parameter groupings which determine the limiting factor for membrane
transport. An analysis of three-dimensional (3D) membrane transport would be an interesting
extension to this work. We anticipate that while similar types of parameter groupings may
determine the qualitative behaviour of membrane transport in 3D, the shape of the porin entrance
and 3D geometry play important roles. We therefore expect different functional forms of the
membrane permeability in terms of membrane geometry; notably, the logarithmic singularity in
equations (3.35b) and (3.40) is probably a 2D phenomenon. More generally, one would not be able
to rely on complex conformal maps to solve our inner regions in 3D.

Our physical parameter values, listed in table 1, imply that cell radius is much larger
than the membrane thickness, meaning curvature is small for spherical bacteria. Although we
have neglected membrane curvature altogether in our model, we expect our derived coupling
conditions, equations (3.35), (3.40), (4.12) and (4.13), to hold for membranes with non-zero
curvature, provided the curvature is not too large as to be observable in our boundary layer and
inner regions. Similar leading-order independence of curvature is seen in [53], when looking at
asymptotic solutions of mean first passage time problems in non-spherical 3D domains, and in
[54], where the authors consider concentration differences between narrow windows on curved
surfaces generated by localized diffusive fluxes. We note that, for a weakly curved membrane, it
should be possible to systematically obtain higher-order corrections to our coupling conditions
which explicitly depend on curvature, for example by using curvilinear coordinates in our
boundary layer problems in §3b, representing a small perturbation to flat space, e.g. [55].

Furthermore, although we present our model in the context of a concentration, c, the problem
set-up can be reframed in terms of probability density functions describing particle position,
with only minor modifications to the subsequent analysis. In particular, one can consider
equation (2.1a) as a drift-free Fokker–Planck equation for the position of the centre of a finite-
sized particle, and reframe a modified membrane geometry as the effective space in which the
particle can move. As a result, we anticipate that these results could be adapted in future work to
describe transport of finite-sized particles, with some differences introduced from particle shape
and interactions altering the effective geometry.

The effective coupling conditions that we have derived, equations (3.35) and (3.40), and
equations (4.12) and (4.13), for the steady and unsteady problems, respectively, could be applied
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to the even larger scale of bacterial colony dynamics, if combined with upscaling methods
such as [56,57], to obtain a fully multiscale model that systematically accounts for membrane-
level effects. In this paper, we focused on membrane geometry parameters relevant to bacterial
membranes; however transport across membrane-type structures is important in many other
contexts, including nutrient transport, waste removal, mass transfer through surface coatings
in chemical engineering, water vapour loss through fabrics and carbon dioxide absorption on
plant leaves via stomata [13,58–60]. The results in this work therefore have a much wider reach of
applications, and may be used to understand diffusive transport through periodic narrow gaps
in many contexts.
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Appendix A.O(1) aspect ratio derivation
In this appendix, we derive the O(1) aspect ratio effective permeability, equation (3.40). As
discussed in §3d, the main change from the long thin channel limit is the coalescence of the three
inner regions IIIa–c into a single inner region. As in §3a, we start by scaling into this inner region
using the transformations

x = δεX and y = δεY, (A 1)

which converts equations (2.3) into the scaled system

∂2c
∂X2 + ∂2c

∂Y2 = 0 for {X ∈ R, |Y| > a} ∪ {|X| < 1, |Y| < a} (A 2a)

and

∂c
∂n

= 0 for {|X| > 1, |Y| = a} ∪ {|X| = 1, |Y| < a}. (A 2b)

We again only require the leading-order problem and work directly with equation (A 2), using
a conformal map to simplify our domain. Setting Z = X + iY, we follow a similar procedure to
§3a(ii), but for a different mapping. The map between the physical domain and the upper-half-
plane is shown in figure 11, which we can then straightforwardly map to the semi-infinite strip
in which we solve our problem. The Schwarz–Christoffel map from the upper-half-plane to the
physical domain is

Z = X + iY = f (ω) = P̃ + d̃
∫ω

a

(u2 − 1)1/2(u2 − λ2)1/2

u2 du. (A 3)

The constant λ is defined as the preimage of the point 1 + ai in the Z domain and is determined
implicitly. We can rewrite equation (A 3) in a more interpretable form using the change of

https://github.com/MollyB06/2d-effective-perm-paper
https://github.com/MollyB06/2d-effective-perm-paper
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Figure 11. Schematic showing the result of the inverse of the conformal map equation (3.36), transforming our physical gap
domain in Z to the upper-half-plane in ω. The variable λ describing the preimage of the point 1 + ai under the map Z is
determined by the geometry and given implicitly in equation (3.39).

variables t = 1/u, integrating by parts and redefining the constant terms to obtain

Z = P + d

⎧⎨
⎩ω

(
1 − 1

ω2

)1/2
(

1 − λ2

ω2

)1/2

+
∫ 1/ω

0

(1 − λ2t2)1/2

(1 − t2)1/2 dt + λ

∫λ/ω

0

(1 − (1/λ2)t2)1/2

(1 − t2)1/2 dt

⎫⎬
⎭ ,

(A 4)

where P, d are the new constants. Our integral terms in equation (A 4) are now in the form of
incomplete elliptic integrals of the second kind. We must take care when choosing our branch
cuts across all of the square-root terms in equation (A 4). In particular, because ω lies in the upper
half-plane, 1/ω is in the lower half-plane. Hence, we choose our branch cuts to extend into the
upper-half-plane from the points −1, −1/λ, 1/λ, 1 on the real axis, thus avoiding intersections with
the physical domain. Using the desired geometry of our physical domain in Z and the symmetry
of the problem, we set our unknown constants P and d to arrive at equation (3.36) as given in
§3d, with d defined in equation (3.38). The dependence of λ on a is implicitly given through the
relation equation (3.39).

As in §3a(ii), we further map into the semi-infinite strip to solve our problem and then
transform back into the upper-half-plane to write our solution implicitly in terms of ω, obtaining

c ∼ 2b
π

log |ω| + e. (A 5)

Since equation (3.36) is not explicitly invertible, we use its limiting form as |ω| → 0, ∞ to match
into our boundary layer regions by writing equation (A 5) in terms of X and Y. To match with
region IV, the boundary layer below the membrane, we take the limit |ω| → 0. In this limit,
equations (3.36) and (A 5) take the form

Z ∼ −dλ

ω
, c ∼ 2b

π
log |dλ| − 2b

π
log |Z| + e as |ω| → 0. (A 6)

Similarly to match into region II, the boundary layer above the membrane, we take the limit as
|ω| → ∞, obtaining the limiting forms of equations (3.36) and (A 5):

Z ∼ −dω, c ∼ 2b
π

log |Z| − 2b
π

log |d| + e as |ω| → ∞. (A 7)

Finally, we also match equations (A 6) and (A 7) to our boundary layer solutions, equations (3.26)
and (3.28), in the limits Y1,2 → 0−,+ to obtain

κ1 = −κ2 and A1 = A2 + κ2

π
log ε2π2λd2. (A 8)

Using equations (3.32), the previous matching between the boundary layer regions and the outer
regions, to give κ1,2 and A1,2 in terms of the outer concentrations and fluxes, we obtain our O(1)
aspect ratio coupling conditions with permeability equation (3.40).
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