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A hallmark of living systems is the ability to employ acommon set of
building blocks that can self-organize into a multitude of different
structures. This capability can only be afforded in non-equilibrium
conditions, as evident from the energy-consuming nature of the plethora of
such dynamical processes. To achieve automated dynamical control of such
self-assembled structures and transitions between them, we need to identify
the fundamental aspects of non-equilibrium dynamics that can enable such

processes. Here we identify programmable non-reciprocal interactions
asatooltoachieve such functionalities. The design rule is composed of
reciprocal interactions that lead to the equilibrium assembly of the different
structures, through a process denoted as multifarious self-assembly, and
non-reciprocalinteractions that give rise to non-equilibrium dynamical
transitions between the structures. The design of such self-organized
shape-shifting structures can be implemented at different scales, from
nucleic acids and peptides to proteins and colloids.

In biological systems, small building blocks self-assemble into struc-
tures by taking advantage of the thermal agitations to find matching
partners in the medium. To achieve such functionality in an artificial
system, the challenge will be to design an interaction matrix between
thebuilding blocks so that they self-assemble into predefined units' .
A remarkable feature in living systems is a notion of versatility of the
building blocks, which allows self-assembly processes to make eco-
nomical use of the same units under different conditions. Proposals
for how to design systems with such a capability have been recently
put forward, particularly in the context of the so-called multifarious
assembly mixture model®’. The main challenge in designing multifari-
ous self-assembly is to encode the desired structures in terms of interac-
tions between the componentsinthe poolso that the structure willbe
memorized and retrieved when needed®. This goal is achievedup toa
certain capacity by engineering the specificinteractions between the
components>®’,inanalogy with the Hopfield neural network model®™°.

Living systems have also evolved to be able to choreograph the
sequential formation of self-assembled structures in time from a
common pool of tiles (Fig. 1a). Such self-organization, as exempli-
fied in various stages of the cell cycle, is not possible under equilib-
rium conditions. Therefore, to design such functionality, we need

to identify a relevant non-equilibrium aspect of the process that is
capable of driving time-sequenced stochastic dynamics. We propose
programmable non-reciprocal interactions as a paradigm that provides
sufficient conditions towards achieving this goal. Broken action-reac-
tionsymmetry has beenrecently explored inactive matterinthe con-
text of non-equilibrium phoretic interactions between catalytically
active colloids and enzymes'?, and has shown to lead the formation of
self-propelled active molecules that break time-reversal symmetry®,
oscillating active complexes that break time-translation symmetry™,
chiral bound states® and active phase separation with specified stoichi-
ometry’®"”.Non-reciprocalinteractions have been found to lead torich
physical phenomenainvolving various forms of spontaneous symme-
try breaking in other related non-equilibrium contexts*, including
early work in the context of asymmetric neural networks**. We note
that a number of strategies have been recently pursued towards the
experimental realization of shape-shifting soft-matter structures® >,

Here we introduce the non-reciprocal multifarious
self-organization model by incorporating non-reciprocal interactions
into the equilibrium multifarious self-assembly model. We show that
this non-equilibrium model is capable of inducing the shape-shifting
property in the systemin conjunction with multifarious self-assembly
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Fig.1|Broken action-reaction symmetry and multifarious self-organization
model. a, Schematic of the realization of a sequence of programmed transitions
between three different predefined target configurations. b, Specific reciprocal
interactions betweentiles A and B on atwo-dimensional (H-V) lattice with
specific binding energy U. ¢, Specific non-reciprocal interactions between A and
B, and the corresponding interaction rates R. d, Non-reciprocity in the presence
of astructure; A approaching B is different from B approaching A. e, Schematic
of shape-shifting structures leveraging non-reciprocal interactions. Two desired
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structures are random permutations of 3 x 3 lattice configurations composed of
nine distinct tiles. The non-reciprocal interactions induce transitions to the next
structures. For arriving tiles, the red arrows and black lines show non-reciprocal
and reciprocal interactions with the neighbouring tiles, respectively. The red
boundary that emerges, grows and finally disappears represents the specific
bonds thatare lost due to the red arrows. This line shows how a small seed of

the new structure emerges due to non-reciprocal interactions and eventually
conforms to the full structure with the help of reciprocal interactions.
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(Fig. 1a). We aim to find the best parameter space to realize this new
shape-shifting regime and to characterize its properties. We show
that shape shifters can be observed in a subset of the parameter space
where multifarious assembly occurs. We find that the strength of the
non-reciprocal interactions provides us with a control parameter to
convertany selected multifarious self-assembly regime to the multifari-
ous self-organization regime. We characterize the new shape-shifting
behaviour by probing the frequency of shifts and the capacity and stabil-
ity of cycle formation, as well as the entropy production that measures
the degree of non-equilibriumactivity in the self-organization process.

Equilibrium self-assembly processes enable the spontaneous
formation of predetermined structures from a pool of tiles. This can
be achieved by designing directional interaction potentials that cover
different encounters of two different tiles on a lattice (Fig. 1b). These
interaction potentials arereciprocal,in the sense that any directional
bonding incurs a given energy cost independently of how the tiles
come to the binding arrangement. With such interactions, we can
achieve self-assembly to the desired structure starting from aninitial
trigger—beitasmallseed, enhanced concentration of sometilesand so
on. However, this process will come to astop once the self-assembled
structure is achieved, and remain as such until the next trigger is
introduced. Our aim here is to incorporate the ability of the system
to autonomously switch from one self-assembled structure to the
next. To this end, we define non-reciprocal interactions (Fig. 1c) by
attributing different weights for every bond formation depending on
whichtileisbeingadded and which tileis already a part of the cluster
(Fig.1d).Suchnon-reciprocalinteractions give rise to ashape-shifting
property amongst the ensemble of possible self-assembled structures
from the pool of available tiles (Fig. 1a). We introduce and develop
this paradigm in the context of a simple model and show how the
interactions can be tuned such that many such transitions occurina
predefined sequence (Fig. 2).

To characterize the interactions between components A and B,
oneneeds to define the interaction matrix or tensor (Methods). In the
case of asquare lattice, each component can specifically interact with
four neighbours. To simplify the presentation, we introduce a handy
notation that captures all the reciprocal and non-reciprocal interac-
tions, which manifestly aids with the interpretation of the different
interaction components. The lattice is described by horizontal (H)
and vertical (V) directions, and a 45° rotation is applied to the lattice
(), suchwe candenote the axesas ‘H’/and ‘V’\ (Fig. 1b). Then, specific
horizontal (vertical) interactions between the tiles depending on the
orientation can be captured by A/B (A\B), where Ais the tile on the left
(up) and Bis the tile on the right (down). In the case of non-reciprocal
interactions, the interactions can be classified by adding polarity to
the orientations. For example, the horizontal interaction / breaks in
two possibilities of ~ and ,/, and the vertical interaction \ breaks in
two possibilities of \ and \.. All the configurations of the two tiles A
and B and their resulting reciprocal and non-reciprocal interactions
aresummarizedin Fig.1b,c.

Programming equilibrium self-assembly boils down to designing
interactions between tiles that are positioned next to each otherin the
desired structures. AsshowninFig. 1b, the directionality of the interac-
tionsisanimportant feature: depending on which faces of tiles Aand B
interact with each other (on contact), theinteraction can be different.
Theinteraction matrix Uenumerates the list of all the specific combina-
tions of pairs that are taken to be energetically favoured (Methods).

In our non-reciprocal implementation of the model, we need to
complement the reciprocal specific bonds (or adjacency) with addi-
tional non-reciprocal variants. One can assume that beside every
specific reciprocal bond characterizing which tile is preferentially
positioned beside which other tile with what orientation, there is also
non-reciprocal specificinteraction specifying which tileisapproaching
theothertile (Fig. 1c). Anillustration of this conceptis shownin Fig.1d.
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Fig.2|Shape-shifting self-organization. A structure is defined asarandom
arrangement of 1,600 tiles in a40 x 40 square. Four desired structures are made
by arandom permutation of tiles and are encoded through reciprocal (equation
(1)) and non-reciprocal (equation (4)) matrices. The shifting sequence is selected
as{S¥ > 5?, 5@ 5§ O 5 s} a-e, Possible outcomes of the simulation. f, More
detailed transition path of the structures. Non-reciprocal interactions drive

the non-equilibrium process that induces the transition between structures.
Starting from the smallinitial seed of the first structure, the system retrieves the

t(x10° 7.

corresponding structure and then shifts to other structures in the sequence.
g, Overlap of the system with each of the patterns as well as the corresponding
entropy production are shown in the course of time evolution. The dots under
the curves show the times at which snapshots have been recorded inf. The
(seedsize, p1, €, A) values are (16 x 16, -19,11.0, 6) (a), (16 x 16, -10, 8.0, 5) (b),
(16 x16, 0, 3.0, 5) (c), (40 x 40,-10, 4.0, 0) (d), (40 x 40, -40, 25.0, 18) (e) and
(16 x16,-20,11.5, 8) ().

Thessituation in which the free tile B is approaching A—that is a part of
acluster—is characterized by the interaction (attraction or repulsion)
actingonBfromA, whichis different from the case whenthe freetile A is
approachingBand therelevantinteraction will be characterized by what
B doestoA.Here the matrix R encodes the full classification of possible
ways inwhich these approaches canbe made advantageous (Methods).

An example of how such a transition between two different
self-assembled structures can occur due to non-reciprocity is shown
in Fig. 1e, where every step is initiated by the preferred directional
non-reciprocal interaction between an incoming tile and existing
cluster. There are two desired structures and the goal is to shift the first
structure tothe second one. This canbe achieved by adesignruleimple-
mented by programming the R matrix. The design rule is built around
eventsinwhichthetilesinthe second patternapproachthetilesinthe
first pattern. This is done for each tile one by one, and respecting the
geometry of the patterns. As an example, consider the first step shown
in Fig. 1e, where the light green tile should replace the blue tile. This
is achieved by introducing non-reciprocal interactions between the
light green tile and the neighbours of the blue tile (shown as directed
red arrows in this figure). Note that the incoming tile increases the
energy of the system due to the removal of specificbonds between the
outgoingtileand its neighbours. However, alow-energy configuration
isrecovered as soon as the second pattern starts to grow on top of the
first pattern, similar to templating processes.

Shape-shifting structure

Thenon-reciprocal multifarious self-organizationmodel livesin arela-
tively high-dimensional parameter space, and therefore, the system
can—inprinciple—exhibitaplethoraof different behaviours.Figure 2a-e
shows the possible outcomes of the model with different input param-
eters for energy €, chemical potential z and non-reciprocal interac-
tionstrength A for m = 4 structures. A typical successful self-assembly
of a desired structure starting from a small initial seed, representing
the so-called ‘multifarious assembly’ process, is shown in Fig. 2a. The
promiscuous tendency of interactingtiles can potentially resultinthe
growthofa‘chimera’ fromaninitial seed and hence leading to unfaith-
ful self-assembly (Fig. 2b). The ‘liquid’ regime is characterized by the
presence of tiles in the system without many specific interactions
(Fig. 2c). Therelatively small size of the largest specifically connected
cluster of the system and the continuous change in the arrangements
oftileslead toaliquid-like structure. When the initial seed is not stable
and dissolves, a dilute ‘dispersion’ can result (Fig. 2d). The instabil-
ity of the seed can occur either due to a competition between energy
and entropy of mixing (as represented by the chemical potential or
density) or a strong non-equilibrium activity due to non-reciprocal
interactions (Supplementary Information). Finally, a newly observed
‘shape-shifter’ regimeis showninFig. 2e,in whichanappropriate selec-
tion of parameters enables the system to switch aninitial pattern to the
next by exploiting non-reciprocal interactions.
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The details of the shape-shifting behaviour is shown in more detail
in Fig. 2f. Four different structures are stored in the mixture using
appropriate choices for the U" matrix elements, and the correspond-
ing full sequence with a length of three, namely, {S© > §?, §@ > §&),
S® > $¥} has been implemented using appropriate choices for the
R™ matrix elements (Methods). The simulation starts with introduc-
ing a small seed selected from the first structure, which grows and
self-assembles to S®. Subsequently, the non-reciprocal interactions
come into effect and cause S to switch to S®, then proceed to §®
and later to S*. To quantify this feature, Fig. 2g shows the overlap of
the observed configuration with S” (Methods and Supplementary
Information). This shifting behaviour emerges for asufficiently large A.

The non-equilibrium characteristics of the non-reciprocal multi-
farious self-organization model can be probed by measuring entropy
production® . We define entropy production (in units of k;, the Boltz-
mann constant) in our model as the sum of the logarithm of the ratio
of probabilities for direct and reverse moves along the path of the
dynamics:AY, = Y log P~ whereP,and P, represent the probabilities
of forward and reverse moves, respectively. The example in Fig. 2g
showsthat AXisaninformative readout of the degree of non-equilibrium
activity in the course of the time evolution of the system.

We have systematically explored the parameter space of the
non-reciprocal multifarious self-organization model, to uncover the
conditions for obtaining the desired behaviour. The behaviour of the
system at equilibrium (1= 0) is described in Fig. 3a, where the error of
self-assembly is used to identify the different regimes, namely, chi-
mera, liquid, dispersion and multifarious self-assembly’. We note that
error by itself may not be sufficient to determine the phase of the final
configuration, and therefore, it will be important to simultaneously
monitor the density, and sometimes, the energy (Extended DataFig.1
and Supplementary Information).

To explore the effect of non-reciprocal interactions, we plot the
error for different values of (A, u) (Fig. 3b) for fixed €. We observe that
for small values of A, the self-assembled structures are stable, whereas
increasing A beyond a threshold A, introduces the shape-shifting
behaviour. As expected, the shifts only happen in the multifarious
assembly region. When A is larger than a second threshold A,,,,,, the
seed is destabilized and a dispersion is observed. A similar behaviour
isobserved for fixed yrin the space of (4, €) (Fig. 3¢).

To shed more light on how the shape-shifter domain can be
obtained, we present the diagram describing the behaviour of the
system in the space of (i, ) for different values of A (Fig. 3d-g). In the
equilibrium multifarious assembly model (Extended Data Fig. 1), the
self-assembly regime is sandwiched between the dispersion of equilib-
riuminstability of the initial seed and chimera regime. Both liquid and
multifarious assembly regimes are separated from the chimeraregime
by aband of homogeneously nucleated chimeras marked by the lowest
energy (Extended DataFig. 1c).

WithincreasingA, theregionsin the equilibrium diagram change
differently. Figure 3d-f corresponds toA =10, and are based on probing
the error, density and energy (Extended Data Fig. 2). As expected, for
sufficiently large A, the multifarious assembly domain shrinks, as the
partofitwhereA> A, = ebecomesunstable for theinitial seed. Onthe
other hand, the parts in the remainder of the multifarious assembly
domain that satisfy 1 > A, = 2¢ can now accommodate a new
shape-shifter region (Fig. 3d, red dashed line). Increasing A further
shrinks the domain and this trend continues, as shown in Fig. 3g
(Extended DataFigs.2-4).

The border between the liquid and chimeras also shifts towards
higher energies with increasingA. Although the liquid region extends,
the former liquid—-chimera border partially changes to liquid and
partially toanew chimerawhere any possible bond with non-reciprocal
interactions undergoes a shift until nomore shiftis available (Extended
DataFig.2d, fullyellow snapshots). The value of 1 =10 is not sufficiently
large toinduce changesinthe diagramabove ¢ = g/l. The samebehav-

iour is shown in Extended Data Figs. 3 and 4 for A=15 and 1 =20,
respectively.

Frequency of shifts
Let us now characterize the robustness of the shifting behaviour. We
focus on the region of interest in the space of (u, €) (Fig. 4a). At each
point marked in the multifarious assembly region (Fig. 4a), we change
A €[5, 25]. To probe the quality of shifts, we define the frequency fas
the fraction ofindependent realizations of the system that terminated
the shifting at one of the configurations along the designed sequence,
after afinite simulation time of 4 x 10°z, steps, with 7, being one lat-
tice sweep.

Thefinal configuration canbe any of the four states S®, §?, §® and
S® for any valid shift, or anything else including the liquid, chimera
and dispersion. From the functionality point of view, anything else
is an erroneous structure and is not of any use. Figure 4b-j shows the
frequency at different points in the multifarious assembly region. The
red band captures erroneous structures. As observedin the figure, for
eachmarker, thereis afunctional range of 1 values that caninduce the
desired shifting between the structures (Supplementary Information).

Timescales and yield

The mechanisms of self-assembly or retrieval of the desired structure
and shifts are different. This can be seen from the timescale in which
these two processes occur. The time that the initial seed with a size of
25% of the pattern, grows and reaches 95% is defined as 7,cieval- AISO, Tohire
is defined asthetimethat it takes for the overlaptogo from 0,= 0.95to
0,,,=0.95,whereiandi+1aretwo consecutive structuresinasequence
(Fig.4k). The scaling of the two timescales with a side length of pattern
isshownin Fig. 41.

Insequence implementation, not all the shifts are successfully
completed. Premature shifting refers to the realization of the shift-
ing process from S to the next structure S before the comple-
tion of the self-assembly of the current structure S in the shifting
sequence {..., §¥ > §¥? 1. This can happen mainly due to the fact
that the current structure grows in the boundary whereas the next
shift takes place in the area of the current structure. The prob-
abilities of these two processes are proportional to the boundary
and area, respectively. Although unavoidable, we show that these
premature shifts are only afraction of all the possible shifts. For the
same numerical results of timescale analysis, we looked at the num-
ber of correct shifts, premature shifts and waiting shifts. As shown
inFig.4m, even for very large patterns, alarge fraction of shifts are
correctly completed. Note that as expected and as the timescale
predicts, a fraction of waiting shifts increases as the pattern size
increases. However, the overall behaviour of the system remains
the same as the system size increases (Extended Data Fig. 5 shows
a100 x 100 realization of the system). We have also studied the
interplay between the capacity of the system and the non-reciprocal
coupling, cycle-forming sequences and their timescales, as well as
basins of attraction of the different states in short cycles (Supple-
mentary Information).

Brownian dynamics simulation

To help guide a practicalimplementation of the ideas presented here in
practice, we have performed a three-dimensional Brownian dynamics
simulationinwhich the self-organization of tilesis initiated with a seed
thatis placed in the middle of the box (Methods and Supplementary
Information). Although alattice implementation of square tilesis used
to directly enable a comparison with the Monte Carlo simulation, we
expect to obtain similar results for acontinuumimplementation of the
model as well. Our observations confirm the main findings presented
above, as shown by the shape-shifting time evolution presented in
Extended Data Fig. 6 (Supplementary Fig. 20 shows another example
inwhich premature shifting is observed).

Nature Nanotechnology | Volume 18 | January 2023 | 79-85

82


http://www.nature.com/naturenanotechnology

Article

https://doi.org/10.1038/s41565-022-01258-2

Error 30 Error
1.00 1.00
0.75 0.75 g
20
0.50 [ 0.50
0.25 0.25
o 10 0]
0 T T T T
(o] 10 20 30 40
M
e
Error 30 4 Density
.00 | 1.00
Chimera
0.75 0.75
0.50 [N 0.50
0.25 0.25
0o 0]
Cc f
Error Energy A
20 1.00 0]
Dispersion
,,,,,,,,,,, ] 2 0.75 -0.25
~< 15 0.50 © -0.50
tass
3
8 + 0.25 -0.75
by ot
10 4 o ] -1.00
Multifarious
assembly
5 1

30
€

40

Fig.3|Emergence of shape-shifter behaviour within the multifarious
assembly regime. Four different structures of size 40 x 40 are encoded through
reciprocal (equation (1)) and non-reciprocal (equation (4)) interactions as a
sequence with alength of three. Each point is an average of error over five (ten)
independent realizations of the system measured after 4 x 10°7, time steps.
Different forms of self-assembly are obtained starting from the first structure as
aninitial seed. a, Self-assembly error for the equilibrium case (1= 0). The error
delineates different modes of self-assembly. The grey dashed line shows the
stability limit of the initial structure corresponding to the 2¢ > —u condition.

b, Systematic scan of the (A, i) parameter space for fixed € = 21and -z € [20, 40].
The square markers correspond to the points that undergo at least one shift.
Increasing A beyond the threshold value (A,,;,) induces shifting between the

structures and converts the multifarious assembly regime to the shape-shifting
regime (square markers). A strong non-equilibrium drive forA > A,,,,, makes the
initial seed unstable and results in a dilute dispersion. ¢, Same dataas b, but for
the (4, €) parameter space for fixed g =-30 and € € [10, 30]. The red dashed lines
areaguide for the eyes through the limiting values of A. d, Average self-assembly
error for 1 =10. The red dashed line is the convex hall of points that corresponds
to anerror of <0.05 and has undergone at least one shift. e,f, Same dataas d,

but for density and energy at the final configuration. The boundary between
the phases can be delineated using three quantities: error, density and energy
(Extended Data Figs.1-4). g, Emergence of a shape-shifting domainin the
multifarious assembly region of the phase diagram.

Conclusions

We have introduced the non-reciprocal multifarious self-organization
model, which is capable of both retrieval of stored structures and
inducing choreographed transitions between them, hence realizing
shape-shifting structures. Through extensive simulations and sys-
tematic scanning of the parameter space of the model, we have dem-
onstrated the feasibility of the shape-shifter design strategy that is
triggered by non-reciprocalinteractions. Therefore, we have identified
programmable non-reciprocal interactions as anon-equilibrium para-
digm using which the automated dynamical control of self-assembled
structures and transitions between them can be realized. We have
shown that the underlying mechanism of retrieval and shifts take place

at different timescales. Moreover, we have demonstrated how our
strategy canalso find applicationin avoidingkinetics traps of chimera
formation, whichisanotorious problem of equilibrium self-assembly
(Supplementary Information provides a detailed discussion).

There have been a number of studies concerning how specific
interactions can be designed in colloidal systems such that desired
self-assembly routes can be experimentally realized****, although
these ideas have been explored in the context of protein com-
plexes as well’. On the other hand, catalytically active colloids and
enzymes with effective phoretic interactions have been shown to
exhibit non-reciprocal interactions™ ™, which are required for the
shape-shifting behaviour to emerge. Therefore, using colloidal
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Fig. 4| Frequency of shifts and scaling. a, Frequency of shifts is characterized
foranumber of different points in the multifarious assembly regime, as labelled
by different markers. The setup corresponds to four desired structures of size
40 x 40, making a sequence with alength of three. b, Frequency of shifts for the
square marker. Each multibulleted bar corresponds to an average of

100 independent realizations. Abullet appears at height if at least one of the
realizations ended in the corresponding structure . The size and colour of the
bullets are related to the frequency or fraction of the realizations that stopped at

the corresponding structure at the end of the simulation. The red band
corresponds to any erroneous configuration; configurations with error of >0.1.
c-j, Same data as b, but for different (g, u) values as marked in a. k, Definition of
timescales of retrieval and shift. 1, Scaling of both timescales (in units of 10°z
steps) with pattern side length. m, Yield of correct shift, premature shifts and
shifts waiting in the queue. For the timescale analysis, we have used (seed
size, i, €, A): for retrieval, (\//\—4/2 x \M/2,20,11.5, 0); for shifts,

(WM x/M,20,1L5,8).

particles and enzymes as building blocks appears to provide a promis-
ingand natural route to the realization of the proposals presented here.

There are subtleties associated with the practical implementa-
tion of the non-reciprocal multifarious self-organization model. One
aspect is a reduction in the capacity of the system compared with its
equilibrium counterpart, which can be remedied by optimizing the
trade-offbetween the heterogeneity of the target structures and sparse
usage of the pool, as suggested elsewhere’. The premature shifting
between the structuresin the queue (mostly for strong non-reciprocal
interactions) is another challenge, as discussed above. In connection
tothisissue, we note that the asymmetric Hopfield network model has

beenshown to have similar limitations, including chaotic behaviourin
some circumstances’**?, In this context, it has been shown that aslow
response of the spins can make it possible to circumvent this problem
and even lead to the emergence of additional features®*. This brings
the idea that time-dependent specific interactions®** can provide a
potential solution to help prevent premature shifts and avoid chaotic
behaviour in the self-organization process in our model; moreover, it
may even lead to new phenomena***’, However, this comes with the
complexity of the addition of atimescale to the parameter space of the
design. These issues will be addressed in our follow-up studies using
anappropriate non-equilibrium formalism.
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Methods

Reciprocal interactions

We consider m desired structures with each being a random per-
mutation of M components or tiles. For simplicity, let us arrange
the first g structures in a queue that we label as S to 2, which
defines the shifting sequence. The goal is to define an interac-
tion matrix that enables the self-assembly of each target structure
and the realization of the shifting sequence. We assume that each
pair of neighbouring tiles in the desired structures has a specific
interaction and define these reciprocal interactions imposed by
structures as

-, ifAOBe 7",

U_ = @
ALB 0, otherwise,

inunits of the thermal energy k; T, where[] € {\, /} represents a specific
reciprocalinteraction(Fig.1b).Moreover, 7" = F(SO) u F(S@) U --- U F(S™)
isthe set of all the specificinteractions between the tilesimposed by m
desiredstructures, where I'(S¥) is the set of all the specificinteractions
inthe structure ¢, namely,

res=J sg‘”ms;f), )
(a.8)

where aand Sare the representatives of lattice coordinates (i, j) running
over the nearest neighbours,and[J € {\, /}. To describe the configura-
tion space of the system, we can define a Potts configuration variable
0,=0,1,2,...M,with o,= O representing an empty slot and the others
describing the correspondingtile species. Using the interaction poten-
tialand configuration variables, one can define a (classical generalized)
Hamiltonian for the system as

H= un, 3)

Ura,x Oog -
(a.8)

where uis the chemical potential of the tiles (assumed to be the same
for all the species), n = 3, (1- 6o, ) representing the total number of
tilesin every given configurationand ] € {\, /}. As usual, the chemical
potential controls the average density of tiles in the system.

Thereciprocalinteraction Uasserts that two components specifi-
cally interactif the interaction is favoured at least by one of the struc-
tures®”. This simple interaction rule makes multifarious self-assembly
model an associative memory capable of retrieving stored structures
starting fromaninitial seed or any similar trigger. With an appropriate
tuning of the model parameters (energy scale &, number of components
M, number of memorized patterns m and chemical potential i), one
can achieve an equilibrium self-assembly machine reminiscent of the
Hopfield neural network®***°,

Non-reciprocal interactions

The addition of a non-reciprocal flavour to specific interactions
turns the equilibrium multifarious self-assembly model into the
non-equilibrium multifarious self-organization model with a new
shape-shifting property. Inspired by recent diverse physical models
with non-reciprocal interactions'® ¢, we introduce non-reciprocal
interactions between the tiles as follows. We define

A, ifAEBeJ™, @
R = 4
AB5 0, otherwise,

where@le{\,\, ./, /}representsall the possible specific non-reciprocal
interactions (Fig. 1c). The set of all such interactions between the tiles
needed to realize the shifting sequence {S* > §@, §? > §®_ §@ > 5@}
is denoted by 7" = *(S® - S@)y TSP - SGyy ...y PrESED S S@)y,
Here I"(5¥ - 5“) is the set of specific non-reciprocal interactions

needed for the realization of the $© > §*? transition, which is
defined as

Inr(s(é’) _)5(€+1))= U {552,/ /SS;H)’
v ®
(£+1) (4) (6+1) (4) (4) (£+1)
S S Sy NSl S NS }

The asymmetric interaction matrix R" contains those specific
non-reciprocal interactions that are favoured by at least one of the
transitions.

Monte Carlo simulation

The introduction of non-reciprocal interactions into the multi-
farious self-assembly model renders the problem to have inherent
non-equilibriumness. As such, a faithful treatment of the stochastic
dynamicswillrequire the use of an appropriate master equation formal-
ism. To help highlight the connection with the equilibrium multifarious
self-assembly model, however, we have chosen to use a generalized
Monte Carlo schemeinwhichwe haveincorporated the non-reciprocal
interactionsin the spirit of kinetic Monte Carlo algorithms. Our specific
implementation can be justified with the assumption of separation of
timescales between the process of self-assembly and shape-shifting
transitions.

Inthelattice realization of our model, the whole systemis defined
as a square lattice of size 2y/M x 24/M, in which the desired structures
inthe form of two-dimensional square lattices of size VM x VM would
beembedded. We make use of the fully heterogeneous and zero-sparsity
condition, that is, each component should appear only once in each
structure’, and thus, each structure is a random permutation of the
tilesinthe square lattice. We follow a generalized version of the grand
canonical Monte Carlo simulation as would have been implemented
for the Hamiltonian 7¢, with the following generalizationin the accept-
ancerate of every step. AteachMonte Carlo step, arandom lattice point
(i,j) is chosen and its component ¢;; is changed to another random
component ¢’ with probability

p =min{l, exp (A — AF)}, (6)
where
AiJ = RELJ/U, + Rg{/l’m,/ + Rglr\aijfl + Rg:;‘u No'* %)

Evidently, in the limit A > O, this model reduces to the equilibrium
multifarious self-assembly model as defined in other work®”.

Error calculation

Theerror of assembly is calculated as the fraction of extratiles attached
tothe pattern or the fraction of tiles missing from the desired patterns.
Theerrorisdefinedas1- 0, where Ostandsfor overlap andis calculated
asfollows: (1) we find the largest connected cluster of the tiles L; (2) we
then construct A =L uS?, thatis, the union of the desired structure as
located at the centre of the lattice S® and L; (3) we calculate
0,=|AnS?/|A|. Theerror of self-assembly is e;= 1 - O, whichis defined
for a single desired structure. If a sequence is encoded in the system
andifthesystemisinitialized with one of the patternsin this sequence,
then for sufficiently strong A, we expect to observe shifts. Conse-
quently, one needs to repeat step (3) for each of the patterns in the
sequence and define error as error = min{e;}|;, where i runs over all the
patternsin that sequence.

Colouring

We have used a convention for colouring the final configura-
tions at the end of the simulations to be able to visually observe
the self-assembled structures as well as transition dynamics.
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The colouring convention works as follows. First, we assign independ-
entcolourstoeachofthemdesired structures. Inthe final configura-
tionattheend of the simulation, alattice pointis either empty, which
isthen coloured white, oritis filled with a tile, which should then be
coloured. Atileis coloured with respect toits nearest neighbours, and
consequently, it can take only one of the m colours corresponding to
the m desired structures. For example, let us consider a tile that has
four neighbouring tiles specifically interacting with it. Since all the
specific interactions are initially extracted from the stored struc-
tures, each of these four interactions can belong to one (or more) of
the stored structures. For the tile under consideration, we select the
colour of the structure that has the maximum contribution to its set
of interactions with the neighbours. Inthe case of atie, we randomly
choose acolour fromthe colours of the competing structures. In the
case when the tile makes specific bonds with none of its neighbours,
thenitshould randomly inherit the colour from one of the structures.
Insome of the figures with many snapshots, to differentiate the liquid
from chimerastructures, we have coloured every tile if it specifically
interacts with at least one of the neighbours.

Brownian dynamics simulation
Amorerealisticmodelisintroduced in the Supplementary Information.
Wedefineaboxwithasidelengthof Ny, Ny, N, = (2 x VM, 2 x VM, 2 x /M + 1)
which contains the pool of tiles that undergo stochastic motion. To make
the comparisonbetween this simulation and the Monte Carlo simulation,
we implement the directional interactions on small cubic tiles that
undergo translational Brownian motion in discrete space and discrete
time. Tiles are locally interacting with excluded volume interactions in
the entire box. They also interact with specific reciprocal and
non-reciprocal interactions in the interaction region. The interaction
region has the same size of a pattern placed in the middle of the box. At
t=0,weplaceaninitial seed inthe middle of the box. Tiles that reach the
surface of the initial seed at z=z,.4 + 1 interact with the tile in the seed
andreplaceit (provided the excluded volume conditionis fulfilled) with
arate that follows the same probability as defined in the case of the
kinetic Monte Carlo simulation, namely, p = min{l, eA-2%¢}, Note that the
assumption of the existence of a region for the interactions is to avoid
the nucleation of another structure that would lead to the depletion of
tiles, which can consequently prevent shifting. We expect this assump-
tion not to be restrictive, since for larger systems, the nucleation time
inother areas will be longer than the time needed for aretrieval or shift
in an existing seeded cluster and there will be enough tiles to nucleate
many copies of the same structure at different places.

Data availability
The datasupporting the main findings of this study are availablein the
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available from the corresponding author upon request. Source data
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Extended Data Fig. 1| Multifarious assembly. Four different structures of size
40 x 40 are encoded through reciprocal interactions. In panel a each pointis an
average of error over 5independent realizations of the system measured after

4 x10°7,time steps. Different forms of self-assembly are obtained starting from
the first structure as an initial seed. Grey dashed line shows the stability limit of
theinitial structure corresponding to the 2¢ > — u condition. Panelsb and c are
the same as a but for density and energy at the final configuration. The boundary
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between the phases can be delineated using the three quantities of error, density,
and energy. d, Sample snapshots of the system at the end of simulations for

pairs of (, €) values. Note that the boundary between multifarious assembly and
chimeraregimes as well as the boundary between liquid and chimera regimes

are filled with low energy chimeras in the form of homogeneously-nucleated
structures.
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Extended Data Fig. 2| Emergence of shape shifter within the multifarious
assembly regime: weak non-reciprocal drive. Four different structures of size
40 x 40 are encoded through reciprocal and non-reciprocal interactions asa
sequence of length three. Strength of non-reciprocal interactionsis set toA =10.
Inpanel a each pointis an average of error over Sindependent realizations of the
system measured after 4 x 10°7, time steps. Different forms of self-assembly are
obtained starting from the first structure as the initial seed. The square markers
correspond to the points that undergo at least one shift. Shifts occur in the range
of ethat respect the bounds Zen Amin £ A < Amax = €. Increasing Abeyond the
threshold value A,,;,induces shifting between the structures and converts the
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multifarious assembly regime to a shape-shifting regime (square markers).
Strong non-reciprocal drive for A > A, makes the initial seed unstable and
resultsin adilute dispersion. Grey dashed line shows the stability limit of the
initial structure corresponding to the 2¢ > — u condition. The red dashed line is
the convex hull of the points that correspond to error < 0.05 and have undergone
atleast one shift. Panels b and c are the same as a but for density and energy at the
final configuration. The boundary between the states can be delineated using the
three quantities error, density, and energy. d, Sample snapshots of the system at
the end of the simulations for pairs of (, €) values. Note that the liquid regime is
extended and the liquid-chimeraboundary is placed at higher .
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Extended Data Fig. 3| Emergence of shape shifter within the multifarious
assembly regime: moderate non-reciprocal drive. Four different structures of
size 40 x 40 are encoded through reciprocal and non-reciprocal interactions asa
sequence of length three. Strength of non-reciprocal interactionsis set toA =15.
Inpanel a each pointis an average of error over Sindependent realizations of the
system measured after 4 x 10°7, time steps. Different forms of self-assembly are
obtained starting from the first structure as the initial seed. The square markers
correspond to the points that undergo at least one shift. Shifts occur in the range
of ethat respect the bounds Zen Amin £ A < Amax = €. Increasing Abeyond the
threshold value A,,;,induces shifting between the structures and converts the
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multifarious assembly regime to a shape-shifting regime (square markers).
Strong non-reciprocal drive for A > A, makes the initial seed unstable and
resultsin adilute dispersion. Grey dashed line shows the stability limit of the
initial structure corresponding to the 2¢ > — u condition. The red dashed line is
the convex hull of the points that correspond to error < 0.05 and have undergone
atleast one shift. Panels b and c are the same as a but for density and energy at the
final configuration. The boundary between the states can be delineated using the
three quantities error, density, and energy. d, Sample snapshots of the system at
the end of the simulations for pairs of (, €) values. Note that the liquid regime is
extended and the liquid-chimeraboundary is placed at higher .
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Extended Data Fig. 4 | Emergence of shape shifter within the multifarious multifarious assembly regime to a shape-shifting regime (square markers).
assembly regime: strong non- reciprocal drive. Four different structures of Strong non-reciprocal drive for A > A, makes the initial seed unstable and
size 40 x 40 are encoded through reciprocal and non-reciprocal interactions asa resultsin adilute dispersion. Grey dashed line shows the stability limit of the
sequence of length three. Strength of non-reciprocal interactionsis set toA = 20. initial structure corresponding to the 2¢ > — u condition. The red dashed line is
Inpanel a each pointis an average of error over Sindependent realizations of the the convex hull of the points that correspond to error < 0.05 and have undergone
system measured after 4 x 10°7, time steps. Different forms of self-assembly are atleast one shift. Panels b and c are the same as a but for density and energy at the
obtained starting from the first structure as the initial seed. The square markers final configuration. The boundary between the states can be delineated using the
correspond to the points that undergo at least one shift. Shifts occur in the range three quantities error, density, and energy. d, Sample snapshots of the system at
of ethat respect the bounds Zen Amin £ A < Amax = €. Increasing Abeyond the the end of the simulations for pairs of (, €) values. Note that the liquid regime is
threshold value A,,;,induces shifting between the structures and converts the extended and the liquid-chimeraboundary is placed at higher .
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Extended DataFig. 6 | Brownian dynamics simulation. Three patterns of size simulations. Top left corner shows the evolution of the overlap of the part of the
20 x 20 are stored as a sequence of length two; S® > §? > §® The first pattern system that contains the initial seed with the desired patterns. Snapshots of the
is placed in the middle of the box as aniinitial seed. Beside the initial seed the system are taken from the time steps marked with black dots. Other simulations
box contains two more copies of each tile; in total 1200 tiles are used in the parametersare (g, 1) = (11.5, 8.0).
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