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ABSTRACT

This thesis records an attempt to prove the two conjectures:

'Conjecture A Every finite non-regular primitive permutation

group of degree n contains permutations fixing one point but
R
fixing at most n? points.

Conjecture C Every finite irreducible linear group of degree m > 1

contains an element whose fixed-point space has dimension at most Em.
Variants of these conjectures are formulated, and C is reduced to

a special case of A . The main results of the investigation are:

Theorem 2 Every finite non-regular primitive permutation group
of degree n contains permutations which fix one point but fix

fewer than -%( n + 3) points.

Theorem 3 Bvery finite non-regular primitive soluble permutation
group of degree n contains pernutations which fix one point but

fix fower than nZ/lg points.

Theorem 4 If H is a finite group, F is a field whose char-
acteristic is O or does not divide the order of H , and M is
a non-trivial irreducible H-module of dimension m over F , then

there is an element h in H whose fixed-point space in M has

dimension less than #m.




i (Abstract - continued)

Theorem 5 If H is a finite soluble group, F is any field,

and M is a non-trivial irreducible I~-module of dimension m

over F , then there is ar element h in I whose fixed-point

space in M has dimension less than i%lﬂ.

Proof's of these assertions are to be found in Chapter II ;
examples which show the limitations on possible strengthenings of
the conjectures and results are marshalled in Chapter ITI. A

detailed formulation of the problems and results is contained in $1 .
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CHAPTER I: PROLBGOMINA

1. Statement of the problems and results.

In a letter dated ?th October 196% Dr James Wiegold asked
‘the following question, which had arisen in joint work of his with
Dy J.AJH. Shepperd. e wrote:

"Let G be primitive on n symbols and let }L(G) be the

most symbols moved by an element of & which does not move everything;
and let g(n) be the minimun of all }L(G) , & renging over the
primitive groups of degree n . What can be said about gln) 2 Ve
 hope it will be near n-1 , . . . "
I shall give examples in Chapter IIY +to show that this hope is
 in.vain: there are primitive permutation groups in which every
aiement fixing one point fixes many. Nevertheless, ‘'many' cannot

'be mnterprcted too freely: I show, among other things, that a primitive,

]ﬁénﬁregular permutation group of degree n always contains peruutations
ing one point, but fixing fewer than (n+3)/), points. Tt scems
y.unllkely that this result is near to the whole truth, and most
 1$.§$an consists of an effort to do better, together with

ng on the main theme which arose naturally in the invest-

;311:b¢ primarily concerned with the following functions.




t G be a permutation group of finite degree, and, for ge& ,

Le
1et W(g) denote the number of points fixed by g . Then define™’:
p(6) = min e | ogee, e 21f;
f(n) = maxﬁfg(G) | & primitive and not regular, of degree n} ;
ftrans(n) = max{fb(G) | ¢ transitive, not regular, of degree ny ;
fsol(n) = max{/4(G) | & soluble, primitive, not regular, of
degree n} ;
frn(n) = max{;L(G) | & primitive, containing a regular normal

subgroup of degree n f.
In case the relevant set of permutation groups is empty, the integer
-én the left side of the equation is defined to be 1 . To illustrate
the information which these functions carry: for example, if f(n) =m,
_ .then
ti) . every primitive, non-regular permutation group of degree n

“contains a permubation fixing one point but fixing at most m points;

A
_ {ii)' ~if there is a primitive, non-regular group of degree n (i.e.,

f?$ §ﬁi$3example, if n > 2 ) then there is such a group in which

The functions f, fso]’ £, seen to depend moce on the arith-




. (Galois: see Lemma 3.8), so that fsol(n) =1 if n is not a
power of a prime, Again, a well-known theorem of Burnside ([B]
fg §251, pp 339-341) asserts that a non-soluble transitive group of

prime degree - which is necessarily primitive, then - is 2~fold

| transitive, A non-trivial transitive group is well-known to contain
permutations which have no fixed points, so that a 2-fold transitive
group contains permutations fixing precisely one point, unless its
degree is 2 . Thus if G is non-solublc and of prime degree then
,L(G) =1 ; if G is soluble and of prime degree then it is easy to
see (Lemmas 3.8 and 3.6 ) that either G is regular or again
fdGJ =1 . Therefore,

(n) = f(n) = f (n) = frn(n) = L

ftrans sol

if n dis prime.

To have some measure of how large these functions may be I

8 define
) ga = lim sup Eﬁ%ﬂl
% € { , trans, sol, rn} .
Ju = 1lim sup }3§u£££21
log n

Thus for any positive & there are numbers A, , B, such that,

for all s

fu(n) < (S.+e)n + By
Pn) < B*n(x*+s) .

For transitive groups in general the picture is almost complete:

it is easy to prove (§5)




Theorem 1 (i) For all n » 2 , (n) < 5n; dn other words,

ftrans
every transitive, non-regular permutation group of degree n > 2
contains permutations fixing one point but fixing at most =n points,

(i) If n dis even then ftrans(n) =4n .

Consequently, étrans =% and X‘brans = =

The best answer we can give to Dr Wiegold's question is
Theorem 2 (i) Tor all n » 2 , £(n) <'%(IL+3); that is, every
primitive, non-regular group of degree n 2 2 contains permutations
fixing one point but Pixing fewer than '%(:1+ 3) points.

i . : /3 :
(ii) TFor infinitely many values of n , f(n) 2 n ; that is,
for suitable n there are primitive, non-regular groups of degree n
1/3

in which every permutation fixing one point fixes at least n points.

There is a huge gap between the upper bound given by (i) and the
lower bound for f£(n) given by (ii) . In fact, I would answer
Dr Wiegold's question with

Lonjecture A 5§ =0; ¥s %+ ; and, even more strongly,

L

o by
| £(n) < 0% for all n .

The last two clauses of this conjecture look reasonable on the evidence
available and provide a useful target at which to aim - but I shall
not be heartbroken if the last, or both of them, turn out to be false.

I cannot believe, however, that & is not zero.

For certain classes of primitive groups I can do better than

Theorem 1 . Namely,




. 7/18
pheorem 3 (i) For all n > 1 , fsol(n) <n

we

;
(1) for all n 2, frn(n) < n(log n) 2 .,

1/3

(iii) Por infinitely many values of n , fm(n) (n) »n

w

fsol
t The situation is far more satisfactory, therefore, as far as soluble
groups only are concerned: 5;01 =0 and 1/3 < 3;01 < 7/18 -
Actually I would expect, but have been unable to prove:
Conjecture B A primitive, non-regular, soluble permutation group
of degree n always contains permutations fixing one point but
fixing at most nl/3 /3

. i
points., That is, fsol(n) <n ; and 3;01 = 1f= ,

Tor primitive groups containing regular normal subgroups Theorem 3
does at least imply that S;n =0, And even if Conjecture A turns
out to be false,

|
A 2
| Conjecture & £o(n) <n

must surely be true. Perhaps Theorem 3 and ConJjecture Arn are
not really as special as they seem. All the examples I know of
primitive groups G in which f*IG) is reasonably large either
contain regular normal subgroups, or contain primitive subgroups
containing regular normal subgroups. In fact, the only example with
which I am familiar, of a primitive group G containing no regular
subgroup and for which /,L(G) >1, is Jarike's simple group, of
order 175,560 , acting by conjugation on its Sylow 2-subgroups:
SVery element which normalises one Sylow 2-subgroup normalises at
least two. In this case }L(G) = 2 , for an element of order 7
normalises precisely two Sylow 2-subgroups, while the degree n is

1045 (see [5], especially §VI ).




There is a natural analogue for linear groups of these problems
and results on permutation groups. If H is a group, M is a finite-
dimensional H-module over a field F , and h e H, define ¢(h) ,
or, where necessary to avoid ambiguity, ¢M(h) , to be the dimension
of the fixed-point space of h in M ; and put m = dim M .
Conjecture C If M is a non-trivial irreducible FH-module then
there exists h e H such that ¢(h) <4 m.

The restriction to non-trivial modules is trivially necessary, but we
could, without losing generality, restrict further to faithful modules
Foy. 1f CH(M) is the centralizer of M din H , that is, the kernel
of the representation of H on M , then M is naturally a faithful
H/CH(M) -module, trivial if and only if H acts trivially on M ,
irreducible if and only if H acts irreducibly on M , and further-
more, if h is the image of h &€ H under the canonic epimorphism of
H onto H/CH(M) , then h and h have the same fixed-point space
in M . WVhere necessary or convenient (in §§ 7, 8 ) we shall assume
therefore that M is a faithful FH-module. As one step towards
verifying Conjecture C I prove:

Theorem 4  If the characteristic of the field F is O or does not
divide the order of the group H , and if M is an FH-module of
dimension m > 0 , such that, for all he H, ¢(h) » sm, then
M contains a non-zero trivial FH-submodule.

This theorem verifies the conjecture in a slightly strengthened form

f <
or the cases it covers: direct consequences (with the same hypotheses

a8 the theorem) are

M



corollary 4(i) If M is irreducible then there exists an element
p in H such that ¢(h) < zm,

'
| Corollary 4(ii) If for all h in H ,

%I ¢(h);-_%—m+k (kZO)s

| then M contains a trivial FH-submodule of dimension 2k + 1 .

This latter result comes from the fact that, under the hypotheses of

~ Theorem L, M is completely reducible, that is, every submodule
of M is complemented in M . The proof of the theorem is at heart
only very elementary character theory, and will be found in 87 .
That section also contains a proof that of F only the characteristic

is relevant for Conjecture C .

Further evidence i1s supplied by Lemma 7.4 from which it
follows that if H is a group which gives a counterexample to the
conjecture, then H has a composition factor which cannot be generated

by two of its elements. No such finite simple group is at present

knovn to exist.

,: Conjecture C is certainly not true in the strong form given
by Corollary 4(ii) in general. There are examples, described in §l12 ,
of faithful modules M of dimension m , such that, for all h 1 in H,
¢(h) =m=-1, and yet the trivial submodule of M is only 1l-dimensional.

All the same, Theorem L may well be true without restriction on the

field F

For a soluble group H the conjecture is certainly correct,

for

(see above) the composition factors of H are all cyclic.




However we can improve on Theorem 4 without restriction on the
field in this case:

Theorem 5 If H is a finite soluble group, M is a non-trivial
irreducible FH-module of dimension m , then

(1) there exists h e H such that ¢(h) < f%rn ;

(ii) if the characteristic of F is 2 then there exists h e H
such that ¢(h) < %m.

I would expect, but have not been able to prove, that this bizarre

" < 7/18 ' can be replaced by ' g 1/3 !

| Conjecture D If H is soluble and M is a non-trivial irreducible

FH-module of dimension m +then there exists h in H such that

i
¢(n) <gm .
Conjecture B is equivalent to this statement with a prime field GF(p)
for F (Lemmas 3.8 and 3.6), and therefore, by Lemma 7.1 , to
Conjecture D for any field whose characteristic is not O . However,

Lemma 7.2 shows that D is true if and only if it is true for fields

of non-zero characteristic. Thus in fact, Conjectures B and D are

equivalent,

These representation-theoretic questions arise partly as
analogues of the questions on permutation groups, partly as tools
for studying primitive permutation groups which contain regular
abelian normal subgroups. They have their analogues for operator
Broups in general, and these arc needed for primitive permutation

P8 having regular (not neccssarily abelian) normal subgroups.




In this generality I can prove very little - just enough to give
mheorem 3(ii) . Conjecture A is equivalent (by Lemmas 3.7 and 3.6) 1o
o T taf
h ggnjecture E If H is algroup of automorphisms of the finite group A ,

and if A is H-simple (that is, the only H-invariant subgroups are

+the trivial group and A itself), then there is an element h in H

R i

such that  |fix,(h)| < |A]$ "

Here fixA(h) denotes the subgroup of A consisting of all elements

e = A=Y

which h leaves invariant. Again, since Conjecture C dis true for

fields of characteristic 0 , and since its truth for an arbitrary
field of characteristic p > 0 follows from its truth for the field
with p elements (Lemma 7.1), C is, in fact, just a special case
of F . Another special case, which arose originally in quite a
different context, is obtained by taking A +to be simple and H its

group of inner automorphisms:

P B
Conjecture W (J. Viegold) If A is axfinite simple group, and c¢

is the size of the largest conjugacy class in A, then |A] < % .

In other words, anyxfinite gimple group A contains an element, the
order of whose centralizer is at most IA]% . Again, a counterexample
could not be generated by two elements, for, if all the centralizers
in A have index less than 1A‘%, then any two centralizers have

non~trivial intersection, and so the centralizer of any two-generator

subgroup of A is not trivial.

To summarise: Conjecture Arn ig equivalent to Conjecture E ,

and
therefore a proof of A., » and a fortiori a proof of Conjecture A ,

would i
give proofs of T and of its special cases, C and W . Similarly,

c .
onjecture B g equivalent to Conjecture D .
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Tor infinite permutation groups the situation really is very
V simple indeed., The group G containing all permutations of finite
support of an infinite set is even k-fold transitive for any finite k ,
but, by definition, every permutation in G fixes all but finitely

many of the available points.

2. Turther notation and definitions.

For describing permutation groups the notation I will use is
basically that of H. VWielandt's book [W] . In particular, I will
" reserve the symbols
G for a finite group;
f2 fora transitive G-space;
n for the degree of G ;
w¢. for a given point of 3 : ot f1.
That is, the elements of G act as unary operators on (% so that
w(glgz) = Gﬁgl)gz and «wl =« for all we (i, 8ys 8y € G .
If 111 and 142 are G-spaces, then ¢:£21 - CE is a Ge-morphism

if (g)d = (d)g for all wel? ¢ &G, and I will embellish

1 ?

'morphism' with appropriate prefixes in the usual way, to describe

properties which ¢ may enjoy as a mapping of sets. Thus G is

primitive on {} if the only G-epimorphisms of L1 are isomorphisms

and the mappings of (2 onto-the trivial, one-point, G-spaces., If

H is a subgroup of @ then (2(H) will denote the coset space
) = {Hxl XBG‘},

on ;
which G acts by right translation: (Hx)g = H(xg) for all




1T

Hx e.n(1) , g6 . In £3(H) we always take o< to be H itself.
As in [w], if w e {7 then the stabilizer of w is
(:}m={gaG[wg=m}.<.Gs

and, if [ <& {wl, Wy wees “ri‘ € N, then
r
G =G = G,
r'l wlyw23 -qo,&)r jg [A)
I shall also use

5(6) =8,4(G) = L_J G =G .

BN
That is, 8(G) dis the subset consisting of all elements of G which
have at least one fixed point on .ﬂ._. If g e G, put
rix(e) = {we | we=w} = {weN] sec,} <.
If A is a subgroup of G then (L becomes an A-space by restriction.
An  A-orbit is a transitive A-subspace of £2; and, if g e G, then

a g-cycle is a gp(g)-orbit,

If X is any set or group, then, as we have already used,
|X] denotes the number of elements in X : thus n = |(‘1[ ;s and
if ge G, then Y(g) = |fix(g)| . If A is a subgroup of G , put

t(A) = t 5(A) = number of A-orbits on () ;

a(A) =a,(4) = n/g(a) .

and similerly, if ge G, put
t(g) = to(g) = number of g-oycles on () ;
ae) = a,(8) = Wi(g) ;

and,  X6) = ) (6) = max{a(e) | g0}




Thus a(A) is the average orbit length of A on £ alg) is
the average cycle length of g on £}, and this average cycle length

js, for all g e G , at most g .

The kernel of the representation of G on ) is denoted
by CG(fI) ; it is the unique largest normal subgroup of & contained
TG (2 is a faithful G-space if CG(f?) is trivial, and quite
generally, £ can be identified with a faith?ul Q/CG(II) -gpace in
the natural way. If G, is normal in G ,. so that G, = CG({l) ,
then T shall say that G is a regular group, or that G acts regularly
on £ . Thus G is.regular in this sense if and only if G/Cg(fi)

is regular in the usual sense.

In §§ 7, 8, 12 , H will denote a finite group, F a field,
and M a non-zero FH-module, That is, M is a finite-dimensional
vector space over I' on which I acts as a group of non-gingular
linear transformations. I will reserve m to denote dim M throughout.
EEE M °, “then CH(u) = {h eH| uh= u} , and CH(M) is the
kernel of the representation of H on ¥ . If heH I will use
fix(h) to denote also the space of fixed points of h on I , or

= if confusion threatens - I will use subscripts, fiXM(h) , for

safety, just as in the notation for permutation groups. I have already
defined

I

§(n) = g (n) = aim(£ix(n)) :

$(h)/m

define also

Y = 4,(n)




P“ 13
|
‘ If X is a group then Y€X, Y<X, Y <X mean resp-

ectively that Y is a subset of X, Y is a subgroup of X , Y is

u s normal subgroup of X ; Y is subnormal in X if there is a chain
Y=Y04Yld... <1Yr=X.
The group T is a factor of X if T 2Y/7 where Y <X and Z 47 ;
it is a proper factor unless Y =X and % =1 ; it is a subnormal
factor if Y is subnormal in X ; and a composition factor if it is
~ a simple subnormal factor, that is, if Y is subnormal in X and 2

|

is a maximal normal subgroup of Y , If Yl, Y2 < X , then

.Y, :{ylyzf vy €Y, yzeYzfeX,
and we recall here that, if Yl’ Y:2 are subgroups of X , then Yle
is a subgroup if and only if Yy, = Y2Y1 , and in any case,
|Y1Y2| = |Y1|°|Y2|/|Y1('SY2] )

If A<X and Y€ X, then

i 5 dd 3 7

{asAl aulya.=y for all st%

Cy(0)
NA(Y) {'a e A | a"lva Y} E
i

If xeX, Yg¢X, then Y =x "¥x, and

1]

core(Y) = m Y¥ = the largest normal subgroup of X contained in Y .
xeX
In fact, core(¥) is the kernel of the permutation representation of X
on the coset space _Q(Y) ;5  similarly, |X:Y| , the index of Y in X ,

is the degree of the coset space, |f\.(Y)| .

If %, y ¢ X-then [x,y] denotes the commutator x 7t _lxy .

The Frattini subgroup of X , (X) is the intersection of all
maximal proper subgroups of X : 4if X dis a p-group ( p is a prime

numb - 2
er) then B(X) is the unique smallest normal subgroup of X whose
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factor group is elementary abelian of exponent p - that is, P(x)
is then generated by all pth povers and commutators of elements of X .

The centre of X dis denoted by {(X) , and the upper central series

by 1= i(x) < «;i(x) < «fz(x) < +e. . OFf this, all we will require
is that .gl(x) =f (X) , eand that ’gz(x)/gl(K) = .g(x/gl(x)) , 80
that

fg(X) = fxeX[ [x,y]e{(x) for all yeX}.

Finally, Ck denotes a cyclic group of or@gv ki 3 Sk denotes

the symmetric group of degree %k , the group of all permutations of

a set of k points; and, as has already appeared many times,
1 denotes at the same time the unit element of any group or field,

the trivial group, and the natural number for which it usually stands.

3. A list of prerequisites.

The basic facts about transitive permutation groups are all
conveniently listed in the first few pages of [W] . Only the
following‘useful lemma, from which follo%\the well-known facts that
¢ is primitive (on 1) if and only if G_ is maximal in G ,
and that (7 is G-isomorphic to the coset space {l(qﬁg , does not
&ppear there explicitly.

Lemma 3,1 1If j’Ll, {72 are transitive G-spaces, Ot a!}l y Sy 8172 5

“hen there is &  G-morphism b: !}1 - [}2 such that c4l¢ = o,

if and only 4
yif ¢, < G .
‘*15"%



Recall also the useful fact that A < ¢ is transitive on (1 if and

| only if G,A =G . Along similar lines:

| Lemma 3.2 If G SALG and G = NG(GM).A , then ) is the

union of |G:A|] A-orbits which are all A-isomorphic.

Proof. Tet A, be the A-orbit of 1 containing &, let A, be
- any A-orbit, and let <, be a point in Az . Bince G is transitive
on 1, there exists g € G such that e<g = Koy By assumption,

g =% with x ¢ NG(GO‘) , a & A, Therefore

sz = (xa)“lG“ xa = a-lG“a. & &,
and, since -
a G«a = Gﬂa <A,
we have
A

{’(a.= C{-O(a. = G‘“Z = Amz .

By Lemma 3.1 there is an A-isomorphism of al to AZ mapping

®a to o¢, (if we had G = CG(A) A , then this A-isomorphism

would be produced by operating on ‘31 with  x where now x e CG(A)

and g = xa ). Thus the A-orbit containing ¢¢ is A-isomorphic to
any other A-orbit of £}, and, since A-isomorphism is an equivalence

relation, therefore all A-orbits of £ are isomorphic. That there

are just |G:A| distinct A-orbits in (Y is then trivial.

Next a very familiar numerical result (see [B], §145, pp 189-191 ).
Lemma 3.3 (i) Ir A is a transitive G-space then 5 ¥(g) = |&]| ;
gelk
(1) 1¢ A\ consists of t G-orbits then J_ K(g) = t| G| .
geb

B Clauce (ii) follows directly from (i) . To prove (i) ,

put

x = {(8,e) | §a=8}= pxc,
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and calculate |X|. On the one hand,
x| = |rix(e)| = 2 X(e) ,
gek gel

. and on the other hand, if G is trensitive on A , then
| ] =af_- Gl = lal. el =16 .
- 1% §

A very similar argument proves the little kéy result:

| Lemma. 3.4 If A is any group, Al’ A2, &% ks Ar are (not necessarily
distinct) subgroups of A of index at least k > 1 , then there is

an element of A contained in fewer than r/x of the Ai .

Proof. Tor a e A put

G(a)

]

]{i.l lgdgr, &¢ Ai} I
and let

m min §6(a) | ae A} ;

Then put

X = {(i,a) [ aeAi} < {l, ...,r!xA,

On the one hand,

X = L e(a) >[4l

with strict inequality because 6(1) > p (since k > 1 ). But also,

x| = z__‘; 1451 < v fal/x

-

Thus M < r/x , and this gives the result., The case where A is G
and the Ai are the stabilizers in G, so that r=k=n, gives
the well-known fact (which Vielandt attributes to Jordan )

l§2£gllggx: Since G is transitive it contains permutations with no

fixeq points on §1 .
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The next lemma is a useful consequence of primitivity.
Lemma 3.5 (Jordanz)) If G is primitive and faithful on S and

is a € _=orbit in {2 , then every composition factor
e P

oot -
of G, appears as a factor of CJ = %{/GW,A ,
Proof’ (igman).  Suppose that

X. = G‘ c’ (] G'
“nm‘z" - oy

is subnormal in G, . We will prove by induction on n-r that
every composition factor of G-“ is isomorphic to a factor of a

composition factor appearing between G ¢ and X . Certainly, if
n-r is 0 (or 1) then X =1 and the statement is correct.
If n-r >0, then gsince G dis primitive on f2 , there is a
permutation g & G such that exg ¢ {“2’ “"c‘(r} , but

{ngy ---;cxrg} +{5¢23 ""-oﬂr} .

Then, of course,

“Xg = G nG A ...nG
.g & ™™g N8 3.8
: 3 . -1 )
is subnormal in g “G,g = C‘;‘ g | so that
~1
T = X g = G aG vin B G ; el G
~g Xg ™ Son, 1 2 ar"(’mgg n n 8
is subnormal in -1
Ing G.g = ch&g = X,

and subnormal factors appearing between X and Y are isomorphic
to factors of subnormal factors appearing between guleg and g"ng 5

that is, between G, end X, Hence Y is subnormal in G , and
fomposition factors between G, and Y appear as factors of composition

h-.-—"_-lm__."._

See § 14 .
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factors between Gw and X . However, Y is, by construction, an
intersection of more stabilizers than X , and so we may assume
(inductive hypothesis) that every composition factor of (}“ is

isomorphic to a factor of a composition factor appearing between

9 and Y . Therefore every composition factor of & » is isomorphic

to a factor of a composition factor between G“ and X , as we

wished to show, In particular, if X = G“ A and A isa G, -subspace
2

of 1 , then X dis normal in Gy , and the lemma follows.

w hi’."‘i{';l A-.q"
Lemma 3.6 If G \contains a normal subgroup A which is regular
on {1 , then (1, as G -space, is G, —isomorphic to A, on

which G acts by conjugation. Consequently, if g e S(&) , then

e = loy@] -

This is Theorem 11,2 in [W] . The isomorphism is the obvious one:

if w e fY we map @« to the unique element «w¢ € A such that W) = w.

Lemma 3,7 If G is primitive and faithful on L and contains a

regular normal subgroup A , then G, =H operates faithfully on A

by conjugation (in G ), and A is H-simple. In particular, A is

& minimal normal subgroup of G . (See [W], Proposition 11.L 1
Conversely of course, if the group A is H-simple where H is a
group of automorphisms of A , then the split extension G = HA of
A by 1 acts faithfully and primitively on the coset space u(m) ,

and contains A as a regular normal subgroup.

The proof is straightforward: by 3.6 the centralizer of A

B 35 the kernel of the representation of G, on £% and is
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therefore trivial; +that is, H operates faithfully on A by con-
jugation, And, if B < A is H-invariant, then HB is a subgroup
and it contains H . Primitivity of G <translates into maximality

of H in G , and so HB is either H or G , therefore B is

either 1 or A, That is, A dis H-simple, and a minimal noxmal

subgroup of G .,

Notes 1. It follows that A is characteristically simple, and is
therefore a direct power of some simple group. If it is abelian then
it is elementary abelian of prime exponent p , and may therefore be
identified in the usual way with an H-module over GF(p) . In this

case H-simplicity is Jjust irreducibility of A qua GF(p)H-module,

2, Again if A is abelian, then A =C.(4) , and A is the

unique minimal normal subgroup of G ; that is, G is then monolithic.
For, certainly then A < CG(A) , 80 that CG(A) = A.(CG(A)P: H) . But
we have shown that CG(A)ﬁ H = CH(A) is trivial., Therefore A = CG(A) g
Any minimal normal subgroup of G either is contained in A or
intersects A +trivially; in either case it centralizes A and so

must be contained in A . Thus A is, indeed, the only minimal normal

subgroup of G .,

3 On the other hand, if A is non-abelian then G may very

well ( § 11 ) contain two distinet minimal normal subgroups. In

this case, however, there can never be more than two minimal normal
Subgroups, they are isomorphic, they are each other's centralizers in G ,

44 they are both regular., PFor, if B dis also a non-trivial minimal
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normal subgroup of G , and if B 4 A , then of course BnA =1,
and B g GG(A) . ‘Therefore BaAH =1, and BH , which is a subgroup
properly containing I , must be G ; that is, B is another normal

complement for H in G , and so B dis regular on {1 . Now

CG(A) > B, and so CG(A) = B.(CG(A)nH) =B ; similarly, CG_(B) = A ;

and therefore there can be no other minimal normal subgroups in G .
If C=gp(A, B) =AxB, and D =HAC , +hen, since C 2 A ,

we have C = AD , and since € » B also C
¢/5 = B)/3 = D/(DAB)
C/a = AD/A £ D/(DnA)

Thus A 2B, and in fact, we can choose this isomorphism as an

BD . Therefore

1}

A

1}

D

it
{H
1]

B

HEH

D .

i
k4
i

H-isomorphism in such a way that ¥ intersects the direct square

Ax B in its ‘'diagonal' .

/18 In fact, I know of no example of a primitive group G con-
taining one and only one regular non-abelian normal subgroup. If G

is such a group, and A = A1 X A2 % sl X Ar where Ai £ 8 for all
relevant i , and S is a simple group, then the set of direct

factors {A__L, Apy vees Ar} is a characteristic set of subgroups of A
(see, for example, [H], pp 127-131, or [S], 4.6.3, p.8L4 ).
Consequently H permutes the factors A’i , and, since A is H-simple

it permutes them transitively. Put H = NH(A__L) , so that H, acts

1

88 a group of automorphisms of A, , that is, of 5, and let B,

be an H, -invariant subgroup of A1 s« b hl, hy, «.s, b e H are

h. .
elements for which A._Ll = Ai , and if we put ]31:L =B, < Ai s
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then B = Bl % B2 X soe X Br <A is H-invariant. Therefore B

is 1 or A, and so Bl is 1 or Al ¢ that is, Al (i.e. S)

is H,-simple. Furthermore (this is where our assumption that A ‘\
is the only minimal normal subgrouﬁmbfl G éﬁﬁérs) H contains no \ /
g B

non-trivial inner automorphisms of A » and it follows that Hl

contains no non-trivial inner automorphisms of S .

We have shown now that there is a primitive permutation group
containing precisely one regular non-abelian normal subgroup only if,
and clearly if, there is a finite simple group S which is Hl—simple
for some group Hl of automorphisms containing no non-trivial inner
automorphisms, There is no finite simple group with this property
knovn: if the "known" finite simple group S is lesimple then

H1 contains all the inner automorphisms of § .,

These last two notes are a digression: they will not be
needed elsewhere in this thesis. However, they seem significant
enough to be worth noting, and yet I have not found them recorded
snywhere else. lMoreover, they do suggest that Conjecture W (page 9 )

is perhaps not as special a case of Conjecture ¥ as it seems.

In general a normal subgroup of a primitive group need not
e regular, However:
Lms 3.8 If ¢ is primitive and faithful on 1, and if A is
& Non-trivial nilpotent normal subgroup of & ; then A is regular,

Uhst of this and the preceding lemma were known already to Galois],
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Proof. If X = AnG, then X is normal in Qb‘ and is a proper
subgroup of A . Since A is nilpotent, NA(X) contains X properly
((#], Corollary 10.3.1 , p.154 ), therefore NG(X) contains G

properly, and must be all of G . Since ‘%x contains no non-trivial

normal subgroup of G , X =1, and so A is regular.

In particular, if G is soluble, then its Fitting subgroup, A,
the maximal nilpotent normal subgroup of G , is non-trivial, therefore
regular, hence by 3.7 is the unique minimal normal subgroup in G ,
and can be treated as a faithful irreducible H-module over GF(p) 5
where H = G 2 G/A . Incidentally, since [A] =n = [f)] isa
power of p , this gives the well-known fact [Galois] that a

primitive soluble group has prime-power degree.

Last in this list, Clifford's Theorem:
Theorem 3.9 Let M be a faithful irreducible H-module over a

field F , where H is a finite group containing a non-trivial

sy R,

normal subgroup N . Let M{, o g M; be the non-isomorphic irred-
ucible N-submodules of M , and let Ml’ ATV Mr be the corresponding
characteristic N-submodules of ¥ - that is, for i =1, ..., r,

| ¥ is the sum of all N-submodules of i isomorphic to M . Then

(1) Mﬁ, . M; are conjugate N-modules: +the N-modules U, V
4re conjugate if there is an automorphism ¢ of N , and an F-iso-

Sorphism ¢: U --> V , such that, for 2ll ueU, xeN

(wx)$ = (ud)(xev

3
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(ii) o= W @LG...8M ,
and, more generally, if U is an N-submodule of ¥ , then
U = U143 UZ B... ® Qr

WheI‘e Ui=UﬁMi, izlg seay L o

(iii) H acts as a transitive permutation group on the set

12 cee2 Mr’ , and N ds in the lkernel of this permutation rep-
resentation.

There is a proof in [CR], p.343 . Two familiar facts are straight-
forward consequences of Clifford's Theorem : if the finite group H
has a faithful irreducible representation over some field, then its
centre must be cyclic; and if it has a faithful irreducible repres-
entation over a field of characteristic p > 0 , then H contains

no non-trivial normal p-subgroup., Both can of course be proved

more directly.

4 Blementary inequalities.

The following relations come directly from the definitions:
(4.1) 0<dwsls 0< ¥ <1
(2) 3¢ 2,50 then ¥, =1; if ¥, <1 then §, =0 ;

(4.3) for all n ,

(n) 2 £(n) 2 £ (n) 2 £_,(n) .

The last inequality in this sequence is a consequence of 3.8 : every

ftrans sol

Prinitive soluble permutation group contains a regular normal subgroup.
Adl
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Consequently,

c‘ o
Otrans 2 é’ % 8rn 2 8501
Xtrans 2 4 & 3:c'n 2 5501 .
Lemma 4.k (i) f(@)/n s |6/ [sq(e)] s

(ii) )U.( ¢)/n

1A

1/8.;-)‘((}“) .

proof (i) Since G is transitive on (2

, by Burnsgide's Theorem (3.3),

ol <LK = L K& 2 (8@
ge

ges(a)

Therefore

2@/ s S ise)) = led/se)] -
(i1) Again by Lemma 3.3 ,

£ [C,]

i

gZS_GX(g) 2 o fale)

(23

(Ged/n = Va(e) -
In both cases strict inequality holds when G is not regular, because

then ¥(1) > [“'(G) .

so that

A

)u.(G)/n

Of these two inequalities, (i) 1looks the more promising
since it seems extremely likely that for primitive, non-regular groups
G, |s(a)]/ |6,/ tends to infinity with the degree n (this is
ot true for merely transitive non-regular groups, as the examples in
¥ 10 show). This , by (i) , would then be enough to prove that 6
18 zero, On the other hand, I prove Theorem 2 by examining (ii)
i greater detail: it is a strong restriction on a primitive group
& that the average orbit length of a stabilizer, a(G,) is at most 4 .
It 1s tempting to conjecture that for primitive groups |G| is bounded

b i terns of a(GM) . If this were true it, too, would be sufficient

"'?rwe (though less directly) that § =0 .
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| Lemma 4.5  If ﬂl, {12 are transitive G-spaces , ¢: £y = ,{’1_2
is a G-morphism, then for all g e G , anz(g) < aﬂl(g) g

Therefore AQZ(G) < an (8) .

Proof. If ex; e [’11 » &y & {), and cxlria =&, , then, by Temma 3.1,
%‘15‘%"2 . If |G°‘2 ; G"""‘lt =k, then for all ¢ e{}, , Ig.)(}:“l| =k .
Consequently

(1) By |ﬂ1| - k]ﬂg' = 1, §

and (ii) if g e G and [ is a g-cycle in _{12 , then l_‘c#-l

is the union of at most k g-cycles in ﬂl :  hence

|
60, (8) < ¥ (e) .
Therefore

aﬂl(g) . nl/tfkl(g) 2 knz/ktﬂz(g) = a_nz(g) s [

which is what the lemma states.

If ﬂl i .f'l.z are isomorphic A-spaces, for some group A ,
then of course ,\nl(A) = :\nz (A) , and, if {2 is the union of
A-subspaces all isomorphic to, say, £ 1 » then it is likewise
frivial that },ﬂ(A) = )nl (A) . Therefore a corollary of Lemma 3.2 is

Lewna 4.6  If G sAsG, if ¢=N(G).A, and if €2, is
81 A-orbit in (7 , +then

My, B = A @) < N (o).
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CHAPTER II: UPPER BOUNDS

. e e £ e ey e e . e e P e g e e i e et e bt

g

Transitive groups.

Here is the proof of Theorem 1 (i) . We suppose that

(¢) > 3n and prove that G is then regular on f% . Our supp-
p

osition means that, if g, 8, € S(G) then both g and g, fix

more than %n points, and so we have - by definition of z -

that fix(gl)nfix(gz) is not empty. Consequently glggle s(e) ,

and so S(G) is a subgroup of G . By Lemma 3.3 ,

le] = 2 X&) = 2 X&)
gel

ges(6)

> |s(@)].gn = 3| 8(6): Gl |G ln = %] 8(6): g l.]e] .
Comparing the first and last items here gives |S(G):fj:“| <2, and
since this index must be a positive integer, we have |[S(G):G | =1 ;
that is, 8(G) = G, « However, S(G¢) is normal :Ln G, hence G is
normal, and G dis regular. Therefore if G 1s a non-regular transitive
group then G contains a permutation g with 1 sX,(g) < %n « This

Proves the theoren,

i

Primitive groups.

The proof of Theorem 2 (i) basically is a search for those
Prinitive groups G in which a(G,) < 4 , as suggested by Lemma L oy(di) .
¥
I:“ G be faithful and primitive on L , and not regular (that is,

B0t a cyolic group of prime order). Since G, 1is maximal and not
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normal, NG(GO‘) = G, , sothat G = Gﬂ if and only if &« =4 .
Thus {q(} is the only %‘-orbit of length 1 din £ . We dist-

J inguish three cases:

i all @, -orbits of {1 other than {q} have length at least L4 ;
8. £ contains a C—“- orbit of length 2 ;

3. £ contains a Gy ~OTbit of length 3 .

Case 1. If all non-trivial G“—orbits have length 4 or more, then

n o2 1+ 4(6(G) ~1) = u46(g) -3,

so that, by Lemma 4.4 , din this case

(&) < Wale) = #(G) < Tn+3) .

&

Cagse 2, If there is a G“— orbit of length 2 +then G dis dihedral
of order 2n, where the degree n is prime. TFor, if Be f) end

the G, -orbit containing p has length 2 , then Gﬂ,ﬁ = %{n Gi!

has index 2 in GEx . It then has index 2 also in GP ; LS8

normalized by both Go‘ and G}S , and, since these are maximal and

distinet, it is normal in G . Consequently, Goe P , @a normal subgroup
]
of G contained in G » 18 trivial, G« is cyeclic of order 2 , and

G , being generated by two subgroups of order 2 , is dihedral .

Horeover, n is then an odd prime since f}°¢ is maximal in G .

And now, pu(e) =1 < %(n+3) , which settles this case.

fase 3.  Suppose that I contains a G- orbit A of length 3 ,

S8y {\-= {ﬁlﬂ @2,g3} . Tirst, if G contains just one cyclic

—'ubEPOup X of order 3 , then X is normal in any stabilizer in

g
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which it is contained, and since X is certainly not normal in G ,

X 1is contained in one and only one stabilizer., If x 1s a generator

of X then X(x) =1, and so /u.(G-) =1 <-z-];(n+3).

We may suppose therefore that G&X does not contain just one
cyclic subgroup of order 3 . In particular, G“ cannot act regularly

on /\, for if it did, by Lemma 3.5 , ch would be & 3-group,

(‘&n G;gl , of index 3 in both &, and Gﬂl , would be normal in

G , therefore trivial, and %‘ itself would be coyclic of order 3 .
G acts then as the full symmetric group on : 2 By »
So G y group on A : G/g  F 5

And again, G cannot be trivial, otherwise G_ would be isomorphic
g ? “,ﬂ ] o‘ p

to S5 which has just one cyclic subgroup of order 3 .

The next step is to show that (L contains at least as many
Gy ~orbits of length 6 as (‘a‘-orbits of length 3 . To do this,

write G:i. for G/J- , i=1,2, 3, and put
i
f = G = G, = &G A6 AG, = G AG NG, .
boa = WN02M0 = 0fints = M0
These equalities follow from the same statement in 53 . ‘Then,

since X {1 and X <« G, we must have NG(X) = G;x . Since

31’2 = Gln G, contains X , which has index 6 in Gl and Gz s
it follows that Gl 5 has index 1, 2, 3 or 6 in Gl and in G
2

Of these, 1 is trivially impossible; 2 is also impossible as

2 [ ]

Case 2 above has shown; and if this index were 3 , then X would

.lllva index 2 and would be normal in Gl o
N 3

G100 % M) = &,

this would imply

1,2 5 Gl,z , which would not be so. Therefore Gl >

bl
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has index 6 in G, and in G, , and so G = X ; similarly,
1 2 1,2

G = & = A e

233 Ly3

For any G, - orbit r' of length 3 , choose ¥e P ,
choose & & in the Gx-orbit containing ¢¢ , and let r'*
the G, - orbit containing § . This means that 6y = xlg x  for
some element x € G¥ G«M , and, by the preceding paragraph, that
G5 NG, has index 6 in G, end is normalized by G, . Thus ]—'*

3

certainly is a G - orbit of length 6 . Suppose that r‘l* o

=y g .
where | 1 and r‘z are G e orbits of length 3 . Then, if

13
5 @

¥ Si’ x; are the ingredients going into the making of r_'* g domly By
»:

then there is an element g € Gu such that 61g = 52 . Hence

-1
952 = 8 Géls s

-1
so that G§2ﬁ(}°‘ - g é"' gnG, = g (Gsln Gm)g ;
and 1 1
G = N G = L (G G. = o = G .

Therefore ¥, = ¥ g and so 1—; = ré . The other way round, then:
if rtl 2 ré then I—l f |_'2" and so {3 contains at least as

many G“— orbits of length & as G“— orbits of length 3 .3)

If there are tl o Ga— orbits of length 3 , therefore

f) G -orbits of length 6 obtained as above, and then

t, = t(G“) -1 =28y

e

3)
}h\Donald Livingstone has kindly pointed out that part of this Pf:r,ar,‘f,

- 8rgunent is just a very special case of a result of W.A, Hanning

BIF], Theorem 17.7 ).



further G'“" orbits each of length at least 4 , then

n

v

1+ 31:1 + 6t1 + h—tz

1+ 9ty + 44(6,) - 4 - 8ty

i

b(G) = 3 + )

b(G) -3 .

v

Therefore, as before, .
Ae(@) < n/a(g )y = t(G) < -l]f(n+3) .

The three cases treated cover every possibility, and so, since
in every case, ["(G) < -11;(1’1 + 3) , it follows that f(n) < -}I_(n + 3)

and the proof of Theorem 2 (1) is complete.

In the course of the proof we have shown that if the average
orbit length of non-trivial G“— orbits is less than 4 +then C—“ is
trivial, cyclic of order 2 , cyclic of order 3 , or 83 .

these cases the structure of G itself can be completely determined:

In all

if G, dis trivial then G is cyclic of prime order; if g, = 02
then G is dihedral of order 2p ( p prime); and if G, & Cj

or G“ g 85 then G contains a self-centralizing element of order 3 ,

and TFeit and Thompson [2] have catalogued all groups which can occur.

Representation theory.

We turn now to Conjecture C and a linear analogue of these
blems on permutation groups. Throughout this section H is a

;]

“ite group, T is a field, and I shall say that the Fi-module M
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of dimension m over F , has property C if M gives a counter-

example to Conjecture C , that is, if M is a non-trivial irreducible
Fi-module such that, for all h e H , +(h) = §(h)/p > 2. We begin

with a necessary technicality:

Lemma 7.1 If KX, L are fields of the same characteristic then

there is a KH-module having property C if and only if there is an

LH-module with property C .

This lemma follows directly from its special case in which K < L
end L is algebraically closed. For, in general, if K, L are the
algebraic closures of K and L respectively, and if P is the
prime field of the same characteristic as X and L , then

B X , Kg P, P sf , and L 2 L ; then, from the specicl case

applied in turn to each of these pairs of fields, we get the result

for the fields K and L . Wor the rest of this proof we will suppose

therefore that L is an algebraically closed field and that X is a
subfield of I .

If U is an irreducible KH-module, V is an irreducible

Ui-module, define

UL = U@}(L as LH-module;

VK to be an irreducible KH-submodule of V .

'F identify uw e U with ue 1 in U” , and, as usual, write uX
t’m- Us), uedU » A€ L . Notice that, if V is an irreducible

%dule, then by neglecting scalar multiplications of elements of V

,-['- .
Q Clements of L not contained in K , we certainly can identify V
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as a KH-module - infinite-dimensional unless the degree of T,
over K is finite, However, H 4s finite and so V certainly
contains some non-zero irreducible Kii~-submodule Vk - Since 2: V. A

\eL K
is an LH-module contained in V, it must be all of V , and,

since for any M\e I, Ay VKA is a KH-submodule of V' isomorphic
to VK » it follows that V is isomorphic as Kii-module to a direct
sum of', perhaps infinitely many, irreducible KH~-submodules all iso-

morphic to VK . As a consequence, any irreducible KH-submodule

of V is isomorphic to VK s and thus VK is determined unambiguously

(up to isomorphism) by V. Notice that Vi is the trivial Ki-module

if and only if Vv is the trivial LH-modul e,

Moreover, if U is an irreducible Kii-module, and /\ is a

basis for I over X , then
T - vge - £ e,
e

and the sum on the right is direct, Consequently, every irreducible
Ki-submodule of pv is isomorphic to U ; ang so, if W is a

tomposition factor of UL as LH—module, then Wk g7 . Conversely,

if V is gy irreducible LH-module, then V ig isomorphic to a
tomposition factor (actually, an epimorphic image) of (VK)L e
[Mfuch of all this is implicit in [CRI § 29 ; all that is needed in
8ddition is sope form of the Axiom of Choice to get a direct sum

from & syp op infinitely many irreducible modules, ]
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With this notation, suppose that U is a KH-module, V is

an Lid-module, and U, V are related as above., That is, U 2 V'K

and V is a composition factor of Ul' . I shall show that then,

for all h e H ,
() = Ag(n) .

Now K<K<L , and as K is algebraically closed it is a splitting
field for H ([CR], § 29 ). That is ([CR], 29.15, p.203 ), there

is a composition factor W of the XH-module UK such that

V-_-WL,andso W = Vs

K L]
Now if  wy, ..., W, isa K-basis for W , and if
r .
wih = éleaij(h) hel§ A= 3y vens B 5

then all the coefficients aij(h) are algebraic over K ; therefore
K = XK( aij(h) | heH; 4=21, voey T3 §=1, eeuy ),

the subfield of K generated over X by all these finitely many

coefficients, is a finite extension of K ; and, if X =W a0 b

K
then clearly W = XK . Now

| (a) (1)
Froof, Since

B = 1
vV =W = & = x = X L,

q\?r(h) for all h e H ,

‘ lﬁ have dimm,,(}() = d:i_rrLL(V) , and thus it is only necessary to
- PROVe that if h e H then dx(0) = ¢y(n) « If x, oo, x, isa

is for X over K* , therefore also for V over I , and if

r
X0 = j);lxjaij 2 =T v P

» then h = matrix(a.ij) is the matrix of h with respect
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to Kys sees X, both on X and on V . Therefore

diiny fu‘j{( h)

it

dimg, (X) - rank(h - 1)

it

dim, (V) - rank(h - 1)

dimy fixv(h) .

(Here 1 denotes the appropriate unit matrix.) Thus ¢X(h) = %(h)

and statement (a) follows. Further,
| (v) *U(h) = -’i}“x(h) for all h e H,

Proof. If ,el, ""ng is a basis for K* over K , +then if Y
is any K*-subspace of X and Tys eees Vg is a K*-basis for Y ,
then {yi/gj | dmly woma B & § =1y wuuy k} is a K-basis for ¥
as K-subspace of X . In particular,

d:'LmK(Y) = k dimK*(Y) .
Now, since X is a K*H- composition factor of Umk it is certainly,
as Ki-module, isomorphic to the direct sum of, say, t  Ki-modules

isomorphic to U . If he H , then fixx(h) is a K¥*-subsnace of X ,

and therefore

k dim, fixx(h) = dimy f‘ixx(h) =t dimg :E‘ixu(h)
while
kde,,(X) = dimK(X) = t dimK(U).
Hence
Ay, fj:zr.x(h) dimy, f:’acU(h)
“i"x(h) = dimK*(X) = dimyg ( U) = *U(h) ’

88 we had predicted.

This completes the proof of Lemma 7.1 : we have in fact shown
SE4tly more. Namely, in the general case, if P is the prime field

‘ in both K and L , and if U is an irreducible KH-module,
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V is a composition factor of the ILH-module (UP)L » then "]’U(h) =“'J(v(h)

for all h e H . BSince moreover, if U is not trivial, then V is

A corollary, more of the proof than of the lemma itself, which is better

adapted for the proof of Theorem 4 , is:

Corollary., If X, L are fields of the same characteristic, namely O
or a prime which does not divide ]Hl , and if U is a non-zero
KH-module, then there is a non-zero Lid-module U* , such that

hlv‘U*(h) = ﬁku(h) for all h e H, and U* containe & non-zero

trivial LH-submodule if and only if U contains a non-zero trivial

| KH-submodule,

For the proof, let P be the prime field contained in both I and L .
Qur assumptions allow us to suppose (by laschke's Theorem, [CR],
Theorem 10.8, p.41l ) that

T = UleUZG’;...@Ur
where the Ui are irreducible KH-submodules of U , and, say,

W (U.) =m, ,  aimy((U,)p) =p; . Put

kg = Py oev Pyg®yPyyy v By

U, = kl(Ul)P@ kg(U'z)P{-a coe B kr(Ur)P .

denotes the direct sum of ki PH-modules all isomorphic
1 (Ui)P . Finally, put
| N N A
8 LH-nodule. Then, exactly as in (a) and (b) above, "}'U*(h) =4’U(h)
"‘511 heH , and clearly, U* contains a non-zero trivial submodule

anc . A . .
M4 only if U contains a non-zero trivial submodule.

not trivial, we have that,if U has property C then ¥V has property C .
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Lemma, 7 2  Let p be a prime number which does not divide |H [ 3
let L be the algebraic closure of the prime field GF(p) , and

let K be the field of all algebraic numbers (i.e., the algebraic

closure of the rational field). Then there is a correspondence

M o=—> M:H: between KH-modules M and Li-modules M# s such that

£

(i) Ml‘H” = MZ:H’ if and only Af M, =M

o 3
(ii) every (f‘inite~djmenaional) LH-module arises as M:H: for a

suitable KH-module H 3

(11) aim (i) = dimL(M%); _
(iv) (I‘;Il o) Mz)# s Ml# @3\52# ;

L
(v) If ¥ is a trivial module then M*" is trivial;

(vi) If heH then ¢M(h) = 45\{# (n) .

A proof can be found in [cr], Chapter XII . The correspondence can

be described as follows: let R ope the ring of algebraic integers
in X, p the prime ideal in R containing p , so that R/E =L,

If ¥ is a KiH-module with K-basis Ups eens u, » and X is the

Rii-submodule generated by Ups «eey U then we put

M:H: = X/ px

and regarg M#: as an  LH-module. We may certainly do this, as M#

18 an RH-modyle annihilated by p . It turns out, since pf |H|,
that ¥

that M#

depends only on M and not on the particular basis Uiy eens u;

is irreducible if and only if M is irreducible; and that

~

(ul@Mz):H: s Ml#@ MZ# (see, in particular, [CR], Remark 1 on p.600 Ya
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To prove part (vi) , if h e H we may simply apply parts
(i) - (v) to the module ¥ as gp(h)-module. Alternatively, we can
calculate directly in the following way. Since the order of h is
finite and K is algebraically closed, we may pick a K-basis

Xps oo X for M consisting of eigenvectorsof h : say

x.lh = xi)gi L =dy snwy M
Now each eigenvalue )‘i is an algebraic integer, in fact, a kth root

of unity, where k dis the order of h . Therefore, using Kis eeey X

in the construction of IvI1H= from M (and embellishing symbnls with :H:

to denote images under the canonic epimorphism from X to }Q/EX ) we

see that
X.%h = Xi:H:ki# i=l, oc.,mt

i
Now precisely t = 4>M,H;(h) of these 'Xi are 1 : say, }‘i =1
for 1 <i<t<m. This means that

A,:l+8. Lo i £ 6
al

i ]

Where e, e p . Also, )\11{ =1 for all relevant i , and so, if

el < t , then

J=0 ¢
K :
I (e =0,
j=1
, ‘then
£ k31
g (j)si‘] = 0.
j=1
i+0 , then
k-1
k ' k
L Gt et - b - o
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That is, if e, + 0, then ke P . But k is a rational integer
and, being a divisor of |Ht s is certainly not divisible by p ,
so that, in fact, k ¢ p . Therefore e; =0 and )‘i =3, 1l£4ig%
Since, if )«i% + 1 then clearly ki 1, it follows that

¢M(h) = t = 4>M#(h)

and the proof is complete,

Now the main item of this section can be completed without pain.

Proof of Theorem 4. By the corollary foilowing Lemma 7.1 , We may

assume that T is the algebraic closure of its prime field, and then
by Lemma 7.2 , it is sufficient to prove the theorem when F is
the field of algebraic numbers. Suppose therefore that M is an

Fi-nodule ( T now the algebraic numbers) for which Af(h) >

for all h e H, and let ©: H --> F be the character of M .

2

~ Then, for h e H

_. ’ e e(h) = mel H
1

€ }‘1, oawy )‘m are the eigenvalues of h on M ., Of these,
=t >3m are equal to 1 by assumption; and all the )‘i

h
k™" roots of unity, where k is the order of h , so that

s - « Therefore
Re(e(h)) =£Re(}i) > t-(m-4%) = 26~-m >0,
?timate the inner product of © with the trivial character ‘Xl :

- OK) = meeX) = [HTL me(o(m)X, (87H)
heH

it
i

]

11715 Re(o(n))
heH
B 0
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Strict inequality holds because (1) =m > O , Thus the inner
product of © with the trivial character is not zero, and so ([CR] § 31 )
M contains a non-zero trivial submodule, and the proof of Theorem 4

is complete,

Remerk. By using the Brauer character of M we could have treated
the case where char(F) =p >0 , p/f|H| directly, in precisely the
same way. However, it requires all the machinery sketched in the proof
of Lemma 7.2 +to obtain and use DBrauer characters. More generally,
the character relations between Brauer characters ([CR], p.600 )

do produce, in the same way as above, the regult that, if M has
property C then M is in the principal p-block, but when p| |H|

I have been quite unable to exploit this information usefully.

In the rest of this section we turn our attention to the group H .
| Lemma 7.3 Let N be a non-trivial normal subgroup of H , let M

L be a faithful irreducible FH-module, and let $1 = {1 o (2g), wowralE r}

] ‘13*9 the H-space implicit un clause (iii) of Clifford's Theorem, 3.9,
g

that is, M?L’ oy Mr are the characteristic N-submodules of M

eribed there, and, for all h e H , Mh = M, e it s O Ve

: h
#8€n for all h e H ,

‘.

an(®) < A m) 7

Let hed, andlet [], [, ..., [} be the distinct

%
S of h on {1. That is, 4} = LJ I s 3f 4 %3, then
J
1
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l—'. and I—' are disjoint, and, if il’ i2 € l-' then, for some
Jl J J

i s & a0
integer q , i, = 11h « Put

Mi j=l, -o"t
18[-3

go that
M - V:L@Vz@...avt

and the subspaces Vj are invariant under h . If U = fix(h) and

o= UnvV., then
UJ i

=]
1}

LOU,e...0U, .

For, certainly,
' U

v

U @U @& ...00 ,

but on the other hand, if uw e U, say, u = L v with vj g V'j

2

| then

U = uh =):vjh

with vjh € Vj » and, since the sum of the Vj is direct, comparison
f the two expressions for u gives that v, = vjh 5 21y sasey b w

y =

U s U]_@Uz@ * e 0 @Ut °

the two inclusions give the stipulated equality.

Next we prove that, for all j , dim(Uj) < m/r ., To this end,

ppose th = {3 i i : i3 e
e at |—' {_11, cees i, 13! , where ih =4 . for
ik < 51, i h =i
S and lsh 11 . Let
s M 0N 8.8y
g=1
if = ; ol
if s=1, If ue Uan then, say, u 2; me o, moe M




with mkh e M, . Therefore, since the sum of the subspaces i
Tiea1 i

is direct, this gives

m = 03 m, = mlh 5 @& 5 3 My = mkh 3w o 3 m_q = ms~2h ;
and so
m1=m2= vee =ms__l::0 H
u=0, and thus U/\Xj =0 . Since Mi is one complement for
s

Xj in Vj , 1t follows that

din(U,) < aim(M, ) = m/n .
Finally, therefore,
t
Ah).m = ¢(h) = aim(v) = J dim(Uj) < tnfpo,
1
That is,

v/t = an(h) < L(n) .

For the purposes of the next lemma let us call H "bad" if

there is an TH-module M heving property C .
Lemna 7.4 If H is a minimal bad group, minimal in that all its
proper subnormal factors are not bad, then

(i) i is a simple group; and

(i1) H camot be generated by two elements.
Proof. ILet M bve an FH-module having property C : then M is

faithful, for otherwise H/CH(M) would be a bad proper subnormal
factor of H :

(1)

be

Let N be a non-trivial normal subgroup of H , and let 1

the transitive H-space of degree r given by Theorem 3.9 (iii) ,

88 in the preceding lemma, If r > 1 +then there is an element h e H



which has no fixed points on 4§11 . Every cycle of h on {1 has
length 2 or more, hence art(h) >2 , and, by Lemma 7.3 , '*(h) <% .
This contradicts the assumed property of M that for all h e H ,

/{f(h) >% . It follows that r =1 and therefore M , as N-module,

is a direct sum of, say, s N-submodules all isomorphic to a fixed

jirreducible N-module U . For all he N ,

dim f‘:i_xM(h)

s dim f‘ij(h) ,

while

dim()

il

s dim(U) ,

so that '\]’U(h) = 4'{’M(h) > % . Moreover, U is not trivial, otherwise
N would centralize M . Thus U enjoys property C , N cannot be a
proper subnormal factor, that is, a proper normal subgroup of H , and

so N =H ., This shows that H is simple.

Bl It b e H, then

10 B
dim fix(hl) > 5 aim(M)
dim f‘ix(hz) > & dim(M)

Ind, therefore
~ £ix(h,) N fix(h,) 4 O .

h&;m I contains a non-zero trivial gp(hl 3 h2)—submodule, and since

E‘ ] tontains no non-zero trivial H-submodule, it follows that hl and
do not generate H . This completes the proof.

As a corollary, if H dis any bad group, then H has a comp-

'*'-.*- factor which cannot be generated by 2 elements. Consequently,

is soluble then H is not bad, and if M is any non-trivial

\»ible FH-module, then there is an element h & H for which

‘L'km. The next section is devoted to improving this result.
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8. Soluble groups.

We have already seen, in Lemmas 3.7 and 3.8 , how a primitive

soluble permutation group gives rise to a faithful irreducible repre-

is an immediate consequence of Theorem 5(i) . The first part of this
section is concerned with proving the latter theorem, In the second
half we consider another problem about soluble permutation groups,

a problem which arises out of the representation theory, and which

gives an alternative, more promising but less successful, approach to

Conjecture D ,

For present purposes H will denote a non-trivial finite
soluble group, F a field, and N a non-trivial abelian normal

subgroup of H ., M will denote a faithful irreducible FH-module,

for the transitive H-space implicit in the third clause of 3.9 .

Thus, if heH and 1 <i g r , then

Mih = Mih

and Nih = h-lNih v

Notice that r
‘ f;] N, g CH(M) = 1

1f$-ﬂhMe M is a faithful H-module.

The first lemma will determine the structure of N for us:

sentation of one of its stabilizers; and, using Lemma 3.6 , Theorem 3(4)

and I will assume the whole of the notation of Clifford's Theorem (3.9).

In addition, I will write N, for CN(Mi) [ = CN(M;) 1, and f1= {-1, ceas T
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Lemma 8,1 If N has exponent q , +then there is an element h g N
| 1
such that "|/M(h) < g

Proof. Since raw Ni =1 , and since the Ni are all conjugate
in H , their common index in N is, say, 9, > 1, and q divides dy »

Lemma 3.k guarantees an element h contained in fewer than r/ qe ©Of
the groups N, , and we put U = fixM(h) . Since N is abelian, U
is an N-submodule of M , and, by Clause (ii) of 3.9 ,

i
U1®U2@ cee BU

where Ui = U{\Mi g L ®idy qewg Bx H BB Ni then Mi G Ll =

U

Conversely, if MifsU + 0 +then Miqu is a sum of nun-zero submodules

isomorphic to Mg ,» therefore

e e =
heCN(MinU) = CN(Mi) = N, .
Thus if h ¢ Ni then Mifo = 0 . This shows that U is the direct
sum of those Mi for which L ¢ Ni » and therefore, since the spaces

M; all have the same dimension m/n , we have

mnA(h) = ¢(n) = din(U) < -—Eo-% = %o.

that is, AH(h) <-% 5-% , and the lemma is proved.
Q
Theorem 5 (ii) is an immediate consequence, for, if F has
Characteristic 2 +then H ; @ group with a faithful irreducible
Fepresentation over I , can contain no non-trivial normal 2=-subgroup;
fience the Titting subgroup of H is of odd order, and the exponent

'g6:0f N is at least 3 .

Trom now we add to our hypotheses that, for all h e H

3



45

’+ﬁ(h) P '% , and then we have

Corollary 8.2 (i) H contains no non-trivial normal subgroup of

odd order;

(i1) N is elementary abelian of exponent 2 ;

(iii) [N:Ni| il de=dy cesp

(iv) the H-space consisting of the Ni on which H operates

; by conjugation is H-isomorphic to £ : in fact, for all 1 e £},

NH(Ni) = Hi .
Parts (i), (ii) and (iii) follow directly from the lemma, since
-1
the hypothesis implies that gq < q, < AHh) ~ < 3 . Part (iv) is

Just the fact that, since N 1is elementary abelian of exponent 2 ,

an irreducible representation of N 1is completely determined by
its kernel. In fact, every element of N not contained in Ni

(1<igr) operates on Mi as multiplication by -1 . Consequently,

HES

4f Ni = Nj then Mi Mj as N-modules, and so, from the definition

of these modules, Mi = Mj . [Of course it is quite generally true
that the H-space consisting of the groups Ni is an H-epimorphic

image of L, but except when N has exponent 2 we cannot be

sure that several of the modules Mi do not share the same centralizer. ]

| Lenma 8,3 r is not a power of 2 .
22222. Teke N , which is already elementary abelian of exponent 2 ,
0 be a minimal non-trivial normal subgroup of H , and let X be

the kernel of the permutation représentation of H on £1 , so that,



r
by 8.2 (iv) , K= ﬂ Ny(N.) . I show first that K = Cu(N) .
i=1
Certainly, w
C (M) < [D Ny(N,) = K.

However, K normalizes all of Nl’ wElay Nr ;5 a suitable intersection

of some of these groups is cyclic of order 2 and is also normalized

- hence centralized = by X ; therefore CN(K) + 1l . But CN(K)

is normal in H and is contained in N . Minimality of N gives
that CN(K) =N , hence that K < CF(N) : and so K = CH(N) , as

claimed.

Now N , being a minimal normal subgroup of H , is an
irreducible H-module, hence a faithful irreducible G = H/CH(N) =
module over GF(2) . Consequently, G contains no non-trivial
normal 2-subgroup., If G ditself were trivial then r would be 1 ,
N would be cyclic of order 2 , and for the non-trivial element h
of N we would have ¢M(h) = 0 , contradicting our assumptions.
Therefore G is not trivial and, being soluble, must contain a non-
'3{ trivial abelian normal subgroup A , whose order must then be odd.
3z%bw G = H/x is a faithful permutation group on £31 , and so G,
ﬁ@nne 17.) contains no non-trivial normal subgroup of G . In part-
deular, A Y6, ; therefore [GA:G | >1; and-

+
L

|%nA :Qﬁ[ = |A:G A

G
o
i

'8 an odd number which divides |G:%M| =r ., Thus r is not a

OWEr of 2 and the proof is complete.
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Proof of Theorem 5(i). The first step is to find an element x e H ,

of odd order, and such that

X«n(x) = |fix (x| <%‘-rc
To do this, let p be an odd prime which divides r (Lemma 8,3 ), and
let P be a Sylow p-subgroup of H . Then P is not contained in
any of the stabilizers Huj , and therefore, for all w € 1,
|P: PnH,| 292 3 . By Lemma 3.4 , there is an element x e P

contained in fewer than I‘/3 of the stabilizers Hu , and of course x

has odd order.

Next we need an element y € N which commutes with x and
which is contained in fewer than a half of all those Ni which are
normalized by x . The proof that such an element exists is as follows.
Let X = CN(X) , Y =[N, x] = gp({z-lxnlzx | z e N}) , So that
both X and Y are x=-invariant subgroups of N , and, because the
order of x is odd, N =X x Y . This is easiest to show if we again
write N additively as an H-module over GF(2) , and consider conjug-
ation by x as a linear transformation x of N . Then X dis the
null space, Y dis the imoge space, of the linear transformation 1 - x .

—

If ueXaY, say u=v(l-x) with velN , then

0 = u(l-x = v@-x?2 = v(1-x%),
50 that vg_c_z = v . But the order of x is, say, 2k + 1 , and it
follows that v = v_}gzk'l'l =vx . Hence u=0; X and Y generate
their direct sum; and since dim(X) + dim(Y) = aim(N) , we have

“L,;N = X@Y. Or, back in the group H, N = X x Y . Now, if x
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normalizes N; - that is, by 8,2 (iv) , if 1 e fix(x) - then
X acts trivially on N/Ni and so N. 2Y; conversely, if H, 2 ¥
then clearly Ni is normalized by x . Since no subgroup Ni can
contain both X and Y it follows that, if Ni is normalized by x 5
then NinX has index 2 4in X . Therefore, by Lemma 3.l » there
is an element y & X which is contained in fewer than %[f‘u(x” of

the subgroups Ni which are normalized by x . And, since yeX,

X and y commute,

Lastly, we put h = xy and calculate (bM(h) . Define

T=s 2 B T [F M, ,
ie fix(x) i¢ Pix(x)
80 that U, V are x-invariant N-submodules of M , and I = U@av.,
As a permutation of ()~ fix(x) , x consists of cycles all of length

3 or more: therefore, as Lemna 7.3 shows,

1
3

Since x and Yy commute and their orders are coprime, they are both

dim(f‘ixM(x)nV) < < dim(V) .
povers of h and so fix(h) = fix(x) nfix(y) . In particular,

ain(fix (n) 4 V) < ’]j" ain(V) .

Horeover, since ¥y centralizes fewer than a half of all the Mi
contained in U , we have
din(fix (y) A U) < 4 aim(v)

and therefore also 5

dim(f:'lxM(h) al) < % ain(v) .
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Now U, V are both h~invariant, so that

fixg(n) = (fix,(h)a0) @ (rix(h)n V)

and so

dim fix(h) < % din(U) +-;= (m - aim(1))

=

i
2
1 -

Zm 6d1m(U) .

However, x was chosen to ensure that

ain(y) < = aim(i) = *m
3 3
and so, finally,
x ey i
d;M(h) < FmobgEm o= gEm .

This completes the proof of the theorem.

An alternative approach to Conjecture D is suggested by
Lemma 7.3 . 1In fact, it seems to be quite a strong restriction on
a transitive soluble permutatcion group that the average orbit length

of all its permutations is small. I shall use the rest of this section

to prove

Theorem 8,4 If G dis a transitive soluble permutation group, and

if MG) <12/5 , then the degree n of G is a power of 2 .

As a corollary, from Lemmas 7.3 and 8.3 , if M is an irreducible
FH-module, then for some h e H , Hh) < 5/12 , but, since

/18 < 5/12 , this gives no great joy in practice. For the rem-

ainder of this section G denotes a faithful transitive soluble

Permutation group on £ and, as usuwal, o< € fL , and [{1| =M
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Lemme 8.5 Every prime divisor p of n satisfies

p/(2p - 1) < NG)
(and therefore p < 2X&) ).
[This is true quite generally: G need not be soluble],
Proof. Let p be a prime divisor of n , and P a Sylow p-subgroup
of G . Then P cannot be contained in any stabilizer, and so, for
all wef2, |P: Ptj%J| 2P . Lemma 3.4 guarantees an element
g ¢ P contained in fewer than n/p of these groups PnG, , - that
is, Xxg) < Q/p . Now the length of a non-trivial cycle of g in &4

is a power of p , and therefore

o(e) < X&) +n - X(e)

IA

s B P2l
B o e %(g)
¢ B(p.R=1y _ p22-1
P P P2
Hence ” 2
Ae) 2 ale) = gy > o1 o

which is the desired inequality.

This lemma is, in general, not a bad generalisation of Theorem 8.4 ,
but for small values of XN(G) it is not nearly delicate enough: it
Wwould require X(G) < 9/5 to exclude 3 as a divisor of the degree,
but we know that, if G is non-trivial, then it contains fixed~-point
free permutations g , and so NG) > alg) > 2> 9/5 . However,

We do have the corollary:
- |foroliary 8.6 Ir N@) < 25/g , and a fortiori if X&) < 12/5 ,
| then the only primes which can divide n are 2 and 3 .

O i py 5, then p¥(zp-1) 2 B9 > 125 .
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The next step is to study 2-groups in greater detail,

Lemma 8,7 If G is a 2-group and if X(G) < 8/3 s then ¢ is

elementary abelian of exponent 2 (therefore regular, and )&G) =2)

Proof Suppose the lemma to be false, and let G denote a counter-
example of smallest order, and, among counterexamples of that order,

of least degree. If g e G, then, since

a(e) ¢ N& < 2 < u,

and since every cycle of g on G has length a power of 2 , g must
contain cycles of length 2 or 1 . Consequently g2 has fixed points.
Therefore %u + 1 , otherwise G would have exponent 2 , would

therefore be abelian, and would not be a counterexample., Now

(1) 6. < 0(¢) , the PFrattini subgroup of G . For, if M is
a maximal proper subgroup of G and if G . $ M , then, since M is
normal in G , G_.M =G and so I is transitive. As M-space 4
certaiﬁly inherits all the properties assumed for £ 1 as G-space, but
M is smaller than G . Therefore M dis elementary abelian and must
be regular on £33 %‘r\M =1 ., Since M is normal, all stabilizers
intersect M trivially, and therefore squares in G , which lie both
in some stabilizers and in M , are trivial. Thus G has exponent 2

and is no counterexample, contradicting our original assumptions. So

%x <M, and this for all maximal subgroups M , so that therefore

G < Be) .
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| (i) NG(G;‘ ) < §(6) . Again, suppose not. Then there is a maximal
subgroup M such that NG(G“) $ M . This implies that NG(G“).M =G ;
and, by (i) , we also have G <M. By Lemma 4.6, if f?.l is
the M-orbit in L containing ¢, then
8
G = &
(@ < 3

xﬂl(m) = A0 < N

The supposed minimality of G implies therefore that M acts as an

elementary abelian 2-group on ﬂl : and, in particular, M_:x = ch

is normal in I . However, since NG(G«) $ M, it follows that

NG-(G'O-E) > M, and therefore G, is normal in G , and G is regular,
which is not so. This contradiction shows that NG(Gu) < 0(e) .
| (111) N.(6) = §(6) = G x2Z, where 2z =£(¢) is oyclic of order 2,
For, if 2z $ 1 dis any element of the centre €(G) , then since 2% is
contained in some stabilizer and is central in G , it must be 1 ;
therefore, if 7 = gp(z) , then 2% is cyclic of order 2 , Zﬁ%‘ =i

and certainly
gp(G» 2) = G x2 g N(G) < &) .
On the other hand, if _('12 is the coset space .{1({}“ x Z) then,

by Lemmas 3.1 and 4.5 , )\QZ(G) < >.'{1(G) < 8/3 . By minimality

of 3, G then acts as an elementary abelian 2-group on ﬂz :
That is, G“ x Z is normal in G and G/ (GN x %) is elementary
abelian. Consequently, G X722 p(e) , and so

GG‘X Z = @(G) = NG(%K) o
There remains only to show that 2 = £(c¢) . But we know that

3(c) < N.(G,) = §(¢) , that G n#£(¢) =1, and that the index of
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G, in 8(¢) is |z| , which is 2 . From this it follows that

|€(G)| < 2, and hence 4(@) =7

| (iv) Both §(¢) and G are elementary abelian of exponent 2 .

For,

o)) = Bg, x2) = §g) =z = §g) ,
and so Q(q“) , being a normal subgroup of G contained in G

™ ?

is trivial. Therefore %“ is elementary abelian, and so is @(G) .

To complete the proof, choose x 41, x & G n ;Z(G) . Such
a choice is possible because (%u x Z)/y is normal in G/ , and
every non-trivial normal subgroup of the nilpotent group G/7 has
non-trivial intersection with its centre: and thus %x‘“‘gz(G) 1,
Let y be an element of G which does not commute with x . Such

an element exists because x d1is not central in G . Then

1

& e
[x,y] = =7y "xy egl(G) = 7,

and so we have [x,y] =z .

Now y ¢ Q(G) since, by (iv) 5 @(G) centralizes x ; and
therefore also xy ¢ §(G) . In particular, neither y nor xy has
any fixed points on £ . Moreover, by (iv) , G has exponent 4 ,
80 that both y and =xy , as permutations of 472 , consist entirely
of 2-cycles and L4-cycles. Let 815 Sy be the numbers of 2-cycles
in y and in xy resgpectively: then it is easy to calculate that,
since a(y) < 8/3 , 8, > -Ll-l_-n , end similarly, s, >-}:n . Consequently,
() = 2s, > %n;

X)?) = 25, > En;
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so that fix(yz) r}fix((xy)Q) is not empty. Thus

xze(xy)z = HMxy]l = [xy] = 2
has at least one fixed point on 2L, and Z is contained in one
of the stabilizers in G . This impossibility proves the lemma., In
§ 10 there is a sketch of an example which shows that this lemma

cannot be improved.

Proof of Theorem 8.1 . Again, assume the theorem to be false, and

let G be a minimal counterexample and of least degree. Thus G is
soluble, transitive and faithful on (L , for all ge G , a(g) <12/5 ,
and yet n dis divisible by an odd prime. This prime, by Corollary 8.6
can only be 3 . Actually, the minimality of G usefully restricts

its structure still further.

(1) If N is a minimal normal subgroup of G then N is an

| elementary abelian 3-group, |G : QK,NI is a power of 2 , and

leN:G¢ | = |[N:NnG]| =3.

Let A = %K,N and let j},z be the coset space (1(A). Then,

since N $ G, , the degree of 11.2 is n/q <n, where gq , the
index of %* in A, is the index of N = NaG, din N . Since, by
Lemma, 4.5 |, >372(G) < ATL(G) , it follows from the minimality of

G and n that Lflzl = |G :%‘NI is a power of 2 . Therefore q ,
Which is certainly a prime-power, must be a power of 3 and N is an
elementary abelian 3-group. The intersections of N with the stab-

Hlizers in ¢ are the conjugates in G of N and so they all have



55

index q in N . Some element g of N is contained (Lemma 3.l )
in fewer than n/q of the stabilizers therefore, and since g consists

then of M(g) < n/q fixed points and % (n -%(g)) 3-cycles on £1 ,

we have
t(e) = %(8) + 5 (n-K(e) = 3n + ) < ZLEE
so that
-3-'52— > N@) > alg) = t(ng) > q5+q_2

This gives q < 8 , and therefore q = 3 ,

(ii) N is complemented by a Sylow 2-subgroup in G .

Let Q@ be a Sylow 2-subgroup of %“ s, P a Sylow 2-subgroup of
G which contains Q . Then Q is also a Sylow 2-subgroup of A ,
and, since the index of A in G is a power of 2 , AP =G . Thus

QmaNP =G , and so NP dis a transitive subgroup of G . By minimality

of G it follows that G = NP ; and so also Qk = Q‘Q s A=MNQ .,

(ii1) Q= () .

Since N is contained in the kernel of G on £, = £Y(AY , 4%

follows from (ii) that G acts on .;12 as a 2-group, and, since

%% <~% , by Lemma 8.7 , as an elementary abelian 2-group . There-

fore Q 4P, and Q » §(P) . On the other hand, if M is any

maximal proper subgroup of P , and if Q $ M, thea QM =P ,
%I\M:QNM:NQM:NP:G,

and so NM dis a transitive proper subgroup of G , whereas, by

minimality, G contains no such thing, Therefore Q < M for all

maximal proper subgroups M of P ; hence Q g @(P) ; and so Q = @(P)

as claimed,
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| (iv) As P-module over G¥(3) , N is faithful and irreducible.
Irreducibility is simply the minimality of N as a normal subgroup of G .
If C = CP(N) then CnQ dis normal in P, is centralized by N

2

and therefore is normal in NP = G , but is contained in %x . Hence

cnQ = Cal(®) = 1,
If Q<BgP and By is a complement for CQ/q in PB/g (B exists
because P/q is elementary abelian), then BnC <QnC =1, so
that P= BxC , and G = BN xC . Now G < BN and CSNG(%‘),
so that, as BN-space, £L is the union of lC| isomorphic BN-orbits

12

N, ceC, for all of which () = A_(BN) < ==
(& o e

:\:: 5
(Lemmas 3.2 and 4.6 ). The degree of each orbit {10 is n/|C] and
is therefore not a power of 2 ., By minimality of G, G =3BN,

and so C =1 . Hence N dis faithful as P-module.

/

| (v) Q is elementary abelian.
For, Ex is a Q-invariant subspace of N , and by Maschke's Theorem
([cR], Theorem 10.8 , p.4l ) 4is complemented in N : say X g N is
a Q-invariant complement for N_ . Then of course, |X|.« g =3 ,
and the centralizer of X in Q must have cyclic factor group of
order (Qdividing) 2 . By Clifford's Theorem (3.9) , N is the sum
of Q-submodules conjugate to X , their centralizers conjugate in P
to CQ(X) , and intersecting trivially. IHence Q dis elementary

abelian.

To complete this portrait of G :
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(vi) f (P) is cyclic; and if 2z is the element of order 2 in ;g(P) :
then 2z acts on N as multiplication by =X i

This is, of course, a familiar consequence of Sschur's Lemma . But

in any case, if 2z is any element of order 2 in tf(P) , then the
eigenvalues of z on N are +1 and =1 , and since 2z dis central
in P, the corresponding eigenspaces are P-invariant. Since N is
irreducible, one of these eigenspaces is 0 ; bthe other is N ; and
since N is a faithful P-module it is the eigenspace corresponding
to +l which is O ., Thus 2z acts as multiplication by -1 on N.
If now 3z, is any (other) element of order 2 in 4 (P) , then
also z_, multiplies by =1 ; thercfore zoz_l > CP(N) =1, and so

z2, =% . Thus 2z is the only element of order 2 in the ceatre of P 5

which is therefore cyclic.

| (vii) Q22 = gp(z) .
For, Q dis not trivial, as otherwise P would be elementary abelian
(by (iii)), hence oyclic of order 2 (by (vi)), and G would be the
symmetric group of degree 3 , which is certainly not a counterexample
to the theorem. Therefore, as § is normal in P s 1its intersection

with 30(13) is not trivial, and so z & Q . In particular, oxz = o<.

| (viii) on £ , z has +n fixed points and %-n 2-cycles.

3

If T is a transversal - a complete set of right coset representatives -

for Q in P, then XT is a transversal for G din G :

cs
G“XT = QlLXT = QNT = NQT = NP = &,
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Therefore if w e L2 then there is a unique element xt , x e X ,
t €T, such that &xxt = «. Then sz = « if and only if

oxxt = (xxt)z = oexst = N T . X Tt
(the last equality depends on (vi) and (vii) ); that is, w2z = w
if and only if x = x_l, or, since x has odd order, if and only

if x =1 . Hence z fixes precisely |I| = %‘—n of the points of {3 ,

1y.1 4 "
jn)..}n 2-cycles on {1 .

| (ix) Q42 , and z:;;é;(P).

and has -% (n =

Suppose that =2z had a square root in P , say u2 = % . Then u ti: Q,

for otherwise u° would be contained in CQ(X) and we know that it
is not. Therefore u has no fixed points on 1, and it follows
from (viii) that u consists of -]2—"%11 2-cycles, and %%—.n

1

T and a(u) = 3 , contradicting our

original assumptions. Hence =z can have no square root in P ,

L-cycles. That is, t(u) =

It follows then that % =4€(P) , and that Q = §(P) > 2 .

The structure of P has now peen shown to be similar to that
of the group G in the proof of Lemma 8.7 : the final step in the
argument is also similar to the last part of the proof of that lemma.

Choose x e (Q ('pgz(P)) - % : such an element exists because the

non-trivial normal subgroup Q/z of P/y has non-trivial intersection
With the centre *g'z(P)/z of P/7 , Choose y € P so that y does

not commute with x , and then [x,y] =2z . Then y ¢ Q (by (v)),
therefore xy ¢ Q , and so neither y nor xy has fixed points on 3 .

Since P has exponent 4 (see (iii) and (v)), both y and xy consist



29

entirely of 2-cycles and AL4-cycles . If the numbers of 2-cycles

in y and in xy are 59 and S, respectively, then

o Lo, - = B o i
t(y) = 5, (n Zsl) = L+ s,
and it follows from the assumption that a(y) < 1—5‘2:;(, that s, > %—n ;
and similarly s, > %n . Therefore X(yg) > %—n , and ')('((xy)z) > —%n .

so that

2 2 1
%55 )?) > §n
But y2(xy)° = 2 , and, by (viii) , (z) =% . This contradiction

establishes the theorem.

I doubt very much that 12/5 is the 'right' upper bound
in Theorem 8.4 . In fact I know of no trensitive group G whose

degree is divisible by an odd prime number, and for which X(G) < 3 .,

2. Primitive groups containing reguler normal subgroups.

This section is devoted to proving Clause (ii) of Theorem 3% .

Ve suppose that G is a primitive group containing a regular normal

subgroup A , so that (Lemma 3.7 ) %K = H operates faithfully

as a group of automorphisms of A din such a way that A is H-gsimple,
and H dis a complement for A in G . There are three cases to be
considered: A is non-abelian and not simple, or A is a non-abelian

simple group, or A is abelian,

Case 1, If A is non-abelian and not simple then, since A is

characteristically simple, A = 8. x S, x

1 0 e X Sr s 5a&y, where r > 1
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and Si £8, i=1l, cou, v, and S is a non-abelian simple group.
Now, as is well-known (see [H], pp 127-131 , or [S8], p.84k ) any
automorphism of A permutes the factors Si , and thus, since A

is H-simple, H acts as a transitive permutation:group on the factors.

From here the proof is very similar to the proof of Lemma 7.3 .

Let A = {1j sy r} be the H-space such that, for all

heH, 8% =8, 4i=1,...,v. Let heH be an element with

no fixed points on \ (Corollary to 3.4 ), let r;, TR r;

be the cycles of h on g\, and put

e = | | Si JBE Ly svey T «

J is[g
Then h normalizes each of Tl’ wa g Tt , so that
C,(h) = ch(h) X CTz(h) K aen K CTt(h) ’
However,
ICTj(h)I < |s] Lsdaty
hence
oy < Is]® 5
while
7] 2 Is|2 Lot
30 that
8] = |s|®®.
Therefore )
EXIRPRIN
and, by Lemma 3.6 ,
W@ € K® = 16M] < 4 = #F < n(logn) .
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Case 2. A is a non-abelian simple group. In this case, if 1 % heH,
and |A:C A(h)| =k , then k! > n, for otherwise the homomorphism

of A into the symmetriec group Sk which describes the permutation
representation of A on the coset space ﬂ(CA(h)) would have

non-trivial kernel, and A would not be simple. Hence kk -2
and

kW > klogk > logn

2
k > (logn)®

and so

e, ()| = lal/x < n(logn)E .

k|
Again then, by Lemma 3.6 , )w(G) < n(logn)™@ ,

Case 3. A is abelian, elementary abelian of exponent p , say.
In this case, if he H, h =|= 1 , then certainly ICA(h)| < n/P .

so that ( 3,6 )

(%) /u,(G) < n/p .

On the other hand, A is an irreducible H-module over GF(p)
( 3.7 ,note 1) of dimension m , where n= [A| =p" . If ueAd,
u$ 0, then the set fun | ne H} = uH spans an H-submodule
of A , and therefore spans A itself., Consequently, ]uH| > m
= and in fact, IuH[ > m, since if ull contained precisely m
elements then their sum, which is clearly invariant under H , would
not be zero, However, |[uH| = [H: CH(u)| , and so |H: CH(u)| > m+ 1

for all non-zero uw e A, By Lemma 3..L , there is an element h e H
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contained in fewer than —%:1—1 of the centralizers of non-zero
elements of A , That means,
la] -1 . h+m i
ICA(h” < m+ 1 +1—m+lsm
This last inequality holds whenever m2 £n ., But if m2 - pm 5

then p=2, m=3, n=8, ana actually }_,L(G—) =1 . In every

case therefore, by Lemma 3.6 ,

(%) /u.(G) < ﬁ = piBl

logn

From (%) and (%) we get

p(8) < min(2, ng8R

As functions of p , n/p is decreasing, 10 10gpP/logn is increasing.

therefore

et £ B logp n
mln(p: nlogn) hd q

where q satisfies the equation

B _ nlogg
¢  logn ?

that is,

logn = g logq < q2 g

Thus in this case also,

A
2

/u.,(G) < -I-; < n(logn)™? ,

1.
The three cases cover every possgibility, and so frn(n) < n( logn) 2

The proof clearly gives that, as n --> o ,

frn(n) L =5 0
n( logn) 2 '

& strengthening of Theorem 3 (ii) » but cold comfort all the same.
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CHAPTER ITI: EXAWMPLES

i Some transitive groups.

There are very many transitive groups G in which /Q,(G’) is
near %n. The following three examples give some indication of their

variety. We begin by proving Clause (ii) of Theorem 1 .

Example 1. Let A be any group and let G be the split extension
of A x A by its automorphism of order 2 which interchanges the

two factors, +that is, G is isomorphic to the wreath product A wr 02 .

Denote the factors of the direct square by A, and A

1 B’
4L to be J'},(Al) as G-space, This is certainly a faithful perm-

and define

utation representation of G , and there are just two distinct A‘l
stabilizers, namely A, and A, : 8(C) = Ajub, , and, if g a”s‘(.(;_)\- {11
then g =w (e L) if and only if W=Ax with xe A xA, .
Thus X‘(g) = |A] for g e 8(G) -{1}, while n = | /3] = 2|4| .

That is, every non-trivial element of S(G) has precisely »n fixed

points, and so 4(G) = 4n
/‘“ 2

If n is a given even integer, we may take for A any group

of order 4n, and the example then shows that (n) 2 In .

f'trans
. . : ; .
By Theorem 1(i) , therefore, if n is even, then f‘trans(n) = zn.
Next a sketch of some transitive groups in which the unions

of the stabilizers are subgroups - the situation which appeared in

the proof given in §5.



64

Example 2, Let N be an elementary abelian group of order pm

3

let r be an integer, O <r <nm s and let X be a group of auto-

morphisms of N which acts transitively on the subgroups of order pr:
the full autoworphism group of N is one example. Let G be the
split extension N.X of N by X s let A <N <G be any subgroup
of order p° in N, and put £ = £2(A) . Then G is faithful

and transitive on {1 , and clearly, S(G) =N

In the special case where p =2, r =m-1 and X is the
cyclic group of automorphisms of N of order 20 - 1 s every subgroup

of order 2m-1 in N occurs as the stabilizer of precisely two

elements of £ 4, and every non-trivial element of N lies in 2m—l -1
distinct subgroups of order 2m—l Therefore )*(G) =2% -2 , Wwhile
. 2m+1

- 2 . In this case therefore, f*(G) =%n-1,

A similar, slightly more sophisticated construction gives
groups which show Lemma 8.7 to be best possible.

Example 3, Let m be a natural number, and let N be an elementary

abelian group of order 2m+l:

m )

IA

2 ; ;
Vo= eple, 65 oo 8, | g = [e,8] =2, 0cigm, 0

Let X; » l<dig<m, Dbe the automorphism of N such that
Xas
1 _
817 = &84
X
a1 = . .
s = . 1T A
;s F i+
Then x = gp(xl, e xh) is an elementary abelian subgroup of

the automorphism group of N , of order 2% . ILet G be any extension
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of N by X acting as described, considered as permutation group

on the coset space 4L = £1(A) , where A = gp(8ys «oes g) < N.

The centre of G is the subgroup generated by B, » for
certainly, no element outside N centralizes the whole of N ; and

the element

1>
g, gilg soe B

1

i2 T

e=0oorl , 20, 4z il < 12 % gy B ir <M oy does not commute
with an element x & G such that =xN/N = xil e X . Consequently A
contains no non-trivial normal subgroup of G and Jf L is a faithful
G—-space. A very similar calculation shows that NG(A) =N . There

are therefore precisely 2" = |G:N| distinet conjugates of A in G ,
none of which contain 8y 3 all of them contained in N . However, N
contains precisely o subgroups of order 2™ which do not contain g, s
and each of these must therefore be a stabilizer in & , DBach stabilizer
is the stabilizer of precisely 2 elements of £A : the stabilizer

of Ag e {4 is also the stabilizer of Aggo . Now if ge N - {go, l} %

&

then there are precisely 2™ distinct subgroups of N of order o

ot 4y vot cordny .

: T 4 ) ;
which contain gx( Therefore S(G) = N —‘{go} , and if g e 8(@) - {1} ,

™

2m+1

then %(g) = 2" =4n , for the degree n is . Thus here are

more groups G for which );(G) =%n,

oo

Furthermore, if go has no square root in G , +then }\(G) =

For, if g & G has order 2 then certainly a(g) < 2 <-% . If g
has order 4 , then g ¢ N , but g2 e N . Consequently, since
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gz 1, and gz e 8, g2 has precisely = n fixed points.
Thus g consists of 3<%4n 2-cycles and 1/) .2n L-cycles on L1 ;
that is, t(g) =%n and a(g) =—§~ R
To ensure that &, has no square root it is sufficient (and
necessary) that every element of Q/gp(gn) not contained in N/gp(go)
has order 4 , Such an extension of N by X does exist whenever
m> 3 (and not for m =1, 2 ), but I have not been able to find a
proof of this which is free of unilluminating, lengthy calecnlations,
However, for m = 3 such an extension can be described quite easily
as a permutation group on fil, By sy 16} . Namely, let h,, h,, h3

be elements of G which map onto X1s Xpy X respectively, under the

3

canonic homomorphism of G onto X . Then we can take

g, = (12)(34)(56)(7 8)(9 10)(11 12)(13 14)(15 16)
g = (12)(3 4)(56)(78)

g, = (12)(324)(910)(11 12)

g5 = (12)(56)(910)(13 14)

by = (19210)(3 11 & 12)(5 13)(6 14)(7 15)(8 16)
(3 7 & 8)(9 13 10 14)(1 5)(2 6)(11 15)(12 16)
h, = (13 224)(5768)(9 11)(10 12)(13 15)(14 16) .

5
I

It is straightforward to check that N = gp(go, 81 Bp» gB) is a
normel elementary abelian subgroup of & = gp(hl, h2, h3) , and that

conjugating with h., h,, h, does give the specified automorphisms of

e s

A similar calculation shows that
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i 2
h,” = & [h2’ h3] = &
2 .
h2 = 5183 [n].’ hB:I = 53
2
By = 8 (b, By] = gy,

From these relations it is equally easy to verify that the elements
of order 2 in G/gp(go) are indeed contained in N/gp(go) .

Therefore G is a non-abelian 2-group for which ){G) =-§ as

5 J
required.
Of course, from this one extension in which the non-trivial central
element has no square root one can make arbitrarily large examples simply

by forming generalised direct products of several copies of this group G

amalgamating their centres.

il. Some primitive groups.

The following is a polished version due to Dr Viiegold of the

examples which first aroused our interest in the problems described

in this thesis,

Example /., Let G be the direct square A x A of a group A, let
H be the diagonal, H = {(a, a) | ae A.}, and consider G as
Permutation group on the eoset space L= (H) . If A is simple
then it follows directly from the converse of Lemma 3.7 that G is
Primitive, for then either direct factor is a regular normal subgroup
in G and H acts as its group of inner automorphisms, Professor

Higman has suggested the following elegant direct treatment :




(i) As G-space ¢ is isomorphic to A on which G operates as
the group of all permutations of the form x --> aﬂlxb . X8 A&
(a, b) & G ;

(i1) £1 is faithful if and only if the centre of A is trivial;

(1ii) 472 is primitive (and faithful) if and only if A is simple.

The {irst statement is merely the observation that the stabilizer

of 1 eA is the diagonal H < G , Then (ii) follows because, if

= x for all x e A, then in particular, &b =1, so that

©
&
1l

a =5b , and then anlxa =x for all x e A if and only if a s«e(A) .
The reason for (iii) is that the equivalence class E containing

1 & A under an equivalence relation e which is G-invarient, is a
normal subgroup of A . For, if x, y e E, then lex and ley,
so that (operating with the element (x, 1) of G ) xt el , and
(operating with (1, y) ) ¥y e xy . By symmetry and transitivity of e
we get x—l ¢eE and xy € B - and therefore E is a subgroup of A .

And, if a e A then operating with (a, a) gives 1 g 2 txa , that

;xa e E, Hence I is a normal subgroup of A . Conversely,

is, a
the cosets of a normal subgroup are clearly the squivalence classes

of an equivalence relation on A dnvariant under G .

As has already been observed, the direct factors
A= {(a, 1) | a s.A} , A, = {(l, a) | a e‘A}
are always regular normal subgroups in G ; H acts on these as
their groups of inner automorphisms (in fact, G was first constructed

as the split extension of the simple group A by its group of inner




automorphisms). It is easy to calculate, and is in any case a consequence
of Tlemma 3.6 , that if g & G is conjugate to, say, (a, a) e H,
then
X, (8) = 16,)] -
From now we assume that A is a finite simple group. In this
case G is primitive on £, eand Al, Az are the only regular normal
subgroups in G - which illustrates Note 3 of Lemma 3.7 . If

Con jecture Arn is correct, then G contains some element g for
which ; .

1< Kule) < n® = |47,
Therefore A contains an element a for which [C,(a)] < |A|% ;

Thus Conjecture W is indeed a consequence of Conjecture Arn .

A second, closely related application of this construction

uses simple groups with relatively large centralizers to show that

¥z B}n 2-% . Specifically, take for A the group PSL(2, p)

where p is prime and p > 5 . This is the factor group of the group
of all non-singular 2 by 2 matrices over GF(p) whose determinants
are squares in the field, by its centre, the group of non-zero scalar
matrices. As is well-known, PSL(2, p) is simple, its order is
$p-1)p(p + 1), and maximal cyclic subgroups have orders z(p - 1) ,
p, and #(p + 1) (see [B], § 318 , p.440 ). In particular
therefore, if a € A , then ICA(a)I > %(p = 1) . In this case then,

pl6) = min [Cy(a)| = =(p - 1)

ach
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Consequently, if n = #(p - 1)p(p+ 1) and p325, then
WL
£(n) 2 £, _(n) 2 #p-1) > (gn) /3,

and since there are infinitely many prime numbers [Fuclid] this gives
i
5 2 an 2 2"

In the next section we describe exwmples which give a better
(i.e., Dbigger) lower bound for ¢, £ » and also for f_. ,
but the construction embodied in Example 4 gives a portmanteau
example with other uses besides. I give two more of its applications
in §113, and Dr Olaf Tamaschke has used it in yet another context

(oral communication).

12, Some linear groups and primitive soluble permutation groups.
According to a well-known theorem =~ known as Iuler's Theorem
in Rigid Body Mechanics - every rotation in euclidean 3-dimensional

space has an axis. Consequently the finite groups of rotations of
3~space, the dihedral groups, the tetrahedral group (isomorphic

to Ah , the alternating group of degree A ), the octahedral group
(isomorphic to 8, ) and the icosahedral group (isomorphic to A5),
all have representations of degree 3% over the real numbers in which
every element fixes a subspace of dimension 1 . These representations
of the dihedral groups are reducible; the representations of Ah p

Sh and A5 are irreducible., The procedures described in §7 can




be used to obtain further representations with similar properties,
over fields of characteristic p > 0 , at least when p [ |A4| )

p /A lShI or p /[ ]A5| , respectively. Actually, since A —and S
are already the groups of rotations of ra t i onal 3-space

leaving invariant a regular tetrahedron and a regular octahedron
respectively, we can get in this way irreducible representations of
degree 3% of AL and §, over the prime field GF(p) , at least

if px5 (end actually, even if p = 3 ). And, since AB is the
group of rotations of 3-space leaving invariant a regular icosahedron,
over a quadratic extension of the rationals (namely, with ./5
adjoined), we can obtain irreducible representations of A5 of
degree 3 over GF(pQ) at least if p > 7 (and actually also for

p=3), and over GF(p) for suitable primes p (namely, p = %1 (5) ).

As illustration we consider only the case of A, in greater

)
detail:
Example 5. The matrices
1 ' i
& = -1 b = ‘O
il 4 0 0
generate a group H disomorphic to Ah-' For, b , a permutation
matrix, has order 3% ;
=1 -1
~1. S22
b Tab = g \ b Tab = ( =
ul,/' A L

80 that the conjugates of a by the powers of b form, with the
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unit matrix, an elementary abelian group of order L4 . (Clearly H
leaves invariant the octahedron whose six vertices are at the points

(1, 0, 0), (o, £1,0), (0, O, #1). The rotation of order & ,

. - \
R -

whose square is a , also leaves this octahedron invariant, and,
with b generates the group of all rotations leaving it invariant.
- H is the subgroup consisting of all rotations leaving invariant
l the two regular tetrahedra which can be inscribed, their vertices at
the midpoints of faces, in the octahedron.) Since all that is
required in the above proof that H = A,LF is that 1 4 -1 , the
matrices a, b , interpreted as matrices over any field F of

characteristic p + 2 , generate a group, which we also denote by H ,

isomorphic to AA .

The corresponding H-module M , spanned by, say, Uy Ups u3

over ¥ , with

u.la. = 'U.l ulb = u2
use = i, u2b = u3
uBa = --u3 u3b = Uy

is irreducible. Tor, the only 1-dimensional subspaces invariant
under N , the normal closure of & in H , are the subspaces
spanned by Uy s
¥ as gp(b)-module.

by U, and by uz and these are generators for
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Any element of order 2 in H is conjugate to a , whose

fixed space has dimension 1 , spanned by u Similarly, an

2 2
, Whose fixed

1 L]
element of order 3 din I is conjugate to b or b

point space also has dimension 1 , spanned by u, + u, + u

< S B
Therefore, for all h e H ,

| by(®) 2 1 = 3 aim(i) .

We get directly:

Example 6. Let G be the split extension of (the additive group of)
M , defined over GF(p) , p23, by H, and consider the permutation
representation of G on the coset space £4= SUH) . Then G is

soluble because H is soluble, prinitive on £} , of degree n = p3

2

and

w(@® =p = 2’3,

3

Consequently, if n =p” and p > 3 , then

1/3

f(n) 2 £, (@) 2 £ ,(@) 2 77,

sol
and so

1
g = drn % 501 % 5 *
Thus Theorem 2(ii) and Theorem 3(iii) are proved.

Next a sketch of how Example 5 may be used to construct
soluble groups X with irreducible representations of arbitrarily
large degree m for which ¢M(x) i %m Por all & X
Bxample 7. Let Y be an elementary abelian group of order 2k F
k>0, let M be the direct sum of 2k vector spaces M& y.8 T 5
of dimension 3 over the field F (char(F) {2 ), let H; be the

group of linear automorphisms of M which centralizes M.y s ¥ # e




and acts as described in Iixample 5 on Ml . Identify Y with the

group of linear transformations of M which permute its direct

summands ; M = M for all Y ;3 and let X be the
lyoy yoy yos Y H

group of automorphisms of M generated by H1 and Y . Then it is

not hard to see that X is isomorphic to the wreath product H wr Y ,

that is, Ah wr Y , and that M is irreducible as X-module. The

degree of M is m = %55 , and, for all xe X, 4&(x) 2 %m.

Finally, some remarks on Theorem 4 ., If char(F) + 2o - Hy a8
an elementary abelian group of order gt (k22), and M is the
complement of the trivial submodule in the regular representation
module TH of H over F , then since in FH ,

dim fixFH(h) = % dim(FH)
for 14+ heH, it follows that
- . . = s . =
¢M(h) = dim flxM(h) = #(aim(M) - 1) .
But of course, M contains no trivial I-submodule. This shows that

Theorem 4 cannot be improved merely by weakening the condition on ¢M(h) .

A deduction from Thaeorem 4 is, by Corollary 4(ii), that if
the group H has a faithful module M of dimension m over the
field T whose characteristic is zero or does not divide |H| , and
9P ¢M(h) s m-1 forall helH, then M contains an (m - 1)-
dimensional trivial submodule, which must be complemented then by a
l-dimensional faithful module: and since I has a l-dimensional

faithful module, H ditself must be cyclic. The situation is completely
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different when char(F) 1 |H| . If F has characteristic p > 0,
H is elementary abelian of order pk , and ¥ is the module of

dimension m =k + 1 over F , similar to that used in Example 3 :

namely, M dis spanned by elements Ugs Ups eoey Wy s and H is

generated by elements h.,, ..., hk , Where

17
u.h. = u_ + u.
=Ll o] i } l<igk,
Wall, = Wy it 3 ]
sy p 5k

then it is easy to see that, for all he H , if h 4 1 +then
¢y (h) =k = m-1.
Nevertheless, M dis a faithful H-module, it is even indecomposable,

and its trivial submodule is only 1l-dimensional, spanned by LA
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These last two sections contain some brief remarks which

have very little connection with the rest of this essay.

P An unfortunate theorem of Cauchy , and a question of Wielandt .

In [1] Cauchy stated (in a guite different language):

13,1 If G is a primitive permutation group of degree p + 1 ,
where p 1is prime and p > 2 , then G is 2-fold transitive.
He deduced this from
13.2 If G is a transitive group of degree n , and if G is
not 2-fold transitive, then either G is primitive or the order
of a stabilizer is the order of a transitive group whose degree is
smaller than n -~ 1 and divides n - 1 ,
which he announced, but for which he gave no proof. Frobenius
([3], p.353 ) and later de Séguier ([de S], .86 , footnote &4 )
drew attention to counterexamples to 13.2 , but they both pointed
out hopefully that 13.1 is nevertheless true for p £ 13 .
Huppert ([#], p.30L ) raises 13.1 to the status of a conjecture:

"Die folgende, bisher unbewiesene Vermutung stammt schon von
cavcHy . . . "
and he proves it under the assumption that G is soluble. And
W.R. Scott gives (in [S8], §8 13.7, 13.8 ) a verification for

P < 37 in the special case of groups G which contain regular subgroups.




If, in FExample 4 , we take for A the simple group AB
of order 60 , +then the resulting permutation group G dis primitive,
its degree is 60 =59 + 1 , and it is not 2-fold transitive: but

59 is prime and 59 > 2 . The simple groups of orders 168, 360, ...

give rise to similar counterexamples to Cauchy's statement.

There is considerable interest in primifive permutation

groups containing regular subgroups (see, for exauple, [W] Chapter 4 ,
or [8] Chapter 13 ). 1In this context, if G dis constructed from
the simple group A according to the recipe of Iixample 4 , then
every factorisation of A as a product, A =XY , XAY =1 , with
X and Y subgroups of A , gives rise to a regular subgroup in G ,
namely, in the obvious notation, to the subgroup Xi X Y2 with

< Al Y < A . So, for example, if, as above, A is A5 = AA 05 5
then AL b4 05 appears as a regular subgroup in the resulting primitive
group G of degree 60 . This suggests that a question of Wielandt
should be slightly modified: on page 64 of [W] he defines a
group H to be a U"B-group" if every primitive permutation group &
containing H as a regular subgroup is 2-fold transitive, and on

page 69 he asks "Is the direct product of a DB-group and a group

of relatively prime order always a B-group?" Since Ah is a B-group

(every primitive group of degree 12 , whether or not it contains a
reguler subgroup, is 2-fold transitive =~ TFrobenius, and de Séguier,

attribute this to Jordan ), while AL X 05 appears as a regular
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subgroup in the group G described above, which is not 2-fold
transitive, the answer to Wielandt's question is, in general, no.
John Macdermott has kindly pointed out to me that another example
comes directly from Theorem 25.7 on page 67 in [W] , for

C¢ % Cg is not a B-group, whereas ~ Cg x Cg = (02 X 02) X (C3 X 05)
and 02 3 02 , the elementary abelian group of order & , is a B-group.
Perhaps the question should read:

"Is the direct product of a B-group and a B-grovp of relatively

prime order always a B-group?"

There is some connection between B-groups and the structure of
factorisable groups (see [S8], Chapter 13 ) and, in fact, Example L
and the remarks above show that if there is a simple group factorisable

as the product of two B-groups of relatively prime order, then the

answer to the modified question would also be negative.

1k, Remarks on Lemma 3.5 .

T am indebted to Professor Higman for the proof given on
page 17 . Wielandt gives a slightly different proof of the result
([w], Theorem 18.2 , p.49 ). OCuriously, he claims in the preface
of [W] , on page viii , that this theorem is new, whereas it appears
~ already as Théoréme 395 in Jordan's work ([J], pp 281-28L )

stated there in the language of the 19th Century Theory of Equations.

' De Séguier ([de 8], p.85 ) states a stronger theorem - which he

ascribes to Jordan (l.c.) = namely that, in the notation of Lemma 3.5




fa
every composition factor of %‘ is also a composition factor of F{r .

However, his proof is incomplete, and his theorem is false.

Example 8. Sg », the symmetric zroup on 63 = {1, - P 8} , has
a primitive representation of degree 56 on L= {4..) | we @, la| = 3} .
Certainly 58 , being 3-fold transitive on QD , acts as a transitive
permutation group which we will denote by G on L% . If X = {1, 2; 5} ,
then G = S3 x 8y where 33 < Sg is the subgroup fixing 4, 5, 6,
7 and 8 , and 85 < Sg is the subgroup fixing 1, 2 and 3 . Now
ok
L= {efudyu oy

where

b - {ma.ﬁ.l lone| = 3 -1},
and these sets {cx} 5 Z&L’ {12, 533 can easily be seen to be the
¢ -orbits in (1. Also, A, =15, |A,l =30, and ]A3] =10 ,
and if G were imprimitive then the equivalence class containing &x
would consist of complete %*—ofbits. Since the only unions of

%kuorbits giving sets whose cardinals divide 56 are {me} and il

itself, G dis primitive. Finally, G is the subgroup of 88
ﬁi,ﬂ3

consisting of those permutations which fix all of L4, 5, by dy & 3

and this is the direct factor S3 of %x.' Thus q*/Q“:ZXB = S5 y

whose only composition factors are AB and 02 . On the other hand,

G has a composition factor isomorphic to C Thus de Séguier's

3

statement is not correct.
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