


Abstract

Since MclIntosh’s introduction of the H*®-calculus for sectorial operators, the topic has
been studied by many authors. Haase has constructed a similar functional calculus for
strip-type operators, and has also developed an abstract framework which unifies both
of these examples and more. In this thesis we use this abstract functional calculus
setting to study two particular problems in operator theory.

The first of these is concerned with operator sums. We ask the question of when
the sum log A+log B is closed, where A and B are a pair of injective sectorial operators
whose resolvents commute. We show that the sum is always closable and, when A and
B are invertible, we determine sufficient conditions for the sum to be closed. These
conditions are of Kalton-Weis type, and in fact ensure that AB is sectorial and that
the identity log A + log B = log(AB) holds. We then identify an interpolation space
on which these conditions are automatically satisfied.

Our second problem is connected to the exponential of a strip-type operator B,
specifically the question of whether ef is sectorial. When —1 € p(e?), the spectrum
of e? lies in a sector, and we obtain an estimate on the resolvent outside this sector.
This estimate becomes closer to sectoriality as more restrictions are placed on the
resolvents of B itself. This leads us to introduce the ideas of F-sectorial and F-
strong strip-type operators, whose spectra are contained in a sector or strip, but
which satisfy a different resolvent estimate from that of a sectorial or strong strip-
type operator. In some cases it is possible to define the logarithm of an F-sectorial
operator or the exponential of an F-strong strip-type operator. We prove resolvent
estimates for the resulting logarithms and exponentials, and explore the relationships

between the various classes of operators considered.
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Chapter 1

Introduction

1.1 Background

The basic idea behind functional calculus is to provide a reasonable definition for
expressions of the form f(A), where A is some closed linear operator on a Banach
space X, and f belongs to a suitable class of functions. By a reasonable definition, we
mean that the family of operators thus defined should in some way exhibit behaviour
similar to that of the original functions themselves. One of the earliest examples
of such a functional calculus is that developed by Riesz and Dunford for bounded
operators [13]. More recently, McIntosh has introduced a holomorphic functional
calculus for sectorial operators [35].

This holomorphic functional calculus provides a unified theory for dealing with
various operators associated to a sectorial operator A. For example, the fractional
powers (A?),cc and the semigroup (e=*4);>o generated by —A, both of which have
been extensively researched in their own right [14, 34], can be studied in a functional
calculus framework. Another function of interest is the logarithm function. The
logarithm of an injective sectorial operator was first defined by Nollau in [38], and
has been subsequently studied by Okazawa [39] and Haase [19]. It is well-known that

log A is an example of a strip-type operator. The class of strip-type operators also



includes generators of Co-groups, and it is possible to construct a functional calculus
for such operators [19].

As well as being an important topic in its own right, functional calculus can
be used to provide a new setting for problems in operator theory, often simplifying
the situation and sometimes even leading to new proofs of well-known results. For
example, Haase has set up a functional calculus for operators whose spectrum lies
in a half-plane [24], a class of operators which includes generators of Co-semigroups.
Consequently it is possible to prove some of the classic theorems of semigroup theory
(e.g., Hille-Yosida, Trotter-Kato) using fundamental tools of functional calculus such
as the Convergence Lemma [35, Section 4]. In [25], Haase has obtained new proofs of
the theorems of Dore-Venni and Monniaux (both of which we shall discuss in more
detail below), as well as Fattorini’s Theorem for cosine functions, originally proved
in [15]. This result says that if B generates a cosine function on a UMD space, then
the first component of the phase space is essentially equal to the domain of B/2,

The contents of this thesis can broadly be divided into two main areas, in both of
which we use functional calculus methods to study a particular problem in operator
theory. The first problem we look at concerns operator sums. Let A and B be a pair
of sectorial operators with commuting resolvents on a Banach space X. The question
of when the sum A + B is closed has a long history, beginning with the paper of Da
Prato and Grisvard [8]. It was shown there that the sum is always closable, and that
the restriction of the sum to an interpolation space between X and the domain of
either A or B is actually closed. Sufficient conditions for the sum to be closed on the

original space X were first proved in the seminal paper by Dore and Venni [12].

Theorem 1.1.1. [12, Theorem 2.1] Let A and B be invertible sectorial operators with

commuting resolvents on the Banach space X. Suppose that

1. A and B have bounded imaginary powers, and there exist constants C,0, and

6p such that

|A%] < CePall||BR| < Ce’2l (s eR),



where 84 + 05 < .

2. X 1s a UMD space.

Then the sum A + B is closed, and in fact the operator (A + B)™ ' is bounded.

Since one of the operators A or B can be taken to be a differential operator,
this result has important applications to maximal regularity and solutions of abstract
evolution equations [12, Section 3]. Priiss and Sohr showed in [43] that Theorem 1.1.1
remains true if A and B are simply assumed to be injective rather than invertible.
Lancien et al. proved in [32] that the sum A+ B is closed if the pair (A, B) has a joint
bounded H°-calculus, without the assumption that X is a UMD space. Moreover
they proved that, in this case, A + B itself also has a bounded H*-calculus. Most
recently, Kalton and Weis showed in [30] that the sum is closed if A has a bounded
H>-calculus and B is R-sectorial, again without any geometrical assumptions on the
Banach space X. There are even some results for sums of operators whose resolvents
do not commute [37, 42].

It is easy to formulate the corresponding problem for strip-type operators, in
particular for logarithms of sectorial operators. It might be expected that, if the sum
log A +1log B were closed, an identity of the form log A+ log B = log(AB) could hold.
It seems that this problem has not been studied up to now. Indeed, Nollau writes as

a footnote in [38]:

Fine vollstindige Analogie zu der Beziehung logab = loga + logb st fur
2wei Operatoren A und B vom Typ(M ) nicht zu erwarten, da der Operator
AB i.a. - selbst unter der Voraussetzung der Vertauschbarkeit von A und

B - nicht vom Typ(M ) ist. !

1A complete analogy of the relationship log ab = loga + log b for two operators A and B of type
M is not to be expected, since the operator AB is not in general, even under the assumption of

commutativity of A and B, of type M.



where the term Typ(M ) means sectorial. However, this footnote was written some
time before the appearance of several results which give sufficient conditions for AB
(or more generally AB) to be sectorial [26, 32, 43].

If the logarithm function provides a means of taking a sectorial operator to a
strip-type operator, it seems reasonable that the exponential function might send a
strip-type operator to a sectorial operator. Indeed, if B is the logarithm of some
sectorial operator A, then e is sectorial and ef = A [22, Corollary 4.2.5]. However,
the question of precisely which strip-type operators are logarithms of some sectorial
operator (i.e., those strip-type operators B for which e is sectorial) remains open,
and forms the basis of the second half of this thesis. The theorem of Monniaux [36]

seems to be the only substantial result in this direction.

Theorem 1.1.2. [36, Theorem 4.3] Let B be a strip-type operator on a UMD space

X such that iB generates a Cy-group of type strictly less than m. Then e® is sectorial.

At the worst end of the scale, there do exist strip-type operators B such that the
spectrum of e? is the whole complex plane [22, Corollary 8.4.6]. Haase has shown
that if B is a strip-type operator of height w such that p(e?) contains some point X
with | arg A| > w, then in fact the spectrum of e is contained in a sector [22, Lemma
4.4.2]. The question of whether non-emptiness of the resolvent set implies sectoriality
of e? also seems to be open.

The idea of an almost sectorial operator, namely an operator whose spectrum
is contained in a sector but whose resolvent need not satisfy the required estimate
for sectoriality, has been studied by various authors. DeLaubenfels [9] constructed a
functional calculus for operators whose resolvent is polynomially bounded outside a
sector. Such operators have also been studied by Periago and Straub [40, 41], who
constructed an alternative functional calculus based on that of McIntosh for sectorial
operators. Gorodnii and Chaikovskii [17] have recently considered the more general
idea of an operator A such that ||R(A, A)|| < CG(|)|) for A outside some sector, where

G is a non-increasing function on [0, 00), such that G(¢) — 0 as t — oo and such that
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1/G is Lipschitz. They studied the fractional powers (A?),ec of such an operator, as
well as the associated semigroup (e‘tA)tZO.

We have already mentioned the idea of an interpolation space, in connection with
the work of Da Prato and Grisvard on operator sums. The study of interpolation the-
ory in Banach spaces began in the late 1950s, and was developed by various authors,
including Lions, Peetre and Calderén. There are several comprehensive accounts of
the subject [33, 44]. Among the various methods for constructing interpolation spaces,
the most important are those which give rise to the so-called real interpolation spaces,
and those which give rise to the complex interpolation spaces. In this thesis we shall
only be concerned with real interpolation spaces, which have an interesting relation-
ship with the functional calculus; roughly speaking it seems that certain functional
calculus properties of an operator actually improve if one looks at the part of the
operator in some suitable real interpolation space [10, 11, 23]. We will study real

interpolation spaces in connection with both of the topics mentioned above.

1.2 Overview of Thesis

As functional calculus is such a central theme to this thesis, we wish to have all of the
required definitions and results available for reference. We present all of the necessary
background information in Chapter 2. We begin by outlining the abstract methods
developed by Haase, then explain how these methods can be used to construct the
familiar functional calculus of a sectorial or a strip-type operator, including modifi-
cations to cover certain spectral properties such as invertibility. We also show how
it is possible to construct functional calculi based on operator-valued functions, or
functions of two variables.

In Chapter 3 we focus on the first of the two main problems identified above,
namely the question of when the sum log A + log B is closed, where A and B are a

pair of injective sectorial operators whose resolvents commute. It turns out that this



sum is always closable, and that its closure can be identified in terms of the logarithm
of the product of A and B (whenever this product is sectorial). When A and B are
invertible, we show that the sum is actually closed under the same conditions as the
Kalton-Weis Theorem of [30], i.e., when one of the operators A and B has a bounded
H*>-calculus, and the other is R-sectorial. Our methods also show that, in this case,
the identity log A+log B = log(AB) holds. In Chapter 4, after providing the required
background on the theory of real interpolation, we identify an interpolation space on
which these conditions are automatically satisfied.

In Chapter 5 we turn our attention from operator sums to exponentials. If B is
a strip-type operator with —1 € p(e?), then we show that it is possible to obtain an
estimate on the norm of AR(), e?) for X outside some sector. The precise nature of
this estimate depends on the growth of the norms of the resolvents of B, and whilst
we may not be able to prove that e® is sectorial, we do obtain some logarithmic
estimates which are very close to sectoriality. We also prove a necessary and sufficient
condition for e to be sectorial when B is a strip-type operator whose resolvents
decay to 0 sufficiently quickly. Using known Fourier multiplier theorems, we show
that —1 € p(e®) when B is the derivative on the real line, considered in some Besov
space. We conclude the chapter by applying our norm estimates to this example.

In Chapter 6 we consider operators which are almost sectorial, in the sense de-
scribed above. In particular we introduce the concept of an F-sectorial operator,
based on the work in [17]. A functional calculus can be constructed for such op-
erators and, inspired by the results of Chapter 5, we look at particular examples
whose logarithm can be defined. We investigate how the properties of this logarithm
compare with those of the logarithm of a sectorial operator. Specifically, we prove a
representation of the resolvent outside the horizontal strip of height m, and use this
to estimate the norm of the resolvent outside this strip.

The logarithms of these F-sectorial operators can be thought of as almost strip-

type operators, in that their spectrum lies in a horizontal strip, but the resolvent



need not be bounded outside this strip. This leads us to define the idea of an F-
strong strip-type operator in Chapter 7. We show that a functional calculus can be
constructed for such an operator, and that in certain cases it is possible to define the
exponential. Using the same techniques as in Chapter 5, we show that the exponential
of certain F-strong strip-type operators is again an F-sectorial operator. Finally we

summarise the relationships between all of the various classes of operators considered.

1.3 Notation and Definitions

Linear Operators and Banach Spaces

Given a linear operator A on a Banach space X, we denote its domain and range by
D(A) and R(A) respectively. The graph G(A) of A is the subset of X x X defined
by

G(A) :={(z,Az) :z € D(A) }.

If G(A) is a closed subset of X x X then we say that A is closed, and we write C(X)
to denote the space of all closed linear operators on X. If furthermore there exists a
constant C such that

[Az| < Ciz]|  (z € X),

where || - || denotes the norm on X, then we say that A is bounded, and write £(X)
for the Banach algebra of bounded operators on X.

If the operator A is injective we define its inverse A~! by

where y € D(A) is the unique element such that Ay = z. If A~! is bounded then
we say that A is invertible. If A € C is such that A\ — A is invertible, then we say
that A belongs to the resolvent set p(A) of A, and we write R(), A) to denote the
resolvent operator (A — A)~! of A at \. The spectrum of A is defined to be the

set o(A) :=C\ p(A4).



For A, B € C(X) we write A C Bif D(A) C D(B) and Bz = Az for all z € D(A).
Thus A = B if and only if both inclusions A C B and B C A hold. We define the
sum A + B and product AB as follows:

DA+ B) = D(A)NnD(B) (A+ B)x = Az + Bz,
D(AB) = {z€ D(B): Bxe D(A)} (AB)r = A(Buz).

Two closed operators A and B are said to be resolvent commuting if
R(A, A)R(u, B) = R(u, B)R(A, A)

for all A € p(A) and p € p(B). A closed operator A and a bounded operator T
are said to commute if TA C AT. Note that T' commutes with A if and only if T
commutes with the resolvents of A [2, Proposition B.7]. If Y is another Banach space

which is continuously embedded in X, then the operator Ay defined by
D(Ay)={ye DA)NY : AyeY} Ayy = Ay

is said to be the part of Ain Y

Let (€2, 1) be a o-finite measure space. For 1 < p < oo we denote by LP(€); X)
the space of all measurable, p-integrable, X-valued functions on Q. C(Q; X) denotes
the space of continuous functions from X to Q, C*°(£2; X) the space of infinitely
differentiable continuous functions, and C§°(£2; X) the space of infinitely differentiable
functions which vanish at infinity.

A Banach space X is said to be a UMD space if the Hilbert transform H,
defined by

(Hf)(t)z-ilim fi=s) ds (f e CPR; X), t €R)

Te0 gze S
extends to a bounded linear operator on LP(R; X) for some (equivalently all) p &
(1,00). All Hilbert spaces are examples of UMD spaces. Also, if X is a UMD space
and (€, u) is a o-finite measure space then LP(£2; X) is a UMD space for p € (1, 00)
(see [12, Remark 2.7]).



A collection 7 of bounded operators is said to be R-bounded if there exists a

constant C' such that

n

> riTyz;

j=1

<C

n
E :ijfj
j=1

foralln € N, T1,...,T, € T and z1,...,2, € X, where (r;);cn is the sequence of

L2([0,1];X) Lz([071]§X)

Rademacher functions, defined by
r;(t) = sgnsin(2/mt) (t €[0,1],5 € N).

Let X™* denote the dual space of X. 7 is said to be U-bounded if there exists a
constant C such that

max

gj==%1 ej=%1

> {Tyzj,23)] < C max
j=1

n n
EilLs Yy
7 L; €5
i=1 j=1

forallm e N, Th,..., T, €T, z),...,2, € X and 23, ..., 2} € X*. If T is R-bounded
then it is U-bounded [30, Lemma 3.1].

Co-Semigroups

The background material on Cy-semigroups and Cy-groups can be found for example
in [2] and [14]. A family T' = (T'(t)):>0 of bounded operators on a Banach space X is

said to be a Cg-semigroup if
1. T(0)=1
2. T(t+s)=T(@)T(s) for all s,t € R
3. The map t — T(t)z : [0,00) — X is continuous for every z € X.

We define the generator A of the Cy-semigroup 7' as follows:

D(A) = {xeX: Pn%—% exists }



The generator is always closed and densely defined. For every Cy-semigroup T there

exist constants w and M such that

|T(t)]] < Me* (t > 0).

The infimum of all such w is called the growth bound or type of the semigroup 7.
For w € [0, 7] we define

5 {AeC:A#£0, |arg)| <w} (we(0,7]), 11)
(0, 00) (w=0).

Thus, for w > 0, S, is an open sector, symmetric about the positive real axis. The
semigroup 7' is said to be holomorphic of angle § € (0, Z] if it has a holomorphic

extension to Sy which is bounded on S, N{z € C: |2| < 1} for each p € (0,0). T

is said to be a bounded holomorphic semigroup of angle # € (0, 7] if it has a

bounded holomorphic extension to S, for each ¢ € (0,0).
Suppose that both A and —A generate Cy-semigroups Ty and T respectively.
Then we say that A generates the Co-group U = (U(s))ser, Where

For a Cy-group U there exist constants w and M such that
U (s)]] < Me“'s! (s € R).

Again, the infimum of all such w is called the growth bound or type of U.
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Chapter 2

Functional Calculus

As mentioned in the introduction, the basic idea behind functional calculus is to give
meaning to the expression f(A), where A is some closed operator and f is a suitable
holomorphic function. One of the earliest examples of functional calculus is the Riesz-
Dunford calculus for bounded operators [13, Chapter VII.3], which is a special case of
a more general functional calculus for elements of Banach algebras [6, Chapter VIL.4].
We shall primarily be interested in operators A whose spectrum is contained in either
a sector or a strip. The holomorphic functional calculus of a sectorial operator was
introduced by Mclntosh in [35], and developed by Cowling et al. in [7]. A functional
calculus for vertical strip-type operators was first considered by Bade in [3], and more
recently for horizontal strip-type operators by Haase in [18, 19]. Functional calculi
for operators with spectrum in half-planes (corresponding to semigroup generators)
and parabolas (corresponding to generators of cosine families) have been considered
in [24]. All of the examples mentioned above, and many more, can be unified by the
abstract methods developed by Haase [20, 22].

In this chapter we present all of the necessary background material on functional
calculus which shall be needed throughout this thesis. We begin in Section 2.1 with
the abstract theory, and continue in Section 2.2 by giving some examples of the

various functional calculi which we shall need later on. We present the standard
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constructions of the functional calculi for sectorial and strip-type operators, and also
include extensions to invertible sectorial operators and so-called half-strip-type op-
erators. As well as these examples, we consider the joint functional calculus of a
pair of resolvent commuting operators (Section 2.3), and functional calculi based on
operator-valued functions (Section 2.4). In Section 2.5 we conclude with several ex-
amples of composition rules. These are some of the most important tools in the theory
of functional calculus, as they allow calculations to be performed within a functional
calculus framework. Much more detailed information can be found in the survey

article by Kunstmann and Weis [31], and in the recent book by Haase [22].

2.1 The Abstract Approach

We adopt the terminology used by Haase in [20]. An abstract functional calculus

(AFC) over the Banach space X is a triple (£, F, A) where
1. F is a commutative unital algebra of functions with unit 1,
2. £ is a subalgebra of F, and
3. A: €& — L(X) is an algebra homomorphism.

We say that the AFC is proper if the set {e € £ : A(e)is injective } is non-empty.
We say that f € F is regularisable if there exists e € £ such that ef € £ and A(e) is
injective. In this case we call e a regulariser for f and define A(f) := A(e) " A(ef).
By [20, Lemma 3.2], A(f) is a closed operator on X and is independent of the choice
of regulariser e. The function 1 is regularisable if and only if the AFC is proper, and

in this case,

F,:={f € F: fisregularisable }

is a subalgebra of F containing £. We have thus extended the original map A€ —

L(X), (often referred to as the primary functional calculus, or PFC), to a map
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~~

A: F. — C(X), which we shall also denote by A. Finally we define
Fo={feF:Mf) e LX)},

the set of all those regularisable functions which give rise to bounded operators. The
following result summarises the most fundamental properties of any proper AFC

(€, F,A) over a Banach space X. The proofs can all be found in [20, Section 3].

Theorem 2.1.1. Let (£,F,A) be a proper AFC over a Banach space X, and let
f € F.. Then the following hold:

(a) If T € L(X) commutes with A(e) for every e € £ then T commutes with A(f).
(b) A(1)=1.

(c) If g € F, then

A(f)+A(g) CA(f+9g) and A(f)A(g) C A(fg). (2.1)

Furthermore, D(A(f)A(g)) = D(A(fg)) N D(A(g)), and we have equality in the

above nclusions if g € Fp.
(d) The map A : F, — L(X) is a homomorphism of algebras.
(e) If g € Fy is such that A(g) is injective then A(f) = A(g) P A(f)A(g).

(f) If g € F is such that fg = 1 then g € F, if and only if A(f) is injective, and
in this case we have A(g) = A(f)™!.

(9) Let F be a subspace of D(A(f)). Suppose that there exists a sequence (en)nen
in € such that A(e,) — I strongly as n — oo, and such that R(A(e,)) C F for
alln € N. Then F is a core for A(f).

The following result tells us that, even if the inclusions in (2.1) are strict, in certain
circumstances the operator on the right-hand side of the inclusion is actually equal

to the closure of the operator on the left-hand side.
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Proposition 2.1.2. Let (£, F,A) be a proper AFC and let f,q € F.. Suppose that

there exist sequences (en)nen and (€n)nen tn € such that
(i) en regularises f and R(A(e,)) C D(A(f)) for every n € N;
(ii) en regularises g and R(A(€,)) C D(A(g)) for every n € N;

(i11) Alen)A(€,) — I strongly.

Then A(f) + Alg) = A(f + g) and A(f)A(g) = A(fg).

Proof. In light of Theorem 2.1.1(c), it is enough to prove that D(A(f) + A(g)) is a
core for A(f + g), and that D(A(f)A(g)) is a core for A(fg). Note that

R(A(enen)) = R(Aen)A(er)) C D(A(f)),

and that by symmetry we also have R(A(ene,)) C D(A(g)), hence Theorem 2.1.1(g)
implies that D(A(f) + A(g)) is a core for A(f + g). Moreover,

R(A(g)A(enen)) = R(A(en)A(ge€n)) € D(A(F)),
thus Theorem 2.1.1(g) implies that D(A(f)A(g)) is a core for A(fg). O

This is as much as we wish to say about functional calculus at this level of ab-
straction. We now turn to look at more concrete examples of functional calculi which
are associated to a closed operator A. In each of these examples we try to define
operators f(A), where f belongs to some class of functions which are holomorphic
(or even meromorphic) on an open set containing o(A).

The precise class of functions for which f(A) can be defined will of course depend
heavily on A — most notably on the location of its spectrum. However, there are
some similarities amongst the examples we shall consider. In each case, the primary
functional calculus is constructed via contour integrals taken along a suitable contour

surrounding o(A), and then extended by the regularisation method described above.
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Since the construction of these functional calculi is essentially the same, we would
expect them to have similar properties. Indeed, Haase’s notion of a meromorphic
Junctional calculus [22, Section 1.3] provides a model for unifying our examples. Given
an open subset (2 of C we let H(2) and M (Q) denote the algebras of holomorphic and
meromorphic functions on 2 respectively. H>(£2) will denote the space of bounded
holomorphic functions on 2. Suppose we are given an AFC (£(Q), M(Q), A) over the
Banach space X, and that the following hold:

1. The function z : 2 — C; z — 2 is regularisable with respect to £(2). In this
case the operator A := A(z) is well-defined.

2. An operator T' € £(X) which commutes with A also commutes with A(e) for
each e € £(Q).

The AFC is then called a meromorphic functional calculus (MFC) for A. We
write f(A) = A(f) for every f € M(Q),. The fundamental properties of functional

calculus given in Theorem 2.1.1 can be restated for an MFC.

Theorem 2.1.3. [22, Theorem 1.8.2] Let A be a closed operator on X and let
(E(), M(R),A) be an MFC for A. Let f € M(Q),. Then the following hold:

(a) If T € L(X) commutes with A then it commutes with f(A). If f(A) € L(X)
then f(A) commutes with A.

(b) 1(A) =1 and z(A) = A.
(c) If g € M(2), then
fA) +g(A) C (f+9)(A) and [f(A)g(A) C (fg)(A).

Furthermore, D((fg)(A)) N D(g(A)) = D(f(A)g(A)) and we have equality in
the above inclusions if g € M(§2),.

(d) The mapping (f — f(A)): M(Q)y — L(X) is an algebra homomorphism.
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(e) If g € M(Q)y and g(A) is injective then f(A) = g(A)"1f(A)g(A).
(f) Let A € C. Then
A=)t e M(Q), = X — f(A) is injective.

In this case, (A — f)"Y(A) = (A — f(A))"L. In particular, X\ € p(f(A)) if and
only if (A — f)~t € M(Q)y.

We shall feel free to make use of these properties without restating them for each

particular type of functional calculus we introduce.

2.2 Examples of Meromorphic Functional Calculi

We now present some classes of operators which admit meromorphic functional calculi.
In each of the following examples, the homomorphism A is taken to be the map

f+— f(A), initially for f defined by the relevant primary functional calculus.

2.2.1 Sectorial Operators
An operator A is said to be sectorial of angle w € [0, 7), written A € Sect(w), if
1. o(A) C S, where S, is as in (1.1), and
2. sup{ [|[AR(A, A)|| : ' < |argA| <7} < oo for all W' € (w, ).
In this case we call
Wseet(A) := inf{w € [0,7) : A € Sect(w) }

the spectral angle of A. Various authors also include conditions on the kernel,
domain and range of A as part of the definition of sectoriality. For our purposes it

will be convenient to only consider sectorial operators satisfying

3. D(A) and R(A) are dense.
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Note that these assumptions imply that A is injective [22, Proposition 2.1.1(d)]. If

in addition A satsifies
4. {AR(M\, A) : ' <|arg M| < 7} is R-bounded for all ' € (w, ),

then A is said to be R-sectorial of angle w. There is a correspondence between
sectorial operators and generators of bounded holomorphic semigroups, namely, A
generates a bounded holomorphic semigroup of angle 6 € (0, 3] if and only if —A €
Sect(Z — 0) [2, Theorem 3.7.11].

We now outline the construction of the functional calculus for sectorial operators.

Define a function ¢ by
z

") =
For 8 € (0, 7| define the space H(Ss) by

(z € Sr). (2.2)

HE(Ss) = { f € H®(Sp) : IC, e > 0 such that |f(2)| < Clo(2)]F (2 € Sp) }-

Then if A € Sect(w) and f € H(Sy) for some 6 € (w, ), we can define the bounded
operator f(A) by means of the contour integral

F(4) = — /8 _TVRO. )

- 2mi
where 8 € (w,6). By Cauchy’s Theorem this definition is independent of ¢'.
The triple (H(Sp), M(Ss),A) is an MFC for A (see [22, Section 2.3.2]). The
function ¢ defined by (2.2) clearly lies in H(Sy), and ¢(A) = A(I+A)~? is injective,
hence powers of ¢ are good candidates for regularisers in this functional calculus.

Indeed M(Sp), contains the algebra B(Sp) defined by
B(Sy) = { f € H(Se) : Ik € N such that fo¥ € HP(Ss) T

In particular ¢ itself regularises any function in H*(Sp). We say that A has a
bounded H>(S;)-calculus if f(A) € L(X) for all f € H*(Sp) and if there ex-

ists a constant C such that

IFAI=Clifls,  (f € HZ(S6)),
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where [[f|[s, := sup{|f(2)| : 2 € Sy }.
For any oo € C and 0 € (0,7), the function z® : (z — 2%) lies in B(Sy) (see [22,

Chapter 3]). Thus if A is injective we may define the fractional power A® by
A% =z%(A) (a € C).

If A is invertible then the family (A~%)geqso is a holomorphic semigroup of angle /2
2, Theorem 3.8.1]. We say that A has bounded imaginary powers if A* € £(X)
for each s € R. In this case (A%),cg is a Cy-group [22, Corollary 3.5.7].

Consider the sequence of functions (¢y,)nen defined by

_on 1 (n*-1)z
#nlz) = n+z l4+nz (n 4+ 2)(1+ n2) (z € 5r). (23)

Clearly each ¢, lies in HZ(Sy). Furthermore, the sequence (¢p)nen acts as an ap-

proximate identity in the functional calculus for sectorial operators.
Proposition 2.2.1. Let A € Sect(w). For each k € N the following hold:
(a) ¢k(A)x — x as n — oo for each z € X.
(b) R(¢E(A)) = R(¢*(A)) = D(A*) N R(A*) for each n € N.

(c) Let 0 € (w,m). If f € B(Sy) s regularised by ¢* then D(A*) N R(AF) is a core
for f(A).

Proof. Statements (a) and (b) are proved in [31, Proposition 9.4]. Statement (c) now
follows from these and Theorem 2.1.1(g). O

2.2.2 Invertible Sectorial Operators

Given an invertible sectorial operator, Haase has shown how to construct an extension
of the usual functional calculus for sectorial operators by considering functions which

only have good decay at +oo [22, Section 2.5]. This extension is consistent in the
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sense that, if f is regularisable in the usual functional calculus for sectorial operators,
then it is regularisable in the functional calculus for invertible sectorial operators,
and the resulting operator is the same in both cases. Haase also mentions that it
is possible to extend this functional calculus further by considering functions which
need not even be defined in a neighbourhood of the origin. We fill in the details of
such a construction here.

For w € [0, 7] and r > 0 we define S,,, =S, N{A € C: |\ >r}. If A€ Sect(w)
is invertible then there exists r > 0 such that 0(A) C S, ,, in which case we write

A € Sect(w,r). To construct the PFC for A € Sect(w,r), we consider the function

space
Ho (Sop) = { f € H*®(Spp) : 3C, e > 0 such that |f(2)] < C l6(2)]° (2 € Spp) },

where 0 € (w,7) and b € (0,7). If f € HF(Syp) then we define the bounded operator
f(A) by the contour integral

F4) = 5 [ FORO )i

where [' = 0S5y  for some 6’ € (w,0) and ¥ € (b,r). If we identify a function on Sy
with its restriction to S5, we see that Hg°(Sp ) contains the space HS°(Sy). The triple
(He°(Ses), M(Sep), A) is an MFC for A, and is once again a consistent extension of

the functional calculus for sectorial operators constructed in Section 2.2.1.

2.2.3 Strip-Type Operators

For w > 0 we define

{AeC:|lmM<w} (w>0),
R (w=0).

H, =

Thus, for w > 0, H, is the horizontal strip of height w symmetric about the real

axis. An operator B is said to be a strip-type operator of height w > 0, written

B € Strip(w), if
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1. o(B) C H, and
2. sup{ ||R(\,B)|| : |[ImA| > '} < oo for all W' > w.
In this case we call
wet(B) := inf{w > 0: B € Strip(w) }

the spectral height of B. Suppose in addition that, for each w’ > w, there exists a
constant C = C(w') > 0 such that

C
<
T Im A —

IR(A B)| ([Tm A[ > o).

Then B is said to be a strong strip-type operator of height w, written B €

SStrip(w), and in this case we define
wsst(B) :=inf{w > 0: B € SStrip(w) }

to be the strong spectral height of B. It is a consequence of the Hille-Yosida
Theorem (see [2, Theorem 3.3.4] for example) that if B generates a Co-group U then
B is a strong strip-type operator such that wss(B) is less than or equal to the group
type of U.

Although we have defined the class Strip(w) for any w > 0, from now on we shall
only be interested in strip-type operators with spectral height strictly less than 7.
We now outline the construction of a functional calculus for strip-type operators,

following Haase’s approach in [19]. For the PFC, we consider the function space
F(Hp) = { f € H®(H,) : 3C > 0 such that |f(z)| < C (1 +]| Rez|)™ (z € Hy)},

where § > 0. If B € Strip(w) and f € F(Hp) for some 6 € (w, ) then we define the
bounded operator f(B) by

f(B) = — /8  [)R( B,

- 211

where ¢’ € (w,8). The triple (F(Hyg), M(Hp), A) is an MFC for B [22, Lemma 4.2.2).
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Fix some number y > 7 and define a function i by

1
u2+z2

P(z) = (z € Hyp). (2.4)

Then 1) lies in F(Hy) and ¢(B) = —R(iu, B)R(—iu, B) is injective. If we define
G(Hy) = { f € H(H,) : 3k € N such that fo* € F(Hy) },

then G(Hy) is the algebra of all functions in M (Hy) which can be regularised by some
power of 1. It contains all functions which are polynomially bounded as |z| — oo
[22, Lemma 4.2.3] and, in particular, the algebra H>(Hy) of all bounded holomorphic
functions on Hy. We say that B has a bounded H*(H,)-calculus if f(B) € L(X)

for every f € H®(Hy) and if there exists a constant C' such that
BN <Clfllm  (f € H*(H,)),

where || f||g, := sup{|f(2)|: 2 € Hy }.

The final result in this section is an analogue of [22, Proposition 2.6.5] for strip-
type operators. If Y is another Banach space continuously embedded in X, then the
part By of B in Y need not be a strip-type operator, but when it is, the functional
calculus of By is well-behaved with respect to that of B.

Proposition 2.2.2. Let B € Strip(w) and 6 > w. Suppose that the Banach space Y
is continuously embedded in X . If By € Strip(w) then the following hold:

(a) If e € F(H,) thenY is invariant under e(B) and e(By) = e(B)y.

(b) If f € M(Hy) is regularisable in the functional calculus for B, then it is regu-
larisable in that of By and f(By) = f(B)y.

Proof. For (a), let e € F(Hy). By [22, Proposition A.2.8(d)] the space Y is invariant
under the resolvents R(\, B) for A ¢ H,,, and for such A we have R(), By) = R(), B)y.
It follows that e(By) = e(B)y. To prove (b), let e be a regulariser of f in the
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functional calculus of B. Then e(By) = e(B)y is injective, hence e also acts as a

regulariser for f in the functional calculus of By. Furthermore

(z,y) € G(f(B)y) <= =z,y€eV, (ef)(B)r =e(B)y
& z,y€Y, (ef)(By)r =e(By)y
<~ (z,y) € G(f(By))

and this proves the result. ]

2.2.4 Half-Strip-Type Operators

For w > 0 and p € R we define the left- and right-hand half-strips by

L,, = H,N{AeC:ReA<p},
R,, = H,N{A€C:ReA>p).

Let B € Strip(w) and suppose that p € R is such that

(i) o(B) C Rup,
(ii) sup{||R(A, B)||: Re A < p'} < o0 for each p' < p.

Then we say that B is a half-strip-type operator, and write B € Strip(w, p).

For B € Strip(w, p) it is possible to construct a consistent extension of the usual
functional calculus for strip-type operators, in the same way as we constructed that
for invertible sectorial operators. We only need to consider functions that have good

decay at +oo. For the PFC we consider the function space
F(Roo)={f €M (Roo) |3C>0: [f(2)] SC(1+|Re2|)™* (2 € Roo)},

where § > 0 and ¢ € R. Then if B € Strip(w, p) and f € F(Rp,) for some § > w
and o < p we define the bounded operator f(B) by

f(B) = 2%/F FINR(X, B) dA,
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where I' = ORy , for some 0’ € (w,6) and ¢’ € (0, p). Identifying a function on Hy
with its restriction to Ry ., we find that F (R ) contains the space F(Hy). The triple
(F(Rps), M(Rp,),A) is an MFC for B.

2.3 Joint Functional Calculus

So far we have only seen examples of functional calculi associated to a single operator,
but it is possible however to construct a functional calculus for two or more operators.
Such a joint functional calculus for a pair of sectorial operators was first developed
by Lancien et al. in [32], and that for n sectorial operators by Kalton and Weis in [30].
The construction follows the same abstract approach used above, namely the primary
functional calculus is initially defined using contour integrals, then the regularisation
method is used to extend this definition to a larger class of meromorphic functions.
We outline the construction for a pair of sectorial operators. Let A € Sect(w) and

B € Sect(w’) be resolvent commuting, and define a function ® by
(w, 2) = gp(w) #(2)  (w,z € Sx), (2.5)
where ¢ is as in (2.2). For the PFC we consider the function space
H(Sp x Sgr) := { f € H®(Sg x Sp) : 3C,e > 0 such that |f| < C|®[ },

where 0 € (w,n) and §' € (', 7). If f € HG (S X Sp) then we can define the bounded
operator f(A, B) by the integral

(A, B) = (ZLM)Q /F f(w, 2)R(w, AR(z, B) dw dz,

where I' = 85, x 8S, for some ¢ € (w,0) and ¢' € («',¢). There is a natural

relationship between this PFC, and those for the individual operators A and B.

Lemma 2.3.1. Suppose that A € Sect(w) and B € Sect(w’) are resolvent commuting.
Let f € HE(Sp) and g € HP(Sy) for some 0 € (w,m) and 0" € (w',m). Then the
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function F defined by
Flw,z) = f(w)g(z)  (we Sy, 2 € Sy)
lies in H(Sy x Sy) and F(A, B) = f(A)g(B) = g(B) f(A).
Proof. For (w,z) € Sy x Sy we have
[F(w,2)] = [f(w)llg(2)] < Calp(w)|* Cplp(2)|"? < CaCp|®(w, z)|me*{eacs)

for some constants C4, Cg, £4 and ep, thus F certainly lies in the desired space.

Furthermore, if ¢ € (w,0) and ¢’ € (W', ¢') then

F(A, B)

(zim)z /8 L F(w)g(2)R(w, A)R(z, B) dz dw

_ b f(w)R(w, A) <L /as 9(2)R(z, B) dz) dw

21t Jas, 2m1

_ (i_ f(w)R(w, A) dw) 9(B)

21t Jas,
= f(A)g(B),

and this is clearly equal to g(B)f(A) by symmetry. O

The function ® defined by (2.5) clearly lies in H(Sp x Sp) and, by Lemma, 2.3.1,
®(A, B) is equal to the injective operator A(I + A)™?B(I + B)~2. Thus powers of
® act as regularisers in this joint functional calculus, and M(Ss x Sy), contains the

algebra
B(Sg X Sg/) = {f € H(Sg X Sg/) ’ Jdke N : f(I)k € HSO(SQ X Sg/)}.

In analogy to the situation for a single sectorial operator, ® regularises any member
of H*®(Sp X Se'), and we say that the pair (A, B) has a bounded joint H*(Sy x Sy )-
calculus if f(A, B) € L(X) for each f € H>®(Sy x Sy¢') and if there exists a constant
C such that

1 (A, B)|| < C|flls,xs, (f € H>(Sg X Sgr)),
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where || f||s,xs,, = sup{ |f(w, 2)| : (w,2) € Sp x Sp }.
The next result shows that, if a function f is regularisable in the functional calculus

for the single sectorial operator A, then f can easily be identified with a function which

1s regularisable in the joint functional calculus.

Lemma 2.3.2. Let A € Sect(w) and B € Sect(w') be resolvent commuting, and let
f € M(Sg), for some 6 € (w, ). If we define a function F by

F(w, z) = f(w) (w € Sy, z € Sy),
for some 0" € (W', ), then F € M(Sy X Sg/), and F(A, B) = f(A).
Proof. Let e € H(Sy) be a regulariser for f and define a function E by
E(w,z) = e(w)¢(2) (w € Sy, z € Sy ).
By Lemma 2.3.1, £ € H§°(Sy x S¢r) and E(A, B) = e(A)¢(B), which is injective.
Furthermore, for (w, 2) € Sy X Se we have

[B(w, 2)F(w,2)| = le(w) fw)||6(2)] < Clo@)6()] < C[@(w, )<
for some C,e > 0, hence F is a regulariser for F. Finally, it follows from Lemma
2.3.1 that

F(A,B) = E(A,B)"YEF)(A,B)
= ¢(A)9(B)6(B)(ef)(A)
= e(A) 7 (e/)(A)
— f(4)

as required. Il

The triple (H(Sg x Sg), M(Sp x Sgr),A) is an AFC, where A denotes the map
(f = f(A,B)): H3°(Sg x Sg) — L(X). Using Theorem 2.1.1 and Lemma 2.3.2, it is
easy to show that the joint functional calculus satisfies properties totally analogous
to those given in Theorem 2.1.3. We do not write out the proofs in full here, rather

we list these various properties for future reference.
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Theorem 2.3.3. Let A € Sect(w) and B € Sect(w') be resolvent commuting. and

suppose that f € M(Sy x Sg), for some 0 € (w,m) and 8 € (W' 7). Then the
following hold:

(a) If T € L(X) commutes with A and B then T commutes with f(A,B). If
f(A,B) € L(X) then f(A, B) commutes with A and B.

(b) If \ & Sy, u & Sy then the functions
1:(w,2)—1, w:(wz2)—w, z:(wz) 2z,

froi(wz) = A=w)™ gt (w,2) = (n=2)"

are all regularisable, and
1(A,B)=1, w(A,B)=A, z(A B)=B,
(A, B)=R(X\A), gu(4,B) = R(p, B).
(¢c) If g € M(Sy x Sp)» then
f(A,B) +g(A, B) C (f +9)(A, B)

f(A,B)g(A, B) C (fg9)(A, B).

Furthermore D((FG)(A, B))ND(G(A, B)) = D(F(A, B)G(A, B)) and we have
equality in the above inclusions if g € M(Ss X Sp')s.

(d) The map (f — f(A, B)): M(Sg x Sg')p — L(X) is an algebra homomorphism.
(e) If g € M(Se x Sg')p and g(A, B) is injective then
f(A,B) = g(A,B)""f(A,B)g(4, B).
(f) Let X € C. Then
(A= f)7t € M(Sg x Sp)r < X — f(A, B) is injective.

In this case we have (A — f)"A,B) = (A — f(A,B))"". In particular, X €
o(f(A, B)) if and only if (A — )~ € M(Ss x Sg)s.
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Lancien et al. [32] have constructed an approximate identity for the joint func-
tional calculus of a pair of resolvent commuting sectorial operators. Define a sequence

of functions (®,,)nen by

D, (w, 2) = dn(w)dn(2) (w, z € Sp), (2.6)
where ¢, is as in (2.3).

Proposition 2.3.4. Let A € Sect(w) and B € Sect(w’) be resolvent commuting. For
each k € N the following hold:

(a) ®X(A,B)x =z asn — oo for allz € X.
(b) R(®*(A, B)) = R(®*(A, B)) for each n € N.

(c) Let § € (w, ) and ' € (W', 7). If f € B(Sy x Sy) is reqularised by O then
R(®*(A, B)) is a core for f(A, B).

Proof. Statements (a) and (b) are proved in [32, Lemma 2.2]. Statement (c) then
follows from Theorem 2.1.1(g). O

We shall not present explicit constructions of the joint functional calculi for the
other examples in Section 2.2 (invertible sectorial, strip-type, half-strip-type). We
hope that it is clear to the reader how this may be done, and that in each case the

resulting functional calculus satisfies all of the properties corresponding to those listed

in Theorem 2.3.3.

2.4 Operator-Valued Functional Calculus

All of the examples of functional calculi presented so far involve spaces of scalar-
valued functions, but it is perfectly possible to construct functional calculi based on
operator-valued functions. For a closed operator A, let £4(X) denote the subalgebra

of £(X) consisting of those bounded operators which commute with the resolvents
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of A. Given an open subset 2 of C and a space £(€2) of scalar-valued functions, we
let £(Q; L4(X)) denote the corresponding space of functions taking values in £4(X).
For example, for A € Sect(w) and 8 € (w, ), let

H5 (Se; La(X)) ={ f € H*(Sp; La(X)) | 3C,e>0: |If| £ Clol },

where ¢ is as in (2.2). If f € HE(Sy; La(X)) then the operator f(A) can be de-
fined by the usual method of contour integration. Setting A(f) = f(A) for each
[ € HE(Se; LA(X)) we obtain the AFC (HL(Sp; La(X)), M(Sp; LA(X)),A). Simi-
lar constructions can be done for each of the examples in Section 2.2.

Now let A € Sect(w) and B € Sect(w’) be resolvent commuting. Suppose that
f € H®(Sy x Sy) for some 6 € (w,n) and ' € (W', 7). For each z € Sy we can define

a function f, by

fo(w) = flw,2)  (we€ S).
Clearly f, € H*(Sy), and we write f(A,z) as a shorthand for f,(A). In the case
when the function F' defined by

F(z) = f(A,2) (z € Sp)

lies in H*®(Sy; L5(X)), we can define the operator F/(B). In this case, taking ¢ €
(w,0) and ¢’ € (W', 0') we have

F(B) = ¢(B)"'(¢F)(B)
_ #B) (=) f(A, 2)R(z, B) dz

271 35(/3,
94, B)!
— W/asw /351‘, ®(w, z) f(w, 2) R(w, A)R(z, B) dw dz

Thus there is a natural relationship between the operator-valued and joint functional

calculi.
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2.5 Composition Rules

In this section we prove several results which have come to be known collectively as

composition rules. Roughly speaking, a composition rule is an identity of the form

f(g(A)) = (f o g)(A). (2.7)

Clearly we need to make some assumptions in order for (2.7) to make sense. Firstly,
the operator A must have associated to it a functional calculus in which the operator
g(A) can be defined. Then g(A) needs to have its own functional calculus in which f
is regularisable. Finally, the composition fo g must be well-defined, and regularisable
in the functional calculus for A.

An example of a composition rule for the joint functional calculus of a pair of
sectorial operators is proved in [32, Theorem 4.1]. Composition rules for the holo-
morphic functional calculi of sectorial and strip-type operators were proved by Haase
n [19]; for further developments see [20] and [22]. Such composition rules provide a
way to perform calculations within a functional calculus framework, and can be used
to recover familiar results (e.g., on logarithms — compare [38, Satz 5] with [19, Lemma
3.1]), as well as to prove new ones.

At present there seems to be no such thing as the definitive composition rule; a
result must be checked for each pair of functional calculi depending on whether A
and g(A) are sectorial, strip-type, half-strip-type etc. (see [22, Sections 2.4-2.5; 4.2]).
The proofs in each case are very similar.

The first of our composition rules is very similar to [19, Proposition 2.3], except

that we involve the joint functional calculus.

Theorem 2.5.1. Let A € Sect(w) and B € Sect(w') be resolvent commuting, and

suppose that the following hold:
(i) g € B(Sp x Sg) for some 6 € (w, ) and §' € (', 7).

(ii) g(Sg X So/) CSy.
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(i) g(A, B) € Sect(yp) for some ¢ < ¢'.

Then f(g(A,B)) = (f o g)(A, B) whenever f € B(S,).

Proof. The assumptions ensure that the composition f o g is well-defined and lies in
B(S¢ x Syr). Choose m and n so that f¢" ! € HP(S,) and (fog)®™ € HE(Ss X Sg),
where ¢ is as in (2.2) and ® is as in (2.5). Let T = 8, for some v € (¢, ¢’). Then

f(9(A,B)) = ¢7(9(A,B)) (f¢")(9(A, B))
9" (9(A, B)) d~

= : (A B) /Ff()\)qb"()\)CIDm(A,B)R()\,g(A,B))d)\.

2me

Let I denote the integral on the right-hand side and let I" = 85, x 8Sy where
Y € (w,0) and ¢’ € (W', 0). Then

I = /f )™ (A ( )(A,B)d)\
£ () L ([roreroram s TRl
3 1

5 [, flotw.2) ¢ (g, 2) 9" (w,2) Rw, A)R(:, B) (dw x d2)

1o (a:g;) (4, B) (9™(f © 9))(A, B)
2 21 ¢™(g(A, B)) (8™(f 0 9))(A, B),

where (1) follows from Theorem 2.3.3(c),(f), the use of Fubini’s Theorem in (2) is

justified since

fA)e" (N2 (w, 2)
A — g(w, 2)

and the right-hand side is bounded on I" x IV. (3) is an application of Cauchy’s

O T3 e rye

Integral Theorem, and steps (4) and (5) follow from Theorem 2.3.3(c),(f). Therefore
f(9(A,B)) = ¢ "(9(A B)) 2 ™(A, B)¢"(9(A, B)) (2" (f 0 g))(A, B)
= O7"(4,B)(2"(f ©9))(A, B)
= (fog)(4 B),
where (6) follows from Theorem 2.3.3(e). O
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The next result is a slight modification of [19, Proposition 4.3(1)].
Theorem 2.5.2. Let A € Sect(w,r) and suppose that the following hold:
(i) g € B(Spp) for some 6 € (w,n) and b € (0,7).
(1) 9(Sop) C Ry -
(i) g(A) € Strip(p, p) for some p < ¢’ and p > .
Then f(g(A)) = (f o g)(A) whenever f € H®(Ry ).

Proof. The assumptions ensure that f o g is well-defined and lies in H>(Spp). Hence
fY € F(Ry ) and (f o g)¢ € HP(Sp5), where 9 is as in (2.4) and ¢ is as in (2.2).
Let I' = OR,, where 0 € (¢,¢") and v € (¢/, p). Then

v 2<g<A>>
S At / I (4) RO\, g(A)) dX.

Let I denote the integral on the right-hand side and let I" = 9.5y p for some 6 € (w, 0)
and ¢’ € (b,r). Then

L / FO) ) (ig) (A) A

2 5 L ([ ovwen TEG o) o

2 5 f(9(2) %% (9(2)) 6(2) R(z, A) d=
= 2mih*(g(A)) (6(f 0 9))(A),

f(g(A))

where (1) follows from Theorem 2.1.3(c),(f), the use of Fubini’s Theorem in (2) is

justified since
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and the right-hand side is bounded on I' x I". (3) is an application of Cauchy’s
Integral Theorem, and step (4) follows from 2.1.3(c),(f). Therefore

F(g(A) = ¥72(g(A) ¢ (A) V3 (g(A)) (¢(f 0 9))(A)
= ¢7(A) ($(f 0 9))(A)
= (fog)(A),

where (5) follows from Theorem 2.1.3(e). [

Theorem 2.5.3. Let A € Sect(w,r) and B € Sect(w’, ') be resolvent commuting,

and suppose that the following hold:

(i) g € B(S,) is such that g(Spp) C Ry and g(Sp ), where§ € (w, ), 0" € (W', ),
be (0,7) and V' € (0,77).

(ii) g(A) € Strip(p, p) and g(B) € Strip(¢', p') for some ¢ <n, ¢’ <7, p> 0 and
o >,

Let f € H®(R, o X Ry o) and define a function h by
h(w, z) = f(g9(w), 9(2)) (w € Sop, 2 € Sor pr)-
Then the identity f(g(A),g(B)) = h(A, B) holds.

Proof The assumptions ensure that A is well-defined and lies in H*(Sgp X Sprpr)-
Hence h® € H(Spp X Sory) and fU € F(Ry o X Ry,o) where @ is as in (2.5) and
U(w,z) = ¢Y(w)P(z) for w, 2 € Hy, where 1 as in (2.4). Let I' = OR¢r X OR¢r
where ¢ € (¢,7), ' € (¢, 1), T € (0,p) and 7’ € (¢, p"). Then

Flg(A),g(B)) = T 2(g(A),g(B)) (f¥*)(9(A),9(B))

< [ (P90, © 04, B) Rlw.o(4)) Rz, 9(B)) (@ x g
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Let I denote the integral on the right-hand side and let IV = 85S,,, x 85, for some
v e (w,0),V e (W,0),ac (br)and o € (¢,7). Then

N RG A §)<( ;D(g_g))M,B)(dAxd@)

. <2m> . 0 0t ) SR de

2 /,<fw2><g<w>,g<z>><1><w,z>R<w A)R(z, B) (dw x d-)
= (2m)*(¥* 0 g)(A4, B) (®h)(4, B)
(2?9 (g(4), 9(B))(®h)(A, B),

where we are denoting by ¥? o g the function
(w, 2) — T?(g(w), g(2)) (w € Spp, 2 € Sgr ).

Here (1) follows from Theorem 2.3.3(c),(f), the use of Fubini’s Theorem in (2) is

justified since

OO OB(w,2) I I
D= g =90 WDNAE G =) v 07 = 9(w))

and the right-hand side is bounded on I'xI". (3) is an application of Cauchy’s Integral
Theorem, and steps (4) and (5) follow from Theorem 2.3.3(c) and (f). Finally,

f(g(A),9(B)) = ¥73(g(A),9(B))® (A, B)¥"(9(A), g(B))(®h)(4, B)
(A, B)(®h)(A, B)

h(A, B),
where (6) follows from Theorem 2.3.3(e). O

Remark 2.5.4. We hope it is clear to the reader that a corresponding version of
Theorem 2.5.3 can be stated and proved in the case when g(A) and g(B) are sectorial

rather than strip-type.
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Chapter 3

Sums of Logarithms

The logarithm of an injective sectorial operator A was first defined by Nollau in
[38]. Equivalent definitions have been given by Yoshikawa, [47] and Okazawa [39], and
further work has been done by Haase in [19], where in particular it was shown that
the logarithm of A can be described via functional calculus methods. Indeed, if f is

the function

f(z)=logz (2 €S,), (3.1)

then f is regularisable in the functional calculus for A [19, Section 3], thus we can
set logA = f(A). It follows from [22, Lemma 3.5.1] that this functional calculus
definition of the logarithm is equivalent to earlier ones.

Nollau’s Lemma [38, Satz 7] tells us that if |[Im A| > 7 then X € p(log A) and the

(A, log A) = o (A—logt)?+ 72 .

holds. Okazawa used (3.2) to prove that log A is a strong strip-type operator of height

7 [39, Lemma 5.1]. By considering the fractional powers of A, Haase showed that
the spectral height of log A is in fact equal to the spectral angle of A [19, Proposition
3.2].

In Section 3.2 we use (3.2) to show that, if A is an injective R-sectorial operator,

then log A is an R-strong strip-type operator of height 7, in the sense that the op-
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erators (| Im A| — 7)R(\, log A), for |Im \| > 7, form an R-bounded set (Proposition
3.2.1).

When A is an invertible sectorial operator, it follows from a Spectral Mapping
Theorem for logarithms [21, Theorem 7.3] that the spectrum of log A is contained
in some right half-strip. We adapt the proof of Nollau’s Lemma to obtain a formula
for the resolvent of log A outside this half-strip (Proposition 3.2.3). If in addition A
is R-sectorial, we can again show that the resolvents of A satisfy an R-boundedness
condition (Proposition 3.2.6).

Now let A and B be a pair of injective sectorial operators whose resolvents com-
mute. It has been shown that the sum A 4 B, with natural domain D(A) N D(B), is
closed if A and B have bounded imaginary powers and X is a UMD space [12, 43], if
A and B have a bounded joint H*-calculus [32], or if A has a bounded H*-calculus
and B is R-sectorial [30].

In this chapter we consider the sum log A 4 log B, again with its natural domain
D(log A)N D(log B). In Section 3.1 we show that this sum is always closable (Propo-
sition 3.1.2). Furthermore we show that it is possible to identify this closure in terms
of the logarithm of the product AB (or more generally AB), provided that AB (or
AB) is sectorial (Proposition 3.1.3).

In general the sum need not be closed. For example, let A be an unbounded
invertible sectorial operator, and set B = A~!. By [19, Lemma 3.1] log B = —log A
so that the sum log A +log B is the restriction of the zero operator to D(log A). As A
is unbounded, D(log A) is a proper subspace of X, hence log A + log B is not closed.
However, when A and B are invertible sectorial operators we can adapt some of the
results of [30] to find sufficient conditions which guarantee that log A +log B is a
closed operator, and is in fact equal to log(AB) whenever AB is sectorial (Theorem
3.3.6). These conditions correspond to those of the Kalton-Weis Theorem for sums of
sectorial operators [30, Theorem 6.3]. In Section 3.4 we present an alternative route

to Theorem 3.3.6, which involves a direct application of the Kalton-Weis Theorem.
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3.1 Closability of log A + log B

Let A and B be a pair of resolvent commuting sectorial operators on a Banach space
X. It is known that the product AB is closable, and that if A is invertible then AB is
even closed [43, Corollary 3]. There are several results which give sufficient conditions
for the product AB (or more generally its closure AB) to be sectorial. For example,
this is the case if both operators have bounded imaginary powers and X is a UMD
space [43], if the pair (A, B) has a bounded joint H*-calculus [32], or if one of the
operators has a bounded H*-calculus and the other is R-sectorial [26]. The operator

AB can be neatly described via the joint functional calculus for sectorial operators.

Lemma 3.1.1. Let A € Sect(w) and B € Sect(w’) be resolvent commuting. Choose
6 € (w,m) and 8" € (W', ) and define the function p by

p(w, z) = wz (w € Sy, z € Syr). (3.3)
Then p(A, B) = AB.
Proof. Define functions p; and ps by
pr(w,2) =w, po(w,z)==2 (w € Sy, z € Syr).

By Theorem 2.3.3(b), p1(A, B) = A and p2(A, B) = B. For n € N we define functions

e, and e, by

2

en(w, 2) = €, (w, z) = Op(w, 2) (w € Sy, z € Sy),

where ®,, is as in (2.6). The result now follows by applying Proposition 2.1.2 to
the functions p; and p,. Note that Proposition 2.3.4 ensures that the conditions of

Proposition 2.1.2 are satisfied. [

If A and B are also injective then we can use the properties of the joint functional

calculus to prove that the sum log A + log B is always closable.
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Proposition 3.1.2. Let A € Sect(w) and B € Sect(w') be resolvent commuting and

injective. Then log A + log B is closable.

Proof. Choose § € (w,n) and ¢’ € (', 7) and define functions f; and f, by
filw,z) =logw, fo(w,z) =logz (w € Sy, z € Sy).
Both f, and f; lie in B(Sy x Sg/) and by Lemma 2.3.2 we have
fi(A,B)=log A, fa(A, B) =log B.

If we now set g = f; + f, then it follows from Theorem 2.3.3(c) that g(A, B) is a
closed extension of log A + log B. O]

Let f be the logarithm function as in (3.1), and let p be as in (3.3). If the angles
0 € (w,m) and ¢ € (W', 7) can be chosen so that § + 6" < 7, then the composition

f o p is well-defined and equal to the function g given in the proof of Proposition
3.1.2. Hence

log A+log B C (fop)(A,B).
We would like to use Theorem 2.5.1 to identify the operator (f o p)(A, B). We know
from Lemma 3.1.1 that p(A, B) = AB, thus in order to apply Theorem 2.5.1 we

require AB to be sectorial. As mentioned at the beginning of this section, there are

several results giving sufficient conditions for this to be the case.

Proposition 3.1.3. Let A € Sect(w) and B € Sect(w') be resolvent commuting and

injective, and suppose that AB is sectorial. Then

log A +log B = log(AB).

Proof. Firstly suppose that w + w’ < m, and choose 6 € (w,7) and ¢ € (', 7) such
that 0 + @ < w. Let fi and fy be the functions defined in the proof of Proposition
3.1.2, so that fi(A,B) = log A and fs(A,B) = logB. For n € N we define the

functions e, and e, by
en(w, 2) = ey (w, 2) = O (w, 2) (w € Sy, z € Syr),
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where @, is as in (2.6). In light of Proposition 2.3.4, we may apply Proposition 2.1.2
to f; and f; to obtain

log A+10g B = (fi + /»)(4, B) = (f o p)(A, B),

where f and p are as above. Since AB is sectorial, it follows from Theorem 2.5.1 that
(f op)(A, B) = log(AB) as required.

More generally note that A2 € Sect(w/2) and B/? € Sect(w’/2) by [34, Theorem
5.4.1], and certainly (w + w')/2 < 7. It follows similarly that AB"? is sectorial,
and by Theorem 2.5.1 and Lemma 3.1.1 we have A8 = pY/?(A, B), where p is

as in (3.3). Clearly p(w, 2)*/? = p(w!/?, 2/?), thus by Remark 2.5.4 it follows that
AB"* = A12B1/2. Hence

——=1/2

log(AY/2) + log(B1/?) = log(A ),

and by [19, Lemma 3.1] this completes the proof. Il

We would like to know when log A+log B is closed, rather than just closable. If one
of the operators A or B is bounded and invertible then its logarithm is bounded, so
by Theorem 2.3.3(c), log A+log B actually coincides with the closed operator g(A, B)
in the proof of Proposition 3.1.2. Boundedness is a strong assumption however, and
it will be the objective of the rest of this chapter to find conditions which guarantee
closedness of log A + log B without insisting that one or both of the operators be
bounded.

3.2 Nollau’s Lemma and R-boundedness

For an injective sectorial operator A, Nollau’s Lemma gives us a representation of
R(),log A) whenever | Im A| > 7. It is this representation which enables us to estimate
the norm of the resolvent, and hence show that log A is a strong strip-type operator
39, Lemma 5.1]. If in addition A is R-sectorial, we can use the same resolvent

representation to prove the corresponding R-boundedness result.
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Proposition 3.2.1. If A is an injective R-sectorial operator then the set
{(|ImA| = m)R(A,log A) : |[Im \| > 7 }
is R-bounded.

Proof. By [38, Satz 7] and [31, Corollary 2.14] it is enough to show that there exists

a constant C > 0 such that

| omrrm s (A
o |A=logt)2+72 t — |ImA —7 " i

and this is precisely what is shown in the proof that log A is a strong strip-type
operator (see for example the proof of [22, Lemma 3.5.1]). n

Thus we can think of log A as an R-strong strip-type operator of height .
If A is invertible then it follows from [21, Theorem 7.3] that o(log A) is contained in
some right half-strip. In this case, we can adapt the proof of Nollau’s Lemma, to derive
a formula for the resolvent of log A outside this half-strip (Proposition 3.2.3). In his
original proof, Nollau approximated A with a sequence of bounded and invertible
operators (a sequence which has come to be known as the Nollau approximation, and
which we shall use later in Chapter 6). We use the same technique here, though when
A is invertible we can take a slightly different sequence.

The Yosida approximation of the sectorial operator A is the sequence (A, )nen

of operators defined by
A\ !

If A is invertible then each A,, is bounded and invertible, and the sequence (A, )nen is
a sectorial approximation to A (see [19, Definition 2.2]). In particular this means
that R(\, A,) — R(\, A) in operator norm whenever |arg A\| > weeet(A). When A is

invertible we in fact have convergence on a larger set.

39



Lemma 3.2.2. Let A € Sect(w,r) and let a € (0,7). There ezists N € N such that

{A€C: A <a} Cp(A,) whenever n > N. Furthermore, R(\, A,) — R(\, A) for
Al < a.

Proof. For n € N define

fa(2) :Z(1+%>_1 and  gn(2) :z(l—— E)—l.

n

Then f.(A) = A, and p(4,) = f.(p(A)) by the Spectral Mapping Theorem for
resolvents [22, Proposition A.3.1], noting that f,(A) = n(I — n(nl + A)~1). Let

K={X€C:|A\[<a} and K.={XeC:|M<a+e},

where € > 0 is small enough that K, C p(A). Since g,(z) — 2z as n — oo, uniformly

on compact subsets of C, there exists N € N such that g,(K) C K. whenever n > N.

Hence for n > N we see that

K = fu(gn(K)) C fu(Ke) C fulp(4)) = p(An).
The fact that R(\, A,) — R(), A) for A € K follows from [22, Proposition A.5.3]. O

Proposition 3.2.3. Suppose that A is an invertible sectorial operator, and let a > 0

be such that {\ € C:|A| <a} C p(A). Let o < loga and define
E,={2eC:|Im)>7n}u{AeC:Red<a}l.

Then E, C p(log A) and for A\ € E, we have

—(t+ A)™? ” 1 [™ ae**R(ae’, A)

— — ds.
— logt)? + 2 2 J_ . A—loga —is °

R(\1logA) = /oo o

Proof. The fact that E, C p(log A) follows from a Spectral Mapping Theorem for
logarithms [21, Theorem 7.3]. To prove the remaining assertion we shall adapt the
proof of Nollau’s Lemma given in [22, Lemma 3.5.1].

For 0 € (wsect(A), 7) the function
frzr (A=logz)™! (z € Spa)
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lies in H*(Sp,) whenever A € E,. In the case when A is bounded we can even find
b > 0 sufficiently large such that f lies in H*(Sy(a,b)), where Sp(a,b) = SyN{z €
C:a<|zl<b}. If T = 0Sp(a,b) then

f(A) ! /r)\;R(Z’A)dZ

T o — log 2

by the Riesz-Dunford functional calculus for bounded operators. Letting 6 — 7 and

b — oo but keeping a fixed we see that

£(A) = /Oo ()\—(t+A)‘1 " 1 [T ae**R(ae®, A) ds.

—logt)2+72 2r . A—loga—1is

and this is equal to R(A,log A) by Theorem 2.1.3(f).
If A is unbounded then let (A,)nen be its Yosida approximation. Lemma 3.2.2
implies that {A € C: |A| < a} C p(A,) for all n sufficiently large. For such n we

have

—(t+ A7t 1 [™ ae®R(ae®, A,)

f(A,) = R(A\log Ay) = /oo 0 ds

—logt)2+72 2rJ)_. A—loga—is

whenever A € E,. The fact that (A,)nen is a sectorial approximation to A, together
with Lemma 3.2.2 and the Dominated Convergence Theorem implies that f(A,) —
J(A) in L(X), where

o0 —(t A—l 1 ™ isR isA
e [C A L[ e,

—logt)? + w2 Cor . A—loga —is
Hence f(A) = J(A) by [22, Proposition 2.6.9] and f(A) = R(\,log A) by Theorem
2.1.3(f), completing the proof. ]

If A is invertible and R-sectorial, we can use the resolvent representation obtained
in Proposition 3.2.3 to show that the operators AR(\,log A), for A in some left half-
strip, form an R-bounded set. To simplify calculations we will initially assume that

the resolvent set of A contains the unit disc.
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Proposition 3.2.4. Let A be an invertible R-sectorial operator and suppose that

{AeC:|A <1} C p(A). Then for any a < 0 and 3 € (0,7) the set
{AR(M\logA) - XA € Lg, }
18 R-bounded.

Proof. Tt follows by [46, Proposition 2.6] that the set { R(e**, A) : s € [—m, )} is
R-bounded. Hence by Proposition 3.2.3 and [31, Corollary 2.14] it is enough to show
that

A
A — 18

ﬂSC’ and JA::/

ds < C,
t

.
S (A —logt)2 + 72

for some positive constant C' independent of A € Lg,. Firstly, for such A\ we have

Iy = |\ ds = | [smh—l (—S"Imﬂ
—r /(s —ImA\)2 + (Re \)? | Re )|

o + 3
< 2|\l sinh~ ! [ Z .
< 2[Alsin <|R€>\l>

—T

—T

It is enough to show that there exists k < « such that this quantity is uniformly
bounded for A € Lg,. Indeed, choose k such that |A\| < 2|Re)| for A € Lg,, and

such that sinh™' z < z whenever z > —«. Then, if A € Lg,

T+ 03
| Re A\|

) < 4]Re)\|i7TRLef| = 4 (7 + B).

Jy < 2|A] sinh™* (

To show boundedness of I, we begin by supposing that A < « is real, and we show

that the integrals

Ry= [ ! at
A '_/1 (A—=logt)?2+ (72— (2)| t
and
e A dt
- & R
S /1 ‘ (A—logt)2+ (w2 —-(2)] t A
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are uniformly bounded in . Indeed, we have
>0 1 1 [ s— A -
R - —_ —_— -1 —_—
' /0 Gt oyl < WQ—ﬁQH

= —— |- —tan " | ———
w2 — 32 _2 w2 — (32

<

since tan~! (— A ) > 0 for A < . Similarly,

72— 32

i

g A 7rt_1 A
S~y - [ R Wy

= ——)l—— tan_l —_7T2———/B_2
2 — (32 A

< 1

since tan" 'z < z for z > 0.
More generally, if A € Lg, then it follows by the above arguments that the

integrals Rpex, Srex are uniformly bounded by max(1, Z(x? — 3%)~1/2). Now, since

(A=9)2+72" = [(ReA—s)?+7° — (ImA)?]" +4(Im \)2(Re A — 5)?
> [(ReX—s)?+n2— 7",
we see that
2 2
oo oo d
Iiz I)‘Iz / L ) = ’)"2 (/ 28 2 2)
o |(A—s)?+n? o (ReA—s)?+(n?—3?)
< SIQQeA +ﬁ2R12{e)\7
completing the proof. O

Remark 3.2.5. The same method of proof can be used to show that the set

{R(\1ogA): A€ Ly}
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1 also R-bounded, whenever a < 0 and 8 € (0,7). For this it is enough to show
that |X\| 711, |A\|~1J, < C for some constant C independent of \ € Lgo. Indeed, since
|Re | > a and £ Im A < § we have

_ . _ —Im)\ T . _ 7'('_*_/8
A~LJ, = |ginh~! (2224 < 9sinh~! ,
AT [ (vReAv )]— ol

Also, since [(A —logt)® + %] > |(Re A — logt)? + (72 — 3?)|, it follows that |\| 711, <

RRe)\-
We can now remove the assumption that the unit disc is contained in p(A).

Proposition 3.2.6. Let A be an invertible R-sectorial operator, and let a > 0 be such

that {A € C:|A| <a} C p(A). Then for any a <0 and 3 € (0,7) the set
{)\R()\, 10g A) A E L,B,a+loga}

18 R-bounded.

1 we see that pA satisfies the hypotheses of Proposition 3.2.4,

Proof. Choosing u = a~
hence the set { vR(v,log(nA)) : v € Lg, } is R-bounded. In light of the previous
remark the set { R(v,log(uA)) : v € Lg,} is also R-bounded. Since log(pd) =

log 11 + log A [38, Satz 5] we have
(v —log ) R(v — log p1,log A) = vR(v,log(pA)) — log pR(v, log(nA)).

By standard properties of R-boundedness (see [31, Fact 2.8] for example) this means
that { (v —logu)R(v — logu,log A) : v € Lg, } is R-bounded, i.e., { A\R(),log A) :
A€ Lga_togy } is R-bounded, as claimed. O

3.3 Closedness of log A +log B

In this section we return to the question of when log A + log B is closed, rather than
just closable. We shall assume that both A and B are invertible, in which case it fol-

lows from Proposition 3.2.3 and Remark 3.2.5 that log A and log B are half-strip-type
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operators. We begin by proving a criterion for the sum of two resolvent commuting
halt-strip-type operators to be closed (Proposition 3.3.1). We then prove some techni-
cal results concerning the functional calculus of invertible sectorial operators, adapted
from [30, Section 4]. Using the composition rules of Section 2.5, we obtain a result
on logarithms (Theorem 3.3.5). Finally we use the results of the previous section
to obtain sufficient conditions for log A + log B to be closed (Theorem 3.3.6). These
conditions are of Kalton-Weis type and, with some restriction on the angles involved,

ensure that AB is sectorial, so that in fact we have log A + log B = log(AB).

Proposition 3.3.1. Let A € Strip(w, p) and B € Strip(w', p') be resolvent commut-
ing, where p+p > 0. Let 0 > w, 0 > ', n<pandn < p such thatn+n > 0.
Then the function F' defined by

Flw,z) =w(w+2)"" (w € Ry, 2 € Ry )
lies in H*°(Rg,, X Ry ). Furthermore, if F(A, B) is bounded then A+ B is closed.

Proof. For all (w,z) € Ry, X Ry, we have Re(w+2) > n+ 7' > 0, thus F is a

well-defined holomorphic function. Furthermore, for such w and z we have

(Rew)? + (Imw)?
|w + 22
(Rew)? + 62
(Rew + Re 2)?
(Rew)? N 6
Rew+7)%  (n+n)*

|F(w, 2)|*

and this quantity is uniformly bounded in w and z. Define a function G by
G(w,z) =w+z (’LU € Rg’n, Z e Rg/,n/).

If £ € D(A)N D(B) then x € D(G(A, B)) and Az 4+ Bx = G(A, B)z. If F(A,B) is

bounded then we have

|Azl| = |(FG)(A, B)al| = [F(A, B)G(A, B)z|| < Cl|G(4, B)a| = C|| Az + Be|
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for some constant C. A standard sequence argument (see [31, Theorem 12.13]) shows

that A + B is closed. O

Suppose that A belongs to the class Sect(w, ) for some w € [0,7) and r > 0. We
adapt some of the results of [30, Section 4] concerning the operator-valued functional
calculus of A. We begin by proving a representation for those operators F'(A) which

are defined by the primary functional calculus.

Proposition 3.3.2. Let A € Sect(w,r) and let F € H(Spp; La(X)) for some
0 € (w,m) and b € (0,7). Then for any o € (w,0), s € (0,1), v € (b,r) andz € X

we have
Faye = —— [ rot) + Mo@e g L [0 et-9 puetypt (1 Ay dt
2711 J4 - N t 27 J_, s ’
where

M (t) = e¥1=97 3 " P(2fute*)hEo (27 11 A)
k=0

and h?(\) = \s(e?? — X)L

Proof. By simply changing the contour of integration in the proof of [30, Proposition
4.2] we obtain

FAw = —— [ AFOARQ A)zdr (2 € X).
27 J3ss,,

Since 95, can be parametrised as 055, = { t|eten o |t > v iU {vet |t <o},
we see that

e—i(l——s)o 00 _ ) dt
— - —10 — t_ A _
F(A)x — / F(te™ )57 (7 Az
i(1—s)o

dt

/ P(te)hg (17 Az

€
+

271
+ 1 et =) P (ve)ht (v A)z di
2 J_,
1 /[ dt
= 5= | (Ma(t) + M_(t)z—
i J;
+ 2i e =) P (ve Al (v A)z dt,
L —
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as required. O

We can now prove a sufficient condition for the operator F(A) to be bounded

when F' is a bounded holomorphic function.

Theorem 3.3.3. Let A € Sect(w,r) and suppose that A admits a bounded H>(Sy)-
calculus for some 0 € (w,m). Let F € H™®(S,4; La(X)) for some p € (0,7) and
b€ (0,7), and suppose that the set { F(\): A € S, } is U-bounded. Then F(A) is a

bounded operator.

Proof. Let F, = ¢,F, where ¢, is as in (2.3). Then each F, is contained in
H(Spp; La(X)) and F,(A) — F(A) strongly as n — oo. As in the proof of [30,
Theorem 4.4], it suffices to show that sup,, || F,,(A4)| < oo.
We can apply Proposition 3.3.2 to each F,,, for fixed s € (0,1), v € (b,7) and
o€ (0,p). Forz € X, z* € X* with ||z||, ||]z*|| < 1 and t € (1,2) we have
| (M. i W (25 uter ) g(27 v A)x, g(27F T A) ),
k=0

where g = (hf°)/2. Then
2

[(My(t)z,xz*)| < C sup sup
Er= =+1 N

Z erg(27 %1t A)

k=0

)

where C is the U-boundedness constant of the set { F(A\) : A € S, }. Applying [30,

Lemma 4.1] to the function g we see that

Fy(A) — — / =) 1 (et Bt (v A) dt

sup o

n

It therefore remains to show that

sup
n

‘/ et F (ve At (vt A) dt

and for this it is sufficient to check that sup, | F,(rve®)|| < oo for each t € [—a, 0].

Now,

sup || (vet)|| < (sup vcpn(ue“)!) IFlls,

n
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Clearly ¢,(ve™) — 1 as n — oo for each ¢t € [~0,0], thus sup, |¢,(ve'')| < oc for

each ¢, completing the proof. [

We can prove a similar result for operators defined in the joint functional calculus

of a pair of invertible sectorial operators.

Theorem 3.3.4. Suppose that A € Sect(w,r) and B € Sect(w',r') are resolvent
commuting, and that A admits a bounded H*(Sy)-calculus for some 0 € (w, ). Let
be (0,r), p€ (0,m), ' € (0,7) and ¢' € (W', 7). Suppose that f € H™(S,p X Sy ')
is such that f(w,B) is a bounded operator for every w € S,p, and that the set
{fw,B) :w € Syp } is U-bounded. Then f(A,B) is a bounded operator.

Proof. We define F(w) = f(w, B) and note that F € H™®(S,4; La(X)). Our condi-
tions and Theorem 3.3.3 imply that F(A) is a bounded operator. Since f(A, B) =
F(A) this proves the theorem. O

Theorem 3.3.5. Suppose that A € Sect(w,r) and B € Sect(w',1') are resolvent
commuting, and that A has a bounded H*(Sy)-calculus for some 0 € (w, 7). Let
a<logr, p€(0,7), B <logr and ¢ € (W', 7). Suppose that f € H®(Ry, o X Ry g)
is such that f(w,log B) is a bounded operator for every w € R,,, and that the set
{ f(w,logB) : w € R, } is U-bounded. Then f(log A,log B) is a bounded operator.

Proof. Let g(A\) = log X for all A € S;. Then g maps Sy, into Ry e, for every
Y € [0,7) and p > 0. Therefore, the function h defined by

h(w,z) = f(g(w),9(2)) (W€ Spea, 2 € Spr en)

is well-defined and lies in H™®(Sy e X Sy e0). Moreover, for each w € Sy o, the
operator h(w, B) is equal to hy(B), where hy(z) = h(w,z2) for z € Sy 5. Also,
hy, = F, o g, where F,(2) = f(g(w), z), hence it follows from Theorem 2.5.2 that

h(va) = hw(B) = (fw Og)(B) = fw(g(B)) = fw(logB)'
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Hence {h(w,B) : w € S, } C {f(w,logB) : w € R,,}. By the assumptions of
the theorem this means that h(w, B) is bounded for each w € S, ., and that the
set { h(w,B) : w € Syea } is U-bounded. Theorems 3.3.4 and 2.5.3 now imply that
f(log A, log B) is bounded, as claimed. O

Theorem 3.3.6. Let A € Sect(w,r) and B € Sect(w',r') be resolvent commuting.
Suppose that A has a bounded H>(Sp)-calculus for some § € (w, ), and that B is
R-sectorial. Suppose also that AB is sectorial. Then log A 4 log B is closed and

log A +log B = log(AB).

Proof. By considering the operator aA for suitable a > 0, we may assume that
logr+logr’ > 0. Once we prove closedness of log A+log B, the identity log A+log B =
log(AB) will follow from Proposition 3.1.3. Note that by Proposition 3.2.3, log A €
Strip(w, logr) and log B € Strip(w’,logr’). Thus we will aim to apply Proposition
3.3.1 in order to prove closedness of log A + log B.

By Proposition 3.2.6, the set { AR(A,logB) : A € Ly at10gr } is R-bounded for
every ¢ € (0,7) and a < 0. In particular if ¢ € (0,7) and p < logr is such that
p+logr’ > 0 then the set {w(w +1log B)™': w € R, , } is R-bounded. The function

fiRypx Ry — C, flw,2) =w(w+2)""

lies in H*(R,, X Ry ) for each ¢’ € («',7) and p' < logr’. By assumption,
f(w,log B) is a bounded operator for every w € R, , and the set { f(w,log B) : w €
R, ,} is R-bounded. Since R-boundedness implies U-boundedness, Theorem 3.3.5
tells us that f(log A,log B) is bounded, and it then follows from Proposition 3.3.1

that log A + log B is closed. O

If we make a few assumptions on the various angles involved then our conditions

automatically imply that AB is sectorial.
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Corollary 3.3.7. Let A € Sect(w,r) and B € Sect(w',7') be resolvent commuting,
where w+w' < . Suppose that A has a bounded H>®(Sp)-calculus for some 6 € (w, ),

and that B is R-sectorial of angle ¢ ¢ (W', ), where 8+ 8 < 7. Then
log A +log B = log(AB).

Proof. It follows from (26, Corollary 2.2] that AB is sectorial, thus Theorem 3.3.6
gives the result. O

3.4 An Alternative Proof of Theorem 3.3.6

There is an alternative route to Theorem 3.3.6, which involves a direct application of
the Kalton-Weis Theorem (30, Theorem 6.3] and avoids much of the technical detail
used above. If A is an invertible sectorial operator whose spectrum contains the unit
disc, it can be shown that log A is also an invertible sectorial operator, of angle strictly
less than 7/2 (Lemma 3.4.1). It can also be shown that if A is R-sectorial or has a

bounded H*-calculus, then these properties transfer to the logarithm (Lemmas 3.4.2

and 3.4.3).

Lemma 3.4.1. If A € Sect(w,r) for some r > 1 then log A is sectorial of angle less
than m/2.

Proof. We have log A € Strip(w, logr), and since log r > 0 it is clear that there exists
6 < m/2 such that o(log A) C Sg. We prove first that the required resolvent estimate
holds on the negative real axis, using the representation given in Proposition 3.2.3.
Ifa e (1,r) and A < 0 then

1 @+C|a| i ds
—logt)? + 72| ¢ 27 J_. |A —loga —is|’

(3.4)

IR <0 [ o

since A is sectorial, and since the resolvent is bounded on compact sets. Setting

logt = |A|s in the first integral in (3.4) we obtain

/°° 1 dt< 1 /OO ds < 1 /oo ds
e |A=logt)2+72 ¢t = |\ loge (s+1)2 7 A\ Jo (s+1)2

o0




as loga > 0. The second integral in (3.4) satisfies

/” ds " ds < 27
—r |[A—loga —is| —x /(A—loga)2+s2 = |A—logal

Since A < 0 and loga > 0 we see that |A —loga| > |A|. Hence there exists a constant
C > 0 such that

C
IR(A, log A)|| < o (A < 0).

By [22, Proposition 2.1.1(a)] this means that there exists ¢ > 0 such that
C
|R(A,log A)|| < o (1 — ¢ < Jarg Al <m).
For |arg A| € [6, m — o] there exists C such that |A\| < C|Im )\|. Hence, since log A is
a strong strip-type operator of height w,

C C

MlogA)|| < <

for |\| large and | arg A| € [0, m — ¢]. Finally, there exists € > 0 such that A € p(log A)

whenever |A| < e. As the resolvent is bounded on compact sets, there exists C' such

that ||[AR()\,log A)|| < C for all such . O

Lemma 3.4.2. Letr > 1. If A € Sect(w,r) is R-sectorial then log A is R-sectorial

of angle less than /2.

Proof. As above, there exists § < 7/2 such that o(log A) C Sg. For R-sectoriality,
we first show that the set { A\R(\,log A) : A < 0} is R-bounded. By [46, Proposition
2.6] the set { R(e**, A) : s € [—m,m) } is R-bounded. Hence by Proposition 3.2.3 and
[31, Corollary 2.14] it is enough to show that there exists a constant ' > 0 such that

/oo 1 ﬁ<£ /7T ds < C
. |(A=logt)2+m2 t ~— A . |AN=Tloga—is| |}

for all A < 0, where a € (1,7). But this is exactly what was shown in the proof of

Lemma 3.4.1. Thus by [31, Lemma 2.21(a)], there exists ¢ > 0 such that
{AR(\,log A) : |arg A| € [ — ¢, 7] }
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is R-bounded. By Proposition 3.2.1, there exists x > 0 such that
{AR(M\1og A) : |arg | € [0, 7 — ¢], |\ > &}
is R-bounded. In light of [46, Proposition 2.6] it follows that the set
{ AR\ logA) : |arg A| € [0, 7] }
is R-bounded, completing the proof. O

Lemma 3.4.3. Letr > 1. If A € Sect(w,r) has a bounded H*(Sg)-calculus for some
0 € (w, ) then log A has a bounded H*(S,)-calculus for some ¢ < /2.

Proof. By [21, Proposition 8.3(b)] it follows that A has a bounded H>(Sy(a))-calculus
for some a € (1,7). Hence by Theorem 2.5.1 it follows that log A has a bounded
H>(Rg10gq)-calculus. Since loga > 0 there exists ¢ < 7/2 such that Rgiega C S,

thus by identifying a function in H*(S,) with its restriction to Rglogqa We see that

H>®(S,) C H*®(Rg0gq), Proving the result. O

Now let A € Sect(w,r) and B € Sect(w',r’) be resolvent commuting. It is clear
that log A and log B are resolvent commuting. The results of this section enable us
to apply [30, Theorem 6.3] directly to the operators log A and log B, thus obtaining

an alternative proof of Theorem 3.3.6.

Proof. (Alternative Proof of Theorem 3.3.6) By considering the operators oA
and (B, for appropriate scalars a, § > 0, we may suppose that 7,7’ > 1. In this case
Lemma 3.4.1 tells us that both log A and log B are invertible sectorial operators of
angle less than /2. Moreover, it follows from Lemma 3.4.3 that log A has a bounded
H>(S,,)-calculus for some ¢ < 7/2, and from Lemma 3.4.2 that log B is R-sectorial
of angle less than 7/2. Hence [30, Theorem 6.3] implies that log A + log B is closed.
If AB is sectorial then Proposition 3.1.3 tells us that log A +log B = log(AB). O
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Chapter 4

Sums of Logarithms in

Interpolation Spaces

Let A be a sectorial operator on a Banach space X. It is possible to construct a
scale of Banach spaces, known as real interpolation spaces, which lie between X and
D(A). There are several results which show that the functional calculus properties
of A improve if one considers the part of A in a real interpolation space between X
and D(A). For example, Dore [10] has shown that every invertible sectorial operator
A has a bounded H*-calculus in such an interpolation space. Haase [23] has even
shown that A has an R-bounded H*-calculus; in particular this means that the part
of A in the interpolation space is R-sectorial.

Recall that the conditions of Corollary 3.3.7 required A to have a bounded H°-
calculus and B to be R-sectorial, where B is a second invertible sectorial operator
whose resolvents commute with those of A. In light of the results cited above, we
might hope that some interpolation space can be constructed on which the conditions
of Corollary 3.3.7 are satisfied. The presence of two operators does complicate the
matter somewhat. Obviously, forming a real interpolation space for either A or B
will give a space on which one of these two conditions holds, but we would like to

know whether it is possible to construct a double interpolation space on which both
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conditions are satisfied simultaneously.

In Section 4.1 we give some background to interpolation theory. We show how to
construct the real interpolation spaces for a suitable pair of Banach spaces X and Y.
and give a description of these spaces when Y is the domain of some sectorial operator
Aon X. In Section 4.2 we construct the so-called double interpolation space on which
the conditions of Corollary 3.3.7 are automatically satisfied. Finally, in Section 4.3,

we use the well-known Reiteration Theorem to identify this space in the special case

when A = B.

4.1 Real Interpolation

Suppose that the Banach spaces X and Y are linearly and continuously embedded
in some Hausdorff topological vector space Z. Then the pair (X,Y) is said to be
an interpolation couple. Although in our applications we will take Y to be the
domain of some linear operator on X, in general there is no need to assume that Y
is contained in X, or vice versa. To any interpolation couple (X, Y) we can associate

two further Banach spaces: the sum X + Y, with norm
lallxsy == nf{ z]lx +lylly ra=z+y, zeX,yeY} (acX+Y),
and the intersection X NY, with norm
lallxry := max{ [lallx, lally } (e € X NY).

An intermediate space with respect to the interpolation couple (X,Y’) is a Banach
space F such that the continuous embeddings X NY C £ C X +Y hold. An
intermediate space E is said to be an interpolation space if it satisfies the following

further property:

e If T € L(X +7Y) is such that its restriction to X (respectively Y') is a bounded
linear operator on X (respectively Y), then T restricts to a bounded linear

operator on E.
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The two best known examples of such spaces are the so-called real interpolation
spaces, and the complez interpolation spaces. We shall not be concerned with the
latter spaces here. There are several equivalent methods for constructing the scale of
real interpolation spaces (see [44, Sections 1.3-1.8] for details). Here we outline the
so-called K-method developed by Peetre, following the presentation of [44, Section
1.3] and [22, Appendix B].

If £ > 0 then we define

K(t,a;X,Y) =inf{||z]lx +tllylly ;a=z+y,z€ X, y€Y}

for a € X +Y. For each t > 0, the map a — K(t,a;X,Y) is a norm on X +Y,
and is equivalent to the norm || - || x,+y defined above [22, Lemma B.2.1(a)]. We shall
sometimes write K (t,a) instead of K(t,a; X,Y) when it is clear what the spaces X

and Y are. For 0 < @ < 1 and 1 < p < oo we define the real interpolation space
(X,Y)o,p by

o0 dt 1/p
(X, Y)&p = {(], eX+Y: ”CL”(X’y)e’p = (/ (t—eK(t, a))p_z_) < OO}
0

and if p = oo we set

(X,Y)p00 = {a e X +Y :|all(xy)pe ;= Sup tK(t,a) < oo } :

O<t<oo

Remark 4.1.1. Ifp < oo and either § <0 or 0 > 1 then the definition of (X,Y)op
would not be meaningful, as in both cases we would have (X,Y )op = {0}. Similarly,
the definition of (X,Y)s, when p = oo and either 6 < 0 or 6 > 1 would also be
meaningless. However, if p = oo and either 6 =0 or 0 = 1 then it is possible to give

meaning to the space (X,Y )op, but we do not consider such cases here.
The following summarises some properties of the real interpolation spaces.

Proposition 4.1.2. [44, Section 1.5/ Let (X, Y) be an interpolation couple, let 0 <
0 <1 and1<p<oc. Then the following hold:
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((1,) (Xv Y)9,p = (Y’X)1—9,p‘

(b) There exists ¢ = c(6,p) such that K(t,a) < ct’llal|(x.yy,, for allt > 0 and
a € (X, Y)g)p.

(c) XNY C(X,Y)opCX+Y.
(d) f0<f<1andl<p<yp < oo then

(X,Y)g,l C (X,Y)g’p C (X, Y)g,p/ C (X,Y)g,oo.

(e) If in additionY C X and 0 < 0 < §' < 1 then

Y C(X,Y)o oo C(X,Y)p1 CX.

(f) If X =Y then (X,Y)p,=X =Y.

(g9) There exists a constant ¢ = c(,p) such that, for alla € X NY,
lallxyye, < c(@,p)llallx’ llally-

Being examples of abstract interpolation spaces, there is a natural relationship
between the real interpolation spaces and those bounded linear operators on X +Y
which restrict to bounded operators on both X and Y. Furthermore, it is possible to

estimate the norm of the resulting linear operator on these interpolation spaces.

Proposition 4.1.3. [33, Theorem 1.1.6] Let (X,Y) be an interpolation couple and
suppose that) < 0 <1 and1 <p<oo. IfT € L(X +Y) is such that its restriction
to X (respectively Y) is a bounded linear operator on X (respectively Y ), then T

restricts to a bounded linear operator on (X,Y )g, such that

1T\l x, v, < 1T TS
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In what follows we will mainly be concerned with cases where Y is the domain
D(A) of some sectorial operator A, endowed with the graph norm. In this case the
real interpolation spaces can be characterised as follows (see [10], [44, Section 1.14]).

If 1 <p < oo then

o dt
(X,D(A))g,p = {x € X: / 1t A(t + A)“la;||§<—t— < 00 } (4.1)
0
and the interpolation norm || - ”(X,D(A))M 1s equivalent to the norm given by
lo’e] : ) dt 1/p
o ([Tieacs e E) T went,).  42)

In the case p = 0o we have

(X,D(A))p 00 = {a: € X :sup |[t°A(t + A) 2| x < oo} (4.3)
t>0
and the norm || - ||(x,p(4)),.. is equivalent to that given by
T = sup It°A(t + A) x| x (z € (X,D(A))o,00 ) (4.4)
t>

4.2 Double Interpolation

Let A and B be resolvent commuting invertible sectorial operators. For 8 € (0, 1)

and p € [1, oo] we form the real interpolation spaces
Xo = (X,D(A))sy and X) = (X,D(B))gp

as in the previous section. Let By denote the part of B in Xy, and let A; denote the

part of A in Xj.

Lemma 4.2.1. If X € p(B) then X € p(Bo) and ||R(X, Bo)||cixo) < [|R(A, B)|£(x)-
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Proof. Firstly we check that D(A) is invariant under R(\, B). If z € D(A) then we
write T = R(u, A)y for some p € p(A) and y € X. Then

R(\, B)z = R(\, B)R(u, A)y = R(u, A)R(\, B)y,
and this clearly lies in D(A). Now, if z € D(A) then
IR(X, B)zllpy = [IR(A, B)z|lx +[|AR(N, B)z||x

= [[R(\ B)zllx + 1l = R(A, B)(p — A)z + pR(X, B)zl|x
< [[RO\ B)zlleox) (llllx + [[Azlix),

hence the norm of R(\, B) in £L(D(A)) is less than or equal to its norm in £(X).
Proposition 4.1.3 now tells us that the restriction of R(A, B) to (X, D(A))e, is a
bounded operator on (X, D(A))gp, with norm less than or equal to ||[R(A, B)||zx)-
Combining this with [22, Proposition A.2.8(d)] completes the proof. O

In particular this means that By is an invertible sectorial operator in X, and that

A, is invertible and sectorial in X,;. Now we can form the interpolation spaces
(X07 D(BO))e,p and (X17 D(Al))O,p

in exactly the same way. We now show that these spaces are in fact the same,

beginning with the case when p < oo.

Theorem 4.2.2. Let § € (0,1) and p € [1,00). With notation as above, we have
(Xo. D(Bo))op = (X1, D(A1))ep

with equivalent norms.

Proof. Since A and B are sectorial, the spaces Xo and X; can be described as in

(4.1). Similarly, as By and A; are sectorial in Xo and X; respectively, we have

*° dt
(Xo, D(BO))Q,p = { T e X() . / ”teBo(t + BO)_1$||§(O _t_ < X0 } , (45)
0
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(X1, D(A4)))g, = {CE € X1 /000 17 A1 (t + Az, % < 00 } : (4.6)

If x € (X, D(Byg))e, then it follows from (4.5) that z € X, and

e dt
A HteBo(t + Bo)_lilﬁ”gfo ? < Q.

Using the equivalent norm on X given by (4.2) this means that
| a6+ amem By el B2 <o

Since By is just the part of B in Xy, it follows from Fubini’s Theorem that
/,u/ [€B(t+ B) s As + A) e T8 < oo (4.7)

We want to show that z € (X1, D(A;))g,. Firstly we show that z € Xi, and for this

it 1s enough to show that

& dt
A;Wmﬂﬂrw&7<m.

We know that B(t+ B) 'z € X, for each ¢ > 0 and, by part (c) of Proposition 4.1.2,
that X is continuously embedded in X. Hence there exists C' > 0 such that

[t"B(t + B) 'z|lx < C|t’B(t + B)"'z|/x,

for all ¢ > 0. Since z € (X, D(Bo))s,, we have

| IeBes Byt F o [ 1B B, G < oo
0 0

so that x € X, as required. Hence we can rewrite (4.7) as

dt d
/ / [#°B(t + B)™'s"Ai(s + A1) 'zl *—E<OO

which in light of the equivalent norm on X (see (4.2)) is the same as saying

ds

o0
| s s )l S < oo
0

This tells us that z € (X1, D(A;))s, and hence (Xo, D(By))sp C (X1, D(A1))sp. The

proof also shows that the embedding is continuous. The reverse inclusion follows by

symmetry. [
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The case when p = 0o can be proved almost identically.

Theorem 4.2.3. Let 6 € (0,1). With notation as above, we have
(X()) D(BO))G,OO - (Xla D(Al))e,oo
with equivalent norms.

Proof. This time the spaces X, and X; can be described as in (4.3). Similarly

(Xg, D(Bo))g’oo = {$ & XO . sup Htho(t + B())_lCUHXO < 0 } , (48)
t>0

(X1, D(A1))g0 = { € Xy :sup | As (£ + Ar)ax, < oo} )
>0

If z € (Xo, D(Bo))s,0 then it follows from (4.8) that = € X, and
sup ||t° By (t + Bo) x| x, < oo.
>0

Using the equivalent norm on Xy given by (4.4) this means that

sup sup ||s’A(s + A) 7 By(t + By) 'z x < oo.

t>0 s>0

Since By is just the part of B in X, it follows that

sup sup ||t?B(t + B) s’ A(s + A)lz||x < oo. (4.10)

s>0 t>0
We want to show that = € (X1, D(A1))g.c0- Firstly we show that z € X3, and for this
it is enough to show that
sup [[t° B(t + B) 'z||x < oo.
£>0

We know that B(t+ B)~'z € X for each t > 0 and, by part (c¢) of Proposition 4.1.2,
that X is continuously embedded in X. Hence there exists C' > 0 such that

1t B(t + B)"'z]|x < C[t"B(t + B)'z|lx,
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for all ¢ > 0. Since x € (Xo, D(Bo))s,c We have

sup | B(t + B)al|x < C sup ||t B(t + B)zl|x, < oo
t>0

t>0

so that z € X as required. Hence we can rewrite (4.10) as

sup sup |[t°B(t 4+ B) 's?A (s + A;) 7 rz||x < oo,
s>0 t>0

which in light of the equivalent norm on X; (see (4.4)) this is the same as saying

Squ) ||39A1(8+A1)—1:1:HX1 < 00.
$>

This tells us that z € (X1, D(41))s.0 and hence (Xo, D(Bo))sco C (X1, D(A1))8,00-
Again the proof also shows that the embedding is continuous, and the reverse inclusion

follows by symmetry. n

We can now show that, on the space we have just constructed, the assumptions

of Corollary 3.3.7 are satisfied.

Corollary 4.2.4. Suppose that A € Sect(w,r) and B € Sect(w',r’) are resolvent
commuting, where w +w' < w. Let € (0,1) and p € [1,00]. IfY denotes the

interpolation space constructed above, t.e.,
Y = (Xo, D(Bo))ep = (X1, D(A1))sp-

then
log Ay + log By = log(AyBy).

Proof. Tt follows from Lemma 4.2.1 that A4; is an invertible sectorial operator of angle
w in X;. Hence [23, Corollary 6.6] implies that the part of A; in Y is R-sectorial of
angle ¢, for each ¢ € (w,7). It is easy to check that the part of A; in Y is just the
part of Ain Y.

Similarly, [10, Theorem 3.2] implies that the part of By in ¥’ has a bounded
H>® (S, )-calculus whenever ¢’ € (', 7). Again, the part of By in Y is just the part
of B in Y. We can choose ¢ and ¢’ so that ¢ + ¢’ <, hence Corollary 3.3.7 gives

the result. u
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4.3 The Reiteration Theorem

Now that we have constructed an interpolation space on which the conditions of
Corollary 3.3.7 are automatically satisfied, we would like to be able to identify it in
terms of more familiar spaces. To do this we shall use the Reiteration Theorem
(Theorem 4.3.1), a powerful tool in interpolation theory. We shall only consider the
special case when A = B, even though in this case the conclusions of Corollary 3.3.7
are trivial.

Let (X,Y) be an interpolation couple and suppose that E is an intermediate space
with respect to (X,Y). We say that E is of class J(8) in (X,Y’), where 6 € (0,1), if

there exists a constant C' > 0 such that
lzlle < Cllzllx Mz} (e XNY).

We write E € Jy(X,Y) if this holds. By [33, Proposition 1.3.2] this is equivalent
to the embedding (X,Y)s1 C E. We say that E is of class K() in (X,Y), where
6 € (0,1), if there exists a constant C > 0 such that

K(t,z;X,Y) < Ct?||z||g (x € E, t>0).

We write E € Ky(X,Y) if this holds. By Proposition 4.1.2(b) and the definition of
(X,Y )g.00, this is equivalent to the embedding £ C (X,Y ) co-

There are some familiar examples of these spaces. If A is a sectorial operator on X
then D(A) € Ji2(X, D(A))NK12(X, D(A)) by (33, Proposition 3.1.4]. Furthermore,
it follows immediately from Proposition 4.1.2(d) that (X, D(A))sp € Jo(X, D(A4)) N
Kg(X, D(A)) for each 6 € (0,1) and p € [1, 00].

If (X,Y) is an interpolation couple and E:, Es are intermediate spaces, then

(E1, E,) is also an interpolation couple. The Reiteration Theorem allows us to identify

the interpolation spaces of (Ej, E») in terms of those of (X,Y).

Theorem 4.3.1. [44, Section 1.10.2] Let (X,Y) be an interpolation couple. Suppose
that 0 < 0, < 03 <1 and that 0 < 0 < 1. Let 0 = (1 —0)61 + 06, € (0,1).
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(a) If E; € Ky (X,Y) fori=1,2 then

(El) E2)0,p C (X’Y)O',p (1 S p S OO)

(b) If E; € Jp(X,Y) fori=1,2 then

(X>Y)a,p C (Ela E2)9,p (1 <p< OO)

We now introduce some notation used by Lunardi in [33]. For 0 < § < 1 and

1 <p<oolet Dy(0,p) = (X, D(A))pp. Furthermore, for k € N define
Ds(0+k,p) ={z € D(A*): A*z € D4(8,p)}

with norm

Izl pa@+kp) = Izllx + A2/ Da0p)  (z € Da(8 + k,p)).

In other words, D4(f + k,p) is just the domain of the part of A* in (X, D(A))g,.
Using this notation, there is a useful characterisation of the real interpolation spaces

between X and D(A?).

Proposition 4.3.2. [33, Proposition 3.1.5] Let A be a sectorial operator on the Ba-
nach space X. Then for 6 € (0,1), 0 #1/2 and 1 < p < o0,

(X7 D(A2))9,p = DA(29’p)'

Corollary 4.3.3. Let A be a sectorial operator on the Banach space X. Let 6 € (0,1)
and 1 < p < co. If Ay, denotes the part of A in (X, D(A))sp then

(a) (X,D(A))ep = (X, D(A%)

D

P’

(b) D(Asp) = (X, D<A2))%(1+9),p'
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Proof. With = /2, it follows from Proposition 4.3.2 that
(X, D(A))op = Da(2p,p) = (X, D(A?))p = (X, D(A%))o/2,
which proves (a). Similarly, if we set u = (1 + 60)/2 we have

D(Ae’p) = DA(Q + 1ap) = DA(Q,LL,p) = (X’ D(Az))u,p = (X? D(AQ))%(H-@)»ZD’

proving (b). 0

We can now apply the Reiteration Theorem to identify the interpolation space

constructed in Section 4.2.

Proposition 4.3.4. Let A be a sectorial operator on the Banach space X. Let 0 <
a,0<1land 1l <p,q<oo. Then

(X, D(A))G,pv D(A9,p))a,q = (X, D(AQ))%(Ha),q'
Proof. From Corollary 4.3.3 we see that
(X, D(A))op € Joja(X, D(A?)) N Kgy2(X, D(A%))

and that
D(Agp) € Jute)2(X, D(A%) N K(149)2(X, D(A?)).

The result now follows from Theorem 4.3.1 O
In particular, by taking p = g and o = 6 we obtain

Corollary 4.3.5. Let A be a sectorial operator on the Banach space X. Let § € (0,1)
and p € [1,00]. Then

(X, D(A))op: D(A0))0p = (X, D(A%))o,p.
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Chapter 5

Exponentials of Strip-Type

Operators

We now turn to look at the relationship between operator logarithms and expo-
nentials. It follows from Nollau’s Lemma that the logarithm of an injective sectorial
operator A is a strong strip-type operator such that wgg(log A) = wseet(A4) [19, Propo-

log A — A follows from a composition

sition 3.2, Theorem 4.1]. Moreover the identity e
rule [22, Corollary 4.2.5]. We would like to know which strong strip-type operators
arise as the logarithm of some injective sectorial operator. In other words, given a
strong strip-type operator B such that ws.(B) < 7, we would like to know when e”
is sectorial. This question is the so-called inversion problem, and is the motivation
behind the remainder of this thesis.

We mentioned in Section 2.2.3 that examples of strong strip-type operators include
those operators B such that ¢B generates a Cy-group. In Section 5.1 we survey what
is known about the exponential e when B is such an operator. It turns out that
sectoriality of e® is equivalent to sectoriality of the analytic generator of the group
generated by iB. We state Monniaux’s Theorem, which gives sufficient conditions for

the analytic generator to be sectorial, and seems to be the only substantial positive

result on the inversion problem.
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If B is a strip-type operator such that —1 € p(e?), then o(eP) lies in a sector

(Lemma 5.2.1). In Section 5.2 we investigate what sort of estimate the resolvent of

B

e” might satisfy outside this sector. Although we may not have sectoriality, we can

show that the norm of AR(A, %) satisfies a logarithmic growth estimate. As greater
restrictions are placed on the rate of decay of the resolvents of B itself, this estimate
becomes closer to sectoriality. In Section 5.3 we prove a necessary and sufficient
condition for e to be sectorial when B belongs to a certain subclass of strip-type
operators.

In Section 5.4 we give some results on Fourier multipliers, considered firstly on
LP-spaces and then on Besov spaces, which arise as real interpolation spaces between
LP-spaces and Sobolev spaces. We make use of these results in Section 5.5, where we
look at a familiar example of a strong strip-type operator — the derivative on R. When
considered on L'(R), the exponential of this operator is not sectorial (Proposition
5.5.1) — indeed, it has empty resolvent set. However, we show that, when considered
on a suitable Besov space, the spectrum of the exponential is contained in [0, 00), and

we use the results of Section 5.2 to estimate the norm of the resolvent outside [0, c0).

5.1 Monniaux’s Theorem

Suppose that iB generates a Co-group U = (U(s))ser on a Banach space X. The

analytic generator of U was introduced by Cioranescu and Zsidé in [5], and is

defined as follows. Let 2 denote the strip{ z € C: 0 < Rez < 1} and let H(Q)NC(Q)
denote the space of X-valued functions which are holomorphic on (2, with continuous

extension to Q. The analytic generator of U is the operator C' given by

D(C) = {zeX: 3f. € H(Q) NC(Q) such that fy(is) = U(s)z, (s € R)}

Cz = f:c(l)

The analytic generator C is closely related to the exponential eB.
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Proposition 5.1.1. Suppose that iB generates the Cy-group U of group type less
than 7 and let C' denote the analytic generator of U. If one of C or e® is sectorial,

then in fact both are sectorial and C = e®.

Proof. Suppose that the analytic generator C is sectorial. By [45, Corollary 4.3] C
has bounded imaginary powers, therefore ilog C' generates a Cy-group [34, Theorem
10.1.3]. This group is in fact U by [36, Example 3.7]. Therefore log C' = B, so by [22,
Theorem 4.2.4] we see that C = 5.

On the other hand, suppose that e? is sectorial. It follows from [22, Theorem
4.2.4] that loge? = B, hence iloge® generates a Co-group. The group generated by
ilog e® consists of the imaginary powers of e? [34, Theorem 10.1.4], hence U(s) = e

for s € R. By [36, Example 3.7] the analytic generator of U is e”. L]

There are examples of Cy-groups whose analytic generator is not sectorial [45,
Section 7). In this case it is not clear whether the analytic generator coincides with

eP. Monniaux’s Theorem gives sufficient conditions for the analytic generator to be

sectorial.

Theorem 5.1.2. /36, Theorem 4.3] Let U be a Cy-group on a UMD space X, with
group type less than w. Then the analytic generator C is sectorial and has bounded

1mMaginary powers.
A slight improvement was obtained by Haase.

Theorem 5.1.3. [19, Theorem 5.2/ Let iB be the generator of a Co-group U on
a UMD space X, and suppose that ws(B) < m. Then the analytic generator C 1is

sectorial and has bounded imaginary powers.

It is known that if p(C) is non-empty then ¢(C) is contained in some sector, even
if X is not a UMD space [36, Proposition 3.8(iii)]. However, it is not known whether
non-emptiness of p(C) implies that C is sectorial in general. If this was the case then

by [45, Corollary 4.3] this would mean that, if the group type was less than = and

67



p(C) was non-empty, then C would even have bounded imaginary powers. answering

positively a conjecture of [4, p.3588)].

5.2 Logarithmic Estimates

Let B € Strip(w) and define the function fy by

ez

(er = N)(ez + 1)

where w < 6 < |arg\| < 7. Then f\ € F(Hy) by [22, Lemma 4.2.3] and the identity

H(z) = (z € Hyp), (5.1)

1
e? + 1

= —(1+ M) fa(z) +

N o (Z S Hg) (52)

holds. Suppose that —1 € p(e?). It follows from Theorem 2.1.3(f) that the function
z +— (e* +1)71 is regularisable and that (e* + 1)™(B) = —R(—1,e?). Thus from
(5.2) we obtain

Lemma 5.2.1. Let B € Strip(w) and suppose that —1 € p(eP). Then X € p(e?)

whenever |arg A| € (w, 7| and the operator identity
AR(M, eP) = —(14+ N fa(B) — R(—1,€P) (5.3)
holds for such M.

There is nothing unique about the point —1 here. Indeed, if p(e?) contains any
point p with |argu| € (w, 7], then X € p(e?) whenever |arg A| € (w, 7] [22, Lemma
4.4.2]. The identity (5.3) can be adjusted accordingly.

Although it appears to be an open question whether existence of the resolvent
of eP outside some sector is sufficient for sectoriality, we can estimate the norm of
AR(\, eB) for |arg A| € (w,n] when —1 € p(e”). In light of Lemma 5.2.1 we simply
need to estimate the norm of the contour integral defining f(B).

The precise nature of this estimate depends on the rate of decay of the norms

of the resolvents of B along half-lines parallel to the imaginary axis. Initially we
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prove a result for arbitrary strip-type operators. We show that, if B € Strip(w)
is such that —1 € p(eP), then the norm of AR(A,e?) grows like log|\| as |A| —
oo (Proposition 5.2.4). We then show that if B is a strong strip-type operator,
the norm of AR()\, e?) actually grows like loglog || (Proposition 5.2.9). Finally
we introduce the class of a-strong strip-type operators, whose resolvents satisfy an
estimate somewhere between that of a strip-type operator and a strong strip-type
operator. For such an operator, it turns out that the norm of AR()\, e?) grows like a

fractional power of log |A| (Proposition 5.2.11).

5.2.1 Strip-Type Operators

Let B € Strip(w). We begin with two technical lemmas.

Lemma 5.2.2. Let w € R. Define a function f by

1 w

Then f(z) > /(14 cosw)/2 for all z > 0.

(x > 0).

Proof. The function f is certainly well-defined, non-negative, continuous, such that
f(0) =1 and f(z) — 1 as z — oo. To find the minimum value of f it is enough to

find the minimum value of f2. A straightforward calculation gives

d(f?) (2) = 2(1 — cosw)(z — 1)
dzx (14 )3

If w = 20 for some n € Z then the derivative of f? is identically zero. It is easy to

(x > 0).

see that in this case f takes the constant value 1 on [0, 00). Otherwise the derivative

of f2 vanishes only when z = 1. The value of f at this point is /(1 + cosw)/2, which

lies in [0, 1), hence is the minimum value of f. O

Lemma 5.2.3. Let |w| < 7 and let 6 € (Jw|, 7). There ezists C = C(w,8) > 0 such

that
|s — Xe™| > C(w,0)(s + |A)

for all s > 0 and X with |arg \| € 6, 7).
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Proof. Define

1
C=C(w,0) :zinf{y/#ﬂzbulglwl—kw—@}.

Then C' > 0 since |w| < § < 7, and in fact

Clw,0) = \/1+cos(]u12]+7r—9).

Let A be such that |arg A\| € [0, 7] and let s > 0. With z = |\|/s we have

w )\ : )\
s = Xe™| > C(s+|)]) < 1—;e“"20<1+—>
S
— 1+ B_’ei(arg(—)\)—{—w) > (1 + i )
S o S
— |1+ a:ei(a‘rg("\)“’)‘ >C (141,

and this last inequality holds by Lemma 5.2.2, since

\/1 + cos(w + arg(—2A))
2

> C(w,0)
whenever |arg \| € [0, 7]. O

Using these results we can now estimate the norm of the resolvent of e® when

—1 € p(ef).
Proposition 5.2.4. Let B € Strip(w) and suppose that —1 € p(e®). Then for each
0 € (w,m) there ezists a constant C' = C(0) > 0 such that

MR eP)[| < C(1+[log|All) (0 < |argA| < ).

Proof. Suppose that w < ¢ < 6 < m and let X be such that |arg A| > 6. As mentioned
earlier, we shall estimate the norm of f\(B). Since B is a strip-type operator, there

exists a constant M = M(p) > 0 such that ||R(z, B)|| £ M whenever |Imz| > o.

Hence
15BN = |5 [ HEREB):
< 2 ([T ine-iolas [~ ineriold).
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Setting s = e! we see that

oo oo dS
t+ip)|dt = . —

Therefore, providing |A| # 1, it follows from Lemma 5.2.3 that

= . 1 e ds
[ periole < g [7 e
= ! lim k< L — L )ds
Clp, 02 (L = |A) koo Jg \s+|A  s+1
— ! lim {log <S+W)r
Clp, 0)*(1 — |A]) koo s+1 /],

B log ||
Clp, 0)2(1 — |A])’

where C(p,0)? = (1 — cos(f — ¢))/2. We can estimate the integral along R — iy

similarly to obtain

M log | M|
B)|| < .
INEN < o apn(a = 1)

Hence it follows from (5.3) that

M1+ X log |A|
Clp, 0)*m(|Al — 1)

AR, e%)]| < +[|R(=1,e")]] (5-4)

for § < |arg )| < m and |A| # —1. Now for small |A|, say |A| < gp < 1, we have

114+ A
< K.
L—[A =7

where K., = (1 +¢0)/(1 — €0). On the other hand, for |A\| > Ny > 1,

1+ Al
<K
A-17

where Ky, = (1 + 7\}—0) /(1 — J_\lf'S) Finally, the holomorphic function A — AR(), e”)
is bounded on the compact set { X € C : |arg\| € [0,7], |A] € [g0, No] }. Hence we
deduce from (5.4) that in fact there exists a constant C' = C(#) > 0 such that

IAR(X, eP)]| < C (1 + |log |Al])

whenever 0 < |arg A] < 7. ]
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5.2.2 Strong Strip-Type Operators

We have already mentioned that the class of strong strip-type operators includes
logarithms of injective sectorial operators, as well as imaginary multiples of Cy-group
generators. One particular example is the derivative operator B = —i% on R. The
operator «B generates a Cp-group of isometries on LP(R; X) for p € [1,00), hence
B € SStrip(0). It therefore follows from Monniaux’s Theorem that e is sectorial
when p € (1,00) and X is a UMD space. We look at the case p = 1 in Section 5.5.

As another example, let A, denote the Laplacian in LP(R; X), with natural max-
imal domain. It is shown in [22, Section 8.3] that A, € SStrip(0) for each p € [1, c0).
If X = H is a Hilbert space then i/, even generates a Co-group on L*(R; H), how-
ever, it was proved by Hérmander in [29] that if p # 2 then iA, does not generate a
Co-group (see also [22, Proposition 8.3.8]). Haase has shown that e®? is a bounded
sectorial operator of angle 0 on LP(R; X) when 1 < p < oo and X is a UMD space
[22, Theorem 8.3.9]. It seems to be unknown whether 2! is sectorial on L'(R), thus
A; may be an example of a strong strip-type operator which is neither the logarithm
of some sectorial operator, nor a Cy-group generator.

Suppose that B € SStrip(w). Since SStrip(w) C Strip(w), the discussion at the
beginning of Section 5.2 is still valid, and indeed we shall prove a version of Proposition
5.2.4 for strong strip-type operators. In order to do this we will use a different contour
from that in the previous section, so as to make use of the strong strip-type estimate
on the resolvent of B.

Let w < 6 < |argA| < 7. The function f, defined in (5.1) can be extended to

a function on the whole of C, holomorphic everywhere except for simple poles at

z = (2k + 1)mi and z = (2km + arg A)i, for k € Z. Initially we will suppose that
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Al <1. Let o € (w, ) and define I'y, ..., I’y as follows:

Iy = (—o0,log|A|] + ig,
log | A
Iy = {t+i(g&+t—log])\l):logl)\l<t§ ng’ '},
log | A
Ty = {Hﬁ@—ﬂ:ﬁ%i<t§0}

Set I'y, = Uj:1 [';, so that I'y runs from left to right in the upper half-plane, avoiding
all poles of fy. Let I'_ be the reflection of I' in the real axis, and set ' =T'_UT,.

/ H(z)R(z,B)dz
L

We shall estimate each of I;,...,I; in turn. Since I'y and I'y are horizontal line-

Set

segments, I; and I, can be estimated exactly as in Proposition 5.2.4, without making

use of the strong strip-type estimate. Indeed, by Lemma 5.2.3,
Al
<:A[/ a3 .
- o |8 — Ae ¥||s + e7¥|
M W ds
< _—
- /0 (s+[AN(s+1)

- o [log (1'?')}

M
log 2 5.5
- e (59)

where C? = (1 — cos(§ — ¢))/2 > 0 and M > 0 depends on . Similarly,

<M/m ds
- L s = e ¥||s + e

r(z)R(z,B)dz

IR

<

fr(2)R(z, B) dz

A M [ ds
=) GEpGLD
- <1A{ ) klir?o{ g( 1)]
B <1—w ( ( ))
< log 2. (5.6)

c? (1 —A)
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The estimates for I, and I5 require some preliminary lemmas.

Lemma 5.2.5. Let 0 < ¢ < 6 < 7 and suppose that X is such that |arg \| € [0, 7]

and |\ < 1. There ezists a constant C > 0, independent of X, such that
[se @B _ Al > C s+ |A) (A < s < AR

Proof. Suppose initially that A is real, i.e., —=1 < XA < 0. By setting z = s/|)|, we see

that it is enough to show that there exists a constant C' > 0 such that
zelPtloes) L 1| > C(z+1) (z>1)

The function
|xez’(<,0+log:r) + 1’

fix— P

(z =2 1)
is continuous, is strictly positive (since ¢ < 7), and f(z) — 1 as  — oo. Hence f

has a global minimum C' > 0. More generally, the function

i(p—arg(—A)+logz) 4 1
|ze + 1|

z+1

fizr (x>1)

has a global minimum C' > 0 which may depend on ), but remains uniform provided

|arg A| € [0, 7). =

Lemma 5.2.6. Let 0 < ¢ < 6 < m, and suppose that X is such that |arg \| € [0, 7]

and |A| < % There exists a constant C' > 0, independent of X\, such that
’Sei(cp—logpxl—{-logs) + 1’ > C(S + 1) (I)‘I <s< |)\’1/2).

Proof. Since |\| < & we have

’Sei(cp—logl)\l—i—logs) + 1| Z 1—s > 1 — ’)\11/2 Z 1 — L

7

and as s < 1 this proves the result. Il
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We can now use the strong strip-type estimate together with Lemmas 5.2.5 and
5.2.6 to estimate I,. Let |arg )| € [0,7] and |\ < 1/2. With ¢ = ¢ — &' for some
W' € (w, ), we have

by 1/2
Al ds

o (s [AD(s+1) (log(s/[A]) +¢)
AT ds
AN (s+IA]) (log(s/[Al) + &)

! i(z)R(z,B)dz

IN

C

C

IN

Setting u = s/|\| we see that

H(z)R(z, B)dz

)

IA

c / . du
1 (u+1)(logu + ¢€)

/IMI/2 du
C
1 u(logu + ¢)

C flog(logu +¢)]} ™"

1
= C log (—%log |A| + 1> : (5.7)

IN

IN

Lemma 5.2.7. Let 0 < ¢ < 0 < 7, and suppose that X is such that |arg \| € [0, 7]
and |A| < 1/2. There exists a constant C > 0, independent of \, such that

|selP718s) _ N\ > C (s + |A|) (A2 <s <)

Proof. As s > |A|Y2 > |\ it is sufficient to prove the existence of a constant C' > 0

for which

|se’P7logs) _ \| > Css (IAY2 < s <1).

Since || < 1/2 we have
A

S

>1—

as required. (]

Lemma 5.2.8. Let 0 < ¢ < 6 < 7 and suppose that X is such that |argA| € [0, 7]

and |\| < 1. There ezists a constant C > 0, independent of A, such that
s loes) L1 > C(s+1) (AV2<s<1).
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Proof. Tt is sufficient to prove the existence of C' > 0 such that
se’eE) $1[ >0 (AP <s <)

The function

fisrs|selleloss) 41 (0<s<1)

is continuous, strictly positive, and f(s) — 1 as s — 0. Hence it has a minimum

value C' > 0, proving the result. O

We can now use Lemmas 5.2.7 and 5.2.8 to estimate 5. Suppose that larg \| €

[0, 7] and that |A| < 3. Setting € = ¢ — ' where W’ € (w, @), we have

1 ds
3‘9/9n<&+um»+w@—k%@

1 ds
/2 s(e —log s)

RGO

1
= Clog (——2—E—Iog IA| + 1) : (5.8)

H(2)R(z,B)dz

'3

< C

We are now in a position to prove a version of Proposition 5.2.4 for strong strip-type
operators. We see that in this case the norm of the resolvent satisfies an estimate

involving an iterated logarithm.

Proposition 5.2.9. Let B € SStrip(w) and suppose that —1 € p(e?). Then for each
0 € (w,7) there exists a constant C = C(6) > 0 such that

IAR(A €P)|| < C (1 +1og (1 +[log|Al)) (0 <[argA| <m).

Proof. Let |arg | € [0, 7], let ¢ € (w,0) and set € = ¢ — W' for some W’ € (w, ). It
follows from (5.5) — (5.8) that there exists a constant C' > 0 such that

C 1
141 ——log Al +1
‘ Y ('*Og< 2 108 Al ))
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Hr(2)R(z, B)dz

ry

<




when |A] <

. The integral along I'_ can be estimated similarly, hence

C 1
IABI = 7= o (1 + log (—%logw + 1))

. From this we see that there exist C > 0 and 6 > 0 such that

when |A| <

N~

IAB)I <

1
Ty (1 los L+ [log AID)

for |[A\| < 6. Therefore it follows from (5.3) that

INR(A, 7| < C (1 +1og (1+ |log |Al])) (5.9)

for |A| < d, where C' > 0 is a constant independent of .

We can obtain an estimate for large |\| by considering the inverse of e”. Indeed,
since arg(1/\) = —arg ), the identity AR(), (€?)™) = I — A'R (A7, €?) follows
from [22, Lemma A.2.1]. Now, it is clear that —B is also a strong strip-type oper-
ator, and by Theorem 2.1.1(f) it follows that e=® = (e”)~'. Therefore the norm of
AR(), (e8)71) satisfies an estimate identical to (5.9) for [A| < 6. Hence, for such A we

have

[ATR (AL €P) | < € (1 +1og (1+|log|Al])),

and setting ¢ = A~! this becomes

IR (p, e5)[| < C (1 +1log (1 + |log |ul])) (5.10)
for |p| > 671 Clearly ||AR(), )| is bounded on the compact set

{NeC:|arg\ €[0,7],|\ €607}
Together with (5.9) and (5.10) this implies that

IAR(N, €P)]] < C (1 +log (14 |log|Al]))

for |arg A| € [0, 7. o
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5.2.3 a-Strong Strip-Type Operators

We now introduce a class of operators whose spectra are contained in a horizontal
strip, but whose resolvent operators satisfy an estimate somewhere between that of
a strip-type operator and that of a strong strip-type operator. Namely, for a € (0,1)
and w € [0,7), we say that B is an a-strong strip-type operator of height w,
written B € a-SStrip(w), if

1. o(B) C H,, and

2. For each W' € (w, 7) there exists C' = C(w') > 0 such that

C

IR B <€ i

(|Tm A > o).

In the next result, the relationship between strip-type, strong strip-type and a-strong

strip-type operators is made clear.

Proposition 5.2.10. Let w € [0,7) and 0 < a < 3 < 1. Then
SStrip(w) C [-SStrip(w) C a-SStrip(w) C Strip(w).

Proof. Let ' € (w,7) and suppose that [ImA| > w’. We prove the three inclusions
In turn.

If B € SStrip(w) then there exists a constant M(w’) > 0 such that ||R(A, B)|| <
M(W)(|Im M| — )7L If |[ImA| — ' > 1 then ||[R(\, B)|| < M(W')(|ImA| —w')77 .

Otherwise, choose 6 € (w,w’). There exists a constant M (6) > 0 such that

M(8)

< I > 0).
IR B < Ty (1Tmid > )
In particular, 0)/( 9
M@©O)  M@)/ (W —
< <
”R()‘vB)” W —0 — (]Im)\l _w/)ﬁ

Hence B € [-SStrip(w).
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It B € 3-SStrip(w) then there exists a constant M(w') > 0 such that ||R(\, B)|| <
M(w')(|Tm A — w )P If |Im A| —w’ > 1 then ||R(\, B)|| < M(w)(|Im )| — ')~

Otherwise, choose § € (w,w’). There exists a constant M (6) > 0 such that

| R(u, B)|| < (|Imj\:[1](9—) ik (| Im p| > 6).
In particular,
1RO, B)|| < M) M6)/ (W — 0

(W =0)" 7 (|ImA| —w)?
Hence B € a-SStrip(w).

If B € a-SStrip(w) then there exists a constant M (w') > 0 such that ||R(\, B)|| <
M(w)(| Im A| —w")=® If [Im A| —w’ > 1 then ||R(\, B)|| < M(w'). Otherwise, choose
0 € (w,w’). There exists a constant M(#) > 0 such that

M(8)

IR B) <

(Im p| > 6).
In particular, ||[R(A, B)|| < M(8)/(w' — 6)®. Hence B € Strip(w). O

If B belongs to the class a-SStrip(w) and —1 € p(e?) then it follows from Lemma
5.2.1 and Proposition 5.2.10 that A € p(e®) whenever |arg \| € (w,n]. We can use
similar methods to those in the previous sections to estimate the norm of AR(), e?)
in this case. As we would expect, it turns out that such an estimate is somewhere

between those obtained in Propositions 5.2.4 and 5.2.9.

Proposition 5.2.11. Let B € a-SStrip(w) for some a € (0,1) and suppose that
~1 € p(e?). Then for each 0 € (w, ) there exists a constant C = C(#,a) > 0 such
that

INROD)| < C (14| logN[®) (6 |arg A < ).

Proof. Let 6§ € (w,m) and suppose that |arg\| € [0, 7] and |A\| < 1/2. We use the
same contour I' as defined in Section 5.2.2. Since B is a strip-type operator, the
estimates obtained in (5.5) and (5.6) are still valid. We use the a-strong strip-type

resolvent estimate on the remaining portions of the contour.
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Let ¢ € (w,0) and set ¢ = ¢ — ' for some w' € (w, ). By Lemmas 5.2.5 and
5.2.6 we have

X2

ds
o (8 AD(s + 1)(log(s/[A]) +€)°

|A[1/2 ds
= © ) GEPDioel/A) 1o

Putting u = s/|\| we see that

X=/2
I, < C/ du
| (u+1)(logu + €)™

A2
< C / du
B 1 u(logu + £)°

= C{ ! (10gu+5)1"a}

]l -«

L, < C

=12

1

1 l-a
<—§ log |A| + 5) - sl’a} :

Similarly, we can use Lemmas 5.2.7 and 5.2.8 to estimate I5:

C

l—-«a

1 ds
LS Cf RGO

1 ds
< C
- /l)\ll/z s(log(s™1) + &)
1 1 l-o 1
= C (log <—) +8) ]
a—1 s
|)\|1/2
C 1 e -
= (—§logl)\l+8> —¢€ ]

Therefore,

fr(2)R(z, B)dz

Iy

C 1 e l-«o
STopNi-a K‘ilog“'*% - }

for |A\| < 1/2. We can obtain a similar estimate for I'_, hence

1 -«
1+ (—§log|)\l —l—e) —al_a}
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C
(1-=ADA=a)

IAB) <




for |A] < 1/2. It follows that there exist C = C(6,a) > 0 and ¢ > 0 such that

IAB)] <

1— |\ (1+ | log |A||'™%) (|A] < 6).

As in the proof of Proposition 5.2.9 we consider the inverse of e? to extend this

estimate to large ||, thus
INR(A, €]l < C (14 [log|Al['™)

whenever § < |arg \| < 7. O

5.3 A Criterion for Sectoriality of e”

In this section we derive a necessary and sufficient condition for e? to be sectorial
when B belongs to a certain subclass of strip-type operators whose resolvents decay
to 0 (Proposition 5.3.1). This subclass includes a-strong strip-type operators for
a € (0,1) and, in particular, strong strip-type operators.

Let B € Strip(w) and suppose that |arg | € (w, 7). We have already mentioned
that the function f) defined by (5.1) can be thought of as a function on the whole
complex plane. This function is holomorphic everywhere except for simple poles
at z = (2k + 1)mi and at z = log|A| + (2km 4 arg A\)i, where k € Z. If we let
gr(2) = f(2)R(z, B) then g, is holomorphic on C\ Hy for each 6 € (w,|arg)|),

except for simple poles at the same points. The residues of gy at these poles are as

follows:
1 .
RGS(g)\, (2k + 1)7T’l) = _l—l——)\ R((Qk’ + 1)7’(’2, B)
1 :
Res(gy,log |A| + (2km + arg A)i) = T R(log|\| + (2k7 + arg A)i, B).

If —1 € p(e?) then Lemma 5.2.1 tells us that (—oc0,0) C p(e”). Indeed, for sectoriality

of eB it is enough to look at the operators AR(A, e?) just for A < 0, and in this case

81



the contour T, := §H,,, avoids all poles of fy. By Cauchy’s Residue Theorem we

obtain

HhB) = — | fi(z)R(z,B)dz

n—1

27TZ 'y

log | Al
T

nz—: R(log || + (2k + )i, B)R((2k + 1)mi, B),  (5.11)

k=—n

where the last step follows from the resolvent equation. Suppose that

sup ||R(z,B)|| =0 as 6 — +oo. (5.12)

| Im z|=60
Any B belonging to the class of strong strip-type or a-strong strip-type operators
(where a € (0, 1)) satisfies (5.12). If @ € (w, ) then the norm of the integral in (5.11)
is bounded by
sip  ||R(z B)| </ (¢ — 2nmi)| dt+/ lfA(t+2nm')ldt> |
| Im z|=2nm —00 —00

Since f) is 2mi-periodic, it follows from Lemma 5.2.3 and the proof of Proposition

5.2.4 that there exists C' > 0 such that

0 C'log |\
/ lfA(tiQnm)ldtS’)fgi’1| (n € N).

o0

Then, by (5.12), we see that an fr(z)R(z,B)dz — 0 as n — oo. Hence

log |A

Tt )\’ i R(log |\| + (2k + 1)7i, B)R((2k + 1)i, B), (5.13)

k=—00

fr(B) =

where the infinite sum is interpreted as the unique limit of the Cauchy sequence

( ni: R(log || + (2k + 1)mi, B)R((2k + 1)mi, B)) .

k=—n

Hence we obtain
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Proposition 5.3.1. Let B be a strip-type operator such that (5.12) is satisfied. and

such that —1 € p(eB). Then P is sectorial if and only if there exists a constant C' > 0

such that

> log|A| R(log |\ + (2k + )73, B) R((2k + 1)i, B)

k=—o00

for all A < 0.

<C

Proof. We know from Lemma 5.2.1 that the assumption —1 € p(eP) means that
(=00,0) € p(e?) and that the identity AR(\, ) = —(14 ) fo(B) — R(—1, e®) holds
for each A < 0. From this it follows that e? is sectorial if and only if there exists a

constant C such that ||(1 + A)fA(B)|| < C for all A < 0. By (5.13) this proves the
result. ]

5.4 Fourier Multipliers

In this section we look at properties of Fourier multipliers on various function spaces.
Specifically, given a Fourier multiplier m on some suitable function space E(R;X),
we consider the translated functions (¢t — m(t — b)), where b and t both lie in R. We
shall show that, on LP-spaces, the norm of the associated Fourier multiplier operator
is independent of b (Lemma 5.4.1). Using interpolation theory we also derive an
estimate for the norm of the corresponding Fourier multiplier operator on Besov

spaces (Proposition 5.4.3).

5.4.1 LP-Spaces

For the background material on the Fourier transform and distributions we refer to
22, Section E.4]. Let S(R; X) denote the Schwartz space of rapidly decreasing C'>°-
functions from R to the Banach space X, and for f € S(R; X) we denote its Fourier
transform by Ff or f. For m € L®(R; £(X)) we consider the map

T S(R; X) — Co(R; X) 5 f > F Y (mf). (5.14)
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We call T, the Fourier multiplier operator associated to m. Furthermore, m is

said to be a bounded LP-Fourier multiplier (1 < p < oo) if there is a constant C,

such that
1T flle@xy < Collfllrrxy  (f € S(R; X)).

In this case T}, extends uniquely to a bounded operator on LP (R; X), also denoted
by Tin. Let My(R; X) denote the space of functions m € L>*(R; £(X)) which are
bounded LP(R; X)-Fourier multipliers, with the norm

“m”Mp(]R;X) = ||Tm||£(LP(R;X)) (m € MP(R;X)).

For b € R and a measurable function m : R — X, let 7m and e,m denote the

functions
(om)(t) =m(t—b)  (esm)(t) = e"m(t)  (t€R).

Clearly both 7, and €, are isometries on LP(R; X) for 1 < p < co. If m (or more pre-
cisely the multiplication operator associated to m) is a bounded LP-Fourier multiplier

then we can say more about the functions 7,m.

Lemma 5.4.1. Let m € My(R; X) for some p € [1,00). Then mym € M,(R; X) for
each b € R, and

ITomnl| apmix) = Ml v @x) (b e R).

Proof. This is a straightforward consequence of the fact that m is a bounded LP-

Fourier multiplier, together with standard properties of the Fourier transform. Let
f € S(R; X). Then F Y nf) = ep(F1f) and 7(Ff) = F(ef) for every b € R.
Hence
1F mm) flr@x) = I1F m(m - 7o f) e
= |lesF (m - )l ey
= [[F 7 m - Fle—of))llowx)
< [Imllsme@x) lle-of |l zo@x)

= [lmllmpex) [1fllze@x).
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This means that mym is certainly a bounded LP-Fourier multiplier for each b € R, and

((Tbm“Mp(IR;X) < HmHMP(R;X). Moreover,
Il s ixy = Ir—s(rem) [ an, mex) < lomllmy@x) < 1mllag@x)-
O
Despite its rather elementary proof, we could not find this result stated explicitly

in the literature. Clearly it relies on the fact that £, is an isometry on IP(R; X). The

fact that 7 is also an isometry on LP(R; X) can be used to prove the corresponding

result for the functions e,m.

Lemma 5.4.2. [22, Lemma E.4.1] Let m € M,(R; X) for some p € [1,00). Then
eem € My(R; X) for each b € R and

leom|| mymix) = Imlm,mx) (B ER).

5.4.2 Besov Spaces

Let n € Nand p € [1,00). For s € (0,n) and ¢ € [1, o] the Besov space B; (R; X)
is the real interpolation space between LP(R; X') and the Sobolev space W™P(R; X),

with interpolation parameters s/n and g, i.e.,

B3 (R X) = (L7(R; X), W™ (R; X))

q*

3w

B; (R; X) is endowed with the interpolation norm described in Chapter 4. A function
m € L>°(R; £(X)) is said to be a bounded Fourier multiplier on B; (R; X) if there
exists a constant C such that

| TSl Bs ,rxy < C | fll s, ®:x) (f € S(R; X)),

where T, is as defined in (5.14). In this case T}, extends uniquely to a bounded linear
operator on B; (R; X). The space of bounded Fourier multipliers on B; (R; X) shall
be denoted by M, (R;X), and endowed with the norm

Il sy ) = ITmlless mexyy (M € M (R; X)).
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There exist functions which are bounded Fourier multipliers on Besov spaces but
not on LP-spaces. Indeed, we shall see in Propositions 5.5.1 and 5.5.5 that the function

— (1+ €)1 is a bounded Fourier multiplier on B; (R) for s € (0,1) but not on
LY(R).

The next result shows that, if m is a bounded Fourier multiplier on some Besov
space, then so is each of the functions 7ym, for b € R. In contrast to Lemma 5.4.1,
the Fourier multiplier norms of the functions 7ym are not uniformly bounded. This

corresponds to the fact that &, is no longer an isometry with respect to the Besov

space norm.

Proposition 5.4.3. Let m be a bounded Fourier multiplier on Bf,"q(R; X) where 0 <

0 <1l,1<p<ooandl < q < oco. Then for b € R, the function Tym is also a

bounded Fourier multiplier on Bf (R;X) and

ITomllag  ®x) < (L+[B)* [mllpg, mx)  (bER).

Proof. We have already noted that the rotation ¢, is an isometry on LP(R;X) for

1 < p < oo. A simple calculation shows that

lesfllwirmxy < (L +0) | fllwiemx) (b ER, f € WH(R; X)).

By Proposition 4.1.3 it follows that

leofllse mx) < (L +[B))° I fllsg,mx)  (BER, f € By (R; X)).
Following the proof of Lemma 5.4.1, we see that for f € S(R; X) and b € R,
((F_I(Tbm)f“Bg,q(R;X) = [|F 'n(m- T—bf)HBg,q(R;X)

= flaF " (m- T—bf)HBg,q(R;X)

(
(

= |leeFH(mF (e-sf))l B2 mex)
)

< (14 (61 |l ag ix) 11l Be , (:x)-
The result now follows since S(R; X) is dense in B! (R; X). O
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Remark 5.4.4. As T, is still an isometry on Besov spaces, it follows that the functions

gvm are uniformly bounded Fourier multipliers on Bg’q(R; X) whenever m is.

5.5 The Derivative on R

We now turn to look at a specific example of a strong strip-type operator — the
derivative on the real line. The functional calculus of this operator is closely linked
to the theory of Fourier multipliers. When considered as an operator on L'(R),
the derivative is a well-known counterexample to the inversion problem (Proposition
5.5.1). The situation does improve however when we consider the part of the derivative
operator in a Besov space. In this case we can show that the exponential satisfies a
resolvent estimate which is close to sectoriality (Proposition 5.5.6).

Let X = L'(R) and let B = —i< with domain D(B) = W"'(R). It is known that
iB generates a Cy-group (U(s))ser of isometries [14, Example 11.2.10], given by

U@)NHE)=fls+t)  (f€L'(R), s,t€R).

In particular, B is a strong strip-type operator of height 0.

Information on the connection between the functional calculus of B and Fourier
multipliers on L}(R) can be found in [22, Section 8.4]. For f € F(H,), where ¢ > 0,
the operator f(B) is just convolution with some function g; € L*(R) for which
g; = flg.- It follows from the proof of [22, Lemma 8.4.5] that if f € H*(H,)
then f(B) is bounded if and only if f|g is a bounded L'(R)-Fourier multiplier. In
this case the norm of f(B) is just the norm of the corresponding Fourier multiplier
operator. As a result, we can use the theory of Fourier multipliers to show that e” is

not sectorial on L!(R).

Proposition 5.5.1. [22, Example 4.4.4] Let B = —i% on L*(R). Then €P is not

sectorial.
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Proof. 1t is clear from the above discussion that e? is sectorial if and only if the

function

t—

R (t € R)

is an L*(R)-Fourier multiplier for each A < 0, and the corresponding Fourier multiplier
norms are uniformly bounded with respect to X. Since A\(A—e!)™1 = (1 +etloe(=A)~1,

Lemma 5.4.1 tells us that ef is sectorial if and only if the function

teR
I_)1+e’5 (tER)

is a bounded L'(R)-Fourier multiplier. A function f is an L!(R)-Fourier multiplier if

and only if f = fi for some Borel measure u on R (see [22, Section E.4]). However,

lim (14+e)'=1#£0= lim (1+ e,

t——o0

so by [22, Proposition E.4.3], it follows that e? is not sectorial. N

Remark 5.5.2. The same arqgument can be used to show that e has empty resolvent

set — see [22, Corollary 8.4.6].

Thus the situation on L'(R) is just about the worst possible. We now want to take
the part of B in some real interpolation space between X and the domain of B. For
# € (0,1) and g € [1, oc], the real interpolation space (X, D(B))s,q is the Besov space
BY (R). Let B denote the part of B in (X, D(B))s,- It is clear that an operator A
belongs to SStrip(w) if and only if w’ & ¢A € Sect(w/2) for each w' € (w, 7). Hence
it is a consequence of Lemma 4.2.1 that Bisa strong strip-type operator of height 0
such that iB generates a Co-group on (X, D(B))g,q-

Again there is a link between the functional calculus of B and Fourier multipliers.
By Proposition 2.2.2, if f € H*(H,,) for ¢ > 0 then f(E) = f(B)B%q@). In particular
this means that f (é) is bounded if and only if f|r is a bounded Fourier multiplier

on Bf’q(R). Hence e? is sectorial if and only if the functions

A
A — et

(t € R),
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where A < 0, are uniformly bounded Fourier multipliers on Bf’q(R). Girardi and
Weis have obtained Mihlin-type sufficient conditions for a function to be a Fourier

multiplier on a Besov space.

Proposition 5.5.3. [16, Corollary 4.11] Let p € [1,00), ¢ € [1,00] and s > 0. Let
I, N € N and suppose that m € CH RN, L(X)). If there exists a constant A such that

sup ||(1+ Itl)'O"Dam(t)HL(x) <A

teRN B
for each multi-index o with |a| < I, then m is a BS (RY; X)-Fourier multiplier

provided. one of the following conditions hold:

(a) X is an arbitrary Banach space and ] = N + 1.
(b) X is a uniformly convexr Banach space and | = N.

(c) X has Fourier type X and l = |§]+ 1.

Note that part (a), which had already been proved by Amann in (1], requires
no geometrical assumptions on the underlying Banach space X. This is in contrast
to the corresponding version of Mihlin’s Theorem on vector-valued LP-spaces, which
only holds when 1 < p < oo and X is a UMD space. Since we are considering the
scalar case, we may take N =1 and X = C in the above result. In particular X is a

Hilbert space, so it has Fourier type 2 and we may take [ = 1. Hence we obtain

Corollary 5.5.4. Let p € [1,00), ¢ € [1,00] and s > 0. Suppose that m € C'(R)

satisfies
sup [m(t)] < A
teR
sup |(1 + [t)m ()] < A

tcR

for some constant A. Then m is a Fourier multiplier on B (R).

We can use Corollary 5.5.4 to show that eP has a non-empty resolvent set. This
is in contrast to the situation in L'(R), so once again we see that things improve in

real interpolation spaces.

89



Proposition 5.5.5. Let 0 < 0 < 1,1 <qg< oo and let B denote the part of the

derivative operator in the Besov space B{ (R) as above. Then —1 € p(eP).

Proof. Let m(t) = (1 +¢€")™! for t € R, so that m/(t) = —e'(1 + e')~2. Clearly

supser |m(t)] = 1. Furthermore
(1 + [t)m/(t)] = -

Thus [(1 + [t[)m/(t)] — 0 as |t| — oo, and by continuity this means that sup,.g |(1 +
[t])m/(t)] < co. Hence, by Corollary 5.5.4, m is a Fourier multiplier on B! (R). This
means that (I + e5)~1 is a bounded operator on Bf (R). O

Since —1 € p(eé ), it follows from Lemma 5.2.1 that ¢(e?) is contained in [0, 00).
Although iB generates a Cy-group, the space Bf, ¢(R) is not UMD, and we cannot use
Monniaux’s Theorem to deduce sectoriality of eB. However, we can use the results of

_~

Section 5.2 to obtain a logarithmic estimate on the norm of AR(), e®) for | arg A| > 0.

Proposition 5.5.6. Let B = —i< on L'(R). Let 0 € (0,1), q € [1,00] and let B
denote the part of B in the Besov space Bf’q(R). Then for each w € (0, ) there exists

C = C(w) > 0 such that
INR(N, D) < C(1+log(1+|log M) (w < |argA| < ).

Proof. We have already noted that B € SStrip(0), hence the result follows from
Proposition 5.2.9. O

Remark 5.5.7. (a) If we just consider A < 0, then this estimate tells us that the
norm of AR(A, eé) grows like loglog(—\) for X near —oo, and like loglog(—1/))
for X near 0. As SStrip(0) C #-SStrip(0) C Strip(0) for each 6 € (0,1), Propo-
sitions 5.2.4 and 5.2.11 could also be applied to obtain estimates on the norm
of AR(A, eB ). However, both of these would give weaker estimates than that

obtained above.
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(b) It is also possible to estimate the norm of AR(], eé), for A <0, using the Fourier
multiplier theory of Section 5.4. Indeed, with m(t) = (1 + ¢')~! for t € R. we

have

(g () = s2y  (tER)

Hence Proposition 5.4.3 tells us that there exists a constant C > 0 such that
IAR(L, €%)]| < C (14 log(-0)))* (A< 0).

Again this estimate is weaker than that given above.
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Chapter 6

Logarithms of F-Sectorial

Operators

In the previous chapter we saw that the exponential of a strong strip-type opera-
tor need not be sectorial (Proposition 5.5.1). On the other hand, if B is a strong
strip-type operator such that —1 € p(e?), then o(e?) is contained in some sector
(Lemma 5.2.1), and it is possible to estimate the norm of AR(), e?) for A outside this
sector (Propositions 5.2.4, 5.2.9 and 5.2.11). As greater restrictions are placed on the
resolvents of B, this estimate gets closer to sectoriality.

The idea of an operator whose spectrum is contained in a sector, but which does
not satisfy the exact resolvent estimate necessary for sectoriality, has been studied
before. Periago and Straub [40, 41] constructed a functional calculus for an operator A
whose resolvent is polynomially bounded outside a sector, and in particular considered

~t4 of such an operator. Their functional

the fractional powers A® and exponentials e
calculus is based on that developed by McIntosh for sectorial operators, and fits into
the abstract framework used in this thesis. More recently, Gorodnii and Chaikovskil
[17] studied operators A whose resolvent grows like some function G outside a sector.

They also considered fractional powers and exponentials.

In Section 6.1 we introduce the concept of an F'-sectorial operator, where F' is a
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positive continuous function on the positive reals. This idea is based on the work in

[17]. We show how a functional calculus can be constructed for an F-sectorial operator

A, and that for certain functions F it is even possible to define the logarithm of A.
Recall that, when A is injective sectorial operator, Nollau’s Lemma tells us that

A € p(log A) whenever |Im A| > 7 and that

—logt)? + 72

R(Xlog A) = /000 0 t+A)~'dt  (|[ImA| > 7). (6.1)

It is this resolvent representation which enables us to prove that log A4 is a strong strip-
type operator. In this chapter we investigate what can be said about the logarithm
of an F-sectorial operator A.

In Section 6.2 we consider a-log-sectorial operators, examples of which include
exponentials of (1 — a)-strong strip-type operators. In Section 6.3 we define the
class of loglog-sectorial operators, a class which includes exponentials of strong strip-
type operators. For both of these examples we show that a resolvent representation
identical to (6.1) holds (Propositions 6.2.5 and 6.3.1). From such a representation
we can then estimate the norm of R(A,log A) for [Im A| > 7 (Propositions 6.2.6 and
6.3.4).

In Section 6.4 we look at log-sectorial operators, a class which includes exponentials
of strip-type operators. If we work under the assumption that p(log A) contains some
point g with |Im pu| > 7, then we can again obtain a representation of R(\,log A)
(Proposition 6.4.2), from which the norm of R(\,log A) can be estimated (Proposition
6.4.3).

6.1 F-Sectorial Operators

Let w € [0,7) and suppose that F': (0,00) — [1,00) is continuous. We say that an

operator A is F-sectorial of angle w, written A € F-Sect(w), if

1. o(4) € S, and
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2. For each ' € (w,7) there exists C = C(w') > 0 such that

AR A < CFE(A]) (W < JargA] < 7).

Clearly if we take F' = 1 then we obtain the familiar definition of a sectorial operator.

There is no loss in assuming that F' maps into [1, 00), since a Neumann series
argument shows that liminfy . ||AR(X, A)|| > 0, for |arg A\| > w. It is also natural to
only consider functions F' for which F'(s) = F(1/s), as this means that if A is injective
then A is F-sectorial if and only if A~} is. In that case, since F' is continuous, the
definition above only depends on the behaviour of F(s) for s near co. Later we
shall consider the cases where F'(s) = (logs)® for large s (where 0 < o < 1), and
F(s) = loglog s for large s.

Let A € F-Sect(w) and 0 € (w,w). Although our ultimate goal is to study the
logarithm of A (when it exists), we can in fact construct a functional calculus for A
via the usual methods. Firstly we find a class of functions which are bounded and

holomorphic on Sy, and for which the integral [ f(z)R(z, A)dz converges in L(X),

|

where ' = 08, for some W' € (w, §). If we set

Er(S5) = {f e H=(se): [ 11(2)

2m/f

is a bounded operator for each f € Er(Sp). Denoting by A the map (f — f(A)) :
Er(Ss) — L(X) we have an abstract functional calculus (EF(Sg), M(Sp), A).

then clearly

Remark 6.1.1. Although we have used the term abstract functional calculus, if there

are constants C,a > 0 such that
|F(s)| < C max{s® s} (s > 0),

then the function (z — z) is regularisable, thus we in fact have a meromorphic func-

tional calculus.
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It ££(Sy) contains the familiar class HF(Se) and if A is injective, then the algebra
of all regularisable functions contains the algebra B(Ss) defined in Section 2.2.1. In
particular the logarithm function is regularisable and log A is well-defined. We now

present an example of a function F for which this is the case.
Example 6.1.2. Define a function F by

(logs (s > e),
F(s)=¢ 1 (e! <s<e),

\ logl (0<s<e™).

Let A € F-Sect(w) for somew € [0,7) and let § € (w, 7). If f € HE(Sp) then by [22,

Lemma 2.2.2] there exist constants C,e > 0 such that
[f(2)l < Cmin{|z[%, [z[™°} (2 € S).
Let ' € (w,8). Forr > e we have
[fre® )| [|R(re™, A)|| < Cr~' < logr
and for0 <r < e’ !,
F(re“ )| [Rre™', A)|| < Cr~H*¥(~logr).
Identical estimates hold if we replace W' by —w’. Hence if I' = 95, then

/F F(2)R(z A)dz|| < / e [ R(re , A)) dr

T / Flre )| | R(re™, A)|| dr
0

< o0
and f € gF(Sg)

Haase has introduced the terms uniform sectoriality and sectorial approzimation

[22, Section 2.1.2]. These ideas generalise families of operators such as the Yosida
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approximation (defined in Section 3.2) and the Nollau approximation (defined below).
Following Haase’s terminology, we say that a family (A,),e; of F-sectorial operators

is uniformly F-sectorial of angle w € [0, 7) if

sup sup
el A(;ESW/

AR(M A)
] F(A))
for all w’ € (w, ). A uniformly F-sectorial sequence (Ay)nen is called an F-sectorial
approximation on S, for the operator A if A € p(4) and R()\, 4,) — R(\, A) in
L(X) for some A ¢ S,,. By [22, Proposition A.5.3] it then follows that this holds for
all X ¢ S,,. Moreover, A itself belongs to F-Sect(w). By setting & = 1/n, we can also

consider uniformly F-sectorial families (Ac)eco,1) as F-sectorial approximations.
There is a natural relationship between sectorial approximations and the func-
tional calculus of sectorial operators [22, Section 2.6.3]. By adapting some of the
results from [22], we shall see that there is an analogous relationship between F-
sectorial approximations and the functional calculus of an F-sectorial operator. The

next result deals with the primary functional calculus.

Lemma 6.1.3. Let A € F-Sect(w) and let (A,)nen be an F-sectorial approzimation
of A on S,. If f € Ep(Sy) for some 6 € (w,n) then f(A,) — f(A) in norm as

n — 00.

Proof. If f € Er(Sp) for some 8§ € (w,7), then all of the operators f(A), f(4,) are
well-defined and bounded. Moreover, with I' = 95, for some W' € (w, ), it follows

from the Dominated Convergence Theorem that

lim f(A,) = JEEO (2%/ f(2)R(z, Ar) d2>
= f z) lim R(z, A,)dz

27'("& n—oo

- 2m/f
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The next result is a version of [22, Proposition 2.6.9]. We only consider those
F-sectorial operators A for which log A can be defined. A similar result could be

stated and proved in greater generality, but we shall not do this here.

Proposition 6.1.4. Let A € F-Sect(w) and let (A,)nen be an F-sectorial approz-
imation of A on S,. Let 0 € (w,m) and suppose that H°(Sy) C Er(Sy). Suppose
that all the operators A,, A are injective and that f € B(Ss). If x, € D(f(A,)) with
T, — ¢ and f(A,)z, — y asn — oo thenz € D(f(A)) and f(A)xz = y. In particular
if f(An) € L(X) with f(A,) = T € L(X) then f(A)=T.

Proof. This follows from Lemma 6.1.3 and [22, Proposition 2.6.8]. O

Let A be a sectorial operator and define
A.=(A+e)I+eA)™ (e € (0,1)), (6.2)

so that each A. is a bounded invertible operator. The family (A:)ce(o,1) Was used
by Nollau in [38], and was referred to as the Nollau approximation by Okazawa
in [39]. It is shown in [22, Proposition 2.1.3(f)] that the Nollau approximation is
a sectorial approximation to A. We shall show in Proposition 6.1.6 that this same

family is an F-sectorial approximation for certain F-sectorial operators.

Lemma 6.1.5. Suppose that 0(A) C Sp. If e € (0,1) and A. is as in (6.2), then
o(A;) C Sy and

A+ A)™ ° I+1-82 (A+€+M)— (6.3)

=1+)\€ 14+ Xe 14+ Xe
fOT)\ESﬂ—_Q.

Proof. Let A\ € Sy_g. The resolvent on the right-hand side of (6.3) is well-defined

M1 —€?) —ar( A )
e 1+ Ae = A+et

and since |arg(e + )| < |arg p| for all 4 € C\ (—00,0] and € > 0. The identity (6.3)

since

< |arg Al

is then straightforward algebra. O
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Proposition 6.1.6. Suppose that F has the following properties:
(i) The function s v F(s)/s is decreasing on (0,00).

(ii) For all a > 0 there ezists B > 1 such that F(as) < BF(s) for all s > 0.

(wi) F' is non-increasing on (0, 3] and non-decreasing on [3,00).

Then, +f A is F-sectorial, the Nollau approzimation (Ae)ee(0,1) 15 an F-sectorial ap-

proximation to A.

Proof. Suppose that A € F-Sect(w) and let A\ € S,_g for some 8 € (w,n). The fact
that (A + A;)7" — (A + A)™! in norm as ¢ — 0 can easily be seen from (6.3). It
remains to prove that the family (Ae)eco, 1y is uniformly F-sectorial. If € € (0, 1)

4
then by (6.3) we have

_ Ae| A1 — &%) A1 —e)\ 7!
M+ A7 < | ALY By} AN
IX = 11+ Ae 1+ Ae et 1+ Xe
A(1—¢?
co + ‘A(lwz) F(Je+452))
S G > :
1+ Ae ‘€+A<11+-;E>
where
sinf)™! (0< 6 <w/2),
cezzsup{|z+1|*1:z657r_9}= ( ) ( /2)
1 (/2 <0 < m).
Let u = /\(11.:52)' From the proof of Lemma 6.1.5 we see that u € S, _p, and we also

have |e + u| > c; !|u| by the definition of co. If |¢ + p| > || then by assumption (i),

- F(le + ) (1)
AA+A) T S e+ |pl——7= S co+ [ul—
IMA =+ AT < o+ lul = S ot =
If |p) > e + | 2 c;'|i| then by (i) and (ii),
_ F(le + F(lu
PO+ A < e I TEEED <o i
e+l c5 ' ul
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for some 3 > 1. In both cases we see that there exists a constant C = C(#) > 0
such that ||\ + A,)7!|| < CF(|u|). Obviously for uniform F-sectoriality we need a
similar estimate with [A| on the right-hand side. If |A\| > 1 then

A1 —e?)
1+ Ae

3 1—¢g?
- < <
47 14 —

S CGI)"a

since |1 + Ae| > ¢, '. By assumptions (ii) and (iii) this means that
F(lp]) < FlealAl) < o F (M)

for some ¢ > 1. If |A\| <1 then

A1 —¢e?)
14 Xe

IN

3 4
-\ < —.
< :

From (ii) and (iii) we have

3 /!
Pl < F (3 < GFOA)
for some ¢}, > 1. Hence there exists a constant C' = C'(f) > 0 such that
1
PO+ AN <OFQ) (A€ Seaze0.7)),

completing the proof. O

6.2 a-Log-Sectorial Operators

Let a € (0,1). We say that A is a-log-sectorial of angle w, written A € a-log-
Sect(w), if A € F-Sect(w) for the function F' defined by

(

(logs)* (s> e),
F(S):ﬁ 1 (et <s<e),

\ (logi)® (0<s<e™).

It follows from Proposition 5.2.11 that if B is a (1 — «)-strong strip-type operator
such that —1 € p(e?) then e? is an a-log-sectorial operator. The following further

example is taken from [17].
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Example 6.2.1. Forn > 3, let A, be the 2 X 2 matriz

L, n
0 L,

A, =

where L, = n/(logn)*. Then o(Ay) consists of the single eigenvalue L,, and the

resolvent at all other points is given by

-1

1 0 %= 1 0 =&
R()‘aAn) = I— A=Ln = I+ A~Ln
A= Ln 0 0 A= Ln 0 0

If we define an operator A on £* by A = D,—; An, with mazimal domain, then o(A)
consists of the set of eigenvalues { L, : n > 3}, and at all other points the norm of

the resolvent is given by

1 n
RN A)|| = .

Let 0 € (0,7) and define N\, = L,e¥ for m > 3. Then

I)‘m’ i m’)‘ml

AmBR(Mn, A >
PR, A > [P 4 e
L., mL,,
= - + .
11 —€®|L, |1—e?|L2
_ 1 (logm)
T ’1_61'0[ ’1_€i9’2
— 00

as m — o0o. Hence A is not sectorial. However, it is shown in [17, Lemma 2 and

Example 2] that A is a-log-sectorial.

Let A € a-log-Sect(w). Since (logs)* < logs for s > e, comparison with Example
6.1.2 tells us that H3(Sy) C Ep(Sy) for 8 € (w,m). Hence if A is injective then
log A is well-defined. In order to prove a representation of the resolvent of log A
similar to (6.1), we shall first show that the Nollau approximation is an F-sectorial

approximation to A.
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Lemma 6.2.2. Let ¢ > 1. There exists a constant ¢ > 1 such that
F(cs) < F(s) (s > 0).

Proof. If s > e then cs > e and since the function ¢ — (logt)® is concave on [1, c0)

we have
F(cs) = (log(cs))* < (logc)* + (log 5)* < ¢'F(s)
taking ¢ = (loge)*+ 1. If e7! < s < e then
F(cs) < F(ce) < d'F(e) = F(s).

If s <e ! <csthen

F(es) < F(ee™) < dF(e™) < dF(s).
Finally, if s < cs < e™! then F(cs) < F(s). O
Corollary 6.2.3. Let ¢ > 1. Then there exists a constant ¢ > 1 such that

F(s/c) < F(s) (s > 0).

Proof. Since F(1/s) = F(s) for all s > 0, it follows from Lemma 6.2.2 that there
exists ¢ > 1 such that F(s/c) = F(c/s) < /F(1/s) = ' F(s). O

Lemma 6.2.4. The function s — F(s)/s is decreasing on (0, 00).

Proof It is enough to consider s > e. In this case we have

d (F (8)) (logs)*  (logs)*

e —|—a

ds \ s s2 2
log s)*!
= (—gS—Q)—(a — log s)
< 0
since a € (0, 1). O
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Lemma 6.2.2 and Corollary 6.2.3 imply that F' satisfies assumption (ii) of Propo-
sition 6.1.6. It follows from Lemma 6.2.4 that assumption (i) also holds. Finally, it
is clear that F is decreasing on (0,e!) and increasing on (e, 00), thus assumption
(iii) is satisfied too. Therefore the Nollau approximation (As)ge(o’ 1 is an F-sectorial
approximation to A. We now prove a version of Nollau’s Lemma for a-log-sectorial

operators, adapting the proof given in [22, Lemma 3.5.1].

Proposition 6.2.5. Let a € (0,1) and let A € a-log-Sect(w) be injective. If |Im \| >
7 then X € p(log A) and

— logt)? + 2

R(\logA) = /Ooo o (t+ A)~'dt. (6.4)

Proof. Suppose initially that both A and A~ lie in £(X). Choose 8 € (w, ), and
let @ > 0 be small enough and b > 0 be large enough so that I' = 9Sy(a, b) surrounds
o(A), where Sp(a,b) = SpN{ze€C:a<|z| <b}. With ¢ € (6,7), a’ € (0,a) and
b' > b, the function f defined by

flz) =(A—logz)™" (2 € Sy(d,t))

lies in H*(S,(a’,¥")). By the Riesz-Dunford calculus for bounded operators we have

f(A) = 1/M L R(z A)de

271 —logz
o0 —1 1
B /0 (A—logt)2+7r2(t+A) i
=: J(A),

exactly as in the proof of [22, Lemma 3.5.1], since a-log-sectoriality of A is enough to
ensure that all the integrals converge. For more general A € a-log-Sect(w), we know
that the Nollau approximation (AE)EG(O, 1 is an a-log-sectorial approximation to A.
We have already seen that f(A.) = J(A.) € L(X) for each € € (0, 7). Since the A,

are uniformly a-log-sectorial, it follows from the Dominated Convergence Theorem

that

f(Ae) = J(A) = /Ooo oo +7r2(t+A)”1dt
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In norm as £ — 0. By Proposition 6.1.4 we have J(A) = f(A) and by Theorem
2.1.3(f) it follows that f(A4) = R(),log A). =

Using this result we can estimate the norm of R(),log A).

Proposition 6.2.6. If A € a-log-Sect(w) is injective then there exists a constant
C > 0 such that

IR(A log A)|| < © (”’R‘“’ ! )

ImA| > 7).
MoA -7 | (ImA—m- (JTm A| > )

Proof. We estimate the norm of the resolvent using (6.4), as in the proof of [22

Lemma 3.5.1]. If we let a = Re\ and b = Im )\ then

F(t) dt
1ogt) 2|t

S+a
= ds
C/ |s—zb +7T2]

(s —a)® /l’a ds
/+a s? + (b? — 72?) ds+C _1—g 824 (0% —7?)

* (st
+C ey gy ds, (6.5)

IR log 4)| < © /

IA

since |(s & 4b)%2 + w2| > s? + (b> — 7%). Now let I, I; and I3 denote the first, second
and third integrals in (6.5). Clearly

I </ ds B 0
2= g 82+ (B2 —72) /B2 _q2

Setting u = s(b? — %) ~/2 gives
I = ! R Chauti 2V
ST WE—m)e e uwr+l

where 7, = a(b? — 72)"V/2. If a < 0 then v, < 0 and therefore

ua

1 o0
<
b =y [ @

If 0 < a < 1 then since the function s — s* is concave on (0, 00),

00 (o} 5 d
I3 < 1 / - dU‘*"Yf\!/ 2u )
( b2__7-‘-2)1—a 0 u?+1 o U +1
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If a > 1 then

A S =y
(Vb2 — 7r2)l-a 1o u?+41 o ur+1

b2 2

—T

< 1 a/w£+/w u du
(Vb —72)la iR o ut+1l oy w41 '

Therefore, overall we obtain

s [ e du (a < 0),
1 o0 o
[3 S < (\/b2—7r2)1—0t fO u3+1 du
1 (Re )™ oo d
\ T (Vb2—72)1-a ({/p2—x2)e f—oo u23—1 (a > 0)

We can estimate I; in exactly the same way as I3, replacing a with —a. Since

Vb2 — 72 > |b| — 7 it follows that

(1 4+ |a|¥) 1 /°° u®
L+ 1, +15< du.
it s T T e ), @1

]

Thus we see that, with the real part of X fixed, the norm of R(A,log A) decays like
(|Im A| —7)*"1 as | Im A| — oo (compare with the definition of a (1 — a)-strong strip-
type operator). On the other hand, for fixed imaginary part, the norm of R(A,log A)
is bounded by | Re A\|* as | Re A| — oo along horizontal lines parallel to the real axis. If

A € a-log-Sect(w), then we can in fact extend the estimates obtained in Proposition

6.2.6 to all A with |Im A| > w.

Lemma 6.2.7. Let A € F-Sect(w) be injective, and suppose that HE(S,) C Er(S,)
for ¢ € (w,m). Then if |0] < ™ — w, the identity log(e*®A) = i0 +log A holds.

Proof If |#] < m — w then e®A belongs to F-Sect(w + |#]). Suppose that f €
H (Su+(6)+e) for some € > 0. By Cauchy’s Theorem,
1

f(ewA) = — f(z)R(z,ewA)dz
271 8(eS, 4 ¢)
1 )
= — f(e?2)R(z, A) dz
271 s, (e”2)R(2, A)
= fo(A)
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where fy(z) = f (€2) for z € S,,.. By considering a regulariser, it follows from this

that log(e? 4) = go(A), where 9s(2) = log(ez) for 2 € S, ;.. Thus the lemma follows
from Theorem 2.1.3(c). D

Proposition 6.2.8. Let A a-log-Sect(w) be injective. Then X\ € p(log A) whenever

[Tm A| > w and, for each o' € (w, ), there ezists a constant C = C(w') > 0 such that

1+ |ReA|® 1 ,
R(Alog A)|l < C Im Al > W').
RO og ) < 0 (FEREAL L L) (> )

Proof. Suppose that || < 7 — w. Then e A belongs to a-log-Sect(w + |]), hence it
follows from Proposition 6.2.5 and Lemma 6.2.7 that

a(logA)C{)\E(C:—W—Gglm)\gw—ﬁ}.

As this holds for any § for which 9] < 7 — w, we see that o(log A) C H,.
Now suppose that |[ImA| > ' for some w' € (w,n), and let § = 7 — w'. By

Proposition 6.2.6 there exists a constant C such that

L+ [Repl* 1
[Imp| =7 (JImp| — 7)o

|R(s log(e“ A))]| < © ( ) (| Tmpl > ).

If ImA > o' then set u = A 416, so that Imy > 7. Then since R(u,log(e??A)) =
R(Alog A) and |Im pu| — 7 = | Im \| — &', we see that

1+ |ReAl® N 1
| ImA| — o' (|Im A — w/)1-@

IR\ log A)]| < © (

Similarly, if ImA < —u’ then set 4 = X — i and apply Proposition 6.2.6 to the

operator e ¥ A, O

We can compare the estimates obtained in Propositions 6.2.6 and 6.2.8 with the

logarithm of the operator given in Example 6.2.1.

Example 6.2.9. Let A and A, be as in Example 6.2.1, where n > 3. Using the

power series expansion of log(1l + x), we have

logA, =log | L, | I + = (log L,)I +

0 0 0 0
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The spectrum of log A, consists of the single eigenvalue log L,,, and the resolvent at

all other points is given by

-1

1 0 —n
(logn)«
pnod ; [ + O )\—lig)Ln
A —log L, 0 0

Furthermore, o(log A) consists of the set of eigenvalues {log L, : n > 3}, and the

norm of the resolvent at all other points is given by

1 (log n)®
R\ log Al = .
IR log A)| ii%?(M—logan+|A—1ogan2)

If we set Ay, = log Ly, + i3, where m > 3 and 3 > 0, then this supremum is attained

when n = m, hence

1 (logm)° o It (logm)* 14 |Re)|®

R )\m,lo A = + = 3
e e T Tm A T

since log L, ~ logn asn — oo. This shows that the estimate in Proposition 6.2.8 is

sharp on horizontal lines.

The methods used in this section break down if we consider the limiting case
a = 1, since in this case the resolvent estimate is not sufficient to ensure that the

integral in (6.4) converges. We shall return to this matter in Section 6.4.

6.3 Log-Log-Sectorial Operators

We say that A is log log-sectorial of angle w, written A € loglog-Sect(w), if A € F-
Sect(w) for the function F' defined by

)
loglogs (s> e°),
F(s)=1¢ 1 (¢ < s <ef),

\ loglog: (0<s<e™®).
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Clearly log log-Sect(w) C a-log-Sect(w) for each o € (0,1). From Proposition 5.2.9
We see that if B is a strong strip-type operator such that —1 p(eB) then e? is
log log-sectorial.

Let A € loglog-Sect(w). Since loglogs < log s for all s > e°, comparison with
Example 6.1.2 again shows that if A is injective then log A is well-defined. Our next
alm is to prove a version of Nollau’s Lemma, for log log-sectorial operators. It would
be possible to prove directly that F satisfies the assumptions of Proposition 6.1.6,
by proving versions of Lemma, 6.2.2, Corollary 6.2.3 and Lemma 6.2.4. This would
tell us that the Nollau approximation was an F -sectorial approximation to A, and we
could then mirror the proof of Proposition 6.2.5. However, we can use the fact that
log log-Sect(w) is contained in a-log-Sect(w) to simply deduce a version of Nollau’s

Lemma from Proposition 6.2.5.

Proposition 6.3.1. Let A € loglog-Sect(w) be injective. If [ ImA| > 7 then \ €
p(log A) and

— logt)? + 72

R(\logA) = /OOO o (t+ A)~tdt. (6.6)

Proof. Since loglog-Sect(w) C a-log-Sect(w) for each o € (0,1), this result follows

from Proposition 6.2.5. ]

Again we can estimate the norm of R(A,log A). First we prove some technical

results regarding the logarithm function.
Lemma 6.3.2. Let a > e and z > 1. Then log(z + a) < 2(loga)z3.
Proof. We show that the function f defined by

f(z) = 2(log a)a;l/Q —log(z + a) (z >1)

is non-negative. We have f(1) = log(a?) — log(1 + a) > 0, since a > e. Furthermore,

for x > 1 we have

/ log 1 S 1 1 _$+e—g;1/2>0
fl(z) = 12 4+« /2 r4e Tl/2(g +e) ;
which proves the result. -
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Lemma 6.3.3. Let § > 0 and chooose o so that a+logé > 0. There exists a constant
C = C(a) > 0 such thqt

a+logs < Clog(l + s) (s >0).

Proof. By the way we have chosen «, the continuous function f defined by

o+ logs
(s) =

“lgirs 020

is positive for all s > §, and f(s) — 1 as s — oo. Thus f is bounded on [, c0),

proving the result. O

Proposition 6.3.4. Let A € loglog-Sect(w) be injective and let |Im A| > 7. Let
Y= Re A/((Im X)? — 7#2)Y/2, There exists a constant C such that if 7] < e then

log(1 4+ |Im Al)

IR0 1og 4)] < 0B

(JIm A} > 7).

Furthermore, for each € > 0, there exists a constant C, such that if |y\| > e then

log(1 4+ | Re A})

1RO log )] < €, L

(IIm A| > 7 + ¢€).

Proof. Denoting Re A by a and Im X by b, it follows from (6.6) that

dt
< —
IR os )] < € [ bgt 5
s+a
= ds
0/ I( zb— s) +7T2|
*  log(s — a) e ds
<
— C/+a 82+(62—7T2) ds+C ceeg S2 (07 —7?)
log(s + a)
6.7
'|—C/— 82+(b2~ﬂ2)d8 ( )

since |(s £ ib)? + 7% > s? + (b — 7?). Let I1, I and I3 denote the first, second and
third integrals in (6.7). Clearly

I</ ds B T
S A (e R

whenever |Im A| > .
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By setting u = s(b? — 7r2)‘1/2 we can write I3 = I3 + I35 where
Iy, = 198V —7?) /°° du _ 1 loglut )
N e u? +1 ! Vb2 — 2 = u? +1
Ifm <|ImA| <7241 then I3y <0, whereas if |[Im A\| > v/72 + 1 we have
I log(Vb? — 72) / du _ wlog(v/b? —7?)

B2—n2 Jgput+l b2 — 72

du.

&>
&
IN

;/“’ log(ute) , > log(u +e)
VO =72 e w21 = m w4l

bé—m
and if v, > e and \/bz— < 1 then by Lemma 6.3.2 we have

du,

-

1 ! log(u + ) > log(u + v»)
Iig = — 0 A
> b? — w2 / u? +1 du+/1 iy

00 u1/2
2(1
+2087) [ oy ]

b2 _ 2

- 1
< log(1+%)/ 21

- el fe’e) 1/2
< 20_%1&/ du +/ u’” ol
2 —m2 | ) w2 +1 ), ut+1

Similarly if v, > e and \/B% > 1 then

/Oo log U+’YA) du < 2(logy) [ ul/? T

] SATe A
2 = \/—_p T VB =) w?+1
The integral I; can be estimated in the same way as I3, replacing a with —a.

Overall, if |7,| < e and |Im A| > /72 + 1 then we have

1+ log(v/b? — 72)
ol—m

IR(\, log A)]| < C (6.8)

If |va] <eand 7 < |ImA| < /72 + 1 then

C

T (6.9)

|R(A log A)|| < 7o

From (6.8) and (6.9) we see that there exists a constant C such that

log(1 + | Im A|)

R\ logA)|| < C
IROVlog )| < 0 =82

(|Tm A| > 7, |7 <e). (6.10)
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If |7i] > e and | Im A} > /7231 then
7 2 .
RO log A)|| < ¢ <1og(\/b m2) N 1 . log || )
Wwor P VP

< ¢ (Ltlogldl (6.11)
b —m )’

since |a| > e in this region of the plane. Let ¢ € (0,1). If |ya| > e and V72 4¢€2 <
| Im A] < v/72 + 1 then by Lemma, 6.3.3 there exists a constant C. such that
1B log )] < € (s + 2
< C (1 ——10g8+log|a§)

1 +1og(1 + |al)
C. ( i ) | (6.12)

From (6.11) and (6.12) we see that there exists a constant C. such that

log(1+ |Re A|)
| Im A\| — 7

|IR(A\ log A)|| < C. ([ ImA| > 7w+ ¢, || > e). (6.13)

(6.10) and (6.13) now give the result. O

Thus we see that, if the real part of A is fixed, the norm of R()\,log A) decays
like (log |Im A})/(]Im A| — 7) as |Im A\| — oo. If instead we fix the imaginary part of
A, then R(A,log A) is bounded by log|Re A| as |Re A\| — oo along horizontal lines.

Again, if A € loglog-Sect(w) then we can estimate the resolvent whenever | Im A| > w.

Proposition 6.3.5. Let A € loglog-Sect(w). Then X € p(log A) when |Im\| > w.

Furthermore, for each W’ € (w,7), there ezists a constant C = C(w') > 0 such that

log(1 + |Im Al)

|R(X\ log A)|| < C (| Im A| > o', || <€)

| Im A\| — '
and
1ROtz A < ¢ ELTEED ) > o, > ),
where

Ai(r—w) (ImA > W),

A—i(r—uv') (ImA< —w).

N =
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Proof. Since loglog-Sect(w) C a-log-Sect(w) for each o € (0.1). it follows from
Proposition 6.2.8 that o(log A) is actually contained in H,,. The resolvent estimates
come from applying Proposition 6.3.4 to the operator e’ A, where § = 7 — ', as in

the proof of Proposition 6.2.8. O

An example of a loglog-sectorial operator and its logarithm can be obtained by

modifying Examples 6.2.1 and 6.2.9.

Example 6.3.6. If we set L,, = n/loglogn forn > 3, then the operator A constructed
as in Example 6.2.1 is log log-sectorial but not sectorial. The spectrum oflog A consists

of the set of eigenvalues {log L, : n > 3}, and at all other points the norm of
R(\log A) is given by

1 loglogn
R\ log A)|| = .
|7 gA)l ilg (I)\ —log L,,| * |)\—logLn|2)

Taking Ay, = log L, + 18 for m > 3 and 3 > 0 we have

1 +loglogm < 1+loglogm  1+log|Rel|
6] 617 7 [ImA [ImA[

| R(Am,log A)|| =

since loglog L,, ~ loglogn as n — oco. Again this shows that the estimate obtained in

Proposition 6.3.5 is sharp on horizontal lines.

6.4 Log-Sectorial Operators

We have already noted that Propositions 6.2.5 and 6.2.6 fail to hold when o = 1. In
this section our aim is to see what can be said in this case. We shall see that, under
the additional assumption that p(log A) contains a point g with |Im p| > 7, we can
indeed obtain a resolvent representation (Proposition 6.4.2), and from this we can

estimate the norm of the resolvent (Proposition 6.4.3).

111



We say that A is log-sectorial of angle w, written A € log-Sect(w), if A € F-
Sect(w) for the function F defined by

( logs (s> e),
F(s)=4¢ 1 (el <s<e)

\ log: (0<s<e™.

Thus a log-sectorial operator can be thought of as the limiting case of an a-log-
sectorial operator as & — 1. From Proposition 5.2.4 it follows that if B is a strip-
type operator such that —1 € p(e) then e® is an example of a log-sectorial operator.
A further example can be obtained simply by setting o = 1 in Example 6.2.1 (see
Example 6.4.4 later on).

If A € log-Sect(w) then it follows directly from Example 6.1.2 that log A is well-
defined whenever A is injective. It is easy to see that the proof of Lemma 6.2.2
remains valid if we take a = 1, thus F' satisfies assumption (ii) of Proposition 6.1.6.
It is clear that assumption (iii) is satisfied, and assumption (i) is proved in the next

result:
Lemma 6.4.1. The function s — F(s)/s is decreasing on (0, 00).

Proof. It is enough to show that s+ F(s)/s is decreasing on (e, 00). For s € (e, 00)

we have

(5

as required. [

1 1 1
> = ——S—z'lOgS‘*'? = g(l—logs) <0

Hence the Nollau approximation (A.).¢(,1) is an F-sectorial approximation to A.
If we assume that p(log A) contains some point y with |Im | > 7 then it turns out
that the spectrum of log A is contained in the horizontal strip of height 7, and that

we have a representation of the resolvent of log A outside this strip.
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Proposition 6.4.2. [¢¢ A € log-Sect(w) be injective and suppose that there exists
some point p € p(log A) such that | Im pu| > 7. Then X € p(log A) whenever |Im A| >

T and

00 _ -1 _ A)”l
R()\,logA):R log A +/ (t+4) — (t + dt, (6.14
nlog 4) o [0 Tlogprm  Gimlgepr ) @ Y

for all such \.

Proof. Let [Im A| > 7, and suppose initially that A4, A~! € L(X). Let 0 € (w, ), and
choose a > 0 small enough and b > 0 large enough so that the contour I' = 05p(a, b)

surrounds o(A). With ¢ € (6,7), o’ € (0,a) and ¥ > b, the function f defined by
f(z)=(A=logz)™"  (z€8,(d,b))
lies in H*(S,(a,b’)). Then by the Riesz-Dunford calculus we have
F4) = 5= | F)RG,A)d
=3 /. 2)R(z,A)dz.

The operator f(A) is bounded, and it follows from Theorem 2.1.3(f) that A € p(log A)
and R(\,log A) = f(A). Hence, with i as in the statement of the Proposition,

1 1 1
_ - — A)dz.
R(\,log A) = Ry log 4) + - /F ( e M_logz> R(z A) dz

Letting I denote R()\,log A) — R(p,log A), we have

[ o= 2 b e ~ e R(te™™ A)dt
T om « \A—logt+i0 p—logt+ib ’
0 s 18 )
s ( be? T ) R(be*, A) ds
2w J_p \A—logb—1s p—logh—1is
b i0 i6 _
1 c ¢ ) R(te?, A) dt
2ni J, \A—logt—10 p—logt—:0
0 s 18 )
L ( e 9 ) R(ae®, A) ds
2w J_g \A—loga—1is p—loga—1is

= - ANt
/0 (()\—logt)2+7r2 (M*lOgt)z-{—n‘Q) (t+A4)
= IA,M(A%
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where we have let § — 7, ¢ — 0 and b — oo in (*), just as in the proof of [22. Lemma
3.5.1]. Note that log-sectoriality does guarantee the convergence of this integral.
More generally, we know that the Nollau approximation (Ag)ee(oyi) is a log-sectorial

approximation to A. Each A, is bounded and invertible, thus it follows from the

above that A € p(log A.) and that

R(\log A) = f(A.) = R(u,log Ac) + I u(Ae).

It follows from the Dominated Convergence Theorem and the fact that (A:).c(o,

a log-sectorial approximation to A that I, ,(A4.) — I .(A) as € — 0. Hence

)is

W

f(A.) — R(u,log A) + I, ,(A),

which is equal to f(A) by Proposition 6.1.4. From Theorem 2.1.3(f) it then follows
that A € p(log A) and that R(\,log A) = R(u,log A) + I ,(A) as claimed. O

Using this result we can estimate the norm of R(),log A) for |Im A} > .

Proposition 6.4.3. Let A € log-Sect(w) be injective, and suppose that there exists
u € p(log A) such that |Imp| > w. Then X € p(log A) whenever | Im A| > 7 and

IR(\,log A)|| < C (10g|)\| + ITDJAA_!‘:?> (IIm A| > =, |A| large).  (6.15)

Proof. It follows from Proposition 6.4.2 that A € p(log A) whenever |Im A| > 7. Fix

n € R with |n| > 7 and, for |Im A| > m, set

Lun(4) = /Ooo [(A““J“A)_l —t+ AT ]

~ logt)? + w2  (in —logt)? +
o) 2 2 ;
_ . n? + A2 +2(in — A)logt
B /0 (t+4) (A — logt)2 + 2] [(in — logt)? + 7?]

as in the proof of Proposition 6.4.2. Since A is log-sectorial, there exists x such that
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[t(t +A)71| < k(1 + |logt|) for all ¢ > 0. Thus, by setting s = logt. we have
I <« | L P\ G RV B
o (A= 8)2 + 72| |(in — 8)? + 72|
i /°° (14 8) |n* + X2+ 2(in — \)s|
o IO —sP+ [~ 57+
. /0 (1 —=38) 7+ X2 +2(in — \)s]
o P A
iy /°° (14 s) In* + X%+ 2(in — \)s|
0 (s — @)? + 57 [s* + 7]
H/"O A —in| (|A + in| + 2s?) ds+m/oo A —in| (24 X +in|)s s
oo [(8 = @) + B2] [s? + 7] o [(s—a)>+5[s*+17
. /0 A —in| (2+ |A+in|)s
oo (8 — )2+ 2] [s? + 2]
where & = Re A, 5% = (Im \)2 — 72 and 72 = n? — 2. We evaluate each of the integrals

in (6.16). Firstly,

ds

IN

ds

ds

ds (6.16)

! As+ B Cs+ D
G-l R+ G-af+pE w2t R
where
S e A e
o D - ot
Hence

> ds Y /" A(s+a)+BdS+/" C$+Dd8
/_oo G-+ A2+ e S S n 2+

2 | 32
Alog(s* + %) N aA+Btan‘1 (ﬁ)
2 6] 3
2 2 n
Clog(s” +7) + D an (i)}
2 y v)1_.

n(@A+B) @D

= lim[

n—oo

= Tt (6.17)
Also,
g2 B A's+ B’ +C’S+DI (s € R)
(CETce [ EEas Ry ey ,
where
Al _ 20472 B, . (a2+,5'2)(a2+,6'2—72)
 (a?482—92%)2+4a2y? = (a2+BZ—~2)2+4a>H?

!/ / r ’72(02—1—,32—'72)
C —_ —A D - (a2+,32—’72)2+4a2'727
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and it follows similarly that
> 52 m(aA'+B') 7D
ds = +—. 6.18)
/—oo (s — a2+ B [T+ 7 p K (
From (6.17) and (6.18) we therefore have

/m|A*WHM+H4+%%
o (8 = )2 + B2)[s2 4 2]

ds < 7|A—ip||A+iul (laA; B + ‘DI>

oA +B}+|D|>.
B gl

+27| A — dp) (

Note that

< o = 0N (A= oo,

and that the same holds for |D| and |D’|. Also, since

(0 + F*)(a? + B+ 7
(OéQ + 62 _ 72)2

oA’ + B'| < = 0(1) (JA] = o0),

it follows that

LIRS PR U1} ST
/_oo [(s — @) + 32][s® + 2] d ——O<1+ 3) (|A] ). (6.19)

To estimate the remaining terms in (6.16), note that

s A+ B Clse DT o
(s—a)2+A[s2+12 (s—a)P?+8 s+ |
Where o ( 2 ﬁ2)2
2__ 2 o+ (07
A" = o2 +gz_:2)2i4a272 B" = (a?+82-7?)2+4a’y?
C” _ A” D// - 2a’y2

(a2+,62—’72)2+4a272 .
Therefore if we define

0

1= /o (s — a)? + 5] [s? + 7] ds = /m [(s — @) + 52 [s* + 7] o
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then

S

I = h i S h
/0 [(s — @) + 3] [s2 + 47 ot /0 (s + @)% + 57 [s* + 2] *

~ lim {/ A(sja)—FB ds + ”A”(s—a)—B”dS_ " 2A"s s
R . i o T

2 2 2
= A" lim 10g(22j-§2>+A//10g< il >

n—00 a? + 52
aA” + B . 7 "
+_ﬁ— [g — tan~! (*OZ)] - ——“-CMA + B T_ tan ™! 2
g 5 2 5]
2 2(0414” + B”)
_ g (2 K
g (a2 "‘52) + 5 tan (ﬁ) : (6.20)
Now,
2 2 | A2
,, "+ 5+ -
A< o = O (A= oo).
Also, for large |A| we have
72 &2+/82
log <a2 n 52> = log ( " = O(log |A]*) = O(log [A|).
Finally,

IaAII+BIII S

la|(a® + 32 + 42 Re A
@ 732) ~° (HA%I) (= o0

Hence from (6.20) we see that

| Re Al
5 ) (A — o0). (6.21)

The result now follows from (6.14), (6.19) and (6.21). O

A—in|(24+|A+in)) I =0 (log|)\| +

The presence of the log|\| term in (6.15) indicates that Proposition 6.4.3 is not
obtained simply by setting o = 1 in Proposition 6.2.6. This may be due in part to
the slightly different method of proof involved. Indeed, the following example shows

that the estimate obtained in Proposition 6.4.3 is not sharp.

Example 6.4.4. If we set « = 1 in Examples 6.2.1 and 6.2.9, we obtain a log-sectorial
operator A such that o(log A) consists of the set of eigenvalues {log L, : n > 3},

where L, = n/logn. The norm of the resolvent at all other points is given by

1 logn
R(\,log A)|| = .
IROulog )l = sup (i + =g )
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If we set A\, = log L., +i3, where m >3 and 3 > 0. then

1 logm _ 1+logm  1+4]|Rel|
IR, log A)f| = — 4 < ~
W= T = Tma ™ TN

In general, suppose that F is such that the logarithm of the F-sectorial operator
A is always well-defined, and that F(s) — oo as s — oc. Following Examples 6.2.1.
6.3.6 and 6.4.4, we can construct an F-sectorial operator A such that the resolvent of

log A is unbounded on horizontal lines. This is in contrast to the classes of operators

considered in Chapter 5, and is the motivation for our next chapter.
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Chapter 7

Exponentials of F-Strong
Strip-Type Operators

We saw in the previous chapter that it is possible to define the logarithm of certain
F-sectorial operators. We showed that, under suitable conditions, the spectrum of
the logarithm is contained in a horizontal strip, and that the growth or decay of the
resolvent outside this strip depends on the function F'. This leads us to consider the
idea of an F'-strong strip-type operator, i.e., an operator whose spectrum is contained
in a horizontal strip, but which satisfies a different resolvent estimate from that
of a strong strip-type operator. Just as we constructed a functional calculus for
F-sectorial operators, it is possible to construct a functional calculus for F-strong
strip-type operators. We outline such a construction in Section 7.1.

It is sometimes possible to define the exponential of an F-strong strip-type opera-
tor B, and in Sections 7.2 and 7.3 we look at specific examples of F-strong strip-type
operators B for which this is the case. These examples are inspired by the results
obtained in Sections 6.2 and 6.3. When —1 € p(e?), the techniques of Chapter 5 can
be used to show that o(e?) is contained in a sector, and to estimate the norm of the
AR(\, eB) for X outside this sector. Thus these exponentials are further examples of

F-sectorial operators.
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In Section 7.2 we define the class of log-strong strip-type operators. which includes
logarithms of log log-sectorial operators. We show that, when —1 € p(e®). the norm
of AR(A, €®) grows like the square of loglog |A| (Proposition 7.2.2). In Section 7.3 we
look at A\*-strong strip-type operators, examples of which include logarithms of a-log-
sectorial operators. Again we obtain an estimate on AR(), e®) under the assumption
—1 € p(e?) (Proposition 7.3.1).

Finally, in Section 7.4, we summarise the relationships between the various classes

of operators considered in Chapters 5 — 7, and discuss the impact of our results on

the inversion problem.

7.1 F-Strong Strip-Type Operators

In this section we shall define the concept of an F-strong strip-type operator, and
describe how a functional calculus can be constructed for such an operator. In the
case when the exponential of the F-strong strip-type operator B can be defined, we
explain how the techniques of Chapter 5 can be used to estimate the norm of the
resolvent of e?.

Let w € [0,7) and suppose that F' : (0,00) — [d,00) is continuous, where § > 0.
We say that an operator B is an F-strong strip-type operator of height w, written
B € F-SStrip(w), if

1. ¢(B) C H, and

2. For each ' € (w, ) there exists C = C(w’) > 0 such that

F(AD

1RO, B)) < O s

(| Im Al > ).

From this definition we see that B € F-SStrip(w) if and only if —B &€ F-SStrip(w).

Clearly, taking F' = 1 gives us the usual definition of a strong strip-type operator.
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A functional calculus for B € F-SStrip(w) can be constructed in the usual way-.

To construct the primary functional calculus we consider the set

Ep(Hy) = {f € N> (Ho) :/ [F(2) F(|z]) ldz| < OO}, (7.1)

Hy

where w < ¢ < § < 7. For each f € £x(Hy) we can define the bounded operator

f(B) :=—2—71T—Z. - f(2)R(z,B)dz.

The properties of this functional calculus, including the set of regularisable functions,
will clearly depend heavily on the function F. In particular, the choice of F' will affect
whether the exponential e” can be defined. By Theorem 2.1.1(f) it follows that if e?
can be defined then it will be injective, with (ef)~! = e=5.

Given an F-strong strip-type operator B for which the exponential e? can be
defined, we want to know what properties e? has. We have seen that, when B is a
strong strip-type operator such that —1 € p(e?), the spectrum of e? is contained in
a sector, and the resolvent outside this sector satisfies a logarithmic estimate (Propo-
sition 5.2.9). We use the same methods as in Section 5.2 to study the exponentials
of F-strong strip-type operators.

Let B € F-SStrip(w) and define the function f) by

eZ

M) =N+ 1)

(Z € Hg), (72)

where w < 0 < |arg \| < 7. Then fy € H*(Hjy) and the functional identity

A
A — e?

= (L VAE) +

holds. Suppose that fy € Ep(Hy), that eP is well-defined and that —1 € p(ef). It
follows from Theorem 2.1.1(f) that the function z — (e* +1)7" is regularisable and
that (e* +1)7}(B) = —R(—1,e?). Hence, under these assumptions, it follows from
(7.3) that A € p(e®) whenever | arg A| € (w, 7], and that the operator identity

AR(A, ) = —(1+ ) f(B) — R(~1,¢?) (7.4)
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holds for such A. Thus, as was the case for strong strip-type operators. estimating

the norm of f\(B) will give us an estimate on the norm of AR(), e?).

Remark 7.1.1. There is nothing unique about the point —1 here. If we assume that

there is some point p € p(e®) with |arg | € (w, ], then it will follow that X € p(e?)

whenever |arg \| € (w, 7).

As mentioned in Section 5.2, the function fy can in fact be thought of as a function
on the whole of C, with simple poles at z = (2k+1)mi and at z = log |A\|+(2kn+arg A)i
for k € Z. We shall estimate the norm of the contour integral defining fy(B) for a

suitably chosen contour I'. Initially we suppose that |A| < 1. Let ¢ € (w,0) and

define I'y, ..., 'y as follows:
Iy = (o0 log A+ iy
r, = {t —log|A\l+1t) :log|A| <t < 10g2|)\| }
1
r, — {t i( 0g2|)\|<t§0}

F4 = (0, ‘f"&tp

Take 'y = Uj:l I; and let I'_ denote the reflection of I'; in the real axis. Finally,
set ' = [y UT'_. Using this contour I', we can obtain an estimate on the norm of
AR(), eB), at first for small |A|. This estimate can then be extended to large |A| by

considering the inverse of eZ, namely the exponential of —B.

7.2 Log-Strong Strip-Type Operators

Let w € [0,7) and suppose that the operator B satisfies
1. o(B) C H, and

9. For each w' € (w,7) there exists C' = C(w') > 0 such that

log(1+ |A])

R\, B)|| <
H (7 )H_CllmM—w’

(|Tm A > o). (7.5)
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Then we say that B is a log-strong strip-type operator of height . and write
B e 10g—SStrip(w). It follows from Proposition 6.3.4 that the logarithm of an injective
log log-sectorial operator is an example of a log-strong strip-type operator.

It B € log-SStrip(w) then we have ||[R(), B)|| = O(log|Re A|) as |Re \| — 0o on
horizontal lines. Therefore, if § € (w,n) and F(s) = log(1 + s) for s > 0, the set
Er(Hp) defined by (7.1) contains the algebra

F(He) ={f € H®(Hp) : f(z) = O(|Rez|"®) as | Re z| — oo for some o > 1}

just as in the case of strong strip-type operators. The function f, defined by (7.2)
belongs to F(Hy) whenever |arg A\| € (,7]. This means that f(B) is well-defined
whenever f € H(Hy) is such that f(z) = O(e®®e?) as |Rez| — oo for some a €
(0, 7/w) (see [22, Lemma 4.2.3]). In particular, the exponential e? of B is well-defined.

Let w < 6 < |arg A\| < 7, and suppose initially that |A\| < e72. Let ¢ € (w,8) and,

with the contour I' defined as above, set

@:‘ (G=1,...,4).

/1“j ir(z)R(z, B)dz

We shall estimate each of Iy, ..., I; in turn. Note that, on each of I'1,...,T'4, we can
modify slightly the estimate given in (7.5). Indeed, there exists a constant C' such

that |2| < C|Rez| for all z € Ty UT';. Hence we actually have the estimates

log | Re 2|
< I
IR B <0 R (zeTy)
and
log(1 R
IR B)| < ¢ X80 LRzl o)

| Im 2| — &/
where o' € (w, ). Furthermore, there exists C' such that 1+ |z| < C(1 +|Rez|) for

all z € I'3 UT'y. Hence the estimate

1 +log(1+ |Rez|)
| Im z| — W'

|R(z, B)| < C (2 € T3UTy)

also holds. The following lemma will be used to estimate I7.
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Lemma 7.2.1. Ifz,y > 2 then log(z +y) < logz + logy.

Proof. If z,3y > 2 then clearly z + y < zy, hence by monotonicity of the logarithm

function we have log(z + y) < log(zy) = logz + log y. O

On I'; we have the estimate

log |?|
p—u

|R(t +ip, B)|| < C (—oo0 < t < log|A|).

If we set € = ¢ — W' then it follows from Lemma 5.2.3 that

I < ¢ /A| loglog(1/s) s < c /)‘l loglog(1/s) s
B o (+Ds+[A) T e Jo s+ (Al '

5
Putting u = s/|\| we see that

/1 loglog IAlu ;
— u

I
! u—+1

IA

1

C | 127 loglog(1 1 1 loglog | i
< O [ [ ksl +ioglos1fn) ., | (),
0 e

;— u+1 ~2 u—+1 Y
where we have applied Lemma 7.2.1 to the integral between 0 and e 2. A second
application of Lemma 7.2.1 gives

1 loglog (%) 1 2
/ P g < / loglog(e”/[A])
o2 u+1 o2 u—+1
<12/1d“+1101/1d“
) — :
= 08 -2 U+ 1 & gl)\l -2 U+1
Therefore
C 1
I < — {1+ loglog (7.6)
3 A

On I';, we have

0 log |\
IR -+ito —loglAl +0, B < € 0D (iog <0 < B
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Using Lemmas 5.2.5 and 0.2.6 we see that

I/\|1/2 1
I, < C og(1 +1log(1/s)) )
- /w (s +1AN)(s +1)(log(s/[N]) + £) !

< Clog (1 + log ——1~>

[AP/2 ds
Al /;A (s +[AD(log(s/|A]) + &)

Setting u = s/|\| gives

1 N7 du
I, < (C1 14+ log —
2= Og( o8 |A|>/1 u(logu + ¢)

1 ~1/2
= (Clog (1 + log W) log(logu + &)} !

C log <1 +log |—i—|) (log(log |A| Y2 + ¢) — log £).

Note that, since |A| < e™2, there exists a constant C such that
log(log |A|7*2 + €) < log(log |A| ™ + &) < C'loglog |A| ™.

Hence

1

1\? 1
L, <C (log log W) +C (Iog —é) loglog —.

On I's we have

1+ log(|t| +1) log |\l )
(o — < <t<d0
IRt +ile — 1), B)| < O 3
Using Lemmas 5.2.7 and 5.2.8 we obtain
1 1+ log(log(1/s) + 1)
I; < C ds
o= /I/\|1/2 (S + I)\j)(s + 1)(Iog(1/s) + 8)
{1 +10g (1 ! )+1>_/1 s
<
= CpTE ( A ") ] e s(og(1]s) +2)

(
- clis log <1og (l /\,11 /2> + 1) [~ log(log(1/s) + €)}iy2
(5r)

+ 1)— (log(log(])\\_lﬂ) +¢£) —loge) .



Again, since |A| < e72 we actually have
I;<C (loglog i>2 +C <log 1) loglog — ! (7.8)
Al € Al

Finally, on I'y we have the estimate

1+ log(t + 1)

IRt + i, B)|| < C ,
QY —w

(t > 0),

hence it follows from Lemma 5.2.3 that

_/°°1+loglogs+1) <C/°°1—Hog(log3+1)alS (79)
1

(s+|AD)(s+1) =7 s(s+1)

From (7.6) — (7.9) we see that there exists a constant C' = C(y) > 0 such that

12
<C (1 + log log li\l (loglog P\l) >

for [A| < e7®. As the third term on the right-hand side is dominant for small |}, it

< o (e (1)) -

for all such A. We are now able to prove the main result of this section.

I(z)R(z,B)dz

Ly

follows that actually

H(2)R(z,B)dz

Ly

Proposition 7.2.2. Let B € log-SStrip(w) and suppose that —1 € p(e®). Then for
each 0 € (w,n), there exists a constant C = C(6) > 0 such that

INR(X, €P)]| < C(loglog |A))*  (JargA| = 6, |A] > €7) (7.11)
and )
IANR(N, eB)]| < C (loglog &O (larg Al > 6, [\ < e7?) (7.12)

Proof. Let 6 € (w,n) and suppose that |argA| > 6. By symmetry an identical
estimate to (7.10) holds on I'_. Hence (7.12) now follows from (7.4). To prove (7.11),
note that the identity AR()\, (eZ)71) = I — A"1R(A 1, eP) follows from [22, Lemma
A.2.1]. Since —B also belongs to log-SStrip(w) and e~ = (e#)7}, it follows that the
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norm of AR(), (eB)~!) satisfies an estimate identical to (7.12) for [A| < e=2. Hence.
for such A\ we have

2
H)\_IR ()\_l,eB)H <C <log10g |71l> :

Setting p = A~" this becomes ||uR(u, e?)|| < C (loglog |u|)? for |u| > €2, completing
the proof. ]

Hence, if B € log-SStrip(w) is such that p(e?) contains some point p with | arg u| €
(w, 7], the exponential e® belongs to the class F-Sect(w) for the function F defined
by
( (loglog s)? (s > e9),

F(s) = ¢ (e7¢ < 5 <ef),

1
| (loglog 2 (0<s<e™®),

and e? could be referred to as a (loglog)?-sectorial operator.

7.3 \*-Strong Strip-Type Operators

Let w € [0,7), a € (0,1) and suppose that A is an injective a-log-sectorial operator
of height w. It follows from Proposition 6.2.8 that, for each v’ € (w,7), there exists

a constant C' = C(w’) > 0 such that the estimate

(| Im A} > W)

14| ReA|@ 1
IR0 tog ) < € (TN )

| Im A\ — o' (JIm )| —w')i~@
holds. In fact then R(A,log A) satisfies

1+ |ReA|*+ (| Im A| — w')®

C
| Tm A| — o/

|Re A|* + (14 | Im A|%)

C
| Im A| —
C | Re A|* + 2| Im A|*
| Tm A| — '

oo A

- | Im A| — o'

|R(A, log A)||

IA

(7.13)
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In light of (7.13) we say that B is a A*-strong strip-type operator of height ..
and write B ¢ A*-SStrip(w), if

l. o(B) Cc H, and

2. For each w' € (w, ) there exists C = C(w') > 0 such that

A
| Im | — o

IR(N, B)|| < C (|Im A| > o). (7.14)

Clearly if A € a-log-Sect(w) is injective then log A € A*-SStrip(w).

Although the definition of a A\*strong strip-type operator also makes sense when
a > 1, 1t is unclear whether the logarithm of an injective log-sectorial operator is
always a A-strong strip-type operator (compare the estimate obtained in Proposition
6.4.3 with Example 6.4.4). However, it follows from [28, Theorem 3.5] that if iB
generates an a-times integrated group, where o > 0, then B is a \*-strong strip-
type operator. A particular example is the Laplacian A, on LP(R™), where 1 < p < oo
and n > 2 (the case n = 1 has already been considered in Section 5.2.2). Hieber
showed in [27] that A, generates an a-times integrated group on LP(R"™) whenever
o> nls — %[, and that A, € X*-SStrip(0) for such a.

From now on we shall restrict ourselves to the case a € (0,1]. If B € A*-SStrip(w)

then we have ||R()\, B)|| = O(] Re A\|*) as | Re \| = oo on horizontal lines. Therefore,
if € (w,n) and F(s) = s* for s > 0, the set Er(Hy) defined by (7.1) contains

F'(Hy) :={ f € H®(Hy) : f(2) = O(|Rez|?) as | Re z| — oo for some § > 2}.

If |arg A\| € (0, 7] then F'(Hy) contains the function fj, since for large positive Re z
we have

’Rez’aeRez
(eRez — ’/\’)(eRez _ 1)

()R (z, B) < C = O(|Rez|"e™ ") (Rez — +00)

and for large negative Re z, say Re z < loge for some £ > 0, we have

| Re z|*eRe?

(1A =&)L —¢)
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It follows once again that the exponential e is well-defined.
Let w < § < Jarg A\| < 7 and suppose initially that |A| < e7?. Let £ € (w.0)
and take I' to be the same contour as before. Again we estimate each of I;.... i

in turn. As before, the estimate given in (7.14) can be modified slightly on each of

I'1,...,T'4. Indeed, as mentioned earlier there exists C such that |z| < C|Rez| for all

z € 't UT,, hence

| Re z|*

R(z,B)|| < C
1B B < C s

(Z € Fl U Fg),

where W’ € (w, ). Furthermore, there exists C such that |z| < C(1 + |Rez|) for all
z € I'sUTy, hence

1+ |Rez|*

R(z,B)|| <C

(Z S Fg U F4>

On I'; we therefore have the estimate

i
P~

|R(t +ip, B)|| < C (—o0 < t < log |A]).

If we set € = ¢ — w' then from Lemma 5.2.3 we obtain

C' A (log(1/s))® c M (log (1/5))”
/ (s+ [A\)(s+1 )dSS 8/0 (s +AD) b

Setting u = s/|\| we see that

C log (/\(u
<
L= / u+1

=% Kk’g w)a/ol ﬂﬁ/: e d“}’

by the fact that the function s — s® is concave on (0,00). Hence

L<C ( (log ‘}\!)a) (7.15)

On I'y we have the estimate

, |t]® log | Al
;|R(t+z(ga—10glkl+t),B)Hsc(w_logl/\(ﬂ)__w, (1og|A|§t§ ; )
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From Lemmas 5.2.5 and 5.2.6 we have

Iy

<

<

l/\,l/Q
(log(1/s))° |
C/i ds

A (s [AD(s + 1) (log(s/[A]) + €)

1\ e ds
C {log —
( glM) /m (s + [A])(log(s/|A]) + &)

and setting u = s/|\| again gives

On I's we have

|R(E +i(p ~

I

<

IN

A1/ du
/1 (u+ 1)(logu + ¢)

(log(log |A| 7% 4 €) — log £).

log l_i_l)a log log tik( +C <log %) (mg &‘)a

1+ (¢ (1og 1Al

0B < 0= 3

From Lemmas 5.2.7 and 5.2.8 it follows that

/ 1 + (log(1/s))> s
a2 (

Thus

I3

<

IA

(
(1 + (10877 ) ) [ logliog(1/5) +2 e
(

log mm) ) (log(log [A| 7Y% + £) — log &) .

s+ AN (s + 1) (log(1/s) + €)
ds
WW) ) /!Ml/? s(log(1/s) +€)

1\* 1 1 1\*
I;<C (logm> loglogl—M—I—C (log 5) <log |>\|)
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Finally, on 'y we have

. 1+ t©
IR(t+ip, B)| <C 2 (0<t< o)
QO—LU
hence
1+ (log s)* C [ 1+ (logs)®
— < — ds. 7.18
S TR M R E

From (7.15) — (7.18) we see that there exists C = C(p) > 0 such that

1\° 1\ 1
‘ SC( (10%1) <1°g1A|) bgbgw)

for |A| < €72, and since the third term on the right-hand side is dominant we actually

h(2)R(z,B)dz

Ly

have

1\° 1
<C <1og W) log log — B (7.19)

for such \. We now come to an analogue of Proposition 7.2.2.

fir(z)R(z,B) dz

ry

Proposition 7.3.1. Let B € X\*-SStrip(w) and suppose that —1 € p(e®). Then for
each 0 € (w, ), there exists C = C(0) > 0 such that

IAR(N, €5)]] < C (log [A)*loglog [A]  (Jarg Al 2 6, [A] > €%) (7.20)
and
B 1" 1 -2
IAR(A, e7)]] < C | log B log log — B (largA| >0, |A| < 7). (7.21)

Proof Let § € (w,w) and suppose that |argA| > §. By symmetry an identical
estimate to (7.19) holds on I'_. Hence (7.21) now follows from (7.4), and we can

deduce (7.20) in exactly the same way as in the proof of Proposition 7.2.2. O

Hence, if B € log-SStrip(w) is such that p(e?) contains some point y with | arg u| €
(w, 7], the exponential e? belongs to the class F-Sect(w) for the function F' defined

by )
(log s)*loglogs (s > e),
F(s) =14 e (e7® < s<ef),
\ (log2)*loglog: (0 <s<e™®),
and eB could be referred to as a (log® x log log)-sectorial operator.
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7.4 Connection with the Inversion Problem

In this final section we present a summary of how our results allow us to pass through
the various classes of operators considered in Chapters 5 — 7. If we begin with an
injective sectorial operator A, then by repeatedly taking logarithms and exponentials,

we eventually arrive at the class of (loglog)?-sectorial operators as follows:

[19, Proposition 3.2 ) Prop® 5.2.9
Sect(w SStrip(w) ——= loglog-Sect
() L Topote p(e) T2 loglog Seet(w)
Prop® 6.3.5 . Prop® 7.2.2 2
T log-SStrip(w) — (loglog)*-Sect(w).

Recall that for this chain of results to be valid we assume that —1 is contained in the
resolvent sets of all exponentials.

Moving to the fractional case, let & € (0,1). Proposition 5.2.11 tells us that if B is
an a-strong strip-type operator such that —1 € p(e?), then e? is (1 - a)-log-sectorial.
On the other hand, suppose that we begin with an injective (1 — «)-log-sectorial
operator A. The estimates obtained in Proposition 6.2.6 tell us that, for Re A fixed,
the norm of R(\,log A) decays like |Im A\|7® as | Im A| — o0, as is also the case for a-
strong strip-type operators. However, we also obtain new information on the growth
of the resolvent of log A along horizontal lines. Indeed, we have already observed that
log A is an example of a \~%strong strip-type operator. If B is now a A™®-strong
strip-type operator such that —1 € p(e?) then Proposition 7.3.1 tells us that e” is a

(log’™* x log log)-sectorial operator. Thus we have the following sequence:

Prop? 5211, (1 — a)-log-Sect(w)

Prop® 7.3.1
_—

a-SStrip(w)

B—eB

Prop® 6.2.8 _ :
—oF 2P, ATe.SStrip(w)
A—log A B—eB

(log' ™™ x log log)-Sect(w).
The estimates obtained in Proposition 7.3.1 involve the product of an iterated

logarithm with a fractional power of the logarithm. For any § € (0,1), there exists

o constant C such that loglog |\| < C (log|A|)? for large |A|. Hence if B € \'™°-

gStrip(w) with —1 € p(ef) then e? is in fact a (1 — a + 3)-log-sectorial operator,
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where (3 is chogen so that 1 —a + 3 € (0,1). From this we see that there is a 1-1

correspondence between the class

U { A € a-log-Sect(w) : A is injective }

ae(0,1)

and

U { B € A*-SStrip(w) : —1 € p(e?) }.

a€(0,1)
Although the class of A\*-strong strip-type operators has been defined for a = 1,
this case is not quite so satisfying. Beginning with a strip-type operator B, we have

the following chain of results:

. Prop® 5.2.4 Prop® 6.4.3 ’)\’
St log- — 2
rlp(W) _;;) og SeCt(W) m ”R()\, lOg A) || @) <10g ’)\’ + I Tm AI) .

It is unclear whether there is any correspondence between \-strong strip-type oper-
ators B such that —1 € p(e?), and injective log-sectorial operators A. Our method
of proof leads to an extra log|A| term in the resolvent estimates for log A shown in
Proposition 6.4.3.

It also seems that the question of whether the exponential of a strong strip-type

operator is sectorial, if it has non-empty resolvent set, remains open.
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