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Abstract
In this thesis, we are concerned with the classification of partially labeled
data. By partially labeled data we mean data where measurements are available from experimental units which are known to belong to one of a set
of known classes but whose individual membership to subclasses within the
known class is not known. Examples of these applications include fisheries
research where fish lengths are available but sexual identities are not, sedimentology where information is available about the grain size distribution
of a sample of sand but not its mineral composition and medical diagnosis
where the symptoms of the patients are known but not disease classifications.
A popular way of handling such partially labelled data is to use a mixture of Gaussian densities. Relying on the assumption of Gaussian densities
(more information), results in an more efficient (less variance) discrimination
procedure if the modelling assumptions are satisfied. However in practice,
these assumptions rarely hold and often some of the features are qualitative
variables, and hence it is generally of the view that logistic discrimination
is a more robust bet as it relies on fewer assumptions. We chose to use a
mixture of logistic regressions, embedded within a hierarchical mixture of
experts to classify our data.
We compared its use in the plug-in-approach (frequentist approach) versus the predictive approach (Bayesian approach) in classification. The density of parameters required for the predictive approach was obtained using
Markov Chain Monte Carlo simulation.
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Chapter 1
Introduction
1.1

Overview and History

In this thesis, we investigate the classification of partially labeled data with
our chosen statistical model. By partially labelled data we mean data where
measurements are available from experimental units which are known to belong to one of a set of known classes but whose individual membership to
subclasses within the known class is not “known”. Examples of these applications include fisheries research where fish lengths are available but sexual
identities are not, sedimentology where information is available about the
grain size distribution of a sample of sand but not its mineral composition
and medical diagnosis where the symptoms of the patients are known but
not disease classifications. [Titterington et al., 1985, pp ix ].
Mixture models are the most popular way of handling such data. However
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as explicit estimators do not exist for the estimators of mixture models,
necessitating the use of numerical methods, usage of mixture models were not
widespread till computers were invented and the publication of the seminal
paper of Dempster et al. [1977] on the EM algorithm which greatly simplified
fitting of mixture models by maximum likelihood.
With the advent of inexpensive, high speed computers in conjunction with
rapid development in posterior simulation techniques such as Markov Chain
Monte Carlo (MCMC) methods, usage of Bayesian methods in mixtures have
also taken off and this will be one of the main themes of this thesis.

1.2
1.2.1

Statistical Decision Theory
Classification

In this thesis, we are interested in classification. The framework for classification is as follows: certain objects are classified as coming from one of fixed
number of class say 1, . . . , C. Each object gives rise to certain measurements
which together form the feature vector X. The proportion π c of class c cases
in the population under examination is some known or unknown π c . Feature
vectors from class c are distributed according to some density f c (x). The
task at hand is to classify an object to one of the C classes on the observed
value of X = x. And this is done by calculating the conditional posterior
probability f (c|x) for all possible classes and choosing the class that gives
the maximum posterior probability.
8

1.2.2

Diagnostic verses Sampling Paradigm

A popular way to classify such data is to use a mixture of normal distributions
which is an example of the sampling paradigm [Dawid, 1976] in statistical
pattern recognition. In the sampling paradigm, where the models are usually
termed generative methods, a parametric or non-parametric model is formed
for the distribution of features for examples from each class and statistical
decision theory is used to find an optimal classification. In the diagnostic
paradigm, we are not keen on what the classes looked like but only given an
example in what the distribution over classes is for similar examples. The
main method for this approach came to be known as logistic discrimination. Both assume a parametric model of the joint density f (x, c; θ). In the
sampling paradigm we are interested in f (x, c; θ) = π c f c (x; θ). In the diagnostic paradigm, we estimate the posterior probabilities f (c|x, θ) directly via
f (x, c; θ) = f (c|x, θ)f (x; θ) where any information about θ in the unconditional density p(x; θ) is normally discarded by conditioning on the observed
x0 s. In the sampling paradigm, the posterior probability has to be calculating
using Bayes rule where

π c f c (x)
.
f (c|x) = PC
r f r (x)
π
r=1

(1.2.1)

Each of these approaches have it strengths and weaknesses. The sampling paradigm, by making some modelling assumptions about the density
9

of f (x) results in a more efficient (less variance) discrimination procedure.
Logistic discrimination, by modelling the posterior probabilities directly, is
considered less sensitive to modelling assumptions but is unable to make use
of unlabelled data which the sampling paradigm is able to.

1.3

Plug in Approach verses Predictive Approach

Evers [2007] developed a general purpose implementation of mixture of experts models for public use in R. His thesis however only covered the frequentist fitting of mixture of experts. In this thesis, we attempted to compare
frequentist fitting (plug-in-approach) with the Bayesian fitting (predictive
approach) of mixture of experts.
From the training sample that we assumed to have in the previous section,
we can form an estimate of θ̂ of θ. And this can be plugged into the posterior
probability fˆ(c|x; θ̂) and this is usually termed as the plug-in classifier and is
one of the most widely used classification methods. What is left to be decided
is which estimator should be inserted in. The maximum likelihood (ML)
estimator has been the most popular choice in statistics. The widespread
use of the ML estimator in conjunction with the plug in approach arises
from the excellent reputation that the ML estimator enjoys and because it
has been directly or implicitly recommended by many of the pioneers in
statistical classification theory.
10

The predictive approach as mentioned, is Bayesian in flavour and inspiration even though “vague prior” versions can be used and motivated outside
the Bayesian paradigm. Assume now that we have a prior distribution for
f (θ). Using Bayes theorem, we can generate a posterior density for θ, conditional on the data observed, f (θ|x). The main difference between the plug-in
and predictive classifier is that the former acts as if the estimated θ is the
true θ whereas the predictive approach averages over the uncertainty in θ.
Hence

fˆ(c|x) =

1.4

Z
f (c|x; θ)f (θ|x)dθ.

(1.3.1)

Mixture of Experts

The mixture of experts model was proposed by Jacobs and Jordan [1991]
as a generalisation of mixture models, allowing for locally adaptive mixing
weights. Mixture of experts comprises of a set of models, the experts, which
performs the actual classification and a gating network which allocates the
observations to different experts and averages (weighted) the predictions resulting from the experts.
Unlike so many other statistical methods that were invented/reinvented
in the early 1990s, mixture of experts are not widely used. There seems to be
several reasons. Firstly, due to non-convex nature of the likelihood, finding
maximum likelihood estimates is considerably harder than for other statisti-
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cal methods. And partly due to this difficulty, until recently, there has been
no public general purpose implementation of mixture models. Furthermore,
as they are generalisation of mixture models, their asymptotic properties are
rather problematic. If the parameters of two experts are identical, the corresponding gating coefficients become unidentifiable and the parameter space
collapses.
The outstanding feature of mixture of experts models is that they permit
a meaningful interpretation of the model parameters while still being able
to model complex relationships. Most other complex models, like neural
networks and support vector-machines, are black boxes that they do not allow
for a meaningful interpretation of their results. On the flip side, many simple
statistical models which can be interpreted easily are usually too restrictive.
It is the structure of the mixture of experts that gives it its ease of interpretability. Similar to classification trees (CART) [Breiman et al., 1984],
they partition the feature space and fit a simple model in each partition.
Unlike CART, these splits are “soft”. The partitioning of the covariate space
is described by the parameters of the gating networks, which show where
the boundaries are located and how “soft” they are and hence can be seen
as defining different “regimes”. The parameters of the experts can be interpreted as describing what these different regimes are like.

12

1.5

Outline of Thesis

Chapter Two discusses the issues in classifying partially labelled data using
mixtures of normal and logistic regression and the data sets to be used in
this thesis
Chapter Three defines hierarchical mixture of experts (HME) and compares it to related methods like classification trees, mixture models and neural
networks.
Chapter Four discusses the frequentist fitting of the HME , different regularisation techniques and the results of applying our algorithm to the different data sets,comparing our results to the most widely used machine learning
algorithms.
Chapter Five discusses the Bayesian fitting of HME and the MCMC techniques used generate the posterior density of the unknown parameters required.
Chapter Six discusses the advantages and disadvantages using logistic
regression compared to normal distribution and an approach that combines
the strengths of both.
Chapter Seven Conclusion and discussion for future research
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Chapter 2
Classifying Partially labeled
data
2.1

Data sets

There are six data sets to be used in this thesis for testing our algorithm :

2.1.0.1

Leptograpsus Crabs Data

Campbell and Mahon [1974] studied rock crabs of the genus Leptograpsus.
One species L. variegatus, had been split into two new species, previously
grouped by colour form, orange and blue. Preserved species lose their colour,
so it was hoped that morphological differences would enable museum material
to be classified.
Data are available on 50 specimens of each sex of each species, collected

14

on sight at Fremantle, Western Australia. For each species, we have measurements of the width of the frontal lip FL, the rear width RW, and length
along the midline CL and the maximum width CW of the caraspace, and the
body depth BD in mm.
To fit this data into our framework of unknown subclasses within a known
class, two possible reasonable classification tasks can be considered: One is to
classify the crabs into their colour forms assuming sex is unknown or classify
them by sex, assuming that we do not know the colour form.
We have arbitrarily chosen to perform the latter classification task i.e. we
have chosen to unlabel colour and treat it as the unknown subclass within
the known class sex. Body depth is measured differently for females and it
would seem prudent to remove it from the analysis.
As the data are physical measurements, we have chosen to work with log
scale. A principal component analysis shows that the first principal component to be a “size effect” and since caraspace seems a reasonable proxy for
size and hence all the measurements were divided by the carapace [Venables
and Ripley, 2002]. It is also necessary to account for the sex differences,
which we can do by analyzing each sex separately, or by subtracting the
mean and the width of each sex which is what we did.

2.1.0.2

Music Data

This data set is taken from Weihs et al. [2006]. The task is to register
classification i.e. correct labeling into high and low pitch of singers and
15

and instruments by pitch-independent features. The predictor variables are
formed by using characteristics of the fundamental and the first 12 harmonics.
The fundamentals [F0] of a sound is exactly its pitch frequency and the
harmonics [F1,F2 ...] are integer multiples of the fundamental frequency.
The pitch-independent variables are the mass of the harmonics F0-F12 of
the fundamental frequency and the width (number of Fourier frequencies
above some specific threshold in direct neighbourship to the harmonics in the
normalised periodogram) without any information about its corresponding
frequency. The data set comprises 432 observations (tone) played/sung by 9
different instruments/voices (the subclass).

2.1.0.3

Crystallisation Data

The crystallisation data set consists of 2746 observations. A total of 37
features were obtained from image analysis and the aim is to predict correctly
whether an object is of crystalline nature or not, specified by 3 different
classes. For more details on this dataset see Wilson [2006]. Each of the
classes is known to be composed of seven subclasses.

2.1.0.4

Forensic Glass Data

The last data set to be used is described in Ripley [1996] where he describes
the forensic testing of glass collected by B. German on 214 fragments of
glass, Each glass possess measurements of its refractive index and chemical
composition (weight percent of oxides of Na, Mg, Al, Si, K, Ca, Ba and
16

Fe). In the original classification, the fragments were classed as seven types,
one of which was missing in this data set. The categories are: window float
glass (70), window non-float glass (76), vehicle window class (17), containers
(13), tableware (9) and vehicle headlamps (29). The composition sum up to
approximately 100%.
In this case, the known main class is the type of glass and the unknown
subclass is postulated to be the manufacturer of the glass. Note that the
actual subclass is unknown and there could be more than one type of subclass within each known class or none at all. Professor Ripley understands
from talking to an analytic chemist that for a given type of glass, different
manufacturers produces glasses with markedly different chemical profiles.
Hence our postulation that exists subclasses (which can be differentiated by
the chemical profile of the glass) which represent the various different glass
manufacturers appears to be a reasonable assumption.
Note that in this case, unlike the previous three data sets,the number
of subclasses are unknown and would have to be estimated which is a more
realistic scenario in real life because if the subclasses are known, it would be
a fully labeled problem instead of a partially labelled problem

2.1.1

Waveform Data

This data set is taken from Breiman et al. [1984] and is used in Hastie and
Tibshirani [1996] to illustrate mixture discriminant analysis. It is a three
class problem and is considered a difficult pattern recognition problem. The
17

predictors are defined by

xi = uh1 (i) + (1 − u)h2 (i) + i (class 1),
xi = uh1 (i) + (1 − u)h3 (i) + i (class 2),
xi = uh2 (i) + (1 − u)h3 (i) + i (class 3),

(2.1.1)

where i = 1, 2, . . . , 21, u is uniform on (0, 1), i are standard normal variates
and the hi are shifted triangular waveforms: h1 (i) = max(6 − |i − 11|, 0),
h2 (i) = h1 (i − 4), h3 (i) = h1 (i + 4),

2.1.2

Zip Code Data

This data set is described by LeCun et al. [1990] and is used in Hastie and
Tibshirani [1996] to illustrate mixture discriminant analysis. It was chosen
because it is a relatively simple machine vision task: The input consists of
black and white pixels, the digits are usually quite well separated from the
background, and there are only ten output categories. Yet the problem deals
with image space to category space and the mapping from image space to
category space has both considerable regularity and considerable complexity.
And as Hastie and Tibshirani [1996] pointed out, it is an excellent candidate
for subclass analysis as there are different ways of writing the same digit and
this application has great practical applications.
The database consists of 9298 segmented numerals digitized from hand18

written zipcodes that appeared on the real U.S. Mail passing through Bufflao,
N.Y. post office. The digits were written by many different people, using a
great variety of sizes, writing styles and instruments and with widely varying levels of care. This was supplemented by a set of of 3349 printed digits
coming from 35 different fonts.
We initially tried preliminary experiments on the larger 10 class problem
but it was too computationally demanding and hence we decided to follow
what Hastie and Tibshirani [1996] did and focus on the subproblem of distinguishing 3s, 5s and 8s.

2.2

Mixture Modelling

A mixture model can be defined as follows. Suppose there are n independent
observations of features x1 . . . , xn . Then under the mixture model , the
density of xi is given by:

f (xi ) =

W
X

π w f w (xi ),

(2.2.1)

w=1

Here π w represents the prior probability of belonging to subclass w and f w (xi )
is the class conditional density of xi given that it belong to subclass w. π w
are nonnegative quantities that sum to one i.e. that is
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0 ≤ πw ≤ 1

(2.2.2)

and
w=W
X

πW = 1

(2.2.3)

w=1

The quantities π 1 , . . . , π w are called mixing proportions or weights. As the
functions f 1 xi , . . . , f w xi are densities, it is obvious (2.2.1) defines a density.
f w (xi |xi ; θw ). are called component densities of the mixture. We will refer to
(2.2.1) as a w-component finite mixture density. We will be only considering
finite mixture models.
In this formulation of the mixture model, the number of components
W is usually considered fixed. But in practice, in many applications, the
value of W is unknown and has to be inferred from the available data, along
with the mixing proportions and the parameters in the specified forms of the
component densities
To help us interpret the mixture model. Consider this way of generating a
random vector Xi with the W −component mixture density given by (2.2.1).
Let Zi be a categorical random variable taking on values 1, . . . , W with probabilities π 1 , . . . , π W respectively and that the conditional density of Xi given
Zi = w is f w (Xi ) (w = 1, . . . , W ). Hence the unconditional density of Xi
(i.e. its marginal density) is given by f (Xi ) . In this context, the variable
Xi can be thought of as the component label of the feature vector Xi . Later
20

on it would be convenient to work with a W - dimensional component vector
Zi in place of a the single categorical variable Zi , where the wth element
of Zi , Ziw = (Zi )w is defined to be one or zero, according to whether the
component of original of Xi in the mixture is equal to w or not. Thus Zi is
distributed according to multinomial distribution consisting of one draws on
W categories with probabilities π1 , . . . , πw ; that is

1

2

W

P r{(Zi = zi ) = (π 1 )zi (π 2 )zi , . . . , (π W )zi

(2.2.4)

Zi ∼ MultW (1, π)

(2.2.5)

we write

In this interpretation of the a mixture situation, an obvious situation
is where the w-component mixture (2.2.1) is directly applicable is where
Xi is drawn from a population G which consists of W groups G1 . . . GW
in proportions π 1 , . . . , π W . If the density of Xi in group GW is given by
f w (xi ) for w = 1, . . . , W then the density of Xi has the w-component mixture
form (2.2.1) in situation the W components of the mixture can be physically
identified with the W external existing groups G1 , . . . , GW as in our problem.
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2.3

Incomplete-Data Structure of Mixture Problem

The idea of having a label vector Z w associated with each feature vector
Xi is a useful one, even though in a physical sense it might not be always
appropriate to perceive the mixture in this sense. The usefulness of this
conceptualisation of the mixture in this sense is that it allows the maximum
likelihood estimate (MLE) of the mixture distribution to be computed via a
straightforward application of the EM algorithm (which will be shown the
following sections). It is also useful in implementing the MCMC methods in
the fitting of mixture models in a Bayesian framework.
In this framework, the emphasis is on the estimation of mixture distributions on the basis of data, x1 , . . . , xn usually available in the form of a
observed random sample taken from the mixture density (2.2.1). That is
x1 , . . . , xn are the realised values of n independent and identically distributed
(i.i.d) random vectors X1 , . . . , Xn with common density f (xi ). We write

iid

X1 , . . . , Xn ∼ F,

(2.3.1)

where F (xi ) denotes the distribution function corresponding to the mixture
density f (xi ).
Under the EM framework, the feature data x1 , . . . xn are viewed as being

22

incomplete since the associated component-indicator vectors z1 , . . . , zn are
not available. The complete-data vector is hence declared to be

y = (xT , z T )T .

(2.3.2)

y = (y1T , . . . ynT )T

(2.3.3)

where

is the observed-data or incomplete-data vector and where

z = (z1T , . . . , znT )T

(2.3.4)

is the unobservable vector of component-indicator variables. We assume here
that all the observations xi have been completely recorded.
The components-label vectors z1 , . . . , zn are taken to be realised values of
random vectors Z1 , . . . , Zn where, for independent feature data, it is appropriate to assume they are distributed conditionally as

iid

Z1 · · · Zn ∼ MultW (1, π),
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The wth mixing proportion π w can be interpreted as the prior probability
that the observation belongs to the wth component of the mixture w =
1, . . . , W while the posterior probability that the observation belongs to the
w component with x having been observed on it, is given by

τ w (yi ) = pr{Ziw = 1|xi }
= π w f w (xi )/f (xi )(w = 1, . . . W ; i = 1, . . . , n)

(2.3.5)

Later we will consider the formulation of an optimal rule of allocation in
terms of these posterior of component membership
It can be observed that in this incomplete-data context, the mixture
model arises because the component-label vectors are ’missing’ from the
complete-data vector and we have to estimate the mixture distribution on
data available from the marginal distribution of Xi only rather than from
the joint distribution of feature vector Xi and its component label Zi . It
will be seen later that the EM algorithm exploits this reduced simplicity of
working with the joint distribution of Xi and Zi to compute the MLES on
the basis of the complete-data vector Y and then overcomes the fact that
the label vectors zi are unknown by iteratively working with the conditional
expectation of the complete-data log likelihood given the observed data x,
which is effected using the current fit of unknown parameters.
If the complete-data vector Y were available, estimation of mixture distri-
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bution is straight forward than on the observed data y, since each component
f w (y) could be estimated directly from the data known to have arisen from
it, that is from those feature data xi with ziw = (zi )w = 1. This would be
trivial if say the components densities were hypothesised to be multivariate
normal. The only other parameters then to be estimated would be the mixing
proportions which in the case of a mixture sampling design for the classified
data, can be estimated by proportion of these data from each component,
namely

w

π̂ =

n
X

ziw /n (w = 1, . . . , W )

i=1

2.4

EM Algorithm

The EM Algorithm, introduced by Dempster et al. [1977], is an iterative technique for maximizing the likelihood in cases when there is no straightforward
way of directly maximizing the likelihood. EM is an iterative algorithm and
each iteration is composed of two steps:an Expectation (E) step and a Maximization (M) step. It starts with the observation that the optimization of the
likelihood function will be greatly simplified if the values of a set of additional
variables, called “missing” or “hidden” variables are known. The observable
data set X is termed as the ”incomplete data” set and we postulate a “complete data set” Y that includes the missing variables Z. A probability model
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that links the missing variables to the actual data is specified: f (y, z|x, ; θ).
The logarithm of the density f defines the “complete-data loglikelihood”
lc (θ; Y). The original likelihood is lc (θ; X ) termed as the “incomplete-data
likelihood”. The EM algorithm starts by assuming some trial values of θ,
the unknown parameters values that we wish to estimate. Next comes the
E step where the expected value of the complete-data likelihood, given the
observed data and the current model is computed :

Q(θ, θd ) = E[lc (θ; Y |X )].

(2.4.1)

where θd is the value of the parameter at the d iteration and the expectation is taken with respect to θ. This results in a deterministic function Q.
Next comes the M step where this function is maximized with respect to θ
to find the new parameter estimate θpd+1 as:

θd+1 = argmax Q(θ, θd ),

(2.4.2)

θ

The E step is then repeated with the new parameter estimate θd+1 to
obtain an improved estimate of the complete data likelihood and the whole
process repeats itself.
Each step of the EM yields a parameter value that increases the value of
Q, the expectation of the complete likelihood. [Dempster et al., 1977] proved
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that an increase in Q implies an increase in the incomplete likelihood:

l(θd+1 ; X) ≥ l(θd ; X).

(2.4.3)

Equality is only attained at the stationary pts of l [Wu, 1983]. While the EM
algorithm generally does not guarantee a convergence to a global maximum,
the likelihood l will never decrease with each step of the EM algorithm and
in practice this leads to a convergence to a local maximum. The EM algorithm, however does have a reputation for very slow convergence [Redner
and Walker, 1984].

2.5

Utilising the EM algorithm to Fit Mixtures

As previously discussed, in the formulation of the mixture problem in the
EM framework, the observed-data vector

x = (xT1 , . . . , xTn )

(2.5.1)

is viewed as being incomplete, as the associated component labels vectors
z1 · · · zn are not available. In this framework, where each xi is conceptualised
as coming from one of the components of the mixture model being fitted ziw
is a w-dimensional vector with ziw =1 or 0 according to whether xi did or did
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not arise from the wth component of the mixture . The complete-data vector
is therefore declared to be

y = (xT , z T )T ,

(2.5.2)

z = (z1T , . . . , znT )T ,

(2.5.3)

The component-labels of vectors zi , . . . , zn are taken to be realised values of
the random vectors Z1 , . . . , Zn where for independent feature data, we can
assume that they are distributed unconditionally according to multinomial
distribution (2.3.5). With this assumption, the distribution of the complete
data vector Y implies the appropriate distribution of the incomplete-data
vector X. The complete-data log likelihood for θ, log Lc (θ) is given by

log Lc (θ) =

W X
n
X

ziw {log π w + log f w (xi , θw )}

(2.5.4)

w=1 i=1

The EM algorithm is applied to this problem by treating ziw as missing
data. The addition of the unobservable data to the problem is handled by
the E step which takes the conditional expectation of the complete-data
log likelihood log Lc (θ), given the observed data y, using the current fit for
θ. Let θ(0) be value specified initially for θ. Then on the first iteration
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for EM algorithm, the E-step requires the computation of the conditional
expectation of log Lc (θ) given x, using θ(0) for θ which can be written as

Q(θ; θ(0) ) = Eθ(0) (log Lc (θ)|x)

(2.5.5)

The expectation operator E has the subscript θ(0) to explicitly convey that
this expectation is effected using θ(0) for θ. It follows on the (d+1)th iteration,
the E step requires the calculation of Q(θ; θ(d) ), where θ(d) is the value of θ
after the dth EM iteration. As the complete-data log likelihood, logc (θ) is
linear in the unobservable data ziw , the E step (on the (d + 1)th iteration)
simply requires the calculation of the current expectation of Ziw given the
observed data x where Ziw is the random variable corresponding to ziw . Now

E(θd ) = prθd {Ziw = 1|x}
w(d) w

f (yi ; θw(d) )/f (yi ; θ(d) )
X
= π w(d) f w (xi ; θw(d) /
= 1W π v(d) f v (yi ; θv(d) )
= πi

v

= τ w (yi ; θ(d) )

(2.5.6)

for w = 1, . . . W ; i = 1 . . . , n. The quantity τ w (xi ; θ(d) ) is the posterior
probability that the wth member of the sample with observed value xi belongs
to the wth component of the mixture. Using (2.5.6) we obtain, on taking
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the conditional expectation given x that

Q(θ; θ

(k)

)=

W X
n
X

τ w (xi ; θ(k) ){log π w + log f w (fi ; θw )}

(2.5.7)

w=1 i=1

The M -step on the (d+1) iteration requires the optimisation of Q(θ, θ(d) ) with
respect to θ over the parameter space Ω to compute the updated estimated
θ(d+1) for the finite mixture models, the updated estimates π w(d+1) of the
mixing proportions π w are independently calculated of the updated estimate
ξ (d+1) of the parameters vector ξ containing the unknown vectors in the
component densities.
If the ziw are observable, the complete-data MLE of π w would be given
simply by

π̂

w(d+1)

=

n
X

ziw /n (w = 1, · · · , W )

(2.5.8)

i=1

As the E step simply involves replacing each ziw with its current conditional
expectation in complete-data log likelihood, the updated estimate of π is
given by replacing each ziw in (2.5.8) by τi (yi ; θ(d) ) to give

π

w(d+1)

=

n
X

τi (yi ; θ( d))/n(w = 1, . . . , W )

i=1
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(2.5.9)

In forming the estimate π w on the (d + 1)th iteration, there exists a contribution from each observation xi equal to its (currently assessed) posterior
probability of membership of the wth component of the mixture model. It
can be seen from that ξ (d+1) is obtained as an appropriate root of

W X
n
X

τi (yi ; θ(d) )∂ log f w (xi ; θ)/∂ξ = 0

(2.5.10)

w=1 i=1

A nice feature of the EM algorithm is that the solution of often exists in closed
form as will be demonstrated for the normal mixture in the next section

2.6

Fitting Normal Distributions

Now we focus the on the case of a mixture of normal components,

f (yi ; Ψ) =

W
X

π w φ(xi ; µw , Σw )

(2.6.1)

w=1

where φ() is the multivariate normal distribution. Here Ψ = (π 1 , . . . , π w−1 , ξ T )T
where ξ contains the elements of the components means µw and the distinct
elements of the component-covariance matrices Σw (w = 1, . . . , W ). We shall
first consider the unrestricted (heteroscedastic) case where the component
variances are unequal i.e. there are no restrictions placed on them.
On the (d + 1)th iteration of the E step, where the zero-component-label
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variables ziw are replaced by their current conditional expectations given by
the posterior probabilities of component membership of the observed data xi
τ w (yi ;(d) ), where

w

w

w

w

τ (xi ; Ψ) = π φ(xi ; µ , Σ )/

W
X

φ(xi ; µv Σv )

v=1

for w = 1, . . . , W ; i = 1, . . . , n
The M -step for normal components exists in closed form. The updates
for the component means µw and component-covariances matrices ΣW are
given simply by

µ

w(d+1)

=

n
X

w(d)

τi

w(d)

(2.6.2)

xi /τi

i=1

and

Σw(d+1) =

n
X

w(d)

τi

(xi − µw(d+1) )(yi − µw(d+1) )T /

i=1

n
X

w(d)

τi

(2.6.3)

i=1

for w = 1, . . . W , where

w(d)

τi

= τ w (xi ; Ψ(d) ) w = 1, . . . , w = W ; i = 1, . . . , n.
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(2.6.4)

The updated estimate of the wth mixing proportion π w is given by (2.5.9)
It is computationally advantageous to express the update (2.6.4) of Σw
directly in terms of the current conditional expectations of the sufficient
statistics T1w , T2w and T3w for Ψ in the complete-data framework given by

w(d)
T1

w(d)

T2

=
=

n
X
i=1
n
X

w(d)

,

w(d)

xi ,

w(d)

yi yiT

τi

τi

i=1

and

w(d)

T3

=

n
X

τi

i=1

and hence we have

w(d)

Σw(d+1) = {T3

w(d) −1

− (T1

w(d)

) T2

w(d) T

(T2

) } w = 1, . . . , W

(2.6.5)

using (2.6.5) instead of (2.6.4) gives a reduction in CPU time of around
50%
Often in practice, the component covariance matrices σ W are restricted
to being equal,
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ΣW = Σ

(w = 1, . . . , W )

(2.6.6)

where Σ is unspecified. Under the case of homoscedastic normal components,
the updated estimate Σ is given by

Σ

(d+1)

=

W
X

w(d)

T1

Σw(d+1) /n,

(2.6.7)

w=1

where Σw(d+1) is given by (2.6.5) and the updates of π w and µw are as above
in the heterodscedastic case

2.7

Classifying partially labeled data using
mixture of normals

Now we look at classifying partially labeled data using mixture of normals
and the notable work is done by Hastie and Tibshirani [1996]. In a classification problem, the outcome of interest y falls into C unordered classes which
we denote by the set B = {1, 2, 3, . . . , C}. Suppose we possess training data
(xi , yi ), i = 1, 2, . . . , n. Each class c is divided into W subclasses. The model
assumes that each subclass has a multivariate normal distribution with its
own mean vector µcw and common variance matrix Σ. As highlighted earlier,
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it is not necessary for the covariance matrix to be equal but they adopted
this model as it keeps the total of number of parameters under control and
allows them to permit the other generalisations that they have in mind later
on.
Let Πc be the prior probability for class c and within class c and let π cw
be the mixing probability for the w subclass,

W
X

π cw = 1

(2.7.1)

w=1

Although often the Πc are known or easily estimated from the training data,
the π cw are unknown parameters. Let

D(x, µ) = (x − µ)T Σ−1 (x − µ)

(2.7.2)

be the Mahalanobis distance between x and µ.
The mixture density of class c is

f c (x) = f (x|y = c)
−1/2

= |2πΣ|

W
X

(2.7.3)
π cw exp{−D(x, µcw /2)},

w=1

and the conditional log-likelihood for the data is
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(2.7.4)

l

mix

cw

cw

(µ , Σ, π ) =

n
X

log fyi (xi ).

(2.7.5)

i=1

The EM algorithm provides a straightforward way for maximising lmix (θ).
The EM steps are

f (bcw |x, c) = P rob(x ∈ wth subclass of class c|x, c)
π cw exp{−D(x, µcw )/2}
= PW
cw
w=1 exp{−D(x, µ )/2}

π

cw

∝

X

cw

f (b |xi , c),

π cw = 1

(2.7.7)

w=1

yi =c

µcw

W
X

(2.7.6)

P
cw
yi =c xi f (b |xi , c)
= P
cw
yi =j f (b |xi , c)

W
C
1 XXX
f (bcw |xi , c)(xi − µcw )(xi − µcw )T
Σ=
N c=1 y =c w=1

(2.7.8)

(2.7.9)

i

The notation

P

yi =c

means summing over all observations belonging to the

cth class.
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In the above, the expression (2.7.6) is the estimation step, whereas expressions (2.7.7) - (2.7.9) are the maximisation steps. This is a straightforward generalisation of the EM algorithm presented earlier for one mixture. Expressions (2.7.8)- (2.7.9) have the same expression as the maximum
likelihood estimate for the complete normal discriminant problem i.e. the
situation where we observe the subclass membership. The only difference is
that the subclass indicator is replaced by f (bcw |xi , c), the estimated probability the observation i falls into sublcass bcw . Equations (2.7.6) - (2.7.9)
are iterated till a suitable terminating convergence criteria.
The posterior class probabilities are

c

f (fi = c|X = x) ∼ Π f (x|c) ∼ Π

c

W
X

π cw exp{−D(x, µcw )/2}

(2.7.10)

w=1

normalised so that
C
X

f (yi = c|X = x) = 1

c=1

The classification rules chooses c to maximize f (c|x).
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(2.7.11)

2.8

Classifying partially labeled data using
mixture of logistic regressions

Now we look at statistical method problem that is the focus of this thesis,
classifying partially labeled data using mixtures of logistic regressions. Assuming that we that we know the subclass w, the probability of observation
yi belonging to class c is:
exp(θcw xi )
.
PV
uv
u=1
v=1 exp(θ xi )

f (yi = c|x) = PC

(2.8.1)

Since we do not actually know the subclass w, we will have to sum over all
possible subclasses w within the class c. Formally our classifier is:

f (yi = c|xn+1 ; θ) =

W
X

exp(θcw xi )
.
PW
uv
v=1 exp(θ xi )
u=1

PC
w=1

(2.8.2)

Using the forensic glass as an example, c is the type of glass (window float,vehicle,
etc), the reported and known class, w represents the manufacturer, the subclass within the known main class c (type of glass).
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2.9

Determining the number of components
of a mixture

Determining the number of components/clusters in a mixture, often labeled
as k as in the k-means algorithm is a frequent problem in data clustering and
is a distinct issue from the process of optimising the mixture.
For certain classes of algorithms, in particular K-means, K-medoids and
the EM algorithm, there is a parameter commonly referred to as k that
specifies the number of clusters to detect. Other algorithms such as DBSCAN
and OPTICS algorithm does not require the specification of this parameter.
Hierarchical clustering avoids the problem altogether.
The optimal choice of k is often ambiguous with and depends on the
shape of the distribution of the data set and desired resolution specified
by the user. Increasing k without penalising model complexity will always
reduce the error rate for data the model in fitted, eventually producing the
saturated model in which each data point belongs to its own cluster.

2.9.1

The Elbow Method

This method looks examines the percentage of variance explained as a function of number of clusters. The number of clusters is increased until adding
another cluster does not significantly improve the modeling of the data. If
one plots the percentage of variance against the number of clusters, the first
cluster will yield the greatest reduction in variance (give the most informa39

tion). Successive clusters will yield smaller decreases in variance but at some
point, the marginal gain will drop, giving an angle in the graph. The number
of clusters is chosen at this point hence the name ”elbow criterion”. It is not
always possible to unambiguously identify this “elbow” Ketchen and Shook
[1996]. Percentage of variance explained is the ratio of between-group variance to the total variance and can be tested using F test. A slight variation
of this algorithm plots the curvature of the within group variance. Goutte
[1999]. This algorithm can be traced to speculation by Thorndike [1953].

2.9.2

The Silhouette Method

The average silhouette of the data can also be another useful criteria for
assessing the optimal number of clusters. The silhouette of a datum is a
measure of how closely it is matched to data within its cluster and how
loosely it is matched to data of neighbouring cluster i.e. the cluster whose
average distance from the datum is the lowest Rousseeuw [1987]. A silhouette
value close to 1 implies that the datum is in an appropriate cluster, while a
silhouette close to -1 implies the datum is in the wrong cluster. Optimisation
algorithms such as genetic algorithms can be utilised in determining the
number of clusters that gives rise to the largest silhouette Lleti et al. [2004].It
is also possible that to rescale the data in such a way that the silhouette is
more likely to be maximised at correct number of clusters de Amorim and
Hennig [2015]
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2.9.3

Cross-Validation

The data is divided into k folds. Each fold is set aside as a test set and a
clustering model is computed on the other k −1 training sets and the value of
the goal function (for example, the sum of squared distances to the centroids
for k-means) calculated for each test set. The k values are calculated averaged
for alternative number of clusters and the cluster number selected is the one
that minimises the test set error.

2.9.4

Bayesian Approach

Lenk and DeSarbo [2000] suggested computing the posterior probabilities of
the number of mixture components using MCMC. The number of mixture
components can be selected by choosing the model with the largest posterior probability. If the number of components are a priori equally likely,
then model with the largest Bayes factor is chosen. Both procedures require
computing the marginal density of the data given the number of mixture
components.

2.9.5

Information Criterion Approach

If a likelihood function for the clustering model can be formed, then information criteria such as Akaike information criteria (AIC), Bayesian information
criteria (BIC) can be used to determine the number of clusters.
In many studies related to model selection, it is discovered that AIC
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may select too large and model and BIC may select too small a model.
This phenomenon appear to hold true as well in selecting K in the mixture
analysis.

Jeffrey D. Banfield [1993] proposed using approxmiate weight

of evidence as an approximate Bayesian model selection. Some empirical
studies seem to favour the use of BIC [Fraley. and Raftery, 1998]. This is
the approach we will pursue here. The Mclust package in R [Fraley et al.,
2012], implementing model based clustering has a function for choosing the
number of clusters by BIC and this is the method we will adopt here.

2.9.6

An Information Theroetic Approach

Rate distortion theory has been applied to determining the number of clusters
using the “jump” method which determines the number of clusters that maximizes efficiency while minimising error by information theoretic standards
Sugar and James [2003]. The strategy is to generate a distortion curve for
the input data by running a standard clustering algorithm such as k-means
for all values between 1 and n and computing the distortion (described below) of the resulting clustering. The distortion curve is then transformed
by a negative power chosen based on dimensionality of the data. Jumps in
the resulting values signify reasonable choices for k with the largest jump
representing the best choice.
The distortion of a clustering algorithm is formally defined as follows: Let
the data set be modeled as a p -dimensional random variable X consisting
of a mixture distribution of W components with a common covariance Σ.
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Suppose now we set c1 , . . . , f Ick be a set of K cluster centers, with CX the
closest center to a given sample of X, then the minimum average distortion
per dimension when fitting K centers to the data is

dK =

1
min
c1 , . . . , ck E[(X − cX )T Σ−1 (X − cX )]
p

(2.9.1)

This coincides with the average Mahalanobis distance between X and the set
of cluster centers C. As the minimisation over all possible sets of clusters is
prohibitively complex, the distortion is in practice computed by generating
a set of cluster centers using a standard clustering algorithm and computing
the distortion using the expression above. The pseudo-code for the jump
method with an input set of p dimensional data points X is:
JumpMethodX
Let Y = (p/2)
Init a list D, of size n + 1
Let D[0] = 0
For k = 1, . . . , n;
Cluster X with k clusters
Let d = Distortion of the resulting clustering
D[k] = d(−Y )
Define J(i) = D[i] − D[i − 1]
Return the k between 1 and n that maximise J(k)
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The choice of the transform power Y = (p/2) is motivated from asymptotic
reasoning using results from distortion theory. Let the data X have a single
arbitrary p dimensional Gaussian distribution and let fixed K = bαp c for α
greater than zero. It can be demonstrated asymptotically that the distortion
of a clustering to the power (−p/2) is proportional to αp which by definition
is approximately the number of clusters K. Hence for a single Gaussian
distribution, increasing K beyond the true number of clusters, which should
be one, causes a linear growth in distortion. This behaviour is crucial in the
general case of a mixture of multiple components.
Let X be a mixture of W p-dimensional Gaussian distributions with common covariance. Then for any fixed K less than W , the distortion of a clustering as p goes to infinity is infinite. This implies that a clustering of less
than the correct number of clusters is unable to describe asymptotically highdimensional data, resulting the distorting increasing without limit. Since K
is an increasing function of p i.e. K = dαp e , the same result as above is
attained, with the value of the distortion in the limit as p goes infinity equal
to α−2 . Correspondingly, there is the same proportional relationship between
the transformed distortion and the number of clusters.
As a result, it can be observed that for sufficiently high values of p, the
−p/2

transformed distortion dK

is approximately zero for K < W , then jumps

suddenly and begins increasing linearly for K > W . The jump algorithm for
choosing K makes use of these behaviours to identify the most likely value
for the true number of clusters.
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Although the mathematical justification for the method is given in terms
of asymptotic results, the algorithm has been empirically demonstrated to
work well in a variety of data sets with reasonable dimensionality. In addition to the localised jump algorithm described above, there exists another
algorithm for choosing K using the same transformed distorted values known
as the “broken line” method. This method identifies the jump point in the
graph of the transformed distortion by performing a simple least squares
error line fit of two line segment, which in theory will fall along the x-axis
for K < G, and along the linearly increasing phase of the the transformed
distortion plot of K ≥ W . This broken line method is more robust than the
jump method in that its decision is global rather than local, but it has the
disadvantage of relying on the assumption of Gaussian mixture components,
whereas the jump method is fully non-parametric and has been shown to be
viable for general mixture distributions.
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Chapter 3
Mixture of Experts
3.1

Introduction

The model that we have chosen to use in this thesis is the mixture of experts
developed by Jacobs and Jordan [1991]. The idea was inspired by Hampshire
et al. [1992] and the motivation behind it was to reduce interference effects
in neural networks: the performance in one part of the data space is very
likely to deteriorate when trying to optimise the parameters for another part
for the data space. The gist of Jordan’s idea was to train experts to focus
on the different parts of the data space and a gating network is trained to
allocate different observations to different experts.
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3.2

Mixture of Experts

Adaptive mixture of experts (ME), developed by Jacobs and Jordan [1991]
can be defined in the following manner. Suppose there are n independent
observations of response y1 . . . yn with associated features x1 , . . . , xn . Then
under the ME model, the probability of yi given feature xi is given by:

f (yi |xi ) =

J
X

gij (xi ; γ j )f j (yi |xi ; θj ),

(3.2.1)

j=1

where (γ j , θj ) denotes the set of unknown parameters that we wish to estimate.
In the literature of machine learning, ME is described in terms of two
underlying networks, gating networks and expert networks. Within each
region of the feature space, the expert networks (there are J of them here)
approximate the distribution of the response variable by mapping the the
feature vector xi to an output, the density f j (yi |θj ) . Different experts are
assumed to be suitable for different regions of the feature space and here is
where the gating networks come in. The gating networks utilise the feature
vector to identify the expert or the combination of experts whose output best
approximates the corresponding density f (yi ) of the response yi . The gating
network produces a set of scalar coefficients (gating weights) gij (xi ; γ j ), which
weigh the contributions from the various experts. From the perspective of
statistical mixture modelling, the gating networks model the input-dependent
mixing probabilities, which are the probabilities in a multinomial distribution
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consisting of one draw on J categories and the expert networks model inputdependent component densities f j (yi |θj ) .

3.2.1

Hierarchical Mixture of Experts(HME)

The ME model only has one level of experts.

Jordan and Jacobs [1992]

demonstrated empirically that models with more than one level of experts
often perform better than single-level models, given the same number of free
parameters. When there are two or more levels of experts, we have the
hierarchical mixture-of-experts (HME) model proposed Jordan and Jacobs
[1992]. It takes the following form:

f (yi |xi ) =

J
X

gij (xi ; γ j )

j=1

Kj
X

k|j

gi (xi ; γ jk )f jk (yi |xi ; θjk ),

(3.2.2)

k=1

where (γ k , γ jk , θjk ) is the vector of unknown parameters. gij (xi ; γ j ) is the
probability of assigning an observation yi with feature xi to the jth compok|j

nent of the first level. gi (xi ; γ jk ) is the conditional probability that observation yi (with feature xi ) belongs to the kth component of the jth component
of the first level, given that it belongs to the jth component of the first level.
The gating networks usually take the form of mutliclass logistic regressions:
exp(γ j xi )
gij (xi ; γ j ) = PJ
j = 1, . . . , J
r
r=1 exp(γ xi )
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and
exp(γ jk xi )
k|j
gi (xi ; γ jk ) = PKj
k = 1, . . . , Kj .
js
s=1 exp(γ xi )
At each expert (terminal node), we have a model for the response variable
of the form:

Y ∼ f jk (yi |xi , θjk )

and this will vary according to the problem and is usually a generalised linear
model (GLM).
The experts in our case is the multiclass logistic regression introduced in
chapter one: Equation (2.8.2). Hence the full likelihood of our problem is:

f (yi = c|xi ) =

J
X

exp(γ j xi )
PJ

j=1

r=1

exp(γ r xi )

Kj
X
k=1

exp(γ jk xi )
PKj

s=1

W
X

exp(γ js xi ) w=1

exp(θjkcw xi )
.
PW
jkuv x )
exp(θ
i
u=1
v=1

PC

Shown in figure (3.1) is a graphical representation of a HME.
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Figure 3.1: A two-level hierarchical mixture of experts

3.3

Comparison to Related Classification Methods

3.3.1

Classification trees

Classification trees are a very popular alternative to mixture of experts. Both
of them are predicated on the idea of partitioning the problem into small
subproblems which can be solved using a fairly simple model. In HME, a
hierarchical logistic regression is used to partition the data space and in each
partition a GLM is used. Regression trees [Breiman et al., 1984] takes this
approach to the extreme. The response is constant in each of the partitions.
One main difference between classification trees and mixture of experts
is the way the models are fitted. For HME, when the HME tree structure
is already specified a priori, one attempts to find the maximum likelihood
of the gating and expert parameters which is a non-trivial task due to the
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complex nature of the likelihood. In general, classification trees do not even
try to find the globally optimal tree. They merely utilise a greedy “one step
look ahead” strategy. Starting with a single partition, further partitions are
recursively split. As a split can only be carried out parallel to the coordinate
axes, the optimal split is obtained by trying every possible split. Once a
split has been performed, it cannot be changed anymore. This makes the
algorithm extremely easy to implement. However, there is no guarantee of
any global optimality. In the CART algorithm, the selection of the correct
tree structure is an integral part of the algorithm i.e. the CART algorithm
“grows” the tree itself. This step is crucial as splits which have already been
performed cannot be undone. For the HME, the gating tree that is used
needs to be specified a priori. Growing the the trees is not as important for
HME models as it is for CART-like models as the estimation is performed
using maximum likelihood i.e. a globally optimal solution is found. In the
next chapter we would address how an optimal tree can be grown for HME.
Coupled with the fact that decision trees use hard splits and a constant
model in each partition gives decision trees its ease of interpretability. The
partitioning of the feature space can be described by a single tree. This
representation is highly favoured by medical scientists, probably because it
is akin to the way a doctor thinks. The tree stratifies the population into
strata of high or low probability (of outcomes) based on the symptoms of the
patients. [Hastie et al., 2001].
The big disadvantage of classification trees is they tend to be of high
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variance. Frequently, a minor change in the data can result in a vastly
different series of splits, making interpretation difficult. It is the hierarchical
nature of the process that results in this instability. An error in the top split
is propagated down to all subsequent splits. One possible solution is to use
a more stable split criterion but it does not remove the inherent instability:
it is an inevitable price to be paid for a simple tree-based structure [Hastie
et al., 2001]. Another possible solution which is employed by CART, MART,
ID3, mixtures and mixture of experts models is to fit piecewise constant or
piecewise linear functions. This approach minimizes variance at a cost of
increased bias [Jordan and Jacob, 1994].
Mixture of experts also attempts to reduce the variance by using soft
splits. In a hard split, an observation is assigned exclusively to a certain
partition whereas in a soft split, the probability that an observation belongs
to a certain partition is modelled [Bridle, 1989, Nowlan, 1991, Wahba et al.,
1993]. This approach, by allowing data to lie simultaneously in multiple
regions, permits parameters in one region to be influenced by data in neighbouring regions. Tree based methods adopt hard splits, which has severe
effects on variance as information from neighbouring partition are not used
at all. By permitting soft splits, the severe effects of chopping off distant data
can be mitigated somewhat. Mixture of experts models also try to minimize
bias that is incurred by utilizing piecewise linear functions, by permitting the
splits to be formed along hyperplanes at arbitrary orientations in the input
space. [Jordan and Jacob, 1994]
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3.3.2

Neural Networks

Mixture of experts arose out of a desire to reduce interference in neural
networks [Jacobs and Jordan, 1991]
The output (prediction) of a feed-forward neutral network with a single
linear output node and a single hidden layer of K nodes is:
K
X

v k hk (xi wk ).

(3.3.1)

k=1

In contrast, the prediction of a mixture of experts model is:

f (yi |xi ) =

J
X

gij (xi ; γ j )f j (yi |xi ; θj ).

(3.3.2)

j=1

One of the main differences between the two models is that the weights
gij (x; γ j ) used in the HME model depends on the observation index i whereas
the weights v k used in a neural network are global. In an HME model, when
the parameter θj is changed, only observations for which gij (x; γ j ) is not
(close to) 0 will be affected whereas in a neural network changing wk will
affect all observations. Hence trying to optimise wk for some part of the
data space might result in deterioration of the performance of the neural
network in other parts of the data space and this phenomenon is termed
as interference. This problem does not exist for mixture of experts because
of the localised weights as the regression parameters for non-neighbouring
experts are decoupled.
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The other main advantage of mixture of experts, over black box methods like neural networks, is that it allows for a meaningful interpretation
of the model parameters while still retaining the ability to model complex
relationships.

3.3.3

Mixture Models

Although mixture of experts arose out of a desire to reduce interference in
neural networks, it is actually a generalisation of a mixture model. The main
difference between mixture of experts and mixture models is that the mixing
weights do not depend on the different covariates of the observations i.e. the
different observations have the same weight of belonging to the same subclass.
Hence HMEs can be utilized for curve fitting whereas mixture regression
models cannot be as the overall mean would still be a linear function of
the design matrix. While classical mixture regression models are used for
modelling heterogeneity in the population studied, HME models are mostly
used to model local changes in regression parameters. However since mixture
models are merely a special case of HME, HME can be used in situations
where mixture models are used. This can be really useful when heterogeneity
is observed in some part of the population or when studying multi-valued
prediction problems.
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Chapter 4
Maximum Likelihood
Estimation of Mixture of
Expert Models
4.1

Introduction

Mixture of experts is a mixture model and hence the EM algorithm can be
used to fit it. Shortly after Jacobs and Jordan [1991] came up with the
mixture of experts model, Jordan and Jacob [1994] proposed using the EM
algorithm to fit the HME.
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4.2

Posterior Probabilities

For the learning algorithms to be utilised in subsequent sections, it will prove
useful to develop the posterior probabilities associated with the nodes of the
trees. The terms “posterior” and “prior” have meaning in this context during
the training of the system. The probabilities g j (x) and g k|j (x) are referred to
as prior probabilities, because they are computed based only on the input x,
without knowledge of the corresponding output y. The posterior probability
is defined once both the input and the target output are known. Using Bayes
rule, the probabilities at the nodes of the trees are defined as follows:
P
g j s g s|j f js (y)
h = P r P s|r rs
rg
s g f (y)

(4.2.1)

g k|j f jk (y)
hk|j = P s|j js .
s g f (y)

(4.2.2)

j

and

It will also useful to define the joint posterior probability hjk , the product of
hj and and hk|j

hjk = P

g j g k|j f jk (y)
P s|r rs .
r
rg
s g f (y)

(4.2.3)

This quantity is the probability that the expert network (j, k) is considered
to have generated the data, based on both the knowledge of the input and the
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output. Again, it is to be emphasised that all these quantities are conditional
on the input x.
For trees with more than two levels, the posterior probability associated
with an expert network is simply the product of the conditional posterior
probabilities along the path from the root of the tree to the expert.

4.3

EM Algorithm for fitting HME

For the application of the EM algorithm to our problem, appropiate “missing” data must be defined so as to simplify the likelihood function. There
are two different type of mixtures here, one for the overall HME architecture
and one for the experts and we will look at the HME architecture first. For
k|j

the HME architecture, we introduce indicator variables zij and zi

where zij

is such that one and only one of zij is equal to one and one and only one of
k|j

zi

is equal to one. These indicator variables have an interpretation as the

labels that correspond to the decisions in the probability model. zij is one if
the observation yi belongs to the jth component of the first level of the HME
k|j

and zero otherwise. zi

is one if yi belongs to the kth component of the

second level of the HME, given that it belongs to jth component of the first
level of the HME and zero otherwise. The indicator variable zijk is defined as
the product of these two indicator variables. This indicator variable has an
interpretation as the label that specifies the expert in the probability model.
With the indicator variables, the probability model for our problem can
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be written in terms of the zijk s as follows:

f (yi , zijk |xi ; θ)

Kj h
J Y
izijk
Y
j k|j jk
=
gi gi f (yi )
,

(4.3.1)

j=1 k=1

making use the of the fact that z jk is an indicator variable. We then take
logarithms of this probability model to yield the complete-data log-likelihood

lc (θ; Y) =

Kj
n X
J X
X

k|j

zijk ln{gij gi f jk (yi )}

i=1 j=1 k=1

=

Kj
n X
J X
X

k|j

zijk {ln gij + ln gi + ln f jk (yi )}.

(4.3.2)

i=1 j=1 k=1

Next we calculate the expectation of the indicator variable zijk :
E[zijk |X ] = f (zijk = 1|yi , xi , θd )
=

f (yi |zijk = 1, xi ; θd )f (zijk = 1|xi ; θd )
f (yi |xi ; θd )
k|j

f jk (yi )gij gi
PKj s|r rs
r
s=1 gi fi (yi )
r=1 gi

= PJ

= hjk
(Equation (4.2.3)).
i

(4.3.3)

Next we look at the case of indicator variables for the experts. We introduce
another indicator variable zijkcw where jk denotes membership for the expert
as above and c denotes membership to the labeled class and w denotes membership to the unlabelled class within the known class c. The thing to note
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is that the class c is known and is given by the training sample and the and
it is w which is unknown and is what we are imputing.
With the indicator variable, the probability model for the expert can be
written in terms of the zijkcw s as follows:
"

W
Y

exp(θjkcw xi )
f jk (yi , zijkcw |xi ; θ) =
PC PW
jkuv x )
i
u=1
v=1 exp(θ
w=1

#zijkcw
,

(4.3.4)

making use the of the fact that z jkcw is an indicator variable. Taking logs we
have:

ln f jk (yi , zijkcw |xi ; θ)

=

W
X
w=1

"

zijkcw

exp(θjkcw xi )
ln PC PW
jkuv x )
i
u=1
v=1 exp(θ

#
(4.3.5)

Next we calculate the expectation of the indicator variable zijkcw :
E[zijkcw |X ] = f (zijkcw = 1|yi , xi ; θd )
exp(θjkcw xi )
PV
jkuv x )
i
u=1
v=1 exp(θ

PC

=

PW

s=1

= hjkcw
.
i

exp(θjkcs xi )
PW
jkuv x )
i
u=1
v=1 exp(θ

PC

(4.3.6)

Substituting in the expected values of the indicator variables for the HME
architecture (we have delayed the substitution of the expected values of the
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indicator variables for the experts till a later step):

d

Q(θ, θ ) =

Kj
n X
J X
X

k|j

j
jk
hjk
i {ln gi + ln gi + ln f (yi )}.

(4.3.7)

i=1 j=1 k=1

Next comes the M step where we maximize Q(θ) with respect to the expert and gating network parameters and because of the use of the indicator
variables, the optimisation problem decomposes into three separate independent optimisation problems, one for each level of gating networks and for
the experts (here we have substituted in the expected values of the indicator
variables for the experts):

(γ j )d+1 = argmax
γj

jk d+1

(γ )

= argmax
γ jk

(θjkcw )d+1 =

n X
J
X

hji ln gir

i=1 j=1
Kj
n X
X

k|j

hjk ln gi

i=1 k=1
n
W
X
X
argmax
hjk
hw
i
i
θjkcw
w=1
i=1

#
exp(θjkcw xi )
,
ln PC PW
jkuv x )
exp(θ
i
v=1
u=1
"

and the whole process reiterates using the updated parameter values until it
satisfies some suitable terminating condition.

4.4

Advances in the EM algorithm

Other than slow convergence, the other main issue with the EM algorithm
is that it only guarantees convergence to local maximum and not a global
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one. We will address this issue later. We will first highlight some of the
advances in the EM algorithm, especially with respect applying it to ME
models. For ease of exposition we will assume a ME model instead of a
HME. The equation for the ME model is

f (yi |xi ) =

J
X

gij (xi ; γ j )f j (yi |xi ; θj )

(4.4.1)

j=1

To apply the ME algorithm to the ME networks, the indicator variable
zij is introduced, where it is 1 if yi belongs to the jth expert and 0 otherwise.
The expected value of zij , given the input xi is

E[zij |X ] = f (zij = 1|yi , xi , θj )
f (yi |zij = 1, xi ; θj )f (zij = 1|xi ; θj )
f (yi |xi ; θj )
f j (yi )gij
= PJ
r r
r=1 gi fi (yi )

=

= hji
The complete-data log likelihood is given by
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(4.4.2)

lc (θ; Y) =

n X
J
X

zij ln{gij f j (yi )}

i=1 j=1

=

n X
J
X

(4.4.3)
zij {ln gij + ln f j (yi )}

i=1 j=1

E step calculate the Q function as

lc (θ; Y) =

n X
J
X

hji {ln gij + ln f j (yi )}

i=1 j=1

= Qγ + Qθ
Hence the M step consists of two separate maximisation problems. The
updated estimate of γ j

( d+1)

is obtained by solving

n X
J
X

hji ∂lngij (γj )/∂γ = 0.

(4.4.4)

i=1 j=1

The updated estimate of θj(d+1) is obtained by solving

n X
J
X

hji ∂lnfij (θj )/∂θ = 0.

(4.4.5)

i=1 j=1

Assuming the gating networks are logistic regressions as previously
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exp(γ j xi )
gij (xi ; γ j ) = PJ
j = 1, . . . , J
r
r=1 exp(γ xi )

(4.4.6)

and hence (4.4.4) becomes

n
X

hji

exp(γ j xi )

− PJ

r=1

i=1

!
j = 1, . . . , J

exp(γ r xi )

(4.4.7)

which is a set of nonlinear equations with J × p unknown parameters.

When the classification is a multiclass problem, j expert is just taken
to be multinomial consisting of one draw on C categories. Hence the local
output is modeled as
exp(θjc xi )
.
P
rc x )
exp(θ
i
u=1

f j (yi = c|xi ; θ) = PC

(4.4.8)

hence (4.4.5) becomes

n
X
i=1

hji

!

exp(θjc xi )

y i − PC

u=1

exp(θj x

i)

. exp(γ r xi ) xi = 0 u = 1, . . . , C

(4.4.9)

for j = 1, . . . , J where are J sets of nonlinear equations each with C × p
unknown parameters.
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Looking at equation (4.4.4) the nonlinear expert of the jth expert not
only depends on the parameters γ j but also on other parameter vectors
γ r (r = 1, . . . , m). In other words each parameter βj cannot be updated
independently. With the Iteratively Reweighted Least Squares (IRLS) algorithm presented by Jordan and Jacob [1994], the independence assumption
on those parameters was utilised explicitly and each parameter vector was
updated independently and in parallel as

γ

j(d+1)

=γ

j(d)


+ ργ

∂ 2 Qγ
∂γ j γ jT



∂Qγ
∂γj

(j = 1, . . . , j = J)

(4.4.10)

where ργ < 1 is the learning rate [Jordan and Xu, 1995]. Hence there are J
set of nonlinear equations each with p variables instead of a set of a nonlinear
equations with J × p variables. In Jordan and Jacob [1994] the iteration was
termed as the inner loop of the of the EM algorithm.
Similarly for each parameter vector θjc for (j = 1 . . . , J) was updated
independently as

θ

jc(d+1)

=θ

jc(d)


+ ργθ

∂ 2 Qθ
∂θj cγ jcT



∂Qθ
(j = 1, . . . , j = J)
∂θj c

(4.4.11)

where ρθ ≤ 1 is the learning rate. In the simulation experiment of Ng and
McLachlan [2004] , ργ and ρθ were set equal to 0.1. They adopted a smaller
learning rate for xi to ensure better convergence as yi in (4.4.9) is binary zero
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or one.
With reference to (4.4.10) and (4.4.11) the independence assumption on
parameter vectors is equivalent to the adoption of an incomplete Hessian
matrix of the Q function. Chen et al. [1999] proposed a learning algorithm
based on the Newton Raphson Method for use in the inner loop of the EM
algorithm. Particularly they pointed out that the parameter vectors cannot
be updated separately due to the incorrect independence assumption. Rather
they adopted the exact Hessian matrix in the inner loop of the EM algorithm.
However, using the exact Hessian resulted in expensive computation during
training. Hence they proposed a modified algorithm whereby approximate
statistical model called the generalized Bernoulli density is introduced for expert networks in multiclass classification in that all of the off-diagonal block
matrices in the Hessian matrices are zero matrices and so the parameter vectors θjc (c = 1, . . . , C) are separable. With this approximation, the learning
time is decreased but the error rate increases [Chen et al., 1999].
Ng and McLachlan [2004] proposed an Expectation/Conditional Maximisation (ECM) algorithm for which both parameters vector γ j and θjc are
separable j = 1, . . . , J and c = 1, . . . , C . The parameter γ is partitioned as
(γ 1 , . . . , γ J ) . On the d + 1 iteration of the ECM algorithm, the E Step is
the same as given for the above EM algorithm. On the M step the θjc are
updated in one step. But the updating of γ is done over J conditional steps
as follows:
• CM-Step 1: Calculate γ 1(d+1) by maximising Qγ with γ r (r = 2, . . . , r =
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m) fixed at γ l (l = 2, . . . , J) fixed at γ r(d)

• CM-Step 2: Calculate γ 2(d+1) by maximising Qγ with γ 1 fixed at γ 1(d+1)
and γ l (r = 3, . . . , J) fixed at γ r(d)
..
.
• CM-Step m: Calculate γ J (d + 1) by maximising Qg amma with γ r fixed
at γ r(d+1) and γ r (r = 1, . . . , m − 1) fixed at γ r(d)

As the CM maximisations are over a spaced of parameter space of fewer
dimensions, they are usually simpler and more stable than the full maximisation called for in the M -step of the EM algorithm. More crucially each
CM -step above corresponds to a separable set of the parameters in βr for
r = 1, . . . , J and can be obtained using the IRLS approach. This ECM algorithm preserves the appealing convergence properties of EM algorithm such
as the monotone increasing of likelihood after each iteration.
In more recent work on mixture of experts, Ng et al. [2006] considered
an incremental EM based algorithm in the context of online prediction of
impatient length of stay (LOS). Ng and McLachlan [2007] have considered
an extension of of mixture of experts networks for binary classification of
correlated data with a hierarchical or clustered structure.
Evers [2007], tried another approach, instead of maximising the likelihood “indirectly” by applying the EM algorithm, the likelihood is maximised
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directly. Modifications of second order methods like Newton’s method might
conceivably converge faster than the EM algorithm.
As the likelihood of HME models is not convex, the Newton’s method
cannot be blindly adopted as it it might not actually converge to a local
maximum of the likelihood. Hence Newton’s method has to be safeguarded.
There are two schools of thought about how this can be done. Linear search
methods (see e.g.

Nocedal and Wright [2006],chapter 3) keep the direc-

tion proposed by Newton’s method and look along this direction for a point
yielding a sufficiently large improvement of the loglikelihood. The direction
proposed by Newton’s algorithm is not necessarily pointing uphill, so the
search might have to be extended to the negative Newton direction. [Evers,
2007] chose to implement the other school of thought, which is base on the
trust region approach (see e.g. [Nocedal and Wright, 2006],chapter 4). Trust
region method, very much like the Newton’s method, minimise a quadratic
approximation to the log likelihood. They ’trust’the quadratic approximation only in region of radius ρ. If the proposed step does not yield a larger
log likelihood then the proposed move is discarded and the radius ρ of the
trust region is reduced. If the quadratic approximation and the likelihood
are close, the the radius ρ is increased.
The trust region Newton method converges quadratically and the EM
algorithm converges linearly so one might expect the Newton method to be
the better approach. However there are two caveats. Firstly the quadratic
convergence of the trust region method only applies when being close enough
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to the solution. Secondly a single iteration of the EM algorithm is can be
carried out faster than a single iteration of the trust-region. Evers [2007] did
empirical tests and discoverd that the best approach is an hybird approach,
whereby a couple of EM iterations are performed before switching over to
direct optimization of the likelihood. Direct optimisation also avoids the
problem of the independence assumption mentioned earlier. This“’mixed”
approach has also be utilised in other statistical models as well.

Pinheiro

and Bates [2000] proposed using this approach for fitting linear mixed effect
models.
All the only methods only ensures convergence to a local optimal. This
local maximiser can be far from the global maximum. So we propose to
use simulated annealing, a very popular global convergent algorithm. The
weakness of such algorithms is that they can be very slow, especially if the
parameter space is comparatively large as it can be for HME models. So
we propose using a hybird approach like before. First we start off with the
EM algorithm, then switch over to direct optimization and finally simulated
annealing is used in the final phase. To enhance the effectiveness of the
algorithm, we use ten different starting points and took the best one.

4.5

Determining the HME tree structure

The above discussion assumes that the HME structure is known a priori
which is an unrealistic assumption. In reality, the HME structure will have
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to be inferred in some way from the data. As determining the HME tree
structure is not the focus of this thesis, we have chosen to use a two level
HME with a binary split at each level resulting in four experts. We will
nevertheless give a review of the commonly used approaches in which an
HME tree can be determined.
The most direct and simple approach to model selection is to iteratively
“grow” the HME model like classification trees. Starting of with a single
expert, the model is grown by adding one (or more) experts in every step i.e.
iteratively replacing one of the of the experts with a gate leading to two (or
more) experts. The crucial part of this method is the choice of the expert
to be split. The CART solution to this problem is by total enumeration:
all possible splits are carried out and the one yielding the largest reduction
of the cost function is chosen. In HME, this would correspond to fitting all
possible models that can be obtained from an additional split and choosing
the one resulting in the largest loglikelihood. As HME utilizes soft splits and
the parameters are interdependent, all the model parameters would have to
be retrained for every possible split. This is computationally very intensive
and is only feasible for small number of parameters. Approximate methods
would have to be used for larger problems.
Fritsch et al. [1997] suggested choosing the expert having the smallest
path probability. This is not necessarily a wise strategy as the small likelihood can be due to one of three possible factors: firstly the model fit might
be lousy in this area of this expert, there might be a lot of noise in this region
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or the expert might only be specialised on a small number of observations (or
even be “inactive”). Splitting the expert would only help in the first case.
Waterhouse and Robinson [1995] proposed an analogous method to
CART models: to preserve all parameters except the newly introduced parameters and perform optimisation over the latter. This reduces the computation burden significantly. This algorithm, however only results in a lower
bound on the improvement in the loglikelihood. The “harder” the relevant
splits are i.e. the larger the norm of the relevant gating coefficients, the nearer
the bound will be to the actual improvement. When the gating coefficients
are penalised, the splits would be rather “soft” and hence the lower bound
would be rather loose. Waterhouse [1997], reported that “Empirical investigation fail[ed] to show good performance of this approach”. The reason
for this might be specific to the way the parameters were estimated and initialised by Waterhouse. Waterhouse proposed an alternative method which
consists of discretising the problem: the expert in question is replaced by a
constant model and all possible hard splits are compared as in the CART algorithm. This approach however possess it own problems. A constant model
(or largely simplified) regression model can be a very lousy approximation
the expert. Then there is the question of how to proceed once the best split
has been chosen, as it cannot represented in the HME model and hence the
split has to be artificially “softened”.
Evers [2007] proposed an algorithm based on dispersion score tests. As
they are score tests, they all can be carried out without having to compute
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the loglikelihood under the alternative model featuring the additional split
and hence are considerably faster than both approaches proposed by Waterhouse. In addition, they correspond to tests which have known asymptotic
distribution.

4.6
4.6.1

Regularisation Techniques
Introduction

The big disadvantage of maximum likelihood estimation is that it usually
leads to overfitting. There are two possible ways around it. One way, which
would be described in the next chapter is to adopt the Bayesian approach.
The other way, which we are going to describe below is via regularisation.

4.6.2

Early Stopping

An ad-hoc regularsiation technique that was frequently used in training neural networks is early stopping.
The basic premise behind early stopping is not to carry out the entire
optimisation but to abort the optimisation process before the parameters
have fully converged to their maximum-likelihood estimates. The rationale is
that “early” parameters have better generalisation performance. One would
not know beforehand when is the optimal time to stop in order to obtain
the the best generalization performance. What can be done is to compute
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the predicted likelihood on a validation dataset and select the stopping time
that produces the largest likelihood on the validation set i.e. the minimum
generalisation error.
In early stopping, every iteration is considered a potential model and not
just the model obtained after convergence. If we assume that that overfitting
only occurs at the the end of the optimisation process, the sequence of models
generated by the early stopping algorithm can be interpreted as a sequence
starting from a strongly regularised model to a completely un-regularlised
model.
However it is pretty unrealistic to assume that we can stop performing optimisation process before overfitting commences, especially for HME models
as they have huge number of parameters. To be able to do that successfully relies on the assumption that overfitting occurs concurrently for all the
parameters. It can be very well that some parameters affecting one part of
the covariate space are already overfitted whereas the parameters effecting
another part of the covariate space are far from being optimal.

4.6.3

Penalised Likelihood

The two most commonly used methods used in penalised likelihood estimation are lasso or ridge regression. We are just going to focus on using ridge
regression here as it is equivalent to adopting a normal prior on the regression parameters when we adopt a Bayesian approach in the next chapter.
In ridge regression, what happens is that we add a penalty for the l2 norm
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of regression coefficients. We will consider penalising both the gating and
expert coefficients separately.

4.6.3.1

Penalizing the gating networks

The penalty is of the form:
X
λ
k γ jk k2 .
j,k

By penalizing the norm of the gating coefficients γ jk and γ j we ensure that
they will not take too large values, and hence yields “softer” transitions
between the experts. These softer transitions result in a loglikelihood with
fewer local extrema, thus simplifying the optimisation process.
Furthermore this penalty function ensures that even if there is perfect
separation between two experts, the loglikelihood is bounded in the gating
parameters i.e. the gating parameters would not diverge to ±∞.

4.6.3.2

Penalizing the experts

Another way of penalizing the likelihood function is to introduce an quadratic
penalty for the expert parameters of the form:

λ

X

k β jk k2 .

j,k
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In some situations, this can prove useful. In the instance where a large number of covariates are used, penalizing both the expert parameters and the
gating parameters can produce a significant improvement in the generalisation performance and since our experts are logit models, penalizing the expert parameters ensures that the expert parameters are bounded from above.
Since both the gating and expert networks are both logistic regression models, it can be that in certain parts of the covariate space, all the variation is
already explained by the gating networks, thus resulting in the unregularised
loglikelihood being unbounded in some of the expert parameters.

4.6.4

Choosing the penalisation value

Within the maximum likelihood paradigm, the most common approach for
choosing the penalty values is a grid like approach of permuting all the possible likely values of λ and choosing the set of values that results in the lowest
cross-validated error rate. That still leaves us with the issue of which penalty
values to permute with. Ripley [1996] suggests taking a Bayesian perspective [Buntine and Weigend, 1991, Ripley, 1994]. Suppose E is the negative
log-likelihood, up to a constant or half the deviance. Then if we take a
P
prior distribution for the parameters with density f (β) = exp −λ β 2 the
P
minimiser of E + λ β 2 will maximize the posterior density of the weights.
This prior corresponds to a Gaussian distribution with mean zero and
variance 1/2λ. Since the logistic function saturates for inputs beyond around
±3, we might expect the standard deviation of the total input to be around
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2 (one motivation for using penalisation is to avoid unnecessary saturation of
logistic units). If the inputs are scaled to between [0, 1], this would suggest
that the standard deviation of the weights would be around 5, which would
correspond to λ = 1/50. This is a rather conservative argument as we would
want some of the weights to saturate. A range of λ ≈ 0.001 − 0.1 would seem
reasonable. Previous experience shows that choice of λ is not critical within
a factor of 5.

4.7
4.7.1

Results
Model Selection

The penalisation value controls the amount of regularisation so choosing a
good value is important. Because each penalisation value corresponds to a
fitted model, choosing a penalisation value essentially corresponds to model
selection. What is considered a good choice of penalisation value depends
our objectives, to optimise prediction accuracy or recover the “right model”
for interpretation purposes. We will focus on the former since our aim is
to compare prediction accuracy of the frequentist approach to the Bayesian
approach.

Predictive accuracy was assessed using fivefold cross validation and we
choose the value of the penalisation value that gives the minimises the crossvalidated error rate. The error rate (percent) and standard error for the all
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the data sets are given below.

4.7.2

Crabs Data
Table 4.1: Cross Validated Results for Crabs Data
g1

g2

ex

Error

SD

0.001

0.001

0.001

28.4

1.4

0.001

0.001

0.01

28.7

1.5

0.001

0.001

0.1

29.8

1.2

0.001

0.01

0.001

28.4

1.4

0.001

0.01

0.01

28.7

1.5

0.001

0.01

0.1

29.8

1.2

0.001

0.1

0.001

28.4

1.4*

0.001

0.1

0.01

28.7

1.5

0.001

0.1

0.1

29.8

1.2

0.01

0.001

0.001

28.7

1.5

0.01

0.001

0.01

28.7

1.5

0.01

0.001

0.1

29.8

1.2

0.01

0.01

0.001

28.7

1.5

0.01

0.01

0.01

28.7

1.5

0.01

0.01

0.1

28.7

1.5

0.01

0.1

0.001

28.7

1.4

0.01

0.1

0.01

28.7

1.5

0.01

0.1

0.1

29.7

1.2

0.1

0.001

0.001

29.0

1.3

0.1

0.001

0.01

28.7

1.5

0.1

0.001

0.1

29.7

1.2

0.1

0.01

0.001

29.0

1.3

0.1

0.01

0.01

28.7

1.5

0.1

0.01

0.1

29.7

1.2

0.1

0.1

0.001

29.0

1.3

0.1

0.1

0.01

28.7

1.5

0.1

0.1

0.1

29.7

1.2

As expected, the penalisation value of the experts has the heaviest influence
on the error rate, with smaller penalisation values generally giving lower
accuracy rates. This holds true only at lower penalisation values of the gating
networks. At larger penalisation values for the gating networks, intermediate
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values of penalisation values of the experts gives the best results. There is
a tie between two models for the lowest error rate and we break the tie by
choosing the simpler model (more regularised) model.

4.7.3

Music Data
Table 4.2: Cross Validated Results for Music Data
g1

g2

ex

Mean

0.001

0.001

0.001

19.1

1.4

0.001

0.001

0.01

19.1

1.0

0.001

0.001

0.1

20.2

1.3

0.001

0.01

0.001

19.1

1.4

0.001

0.01

0.01

19.1

1.0

0.001

0.01

0.1

20.2

1.3

0.001

0.1

0.001

18.9

1.5*

0.001

0.1

0.01

19.1

1.0

0.001

0.1

0.1

20.2

1.4

0.01

0.001

0.001

19.0

1.4

0.01

0.001

0.01

19.1

1.0

0.01

0.001

0.1

20.2

1.3

0.01

0.01

0.001

19.0

1.4

0.01

0.01

0.01

19.1

1.1

0.01

0.01

0.1

20.2

1.4

0.1

0.001

19.0

1.4

0.1

0.01

19.1

1.0

0.01

0.1

0.1

20.2

1.3

0.1

0.001

0.001

19.2

1.5

0.1

0.001

0.01

19.2

1.6

0.1

0.001

0.1

20.2

1.3

0.1

0.01

0.001

19.2

1.5

0.1

0.01

0.01

19.2

1.1

0.1

0.01

0.1

20.2

1.3

0.1

0.1

0.001

19.1

1.6

0.1

0.1

0.01

19.2

1.1

0.1

0.1

0.1

20.2

1.3

0.01
0.01

Sd

We observe that the smallest penalisation value for the experts give the best
results and the penalisation values of the gating networks does not affect the
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prediction accuracy significantly.

4.7.4

Crystals Data
Table 4.3: Cross Validated Results for Crystals Data
g1

g2

ex

Mean

Sd

0.001

0.001

0.001

19.3

0.7

0.001

0.001

0.01

19.1

0.7

0.001

0.001

0.1

19.4

0.7

0.001

0.01

0.001

19.3

0.7

0.001

0.01

0.01

19.1

0.7

0.001

0.01

0.1

19.4

0.7

0.001

0.1

0.001

19.2

0.7

0.001

0.1

0.01

19.1

0.7

0.001

0.1

0.1

19.4

0.7

0.01

0.001

0.001

19.4

0.7

0.01

0.001

0.01

19.0

0.7

0.01

0.001

0.1

19.4

0.7

0.01

0.01

0.001

19.3

0.7

0.01

0.01

0.01

19.0

0.7

0.01

0.01

0.1

19.4

0.7

0.01

0.1

0.001

19.3

0.7

0.01

0.1

0.01

19.0

0.7

0.01

0.1

0.1

19.5

0.7

0.1

0.001

0.001

19.4

0.7

0.1

0.001

0.01

21.5

0.5

0.1

0.001

0.1

19.4

0.6

0.1

0.01

0.001

19.4

0.8

0.1

0.01

0.01

18.9

0.7*

0.1

0.01

0.1

19.5

0.6

0.1

0.1

0.001

19.4

0.8

0.1

0.1

0.01

19.0

0.7

0.1

0.1

0.1

19.5

0.6

We observe that moderate values of the penalisation values for experts work
gives the best results. For the non optimal penalisation value of expert
networks, increasing the penalisation value of the gating networks generally
worsens the error rate whereas at the optimal value, increasing the penalisa78

tion value generally improves the error rate slightly.

4.7.5

Forensic Glass Data
Table 4.4: Cross Validated Results for Forsenic Glass Data
g1

g2

ex

Mean

Sd

0.001

0.001

0.001

25.2

2.0*

0.001

0.001

0.01

26.7

2.8

0.001

0.001

0.1

28.0

1.5

0.001

0.01

0.001

25.2

2.0

0.001

0.01

0.01

26.7

2.0

0.001

0.01

0.1

28.0

1.5

0.001

0.1

0.001

25.2

2.0

0.001

0.1

0.01

26.7

2.0

0.001

0.1

0.1

28.0

1.5

0.01

0.001

0.001

25.2

2.0

0.01

0.001

0.01

27.1

2.0

0.01

0.001

0.1

28.0

1.5

0.01

0.01

0.001

25.2

0.2

0.01

0.01

0.01

27.1

1.8

0.01

0.01

0.1

28.0

1.5

0.01

0.1

0.001

25.2

2.0

0.01

0.1

0.01

26.5

1.7

0.01

0.1

0.1

28.2

1.3

0.1

0.001

0.001

25.2

2.3

0.1

0.001

0.01

26.5

1.7

0.1

0.001

0.1

28.2

1.4

0.1

0.01

0.001

25.2

2.2

0.1

0.01

0.01

26.5

1.7

0.1

0.01

0.1

28.2

1.3

0.1

0.1

0.001

30.8

1.2

0.1

0.1

0.01

31.3

0.1

0.1

0.1

0.1

31.5

0.1

This time around the error rate increases dramatically as the penalisation
values increases and the best prediction accuracy occurs at the smallest penalisation values for both the gating and expert networks.
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4.7.6

WaveForm Data
Table 4.5: Cross Validated Results for WaveForm Data
g1

g2

ex

Mean

SD

0.001

0.001

0.001

12.9

0.3

0.001

0.001

0.01

13.0

0.3

0.001

0.001

0.1

12.8

0.3

0.001

0.01

0.001

12.9

0.3

0.001

0.01

0.01

13.0

0.3

0.001

0.01

0.1

12.8

0.3

0.001

0.1

0.001

12.9

0.3

0.001

0.1

0.01

13.0

0.3

0.001

0.1

0.1

12.8

0.3

0.01

0.001

0.001

12.9

0.3

0.01

0.001

0.01

13.0

0.3

0.01

0.001

0.1

12.8

0.3

0.01

0.01

0.001

12.9

0.3

0.01

0.01

0.01

13.0

0.3

0.01

0.01

0.1

12.8

0.3

0.01

0.1

0.001

12.9

0.3

0.01

0.1

0.01

13.0

0.3

0.01

0.1

0.1

12.8

0.3

0.1

0.001

0.001

13.0

0.3

0.1

0.001

0.01

12.9

0.3

0.1

0.001

0.1

12.8

0.3

0.1

0.01

0.001

13.0

0.3

0.1

0.01

0.01

13.0

0.3

0.1

0.01

0.1

12.8

0.3

0.1

0.1

0.001

13.0

0.1

0.1

0.1

0.01

12.9

0.7

0.1

0.1

0.1

12.8

0.7*

This time around we observe that heavily penalising the experts give the best
error rates and the penalisation values of the gating networks do not affect
the error rate and hence we chose the model with the largest penalisation
values for both the gating networks and experts
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4.7.7

ZipCode Data
Table 4.6: Cross Validated Results for Zip Code Data
g1

g2

ex

Mean

SD

0.001

0.001

0.001

4.49

0.18

0.001

0.001

0.01

4.23

0.17

0.001

0.001

0.1

3.56

0.19

0.001

0.01

0.001

4.45

0.19

0.001

0.01

0.01

4.20

0.16

0.001

0.01

0.1

3.56

0.19

0.001

0.1

0.001

4.38

0.18

0.001

0.1

0.01

4.34

0.16

0.001

0.1

0.1

3.56

0.19

0.01

0.001

0.001

4.45

0.19

0.01

0.001

0.01

4.23

0.13

0.01

0.001

0.1

3.54

0.18

0.01

0.01

0.001

4.45

0.19

0.01

0.01

0.01

4.25

0.15

0.01

0.01

0.1

3.54

0.20

0.01

0.1

0.001

4.38

0.18

0.01

0.1

0.01

4.20

0.17

0.01

0.1

0.1

3.56

0.15

0.1

0.001

0.001

4.45

0.18

0.1

0.001

0.01

4.23

0.13

0.1

0.001

0.1

3.56

0.19

0.1

0.01

0.001

4.43

0.16

0.1

0.01

0.01

4.23

0.18

0.1

0.01

0.1

3.54

0.20*

0.1

0.1

0.001

4.45

0.22

0.1

0.1

0.01

4.16

0.15

0.1

0.1

0.1

3.56

0.19

Again we observe that heavy penalisation of the experts gives the best results.
For gating 2 level network, accuracy improves initially as the penalisation
value increases but decreases as it increases more. For gating 1 level network,
the accuracy improves as we move towards heavier penalisation.
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4.8

Comparing with other machine learning
models

To compare our results with other classification algorithms, we use a statistical test for comparing machine learning algorithms developed by Dietterich
[1998]. We will describe briefly the test here. In this test, five replications
of two-fold cross-validation is performed. In each replication, the available
data are randomly partitioned into two equal size sets S1 and S2 . Each learning algorithm (A and B) is trained on each set and tested on the other set.
(1)

(1)

This produces four error estimates pA and pB (trained on S1 and tested
(2)

(2)

on S2 ), pA and pB (trained on S2 and tested on S1 ) where p is the proportion of test examples incorrectly classified by the machine learning algorithm.
Subtracting corresponding error estimates gives us two estimated differences
(1)

(1)

(2)

(2)

p(1) = pA − pB and p(2) = pA − pB . From these two differences, the estimated variance is s2 = (p(1) − p̄)2 + (p(2) − p̄)2 where p̄ = (p(1) + p(2) )/2. Let
(1)

s2i be the variance computed from the i-th replication and let p1 be the p(1)
from the very first of the five replications. Then define following statistic

(1)

p1
t̃ = q P
5
1
5

(4.8.1)

2
i=1 si

which they termed as the 5×2cv t̃ statistic. Under the null hypothesis, it has
approximately a t distribution with five degrees of freedom. For full details
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please see Dietterich [1998]
We compare our method with the most commonly used classification algorithms, random forests, classification trees, support vector machines, neural
networks mixture of normals, classification trees. The alternative machine
learning algorithms were tuned using the Caret package in R [Kuhn, 2012]
Table 4.7: Comparing cross-validated results with other models
Model/Data Set

Crabs

Music

Crystals

Glass

Wave

Zip

Neural Nets

30.8 (5.8)

23.6 (5.9)

20.4 (3.4)

29.1 (0.8)

13.0 (3.7)

6.7(4.0)

Random Forest

6.0 (7.9)

25.3 (5.6)

20.7 (4.2)

21.3 (6.4)

13.9 (2.6)

4.5(3.6)

C5.0

35.3 (7.9)

25.8 (5.6)

22.1(5.5)

23.0(7.2)

15.6 (3.0)

4.0 (3.4)

SVM-Poly

34.5 (7.1)

22.3 (6.3)

20.2 (4.5)

31.5 (6.7)

12.8 (3.0)

2.0 (2.7)

SVM-Rad

31.0 (8.4)

25.9 (6.5)

21.0 (3.7)

34.4 (7.7)

12.6 (3.2)

3.3 (2.8)

MDA

39.3 (1.5)

29.1 (8.3)

23.0 (4.7)

33.5 (7.8)

13.2 (3.1)

6.5 (3.2)

ME-Freq

28.7 (1.5)

18.9 (1.3)

18.9 (7.2)

25.2 (2.2)

12.8 (0.2)

3.5(3.2)

We perform the 5 × 2cv test for our model against the alternative methods and the results are given below. A + means our model outperformed the
alternative, a − means the alternative outperformed our model and a 0 indicates shows there is insufficient evidence to show which model is significantly
better.
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Table 4.8: Comparisons with other models using a statistical test
Model/Data Set

Crabs

Music

Crystals

Glass

Wave

Zip

Neural Nets

+

+

+

+

+

+

Random Forest

+

+

+

-

+

+

C5.0

+

+

+

-

+

+

SVM-Poly

+

+

+

+

0

-

SVM-Rad

+

+

+

+

-

0

MDA

+

+

+

+

+

+

ME-Freq

+

+

+

+

+

+

From the results we see that our model has done reasonably well, outperforming most of the alternative models on most data sets, except for
random forest and trees on the glass data set, support vector machines on
the waveform and zip code data set. And in two of these cases, support
vector machines with polynomial kernel on the waveform dataset, support
vector machines with radial kernel on the zip code data set ,there is insufficient evidence to show that the alternative algorithm is better, even if we
cannot show that our chosen model works better.
For the forsenic glass data set, there are small numbers in each class
logistic regression is well known to perform badly in this instance: small
training data in a highly parameterised model. For the waveform data set,
due to the complex way the subclasses and the features are generated and
the complex nature of the mixture of experts, makes finding a good optimum
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difficult. The Zip code data set is a very high dimensional problem which in
conjunction with the complex nature of mixture of experts, makes finding a
good optimum difficult.
Despite the weaknesses of our model in this situations, we still chose this
model as it allows us to incorporate the subclass features. And also, Bayesian
methods have been demonstrated to work well for smoothly parameterised
models like neural networks, something which has yet to be demonstrated
for trees and SVMs. Our model has outperformed all other smoothly parmeterised models and being a simpler model than neural networks, makse the
implementation of Monte Carlo Methods much easier, which will be the focus
of next chapter.
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Chapter 5
Bayesian fitting of Mixture of
Experts
5.1

Introduction

If mixture of experts are not popular because fitting by maximum likelihood
estimation is difficult, Bayesian treatments are even rarer. Most of the early
attempts at Bayesian treatment of mixture of experts relied on approximation
methods like Laplace or variational inference. There has been attempts to
obtain its posterior density by MCMC [Jacobs et al., 1996, Fengchun et al.,
1996, Jacobs et al., 1997, Villagran and Huerta, 2005] but it is not common.
And this is what are we are going to attempt to do in this thesis, to the obtain
the posterior density of the parameters needed for the predictive approach
by MCMC simulation.
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5.2

Literature Review

MCMC approaches which are relevant towards simulation of mixture of experts can be loosely classified into three camps: neural networks, mixture of
experts, and generalized linear models/logistic regression and we will review
the research in that order.
Neal [1996] introduced an MCMC implementation of Bayesian learning
for neural network based on the Hybrid Monte Carlo Scheme (HMC) [Duane
et al., 1987] which merges the Metropolis-Hastings algorithm with sampling
techniques based on dynamic simulation. Adoption of HMC in the statistical
community is in general not widespread because it is extremely difficult to
implement. In recent years, there has been a revival of interest in the use of
HMC. Ishwaran [1999] applied the HMC to Bayesian logistic regression with
quasicomplete separation with excellent results and more recently Girolami
and Calderhead [2011], proposed a Riemann manifold Langevin and Hamiltonian Monte Carlo sampler to resolve the shortcomings of existing Monte
Carlo algorithms when sampling from densities that maybe be high dimensional and exhibit strong correlations. The algorithm displayed excellent
results when applied to logistic regression.
The earliest and to date known (to the author) attempts [Jacobs et al.,
1996, Fengchun et al., 1996, Jacobs et al., 1997, Villagran and Huerta, 2005]
to simulate mixture of experts utilises the plain vanilla random walk Metropolis Hastings algorithm.
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Early attempts to simulate Bayesian logistic regression under the umbrella of generalised linear models include Albert and Chib [1993], Dellaportas and Smith [1993], Gamerman [1997], Chen and Dey [1998]. Della and
Smith used a Gibbs sampling scheme which is based on the adaptive rejection
sampling technique [Gilks and Wild, 1992]. The weakness of this approach is
that it is an univariate technique and hence can be potentially very inefficient
if the parameters are high correlated, which is frequently the case. Chen and
Day based their logistic regression on a scale mixture representation. Their
approach requires the evaluation of the mixing density, which is known as
an infinite series expansion, necessitating the use of approximate numerical
techniques. Albert and Chib [1993] used an auxiliary variable approach for
binary probit regression that reduces conditional likelihood of the model parameters to one that is equivalent to those under the Bayesian normal linear
regression model with Gaussian noise. Hence conjugate priors are available
and the block Gibbs sampler can be utilized to great effect.

Holmes and

Held [2006] showed that this auxiliary approach is possible for logistic regression, by representing the noise process with a scale mixture of normal
distributions and several other papers Fruhwirth-Schnatter and Fruhwirth
[2007], Obrien and Dunson [2004], Scott [2009] were written in similar vein.
Recently Polson et al. [2012] came up with another conjugate prior/auxiliary
variable approach based on Póly-Gamma latent variables.
The major drawback of these approaches are that they require the use
of a conjugate prior (more specifically the normal prior). While in this case
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it so happens that the conjugate prior utilised is the normal prior which
corresponds to the prior that we are using here, we would like to seek a more
general MCMC method which does not constrain us in the choice of priors.
Hence the method we chose initially to implement was Gamerman’s method
which uses a Metropolis-Hastings algorithm, which attempts to overcome the
difficulties mentioned in the methods described earlier by incorporating the
structure of the model.

5.3
5.3.1

Gamerman’s Algorithm
Review of Markov Chain Monte Carlo methodology

Suppose we have a distribution (identified with its density) π on a random
quantity x blocked into components x1 , . . . xm ,, that can themselves be vectors or matrices. In its most basic form, MCMC methodology is based on
constructing a transition density q(x, x∗ ) so that its Markov chain has equilibrium probability given by π. A draw x generated from π is obtained by
1. Start with x = x0 and set d=1;
2. Sample xd from q(xd−1 , xd );
3. Increase d by 1 and and return to step 2.
For large enough d, X d will be a draw from π for any practical purpose.
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A sample from π is generated by retaining sufficient values from the chain
after convergence is reached. Approximate independence between draws is
achieved keeping only every m generated value to break chain correlations.
One such scheme is Gibbs sampling. Its transition is formed by successively sampling from the full conditional densities π(xk ) = π(xk |x−k ) where
x−k = (x1 , . . . , xk−1 , xk+1 , ldots, xm ), k = 1, . . . , m . For many problems, this
schemes works well but in our case the πk0 s are hard to sample from.
Another algorithm is the Metropolis-Hasting algorithm. Consider a general transition density q(x, x∗ ) and define


π(x∗ )q(x∗ , x)
.
α(x, x ) = min 1,
π(x)q(x, x∗ )
∗

The move from state xd−1 to xd is made as follows: (a) sample x∗ from
q(xd−1 , x); (b) accept the move to x∗ with probability α(xd−1 , x∗ ) and set
xd = x∗ . Otherwise stay at xd = xd−1 . Because of the acceptance stage (b)
q is usually called the proposal (transition) density.

5.3.2

Review of Generalised Linear Models

Following the notation of McCullagh and Nelder [1989], the data set consists
of n observations with univariate response yi and a p dimensional vector of
covariates xi i = 1, . . . , n. The observations are assumed to be independent
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with exponential family density:

f (yi |θi ) = exp[(yi θi − b(θi ))/φi ]c(yi , φi ).

(5.3.1)

The means µi = E(yi |θi ) are linked to the canonical parameters θi via µi =
b0 (θi ) and to the other regression coefficients β by the link function:

g(µi ) = ηi = xi β

5.3.3

i = 1, . . . , n.

(5.3.2)

Iteratively weighted least squares (IWLS)

The maximum likelihood (ML) estimator in a GLM and its asymptotic variance can be obtained by iterative use of weighted least squares (WLS) to
transformed observations. The algorithm for the IWLS starts off by transforming the observations yi to ỹi by:
ỹi (β) = ηi + (yi − µi )g 0 (µi ).

(5.3.3)

The associated diagonal matrix of weights Wi is given by:
Wi−1 (β) = b00 (θi ){g 0 (µi )}2

The iterative weighted least squares algorithm is as follows:
1. Start with β = m0 and set d=1;
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(5.3.4)

2. Obtain md , the WLS estimator of β as if ỹ(md−1 ) ∼ N (Xβ, W −1 (md−1 ))
and its associated covariance matrix C d ;
3. Increase d by 1 and return to the step 2,
where
md − (X T W (md−1 )X)−1 X T W (md−1 )ỹ(md−1 )
C d − (X T W (md−1 )X)−1 .
Note that both of them are functions of the previous md−1 .
The detailed GLM formulation for IWLS is given in Appendix A.

5.3.4

Bayesian version of IWLs

The Bayesian version of IWLs algorithm, developed by West [1985], for the
special case of the canonical link θi = ηi , but it is relatively straightforward
to extend it for general link functions. It gives us a posterior mode and an
approximate posterior covariance matrix for β. The main idea is to combine
step 2 of the IWLS with a N(a,R) prior of β with “observations” ỹ(m(d−1) ) ∼
N (Xβ, W −1 (m(d−1) )) Values of and md and C d are now:
md − (R−1 + X T W (md−1 )X)−1 {R−1 a + X T W (md−1 )ỹ(md−1 )}
C d − (R−1 + X T W (md−1 )X)−1
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If the prior is non-informative (R−1 → 0), we recover the original IWLS algorithm. Both approaches utilise the IWLS algorithm combined with asymptotic results to make inferences based on approximate normality. Based on
this, Gammerman proposed a MCMC algorithm that retains the structure
of the IWLS without any necessity of resorting to any possible normality
assumptions that might prove inadequate.

5.3.5

A weighted least squares proposal

The iterative schemes elaborated in Sections (5.3.1) and Sections (5.3.3) are
very similar in nature and it seems natural to combine them in a single
iteration cycle. The crucial steps in the cycles are Steps 2 for which the
MCMC cycle requires a value proposed from a proposal density and the
Bayesian IWLS provides such a density but does not sample from it. A
single iterative cycle that combines these two is as follow:
1. Start with β = m0 and set d=1;
2. Calculate md and C d ;
3. Sample β ∗ from N (md , C d );
4. Accept the move with probability α(β d , β ∗ ) and set β d = β ∗ . Otherwise,
stay at β d = β d−1 ;
5. Increase d by 1 and return to step 2.
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And the moments of the proposal density md and C d are as before:
md − (R−1 + X T W (md−1 )X)−1 {R−1 a + X T W (md−1 )ỹ(md−1 )}
C d − (R−1 + X T W (md−1 )X)−1
so that the transition is made from the previous state β d−1 and the acceptance
probability is given by:

α(β d , β ∗ ) =

π(x∗ )q(β ∗ , β d−1 )
,
π(xd−1 )q(β d−1 , β ∗ )

(5.3.5)

where π is the stationary distribution/posterior density of β and q(β ∗ , β d −1)
is a N (M ∗ , C ∗ ) density evaluated at β d−1 and m∗ and C ∗ have the same
expression as md and C d but depend on β ∗ instead of β d−1 .
The main disadvantage of this method is that the moments of the proposal
distribution has to be recalculated at every iteration. However in Gamerman
[1997] this method demonstrated a high acceptance rate of the proposed
moves e.g. 98%.

5.3.6

Gamerman’s Algorithm applied to HME

Mixture of experts are not GLMs but with the use of indicator variables as
in the previous chapter , we can formulate the likelihood as blocks of GLM.
As mentioned in the previous chapter, we are going to impose a normal prior
on the unknown parameters. The prior distribution is identical to the weight
decay prior commonly used in neural networks. Formally, the prior is of the
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form p(β) = exp −λ

P

β 2 , where λ is to be determined. And as alluded

previously, imposing such a prior is equivalent to penalising the likelihood
with the quadratic penalty term we have introduced in the previous chapter.
Combining the prior with our likelihood, our posterior density (with the
indicator variables) takes the following form:

zijk
Kj
Kj
Kj
J
J Y
J Y
n Y
J Y
Y
Y
Y
Y
k|j
 f (γ j )
f (γ jk )
f (θjk )
gij gi f jk (yi ) ,
j=1

j=1 k=1

j=1 k=1

(5.3.6)

i=1 j=1 k=1

where

f (γ j ) = exp −λ1

X

(γ j )2

f (γ jk ) = exp −λ2

X

(γ jk )2

f (θjk ) = exp −λ3

X

(θjk )2 .

Unlike the EM algorithm in maximum likelihood framework where the zijk s
are imputed with its expected values, they are simulated with the value 1 or
0 based on its distribution (Equation (??)) and given the value of zijk s, the
posterior density can be decomposed into 3 separate blocks of GLM/logistic
regression with a prior for each logistic regression (which is equivalent to
penalising its loglikelihood with a quadratic penalty as mentioned in the

95

previous chapter), with each block corresponding to each network:
"

n Y
J
Y
i=1 j=1



#  n J Kj
Kj
n Y
J Y
Y
Y
Y
Y
k|j
f (γ j )gij 
f (γ jk )gi  
f (θjk )f jk (yi ) (5.3.7)
i=1 j=1 k=1

i=1 j=1 k=1

Hence Gamerman’s method can be applied as part of a blocked Metropolis
Hastings Algorithm with each network as a separate independent block.

5.3.7

Attempts to Improve our MCMC Algorithm

5.3.7.1

Line Search Method

Gamerman’s algorithm only worked when the dimensions of the problem is
low, the acceptance rates being unacceptably low when the dimensions are
high. One reason which we discovered was that the proposal was proposing
moves that were too large.
The iterative weighted least squares algorithm arose out of applying the
Fisher’s scoring algorithm to the loglikelihood [McCullagh and Nelder, 1989].
Fisher’s scoring is a form of the Newton-Rapson method. For the canonical
link in GLMs, as it is in the case of logistic regression, Fisher’s scoring and
Newton-Rapson method are identical and henceforth we would use the two
methods interchangeably. The Newton-Rapson method can be interpreted
as a version of the line search method.
In each iteration of the line search method, a search direction pk is computed and then decides how far to move along that direction. The iteration
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is given by:

xk + αk pk .

In the Newton-Rapson method, the search direction pk is the Newton’s direction −(f 00 (x))−1 f 0 (x) and the step length αk is unity. When Gammerman’s
method was first applied to our problem, it did not work well. Acceptance
rates of moves were close to zero. Upon investigation, it was discovered that
the reason for that was that unit step length implicit in the Newton-Rapson
method was too large a move. Hence we implemented a line search method
preserving the Newton direction as the search direction and a step length
which is much less than unity.
This however did not improve the mixing rate of our MCMC chain significantly.

5.3.7.2

Adaptive MCMC methods

One common reason the Metropolis Hasting algorithm does not work well is
that the posterior distribution is a poor match for the actual distribution.
Adaptive MCMC methods attempt to solve this problem by allowing the
proposals to depend on the previous values of the chain.

Haario et al.

[2001] provided a a scheme that is guaranteed to converge to the correct
distribution. This approach has become an increasing popular line of research
and current ideas are reviewed by Andrieu and Thoms [2008] . We tried
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implementing a version of the original adaptive MCMC developed by Haario.
The algorithm is as follows. We begin with an a d-dimension algorithm target
distribution π(.) with proposal distribution given at iteration n, Qn (x, .) =
N (x, (0.1)2 Id /d for n ≤ 2d, while for n > 2d
Qn(x, .) = (1 − c)N (x, (2.38)2 Σn /d) + cN (x, (0.1)2 Id /d)

(5.3.8)

where Σ is the current empirical estimate of the covariance structure of the
target distribution based on the run so far and c is a small positive constant
(we take c = 0.05). It however did not improve the mixing rate of our
algorithm significantly.

5.4

MCMC inference of Logistic Regression
using Holmes and Held Auxiliary Variable Model

Despite our best attempts to improve it, Gamerman’s method did not work
very well, the MCMC chain taking too long to converge. We decided that
the use of a conjugate prior was necessary and we chose to auxiliary variable
method developed by Holmes and Held [2006], henceforth H&H which at the
time of writing this thesis was the only conjugate MCMC algorithm available
for logistic regression
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5.5

Data augmentation in binary regression
models

To begin with, consider the Bayesian binary regression model,

yi ∼ Bernoulli(g −1 (ηi ))
(5.5.1)

ηi = x i β
β ∼ π(β)

where yi ∈ {0, 1}, i = 1, . . . , n is a binary response variable for a collection of
n objects with associated p features x = (xi1 , . . . xip ), g(µ) is the link function, ηi denotes the linear predictor and β represents a (p × 1) column vector
of regression coefficients which a priori are from some distribution π(·).

5.6

Probit regression using auxiliary variables

For the probit link g −1 (u) = Φ(u) where Φ(u) represents the cumulative
distribution function of a standard normal random variable. The model in
(5.5.1) has a well known representation using auxiliary variables.
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yi =




1 if zi ≥ 0


0 otherwise

zi = xi β + i

(5.6.1)

i ∼ N (0, 1)
β ∼ π(β)
where yi is now a deterministic conditional on the sign of the stochastic auxiliary zi . Under the independence of i , i = 1, . . . , n, the marginal likelihood
of L(β|y) in model (5.6.1) is the same as (5.5.1).

The advantage of working with representation (5.5.1) is that with a suitable choice of π(β), efficient sampling can be performed using the Gibbs
sampler as reported in Albert and Chib [1993], hence forth A&C. For the
case of a normal prior imposed on β, the full conditional distribution of β is
still normal.

β|z ∼ N (B, V )
B = V (v −1 b + x0 z)

(5.6.2)

V = (v −1 + x0 x)−1
where x = (x01 , x02 , . . . , x0n )0 . The full conditional of each element is then
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truncated normal,

zi |β, xi , yi ∝




N (xi β, 1)I(zi > 0) if yi = 1

(5.6.3)



N (xi β, 1)I(zi ≤ 0) otherwise
which is straightforward to sample from (see for example Robert [1995])

This auxiliary variable approach offers a convenient framework for Markov
Chain simulation by iteratively sampling from conditional densities in (5.6.2)
and (5.6.3). There exists however a potential correlation between β and z,
clearly shown in model (5.6.1) . Under the standard A&C iterative updating,
this correlation is likely to cause slow mixing in the chain
To remedy this, H&H suggested a simple approach to reduce the autocorrelation and improve the mixing in the Markov Chain. They proposed to
update β and z jointly, making use of the factorisation

π(β, z|y) = π(z|y)π(β|z)

(5.6.4)

where the distribution of z is unchanged from the above in (5.6.2) but now
z is updated from its marginal distribution having integrated over β. It is
now assumed that the prior of β is a mean with zero normal density, N (0, v).
From standard matrix algebra, we than obtain

π(z|y) ∝ N (0, In + xvx0 )1(y, z)
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(5.6.5)

where In denotes the nxn identity matrix and 1(y, z) is the indicator function
which truncates the multivariate normal distribution of z to the appropriate
region. It is known to be difficult to sample direct from the multivariate
truncated normal. It is however straight forward to Gibbs sample the distribution

zi |z−i , yi ∝




N (mi , vi )I(zi > 0) if yi = 1

(5.6.6)



N (mi , vi )I(zi ≤ 0) otherwise
where zi denotes the auxiliary variable z with the ith variable removed. The
means mi and variances vi , i = 1, . . . , n are obtained using the leave-oneout marginal predictive densities. Using for example Henderson and Searle
[1981], the parameters can be calculated efficiently as

mi = xi B − wi (zi − xi B)
vi = 1 + wi

(5.6.7)

wi = hi /(1 − hi )
where zi is the current value of zi , B is taken from (5.6.2) and hi is the ith
diagonal element of the Bayesian hat matrix hi = (H)ii , H = xV x0 with V
defined in (5.6.2)
Following an update to each zi the posterior mean B is recalculated using
the relationship
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B = B old + Si (zi − ziold )

(5.6.8)

where Bold and zold denotes the values of B and zi prior to the update of zi
and Si denotes the ith column of S = V x0
Note that the variance vi in (5.6.7) is always greater than one, the variance
of the conventional iterative sampler. During the simulation, the calculation
of S ,wi and vi has to be performed only once prior to the MCMC loop.
This algorithm carries little increase in computational burden over the
conventional burden. And the use of joint updating improves mixing and
sampling efficiency in the Markov Chain as demonstrated with H&H

5.7

Logistic regression with auxiliary variables

Consider the model in (5.6.1). Suppose we now take i ∼ π(i ) to be the
standard logistic distribution, we obtain the logistic regression model but
the conditional conjugacy of updating β is lost. However, if we introduce a
further set of variables with the additional variables λi , i = 1, . . . , n and take
note of the additional representation
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yi =




1 if zi > 0


0 otherwise

zi = xi β + i
i ∼ N (0, λi )

(5.7.1)

λi = (2ψi )2
ψi ∼ KS
β ∼ π(β)
where ψi , i = 1 . . . , n are independent normal variables following the KolmogorovSmirnov (KS) distribution [Devroye, 1986]. In this instance i has a scale
mixture of normal from with a marginal logistic distribution Andrews and
Mallows [1974] so that the marginal likelihood L(β|y) for models (5.7.1) and
(5.6.1) with logit link are equivalent.
As before, a normal prior is imposed on β, π(β) = N (b, v) the full conditional distribution of β given z and λ is still normal,
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β|z ∼ N (B, V )
B = V (v −1 b + x0 W z)
(5.7.2)
V = V (v

−1

0

−1

+ x W x)

W = diag(λ−1 , . . . , λ−1
n )
and the full conditional of zi is truncated normal, but with individual variances λi

zi |β, xi , yi , λi , ∝




N (xi β, λi )I(zi > 0) if yi = 1

(5.7.3)



N (xi β, λi )I(zi ≤ 0) otherwise
Finally the conditional distribution of π does not have a standard form.
However it is simple to generate from using rejection sampling as outlined in
Appendix A
The above framework allows for automatic sampling from the Bayesian
logistic regression model using iterative updates, say (β|z, λ) followed by
(z|β, λ) and then (λ|z, β). This sampling will be slower then in the probit
case as not only λ has to be sampled but but also the posterior variance
matrix V in (5.7.2) for each change update of λ.
As before joint updating can be used to improve the performance of
MCMC sampler. There are two possible options. One is the following the
procedure in (5.6) and update z, β jointly given λ,
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π(z, β|y, λ) = π(z|y, λ)π(β|z, λ)

(5.7.4)

followed by an update to λ|z, λ. The pseudo-code for this method is given in
Appendix A. On the other hand, {z, λ} can be updated jointly given β
In the latter the marginal densities for the zi0 s are independent truncated
logistic distributions

zi |β, xi , yi , ∝




Logistic(xi β, 1)1(zi > 0) if yi = 1

(5.7.5)



Logistic(xi , β, 1)1(zi ≤ 0) otherwise
where the Logistic(a, b) denotes the density of the logistic distribution with
mean a and scale parameter b [Devroye, 1986] The advantage of this latter
approach is that sampling from the truncated logistic distribution can be
done efficiently by the inversion method because both the distribution function and it inverse have simple analytics forms The pseudo code is given in
Appendix A

5.8

Polychotomous Logistic Regression

All these previous methods can be extended to the polychotomous case by
considering the conditional likelihood of a set of coefficients say βj , having
fixed the other coefficients in the model β−j = {β1 , . . . , βj−1 , βj+1 , . . . , βQ } in
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the model. In this instance

L(βj |y, β−j ) ∝
∝

Q
n Y
Y

[θik ]I(yi =k),

i=1 k=1
n
Y

[ωi ηij ]I(yi =j), [ωi (1 − ηij )]I(yi 6=j) ,

i=1
n
Y
∝
[ηij ]I(yi =j), [ωi (1 − ηij )]I(yi 6=j) ,
i=1

where 1(·) is the logical indicator function and ωi is a weight function independent of βj

exp(xi βj − Cij )
1 + exp(xi βj − Cij )
X
exp(xi βk )
Cij = log
ηij =

(5.8.1)
(5.8.2)

k6=j

The conditional likelihood L(βj |y, β−j ) has the form of a logistic regression
on class indicator 1(yi = j). This allows the use of the logistic technique
highlighted in (5.7) embedded within a Gibbs step looping over Q − 1 classes.
Appendix A lists the pseudo code, generalising the logistic scheme
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5.9

Assessing Convergence

The method we have elected to assess convergence in this paper in the method
of Gelman and Rubin [1992a,b]. Their method works as follows: suppose we
have parallel chains starting from different points, then we can compare the
variability within and between runs and when the between-run variability
has reduced to what can be predicted from within-run variability, all runs
should be close to equilibrium. After convergence, all chains should exhibit
same qualitative and quantitative behaviour. The algorithm starts by initializing the chains at points that are overdispersed with respect to the posterior
distribution. The number of chains need not be too large to avoid computational waste and are usually given in single digit numbers. Ripley [1987]
suggested 3.
Gewke [1992] elaborated on the idea on how one can assess for convergence of the chain by testing whether dispersion within the chains is larger
than dispersion between chains. Suppose we have a real function ψ = t(θ)
and we have m trajectories ψi1 , ψi2 , . . . , ψin , i = 1, 2, . . . , m. The variances
within and between chains W and B are given by
m

B=

n X
(ψ̄i − ψ̄)2 )
m − 1 i=1
m

n

XX j
1
W =
(ψ − ψ̄i )2
n(m − 1) i=1 j=1 i
where ψ̄i is the average of the chain i, i = 1, 2, . . . , m and ψ̄ is the average
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of these averages. If convergence has been attained, all these mn values
are drawn from the posterior and σψ2 the variance of ψ can be consistently
estimated by W, B and the weighted average σ̂ψ2 = (1 − 1/n)W + (1/n)B
If convergence has yet to be attained, the trajectories of the chain will
still be highly influenced by the initial values and due to their overdispersion,
will cause σ̂ 2 to overestimate σ 2 . W , on the other hand , will underestimate
σ 2 because the chains will not have adequately transversed the complete
state space. Hence an indicator of convergence can be formed by using the
q
estimator of potential scale reduction R̂ = σ̂ψ2 /W , which will always be
larger than 1. As n → ∞ by the ergodic theorem both estimators converge
to σ 2 and R to 1 .

Gelman et al. [1996] suggested accepting convergence

when R is below 1.2.
Gelman’s and Rubin’s method of convergence was designed for a univariate measure but our feature vectors are multivariate. While there is a
multivariate version of the Gelman and Rubin method [Brooks and Gelman,
1998], it still essentially relies on the concept of transforming a multivariate
measure to a univariate measure. We have chosen to use logarithmic scoring [Good, 1983] which sums the negative log probability of the event as a
univariate measure. In the R package coda, the function gelman.diag can be
used to perform the Gelman and Rubin diagnostic.
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5.10

Comparison with other machine learning models

Table 5.1: Comparing cross-validated results with other models
Model/Data Set

Crabs

Music

Crystals

Glass

Wave

Zip

Neural Nets

30.8 (5.8)

23.6 (5.9)

20.4 (3.4)

29.1 (0.8)

13.0 (3.7)

6.7(4.0)

Random Forest

36.0 (7.9)

25.3 (5.6)

20.7 (4.2)

21.3 (6.4)

13.9 (2.6)

4.5(3.6)

C5.0

35.3 (7.9)

25.8 (5.6)

22.1(5.5)

23.0 (7.2)

15.6 (3.0)

4.0 (3.4)

SVM-Poly

34.5 (7.1)

22.3 (6.3)

20.2 (4.5)

31.5 (6.7)

12.8 (3.0)

2.0 (2.7)

SVM-Rad

31.0 (8.4)

25.9 (6.5)

21.0 (3.7)

34.4 (7.7)

12.6 (3.2)

3.3 (2.8)

MDA

39.3 (1.5)

29.1 (8.3)

23.0 (4.7)

33.5 (7.8)

13.2 (3.1)

6.5 (3.2)

ME-Freq

28.7 (1.5)

18.9 (1.3)

18.9 (7.2)

25.2 (2.2)

12.8 (3.1)

3.5 (3.2)

ME-Baye

27.5 (1.0)

16.5 (0.7)

16.2 (2.5)

22.9 (1.1)

12.2 (1.2)

2.9 (0.7)
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Table 5.2: Comparison with other models using a statistical test
Model/Data Set

Crabs

Music

Crystals

Glass

Wave

Zip

Neural Nets

+

+

+

+

+

+

Random Forest

+

+

+

-

+

+

C5.0

+

+

+

0

+

+

SVM-Poly

+

+

+

+

+

-

SVM-Rad

+

+

+

+

0

+

MDA

+

+

+

+

+

+

ME-Freq

+

+

+

+

+

+

ME-Bayes

+

+

+

+

+

+

Again we perform the 5×2cv test for our model against the alternative methods as well the frequentist approach for mixture of experts and the results
are given below. The Bayesian approach outperformed frequentist approach
on all the datasets. For the cases where the frequentist approach failed to
outperform the alternative, the Bayesian approach has enabled us to achieve
parity with the C5.0 on the glass data set, still underperforming random forest, outperforming both the SVMS on the waveform dataset, outperforming
SVM (radial kernel) on Zip code data set but still underperforming support
vector machine with the RBF kernel.
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Chapter 6
Blending Generative and
Discriminative Methods
6.1

Introduction

Discriminative methods provide excellent predictive performance and are
widely used in many applications. Recently there has been a growing interest in a complementary approach based on generative models. One of the
motivations is that in complex problems such as object recognition, where
there exists huge variability in the range of possible input vectors, it might be
difficult to provide enough labeled training examples. Hence semi-supervised
learning, in which labelled training examples are supplemented with a much
larger quantity of unlabeled examples, are growing in popularity. As highlighted earlier, a discriminative approach cannot utilise unlabeled data and
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hence a generative approach has to considered
The complementary strengths of generative and discriminative models
have let a number of researchers to develop methods which combine their
strengths. There has been a growing interest in ’discriminative training’ of
generative models with the aim of improving classification accuracy [Bouchard
and Bill Triggs, 2004, Holub and P. Perona, 2005, Yakhnenko et al., 2005].
This approach has been widely used in speech recognition with great success
where generative hidden Markov Models are trained by optimizing the predictive conditional distribution. As will be shown later, this form of training can
lead to improved performance by compensating for model mis-specification
i.e. the difference between the distribution specified by the model and the
true distribution of the process which generates the data. However as pointed
out previously, discriminative approach cannot make use of unlabeled data.
It has been shown that Ng and Jordan [2002] that logistic regression works
much better than its generative counterpart, but only when there are a large
number of training points, which necessitates the use of unlabeled data.
Recently several researchers [Bouchard and Bill Triggs, 2004, Holub and
P. Perona, 2005, Raina et al., 2003] have proposed hybirds of the generative
and discriminative approaches in which a model is trained by optimizing a
convex combination of the generative and discriminative log likelihood functions. While this is highly heuristic, it was discovered that the best predictive
performance was obtained for intermediate regions between the generative
and discriminative limits.
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Lasserre and Bishop [2007] developed a novel viewpoint [Minka, 2005,
Bishop, 2006] which proposed, for a given model, there is a unique likelihood
function and hence there is only one correct way to train it. The “discriminatively” training of a generative model is interpreted as the standard training
of a different model, corresponding to the choice of a distribution. This removes the adhoc choice for the training criterion, so all models are trained
according to the principles of statistical inference. In addition, by the introduction a constraint between the parameters of the model, the original
generative model can be recovered.
This perspective, in addition to giving a novel interpretation of “discriminative’ training”, opens the way to principled lending of blending generative
and discriminative via the introduction of priors having a soft constraint
among parameters. The strength of this constraint governs the balance generative and discriminative.

6.2

A New View of Discriminative Training

A generative model can be defined by specifying the joint distribution f (x, c|θ)
of the input vector x and the class label c, conditioned on a set of parameters
θ. This is typically done by defining a prior probability of the classes f (c|π)
along with a class conditional density for each class f (x|c, λ), so that

f (x, c|θ) = f (c|π)f (x|c, λ)
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(6.2.1)

where θ = {π, λ}. Since it is assumed that the data points are independent,
the joint distribution is given by

LG (θ) = f (X, C, θ) = f (θ)

N
Y

f (xn , cn |θ)

(6.2.2)

i=1

This can be maximised to determine the most probable (MAP) value of θ.
Again since f (X, C, θ) = f (X, C, θ)f (X, C), this is equivalent to maximising
the posterior distribution f (θ|X, C)
To improve the predictive performance of generative models, it has been
proposed to use discriminative training [Yakhnenko et al., 2005] which involves maximising

LD (θ) = f (C, θ|X) = f (θ)

N
Y

f (cn |xn , θ)

(6.2.3)

i=1

in which the input vectors are conditioned on instead of modeling their distributions. Here they have used
f (x, c|θ)
c0 f (cn |xn , θ)

f (c|x, θ) = P

(6.2.4)

Note that (6.2.3) is not the joint distribution of the original model defined by
(6.2.2) and hence does not correspond to the MAP for this model. Hence the
terminology ’discriminative training’ is misleading since for a given model
there is only one way to change one correct way to train it. Hence it is not
the training model which has changed, but the model itself
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This idea of discriminative training has been extended further by Yakhnenko
et al. [2005] by maximising a function given a convex combination of (6.2.3)
and (6.2.2) of the form

α log LD (θ) + (1 − α)logLG (θ)

(6.2.5)

where 0 ≤ α ≤= 1 so as to interpolate between the generative (α = 0)
and (α = 1) approaches. Unfortunately this criterion is not derived by
maximising the distribution of a well-defined model
Following Minka [2005], Lasserre and Bishop [2007] proposed an alternative view of discriminative training, which results in a elegant framework for
blending generative and discriminative approaches. Consider a model which
obtains a additional independent set of parameters θ̃ = { π̃, λ̃} in additional
parameter θ = π, λ which the likelihood function is given by

q(x, c|θ, θ̃) = f (c|x, θ)f (x| θ̃)

(6.2.6)

X

(6.2.7)

where

f (x|θ) =

f (c|x, θ)

c0

Here f (c|x, θ) is defined by (6.2.7) while f (x, c|θ̃) has independent parameters
θ.
The model is completed by defining a prior f (θ, θ̃) over the model param-
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eters giving a joint distribution of the form

q(X, C, θ, θ̃) = f (θ, θ̃)

N
Y

f (cn |xn , θ)f (xn , θ̃)

(6.2.8)

n=1

Now Suppose we consider a special case in which the prior factorizes, so
that

f (θ, θ̃) = f (θ, θ))

(6.2.9)

The optimal values of parameters θ and θ̃ are determined in the usual way
by maximizing (6.2.6), which now takes the form

[f (θ)

N
Y

f (cn |xn θ)f (θ̃)][

N
Y

f (cn |xn θ̃)]

(6.2.10)

n=1

n=1

The resulting value of θ will be identical to that found by maximising (6.2.7)
since it is the same function which is being maximised. Since it is θ and θ̃
which determines the predictive distribution f (c|x, θ) we that this model is
equivalent in its predictions to “the discriminative trained” generative model.
This results in a consistent view of training in which the joint distribution is
always maximised and the distinction between generative and discriminative
training lies in the choice of the model.
Now suppose we consider a prior which enforces the equality between the
two sets of parameters
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f (θ, θ̃) = f (θ)δ(θ − θ̃).

(6.2.11)

Then we can set θ̃ = θ in which the original generative model f (x, c|θ)
is recovered. Hence we have a single class of distributions which corresponds
to independence in the prior and the generative model corresponds to an
equality constraint in the prior.

6.3

Blending Generative and Discriminative

It is now possible to blend between generative and discriminative extremes
by considering priors which impose a soft constraint between θ̃ and θ̃. What
is the rationale of doing this?
Firstly it is noted that the reason why “discriminative training” might
give better results than direct use of generative model is that (6.2.8) is more
flexible than (6.2.2) since it relaxes the implicit constraint θ̃ = θ . If the generative model is a perfect representation of reality, then increasing the flexibility of the model would lead to poorer results. Hence any improvement from
the discriminative approach must can only be from the result of mismatch
between the model and the true-distribution of the data. Benefit of ’discriminative training’ results from compensating for model mis-specification.
Conversely, the strength of the generative approach it can utilize unlabeled data to supplement the labeled training set. Assuming now we have
118

data set comprising of a set of inputs XL for which we have corresponding
labels CL , together with a set of inputs XU for which we have no labels. For
the correctly trained generative model, the function which is maximized is
given by

f (θ) =

Y

f (xn , cn |θ)

n∈L

Y

f (xm , |θ)

(6.3.1)

m∈U

where f (x|θ) is defined by f (x|θ) =

P

c0

f (x, c|θ)

We see that the unlabeled data influences the choice of θ and hence the
model predictions. In contrast, for the “discriminatively trained“ generative
model the function which is again the product of the prior and the likelihood
and hence takes the form

f (θ) =

Y

f (xn , |xc θ)

(6.3.2)

n∈L

and it is observed that unlabeled data plays no role. Hence in order to
make use of unlabeled data a discriminative approach cannot be used.
To see how combination of labeled and unlabeled data can be exploited
from the perspective approach defined by (6.2.8), for which the joint distribution now becomes

"
q(XL , CL , XU , θ, θ̃) = f (θ, θ̃)

#"
Y

f (cn |xn , θ)f (xn |θ̃)

n∈L

#
Y

f (xm |θ̃)

m∈U

(6.3.3)
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We can see that the unlabeled data now influence the parameter θ̃m which
in turn influences θ which in turn influence θ via the soft constrain imposed
by the prior.
Generally, if the model is not a perfect representation of reality, and
unlabeled data is available , then we would expect the optimal balance to
lie neither at the purely generative extreme or at the purely discriminative
extremes
A simple example of a prior which interpolates smooth between the generative and discriminative limits, consider the class of priors of the form


1
1
2
f (θ, θ̃) ∝ f (θ)f (θ̃) exp − 2 ||θ − σ̃||
σ
2σ

(6.3.4)

if desired, σ can be related to α by defining a map from (0, 1) to (0, ∞) for
example using

σ(α) =

α
1−α

2
(6.3.5)

For α → 0 and σ → 0 a constraint of the form (6.2.11) is obtained which
corresponds to the generative model. Conversely for α → 1 and σ → ∞, we
obtain an independence prior of the form (6.2.9)
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Chapter 7
Conclusion
In this thesis, we have used mixture of experts in conjunction with logistic regression to classify partially labelled data. The most commonly used
parametric method of classifying such data is by using a mixture of normals. By relying on the assumption of Gaussian densities (more information
compared to logistic discrimination), results in an efficient (less variance) discrimination procedure if the modelling assumptions are satisfied. However
in practice, these assumptions very rarely holds and very often some of the
features are qualitative variables, and hence it is generally of the view that
logistic discrimination is a safer and more robust bet as it relies on fewer
assumptions.
Mixture of expert models have been around since early 1990s but did
not gain widespread usage. There seem to be several reasons, the main one
being that mixture of experts are much harder to fit compared to other type
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of statistical models and due to this difficulty there wasn’t a general purpose
implementation of mixture of experts models publicly available, a gap which
since has been filled by [Evers, 2007].
Despite these difficulties, mixture of experts have a lot of attractive properties. They permit a meaningful interpretation of the model parameters
while still being able to model complex relationships. Most other complex
methods, like neural networks and support vector-machines, are black boxes
i.e. they do not allow for a meaningful interpretation of their results. On the
flip side, many simple statistical models which can be interpreted easily are
usually too restrictive.
Evers [2007] covered the frequentist fitting of HME. One major limitation
of the maximum likelihood approach is the tendency for overfitting. This is
particularly likely to be the case in mixture of experts as a huge number of
parameters are involved in defining the gating and expert networks. Any
one of the mixture components “collapsing” onto a single data point will
result in plenty of singularities arising in the likelihood function. In addition the maximum likelihood framework provides no direct mechanism for
determining either the topology the HME tree or the number of nodes since
optimization of the likelihood function will always favour more complex models. These problems can be resolved by adopting a Bayesian approach which
is what we have done in this thesis and empirical tests on different data
sets showed that the Bayesian approach outperforms maximum likelihood
estimation.
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7.1

Directions for Future Research

While we have shown that mixture of experts outperformed traditional neural
networks, there have been a lot of advances in neural networks in recently
years. Deep learning neutral works are now very popular and have shown
great results in image recognition, outperforming all known classifiers in the
Zip Code data set.
Despite tremendous advances in MCMC algorithms and computing power,
we still had to rely on the use of a conjugate prior as the MCMC chain
still mixes too slowly when we couldn’t simulate from a exact distribution
and when abundant data is not available. Neal [1996] developed a Hybird
Monte Carlo (HMC) Scheme for mixture of experts but HMC methods has
largely been ignored by the statistical community. In recent years, there has
been a revival of interest in HMC algorithms [Ishwaran, 1999, Girolami and
Calderhead, 2011] and applications to logistic regression have demonstrated
promising results. Without being constrained to the use of a conjugate prior,
other possible priors can be experimented with to see if we can get better
results.
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Appendix A
Procedure for sampling the
Bayesian polychotomous model
%% Let Y [i][j] denote the category indicator variable Y [i][j] = 1 if the ith
observation is of the class j, j ∈ {1, · · · , Q}, Y [i][j] = 0 otherwise.

%% Initialise mixing weights, Λ[, , q] for each category (n×n) identity matrix
FOR q = 1 to Q − 1
Λ[, , q] ← In
%% draw Z from truncated logistic
Z[, q] ∼ Lo(0, 1)1(Y [, q]), Z[, q])
END
For i = 1 to number of MCMC iterations
FOR q = 1 to Q − 1
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V ← (X T Λ[, , q]−1 X + v −1 )−1
%% note that Λ−1 is a diagonal matrix and hence simple to invert
L → Chol(V )
%% so L stores the lower triangular Cholesky factorisation of V
B → V X T Λ[, , q]−1 Z[, q]
T ∼ N (0, Ip )
β[, q, i] → B + LT
%% Now update {Z, Λ}
FOR j=1 to number of observations
m → X[j, ]β, q, i]))
C → sum(exp(X[j, ]β, −q, i]))
%% Hence C records the sum of Q − 2 terms, exp(X[j, ], β[, t, i]),
%% for t ∈ {1, · · · q − 1, q + 1, · · · , Q − 1},
Now draw Z[j, q] from truncated logistic
%% now draw new value of mixing variance
R ← Z([j, q] − m) Rλ[j, j, q] ∼ pi(λ|R2 )
%% See next section
END
END
End MCMC iterations; RETURN β
Now we describe how to sample from the full conditional distribution of
the auxiliary weights Λ = {λ1 , · · · , λn } in the logistic regression model of
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5.7. This conditional distribution however does not have a standard form
but sampling from the density can be achieved efficiently using rejection
sampling.

As a rejection sampling density it is suggested to use the Generalized
Inverse Gaussian distribution GIG(λ, ψ, χ) Using the parameterisation of
Devroye [1986] we set λ = 0.5, bψ = 1 and χ = (zi − xi β)2 = R2 . When sampling from the GIG we make use of the equality GIG(0.5, 1, r2 ) = r/IG(1, r),
where IG denotes the inverse Gaussian. It is easier to sample from than the
GIG as it can be done from an inversion algorithm [Devroye, 1986]
Let g(λ) denote GIG(0.5, 1, r2 ) rejection sampling density r2 = (zi −xi β)2 .
Following a draw from g(·) the sample is accepted with probability α(·)

α(λ) =

l(λ)π(λ)
,
M g(λ)

(A.0.1)

where M ≥ supλ l(λ)π(λ)
, l(λ) denotes the likelihood, l(λ) ∝ λ−1/2 exp(−0.5r2 /λ)
M g(λ)
and π(λ) is the prior
1
1 1
π(λ) = λ−1/2 KS( λ 2 )
4
2

(A.0.2)

where KS(·) denote the Kolmogorov-Smirnov density. The prior A.0.2 follows from the transformation of the random variables λi = (2φi )2 in 5.7.1
We can set M = 1 and cancelling terms leaves the acceptance probability
A.0.1 as
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α(λ) = exp(0.5λ)π(λ)

(A.0.3)

Evaluating α(λ) is problematic as the KS density is only known up to an
infinite series. There is however, an alternating series representation given
in Devryone (1986) that allows for an efficient set of squeezing functions to
be adopted for the rejection sampling algorithm. Following Devroye (1986),
λ can be partition into two regions and a monotone alternative series can be
constructed.The breakpoint for his mixture method can be anywhere in the
interval [4/3, π 2 ]. We have used the value 4/3 as the rightmost interval is
faster to evaluate.
The pseudo code is detailed below. The method is least efficient as ri2 → 0,
though it is possible to observe an acceptance rate of around 0.25 for ri2 as
small as 10−10 . For ri2 = 1 the acceptance is around 0.5 rising to nearly one
for ri2 ≥ 1
Procedure to sample λ ∼ πλ|r2 )

REPEAT
%% Note, r2 = (zi − xi β)2
%% To begin we must draw a sample from the rejection sampling density
Y ∼ N (0, 1)
Y ← Y 2 Y 1 + (Y −

p
Y (4r + Y ))/2r

U ∼ U [0, 1]
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IF U ≤ 1/(1 + Y )THEN λ ← r/Y
ELSE λ ← rY
%% Now, λ ∼ GIG(0.5, 1, r2 )
U ∼ U [0, 1]
IF λ ≥ 4/3
OK → rightmost-intervale(U, λ)
ELSE
OK → rightmost-intervale(U, λ)
WHILE NOT OK

The procedure above calls for two functions, rightmost-interval() and
leftmost-interval(), depending on the value of proposed λ. The pseudo code
of these functions follows:

OK ← rightmost-interval (U, λ)

Z←1
X ← exp(−0.5λ)
j←0
REPEAT
%% Squeezing
j ←j+1
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2

Z ← Z − (j + 1)2 X (j+1) − 1
IF Z ≥ U THEN RETURN OK ← 1
j ←j+1
2

Z ← Z + (j + 1)2 X (j+1) − 1
IF Z < U THEN RETURN OK → 0
END

The pseudo-code for the left region is
OK ← leftmost-interval (U, λ)
H ← 0.5 log(2) + 2.5log(π) − 2.5log(λ) −

π2
2λ

+ 0.5λ

lU ← log(U )
Z←1
X ← exp(−π 2 /(2λ))
K ← λπ 2
j←0

REPEAT
%% Squeezing
j ←j+1
Z ← −KX j

2 −1

IF H + log(Z) ≥ lU THEN RETURN OK → 1
j ←j+1
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2 −1

Z ← −(j + 1)2 X (j+1)

IF H + log(Z) ≤ lU THEN RETURN OK → 0
END
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