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ABSTRACT

The first part of this thesis is a study of strongly continuous 

(or weakly) continuous one parameter semigroups and groups of bounded 

linear maps on Banach spaces, their perturbation and scattering, paying 

particular attention to operator algebras.

CHAPTER 1

We develop the spectral theory of derivations and groups of 

automorphisms on operator algebras, and study their relationships. The 

spectrum of a bounded strongly continuous one parameter group on a 

Banach space is characterised in terms of the spectrum of its infinitesimal 

generator. The relationship between Arveson's and Borchers' approach to 

the spectral theorey of groups of *-automorphisms on operator algebras
v

is brought out, and we consider the problem of unitary implementation.

CHAPTER 2

Following S.C.Lin's reflexive Banach space theory I J>6\ , we 

consider the perturbation, similarity and scattering of strongly continuous 

one parameter semigroups and groups on Banach spaces, using a time 

dependant approach and a strong type of smoothness, with particular reference

to C*-algebras and preduals of W*-algebras. Some results regarding time
  

evolution in quasi local algebras are used to derive scattering of quasi

free evolution groups in the CAR algebra by inner perturbations.

CHAPTER 3

The previous chapter leads us to study scattering of ultraweakly 

continuous groups of cr-weakly continuous linear maps on von Neumann algebras, 

by smooth perturbations of a certain weak type. We give a technique for



handling groups of "-automorphisms.

CHAPTER k

We study time dependant perturbations and scattering of strongly 

continuous one parameter groups on a Banach space E. The problem is raised 

to the higher space Lp ( 3R;E ) (1 £ p < «° ) or CQ ( K;E ) , where the 

perturbation is made time independant and the methods of Chapter 2 apply. 

We characterise certain strongly continuous groups on the higher space 

in terms of propogators on the lower space, and show how their scattering 

is related. Some examples are given.

The second part of the thesis investigates the structure of 

completely positive maps.

CHAPTER 5

Schwartz type inequalities for n-positive linear mappings on 

*-algebras are obtained. We demonstrate why the bounded completely positive 

linear maps for a Banach *-algebra with approximate identity, and in 

particular for a C*-algebra, should be regarded as higher order state spaces, 

A theorem of F. and M. Riesz is generalised to give a sufficient condition 

for the covariance of certain representations of a C*-algebra relative 

to a one parameter group of *-automorphisms. A completely positive analogue 

of Tomiyama's theorem regarding the singularity of conditional expectations 

on W*-algebras is obtained. We characterise the completely positive 

linear mappings on the CCR algebra. Operator algebra analogues of Nagy's 

hilbert space dilations and Stroescu's Banach space dilations are obtained. 

Ths infinitesimal generators of strongly continuous one parameter semi­ 

groups and groups of linear maps with various positivity properties are 

studied.



CHAPTER 6

Unbounded completely positive linear maps or operator valued
 

weights on C*-algebras are defined. We construct the Stinespring representation 

for an unbounded completely positive linear map <* . We study the natural 

order structure for such maps, and following van Daele \_6k J for scalar 

valued weights, when 04 has dense domain, we construct a largest operator 

valued weight & majorised by oc , and with the property that it is 

the upper envelope of continuous completely positive maps. Following Combes

|7 J we study the quasi equivalence, equivalence and type of the 

Stinespring representation associated with operator valued v/eights. 

Following van Daele [^J , We study an unbounded completely positive map

tf which is invariant under a group of * -automorphisms and has dense domain, 

and construct a G~invariant projection map ^ of the set 3~ of continuous

completely positive maps dominated by <X , onto the set ~ of G 

invariant' elements of ;7 . This is used to derive various properties 

of the envelope of |j . Asymptotically abelian systems and their ergodic 

bounded completely positive maps are studied. Observations are made 

regarding the possible classification of the spectral type of strongly 

continuous one parameter groups of * -automorphisms of a C*-algebra which 

possess an invariant operator valued weight.
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NOTATION

V/e first remark that all vector spaces are over the complex 

numbers, unless otherwise stated. If X and Y are Banach spaces, the 

following notation will be used throughout this thesis : 

6. (X,Y) = The closed linear operators form X into Y. 

£,,(X,Y) = The closed densely defined linear operators from X into Y.

B(X,Y) = The bounded linear operators from X into Y.

C(X,Y) = The compact linear operators from X into Y.

e ex) = e (x,x) , e 0 (x) = ec(x,x) etc.
£ (X) = £ T 6 60 (X) : -iT generates a strongly continuous

-itT .   "I 
semigroup e , t 7r o V

= -ecx).
+ 

XoY will denote the algebraic tensor product. Completions are written

as follows :

The protective (respectively infective) tensor products are denoted by 

X 0V Y (respectively X ®A Y). If X,Y are hilbert spaces (respectively 

C*-algebras, W*-algebras), X®Y ( respectively X® Y , X® Y ) denote 

the hilbert space tensor product ( respectively C*-tensor product 

, 1.22.8J , W*-tensor product [5^-, 1.22.10] .



CHAPTER 1.

This chapter is an attempt to develop some of the basic spectral 

theory concerning derivations and groups of automorphisms on operator

algebras.

In the first section we show how certain derivations on Banach 

algebras and the infinitesimal generators of strongly continuous one 

parameter semi groups of homomorphisms are related. In §1-2, we give 

some spectral results for derivations. The spectral theory for automorphism 

groups on Banach spaces, and in particular operator algebras, has been 

introduced in |_5,6,11 ,^5,^6J . One of our aims is to show how £5] and 

[6j are related. In &1.3» we recall some of the terminology and results 

of f^J i whilst in the fourth section we show how Borchers 1 approach 

for the group of integers can be generalised to more arbitrary locally 

compact abelian topological groups. In the course of 81.5 we demonstrate 

how the basic tools and concepts of Arveson and Borchers are related, 

and amongst other results, consider the unifying problem of implementation 

of a group of *-automorphisms on a von Neumann algebra by a unitary 

representation on the underlying hilbert space.

We remark that in $ 6.7, we will have some more comments to 

make regarding the spectral theory of one parameter groups of 

*-automorphisms on operator algebras.

§1.1
Our first objective is to show the intimate relationship 

between derivations and automorphisms on Banach algebras. 

DEFINITION 1.1.1.

A derivation Z on an algebra A, is a linear map defined on D? into A, 

where DZ = D(Z) = Domain of Z, satisfying



i) !)„ is a subalgebra of A.
Zi

ii) Z(fg) := Zf.g 4- f.Zg for all f ,g

We remark that if Z is a derivation on an algebra A, and D = D(Z ),
«0

n = 1,2,... , then the Leibnitz rule implies that D and D = H D are 177 n oo n=1 n

also subalgebras.

Suppose that ex. is a strongly continuous, one parameter group
v

on a Banach algebra A, with infinitesimal generator Z. Since Z has a 

dense set of analytic elements, it is clear that (X is a group of 

homomorphisms iff Z is a derivation. This is well known for norm 

continuous groups, e.g.M&» ( § ̂ .l)j   The result still holds for strongly 

continuous semigroups, but we need be more careful :

PROPOSITION 1.1.2.

Let A be a Banach algebra, and fa*.,: t>0*V a strongly continuous semigroup

of bounded linear maps on A with infinitesimal generator Z. Then <X, is

a semigroup of homomorphisms, iff Z is a derivation.

PROOF.

For the non trivial implication, we use an integral equation technique

for solving Banach space valued differential equations. This method is

suggest-ed by the work of II.Tanabe [61] . Suppose Z is a derivation.

Let f,g e DZ , and put x(t) = « t (fg) - ^(f) C<t (g) for 0 $ t <; oo .

Then x is continuously differentiable, x(t)   V for 0 £ t < » ,

and x'(t) = Zx(t) in (R+ .

Moreover if h e DZ , then s ->°i (h) is continuously differentiable

in 0 < s 4 t and

(h) = -« Z(h).
u  S

Hence, for t }   0,

x(t) - OC .x(0) = / A O. x(a)= /A (X. x(
J ^0" t-O

= - MX, Zx(o-) do- + /(X. ( d x(cr) ) dor 
J J ^Vdo1 /
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= o.

But x(0) = 0, hence x(t) = 0. By density of D^ in A, it follows that 

OC , is a homomorphism for each t.
U

§1.2.

Suppose a and b are elements of an algebra A with identity. 

Define d : A  » A by

d x = ax - xb for x   A.

Inthis section we will consider the relation between the spectrum of 0 

and those of a and b.

The following result is widely used, but we include a proof for 

completeness.

THEOREM 1.2.1.

Let A be a Banach algebra with identity. Take a,b in A, and define

& £ B(A) by dx = ax - xb, for x £ A. 

Then crb £ a a - crb. 

PROOF.

^> = La - Rb, where L,R are the left and right regular representations 

respectively of A in B(A). Since o(a) 2 o*(La), and c(b) 2 0(Rb), 

it is enough to show that if S,T are two commuting elements of a Banach

algebra B with identity, that d(S-T) ^ cr(S) - o~(T).

 1 1 Let M be the closed subalgebra of B generated by (S -X) f (T -/$ as

A ,yu. range over p(S), p(T) respectively. Then M is commutative and 

contains S,T and 1 (the identity of B). If m 6 M, then <TM (m) 2 cr_(m),
M ID

and moreover o*,.(S) = OL(S), and o;.(T) = OL(T).
M D Mi>

Also o"(m) = |fi(m)j as ^ ranges over the non zero homomorphisms 2 on M.

Hence

<J(S - T) £ (T(S - T) = <t> (S - T) :



This proves our assertion.

With the notation of the above theorem, if X £ tf(La) - o"(Rb) , 

we have found it possible to express the resolvent R(X,^) as a double 

contour integral in terms of R(w,La) and R(z,Rb) using a several variable 

functional calculus. This is similar to [48, (1 .7.33 using a single 

integral.

If A = B(X), all -the bounded linear maps on a Banach space X, 

then o*Q) = o*(a) - o*(b) (see [51,p265] ). However it is not true in 

general that aQ) = c(a) - a(b),or even if we restrictour attention to 

C*-algebras. For example, if A is a commutative C*-algebra, take any 

a c A, then the zero derivation 3 can be written

c^x = ax - xa x C A.

Then <5"(cO = 0 , but dXa) - <5(a) can be made larger. However we can show 

the following. Connes has a similar result for the spectrum of an inner 

* -automorphism on a factor von Neumann algebra [l1,Lemme 2.3.10(a)J . 

THEOREM 1.2.2.

Let M be a von Neumann algebra and a factor, with a,b normal elements in 

M. If 3 CB(M)is defined by

^x = ax - xb for x 6 M, 

then <r d = oa - o*b . 

PROOF. 

Take X. C <5(a), ^ 2 ^ ^(b). Then there exist spectral projections e ,

e_ in M, such that e. , e? / 0, and

Since M is a factor, and e , e_ are non zero, there exists an x C M,

such that e xe2 / 0. Take IJe^xe^j = 1. Then :

) = (a -

Thus

4-



Hence \ -

§1.3.

We now want a detailed spectral analysis of derivations and

automorphism groups on operator algebras. In this section we explain

Arveson's tools

An idea of the method of approach is obtained from the following 

attack at the hilbert space level [^0,^5], We suppose U is a strongly 

continuous representation of a locally compact abelian topological group

G by unitary operators on a hilbert space B). Then we can lift U to a

1 
representation TT of L (G) as follows :

TT (f)x = ff(g) U (x) dg xC fcx., f C L1 (G), 
u j g

and where dg is the Haar measure on G. Then transform this representation

1 
to the transform algebra L (G) A by

irU(f) = Trf) for f C L1 (G),

and where f is the inverse Fourier transform of f. This representation

is norm continuous, I! 71" f|| < II f II ,

1 A
hence extendable from L (G) A to all continuous functions on G,and hence

A

to all Baire functions on G, By considering characteristic functions,

it is deducable that there exists a projection valued measure P on G
.hi

such that U = f<g7x>dP Vg C G (Stone's theorem). (1.3.1)
g J x

We now see that

iru (f)x = /f(x) d?x f£L1 (G), x e St.

In particular, if G = R, there is a self adjoint operator A such that

iAt
U. = e , and we conclude \i

(1.3.2) 0-(A) = { se. R i f(s)=o, V f 6 L\R) such that 7ru (f)=0 } 

(1«3«3) For a closed interval I C S,

. 1 A

Pj = { x £ frx : Tfu (f)x = o,Vf e L (R) such that f vanishes on a nhood of I } .

As in £5Jand[6], we will replace the reflexive hilbert space 

%V by other spaces e.g. C*- and W*-algebras, study the concepts analogous 

to (1.3.2) and (1.3.3), and sometimes reform the representation as in (1.3.1)



We take a complex Banach space X, and a linear subapace X# C. X*, 

which need not be closed, such that

(1.3.4) X,,, determines the norm on X, i.e. for all x £ X,

= sup

(1.3.5) The weakly closed convex hull of every weakly compact set in 

X is weakly compact, where the weak topology refers to the o'CX^X,,,) 

topology on X.

Hypothesis 1-3*5 is a type of weak completeness although X is 

rarely complete in the weak topology. If X^ = X*, then 1-3-5 follows from 

a theorem of Krein and Smulian, while if X is the dual of a Banach space, 

and X^is the space of all weak*-continuous linear functionals on X, then 

1.3-5 follows from Alaoglu's theorem. The former will correspond to the 

>' C*-situation, the latter to the W*-one.

If we let BW (X) be the v/eakly continuous operators on X, then 

we can define a representation. 

DEFINITION. 1.3.6.

A representation of a locally compact abelian topological group G is a 

homomorphism a from G into the group of invertible elements of BW (X)

such that sup II <X || < DO i
g£G" Sil 

and for each x £ X, g  ^ &C.( X ) is weakly (i.e. rfCX^)) continuous.

1 In order to lift up a representation of G to one of L (G), we need the

following proposition of Arveson.

PROPOSITION 1.3-7- [5]

Let a be a representation of G on X, and suppose (XjX^) satisfy 1.3.4 and

1.3.5. Let M be a complex measure on G of finite variation. Then

Ax = f U (x) dju(g) for x d X, J g

defines a bounded linear operator A on X. Moreover, if relative to the



X-topology on X* , the closed convex hull of every compact set in X, is 

compact, then A is weakly contiouous.

Thus 1.3.4 and 1.3.5 allow us to define the bounded representation 

of L1 (G) as follows:

= ff(g) a U) dg where f  . L1 (G) , x £. X.
*^

DEFINITION 1.3.8.

a) The spectrum of a , written spa is defined as the hull of the ideal 

ker-n; = | f £ L1 (G) : TT^Cf) = o }.

b) For each y^g. X, the spectrum of x, written sp x is defined as the hull
^\

of the ideal { f 6. L1 (G) : Tfc(f)x = o } .
A

c) For each closed subset E contained in G, we define the spectral

subspace X (E) to consist of those x in X for which sp x 9 E.ct

1 
Note that in 1.3*8 a) and b), we could replace L (G) by dense

subspaces of L (G), and still get the same spectra; e.g. if G = {R , we

could use *J (tRn ) or C*°(IRn ).o

C
-j A 

HJthat if E is a closed subset of G,that:

sp & = { T £ G : X°V+V) / 0 V compact nhds V of 0 in G } . 

X*(E) = { x £. X : T£(f) x = 0 V f e L1 (G) s.t. f vanishes on a nhd of E } . 

If E ={0} , then X^O} -|x X:^x = x V g fe G } , the fixed point set. 

So if sp x c. 0 , then <y x = x Vg c G,

The prime problem is to determine when a representation of a 

group G as * -automorphisms of a von Neumann algebra, can be implemented 

by a unitary representation on the underlying hilbert space. Arveson has 

produced the following criterion for the real line.
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THEOREM 1.^.1. [5]

Let (x. , be a weakly continuous one -parameter group of * -automorphisms of

a von Neumann algebra M acting on a hilbert space Si. Then the following

are equivalent :

i) There exists a strongly continuous one parameter unitary group u, £ M,

having non negative spectrum such that

OCt (A) = utAu* VA   M, t £ R.

ii) A MCt.w)^ = [0] .
tee

Moreover v/hen ii) is satisfied, one may take for u, the group

u. = e dP(x) 
t ^co

where P(-) is the unique projection valued measure on M satisfying

set

We now return to an arbitrary locally compact abelian topological

group G. Let (X be. a weakly continuous group of * -automorphisms of a
6

von Neumann algebra M, acting on a hilbert space £\ , (i.e. <X. is a 

representation of G on M,as defined in 1«3«6 1 by * -automorphisms). In 

general, of course, an automorphism such as OC is not necessarily inner.
o

Borchers (_6J has suggested the following classification:

DEFINITION 1A.2 [6]

If Z denotes the center of M, and H is a closed subgroup of G, we say
0r

(M,&0 belongs to the class K.., if for all projections P in ZflM/OJ, that 

Q(| is inner on M_; for precisely H.

For G = 2£, the integers, we have the closed subgroups

for y = 0,1,2, .....

H = 0. co '

If (X. is a *-automorphism of M, then<x =\ gives a representation of the. 

integers, which Borchers decomposed as follows :



THEOREM 1.Jf.3.

For each 7 = 1,2,3i-*-» 1°°? there exists a projection K in Z

such that /M., , (XI \ belongs to class Kff for 7= 1,2,3,..,.
^S '%) HT

and
T  >

= 1.

7=1

In general, a locally compact abelian topological group G has 

continuously many subgroups e.g. if G is the real line IR, we have a 

family of closed subgroups f pt : t £ |Rl , where p e (R . We would then 

expect an integral decomposition. In order to avoid such complications, 

we will restrict ourselves at the appropriate time to M being factor. 

We would then hope to show that the subgroup H of G where o(. is inner is 

closed, and then perhaps implement 0(1 by a strongly continuous unitary 

representation of H on 8\.

We need some more definitions : 

DEFINITIONS l.k.k.

a) For I a closed subset of 8, let L^ = { f e L (G) : support f ^ l] .

*c i
b) Let M = M(0j ,the fixed point set, and define Z to be the centre

of M . o
A

c) Let E be a projection in M , and I a closed subset of G, then we

denote by c E the union of the ranges of 

f Tr^(f)xE : x £ M, f 6 L^ j .

i.e. E is the smallest projection D in M such that

Vx £ M, f C I*J.

The following lemma was proven by Borchers [6J for the case when 

the group G is the integers. The same proof extends to our general case.
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LEMMA 1.*f.5.

Let F be a projection in M , and E its central support in M . Then we
A

have for all closed subsets I in G :

£ Z0 .

Again we need another definition.

DEFINITION 1.^.6. [6]

Let E. , Ep be projections in Z . Define

n(E.,E0 ) = f b   G : 3 a closed nhd U of o in G s.t. E0 0, n,E. = 0 1 .
I c. \ C- ' D-i-uL i J

EXAMPLE 1.lf.?. [6\

Suppose G = 22, the integers and Ot x = u xu V x £ M, where u is a unitary

element in M. If E is the spectral measure for u, and I,J are closed

A

intervals in G = T,the circle group, then
 

p^ E(J) = E(I+J).
A

Moreover if V is a closed interval in G = T, which is a neighbourhood 

of 0, then

n(E(V),E(V)) 2 C(2V). 

So we have a family of projections E-. in M , satisfying

nCE^Ey) 2 C(V).

Then, loosely speaking, we can obtain information about an interval I in 

G, by studying EI &) -J^r f°r varying b G, T^closed nhd of o in G, and 

V as before. This is our motivation. Following Borchers[6j ,our aim , 

when seeking a spectral measure, is to first find a family E.. generalising

the property n(E..,E..) 2 C^ » anc* then by considering \J n(E..,E) 

for E a projection in Z , we shall hope to get a spectral measure.

Again, the following two theorems were proved by Borchers in 

|6j,for the integer group /i, and the proofs are easily adaptable to an 

arbitrary locally compact abelian topological group.
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THEOREM 1.*f.8.

Let P be the projections in Z ,and consider yZL, for I closed subset of

G, as a mapping of P into itself. Then it has the follov/ing properties:

ft

) E >, 

) Put

imnlies

.E, then we get

7) Let I* be an ordered index set and (E ) be increasing in P , and^

let E = st lim E^. Then we have

E = st lim T E .. I *

b.<x) The relation I c. I implies

i E < E  
12

Let I. and Ip be two arbitrary compact subsets of G, then we get

c.c/) If I = 6, then we get

Furthermore, 6* E is the carrier of E in P AZ / (j o

If 0 6 1°, > E.

d.<X) Let F fe P AZ then we get :

E) = F.JZ^E . 

ft) Let E , E p 6 P be such that E = 0 , for some closed

subset I of G. Then = 0.

THEOREM 1.if.9.

The sets n(E. ,E ) have the following properties :

a) n(E ,E ) is open.

b) n(E2 ,E1 ) =-n

c) If and then

d) For F & Po nZ , we get nCFE

e) nt

2 ) £ n(EJ|,Ep. 

n(E1 ,FE2 ) = n(FE n ,FE2 ) 

Hn(E2 ,E ) n n (E2 ,EZf ).
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We shall need some deeper results regarding the sets n( , ) 

These facts are obtained v/uth the help of some work of Olesen

If ft is any subset of G, we define R*(ft) to be the <T(M,M+ ) 

closed linear span of elements of the form TT^(f )x where f has support 

in ft , and x runs through M.

Then p?, Proposition 2.3«4j shows that if ft . is any family of 

open subsets of G, then

R"( \Jft_J = VR"( a.) ,

where V denotes the 6(14,14*) closed linear span of the subspaces R ( ft.) 

The following characterisation of the set n( , ) is an easy consequence 

of this.

PROPOSITION

If E. ,Ep  . P , 1\. = n(E. ,Ep) is the largest open set in G for which

E2R'C (IOE1 = 0.

This allows us to prove the following proposition, which will 

be useful later. It is a generalisation of J6, Lemma 3«M.

PROPOSITION 1.4.11.

Le"t E. , E« be projections in P . If W is a compact neighbourhood of 0

A

in G, let

If E' = E2 b+v/E1 ^= 0, where b <£ n(E/] ,E2 ) , then 

n(E',E') 2 nw(EvE2 ) - b.
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§1.5

In this section, we show how Arveson's and Borchera' concepts 

are related, and how one would proceed to construct point-fixing families, 

as defined in [_6,(^.2)] , under some general conditions. We also consider 

the problem of unitary implementation of representations. In the course 

of this work, we characterise the spectrum of a strongly continuous 

representation of the real line on a Banach space.

«

We return to an arbitrary locally compact abelian topological 

group G, X a Banach space, with X^ as in 1.3»^ and 1.3»5 and <X a 

representation of G on X as defined in 1.3-6. Our first result determine 

the connection between Arveson's spectrum and Borchers' sets n( , ).

PROPOSITION 1.5.1.

spCX = Cn(l,1),

/\
where n(1,1) denotes the set of A £ G, such that there exists a compact

A -1

neighbourhood V of 0 in G such that TT^Cf) = 0, whenever f £ L ...

PROOF.

Suppose. \6 G\n(1,l) and \£ spOC .

Then for some compact neighbourhood V of 0, X (k+V) = 0 .
1 * A 

Take y e X, and f 6. L (G) such that f has compact support in X + V .

Then we claim TT(f)ye X*(X+V). For let gC L1 (G), such that g vanishes

on a neighbourhood of V+X .

Then TT{ (g)'nc£f)j = 1T( (g*f)\j and (g*f)~ = gf = 0.

But

X*(X+V) = [x C X : T£(g)x = 0, V g £. L1 (G) s.t. g vanishes on a nhd of A +VJ.

Hence TQ(f)y = 0, i.e. X  . n(l,l); a contradiction.



Hence n(^^} c. sp o< .

Conversely, take A £ sp& , and suppose XC n(l,l).

Then for some compact nhd V of o in G, TTL (f) = 0 , for all f £ L ...
* A +V

But there exists f £ L1 (G), with support f 9 \ +V, yet f(\) / 0.

Hence "^(f) = 0 and f(A) / 0. Therefore \ £ sp<*, a contradiction. 

Thus sp oc = Q n(l,l).

For completeness, we include at this point the following 

proposition. It has the consequence that if X is a Banach space and Oc
o

a strongly continuous bounded representation of the real line on X, with 

infinitesimal generator Z, then

-i<j(Z) = sptX = £n(l,l) (compare with 1.3.2).

Olesen has recently published this for norm continuous one parameter groups 

of isometries

PROPOSITION 1.5.2.

Let X be a Banach space, and Z the infinitesimal generator of a representation

(OC ) of IR as defined in 1.3-6 with X^ = X , (i.e. (X, is a strongly
w \>

continuous one parameter bounded group on X). Let I be a compact interval 

in JR. Then

i) il £  p(Z) implies that TT^(f) = 0 for all f 6. L]. . 
\ i

ii) tT^Cf) = 0 for all f 6 L^ implies that il° £ f>(Z).

PROOF.

The proof is inspired by that of [6,Lemma 5>-5~]  

i) Take f € L^ . Then

f(t) = Je"lta f(a) da a.e. in IR. 
-oo

For S > 0, define
+ 00

, r A 
f^(t) = / f(a) exp(-iat-St) da for t > 0

t«°

f7(t) = / f(a) exp(-iat+St) da for t < 0.

-00
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Then f+(t) - f(t) = f(t) (e** - 1) for t > 0, 

and f(t) - f(t) = f(t) (e+U - 1) for t < 0.

Hence by dominated convergence, there exists $ > 0 such that

|f*(t) - f(t)| dt , /|ffc(t) - f(t)| dt < e/2 for 0 < $ < £ .J ° 
o -oo

X

Since ||#tx|| ^ M II x 1 for some M < oo , all t e R, and

,°

TTflt(f)x = |f(t)(X,(x) dt + / f(t)^(x) dt Vx £X
T^

^f*k " 
0 -60

we get for 0 < S < 6 that

IK(f)x|| .r r A
$ M||x||£ + ||/ / (X, (x)f(a)exp(-iat-St)dadt +/ / ex. (x)f(a)exp(-iat+St)dadt]| 

/ / "t / / i»

r. r - 00 .
||x|| .+ ||/f(a)/ exp(-iat-St)ot (x)dtda + / f (a) / exp(-iat+St)« .(x)dtdall

II ** II ^ '
J "'o « «/ A

f(a) [R(ia+S,Z)x - R(ia-S,Z)x] da || .
~ A

The integral tends to zero as $4 o, since f has compact support in I and

il 9 p(Z). Hence ir^f) = 0.

ii) Suppose T^(f) =0 V f   L .

^ 
Then v;ith the same notation, for f C LT , 6 > 0

Oo OO

/If+Ct) - f(t)|dt = /*|f(t)| |e~ St - l|dt
< 4

00 eo

=yd-Ht2 )|f(t)l | e" t - 11 dt < e /'|f(t)| 2 (i +t2 ) 2 dt.
(t2+ 1) " o

for suitably small & , independantly of f.

We now restrict ourselves to f £ ^(IR) , such that f has support in I. 

Then looking at the previous manipulations we see

|| /[R(ia+*,Z) - R(ia-*,Z)]x f(a) da|| $ |f| ||x|| M ,
I

where   | is acontinuous seminorm o

We now apply an edge of the wedge theorem [5?, Theorem 2.1 6] and deduce 

that R(\,Z) is analytic for A 6 il°. Hence il° c
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We now retun to an arbitrary locally compact abelian topological 

group G, and take X to be a von Neumann algebra M. which is a factor 

and acts on a hilbert space &X . X^ is the predual of M, and we consider 

only those representations tt of G on M, which act by ""-automorphisms.

DEFINITIONS 1.5. 3.

a) (Borchers [_6J ) Define

HQ b  . G : b+n(E1 ,E2 ) £ n(E1 ,E2 ) V EI ,E2 in pi ,

where as before P denotes the central projections, in M

b) (Connes [j1,Def. 2.2.l] ) Define

r«x)= E hx\
where E ranges over the non zero projections in M . 

V/e now relate these concepts.

THEOREM 1.5.4.

Suppose (X is a weakly continuous representation of G by * -automorphisms

on the von Neumann factor M. Then

H = r(K).o

PROOF.

Let ft, = fb c G : b+n(E,E) c n(E,E) VE   P ] .
i * O J

Then 1, = {b€,G : b+sp ^L ^ spo< ll^ V E 6 Po ' E 

since Qn(E,E) = sp oc L by 1.5.1.
£j

But 1.4.8.C.B) implies that if E/0, then n(E,E) ^ 0.

Hence H, C /^ sp <x 
1 0/E PQ

Conversely, take \ £ ± (<*).

Now theorem 2.2.4 of {jlj implies that

f'(o()+spo<k = sptt. .

If 0 =5^ E e P , we apply this to [M^, CXl ) and deduce\ * IME 

A ^spccj^ c spocj^ .
» ^*^ f.

Hence A e H y] , and f4 ((X) = H .
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A A ' A A

It is clear that H c. H. . Suppose there exists \ in HA H . Then thereo - 1 * o

exist projections E. , E~ in P such that

\ + n(EvE2 )

So X -f^ ^ n(E ,E ) for some /*•   n(E ,E ). 

But n(E ,E? ) is open, hence /f+W & n(E. ,E? ) for some compact nhd W of 0
s\

in G. Let E - E? «6 E , which is non zero as X+/*. £ n(E ,E ). 

Then 1.4.11 shows that n(E,E) 2 ^E ' E ^ ~ ( x+/*),

where n^i/ (E 1 ,E2 ) - J ^ n(E /1 ,E2 > : ^ +WSn(E1 ,E2

Thus -A £ n(E,E). However 1.4.8.C.B) implies that 0 ^ n(E,E), which
A

contradicts our assumption that \ lies in H. .

Hence H zr

COROLLARY 1.5.5.

H is a closed subgroup of G.

A A
In order to get a spectral measure on G/H , we make the hypothesis 

that

1.5-6) sp«./r(°0 is compact. 

DEFINITION 1.5-7.

A A>
For V a compact neighbourhood of 0 in G, define Q.. to be the family of

projectionsE in P such that

sp C V + [*(«).

LEMMA 1.5-8.

i) g> ^ 0, for all CDmpact nhds V of 0 in G.

ii) Given ¥  , V0 compact nhds of 0 with V0 C V.. and any E, r £ £ 
\ d • d 1 V^ V. , there

exists E £ ^r satisfying E < E.. .
V2 V2 V2 V 1 

PROOF.

r 1 ( /Connes ([_11,Lemma 2.3.4J) has shown that J sp od + W I where E runs
/ I %; \ i 7
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over the non zero projections in M , and W over the compact nhds of 0 in
A A _|
G, form a downward filtering family of subsets of G with intersection I («).

A /\

i) Let B : G   ) G/f\&O be the natural projection.

Then B( sp *>!  + W) filter downwards to 0 . Using compactnessof sp<X/f(<x),

we deduce there exists a non zero projection E in M , and a compact nhd

W of 0 in G satisfying fc( sp <x | v + W) ^ ftV.
1C

In particular sp ot| M c V +

Take E = central support of E in M . Then |j1 , Prop. 2.2.2. aj says

<X Hence\ii) Connes |J1,Lemma 2.3.3J has shovm that

= r(oo.

» i
Hence by using part i) on M.., , we get 0 / Ew < Ew , Ew £ M ,

•tNr V^ ~ V.. V^ O

and sp <X.| fjL , C. V

X, "2 "1 "2

Take E.. to be the central support of E' in M . 
V2 2 °

If " is a non empty family of compact neighbourhoods of 0 in
A.
G, forming a base at 0, we make the following additional hypothesis on

our system, for some fixed <9~ .

1.5.9) For each V £. ^-, there exists £  in &., such that given V. , V

in ", with V c v , then E £ E
12

.This condition always holds if vT" is countable, (i.e. G first countable).

DEFINITION 1.5-10.

If j is a non empty family of compact neighbourhoods of 0 in G, forming 

a base at 0 such that 1.5»9 holds, then we define for a central projection 

F in M , the support of F to be
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THEOREM 1.f>.11.

. A
Whenever <J- is a basic family of compact nhds of 0 in G, satisfying 1.5*9 

S(- ) has the following properties :

a) S(E) is invariant under £*( <X) for all E in PQ .

b) S(Ey ) ^ V + £*(«,) for all V in  ?- .

c) S(E <)vE2 ) = S(E 1 )US(E2 ) for all EI , E2 in PQ .

d) S(6, ..E..) c b+V+W+ £*(oc) if b £ G, and V,W 6 ? .
. ' D+W V

e) S(E) =0, E 6. P holds iff E = 0.

f) IfErE2 € PQ and SCE^ASCE ) = 0, then E^E^ 0.

g) Let E w be increasing in P and E = st lim E^, then S(E) = closure
° <x.

*
h) Let K £ G be closed. Then there exists an unique maximal projection 

E in P satisfying S(E ) C. K,and such that for any central
V

projection E in M with (1 - E )E / 0, it follows that S(E) is not a

subset of K. 

PROOF. 

a) is clear.

b) If V € =K CS(E V ) = U n(E ,E ) 2 n(E E)W69-
c) CsCE.vE.,) = U n(E.p E,vE_).

1 d V63- V ^ ^
However n(Ey , E^ E2 ) = n(Ey ,E1 ) (\ n(Ev ,E2 ) by 1.^.9.e.

Therefore C SCE.vE.) C I U n(E..,Ejl A | U n(Ev ,E_)l
1 ^ ' Ivc- v 1 j " '

i.e. S(E1 vE2 ) 2 S(E 1 )uS(E2 ).

If KC^S^^n C S ( E2 )» the^ there exist V,W in 3" such that

Choose S 6 , S c V/\W, then X  . n(Ec ,E J An(Ec ,E0 ) = n(E_,E.vE.)
o I & c. k> \ c.

Therefore \£ C S(E1vE2 ). Hence SCE^E^ = SCE^ v; S(E2 ).

d) Assume \^ b+V+W+ li^C^), v;hich is closed as V,W are compact and T ( 

is closed. So (a-U) A (b+V+W+ d(oc)) =0 for some U£ ̂  .

Therefore a-b-U~W C
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and b-a+U+W c. n(Ey ,Ev )

But EV E * EE ' S° " foll°WS fr°m 1 -^

= °- Hence -at nE or

.e.

e) If E = 0, then it is apparent that SE = 0. Conversely suppose SE = 0.
m 

Then by compactness, sp oc/ d ( * ) ^ U n(E ,E)/ f? ( ex ) for some V. 6 IT" ,
i=1 i 1 

Choose W e J such that W t rtV. .

Then since n(E ,E) is [*(* ) invariant we have spot c n(E ,E). 

But sptf = Cn(l,1)2 C n ^E ' E ^- Hence G=

The conclusion E = 0 , follows from Proposition 1.^.10 and Theorem 1.^.8.0. 

remembering M is a factor and E,.^ 0.

f) We get from c) the relation SCE^E ) c. SCE^ for i=1,2. Hence

S(E )AS(E ) = 0 implies that S(E E ) = 0. The conclusion follows from e).

g) From E^ £ E, follows SE^ ^ SE. Hence closure (J SE^ C SE.
6t

Assume now b 4 closure US(E»/) . Then there exists V  . B~ such that 
T oc *

b+VAclUS(EK ) = 0. This implies b+VASCE^) =0 V * . 
oc

Take W e >f such that W+W <= V. Then by c) S(^+]f^} C b+V+l'Coc). 

Hence S( jS^/y) H S(F^) = 0, f) implies that E^ ̂ ^ = 0, V«c .

Therefore b e n(Ew ,E), and b£ S(E). This gives S(E) C closure
Ov-

h)Defirie ER = \ E : SE c K] . Then d),g) and Zorn's lemma imply that

EEL. contains maximal element. The definition of (E implies that the second

statement is satisfied.

Thus under the conditions of the above theorem, we have produced 

a point fixing family. According to Borchers [6J, is is possible to deduce 

unitary implementation using complex variable techniques, for the usual

A A

groups, E, TL , TL , T, etc. If G/H has an order structure, it is also 

possible to proceed. However, in these circumstances, it is better to
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consider left annihilating projections rather than bother v/ith point 

fixing families ; see for instance the proofs of [5,Th.3.1j , [^5 , Th . *K 1J 

and j_*t6,Th.U.2j . But for the sake of completeness, we proceed rather 

informally and show how under the conditions of the above theorem, we
T/-

could hope to use the function E to implement C* by a unitary representation

A A A A

on H, where H is the orthogonal subgroup of H . Thus II = G/H . 

Suppose that S is a subset of H satisfying

1.5.12 S + S c. S

1.5.13 SA(-S) = {0}

s = (s°)~

Let ft be the natural projection from G onto H. V/e assume that for \ C H

if'(S+\)
A) = E

A

> gives a projection valued measure on H. Define for h 6. H

u(h) =

and • y(h)x = u(h)xu(h)* V x   M, 

to give representations u and / of H on fo and M respectively.

It is not difficult to produce a situation where

S/ft-'(S+w) E +^   ft~ 1 (S-f\+u>) for all A, w 6 H.

 1 A
For example, suppose ft (S+<*>) is compact for all <o £ H.

*i i 
Take a ^ ft" (S -fX+w), then (a-U) Aft" (S+\+«o) = 0 for some U6 9". Then

n(Ev ,EB"' (S+X) ). 
v

for some V £ ^ t

a - U - fT 1 (S+ W) G ft~ 1 (S+x) c S

Hence by compactness a - U - ft" (S+u) C n (E ,EB 

+ U + ft" 1 (S+ u) C n(EB"'(S+X) ,Ev)..e. - a 

Thus by 1.4.10 Ey ̂ = 0, which implies

or n(Ey , + A) ). This means a

i.e. S

Hence by our maximality property 1.5-.11.h
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r W 1 \It follows that 1 - F(S+\+w) RIB (S+(j)]F(S+A) = 0,
\ / 

i.e. AJ/(S+X)fc] £ (F(S+X+U)&X] for all A in R*(T 1 (S+w)) .

Now it is well known (e.g.[6,Cor.2]) that if A£M,the following two 

conditions are equivalent since S is semigroup which is the closure of 

its interior

1.5.15. A £. M (S+n)
f\

cc /  1 N if AHence v/e deduce R (B (S+<^)l *=. M (S+u>) Vo^H. Then since S is a cone

which is the closure of its interior, it is deducable from(_6 f Th.2.3J or 

[67,Prop.2.3.16] that o(| = ^ if R^'^S+to) C M (S+t*>) for all «0 £ A. 

It follows that if

(e.g. G=H) then 0(| =

That this would be the best possible result is seen from the 

following result of Connes |jH ,Theoreme2.3.l]   This pointwise information 

is obtained from the result [5^, Theorem'4. 1.19J that a * -automorphism of 

of M is inner when its spectrum as an element of B(M) is contained in the 

open right hand half plane. 

THEOREM 1.5.17.

If ex is a weakly continuous representation of G by * - automorphisms on 

a factor M, such that spOt/I?(0< ) is compact, the orthogonal subgroup 

of rCoc ) is precisely the set of g £G, such that there exists a unitary

u (depending on g ) in the centre, of M satisfying

x = uxu* for all x in M.
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CHAPTER 2.

This chapter is concerned with perturbation and similarity of 

strongly continuous one parameter semigroups and groups in Banach spaces, 

with particular reference to C*-algebras and preduals of W*-algebras. 

The fundamental work on the subject, at the hilbert space level, is [29]. 

This was extended to reflexive Banach spaces in general by S.C.Lin in two 

directions; [36], a time dependant theory and [27\ » the stationary theory. 

In &2.1 we make the necessary modifications to write this time dependant 

theory in terms of a not necessarily reflexive, separable Banach space 

X, The stationary theory depends crucially on X being separable and 

reflexive in order to analyse the boundary values of X-valued analytic 

functions, (see p$7iRemark2.2] and the final comments of [52,p57l]), and 

this theory is not studied. The smoothness properties of the perturbations 

in §2.1 are of a strong type. Their relevance to operator algebras is 

studied in §2.2, whilst in §2.3 we weaken the smoothness conditions when 

dealing with bounded perturbations.

We also consider a particular C*-algebra, the CAR algebra of 

quantum theory, and derive some results regarding inner perturbations of 

free evolutions in §2.5- This is preceeded in §2.*f by some technicalities 

concerning unbounded perturbations in quasi local algebras.

2.1.

Before we extend the smoothness definitions of [29,3(3] to 

(possibly non-reflexive) separable Banach spaces, we recall that if D is 

any map with domain <8 in a Banach space E and codomain in another 

Banach space F, then the extended norm is defined by putting

||DX|| = oo if X fc x\«zr .
Now let X and Y be separable Banach spaces. For 1 ^ p<oo,
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we let L(3R ;Y) denote the complex Banach space of all Y-valued functions 

f on P+ = [0,oo) such that f( ) |f(-)||P~ is strongly integrable. If 

1/p + 1/q = 1, we identify L^CiE ;Y)* with the space of Y*-valued, weakly*-- 

measurable functions <f on 3R such that

/||?(t)| q)Vq <co if q < 00
0 /

ess sup ||(D(t)|| < oo if q = oo . 
tc P+ r

Under this identification

<f»s> = /<f(t),ci(t)> at.
0 '

For further details see [J5,V2j and §4.6.

We will now consider some smoothness definitions c.f.j_36J.

DEFINITION 2.1.1.

Let T e £-(X), A £ £ (X,Y) and -} -^ p < oo . We say that A is (p, + ) smooth

with respect to T, or simply (T,p,+) smooth, if for each u in X,

 itT v r  itT e u £ ^)'(A) a.e. infO,^), and t r-> Ae u gives an element of

For example, suppose T G 6+(x )» and A 6 £D(X,Y) such that 

*) is sequentally weak*- dense in Y* (i.e« given (p £. Y*, there exists 

a sequence CD in /9"(A*) such that© K» <p o'CY*^)); with 1 $- p < »o .
/ ^* / *^ (/

Then A is (T,p,+) smooth if for each u in X, there exists M < &° such

.. . u, -itT that Ae u

r I! and J Ae
-itT

u,

is measurable, (where we have used the extended norm)

p dt sr MP .
u

As in the reflexive situation [36,Lemma2.5] we can show the 

following using the closed graph theorem.

LEMMA 2.1.2.

Let T e 6(X) and A £ <2(X,Y) with 1 <: p <<o . If A is (T,p, + ) smooth,

-itT the mapping u <   > Ae u ; 0 5 t < oo

defines a bounded linear operator S on X to LP (E ;Y).
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If A is (T,p, + ) smooth we let |A|/ T v = Ijsl , where S is 

the bounded linear operator defined in Lemma 2.1.2. |A {/  x is the 

infimum of all M satisfying

/ ||Ae"itTu[|P dt * MP ||u|| P for all u in X. 
o

Similarly we define smoothness with respect to T in Q (X). If A (r(?(X,Y)  o
A A

we say A is (T,p,~) smooth (where 1 ^ p < <& ) if it is (-T,p, + ) smooth,

and put

DEFINITION 2.1.3.

Let T £  ^(X), T 6 £_(X). If T & T, we say that the pair (T,T)c£ 4 (X) 0
A

If A £. ^ o(X,Y) is (T,pyf)$mooth and (T,p,-) smooth with respect to a pair
A. A

(T,T) in £:^(X), we say A is (T,T,p) smooth and set

I A I A. w^-i \ I A I I A I A ^ *

KM (rr\ m ~\ = maX I A (m ^ .\ 1 A (rr\ _ \ I ^X,l,p/ j ^l,p, + ̂ ' \jL, p— ) )

. In the non reflexive situation, we need to consider smoothness 

with respect to a weakly continuous one parameter semigroup in the dual   

space X*.

Let B 6 (?0 (Y,X). Then Graph B has a countable dense set

f(w ,Bw ) : w £ D-D } i and we can easily show (c.f. P36~l) that if f € Y* v.nnnJa) ^ J

that ||B«f|| = supKf,Bw>l : w ^0

" l"nT

It follows that t i ) ||B*(e )*f || is measurable on ~R , whenever 

T £ e+ (X), f € X*. 

DEFINITION 2.1.^.

Let T € £+(X), B   P0 (Y,X) and 1 < p £ <x> . We say that B* is (p, + )* 

smooth with respect to T or simply (T,p,+)* smooth, if there exists a 

constant M < oo for each u in X* such that

/||B*(e-itT )*u||p dt < MP if 1 <p<co

ess sup ||B*(e~ltT )*u|| < M if p =00. 
P+ - ^

It follows that of B* is (T,p,+)* smooth, than for any u in X*, (e )*u

+ £ D + a.e. in E .
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LEMMA 2.1.5-

If B* is (T,p,+)* smooth, the mapping
•i f Tu v— -> B*(e~ 1L1 )*u ; 0 £ t < °o

defines a bounded linear operator R on X* to L (I? ;Y)*. 

PROOF.

Take y in Y. Since &(B) is dense in Y, there exist y in -S'(B) s.t. 

y -   ) y. Then for u in X*

<B*(e~ltT )*u,y > = lim <u,e~ltTBy> .

-itT p + It follows that B*(e )*u is weakly measurable and lies in L (E ;Y)*

Again we use the closed graph theorem to complete the proof.

If B* is (T,p,+)* smooth we let |B*( * ^ = || R || , whereV-*- »Pi + /

R is the bounded operator defined in Lemma 2.1.5. 

infimum of all M satisfying

||B*(e- itT )*u|| P dt < MP ||u|| P if 1 < p < *v

ess sup ||B*(e~ltT )*u|| $ M ||u|| if p = to , 

for all u in X*.

Suppose B* is (T,«*, + )* smooth, and fix f in X*. Then except 

on a null set N in [O,CQ) :

l|B*(e"itT )*f| 

Hence for all u in JD (B), and all t ^ N
•i tT1

|<(e ltl )*f,Bu>| £ M||fll|ju||. 

Hence by continuity,

|<f,Bu>| ^ M||f||||u|| for all f £ X*, and u in 

It follows that B is bounded. Thus B* is (T t te ,+)* smooth iff B€.B(Y,X),
T tT llwith sup ||B*(e HI <, 00 .

In which case |B* L ^ = sup ||B*(e" ltT )*|| = sup ||e"" itTB||
Ul ' ; t>/0 t)0

We similarly define smoothness with respect to T £. £_(X). If 

?(Y,X), we say B* is (T,p,-)* smooth if B* is (-T,p,+)* smooth,



27

and put M^p^, = M(_T , p , + ) * ^

If (T,T)£  +(X) and B* is (T,p, + )* and (T,p,~)* smooth, we say B* is
A

(T,T,p)* smooth and put

| B*|(T,T, P ). = max ( B* (T, P ,+)* '
The following generalises 136, Lemma2.7J

LEMMA 2.1.7.

Let T6 (£j.(X), and B £. £Q(Y,X)..Assume B* is (T,q, + )* smooth where 

1 < q ^ oO i and put W^ = LP (E ;Y) where 1/p + 1/q = 1 . Then for each 

f in \JL , there exists an X**-valued function F(t) on I? such that 

<F( ),v> = f<f(s), B*(e~ l(t~s)T )*v> ds for all v in X*.
V/o

If the map v I > B*(e )*v is continuous from X* into W for the 

6(X*,X) and tf(W^, ) topologies, then F(t) £ X for all t in J?+.

DEFINITION 2.1.8.

Let T 6  ^(X), A 6 £?0(X ' Y) ' B C £0 ( Y ' X )- Assume that A is (T,p,-f)

smooth and B* is (T,q, + )* smooth, v;here 1/p + 1/q =1, 1 < q £ 0* .

-itT Moreover the map v I ) B*(e )*v is taken to be continuous from X* into

y» for the v/eak*-topologies, where U' = LP (]R ;Y). We define an

operator, symbolically denoted by (Ae B)9 , on Us as follows.
f 

For each f in U', let F be the function defined in Lemma 2.1.7i associated

with f. If the function F ( ) has the properties
T 4-

i) F (t) e $A a.e. in E
4> 

ii) AF (t) = g(t) as a function of t belongs to U> ,

then we say f 6 ,&(Ae B)0 and define 

Ae"1 ^ B0 f = g.
A

If T £ £?..(X) and B* is (T,q,-)* smooth, we similarly define (Ae+1^TB)0 

as (Ae" i( ' )( "T) B)e.

Before stating our perturbation theorem, we recall that if <<J ? 0,
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and T£@ (X), then T is of type oJ means that for all 6 > o *= v--+ <> r o

_. -(Wo+£)t |, -itTii n rocn 
lim e Jje || = 0 [2^J

The following generalises p6.Th3.lJ to (possibly) non reflexive 

spaces.

THEOREM 2.1.9.

Let X,Y be separable Banach spaces with (T,T) 6 (2-4.(X) and of type CJ .

A e <? (X,Y), B 6 60 (Y,X)such that A is (T,T,p) smooth and B* is (T,T,q)*

  itT +itT 
smooth. Moreover v |   > B*(  )*v, B*(e )*v are weak*-continuous

from X* into y* where V- = LP CR*;Y) and 1 S p < oO , 1/P + Vq = 1  

Furthermore assume that (Ae~ B)9 and (Ae B)B both belong to

B(U), with common bound $ M.

Then for any complex number K with |K| < 1/M, there exist T(l-\) 6  

T(^)   (?_(X), uniquely determined by (T,T), A and B with the following

properties

2.1.10) A is (T (K),T(v\),p )smooth, B* is (T(K) ,T(K) ,q)* smooth with

v i  » B*(e~ltT^)*v, B*(e+ltT ^K^)*v weak*-continuous from X*

»* 
into \JL .

Moreover

, T(K), p)

, T(K), 

2.1.11) The pair ( T(K), T(VX) ) ^ C^(X) and are of type CJ .

2.1.12) T(K) is similar to T and T«) is similar to T. More specifically, 

there exists a non singular operator W(K) in B(X) given by

<WOOu, v> = <u,v) -iKf<AelsTu, B*(e~ isT(V<) )*v^ ds
J* 

for all u in X, v in X*, such that

T(K) = W(K) T W(K)" 1 and T(O = W(K) T

2.1.13) If T = T, then T(K) = T(K) also, and in this case two "wave

operators" W (K) exist and are given by
- r°° - 

<W+ (K)u,v> = <u,v> +iK J<Ae+isTu, B*(etisT ( K))*v > ds .
~ o

These operators coincide with the wave operators
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ir±*v\ 4. -1   -4. itT(K) -itT W (K ) = strong limit e e
± 00

and furnish the intertwining relations 

T(K) = W± (K) T W*

The proof is an extension of the argument in [36] .

REMARK 2.1.1^

This method can also be used for more general potentials. If we consider

= LP (]R~^;Y) in 2.1.3, 2.1.5, 2.1.?, and 2.1.8, we can treat 

"countably smooth" sums

§2.2

We nov; examine Theorem 2.1-9 in the special case when X is a 

hilbert space fc\ . If (T,T) £ C^C^l), define the semigroups o". , o".

for t ^ o on B(Sl ) by

, N -itT itT cr.(x) = e x e

<rt (x) = eitT x e~itT for all x in B(8l ). 

Then cr, cr = 1, and both cr , cr. leave C(Sn) and T(&) invariant, for which
w V* v w

they are strongly continuous semigroups with generating pairs in C 4C(h) 

and 6+T(&) respectively. We would hope that Theorem 2.1.9 raise Kato's 

and Lin's work to the algebra level, in the sense that associated with
A _

(T,T)-smooth operators A and B in £0 (SO are multiplication operators on 

T($0 (or perhaps C(fev) or B(fei)) which are smooth with respect to (cr , O" ) .
u u

Hov;ever it is very difficult to prove this, except for the trace class 

operators T(&). There is of course no hope in B(S\) itself because this 

algebra possesses an identity.

As an example of what it is possible to show, let us consider 

the following situation. Let 6v., &s. be separable hilbert spaces, and 

A£ G 0(k',fcv). Let « be the linear operator from B(k,W) into B( & ) 

by defining x e B(Sv,W) to be in A. if xfo £  $( A ) , and putting
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otx = Ax. 

Then <x is closed and densely defined for the weak*-topologies.

Before we state our conclusion (Proposition 2.2.2), we recall 

that if X and Y are complex Banach spaces, and D £ 6Q (X,Y) then D* is a 

linear map from Y* into X* which is closed and densely defined for the 

weak*-topologies £25,65]   Similarly, we can show:

LEMMA 2.2.1.

Let C be a linear map from Y* into X* which is closed and densely defined 

for the weak*-topologies. If x  . X,we say x £ ^DCC^) if there exists 

y in Y such that

<rcp, x> = <£, y> Vpe-ZXo),

and define C^x = y.

Then C, £  0 (X,Y).

PROOF.

C^ is well defined and linear because of the o~ (Y*,Y) density of /£)(C).

Moreover C^ is clearly closed. Suppose /TCC^) is not dense in X. Then

there exists 6J 6 X* such that CO / 0, but U (x) = 0 \/ x 6Z)(C,).

Then (0,(o ) does not lie in the graph of C which is weak*-closed. Hence

there exists (x,y) 6 X«Y such that

< Cp, x> + <p,y> = 0 Vpc^CO, 

and <u>, x>+ ^O,y)XO. 

Hence x 6 ^(C^), a contradiction. This shows ft (C^ to be dense in X.

PROPOSITION 2.2.2.

Let A 6 £0 (^iS\) and « be the linear operator from B(S\,$O into B(Sl) 

as defined previously. If T,S   6^.(^\), where S generates a bounded 

semigroup, and A* is (-T*,p, + ) smooth where 1 £ p< oo ; then cx^ is

(Z,p, + ) smooth, where Z £ C^.T(Jf\) is defined by

-iZt -its -itT ,. . ^ . m / c N e x = e xe for t } 0, x 6 T( fr\).
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(Here ( )* refers to the hilbert space adjoint). 

PROOF.

/ . \ - c'Note that OU£r { T( fc\). Tt&x.V)) i where T(£i>a ) is the predual of"^SA /
B( &,S\.'), and denotes the trace class operators from &, into oi i.e. 

If |., f\.   &\ i=1,2,... then

- lts *-itT - P1/PsA*c.-> nj }P <M1
J ;

where M < oo , is any constant such that He" 1 || ^ M for all t ^ 0.
t

The result follows if we note that T(^JV) and T(&,fo. ) are protective 

tensor products.

Thus, we see that Theorem 2.1.9 with p = 1, can be used to
* 

handle strongly continuous semigroups (e , e ; t £ o) on preduals

M+ of von Neumann algebras. The case 1 < p<oo, will be studied in Chapter

3.

After seeing the importance of having an abundance of smooth

operators at the lower hilbert space level, we now give a simple construction 

of how to produce more of them. Let fa. , £\.. be separable hilbert spaces 

for i=1,2, with A± 6 C0 ( SK, Sx^) for i=1,2. We let AI © A^be the closure

of A. ©Ap on SKA.) OflTCAp), where O denotes the algebraic tensor 

product. Then A,® A a £ @ 0 ( fc\ , fcv ) , where &l = &X, © &V, B^ = &v' ® 6\' . 

If T € 64 (Jfi) , for i=1,2; define T £ S(&v) by

-itT ,^ 2 ,. . s= e '® e * for t ^ o.

THEOREM 2.2.3.

If A^ is (T^ , 2 , + ) smooth and A2 is (T ,«>,+) smooth, then

A,® A2 is ( T , 2 , + ) smooth and
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PROOF.

+
We define a map F: §i.O £) —— > L (E+; $\1)Q fa , (v:here © denotes

the algebraic tensor product equipped with the hilbert space tensor product

norm) as follows :

If J . C fo, f\. t fa i=1,2,....,n put

Similarly define S : L2 (P+; fa^) O ^2 —— ) L2 (3?+;

as follows:

IF f € L2 (E+; Bx), r^ i e ^2 i = 1,2,...,n put

i ®A2 e-i(<)T K\.. , 

which we regard as an element of L (]R ; S\, ® £\p) in the obvious way.

Now fix £. in fc\. , i\. in S\ , i = 1,2,...,n , and suppose that -H,]
1 I vi=i

form an orthonormal set in 2' 

Then ||F(| Si^n^H 2 = £ || A 1 e~ i( °T !i

o ^ o

All.(T,2, + ) A'ltill
1= I

All(T,2, + ) H j.,

^ j-m •x o j..Now fix i. Then A^e j 6 L (E ; SL) and there exist <*. £ o\

h. £ L2 (E"f ) such that 
j

«.. hj - A n e- i( ' )T ?.|| < e/n .

O j_ - ^ if

Hence we get gl £ L (I? ), B 1. £ o\ and y. G oA p for j = 1,...,m such that
m , , J r m ° -i(.)T °
? 1 .i .1 1 ~ >>, 1 ^i ""il 0~ '

^»

We now use the Gram Schmidt process to get g. 6 L (E ), fi>. £ S\.'
m J J

%. € 6"\p 3 = 1,..,m, where the ffi./._.. form an orthonormal set and 
<J v J 3 J '

m n ,-r.^ it 
I) g % B )®iT - 2 A e~ l( "j^-Ji <£ .
II • /i J J J .: ..-i ' J- -"-H

Then



mN £0=1

m
f IJ IS. v J

•isT. j ds

m
.^Ikll
m

Moreover
m

n
-||S(£ A^'^i

Hence, since^-was arbitrary;

3=1
m

.. .
J J J

A,

A2|(T l ,«,4-;
This means that

00

8 A
n

n

The result nov; follows easily.

A 1 e-i(- )T
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i 1 1
n

||<25i»1i 2

We remark that it is a very difficult problem to try and replace 

the pairing (2,°°) in theorem 2.2.3» by another pair (p,q) where 

1/p = 1/q = 1/2 ; 2 <: p < ed .

However, notice the following:

If A. is (Ti ,qi , + ) smooth for i=1,2 where 1 

Then " ||A®A e" lTt§ ||r dt < oo

, put 1/r = 1/q, +

for £ in a dense subspace of & ® f\ .

looking at the proof of Proposition 2.2.2, we observe that there is

an analogous statement of this weak type of smoothness at the algebra level,



We shall see in the next section that this is often sufficient information 

to be able to deduce scattering results at the C*-algebra level.

In this section we will consider scattering due to a bounded tine 

independant perturbation in a Banach space, paying particular attention

to C*-algebras and the preduals of von Neumann algebras.

iZt We take a strongly continuous group e acting on a Banach space

X, and a perturbation V £ B(X). It is seen that
i(Z+V)t -iZt i(Z+V)s -iZs /"i(Z+V)u ir -iZu , e e x - e e x = / e Ve xdu

for all s < t, and all x in X

Hence the wave operators

.. . . . +i(Z+V)t - W^. = st lim e e

exist iff
t

._ -iZu , V e du

converges strongly to a bounded operator as t — ) & , s— ) - *° .
4.. i •* i(Z+V)t , iZt , , , . . In particular, if e and e are bounded one parameter groups (e.g.

if iZ and iV are "-derivations of a C*-algebra X) then the wave operators 

exist if
bO

(2.3-1) /||v elZu x [jdu < oo for all x in a dense subset 2) of X.
-co 

This is. well known at the hilbert space level, see e.g. [Mf 1 ^oj t and the

technique is well developed for such spaces. Hov/ever v/e will be concerned 

with smoothness properties more general than 2.3-1 and the question of 

invertibility of wave operators.

Suppose V decomposes into bounded linear operators B, <* in B(Y,X), 

B(X,Y) respectively, where Y is another Banach space. Thus V = B<X . 

We take X and Y to be separable Banach spaces. 

If 1 £ q < & , define
00

(2.3-2) D (OC) = [x 6X : / ||<X e" itZx||q dt < *> }
4 .. 0a

arid
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(2.3-3) D^(*) = {x C X : sup ||e~ ltZx|| <

From the previous section, we see that the following simultaneous situation 

is practical in the algebra context: 

For some 1 < q£ oo ,

a) D « is dense in X, and
T.

b) fi* is (Z,fZ,p)* smooth where 1/P + Vq = 1. 

i.e. if 1 £ p < 06

/ *> -r-i 
||n>*(e~ 1Zj )*<p|| P dt ^ MP||f||P V<peX*, for some constant M 

-*> 'I'
and if p =<*> ,

ii oy./ — iZt\ A |i ii — iZt,, || /• .-« sup ||B*(e )*|| = sup ||e B| < 00 .

These conditions sill be studied in Theorems 2.3-4 and 2.3.10. The proofs

>' employ a technique which is inspired by that of |"l4J and[_36] . The condition .-no

II ~ ii ^»
9

has been particularly studied by E.B.Davies and Kato{29Jin the hilbert space 

context.

THEOREM 2.3.4.

iZt Let X and Y be separable Banach spaces and e a strongly continuous one

parameter group on X. V is a bounded perturbation such that there exist 

fi,OL in B(Y,X) and B(X,Y) respectvely such that V = fi0L and

(2.3.5) fi* is (Z,+Z,oo)* smooth

(2.3.6) M = Jljote" 1^!! dt < oo . 

Then the strong limits of

(2.3.7) e e« x ; e e x ; e"itZ

exist as t ->» for all x in D^oO (2.3.2) and all Kfe C , 

If moreover

(2.3.8) fi* is (Z,4Z,1)* smooth

(2.3.9) <* is (Z,-«-Z,oo) smooth, i.e. sup " 1
tfeE

then the limits in (2.3.7) exist as t —)<x>for all x in D^ ( * )



36 

and all K£ <C, |K | <1/M.

In particular if D. ( U ) is dense in X and (2.3»5-9) hold, then the v;ave

4. -, • +it(Z+KV) -itZ . , . _,_.,operators W^ = st lim e e exist and are invertible
t-»±

for all K £ (E, |i<| < 1/M.

PROOF.

V/e will consider the scattering matrix only. For any y in X, we have

— iZt C-J- \.£JT~I> V J U — -L£J O <" /. lf \il . f , \
e e e y = <.('K] An(t)y

n=o

where A (t) C. B(X) for each t, and is given by 

A (t) = 1, and for n ^ 1,
t 5, Sn^

A /4.N // / -iZs. r iZ(s.-s-),, iZ(s -s_), r iZs , , A^(t)y = I /••••/ e 'Ve » ^V----e v «\-i * Ve ^ y ds_ .... ds_
n ' " " I I I n

V J J-t -c -t
/ •^L */ ^ 

l\de x

' ||An (t)xj| ±

have

>«-!

.... db !

-t -t 
< Mn~ c |B| V t I o.

A similar estimate shows that st lim A (t)x exists V xC D (& ).
i * A It--* CO 

Hence for x in D.Cot) and |K| <1/M, the limit as t —) co of

,. xn . ^v -iZt 2i(ZiKV)t -iZt [CK) A(t)x=e e e x
n=o 

exists.

Suppose also that conditions (2.3.8) and (2.3.9) hold. Then for all <p 

in X*, t > o 

||An (t)*|| «

(e iZ(s<-S*^^

-t >t -c
< |(X I M11" 1 |B | ||(p|| for all t >/ o, ^> 6 X».

Hence for fixed I * I < 1/M 

-iZt 2i(Z+*V)t -iZt
n n=o •
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is uniformly bounded in E . This essentially proves the second half of 

the theorem*

For the case (p,q) , 1 ) , we have only been successful in shcv/ing

that the v/ave operators and the scattering matrix exist in the weak 

topology.

THEOREM 2.3-10.

Let X,y be separable Banach spaces, and e ' a strongly continuous one 

parameter group on X. V is a bounded perturbation such that there exist 

B,V- in B(Y,X) , B(X,Y) respectively such that V = B<x and satisfy 

(2.3.11) B* is (Z,vZ,p)* smooth, where <* > p >/ 1.
•too

(2.3.12) J ll«e~ ltZB[| dt = M < M .
— CO

Then the weak limits of

±it(Z+<V) e e
*itZ -iZt x;e e -iZt e x

( t*. ) (2.3.2), and all |K| < 1/M> whereexist as t —) oofor all x £

1/P + Vq = 1- 

PROOF. 

Again we only consider the scattering matrix. Then for t fc

e e e = n=o

Then for n >/ 1, t } o, xtX, jptX*, v;e have by Young's and Holder's 

inequalities: 

|<An(t)x l9»|

t S %

A (t) where A (t) £ B(X).

dsn ..... ds,

where

dt
-co

sup||<Xe- itZx if q = to
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A similar estimate shows that weak limit A (t)x exists for all x in D, . n qt —) co x
Hence the weak limit of

-iZt 2i(Z+*V)t -iZt e e ex

exists for all x in D ( OC), |KI<1/M.

We remark that the methods of this section can also be used to 

analyse potentials of the form

B. <x.
• « 1=1

with analogous countably smooth conditions.

Results can also be obtained by interchanging the weak smoothness 

in X with the strong smoothness in X*

$2.»t.

We now want to consider unbounded perturbations in the CAR algebra, 

and the related scattering. In order to do this v/e employ some of the 

notation and technique of time development in quasi local algebras 121 ,

27,49,53].
Zt 

Specifically consider a C*-algebra U,with e a strongly continuous

one parameter group of *- automorphisms of U. Also consider the finite

V «-L
V -dimensional lattice 7L , and denote by 3~ the family of finite subsets

of ZS V. Suppose that for each A t J~ , there is a subalgebra U(A) of U 

such that

2.4.1) If A, ^ e ? , A c AV then U(A ) ^U(A,).

2.4.2) U [U( A) : Ae^"} is dense in U.
i.rj

2.4.3) U(A ) is invariant under e for each A £ 3" , t £ I? .

We assign to each A £ J- , a potential <£>( A ) in U(A). We can 

then define, for each A t 3~ ,a "Hamiltonian" H( A ) in U( A ) by

2.4.4) H(A) = £ $(X) .
XCA

The local hamiltonian H(A ) gives a perturbation of Z :

et(Z + adH(A)) (A) ; AtU, t€B.
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We will demonstrate under suitable conditions that the limit as A -^ °° 

of (2.^.5) exists and defines a strongly continuous one parameter group 

of * -automorphisms of U. The infinitesimal generator of this group will 

be interpreted as Z + ad H , where H is taken to denote the formal sum

DEFINTION 2.4.6.

We let $ denote the potentials <3? such that

2.4-7) For each X 6 ^

U % x » — > ad <£>(X) x is a*derivation on U.

2.4.8) || $|| = sup f $ ||d>(X)||l < 00.
3

2.4.9) <£> involves only a finite number of coordinates i.e. <$>(X) = 0

for all X t 3- such that |X| > Nr , where Nj<« . (Here |X | 

denotes the number of points in X).
, __ y

2.4.10) <J> has finite range i.e. for each x in 7L , there exists N < o&
J^.

such that {x e 3" : <^(X) / 0, X ^ x| has cardinality < N

2.4.11) If X, A 6. •?• are disjoint then

,u~ = 0 V u 6 U( A).

The following result extends 121,27, 49, 53] where Z = 0. Note that 

our translation invariance property 2.4.8 for the class of permissable 

potentials is weaker than what is stated in the above mentioned work.

THEOREM 2.4.12.

Suppose $ e • Then for a11 t 6. B, A 6 U,

T (% + adHA)t. cr.A = lim e A
* A-*«o

exists, and defines a strongly continuous one parameter group of

*-automorphisms of U, where the limit is taken in the sense that

veventually contains every finite subset of 2L.

PROOF.

Fix A 0 6 J , and take A e U(/1 6 ). Consider At 3% A 2 A 0
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Then for all t in I?

(z + adHA)t A zt, f rz(t-sj „ zt.n ,e A = e A + J ^e l HA, e AJ ds,
o

f r 1 f z(t-s,) „ f z(t-s,) „ r zt A"ii , ,+ J J L e HA,Le ' HA,Le Aj J ds, ds
o o

an (t) (2.4.13) 
n=o

where (in terms of potentials):

^ , Ap , ... , A _

^^-^^(^.^^-^(^.[...[e^t-'k.e^A]-]^^

Since ^ has finite range (2.4.10), a A (t) becomes independant of A 

for IM sufficiently large. Hence v;e have 

lim a^ (t)
^

* 5n ri r z ( t-s^k/v ̂ r rzct-s )^\! zt A T .1 ,' '"' ^ - , ...
"

ff r/v ̂ A . ,JJ"'J e (x ''"' e '' e A- ds ... ds .
v y y o O O1 1 p* " * ' n 

This means that the series (2.4.13) converges term by term. The following

lemma is an adaptation of [49, Lemma 1 J .

LEMMA 2.4.14.

If A eu(yio), q1 -... qn e P, A e

1 A]--] I

TT {(m-1)(Nj -1)
m=1 

Proof.

We have by 2.4.1-1 and the invariance of U(A,) under e for all /\ £ } ,that

), ••••• [eZ«'H(A) f A]-]

X x cA
X»nAc ^^ )fi/l«S, 

where we have introduced the notation

S = X u A , and S = X^ S for 1 C k < n.



Therefore 

||[eZq*H(A), [eZq*H(A), ........ [eZq 'H(A), A]

* 2 £ . . . .g ||5(Xn )||||[eZ^(X ),[--ej(X ) f

But using te J < (n-1)(Nx- 1) + | AJ , 1 n™ i * *• u

we find that

, A

The lemma follov;s by repeating this method of estimation.

It follows from the Lemma that
n

n! m=1

Hence for 2|t|||?l|(Nj -1) < 1, the -strong limit of
(Z +

exists as h •—) & , A - A • (This convergence is uniform in

2tt\ H$ II(N -1) <T 1- e for any € > o) . We define this limit to be ff . (A)
U

But e is a *-automorphism for all A €. ^ , t in I?, and

hence is isometric. It follows that

- A|| = || A || VA e U U(A ).
Afc 3"

Hence we can extend cr to the v/hole of U by continuity.

Take any o ^ t ^ 1
2||$ i(N$ -1)

Then the group property of e for It I < t. , implies that o"l

has the same property in |t I < t.. Hence we can extend o~: to the whole

of P. The strong continuity of <T. follows from the series expansion
09

tf+A = £. a (t) for A £ U(AO), where a (t) = lim a A (t).
v ll a • iin=o

Moreover o"Y is a *-automorphism for each t in E.



vWe note that there is a natural action of 7L on cr . If we 

strengthen the translation invariance property 2.4.8, we can remove the 

hypothesis of finite range of our potentials. 

DEFINITION 2.4.15.

We let $0 denote the potentials $ such that 

2.4.16) For each X 6 3 ,

U d x —> ad $(X) x is a *-derivation on U. 

2.4.1?) ll$(X+a)|| = H$(X)|| V X d 3 , a 6 ffi".

2.4.18) ||$|| = £ I|$(X)|| < co

2.4.19) $ involves only a finite number of coordinates i.e. $ (X) = 0 

for all X £ $• such that IXI > N| .

2.4.20) If X, A £ 9- are disjoint

[$(X),u] = 0 Vue U(A).

For this class of potentials we can again take the limit as 

A—) oo in 2.4.5* Note that there is no need to assume that there is an
^j O

action of TL on U U( A )» such that each a in TL takes U( A ) onto

U(^-fa) for all A in. $r .

THEOREM 2.4.21.

Suppose $ €. 6» • Then for all t in I?, A in U

(2.4.22) CT.A = lim e (Z+adHA)tA 
r AH>CO

exists and defines a strongly continuous one parameter group of 

*-automorphisms on U. 

PROOF.

We note that under the norm || • |{ (2.4.18) , Q>0 is a real normed space. 

Moreover (S 0 ^ S is dense in <2>0 ; if $ t <g o define $ €. (5 Aga by 

$ (X) = f $ (X) if diam X < n

o otherv/ise.

Then ||$ n -$|| -)0 and j| $n|| < || $ Jj .

The following is an elementary extension of [^49, Lemma 2J.
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LEMMA 2.4.23.

If A €. U(/VJ, 1, , f2 c 8. i and N$ is such that ^(X) = 0 = 

if I X I > N£ then for all q ,...., q £ E , 

||[eZq"H f|(A), [eZl.H fi(A),..... [eZq - H ^ A ) , A] ...]

" [eZqft H fr(A),[eZl,H^(A), . . . - - [eH H ^ A ) , A! . .. 1 II

II <m-1)(N f -1) 
m=1 v

Now take A £ U(AJ, and A 3 A 0 £ 3" . Now suppose $, f £ 80 and

= 0 = (X) if IX| > N , and also fU $ || • Then for all t

|A n |l 
>

in E

|| e t(Z + adK4(A)) A _ et(Z +
«o n

^ 2 lUIIJ- $J| 2 ^n|t ' n"^"n" 1 n
' n=1 (n-l)l ra=1

by Lemma 2.4.23.

This estimate is uniform in A , and the right hand side converges for

2|t|||$ || (Nf - 1) < 1. Given $t$0 , we take the sequence £ in

60 i defined above, and express the limit in 2.4.22 as a double 

limit. The above estimate justifies the interchange of limits and the 

existence of the interchanged limit under the condition

(Here we have used Theorem 2.4.12 for the potential $ € *R ).*n

The remainder of the proof is similar to that in Theorem 2.4.12.

Thus if .$ £- @o 06 , A e U
(Z + adHA)t -Zt. -Zt. lim e e A = or e A

A-t« T

v/here (T.is a strongly continuous one parameter group of *-automorphisms
w

of U, and the limit existing in the norm topology.

Now suppose that ^ is the subset of A in U such that the

following limits

(Z + adHA)t -Zt, lim e e A
t-*±«

exist in the norm topology for all ft in 3~ , with uniform convergence
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over A (for fixed A). Then both repeated limits exist on 7) ( and are

equal ) .

(Z + adH )t -Zt , - 4. f -n A • 7^ i.e. lim lim e e A exists for all A in D ,
t— )±

— Zt i.e. lim <r e A exists for all A in Z) .

Hence if the subalgebra Tj is dense in U, the wave operators exist on U. 

V/e shall see that this approach is applicable in the CAR algebra.

We are now going to study in some detail, scattering in a particular 

C*-algebra, namely the algebra of the canonical anti commutation relations. 

V/e briefly recall its construction, for more details

Let E be an infinite demensional real vector space with ( , ) 

a positive definite, non degenerate symmetric form. Let C (E) be the 

complex Clifford algebra i.e. the complexification of T(E)/I where T(E) 

is the tensorial algebra and I is the ideal generated by

•fe • e - (e,e)1 : e £ E j .

Then we can give C (E) a C*-norm || • || , and the CAR algebra, C(E), is the 

completion of C (E) with respect to this norm. C(E) is a simple C*- 

algebra with identity 1, and a faithful normal finite trace. Let f — ) [f] 

be the canonical embedding of E in C (E). Then

[f J [e] + [s] [f
tzWhenever e is a strongly continuous one parameter group of orthogonal

maps on E, e can be uniquely extended to a strongly continuous one 

parameter group of "-automorphisms of C(E).

In our first result , we consider a perturbation of the free

tz
evolution e by an inner derivation of the algebra C(E). A similar- 

result v/as obtained by D.W.Robinson 50,Application2| . We remark that

it is only necessary to show that the wave operators exist on a subset
* A
U of C(E), such that the algebra generated by U is dense in C(E).



THEOREM 2.5.1.
Zt

Let e be a strongly continuous one parameter group of orthogonal maps

on E. Suppose E for 1 £ K £ 2i, i, j = 1 ,2,

with||f^ || =1 for all such (i,j,k); C for N ,such

that

and a = | |ct j | If* J .......
;_^ ' J ' L J * U

gives a *-derivation x i — ) ad a (x) on C(E).

Also suppose that
oo o* 2i /- 00°™ £~ J- -• , / f7J-
^-A <^ *r"i I i 3. I / I / *i i*: o <j ^ l<xJ / K e1=1 j=i k=i J y^ Jl

is such that C C£) ) is dense in C(E).o

Then the wave operators

., ... t(Z + ada) -tZ W^ = st lira e e

dt

exist.

PROOF.

If (i,j) € N, and f 6 E

2i
= 2 g 

k=1

Hence

a[f] - [f]a

--•- f i v_L3,«

= 2

Take t > s > o,

t
ad a e~ f II du

. Then

/• co oa 2i
, f du.

Thus by (2.3»l)i the homomorphism property of e e" for all 

t in ]R i and their uniform boundedness, we see that the wave operators

exist on C (/O ), and finally on C(E).



Taking this a step further, we consider perturbations induced

by formal sums, and exploit the computations of the previous section.

Zt Again let e be a strongly continuous one parameter group of orthogonal

maps on E. Suppose < f • : i € "% > ,isa countable in E with

disjoint energy spectra i.e.

(2.5.2) ( eZi f± , f. ) =0 if i ^ j, for all t in E .

Without much loss of generality we shall take

{ Zt ) e f. : t £ ]R , i £ 7L > .

In the notation of the previous section, consider 7 , the family of finite

subsets of TL (i.e. U = 1). For A£ ^- , we define U(/\ ) to be the

subalgebra of C (E) generated by / [e t f. | : t 6 I? , i £ A 1 .

Clearly U(A) : A6 T satisfy the isotony relation 2.^.1.

Moreover C(E) = f L/U(A ) : A£ ̂ } and each U( A ) is invariant under

e . We now define a potential $ .

V/e put $ (X) - 0 , unless X is even, and if X - [i.,....., i_ | , put

$ (X) = « . . ("f. ~l .. [f. "I , where * . . fe €. X 1 »•••••' X2n L 1 1 J ••••[_ 12n J i^ ,...., i2n

For convenience ( and consistency with the CAR's and 2.5-2 ) we 

impose the condition that if "* is any permutation of 1,....,2n, that 

#. . = sgn(ir) (X

P 
Also if (i. ....... ,i? ) ^ TL , with not all i distinct, we put

(y. . = o.

If i/j, [e f. 1 and If . | anticommute because of 2.5.2 and the CAR's 

Hence if X t 9" , and i 4 X, [f (X) , [eZt f .] J = 0 Vt £ P . 

Thus if A,X € 3- are disjoint 

,u]= 0 VueU(A ).

Finally under suitable conditions of the values of / <X. . II iv ...i2n |

is an element of *O o u^ .



THEOREM 2.5.3

For all A £ C(E), t <~ TR ,

_ A -i • (Z + ad HA)t . 07 A = lim e A
t A-*w 

exists in the norm topology, and defines a strongly continuous one parameter

group of ""-automorphisms of C(E).

If / .„ (e fi ' fi ) I ds < for all i in 2Z , the wave operators

st lim o~T e
-Zt

exist on the CAR algebra C(E).

PROOF.

The first statement follows from Theorems 2.4.12 and 2.4.21.
7 c "1

Suppose (e f.,f.) £ L (]R) for each i in 2Z. By the remarks at the

end of $2.4, it is enough to shov; for fixed i, that

. . t(Z + ad HA) -tZ lim e e

exists uniformly over A e cJ- , in the norm topology. 

Now if i e A ,

ad H(A) [e~ZufJ =

oo _
f -uZ,. . >. (e f.,f, )

n=1

Hence for all t > s £ E, A 

t(Z + ad HA) -tZ

. ff. "I f
n-V 1 L ^iJ"- L

w- s(Z + ad E'i]

/S f. f 
L

-Zu
|(e-iuf.,f.)|du

42 Jill / du

which tends to zero as t,s —) i o» independantly of



CHAPTER 3-

In this chapter we proceed with our study of smooth perturbations 

and scattering of one parameter groups at an operator algebra level. We 

have seen in § 2.2 how to handle a particular smoothness condition (p=l). 

V/e now extend this to a wider class of perturbations (1 < p<<*>); however, 

due to technical problems, we apply our method at the present time only 

to type I W*-factors with discrete centre.

If cr is a weakly continuous one parameter group of ultraweakly 

continuous linear maps on a von Neumann algebra M, let iT denote the 

infinitesimal generator of the strongly continuous one parameter group 

(cr )„, acting on the predual M*. For various unbounded operators i° , and 

(X , acting on M, we seek for small complex K , a family of wekly continuous 

one parameter groups o"* , such that the infinitesimal generator iT(K. ) 

of (ff£)* -can be interpreted as the formal symbol i(T + Kcx^B*). Our
v

method is based on the theory of S.C.Lin for the problem at the hilbert 

space level (36] , using the one parameter groups cr themselves, rather 

than the resolvents R(\,T) as Kato does [29].

H> and c*. can represent left multiplication operators L,.., L,
r> &_

respectively, where B and A are unbounded operators affiliated with M.

K

In general, if cr is a group of * -automorphisms, the perturbation ov v/ill 

not be a group of "-automorphisms for small (real) K . By considering 

another perturbation of multiplication on the right,, (Ro* , ^A*)' ^ is sometimes
*£

possible to combine, these two perturbations to give one, namely Ty ,
I/

which is a weakly continuous group of *-automorphisms of M for small real

.^K.
K . Moreover, the infinitesimal generator of ('.)* represents the 

formal symbol i T +

3.1.

In this section, we develop some notation and the tools for our



perturbation theory, which we shall find particularly useful to handle 

the smoothness conditions we impose on our system.

For simplicity and clarity of notation, we will only consider 

groups, rather than semigroups as in [36] »

Now suppose Sv. is a separable hilbert space and •+• T £ £ (&l). 

If A 6. -€0(fcO is (T,-T,q) smooth where 1 < q < 00 , we have seen in §2.2 

the difficulties which arise when considering smoothness in this system 

at an algebra level. However, if we let

_ / \ — -L i/x itT .. cr (x) = e x e x €

then for all x in B(6n), *£ frl , o~,.(x) e" 1 ? £ D a.e. in ]R+ ,
"C ^ A 

oo

{
F 
\ ||A o* (x) e 
o

Our perturbation theorem 3-3.1 is based on these "weak smoothness" 

conditions, and a few calculations by the reader will show that we have 

raised |36,Thm 3-1J . to the algebra level. It is useful to keep this 

motivation in mind.

We are thus led to study spaces such as

where 1 < q < OO. 

Then U> is a dual Banach space, v/ith predual

= 8\®V LP (E4;&V) where 1/p + 1/q = 1 • 

Again - is a dual Banach space if we take

Let V be the space of all operators on & . An element of V is not necessaril 

closed, densely defined or even linear. Then can be identified with

the space of V-valued functions f on I? satisfying

3.1.1) If S e %l , then § 6 D(f(s)) a.e. Note this null set may 

depend on

3.1.2) If (X, B £ (C, and S , «\ t &X , then

f(s)( AI+ pi) = <Xf(s)S + Bf(s)r\ a.e. (depending



3.1.3) For each j€V, s i—> f(s)^ is measurable, and there exists 

a finite M independent of f satisfying

00

q ds S Mq ||||| q V !£ 8n_ (3.1. ̂  
o

If f € ^ , || f || is the infimum of all M satisfying (3.1. if).

Now let M be a von Neumann algebra acting on the separable 

hilbert space o\ , which is ultraweakly countably generated in the sense 

that there is a countable subset R of M, such that the linear span of R 

is O"(M,M Jje ) dense in M. Define \L to be the closed subspace of ^ 

consisting of these elements which commute with the action of M 1 on ol 

and Lq (B+;&0- i- e - f £ W is in U iff for each j in £\. , and m' in 

M 1 , that

f(s) (m'$) = m 1 f(s)^ a.e. (depending on m 1 and f ).

Now </• is a o~( ^ ,**') closed subspace of V. . Since if f — ̂ f 

o-(^,^), where f^ 6 S/M , fe ^ ; then for all § , >\ € &1 , h 6 LP (1R4), 

m' C M 1 , 

Jv <f(s)m'S ,^\> h(s) ds = lim J" <fK(s)m' ? , «^ > h(s) ds

= lim f <m'f^(s) ? , A> h(s) ds
V- V

r <m'f(s) f , v\> h(s) ds .

Thus f C y¥ .

Hence (^*///M)* ^s isometrically isomorphic to ^M , v;here W'.

denotes the polar of VM in J{ . Moreover, if iM denotes the canonical

injection of W,.. in U, and if ^. is defined as i* ^ ( the restriction

of 2^ to U- ) , then %- is isometrically isomorphic to

Thus /,, is a closed subspace of V* , and if z 6 Tx , then

3.1.5) zo = inf||x|| : x € ^ s.t. i*(x) =

Now if z = X ? .®h. is in / , where V e -i h -^i i



for i = 1,2, and llh ill < <
Vp <

» , then

00 /^-*» r / Vp

= 2: III ill IN! <
Hence £ ||^. j . j|h.(s)||< co a.e. in 1R , and we can define 

z(s) -

a.e. n v\. - T(fc\), the trace class operators on

Note that z(s) is uniquely ̂ determined by z a.e., sj — » z(s) is measurable,

and

3.1.6) {J>(s)|| p ds} 1/p < || z ||.

If f £ U/ is bounded a.e. (e.g. if f is actually in Lq (E ;B(fo)) then

<f,z> --- 2 /< f^)fi » hi (s))ds - /<f(s),z(s)> ds .
i 

Similarly, we consider "^y If x C ̂ <,, then x = i*(z), for some z in

Then z(s) <^ T( Bl) determines an element x(s) in M^ a.e. Moreover x(s) 

is uniquely determined by x a.e., and x(-) is an element of LP (E jM^). 

It is clear that whenever x = i*(z,.), where z. £ ^ , that 

^x(s),m^ = <z.(s),m^ a.e. in !R , for any m in M.

REMARK 3.1. 7..

We thus have a linear map x « — > x(* ) from into L (I? jM,,,). This isM 

norm reducing by 3*1 «5 and 3«1.6. ;(alternatively, v/e see from that

there is a natural norm reducing injection from L (3R jM^into 6^, Then 

for all x in T,,, <P ^ LP(E+;Mj* |<x,9")[ < ||x

Hence {/||x(s)f ds } ||x|| n

Then if f € W^ , and f(s) 6 M a.e. (e.g. if f is actually in 

LqCR+;M)), then for all z in ^M

<f,z> = JN <f(s),z(s)> ds

If f^i ze- , the notation f(s) £ V, z(s) e M* will be used

extensively throughout this chapter.

V/e shall see during the proof of Theorem 3»3»1, that technical



52

problems lead us to restrict our attention to consider only von Neumann

algebras which satisfy the following hypothesis.

HYPOTHESIS 3.1.8.

We say M satisfies this hypothesis if whenever <p (s) £ M # a.e. in I? ,

and x , n=1,2.... is a sequence in *& such that

i) x (s) = <p(s) a.e. in [o,nj n=1 ,2, . . . . .

ii) || x || £ T < 06 , for all n.

then there exists an x in ty . satisfying

a) x(s) = o (s) a.e. in E .

b) ||x|| «, T.

PROPOSITION 3.1.9
oo

Suppose &L = © Si • i where &£. are separable hilbert spaces; then
i=1 X X 

M = (fc B(8l.) satisfies hypothesis 3.1.8.
i. 

PROOF.

It is clear that ^ M = _© ^^ where ||(f.)|| = sup ||f.|| , f

and = ® where
3_ — I

A **,

Now Vwr ^ = (X.)*, where X. = &. ® LH(lT; &,), i=1,2,.... .
i

~" i ®^ *7
Suppose <J>(s) 6 M* a.e., and x = (x ) ._. is a sequence in </.

/ n n i-1 ^ M

such that

i) x (s) = 9( s ) a - e - in C°i nl 

ii) ||xn || ^ T < oo all n.

Then xm £ (X )* m,n = 1,2,... n m

Hence there exists a subsequence n. and x in (X )* such thatK m
m m ^ ,,,*,, x .as k

Thus for each finite N

<<,> m!l ——^ (xm) m!l 6( ( ® V- Vm
k m=1 m=1

rv
Thus ^ ll x || ^ T for all N, and hence

m=1 X

x = (xm ) € ?rM = © (Xm )*, with ||x|| ^ T.
m=1
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Moreover <x , vj,> = lim <fx ,
> k

for all vf £ Xm = ft ®A Lq (]R+; fi ).

Using property i) above, it follows easily that

p(s) = ( xm ( s )) a - e - in K i

i.e. (s) = x(s) a.e.

§3.2.

Having set up our apparatus, we proceed to make our smoothness

definitions.. V/e will use the notation of the previous section with q 

fixed in (1,<*0. Let M be a von Neumann algebra acting on a separable 

hilbert space £v , which is ultraweakly countably generated. Let cr be 

an ultraweakly continuous one parameter group of ultraweakly continuous 

bounded linear maps on M, (i.e. each cr is a o"(K,M # ) continuous operator
\s

on M, and t i—> <cr, (x),©> is continuous for all x in M, (f in M*). 

For brevity, we will always refer to such a group as a v/eakly continuous 

group on M. We define iT to be the infinitesimalgenerator of (cr,)*,
U

which is a strongly continuous group on the predual M^. V/e will eventually 

perturb such a one parameter group. This perturbation of T will be of 

the form Koc^B,,, where K is complex and small, and B,« are smooth 

operators on M to be defined. (For simplicity, we take the domain of B 

and the codomain of <X to be in M).

In order to have smooth conditions which are practical, we 

introduce an auxiliary weakly continuous one parameter group J"! on M, 

which satisfies the following:

3.2.1) There exists a family Ju. : t£ Kj in B(Sl), such that u is 

invertible a.e. and

v -1 ./:) = u, x u, a.e. v x c 

ii) IKH , |K1 |I $ Mo < 00 , for n
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We then let v. = u .

U U

Let A € C0 (8O be affiliated with M. 

DEFINITION 3.2.2.

We define the left multiplication operator OC - 0< on M, associated 

with A, as follows:

We put Dw = [x€ M: x& <^ D 1 , and tfx = Ax for x € D^. 

Then & '. D^ — ) M is a linear operator on M which is closed and densely 

defined for the ultraweak topology.

DEFINITION 3.2.3.

We say c* is (o",£*,q, + ) smooth if

I) There exists Y € B(M,

2) For all u in M, 5 in &l o~ (u)v, £ € D a.e. in IR (depending on u,-f )

such that

a.e. n

We then define |<X L rt v to be ||Y|| .
l \.o 1 C,q,+y

Y(u) is formally written as F, (Ao* . (u)).

Similarly, we-define (a,!1 ^,-) smoothness with associates! function 

Y in B(M, V, ). If DC is (cr^q.t) smooth, we say Q( is (o,I?,q) smooth- 

and set I <* L v = max

Let B:M—) M be a linear operator on M, which is closed and 

densely defined for the ultraweak topology, p is given by 1/P + Vq = 1.

DEFINITION 3.2.4.

We say ft* (as defined in Lemma 2.2.2.) is (o~,£,p, + )* smooth if for each

r 7 o

i) There exists Z e B(M^, J- ) with sup ||z || < CO
_>itT • 

ii) For each ffl £ M,, e ffl 6 D a.e. in 3R

such that
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)» 6. e

We then define ft* /^ H ^ = SUP* * rlr>o

Similarly, we define (<5,F,p,-),fr smoothness, with associated 

functions Z in B(M% , £".,)• If ft* is (o",t*,p,t) „, smooth we say ft is 

(o'll'ip)* smooth and set

We take Z = 2 = 0. o o

Now fix f in W , r>o and suppose ft* is (o",C*,p) # smooth. Then 

for all J& in M,,,,

\<t, Zp (p)>| < l|f|IK|ll<fll.
f Moreover fl) ——> < f, Z (o)^ is linear. Hence there exists m (r) in

M = (M + )*, such that

and similarly tfl (r) in M satisfying

3.2.6) <Trn f (r),d)> = <f, Z(<p)> V<p6 M,, r >7 o,

DEFINITION 3.2.7.

If A £ (Sl) is affiliated with M, (X - OC, , and f^ is (o,t*,p) + smooth, we,

define an operator symbolically denoted by ( (Xo~/r .^ ^)® as follows:
/•»

If f e ,, let m (r) be the M valued function on ]R+as defined in 3.2.5. If

i) For each ^€^i\ , m (r)v ^ £ D a.e. (depending on
1 **

ii) There exists g € ., such that for each f £ Si ,

= u A .m (s) v -3 a.e. (depending on f , ? ) s s

then we say f g D(<x.o~ , \ftQ) and put (*a~ / xft00f = g.

We have the following comments to make regarding the system 

described in 3.2.7. 

REMARKS 3.2.8. 

a) We can similarly define (<*o~4( .)(3)0 On
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b) Suppose f £ y,, is in D(<X<r f B0).<7 M -v. •;

Take ̂  , V\ £ &\ , and define <p £ M» by <3>m = <m?,*\) Vm £ M. 

Then if C = (Xo~ /.\fl6 and m is as defined in (3.2.5)

<(Cf)(r)f , *\} = (u A m (r) v \ ,*V) a.e. (depending on \ ). 

Take Q £ M, such that 0 —> 1 o'(M,M J|( ) and AQ is bounded for each n,

and if { £ D, then AQ \ -) Af . 'A n

Then if (f1 )*<[>£ D^ a.e., v/e have
-L » w

<(Cf)(r)f ,<\> = lira <ur [AQn]mf (r) vp ? , n>

= lim < AQn mf (r), (F* ),

= lim (Om (r) , 
n->«o

j? 
= < m (r) , <X^, (E1 ) H, 0} a.e. (depending on 0 £ M^)

J. r

c) It is clear that there exists more than one sequence of projections

P in M such that n

ii) P A is bounded for each n. n

Then if f £ , we define

Then f^t ^, and if z = C J^^ ® \ I fr , where f ± £ h , h^ LP (E"f;

< °° ' we have

|<fn (t)J. , h.(t)>| < £ (MQ ) 2
i

Also as n

| <f (t)^ , h (t)> — > <Tf(t)? , h
• jt * 1 J. J- • j« JL JL1=1 1=1 

by i) and the 6(M,M 1(t ) continuity of P .

It follov/s by dominated convergence that f = £l \ (P )f ,n ^ ' ^ n 0 ¥i Q\\
as n — > oo .

We will use the sequences P , Q extensively in the proof of 

our perturbation theorem.



d) If f e^ M , with f(s) in M a.e., then
o» r

/ P *7 ((t\\*^ — \ / -F ( f\ \ ¥ ((t\"\ \ ( ex} ^ r\'- *• I ^ £j \v) J ' — \ \ S. \S>) , j^VW/|\o/-<r Q.Or o

= j["<f(s) , (r_s ), B. e-iT(r-s)? > ds

for all <p €. M^, r ^ o.

3-3. 

We can now state our perturbation theorem (c.f. I 36, Theorem 3.1« )•

THEOREM 3.3.1.

Let M be a type I von Neumann algebra with discrete centre acting on a

separable hilbert space fa , as in 3«1-9« Let 07 be a weakly continuous
U

one parameter group on M, with iT denoting the infinitesimal generator 

of (07)^, a strongly continuous group on type cJ ^ o. Let L. be an 

auxiliary weakly continuous one parameter group on M satisfying 3«2«1. 

A Sr(:?0(£\) is affiliated v/ith M, and gives a left multiplication operator 

p( = o. , as defined in 3-2.2, ft is a linear operator on M which is closed 

and densely defined for the ultraweak topology. Suppose that <X is (0",P,q) 

smooth with associated functions Y , Y in B(M,^.J, such that 

u«——^ Yu , Yu are continuous for the o~(M,K + ) and o(^ M i3Kf) topologies.
i'L

Moreover assume that if (f £ M* , then (Cl)^ £• D^ a.e. in 3R .

Also, fi is (O",!1 ^)^ smooth with associated maps Z , Z , and for each
^ T/

9 G M^, t —— >/f, Zt (p)> , <Tf , Z t (p)> are continuous from the right 

on o,«>). Moreover Graph fi> is countably 5"-weakly generated. Also,

belong to BC.,), and are °M') continuous with common, , 

bound £ N.

Then for each K in D = S\€V : lAl < 1/N | , there is a weakly continuous

^one parameter group (T. on M, with iT(^) the infinitesimal generator of
I/

the strongly continuous group (0.)*, 5 of type ^ , uniquely determined^ o

by ((T, *,ft) with the following properties :
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1) c< is (o^JT^q) smooth, with associated functions Y, Y in B(H, U ) and

2) B* is (o^j<,p)^ smooth v;ith associated functions Z* , Z* in B(M + ,'<y' )r r ^ i ' i

for each r ^ o, v/ith

3) For each K in D, there exists Z inBM,,,, ) with,,,, 

(C^),, P^ e~ lT(<)sp a.e. inffi+ , for each y£ M

and

Similarly for the other half line, with Z in B(M+1 

iT(K) is similar to iT. More specifically, there exists for each K in 

D, tv/o non singular weakly continuous operators '/.'^(K) on M given by

+ iK<Y(u), Z^

for all m in M, j) in M^, and satisfying 

T(K) = W^CK); 1 T V/

Moreover W (K) = 6~-weak limit o~, d"
H, , V/ "~ V

t —} ± 00

5) TOO 2 T 4-K^B,, ; T 2 T(K) -

PROOF.

To construct the perturbed group, we first derive two semigroups.

Let U (t) = o~ , be the unperturbed group. For each fixed m in M, set
O ^ v

S (t)m = u.Acr (m)v, for t >/ o. o t -t t

By our smoothness assumptions, S (') ra £^M' S (• )m = Y(m), and

||So (Om||$ |<x.|||m|| Vm € M. 

Inductively define for n 1 1 ,

Sn (- )m = (<*<T_ (>) fi,&) Sn-1 (-)m Vm e M. 

Then Sn (-)me M and ||Sn (-)m|| ^ Nn|oC|||m||.

To construct our perturbed semigroups, we first define operators U (t)

as follows:

For o < t<oo , n } 1 , consider for m £ Mj



Jn (t,m,?) = ^S^COm, Zt («p)> . 

Then |Jn (t,m,<p)l 4 Nn""' ||m|||«c||fg||f|| 

and f> i—> J (t,m,<p) is linear on M*. Hence there exists an unique w
XI L

in M such that <w, ,p^ = J (t,m,<p).

Define U (t)m = w . Set U (o) = o (n } 1). ** u n

Now we define
Oo

U(t,K)m = ^ (-iK)n U (t)m for all m in M, K in D.
n=o n 

We v/ill show that ]u(t,K)T <+< M is a weakly continuous semigroup
^ j O^ \>** **'

on M.

LEMMA 3-3.2.

The family U(t,K) is a semigroup of operators in B(M) for each K in D,

PROOF.
*o

Let us consider the series <, (-iK) 

For each u in M, we have
n=1

*> 00

(-!*)" Un (t)u|| $ ^ IV'HK $
n=1 n=1

Thus for any K in D, the series converges absolutely and uniformly with 

respect to t, (o £ t <<»)•

Since U(t,K) = U (t) + g C-iK)n U (t)o _ n

it follows that U(t,K) is in B(M) for each t >/ o. 

We now observe that if 1, £ $\ then

U (t)(u) v.? <L D, a.e. in ]R+ n t J A

and u AU (t)(u) v \ = S (t)(u)$ a.e. in K"!"
U n I/ ** >

since, in the notation of 3«2.5» if we take f = S ,.(u) , then
*»

m (t) = U (t)u in 3R+ . Thus if m e M, ^ £ M^,

lim

•Q

L im £ ^H-CPJ^AU -(t)uv."lf. , h.Ct)> dt •j^co i ^ r 0 Lt n-1 tj bi i
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if Z.(C) = i* fef.Oh. ], where ?.£& , h. £ LP (]R+ ;frO tr M i-*10! i -J Ji i
and ^H-SJI ||h || < oo .

00

Thus <Un (t)u,<p) = lim g f< ur p - A un 1 (r)(u ) vr ^ 1 hi^ r^ dr

(0 i

= lim J"<fr (p..AUn_ 1 (r)(u)] ,|zt (f)|(r)> dr

^ •—"iT*^4"v
= lim J < P..AUn_ 1 (r)u, B_e" dr 

3'** o

Now in order to prove that U(t,K) is a semigroup, it is enough to show

that U (t+s) = g U.(t) U ,(s) for s,t >, o.
3=0 

We do this by induction on n. Suppose n % 1. Then if u C M, p & M,,, ,
n
g <U (t) Un (s)u, (f> 
j=o J J

= lim gj J" <P AU. -(r)U .(s)u, fi,,e"' lT(t~r)9> dr + <U (t)U (s)u,~ ~

= lim f fc <P A U (r+s)u, B^, e" lT(t"r)rf>> dr + <fU (t)U (s)u,
"* III Xl™* I « O JE1

by our induction hypothesis

= lim <P A U ..(w)u, B, e""> <*w + <U (t)U (s)u, m n-1 * T on

<Un (t+s)u,

The lemma follows.

LEMMA 3.3.3.

The semigroup |u(t,K): t^ oj is a weakly continuous semigroup of operators

of M, of type CJ •

PROOF.

For n1 u£M

<U (t)u,9> = <-S («)u, Z
Jl " * 1 w

S u = Y(u) is <5( y, ( , XA) - o^MjM,.) continuous. o oW OnNow u

Moreover 0(cr , vfi>0 is weakly continuous.

Hence u — ) S u is weakly continuous, which shows that u — \ < U (t)u,

is o*(M 1 M 1> ) continuous.
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It follows that u l — > U(t,K)u is 6(14,1*1^) continuous. Moreover, by assumption, 

for each fixed <p in Mt , t t — ) ^.((0 is tft JjyjiJ^J/) continuous from the 

right, so that t — ) U (t)u is dXMjM,.) continuous from the right.
00

Hence, being the sum of U (t)u and 2 (-i- K) u (t)u i (which converges
n=1 

uniformly and absolutely with respect to t), U(t,K)u is <5(M,M,,.)

continuous from the right. That is, UCt,!*)^ is weakly (tfCM^M)) continuous 

from, the right. Hence by [65 , p233J ? UCtjK)^ is strongly continuous in t. 

The last claim is clear.

We denote the infinitesimal generator of UCt,^)^ by -iT(K), for 

K in D, and write d* for U(t,K), t } 0.™" X«

REMARK 3.3-^-
^

We may replace T by -T, and define for t >/ o, U (t) by

uo (t) = <rt ,

<un(t)u,p>

where S ( - )u = Y(u), and S ( • )u = (*(T , ^6)S .(Ou. o n +\' ) n-1

Then if we put

U(t,K) = ^ (-i*)n U (t) 
n=o

we deduce the existence of a weakly continuous semigroup on M, for each
Ak

* in D. We shall denote by iT(K), the infinitesimal generator of
A A

the strongly continuous semigroup U(t,K)^ on M# of type O , and for U(t,K) 

we write tf, t > o.

LEMMA 3.3.5.

For all K in D, t } o,

.=<5-t 6t '

PROOF.
n A

We will inductively show, for n ^1 that g U.(t) U .(t) = o,
j=o J n" :] 

Take u 6 M, e M*; now
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2, *£ <U (t) U .(t)u,f>
j=o J n"" J

*i r A iTVf-YO A s. = - £ lim J<(Pm A)U (r) U (t)u, fl. e11 ^ 'p> dr + <U (t)U (t)u, «p>
j=l m-*w ° J " "^

(Pm A)U1 (r)U (r)U (t-r)u, fi,e+iT(t~r)j)> dr 
o

<UQ (t)Un(t)u,

iT(t"r)^ -.lim f <(PmA) U (t-r)u, B, e"r p > dr + ^UQ(t)U (t)u, 
m-)»o o

by our induction hypothesis

= 0.

A|/ ^
Hence 00, =1, and similarly for the other relation.L •• L

A
As a corollary we see that T(*>) = T(K) for all ^ in D, and we have a one 

parameter weakly continuous group 6. , for K.6 D.

LEMMA 3.3.6.
< 11<X is (6, P,q) smooth with <X ,,< H , < (1-|K|N) * ,-r H ^' KO,r,aJ i (.0,1?^;

PROOF.

If u £ M, f e %\ , then U (t)(u) v.$ £ D a.e. in B+ andn u xV

S (t)u| = u A U (t)(u) v.? a.e. n T/ Ji t

Let Y (u) g (-iK)m S u.
m=o 

It follows that for K in D,

Hence there exists Y* in B(M, UO .such that

y*(u) = I (-iK)m smu
m=o

Fix u £ M, ?€.$! . Then we can pick a subsequence n, such that

ft (u)l(s)j — > [Y K(u)J(s)5
•- k -* n

Note FY (u)l(s) = g u. A U (t)(u) v f a.e. in 3R+ .I n I ^-* t rn t*^*- •* m—r\

a.e. in 3R+ .

m=o

But § (-iK) U (t)u converges uniformly in t. It follows, since u,A
m=1 m m '

is closed,that £ (-iK) U (t) v^ ^ D. a.e., and
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ut A U (t)(u) v.* ) = lim FY (u)l (t)t = fY\u)|(t) a.e. m t :> L n, J ' LJ
KIn other words (5 JL (u)v J_-t t D .

rv

k
9. • 6 o

and = u vt t 

Similarly for the other half line.

in

REMARK 3.3.7.

We now investigate the °*(^/MI 3K/[) continuous operator C = tt cr / v!2>0

in B(^c.). We denote the restriction of C* to ^M by C^ ( as usual )

Take v in D_, and[a,bj a compact interval in TR . Define f in (- by

Take any f , v\ in fr\, and define ^ € M t by 

Then for almost all s in 3R , depending on

<(cf)( s ) t ,o = /<fWtr!TB* e" l(l
o

... n -i(s-r)T,

0

f>(m) = ^m^, ,v\N 

, we have

for m €. M,

if s < a 

if s^ [a,b)

if s >, b.

For (s,t) e (E)2, define for h £ LP ( ]RH"),

• u( s ,t) = <c , . xB(v),<V (fl),f> h( s ),

which is jointly measurable. Moreover

00
ds h(s)|ds di\

j

asfa,bjis compact, and for each fixed T, we have a.e.

< us A

= lim <Qnoi (s. T) B(v) 1 o^(ls )»9>h(s)



Hence we can apply Fubini's theorem, and deduce that if

, that
<Cf,g> = ds

/>'
<x

+

/
It follows that whenever

f ±

<Cf,g> =

? g 

and

(8. T) B(v)

ds

s) ds dt
<:»

where z = .o ..

kco, that

k.

?i , k.(s» ds) dt

On the other hand

<Cf,g> = <f,c,g> -

Thus almost everywhere, (depending on v

u A °

dr

ds

3-3.8.

Fix t ? o, and define for y> e M*, m £ ZS ,

um ,t (r) -f = ' «-.(*-')-» if
0

Then U .(r)** €. DD a.e. and

if r>t

. m,t DB

J^ B* U .(r),,0 = [(Cj m Z (©)J(r) a.e. (depending on® and t) *~x* m ^ u *• t i /

PROOF.

For m = o, see the definition of Z.(jp).

m >, 1. Let w € Dp. Then

= lim
-1

Zt (f)]( B )> ds

ds,
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m-1 „

-s-r'*

Now - - t i - '-s-r

.). B. U

., i?r1
if r $ t, and zero otherwise.

Hence <T^(v/), fcf Z. (?)"] (r) = lim ft/f* T? A cr (B(w)"j[, |"cf~ 1 Z. ,(f>)](s))dc 
r* L T, i -j v*i *^ P ^s -4 *» u**i*

= <Sm_ 1 B(w), Z t , 3

= <'Um (t-r)B(w),<p) , 

a.e. ( depending on t,v:,p). 

But Graph B is ultraweakly countably generated. Hence for all w in

a.e. (depending on t > o and o> in M

Hence U (t-r),. © £ Dp a.e., and m / ij^

(Pr )* [C* 1 " Zt (p)](r) = B, Umft (r),9 a.e.

LEMMA 3.3.9.

(a) B, is (CJ,!1^),,, smooth, with associated functions Z , r ^ o , and

" 1tap). ^ (1 -l RlN)"N((r,i«,p).
(b) There exists Z K in B(M + ,^J satisfying, for p in M + ,

(Z<: <p)(s) = (C*), B, e" iTWs O a.e. * s •

and ip ^
A

Similarly for the other half line, with associated maps Z , r >f o, and 

Z

PROOF.

m m m m
(-iK)m C,m Zt ((j))|| ^ |K|m Nm |BJ<p|l for each f in M., t > o. 

Hence if K€ DI the series converges uniformly and absolutely in t to Z.

say. By Remark 3-1. 7v we see that for each fixed t 7 0, p^K^, there

is a subsequence n, such thatnk

f"zNo>)](s) = lim £ (-iK) m [G,m Z t (J»j(s) a.e. 
L ' J m=1



i) [zj(?)](s) = lim g (-i\0 m [c,m Z
^"^ m=1

66 

Let W be a null set in E , such that if s

ii) [c.m Zt ty)](s) = (r s )< Um?t (s)« m = 0,1,2......

Take s 4 W, and b satisfying r1 (b) £ D .
~S li

Then < [zt (f)](s), b> = lim g < [c™ Zt «f )](s) , b> (-iK) m
k4« ra=1

t <(r^s ), B, um t (s).9, b>
m=1 '

g <
m=1

-iT(K)(t-s)<e
• W r

It follows that e~ lT(* )(t~s \> £ D for s £ [o,t>CW, and
I it)

a .e.

b) From a) it follows that if cp C M*» ^ in ^i that there exists z

in ^.. such that M
* • fT^ i tjf ] ,

( \ X i~ ^ \ r*i "™ J- ^- \ * y ^? ^/ / \
Z cr 1 *"*• I I 1 \\ £^ fh yt_ i c i o f*^3 j •— \ ^ / ^ l*j ^ c^ ^/ x •<• •% v ij y d • tr •

and z

The result follows from 3.1.9.

We can now easily deduce the following:

LEMMA 3.3.10.

^The semigroups 0" and G , satisfy -for t ^ o the following relations
— \f "™ L

if u £ M, p ̂  M,, K e D :

< a*t (u) - cr t (u),<p> = -i K < YK (U), zt (<p)>

= -i^ < Y (u), Z 

with analogous results for the other half line.

LEMMA 3.3.11.

For each K in D, T(K) 2 T + K ̂ B*

T a T(K) - K oc»fi>*
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PROOF.

Let A = U|A(be a polar decomposition of A, and Q (3-2.7) to be chosen

as spectral projections of A . Then take P' = UQ U*.

For z 6 C, with irn z> tJo, and K £ D, let R(z,K) = (T(K) - z)~ 1

and R(z) = (T - z)~ 1 .

Then elzt (-i*)<YM (u), Z t (f)> £ L^o,*) , for u 6 M, y> £ M,,; and by

dominated convergence:

i J° eizt (-iK) < Y K (u), Zt ((p)> dt 
o «

v (On ' t '

'
- i f lim e lzt (-i K )/ < J1 (P'A CT (u)), rz.(f)](s)> ds dt J i^ J^sn-s Lt/J o n-^w oo

izt= i lim f e z (-iK)< I^(P^A (T (u)) , [zt (j))](s)> ds dts ~s

00
= i lim J J e lz(s+r) (-iK) < P^A CT_ (u) , B^ e~ irTp> dr ds

where we have used Fubini's theorem, the use of v/hich is easily justified

as in Remark 3»3«7«

Now suppose R(z)p 6 D^ ̂  . Now by 3-1.7, and 3-3-9 , for each (p in M

Hence for all <j- 6 M* ; R(z)^ C D and
00 . m * .

<u, fc,R(zty> = -fi f<u, B+ e~ irY > eirz dr for all u in M.
6

Hence

e izt (-iK) <Y^(u), Z()> dt
- 170

(-iK )eizs < AQ CT (u), B^R(z)(v) >> dsn ~s

= /u, R(z,K)j>)> - <u,R(z)p) by taking Laplace transforms. 

It follows easily that T 2 T( K ) - K O^fc,. 

The other relation is proved similarly.

We nov; consider the similarity operators.
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LEMMA 3.3.12. 

For u CM, (D^ll*, the expressions

K, Z(«p)> 

i K <Y(u), Z K (<p)>

K=<u,f)+iK <Y(u),

= <u,f» -i K <Y*(u), Z(<p)> ( K€ D)

define ultraweakly continuous bounded operators on M. Moreover 

W(K) H

W (K) H (rt) = H (H) W (K) = 1. 

PROOF.

The right hand sides clearly define bounded linear operators on M.
oo

* nBut Y(u) = j Snu (-1K ).
n^o A 

Using the v/eak continuity of *( a~ ,^RQ and u j — ? S u, we see that W_(K)

and H (K ) are ultraweakly continuous. Let us write

W_(K) = 1 + KP, and H_^(K) = 1 +KQ. 

Take u ^ M, 6. M^, and we have

/ \Af u

i<P A CT (u), B* G~ P !|t a)> dsn s **s *
For any w in D-, j> €- M # one has

= lim - J*" i<P A 0- CT B(w), B.e" irT(K)f> dr

= -i lim f & -i lim 
oo o m -co

The two parts are evaluated separately as follows

lim = lim <PmACT ( jflw.B.e dr
m-)w °

i <0" lt'fiw - CT Bw, 9)

a.e. using Lemma 3«3»10» 

Also by Remark 3«3-7i

lim r°<P A CT fiw, B^ e~ irT(l<2> dr = .< f (w) , v/ m r~s / ~s V
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a.e., depending onK,w,^> )

Since Graph B is ultrav/eakly countably generated, v;e conclude that

r -o^
Hence <TQu,c> = i lim |/P A 0" (u) , B*e v ;0>> ds

I 77 v x n S *
K n-} w o

-i crT1r -i cr
-i lim |<P A CT(u), B*e <D> ds 

^ n s

lim <^pA 0"(u)), C Z()(s)> ds 
to

I, + Ip + I_ respectively, say.

For f , v\£%\, define v 6 M* by v(m) = ^m $ ,K> ,m e M. 

Then for almost all s, we have by 3-2. 8. b, that

CT (u), B,e+s"r ^(^ ( f] ) ,v> dr

' " ™"" S

by Lemma 3»3«

Hence .C Y (u) = _J_ . Y*(u) - 1 . Y (u)
iK "iK

It follows that
*./

iK iK

The first term of !_, cancels !„ , and the second term of I., is
3 " 3

- 1 <Pu,9> ; while ID = - 1 <^ Qu, <p>
TT" IT

Hence <PQu,9) = - 1 ^Qu,^)) - 1 < Pu,
K K

This is equivalent to W_(K) H_(v<) = 1.

The remainder can be shown in the same manner.

LEMMA 3-3.13.

With the non singular operators W.*. (K) constructed above, we have that

W^(K) Q = 0_ W± (K) for all v< in D, r in 1R. 

PROOF. 

Consider only r ^ o; and take u C M, (j> e M t .
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Then
PO .

<W (K)OT (u),G>> = <0" (u),<D> - lim f <fP A o" <T (u) , B*e~ lsk ds. 
-r I -r 7 n-4 « o n s -r

The integral on the right hand side can be split into two terms, J
f °°

and J^ v/here,

-i< J <PnA CTs <T_r (u), 
V

lim -i< PA CT <T(u) fe ds

- lim -iK fP A, CT, v(u), fi.e" 18 ds-kr-s;
n-)«>

= <CT K (u),<D> - <f(T (u) , <p) by Lemma 3-3-10;
— JF • ™*i* * *

" ls ' sand -i K lim f < P CT (T (u) , B\j, nA ~s ~r

. ,x _ . r* » . _. , v _ -isT(K) -irT(K) x= -i K lim / < P A 0 (u). B*e e <P / dsn-s* i f

Hence W (^)CT ^ 0" K W

REMARK 3-3

However, much more than the similarity relations is true. The ultraweak

limit W(K) of OT K o" as t —— ) 1 » exist and coincide with W4 OO.
u "• U <**~ ~-

To show this, notice that

(u), e = 0'u,> + lim
-t ' T t -t ' 7' il->co

o

r

Hence <T W+ (K) (u) ,(f> - C(Tt 0~ t (u) , «p> = i<^Y(u) . X. ^ , 

which tends to zero, as t — ̂ oo

As seen from our motivating example in §3«1i if the unperturbed 

system (T, is a group of automorphisms, then the resulting perturbation
I*

need not be. In this section, we consider how to form groups of

K
*-automorphisms from the perturbations 0, .

Again, M is a countably generated von Neumann algebra with discrete 

centre as in 3-1-8. Suppose (T, is a weakly continuous one parameter group
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of "-automorphisms of M, with J"V an auxiliary weakly continuous group 

satisfying (3-2.1). B,A 6 C0 (8l) are affiliated v/ith M and give left 

multiplication operators 6, 0( respectively, as defined in 3»2.2. 

Suppose (CT,^,fi(,fii) satisfy all the hypotheses of Theorem 3»3-1«

Note that D~ is a right ideal in M, and if x £. D_, y £ M 

then Mxy) = ft(x).y . This is the only new property of fi> that we need. 

NOTATION 3.4.1.

If 6 is a linear operator on M, with domain D. , we define 5 to be the
o

linear map on M, with domain (D ) * and 6(x) = 6(x*)* for x £ D .
0 6

THEOREM 3.4.2.

K
a ) If H€. D pt (x) = (3.(x*)* for x 6 M, defines a weakly 

continuous group on M, and if i^(K) denotes the infinitesimal

/ *Ngenerator of the strongly continuous group ( P.iJ * > then

T 2

Also W+(K)(x) = w <f (K)(x*)* x €. M, defines tv;o weakly continuous 

invertible operators on M, satisfying:
f** . » — \t. **»

ii) W^CK) = (T-weak limit pi 0~" 
* t —* + co ^ t -t

b) The following hold for all x,y in M, t £]R,Ke D 

iii) OT^(xy) = (3 t\x) CT

iv)

v) W4 (K)(xy) = ^Wj(K)x] y

\ /v / \ / \ r**' / \ "ivi) W+ OO(xy) = x W.(K)y i L r J

c) Suppose also, in the notation of (3.2.5), that for each

r I—} rn (r)* is strongly continuous from the left on (0,00). 

Then for each K in D, there is a weakly continuous one parameter group 

' on M, satisfying:
w



vii) T*(xy) = (J

Also there are two <?-weakly continuous invertible bounded linear 

operators -fl4( *0, for each K in D, satisfying 

viiiXAt(<)(xy) = W ± (K)(x) Wt (K)(y) V x,y £ M. 

ix) -n^dOtj* = crt Jlt (K) V t e K. 

PROOF.

V/e give the proof of b) and c) only. 

b) Using the notation of J3«3i we show by induction on n that

U (t)(xy) = U (t)(x) 0"~,(y), Yx,y£ M, t £ o. n n —t

If <pe M*i then
' £

< Un (t)(xy),(p> = lim f <Pn A U (r)(xy), r^e"~l(t~r)T<p ) dr
rn-}co o

= lim f ^ P A U (r)(x) 0~~ (y), P^e "r 0} dr 
m->oo o

<U (t)(x) 0" . (y),00> ,
Zl ™" I/ •

using the i&eal property of D~ etc. Similarly for t < o.

This proves iii), and we can prove v) in a similar fashion. iv) and vi)

are immediate consequences of iii) and v).

c) For each K in D, t in 3R, we can define a linear map l£ on M

such that rl(x) = 0\ (x) PXl) V x 6. M.

tf t \. »t/ \ T± t \ t-7

TVir>n />• (w) — (T l V) /") i v) UvvcM "h^-TRld^D j. lit-11 ^p . \J^j / — ^~'A.\-"-/ r-J A.\j / ••"•ij'C'i, ^c JTV , »>• ^ J-/.

Clearly x ——> t'iCx) is o"-weakly continuous on M.

The additional continuity that we are now given, shows that r I—J (U (r)x)

is strongly continuous from the left on (0,00).

But 1-K.(x) = (T(x) + § CT*(1) U (t)(x*)* (iK) n . 
t o. _,. u n

Hence T.(x) is 6'(M,M 1# ) continuous in t from the left on (o,«). By the

< *
group property of T it is continuous from the left on 3R. Hence (T,)*

is a strongly continuous group on 3R. 

The remainder is clear.

REMARKS.
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3.^.3. For the motivation of the condition in 3.^.2. b, see the proof of

1 36, Lemma k.2. Tj . 

3-^.^. If, as often happens in practice, it is true that

,.. x (W ) . . . = st lira e

GO)

(Jl (O)•+

K st lira e (7 ,)*,then 

and

Each map T1! is a *-map for v^ real in D, t £ 3R

o~-weak lira 7* (57 . —t t

3.^.6. We can regard the infinitesimal generator of *, as

representing i )T + K ( 0( ^B^ - o( tf l! # )l . This can be formally 

justified as in 3.3.11.

We now consider the automorphism property.

HYPOTHESIS 3.^.7.

Suppose v € M % has the following properties:

i) v and v* £ DR"*

ii) There exist $., v\., f., g. in o\ satisfying

m £ M,

Bill (hill <-
D andii)

Then we say ^ ,fi satisfy hypothesis 3-^-7, if for all such v,

oo

THEOREM

Under the conditions of Theorem 3«^«2 and Hypothesis 3.^-7, Tl is a 

group of automorphisms for all K in D, t in 3R.

PROOF.

It is enough to show that

This is achieved by showing that

= 1, for all t in 3R, K in D.

D;

i.e. we will inductively show that



CT [~U (t)(1)* I = U(t)(D f or m >, o. (3-^.9)
~ u L. Hi ,^ Hi

Let w denote the vector state f (&) *\ , where f ,*^ 6.

Then <U (t)d)S,n> = <fSm ,(l), Z.(w)> m * m™" i u

lim <(PnA) U

and

- lim <(PnA) UQ (s)1, B,,Um_ 1 (t-s) )(l (Cr_ t ) >(< w*> ds.
o

Thus 3-^-9 follov/s by induction and our hypothesis.

Hence

= CTt (D = 1.

The above theorem can be regarded as the algebra level analogue of 

REMARK 3. If. 10.

It is possible to treat potentials of the form £ fi> Ctf using 

our method, if we replace ^M ( K ) by ^M( ̂  A lifO , the natural 

subspace in B( S\ i
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CHAPTER 4.

V/e now consider time dependant perturbations and scattering 

of strongly continuous groups on Banach spaces. V/e try to solve the 

equation

id#(t) = K(t)^(t) 
dt

where K(t) = K H- V(t), and iK is the unperturbed infinitesimalo o

generator of a strongly continuous group on a Banach space E, and V(t) 

is a time dependant perturbation. Expecting the solution to be given by

a propogator U(t,s) we study the scattering operator

' ~ ... iKtTT / , , v iKt S = lim e «U(t,-t) e °

Following Rowland [26] , we reduce the problem to the situation 

handled in Chapter 2, where the perturbation V(t) is time independant. 

This method corresponds to a technique in classical mechanics of 

introducing the time and energy of the external source as conjugate variables. 

V/e consider the infinitesimal generator

K = -ij&_ + K(t)
dt

on the spaces L ( IR:E) 1 £ p«0 . and C (3R;E). Formally K satisfies

(4.0.1) K M(#) - M() K = -i

for every 6 6 C^ ( 3R ) , where (M^f)(t) = ^(t)f(t), and $ =
dt 

We will characterise the infinitesimal generators on C ( ]R;E)

(respectively LP(]R;E)) satisfying 4.0.1 in J 4.1 (respectively §§ 4.6-7), 

and show how the scattering of such operators determines the scattering 

of their propogators in § 4.2. (respectively § 4.8) Finally in §§4^3-5 

(respectively §§ 4.9-10) we apply this theory using some amenable potentials,

Note that in practice, the choice of which space to take, 

namely TL (E;E), C ( 3R;E)j , depends on what smoothness properties V(t) 

has. V/e also point out here that if E is a C*-algebra, then so is
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C ( IR;E) ; and if E is the separable predual of a von Neumann algebra

1 then so is L ( HR;E).

n * 
Let C IR ) be the commutative C -algebra of all complex valued

functions vanishing at infinity on Euclidean space 3R . Let E be a 

Banach space, and let C ( IR ;E) be the Banach space of all E-valued 

continuous functions vanishing at infinity on IR , with the supremum norm. 

For f £ C (!Rn ), x e E, the mapping <E>: f«x \——> f(t)x of C (IRn )©E

into C ( IR ;E) can be extended to a linear map of C ( IR )OE. o o

Grothendieck, j^23l , showed that j|(J>(v/)Jj - ||v/jj A the injective tensor product 

norm (for all w 6. C ( IR ) QE), and so (J> can be uniquely extended to 

an isometric linear mapping of C ( IR )®*E onto C ( IR ;E). We shalljrr- o o . O

identify C ( IRn ) ®A E with C ( IRn ;E) under this map <£.. Note that if 

E is a C*-algebra, C ( IR ;E) becomes a C*-algebra with the product as 

pointv/ise multiplication.

For each s € 3Rn , let A(s) £ B(E). Then fi——» (A(s)f(s)); 

f£C ( IRn ;E) defines an element of B(C ( IRn ;E)j iff

4.1.1) s |———* A(s) is strongly continuous on IR

4.1.2) sup ||A(s)|| < oo .

In which case IIAII = sup ||A( S )| » an^- each A(s) is uniquely determined
i I I I I Tf\ ̂^"s ' * n

by A. We call such an A, a bounded multiplication operator on C ( IR ;E).

In particular, each element <f> of C ( IR ) defines a bounded 

scalar multiplication operator M(j^) on C ( IR ;E). If A is a bounded 

multiplication operator on C ( IR ;E), then

A M(0) = M(0) A V </> € C(lRn ).Q

The following proposition shows that this property characterises bounded 

multiplicationoperators on C ( IR ;E), and is analogous to the corresponding 

L -result, see k.6 and[26j.

We denote by C, ( IR ;E) the Banach space of all E-valued bounded
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continuous functions on 3R , with the supremurn norm. Each bounded 

multiplication operator A on C ( 3R ;E) has a natural extension to 

Cb(En ;E) as follows: (Af)(s) = A(s)f(s) f C Cb (Kn ;E).

PROPOSITION ^.1.3.

Let A £ B/C Q ( lRn ;E), Cfe ( ]Rn :E)J . Then A is a bounded multiplication

operator on C ( 3Rn ;E) iff

A MU) = M(rf) A V d$ C C ( ]Rn ).
7 OQ 

PROOF.

Let A C B(CQ ( ]Rn ;E), Cb ( 3Rn ;EJ] such that AM</ = M0A \} <f> € CQ (]Rn ). 

Let x £ E, and fix s € 3Rn . Take ^ C ( IRn ) such that p(s ) = 1. 

Define A(s )x = (A($©x))(s ). V/e show this is well defined. Suppose 

£ Co (3Rn ), # 1 (s Q ) = 1 = ^2 (sQ ). Take 0n e CQ ( ]Rn ) such that

(s) = 1 if |s| $ n

0 if |s| >, n+1. j| vl/n || < |

Then ^ ^©x, y- ^p®x ———^ ^<S x, ^_® x respectively in C ( 1R ;E) 

as n ——> co . Moreover

Hence A(yn ^®x) (SG ) = A(^n <^2® x) (sf ) .

Let n-)w , then AC^QxXs ) = A(^2 ©x)(s ).

Hence A(s) is well defined on 3Rn , and if x £ E, <j> eCQ (Kn ), f(s ) = 1.

we have ||A(S O )X|| = |A(^x)( 6<> )|| ^ ||A|||| ? ®x|| = || A | ||9|l (xfl .

Hence each A(s) is bounded, and clearly linear.

Let Vf/ € C ( ]Rn ) be arbitrary, then

Q ) A(S Q )X = A(S O )(VJ.(S O ).X). 

Hence (Af)(s) = A(s)f(s) V f £ C ( ]Rn ) QE, and it is easily follows 

that this is also true for all f in C ( ]R ;E) , and that

A [Co (Bn ;E)) c. Co (Bn ;E).

Thus A is a bounded multiplication operator on C (3R ;E).
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Multiplication operators v/ill be used in the theory of strongly 

continuous propogators, which we now define. 

DEFINITION k.l.k.

A strongly continuous propogator on E is a family U(t,s)of invertible

2 operators defined for (t,s) in 3R" such that:

a) U(t,s) is jointly strongly continuous in (t,s).

b) The Chapman Kolmogrov equation holds i.e.

U(t,s)U(s,r) = U(t,r) , V(t,s,r) € IR3 .

c) U(t,t) = 1, \/ t e 3R.

The propogator is said to be bounded if |jU(t,s)|| is a bounded function

on IR2 .

Given a bounded strongly continuous propogator U( , ), the 

formula

• (e~ 1(5Kf)(t) = U(t,t-a)f(t-o-) for f e C ( 3R;E)

defines a strongly continuous bounded group on C (]R;E). By abuse ofo

notation, we refer to K as the generator of the group. As a non trivial

2 example we can consider U(t,s) = 1 on 3R . This gives the group of

translations

(To.f)(t) = f(t-o-) for f 6 Co (3R;E),

for v/hich the generator K = -i d .
dt

Note that if the strongly continuous propogator U defines the 

strongly continuous one parameter group e on C (IR;E), then

(e" vT_af)(t) = U(t,t-cr)f(t) for f 6 CQ (3R;E).

— i rtK
Hence for each o~ £ ]R, e T is a bounded multiplication operator 

on C (]R;E). Moreover if 7X. is the invertible bounded multiplication 

operator on C ( !R;E) defined byo

(Kf)(t) = U(t,o)f(t) for f € CQ (]R;E),

then for all o" 6 IR,

-i<5K
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That is, e is similar to the group of translations T^, with a

connecting operator 1L v/hich is a multiplication. In order to characterise 

such strongly continuous groups on C ( ]R;E ) we make a definition.

DEFINITION 4.1.5.

A bounded evolution group on C ( ]R;E) is a strongly continuous one

— i C5K — 
parameter group e on C (IR;E), such that for each (Tin ]R, e~ T

is a multiplication operator on C (3R;E).

By Proposition 4.1.3, a strongly continuous bounded group e

is a bounded evolution group on C ( ]R;E) iff

3R ),

or equivalently

e~iOKM(j6)eiOK- TM^TMC) where

V/e can now .characterise bounded evolution groups in terms of 

strongly continuous propogators. This should be compared with the 

analogous L result in ^4.7 and j_26J .

THEOREM 4,1.6.

A strongly continuous bounded group e on C ( 3R;E ) is a bounded evolution

group iff there exists an invertible bounded multiplication operator

on C ( ]R;E ) such that

e-i6K = -UTU-1 Vaem.

PROOF.

Let F = C ( 3R;E ) , and G = CQ ( 3R;F).

Define an operator ]J on G by

(Vf)(o-) = e" i(5KT_ cyf(cr) for f 6 CQ (]R;F).

Then V commutes with multiplication by any continuous scalar function 

on K vanishing at infinity ^(o), and also with any operator of the form

r), v/here M(cf) is multiplication on F = C ( !K;E ).o
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G may be also considered as C ( E ;E). by making the element f(t,o) of

p C ( E";E) correspond to the element f(o*) = f(-,<7) of C ( 3R;F ) . When

V is considered as a bounded operator C ( 3R;E ) the above commutation 

properties means that V commutes with multiplication by C ( 3R )« Hence 

by Proposition ^.1.3-1 there exists an invertible operator V(t,o) in 

B(E) for each (t,c5) in B2 such that (Vf)(t,<5) = V(t,o")f(t,tf) , 

tf f £ C (]R ;E). Define U(t,s) = V(t,t-s). It is easy to check

using the group property of e that U(t,s) is a strongly continuous
* /^T/"

bounded propogator onE, which induces e on C (]R;E).

REMARK J+-1.7.
—1

a) If I/ . and !/» are two such operators, then 7A lip is a constant

multiplication. Hence IL (t) = Up(t)B, where B is invertible. This 

means that the propogator Ll is uniquely determined, and there is a 

one-one correspondence between bounded strongly continuous propogators 

and boundedevolution groups.

b) Since the operator K is similar to -i d , we can calculate its resolvent
dt 

from

It is given by
t

(K -5)" 1 f (t) = i J ei!(t"s) U(t,s) f(s) ds ; im | > o

s) f(s) 
t

As in the hilbert space situation [26J, we can give equivalent

— T oK 
conditions on a bounded strongly continuous one parameter group e ,

in order that it is a bounded evolution group. The first condition 

involves the unbounded operator K, and the second, the bounded resolvent
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THEOREM 4.1.8.

— 
A bounded strongly continuous one parameter group e~"" on C ( ][R;E ) is

an evolution group iff one of the following equivalent conditions holds:
t

a) M(j6)D(K) C D(K) and KM(jOf - M(^)Kf= -i 

for every <h e C 1 ( ~R ) , f £ D(K) where % =
dt

b) (Let R(^) = (K-f)"1 for im f ^ 0)

For all <f» £ C 1 ( B ) , iraf 0,

We are nov; in a position to start studying scattering using time 

dependant perturbations. Again, E denotes a Banach space.

Given two bounded strongly continuous propogators U(t,s),U (t,s), 

one may consider wave operators

W (s) = st lira U (s,t)U(t,s).
±00 °

The scattering operator is formally

S(s) = W+ (s) 

These operators for different times are related by the formulas

W (t) U (t,s) W (s) U(s,t) 

and S(t) = U (t f s) S(s) U (s,t).

The usual scattering operator is associated with time t = o, S = S(o). 

Let K , K be the generators of the bounded evolution groups associated 

with U , U respectively on C (]R;E).

Then f or f £ C (E;E), (<r,t) C ]R2 ,o

(e i6K°e~ i<5Kf)(t) = U (t,t+tf) U(t+tf,t) f(t) . 

This observation, and the following lemma yields Theorem 4.2.2.

LEMMA 4.2.1.

Let T be a sequence of bounded multiplication operators on C (]R;E ) such n o
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sup ||Tn || < oo .

Then st lim T exists iff st lira T (s) exists for each s in 3R , n n

with uniform convergence of T (s)x (for each fixed x in E) over compact

subsets of 3R. In which case st lim T - ( st lim T (s) ) .
n-» to n-} «o

THEOREM k.2.2.

-ioK ~. m ^,-1 -iolC n/ _ -),-1 , . . .. , , , e =T/TUL , e ^ = W T u.. are tv/o strongly continuous boundedv^~ (J 0 Q- 0 D •>

evolution groups on C (]R;E). Then

i n « ~r j_ V-/J.V ^ ™" J- OJtV= st lim e *e

exists iff W (s) exists for all s €- 13? , with

W (s)f = st lim U (s,cr) U(cr,s)f 
cr— *eo

converging uniformly over compact subsets of ]R, for each fixed f in E.
si

In this case CO , and TA^ L\ 1C are multiplication by W (s) and the
+ O + 4-

constant operator W (0) respectively. If ̂ £ = (jj CU exists, then+ + [ -j

is multiplication by the constant operator S = W W~ .
"T" "™

In v^»3 tco4.5 we are going to consider explicit situations

where scattering of bounded evolution groups in C ( 3R;E ) does occur.

Again we consider a Banach space E. Let e be a strongly 

continuous one parameter bounded group on E. Define U(t,s) = e 

to be the associated bounded strongly continuous propogator on E, where
y-» • ^f « J-

(t,s) £ E , and e to be the corresponding bounded evolution group 

on C (K;E). We let M = sup ||e lYt || < oo . For each s in 3R, let
ttfE 

D(s) £ B(E) such that

^.3.1) s 1 —— > D(s) is strongly continuous
CO

k.^.2} ||D(s)||£ L1 (I?), and put C=||D(s)|| ds .
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LEMMA 4.3.3-

For f 6 C ( 3R;E), t V, o, n £ 1, the Bochner integral

pn (f,t)(s) =//-/:'
o o

defines an element p (f,t) in C ( 3R;E ) such that

n

It follows that there exists A (t) in B(C ( 3R;E )) such that 

f»n (f,t)(s) = (An (t)f)(s) and ||An (t)|| $ Cn M11 "1" 1 . We can similarly 

consider i. ^ o.

LEMMA 4.3.4. 

V,X f = eiKt +
Oft

(i A ) n A (t)f f or f €. C ( E;E ) and At C satisfying
n=1

JX j < 1/CM defines a bounded strongly continuous group on C ( 3R;E ).

We denote the infinitesimal generator of V, by iK(^). Also, 

we say f £ C ( 3R;E ) is in £(D) if D(s)f(s) lies in CQ ( 3R;E ) and put

Df = (D(s)f(s)). Then De€ (c ( K;E )) ./o\ o

LEMMA 4.3-5-

If Xe €, |\|<1/CM, K 2K(X)-XD

K(X) 2 K + AD.

PROOF.

For n >, 1. define D (s) =' n D(s)

0

|s| < n

n ^ js| < n+1

[s| >, n+1

and let D be the associated bounded multiplication operators on C (]R;E).

Then f ||Dn (s) - ds 0 as' n — >oo , and if ft , lira D f = Df,



Moreover if f C C^( 3R;E )

I e D ( v n

° fc 
e*" v ' /w f= e~""f + iXlim f e lK(t~s) D e lK( )sf ds

n-> oo o 

where the convergence is uniform over t 6 (o, M ).
(O

However i(K(X) -z)~ 1 = iR(z,K(>)) = f e"lzt e lK(X)t dt for im z < Q.
v/O

Hence R(z,K(>0)f = R(z,K) - lim R(z,K) D R(z,K(A))f.

It follows easily that K ? K(O - V D.

The other relation can be proved similarly,

THEOREM k. J). 6.

rm, 4. ( ^ 4. T itK(/\) -itK The wave operators tu^. = st lim e e

exist on C ( ]R;E ) and are invertible, for jA|^1/CM. The scattering

, . /x -1 /t ., . -itK 2itK(A) -itK . -, *. • .matrix O (J = st lirn e e e is analytic in
^ n t^ oo

and given by 2 (i^)nS where S is the bounded multiplication operator

on C ( ]R;E ) given by

po po oo

Sn (s)(x) = (-D 11 /* /" .-• /"eiY(s- S ' ) D(s 1 )eiY(s '-s » ) ....D(sn )e iY(s^S

-00 5, *n-.

for x £ E.

PROOF.

,, . , n IT- —itK 2itK(A) —itK m. ••>*<•, r> We consider only st lim e e e The remainder of the proof

is similar. If f € C ( ]R;E ), t > o
\J f^,^

-itK 2itK(^) -itK „ V^ /. v >>n , w e e e f = / v CIA) B (t;f

where B (t) is a bounded multiplication operator on C (3R;E). If x € E,

Bn (t)(e)x =

' " e iYs

t -t -b

Thus IB (t)(s) £ Mn+1 Cn .n " oo

Moreover if f £ C ( ]R;E ) lim I ||p(s-u)|| l|f(s)|| du = 0, uniformlyo ^/

over s £ HR.



In this way we see st lira B (t)f = S f , where S is the bounded
i a. a a. 
t-> CO

multiplication operator given by 

Sn(s)x

= II •••• F e 'vD(s~s.)e *"" ' ..... D(s-s )e~ s"x ds .... ds. v j v/ I n n 1
- CO -00 — oO 

. oO

- CO S, f.
1 WK » |

It is clear that e is a bounded evolution group, and by

Theorem 4.2.2. there is a corresponding scattering result for the

iYt propogators. Note that if E is a Banach algebra, and e is a group

of automorphisms and D(s) is a derivation for all c, then e v (and

its propogator are also automorphism of the algebra C ( 3R;E ) (E,respectively)

• Let A be a Banach algebra and { e : t 6 3R [ a one parameter 

strongly continuous group of automorphisms of A. Suppose a,b, 6 A and 

define V€ B(A) by Vx = ax +xb for x £ A. We suppose that there exists 

a family /A of Banach algebra representations (i.e. each element TT of 

is a norm decresing algebra homomorphism from A into another algebra,

<

which may depend on IT ) satisfying

iKt xll ,.. r n _^/ iKt,
M = max sup J ||ir(e lKta)ll dt , sup J ||TT(e lKtb)|| dt

-co

iKs4.4.2) If x £ A, lira f N(e y)lllTx|| ds - 0 y = a,b
t-> t

uniformly over ~TT£'^ ; with analogous behaviour at - °o .

4.4.3) 'K determines the norm of A i.e. -^ d > o, such that for all 

x in A : ||x|| = sup||-rrx|| ^ d -||x|| .

PROPOSITION 4.4.4.

Under the above conditions 4.4.1 to 4.4^3* "the strong limits of

t(K+XV)t rKt ±Kt q?(K + XV)t e e : e e
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exist on A, for X € C, |X|<1/2K, and the limits are analytic on this domain, 

That is, the v/ave operators and scattering matrix exist on A. 

PROOF is similar to that of 4.J5.5.

COROLLARY k.k.5.

iYt Let E be a Banach algebra with e a bounded strongly continuous one

iKt parameter group of automorphisms of E. Let e be the induced bounded

evolution group on C (IR;E). Suppose a,b £ C ( IR;E ) , and put

Vx - ax + xb for x £ C ( ]R;E ) . If
( e» oo

M - max f||a(s)|| ds, / Hb(s)l| ds | <
( -co -«*

then the strong limits of

1(K +XV)t }Kt ±Kt + (K +W)t e e ; e e

exist on C ( 3R;E ) , for IAK 1/2M, and the limits are analytic on this domain. 

That is, the wave operators and scattering matrix exist on C ( ]R;E ) .

Thus 4.4.4 can be regarded as an abstraction of 4.3.6.

iYt Let E be a separable Banach space and e a one parameter strongly

continuous continuous bounded group on E. Let F be another separable 

Banach space and o(.fi> 6.B(E,F), B(F,E) respectively, and </>,<j~ are continuous 

complex valued functions on 3R. Define A,B in B/C"( 3R;E ), C ( B;F )1 

B/CQ ]R;F ), CQ ( K;E )] respectively, by

(Af)(s) = dKs)rff(s) f e C (E;E)o

(Bg)(s) = f(s)6g(s) g e C (E;F).* -U

Let V = BA £ B(C ( 3R;E )) , and e1 be the bounded evolution group on

iYt on C ( E;E ) induced by e on E.

PROPOSITION 4.5.1. 

Suppose that:
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°° • -y-t-

a) C = f lloce"" 1 *^!! dt < oo
- eo

b) D (oC) is dense in E, and <j> € Lq ( 3R ) for some (p,q) , v/here 

1/p + 1/q = 1 ; 1 £ p £ oO .

c) ft* is (Y,Y,1)*smooth.

Then the strong limits of e±itK e* it(K +' XV)' ; e' it(K +AV) ^ i

exist on C ( 3R;E ) , for |X|<1/M, where M =

i.e. the wave operators and scattering matrix exist on 1A|<1/M. 

The proof is an application of Theorem 2..J>.k.

Jit.6.

Let (.Q , "^ , /*• ) be a localisable measure space with a positive 

measure /* , and E a separable Banach space. For 1 £ p<w , let L (A;E 

denote the complex Banach space of all E-valued functions f on /I , such
*1

that f (• ) |jf(')(l • is strongly integrable. If p = 1 , we can identify

1 1 ^ L (A ;E) with the protective tensor product L C^)® E. The dual of

1 oo
L (A ;E) is isornetrically isornorphic to L (A;E*),the space of all

E*valued, essentially bounded, 6(E* ,E)/\ -measurable functions on H . If 

f C L (-H-tE). © 6. L (n.E*). then under this isomorphism:

For details see J23J.

When 1 < p <<» , it is much harder to identify the dual of 

IT (Si ,E) , although this is possible in certain circumstances; see for 

example Pl5,42j . However, since we will be concerned mainly with 

euclidean n-space E', equipped with Lebegue measure, the following will 

be sufficient for our purposes 

If f ^ L^(3Rn ;E)*, where 1 < p < w , then there exists a mapping F.from 

if into E which is weakly measurable (i.e. ^e, F(-)> is a measurable 

function on E for each e in E) such that
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4.6.1) <-f, p> = /<F(t) , f(t)> dt

4.6.2) and ||p || - ll||F(t)|| q dt I1/q where 1/P + Vq = 1. 

F(t) is uniquely determined by © almost everywhere. Conversely if F is 

a weakly measurable function for which the right hand side of 4.6.2 is 

finite, F defines via 4.6.1 a continuous linear functional ^ on L^( 3R ;E) 

for which 4.6.2 holds. We will use the same symbol p for an element of 

Is( 3R ;E)* and its associated function F(« ) defined by 4.6.1.

Let us consider the following examples: 

EXAMPLE 4.6.3.

Let (-Q. , J ,/O be a measure space with positive measure yiX , and E = °\ 

is a separable hilbert space. Then L~(-Q,fa) is a hilbert space, naturally
*"^

isomorphic to the hilbert space tensor product L (-^-) ® t^ .

EXAMPLE 4.6.4.

Let (-Q, J- ,u ) be a localisable measure space with positive measure/A . 

Let M be a von Neumann algebra with separable predual M,,,. V/e take p = 1 

and E = M,,,. Then L CO ;M) is a W*-algebra under pointwise multiplication 

with predual L (J7JM,,,). The mapping

f ® m ———» f(t)m f 6 L(J1), m e M 

can be uniquely extended to a W*-isomorphism of the W*-tensor product
** r~ -i

M onto L C/1",M). For details see |_5^J •

Rowland [26], developed a theory for handling time dependant
^*

perturbations on a separable hilbert space A , by considering L ( ]R ; 

In our theory, we will treat a separable Banach space E, by studying 

L^( ]Rn ;E ) . It will reduce directly to Rowland's work, by this special 

choice of §") and p. Our work will also raise Rowland's theory to the 

von Neumann algebra level by considering Example 4.6.4.

We v/ill first develop the theory of multiplication operators.
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Let ( JT , $- ,^) .be a localisable measure space, and E a separable Banach, 

For each cj £ fl , let A((J) € B(E), such that < rn, A(w)e> is a measurable 

function for each meE* , ee.E; i.e. A(u)e is measurable for each e in E. 

Then we can define an element A of B/LP (A. ;E)) by

4.6.5) (Af)(u) = A(tJ)f(u>) for all f in LP (n. ; E), 1 < p<«o. 

Clearly || A || £ ess sup ||A(u>)j| .

A special case of this is the scalar multiplication operator which we now 

define. For each d in L (A), let M(^) be the operator on LP (J1)E) 

defined by

4.6.6) (M(f)f )(*»)= 0(u») f (w) a.e. on /I , f or f 6. LP (/1;E). 

Clearly if A is as defined in 4.6.5, then

The next Theorem shows, that if (H,£-,yn) is o"-finite, then all bounded
'j 

linear operators on L (Jl ;E) which commute with K(^L(-^-)) can be

constructed in this way.

THEOREM 4.6.7.

Let (A,^-,yu) be a o-finite measure space, with ^x a positive measure.

1 Let E be a separable Banach space. A is a bounded linear map on L (Jl ;E)

such that A M

Then for each <J inJ^L , there exists A(u>) 6 B(E) , such that

i) u \ —— > A(^>)e is measurable for each e in E.

ii) If f £ L1 (J1;E), then (Af ) M - AMf(w) a .e.

) is uniquely determined up to a set of measure zero. That is if A. 

lies in B(E) a.e. in , and (Af)M = A^co) f(w) a .e. for 

each f in L1 (-fl,E), then A(w) = A^(w) a.e. 

Moreover, ||A|| = ess sup ||A(w)|| .

PROOF.
* 

Let V 6 L (-A ) be strictly positive almost everywhere, and jf> a
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a countable linearly independant set in E, whose linear span is dense in 

E. Define e = ^ ® ̂  £ L1 (H ,E) , n = 1 ,2, ......

.e. w = w < a.e.

Take g £ LW (A;E*) = L1 (JV,E)*.

Then <'A*g, 6 > = <g, A© > means that

f ^(A*g)(«), 6 (u*)> d/i(w) = f <g(u>), (A9 )(w)> 
v/A n *n n

But A M(<£>) = M((f>) A for all 0 in L^C/l). By considering characteristic 

functions of measurable subsets of O. we see that

, 0 (<0)> d/*0o) = <g(u>), (A0n

for all A 6

Hence ^(A*g)(u), 0n (^)> = *f («->), (A0 ) M > a.e. in JT. ,

i.e. ^ (A*g)M, yi- n a.e.

Let E = linear span of Jy- : n = 1,2,.. \ . For almost all ^ in 

we will define an operator C(**•>) on E, with domain E , putting

= 1 (A0 )(w) a.e.n n
and extending linearly.

Then for all g in L°(/1;E*), g(u») 6 ^C(<*))* a.e. ( this null set may

depend on g) and (A*g)(w) = C ((•>)* g(w) a.e.

We will show that C(") is essentially bounded, and

ess sup || C(w)|| £ ||A|| . 

Let |*| : n £ M j be the countable dense set in E obtained by taking

linear combinations
N

nn=1

where A lie in a countable dense subset of C. 
n

For xifert , let Sn = { u £ fl : ||C(u)»|n || > ||nj| ||A|| ) , 

and S = f w t -0. : C(w) is either unbounded, or ||c(<*>)ll > ||Allj .

Then S = 0 S .
n=1

Now if X ^ C, n = 1,2,....,N
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X (A6 )(ui) = 1 A(y®(£x .0))M a.e.n n n n n ' n

Hence each S is measurable. We will show that S is null. Take ^6 S , n n

then ||A||||1 n || YM < K(w) IICMlJI = (A(y®rj n )(ui)|

It follows that for almost all w in

(* m(-}|hj| < ||A(7<S Y) • 1
n L n J 

We deduce

Y® Ml = A / ( * s y)(u) II
n n

A

s m® n n]|| 
s P A II »xs r « i n n

n 

( |[A( ^ ® »| n ) ] («)|| - ||A||||n n || /(«) J d^M = 0.Hence

We must conclude that S is of measure zero, for each n. S null meansn

that C(U>) is bounded almost everywhere, and j|C(^)|| ^ |JA|| a.e. 

Let A(u») be the unique bounded linear extension of C(tJ) to E. 

Then A(u>)* = (C(«o))*, and if g £ L°*(Jl,E*), then

(A*g)(u) = A(w)*g(w) a.e.

By redefining AC^) on a set of measure zero, it follows that A(*) satisfies 

properties i and ii asserted in the theorem. The uniqueness is clear since 

E is separable.

In Euclidean n-space IR , with Lebesgue measure, we have an a 

alogous result when 1 < p <r» . Taking £\ to be a separable hilbert 

space, and p = 2, the next theorem reduces to

L"ClRn ;B(*x)) = M(L°°(]Rn ))' [VJ .

$0 Y")
(Here M(^), for ^ € L ( IR ) denotes the scalar multiplication operator 

on L2 (]Rn ;&\).)
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THEOREM 4.6.8. •

Let E be a separable Banach space, and 1 £ p <oo . Let A be a bounded

linear map on Lp ( 3Rn ;E ) such that A M(<£) = M(/>) A V 0€ L°"( Kn ).

Then for each u €. 3R , there exists AC00 ) in B(E) such that

i) & —— > A(«o)e is measurable for each e in E.

ii) If f G LP (E n ;E) then (Af)M = AMfM a.e.

A(-) is uniquely determined up to a set of measure zero, and

|| A It = ess sup |j A (")|| .
JC 

/ 
PROOF.

The proof is analogous to that of Theorem 4.6.7« We use 4.6.1. and 4.6.2 

to identify LP ( IRn ;E)*.

DEFINITION 4.6.9-

If E is a separable Banach space and 1 $ p < oo , a bounded multiplication 

operator is an element A of B(LP ( ]R ; E)y satisfying 

A M(0) = M(^>) A \/^ C L°(]Rn ) .

For such an operator A, we define I A(w) : tj € 3R j to be a family

in B(E) such that (Af)M = AMf(<*>) a.e. for all f in LP(Bn ;E).

Note that such a family exists and is uniquely determined up to a set of 

measure zero by Theorems k. 6. 7 and 4.6.8

THEOREM 4.6.10.

Let E be a separable Banach space and 1 $ p < * , with A a bounded multiplication

operator on L ( 3R ;E). Then A(t) is equal almost everywhere to a

constant operator iff

(4.6.11) AT(T = To- A V °" 6 3Rl1 ' 

where (T f)(t) = f(t-cr) for f £ Lp (3Rn ;E).O"

PROOF.
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Let F = LP ( IRn ;E) , which is separable since LP ( ]Rn ) and E are. 

Define JJ , 9V in B(LP ( ]Rn ;F)) by

CJ&M = Tg(o)o

and (9Vg)(o) = A g(a) for g £ Lp (J?n;F) .

If AT^ = T^A a.e. then J ~ 1A 3 - ft on LP (]Rn ;F).

But LP ( TR ;F) may also be considered as LP ( JR n ;E ) by making the element

f(t,o-) of LP ( ]R n ;E) correspond to the element f(<j) = f(-,oO of

Lp ( IR ;F). By considering 54- and U as bounded multiplication operators
*-*i

on LP ( 3R n ;E) , relation 4.6.11 means that A(t+ff) = A(t) for a.e.
^"w

(d,t) in IR Hence A(t) is constant almost everywhere. The converse

is trivial.

REMARK'4.6.12.

Let A be a bounded multiplication operator on L ( 3R ;E ) . Then if A is

invertible, A M(^) - M($) A V ^ £_ L°°( IR ) .

Hence A is a bounded multiplication operator and clearly A(t) is

—1 —1 
is invertible a.e., and A (t) = (A(t)) a.e.

Conversely, suppose A(t) is invertible a.e., and for each e in E, A(t) e 

is measurable with ess sup |JA(t) ||<W • Then A is invertible and 

(A~1 f)(t) = A(t)~1 f(t) a.e., for f in LP ( IRn ;E ).

§ 4.7.

In this section we develop the theory of time dependant 

perturbations, which extends [26jt° the Banach space situation, and 

allows us to treat weakly continuous groups on von Neumann algebras. 

We therefore let E be a separable Banach space, and fix p in [1, <»). 

Given a bounded strongly continuous propogator U(«,O, as 

defined in 4.1.4, the formula

(e"idKf)(t) = U(t,t-<5)f(t-<5) for f £LP(E;E), 

defines a strongly continuous bounded group on F = Lp ( ]R;E ) . By abuse



of notation, we refer to K as the generator of the group. As a non 

trivial example we can consider U(t,s) = 1 on 3R . This gives the group 

of translations

= f(t-o-), for f in LP ( E;E )

for which the generator K = -i _d__ .
dt

Note that if a strongly continuous propogator U defines the strongly 

continuous one parameter group e on F, then

(e" 1(3KT_6f)(t) = U(t,t~<5)f(t) for f in LP (IR;E).

Hence for each cf in 3R, e~ T is a multiplication operator on LP ( 3R;E ) 

Moreover if "H is the invertible bounded multiplication operator on F 

defined by

(Uf)(t) = U(t,o)f(t) for f in LP ( E;E ), 

then for. all cr in 1R

e-ioK = -^T-U"1 .

—i6K That is, e~ is similar to the group of translations T , with a

connecting operator IX which is a multiplication. In order to characterise 

such strongly continuous groups on F, we need some more definitions.

DEFINITION ^t.7.1.

A bounded evolution group is a strongly continuous one parameter bounded

group e"l6K on F = LP ( B;E ) such that for each c5 in 3R , e"" lCKT_o.

is a bounded multiplication operator-on F.

By Theorems ^.6.7 and ^.6.8 , a strongly continuous bounded group 

is a bounded group if and only if

C L"( 3R ) ,

or equivalently
"16Ki<5KM(#)e = TaM(>)T-c. - M(^) where ^(t) = /(t-cr)
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DEFINITION k.7.2.

A bounded measurable propogator is a family of invertible operators
o 

U(t,s) on E, defined for (s,t) € E , and satisfying:

a) U(t,s) = U(s,t)" 1 a.e. (s,t) £. E2 .

b) U(t,r) U(r,s) = U(t,s) a.e. (t,r,s) £. E3 .

c) ||u(t,s)|| is bounded on E?

2d) <T m, U(t,s)e> is jointly measurable on E for each m £ E*, e e. E.

As in [26 J, we can identify bounded measurable propogators. 

The proof for the hilbert space situation readily extends to show the 

following :

LEMMA ^.7.3.

U(t,s) is a bounded measurable propogator iff it can be written in the

form

U(t,s) = U(t) U(s)~ 1

where for each t in E, U(t) £ B(E) satisfies : 

i) U(t) is invertible a.e. in E . 

ii) ||u(t)|J and ||U(t)~ 1 || are bounded on E. 

iii) U(t)e and U(t)~ e are measurable on E, for each e in E.

We can now characterise bounded evolution groups in terms of 

bounded measurable propogators. This extends the hilbert space result of

OJ-

THEOREM J+.7.4.

A strongly continuous bounded group e~ on LP ( E;E ) is a bounded 

evolution group iff there exists an invertible bounded multilplication 

operator 1C on L^( E;E ) such that
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e~±6K = XT""1 for all cr in ]R.

PROOF.

Let F = LP ( ]R;E ) and G - LP ( E;F ). Define an operator \l on G by

(Vf)(o-) = e~ l6KT_6f(6) for f 6 LP (]R;F).

Then V commutes with multiplication by .any bounded measurable function 

<^(6), and also by 4.7.1, with any operator of the form

f(d)—— M(^)f(d) where M(tf>) is multiplication on F = LP ('JR;E ) .
^*

G may also be considered as LP ( 3R ;E ), and when v is considered as a
***

bounded operator on L ( IR ;E ), the above commutation properties means
\ i **> 2

that V commutes with multiplication by L ( IR ). Hence by Theorems

4.6.7 and 4.6.8 and Remark 4.6.12, there exists an invertible operator 

V(t,<5) in B(E) for each (t,o) B2 such that

(V f)(t,6) = V(t,tf) f(t,cr) Vf C LP (]R2 ;E).

Define U(t,s) = V(t,t-s). Since the map (t,s) —>(t,t-s) is a one-one

2 measure preserving transformation of 3R onto itself, U(t,s) is well
—1 

defined, invertible a.e. and U(t,s)e and U(t,s) e are measurable for

all e in E. Consider the following relations as multiplication operators

P 
on Lp (3R;F ) and Lp ( 3R ;F ) respectively :

an/^ "J-x^-.-./ix „ _ , -j-^x m > I m fp-1- 1 " rp \m 1
ana e -(<y+-O " ^ -6 ; I (5^ 1 -T;i -<rJ

^v ^

We then express the results in terms of LP ( 3R~;E ) and LP ( E ;E ) 

respectively, as in the proof of Theorem 4.6.10, and deduce that

V(t-d,6) = V^Ctid) a.e. (d,t) in 3R2 

and V(t,(5+T) = V(t,<5) V(t-<T,-r) a.e. (tf,t,T) in I 

In terms of U, this means

U(t,s) = U" 1 (s,t) a.e. in ]R

and U(t,r) U(r,s) = U(t,s) a.e. in 3R , respectively.

By Lemma 4.7.3 and Remark 4.6.12, V(t,<5) ' = U(t) U" 1 (t-(5) a.e. in 

where (Uf)(t) = U(t)f(t), f C LP ( E;E) , defines an invertible
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bounded multiplication operator on F. The operation V ̂  of multiplication 

by e on L ( 3R;E ) is then given as

)f (t,(5) = U(t)tr1 (t-c5)f(t-o',o-) on LP CR2 ;E).

But (UT<J U~1 f)(t) = U(t)U~1 (t-a)f(t-o) for f € LP (E;E). 

It follows that on LP ( 3R ;E ) , multiplication by e"" 1 coincides with 

multiplication by "U T _H- . Hence by Theorems ^f.6.7-8,

e"i6K = ^T^1 a - e - in K •

Strong continuity shows that this equality holds on the whole of 3R. 

This concludes, the proof of the theorem.

REMARK ^.7-5.

a) There is a one to one correspondence between bounded measurable 

propogators and bounded evolution groups.

b) Since the operaor K is similar to -i d , we can calculate its
dt 

resolvent from
'-"Ui-1-iu

as in lf.1.7«b and

c) Suppose e~ is a strongly continuousbounded one parameter group on

L(E;E). Then as in *f.1.8 and L^Ji we can give equivalent conditions 

on K or its resolvents in order that it generates a bounded evolution 

group.

We are again in a position to study scattering using time 

dependant perturbations. We will particularly note what our results 

mean for von Neumann algebras.

Again E denotes a separable Banach space and p is fixed in 

,ex>). Given two bounded strongly continuous propogators U(t,s) and

U (t,s), one may consider wave operators :
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Jf.8.1. W (s) = lim U (s,t) U(t,s)

and require that the limit exists in the strong or weak sense. 

The scattering operator is formally

s( s ) = w+ ( s ) [wjs)]~ 1 .

The usual scattering operator is associated with time s = o, S = S(o) 

Let K, K be the generators of the bounded evolution groups associated 

v/ith U, U respectively, on L (3R;E). Then

= U0 (t,t+cr) U(t+(T,t) f(t) for 16 LP ( 3R;E ) . 

Thus if W (t) exists strongly (in the weak sense respectively) for all

t in ]R, then

n . idK -iGK = lim e °e
too

exists on Lp ( ]R;E ) in the strong sense (respectively weak), and is

multiplication by W (t). The scattering operator d - ($) (0) is
+ XV-<^ -f- —

therefore multiplication by the operator S(t). Hence, if 11 is
y»

multiplication by U (t,o), the operator It j?d}k~ is multiplication byo o o

the constant operator S = S(o).

We now consider bounded evolution groups in general. Let

= ](T U" and e~l * = U T M~ be two bounded evolution
0" O O O

e~l6K = ](T U"1 and e~l6K*
0"

groups on L^( 3R;E ) . The following theorem extends f"26j to our general

situation.

THEOREM If. 8.2.'

= st lim e1(3K e"l6K exists on LP ( 3R;E ) iff there exists

W 6 B(E) such that

(if. 8. 3.) lim fh ||hW (f) - U ~1 (t+o-) U(t+o-)f||p dt = 0,
o 

o

for all f € E, h ^ o.

In this case 1^~ (j£ U. is multiplication by the constant operator W ,

1 _1 n /•» 
(J" exists, then ]|" ^ (I is multiplication by the

constant operator S = W (W__
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REMARK k.&.k.

If there exists W. £ B(E) such that 4.3.3 holds, then

W f = lira 1 f U~ 1 (t+a) U(t+o-)f dt V f £ E, h > o. 
+ - °h w

COROLLARY 4.8.5.

If U(t) and U (t) are strongly continuous, and there is a dense set O 

in E such that U~ (t)U(t)x is uniformly continuous on t > T(x), for 

each x in 2) , then (J exists strongly iff the wave operators W (s) 

of 4.8.1 exists strongly.

We also give a form of [26,Thm 4J for the weak topology:

THEOREM 4.8.6.

If CO exists in the weak sense, then there exists W £. B(E) such that

<W f, 0V = lim 1 f<U (t+a)~ 1 U(t+cr)f, 8*> dt for all f 6 E,
4- ~r~ il O 'o'-xo h V0 

<f> £. E*, h > o. flf E is reflexive the converse also holds J .

In this case 11 CJ "\j^ is multiplication by the constant operator W .o + ~t~
i *i

If Jl - OJ L\~ exists, then *|[~ J( )/ is multiplication by the
i^T^^^r" *^~" t *"t ̂ ^ * ^^^. f^ ^\\ Jf'jf ^^^ f~)

	— 1
constant operator W (W )

COROLLARY Jf.8.?.

If U(t) and U (t) are strongly continuous, and there is a dense set

_1 
in E such that <U (t)U(t)f, d *> is uniformly continuous on t ">

for x €. E, ^ C E*, then Cj exists weakly iff the v/ave operators W(s) 

of 4.8.1 exist.

In particular, suppose that E = M^, where M is a von Neumann 

algebra with separable predual. Take p = 1, and let or, cr* be the 

dual(weakly continuous) one parameter groups on the von Neumann algebra 

L*° KM ) of e ifcK and e ibK°.
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Then weak*limit cr, a 0, exists on L ( 3R;M ) t -» ±«o t -t
-itK itK 1 

iff weak limit e °e exists on L (1R;M # ).
b -^ t »

1This is because L ( 3R;M^) is weakly sequentually complete [l 1 . Using 

^.8.6 and ^.8.7, the above can be related to time dependant scattering 

in M.

V/e will now show _how our theory of L-evolution groups can be 

used to deduce results for time dependant perturbations from known results 

for time independent smooth perturbations.

Let E and F be separable Banach spaces and p fixed in [l, oo). 

Put E' = LP ( 3R;E ) and FQ = LP (]R;F ). Suppose e~ lKot is a bounded 

evolution group on E , and A,B£ ̂ 0 (E ,F ), (20 (F ,E ) respectively.
£ft ___

Assume A M(^) 2 M(tf) A, B !•!(</>) ? M($) B V cf £_ L ( ]R ) , and that 

there exists p,q with 1/p + 1/q = 1, 1 < q ^ °* such that

a) A is (K ,K ,p) smooth

b) B* is (K ,K ,q)* smooth, with uv——) B*(e±ltK*)*u (o ^ t < <* ) weak*

continuous from E* into LP ( IR ;F )*.o o
r>4- *iKf*^

If ^ - Lp ( E ;F ), we also take that Ae v ^69 are in B(^) with common 

bound £ M.

Then it is easy to see that the perturbations e ' given 

by Theorem 2.1.9 are in fact bounded evolution groups for each |K |< 

Let us now define for -oo^oc <fi»ic»

fi) u(t) = X (fl( fi) (t) u(t) u 6 EQ (FQ ), 

where X is the characteristic function of (tf,fi>). It is easily seen that 

A P(tf,ft) and B P(#,B) satisfy the same conditions as A and B.

The following Theorem is the time dependant theoretic result 

corresponding to the stationary one in [_26, Thm 6J , the proof being an 

obvious modification to Howland's programme.
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THEOREM *f-9.1.

Suppose that E is weakly sequentually complete and E* is separable for 

the weak* topology. Also assume that U (t,s) is strongly continuous and 

that for every £? o, there exists S? o, such that

(Ko ,Ko ,p)< € 

whenever |fi- «( | < S .

Then. the propogator U(t,s;K) of K(*O is strongly continuous in t,s and 

analytic in JK|<1/M. The v/ave operators 

W (K) = st lim U (s,t) TJ(t,c;/<)
t-J 00

exist, are invertible and analytic in IX|<1/M.

We remark that Theorem lf.9.1 can be applied to Schroedinger's 

equation, taking p = 2 and E = L~( Kx ) in a similar fashion to jj?6, ,§

These time dependant techniques can also be applied to the time 

independant theory of Chapter 3« However, this is unsatisfactory in that 

we have to apply Theorem 3»3«1 (°r Theorem 3«^»7) to the larger algebra

o o»
B(L ( 3R;&O) instead of L ( 3R;M) ( where M is a von Neumann algebra acting 

on S\ )? and we therefore omit all details.

Suppose we are given a bounded strongly continuous one parameter 

group on a separable Banach space E,and we want to consider a time dependant 

perturbation. The problem of which space Lq ( E;E) (or indeed C ( 3R;E )) 

to take depends on what smoothness hypotheses hold in the space E. We 

give a simple example to shov; how q smoothness in E, and the choice of

Lq ( 3R;E ) are related.
iYt 

To be specific, consider a separable Banach space E,and e

a bounded strongly continuous one parameter group on E. Suppose A
#0

€ G- (E,F) where F is another Banach space, and ^ 6 L ( ]R ) . Define
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f £ EQ = Lq (]R;E) where 1 < q<°o to be in fl (<X) if ^( s )f(s) € ̂0"0

a.e. and A0(s)f 6) 6 Lq ( B;F ) = F . In which case put (<Xf)(s) = A/(s)f(s)

iKt
Then o^. £ Cp.(E ,F ). Let e be the bounded evolution group on E u o o o

i Yt*
induced by e on E i.e. (e f)(s) = e f(s+t) f £ E . 

For simplicity, we take E and F to be reflexive.

PROPOSITION *f.10.1.

If A is (Y,q,-0 smooth on E, then o< is (K,q,+) smooth on Lq ( 3R;E ) .

PROOF.

Consider f £ Lq ( ]R;E ) . Then

(s,t) |——^ ||A </(s+t) e f(s+t)|j (extended norm) 

is jointly measurable by reflexivity and \J>&\ • Hence by Fubini:

1Yt -' '^dtds ft |A|L .s.IMl q /°l|f(s)|] q ds,

Hence there exists a null set N in E such that for t C N :

f [|A o>(s+t) eiYt f(s+t)|| q ds
- CO

"i Yt *~\ i 
i.e. ®(s+t) e f(s+t) 6 <) (A) a.e. (depending on t 4 N),

iKt which means e f £$ (« ) and

at

Similarly if 1/p + 1/q = 1» (Y,p,+)* smoothness in E* is amenable to 

(K,p, + )* smoothness in Lq (3R;E ) . 

For q = "oo" , see ^.5.
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CHAPTER 5-

This chapter starts the second part of the thesis, namely the 

investigation of the structure of completely positive (CP) maps. The 

study of CP maps on C*~algebras was initiated by Stinespring [J55]» and 

consequently, some extremal problems were studied by Arveson

In the first section, v/e produce some Schwartz ty inequalities 

for n-positive linear mappings on *-algebras. In § 5«2, v/e begin to show 

why CP(A;i\) the bounded linear maps from a Banach*-algebra A with
^

approximate identity into the bounded linear maps on a hilbert space #• , 

should be regarded as a higher order state space. The pure elements of 

the cone CP(A;&O which have norm one, namely P(A;&*0, are analysed in 

£ 5«3i whilst in § 5«^i we show how a closed two sided ideal of a C*- 

algebra Af gives a decomposition of P(A;9i ). If A is a C*-algebra with 

identity, and K is a positive operator on In , Arveson |_^J considered 

CP(A; S\,K) =' { u) € CP(A; fo ) : w(l) = K] . In § 5.5, we extend this 

definition to cover a Banach*-algebra with approximate identity and observe 

some properties of this convex set. In$5*6, we generalise a theorem of 

F. and M. Riesz to give a sufficient condition for the covariance of 

certain representations of a C*~algebra relative to a one parameter group 

of *-automorphisms. In the seventh section, we study normal completely 

positive maps on W*-algebras, and in$5»8 v/e discuss tensor products of 

CP maps on operator.algebras, and derive a CP analogue of Tomiyama's 

theorem ["63] regarding the singularity of conditional expectations on 

W*-algebras. In § 5.9, we characterise the CP maps on the algebra of 

the canonical commutation relations. Dilations of semigroups of positive 

maps on C*-algebras are important in the classical and quantum theories 

of stochastic processes. In § 5»10 w.e give some operator algebra analogues



of Nagy's hilbert space |j?9i6o]and Stroescu's Banach space[j?8j dilations. 

Recently, Lindbladr39j has been involved v/ith the study of infinitesimal 

generators of norm continuous semigroups of CP maps. In§ 5. 11, we extend 

this by studying strongly continuous semigroups and groups on C*-algebras, 

which have various posit ivity properties.

§5-1.

Let M be the C*-algebra of all complex n* n matrices. If A is

a C*-algebra, let A be the C*-algebra M (A) = A®H. of all n x n matrices 

over A.

DEFINITION 5.1.1.

If A is a *-algebra £l6,Definition1 .1 ,l] and B is a C* -algebra, let w be

linear map from A into B.

a) w is said to be n-positive , where n e fcj , if for all {x.: i = 1,2,..,nj 

in A , jwCx-Tx.) 1 >/ 0 in B . '

b) w is said to completely positive (CP) if v; is n-positive for all n.

- Suppose A and B are C*~algebras and w a linear map from A into 

B. For each n define w = w<£)1 from A into B by applying w elementwise 

to each matrix over A. Then w is n-positive iff w is positive [3^J • 

This is so because each element of A can be written as a sum of at most 

n elements of the form x*x. | where fx.: i=1,....,n] £ A.

Suppose Vl is a hilbert space and C 6. B(V\ ) . Then for all

—1 
y in B(fc\)i € ^ o, y*(C+£)~ y C B(fci ) and increases monotonically as

o. Hence

st lira y*(C+fc)~ y

.. 
exists iff y*(C+6) y is bounded above for all € > o. We write this limit

S\ _ — '^^\

as y*C" y L35J • If V is a vector subspace of B(&1 ) and y*C y exists
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for all y in V, then st lim y*(C+€) x exists for all x,y in V,

-1
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and we

write this as y*G x.

The following theorem is already known in the following special 

cases. Suppose A is a C*-algebra, and w: A —— > B(9O is linear. Then

"1
a) If w is CP, w(x*x) 7/ w(x*y) w(y*y)" w(y*x) x ,y 6 A

b) If A has an identity and w is 2-positive v/ith v/(l)w(x) = w(x) Vx €. A, 

then w(x*x) >/ w(x*) w(x) Vx € A [3]

THEOREM

Let A be a *~algebra, £\ a hilbert space and w : A — > B($A) an n-positive

""linear map, where n>/2. Then if y,x. £ A i

w(x?x.) 

In particular

>/ w
— 1~

|w(y*y)||

PROOF.

w(x*x 4 )

—
(xty) w(y*y)~ w(y*x.)

w(x*y) w(y*x.) •*- J

-,2,...,n-1 , v/e have 

in BCfo)^

Put XQ = y. Then if f o ,

n-1
<v;(x1'x.) . ,

n-1

o since w is n-positive. 

n-1
s ^'

n-1
€ <'w(y*xi ) ?.., ? Q >

.,/' v *v ') Q 9 "^^-;.>'/ > 0 ' >-;

V/e now fix 

Then 

i-1

and
1 " n-1

0.

w(y*xi )

-2 w(y*x.

w(xfy)
._ J-

(w(y*y) + A"1 w(y*x ) f , ? 
\ / JJ-1-

0.

But
"2w(y*y) =

-2

Hence
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n-1
i^^'^i^V *i*

n-1
^ <, <w(xjy) f /v/(y*y)+€) +£(w(y*y)+£/~ |w(y*x.) ?., ?. ... i ^ \ ' ^^c- / j c-^ji-'

i i — 1 
n-1 

J, £ <"w(x?y) (w(y*y) + £)~ w(y*x.) f., ?. > .
i,j=1 X 031

The remainder of the proof is clear, and is omitted.

COROLLARY 5.1.3-

If A is a Banach * -algebra [j6, Definition 1.2.l] v/ith approximate identity 

[l6,B29J and w: A —— ) B(^\) is an n-positive bounded linear map. Then 

for all x. €. A, i = 1,2,..., n-1

HI w <x «<*> W ( X >

We remark that 5- 1-2 and 5-1-3 °an be used to characterise CP 

maps.

§5.2.

In this section v/e consider a Banach ""-algebra A and a hilbert 

space &\ , and show how we can regard CP(A; Si), the convex cone of 

bounded completely positive maps from A into B(&\), as generalised higher 

order state spaces. V/e first demonstrate how the GNS-Stinespring 

representation can be constructed on a Banach *-algebra A with approximate 

identity. This is an extension of L^i55| where A is a C*-algebra with 

identity.

THEOREM 5.2.1.

Let A be a Banach *-algebra with approximate identity, 0V a hilbert space

and w a map from A into B(W ). Then w eCP(A;ft) iff there exists a

hilbert space # , V e B( h , K ), a representation Tf of A in

such that w(x) = V*ir(x)V for all x in A.



10? 

PROOF.

Suppose w £ CP(A;^v). We define a bilinear form < , ? on the algebraic

tensor product A 0 fc"\ as follows:

, y e A > % ± , rj £ ?\ i = 1 , . . . ,m; j = 1 , . . . ,n put

x ®| , ^y ® n > = £ /w(y*x)S ., n,> • 
j J J i,j J J

This bilinear form is positive semi definite as w is completely positive. 

For each x in A, define a linear transformation IT (x) on A O &V by

-rr Q (x) : £x± ® l ± —— >fxxi ® | ± . 

IT is an algebra homomorphism for v;hich

(x)u, v> = /u, TTo (x*)v> V u,v e Ao5l
m

Let u = J x - ® f • be a fixed element of A G ̂1 . Then p(x) =<V(x)u,u>
i=1 x °

defines a positive linear functional on A. Hence if u^ is an approximate

identity for A,x £ A :

^Tr o (x)u, -rro ( x)u> = p(x*x) i ||x*x|| lim p(u x ) by [16,2.1.5]

= |Jx*x|| lim £ *w(x*u x x ) J , f > 
* Oik J K K 3

= |jx*x|| <u,u> .

(We remark that this inequality is trivial if A is a C*-algebra). 

Now let N = {u £ AOk : <u,u> = o| . Then N is a linear subspace 

of A O ̂ , invariant under TT (x) for each x in A, and <f , "> determines 

an inner product on A O £\/N. Let A be the hilbert space completion 

of A O £v /N, then there is an unique representation TT*(x) of A on RV 

such that TT(X)(U + N) = -fTo (x)u + N x € A, u e A 

Let ^ : A O fr —— f*^ denote the canonical projection. Then for x in A

f in&X , || A (x <g>? )||2 = <w(x*x)f,?> < ||w|| \\\x\\ ||5|j] * 

Hence, with u as above, TT(UA )^X€>$ —— » A x ©f as \ -»«>. 

Hence """(u^) — ̂1 strongly on ^ .

For ^€ V\ , we will define a linear form y>. on ^ = [TT(A)^] . Take a. £ A, 

i = 1 , 2 ,...., m . Then

> = lim ^</i ,Aa?ux«J> - lim § <TT (a) Y, A 
x i X i
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m 
If p - IT (a.) /. , then

s sup
JL X v

Hence ^ (p) =

gives a bounded linear form on TtA)£ which -we extend, by continuity to 

R . Hence there exists an unique V^ in H? , such that

Pj(p ) = ^P , vO V P £ K .
•

Hence ^f, /\a«®*> = ^rr(a ) Y, v?> V J£ &1 , ^ « , a € A,

which shows that ir(a)Vj = A a©? Va€ A,5€Vv.

It is clear that S —— ̂ V^ is linear. Moreover ||V|||= (I f^|| <• || w || ^ ?|| 

Hence V is bounded, and |JV || < 

Also if x,y ^ A, S »A 6 ̂  i 

<w(y*x) I ,

Hence w(* ) = V*Tr(-)V. The converse is clear.
•

Note that in the above theorem we can always choose

& = rrr(A)Vfr\~] ~. The pair (tr, V) is then called minimal by Arveson |5 

For a given w € CP(A;£v ) the minimal pair is uniquely determined up to 

unitary equivalence, i.e. if minimal pairs (tr ,V.) represent w , for 

i = 1,2, with IT. represenations of A on hilbert spaces 3. , V. 6 B( Sv, Q . ) 

i = 1,2 and w(-) = V* TT. ( • ) V. i = 1,2, then there is a unitary map 

U of ^ onto fl such that UV1 = V2 and U^(x) = TT2 ( X )U tfx e A.

If w €, CP(A; fc\) we will alwys denote the quantities constructed in the 

proof of the above theorem by T , V , 3 , A etc. Note that (tr ,V )
f W W W W W W

is a minimal pair. We also define K = V* V 
^ w w w

= ct lim W(UK ) & B(Srv) + , 

for any approximate identity u for A.

COROLLARY 5.2.2.
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Let A be a Banach *-algebra with approximate identity , a hilbert

space, and w £ CP(A;SO.

Then ||w|| = ||K || ( = ||w(l)|| if A has an identity ).

If A is a C*-algebra, then for all n >, 1 ,

DEFINITION 5.2.3.

Let A be a Banach *-algebra and B C*-algebra. We define a partial ordering 

^ on B(A,B) by ot ft ft (for (X, ft B(A,B) ) if OU ft £ CP(A,B), the 

completely positive bounded maps from A into B.

This partial ordering has been analysed when A is a C*-algebra 

with identity by Arveson f^l • He identified the following sets: 

5.2.^ The extreme rays of the cone CP(A; Sx).

5.2.5 The extreme points of [pi/>] i f°r a fixed <f> in CP(A,&).

5.2.6 The extreme points of the set CP(A; &v ,K) = fw€CP(A;*O : K = K] , 

where K is a fixed operator in B( &V) .

We -remark that these results still hold for a Banach *-algebra 

with approximate identity.

We nov; observe what happens when an identity is adjoined to an 

algebra. The following reduces to [j6,2.1.5J when k\ is one dimensional.

THEOREM 5.2.7.
•v

Let A be a Banach *-algebra with approximate identity, and A the Banach 

*-algebra obtained by adjoining an identity. If fcv is a hilbert space, 

take w£ CPCA;^). Then :

1 w(x)* = w(x*) V x £ A, and

w(x*y) w(y*y)" 1 w(y*x) £ w(x*x) V x,y £ A [35] •

2 If u x is an approximate identity for A,
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w(ux ), w(u£u x ) KW strongly.
^ >

3 w can be extended in an unique manner to v; in CP(A; V\) such that

/v*
w(l) = K . Every other element of CP(A; $r\) which majorises w,

majorises w.

If x. is any family in A indexed by a directed set D such that

wCx^, wCxtx^ —— > KW strongly, then A - x^^ ® § —— ̂^l
/•v .

strongly for all f £ %\ . Hence A OV\ is dense in A 0<fl for the

prehilbertian structure defined by w*. Moreover Vr J w
= A -.

w

PROOF.

1.The first part is clear. The second statemant follov;s from 5«1«2 or 35] • 

However a much easier approach is to show

y)Tw ) * v y e A> fe7 °-
This is straightforward using a polar decomposition and the spectral 

theorem.

2. is clear since ir (u.) — 1 strongly for any approximate identity u .
W A \

3. Extend (T to A by defining if (1) = 1. Put w(x) = V* TT (x)V for x € A
W W WWW

Then w t CP(A:S\), extends w, moreover (TT~,V-)w v/

Take x.
X .

A, f . £
X

CP(A; k) such that <X| £w
|/i

let u be an approximate identity for A. Then :

(TT y ). Let (X £w w

, i = 1,2,....n, and

lim 

lim <w(x*u*ux xj )

lim 5 <ui(xju*u x.) *- * "

lim ^ct(x*u*\i x.) f:, ?<:>
1 N > 0

But
It follows that w ^ o( .

k. The first statement is a routine calculation. Regarding /\ A OVl 

a subspace of A - A OVv , the density is clear from 2. Moreover
W

V \ = A~ 1CB>$ i since we already know that V S = st lim A Uv 
w-> w ^ w w*

as
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COROLLARY 5.2.8.

If w and w € CP(A;2rv), then

and

K = K + K W1"5"W2 W1 W2

= vr W,

Arveson I 5j has an extension theorem for CP naps on self adjoint 

norm closed linear subspaces S of C*-algebras with identity 1 such that 

S 5 1. For ideals in C*-algebras v/e have the following. The corresponding 

result for the usual state space ( fr\ = C) can be seen in 7 I •

THEOREM 5.2.9.

Let A be a C*-algebra, with J a closed two sided ideal of A. If ^ £ 

CP(J;$v ), there exists B £ CP(A; SO such that B| = <* and K - K^ . 

B is majorised by every map in CP(A; &\) v;hich majorises 0( . If u x is an 

approximate identity for J and x t (A ) , then

B (x) = st lim 
n X n u,

0

0

u,

x1/2

If we canonically identify

1/? r 
TTn (x) = st limTT -'^

with

B
x

n
u.

0

0 x

u,

PROOF.

By jl6, 2.10.^1 there exists a represenation TT of A on K* extending^

for x in A. Since ("n^V^) is a minimal pair for B,Put fi(x) = \TJTT (x)

we have andoio ft = Ktf . Suppose / is another 

element of CP(A;^ ) extending tf . Then st lim Tl^(uv ) = 1, and for x in

1/2 r
n u X, 0

0 '*•

x.1/2 /T x-f ,(J ; , and x1/2 r\ 0 "
o "••

U >L

1/2 ^
X ' * X.

Hence if
®Cn ,
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Hence E

Suppose also K y = K^ .

Then Ky = K + KR implies K . „ = 0. Hence /-ft = 0.

CP maps are well behaved with respect to taking quotient C*- 

algebras. If A is a C*-algebra containing a closed tv/o sided ideal J, 

let U> : A —— A/J bo the canonical homomorphism. If o( £ CP(A;&\), for 

some hilbert space S\ , and OC (j) = Q, then CK. defines, by passing to 

the quotient an element B in CP(A/J;?"0. Then

Hence (""fioW,Vfi )Moreover [( l^ow) (A) V^]" = [T^(A/J)VB&\]" = ^

"n^,V^). This leads to 

the following conclusions which generalises [l6, 2.^.9-11j about positive 

linear functionals on C*-algebras.

is a minimal pair for OC and (TT olo,V ) ~

PROPOSITION 5.2.10.

A is a C*-algebra, J is a closed two .sided ideal of A,and &"\ a hilbert

space. Take <* & CP(A; h). Then :

a) 0( (J) =0 iff TT^(J) = 0.

b) ker Jf^ is the largest closed tv/o sided ideal of A contained in ker ex

c) If also B £ CP(A; 8\) then the following are equivalent: 

i) kerTT^ e 

ii) li is 0 on
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5.3.

It is natural now to study the pure elements in various cones 

of CP maps. For this, it is convenient to introduce the BW topology of 

Arveson [5] • Let A be a Banach space and ^ a hilbert space. Let 

B(A; &O be the set of bounded linear maps from A into B(&x), and 

B (A; &.) the subset of norm at most equal to r. A net (J^ € B (A;Sv)

converges to $ in B (A; SO iff <£ (x) — * <£>(x) weakly for all x in A.r **•

A convex set V is open in B(A; SrO iff VoB (A; £\) is open in the topology 

of B (A; V\) for every r > o. The convex sets so defined form a base 

for a locally convex Hausdorff topology on B(A; fa) called the BW 

topology. According to {"231 , B(A; fc\) is isometrically isomorphic to 

the dual space of A® T(fc"l). This identifies the BW topology with the 

weak*-topology.

We first make some definitions. Let A be a Banach *-algebra 

and R € CP(A;fcO. We say B is pure (belongs to an extreme ray) if 

oC € CP(A; SO tf £ H> implies of. - k B for some Ae|p,lJ . We let 

kO denote those pure elements of CP(A; &v) which have norm one.

PROPOSITION 5.3.1.

Let A be a Banach * -algebra with approximate identity and £\ a hilbert

space. Put B = |w€ CP(A;K) : ||w|| ^ 1 ] . Then

i) B is convex and compact for the BW topology.

ii) 0 and P(A;fcx ) are extreme points of B.

In the above proposition, there is a distinct difference between 

the case $\ = C and dim&\ = 2. It is well known that if S\ = C, then 

the extreme points of B = OvP(A) [l6,2.5-5] • However if dim V 5s 2, 

then the extreme points of B ^ 0 u P(A; fc\). Consider p € P(A), y ^ 0, 

where A is any Banach *~algebra with approximate identity , and let P



be any projection in B( &"0 of rank at least two. Then w (x) = . , 

x 6 A, is not extremal in CP(A;&\) but is an extreme point of B. 

Another such counterexample is obtained when A has an irreducible 

representation T^ on a hilbert space fa of dimension at least 2. Take

any projection P^ in B( ^0 , 0 ^ P / 1 , then

W2 (x) = P2 TT(x)P2 + (l-P2 )TT(x)(l~P2 ) x € A

is not extremal in CP(A; &\) but is an extreme point of B. This means that 

the proof of [38, Lemma 3J is incorrect, however the conclusion remains 

true by [33J .

Our next results describe some of the properties of pure CP

maps on C*-algebras. Propositions 5«3.2-5 thus generalise Ij6, (2.8.5-6,2,9-1 X] 

concerning pure states of C*-algebras and are consequences of Kadison's 

transitivity theorem [28 J .

PROPOSITION 5.3-2. .

A is a C*-algebra, & a hilbert space and o( a pure element of CP(A;irt).
n

If.N- = fcx. ®f. e AOfc : £ <o<(x*x )f , f > =0
111 1 n'_1 x J J ! JJ-l J- '

then AOfe/N^ with the scalar product induced by «. is complete, and 

equal to the represenation space defined by 0( .

PROPOSITION 5.3.3.

Let A be a C*-algebra and fc\ a finite dimensional hilbert space. A

denotes the C*-algebra obtained from A by adjoining an identity. If ft

and ftp are two pure elements of CP(A; S\) then the following are equivalent:

i) ir and lT are equivalent, and K = K
15^ I:>2 ii^j ii2

ii) There exists an unitary element u in A such that

B (x) = R (u*xu) for all x in A.

PROOF.

The implication ii =^ i is easy, and the hypothesis that S\ is finite
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dimensional is unneccesary.

ii. Suppose that there exists U: K R —— K unitary such that152 Ij 1

IT (x) = IT-iT. (x)U* V x 6 A. If ?€<r\ , then 
J5 1 152

< V ' V = < v" - ' v ' 1> = 'V ' V
= <UV ^ ,152 

Hence there exists an unitary W in B(K ) such that

Since TT~ is irreducible and V Vx is finite dimensional, we deduce
1 1 

by [_16, 2.8.3J that there exists a unitary u in A such that

-fr ( U )v i =

Hence ft (x) = Ii (u*xu) V x e A.

PROPOSITION 5.3.^.

Let A be a C*-algebra, frv a hilbert space and ft 6 CP(A;frv). If

M = [ x fe A : ft(x*x) = 0 ]•

then ker ft z M + M* . If ft is pure and §-\ finite dimensional, then 

ker ft = M + M*. 

PROOF.

Since ft(x*)ft(x) ^ ||ft||ft(x*x) V x £ A, we have M ^ ker ft . 

Hence M* C (ker ft)* = ker ft and ker ft D M -f M*.

Now suppose ft is pure and &V finite dimensional. If b € ker ft, then 

for all 5 , v\ e *v

Hence there exists a self adjoint operator H on ^ such that

* and m = ° for all

Since TT is irreducible and l is finite dimensional we deduce that there
Jv

exists an hermitian element a in A such that

Va) ""ft^^ft ? = ""fi^^fi^ Snd ^ft^^ft^ = ° for 

i.e. ab - b, a € M.Then b* = (b -ab)* + b*a* e M* + M.
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PROPOSITION 5.3.5.

A is a C*-algebra with identity and £v a hilbert space. Let PC ,fi 

P(A; $O with K ̂  = Kfi , and |jtf-B|| < 2. Then -rr^ and TT are 

equivalent. 

PROOF.

Take any f 6 %\ . If TT^ and TT are inequivalent, it follows from 

[_l6., 2.8.3J that there exists a unitary u in A such that

and TrB(u) Vfifo 

2Then 2|| V(t fo || = <2 V^f^f

«(u) - B(u)JfQ ,fo > 

Hence 2 flVJ2 ^ |*-B|| ||fo ||2 V f Q e &X ,

which implies || oC -Ii J| = 2 , a contradiction.

Suppose A is a Banach *-algebra with approximate identity and 

Sf\ a hilbert space. We are now going to study the natural map from 

P(A; &O onto -A, the family of equivalence classes of non zero irreducible 

representations of A. As when &= C [l6, 2* 5- 7 1 ? the following 

proposition shows that P(A; fcO —— }A is bijective iff every irreducible 

representation of A is dimension 1. For a C*-algebra A, this occurs iff 

A is connutatiye II 6, 2.7=3j •
\

PROPOSITION 5.3.6.

Suppose A is a *-algebra, tr a topolbgically irreducible non zero 

representation of A, and &1 a hilbert space. Suppose V. € BC^x, 1^) 

and B. are the completely positive maps on A defined by (-rr,V.) i = 1,2. 

Then R - R>~ iff there exists X £ C of modulus 1 such that V =\V „.

Now suppose A is a C*-algebra and S c A. Then ire A is in the
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closure of S, iff ker"*T 2 f\ [ ker 6 : 6 £ SJ , |~16~[ . It is thus clear 

that if S is closed in A, then so is its inverse image in P(A;£l) for any 

hilbert space & , where P(A;frv) is given the relative BW topology. 

Thus P(A; $\) ——* A is always continuous. V/e have not yet been able 

to determine when this is also open if k\ is infinite dimensional.

In order to look in detail at the map P(A;K) —* A, when A is 

a C*-algebra and h finite dimansional it is useful to consider an idea 

of Lance I J>k I . Let A and B be C*-algebras. Then there exists an isometric 

isomorphism between (A©V B)* and B(A,B*) , where ^ denotes the protective 

(Banach space) tensor product. Under this correspondence, f € (A®V B)* 

goes to T. 6 B(A,B*) given by

Tf (a)(b) = f(a®b) V a G- A, b 6 B.

Lance 3^ has shown that under this map, there is an isometric affine c 

correspondence between (A®J3)* and CP(A,B*), where B denotes the
1*) i

greatest C*-norm and CP(A,B*) the completely positive maps from A into 

B*.

In particular, take B - M (€), the finite dimensional matrixn

algebra. Then B* = T(C ), and is order isomorphic to B. Hence there is 

an affine correspondence between (A*) and CP(A;<C ), which is a 

homeomorphism for the weak* and BW topologies. This correspondence is not 

isometric; if w 6 CP(A;C ), then.its norm as an element iw of (A*)

is trK , not IIK II . It follows that if A has an identity, there is a., w ' w I 1

natural homeomorphism from P(A;C ) onto P(A ) given by

w Jiw)
trK w

Consider the following commutative diagram : 

p(A;C*) <——————>P(An )

A ———————» An
A A

The map from A onto A being the canonical one, namely
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is both continuous and open. It follows that the map from P(A;C ) onto 

A is also both continuous and open.

Using this technique, it is possible to generalise many of the 

results in [l6,§3^J to completely positive maps from O-algebras into 

finite dimensional matrix algebras. As a further example we give the 

following.

THEOREM 5.3.7.

A is a C*-algebra acting on a hilbert space R , and &\ is a finite dimensional

hilbert space. Take w C CP(A; &\). Then w is a BW limit of completely

positive maps of the form
N

x I —— > $ ' U)o (x) A . ® V where $ . e *? , V £ ̂  i = 1 , . . . . ,N. 
i=1 ^ x x 1 1

PROOF.

Apply the known result, rl6, § 3«M °r I 22 1, when §\ = C to A and then

use Lance's correspondence to deduce the result for CP(A;Vx).

Consider a C*~algebra A, and- fr\ an arbitrary hilbert space. 

We will see how a closed two sided ideal I of A determines a decomposition 

of P(A; $\) in a natural manner.

If o : A —— > A/I is the canonical homomorphism, then

u: : A®M —— »A©M/I<E>M = A/I0M satisfies tj (A + ) = (A /I ) + 
n n n n ' n n n n n

= (A/I) . It follows that the map Ok —— ̂ tfou is a bisection

between CP(A/I;Sv) and those elements of CP(A; & ) which are zero on I.

This bisection preserves the norm and is bicontinuous for the BW topologies.

We first decompose the whole of CP(A; Sv ) relative to the ideal; 

the decomposition of P(A; Vl) itself follows in 5.k.2. These results 

generalise fl6, 2.11.7-8J which are concerned with positive linear functionals 

and pure states.
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THEOREM 5.4.1.

Let A be a C*-algebra,and I a closed two sided ideal of A. If fr~V is a

hilbert space, take any <^ •£ CP(A;^).

i) There exists on unique decomposition OC = PL + & ,

where (X. € CP(A;8\) i = 1,2 , K = K , and « (I) = 0.
1 ill ^

ii) The pair (~n^,V^) is identifiable with (TT^ ®TT , V + V ) ;

O is zero on I, and (TT^j) is non degenerate. 

PROOF.

Let TT, =TT , and R. be the essential subs^ace of TTI 
* I II

i.e. R =

Put ^ 2 = e } , and V., = P^. V^ i = 1,2. 

Let TT , tr be the subrepresentations of TT defined on 

respectively. Then FT. (A)V. &\~T = R. i = 1,2.

Hence if we put «. (x) = V* TT(X )V. x e A, i = 1,2; (TT,. , V^ )
i 

is identifiable with the minimal pair (tr ., V.) for i = 1,2.

Then O^pCl) =0, since TT (I) = 0. The representations TT and TT I

/ \*are non degenerate .Hence K = V^ V^ V*V = [V^ W^ = K ft

In particular if K^ = K , then

shows that V*V2 = 0. Hence. oc 2 = 0.

The equality V^ = V + V^ shows that tf = * + ^2 *

We now prove the uniqueness in i). Suppose £>,£>_ £ CP(A; Irv) , such that

=15. + fiP , Ka = KR , , and B5 (I) = 0. The previous 
i * i* i

argumentwith B. replacing c< , shows that C"TTo )|T is non degenerate 

Hence if ux is an approximate identity for I, then for all x in A

ft (x) = st lira fi "(xu^).

Similarly ^.(x) = st lira K (xu x ). But c( and B^ coincide on I, as 

= 0, and B2 (I) = 0. Hence «1 = B /1 , *2 = B2 «
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THEOREM 5. If. 2.

A is a C* -algebra and I is a closed two sided ideal of A. fa is a hilbert

space. Let P (A;S\) = [ w e P(A; SO : wl = Oj ,

w £_ P(A; fc.) : w^ / 0 

i) For any <x£ P (A;fcv), let *' be the element of CP(A/I; Srv) obtained

by going to the quotient. Then <* i — * oc' is a bisection from P (A;VO

onto P(A/I? Vv).

ii) The map <* I —— * o( | T is a bisection from P (A; %\) onto P(l; VO . 

PROOF.

i) See the argument of [16, 2.11.8] .

ii) Take d fe P (A; SO- In the decomposition <*. - ot + oC of the previous 

theorem, o(., c*- are proportional to o^ . &p is zero on I and # is

non zero on I. Thus ^ = 0, and 0( = (X . Hence K. = K. . which
c. I * T o*-

implies ||cU fl = 1. By [16, 2.10.3] and Theorem 5.4.1.1, (TT^ )| is 

irreducible. Hence o(j T € P(I;S\).

If oc, (X." 6 P (A; SO, and tfL = oc'jj , there exists an isomorphism of 

onto R^' , which transforms Vtt . (which is the same as \^ ) to 

i (v;hich.is the same as V^/ ), and (nv )j_ to (TT^O I , and thus

to TT^i by [16,2.10.4] . Thus <X. = c*'i and the map <* \ —— ̂0(| T 

of ii) is injective. Finally, if fi> € P(l;fcO, the irreducible represenation 

TTn can be extended to an irreducible representation TT of A Il6, 2.10.4J . 

Since |JKR || = 1, K (x) = V*Tf(x)V x € A gives an element <x 

in P (A; &0 such that (XI = ft. This proves that the map * —— >ot T of 

ii) is surjective.

We thus have for each hilbert space fr\ , the following commutative diagram; 

K) ———————— > P(A;SO < ————————

I i J
(A/ir ———— > x < ———— - i

The vertical arrov/s represent surjections. On a horizontal line, tv/o
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two arrows represent injections, which map onto two complementary 

subsets, whose union is the whole middle set.

5.5.

J Consider again a Banach ""-algebra A with approximate identity, 

fc\ a hilbert space and K a fixed operator in B(tK) . We will nov; 

make, some observations regarding

CP(A;ft,K) = ( w £ CP(A;S\):K = K } ,i w J

and in particular P(A; fc\ ,K) which we define to be those pure elements of 

the convex cone

f w £ CP(A;ft): K = > K for some A * o] I w J

which have norm ||K|| .

PROPOSITION 5.5.1.

A is a Banach * -algebra with approximate identity, 9\ a hilbert space

and K 6 B(fc\) . Put B = [w£ CP(A;*x):" KW = AK for some A <c [0,1]] .

Then :

i) B is convex, and if A has an identity, B is compact for the BW

topology,

ii) The extreme points of B are 0 and P(A;ft,K). 

iii)lf A has an identity, B is the BW-closed convex hull of o and P(A; Sfl

This result should be compared with [l6, 2.5-5] where V\ = €, 

and contrasted with 5.3-1 when dim W ̂  2. Note that if A has an identity, 

then, B = { w € CP(A;S-\): w(1) =VK for some Ae[o,l]| . 

Moreover, CP(A;fc,K) = fw <9 CP(A; V\) : w(l) = K j is convex and 3V/ 

compact. The extreme points of CP(A;£l ,K) are the extreme points of B 

which lie in CP(A;fc,K), namely P(A;*i,K). Hence CP(A; 5i ,K) is the BW 

closed convex hull of P(A;S"l,K).
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As regards taking quotient C*-algebras we can show the following, 

which extends [jl6, 2.11.8] about pure states.

PROPOSITION 5-5.2.

A is a C* -algebra, and I a closed two sided ideal of A. fo is a hilbert

space, and K £ B(Vv) .

Put PjCAjfo^) = (w £ P(A;fc,K) : wj-j. = OJ.

If v; lies in P_(A;frl,K) let w' be the induced map on A/I obtained by passing

to the quotient. Then w« — > w 1 is a bisection from P(A; Ji ,K) onto

5.6.

We are now going to give a sufficient condition for the covariance 

of certain representations of C*-algebras relative to a one parameter 

group of * -automorphisms.

Let A be a C*-algebra and oc. a strongly continuous one parameter 

group of ""-automorphisms of A. We will use the notation of ,§ 1.3. Thus

A* (s , * ) A* [t , « ) £ A" [s+t , * ) f or all s , t in 3R , 

since each tf., is multiplicative. In particular

U A 
>o

is a subalgebra of A.

If B is a Banach space, let H (B) denote the space of all 

strongly measurable, essentially bounded B-valued functions h on TR such

that A(t) h(t) dt =0

for every f € L ( K ) such that f lives in some interval [€•, «°) where

e = 6 f >°-
•The following proposition is readily deducible from |jj,Prop 5.^

PROPOSITION 5.6.1.

Let M €. B(A,B). Then the follov/ing are equivalent:
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ii) t —— ̂ M*.(a) belongs to H (B) for every a in A.

If /A satisfies i or ii above, it will be called an analytic 

map. Note that ii implies that there is a B-valued bounded analytic function 

in the upper half plane z = x + iy, y > o, which has the function u# (a) 

as its boundary value (in an appropriate sense) as y — * o.

The next result g-eneralises [j>, Theorem 5«3l from covariance 

of cyclic represenations, with analytic linear functionals to covariance 

of ^-cyclic represenations and analytic operator valued maps. As 

pointed out by.Arveson, this can be regarded as a generalisation of the 

theorem of F. and M. Riesz that analytic measures are quasi invariant.

THEOREM 5.6.2.

Let 8\ be a hilbert spacem, and w £ CP(A;&\). Let (*TT,V) denote the 

Stinespring represenation of w, and suppose there is a partial isornetry 

W in TT(A)" such that W*WV = V and y*(x) = V*W*TT(x)V ,x £ A, defines 

an analytic map AA- . Then there is a strongly continuous one parameter 

unitary group IJ. on the space R , such that

PROOF.

TT« (a) = UtTT(a)U£ \/ a € A, t £ JR.

U TT A [s, coFor each t in 3R ,let 1^ , =
s<t

where if F is any subset of tf , [F! denotes the closed subspace generated
*^ 1*F ^» *™

by F. If s <t, then 7TA[t,c?o) ^ TTA[s,(x>) .

Hence < ? TTALt,to )Vln. • To show that U ̂ t is dense in KW , it

suffices to show that \J Aft, <») is norm dense in A, since (TT,V) is
tfcR r 

minimal. But VJ A[t,(X>) contains every element of the form /f(t)cx (a)dt
teiR 

where f £ L ( 3R ) is such that f has compact support and a € A. So if

> £ A* annihilates UA[t,oo), then Jf(t)X(* t (a) dt = 0, for every such
U



f and a. Fixing a, it follows that A* (a) = 0 a.e. By continuity we see 

that X = 0. This proves our density statement. Now put ^ = A & ,
to?

and we claim R^ = 0 . The relation A(s,<*>) Aft, «°) £ A[s+t,co) implies- 

that ir A[s, oo)[-irA[t,*>)v&J £ [TTA [s-ft, *>) V9j Vs,t£]R. 

Hence TTA[s,oo)^ t c R .. This shows that TTA[s, cx>) ^^ G 1^^ 

for all s, and hence iT(A)Ra> 9' ^a, . But by proposition 5.6.1,/^ 

annihilates A[t,oo) for every t > o. i.e. TrA[t,*>) V&vi'w'Vh for t>o. 

In particular £ 1 WVVx and R^ 1 WVfo. It follows that
U

•^(A)^^ 1 WV$\ and ^» 1 tr(A)WVVl . But W* £TT(A) n , and U*WV = V. 

Thus ^w i.ir(A)VS\ , and ^co = 0 since (TT,V) is minimal. 

V/e can obtain a projection valued measure P(» ) on ]R satisfying

P[t,oo )^ = ^., t £ 3R. If we follow the argument of £5, Thm 5.3] »

/ itx 5 dP(x) satisfies

irat (a) = Ut -TT(a)U* Va €: A, te 3R;

The above theorem can be generalised by considering annihilating 

maps on the subalgebras A = (U A[t,0°)J. This idea, for linear
S U7s '

functionals (S\= £) , is due to Oleson [67] .

$ 5.7.

In this section we restrict our attention to a W*-algebra M,

and in particular normal CP maps.

If fcv is a hilbert space, it is clear that oc € CP(M; Srv) is
** /

normal iff TT^ is normal. Let CP (M; Vl) denote the normal elements in

Cp|4; t\). By the Cauchy Schwartz inequality

tf(x*)*(x) ^ d(x*x)||«| ,x 6 M
w

we see that if M is a von Neumann algebra, and <* €. CP (M;Jn), that (X

is ultrastrongly continuous, and its restriction to bounded sets is strongly 

continuous. Moreover, amongst all projections G £ M, such that <\G = 0, 

there exists an F majorising all others. Moreover c^(TF) = 0 - c*(FT)
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V T£ H. The projection 1 - F is called the support of ex , and writtten 

E< .

For example, suppose M is a von Neumann algebra acting on a hilbert

space $ , and oC e CP^(M; K ) can be written as
«• 

<*(x) = £ AtxA. , where A. £
- MI 

and £ A*A. $ k1 , for some k < *° . Then E = Ey, where X = U^A.
3-1 A t i

(see [16] for the definition of E^') . (X is faithful iff X is separating 

for M.

Now if c* £ CP^(M;S\), for a W*-algebra M, ker TT^ is a closed 

two sided ideal in M. Hence there exists a central projction F in M, 

such that kerT^ = MF. The central support of E „ is 1 - F.

These considerations will be dealt with further in § 6. for 

unbounded. CP maps. The following Proposition v/ill be useful in the next 

section.

PROPOSITION 5.7.1.
f- t^ 

Let A be a C*-algebra 1 A its enveloping von Neumann algebra, and ri a

hilbert space. Every element w of CP(A; fa ) can be uniquely extended to

an element w of CP W(A;^\). Moreover (TT.,V-) Z ( TT ,V ) and K~ = K .\ ww ww ww

5.8.

We v/ill discuss here tensor products of CP maps. If A. and A0 

are C*-algebras, A. ® A~ denotes the C*-tensor product ^, 1.22.8] , 

and if A., and A? are W*-algebras A X| ©A2 denotes the W*-tensor product

("5^, 1.22.1o"l . The following proposition is then well known for state 

spaces

PROPOSITION 5.8.1.

Let ^v., V\ 0 be hilbert spaces and K. 6 
1 <- *•

i) Let A1? A2 be C*-algebras with w ; e CP(Ai ; Vv^^,^) i = 1,2. Then
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there exists an unique element of CP(A.« A 0 ; A ® ft ,K ®K 0 ) written
I *o *- I £. i £_

w /1 ®w2 such that (w^® w2 ) (a^ ® a2 > = w 1 (a x) ) ® w2 (a2 ) V a^e A , a € A .

Moreover (IT , V ) — (TT ® TT , V ® V ) . 
w 1 ®w2 v; y] ®w2 w, v/ 2 w w w

ii) Let A , Ap be W*-algebras, and w. C CP W(A. ; V^. ,K. ) (i.e. the
* t— **- JL J, .1.

normal elements of CPCA fciK ) i = 1,2 . Then there exists an unique

element of CP (A^fcA^ ^ <8> 9\2 ,K «K2 > written v; O^w such that 

(v/ 1 ®K> v/2 )(a x) ® a2 ) = w 1 (a 1 ) © W2 ^ ap^ ^ a -€ A., i = 1,2. Moreover,
°

, V w ) - . ( TT ®TT , V ® V ) .

Now let A be a W*-algebra. Then if (A*) denotes the polar
A»

of A,,, in A ~ A**, we get a central projection z in A such that

A(l-z) = (A,,) 0 [^+, §1.1?] • If '* 6 CP(A;h) for some hilbert space, fa, 

let & be the extension in CP (A;V\). 

Put * n (a) = £(za)
o

and <* (a) = 5(1 -z)a for any a in A.

Then oc 1 £ CP*(A;X) and o< S e CPS (A;Vv),(singular elements of CP(A;V\)).

This decomposition is unique.

Now if A. and Ap are W*-algebras, and w. G. CP(A.; h.) i - 1,2
I C~ J- _L J-

v;here JfV. are hilbert spaces, we have v,, ® v/ 0 ^ CP(A X1 (S> A^; Sv ® K ).
i I C. \ «» C. \ £-

We can regard A.® A0 as a C*-subalgebra of A. ® A0 , the W*-tensor product
\ & 9 d. \ cL

and can therefore extend w. ® w^ to an element of CP(A. ® A.,; ^V, ® ^0 ).
1 d ^ d. \ d.

Hence product mappings exist without CT-continuity. We can regard the 

following theorem as the CP analogue of ("62,63] where the singularity 

of product conditional expectations is analysed. (A conditional expectation 

is CP by [56] ).
V

THEOREM 5.8.2.

Let A. and A0 be W*-algebras, Sv., Kp hilbert spaces and w <^ CP(A ; h.) 
1 d. \d. 111

i = 1,2. Then the following are equivalent : 

i) Either w. or w is singular.
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ii) Every member of

CPU,, <& A2 ; a n 2 ai a2 = waw a.. 

is singular. 

PROOF.

ii. Take )f £ CPU^fi AZ ; Sv^ ® ̂  such that

^®a2 ) = v/^Ca^)© w (a2 ) V a., ap £ A , Ap respectively, 

and -suppose w is singular. For any a. in A., Q> . &. T(£\.) i = 1,2,

Hence the restriction of ^*<p^® f)p to A -i ® 1 is a singular functional. 

But y*^®P2 is positive. Hence y*(p « C& is singular by [62, Lemma 4. 3J . 

Thus if* T(Vl 1 )OT(h2 ) = (A1 ®A2 )^ . It follows that/ is singular. 

ii =^ i. Conversely suppose every product CP map is singular. Let

A,., Ap act on hilbert spaces H. , H? respectively, and take CP maps

a.: B(H.) — 3(9^) i = 1,2 such that a. I = w. , (a.) n | = (w.) n ,
'1 1 J_ I /v . 1 X I ri . 11 i ' i

i = 1,2. Take a family of orthogonal minimal projections 5e. : i £ 1

corresponding to a base for Hp . Put e. =1®e., e T = £_ e -
i_ -L X O . _ J_.

and e = 1® e for a finite subset J of I. Then 
J J

eJ (B(H1 )®B(H2 ))eJ = BC^) $ eJB(H2 )eJ 

B(Hj5B(c,H^) - B(HJ®. B(e,H.)
I <J d. I «C 0 ^ ^

the C*-tensor product, because e H? is finite dimensional.

Consider

uL = a^®1 7 : B(Hj®B(e THL) ——— > B( 6^ ) ®. BCeJIJc- B
«J Tel 1 We <-" <- I yo v C.

where 1 T denotes the identity map on B(e JO.
,N J «J £.

Define U T (X) = uL(e T x e ) for x £ B(H ) ® B(H0 ).
<J J U U Ic.

Then U T : B(HJ ® BCHj ——} B( S\ ) ® B(H ) is CP for each finite subset 
>j \ f— i <—

J of I, and ||u || £ ||a i)|- We order [ J : J finite ? ij by inclusion. 

Thus by BW compactness, there exists a CP map

u : B(H^) ® B(H2 ) ——?B(S\, ) © B(H2 ) and a subnet such that

u ——)u in the BW topology for this subnet. If x £ B(H ), ye B(H5 ), 
J • \ d.
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u(x® y) = lim 'U T (X® y) = lim u!L(e T x ® y e T ) = lira uL x e e Tye T
J U u d J <J u

= lim a 1 (x)®ejyej = a /j (x)®y ,

where the limit is taken over the subnet for the BW topology.

Similarly, we construct v, CP , from B(& )®B(H ) —— » B(fo ) ®B(&1 ),

satisfying v(x®y) = x®a2 (y) V x G BC^), y € B(K ).

Put b = vu, which is CP from B(H^ ) ® B(H0 ) ——) B(ffK) © B($O
12 12

and Y = b I . -

Then/d1 ®d2 = aCd^fca^d)' V d.. e A.,, i=1,2.

Now u'T = a.®1 T ;> a. ®1 T . J 1 J 'r 1 w J
Take a positive alement c in B(H )©B(H ).

mi /\ i *v ^v R *^ * * "• /n -.W \ " **Then u (c; = uL e T c e ^ a. g> 1 T e T c e T = (a. O 1) e_ c e T
«J <JU«J IJJJ I JJ

Hence since the BW limit preserves order,

/\ •» n_vj J,/\ u(c; ?/ a. ® 1 Cc;.

Similarly v > 1 ©w a n . Thus b } a. (gj^a^ , which implies/ 2 y 12 ^
. ^ n uj n j n ** n

But V is singular, hence w (gfw = 0, v/hich implies that either w 

or w^ =0.

5-9.

Here we shall study completely positive maps on the C*-algebra

of the canonical commutation relations. Let (H,or) be a symplectic space, 

i.e. H is a real vector space with o" an nR-bilinear form on H, which is 

antisymmetric

<T(h,k) = - o-(k,h) V h,k e H 

and regular

o*(h,k) =0 ' V k € H implies h = o.

V/e define A(H,o) to be the algebra of complex valued functions on H, having 

finite support, with the twisted product

(a.b)(h) = £ a(k) b(h-k) e~' \f a,b t A(H,cr),h€ H,
kfe H
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involution,

a*(h) = aT^h) V a € A(H,cr), h € H, 

and the natural laws of addition and scalar multiplication. 

A canonical basis for A (H,a) is j S , '. h £ H j , v;here S,(k) = 0 

if k / h and S, (h) = 1. v\ (H,cO, the representations of the OCR's over 

(H,o~), is defined as the set of those non- degenerate represenations *n 

of _ A(H,o), such that t £ E ——— > T (^^) is weakly (or strongly 

continuous) for all h in H. A(H,o~) v/hich v:e refer to as the C*-algebra 

of the canonical commutation relations, is then defined as the C*-algebra 

obtained by completing A(H,o") with respect to the norm

II a |l = sup ||ir(a)||' .
ir6^(H,cr) 

We also recall that a Weyl representation W of H on a hilbert space JR

is a map W from H into the unitary operators on ^,, satisfying

a) W(h)* = W(-h) V h £ H

b) W(h) W(k) = W(h+k) e"" ic5(h ' k) V h,k <=. H

c) W( X h) are continuous in A 6 ]R, in the weak operator topology on

B(*2 ) for each h in H.

There is a natural one-one correspondence between the set of all Weyl 

representations, VJ(H,cr) and /\(H,er); where Tr6^R(H,o'), gives rise 

to the Weyl representation

W(h) = [ir( g h)] h € H. 

For further details on these matters see

Let 9\ be a hilbert space and let K(fcv) be the space of functions 

x : H —— > B(VO which satisfy

i) For any n ^ 1, h. £ H j = 1,.....,n
j

(the matrix) fexp -J_ oCh.,1^) x(-h. + h^)! ?/ 0 in

ii) If h,k ^ H, t —— > x(th + k) is continuous from TR into B(K) for 

the weak operator topology.

Take x £• K(^Tv), and define A to be the complex space of



functions from H into V\ with finite support. We define a bilinear

form < , > on A as follows : 

For § , f' € A , put

exp -J_ o-(h,k) <fx(-k+h) J(h), t'(k) >. 
h,k6H 2

By property i) of K(&v), < , > is a positive semi definite form. For 

h € H, define a linear operator WA (h) on A by
X O O

where i\' (k) = exp +1_ o(k',h) i\ (k-h) for k 6 H, (5-9.1).
2

Then 'W(h).\ V,(h)«V> = <*, A

Now let NA = *\fc A : ^ A ,^> = 0

Then N* is a linear subspace of A , invariant under WA (h) for all
x * o' x,o

h fc H. < , > determines an inner product on A /N*. , and let ^*
' r ox x ' x

be the hilbert space completion of A /NA. Then WA (h) induces an unitary
OX X ̂ O

operator WA(}I) on /?A , for each h in H, satisfying
^C X

W.(h)( «l + NO = V + N i
J\. yv -rv

where /\^A , and «\' is as defined in (5»9»1)« It is straightforv/ard

to check that W A is a V/eyl representation. For f 6 Sr\ , consider the element
J{.

6 A o defined by 

J o (h) = ( o if h / o

Then f ——> f + N gives a bounded linear map VA from V\ into *^ A
x ) O X X X

such that x(h) = VX WA(h)V* V h £ H.
rf». J\. -*^

Before proceeding it is convenient to introduce some definitions.

DEFINITION 5-9.2.

A Weyl representation W is said to be S\ -cyclic if there exists Vt B$v,/?,)

such that Vfcv is cyclic for W i.e. fw(H) VSa] = ^w - V is then said

to be a cyclic map for W. Two fc\ -cyclic Weyl represenations W , \i with

cyclic maps V., V? respectively, are said to be equivalent if there exists
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a unitary map U : ^ ——> t such that
1 W2

W n (h) = U W2 (h) U V h £. H, and V /) = UV2 . 

This occurs iff V* W^Ch) V1 = V* W2 (h) V2 V h €. H.

Analogously, v/e can define %\ -cyclicity and Jv - equivalence 

for representations of A(H,cr), in particular for ^ (H,o).

We have thus shown that to every element x in K(fex) there

corresponds (uniquely up to Ss\ -equivalence) an b\ -cyclic V/eyl representation 

WA, withSv -cyclic map V*, .such that x(h) = VI W*(h) V* V h €. H.
X X XXX

Conversely,every element of K(fc\) arises in this way.

These considerations lead us to the following characterisations 

of CP maps on the CCR algebra, which generalises the familiar state space 

results r21,*f1J . However note that the case K =• <E, and %\ ^ <C, are 

slightly different. If xfe K(^l), it is clear that $ h —— x(h) (h 6 H)

defines a positive linear functional on A(H,6"), arid the above construction 

of V/A, V* etc can be bypassed by the GNS construction. However if ft/ C,
.A.

A,and x € K(S\)i it is non trivial that S, —> x(h) defines a CP from

A (H,o~) into B(K), and the above construction is deemed necessary.

THEOREM 5-9-3.

The following spaces are in one-one correspondence :

i) & -equivalence classes of ft -cyclic Weyl representations .

ii) $\ -equivalence classes of ft-cyclic represenations TT in

iii)

iv) w & CP( A(H,o-),S\) satisfying t —— ) w^^ is weakly con't inuous 

from K into B(^\) for all h,k €. H.

We will now concern ourselves with the dilation of a family of 

CP maps, indexed by a group G,(from an operator algebra into itself), into 

a group of * -automorphisms on a larger algebra. This problem has already
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been considered by E.B.Davies [_12j within the theory of quantum stochastic 

processes, and more recently by G.Lindblad for quantum dynamical semigroups,

? Theorem 9J i both working in the Schrodinger picture. For technical 

reasons we will omit from our treatment continuity considerations when 

G is a topological group.

The following theorem can be regarded as the C*-algebra analogue 

of E.Stroescu's Banach space dilations 58, Theorem 1 J .

THEOREM 5-10.1.

Let A be a C*-algebra with identity and G a group. For each g in G, w
6

is a CP map of A into itself such that w 1 = 1 and w. = 1 . Then there
g 1

exists a C*-algebra B contatining A, and a homomorphism f> from G into 

the ""-automorphisms of B, and a normal conditional expectation N from B 

onto A satisfying :

i) N( § •. ia ) = w (a) V g £ G, a € A, where i denotes the embedding
g g

of A in B.

ii) B is the C*-algebra generated byjf ia : g fe G, a t A^l g J

iii) The identity of A is an identity for B.

PROOF.

Take A to be faithfully represented as a concrete C*-algebra on a hilbert

space & . Then w £ CP(A;fc\ ,1) \/ g C G - For e&cn g in G i let IT i V ,
g O O

«^ denote the Stinespring representation TT , etc. Then % - h , g wg

V. = 1 , TT = 1, and V is an isometry for all g in G.
I I o

Define # = ® ^ , and B = B(O for all g in G, and put B = e B
S g °

For each g in G, we will define a unitary operator U on *
o

Put U1 = 1, and for g € G, g X 1 i

define (U | ) fa = Jh

Then U = U~ , Vg e G.
g o



For g-6. G, define f ° : B —— > B by0 * g o o J

f) h = uh \l fhg uhg uh1 for f * Bo , h e G

Then $ is a homomorphism from G into the ""-automorphisms of B .

We can embedd A as a C*-subalgebra of B as follows: Define i A — * Bo o

by ( ia ), = ® K,( a ) = ""'(a) say, V a fc A, h

The identity of A is then the identity of B . Now define N : B

by N f = W*f ,W, where W is the isometry from $X into ft defined by
«

) h ^ f o h / 1 ^ l e. Vi 
5 h = 1.

Then it can be checked, that N £ (ia) = w (a) V g e G, a £ A.
o o

We now indicate how to prove that ifg. €. G, a. €. A, i=1,2,.....,n,

then N (a ) .....§ (a ) e A.
6n n S1 '

In order to do this, we first show by induction on n, that if ? €•

kept fixed

where for each h in G, ^, is a finite sum of terms each of the form

x,y € A ,i.e.

where (p,x. ...... ,x ,y. ......... ,y ) depend on n, and are independant of

It follows that

(a,)! =

But by the above induction, ^ = x| where x 6 A.

Hence N $ (a )....... (t> (a.) £ A.

Let B be the C*-algebra generated by £ <g (a) : g £ G, a G AJ

Then £ leaves B invariant and if <£ = £ I R , g ——> $ is a homomorphism

from G into the *-automorphisms of B. Let N = N | fi . Then N is a

projection of norm one of B onto A, hence a conditional expectation.

The remainder of the proof is clear.



Note that we can easily modify the proof of the above theorem 

to obtain similar results for W*-algebras and £*-algebras with families 

of W* and £* continuous CP maps respectively.

We can obtain a number of corollaries from Theorem 5.10.1. The 

first of which corresponds to Nagy's theorem fj^^Oj for unitary dilations 

of contraction semigroups on a hilbert space, and E.Stroescu's Banach 

space analogue J58, Corollary 1 [ .

COROLLARY 5.10.2.

Let f w, : t €- 3R 1 be a semigroup of CP maps from a C*-algebra A

with identity into itself, such that w = 1 and w,1 = 1 V t £• o. Then
jf *•*

there exists a C*-algebra B containing A, a one parameter group of

*-automorphisms <£ , of B, and a normal conditional expectation N of B

onto A satisfying:

i) N f-t (a) = w jt .(a) V a 6 A, t 6 3R.

ii) B is the C*-algebra generated by j $ (a) :t€3R, a £, A j

iii) The identity of A is an identity for B.

The hilbert space and Banach space analogues of the following 

were obtained in r59j and [^SJ respectively.

COROLLARY 5.10.3-

Let w be a CP map from a C*-algebra A with identity into itself satisfying

w1 = 1. Then there, exists a C*-algebra B containing A, a normal

conditional expectation N from B onto A, and a *-automorphism $ of B

satisfying :

i) Nf n (a) = w |n| (a) V a £ A, n <£ 7L .
^.

ii) B is the C*-algebra generated by [$ n (a) : a fe A, n 6 2Zi] 

iii) The identity of A is an identity for B.
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The next corollary corresponds to Ando's result for unitary 

dilations of a pair of commuting contractions on a hilbert space [2] . 

As in the Banach space case, QjS] » we can take a finite number of not 

necessarily commuting operators.

CORLLARY 5.10.4.

Let w ,.....„, w be a finite system of (not necessarily commuting) 

CP maps of a C*~algebra A with identity into itself satisfying w.1 = 1 

for i = 1,.....,p. Then there exists a C*-algebra B containing A, a 

normal conditional expectation N of B onto A, a finite system of commuting 

* -automorphisms §,....., $ of B satisfying

i) N I !?••••• --ofi 11 ' (a) = wJn 'U ow |n<>l Ca) for all a in A 
1 x p 1 p

n- ,....., n in 2Z. 

ii) B is the C*-algebra generated by

........ (a) : a £ Anv ....,n

iii) The identity for A is also an identity for B.

Again there are W* and £ ""-analogues of Corollaries 5- 10. 2-5

5.11-

Several authors have studied semigroups of positive maps on

C* -algebras, e.g. [i 2, 13, 30, 31 ,32,39] - Lindblad [39] has been particularly 

concerned with the infinitesimal generators of norm continuous semigroups 

of CP maps on operator algebras. We aim to extend this v/ork, bystudying 

strongly continuous one parameter semigroups and groups on C*-algebras 

which have various positivity properties, e.g. 2-positive or CP mappings.

In the first place we remark that if A is a C*-algebra, G a 

group, and f w : g € G} a contractive group of 2-positive maps on

A then w is in fact a group of ""-automorphisms. This follows from the 
' g

following lemma.
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LEMMA 5-11.1. '

Let A be a C*-algebra, and w : A -rr=£ A an invertible linear map such that

—1 —1 
w and w are 2-positive and ||w|j = 1 = ||w" II Then w is a

*-automorphism.

PROOF.

This follows from 5.1.3.

We will show that it is possible to have a C*-algebra A, with 

identity 1, and w : A ——> A an invertible linear map such that w is CP, 

but w is not 2-positive. 

DEFINITION 5-11.2. [39] .

Let A be a C*-algebra, and 6 6 CP(A,A). Define L@ € B(A,A) by 

L0 (x) = 6(x) - [ Ke ,x) x £ A.

LEMMA 5-11-3.

Let A be a C*-algebra, 0 £. CI^A,A). Then the following conditions are

equivalent :

i) Lft is a derivation.

ii) Le = 0.

iii) 0(x) = K~x ^/x t. A ( and K,, lies in the centre of A ).

iv) •rre (x)Ve = V0x '\/x C A.

Now let A be any C*-algebra, G C CP(A,A) and {expt^: t ^ oj 

a strongly continuous one parameter semigroup of *-homomorphisms of A. 

Then using the Lie-Trotter formula as in [l3J and [_39J , we see that 

{expt(S+ Lft ) : t ^ oj is a strongly continuous one parameter 

semigroup of CP maps.

THEOREM 5.11.4-.

Let A be any C*-algebra, with identity, 0 €. CP(A,A), and expt& a
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strongly continuous one parameter group of *-autornorphisms of A.

Define L = L^ + £ . Then the following conditions are equivalent:

i) exp tL is a group of ""-automorphisms.

ii) exp tL is a group of CP maps.

iii) exp tL is a group of 2-positive maps.

iv) L = S .

v) 6(x) = Kex, V x 4 A.

vi) Tfi (x)v = v x V x 6 A.
G W t)

Now let Vv be a hilbert space, and consider A = B(Si). Take 

v C- B(S\), V 4. €1. Define 0(x) = V*xV x € A, It is then seen that

exp tL,, is never 2-positive if t < 0. 
t?

It is also possible to have a group of CP maps on a C*-algebra, 

which is not a group of *-automorphisms. Let A be a C*-algebra, and K 

a non zero self adjoint element of A. Then (X, (x) = e xe for t 6 3R, 

defines a norm continuous one parameter group of completely positive maps, 

but &. is .a ""-automorphism iff t - o. V/e shall see in Theorem 5*11.6
U

that this is essentially how all norm continuous one parameter groups of 

CP maps on C*-algebras arise.

The follov/ing Lemma generalises a part of |J59t Corollary 2j .

LEMMA 5.11.5.

Let A be a C*-algebra with identity and exp tL t } o, a strongly continuous 

one parameter semigroup of 2-positive maps on A, such that D(L) is a 

subalgebra of A, and 1 € D(L). Then for all x in D(L) : 

L(x*x) + x*L(l)x - x*L(x) - L(x*)x >/ 0.

PROOF.

This follows from 5.1.2 if we differentiate
/i 

exp tL(x*x) >/ exp tLx*. (exp tL 1 + t ) exp tL x

and then let € 4 o.
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THEOREM 5.11.6.

Let A be a C*-algebra with identity, and j exp tL : t € B ] a strongly 

continuous one parameter group of 2~positive maps on A such that D(L) 

is a subalgebra of A, and 1 £ D(L). Then if vie define D( J ) = D(L),

and $ x = Lx - 1 ( x, L(1)] , x e D(5 ),
2 1 J

$ is a *-derivation, and exp tL is a group of CP maps on A.

Moreover, the following conditions are equivalent :

i) L is a * -derivation.

ii) L(1) = 0.

iii) e is a group of * -automorphisms.

iv) eLt 1 =1 V t £ 3R.

v) ||eLt l|| = 1 V t C 3R. '

We also have the following partial converse to 5*11 •5»

THEOREM 5.11.7.

Let A be a C*-algebra, and e a strongly continuous one parameter semigroup

of positive maps on A such that

i) D(L) is a subalgebra of A.

ii) L(x*x) - x*L(x) - L(x*)x >/ 0 V x 6. D(L).

Then eLt (x*x) >, eLt (x*) eLt (x) tf x £ A, t >, o.

and hence e is a contraction semigroup.

PROOF.

The proof is similar to that of Proposition 1.1.2.

Let f £ D(L) and define x(t) = e f*f - eLt f* eLtf t >f o.

Then x is continuously differentiable and for t } o

x'Ct) - LeLt f*f - (LeLtf*)eLt f - eLtf*(LeLt f). 

Moreover if h £ D(L), then s ———> e h is continuously differentiable

in o £ s 4 t and

£ Jt-s)!. _ o e n — —



Hence x(t) - eLtx(o)

f a e (t-°)Lx(<rt dcr
v >T!Z.

dcr
° dcr

r (t-a)L rf Lcr,,^ Lcr.\ / T Lcr, * Lcr,, Lcr / Lcr,,v 
= J e L(e f*e t) - (Le f*)e f - e f*(Le f) dcr

o -J

But by hypothesis, L(eL°f*eL<T£) £ L(eL°f*)eL°f + eL(*f*(LeL<7f)

for all f £ D(L), o~ ? o. Moreover e is positive in o < o~ ^ t,

Hence x(t) ^ e x(o) = o V t **/ o.

By density of D(L) in A v;e deduce :

Jut/ j, \ ^ -l-it ^ JLt ., . , . 
e (x*x) yf ex* ex v x £ A, t ^ o.



CHAPTER 6.

In this chapter we first consider unbounded completely positive 

linear maps on a C*-algebra A, and then those which are invariant under 

a group of ""-automorphisms of the algebra. This generalises [Vi^J for 

scalar valued weights. However we have left Hahn-Banach type considerations 

(e.g. as in [J7,Lemme1.5 J ) for further study.

In the first section we construct the Stinespri?ig representation 

for an unbounded completely positive linear map of on A, and begin an 

analysis of the natural order structure for such maps. In § 6.2, when 

has dense domain, we are concerned with the construction of a largest 

operator valued weight <x majorised by tf , and with the property that 

it is the upper envelope of continuous CP linear maps. The third section 

deals with the quasi, equivalence, equivalence, and type of the Stinespring 

representation associated with operator valued weights, whilst in $ 6.^, 

v/e see hov; this study carries over to the enveloping von Neumann algebra. 

We then study in J 6.5 an unbounded completely positive linear map ex 

with dense domain which is left invariant by a group G of *-automorphisms 

of A, parallel to |7 ] for scalar valued v/eights. V/e construct a G invariant 

projection map 0 of the set CT of continuous CP linear maps dominated 

by 0^ , onto the set $• of G-invariant elements of 3" . This used to 

derive various properties of the upper envelope of 3~ . In $ 6.6 we 

study asymptotically abelian systems (A,G) and their ergodic CP maps. 

We remark that a great deal of the theory of §§ 6.5-6 can be generalised 

to semigroups of identity preserving ""-isomorphisms of C*-algebras into 

themselves. Finally, in J 6.7 we make some observations regarding a 

possible classification of the spectral type of strongly continuous one 

parameter groups of *-automorphisms of a C*~algebra v/hich possesses an 

invariant operator valued weight.



§ 6.1

Our first problem is a suitable definition for an unbounded 

completely positive map on a C*-algebra, which we wish to regard as an 

operator valued v/eight.

Let A be a C*-algebra. If S is any subset of A, we denote

SrtA by S . We recall that a face of A is a convex hereditary subcone

+ + of A , where a subset S of A is said to be hereditary if o $ x £ y,

y € S, x £ A implies that x £ S. If F is a face of A+ , then lin F

is a '-subalgebra 3 of A, and <0 + = F. The set £x e A: x*x e F? =L(F)

is a left ideal of A such that ft = L(F)*L(F) , A subalgebra ft of

A such that D - lin 2$ and Q is a face of A , is said to be a facial

subalgebra of A. For details on these matters see (_8,10J .

It is convenient to introduce some more notation. If S is a 

subset of a C*-algebra A, let S , for each n ^ 1, denote the subset of 

A = A®M consisting of all n K n matrices over S; i«,e.

S = (fa.."! : a. . £ S 1 £ i,j £ n I . 
n I L i J J ij J 3

If 0< is a linear map with domain JO = £)^ on a C*-algebra A into

another C*-algebra B, let y be the induced linear map with domain >Q ,n n

by applying o( elementwise to each matrix over Q . We then say that *

is completely positive if

i) ^Xc is a facial-subalgebra of A.

ii) Given any n ?/ 1, a. 6 V\* = L(Z).) for i = 1,2,....,ni ^

then ct n [aja.jj = ^(a*a.j)J > 0 in Bn .

We denote by cp(A,B) all (posibly unbounded) completely positive 

linear maps from the C*-algebra A into B. If fa is a hilbert space, we

let cp(a;frv) denote cp(A,B(fc\))»

We remark that if -0 is a facial subalgebra of a C*-algebra 

A, then it is an open problem whether Q is a facial subalgebra of A 

for all n $ 2. For a von Neumann algebra the answer is yes.



PROPOSITION 6.1.1.

If A is a von Neumann algebra, and D a facial subalgebra of A, then 

^ is a facial subalgebra of A for all n, and moreover

L(0)n = L(0 n). 

PROOF.

This is an application of [[9, Lemme4.11_J .

COROLLARY 6.1.2.

Let A be a von Neumann algebra, B a. C*-algebra, and <* a linear map with

domain Q = Q^ £ A into B. Then ex is completely positive iff <x
I i

maps (2b ) into (B ) for all n, i.e. K is positive for all n. An n

PROOF.

Suppose x e ( 0* ) + . Then x = x1/ x' 2 , where x1' 2 ^ L(£> ) = L(Z) ) . 

Hence x is a finite sum of at most n terms of the form fata.") where 

a± €. LCO) = A^ ..

REMARK 6.1.3.

We nov; show how operator valued maps on facial subalgebras of C*-algebras 

naturally arise. Consider the following definition of Haagerup : 

DEFINITION 6.1.J+.

Let M be a von Neumann algebra and M^ its predual. The extended positive 

part of M is defined as the set of functions rn : M* ——> [o, °° ) 

satisfying

1) m*J) = X mf <f 6 M,,, 4', X > o.

2) m(J) + <p) = m<p + m^ p,^ 6 M^ .

3) m is lower semicontinuous.
A

The extended positive part of M is denoted M . Note that each x in M 

defines an element in M by (f I——) p(x) , p 6 M* • Hence we can regard

A

M as a subset of M .



Let A be a C*-algebra, M a von Meumann algebra and B an additive, positive

homogenous map from A into M ;

i.e. 1) B(x + y) = Bx + By V x,y e. A+ .

2) B(/\x) = XB(x) ^ x e A+ , X > o.

Then ft* = $ x € A+ : Bx £ M+ "\ is a face in A+ , and hence is the 

positive part of a facial subalgebra -Q in A. Bl^ then has a unique

linear extension to Z) , which we denote by B. We then say that B is

*

completely positive if B is completely positive.

Conversely,suppose 2) is a facial Subalgebra of A, and C* a 

linear map with domain 2) into M, satisfying c* C* £ M . Then °<|n,4- 

can certainly be extended in at least one way into an additive,positive 

homogenous map B from A into M as follows : 

If x £ A+ \7)'f , $ £ M**, 0) £ 0 , define <* = B by

B(x)0 = oo .
•

It is then clear that B =K .

Hov/ever if ^Tv is a hilbert space, and M B(fo ), the cases 

fev. •= (5 and Sv ^ C are strikingly different. When K= C, the_ niap 

<p t——^ ( /) n ,tf)) gives a bijection between the family of |p,oo] valued weights 

on A+ , and the family of pairs (>0,t) where $ is a facial subalgebra of 

A and T a positive linear functional on -0. But if Sn/ <C, and & a facial 

subalgebra of A, with oc a positive linear map of x) into B(%i ), then 

by considering simple examples, <X| , may have more than one extension to 

an additive positive homogenous map from A into B(fa) , even if tf is 

completely positive and ^) is norm dense in A.

Having made these preliminary remarks, we now sketch our construction 

of the Stinespring representation. Let A be a C*-algebra, S\ a hilbert 

space and oc € cp(A; $0. Define fl^ = L(£U). We define a bilinear form 

< , > on the algebraic tensor product P\d Q o\ as follows :



If x,,, y.. <£ _. ,...,

put <£ x. ® j ,£y ® n. = £ <V(y*x ) |, n,>.
XJ- J J J- JJ-J-J-1-} J

This bilinear form is positive serddefinite as « is completely positive. 

For each x in A, define a linear transformation TT ( x ) on Sfl A 0fa by

O * "*"" ~ 1 ~" «^ "1 * ' ^ ~ — ~-c ~ «P T '

Then TT is an algebra homomorphism for which

Y*fi~ (x)u, v > = ('u, Tr(x*)v") \/ u.v 6 o o

Now suppose u = / x. ® -S. . £. iTlrtOVv^ where x. 6 fl» , f . £ ^ ,1^1 i ' D.
i = 1,....,n, and x € A. Define y. = ||x|| 2 - x*xj 1/2 x. £ »»oc for

i = 1,....,n. Since ex is completely positive, we have
n 

. t <ot(y*yi ) l v f > *, 0.

2 This means that <? 7T (x)u, TT (x)u^> < ||x|| <u,u>

Let N ot = [u £ ^O'h : <^u,u> = 0} . Then N^ is a linear

subspace of $\,<0fa , invariant under TT (x) for each x in A. < ,

determines an inner product on Ocn/N^ , and let ^a be its hilbert 

space completion. If A^ : In^Ofo —— ) iH^O^/N^ denotes the canonical 

projection, there exists an unique representation TT^ of A on ^ * 

such that TT^x)/^ y©| = ^^xyf)j VxeA, yeVl^,-|£^v. 

Moreover ^TT^Cx) A«<^©f ) A z ©v\> = ^oc(z*xy)f , n^ V x e A, y,z

I ,1 * ̂  -

If ^ €: cp(A; Sv), we will use as standard notation the objects 01* ,

h& ? *?K » ~n"k constructed above.

We define a partial ordering £ on the cone cp(A;St), by 

* Yt R (X ,B 6- cp(A; Si) if

2) The linear map « - Ii with domain 8K lies in cp(A;h).

Witb'this order structure on cp(A;Sv) we can show the following 

theorem, which generalises [64, Lernme 2.3J for scalar valued weights, 

andf^l for bounded conpletely positive maps on C*-algebras. It gives



one side of a Radon Nikodym story. As we shall see in § 6.5, the converse 

is trickier.

THEOREM 6.1.5.

Let A be a C*~algebra, %\ a hilbert space, and <*,B £. cp(A;1fO such 

that B £ (*. . The identity map on V\oi defines on passing to the quotient 

a continuous linear mapXfrom Ad^O^n onto A fl A O £i , which 

extends to a linear continuous map \ from |^ ̂  into Ka . If
J.%)

1/2
T = X *K and X r-V/T is the polar decomposition of A , then :

i) T is an operator in the commutant TT (A) ' of "H"(A) satisfying«i *^

0 £ T £ 1 and

ii) The partial isometry W gives an .equivalence between the subrepresentation

TV o ^ nuce y

the subrepresentation IT,, of TT defined by the stable subspace

of TT^ induced by the support of T, which lies in 7T (A) ' , and

,, of TT

of V 

PROOF.

fi $ * implies that ^ € £^, ^e lf\ ft , Nw S Nfi . Hence the identity 

map on rt- induces a linear map * from Jfl^ 0 fa/N. onto

O S\ N. i.e. A : A A O fo —— > A «\«t O V^ . .

Let x. 6 y\K , f i & %\ , i = 1 , . . . . ,m. Then

.. .. .
Since X is bounded, it can be extended to a linear continuous map of

%* into f{ n v/hich we also write as X ,v/ith norm $ 1. If T = **>
*• Ii

then 0 ^ T $ 1. Ifx,y£^,c, T,^ € SA then

If also z £ A, then
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<T -n^Cz

Thus T e

If z € A, x 

Hence stable f°r o defines a projection P

in TT (A) ' , and a subrepresentation TT of We now shov; that the

partial isometry W gives an equivalence betv/een P and the support of T
1/2

(which is the same as that .of T) . Ifz6-A, then

W-rr°(z) T1//2 = W

A x

Since

W x

is dense in the support of T;W gives the

equivalence between TT^ and TT .

In the theory of scalar valued weights, progress has been made 

by studying the bounded positive linear functionals dominated by a given 

weight [7 i 6^1 - In order to develop our theory of operator valued weights, 

we find it convenient to introduce some more definitions.

DEFINITION 6.1.6.

Let A be a C*-algebra, ^ a hilbert space and tf £ cp(A; V\) . We denote

by 3- = #"» the family

5w t CP(A; V) : w $ 

and by iK. = J 

a positive real number X such that

Axo || * Mix I ||l| V x

, the set of operators S in TT (A)' such that there is

The next lemma can be proved by developing the arguments in 

[64, Lemma 2.3~] , to which it reduces if k = <C.



148

LEMMA 6.1.7.

A is a C*~algebra, fc\ a hilbert space and o( £ cp(A; fc). Then & is 

a left ideal in TT^A) ' . For any S in &. , there exists a bounded linear 

map V = V3 from Vv into [r^C A^ ) fl/|" such that SA^x ©^ = trot (x)Vt> 

for all x in lf\ A , | in Vl . Moreover if \t Vv is fixed, V^ is the 

unique element of flT^ ( fl^ ) R^l"" such that SAx©^ = T^Cx) VJ for all

x n

J. 

Parallel to the theory for weights I 64, Lemma 2.6J , xve can now

describe the relation between y- and

PROPOSITION 6.1.8.

•>• Let A be a C*-algebra, Vv a hilbert space and oc £ cp(A;fc\). For any 

w in ^- , there is a unique S in Sx such that 0 £ S ^ 1 , and

<w<x*x)i,?> = USA^X^J || 2 V xe^, ?e*\ .

Conversely for any S in 5/v such that || S || < 1 , there is an w in 

such that

PROOF.

Let w £ $• . Then there is a T in "^(A) ' by Theorem 6.1.5 such that

0 < T < 1 and 
w

Define S = T ' . Then 
w

,i> $ HI.!
so that S € St. • The uniqueness is clear.

Conversely, let S 6 S^. such that || S || £ 1. By Lemma 6.1.7 there exists 

V in B( S\, *?,<.) such that SA^x ®£ = TT^(X) V^ V x eY^ , 1 €: ^ . 

Define w(z) = V*lT^(z)V V Z 6 A. If x.. € &< , f j_ t Vi for 

i = 1,....,n then

rr(x.) Vf.ll 2
OL T -^ T "*^" ^. J_

i ® fiir ^ ii A0 J - 2



i.e. w ^ * , and w €. 7" .

REMARK 6.1.9.

In the situation of Propostition 6.1.8, we note the following :

a) ^ - "n^(A)' iff <* coincides on 3 with an element of CP(A;

b) If also <J^ is norm dense in A , and w € 3^~, then A A 0^ is
w

dense in #. r . Thus by applying 6.1.5 to the pair ( <* , w ) , and if T is

the operator defined there, TT is a representation of A equivalent withw

a subrepresentation of TT^ defined by the support of T. 

V/e also observe the following, which is well known in the bounded case 

for weights [_6^, Proposition 2.5J •

PROPOSITION 6.1.10.

Let A be a C*-algebra, fa a hilbert space, <* £ cp(A; Vv) such that 

$a is norm dense in A, and 5r contains a non zero element. Then 

"H"^ is irreducible iff o( is the restriction to 8^ of a pure element

w of CP(A; $r\). If htere exists an additive, positive homogenous map

B : A"*" —— » B( fa ) /v such that fi = * and x I — ̂ fi(x)y> is lower

semicontnnuous on A for each (f) in T($\) , then 01 = v;.

§ 6.2.

Throughout this section, A denotes a C*-algebra, and &"i a

hilbert space. If <* € cp(A;Sn), we will be concerned with the construction 

of a largest operator valued weight « majorised by W- , and with the 

property that it is the upper envelope of continuous CP maps. Therefore 

v/e will need a property of 3~ called "£ -filtrating" by Combes f? J .

DEFINITION 6.2.1.

A family QA in CP(A;fc\) is said to-be €r -filtering if given ^ > o,
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w^ , v/^ in ^ , there exists 0 in Of , such that 

(1 ~^)wi $Y i = 1,2.

V/hen 15\ - €, the following reduces partly to f_7, Lemrne 1.9] 

and is proved but not stated by

PROPOSITION 6.2.2.

If OC 6. cp(A;&O such that /D^ is dense in A, then $ is 6 -filtering

PROOF.

Given £ > o, w. , w £ ^ , there exist S , S» £ 5\ , such that

0 < S± ^ 1 and <w.(x*x)t

Since 9v is a left ideal in TT^A) ' , we can get S € -^ by [66, Lemma 

such that (1 -6) S*S. < S*S <: 1 for i = 1,2.

Let w €.^" be the element determined by S according to 6.1.8. 

Then for all x. € f\ * , 5 . £. S"\ , j=1,.....,n

Since OL is dense in A, we deduce (1 - £ )w. 4 w i = 1,2. *» i

PROPOSITION 6.2.3-

A family 6j/ in CP(A; K) is € -filtering. Then

sup ^w(x), ®) f 6 T(&\) ,x6A"

defines a completely positive, additive, positive homogenous map B from 

A* into B(Sv)A - If * - & (Remark 6.1.3) then :

/ + = [ x (£ A+ : sup l|w(x)l| < ° 
^^ we^

ii) (X ^ w V w € $ -

iii) If x. € flrf , f . ^ 8\ i = 1,2, .....,n then 
i o -•-

-x.) f., ?i
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PROOF.

It is clear by £ -filtering that
i

B(x)(^p) = sup<Tw(x), <Z)> x £ A , ® £ T(^) 
W€<5 +

i _ A

defines an additive, positive homogenous map from A into :
*

Moreover if (X = ft, it is trivial that

* e fx€A+ : sup ||w(x)|| <coj . o /-> •!

Now suppose x. £ A and sup |lw(x,.)|| $ c < w for some c. 

Take 0) £ T(%\), then 9 = ty - 0) + 1(9 - p.) 05. €r T(h )

Then the linear extension of B(x.)(<|)) to T(9\) satisfies

(BCx^C^I ^ c |[<p|| V f e T(&X). 

Hence BCx^ € B(SrO = T(g\)*, and x1 € £^J~ .

In order to prove the reminder, it is enough by polarisation to show that 

ify.^^V) f • fc frv i i = 1,2,.....,m;€>ojw e ^ , that there exists 

w in •£( , satisfying

K^Cyty^ ?,., f^ - <w(y*yi ) ? .. , ?-_>(<€ i = 1,...,m 

and w/^O-6)w<.. 

This follows by G -filtering.

DEFINITION 6.2.4. 

Y €. cp(A; ^s) is said to be the upper envelope of a family -^j in

CP(A; SO if

i) If x e A+ , then x 6 £)y iff sup || w(x) |j <oo .

ii) For all x in ^, in

1 <r(xjx)f , ?.> = sup I £ <w(xjx)f f 5 >]
i,j=1 J J W€^ <• J J

We now state our decomposition theorem. If we restrict ourselves to 

scalar valued weights, Theorem 6.2.5 reduces to [64, 2.9, 2.11J .
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THEOREM 6.2.5. 

Let w £ cp(A; such that is dense in A. Then there exist o

<X in cp(A; fcx) such that

i) 

ii) *t

<x = oc + ex

any
±L*

<X is the upper envelope of C/ . <x ma j crises 

cp(A; 9\ )v/hich is majorised by tf , and such that Y isother map

. the upper envelope of a family in 

iii) o*. ^ (X and 0< majorises no non zero element of CP(A;th). 

PROOF.

It is clear from Propositions 6.2.2 and 6.2.3 that ef , the upper envelope 

of u exists, and (X -^ (X Let Y ^e anv other element of cp(A;Si) 

rnajorised by « , which is the upper envelope of a family Q in CP(A; k. ) 

Let x ^ x)^o . Then sup |lw(x)|j < oo . However if w 6 M , 

w ^ y , and y ^ ^< 

i.e. x € by+ . Thus 

i = 1,....,n. Then there exists w in *

show w 6 3 • Hence sup |jw(x) || < °° ,
we 5

• Take a.€ ^ , f . €

such that

Hence

and Y ^

Now define 

Then (X

o( Q

= D and (x) =

0, and

v; . Then w , hence

Similarly nw^W, V n. Hence w = 0, since ft = li

x) - *0 (x ) for x in

0^. Let w £CP(A;(h) such that

so that w $ (V , and 2w •£

and D is

dense in A.

6.3-

We v/ill now study quasi equivalence, equivalence and the type"

of representations associated with various operator valued weights. All
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the results of this section are operator valued versions of those in

[^ 7, 2.6 - 2*1? J for the case of [o,*>] valued weights. Again A denotes 

a C*-algebra and ^ a hilbert space.

DEFINITION 6.3.1.

Let c* € cp(A;fcv) with domain ft , and F a family in CP(A; £n) majorised

by (X We say belongs to the closure of F for the topology of simple

convergence if any one of the following equivalent conditions are satisfied:

for i = 1,...m 

and € > o, there exists ft €_ F such that

1) Given n,rn >, 1, and a. 6 (At ) , ?•

2) Given n , p ^ 1 , and a^e
J { ,p j = 1 . . . . , n

and £ •> o, there exists fi 6 F such that

• ,=

for i = 1,

3) Given q ."£• 1, a. 6 lA^ , ? . t Vv

there exists fi €r F such that

, . 
,K- I

= 1,....,q, and > o

0

for i = 1 ,...., q

ta.) 5.,

If 0< is the upper envelope of an 6- -filtering family F in 

CP(A;SO, then #• belongs to the closure of F for the topology of simple 

convergence. In particular if oc € cp(A;fc\) with V^ dense in A, then

<x belongs to the closure of for the topology of simple convergence,

LEMMA 6.3.2.

Let rt €. cp(A; fc\) and cp(A; k) ? F , a family majorised by oC . If ft £- F,

let T be the corresponding element of T£(A)' as defined in 6.1.5. Then
1*)

Ot belongs to the closure of F for the topology of simple convergence 

iff 1 is in the weak closure of £ Tft : ft € F] <=. T



PROOF.

The family [ T^j satisfies | Tfi || £ 1 for all B £ F. Hence 1 lies

in their weak closure iff given £ > o, p,n 5- 1 , f * £

i = 1,....,p , j = I,..., ,.,n , there exists & €. F such that

^1 { ^'^^^-"hXl'i- 'S'l
5 K- I V.

<e
for i = 1,....,p.

PROPOSITION 6.3.3.

Let pC £ cp(A; ^\) and F be a family in CP(A; &0 najorised by X . If

Ww -£, F, V denotes the corresponding element in B( S\ , JRa) such that

w(x) = (VW )*TTl (x) VW \/x e A. ' If * belongs to the closure of F for

r B< } the topology of simple convergence, then the set j^ V <# : B £ F V is

cyclic for TT^ .

COROLLARY 6.3-^-

Suppose o£ C cp(A; &0, A and Sr\ are separable, and that there exists a

countable family F in CP(A; K) majorised by K such that K belongs

to the closure of F for the topology of simple convergence, then /^* is

separable.

PROPOSITION 6.3-5-

IB.]. _ is a family in cp(A; Sf\) majorised by a single element ^ in
V J_ / JLtC* *L.

cp(A; ^) and such that (X belongs to the closure of ^B.~j for the 

topology of simple convergence. Moreover suppose that for each i in I, 

there exists a family F. in CP(A;Srv) such that B. majorises each element 

of F. and belongs to the closure of Fi for the topology of simple convergence,

If £L is dense in A, then the representations TT^ and ^ TT are
i 

quasiequivalent.



PROOF.

Suppose each B. 6 CP(A;&\). Then since B. * <* , """ is equivalent
J- •*- i.*) •i 

to a subrepresentation of TT^ defined by the projection P. in TT^A)'

which is the support of the operator T p associated with B. (6.1.5.)«
•I** « J.

Hence -rr ~ is quasi equivalent to the subrepresenation of TT^ associated
i 

to the central support Q. of P. in the centre of TQ (A) 1 . Therefore

® iTp. is quasi equivalent to the subrepresentation of Ti^ associated 

with the projection V Q.- in the centre of TTK (A) ' . By 6.3.2 this

is 1 . In the general case put F = U F . . Then <* belongs to theitl 1 

closure of F for the topology of simple convergence . Hence

ifelV v/tF. / i^ I i

COROLLARY 6.3.6.

Let tf , B <=r cp(A; fa) such that B ^ Ot and Z)^ = A. Suppose that 

there exists a family F (respectively G) in CP(A;%\) majorised by # 

(respectively B) such that & (respectively B) belongs to the closure 

of F (respectively G) for the topology of simple convergence, then Tr,, 

is a quasiequivalent to a subrepresenation of Tr^ .

COROLLARY 6.3.7-

Suppose * ,15 € cp(A;%0 with 2^ ̂  *9^, <* = Bl and ^ = A. 

If there exists a family F in CP(A; fc\), majorised by B and such that B 

belongs to the closure of F for the topology of simple convergence, then 

TT^ and TT A are quasiequivalent.
lt>

DEFINITION 6.3.8.

Let Jtf-V ^e a family in cp(A; Sv). Then

E = |x € AyQj.4" • 3 A<oo s.t. $1 0<.(x) < A1 for all finite subsets Jf I I
I ^C _T -1 J

is a
J 

face in A+ , and hence is the positive part of a facial subalgebra -3



in A. If x £ E, £ «.(x) exists as an ultraweak limit, and v;e defineiel 1 

this limit to be o('(x). Let <* be the unique linear extension of «*'

to $ . Then <x ^ £ ^. for all finite subsets J of I, arid ini£ J X 

particular oc e cp(A;5r\). V/e write (* = ^ (X..
i'

(Alternatively, we could consider (£.#.)" ).

PROPOSITION 6.3.9.

Suppose {^jl^T is a family in cp(A; &0, and suppose oc e

with 0< «• ^ot. . Then the representation "H"* of Ais equivalent to

a subrepresentation of QJ TT,
itl t 

PROOF.

For each i in I, let ^) . , #\ . , /A . , R . , TT . be the canonical Stinespring 

objecects defined by W . for each i in I. Since t* . <. PC , we have 

by 6.1.5 a partial isometry W. : # K — > ^., and an operator T. 6 ~n^ (A)' 

such that the subrepresentation induced by the support of T. is equivalent

to a subrepresentation of ^ . .For l£« put W^ = (W
1 iei

For x. £. "^of ^ fll ., f . £ %1 , j = 1,2...,n we have1
2

-n

Hence W is an isometry from R into @ ^.j^. For each i in I, V^C

is stable under TT. , hence W(K) is stable under ® TT. , and1 i€l 1 

defines a subrepresentation p of ® TT

For all z in A, x in
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(z) A^X a f ) = e-rtXz) w A^x® s

Hence V/ gives the required equivalence between TT^ and

DEFINITIONS 6.3.10.

We say ^ £ cp(A;9O is of type I (respectively II,III, etc) if the 

representation TT* is of type I (respectively II,III etc), and <* is 

factorial if TT^ is factorial.

COROLLARY 6.3.11.

Suppose £<*•}•/y is a family in cp(A; £\), and consider #> = o & • •

If for each i £ I, ex. is of type I (respectively II,II , 11^ , III etc)i \

then ^J #. is of the same type.

COROLLARY 6.3-12.

Those elements in cp(.A;V\) of a fixed type, form a convex subcone of

cp(A;

PROPOSITION 6.3.13.

Suppose |o^. : i 6 l] is a family in cp(A; $\) such that for each i in I, 

there exists a family F. in GP(A; Vv) majorised by 0< . , with * . belonging 

to the 'closure of F. for the topology of simple convergence. Suppose 

that « ^ Cp(A;9O is such that 8^ = A and * ^ £o. Then the

representations TT^ and © TT^ . are quasi equivalent.ifcl C 

PROOF.

this follows from 6.3.5 and 6.3.9.

PROPOSITION .3

Let ^ £ cp(A;$O with D^ - A. Suppose that there exists at least 

one family in CP(A; fr$ whose sum is (X . Then the following conditions 

are equivalent :
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i) « is factorial.

ii) There exists a family of quasi equivalent factorial naps in CP(A;S\)

whose sum is o( .

If ex. is also of type I, they are also equivalent to : 

iii) There exists a family of pure elements of CP(/i;3n) with equivalent

representations whose sum is <X . 

PROOF.

i =4 ii. Let £ 1^ : i 6 l] be a family in CP(A; &) such that tf = £fi. 

and ft. / 0 V i. Then by 6.1.5, for each j in I, TTR is equivalent
J* l«J •

to a subrepresentation of TT^ . if TT^ is factorial, TT p is factorial
!•) *i

for all i, and quasi equivalent to

ii => i . If ^B. : i € i] is a family of quasi equivalent factorial

maps in CP(A;£l), then &1C ±s factorial. If < = £li. , * is
i*) •i 

factorial by Proposition 6.3-9»

Now suppose tf is of type I.

J-i

ii =4 iii. Let 3 B. : i £. I \ be a family of quasi equivalent factoriali J
maps in CP(A; V\). For each i in I, TT is factorial of type I. We

i 
can decompose TT as a sum of irreducible representations

i
~TT R - ® TT. and such that <„ = ® H. . 

i 06-Ki) ° 15i
If we write Vft | = ( ^ V3 1 ) U Si , where Vj 6 B(?1,H ),

15. ".-r/'N J.
and define & (x) = (VJ )* TT.(x)VJ x 6 A, j 6 I(i), then

j
•»r.(x)v

jel(i) jei(i)

,f> x6 A,Thus

and B.x*x
1 ifel

It follows that

1 k Moreover since each pair R , B are quasi equivalent and pure, they

are equivalent by M6,



159 

=4 ii is trivial.

§ 6. if.

We now wish to see how our study of the representati OIIG of 

operator valued weights carries over to the enveloping von Neumann 

algebra. It is natural to include here the following operator valued 

version of [_?, Lemrae 4.3J concerning scalar valued weights. As usual 

Srx will denote a hilbert space.

PROPOSITION 6.4.1.

Let M be a von Neumann algebra, and <* £ cp(M;&O. Then TT^ is normal 

iff z —— » t>£ (x*zx) is normal -for each x in u\& . In which case, if 

B denotes the norm closure of %)^ , then every element of CP(B; ft )
v\v

majorised by c^ , is the restriction to B of an element in CP (M;

We then define cpw (M; £v) to be the set of <* in cp(M; fa) such that TT^ 

is normal.

Let A be a C* -algebra. If w '£• CP(A;&\), there exists an unique CP
A f 

linear extension w to A the enveloping von Neumann algebra. The support

s of w is called the enveloping support of w, and sc denotes the w w

central support of s in A. 1 - sc is the largest projection inci~ w w

ker IT * . If W. , w0 are two such maps, they give quasi equivalent 
w i <-

representations iff sc = sc . We wish to extend this for unboundedW1 W2

completly positive maps, and in this way our results 6.4.1 - 6.4.4

generalise |~7, 4.8 - 4.1ll concerning scalar valued weights. 

Suppose that F & CP(A;>t) is an 6 -filtering family, and B given by

= sup <fw(x), > x £ A,

is the associated cp additive, positive homogenous map from A" into B('$i)' 

Put (X = B . Then F = (v? : w € F j is £ -filtering, and define
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5 : (A) + —— B(SO* by

= sup<vr(x) f f>> x e (A) + , ffl 6

We define £ = (B)' . Note that for each y in T(fa ) , x —— »£(x

is ultraweakly lower semi continuous on A. Suppose M is a von Neumann

algebra, and o : M —— ̂ B( SO is additive, positive homogenous

and such that x —— ) /(x)(p) is u.w. Is.c. on M+ .

Then n^ = Sx 6 M : /(x*x) = 0 j is a o=-weakly closed left ideal in

M. If ^ = y , we let p^ be the largest projection in ny . Then

1 - p$ - GJ is called the support of S , and scg is the central

support of sj

If A is a C*-algebra, and o£ is the upper envelope of an'" £ -filtering

family F in CP(A; ^ ) , we let s^ = s£ , and sc^ = sc^ .

If M is a von Neumann algebra, and B is the upper envelope of and -filering

family G in CP (M;fc\), then ker TT - (\ ker TT , and 1 - sc^ is
vi tG 

the largest projection in ker "F „.

PROPOSITION 6.4.2.

M is a von Neumann algebra, and R € cp(H;fci) is the upper envelope of

an £. -filtering family G in CP (-M;&x). Then the normal representations

and A T are quasi equivalent. W

COROLLARY 6.4.3-

A is a C*-algebra, and ^ € cp(A; ̂ rx) is the upper envelope of an € -filtering 

family F in CP(A; 5K) such that 4)^ - A. Then the representations "TT, 

and TTj of A are quasi equivalent.

PROOF.

-TT- and © IT /* are quasi equivalent by 6.4.2.
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r^

Moreover, "^ and 8 IT- are quasi equivalent by 6.3.5.
W

COROLLARY 6.4.4.

If A is a C*-algebra, « ,fi> 6 cp(A; &\ ) such that Q = £~ = A, and
10

each the upper envelopes of £ -filtering families in CP(A; &~0 , then 

is quasi equivalent to a subrepresentation of "ir (respectively quasi
J.Z)

equivalent) iff sc ^ sc a (respectively sc = sc_).
**!•>. ii

Our investigation of the structure of operator valued weights 

now proceeds by studying those completely positive maps which are invariant 

under a group of *-automorphisms of the algebra. This work is an 

extension of van Daele's. If we take the hilbert space $T\ to be one 

dimensional, then our operator valued results 6.5-1 and 6.5-3 - 6.5-1? 

reduce to 2.1 - 2.4, 2.6, 2.8 - 2.10 of [_64j concerning scalar valued 

weights.

A will always denote a C*-algebra, unless otherwise stated, and 

£rV a hilbert space. We say that OC € cp(A; ̂ \) is G-invariant, where G 

is a grcun of *-automorphisms of A, if 2)^ is G-invariant and (X.g(a) - &a 

for all a in Vet. • This is equivalent to

(Kg ) A ( a ) = « (a) V g 6 G, a <£ A+ .

LEMMA 6.5.1.

Let tf. € cp(A;&O be G-invariant. Then Ifl,, and Nw are G-invariant and

there exists an unitary representation U of G in ^« such that
o

6 \ , g € G.
o

ii) UTT^U"1 = TT g(y) ^S ^ G, y.€ A.

DEFINITION 6.5-2.

If OC e- cp(A; S\) is G invariant, we denote by ^ = ^ and X = S<
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the Ginvariant 'elements of 5" = 3 and $x = Sv respectively, where 

j , j\ are e.s defined in 6.1.6..

As expected from 6.1.8, there is a natural relation between

and as the next lemmas show.

LEMMA 6.5.3.

Suppose <* £ cp(A; fc\) is G~invariant. Then

i) JC is a G invariant left ideal in ~n^(A)'.

ii) $ is a left ideal in the fixed point algebra of "n^(A) 1 . For any
ft 

S in Jf , there is a G invariant map V = Tr in B( & , [fk(r\*)K]~)

(i.e. U V = V V ge G) such that for each fixed $ in &1 , Vf
D

r f v "^ ^>is the unique G invariant vector in I."1** (^V) *J such that

sA^x®! = T^(X) v? V x e Y\<x

LEMMA 6.5.Jf.

Suppose ot £ cp(A; S\) is G invariant. Then for any w in •?- , there

is an unique S in ^ such that 0 ^ S £•• 1, and 1 o

Conversely, for any S in K • , such that ||s |1 ^ 1, there is a w in 

such that 'w(x*x) I ,!> = |s/^x®f|| 2 Vxt^*, <

COROLLARY 6.5.5-

i) Let o< C cp(A; 9l) be G invariant with Q* norm dense in A, then 

^L is £ -filtering.
v O

ii) Let A be a von Neumann algebra, <* £ cpW (A;£v) with ^ ultraweakly

dense in A Then ^Q is in CP (A;^) and is e-filtering.

PROOF.

ii) The only non trivial point is to show that 7^ in CP (A; &O is €

filtering. Suppose £ "> o, w^ , v/2 ^ 7^ and for all a^ in o/^,
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i = 1, . . . ,n 'that

£(1 -O ̂ (ata.) ?., ?.> < ^w2 (a*a.) f . , f.> . 

Then (1 - e )w^ - w 4-0 follows from either 6.1.1 or [_10 , 2.V]

(consider fatp a .1 , where p^ are projections in Y\ A J\*" p v 1 1 ).J -i

This leads us naturally to :

THEOKT.M 6.5.6.

i) Let ct 6. cp(A; &\) be G invariant with Jj^ norm dense in A. Then

there exists a G invariant element CX of cp(A; fc"l) which is the upper 

envelope of $- . (X ma j crises any other G invariant element 

of cp(A; SS) which is majorised by y and is the upper envelope of 

a G invariant family in CP(A;?>). 

ii) Let A be a von Neumann algebra, (X £ cp^CAjVl) with ^/pt o^-v/eakly

dense in A. Then there exists a Ginvariant map <X which is ther o

upper envelope of ^- . o( majcrises any other G-invariant map

in cp(A;%"0 which is majorised by <* and such that X is the upper

envelope of a G-invariant family in CP (A;£i).

Follov/ing van Daele's one dimensional theory I 6^ I, v\re will 

construct a unique normal G-invariant projection map $ of the ultraweak

closure SC of Sfx onto the ultraweak closure j( of $v .It will

be the case that 0 is a projection of S( onto $\ , and 5£ K. onto

(X *" £ .It will then be possible to define a unique G invariant -^ o o

projection map $' of ~ onto - , which is BV/ continuous on bounded 

sets.

NOTATION 6.5.7.

Let V •£ cp(A;^) be Ginvariant. We will denote by EQ , the projection

onto the fixed points in
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Then U EQ = EQ .U = EQ V g e G. Moreover there exists a net of 

convex combinations [£\ 1 (g)U ] c converging strongly to E . We can 

then chow that if S £ SC ,

^L^ \ f __ N T T /** TT •7^ A Cg; U S U^
^~1 J n* p*

o o

converges strongly to an operator 0S in «K . The arguments of 64, Prop3.2 

lead us to the following conclusions :

PROPOSITION 6.5.8.

Let <* £ cp(A;&\) be G-invariant. There exists a unique normal positive 

G-invariant projection map 0 of ^ onto $\ (the cr-weak closures). 

We have ^(S)E = E SE for any S in <K . In particular ,

. K 0

COROLLARY 6.5.9.

Let F, F be the largest projections in S^ and J\. respectively,

(the ultraweak closures). The 0F = F .

(6.5.10) REMARK ON COROLLARY 6.5.9. 

It is clear from 6«3»2, that cJ belongs to the closure of $ (respectively

) for the topology of simple convergence iff F = 1 (F = 1

respectively). If o( belongs to the closure of for the topology 

of simple convergence, it does not follow that <x always belongs to the 

closure of ^~ for the topology of simple convergence. See I 64, 5- 2 I

where F = 1,but FQ = 0.'

PROPOSITION 6.5-11.

Let e>^£ cp(A;^) be G invariant. Then there exists a G-invariant projection

map fr of ;}- into ^ , satisfying 0'(>f) = _A0'(f), and

+ g) = ^'(f) + ^'(e) whenever A } o,and f,g,Af, f+g 6 9" . If
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moreover w is norm dense in A, then $' is onto ^" , BV/ continuous onr o

bounded sets and unique.

REMARK 6.5.12.

Note that when $<* is dense in A, the formula

<'w(x*x)?,i> = n s
gives a bisection wl —— * S*S^ between J- and £s*S : ||S|| £1 

the elements of (& X ) with norm £ 1; and similarly for jj- and 

Then on any bounded set in c^ w^ —— ̂ w in the BW topology iff

w

S*S ——^ S*S in the weak operator topologv.
W \! W V7 v

Our next results concern a study of the upper envelope ex 

constructed in 6.5.6, and the relation of the existence of fixed points 

in ^.oc to the existence of fixed points in $•.

THEOREM 6.5.13.

Let «< £ cp(A; VO be G-invariant, and £)& norm dense in A. Let F be 

the largest projection in the ultraweak closure S^ of SK. ,' and (X 

the upper envelope of CT . Then

^(X (x*x)'t,§> = ^F Ax ©3 ,Aw x©^> for all x in
V Q V J ' J I O" J ' «C ->

COROLLARY .5

Let (X € cp(A; fcO be G-invariant with X)* norm dense in A, and X

belonging to the closure of $~ for the topology of simple convergence.

Then F = pTQ.(A) E tf«l . Moreover (X majorises no non zero

G-invariant element of CP(A; fc\) iff * has no non zero fixed points.

COROLLARY 6.5-15-

Let (X. €. cp(A;S\) be G-invariant v/ith ^^ = A. Then there is an

incresing net £fi>. : i £ I J in 7^ such that
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((V o ) n (z) = SUP (Bi ) n (z) f°r a11 Z in
i

COROLLARY 6.5.16.

Let tf € cp(A; fcx) be G invariant v/ith 2)^ = A, and suppose there is

a family 5 B : i € l] in ^ such that ct £ £, B. .
ifil 1

Then there is a family $ B.° : i £ I I in ^ such thatv i > o
' * (x) = £ B.°(x) V x e (4 ) + .0 it I x

Our final observations of this section are concerned with 

Radon Nikodym statements for operator valued weights. If tX G cp(A;V*v), 

we have seen the relation between the set [ S £ ̂  K : 0^-36 1 ( and

} - \ v:6 CP(A; S\) : w ^ot'l , (6.1.8). One may then wonder if 

for all T in ^ (A) ' , 0 ^ T ^ 1, there is a R in cp(A; Si ) B <: « 

and < B(x*x) f,f> = <TArf x®? ,Ax^>9^ ^ x 6. Si ,*^ ^^

This is the case if A is a von Neumann algebra. In the C*-algebra 

situation, the first part of the following theorem, when G is the identity 

automorphism, gives a partial converse to 6.1.5.

/" r- si T-l

Let (* £. cp(A;V\) be G-invariantv/ith O^ - A. For any G-invariant T 

in ^(A) ' , 0 $ T <• F , there is a G-invariant element B of cp(A;Sn) 

fi <<X , with <TB(x*x)f,^> = ^TA^x®1 , A^x®O V x £ *!<

For any ft in cp(A; frO v/ith ft ^ «. ,and ftj belonging to the closureI 0«(
of a family Qj of G-invariant elements of CP(A; ?J\) raajorised by Bl 

there exists an operator T in tr* (A) ' , 0 < T < FQ , and

6.6.

In the previous section, no assumptions were made regarding the
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automorphism group G. In this section we are concerned with the structure 

of G- invariant CP maps on C*-algebras, and we discuss in some detail, 

various cases in which the system possesses some particular properties 

known under the general name of asymptotic abelianness.

Let Cfi. be a von Neumann algebra on* a hilbert space $ , G a

group and g <* a representation of G by * -automorphisms of
o

which is implemented by a unitary representation U of G on
6>

Let

E Q be the projection on the G invariant elements of % .

i.e. Eo ll = { Ve « : U V = V Vg£G]

Let Q be the von Neumann algebra generated by 6i and Up. Then note

that E £ strong closure (conv U,, \ , and in particular E £. (U,,)".

Throughout this section, ft denotes a hilbert space and g —» 0"
o

is a represenation of a group G by *-automorphisms of a C*-algebra A.

If w ^ CP (A; 5ft) , the G invariant part of CP(A; Vl), let UW be the induced.

representation of G by unitary operators on
Wi) TT (T (a) w g

ii) U Aa
o

U IT ( a ) (UW )"* 1 g w g
A CT (a)

c>

such that 

V g e G, a € A. 

V g & G, a (= A, f t

The above notation will then be used with w as a suffix for the

von Neumann algebra GL = IT (A) M . with the automorphism groupw w
TTW / TTW\— 1a —— » U a (U ) a

g 6

0" ® 1 ) and if C (A;(C) gn o o . then A is never 1 n

We remark at this point, that if we consider G acting elementwise

on A (i.e. g n °

G-abelian if n ^ 2, as simple argurnants using p!9, Definition 0 J and the 

non-abelianness of M (n >x 2) show.

The next proposition is a generalisation of [53 i Prop 6.3.2 I .

PROPOSITION 6.6.1.

If w 6 CP (A;

)

then

b) The mapping ftrw (A) O UG J —— > E UG 1 is a *-isomorphism,
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C) Eo { TW < A > « < I' = EW | EW IT (A) EW I'o L w GJ o I o woj

d) Eo { Eo ^^ Eo T* is the stronS closure of E™ TT (A)

We need the following lemma :

LEMMA 6.6.2. [19]

Let -01 be a von Neumann algebra acting on a hilbert space R , and
\ 

g» —— »U a representation -of G by unitary operators on ^ , such that
o

U (& U "" 1 = <# tfg e G. If EQ 62. EQ is abelian and [d2 E ] = 1 , there 

exists an unique normal G- invariant GP linear map M of (x. onto

such that M(A.)E = E AE V A 6o o o

Returning to the situation before the lemma, it follows that

if A is G-abelian, then for each w in CP (A; &) there is an unique normal

G-invariant CP map M of TT (A)" onto # f\ ^ such that1 w ' w v w

M(-fr (A*)) E ;̂ = E^TTw (A') E^ , for all A' in A . Note that if A , 

A2 e A, then M(irw (A2 ))

THEOREM 6*6=3=

The following conditions are equivalent, for a fixed hilbert space «\

1)For all w in CP (A; V\) , and self adjoint a in A,

("the v;eak closure of tr (conv CT(a))]n TT (A) ' ^= 0 .
U W U J W

2)For all w in CP (A; Vl) , self adjoint a in A, and finite sets S,T in 

A and *X respectively :

a'£Conv(TG (a)
inf sup l^wCaa 1 )! , f\> = 0.

3)A is G-abelian and for each w in CPQ(A;k) and self adjoint a in A, 

MIT (a) is in the weak closure of T^Cconv 0^(a) ) .

PROOF.

=> 2). Take w in CP (A; %x) and self adjoint a in A. Choose a net
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in conv G^(a) such that """(a^) converges weakly to an operator D in 

(TT w (A))'. Then [^(a^), "^/b.)] —— » [D, ^(b..)] = 0 weakly, 

v/henever b^,....,bn is a finite set in A* Therefore for a given € > o, 

and a finite set T in %"l , there exists an <x such that

for all

Hence

inf 
a'econvCT(a)

2) =^3). Let w

£ n.

sup 
t , «\ £ T

,b. ) f , 0.

* n

CP (A; Sa), a be a self adjoint element of A, and To

a finite subset of tTV . Since E £ fconv IL, { , it follows that thereo v (j t

exists g. , X- in G, respectively for 1 $ i < n with ^ A . = 1,

and satisfying

o v/

n
X- U TTi gi w (a)V T,

i.e.

where a 1 = /A. CT (a) e conv (T (a) .*• i . G
Let S be a finite subset in A, then by 2) there exists a" in conv 01 (a 1 ) 

such that 

|<TTw(a»),

Suppose a" = .^ 

Hence

<M(irw (a)

X'i <T (a-) v/here g! £ G, X . >, o and £A. = 1

Va" )V ! '

Thus
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Vb2)Vn ll + ^ v n ,s e T; ^ ,b2 € s.
Since [Vw (A)Vw^]~ = * w , and ||a'|| < ||a|| whenever a'<£ convO^Ca),

it follows that M( TT (a)) is in the weak closure of ir conv 07, (a)w w G

3) =* 1). This is trivial, as X ^ TT (A) ' , V w <L CP (A;*\).
' W W O

The proceeding theorem is a generalisation of |53,Ex 6C 1 from 

the space of invariant positive linear functionals. Note that if A 

satisfies conditions 1-3 of 6.6.3 then G is a large group of automorphisms 

for A M9, Definition 2~| . The truth of the converse is unclear. If 

(A,*0 is vH abelian [19j Definition 3ji then the equivalent conditions 

1-3 of Theorem 6.6.3 hold, (which can be seen using the same argument of 

Pi 9] when showing that if (A,K) is At abelian, then G is a large group 

of automorphisms for A). The converse is false, using the same example 

in [19 1 which shows that (A,*0 being M- abelian is not equivalent to G 

being a large group of automorphisms for A.

The next result concerns the characterisation of extremal invariant 

(or ergodic) CP maps, and extends M9 J f°r states.

THEOREM 6.6.4.

Let B be a C*-algebra acting on a hilbert space ^ , let <# denote the

weak closure of B. Let g »—j U be a unitary representation of G on . ,
o 

_-!
such that CTa = U a U is an automorphism of B for each g in G. 

g ' g S
,K) such that [BV&V]~= % and V*i * ER . ThenSuppose V € B, such that V= an i Q

if X denotes any unit vector in E , o u

a) The following are equivalent :

i) w(x) = V*xV x G B, is an extremal element of CP (B; 

ii) *R is the scalars.

b) If E $ E is abelian, the conditions in a) are equivalent also to 

the following :
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iii) E ^ is one dimensional

iv) M(a ) =: ^arc ,T0 > 1 V a e A,

in which case w(a) = ^a-X0,X0> (V*X0 ) © (V**0 ) V* a £. B. 

c) If furthermore, (<SL,*) satisfy the hypothesis of [19, Lera.ia 3*1, then 

the above conditions are equivalent to :

v) If B is a normal positive G-invariant map from CJ2 into 

another von Neumann algebra M, then

fc(a) = ^aX 0,? 0 V K ?a6 d ,and some K in M.

COROLLARY 6.6.5.

If dl is a factor and E CP E is abelian and 'R a'R ^ 61 then

is an extremal element of CP (A; frv) and can be written as

w(a) = <laX, (V* 7)00) \/ a 6 B.

PROPOSITION 6.6.6.

Let A be G-abelian. Then if v; e CPQ (A;V\ )

^eCPo (A; Vl) : oc ^ w } 

is a lattice.

In particular if A has an identity, and fa finite dimensional, 

then . ( w £ CP (A; S\) : • tr K = 1 J forms a Choquet simplex. 

In this situation, an invariant CP map can be written in an unique way 

as an integral(in some sense) over"ergodic" CP maps.

We complete this section by returning to the general situation, 

to state a generalisation of a result of Arveson [k J when G is the identity 

automorphism.

THEOREM 6.6.7-

If K €• B(Vv) , then w £ CP Q (A; fc ) ft CP(A; ft ,K) is an extre-ial element

in this cone iff fv S\]"" is a faithful subspace for ^ .
L W J * »
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6.7.

We are now going to make sor.se observations regarding the

classification of the spectru; 11. of a one parameter group of '"-automorphism 

OC^. of a C*-algebra A v/ith invariant operator valued weight v; in cp(A; 

where m is a hilbert space. 

Suppose that

is continuous on 3R for all a in f\ r , b in A, ^ in Si . Then there is 

a strongly continuous, unitary representation U, of E on ^ such that
w W

1) TT <*. (a) = U.ir (a) U71 V a € A, t € 3R .w T; t w "t

2) U, A a«>3 = d., CT(a)®2 Va €^, t
v V» \« w H^

iKt Let U. = e where K is a self adjoint operator on K,

THEOREM 6.7.1.

In the situation described above :

a) The following conditions are equivalent : (c.f. |_11,Lenirne 3-7- 

A1 t —— $ <fw(a* # t (a))$,^> is almost periodic on E for 

all a in A , ? e ^ -V; ?

A2 K has pure point spectrum.

b) The following conditions are equivalent :

B1 t —— » <Tw(a* <X t (a) ? ,?> € L1 ( 3R ) A , for all a in <Tl^, ? in 

B2 K has absolutely continuous spectrum.

c) The following two conditions are equivalent :
09

C1 JVw(a* *t (a))? , 1> h(t) dt =0
-* 

for all e V\ , a in Jl , and all continuous L functions h

whose fourier transform vanishes on the negative real axis. 

C2 K } 0. 

If moreover, ^. is strongly continuous with infinitesimal generator
w

and w is bounded, then C1 and C2 are also equivalent to the 

following :

v;;(a? > 0 for all ja. :
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where /) is a core for o

Note that the equivalence of C2 and C3 when $\= (D is contained 

in [_ **7i Theorem 2.2 J and the same argument holds here.
^»

Nov/ let ygc be a Borel measure on 3R, and put fa = !/"( B,^0.

iHt
Define a strongly continuous unitary group e on fa byo

(eiKt f)(s) - eistf(s) f 6 K , s,t e 3R .

Put w = tr on A = B( ^ ), so that JO = TC(9x ), and Jl = HS( ft ).
o w o w o

K -i i j> • «i» / \ iHt — iHt Also define a , (x) = e xe

to be the induced one parameter group of automorphisms of A. Hence v;e 

have a strongly continuous one parameter unitary group e " on

# = HS( ft ) such that w • o
_ _ / iHt —iHt\ iKt__- / \ —ilit , ., __ _ . 
TT (e xe ) = e TT,(x)e t e ]R, x £. A.V7 *^

i-n-iA 6.7.2.

If jA.frfii is absolutely continuous with respect to Lebesgue measure, 

where ^ (E) = ix (^E), then conditions B1-B2 of 6.7-1 hold. 

PROOF.

It is enough to prove that if 5 € ^ , then 

t

We do this by showing that if V is a positive Borel measure on TR , 

with v' « M , then y* 3 is a.c. v/.r.t. Lebesgue measure. Define 

a partial ordering on the positive Borel measures on ]R, by saying

^ B°rel sets E ' Then i

i = 1,2 it follows that ^ * ? 2 ~ ^1 *
«i 

Now V E = /f d/x where f € -L
00

Then f = g f , where 0 < f < 1, and f are nieasureable.
n=1 n

Hence V^ £V n where v/n 4 ^

Thus y^ 5 = £ V n * l/ n • and ^ n * U m * A * /"
n ' m 

Thus v> K- V <^T xx^Ai and ii: follows that ^ * P1 is o.c. w.r.t,



Lebesgue measure.

If /* is absolutely continuous with respect to Lebegue rr.easur, 

then so is ^A. itylX , but the converse is false. According to Salem

[_18, p 265J , for each * e (o,l), and q "7 2/ot , there exists a positive 

Radon measure /A on P., supported by a compact subset K of [0,1} having 

Hausdorff dimension * such that /&•(!) £ L . This implies that K 

is of Lebejgue measure zero, and /'- is a singular measure. Choose q = if, 

and 1/2 < <* < 1. Then //III 2 = (/* //(X)A £ L2 . Hence /A */X is 

absolutely continuous with repsect to. Lebesgvue measure, but M- itself is 

a singular measure.

COROLLARY 6.7.3.

There exists a hilbert space *Jrv , a self adjoint operator H on k\ 

with singularly continuous spectrum, a faithful normal representation rr 

of B( fc\ ) on a hilbert space # , and a self adjoint operator K on ft with

absolutely continuous spectrum such that
___ / iHt — iHt \ iKt __ / \ —iKt ^ ^ T>/ c_ N j. *- —n T (e xe ) = e Tr(x)e v x e B( da ), t €. 3R.
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