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ABSTRACT

The first part of this thesis is a study of strongly continuous
(or weakly) continuous one parameter semigroups and groups of bounded
linear maps on Banach spaces, their perturbation and scattering, paying

particular attention to operator algebras.

CHAPTER 1

We develop the spectral theory of derivations and groups of
automorphisms on operator algebras, and study their relationships. The
spectrum of a bounded strongly continuous one parameter group on a
Banach space is characterised in terms of the spectrum of its infinitesimal
generator. The relationship between Arveson's and Borchers’ approach to
the spectral theorey of groups of *-automorphisms on operator algebras

is brought out, and we consider the problem of unitary implementation.

CHAPTER 2

Following S.C.Lin’'s reflexive Banach space theory [36] y we
consider the perturbation, similarity and scattering of strongly continuous
one parameter semigroups and groups on Banach spaces, using a time
dependant approach and a strong type of smoothness, with particular reference
to C*~-algebras and preduals of W*-algebras. Some results regarding time

evolution in quasi local algebras are used to derive scattering of quasi

free evolution groups in the CAR algebra by inner perturbations.

CHAPTER 3
The previous chapter leads us to study scattering of ultraweakly
continuous groups of o-weakly continuous linear maps on von Neumann algebras,

by smooth perturbations of a certain weak type. We give a technique for



handling groups of *-automorphisms.

CHAPTER &

We study time dependant perturbations and scattering of strongly
continuous one parameter groups on a Banach space E. The problem is raised
to the higher space IP(R;E) (1 < p <» ) or C,(R;E) , where the
perturbation is made time independant and the methods of Chapter 2 apply.
We characterise certain strongly continuous groups on the higher space
in terms of propogators on the lower space, and show how their scattering

is related. Some examples are given.

The second part of the thesis investigates the structure of

completely positive maps.

CHAPTER 5

Schwartz type inequalities for n-positive linear mappings on
*-algebras are obtained. We demonstrate why the bounded completely positive
linear maps for a Banach *-algebra with approximate identity, and in
pvarticular for a C*-algebra, should be regarded as higher order state spaces.
A theorem of F. and M. Riesz is generalised to give a sufficient condition
for the covariance of certain representations of a C*~algebra relative
to a one parameter group of *-automorphisms. A completely positive analogue
of Tomiyama’s theorem regarding the singularity of conditional expectations
on W*-algebras is obtained. We characterise the completely positive
linear mappings on the CCR algebra. Operator algebra analogues of Nagy's
hilbert space dilations and Stroescu’s Banach space dilations are obtained.
Ths infinitesimal generators of strongly continuous one parameter semi-
groups and groups of linear maps with various positivity properties are

studied.



CHAPTER 6
Unbounded completely positive linear maps or operator valued

weights on C*-algebras are defined. We construct the Stinespring representatibn
for an unbounded completely positive linear map X . We study the natural
order structure for such maps, and following van Daele [64:]for scalar
valued weights, when ® has dense domain, we construct a largest operator
valued weight & majorised by ® , and with the property that it is

the upper envelore of continuous completely positive maps. Following Combes
[7:}we study the quasi equivalence, equivalence and type of the
Stinespring representation associated with operator valued weights.
Following van Daele [64] , we study an unbounded completely positive map

® which is invariant under a group of *-automorphisms and has dense domain,
- and construct a G-invariant projection map ¢ of the set & of continuous
completely positive maps dominated by « , onto the set 95 of G

invariant' elements of 9’ . This is used to derive various properties
of the envelope of 3; . Asymptotically abelian systems and their ergodic
bounded completely pqsitive maps are studied. Observations are made
regarding the possible classification of the spectral type of strongly
continuous one parameter groups of *-automorphisms of a C*-algebra which

possess an invariant operator valued weight.
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NOTATION

We first remark that all vector spaces are over the complex
numbers, unless otherwise stated. If X and Y are Banach spaces, the

following notation will be used throughout this thesis :

€ (X,Y) = The closed linear operators form X into Y.
€.(%,Y) = The closed densely defined linear operators from X into Y.
B(X,Y) = The bounded linear operators from X into Y.
C(X,Y) = The compact linear operators from X into Y.
CX = €MXX, €, =¢€0,x ete.
e+(X) = {T € €, (X) : ~iT generates a strongly continuous
semigroup g 1tt ,t % o }
€ (x) = -€ ().

XoeY will denote the algebraic tensor product. Completions are written
as follows @

The projective (respectively injective) tensor products are denoted by

X @Y (respectively X @' Y). If X,Y are hilbert spaces (respectively
C*-algebras, W*-algebras), X®Y ( respectively XG;OY , X® Y ) denote
the hilbert space tensor product ( respectively C*-tensor product

{54, 1.22.8:] , W*~tensor product [54, 1.22.10] .



CHAPTER 1.

This chapter is an attempt to develop some of the basic spectral
theory concerning derivations and groups of automorphisms on operator
algebras.

In the first section we show how certain derivations on Banach
algebras and the infinitesimal generators of strongly continuous one
parameter semi groups of homomorphisms are related. 1In §1.2, we give
some spectral results for derivations. The spectral theory for automorphism
groups on Banach spaces, and in particular operator algebras, has been
introduced in [5,6,11,45,46] . One of our aims is to show how [5] and
[6] are related. 1In §1.3, we recall some of the terminology and results
of [5] , whilst in the fourth section we show how Borchers' approach
for the group of integers can be generalised to more arbitrary locally
compact abelian topological groups. In the course of '§1.5 we demonstrate
how the basic tools and concepts of Arveson and Borchers are related,
and amongst other results, consider the unifying problem of implementation
of a group of *-automorphisms on a von Neumann algebra by a unitary
representation cn the underlying hilbert space.

We remark that in §6.7, we will have some more comments to
make regarding the spectral theory of one parameter groups of

*-automorphisms on operator algebras.

§1.1

Our first objective is to show the intimate relationship
between derivations and automorphisms on Banach algebras.

DEFINITION 1.1.1.

A derivation Z on an algebra A, is a linear map defined on D, into A,

Z
where D, = D(Z) = Domain of 2, satisfying



i) D, is a subalgebra of A.

ii) z(fg) = Zf.g + f.2g for all f,g €& D,.

We remark that if Z is a derivation on an algebra A,and D = p(z"™),
0
n=172,ees , then the Leibnitz rule implies that Dn and g;: nQHDn are
also subalgebras.
Suppose that u% is a strongly continuous, one parameter group

on a Banach algebra A, with infinitesimal generator Z. Since Z has a

dense set of analytic elements, it is clear that &, is a group of

t
homomorphisms iff Z is a derivation. This is well known for norm
continuous groups, e.g.[Sh,(§Lh1i]. The result still holds for strongly

continuous semigroups, but we need be more careful :

PROPOSITION 1.1.2.
Let A be a Banach algebra, and &ut: tz()}- a strongly continuous semigroup
of bounded linear maps on A with infinitesimal generator Z. Then o is

a semigroup of homomorphisms, iff Z is a derivation.

PROCF .

For the non trivial implication, we use an integral equation technique

for solving Banach space valued differential equations. This method is
suggested by the work of IH.Tanabe [61] .« Suppose Z is a derivation.

Let f,g € D,, and put x(t) = (Xt(fg) - O(t(f) O(t(g) for 0 £t <oo,
Then x is continuously differentiable;, x(t) € D, for 0 €t <o,
and x'(t) = Zx(t) in R'.

Moreover if h € D

g then s —9°<_S(h) is continuously differentiable

in 0¢ s¢ t and

23X

2 (h) = -&,_ 7).

t-s t

Hence, for t % -0

'k
x(t) - O(tx(O) fb%‘ (Xt_dx(c) de .
o]

t
- f(xt_ch(O') do + fo(t_6<g_x(c)> do
y do

I

o]



\N

= Oo
But x(0) = 0, hence x(t) = O. By density of D, in A, it follows that

(xt is a homomorphism for each t.

§1.2.

Suppose a and b are elements of an algebra A with identity.
Define 0 : A — A Dby
dX = ax - xb for x € A.
Inthis section we will consider the relation between the spectrum of d

and those of a and b.

The following result is widely used, but we include a proof for

completeness.

THEOREM 1.2.1.

Let A be a Banach algebra with identity. Take a,b in A, and define

d € B(A) by 3dx = ax - xb, for x e A.

Then 60 ¢ oca - ob.

PROCF.

9 = La - Rb, vwhere L,R are the left and right regular representations
respectively of A in B(A). Since o(a) 2 o6(La), and 6(b) 2 o(Rb),

it is enough to show that if S,T are two commuting elements of a Banach
algebra B with identity, that 6(S-T) < o(S8) - o(T).

Let M be the closed subalgebra of B generated by (S -X)_1, (T -/9-1 as

A yp range over P(S)’ P(T) respectively. Then M is commutative and
contains S,T and 1 (the identity of B). If m € M, then thn) 2 qB(m),
and moreover OM(S) = cé(s), and OM(T) = OB(T).

Also c;sm) = {yﬁ(m)} as ¢ ranges over the non zero homomorphisms 3 on M.
Hence

oB(s -T) ¢ GM(S -T)

= {%ES-fﬁ?: ¢N%45}

{9(5-1): gel]

H(S) - G(T) = oy(S) - 64(T).

in



This proves our assertion.

With the notation of the asbove theorem, if N & o6(la) - o(Rb) ,
we have found it possible to express the resolvent R(\,d) as a double
contour integral in terms of R(w,La) and R(z,Rb) using a several variable
functional calculus. This is similar to [48,(1.7.321 using a single
integral.

If A = B(X), all the bounded linear maps on a Banach space X,
then o(3) = o(a) - o(b) (see [51,p265] ). However it is not true in
general that o(9d) = o(a) - o(b),or even if we restrictour attention to
C*-algebras. For example, if A is a commutative C*-algebra, take any
a € A, then the zero derivation O can be written

dx = ax - Xa x € A.
Then 6(d) = O , but 6(a) - 6(a) can be made larger. However we can show
the following. Connes has a similar result for the spectrum of an inner
*~automorphism on a factor von Neumann algebra Erhlemme 2.3.10(aﬂ .
THEOREM 1.2.2.
Let M be a von Neumann algebra and a factor, with a,b normal elements in
M. If d €B(M)is defined by

dx =ax - xb for x € M,

then cd = oa - ob.

PROOF .

Take A, € o(a), K2 € o(b). Then there exist spectral projections €4
e, in M, such that €11 €5 #Z 0, and

IGa -apedl <€ v 6 -Me,|l <€ .

Since M is a factor, and e,y e, are non zero, there exists an x € M,

such that e xe, # 0. Take H91X32H = 1. Then :
[d - (,\,] - )\Z)J(e,lxez) = (a - >\1)e,lxe2 - e,lxe2(b - )\2).
Thus

€3 =A, + Megxe )l < |l(a —kq)eq.e1xe2" + |leqxes-e,(b D < 2¢.



Hence X1 - A2 e o6(2).

§1.3.

We now want a detailed spectral analysis of derivations and
automorphism groups on operator algebras. In this section we explain
Arveson's tools [5].

An idea of the method of approach is obtained from the following
attack at the hilbert space level [ﬁ0,45]. We suppose U is a strongly
continuous representation of a locally compact abelian topological group
G by unitary operators on a hilbert space'&. Then we can 1ift U to s

representation ™ of L1(G) as follows :

r(Ox = [2(e) U_(x) dg x€ s, £ € LY,

U 8
and where dg is the Haar measure on G. Then transform this representation
to the transform algebra L1(G)“ by

(@d) = (D) for £ e 1(a),
and where f is the inverse Fourier transform of f. This representation
is norm continuous, ”WUf“ < 2]l .

N

hence extendable from Lq(G)“ to all continuous functions on G,and hence

A
to all Baire functions on G. By considering characteristic functions,

it is deducable that there exists a projection valued measure PE on G

such that U, = f<g‘,‘>z>dpx Vg e G (Stone's theorem). (1.3.1)

We now see that

m (£)x [ 100 e fe1(@), xe XK.

In particular, if G = R,there is a self adjoint operator A such that

Ut = elAt, and we conclude

(1.3.2) o(A) = { seR : f(s):o, Vrfie Iﬂ(R) such that wU(f)zo}

(1.3.3) For a closed interval IC [ﬁ,
PI = { x €% ﬂb(f)x = o,Vf & L1(R) such that f vanishes on a nhood of I }.
As in [5]and.[6], we will replace the reflexive hilbert space

®L by other spaces e.g. C*- and W*-algebras, study the concepts analogous

to (1.%.2) and (1.3.3), and sometimes reform the representation as in (1.%.1)



We take a complex Banach space X, and a linear subapace X, < X*,
which need not be closed, such that
(1.3.4) X, determines the norm on X, i.e. for all x € X,
||x|| = sup {l%(x)‘: % € X, ”¢ﬂ$1 } .
(1.3.5) The weakly closed convex hull of every weakly compact set in
X is weakly compact, where the weak topology refers to the o(X,X,)
topology on X.

Hypothesis 1.%.5 is a type of weak completeness although X is
rarely complete in the weak topology. If X, = X*, then 1.3.5 follows from
a theorem of Krein and Smulian, while if X is the dual of a Banach space,
and X, is the space of all weak*-continuous linear functionals on X, then
1.3.5 follows from Alzoglu’'s theorem. The former will correspond to the

s+ C*-situation, the latter to the W*-one.

If we let ISW(X) be the weakly continuous operators on X, then
we can define a representation.

DEFINITION. 1.3.6.

A representation of a locally compact abelian topological group G is a
homomorphism a from G into the group of invertible elements of I}W(X)
such that sup ”(xg” < 00

) geG
and for each x € X, g = °§(X) is weakly (i.e. o(X,X,)) continuous.

In order to 1lift up a representation of G to one of Lq(G), we need the

following proposition of Arveson.

PROPOSITION 1.3.7. [5]
Let a be a representation of G on X, and suppose (X,X,) satisfy 1.3.4 and
1.3.5. Let u be a complex measure on G of finite variation. Then

Ax = f Ug(x) du(g) for x € X,

defines a bounded linear operator A on X. Moreover, if relative to the
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X-topology on X,, the closed convex hull of every compact set in X, is

compact, then A is weakly contiouous.

Thus 1.3.4 and 1.3.5 allow us to define the bounded representation
Ty of L1(G) as follows:

T (£)x = ff(g) ag(x) dg where f e L1(G), x e X.

DEFINITION 1.3.8.

a) The spectrum of a , written spa is defined as the hull of the ideal
kerT, = { £€ L'(G) : T(£) =o}.

b) TFor each x& X, the spectrum of x, written SP, X is defined as the hull

of the ideal { fe L'(G) : T(f)x = o b

c) For each closed subset E contained in @, we define the spectral

subspace XX(E) to consist of those x in X for which sp x & E.

Note that in 1.3.8 a) and b), we could replace L1(G) by dense
subspaces of L1(G), and still get the same spectra; e.g. if G = Rn, we
could use 3 (R") or C:(an).

It is well known[ﬁf]that if E is a closed subset of é,that:
sp ™ = {Te_ G : X“(T+V);50Vcompactnhds'\fof0iné} .

X¥(E) = {xex:M(f)x=0 VY fe 1'(a@) s.t. £ vanishes on a nhd of E }.
If E ={0} , then x“{o} ={xeXx: X = X Vge G}, the fixed point set.

So if spX & O , then o(gx = x Vg eG.

§1.4.

The prime problem is to determine when a representation of a
group G as *-automorphisms of a von Neumann algebra, can be implemented
by a unitary representation on the underlying hilbert space. Arveson has

produced the following criterion for the real line.



THEOREM 1.4.1. [5]

Let &y be a weakly continuous one-parameter group of *-automorphisms of
a von Neumann algebra M acting on a hilbert space ¥l. Then the following
are equivalent :

i) There exists a strongly continuous one parameter unitary group uteld,

having non negative spectrum such that

= 1* A y
X (A) = uAu} Vie M, te R
ii) N B[t, & = {0} .
tER
Moreover when ii) is satisfied, one may take for u, the group
+
ut = feltX dP(X)
- 0D

where P(*) is the unique projection valued measure on M satisfying
Plt.)n] = N ¥is,=)f .
s<t
We now return to an arbitrary locally compact abelian teopological
group G. Let (K be a weakly continuous group of *-automorphisus of a
von Neumann algebira M, acting on a hilbert space f, (i.e. &« is a
representation of G on M,as defined in 1.3.6 s by ¥-automorphisms). In
general, of course, an automorphism such ascxg is not necessarily inner.
Borchers [6] has suggested the following classification:
DEFINITION 1.4.2 [6]
If Z denotes the center of M, and H is a closed subgroup of G, we say

(M,™) belongs to the class K

"p

yo if for all projections P in Zn M0}, that

is inner on MP for precisely H.

N

For G = Z, the integers, we have the closed subgroups

H

v {ny : neZ} for ¥ = 0,1,2500000

H = #&.

(7]

» he n L3 -
If & is a *~automorphism of M, ‘.:hen<>§1 =& gives a representation of the

integers, which Borchers decomposed as follows :



THEOREM 1.4.%. [6 ]
For each v = 1,2,%y¢... ,9; there exists a projection K7 in Z(\M{O}
such that <MK‘; a,MK7> belongs to class KH7 for Y= 1,2,3,000. %,

and

h>
K, = 1.
=

In general, a locally compact abelian topological proup G has
continuously many subgroups e.g. if G is the real line R, we have a
family of closed subgroups {pt : t e R} ,where p e R'. We would then
expect an integral decomposition. In order to avoid such complications,
we will restrict ourselves at the appropriate time to M being factor.

We would then hope to show that the subgroup H of G where & is inner is

closed, and then perhaps implement & 'by a strongly continuous unitary

H

representation of H on &\.

We need some more definitions
DEFINITIONS 1.h4.k.
a) For I a closed subset of @, let L}
b) Let M_ = ﬁ?p},the fixed point set, and define Z_ to be the centre

1, A
{feL (G) : support f < I] .
of M . \
o
A
c) Let E be a projection in Mo’ and I a closed subset of G, then we
denote by f& E the union of the ranges of
{ TL(f)XE : x €M, f€ L}} .

i.e. ¢IE is the smallest projection D in M such that

DRUNGIE = TRIHGE Yx e M, fell.
The following lemma was proven by Borchers [é] for the case when

the group G is the integers. The same proof extends to our general case.
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LEMMA 1.4.5.
Let F be a projection in Mo’ and E its central support in MO. Then we

have for all closed subsets I in G ¢

pF =pE € Zo.

Again we need another definition.
DEFINITION 1.4.6. [6]

Let E,, E, be prcjections in ZO. Define

1t 2
n(E;,E;) = {be G : 3aclosed nhd U of o in G s.te E,$ oE =0} .

EXAMPIE 1.4.7. [6]
Suppose G = Z, the integers and O(nx = uwxu Tt Vx € M, where u is a unitary
element in M. If E is the spectral measure for u, and I,J are closed
intervals in 8 = T,the circle group, then

pI E(J) = B(I+J).
Moreover if V is a closed interval in G = T, which is a neighbourhood
of O, then

n(E(V),E(V)) 2 C(av).

So we have a family of projections E, in MO, satisfying

V
n(E,,E) 2 (V).

Then,loosely speaking, we can obtain information about an interval I in
é, by studying EI¢b+uEV for varying beé, WU closed nhd of o in a, and
V as before. This is our motivation. Following Borchers[6],our aim ,
when seeking a specfral measure, is to first find a family EV generalising
the property n(Ev,EV) 2 (V, and then by considering \‘}/n(EV,E)
for E a projection in Zo’ we shall hope to get a spectral measure.

Again, the following two theorems were proved by Borchers in

[é],for the integer group Z, and the proofs are easily adaptable to an

arbitrary locally compact abelian topological group.
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T}{Eom 1.4.80

Let Pobe the projections in Zo,and consider ¢I’ for I closed subset of

@, as a mapping of Po into itself. Then it has the following properties:

a.™)

\5)

T)

be )

¢

d.«®)

E,'>, E2 imvlies ¢Ih’l P ¢IE2'

Put E1~/E2 = E1 + E2 - Eq'Ez’ then we get

FrEvE) = (P E V(P E,).
Let [ be an ordered index set and (E&lqm?be increasing in P, and

let E = st lim Ey. Then we have

%
¢I E = st oglm $ E,
The relation Iﬂ - 12 implies

P E<P E.
e ,
Let I1 and 12 be two arbitrary compact subsets of G, then we get
0 ¢ EL E.
'¢11,\ I2 ¢11+12
If T = G, then we get
$aE € P nz.
Furthermore,féﬁ)is the carrier of E in P_NZ.

o N
If 0 € 1°, ;qu Y E.

Let F € POI\Z then we get :

# (F.E) = FAE.

I.;et E,» E, € P_ be such that E, ¢I‘EZ = 0 , for some closed

) A
subset I of G. Then E2¢LIE1 = 0.

THEOREM 1.L4k.9.

The sets n(E1,E2) have the following properties :

a)
b)

c)

If E! $ E, and E} <E

n(E ,E ) is open.

n(E2,E1) :-n(E1,E2).

then n(Eq’Ez) ¢ n(E!,EL).

2 2 2

d) For Fe& PANZ , we get n(FE1,E2) = n(E1,FE2) = n(FE1,FE2).

e)

n(E1VE2,E3VE4) = n(E1,E3)(\n(E1,E4)(\n(EZ,EB)f\n(Ez,Eq).
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We shall need some deeper results regarding the sets n( , )
These facts are obtained wuth the help of some work of Olesen [?il.

If Q is any subset of G, we define R(Q) to be the 6 (M,M,)
closed linear span of elements of the form'ﬂ;(f)x where f has support
in @ , and x runs through M. |

Then[??,Proposition 2.3.4] shows that if Q. is any family of
open subsets of G, then

RU(UQ,) =VR(Q) ,
where V denotes the 6(M,M,) closed linear span of the subspaces R ( Qi).
The following characterisation of the set n( , ) is an easy consequence

of this.
PROPOSITION 1.4.10.
If E,,B, €& P, W = n(E1,E2) is the largest open set in G for which

®
EZR ('LL)E,l = 0.

This allows us to prove the following proposition, which will

be useful later. It is a generalisation of[é,Lemma 3.4].

PROPOSITION 1.4.11.

Let E%, E2 be projections in Po. If W is a compact neightourhood of O
in é, let
nW(E’I’E2) = {5€é 1 B+ VW ¢ n(E,l,Ez) } .
1 -—
IfE' = B, # 0, where_b ¢ n(E,],Ez) , then

n(E',E') D nw(E,l,E2) - b.
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§1.5

In this section, we show how Arveson's and Borchers’ concepts
_are related,and how one would proceed to construct point-fixing families,
as defined in [B,(h.Zi], under some general conditions. We also consider
the problem of unitary implementation of representations. 1In the course
of this work, we characterise the spectrum of a strongly continuous

representation of the real line on a Banach space.

We return to an arbitrary locally compact abelian topological
group G, X a Banach space, with X, as in 1.3%.4 and 1.3.5 and X a
representation of G on X as defined in 1.3.6. Our first result determines

the connection between Arveson’s spectrum and Borchers' sets n( , ).

PROPOSITION 1.5.1.
spX = (n(1,1),
where n(1,1) denotes the set of A€ 8, such that there exists a compact
neighbourhood V of O in 6 such that Tu(f) = O, whenever f & L1+V .
PROCF.
Suppose. A€ G\n(1,1) and A ¢ spX.
Then for some compact neighbourhood V of 0, XX(A+V) =0 .
Take y € X, and f € L1(G) such that f has compact support in X\ + V .
Then we claim Ti;(f)je X*(A+V). For let ge L1 (G), such that g vanishes
on a neighbourhood of V+\ .
Then Tﬁ(g)T&Qf)) = M (gxf)y and (gxf)~ = g* = o.
But
X*(\+V) = {x € X : 'ﬂ;((g)x =0,Vge L1(G) s.t. g vanishes on a nhd of A+V}.

Hence T (f)y = 0, i.e. A € n(1,1); a contradiction.
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Hence (n(1,1) ¢ sp« .

Conversely, take A € spok, and suppose A € n(1,1).

Then for some compact nhd V of o in G, T (f) =0 , for all f € %?+V .
. 1 . A ~

But there exists f € L (G), with support f €& A+V, yet f(A\) £ O.

Hence T‘:‘(f) = 0 and f(/\) # O. Therefore A\ £ spel, a contradiction.

Thus sp & = [ n(1,1).

For completeness, we include at this point the following
proposition. It has the consequence that if X is a Banach space andcxt
a strongly continuous bounded representation of the real line on X, with
infinitesimal generator Z, then

-io(z) = sp& = (n(1,1) (compare with 1.3.2).

Olesen has recently published this for norm continuous one parameter groups

of isometries [ﬁé].

PROPOSITION 1.5.2.

Let X be a Banach space, and Z the infinitesimal generator of a representation
*

(0%) of R as defined in 1.3.6 with X, = X , (i.e.(Xt is a strongly

continuous one parameter bounded group on X). Let I be a compact interval

in R. Then

i) iI & p(z)  implies that T(f) =0 for all £ € L. .
ii) T(f) = O for all f € L} implies that iI° & Q(2).
PROOF.

The proof is inspired by that of [?,Lemma 5.5] .
1

i) Take f € L. . Then
I w
£f(t) = fe‘lta ?(a) da a.e. in R.
- 00

For § > 0O, define

f;(t) = Jrf(a) exp(-iaf—St) da for t 72 O
"%
fg(t) = Jff(a) exp(~iat+§t) da for t < O.

- 00
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£(t) (e -t _

f(t) (e

1) for t > O,
$
+t 1)

Then f{(t) - f(t)

and fg(t) - f(t)

i

Hence by dominated convergence, there exists SO > O such that

60 0
ﬁf;(t) - £(¢)] at , ﬁf"s(t) - £f()]dt ¢ €/2 for 0 < § < § .
- - 00
Since “o(tx” < Ml|x|| for some M<o , all t € R, and
0 o
T (f)x = ff(t)o(t(x) dt + ff(t)dt(x) at Vx e X
o - 00
we get for O ¢ § < 50 that
“T‘;((f)X“ oo 0
§ M l|x||€_+]!/‘ jo(t(x)f‘(a)exp(-iat—St)dadt +f o(t(x)f(a)exp(—iat+5t)dadt”
o - .
= M|xjle+ ||ff(a)] exp(-iat—St)ut(x)dtda + jf'(a)fexp(-iat+5t)0(t(x)dtda”
0 Yoo
= Ml|x[le+ | £(a) [R(ia+S,Z)x - R(ia—S,Z)x] da” .

- 6
The integral tends to zero as § |} o,since £ has compact support in I and

il < p(Z). Hence w(f) =

ii) Suppose T (f) =0 V£ € L} .

Then with the same notation, for f € LI , &2 0
Go 00
+ -§t
I£5(t) - £(t)|at _ fmwn le” %~ 1]at
-] [-]
t ¢
f(1+t YIe) le” * - 1l at < eflf(t)|2(1+t2)2 dt. ,

(t +1)
for suitably small § , independantly of f.
We now restrict ourselves to f € J([R), such that f‘ has support in I.
Then looking at the previous manipulations we see
Il /[R(1a+8 z) - R(ia-%,2)] x £(a) da” [£1elx]l 1,
wherel | is acontinuous seminorm onJ(lR)"
We now apply an edge of the wedge theorem [5'7,Theorem 2.16] and deduce

that R(A,Z) is analytic for A ¢ iI°. Hence iI° < Pz.
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We now retun toan arbitrary locally compact abelian topological
group G, and take X to be a von Neumann algebra M, which is a factor
and acts on a hilbert space & . X, is the predual of M, and we consider
only those representations & of G on M, which act by *-automorphisms.
DEFINITIONS1.5.3.
a) (Borchers [ﬁ]) Define
ﬁo = { ve G : b+n(E1,E2) < n(Eq,EZ) \{ E1,E2 in Po} ,
where as before %) denotes the central projections. in Mo = M{o}.
b) (Connes [31,Def. 2.2.%] )  Define
(X)) = 23 spf o

ME)

where E ranges over the non zero projections in MO.

We now relate these concepts.

THEOREM 1.5.4.
Suppose &K 1s a weakly continuous representation of G by *-automorphisms
on the von Neumann factor M. Then
A
PROOF.

Let H, = {b € & : bm(E,E) ¢ n(E,5) VE er}.

»

Then H ={beé:b+spcx|MEc spO(IME VEGPO, E;éo},

1
since Qn(E,E) = sp ulME by 1.5.1.
But 1.4.8.c.B) implies that if EZO, then n(E,E) $ o.
A
Hence H, C sp & r("()
1 O;!E P ,ME

Conversely, take A € ['(x).
Now theorem 2.2.4 of [11] implies that
[[(¢) + spa = spx .
If 0 %4 E e,P , we apply this to (ME,(X|ME ) and deduce

A +spoglME c spcleE .

Hence A € H‘I’ and F(%) '
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Suppose there exists A in H.\ Ho' Then there

A A
It is clear that HO ¢ H

1° 1

1 E2 in %) such that

A\ + n(Eq,E2) $ n(Eq’Eg)‘ /

?

So N+m ¢ n(g,,B,) for some m € n(E,,E,).

exist projections E

But n(Eq,Ez) is open, hence W ¢ n(Eq,Ea) for some compact nhd W of O
in G. Let E = E2 ¢A+#+WE1, which is non zero as A+m 4$ n(E1,E2).

Then 1.4.11 shows that n(E,E) 2 nw(E1,E2) - (A+p,

where n\‘J(E’I’EE) = i Ye n(E,‘,EZ) S 1 +W§n(E,‘,;:,2)} .

Thus - A € n(E,E). However 1.4.8.c.R) implies that 0 ¢ n(E,E), which
contradicts our assumption that A lies in H1.
Hence H_ :["(0&).

COROLLARY 1.5.5.

o~ "~

HO is a closed subgroup of G.

In order to get a spectral measure on é/ﬁo, we make the hypothesis
that
1.5.6) spw/[(®) is compact.
DEFINITION 1.5.7.
For V a compact neighbourhood of O in é, define éb to be the family of
proj ect‘ions E in PO such that

sp u'ME

¢ V+ [(x).

LEMMA 1.5.8.
i) Eb # @, for all compact nhds V of O in G.

V, compact nhds of O with V

e ¢ é
ii) Given 1+ Vo = V1, and any EV < V, , there

2 1 1

exists E, € € satisfying Kk < .
(FREF v, =,
PROOCF.

Connes ([ﬁ1,Lemma 2.3.4]) has shown that {sp UJME + W g where E runs
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over the non zero projections in MO, and W over the compact nhds of O in

é, form a downward filtering family of subsets of é with intersection[J(«).
i) Let B : G — G/[(X) be the natural projection.

Then B( sp NJM% + W) filter downwards to O . Using compactnessof sp& /I'(x),
we deduce there exists a non zero projection E in Mo’ and a compact nhd

W of O in G satisfying &( sp Xy W) & BY.

In particular ¢ V o+ [(0).

sp O(IME

Teke B, = central support of E in M_. Then [11,Prop.2.2.2.a] says

Sp o(‘ M = sp o(IMB . Hence EV€ é’v .
oy v, .
ii) Connes [11,Lemma 2.9.3] has shown that

I = I['(X).

s,
1

] !
- Hence by using part i) on MEV , we get 0 # EV2 < qu , EV2 € M,
1

and sp O('ME, < V, 4+ I‘(O(IME )
V2 V1

= V2 + I'(X).

Take E to be the central support of E! in M .
vV ' o
2 2
If SF is a non empty family of compact neighbourhoods of O in
é, forming a base at O, we make the following additional hypothesis on
our system, for some fixed F.

1.5.9) TFor each V€ ¥, there exists Ey in €V’ such that given V v

1 72

in F, with V1 < V2, then EV,‘ < EV2 .

This condition always holds if 3‘ is countable, (i.e. é first countable).
DEFINITION 1.5.10.

If 5“ is a non empty family of compact neighbourhoods of O in é, forming
a base at O such that 1.5.9 holds, then we define for a central projecticn

F in Mo, the support of F to be
P . .
SY(F) = C;Un(EV,F)s .
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THEOREM 1.5.11.
Whenever 3— is a basic family of compact nhds of O in 'é, satisfying 1.5.9,
S(-) has the following properties :
a) S(E) is invariant under [(&) for all E in P
b) S(E,) ¢ V+ ['(x) for all V in F .

c) S(E’IVEB) = S(m,])US(Ez) for all E,], E21n PO .

d) S.(¢b+wEV) ¢ b+V+lW+ ['(x) if be G, and V,¥ € F .
e) S(E) = #, E € holds iff E = O.

f) IfE,] E2 3 P and s(E1)ns(E2) = @, then E,IE2= 0.

g) Let E, be increasing in P and E = st ulim E., then S(E) = closure gs(Ea).

h) Let K < G be closed. Then there exists an unique maximal projection

EX in P satisfying S(EK) < K,and such that for any central

projection E in M_ with (1 - EK)E Z 0, it follows that S(E) is not a
subset of K.

PﬁOOF.

a) is clear.

b) If VeE€F, Gs(Ey) = U n(E,
WeF
vg} n(E;,EvE,).
However n(EV, E,' Ez) = n(EV,E,‘)(\n(EV,Ez) by 1.4.9.e.
Therefore ([ S(E,vE,) ¢ { v n(E,,E )} (\{ v n(E,,E )}
1727 = Ve F V' ved vite

= (SE,)N(SE).

c) C S(E,]sz)

i.e. S(E,lsz) > S(E'l) US(Ez).

If A€ (S(E) N (S(E,), then there exist V,W in F such that
N € n(E,,E)an(E,,E,).

Choose S € F, S ¢ VAW, then A¢ n(Eg,E,) Nn(Eg,E,) = n(Eg,E,vE,).

Therefore AE D(E,]sz). Hence S(E,lvEZ) = S(Eq)vS(Ea).

d) Assume )\4: b+V+W+ (%), which is closed as V,W are compact and ' (&)

is closed. 8o (a=U)N{(b+V+W+ f(x)) =@ for some U€ F.

Therefore a-b-U-W ¢ ((V+I'(x)) ¢ n(EV’EV)
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and b-a+U+W & n(EV,EV).

But By by BonBy ¢ By PonsyspayBys SO it follows from 1.4.10 that

Ey ¢—a+U°¢b+WLV = 0. Hence -a ¢ n(¢+b+wEV’EV) or

a € nEy By By € 0 S(Py By,

; c ®

i.e. S( ¢b+WEV> ¢ bWV 0 (%),

e) If E = O, then it is apparent that SE = . Conversely suppose SE = g.
m

Then by compactness, sp/0(®)< U

n(EV BE) /D () for some V. € F ,
i=1 1 .

Choose W & J such that We NV..
E).

Then since n(E, ,E) is ['(% ) invariant we have sp& ¢ n(E

W’ W

But sp¥ = (n(1,1)2 Cn(EW,E). Hence G = n(Ew,E).
The conclusion E = O , follows from Proposition 1.4.10 and Theorem 1.4.8.¢c.%) -
remembering M is a factor and wa 0.

f) We get from c) the relation S(E’I'EZ) < S(Ei) for i=1,2. Hence

S(E’l) (\S'(Ez) = ¢ implies that S(E,]Ez) = ¢f. The conclusion follows from e).
g) From E4 € E, follows SE4 « SE. Hence closure h) SE, < SE.

Assume now b 4 closure QS(E“) . Then there exists V € F such that

b+V r\clgS(E,‘) = #. This implies b+VNS(E,) = ¢ V&,

Take W€ F such that W+W < V. Then by c) s(¢b+wEw) ¢ b+V+[ ()).

Hence S(¢. FEINSF) = g. f) implies that E,@ =0, V& .

b
b+W W
Therefore b € n(Ew,E), and b ¢_ S(E). This gives S(E) ¢ closure US(E,) .

oC
h)Define EK= {E ¢ SE ¢ K] . Then d),g) and Zorn’s lemma imply that
&?.K contains maximal element. The definition of fEK implies that the second

statement is satisfied.

Thus under the conditions of the above theorem, we have produced
a point fixing family. According to Borchers [6] , 1s is possible to deduce
unitary implementation using complex variable techniques, for the usual
groups, R, Z , Zn , T, etc. If é/ﬁo has an order structure, it is also

possible to proceed. However, in these circumstances, it is better to
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consider left annihilating projections rather than bother with point

fixing families ; see for instance the proofs of [5,Th.3.1],[§5,Th.h.€]

and [H6,Th.4.2] . But for the sake of completeness,we proceed rather
informally and show how under the conditions of the above theorem, we

could hope to use the function EK to implement A by a unitary representation
on H, where H is the orthogonal subgroup of ﬁo’ Thus H = é/ﬁo.

Suppose that S is a subset of H satisfying

1.5.12 S+S ¢S

1.5.13 sNn(-s) = {0}

1.5.14 s = (3%
Let B be the natural projectibn from é onto ﬁ. We assume that for N € ﬁ
P(siA) = ES (SHM)
- gives a projection valued measure on ﬁ. Define for h € H
fﬁ{x,h)dF,(

u(h)xu(h)* ¥ x e M,

u(h)

1

and . Y(h)x

"

to give representations u and Y of H on 5 and M respectively.

It is not difficult to produce a situation where

B-'(S+A)

- A
S¢ . B 1(S+A+w) for all A, w ¢ H.

S-(S+w)E

For example, suppose 8—1(S+00 is compact for all wE€ H.

Take a 4‘_ 3_1 (S +Mw), then (a-U) 03—1 (S+\+w) = F for some U€ J. Then
-t -

a-"U- 8—1(S+w) c CB-1(5+7«) < CS EB (s+A) = U EB (S+X)).

ve ¥

Hence by compactness a - U - 3—1(S+L0 < n(EV,EB (S+X)) for some V ¢ JF,

BTYS+A)

n(EV,

i.e. -a+ U+ 8—1(S+u) < n(E ,EV).

8 (S+N)

Thus by 1.4.10 Ey; ;6 E = 0, which implies

—a+U+BJ(S+hD

TS+ . B '(S+A)
Ey ¢—a+U ;JB-|(S+“)E = 0. i.ce. -a g n(;SB..(SW)E By,

or ac n(EV, ;?SB_‘(S+u)EB°(S+A)). 'ty (S+x))

i.e. S¢B~|(S+Q)Eﬁ’-'(s+x) ¢ 6-1(S+w+>\).

This means a ¢  S(f (5+0)F

Hence by our maximality property 1.5.11.h
-} -\
B(S+A) ¢ B (S+w+N)
75 3 (s+ w)E ¥ E .
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It follows that [1 - F(S+h+u)] R“(B'q(sw))f‘(su) = 0,
ice. A[F(S+MA] € [F(Sed@b] for all A in K7 (5+u) .
Now it is well known (e.g.[6,Cor.2]) that if A€ M,the following two
conditions are equivalent since S is semigroup which is the closure of
its interior
1.5.15. A ¢ I~1Y(S+w)
1.5.16. A F(S+NH S F(s+rrh Ve TN
Hence we deduce R (B~1(S+tp)) < MK(S+w) VoeH. Then since S is a cone
which is the closure of its interior, it is deducable from[B,Th.2.j] or
[67,Prop.2.3.10] that w), = ) if RM(s+0) € MY(S+w) for all w € A,
It follows that if

RM(s+0) ¢ R (57" (s+w) Vwe
(¢.g. G=H) then %y =¥-

That this would be the best possible result is seen from the
following result of Connes [ﬁ1,Théoréme2.3.{]. This pointwise information
is obtained from the result[54,Theorem4.1.1§] that a *~automorphism of
of M is inner when its spectrum as an element of B(M) is contained in the
open right hand half plane.

THEOREM 1.5.17.

If & is a weakly continuous representation of G by * - automorphisms on

a factor M, such that sp®/['(&) is compact, the orthogonal subgroup
of U(X) is precisely the set of geG, such that there exists a unitary
v (depending on g ) in the centre of M_ satisfying

u%x = uxu* for all x in M.
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CHAPTER 2.

This chapter is concerned with perturbation and similarity of
strongly continuous one parameter semigroups and groups in Banach spaces,
with particular reference to C*-algebras and preduals of W*-algebras.

The fundamental work on the subject, at the hilbert space level, is[?gj.
This was extended to reflexive Banach spaces in general by S.C.Lin in two
directions; [BQL a time dependant theory and [}i], the stationary theory.
In §EL1 we make the necessary modifications to write this time dependant
theory in terms of a not necessarily reflexive, separable Banach space

X. The stationary theory depends crucially on X being separable and
reflexive in order to analyse the boundary values of X-valued analytic
functions, (see [37,Remark2.é] and the final comments of[52,p571]), and
this theéry is not studied. The smoothness properties of the perturbations
in §2.1 are of a strong type. Their relevance to operator algebras is
studied in §2.2, whilst in §2.3 we weaken the smoothness conditions whén
dealing with bounded perturbations.

We also consider a particular C*-algebra, the CAR algebra of
quantum theory, and derive some results regarding inner perturbations of
free evolutions in §2.5. This is preceeded in §2.4 by some technicalities

concerning unbounded perturbations in quasi local algebras.

2ele
Before we extend the smoothness definitions of [29,36] to
(possibly non-reflexive) separable Banach spaces, we recall that if D is
any map with domain d in a Banach space E and codomain in another
Banach space F, then the extended norm is defined by putting
Iox|| = o ifxe x > .

Now let X and Y be separable Banach spaces. For 1 ¢ p <o,

~
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we let Lp(R+;Y) dencte the complex Banach space of all Y-valued functions
f on R ={0,0) such that f(-)”f(- )Hp"1 is strongly integrable. If

1/p + 1/q = 1, we identify IP(R%;¥)* with the space of Y*-valued, weakly*-
measurable functions ¢ on R such that

ol = (\{ [lo (£ q>1/q < 2 if q < o
{

ess sup “p(t)" & 00 if g =00 .
te R*

\

Under this identification
“ .
<fgy = [ <E(t),p(1)7 at.
()
For further details see EI5,1+2] and §L4.6.
We will now consider some smoothness definitions c.f. [36].
DEFINITION 2.1.%.
Let T ¢ Q,r(X), A ¢ QO(X,Y) and 1< p< o0 « We say that A is (p,+) smooth

with respect to T, or simply (T,p,+) smooth, if for each u in X,

e,—ltTu € J(A) a.e. in{0,®), and t ~ Ae'ltTu gives an element of

-

P(rY).

For example, suppose T ¢ £(X), and A € €_(X,Y) such that
J(A*) is sequentally weak*- dense in Y* (i.e. given ¢ € Y*, there exists
a sequence ¢ in O (A*) such that PP 6(Y*,Y)); with 1 € p<eo.,
Then A is (T,p,+) smooth if for each u in X, there exists Mu < o2 such

is measurable, (where we have used the extended norm)

that ”Ae_ltTu}
w —' i
and f ”Ae ltTu,‘p dt MP,
A . u
As in the reflexive situation [36,Lemma2.5] we can show the

following using the closed graph theorem.

LEMMA 2.1.2.
Let T ¢ €+(X) and A € C(X,Y) with 1 € p<eo . If A is (T,p,+) smooth,
the mapping u pe~ 1ty ; 0 2 t<oo

defines a bounded linear operator S on X to IP(R%Y).
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If A is (T,p,+) smooth we let IAI(T . = “S” , where S is
, |

y+)
the bounded linear operator defined in Lemma 2.1.2. |A kT D,+) is the
114
infimum of all M satisfying
o, =itT
J pae P at ¢ MPu®  for all u in X.
(]
A
Similarly we define smoothness with respect to T in CiﬂX). If A G(%fX,Y)
A
we say A is (6,p,~) smooth (where 1 < p<e) if it is (-T,p,+) smooth,
d t A . = A A °
ana pu l l(T,p,—) I '(-—T,p+)
DEFINITION 2.1.3.
Let T e €,00, T € €. If T & T, ve say that the pair (T,T)e @ (X).

If A ¢ C(X,Y) is (T,p+)smooth and (f‘,p,—) smooth with respect to a pair

(7,T) in e, (X), we say A is (T,%,p) smooth and set

IAI(T)E‘aP) - max{IAl(Tvp’*‘) ’ lA'(&‘vP")} .

In the non reflexive situation, we need to consider smoothness
with respect to a weakly continuous one parameter semigroup in the dual -
space X*.

Let B € (C/(Y,X). Then Graph B has a countable dense set

{(wn,Bwn) Pw € DB} , and we can easily show (c.f. [36]) that if fe€ Y*

that ||B*f]| = sup|(f,BwnH o £ O
vl
It follows that t p— ”B*(e-ltT)*fH is measurable on R', whenever

T € C,(X), f € X*.

DEFINITION 2.1.k4.

Let T € €,(X), B € C,(Y,X) and 1 < p¢® . We say that B* is (p,+)*
smooth with respect to T or simply (T,p,+)* smooth, if there exists a

constant Mu < o for each u in X* such that

> -itT
J B P at ¢ M if 1¢<p<w
o
ess sup ”B*(e—ltT)*u” < M if p =00,
:R+ - .
It follows that of B* is (T,p,+)* smooth, than for any u in X*, (e-ltT)*u

€ D a.e. in R,
B*
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LFEMMA 2.1.5.

If B* is (T,p,+)* smooth, the mapping

ui—  B*(e tTyey 0 ¢ t <o

’
defines a bounded linear operator R on X* to Lp(If}Y)*.

PROCF.

Take y in Y. Since B (B) is dense in Y, there exist Yy, in &(B) s.t.

Yy ~ Y. Then for u in X*

< B*(e-ltT)*u,y > = lim (h,e_ltT
n-¥o

It follows that B*(e-ltT)*u is weakly measurable and lies in LP(R*Y)*.

Byn> .
Again we use the closed graph theorem to complete the proof.

If B* is (T,p,+)* smooth we let |B*| « = |IRIl , where
(Typ,+)
R is the bounded operator defined in Lemma 2.1.5. ‘B*'(T D, +)* is the
Bl

infimum of all M satisfying

[ .tT
JAB (e )P at ¢ WP P if 1< p<oo

-itT)*u” { M "u” if p=w,

ess sup [B*(e £

for all u in X*.
Suppose B* is (T,®,+)* smooth, and fix f in X*. Then except
on a null set N in [0,®&) :
MB*(e‘itT)*f” < Mgl
Hence for all u in §(B), and all t ¢ N
1< (e T)ee,Budl ¢ Myl ull.
Hence by continuity,
IK£,Budl & MJIEll|lw]  for all £ € X*, and u in &(B).
It follows that B is bounded. Thus B* is (T,%,+)* smooth iff Be B(Y,X),

with  sup ”B*(e-ltT)*” < ®
B#

“e—itT

In which case lB*l(T,w, 4y« = sup "B*(e-itT)*” = sup Bl

£y0 £30
A
We similarly define smoothness with respect to T € €_(X). If

A
B € eo(Y,X), we say B* is (T,p,-)* smooth if B* is (—%,p,+)* smooth,



27
x| A - * A .’
and put IB ‘(T,p,-—)* |B l(-T,p,+)*
A
If (T,%)e Q+(X) and B* is (T,p,+)* and (T,p,~)* smooth, we say B* is
A
(T,T,p)* smooth and put
[ B |/ & _ya = max{lB*‘ e B *} .
(T,T,p) (T9p'l+) (Top,-)
The following generalises [36, Lemma2.7]

LEMMA 2.1.7.

Let T € EQKX), and B ¢ GZ(Y,X).,Assume B* is (T,q,+)* smooth where

1 < qg¢<®, and put g/ = LP(RY) where /p + 1/q9 = 1 . Then for each

f in‘bb , there exists an X**-valued function F(t) on R’ such that
<F(),v) = J;t< f(s), B*(e-i(t"S)T)*v) ds for all v in X*.

"itT)*

*
If the map v 3 B*(e v is continuous from X* into ;{ for the

6(X*,X) and 6(2/*, Y) topologies, then F(t) & X for all t in R,

DEFINITION 2.1.8.

Let T € €,(X), A ¢ €/X,¥), B € Co(Y,X). Assume that A is (T,p,+)
smooth and B* is (T,q,+)* smooth, where 1/p + 1/q =1, 1 <qge.

Moreover the map v +—) B*(e—itT)*v is taken to be continuous from X* into
2}’ for the weak*-topologies, where ék = Lp(If}Y). We define an
operator, symbolically denoted by (Ae~i(‘)TB)6 , on gﬁ as follows.

For each f in jﬁ, let Ff be the function defined in Lemma 2.1.7, associated
with f. If the function Ff(-) has the properties

1) FI(t) € B4 a.e. in R

ii) AFf(t) = g(t) as a function of t belongs to EP ,

-1(-)T

then we say £ € J¥ (ae B)6 and define

o—i(e)T

A Bef =g-

A
A A 1 ( .
If T € @_(X) and B* is (T,q,-)* smooth, we similarly define (ae*l("?Th)e

as (Ae~i(')("T)B)6.

Before stating our perturbation theorem, we recall that if kg z 0,
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and Te@,(X), then T is of type w_ means that for all € > o

1im e-— (Uo + € )t “e-ltT“ - 0 [25-]
t9oo
The following generalises [zé.ThB.i] to (possibly) non reflexive

spaces.

THEOREM 2.1.9.
A
Let X,Y be separable Banach spaces with (T,T) € @4+ (X) and of type L.

N A
A€ QO(X,Y), B € eo(Y,X)such that A is (T,T,p) smooth and B* is (T,T,q)*

. . A
smooth. Moreover Vv p—) B*(e—ltT)*v, B*(e+ltT)*v are weak*-continuous

from X* into y* where yz = Lp(]R+;Y) and 1 & p<ed, 1/p + 1/q = 1.

i(+) +i()T

Furthermore assume that (Ae” TB)e and (Ae B)e both belong to

B(é}), with common bound § M.
Then for any complex number K with |K| <1/M, there exist T(K) € €.x),
» A
T(w) e C_(X), uniquely determined by (T,T), A and B with the following
properties .
2.1.10) A is (T G«),@(ﬂ),p )smooth, B* is (T(K),f(K),q)* smooth with

- (3 A
-1tT(K))*v’ B*(e+1tT(K))*v

v +—) B*(e weak*-continuous from X*

into y,* .

Moreover

(1 -1k | a kT,f,p) , and

N\

|21 ey, ), p)

* A -1 *
1B oy, a0, @r € O -KIDTHBYg 4y
2.1.11) The pair ( T(K), k) ) € C.(X) and are of type W, -

A A
2.1.12) T(K) is similar to T and T(K) is similar to T. More specifically,
there exists a non singular operator W(K) in B(X) given by

Tu, B*(e_iST(K))*

0 o
< WK)u, v? = <u,v) —iﬁ}-<Aels v7 ds
3
for all u in X, v in X*, such that
TM) = WOW) P WO and ) = w) P ww)~T.
A A
2.1.13) If T = T, then T(X) = T(K) also, and in this case two "wave
operators'" W (K) exist and are given by

- 0 _ .
U, (K, vy = qu,v)  +iK f<Ae”STu, B+ (et1sT(Wyuyy 4o .
- O

These operators coincide with the wave operators
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+ . - .
W™ (K) = strong limit eltT(K)e 1tT

t — to
and furnish the intertwining relations

pK) = wEK) T wE) T,

The proof is an extension of the argument in[36].

REMARK 2.1.14

This method can also be used for more general potentials. If we consider
S = LP(RYN;Y) in 2.1.3, 2.1.5, 2.1.7, and 2.1.8, we can treat

"countably smooth" sums Z;B:.LA‘i .

§ 2.2

We now examine Theorem 2.1.9 in the special case when X is a
hilbert space & . If (T,T) € (2*(€\), define the semigroups Oy » 3{

for t 7 o on B(&) by

~itT  itT
e X e

o (x) = )
8%(x) = ettt x it for all x in B(&1).
Then 3{ o = 1, and both Ty s 6£1eave C(5Y and T(&) invariant, for which

they are stréngly continuous semigroups with generating pairs in CftC(h)
and GZtT(&) respectively. We would hope that Theorem 2.1.9 raise Kato's
and Lin'’s work to the algebra level, in the sense that associated with
(T,%)-smooth operators A andBin €_(§) are multiplication operators on
T(%) (or perhaps C(%) or B(f)) which are smooth with respect to (o%, 5%).
However it is very difficult to pfove this, except for the trace class
operators T(8). There is of course no hope in B(&) itself because this
algebra possesses an identity.

As an example of what it is possible to show, let us consider
the following situation. Let &, &f be separable hilbert spaces, and
Ae  C( W, %). Let & be the linear operator from B(®, &) intoc B(&)

by defining x € B(%,% ) to be in .0“ if xh < F(A), and putting
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xx = Ax.
Then o is closed and densely defined for the weak*-topologies.

Before we state our conclusion (Proposition 2.2.2), we recall
that if X and Y are complex Banach spaces, and D € € _(X,Y) then D* is a
linear map from ¥* into X* which is closed and densely defined for the

weak*-topologies [25,65] . Similarly, we can show:

LEMMA 2.2.1.
Let C be a linear map from ¥Y* into X* which is closed and densely defined
for the weak*-topologies. If x € X,we say x € JD(C,) if there exists
y in Y such that
<CP, x? = <e, ¥y VP&D(C),

and define C.x = y.
Then C,_ € €,(X,Y).
PROOCF.
C, iswell defined and linear because of the & (Y*,Y) density of D (C).
Moreover C, is clearly closed. Suppose E(C*) is not dense in X. Then
there exists &) € X* such that &) £ 0, but w (x) =0 Yx € D(c,).
Then (O,wo) does not lie in the graph of C which is weak*-closed. Hence
there exists (x,y) € X*Y such that

< Cp, xY+ <p,yy=0 Vpe)H(C),
and Clay XY + {0,y) # O.

Hence x € ) (C,), a contradiction. This shows J)(C,) to be dense in X.

PROPOSITION 2.2.2.

Let A € €,(% ,5 ) and % be the linear operator from B( 8\,5‘() into B( %)
as defined previously. If T,S € e+ (f\), where S generates a bounded
semigroup, and A* is (-T*,p,+) smooth where 1 & p< o ; then o is

(Z,p,+) smooth, where Z € €,T(%H) is defined by

e¢latx g it8, mitl for t > 0, x € T(%N).
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(Here (+)* refers to the hilbert space adjoint).

PROOF'.
Note that u,e€o<'r(6\), T(%\,S\')> , where T($ ,% ) is the predual cf

/ Ve
B( 5,5 ), and denotes the trace class operators from ¢ into M i.e. R®K .

If §., r\ie& i=1,2,... then

{ [{i ”e_itsﬁi“ "A*(e"itT)*qi" }p at }1/p

i=1

¢ 2{L{ gl e g e P

1=

¢ M EUS M Ta] s

where M < ® , is any constant such that "e-ltS”

< Mo for all t7% O.
The result follows if we note that T(%) and T(& ,% ) are projective

tensor products.

Thus, we see that Theorem 2.1.9 with p = 1, can be used to

A . » A
handle strongly continuous semigroups (e-1Zt, eth; t > o) on preduals

M,of von Neumann algebras. The case 1 < p(®, will be studied in Chapter

3.

After seeing the importance of having an abundance of smooth
operators at the lower hilbert space level, we now give a simple construciion
of how to produce more of them. Let &i’ &; be separable hilbert spaces

for i=1,2, with Ai e C/( S\i, ﬁ\'i) for i=1,2. We let A,]@Azbe the closure

of A,0A, on 2T(A,!) OD’(Az), where O denotes the algebraic tensor
' /
product. Then A,® A, €C, (¥, & ) , where & = 5\1 ® 6’\2, By = 8\; ® 8\’2 .

1r T, € €,(h,), for i=1,2; define T € €, (&) by

ItT | -itT g -itT,

e T'®e for t 3 o.

THEOREM 2.2.3.

If A, is (T is (T ® , + ) smooth, then

1 1
A®A, is (T, 2, + ) smooth and

, 2 4 + ) smooth and A

2 2!



52

14,04 | (r.5.4) € ler 2.4) 1850 (7 0,4 -

PROOF.
We define a map F: 8\,‘0}18]2 —_—) L2(R+; %\’,‘)Oh %\2, (where Oh denotes
the algebraic tensor product equipped with the hilbert space tensor product
norm) as follows :
If §. € 8'\1, M, € %\2 i=12,0...,n put
" (.

F(Z 5, 01;) = 51 Ay e 1T T, 01, .
Similarly define S : IL(RY %\'1) 0] 8\2——7 1?2 (R 8\'1 ® 8\’2)
as follows:

2.+ .
IF £, € L(R;%\',‘), n, € M, i=12,...,n put
—i(-)T
()T

i k]

S(££,81,) = 5f04,e

which we regard as an element of L2(]R+; 8\1' (V7] 8\/2) in the obvious way.

Now fix g, in 8\1, q; in 5\2, i=124e..,n , and suppose that {"I:}i:
form an orthonormal set in ® e
, ‘; 2 g -i(-)T 2
Then “F(12—1 g, o) = £ [|a e §:.H

i=1

7\

2 o >
| A1|-(T,2,+) ii”‘ﬁi“

2 2 2
= | ay (T,2,+) ”51 ¢; eny

-

o] . ’
Now fix i. Then Aje mat ; e L(R; S\;) and there exist o € <‘5\1 .
hs € 1°(R") such that

| € &5 0 - & e‘i(')Tgi” < €/n.

Hence we get g} € 12(R"), rsé € 8\,'] and xj’ € &\2 for j = 1,¢..,m such that

“Z (g} B)@X - 1%1 A, (T §.® '1i"<e .

We now use the Gram Schmidt process to get gj € L2(R+), Bj € 3\:‘
m
X. € 3\2 j=1,0.,m, where the {Bj}j—'l form an orthonormal set and

||2(g BI® Y, - g A, g~1()T

i=1

Then
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m
IsC £ e,
ht

18507l

J B5(8)0y, £, ()8, > <hye lSszj, e -1sT, 1Y, 7 ds

LJ

7

m o0
_ % J; g (s)'B h ~lSTle,2 ds

¢ 2 Ll gl I

IAZ'(Tzaw +) ”2 g J ® Xj “2

Moreover
pE o, SOt 00, - £ ap e,
i=1 331
"“S(Zn a0 e @ - g B! @\" < A
) i=1 1 1 Y\l j=1 - S I 2|(Tzv°°’+) )

Hence, since € was arbitrary;

s ()T, 2 ~i(-)
||S(§1 {&1 e g. .o ¢ |A2|(T vy [E8y €7 RYaY- "\i”2

n
< |A2|(T1,w,+) ,A1,%T1,2,+) “é,lfi@) ’\:‘LHZ

-

This means that
- T “T(Z 250N, Dfat
(o)

< lA ,(T 2,4) ,A2’(T 1y +) !§ £:® 41“2

The result now follows ea51ly.

We remark that it is a very difficult problem to try and replace
the pairing (2,®) in theorem 2.2.3. by another pair (p,q) where
1Yp = 1/q =12 ; 2< pew .
However, notice the following:
If A; is (Ti,qi,+) smooth for i=1,2 where 1 5q1<°° , put 1/r = ’l/q1 + 1/q2.

-iTtg ”r at <

00
Then fo la, @4,
for ¢ 1in a dense subspace of 8\1® f\z.
by looking at the proof of Proposition 2.2.2, we observe that there is

an analogous statement of this weak type of smoothness at the algebra level.
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We shall see in the next section that this is often sufficient information

to be able to deduce scattering results at the C*-algebra level.

§2.3

In this section we will consider scattering due to a bounded tire
independant perturbation in a Banach space, paying particular attention
to C*-algebras and the preduals of von Neumann algebras.
We take a strongly continuous group eizt acting on a Banach space
X, and a berturbation V € B{X). It is seen that
J1(ZHV)E ~iZt 3 (ZHV)s -iZs f:i(Z+V)uve—iZux du

S
for all s < t, and all x in X

Hence the wave operators

Wy = st lim e+1(Z+V)te—Zt:

t—pto
exist iff

fel(Z+V)u v e'-:LZu du

s
converges strongly to a bounded operator as t—)®, s— -,

In particular, if ei(Z+V)t and eiZt are bounded one parameter groups (e.g.
if iZ and iV are *-derivations of a C*-algebra X) then the wave operators
exist if
(2.3.1) f”V e ‘du < o for all x in a dense subset D_of X.
This is.well known at the hilbert space level, see e.g. [Fh,hg], and the
technique is well developed for such spaces. However we will be concerned
with smoothness properties more general than 2.3.1 and the question of
invertibility of wave operators.

Suppose V decomposes into bounded linear operators B, & in B(Y,X),
B(X,Y) respectively, where Y is another Banach space. Thus V = BX .
We take X and Y to be separable Banach spaces.
If 1€ q¢eo, define

(2.%.2) Dq(O() = ix €X: -/0; flx e"itzx"q dt < w}

and
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x| <=} .

(2.2.3) D, = {x€X: sup He":‘L
teR

From the previous section, we see that the following simultaneous situation
is practical in the algebra context:

For some 1 <

S~

ql o,
a) Dqﬂ is dense in X, and
b) B* is (%,+Z,p)* smooth where 1/p + 1/q = 1.
iees if 1 € p < w
fﬁg*(e-—iZt)*?"p at ¢ MYR®  VYeex*, for some constant M
and if p-:oo s

sup “B*(e—iZt)*" =  sup ”e-iZtB“ < 00,
teR te R

These conditions sill be studied in Theorems 2.3.4 and 2.3.10. The proofs
, employ a technique which is inspired by that of [igland[éé]. The condition
+o
VA
f”ue e dt ¢ w0
-
has been particularly studied by E.B.Davies and Kato[29]in tle hilbert space

context.

THEOREM 2.3%.k4.
Let X and Y be separable Banach spaces and eth a strongly continuous one

parameter group on X. V is a bounded perturbation such that there exist

Byot in B(Y,X) and B(X,Y) respectvely such that V

]

By and
(2.3.5) B* is (Z2,4Z,0)* smooth
(2.3.6) M =f||o<e‘itzg|| dt <o .

Then the strong limits of
eglt(Z+KV) ICEAC

]

etltZ e;lt(Z+KV) < -

?

(2.3.7) emitZ 2it(Z+eV) -itZ X

exist as t —® for all x in D,‘(OK) (2.3.2) and all Ke €, [K|<1/M.
If moreover
(2.3.8) p* is (Z,+2,1)* smooth

(2.3.9) « is (Z,+Z,®) smooth, i.e. sup “ae'ltzu

teR

then the limits in (2.3.7) exist as t —® for all x in D1(a )
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and all Ke ¢, [K[<1/M.

In particular if D,|( ® ) is dense in X and (2.3.5-9) hold, then the wave

+1t(Z+xV) -itZ
e e

operators W4, = st lim exist and are invertible

) t—y too
for all K€ G, lKl < /M.
PROOF .

We will consider the scattering matrix only. For any y in X, we have

. . \ o0
12t 2i(Z+ V)t -1zt y S (i A (t)y

where An(t) € B(X) for each t, and is given by

Ao(t) =1, and for n» 1,
Sn-

An(t)y = / / / e~ 1Z8y 1Z(S ) 12(5 -7 Sn ) r\y ds .... ds .

-t -t
Hence if x qu(o(), and c = f“o( 1ZSX | ds,we have

”A (t)X ”

/ /‘ fe ‘1’5” “0( 1Z(s B“ ---',c(elz(sn-rsﬂ IS” HO(eiZS"x“ dsn.... ds‘

'cmg Vt 2 o.

s

A similar estimate shows that st lim An(t)x exists V xe¢ D,|(°< ).
t—

Hence for x in D,](O() and |K| <1/M, the limit as t —) co of
S @) An(t)x _ e-—th e2:1.(Z+¢<V)t e—:LZtX
n=o0
exists.
Suppose also that conditions (2.3.8) and (2.3.9) hold. Then for all ¢

in X*, t 2o

||A )] =
// /,'( 1an)* *“ “P* 1Z(s,\_‘s ))*c( - “B*( lZ(S =S ))*» B*( )?ﬂd s..d
-+ -t -

< ot M || lpy  for all t% o, ¢ € X-.

Hence for fixed [KI| < 1/M
-iZt 2i(Z+%V)t -iZt
e e e

I

Z A (t)u

n=o0
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is uniformly bounded in If; This essentially proves the second half of

the theorem.

For the case (p,q) #Z (©,1), we have only been successful in shcwing
that the wave operators and the scattering matrix exist in the weak

topology.

THEOREM 2.3%.10.

Let X,Y be separable Banach spaces, and eizt a strongly continuous one
parameter group on X. V is a bounded perturbation such that there exist
B, 1in B(Y,X) , B(X,Y) respectively such that V = Ba and satisfy

(2.3.11) B* is (Z,+Z,p)* smooth, where o >p % 1.

1

X0 5tz
(2.3.12) fuae“l Bl dt M ¢ ® .
-

Then the weak limits of

etlt(Z+KV) e;itZ < ezltZ e::it(Z+KV) <

-iZt 2i(Z2+wV) -iZt
3 1 e e e X
exist as t —y ofor all x € Dq(o() (2.3.2), and all |K| < 1/M, where
1/p + 1/q = 1.
PROCF .
Again we only consider the scattering matrix. Then for t € R,
o o . oo
o1t 21(Z4MIE ~IZY S 3 (1) uhere A (t) € B(X).
n=o n n
Then for n % 1, t % o, x€X, ¢ €X*, we have by Young's and Holder’s

inequalities:

[< A (t)x, 9]

Sa-

£ S
$ //...f]lm e1%(5;7s, )fs|| et samsadg])

..t —t -c 3 -
"aelZSv\xn “B*(e"1ZSI)*?“ ds“.'... ds'

¢ 4] <, ol ,
where

co
c. = | {fllo«e”ltlelq dt }Vq if 1 ¢ q<m
-0

(

"
B

| if q -

supllO(e
teR
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A similar estimate shows that weak limit An(t)x exists for all x in Dq@X).

t 9w
Hence the weak limit of

-i7Zt 2i(Z+¥V)t -iZt
e e e X

exists for all x in Dq(O(), P KI <1 /M.

We remark that the methods of this section can also be used to

analyse potentials of the form

z 104
iél et

with analogous countably smooth conditions.
Results can also be obtained by interchanging the weak smoothness

in X with the strong smoothness in X*

§2.h,

We now want to consider unbounded perturbations in the CAR algebra,
and the related scattering. In order to do this we employ some of the
notation and technique of time development in quasi local algebras [21,
27,49,53] .

Specifically consider a C*-algebra U,with eZt a strongly continuous
one parameter group of . automorphisms of U. Also consider the finite
Y -dimensional lattice Zﬁﬁ and denote by F the family of finite subsets
of Z'. Suppose that for each A€ F , there is a subalgebra U(A) of U
such that

2.4.1) If A, )\,| € 7 s, A A then U(A) € U(AY).

11
2.4.2) U {U( A) @ Ae?} is dense in U.

2.4.3) U(A ) is invariant under e? for each A€ F , t €R.

We assign to each Ae# | a potential $(A) in U(A). We can
then define, for each A€ F ,a "Hamiltonian" H(A) in U(A) by

2.4.4) H(A) = & dX) .
XC N

The local hamiltonian H(A ) gives a perturbation of Z :

2.4.5) A+ E(Z + adit(A)) () . AeU, te€ER.
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We will demonstrate under suitable conditions that the limit as A —
of (2.4.5) exists and defines a strongly continuous one parameter group
of *-~automorphisms of U. The infinitesimal generator of this group will

be interpreted as Z + ad H , whereH is taken to denote the formal sum

S ) .
X€7F

DEFINTION 2.4.6.
We let B denote the potentials & such that
2.4.7) For each X € &

U3d3x > ad dX)x is a*derivation on U.

2:4.8) ol = suwp ncp(xmi < o0,
xeZ” LX3x
2.4.9) & involves only a finite number of coordinates i.e. ®(X) = O
for all X € F such that [X| ? Ng , vhere Ng<eo . (Here |X|
denotes the number of points in X).
2.4.,10) & has finite range i.e. for each x in Z',there exists N < o
such that {X €3 :®() #0, X x] has cardinality & N.
2.4.11) If X, A € F are disjoint then

[®),u] = 0 Y ueu(A).

The following result extends!é1,27,49,5§] where Z = 0. Note that
our translation invariance property 2.4.8 for the class of permissable

potentials is weaker than what is stated in the above mentioned work.

THEOREM 2.4.12.
Suppose ® € B . Then for all t € R, A € U,
c A = 1im e(Z + adH»\)tA
t LX)
exists, and defines a strongly continuous one parameter group of
*~automorphisms of U, where the limit is taken in the sense that N
eventually contains every finite subset of /M

PROOF .

Fix A,e 7, and take A € U(A,). Consider Ae F, A 2 A,



Then for all t in R
t

e(Z * ad}h)tA = A.+ \f [;Z(t_s‘) Ha, eZtA] ds,
0

£ s :
j RAS Y HA,[eZ(t"S') HA,[eété]] ds, ds,
©

2

+ ceessase
2 a (1) (2.1.13)

n=o0o

where (in terms of potentials):
A —
a (t) =

Sa

&
g S
2,...,xnsr\° °

*

[eZ(t“'S")é(xn) , [eZ(t-S"")é(),(\.? ’[ [eZ(t—s,)@{” eZtA']“] dsds,

X, X

t]’
Since ® has finite range (2.4.10), ag(tﬁ becomes independant of A

for 1At sufficiently large. Hence we have

1 4, (0 |

£ Sa  Sa '
= 2; f '.f [ez(t-s" )§(XA),[' [eZ(t—S )ﬁi\(., eZtAJ'“] ds, .. dsn.
X1,X2...,Xn ° o °

This means that the series (2.4.13) converges term by term. The following
lemma is an adaptation ofEH% Lemma 1].
LEMMA 2.k4.1k4.
If A €UA), qpee.. g € R, MNEF
| [ ooy [eortiem, [ [2UmA), A]-- ]
< 2Migr ||A||Tr { (m-1) (g =1) + 1A \]
Proof.

We have by 2.4.11 and the invariance of U(A,) under 2t for a1l A€ F ,that

[ezq'H(AX[équh(A),[ ..... [ezq'H(A), A]-"]

-2 & g [P, [P, o [ Pheex),a]]
x1c.A X,CcA Xa CA

\NA#g NGNS 4P Xa NSa.y $6

where we have introduced the notation

S,|--X\)/\,],andsk XvSk,‘for 1< k¢ n.
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Therefore

”[ezq"H(A), [eZqNH(A), cesesses [eZq‘H(A), A] J Il

Zana 2
2.8 8 RN L[ [ ), Al
Y A X, CA
Kinh,# ¢ Xa A Sa-y ¢

But using lSnnql ¢ (n-DWg=-1) + IAbr ’
we find that

”[eZq“H(A), [eZqM‘H(A),- Coe e [ezq'H(A), A

< 2fn-D g -1 + MallBlle £ I[P g [ [P0 ,a] |
XA decA
XiNAg3d  XaunSe-2 3

The lemma follows by repeating this method of estimation.

Jt follows from the Lemma that
n

A ; n,ng,zn .
ENCOT TP 7 W=l TRl U (TR DY DR VYR B
. n! m="
Hence for 2|t I§ (g -1) < 1, the strong limit of
o(Z + adEN,

cxists as N @, A 2 Acf (This convergence is uniform in
21t i@ iy <1) ¢ 1-€ for any € » o). We define this limit to be o, (A).

¢ e(z + adHa)t

Bu is a *~-automorphism for all A€ # , t in R, and

hence is isometric. It‘follows that

llo.Alf = &l Vae UU).

l.t I ! ne F

Hence we can extend o% to the whole of U by continuity.
Take any o ¢ t1 < 1 .

2N g (g -1)

Then the group property of e(Z + adlia)t for 1t1 < tq, implies that &,

t

Hence we can extend ¢, to the whole

has the same property in jtl ¢ t1. +

of R. The strong continuity of 6, follcws from the series expansion

t
g s A
G b = é?b an(t) for A € U(A,), vhere an(t) = 1im an(t).

Moreover oy is a *-automorphism for each t in R.
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We note that there is a natural action of Z ' on & . If we
strengthen the translation invariance property 2.4.8, we can remove the
hypothesis of finite range of our potentials.

DEFINITION 2.4.15.
We let @, denote the potentials ® such that
2.4.16) For each X € & ,
U 2 x — add(X) x is a *-derivation on U.
2.4.17) 130+ad = 1) ¥vxe 3, ae zw
2.4.18) @) = € 1PN < «
Xdo0
2.4.19) @ involveg only a finite number of coordinates i.e. @ (X) = O
for all X € 3 such that IX| » Ng .
2.b.20) If X, Ae¢ 3  are disjoint

[GO,u] =0 Vue U(A).

For this class of potentials we can again take the limit as
A=y o inﬂ2.4.5. Note that tﬁere is no need to assume that there is an
action of Z°on U U( A ), such that each a in %" takes U( A) onto
U(A+a) for all Ain 7.
THEOREM 2.4.21,
Suppose & € @, . Then for all t in R, A in U

(2.4.22) CA = lim e‘ZradHAL

t A>o
exists and defines a strongly continuous one parameter group of
*~automorphisms on U.
PROCF .
We note that under the norm || -] (2.4.18), @, is a real normed space.
Moreover &, nQ® is dense in @ ; if ¢ € @ define ¢, € Bng, vy
$, (0 = [ $ (x) if diam X ¢ n

o otherwise,

Then ||, -§ I 40 and [ <UF] -

The following is an elementary extension of [49,Lemma 2].



LEMMA 2.4.23.
If A e U(A,), §1 . §2 € @ , and Ny is such that &1(x) =0 = §,(%)
if X1y Ng then for all q,....,q € R,
e m gAY, [®hm g (A)ennn. [PMmg(ad, o] . ]
- [P () [Phg (n), - [PUag (), -]
< n2® 1§ - 6|80 I!Aﬂm§1{'(m-1)(l\1§ 1) 4 |A.;}

Now take A € U(A,), ana A 2A, € & . Now suppose 9, @,‘ € @o and

¢, (X) =0= (X)) if [X| > Ng , and also | &<}l - Then for all t

in R
I et(Z + adHQ(/\))A _ et(Z + adH‘bl(l\))A ”
hasd n
< 2 al ld- g, Z 20 1| Py I { (m-1)(Ng -1) + [Ao|} ,
n=1 (n=-1)1 ="

by Lemma 2.4.23.
This estimate is uniform in A, and the right hand side converges for
21t11® ) (Ng - 1) < 1. Given del, , we take the sequence §n in
BB, ,defined above, and express the limit in 2.4.22 as a double
limit. The above estimate justifies the interchange of limits and the
existence of the interchanged limit under the condition

2ltllg ) (Nvg - 1) < 1.
(Here we have used Theorem 2.4.12 for the potential Qn e B ).

The remainder of the proof is similar to that in Theorem 2.L4.412.

Thus if ¥ &€ G UR , AeU

lim o'Z + adHMt -2t o o2ty
Ay
where G%is a strongly continuous one parameter group of *-automorphisms

of U, and the limit existing in the norm topology.
Now suppose that QD is the subset of A in U such that the

following limits

lim e(Z + adHa)t e-ZtA
o B

exist in the norm topology for all A in 7, with uniform convergence
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over N (for fixed A). Then both repeated limits exist on d ( and are

equal ).

-7t
e(Z + adH )te y/

i.e. lim 1lim A exists for all A in O ,

t—=tw Arw

i.e. 1lim & e-ZtA exists for all A in D .
t—te

Hence if the subalgebra < is dense in U, the wave operators exist on U.

We shall see that this approach is applicable in the CAR algebra.

§ 2.5.

We are now going to study in some detail, scattering in a particular

C*-algebra, namely the algebra of the canonical anti commutation relations.
Ve briefly recéll its construction, for more details see[é1].
Let E be an infinite demensional real vector space with ( , )

a positive definite,non degenerate symmetric form. Let CO(E) be the
éomplex Clifford algebra i.e. the complexification of T(E)/I where T(E)
is the tensorial algebra and I is the ideal generated by

{e@e - (e,e)1 : e ¢ E} "
Then we can give CO(E) a C*-norm || - J| , and the CAR algebra, C(E), is the
completion of CO(E) with respect to this norm. C(E) is a simple C*-
algebra with identity 1, and a faithful normal finite trace. Let f — [f]
be the canonical embedding of E in CO(E). Then

[t le] + lellt] = 2t ¥ 1. e B

Whenever etZ is a strongly continuous one parameter group of orthogonal
maps on K, etZ can be uniquely extended to a strongly continuous one
parameter group of *-automorphisms of C(E).

In our first result , we consider a perturbation of the free
evolution et by an inner derivation of the algebra C(E). A similar
result was obtained by D.W.Robinson [bo,Applicationé]. We remark that

it is only necessary to show that the wave operators exist on a subset

U of C(E), such that the algebra generated by U is dense in C(E).
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THEOREM 2.5.1.
Z
Let e t be a strongly continuous one parameter group of orthogonal maps

on E. Suppose f:? € Efor 1 €K €2, i,§ = 1,2,c.....
1

withllf§ k|| = 1 for all such (i,j,k); andm;.L € € for (i,j) NZ , such
h ]
i
that s |o(.| < o
iy 9
b}

o [ . . .
and a= & > o [fl ].......[fl. j]
2, &l 3,21
gives a *-derivation x = ada (x) on C(E).

Also suppose that
S T Uzt

D ={feE: 5}1 é ké_:qldjl,/l(e £ x )] dt <
pond J.. = ~ o

is such that CO(Z)) is dense in C(E).

Then the wave operators

t(Z + ada) -tZ
e e

Wy, = st lim
- t—t
exist.
PROOF.

If (i,3) e N2, and £ € E

£ e[ ] - [

2i

- 2g |[¢ ][fl ] PURITE SN O I B [i

A e P jyk=-1 (f, fj’k, (-1) ij,km_\"""'l_‘“j,zi_l .
Hence
a[f] - [f]a .

i i b1 k i i i
. f. o--oo[f. J "‘1 f f. Lf. ]ooooo[f.
i=1 =1 k=1 J [ Ja1] Jak (=1 ? :],k) 3. k+1 J.2

Take t >s » o, f€éD . Then
t

y _7u 5 05 2 i, -7, i
f[]adae £ du & / s 8 s [& | [Ce™ 1, f.k)lgdu.
A ;o (i=1 §=1 k=1 Y I

d

t(z + ad a) e—tZ for all

Thus by (2.3.1), the homomorphism property of e
t in R, and their uniform boundedness, we see that the wave operators

exist on CO(X)), and finally on C(E).-



L6

Teking this a step further, we consider perturbations induced
by formal sums, and exploit the computations of the previous section.
Again let eZt be a strongly continuous one parameter group of orthogonal
maps on k. Suppose‘{fi : 1€ Z } , 1s a countable in E with
disjoint energy spectra i.e.

(2.5.2) ( ethi ) fj ) =0 if i % j, for all t in R.
Without much loss of generality we shall take
E = linears'pan{ez.tfi: t eR, iéZ}.
In the notation of the previous section, consider ﬁ}, the family of finite

subsets of Z (i.e. V

i

. For A€ F , we define U(A ) to be the

subalgebra of CO(E) generated by { [ethi] : t ER, i eA} .

Clearly U(A) : AeF satisfy the isotony relation 2.4.1.
Moreover C(E) = { VU(A ) : A€ 3’}” and each U(A) is invariant under
Zt

e””. We now define a potential & .

We put ®(X) = 0 , unless X .is even, and if X = zi'\"“"’iznl , put
¢ (X)) = o, s [%.] ______ [%. ] » where &, ; € C.
1,....., 2n 1 2n 110‘.0, 2n

For convenience ( and consistency with the CAR's and 2.5.2 ) we

impose the condition that if ™ is any permutation of 1,....,2n, that

ol s . = sgn(wr) o, . .
11\’(1)’.....,1‘((21'1) 11’......’121‘1
Also if (i,eeee.. i, ) € Z°" .| with not all i distinct, we put
V¢ = 0.

i1,.....,izn
If i#j, [}thi] and [fj] anticommute because of 2.5.2 and the CAR's.
Hence if X € 7, and i ¢ X, [Q (X), [ethi]] =0 Vt ¢ R.
Thus if A,X € F are disjcint

[800,u]=0 Vueulr).
Finally under suitable conditions of the values of { .

11’...12n}
§ is an element of B v 6° .
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THEOREM 2.5.3

For all A € C(E), t ¢ R,

oz A = lim (2 + ad HAt
A=

exists in the norm topology, and defines a strongly continuous one parameter

group of *-automorphisms of C(E).

If / I(ezsi‘.,f.)l ds < o for all i in 7Z , the wave operators
~ * . Zt
W, = st lim oL e
- Tttt

exist on the CAR algebra C(E).

PROCF.

The first statement follows from Theorems 2.4.12 and 2.4.21.

Suppose (ezsfi,fi) € Lq(R) for each i in Z. By the remarks at the
end of $2.4, it is enough to show for fixed i, that

lim

et(Z + ad HA) e-tZ [f]
t =t

exists uniformly over A e F , in the norm topology.

Now if i e A |

ad H(A) [e'zufi] -

22 > o, . . [f] | [f. ] (™ 1) .
n=1 fj_eA: r=1,...,2n-1} Jasee=rdop g0t | Jqle- L don-qd i

Hence for all t 7 s € R, A>i
”et(Z + ad Ha) o~ t2 [fi] _ es(Z + ad HA) e-sZ [f.] ”

< \ft ad H(A) [e”zufi ]'ldu

$

2jz Zlu

~-Zu
[fj1] ceeens [fj2n-—’|]“ (™8, ,£.)] au

J1s°-°°'a32 1’il

M_I f |( ufi,fi)l du

I £

which tends to zero as t,s — * ® independantly of Ao,
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CHAPTER 3.

In this chapter we proceed with our study of smooth perturbations
and scattering of one parameter groups at an operator algebra level. We
have seen in‘§8.2 how to handle a particular smoothness condition (p=1).

We now extend this toa wider class of perturbations {1 < p<e®); however,
due to technical problems, we apply our method at the present time only
to type 1 W*-factors with discrete centre.

If oL is a weakly continuous one parameter group of ultraweakly
continuous linear maps on a von Neumann algebra M, let iT denote the
infinitesimal generator of the strongly continuous one parameter group
(6%)* acting on the predual M,. For various unbounded operators [}, and

i o, acting on M, we seek for small complex K, a family of wekly continuous
oneé parameter groups 65 , such that the infinitesimal generator iT(K)
of (6;)* -can be interpreted as the formal symbol i(T + K&, B,). Our
method is based on the theory of S.C.Lin for the problem at the hilbert

<

space level [?6] , using the one parameter groups oy themselves, rather
than the resolvents R(A,T) as Kato does [29].

 and &K can represent left multiplication operators LB’ LA
respectively, where B and A are unbounded operators affiliated with M.
In general, if G% is a group of *-automorphisms, the perturbation oi will
not be a group of *-automorphisms for small (real) K . By considering
another perturbation of multiplication on the right”(RB* ) RA*)’ it is sometimes
possible to combine these two perturbations to give one, namely Té )
which is a weakly continuous group of *-automorphisms of M for small real

K
K . Moreover, the infinitesimal generator of (Té), represents the

formal symbol i[:T + K((u)*ﬁ* - (&)*(E)*)J .

g 3.1,

In this section, we develop some notation and the tools for our
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perturbation theory, which we shall find particularly useful to handle
the smoothness conditions we impose on our systen.

For simplicity and clarity of notation, we will only consider
groups, rather than semigroups as in [}é] .

Now suppose ® is a separable hilbert space and + T € e+(81).
If A e Qo(%\) is (T,-T,q) smooth where 1 < q <o, we have seen in §2.2
the difficulties which arise when considering smoothness in this system
at an algebra level. However, if we let

o, (x) = ¢yt x € B(&),

then for all x in B(BL), 1€ ¥ , Gl(x)‘é—ltT € D a.e. in W',
3 ¢

A
and {\/\“A OE(X) e"itTg l‘q dt}‘b«l < IAl'IX””glI
o

Our perturbation theorem 3.3.1 is based on these '"weak smoothness"
conditiohs, and a few calculations by the reader will show that we have
raised [?6,Thm 5.{]‘ to the algebra-level. It is useful to keep this
motivation in mind.

We are thus led to study spaces such as

5" = B(&, LR &) where 1< q<.
Then é} is a dual Banach space, with predual
'5/ = 8\®va(1{+; ®L) where 1/p + 1/q = 1.
Again ‘¥ is a dual Banach space if we take
% = S0 LURSw.
Let V be the space of all operators on&. An element of V is not necessarily
closed, densely defined or even linear. Thené}vcan be identified with
the space of V-valued functions f on R satisfying
2.1.1) If §e® , then § € D(f(s)) a.e. Note this null set may
depend on § .
3.1.2) If «, B € €, and 8,1 € &L , then

f(s)( a3+ M) = xf(s)§ + Bf(s)n a.e. (depending cn«,2,8,1).
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3.1.3) For each €™, s +— f(s)§ is measurable, and there exists

a finite M independant of § satisfying

Sl e ¢ mgf? VY e & (3.1.4)
[¢)

If f € a%/ , [£]]is the infimum of all M satisfying (3.1.4).

Now let M be a von Neumann algebra acting on the separable
hilbert space 8\ , which is ultrawecakly countably generated in the sense
that there is a countable subset R of M, such that the linear span of R
is 6(M,M,) dense in M. Define )‘M to be the closed subspace of ;#
consisting of thesgse elements which commute with the action of M' on 51
and LR, ®). i.e. f e y is in yM iff for each § in & , and m' in
M', that

f(s) (m'§) = m' f(s)§ a.e. (depending on m' and % ).
: Now ym is a O‘(y ,S) closed subspace of% . Since 4if f“-») f

6(;,5), where f, € ;lM, fe EL ; then for a1l §.,1€¢ & , he PR,

m'e¢ M',

f<f(s)m-g ,MNY h(s) ds Lin J.(f*(s)m' g, 1> his) ds

1

1im f<m'f“(s)2 , "> h(s) ds

1

\[(m‘f(s)g’,v\) h(s) ds .

Thus f é;M'

o * . . - 3 . o
Hence (¥ /Yw)* 1is isometrically isomorphic to sz, where er
denotes the polar of )M in 5/ . Moreover, if iM denotes the canonical

injection of }M in y, and if 5/M is defined as i} ( the restriction
o
of g/ to y/M) , then gM is isometrically isomorphic to 5// %M .
. . :
Thus S/M is a closed subspace of /M , and if z, € 5/1"1’ then
3.1.5) 2z, = inf{”x]] tox €% sete iX(x) =z }

. = L Dot
Now if z = ig] ¢ @h, is in S/, where Sie%’t, h. e L (R;5%0),
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for i = 1,2,..... and %‘”gi” ||Ins|| < e then

(Sl o oo |7

o0

= (I g s |

1=1
2. “21“ ol < o0
Hence 2”%1]] ”h'_(s)”<oo a.e. in R, and we can define

z(s) = Zs’i@hi_(s)

a.e. in N® &\ = T(%1), the trace class operators on &1 .

A

Note that z(s) is uniquely determined by z a.e., s+— z(s) is measurable,
and
3.1.6) {f”z(s)”p ds} Vv < izl
If f € \3/ is bounded a.e. (e.g. if f is actually in Lq(R+;B(6‘1)) then
<f,z) = 21 f(f(s)fi , hi(s)) ds = f<f(s>,z(s)7 ds .
Similarly, we consider %M' If x € gM’ then x = iI’:I(z), for some z in S/ .
Then z(s) ¢ T( &) determines an element x(s) in M, a.e. Moreover x(s)
is uniquely determined by x a.e., and x(:) is an element of Lp(R+;I4*).
It is clear that whenever x = iﬁ(z,]), where z, € 5/ , that

<x(s),m)y = <z1(s),m> a.e. in R', for any m in M.
REMARK 3%.1.7.
We thus havé a linear map x > x{(:) from EM into LP(ZR+;M*). This is
norm reducing by 3.1.5 and 3.1.6. ;(alternatively, we see from that

there is a natural norm reducing. injection from Lp(IR+;M*)* into % Then

M
for all x in Zy, 9 € LP(RM) |Kx, 9 < ||xI||j 9|
Hence {f“x(s)“p ds} 1/p < =l ¥x in 'S/M ).

Then if f€ Y4, and f(s) € M a.e. (e.g. if f is actually in
P .
L(R;M)), then for all z in Z/M
<f,z) = [<Kf(s),2(s)> das .
If fe;/M, Z & ;W the notation f(s) ¢ V, 2(s) € M, will be used
extensively throughout this chapter.

We shall see during the proof of Theorem 3.3.1, that technical
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problems lead ys to restrict our attention to consider only von Neumann

algebras which satisfy the following hypothesis.

HYPOTHESIS 3.1.8.

We say M satisfies this hypothesis if whenever P (s) € M, a.e. in R,
and x , n=1,2.... is a sequence in %M such that

i) xn(s) = y(s) a.e. in [o,n} n=1,2,.....

ii) |Ix, | € T< e, for all n.

then there exists an x in g/M satisfying

a) x(s) = 9 (s) a.e. in R

) |Ix|| & T.

PROPOSITION 3.1.9

Suppose N = B &i , where &i are separable hilbert spaces; then
i=1
M=@® B(&i) satisfies hypothesis 3.1.8.
i.
PROCF.
oo
It is clear that %M = BOR) where “(fi)“ = sup “f1” , fieyB(&‘)’
1=1 1 I
o .
and é/M: @ %B(S’\.) where lel)“ = 2\”21“ , 2y € 3B(8\.) .
1:-'1 b 1 1
- . - “LaR -
Now ’Z/B(&i) = (X,)*, vhere X, = &, ®L (]R’S‘s)’ 11,2000 o
i, o . .
Suppose ?(s) € M, a.e., and x = (xn) 51 is a sequence in 5/1\1
such that
i) xn(s) = ?(s) a.e. in [o,n]

ii) “Xn“ ¢ T <o alln.
Then xr:l € (Xm)* 'm,n = 1,2,0..

Hence there exists a subsequence n, and x' in (Xm)* such that

xp, — X' 6(X*X) ask - .
k
Thus for each finite N
N N
m N my N N
( nk) g — (X o( ( m?‘l X )% mg X ) ask — .

N
Thus S ||| £ T for all N, and hence
m="1

0
x = () € ;/:1 = @ (Xm)*, with “k“ < T.

m=1
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Moreover <>%“\P) = 11m.<xn s 2
k300 k
A q +.
for all e X =% & LUR;H ).

Using property i) above, it follows easily that
0 (s) = (Xm(s)) a.e. in TRR',

i.e. ?(s) = x(s) a.e.

§3.é.

Having set up our apparatus, we proceed to make our smoothness
definitions.. We will use the notation of the previous section with q
fixed in (1,00). Let M be a von Neumann algebra acting on a separable
hilbert space & , which is ultraweakly countably generated. Let o& be

an ultraweakly continuous one parameter group of ultraweakly continuous

bounded linear maps on M, (i.e. each o, is a o(M,M,) continuous operator

t
on M, and t ) <G£Cx),?) is continuous for all x in M, ¢ in M,).
For brevity, we will always refer to such a group as a weakly continuous
group on M. We define iT to be the infinitesimalgenerator of (6%)*,
which is a strongly continuous group on the predual M,. Ve will eventually
perturb such a one parameter group. This perturbation of T will be of
the form K«,.B, where K is complex and small, and B,% are smooth
operators on M to be defined. (For simplicity, we take the domain of B
and the codomain of o to be in M).
In order to have smooth conditions which are practical, we

introduce an auxiliary weakly continuous one parameter group.fl on M,
which satisfies the following:
3.2.1) There exists a family{ut P te Ed in B(&§1), such that u is

invertible a.e. and

i) [;'(x) = utxu:] a.e. Yx ¢ B(®).

. -1 :
i) Jludl, g | < M < o , for all t in R.
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We then let v, = ugq.
Let A € €,(%) be affiliated with M.
DEFINITION 3.2.2.
We define the left multiplication operatortxA = X on M, associated
with A, as follows:
We put Dy = [x€ M: x& < DAl , and ®x = Ax for x € Dy .

Then & : D, — M is a linear operator on l4 which is closed and densely

defined for the ultraweak topology.

DEFINITION 3.2.3.
We say » is (6,0,q,+) smooth if
I) There exists Y € B(M,é%p
2) For all u in M, § in® o  (u)v,¢ € D, a.e. in R* (depending on u, % )
_ A’ A E
such that
. +
[Y(u)] (s)§ = u, A G_t(u) vti a.e. in R .
i t Yil .
We then define “x|(6,ﬂ,q,+) o be ||l
Y(u) is formally written as [;(Ac;t(u)).
Similarly

we ‘define (o,0',q,-) smoothness with associated funciion

A
Y in B(M,;}M). If & is (o,0,q%) smooth, we say « is (o,I,q) smooth
and set I‘XI(O',I'.,OL) = max { I«l(o,,r’q,+) 3 |«l(o’[4,q,_) } .

Let B:M—3y M be a linear operator on M, which is closed and

densely defined for the ultraweak topology. p is given by 1/p + 1/q = 1.

DEFINITION 3.2.k.
We say B, (as defired in Lemma 2.2.2.) is (o,F,p,+), smooth if for each
ry o

i) There exists Zr ¢ B(M,, jM) with sup ”Zr“ < 0
~itT r>0 "
ii) For each 9 € My, © g € DB a.e. in IR

®

such that
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-i(r-s)T

[Zr((P)] (s) = ('[is)* B, e o X

We then define IB*

)(S) .

(o,r

(o). = S

Similarly, we define (O,P,p,-)* smoothness, with associated
A
functions 2, in B(M, , g@p. If B, is (6,U,p,t), smooth we say B is

(6,0',p), smooth and set

O 1S TO R | T I

We take 2 = Z = O,

o o

Now fix f in J%M’ ry o and suppose B, is (o,f',p), smooth., Then
for all ¢ in M,,

l<£, 2z @0l < el el
Moreover 9 — ( f, Zr(?)) is linear. Hence there exists mf(r) in
+M = (M,)*, such that
f n

3.2.5)  <m(r),9) = (£, 7 (p)) VpeM*, ry o, f eyM ;
and similarly mf(r) in M satisfying

3,2.6) (r?xf(r),g» = (f, ﬁr(?» \'l?e M,, r o, fegM.

DEFINITION 3.2.7.
If A€ €,(B) is affiliated with M, &= &, and B, is (o,0,p), smooih, we
define an operator symbolically denoted by (0<o;(‘) R)® as follows:

If f e let mi(r) be theMvalued function on R'as defined in 3.2.5. If

M’

i) For each ¢ & , mf(r')vr‘7> ¢ DA

ii) There exists g € %4, such that for each {e¢ ¥,

a.e. (depending on § )

g(s)§ = u A,mf(s) vy a.e. (depending on f, §)

then ve say f € D(Mo:(‘)Be) and put (uo:(‘)ﬁe)f = g.

We have the following comments to make regarding the system
described in 3%.2.7.

REMARKS 3.2.8.

a) We can similarly define («&,(yp)® on ym,
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b) Suppose f 6}1‘4 is in D(O(O'_(_)Be).

Take €, € 3 , and define 97 € M, by c?m = {mg,Nn) Vi € M.

Then if C = ®o_ (B8 and n is as defined in (3.2.5)

<(CH)(x) g, = (ur A mf(r) vri yNY a.e. (depending on § ).
Take Qn € M, such that Qn - 1 o(M,M,) and AQn is bounded for each n,

and if ie D then AQlj -y AY .

A
Then if (F‘r)*? € Dy, @a.e., ve have

<(CE)(r)g ,nd

it

lim ur[AQn]mf(r)'vrf s N7
naw

= lin (aQ n (), (I, P

n- o0

= lim ¢ Q m(r) L%y (0,9

n-o
= < mf(r) , O(X(L_;)*(P) a.e. (depending on pe M)

c¢) It is clear that there exists more than one sequence of projections
Ph in M such that

i) P - 1 S(MyM,)

ii) P A is bounded for each n.
Then if f € ;pﬁ, we define

£ (s)§ = .PS(PH)[%(tﬂg a.e.
Then fné ;’M’ and if zl = SgiX) .Hi 4 % , where gieg"l, hié (R R,
andsugi“ ”th < 00 , we have

2
Sil<fn(t)§i , b ()] < 2i(MO> ||f(t)fi“ [n e -

Also as n —) ®

FIRCACR P 121 CH(0)f, , b (1),

by i) and the 6(M,M,) continuity of [l .
It follows by dominated convergence that f = P(-)(Pn)f — f o(yM, }/M)
as n —)o ,

We will use the sequences Pn ’ Qn extensively in the proof of

our perturbation theorem.



d) If feyM, with f(s) in M a.e., then

ERERCLEE N RO [2.] () as
- [ Ca s, Ty e

for all ¢ e M, r 2 o.

§ 3.3.

We can now state our perturbation theorem (c.f. [36, Theorem 3.1.] ).

THEOREM %.3.1.

Let M be a type I von Neumann algebra with discrete centre acting on a
separable hilbert space 0 , as 1n 3.1.9. Let UZ be a weakly continuous
one parameter group on M, with iT denoting the infinitesimal generator

of (O;)*, a strongly continuous group on type w_ 37 o. Let [l be an
auxiliary weakly continuous one parameter group on M satisfying 3%.2.1.

A €C (%) is affiliated with M, and gives a left multiplication operator
7.8 ::ch, as defined in 3.2.2. B is a linear operator on M which is closed
and densely defined for the ultraweak topology. Suppose that « is (C,[,q)
smooth with associated functions Y , § in B(M,é}ﬁ), such that

u+—> Yu , Tu are continuous for the o(M,M,) and o(yM,g/M) topologies.
Moreover assume that if @ € M,, then (EL)*w €. Da*_ a.e. in R .

Also, B is (0,I',p), smooth with associated maps Z %t , and for each

£

Q € M,, t— S, Zt(@D , <f , ﬁt((P)) are continuous from the right

on o,m). Moreover Graph B is countably o-weakly generated. Also,
o(O;(_ )0 belong to B(;M), and are O(7P4’5/I~I) continuous with common

bound & N.

Then for each K in D = iAGGJ: |Al<1/N’} , there is a weakly continuous

one parameter group G: on M, with iT(¢) the infinitesimal generator of

the strongly continuous group (G;)* , of type &’o , uniquely deterriined

by (0,%,B8) with the following properties :
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, A
1) ®is (d'r,q) smooth, with associated functions Y, Y“in BOL, Y)) and
-1
< " b \Y u .
IN I(O"‘,I‘,Q) ~ ( IKit) ! I(G,ﬁ,Q)
A

2) 8, is (o,p,p), smooth with associated functions Z; ) Z; in B(M*"}"I)

for each r 7 o, with

IB*'(O'K,C‘,p)* ¢ G 1) I” |_(0’,r‘,p)* *
3) For each K 1in D, there exists Z“in 81, , 'S/M) with
[Z‘f)](s) = (Ps)* B, e-iT(K)sP a.e. inR', for each ¢ € M,
and 2" ¢ Mi (1 -|nu\1)‘1|rs*|(o,m’p)* .
Similarly for the other half line, with % in B(M,, ).
L) iT(K) is similar to iT. More specifically, there exists for each K in
D, two non singular weakly continuous operators Wt(K) on M given by
CHAWm,py = Cmypy + iK<Y(w), 29pN
QU.(K)m,@y = <m,@y - iK<E(w), 2°(P))
for ail m in M, P in M,, and satisfying

T(K) = w,f(»«)';1 T, M)

Moreover W (K) = 6-weak limit o, &
pa t -t
t -t

5) T(K) 2 T +Ka B, 5 T 2 T(K) -KKB, .

PROOF .

To construct the perturbed group, we first derive two semigroups.

Let Uo(t) = o, be the unperturbed group. For each fixed m in M, set
So(t)m = utAG—t(m)vt for t » o.
By our smoothness assumptions, So(- )me?M, SO(- Jm = Y(m), and

”So(‘)mus |0L|“m|| Vme M
Inductively define for n 7 1,
Sn(- m = («G_(‘)Be) Sn_,i(-)m Ym e M.
n
Then S_(-)m E?M and |8 (m|| < Nj||jm]} .
To construct our perturbed semigroups, we first define operators Un(t)

as follows:

"For o< t<eo, ny 1, consider for m € M,?QM*,
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J (timp) = <8 (m, 2,9 .
Then  |J_(t,m,@)l € N7 Implat]z/) el

and ¢ ) Jn(t,m,?) is linear on M,. Hence there exists an unique W

in M such that  (w,,@) = J_(t,m,9).

Define Un(t)m = w Set Un(o) =0 (n3 1),

t.

Now we define

[ =]
U(t,K)m = Ea (-ik)™ Un(t)m for all m in M, X in D.
n=o0
We will show that {U(t’“)}o<t<w is a weakly continuous semigroup
on M.
LEMMA 3.3%.2.

The family U(t,K) is a semigroup of operators in B(M) for each K in D.
PROOF .

-]

Let us consider the series S (-i)" Un(t) .
n="1

For each v in M, we have

”2 (-it)" Un<t>ull < § o confiw® ¢ & WP Wl o) ful
n="1 n=1

Thus for any K in D, the series converges absolutely and uniformly with

respect to t, (o € t <),
” n
Since  U(t,K) = U (t) + & (-iK) u_(t)
n="1
it follows that U(t,K) is in B(M) for each t % o.
We now observe that if ¢ € B then
X +
Un(t)(u) v,§ € D, a.e. in R
' . +
and utAUn(t)(u) v.§ = Sn(t)(u)§ a.e. in R,

since, in the notation of 3.2.5, if we take f = Sn_q(u) , then

mi(t) = U (t)u in R'. Thus if m & M,9 € M,,

<U_(t)u, ) <8 4,y 2,.(9))

lim ([0 (P 8. C)u, 2,(9))

Jaw

= :;:r:o 12 {< l-;;(PJ) EltAUn—"(t)uvt] gi , hi(t)> at



if Zt(P) =
and & I8l [Injll < o .

Thus <Un(t)u,(P) = 1im

Jj
lim
Jaw o

-4
lim [P
jorew o

.AUn_1(r)u, B,e
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ir [£9,®%, ], vhere g e &, n, €& LP(R';H)

S J;<ur Pj A Un_,'(r)(u) v §; o hi(r)> dr

[<r,

(P, (@) |2 ar

—iT(t—r)?) dr .

Now in order to prove that U(t,K) is a semigroup, it is enough to show

that
j=o
We do this by induction on n.
n
j§o <Uj(t) U (s)u, 97
n E

= lim &

myew j=1 o©

€
= lim f (P A Un_,](r+s)u, B, €

m3e ©

S+t

!

<Un(t+s)u, P) .

= lim
m-e

]

The lemma follows.

LEMMA 3.3.3.

The semigroup {U(t,K): t> o}

of M, of type (40.

PROOQF.

Forn %1, ueM, g€ M, t
<Un(t)u,¢) =

Y(u)

1]

Now u — Sou
Moreover uo;(\)ge is weakly
Hence u —— Snu is

is o(M,M,) continuous.

Un(t+s) = é Uj(t) Un—j(s)

f(PmAUj_,l(r)Un_j(s)u, B,e

<P A Un_q(w)u, B, €

for s,t % o.

Suppose n 7 1. Then if u e M, Pe My

-iT(t-r)

Py ar + KU_(£)U_(s)u, @7

-iT(t-r)

P dr  + (Ub(t)Un(s)u,P>

by our induction hypothesis

-iT(t+s-w)

P) dw + <U_(£)U_(s)u, ¢?

is a weakly continuous semigroup of operators

o

(s (u, 2,00 .

- 6(M,M,) continuous.

is o( yM’ ;/M)

continuous.

weakly continuous, which shows that u — <Un(t)u, Y
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It follows that u = U(t,K)u is 6(M,HM,) continuous. Moreover, by assumption,
for each fixed ¢ in M,, t w— 2.(p) is 6(:§M,zf%) continuous from the
right, so that t - Un(t)u is 6(M,M,) continuous from the right.

Hence, being the sum of Uo(t)u and 5% (-ik)" Un(t)u , (which converges
uniformly and absolutely with respectn;g t), U(t,Mu is 6(M,M,)

continuous from the right. That is, U(t,k), is weakly (o6(l,,M)) continuous

from the right. Hence by[65,p233], U(t,K), is strongly continuous in t.

The last claim is clear.

We denote the infinitesimal generator of U(t,n), by -iT(K), for

K in D, and write 6"  for U(t,K), t 3 O.

t
REMARK 3.3..4.

A
We may replace T by -T, and define for t % o, Un(t) by

A
Uo(t) = CT_t R

A

<Un(t)uaf) = "<Sn-1(/_ )U., zt(?)> u c M, ? € M*

where §_(-)u Y, and 5 (Ju = (xo  yp0)8 (.

Then if we put

S\ (-iv)? Gn(t)

n=o0

T(t,%)

we deduce the existence of a weakly continuous semigroup on M, for each
A
W in D. We shall denote by iT(K), the infinitesimal generator of

~ A
the strongly continuous semigroup U(t,K), on M, of type (., and for U(t,k)

X

A t 2 o.

we write 6
LEMMA 3%.3%.5.
For all K in D, t 2 o,
AL K _ _ AK
Ot O_t = 1 = G;t 6t .
PROOF.
n A
We will inductively show, for n 21 that £ Uj(t) Un_j(t) = O.
j=o

Take u € M, ?e M,; now
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n A
j§o< Uj(t) Un_j(t)u, ¢?

n 3
: A iT(t-r) A _
= - ij I:]L::rr:‘;J;((Pm A)Uj_,](r) Un_j(t)u, B, e gy dr + <Uo(t)Un(t)u,p7
3 A :
== 3 lim [ (P, &)U (2)U, (x)U_(t-r)u, B,,e*lT(t“r);;) dr

l+k+5=n-1 ma3® 0

£ QU (DU (£, 9

_ : iT(t-r) -
= - lim J’ C(PA) U (t-r)u, B, e pr dr  + KU (£)U (t)u, ¢>
m3% o
by our induction hypothesis
= On
A
Hence Ot 6:% = 1, and similarly for the other relation.

~

A
As a corollary we see that T(K) = T(K) for all ¥ in D, and we have a one

parameter weakly continuous group O'; , for KeD.,

LEMMA 3.3.6.
. < . -1
« is (0,I',q) smooth with lo(l(O‘,[‘,q) < (1- IKIN) Io(l(G,E',q) .
PROOF.
Ifu e M, 2€ v , then Un(t)(u) v.§ € DA a.e. in R’ and
S,(thug = u AU (£)(w) v ¢ a.e.
Let Y (= S (-i)" SR
m=o

It follows that for K in D,

$ 10" s < & KT W oyl

Hence there exists Y* in B(M, y/M) .such that

i

SECDN A ET N

) = S (-iK)" 3 M
u = m%;o -1 e ue M.

Fix u ¢ M, ge?\ . Then we can pick a subsequence n, such that
[Ynk(u)](s)g —)n [YK(u)J(s)g a.e. in R'.

: +
Note [Yn(u)](s) = mg—o ug A Um(t)(u) v, 8 a.e. in R .
P m
But 2 (-iK) Um(t)u converges uniformly in t. It follows, since u, A
m="1

N
is closed,that é:(-lﬁ) U, (t) vt‘§ € D, a.e., and
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In other words GK (u)vtg & D 8.€0

A
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[Yﬂ(uﬂ (t) a.e.

and [Y (uz] (t)§ = u, A G_‘ft(u) v, § a.e.in R'.

Similarly for the other half line.

REMARK 3.3.7.

We now investigate the 6(\‘/M,?M) continuous
in B(y«M). We denote the restriction of C*
Take v in DB’ and [_a,b] a compact interval in
f(s) = I;(V) )((a,b) (s) .

Take any ¢ ,\ in f, and define e M, by
Then for almost all s in R+, depending on P

<(CD(8)g,ny = [, o, o~ 1(s=MTy

©

operator C = ao:(_)fsﬁ
to ?M by C, ( as usual ).

R". Define f in 9 by

P(m) = ¢m& ,»> for m€ M.
, we have

% (L), g)) )‘ ('t) at

( -T)T
:f.(v, BT T (ED 9 X, ™) @

= [ O if s< a
4 jS<U_(S_T)B(V),0(*(PS)*(P} aT if s¢ [a,b)
a
\ Jh<0f_(s_1)8(v),x,(qs)*<y> ar if s 3 b.
o
For (s,t) € (R)3 define for h € IP( rY),
- uls,b) = <c-(s-t)B(V)’°(x(Ps)"‘?) h(s),

which is jointly measurable. Moreover

o ~

L IosCo | IS il

ff | uls,?) | ds d7g J(ﬁ(u Ao _T)(B(v))vsi,*ﬁ h(s)lds> ar

hijdt < =

as [a,b] is compact, and for each fixed T, we have a.e.

<u Ao
s-1) o

= lim <<Qn0'

n=e0

= < c'

B(v) v_§ ;) h(s) = lim Cu (AQ )0‘( )Is(v)vsﬁg "> h(s)

2V (L), ¢ his)

B(v) & ([“) SO)h(s)
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Hence we can apply Fubini's theorem, and deduce that if
- s * ~
g = ij (i ® ( v\h)) € Ky that
b
<Cf,g> = [ <Cf(s)%, nyh(s) ds
o

b

a

o

+f°(\[b(o'_(s_1,)ﬁ(v), Xy (£1),§7 47 ) n(s) as
b a

=

a

A ; = 1iX = o
It follows that whenever g¢ gM’ g 1M(z) where z ié:)'l g i@ki

b &

j (G_(S_T)B(v), 0\*(%)*(}» h(s) ds 4a7r
X

g. c F\, k. € IP(R6)  and g, | IIk)i<w, that
b )
<Cf,gy = ‘4 (L{us A Gj_(S_T)B(v) ve §5o ki(s)7 ds) aT .
On the other hand
®
<Cf,g>» = <f,C.gy = \/;‘(E;(v), [C*g](’l‘» dr .

Thus almost everywhere, (depending on v € DB)

<[;(v), [C*%‘](’T)) =‘2' f”( u A Oj_(S_T)(B(v)) v gi , hi(s)) ds .
i
"

I.IEIJH‘{A 303.8.
Fix t » o, and define for P € My, m € 7%,
Um,t(r)*? = Um(t—r),,?) if refo,t]
0 if r>t.

Then U t(r)*? € D a.e. and

, B,

"

m . .
I“_r B, Um,t(r)* ® = [(C*) Zt(P)-] (r) a.e. (depending on p and t).
PROCF'.
For m = o, see the definition of Zt(?).
mYy1., Letw e D,. Then

B
<L), [B2,@0])y =¢ W, [¢, ¢z, @)]»

"

1im fdjsEPpA)O‘_(s_r)B(w)], [cf’"1 Zt(ga)](s» ds
128 L

1

1im f?;g+r|:PpA o‘_sf’a(wa, [Cf""] zt((}l)](s+r)> ds.
p¥® o
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i
e

Now lQEPA Zt(?)J(s+r) )« B, Um-1,t(s+r)*?

= (¢t ), 8,0
-s-r
= ([ir)* [93P4 Zt_r(?il(s)' a.e.

if r & t, and zero otherwise.

Hence ([;(w), [ijzt(?)](r)

(s)*?

m-1,%t-r

vin [T [P o @], ez (@i e)yes

pee 2 m-1
(SOB(W), C, Zt‘r(?)>

i

1

¢S, B, 2z, (9))

i

(Um(t-r)ﬁ(w),?) .
a.e. ( depending on t,w,p).
But Graph B is ultraweakly countably generated. Hence for all w in DB’
m
<Dr(w), [C* Zt(q))](r» = (Um(t-r)m/,q)}
a.e. (depending on t > o and @ in M)

Hence Um(t—r)*so c DB* a.e., and

(. [ 2, @] = U . ae.

LEMMA %.3.9.

X .
(a) B, is (0,0,p), smooth, with associated functions Z: , r o, and

-1
, < - . .
Bl (@gppy, & O8O B 6a 1y,
(b) There exists Z% in B(M*,ékM) satisfying, for 0 in M,,
~-iT(WK
() (s) = (R, &, e T V% i

¢ 2 . -1
and Jlz¢|l ¢ ¥ (-0 8l . -

Similarly for the other half line, with associated maps 2r y T2 o, and

A -

Z in B(M,, E?bﬂ'

PROOF.

@8 |[-i)" c," (@] < K" N |8,I9)l  for eachgin M,, t ¥ o.
Hence if K€ D, the series converges uniformly and absolutely in t to Z:(?)
say. By Remark 3.1.7, we see that for each fixed t 7 O, P € M,, there

is a subsequence ny such thag

k ‘
K : RN N
[z ] = in 2 (-0 [c.” 2,(P)](s)  a.e.
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Let W be a null set in R', such that if s ¢V,

n
D[] = 1im 3 (-ik™ [, 2 (@] ()

kaw m=1

i) [c," 2, (@)]|() = (). U

Take s ¢ W, and b satisfying Iés(b) € D

m,t(S)* m=0,1,250c00.
Ay B

lin & <[c2,(@)](s), Y (-in)"
m="

kde

Then ¢ [2,(@)] (s), B)

N,
= lim S (L)L BT ()9, BY (1K)
kao m=1 K

(s)

% m
= lim g U, (=8, 00 BIL (0 (-iK)T X
m="1 1

k4w

) % e-iT(K)(t-s%) , BES(M)X
e—iT(K)(t-s)?

[O’ t'](S)

It follows that € DB for s € [o0,t)a(W, and

[z';(y;)](s) - (), s, e-iT(K)(t—-s)‘P e,

b) From a) it follows that if ¢ C My W in D, that there exists z_
in §>M such that
' -iT(K)s
zn(s) = (f:s)* B, e ¢ X[O,n-)(s) a.e.
e .

and [z, € Mi (1 - ki~ |3,

The result follows from %.1.9.

We can now easily deduce the following:

LEMMA 3.3.10.

The semigroups O , and Of% satisfy .for t 3 o the following relations

-t
ifue M, pe M,, KeD:

< O_'_‘t(u) -0 (W), 97 -1 K ¢ Y, z,(@)?

¢ 0% () - 0 (u), ) -1k <Y (W), ZE@))

with analogous results for the other half line.

IJEMI'M 303.11.
For each K in D, T(K) 2 T + KB,

T 2 T(K) - Kob,
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PROOF .
Let A = U]A[be a polar decomposition of A, and Q, (3.2.7) to be chosen
as spectral projections of A . Then take Pé = U(%1U*'
For z € C, with im z5 Wo, and K¢ D, let R(z,K) = (T(K) - 2)~
and R(z) = (T - 2)7 .
izt . X .
Then e (1K) ¢ Y (u), Zt(?» ¢ L,'(o,vo) , for u € M, ?06 M,; and by
dominated convergence:

i \fo Mt (cik) ¢ YW, 2, (@) at

o)

= ij ;Llirl (-1 K) eiZJC (L_('.)(Pr'l) Y"(u) , zt(p)> dt

0

:iflim
0

) 9
7t i [ ¢ feia o), [2,(](e)) as at
n-ye °
. oas ~ rt izt . ,
= i i_l’r: ij; e (-iKk)¢ B(P'A o_ ), [Zt(g))](sfz ds dt

T

= i lim j f 12(s4T) sy ¢ PlA 0__(v), 8, e~ 1T Py dr ds,

ny® o 0o
where we have used Fubini's theorem, the use of which is easily justified
as in Remark 3.3%.7.
Now suppose R(Z)P € Du*g* . Now by 3.1.7, and 3.3.9 , for each { in M,,

r—y B, e—er’— e IP(Rr™M,).

Hence for all ¢ € M,; R(z)?f € DB* and
) c m .
{u, BR(z)y> = +i {u, B, eulrl}.) e '? ar for all u in M.
o
Hence
(- 4

i J e?V ik ¢ Yh(), z2,(p)) dt

- 3’;3::]0 f:(-ix )el?S ‘< AQ, O__(w), 8,R(z)(v)Y ds

= =(K) { u, R(z,) B,R(2)p)

= {u, R(z,K)9? - <u,R(z)p) by taking Laplace transforms.
It follows easily that T 2 T(K) - K o B,.

The other relation is proved similarly.

We now consider the similarity operators.
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LEMMA 3.3.12.
For u € M, (})6_ M,, the expressions

C_(Ou,e) = <uyg) -i K <Fw), 25 ()

W Wu, @)y = Cu,pr +i K <Y(w), Z¥Ge)

CH_(Wu, @) =<u,p) +i Kk (¥), z(e)N

CH (Ku,@)  =(u,py -1 K <YSw), 4(p) ( K€ D)
define ultraweakly continuous bounded operators on M. Moreover

1

1
H

W (K) H_(K) H (K) W _(K)

1.

W, ) H+(M ) H, (K) W, (K)

PROCOF.
The right hand sides clearly define bounded linear operators on M.

Ay % A n
But Y (u) = & su (-iK)".
n=o A
Using the weak continuity of 0(0';(.)56 and U b— S u, we see that W (K)

and H_(K) are ultraweakly continuous. Let us write
W (K) =1+ wP, and H (K) = 1 +KQ.
Take u € M, 506. M,, and we have

<PQu,¢y = <Qu, P,@d = i( Y@), 2@,
. “. ‘
= lim f i{P A CTs(u), By O__ Pu9? ds .
n4«© o
For any w in D fe M, one has

1

lw, B, e- P*?) (P O‘__SB(w), P

* -irT(K)

= lim - f i(PmA O—r G:-s B(w), B,e ¢y dr
m- °
= -i lim 8 -i lim 7
mye © m- e $

The two parts are evaluated separately as follows

~irT(K
lim = 1lim \f (P A O"( )Bw, R,e irT( )cp) dr
my e m- o
= _&_’ (O'_s Pw - O'_SBw,q))
_ i ¢ B*e_IST(K)sO} - i <, B*e-ls’r(p) ,
K K

a.e., using Lemma 3.3%.10.
Also by Remark 3.3.7,

vin (YA 0, oy B TG0 ar = cn G, [&, 2] (o)

myn Vs
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a.e., depending on K ,w,P )

Since Graph B is ultraweakly countably generated,we conclude that

._1sTP = 1 B*eﬂiST(K)P e e_iST;b __i([_.—s)* [’é* ZK(?)](S) ]
K 3
Hence (PQu,¢> = i lim f{PAO’(u) B,e 1ST(%)CP) ds

K nyw
. : -isT

—i' ;Llrlj< P A O'S(u), R.e p? ds

+ 1im J (ES(PnA G‘S(u)), [C* Z%(P)](s)) ds
n- e

= I1 + 12 + I3 respectively, say.

I, = <YW, C, z()Y =<¢C ¥y ), z°(e» .

For ¢§,1€%, define ve M, by v(m) =<m% ,n) ,me M.
Then for almost all s, we have by 3.2.8.b, that

<fey W] g = in f<p A O, (W), pet SR, (P vy ar

1+ 0

i

1 <G(U)—0'(u)0((f‘)v)
1K
by Lemma 3.3%.10.

K A A
Hence &Y (w) = 1 .7Y@ - 1 .Y @ .

—re—

iK 1K
It follows that

L = 1 ¢ W, @Y - 1 <YW, 2 :

5 ik iK
The first term of I3 cancels 11, and the second term of 13 is
-1 <Pu,p j vhile I, = - 1 <Qu, 9 .
K i K
Hence ¢ PQu, ¢) = -1 <Qu, ) -1 <Pu,p) .
K m

This is equivalent to W_(K) H_(X) 1.

The remainder can be shown in the same manner.

IEMMA 3.3%.13.

With the non singular operators W. (K) constructed above, we have that
WtQ() O—r = O;r Wt(K) for all K in D, r in RR.

PROOF .

Consider only r 7 o; and take u & M, p€li,.
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Then
P4 W_(K)O:r(u),?> =<G‘_r(u),g)> - 1lim f <(P_A o c-_r(u), fs*e"

n+e 0

The integral on the right hand side can be split into two terms, ‘L
o0

and J; where,

v .

lim -iX \[ 4 P A 0 &6 _(u), B*e—lST(K>p> ds

- o s -r

= I]’;i\;l; -1K ‘J; < PnA, GZ(I"'S)(u) ’ B*e—iST(K)(P> as

= <G_Kr(U>sq> - (U:-I'(u) ) (P) by Lemma 3.3.40;
(") .

and  -iK lim [<P OO (u), pe Moy s

naI v

-isT(K) e-irT(K)?> ds ]

00
= -iK 1im CPAO (u)$ B*e
n¥® ”[ n -5

K
Hence w_(n)o;r = Olrwa(ﬁ).

REMARK 3.3.1k4.
However, much more than the similarity relations is true. The ultraweak

+
limit W-(K) of O;KGZ as t —y T @ ixist and coincide with wi(w>.

t
To show this, notice that
itT(W) K o i (tar)Ti¥)
= b ] i
N (O%O_tu,@) b %#agfj‘K<PnAOl(t+r)(u)‘“*e ?>dr

]

Hence (W (K@), - <O, O_ (),p) = K<Y. Xy o, 2597,

QU (K) 0, (u), e

)

which tends to zero, as t —— o

§ 3.4,

As seen from our motivating example in §j5.1, if the unperturbed
system G% is a group of automorphisms, then the resulting perturbation
need not be. In this section, we consider how to form groups of
*~automorphisms from the perturbations O:.

Again,M is a countably generated von Neumann algebra with discrete

centre as in 3.1.8. Suppose O; is a weakly continuous one parameter group
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of *-automorphisms of M, with f‘t an auxiliéry weakly continuous group
satisfying (3.2.1). B,A € 80(8\) are affiliated with I and give left
multiplication operators B, ® respectively, as defined in 3.2.2.
Suppose (0,0',&,B3) satisfy all the hypotheses of Theorem 3%.3.1.

Note that D, is a right ideal in M, and if x € Dyy ¥ €M
then R(xy) = B(x).y . This is the only new property of B that we need.
NOTATION 3.L.1.

If & is a linear operator on M, with domain D, , we define & to be the

0
linear map on M, with domain (Da)* and &(x) = 6(x*)* for x € D

5
THEOREM 3.4.2.
a) If Ke D P:(x) = Of(x*)* for x € M, defines a weakly
continuous group on M, and if iV(K) denotes the infinitesimal
genefator of the strongly continuous group ( PZ)*, then
JK) 2 T -w(x), (PR,
T2 TW+ KA, (B),
Also \Fi(K)(x) = wt(k-)(x*)* x € M, defines two weakly continuous

invertible operators on M, satisfying:

i) T.00, = pf T,
- [® \ L -
. . ~ K . . K o
ii) wj( ) = O-weak limit Pt i
t — + 0

b) The following hold for all x,y in M, t ¢ R,K€ D
.. K K
iii) Ot(xy) = Ot(x) Ut(y)
K
Gt(x) Pt(y)

[wz(\'\)x] y
X Wt(K)y]

iv) P‘t(xy)

i

v) wi(*)(xy)

vi) Wy ®)(xy)
c) Suppose also, in the notation of (3.2.5), that for each fé%.,l,
rop— mf(r)* is strongly continuous from the left on (o, ).

Then for each K in D, there is a weakly continuous one parameter group

’T’,: on M, satisfying:
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1) Toy) = 0,060 L)
vii () = O (x pt y
Also there are two 6-weakly continuous invertible bounded linear
operators {2 (K), for each K in D, satisfying

ViiDARy) = W (K) GO T (K) () ¥ x,y e .

i

. K
ix) N (KT o 2, (K) Vte R.
PROOF .

We give the proof of b) and c) only.

b) Using the notation of §3.3, we show by induction on n that

U(Gy) = U (D) 0y,  Yxyen tyo.
If (Pe M., then
© i (t-r)T
<U()xy), 9> =lim [(PAT ()xy), BeT Q) dr
mym "o

~i(t-r)T

Q) dr

t
= lim [P AU L (r)(x) O (y), Fe
m3e "0 '

RS RO YOO R NI N S
using the.i&eal property of DB etc. Similarly for t < o.
This proves iii), and we can prove v) in a similar fashion. iv) and vi)

are immediate consequences of iii) and v).

¢c) For each K in D, t in IR, we can define a linear map ’rt on M

such that Ti(x) O’:(x) p:('l) V xe M.

i

K ¥ X i y

Then frt(xy) Ut(x) ()t(y) Vx,ye M, t € R, K € D.
Clearly x —3 ’ri(x) is o6-weakly continuous on M.

The additional continuity that we are now given, shows that r {—j (Un(r)x)*

is strongly continuous from the left on (o, ®).

K X o K . n
But  T.(x) = O.(x) + & 0.(1) U (t)(x*)* (1K) .
t t. =1 t n
Hence ’T:(x) is 6(M,M,) continuous in t from the left on (o,®). By the
K ) «
group property of 'T't, it is continuous from the left on IR. Hence (’\‘t)*

is a strongly continuous group on IRR.

The remainder is clear.

REMARKS.
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3.4,2, TFor the motivation of the condition in 3.4.2.b, see the proof of

EG ,Lemnma k. 2.] .

3.4k, If,as often happens in practice, it is true that

-3 ET(K
(W+)* = st lim e ittt e )
ty® ~itT, .«
then (51+(K))* = st lim e ~° (’T_t)*,
to
and (N ®) =  o-weak 1lim T*, 0. .
+ -t 7t
ta w

3.4.5. Each map'f; is a *-map for W real in D, t € IR.
3.4.6. We can regard the infinitesimal generator of (’Ti)*, as
representing i {T + K (&,.B, - &,E*)} . This can be formally

justified as in 3.3.11.

We now consider the automorphism property.

HYPOTHESIS 3.k4.7.

Suppose v € M, has the following properties:

i) v and v* &€ D
B

, 8. in &  satisfying

ii) There exist gi, M50 foo 8y

<ma B*") =2<m gi‘l “j_)
<{m, B,v*> =ZLm fi’ gi) V m € M,
where £ [ g <o o8 5] Josll< = -
i) g5, fyeD, amd g agyll gl o g fan] fesll <

Then we say «,B satisfy hypothesis 3.4.7, if for all such v,

Z<Ag. N Y = & <Byy AED

THEOREM 3.4.8.

Under the conditions of Theorem 3.4.2 and Hypothesis 3.4.7,'?; is a
group of automorphisms for all K in D, t in RR.

PROOF.

It is enough to show that @1(1) o:(w) = 1, for all t in R, K in D.

This is achieved by showing that
Koo\, _ K ~ .
0_, I:Ot(’i)] = 0_ (1) t &€ R, K€ D;

i.e. we will inductively show that
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A - .
O'_t [Um(t)('\)*l = Um(t)(’l) for m J o. (3.4.9)

Let w denote the vector state ¢ @Y , where § M E B .

Then <U (t)(Ngmy= <5 (1), Z (w7

= lim ft<(P A u (s, B*e-iT(t—s)w} ds
e Y n m-’

and (00 (£)(N ) <8 (1, ﬁt[(G_t)*w*]7

I

A m-1,_ .
(8,1, (€)™ 5, Ec_t>*w] v
b

lim f (@A) U_(s)1, BU__(£-5),(0. ), ds.
nd e 0

Thus 3.4.9 follows by induction and our hypothesis.

Hence

X L3
0, (1) OL(D)

7 «
[oim} 0,1 = O, [Gftm}-di“)

Ot{O-“t“) G-tG:(”} = Ut{g-l(tE'G:“ﬂ]
- Gt('l) = 1.

The above theorem can be regarded as the algebra level analogue of [29,(4.1] .
REMARK 3.4.10.

It is possible to treat potentials of the form g B & using
our method, if we replace y/M( RY) by yM( R x W), the natural

subspace in B(H, T3 R*y; ).
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CHAPTER 4.

We now consider time dependant perturbations and scattering

of strongly continuous groups on Banach spaces. We try to solve the

equation
idg(t) = K(£) P (t)
dt
where K(t) = K, # v(t), and iK_ is the unperturbed infinitesimal

generator of a strongly continuous group on a Banach space E, and V(t)
is a tiie dependant perturbation. Expecting the solution to be given by
a propogator U(t,s) we study the scattering operator

g - 1im eleU(t,-t) elK;t

©
Following Howlandt?éé], we reduce the problem to the situation
handled in Chapter 2, where the perturbation V(t) is time independant.
This method corresponds to a technique in classical mechanics of
introducing the time and energy of the external source as conjugate variables.

We consider the infinitesimal generator

K = —-i—b__ + K(t)
ot

on the spaces LP(R;E) 1€ p® , and C_(R;E). Formally K satisfies
(4.0.1) K M($) - M($) K = -i M(g),

for every ¢ € C:(]R), where Oﬂ¢f)(t) = ¢(t)f(t), and $ = 4@ .

dt

We will characterise the infinitesimal generators on CO(ZR;E)

(respectively LP( R;E)) satisfying 4.0.1 in § L1 (respecti#ely §§ L,6-7),

and show how the scattering of such operators determines the scattering

of their propogators in §L+.2 (respectively § 4.8) Finally in §§4.2-5

(respectively §§ 4,9-10) we apply this theory using some amenable potentials.
Note that in practice, the choice of which space to take,

namely {:Lp(]R;E), CO(IR;E)} , depends on what smoothness properties V(t)

has. We also point out here that if E is a C*-algebra, then so is

r
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Co( R;E) ; and if E is the separable predual of a von Neumann algebra

then so is L"( R;E).

$L.1.

Let Co IRn) be the commutative C*—algebra of all complex valued
functions vanishing at infinity on Euclidean space R'. Let E be a
Banach space, and let CO( IRn;E) be the Banach space of all E-valued
continuous functions vanishing at infinity on IRn, with the supremum norm.
For f € C_( R, x € E, the mapping ®: £®x = £(t)x of CO(]Rn)@E
into Co( R;E) can be extended to a linear map of Co( R") 0 E.
Grothendieck,[ZB], showed that ”(b(w)” = “\“A the injective tensor product
norm (for all w € Co( Rr™Y) OQE), and so @ can be uniquely extended to
an isometric linear mapping of C_(R')®"E onto C_(R';E). We shall
identify C_( R @ E with C,( RYE) under this map ®. Note that if
E is a C*Talgebra, CO( ]Rn;E) becomes a C*-algebra with the product as
pointwise multiplication. |

for each s € ]Rn, let A(s) € B(E). Then fi— (A(s)f(s));
f ¢ C(R';E) defines an element of B(C_( RYE)  iff
4,1.1) s ——3 A(s) 1is strongly continuous on R
4.,1.2) sup ”A(§)“ < o0,
In which case ”A“ = :upmn "A(s)“ , and each A(s) is uniquely determined
by A. Ve call such an A, aE bounded mul‘\f’iplication operator on Co( ]Rn;E).

In particular, each element ¢ of Co( R") defines a bounded
scalar multiplication operator M(¢) on C ( R';E). If A is a bounded
multiplication operator on CO( R";E), then

AM@) = M) A Vge c(R.

The following propcsition shows that this property characterises bounded
multiplicationoperators on Co( IRn;E), and is analogous to the corresponding
LP-result, see 4.6 and[26].

We denote by Cb( ]Rn;E) the Banach space of all E-valued boundcd
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continuous functions on IRn, with the supremun norm. KEach bounded
multiplication operator A on CO( IRn;E) has & natural extension to

cb(mn;m as Tollows: (Af)(s) = A(s)f(s) f € cb(mn;m.

PROPOSITION 4.1.3.
Let A ¢ B(Co( RGE), C, ( JRn:E)) . Then A is a bounded multiplication
operator on Co( RYE) iff
AN = (g A V¢ ec (R,
PROOF .
Let A € B(c (RM:E), C (IRn-E)) such that AM¢ = MpA V¢ € C_(R")
o I ¢ ’ " 0 )
. n n )
Let x € E, and fix s, € R. Take ¢ CO(JR ) such that ?S(so) = 1.
Define A(s )x = (A(¢®X))(SO). We show this is well defined. Suppose
¢4 9, € C_( R"), p.(s) =1 =¢,(s ). Take ¥ € c ( R") such that
/ = | S
TH(S) 17 if |s|l € n
0 if |s] % n+1. Iyall < I
. . n .
Then Y, P18 % Y, 00X — pL@ X, ¢2®k respectively in CO(]R k)

as n —)® . Moreover

Ay 9,0x - ¢ 9,0%) = M(¢,) Al @x) - M(p,) A(Y @x).
Hence Ay, ¢.8x)(s)) = Ay ¢.@x)(s ).
Let n9e, then A(f,lz)x)(so) = A(y)2®x)(so).

Hence A(s) is well defined on IRn, and if x € E, ? € CO( IRn), P(so) = 1.

we have "A(so)x” = “A(qSQX)(so)” g Al [lpex] = ||&]l fol ”xn .
Hence each A(s) is bounded, and clearly linear.

Let W € Co( R") be arbitrary, then

AMyax)(s)) = 9(s ) Algox)(s ) = Alpp@x)(s)) = ¢(s ) A(p@x)(s )
= %(So) A(so)x = A(so)(q,(so).x).
Hence (Af)(s) = A(s)f(s) V f € CO( R") (O E, and it is easily follows

that this is also true for all f in C_( RY:E), and that
A(Co(]Rn;E)) ¢ ¢ (R4E)

Thus A is a bounded multiplication operator on C_( RGE).
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Multiplication operators will be used in the theory of strongly
continuous propogators, which we now define.
DEFINITION L.1.k,
A strongly continuous propogator on E is a family U(t,s)of invertible
operators defined for (t,s) in R° such that:
a) U(t,s) is jointly strongly continuous in (t,s).
b) The Chapman Kolmogrov equation holds i.e.

U(t,s) U(s,r) = U(t,r) , V (t,s,r) € IRB.

c) U(t,t) =1,V te R
The propogator is said to be bounded if ”U(t,s)" is a bounded function

on IRZ.

Given a bounded strongly continuous propogator U( , ), the
formula
%) (1) = Ult,t-0)f(t-0) for f € C_(RE)
defines a strongly continuous bounded group on CO(]R;E). By abuse of
notation, we refer to K as the generator of the group. As a non trivial

example we can consider U(t,s) = 1 on IRE. This gives the group of

translations
(To_f)(t) = f(t-o) for f € CO(IR;E),
for which the generator K = -i d .
dt

Note that if the strongly continuous propogator U defines the

strongly continuous one parameter group e-loK on CO(IR;E), then

%0t = Ut t-0)(t) for £ € C_(R;E).

Hence for each o ¢ 1R, e-iGKT_G is a bounded multiplication operator
on CO(JR;E). Moreover if U is the invertible bounded multiplication
operator on Co( R;E) defined by

(Ue) (t) = U(t,o0)f(t) for £ € Co(]R;E),

then for all ¢ € R,

e-idK u TOJL"'] .

n
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That is, e“lOK is similar to the group of translations T_, with a

6,
connecting operator W vhich is a multiplication. In order to characterise

such strongly continuous groups on CO(ZR;E) ve make a definition.

DEFINITION L.1.5.
A bounded evolution group on Co(]R;E) is a strongly continuous one
iocK

-16K

parameter group e on CO(ZR;E), such that for each 6 in R, e T

-~

is a multiplication operator on CO(iR;E).
By Proposition 4.1.3, a strongly continuous bounded group e-léK
is a bounded evolution group on CO(ZB;E) iff
-ioK, ., B -icK
e " T__M(f)= M(HT_ e V¢ e C(R),
or equivalently
=io0K iocK
e T M(p)e” = T M(PIT_ =M(F ) where ¢_(t) = g(t-0).
We can now characterise bounded evolution groups in terms of
strongly continuous propogators. This should be compared with the

analogous LP result in § 4.7 and [é@].

THEOREM 4.1.6.

A strongly continuous bounded group e 1% on CO(IR;E) is a bounded evolution
group iff there exists an invertible bounded multiplication operator U

on Co( R;E) such that

10K _ uTOu” V o € R.

PROOF . |
Let F = Co( R;E), and G = Co( R;F).
Define an operator Y on G by
(V)(o) = e %r_1(o) for £ € C_(R;F).
Then VY commutes with multiplication by any continuous scalar function

on IR vanishing at infinity ¢(o), and also with any operator of the form

£f(o) > M(g)f(c), where M(¢) is multiplication on F = CO(IR;E).
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G may be also considered as CO(IRZ;E), by making the element f(t,o) of
CO(]RE;E) correspond to the element (o) = f(.,0) of CO(]R;F) . Vhen
YV is considered as a bounded operator Co(im%E) the above commutation
properties means that V commutes with multiplication by CO(]RZ), Hence
by Proposition L.1.3., there exists an invertible operator V(t,o0) in
B(E) for each (t,8) in R° such that (V£)(t,6) = V(t,0)f(t,0) ,
Ve c( R°;%). Define U(t,s) = V(t,t-s). Tt is easy to check
using the group property of e-iéK that U(t,s) is a strongly continuous

—. 4
bounded propogator onkE, which induces e 16K

on CO( R:E).

REMARK L.1.7.

a) If 111 and 112 are two such operators, then ]111151 is a constant
multiplication. Hence Uq(t) = Ua(t)B, where B is invertible. This
means that the propogator Qi,is unicuely determined, and there is a
one-one correspondence between bounded strongly continuous propogators
and boundedevolution groups.

b) Since the operator K is similar to -i d , we can calculate its resolvent

at
from

k -3)" - u(-;g_ )T

It is given by

. £
K -% )-1‘1‘ (t) = f elg(t-s) U(t,s) f(s) s 3 im¢ » o
= - \f o15(t-5) U(t,s) f(s) ds ;3 im$ ¢ o.
t

As in the hilbert space situation [é6], we can give equivalent
conditions on a bounded strongly continuous one parameter group e-lOK,
in order that it is a bounded evolution group. The first condition

involves the unbounded operator K, and the second, the bounded resolvent

K -$)
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THEOREM 4.1.8.
A bounded strongly continuous one parameter group ehléK on Co(]R;E) is
an evolution group iff one of the following equivalenti conditions holds:

a) M($DEK) < D) and KM(@)T - M(#KE= -i1i(h)f

for every ¢ € CZ(JR), f € D(X) where ¢ = d¢ .
dt
)  (Let R(§) = (K-2)"1 for ing £ 0)
For all ¢ € CZ(]R) , im¢ £ O,
R(ONU(P) - M(HRE) = i R(EII(FIRE).
é L.2.

We are now in a position to start studying scattering using time
dependant perturbations. Again, E denotes a Banach space.

Given two bounded strongly continuous propogators U(t,s),Uo(t,s),
one may consider wave operators

W (s) = stlim U (s,t)u(t,s).
+ o
- t tw

The scattering operator is formally
s(s) = W+(s)|:w_(s)J—1 :

These operators for different times are related by the formulas

I

w+(t)

Uo(t,s) Wi(S) U(s,t)

U (t,s) S(s) U_(s,t).

1

and S(t)

The usual scattering operator is associated with time t = o, S = S(o).

Let K0 , K be the generators of the bounded evolution groups associated

with U, U respectively on CO(]R;E).

Then for f & Co( ]R;E), (ot) € 1R2,
("% ey (1) = U (t,446) U(teo,t) £() .

This observation, and the following lemma yields Theorem 4.2.2.

ILEMMA L.2.1.

Let Tn be a sequence of bounded multiplication operators on CO(IR;E) such



] < w -

Then st lim T~ exists iff st lim Tn(s) exists for each s in R ,
n-=> o n-y o0
with uniform convergence of Tn(s)x (for each fixed x in E) over compact

subsets of IR. In which case st lim Tn = ( st 1lim Tn(s) ) .
n- ny e

THEOREM L4.2.2.
e~10K= 1LTOJL"1, e~ 10K _ TLOTGJqu are two strongly continuous bounded

evolution groups on CO(IR;E). Then
(JJ+ = st lim e+1dK,e—10K
O~y 0

exists iff w+(s) exists for all s € IR, with

W+(s)f = st lim Uo(s,d) U(o,s)T
C = o0

converging uniformly over compact subsets of IR, for each fixed f in E.
In this case (LLJ and ]A;1Q)+1L are multiplication by w+(s) and the

constant operator W+(O) respectively. IfAﬁf = Q).[}il]-1 exists, then

1(:161719 is multiplication by the constant operator S = W+ W o,

In § L.3 to §1+.6 we are going tc consider explicit situations

where scattering of bounded evolution groups in CO(]R;E) does occur.

Again we consider a Banach space . Let elYt be a strongly

continuous one parameter bounded group on E. Define U(t,s) = elY(s't)

to be the associated bounded strongly continuous propogator on E, where

(t,s) é;]Rz, and e-'lOK to be the corresponding bounded evolution group

on Co( R;E). We let M = sup ”elYt“ <% ., TFor each s in R, let

teR
D(s) € B(E) such that
4h.3.1) s — D(s) 1is strongly continuous
[ ]
k.3.2) (el e TH(R), andput ¢ = [[n(s)] as .

-0
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LEMMA 4.3.3.
For f € Co( R;E), t% o, n » 1, the Bochner integral

p (£,£)(s) =

t S Sa=
f / e /elY(S‘ -t)D(s+t-s, )elY(S’ _S')D(s+t~sz) .o .D(s+t-s,,)e-lYS" f(s+t)ds --ds,
o © o

defines an element ?n(f,t) in Co( T]R;E ) such that

TREROTN A B

It follows that there exists An(t) in B(Co( R;E )) such that
pa(f,0)() = (A (0)2)()  and [|a (D] § ¢® M. We can similarly

consider t € o.

LEMMA L.3.k4.
\ Kt o
Vif = ey Y @)t A_(8)f for f€ C_(R;E)and A¢ € satisfying
n="
J

IAn] < 1/CM  defines a bounded strongly continuous group on Co( RiE ).

We denote the infinitesimal generator of Vz by iK(M). Also,
we say f e Co( R:E) is in J(D) if D(s)f(s) lies in CO( R;E) and put

Df = (D(s)f(s)). Then DEQO(CO( JR;E)) .

IEMMA b4.3.5.
If Ae €, |N|< 1/CM, K 2 K(O\) = »D

K(N) 2 K + AD.

PROCF.
. r
For n ) 1, define Dn(s) = D(s) Isf ¢ n
{ D(s).(|s|-n-1) n g |s| ¢ n+l
. O Is| 2 n+

and let Dn be the associated bounded multiplication operators on CO( RiE).

(<]
Then f ID_(s) = D(s)]j ds —9 0 asn-—d® , and if £ €& J(D), lin D f = DI.

- 0
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Moreover if f ¢ CO( R;E)
elK()\)tf: IKE: L v 1im f

nye o

t
. ,- - » x
elh(t s)DnelK( )sf ds

where the convergence is uniform over t € (o,%).
2]
_ iy e
However i(K(A) -z) 1. iR(z,K(»)) = f e izt elK( )t dt for im z ¢ o.
o

Hence R(z,K(A\))f = R(z,K) - 1lim R(z,K) D, R(z,K(A))f.
n=) e
It follows easily that K 2 K(A) - X\D.

The other relation can be proved similarly.

THEOREM 4.3%.6.

. \ i
eltK(/)e 1tK

The wave operators (W, = st lim
B te —r

exist on C_(R;E) and are invertible, for |Al<1/cl.  The scattering

-1tk 2itK(A) -itK
e e

matrix (4)“1(\) = st lim e is analytic in f/‘\l(’l/";ll-‘i

t3 00
and given by Z(n)s where Sq is the bounded multiplication operator

on Co( R;E ) given by

o0 oo oo
5 (s)(x) = <-1>’j/f "‘/eiY(s_ Sp(s )6t (880 [ p(s )et¥(8nS)ys | Las,

- 00 5‘ Sn-t
for x ¢ E.
PROOF .
—o » A -.
We consider only st 1lim e 1tK ezltK( ) e ltK. The remainder of the proof

is similar. If f € Co( R;E),t ¥ o

oo

- 1 » -1 ‘

o itK e2:U§:K( ) o itK P z: (iX)an(t)f
n=o0o

where Bn(t) is a bounded multiplication operator on CO( R;E). If x € E,

Se]R'ltzo

B, (t)(s)x =

-'"\\

i¥(s,-s,) i¥(s,-s,) i¥s,
// f S D(s-s ) VD(s- 2)e 3 ....D(s—sn)e x dsn..ds,]
-t -
Tus B (D)) € T
Moreover if f & C_(R;E lim f ”D(s-u)” if(s)]] au = 0, uniformly
£ 0

over s € R.
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In this way we see st lim Bn(t)f = § f , where S is the bounded
t 0

multiplication operator given by

Sn(s)x
oo S Snay

_ ' iYs i¥(s, -s,) -i¥s._ ..

= jf J‘ e D(s—sq)e ceees D(s-sn)e x ds_.... ds,
e P 1¥(s-s,) 1Y ( ) 1Y (5, -5)

_ (_\B - iY(s-s iY(s,~ s, iY(s, =s5)_

= (=1) j:f ‘{ e ' D(sq)e .....D(sn)e X ds ...ds,.

- 00 Sl S-""

It is clear that eltK(A)

is a bounded evolution group, and by
Theorem 4.2.2. there is a corresponding scattering result for the
propogators. Note that if E is a Banach algebra, and elYt is a group

. : N itK(A)
of automorphisms and D(s) is a derivation for all s, then e (and

its propogator are also automorphism of the algebra CO(ZR;E) (E,respectively).

é b L.

.Let A be a Banach algebra and { e’ ' :

te R }a one parameter
strongly continuous group of automorphisms of A. Suppose a,b, € A and
défine Ve B(A) by Vx = ax +xb for x ¢ A. We suppose that there exists
a family ﬂ{ of Banéch algebra representations (i.é. each element T of
‘R is a norm decresing algebra homomorphism from A into another algebra,

which may depend on T ) satisfying

sup f Il at |, sup f (X)) at! < oo
-‘TCR - TeR - 00

holh,1) M = max

L.4.2) If x € A, lim\f H—W(eiKsﬁ”#rxu ds = 0 y = a,b
ty &

uniformly over m€R ; with analogous behaviour at - oo,
L.,4.3) R determines the norm of A i.e. -} d » o, such that for all
x in A ||x“ = sup[™x|| » d-lx|l .

weR

PROPOSITION 4.h4.k.

Under the above conditions 4.4.1 to 4.4.3, the strong limits of
+ - + - T
G AT FKE . FKE 5K+ Mt

)
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exist on A, for A € €, lk|<1/2M, and the limits are analytic on this domairi.
That is, the wave operators and scattering matrix exist on A.

PROOF is similar to that of 4.3.5.

COROLLARY L.4.5.
Let E be a Banach algebra with eth a bounded strongly continuous one
parameter group of automorphisms of E. Let eiKt be the induced bounded
evolution group on 'CO( R;E). Suppose a,b € CO( IR;E ) , and put
Vx = ax + xb for x ¢ CO(IR;E) . If
M = max folTa(s)“ ds, fwllb(s)” dss < o0
b M

then the strong limits of

e-s (K +xV)t Kt JEKt e;(K +AV) t

b

exist on CO(]R;E) , forIANI< 1/2M, and the limits are analytic on this domain.

That is, the wave operators and scattering matrix exist on CO(IR;E) .

Thus 4.4.4 can be regarded as an abstraction of L.3.6.

§ 4.5,

Let E be a separable Banach space and e:‘LYt a one parameter strongly
continuous continuous bounded group on E. Let F be another separable
Banach space and &.B é.B(E,?), B(F,E) respeétively, and ¢,¢ are continuous
complex valued functions on IR. Define A,B in B(C(;( R:E), CO( R;F ))

B(Co R;F ), Co( R;E )) respectively, by

(Af)(s) = ¢(s) ot £(5) f e C(RE)
(Bg) (s) = ¢(s) ¢ g(s) g € C (R;F).
Let V = BA € B(CO(ZB;E)) , and eiKt be the bounded evolution group on

on CO(]R;E) induced by et on E.

PROPOSITION 4.5.1.

Suppose that:



o -iYt
a) C = fllc)(e Blldt <o
- &0
b) Dp(OK) is dense in E, and p € LY R) for some (p,q) , where
Vp +1/q=13;1 < psg 0,
c) B* is (Y,Y,1)*smooth.

St Fit(K +aV) Jit(K +AV) FitK

b

Then the strong limits of
exist on C_(R;E) , for |M<1/M, where M = || lI¥ll.,-C,

i.e. the wave operators and scattering matrix exist on |Al< 1/M.

The proof is an application of Theorem 2.3.k4.

§ 1.6.

Let (£1,F,M) be a localisable measure space with a positive
measure p , and E a separable Banach space. For 1 £ p<w® , let Lp(!I;E)
denote tﬁe complex Banach space of all E-valued functions f on J1 , such
that f£(-) ”f(')“p_q- is strongly integrable. If p = 1, we can identify
L101;ED with the projective tensor product Lq(fl)Qﬁ%L. The dual of
L1(f1;E) is isometrically isomorphic to ﬁ”(fl;E*),the space of all
E*valued, essentially bounded, 6(E*,E);A—measurablé functions onf2 . If
£ ¢ LY (N:E), p e I°(N,E*), then under this isomorphism:

(f, 9 = L(f(u) y $@) Y ap(w).
For details see [23].

When 1 ¢ p¢e , it is much harder to identify the dual of
LP(IL,E), although this is possible in certain circumstances; see for
example [%5,42] . However, since we will be concerned mainly with
euclidean n-space ]Rn, equipped with Lebegue measure, the following will
be sufficient for our purposes [15] :

If p € Lp( ]Rn;E)*, where 1 < p<® , then there exists a mapping F from
H into E* which is weakly measurable (i.e. e, F(:)? 1is a measurable

function on R" for each e in E) such that



88

L.6.1) <f5, e

H

[eF(t) , £(1)y  at
-@”fft)”q dt}j/q where 1/p + 1/q = 1.

4.6.2) and [ ¢l
F(t) is uniquely determined by p almost everywhere. Conversely if F is
a weakly measurable function for which the right hand side of L.6.2 is
finite, F defines via 4.6.1 a continuous iinéar functional ¢ on P( ®RE)
for which 4.6.2 holds. We will use thé same symbol ¢ for an element of
IP( R™;E)* and its associated function F(+) defined by 4.6.1.

Let us consider the following examples:
EXAMPLE 4.6.3.
Let (2,3 ,/A) be a measure space with positive measure ,u , and E = &
is a separable hilbert space. Then L2(f1,8\) is a hilbert space, naturally

isomorphic to the hilbert space tensor product La(n-) @& .

EXAMPLE L.6.4,
Let (J),,?,/u4)'be a localisable measure space with positive measure M .
Let M be a von Neumann algebra with separable predual M,. We take p = 1
and E = M,. Then LN ;M) is a W*-algebra under pointwise multiplication
with predual Lq(fl;M*). The mapping

f® m— £(t)m fel(N), meM
can be uniquely extended to a W*-isomorphism of the W*-tensor product |

I’()® M onto Lw(ﬂ‘,M). For details see [.5#] .

Howland [26], developed a theory for handling time dependant

. . . : 2,
perturbations on a separable hilbert space 3\, by considering L (R ;6\,
In our theory, we will treat a separable Banach space E, by studying
LP(RME) . It will reduce directly to Howland's work, by this special
choice of § and p. Our work will also raise Howland's theory to the
von Neumann algebra level by considering Example 4.6.Lk.

We will first develop the theory of multiplication operators.
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Let (f1,7,M) be a localisable measure space, and E a separable Banach,
For each we€fl, let A(W) € B(E), such that <m, A(W)ed> is a measurable
function for each meE*, eeE; i.e. A(W)e is measurable for each e in E.
Then we can define an element A of B(Lp(fL;E)) by
4.6.5) (Af) (W) = A(W)F(w) for all f in LP(L;E), 1 < p<eo.
Clearly ||AI| < ess sup ”A(“ﬁ” .
A special case of this is the scalar multiplication operator which we now
define. For cach ¢ in L (£1), let M(#) be the operator on LP(L2;E)
defined by
4.6.6) (M(HIT) (@) = $(©) £(w) a.e. on L, for f & LP(L;E).
Clearly if A is as defined in 4,6.5, then

A M) = M($) A Vg e I ().
The next Theorem shows, that if (Il,:},fi) is o-finite, then all bounded
linear operators on Iﬂ(fZ;ED which commute with M(¢L(L)) can be

constructed in this way.

THEOREM L.6.7.

Let (N, # ,/u) be a o-finite measure space, with A a positive measure.
Let E be a separable Banach space. A is a bounded linear map on L1(IL;B)
such that A M(P) = M(¢) A vd e L ().

Then for each w inf) , there exists A(w) € B(E), such that

i) Wr— A(L)e is measurable for each e in E.

ii) If £ € L'(Q;E), then  (Af)(w) = A(Wf(w) a.e.

A(v) is uniquely determined up to a set of measure zero. That is if A1(u0
lies in B(E) a.e. in , and (Af) (@) = A1Qo) f(w) a.e. for
each f in Lq(ll,E), then A(w) = Aq(u) a.e.

Moreover, Jall = ess sup |[A@)] .

PROCF.

Let Y € Lq(fl) be strictly positive almost everywhere, and fn a
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a countable linearly independant set in E, whose linear span is dense in
hy 1 Al
E. Define Gn = X@*/-n EL (N2,E), n=1,2,¢0ceee
i.e. en(u) = Y(w) ¢ a.e.
Take g € L’(N E*) = Lq(-rl',E)*.
Then <A*g, en) = <g, A6n> means that
Joe@e) (@), 8 (W ap) = [<g(W), (8N ap) .
But A M($) = M(4) A for all ¢ in L”(n2). By considering characteristic
functions of measurable subsets of ) we see that
[ewe @), 0,y ap) = [, 10)w)7 )
A n A n

for all a¢ F.

i

Hence < (A*g) (W), Gn(h$7 <f(w), (Aen)04)> a.e.in Jr

i

i.e. < (A*g)(w), b Lf(w), 1 (48 ) (W) >
e B Ty "

" Let E_ = linear span of f{ :n=1,2,.. } . For almost all W in J2

Be€Co

we will define an operator C(w) on E, with domain E , putting

CW¥ = 1 ()W) a.e.
. ylwy  °
and extending linearly.
Then for all g in L (J2;E*), gw) € JC(w)* a.e. ( this null set may
depend on g) and (A*g)(w) = C(w)* g(w) a.e.

We will show that C(w) is essentially bounded, and

L 4

* Cw) < |aA
esilédp I' “ | Al
Let {qn *n g ﬁi} be the countable dense set in E obtained by taking

linear combinations
N
S A
2 Nt
where An lie in a countable dense subset of C.
For ne N, let s, = fwen o> |l janry o,

and S = ZtuQ,Il :  C(w) is either unbounded, or [[C()Il > |[AN} .

Then S = U S._.
n
n=1

Now if An €C,n=125e0ee,N
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COI(Er ¢ ) = 1 N (8 = 1 ACY®(EN ¢ ) ) a.e.
n‘Pn y'(u) Z n n b,"(w) Z n fn ( a.e

Hence each Sn is measurable. We will show that S is null. Take W§€E Sn,

then [l a,ll Y < @) foen, | = [a¥eq @] .

It follows that for almost all W in {1 :
4l g ¥l < A [(xsnw ® 1, ||
We deduce

411X Y ® 1,

pd (Ks DO 0] ape)

< S e[ xSnY Yo A ] (il ap(e)
= ha(Cxg ¥ e ]l
n
< [l X5 ¥ @& ayl
n
‘mence [ {IACY @ )] @) - Nl Y@ | ape) = o.

Sn
We must conclude that Sn is of measure zero, for each n. S null means
that C(U).is bounded almost everywhere, and |[|C@)|l £ [l a.e.
Let A(w) be.the unique bounded linear extension of C(W) to E.
Then AW)* = (CW))*, and if g € T (N,E*), then

(A*g)(w) = A@W)*g(v)  a.e.

By redefining A(w) on a set of measure zero, it follows that A(:) satisfies
properties i and ii asserted in the theorem. The uniqueness is clear since

E is separable.

In Fuclidean n-space :mn, with Lebesgue measure, we have an a
alogous result when 1 <« p <o . Taking & to be a separable hilbert
space, and p = 2, tﬁe next theorem reduces to

I"(RYB(R)) = MAT(RY) [b3] .
(Here M($), for ¢ € L (R") denotes the scalar multiplication operator

on LE( R R).)
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THEOREM 4.6.8., -

Let E be a separable Banach space, and 1 < p <o ., Let A be a bounded
. Py ol o o, n
linear map on L*( R ;E) such that A M) =M(p) A ¥ ¢€L (R ).

Then for each w € R, there exists A(®) in B(E) such that
i) W —> A(w)e is measurable for each e in E.

ii) If £ e IP(R™;E) then  (Af)(w) = AM)T(W)  a.e.
A(+) is uniquely determined up to a set of measure zero, and

lall = ess sup [A()] .
E“

PROCF.
The proof is analogous to that of Theorem 4.6.7. We use 4.6.1. and L4.6.2.

to identify LP(R™E)~

DEFINITION 4.6.9.
If E is a separable Banach space and 1 § p <o, a bounded multiplication
operator is an element A of B(LP(ZRH;ED) satisfying |
AM(E) = M(p) A VP € L(R).
For such an operator A,we define { Alw) : we Bfl} to be a family

in B(E) such that (Af)(w) = A(w)f(w) a.e. for all f in IP( R:E).

Note that such a family exists and is uniquely determined up to a set of

measure zero by Theorems 4.6.7 and 4.6.8

THEOREM 4.6.10.
Let E be a separable Banach space and 1 € p<® , with A a bounded multiplication
operator on IP( R™;E). Then A(t) is equal almost everywhere to a
constant operator iff
- v n
(4.6.11) AT, = T A o € R,

where (T £)(t) = £(t-0)  for f € IP(RYME).

PROCF .
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Let ¥ = L"( R ;E) , which is separable since L“(IR ) and E are.
Define J, & in B(LP(®™S;F)) vy

(Jg)(e) = T glo)

and  (Frg)(o) = A glo) for g € IP(®RYF) .
If ATO_ = TGA a.e. then J -1}4— J = 4  on LY R®Y:F).

But IP( R™;F) may also be considered as Lp(]Ran;E) by making the element
f(t,o) of Lp(]Rzn;E) correspond to the element f(6) = f(.,o) of
Lp(IRn;F). By considering }i and U as bounded multiplication operators
on Lp(IRZH;E) , relation 4.6.11 means that A(t+5) = A(t) for a.e.

(6,t) in R,

Henice A(t) is constant almost everywhere. The converse
is trivial.
REMARK L.6.12.
Let A be a bounded multiplication operator on ip(]Rn;E) . Then if A is
invertible, () = M) AT ¥ e TR .
Hénce A-1 is a bounded multiplication operator and clearly A(t) is
is invertible a.e., and A—q(t) = (A(t))’1 a.e.
Conversely, suppose A(t) is in&ertible a.e., and for each e in E, A(t)_1e
is ﬁeasurable with ess sup ”A(t)—1“<oo . Then A is invertible and
W) = aws(t)  awe.,  for £ in IP(RYE).
§ b
In this section we develop the theory of time dependant
perturbations, which extends [Zé]to the Banach space situation, and
allows us to treat weakly continuous groups on von Neumann algebras.
We therefore let E be a separable Banach space, and fix p in{ﬁ, @),
Given a bounded strongly continuous propogator U(:,*), as
defined in 4.1.4, the formula

(e'iGKf)(t) = U(t,t-6)f(t=6) for £ ¢ L¥( R;E),

defines a strongly continuous bounded group on F = LP(ZR;E) . By abuse
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of notation, wé refer to Kas the generator of the group. As a non
trivial example we can consider U(t,s) = 1 on ]RZ. This gives the group

of translations
(T,£)(t) = f(t-0), for £ in LP(R;E)

for which the generator K = ~i d .

at
Note that if a strongly continuous propogator U defines the strongly

. -16K
continuous one parameter group e on F, then

(e'iOKT_of)(t) = U(t,t-ojf(t) for £ in IP( IR;E).

Hence for each o in 1R, e-léKT_o, is a multiplication operator on IP(IE;E)

Moreover if l( is the invertible bounded mulitiplication operator on ¥
¥ P

defined by
(W) = Ut,o)f(t) for f in IP( R;E),
then for.all ocin IR
~1i6K : -1
e = U Tc]k .

That is, e-léK is similar to the group of translations To, with a
connecting operator WU which is a multiplication. In order to characterise

such strongly continuous groups on F, we need some more definitions.

DEFINITION k.7.1.

A bounded evolution group is a strongly continuous one parameter bounded

group e"1% on F = IP(R;E) such that for each ¢ in R , e—IGKT_G

is a bounded multiplication operator-on F.

By Theorems 4.6.7 and 4.6.8 , a strongly continuous bounded group

e 1% 45 a bounded group if and only if

e-ibKT_G M(p)

mp) ¥ ¥ pe ©(m),

or equivalently

-i6K

It

THMPT_o = M($y) where ¢ (t) = ¢(t-0).



95

DEFINITION 4.7.2.
A bounded measurable propogator is a family of invertible operators

U(t,s) on E, defined for (s,t) € ]Rz, and satisfying:

a) U(t,s) = U(s,t)'1 a.e. (s,t) ¢ R
b) U(t,r) U(r,s) = U(t,s) a.e. (t,r,s) € ]RB.
c) [l u(t,s)ll is bounded on R°

d) < m, U(t,s)ey» is jointly measurable on IR2 for each m € E*, e € E.

As in [26], we can identify bounded measurable propogators.
The proof for the hilbert space situation readily extends to show the

following ¢

LEMMA L.7.3.
U(t,s) is a bounded measurable propogator iff it can be written in the
form
Ut,s) = U(t) U(s)™
where for each t in IR, U(t) ¢ B(E) satisfies :
i) U(t) is invertible a.e. in R .,
ii) o)l  ana ﬂU(t)—1H are bounded on IR.

iii) U(t)e and U(t)-1e are measurable on IR, for each e in E.

We can now characterise bounded evolution groups in terms of

bounded measurable propogators. This extends the hilbert space result of

[2¢6].

THEOREM 4.7.k.

. -10K P .
A strongly continuous bounded group e on L( R;E) is a bounded
evolution group iff there exists an invertible bounded multilplication

operator W on IP( R;E ) such that
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R uTU‘bL"‘ for all o in IR.

PROOF .

!

Let F = IP(R;E) and G = I°P(R;F). Define an operator VY on G by
(VX = %16 for £ € IP(R;F).
Then V commutes with multiplication by any ﬂounded measurable function
¢(6), and also by L.7.1, with any operator of the form
£(6)— 1(p)f(5) where M(4) is multiplication on F = LP(R;E) .
G may also be considered as Lp(]Rz;E), and wvhen V is considered as a
bounded operator on Lp(]Ra;E), the above commutation properties means
that V commutes with multiplication by Lw(]Rz). Hence by Theorems
4.6.7 and 4.6.8 and Remark 4.6.12, there exists an invertible operator
V(t,6) in B(E) for each (t,0)  R° such that
VY £)(t,6) = V(t,6) £(t,0) ¥Vt € IP(R%E).
Define U(t,s) = V(t,t-s). Since the map (t,s) —> (t,t-s) is a one-one
measure preserving transformation of ]R2 onto itself, U(t,s) is well
defined, invertible a.e. and U(t,s)e and U(t,s)-qe are neasurable for
all e in E. Consider the following relations as multiplication operators
on IP( R;F ) and IP( R°;F ) respectively :
(e—iéK

-1 ioK
T_é) = TG (e Td) T~6

~i(6+71)K N -ioK [ iTK ]
and e T_(oqq) = (e T_o) Td(e T_T)T_G .

We then express the results in terms of Lp(Imz;E) and Lp(ZRB;E)

respectively, as in the proof of Theorem 4.6.10, and deduce that

2

V(t-0,6) v (¢, 6) a.e. (6,t) in R

]

and V(t,o+7) v(t,s) V(t-o,T) a.e. (6,t,7T) in IR3

In terms of U, this means
U(t,s) = U—q(s,t) a.e. in R
3

and U(t,r) U(r,s) = U(t,s) a.e. in R, respectively.
By Lemma 4.7.3 and Remark 4.6.12, v(t,6) - = U(t) Uﬂq(t-d) a.e. in IR?

where (WE)(t) = Ut)E(t), fe€ LP(R;E), defines an invertible
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bounded multiplication operator on F. The operation AN/ of multiplication
by eI on IP( R;E) is then given as
(VI ) (t,6)

But (quu'1i‘)(t)

U()U™ N (£-6)£(t=56,6) on LP(]";E).

11

-4
U(t)U™ (t-0)f(t-6)  for f € LY(R;E).
D, 2 e e -icK . . .
It follows that on L"( R 3E) , multiplication by e coincides with
multiplication by 11TO}L-1. Hence by Theorems 4.6.7-8,
e 10K = UTGW1 a.e. in R .
Strong continuity shows that this equality holds on the whole of IR.

This concludes the proof of the theorem.

REMARK L.7.5.

a) Thefe is a one to one correspondence between bounded measurable
propogators and bounded evolution groups.

b) Since the operaor K is similar to -1 d , we can calculate its

at
resolvent from

® -7 = u(-ig_ ~z)""w1

dt
as in 4.1.7.b and [26].
¢) Suppose é;icK is a strongly continuousbounded one parameter group on
IP(R;E). Then as in 4.1.8 and [26], we can give equivalent conditions
on K or its resolvents in order that it generates a bounded evolution

group.

§4.8.

We are again in a position to study scattering using time
dependant perturbations. We will particularly note what our results
mean for von Neumann algebras.

Agaih E denotes a separable Banach space and p is fixed in
[1, ). Given twobounded strongly continuous propogators U(t,s) and

U (t,s), one may consider wave operators :
0
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4,.8.1. W (s) = 1lim U (s,t) U(t,s)

+ o

- tayiw

and require that the limit exists in the strong or weak sense.
The scattering operator is formally

s = e )]
The usual scattering operator is associated with time s = o, S = S(o)
Let K, Ko be the generators of the bounded evolution groups associated
with U, U_ respectively, on I°’(®;E). Then

16K, -io6K
(e %o e 3K £y (r) - U (t,t+0) U(t+o,t) £(t) for fe IP(R;E) .

Thus if w+(t) exists strongly (in the weak sense respectively) for all

t in IR, then

(W, = 1im eidKOG—iOK

- +

exists on LP( R;E) in z;é“;trong sense (respectively weak), and is
multiplication by Wi(t). The scattering operator‘ef::QU+ Q):q is
therefore multiplication by the operator S(t). Hence, if ’ub is
m;lltiplication by U_(t,0), the operator Y, of )A;“ is multiplication by
the constant operator S = S(o).

We now consider bounded evolution groups in general. Let
e“i(SK = ui‘o_u—1 and e 0 o uoTo‘u;1 be two bounded evolution

groups on Lp(]R;E) . The following theorem extends [26]to our general

situation.

THEOREM 4.8.2.

() = st lim I 1K ists on IP(R;E) iff there exists
+ o3 % .
W, € B(E) such that
h -
(4.8.3.) lim [ v, (£) - Uo1(t+d) u(t+a) P at = o,
O30 ©

for 211 £ € E, h % o.
In this case 1[;10Q+LL is multiplication by the constant operator W+.

If o =W, (,J_“_1 exists, then u? < U, is multiplication by the

-1
constant operator S = W+(W_) .
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REMARK 4.8.4.
If there exists W_ € B(E) such that 4.8.3 holds, then
Wf = lim f U, T(t+o) U(t+e)E dt V£ € E, h> o.
Gaw h
COROLLARY 4.8.5.
If U(t) and Uo(t) are strongly continuous, and there is a dense set D
in E such that U;1(t)U(t)x is uniformly continuous on t > T(x), for
each x in 2 , then L)+ exists strongly iff the wave operators w+(s)

of 4.8.1 exists strongly.
We also give a form of [?6,Thm h] for the weak topology:

+ THEOREM 4.8.6.
If W, exists in the weak sense, then there exists w+ € B(E) such that

CW,E, 5 = lim 1 J‘ <U (t+0) 'U(t+0)E, gy At for all f€ E,
oo h Yo :

¢'€, E*, h > o. [If E is reflexive fhe converse also holds]
In this case ](;1 Q);IL is multiplication by the constant operator W .
If of = W, OJ:1 exists, then u;qd uo is multiplication by the

constant operator w+(w_)

COROLLARY 4.8.7.

If U(t) and Uo(t) are strongly continuous, and there is a dense set X)
in B such that < U;1(t)U(t)f, #> 1is uniformly continuous on t ¥ T(x,¢),
for x ¢ E, g ¢ E*; then LJ+ exists weakly iff the wave operators W(s)

of 4.8.1 exist.

M., where M is a von Neumann

1

In particular, suppose that E

algebra with separable predual. Take p = 1, and let O%, Gz be the

dual (weakly continuous) one parameter groups on the von Neumann algebra
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~N
Then weak*1limit o, o° exists on L ( R3M)
t > *oo t -t
: . =i itK ,
iff weak limit e ‘thee’ exists on Lq(:R;M*).

E»*T®
This is because Lq(IR;M*) is weakly sequentually complete [1] . Using

4.8.6 and 4.8.7, the above can be related to time dependant scattering

in M.

§ 4.9.

We will now show how our theory of IP-evolution groups can be
used to deduce results for time dependant perturbations from known results
for time independant smooth perturbations.

Let E and ¥ be separéble Banach spaces and P, fixed in [1,<b).
Put E, = LP (RE) and F_ = LP(R;F). Suppose e”° is a bounded
evolution group on E , and A,B€ €°(E0’Fo)’ QQ(FO,EO) respectively.
Assume A M(¢) 2 M(¢) A, BH(¢) 2 M(¢) B V¢ € L(R), and that
there exists p,q with 1/p + 1/q = 1, 1 < g €9 such that
a) A is (KO,KO,p) smooth |
b) B* is (KO,KO,q)* smooth, with uv+—— B*(e:itK°)*u (0 £ t <o0 ) weak*

continuous from E; into Lp(im+;Fo)*.
If y« = Lp( ]R+;FO), we also take that AetiK (')Be are in B(yz) with common
bound & M.

K (K)

Then it is easy to see. that the perturbations eit given
by Theorem 2.1.9 are in fact bounded evolution groups for each K I<a/m.
Let us now define for -®0g¢&X < B & o0
P(¥,R) u(t) = X(q,g)(t) u(t) u €k (Fb)’
where X 1is the characteristic function of (&,B). It is easily seen that
A P(¢,8) and B P(®,R) satisfy the same conditions as A and B.
The following Theorem is the time dependant theoretic result

corresponding to the stationary one in [é6, Thm 6] , the proof being an

obvious modification to Howland's programme.
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THEOREM 4.9.1.
Suppose that EO is weakly sequentually complete and Eg is separable for
the weak*topology. Also assume that Uo(t,s) is strongly continuous and
that for every €9 o, there exists o> o, such that
[aPCam] (g gy <€ end [BREENT g g oy
whenever |B-of<b.
Then. the propogator U(t,s;K) of K(K) is strongly continuous in t,s and
analytic in |K|<1/}. The wave operaters
W+(K) = st lim Uo(s,t) U(t,s3K)

to w
exist,are invertible and analytic in | X1 <1/M.

We remark that Theorem %.9.1 can be applied to Schroedinger’s
. . ., P n . . . -
equation, taking p = 2 and E = L (R") in a similar fashion to [g6,§1ﬂ .
These time dependant techniques can also be applied to the time
independant theory of Chapter 3. However, this is unsatisfactory in that
we have to apply Theorem 3.3.71 (or Theorem 3.4.7) to the larger algebra
B(L2(IR;B\)) instead of Lm(]R;M) ( where M is a von Neumann algebra acting

on & ); and we thereforc omit all details.

§ k.10

Suppose we are given a bounded strongly continuous one parameter
group on a separable Banach space E,and we want to consider a time dependant
perturbation. The problem of which space Lq(IR;E) (or indeed CO( RE ))
to take depends on what smoothness hypotheses hold in the space E. We
give a simple example to show how q smoothness in E, and the choice of
LA( R;E ) are related.

To be specific, consider a separable Banach space E,and eth

a bounded strongly continuous one parameter group on E. Suppose A

[
€ GQ(E,F) where F is another Banach space, and § € L (R) . Define
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feE = LY M;E) where 1 < g<w to be in [} (%) if $(s)f(s) D08

a.e. and A¢(s)f )€ LAR;F) = F_. In which case put («f)(s) = Ag(s)f(s).

l

Then ol € eo(Eo,Fo). Let eth be the bounded evolution group on EO

induced by et on E i.e. (ethf)(s) = elth(s+t) f € 5.

For simplicity, we take E and F to be reflexive.

PROPOSITION 4.40.1.

1f A is (Y,q,+) smooth on E, then & is (K,qg,+) smooth on LY R;E) .
PROOF .

Consider £ ¢ LI(IR;E) . Then

(s,t) +—>[A ¢(s+t) ethf(s+t)” (extended norm)

is jointly measurable by reflexivity and [36] . Hence by Fubini:

«© OO o
iYt ,
f f la g(set) ™" £(s+t)|? at as < ,AI%Y,q’+). ol f ”f(s)"q ds.
o - - Q0

Hence there exists a null set N in R’ such that for t ¢ N

[

f || A ?(S-i—t) i1t f(s+t)|? as <o

-

i.e. ;o(s+t) efLYt f($+t) € O (A) a.e. (depending on t % N),

iKt
e

which means f €d(K) and

[laeeltar ¢ [ally . e

Similarly if 1/p + 1/q = 1, (Y,p,+)* smoothness in E* is amenable to
(K,p,+)* smoothness in LY R;E) .

For q = "w'" , see §1+.5.



103

CHAPTER 5.

This chapter starts the second part of the thesis, namely the
investigation of the structure of completely positive (CP) maps. The
study of CP maps on C*-algebras was initiated by Stinespring [55], and
consequently, some extremal problems were studied by Arveson [4] .

In the first section, we produce some Schwartz ty inegualities
for n-positive linear mappings on *-algebras. In § 5.2, we begin to show
why CP(A; &) the bounded linear maps from a Banach*-algebra A with
approximate identity into the bounded linear maps on a hilbert space &
should be regarded as a higher order state space. The pure elements of
- the cone CP(A;% ) which have norm one, namely P(A;#\), are analysed in
§ 5.3, whilst in § 5.4, we show‘how a closed two sided ideal of a C*-
algebra A; gives a decompositién of P(Ay&n ). If A is a C*-algebra with
identity, and K is a positive operétor on § , Arveson [ﬁ] considered
CP(A; % ,K) = Jwe CP(A; %) : w(1) =K} . In §5.5, we extend this
definition to cover a Banach*-algebra with approximate identity and observe
some properties of this convex set. ZD1§5.6, we generalise a theorem of
F. and M. Riesz to give a sufficient condition for the covariance of
certain representations of a C*-algebra relative to a one parameter group
of *-automorphisms. In the seventh section, we study normal completely
positive maps on W*-~-algebras, and in §5.8 we discuss tensor products of
CP maps on operator.algebras, and derive a CP analogue of Tomiyama's
theorem [63] regarding the singularity of conditional expectations on
W*-algebras. ;D1§EL9, we characterise the CP maps on the algebra.of
the canonical commutation relations. Dilations of semigroups of positive
maps on C*-algebras are important in the classical and quantum theories

of stochastic processes. In § 5.10 we give some operator algebra analogues
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of Nagy’s hilbert space [59,6d]and Stroescu’s Banach space[58] dilations.
Recently, Lindblad[}é] has been involved with the study of infinitesimal
generators of norm continuous semigroups of CP maps. Ing 5.11,wve extend
this by studying strongly continuous semigroups and groups on C*-algebras,

which have various positivity properties.

§ 5..’"
Let Mn be the C*-algebra of all complex nxnmatrices. If A is
a C*-algebra, let A be the C*-algebra Mn(A) = A®! ~ of all n, n matrices

over A.

DEFINITION 5.1.1.

If A is a *-algebra [16,Definition1.1,{1 and B is a C*-algebra, let w be

linear map from A into B.

a) w is said to be n-positive ,where n e N, if for all {ii: i= 1,2,..,n}
in A , [w(x;xj)] % 0 in B .

b) w is said to completely positive (CP) if w is n-positive for all n.

- Suppose A and B are C*-algebras and w a linear map from A into
B. For each n define w, = ww@1n from An into Bn by applying w elementwise
to each matrix over A. Then w is n-positive iff W is positive [3&] .
This is so because each element of An+ can be written as a sum of at most
n elements of the form [X;Xj] where {xi: i=1,....,n} ¢ A.

Suppose ¥\ is a hilbert space and C € B(% )*. Then for all

y in B(&), € > o, y*(C+e)-1y € B(% ) and increases monotonically as
€ | 0. Hence

st lim y*(C+e)"1y
€do

exists iff y*(C+e)“1y is bounded above for all € » o. We write this limit

as y*C-qy [35] . If V is a vector subspace of B(%n) and y*C—qy exists
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for all y in V, then st lim y*(C+€)"1x exists for all x,y in V, and we
el o

write this as y*C  x.

The following theorem is already known in the following special
cases. Suppose A is a C*-algebra, and w: A —? B(% ) is linear. Then

. -1 * Y

a) If w is CP, w(x*x) 2 wix*y) w(y*y)  w(y*x) X,y € A [35].
b) If A has an identity and w is 2-positive with w(Nw(x) = w(x) Vx € 4,

then wix*x) % wix*) w(x) Vx € A [3]

THEOREM 5.1.2.

Let A be a *-algebra, % a hilbert space and w : A — B(M1) an n-positive

*linear map, where n¥%2. Thenify,xi € A i=,2,e..,n=-1 , we have

[w(X*ixj)] Y liw(x;y) w(y"‘y)"/| w(y*xj)] in B(S’\)n_,l

In particular

“w(y*y)”[w(xng)] /S [w(x;y) w(y*xj{] .

PROOF .
Put x_ = y. Then S SN PEIRTRERE §n-1 € n
n--1
;g. <'w(x§xj) fj, fi) ) o since w is n-positive.
i.j=o
2;3 n-1
- ~r K~ R S ‘r{v' 4 9 )
ice. G 4 (“i“g) §J, 35 t < \n;b) 5" %1
i,3=1 i=1
-
+ él Culy*x) $50 35Y 4 Cwlyy) §., §,7 % o.
-1 n-1
We now fix 51" ..... s gn-'] and put ?o = —(w(y*y)+€) 51 w(y*Xi) gi .
Then
n-1 n-1 -1 2y
* L
2 (w(x;{xj) ?j’ ?i) =2 '2- (w(x;y) (w(y y)+£) w(y Xj) ?j’ i
1,Jj=1 1,J=1
n-1 -1 -1
+ éa <’w(x;y) (w(y*y)+€) w(y*y) (y(y*y)+é) w(y*xj)fj, ?i>
i’j=1
27 0.

But 2(w(y*y)+€)-1 - (w(y*y)+€)_2w(y*y) = (w(y*y)+e)“1 + € (w(y*y)+e)—2 .

Hence
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n-1
i,j:1<vdxixj)zj’ 347
n-1 1 >
> S <w(x;‘;y) { (w(y*y)+€) +é(w(y*b’)+€) }W(Y*X-) 9., 3.7
1,3=1 J J *
n-=1 1
Y i%ﬂmu;w (aCyry)e€] Tty 85, £

The remainder of the proof is clear, and is omitted.

COROLLARY 5.1.3.
If A is a Banach *-algebra [36,Definition 1.2.{] with approximate identity
[36,B2§] and w: A — B(®) is an n-positive bounded linear map. Then

fOl" a-]_l Xi e A, i = '],2,...,1’1—1

vl [W(izxj)] Y [w(x;) w(xj)] .

We remark that 5.1.2 and 5.1.% can be used to characterise CP

maps.

§ 5.2.

In this section we consider a Banach *-algebra A and a hilbert
space & , and show how we can regard CP(A; §1), the convex cone of
bounded completely positive maps from A into B(& ), as generalised higher
order state spaces. We first demonstrate how the GNS-Stinespring
representation can be constructed on a Banach *-algebra A with approximate
identity. This is an extension of [4,55] where A is a C*-algebra with

identity.

THEOREM 5.2.1.

Let A be a Banach *-algebra with approximate identity, 8\ a hilbert space
and w a map from A into B(A ). Then w €CP(A; &) iff there exists a
hilbert space R , V¢ B(&,R), a representation 7T of A in B(R )

such that wix) = V*rmr(x)V for all x in A.
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PROCF.
Suppose w € CP(A; & ). Ve define a bilinear form ¢ , ? on the algebraic
tensor product AQ ¥ as follows:
If x, s € A,9., 15 EY i=1,...,m; j=1,...,n0 put

<éixi®§i’§yj® ‘13-7 = é (w(ygxi)fi, Vlj7 .

i,]
This bilinear form is positive semi definite as w is completely positive.
For each x in A, define a linear transformation ‘ﬂ’o(x) on AO & by
11‘0(}() : in® gi ——-—?Exxi® gi .

L is an algebra homomorphism for which

(‘n’o(x)u, vy = {du, TT;)(X*)V5 Vuv € Lo& .
m

Let u = 2 x. @ §. be a fixed element of AON . Then (o(x) = (x)u,ud
&, 71 i | o

defines a positive linear functional on A. HNence if u, is an spproxinate

identity for A,x € A :

¢ GOu, TGy = pletx) € |l 1im p(w) by [16,2.1.5]
= |x*x|| lim jé’k (w(xgu)‘xk) fk’ §’j)

"

”x*x“ {Lu,u) .

(We remark that this inequality is trivial if A is a C*-algebra).

Now let N = {u € AOL ¢ <u,uy = o} . Then N is a linear subspace
of AOW | invaljf'iant under Tro(x) for each x in A, and ¢ , } determines
an inner product on A @ §/N. Let R be the hilbert space completion
of A O R /N, then there is an unique representation M(x) of A on R
such that w(x)(u + N) =-\To(x)u. + N x€ A, u €A .

Let N: A0% —R denote the canonical projection. Then for x in A
§inf , IAG@e)l? = <uber0 8.2> <l fixlligd]’

Hence, with u as above, T(up)Ax®y — Ax as A 2o,

Hence T(u,) — 1 strongly on R.

For $€ ¥, we will define a linear form pg on R = [TT(A)\Q]‘ . Take a. € A.
yig%\ i=12,ee0..,m. Then

£ Aor®% ) = lim g <Y, Naiu,®1r = 1im2<ﬂ(ai) yi, A uy ®97
1

\ i N 1



108

m
If p = ié—w T(a,) Y, , then
£< Y., har ®3> ol 1Au, @8l a2
Yi’ at < sup ||pl uy, @4l < Al [y —
2
Hence ¢g(p) = %(Yi, A aX ®¥7
gives a bounded linear form on T(A)R  which we extend by continuity to
R . Hence there exists an unique V4 in R , such that
pg(p) = <p, VY V peK.
Hence (Y, Na*@$) = <w(a)¥, v§? Veeh, YeR | ae 4,
which shows that T(a)V§ = Aae§ Vae A,3eh.
It is clear that § -—3 V§ is linear. Moreover ||V§]= ” Pl & || “1/%12“ .
Hence V is bounded, and [V| ¢ [iw||1/2.

Also if x,y € A, T,Mewn,

<wly*x) & ,my = ¢Axeg , Ayow v (x)Vs , T (y)vun?
= (V*‘K(y*X)Vg, Y\> -

Hence w(+) = V*w(:-)V. The converse is clear.

Note that in the above theorem we can always choose
R = ['W(A)V'S\]_. The pair (wr, V) is then called minimal by Arveson [5] .
For a given w € CP(A;& ) the minimal pair is uniquely determined up to
unitary equivale:n.ce, i.e. if minimal pairs (-\'ri,Vi) represent w , for
i=1,2, withwr represenations of A on hilbert spaces Qi, v, € B( &, Qi)

i

1,2 and w(-) = V; n’i(-) Vi i = 1,2, then there is a unitary map

= - v
U of R1 onto RZ such that UV1 V2 and UTC‘(x) Trz(x)U X € A.

If w € CP(A; ®\) we will alwys denote the quantities constructed in the

proof of the above theorem by Trw, Vw’ Rw’ A, etc. Note that (ﬂw,Vw)

. s . . .
is a minimal pair. We also define Kw = VW VW

]

st lim w(u}‘) € B(S’\)+,
2

for any approximate identity Uy for A.

COROLLARY 5.2.2.
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Let A be a Banach *-algebra with approximate identity , ™ a hilbert
space, and w & CP(i;&).
Then [|w] = ”Kw“ ( = Jlw(DIl if A has an identity ).

If A is a C*-algebra, then for all n 3 1,

e | = I

DEFINITION 5.2.3.
Let A be a Banach *-algebra and B C*-algebra. We define a partial ordering
v on B(A,B) by o ¥ B (for«,3 B(A,B) ) if o«- B € CP(A,B), the

completely positive bounded maps from A into B.

This partial ordering has been analysed when A is a C*-algebra
with identity by Arveson [5] . He identified the following sets:
5.2.4 The extreme rays of the cone CP(A; &).
5.2.5 The extreme points of [p,p] , for a fixed ¢ in CP(A,&).
5.2.6 The extreme points of the set CP(A; & ,K) = fmréCP(A;%\) : Kw = K} .

where K is a fixed operator in B(S\)7.

We remark that these results still hold for a Banach *-~algebra
with approximate identity.

We now observe what happens when an identity is adjoined to an

algebra. The following reduces to [j6,2.1.§] when % is one dimensional.

THEOREM 5.2.7.
Let A be a Banach *-algebra with approximate identity, and A the Banach
*~algebra obtained by adjoining an identity. If % is a hilbert space,
take we CP(A; % ). Then :
1 wx)* = w(x*) V x ¢ A, and

w(x*y) w(y*y)-1 w(y*x) £ wix*x) Vx,y€ A [35] .

2 If u, 1is an approximate identity for A,
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w(u, ), wlufu,) — K, = WV strc;ngly.
3 w can be extended in an unique manner to w in CP(K; ") such that
w(1) = K, BEvery other element of CP(K; M) which majorises w,
majorises W. |
L If x; is any family in A indexed by a digécted set D such that
w(xi), wlxtx,) — K, strongly, then /\Gxi®§ —3yA31 ®%
strongly for all $e %\ . Hence AYO‘J\ is dense in A ©f for the
prehilbertian structure defined by w. Morecver Vw"g = Av? 19 Vieh |
PROOF.
1.The first part is clear. The second statemant follows from 5.1.2 or [35].
However a much easier approach is to show
T T‘:J(y)vw (waw(y*y)vw +6)-1 (fw(y)vw)* Vyea €7o.
This 1is straightforward using a polar decomposition and the spectral
theorem.‘
2.is clear since -:rw(u,\) — 1 strongly for any approximate identity u,.
3.Extend m to A by defining ?rw(’l) = 1. Put Ww(x) = V‘:,"l:rw(x)vw for x € A.
Then w € CP(A; &), extends w, moreover (Trf«’vﬁ) -2 (ﬁw,Vw). Let o €
CP(A; &) such that X[, 7w . Take x; € A, 3;€% , i=1,2,....n, and

let u, be an approximate identity for A. Then :

"

. * ~ ot
ll}\m s <Vw vw(x;)ﬂ’w(u:u,\)%(xj)?j, 7>
= 1§m s < w(_x:’{u’:u\ Xj) ?j y T

= 1}im s z_<w(x:’.{u’:u\xj) SRR

AN

'l'\im s <o((x:’.’[u’;\uxxj) %, 37
But [T&(xg)m(u:u}‘)m(xjﬂ I ACNC I Eﬂ;(xg)ﬂ;(xj)]
It follows that w $ o .

L.,The first statement is a routine calculation. Regarding /\WA ok as
a subspace of A~ AO%® , the density is clear from 2. Moreover

ng = A{& 1®% , since we already know that Vw‘?: st lim /\W u,®% .
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COROLLARY 5.2.08.

If w, and w, € CP(A; &), then

1 2
VAW = A7 J
Wat¥o 1 Yo
Ao Mad ~
and (w,]+wa) = W, + oV, .

Arveson [5] has an extension theorem for CP maps on self adjoint
norm closed linear subspaces S of C*-algebras with identity 1 such that
S 2 1. For ideals in C*-algebras we have the following. The corresponding

result for the usual state space ( = C) can be seen in [7] .

THEOREM 5.2.9.
Let A be a C*-algebra, with J a closed two sided ideal of A. If o €
CP(J;% ), there exists B € CP(A; &) such that BlJ = o and KB = Ky -

# is majorised by every map in CP(A; &) which majorises & . If u, is an

approximate identity for J and x € (An)+, then

B . 1/2 1/2
Bn(x) = st )‘11m o, X Uy Olx
0 ‘u,
If we canonically identify A with
™ () = st lim, x/2[w 0 ]xV?
B L M
n
0 u

PROOK.
By {16, 2.10.1.;] there exists a represenation  of A on Ky extending V.
Put B(x) = Ve (x) V, for x in A. Since (mV,) is a minimal pair for B,
we have (W,V, )< (‘WB,VB) and K, = K, . Suppose Y is another
element of CP(A; & ) extending X . Then st lim MW (u,) = 1, and for x in

+ 1/2 1/2
€ (Jn) , and X u}\. o | ¥ £ X,
o o

u, Uy

Hence if § € Rec,
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(fsn(x)g 2y = lim (‘ﬂ'n(xq/z) Tg,(uh)‘ 5 ' Trn(xq/a)(vx®1)§ , (V1>
)
= 1im <un x1/2 LN Xq/2 £,8>
0
u
A
< < XH(X) i ) ?> .
Hence 8 Qx .
Suppose also Ky = Ky .
Then Ky = KX"@ + K, implies K)(—B = 0. Hence Y-B = O.

CP maps are well behaved with respect to taking quotient C*-
algebras. If A is a C*-algebra containing a closed two sided ideal J,
let W: A —— A/J be the canonical homomorphism. If & € CP(4;f), for
some hilbert space & , and ®(J) = O, then & defines, by passing to
the quotient an element B in CP(4/J;®). Then

VETT, (V= Bw(x) = e(x).

Moreover [( T(Bow) (A)Vgis\]" = [T?S(A/J)VB&\]_ = RB' Hence (ﬂ'ﬁow,vﬁ)
is a minimal pair for K and (TTBow,VB) = (Ty ,Vx). This leads to
the following conclusions which generalises [’16, 2.’-&.9-—’!1] about positive

linear functionals on C*-algebras.

PROPOSIfION 5.2.10.
A is a C*-algebra, J is a closed two sided ideal of A,and €\ a hilbert
space. Take o ¢ CP(A; ©\). Then :
a) oL(J) =0 iff T(J) = O.
b) ker Ty 1is the largest closed two sided ideal of A contained in ker & ,
c) If also B € CP(A; §) then the following are equivalent:

i) kerT, < ker'lTB

ii) B is O on ker Ty .
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$ 5.3,

It is natural now to study the pure elements in various cones
of CP maps. For this, it is convenient to introduce the BW topology of
Arveson [5] . Let A be a Banach space and %\ a hilbert space. Let
B(A; B\) be the set of bounded linear maps from A into B(&), and
Br(A; &) the subset of norm at most equal to r. A net &, € Br(A;S\)
converges to @ in Br(A; &) iff P (x) — d(x) weakly for all x in A.
A convex set V is open in B(A; ») iff Vr\Br(A;ﬁ\) is open in the topology
of Br(A;%\) for every r ?» o. The convex sets so defined form a base
for a locally convex Hausdorff topology on B(A; f\) called the BW
topology. Acc?rding to [23] , B(A; ) is isometrically isomorphic to
the dual space of A@® T{%¥\). This identifies the BW topology with the
weak*~-topology. |

We first make some definitions. Let A be a Banach *-algebra
and B € CP(A;%). We say B isvpure (velongs to an extreme ray) if
oL € CP(A;®) X £ B implies & = MB for some A€ f‘o,’\] . We let

P(A; &) denote those pure elements of CP(A; f\) which havenorm one.

PROPOSITION)5.3.1.

Let A be a Banach *-algebra with approximate identity and 5 a hilbert
space. Put B = {vve CP(A;& ) : Hw"4 C } . Then

i) B is convex and compact for the BW topology.

ii) 0 and P(A;% ) are extreme points of B.

In the above proposition, there is a distinct difference between
the case %\ = € and dimK = 2. It is well known that if & = €, then
the extreme points of B = OyP(A) [16,2.5.5] . However if dim % 2 2,
then the extreme points of B # O u P(A; fi). Consider p € P(A), ¢ # 0,

where A is any Banach *-algebra with approximafe identity , and let P1
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be any projection in B(#:\) of rank at least two. Then wq(x) = ?(x).P1,
X € A, is not extremal in CP(4;%|) but is an extreme point of B.

Another such counterexample is obtained when A has an irreducible
representation T on a hilbert space T of dimension at least 2. Take

any projection P, in B( ®), 0 # P, Z1 , then

2
wy(x) = P,WOOP,  + (1-P,) TW(x)(1-P,) X € A
is not extremal in CP(A; &) but is an éxtreme point of B. This means that
the proof of [38,Lemma 3] is incorrect, however the conclusion remains
true by [33] .
Our next results describe some of the propertiés of pure CP
maps on C*-algebras. Propositions 5.3.2-5 thus generalise ]36,(2.8.5~6,2.9.1a

concerning pure states of C*-algebras and are consequences of Kadison’s

transitivity theorem {28] .

PROPOSITION 5.3%.2.
A is a C*-algebra, % a hilbert space and ® a pure element of CP(A;¥).
n
— - . * b) -
If Ny = {sx,0f € Aoh i?_1<<><(xixj)fj, £, 0 } :
,j=
then A® % /N, with the scalar product induced by & is complete, and

equal to the represenation space defined by & .

PROPOSITION 5.373.

Let A be a C*-algebra and @ a finite dimensional hilbert space. A

denotes the C*-algebra obtained fromgA by adjoining an identity. If 31

and B, are two pure elements of CP(A; &) then the following are equivalent:

i) . and‘ﬂh are equivalent,and KB = KB .
1 2 1 2
ii) There exists an unitary element u in A such that

Bz(x) = 31(u*xu) for all x in A.

PROOF'.

The implication ii =) 1 is easy, and the hypothesis that " is finite



dimensional is unneccesary.

i =) ii. Suppose that there exists U: RB — Rp unitary such that
2 "1
T, (x) = U, (x)U* ¥V x€ A. If $€%, then
1 2
<V, %, V%) = <K, 2,90 = <K, %,%> =<V, 3,V ¢
B1 B1 31 32 62 BZ
={uv, 8§ ,uv, 27 .
62 I3>2
Hence there exists an unitary W in B(RB ) such that
1
\ - v
W, w, § Vieh.
1 2
Since T\’B is irreducible and VB 0N is finite dimensional,we deduce
‘ 1 9
by [16, 2.8.3] that there exists a unitary u in A such that
T = n
‘\qu(u)VB"‘Z UVBZZ Vie .

" Hence Bz(x) = Bq(u*xu) Vx e A

PROPOSITION 5.3.4.
Let A be a C*-algebra, & a hilbert space and B € CP(A;S\). If
Mo o= {x € A B(x*x) =O}

then ker 2 M + M*. If I?) is pure and N finite dimensional, then
ker B8 = M + M*,
PROOF .
Since B(x*)B(x) £ "B" B(x*x) V x € A, we have M C kerB.
Hence M* C (kerB)*¥ = kerB and kerB 2 M + M*,
Now suppose B is pure and & finite diménsional. If b € ker B, then
for all § ,w € 3\ |

Vg, V> = B %, = 0.
Hence there exists a self adjoint operator H on QB such that.

H‘ITB(b)VBS = WB(b)VBS and ’HVB"\ = 0 forall$ ,Nneh .
Since -n'B is irreducible and N is finite dimensional we deduce that there
exists an hermitian element a in A such that
TT'B(a) T\’B(b)ng = TrB(b)vB% and T\”B(a)VBV\ = 0 for all ¢,neh,

i.e. ab - b, a € M.Then b* = (b -ab)* + b*a* &€ M* + M.
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PROPOSITION 5.3.5.
A is a C*-algebra with identity and ® a hilbert space. Let « ,B

P(A; %) with K, = K, and |l¥-B] < 2. Then W and T, are

equivalent.
PROOF .

Take any fo eE® . If T, and WTh are inequivalent, it follows from

[16, 2.8.3] that there exists a unitary u in A such that

Telw) Vef = . Vef,
and 'ﬂh(u) Vot = = Vpf .
_ 5 |

Then 2V, £ |7 =<2 ViV £ .20y = CUIVE,E Y+ (VAVLE L f >
= (Wt Y £y = (TR (VLE L VLf >
= (e -] 0y

H 2 vt 1 £ Jo-s) ||t |7 VEet

ence l « o" £ |« "l o” o€ !

which implies l«-BJ = 2, a contradiction.

Suppose A is a Banach *-algebra with approximate identity and
M a hilbert space. We are now going to study the natural map from
P(A; S\) onto.A, the family of equivalence classes of non zero irreducible
representations of A. As when &= € ['_16s 2=5.f] , the following
proposition shows that P(A; &) ——473. is bijective iff every irreducible
representation of A is dimension 1. For a C*-algebra A, this occurs iff

A is commutative l36, 2.7:}] .

PROPOSITION 5.3.6.

Suppose A is a *-algebra, T a topologically irreducible non zero
representation of A,and & a hilbert space. Suppose v, € B(®,K)

and Bi are the_completely positive maps on A defined by (1T,Vi) i=1,2.
Then 31 = BZ iff there exists A€ C of modulus 1 such that V1 :\VZ.

Now suppose A is a C*-algebra and S ¢ 3.. Then we ﬁ. is in the
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closure of 8, iff ker W 2 (f ker®:6¢s}, [16] - 1t is thus clear
that if S is closed in A, then so is its inverse image in P(A; &) for any
hilbert space % , where P(4;%\) is given the relativé B topology.
Thus P(A; ") — A is always continuous. We have not yet been able
to determine when this is also open if s is infinite dimensional.

In order to look in detail at the map P(A; %) —> A, when A is
a C*-algebra and R finite dimansional it is useful to consider an idea
of Lance [34] . Let A and B be C*-algébras. Then there exists an isometric
isomorphism between (A®YB)* and B(A,B*) , where ¥ denotes the projective
(Banach space) tensor product. Under this correspondence, f € (A®YB)*
goes to T, € ?(A,B*) given by

To(a)(®) = £f(a®D) ¥V ae¢ A, b € B.

Lance [jg]has shown that under this map, there is an isometric affine ¢
correspondence between (A@BB)*+ and CP(A,B*), where B denotes the
greatest C*-norm and CP(A,B*) the completely positive maps from A into
B*.

In particular, take B = MH(G), the finite dimensional matrix
algebra. Then B* = T(Cn), and is order isomorphic to B. Hence there is
an affine cérrespondence between (A;)4_ and CP(A;€"), which is a
homeomorphism for the'weak* and BW topologies. This correspondence is not
isometric; if w € CP(A;C"), then its norm as an element iw of (AI‘;)+
is trK , not ||Kw | . It follows that if A has an identity, there is a.

natural homeomorphism from P(A;df) onto P(An) given by

trK
W ,
Consider the following commutative diagram :
p(a; ") 4 3+ P(A)
A R »
A » An

The map from A onto ﬁn being the canonical one, namely 1f'——?T§ﬁ which
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is both continuous and open. It follows that the map from P(A;Cn) onto
A is also both continuous and open.

Using this technique, it is possible to generalise many of the
results in EKL§5AJ to completely positive maps from Cx-algebras into
finite dimensional matrix algebras. As a further example we give the

following.

THEdREM 5¢3.7.
A is a C*-algebra acting oﬁ a hilbert space R , and f\ is a finite dimensional
hilbert space. Take w € CP(A; &%). Then w is a BW limit of completely
positive maps of the form

N

Xt > ‘(.‘.)g,(x) V\_i® ;ii where gie\?, ’\ie?\ i=1,e0..,N0
i=1 ¢ '

PROOF .
Apply the known result, [j6,§ 3.4] or [22], wvhen & = € to An and then

use Lance’s correspondence to deduce the result for CP(A; %).

§5.4.

Copsider a C*-algebra A, and- f an arbitrary hilbert space.
We will see how a closed two sided ideal I of A determines a decomposition
of P(A: %) in a natural manner.
If W : A — A/I is the canonical homomorphism, then
W1 AOM —>AeM /IOM = A/I®M_  satisfies un(An“‘) = (An/In)+
= (A/D)_*. It follows that the map % —— oW is a bijection
between CP(A/I; &) and those elements of CP(A;& ) which are zero on I.
This bijection preserves the norm and is bicontinuous for the BW topologies.
We first decompose the whole of CP(A; & ) relative to the ideal;
the decomposition of P(A;#) itself follows in 5.4.2. These results

generalise [ﬁ6; 2.11.7—8] which are concerned with positive linear functionals

and pure states.
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THEOREM 5.4.1.
Let A be a C*-algebra,and Iaclosed two sided ideal of A. If ¥\ is a
hilbert space, take any & € CP(A;% ),

i) There exists on unique decomposition ® = &, + K

1 2
where . € CP(A;8) i=12, K, = Kd! and ®,(I) = O.
1 11

ii) The pair (W ,V,) is identifiable with (’TT“‘G)Tsz, qu + Vo(2 )

'ﬁkz is zero on I, and Cﬁ“‘)II is non degenerate.
PROOF.
Let wy = , and R1 be the essential subspace of ‘TqI ,
ive. R, = [W(IRY]™ = [De)V&] = [¢(DV&]-
Put R, = Rq©K, , anda V. = Pe, W 1=1.2.
Let Ty T, be the subrepresentations of T defined on Fa, Eé
respectively. Then [—:ri(A)viis\]' = R, i=12
Hence if we put ui(x) = V;TT(X)Vi x € A, 1i=1,2; QL Vo{ )
is identifiable with the minimal pair (ﬂ'i, Vi) for i = 1,2. ’
Then ua(I) = 0, since 112(1) = 0. The répresentations‘ﬂa and TT1!I

*
are non degenerate .Hence Ku1 = 2;1 V&1 = V:“‘V1 = (?“1|£)V°H|I = KOH :
In particular if K, = K , then
I
Ky = ViV, = VIV, + ViV,

shows that VEV2 = Q0. Hence_o(2 = O.
The equality V = V1 + V2 shows that ® = & + R, .

1
We now prove the uniqueness in i). Suppose 61, 82 € CP(A; \\), such that
o® = B1 + BZ’ KBq = KBqII , and 32(1) = 0. The previous
, replacing e« , shows that (‘ITB )II is non degenerate.
1
Hence if u, is an approximate identity for I, then for all x in A

argumentwith B3

B,(x) = st lim B, (xuy).
Similarly a1(x) = st lim uq(xux). But &, and B, coincide on I, as

«2(1) = 0, and 82(1) = 0. Hence o, = Bq, u2 = 82'
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THEOREM 5.4.2.

A is a C*-algebra and I is a closed two sided ideal of A. 8 is a hilbert

space. Let PI(A;S\) = {fw e P(as%) wlp = o} ,

Pl(A; ) = fuw € P(A; %) ¢ wjp # O} .

i) For any ¢ PI(A; ), let &' be the element of CP(A/I; %) obtained
by going to the quotient. Then A+ o' 1is a bijection from PI(A;h)
onto P(A/I; % ).

ii) The map & +— ¢ |[{ is a bijection from PI(A; ®) onto P(I; ™).

PROOF.

i) See the argument of [16, 2.11.8] .

ii) Take d € PI(A; ®). In the decomposition & = &, + &, of the previous

1 2
theorem, ol,], &K, are proportional to o . 0(2 is zero on I and & is
non zero on I. Thus &, = 0, and 0<=°(,‘. Hence K“I = K,,which
implies ""‘II" = 1. By [16, 2.10.3] and Theorem 5.L.1.i, (s )| is

irreducible. Hence o(,I € P(I;%).
If o, " € PI(A; W), and o(II = o("I , there exists an isomorphism of

Ro'» onto Rdl , which transforms V“II (which is the same as Voc ) to

V"-'lI (which is the same as Vi ), and (T )II to (TT,u)l 1 » and thus

T, to Ty by [16,2.10.4] . Thus ® = &', and the map & 3« |;

of ii) is injective. Finally,if 8 € P(I;®R), the irreducible represenation

T, can be extended to an irreducible representation - of A Ei6, 2.10.4] .
Since ”KB | = 1, X (x) = VET\'(X)VB,X € A gives an element o
in PI(A; %) such that o('I = B. This proves that the map & —3«  of

ii) is surjective.

We thus have for each hilbert space & , the following commutative diagram:

P(A/I;%) y PA; %) ¢ P(I;%)
(a/1)* ) A ¢ I

The vertical arrows represent surjections. On a horizontal line, two
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two arrows represent injections, which map onto two complemantary

subsets, whose union is the whole middle set.

§ 5.5.
> Consider again a Banach *-algebra A with approximate identity,
B\ a hilbert space and K a fixed operator in B(31)+. We will now
make, some observations regarding

CP(A;91,K) = {w € CP(A; §\):K = X |
and in particular P(A; $1,K) which we define to be those pure elements of
the cdnvex cone

{w € CP(A; ®): K, = MK for some A =2 o]

which have norm “Kll.

PROPOSITION 5.5.1.

A is a Banach *~algebra with apbroximate identity, % a hilbert space

and K € B(b’\)+. Put B = iwe CP(A;®): K, = AK for some A € [0,1]} .

Then :

i) B is convex, and if A has an identity, B is compact for the BW
topology-

ii) The extreme pointé of B are O and P(A; % ,K).

iii)If A has an identity, B is the BW-closed convex hull of o and P(A; 91,K).

This result should be compared with [16, 2.5.5] where % = €,
and contrasted with 5.%.1 when dim & 2 2. Note that if A has an identity,
then, B = {w € CP(A;%): w(1) =)K for some Ag¢ [o,’l]} .
Moreover, CP(A;%,K) = {w € CP(A; ®): w(1) =K } is convex and BY
compact. The extreme points of CP(A; 51 ,K) are the extreme points of B
which lie in CP(A; " ,K), namely P(A;&,K). Hence CP(A; §,K) is the BW

closed convex hull of P(4;N,K).
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As regards taking quotient C*-algebras we can show the following,

which extends [16, 2.11.8] about pure states.

PROPOSITION 5.5.2.

A is a C*-algebra, and I a closed two sided ideal of A. ¥ is a hilbert
space, and K € B(?\)+.

Put Po(A391.,K) = fw € P(AR,K) : w|p = O},

If w lies in PI(A;N,K) let w' be the induced map on A/I obtained by passing
to the quotient. Then w+—w' is a bijection from PI(A;81,K) onto

P(A/I; % ,K).

§ 5.6.

We are now going to give a sufficient condition for the covariance
of certain representations of C*-algebras relative to a one parameterv
group of *—automorphisms.

Let A be a C*-algebra and ®, a strongly continuous one parameter
group of *-automorphisms of A. We will use the notation of § 1.3« Thus

,e) K ft,w) € A" [sHt,w) for all s,t in R ,
gince each ut is multiplicative. In particular

o ()
is a subalgebra of A. '

If B is a Banach space, let H (B) denote the space of all
strongly measurable, essentially bou;ded B-valued functions h on 1R such
that /f(t) h(t) dat = 0
for every f € Lw(]R) such that f lives in some interval [€, ®) where
€ = €; 7o

‘The following proposition is readily deducible from [5,Prop 5.1] .

PROPOSITION 5.6.1.

Let M € B(A,B). Then the following are equivalent:
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i) ml AO.

ii) t —3 )&ut(a) belongs to H°(B) for every a in A.

If m satisfies i or ii above, it will be called an analytic
map. Note that ii implies that there is a B-valued bounded analytic function
in the upper half plane z = x + iy, y » o, which has the function‘ﬂo&(a)
as its boundary value (in an appropriate sense) as y — o.
The next result generalises [?, Theorem 5.3] from covariance
of cyclic represenations, with analytic linear functionals to covariance
of % -cyclic represenations and analytic operator valued maps. As
pointed out by Arveson, this can be regarded as a generalisation of the

theorem of F. and M. Riesz that analytic measnres are quasi invariant,

THEOREM 5.6.2.

Let &§ Dbe a hilbert spacem, ané w € CP(A;®). Let (77,V) denote the

Stinespring represenation of w, and suppbse there is a partial isometry

W in TW(A)" such that W*WV = Vand M(x) = V¥W* W(x)V ,x € A, defines
an analytic map m . Then there is a strongly continuous one parameter

unitary gronp U, on the space R‘w’ such that

&, (a) = U TT(a)U] Vae A, t € R.
PROOF .
For each t in R ,let R, = [\[ U TTA[s,vo)Vf],
s<t L fen

where if F is any subset of K " EE] denotes the closed subspace generated

by F. If s <t, then mAft,0) & TA[s,00) .
Hence \(t 2 TrAlt,*®)V¥l . To show that UR, is dense in Rw, it

suffices tb show that U Alt, ®) is norm dense in A, since (T,V) is
teR
minimal. But \J A[t,®) contains every element of the form o/f(t)ai(a)dt
teR ,
where f € Li(]R) is such that f has compact support and a € A. So if

A € A* amnihilates UA[t,®), then [f(£)AX,(a) dt = O, for every such
£
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f and a. Fixing a, it follows that Avt(a) = O a.e. By continuity we see

that A\ = O. This proves our density statement. Now put ‘Qooz N Rt )
teR
and we claim Ry = 0 . The relation Afs,») A[t, ®) € A[s+t, ) implies:

that w Afs, @)[Talt,0)v € [Talsrt, @) VE] VY steR.
o c

Hence T A[s, ®) 'Qt C Ks+t°

for all s, and hence MM (A)Rw & Ry . But by proposition 5.6.1, M

This shows that T A[s, ®)Ke & R o

annihilates A[t, ©) for every t » o. i.e. TA[t,®) V&L uV&A for tYo.

In particular K, L WV% and Ry L WWH. It follows that

T(A)Re L WVHR and KRe L T(AWVH . But W* €m(A)", and W*WV = V.
Thus Rg L wA)VER , and Rp = O since (7,V) is minimal.

We can obtain a projection valued measure P(+) on R satisfying

Plt, )»ew = Qt,

we can show that the unitary group U, = '/;1tx dP(x) satisfies
Ta(a) = U T(@U; VYae A te R

t € R. If we follow the argument of [5, Thm 5.3:] ,

The above theorem can be generalised by considering annihilating
maps on the subalgebras A_ = ( U A[t,0°)) . This idea, for linear

> t7s
functionals (W= €) , is due to Oleson [6’7} .

§ 5.7.

In this section we restrict our attention to a W*-algebra M,
and in particular normal CP maps.

If ® is a hilbert space, it is clear that « € CP(if; &) is
normal iff Ty is normal. Let cP”(M; ) denote the normal elements in
CH1; !n). By the Cauchy Schwartz inequality

o (x*)x(x) £ k(x*x)llwy,x € M

we see that if M is a von Neumann algebra,end & € CPw(M; 1), that
is ultrastrongly continuous, and its restriction to bounded sets is strongly
continuous. Moreover, amongst all projections G ¢ M, such that &G = O,

there exists an F majorising all others. Moreover & (TF) = O = o (FT)
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V T¢ M. The projection 1 -~ I' is called the support of &« , and writtten
Ey .

For example,suppose M is a von Neumann algebra acting on a hilbert
space ® , and « & CPY(M;R ) can be written as

«(x) = .2 AYxA; , where A, € B(®,R) |

and é ATA, & k1, forlglme k < » . Then E = Eﬁg: where X = \_JiAi%\} .
(see [16] for the defimition of Ey ) . & is faithful iff X is separating
for M.

Now if « ¢ CP”(M;%\), for a W*-algebra M, ker 1Ty is a closed
two sided ideal in M. Hence there exists a central projction ¥ in M,
such that ker™; = MF. The central support of E, is 1 - F.

Thése considerations will be dealt with further in § 6. for

unbounded CP maps. The following Propbsition will be useful in the next

section.

PROPOSITION 5.7.1.
Let A be a C*-algebra, A its enveloping von Neumann algebra, and n o4
hilbert space. Every element w of CP(A; %\ ) can be uniquely extended to

- et - w . 1y oy T~ r~\ : - X PR B 74 - ¥
an element w of CP (A;%). Moreover (7 ey Va) ("w’fw) and Ke = K .

§ 5.8.

We will discuss here tensor products of CP maps. If A1 and A2

are C*-algebras, A’I Gﬁ AZ denotes the C*-tensor product [_54, ’1.22.8] R
[ ]

> are W*-algebras A1§>A2 denotes the W*-tensor product

[?4, 1.22.1Cﬂ . The following proposition is then well known for state

and if Aq, and A

spaces [j6,17,54] .

PROPOSITION 5.8.1.

Let 3\1, %\2 be hilbert spaces and Ki‘e B(?\i)+ i=1,2.

i) Let A,, A, be C*-algebras with w; € CP(4;; @,,K;) i=1,2. Then

2
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there exists an unique element of CP(A.@ A 5\ ® &1 K, @K, ) written

1
W, ® W such that (w1®w2)(a1®a2) = w,](a,l)owz(aa) Va,]e A,], a, € A
Moreover (T , V. ) =~ (M e m ,V @V ).
W, ® W W, ® W, W, PR N

ii) Let A’l’ A2 be W*~-algebras, and W, € CP (A %\ LK. ) ( i.e. the
normal elements of CP(Ai; S'Li,K.) ) i = 1,2 . Tnen there exists an unique
element of CP (A,l@A 5, ® f\,,K, @K,) written w, Q" w, such that

) , _ v =
(w,‘® wz)(a,]@;az) = w,‘(a,‘) ®© w2(a2) ai c Ai’ i = 1,2. Moreover,
(Trw Wy, ! Vw W ) = (Trw QNTI-W ? Vw ® Vw )-

1972 18 %2 1 "2 M e

Now let A be a W*-algebra. Then if (A*)o denotes the polar
of A, 1in A = A**, we get a central projection z in A such that
A(1-z) = (A,,()O [54, §1.’I7} . If Xx€ CP(A;9) for some hilbert space, 8,

~ | .
let ® Dbe the extension in CP (4; h).

Put «"(a) = & (za)

and o°(a) = ¥(1-z)a for'any a in A.

Then of € CPN(A;\\) and x° € CP°(A;Nn),(singular elements of CP(A;?\)).
This decomposition is unique.

Now if A,] and A, are W*-algebras, and v, € CP(Ai; S‘\i) i= 1,2
vhere X\i are hilbert spaces, we have v, @ Yy € CP(A,,I ®¢°A2; 5\1 ® hZ)'
We can regard A,l ®a°A2 as a C*-subalgebra of A1 & A2, the W*-tensor product,
and can therefore extend W, @ W to an element of CP(A,] ® A2; 5’\1 % 8\2).
Hence product mappings exist without O-continuity. We cén regard the

following theorem as the CP analogue of [62,63] where the singularity

of product conditional expectations is analysed. (A conditional expectation

is CP by [56] ).

THEOREM 5.8.2.

Let A,] and A2

i = 1,2. Then the following are equivalent :

be W*-algebras, 3\1, %\2 hilbert spaces and w. & CP(Ai; f’\i)

i) Either w, or w, is singular.
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ii) Every member of
» s - . —
{YG Ct (1\,:48.11.2,8\1 ®%\2) : Y(a,l® a2) = w,‘(a,])ewz(aa) ' a; € Ai}
is singular.
PROOF.
i =3 ii. Take Y € CP(A, & A,; . ® H1,) such that
X(a,]@»az) = w,](a,l)@ Wz(ag) v 8,y 85 € A,‘, A2 respectively,
and -suppose w

ie singular. For any a, in Aq, ?i € T(S\i)+ i=1,2,

1 1
<a,]®'1, Y*@@y‘*) = (w”{(a’l)® w2(’i), pe y) = (a,‘,wf"(p,l)(wz(’l), @2\ .

Hence the restriction of *(*q)@ @2 to A, ®1 is asingular functional.

1
* . . - *’ -“ . w t

But X9>1®p2 is positive. Hence Y (p'a@?oa is singular by [-62,Le,.1ma 4.3_’ .

Thus ¥* T(01,)0 T(f,) = (4,84,), . It follows that ¥ is singular.

ii = i. Conversely suppose every product CP map is singular. Let

H, respectively, and take CP maps

A1, A2 act on hilbert spaces Hq, >
1y . n n
N .} = a. = . . = .
a;t B(H,) — B(®\") i = 1,2 such that a, A, we oo (a)) 'Ai (w,)™,
i = 1,2. Take a family of orthogonal minimal projections iei T ie I}
corresponding to a base for HZ’ Put e, = 1®ei, eJ = i%J e
and &, = 1®@e; for a finite subset J of I. Then
e (B(H,)® B(H,))e; = B(H,)® e B(H,)e;
= B(H,)® B(c.H,) = B(H)@, Ble.H)
J 27 17 oy J 2

the C*-tensor product, because e H, is finite dimensional.

Consider

— 1 . C O
ul = aei; ¢ B(H,‘)®¢°B(eJH2) — B( &1)®°’°B(eJHz) B(h1)® B(HZ),
where 1 denotes the identity map on B(eJHz)’

Define uJ(x) = uj(eJ p's eJ) for x € B(Hq)(m B(HZ)'

Then uj : B(H,]) ® B(HZ) '——)B(ﬁ\,]) ® B(HZ) is CP for each finite subset
J of I, and ”uJ” < “aqﬂ. We order f J ¢ J finite © I} by inclusion.
Thus by BW compactness, there exists a CP map

u ¢ B(H,) ® B(HZ) —-—-)B(S\\ ) ® B(Hz) and a subnet such that

u —) u in the BW topology for this subnet. If x€ B(Hq), y & B(H2)’
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u(x® y) lim'uJ(xe y) = lim u' (8, xoy 'éJ'.) = lim u! xee

J G J J7€g

i

lim a,](x)qo eye; = a,‘(x)@y ,

where the limit is taken over the subnet for the BW topology.
Similarly, we construct v, CP , from B(é\,])éB(Hz) —> B(% 2 ® B(ﬁz),
satisfying v(xe y) = x@az(y) Vx e B(b’l,]), y € B(Hz).

Put b = vu, which is CP from B(H, ) ® B(Hz) —_—) B(S’11) ® B(%la)

and Y= b|, =
84, .
ThenYd1®d2 = a,(d) ® &,(d,) Vdi € Ay, i=1,2.
n
! —
Now uy = a,]@'lJ Ve a, @ 1J .

Take a positive alement ¢ in B(Hq)@B(HZ).

Then uJ(c)z ut & c . a,ln@’l e e = (a

n .w ~ ~
J S5 °¢ ¢ J €% @ 1) e;ce

1 J

Hence since the BW limit preserves order,
u(c) 2 a1n®”’l (c).

Similarly v Y 1 @Y azn . Thus b Y a,‘n @waen , which implies

. n_w n n w n
L blA,'é A, v oa, @7, A® A, = W @, .
But Y is singular, hence w,]n@"wzn = 0O, which implies that either w,]n
or'wan‘= 0.
§ 5.9.

Here we shall study completely positive maps on the C*-algebra
of the canonical commutation relations. Let (H,6) be a symplectic space,

i.e. H is a real vector space with ¢ an R-bilinear form on H, which is

antisymmetric
s(h,k) = - o(k,h) ¥ hk ¢ H
and regular
6(h,k) = O ¥ ke H implies h = o.

We define A(H,0) to be the algebra of complex valued functions on H, having

finite support, with the twisted product

(a.b)(n) = 5 a(k) blh-k) e~ t0UN)

k&« H

Va,b € 4 (H,6),he H,
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involution,
a*(n) = a(-h) Va € AH,0), h € H,
and the natural laws of addition and scalar multiplication.
A canonical basis for O (H,0) is iSh : h € H}, where Sh(k) =0
if k #h and Sh(h) = 1. R (H,0), the representations of the CCR's over
(H,0), is defined as the set of those non-degenerate represenations T
of A(H,0), such that L € ﬂ%—————§1T(5éh) is weakly (or strongly
continuous)for all h in H. A (H,5) which we refer to as the C*-algebra
of the canonical commutation relations, is then defined as the C*-algebra
obtained by completing A (H,o) with respect to the norm
lafl = wsup fwla)) .

*eR(H,o)

We also recall that a Weyl representation W of H on a hilbert space f2w

is a map W from H into the unitary operators on Qw satisfying

a) Wh)* = w(-h) Vhe H
B) W) W) = W) eSO ¢ p e
c) W(Xh) are continuous in A €& R, in the weak operator topology on

B(R ) for each h in H.
There is a natural one-one correspondence between the set of all VWeyl
representations, W (H,0) and R (H,0); where wé€R(H,o), gives rise
to the Weyl representétion
wn) = [w(s)] h e H.
For further details on these matters see [?1,41] .
Let @ be a hilbert space and let K(%) be the space of functions
% : H — B(%) which satisfy -
i) For any n % 1, }%j € H j=1yeceeeyn

(the matrix) [exp sECRECI nk>] ¥ O inB(R)

ii) If h,k € H, t —> %(th + k) is continuous from R into B(®) for
the weak operator topology.

Take % € K(%), and define Af) to be the complex space of
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functions from H into "N  with finite support. We define a bilinear
form < , 7 on AO as follows :

For g,f' € AO , put

<g2.,8y = & exp-106(hk) %(-k+h) § (), §'(x) V.
h, ke H 2
By property i) of K(&®), ¢ , ¥ is a positive semi definite form. For
h € H, define a linear operator W, O(h) on AO by
_ (
W;\C’O(h)'\ = n for "\ EAO’

where W (k) = exp +1 6(k,h) 4 (k-h) for k € H, (5.9.1).

2

. | - 4
Then (wfc,o(h) g \Jﬁ’o(h)"\z) = _('\1, Y\z7 N, M, € Ao’
Now let Mg = fnea, = <agy = o} .

Then N’);\{ is a linear subspace of AO, invariant under W;{ O(h) for all
b
h € H. < , Y determines an inner product on Ao/Nfc , and let f;{
be the hilbert space completion of Ao/NQ' Then Va O(h) induces an unitary
]
operator w;{(h) on Rg{, for each h in H, satisfying
Wi(h)( 1+ N;{) = ’n' + NX’

where A¢d , and W' is as defined in (5.9.1). It is straightforward
to check that W;[ is a Weyl representation. TFor 263’\ , consider the element
$o € A, defined by
go(h) = o ifh#Zo
4 h = o,
Then g - ;o + Nx gives a bounded linear map V;{ from ® into RQ
»~ _ * A .
such that x(h) = Vi d),«c(h)Vx ¥ h € H

Before proceeding it is convenient to introduce some definitions.

DEFINITION 5.9.2.
A Weyl representation W is said to be N -cyclic if there exists V& B(ﬁ\',@d)
such that Vo is cyclic for W i.e. [WE)V®] = R . V is then said

W. with %-

to be a cyclic map for W. Two & -cyclic Weyl represenations W, 5

cyclic maps V1, V2 respectively, are said to be equivalent if there exists
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a unitary map U : R —f such that
W1 W2
-1
W,l(h) = Uwa(h) U V h e H, and v, = UV, .
. . - _ - 7 .
This occurs iff V1 wq(h) V1 V2 wz(h) V2 h € H.

Analogously, we can define ¥ -cyclicity and & - equivalence
for representations of O(H,o), in particular for ‘R (H,o).

We have thus shown that to every element % in K(®) there
corresponds (uniquely up to @ -equivalence) an f -cyclic Weyl representation
We, with& -cyclic map Vs, such that x(h) = 3V.(h) V, Yhe H
Conversely,every element of XK(%\) arises in this way.

These considerations lead us to the following characterisations
of CP maps on ﬁhe CCR algebra, which generalises the familiar state space

results @1,41] . However note that the case &= €, and W1 £Z ¢, are

slightly different. If %e¢ K(%1), it is clear that §, — %X(h) (n € H)

defines a positive linear functional on A (H,6), and the above construction
of w&, V; etc can be bypassed by the GNS construction. However if fi# C,

and % € K(W), it is non trivial that § — %(h) defines a CP from

A (H,0) into B(® ), and the above construction is deemed necessary.

THEOREM 5.9.3.

The following spaces are in one-one correspondence

i) & -equivalence classes of W -cyclic Weyl representations .

ii) @ -equivalence classes of f-cyclic represenations T in R (H,0).
iii) K(&).

iv) w ¢ CP( A(H,0),% ) satisfying t — w($ ) is weakly continuous

th+k
from IR into B(%\) for all h,k € H.

§ 5.10.

>

We will now concern ourselves with the dilation of a family of
CP maps, indexed by a group G, (from an operator algebra into itself),into

a group of *-automorphisms on a larger algebra. This problem has already



133

been considered by E.B.Davies [12J within the theory of quantum stochastic
processes, and more recently by G.Lindblad for quantum dynamical semigroups.
[}9, Theorem é], both working in the Schrodinger picture. For technical
reasons we will omit from our treatment continuity considerations when
G is a topological group.

The following theorem can be regarded as the C*-algebra analogue

of E.Stroescu's Banach space dilations [58, Theorem 1 ] .

THEOREM 5.10.1.

Let A be a C*—algebré with identity and G a group. For each g in G, wg

is a CP map of A into itself such that wg1 = 1 and W, = 1. Then there

exists a C*-algebra B contatining A, and a homomorphism ¢ from G into

the *-automorphisms of B, and a normal conditional expectation N from B

onto A satisfying :

i) N( §éia) = wg(a) V ge G, a€ A, where i denotes the embedding
of A in B. |

ii) B is the C*-algebra generated by{@g ia : g ¢ G, a¢ A} .

iii) The identity of A is an identity for B.

PROOF .

Take A to be faithfully represented as a concrete C*-algebra on a hilbert

space N\ . Then Wy € CP(A;% ,1) Vg € G. For each g in G, let L v,

g
Qg denote the Stinespring representation T, etc. Then K, =fn ,
g
V1 = 1, T, = 1, and Vg is an isometry for all g in G.
Define R = @ K _, and B, = B(R) for all g in G, and put B_ = @ B_.

gec  © geG
For each g in G, we will define a unitary operator Ug on R ,

Put U, = 1, and for g € G, g # 1 ,

’
define (Ugf)h = | $n h £ 1,8
4' Vo §q (1 -VVe) 3, h=g
| Véfg , h = 1.

-1
Then Ug g’ 8
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£a O .
For g< G, define §g : B, —> B_ by
o -1 ' il
(égf)h = Uy Ve The Une U for f € B_, he G.

Then @O is a homomorphism from G into the *-automorphisms of BO.
We can embedd A as a C*-subalgebra of BO as follows: Define i A — Bo
by Ga)y = @ ) =T s, Vae A he G
The identity of A %s then the identity of Bo' Now define Né: BO-—%Iﬂs\)
by NOf = W*qu, where W is the isometry from f. into R defined by

(wg)hz 0 h £ 1 V £ % ‘

§ h = 1.

Then it can be checked that‘ N° gp;(ia) = wg(a) V g € G, a e A.

We now indicate how to prove that if g € G, a, € A, 1 = 1,2,e00e.,0,

o
&
In order to do this, we first show by induction on n, that if S€ %1 is

then N° gzn(an) ceeer b (2) € A

kept fixed

U m(a)U_ U T(a. .) eennennnn U U ma)U_ w = 9>
En % Bn Bpqg W By By VB h

where for each h in G, ﬂﬁ is a finite sum of terms each of the form

1rh(x) Vhy-§ x,y € A ,i.e.
n _ P
h = 2 Tp(x) Vy ¥5 8
where (p,x1,.....,xp,y1,. ....... ,yp) depend on n, and are independant of

SESN . It follows that

0 %0 o n
N @gn(an).o.oconég/' (a,])g = ']10
But by the above induction, '1{‘1 = x3 where x € A.
0O « O - 0
Hence N § gn(an)..'..... 0] g1(a,‘) e A.
Let B be the C*-algebra generated by {@ g(a) it g€ G, ae A} .

_ o . . : < . :
Then §g leaves B invariant and if Qg = §ng , B — Eg is a homomorphism
from G into the *-automorphisms of B. ILet N = NO,B . Then N is a
projection of norm one of B onto A, hence a conditional expectation.

The remainder of the proof is clear.
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Note that we can easily modify the proof of the above theorcn
to obtain similar results for W*-algebras and ¢ *-algebraswith families
of W* and £* continuous CP maps respectively.

We can obtain a number of corollaries from Theorem 5.10.1. The
first of which corresponds to Nagy’'s theoremw[59,6d] for unitary dilations
of contraction semigroups on a hilbert space, and E.Stroescu’s Banach

space analogue [58, Corollary 1] .

COROCLLARY 5.10.2.

Let ziwt ¢t 6.1R+}' be a semigroup of CP maps from a C*-algebra A
with identity into itself, suc}i that w_ = 1 and w1 = 1 Vt 2 o. Then
there exists a C*-algebra B containing A, a one parameter group of
*—~automorphisns §A: of B, and a normal conditional expectation N of B
onto A satisfying{

i) N§ @ = w @ ¥ oa e d te R

ii) B is the C*-algebra generated by {ﬁt(a) t:t € R, a¢e A} .

iii) The identity of A is an identity for B.

The hilbert space and Banach space analogues of the following

were obtained in [59]"and [58] respectively.

COROLLARY 5.10.3.

Let w be a CP map from a C*-algebra A with identity into itself satisfying
wl = 1. Then there exists a C*-algebra B containing A, a normal
conditional expectation N from B onto A, and a *-automorphism ¢ of B
satisfying :

i) N§') = w(a) Vae A =n€Z.

ii) B is the C*-algebra generated by {én(a) : ae€e A, ne€ :Z} .

iii) The identity of A is an identity for B.
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The next corollary corresponds to Ando’s result for unitary
dilations of a pair of commuting contractions on a hilbert space[:2] .
As in the Banach space case, [58] , we can take a finite number of not

necessarily commuting operators.

CORLLARY 5.10.4.

Let Wi vemeees ; wp be a finite system of (not necessarily commuting)

CP maps of a C*-~algebra A with identity into itself satisfying wi1 =1
for i = 1y4.4..,p. Then there exists a C*-algebra B containing A, a
normal conditional expectation N of B onto A,a finite system of commuting
*~automorphisns @1 yeessey ép of B satisfying

e

i) gL e e Bl (&) = w il owII)n"lCa) for all a in A

My geeeeny np in Z.

ii) B is the C*-algebra generated by
{Q?'o eessecnc oég" (a) : a € An,],....,n € Z} .

P
iii) The identity for A is also an identity for B.

Again there are W* and £ *-analogues of Corollaries 5.10.2-5.10.k.

b 5.1,

Several authors have studied semigroups of positive maps on
C*-algebras, e.g. [ﬁ2,13,30,31,32,39] . Lindblad [bé]has been particularly
concerned with the infinitesimal generators of norm continuous semigroups
of CP maps on operator algebras. We aim to extend this work, bystudying
strongly continuous one parameter semigroups and groups on C*-algebras
which have various positivity properties, e.g. 2-positive or CP mappings.

In the first place we remark that if A is a C*-algebra, G a
group, and { wg t g € G} a contractive group of 2-positive maps on
A, then wg is in fact a group of *-automorphisms. This follows from the

following lemma.
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LEMMA 5.11.1.

Let A be a C*-algebra, and w : A —=2 A an invertible linear map such that

w and w~1 are 2-positive and |lwilf = 1 = Hwbqﬂ Then w i3 a
*~automorphism.
PROOF'.

This follows from 5.1.3%.

We will show that it is possible to have a T*-algebra A, with
jdentity 1, and w ¢ A —> A an invertible linear map such that w is CP,
but w | is not 2-positive.

DEFINITION 5.11.2. [39] .

Let A be a C*-algebra, and © € CP(A,A). Define 1, € B(A,A) by

o
Ly(x) = 6(x) - {Kgx} X € A.

LEMMA 5.11.3.
Let A be a C*-algebra, © € CHA,A). Then the following conditions are

equivalent 3

i) Le is a derivation.

ii) Le = O.

iii) o(x) = Kex Vx e A ( and Ke lies in the centre of A ).
iv) 1fe(X)Ve = VX Vx € A.

Now let A be any C*-algebra, © € CP(A,A) and {expi:é: t Y o}
a strongly continuous one parameter semigroup of *~homomorphisms of A.
Then using the Lie-Trotter formula as in IBEJ and [Béj , we see that

{ expt(s + Le) : t ) o] is a strongly continuous one parameter

semigroup of CP maps.

TIEOREI’i 5.11 .L}'o

Let A be any C*-algebra, with identity, © € CP(A,A), and expt® a
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strongly continuous one parameter group of *-automorphisms of A.
Define L = Le + 5 . Then the following conditions are equivalent:
i) exptl is a group of *-azutomorphisms.
ii) exptl is a group of CP maps.
iii) exptlL is a group of 2-positive maps.
iv) L =§ .
v)  e(x) = Kgx, ¥Yx e A
vi) fe(x)Ve = Vgx VY x € A&,

Now ict $\ be a hilbert space, and consider A = B(%). Take
v ¢ B(®), Vd& €1. Define 6(x) = V*xV x € A, It is then seen that
e»q«tga is never 2-positive if t < O.

It is also possible to have a group of CP maps on a C*-algebra,
which is not a group of *-automorphisms. Let A be a C*-algebra, and K
a non zero self adjoint element of A. Then ut(x) R N te IR,
defines a norm continuous one paraﬁeter group of completely positive maps,
but o, is a x_automorphism iff t = o. We shall see in Theorem 5.11.6
that this is essentially how all norm continuous one parameter groups of

CP maps on C*-algebras arise.

The following Lemma generalises a part of [59, Corollary 2] .

LEMMA 5.11.5.
Let A be a C*-algebra with identity and exptL t 7 o, a strongly continuous
one parameter semigroup of 2-positive maps on A, such that D(L) is a
subalgebra of A, and 1 € D(L). Then for all x in D(L) :

Lix*x) + x*L(Mx - x*L({x) - L(x*)x 7 0.
PROOF.
This follows from 5.1.2 if we differentiate

exp tL(x*x) ) exp tIx* [exptL1 + &) =1 exp tL x

and then let € { o.



THEOREM 5.11.6.
Let A be a C*-algebra with identity, and { exptL: t ¢ EQ} a strongly
continuous one parameter group of 2~positive maps on A such that D(L)
is a subalgebra of A, and 1 &€ D(L). Then if we define D(§) = D(L),
and $ x = Ix -1{X,L(1)}, X € YD(5),

S is a *-derivation, ind exptL 1s a group of CP maps on A.
Moreover, the following conditions are equivalent ¢
i) L is a *-derivation.
ii)  L(1) = O.
iii) " isa grouﬁ of *-automorphisnms.
iv) e’ =1 Vte R

v) "eLtﬁﬂ = 1 Vit € R
We also have the following partial converse to 5.11.5.

THEOREM 5.11.7.

Let A be a C*-algebra, and eLt a strongly continuous one parameter semigroup
of positive maps on A such that

i) D(1.) is a subalgebra of A.

ii)  L{x*x) - x*L(x) - L(x*)x % O V x € D(L).

Then el (x*x) % PPty (%) Vv x € A, t ) o.

and hence eLt is a contraction semigroup. |

PROOF .

The proof is similar to that of Proposition 1.1.2.

L Lt It

Let £ ¢ D(L) and define x(t) = e bexr o oltps oIty t > o.

Then x is continuously differentiable and for t 7 o

(1) = relfrrr o @eMtrn)eltr - elTer(re

eL(t—s)h

Ltf).

Moreover if h € D(L), then s — is continuously differentiable

in o ¢ s ¢ t and

> e(t-s)Lh _ . eL(t"S)Lh.
ds



Hence  x(t) - eth(o)

- f‘ 3 o(t-9L () ¢

e SO

3 € e
= - j-e(t"G)LLx(c) ds + fe(t o)L d_ x(o) do

o ° ao

¢
= J‘e(t"o')L [L(eLGf*eLo'f)- (LeLG.f*‘)eLGf - eLUf*(LeLo_f)] do
But by hypothesis, L(eLdf*eL6£) b L(eLUf*)eLo—f + e”d_f*(LeLOE‘)

. L(t-0) . e
for all f¢ D(L), o 2 o. Moreover e is positive in o € ¢ <€ t.
tL

Hence x(t) 3 e "x(o) = o ¥V t% o.

By density of D(L) in A we deduce :

eLt(x"‘x) )/ eth* eth Vx ¢ A, t J o.
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CHAPTER 6.

In this chapter we first consider unbounded completely positive
linear maps on a C*-algebra A, and then those which are invariant under
a group of *-automorphisms of the algebra. This generalises [7,6&] for
scalar valued weights. However we have left Hahn-Banach type considerations
(e.g. as in [?,Lemme1.5;] ) for further study.

In the first section we construct the Stinespring representation
for ah unbounded completely positive linear map & on A, and begin an
analysis of the ratural order structure for such maps. In § 6.2, when
has dénse domain, we are conceﬁned with the construction of a largest
operator valued weight & majorised by & , and with the property that
it is the upper en#eiope of continuous CP linear maps. The third section
deals with the quasi equivalence, equivalence, and type of the Stinespring
representation associated with operator valued weights, whilst in § 6.4,
we see how this study carries over to the enveloping von Neumann algebra.
We then study in 56.5 an uhbounded completely positive linear map &
with dense domain which is left invariant by a group G of *-automorphisms
of A, parallel to [7-]for scalar valued weights. We construct a G invariant
projection map ¢ of the set F of continuous CP linear maps dominated
by ® , onto the set ;7;) of G-invariant elements of & . This used to
derive various properties of the upper envelope of 5;. In‘§ 6.6 we
study asymptotically abelian systems (A,G) and their ergodic CP maps.

We remark that a great deal of the theory of §§ 6.5-6 can be generalised
to semigroups of identity preserving *-isomorphisms of C*-algebras into

themselves. Finally, in § 6.7 we make some observations regarding a

possible classification of the spectral type of strongly continuous one

parameter groups of *~automorphisms of a C*-algebra which possesses an

invariant operator valued weight.
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§ 6.1

Our first problem is a suitable definition for an unbounded
completely positive map on a C*-algebra, which we wish to regard as zn
operator valued weight.

Let A be a C*-algebra. If S is any subset of A, we denote
sapt by ST. We recall that a face of A" is a convex hereditary subcone
of A+, where a subset S of A' is said to be hereditary if o ¢ x ¢ vy,

y € S, x € A" implies that x € S. If F is a face of AT, then lin F

i

is a *-subalgebra D of A, and Dt F. The set {x € A: x*x € F} =L(%)
is a left ideal of A such that D = LEFE)*L(F). A subalgebra J of

A such that D = 1in D7 and DT is a face of &', is said to be a facial
subalgebra of A. For details on these matters see [8,“3] .

It is convenient to introduce some more notation. If S is a
subset of a C*-algebra A, let Sn’ for each n 2 1, denote the subset of
An = A&Mn consisting of all n x n matrices over S; i.e.

s = {[aij] P oa €85 1 €4,) ¢n }
If ® is a linear map with domain D = l)d on a C*-algebra A into
another C*-algebra B, let LI be the induced linear map with domain Z)n’
by applyving o elementwise to each matrix over 0 . We then say that &

is completely positive if

i) D, is a facial-subalgebra of A.

i

ii) Given any n 2 1, ay (- K\K IKZL) for i = 1,2yee¢.4n

then un[a:’{aj < [x(a;aj)J > 0 inB_.
We denote by cp(A,B) all (posibly unbounded) completely positive
linear maps from the C*-algebra A into B. If fi is a hilbert space, we
let cp(a;®) denote cp(A,B(H)).
We remark that if Q is a facial subalgebra of a C*-algebra

A, then it is an open problem whether ZLI is a facial subalgebra of IXn

for all n % 2. For a von Neumann algebra the answer is yes.
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PROPOSITION 6.1.1.
If A is a von Neumann algebra, and D a facial subalgebra of A, then
l)n is a facial subalgebra of An for all n, and moreover
L), = D).
PROCF.

This is an application of [9, Lemme4.1{] .

COROLLARY 6.1.2.

Let A be a von Neumann algebra, B a C*-algebra, and & a linear map with
domain D = D, € A into B. Then o is completely positive iff o«
maps (an)+ into (Bn)+ for all n, i.e. «  is positive for all n.
PROCF.

Suppose x € ( Da )*. Then x =’x1/2x1_/2, where Xq/zé L(Dn) = L(D )n'

Hence x is a finite sum of at most n terms of the form [ézaj] wnere

ai G, L(@) =X\.( ..

REMARK 6.1.3.

We now show how operatof valued maps on facial subalgebras of C*-algebras
naturally arise. Consider the following definition of Haagerup :
DEFINITION 6.1.4. [24] .

Let M be a von Neumann algebra and M, its predual. The extended positive
part of M is defined as the set of functions m : M," — [o,%)
satisfying

1 mrp = amp  pen’, Ayo.

2) m(p +4¢) =mp + my D,y € M.

3) m is lower semicontinuous.

The extended positive part of M is denoted &+ . Note that each x_in M+
defines an element in ﬁ+ by (yk~—>?(x) y P € M*+. Hence we can regard

A
M as a subset of M .
+ +
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Let A be a C*-algebra, M a von Heumann algebra and [ an additive, positive

'y
+ ve
homogenous map from A into M,

i.e. 1) 8{x + y)

it

Bx + By v X,y € A+.

2)  B(wx) = ABR(x) ¥ x e AT, A > o.
Then D% = {x € &7 :x ¢ M.} is a face in 4", and hence is the
positive part of a facial subalgebra D in A. E1D+ then has a unique
linear extension to 0 , which we denote by B. We then say that B 1is
completely positive if B is completely positive.

Conversely,suppose 0 1is a facial Subalgebra of A, and & a
linear map with domain 2 into M, satisfying o OF ¢ fVI+. Then «|0+
can certainly be extended in at least one way into an additive,positive
homogenous map L from A" into ﬁ+,as follows :
1t x € A'\p* , pe 1, A0 , define ® =B by

| B(x)(}) = ©
Tt is then clear that B =¥ .

However if % is a hilbert space, and M B(% ), the cases

™ = G and % £ € are strikingly different. When W= €, the rap

,ﬁ) gives a bijection between the family of [o,08] valued weights

9 (D

on A+, an

2 S

the family of pairs (0,7 ) where Dis a facial subalgebra of
A and T a positive linear functional on 4. But if U ¢, and D a facial
subalgebra of A, with &« a positive linear map of D into B(% ), then
by considering simple examples, MLD+ may have more than one extension to
an additive positive homogenous map from A" into B(?\): , even if  1is

completely positive and Q is norm dense in A.

Having made these preliminary remarks, we now sketch our construction
of the Stinespring representation. Let A be a C*-algebra, S\ a hilbert
space and « & cp(A; ®). Define n‘ = L(Dx). Ve define a bilinear form

< 4 Y on the algebraic tensor product X\do%’\ as follows :
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If x,, yjelﬂd, 7., r\jeﬁ\ v i= T eeeestn 3= 1,0.0,n

t . : . . = X, : .

pu <& x,0%. ,iyJ ® "y iéj (of(nyl> £ ﬂj>
b}
This bilinear form is positive semidefinite as & is completely positive.
For each x in A, define a linear transformation 170(:';) on 8y 0N by
mT(x) s & x, 08, g xx, ® g
Then T, 1s an algebra homomorphism for which
.(‘W’o(x)u, v = (u, Trz)(x*)v) ¥ u,ve B« ofh |

Now suppose u = § x; @ 3. € N 0% | where x; € x\a, 7. € s
1= 15000040, and x € A. Define Yi = [I-lxllz - x*x}1/2 X € Y\o( for

i = 1,000y Since « is completely positive, we have

n
2 <Celyly) 3, 85> 3 o

1,j=1
This means that < ‘n’o(x)u, Tro(x)u'> < "*<||2 <u,ud .
Let Ny = {u e meS’\ P du,u) = O} . .Then No( is a linear
subspace of N 0N , invariant under Tro(x) for each x in A. < , 7

determines an inner product on mgOS)/Nu_ , and let K, be its hilbert

space completion. If /\d : ﬂde%\ —_— ﬂ“OS\/N“ denotes the canonical

projection, there exists an unique representation Ty of A on R «

such that  T(x)A, yes = A, xy®3 V¥V xe 4 yeVi, 1eh .
Moreover T () Ay yeg, Azen) = du(z*xy)g M) Vx €4, y,z €,
g nen .

If « € cp(h; &), we will use as standard notation the objects N , N,
Ag » Re » Ty constructed above.
We define a partial ordering % on the cone cp(A; &), by
S ) o B € cp(A; ) if
1) Du ?@p
2) The linear map & - B with domain Z)K lies in cp(A; &).
With' this order structure on cp(A;¥) we can show the following
theorem, which generalises [64, Lenme 2.3] for scalar valued weights,

and [4] for bounded conpletely positive maps on C*-algebras. It gives
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one side of a Radon Nikodym story. As we shall see in 3 6.5, the converse

is trickier.

THEOREM 6.1.5.

Let A be a C*-algebra, & a hilbert spacé, and «,B & cp(a;¥) such
that B £ & . The identity map on Na defines on passing to the quotient
a continuous linear mapifrom Ag M 0 & onto AB N,0 %" , which

extends to a linear continuous map \ from R« into R%. If

T = M*A and \ /2 is the polar decomposition of A , then :
i) T is an operator in the commutant Tl(A)' of W (A) satisfying
O ¢ 7T € 1 and
IB(y*x)% ,nd = (TAgx®% ,ALvy®1? Vx,ye Ne Q,V\GS’\
ii) The partial isometry W gives an equivalence between the subrepresentation

™2 of T, induced by the support of T, which lies in M (4)', and

the subrepresentation 1Tg of TTB defined by the stable subspace

[A (N @ Q)]™ of K.
PROOQY .

8§« implies that Q, € D, ¥y ¥, Ny € Ny. Hence the identity

map on Aﬁ induces a linear map A from ;0 %\/Nd onto
i : N, 0N
N, 0 5/, ¢ 9,0 S/, deee A ASLO Bo— A, B o
Let x, & Nk ,Aﬁie%\ , i=14e.e..,mt. Then

2 2
[NAE % @ ;?i)ll = ||ag(Ex @ %) |

i

X, - Y
i%j(MXIXJ) ‘33 35

*s | 2
Since A is bounded, it can be extended to a linear continuous map of
(‘_into R‘B which we also write as A ,with norm € 1. If T = A\*} |
then 0 ¢ T ¢ 1. If x,y €S\, gnefn then

-

CTA(x @8), Ay Y ® N = AN Agxeg L Agyen)

()\A“(X®§)1A/\“ye\\> (ABX@‘§ ) ABY®'\)

|

 By*x) %, ) -

1f also z & A, then



147

KT (z) A, xeg , A yon) {B(y*zx)% , ")

i

1

(Thex@®@€ Ty (z2%) Agy®nd )
Thus T € Ty (4)'.

Ifz € A, x€eWy,3%h , T (2) A, x®% =/\Bzx®3€/\ﬁb/\o<@€“.

Hence [I\ BX\“ O%\] is stable for T, and defines a projection P

in T\"B(A)‘, and a subrepresentation 70 of T We now show that the

B 3"
partial isometry W gives an equivalence between P and the support of T'/Z,

(which is the same as that of T). Ifz € A, x € N« , 2 € then

W, (z) 7V/2 Nx ©% W (z) T1/2A«x®g = W T1/21Q(z) Ax ®%

= N Agzx 8% A ozx ®%§

13
o 1/2
w00 v VA, x ©% .

1
]

TFB(z) AB X ®%

= Trg(z) AN x®%
. - W1/2 C . . o
Since T/ A ¥1a 0N is dense in the support of T;W gives the
equivalence between TT: and Trg.
In the theory of scalar valued weights, progress has been made
by studying the bounded positive linear functionals dominated by a given
weight [7,64] . In order to develop our theory of operator valued weights,

we find it convenient to introduce some more definitions.

DEFINITION 6.1.6.
Let A be a C*-algebra, %\ a hilbert space and & & cp(A; ). We denote
by 4 = %, the family

fu € CPas®) : W ¢x d
and by A = Y\_x , the set of operators S in T, (A)' such that there is
a positive real number M\ such that

I sAxog I < MxUlsll Vxe¥g, fen .

The next lemma can be proved by developing the arguments in

[6’-}, Lemna 2.3] , to which it reduces if " = €.



LEMMA 6.1.7.

A is a C*-algebra, % a hilbert space and o ¢ cp(A; ®). Then K is
a left ideal in T (A)'. For any S in %K , there exists a bounded linear
map V = Vs from % into [T\‘u( Y’\:)Q“]— such that SAx®§ = w (x)VE
for all x in b’\‘* , $1in % . Moreover if ‘gé%’\ is fixed, V% is the
unique element of [:Wd(n;)Ro‘]-'such that S/\ax ®% = ﬂ;‘(x) V§ for all
x in Bl .
)
Parallel to the theory for weights [64, Lemma 2.6___] , we can now

describe the relation between 9’ and K .

PROPOSITION 6.1.8.

. Let A be a C*-algebra, M\ a hilbert space and o € cp(4; &). For any

w in F , there is a unique S in W such that 0 € 5 < 1, and
ul{x*x) 3, %) - “S/\,pc@ﬁ ||2 V xel\, €% .

Conversely for any S in XA such that “S ” <1, there is an w in >,

such that

~

wix*x)® %) = ”S/&xo%”z v xe\ﬂ*, 2e™,
PROOF'.

Let w & f)" . Then there is a Tw in T&(A)' by Theorem 6.1.5 such that

ulx*x)$ ,8D = (T Ax®% yAGX® §) V xe¥, $€n.
Define S = Tw"/ 2, Then

" SAx ©f ”2 = Cwlx*x) 3,9> ¢ v “ﬂx“z “g"z,
so that S € KX . The uniqueness is clear.
Conversely, let S € K such that | S| § 1. By Lemma 6.1.7 there exists
V in B(§, R,) such that SAx@®% = T(x) Vi Vx ey, €™ .
Define w(z) = VT (z)V V z€ A, Ifx elBl,, §,¢ ¥ for
i=1,....,n then ,
S ulxpx) §50 £y = 1§ T ix,) Vg’i"2
s Asx, e £ slagm e gyt = S g0
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i.es w 4 & , and w 63",
REMARK 6.1.9.

In the situation of Propostition 6.1.8, we note the following :

a) W = T (A)' iff & coincides on {) with an element of CP(A; &).
b) If also 80( is norm dense in A , and w € F, then /\w N o~ is
dense in Rw' Thus by applying 6.1.5 to the pair (& ,w), and if T is
the operator defined there, TTW 1s a representation of A equivalent with
a subrepresentation of T, defined by the support of T.

We also observe the following, which is well known in the bounded case

[4] and for weights [64, Proposition 2.5J .

PROPOSITICH 6.1.10.

Let A be a C*-algebra, 1 a hilbert space, ® & cp(4; ") such that
D« 1is norm dense in A, and F contains a non zero element. Then
My is irreducible iff « is the‘ restriction to Jdy of a pure element

w of CP(A; S‘_\'). If htere exists an additive, positive homogenous map

B AT — B(&\): such that B = ¢ and x B(X)SD is lower
semicontinuous on AT for each P in T(ﬁ:\)+ , then & = w.
§ 6.2.

Throughout this section,‘A denotes a C*-algebra, and & a
hilbert space. If o € cp(A; %), we will be concerned with the construction
of a largest operator valued weight ) majorised by & , and with the

property that it is the upper envelope of continuous CP maps. Therefore

we will need a property of 5" called "€ ~filtrating" by Combes [’7] .

DEFINITION 6.2.1.

A family @ in CP(A; &) is said to.-be € -filtering if given € % o,
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w,], w2 in %/ , there exists b/in %/ , such that

(1 -e)wi $Y i=1,2.

When % = €, the following reduces partly to [7, Lenme 1.9]

and is proved but not stated by [64] .

PROPOSITION 6.2.2.

If x € cp(A;®) such that &), is dense in A,then # ise-Tiltering.

PROCF,
Given € Y o, Vs Vg € f}l , there exist 81, 82 € S/\ , such that
0 ¢ S; ¢ 1 and <wi(x*x)‘§,'§’> = “Si/\«xgg ”2 ¥xeYl,, %€ W,

Since KN is a left ideal in T,(A)', we can get S € K vy [66, Lermma 3.’1]
such that (1-€) s, € 85 & 1 fori=1,2,

Let w e F Dbe the element determined by S according to 6.1.8.

Then for all Xj e ﬂu , 5’3.68’\ sy J = Tyeeeneyn

3 (1"é)<wi(xgxk)§k’ *?j)

i 2
I b 6 S . A ) }\. . g .

i

o 2 "
$ lsngx o gy NRSICNE S P I

Jak

Since 6\,, is dense in A, we deduce (1 - € )wi £ w o i=1,2.

N\

PROPOSITION 6.2.3.
A family %/ in CP(A; &) is € -filtering. Then

B(x)(?)) = sup (w(x), y)) SD € T(S’\)+ , X € At

we §

defines a completely positive, additive, positive hoﬁogenous map [ from
At into B(R). If « = B (Remark 6.71.3) then :

i) Dt o={xe a: sup GOl < o}
° W

i) o« yw Y oweg .

1i1) If x, e Ny g.€®  i=12,.....m  then

n
1,3‘2: <o<0(x__’!£xj) }J., 2.% = sup 2([5()(;)(3.) gj’ §i)

toBe @

1
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PROOF.

It 1s clear by € =filtering that

B)(P) = sup <w(x), §7 x e AT, S T(%‘)+
defines an addi:ievz, positive homogenous map from AT into B(& )A+.
Horeover if ® = B, it is trivial that
Z),(: = {x € A" ¢ sup [[w(x)]] <°0} .
we §
Now suppose X, € AY and sup |l w(x,])ll < cgm for some c.
we§
Take ¢ € T(®), then ¢ = 9, = P i(CP5 = Py, P, € ‘1‘(3’\)+
and 9y = Gl = NP0 0Pl o W02 = Ps) = P59 [54] -

Then the linear extension of B(xq)(@) to T(®\) satisfies
‘B(Xf,)((]’)' ¢ ”@“ v ?? ¢ T(R).
Hence B(xq) € B(HN) = T(&V*, and x, € @,(: .
In order to prove the reminder, it is enough by polarisation to show that
if y, € Ne, 3,6 n o, i= 1925 0enne ;€05 € € , that there exists
W in 2, , satisfying
- . * < )
¢ (s2y.) €40 £5 <wlyty)) 35, 2.0l<e i

and w X% _(’l —é)w,].

H
-
-

L]
-~

=

This follows by € -filtering.

DEFINITION 6.2.k.
Y € cp(a; &) is said to be the upper envelope of a family -Q_j in
CP(A; &) if

i)  If x € AT, then xe Dy  iff  sup ||w(x) <o .
we g

ii) For all x, in X\{, g, in N, i=1...,n

n

We now state our decomposition theorem. If we restrict ourselves to

scalar valued weights, Theorem 6.2.5 reduces to [64, 2.9, 2.11] .
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THEOREM 6.2.5.
Let &« €& cp(A;®) such that Do( is dense in A. Then there exist 0(0 ,

%, in cp(A; ®\) such that

i X = + o
i) (od 1
-3

ii) o/ { o and og is the upper envelope of 7 . & majorises any

other map Y¢ cp(A;% )which is majorised by « , and such that Y is
. the upper envelope of a family in CP(A; %),

iii) o, 4 o4 and ®, majorises no non zero element of CP(A; &),

PROOF.

It is clear from Propositions 6.2.2 and 6.2.% that « , the upper envelope

of T exists, and X { & . Let Y be any other element of cp(4; &)

A)

majorised by & , which is the upper envelope of a family Ql in CP(A; & ).

+
Let x € Do(o . Then sup llw(x)l] < e .. However if w ¢ & ,
we
W $ )’., and Y 4 X show w € 7 . Hence Sué) fwG) | < e
| WE
. + .
i.e. x € dy « Thus Ddo < 2)1( . Take aie b’le(o &€ f\(, ?ié 3 B

i = 1,4.00,n. Then there exists w in € € J- such that
igj ¢¥(aja) .0 3> < g‘(w(a;aj) 50 87 + 1
c S<°‘o(a§aj) 95 §.° + 1 .

Hence

( g * N
iéj Y(aja) s, £y & §dw (aa)f, £,y

)

and Y £ AL e
Now define 2)4': D and X (x) = o(x) - & (x) for x in O .

Then ® 2 « » 0, and &« = CANE Y Let w € CP(A; 81) such that

1 1

w & & Then w £ ® , hence w e? so that w ¢ 0/0, and 2w < o ,

N 1'
Similarly nwf{®X Vn. Hence w = O, since D = 1indY and D is

dense in A.

| § 6.3.

We will now study quasi equivalence, equivalence and the typen

of representations associated with various operator valued wveights. All
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the results of this section are operator valued versions of those in

[ 7, 2.6 = 2.17 ] for the case of [c,»] valued weights. Again 4 denotes

a C*-algebra and & a hilbert space.

DEFINITION 6.3.1.
Let o € cp(A;%) with domain 0 , and F a family in CP(A; &) majorised
by & . We say « belongs to the closure of F for the topology of simple
convergence if any one of the following equivalent conditions are satisfied:
1) Given nym 7 1, and a, € (Dg)_, §; € HBC" for i =1,...m

and € > o, there exists B € F such that

I<x (a) ., §.0- B (a) 3., F.>| <€ 1= 1 eeeee,m

2) Given n,p 7 1, and a?é)ﬂa ,{3 e% I = 1yeeeeesP J = Tieeeyn

and ¢ > o, there exists b € F such that

n ..

[.,,§=1 <x(awap) 3y, 83 - jfm <rs(<a§3'a;)§li{ gy e

fOI‘ i = 1’oo¢oo,po

3) Givengq % 1, a, € fyg , 9, €N i=1..0q,and €7 o
there exists B € F such that
0 < <« (ata;) %, 2.5 - (B(a;ai) Si, ?i> < €

for i = 1ye0.44q

If o is the upper envelope of an & =~filtering family F in
CP(A; ), then & belongs to the closure of F for the topology of simple
convergence. In particular if o € cp(A; %) with '@x dense in A, then

«
. belongs to the closure of ? for the topology of simple convergence.

LEMMA 6.3%.2.
et « € cp(A;®) and cp(A;%) 2F , a family majorised by « . If B€& F,

let T be the corresponding element of TI;(A)' as defined in 6.1.5. Then

f3

® belongs to the closure of F for the topology of simple convergence

iff 1 is in the weak closure of {TB : B € F} = TQ(A)"
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PROCF .,

The family § TB} satisfies [Ty € 1 for all B8 € F. Hence 1 lies
in their weak closure iff given € » o, p,n 7% 1, 23 & Y , af; é b/\o(

h R N 1 e¢c-..,n , there exists B € F such that

< (1 -TB)/\u

Mo

1 i i . .
aj ® gJ ’ AdZaJ(&SJ) < 6 1= TyeaeyD

I

321
i.e. 1, i, i) ei i i i\gi i }<e
e { SCREEE DR FRIERU ISP S

for i = 1,eeee,De

PROPOSITION 6.3%,3.
Let o ¢ cp(d; ®\) and F be a family in CP(A; &) majorised by & . If

¥ denotes the corresponding element in B( % ,K,) such that

w € F, V
w(x) = (Vw)*Tr;(x) V" ¥Yxe A. If & belongs to the closure of F for
the topology of simple convergence, then the set {VB&: B¢ F} is

cyclic for Ty .

COROLLARY 6.3.k4.

Suppose o € cp(A; %), A and " are separable, and that there exists a
countable family F in CP(A; &) majorised by & such that « Ybelongs
to the closure of F for the topology of simple convergence, then R« is

separable.

PROPOSITION 6.3.5.

{B'}'GI is a family in cp(A; M) majorised by a single element & in
ili

cp(A; 1) and such that & TDbelongs to the closure of {lBi}iéI for the

topology of simple convergence. Moreover suppose that for each i in I,

there exists a family Fi in CP(A; &) such that Bi majorises each element

of F. and belongs to the closure of Fi for the topology of simple convergence.
i

If 00( is dense in A, then the representations T, and ?'\T’Bi are

quasiequivalent.
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PROCF.

Suppose each Bi € CP(A;® ). Then since Bi L w T‘—B is equivalent
i

to a subrepresentation of Ty defined by the projection P, in T (A)!

which is the support of the operator TB. associated with Bi (6.1.5.).
Hence o is quasiequivalent to the ;ubrepresenation of T, associated
to the cen’tral support Qi of Pi in the centre.of T (A)'. Therefore

® 1TB. is quasiequivalent to the subrepresentation of Tk associated
with t;e projection. Vv Q;  in the centre of Ty (A)'. By 6.3.2 this
is 1. In the generalliise put F = LZ F;. Then & belongs to the
closure of F for the topology of siépie convergence ., Hence

T, = @ v = [a)) ( ® Tﬁq) i~ 47) 1Tw. .

velF W jeI\ weFi i€] i

COROLLARY 6.3.6.

Let «, B & cp(A; %) such that B 4 X  and D: = A. Suppose that
there exists a family F (respectively G) in CP(A; $a) majorised by «
(respectively B) such that & (respectively B) belongs to the closure
of ¥ (respectively G) for the topology of simple convergence, then 'W'B

is a quasiequivalent to a subrepresenation of Ty .

COROLLARY 6.3.7.

Suppose & ,[ € cp(A; &) with 2) c ”Z)B’ X = and Z)."' = A.

B
2
If there exists a family F in CP(A; f), majorised by B and such that B

belongs to the closure of F for the topology of simple convergence, then

Ty and are quasiequivalent.

B

DEFINITION 6.3.8.
| nily in cp(A; &). Then
Let z“i}ieI be a family 1n cp(Aj
E = {x e (\Dd°+ : I A< s.t. 8 O‘i(x) < A1 for all finite subsets JSI}

J
is a face 1in A+, and hence is the positive part of a facial subalgebra D



in A. If x € 4, $ «. (x) exists as an ultraweak limit, and we define
iel
this limit to be «'(x). Let o be the unique linear extension of o

to ) . Then > g 3 for all finite subsets J of I, and in
i€Jd
particular & € cp(A;?n). We write ® = S O‘i.
i€l

(Alternatively, we could consider (& i). ).

PROPOSITION 6.3.9,
Suppose {ui}iél is a family in cp(4; &), and suppose « € cp(A;5)
with X € Soti. _Then the representation T, of Ais cquivalent to
a subrepresentation of & 1, .

ier ¢
PROCF.
For each i in I, let 0., N, A, R, . be the canonical Stinespring
objecectg defined by . for each i in I. Since o< { X , we have
by 6.1.5 a partial isometry W, o /\’“ —) Ri, and an operator T, € T, (A)!
such that the subrepresentation induced by the support of T. 1s equivalent
to a subrepresentation of Trui.For e Ry put ¥g = (W, (@)) e @ R, 5 .

1€l
Forxjé_mu < ﬁi, ?.é%‘l y J

WA E % @ gjll2 S |y A, j§1 X, ® §j||2

1,2...,01 we have

1

€T

) 161"/\2 5 ®g ”

-_—2 g (o((xy)?k, ? ?
Jsk—

b Cox(xi) 4y 5 357
ik

= "Au§ Xj ® ?3”2 .

Hence W is an isometry from R into © Ki. For each i in I, wi(Rg)

is stable under ‘\Ti , hence W(R) is stable under @ T!'i , and
' i€l

defines a subrepresentation p of ? -rrl .

For all z in A, x in %N« , e |

H

Wiy (2) Ax®@y = WAy zx o3 (A, zx@3 )

1eT
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= ('rr,l(z) Ai'x ® 3 )iél = e'n’i(z) ‘.'J)\,X@i = p(z) W/\‘xm‘g

Hence V gives the required equivalence between T, and e -

DEFINITIONS 6.3%.10.
We say o € cp(A;&) is of type I (respectively II,III, etc) if the
representation Ty is of type I (respectively II,III etc), and & is

factorial if T, 1is factorial.

COROLLARY 6.3.11.
Suppose {“i}ieI is a family in cp(A; ), and consider & = S i

i€l

If for each 1€ 1, o is of type I (respectively II,II,,1In ,III etc)

1’
then § o; is of the same type.

CCROLLARY 6.3.12.
Those elements in cp(A;¥\) of a fixed type, form a convex subcone of

cp(A; ).

PROPOSITION 6.3.13.
Suppose S;a(i 1€ I} is a family in cp(A; &) such that for each i in I,
there exists a family F; in CP(A; %) majorised by &; , with « . belonging
to the ‘closure of Fi for the topology of simple convergence. Suppose
that % € cp(4;®) is such that di = A and o < ZO‘i. Then the
representations My and -QIT"“L. aré quasi equivalent.

ie
PROOF.

this follows from 6.3.5 and 6.3.9.

PROPOSITION 6.3.1k.

Let o & cp(A;R) with ‘D‘_ = A. Suppose that there exists at least

one family in CP(A; %) whose sum is & . Then the following conditions

are equivalent :
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i) & is factorial.

ii)  There exists a family of quasi equivalent factorial maps in CP(A; &)
whose sum is « .

If & is also of type I, they are also equivalent to :

iii) There exists a family of pure elements of CP(4: %) with equivalent
representations whose sum is & .

PROOY' .

i=yii. Let §8 :ie I} be a family in CP(A; &) such that « = & B,

and £, £Z0 V i. Then by 6.1.5, for each jin I, T,  is equivalent

i

to a subrepresentation of Wy . If Ty is factorial, TTB is factorial
i

for all i, and quasi equivalent to T« .

ii =i . If iﬁi I R S I} is a family of quasi equivalent factorial
maps in CP(A; fN), then ®7.  is factorial. If « = zgi , & is
factorial by Proposition 6.3?9.

Now suppose & is of type I. .

ii =) iii. Let {Bi i€ I}'be a family of quasi equivalent factorial

maps in CP(A; ¥1). For each i in I,TT is factorial of type I. We

B.
. 1
can decompose TTB as a sum of irreducible representations
i
AU = @ . and such that QB = @ =H..
i jer(i) 9 i jeT(i) Y
If ve write V. $= ( @ vig) € | where VI € B(h,Hj),
e . jeI(i) |
and define BJI(x) = (VJ)*'ﬁﬁ(x)VJ: x € A, j € I(i), then
T (x)V = @ T (8. Vi) = @ T(x)VIVxea.
* Big jer(i) Je1(1) jeI(i)
Thus < B,(x*x) %,8Y = 2  {ad(x*x)%,I> xe€ A, 3J€RN,
1 ' jeI(i)
and B, (x*x) § , & = 2 3 < B (x¥x) ¢ ;3 .
* iel  jeI(i)

It follows that

K = s s pd
ieI  jeI(i)

Moreover since each pair BJ, Bk are quasi equivalent and pure, they

are equivalent by [36, 5.3.3] .



iil =) ii is trivial.

$ 6.k,

We now wish to see how our study of the representationz of
operator valued weights carries over to the enveloping von Neumann
algebra. It is natural to include here the following operator valued
vergion of [?, Lemme 4.5] concerning scalar valued weights. As usual

® will denote a hilbert space.

PROPOSITION 6.4.1.

Let M be a von Heumann algebra, and ® & cp(M;®). Then T« is normal
iff z — o (x*zx) is normal ‘for éach X in 3\¢ . In which case, if
B denotes the norm closure of {)y , then every element of CP(B; f)

majorised by o , is the restriction to B of an element in CPW(M;?\).

We then define cp"(M; &) to be the set of =< in cp(M; N) such that ™,
is normal.

Let A be a C*-algebra. If w € CP(A; %), there exists an unique CP
linear extension W to A the enveloping von Neumann algebra. The support
S, of W 1is called the enveloping support of w, and sc denotes the
central support of s, in A. 1 - sc is the largest projection in
ker'ﬂﬁ . If Wy s W, are two such maps, they give quasi equivalent
representations iff scw1 = scw2 . We wish to extend this for unbounded
completly positive maps, and in this way our results 6.4.1 - 6.4.4
generalise [7, 4,8 - 4.11:1 concerning scalar valued weights.

Suppose that F & CP(A;5) is an € -filtering family, and B given by

B(x)(?)) = f’z}}; Cwlx), > x €A, P € T(S’l)+

is the associated cp additive, positive homogenous map from A" into B(Gx): .

Put & = B . Then F = {@: w GF}isG -filtering, and define
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B s — ()] by

Blx M) = sup <P, ) 2 e (W', 9 € R, .

el
3 . -~ ~ e . R ~
We define o = (R) . DNote that for each ¢ in T(f )+ , X -—-—h;(x)(q))
is ultraweakly lcwer semi continuous on A. Suppose M is a von Neumann
Y oot a : e oy
algebra, and : M — B(S\)+ is additive, positive homogenous

and such that X —— ))/(x)(P) is u.w. ls.c. on M.

Then n ¥

i

§x eM: Y(x*x) =0 } is a o=weakly closed left ideal in
Mo If § = Y y we let p¢ be the largest projection in ny . Then

1 -pg = sg 1is called the support of § , and scg is the central
support of sg .

If A is a C*-algebra, and & is the upper envelope of an’ € -filtering

family F in CP{A; %), we let s, = s% , and sc, = sc% .

LEMA 6.b4.1,
If M is a von Neumann algebra, and B is the upper envelope of ané€ -filering

is

family G in CP (M;%), then kerm, = N kerT =, and 1 - scg

weG
the largest projection in ker Tt

B.

PROPOSITION 6.4.2.

M is a von Neumann algebra, and 8 < cp(lf;§) is the upper envelope of

an € -filtering family G in CP“(M; ® ). Then the normal representations
. oand A ., are quasi equivalent.

B weG

COROLLARY 6.4, 5.

A is a C*-algebra, and « € cp(A; ) is the upper envelope of an € -filtering
family F in CP(A; %) such that @; = A. Then the representations T’(:d
and W3z of A are quasi equivalent.

PROCF .

Ty and ® T~ are quasi equivalent by 6.4.2.
welr



P~

Moreover, ™ and @ T~ are quasi equivalent by 6.3.5.

weF "
COROLLARY 6.4.1k,
If A is a C*-algebra, «,B € cp(A;8 ) such that D:: Z)I; = A, and
each the upper envelopes of € -filtering families in CP(A; "), then TTk
is quasi equivalent to a subrepresentation of TTB (respectively quasi
equivalent) iff sc, & sc (respectively sc; = SC,).

3 B

$ 6.5.

Our investigation of the structure of operator valued weights
now proceeds by studying those completely positive maps which are invariant
under a group of *~-automorphisms of the algebra. This work is an
extension of van Daele's. If we take the hilbert space ¥ to be one
dimensional, then our operator valued results 6.5.1 and 6.5.3 - 6.5.17
reduce to 2.1 - 2.4, 2.6, 2.8 - 2.10 of [54] concerning scalar valued
wveights.

A will always denote a C*-algebra, unless otherwise stated, and

¢\ a hilbert space. We say that o« € cp(A;®) is G-invariant, where G

5 £

is a group of *-automorphisms of A, if Dy is G-invariant and &g(a) = aa

]
!
=

for all a in.‘gu . This is equivalent to

wg) (a) = &(a) Y g €6, ac .

IJEI'H"iA 605010
Let o € cp(A;Sﬂ) be G-invariant. Then X\, and N, are G-invariant and

there exists an unitary representation Ug of G in Kx such that

i) Ug/\,‘x@sg A, 8(x) ©f Vxella,3¢ , ge a.

I

-1
ii) U T ()0, T 8(y) Vg e G, y e A

DEFINITION 6.5.2.

If « ¢ cp(A; &) is G invariant, we denote by 9‘0 = }:, and 5(\0 _ S<°°‘
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the Ginvariant-elements of & =7 and &K =& respectively, where

3 ) §< are as defined in 6.1.6.

As expected from 6.1.8, there is a natural relation between

3’0 and ¥ o @s the next lemmas show.

LEMMA 6.5.3.

Suppose o« €& cp(A; R\) is G-invariant. Then

i) & is a G invariant left ideal in TL(A)'.

ii) S(o is a left ideal in the fixed point algebra of TF;(A)'. For any

. . o -

S in ‘Ko’ there is a G invariant map V = V" in B(&, [w(w*)R]")
(i.e. UV =V V ge G) such that for each fixed £ in &1, V§
is the unique G invariant vector in [Trd(é’\“*)'(]—/ such that

S/\deg = T(x) V¢ V xe Ny .

LEMMA 6.5.4.
Suppose o € cp(A; ¥ is G invariant. Then for any w in 9-0, there

is an unique S in 5(0 such that O £ S8 < 1, and

dw(x*x) ¢,3Y = “SA,X(D§"2 txe fl,, 2ed,
Conversely,for any S in X o+ such that s i< 1, there is a w in 3‘0
such that ¢w(x*x) $ .37 = "SA,‘X®2”2 Vxells, 5.

COROLLARY 6.5.5.

i) Let o ¢ cp(A; R) be G invariant with »@,{ norm dense in A, then
9— ° is € =-filtering.

ii) Let A be a von Neumann algebra, «¢& pr (A; L) with @x ultrawveakly
dense in A Then 5"0 is in CP (A;®) and is € -filtering.

PROOF.

w
ii) The only non trivial point is to show that 3; in CP (A; &) is €-

filtering. Suppose € 7 o, Wq oo Wy € ?; and for all ay in mo(, ?;e "
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i=1,... ,n ‘that
1 ~€ * < v *
S ) (\1(aiaj) ?J., £i> < 2( fa(aiaj) ?j’ ?i7 .
Then (1 - €)w, - w, 4 O follows from either 6.1.1 or [10 , 2.k]

(consider [a;‘.p aj], where p, are projections in nnan* p,\'i 1 ).
This leads us naturally to :

THEOR:M 6.5.6.

i)  Let o € cp(A;®) be G invariant with Dy norn dense in A. Then
there exists a G invariant element o of cp(A; M) which is the upper
envelope of i‘o‘ 0(0 majorises any other G invaria'nt element
of cp(A; &) which is majorised by blo and is the upper envelope of
a G invariant family in CP(A;¥\).

ii) Let. A be a von Neumann algebra, & € cp (A3 ) with 0“ o-weakly

- dense in A. Then there exists a Ginvariant map L which is the
upper envelope of 3‘0. o majorises any other G-invariant wap ¥
in cp(A;®") which is majorised by o and such that Y is ihe upper

envelope of a G-invariant family in CPN(A;&).

Following van Daele's one dimensional theory [64 ] , we will

constrict a unique normal G-invariant projection map yf of the ultraweak

closure X of K onto the ultraweak closure 5(0 of 'Ko . It will
_ | N
be the case that ¢ is a projection of S< onto S(O, and 5{ S{ onto
S(k « . It will then be possible to define a unique G invariant
o o

projection map ﬁ' of 5‘ onto \7-0 , which is BW continuous on bounded

sets.

NOTATION 6.5.7.

Let ®<€ cp(A;,) be Ginvariant. We will denote by E, » the projection

onto the fixed points in ’Q,( .
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Then U E =E U =E_ Vg e G. Moreover there exists a net of
128 o o' g o

convex combinations {Z:Al(g)Ug} £eG converging strongly to EO. We can
then show that if S € X
i -1
(g) U S U
| S\ (g g S U
converges strongly to an operator ¢E§ in ‘9§o‘ The arguments of {54, Prop}.Z]

lead us to the following conclusions :

PROPOSITION 6.5.8.

Let o« & cp(A;&) be G-invariant. There exists a unique normal positive
G-invériant projection map ¢ of 3( onto EZO (the o-weak closures).

We have SZS(S)EO = ESE ~ for any S in %X . particular ,

KDY = Ko, pKK) = & .

o)

COROLLARY 6.5.9.

Let T, FO be the largest projections in K ana S(O respectively,

(the ultraweak closures). The §F = F_.

(6.5.10) REMARK ON COROLLARY 6.5.9.

It is clear from 6.3.2, that &« Dbelongs to the closure of ;9 (respectively
5}0) for the topology of simple convergence iff F = 1 (FO = 1

respectively). If & belongs to the closure of for the topology

of simple convergence, it does not follow that « always belongs to the

closure of ;’o for the topology of simple convergence. See[64, 5.2]

where ¥ = 1,but F_ = 0.

PROPOSITION 6.5.11.

Let o ¢ cp(A;¥N) be G invariant. Then there exists a G-invariant projection
map ¢: of JF into j}; , satisfying ¢'(f) = ‘A®‘(f), and

¢|(f + g) = ¢'(f) + ¢'(g) whenever ) 7 o,and f,g, A, f+g € F . 1
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moreover 8.{ is norm dense in A, then ¢' is onto ‘3’0, ./ continuous on

bounded sets and unique.

REMARK 6.5.12.
Note that when &,( 1s dense in A, the formula
Cwix*x) g ,2> =[5, Aux ®3 B xe¥, ,teth
gives a bijection w t— .S;\"’Sw between o and §s*s s ISt €1, S€ y\}
the clements of (KX K )Y with norm < 1; and similarly for 5LO and ‘Ko .
Then on any bounded set in \7) Wy —> W ‘in the BW topology iff
S:’f“& - S;:'Sw in the weak operator topology.
Our next results concern a study of the upper envelope (Xo
constructed in 6.5.6, and the relation of the existence of fixed points

in Ry to the existence of fixed points in F.

THEOREM 6.5.13.
Let X ¢ cp(A;B’\) be G-invariant, and Dy norm dense in A. Let FO be
the largest projection in the ultraweak closure 3"\0 of KO,‘and o(o

the upper envelope of 5"0. Then

(ao(x*x)'g,?) = (FO/\“xa)g y Ay2x@8)  for allxinm“,gin%?.

COROLIARY 6.5.1k.

Let & € cp(A;®) be G-invariant with ,Ou norm dense in A, and &
belonging to the cleosure of 4 for the topology of simple convergence.
Then Fo - [-'TQ(A) EOR,(] . Moreover X majorises no non zero

G-invariant element of CP(A; ®\) iff Kx has no non zero fixed points.

COROLLARY 6.5.15.

Let & & cp(A; &) be G-invariant with 2): = A. Then there is an

incresing net EBi N I} in .75 such that
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(& ) (2) = s‘l;p (8,) (2) for all z in (Z),,(")I1 “(An>+ .

COROLLARY 6.5.16.

Let o € cp(A; %) be G invariant with J;, = 4, and suppose there is
a family {fsi : i€ I} in ¢ such that o« € %, B, .
1€
Then there is a family %Bio ti1e 1 l in 9; such that
o (x) = 3 5.%%) V x e (9.
o .. i
eI
Our final observations of this section are concerned with
Radon Nikodym statements for operator valued weights. If « € cp(A;¥),
. o
we have seen the relation between the set {S EAXK :0<35¢<€ 1 } and
F = {w(—_ CP(A; &) t w éd] | v (6.1.8). One may then wonder if
for 211 T in W,(A)', O € T € 1, there is a B in cp(A; &) B ¢«
and < B(x*x) €, %Y = <K TA x®% , A x®9? V x e,
This is the case if A is a von leumann algebra. In the C*-algebra

situation, the first part of the following theorem, when G is the identity

automorphism, gives a partial converse to 6.1.5.

THEOREM $.5.17.

Let K e cp(A;®) be G-invariantwith D: = A. For any G-invariant T

in M(A)', 0 £ T¢ Fo there is a G-invariant element B of cp(Aj; %)

B $« , with <B(x*x)§,8> = <TA,x®% ,Ax®)) Vxell, ,g¢&,
For any B in cp(A;%\) with B €& ,and Blﬁ“ belonging to the closure

of a family @ of G-invariant elements of CP(A; h)‘majorised by B,& ;
there exists an operator T in m, (A)'y, O < T < Fo , and

B(x*x) 2,3 = <TAx®% ,Ax®9) V xel,  gen,

§ 6.6.

In the previous section, no assumptions were made regarding the
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automorphism group G. In this section we are concerned with the structure
of G-invariant CP maps on C*-algebras, and we discuss in soue detail,
various cases in which the system possesses some particular properties
known under the general name of asymptotic abelianness.

Let @ be a von Neumann algebra on'a hilbert space R , G a
group and g ———)dg; a representation of G by *-automorphisms of @ )
which is implemented by a unitary representation Ug of Gon K , Let
E0 be the projection on the G invariant elements of K .
ie. ER ={ YeR u¥ =¥ Vge G} .

Let R be the von Neumann algebra generated by ® and U Then note

G.
that EO ¢ strong closure fconv UGR , and in particular EO € (UG)”.

Throughout this section, ¥ denotes a hilbert space and g —» Oé
is a represenation of a group G by *-automorphisms of a C*-algebra A.

If w & CPO(A;ﬁ\) , the G invariant part of CP(4; M), let Ug be the induced

representation of G by unitary operators on K . such that

It

W Wy~
- ﬂ- h
1} ﬂwO‘g(a) Ug W(a) (Ug> V g € G, a € A.
i) UgAa®§ = AC%@)@? Vg eaG atA 5,
The above notation will then be used with w as a suffix for the
von Neumann algebra (Rw = vQ(A)", with the automorphism group
-1

W W
a —> Ug a (Up)

(& ]

aeCQw.

We remark at this point, that if we consider G acting elementwise
on A (i.e. g — Gé ® 1n) and if'CO(A;G) #£ 0 , then A is never
G-abelian if n 7 2, as simple argumants using [ﬁ9,Definiti0n O.] and the
non-abelianness of M_ (n % 2) show.

The next proposition is a generalisation of [?3, Prop 6.3.2J .

PROPOSITION 6.6.7.
Ifw ¢ ‘CPO(A;ﬁ\) then
W ' _ W 4!
a) {w(w) v El) = fm(A)vU}
w i

1 J
b) The mapping {ﬁQ(A)\J Ug} — IE; Z“Q(A) v U, ] is a *-isomorphism.
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! [}
c) Y { - A S N W W w}
o W(A) © UG - Lo Lo w(m Eo

d) EW { EW m ‘W }\l . W R
o o W(A) Eo is the strong closure of E 'ITW(A) E, -
We need the following lemma

LmeiA 6.6.2. [19]
Let-@ be a von Neumann algebra acting on a hilbert space KR , and
g — Ug a representatiori-of G by unitary operators on R , such that
-1 . : . -
UgCQ Ug = @ ¥v¥g e G. If E, &EO is abelian and [@ Eo] = 1, there

exists an unique normal G-invariant CP linear map M of & onto Rn QI

such t.hat M(A)E, = E_AE_ Vaea.

Returning to the situation before the lemma, it follows that
if A is G-=zgbelian, then for each w in CPO(A; &) there is an unigue normal
N~ Dl
G-invariant CP map M of ‘Tl'w(A)" onto 12w N Rw such that

MG () B = Erw (4) EL for all A in A . Note that if Ay s

1

A, € A, then M (45)) T (ADV ™ (A EL(A) Vo
THEORIH ’6 3.
The following conditions are equivalent, for a fixed hilbert space N .
1)For all w in CP_(A; "), and self adjoint a in A,

[the weak closure of frw(conv O’é(a))]f\ TF;J(A)' # g .
2)For all w in CP O(A; N), self adjoint a in A, and finite sets S,T in

A and N respectively :

inf sup |<w(a1[a',a2])§ , N1 = 0.
a'e,convO'G(a) g,neT
a1,aP¢S

3)A is G-abelian and for each w in CPO(A;&) and self adjoint a in A,
M-t (a) is in the weak closure of ‘Ww(conv O'G(a)) .
W

PROCEF .

1) =y 2). Take w in CPO(A; %) and self adjoint a in A. Choose a net g,
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in conv C'é(a) such that ‘n;!(ad) converges weakly to an operator D in

(). men [T (a0, )] — [p, mm)] = 0venay,
vhenever b1"°'°’bn is a finite set in A. Therefore for a given € ? o0,

and a finite set T in ¥ , there exists an & such that

|<w bi[a,,bj]iﬂﬁl :|<[—Trw(a,) . Trw(bj)]vwg , Trw(b;)VwV\)[ < E
for a11 § ,MeT 1 ¢ i,j & n.
Hence

inf sup |(w(bi[a',bj] ) ¢, nS| = 0.

a‘econvO'G(a) T.,MeT

1<i,J¢n
2) =3 3). Letw €& CPO(A; §), a be a .self adioint element of A,and T
a finite subset of ¥ ., Since Eo € {conv UGK- , it follows that there
exists g., N, in G, [0,1] respectively for 1 ¢ i & n with 2)\i = 1,

- and satisfying

n
i.e.
_HE‘;’ﬂw(a)Vw@ R COIARY V ose
where a' = Z)«iUé (a) € conVCYG(a).
5

Let S be a finite subset in A, then by 2) there exists a" in donv%(a‘)
such that
I T (am), T (b)) VvV, T (I < € V'b,], ba.e S, 4,N€ T.
m ’ !
Suppose a'" = %, "'i O'é!(a') vhere g! € G, Xi % © and 2)\i = 1.

i
Hence

<M (a) m (b )VE, Ww(bz)vm (.‘rrw(a”) ™ (b)V4, 7 (b,)VnY

(Trw(b1)Eo 'n’w(a)Vg ) «w(bz)vm - < (a) ™ (b IV3, T (b,)VnY

<Trw(b1) Ww(a”)vg ! T';J(b2>v "y

1

< Trw(b’l )Eo Trw(a)\fg ’ Trw(bZ)Vn)

+(1Tw(b1)f\'w(a")vg s rrw(bz)v noy - < ‘ﬁ'w(a“) n‘;(bq)vg . 'ITw(b2)V 7
= §1 {( 'rrw(bq)Eo }\'i-n'w(a)Vg ,-rrw(bz)v n - )’i(-;rw(bq)Ugi-rrw(a')vg ,n—w(bz)v,n
e[ (o), ™ (@]Vg, T (0,
Thus

| < Ml (a)) (b )vg , 7 (b,)vnY - < (@)1 (b )V, w (b;)Vn7)|
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n
J
© ZIm el A ET s Ugs Ty Ve [ op)v]
+ ¢ (v,), () ]vs 7 (0,)Vny |
£ €& ”Tw(b,])“ ”'Trw(bZ)V'IH + € V n 8 € T b,‘ ’b2e S.
Since EWQ(A)VW%QJ- = Rv: , and la'll < Hall whenever a'é€ convﬁé(a>,

it follows that M('Wg(a)) is in the weak closure of T conv Gé(a) .

e .. /
3) =) 1). This is trivial, as er - TI'W(A)', Vue CPO(A;&).

The preceeding theorem is a generalisation of [53,Ex 60_] from
~the space of invariant positive linear functionals. Note that if A
satisfies conditions 1-3 of 6.6.3 then G is a large group of automorphisms
for A [j9, Definition 2] . The truth of the converse is unclesr. If
(A,¢) is M abelian [19, Definition 3:], then the equivalent conditions
1-3 of Theorem 6.6.3 hold, (which can be seen using the same argument of
[ﬁ9] when showing that if (A,x) is M abelian, then G is a large group
of automorphisms for A). The converse is false, using the same example
in [19] which shows that (A,®) being M abelian is not equivalent to G
béing a large group of automorphisms for A.

The next résult concerns the characterisation of extremal invariant

(or ergodic) CP maps, and extends [39:Ifor states.

THEOREM 6.6.54.
Let B be a C*-algebra acting on a hilbert space K, let @ denote the
weak closure of B. Let g+ Ug be a unitary representation of G on R,
such that Oa = U, a Ué1 is an automorphism of B for each g in G.
Suppose V € B(f,R) such that [BV& ] =R and VR € E R . Then
if Xs denotes any unit vector in E_
a) The following are equivalent :

i) w(x) = V*xV x € B, is an extremal element of CPO(B;S\).>

ii) ¢¥ is the scalars.

b) If Eocﬁ Eo is abelian, the conditions in a) are equivalent also to

the following :
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iii) E R is one dimensional
iv) Ma) =  <ax, XY 1 Vae a,
in which case w(a) = <aX, XY (V*X,) @ (V*X,) vV a € B.

¢) If furthermore, (& ,®) gatisfy the hypothesis of [59, Lemi:a 3:], then
the above conditions are equivalent to :
v) If B is a normal positive G-invariant map from @ into
another von Neumann algebra M, then

Bla) = <ax,X K s Vae d. ,and some K in M, .

COROLLARY 6.6.5.

/
If @ is a factor and EOCQ EO iz abelion and RaR € (L then w
is an extremal element of CPO(A;%\) and can be written as

w(a) = <ax,X> (V*x)®( %) V a € 3.

PROPOSITION 6.6.6.
Let A be G-abelian. Then if v Q.CPO(A;?\)
{ o(G,CPO(A;?l) & v }

is a lattice.

In particular if A has an identity, and & finite dimensional,
then .{ w € CPO(A;ﬁ\) 2 trKoo= 1 } forms a Choquet simplex.
In this situation, an invariant CP map can be written in an unique way
as an integral(in some sense) over''ergodic'" CP naps.

We complete this section by returning to the general situation,

to state a generalisation of a result of Arveson [h-]when G is the identity

automorphism.

THEOREM 6.6.7.
If Ke B(fn )+ , then w € CPO(A;S\) NCP(A; & ,K) is an extrenal element

. - . .. /
in this cone iff [Vw,%\] is a faithful subspace for 7Zw .
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§6.7.

We are now going to make somie observations regardins the
classification of the spectlrum of a one parameter group of *-automorphis's
mt of a C*-algebra A with invariant operator valued weight w in cp(a; &),
where ¥ is a hilbert space.

Suppose that
t — < wla* ut(b)a)g , % )'
is continuous on IR for all a in J‘w, b in A, § in 1, Then there is

a strongly continuous, unitary representation Ut of IR on ,<w such that

-1 ‘
1) ™, ott(a) = Ut‘n”w(a) Ut V a € A, t € R .
; - c 1y
2) U A, 2®3 =4 0.()0% Va ell,t e R,fen .
Let UJC = e1Kt where K is a self adjoint operator on r{w .

THEOREM 6.7.1.

In the situation described above :

a) The following conditions are equivalent : (c.f. [11,Lemme 3.7.4] )
Al t —3  (uwl(a* dt(a))?,2> is almost periodic on IR for
all ain A , e ™.

A2 K has pure peint spectrunm.
b) The following conditions are equivalent :
BT t— <u(a* o(,#(a)?,‘?) € 1Y(R)", for all a in A, S inf,
B2 K has absolutely continuous spectrum.
c) The following two conditions are equivalent :
C1 f;w(a* x,(a))%,3% h(t) at =0
fo;a;ll 3&;%\ , a in U1w , and all continuous L1.functions h
whose fourier transform vanishes on the negative real axis.
c2 K 7 O.

If moreover, %, is strongly continuous with infinitesimal generator

t

§ and w is bounded, then C1 and C2 are also equivalent to the

following :

. > L < i< : .
C3 [u(a{ﬁaj)] 2 0 for all {al 1 ¢ 1 n} in J
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where @ is a core for S .

Note that the equivalence of C2 and C3 when fi= € is contained
in [47, Theoren 2.2} and the same argument holds here.

Now let m be aTBorel measure on R, and put %\o = LZ( Ry .
Define a strongly continuous unitary group ejLHt on fﬂo by

(ethf)(s) = eiStf(s) fe 5\0 , s,t €R.
Put w = tr on A = B( fxo), so that ) = TC(® ), and Iﬂw = HS( 810).
Also define d‘t(x) = ethxe"th

to be the induced one parameter group of automorphisms of A. Hence e

iKt

have a strongly continuous one yarameter unitary group e on
R, = HS(R ) such that
TTw(eIHtxe-lHt) = elx{#'ﬂ'w(x)eﬂht t € R, x € A.

IEMHA 6.732.

If )A-):»—/& Ais absolutely continuous with respect to Lebesgue measure,
vhere X (E) = m(-E), then conditions B1-B2 of 6.7.7 hold.

PROOT'. '

Tt is enough to prove that if § € 9\0 , then

JMs sy e LU(m).

t — <e"1Ht2,2 ? . <
We do this by showing that if VvV is a positive Borel measure on R ,
with V « Mo then Y« ] is a.c, w.r.t. Lebesgue measure. Define

a partial ordering on the positive Borel measures on IR, by saying

T 4 v 4 1 1 <
M S My if _)A’I(E) < /42(]3) Borel sets E. Then if V. &

i =1,2 it follows that V, *V, & pm x A .
1
Now VE = fEf dp where £ € L (R,m.
Then f = n%’] fn , where 0 = -fn < 1, and fn are rcasureable.
Hence y= gy, where V = € M .
Thus  y% V = S Vo, ¥ U .and v, r VU, § S .

n,m N
Thus V.  #* vm K M * QA and it follows that v + V i85 5.Ce Wer.t.
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Lebesgue measure.

If M is absolutely continuous with respect to Lebegue rmeasur,

then so is M %M, but the converse is false. According to Salem
[j8, P 265] y for each « € (0,1), and q ¥ 2/x , there exists a positive

Radon measure M on IR, supported by a compact subset K of 331] having
Hausdorff dimension & such that Jx(f) € 1%, This implies that K
is of Lebesgue measure zero, and /- 1s a singular measure. Choose q = 4,
and 1/2 < & < 1. Then l,&lz = (A )" ¢ I1°. Hence ML s
absolutely continuous with repsect to Lebesguwe measure, but M itself is

a singular measure.

COROLLARY 6.7.3.

There exists a hilbert space %\o y a self adjoint operator H on 210
with singularly continuous spectrum, a faithful normal representation
of B(%\O) on a hilbert space K , and a self adjoint operator K on K with
absolutely continuous spectrum such that

( iHt_ _-iHt, iKt Kt
e Xe J

g = e Tr(x)e-l

V x e B(S’\O), t € R.
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