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a b s t r a c t 

In this paper performance characteristics for a Ranque-Hilsch vortex tube are presented. The vortex tube 

was of divergent design and optimised for both size and performance, to be used to supply cold air 

to turbomachinery experiments with feed air in the supply pressure range 3.0–7.0 bar, and with overall 

feed mass flow rates in the range 0.05–0.14 kg/s. Optimum fixed parameters selected from the literature 

were: the ratio of cold-exit diameter to tube inlet internal diameter (0.50); the ratio of combined inlet- 

nozzle throat area to the tube inlet internal cross-sectional area (0.22); the vortex tube half-angle (3 °); 
the number of inlet nozzles (6); the half-angle of the hot exhaust conical splitter (45 °) and the ratio of 

tube length to tube inlet internal diameter (20). Free parameters that were investigated were: the over- 

all total-to-static pressure ratio between inlet and cold-exit conditions (3.0, 5.0, and 7.0) and the cold- 

gas mass fraction (0.0–1.0). Comprehensive experiments were performed to characterise the vortex tube 

performance in terms of the following parameters: non-dimensional cold and hot-outlet temperatures; 

non-dimensional cold and hot-gas energy separation; isentropic efficiency referenced to cold-gas expan- 

sion; and coefficient of performance (COP). A transient heat flux correction technique was implemented 

to correct for unsteady heat flux terms from the working gas to the vortex chamber walls. Joule-Thomson 

effects were accounted for by introducing a corrected inlet total temperature. Cold-exit and hot-exit tem- 

perature separations were found to increase with pressure ratio. Non-dimensional cold-exit temperature 

had a minimum at cold-gas mass fraction of approximately 0.40. Non-dimensional hot-exit temperature 

increased approximately linearly with cold-gas mass fraction. COP decreased with increasing pressure ra- 

tio and had a peak value at cold-gas mass fraction approximately 0.60. Isentropic efficiency was relatively 

insensitive to pressure ratio and had a peak value at cold-gas mass fraction approximately 0.23. In the 

range investigated the lowest non-dimensional cold-exit temperature (normalised by inlet temperature) 

was 0.91, the highest coefficient of performance was 0.097, and the highest isentropic efficiency was 0.23. 

Full details of the design are given, allowing implementation by other researchers. 

© 2022 The Authors. Published by Elsevier Ltd. 

This is an open access article under the CC BY-NC-ND license 

( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 
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. Introduction 

The vortex tube is a thermodynamic device that separates an 

ncoming stream of fluid into hot and cold exit streams. This phe- 

omenon is known as energy separation and—in the vortex tube—

s achieved through viscous work and heat transfer, without the 

eed for moving parts. The principle was originally developed by 

anque [1] in the 1930s. Many researchers have since optimised 

he design. 

The most widely used vortex tube design is the counter-flow 

anque-Hilsch vortex tube (RHVT). A schematic representation is 

iven in Fig. 1 , showing a RHVT with a divergent tube section, as

sed in the current study. Compressed air enters the vortex cham- 
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er at high speed and with a high whirl angle through the inlet 

ozzles. Two structures develop, an external vortex which has net 

ow towards the hot exit, and an internal vortex which has net 

ow towards the cold exit. The ball valve downstream of the hot 

xit (shown in Fig. 2 ) controls the hot-gas mass flow, and, simulta- 

eously, the vortex tube operating pressure. For a given design this 

ets the cold-gas mass fraction, ε, defined by 

 = 

˙ m c 

˙ m 1 
(1) 

here ˙ m c is the cold-exit mass flow rate and ˙ m 1 is the inlet mass 

ow rate. In the vortex tube studied in this paper, the pressure 

ownstream of the cold exit was approximately atmospheric. The 

verall total-to-static pressure ratio between inlet and cold-exit 

onditions, p 01 / p c , was set by adjusting the system inlet pressure. 

Although there are a number of studies of vortex tube perfor- 

ance in the open literature, few of these present comprehensive 
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Nomenclature 

A vortex tube inlet internal cross-sectional area, m 

2 

A 1 combined inlet nozzle throat area, m 

2 

A a inner wall surface area, m 

2 

A b outer wall surface area, m 

2 

c p specific heat capacity at constant pressure, J/(kg K) 

c v specific heat capacity at constant volume, J/(kg K) 

C constant used in Nusselt number correlation, −
C d discharge coefficient, −
d c cold-exit orifice plate diameter, m 

D vortex tube internal diameter at inlet, m 

D e vortex tube internal diameter at exit, m 

D b vortex tube outer diameter, m 

d t time increment, s 

E c cold-gas energy separation parameter, −
E ′ c cold-gas energy separation parameter, corrected for 

transient heat flux, −
E h hot-gas energy separation parameter, −
E ′ 

h 
hot-gas energy separation parameter, corrected for 

transient heat flux, −
h convective heat transfer coefficient, W/(m 

2 K) 

k 1 constant used in transient correction, −
k thermal conductivity, W/(m K) 

L tube length, m 

m exponent used in Nusselt number correlation, −
˙ m 1 inlet mass flow rate, kg/s 

˙ m c cold-exit mass flow rate, kg/s 

˙ m h hot-exit mass flow rate, kg/s 

M mass of vortex tube section, kg 

N number of inlet nozzles, −
p static pressure, Pa 

p 0 total pressure, Pa 

p 01 inlet total pressure, Pa 

p atm 

atmospheric pressure, Pa 

p c cold-exit static pressure, Pa 

p h hot-exit static pressure, Pa 
˙ Q heat flux from cold-exit to hot-exit stream, W 

˙ Q A heat flux out of the fluid control volume, W 

˙ Q B free convection heat flux between outer wall and 

environment, W 

˙ Q C net heat flux absorbed by the tube walls, W 

˙ Q R residual heat flux, W 

r outer radius of hot-exit conical splitter, m 

s specific entropy, J/(kg K) 

t time, s 

T 0 total temperature, K 

T 01 inlet total temperature, K 

T ∗01 Joule-Thomson corrected inlet total temperature, K 

T 0c cold-exit total temperature, K 

T ′ 
0c 

cold-exit total temperature, corrected for transient 

heat flux, K 

T 0h hot-exit total temperature, K 

T ′ 
0h 

hot-exit total temperature, corrected for transient 

heat flux, K 

T w 

average of internal and external wall temperatures, 

K 

T wa internal wall temperature, K 

T wb external wall temperature, K 

˙ W work rate due to viscous shear stress, W 

Greek symbols 

α minimization parameter, −
β vortex tube divergence half-angle, degrees 
i

2 
γ ratio of specific heat capacities, −
� change in quantity, −
ε cold-gas mass fraction, −
η1 isentropic efficiency referenced to cold gas expan- 

sion, −
η′ 

1 isentropic efficiency referenced to cold gas expan- 

sion, corrected for transient heat flux, −
η2 isentropic efficiency referenced to inlet stream ex- 

pansion, −
η′ 

2 
isentropic efficiency referenced to inlet stream ex- 

pansion, corrected for transient heat flux −
θc non-dimensional cold-exit total temperature, −
θh non-dimensional hot-exit total temperature, −
θ ′ 

c non-dimensional cold-exit total temperature, cor- 

rected for transient heat flux, −
θ ′ 

h 
non-dimensional hot-exit total temperature, cor- 

rected for transient heat flux, −
θ ∗

c non-dimensional cold-exit total temperature, cor- 

rected for Joule-Thomson effect, −
θ ∗

h 
non-dimensional hot-exit total temperature, cor- 

rected for Joule-Thomson effect, −
λc cold-exit temperature separation normalised by its 

settled value, −
λh hot-exit temperature separation normalised by its 

settled value, −
λR root-mean-square of λc and λh , −
λ′ 

c cold-exit temperature separation, corrected for tran- 

sient heat flux, normalised by its settled value, −
λ′ 

h 
hot-exit temperature separation, corrected for tran- 

sient heat flux, normalised by its settled value, −
λ′ 

R root-mean-square of λ′ 
c and λ′ 

h 
, −

τ time constant of each vortex tube zone, s 

ϕ hot-exit conical splitter half-angle, degrees 

Subscript 

0 stagnation conditions 

1 to 6 station numbers 

a inner wall 

amb ambient conditions 

b outer wall 

c cold-exit conditions 

f mean film properties 

h hot-exit conditions 

j station number 

nt nozzle throat conditions 

up conditions upstream of venturi nozzle 

Abbreviations 

CO P c coefficient of performance as refrigerator 

COP ′ c coefficient of performance as refrigerator, corrected 

for transient heat flux 

Gr Grashof number 

Nu Nusselt number 

Pr Prandtl number 

erformance parameters over a wide range of operating conditions. 

he aim of the current study is to close this literature gap by pro- 

iding comprehensive performance curves for a vortex tube with 

esign parameters optimised according to current literature. 

.1. Vortex tube design (fixed parameters) 

The fixed parameters in the current study are now described, 

nd chosen values are justified with reference to design optimums 

n the literature. 
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Fig. 1. Schematic representation of RHVT. 
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Early experimental work by Raiskii and Tunkel [2] investigated 

he effect on votex tube performance of the ratio of tube length to 

nlet internal diameter (in the range 2 . 0 < L/D < 40 .0) and shape

cylindrical and conical-diffuser). Experiments were conducted in 

he range 0 . 10 < ε < 1 . 00 and 3 . 0 < p 01 / p c < 5 . 0 . Results showed

hat diffusers provide less cold-exit temperature separation than 

traight tubes of equivalent length and that cold-exit temperature 

eparation rises with increasing length, but asymptotically so for 

igh L/D . 

More recently, Aydin and Baki [3] performed an extensive ex- 

erimental study of the performance of cylindrical vortex tubes. 

ixed parameters were: d c /D = 0 . 28 ; and N = 1 . Free parame-

ers were: 0 . 00 < ε < 1 . 00 ; 3 . 0 < p 01 / p c < 5 . 0 ; 0 . 08 < A 1 /A < 0 . 15 ;

4 < L/D < 42 ; hot-exit conical splitter half-angle, 25 ◦ < ϕ < 30 ◦;

nd working fluid (nitrogen, oxygen and air). They found the fol- 

owing: cold-exit and hot-exit temperature separation decreased 

s ϕ increased; highest cold-exit temperature separation was 

chieved for a ratio of inlet-nozzle throat area to tube internal 

ross-sectional equal to A 1 /A = 0 . 11 ; cold-exit temperature sepa- 

ation increased as L/D increased in the range 0 < L/D ≤ 20 and 

ecreased in the range 20 < L/D ≤ 42 ; the combination ϕ = 25 ◦,

/D = 20 and d c /D = 0 . 34 at p 01 / p c = 5 . 0 and ε = 0 . 20 gave the

ighest cold-exit temperature separation for any condition tested. 

hey show that nitrogen gave the highest temperature separation 

f the three working fluids tested (not fully explained). In the cur- 

ent study L/D = 20 was chosen as a fixed parameter. 

The shape of the hot exhaust valve has been shown to affect 

ortex tube performance. Pise and Devade [4] experimentally stud- 

ed the effects of hot-exit conical splitter half-angle, ϕ, on vortex 

ube performance for a cylindrical vortex tube with conical-step 

iffuser. Free parameters were 15 ◦ < ϕ < 45 ◦ and 2 . 0 < p 01 / p c <

 . 0 . They found maximum cold-exit and hot-exit temperature sep- 

ration occurred for p 01 / p c = 6 . 0 with ϕ = 22 . 5 ◦ and ϕ = 45 ◦, re-

pectively. In the current study ϕ = 45 ◦ was chosen as a fixed pa-

ameter. 

The ratio of cold-exit orifice diameter to vortex tube internal 

iameter has also been shown to affect performance. In experi- 

ents with cylindrical vortex tubes Saidi and Valipour [5] , Nouri- 

orujerdi [6] , Promvonge and Eiasma-ard [7] and Behera et al. 

8] all concluded that maximum cold-exit temperature separation 

as achieved for d c /D = 0 . 50 . In the current study d c /D = 0 . 50 was

hosen as a fixed parameter. 

Westley [9] carried out many experiments to optimise vortex 

ube performance and calculated the value of A 1 /A for a given 

p 01 / p c that achieved the maximum cold-exit temperature separa- 

ion. This was presented in the following form: 

A 1 

A 

= 0 . 156 + 0 . 176 

(
p 01 

p c 

)−1 

(2) 

With p 01 / p c = 3 . 0 , this gives A 1 /A = 0 . 21 5. In the current study

 /A = 0 . 220 was chosen as a fixed parameter. 
1 

3 
The vortex tube geometry has been shown to affect perfor- 

ance. Devade and Pise [10] experimentally compared conver- 

ent and straight-cylindrical vortex tubes by varying pressure ratio 

nd fixing the cold mass fraction at ε = 0 . 90 . They found that for

ressure ratios in the range 2 . 0 ≤ p 01 / p c ≤ 5 . 0 convergent vortex 

ubes generally provide significantly higher cold-gas energy sepa- 

ation and higher cold-exit temperature separation than straight- 

ylindrical vortex tubes with equivalent geometrical parameters. 

he same authors [11] experimentally compared divergent (diver- 

ence half-angle 0 ≤ β ≤ 5 ◦) and cylindrical vortex tubes in terms 

f cold-exit temperature separation performance. They found that 

ivergent vortex tubes gave greater cold-exit temperature sepa- 

ation than straight vortex tubes with otherwise identical geom- 

try. Of the designs tested, and over the range 0 . 30 ≤ ε ≤ 0 . 92 ,

ivergent vortex tubes with half-angle β = 5 ◦ provided the high- 

st cold-exit temperature separation. Interestingly, they also found 

hat vortex tubes with larger divergence angles ( 4 ◦ ≤ β ≤ 5 ◦) pro- 

uced lower cold-exit temperature separation at low cold mass 

ractions ( ε ≤ 0 . 30 ). There is insufficient data in the literature 

o whether—in general—divergent, convergent or cylindrical tubes 

ave optimum performance. In the current study a divergent vor- 

ex tube design was chosen. This has been shown in some stud- 

es to provide higher cold-exit temperature separation than the 

traight-cylindrical vortex tubes and addressed a gap in the liter- 

ture (comprehensive performance characterisation). 

The vortex tube used in the current study had half-angle β = 

 

◦: this represents a compromise between maximising tempera- 

ure separation over a wide range of ε, and maximising energy 

eparation at the optimum performance point. 

Inlet nozzle design has also been found to affect performance. 

ourmahmoud et al. [12] numerically compared straight and heli- 

al inlet nozzles for a straight-cylindrical vortex tube. They found 

hat an inlet configuration with three helical nozzles provided 

reater hot-gas and cold-gas energy separation (cold-gas energy 

eparation was about 5% higher at ε = 0 . 67 ) than an inlet con-

guration with three straight nozzles. Eiamsa-ard [13] designed 

he “snail entry” (four nozzles) and tested it experimentally for a 

traight-cylindrical vortex tube. Greater cold-exit temperature sep- 

ration was achieved than for comparable straight tangential noz- 

les (cold-exit temperature separation was about 20% higher at ε = 

 . 31 ). Devade and Pise [11] experimentally compared straight and 

piral inlet nozzles. They found that the maximum cold-exit tem- 

erature separation occurs with two spiral nozzles and ε = 0 . 45 

17% improvement over straight nozzles), however this was a local 

aximum, with lower temperature separation either side of this 

perating point. Although modest improvements appear to have 

een offered by unusual nozzle designs, a large body of the litera- 

ure is concerned with straight tangential inlet nozzles, which are 

oth easy to specify and reproduce, and which have broad peaks 

n the performance curves. For these reasons a design with six 

traight tangential inlet nozzles was chosen for the current study 

description in Experiment and Processing). 

.2. Vortex tube operating point (free parameters) 

Free parameters in the current study were the overall total-to- 

tatic pressure ratio (between inlet and cold-exit conditions) and 

he cold-gas mass fraction. 

Kirmaci [14] showed experimentally, for a straight-cylindrical 

ortex tube, that cold-exit temperature separation increases 

teeply at low values of p 01 / p c (in the range 1.5–4.0), but that the 

ate of increase is much lower in the range 4 . 0 < p 01 / p c ≤ 7 . 0 . The

esults of Agrawal et al. [15] were in broad agreement with this re- 

ult. They showed experimentally, for a straight-cylindrical vortex 

ube, that cold-exit temperature separation increases with pressure 

atio in the range 3 . 0 ≤ p / p c ≤ 5 . 0 , but at a decreasing rate with
01 
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Fig. 3. Thermodynamic cycle on T - s diagram ( p 01 / p c = 7.0). 

3

ncreasing pressure ratio. In the current study p 01 / p c = 3 . 0 , 5 . 0

nd 7.0 were chosen: this covers the range in which most open- 

iterature results reach the asymptotic limit, and is in-line with 

ypical lab air supply pressures (100 psi). 

Many researchers have previously characterised vortex tube 

erformance over the full range of cold-gas mass fractions, one 

xample being the study by Stephan et al. [16] , who showed ex- 

erimentally that the maximum cold-exit temperature separation 

ccurs at approximately ε = 0 . 30 . The performance of the vortex 

ube used in the current study is characterised over the full range 

f cold-gas mass fractions, 0 . 0 < ε < 1 . 0 . 

. Thermodynamic analysis 

The processes by which a vortex tube achieves energy separa- 

ion are not fully understood but include both heat transfer (con- 

uction down the temperature gradient) and work transfer (shear 

riving work down the velocity gradient). A block diagram and T - s 

hart representing the overall thermodynamic cycle, including the 

ompression for the feed air supply, are shown in Fig. 2 and Fig. 3 ,

espectively. In this analysis the air is treated as an ideal gas and 

oule-Thomson effects are ignored (these are discussed in Data Pro- 

essing and Results and Discussion). The process is as follows: 

2–3: air is drawn from the atmosphere and compressed to the 

tank pressure ( p 3 = p 4 = 28 bar, in this system, where this 

pressure is arbitrary and sufficiently high to achieve a wide 

range of experimental conditions). This process is assumed 

to be both adiabatic and isentropic. The tank entry temper- 

ature is T 03 . 

3–4: isobaric cooling to ambient temperature ( T 04 = 290 K, in 

this system). 

4–1: the air is throttled (isenthalpic process; T 01 = T 04 ) to the 

required vortex tube inlet pressure (e.g. p 01 = 7.0 bar, in this 

system). 

1–2: in a perfectly inefficient vortex tube, the flow is effec- 

tively throttled back to atmospheric pressure ( p 02 = 1 . 0 bar ). 

This process is isenthalpic so T 02 = T 01 . In the real vortex 

tube, the flow is split into cold (c) and hot (h 1 and h 2 )

streams at near-atmospheric pressures ( p c ≈ p atm 

) and at a 

pressure dictated by the set point of the hot-exit ball valve 
Fig. 2. Block-diagram representation of the process. 
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4 
( p h 1 > p atm 

), respectively. Beyond the hot-exit ball valve the 

flow is throttled (isenthalpic process) to atmospheric pres- 

sure (h 2 ). These processes are shown in Fig. 3 . The rela- 

tionship between these pressures is discussed in Experiment 

and Processing. The streams have outlet temperatures T 0c 

and T 0h , respectively, separated ( T 0c � = T 0h ) through heat and 

work transfer processes within the tube. These processes are 

marked 

˙ Q and 

˙ W in Fig. 2 . The mass average temperature of 

these streams is still T 02 . For the purpose of defining an effi- 

ciency parameter (next section) an equivalent isentropic ex- 

pansion process 1–c ′ is defined. This is also marked in Fig. 3 . 

. Performance metrics 

The performance metrics used to present the vortex tube ex- 

erimental results are now discussed. First, definitions of non- 

imensional temperature are considered. Cold-gas and hot-gas en- 

rgy separation metrics are then introduced. Finally, measures of 

fficiency and coefficient of performance are considered. The in- 

ependent variables that set the operating point are taken to be 

he cold mass fraction, ε, and the overall pressure ratio, p 01 / p c . A 

hird dependent variable that is set by the geometry of the vor- 

ex tube (including the cold-exit orifice diameter, and the hot-exit 

plitter design) is the hot-exit pressure p h . In the next section the 

elationship p h / p atm 

= f( p 01 / p c , ε ) is established. In the following 

ection, although the performance metrics are represented as func- 

ions of ε and p 01 / p c , a fixed geometry is implicitly assumed with 

n implied relationship p h / p atm 

= f( p 01 / p c , ε ) . 

.1. Non-dimensional temperatures 

Non-dimensional cold and hot temperatures are defined by 

c 

(
ε, 

p 01 

p c 

)
= 

T 0c 

T 01 

(3) 

nd 

h 

(
ε, 

p 01 

p c 

)
= 

T 0h 

T 
(4) 
01 
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Fig. 4. Network schematic of the test facility. 
here T 0c and T 0h are the measured cold and hot-exit tempera- 

ures, and T 01 is the measured inlet temperature. This parameter 

efines the temperature separation the device can achieve. 

Noting that most of the physics of the vortex tube is governed 

y geometry, overall system pressure ratio , and the cold-gas mass 

raction, but that Joule-Thomson effects scale with absolute pres- 

ure, temperature and pressure drop, ratios are defined with re- 

pect to corrected temperatures which take account of the Joule- 

homson effect. That is, T 01 is replaced in Eqs. (3) and (4) with T ∗
01 

,

he temperature that would be achieved in an adiabatic throttling 

rocess 1, 2 ( Fig. 3 ) taking account of the Joule-Thomson effect. 

hus, corrected non-dimensional cold-exit and hot-exit tempera- 

ures are defined by 

∗
c 

(
ε, 

p 01 

p c 

)
= 

T 0c 

T ∗
01 

(5) 

nd 

∗
h 

(
ε, 

p 01 

p c 

)
= 

T 0h 

T ∗
01 

(6) 

Similar corrections could be made to the other performance 

arameters, but—as will be shown in Results and Discussion—the 

agnitude of the effect is relatively small, being equal to approxi- 

ately 6.3% of the mean cold-exit temperature separation ( 1 − θc ) 

nd 7.4% of the mean hot-exit temperature separation ( 1 − θh ) over 

he range tested. 

.2. Non-dimensional cold-gas and hot-gas energy separation 

arameters 

Cold-gas and hot-gas energy separation parameters are now de- 

ned ( E c and E h , respectively) which act as a measure of the en- 

rgy transferred between the cold and hot streams. The process is 

rimarily due to work performed by viscous shear stress down the 

elocity gradient. The energy lost by the cold stream and gained 

y the hot stream is normalised by the inlet enthalpy flux giving 

 c 

(
ε, 

p 01 

p c 

)
= 

˙ m c c p ( T 01 − T 0c ) 

˙ m 1 c p T 01 

= ε ( 1 − θc ) (7) 

nd 

 h 

(
ε, 

p 01 

p c 

)
= 

˙ m h c p ( T 0h − T 01 ) 

˙ m 1 c p T 01 

= ( 1 − ε ) ( θh − 1 ) (8) 

here ˙ m h is hot-exit mass flow rate and c p is specific heat capacity 

t constant pressure for air. 

For an adiabatic overall system at steady state conditions, with 

erfect measurement, these two terms are equal ( E c = E h ). The 

erms are separately defined and calculated in the current study 

o allow for the possibility of imperfect measurement. 

.3. Isentropic efficiency 

For the purpose of the current study, isentropic efficiency is de- 

ned in two ways. In the first definition the ratio of measured 

old-gas energy separation (energy lost by the cold stream) to that 

hich would have been achieved if the cold stream were to un- 

ergo an isentropic expansion from the inlet pressure to the cold- 

xit pressure is taken, that is 

1 

(
ε, 

p 01 

p c 

)
= 

˙ m c c p ( T 01 − T 0c ) 

˙ m c c p T 01 

(
1 −

(
p c 
p 01 

) γ −1 
γ

) = 

1 − θc (
1 −

(
p c 
p 01 

) γ −1 
γ

) (9) 

here γ is the ratio of specific heat capacities for air ( γ = c p / c v ) . 

In Fig. 3 the actual cold-gas energy separation process is 

arked by 1 to c whilst the corresponding isentropic process is 

arked 1 to c ′ . In this efficiency definition the ability of the cold 

tream to work on the hot stream is compared to the ability of the 
5 
old stream to perform its maximum (isentropic) work between 

he same pressures. The thermodynamic cost of the hot stream is 

gnored. 

In the second definition, the ratio of cold-gas energy separation 

o the energy separation that would have been achieved if the en- 

ire inlet stream were to undergo an isentropic expansion from the 

nlet pressure to the cold-exit pressure is taken. That is 

2 

(
ε, 

p 01 

p c 

)
= 

˙ m c c p ( T 01 − T 0c ) 

˙ m 1 c p T 01 

(
1 −

(
p c 
p 01 

) γ −1 
γ

) = 

ε ( 1 − θc ) (
1 −

(
p c 
p 01 

) γ −1 
γ

) (10) 

This definition represents the efficiency with reference to an 

deal turbo-expander. 

.4. Coefficient of performance as refrigerator 

For vortex tubes used as a refrigerator, the coefficient of perfor- 

ance, CO P c , is a measure of the decrease in enthalpy flux of the 

old stream (refrigerating potential) to the work required to com- 

ress air from ambient conditions to the inlet pressure. Note that 

ere inlet pressure is regarded as that associated with state 1 on 

ig. 3 (that is 3.0, 5.0 or 7.0 bar) not state 4 (that is, 28 bar), the

atter being an arbitrary value in the current system which is suf- 

ciently high to achieve a wide range of experimental conditions. 

aking the compression energy required as that associated with 

n isentropic compression of the entire inlet stream from atmo- 

pheric conditions to the inlet pressure (state 1), yields a COP equal 

o the efficiency defined with respect to an ideal turbo-expander: 

.e. CO P c = η2 . It is more common in the literature to define the 

OP with respect to an isothermal compression of the inlet stream, 

owever, yielding the lowest possible compression energy and the 

ighest possible COP that would be achievable in practice, that is 

O P c 

(
ε, 

p 01 

p c 

)
= 

˙ m c c p ( T 01 − T 0c ) 

˙ m 1 c p 
(

γ −1 
γ

)
T 01 ln 

(
p 01 

p c 

) = ε 
γ

γ − 1 

( 1 − θc ) 

ln 

(
p 01 

p c 

) (11) 

. Experiment and processing 

Practical details of the facility design and operation, the vor- 

ex tube design, and instrumentation and data acquisition are now 

iscussed. Details of the uncertainty analysis are given in the ap- 

endix. 

.1. Facility design and operation 

A schematic of the test facility is shown in Fig. 4 . The facility

perates in blow-down mode from two 30 m 

3 tanks initially at 

8 bar. During a test, a pilot-operated pressure regulator (operable 
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Fig. 5. Operating pressure characteristics for the vortex tube. 
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Fig. 6. Schematic of vortex tube and measurement points. 

Fig. 7. Schematic of the swirler ring and cold-exit orifice. 

Fig. 8. Schematic of vortex tube with key parameters marked. 
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cross a wide range of conditions) was used to maintain constant 

ressure, p 0 , up (typically 10–15 bar), upstream of the inlet critical 

enturi nozzle [17] . This pressure was set to a value to ensure that

he inlet nozzle was choked, allowing the inlet mass flow rate, ˙ m 1 , 

o be measured (nozzles of throat diameter, d nt = 5.5–7.0 mm di- 

meter). This effectively sets a mass flow inlet boundary condition 

o the facility. The mass flow boundary condition (combination of 

nlet nozzle size and upstream pressure) dictates the nozzle ring 

nlet pressure, p 01 . The test conditions used in the current study 

ere p 01 equal to 3.0, 5.0 and 7.0 bar. In practice p 01 was found 

o be insensitive to the cold-gas mass fraction, ε, and therefore 

 single regulator set pressure could be used for a range of mass 

ow ratios. At the highest inlet pressure, a typical mass flow rate 

as 0.10 kg/s. This is below the recharge rate of the compressors, 

nd therefore the tank temperature and pressure are generally rel- 

tively constant during a run. 

The cold outlet mass flow rate, ˙ m c , was measured using a sub- 

onic venturi nozzle [18] of diameter in the range 10–28 mm. The 

iameter was chosen to minimise the backpressure increase (main- 

ain p c close to atmospheric pressure) whilst maintaining ade- 

uate pressure difference for accurate measurements (details of 

ncertainty analysis Appendix 1 ). The hot-outlet mass flow rate, 

˙  h , was found by difference ( ˙ m h = ˙ m 1 − ˙ m c ) from the two mea- 

ured mass flow rates (see uncertainty analysis later). The cold- 

as mass fraction was adjusted using a hand-operated ball valve 

ownstream of the hot outlet splitter. For a fixed vortex tube de- 

ign (including hot-exit splitter design) and cold-exit nozzle di- 

meter size, there is a well-defined relationship between the vor- 

ex tube operating pressures and two principal operating param- 

ters (i.e. the cold-gas mass fraction and the overall pressure ra- 

io). Considering the cold-exit nozzle downstream pressure and 

he hot-exit splitter upstream pressure the functional forms are 

p h / p atm 

= f( p 01 / p c , ε ) and p c / p atm 

= f( p 01 / p c , ε ) . These relation- 

hips are shown in Fig. 5 . The cold nozzle downstream pressure 

s extremely close to atmospheric pressure over the entire range 

f operating conditions. The vortex tube hot-exit splitter upstream 

ressure, p h , increases with both cold-gas mass fraction, ε, and 

he overall pressure ratio, p 01 / p c . The particular characteristics are 

 function of the entire vortex tube design including the cold- 
6 
xit limiter size and hot-exit splitter design. For completeness it 

s noted that the static pressure at all points ( p wa 2 , . . . , p wa 5 ), (see

ig. 6 ) was extremely similar to p h at all operating points: i.e. the 

ortex tube has almost constant static pressure along the inner 

all. 

.2. Vortex tube design 

The tube in the current study is shown schematically in Fig. 6 . 

he vortex tube is fed from a regulator (see Fig. 4 ) to inlet port

. The flow then passes through a swirler ring, B, being ejected 

hrough six tangential rectangular nozzles with a 10:1 aspect ratio 

t outlet. The vortex tube BC has a half-angle, β , equal to 3 °, and

verall length 460 mm. This gave an exit-to-inlet internal diameter 

atio, D e /D = 3 . 1 . The hot-end outlet, C, has a conical splitter with

alf-angle ϕ = 45 ° and ratio of outer radius to hot-exit internal di- 

meter r/ D e = 0 . 44 . The cold gas passes through a limiting orifice

nstalled on the cold side of the swirler ring, into outlet pipe D. 

he walls of the vortex tube were made from steel. A schematic 

f the swirler ring and cold-exit orifice is presented in Fig. 7 . De-

ign parameters are summarised in Table 1 and key parameters are 

hown in Fig. 8 . 

.3. Instrumentation and data acquisition 

The sonic venturi metre was installed with upstream total pres- 

ure and total temperature measurements and downstream static 

ressure tappings to allow inlet mass flow rate to be determined. 
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Table 1 

Summary of key dimensions. 

Parameter Value 

Vortex tube length, L (mm) 460 

Vortex tube half-angle, β (deg) 3 

Half-angle of hot-exit conical splitter, ϕ (deg) 45 

Number of inlet nozzles, N ( −) 6 

Ratio of combined inlet nozzle throat area to vortex tube inlet internal cross-sectional area, A 1 /A ( −) 0.22 

Ratio of cold-exit orifice plate diameter to vortex tube inlet diameter, d c /D ( −) 0.50 

Ratio of vortex tube length to inlet internal diameter, L/D ( −) 20 

Vortex tube exit-to-inlet internal diameter ratio, D e /D 3.1 

Vortex tube hot-splitter outer radius to exit diameter ratio, r/ D e 0.44 
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he bias errors were taken to be 0.10% of full-scale (First Sensor 

TE80 0 0 0–35 bara) for pressure, as quoted on the manufacturer’s 

ata sheet, and approximately 1.0 K for temperature. 

The subsonic venturi downstream of the cold-exit was installed 

ith upstream static pressure (Druck PMP-50 0 0 0–2 bar) and to- 

al temperature measurements and a throat static pressure tap- 

ing (Druck PMP-50 0 0 0–2 bar) to allow the cold outlet mass flow 

ate to be determined. The bias errors were taken to be 0.040% of 

ull-scale (0–2 bara) for the absolute pressure sensors and approx- 

mately 1.0 K for temperature. 

The nozzle ring inlet pressure and temperature ( p 01 , T 01 ) were 

easured with a high accuracy pressure transducer (First Sensor 

TE80 0 0 0–10 bara) and a K -type thermocouple. The locations are 

arked in Fig. 6 . The bias errors were taken to be 0.10% of full-

cale for pressure (0–10 bara range) and approximately 1.0 K for 

emperature. 

The hot outlet temperature ( T 0h ) was measured at approxi- 

ately 6.8 r downstream of the hot-exit plane with a K-type ther- 

ocouple. The bias error was approximately 1.0 K for temperature. 

The cold outlet total temperature, T 0c , and static pressure, p c , 

ere measured at approximately 15 d c downstream of the cold ori- 

ce. For the temperature measurement a rake of four thermocou- 

les was used, giving an estimated bias error in the mean of 0.50 K. 

he bias error in the pressure measurement was taken to be 0.10% 

f full-scale (First Sensor CTE80 0 0 0–10 bara). 

To allow the data to be corrected for heat flux terms between 

he working gas and the walls (to render the experiment closer 

o an adiabatic condition), the inner and outer walls of the vor- 

ex tube were installed with five pairs of thermocouples T wa 2 , T wb 2 

o T wa 6 , T wb 6 , installed very close to the inner wall and outer wall 

urfaces (see Fig. 6 ). This allowed a zero-dimensional unsteady cor- 

ection method to be employed (discussed in the next section). 

To understand the pressure variation within the vortex tube, 

our additional static pressure tappings, p 2a to p 5a , were installed 

n the chamber walls. p h was measured with a static pressure tap- 

ing installed in the chamber walls a distance of 1.5 r upstream of 

he hot-exit throat (at the outer diameter of the conical splitter). 

he approximate locations are marked in Fig. 6 . 

Data acquisition was with a Labview and National Instruments 

ystem. Data was sampled at 50 Hz in all experiments. 

. Data processing 

Corrections to the experimentally measured temperature ratios 

or the Joule-Thomson effect and zero-dimensional transient heat 

ux correction to reduce experimental settling time are now dis- 

ussed. 

.1. Joule-Thomson effect 

To allow presentation of temperature ratios accounting for the 

oule-Thomson effect (to separate out this effect) a correction term 

as implemented. 
7 
For air at typical ambient temperature the Joule-Thomson coef- 

cient is approximately 0.24 K/bar [19] , giving a temperature lapse 

f approximately �T = 1.4 K in an adiabatic throttling process from 

.0 to 1.0 bar. When processing the data, �T (t) was evaluated in 

eal time, based on the pressure difference, �p = p 01 − p c . Thus, 

 real-time Joule-Thomson-corrected inlet temperature is defined by 

 

∗
01 

(t) = T 01 (t) − �T (t) . This is used in Eqs. (5) and (6) to com-

ute the corrected non-dimensional hot-exit and cold-exit tem- 

eratures, respectively. The corrected inlet temperature could be 

sed in all the performance parameters to render them into non- 

imensional groups independent of this effect. It is shown in Re- 

ults and Discussion that the effect is relatively small giving an av- 

rage offset θ ∗
c − θc = 0.0035 and θ ∗

h 
− θh = 0.0039. This is equiva- 

ent to offsets in η and CO P c of 0.0092 and 0.0032, or 6.0% and 

.9% of the mean value of these data, respectively. Because the ef- 

ect is relatively small, and because overall performance (i.e. includ- 

ng Joule-Thomson effects, even though it makes it more difficult 

o scale results) might be taken to be of primary direct interest, 

omplete results are presented only for the temperature ratio pa- 

ameters. 

.2. Justification for zero-dimensional transient heat flux corrections 

A transient heat flux correction technique was employed to cor- 

ect for unsteady heat flux terms from the working gas to the vor- 

ex chamber walls. This allows accurate estimates of the steady- 

tate (adiabatic) condition without the need to run experiments to 

onvergence. This unsteady correction method is now described. 

In the current experiment, the heat transfer between the work- 

ng gas and the walls was generally positive (i.e. heat lost from 

he system). This is logical because the primary temperature seg- 

egation effect in the swirling flow is such that there is hot gas at 

he periphery (in contact with the wall, and with net flow towards 

he hot outlet) and cold gas towards the core (with net flow to- 

ards the cold outlet, in a contrary direction to the hot flow). The 

emperature gradient that is set up along the inner surface of the 

ortex tube is complex, but because the heat transfer within the 

orking gas happens over the length of the tube, the peripheral 

as generally increases in temperature towards the hot outlet. 

First, a typical facility inlet temperature characteristic, T 01 (t) , 

s considered. This is plotted in Fig. 9 . Before flow is initiated 

 t < −17 s) the air in the pipe is quiescent. For the run shown,

he temperature is recovering to ambient from conditions of a pre- 

ious run. Flow is initiated at approximately t = −17 s, and there is 

n initial compression spike ( −17 s < t < 0 s). The end of the com-

ression spike is defined to be t = 0. This is marked in Fig. 9 . Af-

er the compression spike (t > 0 s) the flow follows a quasi-steady 

ownward characteristic determined by a balance between isen- 

ropic expansion in the main tank and heat transfer to the cooling 

ow. This temperature trend, T 01 (t) , is used to normalise data in 

he following plots. 

Normalised temperature characteristics from a typical run are 

lotted in Fig. 10 , in particular: the inlet temperature normalised 
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Fig. 9. Typical inlet temperature characteristic. 

Fig. 10. Wall temperature measurements for a run with high heat flux between 

working gas and the wall ( p 01 / p c = 3 . 0 , ε = 0 . 69 ). 
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Table 2 

Time constants and internal heat transfer coefficients for 

each zone of the vortex tube. 

Zone 2 3 4 5 6 

τ (s) 270 370 460 520 560 

h (W/(m 

2 K)) 1100 740 450 320 180 

Fig. 11. Schematic diagram of vortex tube, indicating the five sections of the tube. 
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y the initial inlet temperature T 01 (t) / T 01 ( t = 0 ) ; the normalised 

old and hot-exit gas temperatures, θc and θh , respectively; the 

ormalised average internal wall temperature T wa / T 01 (average of 

 wa 2 to T wa 6 ); the normalised average external wall temperature 

 wb / T 01 (average of T wb 2 to T wb 6 ); and the normalised average 

all temperature T w 

/ T 01 (average of T w2 to T w6 , where T w2 = 

1 
2 ( T wa 2 + T wb 2 ) etc.). The data are for a run with p 01 / p c = 3.0 and 

= 0.69, which was characteristic of a run with significant initial 

eat transfer between the working gas and the walls. The length 

f the run was 1400 s or approximately 23 min. 

Looking first at the normalised inlet temperature, 

 01 (t) / T 01 ( t = 0 ) , there is a quasi-steady characteristic with a 

apse to approximately T 01 (t) / T 01 ( t = 0 ) = 0.986. The cold-exit gas 

emperature normalised by the real time inlet temperature, θc , is 

xtremely stable, varying by only 0.0022 (or approximately 5.9% of 

he mean value of 1 − θc ) over the run time. In contrast the nor-

alised hot-exit gas temperature, θh , rises on a quasi-exponential 

rend varying between θh = 1.02 and θh = 1.07 at the beginning 

nd end of the run, respectively. This trend is explained by the 

ormalised average wall temperature, T w 

/ T 01 , which has a similar 

haracteristic. That is, the hot outlet response is heavily damped 

y the thermal mass of the wall. Even when approximately steady 

tate conditions have been reached ( t = 1400 s ), θ (t) is higher
h 

8 
han T w 

/ T 01 (t) . Although this seems unintuitive, this is possible 

ecause the wall temperature increases along the length of the 

ortex tube towards the hot exit as the hot-gas energy separation 

dvances. That is, whilst the temperature separation between T 0h 

nd T w6 (not shown) is very small once steady state conditions 

ave been reached, the difference between T 0h and average wall 

emperature is significant. The trends for T wa / T 01 (t) and T wb / T 01 (t) 

re almost identical to T w 

/ T 01 (t) , with only a very small abso- 

ute offset in temperatures. This shows that the through-wall 

emperature gradient is small. 

Taking an assumed step change in driving gas temperature be- 

ween the start and end points of the trend T w 

(t) (0 s and 1400 s,

espectively) the system is approximated as a zero-dimensional 

eat capacitor, for which the response to a step change in gas tem- 

erature is of form: 

 w 

( t ) = 

(
T w 

( t = 0 ) − T w 

( t = 1400 ) 
)
e −( t/τ ) + T w 

( t = 1400 ) (12) 

Finding the best-fit value of τ gives τ = 470 s . This is an ap- 

roximate approach for two reasons: firstly, the system inlet driv- 

ng gas temperature, T 01 , is continuously changing; secondly, the 

eal driving gas temperature varies with distance along the tube 

nd is therefore—locally—poorly approximated by T w 

( t = 1400 ) 

ver most of the tube. Despite these approximations, the approach 

ives indicative values of interest. This time constant is large and 

emonstrates that it is necessary to run the system for several 

inutes to achieve steady state conditions, or to employ a tran- 

ient heat flux correction. It is also noted that the ratio of the 

ystem time-constant to through-wall time constant is large, and 

herefore a zero-dimensional method is adequate. 

It is possible to infer internal heat transfer coefficients by not- 

ng that for a heat capacitor τ = M c p /h A a , where h is internal heat

ransfer coefficient and A a is the inner wall surface area. Putting 

n physical values for the overall system ( τ = 470 s, M = 42 . 5 kg,

 p = 400 J/(kg K) and A a = 0 . 09 m 

2 ) yields h = 400 W/(m 

2 K). It is

ossible to do this for each of the five sections of tube yielding the 

esults in Table 2 . The sections are marked on Fig. 11 . 

Here it is interesting to see that the heat transfer coefficients 

ecrease strongly and monotonically with axial distance. This is 

ost likely caused by a decrease in tangential velocity with ax- 

al distance. Interestingly, the downward trend based on real local 

emperature would be even more severe than that implied by this 

ethod, which assumed constant gas temperature throughout the 

ube (in the real system temperature separation is increasing with 

xial distance). 

Asymptotic temperatures, T w2 ( t = 1400 s ) t o T w6 ( t = 1400 s ) 

shown in Fig. 12 ), increase steeply and monotonically between 
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Fig. 12. Wall temperature measurements for zone 2 − 6 for a run with high heat 

flux between working gas and the wall ( p 01 / p c = 3 . 0 , ε = 0 . 69 ). 

Fig. 13. Control volume for the system transient heat transfer analysis for the sys- 

tem. 
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 w2 ( t = 1400 s ) and T w4 ( t = 1400 s ) and are essentially constant 

etween T w4 ( t = 1400 s ) and T w6 ( t = 1400 s ) . The plateau in 

symptotic wall temperature after a certain axial length suggests 

dditional vortex tube length would not improve performance. 

.3. Transient heat flux correction 

Implementation of a transient heat flux correction—based on 

verall energy balance for the system—to account for unsteady 

eat transfer between the flow and the walls is now discussed. 

A control volume representing the vortex tube system is shown 

n Fig. 13 . 

There are three flow-based enthalpy fluxes of interest, asso- 

iated with the inlet flow, ˙ m 1 c p T 01 (t) , the hot gas exit flow, 

˙  h c p T 0h (t) , and the cold gas exit flow, ˙ m c c p T 0c (t) . There are, in 

ddition, two heat fluxes of interest, a forced convention term be- 

ween the working gas and the walls, ˙ Q A , and a free convention 

erm between the walls and the environment, ˙ Q B . The overall en- 

rgy balance for the fluid is represented by 

˙ 
 1 c p T 01 ( t ) = 

˙ m c c p T 0c ( t ) + 

˙ m h c p T 0h ( t ) + 

˙ Q A ( t ) + 

˙ Q R ( t ) (13) 

here ˙ Q R (t) is an instantaneous residual heat flux, which arises 

ue to measurement error (particular sensitivity to cold-exit mass 

ow rate and hot-exit total temperature measurements). The heat 

ux absorbed by the walls (e.g. Fig. 10 data), ˙ Q C (t) , is equal to the

ifference ˙ Q A (t) − ˙ Q B (t) . That is 

˙ 
 A ( t ) − ˙ Q B ( t ) = M 2 c p 

d T w2 ( t ) 

d t 
+ . . . + M 6 c p 

d T w6 ( t ) 

d t 
= 

˙ Q C ( t ) (14) 

here M 2 to M 6 are the wall mass elements (stations 2–6 in 

ig. 11 ), and 

˙ Q C (t) is the net heat flux into the walls. The natural

onvection heat flux ˙ Q B (t) was calculated using the correlations of 

ean surface Nusselt number [20] for a heated horizontal cylinder, 

f form 

u f = C ( G r f P r f ) 
m (15) 

here, G r f is Grashof number and P r f is Prandtl number (both are 

valuated at the mean film temperature), and—for the conditions 
9 
n this experiment—C and m take values 0.53 and 0.25, respectively 

20] . Representing ˙ Q B (t) as the sum over five wall elements, this 

erm can be expressed as 

˙ 
 B ( t ) = 

6 ∑ 

j=2 

k f j N u f j A b j 

D b 

(
T wb j ( t ) − T amb 

)
(16) 

here A b j and T wb j (t) represent the individual outer wall surface 

reas and associated wall temperatures, and k f j and N u f j are the 

hermal conductivity and Nusselt number evaluated at the mean 

lm temperature for each zone. D b is the outer diameter of the 

ortex tube ( D b = 125 mm) and T amb is the environmental temper- 

ture. Rewriting Eq. (13) using Eq. (14) , and evaluating the terms 

t a particular time for each run (chosen so the operating point is 

elatively steady; not made explicit in the following equations) the 

nlet enthalpy flux can be expressed as 

˙ 
 1 c p T 01 = 

˙ m c c p T 0c + 

˙ m h c p T 0h + 

˙ Q B + 

˙ Q C + 

˙ Q R (17) 

This is a condition for instantaneous enthalpy flux balance for 

he fluid control volume. 

.4. Energy balance at extrapolated adiabatic condition 

An ideal experiment would be run to steady state conditions, 

o that terms ˙ Q B and 

˙ Q C in Eq. (17) tend to zero. In an exper- 

ment with low measurement uncertainty ˙ Q R would also be ap- 

roximately zero. In many practical experiments, this is not pos- 

ible, however, and it is helpful to define corrected temperatures 

accounting for unsteady heat flux terms from the fluid) at an ex- 

rapolated adiabatic condition . These temperatures are referred to 

s T ′ 
0c 

and T ′ 
0h 

. To do this it is necessary to apportion the unsteady

eat flux term (between fluid and walls) between the hot and cold 

treams. A method for doing this is now described. 

Corrected cold-exit and hot-exit temperatures are defined by 

 

′ 
0c = T 0c + k 1 

(
˙ Q B + 

˙ Q C 

)
˙ m c c p 

(18) 

nd 

 

′ 
0h = T 0h + ( 1 − k 1 ) 

(
˙ Q B + 

˙ Q C 

)
˙ m h c p 

(19) 

here k 1 is a constant that determines how the unsteady heat 

ux is split between cold-exit and hot-exit streams. An optimisa- 

ion approach is used to define k 1 , as described in Appendix 2 . Al-

hough not explicitly shown in Eqs. (18) and (19) , in this method 

 1 is a function of ε to improve the quality of the optimisation. 

To demonstrate the utility of the approach, corrected ( θ ′ 
c = 

 

′ 
0c 

/ T 01 and θ ′ 
h 

= T ′ 
0h 

/ T 01 ) and uncorrected ( θc and θh ) cold-exit and

ot-exit gas temperatures are plotted for a typical run in Fig. 14 

same run as discussed in context of Fig. 10 ). In this run there was

 step change to a single operating point with no further change 

n operating point. 

As discussed in the context of Fig. 10 , θh is time-varying with 

 time constant of approximately 540 s, and an increase of 0.046 

or 86% of the mean value of 1 − θh ) over the period of the run.

mplementing the transient heat flux correction technique yields 
′ 
h 

which is significantly more stable, with a lapse of only 0.0121 

approximately 15% of the mean value of 1 − θ ′ 
h 

) over the dura- 

ion of the run. The improvement in stability is approximately a 

actor of 5.7. Evaluating θ ′ 
h 

at t = 300 s (marked in Fig. 14 ) yields

 value which is within 0.46% of the settled value: an error in en- 

rgy separation (proportional to 1 − θ ′ 
h 
) of 6.2%. It is noted that the 

ettled values of θ ′ 
h 

and θh are different by an amount correspond- 

ng to 14% of the energy separation, underlining the importance of 

ccounting for heat flux at the surfaces of the fluid control vol- 

me. In this example, the correction function is such that no cor- 

ection is applied to the cold stream, so the trends for θc and θ ′ 
c 
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Fig. 14. Corrected and uncorrected non-dimensional exit temperatures after a step 

change in operating point ( p 01 / p c = 3 . 0 , ε = 0 . 69 ). 
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Fig. 15. Corrected and uncorrected cold-gas and hot-gas energy separation param- 

eters as a function of ε for p 01 / p c = 7 . 0 . 
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re identical. It is noted that other than for values of ε approach- 

ng unity, the heat flux correction primarily affects the hot stream, 

hich is in more intimate contact with the wall. This is discussed 

n Appendix 2 . 

The experimental procedure adopted was to run for 300 s at a 

ingle operating point, then make small changes in operating point 

ith a dwell period of 60 s between each. Taking data in this way,

he average value of ˙ Q c was 9.8% of the average value of cold-gas 

nergy separation, ˙ m c c p ( T 01 − T 0c ) across all data, with 

˙ Q C positive 

expected because hot fluid is in contact with the walls) and in- 

reasing with ε (expected because θh increases as ε increases). The 

verage value of ˙ Q B was 0.16% of average value of the cold-gas en- 

rgy separation across all data. The conclusion is that whilst it is 

ecessary to perform these corrections, the correction can be per- 

ormed with reasonable accuracy. 

To demonstrate the impact of the correction the corrected and 

ncorrected cold-gas and hot-gas energy separation parameters 

 E c = ε( 1 − θc ) , E ′ c = ε( 1 − θ ′ 
c ) , E h = ε( 1 − θh ) and E ′ 

h 
= ε( 1 − θ ′ 

h 
) )

re plotted in Fig. 15 . Both the raw data and second-order polyno- 

ial fits are presented for the case with pressure ratio, p 01 / p c = 

 . 0 . 

Looking first at the characteristics for E c and E ′ c , they are 

ery similar for 0 . 00 < ε ≤ 0 . 55 . This is the result of k 1 (ε) be-

ng set equal to zero in the range 0 . 0 < ε ≤ 0 . 78 . The function

 1 (ε) results from the best fit to unsteady data, and is discussed 

n Appendix 2 , but having low values k 1 (ε) for ε � 1 is in line

ith the physical intuition that in this range the cold gas has 

inimal direct interaction with the wall. For ε > 0 . 55 , E ′ c is lower

han E c (heat flux to the wall from the gas), gradually reducing 

o E ′ c = 0 . 75 E c for ε = 0 . 98 . In the limit ε → 1 , k 1 (ε) → 1 , an obvi-

us physical constraint because there is no outflow from the hot 

xit. 

Now consider the characteristics of E h and E ′ 
h 

. In the range 

 . 15 < ε ≤ 0 . 60 E ′ 
h 

is, on average, 10% higher than E h (heat flux to

he wall from the gas). In this range k 1 (ε) > 0 . 95 , a result that is

hysically justified because peripheral gas leaving through the hot 

xit is in most intimate contact with the wall. For ε > 0 . 60 , both
10 
 h and E ′ 
h 

converge to approximately 0, a result that is expected 

ecause of the term 1 − ε in Eq. (8) . 

In an ideal experiment (no error) run to convergence (no heat 

ux to walls), the curves for E c and E h would follow identical 

rends (enthalpy balance argument). The separation of these curves 

n Fig. 15 indicates either measurement error, or non-convergence 

r both. In the range 0 . 20 < ε ≤ 0 . 80 , E c and E h differ by on aver-

ge 24% of the local value of E c . Application of the transient cor- 

ection gives curves E ′ c and E ′ 
h 

, which differ by on average 14% of 

he local value of E ′ c . That is, application of the unsteady correc- 

ion closes the gap by approximately 42%. This demonstrates both 

he importance and the utility of performing the unsteady correc- 

ion. The curves for E ′ c and E ′ 
h 

are not identical in our experiment 

ecause of finite measurement error. 

In the analysis of performance parameters Eqs. (3) –( (11) ) that 

ollows, the corrected exit temperatures T ′ 
0c 

and T ′ 
0h 

Eqs. (18) and 

 (19) ) were used in place of T 0c and T 0h . With this change 

f variables, the parameters θc , θh , E c , E h , η1 , η2 , CO P c become 
′ 
c , θ

′ 
h 
, E ′ c , E ′ h , η′ 

1 
, η′ 

2 
, COP ′ c . 

.5. Note on the form of best-fit 

In an ideal experiment with no measurement error (and cor- 

ected for—small—Joule Thomson effect) both E c and E ′ c would con- 

erge to 0 in the limit ε → 0 (note the multiplier ε in Eq. (7) ).

n the current experiment data is only taken to a lower limit 

 ∼ 0 . 050 , however, and E c and E ′ c pass through 0 at approxi-

ately ε ∼ 0 . 100 . Although the behaviour is superficially surpris- 

ng, it is unclear whether it results from measurement error or a 

urning point in the range ε < 0 . 050 . For this reason, the second

rder fits are not constrained to pass through E c = 0 and E ′ c = 0 at

 = 0 . 

In similar manner, and under the same conditions, it is ex- 

ected that E h → 0 and E ′ 
h 

→ 0 as ε → 1 (note the multiplier 1 − ε
n Eq. (8) ). This condition is, in fact, almost precisely met by the 

ata, but because of the possibility of measurement error the sec- 

nd order fit is unconstrained. 
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Fig. 17. Effect of Joule-Thomson correction on non-dimensional exit temperatures. 
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Consider also the two limits at which there can be no energy 

eparation. Firstly, E ′ c → 0 for ε → 1 , because (neglecting the Joule

homson effect) θc → 1 , and 1 − θc → 0 ( Eq. (7) ) in the limit of no

utflow from the hot end. Secondly, E ′ 
h 

→ 0 for ε → 0 , because (ne-

lecting the Joule Thomson effect) θh → 1 , and θh − 1 → 0 ( Eq. (8) )

n the limit of no outflow from the cold end. In these limits finite

rror in temperature measurement is a real concern, so the best-fit 

ines are unconstrained. 

. Results and discussion 

Comprehensive performance curves are now presented for a di- 

ergent vortex tube operating at three overall total-to-static pres- 

ure ratios: p 01 / p c = 3 . 0 , 5 . 0 and 7 . 0 . Seven non-dimensional per-

ormance parameters, corrected for transient heat flux are con- 

idered: the non-dimensional outlet temperatures, θ ′ 
c and θ ′ 

h 
; the 

on-dimensional cold-gas and hot-gas energy separation, E ′ c and 

 

′ 
h 

; the isentropic efficiencies, η′ 
1 

and η′ 
2 
; and the coefficient of 

erformance of the vortex tube, COP ′ c . In all the characteristic plots 

hat follow both raw data at individual operating points, and either 

econd-order ( E ′ c and E ′ 
h 
) or third-order ( θ ′ 

c , θ
′ 
h 

, η′ 
1 , η

′ 
2 and COP ′ c )

olynomial best fit curves for each pressure ratio are presented. 

ypical values of uncertainty in all performance parameters can be 

ound in Appendix 1 . 

.1. Non-dimensional exit temperatures 

Characteristics of non-dimensional outlet temperatures are 

hown in Fig. 16 as a function of ε and pressure ratio. The cold- 

xit temperature separation (variation from unity) peaks between 

pproximately ε = 0 . 35 and ε = 0 . 45 , and increases strongly with

ressure ratio between p 01 / p c = 3 . 0 and 5.0, then increases weakly 

etween p 01 / p c = 5 . 0 and 7.0. At the points of maximum temper-

ture separation the non-dimensional cold-exit temperatures are 
′ 
c = 0 . 94 , 0 . 92 and 0.91 for p 01 / p c = 3 . 0 , 5.0 and 7.0, respectively.

The hot-exit temperature separation increases approximately 

inearly with ε, and increases fairly strongly with pressure ra- 

io between p 01 / p c = 3 . 0 and 5.0, then increases weakly between 

p / p c = 5 . 0 and 7.0. At the points of maximum temperature 
01 

ig. 16. Non-dimensional outlet temperatures as a function of ε and pressure ratio. 
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11 
eparation, the non-dimensional hot-exit temperatures are θ ′ 
h 

= 

 . 10 , 1 . 11 and 1.13 for p 01 / p c = 3 . 0 , 5 . 0 and 7.0, respectively (note

hese values are from short extrapolations from the best fit curve). 

To understand the sensitivity to the Joule-Thomson effect θ ′ 
c 

nd θ ′ 
h 

are compared with corrected quantities θ ∗
c and θ ∗

h 
(note 

hat T ′ 0c and T ′ 
0h 

were used in place of T 0c and T 0h in Eqs. (3) –

6) to compute θ ′ 
c , θ

′ 
h 

, θ ∗
c and θ ∗

h 
, respectively) in Fig. 17 . Raw 

ata points have been omitted for clarity. In the range 0 . 05 < ε <
 . 98 , the mean offsets θ ∗

c − θc were 0.0 016, 0.0 031 and 0.0 046 for

p 01 / p c = 3 . 0 , 5.0 and 7.0, respectively. Corresponding offsets for 
∗
h 

− θh were 0.0 017, 0.0 035 and 0.0051. Looking at the temper- 

ture separation parameters 1 − θc and 1 − θh , the Joule-Thomson 

orrection is equivalent to offsets (overall mean over all ε and 

p 01 / p c tested) of 6.3% and 7.5%, respectively. 

Whilst vortex tube physics is governed primarily by the ge- 

metry, overall pressure ratio and cold mass fraction, the Joule- 

homson effect scales with absolute pressure, temperature and 

ressure drop. To fully normalise the data, it would make sense 

o perform a Joule-Thomson correction, to render the performance 

arameters in forms that are independent of the Joule-Thomson 

ffect, such that predictions could be made for any particular ab- 

olute pressure, temperature and pressure drop of interest. It can 

e seen from Fig. 17 that accounting for the Joule-Thomson effect 

as the consequence of underpredicting the cooling effect in many 

ractical applications. Whilst this may be desirable to make the 

ata as portable as possible between operating conditions, many 

ndustrial air supplies operate at pressures similar to those used in 

he current experiments. This relatively small correction is there- 

ore omitted in all the analysis that follows. That is, the inlet 

emperature is taken as T 01 in Eqs. (7) −(11) , not T ∗
01 

. In scaling

o different absolute conditions, a double-correction for the Joule- 

homson effect should be accounted for. 

.2. Non-dimensional cold-gas and hot-gas energy separation 

Characteristics for the cold-gas and hot-gas energy separation 

arameters, E ′ c and E ′ 
h 

, are shown as functions of ε and pressure 

atio in Fig. 18 and Fig. 19 , respectively. 
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Fig. 18. Cold-gas energy separation parameter E c as a function of ε and pressure 

ratio. 

Fig. 19. Hot-gas energy separation parameter E h as a function of ε and pressure 

ratio. 
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Fig. 20. Isentropic efficiency referenced to the cold-gas expansion, η′ 
1 , as a function 

of ε and pressure ratio. 
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The general forms are parabolic, with maxima close to ε = 0 . 5 .

he trends are for increasing energy separation with increasing 

ressure ratio. Trends for E ′ c and E ′ 
h 

at a given pressure ratio are 

imilar to each other, and therefore close to the result one would 

xpect in a system with no measurement error or heat transfer 

from the gas to the wall). For p 01 / p c = 3 . 0 , 5.0 and 7.0, E ′ c has

aximum values 0.029, 0.038 and 0.039 at ε = 0 . 60 , 0.58 and 0.57,

espectively. The corresponding maximum values of E ′ 
h 

are 0.028, 

.032 and 0.034 at ε = 0 . 53 , 0.54 and 0.54. The maximum energy

ost by the cold stream and gained by the hot stream due to vis- 
12 
ous shear stress and heat transfer is of order 3.5% of the inlet 

nthalpy flux. 

.3. Isentropic efficiency referenced to cold-gas expansion 

The isentropic efficiency referenced to the cold-gas expansion, 
′ 
1 , is plotted in Fig. 20 as a function of ε and pressure ratio. 

The trends are quasi-parabolic in shape with maxima in the 

ange 0 . 37 < ε < 0 . 44 . In the range 0 . 00 ≤ ε ≤ 0 . 40 , η′ 
1 

increases

lightly with increasing pressure ratio, and in the range 0 . 40 ≤ ε ≤
 . 00 , η′ 

1 
decreases slightly with increasing pressure ratio. At high 

old-gas mass fractions, although a greater temperature drop be- 

ween inlet and cold exit is achieved at higher pressure ratio (see 

ig. 16 ) this is outweighed by the increased cost of pumping the 

uid to the inlet pressure. For p 01 / p c = 3 . 0 , 5.0 and 7.0, the max-

mum values of η′ 
1 

are 0.23, 0.23 and 0.23 at ε = 0 . 44 , 0.39 and

.38. At the point of maximum efficiency, the cold-gas energy sep- 

ration (energy lost by the cold stream) is roughly 20% of that 

hich would be achieved if the cold stream were to undergo an 

sentropic expansion from the inlet pressure to the cold-exit pres- 

ure. 

.4. Isentropic efficiency referenced to inlet stream expansion 

The isentropic efficiency referenced to the inlet-gas expansion, 
′ 
2 
, is plotted in Fig. 21 as a function of ε and pressure ratio. 

his definition represents the efficiency with reference to an ideal 

urbo-expander. The trends are—again— quasi-parabolic in shape 

ith maxima in the range 0 . 56 < ε < 0 . 63 . In the range 0 . 00 ≤ ε ≤
 . 40 , η′ 

2 
is insensitive to pressure ratio, and in the range 0 . 40 ≤

 ≤ 1 . 00 , η′ 
2 

decreases slightly with increasing pressure ratio. For 

igh cold-gas mass fractions, the same mechanism (cost of pump- 

ng cold gas) can be taken to account for the decrease in efficiency. 

n this definition the maximum efficiency point is a compromise 

etween high cold mass fraction and high cold-exit temperature 

eparation. For p 01 / p c = 3 . 0 , 5.0 and 7 . 0 , the maximum values of
′ 
2 

are 0.11, 0.10 and 0.091 at ε = 0 . 62 , 0.58 and 0.56, respectively.

t the point of maximum efficiency, the cold-gas energy separa- 

ion (energy lost by the cold stream) is roughly 10% of the energy 
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Fig. 21. Isentropic efficiency referenced to the inlet-gas expansion, η′ 
2 , as a function 

of ε and pressure ratio. 

Fig. 22. Coefficient of performance for vortex tube acting as a refrigerator, CO P c , as 

a function of ε and pressure ratio. 
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eparation that would have been achieved if the entire inlet stream 

ere to undergo an isentropic expansion from the inlet pressure to 

he cold-exit pressure. 

.5. Coefficient of performance acting as refrigerator 

The coefficient of performance for a vortex tube acting as re- 

rigerator, CO P c is shown in Fig. 22 as a function of ε and pressure 

atio. The characteristics are quasi-parabolic with maxima in the 

ange 0 . 56 < ε < 0 . 63 . In the range 0 . 0 < ε ≤ 0 . 35 , the CO P c char-

cteristics are almost identical at all three pressure ratios. In the 
13 
ange 0 . 35 < ε ≤ 1 . 0 , CO P c decreases with increasing pressure ra-

io. The improvement in cold-exit temperature separation achieved 

t higher pressure ratios is outweighed by the increased cost of 

ompressing gas to the inlet condition. For p 01 / p c = 3 . 0 , 5.0 and

.0, the maximum values of CO P c are 0.097, 0.084 and 0.071 at 

 = 0 . 63 , 0.58 and 0.56, respectively. The refrigerating potential is 

pproximately 10% of the minimum work required to compress air 

rom ambient conditions to the inlet pressure. 

. Conclusions 

A detailed experimental study of the performance characteris- 

ics of a divergent vortex tube has been conducted. The perfor- 

ance is presented in terms of: non-dimensional temperature sep- 

ration; cold-gas and hot-gas energy separation; efficiency; and co- 

fficient of performance acting as a refrigerator. The utility of these 

etrics is discussed, as are improved experimental methods in- 

luding a transient heat flux correction, and the impact of Joule- 

homson effects on non-dimensional performance metrics. The key 

onclusions are: 

a) Temperature separation ( θ ′ 
c and θ ′ 

h 
) increases with overall pres- 

sure ratio with peak non-dimensional cold temperatures θ ′ 
c = 

0 . 94 , 0 . 92 and 0.91, at pressure ratios p 01 / p c = 3 . 0 , 5 . 0 and

7.0, respectively. The lowest cold-exit temperature (0.91) was 

obtained at a cold-gas mass fraction of ε = 0 . 34 . For inlet

air at room temperature this corresponds to a temperature 

deficit of approximately 26.1 K. Peak non-dimensional hot-gas 

exit temperatures of θ ′ 
h 

= 1 . 09 , 1 . 11 and 1.13 were achieved for

p 01 / p c = 3 . 0 , 5.0 and 7.0, respectively, these peaks occurring at 

a cold-gas mass fraction of unity ( ε = 1 . 00) . 

b) Non-dimensional cold-gas and hot-gas energy separation ( E ′ c and 

E ′ 
h 

) increased with increasing pressure ratio. For p 01 / p c = 3 . 0 ,

5.0 and 7.0, E ′ c has maximum values 0.029, 0.037 and 0.038 at 

ε = 0 . 60 , 0.58 and 0.57, respectively. The corresponding maxi- 

mum values of E ′ 
h 

are 0.028, 0.032 and 0.034 at ε = 0 . 53 , 0.54

and 0.54. The maximum energy lost by the cold stream and 

gained by the hot stream due to viscous shear stress and heat 

transfer is of order 3.5% the inlet enthalpy flux. Small differ- 

ences between the trends for E ′ c and E ′ 
h 

were attributed to ex- 

perimental error. 

c) Isentropic efficiency referenced to cold gas expansion ( η′ 
1 ) had 

quasi-parabolic trends with cold-gas mass fraction (relatively 

insensitive to pressure ratio) with maxima (at the three pres- 

sure ratios tested) equal to approximately 0.23 for cold-gas 

mass fractions of approximately 0.4. The peak cold-gas energy 

separation was roughly 20% of that which would be achieved if 

the cold stream were to undergo an isentropic expansion from 

the inlet pressure to the cold-exit pressure. 

d) Isentropic efficiency referenced to inlet stream expansion ( η′ 
2 
) was 

relatively insensitive to pressure ratio with peak values of 0.11, 

0.10 and 0.091 at ε = 0 . 62 , 0.58 and 0.56, respectively. This can

be thought of as representing the efficiency with reference to 

an ideal turbo-expander, with the maximum efficiency point 

being a compromise between high cold mass fraction and high 

cold-exit temperature separation. At peak efficiency, the cold- 

gas energy separation was roughly 10% of the energy separation 

that would have been achieved if the entire inlet stream were to 

undergo an isentropic expansion from the inlet pressure to the 

cold-exit pressure. 

e) Coefficient of performance for the vortex tube acting as refrig- 

erator had quasi-parabolic trends with maxima in the range 

0 . 56 < ε < 0 . 63 , with maximum values decreasing with pres-

sure ratio. The improvement in cold-exit temperature separa- 

tion achieved at higher pressure ratios is outweighed by the 

increased cost of compressing gas to the inlet condition. Maxi- 
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Fig. 23. Estimated percentage bias errors for mass flow rates and ε as a function of 

ε. 

Fig. 24. Estimated percentage bias errors for performance parameters as a function 

of ε for p 01 / p c = 5 . 0 . 
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mum values of CO P c were in the range 0.071–0.097. The refrig- 

erating potential was approximately 10% of the minimum work 

required to compress air from ambient conditions to the inlet 

pressure. 
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ppendix 1. Uncertainty analysis 

Uncertainty estimations were carried out for all performance 

etrics and mass flow rates. The analysis was performed for an—

rbitrarily chosen—inlet pressure of 5 bar. The input parameters 

ere set to their average values over all data for an inlet pressure 

 bar. The input parameters and corresponding percentage bias er- 

or estimates are summarised in Table 3 . 

Percentage bias errors in temperature and pressure measure- 

ents, discharge coefficients and nozzle throat diameters are used 

o evaluate percentage bias errors in ˙ m 1 , ˙ m c , ˙ m h , ε, η′ 
1 , η

′ 
2 , E 

′ 
c , E 

′ 
h 

nd COP ′ c using RSS error propagation techniques. 

Percentage bias errors (as percentage of local value) for the 

ass flow rates and ε are presented in Fig. 23 as a function of 

. Looking first at the inlet mass flow rate, ˙ m 1 , the uncertainty is 

pproximately 0.53%. Now looking at the cold-exit mass flow rate, 

˙  c , the percentage bias error is approximately constant (1.4%) in 

he range 0 . 15 < ε ≤ 1 . 0 , but increases rapidly for ε < 0 . 15 . Steps

n the characteristic arise because four distinct subsonic venturis 

ere used in the experimental process. For the hot-exit mass flow 

ate, ˙ m h , the percentage bias error is less than 2.0% in the range 
Table 3 

Average values and estimated errors for input parameters 

( p 01 / p c = 5 . 0 ). 

Value Estimated bias error (%) 

Sonic venturi 

C d 0.99 ± 0.30 

d nt (mm) 5.50 ± 0.18 

p 0 , up (bara) 15.29 ± 0.23 

T 0 , up (K) 289.00 ± 0.12 

Subsonic venturi 

C d 0.98 ± 1.20 

d nt (mm) 15.00 ± 0.07 

p up (bara) 1.05 ± 0.08 

p nt (bara) 0.65 −1.05 0.19 −0.31 

T 0 , up (K) 276.00 ± 0.36 

Vortex tube 

T ′ 0c (K) 271.00 ± 0.18 

p c (bara) 1.05 ± 0.95 

T 01 (K) 287.00 ± 0.35 

p 01 (bara) 5.00 ± 0.20 

T ′ 
0h 

(K) 303.00 ± 0.33 

i  

r

r

E
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w
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t

n

w

c
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14 
 . 0 < ε ≤ 0 . 60 and rises rapidly in the range 0 . 60 < ε ≤ 1 . 0 . The

rend for ε is similar to that for ˙ m c but percentage bias errors are 

lightly greater in magnitude because errors in both ˙ m 1 and ˙ m c 

ffect errors in ε. 

Percentage bias errors for performance metrics are presented in 

ig. 24 . Looking first at η′ 
1 (average value of 0.16 for data consid- 

red), the percentage bias error is constant with value 7.0%: this 

s because ε does not appear in the definition ( Eq. (9) ). For η′ 
2 
, E ′ c 

nd COP ′ c (average values of 0.074, 0.026 and 0.059, respectively, 

or the data considered) the percentage bias errors have similar 

rends because the uncertainties in these parameters are domi- 

ated by uncertainties in ε, T 01 and T ′ 0c and these terms appear in 

 similar form in the equations for RSS error propagation for these 

hree parameters. They have approximately constant values of 7.4% 

n the range 0 . 10 < ε ≤ 1 . 0 , and rapidly explode for ε ≤ 0 . 10 . The

apid increase for low values of cold-gas mass fraction is due to 

apid increase in uncertainty in ε in this range (see Fig. 23 ) Finally, 

 

′ 
h 

(average value of 0.023 for the data considered) has percentage 

ias error of approximately 10% in the range 0 . 0 < ε ≤ 0 . 60 before

ising monotonically in the range 0 . 60 < ε ≤ 1 . 0 . The error in E ′ 
h 

is

igher than that in E ′ c because it is driven by uncertainty in T ′ 
0h 

,

hich has higher percentage bias error than T ′ 0c (see Table 3 ). 

ppendix 2. Details of transient correction implementation 

The procedure used to determine the apportionment of the 

ransient heat flux correction between the hot and cold streams is 

ow discussed. A minimisation technique was used, in which k 1 (ε) 

as determined (see Eqs. (18) and (19) ) such that the change in 

orrected hot and cold-exit temperature separations over the du- 

ation of a run is minimised. 

It is assumed that the transient heat flux correction primar- 

ly affects the hot-exit flow over most of the range of ε, due to 

ore intimate contact between this stream and the wall. There are 
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Fig. 25. Normalised cold-exit temperature separation before ( λc ) and after ( λ′ 
c ) 

transient heat flux correction for a typical run ( p 01 / p c = 3 . 0 ; ε = 0 . 69 , and α = 

0 . 78 ). 

Fig. 26. Normalised hot-exit temperature separation before ( λh ) and after ( λ′ 
h 

) 

transient heat flux correction for a typical run ( p 01 / p c = 3 . 0 ; ε = 0 . 69 , and α = 

0 . 78 ). 
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Fig. 27. �λ′ 
R 

as a function of α. 

Fig. 28. k 1 (ε) and 1 − k 1 (ε) as a function of ε for α = 0 . 78 . 
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wo physical constraints on k 1 (ε) , however: k 1 (ε) = 0 at ε = 0 (no

old-gas outlet flow); and k 1 (ε) = 1 at ε = 1 (no hot-gas flow). 

A linear hinge function of the following form is used: 

 1 ( ε, α) = 

{
0 , ε < α(

ε−α
1 −α

)
, ε ≥ α

(20) 

here α is a constant representing the value of ε at the hinge 

oint. The optimum value of α is determined by a minimisation 

rocess, giving the function k 1 (ε) . The linear hinge function sat- 

sfies both physical limits, and the loose argument—based on CFD 

bservations—that the heat flux correction primarily affects the hot 

tream over most of the range of ε. 

In the optimisation procedure a number of long runs (1400 s) 

f data were taken (see, for example, Fig. 25 data) at a range of ε,

nd corrected normalised cold-exit and hot-exit temperature sepa- 

ations defined by 

′ 
c ( α, t ) = 

1 − θ ′ 
c ( α, t ) 

1 − θ ′ 
c ( α, t = 1400 ) 

(21) 

nd 

′ 
h ( α, t ) = 

θ ′ 
h ( α, t ) − 1 

θ ′ 
h ( α, t = 1400 ) − 1 

(22) 

Here the temperature separation at time t is normalised by the 

emperature separation at t = 1400 s . Similar uncorrected (for heat 

ux correction) non-dimensional temperature separation parame- 

ers λc and λh can be defined by substituting uncorrected non- 

imensional temperatures θc and θh into Eqs. (21) and (22) . Re- 

ulting trends λ′ 
c and λc , and corresponding trends λ′ 

h 
and λh are 

hown in Fig. 25 and Fig. 26 , respectively. These data are (arbitrar- 

ly) for a run with p 01 / p c = 3 . 0 and ε = 0 . 69 , and are presented for

= 0 . 78 (this is later determined to be the optimum value). 
15 
Because of the normalisation procedure (i.e. Eqs. (21) and (22) ) 

he characteristics in time of λ′ 
c , λc , λ′ 

h 
and λh must pass through 

nity at t = 1400 s . As expected, the uncorrected trends λc and 

h are quasi-asymptotic to unity, but with finite gradient at t = 

400 s . The quasi-asymptotic trend is due to a reduction in the 

agnitude of the heat transfer correction with time, and the fi- 

ite gradient at t = 1400 s is due to finite uncorrected heat flux 

t this condition. Now consider the corrected trends λ′ 
c and λ′ 

h 
. It 

s first noted that the deviation from unity is everywhere lower 

han or equal to the corresponding trends λc and λh , showing that 

he heat flux correction has increased the stability of the non- 

imensional temperature characteristics. It is also noted that the 

rends are visually true-asymptotic to unity, suggesting that the 

orrected signals have low residual error at high t . To quantify 

eviations from unity, the RMS deviations from unity across the 

ntire time series of λ′ 
c , λc , λ′ 

h 
and λh are taken. These quantities 

evaluated over the time period at 0 < t < 1400 s ) are referred to

s �λ′ 
c (α) , �λc , �λ′ 

h 
(α) and �λh . Taking the average over a num- 

er of runs with different ε, quantities �λ′ 
c (α) , �λc , �λ′ 

h 
(α) and 

λh are defined. Overall residuals for the entire data set are also 

efined by 

λ′ 
R ( α) = 

√ 

�λ′ 
c ( α) 

2 + �λ′ 
h ( α) 

2 (23) 

nd 

λR = 

√ 

�λc + �λh (24) 

�λ′ 
R 

is plotted in Fig. 27 as a function of α. The mini- 

um value occurs at α = 0 . 78 , with corresponding residual value, 

λ′ 
R 
( 0 . 78 ) = 0 . 0024 . At the minimum point, �λR / �λ′ 

R 
= 22 . 0 ,

emonstrating that the stability of the non-dimensional charac- 

eristics is significantly improved when the transient correction 

s applied. The final forms of k 1 and 1 − k 1 as a function of ε
qs. (18) and (19) are plotted in Fig. 28 . The characteristics k 1 (ε) 

re used in this paper for apportioning the transient correction 

erm between hot and cold streams. 
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