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21 Introdu
tionIn radiation therapy, ionizing radiation is applied to 
an
erous tissue, damaging theDNA and interfering with the ability of the 
an
erous 
ells to grow and divide [22,25℄. Healthy 
ells are also damaged by the radiation, but they are more able to repairthe damage and return to normal fun
tion. Sin
e both 
an
erous and healthy 
ells area�e
ted by radiation, dose distributions need to be designed that expose the tumor toenough radiation for treatment while, at the same time, avoid ex
essive radiation tosurrounding healthy tissue and, in parti
ular, nearby organs.Given a parti
ular delivery me
hanism, a treatment plan 
orresponds to settings ofthe ma
hine that fa
ilitate the delivery of the target dose distribution. Optimizationte
hniques 
an be used to design su
h plans [5, 6, 21, 23℄. Typi
ally these problems are
ompli
ated due to the ever in
reasing 
omplexities of the delivery me
hanisms [4℄ andthe large amount of data that needs to be manipulated to get suÆ
ient detail of the doseon the target area. While these problems remain at the forefront of 
an
er treatmentplanning and many te
hniques have been proposed for the large varieties of ma
hines(for example, see [8, 9, 10, 12, 14, 17, 20℄), many of whi
h take from minutes to hours tosolve, we will not fo
us on this aspe
t of the problem. Instead, as we now des
ribe, wewill look at the day-to-day planning problem and derive target distributions that hedgeagainst errors in the delivery pro
ess and assume the aforementioned planning tools willbe used on spe
i�
 ma
hines to approximate these target distributions.The day-to-day planning problem arises sin
e many 
an
er patients are treated by a
ourse of radiation over a period of days or weeks. For example, the full dose may bedelivered in 20 or so treatments, with 1/20-th of the total dose delivered at ea
h stage.This limits burning and gives the healthy tissue time to re
over. As mentioned above,parti
ular planning tools approximate the idealized dose, leading to errors between theplanned and delivered dosage. Furthermore, in dividing the radiation dose over a seriesof treatments, additional errors 
an be introdu
ed. Many sour
es 
an 
ontribute errorsto individual treatments, in
luding the re-registration of the patient on the ma
hine, themovement of the patient during treatment, and ma
hine error [11, 24℄.At this time, we are unable to determine the dose a
tually delivered during individualtreatments. Imaging devi
es are 
urrently being developed, though, that 
an measurethe dose as it is being delivered, highlighting where the delivered treatment may beina

urate. The purpose of this paper is to exploit this knowledge to improve the overalltreatment.The paper aims to generate a deliverable plan for ea
h treatment in the 
ourse that
ompensates over time for movement of the patient and error in the delivery pro
ess. Wedevelop a 
ontrol me
hanism for the treatment 
ourse, leaving the implementation of thedaily dosage to a spe
ialized planning tool. To �nd the 
ontrol, we use neuro-dynami
programming, parti
ularly a rollout poli
y, to improve upon simple heuristi
 poli
ies.In the next se
tion, we des
ribe the mathemati
al framework in whi
h we will beworking and te
hniques for solving the day-to-day planning problem. These te
hniquesin
lude neuro-dynami
 programming (NDP) ideas and heuristi
 poli
ies, one of whi
h is
urrently in use. We next present examples and dis
uss their results, showing how the



3NDP ideas 
an improve upon the heuristi
 poli
ies. Finally, we de�ne rules of thumb,whi
h allow for immediate pra
ti
al implementations of solutions suggested by NDPwhile still maintaining most of the improvements.2 Model FormulationsTo des
ribe the problem more pre
isely, we introdu
e some notation and a simpli�edmodel that 
aptures the salient features of the pro
ess. Let I be a 
olle
tion of voxels(pixels, points) and let T (i), i 2 I represent the required �nal dosage (target). Supposethe 
ourse lasts N periods (stages), and the a
tual dose delivered (the state) after kdays is xk. This state evolves as a stationary dis
rete-time dynami
 system:xk+1 = f(xk; uk; wk); k = 0; 1; : : : :Here uk is the 
ontrol to be sele
ted from a 
olle
tion U(xk), and wk is a randomdisturban
e drawn from a set W . In the appli
ation, we assume that these randomdisturban
es 
ome from errors in the delivery pro
ess (su
h as patient movement) orerrors in the setup (su
h as patient registration errors). For this reason, we assume thatwk 
orresponds to a shift to uk. Further, sin
e ea
h treatment is delivered separately,the errors that arise pertain only to a parti
ular treatment and time stage, and so wk isindependent over stages. A key issue to note is that the 
ontrols are nonnegative sin
edose 
annot be removed from the patient.At the end of N stages, the state xN should minimize a terminal 
ost G. For ease ofexposition we assume that G(x) is a linear 
ombination of the di�eren
es between the
urrent dose and the target at ea
h voxel, that isG(x) =Xi2I 
(i) jxN (i)� T (i)j :Here, the ve
tor 
 weights the importan
e of hitting the target value for ea
h voxel. Wetypi
ally use similar values of 
 for distin
t areas in the target, su
h as the lo
ation(s) ofthe tumor, sensitive stru
tures like organs, and normal tissue. In pra
ti
e, larger valuesof 
 
orrespond to tumor areas and/or sensitive stru
tures. This gives us the followingmathemati
al model:minu E(G(xN))subje
t to xk+1(i) = xk(i) + uk(i+ wk); 8i 2 I; k = 0; 1; : : : ; N � 1uk 2 U(xk); uk � 0; wk 2 W; (2.1)with x0 given.2.1 Sto
hasti
 Linear ProgrammingIf W is a �nite set, then the problem at hand 
an be formulated as a sto
hasti
 linearprogram whenever the 
onstraints uk 2 U(xk) are linear relationships. To explain this,
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Figure 1: S
enario tree S for the appli
ation.assume that at ea
h time stage k, one of jW j s
enarios o

urs. If we align the time stageson a horizontal axis, the resulting s
enario tree (S) 
an be depi
ted as in Figure 1, whereas an example we have taken jW j = 3. Let V (k) represent the nodes n in this tree Sbelonging to time stage k, while p(n) denotes the prede
essor node of n, i.e., if n 2 V (k),then p(n) is the unique element of V (k � 1) su
h that (p(n); n) 2 S. For this se
tion ofthe paper, we introdu
e a slight abuse of notation. We use x(n; �) and u(n; �) to denotethe state and 
ontrol at a node n, whereas xk(�) and uk(�) denote the state and 
ontrolat time stage k.Using this notation, at ea
h node n in the s
enario tree,x(n; i) = x(p(n); i) + u(p(n); i+ w(p(n); n))where w(p(n); n) is the shift that is applied to u as we move from p(n) to n. Then,model (2.1) 
an be reformulated as the following sto
hasti
 program:min Xn2V (N)Pr(n)Xi2I 
(i) jx(n; i)� T (i)jsubje
t to x(n; i) = x(p(n); i) + u(p(n); i+ w(p(n); n));8n 2 V (k); k = 1; : : : ; N; i 2 Iu(n; i) � 0; 8n 2 S; i 2 I (2.2)
with Pr(n) depi
ting the probability of being at node n. Here we have taken justsimple nonnegativity on u; more 
omplex linear relationships are also feasible. Standardte
hniques 
an be used to reformulate (2.2) as a linear program. When N is small andthe number of possible shifts are small, then a wealth of te
hniques for su
h problems
an be applied [3, 16℄. However, when I or N be
omes large, the size of the problem soonbe
omes too great, and we have to resort to approximation s
hemes for the solution.For the prototype examples of Se
tion 3 where we have jIj = 9 and N = 4; 5; 6; 10; 14and 20, we attempted to solve model (2.2) exa
tly. We formulated the model in the



5GAMS [7℄ modeling language and used the CPLEX [15℄ barrier method to obtain thesolutions (sin
e this signi�
antly outperformed all simplex options). Even with smallnumbers of time stages, the problems be
ame quite large. With 4 time stages, the model
onsisted of 18271 equations, 14059 variables and 48250 nonzeros; solution times werearound 25 se
onds. With 5 time stages, the model 
onsisted of 91396 equations, 70309variables and 241375 nonzeros; solution times ranged from about two-and-a-half minutesto a little over 3 minutes. With 6 time stages, the model 
onsisted of 457021 equations,351559 variables and 1207000 nonzeros; solution times ranged from about one-half hourto around 70 minutes. Due to the storage requirements, this be
ame intra
table formore than 6 time stages. While more powerful ma
hines would extend the number ofstages somewhat, the exponential growth pre
ludes solutions for N = 10; 14 or 20. Itmay be possible to apply s
enario redu
tion or sampling te
hniques to this model [13,18℄, but this was not explored here.2.2 Dynami
 ProgrammingDynami
 programming is another method that 
an be used to solve model (2.1). Sin
eea
h de
ision impa
ts later de
isions, the 
hoi
e of 
ontrol at ea
h time stage 
ontributesto the �nal 
ost. Thus, to �nd the optimal 
ontrol at ea
h stage, we must 
onsider futurestates. Under dynami
 programming, we apply ba
kward re
ursion: start at the laststage and determine the optimal 
ontrol to apply for ea
h state; then 
onsider these
ond-to-last stage, and so on, working ba
kward through the stages.As a means of determining the optimal 
ontrol for a state, we 
onsider the 
osts-to-go of various poli
ies from the 
urrent state. The 
ost-to-go for a parti
ular pol-i
y is the optimal 
ost over all remaining stages, starting from the 
urrent state andapplying the given poli
y. Starting in stage k from state xk and using the poli
y� = fu0; u1; : : : ; uN�1g, the 
ost-to-go is [1℄:Jk(xk) = E[G(xN ) + N�1Xi=k g(xi; ui(xi); wi)℄;where g(xi; ui(xi); wi) represents the immediate 
ost of applying 
ontrol ui(xi). As notedin [1, 2℄, the 
ost-to-go fun
tions satisfy the dynami
 programming re
ursionJk(x) = E[g(x; uk(x); w) + Jk+1(f(x; uk(x); w))℄ (2.3)with initial 
ondition JN (x) = G(x): (2.4)However, sin
e we are attempting to 
onstru
t the optimal poli
y ��, the individual
ontrols �uk are not known a priori. These 
ontrols 
an be found by ba
kward re
ursionby 
onsidering the 
osts-to-go over all possible 
ontrols:�uk(x) = arg minu2U(x)E[g(x; u; w) + Jk+1(f(x; u; w))℄: (2.5)



6 If we wanted to use equations (2.3), (2.4), and (2.5) in the radiation treatmentappli
ation, we would need to 
al
ulate Jk(x) and �uk(x) for every possible state x atea
h stage k. A standard te
hnique for doing this is to dis
retize the state spa
e for xand form a lookup table for Jk and uk over this dis
retization. For ea
h voxel in thetarget, we would need a minimum of N dis
retizations to allow for a simple heuristi
poli
y, the 
onstant poli
y (des
ribed later in Se
tion 2.4), to be implemented in thelookup table. Even for the simple examples that we des
ribe in Se
tion 3, this be
omesunmanageable.2.3 Neuro-Dynami
 Programming (NDP)Another te
hnique to approximately solve (2.1) is to apply a rollout poli
y [1, 2℄. Ratherthan starting at stage N , we start at stage 0 and work our way forward, determiningthe poli
y �� one stage at a time (we \roll" out the poli
y). This is mu
h 
loser to theway a de
ision maker would work in pra
ti
e: only today's de
ision is needed pre
isely;the remaining de
isions 
an be approximated. The rollout poli
y uses equation (2.5) to�nd the 
ontrol �uk to apply at ea
h stage k, but using an approximation to Jk+1 insteadof the a
tual fun
tion. This approximation is built by applying the parti
ular 
ontrol uat stage k and a 
ontrol from some base (heuristi
) poli
y at all future stages. Then,Jk+1 is 
al
ulated using these 
ontrols and methods su
h as simulation (whi
h we use)or neural networks.In e�e
t, this is an example of an on-line poli
y 
hoi
e. In the pra
ti
al setting,we approximate the future by simulation and 
hoose the poli
y to apply right now byoptimization. After applying this poli
y, we wait for time to elapse and repeat the samepro
ess at the next stage. For a parti
ular radiation therapy, the 
hoi
e of the 
urrent
ontrol may itself involve a lengthy optimization, and the error produ
ed in deliverywill be provided to the de
ision maker automati
ally by the ma
hines that are 
urrentlyunder development.In the radiation treatment appli
ation that is expressed in model (2.1), we assume noimmediate 
osts in applying individual 
ontrols and so Jk(xk) = E[G(xN )℄. To apply therollout poli
y, we begin by 
hoosing the base poli
y for the 
al
ulation of the 
osts-to-goJk+1. As the base poli
y is applied at all later stages, it should be a heuristi
 poli
y thatperforms well (we use the rea
tive poli
y, des
ribed in Se
tion 2.4). Then we simulatethe e�e
ts on the system as time advan
es. In prin
iple, we 
al
ulate for ea
h one-stage
ontrol uk 2 U(xk) the Q-fa
tor,Qk(xk; uk) := E[g(x; u; w) + Jk+1(f(x; u; w))℄using simulation by applying uk at stage k and the rea
tive poli
y at all later stages.The (approximated) Q-fa
tor for ea
h 
ontrol is then the expe
ted terminal 
ost fromthe simulation using that 
ontrol at the 
urrent time stage.To 
hoose between 
ontrols, we need to evaluate di�eren
es between Qk(xk; u) forea
h u 2 U(xk). Sin
e simulation is involved, this will be prone to errors. These errors
an be alleviated somewhat using the same realization of w when 
al
ulating all Q-fa
tor



7di�eren
es [1℄. Thus, we 
al
ulate the average di�eren
es in the expe
tations for everyu 2 U(xk). Note that all the 
ontrols 
an be 
ompared dire
tly like this as individual
ontrols are only applied at the 
urrent time stage. By applying the base poli
y at allfuture time stages, we 
an test the e�e
tiveness of ea
h 
ontrol against the others forthe 
urrent stage. In addition, sin
e the 
ontrols are applied simultaneously, they areapplied under the same shifts and so the 
omparison is done for the same realization ofw.2.4 Heuristi
 Poli
iesOne approa
h to over
ome the 
omputational burden outlined above is to apply heuristi
poli
ies. Besides o�ering an alternative to the te
hniques des
ribed above, we also useheuristi
 poli
ies to de�ne the (�nite) set U(xk) for the NDP rollout approa
h.Several heuristi
 
ontrol te
hniques immediately spring to mind. First, there is thesimple plan to deliver uk := T=Nat ea
h stage and not a

ount at all for disturban
es in the delivery. This plan 
an beused when treatment errors 
annot be measured dire
tly, and is 
urrently the methodof 
hoi
e. We refer to this plan as the 
onstant poli
y. Note that the implementationon a parti
ular ma
hine of this poli
y only needs one optimization to be performed atthe start of the pro
ess. However, even when a voxel has been overdosed at stage k,the 
onstant poli
y 
ontinues to add dose at subsequent time stages. An alternativeis to only add dose if the 
urrent dose is less than the target dose. We refer to thismodi�
ation as the 
onstant-plus poli
y. Surprisingly, the simulations show that thishas little e�e
t on overall error.An alternative to the 
onstant poli
ies is to attempt to 
ompensate for the errordelivered in the previous time by spreading the error over the remaining time stages. Atea
h time stage, we divide the residual over the remaining time stages:uk := max(0; T � xk)=(N � k):We refer to this plan as the rea
tive poli
y. Sin
e the rea
tive poli
y takes into 
onsid-eration the residual at ea
h time stage, we expe
t that the rea
tive poli
y will performbetter than the 
onstant poli
ies. Note, though, that the rea
tive poli
y requires knowl-edge of xk and replanning at every stage k.We show later in this paper how the 
onstant and rea
tive heuristi
 poli
ies performon a variety of examples. We also show how the NDP rollout approa
h improves uponthese results.To apply the NDP rollout approa
h, we require a ri
h 
olle
tion of heuristi
s for the�nite set U(xk). We use the 
onstant, 
onstant-plus, and rea
tive poli
ies, but we alsouse what we refer to as 
ategori
al poli
ies. For these poli
ies at stage k, we 
al
ulatethe residual target for ea
h voxel i by maxf0; T (i)�xk(i)g. Then, the voxels are dividedinto three 
ategories by 
omparing their residual target to the maximum residual:maxi2I maxf0; T (i)� xk(i)g:



8The three 
ategories 
orrespond to voxels whose residual target is less than 40% (lowresidual), between 40% and 70% (medium residual), and greater than 70% (high residual)of this maximum value. In ea
h 
ategory, we apply one of three 
ontrols. Either we apply0 dosage, 0.4 of the residual target, or 1=(N � k) of the residual target. This yields anadditional 26 poli
ies (as the rea
tive poli
y is the 
ategori
al poli
y with 1=(N � k)applied in ea
h 
ategory).Note that the pra
ti
al implementation of a poli
y generated by NDP using these
ontrols for U(xk) is exa
tly the same as that of the rea
tive poli
y. First of all, knowl-edge of xk is required. Given this information we 
an 
al
ulate the a
tual dose thatshould be delivered at ea
h voxel i 2 I by determining whi
h 
ategory the voxel residesin, and then multiplying the residual T (i)�xk(i) by the 
ategori
al multiplier. Knowingthe dose at every voxel i is all the data that is required to spe
ify a plan optimizationthat determines how to implement that parti
ular dose on a spe
i�
 ma
hine. As men-tioned in the introdu
tion, we allow existing planning tools to perform this step, and webelieve this is a key advantage of our approa
h.In a
tual treatment plans, individual doses are subje
t to an upper bound, appliedin order to limit burning and allow for healthy tissue to re
over between treatments. Forthis reason, we assign a 
uto� value that restri
ts the dose pres
ribed by ea
h 
ontrol tosu
h an upper bound. For testing purposes, we set the 
uto� to be 2Tmax=N , whi
h isdouble the dose pres
ribed by the 
onstant poli
y in the worst 
ase. Su
h a value allowsfor a large dose to be pres
ribed, while still ensuring that the dose is not unreasonablylarge. Although this is 
hosen for the appli
ation, very little 
hanges if this upper boundis not applied.3 Examples and ResultsWe 
onsider two simple, one-dimensional targets under di�erent weighting and proba-bility distributions, pi
tured in Figure 2.For both targets, I = f1; 2; : : : ; 9g and we allow a maximum shift of 2 voxels. Inboth targets, the \spikes" of dose 0.8 represent tumor lo
ations. Thus, it is importantthat these areas re
eive as mu
h of the 0.8-pres
ribed dose as possible, and so theseareas will have a relatively high weighting in the obje
tive. The 0.1 areas 
an representsensitive stru
tures (whi
h should be exposed to a minimum amount of radiation) ornormal tissue, depending upon the parti
ular weighting s
heme employed. We apply 3di�erent weighting s
hemes to the spike target. Moving from easiest to hardest, theses
hemes are:� the smooth weighting: 
 = [1; 1; 1; 1; 10; 1; 1; 1; 1℄;whi
h only enfor
es the 0.8-dosage, allowing for more variation in the other voxels(in
luding a \building" up to the spike);� the nonsymmetri
 weighting:
 = [1; 1; 1; 1; 10; 5; 5; 1; 1℄;
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(b) Double spike targetFigure 2: Example targetswhi
h allows for a build-up to the spike on the left-hand-side, but enfor
es thespike stru
ture rigidly on the right-hand-side; and� the spike weighting: 
 = [1; 1; 5; 5; 10; 5; 5; 1; 1℄;whi
h enfor
es the spike stru
ture rather rigidly.For the double spike target, we apply the double spike weighting s
heme:
 = [1; 1; 10; 5; 5; 5; 10; 1; 1℄;whi
h enfor
es high dosage on the target edges and the low dosage in the 
enter. Theexamples have been 
hosen to simulate pra
ti
al 
ases of interest in the appli
ation area.For the targets above, we also 
onsider three di�erent probability distributions forthe shifts. The low volatility examples have
wk = 8>>>>>>>><>>>>>>>>:

�2 with probability 0.02�1 with probability 0.080 with probability 0.81 with probability 0.082 with probability 0.02.



10for every stage k. The medium volatility examples have
wk = 8>>>>>>>><>>>>>>>>:

�2 with probability 0.05�1 with probability 0.150 with probability 0.61 with probability 0.152 with probability 0.05.for every stage k. The high volatility examples have
wk = 8>>>>>>>><>>>>>>>>:

�2 with probability 0.05�1 with probability 0.250 with probability 0.41 with probability 0.252 with probability 0.05.for every stage k. While it is hard to estimate the volatilities present in the givenappli
ation, our results of Se
tion 4 are fairly insensitive to these 
hoi
es.As des
ribed in Se
tion 2.3, we use a simulation 
ode at every stage to determine theoptimal �uk 2 U(xk) by 
al
ulating di�eren
es inQ-fa
tors under the same realizations w.The simulation 
ode we use generates 10000 paths through the simulation tree betweenstage k and stage N . For ea
h path, the Q-fa
tor di�eren
es are 
al
ulated; at the end,the average of these di�eren
es determines �uk. The same 
ode 
an be used to simulatethe 
osts of the individual heuristi
 poli
ies. Essentially, for this we ensure that U(xk)is the appropriate singleton.While we des
ribed how to develop the rollout poli
y in an on-line fashion in theprevious se
tion, we also need to evaluate the e�e
tiveness of our pro
edure. To e�e
tthis, we apply an outer simulation that simulates paths through the s
enario tree. Theouter simulation evolves one stage at a time, therefore assuming that xk is known at ea
hstage k. We use the inner simulation (for Q-fa
tor di�eren
es) to determine �uk. Theouter simulation then generates wk and thus forms xk+1. After N stages, xN is knownand the terminal 
ost 
an be evaluated for this parti
ular path through the s
enario tree.The outer simulation generates 20000 paths to form an expe
ted value for the terminal
ost.Running the outer simulation (with repeated inner simulations needed inside), resultsin a great deal of 
omputation and long running times. To deal with this eÆ
iently, wesubmitted the outer simulations to Condor [19℄, a network resour
e manager. On
ea job is submitted to the Condor queue, Condor sear
hes for idle network ma
hines.If one is found, then the simulation starts exe
uting on that ma
hine; otherwise thesimulation is held until suÆ
ient resour
es are freed. In addition, Condor migratesjobs or 
he
kpoints them (for later 
ontinuation) when the ma
hine's owner returns orresour
es be
ome s
ar
e.



11Figures 3, 4, and 5 display simulated results for ea
h example under the three proba-bility distributions. For ea
h graph, the 
onstant poli
y, rea
tive poli
y, and NDP rolloutpoli
y results are displayed, as well as the optimal results for time stages 4, 5, and 6.The optimal results 
ome from solving model (2.2) exa
tly, as explained in Se
tion 2.1.Note the 
hange of verti
al s
ale between the three �gures.Comparing Figures 3, 4, and 5, we note the remarkable similarities. While the verti
als
ales are larger as the volatility in
reases, general 
on
lusions are easy to draw. Firstly,the alphabeti
 ordering of targets (a) to (d) are in
reasingly diÆ
ult and lead to largererrors, independent of the optimization s
heme 
hosen. Se
ondly, in all 
ases and for alloptimization s
hemes, as volatility in
reases, so does the error.Common to all examples is the poor performan
e of the 
onstant poli
y. The rea
tivepoli
y performs better than the 
onstant poli
y, but not as well as the NDP rolloutpoli
y. The level of improvement, though, depends upon the diÆ
ulty of the target andthe volatility. In the low and medium volatility spike examples, the NDP results aremu
h 
loser to the optimal results than in the high volatility examples, parti
ularly inthe double spike example (Figure 5(d)). However, the NDP results de
rease at a fasterrate than the optimal results. Thus, more time periods are bene�
ial. These de
reaseslevel o� at later time stages, exhibiting de
reasing returns for more time stages.Fo
using on the low volatility examples of Figure 3, we see that the rea
tive pol-i
y gives a large improvement over the 
onstant poli
y | the error is nearly halved.NDP does even better, yielding about a 50% drop in the rea
tive poli
y error at largertime stages (the exa
t improvements over the 
onstant poli
y are given in Table 7), anda
hieving near-optimal results at smaller time stages. As time advan
es, the improve-ment for both the NDP and rea
tive poli
ies be
omes greater: where 
onstant remainsalmost level, rea
tive and NDP 
ontinue to drop as we move to later time stages. Fur-ther, NDP de
reases faster than the optimal results do, suggesting that it may be
omeoptimal at later time stages.The medium volatility examples of Figure 4 show less improvement in the NDPresults. Although the 
onstant poli
y appears level, the rea
tive poli
y gives slightlyless improvement | not quite 50%. We also see slightly less than a 50% drop in theNDP results over the rea
tive poli
y results at later time stages, due to its faster rate ofde
rease. Although the NDP results are not as 
lose to the optimal results as in the lowvolatility examples, again we see that the NDP error de
reases faster than the optimalerror, suggesting that the NDP poli
y may be 
lose to the optimal error at some latertime stage.The high volatility examples of Figure 5 show the greatest errors of all of the ex-amples. Again, the 
onstant poli
y appears to be level and is mu
h larger than in theprevious examples. We see less improvement in the NDP results: in Figures 5(b) and5(d), the NDP improvement is approximately one-third over the 
onstant poli
y; Fig-ure 5(a) is better (about one-half improvement), but Figure 5(
) is worse (the 
onstantresults, though, are mu
h 
loser to optimal here). Apart from this latter 
ase, the NDPresults are far from the optimal results, lying 
loser to the rea
tive poli
y than to theoptimal poli
y. We see that the NDP results do improve faster than the rea
tive resultsso this may 
hange at later time stages.
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(b) Spike target with nonsymmetri
weighting.
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(d) Double spike target with double spikeweighting.Figure 3: Examples under low volatility.
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(b) Spike target with nonsymmetri
weighting.
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15The high volatility examples are the most diÆ
ult of the examples; in these examples,we are more likely to see an error shift than not. As a result, although we use informationregarding earlier errors, it is diÆ
ult to a

ount for future errors. The optimal resultsshow that, given unlimited possibilities for poli
y 
hoi
es, we 
an often improve greatlyupon the 
urrently-used 
onstant poli
y. However, as NDP is limited by a �nite numberof poli
y 
hoi
es | in parti
ular, a 
hoi
e between 0, 1=(N � k) or 0:4 of the 
urrenttarget residual | it is more diÆ
ult for the NDP poli
y to a
hieve su
h substantialimprovements.In addition to three-
ategory poli
y 
hoi
es, we also experimented with two-
ategorypoli
y 
hoi
es. Under these poli
ies, the voxels were 
lassi�ed as either less than 50%of the maximum residual or more than 50% of the maximum residual. To maintainapproximately the same number of poli
ies, we allowed �ve 
hoi
es for ea
h 
ategory(resulting in a total of 27 poli
ies, in
luding the 
onstant poli
ies). In one experiment,we allowed for small multiples: 0, 1=(N � k), 0:01, 0:1, or 0:4. In another experiment,we allowed for large multiples: 0, 1=(N � k), 0:1, 0:4, or 0:6. Applying these poli
ies tothe double spike example (the hardest example), we found very little 
hange in the NDPresults. The small-multiple 
ategory 
hoi
es returned approximately the same resultsas the three-
ategory 
hoi
es, while the large-multiple 
ategory 
hoi
es returned slightlybetter results but nothing visually signi�
ant on the plot.These results suggest that signi�
ant improvements over the presented NDP results
annot be a
hieved while 
hoosing from among approximately 30 poli
ies. Enri
hingthe poli
y set by 
ombining the two-
ategory poli
ies with the three-
ategory poli
ies,or moving to �ve-
ategory poli
ies (for example) seems to be the only way to improveupon the NDP results. Other poli
ies may 
ome from previous real-life plans or otherplanning systems.Note that in addition, we also experimented with many more examples, in
ludingdi�erent targets, di�erent weighting s
hemes, and larger targets. The results from theseother examples were qualitatively the same. We did �nd, though, that for high volatilityexamples, 
onstant weighting (
(i) = 1; 8i 2 I) resulted in signi�
antly underdosing thetarget. This strongly suggests that the use of an appropriate weighting s
heme to fo
usthe treatment is imperative.4 O�-Line PlanningWhile building simple models and analyzing their properties 
an lead to great insightinto the appli
ation at hand, it is important to draw de�nitive 
on
lusions that areappli
able to the real problem. In this se
tion, we endeavor to derive poli
ies that aredire
tly implementable in the radiation treatment planning arena.Besides testing the NDP model, the real-life (outer) simulation is also useful foro�-line planning. In Se
tion 3, we 
ompared the on-line planning s
hemes, that is, weassumed that the 
ontrols were determined in between treatments as we moved to thenext stage. Only at the end of the treatment period would we have a 
omplete poli
y.O�-line planning, on the other hand, assumes that a poli
y is pre-de�ned, prior to the



16 Stage Low Volatility Med. Volatility High Volatility Simple Rule1{2 (0; 0; 0:4) (0; 0; 0:4) (0:4; 0:4; 0:4) (0; 0; 0:4)3 
onstant-plus (0:5; 0:5; 0:5) (0:5; 0:5; 0:5) (0:5; 0:5; 0:5)4 (1; 1; 1) (1; 1; 1) (1; 1; 1) (1; 1; 1)Table 1: Rules of thumb for 4 time period examples.beginning of treatment.To �nd pre-de�ned poli
ies, we look for poli
ies that are good for most, if not all, ofthe examples. For a parti
ular example, the outer simulation gives a series of possiblepoli
ies to apply. By 
ounting the number of times ea
h 
ontrol is 
hosen at ea
h timestage, we have an idea of how important that 
ontrol is for that example at that timestage. Averaging these 
ontrol 
ounts a
ross examples with the same volatility and
hoosing the ones with the largest 
ounts at ea
h time stage, we determine a generalizedpoli
y for ea
h volatility. We refer to this generalized poli
y as the \rule of thumb"poli
y for that volatility. These rules of thumb allow us to remove the target dependen
efrom the simulation and also provide us with a pre-de�ned plan to use for a parti
ularvolatility.We 
an take the generalization further and remove dependen
e on the volatility byaveraging the 
ontrol 
ounts a
ross volatilities as well. We refer to the resulting poli
yas the \simple rule of thumb". Sin
e the total number of time stages N a�e
ts whi
h
ontrols are 
hosen and when, we de�ne rules of thumb and simple rules of thumb forea
h N . The rules of thumb and simple rules of thumb for N = 4; 5; 6; 10; 14 and 20are given, respe
tively, in Tables 1, 2, 3, 4, 5 and 6. In these tables, the 
ategori
alpoli
ies (in
luding the rea
tive poli
y) are given as triplets. In these triplets, the �rstentry 
orresponds to the low residual areas; the se
ond entry 
orresponds to mediumresidual areas; and the third entry 
orresponds to the high residual areas. These entries
orrespond to the multiplier of the residual that is used at all voxels in that area.Note that if the poli
y pool U is 
hanged, the simulations must be rerun and thispro
ess must be repeated on the new results in order to determine appropriate rules ofthumb and simple rules of thumb.Examining the tables, we noti
e some general trends in the 
ontrol 
hoi
es. Firstof all, within ea
h table, the 
ontrols be
ome more aggressive as we near the �nal timestages, generally moving from 
ontrols in whi
h only the high residual areas are dosed, to
ontrols in whi
h all areas are dosed. Typi
ally, we use the �rst half of the time periodsto work aggressively on the high residual areas and ignore the other areas. Ex
eptionsto this are the high volatility rules for small time stages (4,5,6); in these 
ases, we applydose to all areas. This probably 
omes from the fa
t that we are likely to make an errorand we have very little time to 
orre
t it.Controls in the middle stages vary but tend to fo
us on both the medium and highresidual areas �rst. Later stages fo
us on all three 
ategories, ending in every 
ase
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Stage Low Volatility Med. Volatility High Volatility Simple Rule1{2 (0; 0; 0:4) (0; 0; 0:4) (0:4; 0:4; 0:4) (0; 0; 0:4)3 
onstant-plus (0; 0; 0:4) (0:4; 0:4; 0:4) 
onstant4 
onstant-plus (0:5; 0:4; 0:5) (0:5; 0:5; 0:5) (0:5; 0:4; 0:5)5 (1; 1; 1) (1; 1; 1) (1; 1; 1) (1; 1; 1)Table 2: Rules of thumb for 5 time period examples.
Stage Low Volatility Med. Volatility High Volatility Simple Rule1{4 (0; 0; 0:4) (0; 0; 0:4) (0:4; 0:4; 0:4) (0; 0; 0:4)5 (0:5; 0; 0:5) (0:5; 0:5; 0:5) (0:5; 0:5; 0:5) (0:5; 0; 0:5)6 (1; 1; 1) (1; 1; 1) (1; 1; 1) (1; 1; 1)Table 3: Rules of thumb for 6 time period examples.
Stage Low Volatility Med. Volatility High Volatility Simple Rule1{5 (0; 0; 0:4) (0; 0; 0:4) (0; 0; 0:4) (0; 0; 0:4)6 (0; 0; 0:4) (0; 0:2; 0:4) (0; 0:2; 0:4) (0; 0:2; 0:4)7 (0; 0:25; 0:4) (0; 0:25; 0:4) (0; 0:25; 0:4) (0; 0:25; 0:4)8 (0; 0:33; 0:4) (0; 0:4; 0:4) (0:4; 0:4; 0:4) (0:4; 0:33; 0:4)9 (0; 0:4; 0:5) (0:5; 0:4; 0:5) (0:5; 0:5; 0:5) (0:5; 0:4; 0:5)10 (1; 1; 1) (1; 1; 1) (1; 1; 1) (1; 1; 1)Table 4: Rules of thumb for 10 time period examples.
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Stage Low Volatility Med. Volatility High Volatility Simple Rule1{9 (0; 0; 0:4) (0; 0; 0:4) (0; 0; 0:4) (0; 0; 0:4)10 (0; 0:4; 0:4) (0; 0; 0:4) (0; 0:4; 0:4) (0; 0; 0:4)11 (0; 0:4; 0:4) (0; 0:4; 0:4) (0; 0:4; 0:4) (0; 0:4; 0:4)12 (0; 0:4; 0:4) (0:4; 0:4; 0:4) (0:4; 0:4; 0:4) (0:4; 0:4; 0:4)13 
onstant-plus (0:5; 0:5; 0:5) (0:5; 0:5; 0:5) (0:5; 0:5; 0:5)14 (1; 1; 1) (1; 1; 1) (1; 1; 1) (1; 1; 1)Table 5: Rules of thumb for 14 time period examples.
Stage Low Volatility Med. Volatility High Volatility Simple Rule1{9 (0; 0; 0:4) (0; 0; 0:4) (0; 0; 0:4) (0; 0; 0:4)10 (0; 0:09; 0:4) (0; 0:09; 0:4) (0; 0:09; 0:4) (0; 0:09; 0:4)11 (0; 0:1; 0:4) (0; 0:1; 0:4) (0; 0:1; 0:4) (0; 0:1; 0:4)12 (0; 0:11; 0:4) (0; 0:11; 0:4) (0; 0:4; 0:4) (0; 0:11; 0:4)13 (0; 0:4; 0:4) (0; 0:125; 0:4) (0; 0:4; 0:4) (0; 0:4; 0:4)14{17 (0; 0:4; 0:4) (0; 0:4; 0:4) (0; 0:4; 0:4) (0; 0:4; 0:4)18 
onstant-plus 
onstant-plus (0:4; 0:4; 0:4) (0:4; 0:4; 0:4)19 
onstant-plus 
onstant-plus (0:5; 0:5; 0:5) (0:5; 0:5; 0:5)20 (1; 1; 1) (1; 1; 1) (1; 1; 1) (1; 1; 1)Table 6: Rules of thumb for 20 time period examples.



19aggressively with the rea
tive poli
y (to attempt to apply all of the remaining dose).An interesting question arises as to whether the low volatility rules for N = 4; 5; 14and 20 follow this general trend. In these three 
ases, the rule of thumb makes use ofthe 
onstant-plus poli
y in the middle and/or later time stages. While 1=N -th of theoriginal target dose is a seemingly rather small amount, we 
laim that it is very likelyto be an aggressive 
ontrol at the later time stages. This is be
ause most of the earlier
ontrols will have hit the target 
orre
tly (be
ause of the low volatility), resulting inthe remaining residual being small, and hen
e the small fra
tion of the original dose isin fa
t a large dose in 
omparison to the required residual. Clearly, in this 
ase, theremoval of overdosing (the di�eren
e between 
onstant and 
onstant-plus) is important.Fo
using on the rules of thumb, the poli
ies either use the same or more aggressive
ontrols for the same time stages as the volatility in
reases. The simple rule poli
iesuse either these same 
ontrols or 
ombinations of the 
ontrols. An ex
eption o

urs inthe simple rule for N = 5, at stage 3. In this 
ase, we �nd a rather strange 
hoi
e, the
onstant poli
y, whi
h does not even adjust for overdosing. In this 
ase, the 
ontrols usedin the rules of thumb varied so greatly that the only 
ontrol the three had in 
ommonwas the 
onstant poli
y and we therefore believe this is a statisti
al anomaly.Sin
e they are generalizations, we expe
t that the rules of thumb and the simple ruleof thumb for ea
h N will give perform worse than the (on-line) NDP rollout poli
y. Thisis the 
ase, although the di�eren
es tend to be so small that they are not noti
eable.Figure 6 
ompares the NDP rollout results to the rules of thumb and simple rules ofthumb for ea
h example. In addition Table 7 shows the per
entage de
rease a
hieved bythe rea
tive poli
y, the NDP rollout poli
y, rules of thumb and simple rules of thumbover the 
urrently-used 
onstant poli
y at 20 time stages.The rules of thumb and simple rules of thumb are almost always indistinguishablefrom one another. Ex
eptions o

ur with small N , where we do not have enough timeperiods to make up for error from the generalization. We also see a di�eren
e in thehigh volatility smooth weighting example of Figure 6(a). It is not surprising that onetarget su�ers under a generalization built from 
onsidering all targets. The smoothweighting, in being the easiest target, probably does not require the same 
ontrols asthe other targets, and so su�ers parti
ularly in the high volatility 
ase where things aremore likely to go wrong.Table 7 veri�es the results shown in Figure 6. In all 
ases, the NDP, rules of thumband simple rules of thumb improved upon the rea
tive poli
y results signi�
antly. How-ever, their per
entage de
rease over the 
onstant poli
y varies very little between thethree of them. This suggests that very little is sa
ri�
ed in moving to the generalizedsimple rules of thumb.An interesting 
ase arises for the N = 20, medium volatility rule of thumb. Perhapsnot noti
eable in Figure 6, but seen from Table 7, is the fa
t that the simple rule of thumbslightly outperforms the medium volatility rule of thumb. Sin
e the simple rule of thumbis a generalization of the rules of thumb for all of the volatilities, we would expe
t justthe opposite (in the other examples, the two a
tually are tied). Upon investigation,we found that this 
omes from the di�eren
e between the magnitudes in the errors forthe rule of thumb and the simple rule of thumb. At stage 18, the 
onstant-plus poli
y
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(a) Spike target with smooth weighting. 4 6 8 10 12 14 16 18 20
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(b) Spike target with nonsymmetri
weighting.
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(d) Double spike target with double spikeweighting.Figure 6: Rules of thumb and simple rules of thumb results for the examples.
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Target Volatility Rea
tive NDP RoT SRoTSmooth Spike Low 76% 94% 94% 94%Smooth Spike Medium 51% 83% 81% 83%Smooth Spike High 24% 51% 47% 47%Nonsymmetri
 Spike Low 70% 89% 89% 89%Nonsymmetri
 Spike Medium 44% 71% 69% 71%Nonsymmetri
 Spike High 15% 30% 29% 29%Spike Spike Low 66% 85% 85% 85%Spike Spike Medium 38% 61% 60% 61%Spike Spike High 8% 17% 16% 16%Double Spike Low 68% 86% 86% 86%Double Spike Medium 43% 69% 67% 68%Double Spike High 17% 31% 31% 31%Table 7: Per
entage de
rease over the 
onstant poli
y at 20 time stages, 
al
ulated forthe rea
tive poli
y, the NDP rollout poli
y (NDP), the rules of thumb (RoT) and thesimple rules of thumb (SRoT).



22was 
hosen most often; however, when the (0:4; 0:4; 0:4) poli
y was 
hosen, its error wasmu
h smaller than that given for the 
onstant-plus poli
y. So, although the 
onstant-plus poli
y appeared more often, its average Q-fa
tor over the outer simulation wasa
tually worse.This result suggests that we should base the rules of thumb on the magnitude of errorover the outer simulation, rather than on the number of times a poli
y is 
hosen. Doingso would require obtaining additional information from the inner simulation during the
al
ulation of the NDP rollout poli
y, namely the Q-fa
tors for every poli
y. We believethat if this additional information is provided, then the resulting rules of thumb 
ouldprovide more uniform generalized poli
ies.5 Con
lusionDay-to-day treatment planning is a 
omplex problem that 
an signi�
antly bene�t fromknowledge of the errors that o

ur during the delivery pro
ess. While dynami
 pro-gramming and sto
hasti
 optimization would undoubtedly lead to better plans, they are
urrently intra
table for appli
ation problems of realisti
 size and 
omplexity.This paper proposes a solution based on neuro-dynami
 programming, 
oupled withheuristi
 poli
ies that are based on the parti
ular appli
ation.We found that the NDP approa
h o�ers signi�
ant improvement over the 
urrently-used (
onstant) poli
y. For most examples, we saw a signi�
ant improvement, with theerror generally being 
ut at least in half. Further, this improvement was maintainedwhen we removed the dependen
e upon the target stru
ture and applied a simple ruleof thumb. Be
ause of this, the NDP approa
h 
an be useful for both on-line planning,where the plan is reoptimized between ea
h treatment (NDP rollout), and for o�-lineplanning, where the plan is determined in advan
e (rule of thumb or simple rule ofthumb).The results show that the simple rules of thumb, on
e determined, are almost asfavorable as the NDP results. In pra
ti
e, we believe that the simple rule of thumbwill be e�e
tive for large 
omplex target shapes, and we strongly re
ommend its usageover both the 
onstant and rea
tive poli
ies. Certainly, the simple rule of thumb isno more 
ostly than the rea
tive poli
y to implement and is shown to be mu
h moree�e
tive at dealing with the errors that 
an arise in the planning pro
ess. If the resultingimprovements are not suÆ
ient for the treatment planning problem, then two furtherpoli
ies are suggested by the results of this paper. The �rst te
hnique 
hooses a parti
ular
ontrol stru
ture and simulates to determine a simple rule of thumb, whi
h 
an then beapplied during the treatment pro
ess. A se
ond more 
ostly (but even more e�e
tive)approa
h is to generate the 
ontrol poli
y using optimization within the on-line pro
edureof Se
tion 2.3. In this setting, the treatment planner is also able to 
hoose a parti
ular
ontrol stru
ture. Under the se
ond approa
h, the reoptimization need not be done atevery time stage; for those time stages at whi
h the reoptimization is not done, we 
anuse the simple rule of thumb.For immediate use, we suggest the simple rule of thumb as given for example in



23Table 6. On a day-to-day basis, the treatment planner, knowing xk, 
an 
al
ulate thedose required at ea
h voxel in the manner outlined in Se
tion 2.4, a

ounting for thesto
hasti
 errors that have o

urred. On
e this dose distribution is known, existingplanning tools 
an be used to implement this on parti
ular ma
hines. We believe ourresults show this will signi�
antly improve the �nal dose distribution that is deliveredto the patient.Referen
es[1℄ Dimitri P. Bertsekas, 1997. Di�erential training of rollout poli-
ies. In Pro
eedings of the 35th Allerton Conferen
e on Communi-
ation, Control, and Computing. Available as PDF do
ument fromhttp://www.mit.edu:8001//people/dmitrib/Diftrain.pdf.[2℄ Dimitri P. Bertsekas and John N. Tsitsiklis, 1996. Neuro-Dynami
 Programming.Athena S
ienti�
, Belmont, Massa
husetts.[3℄ J. R. Birge and R. Louveaux, 1997. Introdu
tion to Sto
hasti
 Programming.Springer, New York.[4℄ T. Bortfeld, 2001. Current status of IMRT: physi
al and te
hnologi
al aspe
ts.Radiotherapy and On
ology, 61(2): 291{304.[5℄ T. Bortfeld and W. S
hlegel, 1993. Optimization of beam orientations in radiationtherapy: some theoreti
al 
onsiderations. Physi
s in Medi
ine and Biology, 38(2):291{304.[6℄ A. Brahme, 1995. Treatment optimization: Using physi
al and radiobiologi
al ob-je
tive fun
tions. In A. R. Smith, editor, Radiation Therapy Physi
s, pages 209{246.Springer-Verlag, Berlin.[7℄ A. Brooke, D. Kendri
k and A. Meeraus, 1988. GAMS: A User's Guide. TheS
ienti�
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is
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ostfun
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