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Abstract

Optical cooling is a well-established class of methods for reducing the temperature of
a wide variety of atomic, mechanical and condensed matter systems. In this thesis, we
demonstrate that it may be possible to cool the fluctuations of the Josephson phase in
a cuprate single crystal by the application of coherent terahertz radiation. Such cooling
strengthens the superconducting state as measured by switching current distribution,

and may lead to an enhancement of the transition temperature T..

We develop a parametric cooling scheme for bilayer cuprates in which intense ter-
ahertz driving produces a modulation in the dielectric material properties. This mod-
ulates the coupling between interlayer and intralayer Josephson plasmons which we
exploit to upconvert thermal fluctuations of the Josephson phase and reduce their ef-
fective temperature. We quantify this as the suppression of the fluctuations in both
position and momentum quadratures, and additionally via simulated switching current
measurements. We predict a reduction in temperature of 30% given realistic material
parameters, and identify the cuprates YBCO and TBCCO-2201 as candidate materials

in which this effect may be observed experimentally.

With a view to developing cavity cooling schemes, we study the coupling between
the Josephson modes and the electromagnetic modes of an external cavity. Following
a review of the literature, we examine in detail a specific microcavity array geometry
which is expected to provide a large coupling through minimisation of the mode volume.
Numerical calculations using finite element methods and an effective dielectric model

suggest that strong coupling with g/w, ~ 0.2 can be achieved using this geometry.
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INTRODUCTION

Since the discovery of superconductivity in 1911 [1], much attention has been given to
the field due to both new technological possibilities as well as fundamental interest.
The superconducting state is genuinely remarkable for its ability to carry a dissipation-
less current, in stark contrast to all previously known conductors. The first element
discovered to have a superconducting phase was mercury, becoming superconducting
when cooled below its critical temperature T, = 4.2 K. Superconducting transitions at
higher temperatures were discovered in other materials such as lead (7 K, 1913, [2]),
niobium nitride (16 K, 1941, [3]), vanadium silicide (17 K, 1953, [4]), but these are
all “conventional” superconductors which are well-described by the theory of Bardeen,
Cooper and Schieffer [5] and have critical temperatures of no more than approximately
30 K. As such, their applications require liquid helium cooling and are expensive to

operate.

This changed in 1986 with the discovery of (LaBa),CuOy, [6], a ceramic beyond the
scope of BCS theory and having a transition at 35 K. This was the first discovered
“cuprate” superconductor, and it triggered enormous interest in seeking yet higher T
materials due to the realisation that mechanisms beyond BCS could exist, potentially
exceeding its apparent 30 K limit. Since then, new record-beating materials have been
discovered, for example the cuprate YBCO in 1987 with a T, of 92 K [7], and the current
record is held by Hg-1223 (HgBayCayCuzOg) having T, = 134 K at ambient pressure
[8]. In general, higher values of T, are favourable as less cooling is required and, all
else being equal, applications should be cheaper as T, increases. Any superconductor
with a transition temperature above 77 K can be operated using liquid nitrogen, which

is comparatively cheap with respect to other cryogenics. Even so, there are cases



when conventional superconductors are favoured. One such case is the Large Hadron
Collider experiment, where the conventional superconductor NbTi is used for the 1200
tonnes of superconducting magnets. While this material has a T, of 10 K, the magnets
are operated at 1.9 K and cooled with helium. This operating temperature is below
the helium superfluid transition at 2.2 K which substantially enhances its thermal
conductivity and thus its efficacy for cooling. This implementation provides good
overall performance of the cooling system. Nevertheless, the idea of ever higher values of
T, remains attractive, and the dream of eventually reaching room temperature persists.
The implications for science and technology of such a drastic reduction in cost would

be enormous.

A contributing factor to the current non-existence of a room-temperature super-
conductor is the lack of an underlying theory which satisfactorily explains, from a
microscopic foundation, the mechanism of the high-T, superconductors. There have
been many attempts at this [9, 10|, with part of the issue arising from poor overlap
between measurable quantities and those which are clearly predicted in theory. This
mismatch introduces multiple possibilities for interpretation and no clear consensus.
One particular line of theory begins with the observation of Emery and Kivelson [11]
that in the cuprates the superconducting carrier density is low and the electrostatic
screening is poor. Both of these properties suggest that fluctuations of the complex
phase of the order parameter should be important (in contrast to the conventional
superconductors). Ref. [11] observes that the energy scale of long-range phase ordering
closely follows the experimental T, across the cuprates, suggesting a close link between
the two. Specifically, the transition temperature is predicted to be the temperature at
which the energy of thermal fluctuations is comparable with the phase ordering energy.
Their work can be extended further into a more complete theory, for example the in-
terlayer tunnelling theory [12, 13]. As with all existing theories of the cuprates this
is considered controversial; we emphasise that our work is agnostic of the underlying
theory of high-7, superconductivity. However, a central tenet for this thesis is the ac-
knowledgement of the strong evidence for the importance of classical phase fluctuations

in the superconducting transition in cuprates.

With the cuprate superconductors forming the material subject of this thesis, the
second principal thread concerns optical cooling. There is now a wide range of demon-
strated experimental techniques whereby illuminating a system with light lowers its

temperature. Initially this was of principal interest for spectroscopic purposes [14]:



the thermal distribution of energies of trapped ions undesirably broadens their spectra
due to the Doppler shift, and optical cooling techniques were developed in order to re-
duce the kinetic energy of such trapped ions and increase the resolution of the spectra.
More precisely, the electronic energy level structure of the ions provides a discrete set
of possible electronic transitions, which when driven cause electrons to be excited by
absorbing photons. Excited electrons eventually relax via isotropic spontaneous emis-
sion. Additionally, the photon absorption and emission processes involve an exchange
of momentum, allowing the ion’s kinetic energy to be reduced. There are further re-
quirements such as that of a closed transition cycle, so that cooling can continue (as
opposed to pumping all ions into states where they can no longer absorb), however this
simple picture captures the essence of cooling with light. This is discussed in greater
detail in Chapter 3.

It is also possible to optically cool macroscopic objects. This line of research arose
from the needs of high-sensitivity Fabry-Pérot cavities, with the aim of detecting grav-
itational waves at facilities such as at the Laser Interferometer Gravitational-Wave
Observatory (LIGO) in the US [15, 16]. In this case, a high finesse cavity with a length
of 4 km is used to detect changes in the optical path on the order of 107'® m. The
mirrors must be laser cooled in order to achieve maximum sensitivity, placing them
in their ground state and thus minimising the uncertainty in their position. The field
of cavity optomechanics is generally interested in the coupling between optical and
mechanical systems, including the gravitational wave detector case above, but also de-
vices such as tunable optical filters and applications in optical quantum information
processing where the nonlinearity of the interaction is crucial for developing a com-
plete set of quantum gates [17]. The role of the cavity in such systems is to impose
a carefully-designed electromagnetic mode structure upon the photon scattering pro-
cesses, for example to enable selection of one sideband and thus one scattering process

over another. This enables careful engineering of optomechanical cooling processes.

Laser cooling techniques have also been successfully applied in condensed matter
systems, namely semiconducting materials and in transparent media with rare earth ion
doping. This idea is not new, with the suggestion that anti-Stokes fluorescence can be
used to cool the phonons of a solid material dating back to 1929 [18]. In 1968, Kushida
and Geusic demonstrated lasing in Nd:YAG crystals’ in which the heating from the

Neodymium-doped yttrium aluminium garnet (Nd:YAG) is a common lasing medium used for
solid-state lasers.



lasing process was reduced, attributed to an anti-Stokes process. In 1995, Epstein
et al. [19] demonstrated net radiation cooling of 0.3 K below room temperature in a

3 sample of ytterbium-doped fluorozirconate glass. The development of these

43 mm
cooling schemes in condensed matter systems has shown that optical cooling is not
restricted to the simple and highly controllable scenarios of atomic and micromechanical
systems. However, rare earth doping proved essential for providing an appropriate set
of processes. The 4f electrons are optically active, allowing excitation and emission,
while the screening by the occupied 5s and 5p outer shells limits the interaction with
the surrounding lattice and heavily restricts nonradiative decay. This amounts to a
high quantum efficiency for the anti-Stokes process: the fraction of incident photons
which are upconverted and emitted from the sample must approach unity, otherwise
the heating due to absorption of the remaining fraction is dominant. For a more
complete overview of cooling in condensed matter systems, see the review of Nemova

and Kashyap [20].

We propose to combine ideas from these fields; our aim in this thesis is to reduce
the thermal fluctuations of the superconducting order parameter phase in cuprates via
optical techniques. We pose the question of whether it is possible to extract energy
from classical phase fluctuations of the superconducting order parameter through ter-
ahertz driving, and whether it is possible to do so at a sufficient rate that the effective
temperature of these classical fluctuations is measurably reduced. Such a scheme can
be orders of magnitude more efficient than cryogenic cooling, since in a small crystal the
c-axis Josephson phase degrees of freedom contribute to the heat capacity an amount
on the order of the number of layers, while the phonon contribution is on the order of
the number of atoms in the crystal, thus the contribution from the Josephson phase is
miniscule. We will restrict our attention to optical cooling of cuprates at temperatures
below the superconducting transition, in which cooling has the physical consequence of
strengthening the superconducting phase. Indeed, successful optical cooling above T,
would yield an out-of-equilibrium superconducting state in a sample above its equilib-
rium transition temperature. The experimental realisation of this is a long-term goal

of this line of research, however its treatment lies beyond the scope of this thesis.

This work contributes to the Frontiers in Quantum Material Control (Q-MAC)
project?. This project is composed of researchers from the Universities of Oxford, Paris

and Geneva, and the Max Planck Institute for the Structure and Dynamics of Matter

2For further information, see http://www.q-mac.eu.
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in Hamburg, and has the long-term goal of achieving stable high-temperature super-
conductivity via multiple approaches. These include approaches from materials science
in which novel structures and materials may be fabricated, coherent terahertz probing
of appropriate materials, and optical cooling approaches as taken in this thesis. Within
the collaboration, there have now been many examples in which coherent light is used
to drive a single low-energy degree of freedom in condensed matter systems [21-27], in
which the driving is highly selective and produces little direct heating [28-32|. Systems
with strong electronic correlations have been of principal interest for these methods,
including materials displaying ferroelectricity and colossal magnetoresistance. Con-
cerning cuprate superconductors, Refs. [23, 25| have demonstrated how femtosecond
terahertz pulses may dynamically transform the material La; g75FEug.2510.125CuOy4 from
an insulating stripe-ordered phase into a superconductor, experimentally observed as a
c-axis Josephson plasma resonance in the optical response. Later work [26, 27| demon-
strated that a coherent excitation of the apical oxygen in the YBCO unit cell induced
transient superconducting fluctuations at temperatures as high as 300 K. These ex-
perimental results on the manipulation of superconducting fluctuations provide direct

inspiration for the present work.

In addition to the above, initial experiments are underway to explore the cavity-
coupling of the Josephson phase. The work leading up to Ref. [33] dates back to the
spring of 2013, where possible ways of arranging a cuprate crystal inside a terahertz
cavity with minimal mode volume were considered. The geometry chosen allows for a
sub-wavelength mode volume and is also amenable to fabrication by layered deposition,
allowing the construction of such microcavities. The challenges there include matching
insulating, superconducting and metallic materials, all of which must have compati-
ble lattice dimensions for successful interfacing at the atomic scale. The most recent
challenges involve navigating the proximity effects that one material may have at the
interface with another, and in the case of very thin layers can potentially dominate
the physics — here, suppressing the superconducting state. When these challenges are
overcome, it will be possible to measure directly the Josephson phase-cavity coupling

and begin an experimental study of cavity-based laser cooling schemes for cuprates.

This thesis is structured as follows. In the next chapter, we introduce conventional
superconductors and the Josephson effect, followed by high-7, superconductors and
their low-energy description in terms of an intrinsic Josephson stack. We discuss the

dynamics of the Josephson phase arising from the coupling between Cu-O layers, and



then later in Sec. 2.2.2 discuss the phase dynamics that occur within the 2D condensate,
which become increasingly relevant as the temperature T, is approached. Additionally,
we review the existing approaches in the literature regarding the coupling between the

Josephson phase and external electromagnetic modes.

In Chapter 3 we introduce the physics of optical cooling. First, we examine op-
tomechanical cooling in detail in order to illuminate the underlying physical processes,
and especially the properties of the system that enable cooling to be achievable at all.
We also study the Josephson sideband scheme of Hammer, Aprili, and Petkovié¢ [34],
in which a cooling effect was measured experimentally in an artificial junction, and

introduce the parametric cooling scheme which be later applied in Chapter 4.

In Chapter 4 we first address the problem of upconverting Josephson phase fluctu-
ations, an essential first step in any proposed cooling scheme. This chapter is based on
the publication Ref. [35], and makes a detailed proposal for cooling Josephson phase
fluctuations in bilayer cuprates via the parametric cooling scheme described in Sec. 3.3.
We are able to identify several possible candidates for attempting to observe the effect
experimentally. Since the cooling scheme upconverts fluctuations to the intrabilayer
mode, this is not viable as a continuous cooling scheme, for which we would require
a coupling to an external bath. This is precisely the focus of Chapter 5, where we
study the interaction between the Josephson phase and the external electromagnetic
field. We first introduce the finite element method for electromagnetic problems, then
numerically study the model of Bulaevskii and Koshelev [36]. We extend this to the
microcavity array geometry of current interest, and find evidence of good Josephson-

cavity coupling in this scenario using the effective dielectric model of Ref. [33].



2

SUPERCONDUCTIVITY

The phenomenon of superconductivity was first observed in 1911 by H. K. Onnes, in an
experiment in which the resistance of mercury suddenly became indistinguishable from
zero at 4.19 K [1]. Further experiments performed on this “perfect conductor” revealed
the reversibility of this transition and persistence of the supercurrent [37]. Additionally,
magnetic fields up to a critical field B, were found to be expelled by the material [37].
Later, in 1933 Meissner and Ochsenfeld [38] showed that a magnetic field present in a
material above its transition temperature is expelled when the superconducting state
forms upon lowering the temperature. The superconducting state thus displays perfect

diamagnetism. Meanwhile, several theories of the superconducting state appeared.

With no latent heat at the transition temperature 7' = T, (in zero magnetic field),
the phase transition was known to be second order and should be describable within
Landau’s theory [39, 40]. In the Ginzburg-Landau description, a complex order param-
eter v is introduced in analogy with the theory developed for superfluid helium. As a
function of temperature, v is expected to be finite for 7' < T, and zero for T > T,.
The free energy F) of the superconducting state is required to be a continuous function

of ¢! and so in the vicinity of T, one assumes a series expansion around ¢ = 0 [41],

h2
2TrLei:f

FD) - 1) = [av (als@P - Oe@ + o [9e@R). 21

This is the lowest order expansion which allows for a symmetry-breaking transition as

the sign of a(T) changes, and also includes a kinetic energy term (h%/2meg)|Vi)(T)|?

where meg is an effective mass. The free energy of the normal state is accounted for in

'The free energy F' depends continuously on 1, since 9 should be a physical quantity.



F,(T). Taylor-expanding the coefficients a(7") and b(T") around 7" = T,, we must have

h2
Qmeff

F(T) = Fu(T) = /dV (ao(T = T)[()|* + 3bol(@)[* + IV@/)(J?)IQ) , (2.2)

to lowest order in (7" —T.). The homogeneous solution (&) = v then has the desired
transition at T,.. In the presence of magnetic fields, one makes the standard quantum
mechanical replacement of the kinetic term to

(Ev + Qeff) Y

7

1 2

Qmeff

)

where e is the electron charge and A the vector potential. This is the appropriate
replacement for particles having charge 2e and effective mass meg. The field ()

which minimises Eq. (2.2) satisfies

h (v + izeff) W(@) + (a + b (D)) ¥ (@) = 0. (2.3)

B 2meff h

Through Eq. (2.3), the Ginzburg-Landau theory provides a powerful phenomenological
framework, capable of explaining much of the physics of superconductivity, covering
all of the physics contained in the London theory as well as nonlinear effects in which
the pairing density is modified. In 1957, Bardeen, Cooper, and Schrieffer [5] set out a
microscopic theory of superconductivity in which the pairing mechanism arises from an
electron-phonon interaction. The BCS theory is not of direct relevance for this thesis,
and so we refer to the literature for full details [42, 43]. However, in order to appreciate
the distinguishing characteristics of the cuprates, we discuss briefly a few aspects of
BCS theory here.

As a consequence of the electron-phonon coupling and Thomas-Fermi screening of
the electron-electron interaction at large separation, a weak effective electron-electron
interaction arises, and is attractive at the relevant energies around the Fermi energy
er. In BCS theory, this is approximated as Vg = —|geg|?, i.e. a weak, frequency-

independent attractive force. The BCS “pairing Hamiltonian”
S U R PR o I D B
=3, Gt oo — |9enl > A s ) (2.4)
]g g EJ;/yqﬂ
is assumed to contain the only terms necessary for conventional superconductivity,

where the operator ¢’z (¢; ) describes the creation (annihilation) of an electron in a

state with momentum & and spin o. The first term contains the energy of an electron



having momentum k , and the second term describes momentum- and energy-conserving
scattering of pairs of electrons. In Cooper’s problem [44], it was demonstrated that
a bound state of two electrons (with states E, T and —E, 1) forms in the presence of a
fixed Fermi sea for arbitrarily weak coupling g.g. This is known as a Cooper pair. The

final piece in BCS theory is to put forward the approximate BCS wavefunction,

wwos) = [T (g + veek e ) 10}, (2.5)

i
where uj and v; are variational parameters. This is an analytically tractable many-
body wavefunction to describe the relevant electrons close to the Fermi energy as
comprising a coherent state. This is a phase-coherent many-body quantum state in

which operators such as 612 éT,,g can take on finite expectation values, in contrast with

) )

the normal state in which such operators have zero expectation value.

BCS theory provides a satisfactory microscopic basis for conventional superconduc-
tivity, and explains the isotope effect and underlying pairing mechanism [41]. A key
prediction of BCS is that the gap parameter A at T'= 0 is

IA(0)] = 2hwp exp (-W) | (2.6)

in which wp is the phonon Debye frequency and g(er) is the density of states at the

Fermi energy. The gap parameter |A(0)| is connected to the value of T,, namely
2|A(0)| = 3.52k5T,. (2.7)

In many materials, this effectively sets a limit on the maximum 7, achievable given this
mechanism: a higher T, implies a higher gap parameter |A(0)|, which in turn requires
a larger geg, and stronger electron-phonon interactions. However, past T, ~ 30 K, the
electron-phonon interaction is of sufficient strength that in many materials the normal
metal state becomes unstable to a charge-density wave insulating state [45] (sketched
in Fig. 2.1)2. However, there are very recent experiments on hydrogen sulfide HyS
demonstrating a superconducting state up to 203 K at a pressure of 90 GPa [48].

“ with o = 0.5, where m represents the

The presence of the isotope effect (T, o m~
atomic mass) strongly indicates a BCS-type mechanism, and thus a “conventional”

superconductor with an extremely high 7..

2There are a couple of loopholes to this, for example in the case of MgBy in which two bands
conspire to produce a T, of 39 K [46], or in the case of phonon anharmonicity in the presence of
strong-coupling [47].
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Figure 2.1: Sketch of variation of transition temperature T, for many BCS superconductors
with the electron-phonon coupling A = |ge|?g(er). In many materials, strong
electron-phonon coupling yields a charge density wave insulating state rather

than a superconductor with high 7.

In the BCS ground state, all electrons around the Fermi surface form a coherent
state of Cooper pairs. Excitations correspond to the breaking of these pairs, with a
concomitant reduction in the BCS gap. In Sec. 2.2 we will contrast this behaviour with

that of the cuprates.

2.1 Josephson junctions

In 1962, B. D. Josephson considered the tunnelling currents between two supercon-
ducting materials within the BCS theory [49]. Rather than revisiting his microscopic
derivation, the essential physics can be revealed by an intuitive physical argument due
to Feynman [50]. We emphasise at this point that the results of Josephson’s derivation
are not restricted to BCS superconductors, nor indeed to the geometry presented in
Fig. 2.2. They are applicable to any pair of superconducting regions in close proximity,
separated by an insulator, metal, or narrow constriction [41]. On the left side, the
superconducting electron pairs are in a macroscopic quantum state with amplitude 1
which is assumed to obey a Schrédinger equation ih% = Uy [50]. Likewise for the

right junction, and in the presence of a coupling K between them, their dynamics are
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Figure 2.2: a) Sketch of a Josephson junction. The left and right superconducting regions
have macroscopic wavefunctions v; and 1), respectively; their overlap is respon-
sible for the tunnelling central to the Josephson effect. b) Excitations of the
Josephson phase. Above: (linear) excitations of the Josephson phase with finite
k in-plane. Below: for contrast, excitations exist in which the Josephson phase
revolves through 27 in a localised region of the junction. These excitations,
known as Josephson vortices, can have momentum and thus propagate. In

addition to the Josephson phase, the supercurrent flow J(z) is indicated.

assumed to follow®

)
m# — Uy + Kb,

awt (2.8)
ih 8; - Ur”vz)r + K’¢l>

assuming the simplest case of a symmetric junction. If the potential difference across
the junction is V', we can choose U; = % x 2eV and U, = —% x 2eV, with 2e being the
charge of a Cooper pair. The relative phase of the amplitudes is of key importance to

the dynamics, so we move to the representation

U = v/prexp(ixi), Uy = \/pr exp(ix;).

Here, p; (p,) is the number density of the [ (r) macroscopic wavefunction and x; (x;) is

its complex phase. Substituting this representation into Eq. (2.8) gives the dynamics

ap 2 .
o 2k ) -
p, 2 : |
é'; :_ﬁKWSIH(XT_Xl)7
Da K [or ooy —
or N\ TN T (2.10)
Oxr _ K ﬂcos( - )+i |
ot~ R\ p UV T X

3The coupling K intuitively describes a rate of tunnelling across the junction.
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There is an instantaneous current

2K

J = ?\/plpr sin Ay, (2.11)

defining Ax = x,—xu, the phase difference between the superconducting wavefunctions.
We now perform a trick to account for the effect of any external battery, which is to
hold constant the electron densities p;, effectively by adding constant terms to Eq. (2.9).
Eq. (2.11) then demonstrates that there is a tunnelling current between the electrodes
taking maximum absolute value J.o = %‘/pl,or, and proportional to sin Ay. The
relation Eq. (2.10) can be arranged as

0A 2eV

gox ey (2.12)

ot h

stating that a potential difference across the junction causes time-evolution of the

Josephson phase. Eqs. (2.11-2.12) constitute the Josephson relations.

We now introduce the idea of a gauge-invariant Josephson phase. The present
description of Josephson junctions is not invariant to gauge transformations, which

have the form A — A+ V f for an arbitrary function f. The two phases transform as

2e
xo—=xi— 51,
(2.13)
— Xr — 2e f
XT XT h 9
and so we can define a gauge-invariant phase difference ¢ as
2e [T - -
b=xr—xi+= [ AE0)-d, (2.14)
!

where the line integral is along a path from the left junction to the right. The quantity
¢ is now properly invariant under gauge transformations, and is the correct quantity

to use to derive the Josephson current, as
J = J.osin¢. (2.15)

Similarly, Eq. (2.12) is replaced with

dp  2eV
%= (2.16)
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l[ bias

l[ bias

Figure 2.3: (a) RCSJ model. The “ideal” Josephson junction (marked by a cross) is aug-

mented by a capacitance C' and a resistance R to model a dissipative quasipar-
ticle contribution. These circuit components model additional current paths
across the junction. (b) Trajectories in phase space for the RCSJ model. Pa-
rameters used were McCumber parameter 8. = 2500, w, o = 1 s, Tnias/ I.o=
0.3. The background grey arrows indicate the local flow at each point (¢, QS),
with two qualitatively distinct trajectories plotted in black. Larger arrowheads
correspond to more rapid flows through phase space. The lower trajectory is
in the superconducting state, with its phase ¢ oscillating about equilibrium.
The amplitude of the oscillations decay by approximately 2m/+/B. per cycle.
The upper trajectory has slipped into the resistive state, indicated by a finite

time-averaged potential difference (V') o< (¢). The fictitious particle accelerates

as it receives energy from the bias current.

2.1.1 RCSJ model

In this section, we introduce a simple model to account for dissipation and charging

of the electrodes of the junction. The resistively and capacitively shunted junction

(RCSJ) model provides a useful picture of the dynamics of a real Josephson junction

[41]. Egs. (2.15, 2.16) describe an “ideal” Josephson junction. Two pieces of physics

missing from this picture are that at finite temperature, a dissipative quasiparticle

current may flow between the electrodes, and furthermore that they may charge as in

a capacitor. We incorporate these effects as three parallel current paths between the

electrodes, as depicted in Fig. 2.3(a). We write the total current through the junction
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as

) V oV
Tias = Icosin ¢ + R + Caa (2.17)

in which V is the potential difference across the junction, R is the effective circuit
resistance arising from quasiparticle tunnelling, and C' is the circuit capacitance of the
junction. Making use of Eq. (2.12) to replace the potential difference V', we find that
the dynamics of ¢ obey

b0 KO3
20ROt 2e Ot2°
We extract two timescales from this: the Josephson plasma frequency w, o = \/W
and the McCumber parameter 3. = (w,oRC)? [51]. This equation describes a nonlin-

Lyias = Icosin ¢ + (2.18)

ear oscillator?. We can understand its behaviour from its trajectories in phase space,
considering the coordinates (¢, ¢), as depicted in Fig. 2.3(b). There are two qualitative
behaviours of this oscillator. The first can be seen via linearisation of the sin ¢ term,
and corresponds to small oscillations about an equilibrium phase ¢. In this state, the
time-averaged potential difference (V) = Z(9,¢) = 0; this is known as the supercon-
ducting junction state. The other distinct state is one in which [(9;¢)| > 0 and the
Josephson phase ¢ continually winds up. Since there is a finite time-averaged poten-
tial difference, resistive quasi-particle tunnelling also occurs leading to dissipation and

heating. This is known as the resistive state.

When there is a finite bias current Iy;,s, the equilibrium Josephson phase ¢, shifts

to sin ¢ = Ipias/Ic0, and the effective Josephson frequency is reduced according to
wf) = %2),0 oS ¢

(2.19)
= w2oy/1— (Tuias/ Leo)?.

When [bias — [c,o, Wy — 0.

2.2 High-T, superconductors

The discovery of superconductivity in (LaBa),CuOy4 in 1986 by Bednorz and Miiller [6]
was the first of a series of high-T, superconductors, so-called since their values of T,. com-

monly exceed the ~ 30 K limit imposed by BCS theory. This class of superconductors,

4The dynamics described by Eq. (2.18) are analogous to a particle of mass (h/2¢)2C moving in a
potential U(¢) = —(hl.o/2¢)(cos ¢ + iz ) [41]. This is commonly known as the “tilted-washboard

Ico

potential” of a Josephson junction.
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Figure 2.4: Structure of the high-temperature superconductor YBasCu3zO7_, (YBCO-

123). Cu and O atoms form quasi-two-dimensional sheets in the xy plane.

referred to as cuprates due to the common feature of Cu-O planes in their structure,
demonstrates transition temperatures currently up to 140 K (for the mercury-based
compound Hg sTly 2BayCasCuzOgs° [8]). Some materials from the cuprate class are of
particular relevance for industry, especially (Bi,Pb)sSroCasCusOgy ., BisSroCaCusOg
and YBayCuzO7 [52], enabling comparatively cheap applications of superconductivity
owing to their T, exceeding the boiling point of nitrogen. In general, however, ap-
plications at 77 K have proved to be more complicated than at lower temperatures
[52, 53]. The enhanced thermal fluctuations in cuprates restricts the useful region
of the temperature-magnetic field phase diagram, while current-limiting grain bound-
aries necessitate the use of complex manufacturing techniques such as coated-conductor

technology [54].

The atomic structure of a common high-temperature superconductor, YBasCuzO7_,
(YBCO-123) is sketched in Fig. 2.4. Early measurements of the magnetic flux quanti-
sation [55] have demonstrated that electron pairs are also responsible for the supercon-
ducting state, although the microscopic details of the pairing mechanism remain unre-
solved [56]. Nevertheless, phenomenological theories based on Ginzburg-Landau theory
provide a working description of the physics of these systems. The Lawrence-Doniach

model is an anisotropic Ginzburg-Landau theory, in which the superconducting order

SHigher values of T, can be achieved by cuprates under pressure to distort the lattice.



16 2.2. High-T, superconductors

parameter 1) minimises the free energy® [41]
r=yf dV{a<T>|wn|2 el

h? oy,
) v
2Map (‘ ox

in analogy with Eq. (2.1), but where the z-derivative has become discrete to address

Ny,
Oy

2
_'_ ‘

2 h2
) + chDg‘wn - wn1‘2}7 (220)

the cuprates’ layered structure. The interlayer separation is D. With differing effective

masses mq, and m,’, the coherence length & becomes anisotropic,

h2
&(T) =

= ol (2.21)

A descriptive parameter for layered superconductors is the temperature-dependent
anisotropy ¢ = /& BixSraCaCuyOg (BSCCO) is particularly anisotropic, with
s ~ 103, while YBCO is less so with ¢ ~ 5 [57]. In the limit of ¢ > 1, the cuprate
is best described as consisting of two-dimensional superconducting sheets with weak
interlayer coupling arising from the c-axis coherence length &.. Notice in particular
that the coherence lengths &(7T) diverge as |T' — T.|7*/2 as T — T,. Considering &,,
sufficiently close to T, the layered nature of the cuprate becomes less relevant and a
continuum anisotropic Ginzburg-Landau model becomes more appropriate. In other
words, the lengthscale of variation of ¢ can substantially exceed the 2D layer spac-
ing and a continuous three-dimensional description is more suitable. The crossover
temperature varies according to the material, for example YBCO behaves as a layered
material up to ~ 80 K (7. = 93 K) while in the case of BSCCO this behaviour persists
until 0.1 K below T..

In addition to the differences with BCS superconductors already described, there are
fundamental differences in the nature of the transition at 7.. A BCS superconductor
becomes a normal metal above T,., while the cuprates enter a pseudo-gap phase in
which there is spectroscopic evidence for pairing to exist up to a temperature T
which can be 100 K above T, [58-60]. Furthermore, the approach to T, from below
is somewhat different from that in BCS materials. As Emery and Kivelson [11, 61]

6 Additional terms are required in the presence of electromagnetic fields [41].

"In crystallography, the z,  and z axes are commonly labelled a, b and c. We will frequently refer
to the “ab plane” for the zy plane containing Cu-O sheets, and the ¢ axis running perpendicular to
the cuprates’ layered structure.
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highlight, in the cuprates the carrier density is low and electrostatic screening is poor.
A low carrier density n, is directly related to a low phase stiffness implying a greater
susceptibility to classical phase fluctuations. Additionally, phase coherence in these
materials must correspond to large quantum fluctuations in the superconducting carrier
density through phase-number uncertainty. Without good screening, the electrostatic
energy associated with these number fluctuations will increase the state energy. In this

thesis we focus entirely on the former, on classical phase fluctuations.

There are entire theories of high-T. materials based around the Josephson interlayer
tunnelling [12, 13, 62-64|. In light of their somewhat controversial nature, we do not
interpret these literally as complete descriptions of high-7, materials. However, we do
acknowledge that there is substantial evidence in favour of phase fluctuations driving
the phase transition at 7T,.. Additional physics is almost certainly required to describe
the entire phase diagram in this region, but for the application of cooling we should
be able to focus on the dominant physics around 7,.. Thus we pose the question of
whether and how such phase fluctuations may be suppressed, and realistically expect

this to have an influence on the superconducting transition.

2.2.1 Josephson stack electrodynamics

In this section we will describe the common models for describing Josephson dynamics
in cuprates. With sufficient anisotropy, the cuprates behave as quasi-two-dimensional
superconductors with the weak c-axis coupling giving rise to Josephson physics. These
models arise from the THz generation literature, where the goal is to exploit the natural

THz frequencies of intrinsic Josephson oscillators as coherent sources of THz radiation.

Initially, Kleiner et al. [65] proposed a conceptual model for BSCCO consisting
of discrete two-dimensional superconducting sheets (the Cu-O planes) separated by
insulating regions. They performed experiments on BSCCO single crystals of dimension
30 pum x 30 pm x 3 pm, stacks of ~ 2000 junctions and found hundreds of branches on
the current-voltage (I-V') characteristic curves, indicative of many individual junctions,
with branches differing in the number of resistive junctions in the stack. Additionally
they observed the Fraunhofer critical current dependence on magnetic field B. Similar
behaviour has been found in other cuprates, and with other phenomena such as Fiske
resonances [66-68] and Shapiro steps [69-71]°.

8Assuming a voltage bias of V' = V+V; coswit, whenever Vi = nhw; /2e there is a DC contribution
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Mathematically, such stacks of junctions may be modelled either via the Lawrence-
Doniach theory [72, 73], or with a classical electrodynamical theory (e.g. [74]). Both
routes lead to similar models, with the main differences arising from how the screening
is approximated, whether the capacitive coupling is included, and so forth. We focus
on the approach using classical electrodynamical theory as it gives a clearer physical
picture. Here we show how the Josephson electrodynamics gives rise to a coupled
sine-Gordon description for the Josephson phase. A more detailed derivation will be
given in Chapter 4 when we consider the microscopic details when subject to nonlinear

THz-frequency driving.

In Ginzburg-Landau theory, the supercurrent may be written as

.1
I |

D, a]
— |==Vx — 4],
Yy X

2

in which A\j is the London penetration depth, x is the complex phase of the super-
conducting order parameter and ®, = h/2e is the magnetic flux quantum. Applying
this to the region around a Josephson junction, we can relate gradients in the (gauge-
invariant) Josephson phase ¢; in the xy plane to the currents J; flowing above (I + 1)

and below () the junction, and the magnetic field B; threading that area, according to

2D ~
"B x %, (2.22)

2 - -
Vi = Oquib(Jm - Jl) +

@ 0
where V., denotes the gradient operator in the zy plane. The junction thickness is
denoted by D. We write A\, since the penetration depth is anisotropic, and the ab
component is the relevant orientation here®. Making the simplifying assumption that
there is no induced finite charge density'® p, we may express charge conservation as

V.-J=0. Taking an additional finite difference in z this may be written as

1
Ou(Jfn = JF) + 0,y = TY) = =5 AaF, (2.23)

to the Josephson supercurrent. These DC contributions accumulate as the radio-frequency voltage V;
is increased. Shapiro steps are then the discrete jumps in the I-V characteristic as V7 is increased.

Meanwhile, Fiske resonances occur only in long Josephson junctions. Such long junctions behave
as open-ended transmission lines, supporting self-resonant modes. When a finite voltage is applied
across the junction, the junction is driven at frequency w = 2eV/h, which may interact with the self-
resonant modes which in turn interact with the Josephson current. When the frequency w matches
the frequency of an intrinsic cavity mode, this produces a a DC current component observed as a
Fiske resonance in the I-V characteristic.

9The penetration depth A, describes the screening by supercurrents flowing in the ab plane.

Due to the mobile charge carriers provided by the Cu-O planes, it is not expected that any

localised charge density should accumulate.
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where A, is the discrete second derivative AyQ; = Q111 — 2Q; + @Q;—1. Combining the
above with the Maxwell equation

v E="

)
€€

where ¢ is the vacuum permittivity, we reach

2 27D 2D €
(024 02)p = (1 — D—agAd) (qTO“OJlZ + cITO?atElz) : (2.24)

Using the Josephson relations and expressing the current density J7 = o Ef 4 J.sin ¢y,

where o is a conductivity, we reach a dynamical equation for ¢ only,
(0% + )61 = (1~ CA)(sin g1 + 5041 + 52 — o). (2.25)

which now describes the Josephson dynamics through coupled sine-Gordon equations,
where 8 has been introduced as the damping constant § = (®y/2m)o/J.oD. The
quantity jpias is the external current bias, normalised by the critical current density as
Joias = Ipias/I.. Here ¢ = (A\gp/D)? is a measure of the inductive coupling strength [74].
This derivation has been simplified and does not contain any capacitive coupling term,
which is important for purely c-axis phase oscillations. The discussion of this will be

delayed until the more complete model is presented in Chapter 4.

We can understand the dynamics of Eq. (2.25) by considering several limiting cases.
In the absence of in-plane fluctuations and without inductive coupling (¢ = 0), each
pair of Cu-O planes behaves as a single Josephson junction with dynamics described
precisely by the RCSJ model, as should be expected since there is no coupling between
junctions in this limit. Including the in-plane dynamics with the (92 + 85) term, each

pair of planes now behaves as a long junction described by the sine-Gordon equation
(07 + 02) ¢y = (sin gy + B,y + O} b1 — Jvias)-

With finite inductive coupling { > 0 the dynamics of the intrinsic junctions become

coupled. To see this more clearly, we can rearrange Eq. (2.25) to give

8t2¢l + 5&5@ + sin ¢l - jbias - Z ([1 - gAd]il)lk (ai + a;) ¢k

k

When ¢ = 0, the matrix ([1 — QAd]_l) is diagonal and the RHS only contains terms
having index I. When ¢ > 0, ([1 — (A4)™") is no longer diagonal and inter-junction
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coupling occurs. An additional point is that in this particular model, there is no
coupling between modes having k,, k, = 0 since inductive coupling acts only through
gradients in the phase. Specifically, if (k,, k, = 0), the RHS is also zero preventing
inter-junction coupling. In the case of capacitive coupling, as in Chapter 4, additional

terms cause a finite coupling even when k,, k, = 0.

2.2.2 In-plane dynamics

In addition to excitations of the Josephson phase, it is possible for thermal fluctuations
to induce vortex formation in the 2D superfluid. Due to the higher in-plane phase
stiffness, this is associated with higher energies than the Josephson fluctuations. In
a superfluid described by a macroscopic wavefunction, as in Eq. (2.3), the superfluid

velocity ¥ is given by

VX, (2.26)

providing an irrotational flow. However, the phase is defined modulo 27 and a vortex

is a localised region in which the line integral

fxdl:%rn

around a closed loop is finite, with integer n. The wavefunction itself must be contin-
uous, thus at the vortex core v — 0 and the local pair density is depleted. This is a
point (or line in 3D), and the phase winding causes flow round this point (line), hence

the name “vortex”.

As temperature is increased, the proliferation of these vortices ultimately destroys
long-range phase order, and in strictly two dimensions is known as the Berezinsky-
Kosterlitz-Thouless (BKT) transition. The XY model is often studied as the toy model
of this universality class [11, 61, 75, 76]. In cuprates, the predictions of the XY model
manifest as behaviour of the I-V' characteristic [77], the frequency dependent conduc-
tivity [78], the Nernst signal [79], the nonlinear magnetisation [80] and the resistance
[81]. With that said, the XY model predicts a universal jump in the superfluid density
at T, which experiments have failed to detect [82-86]. Strict 2D BKT behaviour only
arises in the limit ¢ = &;,/&. — oo. Additionally, in the cuprates, the true thermody-
namic limit is never reached, since the correlation length £ is bounded. For example,

it can never exceed the physical dimensions of the sample. While the XY model may
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Figure 2.5: Behaviour of the 2D XY model Eq. (2.27), as calculated by the method of
Gibbs sampling [89]. Quantities were computed on lattices with dimensions
from N = L? = 10 x 10 to 50 x 50 to indicate the scaling behaviour and the
thermodynamic limit. Quantities were sampled every 100 Gibbs steps, include
5000 configurations, and exclude the initial burn-in period. (a) Magnetisation
M = (M2 + My2)1/2. As L — oo, we observe M — 0 for 7' > 0. However, in
the vicinity of T =0, M =1 — % In2L? [89], giving very slow convergence
to the thermodynamic limit. (b) The specific heat C' (defined in Eq. (2.29)
shows a peak around kgT'/J ~ 1. (c¢) The vorticity V as defined in Eq. (2.31)
becomes finite above the transition temperature Tpgr. (d) The superfluid
density, as calculated by Eq. (2.30), approaches 0 near the transition. In the

thermodynamic limit, this transition is sharp in 2D.

contain the correct universal features of the transition, its prediction of non-universal
quantities can be improved by considering various modifications to the basic model.
For example, Coulomb interactions can improve the agreement with c-axis superfluidity
measurements [87|, while increasing the vortex core energy can increase the tempera-
ture at which vortex-antivortex unbinding occurs to above that of 2D BKT predictions,
in closer agreement with experimental measurements [88]. We take the view that the
classical XY model captures the essential physics of the phase transition driven by

(order parameter) phase fluctuations.

The classical XY model is described by the Hamiltonian

Hxy = —JZCOS(}@ —X;), (2.27)
(.3
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where y; is the phase variable on site ¢, J is the coupling strength, and the sum runs
over all pairs of nearest neighbours in a square lattice. In introducing this model we
follow Ref. [89] where further details may be found. The anisotropic 3D extension to
the XY model is then

D
Hg() = — Z Jij cos(Xi — X5), (2.28)
(4,5)

where J;; is now direction- and potentially layer-dependent. Fig. 2.5 presents the key
thermodynamic properties of the 2D XY model, calculated by Gibbs sampling [89].
In 2D, the domain consists of a lattice of phase angles {x;} with periodic boundary

conditions. The magnetisation is defined as

M = /M2 + M2,

with M, = p(cosx;), M, = p(siny;), where p is the relevant magnetic moment on

each site. There is also the total energy, E' = (H), the specific heat

1
= H?) — (H)? 2.2
S () = (). (2:29)
and the magnetic susceptibility
N
= ——((M?) — (M)?
M= o () — (7).

in which N = L2, the total number of spins. When studying the formation of vortices
in the XY model, the superfluid density p; and the vorticity V are extremely useful.
It may be shown [89] that the free energies with and without a vortex are related

according to

N
Fvortex ~F + Epsmeﬁv27

for small superfluid velocities v (defined in Eq. (2.26)). This is a definition of the
superfluid density ps as the free energy cost of a vortex, and may be generalised to

anisotropic models as
N (@)2 1 pW)yy2 4 p(2)4,2
Foortex = F + 5 me(py" v, + pdv, + p7v3).

From this, we may express the components of ps directly as e.g.

s Nmeff 8’0926 vortex -
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Starting from the partition function Z derived from Eq. (2.27), one may evaluate the

above expression to reach [89]

@ = Nk:JBT [<Z sin(x; — Xj)>2 - <<Z sin(x; — Xj)>2>] +% <Z cos(x; — Xj)> :
(2.30)

All sums are performed over nearest-neighbours (i, j) along the z-direction!'. The su-

perfluid density p, provides direct information on the difference in free energy between
configurations with and without a vortex: if p; — 0, then vortices can form at no cost.
The superfluid density also has components pgy) and (in 3D models) p?j’, which allows
for vortices of different orientations to have different energy costs. Finally, there is the

vorticity V, which we define as the mean number of vortices per plaquette as follows,

1
V=2 > (I = il + I = Xaall + s = Xl + i = xall), (231)

N —

11...14
where the sites 17 .. .44 are ordered clockwise around a square plaquette. We define the
notation ||Ax|| = mod (Ax + m,27) — 7, i.e. Ay has a suitable multiple of 27 added

such that it falls in the range —7 < [|Ax|| < 7.

In Fig. 2.5, the quantities M, C', V and p, are presented for a range of temperatures
0 < T < 4J. The magnetisation M — 0 as the lattice size L — oo for T" > 0. Below
Tt the convergence is slow, with M = 1 — 8%111 2L? in the vicinity of T = 0.
There is also a peak in the heat capacity C' near kgT/J = 1, indicative of a phase
transition there. Subfigures (c¢) and (d) more clearly explain the situation: passing
TgiT, the vorticity V becomes finite and rapidly levels off. Related to this, in (d) the
superfluid density ps is finite below Tk (indicating that the cost of vortex formation
is finite) and tends to zero above T (vortices are now free to form). In Fig. 2.6 some
example configurations at temperatures kgT'/J = 0.1,0.5,1.5,10.0 are displayed on a
20 x 20 lattice. At kgT/J = 0.1, the spins appear to be ordered. This is because the
algebraically-decaying spin-spin correlations are not apparent on such a small lattice.
At temperatures below but approaching Tzxr, occasional vortices occur as shown in
the second panel. At higher temperatures, vortices occur freely and disrupt the spin-

spin correlations over very short lengthscales.

HThese differences in the spins along 2 only have arisen from the discrete 2 derivative taken for

.
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Figure 2.6: Individual configurations from the Gibbs sampling method used to produce
the thermodynamic quantities of Fig. 2.5. These consider a periodic 20 x 20
lattice at temperatures in the range kg7 = 0.1J — 10.0J, for the Hamilto-
nian Eq. (2.27). These are representative of the typical configurations of this
system, being well after the burn-in period has expired. The cores of vortices
and antivortices are marked in red and blue respectively. At the lowest tem-
peratures, the phase is ordered over short lengthscales but decays algebraically
giving M = 0 in the thermodynamic limit. At higher temperatures but still
below TrxT, bound vortex-antivortex pairs appear, but moderate-length cor-
relations remain. Once above Tgg7, the proliferation of vortices annihilates

phase coherence on all but the very shortest of lengthscales.

2.3 Coupling between the Josephson phase and

electromagnetic fields

Treatments of the Josephson junction invariably make the assumption of a closed sys-
tem, with no account for energy radiated due to oscillating electromagnetic fields. This
approach is well-justified, since the severity of the impedance mismatch between the
Josephson phase and external EM modes prevents any significant radiation from occur-
ring. Damping is then dominated by internal quasiparticle tunnelling. However, several
approaches have been taken in the literature to study the coupling of a Josephson junc-
tion, array of junctions, or cuprate crystal to electromagnetic modes, principally with
an interest in developing a coherent THz source. In this section we provide a brief

overview of these approaches, which will motivate the FEM calculations of Chapter 5.
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Figure 2.7: Schematic of the physical system studied in Almaas and Stroud [91]. There are
N ideal Josephson junctions, indicated by crosses, each with a gauge-invariant
phase difference ¢;. There are then N + 1 superconducting islands connecting
them. A current Iy, is driven through the array, which sits inside a cavity

supporting a single mode of frequency 2.

2.3.1 Junction array in a cavity

There is a series of papers [90-96] studying the placement of artificial Josephson junc-
tion arrays within cavity resonators, and the consequent physical phenomena. Of these
papers, Ref. [91] provides the most useful discussion of the underlying model, as far
as this thesis is concerned. We describe this model in detail to understand the precise
assumptions upon which it is based. We take care to highlight all assumptions and

approximations made.

The physical system under consideration is that shown in Fig. 2.7: an array of
N Josephson junctions, each with a gauge-invariant phase ¢;, placed inside a single-
mode cavity of frequency §2.. There are no further explicit assumptions regarding the

arrangement of the Josephson array inside the cavity.

We start with the assumption that the full system (cavity plus Josephson junction)
is described by the Hamiltonian

f{ = Flphoton + ﬁJ + ﬁC + f{curr + ﬂdiss- (232>

A

Hphoton 1s the usual Hamiltonian for a single cavity mode,

N 1
thoton = th (de + 5) ’ (233)
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with [d, dq = 1. The ladder operators @ and a' annihilate and create a photon in the
cavity mode, respectively. Hj is the Josephson Hamiltonian, assumed!'? to take the

form

N
IA{J = _ZEJ]‘ COSQEJ‘, (234)
j=1

where Fj; is the Josephson energy of the jth junction, and the operator qgj is the
gauge-invariant phase difference across the jth junction, to be defined more precisely
later (in Eq. (2.38)). The Josephson energy Ej; is related to the junction’s critical

current I.; via E;; = hl.;/2e.

The Hamiltonian H¢ is the capacitive energy of the N junctions, which they ap-

proximate as
N
Heo =Y Eciis, (2.35)
j=1

where Ec; = (2€)%/2C} is the capacitive energy of the jth junction, C; is its capaci-
tance, and the operator 7n; is the difference in number of Cooper pairs between the jth
and (j + 1)th superconducting island. The Hamiltonian Heoer incorporates a driving

current,

lbins

2 bias n

chrr = - % Z¢j7 (236)
i=1

in which [ is the external bias current. Thus the combination H g+ I:Ic + chrr is con-
ventionally referred to as the “Josephson Hamiltonian”, as it accounts for the dynamics
of the junction variables gigj and 7; when the junction is in isolation. Finally, Haios

incorporates dissipation in the Josephson array and is defined as

Hyo = Z foihilia; + Pas + lma W a2+ M ()| (2.37)
- J ] 5J Qma,j 2 J Mo,y o) Qma,jwij 5J

Here, each gauge-invariant phase difference <;3j is coupled to a collection of harmonic
oscillators: the variables 1, ; and p, ; describe the ath oscillator in the jth junction and

are canonically conjugate, satisfying the commutation relation [t ;, Por k] = 170,005 k-

12This assumption appears to be well-justified, as the Hamiltonian H; + He is that which results
from directly quantising a single short junction. The resulting Heisenberg equations of motion for
the expectation values are in agreement with the classical dynamics of this system. Furthermore,
the use of the gauge-invariant phase is appropriate, since in the presence of electromagnetic fields,
physically measurable quantities (such as the supercurrent through the junction) can only depend on
gauge-invariant quantities such as qgj.
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The symbol §; . is the Kronecker delta, and f, ; gives the coupling strength between the
the jth junction and the («, j)th oscillator. The (constant) rightmost term is added to
prevent this coupling shifting the potential of the jth junction. The effect of Hys is to
provide thermalisation for the junction variables gigj and 7;. The harmonic oscillators
are initialised in a thermal state, traced out, and the reduced system consisting of only
Josephson and cavity coordinates is evolved in time. Over sufficient timescales, the

Josephson coordinates behave as though thermalised.

Returning to the gauge-invariant phase, this is defined as
) Lo

in which Ay; is the phase difference across junction j in a particular gauge, A is the
vector potential, &y = h/2e is the flux quantum, and the line integral is taken across the
junction j. When considering Josephson junctions in the presence of electromagnetic
fields, we should use the gauge-invariant phase ¢; throughout and only make use of

Ay if it offers a calculational convenience.

It is assumed that A arises due to the electromagnetic field of the cavity mode!?,

and A may be written as'4

A(Z, ) = /47T i a (a(t) +a' (1) 9(Z). (2.39)

The operators a(t) and a'(t) are the standard creation and annihilation operators

—

for a quantum harmonic oscillator in the Heisenberg picture. The quantity W(¥) is

proportional to the local electric field of the mode!®, normalised such that
/ BV (T)? = 1. (2.40)

This form of A allows us to write Aj = /95 (& + dT), defining the coupling constant g,

he? 212 g (/ - 4)2
gj = — v.dl |,
T, @2 i

13Tt is not possible to determine whether this assumption is justified without a more general treat-
ment of the problem. Inside the junction, the electromagnetic fields (and thus vector potential) are
due to both the cavity mode and the phase dynamics of the junction itself. Provided the junction is
in the superconducting state, the electric fields associated with its dynamics should be minute and so
the cavity contribution should dominate. However, this implicit division into “contributions” is not
strictly valid and this assumption requires further investigation.

as

14This quantisation of the A field requires that we work in the Coulomb gauge: V - A=0.

15Tn Ref. [91], the quantity we call ¥ is confusingly labelled E (it is the normalised mode amplitude,
rather than an electric field).
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where the line integral is taken across the jth Josephson junction.

The full Hamiltonian has been specified, and the model is completed with the spec-
ification of the operator commutation relations. The Josephson operators for junctions
j and k (in the absence of a cavity mode) Ax; and ny satisfy [Ax;, ng] = 165, where
d;1 is the Kronecker delta. The phase Ay; is position-like, and the number difference
is momentum-like!®. Additionally, due to the junction and the cavity being separate
systems, we should write

[{a,a'} {Ax,A}] = 0, (2.41)
by which we mean that operators from the set {a,a'} should commute with opera-
tors from the set {Ax,n}. Following Ref. [91]|, when the cavity mode is included we
should keep these commutation relations and derive a commutation relation between

the gauge-invariant phase ngSj and the cavity operators @, a'. They define

4 = ap + iar,

(2.42)
al = ar —iay,
in order that the gauge-invariant phase difference can be written as
¢; = AX;j — 2V/9;0r (2.43)
and the non-zero commutators between the junction and cavity operators are
|:ng7 &R] = 07
(2.44)

[%’7@1] = —1,/9;.
We now convert the Hamiltonian of this system into a form that explicitly gives the

coupling between the cavity mode a and Josephson phases gzgj. Starting with

2 n hi ias 7
H=nQ. (a'a+1 +§:<—Eham@+l%ﬁ§_ ; %)’ (2.45)

we must separate this expression into commuting terms to describe the cavity and
Josephson parts. Doing this yields H= ﬁphoton +H 17+ ﬁint, with

f{photon = th (de + %) )

A N N h[ jias A A
HJJ = Z (_EJ]‘ COS AXj + Ecjn? — Q—ZAXJ) s
J

~ N ~ R ias
Hiy = Z (EJj(COS Ax; — cos ¢;) + 2—b€( gbj)) )
J

16These commutators arise from canonical quantisation, and when taken with the Hamiltonian
yield equations of motion for the operators which are consistent with the known classical model.

(2.46)
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To linearise, we expand the Josephson phase as Ax; = Ay, o + dx;. The mean value
Ax;,o corresponds to the steady-state Josephson phase which produces a supercurrent
matching the applied bias, i.e. sin Ax;o = Ivias/I.. We may then diagonalise Hjy by
introducing the operators l;j and l;;r defined by

EJ] cos Ao

b; = 5%
I 2hw, X _'_Z\/QEJ] cos AX]O "
(2.47)
i EJ] cos Ax;0 A
J 2hw, QEJ] cos AX] 0o
where w, is the effective (biased) Josephson plasma frequency given by 7w, = (2E¢; X

EJ]‘ COS AX]‘70)1/2

This yields

. The operators Bj and l;; satisfy the commutation relation [l; b ] =1.

Ay =3 s (Bb; +3)
J
Hint = —%Z\/hw; ngJj COSAX%() (d a )(b ‘|‘be)

J

(2.48)

This interaction Hiy depends on the cavity frequency €. through g; o< 1/, and on

the cavity mode volume implicitly via the normalisation Eq. (2.40).

We now discuss the model presented above, with regard to its suitability for mod-
elling the coupling of the Josephson phase in cuprates to the external electromagnetic
field. We should first note that this model is derived explicitly for an artificial Josephson
junction array inserted into a cavity resonator. This has two important consequences,
the first of which is that the Josephson junctions are independent and not directly
coupled (as they would be in a cuprate). Secondly, the Josephson phase is coupled
to the cavity mode with a strength independent of the junction dimensions, since the
junction is implicitly assumed to be much smaller than the London penetration depth.
External cavity fields may penetrate the junction completely and thus the coupling is

independent of the physical dimensions, with all other parameters held constant.

The principal positive aspect of this model is its simple Hamiltonian form, allowing
the use of the usual analytical and numerical machinery. However, the two short-
comings above must be rectified to produce a good model of a cuprate inserted in a
cavity, particularly as the intrinsic Josephson junctions in a cuprate are always cou-
pled. One could do this by adding ad-hoc terms to include the desired effects, however

additional parameters will be introduced and must be assigned physical values. This
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naturally leads on to the next section, in which we introduce a microscopic model for
the Josephson junction and cuprate electrodynamics, including an explicit treatment
of the junction edge where the coupling between the cavity mode and the Josephson

phase occurs.

2.3.2 Electrodynamical approach

In contrast to the top-down approach of the previous section, Bulaevskii and Koshelev
[36, 97, 98] take an alternative approach which directly addresses the issue of the
coupling strength between an electromagnetic mode and the Josephson phase. At the
heart of their calculation is the physical mechanism by which the coupling occurs:
incident electromagnetic waves penetrate the superconductor, on the lengthscale of the
penetration length. The electric component then drives the Josephson phase in the

boundary region, which propagates along the junction.

In a single junction, the phase ¢(x) is driven by local screening currents J,+ and

the magnetic field By, according to

2m
&Ugb = (}TO)\ZbMO [JJH_ — Jx_] — TOBZ/ (249)

In turn, the magnetic field (in frequency-domain) obeys a Helmholtz equation,

By(w): (IDO agb(l‘)w)
A2 2mA2, Oz

(87 +97) By(w) — 5(2), (2.50)
where \? = 1/)\2, —e,w?/c? —iwo,/€oc?, gy is the ab-plane London penetration depth,
€5 is an effective dielectric constant of the superconductor, and o, is the contribution
to the conductivity due to dissipative currents in the superconductor. From the right-
hand side, we note that the magnetic field near the junction is driven by gradients
in the phase ¢(x,w). By eliminating the magnetic field, we can derive a (non-local)

equation for the phase dynamics, as

w? iw 20 r—a r+a
- el / K K , /
(G o Lo oo (507) w0 (57 wote

1
MOJCGbi(x,O) = s,(x), (2.51)

in which oy = (®o/27)(wpo:/J.D) is the dissipation due to quasiparticle tunnelling,
N2 = &g /2711 J.(20ap + D) is the Josephson lengthscale, Ky() is the modified Bessel
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function, By(z,0) is the magnetic field at the edge of the junction (z = 0) and s, ()
is the amplitude of the Josephson current in the Fourier domain, as Re(s,,(z)e™ ™) =
sin ¢(z,t). The nonlocality in the Josephson phase dynamics has arisen from the elimi-
nation of the magnetic field; the physical description in terms of electromagnetic fields

and the Josephson phase is of course local.

Their analysis proceeds to derive an expression for the boundary condition, con-
necting the phase inside the junction with the magnetic field B, just outside. They

reach
)\ab 47T )\ab

Ao Do

By making further assumptions about the boundary conditions on the electromagnetic

0:0(0) =

B,(w,Z=0). (2.52)

field far from the junction, they are able to derive expressions for the impedance mis-
match between the junction and free space, and for the power radiated by Josephson
oscillations. Conversely, it is possible to reverse this approach and ask what phase
oscillations will be induced due to external driving. By construction, the geometries
considered are sufficiently simple for an analytical solution. We, on the other hand,
are more interested in less geometrically trivial THz cavity configurations designed
specifically to minimise the cavity mode volume, and thus maximise the coupling. The
approach of Bulaevskii and Koshelev inspires our work in Chapter 5, where the finite
element method is brought to bear on this problem, in order that we may numeri-
cally estimate coupling strengths and develop an effective two-oscillator model for the

coupled Josephson-cavity system.

2.4 Summary

This chapter has covered the background material on superconductivity and Josephson
junctions. This included the Ginzburg-Landau and Bardeen-Cooper-Schrieffer theories
of conventional superconductors, using the Ginzburg-Landau theory description to un-
derstand the core physics of the Josephson effect. High-temperature superconductors
were introduced through anisotropic Ginzburg-Landau descriptions, in particular the
cuprates. We introduced the effective model of these materials as stacked Josephson
junctions, and finally reviewed the two main treatments in the literature of the cou-
pling between the Josephson phase in cuprates and external electromagnetic modes.

The Josephson stack model is central to our work on parametric cooling presented in
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Chapter 4. Finally, in Chapter 5 we will extend the results of Bulaevskii and Koshelev

[36] and infer Josephson-cavity coupling strengths for more realistic geometries.



3

LASER COOLING METHODS

The field of laser cooling is vast, with the broad goal of lowering the temperature of
systems (typically simple or small) by the application of laser radiation. To date, the
classes of systems to which laser cooling has been successfully applied include ions [99],
neutral atoms [100, 101], molecules [101], optomechanical systems [102, 103] and now
more complex systems such as specifically engineered solids [20] and semiconductors
[104]. In each case, a process is identified and engineered such that when driven by
high-intensity radiation, quanta may be pumped out of the system. This chapter
covers the necessary background on laser cooling as relevant for its possible application
to cuprates. Sec. 3.1 begins with a cooling scheme for an optomechanical oscillator.
This emphasises the physics of cooling, and furthermore the Hamiltonian description
of this system is similar to that used by Hammer, Aprili, and Petkovié¢ [34] for cooling
an artificial Josephson junction, outlined in Sec. 3.2. In Sec. 3.3 we describe the
basis of the parametric cooling scheme, which in Chapter 4 will be implemented in a
bilayer cuprate. The reviews [17, 105-109] provide a more thorough background of the

experiments and theory.

3.1 Cayvity cooling of an optomechanical oscillator

As an introduction to the physics of laser cooling, in this section we discuss the physical
mechanism of cavity cooling of an optomechanical oscillator. Optomechanical laser
cooling was first demonstrated in the microwave [110] and subsequently optical regimes
[111]. Also, other systems such as embedded quantum dots [112] and Josephson qubits
[113] have been exploited to play the role of the cavity, and enable the ground state
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Figure 3.1: (a) Schematic of a simple optomechanical system consisting of a single-mode
cavity with frequency €2, in which one mirror is mounted on a spring having
frequency €,,. The cavity is driven by a laser at frequency wgy. (b) In addition
to the response at wy, the mirror motion creates sidebands due to the Doppler
effect at wy+(2,, inside the cavity. Here, the cavity frequency 2. is on resonance
with the upper sideband. The interaction enables photons at wgy and phonons
at £, to jointly excite the cavity, which then decays through the fixed mirror
at rate k.. (¢) Energy level diagram in which the state |n,m) has n quanta in
the mechanical motion and m in the cavity. The figure depicts three scattering
processes which can occur when driving at the frequency wy = Q. — Q,, (as
in (b)). The transition |n,0) — |n —1,1) is resonant and proceeds at the
greatest rate, while the other transitions are off-resonant, indicated in green and
red. A vertical transition occurs when the cavity emits a photon. The system

repeatedly transitions downwards along this ladder, cooling the oscillator.

cooling of nanomechanical oscillators. Regarding cavity schemes, the resolved sideband
regime was first achieved experimentally by Schliesser et al. [114]. This latter system
provides a simple model for cooling a single oscillator!, and is thus relevant conceptually
for the laser cooling of the Josephson phase as developed in this thesis. Additionally,
there is a direct mathematical analogy with the Josephson sideband scheme [34], to be

discussed in the next section.

!Compare this with Doppler cooling, in which the kinetic energy of particles is reduced by the
scattering of light. The particle provides a scattering coupling between a single mode (that of the
driving laser) and the continuum of free space modes, with each scattering event on average reducing
the particle’s energy.
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A simple optomechanical setup is depicted in Fig. 3.1(a), in which two mirrors
form an optical cavity, with one mirror being mounted on a spring and so having a
motional degree of freedom. Let the optical cavity have frequency 2., decay rate k..
and length L.. The optical cavity mode creation and annihilation operators a' and
a satisfy the commutation relation [d, dq = 1, and describe the processes of creating
and annihilating a photon in the cavity, respectively. The mirror has a displacement
2 from equilibrium, momentum p, frequency (2,,, damping I',, and mass m. These
degrees of freedom are coupled; the radiation pressure in the cavity exerts a force
(hQ2./L.)a'a on the mirror, whose motion alters the cavity length L. and thus the
mode structure. Rigorously quantising this system is not trivial owing to the dynamic
boundary conditions of the electromagnetic mode. This problem is addressed in detail
by Law [115]; physical intuition leads to the same theoretical description. It suffices to

describe the system with the Hamiltonian

A

H = hw(#)a'a+ —— + imQ2,3°. (3.1)

7
2m
This Hamiltonian is non-trivial, since the cavity frequency w depends on the oscillator
coordinate #. The cavity round-trip time 2L./c < 1/€,,, indicating that the cavity
mode should adiabatically follow the mirror motion. With this approximation, the

cavity frequency w(Z) is given by

w(@) = Q, (1 - Li) , (3.2)

for (#)/L. < 1. Then we can write

~2
A = hita + 2p—m +4m023* — hgoata (b+5), (3.3)

with the intrinsic coupling strength gy = \/2/2mQ(Q/ L), and b = /mS,, /2 (7 +
ip/mf),,) having been introduced as the annihilation operator for the mechanical mode.
The operators b and bf satisfy the commutation relation [l;, ZA)T} = 1 and represent the
annihilation and creation of a phonon in the mechanical mode, respectively. From this

point onwards, there is nothing “unusual” about the ladder operators a and b.

Thermodynamically, energy must be provided to drive a cooling process and so we

add the cavity driving term

A . * A dwgt AT —iwgt
Hay = ihy/Fex (05" + Qyale e ),
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where o4, has been introduced as the driving strength, ke, is a loss rate associated with
the input coupling, and ¢ is the time variable. The steady state of a driven, damped
harmonic oscillator is a coherent state. We can remove the time dependence of the
driving term by moving to a rotating frame at w,, this is achieved by transforming
H with the unitary U= exp (iwdt de) which yields the transformed Hamiltonian H,
given by

-9
H = —hAila+ 2+ tm@2 i = hgoata (b -+ 51 ) + ihy/ies (aa + awa') . (34)
m

in which the detuning A, is given by A, = wy — Q. (i.e. the detuning of the driving
relative to the cavity resonance). The form of the radiation pressure coupling, de(Z; +
Z;T) prevents the transformation by U introducing time dependence on this term. To
consider fluctuations about this driven equilibrium, we denote the mean & = (a) and

write

a=a+da. (3.5)

We use this to linearise Eq. (3.4), neglecting terms O(da?) in the interaction. These
are the lowest order terms in |a|~' < 1. We drop two constant terms in H, and

additionally the linear terms in (da + da') cancel when the steady state a satisfies

alA. = thy/Kexin. This yields
H = —hA 00166 + h,,bth — hgea (367 + 0a) (13 n iﬁ) , (3.6)

where & is taken to be real for convenience. In this rotating frame, we have reached a
pair of harmonic oscillators with linear coupling of strength g = goax. These effective
oscillators will be brought to resonance if the detuning A, = —,,. The interaction
term enables energy transfer between the oscillators, and may be enhanced by increased
occupation a = \/W of the (original) cavity mode. It is essential to appreciate that
the da mode represents the fluctuations about the cavity coherent state, in a frame
rotating at wy. As such, in the full description it is coupled to a thermal bath at optical

frequencies near wy, and can be considered as unpopulated at relevant temperatures.

We can understand the dynamics of the system better by reverting to the classical
regime. This will give a picture of the sideband structure, and the role played by the

cavity. Dynamically, the mirror obeys a classical equation of motion

mi(t) +mDyd(t) + mQ2 x(t) = Fraalt), (3.7)
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where it is driven by the radiation pressure force Fi.q = Af2.|a?|/L.. In a frame rotating
at wg, the classical mode amplitude a(t) = (a) has dynamics [17]

a(t) = —%a (A + Q) L) + \/Foxctin. (3.8)

The term /Kexriy describes the external driving, and the balance with the decay —%cha
determines the steady state. The phase drifts due to the detuning A. as well as any
instantaneous phase shift arising from the mirror position x. The steady (driven) state
with £ = 0 is described by

Rex

—i(A. + Qe /L) + 5

alt) =a = Q- (3.9)
As expected, the cavity response |a|? is a Lorentzian about the zero detuning (A, +
Q.z/L.) = 0 (in subsequent equations we redefine A. + Q.z/L. — A, such that
A, gives the “true” detuning.) However, when the mirror is assumed to oscillate as
x(t) = & + 0z cos(,t), the cavity follows [109]

ZQcadx( (exp(szt) exp(—iQ,t) )
—i

o
TS B Q) + 5 (Bt Q) + 55

(3.10)

Thus the mirror motion creates a pair of sidebands at wy + €2, which in analogy with
Raman spectroscopy (and in a quantum picture) are known as Stokes and anti-Stokes
processes. The process at wy ~ Q. — £, corresponds to a photon at wy; combining
with a phonon of the oscillator to excite the cavity at .. Likewise, the process at
wq = . + €, corresponds to the cavity and mechanical mode being simultaneously
excited. In Fig. 3.1(c) these processes are depicted, with the driving detuned to favour
the cooling process. As Eq. (3.10) shows, with sufficiently low cavity damping k. and
appropriate detuning, it is possible for one sideband to be substantially stronger than
the other. This is precisely the manner in which the presence of the cavity strongly
enhances the process, and enables the cooling (or heating) to proceed at a significant

rate.

We observe that in this system, the nonlinearity of the original interaction Eq. (3.3)
is essential for the existence of the sidebands. It is also convenient in that it provides
a means to enhance the linearised coupling strength, which assists the cooling rate.
At a more abstract level, the nonlinearity in Eq. (3.3) provides a route by which
phonons at €2, may be dissipated into the bath of the optical mode at €2.. This is

achieved via upconversion of the phonons, and is in general a necessary component of
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any cooling scheme. In the absence of driving, the fluctuations in the mirror mode are
in thermal equilibrium with their environment at temperature 7'. The upconversion
process connects these fluctuations with a bath at )., a much higher frequency, and
in the case of optical frequencies the bath modes are virtually unexcited. Quanta may

then be transferred into the bath modes with no reheating back to the oscillator.

This particular optomechanical scheme operates in the resolved sideband regime?,
in which ground state cooling may be attained [17]. Another way of understanding the
process is to observe that the cavity frequency €. > €2,,, and so the mode amplitude
a(t) can track the mirror motion adiabatically. In the resolved sideband regime k. <
O, the cavity decay rate is such that the cavity mode intensity can no longer track
the mirror and lags behind. In fact, this cavity “memory” is a general mechanism by
which cooling may be achieved [116]. As an example, consider a test particle following
a trajectory X(t). A force F(x,v,X(t)) which depends on a particle’s position z,

velocity v and trajectory X (¢) is assumed to take the form
F(z,v,X(t)) = / F(x,0,X(t —t"))M(t")at, (3.11)
0

i.e. the force only depends explicitly on the particle’s position, but at all times into its
past weighted by the memory kernel M (¢). Expanding the force about ¢ in powers of
t', we find

OF
F(x,0, X(t—t)) = F(z,0, X))+ (X(t —t) — X(t)) == +O(t?)

IX | x—x(

OF

= F(2,0,X(t)) —t'v(t) —= + O(t"?),
IX | x—x()
in which we have identified the velocity v(t) = 8);7) . In making this expansion
T=t

we are assuming that the kernel M (t) decays sufficiently rapidly with increasing t. We
may write the original v-dependent form as

F(z,v,X(t)) = F(z,0,X(t)) —v(t)T iF’(az,(),X)

7% (3.12)

X=X(t)

in which we have simplified by normalising the memory function as fooo dtM(t) = 1,

and identifying the memory timescale T = fooo dt' ' M(t'). We see that a manifestly

2Intuitively, the resolved sideband regime corresponds to choosing parameters such that the side-
bands in Fig. 3.1 may be individually resolved as opposed to comprising a single, broad peak. The
sideband width is predominantly set by the cavity decay rate k., while the separation is given by the
mechanical frequency €2,,,. The resolved sideband regime is then achieved if k. < €.
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xr-dependent force having memory of the particle’s trajectory may be re-expressed as
a memoryless but velocity-dependent force, with the v-dependent term growing the
further back in time the memory extends (when the distribution of M(¢) is shifted
to higher values of t). This can then be considered as a driving-induced friction, but
without the corresponding stochastic forcing term. Consequently there is an additional
dissipation channel. In the context of the optomechanical system, a lower decay rate k..

enhances the cavity’s memory of the mirror trajectory and increases the cooling rate?.

3.2 Josephson sideband scheme

Turning to the system of an artificial Josephson junction, Hammer, Aprili, and Petkovi¢
[34] argue that two intrinsic modes form a system analogous to the optomechanical sys-
tem described in the previous section. They experimentally demonstrate that such laser
cooling techniques may be successfully applied to reduce the Josephson fluctuations of
a Nb/Al/Al,O3/PdNi/Nb junction, observed as a 0.3% increase in the mean switching
current when the apparatus is cooled to ~ 2 K. In this section we discuss their theory
and the analogy with the optomechanical system, and introduce the switching current

measurement used to characterise the temperature of the Josephson phase.

The dynamics of the Josephson phase ¢(z,t) in a long junction of length L may be
formulated with the Hamiltonian [117]

HeE /Ldﬁ{#@@MA—%(M)QH—ww—j- 6 (3.13)
J o I 2&)]2)70 t 9 T bias ) .

in which F; is the Josephson energy scale hl./2e, \; is the Josephson penetration
depth, jbias = Ibias/ L, wpo is the plasmon frequency, I. is the critical current and s
is the applied bias current. This gives the dynamics of the Josephson phase alone since
the electric and magnetic field dynamics have been integrated out. The field ¢(x,t) is

expanded via the ansatz
oz, t) = x(t) + Z Qn(t) cos kpx, (3.14)

which satisfies Neumann boundary conditions [98|. In the experiment [34], the Joseph-

son plasmon is at 550 MHz and the first harmonic @), is at 7 GHz. Since the experiment

3Note that this is the first-order effect. The cooling mechanism relies on the cavity having a finite
decay rate k. in order to dissipate energy, and so we should expect there to be an optimum kqp¢ for
cooling, with the cooling tending to zero once r. is decreased below Kqpt.
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is performed at 2 K where kgT'/h ~ 40 GHz, we can make the approximation that the
frequencies of the modes @, (t) are high enough that none are significantly thermally
populated?, i.e. (Q?) ~ 0. We will only consider the dynamics of the lowest mode Q;
and obtain its coupling with the centre-of-mass mode y. Then Eq. (3.13) becomes
L
4

H=Fy gz X+ 4;;062% + =@ (1 - i@%) cos X —jbiasx} . (315)
after expanding to quadratic order in ();. The normalised bias current jy;.s requires a
non-zero time-averaged Josephson phase which we will denote as Y, and which satisfies
Sin XY = Jpias in the absence of the (); mode. If we also expand in dy = x — x to

quadratic order, we can separate the Hamiltonian into H = H, + Hg, + Hiy, where

.2 o2
H,=E; (2%2)’0)( + 3 cos X X ) ,
1 ., ANk?+cosy 3.16
H — FE 2 J™1 2 ( . )

Hine = $ibias Es0X QT — $E0X° Q3.

In the presence of bias, we have dxQ? coupling which is essentially identical to the
de(Z; + Z;T) coupling of Eq. (3.3). We can identify the centre-of-mass mode y with the
optomechanical displacement Z, and the first harmonic ()7 with the cavity mode a.
The same theoretical analysis applies, and the Stokes and anti-Stokes sidebands are
clearly observed in this system. The ansatz coordinates Eq. (3.14) are linearised normal
modes of the system, and so the anharmonicity of the washboard potential induces a
coupling term between them. This can be compared with the optomechanical case.
The magnitude of (), is limited by the restriction on ¢, namely that the variation in ¢,

(@?) — (¢)? < 27 in the superconducting state and so ()1 cannot be driven arbitrarily
in contrast to the cavity occupation a. The lowest-order coupling term requires finite
bias Jpias, but this is also restricted as |jpias|] < 1. These two considerations restrict
the strength of the coupling term. Additionally, it is harder to reach a scenario in
which the cavity modes are accessible but also not thermally occupied. The )7 mode
frequencies are set by the sample dimensions, with the experiment [34] making use of
a (740 pm)? junction. Smaller junctions give higher frequencies, but are potentially
more challenging experimentally. In the context of cuprates, the superconducting gap

energy scale sets an upper limit on the frequencies available.

At T = 2 K, a 550 MHz oscillator has population n ~ 75, while a 7 GHz oscillator has only
n ~ 5. While this approximation neglects the small thermal population in the (J; mode, this has only
a small quantitative effect on the x mode dynamics.
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In order to demonstrate that the Josephson phase has been cooled, the authors
of Ref. [34] make use of the switching current distribution. The effect of thermal
fluctuations is to cause the Josephson phase to slip down the washboard potential at
a lower bias current than the theoretical maximum. In the washboard picture, the
particle oscillates in the well at a frequency

. 9 \1/4
wp(]bias) = Wpo (1 - jgias) :
On each oscillation, it has a probability P = exp [—AU (Juias)/kpT] of escaping the well
and switching the junction state. The barrier height can be well approximated by [41]

AUv(jbias) ~ 2EﬁJ (]- - jbias)3/2 .

The resulting suppression of the effective critical current is [41]

(3.17)

The bias sweep time At should be large enough that w, ¢At > 1, so that the dependence

of the distribution on At becomes weak.

Experimentally, a measurement of the switching current entails starting at zero
bias with the junction in the superconducting state (V' = 0). The bias current is
linearly ramped in a time At until a finite voltage V' is detected across the junction,
corresponding to the resistive phase-slipping state. The time (and therefore current)
at which the slip occurred is recorded, and the bias current is then immediately reset
to zero to prevent heating of the junction. This procedure is automatically repeated
several thousand times to reconstruct the switching current distribution. In the exper-
iment, this procedure is slightly simplified by the use of a 77 Hz sawtooth ramp for the
bias. This is because at their temperatures the slipping distribution is concentrated
close to Jpias ~ 1, and so negligible heating will occur between the phase slip and the
current reset. The slipping distributions of the thermal and driven scenarios may then
be compared. The driven scenario entails applying an additional AC bias term resonant
with the )1 mode or its sidebands.

To conclude this section, the experiment of Hammer, Aprili, and Petkovi¢ [34]
employs a cooling scheme formally equivalent to that of resolved sideband cooling in
optomechanical systems, yet there are a number of differences. The mechanical oscilla-

tors span Hz — GHz frequencies, potentially comparable with the Josephson resonance,
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however the optical cavity is ~ 10'° Hz, far higher than the 7 GHz @; mode. In super-
conducting systems there is an upper bound on the frequencies available as radiation
above the superconducting gap will break pairs and degrade the superconducting state.
The dissipation route also differs, as the optical cavity is external to the mechanical
oscillator. The )7 mode is part of an ansatz for the long junction and shares a thermal
bath with the x mode. Thus energy dissipated from the ); mode does not leave the

material, and in the absence of cryogenic cooling would gradually heat the x mode.

3.3 Parametric cooling

In this final section, we introduce parametric cooling. We will see that this is mathe-
matically equivalent to the previous schemes (after linearisation), but relies on different
properties of the coupling. Historically, parametric cooling appears to be first proposed
for cooling the slow, circular magnetron motion of a charged particle in a Penning trap
[118]. The magnetron motion refers to the radius at which the particle orbits the centre
of the trap, and should be minimised for precision spectroscopy. The magnetron and
axial motions are linearly coupled, with the axial motion spring stiffness being set by

trap parameters and therefore may be varied®.

We consider a system of two harmonic oscillators [ and A, having ladder operators

a and b and with a time-dependent coupling K(t),
H = hwyata + hopb™d + b |k(t)abt + x*(t)ath| . (3.18)

The coupling (t) is assumed to have the form k() = kgexp(iwgt), and the rotat-
ing wave approximation has been made. We first note that there is a simple and
relevant thermodynamic cooling limit due to Wineland and Itano [14]. When this sys-
tem absorbs a quantum of energy Ai(w;, — w;) from the parametric modulation, a heat
AQ), = hwy, is added to the h mode, and likewise a heat AQ; = —hw; is added to the [
mode. The total entropy change occurring with this process is AS = AT?l + AT—?Lh. As-
suming cooling proceeds and encounters no other limits, it will do so until a reversible
cycle is reached with AS = 0. This implies the relationship
T w
L] (3.19)
Th Wh

5An interesting aside is that in this system, the centre of the Penning trap is in fact a potential
maximum for the particle. The blue sideband must be targeted to pump energy into this mode to

localise the particle at the trap centre. The decay time is far greater than the oscillation periods,
allowing this configuration to be stable over experimental timescales.
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as a thermodynamic cooling limit for this process. In the optomechanical case, the
ratio w;/w, may be in the range 107° to 107'* [17], and usually other physical pro-
cesses provide a higher limit before this is reached. As we will see, in our parametric
cooling scheme the frequencies tend to be less distinct and this fundamentally restricts
the maximum cooling achievable. We should note, however, that while most cooling
schemes are concerned with reaching the quantum ground state, our goal is to inhibit
phase slipping only, and a reduction in the fluctuations of order 50 % would be sufficient

for our needs.

We now solve this system to determine the steady state and cooling rate. Damping
and noise are incorporated by coupling each oscillator to its own Markovian reservoir.
The relaxation times are 7, ! and T ! for the [ and h modes respectively, and their
equilibrium occupation numbers are v; and v,. In particular, this differs from many
theoretical descriptions of cooling processes in that we include the reheating of the [
mode by having it coupled to its own heat bath. The dissipative system dynamics are

described by a master equation for the density matrix [119],

op N pnd A Anta  atan e
8_§ =y(1+v)(—3d'ap + apa' — Lpa'a) +vu(—1aa'p + alpa — Lpaal)
V(1 v) (=070 + bpbt — Lpbtb) + ypwn (— 300 p + bF pb — L pbbY)
Lrsy .
+— [H,p] . (3.20)

This system can be solved for the steady state, yielding the expected occupation of
the oscillators [120]. A simple approach is to derive Heisenberg equations of motion
for all ten second-order moments {(a?), (ab), (afa), ...}. Importantly, these form a
closed system and may be solved by setting all ¢-derivatives to zero. Due to the form of
Eq. (3.18) the moments {(afa), (b'b), (a'b), (ab')} form a closed system by themselves.
From Eq. (3.20) we produce a set of equations for the time evolution of the second-order

moments
i = Mil + 7, (3.21)

- 0 iKge iwat —ikgedt
M — 0 —h —ikge wal iKkgedt
ikoe™dt  —ikge™dt  —1(vy 4 ) + i(wp — wy) 0
—ikge Wl jggewal 0 —%(% +vn) — i(wp — wy)
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We transform (e.g.) b — b e’ and reach

d
aﬁ: M’ + v, (3.22)
now with
- 0 1KQ —1iKg
0 _ . .
M= e T o , (3.23)
ikg —ikg —5(V+Yn) — iAw 0
—iKg 1Ko 0 —%(w + ) +iAw

with the detuning Aw = wy — (wp — w;). Formally, @ = —M'"'7 yields the driven
steady-state. This is the key result of this derivation, and for the [ mode, this is

(a'a) = vy — S(vy — 1), (3.24)

where the scale factor 0 < S < 1is given by S = (/vx, and

(= ko (v + )
Aw? + (1 +7n)?
+
=1+ q67 Vh),
MYk

Aw = wy — (wp, — wy).

When § = 0, there is no cooling. When & — 1, the cooling is maximal and the [ mode
contains on average v, quanta, i.e. it has been cooled to the temperature (w;/wp,)T". The
level of cooling achieved can be understood as a competition between several rates: the
rate 7; describing the reheating of the [ mode, o describing the rate at which quanta
may be transferred between the two modes, and the rate v, describing the rate of
dissipation from the h mode. In the limit 7y — 0, § — 1 which can be interpreted as
the coupling of the [ mode to its reservoir becoming so low that the cooling process
is able to achieve the theoretical limit Eq. (3.19). When ~, — 0, no dissipation is
possible and & — 0. At the opposite limit, when 7, — 0o, & — 0 since the strength
of the A mode-thermal bath coupling prevents the excitation of the h mode, as an

instance of the quantum Zeno effect®. There is thus an optimal rate 7, for cooling: in

6The quantum Zeno effect refers to the situation in which a quantum system, by means of contin-
uous measurement, has its unitary time evolution suppressed and if excited is prevented from decay.
There is the classical analogue in which the large damping rate 7, results in an extremely broad
resonance of the h mode, preventing strong excitation and hindering energy transfer to the h mode
bath.
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the special case Aw = 0, fy}(fpt) = Ko, implying the h mode decay rate should match
the upconversion rate ry. Considering the coupling ko between the oscillators, there is
the trivial limit that S — 0 as k9 — 0, namely that no cooling can be achieved as the
oscillators are decoupled. The cooling then monotonically increases with xq. Finally,
as the driving frequency wy is varied, the cooling displays a Lorentzian profile about

detuning Aw = 0.

To extract the cooling rate, we examine the eigenvalues of the matrix M’. This is
trivial numerically, but we gain insight from analysing the perturbation of the eigen-
values of M’ with kg. In particular, in the limit ko < (7;,7,) We can use second-

order perturbation theory to estimate the rate. We decompose M’ = M + 0M, with
M, = diag[—y, =, —3(% + ), —3(n + )] and

0 0 41 -1
5M:@ 0 0 —1 +1
2 +1 =1 0 0

-1 +1 0 O

Applying standard perturbation theory results in a second order correction to the

slowest eigenmode,

2
Ko

Th— N

In the parametric cooling scheme of Chapter 4, we will be in the regime v, < 7,

SR, S (329

where we see that the cooling rate is determined by the thermalisation timescale of
the [ mode, somewhat accelerated by the driving term. This analysis depends on the
decay rates v, and -y, differing sufficiently that degenerate perturbation theory is not
required. In practice this requirement is often satisfied, unless there is a physical basis

for the decay rates to be related.

Finally, we can make the connection with Eq. (3.6) and the optomechanical scheme.
If we transform Eq. (3.18) into a rotating frame with unitary U = exp (iwdt &Td), we
arrive at
H = h(wy, + Aw)a'a + hwpb'd + ki (KodTlS + /@gdiﬂ) .

Up to the rotating wave approximation, this is identical to Eq. (3.6). Note also that
the transformation U will not affect the noise processes. Thus parametric modulation
allows resonant energy exchange between the oscillators via down- and up-conversion

of quanta.
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3.4 Summary

In this chapter, the resolved sideband regime of laser-cooled optomechanical oscillators
provided a vehicle for the discussion of the core physics of driven cooling processes. The
specific form of the interaction Eq. (3.3) allowed for quanta in the mechanical mode
to be upconverted to an optical mode from which they are dissipated. A cavity with
a high quality factor then strongly enhances this process, enabling efficient cooling of
the mechanical oscillator. In Sec. 3.2, the theory underlying a sideband cooling scheme
for the Josephson phase was presented. This scheme is closely related, but hindered by
the requirement of a moderate bias current to produce the coupling, and an intrinsic
limit on the strength at which the ); mode may be driven. Finally, we introduced the
parametric cooling scheme in Sec. 3.3, in which the sidebands and thus upconversion
instead arise from a direct modulation of the coupling strength. Otherwise, this is
yet again the same model for the reduced two-oscillator system. We computed the
key quantities of the cooling limit Eq. (3.24) and rate Eq. (3.25), which will be of

importance for our predictions in Chapter 4.
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PARAMETRIC COOLING IN
SHORT JUNCTIONS

In this chapter, we make an initial proposal for cooling fluctuations of the supercon-
ducting order parameter in cuprates. The material of this chapter is based on the
publication Denny et al. [35] for which I was lead author, having developed the theo-
retical analysis, performed all numerical simulations, and produced the initial draft of

the manuscript.

For now, the challenges of achieving strong coupling to a cavity are being sidestepped?
by exploiting bilayer cuprates where we may make use of the intralayer (high frequency)
plasmon modes to cool the interlayer (low frequency) Josephson phase fluctuations.
While a sideband scheme related to that of Hammer, Aprili, and Petkovi¢ [34] could
be used, this places strict requirements on the crystal dimensions?. Additionally, the
bias current required for sideband schemes complicates any feasible experimental ge-
ometry. As an alternative route, we take inspiration from recent experiments [26, 27|
in which infrared-active phonon modes are strongly driven, resulting in the observation

of superconducting fluctuations up to 300 K.

We can consider the consequence of such a phonon driving by making a comparison

with nonlinear optics. In a centrosymmetric nonlinear optical crystal, the polarisation

"'We will return to this question in Chapter 5.

2Specifically, the effective junction length must be such that the k¥ = 1 Josephson mode is high
enough in frequency to be thermally unoccupied, but not so high that the radiation driving the
transition will be capable of breaking pairs (Sec. 3.2).
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density P(t) may be expressed as a power series in the electric field,
P(t) = GOX(I)E(t) + EQX(s)E?’(t) 4+ ...

In a pump-probe formalism® we can write E(t) ~ Epump €08 wat + Epobe cos wi, and find

the polarisation response to Fpone 1S given by
P(t) = e (X(l) + 3X(3)E§ump(t)) Eorobe(t) + ...

The pump field thus provides an effective time-dependent susceptibility xeg(t) = (X(l)
+ 3X(3)E§ump(t)) of the medium for the probe field. In the cuprate, the driven phonon
modes are IR-active and therefore have a finite dipole moment. The vibration has a
direct influence on the crystal electrodynamics and can play the role of the pump field
by providing a time-dependent susceptibility xes(¢). The Josephson dynamics have
an associated electric field which may experience the modulated susceptibility. Note
that this dependence is quadratic in Epump, consistent with a ¢@Q? coupling as observed
in experiments [121|. This parametric modulation has the potential to be developed
into a parametric cooling scheme, with the goal of upconverting fluctuations from the
interlayer plasmon to the intralayer mode where their disruption to the superconducting

state may be minimised.

In this chapter, we will study the potential of such a parametric scheme for cooling
c-axis fluctuations, restricting to junctions in the short limit. We will first explore a toy
two-junction model numerically in Sec. 4.2 and analytically in Sec. 4.2.2. In Sec. 4.3
we extend the numerics to a 100-junction stack, to more realistically simulate a small
single crystal, and conclude by interpreting our numerical results as a guide to possible
experiments and materials. We begin this chapter by developing a semi-microscopic

model of the cuprate stack into a simple dynamical model for the Josephson phase.

4.1 Model derivation

A successful approach to modelling the electrodynamics of a superconducting stack was

developed by Machida and Sakai [122]. Here, the superconducting order parameter is

3In a pump-probe formalism, we decompose the electric field E into a strong, driven component
Epump and a much weaker component Fprone. The component Fpump models the external driving,
assumed to be strong enough to induce a nonlinear response in the medium. The weaker component
Eprobe models the fields associated with the Josephson electrodynamics, and allows us to determine
their response to the strong driving E,ump-
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Figure 4.1: Schematic of the bilayer cuprate for the electrodynamical model. Supercon-
ducting sheets of finite thickness ¢; are separated by insulating regions of thick-
ness Dy. The Josephson effect provides coupling between the superconducting

sheets.

treated as a classical field, with dynamics arising from the Josephson effect and classical
electromagnetism. In particular, this approach pays attention to the penetration of
the electric field into the finite-thickness superconducting sheets, which is necessary to
correctly treat the capacitive coupling between adjacent junctions. In the short junction
regime at low temperature, this coupling term is dominant. The key contribution of
this section is to incorporate an effective time-dependent permittivity arising from the

phonon driving.

First we define our notation. We will use the lowercase labels {i} for all properties
relating to the superconducting layers. For the Josephson junction formed with the
insulator between superconducting layers (i, — 1) we instead use the uppercase label
I. The framework of Machida and Sakai [122] is semi-microscopic since it is based
on the Schrodinger equation for the macroscopic superfluid wavefunction and derives
the electric field coupling from the wavefunction dynamics. This culminates in the

equation

(D) (D)
(DO )\ci c,i—1
— 0= ——"—pi + ——pi-1+ E.dz. (4.1)
2m i i—1 zi1

for the Josephson phase dynamics of the gauge invariant phase ¢; between super-
conducting layers ¢ and i — 1, where ®, is the flux quantum. This generalises the

conventional Josephson relation, given by the last term in Eq. (4.1), to include the

contribution arising from the superconducting layer charge densities p;, given the su-
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perconducting layers have a dielectric constant ¢ and a c-axis Debye length? )\gl?). By
considering the variation of the scalar, chemical and electrochemical potentials across

a junction leads to the relation [122]

6$ (IJO&Z)]
G . L0091 4.2
p (@ﬁ% 8t), (42)

(X

where ©; is the scalar potential in the i superconducting layer. This, together with
Eq. (4.1) and Gauss’ law

azEz = &7
€
gives rise to an intuitive screening equation for the electric field inside the supercon-
ducting sheets,

OB, = ——FE.;. (4.3)

(D)2 )
c,

This acts in addition to the well-established London screening relation for the magnetic

field inside the superconducting layers,

1

OB, = )\—B (4.4)

2 Yyt

ab,i
where Ay ; is the effective London penetration depth for the i superconducting layer.
For simplicity we will assume that ¢; is independent on y in the plane and so only

consider x spatial phase variations.

For given F and B fields in the insulating layers, we now solve these equations
to relate the electric field with the charge on the layer, and likewise the magnetic
field with the screening currents. The derivation now diverges from that of Machida
and Sakai [122]. In particular we model the effect of the driven c-axis phonon mode
on the Josephson dynamics as a time-dependent modulation of the permittivity e;(t)
about its equilibrium value ¢; for the insulator between the superconducting layers ¢
and i — 1. We will assume the time-dependence of the permittivity to follow €;(t) =
e7(t)(1 + nysin® wyt). Consequently we now deal with the boundary conditions at the

superconductor /insulator interface to properly take account of this effect.

4The Debye length is the characteristic lengthscale of the electric potential, accounting for mobile
charge density and mobility. In this particular scenario, if ¢; > )\g), the superconducting sheets can
provide perfect electrostatic screening. The opposite regime where t; < )\g))
which the sheets’ screening is negligible.

describes a situation in
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For a superconducting layer of thickness t¢;, with boundary conditions of F =
{Eq4, E,} for its downside (d) and upside (u), corresponding to z — zg = {0, t;}
respectively, we find that the electric field inside is given by

— E, — E,cosh(t; )\(D) _
Ez,i(z — ZO) = FE,cosh z (D?O + d ( / ) sinh % .
A smh(ti/)\c’i ) A

(X c,i

There is a jump in the electric field between the insulator and the superconducting

layer
e’ .
E — (3 EZ
I € (t) d»

which arises from the boundary condition for the electric field at the interface between

two media. We assume there is no sheet charge at the surface so instead screening

occurs due to a charge distribution over the Debye length scale. This leads to
i er1(t)Ern — er(t) cosh(ti /A7) By
' A sinh(t;/A)
€[+1(t) COSh(ti/)\gg))E]_H — Ej(t)E]
A sinh(t; /A1)

) (4.5a)

for the charge densities on the downside and upside of the i*" superconducting layer.

We now go back to the general Josephson relation Eq. (4.1) and substitute for the
charge densities evaluated in Eq. (4.5) yielding

@ u
2—728,5@ = S?:’Id_lEj_l + DICE] + S?_’HJE]_H, (46)
where the diagonal DY and off-diagonal s¢ capacitive couplings are

( ) (D er(t) ti1
AD) coth )\, coth ,
z )\(D) * 6‘;71 o “ )\c,ifl

\(D)

DY (t) =

(4.7)

o €rs1(t)

S (t)=— s ’
[+1,1 €; sinh(ti/)‘g))

6[_1(t) )‘C’i_l

€y sinh(t;/Aeic1)

(2

C,d
Srr— () =

Here Dy is the thickness of the insulator for the I'*" junction. A similar equation relating
the phase gradient to the magnetic field may be derived by solving for and eliminating

the screening currents in the superconducting layer, giving

iiJ
2—0 MOYEES 311 1Broi + D Br + 31+1 1Bry1, (4.8)
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where the diagonal D* and off-diagonal s” inductive couplings are

t; ti
D%’ = D[ + )\a[m‘ coth ( ) -+ )\ab,i—l coth < ! ) s
)\ab,i ab,i—1
)\ab,i

S[etr =~
I+1,1 Sinh(ti/)\ab,i) '

We now summarise Eq. (4.6) and Eq. (4.8) in matrix form as

Oy, - ,
5,00 = CHE, (4.9)
Dy - =

520:6 = LB, (4.10)

where C(t) and L contain the capacitive and inductive couplings, respectively, and
with the former being time-dependent owing to €;(t).

Considering the insulating layers and applying Maxwell’s equations gives

Ej(t)

0,BY = LB, E7 4 pg 7, (4.11)

where J; = Jfsin¢; + oE7 is the c-axis current through the junction, composed of
the Josephson supercurrent, quantified by its critical current J§ and the quasi-particle
current, quantified by its conductivity o. Substituting Eq. (4.9) and Eq. (4.10) into

Eq. (4.11) we reach a closed equation concerning just the phase dynamics,

% L7, 000 = %qc(;) ; [C™H(1)],, 0765 + poJfsin(¢r)
2(7122 > {ez(t) 2. C ()], + % [Cl(t)]u} Oipy. (4.12)
J

Aside from the assumptions of the layered stack and a time-dependent e;(t) within
the insulating layers, this equation provides a general description of Josephson phase
dynamics in the cuprates. In particular each term in Eq. (4.12) has an intuitive inter-
pretation. The sin(¢;) term describes supercurrents, the 92¢; accounts for inductive
coupling, the 92¢; accounts for capacitive coupling, and the 9;¢; terms describes quasi-
particle current between layers. We focus on short junctions where we can assume ¢;
is z-independent.” For the moment we also drop the incoherent quasiparticle current
terms since its damping contribution to the dynamics are accounted for in Sec. 4.2
when we move to a Langevin description. For a given junction I we are left with
c
Por+ (2}% ; %%f sin(¢,) = 0. (4.13)

5Tn sufficiently short junctions, in-plane fluctuations are energetically prohibited.
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Writing out the individual terms in the sum we obtain

C,d C,au
o s&4 (1) DY (t) sii1,1(t)
2 c 1,1-1 . c T . c I+1,1 . _
6t¢1+q)060 Ji 4 ) sin(¢r_1)+Jy et sm(gb[)JrJHlieHl(t) sin(¢ry1) 0.

Note that from Eq. (4.7) the ratios s?}dfl(t)/el,l(t) and slcj:‘l,l(t)/elﬂ(t) describing off-
diagonal capacitive couplings are in fact time-independent. Moreover in the diagonal
coupling DY (t)/e;(t) only the first term D;/e;(t) retains the time-dependence and so
it alone accounts for the modulation by the phonon.

We now make the assumption that all superconducting layers are identical (i.e. €f =
€ = €, t; = tiy, )\gi)) = )\gﬁl = )\ﬁD)), and first consider the equilibrium case
in which the permittivity is time-independent. We define a dimensionless coupling

parameter « according to
9 cd _Cd

o _ Srr-151+1,1
(2a 4 1)2 DYDY,
We can then define a frequency associated with the junction I as
1 2rJ¢DY
@

:2a+1<}TO €o€r

which enables us to rewrite the equation of motion Eq. (4.13) as
9} o1 + awi_ysin(ér_1) — (2a + 1)) sin(¢r) + awrq sin(éri1) = 0. (4.14)

The result is that the microscopic material parameters have been expressed as phe-
nomenological frequencies w; and a capacitive coupling constant «. Regarding no-
tation, here we have chosen to use w to denote a junction’s frequency, in contrast
with w, as used up until now. The reason is that here our interest is principally in
the junction stack, where the observed resonances are in fact the normal modes of
the coordinates {¢;}, and we wish to reserve the symbol w for the frequencies of the
physical resonances. The form Eq. (4.14) is particularly useful, since it coincides with
that of the well-known Koyama-Tachiki model [123]. There are two limiting cases here,
the first being the limit of @ — 0, corresponding to extremely thick superconducting
layers and uncoupled junctions. The opposite limit, & — oo, corresponds to the limit
t; — 0 where the superconducting sheets become infinitesimally thin. Experimentally

the coupling strength « has been determined to take values in the range 0.1 — 5 [124].

Moving to the driven case with time-dependent permittivity, we reconsider Eq. (4.13),

finding that the equation of motion is modified by the introduction of a relative driving
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strength

ni(t) = (200 + I)D—? ( ‘o _ 1)

er(t) (4.15)

where we have taken a Taylor expansion of ¢;(¢) about 1, allowing Eq. (4.13) to be

expressed as
O} o1 + awi_ysin(dr_1) — 2a+ 1+ nr(t)]wy sin(¢r) + awy, sin(érq) =0,  (4.16)

again using o and w; as defined above. This captures the deterministic dynamics of
our model: the Josephson dynamics, nearest-neighbour capacitive coupling, and the
parametric modulation arising from the nonlinear phonon driving, explicitly assumed
to arise from a ¢* coupling in Eq. (4.15). It is notable that the modulation 7;(t)
only appears in the diagonal term of Eq. (4.16), suggesting that the coupling between

adjacent junctions is highly constrained.

4.2 Toy model: Two junctions

Josephson junction dynamics are known to display a complex interplay between co-
herent and dissipative contributions [125]. This includes quasiparticle currents (as in
the preceding section) as well as long-wavelength phonon modes and other microscopic
degrees of freedom. The predominant effect of these couplings is to provide a source of
continuous rethermalisation of the Josephson phase degrees of freedom. In our model,
we account for this by adopting a classical Langevin framework. Here we examine
the special case of two junctions to expose the key physics of this system, and later

generalise to a stack of junctions.

We linearise Eq. (4.16) and move to the normal mode frame® with 7;(t) replaced

by its time-average %TII- The additional Langevin terms give

af@l — 101 + W?@)@l + Ah(t)<Ph = fl(t),

i ) (4.17)
O; on — YnO0epn + wy (L) on + Ai(t)r = En(t),

5The relatively strong coupling between adjacent junctions means that if we apply thermalising
Langevin terms locally, the steady state of the system is not guaranteed to be thermal as evidenced
by the statistics of {¢, pr}. This is of practical relevance for the simulation of the resulting model.
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where ¢, ;, are the normal mode phase coordinates. Importantly the driving introduces

a time-dependent off-diagonal coupling

App(t) = Ay cos(2wat),

where )
«Q
ANy = ——r-—— 2
LT T 002a 1 12
Ah = _%nhw?w

to lowest order in r = w;/wy,. Similarly the driving also induces a modulation of the

normal mode frequencies

wip(t) = wiy, — $A7), cos(2wqt),

with A7 = [ + ﬁnh]w? and A? = n,wi. The quadratic nature of the driving
shifts the normal mode frequencies wy , in line with experimental observations |26, 27].

We approximate the noise & 5,(t) as independent, white and Gaussian, as described by

(Gnt)&n(t)) =Tipd(t —t'),
and it is related to the damping by the fluctuation-dissipation theorem as

Iy =2y (T/Tp), and
T = 2ynwi (wi/wn)*(T/To),

where Tj is a system dependent temperature scale set by the capacitive energy associ-
ated to the mode ;”. In the absence of driving the damping and noise will thermalise
the system at a temperature 7. In contrast to well isolated quantum optical /atomic
systems, their continued presence during the driving we consider here accounts for

persistent reheating expected in a solid-state system.

4.2.1 Numerical results

This section presents results arising from the numerical integration of the model pre-
sented, in the simple case of two junctions. This is valuable, as an analytical estimate

of cooling limits and rates can be made (Sec. 4.2.2) and compared with these numerical

"We will discuss the physical significance of the temperature scale Ty in Sec. 4.3.1, however this
depends on a numerical treatment and so we must first introduce the numerical methods to be used.
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Figure 4.2: Parametric cooling in a two-junction unit cell with (undriven) normal modes

w; = 27 x 1 THz, wp, = 27 x 10 THz, v; = 0.19 THz, v, = 3.63 THz, a = 1,
m = 0 and 7, = 0.1. (a) We simulate 500 trajectories of the system Eq. (4.17)
and average the phase and conjugate momentum quadratures (p?) of the inter-
and intrabilayer modes across these trajectories. The system is allowed to ther-
malise until ¢ = 0 (indicated) where Tinitial/To = 0.1, then parametric driving
is applied, after which fluctuations on both quadratures of the inter- (intra-)
bilayer mode are cooled to 0.6Tipitial (heated to 1.2T5pitia1). The statistical error
in these quantities is of the order of the jitter on the plot. Analytic predic-
tions of steady state (dotted line) and asymptotic cooling rate (dashed line)
are also shown. (b) A plot of the driven steady state of the quadrature (¢7) as
a function of driving frequency wy. The cooling/heating sidebands of the inter-
bilayer mode are observed as the driving frequency wy is varied for a selection

of damping rates.

calculations. We may then more confidently advance to the general case of a stack of

junctions, where the analytic approach is no longer feasible. We integrate the stochas-

tic differential equations Eq. (4.17) with a quasi-symplectic velocity Verlet propagator

[126]. We refer to Appendix A for further details of the numerical integration procedure.

In Fig. 4.2 we display system dynamics for a representative set of relevant parameters

for bilayer cuprates when driving at the difference frequency wy; = %(wh —wy). Since the

intrabilayer junction is typically more highly damped we have taken 7, > ~,. As shown

in Fig. 4.2(a), once the driving is switched on the phase fluctuations of the interbilayer

mode ¢; are strongly suppressed. Up-conversion correspondingly causes fluctuations to

increase on the intrabilayer mode ¢}, however fluctuations remain small. Fluctuations
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Figure 4.3: For the two-junction unit cell, relative temperature reduction T/T, =
(©?)/ <3012,0> as a function of damping rates v; and ~y,, and the capacitive in-
terlayer coupling «a, as predicted by Eq. (4.23). Dashed lines indicate the
frequencies of the two oscillators, indicating that cooling tends to be optimised
into the underdamped regime. Note however that there is an optimal dissipa-

tion rate for the high-frequency mode.

in the conjugate momentum (not shown) for the two modes behave similarly. Although
the resulting steady state is non-thermal the level of fluctuations is consistent with ¢,
being substantially cooled, and ¢, being heated. The w,; dependence of the effect is
shown in Fig. 4.2(b) where cooling (red) and heating (blue) sidebands are observed at

wq = 5(wp — wy) and wy = 5(wp, + wy), respectively.

4.2.2 Theory for cooling

The simple theory developed by Vyatchanin [120] can be applied to understand the
cooling process as an implementation of parametric cooling in the normal modes frame
of the oscillators. The relevant general theory has been set out in Sec. 3.3; here we

focus on its application.

We will analyse the two junction model described by Eq. (4.17). We estimate the
key properties of the cooling process, such as the final temperature and cooling rate,
by neglecting the modulation of the normal mode frequencies w,,(t), and retaining
only the modulation of the couplings A,,(t). Our approximation is that we neglect the

time-dependence of w;(t), and assume that only the modulated coupling terms in this



58 4.2. Toy model: Two junctions

frame give rise to cooling. The Hamiltonian producing the dynamics Eq. (4.17) under
this approximation is given by
p12 p%z 1

= ——+ -+ 2Alw12Q012 + %Ahwigoi + COS(det)AlAthlgOh. (418)
20, 2A,

The quantity p; , is the conjugate momentum® to ¢; 5. To exploit the parametric cooling
results of Vyatchanin [120] we quantise and apply a rotating wave approximation. This
amounts to promoting the phase normal coordinates ¢; and their conjugate momenta

p; to operator status, (y;, p;) — (i, pi), and defining ladder operators according to

" Alwl N i 7 N
a = _—
2h i Alwlpl ’

which after dropping the zero-point terms yields

A A JANVAN A A
H = hwata + b + By [ == cos(2uwt) (i + a) (b + bT) . (4.19)
[WYh

We make the rotating wave approximation, i.e. neglect the counter-rotating terms ab

and atbt, giving the Hamiltonian
H = hwala + s + h [H@)aiﬂ + m*(t)aws} . (4.20)

In this approximation we reach a coupling modulated according to k(t) = kg exp(2iwgt),
and wy ~ %(wh —wy), Ko <K wy. More explicitly the magnitude of the coupling kg is

ko = (And)/(wiwn) = i(nﬁwle)g(a) r+0(r’), (4.21)

with g(a) = a?/(2a + 1)?v/3a2 + 4a + 1, and is maximised at o = ap ~ 1.07, where
g(g) =~ 0.04. The asymptotic cooling rate is

Ko
Th — Nt
8As the canonical momentum p; is conjugate to a normal mode of the gauge-invariant phase
difference of the junction, there is no convenient physical interpretation to be made regarding this
quantity. In particular, it is not simply related to number differences between the superconducting
sheets.

=1 = O, (422)




4.2. Toy model: Two junctions 59

and the steady state fluctuations for the interbilayer mode are

:1—5(1—ﬂ), (4.23)

Wh

where the scale factor 0 < 8 < 1 is given by & = (/vx, with ¢ = k2(v + v)/[Aw? +
(v+v0)%s x = 14+C(vi+9) /vvm, and Aw = 2wq—(wp—w;). Note that S = 0, indicating
no cooling, occurs if either v, = 0 or kg = 0, while for an undamped interbilayer mode
~v; = 0 with 7y, kg > 0, we have S = 1 giving the maximum suppression of fluctuations.
With increasing v; > 0, S decreases monotonically implying the interbilayer should be
underdamped, and S displays the expected resonance around Aw = 0. The prediction
Eq. (4.23) is plotted in Fig. 4.3 for a range of values of 7;, 7, and «. Across these
parameters, we note that a minimising ~; is preferable. By contrast, there is an optimal
value of v, which depends on a. When 7, is too low, there is not enough dissipation to
remove the upconverted excitations. When ~, is too high, the bath coupling hinders
excitation of the h mode as an instance of the quantum Zeno effect. Regarding the
capacitive coupling «, around a = 1.0 the coupling between the [ and h modes is
maximised and the optimum value of v, takes its highest value. The parameter a
determines how rapidly quanta may be upconverted to the A mode, and a higher

optimum value of 7, is needed to provide sufficient dissipation.

The predictions of this analysis are included in Fig. 4.2(a), and over a wide param-
eter regime we find they agree with the numerical solution to within a few percent.
Since the ), mode is more massive by a ratio (wy/w;)?, perturbing its bare frequency
has a more significant effect on the instantaneous normal modes of the system. Conse-
quently kg depends only on 7, to leading order in 7, so modulation of the intrabilayer

insulator is predicted to be most effective.

4.2.3 Quantum regime

The classical Langevin framework, used above, neglects quantum fluctuations of the
Josephson phase. However, even at 300 K we have a mean occupation of the intralayer
plasmon of n = [exp(hwy,/kpT) — 1]~ ~ 0.25 at 10 THz, and so it cannot be assumed
that the quantum noise on this oscillator will be insignificant. In this section, we

examine this approximation for the two junction system and find that the expressions
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Figure 4.4: (a) Comparison of the quantum calculation of Sec. 4.2.3 with the classical
Langevin results presented in Fig. 4.2. ‘Langevin’ is a reproduction of the statis-
tics from classical Langevin trajectories. The dotted curves present quantum
master equation predictions for (g0l2> for varying temperature 7'. The quantity
plotted is ({¢?) — () qu)/((#)0 — (¢%)qu,0), namely the cooling of the classical
fluctuations of the interlayer plasmon. We find the classical Langevin approach
gives an accurate description of the cooling of the thermal fluctuations over the

entire relevant temperature range.

Egs. (4.22-4.23) for the cooling limit and rate accurately predict the cooling of the

classical component? of the phase fluctuations down to the lowest temperatures.

We take Eq. (4.19) and keep the time-dependence of the oscillator frequencies w;(t)
such that H(= hwata) and Hy(= hw,b'b) become time-dependent. We evolve the
system of equations for (a?), (a'a), ... that result from the master equation Eq. (3.20),
via

9,(0) = Tr (O 8t/3) . (4.24)
This is more general than the calculation by Vyatchanin since it (i) retains counter-

rotating terms, and (ii) keeps the time-dependence of the oscillator frequencies.

We are concerned with the cooling of thermal fluctuations of the interbilayer mode,
and so we consider the figure of merit to be the fluctuations of the ¢;- and p;-quadratures

once the quantum component has been subtracted. We write this as ({(¢7) — (¢7)qu),

9Note that this is the only component of the phase fluctuations which may be cooled.
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where (7) is the fluctuations of the ¢; quadrature, and (p2,) is the fluctuations corre-
sponding to the oscillator ground state. We then consider the ratio of ({(¢?) — (¥7)qu)
under parametric cooling to its thermal value. In Fig. 4.4, we plot the evolution of
this ratio, ({(¢7) — (¢ qu)/({¥)o — (¢?)quo), for a range of temperatures T spanning
a region around occupation numbers n; ~ 1. Despite slight technical differences in the
thermalisation processes!'?, there is excellent agreement between the classical Langevin
calculation and the quantum master equation. The curve labelled ‘Classical’ in Fig. 4.4
is the (non-physical'!) high-temperature limit of the quantum master equation calcu-
lation, and as expected shows that the two approaches converge once both oscillators
are in the limit of containing many quanta. The classical Langevin calculation thus
accurately captures the cooling of the thermal fluctuations allowing the analysis to use

classical methods for the non-linear regime of the stack.

4.3 Multilayered stack

We now consider the full nonlinear dynamics of a stack of 100 junctions described by
Eq. (4.16) using the classical Langevin treatment outlined. To recapitulate, Eq. (4.16)
gives the coupled nonlinear dynamics of the Josephson phase variables on the individual
junctions. We then linearised about the stable equilibrium and transformed to the
normal modes picture where we added Langevin noise. As shown in Fig. 4.5(a)(inset)
the linearised normal modes of the stack now form bands, ¢;; and ¢, of low and
high frequency plasmons which we take as being uniformly damped at rates ; and
vp, respectively. We then applied the scheme at temperature 7'~ 0.7 7, and show the
fluctuations of the modes ¢;; in Fig. 4.5(a) for the case where the driving wy is tuned
to twice the difference frequency near the lower edge of the bands (indicated). As with
the two junction case a suppression of phase fluctuations is observed for nearby modes.
The steady-state driven fluctuations of ¢;; when wy targets different regions of the
interbilayer band are shown in Fig. 4.5(b). Also plotted is the response for coloured

driving equally superposing three different values of wy showing that broadband driving

10The common factor in both thermalisation processes is that operationally, both drive to the
appropriate thermal state, either quantum or classical.

1 The curve labelled ‘Classical’ corresponds to a technically non-physical scenario, since in the limit
of arbitrarily many quanta in the interlayer plasmon, the harmonic approximation of the washboard
potential no longer holds. Still, it does give the classical limit in which the zero-point fluctuations
have become negligible and thus is the appropriate limit to compare with the Langevin result.
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Figure 4.5: (a) Langevin simulation of a 100-junction stack as described by the multi-

mode generalisation of Eq. (4.17). 500 independent realisations of the noise
process were simulated, with the quadratures (cpl?Z> being averaged across these
trajectories. A selection of 10 modes have been displayed across the interbilayer
band as shown in the inset. The system is allowed to thermalise until ¢ = 0
when the parametric driving term is turned on, resulting in a selective reduction
of ¢;; fluctuations, where a steady state of T//T, ~ 0.7 is reached. (b) In
the steady-state the relative fluctuations <<pl2z> / (cpl27i>0 for each mode in the
interbilayer band is plotted for a selection of driving frequencies wy. Modes
more closely resonant with the driving display a greater degree of cooling.
Additionally, the curve labelled ‘Y’ is the sum of the three terms at 4.45,
4.5 and 4.55 THz, and displays cooling across a broader range of frequencies.
(c) Cooling sideband for the stack (black, dotted) as compared with the cooling
sideband for a bilayer unit cell (red) with identical physical parameters as used
in (a) and (b), and monochromatic driving. The increased bandwidth of the
transition manifests as a broader and less sharp resonance. For the stack, the

value of (p?)/{p?)o is averaged over all modes in the | band.

can induce suppression over a wide range of the band. In Fig. 4.5(c) we plot the red

sideband (black, dotted) for the stack of junctions, as calculated by taking the mean

suppression of fluctuations across the band. For comparison we plot the single junction

sideband for identical parameters. As should be expected, the band has broadened the

resonance.

A complementary characterisation of the stack is given by the c-axis superconduct-

ing transport properties quantified by the switching current distribution. To obtain
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Figure 4.6: Results on the switching current distribution of the 100-junction stack, as simu-

lated by the Langevin dynamical approach. The system is allowed to thermalise
for 100 ps, after which a linear ramp of the bias current from 0 to I.q is per-
formed in a time At =1 ns. Due to thermal fluctuations, the effective junctions
will switch from their superconducting behaviour to a resistive behaviour at
a current I, < I.o. (a) A quantile-quantile plot (see footnote 12) of switch-
ing current distributions for driving strengths 7, = 0 — 0.1, at T/Tp = 0.12
(T'/T. ~ 0.7). Thermal curves are relative to this temperature. The solid low-
est line indicates the initial thermal distribution. (b) Numerically computed
CDF of switching current at o = 1 with a sweep time At = 1 ns. Solid lines are
the driven stack with different driving strengths as in (a) while the dotted lines
correspond to thermal benchmarks. Lower temperatures push the switching
current distribution up to higher critical currents, as does an increased driv-
ing strength 7,. Comparison of the two enables an estimate of the effective

temperature to be made.

this, the bias current I.s(t) was linearly ramped from zero up to the critical current

I. in a time At. The tilt of the washboard potential of every junction in the stack

increases until a phase slip event occurs, at which point the potential difference across

the stack becomes finite. Experimentally, performing a ramp in 1 ns would be ex-

tremely fast, however it is in the appropriate regime (much longer than the oscillation

and damping rates O(THz)) and is numerically preferable by avoiding extremely long

integrations in time. Furthermore, for a single junction, such switching current situa-

tions are well-studied, and provided the rate 1/At is low enough, the distribution of
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Figure 4.7: (a) A parameter sweep of the cooling ratio achieved as the parameters a (ca-

pacitive coupling) and 7; (I mode damping) are varied. The system is sim-
ulated using the Langevin dynamical method, and the steady state under
parametric driving is obtained. For the steady state, we plot the contours
of (sin? ¢y ;)/(sin? ¢, ;)0 averaged across the interbilayer band. Here we have
taken ~y, = 0.1wp, w;/wp, = 10. This emphasises the optimality of low damping
v, and an intermediate o ~ 1. (b) The temperature dependence of the cooling
efficiency, as measured for the 100 junction stack using switching current mea-
surements. Switching current measurements were taken as in Fig. 4.6 for initial
temperatures in the range 0.017y < Tinjtial < 0.1575. For each temperature, the
distribution mean is estimated and a temperature inferred by comparing with
thermal switching current measurements. This relationship is displayed in the
inset. At lower temperatures, the switching distribution shifts to higher bias
currents where the Josephson plasmon frequency is reduced as in Eq. (2.19).
As such, the optimal driving frequency at low temperature is greater than that
at moderate temperature, since the interbilayer plasmon frequency is reduced

while the intrabilayer plasmon is essentially unaffected.

Lwiten is largely independent of At [41]. In Fig. 4.6(a) the Q-Q plot!? for the computed

statistics of this process are reported. This compares the quantiles of the original ther-

mal distribution to those of the stack subjected to different driving strengths n,. The

curves indicate a shift in the mean of the switching distribution and a reduction in its

12A quantile-quantile (or Q-Q) plot allows two distributions to be compared in a non-parametric

manner by plotting the quantiles of one against the other. This has the property that if the two
distributions are related by a linear transformation of the random variables, the Q-Q plot will display

a straight line.
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spread, both of which are expected for a switching distribution at a lower temperature
[41, pp. 207-209].

This tendency is confirmed is Fig. 4.6(b) where the cumulative distribution func-
tion'® (CDF) for the switching current is plotted for the same set of drivings. The
distribution is shifted to higher values of the bias current with increasing driving,
analogous to the shift that is observed for thermal curves with lowering temperature.
The suppression of phase fluctuations in the interbilayer band thus corresponds to a

measurable cooling effect on an experimentally relevant figure of merit.

Turning now to the systematic variation of the cooling with physical parameters, in
Fig. 4.7(a) the relative phase fluctuations averaged over all modes in the interbilayer
band are plotted as a function of o and ~; for fixed 7,. This indicates that optimal
cooling occurs with a moderate coupling and weak intrinsic damping of the interbilayer
plasmon. This conclusion qualitatively agrees with the picture of Fig. 4.3, there con-

sidering a single pair of linearised junctions.

Finally, we discuss the efficiency of cooling as a function of initial temperature,
Tinitia1/To. At the lowest temperatures, the Josephson phase is confined to the har-
monic region of the washboard potential. This is the region on which Sec. 4.2.2 was
focussed. At higher temperatures when phase slipping becomes significant, a physically
reasonable approach to measuring cooling efficiency is to compare the switching current
distribution with the nearest thermal distribution. In particular, we have chosen to fo-
cus on comparing the means of the distributions. This is displayed in Fig. 4.7(b). In the
inset, the relationship between the mean Igin and the temperature 7'/Tj is displayed
for thermal stacks of 100 junctions. Then, in Fig. 4.7(b) we have taken driven sys-
tems with n, = 0.1 at initial temperatures {Tipermal |, measured their switching current
distribution mean and converted this into a temperature Tyen Of the corresponding
thermal state. The cooling ratio Tgriven/Tthermal 18 then evaluated and presented as a
function of initial temperature. This slowly increases as T is reduced, consistent with
the driving becoming increasingly off-resonant with the plasmon frequency difference
around the typical switching current Igiten. In particular, there is no drop-off in cooling

efficiency as the transition around 7" ~ 0.157j is approached.

131f a random variable X has a probability distribution P(X), then the cumulative distribution
function Fx(z) gives the probability that X takes a value of x or less, i.e. Fx(z) = P(X < z).
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Figure 4.8: Temperature dependence of Josephson stack dynamics, in the absence of cur-
rent bias. (a) A stack of 100 junctions is evolved in time for a total of 1072 s
(in parallel). The figure displays the count of the number of phase slips in a
100-junction unbiased Josephson stack, normalised by the number of junctions
and Josephson plasma timescale. The phase slips are detected by the heuris-
tic as discussed in the main text, Sec. 4.3.1. As the temperature is lowered,
the number of spontaneous thermal phase slips decreases rapidly. (b) For the
same simulation as in (a), the figure displays the fraction of trajectories that
become resistive within a simulation time of 5 ns. To the left of the shaded
region all trajectories remain superconducting (SC), while to its right, all tra-
jectories rapidly become resistive (R). This is suggestive of a transition on these
timescales between stable superconducting and spontaneous resistive behaviour

as temperature is varied.

4.3.1 Temperature scale T

As a final section, we discuss the physical significance of the temperature scale Ty. Up
till this point, Ty has been defined in terms of the magnitude of the fluctuations ((?)
({¢;) = 0 in the unbiased case). Here we relate this temperature scale Ty to the critical
temperature of a stack. At sufficiently low temperature, the thermal fluctuations of the
Josephson stack explore only the harmonic region of the washboard potential, while at
higher temperatures there is sufficient energy for spontaneous thermal phase slips to
occur. If in addition the stack is current-biased, the phase will continue to slip and the

stack acquires a finite potential difference, becoming resistive.

In Fig. 4.8(a) we consider a stack of 100 junctions. The parameters used were
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a = 1.0, with the bottom of the two bands at 1 THz and 10 THz. The damping
v = 0.05min(w;;), v, = 0.1 min(wy;). Across the temperature range 0.1 < T'/T, <
0.25, after the thermalisation burn-in we count the number of phase slips occurring
in the stack, and normalise by the junction count and the Josephson period. Below
T /Ty, = 0.12, zero phase slips occurred in the simulation time of 5 ns, across 2000

trajectories in parallel.

In Fig. 4.8(b) we apply a small bias Iy.s/I. = 0.1 and record the fraction of trajec-
tories which have become resistive after a simulation time of 5 ns (comparable to the
switching current calculations to be presented in Fig. 4.6, of At = 1 ns). We classify
trajectories as superconducting or resistive by comparing whether the centre-of-mass
phase is more than A¢ = 47 away from its value At = 20 ps ago. This simple heuristic
is capable of capturing the resistive state effectively, and is not sensitive to modest vari-
ation of the parameters A¢ and At used. A region around 7'/Ty ~ 0.15 is identified,
which marks the onset of substantial thermal phase slipping behaviour. Thus by sim-
ulating our proposed scheme at T'/T; = 0.1, we remain below this transitional range,
but should also be at a sufficiently high temperature that a full quantum treatment of

the dynamics is unnecessary.

4.4 Summary

We have investigated a scheme for cooling c-axis phase fluctuations in a bilayer cuprate,
exploiting a variable inter-plasmon coupling to implement parametric cooling. We find
that substantial cooling in the 40% region is theoretically possible, providing that
the reheating rate of the Josephson phase is sufficiently low. Crucially, both oscillators
must be underdamped for this mechanism to provide cooling at a rate competitive with
reheating. We have studied a “toy” two-junction model, yielding good predictions of
the numerics, and providing insight to the underlying mechanism: standard parametric
cooling, but operating in the normal modes frame. Finally, we numerically studied a
large system consisting of one hundred junctions, and have demonstrated that the
cooling efficiency is similar to the toy model case, in the 30% region. The analysis and
numerics indicate that the cooling process is optimised when the capacitive coupling
strength a ~ 1, suggesting that materials such as YBCO and the thallium-based bilayer
cuprate TBCCO-2201 are likely to be optimal for experiments. Both contain IR-active

phonon modes which are in the THz region and involve motion of the atoms around
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the thin insulating layer found to be more effective for the parametric scheme. In
YBCO these have been better explored experimentally. In comparison, the bilayer
BSCCO-2212 has a ~ 0.1, which is likely too weak for this effect to be observed.

This chapter has entirely focussed on the development of a cooling scheme in which
thermal fluctuations are redistributed between the interlayer and intralayer modes. In
the next chapter, we will examine the interaction between the Josephson phase and
external electromagnetic fields with a view to the development of cooling schemes in
which the thermal fluctuations of the Josephson phase are actively removed from the

material.



5

COUPLING THE JOSEPHSON PHASE
WITH A MICROCAVITY

In contrast to the previous chapter, in which our concern was upconversion and cooling
with processes internal to the cuprate crystal, in this chapter we address the coupling
between the Josephson phase and an external cavity mode. In Chapter 2 we reviewed
the literature concerning this coupling. We concluded that the work of Bulaevskii
and Koshelev [36] takes the most rigorous treatment, starting with the Josephson
and Maxwell relations for the electrodynamics, however their restriction to analytic
solutions severely limits the possible cavity geometries that they may consider. In this
chapter we instead take a numerical approach, solving for the electrodynamics of the

junction-cavity system, and from this we infer an effective coupled-oscillator model.

This chapter is structured as follows. We begin with an introduction to the finite
element method (FEM) in the frequency domain, in the context of solving a travel-
ling wave problem. In Sec. 5.1 we calculate the resonances of the microcavity array
geometry introduced in Ref. [33]|. In particular, the goal of these sections is to focus
on the embellishments required in this class of problems (as opposed to typical first

introductions which often solve the Laplace equation.)

In Sec. 5.2, we then convert the calculation of Refs. [36, 97| into a suitable form
for the finite element method, enabling a detailed electromagnetic description of the
coupling at the junction interface. We first perform a FEM calculation of a single
junction and compare the resultant fields with the analytic results of Ref. [36]. We
then move to the microcavity array geometry and examine the response of this system

using the ‘effective dielectric’ model proposed by Laplace et al. [33]. In Sec. 5.3.2 we fit
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a coupled-oscillator model to the FEM spectra and find evidence for a strong coupling
with g ~ 2.6 THz.

5.1 Introduction to the finite element method

There is a large class of problems that fall into the category of computational electro-
magnetics (CEM). These mostly span engineering problems, concerning waveguides,
antennae, resonant structures, and generally any problem requiring the numerical so-
lution of Maxwell’s equations in a non-trivial geometry. The text of Davidson [127]
provides an introduction to this field, comparing the strengths and weaknesses of several
methods for multiple problem classes. Those which make no physical approximations
are termed “full-wave” techniques'. These include the finite-difference time domain
(FDTD) approach, the method of moments, and the finite element method (FEM).
Each approach has its unique strengths and weaknesses. Briefly, the FDTD approach
samples the solution on a regular lattice, which is staggered for the electric and mag-
netic fields. This proves to be remarkably stable numerically, not suffering from the
so-called “spurious modes” that plague naive electromagnetic FEM calculations. How-
ever, the regular grid is inefficient for geometries that have features with lengthscales
spanning multiple orders of magnitude (as in our case). The method of moments, also
known as the boundary element method, maps the problem to an integral equation
for surface currents over the boundaries (which must then be meshed). This is an
excellent tool for scattering problems, naturally imposing the correct far-field bound-
ary conditions. However, electromagnetically penetrable materials are problematic for
this method, since equivalent volumetric currents must be used, negating the intended

dimensionality reduction of this method.

In this section we introduce the finite element method and apply it to a simple
travelling-wave problem in the frequency domain. This method provides a general
and powerful approach to solving partial differential equations (PDEs) in up to three
dimensions. A linear PDE is transformed into a large but sparse linear system which
may be efficiently solved by standard methods. The discretisation of the domain is not

as a regular grid, but as an arbitrary mesh allowing complex domains to be addressed.

IAs a contrasting example, the method of geometric optics is not a full-wave technique, rather
it is classed as an “asymptotic” technique in that approximations are made at the level of Maxwell’s
equations. Such methods based on physical approximations are often effective, but are only applicable
in the region of validity of the underlying approximations.
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The process of producing a suitable mesh concerns the field of computational geometry,
and there are now several high-quality tools available such as Triangle [128], Gmsh [129],
CUBIT [130] and others, many of which are commercial codes. In two dimensions,

meshes are commonly constructed from triangles or quadrilaterals.

This section begins with a formulation of the toy problem, and introduces FEM
in steps as required for this problem. In addition to Davidson [127], Pelosi, Coccioli,
and Selleri [131] gives an alternative introductory view, while Jin [132]| gives a more
advanced treatment. The text of Hughes [133] is not specialised towards electromag-
netic applications, but provides a detailed and extensive discussion of the underlying
machinery. The approach taken in this chapter is that appropriate for a practitioner,
rather than going into the subtle details and book-keeping needed to actually imple-
ment a FEM program from scratch; for such a level of detail, texts such as Hughes
[133] are valuable.

5.1.1 Formulation

We consider the illumination of empty cavities in the geometry described in the intro-
duction, which is schematically depicted in Fig. 5.1(a). While not an entirely general
electromagnetic problem, this will be sufficient to introduce many aspects of FEM re-
quired for solving problems in this class. A source (marked I's) produces light with
wavevector k = —kZ and shines down onto the cavity array. The polarisation is such
that the electric field is aligned along the x-axis, thus the magnetic field is aligned with
the y-axis. Some light from I'y is absorbed by the cavity modes, but eventually every-
thing is reflected back up towards the top of the domain. The geometry is infinitely
extended in the y direction to reduce this to a two-dimensional problem, for simplicity.
We keep to the conventions of the finite element literature, and refer to the domain
Q 2 having boundary 9 which may be broken up into several regions denoted I';. The
domain €2 is divided into two regions, Q.cuum and 2, such that Q = Qacuum U Q.
Q). contains a dielectric of relative permittivity €, while Q.cuum consists of a vacuum
(e = 1). Thus in both regions the electric field E(z, z) and magnetic field B(z, z) obey

2In FEM calculations, explicitly denoting the domain in this way has notational advantages. We
may write the boundary of the domain 2 as 0f), and integrals over the domain may be written

[, d....).
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Figure 5.1: Schematic of the toy Helmholtz problem to be solved. A source region I'y
produces a monochromatic radiation field uy, from the top of the domain €.
This has a wavevector k parallel to the (negative) z-axis, and is assumed to
be polarised with the electric field aligned with the z-axis. This geometry and
polarisation allows us to solve for a complex scalar field w(Z,t) := By(Z,t) as
the only non-zero component of the full vector magnetic field é, simplifying
the problem considerably. The field w;, is incident on an array of three metal
strips sitting upon a dielectric region €2.. These metal strips are modelled as
holes in the domain, and their boundaries marked I'y have the condition of zero
transverse electric field. The boundary I'y U T's is absorbing and intended to
model a much larger domain by avoiding the reflection of waves. The regions
beneath the metal strips are capable of supporting resonant modes in which
a half-wavelength fits approximately the length L., this gives a fundamental
mode at approximately ¢/(2L.+/€) = 2.5 THz for the parameters given.

the vector wave equation

@) 5 o o, = €(T) 02
E=0, VB-"Tos

and likewise for the magnetic field B , where the dependence of € on position is explicit.

ool

V2E — =0, (5.1)

Owing to the geometry (including polarisation) chosen, we have E, = 0 and B, =

B, = 0. For this introductory example, we will solve the (scalar) wave equation for By,

2 €(¥) 07 _
We could equally solve the vector equation for E , or even the coupled electromagnetic

system of equations arising directly from the Maxwell relations. However, solving for a
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scalar field is the simplest option, both computationally and in terms of the complexity
of the formulation. We will additionally rename the scalar field as u, for notational

convenience.

The boundary conditions of the domain must be specified to complete the descrip-
tion of the problem. We treat the surfaces marked I'y as perfect metals and thus the

boundary condition is
=0
) S 7 ey,
)=0 (5.3)

in which 77 is the outward normal on the boundary®. For the boundaries I';, we would
like these to effectively model a more extended domain which does not reflect at the
perimeter. An approximation to this can be achieved with absorbing boundary condi-

tions (ABCs) [131]. We note that a wave of the form wugexp(i(k - & — wt)) obeys the

first-order equation

7 - — = A4
c(n-Vu) + 5 0, (5.4)

provided that 7 - k= |l§\, i.e. the wave is propagating in the direction 7. This is suitable
for use as a boundary condition, although we should keep in mind that waves which are
not normally incident will not satisfy this exactly leading to a partial reflection. We
should therefore take this into account when designing the domain 2. We can extend
this boundary condition to describe our source region I'y, also. Here, the solution takes

the form
u(Z,t) = Uous €XP (z(/; ST = wt)) + Uiy €xXp (z(—E T — wt)) ,

which satisfies the advection equation

_ du . 7
c(n-Vu) + % —2iWu;y, exp (z(—k: T — wt)) :

Finally, there is the internal boundary at the dielectric interface between 2yacuum and
Q.. The magnetic field there is continuous; nothing further needs to be done. An
alternative to ABCs is to augment the physical domain with a perfectly matched layer

(PML), which is a dissipative region impedance-matched such that there is no reflection

3The outward normal of a domain  always points away from its interior, and is locally perpen-
dicular to the boundary 0f2.
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at the domain-PML interface [131]. The PML then needs to be of sufficient thickness
that the reflection from the computational domain boundary is heavily attenuated
before re-entering the physical domain. We do not make use of PMLs in this thesis,

since ABCs are sufficient for the geometry of Chapter 5.

Since the problem is linear, it is simplest to solve in the frequency domain in which

the Fourier transform u(z,w) = [ dt u(z,t)e"™* obeys
V2u(w) 4+ E*(Z)u(w) = 0, (5.5)

with k(%) = /€(Z)w/c. The boundary conditions become

(n-V)u=0 z €T,
c(fi-V)u—iwu =0 zely,
c(ii-Vu —iwu = —2iwuy, € Ts.

For the numerical solution of the problem, it is most straightforward to explicitly work
with real-valued fields, and so we decompose the field u — v + tw. In terms of v and

w, the problem reads

rely, (58)

Vi) + K olw) = O’} reQ, (5.6)
V2w (w) + k*w(w) = 0,
(- Vo = O’} v €Ty, (5.7)
(- V)w =0,
c(i- V)v+ww =0,
0

c(ni- Viw —wv =

(5.9)

At this point, the mathematical problem has been fully specified. In FEM, we
now discretise the domain €2 into cells over which we may express the solution as a
piecewise function. Within each cell, the solution is constructed from a relatively small
set of basis functions. Eq. (5.6) is known as the strong form of the problem; for FEM
we require its weak or wvariational form. To reach this, we multiply the two lines of

Eq. (5.6) by test functions v and w respectively and integrate over the domain. We
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additionally integrate the V2v and V?w terms by parts? to reach

—/dQVz‘;-Vw/ dF@(ﬁ~V)v+/ko2m:0.
Q Q

o (5.10)

—/dQVu‘;~Vw+/ de(ﬁ~V)w+/ko2ww:O.
Q [2)9] Q

In keeping with the finite element literature, we use df2 to denote the differential volume
element and dI" to denote the differential area element. In the weak form of the problem
we solve for suitable trial functions v € V and w € W such that Eq. (5.10) holds for
all valid choices of the test functions v and w. V and W are suitable vector spaces,
known as Sobolev spaces®. In this particular problem, the test function o should come
from an identical space of functions as the trial function v.% In the following, we make
statements about predominantly about v and v; these equally apply to w and w since
we will choose the same function space for v and w. This is based on the expectation
that the real and imaginary parts of the solution should behave in similar ways, however

in principle the spaces V' and W can be chosen independently.

We now incorporate the boundary conditions in the weak form Eq. (5.10). The

surface integral over 02 becomes

/dF—)/dF+/ dF+/dF,
o0 T'o Iy I

each term of which may be replaced using the boundary conditions Egs. (5.7-5.9). On

the Neumann boundary Iy, (7 - V)v = 0 and so
/ dl' v(n - V)v — 0.
To

In the finite element literature, this is known as a natural boundary condition, in that
it appears in the variational formulation. On the source boundary, we substitute in

our expression for (7 - V)v from Eq. (5.9) to give

/ dl' o(r - V)v — [ dl o(—kw — 2kusy,),
FQ I12

“The identity [, dQ uV?0 = — [,dQ Vu - Vo + [, dl u(ii- V)v is a statement of Green’s first
identity and is exceptionally valuable in finite element derivations.

°In this particular example, V (and W) are instances of the Sobolev space H'(2), which are
intuitively described as containing functions v (and w) for which the integrals of v? and |Vv|? are
finite over the domain Q. Related to this, H!(Q) contains functions which are continuous, but may
have discontinuous derivatives.

6This would not be the case if Dirichlet boundary conditions were present. There, the Dirichlet
boundary conditions would be rendered homogeneous, but otherwise the function spaces would be
identical.
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where we have arbitrarily set the phase such that wy, is real. The absorbing boundary

is obtained by setting u;, = 0 in the above. The entire weak form is

—/dQVv-Vv+/ko2vv—/ dfkvw:/dFQk}vum.
Q Q Ul I'>

—/dQVw-Vw+/ko2ww+/ dl" kwv = 0.
Q Q

I ul's

(5.11)

It should be emphasised that this is a key result. In practice, once the problem is stated
in this form, it can usually be directly translated into high-level FEM code, such as
deal.Il [134] or FEniCS [135]. However, we continue the discussion to make clear how

the numerical solution of Eq. (5.11) proceeds.

Functions v and w which solve Eq. (5.11) will be exact solutions of Eq. (5.6) and
satisfy the boundary conditions Eqgs. (5.7-5.9). To make progress, we seek approximate

solutions v;, and wj, which are constructed from basis functions
N N
Vp = Z ‘/jﬁja Wp = Z WjU_Jj, (512)
j=1 j=1

weighted by the coefficients V;, W;. In FEM, this function basis is constructed by first
discretising the domain into cells, on which local basis functions live. For this example,
we will choose the set of order-q Lagrange (or continuous Galerkin) bases for simplicity,
denoted as CG,. These are simply the order-¢ polynomials defined on a triangle and
may be characterised by the function value at (¢ + 1)(¢ + 2) points spaced on a grid
overlapping the triangular cell. For example, for ¢ = 1, there are 3 nodes coinciding
with the vertices of the triangle. For ¢ = 2, there are 6 nodes: the 3 vertices and the 3

edge midpoints. For third-order and higher, nodes internal to the cell are also required.

Thus each individual cell in the mesh has a local basis containing polynomials up
to order ¢, specified implicitly by the value of the function at each of the %(qu 1)(¢+2)
points. These are the local degrees of freedom. The full space V}, is then a composition
of these local spaces, where the local degrees of freedom are mapped to global degrees
of freedom in V},. At a common node between n cells, n local degrees of freedom are
mapped to a single global degree of freedom. Likewise, along edges there are 2 x (¢—1)
local degrees of freedom from the two adjacent cells, which map to (¢—1) global degrees

7

of freedom’. It is precisely this local-to-global mapping that enforces the continuity

of the solution across the domain. It is a property of the CG, finite elements we

"Note that this means that the global degrees of freedom live in a space whose dimension is non-
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have chosen to use. In contrast, the Discontinuous Galerkin elements DG, are only
piecewise continuous and do not map the extremal local degrees of freedom onto shared
global degrees of freedom. This allows for discontinuities in the solution, which can
be useful for numerical stability (for example in linear advection [133]) and also for

parallel solvers.

In Eq. (5.12), the symbols v; and w; were used for the basis functions, sharing
the symbol of the test functions. This is deliberate: the test and trial functions share
the same vector space, hence iterating v over the basis functions {v;} ensures that

Eq. (5.11) holds for all possible functions from this vector space. Explicitly,

al N
;/ﬂd@ (— Vu,; - Vo + k2 T)ﬂj)vj - ;/FNFQ dl’ (k z‘;iu‘;j> W;
:/ dl’ 2k T)Z‘Uin, (513)
s
N N
1‘; /Flurz ar <k wi@j)vj i ; /Q d ( — Vw; - Vw; + k> wiwj)Wj = 0.

By combining together the coefficients V; and W; as U= {V;}, {W, )", we see that

the above is an instance of the linear system
AU =L, (5.14)

and may be solved by standard techniques. We can then calculate the solution u(x,y)
by evaluating Eq. (5.12), which will first involve a lookup step to identify the cell

containing the point (x,y) and thus the relevant local basis functions.

To recapitulate what has been achieved here, the PDE Eq. (5.5) on a non-trivial
domain has been transformed into a sparse linear system whose solution is straightfor-
ward. The key strength of the finite element method is that the matrix A is extremely

sparse, as couplings between coefficients only occur on the lengthscale of the mesh

trivially set by the local basis functions and the choice of mesh. The product (number of mesh cells)
x (local degrees of freedom per cell) gives a useful order-of-magnitude upper bound for the resulting
problem size, however the exact number of global degrees of freedom very much depends on the mesh
itself. For example, if at a point in the mesh nceps triangular cells share a common vertex, nceys local
degrees of freedom will be mapped to a single global degree of freedom if CG; elements are used. The
number nces may be arbitrarily large, precluding the possibility of writing any exact relation. The
upper bound noted above is, however, extremely useful to estimate the computational expense of a
particular problem.
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cells. The manner in which these linear systems are solved depends on their sym-
metry properties. The most common case (e.g. for the Laplace equation, elasticity,
fluid flow) is that the matrix A is symmetric positive definite. Direct methods such
as Gaussian elimination and LU decomposition [136] are optimal for up to N ~ 103
— 10%, however iterative methods such as preconditioned conjugate gradient solvers
become more efficient for systems with N ~ 10° 8. The latter is more commonly the
case in a high-precision FEM calculation. Indeed, exploiting distributed solvers across
multiple compute nodes, it is possible to solve systems with N ~ 10? [137]. This all
arises because, provided that there is a finite upper bound on the number of nonzero
entries in A, a matrix with N rows costs O(NV) in storage and O(N) in matrix-vector

multiplications.

In our particular case, A is non-symmetric preventing the use of conjugate gradient
methods directly. Since our physical systems are two-dimensional, the resulting matrix
problem is typically small enough to be tackled directly with sparse LU decomposi-
tion. However, there exist methods for either transforming the system into one that
is symmetric (such as in CGN), or direct iterative methods such as that of generalised
minimum residuals (GMRES) and those based on tridiagonal biorthogonalisation (such
BCG, CGS and others). Trefethen and Bau III [136] provides a detailed introduction

to these numerical algorithms.

5.1.2 Microcavity array

To complete our example, this physical problem has been solved for cavities of length
L. = 12 pm having an approximate fundamental resonance at w = wy ~ 27¢/(2Lq4/€) =
2m x 2.5 THz, given that the dielectric under the cavities has relative permittivity
€ = 25. The cavity width is W, = 2.5 um, and the cavities are separated by 12 pum.
The mesh depicted in Fig. 5.2(a) was generated by the triangulation program Trian-
gle [128], which offers useful features such as specification of maximum triangle area
and minimum internal angles. The open-source package FEniCS [135] was used to

assemble the linear system Eq. (5.13), which was then solved by the method of sparse

8For calculations in frequency space, the principal bottleneck is in fact memory with the largest
non-distributed calculations completing on the order of minutes with modern hardware. On the other
hand, the improved efficiency of iterative methods makes more of a difference in time domain problems
where a FEM solution step is required for every time step, and the overall computation time can be
substantially longer.
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Figure 5.2: (a) An initial coarse mesh for the geometry of Fig. 5.1, containing 1363 cells
and 735 vertices as generated by the program Triangle [128]. The domain is
rectangular, however the metallic strips creating the cavity regions are achieved
by creating holes in the domain. (b) FEM solution using CGs elements at
w = 2w x 7 THz, with dimensions L. = 12 pm, Lgep, — 12 pm, t = 0.5 pum,
W, = 2.5 uym. The entire domain is 72 x 60 pum. This subfigure presents a
contour plot of Re(u) to illustrate the full solution to Eq. (5.13) on a refined
mesh containing 22276 cells. The linear system was solved using the sparse
direct solver implementation in UMFPACK [138]. The source region at the
top is clearly visible, as are the effects of diffraction and reflection from the

edges, causing artefacts around the side cavities.

LU decomposition implemented in UMFPACK [138|. For larger systems, there exists
the MUMPS package (MUltifrontal Massively Parallel sparse direct Solver) [139, 140].
In Fig. 5.2(b) the real part of the solution, Re(u), is shown for the entire domain at 7
THz, near the second harmonic of the cavities (7.5 THz). The source is clearly visible
in the solution at the very top, with diffraction causing the wavefronts from the finite-
size source to acquire a finite component k,. This leads to partial reflection from the
boundaries and various artefacts around the left and right cavity regions. There are
at least two remedies to this problem. The first is to enlarge the domain 2 to min-
imise the effects of the boundaries, and the second is to extend the source to span the
entire upper edge of the domain boundary 0f2. The ‘infinite’ solution to this problem
should be invariant under reflection about a cavity centre, and so placing a homoge-
neous Neumann boundary there will enforce this. Ideally, one should take both of these

approaches and show that when well-constructed, the boundaries do not influence the
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Figure 5.3:
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In (a), the energy density Eq. (5.15) is integrated over the cavity areas as a
function of driving frequency w, for the solution displayed in Fig. 5.2. The solu-
tion |u| is displayed in (b) for the five points marked A-FE. The colour scale on
each subplot is the same, however the spacing of the contours is adjusted such
that there are approximately ten underneath the cavity to highlight the mode
structure. At the point B there is the fundamental resonance at ¢/(2L.+/€)
= 2.5 THz. The first harmonic should be in the region of the point C, near
5 THz, but is missing due to symmetry: this mode has a 7w phase difference
between the ends of the cavity, but this is incompatible with driving from di-
rectly above. The second harmonic is visible around the points D and E at
approximately 7.5 THz. In addition to these cavity resonances, the peaks are
split, most likely due to resonances between the cavities (visible at points C'
and E). In comparing the left, centre and right cavities we see differences
arising from boundary effects. Additionally, the slight difference between the
“left” and “right” cavities in (a) arises from the difference in meshing beneath

the cavities.

solution obtained.

In Fig. 5.3, we calculate a more interesting quantity and examine the response of the

cavities as a function of frequency. The frequency w is specified as part of the matrix

A, through k in Eq. (5.13). We focus on the magnetic component of the time-averaged
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energy density”, this is proportional to
Ep;= / dQ %(Re(u)2 + Im(u)z), (5.15)
Qcauv,i

in which the region of Q directly beneath the i*" metal strip is denoted Qcav . This is
plotted for the three cavities in Fig. 5.3(a), where the boundary effects on the edge cav-
ities are clearly visible. While the domain is left-right symmetric, differences between
the left and right cavities can arise since the triangulation is not symmetric in general.
In Fig. 5.3(b), the energy density is shown for each of the five points A—FE labelled
in (a). The fundamental mode is shown in B, in which a half-wavelength spans the
cavity. D and E show the second harmonic, with three maxima in the energy density.
The first harmonic should be observed at a frequency of approximately 5.0 THz, near
C, although the symmetry of this mode requires a m phase difference between the ends
of the cavity, which is unachievable given the geometry of the driving. In addition
to the boundary effects, we see splitting of the cavity resonances, most likely due to
resonances occurring between the cavities. With the cavities having been spaced 12 pym

apart, their fundamental mode is expected to also be close to 2.5 THz.

5.2 Single Josephson junction radiation via the

finite element method

Having introduced the finite element method for a purely electromagnetic problem in
the previous section, we now consider applying this method to Josephson systems. As
discussed in Chapter 2, the model of Bulaevskii and Koshelev [36] is well-suited as a
starting point as it treats the coupling between Josephson oscillations and the external
electromagnetic field directly. The interaction between the two is mediated through
the interfacial boundary conditions at the edges of the junction. Approaching this
with the finite element method, we will solve for the electromagnetic fields throughout
the domain. This will enable us to advance to more complex geometries than those

possible in the analytic treatment of Ref. [36].

Fig. 5.4(a) depicts the single junction geometry to be used. As before, we restrict

our focus to a geometry infinitely extended along the y axis, thus reducing this to a two-

9The electric components (E,, E.) are derived from the gradient V By, and may also be efficiently
calculated and integrated from the solution wu.
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Figure 5.4: (a) Schematic of the single junction geometry. There is a driving/absorbing
boundary I'g at the right, producing field oscillations in the adjacent vacuum
region. A central region consisting of superconducting (SC) and Josephson
(JJ) regions supports partial transmission of electromagnetic radiation, which
may be emitted into the leftmost vacuum region. The boundaries {I';} are
set as follows: I'g is a source/absorber, I'yps is solely absorbing and I'y is a
Neumann boundary. The three regions RO-R2 denote domains over which the
magnetic field will be integrated to measure the frequency-dependent response.
The dashed lines in the vacuum region indicate the anticipated wavefronts due
to driving at I's. (b) A coarse, initial mesh for this geometry with regions at

far left and right truncated. Regions are coloured as in (a).

dimensional problem in the zz plane. It is then possible to solve for the y component

of the magnetic field E, just as in Sec. 5.1.1. In the vacuum regions B, (w) satisfies
V2B, () + k2B, (w) = 0,

which is a wave-like Helmholtz equation. As discussed in Sec. 2.3.2, in the supercon-

ducting regions (marked “SC”) B, (w) satisfies

1
Vsz(w) )

where \? = 1/02, — €,w?/c® — iwo,/eoc?, Aap is the London penetration depth, € is
an effective dielectric constant of the superconductor, and o, is the contribution to the
conductivity due to dissipative currents in the superconductor. The dielectric Joseph-

son region (marked “JJ”) requires more careful consideration. From the formulation of
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Ref. [36],
1 D,

— 32 By = 55 0:0(z,0) 3(2), (5.16)
w ab

indicating how the Josephson phase provides a driving term for the magnetic field.

V’B,

Additionally, from the Maxwell relations we can identify the independent relation

2
0,B, = J. (% 14 iwﬁ) o, (5.17)

P
where = (®¢/27)(0/DJ.) has dimensions of time and is proportional to the damping
due to the junction conductivity o. We find that eliminating ¢(z,w) from Egs. (5.16, 5.17)

gives the following equation for B,,

A2 w? !
1— L (= -1+
[ D (wf, + zwﬁ)

where \; is the Josephson lengthscale defined by A3 = ®q /2719 J.(2Aes+ D). Note that

in the absence of damping (5 — 0) the divergence of the z-lengthscale causes singular

1
02B, +02B, — 5B, =0, (5.18)

w

behaviour as w — w,. Physically the damping will remain finite, but one should be
aware of the possibility of numerical instabilities at low damping!®. We compose the
weak form in precisely the same manner as explained in Sec. 5.1. The only additional
complication is the appearance of a boundary term between the JJ region and the

vacuum. This occurs from the replacement we make via Green’s first identity,

/QdQ fV2g:—/ﬂdQ Vf-Vng/mdF f(ii-V)g.

Between regions the prefactor f is typically constant, thus the terms |, 00 Al f(7-V)g
from each side of the boundary will be equal in magnitude but have oppositely-directed
outward normals 7, and so will cancel. This will not be the case when Eq. (5.18)

interfaces with a term V2B, and so there arises a boundary term

N WP !
"D (w_f, -1+ zwﬁ) /dF U (n . V)u,

where the domain of integration is the boundary between the JJ and vacuum regions.

This section has outlined our approach to converting the Josephson system into a form
suitable for use with the finite element method; in the next section we explore the
electrodynamics of the single junction numerically to verify that it yields a correct

physical picture.

%One could multiply through by the factor (w?/w? — 1+ iwf), although it turns out that in the
finite element formulation this causes further problems related to surface terms that arise along the
perimeter of the Josephson region.
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5.2.1 Numerical results

There are two principal ways in which we may numerically extract physical information
about the system. In the first of these, we can define regions of interest in the domain,
calculate the time-averaged integrated energy density (or other quantity of interest)
and plot these as a function of driving frequency. This gives a sense for the spectral
response of the system. Defining multiple regions of integration also helps overcome
the ambiguity in defining each oscillator. For example, even in the case of the bare
cavity, the cavity volume is ill-defined. By comparing the integrals on multiple regions
we may determine the sensitivity of the results to the region choice. Our second tool is

to examine the solution across the entire domain at particular frequencies of interest.

Fig. 5.5(a) displays the energy E(w) = [ dQ |By|?/2uo where the regions of integra-
tion are depicted in Fig. 5.4(a). With energy plotted on a logarithmic scale, vertically
displaced curves represent functions which have identical w-dependence but differing
prefactors. The three spectra in Fig. 5.5(a) are similar, indicating that the measure
is robust against the choice of integration region. While not at all physical for an
artificial Josephson junction (in which frequencies in the GHz range would be more
usual), this is a more useful test of the calculation in anticipation of working in the
microcavity scenario. This enables us to determine the stability of the FEM scheme

given the discretisation scale, choice of finite elements, and so forth.

Fig. 5.5(b) presents the solution throughout the domain and the cross-section along
the junction and out to the left boundary. These correspond to the three frequencies
of interest marked in (a). At the plasmon frequency w,, there is no visible response in
the spectrum, and the solution (b)A shows only weak penetration into the JJ region.
This is consistent with the results of Ref. [36], in which Eq. (12) gives the boundary

condition connecting ¢(x,w) with B, at the junction edge, namely

)\ab 47 )\ab
R ——— B,( .
edge )\w (I)() edge

Oz, w)

On resonance, we expect ¢(z,t) ~ e“r! which is spatially constant and therefore B, =
0 at the edges. From the perspective of Ref. [36] in which Josephson oscillations
radiate at their boundaries, the £ = 0 mode cannot radiate within the approximations
of their analysis. Equivalently, the external electromagnetic drive cannot excite this
mode. Moving to the modes B and C portrayed in Fig. 5.5(b), these correspond to

the first two finite £ modes of the junction. Defining zy to be the x coordinate of
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Figure 5.5: (a) Frequency dependence of the energy E(w) = [dQ |By|?/2uo (in dimen-
sionless units) over the three integration regions RO-R2 marked in Fig. 5.4.
The calculation parameters were w, = 27 x 1 THz, and D, A and \; chosen
to produce wy ~ 27 x 2.1 THz. After triangulating the mesh, CGy elements
were used to approximate individually the real and imaginary parts of the com-
plex solution space. Both regions R0 and R1 are around the Josephson region,
while region R2 is in the left vacuum region and measures the field being trans-
mitted through the junction. (b) Left: Plots of Re(B,) throughout the FEM
domain. The impedance matching at the junction—vacuum interface is poor,
leading to the field in the left vacuum region being orders of magnitude smaller
than at the source. To plot this, Re(By) has been transformed onto a custom
logarithmic scale as indicated by the legend. Right: Cross-sections of Re(By)
and Im(B,) along the line z = 100 pm. The approximate Dirichlet boundary
conditions for B, translate to approximate Neumann boundary conditions for
the phase ¢(x,w), as expected.
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the left side of the junction, we see from Eq. (5.17) that as B, ~ sin(nn(z — x¢)/L.),
¢ ~ cos(nm(x — x0)/L.), satisfying the Neumann boundary conditions for the phase as
O,0(x = 0) = 0,¢(x = x9) = 0. For these harmonics, there is no approximate node
in the magnetic field at the junction edge, allowing for energy transfer and coupling

between the Josephson phase and the external field.

5.3 Microcavity array via the finite element method

In this section we turn to the main focus of this chapter, calculating the effective cou-
pling in a microcavity array geometry as depicted in Fig. 5.6. First, we examine the
calculation of Laplace et al. [33] in which this system is modelled with an anisotropic,
frequency-dependent permittivity tensor, and develop a FEM description of this prob-
lem. In Sec. 5.3.1 we present the numerical results. We then draw on the output of
this model in Sec. 5.3.2 where we propose the most simple two-oscillator Hamiltonian

and fit its parameters to reproduce their spectra.

In Fig. 5.6(a) we show the envisioned experimental geometry, and a two-dimensional
approximation of this displayed in (b). There is an underlying substrate, upon which
layers of dielectric, cuprate, dielectric, and finally metal are deposited. As indicated,
the SC layer may be modelled in one of two ways depending on the method, either
that of Ref. [33] (Sec. 5.3.1) or the explicit Josephson layers (for future work).

In this section we approach the microcavity array from the effective dielectric model
described in Laplace et al. [33]. The entire cuprate region is modelled using the per-
mittivity tensor

€ O 0
€= 0 € 0 , (5.19)
0 0 ex(l—wr/w?

which is expected to provide an accurate description of the electrodynamics of the
cuprate, specifically including the anisotropy of the layered structure and the internal
supercurrent. The parameter €., gives the dielectric response in the x and y directions,
and that in the z direction when w > w,. The frequency w, is the c-axis Josephson
frequency for the cuprate. Note the vanishing of the permittivity €., as w — w,.
Given the tensor permittivity, it does not seem possible to reduce Maxwell’s equations

to an equation for the scalar field B,. From the two-dimensional simplification of
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Figure 5.6: (a) Proposed experimental geometry in which a sandwich of dielectric, cuprate

and dielectric layers is deposited onto a metal substrate. Metal stripes are
placed above to form microcavities. (b) We will approximate the three-
dimensional geometry with this two-dimensional cross-section. This geometry
is very similar to that studied in the example in Sec. 5.1.1. Depending on
the model, the SC layer is modelled either as a bulk effective dielectric, or is
resolved into many sub-layers marked as either SC or JJ. The regions R0-R2
are regions of integration defined here for future reference. Likewise, the lines

X0-X3 are cross-sections through the geometry.

the geometry, we can instead work with the electric field E = (E;,0,F,). From the
Maxwell equations and the anisotropic permittivity in the cuprate region described by

Eq. (5.19), we may write the strong form of the FEM problem as

2

VX(VXE)—%Eza, feQVaC’

C
VX(VXE)—E—QEZO, fGQE,

C

Vo . (5.20)
VX(VXE)—; =0, %€,

ixE=0Zelp,

l

—ik i x E+V x E = —2ikii x Ey exp(—ik -7), Te€Ts,

where Qyac, 2. and g¢ are the vacuum, dielectric and cuprate regions respectively, I'p
is the Dirichlet boundary on metallic surfaces (as well as the side walls, by symmetry)

and I'g is the source region. In the subdomain €, € is the (scalar) permittivity, here
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taken to be €., = 25. In the subdomain Qgc, € is the tensor permittivity defined in
Eq. (5.19).

The first stage in converting the strong form above into a suitable weak form is
to perform an integration by parts on the V x (V X E) term above. For generality,
consider the PDE

V x (VxE)+ Lo O
X X —e—F = —py—
2o Hoge”
which assumes that the permittivity € is a constant tensor and that there may be a
finite current J. To incorporate dissipation, we will assume a simple Ohmic relation

J=0E. Taking the Fourier transform, we reach
V X (V X E) — <€§—|—in00) FE=0.

As should be familiar by now, we split the field E into real and imaginary parts v+ i,
multiply by test functions v and @ and integrate over the domain, giving
2
- we o -
(0,V x (Vx0),— = (0,€0), +wpoo (0,%), =0,
¢ (5.21)

2
(.Y % (V x @) = =5 (8, et — whoo (. 5) = 0.

We now perform integration by parts on the first term, which makes the replacement
/de-vX(ng):/dQ (va)-(ng)_/ dr (7 x f)-(V x §)
Q Q 09

for arbitrary vector fields f and g. The triple scalar product in the boundary term
has been re-ordered to read as an inner product between test and trial functions.
Finally, the boundary term (7 x f, V X §)aq needs to incorporate the domain boundary
conditions. On a perfectly conducting surface, the field E satisfies 7 x E = 0, i.e. it
has zero tangential component. On absorbing or source boundary regions, we can
generalise the discussion of Sec. 5.1 to find that the field E obeys

—ik i x E 4V x E = —2ikit x Ey, exp(—ik - ©),
where k = w/c and E, is the incident field vector on T 5. Recall from Sec. 5.1 that such
absorbing boundary conditions only absorb the component of with k perpendicular to

the boundary; any parallel component will be reflected. Putting it all together, the

weak form for the effective dielectric model is given by

2
(V% 5,V % 8)g = 25 (i, e0) + whor (5, 0) = = (70,5 - 7). — (#,10).,)
_ 2w ((iﬁ,wm.ﬁ)r _ (5,win)rs), (5.22)

C S
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2

(V% 0,V x8), = 55 (@, i), = wpioor () + = (-1, 7),, = (7))
2 - L oL >
= —7@ ((w -1, Vi n)FS — (w,vin)FS> , (5.23)

where the tensor € and conductivity o are piecewise functions on the current subdomain.

In this geometry, the electric field E lives in a two-dimensional space. There
are various possible finite elements that could be used in discretising the weak form
Egs. (5.22, 5.23). The most basic approach would use scalar Lagrange elements CG,
for the two components of the electric field. While the calculation can proceed, it turns
out that this is a rather poor choice since the electromagnetic field has significantly
more structure than a tensor product of scalar elements can express. For example, at
a dielectric interface, 77 X E; =7 x Eg; only the tangential component of the vector
field is continuous. Furthermore, naive Lagrange CG, (or indeed any scalar) elements
do not enforce the zero divergence condition V - E = 0 in the absence of free charge.
This leads to the “spurious modes” problem which plagued early applications of FEM

to computational electromagnetics [127].

The solution is to make use of finite elements which preclude these unphysical solu-
tions from the outset. The Nédélec finite elements (of which there is a first kind [141]
and a second kind [142]) do precisely this. These are introduced as three-dimensional
elements, however they have two-dimensional analogues in common use. These ele-
ments are H (curl)-conforming!!, in which H(curl) is a Sobolev space, meaning that

they have a continuous tangential component between cells!?.

5.3.1 Effective tensor dielectric model

Having set up the formulation, we are now in a position to perform calculations on this
system. In Fig. 5.7(a), we have plotted the integral of the energy density as a function
of driving frequency for microcavity arrays both with and without the cuprate layer.
The regions of integration are labelled in Fig. 5.6. Fig. 5.7(b) indicates the electric
field with arrows as well as the energy density with shading at three points of interest

marked on (a). With no SC layer in the cavity, there is a single resonance at the

HNote that Refs. [141, 142| also introduce H (div)-conforming elements, which are appropriate for
vector fields with a continuous normal component between cells.

12Contrast this against the CGy elements introduced in Sec. 5.1, in which the nodal degrees of
freedom constrained the scalar field to be continuous between cells.
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Figure 5.7: A study of the effective dielectric model Egs. (5.22, 5.23) in the cavity array
geometry. After triangulating the mesh, the solution space is approximated
with Nédélec elements of the first kind (and quadratic order) for the real and
imaginary parts. (a) Response of the cavity mode as a function of w, where
the cavity contains dielectric only (pale lines) or an SC layer (dark lines). The
regions of integration are as labelled in Fig. 5.6. Note that we should not
expect the response in regions RO and R2 to be symmetric, since one is at
the top of the cavity, the other at the bottom, and the driving/geometry is not
symmetric with respect to the two regions. (b) Electric fields around the cavity
region at the resonance marked (A) in the absence of the SC layer. The arrows
indicate the direction of the electric field at throughout the region, while the
shaded intensity is proportional to the energy density [ df2 (|EI|2 + |EZ|2)
(c—e) The z-component of the electric field at the resonances (A), (B) and
(C) respectively. The cavity mode at (A) consists of antinodes at the cavity
edges, with a node in the centre. The two resonances (B) and (C) correspond
to anti-phase and in-phase combinations of the SC and surrounding dielectric

regions.
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cavity frequency ~ 2.1 THz, plus higher harmonics. Fig. 5.7(c) shows that this cavity
mode fits a half-wavelength into the cavity length, with maxima in \E | at both ends
and a node at the centre. Including an SC layer with w, = 27 x 2.1 THz, there is a
substantial splitting of the cavity peak into a pair separated by approximately 0.9 THz.
The lower and upper peaks are plotted in Fig. 5.7(d) and (e) respectively. We see that
these correspond to anti-phase and in-phase oscillations of the SC layer with respect
to the cavity. In Sec. 5.3.2 we will fit a simple two-oscillator Hamiltonian to these
spectra to infer the physical parameters of the oscillators, including their coupling
strength. Additionally, whether the fit is possible indicates the suitability of a pair of

linearly-coupled oscillators as a toy model for this system.

5.3.2 Fitting a model Hamiltonian

In this final section, we address the problem of interpreting the spectra in this chapter
in terms of coupled oscillators, and specifically the coupling strength. The approach
is simple: we take a plausible Hamiltonian for two coupled oscillators and determine
which physical parameters best describe the observed spectra. From the quality of the
fit we may determine whether the proposed Hamiltonian appropriately describes the

FEM model, or whether additional terms are required.

We begin by proposing the simplest of coupled Hamiltonians,

2 )
P 1 2.2 by 1 2 2
H = + 5mSLx, + —— + smpw, T, + Gy, (5.24)
2m, 2 2m, 2 Ppp P

i.e. that of two linearly coupled oscillators. The cavity mode analogue has position
Z., momentum p,., frequency €). and the Josephson plasmon analogue has position
xp, momentum p, and frequency w,. The linear coupling between the oscillators is of
strength . This is a classical Hamiltonian, although quantising and writing in ladder

operators is also useful, in which case we write
H = hQ.a'a + hw,btb + hg(a + a') (b + b), (5.25)

where G and b are the ladder operators for oscillators ¢ and p respectively, and the

coupling g is a frequency given by

G2
9= dmemyQew,
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Since g is a rate, it may be directly compared with the oscillator frequencies (2; and
damping rates ;. Oscillators ¢ and p represent the cavity and Josephson modes re-
spectively. We assume both to be damped, and only the cavity mode is driven. This

gives rise to the classical dynamics

8txc = &7
mc
Oipe = _chgxc —Yepe — Gy, + F(t),
atl’p = p_p’
myp
atpp = _mpwf;xp — YpPp — Gz,

in which F'(t) has been introduced as the force driving the cavity oscillator, and +.
and 7, as the damping rates of the two oscillators. Since the FEM calculations are
performed in the frequency domain, it is appropriate to treat F'(¢) as a monochromatic
driving Fy(w) exp(iwt). Furthermore, since the FEM boundary conditions produced in-
cident oscillations of fixed amplitude, we can treat Fjy as being a constant, independent
of w. Thus, given the set of physical parameters P = {m., my, Qc, wWp, Ve, Vp, G, Fo }
we may compute quantities such as (z2(w)) and (z2(w)), in which the frequency-
dependence is made explicit. These are related to meaningful physical quantities, for
example ( m.%x%) corresponds to the mean potential energy of the cavity mode. If

the model is suitable, we expect < m.Q2z?%) to take a similar w-dependence to quantities
such as [ dQ3 B2 /o (which is position-like).

We then perform a fit as follows. For the FEM calculation, the quantity F(w) =
i dQ%BZ /1o is calculated for a number of frequencies {w;} which well-represent the
observed resonances. For a given parameter set P, we calculate the toy model response
E(w;P) = (3mQ2%2?) for each frequency w;. A cost function C' is then chosen to
provide a scalar measure of the extent of the difference between the two spectra. Here,

we choose a squared-error cost function,
. 2
c=>4 (10810(E () — loguo(E(w:i P))) (5.26)

in which differences in the logarithms of the response are penalised. This is important:
using a cost function with terms (E — E)?, the contributions to the cost would be
concentrated entirely around the largest peak, but as Fig. 5.7(a) shows, the response
varies over multiple orders of magnitude and a good toy model should be able to

describe this. Parameters may be fitted by one of many optimisation techniques, such
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as gradient descent, conjugate gradient (CG) methods with line search, or advanced
optimisation routines such as BFGS [143|. Our model has an extremely small number
of parameters, and furthermore we can initialise these with a reasonable physical guess.
These properties suggest that the conjugate gradient method will be a good choice. It
deals poorly with local minima, although a good initial guess should place the optimiser
within the basin of attraction of the sought solution. It also requires the gradients
0C'/0p;, for all parameters p; in the set P. We could use symbolic or automatic
differentiation to obtain expressions for these, however in practice it is sufficient to

estimate each gradient numerically via'®

oC  C(...pi+e)—C(..
8])2_ 2¢

yPi — 6) + O(Ez).

The cost of evaluating this grows linearly with NV, the number of parameters to fit.
With so few parameters, this is a more effective approach than producing analytic

forms for gradients.

We first apply this method to the spectrum of a microcavity with no cuprate layer.
As Fig. 5.8(a) shows, a single oscillator provides an excellent description for the cavity.

The fitted parameters imply a resonance with 2. = 27 x 2.1 THz and ~. = 0.47 THz.

We now turn to the microcavity with embedded superconductor model of Sec. 5.3.1.
In Fig. 5.8(b) we reproduce the FEM spectrum of Fig. 5.7(a) and the fitted two-
oscillator model. The parameters obtained were (2. = 27 x 2.1 THz, w, = 27 x 2.1 THz,
Y. = 1.1 THz, 7, = 0.2 THz and g = 2.6 THz. In particular, this g is large relative to
the frequencies €);, and damping rates ~;, potentially enabling rapid energy exchange

between the Josephson and cavity modes.

5.4 Outlook and further work

In this chapter we have made initial progress into determining how well Josephson
modes in cuprates couple to an external cavity mode, specifically considering the ge-
ometry of the microcavity array. To begin, we introduced the finite element method
in Sec. 5.1, emphasising its application to electromagnetic problems. This led to a

solution of the cavity array with the superconductor excluded in Sec. 5.1.2. In Sec. 5.2

131t is worth noting that this expression is accurate to order O(e?), unlike the commonly-used finite
difference [C(...,p; +€) — C(...,p;)]/e which is only accurate to order O(e).
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Figure 5.8: (a) Fit of a single-oscillator Hamiltonian H = p?/2m + $mQ?z? to finite
element calculation of Fig. 5.7(a), “Dielectric (R2)” curve, using conjugate-
gradient descent on the cost function Eq. (5.26). The quantity (p?/(2m)) is
plotted, to compare with [ dQ (|E,|? + |Ey|?) from the FEM calculation. Re-
sponses in the range 1 THz < w/(27) < 2.5 THz were used in the fit, since the
single-oscillator Hamiltonian clearly cannot describe the harmonic at ~ 6 THz.
(b) Fit of double-oscillator Hamiltonian Eq. (5.24) to the finite element cal-
culation of Fig. 5.7(a), “Dielectric + cuprate (R2)” curve. Data in the range
1 THz < w/(2m) < 3 THz were used in the fit.

we developed a formulation of a single Josephson junction suitable for the use of the
finite element method. We then, in Sec. 5.3, considered the effective dielectric model
of Laplace et al. [33], expressed in terms of the electric field E. This produced the
spectra of Fig. 5.7(a), in which a significant splitting of ~ 0.9 THz occurs when the
superconductor stripe is included. It was possible to describe this well with a pair of

coupled oscillators, as in the Hamiltonian of Eq. (5.24).

In addition to the results above, it would be desirable to use a finite element descrip-
tion of a cuprate as a layered Josephson stack, inserted into the microcavity geometry
and study the resulting spectra. The parameters in the Hamiltonian of Eq. (5.24) could
be fit in exactly the same way, and this would allow for verification of the effective
dielectric model used. While initial progress has been made in performing this calcu-
lation, the FEM spectra are plagued with unphysical features suggestive of possible

numerical instabilities. It is a future goal of this project to overcome these difficul-
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ties and compute the spectra with the layered Josephson model. Once this has been
accomplished, the development of cooling schemes incorporating external dissipation

becomes possible.






6

CONCLUSIONS AND OUTLOOK

We conclude with a summary of what has been achieved and a view to future direc-
tions for this line of research. After introducing the physics of superconductivity, the
Josephson effect and high-temperature superconductors in Chapter 2, we discussed
the main works in the literature addressing the cavity—junction coupling. Refs. [90—-
96] study phenomena arising from placing Josephson arrays in resonators and present
a promising initial starting point. Crucially, however, their treatment of the system
makes assumptions about the geometry which prevents a natural generalisation to our
microcavity geometry. The approach of Refs. [36, 97, 98| provides an alternative start-
ing point by working from the Maxwell and Josephson relations directly, building up
from a microscopic picture of the electrodynamics. This represents a rigorous founda-
tion, however such a first-principles approach has the issue that the solution for the
electrodynamics becomes intractible for anything but the simplest of geometries. This
motivates the work of Chapter 5 where we have applied the finite element method to

tackle a model similar to that of Ref. [98] but in our geometry of choice.

In Chapter 3, we discussed three cooling schemes of relevance. Through a discussion
of sideband cooling in optomechanical systems we introduced the key physics of cooling
with light. Moving to superconducting systems, Hammer, Aprili, and Petkovi¢ [34]
present a scheme that has been successfully demonstrated in an artificial Josephson
junction, showing enhanced switching currents via a sideband cooling method. Finally
we discussed the so-called parametric cooling scheme in which parametric modulation
of the strength of a linear coupling induces a cooling process between two oscillators.
Our aim in this chapter was twofold: to cover the relevant background of cooling with

light, but furthermore to discuss the qualities of these systems that enable cooling
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schemes to be a possibility. This is not commonly discussed in the literature. For
example, in the optomechanical literature, the Hamiltonian description is essentially
fixed owing to the nature of the problem: light exerts a pressure force on the mirror,
which gives rise to a hgode(l; + l;T) coupling term (Eq. (3.3)). In seeking to develop
new cooling schemes in new systems, it is crucial to understand the necessary physics

that enables such processes.

In Chapter 4, we described a parametric cooling scheme for bilayer cuprates, based
on our publication Ref. [35]. Starting from a Josephson stack description of a bilayer
cuprate, our scheme upconverts interlayer Josephson plasma fluctuations into higher-
frequency intralayer fluctuations. Upconversion is an essential step in any cooling
scheme, moving the thermal fluctuations up in frequency to an oscillator which then
contains more quanta than the thermal average, and thus will tend to dissipate such
fluctuations into any coupled bath. We showed that this upconversion process is plau-
sible in certain bilayer cuprates, and identified YBCO and TBCCO-2201 as materials

having the most promising physical parameters for experimental verification.

In Chapter 5, we extended the calculations of Ref. [98] to enable the more complex
geometry of the microcavity array to be addressed. By exploiting the flexibility of
the finite element method we were able to find good FEM descriptions of the single
Josephson junction and subsequently the junction stack embedded in the microcavity
array. In this work we restricted our attention to a two-dimensional approximation
of the microcavity array on the basis that the physics is expected to be unchanged.
Working with the effective dielectric model suggested in Ref. [33|, our calculations
suggest that strong coupling with ¢g/w, ~ 0.2 can be achieved using this geometry. In
the future, we would like to reproduce this result using the microscopic model for the

Josephson electrodynamics, however issues of numerical stability must first be resolved.

In addition to the further work outlined above, the subsequent goal of this research
project should be to combine the upconversion process outlined (or similar) with the
cavity coupling in order to produce a cooling scheme in which energy is dissipated
externally. This would pave the way towards continuously-operable schemes with re-
duced danger of unintentionally heating the superconductor. Looking further, there
is potential to examine the in-plane fluctuations and the physics as the temperature
approaches the transition at 7. Finally, the question of inducing an out-of-equilibrium

superconducting state above T, remains.
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NUMERICAL METHODS

In this appendix we introduce the numerical methods for stochastic integration as used

in this thesis. Such integration schemes are used heavily in reaching the results of
Chapter 4.

A.1 Langevin dynamics

In this thesis, laser cooling schemes are explored predominantly by numerical means.
In order to model classical, thermal systems, we adopt the classical Langevin frame-
work [144, 145]. We consider a system of particles indexed by 7 and described by the

dynamical equations

. P
Ti=—,

m; (A.1)
pi = Fi({z;}) — vipi + &(1).

A particle with index 7, position x;, momentum p; and mass m; moves in one dimension
(for simplicity) under a force F;. The Langevin framework incorporates a damping force
—v;p; and a stochastic force & () intended to model the effect of being coupled to a
thermal bath. In molecular dynamics, this framework is used to account for other
particles and degrees of freedom not explicitly modelled, Brownian motion being a
common example of this. Typical assumptions are that the noise term () is Gaussian,

white and uncorrelated between different particles. Denoting its strength as I';; it thus
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satisfies

(&) =0,
(G()E () = Tidyo(t —1).

In simple situations it is possible to solve these equations analytically. For example,
consider a single particle in a harmonic potential in the overdamped regime v > 2€2,,,
for which Eq. (A.1) simplifies to*

myi + mQ:x = ().

This has the formal solution

() = (0) exp (_Q’Qnt) + L / "at () exp (—%(t _ t’)) (A3

gl my Jo

A timescale v/, appears as the time over which correlations in the particle’s motion
vanish due to the thermal bath. Furthermore, we can relate the damping and forcing to
the bath temperature. By equipartition the average potential energy <%m§272n:p2(t)) =
%k;BT, leading to the relation

' = 2ymkgT, (A.4)

which is a statement of the fluctuation-dissipation theorem. Working in reverse, for a
fixed 7, we can use a measurement of the fluctuations to infer I' and thus measure the

temperature when out-of-equilibrium.

A.1.1 Numerical integrators

Analytic approaches are, while useful, rarely possible for sufficiently complex systems.
This necessitates the numerical integration of Langevin equations. One simple ap-
proach is the Euler scheme, discussed by Gardiner [146] and Van Kampen [147|, how-

ever this is a relatively low-accuracy method. Instead we make use of the velocity Verlet

!This is an approximation for the low-frequency response only, specifically we can rewrite Eq. (A.1)
in the Fourier domain, where we define Z[w] = 5= [ dt x(t) exp(iwt) as the Fourier transform of the
variable x(t). This gives

) ' -
w iw Q] . &[w]
Y Om Y o mySn, (4-2)

and provided we are in the regime Q,, < 7, w < 7, the leftmost term (—w?/yQ,)Z[w] becomes
negligible with respect to the term —iw/,,, allowing the second time-derivative in Eq. (A.1) to be
dropped under these conditions.
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algorithm [126]. This is a quasi-symplectic propagator which has the advantage of be-
ing relatively simple to express (unlike e.g. fourth-order schemes [146]), and exploits
the symplectic structure of the phase space flows of the underlying Hamiltonian. The
key advantage is superior accuracy over long integration times in comparison to stan-
dard methods?® [148]. For the dynamics described by Eq. (A.1), the update equations

for a single time step read as [126]

* —vdt/2 1 - 677dt/2 (0) —ydt
p*=e Po + F(zo) + N {mkpT (1 — ")}, (A.5a)
dt
Tt = To + Ep*u (A.5Db)
i Lo M "
Dit = € P+ F(zg) +N {kaT (1 e )} , (A.5c)

where xg and pg are the values of the position and momentum at the start of the time
step. The time step length is dt. The two instances of N ™ {52} denote two inde-
pendent samples from a Gaussian distribution with zero mean and variance o?. The
various exponentials and prefactors should be cached to avoid redundant recomputa-
tion. Additionally, it is often the evaluation of F'(x) which dominates the computation
of Eq. (A.5), and so it is important to note that the force evaluation F'(z4) is identical
to the evaluation F'(z() at the start of the next time step. Thus only one force call per

time step is required.

A.1.2 Fokker-Planck formulation

The Langevin approach above describes the trajectory of a single instance through
its phase space, under the influence of both deterministic and stochastic forces. By
comparison, in the Fokker-Planck approach the probability density P(z,t) = P(x1, 22,
..,D1, D2, - .-, t) is the central object and its evolution in time is described by a Fokker-
Planck equation. Consider a system of variables z obeying the Langevin equations
dz -

= A+ o, (A.6)

where A gives the deterministic dynamics and 5 (t) is the stochastic force satisfying

(&i(0)&; (1)) = Byo(t —1'). (A7)

2For comparison, the Euler scheme is strongly convergent with order %, and weakly convergent

with order 1. The velocity Verlet algorithm shown is weakly convergent with order 2 [126], the weak
order of convergence being more relevant for distributional quantities. By contrast, the strong order
of convergence is more important for applications requiring the study of individual trajectories.
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The matrix elements B;; give the strength and correlations of the stochastic forces®.
The probability density P(Z,t) obeys the general Fokker-Planck equation [147, 149|

9 .. o .. R
5 Pt = Z 8—2/4,(2, Z az, 82] Z,t)P(Z,1). (A.8)

The first term on the RHS is the ‘drift term’ arising from the deterministic dynamics.
The second term is referred to as the ‘diffusion term’ and describes the spreading-out
of the probability distribution due to the noise é’ (t). As a concrete example, for a single

Josephson junction we can write [149]

0(oP)
(0l0)

for the dynamics of the Josephson phase, where the noise term has arisen as the ratio of

the thermal energy kT to the Josephson energy E; = hl./2e. The symbol ¢ := d¢ /0t

is the time-derivative of the Josephson phase ¢, and is treated as an independent

D bty = +a% (@35in 6+ 1)P] + 2T 2L ¢ (A.9)

variable. Eq. (A.9) is the Kramers’ equation for a single particle in a (1 — cos¢)

potential.

In the case that the Fokker-Planck equation is linear, there is a direct solution in

terms of its second moments. For the general linear Fokker-Planck equation

8Pzt
ZA% 2P+ = Z ”a 02'] (A.10)

the first- and second-order moments evolve according to [147]
0
(z) = Z Aii(t)(z), (A.11a)
zlz] Z A (t)(zr25) Z A (t)(zizk) + Bij. (A.11b)
k
Defining =;; := (2;2;) — (2;)(#;), the full solution is a multivariate Gaussian, namely

P(Z,t) = (27)" 2 (det =) "2 exp {-%(5- (M= (z— ()], (A.12)

3Note that it will commonly be the case that B;; is diagonal, corresponding to independent noise
acting on the variables {z;}. Additionally, in Newton-like differential equations the noise terms are
only finite for the momentum variables, being zero for position variables. However, the possibility of
off-diagonal elements allows for correlations between the noise terms, which may be useful in some
applications.
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in which N is the dimension of the phase space.

By numerically integrating the closed first-order system of Eq. (A.11), we may
directly solve the Fokker-Planck equation. This is equivalent to sampling across many
Langevin trajectories, however there is the advantage that only a single numerical
integration is required. Thus the approach of integrating Eq. (A.11) can be more
efficient for systems with a modest number of degrees of freedom. For example, this
Fokker-Planck approach is ideal for simulating the systems of Chapter 4 in the case of
a small stack (up to ten junctions), providing the linearised equations of motion are

being used and only the fluctuations are of interest.

For high-dimensional problems, Langevin trajectories are preferred since this Fokker-
Planck approach will keep track of all pairs of covariances, hence for the 100-junction
stack calculations of Chapter 4 Langevin trajectories are used exclusively. In high
dimension, most pairs will be physically separated and thus only weakly correlated.
There is the approach of Ammar et al. [150, 151] which exploits this redundancy and
can tackle the high-dimensional Fokker-Planck equation directly. So-called tensor train
methods may also be of use in addressing the high-dimensional Fokker Planck equation

efficiently [152], by compressed representations of the vector space.
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