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Abstract
This work focuses on developing an efficient numerical method to solve the relativistic hydrogen-like atom in a finite magnetic
field. To this end, we derive and implement an algorithm based on Gaussian-type orbitals that exploits fermionic symmetry
to accelerate the calculations and to distinguish states of different character. This is then used to investigate a novel type of
mixing regime between internal and external magnetic interactions. Finally, we assess the implications for the core region of
heavy elements, where spin-orbit coupling is much stronger than the effects of external magnetic fields, and the consequences
for quantum chemical calculations on heavy atoms in the vicinity of white dwarfs.
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1 Introduction

The effects of external magnetic fields on atoms have been
studied extensively for well over a century, both experimen-
tally andwith the use of computationalmethods [1, 2]. Froma
chemical perspective, the interaction between electrons in an
atom and external magnetic fields is of considerable interest.
Many important phenomena are related to this interaction
and are widely studied in fields ranging from experimen-
tal physics [3–6] to biochemistry [7–10]. In non-relativistic
quantum chemistry, these effects can be modeled by aug-
menting the Hamiltonian Ĥ to include an interaction term
with the external magnetic field,

Ĥ = Ĥ0 + Ĥ int(B) , (1)

and solving the corresponding Schrödinger equation [11].
Conventionally, this is done by first solving the stationary
Schrödinger equation for the unperturbed Hamiltonian Ĥ0

and subsequently applying (linear) perturbation theory to
model the effects of the external magnetic fieldB in the inter-
action Hamiltonian Ĥ int [12]. This has been an incredibly
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successful approach for many decades and is widely used to
facilitate the ab initio calculation of magnetic properties and
spectroscopic data [13–17].

The reason for this success is quite simple: the Coulomb
forces which govern the electronic structure of atoms and
molecules are orders of magnitude larger than the effects
of any magnetic field we can currently create on Earth [18].
Only in very exotic environments such as the vicinity ofmag-
neticwhite dwarfs canmagnetic fields become strong enough
to compete with intra-atomic Coulomb forces [19–23]. In
such cases, the magnetic field strength is treated as a param-
eter and the Schrödinger equation for the total Hamiltonian
in Eq. (1) is solved for a finite field [24, 25]. Since atomic
spectra obtained from magnetic white dwarfs can only be
interpreted if reference data from quantum chemical calcu-
lations is available, the finite magnetic field approach has
become increasingly popular in recent years [26–28]. How-
ever, recent work within this field has noted that in order
to describe some heavier elements such as calcium in the
presence of external magnetic fields accurately enough, the
interplay between relativistic effects and magnetic fields will
have to be accounted for [29].

In relativistic theory, the picture becomes more compli-
cated. Here, the electronic structure of atoms is governed
by the full electromagnetic interaction, which is typically
divided into an electric part (scalar-relativistic) and a mag-
netic part (spin-orbit coupling, Breit interaction). As such,
an external magnetic field competes not only with Coulomb
forces but also with the internal magnetic field of an atom.
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The Dirac Hamiltonian ĤD may accordingly be divided into
three parts:

ĤD = Ĥ0,el + Ĥ0,mag + Ĥ int(B) . (2)

Compared to the unperturbed non-relativisticHamiltonian
Ĥ0 in Eq. (1), the unperturbed Dirac Hamiltonian in Eq. (2)
contains an electric Ĥ0,el and a magnetic Ĥ0,mag contribu-
tion. Crucially, non-linear interactions need not arise solely
when the effects of the magnetic field compete with the elec-
tronic part of theDiracHamiltonian, which ismostly relevant
to the aforementioned exotic environments. Instead, the com-
petition between internal and external magnetic interactions
can also give rise to a variety of interesting phenomena.
Depending on the strength of magnetic contributions such
as spin-orbit coupling (SOC), such non-linear interactions
can, in principle, occur at any magnetic field strength.

The important limits of this interaction arewell-documented
from experimental data. The anomalous Zeeman effect is
used to describe systems in which the SOC is much stronger
than the external field, while the Paschen–Back limit is rel-
evant for systems in which the external magnetic field is
much stronger than the SOC. On the other hand, if both
internal and external magnetic effects are of similar mag-
nitude, a new type of mixing regime emerges that has not
been thoroughly explored by computational methods. Even
for the simplest system—the relativistic hydrogen-like atom
in a uniform, static magnetic field—analytical solutions are
available only for states of certain symmetry (Breit–Rabi for-
mula) [30]. Furthermore, as far as we are aware, there exist
very few numerical implementations for relativistic quantum
chemistry in finite magnetic fields [31–33]. To the best of our
knowledge, these implementations are not capable of exploit-
ing fermionic symmetry and they are directly embedded into
a many-electron framework. Therefore, they cannot be used
for precise calculations on one-electron systems that require
very large basis sets.

In this work, we explore the non-linear interaction
between various relativistic hydrogen-like atoms and exter-
nal magnetic fields. To this end, we employ a numerical
implementation capable of solving the Dirac equation with
large, even-tempered basis sets consisting of angularmomen-
tum quantum numbers up to lmax = 18 to account for the
increasingly cylindrical shapes of the spinors [34, 35]. Exist-
ing symmetries, namely inversion parity and total angular
momentum projection along the magnetic field axis, are
exploited to accelerate the calculations and to classify the
solutions properly. Of particular interest for this investiga-
tion are regions in which the effects of the external magnetic
field are comparable inmagnitude to those of SOC. For atoms
with an increasing nuclear charge, this is expected to be the
case in strongermagnetic fields.As such,we investigate these

effects for H, Li2+, Na10+, K18+, Cu28+, Ag46+, Au78+, and
Rn85+.

2 Theory

2.1 Preface and notations

We begin by introducing our formalism and notations.
Throughout this article, we work in the adiabatic limit of
theBorn–Oppenheimer (BO) approximation.We useHartree
atomic units throughout unless stated otherwise: h̄ = me =
e = 4πε0 = 1. The speed of light in vacuum is denoted
as c. We use bold-face letters such as S for two-component
(2C) matrices and italic letters such as S for one-component
(1C) matrices. The traceless Pauli matrices compose a vec-
tor σ = (σx , σy, σz)

�, and σ0 is the 2C identity matrix. We
write δi j for the Kronecker delta and εi jk for the Levi–Civita
symbol.

2.2 Modified Dirac equation with the restricted
magnetic balance condition

The energy levels of the relativistic hydrogen-like atom can
be obtained from the solutions to the Dirac equation:

ĤD|�p〉 = Ep|�p〉 , (3)

which is conventionally shifted in its potential energy to
align with the non-relativistic solutions. The Dirac Hamil-
tonian ĤD is a four-component (4C) operator and the
correspondingwave functions� can describe both electronic
and positronic motion. In this work, we focus on the posi-
tive (p) energy solutions (corresponding to electrons) and
neglect all solutions lower than −2c2. Thus, the subscript p
in the wave function and the energy Ep refers exclusively
to an electronic state here. The wave function is commonly
separated into so-called large (L) and small (S) components,
and the Dirac equation is then expressed as

(
V̂ c σ · π̂

c σ · π̂ −2c2 + V̂

)(
�L

p
�S

p

)
= Ep

(
�L

p
�S

p

)
. (4)

For a hydrogen-like atom in the adiabatic BO approxi-
mation, the potential energy operator V̂ corresponds to the
nuclear attraction and π̂ is the kinetic momentum operator.
In the presence of an external magnetic field, the kinetic
momentum operator is constructed via minimal coupling,

π̂ = p̂ + AO(r) , (5)

from the canonical momentum operator p̂ = −i∇ and a
vector potential AO(r). In a uniform static magnetic field,
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the latter can be written as:

AO(r) = 1

2
B × (r − O) , (6)

where r corresponds to the electronic coordinate andO is an
arbitrarily chosen gauge origin. For atomic systems within
the BO approximation, the nucleus is commonly placed at
the gauge origin, a choice referred to as the natural gauge. In
this work, we expand the wave function in a finite basis set
and adopt the restricted magnetic balance (RMB) condition
to avoid variational collapse: [36–38]

|�L
p 〉 =

∑
μ

CL
pμ|μ〉 , (7)

|�S
p〉 =

∑
μ

CS
pμ

σ · π̂

2c
|μ〉 . (8)

The basis functions |μ〉 are London atomic orbitals
(LAOs) [2, 39], which are constructed from Gaussian-type
orbitals (GTOs). We will further discuss these basis func-
tions in Sect. 2.3. Spinor coefficients for the large and small
components CL/S are two-component quantities. The modi-
fied Dirac equation expressed in a finite basis constrained by
the RMB condition can be written as [32]

(
V �

� 1
4c2

W − �

)(
CL

p
CS

p

)
= Ep

(
S 0
0 1

2c2
�

) (
CL

p
CS

p

)
. (9)

The overlap S and potential energy V matrices are con-
structed from their 1C non-relativistic counterparts:

Sμν = σ0〈μ|ν〉 = σ0Sμν , (10)

Vμν = σ0〈μ|V̂ |ν〉 = σ0Vμν . (11)

Both the kinetic energy� and the relativisticallymodified
potential W are expressed in the 2C basis:

�μν = 1

2
〈μ|(σ · π̂)(σ · π̂)|ν〉 , (12)

Wμν = 〈μ|(σ · π̂)V̂ (σ · π̂)|ν〉 . (13)

However, it is possible to deconstruct both of them into
1C contributions using the Dirac identity

(σ · â)(σ · b̂) = (â · b̂)σ0 + i (â × b̂) · σ , (14)

which leads to the following form for the kinetic energy
matrix:

� =
(

�0 + i�z �y + i�x

−�y + i�x �0 − i�z

)
. (15)

The 1C matrices can then be constructed from

�0,μν = 1

2
〈μ|π̂2

x + π̂2
y + π̂2

z |ν〉 := Tμν ,

�x,μν = 1

2
〈μ|π̂yπ̂z − π̂zπ̂y |ν〉 = − iBx

2
Sμν ,

�y,μν = 1

2
〈μ|π̂zπ̂x − π̂x π̂z |ν〉 = − iBy

2
Sμν ,

�z,μν = 1

2
〈μ|π̂x π̂y − π̂yπ̂x |ν〉 = − iBz

2
Sμν .

(16)

Therein, we have defined a scalar kinetic energy contribu-
tion T , which also contains the well-known orbital Zeeman
and diamagnetic terms. The other three contributions �x ,
�y , and�z can be identified as the spin Zeeman terms.Using
the definitions inEq. (16),wemaywrite the 2Ckinetic energy
contribution as

� =
(

T + 1
2 Bz S

1
2 [Bx − iBy]S

1
2 [Bx + iBy]S T − 1

2 Bz S

)
. (17)

The 2C relativistically modified potential can be decom-
posed in a similar manner:

W =
(

W0 + iWz Wy + iWx

−Wy + iWx W0 − iWz

)
. (18)

Its individual 1C contributions are computed as

W0,μν = 〈μ|π̂x V̂ π̂x + π̂y V̂ π̂y + π̂z V̂ π̂z |ν〉 ,

Wx,μν = 〈μ|π̂y V̂ π̂z − π̂z V̂ π̂y |ν〉 ,

Wy,μν = 〈μ|π̂z V̂ π̂x − π̂x V̂ π̂z |ν〉 ,

Wz,μν = 〈μ|π̂x V̂ π̂y − π̂y V̂ π̂x |ν〉 ,

(19)

which are conveniently expressed as linear combinations of
potential energy integrals. To summarize, the modified Dirac
equation can be expressed in a finite basis using the RMB
condition [36–38]. Only 1C matrices containing integrals
over GTOs have to be evaluated. From these, all 2C and
4C matrices can be constructed.

2.3 Basis set requirements and gauge
transformation

We use LAOs as basis functions to ensure gauge invariance.
They are defined as [2, 12]

|μ〉 := e− i
2B×(Rμ−O)·rχμ(r) , (20)

where Rμ is the position of the nucleus and χμ is a GTO.
In the context of this work, we work in the natural gauge
(Rμ = O) [40], which is also chosen to coincide with the
origin of the coordinate system. In the natural gauge, LAOs
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are then equivalent to GTOs, which can be expressed in the
Cartesian form as

χμ(r) = Nμx
aμ
x ya

μ
y za

μ
z e−ζμr2 . (21)

Please note that our implementation is in principle not lim-
ited to the natural gauge, as we use a LAO integral code basis
[41]. The type of function is defined by the angular momen-
tum vector lμ = (aμ

x , aμ
y , aμ

z )�, with lμ ≡ aμ
x + aμ

y + aμ
z =

0, 1, 2, . . . corresponding to Cartesian s, p, d, . . . functions,
respectively. The normalization constant is denoted as Nμ

and the exponents ζμ are held constant during the calcula-
tion. Large even-tempered basis sets are used throughout this
work for which the exponents are chosen as

ζi = ζmin · �i , (22)

with i ∈ N0 and � ∈ R
+ such that all ζi ≤ ζmax. Please

note that the choice of ζmin, ζmax, and� uniquely defines the
basis set. Integrals are calculated in the Cartesian GTO basis.
Compared to the non-relativistic case, only integrals for the
relativistically modified potential are additionally required.
As shown above, these can be decomposed into integrals of
the type 〈μ|π̂α V̂ π̂β |ν〉 and require us to evaluate

π̂α|μ〉 = − i aμ
α |μ − 1α〉 + 2i ζμ|μ + 1α〉

+ 1

2

∑
βγ

εαβγ Bβ |μ + 1γ 〉 ,
(23)

with α, β, γ ∈ {x, y, z}. Finally, all relevant integrals have
to be transformed into the basis of Laplace’s spherical har-
monics [42]:

χ̃μ(r) = ÑμY
ml
l rne−ζμr2 . (24)

Therein, n is the principal quantum number, l the angular
momentum quantum number, andml the angular momentum
projection along the z-axis (which is the eigenvalue of the l̂z
operator). For each l = lμ, the spherical harmonics χ̃μ in
Eq. (24) span a subspace of the Cartesian functions χμ in
Eq. (21) and also form an orthonormal basis with respect to
both l and ml due to

〈Yml
l |Ym′

l
l ′ 〉 = δll ′δmlm′

l
. (25)

2.4 Symmetry classification of one-electron
relativistic states in a hydrogen-like system

The unitary symmetry point group of an atom or ion in a
uniform external magnetic field is C∞h [43–46]. Wave func-
tions describing a single electron in such an atom or ion must
transform as one of the projective [44, 47] (or fermionic,

or double-valued) irreducible representations of C∞h which
must all be one-dimensional since C∞h (and its double-
group equivalent) is Abelian [45]. Each eigenfunction |�p〉
in Eq. (3) is therefore non-degenerate for |B| > 0, and we
seek to determine the projective irreducible representation of
C∞h as which |�p〉 transforms.

It is well-known that each relativistic state of the elec-
tron in a hydrogen-like atom in the absence of an external
magnetic field is characterized by three quantum numbers:
l, j , and m j (which is the eigenvalue of the ĵz operator)
[48]. For convenience, we shall define another quantum
number a = 2(l − j) which has only two possible val-
ues, ±1. Please note the similarities to the quantum number
κ = 2(l − j)( j + 1/2) used elsewhere in the literature [49],
which implies a = sgn(κ) [48]. This allows us to write each
relativistic state of the electron in a hydrogen-like atom com-
pactly as

| j,m j 〉a =
{

| j,m j 〉+ ≡ |l = j + 1/2, j,m j 〉 ,

| j,m j 〉− ≡ |l = j − 1/2, j,m j 〉 .
(26)

When a uniform magnetic field is introduced, all degen-
eracy exhibited by | j,m j 〉a is lifted. Consequently, l and j
are no longer good quantum numbers in the sense that they
do not uniquely identify the projective irreducible represen-
tations of C∞h spanned by | j,m j 〉a . On the other hand, as
shall be further explained in Sect. 2.5,m j is still a good quan-
tum number, as is the inversion parity P = (−1)l , and we
thus expect that they together characterize the symmetry of
| j,m j 〉a in C∞h . In fact, to quantify this, we show in the last
two rows of Table 1 the characters of | j,m j 〉a in C∞h , the
derivation of which is presented in the Supporting Informa-
tion. A careful consideration of these characters shows that
each of the following series

| j,m j 〉+, | j + 1,m j 〉−, | j + 2,m j 〉+, | j + 3,m j 〉−, . . .

and

| j,m j 〉−, | j + 1,m j 〉+, | j + 2,m j 〉−, | j + 3,m j 〉+, . . .

contains states that transform according to the same projec-
tive irreducible representation of C∞h and can thus mix with
each other via ĤD to yield |�p〉 as described in Sect. 2.6.
Each series is uniquely specified by the value of m j and the
parity of l = j ± 1/2 and assignable to one of the projec-
tive irreducible representations of C∞h whose characters are
also shown in Table 1 [45]. These shall be used to label the
computed |�p〉 states that we present in Sect. 4.
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Table 1 Characters of
projective irreducible
representations and of | j,m j 〉a
in C∞h . The projective
irreducible representations are
enumerated by |m j | which is a
positive half-integer

C∞h E Cz(φ) i σh Sz(φ)

E+
|m j |,g +1 e+iφ|m j | +1 +i −ie+iφ|m j |

E−
|m j |,g +1 e−iφ|m j | +1 −i +ie−iφ|m j |

E+
|m j |,u +1 e+iφ|m j | −1 −i +ie+iφ|m j |

E−
|m j |,u +1 e−iφ|m j | −1 +i −ie−iφ|m j |

| j,m j 〉+ +1 e−iφm j (−1) j+1/2 (−1) j+1/2−m j −(−1) j+1/2−m j e−iφm j

| j,m j 〉− +1 e−iφm j (−1) j−1/2 (−1) j−1/2−m j −(−1) j−1/2−m j e−iφm j

2.5 Symmetry transformation of the Dirac
Hamiltonian

In order to accelerate the calculations and retain infor-
mation about the symmetry of the solutions, we use a
symmetry-transformed Dirac Hamiltonian. Due to the pres-
ence of the external magnetic field, time-reversal symmetry
is not preserved and the Dirac Hamiltonian ĤD can only be
decomposed using complex-quaternionic algebra according
to Ref. [50]. Instead of such an approach, we exploit the indi-
vidual symmetries that remain preserved in the presence of a
magnetic field via the unitary point group C∞h . This includes
the spatial inversion i :

[
ĤD, î

]
= 0. (28)

For the states | j,m j 〉± ≡ |l = j ± 1/2, j,m j 〉 which
are indeed eigenfunctions of î , the associated eigenvalues
P = (−1)l are referred to as their inversion parities. These
can be either +1 for gerade states or −1 for ungerade states.
Since we use a basis of spherical harmonics, the respec-
tive symmetry transformation of the Dirac Hamiltonian in
this basis is rather straightforward: the Dirac Hamiltonian
can be decomposed into two blocks corresponding to ger-
ade (s, d, . . .) and ungerade (p, f , . . .) basis functions. This
parity partitioning is depicted in Fig. 1.

Furthermore, as the magnetic field is applied in the Carte-
sian z-direction, there are infinitely many Cz(φ) rotations
for φ ∈ (−π, π ] that commute with ĤD. Since these rota-
tions can all be generated by ĵz , the total angular momentum
projection along the z-axis, we can write

[
ĤD, ĵz

]
= 0 (29)

and hence recognize thatm j is a good quantum number. The
4C ĵz operator can be written as

ĵz =
(
l̂z + 1

2σz 0
0 l̂z + 1

2σz

)
(30)

and its eigenvectors in a basis consisting of spherical harmon-
ics up to some maximum degree lmax can be precomputed
once and used for all subsequent calculations. Following the
block-diagonal structure of ĵz , thismay be done by construct-
ing a basis consisting of a single set of s, p, d, . . . functions
and solving the following generalized eigenvalue equation:

JzC jz = m jSC jz . (31)

The diagonal matrix m j contains the eigenvalues of the
2C matrix Jz , which are often denoted as m j . It can be con-
veniently decomposed into an orbital and a spin contribution
according to:

Jz = σ0Lz + 1

2
σz S , (32)

with individual elements ofmatrix Lz being constructed from

Lz,μν =
〈
μ

∣∣∣∣ − i

(
x

∂

∂ y
− y

∂

∂x

) ∣∣∣∣ν
〉

. (33)

Clearly, the eigenvectors of Lz obtained from

LzClz = ml SClz (34)

can be used to block-diagonalize Jz as given in Eq. (31), with
the eigenvalues in m j corresponding to m j = ml ± 1/2:

C†
jz
JzC jz =

(
ml ± 1

2

)
D jz , (35)

with D jz being a block-diagonal matrix in which all blocks
correspond to one singular value of l and ml . The eigenvec-
tors of the Jz matrix are constructed as

C jz =
(
Cl+z 0
0 Cl−z

)
. (36)

Within the parity blocks, we may now use this symmetry
transformation to further block-diagonalize the Dirac Hamil-
tonian into blocks corresponding to the different m j values
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Fig. 1 Partitioning of the
Hamiltonian into the gerade
(red) and ungerade (blue) parity
subspaces. Ng and Nu are the
number of spherical harmonics
(s, px , py, pz, . . . ) within the
subspaces while ng and nu are
the number of function types
(s, p, d, . . . )

Fig. 2 Transformation of a parity block of the HamiltonianMP to the jz subspace. NP is the size of the parity block and NP
jz
is the size of the jz

subspace within the parity block

using the pre-computed eigenvectorsCl±z . This is depicted in
Fig. 2.

Thematrixmultiplications of this step constitute the slow-
est step in the entire calculation and thus the computational
bottleneck in our current implementation.

2.6 Solving the Dirac equation

The symmetry-transformed Dirac Hamiltonian now has a
block-diagonal form. The modified Dirac equation in the
RMB condition can then be solved for each of these jz blocks
individually, all of which have the form given in Eq. (9). To
ensure numerical stability, we use the approach of Peng et al.
in Ref. [51], which was adapted to the finite magnetic field
approach with the RMB condition by Sun and Li in Ref. [32].
To summarize, we first solve the eigenvalue problem of the
overlap matrix:

SPjzC
s = sCs , (37)

where we have used the indices P and jz to signify that
this is done for every parity and jz block separately. To
ensure numerical stability, we eliminate eigenvectors cor-
responding to pseudo-linear degeneracies in the basis. This
is done by constructing C̃s = s−1/2Cs, setting sp = 0 if it
is below a threshold of 10−10. All relevant matrices of the
Dirac Hamiltonian are then transformed into the (possibly

reduced) orthonormal basis of the overlap matrix:

Ms = C̃s†MP
jz C̃

s , (38)

withM ∈ {V,�,W}. Subsequently, the 2C eigenvalue equa-
tion

�sCτ = τCτ (39)

is solved and all relevant matrices of the Dirac Hamiltonian
are transformed accordingly:

Mτ = Cτ†MsCτ . (40)

This procedure yields the following transformed Dirac
Hamiltonian:

H̃
D =

(
Vτ c

√
2τ

c
√
2τ Wτ (2τ )−1 − 2c2

)
. (41)

The energy eigenvalues of the Dirac equations are then
obtained from solving the eigenvalue equation

H̃
D
C̃ = EC̃ , (42)

since the transformed Dirac Hamiltonian H̃
D is already

in the orthonormal basis with respect to the relativistic met-
ric. It should be emphasized again that the diagonalization
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procedure described in this section is not a computational
bottleneck due to our previous exploitation of the atomic
symmetry in the presence of a magnetic field.

2.7 Non-relativistic limit

We close this section by briefly considering the non-
relativistic limit. This will be utilized in Sect. 4.2 to compare
data obtained for the hydrogen atom in an external magnetic
field to the literature. We consider here the non-relativistic
Schrödinger equation,

[� + V]Cp = Ep SCp , (43)

which can be reduced to a 1C equation if only magnetic
fields parallel to the z-direction are considered:

[T + V ]Cp = Ep SCp . (44)

The latter form is used in the context of this work. All
eigenvalues are subsequently shifted by ±0.5Bz to account
for the spin Zeeman contribution. Symmetry is considered
similarly to the fully relativistic problem. First, the Hamil-
tonian is block-diagonalized with respect to inversion parity.
Then, the eigenvectors obtained from Eq. (34) are used to
further block-diagonalize theHamiltonianwith respect toml -
symmetry. A canonical orthogonalization procedure is then
used for each block, similar to the one described in Sect. 2.6.
Since themetric consists only of the overlapmatrix here, only
the steps outlined in Eqs. (37) and (38) have to be consid-
ered. To ensure numerical stability, eigenvalues of the overlap
matrix below a threshold of 10−10 are discarded.

3 Computational details

Large even-tempered basis sets were chosen such that chem-
ical accuracy (errors of less than 1 kcal/mol ≈ 1.6 · 10−3Eh)
can be obtained over a large window of magnetic field
strengths, usually up to 1 B0 for all investigated states. In
the vast majority of cases, sub-chemical accuracy (errors of
less than 0.1 kcal/mol ≈ 1.6 · 10−4Eh) [52, 53] is achieved.
The basis set convergence was checked carefully, as shown
in the Supporting Information. For the data presented in this
work, we have thus chosen the basis sets detailed in Table 2.

4 Results

Having discussed both the relevant theory and our imple-
mentation, we now present the results obtained for different
relativistic hydrogen-like atoms in external magnetic fields.
Asmentioned above,we examine here the following systems:

Table 2 Information about the even-tempered basis sets used in this
work. The limit lmax indicates the largest spherical harmonic used, with
s-type functions being l = 0 and so forth. For all spherical harmonics,
the same smallest exponent ζmin and largest exponent ζmax were used.
Finally,� signifies the spacing between exponents according toEq. (22)

Element lmax ζmin ζmax �

H 18 10−6 107 2.0

Li2+ 11 10−6 108 1.7

Na10+ 11 10−5 109 1.7

K18+ 11 10−6 109 2.0

Cu28+ 11 10−6 109 2.0

Ag46+ 11 10−5 1010 2.0

Au78+ 10 10−5 1010 2.0

Rn85+ 6 10−5 1010 1.7

H, Li2+, Na10+, K18+, Cu28+, Ag46+, Au78+, and Rn85+. For
all of these, we compared our results to the analytic values
in the absence of a magnetic field for the first, second, and
third shells. Then, we investigated the field-dependence of
these states. Finally, we analyzed basis set convergence in
increasingly strong magnetic fields. This allows us to esti-
mate the highest angular momentum quantum number lmax

required for quantitative predictions. We show all results for
the selected systems in the Supporting Information and focus
on highlighting the more general trends here.

4.1 Field-free comparison to analytical results

To demonstrate the accuracy of our implementation, we first
compare our results to the analytic values in the absence of a
magnetic field. The energies corresponding to the electronic
solutions of the Dirac equation for hydrogen-like atoms are
given by the expression:

En,k = c2
[
1 +

(
Zα

n − |k| + √
k2 − Z2α2

)2
]−1/2

− c2 ,

(45)

with α being the fine-structure constant. Therein, n is the
principal quantum number and k = j + 1/2 where j is the
total angular momentum quantum number. The energies cal-
culatedwith Eq. (45) are compared to those obtainedwith our
implementation in Table 3. For hydrogen, the error remains
below 10−6Eh in all cases. This is two orders of magnitude
more accurate than sub-chemical accuracy.

Moving on to heavier elements, we examine next the
results obtained for the relativistic Cu28+ ion which are pre-
sented inTable 4. The energies are overall larger inmagnitude
compared to those of the relativistic hydrogen atom and the
absolute errors are thus also larger. However, no errors larger
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Table 3 Electronic solutions for
the relativistic hydrogen atom in
the absence of an external
magnetic field. Here, our results
for the lowest three shells are
compared to the analytic values,
alongside the difference �E

Level This work in [Eh] Analytic value in [Eh] �E in [Eh]

1s1/2 −0.5000066841 −0.5000066566 −2.75 · 10−8

2s1/2 −0.1250020773 −0.1250020802 +2.91 · 10−9

2p1/2 −0.1250020564 −0.1250020802 +2.38 · 10−8

2p3/2 −0.1250004004 −0.1250004160 +1.56 · 10−8

3s1/2 −0.0555561630 −0.0555562952 +1.32 · 10−7

3p1/2 −0.0555562217 −0.0555562952 +7.35 · 10−8

3p3/2 −0.0555557324 −0.0555558021 +6.96 · 10−8

3d3/2 −0.0555557752 −0.0555558021 +2.68 · 10−8

3d5/2 −0.0555556123 −0.0555556377 +2.54 · 10−8

than 10−3 Eh are found. As such, we are still more accu-
rate than chemical accuracy in all cases, with most solutions
being orders of magnitude more accurate than sub-chemical
accuracy.

Finally, for very heavy elements such as the Rn85+ ion
whose results are shown in Table 5, we do obtain errors
slightly larger than 10−4 Eh for certain levels such as 1s1/2,
which are marginally worse than chemical accuracy. Higher
levels are much more accurate, usually well above even
sub-chemical accuracy. The deficiency for the very low-
lying levels is a well-known artifact stemming from the
point charge approximation, which requires extremely steep
basis functions [54–56]. A finite nucleus approach elimi-
nates this problem, and should be adopted for calculations
on molecules containing heavy elements [57, 58]. We have
not followed this approach here because a comparison with
analytical values would then not have been possible.

Overall, the agreement between analytical results and
those obtained from our approach is extremely good. The
only deficiency we observed has already been attributed to
a well-known problem originating from the point charge
approximation for heavy elements. Otherwise, we obtain
results with chemical accuracy or better in almost all cases.
Data for the other one-electron systems is presented in the
Supporting Information.

4.2 Validation of non-relativistic results for the
hydrogen atom

Next, we compare the non-relativistic results for the hydro-
gen atom in an external magnetic field to those presented by
Rösner et al. in Ref. [59]. Therein, a multi-configurational
Hartree–Fock implementation was used to determine the
energy levels of the different states. Selected magnetic field
strengths in the range between10−4 B0 and10 B0 were calcu-
lated therein in a basis of spherical harmonics. Furthermore,
calculations employing a basis of Landau functions were
used for higher field strengths. While newer implementa-
tions capable of calculating highly accurate solutions in very

strong magnetic fields exist [60, 61], the work of Rösner et
al. remains the most extensive benchmark we were able to
find.

We start our discussion with the first and second shell of
the hydrogen atom. Following the nomenclature of the C∞h

point-group symmetry for an atom in an external magnetic
field [45], the non-relativistic states can be associated with
levels at zero field:

1s0 → 1�g,

2s0 → 2�g,

2p−1 → 1�+
u ,

2p0 → 1�u,

where the +/− superscript indicates a one-dimensional irre-
ducible representation of C∞h that has a character of +i/−i
under σh and that has been obtained from the correspond-
ing two-dimensional irreducible representation of D∞h . For
example, �u(D∞h) ↓ C∞h = �+

u ⊕ �−
u . Our results and

those obtained from Ref. [59] are compared in Fig. 3. We
have marked the difference �E for each state, indicating the
accuracy of our reference (10−6Eh) in gray. For all four states
shown here, we stay within this limit up until magnetic field
strengths of approximately 1 B0.

A general trend that can be observed is that low-lying
states tend to be described more accurately by our method
than higher states. This is noticeable by comparing the 1�g

and the 2�g states in Figs. 3a and b, respectively. The 2�g

state shows a specific pattern at about 0.1 B0, which is repro-
duced verywell by our calculations. The origin of this feature
is unclear—it resembles patterns one would expect from an
avoided crossing, but no other state comes even remotely
close at this field strength. At very high field strengths, well
beyond 1 B0, we observe a noticeable divergence between
our calculations and those of Ref. [59]. In contrast, the other
three states depicted here are accurate up to chemical accu-
racy even for field strengths up to 4 B0.
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Table 4 Electronic solutions for
the relativistic Cu28+ ion in the
absence of an external magnetic
field. Here, our results for the
lowest three shells are compared
to the analytic values, alongside
the difference �E

Level This work in [Eh] Analytic value in [Eh] �E in [Eh]

1s1/2 −425.31641989 −425.31642693 +7.04 · 10−6

2s1/2 −106.63183856 −106.63185004 +1.15 · 10−5

2p1/2 −106.63184036 −106.63185004 +9.68 · 10−6

2p3/2 −105.42089639 −105.42090626 +9.87 · 10−6

3s1/2 −47.256595711 −47.256774609 +1.79 · 10−4

3p1/2 −47.256697003 −47.256774609 +7.76 · 10−5

3p3/2 −46.897564093 −46.897647141 +8.30 · 10−5

3d3/2 −46.897620406 −46.897647141 +2.67 · 10−5

3d5/2 −46.780463446 −46.780490234 +2.68 · 10−5

Table 5 Electronic solutions for
the relativistic Rn85+ ion in the
absence of an external magnetic
field. Here, our results for the
lowest three shells are compared
to the analytic values, alongside
the difference �E

Level This work in [Eh] Analytic value in [Eh] �E in [Eh]

1s1/2 −4158.4183046 −4158.4243359 +6.03 · 10−3

2s1/2 −1070.0941611 −1070.0952493 +1.09 · 10−3

2p1/2 −1070.0951564 −1070.0952493 +9.28 · 10−5

2p3/2 −948.45139903 −948.45139553 −3.51 · 10−6

3s1/2 −461.41067503 −461.41100214 +3.27 · 10−4

3p1/2 −461.41096418 −461.41100214 +3.80 · 10−5

3p3/2 −425.13635279 −425.13635814 +5.35 · 10−6

3d3/2 −425.13636326 −425.13635814 −5.12 · 10−6

3d5/2 −415.48523001 −415.48522557 −4.44 · 10−6

For the third shell, comparisons to Rösner et al. [59] of the
following states

3d−2 → 1�+
g ,

3d−1 → 1�−
g ,

3d0 → 3�g,

3s0 → 4�g,

are shown in Fig. 4. The same pattern as before emerges. The
lowest state of each symmetry is represented extremely well
within our basis, particularly the 1�+

g and the 1�−
g states

shown in Fig. 4a and b, respectively. For the latter, even those
calculations at high field strengths for which Rösner et al.
used a Landau basis (depicted here in green hollow points)
are represented relatively well. This is however not the case
for the 3�g and 4�g states shown in Fig. 4c and d. While
they agreewith the reference up tomagnetic field strengths of
about 0.1 B0, they diverge heavily beyond this point. Clearly,
for these higher states, a basis with higher angular momen-
tum functions or a Landau basis would be needed. Overall,
our basis seems to represent the non-relativistic states well
in the presence of strong magnetic fields. Only at very high
field strengths and for highly excited states do we get quali-
tative disagreements to the reference. However, it should be

noted that the lowest states of a certain symmetry tend to be
represented extremely well.

4.3 The relativistic mixing regime

In non-relativistic theory, strong magnetic fields are known
to interact with the electronic structure in fascinating ways.
This includes the formation of entirely new types of covalent
bonds in the mixing regime, where Coulomb and magnetic
interactions are of roughly the same magnitude [11, 20, 62].
As detailed above, relativistic theory gives rise to a new kind
ofmixing regime,whichwe shall investigate in the remainder
of thiswork. To understand this better, it is helpful to consider
the two perturbative limits.

First, if the internal magnetic interaction (in this case
SOC) is much larger than the effects of an external magnetic
field, we are in the limit of the anomalous Zeeman effect.
Previously m j -degenerate states are split up linearly, with
lower m j -states being favored energetically. We can exam-
ine this behavior for the Li2+ ion at field strengths of about
B = 10−5 B0 ≈ 1T, which is shown in Fig. 5a. Here, the
effects of amagnetic field on the 2p-orbitals are shown. In the
absence of a magnetic field, they are split according to their
j quantum numbers, with j = 3/2 being four-fold degen-
erate and higher in energy while j = 1/2 being two-fold
degenerate and lower in energy. As a weak magnetic field is
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Fig. 3 Comparison between non-relativistic calculations performed in
the context of thiswork and those performedbyRösner et al. inRef. [59].
Shown here are deviations for the following states: a 1�g , b 2�g , c

1�+
u , d 1�u . Reference values were accurate up to at most 10−6 Eh,

which is indicated in gray above the graphs

introduced, the states are clearly split according to their m j

values as expected.
In the other limit, the effects of an external magnetic

field are much stronger than those of SOC. This is called
the Paschen–Back limit where both angular momentum and
spin are effectively decoupled again. Without consideration
of anomalous g-factors, the splitting is exactly ml + 2ms ,
with ml and ms being angular momentum and spin projec-
tion quantumnumbers, respectively. Thus, for the 2p-orbitals
shown in Fig. 5a, we observe five different lines in high field
strengths, with ml = −1,ms = 1/2 and ml = 1,ms =
−1/2 becoming degenerate in the Paschen–Back limit. This
can be observed for very highfield strengths aswell in Fig. 5a,
where these states remain degenerate, even once the diamag-
netic terms are dominant. Only at very high field strengths

is this degeneracy broken, which is a basis set artifact and
not a real effect. We analyze the basis set convergence with
respect to angular momentum l in the Supporting Informa-
tion, where we observe that the unfilled points are not yet
converged—even higher angular momentum basis functions
would be needed to maintain the Paschen–Back degeneracy.

We are interested here in the mixing regime between the
two limits. For Li2+, this mixing regime is situated roughly
between 1 and100T, as seen inFig. 5a.But this is very depen-
dent on the strength of SOC, as we will see later. With higher
SOC, this is shifted to much higher field strengths. Thus,
the relativistic mixing regime can be observed at different
field strengths depending on both the system and the energy
level. Importantly, this implies that it may be found at ambi-
ent magnetic field strengths in the valence shell of atomic
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Fig. 4 Comparison between non-relativistic calculations performed in
the context of thiswork and those performedbyRösner et al. inRef. [59].
Shown here are deviations for the following states: a 1�+

g , b 1�−
g , c

3�g , and d 4�g . Reference values were accurate up to at most 10−6 Eh,
which is indicated in gray above the graphs

and molecular systems, particularly for structures contain-
ing heavier elements.

4.4 Spin-orbit-induced avoided crossing

Another important feature emerges in the presence of
both SOC and external magnetic fields. Compared to non-
relativistic calculations, the fermionic symmetry can lead to
the emergence of avoided crossings. We show this explicitly
for the hydrogen atom in Fig. 6, where both the non-
relativistic and relativistic results are compared. In particular,
we observe a crossing of the non-relativistic 1�+

u and 2�u

states at a magnetic field strength of about 0.15883 B0 as
these two states have different symmetries.On the other hand,
in the presence of relativistic effects, both states turn out to

have the same E−
1/2,u character due to SOC.As such, they can

interact with each other and we observe a (slightly shifted)
avoided crossing instead.

Importantly, this avoided crossing is relatively weak here,
and the curves come very close to one another. This follows
directly from the decomposition of theHamiltonian shown in
Eq. (2) and the relatively weak SOC contribution. For hydro-
gen, theHamiltonian can be approximated as non-relativistic,
and only a small spin-orbit perturbation is then added. Only
the perturbative part alters the symmetry, and thus the sep-
aration between the two E−

1/2,u-states is approximately the
SOC energy. This is in alignment with the results presented
in Table 3 when compared to the non-relativistic analytic
solutions, and it has been observed in the perturbative limit
before [63].
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Fig. 5 a Transition from the anomalous Zeeman limit to the Paschen–Back limit for the Li2+ ion. b Transition from the Coulomb regime to the
Landau regime for Li2+. Unfilled data points denote calculations that are not converged with respect to angular momentum

Fig. 6 Spin-orbit-induced avoided crossing for hydrogen in a strong
magnetic field. The two states 1�+

u and 2�u are allowed to cross in the
non-relativistic case because they are characterized by different irre-
ducible representations. In the presence of SOC, these symmetries are
altered and both states end up with the same E−

1/2,u character. Thus the
curves are no longer allowed to cross

Importantly, the features of the two states 1�+
u and 2�u

are very different in the non-relativistic limit. They have very
different basis set requirements as previously discussed in
Sect. 4.2. This is also specifically shown in the Support-
ing Information: 2�u requires many more higher angular
momentum functions in its basis than1�+

u does. Even though
the two E−

1/2,u-states never cross in the relativistic calcu-
lations, this feature is still observed. Beyond the avoided
crossing, the 2E−

1/2,u state suddenly requires many more

higher angularmomentum functions,while 3E−
1/2,u suddenly

requires much less.

4.5 Heavy elements in strongmagnetic fields

Examining heavier elements such as Na10+ and K18+, we
observe that the transition between the anomalous Zeeman
effect and the Paschen–Back limit is shifted to higher mag-
netic field strengths. This is shown in Fig. 7. Furthermore,
we notice an interesting detail: the diamagnetic contribu-
tions already become relevant for the non-linear interaction
between SOC and the external magnetic field. This results in
a new type of mixing regime governed by the strength of all
internal and externalmagnetic contributions, which scale dif-
ferentlywith respect to bothSOCandmagnetic field strength.

For even heavier elements such as Cu28+, Ag46+, Au78+,
and Rn85+, the SOC becomes increasingly larger as depicted
in Fig. 8. For the latter three systems, no crossings are
observed even up until very strong field strengths of 10 B0

for the states investigated here. The SOC is so much stronger
than the external magnetic contribution that it remains the
dominating effect. For core levels of heavy elements, the
magnetic field remains a perturbative contribution.

An important implication follows from the knowledge
that, for heavy elements, external magnetic fields affect
mostly valence shells while leaving core levels relatively
untouched. Core levels of heavy elements are often implicitly
described using relativistic effective core potentials (RECP),
which assume that the electronic structure of the core remains
atomic-like upon molecule formation. Since these core lev-
els are not affected much by very strong external magnetic
fields, this approximation is likely still extremely good for all
field strengths one would need to consider in practice—for
instance those found in magnetic white dwarfs [29]. As such,
it might be possible to avoid having to do very costly four- or
two-component calculations for most applications. Instead,
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Fig. 7 Transition from the anomalous Zeeman limit to the Paschen–Back and Landau limits for a Na10+ and b K18+

Fig. 8 Transition from the anomalous Zeeman limit to the Paschen–Back and Landau limits for a Cu28+, b Ag46+, c Au78+, and d Rn85+
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one could simply implement the necessary RECP terms in
a ff/LAO framework and continue to work in an otherwise
non-relativistic framework.

5 Conclusion

In this work, we have derived and implemented a numer-
ical framework capable of solving the Dirac equation for
relativistic hydrogen-like atoms in finite magnetic fields.
The implementation is based on Gaussian-type orbitals and
employs the restricted magnetic balance condition to avoid
variational collapse. Fermionic symmetry is exploited to
accelerate the otherwise costly calculations and in order
to separate states of different symmetry. We confirmed the
validity of our implementation by comparing against analyt-
ical values for various relativistic hydrogen-like atoms in the
absence of a magnetic field. Furthermore, we compared to
non-relativistic results obtained for hydrogen in the presence
of a magnetic field. This demonstrated that our implementa-
tion is indeed accurate up to very high field strengths. Only
highly excited states are not captured well in field strengths
beyond 1 B0.

The main goal of this work was then to investigate the
mixing regime between the anomalous Zeeman and the
Paschen–Back limit for increasingly heavy hydrogen-like
atoms. With increasing field strengths, we observed both
spin-orbit-induced avoided crossings and conical intersec-
tions. Furthermore, as the strength of spin-orbit coupling
increases, diamagnetic terms start to become more prevalent
already within the mixing regime, indicating that Coulomb
interactions, relativistic effects, and external magnetic fields
are of similar strengths. Finally, heavy elements exhibit such
strong spin-orbit coupling strengths that even very strong
magnetic fields can be considered to be small perturbations.
This is predominantly the case for core levels of heavier ele-
ments, and it implies that relativistic effective core potentials
are likely well-suited to be used even in very strong mag-
netic fields. If this is indeed the case, calculations on heavy
elements in strong magnetic fields will be much less com-
putationally demanding, and investigations along these lines
will thus be the subject of future work.

Supplementary material

Anelectronic Supporting Information is available. It contains
further data for all systems, including plots of the electronic
energy vs. the magnetic field strength, information about the
basis set convergence, and a derivation for the characters of
spinors in C∞h .
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