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Abstract

Arbuscular mycorrhizas, mutualistic symbiotic associations between plant

roots and soil fungi, provide an important pathway for phosphorus nu-

trition of many plants. We are interested in understanding the mecha-

nisms that control and influence this pathway by means of a mathematical

model. The scope of this dissertation was to develop a spatially explicit

and dynamic model for solute uptake by a mycorrhizal root. To do so, we

developed approximate analytical solutions for solute uptake by a single

cylindrical hypha based on the standard assumption that the soil can be

regarded as continuum as well as based on the assumption that a hypha

grows inside individual soil pores. There is up to an order of magnitude

of difference between these solutions. This highlights the fact that exper-

iments on the single hyphal scale are needed. Furthermore, we developed

a model for fungal growth which we used for upscaling uptake by a sin-

gle hypha to a fungal colony scale. The result was introduced as sink

term in a classical single root uptake model. The differences in calculated

total uptake between the different versions of the sink term were large.

Our simulation results confirm that mycorrhizas provide the root with

a big spatial advantage to access non-mobile solutes in soil. They also

confirm that under certain conditions, mycorrhizal fungi may dominate

solute uptake completely.
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Chapter 1

Introduction

Phosphorus is one of the essential mineral nutrients for plants. Uptake by plant roots

occurs mainly in the chemical form “ortho-phosphate”, PO3−
4 , the predominant form

of phosphorus in soil solution. Phosphate is known to be a non-mobile ion in soil as

it is strongly adsorbed to soil solid particles. Under low soil concentrations, it can be

the limiting factor for plant growth. Therefore, plants have developed mechanisms

to increase their ability to access soil phosphorus. A very important mechanism is

the formation of mycorrhizas, a mutualistic symbiotic association between plant roots

and soil fungi.

More than 80% of all terrestrial plants form mycorrhizas. They may offer several

benefits to the host plant, including faster growth, improved nutrition, greater drought

resistance, and protection from pathogens. The fungus benefits from the mycorrhizal

symbiosis by receiving photosynthesis products from the plant.

This dissertation concentrates on modelling the phosphate acquisition by plants as

effected by mycorrhizal fungi. This knowledge can be used for practical purposes such

breeding of plants, development of policy models or design of new experiments. Many

plant nutrient uptake models exist (Tinker & Nye 2000). A new aspect of modelling

is the incorporation of mycorrhizal effects. The first stage in this process is to start

from existing root models and focus on including external fungal hyphae, filaments

that extend from the root surface into the soil for several centimeters. This gives

mycorrhizal plants an enormous spatial advantage as they could otherwise only access

phosphate up to a few millimeters away from the root surface. Spatially explicit plant

nutrient uptake models which include nutrient uptake by a dynamic fungal mycelium

do not yet exist to our knowledge.

We suggest two spatial scales for a model of nutrient uptake by a mycorrhizal

root. Firstly, on the scale of a single hypha, we model nutrient uptake by a single

cylindrical hypha. Secondly, on the scale of one root surrounded by a hyphal network
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(mycelium), we model nutrient transport towards the plant root in the soil as well as

within the hyphal network.

Most experimental data available focus on arbuscular mycorrhizal fungi, a specific

kind of mycorrhizal fungi that are obligate symbionts; they cannot survive in the soil

on their own, in absence of roots.

1.1 Motivational laboratory experiments

Two experiments motivated our modelling and we will describe them in the following

sections. The first experiment is based on measuring the length densities of external

hyphae with distance from the root surface. The second experiment is based on

measuring the uptake of phosphate by mycorrhizal plants.

1.1.1 Measurements of hyphal length densities

Data that describe the dynamics of a fungal mycelium at different distances from the

root surface and at different times are scarce since they are difficult to measure. One

of the problems with arbuscular mycorrhizal fungi is that they are obligate symbionts.

Therefore, fungal growth cannot be measured in a separate experiment, but always

in presence of plants.

Jakobsen et al. (1992) measured hyphal length densities of three arbuscular mycor-

rhizal fungi (Acaulosphora laevis, Glomus sp. and Scutellospora calospora) associated

with clover (Trifolium subterraneum L.). Plants with a previously established mycor-

rhiza were transferred in a two-compartment system where root growth into a hyphal

only compartment was restricted by a fine nylon mesh around a root compartment.

The root compartment was a cylinder with a diameter of 6 cm. Spread of external

hyphae from the root compartment into the soil was measured at different distances

after 0, 7, 14, 28 and 47 days. The measured values represent the total hyphal length

density of mycorrhizal and other soil fungi. A control experiment without mycorrhizas

was also conducted allowing for the estimation of the length densities of mycorrhizal

fungi only.

The data are presented in units of mg−1 dry soil, but we need the values in units

of cm cm−3 soil volume. To convert the measurements, we need the soil bulk density

which was not given in the article. However, from the detailed information about

the size of the hyphal compartment and amount of soil used, we estimated the bulk

density ρb to be ρb = 1.02 g cm−3. Figure 1.1 shows the data for the three fungal

species. At 3 cm and 7 days and 2 cm and 14 days, no control values were available.
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We estimated them by linearly interpolating the neighboring values. Our estimates

are given in figure 1.1.
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Figure 1.1: Hyphal length densities of A. laevis, Glomus sp. and S. calospora after 0,
7, 14, 28 and 47 days. Data reproduced from tabular and graphical data in Jakobsen
et al. (1992). Estimated control values at 3 cm and 7 days: 1.06 mg−1 and at 2 cm and 14 days:
2.00 mg−1.

1.1.2 Measurements of phosphate uptake by external hyphae

Drew et al. (2003) measured phosphate uptake of clover (T. subterraneum L.) asso-

ciated with the arbuscular mycorrhizal fungi Glomus intraradices and G. mosseae.

Similar to Jakobsen et al. (1992), they also used a two-compartment system where

the plants were grown in a pot with a side arm which was separated from the main

compartment with a fine mesh where only fungal hyphae could penetrate. Isotopi-

cally labeled phosphate (33P ) was added to the side arm and the relative activity

of the labeled phosphate in plant shoots was monitored. These data can be used to

estimate the total amount of phosphorus taken up by the plant that originally came

from the hyphal compartment. Therefore, we know that it must have been taken up

by the external hyphae, translocated towards the root surface and transferred into

the plant root cells. These processes determine the overall contribution of fungi to

plant phosphate uptake. A sketch of the experimental setup is given in Figure 1.2.

This experiment will serve to motivate our model on the single root scale.

3



Figure 1.2: Uptake of labeled phosphate from a hyphal only compartment. Sketch of
the experimental setup.

1.2 Outline of this dissertation

Our aim is to develop a model for solute uptake by mycorrhizal plants. To do so,

we derive a source term to account for solute uptake by external hyphae that can be

introduced to existing models on the single root scale (Tinker & Nye 2000).

In chapter 2, we develop a model for growth of arbuscular mycorrhizal fungi.

A general model for mycelial fungi (Edelstein 1982) is used as starting point and

adapted to the fact that arbuscular mycorrhizal fungi are always attached to a root.

Analytical and numerical solutions of the model for different initial and boundary

conditions are presented.

In chapter 3, we test the applicability of the model developed in chapter 2 by

comparing simulation results to the experimental data of Jakobsen et al. (1992) and

develop it further as needed. Fitting the model to the data provides us with values

for the model parameters.

In chapter 4, we present three different models for solute uptake on the single hy-

phal scale, each based on different assumptions about the soil. The basic assumption

of the first model is that the individual hyphae are present in a soil which which can

be described as a continuum, where all three soil phases are present and continuous

4



at any given point. This is the standard assumption for root models. The basic

assumption of the other two models is that the diameter of a hypha is much smaller

than an individual soil pore. Depending on the relation between pore and hyphal

diameter, we develop this model on a bounded and on a semi-infinite domain. Main

focus is on the bounded model in the non-homogenous soil where we use asymptotic

expansions to derive an approximate analytical solution. The analytical solutions for

the two other models are taken from Roose et al. (2001).

In chapter 5 we show how the models of the previous chapters can be used to

develop a sink term for solute uptake by mycorrhizas on a single root scale. We

present results of numerical simulations to show the effect of external hyphae on total

plant uptake.

In the conclusions in chapter 6, we outline what we have achieved, what the

limitations are, and what future work could be done.
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Chapter 2

Growth model for arbuscular
mycorrhizal fungi

2.1 Introduction

One of the first mathematical models for the growth of filamentous fungi was proposed

by Edelstein (1982). Mycorrhizal fungi are also filamentous and we therefore expect

that the model is, in general, applicable to them. In this chapter, we develop a

growth model for mycorrhizal fungi based on the original model of Edelstein (1982)

and present analytical and numerical solutions. This provides the basis for testing

the fungal growth model against experimental data in chapter 3.

Our final aim is to develop a model for the growth of mycorrhizal fungi which we

can use to create a source term in a single root model to account for nutrient uptake

by the mycelium. Therefore, we will focus on the external hyphae that grow in the

soil. Arbuscular mycorrhizal fungi also develop internal hyphae that enter the root

cortical cells and form structures called arbuscules where the transfer of phosphorus

from fungus to root is thought to occur. In a first approximation, we will only deal

with the influence of the root in the form of a boundary condition and not go into

the detail of what is happening inside it.

As in the original model, we assume that fungal growth can be described by two

variables: the hyphal length density ρ and the hyphal tip density n. The hyphal length

density is the variable that can be compared to experimental data. The hyphal tips

are important because growth is thought to occur due to elongation of the region just

behind the hyphal tips. Therefore we can describe a flux of hyphal tips, with the tips

leaving a “trail” of newly created hyphae behind them.

Edelstein (1982) describes in general biological processes such as the creation of

new branches, the fusion of a tip with another tip or its neighboring hypha (anasto-
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mosis) and hyphal death. Mycorrhizal fungi are known to branch mainly apically, i.e.

one tip splits up into two. It is less clear whether anastomosis occurs in arbuscular

mycorrhizal fungi. There are reports that it does (Giovanetti et al. 2001), but this

seems to be more the exception than the rule (P. Schweiger, personal communica-

tion 2005). We will start with the most simple model here, and include additional

processes as necessary when we test the model against experimental data in chapter

3.

2.2 Model formulation

We derive the equation describing fungal tip density as a conservation law. Consider

an arbitrary finite volume V , which is bounded by the surface S. Let n be the hyphal

tip density in that volume, v be the vector of elongation rates, (nv) be the tip flux

through the surface and un the unit outward normal vector to S. The total amount

of tips contained in V is
∫

V

n(x, t)dV.

The flux of tips into V is

−
∫

S

(nv) · undS.

Note that the minus sign is due to the fact that un points outward. The number of

tips created or destroyed in V per unit time is described by
∫

V

fdV.

The change in tip density in V with time must be equal to the flux of tips into V

plus the number of tips created or destroyed, i.e.,

d

dt

∫

V

ndV = −
∫

S

(nv) · undS +

∫

V

fdV.

Because V does not change with time we can swap the integration and differentiation

operators, and using the divergence theorem, we get
∫

V

∂n

∂t
dV = −

∫

V

∇ · (nv)dV +

∫

V

fdV.

Since the above expression must be true for every volume V , we conclude that

∂n

∂t
= −∇ · (nv) + f. (2.1)
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As a simplest case, we consider the new tip creation to be linearly proportional to

the existing tip density, i.e. f = bn, where b is the tip branching rate. This would,

in biological terms, correspond to apical branching, where one tip splits into two.

The other type of branching would be lateral branching where a new hypha grows

from the side of an existing hypha. However, mycorrhizal fungi are known to branch

mainly apically.

The hyphal length density is dependent on hyphal growth and death. Hyphal

growth occurs due to elongation of a small region just behind the hyphal tip. There-

fore, the hyphae can be viewed as the “trail” left behind the tips and the increase of

hyphal density can be written as n|v|1. The simplest way to describe the death rate

is to consider it linearly proportional to the hyphal length density ρ, i.e. the rate

of death is dρ where d is the hyphal death rate. Hence, the equation describing the

hyphal length density is

∂ρ

∂t
= n|v| − dρ. (2.2)

To close the growth model described by equations (2.1) and (2.2) we need to

apply initial and boundary conditions. For that we will distinguish between two

cases which we call the “Initial Condition Model” and the “Boundary Flux Model”.

For both models, let Ω be the domain where the growth of fungus is observed. It

could be a petri dish in the case of non-mycorrhizal fungi or the hyphal compartment

in the experiments of Drew et al. (2003) and Jakobsen et al. (1992). Let ∂Ω be the

boundary of this domain.

The Initial Condition Model is the original model of Edelstein (1982) which we

include here for completeness. It is motivated by an experimental setup where the

growth of an initial “blob” of fungi in a petri dish is observed. We take that there is a

part of the domain Ω where the hyphal tip and length density is initially greater than

zero and that there are no new tips created at the boundary of the domain, ∂Ω. Let

Ω0 ⊂ Ω be the part of the domain where the initial hyphal length and tip density are

ρ0 > 0 and n0 > 0, respectively, and x ∈ Ω. Then the initial and boundary conditions

can be written as

1This corresponds also to “local time” argument known from stochastic analysis where the trail
density of particle paths at any given point corresponds to the time the particle spent at that
location.
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ρ(x, 0) =

{
ρ0, x ∈ Ω0,

0, x ∈ Ω\Ω0,
(2.3)

n(x, 0) =

{
n0, x ∈ Ω0,

0, x ∈ Ω\Ω0,
(2.4)

(nv) · un = 0, t ≥ 0, x = ∂Ω. (2.5)

This model cannot be applied to mycorrhizal fungi, since they are obligate symbionts.

We will consider the root surface to be a part of the domain boundary in the Boundary

Flux Model.

The Boundary Flux Model is motivated by the experiment of Jakobsen et al.

(1992) where the growth of fungal hyphae in an initially fungus free compartment

is observed. We take that the interface between root and hyphal compartment is

mimicking the root surface and serves as a boundary where new tips are born. Let us

assume that ∂Ω1 ⊂ ∂Ω is the part of the boundary where the tip flux is (nv) = k > 0.

Then, the initial and boundary conditions can be written as

ρ(x, 0) = 0, x ∈ Ω, (2.6)

n(x, 0) = 0, x ∈ Ω, (2.7)

(nv) · un =

{
k, t ≥ 0, x ∈ ∂Ω1,

0, t ≥ 0, x ∈ ∂Ω\∂Ω1.
(2.8)

Having written down the models, we will now non-dimensionalise them to find the

dimensional grouping that influences the solution.

2.3 Non-dimensionalisation

We scale the variables by t = t∗[t], x = x∗[x], n = n∗[n] and ρ = ρ∗[ρ]. If we let

[t] = 1
b
, [x] = |v|

b
and [ρ] = [n]|v|b, equations (2.1)-(2.2) become (dropping asterisks)

∂ρ

∂t
= n− δρ, (2.9)

∂n

∂t
= −∇ · (nν) + n, (2.10)

where δ = d
b

and ν = v
|v| . The dimensionless parameter δ = d

b
describes the ratio

between the hyphal death rate and tip branching rate. Note that the dimensionless

parameter ν becomes one in the one-dimensional case.
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In the Initial Condition Model, we choose [n] from the initial condition, i.e. [n] =

n0 and [ρ] = n0|v|
b

. The non-dimensional initial and boundary conditions are

ρ(x, 0) =

{
µ, x ∈ Ω̂0,

0, x ∈ Ω̂\Ω̂0,
(2.11)

n(x, 0) =

{
1, x ∈ Ω̂0,

0, x ∈ Ω̂\Ω̂0,
(2.12)

(nν) · un = 0, t ≥ 0, x ∈ Ω̂, (2.13)

where µ = bρ0

|v|n0
and the hat (ˆ) indicates that Ω has been scaled by the length scale

[x].

In the Boundary Flux Model, we choose [n] from the boundary condition, i.e.

[n] = k
|v| and [ρ] = k

b
. The non-dimensional initial and boundary conditions are

ρ(x, 0) = 0, x ∈ Ω̂, (2.14)

n(x, 0) = 0, x ∈ Ω̂, (2.15)

(nν) · un =

{
1, t ≥ 0, x ∈ ˆ∂Ω1,

0, t ≥ 0, x ∈ ∂̂Ω\ ˆ∂Ω1.
(2.16)

To solve both the Initial Condition and the Boundary Flux Model, we need to choose

the appropriate coordinate system. Some experimental setups, such as the one of

Drew et al. (2003), require cartesian coordinates. Others, such as the one of Jakobsen

et al. (1992) require cylindrical coordinates. Both situations will be dealt with in the

sections below.

2.4 One-dimensional model in cartesian coordinates

In the experiment described by Drew et al. (2003), there is a planar interface between

the hyphal and non-hyphal compartment. The hyphal tip and length densities at

that boundary might be a function of time or regarded constant if the roots and fungi

are well established in the main compartment. For this experimental setup, we can

consider hyphal and tip length densities to depend only on the horizontal distance

from the root-fungus interface. Hence we have to solve the one dimensional problem

in cartesian coordinates. Let us consider a semi-infinite domain. The non-dimensional

equations are

∂ρ

∂t
= n− δρ, (2.17)

∂n

∂t
= −∂n

∂x
+ n. (2.18)

10



Let us assume that the soil initially containing hyphal tips is in the interval [0, x1]

and that initially, there are only hyphal tips present (i.e. spores) so that the initial

hyphal length density is zero. Let x̂1 be the dimensionless parameter x̂1 = x1

[x]
= x1b

v
.

Then the initial and boundary conditions of the Initial Condition Model are

n(x, 0) =

{
1, 0 ≤ x ≤ x̂1,

0, x̂1 < x < ∞,
(2.19)

ρ(x, 0) =
{

0, 0 < x < ∞, (2.20)

n(0, t) = 0, t > 0. (2.21)

The initial and boundary conditions of the Boundary Flux Model are

n(x, 0) = 0, 0 < x < ∞, (2.22)

ρ(x, 0) = 0, 0 < x < ∞, (2.23)

n(0, t) = 1, t > 0. (2.24)

2.4.1 Analytical solutions

Equation (2.18) is a hyperbolic equation and can be solved using the method of

characteristics. Let x and t be functions of a parameter τ , i.e. x = x(τ), t = t(τ).

Then the characteristic equations are

∂t

∂τ
= 1, (2.25)

∂x

∂τ
= 1, (2.26)

and the partial differential equation (2.18) becomes the ordinary differential equation

∂n

∂τ
= n. (2.27)

From equations (2.25) and (2.26) we find that the characteristics are straight parallel

lines (figure 2.1). The dashed line in figure 2.1 separates the regions determined by

the initial and boundary conditions. The characteristic equations are valid for both

the Initial Condition and the Boundary Flux Model.

Initial Condition Model

We first solve the equation for n in the Initial Condition Model. We parameterise the

initial condition (2.19), so that at τ = 0, x = s, t = 0 and

n(s, 0) =

{
1, 0 ≤ s < x̂1,
0, x̂1 < s < ∞,

11
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Figure 2.1: Characteristics of equation (2.18).

where s = x(0). Then, integrating equations (2.25)-(2.27) gives the parametric solu-

tion in the region influenced by the initial condition,

t = τ, (2.28)

x = τ + s, (2.29)

n(s) =

{
eτ , 0 ≤ s < x̂1,
0, r̂1 < s < ∞.

(2.30)

We parameterise the boundary condition (2.21) so that at τ = 0, x = 0, t = s,

n(s, 0) = 0, s ≥ 0, and integrating equations (2.25)-(2.27) gives the parametric

solution influenced by the boundary condition,

t = τ + s, (2.31)

x = τ, (2.32)

n(s) = 0, s ≤ 0. (2.33)

Combining the solutions of the two regions and eliminating the parameters τ and s,

we have the solution for n,

n(x, t) =





0, x− t ≤ 0,
et, 0 ≤ x− t < x̂1,
0, x̂1 < x− t < ∞.

(2.34)

To find ρ, we solve

dρ

dt
+ δρ = n(x, t), (2.35)

12



on the interval [0, t] with initial condition ρ(x, 0) = 0, for 0 ≤ x ≤ ∞, to get

ρ(x, t) = e−δt
∫ t

0
n(x, ξ)eδtdξ, 0 < x < ∞. (2.36)

The solution is

ρ(x, t) =
e−δt

1 + δ





e(1+δ)t − 1, x ≤ x̂1 and 0 ≤ t ≤ x,
e(1+δ)x − 1, x ≤ x̂1 and 0 ≤ x ≤ t,

e(1+δ)t − e(1+δ)(x−x̂1), x > x̂1 and x− x̂1 < t < x,
e(1+δ)x − e(1+δ)(x−x̂1), x > x̂1 and x− x̂1 < x < t,

0, t ≤ x− x̂1 < ∞.

(2.37)

Figure 2.2 shows the result of the dimensionless model for different values of the

parameter δ. The left graph shows the hyphal tip density at time t = 0 and t = 1.

We see that the initial ”blob” of tips has moved due to the elongation rate and that

the number of tips has increased due to branching. The parameter δ has no effect on

this increase, because we have scaled the model so that the branching rate is always

one. The effect of δ is visible in the right graph of figure 2.2, where the hyphal length

density at time t = 1 is shown. (At t = 0, ρ = 0.) The larger δ, the greater is the

death rate and the more pronounced is the decrease of length density.
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Figure 2.2: Plot of equations (2.34) and (2.37). Analytical solution for hyphal tip and
length density of the Initial Condition Model in one-dimensional cartesian coordinates
for different values of the dimensionless parameter δ.
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Boundary Flux Model

We now solve for n in the Boundary Flux Model. Equations (2.25)-(2.27) are still

valid, but we use the initial and boundary conditions given by equations (2.22)-(2.24).

We parameterise the initial condition (2.22) so that at τ = 0, x = s, t = 0 and

n(s, 0) = 0, 0 < s < ∞.

Integrating equations (2.25)-(2.27) gives the parametric solution in the region influ-

enced by the initial condition,

t = τ, (2.38)

x = τ + s, (2.39)

n(s) = 0, x− t ≥ 0. (2.40)

Parameterising the boundary condition (2.24) so that at τ = 0, x = 0, t = s and

n(s, 0) = 1 for s ≥ 0 and integrating equations (2.25)-(2.27) gives the parametric

solution in the region influenced by the boundary condition,

t = τ + s, (2.41)

x = τ, (2.42)

n(s) = eτ , x− t ≤ 0. (2.43)

Combining the solutions of the two regions and eliminating the parameters τ and s,

we have the solution for n,

n(x, t) =

{
ex, x− t ≤ 0,
0, x− t ≥ 0.

(2.44)

To find ρ, we solve

dρ

dt
+ δρ = n(x, t), (2.45)

on the interval [0, t] with initial condition ρ(x, 0) = 0, for 0 ≤ x ≤ ∞, to get

ρ(x, t) =

{
1
δ
ex

(
1− eδ(x−t)

)
, 0 ≤ x < t,

0, t ≤ x < ∞.
(2.46)

Figure 2.3 shows the result for different values of the parameter δ. The left graph

shows the hyphal tip density at time t = 1. As in the result for the previous model,

the parameter δ has no effect on the hyphal tip density, because we have scaled the

model so that the branching rate is always 1. The effect of δ is again visible in the
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right graph of figure 2.3, where the hyphal length density at time t = 1 is shown. The

hyphae have arrived at the same position, but the larger δ, the greater is the death

rate and the more pronounced is the decrease of length density. When the death rate

is small, the largest length density is at the root surface. The larger δ, the further

this peak moves away from the root surface. If we assume that all hyphae are active,

that would mean that the highest activity is at the front of the colony when the death

rate is high.
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Figure 2.3: Plot of Equations (2.44) and (2.46). Analytical solution for hyphal tip and
length density of the Boundary Flux Model in one-dimensional cartesian coordinates
for different values of the dimensionless parameter δ.

2.4.2 Numerical solutions

Our final aim is to fit the Boundary Flux Model to the data given by Jakobsen et al.

(1992), who measured hyphal length densities at different distances from a root com-

partment at several points in time. The data suggest that we might have to introduce

non-linearities into the model which could require a numerical solution. In anticipa-

tion of this, we will now solve these linear equations numerically so we can compare

the results to the analytical solutions derived above and determine the most preferred

numerical scheme. We will do this for both the Initial Condition and Boundary Flux

Model. We compare three numerical schemes for solving the hyperbolic equation for

the hyphal tip density n: an Upwind scheme, a Lax-Friedrich scheme and a Lax-

Wendroff scheme (Morton & Mayers 1994). The equation describing hyphal length

density, equation (2.17), can be solved with any scheme for an ordinary differential
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equation. We use the explicit Euler method in time for simplicity, using the same

time step as the scheme for the hyperbolic equation. Below, we describe the different

schemes. Let Tf be the final time, M the number of time steps, ∆x the grid spacing,

J the number of grid points and ∆t =
Tf

M
. Let n(xj, tm) ≈ Um

j and µ = ∆t
∆x

.

The upwind scheme is derived by replacing the derivatives with divided differences.

Equation (2.18) becomes

Um+1
j − Um

j

∆t
= −Um

j − Um
j−1

∆x
+ Um

j , j = 1, 2, ..., J (2.47)

U0
j = U0, j = 0, ..., J (2.48)

Um+1
0 = Ub, m = 0, ..., M − 1. (2.49)

Equation (2.47) can be written as

Um+1
j = (1− µ + ∆t)Um

j + µUm
j−1. (2.50)

The Lax-Friedrich scheme is derived by using a centered difference for the space

derivative and replacing Um
j in the time difference by the average of its neighboring

points, 1
2
(Um

j+1 + Um
j−1). Then equation (2.18) becomes

Um+1
j − 1

2
(Um

j+1 + Um
j−1)

∆t
= −Um

j+1 − Um
j−1

2∆x
+ Um

j , (2.51)

for j = 1, 2, ..., J , which can be rearranged to

Um+1
j = (

1

2
− µ

2
)Um

j+1 + (
1

2
+

µ

2
)Um

j−1 + ∆tUm
j . (2.52)

For the derivation of the Lax-Wendroff scheme, we use the fact that

nt = −nx + n, (2.53)

ntt = − ∂

∂x
(nt) + nt,

= nxx − 2nx + n. (2.54)

Substituting these into the Taylor series expansion

Um+1
j = Um

j + ∆t[Ut]
m
j +

(∆t)2

2
[Utt]

m
j + O((∆t)3),

and neglecting higher order terms gives

Um+1
j = Um

j + ∆t(−Ux + Um
j ) +

(∆t)2

2
(Uxx − 2Ux + Um

j ). (2.55)
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Replacing the space derivatives by centered differences and rearranging gives the

Lax-Wendroff scheme

Um+1
j = (1 + ∆t− µ2 +

(∆t)2

2
)Um

j

+(−∆t
µ

2
− µ

2
+

µ2

2
)Um

j+1

+(∆t
µ

2
+

µ

2
+

µ2

2
)Um

j−1. (2.56)

The initial and boundary conditions for the Initial Condition Model are U0
j = n0(xj)

for j = 0, ..., J , Um+1
0 = 0 for m = 0, 1, ...,M − 1, and for the Boundary Flux Model

U0
j = 0 for j = 0, ..., J , Um+1

0 = 1 for m = 0, 1, ..., M − 1.

Figures 2.4(a)-2.6(b) show comparisons of the numerical and analytical solutions

for the hyphal tip and length densities for both the Initial Condition and the Boundary

Flux Model. In general, all three schemes performed reasonably well. Judging from

the graphs, the numerical solutions are closest to the analytical solution in the case

of the Lax-Wendroff scheme. The scheme for the computation of the length density

seems to smooth out the typical oscillations around the sharp edges that can be seen

in the left graphs of figures 2.5(a) and 2.5(b).

In the following paragraph, we perform stability analysis and give the accuracy

for each of the three schemes for the hyperbolic equation. Let us assume the Courant-

Friedrichs-Lewy (CFL) condition, so that 0 ≤ µ ≤ 1, where µ = ∆t
∆x

. By inserting

the Fourier mode Um
j = (λ(k))meikj∆x into each scheme, we find, after some algebra,

the amplification factor λ. The modulus squared of the amplification factor of the

Upwind scheme is

|λ|2 = (1 + ∆t)2 − 4µ sin2 k∆x

2
((1 + ∆t)− µ) . (2.57)

If |µ| ≤ 1, we have |λ| ≤ 1 + ∆t, the scheme is von Neumann stable. The modulus

squared of the amplification factor of the Lax-Friedrich scheme is

|λ|2 = (1 + ∆t)2 − ((1 + ∆t)2 − µ2) sin2 k∆x. (2.58)

If |µ| ≤ 1, we have |λ| ≤ 1 + ∆t, the scheme is von Neumann stable. The modulus

squared of the amplification factor of the Lax-Wendroff scheme is

|λ|2 = 1− 4µ2(1− µ2) sin4 k∆x

2
− (µ2(∆t)2 + 2µ2∆t) cos2(k∆x) +

+ ∆t(2 + µ2) + (∆t)2(2 + µ2) + (∆t)3 +
(∆t)4

4
. (2.59)
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Figure 2.4: Comparison of Upwind scheme to analytical solutions at three different
points in time. δ = 4, J = 300, ∆t

∆x
= 0.8, dt=0.0027.

If |µ| ≤ 1, we have |λ| ≤ 1+∆t+ (∆t)2

2
. If ∆t ≤ 1, we have |λ| ≤ 1+ 3

2
∆t, the scheme

is von Neumann stable. The accuracy of the the Upwind scheme is O(∆t + ∆x),

the accuracy of the Lax-Friedrich scheme is O(∆t + (∆x)2

∆t
(∆x)2) and the accuracy

of the Lax-Wendroff scheme is O((∆t)2 + (∆x)2). All three schemes considered are

von Neumann stable. If µ ≤ 1, the largest constant in front of ∆t is found in the

Lax-Wendroff scheme. However, in the numerical examples considered, stability was

not a problem. Therefore, we will select the scheme with the highest accuracy if a
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Figure 2.5: Comparison of Lax-Wendroff scheme to analytical solutions at three dif-
ferent points in time. δ = 4, J = 300, ∆t

∆x
= 0.8, dt=0.0027.

numerical solution is required, which is the Lax-Wendroff scheme.
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Figure 2.6: Comparison of Lax-Friedrich scheme to analytical solutions at three dif-
ferent points in time. δ = 4, J = 300, ∆t

∆x
= 0.8, dt=0.0027.

2.5 One-dimensional model in radial polar coordi-

nates

Radial polar coordinates are suitable when we consider a cylindrical root from which

the fungal hyphae start growing into the soil. This situation is mimicked in the

experiment of Jakobsen et al. (1992), where a cylindrical root compartment is placed

in an initially fungus free soil. In polar coordinates, the divergence operator (∇·) is
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given by 1
r

∂
∂r

r. If r0 is the root radius and r̂0 = r0b
v

, equation (2.10) becomes

∂n

∂t
= −1

r

∂(rn)

∂r
+ n, t ≥ 0, r̂0 ≤ r ≤ ∞. (2.60)

The initial and boundary conditions for n of the Initial Condition Model in radial

coordinates are

n(r, 0) =

{
1, r̂0 ≤ r ≤ r̂1,
0, r̂1 < r < ∞,

(2.61)

n = 0, t > 0, r = r̂0, (2.62)

where r̂1 = r1b
v

and [r̂0, r̂1] is the interval initially containing hyphal tips. The initial

and boundary conditions of the Boundary Flux Model are

n(r, 0) = 0, r̂0 < x < ∞, (2.63)

n = 1, t > 0, r = r̂0. (2.64)

2.5.1 Analytical solutions

As before, we use the method of characteristics to solve the hyperbolic equation (2.60).

The characteristic equations are

∂t

∂τ
= 1, (2.65)

∂r

∂τ
= 1, (2.66)

and the partial differential equation 2.60 becomes the ordinary differential equation

∂n

∂τ
= (1− 1

r
)n. (2.67)

Initial Condition Model

We parameterise the initial condition (2.61) so that at τ = 0, r = s, t = 0 and

n(s, 0) =

{
1, r̂0 ≤ s < r̂1,
0, r̂1 < s < ∞.

Integrating equations (2.65)-(2.67) gives the parametric solution for the region influ-

enced by the initial condition,

t = τ, (2.68)

r = τ + s, (2.69)

n(s) =

{
s

τ+s
eτ , r̂0 ≤ s < r̂1,

0, r̂1 < s < ∞.
(2.70)
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Parameterising the boundary condition (2.62) so that at τ = 0, r = r̂0, t = s,

n(s, 0) = 0, s ≥ 0, and integrating equations (2.65)-(2.67) gives the parametric

solution in the region influenced by the boundary condition,

t = τ + s, (2.71)

r = τ + r̂0, (2.72)

n(s) = 0 for s ≤ r̂0. (2.73)

Combining the solutions of the two regions and eliminating the parameters τ and s,

we have the solution for n,

n(r, t) =





0, r − t ≤ r̂0,
r−t
r

et, r̂0 ≤ r − t < r̂1,
0, r̂1 < r − t < ∞.

(2.74)

To find ρ, we solve

dρ

dt
+ δρ = n(r, t), (2.75)

on the interval [0, t] with initial condition ρ(r, 0) = 0, for r̂0 ≤ r ≤ ∞, to get

ρ(r, t) =
e−δt

r(1 + δ)
×

×





(r − t + 1
1+δ )e(1+δ)t − (r + 1

1+δ ), r ≤ r̂1, 0 ≤ t ≤ r − r̂0,

(r̂0 + 1
1+δ )e(1+δ)(r−r̂0) − (r + 1

1+δ ), r ≤ r̂1, 0 ≤ r − r̂0 ≤ t,

(r − t + 1
1+δ )e(1+δ)t − (r̂1 + 1

1+δ )e(1+δ)(r−r̂1), r > r̂1, r − r̂1 < t < r − r̂0,

(r̂0 + 1
1+δ )e(1+δ)(r−r̂0) − (r̂1 + 1

1+δ )e(1+δ)(r−r̂1), r > r̂1, r − r̂1 < r − r̂0 < t,

0, t ≤ r − r̂1 < ∞.

(2.76)

In Figure 2.7, the effect of varying the dimensionless parameter δ is shown. The left

graph shows the hyphal tip density at times t = 0 and t = 1. Similar to the cartesian

case, the initial “blob” of hyphal tips has propagated, due to elongation of hyphae,

and that the hyphal tip density has increased, due to branching. The parameter δ

does not effect the result, since we scaled the model such that the branching rate is

always 1. On the right graph, the hyphal length density at time t = 1 is shown for

different values of δ. If δ → 0, which would correspond to a situation where there

is no hyphal death, the length density increases as the tips are propagated and the

colony increases in width. If the death rate is high, not only the tips but the whole

fungal colony is propagated with time.
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Figure 2.7: Plot of Equations (2.74) and (2.76). Analytical solution for hyphal tip and
length density in the Initial Condition Model in polar radial coordinates of different
values of the dimensionless parameter δ.

Boundary Flux Model

We parameterise the initial condition (2.63) so that at τ = 0, r = s, t = 0 and

n(s, 0) = 0 for r̂0 < s < ∞. Integrating the characteristic equations (2.65)-(2.67)

gives the parametric solution in the region influenced by the initial condition,

t = τ, (2.77)

r = τ + s, (2.78)

n(s) = 0, s ≥ r̂0. (2.79)

We parameterise the boundary condition (2.64) so that at τ = 0, r = r̂0, t = s,

and n(s, 0) = 1 for s ≥ 0. Integrating equations (2.65)-(2.67) gives the parametric

solution in the region influenced by the boundary condition,

t = τ + s, (2.80)

r = τ + r̂0, (2.81)

n(s) =
r̂0

r
eτ , for s ≤ r̂0. (2.82)

Combining the solutions of the two regions and eliminating of the parameters τ and

s, we have the solution for n,

n(r, t) =

{
r0

r
e(r−r̂0), r − t ≤ r̂0,
0, r − t ≥ r̂0.

(2.83)
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To find ρ, we solve

dρ

dt
+ δρ = n(r, t), (2.84)

on the interval [0, t] with initial condition ρ(r, 0) = 0, for r̂0 ≤ r ≤ ∞, to get

ρ(x, t) =

{
1
δ

r̂0

r
e(r−r̂0)

(
1− eδ(r−r̂0−t)

)
, r̂0 ≤ r < t + r̂0,

0, t + r̂0 ≤ r < ∞.
(2.85)

Figure 2.8 shows the result for varying the dimensionless parameter δ. On the left

graph, we see the hyphal tip density at time t = 1. Again, δ has no effect on the tip

density, because we scaled the model such that the branching rate is always 1. On

the right graph, we see how the hyphal length density decreases with increasing δ.

If δ is small, the highest value of ρ is at the root surface. As δ becomes larger, the

peak moves away from the root surface. If we assume, like in the cartesian case, that

hyphae take up nutrients along their entire length, the front of the colony is the most

active region, when δ is large.
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Figure 2.8: Plot of Equations (2.83) and (2.85). Analytical solution for hyphal tip and
length density of the Boundary Flux Model in polar radial coordinates for different
values of the dimensionless parameter δ.

Below, we adapt the numerical schemes used in the cartesian case to polar radial

coordinates.

2.5.2 Numerical solutions

The numerical schemes for the computation of the hyphal tip density n have to be

adapted to radial polar coordinates. Following on from section 2.4.2, the upwind
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scheme is now derived from

Um+1
j − Um

j

∆t
= − 1

rm
j

rm
j Um

j − rm
j−1U

m
j−1

∆r
+ Um

j , j = 1, 2, ..., J. (2.86)

Equation (2.86) can be rearranged to

Um+1
j = (1− µ + ∆t)Um

j +

(
rm
j−1

rm
j

µ

)
Um

j−1. (2.87)

The Lax-Friedrich scheme for radial coordinates is derived from equation (2.60) by

using centered differences for every space derivative and by averaging every Um
j by

its neighboring points, i.e.

Um+1
j − 1

2
(Um

j+1 + Um
j−1)

∆t
= − 1

rm
j

rm
j+1U

m
j+1 − rm

j−1U
m
j−1

2∆r
+ Um

j . (2.88)

This can be rearranged to give

Um+1
j = (

1

2
− µ

2

rm
j+1

rm
j

)Um
j+1 + (

1

2
+

µ

2

rm
j−1

rm
j

)Um
j−1 + ∆tUm

j . (2.89)

The Lax-Wendroff scheme is again based on substituting for the time derivatives

in the Taylor series expansion. We have

Ut = −1

r

∂

∂r
(rU) + U, (2.90)

Utt = −1

r

∂

∂r
(rUt) + Ut =

=
1

r

∂2

∂r2
(rU)− 2

1

r

∂

∂r
(rU) + U. (2.91)

Substituting these into the Taylor series expansion, neglecting higher order terms,

replacing the space derivatives by centered differences and rearranging gives the Lax-

Wendroff scheme

Um+1
j = (1 + ∆t− µ2 +

(∆t)2

2
)Um

j

+(−∆t
µ

2
− µ

2
+

µ2

2
)
rm
j+1

rm
j

Um
j+1

+(∆t
µ

2
+

µ

2
+

µ2

2
)
rm
j−1

rm
j

Um
j−1.

Figures 2.9(a)-2.11(b) show comparisons of the numerical and analytical solutions of

both the Initial Condition Model and the Boundary Flux Model in radial polar coor-

dinates. As in the cartesian case, the Lax-Wendroff scheme gives the best numerical

approximation to the analytical solution of the hyphal length density.
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Figure 2.9: Comparison of Upwind scheme to analytical solution at three different
points in time. δ = 4, J = 300, ∆t

∆r
= 0.8, dt=0.0027.

2.6 Conclusions

In this chapter, we provide analytical and numerical solutions for a fungal growth

model. The model of Edelstein (1982) was our starting point and we showed how to

apply it to the case of arbuscular mycorrhizal fungi by means of defining a flux of tips

at the boundary. This should mimic the fact that arbuscular mycorrhizal fungi are

attached to the root surface that acts as a continuous source of new tips. We provided

the numerical schemes in anticipation of the fact that comparison with experimental
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Figure 2.10: Comparison of Lax Wendroff scheme to analytical solution at three
different points in time. δ = 4, J = 300, ∆t

∆r
= 0.8, dt=0.0027.

data may necessitate a more complicated model. From the numerical schemes tested,

we prefer the Lax-Wendroff scheme to the Upwind and the Lax-Friedrich scheme,

because its accuracy is highest.
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Figure 2.11: Comparison of Lax Friedrich scheme to analytical solution at three
different points in time. δ = 4, J = 300, ∆t

∆r
= 0.8, dt=0.0027.
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Chapter 3

Testing the fungal growth model
against experimental data

In this chapter, we test the modelling approach developed in chapter 2 against ex-

perimental data. We hope that by adjusting the input parameters, we will be able to

reproduce the measurements with the model. If successful, we can confidently use this

fungal growth model to create the sink term for solute uptake by a fungal mycelium in

the single root model (chapter 5). We will take our starting guesses for the input pa-

rameters from literature. If necessary, we will adapt the model by altering some of the

model assumptions. The data which we use for comparison are from Jakobsen et al.

(1992). The experiment is described in section 1.1.1. Hyphal length densities of three

arbuscular-mycorrhizal fungi associated with clover (Trifolium subterraneum L.) are

measured at different times and distances from a cylindrical root compartment in an

initially fungus free soil. It is therefore appropriate to use radial polar coordinates,

and an initial value of zero for both hyphal length and tip density. We are going to

solve the Boundary Flux Model described by equations (2.1)-(2.2) and (2.6)-(2.8) in

radial polar coordinates. If we take that the measurements of hyphal length density

inside the root compartment represent the value at the interface between root and

fungal compartment, we have to make our first adjustment to the model in terms of

a time dependent boundary condition, nv = k(t). The model equations are

∂ρ

∂t
= vn− µρ, t ≥ 0, r0 ≤ r ≤ ∞, (3.1)

∂n

∂t
= −1

r

∂(vrn)

∂r
+ bn, t ≥ 0, r0 ≤ r ≤ ∞, (3.2)
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where we now write µ instead of d for the death rate, so as not to confuse the product

µt with the differential operator dt later. The initial and boundary conditions are

ρ(r, 0) = 0, r0 ≤ r ≤ ∞, (3.3)

n(r, 0) = 0, r0 ≤ r ≤ ∞, (3.4)

n(r0, t) = f(t), t > 0. (3.5)

To determine the time dependent boundary condition, we consider that arbuscular

mycorrhizal fungi are attached to the plant root cells via so-called “entry points”.

Because there is only a certain number of cells, it would make sense to assume that

the hyphal length density at the root surface can increase with time until it reaches

a maximum value. We propose the following equation for the hyphal length density

at the boundary r = r0,

dρ

dt
= a(1− ρ

ρmax

), (3.6)

with initial condition ρ(r0, 0) = ρ0,b, where ρmax is the maximum hyphal length

density, ρ0,b is the initial hyphal length density at the boundary and a is a rate

constant. The hyphal length density at the boundary is thus

ρ(r0, t) = ρmax + e−
a

ρmax
(ρ0,b−ρmax). (3.7)

Equation (3.7) was fitted to the boundary data values using the Matlab function

lsqcurvefit. Results for the three fungal species are shown in figure 3.1 and table

3.1. Equation (3.7) could be fitted to the data for the fungal species Glomus

Table 3.1: Fitting results for the non-linear equation (3.7).

ρmax (mcm−3) ρ0 (mcm−3) a (m cm−3d−1) RMSE
S. calospora 24.16 8.57 21.63 13.37
Glomus sp. 6.85 2.48 0.32 1.10× 10−6

A. laevis 2200.23 2.04 0.22 0.19

sp. and A. laevis with a root mean squared error (RMSE) of 1.10 × 10−6 and 0.32,

respectively. However, the fitted curve for S.calospora shows a steep increase of hyphal

length density near t = 0. From a biological perspective it is not very likely that the

maximum value of hyphal length density is reached so soon. More data points could

have forced the curve to be less steep. However, in absence of additional data, we
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Figure 3.1: Resulting curves when fitting equation (3.7) to the boundary data.

will use a more conservative approach and assume a linear increase of hyphal length

density with time for this fungal species. For completeness, we fit equation

ρ(r0, t) = at + ρ0,b, (3.8)

to the data for all three fungal species. The results are shown in Figure 3.2 and table

3.2. From a biological perspective, it makes more sense to use the more conservative

linear equation for the fungal species S. calospora. The non-linear equation gives the

best fit for Glomus sp. Both the linear and non-linear boundary condition can be

fitted to A. laevis. We now have time dependent functions for the hyphal length

Table 3.2: Fitting results for the linear equation (3.8)

ρ0 (mcm−3) a (mcm−3d−1) RMSE
S. calospora 11.34 0.30 71.63
Glomus sp. 2.71 0.09 0.51
A. laevis 2.04 0.21 0.19

density at the root surface, however, we need to supply the model with a boundary

condition for the hyphal tip density. Therefore, we use the model equations to infer

the tip density at the boundary when the hyphal length density at the boundary is

given by either equation (3.7) or (3.8). Integrating the equation for the hyphal length

density, equation (3.1), at r = r0, we get that

ρ(r0, t) = ve−µt

∫ t

0

n(ξ)eµξdξ. (3.9)
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Figure 3.2: Resulting curves when fitting equation (3.8) to the boundary data.

Setting this equal to the nonlinear equation (3.7), we infer n(r0, t) to be

n(r0, t) =
µρmax

v
+

ρ0,b − ρmax

v
(µ− a

ρmax

)e−
a

ρmax
t. (3.10)

Likewise, in the case of the linear equation (3.8), we infer n(r0, t) to be

n(r0, t) =
a

v
(1 + µt) +

µρ0,b

v
. (3.11)

Values of the parameters ρmax, a and ρ0,b are obtained for each specific fungus by

fitting the respective equation for ρ to the boundary data. In the following section,

we present analytical solutions for the hyphal length density for both the nonlinear

and linear boundary condition.

3.1 Analytical solutions

We non-dimensionalised the model using the same scales for time, length and hyphal

length density as in section 2.3 and [n] = max(n(r0, t)) for the tip density. Using

the method of characteristics as described in chapter 2, we solved for n and then

solved the linear first order ordinary differential equation for ρ. Below, we present

the dimensional solutions for ρ, since this is the variable which we can compare to
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experimental data. For the nonlinear boundary condition, it is

ρ(r, t) =
1

µ

r0

r
e

b
v
(r−r0) ×

×





ρmaxµ
(
1− e

µ
v
(r−r0−tv)

)
+

+(ρ0,b − ρmax)
(
µ− a

ρmax

)
ρmaxb

ρmaxb−a
e

a
ρmaxv

(r−r0)×
×

(
e−

a
ρmax

t − e(µ
v
− a

ρmaxv
)(r−r0)−µt

)
, r0 ≤ r ≤ tv + r0,

0, tv + r0 < r < ∞,

(3.12)

and for the linear boundary condition, it is

ρ(r, t) =
1

µ

r0

r
e

b
v
(r−r0) ×

×





aµ
v

(tv − r + r0 − v
µ
) + ρ0,bµ + a+

+ρ0,b µ e
µ
v
(r−r0−tv), r0 ≤ r ≤ tv + r0,

0, tv + r0 < r < ∞.

(3.13)

To check the validity of these analytical solutions, we compared them to the

numerical solution calculated with the Lax-Wendroff scheme developed in chapter 2,

using several combinations of parameter values. One example is shown in figure 3.3.

Analytical and numerical solutions for both nonlinear and linear boundary conditions

agree well.

3.2 Parameterisation

In this section, we try to find values for the parameters v, b and µ such that the results

of equation (3.13) or (3.12) fit to the data of Jakobsen et al. (1992). Our initial guess

for v comes from the article of Jakobsen et al. (1992) itself, where they measured

the spread of each fungal species with time. The mean value was 0.08 cmd−1 for S.

calospora, 0.07 cmd−1 for Glomus sp. and 0.31 cmd−1 for A. laevis. Our initial guess

for the death rate µ is motivated by Staddon et al. (2003) who reported that a hypha

lives approximately six days. Branching is often measured in number of branches per

unit length of hyphae (Giovanetti et al. 2001), but we did not find any values for the

branching rate. Therefore, we used an arbitrary value as initial guess.

Consider first the fungal species S. calospora. Equations (3.12) and (3.13) were

plotted against the data and the parameter values varied until a good fit was obtained
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Figure 3.3: Comparison of analytical solution for ρ for nonlinear (left graph, equation
(3.12)) and linear (right graph, equation (3.13)) boundary condition with numerical solution.
Model parameters: µ = 0.2 d−1, b = 0.5 d−1, v = 0.25 d−1, ρmax = 15mcm−3, ρ0 =
2m cm−3, a = 100mcm−3d−1, final time: 4 d, numerical parameters: J=300, mu=0.8,
dt=0.005.

(see figure 3.4). As expected, simulated values overestimated measured ones, at early

times in particular, when the nonlinear boundary condition was applied. This corre-

sponds to our previous assumption that the fast increase of boundary tip density is

biologically not meaningful. However, when the solution based on the linear bound-

ary condition was used, we found good agreement between simulated and measured

values. The parameter values that produced the best fit are given in figure 3.4. Note

that the fitted value for v is approximately three times larger than the value given by

Jakobsen et al. (1992).

For both other fungal species, Glomus sp. and A. laevis, the difference in results

when using the non-linear or linear boundary condition is negligible. Therefore, we

proceed using only the solution based on the nonlinear boundary condition, equa-

tion (3.12) when testing the model against the data for these fungal species. We

applied equation (3.12) to both species and found that we could not fit it to either

of them. Figure 3.5 shows the best result that could be obtained for Glomus sp. We

observe that the solution underestimates the data at early times (7 and 14 days) and

overestimates it at large times (47 days).

We anticipate that other mechanisms are important for the growth of these two

fungi and test the effect of two new mechanisms: non-linear branching and anastomo-

sis. Consider first the effect of non-linear branching. From a biological point of view,
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Figure 3.4: Plot of equations (3.12) and (3.13), comparison to data for S. calospora. So-
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Figure 3.5: Plot of equation (3.12), comparison to data for Glomus sp.

it seems reasonable that there might be a maximal tip density at which no further

branching occurs. Therefore, we extend the linear model equation for the tip density,
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equation (3.2), by assuming that the branching ceases at a maximal tip density nmax.

We propose the following equation for the hyphal tip density,

∂n

∂t
= −1

r

∂(vrn)

∂r
+ bn

(
1− n

nmax

)
, t ≥ 0, r0 ≤ r ≤ ∞. (3.14)

This equation together with initial condition (3.4) and boundary condition (3.10)

was solved numerically using the Lax-Wendroff scheme described in chapter 2. The

numerical solution for ρ was computed using an explicit Euler scheme. Figure 3.6

shows in general the effect of varying the parameter nmax. If nmax is large, the result

is close to the linear branching model. The smaller it gets, the more the hyphal

length density is decreased at larger times because the production of new tips and

hence hyphae is suppressed. Figure 3.7 shows that the nonlinear branching model
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Figure 3.6: Model including non-linear branching, effect of varying nmax. Numerical pa-
rameters: J = 300,mu = 0.8, dt = 0.01.

fits to the data of Glomus sp. much better than the linear branching model. In the

first few days of the experiment, it still slightly underestimates measured values. In

particular, the data point after 7 d at a distance of 1 cm is not reached. However,

because the tip density at this point is much larger than any of the other values, we

think that this data point may be an experimental outlier. The non-linear branching

model could not be fitted to the data for the fungal species A. leavis (results not

shown). From figure 1.1, it appears that the hyphal length density of A. leavis at
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Figure 3.7: Comparison of numerical solution of nonlinear branching model to data for
Glomus sp. Numerical parameters: J=300, mu=0.8, dt=0.01

28 d shows a small local maximum at a distance of 7 cm. Such a behavior is captured

by the model when anastomosis is taken into account (figure 3.8). Anastomosis is a

biological mechanism where hyphae and tips can fuse together and thus reduce the

number of tips. The equation for n becomes

∂n

∂t
= −1

r

∂(vrn)

∂r
+ bn− a2nρ, t ≥ 0, r0 ≤ r ≤ ∞. (3.15)

where a2 is the anastomosis rate. This equation is now coupled with equation (3.1)

for ρ. They were solved numerically together with initial conditions (3.3) and (3.4)

and boundary condition (3.10). As before, n was approximated by the Lax-Wendroff

scheme and ρ by an explicit Euler scheme. However, the model including anastomosis

could not be fitted to the data for A. leavis. The agreement is better than with

the linear model, but in particular after 47 d, the model underestimates the hyphal

length density at positions near the root surface. Therefore, we cannot conclude that

anastomosis alone can explain the behavior of the data. There may be other processes

that are important, such as a varying value of v or sporation.
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Figure 3.8: Model including anastomosis, effect of varying a2. Numerical parameters:
J = 300,mu = 0.8, dt = 0.01.
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Figure 3.9: Simulated hyphal length density of A. laevis including and not including
anastomosis and comparison to measured data. Numerical parameters: J = 300,mu =
0.8, dt = 0.01.

3.3 Conclusions

In this chapter we have extended the modelling approach of chapter 2 by using time

dependent boundary conditions to make it applicable to the specific fungi considered
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by Jakobsen et al. (1992). We found good agreement between the linear model and

the data for S. calospora. We also found that it was necessary to adapt the original

model equations for the two other fungal species considered. The non-linear branching

model could be fitted to the data for Glomus sp. but not to A. laevis. None of the

models performed particularly well for A. laevis ; the model which performed best was

the one including anastomosis.

Reasons for deviations between model simulation and data could be that other

mechanisms need to be included in the model. Sporation may be important under

some circumstances, or there might be a strongly varying elongation rate. The dif-

ferences could also be due to an error in the boundary condition. When we did the

data conversion from mass to volume basis, we used the bulk density of the soil in the

hyphal compartment. This value might not be valid for the root compartment, we

used it in absence of other information. Lastly, there is the possibility of experimental

outliers. In particular, we consider the data point for Glomus sp. at 1 cm after 14 d.

The value for the hyphal length density of almost 15 mcm−3 seems very large and is

never found again at later times. Therefore, we think that this could be an artefact.

In summary, we have shown that a modelling approach originally developed for

mycelial fungi is applicable to arbuscular mycorrhizal fungi, depending on the spe-

cific species. The new important feature is the boundary condition that provides

a flux of hyphal tips which stands for the effect of the root on fungal growth. We

have developed a library of solutions that could be useful for biologists. Additional

information that would improve the model includes more and accurate data for the

boundary condition, as well as quantitative experimental evidence about additional

biological mechanisms that could possibly be incorporated into the model. Results

of this chapter give us confidence to use the fungal growth models presented here for

the derivation of the sink term for mycorrhizal solute uptake in chapter 5.
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Chapter 4

Solute uptake on the single hyphal
scale

4.1 Introduction

The contribution of mycorrhizal fungi to plant phosphate uptake can be considerable

(Smith et al. 2003), yet no spatially explicit plant nutrient uptake model takes this

into account. In addition to the direct uptake of phosphate by the root, there is

an additional pathway where it is taken up by the external hyphae, translocated

within the mycelium and then transferred into the root. In this chapter, we develop

expressions for hyphal solute uptake on the scale of a single hypha. Our final aim is

to use these expressions to create a source term for fungal colony uptake in a root

uptake model.

Most root uptake models use a continuum description of the soil, where it is

assumed that all three soil phases are present and continuous at each point. We

present an expression for solute influx into hyphae based on this assumption in section

4.2. In most soils, the diameter of a hypha is smaller than the soil pore diameter.

Because of this, we relax the assumption that the soil can be described as a continuum

and consider hyphae growing in the pore space between the soil particles. We present

two expressions for solute influx into hyphae based on this assumption in section 4.3.

A comparison of the resulting influxes in presented in section 4.4.

4.2 Solute uptake by a single hypha from a

continuum soil

In this section we follow the assumption that the soil can be described as a continuum.

We develop a model for radial flow of solutes towards the surface of a single cylindrical
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hypha and uptake of solute at that surface.

4.2.1 Model formulation

We assume that the soil consists of a solid phase, a liquid phase and a gas phase, and

that the volume fraction of each phase stays constant, so that we have

θs + θl + θa = 1, (4.1)

where θs is the volume fraction of the soil solid phase, θl is the volumetric water

content and θa is the volume fraction of the air phase. The sum of θl and θa is the

soil porosity Φ. Typical values of Φ are 0.3− 0.6 and typical values for θl in soils at

field capacity are 0.15 − 0.4 (Scheffer et al. 2002). We assume that solute is present

in the solid (Cs) and liquid (Cl) phase. As is conventional, Cs is expressed in moles

per unit total soil volume whereas Cl is expressed in moles per unit volume of liquid

phase. We consider the sum of the concentrations in solution and adsorbed onto the

solid phase as the total concentration of solute present in soil (CT,soil). It is given by

CT,soil = Cs + θlCl. (4.2)

In the following paragraphs, we develop equations for the rate of change of concen-

tration in each soil phase. We assume that soil air phase is not taking part in any

transport or reaction mechanisms. Assuming equilibrium sorption according to a lin-

ear Freundlich isotherm, and neglecting intra-particle diffusion, the rate of change of

Cs with respect to t is given by (Atkins 1998; Barber 1995; Tinker & Nye 2000)

∂Cs

∂t
= bp

∂Cl

∂t
, (4.3)

where bp is the buffer power of the soil. The rate of change of Cl with respect to t

is dependent on diffusive and convective transport in the soil solution. Consider an

arbitrary volume of soil V with concentration θCl. The rate of change of θCl in V

must be equal to the flux of solutes, q, across its boundary ∂V plus the contribution

from any internal sources or sinks. Let us assume that there are no internal sources

or sinks. Then, applying the conservation law stated in equation (2.1), we get

θ
∂Cl

dt
+∇ · q = 0,

where the dependent variable is now the solution concentration Cl instead of the

hyphal tip density n. The flux q is derived by assuming diffusive and convective

41



transport. Diffusion is given by Fick’s law that describes the movement of solutes in

the direction of decreasing concentration gradient:

qdiff = −Dlθlfl(θl)∇Cl,

where Dl is the diffusion coefficient of the solute in free water, and fl(θl) is the

impedance factor of solute in the liquid phase. It can be described by the empirical

relation fl = 1.6 θl − 0.172 for most agricultural soils (Barber 1995). The convective

movement of solutes is given by

qcon = vCl,

where v is the Darcy flux of water. With q = qdiff + qcon, we can write our model for

radial flow of solutes towards the hypha as

∂(θlCl)

∂t
= ∇ · (θlDlfl∇Cl)−∇ · (vCl), (4.4)

The rate of change of CT,soil with time is given by the sum of equations (4.3) and

(4.4),

∂ ((bp + θl)Cl)

∂t
= ∇ · (θlDlfl∇Cl)−∇ · (vCl). (4.5)

Let us assume that the concentration in soil solution is initially constant, so that the

initial condition is given by

Cl = Cl,0, t = 0, (4.6)

where Cl,0 (µmol cm−3) is the initial concentration of solute in soil solution. Let

us assume that the uptake of solute at the hyphal surface follows Michaelis-Menten

kinetics (Barber 1995), so that the boundary condition at the hyphal surface is given

by

θlDlfl
∂Cl

∂n
− vnCl =

FmCl

Km + Cl

, (4.7)

where ∂
∂n

is the operator for the outward normal derivative, vn is the Darcy flux of

water normal to the hyphal surface, Fm (µmol cm−2 s−1) is the maximal hyphal uptake

rate and Km (µmol cm−3) is the Michaelis Menten constant. Following an equation

given by Reginato et al. (2000) for roots, we calculate the half distance between two

hyphae, r1, as

r1 =
1√
πρ

, (4.8)
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where ρ is the hyphal length density. With this equation, we assume that the hyphae

are evenly distributed in soil. In chapter 3, the highest hyphal length density was

in the order of 1000 cm cm−3, hence r1 is in the order of 0.01 cm or or more. The

diameter of one hypha is in the order of 10−4 cm (Ezawa et al. 2002). Thus, since

the distance between two hyphae is much larger than the hyphal diameter, we will

assume there is no competition between hyphae and thus the concentration far away

from the hyphal surface stays constant. So, the boundary condition far away from

the hyphal surface is

Cl = Cl,0, |x| → ∞. (4.9)

We are interested in simulating radial flow into a cylindrical hypha. In radial polar

coordinates, the model is

(b + θl)
∂(θlCl)

∂t
= θlDlfl

1

r

∂

∂r

(
r
∂Cl

∂r

)
+

v0

r

∂Cl

∂r
, (4.10)

θlDlfl
∂Cl

∂r
+ q0Cl =

FmCl

Km + Cl

, r = r0, (4.11)

Cl = Cl,0, r = r1, (4.12)

where r0 is the radius of the hypha and v0 is the Darcy flux of water into the hyphal

surface. The convection term is due to conservation of water. We need 2rπv(r)

constant, and hence 2rπv(r) = 2r0πv0. Note that the change of sign is due to the

fact that v0 represents the flux of water into the hypha.

4.2.2 Non-dimensionalisation and parameter estimation

Let r = r0r
∗, t =

r2
0(bp+θl)

θlDlfl
t∗ and Cl = KmC∗

l . Then the non-dimensional model is

(dropping asterisks)

∂Cl

∂t
=

1

r

∂

∂r

(
r
∂Cl

∂r

)
+ Pe

1

r

∂Cl

∂r
, (4.13)

∂Cl

∂r
+ PeCl = λ

Cl

1 + Cl

, r = r0, (4.14)

Cl → c∞, r →∞. (4.15)

The dimensionless parameters are Pe = r0 v0

Dlθlfl
, λ = Fmr0

KmDlθlfl
and c∞ =

Cl,0

Km
, where

Pe is the Péclet number, λ is the dimensionless uptake parameter and c∞ is the

dimensionless concentration in the bulk soil solution.

Typical values for the dimensional parameters are given in table 4.1. Based on

these values, the dimensionless parameters are Pe = 5.43 × 10−5, λ = 0.3 and c∞ =

0.1− 1.
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Table 4.1: Typical values of the dimensional parameters for the continuum scale
model.

Parameter Units Value for P Reference
Dl cm2 s−1 10−5 Lide (2000)
θ cm3 cm−3 0.3 Barber (1995)
v cm2 s−1 10−7 Barber (1995)
fl cm2 s−1 0.308 Barber (1995)
r0 cm 5× 10−4 Ezawa et al. (2002)
Fm µmol cm−2 s−1 3.26× 10−6 Tinker & Nye (2000)
Km µmol cm−3 5.8× 10−3 Tinker & Nye (2000)
bp cm3 cm−3 239 Barber (1995)
Cl0 µmol cm−3 10−4 − 10−3 low to medium concentration (Barber 1995)

Because Pe << 1, we can, at the leading order, neglect convective transport and

the model becomes

∂Cl

∂t
=

1

r

∂

∂r

(
r
∂Cl

∂r

)
, (4.16)

∂Cl

∂r
= λ

Cl

1 + Cl

, r = r0, (4.17)

Cl → c∞, r →∞. (4.18)

4.2.3 Approximate analytical solution by Roose et al. (2001)

Using asymptotic expansions, Roose et al. (2001) provide an approximate analytical

solution to the model described by equations (4.16)-(4.18). It is in fact their solution

for nutrient uptake by a single cylindrical root from soil. With the previous sections we

have arrived at the conclusion that we can use their solution for calculating influx into

a single cylindrical hypha, as long as our assumption, that the soil can be described

as a continuum, is valid. The expression for the influx into hypha is (Roose et al.

2001)

F (t) =
2λc∞

1 + c∞ + λ
2
ln(4e−γt + 1) +

√
4c∞ + [1− c∞ + λ

2
ln(4e−γt + 1)]2

, (4.19)

where γ ≈ 0.57722 is Euler’s constant. We obtain the dimensional influx by multi-

plying equation (4.19) with the scale for the flux, KmDlθlfl

r0
= Fm

λ
.

If λ << 1, we may neglect the change of solute concentration in the liquid phase

at the hyphal surface. In that case, the influx into hyphae is determined only by the

bulk soil solution concentration and simply given by

F = λ
c∞

1 + c∞
, (4.20)
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or in dimensional form,

FD =
FmCl,0

Km + Cl,0

. (4.21)

4.3 Solute uptake by a single hypha from a soil

pore

Figure 4.1: Sketch of fungal hypha in soil. The diameter of a mycorrhizal hypha is
smaller than the soil pore diameter.

Hyphal diameter are in the order of micrometers whereas the diameter of soil pores

can be up to the order of millimeters (Ezawa et al. 2002; Scheffer et al. 2002). If the

soil pore diameter is much larger than the diameter of a single hypha, the assumption

that the soil can be described as a continuum is no longer valid. Consider a single

hypha growing within a soil pore (Figure 4.1). The space between the hypha and the

solid particle surface is filled with either soil solution or air. Solute uptake only occurs

from soil solution. We consider radial diffusion through the soil solution towards the

hyphal surface where solutes are taken up according to Michaelis-Menten kinetics.

Because of their thin radius, we expect the water uptake rate of hyphae to be less

than the rate for roots. Hence, we can expect the Péclet number to be even smaller

than the one derived in section 4.2.2 and we can neglect convective solute transport.

At the interface between liquid phase and soil pore wall, we need to account for ad-

and desorption reactions. A simple approach to describe chemical non-equilibrium is
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Figure 4.2: Model domain on the single hyphal scale. A cylindrical hypha is sur-
rounded by the solution within a soil pore.

a linear first order kinetic reaction

dCS

dt
=

kaθ

ρb

Cl − kdCS (4.22)

dCl

dt
=

kdρb

θ
CS − kaCl (4.23)

where CS (mol g−1) is the concentration adsorbed onto the soil solid phase, Cl (mol

cm−3) is the soil solution concentration, ka (s−1) is the adsorption rate constant,

kd (s−1) is the desorption rate constant, ρb (g cm−3) is the soil bulk density and θ

(cm3cm−3) is the volumetric water content. At equilibrium, this turns into the linear

Freundlich isotherm

CS = KdCl (4.24)

where Kd = kaθ
kdρb

(cm3 g−1) is the distribution coefficient. Kd is related to the buffer

power bp of equation (4.3) by bp = ρbKd.

4.3.1 Model formulation

Consider a cylindrical hypha surrounded by a hollow cylinder filled with soil solution

which is bounded by the pore wall (Figure 4.2). To model the movement of solutes

in the soil solution, consider an arbitrary volume of solution V with concentration

Cl. The rate of change of Cl in V must be equal to the flux of solutes, q, across its

boundary ∂V plus the contribution from any internal sources or sinks. Let us assume

that there are no internal sources or sinks. Then, again applying the conservation

law stated in equation (2.1), we get

∂Cl

dt
+∇ · q = 0,
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Neglecting convective solute transport as stated before, the flux q is given by Fick’s

law,

q = −Dl∇Cl,

where Dl is the diffusion coefficient (cm2 s−1) in free water. Hence we can write the

model for radial diffusion of solutes towards the hypha as

∂Cl

dt
= Dl

1

r

∂

∂r
(r

∂Cl

∂r
). (4.25)

For the initial condition, we assume that there is a uniform concentration Cl0.

We further assume that the hyphae take up solutes according to Michaelis-Menten

kinetics, so that the boundary condition at the hyphal surface is

D
∂Cl

dr
=

FmCl

Km + Cl

, r = r0, (4.26)

where r0 is the hyphal radius, Fm (mol cm−2 s−1) is the maximal hyphal uptake rate

and Km (mol cm−3) is the Michaelis-Menten constant. At the solution-solid interface

(r = r1, r1 > r0), we assume that the flux of solute is equal to the rate of change in

the density of solute bound to the solid surface. Here, we make the assumption that

the surface of a pore can be regarded as homogeneous and we express the adsorbed

concentration per unit area of pore wall, Ca (mol cm−2). We derive the boundary

condition using conservation of mass. Consider the surface area A of the cylinder with

radius r = r1 and length h. In absence of any source or sink terms, and assuming

that we can neglect intra-particle diffusion or surface diffusion, the rate of change of

adsorbed concentration must be equal to the flux across the solid-solution interface.

Therefore,

d

dt

∫

A

CadA = −
∫

A

q · undS.

Since Ca is homogeneous on the surface,
∫

A
CadA = 2r1πhCa. Also, we have q =

−D ∂Cl

∂r
, un = −1 and A = 2r1πh at r = r1, so that − ∫

A
q · undS = −2r1πhD ∂Cl

∂r
.

Hence, the boundary condition at r = r1 is

∂Ca

∂t
= −D

∂Cl

∂r
. (4.27)

The rate of change of Ca is given by the kinetic reaction stated in equation (4.22),

but with the adsorbed concentration expressed per unit surface area:

dCa

dt
=

kaθ

ρbAs

Cl − kdCa. (4.28)
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where As (cm2 g−1) is the specific surface area. Equation (4.28) has the additional

parameter As as compared to equation (4.22), because the adsorbed concentration is

now expressed per unit particle surface area and not per unit mass of soil. We now

have two equations for the boundary condition at r = r1,

D
∂Cl

∂r
= −(

kaθ

ρbAs

Cl + kdCa), (4.29)

dCa

dt
=

kaθ

ρbAs

Cl − kdCa. (4.30)

According to these equations, it is possible that the fungus depletes a pore completely.

In principal we could add processes that resupply Cl to the pore, such as intra-particle

diffusion. However, the diffusion coefficient of phosphate in water is in the order

of 10−5 cm s−1 (Lide 2000) and intra-particle diffusion coefficients are the order of

10−11 cm s−1. Therefore, as a first approximation, we neglect resupply of Cl to the

pore. Let us assume that the initial condition for Cl is Cl = Cl,0 and that, initially,

Ca0 is in equilibrium with Cl0, so that Ca0 = kaθ
kdρbAs

Cl0.

In summary, we developed the following model in radial polar coordinates:

∂Cl

∂t
= Dl

1

r

∂

∂r
(r

∂Cl

∂r
), r0 < r < r1, t > 0, (4.31)

Dl
∂Cl

∂r
=

FmCl

Km + Cl

, r = r0, (4.32)

{
Dl

∂Cl

∂r
= −

(
kaθ

ρbAs
Cl − kdCa

)
,

dCa

dt
= kaθ

ρbAs
Cl − kdCa,

r = r1, (4.33)

Cl = Cl0, Ca =
kaθ

kdρbAs

Cl0, t = 0, (4.34)

where Cl (mol cm−3) is the concentration of solute in soil solution, Ca (mol cm−2) is

the adsorbed concentration of solute per unit surface area of soil solid particles, Dl

(cm2 s−1) is the diffusion coefficient of the solute in free water, Fm (mol cm−2 s−1) is

the maximum hyphal uptake rate, Km (mol cm−3) is the Michaelis-Menten constant

for hyphal uptake, r0 (cm) is the hyphal radius, r1 (cm) is the distance to the pore

wall.

4.3.2 Non-dimensionalisation

Let t = [t]t∗, r = [r]r∗, Cl = [Cl]C
∗
l and Ca = [Ca]C

∗
a . An intrinsic length scale of this

system is the hyphal radius, therefore we choose [r] = r0. In addition, let us scale

the solution concentration with the Michaelis Menten constant, [Cl] = Km and the
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adsorbed concentration with the adsorbed concentration which is in equilibrium with

Cl = Km, [Ca] = kaθ
kdρbAs

Km. Time scales of interest are the time scale of the life of a

hypha, which is in the order of several days, the reaction time scale that determines

how fast the adsorbed solute is available for the fungus, and the diffusion time scale.

On the diffusion time scale, [t] =
r2
0

D
, and the non-dimensional model in radial polar

coordinates is (dropping asterisks)

∂Cl

∂t
=

1

r

∂

∂r
(r

∂Cl

∂r
), (4.35)

∂Cl

∂r
= λ

Cl

1 + Cl

at , r = 1, (4.36)




∂Cl

∂r
= −δ1(Cl − Ca),

δ2
dCa

dt
= Cl − Ca, at r = rend, (4.37)

Cl = Ca = c∞, at t = 0. (4.38)

The dimensionless parameters are λ = Fmr0

DKm
, δ1 = kaθr0

ρbAsD
, c∞ = Cl0

Km
, rend = r1

r0
and

δ2 = D
kdr2

0
, where λ is the dimensionless uptake parameter, c∞ is the dimensionless

solute concentration in the bulk solution, rend is the dimensionless distance to the

pore wall, and δ1 and δ2 are the dimensionless ad- and desorption parameters.

4.3.3 Parameter estimation

Approximate values for the dimensional parameters in the model are given in table 4.2.

Mycorrhiza experiments are often performed using a substrate of sandy soil, which has

a small specific surface area. It is therefore reasonable to assume a specific surface area

of 200 cm2g−1. Not many values for the uptake parameters Fm and Km are available.

It is often assumed that they are the same as the values for roots. Schweiger &

Jakobsen (1999) estimated uptake parameters that are an order of magnitude larger

than root values. If we assume that the desorption of phosphate is fast, so that

kd = 10−2 s−1, the dimensionless parameters λ, δ1 and δ2 are λ = 0.03 − 0.75,

δ1 = 5.86× 10−1 and δ2 = 4000. The values of r0 and r1 in table 4.2 suggest that rend

can be either rend = O(1) or rend >> 1. In the second case, we can treat the domain

as semi-infinite, so that the outer boundary has no influence on the flux at the hyphal
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Table 4.2: Typical values of the dimensional parameters for the pore scale model.

Parameter Units Value for P Reference
Dl cm2 s−1 10−5 Lide (2000)
r0 cm 5× 10−4 Ezawa et al. (2002)
r1 cm 1.2× 10−1-3.5× 10−3 r1 = dp/2 = dw

2
3

n
1−n , dw = 6(1−n)

Asρb

∗

Fm µmol cm−2 s−1 3.26× 10−6 − 2.55× 10−5 Tinker & Nye (2000); Schweiger & Jakobsen (1999)

Km µmol cm−3 5.8× 10−3 − 1.7× 10−3 Tinker & Nye (2000); Schweiger & Jakobsen (1999)

b cm3cm−3 239 Barber (1995)
kd s−1 5.94× 10−5 − 2.72× 10−2 Chen et al. (1996)
ka s−1 4.73× 10−2 − 1.95 ka = kd

b
θ

θ cm3cm−3 1 assumption on the single hyphal scale
As cm2 g−1 < 1000 for sands (Kammerer & Loiskandl 2003)
ρb g cm−3 1.02 calculated from Jakobsen et al. (1992)
Cl0 µmol cm−3 6× 10−4 -3× 10−3 low to medium concentration (Barber 1995)

∗where dp is the effective pore diameter and dw is the effective particle diameter (Kammerer &
Loiskandl 2003).

surface. Rescaling the concentration Cl = c∞c and Ca = c∞ca, the model becomes

∂c

∂t
=

1

r

∂

∂r
(r

∂c

∂r
), (4.39)

∂c

∂r
= λ

c

1 + c∞c
, r = 1, (4.40)





∂c
∂r

= −δ1(c− ca),

δ2
dca

dt
= c− ca, r = rend, (4.41)

c = ca = 1, t = 0. (4.42)

Mycorrhizas are said to increase plant phosphate nutrition in particular when the soil

concentration is low. The values for Cl0 in table 4.2 suggest that in this case we have

c∞ << 1. We will assume that this is the case in all subsequent calculations. When

c∞ << 1, the boundary condition at r = 1 can be approximated at leading order by

the linear equation

∂c

∂r
= λc, r = 1. (4.43)
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In summary, the model which we wish to solve is

∂c

∂t
=

1

r

∂

∂r
(r

∂c

∂r
), (4.44)

∂c

∂r
= λc, r = 1, (4.45)





∂c
∂r

= −δ1(c− ca),

δ2
dca

dt
= c− ca, at r = rend, (4.46)

c = ca = 1, t = 0. (4.47)

4.3.4 Approximate analytical solution for bounded domain

When the domain is bounded, i.e., rend = O(1), the effect of desorption of solute

from the pore wall is included into the model in the form of the boundary condition

(4.46). In this section, we develop an approximate analytical solution for this model.

We seek an approximate solution to the model described by (4.44)-(4.47). Because

δ2 >> 1, we use an asymptotic expansion in 1
δ2

<< 1. This solution is valid for all

t << δ2. We call this the inner solution. We seek solutions of the form

c ≈ c0 +
1

δ2

c1 + ... (4.48)

ca ≈ ca,0 +
1

δ2

ca,1 + ... (4.49)

Substituting equations (4.48) and (4.49) into equations (4.44)-(4.47) and collecting

the terms of O( 1
δ2

0
), we get

∂c0

∂t
=

1

r

∂

∂r
(r

∂c0

∂r
), (4.50)

∂c0

∂r
= λc0, r = 1, (4.51)





∂c0
∂r

= −δ1(c0 − ca0),
dca,0

dt
= 0, r = rend, (4.52)

c0 = ca,0 = 1, t = 0. (4.53)
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Because dca

dt
= 0 it follows from the initial condition that ca(t) = 1. Therefore we are

left with a model in c0 only:

∂c0

∂t
=

1

r

∂

∂r
(r

∂c0

∂r
), (4.54)

∂c0

∂r
= λc0, r = 1, (4.55)

∂c0
∂r

= −δ1(c0 − 1), r = rend, (4.56)

c0 = 1, t = 0. (4.57)

The solution to this model can be found using Laplace transformation. Crank (1975)

(p. 86) gives the solution to the diffusion equation in a hollow cylinder with general

linear boundary conditions and zero initial condition. If we put c0(r, t) = 1+ c̃(r, t) in

equations (4.54)-(4.57), we get the initial condition c̃(r, 0) = 0 so that we can apply

this general solution to our model. The solution is

c̃ =
λ[1− rendδ1 ln(r/rend)]

−λ− rendδ1 + rendλδ1 ln(1/rend)
−

− π

∞∑
n=1

e−α2
ntF (αn)C0(r; αn)[λ{δ1J0(rendαn)− αnJ1(rendαn)}] (4.58)

where the αn are the roots of

[(−λJ0(α)− αJ1(α)][δ1Y0(rendα)− αY1(rendα)]−
−[δ1J0(rendα)− αJ1(rendα)][λY0(α)− αY1(α)] = 0, (4.59)

F (αn) =
δ1J0(rendαn)− αnJ1(rendαn)

{[δ1J0(rendαn)− αnJ1(rendαn)]2(λ2 + α2
n)−

−[−λJ0(αn)− αnJ1αn]2(δ2
1 + α2

n)}, (4.60)

and

C0(r, αn) = J0(rαn)[−λY0(αn)− αnY1(αn)]−
−Y0(rαn)[−λJ0(αn)− αnJ1(αn)]. (4.61)

The approximate solution c0 is

c0 = 1 + c̃. (4.62)

In the limit t →∞, the solution is

clim = 1 + c̃|t→∞ =
rendδ1 + rendδ1λ ln(r)

λ + rendδ1 + rendδ1λ ln(rend)
. (4.63)
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In figure 4.3, equation (4.62) was plotted against the numerical solution of the full

non-linear problem. The numerical scheme was obtained using a finite difference

scheme with a centered discretisation in space and the θ-method in time. Due to the

non-linear boundary condition, we have an implicit non-linear expression, which we

solved using fixed-point iteration. The scheme is given in appendix A. The numerical

and analytical solutions agree well, so we are confident in our use of the approximate

analytical solution below. At t = 100, the solution has already reached the limit.

This is consistent with the condition for the validity of this approximate solution,

that t << δ2, where δ2 = 4000.

1 1.5 2 2.5 3 3.5 4 4.5 5
0.55
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t=100
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Figure 4.3: Plot of equation (4.62) (green line) against numerical solution of full non-
linear model (4.39)-(4.42) (black dashed line). Model parameters: λ = 0.5, δ1 = 0.6,
δ2 = 4000, r0 = 1, r1 = 5. Numerical parameters: ∆x = 0.04, ∆t = 0.0016.

To get the solution for times t >> δ2, we rescale time and let t = δ2τ , so that the

model becomes

1

δ2

∂c

∂τ
=

1

r

∂

∂r
(r

∂c

∂r
), (4.64)

∂c

∂r
= λc, r = 1, (4.65)





∂c
∂r

= −δ1(c− ca),
dca

dτ
= c− ca, r = rend, (4.66)

c ≈ clim, ca,≈ 1 τ ≈ 0. (4.67)
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The initial conditions come from matching with the diffusion time scale model as

t → ∞. There we saw that, at leading order, ca,0 = 1 for all times, and c0 = clim as

t →∞.

Using asymptotic expansions in 1
δ2

<< 1, we obtain an approximate solution which

we call the outer solution. We seek solutions of the form

c ≈ c0 +
1

δ2

c1 + ... (4.68)

ca ≈ ca,0 +
1

δ2

ca,1 + ... (4.69)

Substituting equations (4.68) and (4.69) into equations (4.64 )-(4.67) and collecting

the terms of O( 1
δ2

0
), we get

0 =
1

r

∂

∂r
(r

∂c0

∂r
), (4.70)

∂c0

∂r
= λc0, r = 1, (4.71)

{
∂c0
∂r

= −δ1(c0 − ca,0),
dca,0

dτ
= c0 − ca,0,

r = rend, (4.72)

ca,0 = 1, τ ≈ 0. (4.73)

The solution of equation (4.70) is

c0(r, t) = B1 ln(r) + B2, (4.74)

where B1 and B2 are constants of integration to be determined from the two boundary

conditions. From the boundary condition at r = 1 we get that

dc0

dr
|r=1 = B1(t) = λc0(1, t). (4.75)

Because ln(1) = 0, we get also that at r = 1, equation (4.74) becomes c(1, t) = B2.

Hence B1 = λB2(t) so that we can express the solution as

c0(r, t) = B2λ ln(r) + B2. (4.76)

From the boundary condition at r = rend, we get that

dc0

dr
|r=rend

=
λB2

rend

= −δ1(λB2 ln(rend) + B2)− ca,0). (4.77)

Hence, we obtain an expression for B2 with respect to ca,0:

B2 =
δ1rend

λ + δ1rendλ ln(rend) + δ1rend

ca,0. (4.78)
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Substituting equation (4.78) into equation (4.76) and substituting the result into

the equation for ca,0 in equation (4.72), we get the following linear ordinary differential

equation

dca,0

dτ
+ γca,0 = 0, (4.79)

with initial condition ca,0(0) = 1, where

γ = 1− (λ ln(rend) + 1)δ1rend

λ + δ1rendλ ln(rend) + δ1rend

. (4.80)

The solution is

ca,0 = e−γτ . (4.81)

Substituting this into equation (4.78), B2 is

B2 =
δ1rend

λ + δ1rendλ ln(rend) + δ1rend

e−γτ , (4.82)

and the solution for c0 becomes

c0 =
δ1rend [λ ln(r) + 1]

λ + δ1rendλ ln(rend) + δ1rend

e−γτ . (4.83)

This approximate analytical solution was compared to the numerical solution of the

full non-linear model (4.39)-(4.42) but with the time expressed in terms of τ . The

result is shown in Figure 4.4; the analytical solution agrees well with the numerical

solution. Therefore, we are confident in our use of this approximate analytical so-

lution in the following. The equilibrium concentration c0 = 0 is reached fast; after

approximately 1.5 hrs, the fungus has taken up all available solute. This is due to

our assumption that reaction time is fast. The fungus would require a longer time to

take up all available solute if the desorption reaction was slower.

The composite solution is obtained as the sum of the outer and the inner solution

minus the common part, i.e. the concentration at r = 1 is

c = 1 +
δ1rend[e

−γτ − 1− λ ln(rend)]− λ

λ + rendδ1 + rendλδ1 ln(rend)
−

− π

∞∑
n=1

e−α2
nδ2τF (αn)C0(1; αn)[λ{δ1J0(rendαn)− αnJ1(rendαn)}], (4.84)

where the αn are the positive roots of equation (4.59) and F (αn) and C0 are given by

equations (4.60) and (4.61) when r = 1.
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Figure 4.4: Plot of equation (4.83) (green line) against numerical solution of full model
(4.39)-(4.42) (black dashed line). Model parameter: λ = 0.5, δ1 = 0.6, δ2 = 4000,
r0 = 1, r1 = 5. Numerical parameter: ∆x = 0.04, ∆τ = 0.0016.

The dimensionless influx into the hypha is given by

F (τ) = λc∞c = λc∞

[
1 +

δ1rend[e
−γτ − 1− λ ln(rend)]− λ

λ + rendδ1 + rendλδ1 ln(rend)
−

− π

∞∑
n=1

e−α2
nδ2τF (αn)C0(1; αn)[λ{δ1J0(rendαn)− αnJ1(rendαn)}]

]
(4.85)

The scale for the flux is DKm

r0
= Fm

λ
and the scale for time in terms of τ is 1

kd
.

Therefore, the dimensional influx into the hypha is FD(tD) = Fm

λ
F (kd tD). The

resulting dimensional influx into the hypha is shown in Figure 4.5 and compared to

the numerical solution of the full non-linear model. It can be seen that the hypha

takes up all available solutes at a time t >> δ2. The speed at which this takes place

depends on the values of the dimensionless ad- and desorption parameters δ1 and δ2

as well as the uptake parameter λ. In figure 4.6, dimensional time is plotted on a

logarithmic scale so as to point out the phases of solute uptake by a single hypha from

a soil pore. At a time in the order of the diffusion time scale, the flux rapidly decreases

as the hypha takes up solutes, creating a depletion zone around it. At a time in the

order of the reaction time scale, the depletion zone has reached the outer boundary

at the pore wall and the concentration in the pore water solution is sustained with
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Figure 4.5: Approximate analytical and numerical solution for solute influx into hypha.
Model parameters: λ = 0.5, δ1 = 0.6, δ2 = 4000, r0 = 1, r1 = 5. Numerical parameters:
∆x = 0.04, ∆τ = 0.0016 and ∆τ = 1× 10−6 during the first five seconds.
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Figure 4.6: Phases of the solute influx into a single hypha as calculated by the bounded
soil pore model.

solutes that are desorbed from the pore wall. After the adsorbed phase has also been

depleted by the fungus, the concentration in the solution tends to zero, which is the
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equilibrium concentration reached at a time in the order of the hyphal time scale.

4.3.5 Approximate analytical solution for semi-infinite do-
main

In section 4.3.3, we have shown that the dimensionless parameter rend can be either

of order 1 or much larger than 1, depending on the relative diameters of hyphae

and soil pores. In this section, we deal with the case when rend >> 1. Then the

domain where radial flow of solutes towards the hyphal surface occurs can be treated

as a semi-infinite domain. If we assume that rend is big enough so that the solution

concentration there stays unaffected by the presence of the hypha, the concentration

at rend stays constant. Therefore, our model becomes

∂c

∂t
=

1

r

∂

∂r
(r

∂c

∂r
), (4.86)

∂c

∂r
= λc at r = 1, (4.87)





c = 1,

ca = 1 at r →∞, (4.88)

c = ca = 1 at t = 0 (4.89)

As in section 4.2, we can use the solution provided by Roose et al. (2001),

F (t) =
2λc∞

1 + c∞ + λ
2
ln(4e−γt + 1) +

√
4c∞ + [1− c∞ + λ

2
ln(4e−γt + 1)]2

, (4.90)

but with λ = Fmr0

DKm
. The scale for the dimensional flux is DKm

r0
= Fm

λ
and the scale for

the dimensional time tD is tD =
r2
0

D
t. The dimensional flux on the single hyphal scale

for water filled pores only is hence given by FD(tD) = Fm

λ
F ( D

r2
0
tD).

4.4 Conclusions

We have found approximate analytical solutions describing the influx of solute into

a cylindrical hypha. The influx for the continuum soil model is given by equation

(4.19) or by equation equation (4.20), depending on the value of the dimensionless

parameter λ. The solution for the bounded case in the soil pore model is given by

equation (4.85) and the solution for the semi-infinite case is given by equation (4.90).

In figure 4.7, the dimensional influxes based on equations (4.19), (4.85) and (4.90) are
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compared. The differences in the three expressions are large. For the example given

in figure 4.7, the cumulative uptake of one unit length of hypha of radius 5× 10−4 cm

after 5 hrs is 4.55× 10−7µmol for the bounded soil pore model, 2.82× 10−6µmol for

the semi-infinite soil pore model and 7.50× 10−6µmol for the continuum soil model.

To test which expression is describing the system accurately, we would need to test

them against experimental data. However, none are available, since it is difficult to

measure influxes into or concentration profiles around single hyphae. So the models

presented here are highlighting the need for experiments on the single hyphal scale.

In the next chapter, we are going to use the solutions found in this chapter to

estimate uptake by a fungal colony.
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Figure 4.7: Comparison of influxes into hypha as obtained with equations (4.19), (4.85)
and (4.90). Model parameters: λ = 0.5, δ1 = 0.6, δ2 = 4000, r0 = 1, r1 = 5
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Chapter 5

Solute uptake by a mycorrhizal
root

5.1 Introduction

In this chapter, we develop a model for solute uptake by a mycorrhizal root. Myc-

orrhizas have been recognized as an important means of plant phosphorus nutrition

(Tinker & Nye 2000). External fungal hyphae take up phosphate from soil solution

and contribute to the overall plant uptake. The starting point for model development

is the model for root solute uptake on the single root scale as described by Barber

(1995); Tinker & Nye (2000). The expressions developed in the previous chapters

provide a basis to develop a sink term to account for solute uptake by the fungal

mycelium. In this first model, we will not consider competition between mycorrhizal

roots. We are interested in the effect of the fungal mycelium on total nutrient uptake

of one root, based on the assumption that external hyphae offer a spatial advantage

to access non-mobile nutrients such as phosphorus. The model is motivated by the

experiment of Drew et al. (2003) described in section 1.1.2. A root free side arm

filled with soil is attached to a root compartment and growth of fungal hyphae as

well as phosphorus uptake are observed. We take that the interface between root and

fungal compartment mimics the “root surface”, and aim to estimate the contribution

of mycelial solute uptake to the total uptake.

The experiment of Drew et al. (2003) cannot be used to test our model because

it does not offer all the necessary information, but it serves as motivation for model

development and the choice of coordinate system. We will use the model to present

numerical experiments based on different standard assumptions. Firstly, uptake pa-

rameters for hyphae have not been measured. It is often claimed that it is reasonable
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to assume that they are the same as for the root. Schweiger & Jakobsen (1999) esti-

mated uptake parameters that are an order of magnitude larger than root values. We

will look at the effect on soil solution concentration and solute uptake when we use the

one or the other uptake parameter estimation. Secondly, we will compare calculated

uptake based on the different influx models on the single hyphal scale developed in

chapter 4.

5.2 Model formulation

Our starting point is the nutrient uptake model on the scale of a single root described

by Barber (1995); Tinker & Nye (2000). It models transport and reaction of nutrients

through soil towards the root surface and uptake by the root according to prescribed

uptake kinetics. Because the root diameter is large compared to most soil pores,

the soil can be described as a continuum. Thus, for solute transport in soil, we can

in principal use the model developed in section 4.2.1. However, if a root develops

mycorrhizas, the external hyphae may grow up to several centimeters away from the

root surface and form a mycelial network. We consider this as an additional ”mycelial”

phase in soil.

Let us assume that there is one characteristic average hyphal diameter rm. We

can then use the equations for hyphal length density developed in chapters 2 and 3 to

calculate the total volume of mycelium per unit volume of soil. The volume fraction

of mycelial phase, θm, is hence given by

θm(t, r) = r2
mπρ(t, r), (5.1)

where t is the time, rm is the radius of the external hyphae and ρ is the hyphal length

density given by one of the equations derived in chapters 2 or 3.

Fungi require large amounts of water for their growth. It seems reasonable to

think that locally available water is mainly used for growth rather than water being

translocated from within the mycelial network. As the simplest approach, we assume

that the volume fraction of fungal biomass replaces part of the volume fraction of

water in soil, θl, so that θl = θl(t) and the overall volume conservation relation

becomes

θs + θl(r, t) + θg + θm(r, t) = 1, (5.2)

where θl(r, t) = θl,0 − θm(r, t), θl,0 is the initial water content, and θs and θa are the

volume fractions of the soil solid and gas phase, respectively. However, we have seen
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in chapter 3 that the hyphal length density was of order 103 cm cm−3 for the fungi

studied. With a hyphal radius of 5× 10−4 cm (table 4.2), we find that θm is of order

10−4. Typical values for θl in soil are 0.15− 0.4. Thus, we may assume

θl(t) ≈ θl,0. (5.3)

We assume that, in addition to the solid (Cs) and liquid (Cl) phase, the solute is

also present in the mycelial (Cm) phase. As described in section 4.2, Cs is expressed

in moles per unit total soil volume whereas Cl is expressed in moles per unit volume

of liquid phase. We express Cm in moles per unit volume of mycelial phase. In section

4.2, we developed an equation for solute movement in soil, equation (4.5), which we

now extend with a sink term Fmyc to account for the removal of solutes from liquid

phase by external fungal hyphae. Thus, the equation is

∂((bp + θl)Cl)

∂t
= ∇ · (θlDlfl∇Cl)−∇ · (vCl)− Fmyc(t), (5.4)

where Dl is the diffusion coefficient in free water, v is the Darcy flux of water, fl is

the impedance factor of solute in the liquid phase and bp is the buffer power.

The fate of solutes within the mycelial phase varies strongly for different solutes

since it is dependent on its biological function and biochemical form. Phosphate is

thought to be taken up in excess of the fugal need and transported towards the root

surface where it is transferred into the root cells. We will not go into the detail of the

biochemical processes of this. However we will use the information that phosphate

is thought to be transported due to cytoplasmic streaming. Cytoplasmic streaming

is a bulk flow of the cytoplasm, the semi-fluid matter contained within the cell’s

plasma membrane, which is caused by cytoskeletal forces (Bago et al. 2002). Hence,

we assume in our model that solute transport within the mycelial phase is mainly

by convection. However, quantitative information about this process is scarce. In

addition, we include diffusion as another possible form of transport in our model.

We expect the impedance factor of any solute in the mycelial phase to be smaller or

equal than the one in the soil liquid phase, i.e. fm ≤ fl. A relationship between the

impedance factor in porous media and the volume fraction has been found empirically

in form of a power law, also called “Archie’s law” (Kume-Kick et al. 2002),

fm = θp
m. (5.5)

In soils, we can mostly assume that 1 ≤ p ≤ 2 (Roose et al. 2001). Kume-Kick et al.

(2002) present the values 0.5 ≤ p ≤ 0.7 for brain tissues. Another relationship, based
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on geometrical considerations, was derived by Tao & Nicholson (2004) to estimate

the tortuosity of brain extracellular space. The impedance factor fm is related to the

tortuosity λ by f = 1
λ2 . Their equation for the impedance factor is

fm =
2

3− θm

. (5.6)

Note that in this case, a limiting value of 2/3 is reached as θm → 0. Tao & Nicholson

(2004) argue that this limit corresponds to an infinitesimal particle traversing vanish-

ingly thin sheets of extra cellular space. This value is therefore very specific to brain

tissue and is not applicable to soil because the fluid pore space in soils does not have

this type of sheet structure. In absence of other data, we will use equation (5.5) to

estimate the impedance factor of the mycelial phase.

The equation for the mycelial phase is due to diffusive and convective transport

of solute through the mycelial phase and a source term to account for solute uptake

by the mycelium from soil solution,

∂(θmCm)

∂t
= ∇ · (Dθp+1

m ∇Cm)−∇ · (θmvmCm) + Fmyc(t), (5.7)

where vm is the velocity of the cytoplasm.

5.2.1 The sink term for solute uptake by fungal mycelium

Local solute uptake by fungal mycelium depends on hyphal surface area and influx.

Assuming an average hyphal radius, rm, we calculate the surface area at any given

position and time using one of the expressions for hyphal length density developed in

chapters 2 and 3. In chapter 4, we present approximate analytical solutions for hyphal

influx on the single hyphal scale and show that the differences between them can be

more than an order of magnitude. In this chapter, we consider the two expressions

that predict the largest and smallest influx for comparison.

The influx is largest if we assume that the fungi can be modelled as sinks in

a continuum soil. Under the assumption that the dimensionless uptake parameter

λ =
Fm,hrm

DKm,h
is small, where Fm,h is the maximal influx rate of hyphae and Km,h is the

Michaelis Menten constant of hyphae, the influx into one cylindrical hypha is given

by equation (4.21),

Fhom(Cl) =
Fm,hCl

Km,h + Cl

, (5.8)

where Cl is the local bulk solute concentration in the liquid phase. This model assumes

that there is a continuous resupply of solute to the depleted pores. Assuming the
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hyphal length density ρ is known, the local uptake rate of external hyphae is given

by

Fmyc(x, t; Cl) = 2πrmρ(x, t)Fhom(Cl). (5.9)

In chapter 4, we showed that influx into a single hypha is smallest when the soil

is not regarded as continuum and when the dimensionless parameter rend = rp

rm
is of

order 1, where rp is the soil pore radius. Under the assumption that the dimensionless

parameter c∞ = Cl

Km,h
<< 1, the dimensionless influx is given by equation (4.85).

However, consider that equation (4.85) is an approximate analytical solution obtained

by matching the solution for the model on the diffusion time scale with the solution

on the reaction time scale. The solution on the diffusion time scale requires solving

an infinite series and calculating roots of a relatively complicated expression, which

can take a long time. We have shown that the diffusion time scale model is only valid

for the first few seconds, depending on how fast the desorption reaction is. Because

we are interested in a time scale of several weeks, the large time behavior of the flux

is adequately well described by the solution on the reaction time scale only. We do

this to compute the sink term, which we wish to develop, faster. The dimensional

analytical expression for influx becomes thus

Fnonhom(t; Cl) = Fm,h
Cl

Km,h

δ1rend [λ ln(r) + 1]

λ + δ1rendλ ln(rend) + δ1rend

e−γkdt, (5.10)

where γ = 1 − (λ ln(rend)+1)δ1rend

λ+δ1rendλ ln(rend)+δ1rend
, kd is the desorption rate constant, and δ1, δ2,

λ are the dimensionless parameters described in section 4.3.2. To calculate the local

uptake rate of external hyphae, we also have to take into account that the model on

the single hyphal scale was developed for fully saturated pores. If the soil is only

partially saturated, we introduce an additional factor θl to account for the volume

fraction where uptake can occur. We also need to consider that uptake only starts

after external hyphae first appear at a given point. Hyphae are thought to spread

through the soil due to a flux of tips, where the paths behind the tips represent the

newly created hyphae. The time when the tips first reach a given position can be

calculated from the characteristic equations of the hyperbolic equation for the hyphal

tip density n. Let us call this time tc. Then the source term for hyphal solute uptake

is

Fmyc(x, t; Cl) =

{
0, t− tc < 0,

2πrmρ(x, t)θlFnonhom(t− tc; Cl), t− tc ≥ 0.
(5.11)
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This model assumes that a pore can be depleted completely by a hypha and that

replenishment can be neglected.

The source terms described by equations (5.9) and (5.11) will represent an upper

and lower bound for solute uptake by the mycelium. Having developed equations for

transport of solute in soil and mycelial phase, we need to apply initial and boundary

conditions to complete the model.

5.2.2 Initial and boundary conditions

Let us assume that the solute concentration in soil solution, Cl, is initially constant

and uniform and that there are no external hyphae present, so that we have

Cl = Cl,0, t = 0, (5.12)

Cm = 0, t = 0. (5.13)

We assume that the root takes up nutrients according to Michaelis Menten kinetics.

At the root-soil interface, ∂Ω1, we define a flux boundary condition

θlDf
∂Cl

∂n
− vnCl =

FmCl

Km + Cl

, (5.14)

where ∂
∂n

is the outward normal derivative and vn is the Darcy flux of water normal

to the root surface. As we assume no competition between roots, we can write

Cl = Cl,0, |x| → ∞. (5.15)

The mechanisms of solute transfer across the fungus-root interface are not very well

understood. It is thought to be the limiting step for phosphate transfer into plant

root cells, rather than the translocation within the mycelium. As a first attempt, we

will assume that the flux at the fungus-root interface is linearly dependent on the

concentration in the mycelial phase at the interface,

θp+1
m D

∂Cm

∂n
− θmvm,nCm = khCm, (5.16)

where kh is the mycelium root transfer rate. The other boundary condition for solute

in the mycelium, Cm, has to be applied at the edge of the colony, which consists of

tips only. This boundary is moving forward into the soil with time, and therefore

we have to consider it as a moving boundary, ∂Ωm. We assume that hyphae take

up solutes everywhere except exactly at the tip, so that we have at the edge of the

colony

θp+1
m D

∂Cm

∂n
− θmvm,nCm = 0 at x ∈ ∂Ωm. (5.17)
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In summary, we have developed the following model for solute uptake by a myc-
orrhizal root,

∂((bp + θl)Cl)
∂t

= ∇ · (θlDlfl∇Cl)−∇ · (vCl)− Fmyc(t), (5.18)

∂(θmCm)
∂t

= ∇ · (Dmθp+1
m ∇Cm)−∇ · (θmvmCm) + Fmyc(t), (5.19)

Cl = Cl,0, x ∈ Ω, t = 0, (5.20)
Cm = 0, x ∈ Ω, t = 0, (5.21)

θlDf
∂Cl

∂n
− vnCl = FmCl

KmCl
, x ∈ ∂Ω1, t > 0 (5.22)

Cl = Cl,0 |x| → ∞, t > 0 (5.23)

θp+1
m D

∂Cm

∂n
− θmvm,nCm = khCm, x ∈ ∂Ω1, t > 0 (5.24)

θp+1
m D

∂Cm

∂n
− θmvm,nCm = 0, x ∈ ∂Ωm, t > 0 (5.25)

where Fmyc is given by either equation (5.9) or (5.11). In the next section, we will

apply the model to a specific example motivated by the model of Drew et al. (2003).

5.3 Example simulations: Mycorrhizal solute up-

take

To apply the model to a specific problem, we need to decide on the appropriate

coordinate system, as well as the expressions for hyphal length density and the sink

term. We are interested in applying our model to an experiment such as the one

described in section 1.1.2. We can not test our model against the data of Drew et al.

(2003), since it does not provide us with all the necessary information, such as the

boundary condition for the hyphal length density, but the experiment serves for our

motivation. In this experiment, a root free side arm filled with soil is attached to a

root compartment and fungal hyphae are allowed to grow into this side arm and take

up isotopically labeled solutes. We assume that the interface between root and hyphal

compartment mimics the root surface. Hyphal length density is only dependent on

the horizontal distance to the root compartment and we can describe this experiment

using one-dimensional cartesian coordinates.

In the following, we need to select the appropriate expressions for hyphal length

density and influx. Drew et al. (2003) only present one average value of hyphal

length density in the hyphal compartment at the end of their experiment. Therefore,

we cannot calibrate any of the models for hyphal length density developed in chapters

2 of 3. We choose the simplest model, which is the Boundary Flux Model of chapter
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2 with linear branching and constant flux of tips at the boundary. It is given by

equation (2.46), and in dimensional form, it is

ρ(x, t) =

{
k
d
e

b
v
x
(
1− e

d
v
(x−tv)

)
, 0 ≤ x ≤ tv,

0, tv ≤ x < ∞,
(5.26)

where k is the constant tip flux, v is the fungal growth constant, b is the tip branching

rate and d is the hyphal death rate. We estimate the values for these parameters from

chapter 3. The moving boundary in this case is located at xc = vt.

Assuming that the interface between root and hyphal compartment is located at

x = 0, the model in one-dimensional cartesian coordinates is

(b + θl)
∂Cl

∂t
= θlDlfl

∂2Cl

∂x2
+ v

∂Cl

∂x
− Fmyc(t), (5.27)

∂(θmCm)

∂t
= Dm

∂

∂x
(θp+1

m

∂Cm

∂x
) + vm

∂

∂x
(θmCm) + Fmyc(t), (5.28)

θm(t, r) = r2
mπ

{
k
d
e

b
v
x
(
1− e

d
v
(x−tv)

)
, 0 ≤ x ≤ tv,

0, tv ≤ x < ∞,
(5.29)

with initial conditions

Cl = Cl,0, t = 0, (5.30)

Cm = 0, t = 0, (5.31)

and boundary condition

θlDlfl
∂Cl

∂x
+ vCl =

FmCl

Km + Cl

, x = 0, (5.32)

Cl = Cl,0, x →∞, (5.33)

Dmθp+1
m

∂Cm

∂x
+ vmθmCm = khCm, x = 0, (5.34)

Dmθp+1
m

∂Cm

∂n
+ vmθmCm = 0, x = xc. (5.35)

Let xmax be the maximal distance of fungal growth in the experiment. Let

g(x, t) =

{
e

b
v
(x−xmax)

(
1− e

d
v
(x−vt)

)
, 0 ≤ x ≤ tv,

0, tv ≤ x < ∞.
(5.36)

Then ρ(x, t) can be expressed as

ρ(x, t) =
k

d
e

b
v
xmaxg(x, t), (5.37)

where 0 ≤ g(x, t) ≤ 1. The source term Fmyc is given by either equation (5.9) or

(5.11).
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5.3.1 Non-dimensionalisation

Let x = [x]x∗, t = [t]t∗, Cl = KmC∗
l and Cm = Km,hC

∗
m. Because we are interested

in solute diffusion in soil and the duration of relevant experiments is in the order of

weeks. Because of this, we have chosen a length scale which is based on the distance

the solute can diffuse in a given soil in one week. So, [x] = 2
√

6.0× 105De, where De

is the effective diffusion coefficient of a solute in soil, De = θlDlfl

bp+θl
. Let us choose the

time scale such that the coefficient in front of the diffusion term in the equation for

Cl is equal to 1, i.e. [t] = [x]2(bp+θl)

θlDlfl
. Then the non-dimensional model is (dropping

asterisks)

∂Cl

∂t
=

∂2Cl

∂x2
+ Pe

∂Cl

∂x
− S1Fmyc(x, t; Cl), (5.38)

δ
∂(g(x, t)Cm)

∂t
= ε

∂

∂x

(
g(x, t)p+1∂Cm

∂x

)
+

+
∂

∂x
(g(x, t)Cm) + S2Fmyc(x, t; Cl), (5.39)

where Pe = v[x]
θlDf

, S1 =
2rmπkFm,h[x]2

dKmθlDf
e

b
v
xmax , δ = θlDf

[x](bp+θl)vm
, ε = D

[x]vm

(
r2
mπk
d

)
pe

b
v
xmaxp

and S2 =
2Fm,h[x]

Km,hrmvm
. The dimensionless sink term Fmyc is one of the equations

Fmyc(x, t;Cl) = g(x, t)
Cl

κ + Cl
, (5.40)

Fmyc(x, t;Cl) =

{
0, t− tc < 0,

g(x, t)Cl
κ

δ1rend[λ ln(r)+1]
λ+δ1rendλ ln(rend)+δ1rend

e−γkd(t[t]−tc) t− tc ≥ 0,

(5.41)

where κ =
Km,h

Km
and g(x, t) = e

b
v
([x]x−xmax)

(
1− e

d
v
([x]x−vt[t])

)
. The boundary condi-

tions become

∂Cl

∂x
+ PeCl = λ1

Cl

1 + Cl

, x = 0, (5.42)

Cl = c∞, x →∞, (5.43)

g(x, t)p+1ε
∂Cm

∂x
+ g(x, t) Cm = λ2Cm, x = 0, (5.44)

g(x, t)p+1ε
∂Cm

∂x
+ g(x, t) Cm = 0, x = x̂c, (5.45)

where x̂c = (bp+θl)v

θlDf
t[x], λ1 = [x]Fm

θlDfKm
, λ2 = kh

vm

d
kr2

mπ
e−

b
v
xmax and c∞ =

Cl,0

Km
. The

dimensionless initial conditions are

Cl = c∞, t = 0, (5.46)

Cm = 0, t = 0. (5.47)
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5.3.2 Parameter estimation

Approximate values for the dimensional parameters in the model are given in table

5.1. The parameters for soil and solute influx on the single hyphal scale have already

been discussed in previous chapters. We take the parameters for the fungal growth

model from the application to S. calospora in chapter 3, because the linear growth

model could be fitted to this fungal species. The parameters of most uncertainty

are the ones for the mycelial phase, Dm, vm and kh and we will now discuss how

we estimate them. Given that the fungal cell mainly consists of water, we assume

that the diffusion coefficient in the mycelial phase is equal to the diffusion coefficient

in water. We estimate the parameter vm by the velocity of cytoplasmic streaming.

Data for this are very scarce. Bago et al. (2002) gave estimates for the cytoplasmic

streaming of 4.0× 10−4 − 1.1× 10−3 cm s−1. Nielsen et al. (2002) gave estimates for

net phosphate flux within arbuscular mycorrhizal hyphae towards the root surface

of FP = 1.5 µmol cm−2s−1. Assuming that the concentration of P in the hyphae

is Cm = 10.0 µmol cm−3 (Ezawa et al. 2002), and that the translocation is due to

convection only, the estimated velocity is vm = FP

Cm
= 1.5×10−3 cm s−1. This value is

an upper bound for the range given by Bago et al. (2002). A third method to estimate

vm is as follows: When we assume a low soil solution concentration of 10−4 µmol cm−3,

that the uptake properties of the hyphae are the same as for the root and that the

solute is transported away through the cross-sectional area of the hypha at the same

rate it is taken up, the velocity is vm = 2.21 × 10−5. This is lower than the range

given by Bago et al. (2002), which could be due to the fact that the two experiments

above have been conducted under non-limiting solute concentrations. The parameter

kh, accounting for the transfer of solute from the mycorrhiza phase into the root, is

completely unknown. Since the hyphae enter the root cells at the so called ’entry

points’, the value of kh is likely to be dependent on the number of entry points per

unit root surface area. However, we do not have any indication what value kh could

have. As a first guess, we will choose its value so that the dimensionless parameter

λ2 is of order one. It would be interesting to look at the effect of varying kh, because

from experimental evidence, we know that the transport within the hyphal phase is

fast and thus the transfer rate at the root-fungus interface may be a limiting step in

overall contribution of hyphae to root solute uptake.

Assuming that the uptake characteristics of fungi are the same as for the root,

all other parameters are as listed in table 5.1, and kh is such that λ2 = O(1), the

coefficients of the dimensionless model are given in table 5.2.

69



Table 5.1: Typical values of the dimensional parameters for the mycorrhizal root
model.

Parameter Units Value Reference
Dl cm2 s−1 10−5 Lide (2000)
q cm2 s−1 10−7 Barber (1995)
Dm cm2 s−1 10−5 = Dl, given that 90% of cell consists of water
fl cm2 s−1 0.308 fl = 1.6 θl − 0.172 (Barber 1995)
fm cm2 s−1 ≈< 2× 10−3 equation (5.5)
θl cm3cm−3 0.3 Barber (1995)
vm cms−1 2.21× 10−5 − 1.5× 10−3 cytoplasmic streaming
rm cm 5× 10−4 Ezawa et al. (2002)
Fm,hypha µmol cm−2 s−1 3.26× 10−6 − 2.55× 10−5 Tinker & Nye (2000); Schweiger & Jakobsen (1999)

Km,hypha µmol cm−3 5.8× 10−3 − 1.7× 10−3 Tinker & Nye (2000); Schweiger & Jakobsen (1999)

Fm,root µmol cm−2 s−1 3.26× 10−6 Tinker & Nye (2000)
Km,root µmol cm−3 5.8× 10−3 Tinker & Nye (2000)
kh cms−1 - chosen s.t. λ2 = O(1)
bp − 239 Barber (1995)
kd s−1 5.94× 10−5 − 2.72× 10−2 Chen et al. (1996)
ka s−1 4.73× 10−2 − 1.95 ka = kd

b
θ

As cm2 g−1 < 1000 for sands (Kammerer & Loiskandl 2003)
ρb g cm−3 1.02 calculated from Jakobsen et al. (1992)
Cl0 µmol cm−3 1× 10−4 low concentration
b s−1 5.59× 10−7 from S. calospora, chapter3
v cm s−1 2.89× 10−6 from S. calospora, chapter3
d s−1 2.89× 10−6 from S. calospora, chapter3
k cm−2s−1 2.89× 10−3 from S. calospora, chapter3

Table 5.2: Values of the dimensionless parameters for the mycorrhizal root model.

Pe S1 λ1 δ ε S2 λ2 c∞
vm = 2.21,×10−5

kh = 4.0× 10−7 1.05×10−2 196.78 58.79 1.81× 10−3 4.05× 10−2 9832.36 2.09 0.017
vm = 1.50,×10−3

kh = 4.0× 10−5 1.05×10−2 196.78 58.79 3.63× 10−5 8.14× 10−4 197.54 4.20 0.017

Since the Péclet number Pe is small, we neglect the convection term in equation

(5.38), and the model for the soil solution concentration becomes at leading order

∂Cl

∂t
=

∂2Cl

∂x2
− S1Fmyc(x, t; Cl), (5.48)

∂c

∂x
= λ1c, x = 0, (5.49)

Cl = c∞, x →∞, (5.50)

Cl = c∞, t = 0. (5.51)
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The smallest parameter in equation (5.39) is δ. Neglecting the time derivative in

the equation for Cm, the model for the concentration in the mycelial phase becomes

at the leading order

0 = ε
∂

∂x

(
g(x, t)p+1∂Cm

∂x

)
+

+
∂

∂x
(g(x, t)Cm) + S2Fmyc(x, t; Cl), (5.52)

g(x, t)p+1ε
∂Cm

∂x
+ g(x, t) Cm = λ2Cm, x = 0, (5.53)

g(x, t)p+1ε
∂Cm

∂x
− g(x, t) Cm = 0, x = x̂c. (5.54)

We solve equations (5.48)-(5.51) numerically, using a finite difference scheme with

a centered discretisation in space and the θ-method in time. The implicit non-linear

expression due to the sink term is solved using fixed-point iteration. In the case

where we use the sink term based on the soil pore model, we have to deal with time

delay. The critical time when the external hyphae appear at a given position does not

necessarily coincide with the discretisation of time. We approximate the sink term in

this case using a finite volume method. The scheme is given in appendix B.

Integrating the right hand side of equation (5.52) from 0 to x̂c, we get an expression

for the influx of solute into the root from the mycelial phase,

λ2Cm =

∫ x̂c

0

S2Fmyc(x, t; Cl)dx, (5.55)

which we can compute from the numerical solution of equations (5.48)-(5.51). An

upper bound of this influx is provided by the removal of solute by hyphae at any

given time t,

∫ x̂c

0

S1Fmyc(x, t; Cl)dx. (5.56)

In the next section, we assess the effect of the two estimates for the hyphal uptake

parameters Fm,h and Km,h on soil solution concentration as well as solute uptake by

mycelium is assessed and the effect of the different expressions for hyphal influx on

the single hyphal scale on total solute uptake. Finally, we would like to know the

effect of varying the parameters for transport in the mycelial phase, vm and kh.

5.3.3 Results

First, we shall consider the results when the sink term based on the continuum soil

model is used. Figures 5.1(a)-5.1(b) show the solute concentration in solution, Cl,
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for the case when the uptake parameters of the hyphae were assumed to be equal

to those of the root and as estimated by Schweiger & Jakobsen (1999), respectively.

The width of the depletion zone without mycorrhizas is only approximately 2 mm.

This value is typical for non-mobile ions such as phosphorus. This corresponds to a

relatively small soil volume from which the plant can access this nutrient. Including

mycorrhizas shows that the depletion zone reaches as far as the fungal mycelium

grows. In this example, it is about 2.5 cm wide after 10 days. If we assume that

most of the solute taken up is eventually transferred to the plant, the volume from

which the plant can access the solute increases enormously. In figure 5.1(a) we show

the concentration in soil solution when the uptake parameters are assumed to be

the same as for roots. The depletion in soil is hardly visible, although the total

uptake may still be significant. In figure 5.1(b), the concentration in soil solution

when uptake parameters are as estimated by Schweiger & Jakobsen (1999) is shown.

Here, the external hyphae completely take up all the solutes that are available. The

difference between the two results is large and it should be possible to test this with

an experiment. The corresponding hyphal length densities are shown in figure 5.1(c).

We wish to asses the contribution of external fungal hyphae to the total influx

of solutes into the root. Because the influx into root from soil liquid phase and

from mycelial phase come from two differently scaled equations, we bring them into

dimensional form before comparing them. The scale for the influx into the root from

liquid phase is
KmθlDlf

[x]
=

Fm

λ1

,

and the scale for the influx into the root from mycelial phase is

Km,hvmr2
mπ

k

d
e

b
v
xmax =

kh

λ2

Km,h.

Integrating the source term Fmyc over the length of the domain gives the total removal

of solute by the mycelium. It is an upper bound for the cumulative influx into root

from the mycelial phase. The dimensional equation is

Jupper(tD) =
Fm

λ1

S1

∫ ∞

0

Fmyc(x, t)dx. (5.57)

Figures 5.2(a) and 5.2(b) show the influx of solute into the root from mycelial phase

for the two regimes of uptake parameters. In figure 5.2(a), we show the influx when

the hyphal uptake parameters are assumed to be the same as for roots. It increases

with time, which we expect for an growing fungal mycelium. In figure 5.2(b), we show
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the influx when the uptake parameter values are larger. It reaches a constant value,

because the mycelium depletes all the available solutes and can access new ones only

as it is growing further. It can also be seen in the figures that influx into the root

from the mycelial phase is equal to the total removal of solutes from soil. This is

independent of the values of the parameters vm and kh (graphs not shown), which is

why we do not describe the effects of these values further. Transport by convection is

so fast that accumulation within the mycelial phase is negligible with respect to influx

into the root. It also means that this model does not provide us with the possibility of

“regulating” the influx into mycelial phase by means of varying the parameter kh. We

would have to model the transfer from fungus to root in more detail to achieve this

(see chapter 6 for suggestions). Figures 5.3(a)-5.3(b) show the cumulative influxes

by root, mycelium and in total for the two uptake parameter regimes. In the case

when we assume that the hyphal uptake parameters are the same as the ones for the

root, hyphal influx becomes important when the root influx starts to level off. In

the case of the large uptake parameters, hyphal uptake dominates the total uptake.

The cumulative uptake by hyphae of the two parameter regimes are compared in

figure 5.3(c). After 10 days, hyphal influx is an order of magnitude larger when the

parameters according to Schweiger & Jakobsen (1999) are used.

We shall now consider results for the case when the hyphal influx is based on the

soil pore model. Uptake occurs only over a short period of time, until the fungi have

completely deplete the pore they are in. For fast reaction times, the period of uptake

is very short. In this case, we needed to use a very fine spatial grid to avoid numerical

oscillations when computing the influx into the root from the mycelial phase. In figure

5.4(a), small oscillations are still visible even though 10000 grid points were used. The

reason for this is that the sink term is like a spike at each grid point around the time

tc, the time when the first external hyphae arrive at a given position (figure 5.4(b)).

As can be expected, the contribution of hyphae to total root uptake is much smaller,

because only the edge of the colony is taking up as it is foraging into new, undepleted

soil. In figure 5.4(c), we show the cumulative influxes due to root, mycelium and

in total when the larger uptake parameters as estimated by Schweiger & Jakobsen

(1999) are used. In the case when the uptake parameters are the same as the ones

for the root, uptake was negligibly small.
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5.4 Conclusions

In this section, we have developed a model for solute uptake by a mycorrhizal root.

Our main goal was to estimate the contribution of external fungal hyphae to total

root uptake.

Based on the assumption that transport within the mycelial phase is dominated

by convection and very fast, we arrived at a model where almost all solutes that have

been taken up by the hyphae are almost instantaneously translocated to the root

surface and transferred into the root. The fast translocation is in accordance with

experimental evidence. However, the transfer from fungus into root needs a more

detailed model.

We compared the use of two different expressions for solute uptake by a single

hypha as developed in chapter 4 to create the sink term that accounts for solute uptake

by the fungal mycelium. Using the sink term based on the continuum soil model is

straight forward and was used to assess the effect of varying hyphal uptake parameters.

We found that when the hyphal uptake parameters of Schweiger & Jakobsen (1999)

were used, uptake was completely dominated by the fungi. This would support a

recent article by Smith et al. (2003), who claime that, under certain conditions, plants

may depend completely on the mycorrhizal pathway for their phosphorus nutrition.

When we used the sink term based on the soil pore model, we needed ten times

more spatial grid points for the numerical solution so as to avoid numerical oscilla-

tions. We also found that, according to this model, the contribution of the mycelium

to total uptake is small.

In summary, the differences between the expressions we have developed are large

and this highlights the need to test the model against experimental data. Our simu-

lation results confirm that mycorrhizas provide the root with a big spatial advantage

to access non-mobile solutes in soil. They also confirm that under certain conditions,

mycorrhizal fungi may dominate solute uptake completely and make root uptake

negligible.
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(a) Uptake parameters as root values: Fm,h = 3.26×
10−6 µmol cm−2s−1, Km,h = 5.80×10−3 µmol cm−3.
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(b) Uptake parameters as given by Schweiger &
Jakobsen (1999): Fm,h = 2.55×10−5 µmol cm−2s−1,
Km,h = 1.7× 10−3 µmol cm−3.
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Figure 5.1: Solute concentration in soil solution when uptake by mycelium is based on
the continuum soil model. Parameter values as in table 5.1, vm = 2.21E − 5 cm s−1,
kh = 4E − 7 cm s−1, simulation time: 10 days, J=1000, dt=0.001.
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(a) Uptake parameters as root values: Fm,h = 3.26×
10−6 µmol cm−2s−1, Km,h = 5.80×10−3 µmol cm−3.
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(b) Uptake parameters as given by Schweiger &
Jakobsen (1999): Fm,h = 2.55×10−5 µmol cm−2s−1,
Km,h = 1.7× 10−3 µmol cm−3.

Figure 5.2: Influx of solute into the root from mycelial phase when uptake by
mycelium is based on the continuum soil model. Parameter values as in table 5.1,
vm = 2.21E − 5 cm s−1, kh = 4E − 7 cm s−1, simulation time: 10 days, J=1000,
dt=0.001.
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(a) Uptake parameters as root values: Fm,h = 3.26×
10−6 µmol cm−2s−1, Km,h = 5.80×10−3 µmol cm−3.
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(b) Uptake parameters as given by Schweiger &
Jakobsen (1999): Fm,h = 2.55×10−5 µmol cm−2s−1,
Km,h = 1.7× 10−3 µmol cm−3.
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Figure 5.3: Cumulative solute influx into root from soil, mycelium and in total when
uptake by mycelium is based on the continuum soil model. Parameter values as in
table 5.1, vm = 2.21E − 5 cm s−1, kh = 4E − 7 cm s−1, simulation time: 10 days,
J=1000, dt=0.001.
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(b) Local hyphal uptake rate.
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(c) Cumulative solute influx into root.

Figure 5.4: Solute uptake by mycelium due to source term based on the soil pore
model. Parameter values as in table 5.1, Fm,h = 2.55 × 10−5 µmol cm−2s−1, Km,h =
1.7 × 10−3 µmol cm−3, kd = 6.35 × 10−3 s−1, simulation time: 10 days, J=10000,
dt=0.001.
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Chapter 6

Conclusions and future work

In this thesis, we developed a model for solute uptake by a mycorrhizal root. It was

motivated by the fact that mycorrhizas are important for the mineral nutrition, in

particular phosphorus, of many plants. We developed the model for a general solute,

and applied it to the special case of phosphorus. A mycorrhizal root is colonized by

a soil fungus that grows external hyphae into the soil, several centimeters away from

the root surface. These external hyphae can forage for mineral nutrients, translocate

them within the hyphal network and transfer them to the plant root. In our model,

we accounted for this by means of a sink term which we used to extend a standard

single root uptake model. This sink term was derived by scaling from a single hyphal

scale to a colony (mycelium) scale.

The fungal growth model is a colony scale model, but its parameters relate to

growth, death and branching of individual hyphae. Considering an average value for

these properties for all hyphae within the mycelium, we were able to derive analyt-

ical and numerical solutions for different initial and boundary conditions, which are

presented in chapters 2 and 3. The feature which enabled us to apply this fungal

growth model to the specific case of arbuscular mycorrhizal fungi was by means of a

boundary condition for tip flux across the root surface. By fitting a function to given

boundary data for hyphal length density, we were able to test our model against

experimental data of Jakobsen et al. (1992). We found that the basic linear fungal

growth model, which was developed by Edelstein (1982), could be applied to one of

the fungal species considered, S. calospora. For the other two fungal species, it was

necessary to include additional processes. We tested the effect of non-linear branching

and anastomosis. The non-linear branching model could be fitted to the data for the

fungal species Glomus sp., but not to A. laevis. Including anastomosis could only

partly explain the behavior of A. laevis. Hence it remains undetermined whether

this process is important for this fungal species. In conclusion, this is the first time
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a spatially explicit growth model for mycelial fungi has been applied to arbuscular

mycorrhizal fungi. It was generally applicable, but had to be modified carefully for

each fungal species.

In chapter 4, we presented approximate analytical expressions describing the in-

flux of solute into a cylindrical hypha. These expressions were based on different

assumptions about the soil in which the fungi are growing. The standard assumption

is that the soil can be described as a continuum. For this case, we showed that we can

apply the approximate analytical solution that Roose et al. (2001) developed for a

single cylindrical root to calculate influx into a single cylindrical hypha. Considering

the fact that, for most soils, the hyphal diameter is much smaller than the soil pore

diameter, we developed a model for solute influx into a single cylindrical hypha when

the soil cannot be described as a continuum, but assuming that the fungi grow in

the pore space between the soil solid particles. We presented approximate analytical

solutions for this model. All approximate analytical solutions were compared with

the numerical solutions of the full models and good agreement was found. This pro-

vides confidence that the solutions are correctly derived. However, in our examples

considered, the differences between the expressions were up to an order of magnitude,

and we have no means of testing them against experimental data, as there are none

available on the single hyphal scale. This highlights the fact that experiments on the

single hyphal scale would be beneficial. The pore scale model could serve to determine

hyphal uptake parameters in an experiment conducted on the single hyphal scale.

The upscaling to solute uptake by the whole mycelium is done by assuming av-

erage values of hyphal diameter and uptake parameters for all hyphae within the

mycelium. Using the expressions for hyphal length density and solute influx on the

single hyphal scale for either the continuum soil model or the soil pore model, we

can create different sink terms accounting for solute uptake by hyphae. We carried

out example simulations in chapter 5, where we were interested in assessing solute

removal from soil by a fungal mycelium, as well as translocation and transfer of so-

lute within the mycelial phase. Based on the assumption that transport within the

mycelial phase is dominated by convection and is very fast, we arrived at a model

where all solutes that had been taken up by the hyphae were almost instantaneously

translocated to the root surface and transferred into the root. The fast translocation

is in accordance with experimental evidence. This model, however, does not provide

us with a means of estimating whether transfer from fungus to root could be a lim-

iting step for the contribution of fungi to plant mineral nutrition. This was true for

all models considered.
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The quantity of interest in terms of plant mineral nutrition is the cumulative influx

of solute into the root. We compared cumulative influxes of root and mycelium for

the model based on both the continuum soil model and the soil pore model. In the

first case, the fungi take up nutrients as long as they are available in the soil. When

we assume that the fungi have the same uptake properties as the root, cumulative

influx was first dominated by the root until the mycelium grew larger. When the root

influx started to level off, the mycelium took over and dominated total cumulative

influx. When we assumed that the fungi had larger uptake properties than the root,

as estimated by Schweiger & Jakobsen (1999), uptake was completely dominated by

the mycelium. This would support a recent article by Smith et al. (2003), who claims

that, under certain conditions, plants may depend completely on the mycorrhizal

pathway for their phosphorus nutrition. In the case of the pore scale model, only

the first hyphae to arrive at a given position take up nutrients. Influx due to that

source term is like a spike that travels through the soil. In this case, we had to

use a very fine space grid so as to avoid oscillations in the numerical solution. The

contribution of hyphae to total cumulative influx was found to be much less than

that of the root. In summary, the models for solute uptake by a mycorrhizal root

that we have developed here give largely different results. We would need to test the

model against experimental data to find out which model describes the system most

adequately. However, our simulation results confirm that mycorrhizas provide the

root with a spatial advantage to access non-mobile solutes in soil. They also confirm

that under certain conditions, mycorrhizal fungi may dominate plant solute uptake.

Our suggestion for future work regarding the fungal growth model relates to the

fact that the model we developed here is dependent on boundary data for the hyphal

length density that may not always be available. Root colonisation by mycorrhiza is

typically measured in percentage of root length infected. If it was possible to infer

the hyphal length density from this data, we could replace our boundary condition

with a model for root infection. Two approaches to model colonization of roots

have been proposed. McGonigle (2001) used non-linear regression with the logistic

equation for changes with time of percentage root length colonized. This would be

similar to the boundary condition we used here. Allen (2001); Neuhauser & Fargione

(2004) proposed to use Lotka-Volterra type models. The basic idea is to model two

interactive but distinct entities (root and fungus) instead of a lumped variable such

as infection. From this, infection can still be inferred and be used to compare with

experimental data.
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Regarding the transport of solute within the mycelial phase, we suggest modelling

the transfer from fungus into root in more detail. Tinker & Nye (2000) suggest a model

for transfer from fungus to plant that takes into account the two plasmalemmas and

transfer processes across them. Another approach would be to include the arbuscules

into the model, those fungal structures within root cells developed by arbuscular

mycorrhizal fungi, where the transfer of phosphorus from fungus to root is thought

to occur.

For upscaling hyphal influx of the soil pore model to mycelium scale, we used the

local hyphal length density as well as a factor θ, to account for the volume from which

hyphae can take up solutes. However, we suggest a different type of upscaling that

is linked with turnover of external hyphae. In particular, we suggest accounting for

the fact that, after the first appearance of external hyphae at a given position, new

hyphae are created by branching. If we assume that they grow into a new, undepleted

soil pore, uptake would not stop as fast as it did in our model.

A further extension would be a model on the root system scale, in which case we

would also have to deal with competition between mycorrhizal roots.
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Appendix A

Numerical solution of the full
non-linear model in chapter 4

For the numerical solution of Equations (4.39)-(4.42), we use a finite difference scheme

with a centered discretisation in space and the θ-method in time. Let h be the step

size of a uniform mesh in space and let ∆t be the time step. Let J +1 be the number

of grid points. Let c(jh, n∆t) ≈ Un
j and ca(n∆t) ≈ V n. Then the numerical scheme

is given by

Un+1
j − Un

j

∆t
= θ

[
1
r

∂

∂r

(
r
∂U

∂r

)]n+1

+ (1− θ)
[
1
r

∂

∂r

(
r
∂U

∂r

)]n

n = 0, 1, ..., N − 1, (A.1)

where

1
r

∂

∂r

(
r
∂U

∂r

)
≈ 1

rj h

[
rj+ 1

2

Uj+1 − Uj

h
− rj− 1

2

Uj − Uj−1

h

]
j = 1, ..., J − 1. (A.2)

This scheme can be rewritten as

−
rj+ 1

2

rj

θµUn+1
j+1 +

(
1 +

rj+ 1
2

+ rj− 1
2

rj

θµ

)
Un+1

j −
rj− 1

2

rj

θµUn+1
j−1 =

rj+ 1
2

rj

(1− θ)µUn
j+1 +

(
1−

rj+ 1
2

+ rj− 1
2

rj

(1− θ)µ

)
Un

j +
rj− 1

2

rj

(1− θ)µUn
j−1 (A.3)

j = 1, ..., J − 1

where µ = ∆t
h2 . We solve the tridiagonal system of equations

(I − θµD)Un+1 = (I + (1− θ)µD)Un + b, j = 1, 2, ..., J − 1, (A.4)

where I is the (J + 1) × (J + 1) unit matrix, b is (J + 1) × 1 zero-vector used to

implement the boundary conditions, U is the vector (U0, U1, ..., UJ)T and D is the
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differential operator, a tridiagonal (J + 1) × (J + 1) matrix whose entries are zero

except for
[
rj− 1

2

rj

,−
rj+ 1

2
+ rj− 1

2

rj

,
rj+ 1

2

rj

]
at j = 1, ..., J − 1.

Let LHS be the matrix (I−θµD) of the left hand side of equation (A.4) and RHS the

matrix (I + (1 − θ) of the right hand side. The first and last rows of LHS and RHS

have to be modified according to the boundary conditions. The initial condition is

U0
j = 1 at j = 0, 1, ..., J. (A.5)

To implement the flux boundary conditions at r = 1 and r = rend, we use a grid

such that the boundaries lie between the first and second, respectively between the

two last grid points, i.e. we define the space grid vector as r = (1−h
2
, 1+h

2
, ..., rend+

h
2
).

Then we approximate the flux equations (4.40) and (4.41) with

Un+1
1 − Un+1

0

h
= λ

1
2
(Un

0 + Un
1 )

1 + c∞ 1
2
(Un

0 + Un
1 )

n = 0, ..., N − 1 (A.6)

and

Un+1
J − Un+1

J−1

h
= −δ1

2
(Un+1

J−1 + Un+1
J ) + δ1V

n+1 at n = 0, ..., N − 1. (A.7)

At every time step, we approximate ca in equation (4.41) with an explicit Euler

scheme, V n+1 = V n + ∆t
δ2

(1
2
(Un

J + Un
J−1)− V n), where V 0 = 1.

The first row of LHS becomes

[−1, 1, 0, ..., 0] (A.8)

and the first row of the RHS is a zero-vector. The last row of LHS becomes

[0, ...,−1 + 0.5δ1h, 1 + 0.5δ1h] (A.9)

and the last row of the RHS is a zero-vector. The entries of the vector b are zero,

except the first entry is (λ
h
2
(Un+1

0 +Un+1
1 )

1+c∞ 1
2
(Un+1

0 +Un+1
1 )

) and the last entry is (δ1hV n+1). This

non-linear expression requires values of the solution at time n + 1. We solved this by

a fixed point iteration, using the values at time n as initial guesses.

The solutions at r = 1 and r = rend are given by

U(1, n∆t) =
1

2
(Un

0 + Un
1 ) (A.10)

and

U(rend, n∆t)) =
1

2
(Un

J + Un
J−1). (A.11)
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Appendix B

Numerical solutions for chapter 5

To deal with the semi-infinite domain, we define a new space variable z = 1
x+1

, so

that x ∈ [0,∞) is mapped to z ∈ (0, 1]. The differential operator becomes

∂

∂x
= −z2 ∂

∂z
, (B.1)

and g(x, t) is transformed to

g(z, t) = e
b
v ([x] 1−z

z
−xmax)

(
1− e

d
v ([x] 1−z

z
−vt[t])

)
. (B.2)

B.1 Soil solution concentration, c, with sink term

based on the continuum soil model

Rescaling Cl = c∞c, and transforming the space variable as outlined above, equations

(5.48)-(5.51) become

∂c

∂t
= z2 ∂

∂z

(
z2 ∂c

∂z

)
− S1Fmyc(z, t, c), (B.3)

∂c

∂z
= −λ1

c

1 + c c∞
, z = 1, (B.4)

c = 1, z → 0, (B.5)

c = 1, t = 0, (B.6)

where

Fmyc(z, t, c) = g(z, t)
c

κ + c∞c

or

Fmyc(z, t; c) =

{
0, t− tc < 0,

g(z, t) c
κ

δ1rend[λ ln(r)+1]
λ+δ1rendλ ln(rend)+δ1rend

e−γkd(t[t]−tc), t− tc ≥ 0.

85



For their solution, we use a finite difference scheme with a centered discretisation in

space and using the θ-method in time. Let h be the step size of a uniform mesh in

space and let ∆t be the time step. Let J + 1 be the number of grid point and N be

the number of time steps. Let the dimensionless concentration in soil be denoted by

c(z, t) where t is the dimensionless time and z is the dimensionless and transformed

space variable such that z = 1 at the root surface and z = 0 infinitely far away from

the root. Let c(jh, n∆t) ≈ Un
j and Fmyc

n
j ≈ Fmyc(jh, n∆t, Un

j ). Then the numerical

scheme is given by

Un+1
j − Un

j

∆t
= θ

(
z2 ∂

∂z
z2 ∂c

∂z

)n+1

+ (1− θ)
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z2 ∂
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−
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n
j , n = 0, 1, ..., N − 1 (B.7)

where
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2

Un
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j

h
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j− 1
2

Un
j − Un

j−1

h

)
, j = 1, ..., J − 1. (B.8)

The value of Un+1
j is required for the non-linear sink term, if θ 6= 0. We could either

use Newton’s method to solve this implicit equation, or, which is what we have used,

a fixed-point iteration, with Un
j as the starting value.

To implement the flux boundary condition at z = 1, we use a spatial grid such

that z = 1 lies between the last and second to last grid point. The value at z = 1, we

approximate by U(1, n∆t) ≈ 0.5(Un
J + Un

J−1). The initial and boundary conditions

are

U0
j = 1, j = 0, ..., J, (B.9)

Un+1
0 = 1, n = 0, ..., N − 1, (B.10)

(1 + 0.5λ1h)Un+1
J = (−1 + 0.5λ1h)Un+1

J−1 = 0, n = 0, ...N − 1. (B.11)

Expressed in matrix form, we solve

(I − θµD)Un+1 = (I + (1− θ)µD)Un + b, (B.12)

where µ = ∆t
h2 , D is the differential operator

D =
(
0, ..., 0, z2

j z
2
j− 1

2
,−z2

j (z
2
j− 1

2
+ z2

j+ 1
2
), z2

j z
2
j+ 1

2
, 0, ..., 0

)
,

j = 1, 2, ..., J − 1. (B.13)

The vector b implements the source term and is

b =
(−θS1Fmyc

n+1
j − (1− θ)S1Fmyc

n
j

)
, j = 1, 2, ..., J − 1. (B.14)
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Let LHS be (I − θµD) and RHS be (I − (1 − θ)µD). Then the boundary condition

at z = 0 implies that the first line of LHS as well as RHS is (1, 0...0). Due to the

boundary condition at z = 1, the last line of LHS is (0...0, (1
2
λh− 1), (1

2
λh + 1)).

B.2 Sink term based on the soil pore model

In the case of the sink term based on the soil pore model, we need to deal with a

time-delay. Equation 5.41 describes the time dependent hyphal solute uptake. It

starts only at the critical time tc, when external hyphae first appear at a given point.

Since tc may lay between two points of the time grid, tn and tn+1, we approximate

the source term using finite volumes instead of finite differences, so that

Fmyc
n
j ≈ θ

h ∆t

∫ zj+
h
2

zj−h
2

∫ tn+1

tn

Fmyc(z, t; U
n+1
j ) dt dz +

+
(1− θ)

h ∆t

∫ zj+
h
2

zj−h
2

∫ tn+1

tn

Fmyc(z, t; U
n
j ) dt dz. (B.15)
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