On class groups of imaginary quadratic fields
A. Wiles

Abstract

In this paper it is proved that one can find imaginary quadratic
fields with class number not divisible by a specified prime [ and with
certain specified splitting conditions at a finite number of primes. Such
existence theorems are useful in the arithmetic of elliptic curves and
potentially also in certain lifting problems for reducible two dimen-
sional Galois representations. The methods used are a blend of geom-
etry and the theory of modular forms, especially the trace formula.

The principal result of this paper is the following. The case [ = 3 is due to
Bhargava (without the extra conditions on S).

Theorem 0.0.1. Let [ > 3 be an odd prime. Let S = S, USyUS_ be a
disjoint union of finite sets of odd primes. Assume that

(a) S_ contains no prime g with ¢ = 1(1) and ¢ = —1(4).

(b) Sy contains no prime with ¢ = —1(I).

(¢) Sp contains no prime with ¢ = 1(1).

Then there exists an imaginary quadratic field L satisfying
(i) the class number hj, of L is prime to [.

(ii) L is ramified at each prime of Sy, inert at each prime of S_ and split
at each prime of 5.

If x is a Dirichlet character let L(s, x) denote the corresponding Dirichlet
L-function. Then L(0, x) € Q and this theorem may be reformulated using
the analytic class number formula.
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Theorem 0.0.1’. With the hypotheses of theorem 0.0.1 there is an imagi-
nary quadratic character satisfying

(i) L(0,x) # 0(1)
(ii) x(p) =0ifp€ So, x(p) =-1ifpe S_, x(p)=1ifpe S,
Remarks

(i) In the case [ = 2 theorem 0.0.1 is true (without the extra condition on
S)if # Sy < 1 and false if # Sy > 2. This follows from genus theory,
quadratic reciprocity and Dirichlet’s theorem on primes in progressions.

(ii) In the case | = 3 Bhargava, Shankar and Tsimerman have proved a
stronger theorem giving the asymptotic densities of prime discriminants
as in the theorem (see [B] and [BST] theorem 7), again without the
condition on S.

(iii) Cohen and Lenstra have described heuristics for the frequency with
which fields such as L in the theorem should occur in various settings
(see [CL]). These have been refined by Bhargava in the present context,
see [B].

The first general results of this kind were proved by Hartung, who proved
the theorem (including the case | = 3) with S empty ([Ha]). Horie [Ho]
proved the result with [ sufficiently large compared with S. Bruinier ([Br])
proved the result for [ > 5 under the condition p # 0,F1(l) for all p € S.
The methods of Hartung and Horie are related to the trace formula whereas
Bruinier used the theory of modular forms of half integral weight. In fact the
L-values in the theorem are closely related to the coefficients of an Eisenstein
series of weight %

Our original interest in such results was as a potential application to
modularity lifting theorems in the residually reducible case. If one could
prove a similar theorem in the case of a totally real field F' one would be
able to confirm hypothesis H of §4.5 of [SW], at least in some cases. This
would then give an unconditional lifting result of the form of Theorem B of
§4.5 of [SW]. In the case of a totally real abelian field the lifting results in
[SW] are proved using a theorem of Washington about the boundedness of
the [ part of the class number in a cyclotomic Z,-extension. However such
a result is unknown in the general totally real case and results of the kind
proved in this paper, but over totally real fields, would be an alternative.
The method we use here should apply, with some modifications, to the case
[ 1 wo(F)C(r(—1), where (p(s) is the zeta function of F' and wy(F) is the
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largest integer N such that the Galois group of the extension F((x)/F is an
elementary abelian 2 group. However the general case needs a new argument.
It is the method of §2.3 which does not work in the general setting, because
the factor we(F)(r(—1) occurs in the formula for the genus of Shimura curves
over totally real fields. Results of the kind proved in this paper can also be
useful in the study of elliptic curves with rational torsion points, see [Va]
theorem 3.3 and corollary 3.4.

The trace formula on Shimura curves relates the trace of a Hecke operator
to a sum of class numbers of orders in imaginary quadratic fields (see §1.5).
We consider this in the situation of a carefully chosen Shimura curve with
specified level structure (see §2.1). We choose a Hecke operator so that it
is a unit in precisely one family of l-adic representations (i.e. associated
to a single orbit of maximal ideals of the Hecke ring under the action of
conjugation and twisting). This operator is chosen so that it picks out class
numbers of orders which satisfy the splitting conditions in S (see §2.2). We
can do this for any orbit of maximal ideals of the Hecke ring. We then need
to compute the trace of our chosen Hecke operator, and this is essentially
the dimension of the space of forms (or l-adic representations) in the chosen
orbit. If it is prime to [ for any orbit then we are done, for we will have found
a sum of class numbers of suitable orders which is prime to . We have only
been able to do this last step under the given hypothesis on S, and we do it
using the Riemann-Hurwitz formula in §2.3

1.1 Shimura Curves

Let ¥ be a non-empty finite set of primes of even cardinality. Let B be
the indefinite quaternion algebra which ramifies precisely at the primes of
Y. Let D be the discriminant of B, that is the product of the primes in
Y. Let G denote the algebraic group B*, so that for any commutative Q-
algebra A,G(A) = (B ® A)*, the invertible elements of B ® A. In particular
G(R) ~ GLy(R) and we let G(R) act on two copies of the upper half plane
h* in the usual way. Then for every open compact subgroup K of G(A;),
where A denotes the finite adeles of Q, the quotient of G(A;) x h*/K by
the left diagonal action of G(Q) is a compact Riemann surface

M = GQ)\G(Ay) x h*/K
The set of connected components of M is given by

mo(ME") = Q*\AF /nr(K™)
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where nr denotes the reduced norm map (and indeed nr induces this isomor-
phism). We will only need K’s with nr(K*) ~ [[Z) in this paper so that
M@ will be connected. Thus M#" may actually be described more classically
as

M~ KNG(Q)\h* ~ KNG (Q)\h*

where G*(Q) denotes the elements of B with positive reduced norm. We will
write M for the complex algebraic curve associated to M.

We let Op denote a fixed maximal order of B and we will assume that
we have chosen K so that K C OB, the completion of Op (i.e. O ® Z)

1.2 Local Structures

Let v be a finite prime of Q where B is split. We denote by Q, (resp. Z,)
the completion of @ (resp. Z) at v. We will only consider level structures
which decompose as products K = K"K, where K” and K, are compact
open subgroups respectively of,

G(Af>y = {g € G(Af) ‘9 = 1} ) B,* C G<Af>

We define groups Uy(v), Us(v) and U#(v) by

Upv) = [ Z € GLy(Zy) : ¢ = 0(v)
Vi) = o € GLy(Zy) :b=c=0(v) and ade (F))
or a=d=0(v)
a b v—1
Uf(v) = ; € GLy(Zy) : c=0(v),az =1(v)

We note that with K,’s chosen from among these three groups, the local
reduced norm map is surjective to Z,*. For the finite places v where B is
not split we will always pick K, to be a maximal order, so again the local
reduced norm map is surjective to Z,”. So for the K’s we consider we will
always have that M is connected.



1.3 Hecke Operators and modular forms

Let My be a Shimura curve as in §1.1. Let m be a positive integer such that
for every p | m, K, is a maximal order. We allow the case where p € 3, so p
ramifies in B. Let G,, be the set of elements g of Oy which have component
1 at primes not dividing m and such that det(g) generates the ideal (m)Z,
at each prime p | m . In particular Gy is a subgroup of K and G,, is a union
of cosets of (G; in OB. We define an operator T}, on My by the formula

Tu(y)= > lg7.2)]

YEGmMm\G1

where (g,z) is a representative of y in G(A;) x h* and [(g7, )] is the pro-
jection of (gv,x) on to Mk. As is well known T}, defines a correspondence
on M. In this paper we will only consider cusp forms of (parallel) weight 2
associated to B. Those of level K are precisely the holomorphic differentials
f(2)dz on M. The Hecke operator T, acts on such forms by the formula

To(a) = Z e
YEGm\G1
where a € H°(My, Q). Hecke operators can of course be defined more
generally without the restriction on m but we will only need the ones we
have described.

If (n) is a product of primes in X then the operator T,, is of finite order
and we will denote it by U, or w,. This is because there is a +, which is an
element of Op with reduced norm equal to n, and it is unique as a left ideal of
Op by the local calculations of §I1.4 of [V]. Then w,? = 1 since (12) = (n) as
ideals of Op (again by lemma I1.4.1. of [V]). The action of n on HO(My, Q")
is of course trivial.

1.4 Galois Representation and Hecke rings

We recall that if @ € H°(Mg, Q') is a common eigenform for all but finitely
many of the Hecke operators 7, (for p a prime), then there is a unique
associated automorphic representation @ = ®m, of G(Af). The uniqueness
is proved by associating to 7 an automorphic representation 7’'of GLy(Af) via
the trace formula (due to Eichler, Shimizu and Jacquet-Langlands), and then
using strong multiplicity one for GLy. Moreover a representation 7 occurs
in G(Ay) for some level K if and only if 7, is either special or supercuspidal
at each v where B, is not split. Since we are only considering differentials
we will only be considering 7'’s of parallel weight 2, thus corresponding to
holomorphic Hilbert modular forms of weight 2.
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If 74 is the automorphic representation associated to a common eigenform
f as above then it is sometimes possible to determine the type of local rep-
resentation purely from the level. If K, is maximal and v is not in ram(B),
then 7, is an unramified principal series. If v is in ram(B) and K, is a
maximal order (as we are always assuming when v € ram(B)) then 7, is the
special representation up to an unramified twist.

Associated to forms of weight 2 on Shimura curves there are compatible
systems of A-adic representations. If T,,f = c(p, f)f for almost all p, then
there exists a continuous 2-dimensional representation, unramified outside
ND.N()N),

pra s Gal(Q/Q) = GLy(Oy)

for each prime X of Oy, the ring of integers of the number field K; generated
over Q by the eigenvalues ¢(p, f), satisfying

(1.4.1)

traceps\(Frob,) = c(p, f) for pt ND.N(X)
detpsa(Frob,) = x¢(p)p-

Here we have used N for the level of f and D for the discriminant of B and
we are writing x for the central character of f and N(A) for the norm of
A. These representations are odd and irreducible. Moreover the local-global
compatibility theorem describes pyy |p, where D, is a decomposition group
at p even for p | ND.

The Hecke operators T,, introduced in §1.3 generate a commutative ring

of endomorphisms
T C Endc(HO(MK, Ql))

The minimal prime ideals of T correspond to the common eigenforms of the
Hecke operators of the given level K. The existence of old forms when K
is not maximal means T will in general have more than one minimal prime
associated to a given .

The maximal ideals of T containing the prime [ correspond to the semisim-
plifications of the reduced representations psmodA for A | [. If m is such a
maximal ideal we denote by py the associated semisimple representation

pm : Gal(Q/Q) — G Lo(ky)

satisfying the same relations as above in 1.4.1. This representation is odd
and so we can and will choose ky to be the field generated over the prime
residue field F; by the traces. While the ps are irreducible, the py may
not be. We call m Eisenstein if py is reducible (i.e. a direct sum of two
characters) and we call it dihedral if the projective representation associated



to pm has dihedral image. The same representation py can occur for different
m’s because although py determines the eigenvalues of T, for p t ND it does
not always do so for p | ND. This ambiguity may occur when p = —1(1), pu
is unramified at p and tracepy(Frob,) =0 (1).

1.5 Trace formulas

In this section we recall the trace formula on Shimura curves and its relation
to the trace formula on Shimura varieties of dimension zero associated to
definite quaternion algebras. We begin with Shimura curves. We continue
with our assumptions from §1.1 and §1.2. Thus M is a Shimura curve with
discriminant D and level structure K =[] K, with K, as described in §1.2.
We let N =[] v be the level of K, i.e. where the product is taken over all v
for which K, is not maximal. As always N is prime to D. For simplicity we
will always assume it is divisible by at least two odd primes, one congruent
to —1 mod 3 and one congruent to —1 mod 4.

The groups Ug(v) are not of the kind normally considered and in partic-
ular are not associated to Eichler orders. For this reason we will give a trace
formula suited to our needs by switching to a definite quaternion algebra and
then making a direct computation. For the switch we will use the results of
Jacquet-Langlands which extend those of Eichler.

We will consider a definite quaternion algebra B of discriminant D/q,
where ¢ is a chosen prime of ¥. We define two level structures on B by
writing

K() = GLQ(OQ) x K1 s Kl = U()(q) X Kq

where K = K, x K1 is the level structure of Mg. Then we may associate a
zero-dimensional ‘Shimura variety’ X g, to each of these level structures, for
¢ =0 and 1, in the same way as for Mg by setting

X = B*\B(A)/K;

We can define actions of Hecke operators on functions on Xk, in the usual
way. Then the following result is essentially due to Jacquet and Langlands
[JL] as completed by Arthur.

Theorem 1.5.1. For n prime to Ng,
trace Ty, |go(ae on= deg T,y + traceT, \XKI —2traceT), |XK0

where n' is the largest factor of n which is prime to D.



Proof. The forms of level K, i.e. in HY(Mg,Q'), correspond to representa-
tions which are special at ¢, and the last term on the right hand side ‘removes’
the contribution from the forms which are old at ¢ in trace T, |x, . The first
term on the right hand side, deg T,,/, comes from the fact that the functions
on the zero-dimensional Shimura varieties which factor through the reduced
norm do not correspond to forms of weight 2 on the Shimura curve. There
is one such function up to scalars and on it 7}, acts via its degree, which is
deg T, |XK1~: deg Ty |arye- o

We now give a result which relates trace T, | Xk, 1O class numbers. Let ¢;
denote representatives in B(Aj) for the elements of Xf,. Then define

KW = t; Kot;'NB

where Op is a fixed maximal order in B and OB = 05 ® 7. We make
similar definitions for O;®, K;® with respect to a set of representatives for
the elements of X .

Theorem 1.5.2. Suppose that n is square-free, n > 1 and prime to N. Then
3 m, € Z such that trace T, |XK0: %Z Myl

where z is taken over some z € Oy (for some i which depends on )
satisfying

(i) 2> —tr+n=0witht € Z
(i) z ¢ R
(i) x, € Ko, for v | N.

Here we let Cl;, = LX\Lg/gb*l(Kéi)) where ¢ : Ly — G, is the embedding
induced by x € O((]i) , and let h, = #Cl be its class number. A similar result
holds for X, in place of Xk, replacing (iii) by the condition x, € Kl,,,(i)
for v | Ng.

Remark. Typically in the trace formula the trace is given without reference
to the embeddings but as a precise sum of generalised class numbers. In our
case the precise numbers m, are not important, nor is it important to have
the precise set of x’s but it will be crucial to know that x, € Ko,l,(i). We note
that Cly, is not necessarily the class group of Z[z] (but is a quotient of it).
In fact it is the class group of a unique order L, in Q(x) containing x.



Proof. Suppose that (¢;,t;) € T, - AXKO where AXKO is the diagonal in
Xk, X Xk,. Then t; satisfies

tio, = Yytiu (1.5.1)

where «,, is one of the coset representatives chosen as in §1.3 for the

action of T,,, in particular an element of O 5 of reduced norm n with a,,, =1
if vin,y € B> and u € K. Thus

Y= tl (7% U_lti_l S tl OB ti_l N B = Oo(l)
Y € tl Ko’l, ti_l = Ko,l,(i) for I//N

Also 7 has reduced trace an integer and reduced norm equal to (n). Since
Q(~) is imaginary (as it embeds in a definite quaternion algebra) the reduced
norm of 7y is actually n.

It follows that ~ satisfies all the properties listed for = in the theorem.
We will now partition the set of 7’s into disjoint sets, each of size h, for some
x. We first note that + is essentially uniquely determined by the pair {t;, a, }
since if vt;u = v't; v', then v~y € D* N K(gi) = F1 as N is divisible by two
odd primes, one congruent to —1 mod 3 and one congruent to —1 mod 4. So
this partitioning will give the theorem since trace T, = #(T, - Dxy, )

We let L = L., denote the field Q(v) and we associate to v a class group

Cl, = D\L /67 (Ky))

where ¢ : Ly — G, is the embedding induced by v € K(()i) C O(()i) C B.

As ¢ is a homomorphism and Kéi)

is a group, so we do have a generalized
class group. (¢_1(K(§i)) C Uy, the product of the local unit groups, as all the
elements have integral trace and unit determinant). There is an action of L}
on (;,t;) satisfying (1.5.1) defined as follows. Write I, t; = 71 t; uy. Then

because [, and v commute we find that, applying [, to both sides of (1.5.1),
tj-uram =y - b - .

Thus 7;' v 71 corresponds to a point of T, - A Xy, Clearly the action
of [y € L* is trivial since then we may take [; = 7. Also the action of
Uy € qb’l(Kél)) is trivial. For u, t; = t; . t; " ug t; and t; ' u, t; € Ko, 507 = j
and y; = 1 in this case. It follows that Cl, acts on (¢;,¢;) and the orbit is

Cl,y : (tl,tl) eT, - AXKO

We still have to show that the action has no fixed points. However we have
seen that 7 is determined up to sign by the point in 7,,- Ay, . So if two points
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in the orbit are the same then v;* v 71 = 75" 7 72 up to sign. It follows
that v, 72_1 € L since L is its own centralizer in B. So if l,,t; = v t; u; and
lagti = 72 tj ug represent the same point in 7, - A XKy then replace [,, by
Y1 Y3 ! lay = la,’. We find that

ti Ug_l Uy ti_l = la2/_1la1 S ti KO tz’_l N LA = ¢_1(K(gl))

So the action is faithful. Finally we observe that if we begin with any other
point in the orbit then the same process leads to the same orbit by an iso-
morphic group. Essentially the same arguments work in the case where X,
is replaced by Xk, .

O

We now give a variant of theorem 1.5.1 for the trace of T, on the space
of forms with character 1. We write

HW = H(My, 0N ¢ H = H' (Mg, Q')

for the space of forms with character v, for ¥ a quadratic character of con-
ductor ¢’. We compute this trace by using the isomorphism

HY ~ HO(Mpew, Q) /HO (Mg, Q)

where if K = K7 x K, and K, ~ Uy(¢') then we define K# = K7 x Kj,é

and Kf = U#(q'). We obtain the following result by combining theorems
1.5.1 and 1.5.2. We use the notation of those theorems.

Theorem 1.5.3. Suppose that n is square-free, n > 1, (n, N) = 1. Then
dm, € Z such that

1
trace Ty, | gw)= 5 ; My,

with x taken over some z € Oj(»i) (for some i depending on x) satisfying
(i) 22 —tr+n=0witht € Z
(i) ¢ R

(i) =, € K;,% or Kfy(i) for 7 =0 or 1 (depending on v), for all v | N.
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2.1 Choice of D and N
From now on we let [ be an odd prime, [ > 5. We let
S=5US_US;

be the disjoint union of three sets of odd primes. We assume as in the
statement of theorem 0.0.1 that S_ contains no prime ¢ with ¢ = 1(/) and
q = —1(4). Let Iy be an indexing set for {¢; € So : ¢; # 1(I)}. We then
choose a prime 7’ ¢ S satisfying

(i) (i) - (M) for g€ S, US_ g1 (2.1.1)

q q

and

! : i -1
(3> __ (He—fq) (-) itg=1eS,Us.
q q l
(i) 7 # F1 (1)
We also introduce a prime 7" ¢ S U {7’} satisfying
(i)
<7T—> = — (M) forall g € SpUS_ (2.1.2)

q

(i) = % F1()

To see that such a prime exists we note that the only compatibility to be
checked is if some ¢ is [. This causes no problem as [ # 3.

We next pick a second auxiliary prime ¢’ (¢’ ¢ SU{m,7"}) satisfying the
conditions

(i) ¢ =1 (2.1.3)
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(ii) there is a real quadratic character x of conductor ¢ satisfying

—1 for all ¢ € S such that ¢ = —1(1)

=

—~

'Q

~—
I

x(q) =+1 for all ¢ € S such that ¢ = 1(I)

Now choose a further set P’ of auxiliary primes {p}}, pi ¢ S U {7, 7", ¢}
with the p, mutually distinct, satisfying the following conditions:

(I) pi #£ 1(1) for all ¢

(IT) if [ = 3(4) then for each irreducible representation

p: Gal(Q/Q) — GL(k)

where £ is a finite field of characteristic [, where p is of dihedral type,
which is unramified outside S U {¢’, 7, [}, whose associated quadratic
field is Q(v/—1) or Q(v/—¢'1) and which satisfies detp = yw, there
exists a p; € P’ such that Frob, has eigenvalues whose ratio is not
w(p}). (Here w is the mod [ cyclotomic character).

(III) for each p as in (II) but where the associated projective representation
has image Ay, Sy or As the same conclusion as (II) should hold.

Lemma 2.1.1. A set P’ exists with properties (I) - (III).

Proof. In (II) we are assuming that [ = 3(4). Also [ > 5 so # im(detp) > 6.
On the other hand imp C PG Ly(k) is dihedral so its maximal cyclic quotient
is of order 2. It follows that the centre of imp has order at least 3. Pick p;
to be any prime with F'rob,, representing an element in the centre of order

at least 3. We choose such a p; for each p as in (II).
In (III) we use lemma 1.10(ii) of [W1].

We are now in a position to choose D and N. We let

D=nx"x". H q H s (2.1.4)

q€lp p;eP’

where Ip = {q € So}U{qe S_:q#1(l) or ¢ # 1(4)}. We also choose D to
have an even number of prime factors by enlarging P’ if necessary.
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Next we introduce a level N by setting

N:q’Hq H q (2.1.5)

qel; q€S+

where I} = {q € S_ : g = 1(I) and ¢ = 1(4)}. We use a level structure
K =[] K, where

K,= Uy(v) for v=qeS;
K,= Us(v)for v=qe{geS_:1q=1(),¢q=1(4)}
Ky = U*(q)

At all other v’s we require K to be a maximal order. As always we assume
that N is divisible by at least one prime congruent to —1 mod 3 and one
prime congruent to —1 mod 4. We will consider the space of modular forms
of weight 2 on a quaternion algebra B of discriminant D which have level K
structure and character x. We write

HX = H (Mg, QY ¢ H= H' (Mg, Q")

for the space of forms with character x. We let T = TVP) denote the Hecke
ring generated by the Hecke operators 7T, with n prime to ND acting on
H. We also write T™V):00 or TO) for the image of T in End(H™). For any
maximal ideal m of T let Ty; denote the completion at m and let Hy = H @1 Ty
We also define T{ and HY similarly. If we need to specify the level then
we write TS "™ for this ring.

The auxiliary primes in P’ were introduced in order to enable us to limit
the py’s that can occur as described in the following lemma.

Lemma 2.1.2. If m is a maximal ideal of T® with D and N as given in
(2.1.4) and (2.1.5) then the projective image of py in PG Ls(ky) is one of

(a) a conjugate of PG Ly(kg) for some ko C kpy,
(b) a conjugate of PSLy(ko) for some ko C ki,
(c) a cyclic group.

Proof. By Dickson’s classification of subgroups of PG Ly(k) we only have to
eliminate the cases of dihedral groups of order prime to [, as well as the
groups Ay, Sy and As.
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We begin with the dihedral case. The order of a dihedral group, if irre-
ducible in PG Ly(ky), is of order prime to [. In particular py is unramified at
primes p; € P’ since p;|D and so the local representations at these primes are
special. The determinant of py is yw so the associated imaginary quadratic
field is unramified outside of ¢’ and I. Since Q(v/—¢’) is ramified at 2 it
must be Q(v/—¢'1) or Q(v/—1). For the same reason | = 3(4). If the dihedral
representation has the form Indiy then we see that xyw = (¢ o N)xk/q where
K is the associated quadratic field. This only has a solution (with ¢? not
dividing the conductor) if the field is Q(v/—¢'l). Since py is special at the pl,
the ratio of the eigenvalues of the Frob, is w(p;). However this contradicts
property (II) of the p} in P’

We also rule out the Ay, Sy and As cases using property IIT of P’. (Note
that we are not excluding the As case if [ = 5). [

2.2 Class numbers and Hecke Rings

We continue with the notation and assumptions of §2.1, in particular with
the definitions of D, N, K and y and with N divisible by at least two odd
primes. We are now in a position to prove the key result.

Theorem 2.2.1. Let [ be an odd prime, [ > 5. Suppose that there is a
level N as in (2.1.5) such that either of the two following sets of conditions
is satisfied,

(A) There exists an m such that

(i) mis a maximal ideal of T with [ € m

(ii) pm is absolutely irreducible
(iii) dimH{ # 0(1) and dimg, kn Z 0(1)
or

(B) if {m;} is the set of Eisenstein maximal ideals of T with I € m;, then
S dimHYY # 0(1).

Then there exists an imaginary quadratic field L with

(I) A #0(1)

(IT) L is ramified at each prime of Sy, inert at each prime of S_ and split
at each prime of 5.
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Remark. At least one of conditions (A) and (B) hold if dimH®™ # 0(1).
For in this case rank;T™ # 0(I). We will verify this condition for certain
choices of N, D, K and x in §2.3. The result would still hold if we made the
more natural choice of Ip = Sy U S_ and I; = ¢, but the conditions we have
chosen are sometimes easier to verify.

Proof. Let L™ be a T stable lattice in HX) and let L,(,,X) denote its com-
pletion at m. We write V = LX) /I LX) and Vjy = L,(nX)/l LY. For each q € S,
with ¢ Z 1(1) (i.e. for each ¢ € Ip N Sy) and for 7', we decompose V' and V
into eigenspaces under the action of w, and w,,. We write

V=av® |  Vi=ol?

where V(© (and Vme)) denotes the subspace on which w,, = ¢;, wy = € and
wer = €' for {¢;,€,€"} € {£1} and € = (€/,€”",€1,...¢;). Here t = #Ip N Sy
and Iy = Ip NSy = {q1,...,q;}. Then V© and V,,§f) are still acted on by TX)
because this ring commutes with the w-operators, which are in fact Hecke
operators themselves.

Now let Hf' : = H} (Mg, Q;) denote the corresponding /-adic cohomol-
ogy of the Shimura curve M. Then the ring T acts on Hf' and we use a

Gal(Q/Q) and T-stable lattice to define spaces W and Wi in the same
manner as V© and V. For any pt NDI we have

1
trace T, |y o= 5 trace T}, |y (2.2.1)

For W the trace is then half the trace of F rob, in the associated Galois
representation by the theorems of Eichler and Shimura.
O]

CASE(A)

We will now assume the hypothesis (A) holds in the statement of the the-
orem. Thus we assume that m is a maximal ideal of T satisfying A(7) — (iii).

Let [], denote the set of maximal ideals n' of T with [ € w' and write

I[I[, = {m:0€ Gal(Q/Q)} U (m" @ x: o € Gal(Q/Q)}
Hl = H1 U Hll
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where [} is defined as the complement of [, in [],- Note that the action of
Gal(Q/Q) and of tensoring with y does preserve [], (indeed the local rep-
resentations at ¢ associated to forms in T are of the form 7 (juy, p1o) with
one of the y; unramified, and determinant equal to x times an unramified
character. Tensoring with y thus preserves HX)).

Lemma 2.2.1. There exist primes g { N DI satisfying

(a) o = trace pu(Frob,) # 0 with a € F,
(b) ¢=-1()

(c) x(q) =1

(d) ¢=1(4)

(e) (2) = 1for all ¢; € S_ U S with ¢; # 1
4

(f) in all representations p;\ associated to an n' € []}, Frob, is very close
to a complex conjugation and in particular satisfies

traceps(Froby) = 0(1") for some n >> 0

Proof. Let G1 = Gal(F;/Q) denote the Galois group of the splitting field
of the projective representation py associated to py. Let Gy = Gal(F,/Q)
denote the Galois group of the splitting field of all the ps\ mod [ repre-
sentations associated to w' € II,'. Let G denote the image of Gal(Q/Q)
in G; x Gy. Then by Goursat’s lemma G is the graph of an isomorphism
Gl/NlﬁGg/NQ. B

By lemma 2.1.2 Gy is isomorphic to PG La(kg) or PSLy(ko) for some finite
field kg C ;. It follows that Ny is 1 or PG Ly (ko) or PS Ly (ko). Suppose first
that N; is 1. This means in particular that Fy C Fs.

Let us suppose that Gy ~ PSLy(kg). (The case PGLy(ko) requires only
minor adjustments). Let {m;}%, denote the distinct non-Eisenstein maximal
ideals in IT," up to twist and conjugation. Let p;" denote the Galois represen-
tation associated to m;" and p;’ the associated projective representation. Let
K, denote the splitting field of {p;/ : 1 < ¢ < r}. Then F,/Kg is solvable.
So since Gal(F;/Q) is a simple group and the image of

Gal(FyKg/Kg) — Gal(F;/Q)
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is a normal subgroup we see that F; C Kr. Repeating this argument (with
F1K, in place of FoKg for r = R — 1,R — 2,...) we find that for some
r<R-1F C K,;; and

Gal(F K, /K,) — Gal(F1/Q)

is an isomorphism. Now letting F', ;" denote the splitting field of p| , we
have maps

Gal(Fl/Q) vas Gal(FlKT/KT) — GCLZ(KT_H/KT) — G’al(FrH’/Q) (222)

The right hand map is injective as K, = K, F,,,’. Since F; C K, the
central map is surjective. Since Gal(F,41'/Q) is isomorphic to PSLy(k') or
PGLy(K') for some k', so too is Gal(K,11/K,) as it is a normal subgroup.
We deduce that the central map is also an isomorphism. The injection on
the right is of index 1 or 2, again as it is a non-trivial normal subgroup of
Gal(F,+1'/Q).

Thus (2.2.2) gives, via py and p,41" (the projective Galois representation
associated to m,;1"), an embedding of PSLy(ko) in PG Ly (k) and PG Ly(k,.,").
It follows that ko C K, km,,,". Let ko' = kwkm,,,’. Then by Dickson’s clas-
sification [D] these two embeddings are conjugate in PG Ly(ko'). We deduce
that p,11/ >~ pm ® ¥ for some character . However ¢ must be trivial or
X since p,41/ and py have square-free conductor. It follows that m, ;" € II;
which contradicts our hypothesis. A similar argument works in the case of
PG Ly(ky). So the case Ny = 1 does not occur.

It follows that the image of Gal(Q/Q) in G x G4 is the graph of Gy /Ny ~
G2 /N, with the quotient being abelian. Moreover from the explicit descrip-
tion of G} this quotient is either 1 or Z/2Z. So if we replace G by Gy, the
Galois group of the splitting field of py, then the image G of Gal(Q/Q) in
G x G is the graph of an isomorphism

Gl/Nl ~ GQ/NQ

with this quotient still abelian.

Now the maximal abelian quotient of G; is the Galois group G;%° of
the maximal abelian extension in the splitting field of py. We claim that
it is contained in the composite of the splitting fields of yw and of y. For
the centre of Gy is cyclic so G1?° is either a cyclic group or of the form
Z/mZ x ZJ2Z for some m. It contains the splitting field of yw and so the
only quadratic fields that it can contain are in {Q, ‘Q(Xw)l—Tl } for ramification

reasons. Similarly there is no character 1 of conductor l¢’ satisfying ¢? = yw,
so the cyclic group has order [ — 1 i.e. m=1—1.
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Choose an element g € G as follows. We let g5 € G5 be a complex
conjugation. Now (G contains an element o of order [. Pick a complex
conjugation 71 in GG; which is not in the same Borel as o. Then it is easily
verified that det(m0) = —1 and trace py(70) € F; and is non-zero. Now pick
g € G such that ¢ = 770 in G; and g = g9 in GG5. This is possible because
they are equal on the abelian quotient G1/N; ~ G3/Ns. For det(ro) =
det(g2) = —1, and also x(710) = 1 = x(g2) if Q, is in this abelian quotient
as X is a real quadratic character. If Q, is not in the quotient we can extend
g to include this condition.

Conditions (d) and (e) of the lemma involve the splitting of ¢ in quadratic
fields that are ramified outside ¢’ and [. They are disjoint from the splitting
field associated to G'. So we may choose g so that F'rob, represents g in G,
is trivial on QQ, and splits in the quadratic fields associated to the conditions
(d) and (e). Conditions (a) and (f) are satisfied by our choices of g = 710 in
G1 and g = g5 in Gbs.

O

We now revert to the proof of the theorem and consider the action of F'rob,

on W, By condition (iii) of the theorem, and using that dim Vy(© =1

dimWy(© for each n7', we see that there is a choice of (€) with dim W& 2 0(1)
and dim ky # 0(l). Then by part (a) of lemma 2.2.1 we see that a =
trace(Frob,) # 0(1) on Wi'® also. So by condition (c) of the lemma

trace(Frob,) |Wm,<e): a Z 0(1)

for each m’ in II;. Since the number of m’s in II; is prime to [ (by our
assumptions that dim ky # 0(1) and [ is odd) we find that

Z trace(Frob,) |Wm,<e);¢_ 0(1)

melly

On the other hand the contribution of trace(Frob,) in each Wy (© for n' €
II," is zero modulo [ because the eigenvalues +1 and —1 occur with equal
multiplicity by condition (f) of the lemma. To see this let L) be a Galois
stable lattice in the representation associated to f and A\. Then we have an
exact sequence

0— LY &L\ — F—0

where (f,A) runs over all pairs associated to m’" and F' is a finite Galois
module. Reducing mod [ we see that the multiplicities of the eigenvalues +1
and —1 are the same in the two representations

Viw = L™/l Ly™ | @ Lsa/l Ly
(f:0)
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By our choice of Frob, they are equal on the right, so they are also equal in
Vu'. (We remark that while this is obvious for u’ irreducible, the Eisenstein
case has motivated the form of our requirements in (f)). The same result
holds for Vi since the actions of 7 and of the w operators commute and
each Ly is associated to a fixed € depending on f and A. We deduce that

trace(Ty) |y o= trace(Frob,) o7 0(1) (2.2.3)

by (2.2.1)
We now observe that on V(©

t

trace(T, Uy H U,) = Ftrace(T,) # 0(1), (2.2.4)

=1

where the product is taken over all ¢; € Sy. To see this observe that from
the proof we need only consider w'’s in II; as the contribution of the m'’s
in II} to the trace is zero mod . For m € II; we claim that Wn(fz) =0
for any e; # €. This is because the eigenvalues of the U, and of U, are
determined by the actions of {F'rob,, } and Frob, in py. This is because by
our choices of x we have det py(Frob,) = x(¢;)w(¢;) = 1 for ¢; € Sy and
det pw(Frob,) # F1. The eigenvalue of the U, operator is then given by the
action of a decomposition group at ¢; on a certain unramified quotient in py
(see [W2] theorem 2.1.4), and similarly for U,. Even if this quotient is not
unique, the eigenvalues are equal (for ¢; € Sy) so are still determined by py.
This completes the proof of (2.2.4).

O
We now use the trace formula (theorem 1.5.3) to reinterpret (2.2.4) as a sum

over class numbers of suitable imaginary quadratic orders. The trace is given
by

¢
1
trace(T,Uy H Ug.) Loy 01yo0 = 3 Z myhy
1=1 T

where the sum over x is described in theorem 1.5.3. We deduce that at least
one of the h, occurring in the sum is not divisible by by (2.2.4). We now
examine the properties of the x’s in the sum.

Each h, is the class number of an order in an imaginary quadratic field
Q(x). This order contains the element = which satisfies

t
r? —tr + W/qH ¢ =20 (2.2.5)

=1

Also z, € K(,W(i) for v | N. We pick an « for which h, % 0(l).
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From the equation (2.2.5) the divisors of the ¢;’s for ¢; € Sy cannot be
inert. Since the divisors of D must be inert or ramified (as Q(z) embeds in
B) we deduce that such ¢;’s ramify in Q(z).

Suppose next that ¢; € SN Ip. We have chosen 7’ so that

(7‘(’ H§:1 Qz‘> — 1
q;

for ¢; € S_, assuming that ¢; # [. Assume for now that ¢; # [. We recall
that we also chose (g = 1. It follows that

n
(M) — (2.2.6)

q;

So the discriminant of (2.2.5) is non-zero mod g;, whence Q(x) is unramified
at g;. Since Q(z) embeds in B it follows that ¢; must be inert in Q(x). If

q; = [, then again
(<) -
4d; l

by (2.1.1) (i) and lemma 2.2.1 (b) and we again argue as above.

For the primes ¢; € S_, ¢; = 1(I) and ¢; = 1(4) we recall that K, =
Us(gj). As above we observe that (2.2.6) holds so the roots of (2.2.5) are
distinct. Since they also lie in Uy(g;) and their product is not a square, they
are not rational over Z,,. (This is where we use that ¢; = 1(4)). It follows
that ¢; is inert in Q(z).

For the primes ¢; € Sy we observe that, just as in the inert case, the
discriminant is not zero mod g;. So the field Q(z) is unramified at g;. On
the other hand x4, € Ko 4,7, so we see that

X € ti_lKo’q]. t; N OB,q = t;on’qjti N OB,q

For such an x the roots are rational mod ¢;, so the equation (2.2.5) splits
mod g;. It follows that ¢; splits in Q(z). This completes the proof in case
(A).

Case (B)

This time we assume that hypothesis (B) holds i.e. that m is Eisenstein. We
explain the adjustments that need to be made. This time we let II; denote
the set of all maximal ideals.
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In the statement of lemma 2.2.1 we now consider primes ¢ { NDI sat-
isfying the conditions of lemma 2.2.1 except that (b) and (f) are replaced
by

(6)" ¢=1()
(f)" in all representations py associated to an m’" € II;’, Frob, satisfies
traceps (Frob,) = 0(1") for n >> 0.

The proof is similar to the previous case. We define G5 to be the Galois group
of the composite of the splitting fields of all the p} in IT;. We claim first that
we can pick an element o of order 4 in Gy with the following property:

o has eigenvalues {Fi} in each p;/ , m €Iy (2.2.7)

Let Ga,; denote the Galois group of the splitting field of p;/. Then to verify
(2.2.7) we first see inductively, by the same method as in case (A) using
Goursat’s lemma, that there is a surjection

t
Ggl — H Ggﬂ'/

=1

where Gy', Go;" are the derived groups of Gy and Gy, and {m;/ : i =1,....t}
runs through a full set of representatives for the m; € II," which are distinct
under conjugation and tensoring by x. We claim that each G5, is isomorphic
to SLy(ko,) for some ko,;. To see this observe first that its projective image
is PSLy(ko,) or PGLy(ko,;) and it has no abelian quotient. So its projective
image is PSLy(ko;). It also contains {F1} since it has an element of order
2 with determinant 1, and this must be the whole centre as the determinant
is 1 on Gy’

Pick an element 0; € G5/ with eigenvalues {Fi} for each 7, and then pick
o € G5’ which maps to Ilo;. We may view o as an element of G5 and it is
thus 1 on any abelian extension of QQ in the field F3 associated to Gy. We
extend o to split in the field F5((;).Q, if this is larger. Finally we pick o to
be a lift of order 4 in the Galois group of the field generated over this by the
splitting field of all the py ) mod I" (associated to the m;” € IIy’) and by the
splitting field of py. This choice of o, or rather any Frob, which represents
it, satisfies conditions (a), (b)’, (¢), (f)" of lemma 2.2.1. We can incorporate
conditions (d) and (e) by further splitting requirements on ¢ just as in case
(A).

For the rest of the proof of case (B) we proceed as before except that we
replace the use of the prime 7’ by the prime #”.
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2.3 Application of the Riemann-Hurwitz formula

In this section we show how to find D, N, K and x so that the hypotheses of
theorem 2.2.1 hold. This will then complete the proof of theorem 0.0.1.

We now assume that the conditions of theorem 0.0.1 hold for the set of
primes S and keep this assumption for the remainder of the section. We
choose N, D and the level structure K just as in §2.1. Thus in particular N
is given by

Ne=qd ] a ]] @

g€l qESt

We consider the level structure K = 11K, with
Ky, = Us(q) for g € S, ¢ = 1(1), ¢: = 1(4)
- U()(qz) for qi € S+7
K =U*(q)

We will also assume (by enlarging S is necessary) that ¢; = 1(12), for some
¢i|No. This ensures that the Shimura curve Xp(K) associated to the quater-
nion algebra B, of discriminant D and level K, has no elliptic fixed points.

With these hypotheses the Riemann-Hurwitz formula gives a value for
the genus of Xp(K') which we write g(Xp(K)):

g(Xs(K) =1+ —= [0 - D [ICLZ) : K]
p|D vIN

Our choices have ensured that [ 1 [GLy(Z,) : K| for any v and that [ {p—1

for p | D and hence that
9(Xp(K)) # 1(1) (2.3.1)

The same calculation applies if we replace K by K° where K° has level
structure which differs from K only at ¢’ and where Kg, = Up(¢"). Now the

covering
Xp(K) = Xp(K°)

is unramified of degree 2 so, by the Riemann-Hurwitz formula,
29(Xp(K)) -2 =2 (29(Xp(K")) - 2)

It then follows from (2.3.1) that g(Xp(K)) — g(X(K?)) # 0(I). This is the
dimension of the space H*(Xp(K), 2™ so

dimH"(Xp(K), @)™ £ 0(1)
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We can now apply theorem 2.2.1 to this space, or rather to some m-
component of it. Either there is an irreducible m satisfying the hypothesis
(A) of the theorem or the set of Eisenstein ideals satisfy hypothesis (B). We
may now apply theorem 2.2.1 to the m’s we have constructed with level N.
This yields the proof of theorem 0.0.1.

23



References

[Hal

[Hoj

[JL]

M. BHARGAVA, Mass formulae for extensions of local fields, and
congectures on the density of number field discriminant, Int. Math.
Res. Not. IMRN, 17 (2007).

J. H. BRUINIER, Nonvanishing modulo | of Fourier coefficients
of half-integral weight modular forms, Duke Math. (3) 98 (1999),
595-611.

M. BHARGAVA, A. SHANKAR and J. TSIMERMAN, On the
Davenport-Heilbronn theorems and second order terms (English
Summary), Invent. Math. (2) 193 (2013), 439-499.

H. COHEN and H. W. LENSTRA Jr., “Heuristics on class groups of
number fields”, in Number Theory (Noordwijkerhout 1983), Lecture
Notes in Math. 1068, Springer, Berlin, 1984, 33-62.

L. E. DICKSON, Linear Groups with an Fxposition of the Galois
Field Theory (1901), Teubner, Leipzig.

P. HARTUNG, Proof of the existence of infinitely many imaginary
quadratic fields whose class number is not divisible by 3, J. Number
Theory, (6) (1974), 276-278.

K. HORIE, Trace formulae and imaginary quadratic fields, Math.
Ann. (4) 288 (1990), 605-612.

H. JACQUET and R. P. LANGLANDS, Automorphic forms on
GL(2), Notes in Mathematics, 114, (1970), Springer-Verlag, Berlin,
New York.

C. M. SKINNER, and A. WILES, Resz’du/ally reducible representa-
tions and modular forms, Inst. Hautes Etudes Sci. Publ. Math.
(1999), no. 89. 5-126.

V. VASTAL, Canonical periods and congruence formulae, Duke
Math. J. (2) 98 (1999), 397-419.

M.-F. VIGNERAS, Arithmétique des algébres de quaternions, Lec-
ture Notes in Mathematics, 800 Springer, Berlin, 1980.

A. WILES, Modular elliptic curves and Fermat’s last theorem, Ann.
of Math. (2) 141 (1995), 443-551.

A. WILES, On ordinary \-adic representations associated to mod-
ular forms, Invent. Math. (3) 94 (1988), 529-573.

24



A. Wiles

Mathematical Institute
Unaversity of Oxford

Andrew Wiles Building
Radcliffe Observatory Quarter
Woodstock Road

Ozxford

0X2 6GG

United Kingdom

25



