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Conservation laws play an important role in analysing
physical systems and solving partial differential
equations (PDEs). In this paper, we use associated
conserved quantities (CQs) to construct a simple
and robust way to approximate the interaction
between surface solitary waves—a common nonlinear
phenomenon in many research fields and engineering
applications. One major constraint of such an
approach is how many CQs are available from the
governing equation. In this study, we start with the
Korteweg-De Vries (KdV) equation, which has an
infinite number of CQs. We show that these CQs
can be used to predict soliton interaction accurately.
The regularized long wave (RLW) equation—an
equivalent reduction form to the KdV equation,
however, has insufficient CQs to apply the approach.
To address this problem, we use a new symbolic-
based machine learning (ML) approach to search
for any higher-order empirically CQs (e-CQs), which
allow the proposed approach to be applied directly
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to the RLW equations and leverages the constraints on the number of CQs available. This
opens a new opportunity for more complex systems governed by a variety range of PDEs
to be modelled with such a CQ-based approach.

1. Introduction

The interaction between solitary waves in a nonlinear dispersive medium is a common
phenomenon that appears in a wide range of research fields, such as fluid mechanics [1],
water waves [2,3], nonlinear plasma [4-7] and fibre optics [8,9], and can be governed by
many nonlinear equations [10]. The Korteweg—de Vries (KdV) equation [11] and its regularized
version—the regularized long wave (RLW) equation also known as the Peregrine or Benjamin—
Bona-Mahony equation [12] are the classical equations describing such nonlinear interactions
between unidirectional finite-amplitude waves in a dispersive system. Of particular interest are
solitary wave solutions to these.

Various direct methods have been developed to obtain the analytical solutions for these two
equations, including the inverse scattering technique [13] and the Darboux transform method [14]
for the KdV equation, the extended tanh method [15], the homogeneous balance method [16],
the modified auxiliary equation method [17] and others [18] for the RLW equation. In addition,
many numerical approaches have also been used to solve each equation for solitary wave
interactions [19-22]. These solitary wave interaction problems also attract significant attention
from the practical point of view, such as plasma collisions [4], surface wave collisions [23] and
for the behaviour of shallow water waves [24,25]. As such, obtaining fast, robust and accurate
solutions to the solitary wave interaction problem is important for a better understanding of
the nonlinear mechanics, and also hints at faster engineering modelling tools to capture such
nonlinear phenomenon.

In this study, we take advantage of invariant integrals or conserved quantities (CQs)
to construct a framework for modelling the interaction of two-solitary waves. These CQs
are important because they provide known constants preserved throughout the nonlinear
interactions. With the number of CQs being larger than the number of parameters used to
describe the states of the system, the nonlinear system can be effectively determined at any
time instance. This provides a computationally efficient method to examine the characteristics
of solitary wave interactions, providing a good approximation throughout the evolution without
the necessity of using more complicated analytical results or numerical time-marching techniques.
Similar approaches have been used to investigate the nonlinear changes during the evolution of
a Gaussian wave group for waves on deep water [26] and for solitary interactions governed by
KdV and RLW equations [27-29].

A major step forward for a wider application of such CQ models is to relax the limits on how
many CQs are available for the governing equation. Traditionally, CQs for a given equation can be
mathematically derived. For example, the classical KdV equation has an infinite number of CQs
[30]. This was first proved as part of the work leading to the discovery of the inverse scattering
transform [13], which required significant analytical and computational input. Other equations,
however, have been proved to have only a finite number of CQs, such as the RLW equation
with only three CQs [31,32]. Recently, computational algorithms [33] and machine learning (ML)
[34-36] approaches have been developed as alternative approaches to finding conservation laws.
These methods, however, are mostly focused on re-discovering the physically interpretable lower-
order CQs, whereas for the proposed CQ models, the higher-order CQs are the critical ones for
increasing the total CQ numbers.

In this study, we take a more radical approach and develop a new symbolic ML CQ discovery
approach, where the new method allows the discovery of complex higher-order CQ forms that
are conserved numerically to sufficient accuracy to be used in analysis. This provides additional
apparent CQs to be incorporated into modelling and extends the capability of the CQ models for
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modelling more complex nonlinear systems. In addition, for those equations with an insufficient
number of exact CQs for modelling, this novel scheme brings a new concept of integral quantities
that are almost conserved. These discovered integrals stay close enough to a constant value
throughout all stages of the simulation and can be used to provide additional information for
modelling—we name these empirically CQs (e-CQs). A series of e-CQs may allow an extension
of the existing CQ-based modelling for complex equations where higher-order CQs are required.
However, we note the possibility that such e-CQs might not exist or, even if they do, they might
not be revealed in our search.

In this study, we aim to develop a non-time-step modelling of the classic two-solitary wave
interaction problem, which can be achieved through two main steps:

(i) Finding sufficient CQs for the analysis. Where these are not available in the literature, we
develop a symbolic regression-based CQ and e-CQ discovery scheme that finds sufficient
CQs and e-CQs allowing for characterizing the complete interaction between two-solitary
waves (§2a).

(ii) A reduced-order parameterization that fully uses the CQs and e-CQs of the governing
equation to approximate the two-solitary wave interaction without time-stepping (§2b).

We first examine the reduced-order parameterization approach for the KdV equation in §4, where
it is well known that there are an infinite number of CQs. We then move on to analyse the RLW (or
Peregrine equation), where a single additional higher e-CQ is required to fully characterize the
system, arising from the current parameterization of the solitary wave interactions. We identify
two additional e-CQs through a new symbolic regression ML scheme and validate these against
high-accuracy numerical simulations (§5).

2. Methodology

(@) An ML-based discovery of (Qs and e-(Qs

We develop a new symbolic-based ML approach to discover CQs and e-CQs. Following the
definition of the CQ, we have

/ Tdx= /[F(u) — I(u)] dx = constant for t € R, (2.1)

where T is the CQ, and its spatial integral does not change during the entire evolution of the
system, F(u) is the leading-order term, which is usually written in the form of F(u)=(1 Jk)uk
following the Miura forms [30] for the kth-order CQ for both KdV and the RLW equations, and
I(u) are the following terms that satisfy the condition. In this paper, we take the one-dimensional
form for CQs in equation (2.1). More generally, this could be done over an arbitrary number of
dimensions. For instance, in two dimensions:

/ / T(u(x,y))dxdy = / /[F(u(x, y)) — I(u(x, y))] dx dy = constant for € R, (2.2)

where y is the extra dimension of the system in addition to x, This will naturally allow the
methodology below to be extended to nonlinear systems with more than one dimension by
including an extra spatial integral. This would allow our method to be potentially applied to high-
dimensional systems with different governing equations, for example, the Zakharov-Kuznetsov
equation for ion-acoustic waves in a plasma with three known CQs in two dimensions [6] and
also for a modified KdV-Zakharov-Kuznetsov equation in a magnetized electron—positron [7] in
three dimensions.

In this study, we aim to find the analytical expression of I(u) corresponding to each order of
F(u) with minimal restrictions on their free form. To achieve this, we start with the classic symbolic
regression approach, where the mathematical expression of (1) can be expressed by a tree
consisting of constants, operators and elementary fields. In principle, this tree-based expression
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allows the symbolic regression package (PySR, [37]) to uncover expressions with unbounded
complexity. We allow Op = [‘plus’, ‘minus’, ‘multiply’] as the only three allowable operators to
be consistent with the expression of CQs. The elementary fields are the solitary wave surface
profile u(x, f) and its spatial derivatives, here up to third order written as ug, uy, up, uz, as in the
original work on CQs by Miura et al. [30]. A genetic algorithm is implemented to explore a large
number of candidate expressions and select the best ones, before mutating and adapting them
into the next generation. The candidate expressions can be any elementary fields connected with
allowable operators, e.g. —tg X 1y + U1 X g X U1 X tp or Uy x u1 — uz x uy. Over 10000 possible
candidates are generated and searched for each CQ. Finally, the symbolic regression package
will assemble a list of candidate expressions of I(1) and present the Pareto-optimal solutions at
different complexity. We select the best solution manually and pick the expression with the best
parsimony score without stiff coefficients.

One key difference, however, between the existing symbolic regression approaches for partial
differential equation (PDE) identification and the current CQ discovery task is the optimization
target, where the current symbolic regression minimizes the difference between target F(u) and
the identified I(u) at every point in the entire spatial-temporal domain:

1

Find I(u(x;, t]-)) € T0p that minimizes N Nj

DO IF(ulxi, ) — Iu(x, )1, (2.3)
i

where 70 is the functional space that is consistent with the pre-defined operator set O, and N;, N;
denotes the number of spatial and temporal grid points, respectively.

The CQ discovery method, however, requires the minimization of the temporal change of the
differences between the F(u) and the I(1) within a spatial integral form:

Find I(u(x;, tj)) € Top that minimizes

Nij S [ 1Rt )t )1 — [ (Pt ) = It o)l @4
]

where t, is a random but different time step to ¢; during the evolution. Here, we fully use one of
the key characteristics of CQs—the spatial integral remains constant regardless of the temporal
sequence. This randomization in time sequence helps better discovery of CQs.
As such, we use a new objective function £ for the CQ discovery with an extra spatial
integration step:
N;

((a/atr) JEP@E=)y dx — (a/0t,) [ Tt=1) dx”
) 25
Jo |F(=1) dx dt 2

j=1

where [ is the length of the assumed periodic numerical domain and ¢, is the time without
temporal dependence. We achieve this by randomizing the temporal sequence of the input
profiles. As such, the new PySR-CQ package can discover free-form mathematical expressions
of I(u) based on the given expression of the leading-order term F(u) for any PDE with this new
objective function. The accuracy of this new package is further examined in §4, and the choice of
F(u) is discussed in §7.

(b) Parametrization of two-soliton interactions with CQs

(i) Single-solitary wave solutions of the KdV and RLW equations

We start with the non-dimensional form for the KdV [11] and RLW [12]
KdV: up + (14 u)tty + thyxxy =0

(2.6)
and RLW: uy + (1 + t)uy — yt =0,
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Figure 1. Two-soliton interactions for KdV equation. Panel (a) for exchange identity interaction with amplitude b, = 6 and
b, =9, panel (b) for perfect merge case with amplitudes b; = 6 and b, =12, and panel (c) for run-through case with
amplitudes b = 4.5and b, =12.
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where the subscript u; denotes 91/dt and the subscript 1, denotes d1/dx. We look for the classic
single-solitary solutions in the form of u=a Sechz[b(x — ct)] for both KdV and RLW equations
[38]. The solitary wave solution to the KdV equation is given by

1 =12b% sech?[b(x — (1 + 4b%)1)], (2.7)
and the solitary wave solution to the RLW equation by

b(x — (14 4b%)1)
V14 4p?

where the only parameter b controls both the width and the height of the solitary waves for both
the KdV and RLW equations.

u = 12b% sech® |: (2.8)

(i) The interaction of two-solitary waves in the KdV and RLW equations

For the case of two-solitary waves, due to the solitary wave with a larger amplitude travelling
faster than the smaller solitary wave, interactions take place when these two-solitary waves
overlap. Depending on the different combinations of initial amplitudes of these two-solitary
waves, three different patterns can be observed at the time when maximally overlapped, which
were briefly described in [39].

We present these three patterns in figure 1. Figure 1a shows the case of the exchange of identity,
where the two-solitary waves never fully overlap. Instead, when the taller wave catches up with
the smaller wave, its height reduces as mass is transferred to the smaller wave until both waves
are the same in amplitude. This mass transfer continues until the smaller wave becomes the taller
one and moves away ahead. Figure 16 shows the cases of perfect merge, where at the maximum
overlap, the merged shape is also a perfect sech? shape. For the KdV equation, this happens
when the relative amplitude ratio of the two initial solitary waves is exactly 4:1. The perfectly
merged shape then has a relative height of 3. If the amplitude ratio of the well-separated solitary
waves is greater than 4:1, the taller wave will apparently run straight over the smaller wave
(figure 1c), creating a shape at the maximum overlap with a tall and narrow peak and a wider
base, like a traffic cone. One common observation for both perfect-merge and run-over cases is
that the amplitude of the merged shape will be intermediate between the taller and the smaller
solitary waves. For the exchange of identity case, the maximally overlapped waves have the same
amplitude (and width), this height again being between the heights of the two-solitary waves
when far away.
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The two-solitary wave interactions governed by the RLW equation also exhibit a similar
three patterns but with two important differences. First, the interaction pattern is not only
determined by the relative ratio of the two-solitary waves but also depends on the absolute
value. In addition, these pairwise interactions are not exactly reversible. This will lead to tiny
trailing wiggles being shed from the interaction, although these wiggles are several orders of
magnitude smaller (within 3/10 of one per cent of the original amplitude when observed in [40])
than the solitary wave for such a typical interaction. This is later confirmed in [41], where the
small wiggles could not be accounted for by numerical inaccuracies. A numerical example can
be found in https://en.wikipedia.org/wiki/Benjamin%E2%80%93Bona%E2%80%93Mahony_
equation#cite_note-Bona_Pritchard_Scott-1. Thus, KdV solitary waves are solitons as defined by
Zabusky and Kruskal [4], whereas RLW solitary waves are not solitons.

(iii) Parametrization of the interaction of two-solitary waves

An ansatz can be made to describe all three interaction patterns shown in figure 1 as shapes
in space without direct dependence on time. In this study, we use two stretched sech? forms to
approximate the full interaction of two-solitary waves:

L L
1 =12b,% sech® [wl <x — E)] + 12b,2 sech? [w2 (x + E)] , (2.9)

where we have five parameters: b1 and b, describe the amplitude of two fitted sech? shapes, w1
and w; control the width of the two fitted sech? shapes and L is the separation distance between
the two peaks of the sech? shapes. It is straightforward to show that w =b for the KdV equation
and w = b/+/(1 + b2) for the RLW equation when the two solitary waves are sufficiently far apart.
However, as the separation distance L reduces, the heights and widths of each hump become
functions of L (and implicitly of time). Thus, the entire structure of the interaction is approximated
through the hump parameters (b1, w1) and (bp, w») as functions of the separation distance L.

(iv) The approximation of the interaction using (Qs

Finally, we use the CQs to solve for the parameters involved in the parametrization (i.e. by, b, wy,
wy) as functions of the separation distance L. Four unknown parameters require four equations,
so the first four CQs are used to construct the equation system. We solve this equation system
via a multi-objective optimization, where L is pre-defined to specify the status of the interaction.
In this study, we obtain the corresponding value of L for each time instance in the simulation by
fitting equation (2.9) to the simulated solitary wave profiles. We use analytically derived formulae
to obtain spatial derivatives such as u#; and second-order numerical integration to evaluate
the CQs.

3. Numerical experiments

In this study, we use accurate numerical simulations governed by both KdV and RLW equations
as the training dataset for discovering CQs with symbolic regression.

The KdV equation is solved via the Chebfun package [20], with a spatial domain between
zero and 20, a total of 800 spatial nodes and a time step of 0.0025. The physical meaning of these
parameters is arbitrary in this paper as they are unitless, but a rigorous grid convergence test
was performed to ensure these parameters produce reliable results. The maximum percentage
variation in the first lowest-order CQs is less than 0.5% and in most cases, the variations are
considerably smaller.

For the RLW equation, we numerically solve using a pseudo-spectral approach with
Mathematica, where a spatial domain of 0-1000 is used with a minimum of 1000 spatial nodes
and an adaptive time step. Similarly, we also performed rigorous grid convergence tests to ensure
numerical accuracy. The maximum percentage variation in all three known CQs is less than 0.4%.
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We have used two distinct types of initial conditions for our simulation, both of which
are different from the two-solitary wave interaction problem. This further helps ensure that
the discovered CQs are generally applicable properties of the governing equation and are not
dependent on specific initial conditions.

The first type of initial condition provides a situation where a hump will interact and travel
past a hole, following the formula

u=A-2c(B—x)-exp(—c*(B — x)%), (3.1)

where A controls the envelope of the shape with a range of 5 <A <10, B controls the horizontal
position of the curve, which is fixed at 100 as the centre of the numerical domain and c controls
the width of the curve and is limited within the range of 0.1 <c <1 to avoid numerically stiff
solutions. This initial condition has a deep hole in front of a tall crest, which is very different in
form to that occurring during the interaction of two-solitary waves. This difference is deliberate
as we seek widely applicable e-CQs if they can be found.

The second initial condition is given by the three-solitary wave interaction problem, as

1 = 12aii4% sech?[ainie(x — Xa — (1 + 4ainit>)1)] + 12bini” sech? [binie(x — xp — (1 + 4binic*)1)]
+ 12¢init? sech?[Cinit(x — xc — (1 + 4cinit®)E)], (32)

where 1.7 < ajnit < 3.3, 0.9 < binit < 1.6 and 0.5 < cinit < 0.9 controls the amplitude of the three-
solitary waves and x4, x; and x. controls spatial positions of the three-solitary waves, which
are adjusted accordingly to ensure full three-solitary wave interactions take place within the
simulation time.

4, Results

(a) KdVequation
(i) Re-discovering the (Qs for KdV equation

We first examine the performance of the ML-based CQ discovery scheme by re-discovering the
first five CQs for KdV, and the first 10 are listed in the remarkable paper by Miura ef al. [30]. In
table 1, we compare our ML-discovered CQs with the mathematically derived CQs, where we
report an exact re-discovery of the third-order CQ. From table 1, we see a very close match to
the exact ones for lower-order CQs (i.e. third- and fourth-order CQs), leading to almost perfect
re-discovery of CQs. For higher-order CQs (i.e. fifth-order CQs), we observe some differences in
the re-discovered coefficients when compared with the exact ones, but our ML discovery scheme
still managed to re-discover all the correct terms. This deviation in the coefficients is not an
intrinsic limitation of the method but is probably due to the noise introduced during numerical
differentiation, especially for those higher-order derivatives, which are also amplified when being
multiplied together. This can be evidenced by the fact that the re-discovered CQs are actually
marginally better conserved than the exact CQs for the training and testing datasets due to the
inaccuracy during the numerical differentiation.

We further explore the variation of the CQs and their individual terms at different time
instances in figure 2. For both the fourth-order CQs (1) and the fifth-order CQs (b), the variation of
each term is quite significant. For example, the leading term in both cases varies over 25% during
the two-solitary wave interactions. The final CQ, however, remains constant throughout with the
maximum relative variation less than 0.5%.

(ii) Two-soliton interactions in the KdV equation

We first look into the classic example of the two-soliton interaction governed by the KdV equation.
In figure 3, we show the three types of interaction: exchange of identity, perfect merging and
run-through. Figure 3a—c shows the exchange of identity interaction, where the distance between
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Figure 2. Variation of the CQs and individual terms for (a) fourth-order exact CQ and (b) fifth-order exact CQ for a KdV solitary
wave pair with perfect merging (b; = 6, b, = 12).

Table 1. The comparison of symbolic regression discovered CQs to the mathematically derived to the exact formsin [30], where
the subscripts denote the order of spatial derivatives. Other than the first pre-defined entry in each, we convert the fractions in
the following terms of the exact (Qs into decimals for easier comparison with the discovered CQs.

order exact (Q re-discovered (Q

first T = ug no /(u) terms

two humps will decrease to a non-zero minimum value and two solitons will exchange their
properties. Figure 3d—f shows the second perfectly merged type, where the distance between the
two humps will decrease to zero and the profile of the merged shape is also exactly a sech? form
(though with lower height to width ratio to be a solitary wave). Figure 3g—i shows the last type of
interaction, where the larger soliton runs straight through the smaller soliton, where the height of
the taller hump drops and the height of the small one increases with an associated width change
for both humps. This exchange of mass or energy is returned as the humps separate. From figure 3,
the proposed CQ model provides accurate profiles for all three types of interaction, without
the necessity of solving the equation in a time-stepped sequence. A slightly larger difference
is reported for the exchange identity type at the time instance when the distance between two
peaks becomes minimal, this is primarily due to the small mismatch in the pre-specified minimum
distance value L, which can be further mitigated by considering L as a tunable parameter during
the multi-objective optimization.

Note that, because we aim to model the general interaction of two-solitary waves, our ansatz
has five coefficients (equation (2.9)) with one of these, L, as a known control parameter. Hence,
we need four CQs in general. Using the symmetry of all forms at the maximal overlap, a smaller
number of CQs is required only if the time instances with two-solitary waves an infinite distance
apart and at the maximal overlap are needed [27,29]. For the exchange of identity interaction, the
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Figure 3. Two-soliton interactions governed by the KdV equation for exchange of identity in (a—c) (b; = 6, b, = 9), perfect
merging in (d—f) (b; = 6, b, = 12), and run-through in (g—j) (b; = 4.5, b, = 12). The separation distance L is the distance
between the two superposed humps in the approximated form.

three parameters are (b, w, L) since the two waves are identical, at the minimal distances. For the
perfect merging case, parameters are b, only with L = 0, since our two sech? humps are identical
at L =0. For the run-through case, b1, w; and by, w; are needed with L = 0. Hence, the number of
CQs required is determined by whether we start with separated solitons and merge them, or we
start completely merged and ask what solitons separate out at infinity.

(b) RLW equation
(i) Re-discovering existing two (Qs

We start with re-discovering the existing two known CQs for the RLW equation with the ML-
based discovery scheme. Table 2 lists a comparison of the exact CQs and the re-discovered CQs
for the RLW equation, where we report almost a perfect match between them. Our ML-based

Y060VZ0 L8 ¥ 905 201 edsy/jeunol/BioBuysyqndiraposiefos



Table 2. Comparison of symbolic regression discovered CQs to the mathematically derived in [31] for RLW, where the subscripts
denote the order of spatial derivatives. We convert the fractions in the following terms of the exact (Qs into two decimal places
for easier comparison with the discovered CQs.

order exact (Q re-discovered CQ

first IRLW = Up no /(u) terms
...................................... secondTZRsz(%uoz—i—OSuﬁ)TZSRz(%u02+050u12)
................................... th|rdT3RLW=(%u03—1u12)T35R=(%u03—100u12)

discovery scheme identifies all the terms correctly with very close coefficient values. This confirms
that both the databases we simulated for the ML-based discovery scheme and the set-up are
appropriate for further discovery of e-CQs.

(i) New empirically but not exactly CQs

Olver [31] proved that there are only three exact CQs for the RLW equation. Using our ansatz
form to approximate the interaction of two-solitary waves at arbitrary separation distance (L) in
the RLW equation, however, requires four CQs in total. Hence, we deploy the ML-based discovery
scheme to discover two more new e-CQs, which are almost conserved for the RLW equation. The
rationale behind this is the known similarity in the behaviour of waves in the KdV and the RLW
equation for the solitary wave interaction problem.

We report the new fourth-order T4 sgr and fifth-order T5sgr e-CQs for the RLW equation:

1
Tysr = 1/4u* — 6.05ug11? — 4.00uguiy — Euozulz + 3.50uq1r> (4.1)

and
Tssr = 1/5u° — 2.83u03u1? — 1.37u0 >ty 13 — 8.43u1% — 4.07u1u3. (4.2)

The accuracy of these two e-CQs is shown in figure 4, where we first explore the variation of
the discovered e-CQs and their individual terms during a typical two-solitary wave interaction.
Similar to the variation pattern for exact CQs for KdV equation shown in figure 2, the variation
of each term is quite significant for the fourth-order e-CQ (a) and the fifth-order e-CQ (b) with
over 20% change in the leading term. However, the sum of all the discovered terms (i.e. the e-CQ)
only shows tiny variations during the entire interaction of two-solitary waves with the maximum
percentage variation being less than 1%. The variation of the terms appears to indicate that the
discovered e-CQs are not trivial solutions.

We also present the maximum percentage variation of the e-CQs for all of the test cases in
figure 4c,d, where the maximum percentage variation measures the largest percentage fluctuation
of a quantity during the entire simulation. We define the maximum percentage variation as

max T tefo,r)) — min T tefo,R])
Tiipli=0

Maximum percentage variation = x 100%, (4.3)
where T(; ;) is the ith-order e-CQs at time instance of ¢, and R denotes the upper boundary of
the time domain. Similar to the examples presented in (a,b), the e-CQ shows tiny variations
throughout all of the test cases. The fourth-order e-CQ shows better performance and has less
variation than the fifth-order e-CQ, which is to be expected since the fifth-order e-CQ involves
higher-order derivatives.

(iii) Two-solitary waves interaction example with RLW

Based on the e-CQs, we discovered with the ML-based equation discovery scheme, we now adopt
a similar CQ model for solving the two-solitary waves interaction problem governed by the RLW
equation. We use all three re-discovered exact CQs and a fourth-order e-CQ in equation (5.1) to
solve the equation sets, and present the results in figure 5.
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The two-solitary wave interactions governed by the RLW equation exhibit similar behaviour
with those governed by KdV equation, which also has three types: exchange identity, perfect
merge and run through. Similarly, figure 5a—c shows the exchange identity interaction, figure 5d—f
shows the perfect merge and figure 5¢—i shows the run-through type. For all three types
of interaction, the CQ model with ML-discovered e-CQs approximates the two-solitary wave
interaction phenomenon accurately without the need to solve the RLW equation directly via time-
stepping. The largest error appears at panel (c) as the exchange identity with minimum distance
between two-solitary wave peaks L. This is again probably due to the imperfect estimation of L.
For this exchange of identity case at minimal distances, it is interesting to see that we actually
need fewer CQs when using symmetry [27,29] and should obtain the same answer. Using the
current more generalized ansatz leads to results with slightly larger errors, which is probably
due to the slight inaccuracy in the discovered e-CQs and numerical inaccuracy when learning
these e-CQs.

We note that the discovered fifth-order e-CQ (equation (5.2)) can also be used in an
exchangeable manner to the fourth-order e-CQ in our CQ model, suggesting both e-CQs have
a similar predictive power when modelling solitary wave interaction for the RLW equation
(details in appendix A). In addition, for the RLW equation, it is now known that the interaction
of a pair of solitary waves is not ‘clean’ [41], the emerging waves are slightly different and
very small oscillations are also generated, which might contribute to the difference observed
herein.
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Figure 5. Two-solitary wave interactions governed by the RLW equation for exchange of identity in (a—c) (b = v/2/2,
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separation distance L is the distance between the two superposed humps in the approximated form.

5. Evolution of superposed hump amplitudes for the KdV and RLW equations

The new parametrization and the e-CQ discovered by ML enable our CQ model to track and
predict the entire structure of the two-solitary wave interactions as two superposed humps for
both KdV and RLW equations. We present the evolution of these two hump amplitudes in
figure 6, where the continuous lines show the fitted ansatz (equation (2.9)) to the numerical
simulations and the square dots show the predicted amplitude using CQ model. The overall
interaction patterns for both KdV and RLW equations are similar, and the CQ model can provide
accurate estimations for the amplitude of solitary waves via the assumed double hump form
when compared to numerical results. The CQ model with e-CQs applied to the RLW equation
has slightly larger errors than for the KdV equation, which is probably due to the relative width
of the solitary wave governed by RLW equation being larger than the solitons governed by the
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KdV equation. This gives rise to extra difficulties in finding the accurate value of L (distance
between two superposed humps in the approximated form) when two humps are close to
each other.

6. Discussions and mathematical analysis

Finally, we would like to discuss some possible significance of the discovered e-CQs for the RLW
equation. We first compare the overall variation of each term for the exact KdV CQs presented
in figure 2 and the e-CQs for RLW in figure 4a,b. During the two-solitary wave interaction, the
behaviour of T4 xqv, T5xqv are superficially similar to the discovered Ty4sgr, T5sr for the RLW
equations. This is expected since the RLW and KdV equations are equivalent reductions of the
water wave equations and solutions of the two equations are known to remain ‘in the vicinity” of
each other in the appropriate limits.

In addition, we have also explored other possibilities of e-CQs in the same order by specifying
other possible leading terms inspired by the KdV exact CQs. For example, for the fourth-
order e-CQ for RLW Tygg, we investigated the additional conditions F(u) = 3uou;? and F(u) =
1.8u52, using these the new PySR-CQ package failed to discover any formulations at any level
of complexity.

This seems to suggest that the discovered e-CQs required to have the same leading-order
term as the exact CQs for the KdV equation is not a coincidence. We observe that the search
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for discovered e-CQs must start with the same leading-order term %uk as Miura’s KdV exact CQ
forms, otherwise no e-CQ form can be identified. On the other hand, the mathematical structures
in the following terms I(u) are yet to be fully understood, but we find that all the following terms
appearing in the exact CQs for KdV equation drop out during the discovery for the e-CQ for RLW.
This might help explain why the additional format of e-CQs with the leading term fixed as other
terms in the KdV exact CQ is not possible, and also why the expression for the KdV exact CQ is
not transferable across into the RLW equation modelling.

7. Conclusion

In this study, we demonstrate a fast and robust approach to model the solitary wave interaction
problem using CQs. This CQ model first requires the choice of a simple ansatz for the shape of
interacting solitary waves with arbitrary constants tending to the known solitary wave structure
when separated. The CQs of the governing equation are then used to constrain this chosen form,
and with sufficient numbers of these CQs, the equation system can be solved. The solved form
provides an accurate approximation of the two-solitary wave interactions for all three different
patterns: exchange identity, perfect merge and run-through.

We first demonstrate the accuracy of this CQ model via examples of two-solitary wave
interaction governed by the KdV equation, where there are an infinite number of CQs. We further
extend the CQ model to accommodate an apparently very similar equation with only a limited
number of exact CQs. We develop a new ML discovery scheme for finding e-CQs. We use this new
scheme to find two new e-CQs for the RLW equation and then use the first e-CQ in our model.
The new CQ model performs well in approximating two-solitary wave interactions governed by
the RLW equation.
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This study illustrates a new way of incorporating ML in solving PDEs. Instead of trying to
use conservation laws to constrain ML models, these CQs can be directly used to approximate
the states of wave solution to the PDE at all times. The evolution in time of the whole solution
to the PDE is then reduced to the evolution of shape and size parameters in terms of the
control parameter, i.e. the distance between the humps approximating the solution. Although
our examples in this study potentially hint at a brand-new approach, some limitations should
be noted:

(i) A low-dimensional symbolic parameterization for the solutions of the PDE is needed for
such a CQ model.

(ii) The number of CQs that can be derived or identified from the governing equation must
be equal to, or larger than the parameters used during the parameterization.

These two limitations constrain the direct application of this approach at this time
due to the difficulties in obtaining such parameterization, and only limited CQs can be
derived mathematically. However, such parameterization is becoming increasingly common
in many applications [42,43] and with recent advances in symbolic ML approaches [44] for
systems where prior knowledge is limited. More importantly, these parameterizations, in
various forms, can be incorporated into our CQ approach without any further modifications.
In addition, given that ML-discovered e-CQs work very well in these CQ models, we
believe the new ML discovery scheme proposed herein can lift the constraint on how
many CQs are available for a system, which allows the CQ models to have broader
utilities for complex systems with more parameters. Therefore, we foresee this to be
a tangible application with widespread explainable ML and other modern data-driven
techniques.
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Appendix A. CQ model with fifth e-CQs for RLW equation

We present the CQ model prediction using the first three exact CQs plus the fourth-order e-CQ
and one using the first three CQs plus the fifth-order e-CQ in figure 7. We report almost identical
results between the left-hand columns (with fifth-order e-CQ) and the right-hand columns (with
fourth-order e-CQ), suggesting that the fifth-order e-CQ can be used in an exchangeable way
to the fourth-order e-CQ in our model. Similar tests have been performed for both exchange
identity and run-through cases, where we arrive at the same conclusions—using either the
fourth-order e-CQ or fifth-order e-CQ will give very similar solitary wave profiles. This suggests
that both e-CQs have a similar predictive power in our CQ model. One minor difference,
however, is that higher-order e-CQs usually result in stiffer equations and hence are more difficult
to solve.
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