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Abstract

We delineate conditions which favour multi-step, or dynamic, estimation for multi-step fore-
casting. An analytical example shows how dynamic estimation (DE) may accomodate incorrectly-
specified models as the forecast lead alters, improving forecast peformance for some mis-
specifications. However, in correctly-specified models, reducing finite-sample biases does not jus-
tify DE. In a Monte Carlo forecasting study for integrated processes, estimating a unit root in the
presence of a neglected negative moving-average error may favour DE, though other solutions exist
to that scenario. A second Monte Carlo study obtains the estimator biases and explains these using
asymptotic approximations.

1 Introduction

Minimizing multi-step (in-sample) criteria for estimating unknown parameters has a long pedigree,
although the method does not seem to have been subject to manyformal analyses (see e.g. Klein,
1971). Cox (1961) applied this idea to the exponentially-weighted moving average (EWMA) or inte-
grated moving-average IMA(1,1) model, and Findley (1983) and Weiss (1991) among others considered
multi-step estimation criteria for autoregressive (AR) models. The intuition is that when a model is not
well specified, minimization of1-step errors need not deliver reliable forecasts at longer lead times, so
estimation by minimizing the in-sample counterpart of the desired step-ahead horizon may yield better
forecasts.

When models are mis-specified for the data generation process (DGP), mean-square forecast error
(MSFE(h)) rankings can alter as the forecast horizonh increases. Indeed, a necessary condition for
such a result in large samples is that the models under consideration are mis-specified.1 This implication
depends only on the DGP providing the correct conditional expectation, which is the minimumMSFE
predictor. As it is not possible to prove that1-step estimation is optimal when models are mis-specified,
multi-step, or dynamic, estimation (DE, also called ‘adaptive forecasting’: Tsay, 1993, and Lin and
Tsay, 1995) could improve multi-period forecast accuracy.

Here, we investigate model mis-specifications which may sustain DE. Empirical studies have been
used by some authors (e.g. Lin and Tsay, 1995) to gauge the practical usefulness of DE, from which
it is difficult to deduce precisely which characteristics are responsible for the outcomes. We consider a

∗Financial support from the UK Economic and Social Research Council under grant R000233447 is gratefully acknowl-
edged by both authors. Thanks to Agustin Maravall and Grayham Mizon for helpful discussions. A longer version of this
paper is available as Warwick Economic Research Paper No.447, University of Warwick.

1However, mis-specification is not sufficient for reversals of forecast-accuracy ranking to occur, since model selection
based onMSFE is not invariant under linear transformations whenh > 1: Clements and Hendry (1993).

1



2

simple analytic example to illustrate some of the issues involved, before presenting a Monte Carlo study
to identify features which might favour DE for multi-periodforecasting.

The basic formulation is as follows. Consider anh-period ahead forecast from a vector autoregres-
sion (VAR) for then variablesxt:

xt = Υxt−1 + εt (1)

where we only specify thatE[εt] = 0. h-periods ahead from an end-of-sample pointT :

xT+h = Υ
h
xT +

h−1∑

i=0

Υ
iεT+h−i. (2)

A corresponding forecast is made, either from a ‘powered-up’ 1-step parameter estimator or using an
h-step estimator. The1-step estimator is defined by:

Υ̂ = argmin
Υ

∣∣∣∣∣

T∑

t=1

(xt − Υxt−1) (xt −Υxt−1)
′

∣∣∣∣∣ =

T∑

t=1

xtx
′
t−1

(
T∑

t=1

xt−1x
′
t−1

)−1

. (3)

with forecasts given by:
x̂T+h = Υ̂

h
xT (4)

and with average conditional error:

E [xT+h − x̂T+h | xT ] =
(
Υ

h − E

[
Υ̂

h
])

xT . (5)

Theh-step estimator is defined by:

Υ̃h = argmin
(Υh)

∣∣∣∣∣

T∑

t=1

(
xt −

(
Υ

h
)

xt−h

)(
xt −

(
Υ

h
)

xt−h

)′
∣∣∣∣∣ =

T∑

t=1

xtx
′
t−h

(
T∑

t=1

xt−hx
′
t−h

)−1

(6)

so that using theh-step estimator of the ‘powered-up’ parameter directly:

x̃T+h = Υ̃hxT , (7)

with average conditional error:

E [xT+h − x̃T+h | xT ] =
(
Υ

h − E

[
Υ̃h
])

xT . (8)

The relative accuracy of the multi-step forecast procedure(7) compared to (4) is determined by that of
the powered estimate versus the estimated power. WhenΥ̂ is badly biased forΥ, powered estimated
values will deviate increasingly from the powered ‘true’ values, in which case, direct estimation ofΥ

h

may have potential. Alternatively, when:

E [xT+1 | xT ] = ΨxT ,

but:
E [xT+h | xT ] 6= Ψ

h
xT ,

powering upΨ̂ may prove a poor strategy, no matter how precisely it is estimated.
However, the issue is more subtle than this. First, in stationary processes, dynamic mis-specification

per seis not sufficient to ensure poor multi-step forecasts since1-step estimation ofΥ in (1) yields the
least-squares approximation andh-step forecasts converge on the unconditional expectationwith Υ

h
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tending to zero. Since increasing divergence from powered estimates (that did not accidentally capture
unit roots) seems unlikely, we will focus on integrated processes.

Secondly, whenεt ∼ INn(0,Ω), finite-sample biases are unlikely to be large enough to offset the
inefficiency of DE (see section 4). Thus, mis-specification seems required, so we consider the third
possibility of unmodelled moving-average (MA) errors in the DGP, such that in (1):

εt = θ (L) ζt, where ζt ∼ INn (0,Σ) ,

L denotes the lag operator, andθ0 = In. Whenθ(L) = In + θ1L:

E [xT+1 | xT ] = ΥxT + θ1E [ζT | xT ] = (Υ + θ1Λ)xT = ΨxT ,

whereE[ζt | xt] = Λxt, but:

E [xT+h | xT ] = Υ
h
xT + Υ

h−1θ1E [ζT | xT ] = Υ
h−1 (Υ + θ1Λ)xT = Υ

h−1
ΨxT .

Defining:
E [xT+h | xT ] = ΨhxT

thenΨh = Ψ
h only if θ(L) = In, in which caseΨ = Υ. (5) and (8) remain intact upon replacingΥh

by Ψh, but E[Ψ̂h] 6= Ψh. This analysis suggests it is worth examining whether the substantive biases
due to the interaction between estimated unit roots and neglected negative MA errors discussed by (inter
alia) Molinas (1986) and Schwert (1989) could justify DE over1-step estimation. Such transpires to be
the case, but we also consider other solutions to that cause of mis-specification, including using1-step
instrumental-variables (IV) estimators following Hall (1989) .

The plan of the paper is as follows. Section 2 describes the relationships between estimation cri-
teria and forecast evaluation. Section 3 outlines a simplified version of the forecast-error taxonomy of
Clements and Hendry (1995b, 1996) to delineate the roles of estimation and model mis-specification
for 1-step and DE. Section 4 shows that for correctly specified models, there is little finite-sample bias
reduction from2-step estimation versus squaring the1-step estimator in a first-order AR. Section 5 re-
ports the Monte Carlo forecasting study, showing that neglected moving-average errors have relatively
benign effects on medium-term forecast performance using OLS, except in the presence of unit roots,
parallelling the poor performance of unit-root tests in this situation. In section 6, we consider the IV
estimator of Hall (1989) and a hybrid IV multi-step estimator. Their asymptotic distributions are derived
for h-step forecasts, together with a Monte Carlo study. Section7 concludes.

2 Estimation and evaluation criteria

Granger (1993) suggests that, at least asymptotically, thecriterion used to evaluate forecasts (CF ) should
also be used to estimate the parameters of the forecasting model (CE). In the context of assessing multi-
step forecasts, Weiss (1991) shows that (in large samples) parameter estimation based on minimizing
squared in-sampleh-step forecast errors is optimal ifCF is a squared-error loss function defined over
h-step forecast errors. His proof assumes stationarity, andthe Monte Carlo evidence of the small-
sample performance of DE in stationary DGPs indicates that OLS is generally as good as DE. Stoica
and Nehorai (1989) give similar asymptotic results for ARMAprocesses, and their Monte Carlo also
shows small gains from DE (a possible exception being when the model is ‘under-parameterized’ for
the DGP).2 They conjecture that EWMA schemes may yield gains from DE because the processes to

2Based on simulating an ARMA(2,2) DGP and an AR(1) model.
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be predicted are higher order than an IMA(1,1) model. More recently, Tsay (1993) and Lin and Tsay
(1995) offer an upbeat assessment based on empirical studies. Weiss (1995) explores procedures which
base estimation on the forecast criterion function for a variety of forecast criteria, such as asymmetric
quadratic loss: also see Christoffersen and Diebold (1994).

We consider the gains (if any) from matching estimation and evaluation criteria, takingCF as the
MSFE loss function. Unfortunately, rankings by suchCF -measures, for a givenCE, may depend on
the selected linear transformations of theCF arguments (levels, differences, etc.), perhaps necessitating
a different DE in each instance.

3 A partial taxonomy of forecast errors

Consider a forecast for a vector of variablesxt at horizonh from an estimated modelM based on the
conditional expectation with respect to the model where theinformation set isIt:3

xM,T+h = EM [xT+h | IT ] ,

Typically M will contain unknown parameters,Φ, which need to be estimated, so a complete description
of the forecast generation process will require both the specification of the model and the estimation
criterionCE. Using estimateŝΦ, the operational forecast errors are:

ν̂T+h = xT+h − x̂M,T+h.

To contrast1-step and multi-step estimation, we consider the special case of the forecast-error taxonomy
in Clements and Hendry (1996) where the DGP is constant with accurate initial conditionsxT . The
degree of integration of the data, and whether unit roots areimposed or estimated, also matters: see
Clements and Hendry (1995a) and Lin and Tsay (1995).

The issues are most easily seen in a first-order univariate ARmodel with an intercept when the DGP
is the ARMA(1,q):

xT+h = τ + ΥxT+h−1 + νT+h

=

h−1∑

i=0

Υiτ + ΥhxT +

h−1∑

i=0

ΥiνT+h−i

(9)

whereνt = θ (L) ζt andζt ∼ IN(0, σ2
ζ ). M is:

M: xt = τp + Υpxt−1 + vt

soΦ = (τp : Υp). We allowτp 6= τ andΥp 6= Υ, becauseθ(L) 6= 1 but vt is treated as white noise.
The1-step parameter estimates(τ̂p : Υ̂p) yield theh-step ahead forecasts:

x̂T+h =
h−1∑

i=0

Υ̂i
pτ̂p + Υ̂h

pxT . (10)

From (9) and (10), theh-step ahead forecast errors are:

ν̂T+h =

h−1∑

i=0

[
Υiτ − Υ̂i

pτ̂p

]
+
(
Υh − Υ̂h

p

)
xT +

h−1∑

i=0

ΥiνT+h−i. (11)

3In some states of nature it may be desirable to ‘correct’ the conditional expectation: see Clements and Hendry (1994a,
1995b) and Hendry and Clements (1994b, 1994a).
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Denote deviations between sample estimates and populationparameters byδτ = τ̂p − τp and δΥ =

Υ̂p − Υp. We neglect powers of and interactions betweenδk and additional finite-sample biases inτ̂p

andΥ̂p around theirplims, using the approximation:

Υ̂i
p = (Υp + δΥ)i ≈ Υi

p + iΥi−1
p δΥ = Υi

p + Ci,

to obtain:
Υ̂i

pτ̂p ≈
(
Υi

p + Ci

)
(τp + δτ ) ≈ Υi

pτp + Ciτp + Υi
pδτ ,

so using
∑h−1

i=0 Υi = (1 − Υh)/(1 − Υ) = Υ{h} (similarly for Υp andC), the first term in (11) is:

h−1∑

i=0

[
Υi (τ − τp) +

(
Υi − Υi

p

)
τp −

(
Ciτp + Υi

pδτ

)]
= Υ{h} (τ − τp)+

(
Υ{h} − Υ{h}

p

)
τp−

(
C{h}τp + Υ{h}

p δτ

)

The term multiplied byxT is approximated by:
(
Υh − Υ̂h

p

)
xT =

(
Υh − Υh

p

)
xT +

(
Υh

p − Υ̂h
p

)
xT ≈

(
Υh − Υh

p

)
xT − ChxT .

This leads to the decomposition in table 1.

Table 1 Forecast-error taxonomy for1-step estimation.

ν̂T+h '
(
Υ{h} − Υ

{h}
p

)
τp +

(
Υh − Υh

p

)
xT slope mis-specification

+ Υ{h} (τ − τp) intercept mis-specification

− C
{h}
i τp − ChxT slope estimation

− Υ
{h}
p δτ intercept estimation

+
h−1∑

i=0

ΥiνT+h−i error accumulation.

Conditional onxT , the first two rows only have bias effects, whereas the remaining rows affect
forecast error variances.

Consider the alternative of estimatingτh =
∑h−1

i=0 Υiτ = Υ{h}τ andΥh = Υh by DE in:

xt = τh + Υhxt−h + ut,

and forecasting by:
x̃T+h = τ̃h + Υ̃hxT . (12)

From (9) and (12), theh-step ahead forecast error is:

ν̃T+h = (τh − τ̃h) +
(
Υh − Υ̃h

)
xT +

h−1∑

i=0

ΥiνT+h−i. (13)

Denote deviations between multi-step sample estimates andpopulation parameters byλτ = τ̃h−τ∗
h and

λΥ = Υ̃h − Υ∗
h, and neglect powers ofλk and finite-sample biases iñτh andΥ̃h around theirplims τ∗

h

andΥ∗
h. Then, the corresponding forecast-error taxonomy for DE isshown in table 2.

Only the last row is in common with table 1, and there are no interactions between slope and intercept
as in table 1: any of the remaining terms could be larger or smaller in mean and/or variance depending
upon the specific example.

The Monte Carlo in section 5 calculates the relative magnitudes of the mis-specification and estima-
tion effects for both OLS and DE for a number of examples.
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Table 2 Forecast-error taxonomy for multi-step estimation.

ν̃T+h ' (Υh − Υ∗
h)xT slope mis-specification

+ (τh − τ∗
h) intercept mis-specification

− λΥxT slope estimation
− λτ intercept estimation

+

h−1∑

i=0

ΥiνT+h−i error accumulation.

4 Finite-sample behaviour under correct specification

An alternative reason for minimizing a2-step criterion when2-step forecasts are desired in dynamic
models is the possible reduction in finite-sample bias that might result from doing so even when the
models are correctly specified. As an illustration, supposethat the model is correctly specified for a
stationary AR(1) with an intercept DGP. Then we obtain a finite sample bias for1-step estimation of
the AR parameter,ρ:

E [ρ̂] ' ρ −
1 + 3ρ

T
. (14)

The analysis of the bias iñρ2 (the 2-step estimator) is close in form to that for the bias in the1-step
estimator (see e.g. Hendry, 1984, for an exposition) and toO(1/T ) suggests thatE[ρ̃2] is the square of
(14). Whenρ = 0, retaining terms ofO(1/T ) only, we obtain:

E

[
ρ̃2 | ρ = 0

]
' −

1

T
,

as indicated in the figure. For OLS we obtain a bias of roughly equal magnitude but opposite sign:

E
[
ρ̂2 | ρ = 0

]
= (E [ρ̂ | ρ = 0])2 + V [ρ̂ | ρ = 0] =

1

T 2
+

1

T
.

This result can be confirmed by Monte Carlo simulation using PcNaive (see Hendry, Neale and Ericsson,
1991). We selectedρ = 0, 0.4, 0.8, 1.0 andT = 100, and conducted the simulations recursively from
t = 10, . . . , 100 with 10,000 replications. Figure 1 plotsE[ρ̂2 − ρ2] (given by the dotted line) and
E[ρ̃2 − ρ2] (the solid line) for the four values ofρ, where the horizontal axes are the estimation sample
sizet. The two approaches are similarly biased at large values ofρ and all sample sizes, so there is no
gain in terms of finite-sample bias from direct2-step estimation. Biases are smaller at smallerρ, but
OLS still dominates, except perhaps atρ = 0. The case ofρ = 1 is analysed in section 6.
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Figure 1: Monte Carlo biases for a correctly specified first-order autoregression

5 A Monte Carlo study of multi-step forecasting

On the basis of these results, we conjecture that neither sampling variability (where1-step should do
best), nor (stationary) finite-sample bias are likely to indicate a role for DE. Alternatively, any divergence
between(Ψh − Υh

p) on the one hand, versus(Ψh − Υ∗
h) on the other, might be important, particularly

for integrated data where not all the terms are tending to zero in the forecast horizon. RecallΨh is
defined byE[xT+h | xT ] = ΨhxT , andΨh = Υh only when the DGP can be represented as an AR(1)

process (ruling out MA errors). Thus, we designed the Monte Carlo to highlight potential biases when
estimating unit-root processes yet neglecting negative moving-average errors.

The DGP is the ‘nonseasonal Holt model’ (see, among others, Ord, 1988, and Harvey, 1989), gen-
erating the data as the sum of unobserved components for the trend, intercept, and irregular elements:

xt = µt + εt (15)

µt = µt−1 + βt + δ1t (16)

βt = βt−1 + δ2t. (17)

In (15)–(17), the disturbancesεt, δ1t andδ2t are assumed to be normal, independent through time and
of each other (at all lags and leads), with zero means, and variancesσ2

ε , σ2
δ1

, σ2
δ2

. The ‘reduced form’
implies the restricted ARIMA(0,2,2) model:

(1 − L)2 xt = (1 − θ1L − θ2L
2)at (18)
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where theθi can be deduced by matching moments in (18) and (19), the latter obtained directly from
(15)–(17) (see Harvey, 1989):

(1 − L)2 xt = εt + δ1t + δ2t − 2εt−1 − δ1t−1 + εt−2. (19)

Zero restrictions on the variancesσ2
ε , σ2

δ1
, σ2

δ2
enable data with different orders of integration to be

generated from (15)–(17). These are summarised in Table 3.

Table 3 Monte Carlo Design.

Parameter Restrictions DGP Description

I None See (18) ARIMA(0,2,2)

i

ii

iii

σ2

ε σ2

δ1
σ2

δ2

1 1 1

1 .5 1

1 1 .5

II σ2

δ2
= 0, βt = β 6= 0 ∆xt = β + δ1t + ∆εt

ARIMA(0,1,1)
plus drift

III σ2

δ2
= 0, βt = β = 0 ∆xt = δ1t + ∆εt ARIMA(0,1,1)

IV
σ2

δ2
= 0,

βt = β 6= 0, σ2

ε = 0
∆xt = β + δ1t

ARIMA(0,1,0)
plus drift

V
σ2

δ2
= 0,

βt = β = 0, σ2

ε = 0
∆xt = δ1t ARIMA(0,1,0)

VI σ2

δ2
= σ2

δ1
= 0, β 6= 0 xt = βt + εt Linear trend

VII σ2

δ2
= σ2

δ1
= 0, β = 0 xt = εt White noise

VIII σ2

δ1
= 0, σ2

ε = 0 (1 − τ1L) (1 − τ2L)xt = δ2t

i

ii

iii

|τ1| = |τ2| = 1

|τ1| = 1, |τ2| < 1

|τ1| < 1, |τ2| < 1

ARIMA(0,2,0)
ARIMA(1,1,0)
ARIMA(2,0,0)

IX ∆xt = τ1∆xt−1 + δ2t + ∆δ1t

i
σ2

δ1
= σ2

δ2
= 1, σ2

ε = 0,

τ1 = 0.5, τ2 = 1
ARIMA(1,1,1)

ii
σ3

δ1
= σ2

δ2
= 1, σ2

ε = 0,

τ1 = 0.1, τ2 = 1
ARIMA(1,1,1)

We consider six AR forecasting models.M1 is an AR(2) process for the levels, formulated in
differences (i.e. with a unit root imposed):

M1: ∆xt = α0 + α1∆xt−1 + νt (20)

andM
∗
1 is the same model but withα0 = 0. M2 is the same AR(2) model, but in levels without the unit

root imposed, andM∗
2 is M2 without a constant term. Finally, we consider an AR(1) model in levels,

with a constant term (M3), and without (M∗
3).
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Minimizing the in-sampleh-step errors is non-linear in the parameters of the originalmodels, but
can be approximated by a linear projection (and thus by OLS).4 For example,M1 in (20) impliesh-step
errors (νh,t) of the form:

∆xt = α0

h−1∑

i=0

αi
1 + αh

1∆xt−h +

h−1∑

i=0

αi
1νt−i = α0,h + α1,h∆xt−h + νh,t. (21)

We estimateα = [α0 : α1]
′ by minimizing the sums of squares ofνh,t with respect to the parameters:

argmin
α

T∑

t=h+1

(
∆xt − α0

h−1∑

i=0

αi
1 − αh

1∆xt−h

)2

(22)

yielding a function which is non-linear in the parametersα0 and α1. The same outcome results by
projecting∆xt on a constant and∆xt−h by OLS, definingα = [α0,h : α1,h]′ as in (21) since for this
model, the form of (22) does not impose any restrictions on[α0,h : α1,h] for h-step estimation. However,
the parameters of the1 -period model(α0 : α1) are not necessarily uniquely identifiable from the OLS
projection (e.g. considerh = 2).

In all cases we use OLS to estimate the models, and calculate1- to h-stepMSFEs for 1-step esti-
mation but onlyh-periodMSFEs for h-step estimation.

5.1 Analysis of results

There are two basic sets of results: (a) Table 6 reportsMSFEs for predicting∆xt using modelsM1 and
M

∗
1; and (b) Table 7 showsMSFEs for predictingxt using modelsM2, M

∗
2 andM3, M

∗
3 (the AR(2) and

AR(1) models).
Tables 6 and 7 are summarised in tables 4 and 5 using response surfaces to highlight the conditions

which favoured DE over OLS. The dependent variable is the logof the ratio of theMSFE for DE to
that for OLS: in table 4 for2-steps ahead, and in table 5 for4-step ahead forecasts. Four regressions
are reported in each table. The first pools results from table6 (MSFEs for predicting∆xt usingM1,
labelled experiments 1–14) and table 7 (MSFEs for predictingxt using modelM2, labelled experiments
15–28, and usingM3, labelled experiments 29–42). The other regressions are specific to the results for
a particular model.

The explanatory variables are a constant, a dummy which is unity if at least one unit root is esti-
mated, and zero otherwise (Dur), a dummy which is unity if there is a moving-average term, and zero
otherwise (Dma), an interaction dummy for these two effects(Dur×Dma), and finally, Dcanc, which is
unity for DGP (IXi), M2 andM3 when the MA root is approximately cancelled by an AR root.

The tables report coefficient estimates and standard errors(in brackets). Dcanc is zero for all ob-
servations for the first sub-sample, and Dma and Dur×Dma are collinear for the second and third, so
the former is omitted. In no case are the constant, Dur and Dmasignificantly different from zero: in
general, therefore, there is little gain (loss) from DE, andeither estimating unit roots or neglecting MA
components, in the absence of the other, does not alter this.

The conjunction of the two (signalled by Dur×Dma), on the other hand, significantly favours DE,
particularly at4-steps (table 5), except for the third sub-sample where the model is under-parameterised
for many of the DGPs. Finally, the coefficient on Dcanc is always approximately equal magnitude and

4While linear projection is not in general equivalent to non-linear minimization, the two coincide here for multi-step
estimation, but would not do so for models with explanatory variables where there are restrictions on the parameters.
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opposite sign to Dur×Dma, so that there is no gain to DE when the MA term is effectively cancelled by
an AR root (see section 5.1.3).

We now discuss the contributions to forecast errors of stochastic uncertainty, model mis-
specification, and estimation uncertainty.

Table 4 Response surfaces for log(DE/OLS) for2-step forecasts.

All experiments Exp. 1-14 Exp. 15-28 Exp. 29-42
Constant -0.011 0.003 -0.025 -0.015

(0.017) (0.015) (0.038) (0.017)
Dur 0.017 -0.003 0.032 0.021

(0.024) (0.034) (0.051) (0.023)
Dma -0.013 -0.026

(0.027) (0.020)
Dur×Dma -0.065 -0.121 -0.102 -0.019

(0.035) (0.040) (0.043) (0.019)
Dcanc 0.078 0.101 0.018

(0.040) (0.072) (0.032)
R

2 0.301 0.829 0.400 0.123

Table 5 Response surfaces for log(DE/OLS) for4-step forecasts.

All experiments Exp. 1-14 Exp. 15-28 Exp. 29-42
Constant -0.028 0.007 -0.029 -0.072

(0.040) (0.027) (0.090) (0.055)
Dur 0.047 0.001 0.050 0.094

(0.058) (0.060) (0.119) (0.072)
Dma 0.038 0.004

(0.065) (0.035)
Dur×Dma -0.233 -0.355 -0.248 -0.062

(0.084) (0.071) (0.101) (0.061)
Dcanc 0.192 0.246 0.054

(0.094) (0.168) (0.102)
R

2 0.347 0.911 0.431 0.169

5.1.1 Stochastic uncertainty

The uncertainty from accumulating future disturbances in the DGP sets a baseline level which cannot
be improved upon by stochastic models. This source of forecast uncertainty, as measured byMSFE,
is O(1) in the forecast horizon forI(0) processes, andO(h) for I(1) processes (see, e.g. Engle and
Yoo, 1987, and Clements and Hendry, 1994b), as is reflected inour results. For example, from the first
column ofMSFEs in Table 7, theMSFE for DGP (VIIIi) is O(h2) in the forecast horizon, sincext is
I(2); for DGP (VIIIii), it is O(h) in the forecast horizon, sincext is I(1); and for DGP (VIIIiii), it is
O(1) sincext is I(0). Table 6 conveys the same information for∆xt where the orders of integration and
their rates of increase are reduced by unity.

Although the effects of this source of uncertainty can be obtained analytically, the figures in the
tables are Monte Carlo estimates calculated numerically bysimulating forecasts from (15)–(17) with the
disturbances set to zero over the forecast period. Such estimates reflect Monte Carlo variability, but this
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is small for10, 000 replications. For example, when the process is a linear trend or white noise (DGPs
(VI,VII)), the theoretical conditional forecast error variances for predicting∆xt are1 for h = 1, and
2 for h > 1 compared with Monte Carlo estimates for the1- to 4-step horizons of[1, 1.99, 2.04, 2.01]:
see Table 6.

5.1.2 Model mis-specification

To gauge the impact of model mis-specification in the absenceof parameter-estimation uncertainty, we
generated forecasts using the pseudo-true values of the models’ parameters under the DGP (referred to
as[τp : Υp] for 1-step, and[τ∗

h : Υ∗
h] for h-step, in section 3). These values are derived analytically. We

computed this source of uncertainty including the stochastic element from the future disturbances, so
these forecasts can be compared against the actual realizations.

Table 6 reveals the main points. When the model is correctly specified, the ‘true model’ and ‘control’
(for estimation uncertainty) columns are identical (DGPs (IV,V,VIIIi&ii) in Table 6). Failure to impose
a valid unit root does not constitute model mis-specification (Table 6, DGP (VIIIi)), but imposing an
invalid unit root does (Table 6, DGP (VIIIiii)) as over-parameterisation is not a form of mis-specification,
but under-parameterisation is.

Abstracting from DGP (I), the impact of model mis-specification is largest at1-step horizons and
is typically small at longer horizons (see the ‘1-step control’ in Table 6, for DGPs (II,III,VI,VII)). An
exception is where the model is mis-specified in terms of omitting a constant (eg.M∗

1 for DGP (II)). In
DGP (VIIIiii), the model incorrectly imposes a unit root fora stationary AR(2) process, so the impact
of model mis-specification is more persistent in the forecast horizon.

For some DGPs (namely VI,VII,IXii), there is a marked improvement ath = 2 from the DE control
(‘h-step control’:Υ∗

h andτ∗
h) relative to the1-period control. This occurs when DE provides a better

approximation to the2-step ahead forecast function than simply iterating out the1-step forecast function.
For DGP (VII), for example,∆xT+h is unpredictable forh > 1. While the pseudo-true valueΥ∗

2 implies
a DE forecast of zero, OLS is based on powering-up (the non-zero) first-order autocorrelation.

Comparing results for DGPs (VIIIi) and (I) suggests that neglecting the MA error is responsible
for the large increase in forecast uncertainty relative to that inherent in predicting anI(2) process. The
1-step and multi-step controls for DGP (I) have all had the slope parameter set to unity (the constant,
where estimated, is zero). This is only correct asymptotically, but is a reasonable approximation unless
the MA roots are close to minus one. DGP (IXi&ii) Table 6 has only a first order MA and a stationary
root, compared to the second-order MA and unit root in DGP (I). The impact of model mis-specification
is largest at a1-step horizon, and is more persistent than for DGPs (II,III), due to the interaction of the
omitted MA error with the autoregressive dynamics. Nevertheless, that the AR dynamics are stationary
implies that the impact of the MA mis-specification dies out in the horizon: this is not the case when the
AR dynamics have a unit root as in DGP (I). The AR component in DGP (IXi) relative to DGP (VII),
reduces the gains from the multi-step control characteristic of processes with MAs.

5.1.3 Estimation uncertainty: 1-step and multi-step criteria

The impact of1-step estimation uncertainty is generally fairly small apart from DGPs (I,VIIIi), Table
6, when a unit root is being estimated. DE is significantly better for DGP (I), when a unit root is being
estimated in conjunction with omitted MA errors, but not in the absence of MA mis-specification as
in DGP (VIIIi). An omitted MA error in the absence of implicitunit-root estimation (Table 6, DGP
(IXi&ii)) leads to only a small increase in overall forecastuncertainty above that due to model mis-
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specification, and no significant benefit from multi-step estimation. In summary, unit-root AR dynamics
together with omitted MA errors seem necessary here for gains from multi-step over1-step estimation.

In Table 7, DGP (VIII), the AR(2) model is correctly specified, so that the1 - andh-step estimation
columns measure the impact of estimation uncertainty, and estimating the unit roots (two for VIIIi, one
for VIIIii) significantly inflates the forecast-error variances, but there is no gain to DE.

1-step estimation is also better here than DE when there are unit roots and the model is under-
parameterised (Table 7, DGPs (VIIIi&ii) and AR(1) model), although there is little between the two
when the model is under-parameterised and unit roots are notbeing implicitly estimated (Table 7, DGP
(VIIIiii), AR (1) model).

Further evidence that DE appears to be most advantageous when unit roots are being estimated and
there are omitted MA components is provided by Table 7, DGPs (II,III), the AR(1) model. However,
merely over-parameterizing the autoregressive part of themodel largely removes the gains from DE and
yields a lower forecast-error variance: the extra autoregression corrects the missing MA error. Table 7
DGP (I), AR(2) model shows gains from DE when MA components are present and adoubleunit root
is being estimated (but not when the AR component is under-parameterized).

At first sight, Table 7, DGP (IXi) is an anomaly since the DGP isan ARIMA(1, 1, 1), and the models
are AR(2) and AR(1) in levels. Thus, a unit root is being estimated with a neglected MA error, but1-
step estimation is preferred. The reason is that the second autoregressive root approximately cancels the
MA term so that the DGP is nearly ARIMA(0, 1, 0). The implied value ofθ is:

θ =

√
(q2 + 4q) − 2 − q

2
where q =

σ2
δ2

σ2
δ1

,

(see Harvey, 1993). For DGP (IXi),θ ' −0.382, so that the AR and MA polynomials are(1 − L)(1 −

0.5L) and(1 − 0.382L), leading to near cancellation of the MA root with the second AR root.
For DGP (IXii), θ ' −0.605 but τ1 = 0.1, ensuring that the process is ARIMA(1, 1, 1), and

delivering the expected gains from DE for both the AR(2) and under-parameterised AR(1) model (see
Table 7).

5.1.4 Explaining other researchers’ findings

Our results help explain some other researchers’ findings. First, Stoica and Nehorai (1989) find that in
the ARMA(2, 2) DGP given by:

yt − 0.98yt−2 = et − 0.87et−1 − 0.775et−2,

DE yields superior forecasts to OLS when the forecasting model is an AR(1). They interpret this as be-
ing due to the model being under-parameterized and only poorly approximating the true process. Con-
sistent with this, the gains to DE disappear for an AR(6) model. However, the process has a near-unit
root and negative MA errors, precisely the circumstances under which DE performs well. If we set the
AR coefficient to−0.90 instead of−0.98, and re-run their simulations, the gains to DE disappear, sug-
gesting that the relevant feature is not under-parameterization per se. However, over-parameterization
is likely to lessen the gains to DE (see section 5.1.3).

Secondly, Weiss (1991) considers a stationary second-order autoregressive-distributed lag process
with a strongly exogenousI(0) variable. Various mis-specified models are estimated by OLSand DE,
and forecast performances are compared. Our analysis indicates little gain to DE in these circumstances,
and indeed Weiss finds the differences between DE and OLSMSFEs are small.
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6 Unit roots and neglected moving-average errors

We have established that neglecting MA errors in unit-root processes provides a rationale for DE at
short horizons due to ‘model mis-specification effects’ (Table 6, DGPs VI,VII,IXii). In this section,
we derive the asymptotic distributions of the estimators, and perform a Monte Carlo to compare the
empirical distributions of the unit-root estimates from OLS and DE to check whether the divergence
between parameter estimates accounts for the forecast differences. The Monte Carlo examines a range
of values of the MA parameter, namelyθ = {−0.9,−0.5,−0.1, 0, 0.1, 0.5, 0.9} and sample sizesT =

{25, 50, 100}, using50000 replications. We include the IV estimator suggested by Hall(1989) in the
comparison, and a fourth estimator, obtained by applying IVto DE (IVDE), which is motivated below.
The DGP is:

yt = yt−1 + ut

ut = εt + θεt−1

εt ∼ IN
(
0, σ2

ε

)
,

whereσ2
ε = 1 and theh-step forecast function is:

ŷT+h = ρ̃(h)yT ,

whereρ̃(h) is alternatively(ρ̂0LS)
h, ρ̂DEh

, (ρ̂IV )h, andρ̂IVDEh
for OLS, DE, IV and IVDE. The first two

are defined by the scalar versions of (3) to the powerh and (6) ath (rather than 2) lags, and the last two
by:

IV: (ρ̂IV )h =



∑

ytyt−2
∑

yt−1yt−2




h

IVDE: ρ̂IVDEh
=

∑
ytyt−h−1

∑
yt−hyt−h−1

.

Hall (1989) shows that the IV estimator ofρ in yt = ρyt−1 + et has the Dickey–Fuller (DF) distribution
when an instrument datedyt−k, k > 1, is used (or more generally, whenut follows an MA(q) process,
for k > q). ρ̂0LS will not have the DF distribution because of the bias inducedby the correlation between
yt−1 andut. IV is valid because the unit root in the process implies thatyt is correlated withys for all
s, but ys (s < t) will not be correlated withut for t − s sufficiently large (depending on the order of
the MA), and thus are valid instruments. Below, we derive limiting distributions for anyh of the four
estimators to examine the impact of estimation on multi-step forecasting for a first-order neglected MA
error process.

First, for the IV estimator ath = 1:

T (ρ̂IV − 1) =

(
T−2

T∑

t=1

yt−1yt−2

)−1

T−1
T∑

t=1

yt−2ut. (23)

Using the usual notation that:

St =

t∑

s=1

us,

and:

σ2 = lim
T→∞

T−1
E
(
S2

T

)
, σ2

u = lim
T→∞

T−1
T∑

t=1

u2
t
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then:
σ2 = (1 + θ)2 σ2

ε and σ2
u =

(
1 + θ2

)
σ2

ε .

The denominator in (23) is:

T−2
T∑

t=1

yt−1yt−2 ⇒ σ2

1∫

0

W (r)2 dr (24)

where⇒ denotes weak convergence (see e.g. Banerjee, Dolado, Galbraith and Hendry, 1993). Since:

T−1
T∑

t=1

yt−1ut ⇒
σ2

2

[
W (1)2 − 1

]
+

σ2 − σ2
u

2
(25)

and:

T−1
T∑

t=1

utut−1 ⇒ θσ2
ε .

the numerator:

T−1
T∑

t=1

yt−2ut = T−1
T∑

t=1

yt−1ut − T−1
T∑

t=1

utut−1 ⇒
σ2

2

(
W (1)2 − 1

)
(26)

and hence:

T (ρ̂IV − 1) ⇒
1

2

(
W (1)2 − 1

)(∫ 1

0
W (r)2 dr

)−1

(27)

which is the Dickey–Fuller distribution (see Dickey and Fuller, 1979, 1981) for testing for a unit root in
a univariate process, independently of the residual autocorrelation. The numerator in (27) is (see Fuller,
1976): ∫ 1

0
W (r) dW (r) =

1

2

(
W (1)2 − 1

)
∼

1

2

(
χ2 (1) − 1

)

and asP(χ2(1) ≤ 1) ' 0.7, this imparts a negative shift to the distribution.
The outcome in (27) contrasts with:

T (ρ̂OLS − 1) =

(
T−2

T∑

t=1

y2
t−1

)−1

T−1
T∑

t=1

yt−1ut. (28)

The denominator converges to the same limit as (24), and the numerator is given by (25). Hence:

T (ρ̂OLS − 1) ⇒

(∫ 1

0
W (r)2 dr

)−1 [
1

2

(
W (1)2 − 1

)
+

θ

(1 + θ)2

]
. (29)

Consequently, the appropriately normalized distributionis non-central; in particular, whenθ < 0, the
leftward shift of the limiting distribution is exacerbated. For θ > −0.2, the non-centrality is minor
(≤ −0.3), but when−1 < θ < −0.73, the non-centrality exceeds10, and forθ < −0.9, it is very large
(≥ −90).

To compare the performance of the estimators for multi-stepforecasting, we need the asymptotic
distributions of(ρ̂OLS)

h and(ρ̂IV )h (the appendix provides details). For OLS:

T
(
(ρ̂OLS)

h − 1
)
⇒

(∫ 1

0
W (r)2 dr

)−1

h

[
1

2

(
W (1)2 − 1

)
+

θ

(1 + θ)2

]
(30)
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indicating a biash times as large as for̂ρOLS. However, a better approximation in finite samples takes
account of lower-order biases:

T
(
(ρ̂OLS)

h − 1
)
⇒

[
h−1∑

i=0

(
1 + T−1B

)i
]

B ' h

[
1 +

(h − 1)

2T
B

]
B (31)

whereB is (29). Thus, the increase in the bias for finiteT should be less thanh times that of the1-step.
For IV, the appendix shows that:

T
(
(ρ̂IV )h − 1

)
⇒

(∫ 1

0
W (r)2 dr

)−1
h

2

(
W (1)2 − 1

)
'

[
1 +

(h − 1)

2T
C

]
C (32)

taking account of lower-order biases as for OLS, whereC is given by (27) and replacesB from (29).
The appendix also derives the asymptotic bias for theh-step DE:

T (ρ̂DEh
− 1) ⇒

(∫ 1

0
W (r)2 dr

)−1

h

[
1
2

(
W (1)2 − 1

)
+

θ

h (1 + θ)2

]
. (33)

The IVDE estimator is motivated by noting that in the DE estimator the regressor is correlated with
the disturbance term, but whenut is MA(1), yt−h−1 is a suitable instrument. Thus, for theh-step IVDE:

T (ρ̂IVDEh
− 1) =

T−1
T∑

t=1

yt−h−1

h−1∑

s=0

ut−s

T−2

T∑

t=1

yt−hyt−h−1

. (34)

Similar arguments to those set out in the appendix B for the DEestimator show that:

T (ρ̂IVDEh
− 1) ⇒

(∫ 1

0
W (r)2 dr

)−1
h

2

[(
W (1)2 − 1

)]
,

which is the same as theh-step IV limiting distribution (32).
Thus, for OLS, the leftward non-centrality due toθ < 0 increases inh, whereas for DE it does not,

and their limiting distributions coincide ifθ = 0, suggesting no gain to DE in that case (as borne out by
our Monte Carlo). IV is better still, and asymptotically thedistributions of IV and IVDE coincide.

6.1 A Monte Carlo study of the estimators

The results of some of the simulations are illustrated graphically in figure 2 which shows the his-
tograms of OLS and DE for2 and 4-steps ahead forecasts ((ρ̂OLS)

h and ρ̂DEh
, h = 2, 4) for θ =

{−0.9,−0.5, 0, 0.9} at T = 100. Although the IV methods (IV and IVDE) have no moments of any
order for any value ofθ, this does not prevent apparently sensible values of the mean and variance being
obtained by simulation for some values ofθ (see Sargan, 1982, and Hendry, 1990). Moreover, moments
would exist if more than one lag were used as an instrument (eg. yt−k, . . . , yt−k−p, wherek > q, p > 0).

A striking feature of the results, in line with the asymptotic bias formulae, is the marked increase
in bias for OLS ash increases, when there is a negative moving-average error, and the correspondingly
much smaller increase in bias for DE. In the presence of negative MAs, OLS and DE are median-biased
for bothh = 2 andh = 4, their means and medians being roughly similar otherwise.

As expected, Hall’s IV estimator is approximately median unbiased for allθ, as is IVDE, but for
θ ≥ 0, IV generally has a smaller Monte Carlo variance than IVDE (results not reported). The inter-
quartile ranges (25% − 75%) for the two IV estimators are similar except whenθ = −0.9.
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Figure 3 plots the histograms of the resulting2- and4-step forecast errors for OLS and DE cor-
responding to the estimates plotted in figure 2. These are visually much better behaved, due to the
relatively dominant role played by error accumulation.
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Figure 2: Histograms of OLS and DE at powers of2 and4
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Figure 3: Histograms of the OLS and DE2 and4-step forecast errors

Table 8 compares the values of(ρ̂OLS)
h for h = 2, 4 predicted by (30) and (31) (taking account
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of lower-order biases) with the means of the Monte Carlo.5 The asymptotic formulae use estimates
of B (see (29)) from the same set of replications. The table illustrates the usefulness of the asymptotic
formulae for OLS forT = 100, andθ = −0.9,−0.5. The rows (30) are calculated ashBT−1+1, where
B = T (ρ̂OLS−1), and the rows (31) asBT−1(

∑h−1
i=0 (1+T−1B)i)+1. Allowing for lower-order biases

is important for the accuracy of the formulae whenθ = −0.9.

7 Conclusions

Model mis-specification is necessary but not sufficient to justify DE. Multi-step estimation criteria can
lead to different parameter estimators from1-step, and can even alter the implicit model class. Con-
versely, a switch in the implicit model class implies model mis-specification. In stationary processes,
DE, approximated by OLS projection, maintains the pseudo-true values of AR parameters when the
step-ahead error horizons being optimized over are larger than the degree of the MA process, and results
in enhanced forecast accuracy. However, the gains will typically fade rapidly in the forecast horizon.
For example, if an AR(1) model is used to approximate an MA(1) process the pseudo-true value of the
AR parameter for2-step projection is zero, yielding the optimal2-step forecast of zero: the1-step AR
parameter will be non-zero, but will rapidly approach zero as it is powered up.

When the process contains unit roots, forecast success depends upon how accurately these are esti-
mated. Here, large negative MA errors are pernicious since they exacerbate the downward bias of OLS.
A separate Monte Carlo assessed the usefulness of DE in thesecircumstances, and the results bore out
the hypothesis that the improved forecast accuracy from DE,when unit roots are estimated in the pres-
ence of neglected negative MA errors, stems from better estimates of the unit roots. The properties of
two other estimators were also explored.

Few economic time series seem likely to exhibit negative moving-average error autocorrelation of
the size liable to cause really serious problems for OLS. However, some economic variables may be
I(2), represented asI(1) in differences with large negative moving averages (as in our DGP I), resulting
in poor forecasts of growth rates. In such a state of nature, DE may be beneficial but there are sensible
alternatives. The analysis in section 6 indicates that IV may be a better solution. Indeed, the limiting
distributions of IVDE and IV coincide so that once the correlation between the regressor and the error
have been taken care of by IV there are no additional gains to DE. A drawback of DE is that it is not
invariant to linear transformations since it is dependent on the exact criterion selected for minimization,
so very different decisions could result for levels versus first differences, say.

Finally, a focus of this paper has been whenE [xT+1 | xT ] = ΨxT , say, butE [xT+h | xT ] 6= Ψ
h
xT

because of neglected moving-average terms. Other causes may include non-linearity in the generating
process, for example, an ARMA model of a fractionally integrated process (see Tiao and Tsay, 1994),
and outliers (see Peña, 1994). However, in each instance wesuspect reasonable alternatives exist, for
example, MAD for outliers.

5The figures and Monte Carlo estimates in table 8 were based on5000 replications.
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8 Appendix

To derive the asymptotic distribution of(ρ̂OLS)
h whenρ = 1, first consider(ρ̂OLS)

2.

(ρ̂OLS)
2 =


1 + T−1

(
T−1

T∑

t=1

utyt−1

)(
T−2

T∑

t=1

y2
t−1

)−1



2

=
(
1 + T−1B

)2
,

Then:
T
(
(ρ̂OLS)

2 − 1
)

=
(
2 + T−1B

)
B ⇒

(
2 + T−1B

)
B

whereB is given by (29). A direct generalization yields (31):

T
(
(ρ̂OLS)

h − 1
)
⇒

(
h−1∑

i=0

(
1 + T−1B

)i
)

B.

The derivation of the asymptotic distribution of(ρ̂IV )h follows in a similar vein. For(ρ̂IV )2:

(ρ̂IV )2 =


1 + T−1

(
T−1

T∑

t=1

utyt−2

)(
T−2

T∑

t=1

yt−1yt−2

)−1



2

=
(
1 + T−1C

)2
,

so:
T
(
(ρ̂IV )2 − 1

)
=
(
2 + T−1C

)
C ⇒

(
2 + T−1C

)
C

whereC is given by (27). Thus (32) results:

T
(
(ρ̂IV )h − 1

)
⇒

(
h−1∑

i=0

(
1 + T−1C

)i
)

C.

For theh-step DE:

T (ρ̂DEh
− 1) =

T−1
∑T

t=1 yt−h

(∑h−1
i=0 ut−i

)

T−2
∑T

t=1 y2
t−h

. (35)

The denominator is again (24). For the numerator, the various terms are:

T−1
T∑

t=1

yt−hut−h+1 ⇒
σ2

2

[
W (1)2 − 1

]
+

σ2 − σ2
u

2
,

whereas forj = 2, . . . , h:

T−1
T∑

t=1

yt−hut−h+j = T−1
T∑

t=1

yt−h+1ut−h+j − T−1
T∑

t=1

ut−h+1ut−h+j

⇒
σ2

2

[
W (1)2 − 1

]
+

σ2 − σ2
u

2
− θσ2

ε ;

so that:

T−1
T∑

t=1

yt−h

h−1∑

i=0

ut−i ⇒ σ2

[
h

2

(
W (1)2 − 1

)
+ h

σ2 − σ2
u

2σ2
− (h − 1) θ

σ2
ε

σ2

]
(36)

and hence we obtain equation (33).
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Table 6 AR(2) model imposing a unit root.MSFE differences.

Constant No constant
DGP True 1-step 1-step h-step h-step 1-step 1-step h-step h-step

Model Control Est. Control Est. Control Est. Control Est.
Ii 3.08 8.97 8.82 - - 8.97 8.88 - -

5.03 8.02 10.76 8.02 8.00 8.02 9.07 8.02 8.06
6.06 9.09 14.23 9.09 9.21 9.09 11.26 9.09 9.17
6.93 9.96 17.05 9.96 10.12 9.96 13.37 9.96 10.05

Iii 2.30 7.47 7.46 - - 7.47 7.45 - -
4.25 6.45 8.91 6.45 6.53 6.45 7.32 6.45 6.51
5.32 7.58 12.13 7.58 7.80 7.58 9.35 7.58 7.70
6.21 8.46 14.77 8.46 8.77 8.46 11.23 8.46 8.61

Iiii 2.30 8.19 6.85 - - 8.19 7.59 - -
3.52 6.53 7.75 6.53 5.71 6.53 7.69 6.53 6.26
3.80 6.82 8.99 6.82 6.03 6.82 9.15 6.82 6.50
3.97 6.99 9.78 6.99 6.15 6.99 10.78 6.99 6.66

II 2.02 2.72 2.78 - - 3.12 3.15 - -
3.00 3.04 3.07 3.02 3.06 3.24 3.25 3.24 3.28
3.02 3.03 3.04 3.04 3.09 3.30 3.31 3.27 3.32
2.99 2.99 3.00 3.01 3.04 3.25 3.25 3.23 3.27

III 2.02 2.72 2.78 - - 2.72 2.75 - -
3.00 3.04 3.07 3.00 3.06 3.04 3.06 3.00 3.05
3.02 3.03 3.04 3.02 3.09 3.03 3.03 3.02 3.08
2.99 2.99 3.00 2.99 3.04 2.99 2.99 2.99 3.03

IV 1.03 1.03 1.06 - - 1.23 1.25 - -
0.98 0.98 0.99 1.04 1.00 1.21 1.21 1.18 1.19
0.98 0.98 0.99 1.05 1.00 1.25 1.24 1.19 1.21
1.01 1.01 1.02 1.07 1.03 1.26 1.26 1.21 1.22

V 1.03 1.03 1.06 - - 1.03 1.05 - -
0.98 0.98 0.99 0.98 1.00 0.98 0.98 0.98 0.99
0.98 0.98 0.99 0.98 1.00 0.98 0.98 0.98 0.99
1.01 1.01 1.02 1.01 1.03 1.01 1.01 1.01 1.02

VI 1.00 1.51 1.54 - - 2.00 2.01 - -
1.99 2.11 2.12 2.02 2.02 2.22 2.22 2.22 2.24
2.04 2.06 2.07 2.06 2.08 2.31 2.31 2.27 2.30
2.01 2.02 2.03 2.04 2.05 2.27 2.27 2.25 2.28

VII 1.00 1.51 1.54 - - 1.51 1.53 - -
1.99 2.11 2.12 1.99 2.02 2.11 2.12 1.99 2.02
2.04 2.06 2.07 2.04 2.08 2.06 2.07 2.04 2.08
2.01 2.02 2.03 2.01 2.05 2.02 2.03 2.01 2.05

VIIIi 1.02 1.02 1.05 - - 1.02 1.03 - -
1.99 1.99 2.12 1.99 2.13 1.99 2.06 1.99 2.06
2.98 2.98 3.22 2.98 3.28 2.98 3.12 2.98 3.13
3.96 3.96 4.33 3.96 4.48 3.96 4.19 3.96 4.22

VIIIii 1.02 1.02 1.04 - - 1.02 1.03 - -
1.23 1.23 1.26 1.23 1.28 1.23 1.24 1.23 1.25
1.28 1.28 1.30 1.28 1.32 1.28 1.28 1.28 1.30
1.32 1.32 1.35 1.32 1.38 1.32 1.33 1.32 1.35

VIIIiii 1.02 1.17 1.20 - - 1.17 1.19 - -
0.98 1.16 1.18 1.19 1.17 1.16 1.17 1.19 1.15
1.02 1.14 1.16 1.17 1.14 1.14 1.15 1.17 1.12
1.14 1.20 1.21 1.21 1.20 1.20 1.20 1.21 1.19

IXi 2.08 2.68 2.74 - - 2.68 2.71 - -
2.52 2.70 2.73 2.69 2.76 2.70 2.70 2.69 2.72
2.56 2.60 2.63 2.60 2.66 2.60 2.60 2.60 2.63
2.67 2.69 2.72 2.69 2.74 2.69 2.69 2.69 2.71

IXii 10.41 14.58 14.83 - - 14.58 14.69 - -
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Table 7 AR(2) model and AR(1) model.MSFE levels.

AR(2) Constant No const. AR(1) Constant No const.
DGP True 1-step h-step 1-step h-step 1-step h-step 1-step h-step

Ii 3.08 8.79 - 9.16 - 21.28 - 50.32 -
8.18 29.68 24.83 30.01 25.49 78.78 81.46 196.44 199.53
18.36 73.35 54.99 74.77 55.32 179.10 191.74 452.40 466.89
35.10 144.83 102.94 151.46 101.10 323.94 358.90 823.78 863.86

Iii 2.30 7.47 - 7.71 - 20.43 - 49.51 -
6.60 25.28 20.79 24.89 21.05 76.96 79.63 194.97 198.06
15.97 63.62 46.60 62.51 46.15 176.05 188.64 450.02 464.51
32.03 127.75 88.67 127.88 85.51 319.94 354.77 820.98 861.06

Iiii 2.30 6.33 - 7.39 - 7.71 - 15.00 -
4.33 17.64 15.48 22.29 18.50 23.01 23.62 52.10 52.85
7.68 38.59 31.38 52.67 37.49 49.32 52.40 117.19 120.79
12.56 69.41 54.60 101.26 64.61 86.44 95.15 210.57 220.62

II 2.02 2.86 - 2.84 - 3.14 - 3.10 -
3.00 4.01 4.00 3.96 3.97 4.38 4.24 4.21 4.19
4.02 5.35 5.31 5.21 5.23 5.87 5.52 5.46 5.42
4.97 6.72 6.65 6.49 6.52 7.43 6.82 6.72 6.67

III 2.02 2.83 - 2.77 - 3.09 - 3.03 -
3.00 3.92 3.91 3.78 3.78 4.50 4.13 4.10 4.01
4.02 5.16 5.08 4.93 4.91 6.13 5.29 5.39 5.13
4.97 6.35 6.29 6.01 5.99 7.75 6.45 6.60 6.18

IV 1.03 1.09 - 1.09 - 1.07 - 1.07 -
2.04 2.22 2.24 2.22 2.24 2.20 2.20 2.20 2.20
3.01 3.43 3.47 3.40 3.43 3.40 3.42 3.38 3.39
3.96 4.70 4.79 4.66 4.72 4.67 4.71 4.65 4.66

V 1.03 1.08 - 1.06 - 1.06 - 1.04 -
2.04 2.16 2.19 2.11 2.12 2.14 2.15 2.09 2.09
3.01 3.24 3.31 3.16 3.19 3.20 3.26 3.13 3.14
3.96 4.35 4.51 4.21 4.27 4.29 4.44 4.17 4.21

VI 1.00 1.59 - 1.61 - 2.10 - 2.08 -
1.00 1.74 1.59 1.78 1.69 2.19 2.07 2.14 2.12
1.02 1.73 1.62 1.89 1.85 2.39 2.12 2.32 2.28
1.00 1.81 1.59 2.06 2.01 2.57 2.10 2.46 2.41

VII 1.00 1.04 - 1.02 - 1.03 - 1.02 -
1.00 1.02 1.03 1.01 1.02 1.01 1.02 1.00 1.01
1.02 1.03 1.06 1.02 1.04 1.03 1.05 1.02 1.03
1.00 1.01 1.04 1.00 1.03 1.01 1.02 1.00 1.01

VIIIi 1.02 1.08 - 1.06 - 18.02 - 46.85 -
5.03 5.59 5.70 5.42 5.46 74.28 77.01 192.87 196.00
14.04 16.16 16.99 15.58 15.86 172.40 185.10 446.86 461.41
29.91 35.53 38.89 34.15 35.30 316.30 351.19 818.40 858.53

VIIIii 1.02 1.06 - 1.04 - 1.40 - 1.38 -
3.26 3.51 3.54 3.40 3.42 4.26 4.38 4.18 4.21
6.30 6.95 7.10 6.67 6.75 7.89 8.29 7.73 7.85
9.74 10.95 11.36 10.44 10.64 11.91 12.78 11.67 11.91

VIIIiii 1.02 1.05 - 1.04 - 1.11 - 1.09 -
1.99 2.10 2.11 2.05 2.06 2.14 2.15 2.10 2.10
2.53 2.67 2.71 2.60 2.62 2.72 2.72 2.67 2.64
2.78 2.94 3.00 2.85 2.89 3.01 2.98 2.94 2.87

IXi 2.08 2.80 - 2.75 - 2.81 - 2.77 -
4.60 6.45 6.50 6.26 6.30 6.46 6.55 6.30 6.33
7.69 10.53 10.76 10.13 10.26 10.48 10.81 10.19 10.28
11.03 14.72 15.34 14.15 14.43 14.58 15.36 14.21 14.41

IXii 10.41 14.60 - 14.57 - 16.41 - 16.86 -
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Table 8 Estimates of E(rho) by OLS for T=100..

θ = −0.9 θ = −0.5

j = 2 MC estimate 0.288 0.890
(30) -0.066 0.880
(31) 0.218 0.884

j = 4 MC estimate 0.145 0.810
(30) -1.132 0.760
(31) 0.048 0.781


