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Abstract

We delineate conditions which favour multi-step, or dynaneistimation for multi-step fore-
casting. An analytical example shows how dynamic estimaizE) may accomodate incorrectly-
specified models as the forecast lead alters, improvingcéste peformance for some mis-
specifications. However, in correctly-specified modeldung finite-sample biases does not jus-
tify DE. In a Monte Carlo forecasting study for integratedgesses, estimating a unit root in the
presence of a neglected negative moving-average erroramayif DE, though other solutions exist
to that scenario. A second Monte Carlo study obtains thenasbir biases and explains these using
asymptotic approximations.

1 Introduction

Minimizing multi-step (in-sample) criteria for estimagirunknown parameters has a long pedigree,
although the method does not seem to have been subject to forangl analyses (see e.g. Klein,
1971). Cox (1961) applied this idea to the exponentiallygiveed moving average (EWMA) or inte-
grated moving-average IMA(1,1) model, and Findley (1988) Weiss (1991) among others considered
multi-step estimation criteria for autoregressive (AR)dais. The intuition is that when a model is not
well specified, minimization ot-step errors need not deliver reliable forecasts at loreged times, so
estimation by minimizing the in-sample counterpart of tesitkd step-ahead horizon may yield better
forecasts.

When models are mis-specified for the data generation psd€8SP), mean-square forecast error
(MSFE(h)) rankings can alter as the forecast horizoimcreases. Indeed, a necessary condition for
such aresult in large samples is that the models under @asioh are mis-specifiedThis implication
depends only on the DGP providing the correct conditionpketation, which is the minimumISFE
predictor. As itis not possible to prove tHastep estimation is optimal when models are mis-specified,
multi-step, or dynamic, estimation (DE, also called ‘adagpforecasting’: Tsay, 1993, and Lin and
Tsay, 1995) could improve multi-period forecast accuracy.

Here, we investigate model mis-specifications which mayasu®E. Empirical studies have been
used by some authors (e.g. Lin and Tsay, 1995) to gauge th#gadausefulness of DE, from which
it is difficult to deduce precisely which characteristice egsponsible for the outcomes. We consider a
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'However, mis-specification is not sufficient for reversaidavecast-accuracy ranking to occur, since model selectio
based orMSFE is not invariant under linear transformations whep- 1: Clements and Hendry (1993).



simple analytic example to illustrate some of the issuesluad, before presenting a Monte Carlo study
to identify features which might favour DE for multi-peridorecasting.
The basic formulation is as follows. Consider/aperiod ahead forecast from a vector autoregres-
sion (VAR) for then variablesx;:
Xt =YXt 1+ € (1)

where we only specify thd[e;] = 0. h-periods ahead from an end-of-sample pdint

h—1
x7in = X'y + Z Y'erin—i (2)
1=0
A corresponding forecast is made, either from a ‘powerediugtep parameter estimator or using an
h-step estimator. Th&-step estimator is defined by:

T
Y = argmin Z (x¢ — Yxs1) (x¢ — Tx41)
T =

T T -1
= Z XX}y (Z Xt—IX;1> : ®3)
t=1 t=1

with forecasts given by:

}A(T-I—h = ThXT (4)
and with average conditional error:

E[xpsp — %ran | X7] = (‘rh —E [?h]) X7 ()

Theh-step estimator is defined by:
',th = argmin

T , T T -1
Z (Xt — (Th) Xt—h) (Xt — (Th) Xt—h) = thxé—h <Z Xt—hxé—h> (6)
(x") =1 t=1 t=1

so that using thé-step estimator of the ‘powered-up’ parameter directly:

iT-I—h = ThXT: (7)
with average conditional error:

E[xpsp — Xran | X7] = ('rh —E ['Fh]) X7 (8)

The relative accuracy of the multi-step forecast proce@@yeompared to (4) is determined by that of
the powered estimate versus the estimated power. VﬁhEnbadIy biased fof', powered estimated
values will deviate increasingly from the powered ‘truelues, in which case, direct estimation f*
may have potential. Alternatively, when:

E [XTJrl | XT] = ‘I’XT,

but:
E [xr4n | x7] # ¥,

powering up\fl may prove a poor strategy, no matter how precisely it is egtoh

However, the issue is more subtle than this. First, in statip processes, dynamic mis-specification
per seis not sufficient to ensure poor multi-step forecasts sihstep estimation ofr in (1) yields the
least-squares approximation ahgtep forecasts converge on the unconditional expectatitm X"



tending to zero. Since increasing divergence from powestthates (that did not accidentally capture
unit roots) seems unlikely, we will focus on integrated @®ses.

Secondly, wher; ~ IN, (0, ), finite-sample biases are unlikely to be large enough tebffse
inefficiency of DE (see section 4). Thus, mis-specificatieemss required, so we consider the third
possibility of unmodelled moving-average (MA) errors i tBGP, such that in (1):

e=60(L)¢,, where ¢, ~IN,(0,X),
L denotes the lag operator, afg = I,,. Whenf(L) =1,, + 61 L:
Elxri1 | xr] = Yx7 + 01E[(r | x7] = (X + 01A) x7 = ¥xr,
whereE[(, | x;] = Ax;, but:
E [xr4n | x7] = X'xp + X 7'01E[Cp | x7] = Y71 (X + 601A) xp = X1 Oxp

Defining:
E [XT+h | XT] = lI’}ZXT

then®,, = ¥" only if (L) = 1,,, in which casel = Y. (5) and (8) remain intact upon replacifgf*

by ¥;,, but E[\flh] # Wy. This analysis suggests it is worth examining whether thstsuntive biases
due to the interaction between estimated unit roots anctotgl negative MA errors discussed bygr
alia) Molinas (1986) and Schwert (1989) could justify DE odestep estimation. Such transpires to be
the case, but we also consider other solutions to that cdusésespecification, including usingystep
instrumental-variables (V) estimators following HalB@9) .

The plan of the paper is as follows. Section 2 describes tladiarships between estimation cri-
teria and forecast evaluation. Section 3 outlines a sireglifiersion of the forecast-error taxonomy of
Clements and Hendry (1995b, 1996) to delineate the rolestohation and model mis-specification
for 1-step and DE. Section 4 shows that for correctly specifiedetsodhere is little finite-sample bias
reduction from2-step estimation versus squaring thetep estimator in a first-order AR. Section 5 re-
ports the Monte Carlo forecasting study, showing that reégtkmoving-average errors have relatively
benign effects on medium-term forecast performance using, @xcept in the presence of unit roots,
parallelling the poor performance of unit-root tests irsthituation. In section 6, we consider the IV
estimator of Hall (1989) and a hybrid IV multi-step estinrattheir asymptotic distributions are derived
for h-step forecasts, together with a Monte Carlo study. Segtiooncludes.

2 Estimation and evaluation criteria

Granger (1993) suggests that, at least asymptoticallgritezion used to evaluate forecast() should
also be used to estimate the parameters of the forecastidglif:). In the context of assessing multi-
step forecasts, Weiss (1991) shows that (in large sampsapyeter estimation based on minimizing
squared in-samplb-step forecast errors is optimal@y is a squared-error loss function defined over
h-step forecast errors. His proof assumes stationarity, thedvionte Carlo evidence of the small-
sample performance of DE in stationary DGPs indicates tha& © generally as good as DE. Stoica
and Nehorai (1989) give similar asymptotic results for AR cesses, and their Monte Carlo also
shows small gains from DE (a possible exception being whemtbdel is ‘under-parameterized’ for
the DGP)? They conjecture that EWMA schemes may yield gains from DEabse the processes to

2Based on simulating an ARMA(2,2) DGP and an AR(1) model.



be predicted are higher order than an IMA(1,1) model. Mocemdy, Tsay (1993) and Lin and Tsay

(1995) offer an upbeat assessment based on empirical stilegss (1995) explores procedures which
base estimation on the forecast criterion function for aetof forecast criteria, such as asymmetric
guadratic loss: also see Christoffersen and Diebold (1994)

We consider the gains (if any) from matching estimation araluation criteria, takingC » as the
MSFE loss function. Unfortunately, rankings by su€h»-measures, for a give@ g, may depend on
the selected linear transformations of thg arguments (levels, differences, etc.), perhaps nectsgita
a different DE in each instance.

3 A partial taxonomy of forecast errors

Consider a forecast for a vector of variablgsat horizon/ from an estimated modéll based on the
conditional expectation with respect to the model whererf@mation set iZ;:3

XM, 17+h = Em X140 | I7],

Typically M will contain unknown parameter®, which need to be estimated, so a complete description
of the forecast generation process will require both theifipation of the model and the estimation
criterionCg. Using estimate®, the operational forecast errors are:

Vr+h = XT+h — XM, T+h-

To contrastl-step and multi-step estimation, we consider the specsal ofthe forecast-error taxonomy
in Clements and Hendry (1996) where the DGP is constant veithirate initial conditionsxy. The
degree of integration of the data, and whether unit rootsrapesed or estimated, also matters: see
Clements and Hendry (1995a) and Lin and Tsay (1995).
The issues are most easily seen in a first-order univariatend&el with an intercept when the DGP
is the ARMA(1,q):
xren = T4+ Yxrip—1+vren
h—1 h—1 9)
= Z Yir + Yher + Z Yivpyin_i
i=0 i=0
wherev; = 6 (L) ¢; and¢; ~ IN(0,07). Mis:

M:xy =7 + Tpai—1 + g
so® = (7, : T,). Weallowr, # 7 andY, # T, becaus#(L) # 1 butwv, is treated as white noise.

The 1-step parameter estimatgs, : Yp) yield the h-step ahead forecasts:

Tryn=) T
i=0

p+ Thaop. (10)

From (9) and (10), th-step ahead forecast errors are:

>
=

pron =Y [T = T | + (0" = ) ar + hzl Tivgp s (11)
=0

3

Il
=)

3In some states of nature it may be desirable to ‘correct’ thalitional expectation: see Clements and Hendry (1994a,
1995b) and Hendry and Clements (1994b, 1994a).



Denote deviations between sample estimates and populadgi@ameters by, = 7, — 7, andéy =
T, — T,. We neglect powers of and interactions betwégrand additional finite-sample biases7in
and’fp around theimplims, using the approximation:

Y= (Tp+6v)" = YL+ oy = Ti+ C,

to obtain:
Y7~ (Y], + Ci) (1p + 6-) = Tirp + Cimp + Yhé-,
so using> " 1P = (1 — 7)) /(1 — 1) = Y4} (similarly for Y, andC), the first term in (11) is:

h—1
SO —m) (Y =T 7 — (Cimp + Yi6,)] = T (7 — Tp)+(r{h} - Tgh}) - (C{h}Tp + T}Dh}aT)
=0

The term multiplied byz is approximated by:
(v = 18) ar = (1" =8 wp + (T — Th) ar ~ (T = Th) wr — Char.

This leads to the decomposition in table 1.

Table 1 Forecast-error taxonomy fdrstep estimation.

bryn, o~ (i — Tfuh}) 7+ (Y" = Th) 2y slope mis-specification

+ Y (r—7) intercept mis-specification
— Ci{h}fp — Char slope estimation
- Tfoh}éf intercept estimation
h-1
+ ) T error accumulation.
1=0

Conditional onzp, the first two rows only have bias effects, whereas the reimgirows affect
forecast error variances.
Consider the alternative of estimating = >/ 7 = T{*}r and;, = T" by DE in:

= T + Tpxi—p + uy,

and forecasting by:
Tren =Th + Yhar. (12)

From (9) and (12), th-step ahead forecast error is:
Urpn = (Th = Th) + (Th - Th) or+ Y Yrin (13)
=0

Denote deviations between multi-step sample estimatep@malation parameters by. = 7, — 7;; and
Ay = th — 17, and neglect powers of;, and finite-sample biases ) andﬁ around theiplims 7
andY7j. Then, the corresponding forecast-error taxonomy for Déhawvn in table 2.
Only the last row is in common with table 1, and there are nerattions between slope and intercept
as in table 1: any of the remaining terms could be larger otlenmia mean and/or variance depending
upon the specific example.

The Monte Carlo in section 5 calculates the relative mage#iof the mis-specification and estima-
tion effects for both OLS and DE for a number of examples.



Table 2 Forecast-error taxonomy for multi-step estimation.

vryn ~ (Yp—7T;)xr slope mis-specification
+ (mh—17) intercept mis-specification
—  Arxr slope estimation
- A intercept estimation
h—1
+ Yivr,,_; error accumulation.
i=0

4 Finite-sample behaviour under correct specification

An alternative reason for minimizing 2step criterion wher2-step forecasts are desired in dynamic
models is the possible reduction in finite-sample bias thghtresult from doing so even when the
models are correctly specified. As an illustration, suppbsé the model is correctly specified for a
stationary AR1) with an intercept DGP. Then we obtain a finite sample biaslfstep estimation of

the AR parametep,:
1+3p

Elf] = p— . (14)

The analysis of the bias iﬁQ (the 2-step estimator) is close in form to that for the bias in thatep
estimator (see e.g. Hendry, 1984, for an exposition) ar@(tig/T") suggests thak[p?] is the square of
(14). Whenp = 0, retaining terms 0O (1/T") only, we obtain:
~ 1
E{ 2 = } ~
p?lp=0 T
as indicated in the figure. For OLS we obtain a bias of rougflyat magnitude but opposite sign:
2 A 2 R 1 1
E[p? [p=0]=(E[p|lp=0)"+V[p|p=0= 5+~
T T
This result can be confirmed by Monte Carlo simulation usioydtve (see Hendry, Neale and Ericsson,
1991). We selected = 0,0.4,0.8,1.0 andT = 100, and conducted the simulations recursively from
t = 10,...,100 with 10,000 replications. Figure 1 plo&5® — p?] (given by the dotted line) and
E[p? — p?] (the solid line) for the four values g¢f, where the horizontal axes are the estimation sample
sizet. The two approaches are similarly biased at large valugsaoid all sample sizes, so there is no
gain in terms of finite-sample bias from dire&step estimation. Biases are smaller at smailldout
OLS still dominates, except perhapspat 0. The case op = 1 is analysed in section 6.
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Figure 1: Monte Carlo biases for a correctly specified firsteo autoregression

5 A Monte Carlo study of multi-step forecasting

On the basis of these results, we conjecture that neitheplgamvariability (wherel-step should do
best), nor (stationary) finite-sample bias are likely tadatk a role for DE. Alternatively, any divergence
between(V,;, — Tg) on the one hand, versi¥, — Y7 ) on the other, might be important, particularly
for integrated data where not all the terms are tending to ethe forecast horizon. Recall;, is
defined byE[z74, | 27] = Uhar, and¥;, = T" only when the DGP can be represented as afilAR
process (ruling out MA errors). Thus, we designed the MoraddZto highlight potential biases when
estimating unit-root processes yet neglecting negativeimgeaverage errors.

The DGP is the ‘nonseasonal Holt model’ (see, among othexk, 1988, and Harvey, 1989), gen-
erating the data as the sum of unobserved components faetid intercept, and irregular elements:

Ty = WUt + € (15)
pe = pe—1 + B + 01t (16)
Bt = Bi—1 + 2. (17)

In (15)—(17), the disturbances, d;; andd,; are assumed to be normal, independent through time and
of each other (at all lags and leads), with zero means, ananeasc?, agl, a§2. The ‘reduced form’
implies the restricted ARIMA(0,2,2) model:

(1—L)Yx = (1—0,L—0,L%a, (18)



where thed; can be deduced by matching moments in (18) and (19), the Gtained directly from
(15)—(17) (see Harvey, 1989):

(1 — L)2 Ty = € + (51t + (Sgt - 26t,1 - (51t71 + €¢—2. (19)

Zero restrictions on the varianceé, agl, a§2 enable data with different orders of integration to be
generated from (15)—(17). These are summarised in Table 3.

Table 3 Monte Carlo Design.

Parameter Restrictions DGP Description
| None See (18) ARIMA(0,2,2)
i O’? O—gl 06%2
i 1 1 1

i 1 ) 1
! 1 1 5
ARIMA(0,1,1)
I 03,=0, B=B#0 Azp =B+ 61 + Aey olus drif
1l 02 =0, B=p=0 Azy = 61y + Ae ARIMA(0,1,1)
o2 =0 ARIMA(0,1,0)
|V 2 ’ A — 5 . 3y
Br=PB#0,02=0 Ze =B+ o plus drift
v 7%, =0, Az, =6 ARIMA(0,1,0)
6f:/82070'€220 t — 01t 1Ly
VI oy, =03 =0, B#0 T = Bt + ¢ Linear trend
VI oy, =03 =0, =0 T =€ White noise
VI J?l =0, 02=0 (1—=nL) (1 —7Ll)x; = do
i [T =]l =1 ARIMA(0,2,0)
i I =1,|m| < 1 ARIMA(1,1,0)
i Im| < 1,|m| < 1 ARIMA(2,0,0)
IX Azy = 11 Axp_q + 091 + Ad1e

2 _ 2 _ 2 _

i 96 =05=L10=0, ARIMA(L,1,1)
71=051m7m=1

3 _ 2 _ 2 _

i On =% =1oe=0 ARIMA(L,1,1)

T = 0.1,7’2 =1

We consider six AR forecasting model$/; is an AR2) process for the levels, formulated in
differences (i.e. with a unit root imposed):

Mi: Axy = ag + a1 Axi—q + 14 (20)

andM7 is the same model but wiilyy = 0. My is the same AR) model, but in levels without the unit
root imposed, and1; is My without a constant term. Finally, we consider an (ARmodel in levels,
with a constant termN(s), and without U3).



Minimizing the in-sampléh-step errors is non-linear in the parameters of the origimadlels, but
can be approximated by a linear projection (and thus by GLER). exampleM; in (20) impliesh-step
errors {, ;) of the form:

h—1 h—1
Az = g ol + a?A:ct,h + g AV = oo p + a1 AT + Vg (22)
i=0 i=0

We estimatex = [ag : o]’ by minimizing the sums of squares mf ; with respect to the parameters:

T h—1 2
argmin Z <A:ct — o Z o/i — a?Awth> (22)
* t=h+1 i=0
yielding a function which is non-linear in the parametegsand «;;. The same outcome results by
projecting Az, on a constant andz,_;, by OLS, defininga: = [a , : a14]" @s in (21) since for this
model, the form of (22) does notimpose any restriction@n, : «; 5] for h-step estimation. However,
the parameters of the-period model« : ) are not necessarily uniquely identifiable from the OLS
projection (e.g. considér = 2).
In all cases we use OLS to estimate the models, and calcldateh-stepMSFEs for 1-step esti-
mation but onlyh-periodMSFEs for h-step estimation.

5.1 Analysis of results

There are two basic sets of results: (a) Table 6 repd8FEs for predictingAx; using modeldM; and
M7; and (b) Table 7 showsISFEs for predictingzr; using modeldviy, M3 andMs, Mj (the AR(2) and
AR(1) models).

Tables 6 and 7 are summarised in tables 4 and 5 using resparfisees to highlight the conditions
which favoured DE over OLS. The dependent variable is theofotpe ratio of theMSFE for DE to
that for OLS: in table 4 fo2-steps ahead, and in table 5 #step ahead forecasts. Four regressions
are reported in each table. The first pools results from ta{MSFESs for predictingAx; using My,
labelled experiments 1-14) and tableM/SFEs for predictinge; using modeMs, labelled experiments
15-28, and usind/ls, labelled experiments 29-42). The other regressions a@fgpto the results for
a particular model.

The explanatory variables are a constant, a dummy whichiig iirat least one unit root is esti-
mated, and zero otherwise (Dur), a dummy which is unity ifehie a moving-average term, and zero
otherwise (Dma), an interaction dummy for these two efféigx Dma), and finally, Dcanc, which is
unity for DGP (IXi), My andMs when the MA root is approximately cancelled by an AR root.

The tables report coefficient estimates and standard girolsackets). Dcanc is zero for all ob-
servations for the first sub-sample, and Dma andXIumna are collinear for the second and third, so
the former is omitted. In no case are the constant, Dur and Eigraficantly different from zero: in
general, therefore, there is little gain (loss) from DE, aitder estimating unit roots or neglecting MA
components, in the absence of the other, does not alter this.

The conjunction of the two (signalled by Dxbma), on the other hand, significantly favours DE,
particularly atd-steps (table 5), except for the third sub-sample where thdeins under-parameterised
for many of the DGPs. Finally, the coefficient on Dcanc is glsvapproximately equal magnitude and

“While linear projection is not in general equivalent to rdimear minimization, the two coincide here for multi-step
estimation, but would not do so for models with explanatasiables where there are restrictions on the parameters.



10

opposite sign to DutDma, so that there is no gain to DE when the MA term is effelitizcancelled by
an AR root (see section 5.1.3).

We now discuss the contributions to forecast errors of ststdt uncertainty, model mis-
specification, and estimation uncertainty.

Table 4 Response surfaces for log(DE/OLS) fstep forecasts.
All experiments Exp. 1-14 Exp. 15-28 Exp. 29-42

Constant -0.011 0.003 -0.025 -0.015
(0.017) (0.015) (0.038) (0.017)
Dur 0.017 -0.003 0.032 0.021
(0.024) (0.034) (0.051) (0.023)
Dma -0.013 -0.026
(0.027) (0.020)
DurxDma -0.065 -0.121 -0.102 -0.019
(0.035) (0.040) (0.043) (0.019)
Dcanc 0.078 0.101 0.018
(0.040) (0.072) (0.032)
R? 0.301 0.829 0.400 0.123

Table 5 Response surfaces for log(DE/OLS) fbstep forecasts.
All experiments Exp. 1-14 Exp. 15-28 Exp. 29-42

Constant -0.028 0.007 -0.029 -0.072
(0.040) (0.027) (0.090) (0.055)
Dur 0.047 0.001 0.050 0.094
(0.058) (0.060) (0.119) (0.072)
Dma 0.038 0.004
(0.065) (0.035)
DurxDma -0.233 -0.355 -0.248 -0.062
(0.084) (0.0712) (0.101) (0.061)
Dcanc 0.192 0.246 0.054
(0.094) (0.168) (0.102)
R? 0.347 0.911 0.431 0.169

5.1.1 Stochastic uncertainty

The uncertainty from accumulating future disturbanceh @& @GP sets a baseline level which cannot
be improved upon by stochastic models. This source of fetamacertainty, as measured MSFE,
is O(1) in the forecast horizon fok0) processes, an@(h) for I(1) processes (see, e.g. Engle and
Yoo, 1987, and Clements and Hendry, 1994b), as is reflectedriresults. For example, from the first
column of MSFEs in Table 7, theMISFE for DGP (VIlli) is O(h?) in the forecast horizon, since is
[(2); for DGP (VIllii), it is O(h) in the forecast horizon, since is I(1); and for DGP (VIliii), it is
O(1) sincex, is 1(0). Table 6 conveys the same information fog, where the orders of integration and
their rates of increase are reduced by unity.

Although the effects of this source of uncertainty can beiioletd analytically, the figures in the
tables are Monte Carlo estimates calculated numericalkirbylating forecasts from (15)—(17) with the
disturbances set to zero over the forecast period. Suchadst reflect Monte Carlo variability, but this
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is small for10, 000 replications. For example, when the process is a lineadtoernwhite noise (DGPs
(VILVII)), the theoretical conditional forecast error i@mces for predicting\z; arel for h = 1, and
2 for h > 1 compared with Monte Carlo estimates for theto 4-step horizons ofl, 1.99,2.04, 2.01]:
see Table 6.

5.1.2 Model mis-specification

To gauge the impact of model mis-specification in the absehparameter-estimation uncertainty, we
generated forecasts using the pseudo-true values of thelshpdrameters under the DGP (referred to
as[, : T,] for 1-step, andr; : T;] for h-step, in section 3). These values are derived analyticaly
computed this source of uncertainty including the stoebhatément from the future disturbances, so
these forecasts can be compared against the actual riesigzat

Table 6 reveals the main points. When the model is correptgified, the ‘true model’ and ‘control’
(for estimation uncertainty) columns are identical (DGR&V VIIli&ii) in Table 6). Failure to impose
a valid unit root does not constitute model mis-specificatibable 6, DGP (VIli)), but imposing an
invalid unit root does (Table 6, DGP (VIlliii)) as over-panaterisation is not a form of mis-specification,
but under-parameterisation is.

Abstracting from DGP (1), the impact of model mis-specifioatis largest atl-step horizons and
is typically small at longer horizons (see tHestep control’ in Table 6, for DGPs (ll,111,VI,VII)). An
exception is where the model is mis-specified in terms of timgita constant (egV; for DGP (Il)). In
DGP (Vllliii), the model incorrectly imposes a unit root farstationary AR2) process, so the impact
of model mis-specification is more persistent in the forebaszon.

For some DGPs (namely VI,VII,IXii), there is a marked impeavent at, = 2 from the DE control
(‘h-step control: Y} and7;) relative to thel-period control. This occurs when DE provides a better
approximation to th@-step ahead forecast function than simply iterating outthtep forecast function.
For DGP (VII), for exampleAz 7, is unpredictable foh > 1. While the pseudo-true valug; implies
a DE forecast of zero, OLS is based on powering-up (the nom)}-fiest-order autocorrelation.

Comparing results for DGPs (VIIIi) and (1) suggests thatlaeting the MA error is responsible
for the large increase in forecast uncertainty relativeh&d inherent in predicting al2) process. The
1-step and multi-step controls for DGP (I) have all had the@eslparameter set to unity (the constant,
where estimated, is zero). This is only correct asymptihyidaut is a reasonable approximation unless
the MA roots are close to minus one. DGP (IXi&ii) Table 6 ha$yamfirst order MA and a stationary
root, compared to the second-order MA and unit root in DGPT{e impact of model mis-specification
is largest at d-step horizon, and is more persistent than for DGPs (I} tliJe to the interaction of the
omitted MA error with the autoregressive dynamics. Newaddss, that the AR dynamics are stationary
implies that the impact of the MA mis-specification dies auttie horizon: this is not the case when the
AR dynamics have a unit root as in DGP (1). The AR component GPX1Xi) relative to DGP (VII),
reduces the gains from the multi-step control characterstprocesses with MAs.

5.1.3 Estimation uncertainty: 1-step and multi-step criteria

The impact ofl-step estimation uncertainty is generally fairly small fisom DGPs (1,VIIli), Table

6, when a unit root is being estimated. DE is significantlytdyefior DGP (1), when a unit root is being
estimated in conjunction with omitted MA errors, but not ire tabsence of MA mis-specification as
in DGP (VIlli). An omitted MA error in the absence of impliciinit-root estimation (Table 6, DGP
(IXi&ii)) leads to only a small increase in overall forecastcertainty above that due to model mis-
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specification, and no significant benefit from multi-stegnesation. In summary, unit-root AR dynamics
together with omitted MA errors seem necessary here forsgaim multi-step ovell-step estimation.

In Table 7, DGP (VIII), the AR2) model is correctly specified, so that theandh-step estimation
columns measure the impact of estimation uncertainty, atichating the unit roots (two for VIlli, one
for VIIlii) significantly inflates the forecast-error varaes, but there is no gain to DE.

1-step estimation is also better here than DE when there ateagts and the model is under-
parameterised (Table 7, DGPs (VIlli&ii) and AR model), although there is little between the two
when the model is under-parameterised and unit roots areeamag implicitly estimated (Table 7, DGP
(VHIiii), AR (1) model).

Further evidence that DE appears to be most advantageousumtigoots are being estimated and
there are omitted MA components is provided by Table 7, DGIRH), the AR(1) model. However,
merely over-parameterizing the autoregressive part afftbéel largely removes the gains from DE and
yields a lower forecast-error variance: the extra aut@ggon corrects the missing MA error. Table 7
DGP (1), AR(2) model shows gains from DE when MA components are present dodlzgeunit root
is being estimated (but not when the AR component is undempeterized).

At first sight, Table 7, DGP (IXi) is an anomaly since the DGBnsARIMA(1, 1, 1), and the models
are AR2) and AR(1) in levels. Thus, a unit root is being estimated with a neglgdflA error, butl-
step estimation is preferred. The reason is that the seadndegressive root approximately cancels the
MA term so that the DGP is nearly ARIMA( 1, 0). The implied value o# is:

21 4q) -2 — o2
(¢° + 49) 4 where q:%,

0=
2 os

1

(see Harvey, 1993). For DGP (IX#,~ —0.382, so that the AR and MA polynomials afé — L)(1 —
0.5L) and(1 — 0.382L), leading to near cancellation of the MA root with the secoriRlr&ot.

For DGP (IXii), 8 ~ —0.605 but 5, = 0.1, ensuring that the process is ARIMA1,1), and
delivering the expected gains from DE for both the AR(2) andar-parameterised AR(1) model (see
Table 7).

5.1.4 Explaining other researchers’ findings

Our results help explain some other researchers’ findingst, IStoica and Nehorai (1989) find that in
the ARMA(2,2) DGP given by:

Yt — 0.98]./75_2 = €t — 0.876t_1 — 0.7756t_2,

DE yields superior forecasts to OLS when the forecastingehigcan AR 1). They interpret this as be-
ing due to the model being under-parameterized and onlylypapproximating the true process. Con-
sistent with this, the gains to DE disappear for an(ARmodel. However, the process has a near-unit
root and negative MA errors, precisely the circumstanceeuwhich DE performs well. If we set the
AR coefficient to—0.90 instead of—0.98, and re-run their simulations, the gains to DE disappeay, su
gesting that the relevant feature is not under-paramet@izper se However, over-parameterization
is likely to lessen the gains to DE (see section 5.1.3).

Secondly, Weiss (1991) considers a stationary second-arderegressive-distributed lag process
with a strongly exogenouk0) variable. Various mis-specified models are estimated by @SDE,
and forecast performances are compared. Our analysigteditittle gain to DE in these circumstances,
and indeed Weiss finds the differences between DE and @&BEs are small.
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6 Unit roots and neglected moving-average errors

We have established that neglecting MA errors in unit-raoicesses provides a rationale for DE at
short horizons due to ‘model mis-specification effects’of@a6, DGPs VI, VIL,IXii). In this section,
we derive the asymptotic distributions of the estimatorg] perform a Monte Carlo to compare the
empirical distributions of the unit-root estimates from ®and DE to check whether the divergence
between parameter estimates accounts for the forecastetitfes. The Monte Carlo examines a range
of values of the MA parameter, namely= {—0.9, —0.5,—0.1,0,0.1,0.5,0.9} and sample sizef =
{25, 50,100}, using50000 replications. We include the IV estimator suggested by H&B9) in the
comparison, and a fourth estimator, obtained by applyintplY2E (IVDE), which is motivated below.
The DGP is:

Yo = Y1 T Uy

Ut = €+ Hft—l

e ~ IN (0,062) ,

wheres? = 1 and theh-step forecast function is:
Yr+h = P()YT,

wherej, is alternatively(poLs)”, foe,. (fiv)", andpvoe, for OLS, DE, IV and IVDE. The first two
are defined by the scalar versions of (3) to the pawand (6) ath (rather than 2) lags, and the last two

by: X
YtYt—2
Vs ()" = 72
Z Yt—1Yt—2
. Z YtYt—h—1
IVDE: pivpe, —

B Z yt—hyt—h—l.

Hall (1989) shows that the IV estimator pin y; = py;—1 + e; has the Dickey—Fuller (DF) distribution
when an instrument dated_, & > 1, is used (or more generally, wheip follows an MA(g) process,
for k > q). poLs will not have the DF distribution because of the bias induzgthe correlation between
y:—1 andwug. 1V is valid because the unit root in the process implies thas$ correlated withy, for all
s, buty, (s < t) will not be correlated withy; for ¢t — s sufficiently large (depending on the order of
the MA), and thus are valid instruments. Below, we derivatlimy distributions for anyh of the four
estimators to examine the impact of estimation on mulf-$beecasting for a first-order neglected MA
error process.

First, for the IV estimator ak = 1:

T
T(pv —1)= (T_2 Zyt—lyt—2>
=1

Using the usual notation that:

1 T
T! Z Yt—2Ut. (23)
=1

t
St = E Us,
s=1

and:

T—o00

T
o :Tlgrolo T7'E (S%) , o2=1lim T! tzlu?
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then:
o?=(1+60)>%0%> and o2 = (1 —1—92) o?

The denominator in (23) is:
T 1
T Z Yi1Yi—2 = 07 / W (r)* dr (24)
t=1 A

where=- denotes weak convergence (see e.g. Banerjee, Dolado a#alnd Hendry, 1993). Since:

T 2 2 2
71 _ T w2 -1 42— %u 25
;yt 1Ut:>2[W() }-F 5 (25)
and:
7! Z U1 = 9062.
t=1
the numerator:
T T T o2
T_l Zyt,gut = T_l Z Yt—1Ut — T_l Zutut,l = ? (W (1)2 - 1) (26)
t=1 t=1 t=1
and hence: )
. 1 2 ! 2 -
T(pw —1)= 5 (W(l) . 1) W () dr 27)
0

which is the Dickey—Fuller distribution (see Dickey andlEyl1979, 1981) for testing for a unit root in
a univariate process, independently of the residual auteledion. The numerator in (27) is (see Fuller,
1976):

1
/0 W) dw () = o (W (1)2 1) ~ 2 (6 (1)~ 1)

and asP(x?(1) < 1) ~ 0.7, this imparts a negative shift to the distribution.
The outcome in (27) contrasts with:

T
T (os—1) = ( 22% ) TS g 09
t=1

The denominator converges to the same limit as (24), anduimerator is given by (25). Hence:

T (fors — 1) = </W ) E(W(1)2—1)+ﬁ} (29)

Consequently, the appropriately normalized distribuionon-central; in particular, wheth < 0, the
leftward shift of the limiting distribution is exacerbatedror # > —0.2, the non-centrality is minor
(< —0.3), but when—1 < 6 < —0.73, the non-centrality exceed$, and forf < —0.9, it is very large
(= —90).

To compare the performance of the estimators for multi-&bepcasting, we need the asymptotic
distributions of(soLs)” and(pv )" (the appendix provides details). For OLS:

T ((pows)" — 1) (/W ) h[%(W(1)2—1)+(1f9)2] (30)
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indicating a bias: times as large as fqgio s. However, a better approximation in finite samples takes
account of lower-order biases:
h—1

T ((ﬁOLs)h - 1) = [Z (1+ T’lB)i

1=0

(h=1)
2T

B:h[lJr B]B (31)

whereB is (29). Thus, the increase in the bias for fifltshould be less thaltimes that of thel-step.
For 1V, the appendix shows that:

T((pw —1 (/W ) g<W(1)2—1>:[1+%C]C (32)

taking account of lower-order biases as for OLS, wi@rie given by (27) and replacds from (29).
The appendix also derives the asymptotic bias fottséep DE:

T (joe, — 1) = </W ) h[% (W(1)2—1)+ﬁ} (33)

The IVDE estimator is motivated by noting that in the DE estiion the regressor is correlated with
the disturbance term, but whenis MA(1), y;_j_1 is a suitable instrument. Thus, for thestep IVDE:

T h—1
—1
T E Z’Jt—h—lg Up—s
t=1 s=0
T

T2 g nthn
=1

T (pvog, — 1) =

(34)

Similar arguments to those set out in the appendix B for theeBtEnator show that:

T (pvoe, — 1) = </W > g[(wu)?—m,

which is the same as thestep IV limiting distribution (32).

Thus, for OLS, the leftward non-centrality duefte< 0 increases i, whereas for DE it does not,
and their limiting distributions coincide & = 0, suggesting no gain to DE in that case (as borne out by
our Monte Carlo). 1V is better still, and asymptotically ttistributions of IV and IVDE coincide.

6.1 A Monte Carlo study of the estimators

The results of some of the simulations are illustrated geatlly in figure 2 which shows the his-
tograms of OLS and DE fo2 and 4-steps ahead forecast@é&)Lg)h and ppg,, h = 2,4) for § =
{-0.9,-0.5,0,0.9} atT = 100. Although the IV methods (IV and IVDE) have no moments of any
order for any value of, this does not prevent apparently sensible values of the iswed variance being
obtained by simulation for some valuestofsee Sargan, 1982, and Hendry, 1990). Moreover, moments
would exist if more than one lag were used as an instrument/eg, . . ., y;—r—,, Wherek > ¢, p > 0).

A striking feature of the results, in line with the asymptdbias formulae, is the marked increase
in bias for OLS as: increases, when there is a negative moving-average enwtha correspondingly
much smaller increase in bias for DE. In the presence of iegsltAs, OLS and DE are median-biased
for bothh = 2 andh = 4, their means and medians being roughly similar otherwise.

As expected, Hall's IV estimator is approximately mediamiased for allf, as is IVDE, but for
f > 0, IV generally has a smaller Monte Carlo variance than IVDEs(its not reported). The inter-
quartile ranges26% — 75%) for the two IV estimators are similar except whga= —0.9.
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Figure 3 plots the histograms of the resultidgand 4-step forecast errors for OLS and DE cor-
responding to the estimates plotted in figure 2. These atalNysmuch better behaved, due to the
relatively dominant role played by error accumulation.

3 _OLS 2-step: MA=-0.9 OLS 4-step: MA=-0.9 DE 2-step: MA=-0.9 DE 4-step: MA=-0.9
r 10 1 1
2+ L L
L L NEEnENE RN L i
1 0 .5 1 0 .5 1
OLS 2- step MA— .5 OLS 4- step MA=-0.5 DE 2-step: MA=-0.5 DE 4-step: MA=-0.5
i 101 [
5¢ i 5r
| ! _/«“ﬂﬂﬂ 7
. I R d h L L
5 1 5 1
OLS 2- step MA= 0 OLS 4- step' A= DE 2-step: MA=0 DE 4-step: MA=0
20+ 10 20+ 10
10 5+ v«"wﬂmk 10F 5
I I | w I M h
6 , . .6 .8 1 5 1
OLS 2-step: MA=0.9 OLS 4-step: MA=0.9 DE 2-step: MA=0.9 DE 4-step: MA=0.9
20+ 10 20+ 10
101 5r 101 5r
I [ | I L | L I R | ]'I»_ I L t_.ﬂmrrrmm L
8 9 1 11 75 1 125 7 8 9 1 11 5 1
Figure 2: Histograms of OLS and DE at power2aind4
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Figure 3: Histograms of the OLS and 2E&nd4-step forecast errors
Table 8 compares the values @foLs)” for h = 2,4 predicted by (30) and (31) (taking account
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of lower-order biases) with the means of the Monte Carl6he asymptotic formulae use estimates
of B (see (29)) from the same set of replications. The tabletifitss the usefulness of the asymptotic
formulae for OLS fofT’ = 100, andd = —0.9, —0.5. The rows (30) are calculated a87 '+ 1, where

B = T(poLs—1), and the rows (31) aBT ' (32"= (1+ 7' B)") +1. Allowing for lower-order biases
is important for the accuracy of the formulae whea —0.9.

7 Conclusions

Model mis-specification is necessary but not sufficient sifys DE. Multi-step estimation criteria can
lead to different parameter estimators frdrstep, and can even alter the implicit model class. Con-
versely, a switch in the implicit model class implies modea$+specification. In stationary processes,
DE, approximated by OLS projection, maintains the pseude-values of AR parameters when the
step-ahead error horizons being optimized over are langerthe degree of the MA process, and results
in enhanced forecast accuracy. However, the gains wilcgly fade rapidly in the forecast horizon.
For example, if an ARL) model is used to approximate an NIA process the pseudo-true value of the
AR parameter foP-step projection is zero, yielding the optintaktep forecast of zero: thestep AR
parameter will be non-zero, but will rapidly approach zesatas powered up.

When the process contains unit roots, forecast successdieppon how accurately these are esti-
mated. Here, large negative MA errors are pernicious simeg éxacerbate the downward bias of OLS.
A separate Monte Carlo assessed the usefulness of DE indlesmstances, and the results bore out
the hypothesis that the improved forecast accuracy fromviden unit roots are estimated in the pres-
ence of neglected negative MA errors, stems from bettemasgtis of the unit roots. The properties of
two other estimators were also explored.

Few economic time series seem likely to exhibit negative ingraverage error autocorrelation of
the size liable to cause really serious problems for OLS. ¢l@y some economic variables may be
[(2), represented d¢1) in differences with large negative moving averages (as irDdsP ), resulting
in poor forecasts of growth rates. In such a state of natueniay be beneficial but there are sensible
alternatives. The analysis in section 6 indicates that I\ @ a better solution. Indeed, the limiting
distributions of IVDE and IV coincide so that once the caatieln between the regressor and the error
have been taken care of by IV there are no additional gainsdBoADdrawback of DE is that it is not
invariant to linear transformations since it is dependenthe exact criterion selected for minimization,
so very different decisions could result for levels verstst flifferences, say.

Finally, a focus of this paper has been witgixr | | x7] = ¥xr, say, bUE [x7,p | x7] # ¥hxr
because of neglected moving-average terms. Other causemaohade non-linearity in the generating
process, for example, an ARMA model of a fractionally integd process (see Tiao and Tsay, 1994),
and outliers (see Pefia, 1994). However, in each instancauspect reasonable alternatives exist, for
example, MAD for outliers.

5The figures and Monte Carlo estimates in table 8 were bas&dasnreplications.
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8 Appendix

To derive the asymptotic distribution ¢fo.s)” whenp = 1, first consider(joLs)?.
2

T T -1
. _ _ _ 15\ 2
(hoLs)” = |:1—|-T ! (T ! E uti'Jt—l) <T 2 g 3/t21> ] =(1+77'B)",
t=1 t=1

Then:
T ((pos)* —1) = (2+T7'B)B= (2+77'B)B
whereB is given by (29). A direct generalization yields (31):

h—1

T ((ﬁOLs)h — 1) N (Z (1+ T_IB)Z) B.

=0

The derivation of the asymptotic distribution @fy )" follows in a similar vein. Fo( )%

2

— (1+77'C)°,

T T -1
(hv)? = [1 +77! (T_l > Ut?/t2> <T_2 > ytlyt2>
t=1 t=1

So:
T((pn)?-1)=(2+T7'C)C= (2+T1T7'C)C
whereC'is given by (27). Thus (32) results:

h—1

T ()" ~1) = <Z (1+ TlC)Z) C.

=0
For theh-step DE:

T Y ven (Z?:_ol ut—i)

T (ppg, — 1) = (35)
" T Zthl Yin
The denominator is again (24). For the numerator, the varietms are:
T 2 2 2
-1 g 2 g — O'u
T ;yt_hut_h+1 = ? |:W(].) — 1] + 5 s
whereas forj = 2,...,h:
T T T
T Z Yt—nWt—h+j = T Z Yt—h+1Ut—h+j — T Z Ut—h+1Ut—h+j
t=1 t=1 t=1
2 2 2
= % [V[/(l)2 — 1} + I "% 0o2;
so that:
L el h o2 — o2 o?
-1 2 2 u €
T ;yt_h Z;ut =0 {5 (W (1)° — 1) +h— gt = (h=1) 9;] (36)
= 1=

and hence we obtain equation (33).
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Constant No constant
DGP True 1-step 1-step h-step h-step 1-step 1-step h-stesteph-
Model Control Est. Control Est.  Control Est. Control  Est.
li 3.08 8.97 8.82 - - 8.97 8.88 - -
5.03 8.02 10.76 8.02 8.00 8.02 9.07 8.02 8.06
6.06 9.09 14.23 9.09 9.21 9.09 11.26 9.09 9.17
6.93 9.96 17.05 9.96 10.12 9.96 13.37 9.96 10.05
lii 2.30 7.47 7.46 - - 7.47 7.45 - -
4.25 6.45 8.91 6.45 6.53 6.45 7.32 6.45 6.51
5.32 7.58 12.13 7.58 7.80 7.58 9.35 7.58 7.70
6.21 8.46 14.77 8.46 8.77 8.46 11.23 8.46 8.61
liii 2.30 8.19 6.85 - - 8.19 7.59 - -
3.52 6.53 7.75 6.53 5.71 6.53 7.69 6.53 6.26
3.80 6.82 8.99 6.82 6.03 6.82 9.15 6.82 6.50
3.97 6.99 9.78 6.99 6.15 6.99 10.78 6.99 6.66
1l 2.02 2.72 2.78 - - 3.12 3.15 - -
3.00 3.04 3.07 3.02 3.06 3.24 3.25 3.24 3.28
3.02 3.03 3.04 3.04 3.09 3.30 3.31 3.27 3.32
2.99 2.99 3.00 3.01 3.04 3.25 3.25 3.23 3.27
1] 2.02 2.72 2.78 - - 2.72 2.75 - -
3.00 3.04 3.07 3.00 3.06 3.04 3.06 3.00 3.05
3.02 3.03 3.04 3.02 3.09 3.03 3.03 3.02 3.08
2.99 2.99 3.00 2.99 3.04 2.99 2.99 2.99 3.03
\V 1.03 1.03 1.06 - - 1.23 1.25 - -
0.98 0.98 0.99 1.04 1.00 1.21 1.21 1.18 1.19
0.98 0.98 0.99 1.05 1.00 1.25 1.24 1.19 1.21
1.01 1.01 1.02 1.07 1.03 1.26 1.26 1.21 1.22
\% 1.03 1.03 1.06 - - 1.03 1.05 - -
0.98 0.98 0.99 0.98 1.00 0.98 0.98 0.98 0.99
0.98 0.98 0.99 0.98 1.00 0.98 0.98 0.98 0.99
1.01 1.01 1.02 1.01 1.03 1.01 1.01 1.01 1.02
VI 1.00 151 1.54 - - 2.00 2.01 - -
1.99 2.11 2.12 2.02 2.02 2.22 2.22 2.22 2.24
2.04 2.06 2.07 2.06 2.08 2.31 2.31 2.27 2.30
2.01 2.02 2.03 2.04 2.05 2.27 2.27 2.25 2.28
Vil 1.00 1.51 1.54 - - 1.51 1.53 - -
1.99 2.11 2.12 1.99 2.02 2.11 2.12 1.99 2.02
2.04 2.06 2.07 2.04 2.08 2.06 2.07 2.04 2.08
2.01 2.02 2.03 2.01 2.05 2.02 2.03 2.01 2.05
Vi 1.02 1.02 1.05 - - 1.02 1.03 - -
1.99 1.99 2.12 1.99 2.13 1.99 2.06 1.99 2.06
2.98 2.98 3.22 2.98 3.28 2.98 3.12 2.98 3.13
3.96 3.96 4.33 3.96 4.48 3.96 4.19 3.96 4.22
VI 1.02 1.02 1.04 - - 1.02 1.03 - -
1.23 1.23 1.26 1.23 1.28 1.23 1.24 1.23 1.25
1.28 1.28 1.30 1.28 1.32 1.28 1.28 1.28 1.30
1.32 1.32 1.35 1.32 1.38 1.32 1.33 1.32 1.35
Vi 1.02 1.17 1.20 - - 1.17 1.19 - -
0.98 1.16 1.18 1.19 1.17 1.16 1.17 1.19 1.15
1.02 1.14 1.16 1.17 1.14 1.14 1.15 1.17 1.12
1.14 1.20 1.21 1.21 1.20 1.20 1.20 1.21 1.19
IXi 2.08 2.68 2.74 - - 2.68 2.71 - -
2.52 2.70 2.73 2.69 2.76 2.70 2.70 2.69 2.72
2.56 2.60 2.63 2.60 2.66 2.60 2.60 2.60 2.63
2.67 2.69 2.72 2.69 2.74 2.69 2.69 2.69 2.71
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Table 7 AR(2) model and AR(1) modeMSFE levels.

AR(2) Constant No const. AR(1) Constant No const.
DGP  True 1-step h-step 1-step h-step 1-step h-step 1-step steph-
li 3.08 8.79 - 9.16 - 21.28 - 50.32 -
8.18 29.68 24.83 30.01 25.49 78.78 81.46 196.44  199.53
18.36  73.35 54.99 74.77 55.32 179.10 191.74 45240 466.89
35.10 144.83 102.94 15146 101.10 323.94 358.90 823.78 8863.
lii 2.30 7.47 - 7.71 - 20.43 - 49.51 -
6.60 25.28 20.79 24.89 21.05 76.96 79.63 194.97  198.06
1597 63.62 46.60 62.51 46.15 176.05 188.64 450.02 464.51
32.03 127.75 88.67 127.88 85.51 319.94 354.77 820.98 861.06
liii 2.30 6.33 - 7.39 - 7.71 - 15.00 -
4.33 17.64 15.48 22.29 18.50 23.01 23.62 52.10 52.85
7.68 38.59 31.38 52.67 37.49 49.32 52.40 117.19  120.79
1256 69.41 54.60 101.26 64.61 86.44 95.15 210.57  220.62
Il 2.02 2.86 - 2.84 - 3.14 - 3.10 -
3.00 4.01 4.00 3.96 3.97 4.38 4.24 4.21 4.19
4.02 5.35 5.31 5.21 5.23 5.87 5.52 5.46 5.42
4.97 6.72 6.65 6.49 6.52 7.43 6.82 6.72 6.67
11 2.02 2.83 - 2.77 - 3.09 - 3.03 -
3.00 3.92 3.91 3.78 3.78 4.50 4.13 4.10 4.01
4.02 5.16 5.08 4.93 4,91 6.13 5.29 5.39 5.13
4.97 6.35 6.29 6.01 5.99 7.75 6.45 6.60 6.18
v 1.03 1.09 - 1.09 - 1.07 - 1.07 -
2.04 2.22 2.24 2.22 2.24 2.20 2.20 2.20 2.20
3.01 3.43 3.47 3.40 3.43 3.40 3.42 3.38 3.39
3.96 4.70 4.79 4.66 4,72 4.67 4,71 4.65 4.66
\Y 1.03 1.08 - 1.06 - 1.06 - 1.04 -
2.04 2.16 2.19 2.11 2.12 2.14 2.15 2.09 2.09
3.01 3.24 3.31 3.16 3.19 3.20 3.26 3.13 3.14
3.96 4.35 4.51 4.21 4.27 4.29 4.44 4.17 4.21
VI 1.00 1.59 - 1.61 - 2.10 - 2.08 -
1.00 1.74 1.59 1.78 1.69 2.19 2.07 2.14 2.12
1.02 1.73 1.62 1.89 1.85 2.39 2.12 2.32 2.28
1.00 1.81 1.59 2.06 2.01 2.57 2.10 2.46 2.41
Vil 1.00 1.04 - 1.02 - 1.03 - 1.02 -
1.00 1.02 1.03 1.01 1.02 1.01 1.02 1.00 1.01
1.02 1.03 1.06 1.02 1.04 1.03 1.05 1.02 1.03
1.00 1.01 1.04 1.00 1.03 1.01 1.02 1.00 1.01
VIl 1.02 1.08 - 1.06 - 18.02 - 46.85 -
5.03 5.59 5.70 5.42 5.46 74.28 77.01 192.87  196.00
14.04  16.16 16.99 15.58 15.86 172.40 185.10 446.86 461.41
2991 3553 38.89 34.15 35.30 316.30 351.19 81840 858.53
VIlii 1.02 1.06 - 1.04 - 1.40 - 1.38 -
3.26 3.51 3.54 3.40 3.42 4.26 4.38 4.18 4.21
6.30 6.95 7.10 6.67 6.75 7.89 8.29 7.73 7.85
9.74 10.95 11.36 10.44 10.64 11.91 12.78 11.67 11.91
VIIiii - 1.02 1.05 - 1.04 - 1.11 - 1.09 -
1.99 2.10 2.11 2.05 2.06 2.14 2.15 2.10 2.10
2.53 2.67 2.71 2.60 2.62 2.72 2.72 2.67 2.64
2.78 2.94 3.00 2.85 2.89 3.01 2.98 2.94 2.87
IXi 2.08 2.80 - 2.75 - 2.81 - 2.77 -
4.60 6.45 6.50 6.26 6.30 6.46 6.55 6.30 6.33
7.69 10.53 10.76 10.13 10.26 10.48 10.81 10.19 10.28
15.34 14.43 15.36 14.21 14.41

14.72

14.15

14.58




Table 8 Estimates of E(rho) by OLS for T=100..

j =2 MC estimate

0=-09 0=-05
0.288 0.890

(30) -0.066 0.880
(31) 0.218 0.884
j=4 MCestimate 0.145 0.810
(30) -1.132 0.760

(31)

0.048 0.781
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