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ABSTRACT: 
 
This paper investigates the effects of uncertain emissions prices on the plant-type investment 
decision of an electricity generating firm.  It is assumed that the firm faces an investment 
deadline and is deciding between “clean” and “dirty” generating alternatives, with the dirty 
option being more profitable in the absence of emissions regulation.  Two models are 
presented in which the policy variable, the carbon dioxide (CO2) price, is assumed to evolve 
according to two different stochastic processes, each representing a different degree of 
possible future government intervention.  In the first, the emissions cap is assumed fixed and 
certain, and CO2 permit prices evolve according to a geometric Brownian motion, and in the 
second it is assumed that the government may alter the cap at some point in the future, and 
CO2 prices are modelled as following a combined Poisson-geometric Brownian motion.  The 
models employ real options analysis and the firm’s decision is couched as an optimal 
stopping problem in which the continuation region is characterized by the default decision of 
replacing the dying coal plant with a new dirty unit.  The models are solved for the critical 
permit price, τ*, at which the construction of a clean plant rather than a dirty one becomes 
optimal, and the dependence of the models’ solutions on the parameter values chosen is 
demonstrated.  The results indicate that uncertainty leads to a delay in investment generally, 
and a reduction in clean-unit construction.  It is shown that this delay is more pronounced in 
the jump-diffusion scenario, when emissions caps can be altered in the future, than in the 
geometric Brownian motion setting, when the emissions cap is assumed fixed. 
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1 Introduction 
 
This paper focuses on the effects of uncertain carbon dioxide (CO2) prices on the plant-type 
investment decision in the electricity generating industry.  The data is from the US, and there 
is a slight US bias in the writing, but the models and their implications are applicable more 
widely.  The motivation for this research relates to the multiplicity of government objectives 
surrounding regulation in the electricity generation (see, e.g. Helm (2002) and Helm et al. 
(2003)) and the uncertainty it creates for firms in the industry. Energy policy makers are 
faced with the task of balancing the opposing objectives of economic growth, security of 
supply, and environmental protection.  The objective of economic growth has policy makers 
seeking low electricity prices, while security of supply objectives imply higher electricity 
prices to incentivize capacity investment and, in the US, support for coal-burning 
technologies, given the nation’s abundant coal resources.  These concerns must be balanced 
with those related to the environmental impacts of electricity generation through fossil fuel 
combustion, the regulation of which is likely to cause higher output prices, reduced capacity 
investment, a move away from coal combustion (unless carbon capture and sequestration 
(CCS) technologies become viable relatively soon), or some combination of all of these 
things.  The result is uncertainty from the firm’s perspective regarding future emissions 
regulation.1  This paper addresses the effects of this uncertainty, modelled here using 
uncertain future emissions prices, on electricity generating firms’ capacity investment 
decisions and shows the usefulness of real options analysis in modelling these effects.    
 
In what follows, firms are assumed to operate under a cap-and-trade CO2 allowance scheme.  
No such scheme currently exists in the US, though CO2 permits have been traded in the 
European Union (EU) under the EU Emissions Trading Scheme (EU ETS) since 2005, and 
sulphur dioxide (SO2) allowances have been traded in the US since 1995.2  The emissions 
price provides a useful means for introducing environmental policy uncertainty to an 
investment model, and yields insight regarding the effects of this uncertainty.  It could also be 
argued that US electricity generating firms expect some form of CO2 regulation is impending, 
and given the success of the SO2 programme and the political popularity of the EU ETS, a 
cap-and-trade scheme does not appear unlikely. 
 
The problem facing electricity generating firms is as follows.  They know that given current 
market conditions, electricity generation via fossil fuel combustion, and particularly with 
coal, is significantly cheaper than generation with renewable sources.3  They are aware that 
the nation’s livelihood effectively rests on their successful provision of electricity, that there 
exists a political fear of resource dependency and that coal is available in vast quantities in 
the US, but they are also aware of the increasing pressure for the approval of a unified 
environmental programme regulating the emissions of greenhouse gases, and specifically 
carbon dioxide, and as a result, they are faced with uncertain future emissions prices.  As 
demand rises and existing plants age, firms considering new investment must decide whether 
to continue building “dirty” combustion units, allowing generation at a lower thermal cost per 
                                                 
1 We note that policy delay and lack of commitment may, indeed, be an optimal response for the regulator. 
2 See Stavins (2003), Joskow et al. (1998), and Tuthill (2007, 2008) for further discussion of the US SO2 
scheme. 
3 In 2006, coal’s average price per mmBtu was just 169 cents, or 24 percent of that for natural gas, whose 
average price was 694 cents per mmBtu, and 27 percent of petroleum’s price of 623 cents per mmBtu (EIA, 
2007a).   
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kilowatt hour, or rather to build new “clean” generating units, which incur a higher thermal 
cost per kilowatt hour, but save the costs associated with future CO2 emissions.  Thus, the 
problem addressed in this paper is that of an electricity generating firm’s plant-type 
investment decision under uncertainty over future emissions prices.  I show that emissions 
price uncertainty leads to a reduction in clean generating capacity construction and a delay in 
capacity investment generally, and I provide numerical analyses for specific plant-type 
investment choices.  The results indicate that the combined objectives of emissions reduction 
and the maintenance of a secure electricity supply in the US may be best achieved through 
the establishment of a credible and certain CO2 scheme.4 
 
The irreversible nature of power plant investment leads to an opportunity cost associated with 
the uncertain future cost of generation as determined by uncertain future emissions prices, 
rendering the classical net present value (NPV) theory of investment invalid.  Instead, the 
opportunity to invest in a clean electric power plant can be viewed as a financial call option, 
endowing the firm with the right, but not the obligation, to invest a certain amount today in 
return for a power plant of uncertain value.  The two models of the plant-type investment 
decision presented in this paper are therefore based on real options analysis (see Dixit and 
Pindyck (1994)).  The source of uncertainty in each is the CO2 allowance price and each uses 
a different stochastic process for its evolution to reflect different policy assumptions.  The 
first assumes that the regulator establishes an emissions cap and relinquishes the right to 
adjust it, and that permits are then traded freely between firms with prices that effectively 
evolve randomly according to a geometric Brownian motion (GBM).  The second assumes 
the regulator retains the right to adjust the emissions cap and permit prices are modelled as 
following a mixed Poisson-geometric Brownian motion (or jump-diffusion) process.  Both 
models view the firm’s decision as an optimal stopping problem and both are solved via 
dynamic programming. 
 
The remainder of this paper is structured as follows.  The theoretical background for the 
investment models and a review of the related literature are provided in Section 2.   I then 
present the models in Section 3, and implement and analyse them in Section 4.  Section 5 
assesses the dependence of the results in Section 4 on the parameter assumptions, and Section 
6 illuminates the conclusions. 
 
 

2 Theoretical Background and Literature Review 

2.1 Theoretical Background 
 
Orthodox neoclassical investment theory relies on the calculation of the net present value of a 
marginal unit of capital and posits that capital investment should continue until the cost of the 
marginal unit of capital is just equal to its net present value. This theory, while not ideal for 
the modelling of the generating-unit investment decision for the reasons described below, 
provides the background for investment analysis via real options models.  Dixit and Pindyck 
(1994) find two equivalent approaches in the investment literature that deal with the issues of 
calculating the value and the cost of a marginal unit of capital.  One is due to Jorgenson 
(1963) and the other to Tobin (1969). 
 

                                                 
4 We do not claim that these policies or objectives are optimal from the perspective of the regulator, as we do 
not perform a welfare analysis of their impact. 
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Jorgenson (1963) postulated that the demand for capital is determined by maximizing net 
worth and results from equating the marginal product of capital with its “user cost”.  This 
user cost is a function of the purchase price of capital, interest rates, depreciation rates, and 
relevant taxes, and is used to calculate Kt*, the optimal level of capital stock to which the 
actual capital stock is assumed to converge through an investment lag process. 
 
Tobin’s (1969) formulation, on the other hand, compares the market value of a marginal 
investment to its purchase cost, where the market value of the investment is estimated as the 
discounted value of the future profits the investment would provide.5  Tobin’s q is defined as 
the ratio of the value of the marginal investment to its purchase price (or replacement cost), 
which produces the investment rule “invest if q>1, don’t invest if q<1.”6 
 
Econometric models based on these net-present-value approaches have not been very 
successful at explaining or predicting investment behaviour (Pindyck (1991b)).  The more 
recent real options literature incorporates uncertainty into the investment decision and notes 
one of the main reasons for the lack of empirical success of the neoclassical models is the 
neglect of two basic characteristics of most investment expenditures: irreversibility and the 
flexibility of investment timing.7  When investments are irreversible and the investment 
decision can be delayed, the neoclassical net present value investment rules are not 
necessarily correct.8   
 
An investment is considered irreversible when the investment expenditure can be interpreted 
as a sunk cost, i.e. when the investment is firm- or industry-specific, as is the case with an 
electric power plant.  Irreversible capital can not be easily converted for another production 
process, and the firm can not easily recover its expenditure should future market conditions 
deteriorate.  It is irreversibility that makes an investment decision especially sensitive to risk 
and uncertainty over future values and cash flows, and it is therefore the interaction of 
irreversibility and uncertainty (or, more precisely, future downside risk) that forms the 
cornerstone of this more recent investment under uncertainty literature. 
 
This has led to the incorporation of the notion of option value into the investment literature, 
with the option to invest in a new project being interpreted as analogous to a perpetual call 
option, giving the firm the right, but not the obligation, to pay a certain amount (the 
investment expenditure) in order to receive an asset (in this case a power plant) of uncertain 
future value.  Thus defined, the value of the investment option is gleaned from the existence 
of future downside risk and the opportunity cost of investing now rather than waiting for 
more information.  From this notion of option value, two separate but related strands of the 
investment literature have emerged.  The first is associated with the environmental economics 
literature and stems from work by Henry (1974) and Arrow and Fisher (1974), emphasizing 
the idea that irreversibility can bring a positive value to preservation (e.g. of a natural 
resource), or, equivalently, of postponing developing (investment).  The second began with 
the static models of option value by Cicchetti and Freeman (1971) and has evolved into the 

                                                 
5 If the ownership of the investment is traded on a secondary market, the investment’s value is determined there. 
6  See Romer (1990) for a more detailed discussion. 
7 Note that the empirical success of real options models has also been mixed, though Ishii and Yan (2004, see 
below) found uncertainty regarding deregulation to have played a “substantial” role in US electricity generating 
investment, and Bulan (2005) notes that real options investment behaviour has been found more prevalent at the 
project-level (as opposed to aggregate industry or firm-level).   
8 See, for example, Hanemann (1989), Pindyck (1991), and Dixit and Pindyck (1994). 
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perhaps more well-known dynamic option value literature surrounding Pindyck (1991), and 
Dixit and Pindyck (1994).   
The environmental economics literature surrounding investment under uncertainty is not the 
focus of this paper, but it supports the assumption that electricity generating firms are 
uncertain over future environmental regulations.  This literature concerns itself more with the 
decisions of the government, or other regulating body, than with those of the firm, and looks 
mainly at the question of when and whether to develop (or pollute) given that both 
development (pollution) and environmentally friendly capital investments are irreversible and 
that the value of the future benefits of preservation (not emitting) and costs of development 
(polluting) are uncertain.  It is also assumed that the agents learn about these future costs and 
benefits as time passes.  The option value in this literature is tied to the concept of learning.  
It can be interpreted as the conditional value (conditional on not developing initially) of 
perfect information about the future costs and benefits of preservation and is related to the 
value of flexibility (i.e. the value of retaining choices to make at a future date) and not just to 
irreversibility.9  In this literature, the objective is to balance these uncertain future costs and 
benefits in order to create an environmental policy while learning over time. 
 
In two early examples, Henry (1974) and Arrow and Fisher (1974) modelled the decision of 
whether to develop a patch of land and showed that if the social benefit function is linear, 
increasing the uncertainty over future costs and benefits leads to a higher value of 
preservation in the present.  Kolstad (1996) and Pindyck (2000), however, note that these 
early studies did not account for the irreversibility of the capital investments required to meet 
some environmental standards.  They model the decision of when and whether to institute an 
environmental emissions policy, noting the interaction of the irreversibility of environmental 
damage with the irreversibility of the capital investments required to reduce emissions and 
find that greater uncertainty about the future costs and benefits of emissions regulation lead to 
a higher threshold for policy adoption.  Thus, the environmental economics strand of the 
investment under uncertainty literature indicates that the when facing uncertain 
environmental costs, emissions policy adoption may be slow and tentative, leaving firms 
uncertain over future environmental regulation. 
 
From the electricity generating firm’s perspective, future emissions prices, particularly as 
they are dictated by government-established caps, therefore remain uncertain and the option 
valuation strand of the investment under uncertainty literature becomes more relevant to the 
plant-type investment decision.  This literature is summarized well in Pindyck (1991) and 
Dixit and Pindyck (1994), and is based on the assumption that capital investments are 
irreversible and can be delayed, leading to the above-mentioned analogy of a firm’s option to 
invest in a plant or project as a perpetual call option.  In most of the literature, a firm is 
presented with the opportunity to invest in a project that will yield an uncertain cash flow in 
the future, and must decide if and when to invest.  The future value of the project is unknown 
because of uncertainty over one or more of the underlying variables, generally modelled as 
evolving according to some variation of a random walk. 
 
For an electricity generating firm, the option to invest has a value itself because of the 
uncertainty over the plant’s future value, which, here, is determined by the CO2 price.  The 
firm choosing to invest today faces two possibilities: market conditions tomorrow could 
remain favourable for the investment, or they could deteriorate.  Given the irreversibility 
assumption, however, a firm can not disinvest if the market moves adversely.  Thus, a firm 

                                                 
9 See Hanemann (1989), Kolstad (1996), Henry (1974), and Arrow and Fisher (1974) for more on this topic.  
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investing in a dirty plant today may learn tomorrow that CO2 regulation will become tighter 
and allowances will command a higher price per ton, and a clean plant may have been more 
profitable in retrospect.  Alternatively, they may invest in a clean plant today, expecting 
stringent CO2 regulation and sufficiently high allowance prices, only to learn that regulation 
will be delayed or that CO2 prices will be relatively low.  It is the existence of this downside 
risk and the opportunity cost it creates of investing today rather than waiting for further 
information that establishes the value of the investment option.  When the firm invests in a 
new plant, it exercises its option, giving up the opportunity to wait for the revelation of more 
information about future emissions prices.  The crux of the option value literature is that this 
lost option value should be interpreted as an opportunity cost of investment, and ignoring it 
can lead to investment rules that are far from optimal.10   
 
The real options method is best explained in the context of an example, along the lines of 
those used by Pindyck (1991) and Dixit and Pindyck (1994).  Assume a firm is deciding 
when to invest in a project of uncertain future value V, and V evolves according to the 
following geometric Brownian motion 

VdzVdtdV σα += , 
where α is the expected growth rate of the value of the project, σ measures the volatility of 
the value of the project, and dz is an increment of the Wiener process.11  Thus, the current 
value of the project is known, and information about future values arrives continuously, but 
the actual future value is always uncertain. 
 
The models presented in Section 3 are based on the assumption that the firm is trying to 
maximize the value of the investment opportunity over time, and they employ the dynamic 
programming approach12,13 to solve for the optimal investment rule.  If F(V) represents the 
value of the option to invest as it depends on V, the value of the project, then the firm solves 
 

[ ]T
tt eIVEVF μ−−= )(max)( , 

 
where I is the investment cost, μ is the discount rate, and T is the future time that the 
investment is made.  Because the investment opportunity yields no actual cash flow while it 
is being held, its value is derived strictly from its expected capital gain.  Thus, the Bellman 
equation for the problem is 
 

dFE
dt

F t
1

=μ , 

 
which, through the application of Ito’s Lemma (Ito (1951)), leaves us with a differential 
equation for the value of the option to invest.  This differential equation can then be solved 
subject to the relevant boundary conditions to yield the critical V* that induces investment 
and the value of the option to invest. 
 
                                                 
10 See, for example, Brennan and Schwartz (1985), McDonald and Siegel (1986), Pindyck (1991), Dixit and 
Pindyck (1994). 
11 The Wiener process is discussed further in the following section. 
12 See Dixit (1990) for an exposition of the methods of dynamic programming. 
13 Dixit and Pindyck (1994) note that when the risk characteristics of the uncertain value can be replicated by a 
dynamic spanning portfolio of other assets, contingent claims analysis (an option pricing method) can also be 
used as a solution method.  When the firm is risk-neutral, the contingent claims and dynamic programming 
methods yield identical results (Pindyck (1991)).   
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The models in Section 3 address an electricity generating firm’s plant-type investment 
decision as an optimal stopping problem.  Optimal stopping problems are a subclass of 
dynamic programming problems that involve a choice to either “stop” or “continue” in each 
period.  In this case, the construction of a dirty plant remains optimal in the continuation 
region, while constructing a clean plant becomes optimal in the stopping region.  The 
boundary between the regions is created by the curve representing the critical values of the 
state variable (in this case τ*, the critical CO2 permit price) at which the firm’s optimal choice 
switches from “continue” (build dirty) to “stop” (build clean).  Because the boundary is 
unknown and must be found as part of the solution, these problems are also known as free-
boundary problems.   
 
The formulation of the models presented below is somewhat different from those that are 
standard in the literature in that the continuation region of the optimal stopping problem here 
is where the dirty investment (as opposed to no investment) is optimal.  Thus, in the models 
below, the firm has already decided it would like either to replace retiring capacity or expand 
existing capacity by a known number of MWs, and is not, therefore, deciding whether or not 
to invest in a given unit, but rather whether the new unit they would like to construct should 
be clean or whether they should build the default (and currently more profitable) dirty unit.  
Before presenting the models, a discussion of some of the relevant related literature is 
provided. 
 

2.2 Models and Applications in the Literature 
 
Much of the applied literature involving investment under uncertainty investigates the effects 
of output demand and product price uncertainty or investment cost uncertainty on the 
decision of whether or not to invest in a specific project.14  In this paper, however, the focus 
is more specifically on production cost uncertainty associated with future emissions 
regulations, and I am interested in the impact this uncertainty has on the choice between 
alternative generating technologies.  Little work has been done to address the issue of 
emissions price uncertainty on investment, especially within the electricity generating 
industry, though some work has modelled the effects of other types of policy uncertainty.    
For example, Hassett and Metcalf (1999) investigated the effects of uncertain tax policies on 
both firm-level and aggregate investment, and Ishii and Yan (2004) modelled the effects of 
uncertainty over future regulatory restructuring on capacity investment in US electricity 
generation.  Herbelot (1994) and Insley (2003) focused on environmental policy and 
uncertainty and took advantage of the natural experiment provided by the allowance scheme 
instated in the US by Title IV of the Clean Air Act Amendments of 1990 to examine the 
abatement investment decisions of affected firms.  Most related to the present work is a paper 
by Blyth et al. (2007), discussing an International Energy Agency (IEA) model that addresses 
capacity investment under uncertain emissions policy. 
  
Hassett and Metcalf (1999) concerned themselves with the question of whether or not random 
tax policy discourages investment.  They did so by analyzing the effects of a mean-preserving 
spread in investment tax credits (ITCs) for new capital, and they focused on the timing and 
quantity of investment, without addressing the question of investment type.  The most 
relevant contribution of their paper to this research is related to their modelling of 
uncertainty.  Hassett and Metcalf (1999) modelled their ITC uncertainty with two alternative 

                                                 
14 See, for example, McDonald and Siegel (1986), Pindyck (1993), Pindyck (1991).   
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processes: a geometric Brownian motion (GBM) and a combined GBM and Poisson jump 
process.  They argued that while output and asset prices may follow a process that is well-
described by GBM, tax policies, and specifically tax credits, are better characterized by 
discrete jumps.  Their findings show that the impact of tax policy uncertainty on investment 
depends heavily on whether the stochastic process used to model uncertainty is mean 
stationary or not.  They found that when modelling ITCs via GBM, which is not a mean 
stationary process, increased uncertainty slows investment (i.e. requires a higher critical 
output price to induce investment), while when using the mean-stationary combined GBM 
and Poisson jump process (which, they argue, is more accurate for modelling ITCs), 
increasing uncertainty has the opposite effect.  In this paper, I consider the impact of 
emissions policy uncertainty on electricity generating firms’ investment decision with the 
policy variable modelled as following both the more standard GBM and a modified combined 
GBM and Poisson process, allowing for either positive or negative jumps. 
  
Ishii and Yan (2004) focused on the effects of uncertainty related to future deregulation 
activity in the US electricity generating industry.  They argue that, by creating an option 
value and an incentive for firms to wait for further information about the future operating 
environment, regulatory uncertainty can contribute to an “investment slowdown”.15  They 
analyse this claim empirically with data covering the period 1996-2000 using a Tobit 
regression model on aggregate state-level investment and a more structural model explicitly 
incorporating the option value effect using firm-level generation investment data.  They 
found that states that eventually enacted restructuring legislation saw lower investment levels 
in the years prior, and that the option value created by uncertain regulatory policy was largest 
2-3 years prior to actual restructuring activity.  Their structural models show that the NPV 
investment rule did not adequately describe investment activity, while their model based on 
real options fit the data best.  They conclude that regulatory policy uncertainty played a 
“substantial” role in US electricity generation since 1996. 
  
As noted, Herbelot (1994) and Insley (2003) both investigated the abatement investment 
decisions of US electricity generating firms affected by the CAAA 1990 and its tradable 
allowance scheme.  Herbelot (1992) argued that under the SO2 scheme, firms had the options 
to 1) retrofit high-sulphur-coal-fired units in order to accommodate the combustion of low-
sulphur coal, 2) install scrubbers in their smokestacks to capture SO2 and NOX emissions 
before they reached the atmosphere, or 3) purchase allowances to cover their emissions 
quantities.16  In his PhD dissertation, Herbelot (1992) calculated the value of the option to 
partake in each of the above-mentioned compliance strategies via a lattice method 
(effectively an explicit approach for solving the underlying partial differential equations).  He 
calculated the expected cost of SO2 compliance given these irreversible investment options 
and the ability to purchase emissions permits, and found the critical SO2 prices that induce 
the optimal investment in each of these abatement options.   He found the value of the option 
to invest in retrofitting units to accommodate low-sulphur fuel to be quite low, prompting 
Insley (2003) to focus only on the option to invest in a scrubber in order to comply with the 
Title IV standards. 
  
Insley (2003) addressed the optimal decision of an electricity generating firm facing the 
option to invest in a scrubber or to purchase emissions allowances in order to comply with the 
                                                 
15 Ishii and Yan (2004) note that the option value of uncertain regulatory policy is only one of two effects being 
measured in their Tobit analysis, the other being the impact of restructuring on the costs and revenues of new 
generation.  
16 Söderholm (1998) and Tuthill (2007, 2008) show that interfuel substitution was a 4th option. 
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CAAA 1990.  She treated the decision as a real options problem, and modelled permit prices 
as evolving according to a geometric Brownian motion, and used the dynamic programming 
method to reach her conclusions.  Her major contribution was the examination of imbedded 
options through the formulation of a numerical approach to the investment under uncertainty 
model involving “time-to-build” (associated with the scrubber installation) and the option to 
halt the project at any time prior to or after completion.   
  
Blyth et al. (2007) describe the results of the International Energy Agency’s (IEA) real-
options-based model of decision-making under uncertainty.  The model appears quite similar 
to the ones below, though their perspective is one of industry description.  Their objective 
was to quantify the risk associated with uncertain climate change policy, and to promote real 
options analysis as tool for firms to use when assessing such investment risks.  They 
represented uncertainty as a potential “step change” (positive or negative) in carbon prices at 
a fixed future date, and addressed the question of what level of additional investment 
incentives would be required to overcome the effect of uncertainty on various technologies.  
They found that the closer firms are in time to the policy change, the greater the policy risk 
and its effects on investment, and the larger the payoffs (assumed to be increased electricity 
prices) required to justify immediate investment.  Their recommendations, i.e. that increased 
policy certainty can reduce investment delay in electricity generation, are in line with those 
below. 
  
A few other papers are worth noting briefly.  Rothwell (2006) used a real options approach to 
evaluate nuclear power plants, and found that uncertainty pertaining to cost, revenues and 
output all increased the risk-premiums required for investment in a new nuclear facility in 
Texas.  Kiriyama and Suzuki (2004) analysed emissions-free generating investments in Japan 
and addressed the effects of carbon price uncertainty with a real options model.  They 
considered the invest/don’t invest decision for various technologies, and found that increased 
emissions price uncertainty would lead to higher clean-investment-inducing emissions prices.  
Finally, Laurikka and Koljonen (2006) found that uncertainty regarding allocation of 
allowances, as well as allowance price uncertainty, was critical to the decision of switching to 
natural gas capacity in Finland under the EU ETS, while Laurikka (2006) found in a related 
study NPV methods were inappropriate in two case studies related to gas-turbine investment 
in Finland under uncertain CO2 prices.  
  
Thus, while the existing literature has addressed regulatory or tax policy uncertainty, has 
modelled the choice between abatement options under GBM allowance price uncertainty, 
focused on specific investment case studies, or addressed the question of investment timing 
from an invest/don’t invest perspective, it has not, other than Blyth et al. (2007) addressed the 
impact of future emissions price uncertainty on generating technology choice, and no papers, 
to my knowledge, have addressed the issue from the US perspective.  By modelling CO2 
permit prices as evolving according to two separate stochastic processes, it is possible, as 
noted, to represent two alternative policy specifications.  The first, represented by GBM, 
assumes government sets and emissions cap and issues allowances which are then traded 
freely between firms.  The second assumes the government can periodically adjust the CO2 
cap, causing permit prices to jump.  This case is represented by a combined GBM and 
Poisson jump (or “jump-diffusion”) process.  In addition to addressing the impact of CO2 
policy on investment, the present work differs from most previous work by focusing on the 
plant-type and timing aspects of the investment decision, and not on the when/whether 
aspects of a given investment decision.  The free-boundary problem in this paper is not one 
separating the “invest” region from the “don’t invest” region, but rather the “build dirty” 
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from the “build clean” regions.  The objective is to create a methodology for the analysis of 
the effects of uncertain CO2 policy (or lack thereof) on the type and timing of capital 
investment in the electricity generating industry. 
 

3 The Models 
 
The two models presented in this section investigate the optimal plant-type construction 
decision of an electricity generating firm facing uncertain future CO2 emissions prices.  In 
what follows, it is assumed that the firm would like to build exactly one generating plant of 
capacity G (either as replacement of a retiring unit or expansion of current capacity) before a 
known future date, and must now decide whether this plant should be “dirty” or “clean”.17  In 
order to focus on the effects of uncertain environmental policy, both input and output prices 
are assumed known and constant, and tradable CO2 permits are included in the production 
process to account for environmental policy (and therefore operating cost) uncertainty in the 
investment decision.  As noted18, “dirty” plants are generally more profitable than “clean” 
plants in the absence of environmental policy, and “clean” plants become more profitable at 
higher emissions prices.  Thus, at low permit prices, “dirty” plant construction remains 
optimal, and the objective is to find the critical permit price at which the firm’s optimal 
decision switches from “build dirty” to “build clean”.   
 
Rabl and Spadro (2000) used the carbon emissions ratios of the major fossil fuels, and ranked 
the damage costs of electricity generation by each fuel.  They showed that coal-fired 
generation has the highest damage cost, followed by oil, then natural gas.  As such, the 
“dirty” choice is later defined as a coal-fired combustion unit that produces a large quantity 
of CO2 emissions, and the “clean” alternative as a natural gas fired integrated gasification 
combined cycle (IGCC) unit, though these could, indeed, be any two combustion 
technologies where the “dirty” technology emits more than the “clean” technology.    
 
In what follows, future plant operating costs are determined by emissions prices and any 
excess value of a clean plant is assumed to be due to its smaller CO2 permit requirement.  The 
firm’s plant investment is both postponable (thereby introducing the possibility for concern 
over security of the electricity supply) and irreversible, implying that the orthodox net present 
value (NPV) theory will not provide a legitimate optimal investment rule.  Thus, the 
opportunity to invest in a clean generating unit rather than the default dirty one is regarded as 
a financial call option.  The option to invest in a clean power plant gleans its value from the 
same source as a financial call option- from the uncertainty over the future excess value of 
the clean plant over the dirty one, which, here, depends only on the CO2 permit price.19 
 
Thus, the firm’s decision is modelled as an optimal stopping, or free boundary problem.  The 
continuation region in the models below is the region in which, upon investment, it remains 
optimal for the firm to choose to construct a dirty plant.  Because emissions prices are, by 
assumption, not fixed, permit prices may rise to the point where clean plant construction 
becomes optimal, bringing the electricity firm’s decision into the stopping region.  The goal 
of these models, then, is to find the free boundary of this investment problem, and in so 

                                                 
17 We therefore assume that the output requirement is either determined exogenously or in a previous decision 
round, and that the firm now faces the plant-type decision.  The clean/dirty decision separation may not be a 
perfect representation of reality, as different plant-types often serve different load purposes (i.e. base load vs. 
peak load), but it allows insight into the effects of emission policy uncertainty. 
18 See footnote 3. 
19 See Black and Scholes (1973) or Wilmott et al. (1993) for a full description of option pricing methods. 
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doing, to determine the effects of the lack of coherent and credible emissions policy on 
electricity plant-type investment decisions. 
 
The assumptions for the two models are identical, except for those related to the stochastic 
process for allowance prices.  In the first model, I assume permit prices follow a geometric 
Brownian motion (GBM) with a constant drift rate α.  In the second model, CO2 permit prices 
follow a combined geometric Brownian motion and Poisson jump process (or a “jump-
diffusion” process), which allows permit prices to “jump” as the regulator reduces or 
increases the emissions cap.  Between jumps, however, permits are assumed to continue 
being traded as financial assets, during which time the price is assumed to follow a geometric 
Brownian motion. 
 
The assumptions of the two models, then, are as follows: 
 

• There is one stochastic state variable, τ, the CO2 permit price measured in dollars per 
ton of CO2 emissions.    

• The regulator can do nothing to alter the market prices of the permits in the first 
model.  In the second model, however, the regulator can cause jumps in the permit 
price by suddenly announcing a change in the emissions cap, which would cause a 
jump in the price of available permits. 

• Investment costs, future electricity prices, and fuel and operating costs are known 
with certainty in both models in order to focus on the uncertainty pertaining to 
environmental policy.20 

• The firm would like to construct a new plant of predetermined capacity G, and must 
choose whether its new unit should be dirty or clean.    

• τ begins in the continuation region of the problem where it is optimal to construct a 
dirty unit, and the objective of the model is to find the critical τ* at which it becomes 
optimal for the firm to invest in a clean unit instead.   The firm’s “default choice” is 
defined as the decision to construct a new dirty unit. 

• The firm begins holding the option to invest and the firm’s objective is to make the 
investment decision that maximizes the value of this option. 

• Both models employ dynamic programming as their solution technique. 
• New information may arrive over time about future permit prices, but the future value 

of the cost savings associated with a clean plant are always uncertain due to the 
stochastic process τ follows.  

• The CO2 permit system is implemented in a manor similar to that of the EU ETS and 
the SO2 permit scheme in the US.  Firms are allocated a number of permits which 
they then distribute amongst their different generating facilities.  Each plant, then, is 
allocated x permits, authorizing the emission of x tons of CO2.  If the plant’s 
emissions are greater than (less than) x, the firm can buy (sell) extra permits on the 
permit market, creating an opportunity cost of emitting even in the case where 
allocated permits cover actual emissions.  
 

                                                 
20 Note that correlations between the CO2 price and other relevant prices (i.e. output and fuel input prices) are 
likely.  For example, CO2 prices would likely be passed through to electricity prices, thus providing some 
insurance against CO2 price uncertainty.  It is also likely that increased CO2 prices would reduce coal demand 
and increase gas demand, leading to changes in plant operating costs, and the potential strengthening the effects 
of uncertain emissions prices on plant-type investment decisions. 
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The difference between the two models thus lies in the assumption regarding the level of 
potential policy intervention possible, and is captured by the stochastic processes for the 
allowance price state variable, τ.   

 

3.1 Model 1: Permit Prices Follow a Geometric Brownian Motion (GBM)   
 
In this model, the policy maker cannot alter permit prices once trading has begun.  Because 
permits are assumed to be traded freely between firms, however, their price behaviour is 
assumed to mimic that of other financial assets and is modelled as having two components: 
an upward drift and a random walk.   Thus, in Model 1, τ evolves according to the following 
geometric Brownian motion (GBM) 
 
d dt dzτ ατ στ= + ,  Eq. 1 

where α is the drift rate, σ is the variance parameter, and dz is an increment of a Wiener 
process.  I do not claim that allowance prices are represented precisely with a GBM, but I 
proceed with Eq. 1 as a reasonable model of uncertain prices for a traded asset, allowing us to 
analyse the effects of uncertain emissions prices on plant-level investment behaviour. 
 
There are three characteristics of the Weiner process that will be useful in the discussion and 
application of the GBM defined by Eq. 1.  First, it satisfies the Markov property, meaning 
that the probability distribution of future values depends only on the current value of the 
process, and not on any previous value.  Second, the Weiner process has independent 
increments, meaning that the size of a change in the process in any time period is independent 
of the size of the change in any other time period.  Third, the increments of a Weiner process 
are normally distributed.  Formally, dtdz tϕ= , where ~ (0,1t N )ϕ , meaning  and 

.
[ ] 0dzΕ =

2[ ] [( ) ]Var dz dz dt= Ε = 21  GBMs by definition, then, model percent changes in the variable 

in question (here 
τ
τd

), implying that changes in τ itself are lognormally distributed.  If τ 

follows the GBM defined by Eq. 1, and if τ is currently at the level τ0, the expected value of τ 
at some future time t is  
 

0[ ( )] tt eατ τΕ =

                                                

, Eq. 2 

 
where E denotes the expectation operator and α is the drift parameter in τ as defined above.  It 
can also be shown that the variance of the future values of τ can be written as 
 

)1()]([
222

0 −= tt eetVar σαττ ,  Eq. 3 

which will be useful in interpreting the results of the model.22   
 
The model below uses this GBM for τ and ascertains the firm’s optimal plant-type investment 
choice under uncertain future emissions costs in three steps.  Step 1 involves the calculation 

 
21 See Dixit and Pindyck (1994) and Cox and Miller (1965) for a more detailed discussion of Weiner processes 
and GBMs. 
22 See Dixit (1993), Dixit and Pindyck (1994), and Aitchinson and Brown (1957) for more on the characteristics 
of GBMs and the lognormal distribution. 
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of ( )τθ , the excess payoff the firm can expect to receive if it invests in the clean plant rather 
than the default dirty one.  In Step 2, the differential equation for F(τ), the value of the option 
to invest in the clean plant, is found through the dynamic programming approach and the 
boundary conditions for its solution are presented.  Finally, in Step 3, the differential equation 
is solved, giving the value of the clean plant investment option and the critical τ* at which it 
becomes optimal to invest in the clean plant. 
 
 
STEP 1: 
  
The value of the clean investment is defined to be the excess annual payoff that a firm 
receives from building a clean plant rather than a dirty one, which is just the difference 
between the profits earned by a clean plant and those earned by a dirty one ( ).DC Π−Π 23  
The annual profit earned by a dirty or clean plant, ΠD and ΠC, respectively is defined as 
 

( ) (D Dp c q M x)τΠ = − − −   Eq. 4 

and 
 

( ) [(1 )p c q M x]C C φ τΠ = − − − −
,
  Eq. 5 

where p is the price per MWh of electricity, q is the number of MWh generated by the plant 
in a year, and cD and cC are the non-emissions variable costs (i.e. fuel and operation and 
maintenance) per MWh for the dirty and clean plant respectively.  In general, cD < cC.  (EIA, 
2004a,  2004b).  M is the fixed quantity of emissions produced by a plant using the dirty 
technology measured in tons/year, and φ  is the percentage of the dirty plant’s emissions 
saved by constructing a clean unit.  x represents the number of permits allocated to the plant, 
where each permit allows the firm one ton of CO2 emissions.  The second term on the right 
hand sides of both equations 4 and 5 can be either positive or negative, depending on whether 
the firm’s generating technology requires it to purchase or allows it to sell extra permits. 
 

DC Π−Π , is then The payoff per year from building a clean plant in lieu of a dirty one, 
 

{( ) [(1 ) ] } {( ) ( ) }C D C Dp c q M x p c q M xφ τ τΠ −Π = − − − − − − − −  
( ) [ ]C D D Cc c q M c q Mτ φ τ φΠ −Π = − + = Δ +  .     Eq. 6 

 
Here, , represents the excess variable cost of generation required to produce 
electricity with the clean technology.  Recall, however, that 

CD ccc −=Δ

Dc cC< , meaning Δc has a 
negative value.  The second term on the right hand side of Eq. 6 represents the cost savings 
associated with the reduced emissions, and  
 

                                                 
23 Recall that prices and quantities for other inputs and outputs are fixed and known. 
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I assume for simplicity that either plant, once constructed, is infinitely-lived24, meaning that 
the present value of the future cost savings associated with operating a clean plant rather than 
a dirty one looks as follows: 

(
0

( ) [ ] [ ( )] tc q E t M e dtρθ τ τ φ
∞

−= Δ +∫ ) ,  Eq. 7 

where [ ]E τ  denotes the expected value of τ, and ρ is the firm’s discount rate.  Recalling the 
expected value of τ from Eq. 2, 
 

0( ) ([ ] )t tc q e M e dtα ρθ τ τ φ
∞

−= Δ +∫
0

0 0

ρ

 

 
( )

0( ) [ ] t tc qe dt M e dtρ αθ τ τ φ
∞ ∞

− −= Δ +∫ ∫ , 

 
or simply 
 
 

0[ ]( ) Mc q τ φθ τ
ρ ρ α
Δ

= +
−

   Eq. 8 

 
where τ0 is the current value of τ.  I will assume that the firm is risk neutral so that the firm’s 
discount rate is equal to the risk free interest rate (i.e. r=ρ ).25  Thus, equation 8 becomes  
 

0[ ]( ) Mc q
r

τ φθ τ
δ

Δ
= +   Eq. 9 

where I have followed Dixit and Pindyck (1994) in denoting the difference between r and α 
by δ, such that δ≡ r - α.  Here, δ effectively represents the appropriate discount rate, adjusted 
for τ’s drift rate, to be applied to the uncertain portion of the present value of the clean plant’s 
excess future profits. 
 
 
STEP 2: 
  
The optimal investment rule maximizes the value of the firm’s investment option, and 
requires the comparison of the present value of immediate investment in the clean plant with 
that of waiting and holding the option.  Recall that this problem has been defined as an 

                                                 
24 We argue that it is reasonable to ignore plant life as an explicit variable given Herbelot’s (1992) findings that 
critical investment values were not significantly impacted by different plant life assumptions and Ellerman’s 
(1998) findings on plant life extension. 
25 Risk neutrality is assumed in order to focus on the effects of allowance price volatility, to which the 
investment decision is sensitive regardless of the firm’s risk preferences.  (Dixit and Pindyck (1994)).  Note that 
risk aversion would lead to a lower θ(τ) and a larger critical τ*.  (See, e.g., Hugonnier and Morellec (2007).) 
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optimal stopping problem, and that the firm is assumed to begin in the continuation region, 
where *ττ < , and the dirty plant remains optimal.26    
  
The firm’s objective in each period is to maximize the sum of current profit flow from not 
exercising the option (zero in this case) and the discounted continuation value, defined as the 
value of having the option in the next period.  Thus, the firm is assumed to maximize its 
return from holding the option, which is just equal to the option’s capital appreciation.  If F(τ) 
represents the value of the option to invest in a clean plant instead of a dirty one, then the 
firm will make the exercise decision such that 
 

⎭
⎬
⎫

⎩
⎨
⎧

+
= ++ )]([

1
1max)( 11 ttttt FE

r
F ττ .  Eq.  10 

In continuous time, the Bellman equation for this problem in continuous time looks as 
follows:27   
 

1( ) [ ( )]rF E dF
dt

τ τ= .  Eq.  11 

 
This Bellman equation yields the following second order differential equation in F(τ), which 
will be solved for the value of the option to invest in a clean plant and used to calculate the 
critical τ*:28 
 

2 210 ( ) ( ) ( )F r F rF( )
2
σ τ τ δ τ τ τ′′ ′= + − − ,  Eq. 12 

  

where I have replaced α with r-δ in order to eliminate one parameter from the calculations. 
  
Equation 12 must be solved subject to the following boundary conditions: 
 
                           Eq. 13 0)0( =F

IΔ−*)(F =*)( ττ θ                   Eq. 14 

( ) ( )**τ θ τ  ′=′F

DC III −=Δ

                                                

                  Eq. 15 

 
In Eq. 14, , where IC and ID are the sunk investment costs required for a clean 
and dirty unit, respectively.  Thus, ΔI is the additional expenditure required for the 
construction of a clean generating unit, and is measured in dollars.   
 

 
26 In order for the continuation region to be below τ* rather than above, it must be true that the sum of the 
current payoff from holding the option (in this case, zero) and the discounted continuation value, F(τ), must be 
decreasing as τ increases.  i.e. we require that 0))(( <− τ

τ
F

d
d , which does in fact hold in these models. 

27 See Appendix 1 for the derivation. 
28 See Appendix 2 for the derivation of differential equation 12. 
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Eq. 13 is based on the fact that if τ ever goes to zero, it will remain at zero forever.  This is a 
characteristic of the lognormal distribution and is implied by τ’s GBM process.  If the permit 
price ever falls to zero, then, the option to invest in a clean generating unit will have no value.  
Equations 14 and 15 consider the optimal investment decision, where τ* is the critical permit 
price at which clean plant investment becomes optimal, and marks the free boundary between 
the continuation and stopping regions.  Eq. 14, the value-matching condition, ensures that 
F(τ) is continuous at the critical clean investment permit price τ* and simply states that at τ*, 
the value of holding the investment option exactly equals the net investment payoff 

IΔ−*)(τθ .  Eq. 15 is the smooth-pasting condition, in which the primes indicate derivatives 
with respect to τ.  Eq. 15 ensures that the slopes of F(τ) and θ(τ) are equivalent at τ*.  
Together, equations 14 and 15 guarantee that the firm could not do better by deciding to 
invest in clean generating technologies at a different τ.  (See Dixit (1993) and Dixit and 
Pindyck (1994).) 

 
 

STEP 3: 
 
Because Eq. 12 is linear in F(τ) and its derivatives, the general solution to 12 will be a linear 
combination of any two independent solutions, , and will thus be of the form 

, where A1 and A2 are constants to be determined, and β1 and β2 are the 
roots of the characteristic equation (Dixit and Pindyck, 1994).

βττ AF =)(
21

21)( ββ τττ AAF +=

,0→

29  Boundary condition 13 
implies that if 0)( →ττ F , and I show in Appendix 3 that β1> 0 and β2<0.  Thus, A2=0 
and the solution form is 
 

1
1)( βττ AF = .  Eq. 16 

 
 
The equation for τ* results from plugging Eq. 16 into boundary conditions 14 and 15 and 
some algebraic manipulation: 
 

1

1

[ ]*
( 1)

c qI
M r

β δτ
β φ

Δ⎡ ⎤= Δ −⎢ ⎥− ⎣ ⎦
.  Eq. 17  

 
Thus, the clean-investment-inducing critical τ* is decreasing in β1 (which depends upon σ, δ 
and r) and Δc.  Recall from above, however, that CD ccc −=Δ and has a negative value.  
Thus, as might be expected, τ* is increasing with the additional costs (both investment and 
variable) incurred through constructing and operating a clean plant rather than a dirty one.   
 
Equation 17 also shows that τ* shares an inverse relationship with M (the emissions factor for 
the dirty technology) and with φ  (the efficiency rate, or proportion of emissions reduced 
when a clean unit is selected).  This should be expected, as the more technically efficient (i.e. 
less polluting) the clean generating option is, the smaller will be unit’s required number of 
carbon permits.  Thus more efficient clean technology options imply a larger cost saving for 
the firm, making the clean investment optimal at a lower permit price. 
 

                                                 
29 See Appendix 3 for the derivation of the characteristic equation and its solutions. 
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Plugging Eq. 17 into Eq. 9 yields the equation for θ(τ*):  
 

[ ] [ ]1
1

1 1 1

1 1( *)
1 1 1

c q c q
I I

r r
βθ τ β

β β β
⎡ ⎤Δ Δ

= + Δ = + Δ⎢ ⎥− − − ⎣ ⎦
.  Eq. 18 

 
Inserting Eq. 16 and Eq. 18 into the value-matching boundary condition (Eq. 14), rearranging 
and simplifying, yields the equation for A1: 

11

1
1

1

1

1 ( )
1( *)

* ( )
1

c qI
rIA

c qI
M r

ββ

βθ τ
τ β δ

β φ

⎛ ⎞ Δ⎡ ⎤Δ −⎜ ⎟ ⎢ ⎥−− Δ ⎣ ⎦⎝ ⎠= =
⎧ ⎫⎛ ⎞ Δ⎪ ⎪⎡ ⎤Δ −⎨ ⎬⎜ ⎟ ⎢ ⎥− ⎣ ⎦⎪ ⎪⎝ ⎠⎩ ⎭

.  Eq. 19  

 
I present Model 2 before further discussing the characteristics of both models’ solutions in 
Sections 4 and 5. 
 

3.2   Model  2:  Permit  Prices  Follow  a  Combined  Geometric  Brownian 
Motion and Poisson Jump Process 

 
In this model, τ is assumed to follow a combined GBM and Poisson jump process.  Here, 
regulators can affect the price of permits (and, therefore, the value of clean and dirty capital 
investments) by suddenly changing the emissions cap.  It is assumed that firms have no prior 
knowledge of when these price jumps may occur.  Policy changes, then, are “events” of a 
Poisson process, and λ represents the mean arrival rate of an event during the interval dt.  The 
probability of a policy change during any short period of time dt is therefore λdt, and the 
probability of no change is 1- λdt.   Changes in emissions policy are assumed to cause permit 
prices to jump by some percentage u of their current level.30  Thus 1 u− ≤

⎩
⎨=

dty probabilit   with u    λ
dq

dqdzdtd

, where a positive u 
implies the tightening of environmental policy and a rise in the permit price, while a negative 
u implies a loosening of environmental policy and a drop in permit prices.  Between jumps, 
permits are freely traded between firms, and prices are assumed to evolve according to a 
GBM as described in Model 1.   
  
Here, q represents a Poisson process analogous to that of the Wiener process in Model 1, with 
an event being defined as a jump of size u, where.  Thus, 
 

⎧ dt-1y probabilit    with     0 λ

 
 
and the stochastic process that τ follows is 
 
τ τα τσ τττ ++=

                                                

  Eq. 20 

 
30 Here, u is a parameter, though it is possible to generalize the model to the situation where u itself is a random 
variable. 
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where τα , τσ , and dz have the same interpretations as before, and dq is assumed 
independent of dz. 
 
A few important characteristics of the permit price process 20 should be noted.  First, as 
shown by Merton (1976), a variable evolving according a jump-diffusion process has the 
following expected value:31  
 

[ ]0[ ] expE uτ τ α λ= + , Eq. 21 

where τ0 represents the current value of τ.  Also, α no longer represents the expected 
percentage rate of change in τ as it did in Model 1.  Here,  
 
1 ( )E d u
dt

τ α λ
τ

= + .  Eq. 22 

 
Following Dixit and Pindyck (1994), assume for the moment that α=0 in order to find the 
variance of dτ.  There are then three possibilities for the change in τ in any infinitesimal 
period dt, and they are as follows: 
 

1 (1 )
2
1 (1 )
2

dt with probability dt

d dt with probability dt

u wtih probability dt

στ λ

τ στ λ

τ λ

⎧ −⎪
⎪
⎪= − −⎨
⎪
⎪
⎪⎩

. Eq. 23 

 
Thus, we have  
 

1 1[ ] (1 ) (1 )E d dt dt dt dt u dt u dtτ
2 2

λ στ λ στ τλ τλ= − − − + =

2u

 Eq. 24 

2 2 2 2( )d dtτ σ τ τ= +   Eq. 25 

2 2 2 2 2[( ) ] (1 )E d dt dt dtuτ λ σ τ λ τ= − +

22 )]([])[(][ τττ dEdEdVar −=

[ ] 2 2 2 2Var d dt u dt

  Eq. 26 

2 2 2 2 2[ ( )]E d u dtτ τ λ=   Eq. 27 

 
and finally, 
 

 
 

τ σ τ λ τ= +

                                                

. Eq. 28 

 
31 See also Dixit (1993) and Aitchinson and Brown (1957) for a discussion of the lognormal distribution. 
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where terms in dt2 have been eliminated because they tend to zero faster than terms in dt as 
.  Eq. 28 will be important for the interpretations in the next section.  0→dt

 
The goal of the firm is still to maximize the discounted expected future value of the plant it 
decides to build, and still must choose between building a dirty plant or a clean one.  The 
steps involved in the solution process are the same. 
 
 
STEP 1: 
 
 Just as above, the excess value of a clean plant is: 

(
0

( ) [ ] [ ( )] rtc q E t M e dtθ τ τ φ
∞

−= Δ +∫ ) .  Eq. 29 

Using the expectation of τ from Eq. 21,  
 

0[ ]( ) Mc q
r u

τ φθ τ
δ λ

Δ
= +

−
, Eq. 30 

where, as above, τ0 is the current value of τ. 
 
 
STEP 2: 
 
The firm’s objective is still  
 

1( ) max [ ( )]F E
1

F
r t

τ τ⎛ ⎞ ′= ⎜ ⎟+ Δ⎝ ⎠
, 

 
and the Bellman equation for the problem has not changed, though it is repeated here for 
convenience: 
 

1( ) [ ( )]rF E dF
dt

τ τ= .  Eq. 31 

 
Because of the stochastic process τ follows in this model, a different version of Ito’s lemma is 
required in the expansion of the right hand side of Eq. 31, yielding the following differential 
equation for F(τ):  
 

2 210 ( ) ( ) [(1 ) ] ( ) ( )
2

F F F u r Fσ τ τ ατ τ λ τ λ τ′′ ′= + + + − +

                                                

.32 Eq. 32 

 
Equation 32 must be solved according to the same boundary conditions as above and for the 
same reasons.  These are: 
 

 
32 See Appendix 4 for the derivation. 
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0)0( =F   Eq. 33 

IF Δ−= *)(*)( τθτ   Eq. 34 

( ) ( )**τ θ ′=′F τ   Eq. 35 

 
 
STEP 3: 
  
As Eq. 32 is again linear in F(τ) and its derivatives )(τF ′ and )(τF ′′ , its solution will again be 

a linear combination of its independent solutions, F .  (See Dixit and 
Pindyck (1994).)   β1 and β2 will have the same signs (though not necessarily the same 
magnitude) as they did in Model 1, and boundary condition 33 again implies that A2=0, 
meaning the solution to Eq. 32 has exactly the same form as it did in Model 1: 

21
21)( ββ τττ AA +=

1
1)( βττ AF =

 
.  Eq. 36 

 
The difference lies in the fact that β1 now solves a different characteristic equation, namely:33 
 

12
1 1 1

1 ( 1) ( ) (1 ) ( ) 0
2

r u rβ
τσ β β δ β λ λ− + − + + − + =

1
1

βττ A=

,  Eq. 37 

where, again, I have replaced α with r-δ.  The solution for β1 from Eq. 37 can not be found 
analytically and must therefore be solved numerically.  Examples are provided in the next 
section. 
 
Given the solution form for F(τ), , however, the critical τ* can be calculated as 
above.  The steps, starting with equation 16, are exactly the same, and they are omitted here 
to save space.  The solution for the critical τ* is  

)(F

 

( )
1

1

*
( 1)

[ ] *c qI uδ λ⎡ ⎤Δ⎛ ⎞Δ − −⎜ ⎟⎢ ⎥r
M

βτ
β φ

⎝ ⎠⎢ ⎥=
− ⎢ ⎥

⎢ ⎥⎣ ⎦

.  Eq. 38 

Note that its form is similar to that of the first model, but that its value will differ not only 
through the effects of λ, but also through of the new solution for β1, which depends on σ, δ, λ, 
u and r.  The comparative statics for the parameters ΔI, r, q, M, φ, δ, σ, and Δc in Eq. 38 are 
the same as those for Eq. 17, and are not repeated here.  λ and u, however, are new, and note 

that 0<
∂λ

*∂τ
 and 0<

∂u
*∂τ

.  Recall that u can be either positive or negative, meaning 

0*
<

∂
∂

u
τ

 implies that larger negative jumps in CO2 permit prices lead to a higher critical τ*, 

while larger positive jumps in the permit price imply a lower critical τ*.   These issues and 
                                                 
33 See Appendix 2.5 for the derivation. 

23 
 



the differences in the predictions of GBM and the jump-diffusion models are discussed in 
more detail in the following section.   
 
The solution process for A1 in Eq. 36 is also the same, and when τ follows a jump-diffusion 
process, A1 looks as follows: 
 

( )
1

1
1

1

1

1 ( )
1

[ ] *

( 1)

c qI
r

A
c qI u
r

M

β

β

δ λ
β

β φ

⎛ ⎞ Δ⎡ ⎤Δ −⎜ ⎟ ⎢ ⎥− ⎣ ⎦⎝ ⎠=
⎧ ⎫⎡ ⎤Δ⎛ ⎞Δ − −⎪ ⎪⎜ ⎟⎢ ⎥⎪ ⎪⎝ ⎠⎢ ⎥⎨ ⎬− ⎢ ⎥⎪ ⎪

⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

.  Eq. 39  

 
 

4 Examples and Analysis 
 
This section provides examples that allow for the examination of the characteristics of the 
investment rules found through the models presented above.  In what follows, I consider a 
specific investment decision in which the firm faces two distinct unit-type alternatives, and I 
calculate the critical τ* and the value of the investment option.34  costs per kWh and the, the 
results hold more generally.  The following section will show the dependence of the solutions 
on the parameter values.   
  
In what follows, the risk-free interest rate, r, is set equal to 0.05, which is approximately 
equal to the average yield of 4.91% on 20-year US Treasury bills in 2007 (Federal Reserve), 
and α is assumed to equal zero so there is no drift in CO2 permit prices in the base case 
examples that follow, and δ=0.05.35  It is assumed that the volatility characteristics of the 
market for CO2 permits would be similar to those of the market for SO2 permits and I proxy 
for σ, the variance parameter in the equations for the evolution of τ, with implied volatility.  
Thus, following Insley (2003), σ =0.3.   
  
The remainder of the parameter assumptions are plant-specific.  It is assumed that the firm 
would like to build a 50 MW unit, and is deciding between a new scrubbed coal unit (the 
dirty option), and a new natural gas-fired integrated gasification combined cycle (IGCC- the 
clean option).  In order to keep the grid balanced in the case of a supply or demand shock, 
firms are required to maintain a spinning reserve at all times, meaning that generating units 
are seldom, if ever, operated at full capacity.  Thus, it is assumed that upon completion, the 
firm would operate its new 50 MW unit at an average capacity factor (usage rate) of 80%, 
implying that the new unit would provide q= 350,400 MWh/year.36 
                                                 
34 The solutions in this section are example-specific, but hold generally for any two-unit decision where 

[ ] [ ]0, orc q c qI I
r r

Δ Δ⎛ ⎞Δ − > Δ >⎜ ⎟
⎝ ⎠

.  If this is not true, the clean investment is not costly enough relative to 

the dirty investment to warrant delay.  A1 would then have zero (or negative) value, as would F(τ), and 
immediate investment in the clean option would be optimal. 
35 Recall that r-δ α≡ , where δ represents the discount rate applied to the uncertain portion of the clean unit’s 
excess value. 
36 q= 50 MW * 80% of full capacity * 8,760 hours per year.  
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In order to find M, the quantity of annual CO2 emissions from a new scrubbed coal unit, I 
take the annual heat input requirements (measured in mmBtu) for a new 50 MW scrubbed 
coal unit with an average capacity factor of 80%, and multiply by the average number of 
pounds of CO2 associated with each mmBtu provided by coal combustion.  According to the 
EIA (EIA, 2004b), a new scrubbed coal unit would require 9.0 mmBtu for each MWh of 
electricity, meaning that the new scrubbed coal unit would require 3,153,600 mmBtu of 
thermal heat input per year.  According to the EPA (1999), coal combustion creates an 
average of 212.7 pounds of CO2 per mmBtu of heat energy, meaning that the new scrubbed 
coal unit would emit approximately 670,770,720 pounds, or 335,385 tons of CO2 each year.  
A new 50 MW natural gas-fired IGCC unit (also operated at an average capacity rate of 80%) 
would emit only 152,612 tons of CO2 each year using similar calculations37, or 54.5% less 
than the coal plant.  Thus, in what follows, M= 335,385 tons of CO2 per year, and φ =0.545. 
  
Using data on operation and maintenance (O&M) costs (EIA, 2004b, Table 38) and 
information on the cost per unit of heat energy of coal and natural gas (EIA, 2002, Table 4.5), 
the variable cost per MWh of electricity from a new scrubbed coal plant is calculate to be 
$17.935, and $32.116 from a new natural gas-fired IGCC.   The difference in these costs, Δc, 
is then -$14.18/MWh.  Using data on the overnight construction costs (EIA, 2004b, 
Table 38), ID for a 50 MW scrubbed coal unit would be $54,550,000, while IC for a 50 MW 
natural gas-fired IGCC would be $25,800,000.  Thus, 

d cc c− =

=−=Δ dc III -$28,750,000.   
 
For Model 2, two additional assumptions must be made: one regarding the probability of a 
jump in permit prices in an infinitesimal period dt, and one about the size of such a jump, 
should it take place.  I assume 1.0=λ  and u is equal to either +0.2 or -0.2 (depending on 
expectations about future regulatory stringency), meaning that the probability of a jump 
occurring during time dt is 0.1dt, and should the jump occur, it will change permit prices by 
positive or negative twenty percent.  All parameters are summarized in Table 1 below. 
 

Table 1: Parameter Values 
Parameter Value 

r 0.05 
δ 0.05 
σ 0.3 
q 350,400 MWh/year 
M 335,385 tons 

CO2/ year 
φ  0.545 
Δc -$14.18/MWh 
ΔI -$28,750,000 
λ 0.1 
u 0.2 

 
 

                                                 
37 The IGCC would require 8,000 Btu/kWh with an emissions rate of 117.6 lb/mmBtu (EIA (2004b) and EPA 
(1999). 
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These parameter assumptions are used in the models described in the previous section to 
analyse the optimal investment decision of an electricity generating firm faced with a new-
scrubbed-coal vs. IGCC construction decision under the two stochastic processes for permit 
price evolution.  For the sake of comparison, I begin by analyzing the problem with the NPV 
methodology assuming no uncertainty over permit prices.  Though the context of this 
example is quite specific, both models can be generalized to incorporate different unit sizes 
as well as different unit-type alternatives and other assumptions related to the stochastic 
processes. 
 

4.1 Stationary Deterministic Case  
 
As a benchmark, I begin with the stationary deterministic case where there is no uncertainty 
over future permit prices.  This case could represent that of a known and certain CO2 tax, as 
compared to a cap-and-trade emissions scheme.38  Here, α=σ=λ=0, meaning that the current 
CO2 price, τ, will remain unchanged forever.  Because the revenues (p*q) are identical for 
both plants, the critical τ* will be the permit price at which the present value of future costs 
associated with the two units are equal.  The present value of the construction and operating 
costs of a new scrubbed coal unit with permit price τ is 
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The same calculation for the new natural gas-fired IGCC unit yields 
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. Eq. 41 

 
Equating the right-hand sides of equations 40 and 41, τ*= 23.16 when permit prices are 
known with certainty.  At this level, a generating firm is indifferent between constructing a 
new coal unit or a new IGCC unit.  If τ< τ*at the time the construction decision is made, 
construction of a new scrubbed coal unit remains optimal, whereas if τ> τ*, construction of 
the IGCC unit is optimal.  
 

 
38 Note that a model of emissions taxes allowing the regulator to ratchet the tax level up or down could also be 
constructed.  This would involve modeling the permit price as a Poisson process (leaving out the GBM 
evolution between jumps), and could be accomplished by setting α=σ=0 in the Poisson-GBM model. 
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4.2 Model 1: τ follows a GBM 
 
In Model 1, CO2 prices evolve according to the following geometric Brownian motion:   
 
d dt dzτ ατ στ= + .  Eq. 42 

 
Recall from the previous section that in Model 1 

2 2

1 2 2

1( ) ( 2 )1 ( ) 4 1
2

r r rr δ δ σ σδβ
σ σ

− + − + +−
= − + >

2

,  Eq. 43 

which, with the above parameter assumptions, yields 6.11 =β .  Using this value in the 
equation for the critical permit price, 
 

1
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c qI

M r
β δτ
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  Eq. 44 

 
τ per ton of CO2, meaning that when future CO2 prices are modelled by equation 
42 a generating firm would find it optimal to build a new scrubbed coal unit rather than the 
cleaner natural gas-fired IGCC until permit prices reach $48.30/ton of CO2.  When τ>$48.30, 
it becomes optimal for the firm to build a natural gas-fired IGCC instead.  Thus, the clean-
investment-inducing τ* here is more than twice that when τ is known with certainty. 
  
When the assumptions hold, the value of A1, 
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  Eq. 45 

 
is 165,372, meaning that the value of the option to invest in the clean unit instead of the dirty 
one, , is 1

1)( βττ AF =
 

6.1372,165)( ττ =F .  Eq. 46 

 

4.3 Model 2:  τ Follows a Jump­Diffusion Process 
 
If policy makers have the ability to interfere with the emissions cap once a cap-and-trade 
scheme has been established, the stochastic process that permit prices follow is more 
realistically represented by a mixed Poisson-GBM process, yielding quite different results.  
Recall that in Model 2 permit prices evolve according to 
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d dt dz dqτ ατ στ τ= + +
.
     Eq. 47 

 
Recall also that in the jump-diffusion model, β1 must be found numerically as the solution 
to39 

12
1 1 1

1 ( 1) ( ) (1 ) ( )
2

r u βσ β β δ β λ λ− + − + + − + = 0r .  Eq. 48 

 
Given the above parameter assumptions, and remembering that α = − δr  by definition, 
β1=1.96643 when u is -0.2 and β1= 1.35829 when u is +0.2. 
  
Using these values in the equation for the critical permit price from Case 2 of the mixed 
GBM-Poisson model,  
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,  Eq. 49 

 
when u is -0.2, τ*= $55.03/ton of CO2 emissions, 14% larger than in the GBM model.  When 
u is +0.2, τ*= $43.94/ton, 9% lower than the GBM model with no Poisson jumps, but still 
90% larger than in the NPV case of certain emissions prices.  The equation for A1 from 
Model 2, 
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⎢ ⎥⎪ ⎪

96643.1 607,27)( ττ =F
1.35829( ) 1,156,735  F τ τ=

⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

 
yields A1=27,607 and for u=-0.2 and A1=1,156,735 and 

  when u=+0.2.   Results are summarized in Table 2. 
 
 

Table 2: Model Solutions Given Above Parameter Assumptions 

 

Stationary 
Deterministic 
case: 

0== σα  
GBM Poisson-GBM 

(negative u) 
Poisson-GBM 
(positive u) 

β1   1.96643 1.35829 6.1
                                                 
39 We have used Mathematica’s ‘FindRoot’ command, which employs a damped Newton’s method, as the 
solution means for the roots of this equation. 

28 
 



τ*  
($/ton CO2) 

$23.16 $48.20 $55.03 $43.94 

A1  165,944 27,607 1,156,735 
F(τ)  1.6165,944τ  1.9664327,607 τ  1.358291,156,735τ  

 
 
It is obvious that uncertain future permit values lead to an increase in the required excess 
return of the clean unit as determined by τ.  As noted, this is due to the fact with uncertain 
emissions prices, τ may fall below τ* tomorrow, rendering the clean plant investment 
decision sub-optimal.  As a result, there is an opportunity cost of investing in a clean plant 
today and this opportunity cost increases with the probability of lower future CO2 prices, as 
can be seen most intuitively from the higher τ* for the negative Poisson jump example.  The 
firm prefers to retain its investment option until τ has reached a level that ensures the 
optimality of the clean unit’s construction.  The greater the probability of lower future CO2 
prices, the higher will be the τ* that satisfies this condition. Assuming that exogenous market 
forces determine capacity requirements and thereby create deadlines for new capacity or for 
replacement of retiring capacity, the higher critical τ*s in the presence of GBM and negative-
jump Poisson-GBM uncertainty reduces the probability that permit prices will reach τ* before 
the firm’s investment decision deadline, implying that firms are more likely to invest in the 
dirty option when emissions policy is uncertain and weak.   
 
In the context of this example, IGCC construction becomes optimal soonest in the stationary 
deterministic model when permit prices are stationary and deterministic (i.e. when emissions 
policy is a known fixed tax), then in Poisson-GBM model with positive jumps, followed by 
the GBM model, and finally under the Poisson-GBM model with negative jumps.  This 
implies that the dirty plant is most likely to be chosen in the negative jump-diffusion model, 
when the potential drop in future CO2 permit prices creates the largest downside risk for 
investment in the clean plant.  Note that the government may prefer to remain uncommitted 
regarding environmental policy40 and that without performing a welfare analysis, government 
objectives should not be prescribed, but if it were found optimal for the government to 
minimize the effects of emissions price uncertainty on clean capacity investment delay, these 
models recommend a credible and certain CO2 tax as the most appropriate policy with the 
next best option being a cap-and-trade scheme whose cap is either sufficiently high or 
expected to become tighter. 
 

 
5  Parameter Dependence and Analysis 

 
 The results above are obviously dependent upon the parameter assumptions outlined in Table 
1.  Note that the calculated τ* values are not claimed to be perfectly realistic (recall that I 
have abstracted from price and quantity uncertainty, for example), but their relative values 
are useful and carry interesting policy implications.  The remainder of this section focuses on 
how the results from the two models depend on the parameter assumptions, particularly those 
related to the evolution of emissions prices.  I will look first at the GBM model, then at the 
two cases of the Poisson-GBM model, and then compare the two. 

 

                                                 
40 See the discussion at the end of the next section and Pindyck (2000). 
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5.1 Model 1: GBM 
 
The GBM process in Model 1 implies that a lower value of τ is equally likely as a higher 
value of τ in any period.  The chance that τ may fall creates an opportunity cost of immediate 
investment in the clean plant and the value of the option to invest is equal to this opportunity 
cost.  Thus, assuming the firm has not arrived at its investment deadline, it continues to hold 
the investment option at low values of τ (i.e. when τ<τ*, because in this 
region ( ) ( )F Iτ θ τ> −Δ ), and this option has a value of .  Once τ reaches the 
critical τ*, the value of the option and the value of the clean plant become equal, the option is 
exercised, and the firm receives

1
1)( βττ AF =

IΔ−)(τθ .  The critical permit price at which exercising the 
clean-instead-of-dirty option is therefore found at the point where becomes 
tangent to 

1
1)( βττ AF =

IΔ−)(τθ  (see Dixit and Pindyck, 1994).  Higher levels of uncertainty (as 
measured by σ) lead to a tangency at higher values of τ.  This is made explicit in Figure 1.    
 

 
Figure 1: F(τ) as a Function of τ for Different Values of σ41 

5 10 15 20 25 30 35
tau

1. �107

2. �107

3. �107

4. �107

5. �107

6. �107
�tau�F

 
 

σ = 0.4

σ = 0.3

σ = 0.2

 
Figure 1 presents the value of the option to invest in the clean IGCC unit rather than the dirty 
scrubbed coal unit, F(τ), in the GBM model as a function of the price of CO2 permits for 
different values of σ, the variance parameter of the CO2 permit price process.42   An increase 
in σ increases the risk that the firm will learn tomorrow that permit prices have fallen low 
enough to have made the dirty plant the optimal, meaning that increasing σ leads to a greater 
opportunity cost of investing in the clean alternative today rather than waiting.   As such, 
increasing the value of σ causes an increase in the value of the option to invest, F(τ), and 
leads to a point of tangency between F(τ) and θ(τ)- ΔI at a higher critical permit price τ*.  The 
higher CO2 price is required to ensure τ won’t in the future fall back below the level at which 
the dirty plant is optimal.    
 

                                                 
41 In this and all subsequent figures, parameter values are as given in Table 2 unless otherwise noted. 
42 Recall equation 3 from Section 3.1:Var . )1()]([

222
0 −= tt eet σαττ
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When τ < τ* and the firm’s investment deadline has not been reached, then, increasing σ 
causes a general delay in any new plant investment.43  In the context of this example, firms 
able to delay investment in the clean IGCC unit will do so until τ> τ*, while firms that reach 
their investment deadline before τ exceeds τ* will build the default coal plant.  Thus, 
uncertain carbon emissions policy should cause both a general delay in capacity investment 
and a reduction in clean plant investment specifically, relative to the case where permit prices 
are certain and sufficiently high.  
 

 
Figure 2: GBM τ* as a Function of σ 
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The dependence of τ* explicitly on σ for different values of δ is presented in Figure 2.  Again, 
τ* is higher for higher values of σ.  Also, recall that δ≡r-α, so that two thought experiments 
are possible: 1) assume r (the discount rate) is fixed and attribute changes in δ  to changes in 
α (the drift rate of the CO2 price’s GBM process) and 2) assume α is fixed and attribute 
changes in  δ to changes in r.  When r is constant, increases in δ are due to reductions in α, 
implying that smaller values of  α lead to a higher τ*, an intuitive result given the equation for 
the expected value of the τ as provided in Eq. 2 in Section 3.1.  as α is the drift parameter of 
τ’s GBM process.  The smaller the positive (or larger the negative) drift in τ, the smaller the 
expected excess future payoff from the clean plant, and the larger τ* needs to be for clean 
investment to become optimal.  Equivalently, a larger α implies a larger cost-savings for the 
clean plant, and clean investment becomes optimal at a lower τ*.  
 
Increasing the firm’s discount rate, r, for a given value of α leads to a larger δ, and, again, a 
larger critical τ* and a delay in clean-plant investment.  Recall that the payoff from clean 
investment has been defined as the excess profit from clean (rather than dirty) plant 
investment, a function that is increasing in τ.  The larger the firm’s discount rate, the smaller 
the present value of this excess profit, and the larger is the τ* that makes the clean investment 
optimal.  These explanations for the effects of δ on τ*, combined with the above-explained 
effects of σ on τ*, account for the steeper increase in τ* with larger values of δ. 
 
                                                 
43 This is the standard result of option pricing models, and of the Dixit and Pindyck (1994) style investment-
under-uncertainty models. 
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Figure 3 presents the dependence of τ* on δ for different values of σ.  The rate of increase in 
τ* rises slightly as δ gets larger, and this rate of increase declines with σ.  Recall 
that rδ α≡ − .  It could be assumed, following Dixit and Pindyck (1994) that r is constant, 
meaning that changes in δ are due to changes in α.  As above, increases in δ occur when α 
falls, leading to an increase in τ*.  When δ > r, α < 0, indicating a negative drift rate in the 
CO2 price, and a greater critical τ* for clean-plant investment with a given σ.  As σ increases, 
the effect of α on the slope of τ*(δ) in Figure 3 declines, as the variance in the CO2 price 
overtakes the drift rate in importance in the determination of τ*. 
 

 
Figure 3: GBM τ* as a Function of δ 
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5.2 Model 2: Jump­Diffusion    
 

I now consider the dependence of the second model’s results on the parameter assumptions 
related to τ’s stochastic process.  Here, τ evolves according to a jump-diffusion 

udqdzdtd ++= σταττ .  Recall that λ is the mean arrival rate of the permit price jumps, 

meaning that as λ increases, the amount of time between jumps in the permit prices ⎟
⎠
⎞

⎜
⎝
⎛
λ
1 44 

falls, so that for any given value of u, a larger λ leads to more frequent jumps in the permit 
price.  This implies lesser downside risk for a given positive u, and greater downside risk for 
a given negative u.  A similar interpretation can be applied to values of u for a given value of 
λ.  When CO2 price jumps are expected to be positive, a larger u for a given λ implies lower 
downside risk and therefore a lower τ*.  When u is negative, larger jumps are associated with 
increased downside risk and a higher τ*. 
 
Figures 4 and 5 depict how the critical τ* depends on λ for negative and positive values of u, 
respectively.  It is obvious from Figure 4 that a higher λ with a negative u implies a higher 

                                                 

44 This is a property of the Poisson process.  The expected time until a jump is ∫
∞

− ==
0

1][
λ

λε λ dtTeT T .  See 

Dixit and Pindyck (1994) or Kannan (1979). 
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critical τ*, and from Figure 5 that a higher λ with a positive u implies a lower critical τ*.    
What is less obvious is that λ is affecting θ(τ), the value of investing in a clean plant rather 
than a dirty one, in two ways.  Remember from equation 22 in Section 4.2 

that
1 ( )E d u
dt

τ α λ
τ

= + , meaning that an increase in λ leads to a larger expected percentage 

change in τ in each period (positive or negative, depending on u).  This tends to increase the 
opportunity cost of investing in a clean plant now in the case of a negative u, and decrease the 
opportunity cost with a positive u.   This in turn increases or decreases F(τ), respectively, and 
τ* follows.  Also, recall from Eq. 28 in Section 4.2 that , which 
implies that increasing λ leads to an increase in the instantaneous variance of the percentage 
changes in τ, regardless of the sign of u.  When u is negative, both of these influences work 
on τ in the same direction, and when u is positive, the work opposite each other.  This 
explains the reduction in the decline in τ* as λ increases in Figure 5, as a higher λ leads to a 
smaller decline in F(τ), and thus in τ*.   

dtudtdVar 2222][ τλτστ +=
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The solid curve for u= +0.8 in Figure 5 illuminates a further interesting point.  When both λ 
and the jump size are sufficiently large, the expected value of both investments (clean and 
dirty) declines, while the value of the option to invest in the clean plant, F(τ),  increases.  The 
result is a higher critical τ* than in the case of smaller positive jumps, which explains the 
increasing convexity of the τ* functions in Figure 5 for larger values of u. 
 
 

 
 

 
Finally, Figure 6 depicts the dependence of τ* on σ for different values of δ, for positive u 
values.  The relationship is similar to the one found in the GBM model and for the same 
reasons, as CO2 prices evolve here between jumps according to the same GBM as above.  
Thus, again, increasing σ for any value of δ again tends to increase the critical τ* because 
increasing the variance of future permit prices increases the downside risk of the clean plant 
investment, which increases the value of the investment option relative to the payoff received 
from immediate investment.  Intuitively, the greater the instantaneous variance of dτ, the 
larger τ* must be before the firm is convinced that future permit prices will not fall low 
enough to have made the dirty choice optimal.  The graph showing τ* as a function of σ for 
negative values of u is relegated to Appendix 6. 
   
Both of these models show that increasing uncertainty over future emissions prices causes 
electricity generating firms to delay their plant-type investment decisions, and even to avoid 
clean investment when the critical τ* is not reached before the firm’s investment deadline 
arrives.  The inclusion of the possibility of jumps in permit prices as the government learns 
more about the effects of CO2 emissions was broken into two cases here: one in which price 
jumps were expected to be positive (associated with increasingly strict future emissions 
policy), and one where they were expected to be negative (associated with increasingly 
lenient future emissions policy).  When the emissions cap is expected to tighten in the future, 
clean investment happens sooner relative to when prices are assumed to evolve according to a 
jumpless GBM process, but later than in the case of emissions price certainty (i.e. under a 
carbon tax scheme).  If firms expect the emissions cap to loosen (because of security of 
supply concerns or government focus on growth or fuel poverty issues), then clean 
investment requires the highest critical τ* and sees the longest delay, implying the greatest 
probability of investment in the dirty alternative when firms face investment deadlines.  An 
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interesting extension to this model would account for the case where the firm is not certain 
which direction permit prices might jump. 
  
The fact that τ* is lowest when emissions prices are certain indicates that clean investment is 
induced soonest in the case of an emissions tax.  As previously noted, however, the 
government faces a similar problem regarding environmental uncertainty and policy timing, 
as the government learns more about the costs and benefits of environmental regulation over 
time.  In such a situation, it may be optimal for the government to delay the establishment of 
environmental policy.  (See, e.g., Pindyck (2000).)  Note also that a welfare analysis of the 
various policies alluded to above has not been performed, but if capacity investment (and 
particularly clean capacity investment) was found to be desirable, the models presented above 
indicate that a credible certain carbon price in the form of an emissions tax would alleviate 
the investment delay problems caused by uncertain allowance prices.  If, however, cap-and-
trade regimes remain the most popular form of environmental regulation, the models here 
suggest that clean investment delay resulting from uncertain emissions prices could be 
reduced in one of two ways:  1) by setting a more stringent original cap while retaining the 
ability to relax emissions standards in the future, or 2) by establishing a less-stringent initial 
cap, but credibly relinquishing the right to its future alteration.   
 
 

6  Conclusions 
 
This paper presents two models that investigate the plant-type construction decision of an 
electricity generating firm under two alternative stochastic processes for CO2 price 
uncertainty.  These stochastic processes were chosen to represent varying degrees of 
regulatory policy commitment and were compared to the case in which permit prices are set 
and known with certainty (i.e. the case of a certain emissions tax).   In the first model, the 
regulator is assumed to have established a fixed emissions cap under which permits are traded 
freely between firms, while in the second, the regulator maintains the right to alter the 
emissions cap in the future.  Because of the irreversibility of a power plant investment and 
uncertainty over future emissions prices, both of the models are based on real options theory 
from the literature surrounding Pindyck (1991a,b),  McDonald and Siegel (1986), and Dixit 
and Pindyck (1994) and both were solved using the method of dynamic programming.   
  
The motivations behind this paper were related to the importance of electricity availability for 
sustained economic growth and to the uncertainty over potentially catastrophic climate events 
exacerbated by generation via dirty fossil fuels.  Each successive government, then, is faced 
with the task of balancing the opposing objectives of economic growth, security of supply 
and environmental regulation, leaving future emissions prices and policy uncertain from the 
perspective of the firm.  It is important to understand the impact of this uncertainty on a 
firm’s plant-type investment decisions for the purpose of energy and policy planning. This 
decision, and the usefulness of real options analysis in modelling it, was therefore the focus 
of this paper. 
  
Because generation via coal combustion is the most profitable in the absence of 
environmental regulations, and given the success and popularity of cap-and-trade emissions 
regulation (e.g. the CAAA 1990’s SO2 scheme in the US and the EU ETS), it was assumed 
that 1) a firm’s default investment decision is a “dirty” coal combustion plant, and 2) firms 
are operating under a cap-and-trade programme for CO2 emissions.  In this setting, I sought 
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the critical permit price, τ*, at which it becomes optimal for a firm to switch its investment 
choice from “dirty” to “clean”. 
  
The models presented in Section 3 made it clear that the possibility of reduced future permit 
prices creates an opportunity cost of immediate investment, thereby creating an option value 
for the firm trying to choose between its clean and dirty alternatives.  In the GBM model, 
uncertainty over future permit prices is due entirely to the price volatility encountered 
through the free trading of the emissions permits.  In the jump-diffusion model,  permit prices 
are also able to jump at random intervals as the regulating body alters future CO2 caps.   
The results, presented in Section 4, show that uncertainty over future emissions policy causes 
a general delay in all investment, and a reduction in clean plant investment.  As seen in the 
example provided, this delay is most pronounced in the jump-diffusion model when firms 
expect the emissions cap to become looser at some point in the future.  Here, the clean-
investment-inducing τ* was more than twice that of the stationary deterministic (tax) 
reference case, and 14% larger than in the GBM case.  When permit prices were modelled as 
following a GBM, the effect was still quite large, with τ* approximately twice as large as in 
the stationary deterministic case.  When emissions caps were expected to tighten in the jump-
diffusion model, the critical τ* was lower than in the GBM case, but still higher than in the 
reference certainty case. 
  
The results imply that uncertain environmental policy leads to a reduction in investment in 
clean generating capacity and a delay in capacity investment in general, particularly when it 
is possible for emissions regulation to become less stringent in the future.  Note that the 
government may prefer to retain flexibility in the prescribed environmental policy in order to 
assimilate information about the future costs and benefits of environmental regulation, and 
the establishment of any particular emissions policy is not being prescribed without a 
complete welfare analysis.  However, the results indicate that if timely capacity investment 
and emissions regulation were found to be desirable, a known and certain emissions tax may 
be the most appropriate form for environmental policy to take.  The models show that in the 
case of a cap-and-trade scheme, the effects of uncertainty are most pronounced when the 
government retains the right to loosen emissions caps in the future, implying that the 
establishment of a sufficiently stringent policy to which the government will remain credibly 
committed would be the most effective means of increasing the quantity of clean generating 
capacity in the US, should that be found to be desirable.   
  
Several useful and interesting extensions to this work are possible, including the 
incorporation of construction lags, construction subsidies and project financing schemes, the 
analysis of additional unit-specific decisions, and the effects of a standard jump-diffusion 
process where u could be either positive or negative.  The incorporation of uncertainty over 
prices and quantities of future inputs and outputs would also make an interesting study, as 
would the parallel analysis of the policy timing decision of the government. 
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Appendix 1- Derivation of the continuous-time Bellman  
 
In discrete time the firm’s objective is make the investment decision such that 
 

⎭
⎬
⎫

⎩
⎨
⎧

+
= ++ )]([

1
1max)( 11 ttttt FE

r
F ττ .  Eq. A1.1 

We are working in continuous time, however, meaning that the firm will be concerned with 
the rate of change of the current payoff and the continuation value per unit time.  Thus, if Δt 
is the length of the time period, r is the discount rate per unit time and τ ′  represents the value 
of τ in the next period, the firm’s objective is 
 

1( ) max [ ( )]
1

F E
r t

Fτ τ⎛ ⎞ ′= ⎜ ⎟+ Δ⎝ ⎠
. 

 
Multiplying both sides by  and rearranging,  trΔ+1
 

( ) max [ ( )]r tF E Fτ τΔ = Δ . 
 
Dividing by Δt and letting  so that time is continuous, the firm’s objective of  0→Δt
 

1( ) max [ ( )]rF E dF
dt

τ τ= ,  Eq. A1.2 

is revealed, leaving Bellman Eq. 11 in Section 3.1 for this problem as follows: 
 

1( ) [ ( )]rF E dF
dt

τ τ= .  Eq. A1.3 

Equation A1.3 simply states that the normal rate of return on the option to invest in a clean 
plant must equal the expected change in the value of the option.  In other words, the total 
expected return on the option is just equal to the option’s expected capital gain per unit of 
time.  
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Appendix 2- Model 1 Derivation of F(τ) differential equation from 
Bellman Equation 11 
 
Recall the Bellman Eq. 11 for the value of the investment option given in Section 3.1 and in 
Eq. A1.3 on the previous page: 
 

1( ) [ ( )]rF E dF
dt

τ τ= .  Eq. A2.1 

From equation A2.1 the differential equation for F(τ), the value of the clean-plant investment 
option, is gleaned.  In order to proceed, expand the right hand side of Eq. A2.1 as follows: 
 

τ
τ
τττ dFdt

t
FdF

∂
∂

+
∂

∂
=

)()()( . 

 

Because F(τ) is not an explicit function of time in this case, 0)(
=

∂
∂

t
F τ

.  Using Ito’s Lemma 

and eliminating all elements containing dt to a power greater than one,  
 

2 21( ) ( ) ( ) ( )
2

dF F dt F dz F dtτ ατ τ στ τ σ τ τ′ ′ ′′= + + .  Eq. A2.2 

 
[ ] 0E dz = ,  Taking the expectation, and recalling that

 
2 21[ ( )] ( ) ( )E dF F dt F dt

2
τ σ τ τ ατ τ′′ ′= + .  Eq. A2.3 

 
Plugging equation (A2.3) into (A2.1), the Bellman yields  
 
 

2 21 1( ) ( ) ( )
2

rF F dt F dt
dt

τ σ τ τ ατ τ⎡ ⎤′′ ′= +⎢ ⎥⎣ ⎦  
 
which can be rearranged and simplified to reveal the differential equation for F(τ), presented 
as Eq. 12 in Section 3.1: 
 

2 210 ( ) ( ) ( )
2

F r rF( ) Fσ τ τ τ′′= + −

r

δ τ τ′− ,  Eq. A2.4  

 
Where, recalling that δ α≡ − , α has been replaced with r - δ in order to eliminate one 
parameter from the calculations. 
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Appendix 3- Derivation and solution of the characteristic equation 
for the solution of differential Eq. 12 in Model 1 
 
 
The characteristic equation that yields β1 and β2 is just the equation that results from plugging 
the solution form ( )F A βτ τ=  into the differential equation, repeated here for convenience: 
 

2 210 ( ) ( ) ( )
2

F r F rF( )σ τ τ δ τ τ τ′′ ′= + − − .  Eq. A3.1 

 
When ,  and .  Substituting into the 
homogeneous portion of Eq. A3.1,  

βττ AF =)( 1)( −=′ βτβτ AF 2)1()( −−=′′ βτββτ AF

 
2 2 2 11 ( 1) ( )

2
A r A rAβ ββ β τ σ τ δ τβ τ τ− −− + − − 0β =

 
 
which, because , is just βττ AF =)(
 

21 ( 1) ( ) ( ) ( ) ( )
2

F r F rFβ β σ τ δ τ τ− + − − 0=
 

 
or 
 

( )( )21 ( 1) ( )
2

r r Fβ β σ δ β τ⎡ ⎤⎛ ⎞− + − − =⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
0

βττ AF =)(

.  Eq. A3.2 

 
Thus, in order for to be a solution to the homogeneous portion of Eq. 12 in 
Section 3.1 (and Eq. A3.1 above), the following must be true 
 

( )21 ( 1) r rβ β σ δ β− + − − = 0
2

. 

 
Collecting terms in β, the characteristic equation is revealed: 
 

2 2 21 1( )r rσ β δ σ β+ − − − = 0
2 2

.  Eq. A3.3 

 
The two roots of this quadratic equation are 
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1 2 2
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39 
 



and 
 

2 2

2 2 2

1( ) ( 2 )1 ( ) 4 0
2

r r rr δ δ σ σδβ
σ σ

− + − + +−
= − − <

2

.
   Eq. A3.5 
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Appendix 4- Model 2 Case 2 derivation of differential equation for 
F(τ) when τ follows a jump-diffusion process 
 
Recall the Bellman Eq. 31 for the investment problem from Section 3.2  
 

1( ) [ ( )]rF E dF
dt

τ τ= .  Eq. A4.1 

The jump-diffusion process τ follows in this model requires us to adopt a different version of 
Ito’s lemma to expand the right hand side of Eq. A4.1.  Here, as in Model 1, 
 

τ
τ
τττ dFdt

t
FdF

∂
∂

+
∂

∂
=

)()()( , 

 
but from Eq. 20, d dt dz dqτ ατ στ τ= + + , and F(τ) is not an explicit function of time, 

meaning 0)(
=

∂
∂

t
F τ

.  
( )F dτ τ
τ

∂
∂

can then be broken into two parts: one due to the geometric 

Brownian motion portion of Eq. 20, which can be gleaned from the standard version of Ito’s 
Lemma, and the second due to the jump process in Eq. 20.  Thus, 
 

2 21[ ( )] ( ) ( ) [ ((1 ) ) ( )]
2

E dF F dt F dt F u F dtτ ατ τ σ τ τ λ τ τ′ ′′= + + + −       

2 21( ) ( ) [(1 ) ] ( )
2

F dt F dt F u dt F dtατ τ σ τ τ λ τ λ τ′ ′′= + + + −   Eq. A4.2 

 
Substituting equation (A4.2) into the right hand side of equation (A4.1),  
 

2 21( ) ( ) ( ) [(1 ) ] ( )
2

rF dt F dt F dt F u dt F dtατ τ σ τ τ λ τ λ τ′ ′′= + + + −τ . 

 
Dividing by dt and rearranging, the differential equation for F(τ) is revealed: 
 

2 210 ( ) ( ) [(1 ) ] ( ) ( )
2

F F F u r Fσ τ τ ατ τ λ τ λ τ′′ ′= + + + − + . Eq. A4.3 

41 
 



 

Appendix 5- Characteristic equation for Model 2 Case 2 
 
Recall the differential equation given by Eq. 32 in Section 2.2: 
 

2 210 ( ) ( ) [(1 ) ] ( ) ( )
2

F F F u r Fσ τ τ ατ τ λ τ λ τ′′ ′= + + + − + , Eq. A5.1 

which will have a solution of the form  
 

1)( βττ AF = 1

1
1)( βτ FAF = 1

11
1)( −=′ βτβτ AF 2

111
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.  Eq. A5.2 

 
 Here, as in the Appendix 3,  
 

,  and .     Eq. A5.3 

 
Inserting equations A5.3 into the differential equation A5.1,  
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Thus, in order for  to be a solution to Eq. 32, β1 must solve 1

1)( βττ AF =
 

12
1 1 1

1 ( 1) ( ) (1 ) ( ) 0
2

r u rβσ β β δ β λ λ− + − + + − + = ,  Eq. A5.4  

 
where, again, α has been replaced with r - δ.  The solution for β1 from Eq. A5.4 can not be 
found analytically and must therefore be solved numerically.   
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Appendix 6: τ* as a function of σ with negative u 
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