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Abstract

This thesis mainly concerns a continuous-time behavioral consumption model under
Kahneman and Tversky’s cumulative prospect theory. Mathematically this is a non-
concave maximization problem because of the presence of an S-shaped functional and
the presence of so-called probability distortions. By using a quantile method and
divide-and-conquer scheme, we solve the problem quite explicitly and the optimal
consumption is in general characterized in two parts: the agent has rich consumption
above the benchmark in good situations and suffers from hunger (i.e. no consumption)
in bad situations. An example is given to show that judging whether the market is
good or bad depends highly on the agent’s benchmark. Finally we give the strategy
for optimal consumption and portfolio selection to maximize behavioral utilities from

both consumption and terminal wealth.
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Chapter 1

Introduction

This chapter summarizes the work of the thesis. First, I give lterature review on the
topic indicated by the title. Then I explain the constribution of the thesis and give

its outline.

1.1 Literature Review

One problem in finance theory is utility maximization in continuous time, for example
Merton [14, 15], Karatzas and Shreve [11]. Specifically speaking, an agent with an
initial endowment can consume while also investing in the market. The objective of
this agent is to maximize the utility of consumption over the planning horizon, or
to maximize the utility of wealth at the end of time period, or to maximize the sum
of the both. Conventionally people use Expected Utility Theory (EUT) to model
an agent’s utility while facing uncertainty. The theory, based on von Neumann and

Morgenstern [19], has three key assumptions:

(i) The agent is rational and able to objectively evaluate probabilities.

(ii) The agent evaluates wealth according to final asset positions only.

(iii) The agent is uniformly risk-averse, i.e. her utility function is globally concave.

However EUT has long been challenged as these assumptions were found inconsistent
with the situation in the real world. Besides there are paradoxes and puzzles that
EUT fails to explain, for example Allais paradox (Allais [1]) and the equity premium
puzzle (Mehra and Prescott [13]).

There are a number of alternative preference models to EUT, among which, Quig-
gin’s rank-dependent utility theory [16], Yaari’s ”dual theory of choice” [21], Lopes’s
SP/A model [12], and Kahneman and Tversky’s cumulative prospect theory (CPT;
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[10, 18]) are notable. These theories among others gave birth to a new branch of
economics, i.e. behavioral economics, which features the influence of the agent’s psy-
chology on making decisions in the face of uncertainty. CPT is widely regarded as
the richest behavioral economic theory, which replaced the above three assumptions

of EUT correspondingly with:

(i) The agent has probability distortion, which is nonlinear by amplifying a small
probability and underestimating a large probability.

(ii) There is a reference point or benchmark in wealth that differentiates gains and

losses.

(iii) The agent is risk-averse on gains and risk-taking on losses, i.e., her utility func-
tion (which is called value function in CPT) is concave on gains and convex on

losses.

There has been burgeoning research in incorporating behavioral theories into portfolio
choice selection. Most of the research is either limited to single-period models or some
ingredients in (i)-(iii) are missing. For example, the single-peirod research includes
Benartzi and Thaler [2], Shefrin and Statman [17], De Giorgi and Post [4], and He
and Zhou [5]; while Berkelaar et al [3] consider a special case in continuous time with
some ingredients of CP'T but without probability distortions. The main difficulties lie
in that due to the existence of probability distortions and S-shaped utility function,
conventional methods for EUT like dynamic programming or convex analysis are not
applicable.

For the continuous-time setting, Jin and Zhou [8, 9] first construct a general model
under CPT in a complete market and solve the problem of utility maximization of
lower bounded terminal wealth at the end of planning horizon. The key method in [§]
includes a divide-and-conquer procedure and a quantile formulation and a technique
to solve a concave Choquet minimization problem. The structure of the optimal
terminal wealth is of two parts, indicating a bet on a good state of the market while
accepting a fixed loss in a bad one. Zhang, Jin and Zhou [22] apply the approach in a
similar model, but in which the terminal wealth has a fixed lower bound. Due to the
existence of loss control (i.e. the lower bound), the structure of the solution features
in three parts: the agent has gains in the good states of market, gets a moderate
constant loss in the intermediate states, and suffers the maximal loss (which is the

given bound for losses) in bad states.



1.2 Main Contributions

In the thesis, we extend Jin and Zhou [8] to maximizing utility of intertemporal
consumption. Essentially by following the approach developed in [8], we solve the

problem quite explicitly. The approach consists of several steps.

Step 1. Our problem is law invariant in that if two consumption processes (for ex-
ample ¢1(-),c2(+)) have the same probability law at each time (i.e. ¢(t) ~
co(t), a.e.t € [0,T]), the agent would get the same utility from them. Due to
this property, we use the quantile method to transform the original problem
from looking for the optimal stochastic process (i.e. the consumption process)
into finding an optimal two-variable function (see Lemma 2). Then we have a

discussion of the well-posedness of the problem (see Theorem 1).

Step 2. In order to handle the S-shaped utility function in the transformed problem
(2.5), we use the divide-and-conquer procedure, that is to decompose the prob-
lem into a positive part problem and a negative part problem, by introducing

some auxiliary parameters (see Theorem 2).

The positive part problem is essentially a concave maximization problem,
which we solve by using variational calculus on quantile functions (see Theorem
3).

The negative part problem involves minimizing a concave functional. We

solve it by looking for the corner point in the functional space (see Theorem 4).

Step 3. After solving the positive and negative part problems, the solution to the
original problem can be found by optimizing the parameters introduced in the

second step (see Theorem 5 and 6).

We should mention that the quantile method is further develped by He and Zhou
[6]. Like [8, 22], they only employ the method in solving different portfolio selec-
tion problems that are essentially about looking for the optimal random variables.
However, in our paper, we manage to make the quantile method work for stochastic
processes.

Another notable result is that the solution of our problem is surprisingly char-
acterized by only two parts: the agent has rich consumption above the benchmark
in good situations and suffers from hunger (i.e. no consumption) in bad situations
(see Theorem 6). This is different from that of [22]. [As the consumption process is

nonnegative (thus 0 is the lower bound), one might expect our problem is similar to
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that of [22].] Thus the structure of our solution is more like the one of Jin and Zhou
8], in which there is no lower bound contraint.

Then we solve a specific example with with a two-piece CRRA utility function to
illustrate our result. We find that under some assumptions, judging the market is in
good states or bad states highly depends on the agent’s reference point or benchmark.
If the agent has a lower benchmark, then she tends to believe that the market is good.
Conversely, if her bechmark is higher, then she tends to believe the market is bad.

After solving the optimal consumption problem, we give the strategy on how
to find the optimal consumption and portfolio selection to maximize the behavioral
utilities from both consumption and terminal wealth. The strategy is to divide the
initial wealth into two parts, then use one part for maximizing the consumption and
the other for the terminal wealth, then the best strategy lies in the best dividing by

comparing the sum of the utilities from consumption and terminal wealth.

1.3 The Outline

Chaper 2 is devoted to the main part of the thesis. Section 2.1 is devoted to the
formulation of the behavioral model. We reformulate the problem by quantile method
and give sufficient conditions to guarantee its well-posedness in Section 2.2. In Section
2.3 we present the divide-and-conquer scheme. In Section 2.4 and 2.5, we respectively
solve a concave maximization and a concave minimization problem, which arise from
the solution scheme. The main result is given in Section 2.6. An Example with a
two-piece CRRA utility function is presented in Section 2.7. Section 2.8 addresses
the problem of maximizing utilities from both consumption and terminal wealth in
the framework of CPT. We conclude in Chapter 3. Technical preliminaries are found

in the appendix.



Chapter 2

Model and Solution

2.1 The Market Model and CPT criteria

In this chapter, (2, F, P,{F;}+>0) is a given probability space on which is defined a
standard F;-adapted m-dimensional Brownian Motion W (¢t) = (W(t),..., W™(t))
with W(0) = 0. Here and throughout the paper A" denotes the transpose of a matrix
A. We assume that the filtration {F;}:>o is generated by the Brownian motion and
augmented by all the null sets.

We define a continuous-time financial market involving consumption following
Karatzas and Shreve [11]. Fix 7" > 0 as the terminal time. In the market there are
m + 1 assets being traded continuously. One of the assets is a bank account whose

price process Sy(t) is subject to the following equation:
dSO(t) = T(t)SO(t)dt, t e [O,T], S()(O) =59 >0,

where the interest rate r(-) is an F-progressively measurable, scalar-valued stochastic
process with fOT |r(s)|ds < +00,a.s.. The rest assets are stocks whose price processes

Si(t),i =1,...,m, satisfy the following stochastic differential equations (SDEs):

dS;(t) = Si(t)[mi(t)dt + > o3 ()dW (1)), t € [0,T]; S;(0) = s; > 0,
j=1
where p;(-) and o;(t), the appreciation and volatility rates, respectively, are scalar-

valued, F;-progressively measurable stochastic processes with
[ m m
/ )]+ 0i(t)?| dt < +00,a.s..
0 li=1 ij=1
Set the excess rate of return vector process B(t) := (u1(t) —r(t),. .., um(t) —7r(t)),

and define the volatility matrix process o(t) := (0;;(t))mxm. We impose the following

basic assumptions on the market parameters:
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(i) There exists a € R such that a < fOTT’<S)d8 < 400, 0a.5.;

(ii) There exists a unique R™-valued, uniformly bounded, F;-progressively measur-
able process () such that o(t)0(t) = B(t),a.e.t € [0,T],a.s..

It is well known that under these assumptions there exists a unique risk-neutral
probability measure () defined by %| 7 = p(t)So(t), where

oty = exp { = [[1rs)+ glo()Plas - [ otsyaw(s)}

is pricing kernel or state density price. It is clear that 0 < p(t) < +o0, a.s,, and
0 < Ep(t) < +oo,Vt € [0,T].
A random variable ¢ is said to have no atom if P(§ = a) = 0,Va € R. We need

the following assumption throughout this paper:
Assumption 1. For each t € (0,T}], p(t) admits no atom.

This assumption is not essential, and is imposed to avoid undue technicality. In
particular, it is satisfied when r(+) and 6(-) are deterministic with fot 0(s)|?ds # 0Vt €
(0,77 (in which case p(t) is a nondegenerate lognormal random variable).

A portfolio process (mo(+),7(+)) consists of an F-progressively measurable, real-
valued process my(-) and an Fi-progressively measurable, R™-valued process 7(:) =
(m1(+), ..., mm(+)) such that

/o lo(t)7(t)Pdt < +o0, /o |B(t)' 7 (t)|dt < 400, a.s..

A consumption process is an Fi-progressively measurable, nonnegative process c(-)
satisfying fOT c(t)dt < +o00,a.s.. It is known that if an agent with initial endowment
xo > 0 chooses a consumption process c(-), then the corresponding wealth process
x(+) will be governed by the following SDE:

{ dr(t) = [r(t)z(t) — c(t) + B{t)n(t)]dt + = (t) o (t)dW (t),t € [0,T], (2.1)

z(0) = xo.

Given =z > 0, we say that a consumption and portfolio process pair (¢(-),7(+)) is
admissible at x, and write (c(-),7(-)) € A(z), if the corresponding wealth process
x(-) satisfies ™™ (t) > 0,t € [0,T]. Note that here we omit my(-) since that we can
recover mo(-) from 7(-), ¢(+), z(+) by the above SDE and z(t) = ﬂg(t)—{—ﬂ(t)’f—fot c(s)ds,
where 1 = (1,...,1)". The following result is from Karatzas and Shreve ([11], p. 93,
Theorem 3.5).



Proposition 1. Let x > 0 be given, let c(-) be a consumption process, and let & be a
nonnegative, Fr-measurable random variable such that E[fOT p(t)e(t)dt + p(T)E] = x.
Then there exists a portfolio process m(-) such that the pair (c(-),m(-)) is admissible
at x and & = ™™ (T).

In the conventional consumption theory, an agent’s preference is modeled by the
expected utility of the consumption process. In this paper, we study a consumption
model featuring human behaviors by incorporating the CPT framework of Tversky
and Kahneman [18]. First of all, we use a deterministic and nonnegative function b(-)
on [0,7] to denote the reference point or benchmark in CPT. Next, we are given two
time-dependent utility functions u, () and u_(-), both mapping from [0, 7] x R* to
R*, that measure utilities from gains and losses respectively. There are two additional
functions w, () and w_(+) from [0, 7] x [0,1] to [0, 1], representing the distortions in
probability for the gains and losses respectively. The technical assumptions on these

functions, which will be imposed throughout this paper, are summarized as follows:
Assumption 2.

(1) uy(s) and u_(-) : [0,T] x RT — R* are jointly measurable. For each t € [0,T],
us(t,-) are strictly increasing, concave, with uy(t,0) = 0. Moreover for each
t € [0,T], us(t,-) are strictly concave. u(t,-) is twice differentiable, with the

% = +o0, W = 0. Denote ui'(t,-) the inverse

Inada conditions
function of uy(t,-) w.r.t the second argument. Denote I, (t,z) as the inverse

function of &Lg—g”:) w.r.t x. We assume fOT us(t, I (t, 2))dt < 4+00,¥z > 0.

(ii) b(:) : [0,T] — R is measurable and bounded.

(iii) w4 () and w_(-) : [0,T] x [0,1] — [0,1], are jointly measurable, and w.r.t the

second argument are differentiable and strictly increasing. w4(-,0) = 0 and
wx(-, 1) = 1. Denote w! (t,x) := MJ{;—S’”C).

Now given a consumption process c(-), we assign it a value V(¢(+)) by

Vie()) = Vile()) = Va(e(), (2.2)

where

Vi(e() = fy Jo7 wi(t, Pluy(t, (c(t) = b(£)*) > y})dydt,

Vo(e() = Ji e w (8, PLu (1 (elt) — b(t) ) > y)dydt.
It is evident that V/(-) is nondecreasing in the sense that V(ci(+)) > V(eo(+)) for any
stochastic processes ¢;(+) and co(+) with ¢1(t) > co(t), a.s.,a.e.t € [0,T].
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Our problem is to find the most preferable portfolios and consumption, in terms
of maximizing the value V(c(-)), by continuously managing the portfolio and con-

sumption. The mathematical formulation is as follows:

Maximize V' (c(+))
subject to (c(-),7()) € A(xo).
In view of Proposition 1, in order to solve the above problem, one can first to solve

the following problem w.r.t the consumption process c(-):

Maximize  V(c(+))
subject to EfOT p(t)e(t)dt = xo, fOT c(t)dt < +00,a.s.. (2.3)
c(+) > 0,isF;-progressively measurable.

Set d(t) := c(t) — b(t), ag := g — E [} p(t)b(t)dt and

Ji(d()) = Vi(d(-) + (),
J_(d(-)) == V_(d(-) + b(-)),
J(d()) = J(d() = J-(d(-)),

then Problem (2.3) turns into

Maximize J(d(-))
subject to EfOT p(t)d(t)dt = ay, fOT d(t)dt < 400, a.s.. (2.4)
d(t) > —b(t),is Fi-progressively measurable.

2.2 Quantile Transformation and well-posedness

Recall that if a random variable X has a cumulative distribution function (CDF
henceafter) Fy : (—oo,00) — [0,1], then Fx is nondecreasing and right-continuous.
The upper quantile G% : [0,1) — [—00,00] and and lower quantile G : (0,1] —
[—00, 00| are defined as

Gi(y):=inf{z e R: Fx(z) >y}, y €[0,1)

Gx(y) :=inf{zx e R: Fx(z) >y}, y € (0,1].
It is well known that G (respectively, Gy ) is nondecreasing and right- (left-) contin-
uous.

Let G denote the set of all upper quantile functions, i.e.
G =:{G:[0,1) = [—00, 0|, nondecreasing, right-continous}.

Throughout this paper we denote respectively by F(¢,-) and F~!(¢,-) the CDF

and lower quantile of the pricing kernel p(t). Denote

G:={g:[0,7] x [0,1) = [—o00, 0], g(t,-) € G}.



Lemma 1. Ifd*(-) solves problem (2.4), and its upper-quantile function att is g*(t, -),
then d*(t) = ¢g*(t,1 — F(t, p(t))), a.s. a.e. t € [0,T].

Proof. Denote d(t) := g*(t,1—F(t, p(t))). If the conclusion is not true, then E fOT Ladt >
0, where A := {(t,w)|d(t,w) # d*(t,w)}. Then 3B C [0,7T] with positive Lebesgue
measure such that P(A;) > 0 for any t € B. As EfOT[p(t)d*(t)]dt < +o00, we have
Elp(t)d*(t)] < 400, a.e.t € [0,T] by Fubini theorem.

By Theorem B.1 of Jin and Zhou [8], E[p(t)d(t )] < E[ (t)d*(t)],a.e.t € [0,T] and
Elp(t)d(t)] < Elp(t)d*(t)],a.et € B. Thus Efo d(t)dt < Efo (t)d*(t)dt. Set

dy(t) := d(t) + 5, where a1 :=ag — Efo (t)d(t )dt > 0. Then d;(-) > d(-) and

E / " o)y = ap,

Thus it is feasible for problem (2.4). But Jy(di(-)) > J,(d(-)) = J(d*(-)), which
contradicts the optimality of d*(-). O

Denote Z; :=1—F(t, p(t)). Then Z; ~ U(0,1),t € (0,1]. Motivated by Lemma 1,
we replace d(t) in J(d(-))) with g(¢, Z;), where g(t,-) is the upper quantile of d(t).
Setting w, (t,x) := wy(t,1 — x) and by integration by parts, we can get:

J.(9(,2)) = / Oww+<t,P{u+<t,g<t,zt>+>>y}>dydt
- / w0 (PLg(Z) > w7 ), 9(Z0) > 0})dydt

0

_ /O T (PZ > Gl )} )dydt
= [ ] wec wagar
T rwi(G0))
_ / w9 (@) dadt
— /T uy(g9(2)w' (1 — 2)142)>0dzdt
= E/ U+(t g(t Zt))w+(t ]_ — Zt)lg(t,Zt)ZOdta

where G(t,-) is the CDF of d(t). Here and henceforth, we sometimes omit ¢ in any

time-dependent functions for notational simplicity if no confusion occurs.



Similarly,

J(9(2)) = / / ! (2)1yey<od=dt

= 8 [ gl ) A ot
0

Moreover, note that p(t) = F~1(1 — Z;), then Problem (2.4) turns into:

Maximize v(g f% fo u(t, z, g(t, z))dzdt (2.5)
subject to g e G o Jo gt 2)FH(t, 1 — z)dzdt = ay, '
where
u(t 2. 7) = uy (t, 2w, (1 — 2), ?f x>0,
—u_(t,—z)w' (t,z), ifz <O,
and

T
G := {g €G:yg(t,) > —b(t),Vt € [O,T],/ g(t, z)dt < +o0,a.e.z € [0, 1)} :
0
The following lemma verifies the equivalence of Problems (2.4) and (2.5).

Lemma 2. If d*(-) solves Problem (2.4) and its quantile function at t is g*(t,-), then
g*(+) solves Problem (2.5). Conversely, if Problem (2.5) admits an optimal g*(-), then
g*(+, Z.) solves Problem (2.4).

Proof. For the first part, by Lemma 1, d*(t) = ¢*(¢, Z), a.s.a.e.t € [0,T]. Then it is
casy to see that g*(-) € G. If the conclusion is not true, then there exists g;(-) such
that v(g1(-)) > v(g*(+)). Define dy(t) := g1(¢, Z;), which is feasible for (2.4). Then
J(di(+)) = v(g1(+)) > v(g*(-)) = J(d*()), contradicting the optimality of d*(-).

For the second part, set d*(t) := ¢*(t, Z;). If the conclusion does not hold, then
there exists d;(-) which quantile function at t is gy (¢, -), such that J(d(-)) > J(d*(-)).
As it Z) ~ di(t)act, then J(d()) = J@(-Z) = v(a() < o(g"() =
J(d*(+)). Then we get contradiction. O

Therefore in order to solve Problem (2.4), we just need to solve (2.5). Note that
in Problem (2.5), u(+) is an S-shaped functional on ¢(-) and the constraint on g(-) is
linear. One might try to solve it as a whole by Lagrange method and weak duality.
However by such method the solution does not necessarily have the properties in @,
especially the monotonicity. We present the scheme of solution in the next section.

Before concluding the section, we address the issue of well-posedness for Problem
(2.4) (thus also for Problem (2.5)). In general a maximization problem is ill-posed if

its supremum is infinite; otherwise it is called well-posed.
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Denote

_x@ui(t, r)/0z? .
ouy (t,x)/0x "’

which is called the Arrow-Pratt index of relative risk aversion of the utility function

R+(t,x) = > 0,

uy(+) at time ¢.

Another key function which will play an important role is
1
N(t,y) = — / F(41 — 2)dz. (2.6)
l—wll(t,l—y)

It is easy to check that N (¢, -) is continuous and strictly increasing on [0, 1), Vt € [0, T.
Denote N(t,-) as the concave envelope of N (t, ).

Theorem 1. Suppose that Assumptions 1 and 2 hold, then Problem (2.4) is well-posed

for any ag > 0 under the following conditions:
(1) liminf, . Ry (t,x) > 0 uniformly int € [0,T];
(ii) [} 1,(t, AN'(t,1))dt < 00,¥A > 0, where N'(t,z) := ZN(t, ).
(iii) [i} [ up(t, Lo (t, N' (6,1 —w (1 — 2)))wy (8,1 — 2)dzdt < oo.
Proof. See the Appendix. n

Remark 1. The main idea behind this theorem is that in ordr to guarantee the well-
posedness of Problem (2.4), we consider a related problem (Problem (A.1) in the
Appendiz) which dominates (2.4) (see Lemma 4 in the Appendixz). We solves the dom-
inating problem explicitly using Lagrange method and calculus of variation. Roughly
speaking, condition (i) is sufficient for the ezistence of the Lagrange multiplier. Con-
dition (i1) guarantees that the solution for the dominating problem is feasible, i.e. it
satisfies the integration condition. Finally condition (iii) makes sure the dominating

problem has finite mazimum.

In view of the above theorem, we need the following assumption:

Assumption 3. (i)-(iii) of Theorem 1 hold.
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2.3 Dividing

In the section we give the solution scheme of Problem (2.5) by constructing three
sub-problems, which as a whole are equivalent to (2.5). Given ay > af and h(-) :
[0,7] — [0, 1], we consider:

(i) Positive Part Problem:

Maximize v+(g(-)2 = @T fol ug(t, g(t, 2))w' (1 — 2)Lsppdzdt
subject to  g(-) € Gy, [, fo g(2)F~1(1 — 2)dzdt = a4, (2.7)
g(-,2)1<p) = 0,V2 € [0,1),
where
Gy = {g() : g(-) € G,g() = 0}. (2.8)

If h(-) # 1, a.e. on [0, 1], then the feasible region of (2.7) is nonempty (for
example, %1,22}1(15) is a feasible solution), define vy (ay,h(:)) to be the
supremum of (2.7). If A(-) = la.e. on [0, 1],and a4 > 0, the there is no feasible

solution and we define v, (a4, h(-)) := —o0.

(ii) Negative Part Problem:

Minimize  v_(g(+)) := fJQ fl u_(t, g(t, 2))w'_(t, 2)1.<ppdzdl
subject to  g(-) € G_, [, fol g(2)F~1(1 — 2)dzdt = a, — ay, (2.9)
g(-,2)Lspn) = 0,¥2 € 0,1),
where
G_:={g:—geG,0<g(t,z) <b(t),aete0,T],zec0,1)}
If fo fo "1-2)1,< ydzdt > ay—ag, then the feasible region is nonempty.
In fact

[(ay — ao)b(t)l.<nin]/ / / (1 — 2)dzdt

is a feasible solution. Otherwise there is no feasible solution. Denote v_(a., h(-))
the infimum of (2.9) when the feasible region is nonempty; otherwise set v_(a, h(:)) :=
0.
(iif)
Maximize vy (ay,h(-)) —v_(ay,h("))
subject to at >a0,0<h() <1;a; =0 when h(-) = 1; (2.10)
fo fo Y1 = 2)1<ppydzdt > ai — ag.
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To prove the equivalence of Problem (2.5) and the above three sub-problems, we

start with the equivalence of well-posedness.
Proposition 2. Problem (2.5) is ill-posed if and only if Problem (2.10) is ill-posed.

Proof. Suppose (2.10) is ill-posed. For any M > 0 and feasbile (a4, h(-)) such that
vy(ay, h(-)) —v_(as, h(-)) > M, it is easy to see that h(-) # 1. If vy (a4, h(-)) < 400,
then there exists g4 (+),g_(-) feasible for (2.7) and (2.9) respectively, satisfying that
00(9+ () = 0 (. A()) = 1,v_(g()) < v_(as, h(-)) + 1. Define g(-) := g4() —g_().
Then g(-) is feasible for (2.5) and v(g(-)) = v+ (g+(-)) —v-(9-(-)) > vy(ay,h(:)) —
v_(ay,h(:)) —2> M —2. If vy (ay, h(:)) = +o0, choose g, (-) such that vy (g () >
M + v_(a4,h(-)).(Note that v_(as,h(-)) < +oo for any feasible(ay,h(-)).) Then
0(9()) = 04 (g4 () —v-(g_() = M +v_(as, h() —v_(as, h(-) — 1> M — 1. Both
of the two cases show that (2.5) is ill-posed.

If (2.5) is ill-posed, then for any M > 0, there is a feasible g(-) for (2 5) such

that v(g(-)) > M. Define h(t) := sup{z;g(t,z) < 0},ay = fo fo TFEY 1 -
z)dzdt. Then (ay, h(-)) is feasible for (2.10). vy (ay, h(:)) —v_(as, h(-)) > v+(g(-)+) -
v_(g()7) = v(g(-)) > M, which implies the illposedness of (2.10). O

Now we prove the equivalence.

Theorem 2. Given g*(-), define a’ := fo N1 = 2)dzdt and h*(t) =
sup{z; ¢g*(t,z) < 0}. Then g*(-)is optimal for Problem (2.5) if and only if (a%, h*(-))
is feasible for Problem (2.10) and g*(-)", g*(-)” are respectively optimal for Problem
(2.7) and (2.9) with the parameter pair (a’,h*(-)).

Proof. For the “if” part, we have v(g*(-)) = vy (a, h*(-))—v_(a’, h*(-)). For any feasi-
ble solution ¢(-) of (2.5), define h(t) := sup{z; g(t, z) < 0} and a, := fo fo TR (1-
z)dzdt. Then vy (g(-)7) < vi(ay, (), v-(9(-)7) = v-(at, h(-)). Thus we have U(g(')) <
v {0, h() = v (as, h() < v(a%, h*()) = v_(a%, h*()) = o(g*()), implying that
g*(+) is optimal for (2.5).

For the “only if” part, let ¢g*(-) be optimal for (2.5). Obviously vy (g*(-)*) <
v_(a’,h*(-)),v-(g*(-)") = v_(a’,h*(-)). If the first holds strictly, then there exists
1(+) feasible for (2.7) with (a7, h*(-)) such that vy (¢*(-)*) < v4(g1(-)). Thus g(-, 2) :=
G1(-)Lasne() + 97 (-)Locpe(, is feasible for (2.5) and v(g(-)) > v(g*(-)), contradicting the
optimality of ¢*(-). Similarly we can prove that ¢*(-)~ is optimal for (2.9). Thus we
have v, (9°()) = v-(al, b* (), v (9°()) = v (a%, ()

Next we show that vy (ay,h(-)) —v_(aq,h(-)) < v_(a,h*() —v_(ai,h*(:)) =
v(g*(+)) for any feasible pair (a4, h(-)) of (2.10). We prove it in two cases.
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()If A(-) = 1, (hence a4 = 0,a9 < 0),then

vi(ay, h(-)) —v_(as,h(-)) = —v_(0,1)
= sup —v_(g(-))
fOT fol g(z)F*1(l—z)dzdt:—ag,ge(@,
= sup v(g(+))
o Jy 9(2)F =1 (1=2)dzdt=a0,g€G,g<0
< sup v(g(+))

fOT fol g(2)F~1(1—z)dzdt=a0,9eG

= v(g"().

(ii) If h(-) # 1, then for any feasible (ai,h(-)) and any ¢ > 0, there exists
91(+), g2(+) feasible for (2.7) and (2.9) respectively, such that v; (g1(-)) > vy (ay, h(-))—
v_(g2(+)) <v_(as,h(-))+e.Set g(-) = g1(-) —g2(-). Then g(-) is feasible for (2.5) and
vi(ag, b)) —v(a, h(-)) <vp(g1() —v-(92() +2¢ = v(g(-)) +2¢ < v(g™(-)) + 2e.
This concludes the proof. O

2.4 Positive Part Problem

In this section we solve Problem (2.7). When h(-) = 1, (2.7) is trivial. Hece we
assume that h(-) #Z 1. In such case the problem is similar to Problem (A.2) in the
appendix. Obviously the supremum of Problem (2.7) is smaller than that of (A.2)
with @ = a;. Thus the well-posedness of (A.2) implies that of (2.7).

Given X\ > 0, we consider the following problem.

Maximize v7} (g fo fo [us (9(2))w’ (1 — 2) — Ag(2) F~1(1 — 2)] dzdt

2.11
subjecttog()EGg( 2)L<n(. —O V2 €10,1). —

Using the similar method discussed in the appendix (see Proposition 8 and Theorem

8), we can derive the solution

gA,h(t’ Z) = I—I—(ta )‘N/(tv 1 - w-i-(tv 1 - Z)))lz>h()

/ /g)\htz 1 - 2) L p(ydzdt.

Similar to the discussion of f(A) in the appendix (A.7), we have that f(-) is strictly

Set

decreasing and that if fh()\o) < 400 for some \g > 0, then f,(-) is continuous on

(Ao, +00). Thus the Lagrange multiplier exists for any 0 < a; < f5(X\g). As shown in

14



the appendix that under Assumption 3 (i.e. the conditions of Theorem 1), f(\) <
+00,VA > 0. Hence fr(\) < f(A) < +00,VA > 0, implying that IA* > 0 such that
gx~ 1, 1s feaible for (2.7). Thus we get:

Theorem 3. Let Assumptions 1, 2 and 8 hold. Given a, > af and h(-) : [0,T] —
0,1], we have

(i) if ay =0, then g*(-) = 0 solves (2.7) with vy(ay,h(-)) =0.

(i) if ayx > 0,h(-) = 1, then there is no feasible solution for (2.7) and vy (ay,h(:)) =

—00.
(#3) if ay. > 0,h(-) #Z 1, then the optimal solution for (2.7) is
gaen(t,2) = L8, NN'(¢,1 — wy(t,1 — 2))) s

where \* > 0 uniquely solves fOT fol Dot 2)F7H(t, 1 — 2)1sn()dzdt = ay. The

optimal value is

vy(ay, h(’)) = / / uy (T (NN'(8,1 — wi (¢,1 — 2)))w' (1 — 2)1.5,dzdt.
v (2.12)

Before ending the section, we prove that v, is strictly increasing in h(-) in the

following sense.

Proposition 3. Let Assumption 1, 2 and 3 hold. If a, > 0 and Problem (2.7) admits

an optmial solution with (a, h(-)), then vy(ay, h(-)) > vy(ay, h(-)), where h(-) < h(-)
T

and fO 1{E(t)<h(t)}dt > 0.

Proof. Suppose by solving (2.11), we get gx(-), g5(-) be optimal for (2.7) respectively
with parameter pairs (ay, h(-)), (ay, h(-)). Then g;(+) solves (2.11) with the constraint
that g(-, 2)1.<n(y = 0,Vz € [0, 1] while g;(-) solves it with g(-, 2)1,<5.) = 0,Vz € [0, 1].
Set A := {t; h(t) < h(t)}. For any y > 0, let €(t,y) := inf{z > 0: gx(t, h(t) + ) >

y} and

0, te A ze[0,h(t)],

gy(t,2) =1y t€ Az € (h(t),h(t) +e(t,y)],
gn(t,z), te AC.
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Then

U+ gy ) U—f—(gh( ))

+6ty)
= // (Y (1 —z) = AyF (1 — 2)dzdt

)+e(ty)
_/A/W) e (gn(2)) (1= 2) = Agn(2)F (1 — 2)dzdt

v

h Y)
/ / uy (y)w' (1 —2z) = AyF~ (1 — 2)dzdt
A Jh(t)
h(t)+e(ty)
[ [ el (- 2t
A Jhe)

h(t) h(t)+e(ty)
> /u+(t,y)/ w' (1 — z)dzdt — / )\y/ F7 (1 — 2)dzdt
A h(t) A h(t)

- i (y) o B - h(t)+e(t,y) -
= y[AT(w+(1 h(t)) —wy(1 ))dt //h Y1 — 2)dzdt| .

()

Since %t’y) — oo asy — 0, and w, (1 — h(t)) —w (1 —h(t)) > 0,t € A, we
have [, “*T(y)(uur(l — h(t)) — wy (1 — h(t)))dt — +oc as y — 0. On the other hand,
as y — 0, €(t,y) — 0, hence

h(t)+e( ty
/ / (1 — 2)dzdt

< / (h(t) + e(t, y) — B F-1(1 — h(t))dt

R / VE-L(1 — h(t))dt.
Then as y — 0,
) <y) 3 h(t)+e ty
A*T(wm _Rt) = wy (1 — h(t)))dt — / / (1 2)dzdt — +oo.

Fix y > 0 small enough such that the left side of the above is larger than 1. Then

v (gs()) = v3(on(-) =y > 0.
Note that g (-), g,(-) both are feasible for (2.11) with the constraint that g(-, 2)1, . =
0,Vz € [0,1]. Then

vi(gr() = v3(gr() Z v3(g5()) > v3(gn () = v (gn ().

which implies that v, (ay, k() > vy (ay, h(+)). O
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2.5 Negative Part Problem

As discussed in Section 2.3, we assume fOT fol HF M1 = 2)l<ppdzdt > ay — ag.
If fo fo '(1 = 2)l.<p@dzdt = ay — ap, then Problem (2.9) is trivial. Hence
we assume fo fo HOF 1 — 2)L<ppdzdt > ay — ag. First in the following two
propositions, we prove that the feasible solutions in the form of a 2-step function

with the value of either 0 or b(t) at time ¢ are better than others.

Proposition 4. If Problem (2.9) has a feasible solution in the form of g(t,z) =
> i1 @)1 ) (2) where b(t) = ai(r) = .. = an() 2 0,0 = [o()) < Li() <
< (4) SR, [ Ltan@ >0 @) <hiydt > 0, then there exists g(t,z) = b(t) 1o (2),
where 0 < () < h(-), such that v_(g(+)) < v_(g(+)).

Proof. We prove it by induction. For n = 1, ie. g¢(t,2) = a(t)lj,#)(2), denote
A = {t;0 < a(t) < b(t),0 < l1(t) < h(t)}. If the conclusion is not true, then
[ 14dt > 0. Fix [;(-), we consider the following problem:

Minimize oy (- )) = fOTu,(a( )) (zl( ))dt (2.13)
subject to 0 < «f fo {0 P11 — 2)dzdt = a — ao.
Then a(+) is feasible to (2.13). Note that in (2.13), 1 (c(-)) is concave in «(-) while
the constraint is linear in «(-). Then we can solve it by the Lagrange method. For

given A > 0, we consider

Minimize o7 (a(+)) 1= fOT [u_(a(t))w_(ll(t))} — Aa(t) foll(t) F7Y1 — 2)dz| dt

subject to 0 < a(+) < b(-).

(2.14)
The solution is
on(t) = b(t), if u_(b(t))w_(li(t)) — Ab(t) [ F71(1 - 2)d= <0,
M 0, otherwise.
Set ¢(A fo flh(t) F~1(1—2)dzdt, then it is easy to see that ¢(-) is continuous

and increasing on (O, +00) and ¢(0+) = 0, ¢p(4+00) > ay — ap. Then there exists \*
such that ¢(\*) = a4 — ag. Then by weak duality, we have

inf 0y(a()) > sup inf [07(a()) + Aag — ap)]

(2.13) A>0 (2.14)
> inf [0} () + A*(ay — ao)]

(2.14)
= o7 (- () + A (ay — ap)
inf o1(a(+)),

(2.13)

v
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where the feasible regions of inf’s are those of the coresponding equations. Then
ay:(+) solves (2.13), implying that 77 (ax-(+)) < 7 (a(+)). Denote

I(t) == {g"(t)’ z;f;’

where R = {t;u_(b(t))w_(Li(t)) — Ab(t) [ F71(1 = 2)dz < 0}. Set g(t,2) =
b(t) 10,1 (2). The above discussion shows that v_(g(+)) <wv_(g(+)).

Suppose the conclusion holds true for the case of n — 1(n > 1). In the case of n,
suppose ¢(t,z) = > 1, a;(t)1u_ @) (2) is a feasible solution to (2.9). If a,(-) =
an_1(+) or l,(+) = 1,_1(+), the it turns to the n—1 case, in which the conclusion is true.
Otherwise [ 14,dt > 0, where A, := {t;0 < a,(t) < an_1(t),0 < l,—1(t) < L, (t)}. We
fix lo(+), 1n(+), i (+),a;(-),5 =1,...,m — 1, and consider:

Minimize v, (« fo _ _(ln(t)) —w_(l,—1(t))]dt
subject to 0 < a( ) < an_q( fo le:,(?(t) F7Y1 — 2)dzdt = ay,

where @,, = a, —ag —fOT fo g(t,z)F1(1—2)1p<,  ydzdt > 0. Then a,(-) is feasible
to the above problem. However, following the same procedure in the case of n = 1,

we can find

a(t) = {anl(t), teR,
0, t¢R,

for some R € 2[0,T] such that v,(a(-)) < Vp(an_1(-)). Set ly_1(t) = L, (t)lier +
ln1 () legr and g(t, 2) == 3277 ai(t)1a,_, 0,01 (2) + @)1, 407,10+ then we get
v_(g(+)) <wv_(g(+)) while g(-) is a (n — 1)-step function. By induction, the conclusion

holds true. []

Proposition 5. If Problem (2.9) has an optimal solution, then it must be in the form
9(t,2) = b(t) L) (2), where 0 < U(-) < h(:).

Proof. Let g(-) be an optimal solution to (2.9). Denote p(t fo 1 -
z)dz, then p(t) < +o0,a.e.t € [0,T]. If the conclusion does not hold ture, then the
set {(¢,2);0 < g(t,z) < b(t)} must has a positive Lebesgue measure. Thus 3L €
A0,T), [ 1, > 0, such that Vt € L, h(t) > 0 and 3z > 0, 0 < g(t, ) < b(t). Then
L =LiULy, where Ly = {t € L; g(t, z:) < g(t,0+)}, Lo = {t € L; g(t, z) = g(t,0+)}.
We consider two cases.

Case 1:t € L. Then for §; € (0,1), define

18



Brg(t, =), te Li,z> z,

Gt 2) =< Bug(t, z) + %% 83 ngift)(g(t, 2)—g(t,z)), t€L,0<z<z,

g(t,Z) tnga

where 7, is uniquely determined by fo @, 2)F1 (¢t 1 — z)dz = p( ). Iy < 1,
then it is easy to show that g7 (¢, z) < g(t, ), z < z and hence fo G2 F (1 —
z)dz < fo g(t,2)F~Y(t,1 — z)dz = p(t), which is a contradiction. Thus v; > 1.

A similar argument shows that limg,+; 74 = 1. Choose 3, € (0, 1) appropriately such

7tg(t,04+)—Beg(t,2t)
that 1 < 2 I (tZt)t

B¢, ¢ are measurable on .
Case 2: t € Ly. Then for §; € (0, 1), define

< 2. Note that by measurable section theorem we have that

Brg(t,z), tE€ Ly, z> z,
gg(tv z) = gt z), t€ L0 <2z < 2,
g(ta 2)7 t ¢ LQa

where ~y; is uniquely determined by fo gy (t, 2)F1(t,1 — 2)dz = p(t). Similar to
Case 1, we can find measurable functions 3, and 7, such that v > 1,limg+; 1 = 1.
Choose f3; appropriately such that v;g(t, z;) < b(t).

Define g1(¢, z) := g(¢, Z)lteLC‘f’g'f(t 2)lier, +9§(t 2)Lier, and ga(t, 2) == 29(t, 2) —
g1(t,z). Then it is easy to check that g;(-),7 = 1,2 are feasible solution to (2.9).
Besides as g(t, ), gi(+),7 = 1,2 are left continuous and g, (t, z;) < g(t, z¢) < ga(t, z¢),t €
L, there exists §; > 0 such that g(t,2) < g(t,2) < ¢2(t,2),t € L,z € (2t — ¢, 2.
Then by the strict concavity of u_(¢,-), we have v_(g(:)) > 3[v_(g1(-)) + v—(g2())],
which implies that either v_(g(-)) > v(g1(:)) or v_(g(:)) > v_(g2(-)). Thus we get the

contradiction. ]

In view of the preceding proposition, we need only determine the optimal [(-) by

solving the following problem given a parameter pair (a4, h(+)):

Minimize v_ fo —~ Jw-(I(t ))

2.15
subject to 0 < l fo t fo(t Y1 = 2)dzdt = ay — ap. (2.15)
Proposition 6. Problem (2.9) and (2.15) have the same infimum values.

Proof. Denote v, v seperately the infimum values of (2.9) and (2.15). Obviously,
v < v. If the conclusion is not true, there exists a feasible solution g(-) to (2.9) such
that v(g()) < .
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For each n > 1,1 < k < 2", define

f(k/2 1y/2n 9(E 2)F(t,1 — 2)dz

kj2m
Joopyon FHE 1 = 2)d2

an(t, k) :=

Then g(t, L) > a,(t, k) > g(t, £), and it is easy to check that

27L
= 3 el 1)
el 2 2

is a feasible solution to (2.9). Since g,(t,z) — ¢(t, 2),a.s. and 0 < gn(-) < b(-),
we have v_(g,(-)) = v_(g(+)). Hence there exists n > 0, such that v_(g,(-)) < v.

On the other hand, by Proposition 4, we have that there exists a two step function

g(t,z) = b(t)1uwy(2), where 0 < I(-) < h(-), such that v_(g(-)) < v_(ga(-)) < .
Note that v_(g(-)) = v_(I(-)) > ©. Thus we get the contradiction. O

The above discussions lead to:

Theorem 4. Given a, > ad and h(-) : [0,T] — [0, 1],

(i) if fo fo Y1 — 2)dzdt < ay — ag, then there is no feasible solution to
Problem (2 .9) and v_(ay, h(-)) = +oo;
(i) otherwise,

v_(ap,h(")) = inf /0 u_ (b(t))yw_(I(t))dt, (2.16)

where the feasible region of the inf is

T I(t)
{1():0<1() < h(-),/o b(t)/o FY(1 - 2)dzdt = ay — ag).

Moreover, Problem (2.9) admits an optimal solution g*(-) if and only if the
minimization problem on the right side of (2.16) admits an optimal solution

I*(+). In such case,

g7 (t,2) = b(t) 1o+ (1)(2)-

Remark 2. Note that unlike the three-piece solution in Zhang, Jin and Zhou ([22],
Theorem 4.5), the structure of the solution here only has two parts. The reason is
that the additional dimension of time offers us more flexibility (which can be seen in
the proof of Proposition 4).
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2.6 Solution of the CPT Consumption Model

Now that we have solved both the Positive Part Problem (2.7) and the Negative Part
Problem (2.9). What remains to do is to solve (2.10). By Theorem 4, Problem (2.10)

can be simplified as

Maximize vy (as,h fo _ w_(I(t))dt
subject to a+ >a0,0<l() h() < 1 ;ar =0 when h(-) = 1, (2.17)
f fo Y1 — 2)dzdt = ay — ay,

where v, (a4, h(+)) can be given in (2.12) if we assume Assumption 1, 2 and 3.
For any feasible (a, h(-),1(-)) of (2.17), as h(-) > I(-), then vy (a4, 1(:)) > vi(ay, h(+))
by Proposition 3. Thus (2.17) is equivalent to

Maximize vy (ay,h fo _ w_(h(t))dt
subject to a4 ZaO,OSh() < 1 a+—0when h(-) =1, (2.18)

S0t [ P = 2)dzdt = ay — ao.
Theorem 5. Let Assumption 1 and 2 hold.
(i) If g*(+) is optimal for Problem (2.5), then a’, = fo fo (t,2)TF7(t,1—2)dzdt
and h*(t) := sup{z;¢*(t,z) < O}are optimal for Problem (2.18). Moreover,
9" ()" = b(t)Ljo,n-(0)-
(i) If (a’, h*(-)) is optimal for Problem (2.18) and g’ (-) is optimal for Problem (2.7)
with parameter pair (o’ , h*(-)), then the optimal solution to Problem (2.18) can

be represented as g*(t,2) = g5 (t, 2)Loshe ) — b(t) Lochr ().

Proof.

(i) If g*(-) solves Problem (2.5), then by Theorem 2, (a%, h*(-)) is optimal for (2.10)
and g*(-)*, g*(-)” are respectively optimal for Problem (2.7) and (2.9) with parameter
pair (a’,h*(-)). We now prove that h*(-) solves Problem (2.15) with parameter pair

(%, h* (), Le. ]
v ) = [ by @)

To this end, if it does not hold true, then by Theorem 4 there exists 0 < [(-) < h*()
such that f Lisity<n=e)ydt > 0 and

/0 u_(b(t)w_(I(t))dt < /0 u_(b(t))w_(h*(t))dt.
Then by Proposition 3, we have vy (a%,l(:)) > vy (a’,h*(-)). As a result,
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vi(as,1(-) —v_(a®,1(-)) > v+(a*+,l(-))—/0 u—(b(t))w-(I(t))dt
> wp(al, () —v(ai, h7()),

contradicting the optimality of (a, h*(-)). The other conclusions are straightforward.
(ii) As (a’,h*(-)) is optimal for Problem (2.18), we have

vi(al, b)) —v(a}, b7 ()

v

e () = [ a0 o)t
o {v+<a+,h<->>— / u<b<t>>w<h<t>>dt}

(2.18)
= s {o(ah) = [ b0}
= s {oufas.h0) (e L)),

where the feasible regions of sup’s are those of the coresponding equations. This shows
that (a*,h*(-)) is optimal for Problem (2.10) and the inequality above is actually an
equality, leading to

v 0) = [ by )

By Theorem (4), it indicates that b(t)1.<j+() is optimal for (2.9) with parameter pair
(a%,h*(-)). The rest is from Theorem 2. O

In view of Lemma 2 and Theorem 5, we have that

Theorem 6. If (a®,h*(-)) is optimal for Problem (2.18) and g (-) is optimal for
Problem (2.7) with parameter pair (a’,h*(-)), then the optimal solution to Prob-
lem (2.4) can be represented as d*(t) = g (t,1 — F'(t, p(t)))1pwy<q=t) — b(t)1pt)>q ()
where q*(t) = F71(t,1 — h*(t)). Thus the optimal solution to Problem (2.3) is c*(t) =
(9511 = F(t, p(6)) + () Loty o

Remark 3. It is clear from Theorem 6 that the optimal consumption is in general
characterized by two parts: the agent has rich consumption above the benchmark in

good states of the market and suffers from hunger (i.e. no consumption) in bad states.

Remark 4. From Theorem 6, we know that in order to solve the original CPT con-
sumption problem (2.3), we just need to find the optimal (a’_, h*(+)) for Problem (2.18).
Generally it is still very difficult. But we solve an example in the next section to il-
lustrate the method.

22



2.7 An Example with CRRA Utility Functions

In this section we solve a concrete example to illustrate the general results obtained in
Section 2.6. We consider a model with CRRA (constant relative risk aversion) utility
functions, which is proposed by Tversky and Kahneman [18], i.e. uy(z) = 2% u_(z) =
k_x®, where 0 < a < 1 and k_ > 0. We assume all the market parameters (investment
opportunity set) are time-invariant: r(-) = r, B(:) = B,o(:) = 0,0(-) = 6. In this
case, p(t) = exp{—(r + [|0||*/2)t — W (t)}, following a log-normal distribution with
parameter (p,0?), where p, = —(r + ||0]|?/2)t, o2 = ||0]|*t. Then the range of F(t,-)
is [0,1) on [0, +00).

When zy = 0, the optimal solution is trivially ¢*(-) = 0. When zy > 0, first we
solve the Positive Part Problem (2.7) with parameters (ay, h(-)), where a, > af and
0<h()<1.

We need the following assumption.
Assumption 4.

(i) For eacht € (0,T], P2 s pondecreasing in z € (0, 1].

wy (¢,2)
(ii) For anyt € (0,T], w',(t,04) > 0 and limsup,_,, % < +o0.
(iii) For each t € (0,71, %és nondecreasing in z € [0,1).

Remark 5.

(i) Generally speaking, the economic interpretation of Assumption 4 (i) is that the
distortion w4 (-) should not be too large in the sense that it should not increase
the relative risk seeking function of the distribution by more than 1. In the case
where there is no distortion (i.e. wy(-,x) = x), the assumption certainly holds.

For more details, the readers can refer to Section 6.2 of Jin and Zhou [8].
(i1) Based on Assumption j (i), one condition for Assumption 4 (iii) to hold is that

% does not depend on z, ¥Vt € [0,T)].

This condition holds for example if the probability distortions are of Choquet
integral sense. Sepcifically, given a capacity w o P (a non-linear probability
measure), the Choquet expectation of a random variable X is defined as

oo 0
Eg[X] ::/0 w(P(X > y))dy+/ [w(P(X = y)) — 1]dy. (2.19)

—00
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On the other hand, in CPT, the nonlinear expectation of X (taking the origin
as the reference point), is defined by

BETLX) = [ unPOC Z )yt [ un(POC z i (220)

Thus if we choose w_(z) = 1 —w, (1 — z) and wy(z) = w(z), then the two
distorted expectations (2.19) (2.20) are the same, and the condtion (e) holds.

Under Assumption 4 (i), it is easy to check that N defined in (2.6) is concave
itself, i.e. N = N. Thus the optimal solution for (2.7) is

. aw' (t,1—z) 7=
gilt2) = (A*Fl(t, - z)) o

== 1
a+a / / (AF t,1— Z)) wii-(t’ 1 - Z) e 1z>h(t)d2dt,

where A > 0 is the unique real number satisfying fOT fol g (t,z)F71(t,1 — z)dzdt =

and

as. We use this equation to replace ay in the constraint of Problem (2 18) and set

_1
B = (%) ™" Note that ag = 20 — EfOT p(t)b(t fo fo Yt 1 — 2)dzdt,
then Problem (2.18) specializes to

Maximize [ [ @aF—lu—z)ﬁw;a—z)ﬁdzdt ke [ b(t)*w_((t))dt

subject 1o IS fh [ 1= z)@ T, (1 — 2)Te + F- (1—z)b(t)] dt = o,
OSh()Sl,ﬁ>0.
(2.21)

Note that w_(t,h(t)) =1 — fh ' (t,z)dz, then (2.21) turns into

Maximize fOT fhl(t [BO‘F 11— z)e T/ (1 — 2)T + k_b(t }dzdt k_ fo t)xdt

I [5F (1—2)a5iw, (1 — 2)7e + F- (1—z)b( )} dt = o,

subject to
0<h()<1,B>0.

(2.22)

Fix v > 0, we consider the following problem:

Maximize 0, (8, h(-)) := fo fo C(t, 2, B)Lspuydt — k- fo t)*dt + i (2.23)
subJecttoO<h()§1ﬁ>0 '
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where

C(t,z,8) = BF™(1—z)amw! (1 - 2)™s + k_b(t)*w’ (2)
1 @
- [5F—1(1 — ), (1 — 2) e + FH(1 = 2)b(t)
_ o B 111 st (1 =
o G L BN
1
+k_b(t)*w' (2) — =b(t)F (1 — 2).
Y
As ((t, z, B) is concave in 3, by zero-derivative condition, we have
1
argmax ((t,, B) = (ay)™==.
Then to solve (2.23) we only need to consider

Maximize fOT fol C(t, z, (av)ﬁ)lzzh(t)dzdt

2.24
subject to 0 < h(-) <1, (2.24)

which is a deterministic optimal stopping problem. The optimal solution A*(-) to
1 1
(2.24), if it exists, must satisfy C(t, h*(t), (ay) ™= ) = 0 and LGOI, 00> 0 if
1
h*(t) > 0; or that h*(t) = 0 if inf,~( ((¢, 2, (ay)T=2) > 0.
Now we explore the relation between h*(;) := h*(-) and 7. Set

£(y) = / ) / 1 ()T P (1= 2) 3T (1= 2) 77 4 FU(1 = 2)b(0)] Loz,

v (2.25)
then it is continuous and increasing in . Moreover note that lim,_,;_ ((t, z, (av)ﬁ) =
+o00, thus h*(t;7y) < 1. Then we have

lim &(y) = +o0.

y—+00
On the other hand note that

w, (t,1—2) \ == o W.(t z) 1
Fi(t1— Z)> ) 1 _(Zb;))]’

where & = aTa — aT= > 0. By Assumption 4 (i) and (ii), it is easy to get

1 e

C(t 2, (an)T7) = ar s P (1-2) |

lim,_,o h*(¢;y) = 1, which further implies that

lim £(v) = 0.

y—0

25



Thus there exists a v* such that £(7y*) = xy. Therefore (§* = (cw*)i,h*(-;'y*))
is feasible to (2.23). Denote the optimal value of (2.22) and (2.23) as n and n(7)

respectively, then

3
IA

inf 7(7)

v>0

ny")

Ty (8%, h(577))
n,

IN

IN

implying that (6% := (a’y*)ﬁ, h*(-;v*)) is optimal for (2.23). To sum up, we have

Theorem 7. Under Assumption 4 (i) and (ii), if h*(-;7) solves Problem (2.24) for
any v > 0, then ((Oz'y*)ﬁ, h*(-;7*)) solves Problem (2.21), where v* uniquely solves
E(v*) = xo. Thus we get the optimal

ay*
p(t)

and then the optimal consumption

1
jemr
) 1p(t)<q*(t) - b(t)lp(t)Zq*(t%

a (1) =

0= ()™ 0o

where ¢*(t) = F~Y(t, 1 — h*(t;7*)).

Now we explore the relation between b(t) and ¢*(t)

When b(t) increases, we consider two cases. If y*also increases, then by (2.25), in
order to guarantee £(7*) = o, we must have h*(t) increases. By Theorem 6 we know

that ¢*(t) is a decreasing function of h*(t), thus ¢*(t) decreases. The other case is
that y*decreases. Note that (2.26) can be written as

C(t, 2, (ay) ™)

1
P - S w’, (t,1—z a— —a a1 w_(tz
= Oﬂ/l_o‘F 1(]. - Z)b(t) [(%b(t) 1) ' + k_b<t) 1% - % .

As C(t,h*(t), (a7") %) = 0, then

[(%b(ﬂa—l) == k_b(t)a—l% _ %] lomne@y = 0. (2.27)

When v*decreases, the first two terms of left hand side of (2.27) must increase. As
b(t) increases and 0 < o < 1, by Assumption 4 (i) and (iii), it is easy to get h*(¢)

increase. Thus again we get ¢*(¢) decreases. The discussion leads to:

26



Proposition 7. Let Assumption 4 (i) and (iii) hold. ¢*(t) is decreasing in b(t).

A special case is that w, (t,2) = w_(t,x) = z. In this situation

6tz (o) = ooy [aes (E 22 = - L),

which is increasing in z. By solving ((t, h*(t;7), (ay)ﬁ) = 0, it is easy to get
h*(t;v*) = 1 — F(t,am® 1y*b(t)*1) and thus ¢*(t;7*) = am® y*b(t)*1h(t), where

m, uniquely solves (1 — a)m® + k_ — am®™' = 0. Clearly ¢*(¢) is decreasing in b(t).

Remark 6. The economic interpretation behind Proposition 7 is that when the agent
lowers the reference point (i.e. b(t)), she tends to believe that the market is good.

Conversely, if she increases the reference point, then she tends to believe the market

1s bad.

2.8 Consumption and Terminal Wealth in CPT

In this section we solve the model in which the agent tries to maximize the utility
of consumption over the planning horizon plus the utility of wealth at the end of the

planning horizon within the framework of CPT in continuous time.

Definition 1. Given x € R, we say that a consumption and portfolio process pair
(c(+),m(-)) is tame at x, and write (c(-),n(-)) € T(x), if the initial wealth x(0) = z
and the discounted wealth process So(+) ™1z (+) is almost surely bounded from below (the

bound may depend on (c(+),m(-))).

Remark 7. Normally people require (c(-),m(-)) to make the corresponding wealth
process x(-) > 0 (see for example Karatzas and Shreve [11], p.92, definition 3.2).
However note that here the wealth process can be negative. One reason is that accord-
ing to CPT, the agent is concerned about the magnitude of the change in wealth (or
consumption) from the reference point; even if the terminal wealth is negative, the
change might be positive if the reference point is set to be negative by the agent. Thus
here the set of tame (c(-),w(+)) is larger than the one in definition 3.2 of [11].

We define

Ti(z) :={(c(-),7()) € T(x) : 3(e(-), m () € Ala1), (0,ma()) € T(w2),
satisfying 25 (-) > 0, 25™(T) + 3™ (T) = =(T)},

where x7(+) is the wealth process corresponding to (¢(-), 7(+)).
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Lemma 3. 7 (z) = Ti(z),Vx € R.

Proof. Obviously Ti(xz) € T (x). On the other hand, for any (c(:),n(:)) € T(x),
suppose the corresponding wealth process is z(-). Set x; := FE fOT p(t)c(t)dt and
x9 := E[p(T)x(T)]. Then xz; > 0,21 + 22 = x. By Proposition 1, we can find ()
such that (¢(+),m1(+)) € A(z1) with the corresponding terminal wealth x1(7) = 0. As
2(T)So(T) ™! is lower bounded, then we can find (0,ms(-)) € T (z2). It is easy to see
that 2(T') = x1(T) + xo(T), where x1(-), x2(+) are the wealth processes corresponding

to (c(+),m(+)), (0,72(:)). Thus T (z) C Ti(z). O

We study a consumption and portfolio selection model in the framework of CPT
by combining the behavior consumption model formulated in Section 2 with the
behavioral terminal wealth model developed in Jin and Zhou [8]. Similar to the
notations in the consumption model, we use a Fp-measurable random variable 7,
satisfying So(7)~'n is bounded and E[p(T)n] < +oo, as the reference point for the
terminal wealth, use wy(-) as probability distortions and use two time-independent
utility functions @4 (-) to measure the gains and losses respectively. Besides we use
L € R as the weight of terminal wealth utility to the consumption utility. The problem

is formulated as follows:

Maximize V (¢(-)) + oV (2(T)) (2.28)
S

subject to (¢(+),7(+))
where V(c¢(+)) is from (2.2) and

with

Vi(a(T) = [i™ @ (Plas((2(T) = 0)") > y})dy,
Vi@(T)) = [y @-(P{a-((2(T) —n)7) > y})dy.
In view of Lemma 3, Problem (2.28) is equivalent to

Maximize V(c(-)) + ¢V (x(T))
subject to (c(-),7(-)) € Ti(z),

In Jin and Zhou [8], the following problem is solved:

Maximize V (z(T))
subject to (0,7(+)) € T (z),
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and in the previous sections we solve

Maximize V' (c(+)
subject to (c(+),m(+)) € A(x).

We Set
0*(x) == sup V(x(T)),
(0,7 ()T (=)
vi(x) = sup  V(e()).

(c()m(-))€A(z)

In the light of Lemma 3, we have the following scheme to solve Problem (2.28).
Step 1. Find z7 > 0, 23, satistying ] + x5 = x, such that

vi(x}) ot (x3) = sup  {vf(xy) + 0% (22)}.

r14+xo=x,21>0
Step 2. Find (¢*(+),7{(:)) € A(x}) such that V(c¢*(-)) = v*(z7).

Step 3. Find (0,73(:)) € T(«%) such that V(z3(T)) = o*(x}), where 25(T) is the

terminal wealth corresponding to (0, 75(+)).

Step 2 can be solved by Theorem 6 and Step 3 is solved by [8]. Thus the optimal
solutions to Problem (2.28), if exist, must include (¢*(-), 75 () + 75(+)).

Remark 8. Step 1 is similar to the classical result (see for example, Theorem 7.10
of Karatzas and Shreve [11]).
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Chapter 3

Conclusions

This thesis mainly discusses on portfolio selection and consumption with the agent’s
preference following cumulative prospect theory (CPT) in a continuou-time complete
market driven by Brownian motion. First we consider a solely consumption model
within the framework of CPT. After using quantile method and divide-and-conquer
scheme, we get two sub-problems. One is essentially a concave maximization prob-
lem, which we solve by calculus of variation. Another one is essentially a concave
minimization problem, which we characterize the structure of its solution, if it exists.
In this way, we derive the optimal solution, which is composed of two parts, indicating
that an agent of CPT preference will have rich consumption above the benchmark
in good situations and suffers from hunger (i.e. no consumption) in bad situations.
In an example, we further show that under some assumptions, the agent’s reference
poin or benchmark highly influences her judgement on whether the market is good
or bad.

After that, we give the strategy on how to find the optimal consumption and
portfolio selection to maximize the utilities from both consumption and terminal
wealth in the framework of CPT. The strategy is very simple, i.e. first divide the
initial wealth into two parts, then use one part for maximizing the consumption
only and the other for the terminal wealth only, then the best strategy lies in the
best dividing by comparing the sum of the utilities from consumption and terminal

wealth.
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Appendix A

Proof of Theorem 1

We first introduce a problem which is closely linked with Problem (2.4) as to well-
posedness.
Maximize  J4(d(-))

subject to EfOT p(t)d(t)dt = a > 0,d(-) > 0, fo t)dt < 400, a.s., (A1)
d(-) is F-progressively measurable

Lemma 4. If Problem (A.1) is well-posed with a = ag+ E fOT p(t)b(t)dt > 0 for some
ap > —FE fOT p(t)b(t)dt, then Problem (2.4) with ag is well-posed.

Proof. For any d(-) feasible for (2.4), define d(t) := d(t) + b(t) > 0. Then d(-) is
feasible for (A.1) with a = a¢ + EfOT p(t)b(t)dt > 0. It is easy to see that J(d(-)) <
Jo(d(+)) < Jy(d(+)) < +oo. Thus (2.4) is well-posed if (A.1) is well-posed. O

In the same way of getting (2.5), we transform (A.1) into

Maximize v, (g(-)) == [/ fo u+ 2))w (1 — z)dzdt

A2
subject to g(-) E G+, fo fo t,z F Yt,1 — 2)dzdt = a, (8.2)

where G is defined in (2.8), i.e
R T
Gy = {g €G:g(t,-)>0,Vte [O,T],/ g(t, z)dt < +00,a.e.z € [0, 1)} :
0

We denote vy (a) as the supremum of Problem (A.2).

Similarly following Lemma 1 and 2, we can get:

Lemma 5. If d*(-) solves Problem (A.1) and its quantile function at t is g*(t,-), then
g*(+) solves Problem (A.2). Conversely, if Problem (A.2) admits an optimal g*(-),
then g*(-, Z.) solves Problem (A.1). Problem (A.1) is ill-posed if and only if Problem
(A.2) is ill-posed.
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Since w’, () > 0, and u(-) is concave w.r.t. the second argument, v, (g(-)) is
concave in g(-). On the other hand, the constrain in (A.2) is linear in g(-). Hence we

solve it by means of two steps:

Step 1. First for a fixed Lagrange multiplier A > 0, solve the following problem
T 1
Maximize ¢, /0 /0 [us(g(2))w' (1 —2) = Ag(2) F~'(1 — z)] dzdt.  (A.3)
Step 2. Then determine the Lagrange multiplier A from the following equation

/OT /01 gA(t,2)F71(t, 1 — 2)dzdt = a, (A.4)

with g, solving (A.3).

In order to solve (A.3), we first fix time ¢, and solve

Maximize geq, /0 [us(t, g(2))w' (8,1 —2) — Ag(2) F~'(t, 1 — 2)] dz, (A.5)

where

G, :={g:[0,1) — [0, 00|, nondecreasing and right-continous}.

Suppose gy solves (A.5). Define g)(t,2) := gx+(2). If g\ € G-, then definitely g,
solves (A.3).

Proposition 8. Under Assumption 1, 2 and Assumption 3 (ii), recall N(t,-) in (2.6)
and its concave envelope N(t, ), Vt € [0, T]. Then the optimal solution of Problem
(A.3) is

ga(t, 2) = L (L, AN'(t,1 — wy (¢, 1 — 2))), (A.6)
where N'(t,x) := B%N(t,x).
Proof. According to section 3.2 of Xia and Zhou [20], the solution to Problem (A.5)
is gae = I (6, AN(t,1 — wy(t,1 — 2))). Define gx(t, 2) := gat(2). Thus we only need
to verify that fOT ga(t, 2)dt < 0o, a.e.z € [0,1) in order to make sure that gy € G.
Note that fOT gr(t, 2)dt < fOT I (t, A\N'(t,1))dt < oo, the last inequality is guaranteed
by Assumption 3 (ii). ]

Now we move to Step 2, i.e. to check whether there exists some A such that g, (¢, 2)
derived in (A.6) satisfies (A.4). Recall that

rou (t,x)/0x?
Ouy (t,x)/0x ’

Following the main idea of Jin, Xu and Zhou [7], we have the following two lemmas,

R, (t,z) = x> 0.

which give conditions such that the Lagrange multiplier exists.
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Lemma 6. Ifliminf, ,. R (t,x) > 0 uniformly in t € [0,T], then

(1) imsup,_, % < luniformly in t € [0,T] for any k > 1.

(1) lim sup,_,q, % < o0 uniformly in t € [0,T] for any 0 < XA < 1.
Proof. Suppose there exists M, K > 0, such that R, (¢t,x) > K for any x > M. For
any x > M,k > 1,

Ou, (t, kx)/0x L _fwkxaaz%h:ydy

oup(t,x)/ox Ou, [Ox
Ry G ey
(9u+/8x
_ LRy ydy
- 8u+/ax
_ Ouy(kx)/0x /lm
Ouy (kx)/0x /lm 1
_ U\ /O g
_ Ouy(kx)/Ox
8u+/ax

Klnk.

Thus
Ouy (t, kx)/0x < 1

Ouy(t,x)/0xr — 14+ KInk’
which implies (i). Moreover (i) leads to that there exist 6 < 1, L > +o0 such that for

any r > L,
Ou (t, kx)/0x

Ouy(t,z)/0x —

kx > 1,.(t,60u(t,z)/0x),

I (t,60uy (t,x)/0x)
k 2 I (t,0uq(t,x)/0x) ?

N
N
= L) < povy < T (¢, L),
N

I (ty)
Li(t,6
lim sup,._,o. a((t’f)) < +o0.

Then
I (t,6° t,0%x) I (t,6
lim supM = limsup L (t,0%) I, (¢, 0z)
z—0+ I+(t,$> z—0+ I+(t 5‘%‘) I+(t,l’)
2
< limsup —I (t,0"x) lim sup —I+<t’ 07)
z—0+ [+( 76'1:) z—0+ [Jr(tvx)
< +o00.
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In this way we can prove that limsup,_,q, L) 450 Vn > 1. (ii) follows since

Iy ()
. () - . o
lim sup,_,. % is non-increasing in A. [

/ / ga(t,2)F7(t, 1 — z)dzdt. (A7)

Then it is easy to see that f(-) is strictly decreasing. By the monotone convergence

Define

theorem and the monotonicty of g,(-), we can get that if f(A\g) < +oo for some A\g > 0,
then f(-) is continuous on (Ao, +00). Furthermore, the Lagrange multiplier uniquely
exists for any 0 < a < f(Xg).

Lemma 7. If liminf, .. R, (t,z) > 0 uniformly in t € [0,T], and f(1) < 400, then

the Lagrange multiplier exists for any a > 0.

Proof. By the monotonicity of f(-), we immediately get f(A) < +oo,¥\ > 1. For
0 < A <1, by Lemma 6, there exist L > 1,0 > 0 such that for any 0 < x < 9,
?Et $; < 2L uniformly in ¢ € [0, T]. Define s(t,z) :== N'(t,1 — w,(t,1 — z)) which is
decreasing in z. Set k() as the inverse function of x(-) w.r.t the second argument.

Then
T 1
/ / gt 2)F 1t 1 — 2) 1,51 (16)dzdt
o Jo
T 1
_ / / Lo (6 ARt 2))F (1 = 2) Lo <gdedt

I (t, \k(t, 2 -
- / / Z_ t,k(t, 2) )I+(t’ Rt 2)F 1(1 - Z)]-/i(t7z)§5d2dt

IN

2L/ / I(t,k(t,2)F (1 - 2) L, 2)<sdzdt
< 2Lf(1

34



!

o— >—

—_

a(t, 2)F1(t, 1 — 2) 15y dzdt

—_

Lo (t, Mkt 2)) F 11 — 2) 1,0y >5d2dt

N
=

L (t, A6(t, 2)) Ak (t, 2)w! (8,1 — 2) 1o, >edzdt

uy (t, I (t, A6(t, 2)))wly (¢, 1 — 2)1aq,2)>sdzdt

!
kA

up(t, Lo (t, N0))w!, (¢, 1 — z)dzdt

N

I
M= >l M= M= S— S—
NN%N E
c\c\Hc\

U+(t, I_|_(t, Aé))dt
Hence

fA) = /OT/OlgA(t,z)F_l(t,l—z)dzdt
1 [T

< 2Lf(1)+X/ wp (t, Lo (8, 25))dt
< +o00, "

where the last inequality is from Assumption 2 (i).
We prove that f(A) < +oo, VA > 0, which implies the conclusion. O

Now we are ready to prove the well-posedness of (A.2).

Proof. of Theorem 1

By condition (iii), we have

vi(91(-))

T 1

= / / wp (b, Iy (6, N' (81— w (8,1 — 2))w (8,1 — 2)dzdt
0 0

< +oo,

and

a; = f()

1
T

/
(a2 5 |

= vi(91()) < +oo.

1
L(t, N'(t,1 —wy(t,1 = 2))F*(1 — 2)dzdt

1
uy (t, Lo (6, N (¢, 1 —wi (8,1 — 2)w', (¢, 1 — 2)dzdt

S— >—
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Consequently by Lemma 7, the Lagrange multiplier exists for any a > 0, thus ¢;(-) is
an optimal solution for Problem (A.2) with a = a; and vy (a1) = v (g1(+)) < +o0.

Denote the feasible region of (A.2) with a as

A, = {g(-) € ©+,/OT /Olg(t,z)F_l(t,l _ )dedt = a} |

For any b > a;, we have

w® = mpoe)= mp oo ()

gGAb gEAal ay
b b
< sup —wy(g) = —vy(ar) < +o0,
g€, A1 ay

where the first inequality is because of the concavity of u(-) and u,(0) = 0.

For any 0 < b < ay,

b
0eB) = supvpg) = sup o, (—g)
geEN QEAal ai
< sup v4(g) = v(ar) < +o0,
g€Aq,
where the first inequality is because of the monotonicity of u.(-). O

Actually the above discussion gives the solution of Problem (A.2), which is sum-

marized as follows.

Theorem 8. Under Assumption 1, 2 and 3, the solution to (A.2) is
g (t,2) == L (L, NN (8,1 —wy(t, 1 — 2))),

where X* 1s uniquely determined by

T
/ / Lt NN (8,1 —wy(t, 1 —2))FH(t, 1 — 2)dzdt = a.
o Jo
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