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Abstract

This thesis mainly concerns a continuous-time behavioral consumption model under

Kahneman and Tversky’s cumulative prospect theory. Mathematically this is a non-

concave maximization problem because of the presence of an S-shaped functional and

the presence of so-called probability distortions. By using a quantile method and

divide-and-conquer scheme, we solve the problem quite explicitly and the optimal

consumption is in general characterized in two parts: the agent has rich consumption

above the benchmark in good situations and suffers from hunger (i.e. no consumption)

in bad situations. An example is given to show that judging whether the market is

good or bad depends highly on the agent’s benchmark. Finally we give the strategy

for optimal consumption and portfolio selection to maximize behavioral utilities from

both consumption and terminal wealth.
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Chapter 1

Introduction

This chapter summarizes the work of the thesis. First, I give lterature review on the

topic indicated by the title. Then I explain the constribution of the thesis and give

its outline.

1.1 Literature Review

One problem in finance theory is utility maximization in continuous time, for example

Merton [14, 15], Karatzas and Shreve [11]. Specifically speaking, an agent with an

initial endowment can consume while also investing in the market. The objective of

this agent is to maximize the utility of consumption over the planning horizon, or

to maximize the utility of wealth at the end of time period, or to maximize the sum

of the both. Conventionally people use Expected Utility Theory (EUT) to model

an agent’s utility while facing uncertainty. The theory, based on von Neumann and

Morgenstern [19], has three key assumptions:

(i) The agent is rational and able to objectively evaluate probabilities.

(ii) The agent evaluates wealth according to final asset positions only.

(iii) The agent is uniformly risk-averse, i.e. her utility function is globally concave.

However EUT has long been challenged as these assumptions were found inconsistent

with the situation in the real world. Besides there are paradoxes and puzzles that

EUT fails to explain, for example Allais paradox (Allais [1]) and the equity premium

puzzle (Mehra and Prescott [13]).

There are a number of alternative preference models to EUT, among which, Quig-

gin’s rank-dependent utility theory [16], Yaari’s ”dual theory of choice” [21], Lopes’s

SP/A model [12], and Kahneman and Tversky’s cumulative prospect theory (CPT;
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[10, 18]) are notable. These theories among others gave birth to a new branch of

economics, i.e. behavioral economics, which features the influence of the agent’s psy-

chology on making decisions in the face of uncertainty. CPT is widely regarded as

the richest behavioral economic theory, which replaced the above three assumptions

of EUT correspondingly with:

(i) The agent has probability distortion, which is nonlinear by amplifying a small

probability and underestimating a large probability.

(ii) There is a reference point or benchmark in wealth that differentiates gains and

losses.

(iii) The agent is risk-averse on gains and risk-taking on losses, i.e., her utility func-

tion (which is called value function in CPT) is concave on gains and convex on

losses.

There has been burgeoning research in incorporating behavioral theories into portfolio

choice selection. Most of the research is either limited to single-period models or some

ingredients in (i)-(iii) are missing. For example, the single-peirod research includes

Benartzi and Thaler [2], Shefrin and Statman [17], De Giorgi and Post [4], and He

and Zhou [5]; while Berkelaar et al [3] consider a special case in continuous time with

some ingredients of CPT but without probability distortions. The main difficulties lie

in that due to the existence of probability distortions and S-shaped utility function,

conventional methods for EUT like dynamic programming or convex analysis are not

applicable.

For the continuous-time setting, Jin and Zhou [8, 9] first construct a general model

under CPT in a complete market and solve the problem of utility maximization of

lower bounded terminal wealth at the end of planning horizon. The key method in [8]

includes a divide-and-conquer procedure and a quantile formulation and a technique

to solve a concave Choquet minimization problem. The structure of the optimal

terminal wealth is of two parts, indicating a bet on a good state of the market while

accepting a fixed loss in a bad one. Zhang, Jin and Zhou [22] apply the approach in a

similar model, but in which the terminal wealth has a fixed lower bound. Due to the

existence of loss control (i.e. the lower bound), the structure of the solution features

in three parts: the agent has gains in the good states of market, gets a moderate

constant loss in the intermediate states, and suffers the maximal loss (which is the

given bound for losses) in bad states.
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1.2 Main Contributions

In the thesis, we extend Jin and Zhou [8] to maximizing utility of intertemporal

consumption. Essentially by following the approach developed in [8], we solve the

problem quite explicitly. The approach consists of several steps.

Step 1. Our problem is law invariant in that if two consumption processes (for ex-

ample c1(·), c2(·)) have the same probability law at each time (i.e. c1(t) ∼
c2(t), a.e. t ∈ [0, T ]), the agent would get the same utility from them. Due to

this property, we use the quantile method to transform the original problem

from looking for the optimal stochastic process (i.e. the consumption process)

into finding an optimal two-variable function (see Lemma 2). Then we have a

discussion of the well-posedness of the problem (see Theorem 1).

Step 2. In order to handle the S-shaped utility function in the transformed problem

(2.5), we use the divide-and-conquer procedure, that is to decompose the prob-

lem into a positive part problem and a negative part problem, by introducing

some auxiliary parameters (see Theorem 2).

The positive part problem is essentially a concave maximization problem,

which we solve by using variational calculus on quantile functions (see Theorem

3).

The negative part problem involves minimizing a concave functional. We

solve it by looking for the corner point in the functional space (see Theorem 4).

Step 3. After solving the positive and negative part problems, the solution to the

original problem can be found by optimizing the parameters introduced in the

second step (see Theorem 5 and 6).

We should mention that the quantile method is further develped by He and Zhou

[6]. Like [8, 22], they only employ the method in solving different portfolio selec-

tion problems that are essentially about looking for the optimal random variables.

However, in our paper, we manage to make the quantile method work for stochastic

processes.

Another notable result is that the solution of our problem is surprisingly char-

acterized by only two parts: the agent has rich consumption above the benchmark

in good situations and suffers from hunger (i.e. no consumption) in bad situations

(see Theorem 6). This is different from that of [22]. [As the consumption process is

nonnegative (thus 0 is the lower bound), one might expect our problem is similar to
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that of [22].] Thus the structure of our solution is more like the one of Jin and Zhou

[8], in which there is no lower bound contraint.

Then we solve a specific example with with a two-piece CRRA utility function to

illustrate our result. We find that under some assumptions, judging the market is in

good states or bad states highly depends on the agent’s reference point or benchmark.

If the agent has a lower benchmark, then she tends to believe that the market is good.

Conversely, if her bechmark is higher, then she tends to believe the market is bad.

After solving the optimal consumption problem, we give the strategy on how

to find the optimal consumption and portfolio selection to maximize the behavioral

utilities from both consumption and terminal wealth. The strategy is to divide the

initial wealth into two parts, then use one part for maximizing the consumption and

the other for the terminal wealth, then the best strategy lies in the best dividing by

comparing the sum of the utilities from consumption and terminal wealth.

1.3 The Outline

Chaper 2 is devoted to the main part of the thesis. Section 2.1 is devoted to the

formulation of the behavioral model. We reformulate the problem by quantile method

and give sufficient conditions to guarantee its well-posedness in Section 2.2. In Section

2.3 we present the divide-and-conquer scheme. In Section 2.4 and 2.5, we respectively

solve a concave maximization and a concave minimization problem, which arise from

the solution scheme. The main result is given in Section 2.6. An Example with a

two-piece CRRA utility function is presented in Section 2.7. Section 2.8 addresses

the problem of maximizing utilities from both consumption and terminal wealth in

the framework of CPT. We conclude in Chapter 3. Technical preliminaries are found

in the appendix.
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Chapter 2

Model and Solution

2.1 The Market Model and CPT criteria

In this chapter, (Ω,F , P, {Ft}t≥0) is a given probability space on which is defined a

standard Ft-adapted m-dimensional Brownian Motion W (t) ≡ (W 1(t), . . . ,Wm(t))′

with W (0) = 0. Here and throughout the paper A′ denotes the transpose of a matrix

A. We assume that the filtration {Ft}t≥0 is generated by the Brownian motion and

augmented by all the null sets.

We define a continuous-time financial market involving consumption following

Karatzas and Shreve [11]. Fix T > 0 as the terminal time. In the market there are

m + 1 assets being traded continuously. One of the assets is a bank account whose

price process S0(t) is subject to the following equation:

dS0(t) = r(t)S0(t)dt, t ∈ [0, T ]; S0(0) = s0 > 0,

where the interest rate r(·) is an Ft-progressively measurable, scalar-valued stochastic

process with
∫ T

0
|r(s)|ds < +∞, a.s.. The rest assets are stocks whose price processes

Si(t), i = 1, . . . ,m, satisfy the following stochastic differential equations (SDEs):

dSi(t) = Si(t)[µi(t)dt+
m∑
j=1

σij(t)dW
j(t)], t ∈ [0, T ]; Si(0) = si > 0,

where µi(·) and σij(t), the appreciation and volatility rates, respectively, are scalar-

valued, Ft-progressively measurable stochastic processes with∫ T

0

[
m∑
i=1

|µi(t)|+
m∑

i,j=1

σij(t)
2

]
dt < +∞, a.s..

Set the excess rate of return vector process B(t) := (µ1(t)−r(t), . . . , µm(t)−r(t))′,
and define the volatility matrix process σ(t) := (σij(t))m×m. We impose the following

basic assumptions on the market parameters:
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(i) There exists a ∈ R such that a ≤
∫ T

0
r(s)ds < +∞, a.s.;

(ii) There exists a unique Rm-valued, uniformly bounded, Ft-progressively measur-

able process θ(·) such that σ(t)θ(t) = B(t), a.e. t ∈ [0, T ], a.s..

It is well known that under these assumptions there exists a unique risk-neutral

probability measure Q defined by dQ
dP
|Ft = ρ(t)S0(t), where

ρ(t) := exp

{
−
∫ t

0

[r(s) +
1

2
|θ(s)|2]ds−

∫ t

0

θ(s)′dW (s)

}
is pricing kernel or state density price. It is clear that 0 < ρ(t) < +∞, a.s,, and

0 < Eρ(t) < +∞,∀t ∈ [0, T ].

A random variable ξ is said to have no atom if P (ξ = a) = 0,∀a ∈ R. We need

the following assumption throughout this paper:

Assumption 1. For each t ∈ (0, T ], ρ(t) admits no atom.

This assumption is not essential, and is imposed to avoid undue technicality. In

particular, it is satisfied when r(·) and θ(·) are deterministic with
∫ t

0
|θ(s)|2ds 6= 0∀t ∈

(0, T ] (in which case ρ(t) is a nondegenerate lognormal random variable).

A portfolio process (π0(·), π(·)) consists of an Ft-progressively measurable, real-

valued process π0(·) and an Ft-progressively measurable, Rm-valued process π(·) =

(π1(·), . . . , πm(·))′ such that∫ T

0

|σ(t)′π(t)|2dt < +∞,
∫ T

0

|B(t)′π(t)|dt < +∞, a.s..

A consumption process is an Ft-progressively measurable, nonnegative process c(·)
satisfying

∫ T
0
c(t)dt < +∞, a.s.. It is known that if an agent with initial endowment

x0 ≥ 0 chooses a consumption process c(·), then the corresponding wealth process

x(·) will be governed by the following SDE:{
dx(t) = [r(t)x(t)− c(t) +B(t)π(t)]dt+ π(t)′σ(t)dW (t), t ∈ [0, T ],
x(0) = x0.

(2.1)

Given x ≥ 0, we say that a consumption and portfolio process pair (c(·), π(·)) is

admissible at x, and write (c(·), π(·)) ∈ A(x), if the corresponding wealth process

x(·) satisfies xx,c,π(t) ≥ 0, t ∈ [0, T ]. Note that here we omit π0(·) since that we can

recover π0(·) from π(·), c(·), x(·) by the above SDE and x(t) = π0(t)+π(t)′~1−
∫ t

0
c(s)ds,

where ~1 = (1, . . . , 1)′. The following result is from Karatzas and Shreve ([11], p. 93,

Theorem 3.5).
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Proposition 1. Let x ≥ 0 be given, let c(·) be a consumption process, and let ξ be a

nonnegative, FT -measurable random variable such that E[
∫ T

0
ρ(t)c(t)dt+ ρ(T )ξ] = x.

Then there exists a portfolio process π(·) such that the pair (c(·), π(·)) is admissible

at x and ξ = xx,c,π(T ).

In the conventional consumption theory, an agent’s preference is modeled by the

expected utility of the consumption process. In this paper, we study a consumption

model featuring human behaviors by incorporating the CPT framework of Tversky

and Kahneman [18]. First of all, we use a deterministic and nonnegative function b(·)
on [0, T ] to denote the reference point or benchmark in CPT. Next, we are given two

time-dependent utility functions u+(·) and u−(·), both mapping from [0, T ] × R+ to

R+, that measure utilities from gains and losses respectively. There are two additional

functions w+(·) and w−(·) from [0, T ]× [0, 1] to [0, 1], representing the distortions in

probability for the gains and losses respectively. The technical assumptions on these

functions, which will be imposed throughout this paper, are summarized as follows:

Assumption 2.

(i) u+(·) and u−(·) : [0, T ] × R+ → R+ are jointly measurable. For each t ∈ [0, T ],

u±(t, ·) are strictly increasing, concave, with u±(t, 0) = 0. Moreover for each

t ∈ [0, T ], u±(t, ·) are strictly concave. u+(t, ·) is twice differentiable, with the

Inada conditions ∂u+(t,0+)
∂x

= +∞, ∂u+(t,+∞)
∂x

= 0. Denote u−1
± (t, ·) the inverse

function of u±(t, ·) w.r.t the second argument. Denote I+(t, x) as the inverse

function of ∂u+(t,x)
∂x

w.r.t x. We assume
∫ T

0
u+(t, I+(t, z))dt < +∞,∀z > 0.

(ii) b(·) : [0, T ]→ R+ is measurable and bounded.

(iii) w+(·) and w−(·) : [0, T ] × [0, 1] → [0, 1], are jointly measurable, and w.r.t the

second argument are differentiable and strictly increasing. w±(·, 0) ≡ 0 and

w±(·, 1) ≡ 1. Denote w′±(t, x) := ∂w±(t,x)
∂x

.

Now given a consumption process c(·), we assign it a value V (c(·)) by

V (c(·)) = V+(c(·))− V−(c(·)), (2.2)

where
V+(c(·)) :=

∫ T
0

∫∞
0
w+(t, P{u+(t, (c(t)− b(t))+) > y})dydt,

V−(c(·)) :=
∫ T

0

∫∞
0
w−(t, P{u−(t, (c(t)− b(t))−) > y})dydt.

It is evident that V (·) is nondecreasing in the sense that V (c1(·)) ≥ V (c2(·)) for any

stochastic processes c1(·) and c2(·) with c1(t) ≥ c2(t), a.s., a.e.t ∈ [0, T ].
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Our problem is to find the most preferable portfolios and consumption, in terms

of maximizing the value V (c(·)), by continuously managing the portfolio and con-

sumption. The mathematical formulation is as follows:

Maximize V (c(·))
subject to (c(·), π(·)) ∈ A(x0).

In view of Proposition 1, in order to solve the above problem, one can first to solve

the following problem w.r.t the consumption process c(·):

Maximize V (c(·))
subject to E

∫ T
0
ρ(t)c(t)dt = x0,

∫ T
0
c(t)dt < +∞, a.s..

c(·) ≥ 0, isFt-progressively measurable.

(2.3)

Set d(t) := c(t)− b(t), a0 := x0 − E
∫ T

0
ρ(t)b(t)dt and

J+(d(·)) := V+(d(·) + b(·)),
J−(d(·)) := V−(d(·) + b(·)),
J(d(·)) := J+(d(·))− J−(d(·)),

then Problem (2.3) turns into

Maximize J(d(·))
subject to E

∫ T
0
ρ(t)d(t)dt = a0,

∫ T
0
d(t)dt < +∞, a.s..

d(t) ≥ −b(t), is Ft-progressively measurable.

(2.4)

2.2 Quantile Transformation and well-posedness

Recall that if a random variable X has a cumulative distribution function (CDF

henceafter) FX : (−∞,∞) → [0, 1], then FX is nondecreasing and right-continuous.

The upper quantile G+
X : [0, 1) → [−∞,∞] and and lower quantile G−X : (0, 1] →

[−∞,∞] are defined as

G+
X(y) := inf{x ∈ R : FX(x) > y}, y ∈ [0, 1)

G−X(y) := inf{x ∈ R : FX(x) ≥ y}, y ∈ (0, 1].

It is well known that G+
X(respectively, G−X) is nondecreasing and right- (left-) contin-

uous.

Let G denote the set of all upper quantile functions, i.e.

G =: {G : [0, 1)→ [−∞,∞], nondecreasing, right-continous}.

Throughout this paper we denote respectively by F (t, ·) and F−1(t, ·) the CDF

and lower quantile of the pricing kernel ρ(t). Denote

G := {g : [0, T ]× [0, 1)→ [−∞,∞], g(t, ·) ∈ G}.
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Lemma 1. If d∗(·) solves problem (2.4), and its upper-quantile function at t is g∗(t, ·),

then d∗(t) = g∗(t, 1− F (t, ρ(t))), a.s. a.e. t ∈ [0, T ].

Proof. Denote d̄(t) := g∗(t, 1−F (t, ρ(t))). If the conclusion is not true, thenE
∫ T

0
1Adt >

0, where A := {(t, ω)|d̄(t, ω) 6= d∗(t, ω)}. Then ∃B ⊆ [0, T ] with positive Lebesgue

measure such that P (At) > 0 for any t ∈ B. As E
∫ T

0
[ρ(t)d∗(t)]dt < +∞, we have

E[ρ(t)d∗(t)] < +∞, a.e.t ∈ [0, T ] by Fubini theorem.

By Theorem B.1 of Jin and Zhou [8], E[ρ(t)d̄(t)] ≤ E[ρ(t)d∗(t)], a.e.t ∈ [0, T ] and

E[ρ(t)d̄(t)] < E[ρ(t)d∗(t)], a.e.t ∈ B. Thus E
∫ T

0
ρ(t)d̄(t)dt < E

∫ T
0
ρ(t)d∗(t)dt. Set

d1(t) := d̄(t) + a1
ρ(t)

, where a1 := a0 − E
∫ T

0
ρ(t)d̄(t)dt > 0. Then d1(·) > d̄(·) and

E

∫ T

0

ρ(t)d1(t)dt = a0.

Thus it is feasible for problem (2.4). But J+(d1(·)) > J+(d̄(·)) = J+(d∗(·)), which

contradicts the optimality of d∗(·).

Denote Zt := 1−F (t, ρ(t)). Then Zt ∼ U(0, 1), t ∈ (0, 1]. Motivated by Lemma 1,

we replace d(t) in J±(d(·))) with g(t, Zt), where g(t, ·) is the upper quantile of d(t).

Setting w̄+(t, x) := w+(t, 1− x) and by integration by parts, we can get:

J+(g(·, Z·)) =

∫ T

0

∫ ∞
0

w+(t, P{u+(t, g(t, Zt)
+) > y})dydt

=

∫ T

0

∫ ∞
0

w+(P{g(Zt) > u−1
+ (y), g(Zt) ≥ 0})dydt

=

∫ T

0

∫ ∞
0

w+(P{Zt > G(u−1
+ (y))})dydt

=

∫ T

0

∫ ∞
0

w̄+(G(u−1
+ (y)))dydt

=

∫ T

0

∫ w̄+(G(0))

0

u+(g(w̄−1
+ (x)))dxdt

=

∫ T

0

∫ 1

0

u+(g(z))w′+(1− z)1g(z)≥0dzdt

= E

∫ T

0

u+(t, g(t, Zt))w
′
+(t, 1− Zt)1g(t,Zt)≥0dt,

where G(t, ·) is the CDF of d(t). Here and henceforth, we sometimes omit t in any

time-dependent functions for notational simplicity if no confusion occurs.
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Similarly,

J−(g(·, Z·)) =

∫ T

0

∫ 1

0

u−(−g(z))w′−(z)1g(z)<0dzdt

= E

∫ T

0

u−(t,−g(t, z))w′−(t, Zt)1g(t,Zt)<0dt.

Moreover, note that ρ(t) = F−1(1− Zt), then Problem (2.4) turns into:

Maximize v(g) :=
∫ T

0

∫ 1

0
u(t, z, g(t, z))dzdt

subject to g ∈ Ĝ,
∫ T

0

∫ 1

0
g(t, z)F−1(t, 1− z)dzdt = a0,

(2.5)

where

u(t, z, x) :=

{
u+(t, x)w′+(t, 1− z), if x ≥ 0,

−u−(t,−x)w′−(t, z), if x < 0,

and

Ĝ :=

{
g ∈ G : g(t, ·) ≥ −b(t),∀t ∈ [0, T ],

∫ T

0

g(t, z)dt < +∞, a.e.z ∈ [0, 1)

}
.

The following lemma verifies the equivalence of Problems (2.4) and (2.5).

Lemma 2. If d∗(·) solves Problem (2.4) and its quantile function at t is g∗(t, ·), then

g∗(·) solves Problem (2.5). Conversely, if Problem (2.5) admits an optimal g∗(·), then

g∗(·, Z·) solves Problem (2.4).

Proof. For the first part, by Lemma 1, d∗(t) = g∗(t, Zt), a.s.a.e.t ∈ [0, T ]. Then it is

easy to see that g∗(·) ∈ Ĝ. If the conclusion is not true, then there exists g1(·) such

that v(g1(·)) > v(g∗(·)). Define d1(t) := g1(t, Zt), which is feasible for (2.4). Then

J(d1(·)) = v(g1(·)) > v(g∗(·)) = J(d∗(·)), contradicting the optimality of d∗(·).
For the second part, set d∗(t) := g∗(t, Zt). If the conclusion does not hold, then

there exists d1(·) which quantile function at t is g1(t, ·), such that J(d1(·)) > J(d∗(·)).
As g1(t, Zt) ∼ d1(t), a.e.t, then J(d1(·)) = J(g1(·, Z·)) = v(g1(·)) ≤ v(g∗(·)) =

J(d∗(·)). Then we get contradiction.

Therefore in order to solve Problem (2.4), we just need to solve (2.5). Note that

in Problem (2.5), u(·) is an S-shaped functional on g(·) and the constraint on g(·) is

linear. One might try to solve it as a whole by Lagrange method and weak duality.

However by such method the solution does not necessarily have the properties in Ĝ,

especially the monotonicity. We present the scheme of solution in the next section.

Before concluding the section, we address the issue of well-posedness for Problem

(2.4) (thus also for Problem (2.5)). In general a maximization problem is ill-posed if

its supremum is infinite; otherwise it is called well-posed.
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Denote

R+(t, x) := −
x∂u2

+(t, x)/∂x2

∂u+(t, x)/∂x
, x > 0,

which is called the Arrow-Pratt index of relative risk aversion of the utility function

u+(·) at time t.

Another key function which will play an important role is

N(t, y) := −
∫ 1

1−w−1
+ (t,1−y)

F−1(t, 1− z)dz. (2.6)

It is easy to check thatN(t, ·) is continuous and strictly increasing on [0, 1), ∀t ∈ [0, T ].

Denote N̂(t, ·) as the concave envelope of N(t, ·).

Theorem 1. Suppose that Assumptions 1 and 2 hold, then Problem (2.4) is well-posed

for any a0 > 0 under the following conditions:

(i) lim infx→∞R+(t, x) > 0 uniformly in t ∈ [0, T ];

(ii)
∫ T

0
I+(t, λN̂ ′(t, 1))dt <∞,∀λ > 0, where N̂ ′(t, x) := ∂

∂x
N̂(t, x).

(iii)
∫ T

0

∫ 1

0
u+(t, I+(t, N̂ ′(t, 1− w+(t, 1− z)))w′+(t, 1− z)dzdt <∞.

Proof. See the Appendix.

Remark 1. The main idea behind this theorem is that in ordr to guarantee the well-

posedness of Problem (2.4), we consider a related problem (Problem (A.1) in the

Appendix) which dominates (2.4) (see Lemma 4 in the Appendix). We solves the dom-

inating problem explicitly using Lagrange method and calculus of variation. Roughly

speaking, condition (i) is sufficient for the existence of the Lagrange multiplier. Con-

dition (ii) guarantees that the solution for the dominating problem is feasible, i.e. it

satisfies the integration condition. Finally condition (iii) makes sure the dominating

problem has finite maximum.

In view of the above theorem, we need the following assumption:

Assumption 3. (i)-(iii) of Theorem 1 hold.
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2.3 Dividing

In the section we give the solution scheme of Problem (2.5) by constructing three

sub-problems, which as a whole are equivalent to (2.5). Given a+ ≥ a+
0 and h(·) :

[0, T ]→ [0, 1], we consider:

(i) Positive Part Problem:

Maximize v+(g(·)) :=
∫ T

0

∫ 1

0
u+(t, g(t, z))w′+(1− z)1z>h(t)dzdt

subject to g(·) ∈ Ĝ+,
∫ T

0

∫ 1

0
g(z)F−1(1− z)dzdt = a+,

g(·, z)1z≤h(·) = 0,∀z ∈ [0, 1),

(2.7)

where

Ĝ+ := {g(·) : g(·) ∈ Ĝ, g(·) ≥ 0}. (2.8)

If h(·) 6≡ 1, a.e. on [0, 1], then the feasible region of (2.7) is nonempty (for

example, a+
F−1(1−z)1z≥h(t) is a feasible solution), define v+(a+, h(·)) to be the

supremum of (2.7). If h(·) ≡ 1 a.e. on [0, 1], and a+ > 0, the there is no feasible

solution and we define v+(a+, h(·)) := −∞.

(ii) Negative Part Problem:

Minimize v−(g(·)) :=
∫ T

0

∫ 1

0
u−(t, g(t, z))w′−(t, z)1z≤h(t)dzdt

subject to g(·) ∈ Ĝ−,
∫ T

0

∫ 1

0
g(z)F−1(1− z)dzdt = a+ − a0,

g(·, z)1z>h(·) = 0,∀z ∈ [0, 1),

(2.9)

where

Ĝ− := {g : −g ∈ Ĝ, 0 ≤ g(t, z) ≤ b(t), a.e.t ∈ [0, T ], z ∈ [0, 1)}.

If
∫ T

0

∫ 1

0
b(t)F−1(1−z)1z≤h(t)dzdt ≥ a+−a0, then the feasible region is nonempty.

In fact

[(a+ − a0)b(t)1z≤h(t)]/

∫ T

0

∫ 1

0

b(t)F−1(1− z)dzdt

is a feasible solution. Otherwise there is no feasible solution. Denote v−(a+, h(·))
the infimum of (2.9) when the feasible region is nonempty; otherwise set v−(a+, h(·)) :=

∞.

(iii)
Maximize v+(a+, h(·))− v−(a+, h(·))
subject to a+ ≥ a+

0 , 0 ≤ h(·) ≤ 1; a+ = 0 when h(·) ≡ 1;∫ T
0

∫ 1

0
b(t)F−1(1− z)1z≤h(t)dzdt ≥ a+ − a0.

(2.10)

12



To prove the equivalence of Problem (2.5) and the above three sub-problems, we

start with the equivalence of well-posedness.

Proposition 2. Problem (2.5) is ill-posed if and only if Problem (2.10) is ill-posed.

Proof. Suppose (2.10) is ill-posed. For any M > 0 and feasbile (a+, h(·)) such that

v+(a+, h(·))− v−(a+, h(·)) > M , it is easy to see that h(·) 6≡ 1. If v+(a+, h(·)) < +∞,
then there exists g+(·), g−(·) feasible for (2.7) and (2.9) respectively, satisfying that

v+(g+(·)) ≥ v+(a+, h(·))−1, v−(g−(·)) ≤ v−(a+, h(·))+1. Define g(·) := g+(·)−g−(·).
Then g(·) is feasible for (2.5) and v(g(·)) = v+(g+(·)) − v−(g−(·)) ≥ v+(a+, h(·)) −
v−(a+, h(·))− 2 > M − 2. If v+(a+, h(·)) = +∞, choose g+(·) such that v+(g+(·)) ≥
M + v−(a+, h(·)).(Note that v−(a+, h(·)) < +∞ for any feasible(a+, h(·)).) Then

v(g(·)) = v+(g+(·))− v−(g−(·)) ≥M + v−(a+, h(·))− v−(a+, h(·))− 1 ≥M − 1. Both

of the two cases show that (2.5) is ill-posed.

If (2.5) is ill-posed, then for any M > 0, there is a feasible g(·) for (2.5) such

that v(g(·)) > M. Define h(t) := sup{z; g(t, z) ≤ 0}, a+ :=
∫ T

0

∫ 1

0
g(z)+F−1(1 −

z)dzdt. Then (a+, h(·)) is feasible for (2.10). v+(a+, h(·))−v−(a+, h(·)) ≥ v+(g(·)+)−
v−(g(·)−) = v(g(·)) > M , which implies the illposedness of (2.10).

Now we prove the equivalence.

Theorem 2. Given g∗(·), define a∗+ :=
∫ T

0

∫ 1

0
g∗(z)+F−1(1 − z)dzdt and h∗(t) :=

sup{z; g∗(t, z) ≤ 0}. Then g∗(·)is optimal for Problem (2.5) if and only if (a∗+, h
∗(·))

is feasible for Problem (2.10) and g∗(·)+, g∗(·)− are respectively optimal for Problem

(2.7) and (2.9) with the parameter pair (a∗+, h
∗(·)).

Proof. For the “if” part, we have v(g∗(·)) = v+(a∗+, h
∗(·))−v−(a∗+, h

∗(·)). For any feasi-

ble solution g(·) of (2.5), define h(t) := sup{z; g(t, z) ≤ 0} and a+ :=
∫ T

0

∫ 1

0
g(z)+F−1(1−

z)dzdt. Then v+(g(·)+) ≤ v+(a+, h(·)), v−(g(·)−) ≥ v−(a+, h(·)). Thus we have v(g(·)) ≤
v−(a+, h(·)) − v−(a+, h(·)) ≤ v−(a∗+, h

∗(·)) − v−(a∗+, h
∗(·)) = v(g∗(·)), implying that

g∗(·) is optimal for (2.5).

For the “only if” part, let g∗(·) be optimal for (2.5). Obviously v+(g∗(·)+) ≤
v−(a∗+, h

∗(·)), v−(g∗(·)−) ≥ v−(a∗+, h
∗(·)). If the first holds strictly, then there exists

g1(·) feasible for (2.7) with (a∗+, h
∗(·)) such that v+(g∗(·)+) < v+(g1(·)). Thus ḡ(·, z) :=

g1(·)1z≥h∗(·) +g∗(·)1z<h∗(·) is feasible for (2.5) and v(ḡ(·)) > v(g∗(·)), contradicting the

optimality of g∗(·). Similarly we can prove that g∗(·)− is optimal for (2.9). Thus we

have v+(g∗(·)+) = v−(a∗+, h
∗(·)), v−(g∗(·)−) = v−(a∗+, h

∗(·)).
Next we show that v+(a+, h(·)) − v−(a+, h(·)) ≤ v−(a∗+, h

∗(·)) − v−(a∗+, h
∗(·)) ≡

v(g∗(·)) for any feasible pair (a+, h(·)) of (2.10). We prove it in two cases.
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(i)If h(·) ≡ 1, (hence a+ = 0, a0 ≤ 0),then

v+(a+, h(·))− v−(a+, h(·)) = −v−(0, 1)

= sup∫ T
0

∫ 1
0 g(z)F

−1(1−z)dzdt=−a0,g∈Ĝ−
−v−(g(·))

= sup∫ T
0

∫ 1
0 g(z)F

−1(1−z)dzdt=a0,g∈Ĝ,g≤0

v(g(·))

≤ sup∫ T
0

∫ 1
0 g(z)F

−1(1−z)dzdt=a0,g∈Ĝ
v(g(·))

= v(g∗(·)).

(ii) If h(·) 6≡ 1, then for any feasible (a+, h(·)) and any ε > 0, there exists

g1(·), g2(·) feasible for (2.7) and (2.9) respectively, such that v+(g1(·)) > v+(a+, h(·))−
ε, v−(g2(·)) < v−(a+, h(·))+ε. Set g(·) = g1(·)−g2(·). Then g(·) is feasible for (2.5) and

v+(a+, h(·))− v−(a+, h(·)) < v+(g1(·))− v−(g2(·)) + 2ε = v(g(·)) + 2ε ≤ v(g∗(·)) + 2ε.

This concludes the proof.

2.4 Positive Part Problem

In this section we solve Problem (2.7). When h(·) ≡ 1, (2.7) is trivial. Hece we

assume that h(·) 6≡ 1. In such case the problem is similar to Problem (A.2) in the

appendix. Obviously the supremum of Problem (2.7) is smaller than that of (A.2)

with a = a+. Thus the well-posedness of (A.2) implies that of (2.7).

Given λ > 0, we consider the following problem.

Maximize vλ+(g(·)) :=
∫ T

0

∫ 1

0

[
u+(g(z))w′+(1− z)− λg(z)F−1(1− z)

]
dzdt

subject to g(·) ∈ Ĝ, g(·, z)1z≤h(·) = 0,∀z ∈ [0, 1).
(2.11)

Using the similar method discussed in the appendix (see Proposition 8 and Theorem

8), we can derive the solution

gλ,h(t, z) = I+(t, λN̂ ′(t, 1− w+(t, 1− z)))1z>h(·).

Set

fh(λ) :=

∫ T

0

∫ 1

0

gλ,h(t, z)F
−1(t, 1− z)1z>h(·)dzdt.

Similar to the discussion of f(λ) in the appendix (A.7), we have that fh(·) is strictly

decreasing and that if fh(λ0) < +∞ for some λ0 > 0, then fh(·) is continuous on

(λ0,+∞). Thus the Lagrange multiplier exists for any 0 < a1 < fh(λ0). As shown in
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the appendix that under Assumption 3 (i.e. the conditions of Theorem 1), f(λ) <

+∞,∀λ > 0. Hence fh(λ) ≤ f(λ) < +∞,∀λ > 0, implying that ∃λ∗ > 0 such that

gλ∗,h is feaible for (2.7). Thus we get:

Theorem 3. Let Assumptions 1, 2 and 3 hold. Given a+ ≥ a+
0 and h(·) : [0, T ] →

[0, 1], we have

(i) if a+ = 0, then g∗(·) ≡ 0 solves (2.7) with v+(a+, h(·)) = 0.

(ii) if a+ > 0, h(·) ≡ 1, then there is no feasible solution for (2.7) and v+(a+, h(·)) =

−∞.

(iii) if a+ > 0, h(·) 6≡ 1, then the optimal solution for (2.7) is

gλ∗,h(t, z) = I+(t, λ∗N̂ ′(t, 1− w+(t, 1− z)))1z>h(·)

where λ∗ > 0 uniquely solves
∫ T

0

∫ 1

0
gλ∗,h(t, z)F

−1(t, 1− z)1z>h(·)dzdt = a+. The

optimal value is

v+(a+, h(·)) =

∫ T

0

∫ 1

0

u+(I+(λ∗N̂ ′(t, 1− w+(t, 1− z))))w′+(1− z)1z>hdzdt.

(2.12)

Before ending the section, we prove that v+ is strictly increasing in h(·) in the

following sense.

Proposition 3. Let Assumption 1, 2 and 3 hold. If a+ > 0 and Problem (2.7) admits

an optmial solution with (a+, h(·)), then v+(a+, h̄(·)) > v+(a+, h(·)), where h̄(·) ≤ h(·)
and

∫ T
0

1{h̄(t)<h(t)}dt > 0.

Proof. Suppose by solving (2.11), we get gh(·), gh̄(·) be optimal for (2.7) respectively

with parameter pairs (a+, h(·)), (a+, h̄(·)). Then gh(·) solves (2.11) with the constraint

that g(·, z)1z≤h(·) = 0, ∀z ∈ [0, 1] while gh̄(·) solves it with g(·, z)1z≤h̄(·) = 0,∀z ∈ [0, 1].

Set A := {t; h̄(t) < h(t)}. For any y > 0, let ε(t, y) := inf{x > 0 : gh(t, h(t) + x) >

y} and

gy(t, z) :=


0, t ∈ A, z ∈ [0, h̄(t)],

y t ∈ A, z ∈ (h̄(t), h(t) + ε(t, y)]

gh(t, z), t ∈ AC .
,
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Then

vλ+(gy(·))− vλ+(gh(·))

=

∫
A

∫ h(t)+ε(t,y)

h̄(t)

u+(y)w′+(1− z)− λyF−1(1− z)dzdt

−
∫
A

∫ h(t)+ε(t,y)

h(t)

u+(gh(z))w′+(1− z)− λgh(z)F−1(1− z)dzdt

≥
∫
A

∫ h(t)+ε(t,y)

h̄(t)

u+(y)w′+(1− z)− λyF−1(1− z)dzdt

−
∫
A

∫ h(t)+ε(t,y)

h(t)

u+(gh(z))w′+(1− z)dzdt

≥
∫
A

u+(t, y)

∫ h(t)

h̄(t)

w′+(1− z)dzdt−
∫
A

λy

∫ h(t)+ε(t,y)

h̄(t)

F−1(1− z)dzdt

= y

[∫
A

u+(y)

y
(w+(1− h̄(t))− w+(1− h(t)))dt− λ

∫
A

∫ h(t)+ε(t,y)

h̄(t)

F−1(1− z)dzdt

]
.

Since u+(t,y)
y
→ +∞ as y → 0, and w+(1 − h̄(t)) − w+(1 − h(t)) > 0, t ∈ A, we

have
∫
A
u+(y)
y

(w+(1 − h̄(t)) − w+(1 − h(t)))dt → +∞ as y → 0. On the other hand,

as y → 0, ε(t, y)→ 0, hence∫
A

∫ h(t)+ε(t,y)

h̄(t)

F−1(1− z)dzdt

≤
∫
A

(h(t) + ε(t, y)− h̄(t))F−1(1− h̄(t))dt

→
∫
A

(h(t)− h̄(t))F−1(1− h̄(t))dt.

Then as y → 0,∫
A

u+(y)

y
(w+(1− h̄(t))− w+(1− h(t)))dt− λ

∫
A

∫ h(t)+ε(t,y)

h̄(t)

F−1(1− z)dzdt→ +∞.

Fix y > 0 small enough such that the left side of the above is larger than 1. Then

vλ+(gy(·))− vλ+(gh(·)) ≥ y > 0.

Note that gh(·), gy(·) both are feasible for (2.11) with the constraint that g(·, z)1z<h̄(·) =

0,∀z ∈ [0, 1]. Then

v+(gh̄(·)) = vλ+(gh̄(·)) ≥ vλ+(gy(·)) > vλ+(gh(·)) = v+(gh(·)),

which implies that v+(a+, h̄(·)) > v+(a+, h(·)).
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2.5 Negative Part Problem

As discussed in Section 2.3, we assume
∫ T

0

∫ 1

0
b(t)F−1(1 − z)1z≤h(t)dzdt ≥ a+ − a0.

If
∫ T

0

∫ 1

0
b(t)F−1(1 − z)1z≤h(t)dzdt = a+ − a0, then Problem (2.9) is trivial. Hence

we assume
∫ T

0

∫ 1

0
b(t)F−1(1 − z)1z≤h(t)dzdt > a+ − a0. First in the following two

propositions, we prove that the feasible solutions in the form of a 2-step function

with the value of either 0 or b(t) at time t are better than others.

Proposition 4. If Problem (2.9) has a feasible solution in the form of g(t, z) =∑n
i=1 ai(t)1(li−1(t),li(t)](z) where b(t) ≥ a1(·) ≥ ... ≥ an(·) ≥ 0, 0 ≡ l0(·) ≤ l1(·) ≤

... ≤ ln(·) ≤ h(·),
∫

1{t;an(t)>0,ln(t)<h(t)}dt > 0, then there exists ḡ(t, z) = b(t)1(0,l(t))(z),

where 0 ≤ l(·) ≤ h(·), such that v−(ḡ(·)) ≤ v−(g(·)).

Proof. We prove it by induction. For n = 1, i.e. g(t, z) = a(t)1[0,l1(t)](z), denote

A := {t; 0 < a(t) < b(t), 0 ≤ l1(t) < h(t)}. If the conclusion is not true, then∫
1Adt > 0. Fix l1(·), we consider the following problem:

Minimize v̄1(α(·)) :=
∫ T

0
u−(α(t))w−(l1(t))dt

subject to 0 ≤ α(·) ≤ b(·),
∫ T

0
α(t)

∫ l1(t)

0
F−1(1− z)dzdt = a+ − a0.

(2.13)

Then a(·) is feasible to (2.13). Note that in (2.13), v̄1(α(·)) is concave in α(·) while

the constraint is linear in α(·). Then we can solve it by the Lagrange method. For

given λ > 0, we consider

Minimize v̄λ1 (α(·)) :=
∫ T

0

[
u−(α(t))w−(l1(t))]− λα(t)

∫ l1(t)

0
F−1(1− z)dz

]
dt

subject to 0 ≤ α(·) ≤ b(·).
(2.14)

The solution is

αλ(t) =

{
b(t), if u−(b(t))w−(l1(t))− λb(t)

∫ l1(t)

0
F−1(1− z)dz ≤ 0,

0, otherwise.

Set φ(λ) :=
∫ T

0
αλ(t)

∫ h(t)

l0(t)
F−1(1−z)dzdt, then it is easy to see that φ(·) is continuous

and increasing on (0,+∞) and φ(0+) = 0, φ(+∞) > a+ − a0. Then there exists λ∗

such that φ(λ∗) = a+ − a0. Then by weak duality, we have

inf
(2.13)

v̄1(α(·)) ≥ sup
λ>0

inf
(2.14)

[v̄λ1 (α(·)) + λ(a+ − a0)]

≥ inf
(2.14)

[v̄λ
∗

1 (α(·)) + λ∗(a+ − a0)]

= v̄λ
∗

1 (αλ∗(·)) + λ∗(a+ − a0)

≥ inf
(2.13)

v̄1(α(·)),
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where the feasible regions of inf’s are those of the coresponding equations. Then

αλ∗(·) solves (2.13), implying that v̄λ
∗

1 (αλ∗(·)) ≤ v̄λ
∗

1 (a(·)). Denote

l(t) :=

{
l0(t), t ∈ R,
0, t 6∈ R,

where R := {t;u−(b(t))w−(l1(t)) − λ∗b(t)
∫ l1(t)

0
F−1(1 − z)dz ≤ 0}. Set ḡ(t, z) :=

b(t)1[0,l(t)](z). The above discussion shows that v−(ḡ(·)) ≤ v−(g(·)).
Suppose the conclusion holds true for the case of n− 1(n > 1). In the case of n,

suppose g(t, z) =
∑n

i=1 ai(t)1(li−1(t),li(t)](z) is a feasible solution to (2.9). If an(·) ≡
an−1(·) or ln(·) ≡ ln−1(·), the it turns to the n−1 case, in which the conclusion is true.

Otherwise
∫

1Andt > 0, where An := {t; 0 < an(t) < an−1(t), 0 ≤ ln−1(t) < ln(t)}. We

fix l0(·), ln(·), lj(·), aj(·), j = 1, ..., n− 1, and consider:

Minimize v̄n(α(·)) :=
∫ T

0
u−(α(t))[w−(ln(t))− w−(ln−1(t))]dt

subject to 0 ≤ α(·) ≤ an−1(·),
∫ T

0
α(t)

∫ ln(t)

ln−1(t)
F−1(1− z)dzdt = ān,

where ān = a+−a0−
∫ T

0

∫ 1

0
g(t, z)F−1(1−z)1{z≤ln−1(t)}dzdt > 0. Then an(·) is feasible

to the above problem. However, following the same procedure in the case of n = 1,

we can find

ᾱ(t) =

{
an−1(t), t ∈ R,
0, t 6∈ R,

for some R ∈ B[0, T ] such that v̄n(ᾱ(·)) ≤ v̄n(an−1(·)). Set l̄n−1(t) := ln(t)1t∈R +

ln−1(t)1t6∈R and ḡ(t, z) :=
∑n−2

i=1 ai(t)1(li−1(t),li(t)](z) + ᾱ(t)1(ln−2(t),l̄n−1(t)]+, then we get

v−(ḡ(·)) ≤ v−(g(·)) while ḡ(·) is a (n− 1)-step function. By induction, the conclusion

holds true.

Proposition 5. If Problem (2.9) has an optimal solution, then it must be in the form

g(t, z) = b(t)1[0,l(t)](z), where 0 ≤ l(·) ≤ h(·).

Proof. Let g(·) be an optimal solution to (2.9). Denote p(t) :=
∫ h(t)

0
g(t, z)F−1(t, 1−

z)dz, then p(t) < +∞, a.e.t ∈ [0, T ]. If the conclusion does not hold ture, then the

set {(t, z); 0 < g(t, z) < b(t)} must has a positive Lebesgue measure. Thus ∃L ∈
B[0, T ],

∫
1L > 0, such that ∀t ∈ L, h(t) > 0 and ∃zt > 0, 0 < g(t, zt) < b(t). Then

L = L1∪L2, where L1 = {t ∈ L; g(t, zt) < g(t, 0+)}, L2 = {t ∈ L; g(t, zt) = g(t, 0+)}.
We consider two cases.

Case 1:t ∈ L1. Then for βt ∈ (0, 1), define
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gβ1 (t, z) :=


βtg(t, z), t ∈ L1, z > zt,

βtg(t, zt) + γtg(t,0+)−βtg(t,zt)
g(t,0+)−g(t,zt) (g(t, z)− g(t, zt)), t ∈ L1, 0 < z < zt,

g(t, z) t 6∈ L1,

where γt is uniquely determined by
∫ h(t)

0
gβ1 (t, z)F−1(t, 1 − z)dz = p(t). If γt ≤ 1,

then it is easy to show that gβ1 (t, z) ≤ g(t, z), z < zt and hence
∫ h(t)

0
gβ1 (t, z)F−1(t, 1−

z)dz <
∫ h(t)

0
g(t, z)F−1(t, 1 − z)dz = p(t), which is a contradiction. Thus γt > 1.

A similar argument shows that limβt↑1 γt = 1. Choose βt ∈ (0, 1) appropriately such

that 1 < γtg(t,0+)−βtg(t,zt)
g(t,0+)−g(t,zt) < 2. Note that by measurable section theorem we have that

βt, γt are measurable on t.

Case 2: t ∈ L2. Then for βt ∈ (0, 1), define

gβ2 (t, z) :=


βtg(t, z), t ∈ L2, z > zt,

γtg(t, zt), t ∈ L2, 0 < z ≤ zt,

g(t, z), t 6∈ L2,

where γt is uniquely determined by
∫ h(t)

0
gβ2 (t, z)F−1(t, 1 − z)dz = p(t). Similar to

Case 1, we can find measurable functions βt and γt such that γt > 1, limβt↑1 γt = 1.

Choose βt appropriately such that γtg(t, zt) ≤ b(t).

Define g1(t, z) := g(t, z)1t∈LC+gβ1 (t, z)1t∈L1 +gβ2 (t, z)1t∈L2 and g2(t, z) := 2g(t, z)−
g1(t, z). Then it is easy to check that gi(·), i = 1, 2 are feasible solution to (2.9).

Besides as g(t, ·), gi(·), i = 1, 2 are left continuous and g1(t, zt) < g(t, zt) < g2(t, zt), t ∈
L, there exists δt > 0 such that g1(t, z) < g(t, z) < g2(t, z), t ∈ L, z ∈ (zt − δt, zt].

Then by the strict concavity of u−(t, ·), we have v−(g(·)) > 1
2
[v−(g1(·)) + v−(g2(·))],

which implies that either v−(g(·)) > v(g1(·)) or v−(g(·)) > v−(g2(·)). Thus we get the

contradiction.

In view of the preceding proposition, we need only determine the optimal l(·) by

solving the following problem given a parameter pair (a+, h(·)):

Minimize v̄−(l(·)) :=
∫ T

0
u−(b(t))w−(l(t))dt

subject to 0 ≤ l(·) ≤ h(·),
∫ T

0
b(t)

∫ l(t)
0

F−1(1− z)dzdt = a+ − a0.
(2.15)

Proposition 6. Problem (2.9) and (2.15) have the same infimum values.

Proof. Denote v, v̄ seperately the infimum values of (2.9) and (2.15). Obviously,

v ≤ v̄. If the conclusion is not true, there exists a feasible solution g(·) to (2.9) such

that v(g(·)) < v̄.
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For each n ≥ 1, 1 ≤ k ≤ 2n, define

an(t, k) :=

∫ k/2n
(k−1)/2n

g(t, z)F−1(t, 1− z)dz∫ k/2n
(k−1)/2n

F−1(t, 1− z)dz
.

Then g(t, k−1
2n

) ≥ an(t, k) ≥ g(t, k
2n

), and it is easy to check that

gn(t, z) :=
2n∑
k=1

an(t, k)1( k−1
2n

, k
2n

](z)

is a feasible solution to (2.9). Since gn(t, z) → g(t, z), a.s. and 0 ≤ gn(·) ≤ b(·),
we have v−(gn(·)) → v−(g(·)). Hence there exists n > 0, such that v−(gn(·)) < v̄.

On the other hand, by Proposition 4, we have that there exists a two step function

ḡ(t, z) = b(t)1[0,l(t)](z), where 0 ≤ l(·) ≤ h(·), such that v−(ḡ(·)) ≤ v−(gn(·)) < v̄.

Note that v−(ḡ(·)) = v̄−(l(·)) ≥ v̄. Thus we get the contradiction.

The above discussions lead to:

Theorem 4. Given a+ ≥ a+
0 and h(·) : [0, T ]→ [0, 1],

(i) if
∫ T

0

∫ h(t)

0
b(t)F−1(1 − z)dzdt < a+ − a0, then there is no feasible solution to

Problem (2.9) and v−(a+, h(·)) = +∞;

(ii) otherwise,

v−(a+, h(·)) = inf

∫ T

0

u−(b(t))w−(l(t))dt, (2.16)

where the feasible region of the inf is

{l(·) : 0 ≤ l(·) ≤ h(·),
∫ T

0

b(t)

∫ l(t)

0

F−1(1− z)dzdt = a+ − a0}.

Moreover, Problem (2.9) admits an optimal solution g∗(·) if and only if the

minimization problem on the right side of (2.16) admits an optimal solution

l∗(·). In such case,

g∗(t, z) = b(t)1[0,l∗(t)](z).

Remark 2. Note that unlike the three-piece solution in Zhang, Jin and Zhou ([22],

Theorem 4.5), the structure of the solution here only has two parts. The reason is

that the additional dimension of time offers us more flexibility (which can be seen in

the proof of Proposition 4).
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2.6 Solution of the CPT Consumption Model

Now that we have solved both the Positive Part Problem (2.7) and the Negative Part

Problem (2.9). What remains to do is to solve (2.10). By Theorem 4, Problem (2.10)

can be simplified as

Maximize v+(a+, h(·))−
∫ T

0
u−(b(t))w−(l(t))dt

subject to a+ ≥ a+
0 , 0 ≤ l(·) ≤ h(·) ≤ 1; a+ = 0 when h(·) ≡ 1;∫ T

0
b(t)

∫ l(t)
0

F−1(1− z)dzdt = a+ − a0,

(2.17)

where v+(a+, h(·)) can be given in (2.12) if we assume Assumption 1, 2 and 3.

For any feasible (a+, h(·), l(·)) of (2.17), as h(·) ≥ l(·), then v+(a+, l(·)) ≥ v+(a+, h(·))
by Proposition 3. Thus (2.17) is equivalent to

Maximize v+(a+, h(·))−
∫ T

0
u−(b(t))w−(h(t))dt

subject to a+ ≥ a+
0 , 0 ≤ h(·) ≤ 1; a+ = 0 when h(·) ≡ 1;∫ T

0
b(t)

∫ h(t)

0
F−1(1− z)dzdt = a+ − a0.

(2.18)

Theorem 5. Let Assumption 1 and 2 hold.

(i) If g∗(·) is optimal for Problem (2.5), then a∗+ :=
∫ T

0

∫ 1

0
g∗(t, z)+F−1(t, 1−z)dzdt

and h∗(t) := sup{z; g∗(t, z) ≤ 0}are optimal for Problem (2.18). Moreover,

g∗(·)− = b(t)1[0,h∗(t)].

(ii) If (a∗+, h
∗(·)) is optimal for Problem (2.18) and g∗+(·) is optimal for Problem (2.7)

with parameter pair (a∗+, h
∗(·)), then the optimal solution to Problem (2.18) can

be represented as g∗(t, z) = g∗+(t, z)1z>h∗(t) − b(t)1z≤h∗(t).

Proof.

(i) If g∗(·) solves Problem (2.5), then by Theorem 2, (a∗+, h
∗(·)) is optimal for (2.10)

and g∗(·)+, g∗(·)− are respectively optimal for Problem (2.7) and (2.9) with parameter

pair (a∗+, h
∗(·)). We now prove that h∗(·) solves Problem (2.15) with parameter pair

(a∗+, h
∗(·)), i.e.

v−(a∗+, h
∗(·)) =

∫ T

0

u−(b(t))w−(h∗(t))dt.

To this end, if it does not hold true, then by Theorem 4 there exists 0 < l(·) ≤ h∗(·)
such that

∫
1{t;l(t)<h∗(t)}dt > 0 and∫ T

0

u−(b(t))w−(l(t))dt <

∫ T

0

u−(b(t))w−(h∗(t))dt.

Then by Proposition 3, we have v+(a∗+, l(·)) > v+(a∗+, h
∗(·)). As a result,
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v+(a∗+, l(·))− v−(a∗+, l(·)) ≥ v+(a∗+, l(·))−
∫ T

0

u−(b(t))w−(l(t))dt

> v+(a∗+, h
∗(·))− v−(a∗+, h

∗(·)),

contradicting the optimality of (a∗+, h
∗(·)). The other conclusions are straightforward.

(ii) As (a∗+, h
∗(·)) is optimal for Problem (2.18), we have

v+(a∗+, h
∗(·))− v−(a∗+, h

∗(·)) ≥ v+(a∗+, h
∗(·))−

∫ T

0

u−(b(t))w−(h∗(t))dt

= sup
(2.18)

{
v+(a+, h(·))−

∫ T

0

u−(b(t))w−(h(t))dt

}
= sup

(2.17)

{
v+(a+, h(·))−

∫ T

0

u−(b(t))w−(l(t))dt

}
= sup

(2.10)

{v+(a+, h(·))− v−(a+, h(·))} ,

where the feasible regions of sup’s are those of the coresponding equations. This shows

that (a∗+, h
∗(·)) is optimal for Problem (2.10) and the inequality above is actually an

equality, leading to

v−(a∗+, h
∗(·)) =

∫ T

0

u−(b(t))w−(h∗(t))dt.

By Theorem (4), it indicates that b(t)1z≤h∗(t) is optimal for (2.9) with parameter pair

(a∗+, h
∗(·)). The rest is from Theorem 2.

In view of Lemma 2 and Theorem 5, we have that

Theorem 6. If (a∗+, h
∗(·)) is optimal for Problem (2.18) and g∗+(·) is optimal for

Problem (2.7) with parameter pair (a∗+, h
∗(·)), then the optimal solution to Prob-

lem (2.4) can be represented as d∗(t) = g∗+(t, 1 − F (t, ρ(t)))1ρ(t)<q∗(t) − b(t)1ρ(t)≥q∗(t),

where q∗(t) = F−1(t, 1− h∗(t)).Thus the optimal solution to Problem (2.3) is c∗(t) =

(g∗+(t, 1− F (t, ρ(t))) + b(t))1ρ(t)<q∗(t).

Remark 3. It is clear from Theorem 6 that the optimal consumption is in general

characterized by two parts: the agent has rich consumption above the benchmark in

good states of the market and suffers from hunger (i.e. no consumption) in bad states.

Remark 4. From Theorem 6, we know that in order to solve the original CPT con-

sumption problem (2.3), we just need to find the optimal (a∗+, h
∗(·)) for Problem (2.18).

Generally it is still very difficult. But we solve an example in the next section to il-

lustrate the method.
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2.7 An Example with CRRA Utility Functions

In this section we solve a concrete example to illustrate the general results obtained in

Section 2.6. We consider a model with CRRA (constant relative risk aversion) utility

functions, which is proposed by Tversky and Kahneman [18], i.e. u+(x) = xα, u−(x) =

k−x
α, where 0 < α < 1 and k− > 0. We assume all the market parameters (investment

opportunity set) are time-invariant: r(·) ≡ r, B(·) ≡ B, σ(·) = σ, θ(·) ≡ θ. In this

case, ρ(t) = exp{−(r + ‖θ‖2/2)t− θ′W (t)}, following a log-normal distribution with

parameter (µt, σ
2
t ), where µt = −(r + ‖θ‖2/2)t, σ2

t = ‖θ‖2t. Then the range of F (t, ·)
is [0, 1) on [0,+∞).

When x0 = 0, the optimal solution is trivially c∗(·) ≡ 0. When x0 > 0, first we

solve the Positive Part Problem (2.7) with parameters (a+, h(·)), where a+ ≥ a+
0 and

0 ≤ h(·) ≤ 1.

We need the following assumption.

Assumption 4.

(i) For each t ∈ (0, T ], F
−1(t,z)
w′+(t,z)

is nondecreasing in z ∈ (0, 1].

(ii) For any t ∈ (0, T ], w′+(t, 0+) > 0 and lim supz→0
w−(t,z)

F−1(t,1−z) < +∞.

(iii) For each t ∈ (0, T ],
w′−(t,z)

F−1(t,1−z) is nondecreasing in z ∈ [0, 1).

Remark 5.

(i) Generally speaking, the economic interpretation of Assumption 4 (i) is that the

distortion w+(·) should not be too large in the sense that it should not increase

the relative risk seeking function of the distribution by more than 1. In the case

where there is no distortion (i.e. w+(·, x) = x), the assumption certainly holds.

For more details, the readers can refer to Section 6.2 of Jin and Zhou [8].

(ii) Based on Assumption 4 (i), one condition for Assumption 4 (iii) to hold is that

• w′+(t,1−z)
w′−(t,z)

does not depend on z, ∀t ∈ [0, T ].

This condition holds for example if the probability distortions are of Choquet

integral sense. Sepcifically, given a capacity w ◦ P (a non-linear probability

measure), the Choquet expectation of a random variable X is defined as

EC
w [X] :=

∫ ∞
0

w(P (X ≥ y))dy +

∫ 0

−∞
[w(P (X ≥ y))− 1]dy. (2.19)

23



On the other hand, in CPT, the nonlinear expectation of X (taking the origin

as the reference point), is defined by

ECPT
w+,w− [X] :=

∫ ∞
0

w+(P (X+ ≥ y))dy +

∫ ∞
0

w−(P (X− ≥ y))dy. (2.20)

Thus if we choose w−(z) = 1 − w+(1 − z) and w+(z) = w(z), then the two

distorted expectations (2.19) (2.20) are the same, and the condtion (•) holds.

Under Assumption 4 (i), it is easy to check that N defined in (2.6) is concave

itself, i.e. N = N̂ . Thus the optimal solution for (2.7) is

g∗+(t, z) =

(
αw′+(t, 1− z)

λ∗F−1(t, 1− z)

) 1
1−α

1z>h(t)

and

v+(a+, h(·)) =

∫ T

0

∫ 1

0

(
α

λF−1(t, 1− z)

) α
1−α

w′+(t, 1− z)
1

1−α1z>h(t)dzdt,

where λ > 0 is the unique real number satisfying
∫ T

0

∫ 1

0
g∗+(t, z)F−1(t, 1 − z)dzdt =

a+. We use this equation to replace a+ in the constraint of Problem (2.18) and set

β :=
(
α
λ

) 1
1−α

. Note that a0 = x0−E
∫ T

0
ρ(t)b(t)dt = x0−

∫ T
0

∫ 1

0
b(t)F−1(t, 1− z)dzdt,

then Problem (2.18) specializes to

Maximize
∫ T

0

∫ 1

h(t)
βαF−1(1− z)

α
α−1w′+(1− z)

1
1−αdzdt− k−

∫ T
0
b(t)αw−(h(t))dt

subject to

{ ∫ T
0

∫ 1

h(t)

[
βF−1(1− z)

α
α−1w′+(1− z)

1
1−α + F−1(1− z)b(t)

]
dt = x0,

0 ≤ h(·) ≤ 1, β > 0.
(2.21)

Note that w−(t, h(t)) = 1−
∫ 1

h(t)
w′−(t, z)dz, then (2.21) turns into

Maximize
∫ T

0

∫ 1

h(t)

[
βαF−1(1− z)

α
α−1w′+(1− z)

1
1−α + k−b(t)

αw′−(z)
]
dzdt− k−

∫ T
0
b(t)αdt

subject to

{ ∫ T
0

∫ 1

h(t)

[
βF−1(1− z)

α
α−1w′+(1− z)

1
1−α + F−1(1− z)b(t)

]
dt = x0,

0 ≤ h(·) ≤ 1, β > 0.
(2.22)

Fix γ > 0, we consider the following problem:

Maximize ηγ(β, h(·)) :=
∫ T

0

∫ 1

0
ζ(t, z, β)1z≥h(t)dt− k−

∫ T
0
b(t)αdt+ x0

γ

subject to 0 ≤ h(·) ≤ 1, β > 0,
(2.23)
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where

ζ(t, z, β) := βαF−1(1− z)
α
α−1w′+(1− z)

1
1−α + k−b(t)

αw′−(z)

−1

γ

[
βF−1(1− z)

α
α−1w′+(1− z)

1
1−α + F−1(1− z)b(t)

]
=

(
βα − β

γ

)
F−1(1− z)

α
α−1w′+(1− z)

1
1−α

+k−b(t)
αw′−(z)− 1

γ
b(t)F−1(1− z).

As ζ(t, z, β) is concave in β, by zero-derivative condition, we have

arg max
β>0

ζ(t, x, β) = (αγ)
1

1−α .

Then to solve (2.23) we only need to consider

Maximize
∫ T

0

∫ 1

0
ζ(t, z, (αγ)

1
1−α )1z≥h(t)dzdt

subject to 0 ≤ h(·) ≤ 1,
(2.24)

which is a deterministic optimal stopping problem. The optimal solution h∗(·) to

(2.24), if it exists, must satisfy ζ(t, h∗(t), (αγ)
1

1−α ) = 0 and ∂ζ(t,z,(αγ)
1

1−α )
∂z

|z=h∗(t) ≥ 0 if

h∗(t) > 0; or that h∗(t) = 0 if infz>0 ζ(t, z, (αγ)
1

1−α ) ≥ 0.

Now we explore the relation between h∗(·; γ) := h∗(·) and γ. Set

ξ(γ) :=

∫ T

0

∫ 1

0

[
(αγ)

1
1−αF−1(1− z)

α
α−1w′+(1− z)

1
1−α + F−1(1− z)b(t)

]
1z>h∗(t)dzdt,

(2.25)

then it is continuous and increasing in γ. Moreover note that limz→1− ζ(t, z, (αγ)
1

1−α ) =

+∞, thus h∗(t; γ) < 1. Then we have

lim
γ→+∞

ξ(γ) = +∞.

On the other hand note that

ζ(t, z, (αγ)
1

1−α ) = α̂γ
α

1−αF−1(1−z)
[( w′+(t, 1− z)

F−1(t, 1− z)

) 1
1−α

+k−b(t)
α w′−(t, z)

F−1(t, 1− z)
−1

γ
b(t)
]
,

(2.26)

where α̂ := α
α

1−α − α
1

1−α > 0. By Assumption 4 (i) and (ii), it is easy to get

limγ→0 h
∗(t; γ) = 1, which further implies that

lim
γ→0

ξ(γ) = 0.
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Thus there exists a γ∗ such that ξ(γ∗) = x0. Therefore (β∗ := (αγ∗)
1

1−α , h∗(·; γ∗))
is feasible to (2.23). Denote the optimal value of (2.22) and (2.23) as η and η(γ)

respectively, then

η ≤ inf
γ>0

η(γ)

≤ η(γ∗)

= ηγ∗(β
∗, h(·; γ∗))

≤ η,

implying that (β∗ := (αγ∗)
1

1−α , h∗(·; γ∗)) is optimal for (2.23). To sum up, we have

Theorem 7. Under Assumption 4 (i) and (ii), if h∗(·; γ) solves Problem (2.24) for

any γ > 0, then ((αγ∗)
1

1−α , h∗(·; γ∗)) solves Problem (2.21), where γ∗ uniquely solves

ξ(γ∗) = x0. Thus we get the optimal

d∗(t) =
(αγ∗
ρ(t)

) 1
1−α

1ρ(t)<q∗(t) − b(t)1ρ(t)≥q∗(t),

and then the optimal consumption

c∗(t) =
[(αγ∗
ρ(t)

) 1
1−α

+ b(t)
]
1ρ(t)<q∗(t),

where q∗(t) = F−1(t, 1− h∗(t; γ∗)).

Now we explore the relation between b(t) and q∗(t)

When b(t) increases, we consider two cases. If γ∗also increases, then by (2.25), in

order to guarantee ξ(γ∗) = x0, we must have h∗(t) increases. By Theorem 6 we know

that q∗(t) is a decreasing function of h∗(t), thus q∗(t) decreases. The other case is

that γ∗decreases. Note that (2.26) can be written as

ζ(t, z, (αγ)
1

1−α )

= α̂γ
α

1−αF−1(1− z)b(t)
[(

w′+(t,1−z)
F−1(t,1−z)b(t)

α−1
) 1

1−α
+ k−b(t)

α−1 w′−(t,z)

F−1(t,1−z) −
1
γ

]
.

As ζ(t, h∗(t), (αγ∗)
1

1−α ) = 0, then[( w′+(t, 1− z)

F−1(t, 1− z)
b(t)α−1

) 1
1−α

+ k−b(t)
α−1 w′−(t, z)

F−1(t, 1− z)
− 1

γ

]
|z=h∗(t) = 0. (2.27)

When γ∗decreases, the first two terms of left hand side of (2.27) must increase. As

b(t) increases and 0 < α < 1, by Assumption 4 (i) and (iii), it is easy to get h∗(t)

increase. Thus again we get q∗(t) decreases. The discussion leads to:
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Proposition 7. Let Assumption 4 (i) and (iii) hold. q∗(t) is decreasing in b(t).

A special case is that w+(t, x) = w−(t, x) = x. In this situation

ζ(t, z, (αγ)
1

1−α ) = b(t)α
[
α̂γ

α
1−α

(F−1(t, 1− z)

b(t)α−1

) α
α−1

+ k− −
1

γ

(F−1(t, 1− z)

b(t)α−1

)]
,

which is increasing in z. By solving ζ(t, h∗(t; γ), (αγ)
1

1−α ) = 0, it is easy to get

h∗(t; γ∗) = 1− F (t, αmα−1
∗ γ∗b(t)α−1) and thus q∗(t; γ∗) = αmα−1

∗ γ∗b(t)α−1h(t), where

m∗ uniquely solves (1− α)mα + k− − αmα−1 = 0. Clearly q∗(t) is decreasing in b(t).

Remark 6. The economic interpretation behind Proposition 7 is that when the agent

lowers the reference point (i.e. b(t)), she tends to believe that the market is good.

Conversely, if she increases the reference point, then she tends to believe the market

is bad.

2.8 Consumption and Terminal Wealth in CPT

In this section we solve the model in which the agent tries to maximize the utility

of consumption over the planning horizon plus the utility of wealth at the end of the

planning horizon within the framework of CPT in continuous time.

Definition 1. Given x ∈ R, we say that a consumption and portfolio process pair

(c(·), π(·)) is tame at x, and write (c(·), π(·)) ∈ T (x), if the initial wealth x(0) = x

and the discounted wealth process S0(·)−1x(·) is almost surely bounded from below (the

bound may depend on (c(·), π(·))).

Remark 7. Normally people require (c(·), π(·)) to make the corresponding wealth

process x(·) ≥ 0 (see for example Karatzas and Shreve [11], p.92, definition 3.2).

However note that here the wealth process can be negative. One reason is that accord-

ing to CPT, the agent is concerned about the magnitude of the change in wealth (or

consumption) from the reference point; even if the terminal wealth is negative, the

change might be positive if the reference point is set to be negative by the agent. Thus

here the set of tame (c(·), π(·)) is larger than the one in definition 3.2 of [11].

We define

T1(x) :={(c(·), π(·)) ∈ T (x) : ∃(c(·), π1(·)) ∈ A(x1), (0, π2(·)) ∈ T (x2),

satisfying xc,π11 (·) ≥ 0, xc,π11 (T ) + x0,π2
2 (T ) = x(T )},

where xc,π(·) is the wealth process corresponding to (c(·), π(·)).
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Lemma 3. T (x) = T1(x),∀x ∈ R.

Proof. Obviously T1(x) ⊆ T (x). On the other hand, for any (c(·), π(·)) ∈ T (x),

suppose the corresponding wealth process is x(·). Set x1 := E
∫ T

0
ρ(t)c(t)dt and

x2 := E[ρ(T )x(T )]. Then x1 ≥ 0, x1 + x2 = x. By Proposition 1, we can find π1(·)
such that (c(·), π1(·)) ∈ A(x1) with the corresponding terminal wealth x1(T ) = 0. As

x(T )S0(T )−1 is lower bounded, then we can find (0, π2(·)) ∈ T (x2). It is easy to see

that x(T ) = x1(T ) + x2(T ), where x1(·), x2(·) are the wealth processes corresponding

to (c(·), π1(·)), (0, π2(·)). Thus T (x) ⊆ T1(x).

We study a consumption and portfolio selection model in the framework of CPT

by combining the behavior consumption model formulated in Section 2 with the

behavioral terminal wealth model developed in Jin and Zhou [8]. Similar to the

notations in the consumption model, we use a FT -measurable random variable η,

satisfying S0(T )−1η is bounded and E[ρ(T )η] < +∞, as the reference point for the

terminal wealth, use ŵ±(·) as probability distortions and use two time-independent

utility functions û±(·) to measure the gains and losses respectively. Besides we use

ι ∈ R as the weight of terminal wealth utility to the consumption utility. The problem

is formulated as follows:

Maximize V (c(·)) + ιV̂ (x(T ))
subject to (c(·), π(·)) ∈ T (x),

(2.28)

where V (c(·)) is from (2.2) and

V̂ (x(T )) := V̂+(x(T ))− V̂−(x(T )),

with

V̂+(x(T )) :=
∫ +∞

0
ŵ+(P{û+((x(T )− η)+) > y})dy,

V̂+(x(T )) :=
∫ +∞

0
ŵ−(P{û−((x(T )− η)−) > y})dy.

In view of Lemma 3, Problem (2.28) is equivalent to

Maximize V (c(·)) + ιV̂ (x(T ))
subject to (c(·), π(·)) ∈ T1(x),

In Jin and Zhou [8], the following problem is solved:

Maximize V̂ (x(T ))
subject to (0, π(·)) ∈ T (x),
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and in the previous sections we solve

Maximize V (c(·))
subject to (c(·), π(·)) ∈ A(x).

We Set

v̂∗(x) := sup
(0,π(·))∈T (x)

V̂ (x(T )),

v∗(x) := sup
(c(·),π(·))∈A(x)

V (c(·)).

In the light of Lemma 3, we have the following scheme to solve Problem (2.28).

Step 1. Find x∗1 ≥ 0, x∗2, satisfying x∗1 + x∗2 = x, such that

v∗(x∗1) + ιv̂∗(x∗2) = sup
x1+x2=x,x1≥0

{v∗(x1) + ιv̂∗(x2)}.

Step 2. Find (c∗(·), π∗1(·)) ∈ A(x∗1) such that V (c∗(·)) = v∗(x∗1).

Step 3. Find (0, π∗2(·)) ∈ T (x∗2) such that V̂ (x∗2(T )) = v̂∗(x∗2), where x∗2(T ) is the

terminal wealth corresponding to (0, π∗2(·)).

Step 2 can be solved by Theorem 6 and Step 3 is solved by [8]. Thus the optimal

solutions to Problem (2.28), if exist, must include (c∗(·), π∗1(·) + π∗2(·)).

Remark 8. Step 1 is similar to the classical result (see for example, Theorem 7.10

of Karatzas and Shreve [11]).
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Chapter 3

Conclusions

This thesis mainly discusses on portfolio selection and consumption with the agent’s

preference following cumulative prospect theory (CPT) in a continuou-time complete

market driven by Brownian motion. First we consider a solely consumption model

within the framework of CPT. After using quantile method and divide-and-conquer

scheme, we get two sub-problems. One is essentially a concave maximization prob-

lem, which we solve by calculus of variation. Another one is essentially a concave

minimization problem, which we characterize the structure of its solution, if it exists.

In this way, we derive the optimal solution, which is composed of two parts, indicating

that an agent of CPT preference will have rich consumption above the benchmark

in good situations and suffers from hunger (i.e. no consumption) in bad situations.

In an example, we further show that under some assumptions, the agent’s reference

poin or benchmark highly influences her judgement on whether the market is good

or bad.

After that, we give the strategy on how to find the optimal consumption and

portfolio selection to maximize the utilities from both consumption and terminal

wealth in the framework of CPT. The strategy is very simple, i.e. first divide the

initial wealth into two parts, then use one part for maximizing the consumption

only and the other for the terminal wealth only, then the best strategy lies in the

best dividing by comparing the sum of the utilities from consumption and terminal

wealth.
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Appendix A

Proof of Theorem 1

We first introduce a problem which is closely linked with Problem (2.4) as to well-

posedness.

Maximize J+(d(·))
subject to E

∫ T
0
ρ(t)d(t)dt = a > 0, d(·) ≥ 0,

∫ T
0
d(t)dt < +∞, a.s.,

d(·) is Ft-progressively measurable.

(A.1)

Lemma 4. If Problem (A.1) is well-posed with a = a0 +E
∫ T

0
ρ(t)b(t)dt > 0 for some

a0 > −E
∫ T

0
ρ(t)b(t)dt, then Problem (2.4) with a0 is well-posed.

Proof. For any d(·) feasible for (2.4), define d̄(t) := d(t) + b(t) ≥ 0. Then d̄(·) is

feasible for (A.1) with a = a0 + E
∫ T

0
ρ(t)b(t)dt > 0. It is easy to see that J(d(·)) ≤

J+(d(·)) ≤ J+(d̄(·)) < +∞. Thus (2.4) is well-posed if (A.1) is well-posed.

In the same way of getting (2.5), we transform (A.1) into

Maximize v+(g(·)) :=
∫ T

0

∫ 1

0
u+(g(z))w′+(1− z)dzdt

subject to g(·) ∈ Ĝ+,
∫ T

0

∫ 1

0
g(t, z)F−1(t, 1− z)dzdt = a,

(A.2)

where Ĝ+ is defined in (2.8), i.e.

Ĝ+ =

{
g ∈ G : g(t, ·) ≥ 0,∀t ∈ [0, T ],

∫ T

0

g(t, z)dt < +∞, a.e.z ∈ [0, 1)

}
.

We denote v+(a) as the supremum of Problem (A.2).

Similarly following Lemma 1 and 2, we can get:

Lemma 5. If d∗(·) solves Problem (A.1) and its quantile function at t is g∗(t, ·), then

g∗(·) solves Problem (A.2). Conversely, if Problem (A.2) admits an optimal g∗(·),

then g∗(·, Z·) solves Problem (A.1). Problem (A.1) is ill-posed if and only if Problem

(A.2) is ill-posed.
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Since w′+(·) > 0, and u+(·) is concave w.r.t. the second argument, v+(g(·)) is

concave in g(·). On the other hand, the constrain in (A.2) is linear in g(·). Hence we

solve it by means of two steps:

Step 1. First for a fixed Lagrange multiplier λ > 0, solve the following problem

Maximizeg∈Ĝ+

∫ T

0

∫ 1

0

[
u+(g(z))w′+(1− z)− λg(z)F−1(1− z)

]
dzdt. (A.3)

Step 2. Then determine the Lagrange multiplier λ from the following equation∫ T

0

∫ 1

0

gλ(t, z)F
−1(t, 1− z)dzdt = a, (A.4)

with gλ solving (A.3).

In order to solve (A.3), we first fix time t, and solve

Maximize g∈G+

∫ 1

0

[
u+(t, g(z))w′+(t, 1− z)− λg(z)F−1(t, 1− z)

]
dz, (A.5)

where

G+ := {g : [0, 1)→ [0,∞], nondecreasing and right-continous}.

Suppose gλ;t solves (A.5). Define gλ(t, z) := gλ;t(z). If gλ ∈ Ĝ+, then definitely gλ

solves (A.3).

Proposition 8. Under Assumption 1, 2 and Assumption 3 (ii), recall N(t, ·) in (2.6)

and its concave envelope N̂(t, ·), ∀t ∈ [0, T ]. Then the optimal solution of Problem

(A.3) is

gλ(t, z) := I+(t, λN̂ ′(t, 1− w+(t, 1− z))), (A.6)

where N̂ ′(t, x) := ∂
∂x
N̂(t, x).

Proof. According to section 3.2 of Xia and Zhou [20], the solution to Problem (A.5)

is gλ;t = I+(t, λN̂ ′(t, 1− w+(t, 1− z))). Define gλ(t, z) := gλ;t(z). Thus we only need

to verify that
∫ T

0
gλ(t, z)dt < ∞, a.e.z ∈ [0, 1) in order to make sure that gλ ∈ Ĝ+.

Note that
∫ T

0
gλ(t, z)dt ≤

∫ T
0
I+(t, λN̂ ′(t, 1))dt <∞, the last inequality is guaranteed

by Assumption 3 (ii).

Now we move to Step 2, i.e. to check whether there exists some λ such that gλ(t, z)

derived in (A.6) satisfies (A.4). Recall that

R+(t, x) := −
x∂u2

+(t, x)/∂x2

∂u+(t, x)/∂x
, x > 0.

Following the main idea of Jin, Xu and Zhou [7], we have the following two lemmas,

which give conditions such that the Lagrange multiplier exists.
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Lemma 6. If lim infx→∞R+(t, x) > 0 uniformly in t ∈ [0, T ], then

(i) lim supx→+∞
∂u+(t,kx)/∂x
∂u+(t,x)/∂x

< 1uniformly in t ∈ [0, T ] for any k > 1.

(ii) lim supx→0+
I+(t,λx)
I+(t,x)

< +∞ uniformly in t ∈ [0, T ] for any 0 < λ < 1.

Proof. Suppose there exists M,K > 0, such that R+(t, x) ≥ K for any x ≥ M. For

any x ≥M,k > 1,

∂u+(t, kx)/∂x

∂u+(t, x)/∂x
− 1 = −

∫ kx
x

∂2u+
∂x2
|x=ydy

∂u+/∂x

= −
∫ kx
x
R(t, y)∂u+

∂x
|x=y/ydy

∂u+/∂x

≤ −
∫ kx
x
R(t, y)∂u+(kx)

∂x
/ydy

∂u+/∂x

= −∂u+(kx)/∂x

∂u+/∂x

∫ kx

x

R(t, y)/ydy

≤ −∂u+(kx)/∂x

∂u+/∂x
K

∫ kx

x

1

y
dy

= −∂u+(kx)/∂x

∂u+/∂x
K ln k.

Thus
∂u+(t, kx)/∂x

∂u+(t, x)/∂x
≤ 1

1 +K ln k
,

which implies (i). Moreover (i) leads to that there exist δ < 1, L > +∞ such that for

any x > L,
∂u+(t, kx)/∂x

∂u+(t, x)/∂x
≤ δ,

⇒ kx ≥ I+(t, δ∂u+(t, x)/∂x),

⇒ k ≥ I+(t,δ∂u+(t,x)/∂x)
I+(t,∂u+(t,x)/∂x)

,

⇒ I+(t,δy)
I+(t,y)

≤ k, ∀y < I+(t, L),

⇒ lim supx→0+
I+(t,δx)
I+(t,x)

< +∞.

Then

lim sup
x→0+

I+(t, δ2x)

I+(t, x)
= lim sup

x→0+

I+(t, δ2x)

I+(t, δx)

I+(t, δx)

I+(t, x)

≤ lim sup
x→0+

I+(t, δ2x)

I+(t, δx)
lim sup
x→0+

I+(t, δx)

I+(t, x)
< +∞.
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In this way we can prove that lim supx→0+
I+(t,δnx)
I+(t,x)

< +∞,∀n ≥ 1. (ii) follows since

lim supx→0+
I+(λx)
I+(x)

is non-increasing in λ.

Define

f(λ) :=

∫ T

0

∫ 1

0

gλ(t, z)F
−1(t, 1− z)dzdt. (A.7)

Then it is easy to see that f(·) is strictly decreasing. By the monotone convergence

theorem and the monotonicty of gλ(·), we can get that if f(λ0) < +∞ for some λ0 > 0,

then f(·) is continuous on (λ0,+∞). Furthermore, the Lagrange multiplier uniquely

exists for any 0 < a < f(λ0).

Lemma 7. If lim infx→∞R+(t, x) > 0 uniformly in t ∈ [0, T ], and f(1) < +∞, then

the Lagrange multiplier exists for any a > 0.

Proof. By the monotonicity of f(·), we immediately get f(λ) < +∞, ∀λ > 1. For

0 < λ ≤ 1, by Lemma 6, there exist L > 1, δ > 0 such that for any 0 < x ≤ δ,
I+(t,x)
I+(t,x)

< 2L uniformly in t ∈ [0, T ]. Define κ(t, z) := N̂ ′(t, 1 − w+(t, 1 − z)) which is

decreasing in z. Set κ−1(·) as the inverse function of κ(·) w.r.t the second argument.

Then ∫ T

0

∫ 1

0

gλ(t, z)F
−1(t, 1− z)1z≥κ−1(t,δ)dzdt

=

∫ T

0

∫ 1

0

I+(t, λκ(t, z))F−1(1− z)1κ(t,z)≤δdzdt

=

∫ T

0

∫ 1

0

I+(t, λκ(t, z))

I+(t, κ(t, z))
I+(t, κ(t, z))F−1(1− z)1κ(t,z)≤δdzdt

≤ 2L

∫ T

0

∫ 1

0

I+(t, κ(t, z))F−1(1− z)1κ(t,z)≤δdzdt

≤ 2Lf(1),
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∫ T

0

∫ 1

0

gλ(t, z)F
−1(t, 1− z)1z<κ−1(t,δ)dzdt

=

∫ T

0

∫ 1

0

I+(t, λκ(t, z))F−1(1− z)1κ(t,z)>δdzdt

=
1

λ

∫ T

0

∫ 1

0

I+(t, λκ(t, z))λκ(t, z)w′+(t, 1− z)1κ(t,z)>δdzdt(
u+(x) ≥ ∂u+

∂x
· x
)
≤ 1

λ

∫ T

0

∫ 1

0

u+(t, I+(t, λκ(t, z)))w′+(t, 1− z)1κ(t,z)>δdzdt

≤ 1

λ

∫ T

0

∫ 1

0

u+(t, I+(t, λδ))w′+(t, 1− z)dzdt

=
1

λ

∫ T

0

u+(t, I+(t, λδ))dt.

Hence

f(λ) =

∫ T

0

∫ 1

0

gλ(t, z)F
−1(t, 1− z)dzdt

≤ 2Lf(1) +
1

λ

∫ T

0

u+(t, I+(t, λδ))dt

< +∞,

where the last inequality is from Assumption 2 (i).

We prove that f(λ) < +∞,∀λ > 0, which implies the conclusion.

Now we are ready to prove the well-posedness of (A.2).

Proof. of Theorem 1

By condition (iii), we have

v+(g1(·))

=

∫ T

0

∫ 1

0

u+(t, I+(t, N̂ ′(t, 1− w+(t, 1− z)))w′+(t, 1− z)dzdt

< +∞,

and

a1 := f(1)

=

∫ T

0

∫ 1

0

I+(t, N̂ ′(t, 1− w+(t, 1− z))F−1(1− z)dzdt(
u+(x) ≥ ∂u+

∂x
· x
)
≤

∫ T

0

∫ 1

0

u+(t, I+(t, N̂ ′(t, 1− w+(t, 1− z)))w′+(t, 1− z)dzdt

= v+(g1(·)) < +∞.
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Consequently by Lemma 7, the Lagrange multiplier exists for any a > 0, thus g1(·) is

an optimal solution for Problem (A.2) with a = a1 and v+(a1) = v+(g1(·)) < +∞.
Denote the feasible region of (A.2) with a as

∆a :=

{
g(·) ∈ Ĝ+,

∫ T

0

∫ 1

0

g(t, z)F−1(t, 1− z)dzdt = a

}
.

For any b > a1, we have

v+(b) = sup
g∈∆b

v+(g) = sup
g∈∆a1

v+

(
b

a1

g

)
≤ sup

g∈∆a1

b

a1

v+(g) =
b

a1

v+(a1) < +∞,

where the first inequality is because of the concavity of u+(·) and u+(0) = 0.

For any 0 < b < a1,

v+(b) = sup
g∈∆b

v+(g) = sup
g∈∆a1

v+

(
b

a1

g

)
≤ sup

g∈∆a1

v+(g) = v(a1) < +∞,

where the first inequality is because of the monotonicity of u+(·).

Actually the above discussion gives the solution of Problem (A.2), which is sum-

marized as follows.

Theorem 8. Under Assumption 1, 2 and 3, the solution to (A.2) is

g∗(t, z) := I+(t, λ∗N̂ ′(t, 1− w+(t, 1− z))),

where λ∗ is uniquely determined by∫ T

0

∫ 1

0

I+(t, λ∗N̂ ′(t, 1− w+(t, 1− z)))F−1(t, 1− z)dzdt = a.
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