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Abstract

In a recent paper, we give a study of the purely rotational motion of general stationary states
in the two-dimensional local induction approximation (2D-LIA) governing superfluid turbulence
in the low-temperature limit [Svistunov, Phys. Rev. B 52 (1995) 3647]. Such results demon-
strated that variety of stationary configurations are possible from vortex filaments exhibiting
purely rotational motion in addition to commonly discussed configurations such as helical or
planar states. However, the filaments (or, more properly, waves along these filaments) can also
exhibit translational motion along the axis of orientation. In contrast to the study on vortex
configurations for purely rotational stationary states, the present paper considers non-stationary
states which exhibit a combination of rotation and translational motion. These solutions can
essentially be described as waves or disturbances which ride along straight vortex filament lines.
As expected from our previous work, there are a number of types of structures that can be
obtained under the 2D-LIA. We focus on non-stationary states, as stationary states exhibiting
translation will essentially take the form of solutions studied in [Van Gorder, Phys. Fluids
26 (2014) 065105], with the difference being translation along the reference axis, so that qual-
itative appearance of the solution geometry will be the same (even if there are quantitative
differences). We discuss a wide variety of general properties of these non-stationary solutions,
and derive cases in which they reduce to known stationary states. We obtain various routes
to Kelvin waves along vortex filaments, and demonstrate that if the phase and amplitude of a
disturbance both propagate with the same wave speed, then Kelvin waves will result. We also
consider the self-similar solutions to the model, and demonstrate that these types of solutions
can model vortex kinks that gradually smooth and radiate Kelvin waves as time increases. Such
solutions qualitatively agree with what one might expect from post-reconnection events.

Keywords: Vortex dynamics; vortex filament; superfluid turbulence; integrable models

1 Introduction

A vortex in the reference frame moving with the superfluid was theoretically studied some time
ago [1, 2, 3]. For a quantized vortex filament, the dynamics are taken to be those given by the
Biot-Savart law, which is often approximated by a local induction approximation (LIA). Schwarz
[4] obtained a type of quantum LIA which takes mutual friction and interaction with the normal
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fluid into account. However, in the very low temperature case, the mutual friction effects are
negligible and the vortex dynamics decouple from the normal fluid flow. In the limit where these
mutual friction effects are zero, the dynamics of the quantized vortex filament are again given by
the Biot-Savart formulation, and approximated by the LIA. The standard Biot-Savart law is

dr

dt
=

Γ

4π

∫

(r0 − r)× dr0
|r0 − r|3 , (1)

while the LIA is [5, 6]
v = γκt× n , (2)

where t and n are unit tangent and unit normal vectors to the vortex filament, respectively, κ is the
local curvature and Γ is the quantized circulation of the filament. The parameter γ = Γ

2π ln(ℓ/ǫ0),
where ǫ0 is the vortex core radius and ℓ is the characteristic length scale (to remove units from ǫ0).

Hasimoto [7] obtained a 1-soliton solution of the LIA in the curvature-torsion frame. Exact
stationary solutions to the LIA in extrinsic coordinate space have been discussed by Kida [8]
in the case of torus knots, planar solutions, and helices; some of these solutions are given by
elliptic integrals. Hasimoto [9] considered a planar vortex filament in the curvature-torsion frame
of reference. This influential and often cited paper demonstrates the relation between the curvature
of a vortex filament and elastica. Such a solution was also considered by Kida [8], who obtained
results in terms of elliptic integrals in the moving (time-dependent) arc length coordinate frame,
with stability results for some filaments in this framework later provided [10]. Fukumoto [11]
considered the influence of background flows on such stationary states. For the Cartesian frame,
some preliminary results were determined in Van Gorder, though only some special solutions were
given. There is an alternate formulation, given by Umeki [12, 13], which provides the LIA in an
arc-length coordinate frame. The Hasimoto filament can be determined exactly in this frame (as
is also true of the curvature-torsion frame), and the results were worked out by Van Gorder [14].
Small amplitude space-periodic solutions of planar type were obtained through a multiple scales
analysis [15]. Such solutions are valid in the small-amplitude regime when the nonlinearity becomes
sufficiently weak, though solutions break down after that.

There is a 2D-LIA which, under certain assumptions on the vortex filament (which we shall out-
line below), permits us to directly obtain a vortex filament in Cartesian coordinates. In the context
of superfluids in the low-temperature limit (i.e., in the absence of superfluid friction parameters),
the Cartesian form of the LIA was previously derived by Svistunov [16], where the Cartesian repre-
sentation of the LIA dynamics are represented as a Hamiltonian system for a single periodic vortex
line along one axis. Introducing potential Ψ(x, t) = Y (x, t) + iZ(x, t), Svistunov showed that the
Biot-Savart law (1) could be written in Hamiltonian form

iΨt =
δ

δΨ∗H[Ψ] , (3)

where

H[Ψ] =
Γ

4π

∫ ∫

1 + Re[Ψ∗
x(x1)Ψx(x2)]

√

(x1 − x2)2 + |Ψ(x1)−Ψ(x2)|2
dx1dx2 . (4)

This is a type of 2D Biot-Savart law. Assuming the function Ψ is of sufficient bounded variation (so
that it makes physical sense in the context of the vortex filament representation), one may introduce
a cutoff at the vortex filament radius a < |r− r0| in order to derive a two-dimensional form of the
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LIA (2D-LIA). In particular, by requiring the filament curve to be of sufficient bounded variation,
we mean that |Ψ(x1) − Ψ(x2)| is much smaller than |x1 − x2|. Assuming a differentiable filament
curve, this is equivalent to |Ψ′(x)| being sufficiently small for all x. Therefore, the approximation is
valid under a type of double limit in which the cut-off parameter is small and the spatial variation
in the curve is also small. One way to ensure the latter is to consider small amplitude solutions.
However, it is clear that a line filament, corresponding to any constant Ψ(x) = Ψ0x, is a solution
no matter how large the modulus |Ψ0| is taken to be. Therefore, it is more fundamental to view
the boundedness condition as one on the variation in the curve, rather than on the particular size
of the function Ψ(x), alone. However, in many cases, the latter can imply the former.

Considering this double limit, the Hamiltonian reduces to the 2D-LIA

Ĥ[Ψ] = 2
Γ

4π
ln(ℓ/a)

∫

√

1 + |Ψx(x1)|2dx1 = γL[w] , (5)

where γ = Γ
2π ln(ℓ/ǫ0) is the filament strength and L[w] is the total vortex line length. So, under

the LIA, the Hamiltonian is just a scaling of the total vortex length. In equation (4) of Boffetta et
al. [17], it was shown that the equation of motion for this Hamiltonian becomes

iΨt +

(

Ψx
√

1 + |Ψx|2

)

x

= 0 , (6)

where here we have used a different scaling of t to remove a factor of two from (6). It shall be
this equation that we are interested in. Symmetry properties of this model have been discussed by
Sonin [18]. Helical waves from the Cartesian form of the LIA (6) were considered by Sonin [19].
There are a number of known specific solutions forms to the LIA in both classical and quantum
settings. Exact solution forms consist of closed vortex rings and knots [5, 20, 21, 22, 23], or loops
due to self-intersection [4, 16, 15] and the various open filament solutions which consist of helical
[19] and planar filaments [9, 8, 14, 15]. Another type of filament solution would be the self-similar
solutions of the LIA [24, 25, 26]. Solitons have also been found on vortex filaments [7, 13, 27].

Equation (6) is equivalent to

iΨt + γ
Ψxx

(1 + |Ψx|2)3/2
+
γ

2

Ψx (Ψ
∗
xΨxx −ΨxΨ

∗
xx)

(1 + |Ψx|2)3/2
= 0 . (7)

Note that when Ψ∗
xΨxx − ΨxΨ

∗
xx → 0, we would have no translation of the vortex filaments, as

was discussed in previous work, so the filaments would essentially be spatial structures that rotate
in time. In [28], solutions with zero translation and pure rotation were considered. Such purely-
rotating solutions take the form Ψ(x, t) = e−γitψ(x), while the zero-translation condition is given be
setting Ψ∗

xΨxx−ΨxΨ
∗
xx = 0 in the governing scalar equation. In the present paper, we are interested

in waves that translate along the filament (as opposed to static stationary structures which strictly
rotate in time), so we shall need to keep the nonlinear term arising due to translation. Furthermore,
since translating stationary states appear geometrically similar to purely rotational stationary states
(with specific quantitative differences arising from the extra terms), we shall primarily be concerned
with non-stationary solutions. Mathematically, this means that the solutions Ψ will not always
have time-independent modulus (as they did in [28]). The need to consider translating waves was
discussed in the correspondence [29, 30].
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In the present paper we study the translation of waves along vortex filaments under the 2D-
LIA model (6), and as such these results are complementary to those of [28] (in which purely
rotational motion of vortex filaments was studied). In Section 2, we consider more general case
where solutions are not assumed to be purely rotational, including a fairly broad class of solutions
which is shown to preserve wave action. We also address several specific limits, including the case
where phase is constant in space, the case where the amplitude is constant. We study general
steady state solutions which are not purely rotational, as well, and we are able to outline the
behavior of small-amplitude stationary states under translational motion. In Section 3, we turn
out attention to the pure traveling wave solution (in which both the phase and amplitude terms
propagate with a constant wave speed along the filament). We prove that when both phase and
amplitude propagate at the same wave speed, the result corresponds to Kelvin waves along a
shifted line vortex filament. In Section 4 we obtain similarity solutions to the model (6), and we
demonstrate how these solutions share qualitative features of vortex kinks and post-reconnection
events. While extremely sharp kinks are forbidden by LIA (in such a case, one would want to
simulate the full Biot-Savart dynamics), we are able to demonstrate a class of solution with kinks
that gradually dissipate in time, and we can prove that such solutions stay within the bounds of
what one may consider under the 2D-LIA. We finally provide a discussion of the results in Section
5, relating some of the obtained solutions back to numerical or experimental results present in the
literature.

2 General first integral and solution properties

Now that we have considered stationary states (in the previous section, and elsewhere [28]), we
shall next turn our attention to non-stationary solutions. In this section, we shall consider general
properties of the vortex filament solutions to the 2D-LIA. We first obtain a first integral for the
2D-LIA, and use this to comment on the wide class of wave action preserving solutions possible.
We shall determine when general features of either the phase or amplitude imply that the solutions
to (6) can be completely classified, showing that the only solutions with constant phase in space
is the planar filament, and the only constant amplitude solution corresponds to a helical filament.
We also consider various limiting behaviors.

2.1 A type of first integral for the 2D-LIA model

Let us obtain a type of first integral for the LIA reduction of the Svistunov equation, (6). First,
take the complex conjugate of (6) and multiply by Ψ, then multiply (6) by the complex conjugate
Ψ∗, and finally subtract one from the other to obtain

i
∂

∂t
|Ψ|2 +Ψ∗

(

Ψx
√

1 + |Ψx|2

)

x

−Ψ

(

Ψ∗
x

√

1 + |Ψx|2

)

x

= 0 . (8)

Integrating over the entire spatial domain, we have

i
∂

∂t

∫ ∞

−∞
|Ψ|2dx+

∫ ∞

−∞

{

Ψ∗
(

Ψx
√

1 + |Ψx|2

)

x

−Ψ

(

Ψ∗
x

√

1 + |Ψx|2

)

x

}

dx = 0 , (9)
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or, performing the latter integration,

∂

∂t

∫ ∞

−∞
|Ψ|2dx+

Ψ∗Ψx −ΨΨ∗
x

√

1 + |Ψx|2

∣

∣

∣

∣

∣

x→+∞

x→−∞
= 0 . (10)

Write Ψ(x, t) in terms of the amplitude and phase, Ψ(x, t) = R(x, t) exp(iΘ(x, t)). Also note that
the integral over the modulus squared gives us the wave action of the vortex filament, E, over the
real space. E is not generally constant, but rather depends on time, so that E = E(t). From the
above derivation, we see that this wave action depends strictly on the asymptotic spatial behavior
of the phase and amplitude of the potential function Ψ like

dE

dt
= − 2R2Θx

√

1 +R2
x +R2Θ2

x

∣

∣

∣

∣

∣

x→+∞

x→−∞
. (11)

There are a number of ways we might obtain a wave action preserving solution. First, if Θx → 0 as
x→ ±∞, then E(t) = E0, a constant, hence wave action is preserved. If Ψ and Ψx are symmetric
over space (that is, Ψ(−x, t) = Ψ(x, t) and Ψx(−x, t) = Ψx(x, t)), then E(t) = E0. If the modulus
R of a solution decays sufficiently rapidly as x→ ±∞, then E(t) = E0.

For example, the planar filament solution satisfies Θx = 0 for all x, so the planar vortex filament
preserves wave action over time. For the helical filament, the quantity

2R2Θx
√

1 +R2
x +R2Θ2

x

=
2A2k√
1 +A2k2

(12)

is a constant, hence after evaluating at both asymptotic limits we have zero. As such, the helical
filaments also preserve wave action.

2.2 General small-amplitude stationary states

The most general stationary states can be found by taking a solution of the form

Ψ(x, t) = R(x) exp(i[Θ(x)− ωt+ x0]) , (13)

where ω is the spectral parameter, x0 is a constant, and R and Θ are real-valued functions of the
space variable. Including both rotational and translational terms (note only rotational terms were
kept in [28], for reasons discussed above) we have

ωReiΘ +

(

(R′ + iRΘ′)eiΘ
√

1 +R′2 +R2Θ′2

)

x

= 0 . (14)

Separating this equation into real and imaginary parts, we obtain the coupled system

ωR− RΘ′2
√

1 +R′2 +R2Θ′2
+

(

R′
√

1 +R′2 +R2Θ′2

)′

= 0 , (15)

R′Θ′
√

1 +R′2 +R2Θ′2
+

(

RΘ′
√

1 +R′2 +R2Θ′2

)′

= 0 , (16)
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which is again more complicated than that of [28], since translational motion along the filament
length is included. The solutions mentioned previously in this section are of course special case
solutions of these equations, while the solutions of [28] are special cases if only the rotational part
of these equations is maintained.

Equations (15)-(16) are too complicated to admit closed-form analytical solutions, and therefore
must be integrated numerically. One obtains a variety of solutions in this manner, with qualitative
features similar to those of [28], so we shall not duplicate those qualitative results here. In the
small amplitude limit, let us assume R(x) = ǫR̂(x) where 0 < ǫ << 1 is a small parameter and
R̂(x) is a function of order unity. Equations (15)-(16) then scale as

ωR̂− R̂Θ′2 + R̂′′ = O(ǫ2) , (17)

2R̂′Θ′ + R̂Θ′′ = O(ǫ2) . (18)

Assuming a positive solution R̂(x) > 0 (we prove this assumption is valid later), the second of these
equations gives a solution of the form

Θ(x) ≈ Θ0

∫ x

0

dσ

(R̂(σ))2
+Θ1 , (19)

and we can set Θ1 = 0 since x0 already holds an arbitrary constant phase shift. This then puts the
first equation into the form

ωR̂− Θ0

R̂
+ R̂′′ = 0 . (20)

Multiplying by 2R̂′ and integrating, we obtain the first integral

ωR̂2 − 2Θ0 ln(R̂) + (R̂′)2 = I , (21)

where I is a constant of integration. Since we seek a bounded solution R̂(x) of order unity, let us
give the conditions R̂(0) = 1 and R̂′(0) = 0. This gives I = ω. So, in the small amplitude limit,
stationary states should obey the implicit relation

±x =

∫ R̂(x)

1

dν
√

ω(1− ν2) + 2Θ0 ln(ν)
. (22)

From the first integral, we must have

ω(1− R̂2) + 2Θ0 ln(R̂) ≥ 0 . (23)

Asymptotically, the term on the left hand side is negative as R̂ → 0 and as R̂ → ∞. Therefore,
there must exist a finite region 0 < R̂ <∞ for which the condition (23) holds. As a function of R̂,
the term on the left hand side of (23) has one or two roots, depending on the relative values of ω
and Θ0. Note that R̂ = 1 is always a root. We summarize the possibilities as follows.

• If 0 < Θ0

ω < 1 and ω > 0, then there exists a root 0 < R̂− < 1 to ω(1− R̂2) + 2Θ0 ln(R̂) such

that R̂− ≤ R̂(x) ≤ 1 for all x ∈ R.

• If Θ0

ω > 1 and ω > 0, then there exists a root R̂+ > 1 to ω(1 − R̂2) + 2Θ0 ln(R̂) such that

1 ≤ R̂(x) ≤ R̂+ for all x ∈ R.
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• If Θ0

ω = 1 and ω > 0, then there exists only the constant solution R̂(x) ≡ 1 for all x ∈ R.

• If one or both of ω and Θ0 are not positive, then there is no strictly positive solution R̂(x).

Therefore, when both ω and Θ0 are positive, there exists a small curvature generalized stationary
solution in which both curvature and torsion depend on the spatial domain. Such solutions take
the form

Ψ(x, t) = ǫR̂(x) exp

(

i

{

Θ0

∫ x

0

dσ

(R̂(σ))2
− ωt+ x0

})

, (24)

where R̂(x) is a strictly positive periodic function. If R̂(x) is taken as a constant, (24) gives a helix
(such solutions were previously studied [19]), while if Θ0 = 0, then (24) describes a planar filament
(such solutions were previously studied [9, 8, 14, 15]). More generally, this solution should exhibit
some type of coiled structure, although it need not be as regular as a helix. For the intermediate
cases, we will see filament solutions similar to those observed in [28], with the difference being
that the present small amplitude solutions take into account translation along the reference axis,
as opposed to just rotational dynamics.

2.3 Θx = 0 implies planar filament

From above, we see that there are multiple scenarios in which the total wave action of the vor-
tex filament might be conserved in time. One possibility is to have the phase satisfy Θx = 0.
That is, the phase is independent of the spatial coordinate. Such a solution then takes the form
Ψ(x, t) = R(x, t) exp(iΘ(t)). Since both R and Θ are real-valued functions, placing such a solution
representation into (6), we obtain Rt = 0 and RΘt =

(

Rx[1 +R2
x]

−1/2
)

x
. Since Rt = 0, we must

have that R is independent of t, hence R = R(x). Then, the right hand side of the second differ-
ential equation is a strict function of x, meaning that Θt must take the form of a constant. As
such, we must have Θ(t) = −ω1t+ω0, for real constants ω1 and ω0. With this, the second equation
becomes ω1R + [1 + R2

x]
−3/2Rxx = 0, which is exactly the planar filament equation. Therefore,

when the phase of a solution Ψ to the 2D-LIA (6) is constant in space, the only possible solution
is a planar solution.

2.4 R = constant implies helical filament

Let us now assume that a solution to (6) takes the form Ψ(x, t) = R0 exp(iΘ(x, t)). Placing this
solution into (6), and separating real and imaginary parts of the resulting equation, we obtain

Θt +
Θ2

x
√

1 +R2
0Θ

2
x

= 0 and

(

Θx
√

1 +R2
0Θ

2
x

)

x

= 0 . (25)

From the second equation, we must have Θ(x, t) = K1(t)x +K2(t) for some functions K1 and K2

which depend on t alone. Placing this representation into the first equation,

K ′
1(t)x+K ′

2(t) +
K1(t)

2

√

1 +R2
0K1(t)2

= 0 , (26)

which implies K ′
1(t) = 0 and hence K1(t) = k, a constant. Then, K2(t) = −k2[1 + R2

0k
2]−1/2t. As

such, any constant modulus solution must necessarily take the form of a helix.
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3 Pure traveling wave solutions for Ψ

Here we show that the only purely traveling wave solutions to the Svistunov model are helix-like
with both the phase and amplitude propagate in the same manner. We assume that the function
Ψ(x, t) depends on a single wave variable, z = x − ct where c is the wave speed. Both the phase
and modulus of the solution depend on the same wave variable, and therefore propagation of each
is at rate c. For this reason, we say that Ψ is a pure traveling wave solution, in contrast to the case
where the phase and amplitude of Ψ are each wavelike but with different propagation constants.
Then, we may write

Ψ(x, t) = ψ(z) = ρ(z) exp(iφ(z)) with z = x− ct , (27)

which puts (6) into the form

−ciψ′ +

(

ψ′
√

1 + |ψ′|2

)′

= 0 , (28)

where prime denotes differentiation with respect to the wave variable z. This equation admits the
exact first integral

−ciψ +
ψ′

√

1 + |ψ′|2
= I0 , (29)

which in polar coordinates gives the system

ρ′ + iρφ′
√

1 + ρ′2 + ρ2φ′2
= I0e

−iφ + ciρ . (30)

Here, I0 is a constant. If I0 = 0, then ρ = ρ0 is constant, while φ(z) = αz for some constant α.
This is a helical filament (corresponding to a plane wave solution Ψ, as discussed in Section 3).

Let us assume I0 6= 0, and write I0 = I1 + iI2. Then, we obtain the real system

ρ′
√

1 + ρ′2 + ρ2φ′2
= I1 cos(φ) + I2 sin(φ) ,

ρφ′
√

1 + ρ′2 + ρ2φ′2
= cρ− I1 sin(φ) + I2 cos(φ) .

(31)

We can rearrange this system to obtain explicit expressions for the derivative terms, finding

ρ′2 =
(I1 cos(φ) + I2 sin(φ))

2

1− I21 − I22 + 2c(I1 sin(φ) − I2 cos(φ))ρ− c2ρ2
, (32)

ρ2φ′2 =
(cρ− I1 sin(φ) + I2 cos(φ))

2

1− I21 − I22 + 2c(I1 sin(φ)− I2 cos(φ))ρ− c2ρ2
. (33)

3.1 Equilibrium states for the system (32)-(33)

Assume that an equilibrium solution ψ∗ = ρ∗ exp(iφ∗) exists for the system (32)-(33). Then, we
must have

I1 cos(φ
∗) + I2 sin(φ

∗) = 0 (34)
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and
cρ∗ = I1 sin(φ∗) − I2 cos(φ

∗) . (35)

If I1 = 0, then we have φ∗ = 0 and ρ∗ = − I2
c . If I2 = 0, then we have φ∗ = ±π

2 and ρ∗ = ± I1
c .

If both I1 6= 0 and I2 6= 0, then (34) implies

tan(φ∗) = −I1
I2
, (36)

hence

φ∗ = − tan−1

(

I1
I2

)

, (37)

which always gives a unique solution −π
2 < φ∗ < π

2 . Using this value of φ∗ in (35), we obtain

cρ∗ = −I1 sin
(

tan−1

(

I1
I2

))

− I2 cos

(

tan−1

(

I1
I2

))

= −sgn(I2)
√

I21 + I22 . (38)

Therefore,

ρ∗ = −sgn(I2)

c

√

I21 + I22 , (39)

and we have the equilibrium solution

ψ∗ = −sgn(I2)

c

√

I21 + I22 exp

(

−i tan−1

(

I1
I2

))

. (40)

3.2 Any solution of (32)-(33) yields Kelvin waves along a shifted line filament

We shall show now that the dynamics of the system (32)-(33) are always consistent with a circle
parameterized by the wave variable z. Consider ψ(z) = ρ(z)eiφ(z) = Ŷ (z) + iẐ(z). Then, the
general equation of a circle in these coordinates is

(ρ cos(φ)− a1)
2 + (ρ sin(φ) + a2)

2 = (Ŷ − a1)
2 + (Ẑ + a2) = r20 , (41)

which gives a circle of radius r0 > 0 centered at (Ŷ , Ẑ) = (a1,−a2). Expanding, we get

ρ2 − 2ρ(a1 cos(φ)− a2 sin(φ)) = r20 − a21 − a22 . (42)

Differentiation with respect to z yields, after some algebraic manipulations,

ρ′(ρ− a1 cos(φ) + a2 sin(φ)) = −ρφ′(a1 sin(φ) + a2 cos(φ)) . (43)

Squaring both sides, we obtain

ρ′2(ρ− a1 cos(φ) + a2 sin(φ))
2 = (ρφ′)2(a1 sin(φ) + a2 cos(φ))

2 . (44)

At this point, we substitute values of ρ′2 and (ρφ′)2 from the system (32)-(33) into (44), which then
takes the form

(I1 cos(φ)+I2 sin(φ))
2(ρ−a1 cos(φ)+a2 sin(φ))2 = (cρ−I1 sin(φ)+I2 cos(φ))2(a1 sin(φ)+a2 cos(φ))2 .

(45)
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This equation is satisfied provided that a1 = − I2
c and a2 = − I1

c . What this tells us is that the

solution to the system (32)-(33) falls on a circle centered at
(

− I2
c ,

I1
c

)

. In other words, we may
write

ψ(z) = ψ̂(z) +
i

c
(I1 + iI2) , (46)

where ψ̂(z) corresponds to a parameterization of the circle centered at the origin, hence ψ̂(z) =
r0e

αiz . Placing this solution directly into (29), we directly obtain the algebraic condition c =
α(1 + α2r20)

−1/2. This gives

α = ± c
√

1− c2r20
, (47)

which restricts the amplitude of the wave like 0 ≤ r0 <
1
|c| . Therefore,

Ψ(x, t) = ψ(z) = r0 exp

(

± icz
√

1− c2r20

)

+
iI1 − I2

c
. (48)

Converting this into a filament curve, we have obtain

r(x, t) =

(

x, r0 cos

(

c(x− ct)
√

1− c2r20

)

− I2
c
,±r0 sin

(

c(x− ct)
√

1− c2r20

)

+
I1
c

)

. (49)

This gives a shifted helix. Therefore, we have shown that a pure traveling wave solution should
always take the form of Kelvin waves along a shifted vortex filament. As the wave speed increases,
the possible maximal amplitude decreases, since we must have 0 ≤ r0 <

1
|c| . This makes sense, as

the Kelvin waves must tighten in order to hold their form at large propagation velocities.

3.3 Relation to other types of waves

There results suggest that traveling wave solutions that propagate with the same rate (wave speed)
in both phase and amplitude (which is the case where the function Φ itself depends on a wave
variable alone) should be limited to Kelvin waves. While this is rather restrictive, note that it
makes sense in light of the fact that the most frequently observed solutions in experiments are Kelvin
waves. The other kinds of solutions observed (planar solutions, self-similar solutions) are stationary
or quasi-stationary, with the phase and amplitude behaving in very different ways, and can not be
considered traveling waves. Note that in the case where one assumes that the phase and amplitude
differ in wave speed, this restrictive finding is not necessarily true. Indeed, soliton solutions may
be possible for equation (6) in cases where the phase and amplitude propagate differently from
one another, and have been reported in the literature for related models (such as the cubic NLS
obtained from the standard LIA). Since the scalar equation (6) considered here is more complicated
than the cubic NLS due to a nonlinearity involving the highest space derivative, the method for
obtaining soliton solutions via inverse scattering is much more involved, and will be outlined in
a separate work in which the integrability of equation (6) will be exploited so that the inverse
scattering transform may be used. Such solutions will take the form Ψ(x, t) = ρ(z1) exp(iφ(z2)),
where z1 = x− c1t and z2 = x− c2t are wave variables with c1 6= c2.
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4 Similarity solutions to the 2D-LIA model

We now consider self-similar solutions to the 2d-LIA model. Such solutions were obtained for
different yet related models [24, 25, 26], so one should expect such solutions to exist for the present
model. These serve as another example of solutions which have time dependent amplitude and
phase. We consider the solution

Ψ(x, t) =
√
2tΦ̂(η) where η =

x√
2t
. (50)

Such a class of solutions before have been considered numerically and analytically for other models
under LIA in the past. However, as we shall show below, these solutions can be described exactly
in closed for under the Svistunov model. The transformation (50) puts (6) into the form

i(Φ̂− ηΦ̂′) +





Φ̂′
√

1 + |Φ̂′|2





′

= 0 , (51)

where prime denotes differentiation with respect to the similarity variable, η. There exists a simple
solution Φ̂(η) = mη for any constant m ∈ C, and this gives Ψ(x, t) = mx which is simply equivalent
to a straight line filament r(x, t) = (x,Re(m)x, Im(m)x). To construct a more interesting class of
solutions, we search for complementary solutions which remain a bounded distance away from the
reference axis.

4.1 Approximation of self-similar dynamics

Assuming a solution which remains a small distance from the reference axis, let us take Φ̂(η) =
ǫΦ(η), where ǫ is a small parameter. Then, we have

i(Φ − ηΦ′) + Φ′′ = O(ǫ2) . (52)

One solution is obviously Φ1(η) = η. To find a second solution, we write Φ2(η) = ηv(η), which
gives us the differential equation

ηv′′ + (2− iη2)v′ = 0 . (53)

Then, a second solution is

v′(η) = − 1

η2
exp

(

i

2
η2
)

= − 1

η2
cos

(

1

2
η2
)

− i

η2
sin

(

1

2
η2
)

. (54)

Integrating as needed,

v(η) =
1

η
cos

(

1

2
η2
)

+
√
πS

(

η√
π

)

+ i

{

1

η
sin

(

1

2
η2
)

−
√
πC

(

η√
π

)}

, (55)

where S and C are the Fresnel Sine and Cosine integrals. The second solution is then

Φ2(η) = cos

(

1

2
η2
)

+
√
πηS

(

η√
π

)

+ i

{

sin

(

1

2
η2
)

−
√
πηC

(

η√
π

)}

. (56)
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A complete homogeneous solution is then given by

Φ(η) = c1η + c2Φ2(η) , (57)

for complex-valued c1 and c2. We need to ensure that the solution remains bounded. Note that
each of the solutions scale as linear functions, so c1 and c2 need to be picked to ensure the desired
asymptotic behavior. It will be useful to obtain a solution for η > 0 and η < 0 and then to match
the solutions, as each of the η > 0 and η < 0 solutions will hold a different asymptotic behavior.
Note that

lim
x→±∞

S(x) = ±1

2
= lim

x→±∞
C(x) . (58)

Picking the real and imaginary parts of the constants c1 and c2 as needed to prevent divergence,
and writing the remaining component as c ∈ R, we have

Φ(η)

c
=cos

(

1

2
η2
)

− sin

(

1

2
η2
)

+
√
πη

(

S

(

η√
π

)

+ C

(

η√
π

)

− sgn(η)

)

+ i

{

cos

(

1

2
η2
)

+ sin

(

1

2
η2
)

+
√
πη

(

S

(

η√
π

)

− C

(

η√
π

))}

,

(59)

where the sgn(η) = ±1 term is present to give the appropriate asymptotic scaling after matching.
Each of the real and imaginary parts of this function have maximal absolute value equal to one, so
we can pick the scaling parameter c = 1. Then, Ψ(x, t) = ǫ

√
2tΦ(η) +O(ǫ3), and putting this back

into Cartesian coordinates, the vortex filament is given by the curve

r(x, t) =





x
Y (x, t)
Z(x, t)



 =









x

ǫ
√
2t
(

cos
(

x2

4t

)

− sin
(

x2

4t

))

+ ǫ
√
πx
(

S
(

x√
2πt

)

+ C
(

x√
2πt

)

− sgn(x)
)

+O(ǫ3)

ǫ
√
2t
(

cos
(

x2

4t

)

+ sin
(

x2

4t

))

+ ǫ
√
πx
(

S
(

x√
2πt

)

−C
(

x√
2πt

))

+O(ǫ3)









.

(60)
We plot the similarity solution in Figure 1. For this solution, we have scaled out the linear trend in
the solutions, so as |x| becomes large, the solution tends to a line filament along the x-axis. If we
were to have included this linear trend, then for large |x|, the solution would tend to two separate
line filaments for large enough |x|. We shall see this latter type of behavior numerically.

4.2 Numerical simulation of self-similar dynamics

In order verify the analytical approximation method (valid for small ǫ) against numerical solutions,
we shall consider (51) into a real system. Writing Φ̂(η) = p(η) + iq(η), we have

p− ηp′ +

(

q′
√

1 + p′2 + q′2

)′

= 0 ,

−q + ηq′ +

(

p′
√

1 + p′2 + q′2

)′

= 0 ,

(61)

with initial conditions

p(0) = p0 p′(0) = p1 q(0) = q0 q′(0) = q1 . (62)
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Figure 1: Plot of the similarity solution (60) at t = 1. This solution takes the form of a disturbance
with mavimal curvature near the origin. Farther away from the origin, the oscillations are damped
and the filament takes on the form of a line filament, oriented along the x-axis. In this plot, we
have taken ǫ = 0.1.

If we solve equation (51) numerically using (61)-(62) without assuming small amplitude devi-
ations, we can obtain a filament curve with small oscillations along a linear trend with a kink in
the center at the origin. This V -shaped filament appears as a superposition of the two analytical
solutions obtained, above: a linear trend with small amplitude oscillations along that trend line.
When the linear trend is removed, we obtain a solution which agrees with the analytical approxima-
tion (60) qualitatively. Such solutions are indeed present in the literature in the form of numerical
and experimental results. By changing the initial conditions in the numerical simulations, we can
obtain a variety of related structures, with various degrees of sharpness in their kink at the origin
and various degrees of prevalence of the oscillations along the linear forks. Some of these are shown
in Figure 2.

4.3 Validity of self-similar solutions under the 2D-LIA

Consider a general similarity solution of the form Ψ(x, t) = ǫ
√
2tΦ̂(x/

√
2t) as discussed above. We

show that such a solution is always valid under the 2D-LIA provided that ǫ is small. Recall that
|Ψx| = |ǫΦ′(η) + O(ǫ3)| = ǫ|Φ′(η)| + O(ǫ3). Now, Φ(η) = c1η + c2ηv(η), so Φ′(η) = c1 + c2(v(η) +
ηv′(η)). Yet, we may show v(η) + ηv′(η) =

√
πS (η/

√
π) − i

√
πC (η/

√
π). Furthermore, observe

that

√

S (η/
√
π)

2
+ C (η/

√
π)

2
< 1. Therefore, |Φ′(η)| =

∣

∣

∣
c1 +

√
πc2

(

S
(

η√
π

)

− iC
(

η√
π

))∣

∣

∣
<

|c1| +
√
π|c2|. Now, picking any c1, c2 = O(1) in ǫ, we see that |Ψx| = O(ǫ). Since ǫ was assumed

to be small, |Ψx| << 1, and hence the bounded variation condition for the 2D-LIA holds. As such,
the obtained similarity solutions are indeed valid solutions of the 2D-LIA.
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(a) (b) (c)

Figure 2: Plots of example similarity solutions calculated numerically via (61)-(62), at t = 1.
The solutions correspond to various initial conditions as: (a) p0 = 0.1, p1 = q0 = q1 = 0, (b)
p0 = q0 = 0.1, p1 = q1 = 0, (c) p0 = q0 = 0.1, q1 = 0.01, p1 = 0.

5 Discussion

Concerning stationary solutions, both planar and helical filaments exist as two extreme cases,
but this has been shown before. In the small amplitude case, more general stationary states are
shown to exist in the presence of translation, and we outline the properties of such solutions in the
analytic limit where amplitude is small enough. (Otherwise, numerical simulations can be taken if
the amplitude is not small enough to permit the analytic limit.) Since we do include translation,
large amplitude structures would likely fail to be stable (and hence the solutions would no longer
truly be stationary). As such, the types of solutions studied in [28] in the presence of only rotation
can exist provided the maximal amplitude of deflection from the reference axis is small enough.

We then considered non-stationary states. A general first integral was obtained, which allowed
us to study the wave action preservation properties of the filaments, and a criterion was obtained
which ensures wave action conservation. We then considered a number of limits. While we did
not assume stationary states, we found that all constant amplitude must result in helical filaments,
whereas all solutions with constant phase in space must be planar. Other limits were considered,
most interesting the limit where the phase of a solution is large relative to the amplitude of a
solution. While the solution in this case is not a true soliton, this limit does yield a solution that
exists within a wave envelope with tails that decay rapidly as x→ ±∞.

5.1 Conservation of wave action

As shown in Section 2, there are a wide variety of possible wave action conserving solutions to the
2D-LIA, in addition to the standard helical and planar vortex filaments. We found that there is a
wave action conservation law. We observe that for the planar filament, both of these terms should
be zero. This is because of the fact that both terms vanish when the phase is not space dependent.
When the two asymptotic limits are equal (due to symmetry) and hence the integral vanishes (as
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in the case of the helix), we also have wave action conservation.
This suggests that purely rotating solutions, such as those discussed in [28], are wave action

preserving provided that there is sufficient symmetry. That is, the fact that they are purely ro-
tational does not alone ensure that the solutions are wave action conserving. That said, many
of the solutions constructed in [28] do satisfy the wave action conservation condition, as they are
symmetric. The planar filaments are a special case of such solutions, and as mentioned above they
are always wave action preserving. On the other hand, the helical filaments (modeling Kelvin waves
along a vortex filament) are also wave action preserving for any of the contexts in which they arise
in this paper, yet this is due to symmetry. Hence, there are multiple ways for solutions to be wave
action preserving and satisfy the requirement given above.

It is also clear that solutions such as those that consist of a wave envelope that has decaying
amplitude as x → ±∞ will also satisfy the wave action conservation criterion. Therefore, solitary
waves and related perturbations along vortex filaments with sufficiently rapidly decaying tails should
be wave action conserving.

Finally, we note that the self-similar solutions of Section 4 are not wave action conserving. Under
the assumption of a similarity solution Ψ(x, t) =

√
2tΦ̂(x/

√
2t) as was discussed in Section 5, let

us assume that the similarity function Φ̂ is square integrable on the real line,
∫∞
−∞ |Φ̂(η)|2dη < ∞.

(For instance, the example solution shown in Figure 1 satisfies this criteria.) Then, our measure of
wave action satisfies

E(t) =

∫ ∞

−∞
|
√
2tΦ̂(x/

√
2t)|2dx = (2t)3/2

∫ ∞

−∞
|Φ̂(η)|2dη . (63)

Yet, this means dE
dt > 0 for all t > 0 (assuming a non-zero solution Φ̂). These solutions broaden

and unwind as time increases, increasing the square integral of the modulus in the process. This
is because the solutions as time t → 0+ have a sharp kink, and the LIA smooths this kink (by
broadening the filament profile) at larger timescales at the cost of wave action conservation. Indeed,
the Kelvin waves emanating from the kink as it smooths and dissipates is what is causing this
increase in wave action over time. In order to have conservation of some kind for such a process,
one should consider the non-local dynamics. Then, one would model the total dynamics before,
during, and after a reconnection event. As the applicability of the LIA is to the dissipation of the
kink after it is already formed, we only capture part of the process, which may explain the lack of
conservation we observe.

5.2 Routes to Kelvin waves in the 2D-LIA

While helical vortex filaments (corresponding to Kelvin waves) were previously to exist for the
2D-LIA, we have shown that any constant amplitude solution of (6) must result in a helical vortex
filament. In the very small amplitude regime, the 2D-LIA reduces to the Schrödinger equation for
a free particle, which admits pure plane wave solutions. Other classes of solutions necessarily have
non-constant amplitudes, such as the planar or self-similar solutions.

Furthermore, we observe that any solution to (6) which depends on a traveling wave variable
must take the form of a shifted helical vortex filament. Physically, this gives Kelvin waves along
a line filament (not necessarily centered along the x-axis). Therefore, the purely traveling wave
solutions of the 2D-LIA must take the form of helical filaments, which greatly retricts the possible
traveling wave configurations. However, due to the prevalence of Kelvin waves found along vortex
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filaments in the literature, this might not be particularly surprising. Note that this finding is true
when the solution Ψ to (6) depends strictly on a wave variable z = x − ct. In the case where
the phase of Ψ and the amplitude of Ψ depend on different wave variables (say z1 = x − c1t and
z2 = x − c2t), this result need not be true. In such a case, one may have a slow amplitude and a
fast phase, or vice versa. Since the phase and amplitude would then depend on separate variables,
one no longer has a system of compatible ODEs, and another approach would be called for. For
this situation, it would prove fruitful to study the 2D-LIA (6) in the context of integrable models.
In this context, solutions such as solitons will be possible. The existence of such solutions would
make sense, as the 2D-LIA we study here is a variation of the 3D-LIA studied by Hasimoto (with
the differences lying in the respective derivations and assumptions invoked), for which solitons and
other such solutions have been found. The type of analysis which allows solutions to propagate with
different wave speeds in phase and amplitude will be done in another paper, where the integrability
of (6) will be exploited in order to obtain solitons and other solutions through a very different
approach.

Helical vortex filaments and Kelvin waves are of great interest experimentally. This is motivated
by the fact that helical filaments and Kelvin waves are of rather fundamental physical importance,
in a few ways. Numerical results and theoretical models have been used to show that a cascade of
Kelvin waves transfers energy from large to small length scales [33, 34, 35]. Here, energy is removed
from the system via phonon emission [36, 37, 38]. In the classical limit, Kelvin waves have been
studied on thin line vortices [39, 40] (which correspond to the helical vortex filaments studied here).
Kelvin waves have also been studied on knotted vortex rings [41] (which we do not study under
the 2D-LIA due to the fact that the formulation assumes vortex filaments aligned along one central
axis). Very recently, experimental results for quantum fluids also demonstrated the existence of
Kelvin waves along vortex filaments [42]. In fact, it was observed that Kelvin waves are generated
by reconnection of quantized vortices, after reconnection events [22] take place. We say more on
the post-reconnection events in the next subsection. From this, it is clear that the study of Kelvin
waves along vortex filaments is indeed important, and therefore we hope that the various routes to
Kelvin wave generation outlined analytically in this paper motivate further work along these lines.

Helical filaments have of course been studied in many contexts in the past, and we know that
the LIA results are most useful in the case of small or intermediate wave numbers. In the case of
large wave numbers, resulting in a tightly coiled helix, the Biot-Savart integral becomes rapidly
varying, hence the non-locality should not be neglected. Hence, for Kelvin waves of a large wave
number, one must consider the non-local dynamics governed by the Biot-Savart law [32]. Similar
comments hold for the case in which mutual friction effects are taken into account.

5.3 Self-similar filaments for the 2D-LIA

While the self-similar solution presented here is approximate, we can numerically integrate the
relevant complex ODE in order to recover the true (numerical) solution, and the two were shown to
agree. The two solutions agree for the reasonable O(ǫ3) solutions we assumed for the approximate
solution (60). Note that one can also maintain some of the linear trend in the function Φ(η), which
would give oscillations along a line filament that gradually moves away from the x-axis. Either way,
we observe oscillations along a line filament when we plot the numerical or approximate analytical
similarity solutions.

The results are also useful for approximating the vortex kink dynamics in superfluid 3He or su-
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perfluid 4He [24, 25, 26], since the model (3) is valid in the low-temperature limit (where superfluid
friction terms are small and the normal fluid velocity is negligible). From the method employed
here, we see that such vortex kinks can essentially be viewed as the union of two straight vortex
filament lines on which there are perturbations. These perturbations would be Kelvin waves along
the filaments. As time increases, the entire structure smooths. In the case where mutual friction in-
fluences are considered [24, 25, 26], the rate of this smoothing can be enhanced and even dominated
due to dissipative effects. However, for the solutions that scale with small variation |Ψx| = O(ǫ), the
mutual friction effects for temperatures less than 2K can be viewed as even smaller perturbations,
of order O(ǫ2) or higher. Therefore, the similarity solutions here demonstate the desired qualitative
properties, although for quantitatively accurate approximations, one should use the quantum form
of the LIA as given by [4]. This was considered in [24, 25, 26] for the quantum LIA with mutual
friction and normal fluid effects, and the results here agree qualitatively with those studies.

Furthermore, and more importantly, we see agreement between the self-similar solutions and
both numerical and experimental results in the literature for superfluid vortex filament dynamics.
Physically, the vortex kink solutions correspond to the vortex filament structures previously studied
in [43, 42] following reconnection events. In particular, two vortex filaments were permitted to
cross, with a reconnection event occurring at some fixed time. Before this time, the filaments
were two distinct line filaments, whereas after the reconnection there were two distinct V-shaped
vortex filaments (corresponding to vortex kinks); see Figure 1 of reference [42] for a schematic of
this process. It is these post-reconnection events that are nicely modeled by our mathematical
formulation. It was shown experimentally in [42] that Kelvin waves propagate along such V-shaped
filaments (these correspond to the wavy structure seen in the small-time plots of Figure 2 in the
present paper). What we see from the present results is that for small time values (immediately
after such a reconnection when the new V-shaped filaments are created) the Kelvin waves along
the filament are at their largest, while for increasing values of time there is a smoothing effect
(the excitation due to the reconnection event dies off) and the filament structure essentially tends
toward a smoother U -shaped curve. Therefore, the mathematical formulation of Section 4 can
allow one to study post-reconnection events of the type experimentally confirmed in [42].

The vortex reconnection event described experimentally in [42] was considered theoretically in
[22]. In [22], it was shown that the post-intersection dynamics can involve the creation of vortex
rings for small time, before the two predominant V-shaped filaments dominate. During this time,
the V-shaped filaments exhibit the largest amplitude Kelvin waves. As time progresses, there is
a smoothing effect and the waves along the filament gradually dissipate leaving a more uniform
structure. Again, this is exactly the type of behavior observed in the matched self-similar solutions
constructed in this section. This behavior is shown for the special case depicted in Figure 2. In [44],
the relation between kinks and waves emanating from said kinks was discussed in the context of
models which preserve vortex filament cores. Kinks are shown to form after reconnection events, and
are directly responsible for certain waves which then propagate along the vortex filament. Again,
this is essentially what we see in our solutions: at small times, the waves are most pronounced
near the origin (the location of the kink). For larger times, these waves propagate away from the
kink and the overall structure smooths. Note that the specific experimental results of [42] actually
supports the similarity assumption we use in constructing our solutions. That is to say, the manner
of propagation of the Kelvin waves observed in [42] was shown to correspond to what one expects
from a theoretical assumption of self-similarity. Now, while our results show qualitative agreement
with these studies, quantitative agreement would require the inclusion of mutual friction effects, as

17



mentioned above. Further, to deal with sharp kinks at reconnection events, as well as tightly coiled
Kelvin waves, one would want to consider the full Biot-Savart dynamics of the vortex filaments.
Demonstrating similarity solutions has not been done for the full non-local Biot-Savart dynamics,
and this will be the topic of a future work.

5.4 Boundary conditions

While the solutions here are define over an unbounded domain (they are perturbations of a line
filament over the real line which can move in all of R3), it is possible to consider the extension
of such solutions to bounded domains. A type of periodicity condition can be used in the case of
helical or planar filaments. Such conditions would then give eigenvalue problems, in effect locking
the wave number or spectral parameter to a discrete spectrum. In general, these parameters exist
on a continuum. In the helical case, we take the wave number k > 0, while in the planar case we
take a spectral parameter ω < 0. If we give periodic boundary conditions at solid boundaries then
the discrete subset of values can be obtained. In the case of a line filament, a condition at the solid
boundary may be that the line remains stationary. Now, the ‘tails’ of the similarity solutions take
on the form of line filaments as one moves further away from the origin, hence one can expect that
asymptotically these tails will behave like line filaments and therefore that boundary conditions on
line filaments can be used for these tails. The exception to this is if the bounding domain is too
small, in which case the core region of these solutions could be distorted by boundary effects.
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