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Abstract

We study several spatial branching processes with inhomogeneities. Branching
processes are a fundamental building block in mathematical models related to growth.
Often growth happens in space: the spread of an epidemic, a selective sweep in the
genetics of a population, the spread of a chemical reaction or the spread of an opinion
in a social network. On the level of stochastic processes, branching Brownian motion
is used to understand the interplay of effects in a spreading population, and indeed
the front of branching Brownian motion exhibits wave-like properties.

We study several variants of branching Brownian motion, in all of them we move
away from homogenous Euclidean space. First, we study branching Brownian motion
in two-dimensional space where one direction of space improves the reproduction rate
of particles. Here we show that this inhomogeneity in the branching rate leads to
significant corrections to the speed of the front. Secondly, we study a discrete analogue
of branching Brownian in a high dimensional random environment. Here we show that
the exponential number of particles produces a law of large numbers effect and that
the first order of the speed of the front is linear and non-random. Thirdly, we study
branching Brownian motion in two-dimensional hyperbolic space. Here we that the
limit of the empirical population measure on the boundary of the space is determined
only by typical particles and we use this to compute the Hausdorff dimension of its
support. The collection of these results show the emergence of interesting phenomena
when inhomogeneities are added to branching Brownian motion.
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Chapter 1

Introduction

1.1 Structure of this thesis

This thesis is an integrated thesis. This means that Chapters 2, 3 and 4 are repro-
ductions of the preprints

[17] J. Berestycki, N. Gantert, D. Geldbach, and Q. Shi. Biased branch-
ing random walks on Bienaymé–Galton–Watson trees, 2025. Preprint,
arXiv:2502.07363, submitted to AIHP,

[18] J. Berestycki, D. Geldbach, and M. Pain. Polynomial slowdown in
space-inhomogeneous branching Brownian motion, 2025. Preprint,
arXiv:2506:10623, submitted to EJP,

[51] D. Geldbach. Hyperbolic branching Brownian motion: the empirical
limit measure, 2025. Preprint, arXiv:2509:06730, submitted to CPAM,

which differ only in typesetting from the versions submitted to the journals. I
would also like to point out that Polynomial slowdown in space-inhomogenous branch-
ing Brownian motion is joint work with my supervisor Julien Berestycki and our co-
author Michel Pain. Similarly, Biased branching random walks on Bienaymé–Galton–
Watson trees is joint work with my supervisor Julien Berestycki and our co-authors
Nina Gantert and Quan Shi. In both projects I have contributed significantly to all
stages of the project, from formalising model and results, to the proofs, to polishing
the presentation.

During my PhD, I have also worked on a different project,

[50] D. Geldbach. Continuum asymptotics for tree growth models, 2023.
Preprint, arXiv:2309.04336, submitted to ALEA,

which is not included in this thesis for thematic reasons.
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This introductory chapter discusses the background needed to understand the
following chapters and to put their results into context. This means we present the
basics of (spatial) branching processes in the form of branching Brownian motion and
branching random walks in Section 1.2. Then we discuss how inhomogeneities can
be added to these models and how this effects the methods required to understand
them. We do this by looking at various existing results in the literature in Section
1.3. In Section 1.4 we present brief summaries of the projects in Chapters 2, 3 and 4.

1.2 Background on branching processes

Branching processes are a ubiquitous building block for mathematical models when-
ever there is growth or self similarity. This covers essentially all fields of science;
biology, chemistry, epidemiology, physics, et cetera. Naturally, in parallel mathe-
maticians are trying to understand branching processes rigorously.

1.2.1 Non–spatial branching processes

The simplest model for a probabilistic branching process is a Bienaymé–Galton–
Watson process1: this is a N0-valued stochastic process (Zn, n ≥ 0). The initial
condition is Z0 = 1, that is we start with one individual, and we obtain Zn+1 from
Zn by

Zn+1 =
Zn∑
i=1

ξi,n, ξi,n ∼ µ, i.i.d.,

where µ = (µk, k ∈ N0) is a reference probability probability measure. The interpre-
tation here is that in every time step an individual is replaced by a random number
of offspring, and everything happens independently and with the same distribution.
The main result here is that there is a phase transition depending on the mean of µ.
Let m = ∑

k≥1 kµk. This results goes back to Bienaymé, Galton and Watson, see for
example [43, Theorems 4.3.10-12] for a proof.

Theorem 1.2.1. Assume µ1 < 1 and m < ∞.

1. Extinction: if m ≤ 1, then Zn → 0 almost surely.

2. Survival: if m > 1, then with positive probability we have for all n that Zn > 0.
1Often also called Galton–Watson process or Bienaymé process. See [1] for a discussion on

nomenclature.
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This result suggests that the study of branching processes needs to differentiate
between three phases: subcritical (m < 1), critical (m = 1) and supercritical (m > 1).
In this thesis we are interested in supercritical branching processes. In this phase, the
number of particles grows exponentially, which can be formalised with a small extra
assumption on µ.

Theorem 1.2.2 (Kesten-Stigum 1966). Assume ∑k≥1 k log(k)µk < ∞. Then there
exists a random variable W such that m−nZn → W almost surely as n → ∞ and
W > 0 almost surely conditional on survival.

See for example [70, Chapter 12.2] for a proof.
We also want to note that this process is endowed with a tree structure, which we

may define recursively: let o be the root of the tree. If a vertex in generation n has
ξi,n children, add ξi,n new vertices and connect them to their parent. We will make
use of this tree structure in multiple ways later.

1.2.2 Classical spatial branching processes: BBM and BRW

In a supercritical branching process the number of particles grows exponentially. We
now extend our model to endow the particles with spatial information so that the
particles form a growing cloud in space. One classical way of doing this is branching
Brownian motion (BBM). This is a process in continuous time and space.

A description of the process is as follows: at time 0, there is one particle located at
the origin, Xu(0) = 0, where u is its label. This particle moves according to a Brown-
ian motion in R until an exponential rate-1 clock rings. Then the particle splits into
two, both offspring particles start at the position of the parent. They then (indepen-
dently) perform Brownian motions and split (independently) after exponential times.
See Figure 1.1 for an illustration. We denote the particles alive at time t by N (t)
and their positions by (Xu(t), u ∈ N (t)). Note that this is a simplified version of the
process: we could change the branching rate from 1 to β and instead of splitting into
two we could split into a random number of offspring.

One of the main objects we are interested in here is the position of the rightmost
particle,

Mt = max
u∈N (t)

Xu(t).

Bramson, Lalley and Selke [32, 33, 66] have shown the following result.
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Figure 1.1: A simulation of branching Brownian motion.

Theorem 1.2.3. Let m(t) =
√

2t− 3
2
√

2 log t, then

lim
t→∞

P (Mt −m(t) ≤ x) = E
[
e−cD∞e−

√
2x
]
,

where c > 0 and D∞ > 0 is a martingale limit.

The martingale limit is determined by the behaviour of the so-called derivative
martingale,

Dt =
∑

u∈N (t)

(√
2t−Xu(t)

)
exp

(
−

√
2(

√
2t−Xu(t)

)
, t ≥ 0.

The idea is that it captures the behaviour of BBM at early times. The proofs of
these classical results make use of the connection between BBM and the Fisher,
Kolmogorov, Petrovsky, Piskunov (F-KPP) equation,∂tv = 1

2∂xxv + βv(1 − v),
v(0, x) = g(x),

where v : R+ × R → R, β > 0 and g : R → [0, 1]. McKean [75] has shown that this

4



can be represented using branching Brownian motion,

v(t, x) = Ex

 ∏
u∈N t)

g(Xu(t))
 .

In particular, if we choose g(x) = 1(−∞,0](x), then v(t, x) = P(Mt ≤ x). This also
means that any result about (Xu(t), u ∈ N (t)) can be translated into a result for v
and vice versa.

Let us provide a quick justification for the choice of m(t) in Theorem 1.2.3. By
linearity

P (Mt ≥ m(t)) ≤ E

 ∑
u∈N (t)

1{Xu(t)≥m(t)}

 = etP(Bt ≥ m(t)),

and using the tail of the Gaussian distribution

etP(Bt ≥ m(t)) = exp
(
t− m(t)2

2t − 1
2 log(t) +O(1)

)
.

This suggests that we should choose m(t) =
√

2t − 1
2
√

2 log(t). Compare this to the
true value of m(t) in Theorem 1.2.3: we are missing a factor of 1√

2 log(t). To find this
factor, we need to observe that we have a restriction on the trajectories due to the
covariance structure. Let u be a particle such that Xu(t) ≈

√
2t. Then for any time

s ≤ t the ancestor of u at time s will satisfy Xu(s) ≤
√

2s+K with high probability
where K is some large constant. If we include this as barrier in our computations,
that is we look at the event {∀s ≤ t,∀u ∈ N (t) : Xu(s) ≤

√
2s}, then we obtain a

term like
P0 (∀s ≤ t : Bs ≥ −1|Bt = 0) ≈ c

t
,

where c is a constant.
See Figure 1.2 for a simulation of BBM with this barrier. On the technical level

this is achieved by looking at
√

2s−Bs and applying Girsanov’s theorem. Going back
to the previous heuristic, we obtain

P (Mt ≥ m(t)) ≈ exp
(
t− m(t)2

2t − 1
2 log(t) − log(t) +O(1)

)
,

which now correctly suggests m(t) =
√

2t − 1
3
√

2 log(t). It is possible to make this
heuristic rigorous though it is computationally intensive, see [78].

In this section we have so far considered branching Brownian motion where time
and space are continuous. The discrete analogues are branching random walks (BRW).
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Figure 1.2: BBM with a barrier at s 7→
√

2s + K. The process will hit this barrier
only finitely many times almost surely.

They are defined in discrete time: we start with one particle located at 0. In every
time step, a particle located at x is replaced by offspring particles located at

x+ L,

where L is a reference point process on R (or rather an independent copy thereof).
Here we need to assume E[|L|] > 1 to be in the supercritical regime. Formulating
BRW using a point process means that children of the same parent are allowed to have
dependent displacements even though their offspring will be independent conditional
on the position of the parent. Denote the resulting branching random walk in discrete
time by (Xu(n), u ∈ N (n)). Essentially any result about the asymptotics of BBM,
like Theorem 1.2.3, also applies to BRWs though one has to be careful to handle
phenomena arising from the discreteness of the process. For example if there are
constants a, b such that L is supported on aZ + b, then the BRW will always be
supported on a countable set and might display periodic behaviour. Nevertheless, a
slightly weaker version of Theorem 1.2.3 still holds. We refer to [74, Theorem 1.1] for
an analogue of Theorem 1.2.3 for branching random walks; this was first proved by
[8].
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1.3 Related work - inhomogenous BBM and BRW

Although homogenous BBM and BRWs are well understood objects, they remain an
active field of research. There is lot of work on related models where inhomogeneities
have been added to the original models. We present some of them in this section:

1. time varying diffusivity,

2. increasing branching rates,

3. catalytic branching,

4. and random branching rates.

In each of these cases we focus on the behaviour of Mt, the maximal displacement.
We also briefly state the key ideas and methods involved.

1.3.1 Time varying BBM and BRW

One simple way of adding inhomogeneity is by changing the reference process. Instead
of standard Brownian motions, Maillard and Zeitouni [71] consider Brownian motions
that move with a time dependent diffusivity. Let T > 0 and let σ ∈ C2([0, 1],R). For
time varying branching Brownian motion, particles still branch at rate 1 but move
with instantaneous variance σ2(t/T ). Define

m(T ) = v(1)T − w(1)T 1/3 − σ(1) log(T ),

where v(t) =
∫ t

0 σ(s) ds, w(t) = 2−1/3α1
∫ t

0 σ(s)1/3|σ′(s)|2/3 ds, α1 ≈ 2.33, and where
(−α1) is the largest zero of the Airy function of the first kind.

Theorem 1.3.1 ([71]). Assume that σ is strictly decreasing, σ(1) > 0 and that
infs∈[0,1] |σ′(s)| > 0. Then the sequence (Mt −m(t))t≥0 is tight.

This result is very similar to Theorem 1.2.3. The main difference is that the
correction after the linear order is polynomial rather than logarithmic. The above
results improves on [47] which found the T 1/3 correction in this model. Tightness can
also be improved to convergence in distribution, although this requires a less explicit
choice of m(t).

The proof of Theorem 1.3.1 consists of a first and second moment approach.
The first moment calculation includes counting the number of particles that hit the
curve γT where γT (t) = Tv(t/T ) − T 1/3w(t/T ) for t ∈ [0, T ]. See Figure 1.3 for an

7



Figure 1.3: Time varying BBM with σ(s) = 1 − 0.7s and T = 7 including a curved
barrier γT +K. Observe how the diffusivity of particles decreases for larger times.

illustration. In this computation, after applying Girsanov’s theorem, we encounter
an expression like

E1

[
exp

(
− 1
T

∫ T

0
q(t/T )Bt dt

)
1{∀t∈[0,T ]:Bt≥0}

]
,

where q is an explicit function defined in terms of σ. By rescaling the integral, this
is equal to

E1

[
exp

(
−

√
T
∫ 1

0
q(r)Br dr

)
1{∀t∈[0,1]:Bt≥0}

]
= E1

[
exp

(
−ϱ

∫ 1

0
q(r)

√
2ϱBr dr

)
1{∀t∈[0,1]:Bt≥0}

]
,

where ϱ = 2−1/3T 1/3. By the Feynman–Kac formula this is connected to the PDE

∂tw = ϱ (∂xxw − q(t)w) .

The inhomogeneity in the model is reflected in q(t) not being constant. If q were
constant, the PDE would be easy to understand as it is linear and falls into the
framework of Sturm–Liouville theory. Thus the difficulty in the analysis of the PDE
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consists of quantifying the effect of a non-constant choice of q. The solutions to the
PDE decay exponentially in ϱ, hence the expectation above decays like exp(−cT 1/3)
for some c > 0.

A similar model can be studied for branching random walks, see [72]. Analogously,
it exhibits a n1/3 correction.

1.3.2 Increasing branching rate

Instead of changing the diffusivity of the underlying Brownian motions and keeping
branching homogenous, we consider non-constant branching rates. Consider branch-
ing Brownian motion where particles move as standard Brownian motions and split
into two at rate β|x|p where β > 0 and p ∈ (0, 2]. This means that particles are
rewarded with a higher branching rate when they deviate upwards. Consider Mt,
the maximum displacement. Because the branching rate increases for the maximal
particles as Mt → ∞, the non-constant branching rate speeds up Mt. See Figure 1.4
for an illustration.

Theorem 1.3.2 ([54]). The maximal displacement Mt satisfies almost surely:

1. If p ∈ (0, 2) :

lim
t→∞

Mt

t
2

2−p

=
(
β

2 (2 − p)2
)1/(2−p)

2. If p = 2 :
lim
t→∞

logMt

t
=
√

2β

In the heuristics for Theorem 1.2.3 (the asymptotics for Mt for homogenous BBM)
we have seen that maximal particles roughly follow the path s 7→

√
2s up to deviations

of sublinear order. Something similar is true here. However, since the environment is
now inhomogeneous it is not clear what the optimal path looks like. Let g ∈ C2(R+,R)
be a reference path. Combining Schilder’s Theorem for large deviations of Brownian
motion with the exponential growth at rate β|x|p yields

E [# {u ∈ N (t): ∀s ≤ t,Xu(s) is close to g(s)}] ≈ exp
(∫ t

0
βg(s)p ds−

∫ t

0

g′(s)2

2 ds
)
.

This motivates us to look at the martingale

Mg(t) =
∑

u∈N (t)
exp

(∫ t

0
g′(t) dXu(s) −

∫ t

0

(
g′(s)2

2 + β|Xu(t)|p
)

ds
)
.
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Figure 1.4: BBM with location dependent branching rate β|x|p for β = 0.4 and p = 1.
The dashed line t 7→ 0.2t2 + 2 illustrates the first order of the maximal displacement.

The exponential is made up of two parts, −
∫ t

0 β|Xu(t)|p ds compensates the growth
of the process and

∫ t
0 g

′(t) dXu(s) −
∫ t

0
g′(s)2

2 ds arises from Girsanov’s theorem. The
key idea of the proof of Theorem 1.3.2 is to determine if Mg(t) has a non-trivial limit.
This depends on the choice of reference path g. In the case p ∈ (0, 2) they consider
g(s) = asb for a, b > 0, and in the case p = 2 they consider g(s) = eλs for s > 0.
They also make use of spinal techniques: they force a particle to follow g (that is, its
movement is t 7→ g(t) +Bt) and look at the change of measure that is required.

The idea of looking at the process along special paths is further studied by [16]
for p ∈ (0, 2). Consider a path g that satisfies∫ t

0
βg(s)p ds−

∫ t

0

g′(s)2

2 ds > 0 and
∫ t/2

0
βg(s)p ds−

∫ t/2

0

g′(s)2

2 ds < 0.

This means that in the heuristics we should have an exponentially large number of
particles following g at time t yet also an exponentially small number at time t/2.
This is an indication that the almost sure behaviour of the process does not agree
with the behaviour in expectation. This is indeed what the authors of [16] show: the
process essentially becomes extinct along g at time t/2 before the large branching

10



rate at the end of g takes effect. To show this rigorously, one needs to pick a time
horizon T and rescale a reference path g : [0, 1] → [0,∞).

A similar group of authors [15] studies this in the case p = 2 focussing on the total
population growth.

1.3.3 Catalytic branching

Figure 1.5: A simulation of catalytic BBM: the catalytic branching is approximated
by branching at rate β/(2ε) in the interval [−ε, ε]. Note that the path of the rightmost
particle at the final time stays near 0 before jumping to the maximal position.

Another choice of inhomogenous branching rate on R is catalytic branching: par-
ticles branch at rate β dLt where β > 0 and Lt is the local time at 0. Equivalently,
if T is the time of the first branching event, then conditional on the path of the first
particle (Xs)s≥0 the distribution of T is given by P(T > t|(Xs)s≥0) = exp(−βLt).
This means that as soon as we move away from 0 we stop branching. Heuristically,
the optimal strategy for particles to achieve the maximum should be to remain near
0 for some time and then to do a big jump. See Figure 1.5 for an illustration. The
equivalent to Theorem 1.2.3 is the following.

11



Theorem 1.3.3 ([24, 25]). For any y ∈ R we have

lim
t→∞

P
(
Mt − β

2 t ≤ y

)
= E

[
exp

(
−G∞e

−βy
)]
,

where G∞ is the almost sure limit of the martingale

Gt = e− β2
2 t

∑
u∈N (t)

exp (−β|Xu(t)|) ,

and G∞ > 0 almost surely.

Note that unlike in Theorem 1.2.3 there are no logarithmic corrections to the
linear speed. Let Lu

t be the local time of Xu(t) at 0. Consider the martingale Gt. We
can write

Gt =
∑

u∈Xu(t)
exp

(
−β|Xu(t)| + βLu

t − β2

2 t
)

exp (−βLu
t ) .

The second factor, exp (−βLu
t ), compensates the growth along the path of Xu(t).

The first factor exp
(
−β|Xu(t)| + βLu

t − β2

2 t
)

is related to the change of measure that
turns standard Brownian motion into Brownian motion with drift β towards the
origin. Note that such a change of measure results in a bigger local time at 0 and
hence more branching. The authors of [24] use this transform explicitly in the form
of spinal techniques.

There is an interesting modification of this model studied by [26]: assume now
that the branching happens at rate β everywhere and at rate β0 dLt at 0. This is
a combination of catalytic BBM and homogenous BBM. The optimal strategy for a
particle to be maximal will still be to remain at 0 for a while and then to do a big
jump though now the ideal proportion between these two blocks depends on β and
β0. In [26] the authors show that

lim
t→∞

Mt

t
=


β
β0

+ 1
2β0 if β ≤ 1

2β
2
0 ,√

2β if β ≥ 1
2β

2
0 .

Note that
√

2β is the speed of BBM without catalytic branching.
Catalytic branching can also be studied for branching random walks. For a branch-

ing random walk on Z, particles branch only at 0. A result analogous to Theorem
1.3.3 is shown by [36] though it is harder to state due to the discreteness of Z. Nev-
ertheless, there is still a martingale limit and no logarithmic correction.
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Figure 1.6: A simulation of a BRW with a random branching rates on Z: the shaded
regions correspond to integers where the branching rate is high. Observe that the
path of the rightmost particle (in red) seems to spend more time in these regions.

1.3.4 Random branching rates on Z

Instead of deterministically varying the branching rate like in the previous two sec-
tions, we can choose it to be random as well. This is best done in a discrete setting.
Let (ξ(x))x∈Z be an i.i.d.family of R+–valued random variables. Conditional on these,
consider a continuous time branching random walk on Z. Particles move at rate 1
according to a simple symmetric random walk and particles located at x ∈ Z split
into two at rate ξ(x). Because of the two layers of randomness, there are two proba-
bility measures: Pξ considers only the randomness of the BRW, that is we condition
on (ξ(x))x∈Z, whereas P considers (ξ(x))x∈Z to be random as well. We call Pξ the
quenched measure and P the annealed measure, we have that P(A) =

∫
Pξ(A)P(dξ)

where we integrate over the distribution of ξ.

Theorem 1.3.4 ([90]). Assume that there are 0 < a < b < ∞ such that P(ξ ∈
[a, b]) = 1. There are σ > 0, v > 0 such that the process(

Mnt − vnt

σ
√
n

, t ≥ 0
)
,

13



converges to standard Brownian motion as n → ∞, in distribution under P.

This is not quite analogous to Theorem 1.2.3 but similar in spirit. A key difference
here is that the process is rescaled by

√
n. One can also show that there exists a

function m(t) such that (Mt−m(t))t≥0 is tight, see [65], though m(t) is very inexplicit.
Nevertheless, already knowing that the first order of Mt is vt (which is implied by
Theorem 1.3.4) is non-trivial.

Due to the random environment the proof of Theorem 1.3.4 is very technical. At
its heart there is a first and second moment argument. For any v, t > 0 we have under
the quenched measure that

Eξ [# {u ∈ N (t) : Xu(t) = ⌊vt⌋}] = Eξ

[
1{Yt=⌊vt⌋} exp

(∫ t

0
ξ(Ys) ds

)]
,

where (Yt)t≥0 is a continuous time simple random walk moving at rate 1. This suggests
that one needs to understand

∫ t
0 ξ(Ys) ds and the authors of [90] do this by applying

a local limit theorem.

1.4 Projects in this thesis

In this section we present brief summaries of the projects founds in Chapters 2, 3 and
4. Each Chapter includes a more detailed summary of the respective project.

1.4.1 Polynomial slowdown in space-inhomogeneous branch-
ing Brownian motion

We study a spatially inhomogeneous version of BBM in R2, where the branching rate
of a particle depends on its angular coordinate. The goal is to capture the effect
of the inhomogeneity on the maximal displacement. Particles move according to 2d
Brownian motions, and a particle located at a point of polar coordinates (r, θ) splits
into two particles at rate b(θ) where b : R → [0,∞) is a 2π periodic, measurable
function. We denote by N (t) the set of particles alive at time t and, for u ∈ N (t),
and by (Xu(t), Yu(t)) the position of particle u ∈ N (t) at time t.

We are interested in the asymptotic behaviour of

Mt := max
u∈N (t)

∥(Xu(t), Yu(t)∥2 .

We need to put some assumptions on the function b, we assume that

14



(A1) b is continuous and reaches its maximum on [−π, π] at 0 only, that is

sup
|θ|>δ

b(θ) < 1, for all δ > 0.

(A2) there exist α ∈ (2/3, 2) and β > 0 such that b(θ) = 1 − β |θ|α + O(θ2), as
θ → 0.

To state our result, we introduce

ϑ1 := λ0 · 2 + α

2 − α
· β

2/(2+α)

22α/(2+α) ,

where λ0 > 0 is a constant depending only on α defined as the smallest eigenvalue of
a differential operator defined later, and

m(t) =
√

2t− ϑ1√
2
t(2−α)/(2+α) −

(
3

2
√

2
− α

2
√

2(2 + α)

)
log t.

Theorem 1.4.1. As t → ∞, we have

Mt = m(t) +OP(1).

Equivalently, the process (Mt −m(t))t≥1 is tight.

This should be compared to Theorem 1.2.3 where m1d(t) =
√

2t − 3
2
√

2 log(t) is
the asymptotic behaviour of Mt for homogeneous 1d–branching Brownian motion.
Notably, the inhomogeneous branching rate causes a polynomial correction.

The proof of Theorem 1.4.1 is based on a first and second moment argument. In
particular, this means that we need to identify which trajectories lead to particles
that contribute to Mt. These will be particles where

Xu(t) ≈
√

2t and |Yu(t)| ≈ tα/(2+α).

Particles like these have an angular coordinate of approximately Yu(t)/(
√

2t). Com-
bining this with assumption (A2) on the branching rate leads us to expectations like

E
[
exp

(
−β

∫ t

1

∣∣∣∣∣ Ys√
2s

∣∣∣∣∣
α

ds

)]
,

where (Ys)s≥0 is a 1d–Brownian motion. We analyse this by using the Feynman-Kac
formula and studying the resulting time–inhomogeneous partial differential equation.
We provide more detailed heuristics in Section 2.1.3.
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1.4.2 Biased branching random walks on Bienaymé–Galton–
Watson trees

The goal of this project is to study the maximal displacement of a branching ran-
dom walk in random environment. There are now three sources of randomness: the
environment, the branching and the movement.

Let p = (pk, k = 0, 1, 2, . . .) be a probability measure on N0 and let BGW be the
law of a Bienaymé–Galton–Watson (BGW–tree) ω with offspring distribution p. We
assume that

p0 = 0 and p1 < 1. (1.1)

Conditional on ω, we consider the λ–biased random walk on ω. That is, (Xn, n ≥
0) is a Markov chain which starts at the root of the tree. If Xn = x, then Xn moves
to the parent of x with probability λ/(λ+ deg(x)) and to each child with probability
1/(λ + deg(x)). Here deg(x) is the number of children of x and λ > 0 is a fixed
parameter. If Xn is located at the root, it moves to a uniformly chosen child of the
root.

We use this random walk to construct a branching random walk: let µ = (µk, k =
0, 1, 2, . . .) be another probability measure. We start with a single particle at the root.
In each step, a particle is replaced by a random number of particles, independently
sampled from µ. Each offspring particle then takes a step independently according to
the transition probabilities of the λ–biased random walk. This results in a branching
random walk, denote it by (X(u), u ∈ T) where T is the genealogical tree of the
branching random walk. The particles alive at time n are the ones satisfying |u| = n.

Because of the different sources of randomness, we associate two different laws
with the branching random walk: if we condition on the environment ω, we speak of
the quenched law Pω. If we consider the environment to be random as well, we speak
of the annealed law P. They are connected via P(·) =

∫
Pω(·)BGW(dω).

We now consider the maximum displacement of the branching random walk at
time n. To this end, for x ∈ ω, let |x| be the height of x, that is the distance to the
root in the graph metric.

Theorem 1.4.2 (Velocity of the maximal displacement). Let (X(u), u ∈ T) be a λ-
biased branching random walk with reproduction law µ. Suppose that µ0 = 0, µ1 < 1,
m := ∑

k≥1 kµk > 1 and m < ∞. Then for BGW–a.e. ω, we have

lim
n→∞

1
n

max
|u|=n

|X(u)| = vλ,m, Pω − a.s.

where vλ,m is a constant that only depends on λ, m and the tree offspring law p.
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This should be seen in relation to Theorem 1.2.3. In our theorem we show that
the speed for the maximal displacement exists and is non–random. This crucially
depends on the environment being statistically transitive, that is even though ω is
not a transitive graph, different regions have the same law under BGW and therefore
lead to similar behaviour for the branching random walk.

Our proofs depend on a careful interplay between the annealed and quenched
measure. Interestingly, we need different approaches depending on the recurrence or
transience of the process. Depending on the bias λ and the branching rate m, there is
a regime where almost surely only finitely many particles visit the root. Conversely,
outside of this regime, there are almost infinitely many particles that visit the root.
We determine this regime in Theorem 3.1.2. For particle processes like this, these
two regimes are called transience and strong recurrence.

1.4.3 Hyperbolic branching Brownian motion: the empirical
limit measure

We study branching Brownian motion in hyperbolic space. The goal is to better
understand the distribution of the bulk of the particles.

Hyperbolic space is often modelled using the hyperbolic disk: let D = {(x, y) ∈
R2 : x2+y2 < 1} be the interior of the unit disk and consider the hyperbolic Laplacian

LD = (1 − (x2 + y2))2

4
(
∂2

x + ∂2
y

)
.

We discuss hyperbolic space in more detail later. The operator LD can be used to
generate hyperbolic Brownian motion, denote the corresponding stochastic process
by (Xt, Yt)t≥0, started at the origin. This process behaves like regular 2d-Brownian
motion except that it slows down as it approaches ∂D = {(x, y) ∈ R2 : x2 + y2 = 1}.
In fact, one can show that (Xt, Yt)t converges to a random point on ∂D.

We use this to build a version of branching Brownian motion: we start with a
single particle at the origin. Particles move independently according to hyperbolic
Brownian motions, and particles split in two at rate β > 0. This results in a cloud of
particles, we denote it by ((Xu(t), Yu(t)), u ∈ N (t)) where N (t) is the set of particles
alive at time t.

The goal of this project is to study the empirical measure of the process. The
normalised empirical measure at time t is given by

µt = 1
|N (t)|

∑
u∈N (t)

δ(Xu(t),Yu(t)).
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There is a random probability measure µ∞ supported on ∂D such that almost surely
µt converges weakly to µ∞. This is shown with martingale arguments. We compute
the Hausdorff dimension of the support of µ∞.

Theorem 1.4.3. For any β > 0, almost surely dim supp µ∞ = 1 ∧ (2β).

We also show more properties of µ∞, in particular that it is almost surely non-
atomic and that for β > 1/2 it admits a Lebesgue density.

This theorem has to be understood in comparison to a result by Lalley and Selke
[67]. There they consider Λ, the set of all accumulation points of {(Xu(t), Yu(t)), t ≥
0}, and show that almost surely

dim Λ =


1
2(1 −

√
1 − 8β) β ≤ 1/8,

1 β > 1/8.

In particular this means that for any β < 1/2, supp µ∞ is a proper subset of Λ. Fur-
ther, β = 1/8 is also the threshold for local recurrence or transience. It is surprising
that transition from transience to recurrence does not affect the behaviour of µ∞.

The proof of Theorem 1.4.3 is based on the idea that we can approximate µt,
the empirical measure of all particles, by the empirical measure restricted to typical
particles. Those are particles whose trajectories match the almost sure behaviour
of hyperbolic Brownian motion. That is they move at speed 1/2 in the hyperbolic
metric away from the origin while exhibiting Gaussian fluctuations.
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Chapter 2

Polynomial slowdown in
space-inhomogeneous branching
Brownian motion

Figure 2.1: On the left, a realisation at time t = 16 of space–inhomogenous BBM with
α ∈ {1/2, 1, 2, 4} and branching rate b(θ) = 1 − |sin(θ/2)|α, as well as homogenous
BBM in black (which can be seen as α = ∞). The processes are coupled in such
a way that every particle that exists for a smaller α also exists for a greater value
of α. On the right, a realisation of a version of the model with discrete time and
positions in Z2. In this model, each particle at time n and with angular coordinate
θ has 2 children at time n + 1 with probability b(θ) and 1 child otherwise, and each
child jumps to one of the four nearest neighbour sites, or stays at its present site with
equal probability. This discretisation allows us to push the numerical simulation to
larger times, here n = 500, but it changes the limiting shape of the process. However,
the behaviour of the maximal displacement, with the appearance of a polynomial
slowdown for α < 2, should be universal.
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2.1 Introduction

2.1.1 Model and main result

The standard, one-dimensional Branching Brownian Motion (BBM) is a system of
particles on R: at time t = 0, there is a single particle at the origin. This particle
performs a Brownian motion up to an exponential random time with mean one when
the particle is replaced by two particles at the same position. Each daughter particle
then starts an independent copy of the same process, and so on. This results in an
exponentially growing cloud of branching, diffusing, particles (X1d

u (t), u ∈ N 1d(t))t≥0

where X1d
u (t) is the position of particle u at time t and N 1d(t) is the set of particles

alive at time t. This is a well studied process with an extensive literature, including
a particular focus on the study of the maximal displacement at time t,

M1d
t := max

u∈N 1d(t)
X1d

u (t).

Classical results by [32, 33, 66] determined the asymptotic behaviour of M1d
t , let

m1d(t) =
√

2t− 3
2
√

2 log t,

lim
t→∞

P
(
M1d

t −m1d(t) ≤ x
)

= E
[
e−cD∞e−

√
2x
]
, (2.1)

where c > 0 and D∞ > 0 is the limit of the so-called derivative martingale. Further
results include for example the convergence of the extremal process [2, 5] and a precise
description of its limit [39, 77, 14, 57]. More generally, the behaviour of the maximal
displacement for variants of the BBM model has been a topic of intense research in
the recent past and we discuss some of these results in the next subsection.

In the present work, we study a spatially inhomogeneous version of BBM in R2,
where the branching rate of a particle depends only on its angular coordinate, with
the goal of capturing the effect of the inhomogeneity on the maximal displacement.
Let b : R → [0,∞) be a 2π-periodic function. We start with one particle at (0, 0)
at time 0. Each particle moves according to a 2d Brownian motion and a particle
located at a point of polar coordinates (r, θ) splits into two particles at rate b(θ). We
denote by N (t) the set of particles alive at time t and, for u ∈ N (t), by (Xu(t), Yu(t))
the position of particle u at time t. For s ≤ t, we also write (Xu(s), Yu(s)) for the
position of the ancestor of u alive at time s. Finally, we denote by (Ru(t), θu(t)) the
polar coordinates of (Xu(t), Yu(t)).

We are interested in the asymptotic behaviour of

Mt := max
u∈N (t)

Ru(t)
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in the case where the function b reaches its maximum on [−π, π] at a single point,
say 0. More precisely we assume

(A1) b is continuous and reaches its maximum on [−π, π] at 0 only, that is

sup
|θ|>δ

b(θ) < 1, for all δ > 0.

(A2) there exist α ∈ (2/3, 2) and β > 0 such that b(θ) = 1 − β |θ|α + O(θ2), as
θ → 0,

Instead of Assumption (A1), one can assume the weaker assumption

(A1’) b ≤ 1 and, if b(θn) → 1 for some sequence (θn)n≥0 ∈ (−π, π]N, then θn → 0.

This assumption does not require continuity anymore, but ensures that b can approach
the value 1 only at 0 (and other multiples of 2π). Note that by Assumption (A2) we
still have continuity at 0.

To state our result, we introduce

ϑ1 := λ0 · 2 + α

2 − α
· β

2/(2+α)

22α/(2+α) ,

where λ0 > 0 is a constant depending only on α defined as the smallest eigenvalue of
a differential operator in Lemma 2.2.8, and

m(t) =
√

2t− ϑ1√
2
t(2−α)/(2+α) −

(
3

2
√

2
− α

2
√

2(2 + α)

)
log t.

Theorem 2.1.1. As t → ∞, we have

Mt = m(t) +OP(1).

Equivalently, the process (Mt −m(t))t≥1 is tight.

Recalling that the θ = 0 direction is the one with maximal branching rate, it
is reasonable to expect that particles with the maximal displacement are located in
that direction. More precisely, we can deduce the following result from our proof,
which states that particles at a distance m(t) +O(1) from the origin at time t cannot
have a too large Y -coordinate, so that their displacement is essentially all due to the
X-coordinate. The first part of this proposition is a direct consequence of Lemmas
2.5.3 and 2.5.4, and the second part then follows from the first part together with
Theorem 2.1.1.
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Proposition 2.1.2. For any ε > 0 and a ≥ 0, we have

P
(
∃u ∈ N (t) : Ru(t) ≥ m(t) − a, |Yu(t)| ≥ t

α
2+α

+ε
)

−−−→
t→∞

0.

In particular, this implies

Mt − max
u∈N (t)

Xu(t) P−−−→
t→∞

0.

Theorem 2.1.1 has to be understood in view of equation (2.1). Compare m(t) and
m1d(t): introducing the inhomogenous branching rate results in a strong slowdown
of the maximal displacement proportional to t(2−α)/(2+α). With our assumption of
α ∈ (2/3, 2), the exponent takes values in (0, 1/2), see Figure 2.2 for an illustration.
This range of α corresponds to one of the phases of the model and we expect dif-
ferent behaviours outside of this range: for α ≥ 2, the polynomial correction should
disappear and, for α ≤ 2/3, the fact that the exponent becomes larger than 1/2 leads
to new effects resulting in additional polynomial terms in m(t). This is why we are
focusing on the case α ∈ (2/3, 2) and we leave other cases as open questions which
are discussed in Section 2.1.4. Another difference between Theorem 2.1.1 and (2.1) is
that we obtain tightness instead of convergence in distribution. We still believe that
convergence is true for our model but the random variable playing the role of D∞

would be the limit of an approximate martingale, instead of an exact martingale; see
Section 2.1.4 for more details.

α0 1 2

1

2
3

1
2

Figure 2.2: The exponent of the polynomial slowdown as function of α, α 7→ 2−α
2+α

.
Note that our assumption α ∈ (2/3, 2) corresponds to the exponent taking values in
(0, 1/2).
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2.1.2 Related work

Our result should be compared to other variants of branching Brownian motion where
the maximal displacement has been studied. Firstly, BBM with homogenous branch-
ing rate, i.e. b ≡ 1, has been studied in dimensions higher than 1. Convergence in
distribution of the maximal displacement after recentering, as well as of the extremal
process, has been obtained in a series of works [73, 83, 63, 19]. In particular, in di-
mension 2, the proper recentering is m2d(t) =

√
2t− 1√

2 log t: comparing this to (2.1),
we see that changing the dimension yields a change in the logarithmic correction.

Space-inhomogeneous BBMs. Some models with a space-inhomogeneous branch-
ing rate have been studied in dimension 1. In [54], Harris and Harris considered a
BBM on R, where a particle located at x branches at rate |x|p for some p ∈ (0, 2].
They proved that the maximal displacement grows like t2/(2−p) if p < 2, and exponen-
tially fast if p = 2. Further results on the growth of the population along any path
have been obtained in [15, 16]. In [79, 68], the authors studied a BBM with space-
inhomogeneous branching and death rate and a drift, which are tuned in a specific
fashion to exhibit a Gaussian travelling wave phenomenon.

Another space-inhomogenous version of branching Brownian motion is catalytic
BBM. Here particles move as Brownian motions on R and branch at rate β0 dLt

where Lt is the local time at 0 of a given particle. In [24], it has been proved
that the maximum grows at speed β0/2 a.s. and, in [25], that after centering by
(β0/2)t the maximum converges in distribution. Note the absence of logarithmic
correction. Similar results had been obtained previously in [36] in the case of the
catalytic branching random walk. Finally, in [26], a BBM with branching rate β +
β0 dLt is studied and the linear speed is obtained.

Time-inhomogeneous BBMs. Another very related model is time-inhomogeneous
(or speed varying) branching Brownian motion, and its discrete time counterpart,
which has been introduced by Bovier and Kurkova in [31]. In time-inhomogenous
BBM, one starts with a profile σ : [0, 1] 7→ [0,∞) and a time horizon T > 0.
Particles then branch at rate 1 and move as Brownian motions on R with time-
inhomogeneous instantaneous variance σ2(t/T ) at time t ≤ T . Note that, up to a
deterministic time change, the time-inhomogeneous variance can be transformed into
a time-inhomogeneous branching rate. The linear speed of the maximal displacement
at time T has been obtained by [31] in the discrete-time case, for general profiles σ.

23



Of particular interest to us here is the case where σ is strictly decreasing, be-
cause in that case the maximal displacement exhibits a polynomial correction of
order T 1/3, as proved by [47] for the BBM and [72] for the branching random walk.
Maillard an Zeitouni [71] proved the tightness of the maximum after centering by
m(T ) = vσT − wσT

1/3 − σ(1)√
2 log T for some explicit constants vσ, wσ. Hence, our

space-inhomogeneous model provides another occurrence of such a polynomial slow-
down for the maximal displacement. However, two differences can be noticed. First,
our model is consistently defined for all time, it does not depend on the time horizon
T . Second, all exponents in (0, 1) for the polynomial corrections can be obtained in
our model, not only 1/3: indeed, Theorem 2.1.1 includes all exponents in (0, 1/2) but
the case α ∈ (0, 2/3] should include the exponents in [1/2, 1) as explained in Section
2.1.4.

Other cases for the choice of σ have been studied, without any polynomial correc-
tion appearing in m(T ), but various possible coefficients for the logarithmic correction
[46, 28, 29, 30, 3]. Similarly, we believe that, for our model in the case α ≥ 2, m(t)
should not include a polynomial correction but a logarithmic correction with any
coefficient in (1/

√
2,∞), see Section 2.1.4 for details.

2.1.3 Heuristics and structure of the paper

Theorem 2.1.1 says that the maximal displacement at time t is found at a distance of
m(t) + O(1) from the origin. In this section, we discuss informally how to arrive at
the right polynomial correction in m(t) and describe the broad strategy of our proof.

We want to find m(t) such that P(Mt ≥ m(t)) is strictly between 1 and 0. By a
union bound

P(Mt ≥ m(t)) ≤ E[#{u ∈ N (t) : Ru(t) ≥ m(t)}],

and so we want to find m(t) so that this expectation is of order 1. Note that this
union bound is not sharp enough to get the logarithmic correction in m(t), but is
sufficient to predict the polynomial term. By linearity we have that

E [#{u ∈ N (t) : Ru(t) ≥ m(t)}] = E
[
exp

(∫ t

0
b(θs) ds

)
1Rt≥m(t)

]
, (2.2)

where (Rt, θt)t≥0 are the polar coordinates of a single two-dimensional Brownian mo-
tion of coordinates (Xt, Yt)t≥0 (so that X and Y are two independent standard Brow-
nian motions).

Because b reaches its maximum at 0 only, we expect that the maximal displacement
will occur in the direction θ = 0. This means that, on the event {Rt ≥ m(t)}, we
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expect that Xt ≈ Rt ≈
√

2t while Yt = o(t). The most efficient way for (X,Y ) to
achieve this is to have Xs ≈

√
2s and Ys = o(s) for all s ∈ [s0, t] with some large but

fixed s0, meaning that the angle θs can be approximated by Ys/(
√

2s). Therefore, the
expectation above should be close to the factorised expression

E
[
exp

(∫ t

0
b(θs) ds

)
1Rt≥m(t)

]
≈ E

[
exp

(∫ t

s0
b

(
Ys√
2s

)
ds
)]

P
(
Xt ≥ m(t)

)
. (2.3)

Hence, using that b(θ) = 1 − β |θ|α + O(θ2) as θ → 0 by Assumption (A2) and
neglecting the error term, we should choose m(t) so that

et · E
[
exp

(
−β

∫ t

s0

∣∣∣∣∣ Ys√
2s

∣∣∣∣∣
α

ds
)]

· P
(
Xt > m(t)

)
≈ 1. (2.4)

Gaussian tail estimates yield P(Xt > m(t)) = exp(−m(t)2/2t + O(log t)). On the
other hand, we claim that

E
[
exp

(
−β

∫ t

s0

∣∣∣∣∣ Ys√
2s

∣∣∣∣∣
α

ds
)]

= exp
(
−ct(2−α)/(2+α) +O(log t)

)
, (2.5)

for some c > 0. With this, (2.4) becomes

exp
(
t− ct(2−α)/(2+α) − m(t)2

2t +O(log t)
)

≈ 1, (2.6)

and, solving for m(t), we obtain m(t) =
√

2t− c√
2t

(2−α)/(2+α) +O(log t).
Let us argue informally where (2.5) comes from. By the Feynman–Kac formula,

the expectation in (2.5) is connected to solutions at time r = 1 − s0
t

of the following
PDE on [0, 1) × R:

∂ru = ϱ
(
∂2

xxu− (1 − r)−α |x|α u
)
, (2.7)

where ϱ = c(α, β)t(2−α)/(2+α). The exponential decay of these solutions is governed
by the largest eigenvalue of the operator on the right-hand side of (2.7), which is
proportional to ϱ and thus leads to (2.5). The exponent (2 − α)/(2 + α) arises from
the scaling properties of

∫ t
s0

| Ys√
2s

|α ds. Note our treatment of the time–inhomogenous
PDE is inspired in large part by the approach of Maillard and Zeitouni [71].

There is another probabilistic way of seeing why exp(−ct(2−α)/(2+α)) is the right
decay. The expectation in (2.5) is governed by a trade-off between the advantage
for Y to stay close to zero in order to minimize the integral in the exponential, and
the cost of doing so. We can expect that the optimal strategy is of the following
form Aγ = {∀s ∈ [s0, t], |Ys| ≤ sγ} for some parameter γ ∈ [0, 1/2] which we need
to optimize. Note that, by the scaling property of Brownian motion, the cost of
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satisfying the constraint |Ys| ≤ sγ is roughly the same on any interval of the form
[r, r+ r2γ] for r large enough. Moreover, the number of such intervals needed to cover
[s0, t] is proportional to t1−2γ, so we deduce that P(Aγ) ≈ exp(−c1t

1−2γ). On the
other hand, on the event Aγ, we have

∫ t
s0

| Ys√
2s

|α ds ≈ c2t
[1+α(γ−1)]∨0. Therefore, we

expect that

E
[
exp

(
−β

∫ t

s0

∣∣∣∣∣ Ys√
2s

∣∣∣∣∣
α

ds
)]

≈ sup
γ∈[0,1/2]

exp
(
−c1t

1−2γ + c2t
[1+α(γ−1)]∨0

)
≈ exp

(
−ct(2−α)/(2+α)

)
,

where the supremum is achieved by γ = α/(2 +α). While we don’t use this approach
in our proofs, this heuristic tells us the scale of Ys that should dominate the integral,
namely sα/(2+α). This will be reflected in our proofs, especially in Section 2.3.

The structure of this paper follows these heuristics. In Section 2.2 we make the
connection between (2.5) and the PDE (2.7) rigorous, and we show precise estimates
on its solutions using Sturm–Liouville theory as well as methods inspired from [71].
Then, in Section 2.3, in order to incorporate the error term due to the approximation
b(θs) ≈ 1 − | Ys√

2s
|α, we deal with more general expectations of the form

E
[
exp

(
−β

∫ t

s0

∣∣∣∣∣ Ys√
2s

∣∣∣∣∣
α

(1 + f(Ys, s)) ds
)]

, (2.8)

where f is thought of as a small error term. The PDE approach we use in Section 2.2
does not allow us to incorporate f directly, so instead we use probabilistic methods to
justify afterwards that the contribution of this error term is negligible. The main idea
is to localize the trajectory of Y by showing that, on the event mainly contributing
to this expectation, Ys stays of order sα/(2+α), so that we can bound the contribution
of the error term deterministically and compare with the case f = 0 covered in Sec-
tion 2.2. We briefly state the many–to–one and many–to–two lemmas in Section 2.4,
before turning to the proof of Theorem 2.1.1. In Section 2.5, we show the upper
bound in Theorem 2.1.1 relying essentially on a first moment calculation. The main
difficulty is to localize the trajectory of a particle u such that Ru(t) ≥ m(t), to be
able to justify the approximations θu(s) ≈ Yu(s)/(

√
2s) and Ru(t) ≈ Xu(t) and then

to add more precise barrier on the X-coordinate to determine the logarithmic correc-
tions. In Section 2.6, we prove the lower bound in Theorem 2.1.1 by performing a first
and second moment calculation on the number of particles such that Xu(t) ≥ m(t),
while satisfying appropriate constraints on their trajectories.
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2.1.4 Open questions and remarks

1. In Theorem 2.1.1 we show tightness for (Mt −m(t))t≥1. Can this be extended to
convergence in distribution? For this, one needs a quantity replacing the limit
of the derivative martingale in (2.1). The following process should work:

Wt := t−α/[2(2+α)] exp
(
ϑ1t

(2−α)/(2+α)
)

×
∑

u∈N (t)
(
√

2t−Xu(t))e
√

2(Xu(t)−
√

2t)φ0

(
ϑ2Yu(t)
tα/(2+α)

)
,

where φ0, ϑ1 and ϑ2 are introduced in Proposition 2.2.1. Note that the depen-
dence in Xu(t) is similar to the definition of the derivative martingale. However,
here (Wt)t≥0 is not an exact martingale, but only satisfies E[Wt|Fs] = Ws +o(1)
for s and t large. We believe that (Wt)t≥0 has a limit (in probability at least)
which plays the role of D∞ in the convergence in distribution of Mt − m(t).
To go further, we can also ask the question of the convergence of the extremal
process.

2. In this work, we focus on the case α ∈ (2/3, 2). We leave the other cases as
open questions and briefly discuss here what behaviour we expect for m(t).

(α = 2) This is a natural case as this corresponds most naturally to the assumption
that b is smooth at θ = 0. Furthermore, as α ↗ 2 we have 2−α

2+α
→ 0, so we

expect no polynomial correction. Here, one can show (for example using
the methods of [49]) that

E
[
exp

(
−β

∫ t

s

(
Yr

r

)2
dr
)]

∼ C(β)
(
s

t

) 1
4 (

√
1+8β−1)

, (2.9)

as t/s → ∞, C(β) can be stated explicitly. This strongly suggests that
the appropriate correction for the maximum is

m(t) =
√

2t−
(

3
2
√

2
+

√
1 + 8β − 1

4
√

2

)
log t. (2.10)

This guess relies on the fact that trajectories of extremal particles should
satisfy Yt = O(

√
t) and therefore Rt = Xt + O(1). The coefficient of the

logarithmic correction contains two terms: the first one comes from the fact
that the X-trajectory has to stay below a straight line (as for the 1d BBM),
whereas the second one comes from the constraint on the Y -trajectory and
(2.9). Note that this coefficient interpolates between −3/(2

√
2) as β → 0

and −∞ as β → ∞.

27



(α > 2) In this case, the constraint on the Y -trajectory of an extremal particle is
weaker: if |Ys| grows at most like sγ with γ < 1 − 1

α
, then the integral∫ t

s0
|Ys

s
|α ds does not diverge and everything behaves as if the branching

rate was equal to 1. Therefore, a good proxy for our model would be a
2d BBM with branching rate 1, but where only extremal particles with an
angle θt = O(t−1/α) are taken into account. But heuristics coming from
the study of 2d BBM [72] tell us that the behaviour of extremal particles
in two disjoint cones of angle t−1/2 is roughly independent. Altogether,
this suggests that m(t) should be the same as for the maximum of t1/2−1/α

independent 1d BBMs, which leads to

m(t) =
√

2t− 1√
2

(
1 + 1

α

)
log t.

Note that the coefficient of the logarithmic correction interpolates between
−3/(2

√
2) and −1/(2

√
2), that is between the 1d and the 2d BBM.

(α ≤ 2
3) Results in Sections 2.2 and 2.3 concerning Brownian motion weighted by

an integral are proved for any α ∈ (0, 2), so in particular (2.5) still holds for
α ≤ 2/3. Hence, we believe that (a weak version of) our methods should
be enough to prove

Mt =
√

2t− ϑ1√
2
t(2−α)/(2+α) (1 + oP(1)) .

However, getting the asymptotic expansion of Mt up to O(1) seems much
harder and we do not have a precise conjecture for the right choice of m(t)
in that case. More polynomial terms probably need to be added in the
definition of m(t), for several reasons listed here:

• A simple reason already appears in the simplified heuristics that led
to (2.6). Indeed, solving (2.6) for α < 2/3 requires us to add more and
more polynomial terms to m(t) as α decreases. However, as explained
in the following points, (2.6) is not the right choice for m(t) anymore.

• Because m(s) is roughly the position of extremal particles at time s,
an extremal particle u at time t has to satisfy Xu(s) ≤ m(s) for any
s ≤ t. If α ∈ (2/3, 2), the exponent (2−α)/(2+α) is less than 1/2 and
staying below this barrier has the same cost as staying below a straight
barrier with the same endpoints, that is a polynomial cost, which is
responsible for the − 3

2
√

2 log t correction to m(t). On the other hand,
if α ∈ (0, 2/3), this exponent becomes larger than 1/2 and staying
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below this barrier has a stretched exponential cost, which results in a
polynomial correction to m(t).

• Lastly, the approximation θs ≈ Ys/Xs ≈ Ys/(
√

2s) used in the heuris-
tics in Section 2.1.3 is not good enough anymore. Indeed, we expect
that Xs −

√
2s is of order s(2−α)/(2+α), and therefore the resulting error

term in the integral in (2.5) is not negligible when α ≤ 2/3: instead,
it should grow polynomially fast and therefore result in another poly-
nomial correction to m(t).

3. We finally mention two models that can be seen as a limit as α → 0 of our model.
One of them would be a 2d BBM in which a particle at (x, y) branches at rate
b(y), where b is continuous, b(0) = 1 and b(y) → 0 as |y| → ∞. In that case, we
expect that the linear order of m(t) would depend on b and would be smaller
than

√
2, but there would be no polynomial correction, only a logarithmic one.

We believe that a lot of the analysis would rely on understanding BBM in a
strip R × [−L,L] using the results of [55]. Another interesting model might be
a catalytic 2d BBM, where a particle branches at rate β + β0L

x
t , where Lx

t is
the local time of the second coordinate of the particle at 0.

2.1.5 Notation

Throughout the paper, C and c denote positive constants that can change between
occurrences. They can depend on some other parameters in a way which is made
clear in the statement of each result; in the proof of such a result allowed depen-
dencies are the same as in the statement. We use standard Landau notation: for
f : [0,∞) → R and g : [0,∞) → (0,∞), we say, as t → ∞, that f(t) = o(g(t)) if
limt→∞ f(t)/g(t) = 0, that f(t) = O(g(t)) if lim supt→∞ |f(t)| /g(t) < ∞, and that
f(t) ∼ g(t) if limt→∞ f(t)/g(t) = 1.

It is sometimes convenient to work under probability measures other than P. We
denote by P(s,x,y) the probability under which our inhomogeneous BBM starts at time
s from a single particle located at (x, y). Moreover, under P(s,x,y), (Xt, Yt)t≥0 denotes
a 2d Brownian motion starting at time s from (x, y). If s = 0, we drop the first index
and simply write P(x,y). If the event considered involves only X, then we keep only
the starting point of X as index; and similarly for Y .
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2.2 Brownian motion weighted by an integral via
PDEs

We define the kernel G for x, y ∈ R and 0 ≤ s < t by

G(s, x; t, y) = 1√
2π(t− s)

exp
(

−(y − x)2

2(t− s)

)
E(s,x)

[
exp

(
−β

∫ t

s

∣∣∣∣∣ Br√
2r

∣∣∣∣∣
α

dr
)∣∣∣∣∣Bt = y

]
,

(2.11)
where, under P(s,x), B is a Brownian motion starting from x at time s. Note that
under P(s,x) and given Bt = y, (Br)r∈[s,t] is a Brownian bridge from (s, x) to (t, y).
The kernel G satisfies, for any measurable function f : R → R+,∫

R
f(y)G(s, x; t, y) dy = E(s,x)

[
exp

(
−β

∫ t

s

∣∣∣∣∣ Br√
2r

∣∣∣∣∣
α

dr
)
f(Bt)

]
. (2.12)

The goal of this section is to prove the following result.

Proposition 2.2.1. Let α ∈ (0, 2), κ := 2α/(2 + α) ∈ (0, 1) and β > 0. There exist
K,C, c > 0 such that, for any x, y ∈ R, s ≥ K and t ≥ s+Ksκ, we have∣∣∣∣∣(st)κ/4 exp

(
ϑ1(t1−κ − s1−κ)

)
G(s, x; t, y) − ϑ2φ0

(
ϑ2x

sκ/2

)
φ0

(
ϑ2y

tκ/2

)∣∣∣∣∣
≤ C

(
sκ−1 + e−c(t−s)/tκ

)
exp

(
−c

(
|x|
sκ/2

)α)
exp

(
−c

(
|y|
tκ/2

)α)

where φ0 is defined in Section 2.2.2 together with the constant λ0 > 0 (and they only
depend on α) and we set ϑ1 := λ0β

2/(2+α)2−2α/(2+α)/(1 − κ) and ϑ2 := (2β)1/(2+α).

By Proposition 2.2.7, φ0 is an even positive function such that ∥φ0∥2 = 1. See
Figure 2.3 for an illustration.

By integrating these bounds in the y coordinate and bounding them uniformly in
the x coordinate we obtain the following corollary.

Corollary 2.2.2. Let α ∈ (0, 2) and β > 0. There exist K,C, c > 0 such that the
following holds for any s ≥ K and t ≥ s+Ksκ, the following holds.

1. For any x ∈ R,∫
R
G(s, x; t, y) dy ≤ C(t/s)κ/4 exp

(
ϑ1(s1−κ − t1−κ)

)
.

2. For any |x| ≤ sκ/2,∫
|y|≤tκ/2

G(s, x; t, y) dy ≥ c(t/s)κ/4 exp
(
ϑ1(s1−κ − t1−κ)

)
.
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Figure 2.3: A plot of φ0 for different values of α.

2.2.1 Connection with a PDE via Feynman–Kac formula

In this section, we first work in a slightly more general context and consider the
following PDE on [0, T ] ×R, for some T, σ > 0 and some function k : [0, T ] ×R → R,

∂tu = σ2

2 ∂
2
xxu+ ku. (2.13)

We write C1,2(I × R) for the space of functions u on I × R such that ∂tu, ∂xu and
∂2

xxu exists and are continuous on I × R. A fundamental solution Γ of (2.13) is a
function of (τ, ξ; t, x) defined for any 0 ≤ τ < t ≤ T and any ξ, x ∈ R such that, for
any τ ∈ [0, T ),

• for any ξ ∈ R, the function Γ(τ, ξ; ·, ·) is in C1,2((τ, T ] × R) and satisfies (2.13)
on (τ, T ] × R;

• for any f : R → R continuous with compact support and any x0 ∈ R,

lim
(t,x)→(τ+,x0)

∫
R

Γ(τ, ξ; t, x)f(ξ) dξ = f(x0). (2.14)

The following result shows existence of a fundamental solution under appropriate
conditions on the function k and expresses it in terms of a Brownian motion.

Lemma 2.2.3. Assume k ≤ 0 and k is Hölder continuous on any compact subset of
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[0, T ] × R. For any 0 ≤ τ < t ≤ T and any ξ, x ∈ R, let

Γ(τ,ξ; t, x)

:= 1√
2πσ2(t− τ)

exp
(

− (ξ − x)2

2σ2(t− τ)

)
E(τ, x

σ
)

[
exp

(∫ t

τ
k(t+ τ − r, σBr) dr

)∣∣∣∣σBt = ξ
]

= 1√
2πσ2(t− τ)

exp
(

− (ξ − x)2

2σ2(t− τ)

)
E(τ, ξ

σ
)

[
exp

(∫ t

τ
k(r, σBr) dr

)∣∣∣∣σBt = x
]
.

Then, Γ is a fundamental solution of the PDE (2.13).

Proof. We first mention that the fact that the two expressions for Γ(τ, ξ; t, x) are
equal follows from the fact that if (Ps)s∈[τ,t] is a Brownian bridge from (τ, x/σ) to
(t, ξ/σ), then (Pt+τ−s)s∈[τ,t] is a Brownian bridge from (τ, ξ/σ) to (t, x/σ).

Let τ ∈ [0, T ) and f : R → R be continuous and bounded. Then, by [6, Theorem
III] applied with λ = 0 and α > 0 small enough1, there exists a solution u ∈ C0([τ, T ]×
R)∩C1,2((τ, T ]×R) to the PDE (2.13) with initial condition u(τ, x) = f(x) for x ∈ R,
and there exists C > 0 such that

∀(t, x) ∈ [0, T ] × R, |u(t, x)| ≤ C
(
|x|2 + 1

)
.

Therefore, we can apply Feynman–Kac formula [62, Theorem 7.6] to v(t, x) = u(T +
τ − t, x) to get, for any t ∈ [τ, T ] and x ∈ R,

u(t, x) = E(τ,x/σ)

[
exp

(∫ t

τ
k(t+ τ − r, σBr) dr

)
f(σBt)

]
=
∫
R

Γ(τ, ξ; t, x)f(ξ) dξ, (2.15)

by conditioning on σBt = ξ and using the first expression for Γ(τ, ξ; t, x). This,
together with u ∈ C0([τ, T ] × R)) and u(τ, ·) = f , proves that Γ satisfies (2.14).

Now, fix some (τ, ξ) ∈ [0, T ) × R. It remains to check that Γ(τ, ξ; ·, ·) is in
C1,2((τ, T ] × R) and satisfies (2.13) on (τ, T ] × R. For that consider s ∈ (τ, t). As a
consequence of Markov’s property at time s together with the second expression for
Γ(τ, ξ; t, x), we have

Γ(τ, ξ; t, x) =
∫
R

Γ(τ, ξ; s, y)Γ(s, y; t, x) dy,

But, the function y 7→ Γ(τ, ξ; s, y) is bounded and continuous: this is shown using
k ≤ 0, continuity of k and the fact that if (Pr)r∈[τ,s] is a Brownian bridge from (τ, ξ/σ)

1First note that their assumptions stated in [6, Eq. (2.1)-(2.3)] are satisfied with ν = k1 = σ2/2,
λ = 0 and any k2, k3 > 0. Then, existence of u is proved up to time Tα = min(T, 1/(2β(α))) (see
before Eq. (2.4) there) and β(α) can be made arbitrarily large by choosing α, k2, k3 small enough,
so that we get Tα = T .
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to (s, 0), then (Pr +y(r−τ)/(s−τ))r∈[τ,s] is a Brownian bridge from (τ, ξ/σ) to (s, y).
Therefore, by (2.15) and the discussion before, Γ(τ, ξ; ·, ·) is in C1,2((s, T ] × R) and
satisfies (2.13) on (s, T ] × R. Since this is true for any s ∈ (τ, T ), this concludes the
proof.

Using this connection, the proof of Proposition 2.2.1 boils down to the study of
the following PDE on [0, 1) × R

∂tu = ϱ
(
∂2

xxu− (1 − t)−α |x|α u
)
, (2.16)

where ϱ > 0 is a parameter meant to be large. More precisely, let g denote the
fundamental solution of (2.16) given by Lemma 2.2.3 (it is defined consistently on
[0, T ] for any T < 1). The remainder of Section 2.2 is dedicated to the proof of the
following result.

Proposition 2.2.4. Let α ∈ (0, 2) and κ := 2α/(2 +α) ∈ (0, 1). There exist C, c > 0
such that, for any ϱ ≥ 40, x, ξ ∈ R, T ∈ (0, 1) and δ > 0 satisfying

T ≥ 20
ϱ
, ϱ(1 − T )1−κ ≥ 10, 1

ϱ(1 − T )1−κ
≤ δ ≤ 1

10 ∧ T 2ϱ

100 ,

we have∣∣∣∣∣exp
(
λ0ϱ

∫ T

0

ds
(1 − s)κ

)
g(0, ξ;T, x) − φ0(ξ) · (1 − T )−κ/4φ0

(
(1 − T )−κ/2x

)∣∣∣∣∣
≤ C

(
δ + e−cϱT

)
(1 − T )−κ/4

(
e−c|ξ|(2+α)/2

+ e−c(ϱδ)1/2(1+|ξ|α)
)

×

 exp
−c

(
|x|

(1 − T )κ/2

)(2+α)/2


+ exp
(

−c(ϱ(1 − T )1−κδ)1/2
(

1 +
(

|x|
(1 − T )κ/2

)α)),
where λ0, φ0 are defined in Proposition 2.2.7.

Remark 2.2.5. If the constraints on ϱ and T are satisfied, then the condition on δ is
non empty, that is one can check that

1
ϱ(1 − T )1−κ

≤ 1
10 ∧ T 2ϱ

100 .

The fact that the left-hand side is at most 1/10 is direct. To prove that it is less
than T 2ϱ/100, one can distinguish two cases: if (1 − T )1−κ > 1/2, it follows from
T ≥ 20/ϱ and, in the opposite case, one has necessarily T ≥ 1/2 and so it follows
from ϱ(1 − T )1−κ ≥ 10 and ϱ ≥ 40.
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As a consequence of this remark, it is always allowed to take δ = 1/(ϱ(1 − T )1−κ)
in the previous result, if the other assumptions on ϱ and T are satisfied. This gives
the following simpler bound, where we do not try to optimize the tails in ξ and x.

Corollary 2.2.6. Let α ∈ (0, 2) and κ := 2α/(2 + α) ∈ (0, 1). There exist C, c > 0
such that, for any ϱ ≥ 40, x, ξ ∈ R, T ∈ (0, 1) and δ > 0 satisfying T ≥ 20/ϱ and
ϱ(1 − T )1−κ ≥ 10, we have∣∣∣∣∣exp

(
λ0ϱ

∫ T

0

ds
(1 − s)κ

)
g(0, ξ;T, x) − φ0(ξ) · (1 − T )−κ/4φ0

(
(1 − T )−κ/2x

)∣∣∣∣∣
≤ C

(
1

ϱ(1 − T )1−κ
+ e−cϱT

)
(1 − T )−κ/4e−c|ξ|α exp

(
−c

(
|x|

(1 − T )κ/2

)α)
.

Before diving into the proof of Proposition 2.2.4, we first explain how to deduce
Proposition 2.2.1 from the corollary above.

Proof of Proposition 2.2.1. By definition of G in (2.11) and the scaling property of
Brownian motion, one has, for any 0 < s < t and x, y ∈ R,
√
tG
(
s, x

√
t; t, y

√
t
)

=
√
t√

2π(t− s)
exp

(
−(y − x)2t

2(t− s)

)
E(s/t,x)

[
exp

(
−βt1−α/2

∫ 1

s/t

∣∣∣∣∣ Br√
2r

∣∣∣∣∣
α

dr
)∣∣∣∣∣B1 = y

]

= 1√
2π(1 − τ)

exp
(

− (y − x)2

2(1 − τ)

)
E(τ,x)

[
exp

(
−ϱ

∫ 1

τ

∣∣∣∣∣
√

2ϱBr

r

∣∣∣∣∣
α

dr
)∣∣∣∣∣B1 = y

]
.

setting τ = s/t and ϱ such that βt1−α/22−α/2 = ϱ(2ϱ)α/2, i.e. ϱ=β2/(2+α)2−2α/(2+α)t1−κ.
On the other hand, using the first expression for g given by Lemma 2.2.3 with σ =
√

2ϱ, we have

g(0, y; 1 − τ, x)

= 1√
2πσ2(1 − τ)

exp
(
− (y − x)2

2σ2(1 − τ)

)
E(0,x/σ)

[
exp

(
−ϱ

∫ 1−τ

0

∣∣∣∣ σBr

τ + r

∣∣∣∣α dr
)∣∣∣∣∣σB1−τ = y

]
.

Doing a time shift by τ for the Brownian motion in the last expectation, we obtain
the following relation

G(s, x; t, y) =
√

2ϱ
t
g

0,
√

2ϱ
t
y; 1 − s

t
,

√
2ϱ
t
x

 . (2.17)

Then, the result follows from Corollary 2.2.6 with ϱ given above and T = 1 − s
t
.
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2.2.2 Associated Sturm–Liouville operators

Fix α > 0. An important tool in the study of the PDE (2.16) is the following family
of Sturm–Liouville operators: for any q > 0, let Lq be defined by

(Lqf)(x) := −f ′′(x) + q |x|α f(x), x ∈ R,

for any f in the domain

D(Lq) := {f ∈ L2(R) : f, f ′ absolutely continuous on R,Lqf ∈ L2(R)}.

These operators are densely defined on L2(R) [85, Lemma 9.4] and self-adjoint [85,
Theorem 9.6]. In the case q = 1, we simply write L = L1.

Proposition 2.2.7. Let α > 0.

1. The spectrum of L is discrete and consists of the eigenvalues 0 < λ0 < λ1 <

λ2 < · · · which all have multiplicity 1. Let φn be an eigenfunction associated to
λn, then it has exactly n zeroes, so it can be chosen uniquely such that ∥φn∥2 = 1
and φn(x) > 0 for any x greater than its largest zero. Moreover, (φn)n≥0 is an
orthonormal basis of L2(R).

2. Let q > 0. The previous point also holds for Lq with eigenvalues (λq,n)n≥0 and
eigenfunctions (φq,n)n≥0 such that, for any n ≥ 0 and x ∈ R,

λq,n = q2/(2+α)λn and φq,n(x) = q1/[2(2+α)]φn(q1/(2+α)x). (2.18)

3. Let cα := 2
π

∫ 1
0

√
1 − uα du. Then, as n → ∞,

λn ∼
(
n

cα

)2α/(α+2)
. (2.19)

4. For any n ≥ 0, the function φn has the same parity as n.

5. There exists C > 0 depending on α such that, for any n ≥ 0 and x ∈ R,

|φn(x)| ≤ C(n+ 1)3
[
1 ∧ exp

(
− 1

2 + α

(
|x|(2+α)/2 − Cn

))]
.

6. There exist C, c > 0 depending on α such that, for any x ∈ R, |φ′
0(x)| ≤

Ce−c|x|(2+α)/2.
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Proof. Part 1. The fact that the essential spectrum of L is empty follows from [13,
Proposition 4.5.4] together with the fact that any self-adjoint realization of −f ′′ +
|x|α f in L2((0,∞)) or L2((−∞, 0)) has empty essential spectrum by [13, Theorem
4.5.8]. Then, it follows from [13, Theorem 6.1.9] that the discrete spectrum is bounded
from below so it can be written λ0 < λ1 < λ2 < · · · . Moreover, eigenvalues have
multiplicity 1 (this is more clearly stated in [88, Theorem 10.12.1.(8).(ii)]) and an
eigenfunction φn associated with λn has n zeroes. We now chose φn uniquely as in
the statement. The fact that λ0 > 0 is obtained by contradiction: if λ0 ≤ 0, then
φ′′

0(x) = (|x|α − λ0)φ0(x) ≥ 0 for any x ∈ R (using φ0 > 0 because it has no zero),
so φ0 is convex in R, which contradicts φ0 ∈ L2. Finally, (φn)n≥0 is an orthonormal
basis of L2(R) by [85, Corollary 4.2.3].

Part 2. This follows from a direct verification.
Part 3. This is a consequence of [13, Theorem 6.1.12], see [13, Example 6.1.13,

Part 5].
Part 4. Let n ≥ 0. Since L preserves parity, the even and the odd parts of φn

are also eigenfunctions associated to λn, so one of them must be zero because λn has
multiplicity 1. So φn is either even or odd. If φn is odd, then it has an odd number
of zeroes. If φn is even, then φ′

n(0) = 0 and therefore φn(0) ̸= 0 (otherwise φn = 0),
so φn has an even number of zeroes. But, φn has n zeroes by Part 1 so φn has the
same parity as n.

Part 5. This part relies on some preliminary results established in Lemma 2.2.8
below. Let n ≥ 0 and x ≥ 0 (by parity the result for x ≤ 0 follows). Let b :=
α∨ (2λn)1/α. We consider the function ψn defined on [b,∞) by Lψn = λnψn together
with the initial conditions ψn(b) = 1 and ψ′

n(b) = 1
2b

α/2. Then, the Wronskian

W := φnψ
′
n − φ′

nψn,

is a constant. Moreover, by Lemma 2.2.8.1, φn > 0 and φ′
n < 0 in [b,∞) and it

follows from a similar argument that ψn is convex in [b,∞) and therefore ψ′
n > 0 and

ψn ≥ 0. Therefore, for any x ≥ b,

|φn(x)| = W + φ′
n(x)ψn(x)
ψ′

n(x) ≤ W

ψ′
n(x) . (2.20)

We first boundW by taking its value at b: we haveW = 1
2b

α/2φn(b)−φ′
n(b). Moreover,

using Lemma 2.2.8.1,

|φ′
n(b)| ≤

∣∣∣φ′
n(λ1/α

n )
∣∣∣ ≤

∫ λ
1/α
n

y0
|φ′′

n(x)| dx,

36



where y0 is a zero of φ′
n in [0, λ1/α

n ] (one can see it exists using that either φ′
n(0) = 0

or φn(0) = 0 by Part 4). Then, using φ′′
n(x) = (|x|α − λn)φn(x), we get

|φ′
n(b)| ≤

∫ λ
1/α
n

y0
λn |φn(x)| dx ≤ Cλ(α+1)/α

n (n+ 1)α/[2(2+α)],

applying Lemma 2.2.8.3. On the other hand, bα/2φn(b) ≤ Cλ1/2
n (n + 1)α/[2(2+α)] by

Lemma 2.2.8.3 again. Hence, we get

W ≤ Cλ(α+1)/α
n (n+ 1)α/[2(2+α)] ≤ C(n+ 1)3, (2.21)

using (2.19). Now, we aim at proving a lower bound for ψ′
n. For this, we introduce

the following function

g(x) := exp
( 1

2 + α

(
x(2+α)/2 − b(2+α)/2

))
, x ≥ b.

Then, g′(x) = 1
2x

α/2g(x) and g′′(x) = (1
4x

α + α
4x

(α−2)/2)g(x). In particular, for any
x ≥ b, we have g′′(x) ≤ 1

2x
αg(x) ≤ (xα −λn)g(x), where the first inequality uses b ≥ α

and the second one b ≥ (2λn)1/α. On the other hand, g(b) = ψn(b) and g′(b) = ψ′
n(b).

Hence, we get g ≤ ψn and g′ ≤ ψ′
n on [b,∞). Combining this with (2.20) and (2.21),

we get, for any x ≥ b,

|φn(x)| ≤ C(n+ 1)3x−α/2 exp
(

− 1
2 + α

(
x(2+α)/2 − b(2+α)/2

))
.

The result follows by noting that b(2+α)/2 ≤ Cn by (2.19) and using that we already
now that ∥φn∥∞ ≤ C(n+ 1)3 by Lemma 2.2.8.3.

Part 6. By Part 5, we have |φ0(x)|≤Ce−c|x|(2+α)/2 and so |φ′′
0(x)|≤C |x|αe−c|x|(2+α)/2

using λ0 > 0. Then, for x ≥ 0, we have |φ′(x)| ≤
∫∞

x |φ′′
0(y)| dy by Lemma 2.2.8.2

and the result follows.

Lemma 2.2.8. 1. For any n ≥ 0, φn is convex and decreasing in [λ1/α
n ,∞);

2. For any n ≥ 0, φn and φ′
n tend to zero at infinity;

3. There exists C = C(α) > 0 such that, for any n ≥ 0, ∥φn∥∞ ≤ C(n+1)α/[2(2+α)].

Proof. Part 1. Note that in [λ1/α
n ,∞), φ′′

n and φn have the same sign (considering
zero has both signs). Therefore, |φn| is convex in [λ1/α

n ,∞). By contradiction, assume
φn has a zero x0 in [λ1/α

n ,∞). Then, φ′
n(x0) ̸= 0 (otherwise φn = 0). Then, convexity

of |φn| implies that |φn| → ∞, which contradicts φn ∈ L2. Therefore, φn has no zero
in [λ1/α

n ,∞) and hence it is positive (by our choice of φn) and so it is convex. If φ′
n
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takes a nonnegative value at x1 ∈ [λ1/α
n ,∞), then φn(x) ≥ φn(x1) for all x ≥ x1 and

this contradicts φn ∈ L2. So φ′
n < 0 and φn is decreasing in [λ1/α

n ,∞).
Part 2. This is a consequence of Part 1, using again that φn ∈ L2.
Part 3. The idea is to argue that, if φn takes a large value at some point, then

it creates some mass proportional to this value to its L2 norm, which is fixed to 1,
hence providing an upper bound for this value. Since φn is continuous and vanishes at
infinity by Part 2, there exists y ∈ R such that |φn(y)| = ∥φn∥∞ and we can assume
y ≥ 0 by parity of φn. Then, φ′

n(y) = 0 so, for t ≥ 0,

|φn(y + t)| ≥ |φn(y)| − t2

2 sup
x∈[y,y+t]

|φ′′
n(x)| .

Then, on the one hand, we have y ≤ λ1/α
n as a consequence of Part 1. On the other

hand, for x ∈ [0, (2λn)1/α], |φ′′(x)| ≤ |xα − λn| · |φn(x)| ≤ λn ∥φn∥∞. Therefore, for
any t ∈ [0, λ1/α

n ],

|φn(y + t)| ≥ ∥φn∥∞ − t2

2 λn ∥φn∥∞ .

There is a constant c ∈ (0, 1) depending only on α such that cλ−1/2
n ≤ λ1/α

n for any
n ≥ 0. Then, we write

1 = ∥φn∥2
2 ≥

∫ cλ
−1/2
n

0
|φn(y + t)|2 dt

≥ ∥φn∥2
∞

∫ cλ
−1/2
n

0

(
1 − t2

2 λn

)
dt = ∥φn∥2

∞ λ−1/2
n

(
c− c3

6

)
,

and therefore ∥φn∥∞ ≤ Cλ1/4
n and the result follows from (2.19).

2.2.3 Proof of Proposition 2.2.4

In this section, apart from some postponed lemmas, we prove Proposition 2.2.4 con-
cerning the fundamental solution estimate for the PDE (2.16). We follow ideas
from [71, Proposition A.2], which studies the case α = 1 and where the function
(1 − t)−α is replaced by a C1 function on [0, 1] (hence, with no explosion at 1). More-
over, we aim at getting better error terms, in particular with explicit tails in terms
of x and y.

Fix some horizon T ∈ (0, 1). For q : [0, T ] → (0,∞) a Lipschitz continuous func-
tion, we consider the more general PDE on [0, T ] × R

∂tu = ϱ
(
∂2

xxu− q(t) |x|α u
)
, (2.22)

for some α > 0 fixed and ϱ > 0 which is a parameter meant to be large.
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Fix some ξ ∈ R. Recall our aim is to estimate g(0, ξ;T, x). To do this, we study
the PDE (2.22) with q = q∗ or q = q∗, where q∗ and q∗ are well-chosen functions on
[0, T ], given by Lemma 2.2.9, which satisfy in particular q∗(t) ≤ (1 − t)−α ≤ q∗(t).
Then, if gq denotes the fundamental solution of the PDE (2.22) given by Lemma
2.2.3, it follows from this probabilistic representation that

∀t ∈ (0, T ], ∀x ∈ R, gq∗(0, ξ; t, x) ≤ g(0, ξ; t, x) ≤ gq∗(0, ξ; t, x), (2.23)

so it is enough to estimate gq for q = q∗ or q = q∗.
Fix some Lipschitz continuous function q : [0, T ] → (0,∞). Omitting the depen-

dence in ξ which is fixed, we define, for any t ∈ (0, T ] and x > 0,

Wt(x) := gq(0, ξ; t, x) exp
(
ϱ
∫ t

0
λq(s),0 ds

)
= gq(0, ξ; t, x) exp

(
λ0ϱ

∫ t

0
q(s)2/(2+α) ds

)
,

(2.24)
where we used (2.18) in the second equality. Moreover, for any t > 0, gq(0, ξ; t, ·) ∈
L2(R) (it is dominated by a Gaussian function by Lemma 2.2.3) and so Wt ∈ L2(R)
and we can set, for any n ≥ 0,

cn(t) := ⟨φq(t),n,Wt⟩ = ⟨φq(t),n, gq(0, ξ; t, ·)⟩ exp
(
λ0ϱ

∫ t

0
q(s)2/(2+α) ds

)
. (2.25)

Since (φq(t),n)n≥0 is an orthonormal basis of L2(R) by Proposition 2.2.7.2, we get

∀t ∈ (0, T ], ∀x ∈ R, Wt(x) =
∑
n≥0

cn(t)φq(t),n(x). (2.26)

We also define
cn(0) := φq(0),n(ξ), (2.27)

which makes cn continuous at 0 as mentioned in the forthcoming Lemma 2.2.10.
A key property of the functions q∗ and q∗ is that they are constant on intervals

[0, ε1] and [T − ε2, T ] for some parameters ε1, ε2. On these intervals, c0(t) stays
constant, while cn(t) for n ≥ 1 decays exponentially fast (see Corollary 2.2.11). Filling
the gap between times ε1 and T − ε2, we show in Lemma 2.2.13 that c0(T ) ≃ c0(0)
and that cn(T ) is small for n ≥ 1. This lemma is a key tool in the proof of Proposition
2.2.4 below.

Proof of Proposition 2.2.4. We first choose the parameters ε1, ε2 > 0. The conditions
we need in this proof are the following

ε1, ε2 ≤ T/10 and ε2 ≤ (1 − T )/10, (2.28)
ϱε1 ≥ 1 and ϱε2(1 − T )−κ ≥ 1, (2.29)
ϱε2

1 ≤ 1 and ϱε2
2(1 − T )−κ−1 ≤ 1. (2.30)
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We set

ε1 :=
(
δ

ϱ

)1/2

and ε2 :=
(
δ(1 − T )1+κ

ϱ

)1/2

= (1 − T )
(

δ

ϱ(1 − T )1−κ

)1/2

.

(2.31)
We now check they satisfy the conditions listed above. The first part of (2.28) follows
from ε2 ≤ ε1 and δ ≤ (T 2ϱ)/100, the second one from ϱ(1−T )1−κ ≥ 10 and δ ≤ 1/10.
The first part of (2.29) is obtained by noting that δ ≥ 1/ϱ and the second one
follows from δ ≥ 1/(ϱ(1 − T )1−κ). Finally, (2.30) only requires δ ≤ 1 which is true.
Throughout the proof, we use only the properties of ε1 and ε2 listed in (2.28)-(2.29)-
(2.30) and express the bounds in terms of ε1 and ε2. Their precise choice is only used
to deduce the proposition from these bounds. This highlights the separated roles of
ε1 and ε2 and hopefully can help to understand the precise choice which is made here.

By (2.28), we can apply Lemma 2.2.9 to consider functions q∗ and q∗ satisfying
the properties listed there. Now, note that, by (2.23), it is enough to consider q = q∗

or q = q∗ and prove the bound for∣∣∣∣∣exp
(
λ0ϱ

∫ T

0

ds
(1 − s)κ

)
gq(0, ξ;T, x) − φ0(ξ)φ(1−T )−α,0(x)

∣∣∣∣∣ , (2.32)

where we rewrote (1−T )−κ/4φ0((1−T )−κ/2x) = φ(1−T )−α,0(x) by Proposition 2.2.7.2.
By the triangle inequality, we can bound (2.32) by T1 + T2 + T3, where

T1 :=
∣∣∣∣∣exp

(
λ0ϱ

∫ T

0

ds
(1 − s)κ

)
gq(0, ξ;T, x) −WT (x)

∣∣∣∣∣ ,
T2 :=

∣∣∣WT (x) − φq(0),0(ξ)φq(T ),0(x)
∣∣∣ ,

T3 :=
∣∣∣φq(0),0(ξ)φq(T ),0(x) − φ0(ξ)φ(1−T )−α,0(x)

∣∣∣ .
We start with T2. By (2.26) and recalling that φq(0),0(ξ) = c0(0), we have

T2 ≤ |c0(T ) − c0(0)|φq(T ),0(x) +
∑
n≥1

∣∣∣cn(T )φq(T ),n(x)
∣∣∣

≤ Cq(T )1/[2(2+α)]
(

1
ϱ(1 − T )1−κ

+ e−cϱT

)(
e−c|ξ|(2+α)/2

+ e−cϱε1(1+|ξ|α)
)

×

φ0
(
q(T )1/(2+α)x

)
+
∑
n≥1

e−cϱε2(1−T )−κnκ
∣∣∣φn

(
q(T )1/(2+α)x

)∣∣∣
 ,

by Lemma 2.2.13 (using here ϱε1 ≥ 1 by (2.29)) and (2.18). Using Lemma 2.2.8.5
and that q(T ) ≥ c(1 − T )−α, the series on the right-hand side of the last equation is
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at most

C
∑
n≥1

e−cϱε2(1−T )−κnκ · n3
[
1 ∧ exp

(
−c

(
(1 − T )−α/2 |x|(2+α)/2 − Cn

))]
≤ Ce−cϱε2(1−T )−κ

(
exp

(
−c(1 − T )−α/2 |x|(2+α)/2

)
+ exp

(
−cϱε2(1 − T )−α |x|α

))
,

by Lemma 2.2.14 with u = ϱε2(1 −T )−κ ≥ 1 by (2.29) and v = (1 −T )−α/2 |x|(2+α)/2.
Using also Lemma 2.2.8.5 to bound φ0, we get

T2 ≤ C(1 − T )−κ/4
(

1
ϱ(1 − T )1−κ

+ e−cϱT

)(
e−c|ξ|(2+α)/2

+ e−cϱε1(1+|ξ|α)
)

×

exp
−c

(
|x|

(1 − T )κ/2

)(2+α)/2
+ exp

(
−c ϱε2

(1 − T )κ

(
1 +

(
|x|

(1 − T )κ/2

)α)) .
With our choice of ε1 and ε2 in (2.31) and using δ ≥ 1/(ϱ(1 − T )1−κ), this is smaller
than the bound appearing in the statement of the proposition.

We now bound T3. For this, we first fix some θ > 1 and note that, for any q, p > 0
such that p/q ∈ [θ−1, θ] and any x > 0, using (2.18) and standard inequalities, with
constants C, c > 0 that depend only on θ and α,

|φp,0(x) − φq,0(x)|
≤
∣∣∣p1/[2(2+α)] − q1/[2(2+α)]

∣∣∣φ0
(
p1/(2+α)x

)
+ q1/[2(2+α)]

∣∣∣φ0
(
p1/(2+α)x

)
− φ0

(
q1/(2+α)x

)∣∣∣
≤ C

(
p1/[2(2+α)]

∣∣∣∣∣1 − q

p

∣∣∣∣∣φ0
(
p1/(2+α)x

)
+ p3/[2(2+α)]

∣∣∣∣∣1 − q

p

∣∣∣∣∣ · x · max
t≥(p∧q)1/(2+α)x

|φ′
0(t)|

)

≤ Cp1/[2(2+α)]
∣∣∣∣∣1 − q

p

∣∣∣∣∣ exp
(
−cp1/2 |x|(2+α)/2

)
,

using Lemma 2.2.8.5-6 and that (1 + t2/(2+α))e−ct ≤ Ce−ct for t > 0 up to a modifi-
cation of c. By parity, the same inequality holds for x < 0. Therefore, we get, using
again Lemma 2.2.8.5 together with Lemma 2.2.9.7,

T3 ≤ φq(0),0(ξ)
∣∣∣φq(T ),0(x) − φ(1−T )−α,0(x)

∣∣∣+ φ(1−T )−α,0(x)
∣∣∣φq(0),0(ξ) − φ0(ξ)

∣∣∣
≤ C(1 − T )− α

2(2+α) e−c|ξ|(2+α)/2
exp

(
−c(1 − T )−α/2 |x|(2+α)/2

)
×
(

|1 − q(0)| +
∣∣∣∣∣1 − q(T )

(1 − T )−α

∣∣∣∣∣
)

≤ C(1 − T )−κ/4e−c|ξ|(2+α)/2
exp

−c
(

|x|
(1 − T )κ/2

)(2+α)/2
(ε1 + ε2

1 − T

)
.

With our choice of ε1 and ε2 in (2.31), we have ε1 ≤ ϱ−1 + δ and ε2/(1 − T ) ≤
(ϱ(1 −T )1−κ)−1 + δ, so, recalling δ ≥ (ϱ(1 −T )1−κ)−1, this last bound is smaller than
the bound appearing in the statement of the proposition.
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Finally, we bound T1. By definition of WT (x), we have

T1 =
∣∣∣∣∣exp

(
λ0ϱ

∫ T

0

(
(1 − s)−2α/(2+α) − q(s)2/(2+α)

)
ds
)

− 1
∣∣∣∣∣ ·WT (x).

By Lemma 2.2.9.9, the quantity in the exponential above is bounded in absolute
values by 10λ0ϱ(ε2

1 + ε2
2(1 − T )−κ−1), which is itself at most 20λ0 by (2.30). Hence,

using that the exponential is Lipschitz continuous on (−∞, 20λ0], we get

T1 ≤ C
(
ϱε2

1 + ϱε2
2(1 − T )−κ−1

)
WT (x).

Now, note that WT (x) ≤ φ0(ξ)φ(1−T )−α,0(x) + T2 + T3, so using again (2.18) and
Lemma 2.2.8.5, we get

T1 ≤ C
(
ϱε2

1 + ϱε2
2(1 − T )−κ−1

)
×
(
T2 + T3 + (1 − T )−κ/4e−c|ξ|(2+α)/2

exp
(
−c(1 − T )−α/2 |x|(2+α)/2

))
.

With our choice of ε1 and ε2 in (2.31), we have ϱε2
1 = ϱε2

2(1 − T )−κ−1 = δ, and
combining the bounds for T1, T2 and T3 concludes the proof.

2.2.4 Approximating the inhomogeneity

Lemma 2.2.9. Let α ∈ (0, 2). For any T ∈ (0, 1) and ε1, ε2 ∈ (0, T/10) such that
ε2 ≤ (1−T )/10, there exists functions q∗, q∗ : [0, T ] → [0,∞) that satisfy the following:

1. q∗, q
∗ are non-decreasing, Lipschitz continuous on [0, T ], and differentiable on

[0, T ] except at finitely many points;

2. q∗, q
∗ are constant on [0, ε1] and [T − ε2, T ];

3. For any t ∈ [2ε1, T − 2ε2], q∗(t) = (1 − t)−α = q∗(t);

4. For any t ∈ [0, T ], q∗(t) ≤ (1 − t)−α ≤ q∗(t);

5. For any t ∈ [0, 2ε1],

1 − 4ε1 ≤ q∗(t)
(1 − t)−α

≤ q∗(t)
(1 − t)−α

≤ 1 + 3ε1.

6. For any t ∈ [T − 2ε2, T ],

1 − 2ε2

1 − T
≤ q∗(t)

(1 − t)−α
≤ q∗(t)

(1 − t)−α
≤ 1 + 5ε2

1 − T
.
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7. For any, t ∈ [0, T ],

1
2 ≤ q∗(t)

(1 − t)−α
≤ q∗(t)

(1 − t)−α
≤ 2.

8. For any t ∈ [0, T ] and q = q∗ or q∗,

q′(t)
q(t) ≤ 8

(1 − t) .

9. For any t ∈ [0, T ] and q = q∗ or q∗,
∫ T

0

∣∣∣(1 − t)−2α/(2+α) − q(t)2/(2+α)
∣∣∣ dt ≤ 10ε2

1 + 10ε2
2

(1 − T )κ+1 .

Proof. We define q∗ and q∗ as follows (see Figure 2.4):

• for t ∈ [0, ε1], q∗(t) = 1 and q∗(t) = (1 − ε1)−α,

• for t ∈ [ε1, 2ε1], q∗(t) = (1 − t)−α and q∗ is obtained by linear interpolation
between the values at the endpoints.

• for t ∈ [2ε1, T − 2ε2], q∗(t) = q∗(t) = (1 − t)−α,

• for t ∈ [T−2ε2, T−ε2], q∗(t) = (1−t)−α and q∗ is obtained by linear interpolation
between the values at the endpoints.

• for t ∈ [T − ε2, T ], q∗(t) = (1 − T + ε2)−α and q∗(t) = (1 − T )−α.

Parts 1-2-3 are clearly true. For Part 4, the only non-trivial thing to check is that
q∗(t) ≤ (1 − t)−α for t ∈ [ε1, 2ε1]. By convexity of s 7→ (1 − s)−α, it is enough to
compare the left-derivatives at 2ε1, which amounts to show that

(1 − 2ε1)−α − 1
ε1

≥ α(1 − 2ε1)−α−1.

We have (1 − 2ε1)−α − 1 ≥ 2αε1, hence it is enough to show (1 − 2ε1)−α−1 ≤ 2,
which is equivalent to ε1 ≤ 1

2(1 − 2−1/(α+1)). This is true by noting that ε1 ≤ 1/10 ≤
1
2(1 − 2−1/3) ≤ 1

2(1 − 2−1/(α+1)). Hence, Part 4 is proved.
For Part 5, consider t ∈ [0, 2ε1]. Then,

q∗(t)
(1 − t)−α

≥ 1
(1 − 2ε1)−α

= (1 − 2ε1)α ≥

1 − 2αε1, if α ≥ 1,
1 − 2ε1, if α < 1.
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tε1 2ε1 T − 2ε2T − ε2 T

(1 − t)−α

q∗(t)

q∗(t)

Figure 2.4: Construction of q∗ and q∗.

This proves the lower bound. For the upper bound, using (1 − t)−α ≥ 1, we have

q∗(t)
(1 − t)−α

≤ (1 − ε1)−α ≤ 1 + ε1α(1 − ε1)−α−1 ≤ 1 + 2ε1(9/10)−3, (2.33)

using ε1 ≤ 1/10 and α ≤ 2. This proves Part 5.
For Part 6, consider t ∈ [T − 2ε2, T ]. Then,

q∗(t)
(1 − t)−α

≥ (1 − T + ε2)−α

(1 − T )−α
=
(

1 + ε2

1 − T

)−α

≥ 1 − α
ε2

1 − T
,

by convexity of s 7→ (1 − s)−α. On the other hand,

q∗(t)
(1 − t)−α

≤ (1 − T )−α

(1 − T + 2ε2)−α
≤
(

1 + 2ε2

1 − T

)2
= 1 + 4ε2

1 − T
+ 4ε2

2
(1 − T )2 ≤ 1 + 5ε2

1 − T
,

(2.34)
using ε2 ≤ (1 − T )/10. This proves Part 6.

Part 7 follows directly from Parts 5-6 and the assumptions on ε1 and ε2.
Part 8 is immediate for t ∈ [0, ε1] ∪ [2ε1, T − 2ε2] ∪ [T − ε2, T ]. For t ∈ [ε1, 2ε1], it

has to be checked for q∗: using q∗(t) ≥ 1 and then (1 − 2ε1)−α ≤ 1 + 4ε1(8/10)−3 by
proceeding as in (2.33), we get

q′
∗(t)
q∗(t)

≤ (1 − 2ε1)−α − 1
ε1

≤ 4 · (8/10)−3 ≤ 8
(1 − t) .
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For t ∈ [T − 2ε2, T − ε2], it has to be checked for q∗: using q∗(t) ≥ (1 − T + 2ε2)−α

and then proceeding as in (2.34), we get

(q∗)′(t)
q∗(t) ≤ (1 − T )−α − (1 − T + 2ε2)−α

ε2(1 − T + 2ε2)−α
≤ 5

1 − T
≤ 6

1 − t
,

using that 1 − t ≤ 1 − T + 2ε2 ≤ 6
5(1 − T ) by assumption on ε2. This proves Part 8.

Finally it remains to prove Part 9. Using |1 − x2/(2+α)| ≤ |1 − x| for any x > 0,
we get ∫ T

0

∣∣∣(1 − t)−2α/(2+α) − q(t)2/(2+α)
∣∣∣ dt

≤
∫ T

0
(1 − t)−κ

∣∣∣∣∣1 − q(t)
(1 − t)−α

∣∣∣∣∣ dt
≤
∫ 2ε1

0
(1 − 2ε1)−κ4ε1 dt+

∫ T

T −2ε2
(1 − T )−κ 5ε2

1 − T
dt,

using Parts 5-6. Finally, using (1 − 2ε1)−κ ≤ 5/4 yields the result.

2.2.5 General properties of the coefficients cn(t)

In this section, we establish several results concerning the coefficients cn(t) holding
for general functions q. Recall their definition in (2.25) and (2.27) and that they
implicitly depend on α, ϱ and ξ. Recall also the definition of the λn’s and φn’s in
Proposition 2.2.7.

Lemma 2.2.10. Let α > 0, ϱ ≥ 1, ξ ∈ R and T ∈ (0, 1). Let q : [0, T ] → (0,∞) be a
Lipschitz continuous function. Then, for any n ≥ 0, cn is continuous on [0, T ].

If moreover q is differentiable at some t ∈ (0, T ], then cn is differentiable at t and,
writing c(t) = (c0(t), c1(t), . . .), we have ∂tc(t) = (−D(t) + A(t))c(t), where we setD(t) = ϱq(t)2/(2+α)D,

D = Diag((λi − λ0)i≥0),

A(t) = q′(t)
q(t) A,

A = 1
2(2+α)(⟨φj, xφ

′
i⟩ − ⟨xφ′

j, φi⟩)i,j≥0.

Proof. Continuity of cn on (0, T ] follows from the expression for gq given in Lemma
2.2.3 and properties of φq,n listed in Proposition 2.2.7. Moreover, cn is continuous at
0 because, as t → 0+, φq(t),n converges uniformly to φq(0),n and gq(0, ξ; t, ·) converges
weakly to δξ.

Now, we assume q is differentiable at some t ∈ (0, T ]. Recall gq(0, ξ; ·, ·) solves the
PDE (2.22), hence ∂tgq(0, ξ; t, ·) = −ϱLq(t)gq(0, ξ; t, ·). We use this together with the
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self–adjointness of Lq(t), we get

∂tcn(t) = ⟨∂tφq(t),n,Wt⟩ + ϱ⟨Lq(t)φq(t),n,Wt⟩ + λ0ϱq(t)2/(2+α)⟨φq(t),n,Wt⟩

= −ϱq(t)2/(2+α)(λn − λ0)cn(t) +
∑
k≥0

ck(t)⟨φq(t),k, ∂tφq(t),n⟩,

where we used that φq(t),n is an eigenfunction of Lq(t) with eigenvalue λq(t),n =
q(t)2/(2+α)λn. Then, recalling from (2.18) that φq,n(y) = q1/[2(2+α)]φn(q1/(2+α)y), we
have

⟨φq,k, ∂qφq,n⟩ = 1
(2 + α)q

(1
2⟨φk, φn⟩ + ⟨φk, yφ

′
n⟩
)
,

and therefore

∂tcn(t) = −ϱq(t)2/(2+α)(λn − λ0)cn(t) +
∑
k≥0

ck(t) 1
2 + α

q′(t)
q(t)

(1
2⟨φk, φn⟩ + ⟨φk, yφ

′
n⟩
)
.

(2.35)
By integration by parts, using the decay at infinity of φn (see Lemma 2.2.8.5), we
have

⟨φk, φn⟩ + 2⟨φk, xφ
′
n⟩ = ⟨φk, xφ

′
n⟩ − ⟨xφ′

k, φn⟩. (2.36)

Combining this with (2.35) proves the result.

A key observation is that when q is constant on some interval, then A(t) = 0 on
this interval and the ODE satisfied by c(t) can be explicitly solved as follows.

Corollary 2.2.11. Let 0 ≤ s1 < s2 ≤ T . Assume q is constant on [s1, s2]. Then, for
any n ≥ 0,

cn(s2) = cn(s1) exp
(
−ϱ(λn − λ0)(s2 − s1)q(s1)2/(2+α)

)
.

In particular, c0(s2) = c0(s1).

Finally, we conclude this section with some rough bounds on the coefficients cn(t).

Lemma 2.2.12. Let α > 0, ϱ ≥ 1, ξ ∈ R and T ∈ (0, 1). Let q : [0, T ] → (0,∞) be a
function Lipschitz continuous on [0, T ], and differentiable on [0, T ] except at finitely
many points. Then, the following holds.

1. The function t ∈ (0, T ] 7→ ∥c(t)∥2 is decreasing;

2. Let c(t) := (0, c2(t), c3(t), . . .). There exists C = C(α) > 0 such that, for
0 < t0 ≤ t ≤ T ,

∥c(t)∥2 ≤ ∥c(t0)∥2 exp
(

−ϱ(λ1 − λ0)
∫ t

t0
q(s)2/(2+α) ds

)
+ C ∥c(t0)∥2

∫ t

t0

|q′(s)|
q(s) exp

(
−ϱ(λ1 − λ0)

∫ t

s
q(r)2/(2+α) dr

)
ds.
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Proof. Part 1. We use Lemma 2.2.10, noting that D is diagonal with D00 = 0 and
other entries positive and that A is anti-symmetric, to get, for any t ∈ (0, T ] where q
is differentiable,

∂t ∥c(t)∥2
2 = c(t)T (A(t)T −D(t)T + A(t) −D(t))c(t) = −2c(t)TD(t)c(t) ≤ 0.

Together with the continuity of the function t ∈ [0, T ] 7→ ∥c(t)∥2
2, this implies that it

is a decreasing function and hence the same is true for ∥c(t)∥2.
Part 2. Using again Lemma 2.2.10 and the fact that A is antisymmetric, we have

∂t ∥c(t)∥2 = 1
2 ∥c(t)∥2

∂t ∥c(t)∥2
2

= − 1
∥c(t)∥2

c(t)TD(t)c(t) − 1
∥c(t)∥2

c0(t)
∞∑

j=1
A0j(t)cj(t)

≤ −ϱq(t)2/(2+α)(λ1 − λ0) ∥c(t)∥2 + |c0(t)|
|q′(t)|
q(t) ∥(A0j)j≥1∥2 ,

using λn ≥ λ1 for the first term and the Cauchy-Schwarz inequality in ℓ2 for the
second one. By (2.36), we have A0j = 1

2(2+α)(⟨φj, φ0⟩ + 2⟨φj, xφ
′
0⟩) and, using that

(φj)j≥0 is an orthonormal basis, it follows that ∥(A0j)j≥1∥2 ≤ 1
(2+α)(1 + 2 ∥xφ′

0∥2),
which is a finite constant depending only on α. Now, Grönwall’s inequality yields

∥c(t)∥2 ≤ ∥c(t0)∥2 exp
(

−ϱ(λ1 − λ0)
∫ t

t0
q(s)2/(2+α) ds

)
+ C

∫ t

t0
|c0(s)|

|q′(s)|
q(s) exp

(
−ϱ(λ1 − λ0)

∫ t

s
q(r)2/(2+α) dr

)
ds,

and the result follows using that |c0(s)| ≤ ∥c(s)∥2 ≤ ∥c(t0)∥2 by Part 1.

2.2.6 Precise estimates for the coefficients cn(t)

In this section, we build upon the general bounds of Lemma 2.2.12 to prove more
precise estimates for cn(T ) in the cas q = q∗ or q = q∗. In particular, we use that
these functions q are constant on [0, ε1] and [T − ε2, T ] and rely on Corollary 2.2.11
on these intervals.

Lemma 2.2.13. Let α ∈ (0, 2), ϱ ≥ 1 and ξ ∈ R. Let T ∈ (0, 1), ε1, ε2 ∈ (0, T/10)
such that ε2 ≤ (1 − T )/10. Let q be either q∗ or q∗ given by Lemma 2.2.9. Assume
ϱε1 ≥ 1 and ϱ(1 −T )1−κ ≥ 1. Then, there exist c = c(α) > 0 and C = C(α) > 0 such
that

|c0(T ) − c0(0)| ≤ C

ϱ(1 − T )1−κ

(
e−c|ξ|(2+α)/2

+ e−cϱε1(1+|ξ|α)
)
,
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and, for any n ≥ 1,

|cn(T )| ≤ C

(
1

ϱ(1 − T )1−κ
+ e−cϱT

)(
e−c|ξ|(2+α)/2

+ e−cϱε1(1+|ξ|α)
)
e−cϱε2(1−T )−κnκ

.

Proof. Throughout this proof, constants c and C depend only on α.
Step 1: from 0 to ε1. Since q is constant on [0, ε1] by Lemma 2.2.9.2, we have by

Corollary 2.2.11, for all n ≥ 0,

cn(ε1) = cn(0) exp
(
−ϱε1(λn − λ0)q(0)2/(2+α)

)
. (2.37)

Since cn(0) = φq(0),n(ξ), q(0) ≥ 1 and λn − λ0 ≥ cn2α/(2+α) by (2.19), we get
∑
n≥1

cn(ε1)2 ≤
∑
n≥1

φq(0),n(ξ)2 exp
(
−cϱε1n

2α/(2+α)
)

≤ C
∑
n≥1

n6
[
1 ∧ exp

(
− 2

2 + α

(
|ξ|(2+α)/2 − Cn

))]
exp

(
−cϱε1n

2α/(2+α)
)
,

where we have used (2.18), Lemma 2.2.8.5 and 1 ≤ q(0) ≤ C. Applying Lemma
2.2.14 (using here ϱε1 ≥ 1), we get

∑
n≥1

cn(ε1)2 ≤ Ce−cϱε1
(
e−c|ξ|(2+α)/2

+ e−cϱε1|ξ|α
)
.

On the other hand, c0(ε1) = c0(0) = φq(0),0(ξ). In particular, using again (2.18),
Lemma 2.2.8.5 and 1 ≤ q(0) ≤ C, we get

∥c(ε1)∥2 ≤ C
(
e−c|ξ|(2+α)/2

+ e−cϱε1(1+|ξ|α)
)
. (2.38)

Step 2: from ε1 to T − ε2. By Lemma 2.2.10, recalling that D00 = 0, we have
∂tc0(t) = ∑

j≥1 A0j(t)cj(t) as soon as q′(t) exists. Therefore,

|c0(T − ε2) − c0(ε1)| ≤
∫ T −ε2

ε1

∣∣∣∣∣∣
∑
j≥1

A0j(t)cj(t)
∣∣∣∣∣∣ dt ≤ C

∫ T −ε2

ε1
∥c(t)∥2

q′(t)
q(t) dt, (2.39)

using the Cauchy-Schwarz inequality and ∥(A0j)j≥1∥2 ≤ C (as seen in the proof of
Lemma 2.2.12). We now bound ∥c(t)∥2. By Lemma 2.2.12.2, we have

∥c(t)∥2 ≤ ∥c(ε1)∥2 exp
(

−ϱ(λ1 − λ0)
∫ t

ε1
q(s)2/(2+α) ds

)
+ C ∥c(ε1)∥2

∫ t

ε1
exp

(
−ϱ(λ1 − λ0)

∫ t

s
q(r)2/(2+α) dr

)
q′(s)
q(s) ds

≤ C ∥c(ε1)∥2

(
exp

(
−cϱ

∫ t

ε1

ds
(1 − s)κ

)
+
∫ 1−ε1

1−t
exp

(
−cϱ

∫ s

1−t

dr
rκ

)
ds
s

)
,
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using Lemma 2.2.9.7-8, replacing r by 1 − r and s by 1 − s in the second term, and
recalling that κ = 2α/(2 + α). Then, we use that, for s ≥ 1 − t,

∫ s

1−t

dr
rκ

= 1
1 − κ

(
s1−κ − (1 − t)1−κ

)
≥

c(1 − t)−κ(s− (1 − t)), if s ≤ 2(1 − t),
cs1−κ, otherwise,

and simply bound
∫ t

ε1
ds

(1−s)κ ≥ (t− ε1). This yields

∥c(t)∥2 ≤ C ∥c(ε1)∥2

(
e−cϱ(t−ε1) +

∫ 2(1−t)

1−t
e−cϱ(1−t)−κ(s−(1−t)) ds

1 − t
+
∫ 1−ε1

2(1−t)
e−cϱs1−κ ds

s

)

≤ C ∥c(ε1)∥2

(
e−cϱ(t−ε1) + 1

ϱ(1 − t)1−κ

)
, (2.40)

bounding by the integral from 1− t to ∞ for the second term and using the inequality
e−x ≤ 1

x
for x > 0 for the third term. Coming back to (2.39) and using again

q′(t)/q(t) ≤ C(1 − t)−1 by Lemma 2.2.9.8, we get

|c0(T − ε2) − c0(ε1)| ≤ C ∥c(ε1)∥2

∫ T −ε2

ε1

(
e−cϱ(t−ε1) + 1

ϱ(1 − t)1−κ

)
dt

1 − t
. (2.41)

Now, note that∫ T −ε2

ε1
e−cϱ(t−ε1) dt

1 − t
≤ 2

∫ 1/2

ε1
e−cϱ(t−ε1) dt+ 1T −ε2>1/2

∫ T −ε2

1/2
e−cϱ dt

1 − t

≤ C

ϱ
+ e−cϱ log 1

1 − T

≤ C

ϱ
,

using here the assumptions (1 − T )−1 ≤ ϱ1/(1−κ) and ϱ ≥ 1. Coming back to (2.41),
we get

|c0(T − ε2) − c0(ε1)| ≤ C ∥c(ε1)∥2
ϱ(1 − T )1−κ

. (2.42)

Step 3: from T − ε2 to T . Since q is constant on [T − ε2, T ], by Corollary 2.2.11, we
have, for all n ≥ 0,

cn(T ) = cn(T − ε2) exp
(
−ϱε2(λn − λ0)q(T )2/(2+α)

)
.

On the one hand, combining this with (2.37) and (2.42), we get

|c0(T ) − c0(0)| = |c0(T − ε2) − c0(ε1)| ≤ C ∥c(ε1)∥2
ϱ(1 − T )1−κ

.
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On the other hand, for n ≥ 1, using (2.19), this yields

|cn(T )| ≤ ∥c(T − ε2)∥2 exp
(
−cn2α/(2+α)ϱε2(1 − T )−2α/(2+α)

)
≤ C ∥c(ε1)∥2

(
e−cϱT + 1

ϱ(1 − T )1−κ

)
exp

(
−cn2α/(2+α)ϱε2(1 − T )−2α/(2+α)

)
,

using (2.40) and the fact that ε1 ≤ T/4. Combining the two last inequalities with
(2.38) yields the result.

2.2.7 Technical bound on a series

Lemma 2.2.14. For any κ ∈ (0, 1) and a1, a2, a3, a4 > 0, there exists C, c > 0 such
that, for any u ≥ 1 and v ≥ 0,

∑
n≥1

na4
(
1 ∧ e−a1(v−a2n)

)
e−a3unκ ≤ Ce−cu

(
e−cv + e−cuvκ

)
.

Proof. In this proof, constants C and c can depend on κ, a1, a2, a3, a4. First note that,
bounding e−a3unκ ≤ e−a3u/2 ·e−a3unκ/2, we can get a factor e−a3u/2 in front of the series
and therefore, it is enough to prove

∑
n≥1

na4
(
1 ∧ e−a1(v−a2n)

)
e−a3unκ ≤ C

(
e−cv + e−cuvκ

)
. (2.43)

Letting n0 := ⌈v/a2 ∨ 2⌉, we split the series into a part n < n0 and a part n ≥ n0.
The part n ≥ n0 equals

∑
n≥n0

na4e−a3unκ ≤
∫ ∞

n0−1
(x+1)a4e−a3uxκ dx ≤ Cu−a4/κ

∫ ∞

u(n0−1)κ
ya4/κ−1e−a3y dy, (2.44)

bounding x + 1 ≤ 2x because x ≥ n0 − 1 ≥ 1 and changing variables with y = uxκ.
Noting that u−a4/κ ≤ 1 together with ya4/κ−1e−a3y ≤ Ce−a3y/2 and (n0 − 1)κ ≥
(v/2a2)κ, this shows the right-hand side of (2.44) is at most Ce−cuvκ .

We now consider the part n < n0. If v/a2 < 2, then this part of sum is smaller
than 1 and therefore than Ce−v with C = e2a2 . We now consider the case v/a2 ≥ 2.
Then, this part equals

n0−1∑
n=1

na4e−a1(v−a2n)e−a3unκ ≤ (v/a2)a4+1e−a1v max
x∈[1,v/a2]

ea1a2x−a3uxκ

, (2.45)

where we bounded n0 − 1 ≤ v/a2, which holds because v/a2 ≥ 2 so n0 = ⌈v/a2⌉.
Now, note that the function x 7→ a1a2x− a3ux

κ is convex on [1, v/a2], so it achieves
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its maximum on the boundary of the interval. This shows that the right-hand side of
(2.45) is at most

C(v/a2)a4+1
(
e−a1ve−a3u + e−a3u(v/a2)κ

)
≤ C

(
e−cv + e−cuvκ

)
,

using here again that u ≥ 1 to argue that ya4+1e−a3uyκ ≤ Ce−a3uyκ/2 for any y > 0.
This yields (2.43) and concludes the proof

2.3 Brownian motion weighted by an integral via
probability

In this section, we continue studying the heat kernel of Brownian motion weighted
by an integral, relying now on probabilistic arguments. Our two main goals are to
generalise the estimates of the previous section to cases including error terms in the
integral weight and to obtain sharper bounds on the tail of the kernel.

As in the previous section, we fix some parameters α ∈ (0, 2) and β > 0. For
f : R× (0,∞) → R measurable, we define the kernel G̃ for x, y ∈ R and 0 ≤ s < t by

G̃(s, x; t, y) = e−(y−x)2/[2(t−s)]√
2π(t− s)

E(s,x)

[
exp

(
−β

∫ t

s

∣∣∣∣∣ Br√
2r

∣∣∣∣∣
α

(1 + f(Br, r)) dr
)∣∣∣∣∣Bt = y

]
.

(2.46)
The contribution of f should thought as an error term. More precisely, for some
L, a, b > 0, we work under the assumption f−

L,a,b ≤ f ≤ f+
L,a,b, where we set

f+
L,a,b(y, r) =

[
L
(∣∣∣∣yr

∣∣∣∣a + r−b
)]

∧ 1 and f−
L,a,b(y, r) = −

([
L
(∣∣∣∣yr

∣∣∣∣a + r−b
)]

∧ η
)
,

(2.47)
where η = η(L, a, b, α) is chosen to be the largest possible real number in (0, 1/2] such
that, for any r ≥ r0 := (2L)1/b, the function y ∈ [0,∞) 7→ (y/r)α(1 + f−

L,a,b(y, r)) is
non-decreasing. To see that such an η necessarily exists, use that Lr−b ≤ 1/2 and
note that the function u ∈ [0, u0] 7→ uα(1

2 −Lua) is non-decreasing if u0 is chosen small
enough depending on α, a, L. Finally, note that we write f−

L,a,b even if this function
actually also depends on α through η.

2.3.1 Comparing G̃ to G

Recall from Section 2.2 that, around time t, the natural time scale of G is tκ and the
natural space scale is tκ/2, where κ := 2α/(2 + α) ∈ (0, 1). The first result of this
section establishes that, if a and b are large enough in terms of α, then G̃ and G are
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of the same order as long as we are on a time scale longer than the natural one and
on a space scale not much longer than the natural one.

Proposition 2.3.1. Let α ∈ (0, 2) and β > 0. Let L > 0, a > (1−κ)/(1−κ
2 ) = 1−α/2

and b > 1 − κ. Then, there exists ε0 = ε0(α, a, b) > 0 such that for all ε ∈ (0, ε0),
there are C, c > 0 such that for s large enough, for any t ≥ s+ sκ, any x, y ∈ R with
|x| ≤ s(κ+ε)/2 and |y| ≤ t(κ+ε)/2 and any function f satisfying f−

L,a,b ≤ f ≤ f+
L,a,b, we

have
G̃(s, x; t, y) = (1 + o(1))G(s, x; t, y),

where the o(1) holds as s → ∞, uniformly in t, x, y, f (but depending on α, β, L, a, b, ε).

2.3.1.1 Preliminary results

We prove here two preliminary lemmas. The first one gives some rough estimates on
the natural time scale.

Lemma 2.3.2. Let α ∈ (0, 2) and β > 0. There exist C, c > 0 such that, for any
s ≥ 1, t ∈ [s + sκ, s + 3sκ] and any measurable function f : R × (0,∞) → R, the
following holds.

1. If f ≤ 1, then, for any M ≥ 1, |x| ≤ Msκ/2 and |y| ≤ Mtκ/2,

G̃(s, x; t, y) ≥ ce−CM2

tκ/2 .

2. If f ≥ −1/2, then, for any x, y ∈ R and η ≥ 0,

e−(y−x)2/[2(t−s)]√
2π(t− s)

E(s,x)

[
exp

(
−β

∫ t

s

∣∣∣∣∣ Br√
2r

∣∣∣∣∣
α

(1 + f(Br, r)) dr
)

× 1∃r∈[s,t],|Br|≥r(κ+η)/2

∣∣∣∣∣Bt = y

]

≤ C exp
(

−ctηα/2 − c

(
|x|
sκ/2

)α

− c

(
|y|
tκ/2

)α)
. (2.48)

Proof. Part 1. We use that (y − x)2/(t− s) ≤ (2Mtκ/2)2/sκ ≤ CM2 and that f ≤ 1
to get

G̃(s, x; t, y) ≥ e−CM2√
2π(t− s)

E(s,x)

[
exp

(
−2β

∫ t

s

∣∣∣∣∣ Br√
2r

∣∣∣∣∣
α

dr
)∣∣∣∣∣Bt = y

]

≥ ce−CM2

tκ/2 P(s,x)
(
∀r ∈ [s, t], |Br| ≤ 3Mtκ/2

∣∣∣Bt = y
)
, (2.49)
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where we restricted ourselves to the event where the Brownian bridge is bounded
by 3Mtκ/2 so that we can bound

∫ t
s |Br

r
|α dr ≤ CMαtκ+ακ/2−α = CMα because κ +

ακ/2 − α = 0. Now, recall the following formula (see e.g. the proof of Lemma 2 in
[32]): for any 0 < s < t and any x, y < K,

P(s,x) (∃r ∈ [s, t], Br ≥ K|Bt = y) = exp
(

−2(K − x)(K − y)
t− s

)
. (2.50)

Using this (and its symmetric version for the event {∃r ∈ [s, t], Br ≤ −K}), we get
that, for s, t, x, y satisfying the assumptions of Part 1,

P(s,x)
(
∀r ∈ [s, t], |Br| ≤ 3Mtκ/2

∣∣∣Bt = y
)

≥ 1 − 2 exp
(

−2 · 2Mtκ/2 · 2Mtκ/2

t− s

)
≥ 1 − 2e−8/3 > 0,

where we used t− s ≤ 3sκ ≤ 3tκ and M ≥ 1. Coming back to (2.49), this yields the
result.

Part 2. Using f ≥ −1/2 and t− s ≤ 3sκ, the left-hand side of (2.48) is at most

e−(y−x)2/(6sκ)E(s,x)

[
exp

(
−β

2

∫ t

s

∣∣∣∣∣ Br√
2r

∣∣∣∣∣
α

dr
)
1∃r∈[s,t],|Br|≥s(κ+η)/2

∣∣∣∣∣Bt = y

]
, (2.51)

which we now aim at bounding. We distinguish several cases. First, assume that
|x|∨ |y| ≤ s(κ+η)/2/2. Then, keeping only the event in the indicator function and then
applying (2.50), we get that (2.51) is at most

P(s,x)
(
∃r ∈ [s, t], |Br| ≥ s(κ+η)/2

∣∣∣Bt = y
)

≤ 2 exp
(

− sκ+η

2(t− s)

)
≤ 2 exp

(
−sη

6

)
,

which is smaller than the right-hand side of (2.48) in this case (note that s ≥ t/4 and
α < 2). We can now assume that |x| ∨ |y| > s(κ+η)/2/2. We restrict ourselves to the
case where |x| = |x| ∨ |y| and x > 0, the other cases being treated similarly. On the
one hand, if y ≤ x/2, then, bounding the expectation by 1, (2.51) is at most

e−(y−x)2/(6sκ) ≤ e−x2/(24sκ) ≤ exp
(

− 1
24sκ

(
(s(κ+η)/2/2)2

3 + x2

3 + y2

3

))
,

which is smaller than the right-hand side of (2.48). On the other hand, if y > x/2,
then (2.51) is at most

E(s,x)

[
exp

(
−β

2

∫ t

s

∣∣∣∣∣ Br√
2r

∣∣∣∣∣
α

dr
)∣∣∣∣∣Bt = y

]

= E(s,x)

[
exp

(
−β

2

∫ t

s

∣∣∣∣∣ Br√
2r

∣∣∣∣∣
α

dr
)
1∀r∈[s,t],Br≥x/4

∣∣∣∣∣Bt = y

]
+ P(s,x) (∃r ∈ [s, t], Br ≤ x/4|Bt = y)

≤ exp
(

−β

2 (t− s)
∣∣∣∣∣ x

4
√

2s

∣∣∣∣∣
α)

+ exp
(

−2(x/2)(x/4)
t− s

)
, (2.52)
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using (2.50) for the second term. Using sκ ≤ t − s ≤ 3sκ and α − κ = ακ/2, the
right-hand side of (2.52) is at most exp(−cxα/sακ/2) + exp (−cx2/sκ), which is again
smaller than the right-hand side of (2.48). This concludes the proof.

Before stating the next lemma, we define, for 0 < s < t and x, y ≥ 0,

G̃|·|(s, x; t, y) := G̃(s, x; t, y) + G̃(s, x; t,−y). (2.53)

It can be rewritten in the following way:

G̃|·|(s, x; t, y) = e−(y−x)2/[2(t−s)] + e−(y+x)2/[2(t−s)]√
2π(t− s)

× E(s,x)

[
exp

(
−β

∫ t

s

∣∣∣∣∣ Br√
2r

∣∣∣∣∣
α

(1 + f(Br, r)) dr
)∣∣∣∣∣|Bt| = y

]
. (2.54)

If f(·, r) is even for any r ≥ s, then f(Br, r) can be replaced by f(|Br| , r), and G̃|·|

can be seen as the heat kernel of reflected Brownian motion weighted by an integral.
Moreover under this additional assumption, for any 0 < s < t and x, y ≥ 0, we have

G̃|·|(s, x; t, y) = G̃(s, x; t, y) + G̃(s,−x; t, y), (2.55)

because G̃(s,−x; t, y) = G̃(s, x; t,−y) by symmetry of Brownian motion and of f . It
is convenient to work with this new kernel in the following result for coupling reasons
which appear in its proof.

Lemma 2.3.3. Let α ∈ (0, 2) and β > 0. Let f : R × (0,∞) → R measurable and
r0 > 0 be such that, for any r ≥ r0, the function f(·, r) is even and the function
y ∈ [0,∞) 7→ (y/r)α(1 + f(y, r)) is non-decreasing. For any r0 ≤ s < t, 0 ≤ x′ ≤ x

and 0 ≤ y′ ≤ y,

G̃|·|(s, x; t, y) ≤ 2 exp
(

(x′ − y′)2 − (x− y)2

2(t− s)

)
G̃|·|(s, x′; t, y′).

Proof. We use expression (2.54) to compare G̃|·|(s, x; t, y) and G̃|·|(s, x′; t, y′). For the
prefactor, we bound crudely

e−(y−x)2/[2(t−s)] + e−(y+x)2/[2(t−s)]

e−(y′−x′)2/[2(t−s)] + e−(y′+x′)2/[2(t−s)] ≤ 2e−(y−x)2/[2(t−s)]

e−(y′−x′)2/[2(t−s)] .

For the expectation, one can couple2 a reflected Brownian motion bridge X1 from
(s, x) to (t, y) with a reflected Brownian motion bridge X2 from (s, x′) to (t, y′) such

2To do so, consider X̃2 a reflected Brownian motion bridge from (s, x′) to (t, y′) independent of
X1. On the event where X1 and X̃2 do not intersect, we set X2 = X̃2. On the complement of this
event, let S be the first hitting time of X1 and X̃2 and L the last hitting time: we set X2 = X̃2 on
[s, t] \ [S, L] and X2 = X1 on [S, L]. By continuity of the paths, this ensures that X1 ≥ X2. The
fact that X2 is a reflected Brownian motion bridge from (s, x′) to (t, y′) follows from the backward
strong Markov property stated in [37, Theorem 2]. This coupling is often referred to as a Doeblin
coupling.
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that X1
r ≥ X2

r for any r ∈ [s, t]. [37] By the assumptions on f , we then get

exp
(

−β
∫ t

s

∣∣∣∣∣ X1
r√
2r

∣∣∣∣∣
α (

1 + f(X1
r , r)

)
dr
)

≤ exp
(

−β
∫ t

s

∣∣∣∣∣ X2
r√
2r

∣∣∣∣∣
α (

1 + f(X2
r , r)

)
dr
)
.

Combining this gives the desired inequality.

2.3.1.2 Localizing typical paths

The main ingredient of the proof of Proposition 2.3.1 is the following result localizing
the paths contributing to G̃(s, y; t, z).

Lemma 2.3.4. Let α ∈ (0, 2) and β > 0. For any ε ∈ (0, 1 − κ] and η > 2ε/α, there
are C, c > 0 such that the following holds. Let f : R × (0,∞) → [−1/2, 1] measurable
and r0 > 0 be such that, for any r ≥ r0, the function f(·, r) is even and the function
y ∈ [0,∞) 7→ (y/r)α(1 + f(y, r)) is non-decreasing. For any s ≥ r0, t ≥ s + sκ,
|x| ≤ s(κ+ε)/2 and |y| ≤ t(κ+ε)/2,

e−(y−x)2/[2(t−s)]√
2π(t− s)

E(s,x)

[
exp

(
−β

∫ t

s

∣∣∣∣∣ Br√
2r

∣∣∣∣∣
α

(1 + f(Br, r)) dr
)
1∃r∈[s,t],|Br|≥r(κ+η)/2

∣∣∣∣∣Bt = y

]

≤ C exp
(
−csηα/2

)
G̃(s, x; t, y). (2.56)

Proof. We divide [s, t] into shorter intervals by choosing s = s0 < s1 < · · · < sn = t

such that for any 0 ≤ k ≤ n − 1, sk+1 ∈ [sk + sκ
k, sk + 3sκ

k]. By a union bound, the
left-hand side of (2.56) is at most

n−1∑
k=0

e−(y−x)2/[2(t−s)]√
2π(t− s)

× E(s,x)

[
exp

(
−β

∫ t

s

∣∣∣∣∣ Br√
2r

∣∣∣∣∣
α

(1 + f(Br, r)) dr
)
1∃r∈[sk,sk+1],|Br|≥r(κ+η)/2

∣∣∣∣∣Bt = y

]
,

and we now aim at proving, for any 0 ≤ k ≤ n− 1,

e−(y−x)2/[2(t−s)]√
2π(t− s)

× E(s,x)

[
exp

(
−β

∫ t

s

∣∣∣∣∣ Br√
2r

∣∣∣∣∣
α

(1 + f(Br, r)) dr
)
1∃r∈[sk,sk+1],|Br|≥r(κ+η)/2

∣∣∣∣∣Bt = y

]
≤ C exp

(
−csηα/2

k

)
G̃(s, x; t, y). (2.57)

The desired result then follows by summing these inequalities and using that
n−1∑
k=0

exp
(
−csηα/2

k

)
≤ C exp

(
−csηα/2

)
. (2.58)
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Indeed, we have sk+1 ≥ sk +sκ
k ≥ sk +sκ, so sk ≥ s+ksκ, and using this together with

a sum-integral comparison proves (2.58) (up to a polynomial prefactor in s which can
be absorbed in the exponential by modifying c). Hence, it remains to prove (2.57).

We start with the case 1 ≤ k ≤ n − 2. Applying Markov’s property at times sk

and sk+1 and then Lemma 2.3.2.1 (with M = 1) after having restricted the range of
integration, we get

G̃(s, x; t, y) =
∫
R

∫
R
G̃(s, x; sk, xk)G̃(sk, xk; sk+1, xk+1)G̃(sk+1, xk+1; t, y) dxk dxk+1

≥ c

s
κ/2
k+1

∫
|xk+1|≤s

κ/2
k+1

∫
|xk|≤s

κ/2
k

G̃(s, x; sk, xk)G̃(sk+1, xk+1; t, y) dxk dxk+1

= c

s
κ/2
k+1

∫ s
κ/2
k

0
G̃|·|(s, x; sk, xk) dxk

∫ s
κ/2
k+1

0
G̃|·|(sk+1, xk+1; t, y) dxk+1

,
(2.59)

using the definition of G̃|·| in (2.53) for the second integral in the last line, as well
as (2.55) for the first integral. On the other hand, proceeding similarly but with
Lemma 2.3.2.2, the left-hand side of (2.57) is at most

C exp
(
−csηα/2

k+1

)∫ ∞

0
G̃|·|(s, x; sk, xk) exp

−c
(

|xk|
s

κ/2
k

)α
 dxk


×

∫ ∞

0
G̃|·|(sk+1, xk+1; t, y) exp

−c

 |xk+1|
s

κ/2
k+1

α dxk+1

. (2.60)

Then cutting [0,∞) into intervals of length s
κ/2
k , we get

∫ ∞

0
G̃|·|(s, x; sk, xk) exp

−c
(

|xk|
s

κ/2
k

)α
 dxk

≤
∑
ℓ≥0

e−cℓα
∫ (ℓ+1)sκ/2

k

ℓs
κ/2
k

G̃|·|(s, x; sk, xk) dxk

≤ C
∫ s

κ/2
k

0
exp

(
(x− x′

k)2

2(sk − s)

)
G̃|·|(s, x; sk, x

′
k) dx′

k,

where we used Lemma 2.3.3 to compare G̃|·|(s, x; sk, xk) and G̃|·|(s, x; sk, x
′
k) with x′

k =
xk−ℓsκ/2

k and bounded exp{(x−x′
k)2−(x−xk)2/(2(sk−s)} ≤ exp{(x−x′

k)2/(2(sk−s)}.
Using here that |x| ≤ s(κ+ε)/2, we have (x − x′

k)2 ≤ 4sκ+ε
k . Moreover, we bound

sk − s ≥ sk − sk−1 ≥ sκ
k−1 ≥ (sk/4)κ and therefore we get

∫ ∞

0
G̃|·|(s, x; sk, xk) exp

−c
(

|xk|
s

κ/2
k

)α
 dxk ≤ C exp (Csε

k)
∫ s

κ/2
k

0
G̃|·|(s, x; sk, xk) dxk.

(2.61)
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Proceeding similarly, the second integral in (2.60) is at most

C
∫ s

κ/2
k+1

0
exp

(
(xk+1 − y)2

2(t− sk+1)

)
G̃|·|(sk+1, xk+1; t, y) dxk+1

≤ C exp
(

2tκ+ε

t− sk+1

)∫ s
κ/2
k+1

0
G̃|·|(sk+1, xk+1; t, y) dxk+1

≤ C exp
(
Csε

k+1

) ∫ s
κ/2
k+1

0
G̃|·|(sk+1, xk+1; t, y) dxk+1, (2.62)

where, in the first inequality, we bound (x′
k+1 − y)2 ≤ 4tκ+ϵ and, in the second one,

we note that, if sk+1 ≥ t/2, then tκ+ε/(t − sk+1) ≤ (2sk+1)κ+ε/sκ
k+1 ≤ 2sε

k+1 and, if
sk+1 ≤ t/2, then tκ+ε/(t− sk+1) ≤ 2tκ+ε−1 ≤ 2 because ε ≤ 1 − κ. Combining (2.59),
(2.60), (2.61) and (2.62) proves (2.57), noting that the factors sκ/2

k+1 and exp(Csε
k+1)

can be absorbed into exp(−csηα/2
k+1 ) up to a modification of c (recall that η > 2ε/α).

We now consider the case k = 0. Proceeding as in (2.59) and (2.60) but applying
the Markov property only at time sk+1 = s1 yields

G̃(s, x; t, y) ≥ c

s
κ/2
1

∫ s
κ/2
1

0
G̃|·|(s1, x1; t, y) dx1, (2.63)

and shows that the left-hand side of (2.57) is at most

C exp
(
−csηα/2

1

) ∫ ∞

0
G̃|·|(s1, x1; t, y) exp

−c

 |x1|
s

κ/2
1

α dx1. (2.64)

Then proceeding as in (2.62) proves (2.57). The case k = n − 1 is covered similarly,
but applying the Markov property only at time sk = sn−1. Finally note that this
argument for cases k = 0 and k = n − 1 works only if 0 < n − 1. But in the
case n = 1, (2.56) is a direct consequence of Lemma 2.3.2.1 (with M = tε) and
Lemma 2.3.2.2.

2.3.1.3 Proof of Proposition 2.3.1

Proof of Proposition 2.3.1. We first note that increasing values of f results in de-
creasing G̃. Therefore, it is enough to prove the result for f = f−

L,a,b and f = f+
L,a,b.

We assume we are in one of these two cases. Then, the function f satisfies the as-
sumptions of Lemma 2.3.4: for f = f+

L,a,b this is direct with r0 = 1 for example,
and for f−

L,a,b this follows from our choice of η in its definition, with r0 = (2L)1/b).
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Therefore, if ε ≤ 1 − κ and η > 2ε/α, we get

G̃(s, x; t, y) = (1 + o(1))e
−(y−x)2/[2(t−s)]√

2π(t− s)

× E(s,x)

[
exp

(
−β

∫ t

s

∣∣∣∣∣ Br√
2r

∣∣∣∣∣
α

(1 + f(Br, r)) dr
)
1∀r∈[s,t],|Br|<r(κ+η)/2

∣∣∣∣∣Bt = y

]
,

where the o(1) holds as s → ∞, uniformly in t, x, y, f (as required in the statement
of the proposition). On the event {∀r ∈ [s, t], |Br| < r(κ+η)/2}, using also |f(y, r| ≤
L(|y

r
|a+r−b), we can bound
∫ t

s

∣∣∣∣Br

r

∣∣∣∣α f(Br, r) dr ≤ L
∫ t

s
rα(κ+η)/2−α

(
ra(κ+η)/2−a + r−b

)
dr

= L
∫ t

s

(
r−κ−a(1−κ/2)+(α+a)η/2 + r−κ−b+αη/2

)
dr, (2.65)

using in particular that ακ/2 − α = −κ. The two exponents on the right-hand side
of (2.65) can be made smaller than −1 by choosing

η < η0 := 2
(
a(1 − κ

2 ) − (1 − κ)
a+ α

∧ b− (1 − κ)
α

)
. (2.66)

By our assumptions on a and b we have η0 > 0, so if we choose ε < αη0/2, it is
possible to choose such an η which also satisfies the previous condition η > 2ε/α.
Then, the right-hand side of (2.65) is a o(1) in the same sense as before. Hence, we
get that G̃(s, x; t, y) equals

(1 + o(1))e
−(y−x)2/[2(t−s)]√

2π(t− s)
E(s,x)

[
exp

(
−β

∫ t

s

∣∣∣∣∣ Br√
2r

∣∣∣∣∣
α

dr
)
1∀r∈[s,t],|Br|<r(κ+η)/2

∣∣∣∣∣Bt = y

]

= (1 + o(1))G(s, x; t, y),

where the last equality follows from Lemma 2.3.4 but with f = 0 (for which G̃ = G).
This concludes the proof.

2.3.2 Bounding the total mass of G̃

We now bound the total mass of G̃, which can be written as
∫
R
G̃(s, x; t, y) dy = E(s,x)

[
exp

(
−β

∫ t

s

∣∣∣∣∣ Br√
2r

∣∣∣∣∣
α

(1 + f(Br, r)) dr
)]

. (2.67)

This is analogous to Corollary 2.2.2 for G.
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Proposition 2.3.5. Let α ∈ (0, 2) and β > 0. Let ϑ1 > 0 be defined as in Proposition
2.2.1. Let L > 0, a > (1−κ)/(1− κ

2 ) and b > 1−κ. Let η > 0. There exist K,C, c > 0
such that the following holds for any s ≥ K and t ≥ s+Ksκ the following holds.

1. For any x ∈ R and any function f satisfying f ≥ f−
L,a,b,∫

R
G̃(s, x; t, y) dy ≤ C(t/s)κ/4 exp

(
ϑ1(s1−κ − t1−κ)

)
. (2.68)

2. For any |x| ≤ sκ/2 and any function f satisfying f ≤ f+
L,a,b,

E(s,x)

[
exp

(
−β

∫ t

s

∣∣∣∣∣ Br√
2r

∣∣∣∣∣
α

(1 + f(Br, r)) dr
)
1|Bt|≤tκ/21∀r∈[s,t],|Br|≤r(κ+η)/2

]
≥ c(t/s)κ/4 exp

(
ϑ1(s1−κ − t1−κ)

)
. (2.69)

Proof. Part 1. By monotonicity, it is enough to prove the result for f = f−
L,a,b. Then,

f(·, r) is even so we can assume x ≥ 0 by symmetry and write f(Br, r) = f(|Br| , r)
in (2.67) so that the expectation on the right-hand side of (2.67) can be seen as
depending only on a reflected Brownian motion starting at (s, x). But one can couple3

a reflected Brownian motion X1 starting at (s, x) with a reflected Brownian motion
X2 starting at (s, 0) such that X1

r ≥ X2
r for any r ≥ s. Recalling that the function

y ∈ [0,∞) 7→ (y/r)α(1 + f(y, r)) is non-decreasing (by definition of f−
L,a,b), this shows

the expectation is maximal for x = 0 so we can focus on this case.
Now, we decompose∫

R
G̃(s, 0; t, y) dy =

∫
|y|≤tκ/2

G̃(s, 0; t, y) dy +
∫

|y|≥tκ/2
G̃(s, 0; t, y) dy (2.70)

In the first term in (2.70), we can bound G̃(s, 0; t, y) by 2G(s, 0; t, y) by Proposition
2.3.1 and then get the desired bound by Corollary 2.2.2.1. For the second term in
(2.70), applying the Markov property at time r ∈ (s, t) such that r + rκ = t, it is at
most

∫
w∈R

G̃(s, 0; r, w)
∫

|y|≥tκ/2
G̃(r, w; t, y) dy

 dw

≤ C
∫

w∈R
G̃(s, 0; r, w) exp

(
−c

(
|w|
rκ/2

)α)
dw, (2.71)

3This is again a Doeblin coupling as in Footnote 2, but in the simpler context of Markov processes
instead of Markov bridges. Consider X̃2 a reflected Brownian motion starting at (s, 0) independent
of X1, and define X2 as X̃2 up to the first hitting time of X1 and X̃2, and then as X1. Here the
fact that X2 is a reflected Brownian motion starting at (s, 0) follows from the usual strong Markov
property.
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by Lemma 2.3.2.2 (with η = 0, note that the indicator is automatically satisfied
because |y| ≥ tκ/2). Then, by definition of G̃|·| and cutting the integral, the right-
hand side of (2.71) is at most

C
∑
ℓ≥0

e−cℓα
∫ (ℓ+1)rκ/2

ℓrκ/2
G̃|·|(s, 0; r, w) dw ≤ C

∫ rκ/2

0
G̃|·|(s, 0; r, w) dw, (2.72)

using that G̃|·|(s, 0; r, w) ≤ 2G̃|·|(s, 0; r, w′) for any 0 ≤ w′ ≤ w by Lemma 2.3.3.
Finally, on the right-hand side of (2.71), we can bound G̃|·|(s, 0; r, w) by 2G|·|(s, 0; r, w)
by Proposition 2.3.1 and then get the desired bound by Corollary 2.2.2.1 (note that
r1−κ ≥ t1−κ − 1). Note that we have to take the constant K larger than in Corollary
2.2.2 to ensure that we can apply Corollary 2.2.2 between times s and r.

Part 2. By monotonicity again, it is enough to prove the result for f = f+
L,a,b. We

first claim that, for any |x| ≤ sκ/2,∫
|y|≤tκ/2

G̃(s, x; t, y) dy ≥ c(t/s)κ/4 exp
(
ϑ1(s1−κ − t1−κ)

)
. (2.73)

Indeed, we can apply Proposition 2.3.1 to write G̃(s, x; t, y) ≥ G(s, x; t, y)/2 on the
right-hand side, and then Corollary 2.2.2.2 concludes the proof of (2.73). Then, note
that the difference between the left-hand side of (2.73) and the left-hand side of (2.69)
equals

E(s,x)

[
exp

(
−β

∫ t

s

∣∣∣∣∣ Br√
2r

∣∣∣∣∣
α

(1 + f(Br, r)) dr
)
1|Bt|≤tκ/21∃r∈[s,t],|Br|>r(κ+η)/2

]

≤ C exp
(
−csηα/2

) ∫
|y|≤tκ/2

G̃(s, x; t, y) dy

by Lemma 2.3.4. Choosing K large enough the prefactor in front of the last integral
is less than 1/2 and we get the desired result.

2.3.3 Bounding the tail of G̃

We prove here the following bound on the tail of G̃(s, x; t, y) for y in some time-
dependent window.

Proposition 2.3.6. Let α ∈ (0, 2) and β > 0. Let L > 0, a > (1 − κ)/(1 − κ
2 ) and

b > 1 − κ. There exist C, c > 0 such that, for s large enough, for any t ≥ 2s, x ∈ R,
|y| ≤ t, and any function f satisfying f ≥ f−

L,a,b,

G̃(s, x; t, y) ≤ C

(st)κ/4 exp
(
ϑ1(s1−κ − t1−κ)

)
exp

−c
(

|y|
tκ/2

)(2+α)/2
 .
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Note that, up to constant factors, this bound is better than the upper bound
given by Proposition 2.2.1 for G: the exponent for the tail in y would be α there
(because of the error term), whereas it is (2 + α)/2 here. Moreover, (2 + α)/2 is the
exponent appearing in the tail of φ0 (see Proposition 2.2.7.5) and it reappears here
via a probabilistic argument.

Proof. By monotonicity, it is enough to deal with the case f = f−
L,a,b. Then, by

symmetry of f(·, r), we can assume w.l.o.g. that y ≥ 0. Let r ∈ [3t/4, t − tκ] which
will be chosen in terms of y later. Applying Markov’s property at time r, we get

G̃(s, x; t, y) =
∫
R
G̃(s, x; r, w)G̃(r, w; t, y) dw. (2.74)

To bound G̃(r, w; t, y), we use f ≥ −1/2 and then distinguish according to whether
the event E = {∀q ∈ [r, t], Bq ≥ y/2} holds or not: this yields

G̃(r, w; t, y) ≤ e−(y−w)2/[2(t−r)]√
2π(t− r)

E(r,w)

[
exp

(
−β

2

∫ t

r

∣∣∣∣∣ Bq√
2q

∣∣∣∣∣
α

dq
)∣∣∣∣∣Bt = y

]

≤ e−(y−w)2/[2(t−r)]√
2π(t− r)

(
exp

(
−β

2

∫ t

r

∣∣∣∣∣ y/2√
2q

∣∣∣∣∣
α

dq
)

+ P(r,w) (Ec|Bt = y)
)
.

If w ≥ 3y/4, then P(r,w)(Ec|Bt = y) ≤ e−y2/[4(t−r)] by (2.50). On the other hand, if
w < 3y/4 then e−(y−w)2/[2(t−r)] ≤ e−y2/[8(t−r)]. Combining this and using q ≥ r ≥ 3t/4
yields

G̃(r, w; t, y) ≤ 1√
t− r

(
e−c(t−r)yα/tα + e−y2/[8(t−r)]

)
. (2.75)

Note that the right-hand side is optimized when r is chosen such that t− r is of the
same order as y(2−α)/2tα/2 = (y/tκ/2)(2−α)/2tκ recalling κ = 2α/(2+α). This motivates
the following choice, which also fulfils the constraint r ∈ [3t/4, t−tκ] (recall y ∈ [0, t]):

t− r :=
(

1
4

(
y

tκ/2

)(2−α)/2
∨ 1

)
tκ.

With this choice of r, using that
√
t− r ≥ tκ/2, (2.75) becomes

G̃(r, w; t, y) ≤ C

tκ/2 exp
(

−c
(
y

tκ/2

)(2+α)/2
)
, (2.76)

where we used in the case t − r = tκ (or equivalently y ≤ 42/(2−α)tκ/2) that the
exponential on the right-hand side is lower bounded by a positive constant. Plugging
this into (2.74) and applying Proposition 2.3.5.1 yields

G̃(s, x; t, y) ≤ C(r/s)κ/4 exp
(
ϑ1(s1−κ − r1−κ)

)
· 1
tκ/2 exp

(
−c

(
y

tκ/2

)(2+α)/2
)
. (2.77)
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Finally, using that (1 − x)1−κ ≥ 1 − Cx for x ∈ [0, 1/4], we get

t1−κ − r1−κ = t1−κ

(
1 −

(
1 − t− r

t

)1−κ
)

≤ Ct1−κ t− r

t
= C

(
1
4

(
y

tκ/2

)(2−α)/2
∨ 1

)
.

Note that the exponent (2−α)/2 appearing here is smaller than the exponent (2+α)/2
appearing in the last exponential in (2.77). Therefore, when y ≥ Ktκ/2 with K large
enough chosen in terms of the previous constants c and C, the error made when
replacing r1−κ by t1−κ on the right-hand side of (2.77) can be included in the last
exponential factor (up to replacing c by c/2). On the other hand, when y ≤ Ktκ/2, the
error can simply be bounded by a constant factor. This gives the desired result.

2.4 Many–to–few lemmas

Two typical tools from the study of branching processes are the many–to–one and
many–to–two lemmas. They allow us to reduce the certain expectations of the branch-
ing process to expectations of just one or two particles.

Lemma 2.4.1 (many–to–one). Let f be a measurable functional of t and the path of
a particle up to time t. We then have for all x, y ∈ R2 and t > 0 that

E(x,y)

 ∑
u∈N (t)

f
(
(Xu(s), Yu(s))s∈[0,t]

)= E(x,y)

[
f
(
(Xs, Ys)s∈[0,t]

)
exp

(∫ t

0
b(Xs, Ys) ds

)]
,

where (Xs, Ys)s∈[0,t] is a Brownian motion on R2

For a proof see [53, Theorem 8.5], they deal with the one–dimensional case but
the proof does not change. Similarly, we need a version of the many–to–two lemma
for our process. Again we do not prove this as a proof is messy, a more general result
is the many–to–few lemma [56, Lemma 1] which also incorporates the inhomogeneous
branching. To state the many–to–two lemma, we need two particles ξ1 and ξ2,r that
move as R2–Brownian motions such that ξ2,r

s = ξ1
s until time r after which they move

independently.

Lemma 2.4.2 (many–to–two). Let f and g be measurable functionals of t and the
path of a particle up to time t. We then have for all x, y ∈ R2 and t > 0 that

E(x,y)

 ∑
u,v∈N (t),u̸=v

f
(
(Xu(s), Yu(s))s∈[0,t]

)
g
(
(Xv(s), Yv(s))s∈[0,t]

)
=
∫ t

0
E(x,y)

[
f
(
(ξ1

s )s∈[0,t]
)
g
(
(ξ2,r

s )s∈[0,t]
)
b(ξ1

r ) exp
(∫ t

0
b(ξ1

s ) ds+
∫ t

r
b(ξ2,r

s ) ds
)]

2 dr.
(2.78)
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Proof. We derive this expression from [56, Lemma 1]. There, we have a stopping time
T which is given by

inf
{
t ≥ 0 :

∫ t

0
b(ξ1

s ) ds > T̂
}
,

where T̂ is an exponential random variable of rate 2 which is independent of ξ1 and
ξ2. Observe that conditional on (ξ1

s )s≥0 we have

P(T > r|ξ1) = exp
(

−2
∫ r

0
b(ξ1

s ) ds
)
,

and therefore
P(T ∈ dr|ξ1) = 2b(ξ1

r ) exp
(

−2
∫ r

0
b(ξ1

s ) ds
)

dr.

Then [56, Lemma 1] states that the left-hand side of (2.78) equals

E(x,y)

[
1{T ≤t}f

(
(ξ1

s )s∈[0,t]
)
g
(
(ξ2,T

s )s∈[0,t]
)

× exp
(∫ T

0
b(ξ1

s ) ds+
∫ t

0
b(ξ1

s ) ds+
∫ t

0
b(ξ2,T

s ) ds
)]

.

Conditioning on ξ1 and ξ2, and using the density of T yields our version of the many–
to–two lemma.

2.5 Upper bound for the maximum

The goal of this section is to show that with high probability there are no particles
with a modulus much greater than m(t) in the sense that

lim sup
a→∞

lim sup
t→∞

P (Mt ≥ m(t) + a) = 0.

This shows the upper half of the tightness claimed in Theorem 2.1.1.

2.5.1 An upper bound on the branching rate

We start this subsection by introducing a useful event. First note that, dominating
by a one-dimensional BBM with branching rate 1, we have (see e.g. [66, Eq. (20)])

max
u∈N (s)

Xu(s) −
√

2s a.s.−−−→
s→∞

−∞.

Therefore, setting

As0 :=
{

∀s ≥ s0, max
u∈N (s)

Xu(s) ≤
√

2s− 1
}
, (2.79)
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we have
P (As0) −−−→

s0→∞
1. (2.80)

Hence, in this section, we can and will regularly restrict our study to the event As0

with s0 large enough. It is also sometimes useful to consider the larger event

As0,t :=
{

∀s ∈ [s0, t], max
u∈N (s)

Xu(s) ≤
√

2s− 1
}
. (2.81)

In particular, working on these events is useful to get the following upper bound
on the branching rate. Recall (Xs, Ys)s∈[0,t] denotes a Brownian motion on R2 and
(Rs, θs)s∈[0,t] denotes a representation of its polar coordinates.

Lemma 2.5.1. There exists σ, L > 0 such that, for any 0 ≤ s0 ≤ t, on the event
{∀s ∈ [s0, t], Xs ≤

√
2s and |θs| < σ} as well as on the event {∀s ∈ [s0, t], Xs ≤

√
2s and |Ys| < σs}, we have

∫ t

0
b(θs) ds ≤ t− β

∫ t

s0

∣∣∣∣∣ Ys√
2s

∣∣∣∣∣
α

(1 + f(Ys, s)) ds,

where f = f−
L,2−α,1 = −

([
L
(∣∣∣y

s

∣∣∣2−α
+ s−1

)]
∧ η

)
where η ∈ (0, 1/2] is chosen in

(2.47).

Note that the parameters a = 2 − α and b = 1 appearing here in f−
L,a,b satisfy the

assumptions a > 1 − α
2 and b > 1 − κ of the propositions of Section 2.3.

Proof. By Assumption (A2), b(θ) = 1 −β |θ|α +O(θ2) as θ → 0, so there exist K > 0
and σ0 ∈ (0, π/2) such that, for any |θ| ≤ σ0, b(θ) ≤ 1 − β |θ|α +Kθ2. Moreover, one
can choose σ0 small enough such that the function θ ∈ [0, σ0] 7→ 1 − β |θ|α + Kθ2 is
decreasing. On the other hand, by Assumption (A1) or (A1’), sup[−π,π]\[−σ0,σ0] b < 1.
Hence, choosing σ0 small enough, we get

b(θ) ≤ b(θ) :=
1 − β |θ|α +Kθ2, if θ ∈ [−σ0, σ0],

1 − β |σ0|α +Kσ2
0, if θ ∈ [−π, π] \ [−σ0, σ0],

and the function b is non-increasing on [0, π].
We now work on E1 := {∀s ∈ [s0, t], Xs ≤

√
2s and |θs| < σ} or E2 := {∀s ∈

[s0, t], Xs ≤
√

2s and |Ys| < σs}. Then, for any s ∈ [s0, t] such that θs ∈ [0, π/2), we
have

θs = arctan
(
Ys

Xs

)
≥ arctan

(
Ys√
2s

)
≥ Ys√

2s
− 1

3

(
Ys√
2s

)3

,
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and therefore

b(θs) ≤ b(θs) ≤ b

 Ys√
2s

− 1
3

(
Ys√
2s

)3
 .

Then, one can choose σ small enough such that the last argument of b necessar-
ily belongs to [0, σ0] both on E1 and on E2, and therefore we get, for some L =
L(K, σ0, α, β) > 0,

b(θs) ≤ 1 − β

∣∣∣∣∣ Ys√
2s

∣∣∣∣∣
α (

1 − L
∣∣∣∣Ys

s

∣∣∣∣2−α
)
, (2.82)

and the same holds if θs ∈ (−π/2, 0] by the same argument. On E1, it is enough to
consider the case θs ∈ (−π/2, π/2) by choosing σ < π/2. On E2, we could also have
θs ∈ [−π, π]\(−π/2, π/2), but then b(θs) ≤ 1−β |σ0|α+Kσ2

0 and the inequality (2.82)
stays true if σ is chosen small enough. Finally, σ can be chosen small enough such
that, on E1 or on E2, L|Ys/s|2−α ≤ η, where η appears in the definition of f−

L,2−α,1 in
(2.47), so that (2.82) becomes

b(θs) ≤ 1 − β

∣∣∣∣∣ Ys√
2s

∣∣∣∣∣
α (

1 + f−
L,2−α,1(Ys, s)

)
,

Then, the result is obtained by integrating this inequality for s ∈ [s0, t] and by using
b ≤ 1 for s ∈ [0, s0].

2.5.2 The pseudo-derivative martingale

For t ≥ 0, let

Zt := t−κ/4 exp
(
ϑ1t

1−κ
) ∑

u∈N (t)
(
√

2t−Xu(t))e
√

2(Xu(t)−
√

2t). (2.83)

This quantity naturally appears in the upper bound argument when computing the
conditional first moment given Ft, so we need to bound its first moment. Note that
this is not a martingale, but it is defined analogously to the derivative martingale for
the standard BBM introduced by Lalley and Sellke [66]. The goal of this section is
to prove the following result.

Lemma 2.5.2. For any s0 > 0, there exists C > 0 such that, for any t ≥ s0,

E
[
Zt1As0,t

]
≤ C.

Proof. By the many–to–one lemma (Lemma 2.4.1),

E
[
Zt1As0,t

]
≤ t−κ/4 exp

(
ϑ1t

1−κ
)
E
[
exp

(∫ t

0
b(θs) ds

)
(
√

2t−Xt)e
√

2Xt−2t
1∀s∈[s0,t],Xs≤

√
2s

]
.
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Let σ > 0 be the constant given by Lemma 2.5.1. Define the events E := {∀s ∈
[s0, t], |Ys| ≤ σs} and, for k ≥ 1,

Fk := {∃s ∈ [2k−1s0, 2ks0) : |Ys| > σs} ∩ {∀s ∈ [2ks0, t] : |Ys| ≤ σs}.

Let kt = min{k ≥ 1 : 2ks0 ≥ t}. We have Ec ⊂ ⋃kt
k=1 Fk, so we use the bound

1 ≤ 1E +∑kt
k=1 1Fk

.
Using Lemma 2.5.1, the part on the event E is at most

t−κ/4 exp
(
ϑ1t

1−κ
)

× E
[
exp

(
−β

∫ t

s0

∣∣∣∣∣ Ys√
2s

∣∣∣∣∣
α

(1 + f(Ys, s)) ds
)

(
√

2t−Xt)e
√

2Xt−t
1∀s∈[s0,t],Xs≤

√
2s

]
≤ Cs

−κ/4
0 exp

(
ϑ1s

1−κ
0

)
× E

[
(
√

2s0 −Xs0)e
√

2Xs0 −s0
]
, (2.84)

using independence between X and Y , Proposition 2.3.5.1 for the Y -contribution and
the fact that ((

√
2t−Xt)e

√
2Xt−t

1∀s∈[s0,t],Xs≤
√

2s)t≥s0 is a martingale. The right-hand
side of (2.84) is a constant depending on s0, so it concludes this part.

We now bound the part on event Fk for some 1 ≤ k ≤ kt. Using Lemma 2.5.1
between times 2ks0 and t, this part is at most

t−κ/4 exp
(
ϑ1t

1−κ
)
E
[
exp

(
−β

∫ t

2ks0

∣∣∣∣∣ Ys√
2s

∣∣∣∣∣
α

(1 + f(Ys, s)) ds
)
1∃s∈[2k−1s0,2ks0):|Ys|>σs

]
× E

[
(
√

2t−Xt)e
√

2Xt−t
1∀s∈[s0,t],Xs≤

√
2s

]
≤ C(s0)(2ks0)−κ/4 exp

(
ϑ1(2ks0)1−κ

)
P
(
∃s ∈ [2k−1s0, 2ks0) : |Ys| > σs

)
, (2.85)

proceeding as in (2.84). Then, this last probability can be bounded by

P
(

max
s∈[0,2ks0]

|Ys| > σ2k−1s0

)

≤ 2 · P
(

max
s∈[0,2ks0]

Ys > σ2k−1s0

)
= 2 · P

(
|Y2ks0| > σ2k−1s0

)
, (2.86)

using that maxs∈[0,T ] Ys has the same distribution as |YT | for any T > 0. Together
with the tail bound P(|YT | ≥ x) ≤ 2e−x2/(2T ) for x, T > 0, we get that the right-hand
side of (2.85) is at most C(s0) exp(ϑ1(2ks0)1−κ − σ2

8 2ks0). Summing over k ≥ 0, this
is bounded by C(s0), so it concludes the proof.

2.5.3 Localization of the trajectory of an extremal particle

In this section, we prove several properties of the trajectory of an extremal particle,
that is a particle u ∈ N (t) such that Ru(t) ≥ m(t) + O(1). In this first lemma, we
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show that such a particle typically has a small angle after time t/2. This allows us
afterwards to restrict ourselves to angles smaller than σ given by Lemma 2.5.1, so
that we can bound the branching rate.

Lemma 2.5.3. For any η > 0, there exists c > 0 such that, for any a ≥ 0, for t large
enough,

P
(

∃u ∈ N (t) : Ru(t) ≥ m(t) − a, max
s∈[t/2,t]

|θu(s)| > η

)
≤ e−ct.

Proof. Before diving into the proof, we recall some facts on the polar coordinates
(Rs, θs)s≥0 of the planar Brownian motion. Firstly, (Rs)s≥0 is a 2-dimensional Bessel
process starting from r = (x2 + y2)1/2 and its density at time s > 0 is given by (see
[27, Eq. 4.1.0.6])

P(x,y)(Rs ∈ dz) = z

s
e−(r2+z2)/2sI0

(
rz

s

)
dz, (2.87)

where I0 is the modified Bessel function defined by I0(z) = ∑
k≥0(z/2)2k/(k!)2. Note

that, for z ≥ 0, I0(z) ≤ (ez/2)2 = ez, so we get the following upper bound for the
density of Rs:

P(x,y)(Rs ∈ dz) ≤ z

s
e−(z−r)2/2s dz. (2.88)

Concerning the angular coordinate (θs)s≥0, note that the representation can be chosen
to be continuous, except at s = 0 if the Brownian motion starts from the origin.
Moreover, we have the following skew-product representation: for any s ≥ 0 (s > 0 if
the Brownian motion starts from the origin), there exists a Brownian motion W on
R starting from 0 at time 0 and independent of R such that

∀t ≥ s, θt = θs +Wτ(t), with τ(t) :=
∫ t

s
R−2

q dq (2.89)

see e.g. [61, Corollary 19.7]. We now split the proof into three steps.
Step 1. We first prove that an extremal particle needs to have a large radial

coordinate on [t/2, t], more precisely: for any a ≥ 0, for t large enough,

P
(

∃u ∈ N (t) : Ru(t) ≥ m(t) − a, min
s∈[t/2,t]

Ru(s) <
√

2
4 t

)
≤ e−ct. (2.90)

As in the statement of the lemma, the constant c throughout the proof does not
depend on a, but the threshold involved in the “t large enough” statement can. By
the many–to–one lemma (Lemma 2.4.1) with the crude bound b(θs) ≤ 1, we can
bound the probability in (2.90) by

et · P
(
Rt ≥ m(t) − a, min

s∈[t/2,t]
Rs <

√
2

4 t

)
= et · E [ϕ(T0)1T0<t] , (2.91)
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using Markov property at the stopping time T0 := inf{s ≥ t/2 : Rs ≤
√

2t/4} and
setting ϕ(s) := P√

2t/4(Rt−s ≥ m(t) − a) for s ∈ [t/2, t), where (Rq)q≥0 starts from
√

2t/4 at time 0 under P√
2t/4. Using the upper bound (2.88), we get, for t large

enough and uniformly in s ∈ [t/2, t),

ϕ(s) ≤
∫ ∞

m(t)−a

z

t− s
e−(z−

√
2t/4)2/2(t−s) dz ≤ Ct√

t− s
e−(m(t)−a−

√
2t/4)2/(t−s) ≤ e−9t/8+o(t).

Coming back to (2.91), this proves (2.90).
Step 2. We now prove that the angle of an extremal particle cannot be far from

0 on the whole interval [t/2, t], that is, for any a ≥ 0, for t large enough,

P
(

∃u ∈ N (t) : Ru(t) ≥ m(t) − a, min
s∈[t/2,t]

|θu(s)| > η

2

)
≤ e−ct. (2.92)

By Assumption (A1) or (A1’), we have c(η) := sup[−π,π]\[−η/2,η/2] b < 1. Therefore,
using the many–to–one lemma and bounding b(θs) by c(η) for s ∈ [t/2, t] and by 1
otherwise, we get that the probability in (2.92) is at most

exp
(
t

2 + t

2c(η)
)

· P (Rt ≥ m(t) − a) = exp
(
t

2(c(η) − 1) + o(t)
)
,

using that P (Rt ≥ m(t) − a) = e−t+o(t) as a consequence of (2.88) and standard
Gaussian bounds. This proves (2.92).

Step 3. Finally, it is enough to prove that, for any a ≥ 0, for t large enough,

P
(

∃u ∈ N (t) : Ru(t) ≥ m(t) − a, min
s∈[t/2,t]

Ru(s) ≥
√

2
4 t,

min
s∈[t/2,t]

|θu(s)| ≤ η

2 , max
s∈[t/2,t]

|θu(s)| > η

)
≤ e−ct. (2.93)

The key idea is that this event requires an angular displacement of at least η/2 over the
time interval [t/2, t], which has a cost exponential in t for a 2d Brownian motion with
radius of order t. We first apply the many–to–one lemma with the bound b(θs) ≤ 1
to get that the probability in (2.93) is at most

et · P
(
Rt ≥ m(t) − a, min

s∈[t/2,t]
Rs ≥

√
2

4 t, T1 ≤ t, T2 ≤ t

)
, (2.94)

with T1 := inf{s ≥ t/2 : |θs| ≤ η
2} and T2 := inf{s ≥ t/2 : |θs| ≥ η}. There are two

cases to distinguish, T1 < T2 and T2 < T1, but they are treated similarly, so we focus
on the case T1 < T2. By Markov property at time T1,

P
(
Rt ≥ m(t) − a, min

s∈[t/2,t]
Rs ≥

√
2

4 t, T1 < T2 ≤ t

)
≤ E [χ(T1, RT1)1T1<t] , (2.95)
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where we set, for any s ∈ [t/2, t) and r > 0,

χ(s, r) := P(s,r,η/2)

(
Rt ≥ m(t) − a, min

q∈[s,t]
Rq ≥

√
2

4 t, T2 ≤ t

)
,

where under P(s,r,η/2) the process (Rq, θq)q≥s starts from (r, η/2) at time s. Now, using
the representation of the angle in (2.89), we get

χ(s, r) ≤ P(s,r,η/2)

(
Rt ≥ m(t) − a, min

q∈[s,t]
Rq ≥

√
2

4 t, max
p∈[0,τ(t)]

Wp ≥ η

2

)

≤ P(s,r,η/2)

(
Rt ≥ m(t) − a, max

p∈[0,4/t]
Wp ≥ η

2

)

≤ 2 exp
(

−η2t

32

)
· P(s,r,η/2) (Rt ≥ m(t) − a) ,

using the independence of R and W and proceeding as in (2.86) to bound the proba-
bility involving W . Coming back to (2.95) and using again Markov property at time
T1, the right-hand side of (2.95) is at most

2 exp
(

−η2t

32

)
· P (Rt ≥ m(t) − a) = exp

(
−η2t

32 − t+ o(t)
)

≤ e−t−ct.

Proceeding similarly in the case T2 < T1, we get that (2.94) is bounded by e−ct, which
concludes the proof of (2.93) and hence of the lemma.

In the next lemma, we prove that the final position of an extremal particle u

needs to have a final y-coordinate Yu(t) of order roughly tκ/2, which is the typical
space scale of the Brownian motion weighted by an integral via PDEs studied in
Sections 2.2 and 2.3. In particular, we deduce Yu(t) = o(

√
t), which together with

Ru(t) ≥ m(t) implies that Ru(t) = Xu(t)+o(1), allowing us afterwards to replace the
radial coordinate of an extremal particle by its x-coordinate. We also note that this
lemma, together with the previous lemma, implies Proposition 2.1.2.

Lemma 2.5.4. There exists η > 0, such that, for any ε > 0 and a ≥ 0, we have

P
(

∃u ∈ N (t) : Ru(t) ≥ m(t) − a, max
s∈[t/2,t]

|θu(s)| ≤ η, |Yu(t)| ≥ t
κ
2 +ε

)
−−−→
t→∞

0.

Proof. We assume that η ≤ σ, where σ is given by Lemma 2.5.1. By (2.80), it is
enough to work on the event As0 for some large s0. By a union bound over u ∈ N (t),
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the branching property at time t/2, the many–to–one lemma (Lemma 2.4.1) and
Lemma 2.5.1, we get

P
(
As0 ∩

{
∃u ∈ N (t) : Ru(t) ≥ m(t) − a, max

s∈[t/2,t]
|θu(s)| ≤ η, |Yu(t)| ≥ t

κ
2 +ε

}∣∣∣∣∣Ft/2

)

≤ et/2
1As0,t/2

∑
u∈N (t/2)

E(t/2,Xu(t/2),Yu(t/2))

exp
(

−β
∫ t

t/2

∣∣∣∣∣ Ys√
2s

∣∣∣∣∣
α

(1 + f(Ys, s)) ds
)

× 1Rt≥m(t)−a,|Yt|∈[tκ/2+ε,2ηt]

,
(2.96)

also noting that, on the event in the probability, we have |Yu(t)| = |Xu(t) tan θu(t)| ≤
2ηt, by choosing η small enough such that tan η ≤

√
2η. Then, for any x ≤ t/

√
2 − 1

(recall that on As0,t/2 we have Xu(t/2) ≤
√

2 · t/2 − 1) and for any y ∈ R, we have to
bound

E(t/2,x,y)

[
exp

(
−β

∫ t

t/2

∣∣∣∣∣ Ys√
2s

∣∣∣∣∣
α

(1 + f(Ys, s)) ds
)
1Rt≥m(t)−a,|Yt|∈[tκ/2+ε,2ηt]

]

=
∫

|z|∈[tκ/2+ε,2ηt]
P(t/2,x)

(√
X2

t + z2 ≥ m(t) − a
)
G̃(t/2, y; t, z) dz, (2.97)

where G̃ is defined in (2.46). Choosing η < 1/
√

2, we have, for t large enough, for any
|z| ≤ 2ηt, |z| ≤ m(t) − a, and therefore

√
(m(t) − a)2 − z2 ≥ m(t) − a − z2/(m(t) −

a)2 ≥ m(t) − a− z2/(2t). Hence, for t large enough, for any x ≤ t/
√

2 and |z| ≤ 2ηt,
we get

P(t/2,x)

(√
X2

t + z2 ≥ m(t) − a
)

= P
(

N (0, t/2) ≥
√

(m(t) − a)2 − z2 − x
)

≤ P
(

N (0, t/2) ≥ m(t) − a− z2

2t − x

)

≤ exp
(

− t

2 −
√

2x+ ϑ1t
1−κ − x2

t
+ z2

t2

(
t√
2

+ x

)
+O(log t)

)
,

where we wrote m(t) − a− x = t√
2 + x− ϑ1√

2t
1−κ + O(log t) with x := t/

√
2 − x ≥ 1,

we used that κ ∈ (1/2, 1), and noted that m(t) − a − x − z2/(2t) ≥ 0 if η is chosen
small enough in order to apply the Gaussian tail bound P(N (0, v) ≥ u) ≤ e−u2/2v for
u ≥ 0. Furthermore, maximizing in x, we can bound

z2

t2

(
t√
2

+ x

)
− x2

t
≤ z2

√
2t

+ z4

4t3 ≤ z2

t
,
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by choosing η small enough. Coming back to (2.97), we get

E(t/2,x,y)

[
exp

(
−β

∫ t

t/2

∣∣∣∣∣ Ys√
2s

∣∣∣∣∣
α

(1 + f(Ys, s)) ds
)
1Rt≥m(t)−a,|Yt|∈[tκ/2+ε,2ηt]

]

≤ exp
(

− t

2 −
√

2x+ ϑ1t
1−κ +O(log t)

) ∫
|z|∈[tκ/2+ε,2ηt]

ez2/tG̃(t/2, y; t, z) dz

≤ exp
(

− t

2 −
√

2x+ ϑ1(t/2)1−κ +O(log t)
) ∫

|z|∈[tκ/2+ε,2ηt]
ez2/t−c|z|(2+α)/2t−α/2 dz,

using Proposition 2.3.6 and that κ = 2α/(2 + α). Note that, if η is chosen small
enough, one has z2/t− c |z|(2+α)/2 t−α/2 ≤ −1

2c |z|(2+α)/2 t−α/2 for |z| ≤ 2ηt. Thus, the
last integral is a O(exp(−c′tε(2+α)/2)). Coming back to (2.96), we get

P
(
As0 ∩

{
∃u ∈ N (t) : Ru(t) ≥ m(t) − a, max

s∈[t/2,t]
|θu(s)| ≤ η, |Yu(t)| ≥ t

κ
2 +ε

}∣∣∣∣∣Ft/2

)
≤ exp

(
ϑ1(t/2)1−κ − c′tε(2+α)/2 +O(log t)

)
· 1As0,t/2

∑
u∈N (t/2)

e
√

2(Xu(t/2)−
√

2·t/2)

≤ exp
(
−c′tε(2+α)/2 +O(log t)

)
· 1As0,t/2Zt/2,

using that 1 ≤ (
√

2 · t/2−Xu(t/2)) on As0,t/2. We conclude by taking the expectation
and applying Lemma 2.5.2.

In the next lemma, we improve the straight barrier given by the event As0 to
replace it by a curved barrier which includes the same polynomial correction as m(t).
For s > 0, let

m+(s) :=
√

2s− ϑ1√
2
s1−κ + 10 log s. (2.98)

Note that m+(s) is above m(s), at a distance of order log s. The coefficient 10 here
has been arbitrarily chosen.

Lemma 2.5.5. We have

P
(

∃u ∈ N (t) : max
s∈[t/2,t]

(Xu(s) −m+(s)) > 0
)

−−−→
t→∞

0.

Proof. In order to discretize time afterwards, we first argue that with high probability
no particle moves by more than 1 on a time interval of length t−2 between times t/2
and t: by a union bound over s and over u ∈ N (s) and the many-to-one lemma
(bounding the branching rate by 1), we have

P
(

∃s ∈ [t/2, t+ t−2] ∩ t−2Z, ∃u ∈ N (s) : max
r∈[s−t−2,s]

|Xu(r) −Xu(s)| > 1
)

≤
∑

s∈[t/2,t+t−2]∩t−2Z
es · P

(
max

r∈[0,t−2]
|Br| > 1

)
≤ t3 · et · 4e−t2/2 −−−→

t→∞
0,
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using in the second inequality that maxr∈[0,t−2] Br is distributed as |Bt−2| and a clas-
sical Gaussian tail bound. It follows that it is sufficent to prove that

P
(

∃u ∈ N (t) : max
s∈[t/2,t]∩t−2Z

(Xu(s) −m+(s) + 1) > 0
)

−−−→
t→∞

0. (2.99)

Recalling that P
(
Ac

s0

)
→ 0 as s0 → ∞ by (2.80), it is enough to prove that

P
(
As0 ∩

{
∃u ∈ N (t) : max

s∈[t/2,t]∩t−2Z
(Xu(s) −m+(s) + 1) > 0

})
−−−→
t→∞

0, (2.100)

for any fixed s0 > 0. Using a union bound over s ∈ [t/2, t] ∩ t−2Z, the left-hand side
of (2.100) is at most∑

s∈[t/2,t]∩t−2Z
P
(
As0 ∩

{
∃u ∈ N (s) : Xu(s) > m+(s) − 1

})

≤
∑

s∈[t/2,t]∩t−2Z

P(As0 ∩
{

∃u ∈ N (s) : Xu(s) > m+(s) − 1, max
r∈[s/2,s]

|θu(r)| ≤ σ

})

+ e−cs

,
where σ > 0 is given by Lemma 2.5.1 and c is then given by Lemma 2.5.3, noting
that Xu(s) > m+(s) − 1 implies Ru(s) > m(s). Therefore, it is now enough to prove
that

P
(
As0 ∩

{
∃u ∈ N (t) : Xu(t) > m+(t) − 1, max

s∈[t/2,t]
|θu(s)| ≤ σ

})
= o

(
t−3
)
, (2.101)

as t → ∞, for any fixed s0 > 0.
We first work conditionally on Ft/2. By a union bound over u ∈ N (t), the branch-

ing property at time t/2, the many–to–one lemma (Lemma 2.4.1) and Lemma 2.5.1,
we get

P
(
As0 ∩

{
∃u ∈ N (t) : Xu(t) > m+(t) − 1, max

s∈[t/2,t]
|θu(s)| ≤ σ

}∣∣∣∣∣Ft/2

)

≤ et/2
1As0,t/2

∑
u∈N (t/2)

E(t/2,Xu(t/2),Yu(t/2))

exp
(

−β
∫ t

t/2

∣∣∣∣∣ Ys√
2s

∣∣∣∣∣
α

(1 + f(Ys, s)) ds
)

× 1Xt>m+(t)−1


≤ et/2

1As0,t/2

∑
u∈N (t/2)

C exp
(
ϑ1
(
(t/2)1−κ − t1−κ

))
P(t/2,Xu(t/2))

(
Xt > m+(t) − 1

)
,

(2.102)
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using the independence between X and Y and applying Proposition 2.3.5.1 to the Y
part. For the X contribution, note that, under P(t/2,Xu(t/2)), Xt is Gaussian with mean
Xu(t/2) and variance t/2. Moreover, note that on event As0,t/2 we have Xu(t/2) ≤
√

2 · t/2 so that m+(t) −Xu(t/2) ≥ 0. Hence, we can apply the Gaussian tail bound
P(N (0, v) ≥ a) ≤ e−a2/2v for a ≥ 0 to get

P(t/2,Xu(t/2))
(
Xt ≥ m+(t) − 1

)
≤ exp

(
−t/2 −

√
2(

√
2t/2 −Xu(t/2)) + ϑ1t

1−κ − 10
√

2 log t+
√

2
)
.

Therefore, the right-hand side of (2.102) is at most

Ct−10
√

2 exp
(
ϑ1(t/2)1−κ

)
1As0,t/2

∑
u∈N (t/2)

e−
√

2(
√

2t/2−Xu(t/2)) ≤ Ct−10
√

2+κ/4
1As0,t/2Zt/2,

using that on As0,t/2 we have 1 ≤ (
√

2t/2 − Xu(t/2)). Taking the expectation and
applying Lemma 2.5.2 yields (2.101) and concludes the proof.

We conclude this subsection by the following corollary which gathers the three
previous lemmas and is the starting point of the proof of the upper bound of Theorem
2.1.1 in the next subsection.

Corollary 2.5.6. Recall the definition of m+(s) in (2.98). For any η > 0 and a ≥ 0,
as t → ∞,

P (Mt ≥ m(t) + a+ 1)

≤ P
(

∃u ∈ N (t) : Xu(t) ≥ m(t) + a, max
s∈[t/2,t]

|θu(s)| ≤ η,

max
s∈[t/2,t]

Xu(s) −m+(s) ≤ 0
)

+ o(1).

Proof. Let η > 0 and a ≥ 0. First note that if the result holds for some η, then it
directly holds for any other η′ > η, hence we can assume that η is smaller than the
one given by Lemma 2.5.4. Fix ε > 0 such that κ/2 + ε < 1/2. By Lemmas 2.5.3 and
2.5.4, we have

P (Mt ≥ m(t) + a+ 1)

= P
(

∃u ∈ N (t) : Ru(t) ≥ m(t) + a+ 1, max
s∈[t/2,t]

|θu(s)| ≤ η, |Yu(t)| < t
κ
2 +ε

)
+ o(1).

Now consider u ∈ N (t) satisfying the properties in the last probability. We can
assume η < π/2 so that Xu(t) ≥ 0. Then, we have Ru(t) = Xu(t)+O(Yu(t)2/Xu(t)) =
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Xu(t) + o(1), because Xu(t) is necessarily of order t while Yu(t) = o(
√
t). Therefore,

we have Xu(t) ≥ m(t) + a for t large enough (but deterministic). This proves

P (Mt ≥ m(t) + a+ 1) ≤ P
(

∃u ∈ N (t) : Xu(t) ≥ m(t) + a, max
s∈[t/2,t]

|θu(s)| ≤ η

)
+o(1).

The conclusion of the corollary then follows directly from Lemma 2.5.5.

2.5.4 Proof of the upper bound

Proof of the upper bound in Theorem 2.1.1. We prove here that

lim sup
a→∞

lim sup
t→∞

P (Mt ≥ m(t) + a) = 0. (2.103)

Let σ > 0 be the constant given by Lemma 2.5.1. By Corollary 2.5.6 and (2.80), it is
enough to prove, for any s0 > 0,

lim sup
a→∞

lim sup
t→∞

P (E) = 0, (2.104)

where we define

E := As0,t/2 ∩
{

∃u ∈ N (t) : Xu(t) ≥ m(t) + a,

max
s∈[t/2,t]

|θu(s)| ≤ σ, max
s∈[t/2,t]

Xu(s) ≤ m+(s)
}
,

which depends implicitly on t, a and s0. We summarize shortly the proof before
diving into the details. Let 0 < δ < κ and set t0 = t − tδ. The proof consists of
three steps: we first work conditionally on Ft0 , then on Ft/2 and finally bound the
non-conditional probability. A key idea for the first step is that the upper barrier at
m+(s) is too crude to get a good bound on the end of the trajectory. Instead, we
compare the x-coordinate of our BBM on time interval [t0, t] to a one-dimensional
BBM with branching rate 1, for which sharp bounds are known. This comparison is
sufficient because δ < κ, so the time window tδ is smaller than the typical time scale
tκ where the fact of having a varying branching rate plays a role. The second step
deals with the time interval [t/2, t0] and consists in calculating the conditional first
moment of the bound obtained in the first step, and in bounding it in terms of the
pseudo-derivative martingale Zt/2. The final step, which deals with [0, t/2] is a direct
application of Lemma 2.5.2.
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Step 1. Fix some a ≥ 0. We condition on Ft0 and count the number of particles
at time t0 which have a descendant that exceeds m(t) + a at time t,

P(E|Ft0) ≤ 1As0,t/2

∑
u∈N (t0)

1∀s∈[t/2,t0],|θu(s)|≤σ1∀s∈[t/2,t0],Xu(s)≤m+(s)

× P(t0,Xu(t0),Yu(t0))

(
max

v∈N (t),u≤v
Xv(t) ≥ m(t) + a

)
. (2.105)

Next, we can dominate maxv∈N (t),u≤v Xv(t) by the maximum of a one-dimensional
BBM with branching rate 1, call M1d

s its maximum at time s,

P(t0,Xu(t0),Yu(t0))

(
max

v∈N (t),u≤v
Xv(t) ≥ m(t) + a

)
≤ P(0,Xu(t0))

(
M1d

tδ ≥ m(t) + a
)
,

(2.106)
where we used that t− t0 = tδ. Now, we use the following bound for the tail of M1d

s ,
which follows from [4, Corollary 10]: letting m1d(s) =

√
2s− 3

2
√

2 log s for s > 1, there
exists C > 0 such that, for any x ∈ R and s ≥ 1,

P
(
M1d

s ≥ m1d(s) + x
)

≤ C(x ∨ 1)e−
√

2x exp
(

−
x2

+
4s

)
, (2.107)

where x+ = max(x, 0). We apply this to (2.106) with s = tδ and

x = m(t)−m1d(tδ)−Xu(t0)+a =
√

2t0 −Xu(t0)+a− ϑ1√
2
t1−κ −

(3
2(1 − δ) − κ

4

) log t√
2
.

Moreover, recall t0 = t− tδ and δ ∈ (0, κ), so we have t1−κ = t1−κ
0 + o(1) and

m(t) −m1d(tδ) + a = m+(t0) −
(

10
√

2 + 3
2(1 − δ) − κ

4

) log t√
2

+ a+ o(1) ≤ m+(t0).

for t large enough depending only on a. Hence, we get

P(0,Xu(t0))
(
M1d

tδ ≥ m(t) + a
)

≤ C
(
(m+(t0) −Xu(t0)) ∨ 1

)
e−

√
2(

√
2t0−Xu(t0)+a)+ϑ1t1−κ

× t
3
2 (1−δ)− κ

4 exp
(

−
(m(t) −m1d(tδ) −Xu(t0) + a)2

+
4tδ

)
.

Note that the last exponential is a non-increasing function of a, so we can replace a
by 0. Going back to (2.105), this yields

P(E|Ft0) ≤ Ce−
√

2aeϑ1t1−κ

t
3
2 (1−δ)− κ

41As0,t/2Υt0 , (2.108)

where we set

Υt0 :=
∑

u∈N (t0)
(m+(t0) −Xu(t0) + 1)e

√
2(Xu(t0)−

√
2t0) exp

(
−

(m(t) −m1d(tδ) −Xu(t0))2
+

4tδ

)

× 1∀s∈[t/2,t0],|θu(s)|≤σ1∀s∈[t/2,t0],Xu(s)≤m+(s),
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and used that Xu(t0) ≤ m+(t0) to bound (m+(t0)−Xu(t0))∨1 ≤ m+(t0)−Xu(t0)+1.
Step 2. We now aim at bounding P(E|Ft/2). By (2.108), it is enough to bound

E[Υt0|Ft/2]. By the branching property at time t/2, the many–to–one lemma (Lemma
2.4.1) and Lemma 2.5.1 (note that Xu(s) ≤ m+(s) ensures that Xu(s) ≤

√
2s), we

get

E[Υt0|Ft/2]

≤
∑

u∈N (t/2)
E(t/2,Xu(t/2),Yu(t/2))

exp
((

t0 − t

2

)
− β

∫ t0

t/2

∣∣∣∣∣ Ys√
2s

∣∣∣∣∣
α

(1 + f(Ys, s)) ds
)

× (m+(t0) −Xt0 + 1)e
√

2(Xt0 −
√

2t0) exp
(

−
(m(t) −m1d(tδ) −Xt0)2

+
4tδ

)

× 1∀s∈[t/2,t0],Xs≤m+(s)

.
Then, using the independence between X and Y and applying Proposition 2.3.5 to
the Y part, we get

E[Υt0|Ft/2] ≤ exp
(
t0 − t

2 + ϑ1
(
(t/2)1−κ − t1−κ

0

)) ∑
u∈N (t/2)

χ(
√

2 · t/2 −Xu(t/2)),

(2.109)
where we set, for any x ∈ R,

χ(x) := E(t/2,
√

2·t/2−x)

(m+(t0) −Xt0 + 1)e
√

2(Xt0 −
√

2t0)

× exp
(

−
(m(t) −m1d(tδ) −Xt0)2

+
4tδ

)
1∀s∈[t/2,t0],Xs≤m+(s)

.
By Girsanov’s theorem and invariance of Brownian motion by reflection, note that,
under the measure with density e−

√
2(Xt0 −[

√
2·t/2−x])+(t0−t/2) w.r.t. P(t/2,

√
2·t/2−x), the

process (
√

2s−Xs)s≥t/2 has the same distribution as (Xs)s≥t/2 under P(t/2,x). There-
fore, we get

χ(x) = e−
√

2x−t0+ t
2E(t/2,x)

(Xt0 − f(t0) + 1) exp
(

−
(m(t) −m1d(tδ) +Xt0 −

√
2t0)2

+
4tδ

)

× 1∀s∈[t/2,t0],Xs≥f(s)

,
with f(s) :=

√
2s − m+(s) = ϑ1√

2s
1−κ − 10 log s. Note that χ(x) = 0 if x < f(t/2),

so we consider now x ≥ f(t/2). Since f is concave on [t/2, t0] for t large enough, it
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stays above the straight line between its endpoint (t/2, f(t/2)) and (t0, f(t0)), that
we denote by fline. Therefore, for any y ≥ f(t0), we have

P(t/2,x) (∀s ∈ [t/2, t0], Xs ≥ f(s)|Xt0 = y)
≤ P(t/2,x) (∀s ∈ [t/2, t0], Xs ≥ fline(s)|Xt0 = y)

≤ 2(x− f(t/2))(y − f(t0))
(t0 − t/2) ,

by [32, Lemma 2]. Therefore, integrating w.r.t. Xt0 first and noting that the density
of Xt0 under P(t/2,x) is upper bounded by 1/

√
2π(t0 − t/2), we get

χ(x) ≤ Cxe−
√

2x−t0+ t
2

(t0 − t/2)3/2

∫ ∞

f(t0)
(y − f(t0) + 1)2 exp

(
−

(m(t) −m1d(tδ) + y −
√

2t0)2
+

4tδ

)
dy.

Then, recalling that t1−κ = t1−κ
0 + o(1), we have m(t) − m1d(tδ) −

√
2t0 = −f(t0) +

O(log t) and therefore, the integral in the last displayed equation is at most Ct3δ/2

for t large enough. On the other hand, we have t0 − t/2 ≥ t/3 for t large enough.
Combining this, we get

χ(x) ≤ Cxt(δ−1)3/2e−
√

2x−t0+ t
2 .

Coming back to (2.108) and (2.109) and using again that t1−κ
0 = t1−κ + o(1), we

obtained that, for any a ≥ 0 for t large enough,

P(E|Ft/2) ≤ Ce−
√

2aeϑ1(t/2)1−κ

t−
κ
41As0,t/2

∑
u∈N (t/2)

(
√

2 · t/2 −Xu(t/2))e−
√

2(
√

2·t/2−Xu(t/2))

= Ce−
√

2aZt/21As0,t/2 , (2.110)

recalling the definition of the pseudo-derivative martingale Zt/2 in (2.83).
Step 3. Taking the expectations of (2.110) and applying Lemma 2.5.2, we finally

get: for any a ≥ 0, for t large enough,

P (E) ≤ Ce−
√

2a.

This implies (2.104) and therefore concludes the proof.

2.6 Lower bound for the maximum

The goal of this section is to show that with high probability there will be particles
at time t with a modulus close to m(t) in the sense that

lim inf
a→∞

lim inf
t→∞

P (Mt ≥ m(t) − a) = 1.

77



This shows the lower half of the tightness claimed in Theorem 2.1.1. The proof relies
on a first and second moment calculation on the number of such particles satisfying
further path conditions.

2.6.1 A lower bound on the branching rate

Before defining precisely the set of particles we consider, we present a key tool for
the proof, which is a lower bound for the branching rate of particles with appropriate
trajectories. Recall that Lemma 2.5.1 provided a upper bound for the branching rate.

Lemma 2.6.1. Let ε ∈ (0, 2κ−1). There exist σ, L > 0 such that, for s0 large enough
and t ≥ s0, on the event {∀s ∈ [s0, t] : Xs ≥ m(t)

t
s− s(1+ε)/2, |Ys| ≤ σs}, we have∫ t

s0
b(θs) ds ≥ (t− s0) − β

∫ t

s0

∣∣∣∣∣ Ys√
2s

∣∣∣∣∣
α

(1 + f(Ys, s)) ds,

where f = f+
L,2−α,(1−ε)/2 =

[
L
(∣∣∣y

s

∣∣∣2−α
+ s−(1−ε)/2

)]
∧ 1 which is defined in (2.47).

We remark that the parameters a = 2−α and b = (1−ε)/2 appearing in f+
L,2−α,1−δ

satisfy the conditions of the propositions of Section 2.3, which are a > 1 − α/2 and
b > 1 − κ.

Proof of Lemma 2.6.1. We work on the event appearing in the statement. First note
that m(t)/t =

√
2 + O(t−κ) ≥

√
2 − t−(1−ε)/2 for s0 large enough, because κ > 1/2 >

(1 − ε)/2, and therefore, we have Xs ≥
√

2s− 2s(1+ε)/2 for any s ∈ [s0, t]. To obtain
a lower bound on the branching rate, we need an upper bound on the angle: using
arctan(x) ≤ x for x ≥ 0 together with Xs ≥

√
2s− 2s(1+ε)/2 we get

|θs| = arctan
(∣∣∣∣ Ys

Xs

∣∣∣∣) ≤
∣∣∣∣ Ys

Xs

∣∣∣∣ ≤
∣∣∣∣∣ Ys√

2s

∣∣∣∣∣ 1
1 −

√
2s−(1−ε)/2

≤
∣∣∣∣∣ Ys√

2s

∣∣∣∣∣ (1 + 2s−(1−ε)/2
)
,

(2.111)
for s0 large enough. Observe that our assumption on the trajectory also entails that
|θs| ≤ Cσ for s0 large enough. By Assumption (A2), b(θ) = 1 − β |θ|α + O(θ2) as
θ → 0, so there exist M > 0 and σ0 ∈ (0, π/2) such that, for any |θ| ≤ σ0,

b(θ) ≥ 1 − β |θ|α −M |θ|2 .

Take σ ≤ C−1 and combine this with (2.111), for any s0 large enough we have

b(θs) ≥ 1 − β

∣∣∣∣∣ Ys√
2s

∣∣∣∣∣
α (

1 + 2s−(1−ε)/2
)1 + M

β

∣∣∣∣∣ Ys√
2s

∣∣∣∣∣
2−α (

1 + 2s−(1−ε)/2
)

≥ 1 − β

∣∣∣∣∣ Ys√
2s

∣∣∣∣∣
α (

1 + L

(∣∣∣∣Ys

s

∣∣∣∣2−α

+ s−(1−ε)/2
))

,
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for some L > 0. Lastly, note that L(|Ys/s|2−α + s−(1−ε)/2) ≤ 1 when we choose σ
small enough and s0 large, so that this term equals f+

L,2−α,(1−ε)/2. The statement of
the lemma then follows by integrating over s.

We can now introduce the set of particles we consider for the first and second
moment argument. Recall that α ∈ (2/3, 2) implies κ ∈ (1/2, 1). Let ε ∈ (0, 2κ − 1)
and σ be small enough so that the conclusions of Lemmas 2.5.1 and 2.6.1 are satisfied.
These two parameters ε and σ are now fixed for the whole section.

For 0 ≤ s0 ≤ s ≤ t, we set

g+
t (s) := m(t)

t
s− ((s− s0) ∧ (t− s))(1−ε)/2 ,

g−
t (s) := m(t)

t
s− s(1+ε)/2,

Γs0(t) :=
{
u ∈ N (t) : Xu(t) ∈ [m(t) − 1,m(t)],

∀s ∈ [s0, t] : |Yu(s)| ≤ σs,Xu(s) ∈ [g−
t (s), g+

t (s)]
}
. (2.112)

The parameter s0 will be chosen large enough throughout the section.

2.6.2 First moment estimate

Lemma 2.6.2. For s0 large enough, there exists c > 0 such that, for any t large
enough, for any x ∈ [

√
2s0 − 2√

s0,
√

2s0 − √
s0], y ∈ [−sκ/2

0 , s
κ/2
0 ],

E(s0,x,y) [|Γs0(t)|] ≥ c.

Proof. Throughout the proof we absorb dependencies on s0 into the constants. There
are three events that contribute to Γs0(t),

B1 = {Xt ∈ [m(t) − 1,m(t)]} , B2 =
{
∀s ∈ [s0, t], Xs ∈ [g−

t (s), g+
t (s)]

}
,

B3 = {∀s ∈ [s0, t], |Ys| ≤ σs} ,

we define them for the Brownian motions (Xs, Ys)s≥0. They arise when applying the
many–to–one lemma, Lemma 2.4.1,

E(s0,x,y) [|Γs0(t)|] = E(s0,x,y)

[
1∩3

i=1Bi
exp

(∫ t

s0
b(θs) ds

)]
. (2.113)

Because we work on the event B2 ∩B3, we can apply Lemma 2.6.1. As a consequence
of this, the X and Y contributions decouple and (2.113) is at least

et−s0P(s0,x) (B1 ∩B2)E(s0,y)

[
1B3 exp

(
−β

∫ t

s0

∣∣∣∣∣ Ys√
2s

∣∣∣∣∣
α

(1 + f(Ys, s)) ds
)]

. (2.114)
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For the Y –contribution, we have by Proposition 2.3.5.2 applied with any η ∈ (0, 2−κ),
noting that s(κ+η)/2 ≤ σs for any s ≥ s0 by choosing s0 large enough,

E(s0,y)

[
1B3 exp

(
−β

∫ t

s0

∣∣∣∣∣ Ys√
2s

∣∣∣∣∣
α

(1 + f(Ys, s)) ds
)]

≥ ctκ/4 exp
(
−ϑ1t

1−κ
)
, (2.115)

where the factors depending on s0 have been absorbed in c.
We now consider the X–contribution. By Girsanov’s theorem with drift λ =

m(t)/t, we have

et−s0P(s0,x) (B1 ∩B2) = e(1− λ2
2 )(t−s0)E(s0,x−λs0)

[
1B̂1

1B̂2
e−λ(Xt−Xs0 )

]
,

where, recalling the definitions of g+
t and g−

t in (2.112),

B̂1 = {Xt ∈ [−1, 0]} ,
B̂2 =

{
∀s ∈ [s0, t], Xs ∈

[
−s(1+ε)/2,− ((s− s0) ∧ (t− s))(1−ε)/2

]}
.

Noting that 1 − λ2

2 = ϑ1t
−κ + (3

2 − κ
4 ) log t

t
+ o(1

t
) and bounding e−λ(Xt−Xs0 ) ≥ c by

using Xt ∈ [−1, 0] and our assumption on x, we get

et−s0P(s0,x) (B1 ∩B2) ≥ ct3/2−κ/4eϑ1t1−κP(s0,x−λs0)
(
B̂1 ∩ B̂2

)
. (2.116)

Shifting time by s0 and integrating w.r.t. the final value Xt−s0 , we have

P(s0,x−λs0)
(
B̂1 ∩ B̂2

)
≥
∫ −1/2

−1
P(0,x−λs0) (∀s ∈ [0, t− s0], Xs ∈ Is|Xt−s0 = y)P(0,x−λs0) (Xt−s0 ∈ dy) ,

(2.117)

where Is = [−(s + s0)(1+ε)/2,− (s ∧ (t− s0 − s))(1−ε)/2]. Note that we restricted our-
selves to y ∈ [−1,−1/2] to be at distance at least 1/2 from the upper barrier at the
end. Then, on the one hand, for t large enough, P(0,x−λs0)(Xt−s0 ∈ dy) ≥ ct−1/2 dy.
On the other hand, note that our lower barrier satisfies

−(s+ s0)(1+ε)/2 ≤ −1
2s

(1+ε)/2
0 − 1

2s
(1+ε)/2 ≤ −1

2s
(1+ε)/2
0 − 1

2 (s ∧ (t− s0 − s))(1+ε)/2

and by our assumption on x0 we have x−λs0 ∈ [−2√
s0,−

√
s0/2] for s0 large enough,

so by [63, Lemma 2.8], for t large enough,

P(0,x−λs0) (∀s ∈ [0, t− s0], Xs ∈ Is|Xt−s0 = y) ≥ c

t
(λs0 − x)(−y) ≥ c

t
.

Combining this with (2.116) and (2.117), the total X–contribution is

et−s0P(s0,x) (B1 ∩B2) ≥ ct−κ/4eϑ1t1−κ

. (2.118)

Going back to (2.114), combining (2.118) with (2.115), we get the desired result.
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2.6.3 Second moment estimate

Lemma 2.6.3. For s0 large enough, there exists C > 0 such that, for any t large
enough, for any x ∈ [

√
2s0 − 2√

s0,
√

2s0 − √
s0], y ∈ R,

E(s0,x,y)
[
|Γs0(t)|2

]
≤ C.

Proof. Throughout the proof, we absorb dependencies on s0 into the constants. First,
note that it is enough to prove E(s0,x,y)[|Γs0(t)| (|Γs0(t)| − 1)] ≤ C. Indeed, we then
have

E(s0,x,y)
[
|Γs0(t)|2

]
= E(s0,x,y) [|Γs0(t)|] + E(s0,x,y) [|Γs0(t)| (|Γs0(t)| − 1)]

≤ E(s0,x,y)
[
|Γs0(t)|2

]1/2
+ C,

which yields the result because x2 ≤ x+ y implies x ≤ 1 + y1/2 for any x, y ≥ 0.
To compute E(s0,x,y)[|Γs0(t)| (|Γs0(t)| − 1)], we want to apply the many-to-two

lemma. To this end, define the events for i ∈ {1, 2},

B
(i)
1 =

{
ξi

1,t ∈ [m(t) − 1,m(t)]
}
, B

(i)
2 =

{
∀s ∈ [s0, t], ξi

1,s ∈ [g−
t (s), g+

t (s)]
}
,

B
(i)
3 =

{
∀s ∈ [s0, t], |ξi

2,s| ≤ σs
}
,

where ξi
1,t and ξi

2,t denote the X and Y –coordinate of ξi
t respectively. Then, the

many–to–two lemma (Lemma 2.4.2) yields

E(s0,x,y) [|Γs0(t)| (|Γs0(t)| − 1)]

=
∫ t

s0
E(s0,x,y)

[
1∩2

i=1∩3
j=1B

(i)
j
b(ξ1

t ) exp
(∫ t

s0
b(ξ1

s ) ds+
∫ t

r
b(ξ2,r

s ) ds
)]

2 dr. (2.119)

Choosing s0 large enough, we have g+
t (s) ≤

√
2s for any s ∈ [s0, t], and there-

fore Lemma 2.5.1 can be applied on the event B(i)
2 ∩ B

(i)
3 to bound b(ξi

s) ≤ 1 −
β|ξi

2,s/
√

2s|α(1 + f(ξi
2,s, s)), where f satisfies the assumptions of Proposition 2.3.5.1.

This then completely decouples the X and Y –coordinates of (2.119). We now bound
the indicators of B(i)

3 by 1 and use b(ξ1
t ) ≤ 1 to bound (2.119) by

∫ t

s0
e(t−s0)e(t−r)P(s0,x)

 2⋂
i=1

2⋂
j=1

B
(i)
j


× E(s0,x,y)

[
exp

(
−β

∫ t

s0

∣∣∣∣∣ ξ1
s√
2s

∣∣∣∣∣ (1 + f(ξ1
s , s)) ds− β

∫ t

r

∣∣∣∣∣ ξ2,r
s√
2s

∣∣∣∣∣ (1 + f(ξ2,r
s , s)) ds

)]
dr.

(2.120)
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Recalling the definition of G̃ from (2.46), the expectation in (2.120) equals
∫
R
G̃(s0, y; r, ŷ)

[ ∫
R
G̃(r, ŷ; t, z) dz

]2

dŷ ≤ Ctκ/2r−κ/4eϑ1r1−κ−2ϑ1t1−κ (2.121)

using Proposition 2.3.5.1 twice and incorporating the s0 dependencies into C. We now
focus on the probability in (2.120). Integrating first w.r.t. ξ1,r

r = ξ2,r
r and weakening

the barrier, we get

P(s0,x)

 2⋂
i=1

2⋂
j=1

B
(i)
j

 (2.122)

≤
∫ g+

t (r)

−∞
P(s0,x)

(
B

[s0,r]
2

∣∣∣Xr = y
)
P(r,y)

(
B1 ∩B

[r,t]
2

)2 e−(y−x)2/[2(r−s0)]√
2π(r − s0)

dy,

(2.123)

where B1 = {Xt ∈ [m(t) − 1,m(t)]} and BI
2 = {∀s ∈ I,Xs ≤ λs} with λ = m(t)/t.

By [32, Lemma 2], we have

P(s0,x)
(
B

[s0,r]
2

∣∣∣Xr = y
)

≤ 2(λs0 − x)(λr − y)
r − s0

∧ 1 ≤ C(y + 1)
(r − s0 + 1) ,

writing y = λr− y and using the assumption on x. On the other hand, by Girsanov’s
theorem, we have

P(r,y)
(
B1 ∩B

[r,t]
2

)
= E(s0,y−λr)

[
1{Xt∈[−1,0]}1{∀s∈[r,t],Xr≤0}e

−λ(Xt−Xs0 )− λ2
2 (t−r)

]
≤ C(y + 1)

(t− r + 1)3/2 e
−λy− λ2

2 (t−r),

where we used e−λ(Xt−Xs0 ) ≤ e−λy and bounded the remaining probability by first
integrating w.r.t. Xt and then applying [32, Lemma 2] again. Coming back to (2.123),
using also

e−(y−x)2/[2(r−s0)] = e−(λ(r−s0)−y−x+λs0)2/[2(r−s0)] ≤ e− λ2
2 (r−s0)+λ(y+x−λs0) ≤ Ce− λ2

2 r+λy,

and changing y for y in the integral, we obtain

P(s0,x)

 2⋂
i=1

2⋂
j=1

B
(i)
j


≤ Ce−λ2t+ λ2

2 r

(r − s0 + 1)
√
r − s0(t− r + 1)3

∫ ∞

((r−s0)∧(t−r))(1−ε)/2
e−λy(y + 1)3 dy

≤ Ct3− κ
2 e−2t+2ϑ1t−κ

er−ϑ1rt−κ−( 3
2 − κ

4 ) r
t

log(t)

(r − s0 + 1)
√
r − s0(t− r + 1)3 e−((r−s0)∧(t−r))(1−ε)/2

,
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using λ2

2 = 1 − ϑ1t
−κ − (3

2 − κ
4 ) log t

t
+ o(1

t
) for the prefactor, and e−λy(y + 1)3 ≤ Ce−y

for the integral. Combining this with (2.121), we get that (2.120) is at most

Ct3
∫ t

s0
r−κ/4 eϑ1(r1−κ−rt−κ)−( 3

2 − κ
4 ) r

t
log(t)

(r − s0 + 1)
√
r − s0(t− r + 1)3 e

−((r−s0)∧(t−r))(1−ε)/2 dr. (2.124)

Then, using that s ≥ s0 7→ (log s)/s is decreasing for s0 large enough, we have
e

κ
4

r
t

log(t) ≤ rκ/4 and e− 3
2

r
t

log(t) = t−3/2e
3
2

t−r
t

log(t) ≤ t−3/2(t − r)3/2. Moreover, there
exists C(κ) > 0 such that r1−κ − rt−κ ≤ C(r ∧ (t − r))1−κ for any r ∈ [s0, t]: this is
direct for r ≤ t/2 and, for r ≥ t/2, one has

r1−κ − rt−κ = r1−κ

(
1 −

(
1 − t− r

t

)κ
)

≤ C(κ)t1−κ t− r

t
≤ C(κ)(t− r)1−κ.

It follows that eϑ1(r1−κ−rt−κ)−((r−s0)∧(t−r))(1−ε)/2 ≤ C, where we recall that C can depend
on s0. Applying these facts to (2.124) shows

E(s0,x,y) [|Γs0(t)| (|Γs0(t)| − 1)] ≤ Ct3/2
∫ t

s0

1
(r − s0 + 1)

√
r − s0(t− r + 1)3/2 dr ≤ C,

which concludes the proof.

2.6.4 Proof of the lower bound

We are now in a position to show the lower bound of Theorem 2.1.1. To be precise,
we show that, for any δ > 0, there exists x ∈ R such that

lim sup
t→∞

P (Mt ≤ m(t) − x) ≤ δ. (2.125)

Proof of the lower bound in Theorem 2.1.1. We use the moment bounds on |ΓK(t)|
to show that there are particles near m(t) at time t. For s0 ≥ 0, we consider the box

Bs0 = [
√

2s0 − 2√
s0,

√
2s0 −

√
s0] × [−sκ/2

0 , s
κ/2
0 ]. (2.126)

In the sequel, we consider s0 large enough to satisfy Lemmas 2.6.2 and 2.6.3 as well
as other properties mentioned below.

Combining Lemmas 2.6.2 and 2.6.3, as well as the Cauchy-Schwarz inequality,
there exist t0 > s0 and c0 > 0 such that for all t ≥ t0 and (x, y) ∈ Bs0 ,

P(s0,x,y) (Mt ≥ m(t) − 1) ≥ P(s0,x,y) (|ΓK(t)| ≥ 1) ≥
E(s0,x,y)[|ΓK(t)|]2
E(s0,x,y)[|ΓK(t)|2] ≥ c0 > 0.

From this it follows that we also have, for all t ≥ t0 − s0 and (x, y) ∈ Bs0 ,

P(0,x,y) (Mt ≥ m(t) − 1) ≥ P(s0,x,y) (Mt+s0 ≥ m(t+ s0) − 1) ≥ c0 > 0, (2.127)
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using that m(t+ s0) ≥ m(t), if s0 is chosen large enough.
Let δ > 0. By Lemma 2.6.4 below, for every N ∈ N, there is r > 0 such that

P(0,0,0) (# {u ∈ N (r) : (Xu(r), Yu(r)) ∈ Bs0} ≥ N) ≥ 1 − δ/2. (2.128)

Hence, restricting ourselves to the event in (2.128), applying the branching property
at time r and then (2.127) to the BBMs starting from particles in Bs0 at time r, we
get, for any t ≥ t0 − s0 + r,

P(0,0,0) (Mt ≥ m(t− r) − 1) ≥ (1 − ε/2)
(
1 − (1 − c0)N

)
≥ 1 − δ,

for N = N(δ, c0) large enough. And therefore we have

P(0,0,0)
(
Mt ≥ m(t) −

√
2r − 1

)
≥ 1 − δ,

for t large enough such that m(t− r) ≥ m(t) −
√

2r. This proves (2.125).

Lemma 2.6.4. For s0 large enough, recalling the definition of Bs0 in (2.126), we
have P(0,0,0)-a.s.

# {u ∈ N (t) : (Xu(t), Yu(t)) ∈ Bs0} −−−→
t→∞

∞

Proof. As s0 → ∞, the angular coordinate of points in Bs0 is uniformly going to 0,
so, using Assumption (A2), we can choose s0 large enough so that the branching rate
is at least 1/2 on Bs0 . We also introduce a family of square boxes, indexed by L > 0:

BL
s0 =

(√
2s0 − 3

2
√
s0 + [−L,L]

)
× [−L,L]. (2.129)

We also assume that s0 is large enough such that B4
s0 ⊂ Bs0 . We now fix s0.

We define a spine (ξt)t≥0 with ξt ∈ N (t), starting with the root and then choosing
one of the two children uniformly at random at each branching point. We now make
the two following claims

• Claim 1: The spine branches infinitely many times in the box B2
s0 almost surely.

• Claim 2: There exists c > 0 such that, for all (x, y) ∈ B2
s0 ,

P(0,x,y)

(
#
{
u ∈ N (t) : (Xu(t), Yu(t)) ∈ B4

s0

}
−−−→
t→∞

∞
)

≥ c. (2.130)
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Combining these two claims together with the branching property along the spine
and the second Borel–Cantelli lemma yields the result.

We now prove the claims. For Claim 1, note that the trajectory of the spine is
a two-dimensional Brownian motion, which is recurrent, so a.s. the spine enters B1

s0 ,
then leaves B2

s0 , then enters B1
s0 , then leaves B2

s0 , and so on infinitely many times.
Because the branching rate is at least 1/2 on B2

s0 as mentioned at the beginning of
the proof, the probability that the spine branches between an entry time of B1

s0 and
the next exit time of B2

s0 is bounded away from 0 uniformly in the entry point in B1
s0 .

Therefore, Claim 1 follows from the second Borel–Cantelli lemma.
We now deal with Claim 2. Using that the branching rate is at least 1/2 on B4

s0 , it is
enough to prove the claim for a BBM with branching rate 1/2 and where particles are
killed when leaving B4

s0 . But this branching Markov process is supercritical, because
the largest eigenvalue of the Laplacian with Dirichlet boundary condition on B4

s0 is
−1

2(π2

42 ), which is larger than the opposite of the branching rate. The fact of being
supercritical implies the claim as shown in [80] or [86]. More precisely, let u1(x, y) be
the extinction probability when starting from (x, y) ∈ B4

s0 . Then, [86, Theorem 2.1]
implies that u1 is continuous on B4

s0 and [86, Theorem 2.2] shows that u1 < 1 on the
interior of B4

s0 , so there exists c > 0 such that, for all (x, y) ∈ B2
s0 , u1(x, y) ≤ 1 − c.

But [86, Lemma 2.1] proves that 1 − u1(x, y) equals the probability in (2.130)
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Chapter 3

Biased branching random walks on
Bienaymé–Galton–Watson trees

3.1 Introduction and main results

Branching particle systems have become a staple of probability theory. On the one
hand they appear naturally in random models of evolving populations, turbulence
cascades, or epidemiology to name but a few of the contexts where they have proven a
key tool; and on the other, in spite of their simple definition such processes have a rich
and sophisticated structure while being remarkably useful to study other important
mathematical objects such as reaction diffusion equations or log-correlated fields.

Unless there is extinction, a branching particle systems can be thought of as an
expanding cloud of particles in some space and the first question one wants to answer
is at what linear speed does this expansion happen? This is now very well understood
in homogeneous deterministic space (e.g. for branching random walks or branching
Brownian motion in Rd). In discrete time and space, the random walk can be replaced
by any irreducible Markov chain and the corresponding branching Markov chain can
be described as follows. Start the system with one particle at the origin. After
each time unit, particles produce offspring according to a fixed offspring law and the
offspring particles choose a new location, independently of each other, according to
the Markov chain, starting from the location of the mother particle. This model is
also known as tree-indexed Markov chain. One may ask about recurrence/transience
of the branching Markov chain: is the origin (or any other site in the state space
of the Markov chain) visited infinitely often by some particle? Does the maximal
distance of the particles to the origin grow at a linear speed? In the transient case,
does the minimal distance of the particles to the origin grow at a linear speed? These
questions have also been addressed in cases where the Markov chain is a random walk
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in random environment, see Section 3.1.4.
Here, we consider a branching random walk on Bienaymé–Galton–Watson trees where
the underlying Markov chain is the λ–biased random walk on a Bienaymé–Galton–
Watson tree. The motion of a single particle is a well-studied model of a random walk
in random environment, although there are still fascinating open questions, see [70].
In a homogeneous environment, i.e. for a transitive Markov chain, it is well-known
that the origin is visited infinitely often by some particle if and only if the product
of the mean offspring number with the spectral radius of the Markov chain is strictly
larger than 1. We show that the same is true in our model, see Theorem 3.1.2.
If the Markov chain is statistically transitive and if the distance to the origin of
the Markov chain satisfies a large deviation principle, the maximal distance of the
particles to the origin grows at a linear speed which should be given as follows. The
linear speed v is such that the exponential growth rate of the number of particles
compensates the exponential decay of the probability for a single particle to be at
time n at a distance at least nv from the origin, see formula 3.4 for a precise statement.
We refer to Section 3.1.4 for known examples where this heuristics has been confirmed.
Indeed, this statement is true in our model: the main results of the paper, Theorem
3.1.1 and Theorem 3.1.3, characterize the linear growth rate of both the maximal and
minimal distances of the particles to the origin. While the proof of the upper bound
of the linear growth rate of the maximal distance to the origin follows a standard
argument (relying on a union bound and the many–to–one formula), the proof of the
lower bound is more complicated and involves several decoupling procedures.
The paper is organized as follows. In Section 3.1.1, we define the model and describe
our assumptions. In Section 3.1.2, we state our main results, Theorems 3.1.1 and 3.1.3.
We then give in Section 3.1.3 an outline of the proof of Theorem 3.1.1, which is mainly
based on Proposition 3.1.4 and Proposition 3.1.5. In Section 3.1.4, we describe some
related works. Turning to the proofs, we start by recalling large deviation statements
for λ-biased random walk (of a single particle) on Bienaymé–Galton–Watson trees in
Section 3.2.1. In Section 3.2.3 we recall a well-known zero–one law and use it to prove
Proposition 3.1.5. In Section 3.2.4 we prove Proposition 3.1.4 by using a comparison
with a branching process in random environment. We then show Theorem 3.1.1 and
Theorem 3.1.3. Finally, we conclude with some open questions in Section 3.3.

3.1.1 The model

First, we need a distribution for the environment: Let p := (pk, k = 0, 1, 2, . . .) be a
probability measure on N0 = {0, 1, 2, . . .}. Define BGW to be the law of a Bienaymé–
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Galton–Watson (BGW–tree) ω with offspring distribution p. We will always assume
that

p0 = 0 and p1 < 1. (3.1)

Then the Bienaymé–Galton–Watson tree is supercritical, without leaves, and

mBGW :=
∑
k≥1

kpk > 1.

Throughout this paper, we also suppose that

mBGW < ∞.

The root of the tree ω is denoted by o. For a vertex x ∈ ω, write |x| for its height,
that is the (graph) distance between x and o. Denote by x− its parent, by κx the
number of its children, and by xj ∈ ω its j-th child for j ≤ κx. We will denote the
children of the root by 1, 2, . . . , κo instead of o1,o2, . . . ,oκo. Let Dn be the set of
vertices with height equal to n; we call Dn the n-th level of the tree. For every i ≤ |x|,
let xi ∈ Di be its ancestor at the i-th level. Write x ⪯ y if x is an ancestor of y or
x = y.

Next, we need a branching mechanism: Let µ := (µk, k = 0, 1, 2, . . .) be another
probability measure. Define T to be another Bienaymé–Galton–Watson tree with
offspring distribution µ, independent of ω. This tree will act as the genealogy of
the branching random walk. To differentiate between T and ω in notation, we call
vertices of T particles and typically denote them by u, v, w (as opposed to x, y, z ∈ ω).
Similarly, we denote the root of T by ∅, the number of children of a particle u by γu

and we call |u| the generation of u.
Thirdly, given the environment ω, we construct the λ–biased branching random

walk (BRW) on ω in discrete time: We denote the branching random walk by
(X(u), u ∈ T) and its law by Pω. Unless otherwise noted, the initial particle ∅ ∈ T
starts at the root o ∈ ω, i.e. X(∅) = o. Then we proceed inductively. At time n+1, a
particle u ∈ T with |u| = n is replaced independently by γu children with probability

Pω(γu = k) = µk, k ≥ 0.

For j ≤ γu, each child uj ∈ T is situated at a certain position in ω, independently of
γu and the other children, according to the following rule:

Pω(X(uj) = i|X(u) = o) = 1
κo
, i = 1, 2, . . . , κo;

Pω(X(uj) = x−|X(u) = x) = λ

λ+ κx

, x ̸= o;

Pω(X(uj) = xi|X(u) = x) = 1
λ+ κx

, x ̸= o, i = 1, 2, . . . , κx.
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We further assume that the BRW is supercritical with finite expectation, in the sense
that

m :=
∑
k≥1

kµk ∈ (1,∞). (3.2)

Under this condition, it is well-known that the BRW survives with strictly positive
probability. In fact, for simplicity, throughout this paper we work under the stronger
condition that

µ0 = 0 and µ1 < 1, (3.3)

so that the BRW survives almost surely. If one assumes only (3.2), similar results
can be easily obtained by conditioning on the event of survival.

Lastly, when we consider the randomness of the environment together with the
randomness of the process, we speak of the annealed law (compared to the quenched
law Pω). The annealed law is obtained by averaging Pω over the environment,

P(·) :=
∫

Pω(·)BGW(dω).

We denote expectations with respect to BGW by EBGW, e.g. E[ · ] = EBGW[Eω[ · ]]. This is
to emphasise that the remaining randomness depends only on ω but not the branching
random walk.

3.1.2 Results

The main purpose of this work is to study the asymptotic behaviour of the maximal
height of the branching random walk at time n, that is max|u|=n |X(u)|, as n → ∞.

Because at generation n the branching random walk has of the order of mn parti-
cles, a first moment argument and the so-called many-to-one formula suggest that the
highest particle should be at a height of order vλ,mn where vλ,m corresponds to the
point where the large deviations rate function of the λ-biased random walk is equal
to logm.

More precisely, let vλ be the velocity of a single λ-biased random walk (see Theo-
rem 3.2.1). Then, the velocity vλ,m is related to the rate function Iλ : [vλ, 1] 7→ [0,∞)
of the large deviation principle for λ-biased random walks, obtained in [40] (c.f. Sec-
tion 3.2.1): we have

vλ,m = sup {a ∈ [vλ, 1] : Iλ(a) ≤ logm} . (3.4)

In particular, if vλ,m < 1, vλ,m is the unique solution to Iλ(vλ,m) = logm. Since
Iλ(vλ) = 0, we have vλ,m ∈ (vλ, 1]. Moreover, vλ,m = 1 if and only if m ≥ eIλ(1) =
(∑k≥1

k
k+λ

pk)−1. For any fixed λ, vλ,m is strictly increasing with m in (1, eIλ(1)).
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Figure 3.1: An artistic interpretation of a branching random walk on a Bienaymé–
Galton–Watson tree.
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Theorem 3.1.1 (Velocity of the maximal displacement). Let (X(u), u ∈ T) be a λ-
biased branching random walk with reproduction law µ. Suppose that µ0 = 0, µ1 < 1,
m := ∑

k≥1 kµk > 1 and m < ∞. Then for BGW–a.e. ω, we have

lim
n→∞

1
n

max
|u|=n

|X(u)| = vλ,m, Pω − a.s.

where vλ,m is a constant that only depends on λ, m and the tree offspring law p and
is given by (3.4).

Besides the maximal height of a branching random walk, we can also study the
minimal height at time n, min|u|=n |X(u)|, as n → ∞. The study of this quantity is
related to the question of recurrence and transience of the branching random walk,
or in other words its local extinction/local survival. Let dmin := min{k : pk > 0} be
the minimum offspring number of ω and let

αx := Pω (∀n ∈ N ∃u ∈ T : |u| ≥ n,X(u) = x|X(∅) = x) ,

the quenched probability that starting at x, there are infinitely many particles that
visit x. We show that the critical value for λ, namely dmin, which is required for a
transient phase of the branching random walk is different from the critical value of λ
for recurrence/transience of the λ–biased random walk which is mBGW.

Theorem 3.1.2. For BGW-a.e. ω, a BRW (X(u), u ∈ T) is transient in the sense that
αx = 0 for all x ∈ ω if and only if

λ < dmin and m ≤ dmin + λ

2
√
λdmin

. (3.5)

where m = ∑
k≥1 kµk > 1 is the mean offspring of the BRW.

Otherwise if λ ≥ dmin or m > dmin+λ
2
√

λdmin
, then the BRW is strongly recurrent, i.e. αx = 1

for all x ∈ ω.

We prove Theorem 3.1.2 in Section 3.2.2. We remark that part of this statement is
the non–existence of the weakly recurrent phase: there is no choice of λ, m, and x such
that we have αx ∈ (0, 1). The second part of condition (3.5) can also be written as
m ≤ e−Iλ(0). The expression for Iλ(0) (respectively the threshold in (3.5)) may seem
complicated. We note that Iλ(0) = H(1

2 | dmin
dmin+λ

) where H(s|t) = s log s
t
+ (1 − s)1−s

1−t
is

the relative entropy between two Bernoulli distributions with parameters s, t ∈ (0, 1).
See Figure 3.2 for an illustration of the different recurrence and transience regimes.

For the case λ = 1, it is proven in [84] that a BRW is transient in the sense
that αo = 0 if and only if (3.5) holds. The fact that recurrence or transience is
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determined only by supp{pk, k ≥ 1} and not by the actual distribution {pk, k ≥ 1}
can also be compared to [38, Theorem 1.1] where the authors study a BRW in random
environment on Zd. There the the recurrence/transience criterion depends only on
supp Q (in their notation).

λ

m

dmin mBGW

0
1

m ≤ dmin+λ
2
√
dminλ

RW transient RW recurrent

BRW strongly recurrent

BRW transient

Figure 3.2: The different recurrence and transience regimes for the λ–biased random
walk and λ–biased branching random walk.

Clearly, in the strongly recurrent regime we have

lim
n→∞

min
u∈T,|u|=n

|X(u)|
n

= 0, Pω − a.s. for BGW − a.e. ω.

In fact, the number of particles at the origin should grow exponentially. In the
transient regime we show the following.

Theorem 3.1.3 (Velocity of the minimal displacement). Let (X(u), u ∈ T) be a λ–
biased branching random walk as above. Assume that we are in the transient regime,
i.e. that m ≤ dmin+λ

2
√

λdmin
and λ < dmin. We also need to assume

dmin ≥ 2. (3.6)

Then for BGW–a.e. ω, we have

lim
n→∞

1
n

min
|u|=n

|X(u)| = ṽλ,m, Pω − a.s.

where ṽλ,m ∈ [0, vλ) is a constant that only depends on λ, m and the tree offspring
law p, see (3.7) below.
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The assumption (3.6) comes from the slowdown large deviations result [40, Theo-
rem 1.2]; see Theorem 3.2.3 below. With the large deviation rate function Iλ : [0, vλ] →
[0,∞) therein we have the identity

ṽλ,m := inf {a ∈ [0, vλ] : Iλ(a) ≤ logm} . (3.7)

Let us comment on the properties of ṽλ,m: because dmin ≥ 2 and λ < dmin, Iλ is
strictly decreasing on [0, vλ] and Iλ(0) is known, see (3.11) below. This implies that
ṽλ,m > 0 if and only if m < dmin+λ

2
√

λdmin
. In the critical case when m = dmin+λ

2
√

λdmin
, we have

ṽλ,m = 0. The branching walk is still transient, which suggests that in the critical
case the minimum moves at sublinear speed. Also note that ṽλ,m < vλ,m and that
ṽλ,m is strictly decreasing in m for fixed λ.

In the case of dmin = 1, the branching random walk can only be transient (de-
pending on m) if λ < 1. However this case is not covered by the large deviations
result and therefore is out of our reach for the study of the branching random walk.
Nevertheless, we believe the same results to be true.

The proof of Theorem 3.1.3 is very similar to that of Theorem 3.1.1. We will
discuss the differences briefly in Section 3.2.5.

3.1.3 Outline of the proof of Theorem 3.1.1

The main difficulty in showing Theorem 3.1.1 lies in showing a lower bound, i.e. to
show that there are particles that realise the speed (vλ,m − ε) for some ε > 0 small.
Our approach is not dissimilar from the standard approach (see for example [81,
Section 1.4]) and consists mainly of the following two propositions.

Proposition 3.1.4. Under the assumptions of Theorem 3.1.1 we have for any a <
vλ,m

P
(

lim inf
n→∞

max
|u|=n

|X(u)|
n

≥ a

)
> 0.

Proposition 3.1.5. Under the assumptions of Theorem 3.1.1 we have the following
0 − 1 law for any a > 0:

Pω

(
lim inf

n→∞
max
|u|=n

|X(u)|
n

≥ a

)
> 0, for BGW − a.e. ω

=⇒ Pω

(
lim inf

n→∞
max
|u|=n

|X(u)|
n

≥ a

)
= 1, for BGW − a.e. ω.
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We show Propositions 3.1.5 and 3.1.4 in Sections 3.2.3 and 3.2.4 respectively.
Although Proposition 3.1.4 looks close to Theorem 3.1.1 already, there are still

two more steps to do. One is to go from > 0 to = 1 which is provided by the Pω-
zero–one law, Proposition 3.1.5. The other one is to go from the annealed law P to
the quenched law Pω, for which we shall develop another zero–one law under BGW.
The main obstacle in proving Proposition 3.1.4 is that for two particles u, v ∈ T with
|u| = |v| = n and u ̸= v, the descendant populations

{X(w);w ∈ T, u ≺ w} and {X(w′);w′ ∈ T, v ≺ w′},

while being independent under Pω, are not identically distributed because they may
use different parts of ω. When considered under P, they have the same law but are
not independent any more as they might depend on the same part of ω. We overcome
this by careful analysis and comparing our process to an N0–valued branching process
in random environment.

Regarding Proposition 3.1.5, it is not surprising that this holds as for fixed environ-
ment ω the quantity lim infn→∞ max|u|=n

|X(u)|
n

is a tail–measurable random variable.
Nevertheless, the standard tools like Kingman’s subadditive ergodic theorem (as used
in [81, Section 1.4]) or Kolmogorov’s 0 − 1 law cannot be applied. Again, the issue is
that the increments, in any sense, are not identically distributed. Interestingly, our
proofs are different in the strongly recurrent and the transient regimes. In the tran-
sient regime, the crucial ingredient of the proof is that ω, while not being a transitive
graph in the usual sense, is statistically transitive in the sense that for any x ∈ ω the
subtree {y ∈ ω : x ⪯ y} has the same law as ω under P.

Remark 3.1.6. Proposition 3.1.5 depends crucially on Bienaymé–Galton–Watson trees
being statistically transitive. Consider a 3–ary and a 4–ary tree joined at a common
root. While both trees are transitive, the combined tree is not. If the branching rate
for the branching random walk is low enough, Proposition 3.1.5 fails (and in fact
Theorem 3.1.1 as well).

3.1.4 Related work

Shape theorems for branching random walks on lattices or on Rd are a classical
topic, going back to the work of [22, 52, 64], we also refer to [70] and to [81] for
additional references. In the one-dimensional case, not only the linear growth of
the maximal/minimal distance to the origin is known, but also the fluctuations, see
[8]. Also, there are, for the one-dimensional case, many finer results about point
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process convergence of the particle configuration, seen from the maximum/minimum,
we again refer to [81] for references. We remark that in the multidimensional case,
there are only few results in this direction but this is a very active field of research.

The question about the linear growth of the maximal/minimal distance to the
origin for branching random walks in random (spatial) environment was investigated
by [41] and [89] for one-dimensional random walk in random environment. For a
general model of multi-dimensional random walk in random environments, shape
theorems were proven in [38]. In the discrete setup, recurrence and transience for
branching Markov chains were investigated in [12],[48] and [76]. For branching random
walks on Galton-Watson trees, where the underlying Markov chain is a simple random
walk, the question about recurrence and transience was answered in [84]. There are
several papers studying the Martin boundary of branching Markov chains, relating
it to the properties of the underlying Markov chain, we refer to [20, 35, 60] among
others. The authors of [42] study the range of a critical branching random walk on
regular trees and are working on a similar result for random trees.

In the physics literature, there is interest in the study of F–KPP type reaction–
diffusion equations in random environment [21, 34, 58]. They are linked to branching
random walks by duality; in particular the front of F–KPP equation behaves similarly
to the maximal displacement of the branching random walk.

For background on the λ–biased random walk we refer again to [70], to [81] and
to the survey [10] on biased random walks in random environment and the references
therein.

3.2 Proofs of main results

3.2.1 Preliminaries: biased random walks on a BGW tree

As mentioned in the introduction, the underlying motion to the BRW is the λ–biased
random walk (Sn)n≥0 on ω. We describe its quenched law Pω. This is a Markov chain
starting from S0 = o with transition kernel

Pω(Sn+1 = i|Sn = o) = 1
κo
, i = 1, 2, . . . , κo;

Pω(Sn+1 = x−|Sn = x) = λ

λ+ κx

, x ̸= o;

Pω(Sn+1 = xi|Sn = x) = 1
λ+ κx

, x ̸= o, i = 1, 2, . . . , κx.

Let P(·) :=
∫

Pω(·)BGW(dω) be the annealed law.
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This is one of the most well-studied models for a random walk in random envi-
ronment. For an introduction to the simple random walk on random trees see [70,
Chapter 17] and for a survey on biased random walks on random graphs see [10]. One
key fact about the random walk is the following.

Theorem 3.2.1 (Existence of speed [69, Theorem 3.1]). Assume that ω has no leaves,
i.e. p0 = 0 and that 1 < mBGW < ∞. Then there is vλ ∈ [0,∞) such that

Pω

(
lim

n→∞

|Sn|
n

= vλ

)
= 1, BGW − a.s.

Moreover, vλ > 0 if and only if λ < mBGW.

The function λ 7→ vλ is still not fully understood; in particular, the monotonicity
is a well-known open question except for small λ, see [11].

Another result about the λ–biased random walk which is crucial to us is the
existence of a large deviation principle.

Theorem 3.2.2 (Large deviations, speed-up probabilities [40, Theorem 1.1]). Sup-
pose that λ < mBGW < ∞. Then, there exists a continuous, convex, strictly increasing
function Iλ : [vλ, 1] 7→ [0,∞), with

Iλ(vλ) = 0 and Iλ(1) = − log
∑
k≥1

k

k + λ
pk,

satisfying, for b > a, a ∈ (vλ, 1],

lim
n→∞

1
n

log Pω

( |Sn|
n

∈ [a, b)
)

= lim
n→∞

1
n

logP
( |Sn|
n

∈ [a, b)
)

= −Iλ(a), BGW − a.s.

(3.8)

Theorem 3.2.3 (Large deviations, slow-down probabilities [40, Theorem 1.2]). Sup-
pose that mBGW < ∞ and that

either dmin ≥ 2 or λ ≥ 1. (3.9)

Then, there exists a continuous, convex, decreasing function Iλ : [0, vλ] 7→ [0,∞),
with Iλ(vλ) = 0, such that for 0 ≤ b < a < vλ,

lim
n→∞

1
n

log Pω

( |Sn|
n

∈ [b, a)
)

= lim
n→∞

1
n

logP
( |Sn|
n

∈ [b, a)
)

= −Iλ(a), BGW − a.s.

(3.10)
If λ ≥ dmin, then Iλ(a) = 0 for a ∈ [0, vλ]. If λ < dmin, then Iλ is strictly decreasing
on [0, vλ] and

Iλ(0) = lim
a↓0

Iλ(a) = log
(
dmin + λ

2
√
λdmin

)
(3.11)
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3.2.2 Strong recurrence and transience

The recurrence property of a BRW is closely related to the spectral radius of the
λ-biased random walk (Sn) of a single particle on the tree ω. This is the following
number, which is known to be the same for every x, y ∈ ω:

ρω(λ) := lim sup
n→∞

Pω(Sn = y | S0 = x) 1
n .

Proposition 3.2.4. Suppose that mBGW < ∞. Then for BGW-a.e. ω,

ρω(λ) =
1, λ ≥ dmin;

2
√

λdmin
dmin+λ

, λ ∈ (0, dmin).
(3.12)

For λ = 1, this result can also be found in [84, Proposition 3.5].

o

ω

x

A(x, 2L) L

L

d(2)

d(1)

Figure 3.3: The spectral radius ρω(λ) is determined by atypical regions of ω: the set
A(x, 2L) consists of L levels of a d(1)–ary tree and L levels of a d(2)–ary tree. The
choice of (d(1), d(2)) depends on λ: if λ < dmin we choose d(1) = d(2) = dmin and if
dmin ≤ λ < mBGW we choose d(1) = d0 and d(2) = dmin where d0 > mBGW. Then the
set A(x, 2L) acts as a trap for the random walk. Similarly, for the branching random
walk, A(x, 2L) acts as a seed which facilitates local survival.

Proof. If the BGW tree has a.s. bounded degree, then it follows from [76, Lemma 2.8]
that ρω(λ) = e−Iλ(0), with Iλ(0) as in Theorem 3.2.31, which leads to the desired
statement.

1the computation of the value Iλ(0) does not require (3.9); see [40, Remark 7.1]
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In general, without the assumption of bounded degree, we provide a direct proof,
using ideas from the proof of [76, Lemma 2.8]. For BGW-a.e. ω, we have for each ε > 0,

lim sup
n→∞

1
n

log Pω(Sn = o) ≤ lim sup
n→∞

1
n

log Pω(|Sn| < nε) = −Iλ(ε).

Letting ε → 0 and by continuity of Iλ, it follows that ρω(λ) ≤ e−Iλ(0). To obtain the
lower bound ρω(λ) ≥ e−Iλ(0), we treat the two cases λ < dmin and λ ≥ dmin separately.

We first consider λ < dmin. Let L ∈ N and x ∈ ω. Denote by A(x, 2L) the first
2L levels of the fringe tree rooted at x, i.e. A(x, 2L) = {y ∈ ω : x ⪯ y, |y| ≤ |x| + 2L}.
Call x a (dmin, 2L)–nice vertex if A(x, 2L) is a (dmin)–ary tree.

Such x exists for BGW-a.e. ω and for simplicity we write A := A(x, 2L). Consider
a (dmin, 2L)–nice vertex and let PA

ω be the law of a λ-biased random walk killed on
leaving the subgraph A ⊆ ω. Choose y0 ∈ A arbitrarily and denote the spectral
radius in A by ρA

ω (λ) := lim supn→∞ PA
ω (Xn = y0 | X0 = y0)

1
n . Naturally we have

PA
ω (Xn = y0 | X0 = y0) ≤ Pω(Xn = y0 | X0 = y0) and therefore ρA

ω (λ) ≤ ρω(λ).
Therefore it suffices to study ρA

ω (λ) in order to obtain a lower bound.
Let y0 ∈ A so that |y0| = |x| + L. Consider a random walk (Sn) starting from

S0 = y0 and denote by T the first time that the random walk reaches the boundary
of A, i.e. |Sn| = |x| or |Sn| = |x| + 2L. Because A is a (dmin)–ary tree, we can
compare PA

ω to a biased simple random walk on Z. Let PSRW(p) be the law of a simple
random walk on Z that moves up with probability p. Then the law of (|Sn|, n ≥ 1)
restricted to [|x|, |x| + 2L] is PSRW(p) with p = dmin

dmin+λ
. For s, t ∈ (0, 1) let H(s|t) =

s log s
t

+ (1 − s)1−s
1−t

, the relative entropy between two Bernoulli distributions. We
imitate the SRW–computations from [40, Section 3]. We can compare the biased
SRW to the symmetric SRW by performing a change of measure. In particular we
have for the large deviations of T which is now the first time of the SRW to reach
the boundary of [|x|, |x| + 2L] that

lim inf
n→∞

1
n

log PSRW(p) (T > n) ≥ lim inf
n→∞

1
n

log PSRW( 1
2 ) (T > n) −H

(1
2

∣∣∣∣p) .
The large deviations of T for PSRW( 1

2 ) are well understood, we have

lim inf
n→∞

1
n

log PSRW( 1
2 ) (T > n) = − π2

8L2 .

Recall that p = dmin
dmin+λ

and therefore H
(

1
2

∣∣∣p) = Iλ(0). Thus

lim inf
n→∞

1
n

log PSRW(p) (T > n) ≥ − π2

8L2 − Iλ(0).
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We return to the λ–biased random walk on ω. Let c = 1∧λ
λ+dmin

and ε > 0, then for an
even number n with εn > L, using the Markov property at time ⌈(1 − ε)n⌉ we have

PA
ω (Sn = y0 | S0 = y0) ≥ PA

ω (T > ⌈(1 − ε)n⌉ | S0 = y0)cεn.

It follows that

lim sup
n→∞

n−1 log PA
ω (Sn = y0 | S0 = y0) ≥ (1 − ε)

(
− π2

8L2 − Iλ(0)
)

+ ε log c.

As ε is arbitrary, this yields ρω(λ) ≥ ρA
ω (λ) ≥ − π2

8L2 − Iλ(0). Letting L → ∞, we
conclude that ρω(λ) ≥ e−Iλ(0).

We next turn to the case λ ≥ dmin. Note that when λ ≥ mBGW the λ-biased
random walk is recurrent - hence the spectral radius is 1. It remains to study the
case mBGW > λ ≥ dmin. The arguments are very similar as for the case λ < dmin but we
consider a different subset of ω, using ideas from [40, Proof of Theorem 1.2]. Recall
that (pk, k ≥ 1) is the probability distribution that determines BGW. There is d0 ∈ N
such that pd0 > 0 with d0 ≥ mBGW > λ, fix such d0. Next, we again consider a vertex
x ∈ ω where A(x, 2L) takes a specific form: on the first L levels A(x, 2L) is a d0–ary
tree, whereas on the next L levels A(x, 2L) is a (dmin)–ary tree. More precisely, for
y ⪰ x we require κy = d0 if |y| < |x|+L and κy = dmin if |x|+L ≤ |y| ≤ |x|+2L. Such
a vertex x exists BGW–almost surely, fix x and abbreviate A = A(x, 2L). Starting the
λ-biased random walk at any vertex y0 ∈ A with |y0| = |x|+L, we can again compare
it to a random walk on Z killed upon leaving [−L,L]. This is an asymmetric random
walk on Z with bias d0

λ+d0
> 1

2 on Z− and bias dmin
λ+dmin

< 1
2 on Z+. As this random walk

on Z is recurrent (when disregarding the killing), we deduce that limL→∞ ρA
ω (λ) = 1.

This also implies that ρω(λ) = 1.

Proof of Theorem 3.1.2. As λ > 0, the λ-biased RW is irreducible. By [76, Theo-
rem 2.12], a BRW starting from x ∈ ω is recurrent (strongly or weakly), if and only
if m > 1/ρω(λ). See also [48, Theorem 3.2]. Proposition 3.2.4 provides the value
of ρω(λ). It remains to show strong recurrence when m > 1/ρω(λ). We only give
details for the case λ < dmin as only a slight modification is needed for the case
mBGW > λ ≥ dmin.

Fix an integer L > 0 (to be chosen later). As in the proof of Proposition 3.2.4,
let x ∈ ω be a (dmin, 2L)-nice vertex. Let PA

ω denote the law of a BRW killed
upon leaving A := A(x, 2L). We have shown in the proof of Proposition 3.2.4 that
limL→∞ ρA

ω (λ) = ρω(λ) and therefore for all L large enough we have m > 1/ρA
ω (λ), fix

such L. By the definition of the spectral radius, for all k large enough the random
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walk (Sn) satisfies PA
ω (Sk = x | S0 = x) > m−k. Fix such a k and start a BRW

with law PA
ω at x. The expected number of particles after time k at x is bigger than

1. Therefore, by considering the BRW at times (k, 2k, 3k, . . .) and only keeping the
particles located at x, this yields a supercritical branching process, which has strictly
positive survival probability c > 0. Note that c is the same for all (dmin, 2L)-nice
vertices.

Now let us consider a BRW starting with a particle at o. We look at the ran-
dom walk (S∗

n, n ≥ 0) given by the ancestral lineage (S∗
0 = X(∅), S∗

1 = X(1), S∗
2 =

X(11), . . .). This is a λ–biased random walk. Then the trace of this random walk a.s.
encounters (dmin, 2L)–nice vertices infinitely often. Indeed, let us explore the BGW-tree
as the random walk proceeds: let (Zi, i ≥ 1) be the first vertices encountered by the
random walk on level 2Li. Note that the sets (A(Zi, 2L), i ≥ 1) are disjoint. For i ∈ N
let ζi = 1{Zi is a (dmin, 2L)–nice vertex}, the indicator that Zi is a (dmin, 2L)–nice
vertex. Consider now (ζi, i ≥ 1), this sequence of random variables is i.i.d. under
P. And furthermore, P(ζ1 = 1) > 0, i.e. there is a positive probability that Z1 is a
(dmin, 2L)–nice vertex. This implies that P–almost surely, and hence also Pω–almost
surely, ζi = 1 infinitely often.

Having established that (S∗
n, n ≥ 1) encounters infinitely many (dmin, 2L)–nice

vertices, let (Z∗
i , i ≥ 1) be a subsequence of (Zi, i ≥ 1) such that for every i ∈ N Z∗

i

is a (dmin, 2L)–nice vertex. For each i, consider now a branching process with the
measure PA

ω where A = A(Z∗
i , 2L) starting at Z∗

i at the time when (S∗
n, n ≥ 1) first

encounters Z∗
i . This auxiliary process is realised as a subset of particles of our BRW.

As discussed above, this auxiliary branching process survives with probability c > 0
under Pω for every i. Also, for i ̸= j, the auxiliary processes are independent. As
survival of these processes are i.i.d. trials, Pω–almost surely, infinitely many of them
survive. In particular, there exists i such that the i–th auxiliary process survives.
This means that Z∗

i is visited infinitely often and hence the branching random walk
is strongly recurrent.

3.2.3 0 − 1 laws, proof of Proposition 3.1.5

The goal of this section is to show Proposition 3.1.5. Interestingly, this requires
different proofs for the strongly recurrent and transient regimes. We do this by
showing various 0−1 laws for the environment BGW and for the λ–biased random walk.
Let us start by recalling the following classical zero-one law (c.f. [70, Proposition 5.6]).
We slightly vary notation to stress that this lemma can be applied both to the law of
ω and to the law of T.
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Lemma 3.2.5. [Zero-one law for inherited properties]
Consider a Bienaymé–Galton–Watson reproduction law satisfying (3.1) (no leaves)
and denote the corresponding probability measure on trees by BGW, its expectation by
EBGW and the corresponding branching process by (Zn). A property A of trees, is called
an inherited property if A ⊆ {ω : ∀j ≤ κo : ωj ∈ A} where ωj denotes the subtree
rooted at j, for j = 1, ..., Z1. This means that if a tree satisfies the property A then
all subtrees rooted at the children of the root also satisfy the property A. Then, if A
is an inherited property, we have BGW(A) ∈ {0, 1}.

Proof. Let A (resp. A(j)) be the collection of trees ω (resp. ωj) that satisfies property
A. Conditional on Z1, (A(j), j ≤ Z1) are independent copies of A. Therefore

α := BGW(A) ≤ BGW
( ⋂

j≤Z1

A(j)
)

= EBGW

[
Z1∏

j=1
BGW(A(j))

]
= EBGW[αZ1 ],

hence, α ≤ φ(α) where φ(s) := E(sZ1). But, due to (3.1), the function φ is strictly
convex with φ(0) = 0 and φ(1) = 1. We conclude that α ∈ {0, 1}.

We now turn to Proposition 3.1.5 for the strongly recurrent regime for (λ,m) as
in Theorem 3.1.2. Here we have a proper 0 − 1 law. We formulate the statements for
a fixed tree ω, if the tree is chosen randomly according to BGW then the statement is
true for BGW–almost every ω.

Proposition 3.2.6. Assume that ω is any tree such that the λ–biased BRW is strongly
recurrent. Then for every a > 0

Pω

(
lim inf

n→∞
max
|u|=n

|X(u)|
n

≥ a
)

∈ {0, 1}.

Proof of Proposition 3.1.5 for the strongly recurrent regime. If (λ,m) is chosen such
that the λ–biased random walk is strongly recurrent for BGW–almost every ω according
to Theorem 3.1.2, then Proposition 3.1.5 follows immediately from Proposition 3.2.6.

Before proving Proposition 3.2.6, we state one intermediate lemma.

Lemma 3.2.7. Assume that ω is any tree such that the λ–biased BRW is strongly
recurrent. Then for every a > 0 and x ∈ ω, set

qa,x := Pω

(
lim inf

n→∞
max
|u|=n

|X(u)|
n

≥ a

∣∣∣∣X∅ = x
)
.

Then we have qa,x = qa,o.
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Proof. Set Tx,o = inf{n ≥ 0: ∃u with |u| = n,X(u) = o}, which is a.s. finite thanks
to the strong recurrence. Let v be a particle such that |v| = Tx,o and X(v) =
o. Set X(v)(u) = X(vu), vu ∈ T, i.e. the subpopulation descended from v. As
max|u|=n |X(u)| ≥ max|u|=n−Tx,o X(vu), we have

lim inf
n→∞

max
|u|=n

|X(u)|
n

≥ lim inf
n→∞

max
|u|=n−Tx,o

|X(v)(u)|
n

= lim inf
n→∞

max
|u|=n

|X(v)(u)|
n

.

By the branching property, (X(v)) is a BRW started from o. Therefore,

qa,x ≥ Pω

(
lim inf

n→∞
max
|u|=n

|X(u)|
n

≥ a
∣∣∣∣X(∅) = o

)
= qa,o.

A similar argument shows that qa,o ≥ qa,x.

Proof of Proposition 3.2.6. Let Aa = {lim infn→∞ max|u|=n |X(u)|/n < a} and
A(j)

a = {lim infn→∞ max|u|=n |X(j)(u)|/n < a}. We claim that Aa is an inherited
property, more precisely Aa ⊆ ⋂

j≤γ∅ A
(j)
a . This follows from the independence of the

subpopulations (X(j)(u) := X(ju)) descended from each particle j ≤ γ∅ under the
law Pω, given X(u), j ≤ γ∅. Unfortunately we cannot apply Lemma 3.2.5 as the A(j)

a

do not have the same law as they all still depend on the whole of ω, not just their
respective subtree. Nevertheless, using Lemma 3.2.7, we have

1 − qa,o = Pω(Aa) ≤ Eω

[
Pω

( ⋂
j≤γ∅

A(j)
a

∣∣∣∣∣ X(j), j ≤ γ∅

)]

= Eω

[ γ∅∏
j=1

(
1 − qa,X(j)

) ]
= Eω[(1 − qa,o)γ∅ ].

This implies that 1 − qa,o is equal to either 0 or 1, and the same applies to qa,o.

We now turn to the proof of Proposition 3.1.5 in the transient regime. The lack of
strong recurrence means it is a priori difficult to compare two branching random walks
started from different vertices of (the same) ω. Because of this the above methods do
not apply. Instead we need to use that ω is statistically transitive.

To this end, we also introduce a killed version of the λ–biased random walk which
is modified at the root, whose quenched law P∗

ω is given by

P∗
ω(Sn+1 = i|Sn = o) = 1

λ+ κo
, i = 1, . . . , κo,

P∗
ω(Sn+1 = †|Sn = o) = λ

λ+ κo
,

P∗
ω(Sn+1 = x|Sn = y) = Pω(Sn+1 = x|Sn = y) for y ̸= o ,
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where † is an additional cemetery point which is an absorbing state. Define the corre-
sponding BRWs with quenched and annealed laws denoted by P∗

ω and P∗ respectively
(particles absorbed at † do not branch).

Proof of Proposition 3.1.5 in the transient phase. We focus on the phase of (m,λ) in
Theorem 3.1.2 where a λ–biased BRW is Pω-almost surely transient for BGW–almost
every ω.

Consider a BRW X∗ of law P∗
ω. We can couple this killed BRW X∗ with a BRW

X of law Pω by adding extra randomness. More precisely, for each particle u of
X situated at the root with X(u) = o, we kill each of its children with probability
q = λ

λ+κo
, independently of everything else. The resulting BRW has the same law as

X∗ restricted to ω without †. Let N be the total number of particles of X that are
children of particles at the root o, that is N = #{uj ∈ T : X(u) = o, j ∈ N}. Then
N is Pω-a.s. finite, due to the transience assumption. Set

Ba := Ac
a =

{
lim inf

n→∞
max
|u|=n

|X(u)|
n

≥ a
}
.

If Pω (Ba) > 0, then we have

P∗
ω(Ba) ≥ P∗

ω

(
Ba; no particles are killed

)
= Eω

[
1{Ba}(1 − q)N

]
> 0.

Now we view Υ(ω) = Pω (Ba) and Υ∗(ω) = P∗
ω (Ba) as functions of the random

variable ω under BGW. The previous considerations showed that Υ∗(ω) > 0, BGW–
almost surely under the assumption that Υ(ω) > 0, BGW–almost surely.

Consider now

Wk = {u ∈ T : |X(u)| = k, ∀v ≺ u : |X(v)| < k} , (3.13)

the set of particles that first hit level k in their genealogical line of descent. Note that
for u, v ∈ Wn we might have X(u) = X(v) which we would like to avoid. Therefore
for each x ∈ {y ∈ ω : ∃u ∈ Wk with X(u) = y} pick a representative u ∈ Wk with
X(u) = x. Let W̃k ⊆ Wk be the set of representatives. This means that for u, v ∈ W̃n

we have X(u) ̸= X(v).
Fix ω. We observe that for each k

1 − Υ(ω) = Pω

(
lim inf

n→∞
max
|u|=n

|X(u)|
n

< a

)

≤ Pω

∀u ∈ W̃k : lim inf
n→∞

max
|v|=n
u≺v

|X(v)|
n

< a

 .
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Next, observe that for u, v ∈ W̃k, conditional on X(u) and X(v), the descendant
populations of u and v are independent. This means that by applying the Markov
property we obtain

Pω

∀u ∈ W̃k : lim inf
n→∞

max
|v|=n
u≺v

|X(v)|
n

< a



= Eω

 ∏
u∈W̃k

Pω,X(u)

(
lim inf

n→∞
max
|v|=n

|X(v)|
n

< a

) ,
where Pω,x corresponds to the process started from a single particle located at x.
Recall that for x ∈ ω we let Fω(x) be the fringe subtree rooted at x, that is Fω(x) =
{y ∈ ω : y ⪰ x} . We introduce killing again, this time we modify Pω,X(u) by killing
all particles that cross the edge (X(u), X(u)−), the edge from X(u) to its parent.
Denote the corresponding probability measure by P∗

ω,X(u). As before, the process
with killing can be realised as a subset of particles of the process without killing,
and thus the maximal displacement, max|v|=n |X(v)| in the process without killing
stochastically dominates the maximal displacement in the process with killing. Using
the convention max ∅ = −∞ we obtain

Pω,X(u)

(
lim inf

n→∞
max
|v|=n

|X(v)|
n

< a

)
≤ P∗

ω,X(u)

(
lim inf

n→∞
max
|v|=n

|X(v)|
n

< a

)

= P∗
Fω(X(u))

(
lim inf

n→∞
max
|v|=n

|X(v)|
n

< a

)
= 1 − Υ∗(Fω(X(u))).

This yields the inequality

1 − Υ(ω) ≤ Eω

 ∏
u∈W̃k

(
1 − Υ∗

(
Fω(X(u))

)) .
Going to the annealed law, i.e. integrating over ω, and rearranging this means

EBGW [Υ(ω)] ≥ 1 − E

 ∏
u∈W̃k

(
1 − Υ∗

(
Fω(X(u))

)) .
Note that conditional on W̃k, the (Fω(x), |x| = k) are i.i.d. BGW–trees under E.

This means that we can improve the inequality to

EBGW [Υ(ω)] ≥ 1 − E

 ∏
u∈W̃k

(
1 − Υ∗

(
Fω(X(u))

)) = 1 − E
[
EBGW [1 − Υ∗(ω)]|W̃k|

]
.
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Lastly, we claim that as k → ∞ we have |W̃k| → ∞, we show this in Lemma 3.2.8
below. From this and Υ∗(ω) > 0, BGW–almost surely we obtain that EBGW [Υ(ω)] ≥ 1.
This implies that Υ(ω) = 1 for BGW–almost every ω because Υ(ω) ≤ 1 as it is a
probability.

Lemma 3.2.8. In the setting of the proof of Proposition 3.1.5 in the transient regime,
we have that |W̃k| → ∞, P–almost surely as k → ∞.

Proof. We consider a tagged particle like in the proof of Theorem 3.1.2: We look
at the random walk (S∗

n, n ≥ 0) given by the ancestral lineage (S∗
0 = X(∅), S∗

1 =
X(1), S∗

2 = X(11), . . .). Let 1n denote the tagged particle in the n-th generation
so that S∗

n = X(1n). This is a λ–biased random walk. Inspect the trace of S∗,
(S∗

n, n ≥ 0). Consider the set

R =
{
x ∈ ω : ∃n ∈ N : S∗

n = x,∀ℓ ∈ N : S∗
ℓ /∈ Fω(x)\{x}

}
.

That is, x ∈ R if S∗ encounters x but at the same time does not explore the subtree
associated with x. An event which could cause x ∈ R is the following: S∗ encounters
x∗, the parent of x, moves to x, moves back to x∗, moves to a different child of x∗, and
then never visits x∗ again. By transience of S∗ we can see that |R| = ∞, P–almost
surely.

For x ∈ ω, we define an event split(x) for the branching random walk:

1. We have x ∈ R, let τx be the first time S∗ hits x.

2. The particle 1τx (which corresponds to S∗
τx

) has at least 2 children.

3. The particle v = 1τx2 (this is the second offspring particle of 1τx which does not
correspond to S∗

τx+1) moves to a child of x.

4. The lineage corresponding to v (that is particles of the form v1ℓ for ℓ ≥ 0) never
revisits x.

See Figure 3.4 for an illustration of this event. We use these events for a lower bound
of |W̃k|,

|W̃k| ≥ 1 +
∑

x∈R:|x|<k

1{split(x)}, (3.14)

that is, whenever split(x) happens, |W̃k| increases by +1. To estimate the probabil-
ities of split(x), we define a sequence of σ–algebras (Gn)n≥1. To this end, conditional
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x

Fω(x)\{x}

∞
S∗

x∗

∞

v

∞∞∞

Figure 3.4: An illustration of the event split(x): the tagged particle S∗ (in solid
red) visits x but not Fω(x)\{x} (in light grey). While S∗ visits x, the BRW produces
a new particle v (in dashed green) that moves to a child of x and then never revisits
x.

on (S∗
ℓ )ℓ≥0 we enumerate R2 so that we can write R = (x1, x2, . . .), P–almost surely.

We set
Gn = σ

{
(S∗

ℓ )ℓ≥0 ; (κS∗
ℓ
)ℓ≥0; split(xi) for 1 ≤ i < n

}
.

Observe that Fω(xn)\{xn} is independent of Gn under P because by our choice of
xn the random walk S∗ never explores Fω(xn)\{xn}. Further, for i < n, split(xi)
does not depend on Fω(xn)\{xn}. Therefore we have

P (split(xn)|Gn)
= (1 − µ1)

κxn

λ+ κxn

P(λ–biased RW never visits x

starting from a uniformly chosen child of x|Gn)
≥ (1 − µ1)

κxn

λ+ κxn

P∗ (τo = ∞) ,

where in the second step we used that Fω(xn)\{xn} is independent of Gn. Thus
under the conditional probability the particle v sees a BGW–distributed tree which is
independent of Gn. The probability to never visit x again starting from xi is at least
the probability of starting from xi, moving to a child of xi and then never visiting xi
again. This probability equals P∗(τo = ∞) where τo is the return time to the root for
a λ–biased random walk. We also switch from P to P∗ to ensure the correct transition
probabilities at the root.

Lastly, we estimate κxn

λ+κxn
≥ 1

λ+1 and therefore for all n ≥ 1 we have

P (split(xn)|Gn) ≥ (1 − µ1)
1

λ+ 1P
∗ (τo = ∞) > 0,
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because we are in the regime where the λ–biased random walk is transient. This
estimate is uniform in n, and does not depend on Gn. Hence

∞∑
n=1

P (split(xn)|Gn) ≥
∞∑

n=1
(1 − µ1)

1
λ+ 1P

∗ (τo = ∞) = ∞.

A conditional version of the Borel–Cantelli Lemma (see for example [61, Cor. 9.21])
tells us that therefore also ∑∞

n=1 1{split(xn)} = ∞, P–almost surely. Together with
(3.14), we obtain that |W̃k| → ∞ as k → ∞, P–almost surely.

3.2.4 Annealed probability of fast particles, proof of Propo-
sition 3.1.4

The goal of this section is to show Proposition 3.1.4. That is we want to show that,
for any a < vλ,m,

P
(

lim inf
n→∞

max
|u|=n

|X(u)|
n

≥ a

)
> 0.

The crucial idea is to look for trajectories that move from level D(i−1)n to level
Din without revisiting level D(i−1)n and that move quickly, that is in time less than
n/a. This allows us to use an approximation with an N0–valued branching process
in random environment. If we can show that this branching process survives with
positive probability we are done.

We start by introducing some notation. For any u ∈ T and n ∈ N let

T u
n := inf{k ≤ |u| : |X(uk)| = n} and Ln := {uT u

n
, u ∈ T},

that are the first hitting time of Dn = {x ∈ ω : |x| = n} along the ancestral lineage of
u and the collection of particles that hit Dn for the first time in their lines of descent
respectively. Moreover, we introduce two subclasses of Ln: the particles that reach
Dn quickly, that is in fewer than cn steps (c ≥ 1), and the particles that reach Dn

quickly without returning to the root:

L(c)
n := {u ∈ Ln : |u| ≤ cn} , (3.15)

L(c),∗
n := {u ∈ Ln : |u| ≤ cn,X(uk) ̸= o,∀k = 1, . . . , |u|} . (3.16)

Specifically, we fix ε > 0 and n > 0. Set Z(n)
0 = {∅} and

Z(n)
1 = {u ∈ L(1/a),∗

n : |u| > (a+ ε)−1n}.
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For i ∈ N, we define recursively a family of particles

Z(n)
i+1 =

{
u ∈ L(i+1)n : uT u

in
∈ Z(n)

i ,

(a+ ε)−1n < |u| − T u
in ≤ a−1n, |X(uk)| > in, T u

in < k ≤ |u|
}
.

These are the particles that, for j ≤ i, move from level Djn to D(j+1)n without
revisiting Djn. Further, we impose that the particles move quickly but not too quickly.
The intuition behind requiring the particles not to move too quickly is that they have
time to branch before reaching D(i+1)n. We claim that particles like these exist for
all i with positive probability.

Lemma 3.2.9. There exists n0 > 0, such that for every n ≥ n0,

P(#Z(n)
i > 0 for all i ≥ 1) > 0.

Proof. We want to compare #Z(n)
i to an N0–valued branching process in random

environment. We stress that (#Z(n)
i , i ≥ 0) itself is not a branching process under

the annealed law P. The reason for this is that two particles that are counted in Z(n)
i

may or may not have been located at the same vertex in D(i−1)n. In this case they
depend differently on different regions of ω and do not have a consistent structure of
independence/dependence. See Figure 3.5 for an illustration.

We compare this to a process where all particles start from the same vertex in
ω at times (in, i ≥ 0). Informally, this increases the dependence between particles
as they now all use the same environment. The increased dependence should lead
to a higher probability of extinction. This also means that if this modified process
survives with positive probability, so should the branching random walk.

We start by choosing n0 large enough so that for all n ≥ n0 we have

EBGW

[
log Eω

[
#Z(n)

1

]]
> 0. (3.17)

We prove that such n0 exists in Lemma 3.2.11 below. Fix n ≥ n0 and drop the
superscript to write Zi := #Z(n)

i . We define an auxiliary branching process in random
environment (Z ′

i, i ≥ 0). Let ω⃗ := (ωi)i≥1 be a family of i.i.d. BGW–trees with
distribution BGW. Set Z ′

0 = 1 and define inductively

Z ′
i+1 :=

Z′
i∑

j=1
ξ′

i,j,

where each ξ′
i,j is an independent copy of Z1 under the quenched law Pωi

using ωi as
environment. Denote the quenched law for (Z ′

i, i ≥ 1) by P′
ω⃗ and the annealed law
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o

ω

D(i−1)n

Din

Figure 3.5: An illustration of the trajectories counted in Z(n)
i . Observe that the

trajectories are allowed to backtrack but not below levelD(i−1)n so that the trajectories
in different cones are independent. Under P the grey cones are independent copies of
ω. Each cone may have multiple particles starting in it, we compare this to a process
where all particles use the same cone.

by P′. The consequence of (3.17) is that this is a supercritical branching process in
random environment, see e.g. [7, Section VI.5]. In particular, the annealed survival
probability is strictly positive, i.e. there exists c > 0, such that

P′(Z ′
i > 0 for all i ≥ 1) ≥ c.

We set
θi,ℓ := P (Zℓ = 0|Z0 = i) and θ′

i,ℓ := P′ (Z ′
ℓ = 0|Z ′

0 = i) ,

the annealed probabilities of extinction after ℓ steps when starting with i particles.
Note that for both P and P′, all starting particles use the same environment. This
means we have

θi,ℓ = EBGW

[
Pω(Zℓ = 0)i

]
and θ′

i,ℓ = EBGW

[
P′

ω⃗(Z ′
ℓ = 0)i

]
.

By construction, Z1 and Z ′
1 have the same distribution and therefore for all i ≥ 1 we

have θi,1 = θ′
i,1. In particular,

θ′
i,1 ≥ θi,1 for all i ≥ 1.
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We now show by induction that for all ℓ ≥ 1 we have

θ′
i,ℓ ≥ θi,ℓ for all i ≥ 1.

For any i, j ≥ 1, Jensen’s inequality leads to2

θi+j,ℓ = EBGW

[
Pω(Zℓ = 0)i+j

]
≥ EBGW

[
Pω(Zℓ = 0)i

]
EBGW

[
Pω(Zℓ = 0)j

]
= θi,ℓθj,ℓ.

Inductively, we also have for a1, . . . , ak ∈ Nk with ∑k
i=1 ai = L that

k∏
i=1

θai,j ≤ θL,j. (3.18)

We want to apply the branching property. To this end, for x ∈ Dn let

Z1,x = #{u ∈ Z1 : X(u) = x},

the number of particles in Z1 that are located at x. Note that ∑x∈Dn
Z1,x = Z1. With

this (and using the convention that the empty product is 1) we have for any ℓ ≥ 1,

Pω (Zℓ+1 = 0) = Pω

(
Z1 = 0 or ∀u ∈ Z1 : the corresponding Z(u)

ℓ = 0
)

= Eω

[ ∏
x∈Dn:Z1,x>0

PFω(x) (Zℓ = 0)Z1,x

]
.

Then by taking the annealed expectation and by applying (3.18) to (Z1,x, x ∈ Dn)

θi,ℓ+1 = EBGW

[
Eω

[ ∏
x∈Dn:Z1,x>0

θZ1,x,ℓ

]i]

≤ EBGW

[
Eω

[
1{Z1=0} + θZ1,ℓ1{Z1>0}

]i]
= E

[
(θZ1,ℓ)i

]
.

Recall that Z1 and Z ′
1 have the same annealed distribution, let Z̃ ′

1 be a copy of Z ′
1

which is independent of (Z ′
i, i ≥ 1). Combining this with the above and the induction

hypothesis yields

θi,ℓ+1 ≤ E
[
(θZ1,ℓ)i

]
≤ E

[
(θ′

Z1,ℓ)i
]

= E′
[
(θ′

Z̃′
1,ℓ)

i
]
.

Lastly, we observe that the right hand side is equal to θ′
i,ℓ+1 by the Markov property

for (Z ′
i, i ≥ 1). Hence we have shown by induction

θ′
ℓ,i ≥ θℓ,i for all ℓ, i ≥ 1.

We conclude the proof using monotone convergence,

P(Zi > 0 for all i ≥ 1) = 1− lim
ℓ→∞

θ1,ℓ ≥ 1− lim
ℓ→∞

θ′
1,ℓ = P′ (Z ′

i > 0 for all i ≥ 1) ≥ c > 0.

2The consequence of Jensen here is E[Xi]E[Xj ] ≤ E[Xi+j ].
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It remains to prove (3.17), see Lemma 3.2.11 below, but before doing so, let us
show how one proves Proposition 3.1.4 assuming Lemma 3.2.9.

Proof of Proposition 3.1.4. We first translate Lemma 3.2.9 about hitting times into
a statement in terms of the maximal displacement. We choose ã ∈ (a, vλ,m) to be
determined later, and consider (Z(n)

i , i ≥ 0) as in Lemma 3.2.9 associated with ã.
Consider u ∈ Z(n)

⌊ãi⌋, then we have

⌊ãi⌋n
ã+ ε

< |u| ≤ ⌊ãi⌋n
ã

≤ in.

and |X(u)| = ⌊ãi⌋n. By considering the descendants of u at generation in, we observe
that

max
|v|=in

|X(v)| > ⌊ãi⌋n−
(
i− ⌊ãi⌋

ã+ ε

)
n ≥

(
ã− ε

ã+ ε

)
in−

(
1 + 1

ã+ ε

)
n.

We fix ã ∈ (a, vλ,m) such that ã − ε
ã+ε

> a, then for all i ∈ N large enough we have
max|v|=in |X(v)| > ain. It follows from Lemma 3.2.9 that

P
(

lim inf
i→∞

max
|u|=in

|X(u)|
in

≥ a

)
> 0.

This proves the statement for a subsequence of times. To complete the proof, we
notice that, for j ∈ [in, (i+ 1)n) with i ≥ 0,

max
|v|=j

|X(v)|
j

≥ max
|u|=(i+1)n

|X(u)| − n

(i+ 1)n .

Letting i → ∞, we conclude that

P
(

lim inf
j→∞

max
|v|=j

|X(v)|
j

≥ a

)
≥ P∗

(
lim inf

i→∞
max
|u|=in

|X(u)|
in

≥ a

)
> 0.

Remark 3.2.10. Proposition 3.1.4 still holds if P is replaced by P∗.

This remark is true because the killing at the root is built-in into Z(n)
i as we only

consider trajectories that do not revisit level D(i−1)n before reaching level Din - in
particular they do not revisit the root before reaching level D1.

It now remains to prove Lemma 3.2.11, see below, that we have used in the proof
of Lemma 3.2.9 for Equation (3.17). Recall the definition of L(c),∗

n from (3.16). We will
show that L(c),∗

n is supercritical in an appropriate sense under the annealed measure.
At this point we also mention a very useful tool that connects the BRW and the
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random walk of a single particle, the well-known many–to–one formula. For fixed ω

and any f ≥ 0 that is a function of a particle trajectory we have

Eω

 ∑
|u|=n

f ((X(uk), k ≤ n))
 = mnEω [f ((Sk, k ≤ n))] , n ∈ N. (3.19)

In our case, (3.19) follows from the linearity of expectation. See also for example [81,
Theorem 1.1] for a proof for a more general model of branching random walks on R.
Analogous formulae hold for the modified λ–biased BRW as well as for the annealed
laws.

Lemma 3.2.11. Let vλ < a < vλ,m. Then there exists ε > 0 such that

lim inf
n→∞

EBGW

[
a

n
log Eω

[
#{u ∈ L(1/a),∗

n : |u| > (a+ ε)−1n}
]]
> 0. (3.20)

In particular, there is n∗ ∈ N such that for all n ≥ n∗ we have

EBGW

[
log Eω

[
#{u ∈ L(1/a),∗

n : |u| > (a+ ε)−1n}
]]
> 0. (3.21)

Proof. Fix any ε > 0. For v ∈ T with |v| = n we write τ v
o > n if ∀k ≤ n we have

X(vk) ̸= o. Similarly, for the λ–biased random walk (Sj, j ≥ 0) we set Tn = inf{j ≥
0: |Sj| = n} and τo = inf{j > 0: Sj = o}. By the many-to-one formula (3.19),

Eω

[
#{v : |v| = ⌈a−1n⌉, (a+ ε)−1n < T v

n ≤ a−1n, τ v
o > T v

n}
]

= m⌈a−1n⌉Pω

(
(a+ ε)−1n < Tn ≤ a−1n, τo > Tn

)
.

On the other hand, by the branching property at the stopping line Ln = {uT u
n
, u ∈ T},

we have

Eω

[
#{v : |v| = ⌈a−1n⌉, (a+ ε)−1n < T v

n ≤ a−1n, τ v
o > T v

n}
]

≤ Eω

 ∑
u∈Ln

m⌈a−1n⌉−|u|
1{

u∈L(1/a),∗
n , |u|>(a+ε)−1n

} .
The right hand side can be bounded from above by

≤ m⌈a−1n⌉−(a+ε)−1nEω

[
#{u ∈ L(1/a),∗

n : |u| > (a+ ε)−1n}
]
.

Combining these considerations, taking the logarithm and rearranging leads to

log Eω

[
#{u ∈ L(1/a),∗

n : |u| > (a+ ε)−1n}
]

≥ (a+ ε)−1n logm+ log Pω

(
(a+ ε)−1n < Tn ≤ a−1n, τo > Tn

)
.
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We integrate both sides in ω with respect to BGW. This is the same as taking the
annealed law for the branching random walk on the left-hand side and the annealed
law for the non–branching random walk on the right-hand side,

EBGW

[
log Eω

[
#{u ∈ L(1/a),∗

n : |u| > (a+ ε)−1n}
]]

≥ EBGW

[
(a+ ε)−1n logm+ log Pω

(
(a+ ε)−1n < Tn ≤ a−1n, τo > Tn

)]
. (3.22)

This means we only have to estimate the latter probability for the λ–biased random
walk. By Jensen’s inequality and an annealed estimate from [40, (4.7)] we have that

lim sup
n→∞

EBGW

[ 1
n

log Pω

(
Tn ≤ (a+ ε)−1n, τo > Tn

)]
≤ lim sup

n→∞

1
n

logP
(
Tn ≤ (a+ ε)−1n, τo > Tn

)
= −Iλ(a+ ε)

a+ ε
.

From [40, Page 255] we know that Iλ(a)
a

is strictly increasing for a > vλ. It follows
that

lim inf
n→∞

EBGW

[ 1
n

log Pω

(
(a+ ε)−1n < Tn ≤ a−1n, τo > Tn

)]
= lim inf

n→∞
EBGW

[ 1
n

log Pω

(
Tn ≤ a−1n, τo > Tn

)]
.

Going back to (3.22) we obtain

lim inf
n→∞

EBGW

[
a

n
log Eω

[
#{u ∈ L(1/a),∗

n : |u| > (a+ ε)−1n}
]]

≥ lim inf
n→∞

EBGW

[
logm+ a

n
log Pω

(
Tn ≤ a−1n, τo > Tn

)]
− ε

a+ ε
logm.

(3.23)

Due to Lemma 3.2.12 below, the right-hand side is strictly positive for ε small enough.
Note that this lemma is formulated for P∗

ω instead of Pω, i.e. here particles are killed
when returning to the root. Because we consider the event {τo > Tn} the killing
will not take place and both measures agree. This completes the proof of Lemma
3.2.11.

As we have discussed above, it remains to complete the large deviation estimate,
used in (3.23), for the hitting times of the modified walk on the event that the walk
does not return to the root before reaching level n. The proof requires diving deeply
into [40] and the following lemma can be treated as a black box.
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Lemma 3.2.12. Let (Sj, j ≥ 0) be the λ–biased random walk starting from o. Set
Tn = inf{j ≥ 0: |Sj| = n} and τo = inf{j > 0: Sj = o}. Let a ∈ (vλ, 1]. Then we
have

lim inf
n→∞

EBGW

[
a

n
log P∗

ω

(
Tn ≤ a−1n, τo > Tn

)]
≥ −Iλ(a).

In particular, if vλ < a < vλ,m, with vλ,m given by (3.4), then Iλ(a) < logm and

lim inf
n→∞

EBGW

[
logm+ a

n
log P∗

ω

(
Tn ≤ a−1n, τo > Tn

)]
> 0. (3.24)

Proof. For any ε > 0, δ ∈ (0, 1) and any large ∆ ∈ N, it follows from [40, Page
253] that there exists n0 > 0, such that for every n ≥ n0, which can be written as
n = n1 +N∆ with n1 ∈ [n0, n0 + ∆), the following inequality holds:

BGW
(

log P∗
ω

(
Tn ≤ a−1n, τo > Tn

)
≥ log P∗

ω

(
Tn1 ≤ a−1n1, τo > Tn1

)
+N log(δe∆)

)
≥ 1 − ε, (3.25)

where e∆ := P∗(T∆ ≤ a−1∆, τo > T∆) is the annealed probability. Note that e∆ ≥
1

1+λ
P(T∆ ≤ a−1∆, τo > T∆).
The inequality (3.25) does not appear in this form in [40], so let us justify it here.

Note that, in [40] a slightly different version of the λ–biased random walk is used,
which has a positive probability to stay at the root. Denote its quenched law by Pω,o

which is given by

Pω,o(Sn+1 = i|Sn = o) = 1
λ+ κo

, i = 1, . . . , κo;

Pω,o(Sn+1 = o|Sn = o) = λ

λ+ κo
;

Pω,o(Sn+1 = o|Sn = y) = Pω(Sn+1 = o|Sn = y) for y ̸= o .

A random walk of law P∗
ω differs from Pω,o only in its behaviour at the root: under

P∗
ω the random walker located at o is killed with probability λ

λ+κo
in the next step,

whereas under Pω,o it remains at o with probability λ
λ+κo

. In particular, when we
restrict to not revisiting the root, their laws are the same and therefore we have

Pω,o
(
Tn ≤ a−1n, τo > Tn

)
= P∗

ω

(
Tn ≤ a−1n, τo > Tn

)
.

This enables us to translate the arguments in [40] into estimates about P∗
ω. Specifi-

cally, using the notation of [40], we have by [40, Equation (4.2) and Page 253] that

P∗
ω

(
Tn ≤ a−1n, τo > Tn

)
≥ P∗

ω

(
Tn1 ≤ a−1n1, τo > Tn1

)
eN

∆

N−1∏
i=0

Zn1+i∆(ω),
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and, for every k ≥ 1,
∞∑

j=1
BGW(Zj ≤ δ, Bk) < ∞,

where (Zj, j ≥ 1) and (Bk, k ≥ 1) are certain measurable functions and sets, respec-
tively, defined on the space of trees. On the other hand, the uncertainty estimate [40,
Proposition 4.1] yields that there exists k0 large enough such that BGW(Bk0) > 1−ε/2.
Taking n0 large enough such that

∑
j≥n0

BGW(Zj ≤ δ, Bk0) < ε/2,

then we have for every n > n0, written as n = n1 +N∆ with n1 ∈ [n0, n0 + ∆),

BGW
(

log P∗
ω

(
Tn ≤ a−1n, τo > Tn

)
≥ log P∗

ω

(
Tn1 ≤ a−1n1, τo > Tn1

)
+N log(δe∆)

)

≥ BGW
( ⋂

j≥n0

{Zj > δ}
)

≥ 1 − BGW(Bc
k0) −

∑
j≥n0

BGW(Zj ≤ δ, Bk0) ≥ 1 − ε.

This completes the proof of (3.25).
Combining (3.25) and the trivial bound

P∗
ω

(
Tn ≤ a−1n, τo > Tn

)
≥ P∗

ω

(
Tn = n) ≥ (1 + λ)−n,

we deduce that

EBGW

[
a

n
log P∗

ω

(
Tn ≤ a−1n, τo > Tn

)]
≥
(

− an1

N∆ + n1
log(1 + λ) − aN

N∆ + n1
log(δe∆)

)
− a log(1 + λ)ε.

Letting N → ∞, since δ and ε were arbitrary, we derive that

lim inf
n→∞

EBGW

[
a

n
log P∗

ω

(
Tn ≤ a−1n, τo > Tn

)]
≥ a∆−1 log e∆.

As lim∆→∞ ∆−1 log e∆ = −a−1Iλ(a) (see [40, Equations (4.7) and (4.10)]), we have
that

lim inf
n→∞

EBGW

[
a

n
log P∗

ω

(
Tn ≤ a−1n, τo > Tn

)]
≥ −Iλ(a),

proving the claim.
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3.2.5 Proof of Theorem 3.1.1

With Propositions 3.1.4 and 3.1.5 in hand, we turn to the proof of Theorem 3.1.1.
That is we show under our assumptions that for BGW–almost every ω we have

lim
n→∞

1
n

max
|u|=n

|Xu| = vλ,m, Pω − a.s.

Proof of Theorem 3.1.1. We show upper and lower bounds separately. The upper
bound follows almost immediately from Theorem 3.2.2. We first assume vλ,m < 1 and
let a > vλ,m. By the many–to–one formula (3.19) we have

Pω

(
max
|u|=n

|X(u)|
n

≥ a

)
≤ Eω

[ ∑
|u|=n

1{|X(u)|≥an}

]
= mnPω (|Sn| ≥ an) .

Since a > vλ,m, we have Iλ(a) > logm and it follows from Theorem 3.2.2 that, for
BGW-a.e. ω,

lim sup
n→∞

1
n

log Pω

(
max
|u|=n

|X(u)|
n

≥ a

)
< 0.

The Borel-Cantelli lemma implies that

lim sup
n→∞

max
|u|=n

|X(u)|
n

≤ a, Pω − a.s.,

for BGW–almost every ω. Because a > vλ,m was arbitrary, we get that

lim sup
n→∞

max
|u|=n

|X(u)|
n

≤ vλ,m, Pω − a.s., (3.26)

for BGW–almost every ω. When vλ,m = 1, this upper bound also holds automatically.
Most of the work for the lower bound has been done in Propositions 3.1.4 and

3.1.5. We consider P∗
ω again as introduced in Section 3.2.3 For a > 0 set

Ga =
{
ω : P∗

ω

(
lim inf

n→∞
max
|u|=n

|X(u)|
n

≥ a

)
= 0

}
.

Let 1, 2, . . . , κo be the children of the root in ω, and ωi = Fω(i) be the subtree rooted
at i = 1, 2, . . . , κo. Then we claim that

{ω ∈ Ga} ⊆
κo⋂
i=1

{ωi ∈ Ga}. (3.27)

To see that, let us consider a BRW under law P∗
ω, starting from one particle at the

root. With positive probability, we have one particle in the first generation, say u,
located at the vertex i. If ωi ̸∈ Ga, i.e. P∗

ωi(lim infn→∞ max|u|=n
|X(u)|

n
≥ a) > 0,
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then P∗
ω(lim infn→∞ max|u|=n

|X(u)|
n

≥ a) > 0, i.e. ω ̸∈ Ga. This shows (3.27) and
therefore Ga is an inherited property in the sense of Lemma 3.2.5. This yields that
BGW(Ga) ∈ {0, 1}.

Let ω ∈ Gc
a, i.e. P∗

ω(lim infn→∞ max|u|=n
|X(u)|

n
≥ a) > 0. Recall that by a coupling

argument 0 < P∗
ω(lim infn→∞ max|u|=n

|X(u)|
n

≥ a) ≤ Pω(lim infn→∞ max|u|=n
|X(u)|

n
≥

a).
We now conclude the proof by using Propositions 3.1.4 and 3.1.5. Let a < vλ,m.

By Proposition 3.1.4 we have

0 < P
(

lim inf
n→∞

max
|u|=n

|X(u)|
n

≥ a

)
≤ BGW(Gc

a),

which implies BGW(Gc
a) = 1. This means that

Pω

(
lim inf

n→∞
max
|u|=n

|X(u)|
n

≥ a

)
> 0, for BGW − a.e. ω.

This allows us to apply Proposition 3.1.5 which implies

Pω

(
lim inf

n→∞
max
|u|=n

|X(u)|
n

≥ a

)
= 1, for BGW − a.e. ω.

Together with (3.26), this shows Theorem 3.1.1.

3.2.6 Proof of Theorem 3.1.3

In this section we consider the minimal distance to the root in the transient regime
and prove Theorem 3.1.3. Our proof does not provide full details, as the approach
closely follows that of Theorem 3.1.1 for the maximal displacement.

Switching from maximum to minimum, the trivial direction – corresponding to
(3.26) – now serves as the lower bound:

Pω

(
lim inf

n→∞
min
|u|=n

|X(u)|
n

≥ ṽλ,m

)
= 1, for BGW − a.e. ω. (3.28)

Indeed, letting ε > 0, by the many–to–one formula (3.19) we have

Pω

(
min
|u|=n

|X(u)|
n

≤ ṽλ,m − ε

)
≤ Eω

[ ∑
|u|=n

1{|X(u)|≥(ṽλ,m−ε)n}

]

= mnPω (|Sn| ≤ ṽλ,m − ε) .

By our choice of ṽλ,m, we have Iλ(ṽλ,m −ε) > logm and it follows from Theorem 3.2.2
that, for BGW-a.e. ω,

lim sup
n→∞

1
n

log Pω

(
min
|u|=n

|X(u)|
n

≤ ṽλ,m − ε

)
< 0.
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The Borel-Cantelli lemma implies that

lim inf
n→∞

min
|u|=n

|X(u)|
n

≥ ṽλ,m − ε, Pω − a.s.,

As ε was arbitrary, this yields (3.28).
The upper bound for the minimum, that is, to show the existence of slow particles

with small linear velocity close to ṽλ,m, is similar to the lower bound for the maximum.
For this we need two statements analogous to Propositions 3.1.4 and 3.1.5. For
Proposition 3.1.5, only the transient case is relevant and the arguments requires very
little modification when considering the minimal displacement instead of the maximal
one. The statement corresponding to Proposition 3.1.4 is as follows.

Proposition 3.2.13. Under the assumption of Theorem 3.1.3 we have for any ṽλ,m <

a < vλ,

P
(

lim inf
n→∞

min
|u|=n

|X(u)|
n

≤ a

)
> 0.

We comment on the proof in Section 3.2.7. Combining Proposition 3.2.13 and the
zero–one law completes the proof of Theorem 3.1.3.

3.2.7 Annealed probability of slow particles, proof of Propo-
sition 3.2.13

We now prove Proposition 3.2.13. Similarly to Lemma 3.2.12, the first ingredient we
need is a large deviation estimate for the λ–biased random walk that we show along
the lines of [40].

Lemma 3.2.14. Let (Sj, j ≥ 0) be a random walk starting from o with law Pω,o. Set
Tn = inf{j ≥ 0: |Sj| = n} and τo = inf{j ≥ 0: Sj = o}. Let a ∈ [0, vλ). Then

lim inf
n→∞

EBGW

[
a

n
log P∗

ω

(
τo > Tn ≥ a−1n

)]
≥ −Iλ(a).

In particular, for a ∈ (ṽλ,m, vλ) with ṽλ,m as in (3.7), such that Iλ(a) < logm,

lim inf
n→∞

EBGW

[
logm+ a

n
log P∗

ω

(
τo > Tn ≥ a−1n

)]
> 0. (3.29)

Proof. For any ε > 0, δ ∈ (0, 1) and ∆ ∈ N, it follows from [40, Page 267] that there
exists n0 > 0, such that for every n ≥ n0, which can be written as n = n1 +N∆ with
n1 ∈ [n0, n0 + ∆), the following inequality holds:

BGW
(

log P∗
ω

(
τo > Tn ≥ a−1n

)
≥ log P∗

ω

(
τo > Tn1 ≥ a−1n1

)
+N log(δe∆)

)
≥ 1 − ε,

(3.30)
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where e∆ := P∗(τo > T∆ ≥ a−1∆) is the annealed probability. Indeed, this is again a
consequence of the uncertainty estimate [40, Proposition 5.1], which holds under the
assumption that dmin ≥ 2 and λ < dmin.

Moreover, for any k ∈ N, by considering the event that a random walk moves
forward for the first two steps and then oscillates between the two levels D2 and D1

for ⌈a−1k⌉ − 2 steps, we have a lower bound

P∗
ω

(
τo > Tk ≥ a−1k

)
≥
( 1
λ+ 1

)⌈a−1k⌉ ( 1
λ+Kω

)⌈a−1k⌉
,

where Kω is the maximal outer degree of vertices in D1 of the tree ω. Combining this
bound and (3.30), we deduce that (cf. proof of Lemma 3.2.12)

lim inf
n→∞

EBGW

[
a

n
log P∗

ω

(
τo > Tn ≥ a−1n

)]
≥ a∆−1 log e∆.

As lim∆→∞ ∆−1 log e∆ = −a−1Iλ(a) (see [40, Equation (5.3)]), we have that

lim inf
n→∞

EBGW

[
a

n
log P∗

ω

(
τo > Tn ≥ a−1n

)]
≥ −Iλ(a).

We turn to the BRW under P∗
ω. As in the maximum case, we consider an embed-

ded discrete-time branching process. More precisely, instead of L(c)
n and its variations,

see (3.15), we now consider particles that take very long to reach level n without re-
turn to the root:

L̂(1/a),∗
n =

{
u ∈ Ln : |u| ≥ a−1n,X(uk) ̸= o, ∀k = 1, . . . , |u|

}
.

We regard this set as the first generation of the branching process. For the second
generation, we select from the descendants of the first generation those particles that
reach level D2n slow enough without returning to Dn. We continue inductively.

More precisely, the branching process is defined as follows. For any particle u ∈ T
and i, n ∈ N let T u

in := inf{k ≥ 1 : |X(uk)| = in} be the hitting time of level Din for
the ancestral lineage of u. Set Ẑ(n)

0 = {∅}. Fix ε > 0 and define recursively the set
of particles, for i ≥ 1,

Ẑ(n)
i+1 =

{
u ∈ L(i+1)n : uT u

in
∈ Ẑ(n)

i ,

(a+ ε)−1n > |u| − T u
in ≥ a−1n, |X(uk)| > in, T u

in < k ≤ |u|
}
.

For the first generation, we have Ẑ(n)
1 = {u ∈ L̂(1/a),∗

n : |u| < (a + ε)−1n}. Using
Lemma 3.2.14 and the many-to-one formula, we deduce the following analogue of
Lemma 3.2.11 by similar arguments.

119



Lemma 3.2.15. Let a < vλ,m. Then there exists ε > 0 and n′ ∈ N such that for all
n ≥ n′

EBGW

[
log E∗

ω

[
#{u ∈ L̂(1/a),∗

n : |u| < (a+ ε)−1n}
]]
> 0.

This lemma essentially states that (#Ẑ(n)
i , i ≥ 1) is supercritical for each n large

enough under the annealed measure. Analogously to Lemma 3.2.9 we can now prove
that the branching process (Ẑ(n)

i , i ≥ 0) survives with positive probability. That is,
for every n ≥ n′ we have

P∗(#Ẑ(n)
i > 0 for all i ≥ 1) > 0.

The remaining part of the proof is essentially the same as for the maximal dis-
placement part, and we omit the details.

3.3 Open questions

We conclude with some open questions regarding our model and similar models. We
look forward to addressing some of these in future work.

1. Our result describes the leading linear term of the growth of the maximal dis-
placement. What can be said about the second term, i.e. the fluctuations of
max|u|=n |X(u)| − n · vλ,m? This is a active direction of research for branching
Brownian motion and branching random walks in the multi-dimensional case.
We refer to [8] for the “classical" result for one-dimensional branching random
walks.

2. To what extent can this result be generalised to other branching Markov chains?
More precisely, given a Markov chain with large deviation rate function I, what
assumptions have to be made so that the maximal displacement of the corre-
sponding branching Markov chain (with mean offspring m) has a linear speed
with velocity given by sup{a : I(a) ≤ logm}?

3. For a branching Markov chain which is statistically transitive, i.e. the underly-
ing Markov chain is a random walk in a homogeneous random environment, is
it true in general that there is no weak recurrence phase?

4. In this work we have mostly treated the large deviation principle and the rate
function Iλ as a black box. What can be said about the environment in the
neighbourhood of the particles that achieve the maximum? What can be said
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about their ancestral path to the root? This can be compared to [9], where it is
proved that the environment seen from the λ–biased random walk is absolutely
continuous with respect to BGW, but not identical to BGW itself.

5. In our model, in the critical case when m = dmin+λ
2
√

λdmin
, the minimal distance to

the root exhibits zero velocity, despite the biased branching random walk being
transient. What is the correct (sublinear) rate of escape in this scenario?
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Chapter 4

Hyperbolic branching Brownian
motion: the empirical limit
measure

Figure 4.1: Three simulations of hyperbolic BBM and the limit of its empirical dis-
tribution µ∞ on the boundary. The branching rates are β ∈ {0.12, 0.4, 1} from left
to right. The Hausdorff dimensions of the support of µ∞ are {0.24, 0.8, 1} whereas
the Hausdorff dimensions of the set of accumulation points on the boundary are
{0.4, 1, 1}. Observe that in the middle picture where β = 0.4 there are a lot of paths
accumulating on the boundary that do not contribute significantly to µ∞.
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4.1 Introduction

Given a transient stochastic process, one can often define a natural extension of the
state space so that the process converges almost surely to a point on the boundary of
this space. We can think of the distribution of this limit as an exit distribution of the
process. These exit distributions form a well studied topic in their own right, but it
becomes even richer when combined with branching processes. The idea here is that
we have multiple, possibly infinitely many, correlated particles that all escape towards
the boundary. This induces different random subsets of the boundary, notably the
set Λ of accumulation points on the boundary, and the set S := supp µ∞ which is the
support of the limit of the empirical measure µ∞. Loosely speaking, Λ is determined
by all particles including rare exceptional particles, while S is determined only by the
bulk of the particles. We always have that S ⊆ Λ, and it is natural to ask if S can
be a proper subset of Λ and, if yes, how we can quantify the difference. This is the
aim of this paper in the case of branching Brownian motion in hyperbolic space.

Branching Brownian motion (BBM) on R is an interacting particle system. Parti-
cles move as independent Brownian motions and split in two at a given rate β. Here
the exceptionally fast particles, that is the maximal displacement at time t, is a major
object of interest [2, 32]. On the other hand, the number of particles near the origin
always grows exponentially for any β > 0. If the underlying space is hyperbolic, the
behaviour of BBM is markedly different. Let βc = 1/8, then for any β < βc the
process eventually vacates any compact set almost surely. On the other hand, for
any β > βc, the number of particles near the origin grows exponentially as in R.
The same is true for a discrete version of this model, a branching random walk on
a homogeneous tree. We give a precise definition of branching Brownian motion in
hyperbolic space in the next section, but also refer to the recent survey by Woess [87]
and the references therein for background on hyperbolic BBM.

The limit set Λ of hyperbolic BBM was first studied by Lalley and Selke [67] who
showed that Λ is a fractal–like random set and compute its Hausdorff dimension.
(See for example [45] for some background on fractals and Hausdorff dimension.)
Others have studied similar sets of accumulation points of branching random walks
on the boundary on discrete hyperbolic spaces, see for example [44, 59, 82]. Much
less is known about µ∞ and its support. Even the existence of µ∞ has only been
shown recently [35, 60]. In fact, we believe that this paper is the first work to show
quantitative properties of µ∞.
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4.1.1 The model

Hyperbolic space is usually modelled with the Poincaré disk model D or the upper
half plane model H. We use them interchangeably. They are Riemannian manifolds
with metrics given by

2
√
dx2 + dy2

1 − x2 − y2 for (x, y) ∈ D = {(x, y) ∈ R2 : x2 + y2 < 1},

for the disk model and for the upper half plane model by
√
dx2 + dy2

y2 for (x, y) ∈ H = {(x, y) ∈ R × R+}.

The two models are isometric, an isometry f : D → H is given by f(z) = i1+z
1−z

where
we identify D and H with subsets of C by z = x + iy. Note that origin 0 ∈ D
corresponds to i ∈ H. Both D and H are endowed with natural boundaries ∂D and
∂H given by ∂D = {z ∈ C : |z| = 1} and ∂H = {z ∈ C : ℑ(z) = 0}. The hyperbolic
Laplacian is given by

LD = (1 − |z|2)2

4
(
∂2

x + ∂2
y

)
, respectively LH = y2

(
∂2

x + ∂2
y

)
.

From this we define hyperbolic Brownian motion to be the stochastic process with
generator 1

2LD (respectively 1
2LH). In the upper half plane model we could also do

this by solving the pair of stochastic differential equations

dXt = YtdWt, dYt = YtdBt,

where (Wt)t and (Bt)t are independent Brownian motions. This process is then canon-
ically started from (X0, Y0) = (0, 1). Observe that (Yt)t is a geometric Brownian
motion, hence we can solve the SDE explicitly in the second coordinate,

Yt = exp
(

− t

2 +Bt

)
.

This also tells us that Xt is Gaussian with mean 0 and variance
∫ t

0 exp (−s+ 2Bs) ds,
conditional on (Bs)s≥0. From this we can see that hyperbolic Brownian motion con-
verges to a random point (X∞, 0) on the boundary ∂H where X∞ is Gaussian with
(random) variance

∫∞
0 exp (−s+ 2Bs) ds.

Having defined hyperbolic Brownian motion, we define hyperbolic branching Brow-
nian motion (BBM) to be the following particle process on D: At time 0, we start
with one particle at the origin. Particles move as independent hyperbolic Brownian
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motions. At rate β, each particle independently branches in two; both offspring par-
ticles branch and move independently. This results in a cloud of particles, we denote
those positions by ((Xu(t), Yu(t)), u ∈ N (t)), where N (t) is the set of particles alive
at time t. By abuse of notation, we also denote the (isometric) process on H by
((Xu(t), Yu(t)), u ∈ N (t)). Here the process is started from a single particle at (0, 1).

We can relate certain expectations for hyperbolic BBM to expectations of hyper-
bolic Brownian motion by the many–to–one formula,

E(x,y)

 ∑
u∈N (t)

f((Xu(s), Yu(s))0≤s≤t)
 = eβtE(x,y) [f((Xs, Ys)0≤s≤t)] , (4.1)

for any (x, y) ∈ D and measurable non–negative f . This follows from linearity due to
the independence of movement and branching.

4.1.2 Results

We are interested in the long term behaviour of the cloud ((Xu(t), Yu(t)), u ∈ N (t)),
especially related to the boundary. We define the normalised empirical measure at
time t to be

µt = 1
|N (t)|

∑
u∈N (t)

δ(Xu(t),Yu(t)).

One can show that there is a measure µ∞, supported on the boundary, such that µt

converges weakly to µ∞ with probability one, see [87]. This follows a simple argument:
let h : D → R be a non-negative, bounded function which is harmonic with respect to
hyperbolic Brownian motion. Then (e−βt|N (t)|)⟨h, µt⟩ is a martingale for hyperbolic
BBM and hence converges almost surely. To obtain weak convergence, one then only
needs to check that the space of harmonic functions is sufficiently rich. One can
also see (essentially from the many–to–one formula (4.1)) that for any measurable set
A ⊆ D ∪ ∂D we have

E [µ∞(A)] = P
(

lim
t→∞

(Xt, Yt) ∈ A
)
,

from which it follows that µ∞ is supported on the boundary almost surely. The goal
of this paper is to better understand µ∞. See Figure 4.1 for a simulation of hyperbolic
BBM and µ∞. One object that is slightly easier to understand is

Λ = {accumulation points of ((Xu(t), Yu(t)), u ∈ N (t))t≥0 in ∂D} .
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Lalley and Selke [67] have analysed this set and shown that its Hausdorff dimension
is almost surely given by

dim Λ =


1
2(1 −

√
1 − 8β) for 0 < β ≤ 1/8,

1 for β > 1/8.

Note the discontinuity at β = 1/8. Further, they have shown that for β > 1/8 we
actually have Λ = ∂D almost surely. The threshold 1/8 isunsurprisingly also the
threshold for recurrence/transience, and at β = 1/8 the process is transient. In his
survey article about hyperbolic BBM [87], Woess asks several questions about the
relationship between Λ and µ∞, in particular if the support of µ∞ is a proper subset
of Λ. We answer these questions.

Theorem 4.1.1. The Hausdorff dimension of the support of µ∞ is almost surely
given by

dim supp µ∞ =
2β for 0 < β < 1/2,

1 for β ≥ 1/2.

Consequently, supp µ∞ is a proper subset of Λ for β < 1/2.

Note that this quantity is continuous in β and that the threshold β = 1/8 does
not appear here. This is quite surprising given that 1/8 is the threshold for local
survival. Also note that limβ→0

dim Λ
dim supp µ

= 1. See Figure 4.2 for a plot of dim supp µ∞

compared to dim Λ. We also give some more quantitative statements about the nature
of µ∞. Call

θ 7→ µ∞([0, θ]), θ ∈ [0, 2π],

the (random) cumulative distribution function of µ∞ where [0, θ] denotes the arc
segment of ∂D with angles between 0 and θ.

Theorem 4.1.2. Almost surely the following statements hold:

(i) For any β > 0, µ∞ is purely non-atomic.

(ii) The (random) cumulative distribution function of µ∞ is γ–Hölder–continuous
for every exponent γ < (1/2) ∧ (β/3).

(iii) For β > 1/2, µ∞ has a density with respect the the Lebesgue measure on ∂D.

In the case β = 1/2 we believe that µ∞ should not admit a Lebesgue density
almost surely though we do not prove this. The bound on the Hölder exponent γ in
4.1.2 (ii) is not sharp, we believe it should hold for any γ < 1 ∧ (2β).
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Figure 4.2: A plot of dim supp µ∞ and dim Λ as functions of β.

Theorems 4.1.1 and 4.1.2 also partially answer some of the questions posed by
Candellero and Hutchcroft [35, Problems 4.2, 4.3]. In particular, they ask about the
behaviour of µ∞ for branching random walks in hyperbolic space. While they pose
their questions about branching random walks in discrete time and discrete space,
this should not change the overall behaviour.

The main idea behind the proofs of Theorems 4.1.1 and 4.1.2 is that µ∞ is deter-
mined by typical particles. In this context, these are particles for which Yu(t) ≈ e−t/2.
The structure of the paper follows this idea. In Section 4.2 we rigorously define what
it means for a particle to be typical and we compute the Hausdorff dimension of
the accumulation set of typical particles. In Section 4.3 we show that indeed µ∞

is determined by typical particles, we prove the upper bound of Theorem 4.1.1 and
a sketch the lower bound. In Section 4.4 we show Theorem 4.4 by computing the
expected moments of µ(I) for intervals I. As a corollary, we obtain the lower bound
for Theorem 4.1.1. Lastly we discuss some open questions in Section 4.5, in particular
we discuss what should happen if you add a repulsive or attractive drift towards the
origin, and we pose a conjecture regarding branching random walks on hyperbolic
groups.

4.2 Typical particles

We work in H. We start by looking at typical particles and their accumulation set on
the boundary. Define the set of typical particles to be

T (K) =
{
u ∈ N (∞) : ∀t ≥ K : log Yu(s) + t/2 ∈ −[t2/3, t2/3]

}
, (4.2)
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where K > 0 is a parameter. We also consider the typical particles at time t,

Tt(K) = {u ∈ N (t) : ∃v ∈ T such that u ⪯ v} .

Note that Tt(K) is not measurable with respect to the natural filtration (Ft)t≥0 of
the BBM. Let u ∈ T (K). Then we necessarily have that Yu(t) → 0 as t → ∞ and
Xu(t) converges almost surely on ∂H. Let

Υ(K) = {Xu(∞), u ∈ T (K)} (4.3)

be the accumulation set of typical particles on the boundary. The goal of this section
is to determine the Hausdorff dimension of this set.

Proposition 4.2.1. For any β > 0 and any K > 0, dim Υ(K) = 2β∧1 almost surely
on the event that Υ(K) in non-empty.

We show this proposition in two steps: Lemma 4.2.3 for the upper bound and
Lemma 4.2.4 for the lower bound.

Lemma 4.2.2. For any β < 1/2 and any K > 0, there is C < ∞ such that
E[diam Υ(K)] ≤ C.

Proof. Let Mt = supu∈Tt(K) Xu(t) be the maximal displacement of a typical particle
in the x–direction at time t. Here we use the convention sup ∅ = 0 as there is nothing
to show in the case when Υ(K) = ∅. It suffices to show that E[lim supt→∞ Mt] < ∞.

Let t ≥ K and choose n ∈ N0 such that t ∈ K + [n, n+ 1). By a telescoping sum

Mt = MK +
n−1∑

j=0
(MK+j+1 −MK+j)

+ (Mt −MK+n).

For each summand, we bound the difference between the maxima by the maximal
positive increment at an intermediate time. This means that

(MK+j+1 −MK+j) ≤ sup
u∈TK+j+1(K)

sup
s∈[0,1]

(Xu(K + j + s) −Xu(K + j))

≤
∑

u∈TK+j+1(K)
sup

s∈[0,1]
(Xu(K + j + s) −Xu(K + j)) ,

where also used a union bound. This estimate is also true for the last summand,

(Mt −MK+n) ≤
∑

u∈Tt(K)
sup

s∈[0,t−⌊t⌋]
(Xu(⌊t⌋ + s) −Xu(⌊t⌋))

≤
∑

u∈TK+n+1(K)
sup

s∈[0,1]
(Xu(⌊t⌋ + s) −Xu(⌊t⌋)) .
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We therefore have that

Mt ≤ MK +
n∑

j=0

 ∑
u∈TK+j+1(K)

sup
s∈[0,1]

(Xu(K + j + s) −Xu(K + j))


≤ MK +
∞∑

j=0

 ∑
u∈TK+j+1(K)

sup
s∈[0,1]

(Xu(K + j + s) −Xu(K + j))
 , (4.4)

note that all summands in the infinite series are non-negative and that this bound is
uniform in t ≥ K.

We estimate the expected value of these summands. For fixed u and j, the process
(Xu(K + j + s) −Xu(K + j))s∈[0,1] is a Brownian motion with diffusivity Yu(K+ j+
s). Hence, by conditioning on (Yu(K + j+ s))s∈[0,1] and by the reflection principle we
have the distributional equality

E
[

sup
s∈[0,1]

(Xu(K + j + s) −Xu(K + j))
∣∣∣∣∣(Yu(K + j + s))s∈[0,1]

]
d= E

[∣∣∣Xu(K + j + 1) −Xu(K + j)
∣∣∣∣∣∣∣∣(Yu(K + j + s))s∈[0,1]

]
.

Now (Xu(K + j + 1) −Xu(K + j)) is Gaussian with mean zero and with variance∫ K+j+1

K+j
Yu(s)2ds ≤ c exp (−j(1 + oj(1)) ,

where we used that u is a typical particle and where c = c(K) is a constant. Therefore

E
[

sup
s∈[0,1]

(Xu(K + j + s) −Xu(K + j))
]

= E
[∣∣∣Xu(K + j + 1) −Xu(K + j)

∣∣∣]

≤
√

2c
π

exp
(

−j

2(1 + oj(1))
)
.

This means we also have

E

 ∑
u∈TK+j+1(K)

sup
s∈[0,1]

(Xu(K + j + s) −Xu(K + j))


≤
√

2c
π
E [|TK+j+1(K)|] exp

(
−j

2(1 + oj(1))
)

≤
√

2c
π

exp (β(K + j + 1)) exp
(

−j

2(1 + oj(1))
)
, (4.5)

where we also used the bound

E [|TK+j+1(K)|] ≤ E [|N (K + j + 1)|] = exp (β(K + j + 1)) .
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We apply this to (4.4) to see that uniformly in t

E[Mt] ≤ E[MK ] +
√

2c
π

∞∑
j=0

exp (β(K + j + 1)) exp
(

−j

2(1 + oj(1))
)
,

this sum converges because we assumed that β < 1/2. Further we have by the
many–to–one formula (4.1) that

E[MK ] ≤ E

 ∑
u∈N (K)

|Xu(K)|
 = eβKE[|Xt|] < ∞.

Looking back at (4.4), the monotone convergence theorem now implies that the right-
hand side is almost surely finite. Because this is true for any t ≥ K, this implies that
E[lim supt→∞ Mt] < ∞ by Fatou’s Lemma.

Remark 4.2.1. The same proof strategy can also show that E[(diam Υ(K))k] < ∞ for
any k ∈ N.

Clearly dim Υ(K) ≤ 1. Therefore we need to show an upper for dim Υ(K) only
in the case β < 1/2.

Lemma 4.2.3. For β < 1/2 and any K > 0, dim Υ(K) ≤ 2β almost surely.

Proof. We follow a similar idea to [67, Proposition 11]. For a particle u ∈ Tt(K),
consider

Υt
u(K) = {Xv(∞) : v ∈ T (K) with u ⪯ v} ,

that is, the set of limits in ∂H of all typical descendents of u. Naturally, we have for
any t that

Υ(K) =
⋃

u∈Tt(K)
Υt

u(K). (4.6)

For u ̸= v ∈ Tt(K), Υt
u(K) and Υt

v(K) are independent conditional on (Xu(t), Yu(t))
and (Xv(t), Yv(t)). Let I t

u ⊂ ∂H be the smallest closed interval that contains Υt
u(K).

By isometries of H, Υt
u(K) is contained in an independent copy of Υ(K) scaled by

Yu(t), provided that t ≥ K. In particular, we have by Lemma 4.2.2 that for any
0 < η ≤ 1

E
[
|I t

u|η
∣∣∣Yu(t)

]
≤ Yu(t)ηE [(diam Υ(K))η] ≤ (C + 1)Yu(t)η. (4.7)

Let us return to (4.6). This decomposition implies that {I t
u}u∈Tt(K) is an interval

cover for Υ(K). Let ε ≥ 0 such that 2β + ε < 1. We apply (4.7) to get

E

 ∑
t∈Tt(K)

|I t
u|2β+ε

 ≤ (C + 1)E
 ∑

t∈Tt(K)
Yu(t)2β+ε


≤ (C + 1)E [|Tt(K)|] exp (−(2β + ε)(t/2)(1 + ot(1)) ,
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where we also used that Yu(t) = exp(−(t/2)(1 + ot(1)) for typical particles. Further
we can bound E [|Tt(K)|] ≤ E[|N (t)|] = exp(βt), therefore

E

 ∑
t∈Tt(K)

|I t
u|2β+ε

 ≤ (C + 1) exp
(
βt− 2β + ε

2 t(1 + ot(1))
)

= (C + 1) exp
(

−ε

2t(1 + ot(1))
)
. (4.8)

Using this for ε > 0 shows that

sup
u∈Tt(K)

|I t
u| t→∞−−−→ 0,

almost surely. Lastly, by Fatou’s Lemma and applying (4.8) with ε = 0, we estimate
for 2β–dimensional Hausdorff measure H2β of Υ(K),

E
[
H2β(Υ(K))

]
≤ E

lim inf
t→∞

∑
t∈Tt(K)

|I t
u|2β+ε

 ≤ lim inf
t→∞

E

 ∑
t∈Tt(K)

|I t
u|2β+ε

 < ∞.

In particular, this implies that H2β(Υ(K)) < ∞ almost surely.

Lemma 4.2.4. For β > 0 and any K > 0, dim Υ(K) ≥ 2β ∧ 1 almost surely on the
event that Υ(K) is non-empty.

A common tool to show lower bounds for Hausdorff dimensions is Frostman’s
Lemma, a corollary of which we state below as Lemma 4.2.5. See [45, Theorem 4.13]
for a reference.

Lemma 4.2.5. Let A be a compact subset of Euclidean space. Assume that there
exists a probability measure ν on A such that∫∫

A×A
|x− y|−ην(dx)ν(dy) < ∞,

where η > 0. Then the Hausdorff dimension of A is at least η.

Proof of Lemma 4.2.4. Throughout the proof, we work on the event that T (K) is
non-empty. To use Frostman’s Lemma, we need to define a probability distribution
on Υ(K). We do this by defining a sequence (Un)n∈N0 of random variables such that
Un ∈ TnK(K).

1. Let U0 = u, where u ∈ T0(K) is the unique initial particle.

2. Given Un−1, let Un be a uniform choice from {u ∈ TnK(t) : Un−1 ⪯ u}.
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Let U = limn→∞ Un be the natural limit in T (K) and let ν be the distribution of
XU(∞).

Now let (U ′
n)n be a copy of (Un)n, independent conditional on T (K). Let τ =

inf{n : Un ̸= U ′
n}, the first time that Un and U ′

n are different. Conditional on τ = n,
XU(∞) −XU ′(∞) is Gaussian with mean 0 and variance at least

Var(XU(∞) −XU ′(∞)) ≥
∫ ∞

nK
YU(s)2 + YU ′(s)2ds ≥ 2 exp (−nK(1 + on(1))) ,

where we used that Yu(s) ≥ exp(−(s/2)(1 + o1(s))) for typical particles for s ≥ K.
In particular this implies that for η < 1,

E
[
|XU(∞) −XU ′(∞)|−η

∣∣∣T (K), τ = n
]

= E[|Z|−η]E
[
Var(XU(∞) −XU ′(∞))−η/2

∣∣∣T (K), τ = n
]

≤ c exp(ηnK/2), (4.9)

for an independent standard Gaussian Z and some constant c > 0.
Next, we need to understand the distribution of τ . Conditional on T and (Un)n

we have that

P (τ > k|T , (Un)n) = P
(
∀i ≤ k : U ′

j = Uj

∣∣∣T , (Un)n

)
=

n∏
j=1

1
Nj

,

where Nj = # {u ∈ TjK : Uj−1 ⪯ u}, the number of descendants of Uj−1 in Tjk(K).
By Lemma 4.2.6 below

lim
n→∞

 n∏
j=1

1
Nj

1/n

= exp(−βK),

almost surely on the event that T is non-empty. Combining this with (4.9) yields

E
[
|XU(∞) −XU ′(∞)|−η

∣∣∣T (K)
]

≤
∞∑

n=1
E
[
|XU(∞) −XU ′(∞)|−η

∣∣∣T (K), τ = n
]
P (τ ≥ n|T (K))

≤ c
∞∑

n=1
exp(ηnK/2) exp(−βKn(1 + on(1))

< ∞,

for some c > 0 and where in the last step we used that η < 2β. By Frostman’s
Lemma, Lemma 4.2.5, this now implies that Υ(K) has dimension at least η for any
η that satisfies η < 2β and η < 1.
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Lemma 4.2.6. In the setting on the previous proof,

lim
n→∞

 n∏
j=1

1
Nj

1/n

= exp(−βK),

almost surely on the event that T is non-empty.

Proof. We sketch a proof of this fact, this proof can be made rigorous by carefully
applying the strong law of large numbers. We provide only a sketch because Lemma
4.2.4 will not be used to show the lower bound of Theorem 4.1.1. We comment on
this at the end of Section 4.3.

The key idea is that we can think of T (K) as a branching Brownian motion with
space and time dependent branching rate. Let

W(K) =
{
(x, y, t) ∈ H × [0,∞) : ∀s ≥ K : log(y) + t/2 ∈ [−t2/3, t2/3]

}
,

the space-time envelope of the definition of T (K). We also let

ϕ(x, y, t) = P(x,y,t) (∀s ≥ t : (Xu(s), Yu(s), s) ∈ W(K)) ,

the probability that a particle started from (x, y) at time t stays in W(K) forever.
Importantly, ϕ(0, 1, 0) > 0, that is with positive probability the initial particle stays
in W(K). We now describe a new BBM:

1. At time 0, we start with one particle at (0, 1).

2. All particles move as independent hyperbolic Brownian motions conditioned to
stay in W(K).

3. Particles branch into two at rate βϕ(x, y, t).

One can show that this modified BBM has the same law as the homogenous hyperbolic
BBM restricted to T (K). Now look at a marked particle in the modified BBM, that is
the initial particle is marked and, when it splits, the mark follows one of the offspring
particles chosen uniformly. This is similar to the construction of (Un)n in the previous
proof. Let (X∗

t , Y
∗

t )t≥0 be the path of the marked particle. In fact, we have that

lim
n→∞

 n∏
j=1

1
Nj

1/n

= lim
t→∞

exp
(

−1
t

∫ Kt

0
βϕ(X∗

s , Y
∗

s , s)ds
)

= exp (−Kβ) .

The reason for this is that along the marked path, we have that ϕ(X∗
s , Y

∗
s , s) → 1

almost surely. This is because log(Y ∗
s ) + s/2 will be of order s1/2 ≪ s2/3 so it is very

likely that for large s a particle started from (X∗
s , Y

∗
s , s) will stay in W forever.
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4.3 From typical particles to empirical measure

In the previous section we analysed the accumulation set of typical particles whose
definition we recall from (4.2). We slightly modify this. For any t,K > 0, let

T ≤
t (K) =

{
u ∈ N (t) : ∀s ∈ [K, t] : log Yu(s) + s/2 ∈ [−s2/3, s2/3]

}
.

The advantage of this modification is that T ≤
t (K) is Ft–measurable where (Ft)t≥0 is

the natural filtration of the BBM. Similar to µt, we define the empirical measure of
typical particles at time t,

µK
t = 1

|N (t)|
∑

u∈T ≤
t (K)

δ(Xu(t),Yu(t)).

Note that we chose to normalise this by |N (t)| which means that µK
t is a sub-

probability measure. The following proposition states that µ∞ is determined by
typical particles. In some sense this is a refinement of [87, Theorem 6.13] which
states that a typical sample of µt moves at velocity 1/2 in the hyperbolic metric.

Proposition 4.3.1. Almost surely, there exists a family of sub-probability measures
(µK

∞)K>0 such that for every K > 0

µK
t → µK

∞,

weakly, as t → ∞. Furthermore, for K < K ′ we have µK ≤ µK′ and as K → ∞,

µK
∞ → µ∞.

Proof. Let h : H → R be a non-negative, bounded, C∈ function which is harmonic for
hyperbolic Brownian motion. That is, for all (x, y) ∈ H, we have E(x,y)[h(Xt, Yt)] =
h(x, y).

It suffices to check weak convergence only on harmonic functions as these are dense
in Cb(D,R) with respect to the uniform topology. This is because if h is harmonic
for the hyperbolic Laplacian, it is also harmonic for the Euclidean Laplacian on D.
The harmonic functions for the Euclidean Laplacian are well understood, for example
any h can be written as ℜ(f) where f is a holomorphic function. This fact is also
discussed in the proof of [87, Theorem 6.7].

We define

MK
h (t) = |N (t)|

eβt

〈
h, µK

t

〉
= 1
eβt

∑
u∈T ≤

t (K)

h(Xu(t), Yu(t)).
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Then (MK
h (t))t≥0 is a non-negative supermartingale with respect to the natural fil-

tration of hyperbolic BBM. Indeed,

E
[
MK

h (t)
∣∣∣Fs

]
= 1
eβs

∑
u∈T ≤

s (K)

E(Xu(s),Yu(s))

[
1

eβ(t−s)

∑
u∈T ≤

t (K)
u⪯v

h(Xv(t), Yv(t))
∣∣∣∣∣Fs

]

= 1
eβs

∑
u∈T ≤

s (K)

E(Xu(s),Yu(s))
[
h(Xt, Yt)1{∀r∈[s∨K,t]:log(Yr)+r/2∈[−r2/3,r2/3]}

]
,

where we used the Markov property and the many–to–one formula (4.1). Next we
use that h ≥ 0 and that h is harmonic,

E
[
MK

h (t)
∣∣∣Fs

]
≤ 1
eβs

∑
u∈T ≤

s (K)

E(Xu(s),Yu(s)) [h(Xt, Yt)] = MK
h (s).

Because MK
h (t) is a non-negative, uniformly integrable supermartingale, it con-

verges almost surely and in L1 to a limit, call it MK
h (∞). Furthermore, let W =

limt→∞ e−βt|N (t)|, where the limit is almost sure and 0 < W < ∞ almost surely.
Combining these limits gives us the almost sure limit as t → ∞,

lim
t→∞

〈
h, µK

t

〉
= W−1MK

h (∞).

Because h is arbitrary, this implies that there is µK
∞ such that almost surely µK

t

converges weakly to µK
∞. Next, for K < K ′ and any h we have that MK

h (t) ≤ MK′
h (t)

and consequently MK
h (∞) ≤ MK′

h (∞) almost surely. This implies that µK
∞ ≤ µK′

∞ .
Lastly, to show that µK

∞ → µ∞, it suffices to show that

⟨1, µK
∞⟩ → 1,

almost surely as t → ∞. Because 1(x, y) = 1 for all (x, y) ∈ H is harmonic, this
is equivalent to showing that MK

1 (∞) → W as K → ∞. We know that MK
1 (∞) ≤

W , therefore it is enough to show that limK→∞ E[MK
1 (∞)] = E[W ] = 1. By L1–

convergence and the many–to–one lemma (4.1) we have

lim
K→∞

E
[
MK

1 (∞)
]

= lim
K→∞

lim
t→∞

E
[
MK

1 (t)
]

= lim
K→∞

lim
t→∞

P
(
∀s ∈ [K, t] : log(Ys) + s/2 ∈ [−s2/3, s2/3]

)
= lim

K→∞
P
(
∀s ≥ K : log(Ys) + s/2 ∈ [−s2/3, s2/3]

)
= 1,

where we recalled that (log(Ys) + s/2)s≥0 is a standard Brownian motion and hence
the complement of the last probability decays like exp(−cK1/3).
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We can combine this with Proposition 4.2.1 to obtain the upper bound in Theorem
4.1.1.

Corollary 4.3.2. For any β < 1/2, we almost surely have that dim supp µ∞ ≤ 2β.

Proof. By Proposition 4.3.1 we have that almost surely

supp µ∞ =
∞⋃

K=1
supp µK

∞ ⊆
∞⋃

K=1
Υ(K),

where Υ(K) is the set of accumulation points on ∂H of particles counted in µK
t , see

(4.3). This implies

dim supp µ∞ ≤ dim
∞⋃

K=1
Υ(K) = sup

K∈N
dim Υ(K) = 2β,

where we used that the Hausdorff dimension of a countable union is the supremum of
the Hausdorff dimensions, and that dim Υ(K) = 2β almost surely on the event that
Υ(K) is non-empty by Proposition 4.2.1. Moreover, we almost surely have that for
K large enough Υ(K) is non-empty.

We could do a similar proof for the lower bound in Theorem 4.1.1. Here we have
the bound

dim supp µ∞ ≥ dim supp µK
∞.

The issue is that it should hold that dim supp µK
∞ = dim Υ(K), although this is

not obvious. Nevertheless, this is true: in the proof of Lemma 4.2.4 we construct a
probability measure ν on Υ(K) to then apply Frostman’s Lemma for a lower bound
on the Hausdorff dimension of Υ(K). One can see that ν is actually supported on
supp µK

∞, hence the lower bound on the Hausdorff dimension also applies to µK
∞. We

leave the details of this to the reader and instead provide a proof of the lower bound
using different methods in the next section.

4.4 More properties of µ∞

In this section we show the lower bound of Theorem 4.1.1 as well as the other prop-
erties of µ∞ which we claimed in Theorem 4.1.2. The key tool is a second moment
computation.
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Lemma 4.4.1 (many-to-two). Fix r ≥ 0, under Pr, let (X1
s , Y

1
s )s≥0 and (X2

s , Y
2

s )s≥0

be two hyperbolic Brownian motions that move together until time r and afterwards
move independently. Then we have for any interval I ⊆ R that

E
[
µ∞(I)2

]
= 2β

∫ ∞

0
Pr
(
X1

∞, X
2
∞ ∈ I

)
e−βrdr.

Similarly for any K > 0,

E
[
µK

∞(I)2
]

= 2β
∫ ∞

0
Pr

(
X1

∞, X
2
∞ ∈ I,

∀s ≥ K : log(Y 1
s ) + s/2, log(Y 2

s ) + s/2 ∈ [−s2/3, s2/3]
)
e−βrdr.

Proof. This is a variant of the classical many–to–two lemma. See [56] for the state-
ment and proof in the general setting. Applying the many–to–two lemma to µt yields

E
[
µt(I × R)2

]
= 2β

∫ t

0
Pr
(
X1

t , X
2
t ∈ I

)
e−βrdr + e−βtP

(
X1

t ∈ I
)
.

The dominated convergence theorem now completes the proof. We proceed analo-
gously for µK

∞.

To compute E [µ∞(I)2], we first need an estimate on hyperbolic Brownian motion.
This is related to [67, Lemma 6] where the authors used geometric arguments to show
that X∞ has a bounded density with respect to the Lebesgue measure. We improve
on this by determining some dependence on the starting position.

Lemma 4.4.2. There is c > 0 such that for any x ∈ R, y ∈ (0,∞) and any interval
I ⊆ R we have

P(x,y)(X∞ ∈ I) ≤
(
c
|I|
y

)
∧ 1,

where |I| is the length of the interval.

Proof. Because X∞ is Gaussian with mean 0 and variance
∫∞

0 Y 2
s ds (conditional on

(Ys)s≥0) we may restrict to the case of x = 0 and I = [−L,L] for L > 0 without loss
of generality. Let N (0, σ2) denote a generic centered Gaussian with variance σ2. We
have that

P(x,y)(X∞ ∈ I) = P(0,y)

(
x+ N

(
0,
∫ ∞

0
Y 2

s ds
)

∈ I
)

≤ P(0,y)

(
N
(

0,
∫ 1

0
Y 2

s ds
)

∈ I
)
,

(4.10)
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because decreasing the variance increases the probability to be in I. Further, for any
continuous function h : [0, 1] → (0,∞),

P
(

N
(

0,
∫ 1

0
h(s)2ds

)
∈ I

)
= P

(
N (0, 1) ∈

(∫ 1

0
h(s)2ds

)−1/2
× I

)

≤ |I|
(∫ 1

0
h(s)2ds

)−1/2
,

where we used that the density of N (0, 1) is bounded by 1. By Jensen’s inequality,
(∫ 1

0
h(s)2ds

)−1/2
≤
∫ 1

0
h(s)−1ds.

We apply this to (4.10) by conditioning on (Ys)s≥0,

P(0,y)(X∞ ∈ I) ≤ |I|E(0,y)

[∫ 1

0
Y −1

s ds
]

= |I|
y
E(0,1)

[∫ 1

0
Y −1

s ds
]

= c
|I|
y
.

The penultimate equality follows from the representation under E(0,y) that Ys =
y exp(−s/2 +Bs) where (Bs)s≥0 is a Brownian motion. In the regime where c |I|

y
> 1,

we use the trivial bound P(x,y)(X∞ ∈ I) ≤ 1.

Proposition 4.4.3.

(i) For any β > 0 and β ̸= 3 there is C1 < ∞ such that

lim sup
ε→0

sup
I⊆R
|I|=ε

E [µ∞(I)2]
ε2∧(1+β/3) ≤ C1 < ∞.

For β = 3, replace ε2 above by ε2 log(ε−1).

(ii) For any β > 0, any K > 0, and any δ > 0, there is C2 = C2(β,K, δ) < ∞ such
that

lim sup
ε→0

sup
I⊆R
|I|=ε

E
[
µK

∞(I)2
]

ε2∧(1+2β−δ) ≤ C2 < ∞.

Note that there is a discrepancy between µK
∞ and µ∞: the exponent for µK

∞ is
2 ∧ (1 + 2β− δ) for any arbitrary δ > 0 whereas for µ∞ it is 2 ∧ (1 +β/3). We believe
that the exponent 2 ∧ (1 + 2β − δ) should also apply to µ∞ but this would require
better estimates, for example a uniform control in C2(K). For µ∞ and β = 3, the
extra logarithmic factor is an artifact of suboptimal estimates in the proof.
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Proof of Proposition 4.4.3 (i). Assume for now that β ̸= 3. Without loss of general-
ity, we consider I = [−ε, ε].

We use Lemma 4.4.1 and subdivide the integral into three parts, J1 = [0, 1], J2 =
[1, log(ε−2)] and J3 = [log(ε−2),∞). For i ∈ {1, 2, 3}, let

Ti =
∫

Ji

Pr
(
X1

∞, X
2
∞ ∈ I

)
e−βrdr.

We start with T1. Here we bound e−βr ≤ 1 and then condition on the splitting
position at time r,

T1 =
∫ 1

0

∫
H
P(r,x,y) (X∞ ∈ I)2 P ((Xr, Yr) ∈ (dx, dy)) dr.

We apply Lemma 4.4.2 to obtain

T1 ≤ c1ε
2
∫ 1

0
E
[
Y −2

r

]
dr ≤ c2ε

2, (4.11)

for some constants c1, c2 > 0.
Next we consider T2. By Lemma 4.4.2,

Pr
(
X1

∞, X
2
∞ ∈ I

)
=
∫
H
P((Xr, Yr) ∈ (dx, dy))P(r,x,y)(X∞ ∈ I)2

≤
∫
H
P((Xr, Yr) ∈ (dx, dy))P(r,x,y)(X∞ ∈ I)P(r,0,y)(X∞ ∈ I)

≤
∫
H
P((Xr, Yr) ∈ (dx, dy))P(r,x,y)(X∞ ∈ I)

(
C
ε

y
∧ 1

)
.

Hence

T2 ≤
∫ log(ε−2)

1
E
[
1X∞∈I

(
c
ε

Yr

∧ 1
)]
e−βrdr.

We split this integral into two parts: for r ∈ [1, log(ε−1/3)] we bound

E
[
1X∞∈I

(
c
ε

Yr

∧ 1
)]

≤ cεE
[
1X∞∈IY

−1
r

]
= cεE

[
P(X∞ ∈ I|Yr)Y −1

r

]
≤ c2ε2E

[
Y −2

r

]
= c2ε2e3r,

where we used Lemma 4.4.2 again, and where we recall that Y −1
r = exp(r/2 − Br).

For r ∈ [log(ε−1/3), log(ε−2)], we estimate

E
[
1X∞∈I

(
c
ε

Yr

∧ 1
)]

≤ P(X∞ ∈ I) ≤ cε,

where we also used Lemma 4.4.2. Then our estimate on T2 becomes

T2 ≤ c2ε2
∫ log(ε−1/3)

1
e3re−βrdr + cε

∫ log(ε−2)

log(ε−1/3)
e−βrdr

≤ c3
(
ε2 + ε1+β/3 + ε1+2β

)
, (4.12)
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for some c3 > 0. For T3, we estimate using Lemma 4.4.2

Pr(X1
∞, X

2
∞ ∈ I) ≤ P(X1

∞ ∈ I) ≤ c4ε.

Therefore

T3 ≤ cε
∫ ∞

log(ε−2)
e−βrdr = c4ε

1+2β, (4.13)

for c4 > 0. To complete the proof, we combine (4.11), (4.12) and (4.13).
Lastly, in the case where β = 3, the final estimate on T2 is

T2 ≤ c2ε2
∫ log(ε−1/3)

1
e3re−3rdr + cε

∫ log(ε−2)

log(ε−1/3)
e−3rdr ≤ c3ε

2 log(ε−1).

Proof of Proposition 4.4.3 (ii). Without loss of generality, we consider I = [−ε, ε].
We proceed as in the proof for (i), splitting the integral of Lemma 4.4.1 into T1, T2, T3.
For ease of notation, assume that K = 1, otherwise set T1 = [0, K] and T2 =
[K, log(ε−1)]. We use the same bounds on T1 and T3 but a different one on T2.
For r ∈ [1, log(ε−2)], we integrate over the splitting location

Pr
(
X1

∞, X
2
∞ ∈ I, ∀s ≥ 1 : log(Y 1

s ) + s/2, log(Y 2
s ) + s/2 ∈ [−s2/3, s2/3]

)
≤
∫
R×[e−s/2−s2/3

,e−s/2+s2/3 ]
P((Xr, Yr) ∈ (dx, dy))P(r,x,y)(X∞ ∈ I)2,

(4.14)

where the inequality comes from the fact that we kept the path restriction for Y only
for the splitting location. By Lemma 4.4.2 we have for any y ∈ [e−s/2−s2/3

, e−s/2+s2/3 ]
that

P(r,x,y)(X∞ ∈ I) ≤ cεer/2+r2/3
.

We apply this only to one factor of P(r,x,y)(X∞ ∈ I) in (4.14),

Pr
(
X1

∞, X
2
∞ ∈ I, ∀s ≥ 1 : log(Y 1

s ) + s/2, log(Y 2
s ) + s/2 ∈ [−s2/3, s2/3]

)
≤ cεer/2+r2/3

∫
R×[e−s/2−s2/3

,e−s/2+s2/3 ]
P((Xr, Yr) ∈ (dx, dy))P(r,x,y)(X∞ ∈ I)

≤ cεer/2+r2/3P(X∞ ∈ I)
≤ c2ε2er/2+r2/3

,
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where we applied Lemma 4.4.2 again, this time with (x, y) = (0, 1). This then yields
the following bound on T2,

T2 ≤ c2ε2
∫ log(ε−2)

1
er/2+r2/3

e−βrdr = ε−2 ≤ C(δ)
(
ε2 + ε1+2β−δ

)
,

for any δ > 0 and a constant C(δ). Here we used that exp(log(ε−1)2/3) grows slower
than ε−δ for any δ as ε → 0. Combining this with (4.11) and (4.13) completes the
proof.

We can use the same methods to derive bounds on the expected k–th moment of
µK

∞(I).

Lemma 4.4.4. For any β > 0, any K > 0, any k ∈ N≥2, and any δ > 0, there is
C3 = C3(β,K, k, δ) < ∞ such that

lim sup
ε→0

sup
I⊆R
|I|=ε

E
[
µK

∞(I)k
]

εk∧(1+2β(k−1)−δ) ≤ C3 < ∞.

Proof. Due to considering the k–th moment we now need the many–to–few lemma.
This is tedious to state, so we only present the consequences that we need, the precise
formulation can be found in [56]. To state the many–to–few lemma, we need to
describe the joint law of k hyperbolic Brownian motions. We do this by describing
the behaviour of k marks 1, . . . , k.

1. We start with one particle carrying all marks.

2. All particles move as independent hyperbolic Brownian motions, branching at
rate β.

3. For a particle carrying j marks, at a branching event, each mark is independently
attached to one of the two offspring particles with equal probability.

Let (X i
t , Y

i
t )1≤i≤k

t≥0 denote the positions of the marks. The many–to–few lemma states
that there is an explicit function g((X i

t , Y
i

t ; 1 ≤ i ≤ k) such that

E
[
µ(I)k

]
= E

[
1⋂k

i=1{Xi
∞∈I}1

⋂k

i=1{∀s≥K:log(Y i
s )+s/2∈[−s2/3,s2/3]}

× exp
(∫ ∞

0
g((X i

s, Y
i

s ); 1 ≤ i ≤ k)ds
) ]
. (4.15)
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For i ≥ 2, let si be the last time that the mark i is carried by the same particle as a
mark j with j < 1. Set s1 = 0. Let G = σ

({
si, Y

i
si
, s ≥ 0, 1 ≤ i ≤ k

})
. Conditional

on G, we have

P (∀i ≤ k : X∞ ∈ I|G) ≤
k∏

i=1
P(si,0,Y i

si
) (X∞ ∈ I) ≤ C

k∏
i=1

((
ε

Y i
si

)
∧ 1

)
,

where we used Lemma 4.4.2. Assume that for all i ≥ 2 we have that si ≥ K. Then
on this event we have control on Y i

si
, therefore

P (∀i ≤ k : X∞ ∈ I|G) ≤ Cε
k∏

i=2

((
εesi/2+s

2/3
i

)
∧ 1

)
.

In fact, this still holds if si ≤ K by changing C. Using the explicit representation of
g this becomes

E
[
µ(I)k

]
≤ Cε

∫
Rk−1

+

[
k∏

i=2

((
εesi/2+s

2/3
i

)
∧ 1

)
e−βsi

]
ds2 . . . dsk

= Cε
(∫ ∞

0

(
εes/2+s2/3 ∧ 1

)
e−βsds

)k−1

≤ Cε
(
ε+ ε2β−δ/(k−1)

)k−1
,

for any δ > 0 and some C.

From Proposition 4.4.3 we derive the following corollary which is Theorem 4.1.2 (i)
and (ii). We stated Theorem 4.1.2 (ii) for µ∞, and consequently also F , defined on ∂D.
The following corollary is stated for µ∞ viewed on ∂H. This is equivalent because the
isometry that maps H to D is a diffeomorphism and thus preserves Hölder–continuity.

Corollary 4.4.5.

1. Consider F (x) = µ∞((−∞, x]), the (random) cumulative distribution function
of µ∞. Then F is almost surely Hölder–continuous for every exponent γ <

(1/2) ∧ (β/3). In particular, µ∞ has no atoms almost surely.

2. Consider FK(x) = µK
∞((−∞, x]), the (random) cumulative distribution function

of µK
∞. Then FK is almost surely Hölder–continuous for every exponent γ <

1 ∧ 2β.

Proof. The key idea of this proof is to look at (x 7→ F (x)) as a stochastic process to
which we can apply Kolmogorov’s continuity theorem. By Proposition 4.4.3 we have
that for ε small enough, uniformly in x,

E
[
|F (x+ ε) − F (x)|2

]
≤ Cε2∧(1+β/3).
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For β = 3 we use ε2−δ for arbitrarily small δ > 0. It now follows immediately from
Kolmogorov’s continuity theorem (see for example [61, Theorem 4.23]) that F is
almost surely continuous because F is non-decreasing and has càdlàg paths. Further,
F is Hölder continuous for any γ < (1/2) ∧ (β/3).

We can improve on the bound on γ if we consider FK . The same reasoning applies
but if we use Lemma 4.4.4 instead of Proposition 4.4.3 then Kolmogorov’s continuity
theorem provides us with Hölder continuity for any γ with

γ <
k − 1
k

∧ 2β(k − 1) − δ

k
.

Because k ≥ 2 and δ > 0 are arbitrary, we have Hölder continuity for any γ <

1 ∧ 2β.

We also complete the proof of Theorem 4.1.1 by showing a lower bound on the
Hausdorff dimension.

Corollary 4.4.6. For any β > 0, we almost surely have that dim supp µ∞ ≥ 2β ∧ 1.

Proof. By Proposition 4.3.1, we have that for any K

supp µK
∞ ⊆ supp µ∞,

and hence
dim supp µ∞ ≥ dim supp µK

∞.

Choose K large enough so that µK
∞ is a non-trivial measure. This is almost surely

possible. Let FK be the cumulative distribution function for µK
∞ as in Corollary

4.4.5. It is a basic fact of Hausdorff dimension that FK being Hölder continuous with
exponent γ implies that

dim supp µK
∞ ≥ γ.

This is essentially a consequence of Frostman’s Lemma, Lemma 4.2.5, which is called
the mass distribution principle [45, Principle 4.2]. This completes the proof as we can
choose any γ < 2β ∧ 1 by Corollary 4.4.5.

Lastly, we prove Theorem 4.1.2 (iii).

Corollary 4.4.7. If β > 1/2, then µ∞ almost surely has a density with respect to the
Lebesgue measure.
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Proof. We first show that for any K, µK
∞ has a density with respect to the Lebesgue

measure. In the regime β > 1/2, we can choose δ small enough so that we have
1 + 2β − δ ≥ 2, hence Proposition 4.4.3 states

sup
|I|=ε

E
[
µK

∞(I)2
]

≤ Cε2, (4.16)

uniformly in ε small.
We construct a density of µK

∞ by approximations. Let R, n ∈ N. Define

ρK,R
n (x) =

nR−1∑
k=−nR

µK
∞([k/n, (k + 1)/n))

1/n 1{x∈[k/n,(k+1)/n)}.

We think of ρK,R
n as an approximation to the density of µK

∞ on [−R,R]. We compute
the expected L2 norm of ρK,R

n ,

E
[
∥ρK,R

n ∥2
2

]
=

nR−1∑
k=−nR

1
n
E
[
µK

∞([k/n, (k + 1)/n))2

1/n2

]
≤

nR−1∑
k=−nR

C

n
= 2RC,

where we used (4.16). Note that this bound is uniform in n. This also means that
for every L > 0, by Markov’s inequality,

P
(
∥ρK,R

n ∥2 > L
)

≤ (2RC)2

L2
L→0−−→ 0. (4.17)

By the Banach–Alaoglu theorem, sets of the form {f ∈ L2([−R,R]) : ∥f∥2 ≤ L}
are compact in the weak topology. This means by (4.17) the sequence (ρK,R

n )n is
tight in L2([−R,R]) and by Prokhorov’s theorem there exists a weakly convergent
subsequence, call its limit ρK,R.

On the other hand, let µR,n
∞ be the measure induced by the density ρK,R

n . Clearly,
µK,R,n

∞ converges almost surely weakly to µK
∞|[−R,R]. Hence ρK,R is a density for

µK |[−R,R]. As R → ∞, µK
∞|[−R,R] converges weakly to µK

∞. By a diagonal argu-
ment one can see that ρK,R converges weakly to a function ρK which is a density for
µK .

We now turn to µ∞. For K < K ′ we have that ρK ≤ ρK′ almost everywhere
because µK

∞ ≤ µK′
∞ almost surely by Proposition 4.3.1. Define now ρ = limK→∞ ρK

taken along the sequence K ∈ N, by monotonicity this limit exists almost everywhere
and ρ < ∞ almost everywhere. Because µK

∞ converges weakly to µ∞ as K → ∞ by
Proposition 4.3.1, we get that ρ is a density for µ∞.

144



4.5 Open questions

Question 4.5.1. For β = 1/2, show that µ∞ does not admit a density with respect to
the Lebesgue measure. This is because we believe Proposition 4.4.3 to be sharp, that
is we cannot achieve the exponent ε2.

Question 4.5.2. In Proposition 4.3.1 we have shown that µ∞ is determined by particles
that satisfy Yu(t) ≈ e−t/2. It would be interesting look at the empirical measure of
particles that satisfy Yu(t) ≈ e−t/2+λt. This should be non–trivial for any λ with
|λ| <

√
2β. In particular, if you look at λ = 1/2 there should be a phase transition

when β = 1/8 because this is the threshold for local survival. For BBM on R, the
number of particles at a given speed is counted by the additive martingale; note that
here in the hyperbolic setting

∑
u∈N (t)

(Yu(t))λe−t(λ2+λ−2)/2

has the same distribution as the regular additive martingale.

Question 4.5.3. It would be interesting to study Λ and supp µ∞ in the presence of
a drift: assume that there is a drift of strength λ ∈ R away from the origin. If
λ > −1/2, µ∞ should still be supported on the boundary. For λ < −1/2, we should
almost surely have that µ∞ is a Dirac mass at the origin, and for λ = −1/2, µt should
not converge.

If we were to consider drift away from a point ζ ∈ ∂D, the analysis becomes easy.
By isometry, we can choose ζ = 1, which corresponds to the unique boundary point
∞ at infinity in ∂H. Geodesics going through ∞ in H are straight vertical lines. This
means drift away from ∞ is a simple vertical drift of λ (weighted by the hyperbolic
metric). This means that the calculations in this work and in [67] still apply and we
should get for λ > −1/2,

dim supp µ∞(λ) = [2β/(2λ+ 1)] ∧ 1,

and

dim Λ(λ) =


1
2

(
1 + 2λ−

√
(1 + 2λ)2 − 8β

)
for β ≤ (1+2λ)2

8 ,

1 else.
We believe the same expressions should still hold for drift away from the origin rather
than from the boundary. The reason for this is that for z ∈ D we can replace drift
away from the origin with drift away from − z

|z| . If we start a hyperbolic Brownian
motion Zt at z where z is far away from the origin, then − Zt

|Zt| should not vary much,
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hence we can replace drift away from the origin with drift away from a boundary
point.

Question 4.5.4. In this paper, the underlying stochastic process from which we build
the branching process is continuous in time and space. It is also natural to consider
a discrete setting, that is a branching random walk on a hyperbolic group. Let Γ be
a non–elementary hyperbolic group, generated by a finite set S. Given a probability
measure ν on S with supp(ν) = S, we can then construct a random walk on Γ by
setting p(x, y) = ν(x−1y), and hence a branching random walk (BRW) with branching
rate β > 0. Let |x| be the norm of x ∈ Γ in the word metric induced by S. Then for
the random walk induced by ν, (Xn, n ≥ 0), there are σ2, v > 0 such that

|Xn|
n

a.s.−−−→
n→∞

v and |Xn| − nv√
σ2n

d−−−→
n→∞

N (0, 1),

see for example [23] and the references therein. That is, (|Xn|)n≥0 satisfies a strong
law of large numbers and a central limit theorem. Like the hyperbolic plane H, Γ
can be endowed with a natural boundary ∂Γ with metric da where a > 1 is the visual
parameter. In this setting, we can again consider Λ, the set of accumulation points
of the BRW on ∂Γ, and µ∞, the limit of the empirical measure. There have been
multiple works studying Λ and its dimension, for example [82], but none studying µ∞.
We believe that the methods from this paper should transfer easily to this setting,
in particular because the LLN and CLT guarantee that an equivalent of Proposition
4.3.1 still holds true. We believe the following should be true.

Conjecture 4.5.5. In this setting, dim supp µ∞ =
(

β
v log(a)

)
∧ dim ∂Γ almost surely.

Note that dim ∂Γ = δ
log a

where δ is the exponential growth rate of the volume of
Γ. This would be in contrast to the complicated expressions for dim Λ, for example
determined by [82] and [59].
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