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Abstract

The signature of a path is an important concept in rough paths theory.
It has been proved in the literature that the terms in the signature of
a path are bounded above, and it would then be interesting to consider
whether a lower bound exists for the signature of a bounded-variation
path. It has also been proved that the signature of a bounded-variation
path is unique up to some modifications, then a natural question is recon-

structing the path from its signature, i.e. inverting the signature of a path.

We show the connection between the two questions above, and provide
practical methods for signature inversion. First we prove a result about
the super-multiplicativity and the decay of the signature of a path with
bounded variation, then we describe the method of symmetrisation, which
was first introduced by Lyons and Xu [25], and demonstrate explicitly how
to invert the signature of a monotone path. Moreover we introduce the
method of inverting the signature by insertion, and provide examples us-
ing the insertion method to invert the signature of a path. We compare
these two methods of signature inversion, and illustrate the differences

with computational results.



Motivation

The signature of a path was first studied by K.T. Chen ([11], [12]). It can be under-
stood as a collection of non-commutative iterated integrals, and has always been an

interesting and essential topic in rough paths theory.

The signature provides a characteristic description of a path. Chen [10] first showed
that the non-commutative iterated integrals of a piecewise regular continuous path
give a unqiue representation of the path up to some null modifications. Hambly
and Lyons [19] furthered the result and showed that this non-commutative trans-
form is faithful for paths of bounded variation up to tree-like pieces. Such a feature
of the signature of a path lies at the heart of the theories related to applications of

signatures, which is also a motivation of the development of the theory of rough paths.

The signature of a path can be applied to machine learning for sequential data min-
ing. The signature of a path is invariant under re-parametrisation, which makes the
signature a good candidate to record the features of data. For example one can refer
to the very helpful primer of the connections of rough paths and data science by
Chevyrev and Kormilitzin [13]. Moreover, Lyons, Ni and Levin [21] gave an example
that when the underlying path is observed at discrete time steps while the data is
sampled at finer scales, the signature describes the data better than simply recording
the data stream. A particularly successful application of the signature method in
machine learning is due to Graham [18] who won a worldwide competition of recog-
nition of Chinese characters by using signatures as feature sets and state-of-the-art

deep learning techniques.

Given the fact that the signature of a path is unique up to tree-like pieces [19],
it is an important and natural topic to reconstruct the path from its signature for
the completeness of the theory. Lyons and Xu ([24] and [25]) developed theories

about inverting the signature of a C! path, and one particular idea they used is sym-



metrisation, which we will mention in one of the chapters. Geng investigated more
complicated cases and developed a method of inverting the signature of a rough path
[17]. Pfeffer, Seigal and Sturmfels [27] demonstrated a method of computing the

shortest path with a given signature level.

Signature inversion also has practical motivations. Because in some cases the dataset
is better summarised by the signature rather than discrete time-stamped data, some-
times signatures are stored instead of the raw data. Moreover, truncated signatures
can lead to dimension reduction, as we may meet circumstances where it is cheaper
to store the signature. As an example, we know that the signature of a d-dimensional

path at level n is of size d”, if the data is sampled at m time points such that
d+d*+ ...+ d" < dm,

then it is more economical to store the signature of the path up to level n than to
store the sequential data without losing much description about the data. In such

cases, we need an algorithm to reconstruct the underlying data from its signature.

However, there has been no practical algorithms about inverting the signature of
a path in the literature so far. The main aim of this thesis is therefore to provide ef-
fective algorithms for signature inversion for some classes of paths, and hopefully shed
light on signature inversion in more complicated cases. Developing such algorithms
requires knowledge about the behaviour of the signature of a path, and we will give
an lower bound for the decay of the signature of a path of finite length. We will also
extend the symmetrisation method developed by Lyons and Xu [25] and apply the
method to monotone paths, and introduce a new method of inverting the signature

of a path using insertion.
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Chapter 1

Introduction to the signature of a
path

In this chapter we introduce some basic concepts used in rough paths theory, and
some important definitions and theorems we will use in the following chapters. The
rough paths theory was initiated by Lyons [22] in the 1990s, and the contents of this
chapter are taken from the standard textbook about rough paths by Lyons et al. [23],
the paper by Hambly and Lyons [19] and the paper by Boedihardjo and Geng [5].

1.1 Characterisation of paths

For a path X in a Banach space E, one way to characterise its roughness is to discuss
the p-variation of the path X, which is defined below. In this section, we assume E

is a Banach space and J is a compact interval.

Definition 1.1.1 (p-variation paths). Assumep > 1 is a real number. Let X : J — E

be a continuous path. The p-variation of X on the interval J is defined by

r—1 D
)

“XHp,J = |5up Z HthJrl - thHp
Dy =y

where D = {to <ty <---<t,:t;, € J¥Yi=0,---,r} is a partition of J.

In particular, a path with finite one-variation is also known as a path with bounded
variation, or finite variation.
Lyons et al. described some basic and important properties about the paths of p-
variation in Section 1.2 of [23], and we state some of the properties here for later

use.



Lemma 1.1.1 (Lower semi-continuity). Let (X,)n,>0 be a sequence of elements of

C° (J, E) which converges pointwise to a continuous path X. Then
1M,y < Tim inf [ X [],, -

Lemma 1.1.2 (Lyons et al., Lemma 1.6 [23]). Let X : J — E be a continuous path.

Then the followings are true:

1. Let ¢ : J — J be a non-decreasing surjection. Then, for allp > 1, || X||, ; =
X ol ;-

2. The function p = || X|, ; from [1,+00) to [0, +00] is non-increasing.
3. The function p — log || X|[7 ; is convez, and continuous on any interval where
it is finite.

b Forallp> 1, X1, > sup, e, X, — X].

For each p > 1, let VP(J, E) denote the set of continuous paths which have finite
p-variation. For each X € VP(J, E), set

||Xva(J,E) = ||X||p,J + sup | Xq |-
te]

In fact p-variation paths form a vector space, as proved in [23].

Proposition 1.1.1 (Lyons et al., Proposition 1.7 [23]). For each p > 1, the set
VP(J,E) is a linear subspace of C°(J, E) on which |-|lvesp) is a norm. Moreover,
(VP(J, E), ||-|lve(sp)) is a Banach space.

Another important definition which characterises the roughness of a path is called

Holder continuity.

Definition 1.1.2 (Hélder continuity). X : [0,7] — E is Holder continuous if there

exists a non-negative o such that

$,t€[0,T] |t - S‘OC

Then X is called a Holder continuous path with exponent c.

Definition 1.1.3 (Control functions). A control function, or control, on [0,7] is
a continuous non-negative function w on {(s,t) € [0,T]*:0 < s <t < T} which is

super-additive in the sense that
w(s,t) +w(t,u) <w(s,u) Vs<t<wue.l,

for which w(t,t) =0 for allt € J.



Lyons et al. [23] showed that there exists a relationship between p-variation and
Holder continuity: Note that for a path X € VP([0,T], E), the function wx(s,t) :=
||X||§,[s,t]

natural re-parametrisation for X. If we assume X is constant on no sub-interval of

is a control function for s < ¢t € [0,7]. The function wx(0,-) provides a

J, the function t — wx (0, t)ﬁ is an increasing bijection J — J. Let t — 7(t) be

its inverse. Note that then, for all s <t in J,

_ WX(O,T)

||XT(5) — XT(S)HP < wx(7(s),7(t)) <wx(0,7(t)) —wx(0,7(s)) T (t—s).

Hence any path of finite p-variation is Holder continuous with exponent é up to re-
parametrisation.

We also recall the following definitions of a path.

Definition 1.1.4 (Length of a path). Assume X : I — E is a continuous path. The
length of X, Lx is defined such that for all u € I,

Lx(u) := Sll,;p Z HXuZ - Xui_lH )

Ui—1,U €D

where D is a partition on {t € I : t < u}.

Definition 1.1.5 (Parametrisation at unit speed). Assume X : I — E is a continu-

ous path of length L < oo . X is parametrised at unit speed if
Lx(t)=t ¥te]|0,L].

The next lemma guarantees that parametrisation will not significantly affect the
properties of a path. This is a well-known fact and we include a proof in Appendix

A just for completeness.

Lemma 1.1.3. Assume [ = [0,T]. If X : [ — E is a continuous path of length

L < o0, then X can be re-parametrised at unit speed.

Proof. See Appendix A. n

1.2 The signature of a path

Let X and Y be two real-valued functions on the interval [0,77]. It is known that

if X has bounded variation, given that certain conditions are satisfied, the integral



f(f YdX can be defined for every ¢ € [0,T]. Moreover, as a function of ¢, this integral

has bounded variation, and

/dexs
0

where ||-||o,jo,r] denotes the uniform norm on [0,7]. Young showed that if X has
unbounded varation, the integral [YdX can still be defined.

< Yl oy X1 o7 »
1,00,7]

Theorem 1.2.1 (Young, see e.g. Theorem 1.16 of [23]). Let V' and W be two Ba-
nach spaces. Let p,q > 1 be two real numbers such that % +% > 1. Let T be
a positive real number. Assume X € VP([0,T],V) and Y € V[0, T],L(V,W)),
where L(V,W) denotes the set of continuous linear functions from V to W. Let
D={0=t<t1 <---<t,1 <t.=T} be a partition on [0,T]. Then for each

t €10,T], the integral

t r—1
/ YdX, == lim >V (X, - X,)
0

|D|—0,D€[0,t] <
=0

is well-defined. As a function of t, this limit belongs to VP([0,T], W) and there ezists
a constant C,, , which depends only on p and q such that the following inequality holds:

< Cog 1Yl 0.2y 1X M 0.7 -
p,[0,T]

(Am-nmn

For many reasons, it is interesting to consider iterated integrals in tensor sense. In
this section we describe the following setup as introduced by Lyons et al. in Section
2.2 of [23]. The convention E®° = R is adopted.

Definition 1.2.1. The space of formal series of tensors of E, denoted by T'((E)), is

defined to be the following space of sequences:
T((E)) ={a=(ag,as, ) :¥n >0,a, € E"}.

Let a = (ag,a1,---) and b = (b, by, - - - ) be two elements of T'((F)). We can equip

T((FE)) with two internal operations, addition and multiplication:
a+b= (a0+b0,a1—i—b1,-‘~),
and

a®b: (007017”')7



where for each n > 0,

n
Cp = E ar Q b,_p.
k=0

We can also denote a ® b by ab.

The space T((E)) endowed with the operations described above and the natural
action of R by Aa = (Aag, Aaq,---) is a real non-commutative unital algebra, with
unit 1 = (1,0,0,--+).

An element a = (ag,ay,---) of T((E)) is invertible if and only if ay # 0. Its inverse

is then given by
1 a\”
-1
- 1-=
=y (1-2)

which is well-defined because, for each given degree, only finitely many terms of the

sum produce non-zero tensors of this degree. In particular, the subset
T((E) ={aeT((E)):a = 1}

is a group.
It is often important to look only at finitely many terms of an element of T'((E)).
For each n > 0, the space B,, = {a = (ap,a1,---) : a9 = - - - = a,, = 0} of formal series

with no monomials of degree less than or equal to n is an ideal of T'((E)).

Definition 1.2.2 (Truncated tensor algebra). Letn > 1 be an integer. The truncated

tensor algebra of order n of E is defined as the quotient algebra

In fact T(”)(E) is canonically isomorphic to ®&7_,E®* equipped with the product

(CL(),"' 7a’n)(b07”' 7bn) = (C(]?'” 7cn)7

where ¢, = 20 a; ® by, for all k € {0,--- ,n}.

We are now ready to define the signature of a path.

Definition 1.2.3 (Signature of a path). Let J denote a compact interval. Let X :
J — FE be a continuous path of finite p-variation for some p < 2. The signature of
X s

SJ<X) = (175}(X)7SL2](X)7)7

where for eachn > 1, SH(X) = [

U< <UpUl, - UnEJ

dX,, ® - -®dX,,.

5



Note that the signature of a path is an element of T((E)).
The range of the signature mapping is important to consider. Lyons et al. [23]
discussed some important properties about the mapping, and we include some of

them below.

Definition 1.2.4. Let X : [0,s] — F and Y : [s,t] — E be two continuous paths.
Their concatenation is the path X Y : [0,t] — E defined by

X if wel0,s]

<X*Y>={ _
X, +Y,-Y, if € [s,t].

It is well-known that the concatenated path preserves the variation. We include

a proof in Appendix A just for completeness.

Lemma 1.2.1. Assume 0 < s < t. Let X : [0,s] - E and Y : [s,t] — E be
two continuous paths both of finite p-variation for p > 1. Then X xY s of finite

p-variation.

Proof. See Appendix A. n

Chen [11] proved that the signature is a homomorphism, which is stated in the

next theorem in the language of Lyons et al. [23].

Theorem 1.2.2 (Chen, see e.g. Theorem 2.9 of [23]). Let X : [0,s] — E and

Y :[s,t] = E be two continuous paths with finite one-variation. Then
Sot(X *Y) =Sg(X) ® S;.(Y).
Lyons et al. [23] extended Chen’s theorem to p-variation paths for p < 2.

Theorem 1.2.3 (Lyons et al., Corollary 2.13 of [23]). Theorem 1.2.2 holds for paths
of finite p-variation for p < 2.

By Lemma 1.2.1 and Theorem 1.2.3, we can see that the range of the signature
mapping is closed under multiplication. If X is a path of finite p-variation, it was
also showed in [23] that the inverse of S(X), denoted by S(X)™!, is the signature of
a path.

Proposition 1.2.1 (Lyons et al., Proposition 2.14 of [23]). Let X : [0,T7] — E be a
path of finite p-variation for p < 2. Let ? be the path X run backwards, i.e. the path
defined by ?t = X7, t €[0,T]. Then

In particular, the range of S : VP([0,T], E) — T'((E)) is a group.

6



It is also interesting to note that the signature of a path is a solution to a particular

differential equation.

Lemma 1.2.2 (Lyons et al., Lemma 2.10 of [23]). Let X : [0,T] — E be a path of
finite p-variation for some p < 2. Let L(E,T™(E)) denote the set of continuous
linear mappings from E to T™(E). Define f : T™(E) — L(E, T™(E)) by

flag,ar, -+ ,an)r = (0,00 ® 2,01 T, , A1 D).
Then the unique solution to the differential equation
dS; = f(Sy)dX;, So=(1,0,---,0)
is the path S : [0, T] — T™(E) defined for all t € [0,T] by
Se= (1, 8p4(X), -+, S54(X)).

Remark 1.2.1. We can also write the following differential equation for the full
signature of X as a function from [0,T] to T((E)):

dXo; = Xop ®dX;, Xpo=1.

If we adopt the terminology of [23], the signature of a path is then the solution
to a rough differential equation. Since the solution to a rough differential equa-
tion is unique, we can conclude that the signature of a path is invariant under re-

parametrisation.

We can also discuss functions on signatures. If we regard the tensor as a word

over some alphabet, shuffle product is an important concept we should recall.

Definition 1.2.5 (Shuffle product). The shuffle product is defined inductively to be

bilinear, such that for any words u,v,a and b,
uRallw®@b:=(ulllv®b) ®a+ (u®alllv)®b.
Definition 1.2.6 (Group-like elements). Let V' be a Banach space. Define
T(V)) = {(ap,ar,as,--) 1 a, €V®'V¥n >1,a0=1}.
An element a € T((V)) is called group-like if for all ¢, : T((V)) = R,
¢ Ly (a) = ¢(a)y(a).

Lyons et al. showed in Section 2.2 of [23] that the signature of a path is a group-like

element.



1.3 Uniqueness of the signature of a path

We first state the properties of the norms on tensor products which we assume to be

true.

Definition 1.3.1. Let V be a Banach space. We say that its tensor powers are

endowed with admissible norms if the following conditions hold:

1. For each n > 1, the symmetric group S, acts by isometries on VE", i.e.

lov| = |[v]| Vo € VO Vo € S,.

2. The tensor product has norm 1, i.e. for all n,m > 1,

o @wl| < vl [Jw]] Yve Ve we Ve

For the rest of this chapter we consider paths of bounded-variation. Equipped
with a tensor norm with properties described in Definition 1.3.1, the signature of a
path is bounded above [23].

Proposition 1.3.1 (Lyons et al., Proposition 2.2 of [23]). Let X : [0,T] — V be a
path with finite variation. Then, for each k > 1, one has

/ dX,, ® - ®dX,,
O<ul <--<up<T

Remark 1.3.1. If we recall the definition of the length of a path, and suppose
X :[0,T] = V is a bounded-variation path of length L > 0, since the length of

X is wnwvariant under the re-parametrisation as described in Lemma 1.1.3, then by

k
_ Xl
- kL

Proposition 1.3.1,

k
< —.
k!

/ dX,, ® - ®dX,,
0<uy <--<up<T

In 2010, Hambly and Lyons [19] proved the uniqueness of the signature of a
bounded-variation path. In this section we state some of their results for future
references. More details can be found in [19].

Consider bounded-variation paths in R? equipped with the Euclidean norm. An
important tool used by Hambly and Lyons is the hyperbolic development of the path.
Consider the quadratic form on R4*! defined by

d
lo(z,y) = szyz — Tap1Yapr, Yo,y € R
i=1



Also, define
H={x:Ij(z,x) =—1}.

Then H is hyperbolic space. Let SO(I;) denote the group of matrices with positive de-
terminant preserving the quadratic form I, i.e. M € SO(Iy) if I;((My")T, (Mz")T) =
Id (yv J})

Definition 1.3.2 (Cartan development). Define the mapping F : R* — Hom (R*™, R*™)
such that for x = (xq,- -+ ,14) € RY,

0 - 0 x
Frawe | 2 0 0 o] (1.1)

0 --- 0 ay

1 - xg O

where Hom(V, A) denotes the set of bounded linear operators from V' to A. Then the
Cartan development of a continuous bounded-variation path v : [0,1] — R® to SO(1,)

1s given by solving the following differential equation

dFt = FtF(d’}/t), t e [O, 1],

FO - Id+17

where 1y is the (d+ 1) x (d+ 1) identity matriz, i.e. the development I' satisfies

0 - 0 dy

ar, =1, > (1.2)
0 dyf
dyf oo dyf 0

Note by Picard iteration, we have

oo

Fpiié F (dy,) - F (dv,).

=0 J 0<t1 < <tn <t

Definition 1.3.3 (Hyperbolic development). We define X to be the hyperbolic de-
velopment of a continuous bounded-variation path «y : [0,1] — R? into H starting at
0=1(0,0,---,1)T and given by

Xt = FtO,

where T' is the Cartan development of .



In such a setting, we require R and R%*! to be both equipped with the Euclidean
norm. Note that under such assumptions, the hyperbolic development does not alter
the length of the path, which was clearly stated by Boedihardjo and Geng [5] as

described in the following lemma.

Lemma 1.3.1 (Boedihardjo and Geng, Fact 1 [5]). The hyperbolic development de-
scribed in Definition 1.53.3 is length preserving. Moreover, if v, is piecewise linear,
then its hyperbolic development X, is piecewise geodesic with the same intersection

angles as those of ;.

Definition 1.3.4. If we develop path v of fized length 1 into path T' in SO(I,), let
d(o,T',) denote the length of the chord connecting the beginning and the end of the
development of v into hyperbolic space.

Definition 1.3.5. If V is a Banach space, A is a Banach algebra and Fy,--- | F}, €
Hom(V, A), then write F; ® --- ® F}, for the canonical linear extension of the multi-

linear map from V& to A such that
(Ul, s ,Uk) — Fl(’Ul) cee Fk(’l}k)
We can define the norm

[l = sup [Fr @ @ F(z)]] 4 -

Fie Hom(V, A), |1 Fill gromqv, 4) =1

Note A = R yields the injective cross norm. In our case we consider the situation
when A = Hom (R4, R¥1) with the operator norm and R4*! is given the Euclidean

norm.

Lemma 1.3.2 (Hambly and Lyons, Lemma 3.1 [19]). If F' is as defined in Equation
(1.1),

HF||H0m(Rd+17Rd+1) =1.

We note the following proposition which gives an upper bound on the length of

the chord connecting the beginning and the end of the hyperbolic development.

Proposition 1.3.2 (Hambly and Lyons, Proposition 3.13 [19]). Let G € SO(1,).

Then ||G| gom(ma+1 g1y = e¥©G0) ywhere R™! is equipped with the Euclidean norm.

The following lemma describes the relationships between distances in hyperbolic

space.
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Lemma 1.3.3 (Hambly and Lyons, Lemma 3.7 [19]). Let 0 =Ty < --- <T; < --- <
T, =T be a partition of [0,T]. Let (Xi)icpor) be a continuous path, geodesic on the
intervals [T;, Ti11]|izo,... n—1 i hyperbolic space with n > 1 where, at each T;, the angle
between the two geodesic segments ZXg, , X1, Xr,,, is in [2Q, 7|, Q > 0. Suppose that

each geodesic segment has length at least K () = log< ) Let d denote the

2
1—cos ||
metric on the hyperbolic space. Then

1. d(Xo, X1,) is increasing in i and for each i <n,
d(X0> XTZ) > d(X07 XTi—l) + d(XTi—17XTi) - K<Q) > K(Q>7
—_— —
and the angle between Xr, | Xr, and Xo X1, is at most €.

2. We also have

Let v : [a,b] — R? be a continuous path of finite length [, parametrised at unit
speed. If o € R, and without loss of generality we assume o > 0, then the path
Yo ¢ laa,abl = R v, =t — avy(t/a) is also parametrised at unit speed, and the
length is al:

[ raonar= [ a
= [ akiolas

= al.

If we consider the case where u — /(u) is continuous with modulus of continuity 6.,
the derivative of 7, has modulus of continuity d,, (ah) = 6, (h). Its development from
the identity matrix into SO(I;) is denoted by I',. Hambly and Lyons [19] showed
that the signature of a piecewise linear path has at least one term that is bounded

below.

Theorem 1.3.1 (Hambly and Lyons, Theorem 13 [19]). If v is a non-degenerate
piecewise linear path in RY, 2 is the smallest angle between adjacent edges, and
D > 0 is the length of the shortest edge, then there is at least one n for which

1

2 -
<1—cos|Q|) ="

and in particular vy has non-trivial signature, i.e. S(vy) # (1,0,0,---).

)
— Hom(Rd+1 Rd+1)

/ dy(w) ® - © dy(u,)
O<uy <-<un<T

11



Another important definition mentioned by Hambly and Lyons [19] is the tree-like
paths.

Definition 1.3.6 (Tree-like paths). X : [0,7] — E is a tree-like path in E if there
ezists a continuous function h : [0, T] — [0, +00) such that h(0) = h(T) = 0, and for
all s,t € [0,T) with s <t,

|1 X: — Xs|| < h(s) +h(t) —2 inf h(u).

UE[s,t]

The function h is called a height function for X. We say X is a Lipschitz tree-like

path if h can be chosen to be of bounded-variation.

Theorem 1.3.2 (Hambly and Lyons, Theorem 4 [19]). Let X be a bounded-variation
path in R, The path is tree-like if and only if the signature of X is (1,0,0,---).

Theorem 1.3.3 (Hambly and Lyons, Corollary 1.6 [19]). For a bounded-variation
path X in R?, there exists a unique path of minimal length X, called the tree-reduced
path, with the same signature S(X) = S(X).

Here we briefly explain the idea of the proof. Define the relation ~ such that
for bounded-variation paths X and Y in R? X ~ Y if X x ? is a Lipschitz tree-
like path. ~ is in fact an equivalence relation, and S(X) = S(Y) if and only if
X Y is a Lipschitz tree-like path, that is, if X ~ Y, then S(X) = S(Y). Within
cach equivalence class, there exists a unique path X with minimal length, therefore
S(X) = S(X).

1.4 Information about a path from its signature

We have seen that the signature of a tree-reduced bounded-variation path is unique,
therefore the signature uniquely characterises the path up to tree-like pieces. We can

then discuss the information about the path that is contained in the signature.

Definition 1.4.1 (Symmetric tensors). Let V' be a vector space, and let v € V&F.

Then v is a symmetric tensor if for any permutation o € S(k),
o(v) =w.
For uw € V& the symmetric part of u is the tensor defined by

sym(u) :% Z o(u).



As an example, for a tensor r ® y ® z, the symmetric part of the tensor is the sum

of the tensors

sym(z @y ® z)

1
= (E®YO+YRIR+YR 0T +I®IBY+2RIVY+2R YO D).

By recalling the fact that the signature of a path is a collection of tensors of different
degrees, we conclude the following lemma. Note that the following lemma is in fact

a special case of Exercise 3.15 stated in [23].

Lemma 1.4.1 (Lyons et al. [23]). Let X : [0,T] — R? be a path of finite variation.

Then for every n > 1, the symmetric part of the n-th level signature, S&T(X), 15 equal

(Sp,r(X))®"
to S0l

Proof. See Appendix A. O

Let X : [0,7] — R? be a bounded-variation path in RY. We can write the path

coordinate-wise as (X} )i=1,... 4. Define

Xi-xi-xh xh- [ axiag, -t

ug?
s<ui<uz<t

Then (1, (X7 ,)i=1,- a: (th)i,jzlﬁ... ) 1s the truncated signature of X up to level 2. We
can see that (X! )i1,.. 4 gives the increment of X over [s,t]. For the second level

signature, we can write it as sums of symmetric and anti-symmetric parts:

¥ 1 ) ) 1 ) ) 1 ) )

XY == dX! dX) —— dX: dX! + — dX' dX/

s,t ul U ul u2 u1l u2
2 s<ui,uz2<t 2 s<uz<ui<t 2 s<ui<uz<t

1 . ) . ) 1 ) ) . )
—Sea-xhed XDy [ g, - vy,
s<uy<ug<t

1 . ) . . .
= S(XI = XD - X1) + A7

s,t9

where the anti-symmetric part AV, = 1 [ dX} dX] —dX] dX! . Note we

<ui<us<t
can write

g 1 [t . . A A A
Af =5 [ (X = g - (o] - X2)ax;,

and by Green’s Theorem, Agt is the area enclosed by the curve from (X?, X7) to
(X7, th ) and the chord connecting the two points, provided orientation and multi-

plicity are taken into account.
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From above we see that the signature of a path contains information about the in-
crement and the area of the path. As the level goes higher, the truncated signature
contains more information about the path. We have also seen that the signature of a
bounded-variation path is unique up to tree-like pieces, therefore it is an interesting
topic to develop algorithms to reconstruct the path with minimal length from the

information available in the signature.

14



Chapter 2

Super-multiplicativity and a lower
bound for the decay of the
signature of a path of finite length

From Chapter 1 we have seen that there exists an upper bound for the n-th level
of the signature of a path. It is then natural and interesting to study whether a
lower bound of the signature of a path exists. For a path of length L > 0, for all
n > 1, we multiply the n-th term of the signature by n!L~", and we say the resulting
signature is ‘normalised’. It has been established [23] that the norm of the n-th term
of the normalised signature of a bounded-variation path is bounded above by 1. In
this chapter we discuss the super-multiplicativity of the norm of the signature of a
path of finite length, and prove by Fekete’s lemma the existence of a non-zero limit
of the n-th root of the norm of the n-th term in the signature multiplied by n! as n

approaches infinity [9].

2.1 Reasonable tensor algebra norms

Definition 2.1.1 (Algebraic tensor product space). Let {V}};V:l be normed vector
spaces over F=R or C. Their algebraic tensor product space is defined as the vector

space
V1®---®VN={ngea---@v;v;vgew, Vz’e[,|[|<oo,j:1,---,N.},
el

where we identify (u+v) QW =uR@W+vRwW andu® (V+w) =uR v+ u® w.

15



Definition 2.1.2. If ¢; € V] are bounded linear functionals on V;, j = 1,--- N,
then we define the dual action of )1 @ - - @ oy on V1 @ --- Q@ Vy = TF by

N
(61 @on)( @ @uy) = [[ o) Vo eVii=1 N,
=1

and extending by linearity.

Definition 2.1.2 is in fact a generalisation of the mapping described on the tensor
product of two Banach spaces in [29].
Recall that if ¢ € V', then the norm of ¢ is defined as

o] == Sup ()]

Definition 2.1.3 (Reasonable tensor algebra norms). Let V.V @ V,--- V& pe

normed vector spaces. We assume that for all v € VO w € V™,
o @ wl]| < [v]| [|w]] (2.1)
and the norm induced on the dual spaces satisfies that for all ¢ € (VE™) op € (VE),

lo @l < I8l Il (2.2)

Moreover, if S(n) denotes the symmetric group over {1,2,--- ,n}, we assume that
for alln > 1,

lo()| = ||v|]| Vo e S(n),ve Ve

If a norm satisfies the properties above, then we say it is a reasonable tensor algebra

norm.

Proposition 2.1.1. Let X and Y be normed vector spaces. If ||-|| is a tensor norm
on X ®Y which satisfies

o @wl| < vl [wl]] VveX weY,
and the norm induced on the dual spaces satisfies

le @l <ol vl vée X'y ey,

then ||-|| is called a reasonable cross norm, and ||z ®@ y|| = ||z|| ||y|| for every x € X
and y € Y; for every ¢ € X' and 1y € Y', the norm of the linear functional ¢ @1 on

(X @Y, [|l]) satisfies [|¢ @ o[l = [|l[ |4l
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Proof. For a proof see for example Proposition 6.1 of [29] by Ryan. m

Proposition 2.1.1 implies that the inequalities in Equation (2.1) and (2.2) imply
equality.

Remark 2.1.1. Note that under the assumptions of Definition 2.1.3 for all a €
Vem peven ce Vel

le@b)@c| = lla® (&l = lal bl el

Definition 2.1.4 (Projective tensor norm and injective tensor norm). Let {V}}jvzl be
normed vector spaces over F. The projective tensor norm on Vi ® - -- ® Vi s defined
such that forx € V1 ®@ -+ @ Vy,

el = inf{z Pl 2= Y et @ @l d € Vyvi € L] < oo}.

el i€l

The injective tensor norm on Vi ® --- @ Vi is defined such that for v =3, ; v} ®
N eV @Vy,iel, |I| <oo,

][5 = sup { > IToswh

i€l j=1
for any representation of x.

It is well-known that the projective tensor product and the injective tensor prod-
uct are associative, i.e. if Vi, V4 and V3 are normed vector spaces, for p = 9 or 7, the
natural mapping from (V; ®, V2) ®, to V1 ®, (V2 ®, V3) is an isometry, where V; ®, V3
denotes the completion of V; ® V5 with norm p. One can refer to [3], [15], and [32]
for related discussions.

The projective tensor norm and the injective tensor norm are reasonable tensor alge-
bra norms, and this is in fact implied by the proofs given by Ryan [29]. We include

the proofs in Appendix A just for completeness.

Lemma 2.1.1. The projective tensor norm defined in Definition 2.1.4 satisfies the
properties stated in Definition 2.1.3.

Proof. See Appendix A. n

Lemma 2.1.2. The injective tensor norm defined in Definition 2.1.4 satisfies the

properties stated in Definition 2.1.3.
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Proof. See Appendix A. m

Lemma 2.1.3. If a is a reasonable cross norm on X Y, andu € X ®Y, then
zlls < o) < =]l

As a result, any reasonable tensor algebra norm is sandwiched between the injective

and projective tensor norms.
Proof. A proof of Lemma 2.1.3 can be found in Proposition 6.1 of [29]. O

Another example of a reasonable tensor algebra norm is the Hilbert-Schmidt norm,
as we show in the following.
Suppose for now H is a Hilbert space equipped with inner-product (-,-). Then the

natural norm induced by the inner-product is defined such that

Vee H, |zl = /(z ).

Definition 2.1.5 (Hilbert-Schmidt inner-product). If Hy and Hy are Hilbert spaces
with inner-products (-,-)1 and (-, )9 respectively, define the function (-,-) on the alge-

braic tensor product space Hy @ Hy by
(a®@u,b@v) ={(a,b)1{u,v)s Va,b € Hi,u,v € Hy (2.3)

and extending by linearity. Note this definition of (-,-) does not depend on the choice

of basis.

It is easy to show that (-, -) defines an inner-product on H; ® Hs, and here we give
a proof that for any x € Hy ® Hy, (x,xz) > 0 and (z,x) = 0 if and only if x = 0:
Suppose {e; : i € I} is an orthonormal basis of Hy and {f; : j € J} is an orthonormal
basis of H,. For any z = Zie[,jej Aijei ® f; € Hy ® Ho,

(@, 2) = Y (Ajei ® fj, Mijei ® f;)

icl,jed

iel,jed

and clearly (z,z) = 0 if and only if = 0. Other properties of an inner-product can
easily be checked.

Taking the completion of H; ® Hy with (-,-) gives us a Hilbert space, and we denote
it by Hi&H,.

18



Lemma 2.1.4. The Hilbert-Schmidt tensor product is associative, i.e. if Hy, Hy and
Hs are Hilbert spaces, then the natural mapping from (H1®H2)®H3 to H1®(H2®H3)
1s an isometry, where we equip the tensor product of two Hilbert spaces with the

Hilbert-Schmidt inner-product.
Proof. See Appendix A. n

We note the following important theorem which helps us to identify the dual space
of a Hilbert space.

Theorem 2.1.1 (Riesz-Fréchet Theorem). Let H be a Hilbert space with inner-
product (-,-), and let F' be a continuous linear functional on H. There exists a unique
y € H such that

F(z) = (z,y) Vz € H.
Moreover, ||F|| = ||y||-
Proof. For a proof see Theorem 6.8 of [33] by Young. O

Lemma 2.1.5. Suppose Hy and Hy are Hilbert spaces with inner-product (-,-); and
(-, Yo respectively. Then for allu € Hy, v € Hy,

lu@ o = [lullfl].
Moreover, for any ¢ € H{,v € H},
lo @ ¥l = [/l

Proof. See Appendix A. n

It can then be deduced that the Hilbert-Schmidt norm is a reasonable tensor

algebra norm.
Lemma 2.1.6. The Hilbert-Schmidt norm is a reasonable tensor algebra norm.

Proof. See Appendix A. O
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2.2 Super-multiplicativity of the signature in rea-
sonable tensor algebra norms

Let V be a Banach space, and v : J — V be a continuous path of finite length over
the compact interval J. The signature of v is denoted by

S:(]-)Slas%"'as’ru'”)a (24)

where for each n > 1, S, = [

Uy <o <Un,UL,""

',UneJ d’yul ® T ® dfyu"‘

Remark 2.2.1. Note that the n-th term of S lives in the completed Banach space V&"
whenever the algebraic tensor product is completed with a reasonable tensor algebra

norm.

From now on we will fix a Banach space V', a reasonable tensor algebra norm, and
we will take V™ to be the completion of the algebraic tensor product with respect to

that reasonable tensor algebra norm.

Theorem 2.2.1. Suppose v : J — V is a path of finite length. Then for m,n > 0,

the signature of v satisfies
|(m 4+ n) Spnl| = ([0S, || M!Syl Ym,n > 0. (2.5)

where ||-|| is any reasonable tensor algebra norm. V®° is defined to be F, and Sy = 1.

Proof. By Hahn-Banach Theorem, there exists ¢, € (V®")', ¢,, € (V®™) such that
|onll = 1, ||¢m]] = 1, and

¢n(5n) = HSnH ) ¢m(sm) = HSm”
Equivalently, we can write
On(S) =[5l om(S) = [Smll,

where we define ¢y (z) = 0 for x ¢ V¥ for all k > 0. From [23] we know that S is

group-like, hence

Pm LI Gn(S) = ¢m(S)Pn(S) = [Sml[ |5

Also,

O LL (bn(STrH—n) = Z U(¢m ® ¢n)<Sm+n)

oeshuffles(m,n)
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= ) (6 @) (0 (Smn)),

oeshuffles(m,n)

SO

| L @5 (S )| < #shuffles(m, n) [|¢n @ G| [|Sminl| -

Note that #shuffles(m,n) = “E2 and by Definition 2.1.3 we know that

n!m! 7

[fm @ Gull < [Gmll lonll = 1.

Hence
[(m 4+ n)1Spminll = (|01, ] [[m! Syl

as expected. O

2.3 Limiting behaviour

Theorem 2.3.1 (Fekete’s Lemma, see e.g. Lemma 1.2.1 of [30]). If a sequence of

real numbers {an}, .y satisfies the sub-additivity condition
Upin < A +a, Vm,n € N,

Then

. an . ap,
lim — = inf —.
n—oo N neN q

Definition 2.3.1 (Submonoids of N). Let S be a subset of N. Note we adopt the
convention that 0 € N. Then S is a submonoid of N if:

(1). 0 € S;

(2). If a,be S, thena+be S.

Given a subset A of N, the submonoid (A) generated by A is defined as

(A ={ a1+ + M a,:reN N eNageA Vi=1,--- r}.

Definition 2.3.2 (Numerical semigroups). A submonoid S of N is called a numerical

semigroup if N\ S is finite.

Theorem 2.3.2. Let M be a submonoid of N. Then M has a unique minimal system

of generators, which in addition is finite.
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Proof. For a proof see for example Corollary 2.8 of [28]. ]

Lemma 2.3.1. Assume A is a non-empty subset of N. Let d = gcd(A) be the greatest
common divisor of the elements in A. Then (d) \ (A) is finite.

Proof. Note first that (A) C (d). Define

n
S = {E.nem)}.
Then by [28], S is a numerical semigroup, so N\ S is finite, therefore dN \ (A), i.e.
(d) \ (A), is finite. O

Lemma 2.3.2. Assume v :J — V is a continuous tree-reduced path of finite length.
Define

I is a submonoid of N, therefore I is finitely generated.

Proof. Since Sy = 1, 0 € I; Assume m,n € I, then S,, # 0 and S,, # 0, so by

super-multiplicativity,
[(m 4 1) S g | 2 [[mliSi | (7215 ]| > 0.

Hence m + n € I. Therefore [ is a submonoid of N. Then by Theorem 2.3.2, I is
finitely generated. O]

For a tree-reduced continuous path v : J — V., by Lemma 2.3.2 there exist
ny,---,n. € N\ {0} such that the set I of indices of the non-zero terms in the

signature of «y is generated by the set
A::{nl’..-’nr}, nZEN\{O} vz':17...,74'

Since 7 is tree-reduced, by Hambly and Lyons [19] the signature of 7 is non-trivial,
and there must exist some n € N\ {0} such that S,, # 0. Hence the set A is non-empty.

We adopt these notations in the rest of this chapter unless otherwise specified.

Lemma 2.3.3. Assume a tree-reduced continuous path v : J — V is of finite length
L >0, and A :={ny,--- ,n.} is the generating set of the indices of all the non-zero
terms of the signature of v. Then for alli=1,--- ,r,
lim  ||n!S,|""
ne(n;),n—00

= sup Hn!SnHl/"
ne(n;),n>1

= L>0.
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Proof. Define
f(n) := —log(|[nlS,|| /L™).
Then by the super-multiplicativity of the signature,
fm+n) < f(m)+ f(n) Ymnée(n) i=1---,r

Define
f(n)

;= inf —=.
ne(n;)n>1 1N

Fix € > 0. Then there exists K € (n;) such that
f(EK)
K

Then for all n €< n; > such that n > K, there exist ¢ € N and s € (n;), s < K such
that n = ¢K + s, hence

S&—i—e.

F() _ af(K) + f(5)

n - qgK + s
qK f(s)
ti
_qK—irs( +€)+qK—|—s
§€,~+e+@.
n

Note f(s) is bounded by max;c(,,) j<x f(j). Then as n — oo, we have

fn)

lim sup Ui + €.
nelni)n—oco T
Therefore for all i =1,--- ,r,

ne(ng),n—oo 1

We also note that the submonoid of N generated by the least common multiple of
A, (lem(A)), is a common infinite subsequence of (n;) for all ¢ = 1,---,r. Hence
li="{;:=C(foralli,j=1,---,r. Thenforalli=1,---,r,
lim  ||n!S,|""
ne(n;),n—o00

= sup [nlS,|""
ne(n;),n>1
= L.

Because (n;) are indices of non-zero terms in the signature, L > 0. O
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Remark 2.3.1. Note that Lemma 2.3.3 in fact used the fact that Fekete’s Lemma
holds on (n) for alln € N\ {0}.

Theorem 2.3.3 (Asymptotic behaviour of the signature). Assume a tree-reduced
continuous path v : J — V is of finite length L > 0, and A := {ny,--- ,n.} is the
generating set of the indices of all the non-zero terms of the signature of v. Let I
denote the set of indices of all non-zero terms in the signature of ~v. Then

schm,__ S [

= sup Hn!SnHl/" = sup Hn!SnHl/"
neln>1 n>1

=L >0.
Proof. Note I = (A) = (ny,---,n,). Define f(n) := —log(||n!S,|| /L™). Then
f(m+n) < f(m)+ f(n) VYm,nel.

By Lemma 2.3.3, we can define

¢:= inf M Vi=1,---,r.

ne(n;)n>1 M

Fix € > 0. Again by Lemma 2.3.3 there exists N € N such that for all A\; > N,
J(Ainy)

il

0 < <lte Vi=1,---,r

For alln > N "' n; and n € I, there exist A, --- A, € N such that n =3, A\;n,,

and

f(n)=f (Z An) = f (Z Ami+ > An)

ANi>N ANi<N

gf(z /\n) +f<z An)

Ai>N Ai <N
ANi>N Ai<N

Then

50) _ (oS ] (Sne hnd)

n n n
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Note that f (Z/\KN )\mi) is bounded above by N max;_; ..., f(n;). Then as n goes
to infinity,
f(n)

lim —=</+e.

neln—oco N

By a similar argument as in the proof of Lemma 2.3.3, we have, for any k € I such
that k£ > 1,

lim M: inf M:E.
ne(k)y M ne(kyn>1 N
Therefore for all k € I\ {0},
f (k)

Also note for any n > 0, for any k € I \ {0}, there exists m € (k) C I such that

%SWNL

hence

(= inf @
neln>1 N
Combining with the inequality we found for the limit of the sequence (f(n)/n) for
n € I, we have
f(n)

(< lim ——= </+e,

neln—oco N

which implies

i L0 e S
neln—oco N neln>1 N

and the result follows. O]

Remark 2.3.2. By the result of Lemma 2.3.1, the signature of a tree-reduced path
of finite length can only have finitely many zeros at levels which are multiples of
the greatest common factor of ny,--- ,n,. It is in fact a proof by Boedihardjo and
Geng [4] that there can only be finitely many zero terms in the signature of a tree-
reduced path of finite length, or in the language of Lemma 2.3.1, the greatest common
divisor of ny,--- ,n, is 1, and we can apply the idea of Fekete’s lemma and show that

1/n 1/n

limy, o0 || || = sup,>; [|n!Su||", and the limit is non-zero.
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Corollary 2.3.1. Let V' be a Banach space. For any element
a=(ap,ar,as, ) € {(bo, b1, ba,-++) : b =1,b, € VE" V¥n>1}
which is group-like, we have
|(m + n)lapmn|l > [|mlan|||nla,]  Ym,n > 0.

Define I :=={n € N:a, # 0}. Then

In _

lim  |[nlan|" = sup |kla|""
el,k>1

nel,n—oo
under any reasonable tensor algebra norm ||-||.

Proof. Note that since a is group-like, the same arguments apply as in Theorem 2.2.1
and Theorem 2.3.3. [

Remark 2.3.3. It is an interesting question to ask whether there is a nice and simple
form of the limit of |n1S,||*™ mentioned in Theorem 2.3.3, and whether the limit is
the same under any reasonable tensor algebra norm. Moreover, we know from [23]
that for a path of finite length L > 0, an upper bound of ||n!S,|| is L"™. Furthermore,
Hambly and Lyons (Theorem 9, [19]) proved that for a smooth enough path of finite
length, the ratio |n!S,|| /L™ converges to 1 under certain norms. Therefore we have

the following conjecture.

Conjecture 2.3.1. Let V' be a Banach space, and v : J — V be a path of finite
length L > 0. Then the signature of vy satisfies that

1S, ||"™ = L asn — oo,
under any reasonable tensor algebra norm .

Example 2.3.1. Let us consider a monotone lattice path vy consisting of two linear

pieces, and each piece is of length % Under ¢* norm, we have

w2 () () ()

hence apparently lim,, ||n!Sn||}/n = 1, which is the length of the path.

If we consider the case under the Hilbert-Schmidt norm, we have

n 2 2% 2(n—k)\
1 n 1 1
IIn!SnII;}s:(Z(k) ;) (3) ) -
k=0
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Figure 2.1: ||n!S,|| 11{/; against the signature level n of a monotone lattice path

If we plot ||n'Sn||%; against n, we obtain Figure 2.1, from which we can see that it
is reasonable to assume ||7’L'Sn||}q/§Z converges to the length of the path. Therefore both

cases match our expectation as described in Congjecture 2.5.1.

Remark 2.3.4. An interesting tensor norm to consider is the Haagerup tensor norm
[3]. Clearly the Haagerup norm is not a reasonable tensor algebra norm, however
under the Haagerup norm, for a path of finite length L > 0, we still have n! || S, || < L™.
Therefore it is an interesting question to ask whether the signature will have the same
behaviour as described in Theorem 2.3.3 under the Haagerup tensor morm, or the

symmetrised forms of the Haagerup tensor norm.

Remark 2.3.5. Although it has been shown that ||n!S,| eventually behaves like L™
under certain norms for paths which are smooth enough (see [19]), some simple exam-
ples show that in general for a path of finite length, ||n!S,| /L™ does not necessarily
converge to 1 as n increases. The result in Theorem 2.3.3 1s the best description we
have found so far about the decay of the signature of a path of finite length. Further

discussions can be found in Section 4.5.

Given the result for paths of finite length, it is then interesting to discuss whether
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a non-zero limit exists for p-variation paths for p > 1. However it is not the case as

demonstrated in the following corollary.

Corollary 2.3.2. Suppose p € R and p > 1. Then for a path ~ of finite p-variation,

1/n

there does not exist a non-zero limit for ||[(n/p)!S,||""" under a reasonable tensor

algebra norm.

Proof. Consider a linear path v of length 1. Note v is a p-variation path for all p > 1.
Then for all p > 1,

which converges to zero as n tends to infinity. Hence we cannot deduce a non-zero

limit for a p-variation path in general. O]
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Chapter 3

Signature inversion using
symmetrisation

From Lemma 1.4.1 we see that we can connect the symmetric part of a term in the
signature with the total increment of the path. In this chapter, we introduce the
method of symmetrisation by Lyons and Xu [25], which recovers the increments over
the subintervals. We then show that the method can lead to practical algorithms for

inverting monotone paths, which was jointly done with Duffield, Ni and Xu [8].

3.1 Symmetrisation

Lyons and Xu [25] first introduced the symmetrisation method of inverting the sig-

nature of a C'! path. As an example, consider a path
v:[0,1] = R v, = (2,9) Vte[0,1],
with continuous derivative 4y = (4, 9;). Let A, denote the simplex
Ay =ty ta, - tn):0<t; <---<t,<l1}.
Given u € A,,, for every j =1,--- , k, define
Aujl = Tuy = Tuy_ys Dugy = Yu; = Yuy_y

to be the increment of «y over the time interval [u;_1,u;] C [0,1]. Suppose {e, ez} is a
basis of R?, where e; is in the z-direction, and e, is in the y-direction. Then for m > 1,
elements of (R%)®™ can be written as linear combinations of words w = e;, -+ - ¢;, .

For each word w, let |w|, denote the number of letter e;’s in w, and |w], denote the

number of e5’s in w. For integers n > 0 and k£ > 0, define
o=, ) 0<0; <n,1<j<k}.
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For every £ € L} and every word w = ¢;, - - - ¢;, _,, define
Wi (w, ) = {wl e Kk kWt |wy], = 265, lws], = 2n — 2@} :

where ‘*” denotes the concatenation of words. For ' =e;, - --¢;, , define

C(wl> — / df}/;ll PN dry;":ln’
O<u;<--<um<l

and

Sit(w. ) = (2n))* Y COW).
W EW2R (w L)
Proposition 3.1.1 (Lyons and Xu [25]). Fiz integer n and k. Let w = e;, ---¢€;,_,
and € = (ly,--- ,l) € LE. Then we can write

k

)= [ T (2) Guse™ u = du

Ap—1 =1 j=1

Proof. See Appendix A. O

We can see that symmetrisation gives the piecewise increments over the subin-
tervals. Lyons and Xu [25] used symmetrisation method to reconstruct C'' paths, in
the rest of this chapter we will show that the symmetrisation method can be used
to recover monotone paths. The rest of this chapter was jointly done with Duffield,
Ni and Xu [8], and the original article includes a very interesting description about
the connection between the symmetrisation method and the large deviation principle,

here we mainly describe the algorithm developed in the paper [8].

3.2 Probabilistic interpretation of the signature of
a monotone path

Let {e1, -+ ,eq} denote the standard basis of R%. For every integer n > 0, a word of
length n is an ordered sequence of n letters from the set {eq, - - , €4}, where repetition
is allowed. For a word w, let |w| denote the number of letters in w. For two words
wy = €, -+ -¢€;, and wy = ¢j, - - - ¢;,,, their concatenation w; *wy is a new word of length

n + m defined by
Wik Wy = €5y -+ €, €j, €

Jm*

We use () to denote the empty word, which is the unique word of length 0. Then we

can write down the signature of a bounded-variation path coordinate-wise:
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Definition 3.2.1. Let v : [0,1] — R? be a continuous path of bounded variation. For

every integer n > 0 and every word w = e;, - - - e, , let
Cyw)i= [ Ayt () -+ dy ),
O<uy <-<un<l

where v is the i-th component of v. The signature of v is the formal power series

= Z Z Cy(w)w

n=0 |w|=n

where the second sum is taken over all words of length n, and we have set C,(0) =1

by convention.

We use ¢! norm from now on in this chapter. Note that the collection

{Cy(w) : |wl =mn}

is the n-th level coefficients in the signature.

In the rest of this chapter we assume « : [0, 1] — R? is a monotone path parametrised
at unit speed, that is, ||§(¢)||;, = 1 for all ¢ € (0,1). Note in this case we can write
C,(w) as

Oy (w) = / 5 () A ()t - - .
O<u <--<un<l

Note if 7 is decreasing in any of its components, we can reflect 4* to —~* in that
component and the corresponding change in the signature is immediate. Therefore

without loss of generality we can assume that v is monotonically increasing, that is
) >0 Vi=1,---,d.

Under /' norm we have

d

D Au)=1 Vue(0,1)

=1

since v is parametrised at unit speed.
Since v is monotonically increasing, we have C.(w) > 0 for every word w. Note that

for any integer N > 0,

> Cw)= Z /0 dy™ (ur) -~ dy'™ (un)

‘W‘ZN Z ZNE{l <’lL1< <’lLN<1
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= > / At (uy) - 4 (un)dug - - - duy
d} O<ur<---<un<l

i1, 77:N€{1"" B

_ /0 ﬂ iv(uk)dul - duy

<up<---<un<l k=1 i=1

O<u;<---<un<l
1

This suggests that for every N, the quantities { N!C, (w) : |w| = N} constitute a prob-
ability measure on the words of length N, giving each word w with |w| = N the
‘probability” N!C,(w). Therefore we can try to give the probabilistic interpretation
of the signature of a monotone path. For such a purpose, we introduce the definition

of Poisson processes.

Definition 3.2.2 (Poisson processes). A counting process {N(t),t > 0} is called a
Poisson process with rate A(¢) > 0 if

2. N(t) has independent increments;

8. N(t) — N(s) ~ Poisson([,_,_, Nu)du) fort>s.

<u<t

Let 7 : [0,1] — R? be a monotone path parametrised at unit speed with respect
to £* norm. Consider d independent Poisson processes running simultaneously on the
time interval [0, 1] respectively. The intensity for the i-th coordinate component of
this Poisson process is §%(t). Let W (t) be the word of ordered letters that arrive up
to time t. For example, if at times 0 < u; < --- < us < t, the letters es, e, €9, €1, €3

arrive, then
W (t) = eseaeseres, W(v) = ezeq, v € [ug,us).

Suppose the arrival times are 7; for j = 1,2, - -+ with the convention that 7o = 0, then
W can be defined as a lattice path by setting W (7)) = 0, and for t € (7, 7j41],

W(t) = W(r) + ———e;,, (3.1)
Tj+1 = Tj
where e;; is the arriving letter at time 7;. Therefore W is a lattice path we create

that is associated with ~.

Now we want to consider the law of W conditional on the total number of arrivals up
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to time 1. Let AV(t) be the process counting the total number of arrivals up to time
t. Since v is parametrised at unit speed, N (t) is a homogeneous Poisson process on
[0, 1] with intensity 1.

Now we condition on the event /(1) = N, that is, there are totally N arrivals up to
times 1. Let

PY(-) :=P(-|N(1) = N)

denote the conditional probability. Thus, for every word w with |w| = N, with the

abuse of notation that 1 denotes the word generated by the processes, we have

1 1

O, (w) = MIEDN(W =w) = m1P>(W = w|N(1) = N).
Define Wy(t) = +W(t), where W (t) is as defined in Equation (3.1). We now would

like to parametrise the path Wy at unit speed. Recall that N (¢) records the number
of letters that have arrived until ¢ for ¢ € [0, 1]. We still condition on N'(1) = N. We
now try to normalise the interval [0, N] to [0, 1].

Forj=1,---,N,let 7; € [0, 1] denote the arrival time of the j-th letter in the process
W, hence

N(t) =4 ifte [Tj,Tj_H).

Define Ty : [0, 1] — [0, 7] such that
. Jj g+1
In(g) =7+ (Ng =) (141 = 73) s a € (5 -
We can see that Ty (-) maps % to the arrival time 7; of the j-th letter, and linear
interpolates in between. Hence Ty is a strictly increasing function, therefore we can
find the inverse Qy : [0, 7n] — [0, 1] defined by
j t— Tj

QN<t) = N + m, te (TjuTj+1]' (32)

Thus we can re-parametrise the path Wy by considering

Xy = Wy o Ty : [0,1] - (%) g W (Tw(q)). (3.3)

Hence Xy is the lattice path Wy re-parametrised at unit speed: for 7; <t < 7544,

Xn(t) = W (T () T (1)
1 1

=N (711 —7) Nro—1
J J
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=1.

For every integer N > 0 and k > 0, let Py, denote the set of k-partitions of IV, i.e.

k
PN,k:{n:(nL... ,nk):nj>0,znj:]\/'}_
j=1

For n € Py, let

d
lﬁ—{E—@b“w&%@—W@“wﬁﬁ224—”ﬁW—1W”$}’
i=1
Now for n € Py and £ € L}, define the set of words Wy (£€) by
WE(E) = {w:wl*---*wk:]wj\el_:@,Vizl,--- A, g=1,--- ,k},

where |w;| ~denotes the number of the letter e; in the word w;. Now for a given
length of the words, if we consider all the words in which the number of each letter is

fixed, we are ‘symmetrising’ the signature. We can define symmetrised signatures by

Spe) =N > Clw). (3.4)
(e

weWwy

That is, SP(€) is the sum of the coefficients of all words w such that w = wy * - - - % wy,
and the number of letters in w; is Ez By recalling the random word W generated by

the Poisson process associated to the monotone path v, we have
PY(W € W2(£)) = SP(£).
So each W' corresponds to a random piecewise linear path composed of k pieces,
each piece is a d-dimensional vector w; for j =1, .., k.
3.3 A numerical example

Now we consider a monotone path 7 : [0,1] — R% From above we know that for a

random word W,
PY(W € WE(®) = SP().

Let {z,y} be the alphabet in the 2-dimensional case. We know from before that
each W}} corresponds to a random piecewise linear path, which has k pieces, and the

number of letters in each piece is |w;| 4+ |w;| =n; for j =1,--- k. Since the path ~y
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is parametrised at unit speed, each piece is of length % If we denote the increments

in the two directions over the j-th piece by Az; and Ay; respectively for j =1,--- ,k,
then .
PN (Ag;j _ml oy mm ml) _ Zncn eyl = S ) (3.5)
nj k' n; k an(nl,...,nk) Sp(e)
for m = 0,--- ,n;. Therefore we can compute the probabilities of all possible combi-

nations of Az; and Ay; over the j-th piece for j = 1, .., k and construct the piecewise
linear path using the averaged increments.
We now consider the path 7 : [0,1] — R? such that

Vi — (xhyt)v Yt = x? Vt € [07 1]7

and we parametrise v at unit speed.

We compute the probabilities of different combinations of increments according to
Equation (3.5). We illustrate the results in two ways.

First we fix the length of each piece and vary the number of partitions: Let n :=n; = 2
for j =1,--- k, and vary kK = 4,5,6. Note in this case we require information from
the (nk)-th level of the signature. If we plot the probabilities as matrices, as shown
in Figure 3.1, 3.2 and 3.3, we can see that the probability matrices characterise the
underlying path in the expected way, and as we take finer partitions, the approxima-
tion becomes more accurate.

Instead we can fix the total number of partitions and vary the length of each piece:
Fix k=2andvaryn=n; =1,--- ,5for j =1,--- k. Again we see from Figure 3.4,
3.5, 3.6, 3.7 and 3.8 that using higher levels of the signature gives us better charac-
terisation.

If we plot the approximation paths obtained by taking the expectations of the in-
crements over each piece, we again see from Figure 3.9 and 3.10 that we get better
approximation results if we use higher levels of the signature. Note the computation
of the signature in this example is done via the C++ package Libalgebra [6] which
was developed through a project led by Lyons.

The key idea of the code for generating the approximation paths is that, given the
alphabet A and a fixed proportion m of increments of dx;, we define a function
AllPermutations(A,j,m) to generate all the words which have m letters in the j-th
block in the direction of z;. Then we define a function SigCoeff which takes the

coefficients in front of the words included in Al11Permutations(A, j,m), as follows

def SigCoeff(A,j,m):
sigcoeff=0
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-0.5

weight of A x
= o
ol [ ul o

N

0.5 1 15 2 2.5 3 35 4 45
blocks

Figure 3.1: Probability matrix where n = 2,k =4

for w in AllPermutations(A,j,m)
sigcoeff+=Signature(w)

return sigcoeff.

With the function above it is easy to compute the probability of a given increment
over a block, therefore the expectation can be computed.
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Figure 3.2: Probability matrix where n =2,k =5
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Figure 3.3: Probability matrix where n =2,k =6
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weight of A x
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Figure 3.4: Probability matrix where n = 1,k = 2
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<
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2
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Figure 3.5: Probability matrix where n = 2,k = 2
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Figure 3.6: Probability matrix where n = 3,k = 2
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Figure 3.7: Probability matrix where n =4,k = 2
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weight of A x
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Figure 3.8: Probability matrix where n =5,k = 2
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y=x°
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0.1 b
0.05 b
O 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Figure 3.9: Reconstructed paths with n =2 and k =4,5,6
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Figure 3.10: Reconstructed paths with k =2 and n=1,2,3,4,5

41



Chapter 4

Signature inversion using insertion

In this chapter, we develop a new method of inverting the signature of the path by
trying to approximate a level of the signature by a lower level of signature. We justify
the motivation of the method by considering the signatures of simple paths, and then
we illustrate how we can approximate a path by solving an optimisation problem
and demonstrate the method for a particular set of paths. In this chapter we mainly

consider paths of unit length parametrised at unit speed.

4.1 Introductory examples

Consider a path v : [0,T] — R% If « is linear, the signature of « at level n is

_ ®n . .
Ser(v) = % for n € N, so we have the linear relation

Sor(7) ® (7r —70) = (n+1)Sg7 (7). (4.1)

Assume instead that v is a piecewise linear path, and is linear on [0,u] and [u, T
respectively for u € (0,T). Then by Chen’s identity, S§(v) = > p_, 0u=0)®

!
(yr =)

=l for n € N. We note the following lemma for such a path.

Lemma 4.1.1. Consider a piecewise path + : [0,T] — R? that is linear on [0,u] and
[u, T respectively for v € (0,T). Then

(Y = %) ® Spr(7) + So.0(7) ® (70 — ) = (n+ 1S53 (7). (4.2)

Proof.

(Yu —70) ® Sgr(7) + Sor @ (77 — Yu)
_ z”: (w =)™ = )* " S =)™ (=
£ k! (n— k) k! (n—k)!

k=0

)®(nfk+1)
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Note for k=1,--- ,n,

(’Yu - ’Yo)®k ® (’YT - ”Yu)®(nik+1) i (’Yu - ’Yo)®k 2 (’YT — VYu
(k—1)! (n—k+1)! k! (n—k)!
k+n—-—Fk+1 —
Mk %)% ® (yr — )2
:<n N 1) ('7u . '70)®k ® (’YT . ,Yu)@(n—k-i-l)
El(n —k+1)! ’
and ®(n+1) ®(n+1)
(’7u_’70) " :(n+1>(7u_'70) "
n! (n+1) 7
(’YT - %)®(n+l) —(n+1) (’YT - %)®(n+l)
n! (n+ 1)!
Then

(Yu = 0) © S5 (7) + Sgr(7) @ (77 = )

n+1 n —
S om0 b o)
a ~ (n+1—k)

=(n+1)S57 (7).

[]

We note that by solving the linear equation (4.2) for v, — v and yr — 7, we are

able to reconstruct exactly the underlying path. From a computational perspective,

it is worth recalling the definition of the singular value decomposition.

Theorem 4.1.1 (Singular value decomposition). Suppose A is a matriz of dimension

m x n with entries from R or C. Then there exists a factorisation, called a singular

value decomposition (SVD) of A, of the form
A=UxVT,

where

U is an m x m unitary matriz;

V is an n x n unitary matriz and VT is the conjugate transpose of V ;

Y2 1s an m X n diagonal matriz with non-negative real numbers on the diagonal.

The diagonal entries of X2 are called the singular values of A.
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We can now computationally reconstruct a path consisting of two linear pieces.
If v:[0,t] - R? is a path consisting of linear pieces, Let the 2d x d"*! matrix A
represent the linear mapping -®.S§(v)+ S5 ¢(7)®- : (R%, RY) — R and b € R
represent S; %' (7). Then Equation (4.2) can be written as, for a vector X € (R4, R?),

AX = (n+1)b.

By using SVD on A, we can obtain a simple computational algorithm that recovers 7,
as shown in Example 4.1.1. Note the computation of the signature in the example is
by the C++ package Libalgebra [6], and the matrix computation is done via LAPACK
[1], the version of LAPACK used is provided by Intel Math Kernel Library.

Example 4.1.1. For a two-dimensional path v : [0,T] — R?, ~; = (x4, y;) where
)2z Vr e [0,1)
Y —2r+% Vrelld].
By using two adjacent levels of the signature of ~v, for instance, the third and fourth
levels, we can fully reconstruct the underlying path v by solving Equation (4.2), as

shown in Figure 4.1.

Note from above we have shown that for a linear path or a piecewise linear path
composed of two linear pieces, we are able to recover the path exactly by comparing
two adjacent levels of the signature. This leads to the idea that we may as well get
some information about the underlying path if we compare two adjacent levels of the
signature of a more complicated path.

Another observation we can make is that if a path v : [0,1] — R? is differentiable
with derivative f, then by ‘normalising’ the signature, i.e. multiplying the n-th level

of the signature of a path by n!, we have the integral

/ ) © - ® flun)nlduy -~ duy,
O<uy < <un<l

which is the expectation of a function under the distribution of n uniform order
statistics over [0,1]. Note that the marginal distributions of uniform order statistics

are beta distributions.

4.2 Comparing two adjacent levels of the signature
of a C'! path

From now on we may omit the symbol ® in tensor multiplication for simplicity. First
we define the properties of admissible norms we assume to be true for the rest of this

chapter.
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Figure 4.1: Reconstruction of y as a function of z for the path in Example 4.1.1

Definition 4.2.1. Let V' be a Banach space. Suppose the tensor powers are endowed

with a tensor norm such that

1. For allm > 1, the norm of a tensor is invariant under permutation, i.e.
lo()]| = [lvll Vv e V", Vo € S(n),

where S(n) is the symmetric group on n letters;

2. Foralln,m > 1,

lo@wl = o]l [w] VYveVEwe V™

In the following lemma, we give a collection of norms which satisfy the properties
stated in Definition 4.2.1.

Lemma 4.2.1. Let V = R? with a basis {ey1,- -+ ,eq}. Then for any element u € V&,
we can recognise u as a vector in RY", and in this case, for anyl > 0, ' norm satisfies

the properties in Definition 4.2.1.
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Proof. Assume m,n are non-negative integers. Let v = Zil’.”ine{l’_. 4 Niyrip €iy * " €, €
V@ Then for any permutation o € S(n),
o), = E Aiy i €alin) " €olin)
i1, in€{1, d} .
7
_ !
= § : Aiy i
Z’l?‘“ 7in€{1"“?d}
= [|vll; -
Moreover, take w = > i€y €5 € VO™ Then
) 1y gm€{1,,d} Mrim € Jm .
v @wl|, = E Aiy i E Hjyeejm | Cir " Cin€hy """ Cjiy
i1, in€{1 d} J1erim € {10} l
1
l
— (Niyeosi fjyein )|
= i1-in Hg1-jm
ilv"'7in7j17'.‘7jm€{17"'7d}
1
7
_ ! !
= § : Ay i § : Fojy i
i1, in€{1, ,d} gt gm€{l,- d}
1 1
l l
_ E l E : l
i1, ,in€{1, ,d} Ji,dm€{L, ,d}
= [lolleljwl]; -
O

In this section, unless otherwise specified, let v : [0,1] — R? be a path with
continuous derivative f : (0,1) — R? such that ||f(¢)|| = 1 for all t € (0,1). Define

the modulus of continuity of f by

d(h) :

sup || f(u) = F()]-

|lu—v|<h

Definition 4.2.2 (Normalised signature). Assume vy is a continuous path with bounded

variation over the interval [s,t] parametrised at unit speed. Define the normalised sig-

nature of v over [s, t] as

(1’ S’sl,t('wv

5?,75(7)7 e 75’:71&('7% ’ ) )
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where for allm > 1,

S m! fs<u1<---<um<t f(iu_l)s.).%f(um)dul : ..dum‘ (43

For simplicity, we write S,, 1= SI (7).

)

Definition 4.2.3 (Insertion map). Assume 7 : [0,1] — R? is a continuous path of

bounded variation parametrised at unit speed. Forp =1,--- n+1, define the mapping
function I,, : R* — (Rd)®(n+1) by

Ln(x) = /0 1 flug) - flup—p)zf(uy) - - fup)n!duy - - - duy, (4.4)

i.e. I,n(x) is the function that inserts x into the p-th position of the n-th normalised
signature. Note that the operation of inserting x € R? into a homogeneous tensor
t € RI®" qt p-th position is well-defined.

Similarly, for p = 1,- -+ ,n + 1, define the mapping Ry 1 : R — (R by

Rpni1(z) = /0 X fur) - flup-)xf(uppr) -+ f(ungr) (1) duy - - - du g,
o (4.5)

i.e. R,,+1 replaces the p-th element of the (n + 1)-th normalised signature by .
A simple observation is that the function I, is linear, as stated in the following

lemma.

Lemma 4.2.2. Assume v : [0,1] — R? is differentiable almost surely, and the deriva-
tive f: (0,1) — R? satisfies || f(t)|| = 1 if defined. For all a,b € R, x,y € R, n >1,
pe{l,--- ,n+1}, I, (ax + by) = al,,(z) + bl,,(y).

Proof.

Ip,n (ax + by)
= /0< s flug)--- f(up_1)(ax + by)f(up) o fup)n!duy - - - du,,

—q /0< et f<u1) - f(up_l)xf(up) ce f(un)n!dul o du,

- b/ Flur) - flup1)yf(uy) - flug)nlduy - - - duy,
O<u < <unp<l
=al,,(x) + bl,,(y).
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Because of the properties of the norm stated in Definition 4.2.1, we are able to
state the following property of the distances between images of the map I,,,, which

we will use later.

Lemma 4.2.3. Assume v : [0,1] — R? is differentiable almost everywhere with
derivative f : (0,1) — R such that ||f(t)]| = 1 if defined. Then following the
properties of the norm defined in Definition 4.2.1, for any x,y € R4, n > 1, p €
{1,--- ,n+1},

(@) = L @)l = |15l 12 — 9 (4.6)

Proof.
[ pn(®) = Lpn(y)|l

_ u/" Flun) - (@ —y) - flun)nidu - - - dun
O<uy <---<un<l

= /O 1f(u1)--«f(un)n!du1~-~dun(:1:—y)H

-/ Flun) = f e nldus - du | — ]
O<ur <-—-<un<l
=[Sl lz =yl -
L]
Corollary 4.2.1. The function I, is Lipschitz continuous.
Proof. 1t is a direct consequence of Equation (4.6) that I, ,, is Lipschitz. ]

With a suitable choice of z, we hope to approximate S,1 by I,,(x). For such a

purpose, we first introduce some definitions that we will use.

Definition 4.2.4 (Sub-Gaussian variables). A random variable X with finite mean

E[X] = u is sub-Gaussian if there exists 0 € R, o > 0 such that

2 2

U) VAeR.

E [exp (A (X — 2))] < exp (

Such a constant 0% is called a proxy variance, and X is then called o?-sub-Gaussian.

If X is sub-Gaussian, the optimal proxy variance is defined as

agpt ‘= min {02 > 0 such that X s sub-Gaussz’an} .

It is useful to recall the definitions of the beta distribution and the Dirichlet

distribution for later use.
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Definition 4.2.5 (Beta distributions). A beta variable X ~ Beta(a, 8) has a prob-
ability density function f : (0,1) — [0, 1] such that

I(a+ 5) a1
I'(a)l'(B)

where T'(z) is the gamma function. Note if n is a positive integer, T'(n) = (n — 1)!.

fx) = (1—a)",

Definition 4.2.6 (Dirichlet distributions). The Dirichlet distribution of order K > 2

with parameters oy, - -+, ax > 0 has a probability density function given by
K
f(aj e Tt QU cee LU ):L :E‘aiil
1 s LIy T s UK B a) i

where x; > 0 cmdzg;x,;zlfor allt=1,--- K. Note

B(a) ::w a=(a, - ,0k)

P, o)

where I'(z) is the gamma function.

In particular, beta variables are sub-Gaussian, and an upper bound can be found

for the optimal proxy variance, as proved by Marchal and Arbel [26].

Theorem 4.2.1 (Marchal and Arbel [26]). For any «, 5 > 0, the beta distribution
Beta(a, B) is ogpt(a, B)-sub-Gaussian. An upper bound for the optimal proxy variance

of Beta(a, B) is given by o*(a, 8) = m.
Because of the sub-Gaussian property of the beta distribution, an upper bound
exists for the tails of the beta distribution.

Lemma 4.2.4. Suppose X ~ Beta(a, ) with mean E[X] = p. Assume o is an
upper bound for the optimal prozy variance of X. Then for any a € R, t € (0,1),

P(IX —a| > t) < exp (-%) <exp (t(“o_—;a)) +exp (JWU; a))) @)

0 0 0

Proof. See Appendix A. m
We are now ready to compare S, and R, 1(z).

Proposition 4.2.1. Assume 7 : [0,1] — R? is a path with continuous derivative f :
(0,1) = R? such that || f(t)|| = 1 for allt € (0,1), and 6(h) := supy, <y [|f(u) — f(v)]
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for h € [0,1]. Fiz 0 € (0,1). Forn > 1, choose p € {1,--- ,n+ 1} such that
p=10(n+2)|. Then

—0

| By (F(0)) = S]] < 6 ( 1og(n+3>)+ C

n+3 (n+3)?
as n — oo, where C' is some constant.

Proof. Note for a fixed § € (0,1) and a given n € N, it might happen that |0(n + 2)] =
0. We can avoid this by considering large enough n such that p = [#(n+ 2)] is at
least 1. Note for any = € R,

||Rp,n+1 () = Snta ||

/0 1 Flur) - flupr)(@ — F(y)) - f(tnsr)(n + Diduy - - dttgy

p—1 _ ,\ntl-p
| u (1—u)

(=D (n+1-p)

which give rise to a variable U ~ Beta(p,n — p + 2), and E[U] = ;L. Note that a

beta variable has its majority of the density concentrated near the mean. In order

sl@dum—ﬂwum+w du,

to minimise ||Rp,11(2) — Spy1||, it is interesting to consider the case when = = f(6).
Note by the result from Theorem 4.2.1, U is sub-Gaussian, and an upper bound for

the optimal proxy variance of U is 1/(4(n + 3)). Note

p<1

0<0— )
n+2" n+2

Then Lemma 4.2.4 implies that for all h € (0, 1),

P(JU—6] > h)
<exp (—2(n + 3)h?)

(exp (4(n +3)h (9 - %)) + exp (_4(n +3)h <9 - %)))

<2exp (—2(n + 3)h*) exp(8h)
<2e%exp (—2(n + 3)R?).

Then for any h € (0,1),

| Rpnt1(f(0)) = S|
upfl (1 . u)n-i-l—p

< [ W) = s+ )
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| up_l (1 o u)n-l-l—p
(p=1D!'(n+1-p)
wP™t (1 - u)”+1_p

(p—1D!(n+1-p)

du

o IR(CRNICIIERR)

*/4Mﬂﬂ@—ﬂwmn+m
<6(h) + 2P (|U — 6| > h)
<O(h) +4e%exp (=2(n + 3)1%) .

Hence

[ Rpni1 (f(8)) = Snia|| < 0(R) + 4¢® exp (=2(n + 3)h*) .

log(n+3)

In particular, if we choose h = "

, we have

- log(n + 3) 4e®
H&mﬂuw»—&wﬂéé< —z:§_>+rn+$”

which converges to 0 as n goes to infinity. O

Example 4.2.1. Following the assumptions in Proposition 4.2.1, consider the case
when 6(h) = h* for some p € (0,1]. By taking h = \/log(n + 3)/(n + 3), we have

log(n + 3)> 2 N 4e8
(

Ieats) = Sl < (M5557) 4 (5

so it has rate of convergence O((log(n + 3)/(n + 3))7/2).
We introduce another quantity: for p = {1,--- ,n+ 1}, define

Mynri= [ ) ) ) f(n) (Dl

(4.8)
which is essentially the (n+1)-th normalised signature with the p-th element removed.
We first observe the equivalence of ||1,,(z) — Rppni1(2)|| and || M1 — Sa|.

Lemma 4.2.5. Assume v : [0,1] — R? is differentiable almost everywhere, and has
derivative f such that || f(t)|| =1 for allt € (0,1) where it is defined. Then following
the properties of the tensor norm defined in Definition 4.2.1, we have for alln > 1,
pe{l,---,n+1}, x € R? such that ||z|| = 1,

[Lpn (%) = Ry (@)]| = ||Mp,n+1 - SnH .
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Proof. Note

:H < /0<ul<m<%<1 flun) - fupa) flup) - fun)nlduy - - - du,

() = Bpnia (2)|

/ flur) - flup—1)xf(up) - - fu)nlduy - - - duy,
O<ur<-—-<un<l

_ /0 1 Flur) - Flup-)xf(uper) - f(tper)(n + Dlduy - - - dug

_/0 1f(ul)-..f(up—1)f(up+1)...f(un+1)(n+1)!du1...dun+1>x

/0< w1 f<u1) . f(up_l)f(up) . f(un)nldul o duy,

-/ P F(t) F )= Fta) (0 Dl - ity ]
O<ur < <up4+1<1
= [[Mp i1 = Sl
by the properties of the norm described in Definition 4.2.1. n

Because of Lemma 4.2.5, we would then like to compare M, ,1 and S,. Note

that we can rewrite M, 41 as

My — / U2 (0 (1) f (1) SET 1 ()
0<up—1<upt1<1

(n 4+ DN ups1 — up-1) - dup—1dupyg.

Similarly,

g, = / S8 () f (1) F () S 2 (%)
O0<up—1<up<l

-2 n—
n! ug—l (1 - up) P
(p—2)! (n—p)!

From above we can see that if we want to learn about the difference between M, ;11

du,_1du,.

and S,, it is interesting to discuss the continuity of S74(v) for . > 1. Chen [10]

studied the distance between two integrals of different functions over the same region.

Lemma 4.2.6 (Chen [10]). Let fi(t), g;(t), i =1
1A < M, gl < M, Nlgi(t) = f®)| <m for a <t <b. Then for g > 1,

-, q, be piecewise continuous with

/ gi(t1) -+ gq(tg)dty - - - dty _/ fi(ty) - fo(ty)dty - - - dt,
a<lt1<--<ty<b a<t;<--<tq<b
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mMI (b — a)?
=TG-

The lemma above gives us an idea that we may re-parametrise the path in order

to find the modulus of continuity of S%(v).

Lemma 4.2.7. Assume v : [0,1] — R is a path with continuous derivative f :
(0,1) = R? such that || f(t)|| = 1 for allt € (0,1), and 6(h) := supj, <5l f(u) = f(0)]]
for h € [0,1]. Then for m > 1, for s,u € (0,t),

1S, (v) = ST ()| < md(|u— s]).

Proof. Define \ = =4

t—s "

155(v) = SE ()|
fvr +t(1=A) - f( Qv + (1 — N))doy - - - doyy,

|
H m: s<v << <t

(t— s
m) ) - f(uy)dug - - - dug,
B fs<u1<---<um<t J;i 1) )mf( ) ! by re-parametrisation
—S
o cumen Sl O £ 81— X)) = () e -
= (t—s)™
<m! S<UL < < Ugn <t 5(|1 - )‘|(t - U1>> +oeet 5(|1 - )‘|(t - um>)du1 T dum
= (t—s)"
et S = A= 9)) o 4+ 8L = At = ))dus -~
= (t—s)™

=md(|lu — s|).

Similarly we can prove the same modulus of continuity of SZ@ () in t.

Lemma 4.2.8. Assume v : [0,1] — R? is a path with continuous derivative f :
(0,1) = R? such that || f(t)|| = 1 for allt € (0,1), and 6(h) := supj,_<p |l f(u) = f(0)]]
for h € [0,1]. Then for m > 1, for u,t € (s, 1),

155(7) = ST (|| < mo(ju — t]).

Proof. Define \ = ﬁ Note

155(v) = S5
m! fs<v1<~~~<vm<u fOur+s(1=X) - f(Avy, + s(1 = A))dvy - - - doy,
:H (w—=s)"
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_ m! f5<ul<~~~<um<u f(ul) T f(um)dul - duyy,

(u—s)"
<m!Km<«%MuZﬁNfQW+SQ—A»—fWMMM'“m%
- (u—s)"
<m! fs<u1<--~<um<u (|1 — M(ug — 8)) + -+ (|1 — M (upm — 8))duyg - - - duyy,
<m! scuy e <n 0L = Al(w = 8)) + -+ (|1 = Al(u — s))duy - -~ duyy,
=md(|lu —t|).

]

Now we are ready to find an upper bound for the distance between M, 1, and

Sh.

Proposition 4.2.2. Assume v : [0,1] — R? is a path with continuous deriva-
tive f : (0,1) — R? such that | f(t)|| = 1 for all t € (0,1), and define 6(h) =
SUP|y—y|<p ||f(w) = f(U)|| for h € [0,1]. Fiz 6 € (0,1). For n > 1, choose p €
{1,--- ,n+ 1} such that p = |0(n+2)]. Then

_ logn 1
50 (7))

Proof. Recall that we can write

M1 = / SE2 (D) f 1) F (1) S22 4 ()
O0<up—1<up+1<1

-2 _
ui—l (1 — up+1>n

p—2)! (n—p)

P
(n + N upp1 — up—1>( dup—1dupy1, (4.9)

and

5= [ S5 ) ) () SIH ()
0<up 1<up<1
Cuptr

(p—2)! (n—p)

Note that Equation (4.9) gives rise to a Dirichlet distribution with mean (275, 255).

duy,—qduy,. (4.10)

We know that the density of a Dirichlet distribution is concentrated near the mean,
therefore we can consider

—1 1
s

¥y = 24 012 52,0

‘n+42 n+2
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and
p+1

n+2

p—2 p_l
S = o e O

respectively to approach HMpmH — gnH.

st 0

A

-1 |
==Y
& 5 -1 1. =
ZMLMQKK%J(ﬁwﬁﬂmwgﬂw—&Q@Wﬁ@+2#€:2wgﬁw»
W (1 — )"

du1 dUQ

p—2) (n—p)

(n+1)!(u2_u1>(
s N - L ) L e

p-l (1)
+ - +1 — durd
/0<u1<u2<1 fu) f(n n 2) (n+ 1) uz — uy) » ] uydus

p+1
" /O<u1<u2<1 flua) = f(n + 2) (n+D(uz — ) p-2) (n—p) duydus

[ smrer-sene
O<ul<u2<1

(n + 1) ug — uy)

n+2’

(p—2)! (n—p)!
upr (1 )N—p+2

Il
\ +

0<u<1 S8 (1) = ngi;() (n+1)!( )' (n—p+2)!
1 — )V P2
+/0<u<1 fu) n+2 H _2)' ((n _12+2)!du
1 1 _ P
e
+/0<u<1 Sﬁ;p(’y) _S%J(’Y)‘ (n—i—l)'?%du.

Note that now we have densities of distributions Beta(p — 1,n — p+ 3) and Beta(p +
1,m — p+ 1) in the integrals. We can split each integral into two parts: the part
near the mean and the tail part. Using the modulus of continuity we have stated for
Sb.2(v) and Sy 1”(y) in Lemma 4.2.7 and Lemma 4.2.8, we have for h € (0,1),

ap—2 p_l p—i—l an—p
HMM“ sp2 s )H
— p—2 (1 _u)n—p+2
< g2 Sr2, n 1) du
_/Iu—n+2|<h b )= S O (1) (p=2)! (n—p+2)!

uP—2 (1 _ u)nfp+2

(p=2)! (n—p+2)

(n+1)! du

‘n+42

o
lu—EZ5|>h

2200 - 8, 0)
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o A OR(C) (L

o A ORC) (L

n+2

1 RPN LUES (e

T /| I R G R e

n+2
S _ uP (1 —u)"™"

n )= 57 () e =Wy,

/ e |EO - ) o 2 (n_p)!

n—p
+ / SiP(y) = Sul (v H (Sl
-2 snll

pt1 izl (n —p)!

p—1
U, — >h
! n+2’_)
p+1
Uy———|>h
2 42 )

n+2

<(p—2)o(h) +2P <

Ul—p;Q' zh) +5(h)+2]P><

Ug—zi >h) (n—p)é(h)+2IP>(

+ 2
p+1
Uy——\|>h
2 n+2 )

where U; ~ Beta(p—1,n—p+3), and Uy ~ Beta(p+1,n—p+1). Note by Theorem
4.2.1, we know that U; and U, are sub-Gaussian, and we have 1/(4(n + 3)) as an

+5(h)+21P>(

=n6(h) + AP (

1
Ul—p—‘zh)+4}}”<
n -+ 2

upper bound for the optimal proxy variances of U; and U;. Then by Lemma 4.2.4 we

can find an upper found for the tail of the beta distributions:

p—1
P(Ul—n+2 2h> < 2exp (—2h*(n + 3)) ,

1
IP’(UQ— Pr2ls h) < 2exp (—2h*(n+3)).

n—+2
So
p—2 p—1, ,p+1 s
Mp i1 = SO fié( >f<n + Z)f(n + 2)85731(7)”
<nd(h) + 16 exp (—2h*(n + 3))
for h € (0,1).

Using similar arguments, we can find an upper bound for

S = 52 (DRI EDSEE, ()|

— =p—2 p—l p+1
‘n+2 n+2)f(n+2

s, 0

o6



p—2 n—p
. 1 — us)
< Spu2 —SP p2_1 ! ( 2 dudu
 Jo<ui<us<1 0 1( ) 0’"7”(7) (p—Z)' (n—p)! e
p—1 uzl’*2 (1 —up)"?
+ fluy) — f ! duydu
/0<u1<u2<1 (w) (n+2) (r—2)! (n—p)! e
p+1 uf ™ (1= up)"?
+ flug) — f n! duydu
fos o 1000 = 1 i g
— W (1 — )"
+/ Spr ShT n!—= duydu
emamer |24 ) T S || M T T Ty e
_ n—p+1
/ =2 — 572, | A=,
o<u<l v 0,555 ( -2l (n—p+1)!
-2 (1 . u)nprrl
+ — d
/ = 125) H = <n—p+1>! v
1 p—1 n—p
+/ f(u) p+ H Y i) du
0<u<l n+2 n—p)!
up L a—uw)?
+ SZZ’ P(y) — SOP n! du.
/0<u<1 5 ( ) ”712’1(7) (p—l)! (n—p)!

Now in the integrals we see the densities of beta variables Us ~ Beta(p —1,n —p+2)
and Uy ~ Beta(p,n—p-+1). Again by Theorem 4.2.1, 1/(4(n+2)) is an upper bound
for the optimal proxy variance of Uz and the optimal proxy variance of Uy. Then by
Lemma 4.2.4, we can find upper bounds for the tails of Us and Uy: For h € (0, 1),

1
o (o224 1)

+2
2 p—1
<exp (—2h*(n + 2)) exp(4n—+1h) + exp(—

+1

4uh))

<2exp (—2h*(n+2) + 4h),
and
p+1

(2520

<exp (—2h*(n +2)) (exp(4

Uy —

n +
p—n—1
n+1

p—n—1

h —4
) + exp( i

)

So for h € (0,1), again by considering the concentration parts and tail parts of the

<2exp (—2h*(n+2) + 4h) .

beta distributions, we have




p+1

< -1 >
_na(h)+4lp>< Uiy _h)

p—1
———|>h 4P

Us n+ 2‘ - ) * (
<nd(h) + 8exp (—2h*(n + 2) + 4h) + 8exp (—2h*(n + 2) + 4h)

=nd(h) + 16 exp (—2h*(n + 2) + 4h) .

Then by triangle inequality, for hy, hy € (0,1),

HMp,nJrl - gnH
<nd(h1) + 16 exp
+nd(he) + 16 exp

—2h3(n + 3))
—2h3(n + 2) + 4hy) .

(
(

If we choose h; = logéi;r?’), hy = logn(i'f), then
- 1 +3 1 +2 C C
My = Sall < (/L) s (o8t 2) R
n+3 n+2 (n+3)° (n+2)
for some constants C; and Cs. O

Example 4.2.2. Following the assumptions in Proposition 4.2.2, in the case when
d(h) = h* for p € (0,1], we have

log(n +3)\ log(n +2)\ 2 ) Cy
)+l ) T

HM”’”“_S"HSH( n+3 n2 nt3) " (2P

If we use a triangle inequality argument, by the results of Proposition 4.2.1 and
Proposition 4.2.2, if a differentiable path v : [0, 1] — R is parametrised at unit speed,
and the derivative f : (0,1) — R? has modulus of continuity 4, for 8 € (0, 1), if we
choose p = |0(n + 2)], then

||Ip,n(f(9)> - 5’Tl-f—l”
S ||Rp,n+1(f(0)) - gn-‘rlH + HMP»H'H - S’””

<0 <n5 ( log”> + iz) .
n n

Therefore we need to have a ¢ function that decays faster than 1/n if we want

Hlpm( f(0)) — 5’n+1H converges to 0 as n increases. Because piecewise linear paths
are locally linear, it is interesting to consider such a path, which leads to the topic of

our next section.
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4.3 Comparing two adjacent levels of the signature
of a piecewise linear path

In this section we consider a non-degenerate piecewise linear path v : [0,1] — R
with continuous derivative f : (0,1) — R¢ such that ||f(¢)|| = 1 for all ¢ € (0,1)
where it is defined. For 0 < s <t < 1, n > 1, and # € R?, the definitions of
S2(7)s Tpm(x), Rpps1(x) and M, 1 are the same as in Equation (4.3), (4.4), (4.5)
and (4.8). We want to show that for a piecewise linear path, I, ,(z) is eventually a
good approximation to S, as n increases.

First we state the modulus of continuity of the normalised signature for a piecewise

linear path.

Lemma 4.3.1. Assume v : [0,1] — R? is a piecewise linear path with derivative
f:(0,1) = R such that ||f(t)|| = 1 for all t € (0,1) if defined. Then for m > 1, for
s,u € (0,t),

[Sua(v) = ST <m sup  [[f(r1) = fr2)]-

r1,r2€(min(s,u),t)
Ir1—r2|<|u—s]|

Proof. Define \ = ’;’—“ Then we can write

—s°

|5 (v) = ST ()|
:Hm! oo o PO (L= A)) - (Nt + (1 = A))daty -+ - iy,

(t—s)™
m! S<Uy <o <ty <t flur) -+ flup)duy - - duy,
- (t—s)™
<m! fs<u1<-.-<um<t SO + (1 = X)) — fu)||duy - - - dug,
- (t—s)™" .

Note that for all u; € (s,t),
0<|Aui+t(1—=X) —u| <|u—s|.
Hence

1S (v) = S]]

m! S<Uy < e U <t Z?il SUD iy —ro|<Ju—s| Hf(ﬁ) _ f(r2)||du1 - dum
< (t—s)™"
=m sup f(r1) = f(r2)]l-

r1,r2€(min(s,u),t)
r1—r2|<|u—s]|
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Lemma 4.3.2. Assume v : [0,1] — R? is a piecewise linear path with derivative
f:(0,1) = R such that || f(t)|| = 1 for all t € (0,1) if defined. Then for u,t € (s, 1),

S () =St <m  sup |[f(r1) = f(r2)].

r1,m2€(s,max(t,u))
|r1—r2|<|t—ul

Proof. Define A = =2, Then

u—s"’

155, (7) = ST
H m! sy <o < FOup +s(1 = X))+ f( Ay, + s(1 = X))duyg - - - duyy,

(u—s)"
m! S<LUL < e LUy, <U f(ul) T f(um)dul < duy,
(t—s)
m! f5<u1<~-~<um<u Yo vy + s(1 = X)) — fw)||duy - - - duy,
N (u—s)™ .

Note for all s < u; < u,

0<|Au;+s(1 =X —w| <|t—ul,

then

155 (7) = Si(]]
m! fs<u1<---<um<u 2111 Sup|n—r2|§|t—u\ ||f(7”1) - f(TQ) Hdul o dugy,
(u—s)"

=m  sup  ||f(r1) = fra)]].
r1,r2€(s,max(t,u))
[r1—ra|<[t—u]

O

We now discuss the behaviour of Hlpm( () — Spi1 H of a piecewise linear path.

Theorem 4.3.1. Assume 7 : [0,1] — R? is a piecewise linear path with derivative
f:(0,1) = R such that ||f(t)|| = 1 for allt € (0,1) where it is defined. Assume 7y is
differentiable at 0 € (0,1). Choose p € {1,--- ,n+ 1} such that p = |0(n + 2)|. For
all h € (0,1), [[1,n(f(8)) = Sps1|| < €00, where

ee,n,hzo( sup I76) — F)l + sup [|5222(7) — 5552(9)|

lu—0|<h |lu—0|<h

+ sup ||S,77(7) — S " ()| + exp (—2nh?) )

|lu—0|<h
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Proof. Using similar ideas discussed in Proposition 4.2.1, for all h € (0, 1),

| Rpn1(f(8)) = S|
§/0< " <1||f(ul)-..f(up—1)(f(9)—f(up))...f(un+1)||(n—|-1)!du1...dun+1

| w1 — )"
(=1 (n—p+1)
Wt (1 — )P
(p=1! (n—p+1)!
Wt (1 — )P

e[ 1) = rwln+ D
< sup £(6) = Flu)ll + 2P (U — 8] > h),

lu—0|<h

du

< / ) = F@) -+ 1)

:/|9|<h||f(0) — fW)|l(n+1)! n

du

and U ~ Beta(p,n —p +2), E[U] = -£5. By Theorem 4.2.1, an upper bound for the
optimal proxy variance of U is 1/(4(n + 3)). Then by Lemma 4.2.4, we can find an
upper bound for the tail density of U:
P(U -0 > 1)
<exp (—2(n + 3)h?)

(exp (4(n +3)h (9 - %)) + exp (—4(n +3)h (9 - %)))

1
<2exp (—2(n + 3)h*) exp(8h)
<2e%exp (—2(n + 3)h?)
for h € (0,1). Then

| Rpns1(f(0)) = Spsa]| < sup [|£(8) — f(u)]| + 2¢° exp (=2(n + 3)h?) .

lu—0|<h

Taking h = 1og$§3)7 we have

| Rpns1(£(8)) = Sna|| < sup  ||F(0) — f(w)|| + 2e

5.
fu—0]</ 1B (n+3)

Note that since v is differentiable at 6, f is continuous in some neighbourhood near

(4.11)

0. Therefore as n increases, the right-hand side of (4.11) tends to zero.
We now look for an upper bound on ||Mp7n+1(x) — SnH Similarly as stated in Propo-

sition 4.2.2, we first consider
[ My i1 = 55" (N F O F(O)S5" ()]
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and
150 = S5a (N F(0) (0) 557" ()|
respectively.

Note for all h € (0,1),

1My = Se5" (S O)FO)S577 ()
/0< _ (SEIOM @) fu) ST 0) = SE" () )£ 055, ()

(n+ 1)l us — 1)

(p—2)! (n—p)

w2 (1 —u)" P

o — uP (1 —u)""
+ SIP() = Sg P ()| (n+ 1) — du
/o<u<1” P00 = S ) (4 1

- /| I =S @) 1y
u <

w2 (1 —u)" P

+/ St (7) = S5 du
|u9|>hH b (1) = 555 ] (n (p—2)! (n—p+2)!
_92 (1 _u)n—p—l-Q

¥ /|| 1) = FO) (n+ Dl

uP (1 —u)"™"
+/ f + 1) — du
o [f(u) = F(O)]I (n )p, (= p)
1—w)"?
_I_ Sn p Sn p u_( du
o IB55700 = S 04 00 S
)
+ STy v ( du
fogo IB58700 = S 04 D0 S
gl su‘p 1552 () — 55792 H+2IP> |U1—6| > h)
u—0|<h
+| Sl;|13h||f(u) — fO)| +2P(|Ur — 0] > h)
u—~0o|<
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+ S 1f () = FO) + 2P (U2 — 0] = h)

+|51;|p ||S"p () — 5&Ip(7)“+2p(|Ug—9|2h),

where Uy ~ Beta(p—1,n—p+3), and Uy ~ Beta(p+1,n—p+1). By Theorem 4.2.1,
an upper bound for both the optimal proxy variance of U; and the optimal proxy
variance of Uy is 1/(4(n + 3)), then by Lemma 4.2.4,
P(|U1 -0 = h)
<exp (—2h2(n + 3))

(o (091 (0~ 22) ) s (-t (0~ 22

<exp (—2h*(n + 3)) (exp (4(n + 3>hni—|—2) + exp (4(n + 3)hn j_ 2)>
<2exp (—2h*(n + 3)) exp(16h)
<2e'%exp (—2h*(n + 3))

for h € (0,1). Similarly, we can show that
P(|JU; — 0] > h) < 2e°exp (—2h*(n + 3)) .

Then for all h € (0,1),

[ My i1 = S5 F(0)F(0)S5 7 ()]

< sup |50 = S|l + sup [[SiP() = SiP ()|
|lu—0|<h lu—0|<h

+2 s (17 = FO)] + Crexp (~2K(n +3)

where (] is some constant. Similarly,
15, = SE2 (0 F(0) £(0) S5 ()|
| [ @S0 - SO 165570
0<ul<uz2<l1
n!

u’f_Q (1 —up)"™?
(r—=2)! (n—p)
= /0<u<1 HS&ZP(V) - 5&;2(7)“ ! p—2)!(n—p+1)!

B i up—2 (1 _ u)"*p+1 y
# o M = O

wP™t (1 —u)"?

+/0<u<1Hf(U)—f(‘g)Hn!(p_l)[ (n —p)! du
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. Pl (1= )P
+/ ST () = Sy () ||l — du
o<u<1H el (p—1! (n—p)!

Sl sup 15572 () — 55,52(7)\\ +2P (|Us — 0] > 1)
u <h'

+ sup |[f(u) = f(O)] + 2P (|Us — 0] = 1)

lu—0|<h’
+| sup, 1f(u) = f(O)]] + 2P (|Us — 0] > 1)
u—0|<h/
b s S50 = S5+ 22 (U 0] 2 ),

for all h’ € (0,1). Here U3 ~ Beta(p—1,n—p+2), and Uy ~ Beta(p,n—p+1). Note
E[Us] = 227, E[U4] =

n+17 n+1
proxy variance of Us and the optimal proxy variance of Uy is 1/(4(n +2)). Note that

By Theorem 4.2.1, an upper bound for both the optimal

—1 —1
e
n+ 2

p—1 p—1

n+2 n+1
2 p—1

< + .

“n+2 (n+1)(n+2)

Then by Lemma 4.2.4,

P(|Us— 6] > 1)
<exp (—Q(n—l— 2)h’2>

<exp (4(n+2)h’ (9— i;i)) +exp( A(n + 2)1 ( +D))

2
<2exp (—2(n +2)n"? A(n + 2)K
< exp( (n+2) )exp( (n+2) (n—|—2+ n 1) n—|—2))

<2exp (—2(n + 2)h'2> exp(12h))

<2e'? exp (—Z(n + 2)h'2> :
and similarly,

P(|Uy— 0| > 1)
gexp( (n+2) '

)
el e )

Sexp( (n+2)h

(eXp< (n+2) (niQ N (n+1ﬁn+2)>)

+ exp (—4(n+2) ,<nig T (n+1in+2)>))
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<2exp (—2(n + 2)h'2> exp(8h')
<2¢%exp <—2(n + 2)h'2> .

Then for all o' € (0, 1), we have

15, = S55° () £0)£(0) S5 ()

< o 185500 = Se ol + sue (IS0 = S50l

+2 sup |[f(u) — f(8)] + Crexp (—2(n n z)hfz) :
lu—0]<h’

where C5 is some constant.

Hence by triangle inequality, for all A, A" € (0,1),

[ Mpns1 = Sall
< sup ||S5.2(0) = S5t + sup [|S53P() = Sgi ()|
lu—6]<h lu—6|<h
+ 2| sg‘p 1f(w) — f(O)]] + Crexp (—2h*(n + 3))
u—0|<h
+ sup ||SEA(v) — 55,52(7)“ + sup ||S)1(7) = S5t ()]
u—6|<h/ u—6|<h/

+2 sup |[f(u)— f(0)| + Cyexp (—Q(n + 2)/1’2) .
lu—6|<h’

Note the result of Lemma 4.2.5 also holds for piecewise linear paths, so
15 (£0) = Ry (FO)| = | Mysr = S|
then for all h,h';t € (0,1),
1Zpns1 (£ (6)) = S|

< | Lpn(f (9))_an+1( O+ || Rpinr1 (f(0)) — S|
< w1650 = S 0+ sue (1805700 = SO

|u 9| u
—|—2| su‘p | f(w) — f(O)|| + Cyexp (—2(n+3)h2)
u—0|<h
+ sup [|S5(0) =SB+ sup [[SEiP() — S5 ()|
lu—0|<h’ |lu—6|<h’
+2 sup [[f(u) = F(O)] + Coexp (—2(n + 2)")
lu—0|<h'
+ sup [ f(0) — f(w)]| +2¢® exp (=2(n + 3)t?) .
lu—0|<t
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Define for all h € (0, 1),

€onn =2 sup [[S5.°(7) = Sgo" (M| +2 sup [|S517(v) = Spr" ()]

lu—0|<h lu—0|<h
+ 5‘ su‘p | f(w) — f(O)|] + Cyexp (—2(71 + 3)h2)
u—0|<h

+ Cyexp (—Q(n + 2)h2) + 2e% exp (—Z(n + 3)h2) ,
therefore €g,, ), is as required. O

Remark 4.3.1. Let us continue the setting in Theorem 4.3.1.
Note that if S,, =0, then

H[p,n(x) - gn+1H = ||'§n+1H Vre Rd>

therefore the difference H]p,n(x) - S"HH only depends on S, if S, = 0.
If S,s1 =0, then

[ o (@) = Swia|| = [[Sul| Izl = [|Sul| V2 € R, Jlall =1,

hence HIp,n(x) — §n+1H only depends on S, if Spi1 = 0.

In both cases above, HIp,n(a:) — gnHH does not depend on x, and we cannot extract
any useful information about the underlying path by varying x. Therefore it is more
interesting to consider the case when S, and S,y1 are non-zero.

Now suppose the underlying path v is such that there exists N € N such that S, # 0
for alln > N. Let us try to understand the upper bound €p 5 obtained in Theorem
4.3.1.  FEssentially, we expect that given a suitable choice of h € (0,1) depending
on n, €gnn converges to zero as n goes to infinity. Note that since vy is piecewise
linear and differentiable at 0, there exists t € (0,1) such that for uw € (6 —t,0 + 1),
|f(u) — f(0)|| = 0. Therefore the key is to understand the behaviour of other terms
N €9 ph-

Let us first look at the term exp(—2nh?). In order for this term to go to zero, we
shall choose h such that

hy/n — 00 as n — oo,

in other words, if the spread of the concentration area is too small, the the tail of a
sub-Gaussian distribution would not be neglectable.
On the other hand, SUP|u—9|<h||Sg,;2(7) _55752(7)” and SUP\u—9\<h”gZ,IP(7) —SQIPW)H

clearly would be closer to zero when h is smaller. Therefore there is a trade-off between
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the concentration part and the tail part, and the question is whether there exists an
h* € (0,1) such that h*y/n — oo as n — oo, and

| S;l‘ph HS&;Q(V) — 56’7;2(7)” —0 as n— oo, (4.12)
u—0|<h*
as well as
‘ S}ollph 15077 (7) = Sg " ()| =0 as n— oo (4.13)
u—0|<h*

Note that in this case Lemma 4.3.1 and Lemma 4.3.2 cannot provide converging up-
per bounds on the modulus of continuity of the normalised signature as the degree
increases. Another way is to look at the derivative of the normalised signature. Note
that

- - 0S5 ()
s [[58.20) — S5l < sup ||
lu—|<h [t—6|<h
and
an— am agn_p(’w
sup. [|S077() = S| < sup | SR
lu—0|<h [t—6|<h
where
83(1)22(7) P—2 ap-3 cp—2
= S (SE ) @ f(w) = S5.2()
and

9S,:"(7) m—p
ou S l-—u

(fw) ® SyP7 () + 5577 ()) -

Recall that p = |0(n+2)]. In order to satisfy Equation (4.12) and (4.13), we need
to have
n'2{|S53 () ® fu) = S| =0 as n— oo, (4.14)

and
n'2 || fw) @ SpP () + SeP()|| = 0 as n— oo (4.15)

We have not been able to prove (4.14) and (4.15), and it is still an open question.
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4.4 A converging upper bound for Hlp’n (f(0)) — §n+1H

Theorem 4.3.1 was our attempt to prove that ||Z,,(f(#)) — Spi1]| converging to zero
using the sub-Gaussian property of the beta distributions, and as stated in Remark
4.3.1, there are some unsolved questions which need to be answered in order for
this method to work. Intuitively it is reasonable to expect that if the derivative of
the underlying path is inserted at the ‘correct’ position into the n-th term in the
normalised signature, the resulting tensor shall be a well-behaved approximation of
the (n + 1)-th term in the normalised signature, and as we have a finer partition of
the interval, the approximation should be more accurate. We first note the following
theorem by Hoeffding [20].

Theorem 4.4.1 (Hoeffding’s inequality [20]). Let Xy, -+, X,, be independent random
variables strictly bounded by the intervals [a;, b;] respectively, define S, = >0 | X;.
Then for any t > 0,

P (S, —E[S,] > 1) < exp (‘ Zv_l(Qbi - ai)2> ’

P15, El5i 2 0 < 200 (—sor g ).

Notice since a binomial variable is a sum of independent Bernoulli variables, Ho-

effding’s inequality applies to binomial variables. We note the following example.

Example 4.4.1. Assume 7 : [0,1] — R? is a linear path with derivative g : (0,1) —
R? such that ||g(t)|| = 1 for allt € (0,1). Then for any 0 € (0,1) and ¢ = [0(n + 2)],

(9(0)°" Y
n!

(9(6)°""

|
" (n+1)!

[ 160(9(0)) = S| = —(n+1)! =0,

therefore
|40 (9(8)) = Snia]| = 0 as n— oo.

Now let us consider a slightly more complicated case. Assume {e1,es} is a basis of

R? and 7 : [0,1] — R? is a piecewise linear path such that

() = {t62 telo

(t—%)el—i—%eg tE(

winN

)
]

Wi
—_

)
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Note that the derivative f : (0,1) — R? of v satisfies ||f(t)|| = 1 for all t € (0,1)

where f is defined. Note in this case,
(n—k)

~ n 9 k 6®k 1 n—k 6®
=nl ) 2 Z 1
S ”2% (3) e (3) (n—k)

2)], then f(3) = es, and we can write

Note that if we choose § =1/2 and p = |0(n +
1 n 9 E ®(k+1) 1 n—k Q(n—k)
’ 2 3 k! 3 (n—k)!
k=p—1
k ®k n—Fk ®(p 1-k) ®(n—p+1)
+ ! Z ]_ X er ® €1 7
(n—k)!

then
1 _
(1 (2)) -
o i g kega(k—‘rl) 1 n—k e?(n—k)
B 'k:p_l 3 E'o\3 (n—k)!
AN (N EARR UL TP Y: (il
‘k:O 3) k' \3 (n—k)!
'k:p 3 k!l \3 (n+1—k)!
p—1 k' ok n+l—k ®(n+1—k)
2\ e 1 e
1 ) =2z [z -1
(n+ >Z(3) k! (3) (n+1— k)
n 2 k+1 1 n—k (n—{—l)' §]{7+1_1 6®(k+1)6®(n_k)
S \3 3 (k+D!n—k)!\2n+1 2 !
2 k
2 1 "! ®k ®(p—1-k) ®(n p+1)
::0@ B gt
-1 n
— (2 AN (n ) _H ) ek emti-k)
“~\3 3 kln4+1—k)0 21 '
Hence
e N g |- 2\ T (e ) 3k+1
P 2 (e — A \8 3 (k+Dln—k)!|2n+1
p—2 9 k 1 n—k n!
+ — —
NONON =5



SO0 e

k=0
_n+1 2 k 1 n+l—k (n+1>‘ § I »
_k:p 3 3 Elln+1—k)![2n+1
p—2 k n—k
2 1 n!
+,;(§) <§> Hn— k)]
p-! k n+l—k
2 1 (n+1)!
3) \3 PX T RRATE 4.1
+;(3) <3> Kn+1— k)l (4.16)

Let us investigate the binomial sums on the right-hand side of (4.16) respectively.
Note

n+1 2 k 1 n+1l—k (n+1)| § k’ B 1
pa 3 3 Eln+1—-k)![2n+1

—=\3) \3 Kn+1—k)!|2n+1

0

2) " 1y e (n+1)! 3
i t=k%;+1> (5) (5) CEDPICED )b 1' - (417)
k=0, n+1

Assume X ~Binomial(n + 1,2/3). Note that (4.17) is the expectation of a function

of the random variable Y := X/(n+ 1), and
BY] = —BX) =2, VarlY] = — s VariX] = S —
Ta+l T YT G M T g

hence we can see that as n increases, the distribution of Y will be mostly concentrated
around E[Y], and since |3Y — 1| = 0 at Y = E[Y], the value of the sum of (4.17)

would converge to zero as n increases. For a more formal argument, we have for any

A>0,
]P’('Y—g'z% n42r1>
=P <‘X—§(n+1)' > A 2(n+1))

3
4
<2exp (—5)\2) ,

where the last inequality comes from Hoeffding’s inequality.
Then for any A > 0,

() (G) meitn

k=p

3 k
2n+1
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9\ (Pt /1N (D (A-) (n+1)! 3
t=k/(n+1) 3 3 (n+ )N (n+1)(1—1))! |2
k=0, ,n+1
=3l<3vah
N Z (2> (n+1)t <1> (n+1)(1—t) (n+1)! 3t ) 1’
iy N3 3 (n+ DO ((n+1)(1—1)! |2
k=0, ,n+1
|t_%|2% n+1

< (-3 5

A 4
<——— 4 4ex ——)\2) .
2(n+1) p( 9

Note that for a given n > 0, A\/\/2(n+ 1) is a strictly increasing linear function of
A from (0,00) to (0,00), and 4 exp (—g)@) is a strictly decreasing function of \ from
(0,00) to (0,4). So for each n, there exists A\, > 0 such that

A
—”1 = 4exp (——)\2) : (4.18)

Differentiating (4.18) with respect to n gives

o\, 1 s 320\, 4.,
o 2n+1)2 =X\ (2(n+1)) 2 = 9 on An €Xp < 9)\n) :
o\,

o0 ((2(n+ )} + 2 A e (—% A)) A emeD)

therefore %{L > 0, and \, is a strictly increasing function in n which tends to infinity,

so 4exp (—4/9)\2) is a strictly decreasing function in n, and

> (5) ()

k=p

3 k ‘< 2\,
2n+1 |~ 2(n+1)

4
=8 —=\
exp( : )

—0

as n goes to infinity.

For the other two binomial sums in (4.16), by Hoeffding’s inequality,

6 w50 6 e
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<exp (—Cin+ By) +exp (—Caon + By),

where C7 >0, Cy > 0, By and By are some constants. Therefore

1 _
Ip,n (5) - Sn+1

as n — oo. Note since 2\, /+/2(n + 1) is decreasing in n, and X, is increasing in n,
the rate of increasing of N, must be smaller than the increasing rate of \/2(n+ 1),

therefore the upper bound obtained for HIp,n (%) — §n+1H decreases at a rate slower

than O(1/+/n).

Example 4.4.1 has inspired us that we can use the tail behaviour of the binomial
distribution to prove that H]WL (f(0)) — S"HH converges to 0.

2\,

— texp(—Cin+ By) +exp (—Con + Bs) — 0
2(n+1) P( 1 1) P( 2 2)

Theorem 4.4.2. Suppose v : [0,1] — R? is a tree-reduced continuous bounded-
variation path, and the derivative of v f : (0,1) — R? is defined almost every-
where, and ||f(t)|| = 1 for all t € (0,1) if defined. Assume 7y is linear on [s,t] for
0<s<t<1, andletf € (s,t). If we choose p = |0(n + 2)|, then

HIIM (f(0)) — SnHH —0 as n— oo,

and the rate of convergence of the upper bound obtained for Hlp,n (f(0)) — S'nHH is

slower than O (1/v/n+1).

Proof. Since 7 is tree-reduced, by Boedihardjo and Geng [4], there exists N € N such
that for all n > N, Sg;(v) # 0. We now only consider the case when n > N.
By Chen’s identity;,

Se=nl Y S0 ®SE(M) @ SH(y)

k1+ko+kz=n
(t — s)k= f(6)"
=nl > S(y® = ® S3(7).
k1 +ka+ks=n z

Define the sets
I = {(k17k27k3> . k1+k2+k3 :naki :O, , N, 1= 1,273}

and
J = {(k?17k27k'3) : (k?l,kfg,k?3) EI,kfl Sp—l,k3§n+1—p}
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For z € RY, let x 1 S{f}v('y) denote the resulting tensor of inserting x into any position
of % () for any 0 <u < v < 1. Then

(1 = 5)'2f(6)"""
ko!

b (fO) = > nlSpi(n) @

(k1,k2,k3)e

® Sf4(7)

(t — )" ()"

Y al(fO) 1SRG 8 T — @ Sf ()
(k1,k2,k3)€l,k1>p 5!
t — 8 kgf 9 ®]€2
+ Z nlSH(7) ® ( )k ,( ) ® (f(0) 1 S1H().
(k1,k2,k3)€l ks>n—p+2 2
Note also
Q t— g k2f i Rk
Spt1 = Z (n+ 1)!5515(7) ® ( )k ' (0) 2 Sﬁ(’Y)
k1+ko+ks=n+1 2.
t—s k2+1f f)k2+1 '
- Y mrsho A e slo)
(k1,k2,k3)EJ 2 !
t — s kgf‘ 0 ®k2
P Y eyt e LI e g
k1+ko+kz=n+1 9:
k1>p
t — s k‘g 0 ®k‘2
+ > (IS e (t = 5] 7(6) ® 554 (7).

ko!
k1+ka+ks=n+1
k3>n—p+2

Then since for any 0 <u < v < 1 and any k > 1, ||S% (7)| < (v — u)*/k!, we have

[ o (f(8)) = S|

(D k hot1 |2 +1 1
S (0 (e — o)t 4
B ! N -
(orreagyes Bl (ke + 1)tk P
n!
+ Z mskl (t — 5)"’2(1 _ t)ks
(k1,kosks) €Lk >p L2
n!
+ Z — M (t — 5)k2<1 _ t)k3
1oV ol
(k1,k2,k3)ETk3>n—p+2 Fi koo lhes!
n+1)!
kytkothg=nt1 Lv2IR3
k1zp
n+1)!
> lile)lSkl(t — )2 (11"
ky+kothg=nt1 Lv2IR3
k3>n—p+42
(n+1)! 0k )
D R e P Tt
0<k<+1k|n+1_k) n+1t—s
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p<k<n+1 (n+1-k)
3 (n+1)! .
i m(l — )ik, (419
n—p+2<k<n+1 : .
Note
1 N X
S %(t— (1 — 1 syh | _1‘
Oshsntl {n+1=k)! n+1lt—s
g (n+1)! (n+1) (n41)(1r)
= t _ n Id 1 . t n . B 1
r—k/(n+1) ((n+ 1)r)! ((n+1)(1_r))!( s) ( +8) —r
k:07...7n+1
(4.20)

then if we assume X ~Binomial(n + 1,¢ — s) and define Y := X/(n + 1), notice that
(4.20) is the expectation of the function |Y/(t — s) — 1|, and

(t—s)(l—t—l—s).

ElY]=t—s, Var[Y]= 1
n

By Hoeffding’s inequality, for any A > 0,

p(|y—<t_s>|zx\/“—szﬁ—l”s))

—P <|X— (t—s)n+ 1) > M {t—s)(I—t+s)(n+ 1))
<2exp (—2(t — s)(1 — t + 5)A?),

therefore by considering the cases when |Y — (£ — )| < A\\/(t — s)(1 —t +5)/(n+ 1)
and |Y — (t — s)| > M\/(t — s)(1 — t + s)/(n + 1) respectively, we have

> kI . ) (=t s

otz M +1=k)!
+max(1’<tis_1))P<|Y—(t—8)|2)\\/(]5_8)71(:__54_8))
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9\/% + 2 max <1, (i — 1)) exp (—2(t — s)(1 — t + s)A?)..

By similar arguments as in Example 4.4.1, there exists a strictly increasing sequence

(An),, such that for each n € N, A, > 0, and

An\/@% = 2max <1, <i - 1)) exp (—2(t — 8)(1 — t + 5)A2) .
(4.21)

Suppose A, — A* < 0o as n — oo. Then taking limits on both sides of Equation
(4.21) gives

0 = 2max (1, <% —~ 1)) exp (—2(t — s)(1 —t + s)A*%),

which does not hold if \* is finite. Hence we must have A\* = oco. Therefore

(n+1)! | K 1

> s (= s) M (1 =t )T | —— —1‘
| — —

o<t +1k: Eln+1—k)! n+1lt—s

1—t+s
SQWW

—4max (1, (t L 1)) exp (=2(t —s)(L —t+s)A2) =0

-5

asn — 0o. If we define X; ~Binomial(n, s), Xy ~Binomial(n, 1—t), X3 ~Binomial(n+
1,s), and Xy ~Binomial(n+ 1,1 —t), by applying Hoeffding’s inequality to the other

binomial sums on the right-hand side of (4.19), there exists M € N such that for all

n> M,

|y (F(0)) = S
gzxn\/(l_$ +P (X, > p)

t—s)(n+1)
+P(Xo>n—p+2)+P(Xs5>p)+P(Xy>n—p+2)

t—s)(n+1)
+ exp (—Con + By) + exp (—Csn + Bs) + exp (—Cyn + By)

1 —
§2)\n\/($ + exp (—Cln + Bl)

where we have used Hoeffding’s inequality and C; > 0,C5 > 0,C5 > 0,C4 > 0,

By, By, Bs and B, are some constants. Therefore
pr,n (f(0)) - §n+1|| —0 as n— oo.
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Moreover, the rate of convergence of the upper bound obtained for || I, (f(8)) — Sn1]|
is slower than O (1/\/(15 —s)(n+ 1)) O

We also have the following example as a numerical demonstration of our claim.

Example 4.4.2. Assume v € R? is a piecewise linear path which is an approzima-
tion to the quadratic path over the unit interval [0, 1] parametrised at unit speed, i.e.
YA () = (yM ()2 for all t € [0,1]. Fizing 6 = 0.3, if we compute the difference
H[pm(f(ﬁ)) — gﬂ+1H under the (* norm and (* norm, we obtain Figure 4.2 and 4.3.
From the figures we can see that under both the £* norm and (* norm, the difference be-
tween the n-th term in the normalised signature with f(0) inserted at the p-th position
and the (n+1)-th term in the normalised signature decreases as n increases, although
not monotonically. The reason for the non-monotonicity is that given p = |8(n + 2)],
L (f(p/(n+2))) is a good approzimation of S,.1, while I,,(f(0)) may not be as a
good approzimation as L, ,(f(p/(n+2))) if O(n + 2) is not an integer, hence we may
observe small increases when p/(n + 2) is a bit far from 6.

As a justification, we now choose § = 0.5 and p = [0.5(n + 2)]| forn =4,6,8,10,12,
and plot ||Ip’n(f(0)) - Sn+1||1 in Figure 4.4. In this case since the signature level n
used is even, 0.5(n + 2) is an integer, and from the figure we can see that we get

monotone convergence as n increases in this case.

4.5 A lower bound for the signature of a path

We have so far discussed finding an upper bound on H[pvn(f(é’)) — 5’n+1H for a path
which is differentiable at 6. In the light of Lemma 4.2.3, we know that for z,y € R,

[Sall Iz = yll = [y (x) = Ln@W < [[Tpn (@) = St || + [[Lpn(¥) = S| -

Given an upper bound on the right-hand side of the inequality, if we can obtain a

lower bound on ||S,||, we can get an upper bound on ||z —y||. In fact, finding a lower
bound for the signature is itself an interesting topic. We will see in the following
example that the rate of decay of the signature depends on the path as well as the

norm we choose.

Example 4.5.1. This is an extension of Example 2.3.1. If we consider a monotone
lattice path v of consisting of two pieces, and each piece is of length %, the £ norm

of the signature at level n is

IntSr ()], = ; <Z) (%)k G)M 1
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Differenc in I* norm, derivative at 0.3

Degree of signature

Figure 4.2: ||]p’n(f(0)) - Sn+1||1 forp=103(n+2)],n=3,---,10.

hence the signature is clearly bounded below. If we consider the norm of the signature
under the Hilbert-Schmidt norm, then

sl (S () @) ()

k=0

As we can see from Figure 4.5, the ||56L7T(’Y)HHS decreases in such a way that there is

no obvious constant non-zero lower bound for the signature.

Therefore it is important to take into account the effects of the norm when we

look for a lower bound for the signature.

We first recall the norm in Definition 1.3.5 by Hambly and Lyons [19]: If V' is a Banach
space, A is a Banach algebra, and Fi,--- | Fy, € Hom(V, A), then the canonical linear
extension F} ® --- ® Fj, from V% to A is defined as

(v1, -+ o) = Fi(v1) -« Fi(vy).

7



Differenc in 12 norm, derivative at 0.3

0.15 L L L L L L
3 4 5 6 7 8 9 10

Degree of signature

Figure 4.3: ||]p’n(f(0)) — §n+1||2 for p=10.3(n+2)|,n=3,---,10.
The norm

]l -a = sup [F1 @ @ Fi(z)]] -
Fi;eHom(V,A), || FillHom(v,4)=1
As stated by Hambly and Lyons [19], the norm ||-|| 4 is smaller than the projective

tensor norm. We give a proof of this claim in the following lemma.

Lemma 4.5.1. For all z € VO ||z||5a < ||z||lx, where ||-||» is the projective tensor
norm as defined in Definition 2.1.4.

Proof. For all x € V¥F if x = Y ierViy ® -+ @ v, is an representation of  for some
indexing set I, then for any F; € Hom(V, A) such that || Fj||gomwv,a) =1, =1,--- , K,

we have

I(Fr - @ F)(@)|la = | Fi(vr) -~ Fi(wy)

el

A
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Differenc in I* norm, derivative at 0.5

0.065
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Degree of signature

Figure 4.4: ||1,n(f(0)) = Susa|, for p=[0.5(n+2)], n = 4,6,8,10,12.

<D IF @)l F(vi)la

iel
<D il llo I,
iel
for an abitrary representation of x. Then by the definition of the projective tensor
norm, for any Fz S HOm(V, A) such that HEHHOHI(V,A) = 17 1 = 17 e ’k‘7

[(Fr @@ F)(@)] 4 < [|2]l,
hence
[zl|sa < [zl

O

We also note the following useful lemma which gives a bound on the tail behaviour

of the Poisson distribution by Canonne [7].
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HS norm

0.70%
0.65
0.60
0.55
0.50 .

0.45 .

0.40 . .

Figure 4.5: The Hilbert-Schmidt norm of the normalised signature of a monotone
lattice path at level n

Lemma 4.5.2 (Canonne [7]). Let X ~ Poisson(\) for some parameter A > 0. Then
for any h > 0, we have

P(|X — Al > h) <2exp (_Z(Ah—j—h)) :

We extend the argument by Hambly and Lyons (Theorem 13, [19]) and prove in
the following theorem that a non-zero lower bound exists for more than one level of

the signature of a piecewise linear path.

Theorem 4.5.1. Let v : [0,1] — R? be a non-degenerate piecewise linear path con-
sisting of M > 0 linear pieces. Suppose 20 > 0 is the smallest angle between two
adjacent edges. Equip R? and R4 with the Euclidean norm. Then for any c € (0,1),

there exists at least an increasing subsequence (ng)i>1 € N such that

> cexp (—(M — DE(Q) Yk > 1,

HSnk ||—>H0m(Rd+1,]Rd+1)

where K(Q) := log (#M)

Proof. Without loss of generality, we can assume 7 is of length 1. Suppose D > 0 is
the length of the shortest edge of v. For a > 0, write the path ay as ,. Then for
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all o such that o > K(Q) , the shortest path of 7, is at least of length K (2). Then
by Lemma 1.3.3, the Cartan development T',, of v,, as defined by Equation (1.2),

satisfies
d(o,Tq0) > a— (M —1)K(Q).
Also by Proposition 1.3.2, we know that
Il tomrd+1 ras1y > exp(d(o,I'40)).

Then if we recall the definition of the map F" as in (1.1), for all a such that o > @,

we have

exp (o — (M —1)K(Q)) (4.22)
S ||Fo¢ ||Hom(Rd+1,Rd+1)
Sy F(dy,) - Fldn,)

n=0 0<uy < <un<l Hom(Ra+1 Rd+1)
:Zan (F®"®F>(/ d7u1®"'®d7un>

n=0 O0<uy < <up<l Hom(Rd+1 Rd+1)

n=0 O<uy < <un<l —Hom(Rd+1 Rd+1)

< Z . HHGm(RM Ra+1) 5 (4.23)

where the third inequality follows from the definition of the norm ||-|| L gom@d+1 ga+1).
Multiplying both sides of (4.22) by exp(—«) gives

o0

exp (—(M — 1)K () < exp( (4.24)

a5
a) Z nl HS"L“—)Hom(Rd+1,Rd+1) :

n=0

Note the right hand side of (4.24) is the expectation of the function HS ||_>HOm R+l Ra+1)
under the Poisson distribution with parameter «. Note the distribution has mean «,
variance a. We have the following claim:

For all ¢ € (0,1),

P (n such that HS ||_>HOm Ri+1 Ra+1)
>(1—c)exp (—(M —1)K(2)).

> cexp (—(M — 1)K(Q)))

We prove the above claim by contradiction. Suppose that

P (n such that HS"H > cexp (—(M — 1)K(Q))>

—Hom(Rd+1 Rd+1)
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<(l—=c)exp(—(M —1)K(Q)).

We know from Remark 1.3.1 that |‘*§TLH—>Hom(Rd+1 Ra+1) < 1. Then if we think about
how large the expectation can be, we have

oo

exp(—a) Z % HSRH—)Hom(RcHl,R‘Hl)
n=0

<(I—=c)exp(—(M —1)K(Q)) 4+ cexp(—(M — 1)K (Q2))
=exp(—(M —1)K(Q))

which contradicts (4.24). So we must have

P (n such that HS ||_)HOm Rd+1 Ra+1) 2
>(1— ¢ exp (—(M — )K(Q))

> cexp (—(M — 1)K(Q))>

Then by Lemma 4.5.2, we have an estimate for X ~Poisson(a) such that for all h > 0,
B2
P(|X —al] > h) <2exp (—m) .
In particular,

3/2
_ 3/4 __*
P(|X —a]>a )SZexp( 2(0z+oz3/4)). (4.25)

Note the right-hand side of (4.25) is a decreasing function in «, hence there exists a*
such that for all o > o,

2(a + a3/*)
< (I —c)exp(=(M - 1)K(2))

<P (nsuch that ||S,

3/2
U ol < 2 (-
—yHom(Rd+1 Rd+1) = > cexp(—(M — 1)K(Q))> .

Then there must be some n near the mean « such that

[Eal > cexp(—(M — 1)K (),

—Hom(R4+1 Ré+1)
i.e. for a > a*,
P (X =nwhere|n — o < o/*and 190 | = Hom (Ri+1 a1y = cexp(—(M — 1)K (Q)))

>(1 — ¢) exp (—(M — DE(Q) — 2exp (—

>0.

032
2a+ a3/4>)

82



Hence for large enough o, there exists at least one n € (a — a4, a4+ o) such that
HS’JLHOMRHI’WH) > cexp(—(M — 1)K (Q)). Note that o grows faster than o4, so
as a increases, the interval (o — a/*, a + a*/*) moves rightwards. Hence there exists
a strictly increasing subsequence (ng)r>1 € N such that

>cexp(—(M —1)K(Q)) Vk>1.

} } Snk | | —Hom(Rd+1 Rd+1)

]

Corollary 4.5.1. Let v : [0,1] — R? be a non-degenerate piecewise linear path con-
sisting of M > 0 linear pieces. Suppose 2§2 > 0 is the smallest angle between two
adjacent edges. Equip R and R¥ with the Euclidean norm. Then for any c € (0,1),

there exists at least a subsequence (ng)g>1 € N such that
ISl = cexp(—(M = 1)K(Q)) Yk =1,

where K () := log (#S'QO and ||-|| is the projective tensor norm induced from the

FEuclidean space R,

Proof. Without loss of generality, we assume ~ is of length 1. There are two ways to
justify this result.

By Lemma 4.5.1, we know that ||-[|; is a bigger norm than ||-||pyom(ra+ ra+1), hence
by Theorem 4.5.1, for any ¢ € (0,1), there exists a subsequence (ny)r>1 € N such
that

cexp(—(M = 1)K(2)) < || S, (.

—Hom(Rd+1 Rd+1) <

.

An alternative proof directly applies the argument in the proof of Theorem 4.5.1 to
the norm |-||,. Note that for any z € R*" and F : R? — Hom(R*! R¥!) as

defined in (1.1),if x =Y. _;v;, ® --- @ vy, for an indexing set I, we have

el

> F(v,)-- F(uy)

Hom (Rd4+1 Rd+1)

< D M) litom(zass oy -+~ 1F (03 | om(as o)
il

k
< ”F||H0m(Rd,H0m(Rd+1,Rd+1)) Z ||Ull|| U HUZkH )
i€l
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for an abritrary representation of x. Hence

k
[(F & - @ F) (@)l gommert garty < 1 om@a om@a+r rasy) [2lx < {127
Therefore when we equip (R?)®* with ||-||, we have

||(F R ® F)||Hom((Rd)®k’H0m(Rd+l7Rd+1)) <1

As in the proof of Theorem 4.5.1, and if we use [|-|[; instead of ||| gommd+1 rat1),
(4.22) becomes

expla — (M — 1K(Q))

< HFQ HHom(Rd+1 JRA+1)

o0

>/ F(d) - Fld,)
n=0 O<uy < <ug<l1 Hom(Rd+1 Rd+1)
n=0 O<ur<-<un<l Hom(Rd+1 Rd+1)
Sz&n / d7U1®"'®d7un
n=0 O<ur < <un<l T
o an B
<> s,
n=0
and then the rest of the proof of Theorem 4.5.1 applies. n

Remark 4.5.1. We have seen from Conjecture 2.3.1 that we expect the n-th root of
the n-th term in the signature of a path of finite length multiplied by n! to converge
to the length of the path under a reasonable tensor algebra norm. Hambly and Lyons
[19] showed that (Theorem 4.6.2) a stronger decay result holds in special cases: If
v is a path of finite length L > 0 with the modulus of continuity of its derivative
5(e) = o(€/*), then

L7k -1

— Hom(Rd4+1 Rd+1)

O<ul <--<up<l

as n — oo. However we have seen from FExample 4.5.1 such a strong result does
not hold for piecewise linear paths at least under the Hilbert-Schmidt norm. The
significance of Theorem 4.5.1 and Corollary 4.5.1 is that we have a stronger result

for a piecewise linear path than we conjectured in Conjecture 2.3.1.
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4.6 Inverting the signature of a path

Assume v : [0,1] — R? is a continuous bounded-variation path with derivative f :
(0,1) — R? such that ||f(¢)|la = 1 for all ¢ € (0,1) almost everywhere. Assume 7 is
linear on [s,t] C [0,1], and 6 € (s,t). For n > 1, choose p € {1,--- ,n + 1} such that
p = |0(n+2)]. In this section we use the result of Theorem 4.4.2, i.e. there exists
€9, such that [|1,,(f(0)) — Spsill= < €, and €, — 0 as n — oo.

Define the set

A3, = {o € R lella = 1. || Lpn(e) = S|, < 5.}

Note f(0) € A;,,. We adopt these notations in this section. We first note the following

lemma.
Lemma 4.6.1. The projective tensor norm ||||» satisfies Definition 4.2.1.

Proof. We know from Lemma 2.1.1 that the projective tensor norm is a reasonable
tensor algebra norm, it then follows directly from Proposition 2.1.1 that the projective

tensor norm satisfies the properties stated in Definition 4.2.1. O

We now give a strategy to invert the signature of a non-degenerate piecewise linear
path.

Theorem 4.6.1. Assume v : [0,1] — R? is a non-degenerate piecewise linear path
with derivative f : (0,1) — RY such that ||f(t)|ls = 1 for all t € (0,1) if defined.
Assume 7y is differentiable at 0 € (0,1). For n > 1, choose p € {1,--- ,n+ 1} such
that p = [0(n+2)|. Then there exists a subsequence (ng)i>1 € N such that for all
k> 1, for all g, ,Yon, € A,

0,ny’

Proof. Note for all n > 1, g, Yo.n € Ay,

H[p,n( n) Ipn (ye n)”
S ||[P7n( ) 7n+1|| + H y@ n) - S'nJrle
SQEgm.

By Corollary 4.5.1, there exists a subsequence (ny)r>1 € N such that for all £ > 1,
1S, llx > 2 exp(—(M —1)K(Q)), where K(Q) = log(i—2a cos\m) 2Q2 is the smallest angle
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between two adjacent edges, and M > 0 is the number of linear pieces of . Then by
Lemma 4.2.3,

%0, — Yol
- “Ip,nk (Tom;) — Ly, (Yo,n,) Hﬂ
15m. 1
- 4eg’nk
“exp(—(M - 1)K(Q))

Since €, — 0 as k — 0o, we have ||Zg,, — Yon,ll2 = 0 as k — oo. O
We are then able to derive a corollary which is more useful for computation.

Corollary 4.6.1. Assume v : [0,1] — R? is a non-degenerate piecewise linear path
with deriative f: (0,1) — RY such that ||f(t)||s = 1 for all t € (0,1) if defined.
Assume 7y is differentiable at 0 € (0,1). For n > 1, choose p € {1,--- ,n+ 1} such
that p = |6(n+ 2)|. Define

T = ATGMAN R |2]|,—1 | Ly () — ‘gn+1H7r : (4.26)

Then there exists at least a subsequence (ng)r>1 € N such that x;, converges to f(0)

as k increases.

Proof. By Theorem 4.6.1, we know that there exists a subsequence (n);>1 € N such
that for all £ > 1, for all g, , Y0, € Ag,nk’ |Zo.n, — Yo, ll2 = 0 as k — co. We
know that f(0) € Ay, , and ||L,n, (z5,,) — Sn41]| < €, due to the fact that 27,
gives the shortest distance between I,,, (z) and S,, 11 among all z € R such that
xp f(Q)H2—>0ask‘—>oo. O

|#]]2 = 1. Therefore ,, € A, , hence ||z}, —

0,y

We can also develop such an algorithm for another set of paths. First we recall

the following theorem by Hambly and Lyons [19].

Theorem 4.6.2 (Hambly and Lyons, Theorem 9 [19]). Let J be a closed and bounded
interval. Let v : J — R be a continuous path of finite length £ > 0. Recall that the
modulus of continuity of the derivative is defined as 6(h) 1= supj,_, <y, [|7(u) — ¥(v)][,-
If 6(h) = o (R*/*), then

O<uy <---<urp<l

— Hom(R4+1 RA+1)

k!

as k — oo.
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Theorem 4.6.3. Let vy : [0,1] — R? be a continuous path with derivative f : (0,1) —
RY such that ||f(t)|l, = 1 for all t € (0,1). Suppose further that the modulus of
continuity of f is 6(h) = o (h3/4). Assume v is linear over the interval [s,t] C [0,1]
and 0 € (s,t). Then for n > 1, choose p € {1,...,n+ 1} such that p = |0(n+2)].
Define

* L . Q
o 1= ArgMingena o= || n (@) = Snia | -
Then z} ,, converges to f(6) as n increases.

Proof. By Theorem 4.6.2, for any ¢ € (0,1), there exists N € N such that for all
n>N,

5. 1o

—>Hom<Rd+1 JRd+1 )

By Lemma 4.5.1, the projective norm is bigger than the norm H'H—>Hom(Rd+1 Ri+1)
hence for all n > N,

5., 21—

Then for all n > N, for all xg,,, ypn € Agm, we have

”‘T@,n — Yon |2
NHon(zom) — To.n(Yon)ll
19l
26:37”

Since €;,, — 0 as n — oo, we have |[zg, — Yo.nll, — 0 as n — oo. Since zj,,, f(0) €

Ay, we have

*

:p97n—f(8)}}2—>0 as n — 00.

]

Remark 4.6.1. Note that if we take p = |0(n + 2)]|, we may get p =0 if n is small.
But we can always take higher orders of the signature, and this will not affect our

result.

Note that so far in this chapter we have assumed that the underlying path is
parametrised at unit speed. However, in practice when we only have the information
from the signature, it is impossible to know whether the path is parametrised at unit
speed. We prove in the following lemma that our algorithm still works with a slight

alteration.
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Lemma 4.6.2. For a non-degenerate piecewise linear path «y : [a,b] — RY of length
L > 0 and differentiable at 0 € (a,b), we can slightly change (4.26) and obtain an ap-
proximation to the derivative of v when it is parametrised at unit speed when we choose
the position of insertion p appropriately, even if the original speed of parametrisation

18 unknown. Moreover the same changes apply to the result of Theorem 4.6.35.

Proof. By Lemma 1.1.3 we know that v can be re-parametrised at unit speed. Let
the function ¢ : [a,b] — [u, v] be such that the path 4 := 70 ¢ is parametrised at unit
speed.

We first try to determine what value p should be, i.e. the position at which the
element shall be inserted into the n-th level of the normalised signature of 4. As
in the proof of Proposition 4.2.1, for any norm which satisfies properties stated in

Definition 4.2.1, if we insert z € R into the n-th level of the signature of 4, then

[~ (nt1)

/ (n + 1)!%1 ®-® }Ytpfl ¥z ;.Ythrl & ,’?tnledtl o 'dtn+1
u<lty < <tp41<v

_(n+1)'/ ;:j/tl ®"’®%tn+ldt1"'dtn+1
u<ty < <tpt1<v

/ Yo @+ @ Vs
U<ty <--<tp41<v

® ('x - ;);/tp) ® ;:}(/tp-}—l ® T ® ﬁ?tn-o—ldtl e dtn+1

(t —u)P~t (v —t)nti-?

p=1! (n+1—-p) "~

which gives rise to the expectation of a function about a non-standard beta variable

=L~ "D (p +1)!

S/ lz = Al L=+ (n + 1)
u<t<v

U ~ Beta(p,n — p + 2) over the interval (u,v). We can change the variable in the
integral to obtain a standard beta variable U’ := (U — u)/(v — u), which is over the
interval (0, 1). Therefore we can see that the expectation of U is p(v —u)/(n + 2) + u.
With the same argument we had in the proof of Proposition 4.2.1, we know that we
shall choose

p:{m

V—1Uu

(n + Z)J

in order to approximate the derivative of 4 at ¢(6).
With a slight extension of the analysis in this chapter, we see that for n > 1, the

solution to
min_||L7"L), () — L~ (n+ IS )| (4.27)

[[=]l;=1
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gives an approximation to the derivative of 4 at ¢(6), where

I (z) = n!/ Ay, @ @ dY, , @z @AY, @+ @ dF,.
u<ty<--<tnp<v

Note
STL(5) = / By © - diy,
u<lt1<---<tp<v

:/t > b(¢/(t1>d7¢(t1)>®”'®(¢'(tn)d7¢(tn))

:/ d%1®...®d%n
a<t1<--<tp<b
= Sap(7)-

Hence (4.27) can be written as a problem about ~:

T Y

min || L7"17, (x) — L= (n + 11821 (7)|

||95H2:1

which is equivalent to solving the following optimisation problem

min ||LI;H(:E) —(n+ 1)!5;172'1(7)”7r

l[zll,=1

(4.28)

Hence if we solve problem (4.28), we will obtain an approximation to the derivative

of v at € when it is parametrised at unit speed. Therefore we can still recover the

path, but maybe at a different speed of parametrisation from the underlying. The

same argument clearly applies to the result of Theorem 4.6.3.

]

Remark 4.6.2. The significance of Lemma 4.6.2 is that it provides us with a gen-

eralised version of the insertion algorithm we have developed in this chapter, and we

will then be able to reconstruct a path even if it is parametrised at an unknown speed.

In fact it shows that the insertion algorithm developed in this chapter for inverting

the signature of a path requires the knowledge of the length of the path. A particular

example can be found in the next chapter in Example 5.2.5.
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Chapter 5

Computational reconstruction of a
path from its signature

We have seen in Chapter 4 that a path can be reconstructed by solving an optimisation
problem after inserting an element into a level of the signature of the path. In
this chapter we demonstrate computationally how to use this method to recover
a path, and we also include comparisons between this insertion method and the

symmetrisation method discussed in Chapter 3.

5.1 Setting of the optimisation problem

Suppose v : [0,1] — R? is a tree-reduced continuous bounded-variation path with
derivative f : (0,1) — R? such that || f(¢)||o = 1 for all ¢ € (0,1) almost everywhere,
and -y is differentiable at 6 € (0,1). We have seen from Chapter 4 that given certain
assumptions are satisfied, the key to reconstruct the path from the signature is to
solve the optimisation problem

i [ (@) = S [, (5.1)
where p = [#(n+2)]. If we want to computationally reconstruct the path from its
signature, it is necessary to consider programmes which solve the non-linear optimi-
sation problem (5.1). Note in practice the projective tensor norm ||-||, is difficult to
compute, we can generalise the problem to a wider set of tensor norms:
Problem. For a norm function ||-|| which satisfies Definition 4.2.1, assume a tree-
reduced continuous bounded-variation path « : [0, 1] — R? with derivative f : (0,1) —
R? such that || f(t)|| = 1 for all ¢ € (0,1) almost everywhere, and v is differentiable
at 0 € (0,1). For all n > 1, define g : R — R such that

9(x) = || Lpn () = St |

90



for pe {1,--- ,n+ 1}. We are interested in the following optimisation problem

min g(x). (5.2)

[lz]|=1
Lemma 5.1.1. There exists at least one solution to (5.2).

Proof. We first show that ¢ is a continuous function: for z,y € RY, we have

19(x) = 9(W)] < [ Lpn(2) = Ln(y)]]

= [pn(z = y)l
= llz =yl [[Sall
so g is Lipschitz hence continuous. The set {x € R? : ||z|| = 1} is closed and bounded

in R?, so there exists z* € {z € R?: ||z|| = 1} such that g(z*) = minj, = g(z). O

After proving the existence, a natural question to ask is whether the solution is
unique. If we have a convex optimisation problem, we would know the answer to this

question.

Definition 5.1.1 (Convex optimisation problem). If F' : R — R is a convez function

and X is a conver set in R%, then

min F'(z)

reX

1s called a convex optimisation problem.

Proposition 5.1.1. If X is a conver subset of R? and f : RY — (—o0, 0] is a proper
convex function, then a local minimum of f over X is also a global minimum of f over
X. If in addition f is strictly convex, then there exists at most one global minimum

of f over X. For an example one can refer to [2] for details.
Lemma 5.1.2. g is a convex function.
Proof. For any z,y € R?and 0 < A\ < 1,

gz + (1= Ny) = ||[Ln(Az + (1 = N)y) — Spia]]
- H pn(AT) + Lo (1= AN)y) — 5n+1||
= Lo (A2) + (1 = N)y) = ASpia = (1= NSy
<A@ = S|+ 1= Xy (w) — S|
= Ag(z) + (1 = A)g(y),

therefore ¢ is a convex function. m
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However, (5.2) is not quite a convex optimisation problem, since the set
{llz =1:2 e R%}

is not convex. There is no general theory about the uniqueness of the solution to
optimisation over the sphere, therefore we have to explore the uniqueness of the
solution depending on the tensor norm used. In the next section we will prove that
if we identify (R?)®" with (RY)", then under ¢2 norm the minimiser is unique using

the method of Lagrange multipliers.

5.2 Application of the method of Lagrange multi-
pliers

If H[pm(x) — 5n+1H is a smooth function under the norm we choose, then a practical
method to find a minimum to the problem is using Lagrange multipliers. As an exam-
ple, let us consider a tree-reduced d-dimensional path 7 : [0, 1] — R parametrised at
unit speed, i.e. |4l =1. Forany n>1,pe {1,--- ,n+1}, let A € R >4 denote
the matrix representing the linear mapping I, ,, and b € R be the normalised
signature of v at level n 4+ 1. We now try to find a solution to

min || Az —b||,. (5.3)

z€RY ||z[2=1

We first note the following property of A.

Lemma 5.2.1. Assume that in RY, A is same the matriz as in (5.3). The singular

values of A are the same and equal to HgnHz'

Proof. Let {e1, ez, ,eq} be a basis of R, and S,, = Eiel(n) Uiyigoi, €3y Q-+ R e for
the set I(n) of all words of length n over the alphabet {1,---,d}. Note the matrix
can be obtained by applying the map I,,,, on the basis {e1,- - ,e,} of R, which gives
elements in R®(™*1) Therefore we can identify the entries in A by the bases of R and

R®(+1) simultaneously, and write entries of A as A jforalli e I(n+1) and

il"'in+17

j €{1,---,d}. Then by the definition of I,,,, we have

A o ’ o ail...ipflipﬂ...inﬂ lfj = 1p,
A K otherwise
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Hence

= 112

1Sulf; 00
& 112
AT A = 0 HSnHz 0
: 0 K
0 e 00 ISl

which is a diagonal matrix with all diagonal entries equal to HgnHz Then by the

definition of singular values, the singular values of A are equal to HSHHQ O

Because the objective function in (5.3) is differentiable, we can use the classical
method of Lagrange multipliers.

Consider the non-linear programming problem

minimise f(x)
(P) subject to h(x)
r(z)

0,
0,

VAN

where the functions f : R" — R, r : R® — RP and h : R® — R™ are continuously
differentiable. Define Q := {x € R" : h(z) = 0,r(z) < 0}.

Theorem 5.2.1 (Karush-Kuhn-Tucker theorem (KKT)). Let x* € Q be a local min-
imiser of the problem (P). If x* satisfies some reqularity conditions, then there ezists
A" e R™ and p* € RP such that

~Vf(x Z)\ Vhi(x +Zu3vr] ),

szov j:]-)"'ap7
,u;’l“j(.l?*) :07 ]: 17 yD-

Note that when p = 0, i.e. when there is no inequality constraints, these multipliers

are called Lagrange multipliers.

Definition 5.2.1 (Linear independence constraint qualification (LICQ)). For the
optimisation problem (P), the linear independence constraint qualification holds at
T € Q if the equality constraint gradients Vh;(z), i =1,--- ,m and the active inequal-
ity constraint gradients Vr;(x), for those indices j € {1,--- ,p} such that r;(z) =0,

are linearly independent.
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In fact it is a well-known fact that LICQ is a regularity condition which guarantees
that the local minimisers must satisfy KK'T conditions. For an example one can see

from [16] that the following corollary holds.

Corollary 5.2.1. If a local minimizer x* € Q satisfies LICQ), then x* satisfies the
K KT conditions stated in Theorem 5.2.1.

Now we can show that problem (5.3) admits a unique solution on the sphere.

Proposition 5.2.1. There exists a unique solution to problem (5.3), and we can

develop an explicit formula for the minimum using the method of Lagrange multipliers.
Proof. Applying singular value decomposition on A, we can write
A=UxVT",

+1 +1 . . +1 . . .
where U € R *4""" is an orthogonal matrix, ¥ € R¥"" %4 is a diagonal matrix, and

V € R%? is an orthogonal matrix. Note

| Az —b]|, = [|[USV 2 — b,
= ||zv7Tz - U,

Recall from Lemma 5.2.1 that the singular values of A are equal to HSnH ,- Define
A= Hgn

5, and write

0O --- 0
0 q1 Y1
5 — O yrpo [®f prp=|
0 0 A : :
0 «--- --- 0 44 Ygni1
Then
A0 0
a1 Y1
[sv7e - uTh|), = -]
0 0 Al :
0 «-- - 0 4 Ygni1
S 2
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Aq1 —
A2 — Yo

= Agq — Ya
—Yd+1

—Ygn+1 9

Note that |[VTz||y = ||z||2 since V is orthogonal. Note also that ¢; for i = 1,--- ,d

only appear in the first d entries, and therefore (5.3) is equivalent to
d d
min Y (A —y;)* subject to Y g¢f =1.
i=1 i=1

Define 7 to be the Lagrange multiplier. Then the extreme values of {¢;} satisfy

d
doa@=1
=1

Therefore we can get an equation about 7:

d

> wi)* = (N =n),

i=1

after solving which we can get n = A2 £ \y/ Zle y?. Using the fact that ¢; = /\’2\—{"77,
we have the following choices of solutions:

Therefore we have

gi=—2 Vi=1,--.d or ¢g=-——L VYi=1.-.,d

d d
Zj:l yj2' Zj:l y]?

By Lemma 5.1.1 we know that there must exist at least one feasible global minimum
to (5.3). Since we only have one equality constraint, LICQ is trivially satisfied.
Hence the solutions from using the Lagrange multipliers must contain at least one
local minimum by Corollary 5.2.1. Since a global minimum is also a local minimum,

the global minimum(s) must be among the solutions we have obtained from using
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the Lagrange multipliers. Hence we can substitute the solutions into the objective
function and compare.

When ¢; = #, the objective function is equal to
j=1Yj

2 2
Yi A
Z )‘ﬁ_yi 72—1 23/127
=1 \/ Zj:l Yj Zj:l Y; i=1
o o .
When ¢; = —m, the objective function is equal to

2

Yi A g
Z )\TZQ Ty | = T +1 Z v
i=1 \/ Zj:l Y; Zj:l Yj i=1

By assuming ||S,[l2 > 0, we have A\ > 0, then from above we can see that ¢; =

Z}l:1 yJZ' ;.l:l y]Q.
minimum. Hence the solution to (5.3) is unique. Finally we get the minimum z* by
x=VVTg. ]

—4_ fori=1,---,d give smaller value, therefore (L) is the global
i=1,-,d

Corollary 5.2.2. Assume a tree-reduced continuous bounded-variation path v : [a,b] —
R? is of length L > 0 and differentiable at 6 € (a,b), and suppose v is parametrised
at an unknown speed. Then there exists a unique solution to problem

min  ||LAz —b||,, (5.4)

2€R4 ||z||2=1
where A and b are as described in (5.3).

Proof. We have seen from Lemma 4.6.2 that if we do not know the speed of parametri-
sation of the path, we can solve the optimisation problem (4.28) to get a approxima-
tion of the derivative of the path. If we use ¢? norm, then (4.28) becomes (5.4). Note
the only difference between (5.4) and (5.3) is the constant L in front of the matrix A,
therefore a similar analysis as in Proposition 5.2.1 applies, and (5.4) admits a unique

solution. ]

We now demonstrate some examples of inverting the signature of a path by solving
(5.3). All of the following computation is done in C++, and the graphs are plotted in
MATLAB. The computation of signatures used is done via the C++ library Libalgebra
[6]. The matrix computation algorithms used are from LAPACK [1], and the version
used is provided by Intel Math Kernel Library.

96



035 T T T T T
semicircle
—X—n=4
0.3 n=5
—>X— n=6
—%—p=
0.25 n=7
n=8
—X— n=9
0.2 b
0.15 b
0.1 b
0.05 b
0 -
_0.05 1 1 1 1 1 1 1
-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4

Figure 5.1: Reconstruction of a semicircle under ¢ norm, where n is the level of
signature used

Example 5.2.1 (Semicircle). Let v : [0,1] — R? be the path of a semicircle, i.e.
A = < cos(mt), @ = Lsin(wt) for t € [0,1]. If we use (* norm, we can use the
formulae obtained in Proposition 5.2.1 to get an approximation to the deriwative of
the path at different time points. Thus we are able to approximate the increments
over subintervals by Mean Value Theorem, as shown in Figure 5.1. We can see that

using higher levels of signature gives better approximations to the true path.

Example 5.2.2 (Circle). Assume in this example v : [0, 1] — R? is the path of a circle
such that v, = (5= cos(2mt), 5= sin(2nt)) for t € [0,1]. Again we used the formulae
obtained in Proposition 5.2.1 to get an approximation to the derivative at different
times in £ norm, therefore an approzimation of the increments over the sub-intervals,

as shown i Figure 5.2.

Example 5.2.3 (Digit ‘8’). One interesting case to consider is when the path is self-
crossing. A good example of this kind is digits.

The dataset we use is Pen-Based Recognition of Handwritten Digits Data Set from
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0.2 | . .

circle
—%—n=4

0.15 XX n=5
= —>X— n=6

G ' T % p=
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777 —%— n=9

0.05 7, :

:

/
/

-0.15
SV —— {,/
_02 | | | | | |
-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2

Figure 5.2: Reconstruction of a circle under ¢2 norm, where n is the level of signature
used
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UC Irvine Machine Learning Repository [14], which is a digit database by collecting
250 handwritten digit samples from 44 writers. The dataset records the (x,y) coor-
dinates on the 2-dimensional plane as the participants write. The raw data captured
consists of integer values between 0 and 500, and then a resampling algorithm is ap-
plied so that the points are reqularly spaced in arc length.

We have taken one sample of the digit ‘8’ from the training data, and normalise the
input vectors so that they consist of values in [0,1]. Note that the path now is not
necessarily parametrised at unit speed. In this case, we can solve a slightly altered op-
timisation problem by the result of Lemma 4.6.2, therefore we need an approximation
of the length of the path. Due to Conjecture 2.3.1, we can approximate the length of
the path by taking the n-th root of the n-th level of the signature multiplied by n!.
We then reconstruct the underlying path using the method of Lagrange multipliers to
approximate the derivative of the path at different points by the results of Proposition
5.2.1 and Corollary 5.2.2, and use splines to smooth the derivatives, and then inte-
grate over [1/(n+2), (n+1)/(n+2)] in MATLAB to approximate the underlying path,
where n is the level of the lower level signature used. Compared to the underlying path
i Figure 5.3a, we can see from Figure 5.3b, 5.53¢c, 5.3d, 5.3e, 5.3f, 5.39, and 5.3h
that overall we get better approrimations when we use higher levels of the signature of
the path. Note that the paths reconstructed are at different scales from the underlying
path. This is because we have reconstructed the path parametrised at unit speed, as
shown in Lemma 4.6.2. Also note that if v : [u,u + L] — R? is a path parametrised
at unit speed and of length L, then

u+L
/ F(t)dt
o
:L/ Y(Ls + u)ds,
0

therefore the path obtained is the underlying path parametrised at unit speed and scaled
by 1/L. The shapes of the reconstructed paths are not affected even though we have a

different speed of parametrisation.

Example 5.2.4 (Robustness of the insertion method). In this example, we show
that we can build a pipeline to invert the signatures of paths by the insertion method.
We arbitrarily choose 20 samples from the training set (consisting of handwritten
digits by 30 writers) of the Pen-Based Recognition of Handwritten Digits Data Set
[14] and normalise the data as described in Example 5.2.3. Then we reconstruct the

underlying path using signature level 9 and 10 using the method of Lagrange multipliers
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(f) Reconstruction using signature level 8
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(h) Reconstruction using signature level 10

Figure 5.3: Reconstruction of the digit ‘8’ using the insertion method
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as described in Proposition 5.2.1 and Corollary 5.2.2, and obtain Figure 5.4, 5.5, 5.6,
5.7 and 5.8. Note we export the derivatives computed in C++ into MATLAB, and
use the splines to approximate the derivatives, and then unlike FExample 5.2.3, we
integrate the splines over [0,1]. This is because signature level 9 is relatively higher
than most of the signature levels used in Example 5.2.3, so the splines are supposed
to behave better at extrapolation. We can see that the insertion method is in general
quite robust, however it may not be able to give an accurate approximation at the

corner of the path.
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Figure 5.4: Reconstruction of digits from the data set [14] using signature level 9 and
10
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Figure 5.5: Reconstruction of digits from the data set [14] using signature level 9 and

10
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0.4 0.45 05 055 06 0.65 -0.05 0 0.05 01 0.15 0.2 0.25

(a) Sample 64, underlying digit (b) Sample 64, reconstructed digit
08 i ' [ sampleounderyingoig | 0.15 ‘ ‘ ‘

Sample70ReconstructedDigit

0.75 _— I 0.1 1
orf ] 005 1
065 ~_ _— 4
o o ]
06 //// 1
— 0.05 R
0.55 //
-0.1 4
05+ \ i
\
05 |- // ] 0.15 1
o4l \\\\,%%7777‘/,,,// i 02t 1
0.35 - - - . -0.25 - - - -
0.5 0.55 0.6 0.65 0.7 0.75 -0.15 -0.1 -0.05 0 0.05 0.1
(c) Sample 70, underlying digit (d) Sample 70, reconstructed digit
0.65 T T T T

0.1 T T
//A‘ Sample71UnderlyingDigit ‘ Sample71ReconstructedDigit
06 / — ] or —

055 |- o E 01f ( \
05} ] 02} ]
045 | ] 03 ]
\
04t p o4l \ i
/
ossf e 05 . / 1
03 ‘ ‘ ‘ 06 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
035 04 0.45 05 055 035 03 -025 -02 015 -01 -005 0 005 01

(e) Sample 71, underlying digit (f) Sample 71, reconstructed digit

0.6 - - 01 -
Sample77UnderlyingDigit ‘ Sample77ReconstructedDigit
0.55 e | 0.05 - — ——_ 1
— or \ h
05 / 1 .
-0.05 \ 1
/ \
0.45 q 0.1 [ ‘ q
/ | /
/ \ /
( / 0.5 f \ /]
047 1 \
\\ 02 \\ / i
035 | \\ q - >
~_ - 025 ~— 1
0.3 . . . . 0.3 . . . . .
0.35 0.4 0.45 0.5 0.55 0.6 -0.1 -0.05 0 0.05 0.1 0.15 0.2 0.25
(g) Sample 77, underlying digit (h) Sample 77, reconstructed digit

Figure 5.6: Reconstruction of digits from the data set [14] using signature level 9 and
10
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0.65 : .
_— Sample81UnderlyingDigit
06 / 4
055 4
051 1
045 f 1
041 -
035 . . . . . . .
025 03 035 04 045 05 055 06 065
(a) Sample 81, underlying digit
o7 ' ' ' ' ' Sample86UnderlyingDigit
065 f 4
06T 4
055 // _— o ~_ —
05 ¢ \ 1
045 [
04r / 1
035 f //// 1
0. . e . . . .
038 04 042 044 046 048 05 052 054 056 058
(c) Sample 86, underlying digit
06 ‘ ‘ ‘ Sample91UnderlyingDigit
055 /’// -
05 ¢ — 4
0.45 | T _ B
04r / 4
035\ - - —
03 . . . . .
0.38 0.4 0.42 0.44 0.46 0.48 05
(e) Sample 91, underlying digit
07 ' ' ' ‘ 7Samgle100UnderlyingDigi(
0.65 P — \ 4
ol f/ |
\ /
055 f S~ 1
05 ¢ 4
045 | 1
04+t ///// 4
////
0.35 //// [
03 : : : : :
0.35 0.4 0.45 05 0.55 0.6 065

(g) Sample 100, underlying digit

-0.05 1

0.05 T T T T -
‘ Sample81ReconstructedDigit

of / /”’\\\ 1
/ \

-0.1 / ’,“ 1

-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2

(b) Sample 81, reconstructed digit

0.1 T T
‘ Sample86ReconstructedDigit
ol / ]
TSN ]
02t 7777%%%””””’*%—rm,,,\ B
031 \ 1
)
04 Ff / 1
-05 b
— /77///
06 —_— 1
0.7 . . . . . .
-0.05 0 0.05 0.1 0.15 0.2 0.25 0.3
(d) Sample 86, reconstructed digit
01 ' ' ' ‘ Sample91ReconstructedDigit
or - 1
o1} e 1
021 \ 1
03 T~ 4
041 \ R
osf S
06F -~ . B
07 . . . . . .
-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15
(f) Sample 91, reconstructed digit
02 ' ' ‘ Sample100ReconstructedDigit
01r T ]

02 /
N

-03r

) ™~
-0.4 1 /

05 L L L L L
-0.05 0 0.05 0.1 0.15 0.2

(h) Sample 100, reconstructed digit

0.25

Figure 5.7: Reconstruction of digits from the data set [14] using signature level 9 and

10



Remark 5.2.1. From a computational point of view, in general if we want to use the
insertion method described in Chapter 4 to invert the signature, we need a nonlinear
optimisation solver. However most of such solvers require a good initial guess. Hence
when doing computation, we need to keep in mind that such factors may affect the

results.

5.3 Comparison with symmetrisation

So far we have discussed two methods of inverting the signature of a path: the
symmetrisation method and the insertion method. It is interesting to compare the
two methods.

Complexity. Let us first consider the complexity of the symmetrisation method.
If we recall the setting of constructing the probability of increments over the sub-

intervals, for m = 0,--- ,n;,

m 1

n; —m 1 Zn:(nl,--- MNg)slwjlz=m S/?(E)
n; k n; k

N ne)

n=(ny,ng) <k

where £ € L}, and

d
ng{’e:(’ela >£k)’e]:(€jla 7€d)a2€;:n]av]:17 7k}7

for n € Py, and

k
PN,k:{n:(n1,~~ ,nk):nj>0,2nj:]\7}.
j=1

Note for a given n = (nq,---,n), the number possible combinations of ﬂ}, e 02

J
dz_i d n; — 1
par d—i)\d—i—1
for all 7 = 1,---,k. Here we define (’:) = 0 if m < n. Then the size of L}
is H?Zl(zgol (dii)("j_l)). If we choose ny = --- = ny, then the size of L} is
k

d—i-1
[Zj:_ol ( dd_i) ( di'_—l1)]k , where N is the level of signature used, and also note the com-

satisfying Z?Zl s =mn; is

plexity comes from calculating the number of combinations of letters when fixing

Azx; = nﬂ% for every m = 0,--- ,n; and j = 1,--- , k, hence the order of complexity
when all the k blocks are of equal length is O(k(X + N[> (,%) (d%i__ll)]k_l).
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As for the insertion method, the complexity depends on the optimisation algorithm
we use. If we consider the method of Lagrange multipliers, from the previous section
we can see that the main complexity comes from singular value decomposition and
matrix multiplication. If we use the DGESVD function from LAPACK [1] to compute
SVD, LAPACK Users’ Guide [1] suggests that DGESVD requires Householder reflec-
tors, and from Trefethen and Bau [31] we can see that the cost of such an operation is
O(d™*3). The cost of matrix multiplication in our case is O(d*¥*?). Hence the overall
complexity of the insertion method when using the method of Lagrange multipliers
is O(d*N+2).

For the ease of comparison, for the symmetrisation method we fix the length of each
of block to be 1, i.e. ny = --- = ni = 1. Then when the dimension d = 2, the
complexity of the symmetrisation method is O(N2Y), while the complexity of the
insertion method is O(22¥+2). Hence the symmetrisation method has an advantage
over the insertion method in terms of complexity.

Accuracy. In general, the rate of convergence of the both methods shall depend on
the modulus of continuity of the underlying path. We have not been able to determine
the rate of convergence for both methods, therefore we need to compare the accuracy

of the methods by implementation.

When using the symmetrisation method, we consider the iterated integrals coordinate-
wise, and recover the magnitude of the increments over the subintervals. With the
symmetrisation method we are not able to recover the direction of the path directly,
and this is also one of the reasons we have focused mainly on the symmetrisation
algorithm for inverting monotone paths. For C*' paths, a method of determining the
direction of the path is given by Lyons and Xu [25].

The insertion method directly deals with terms in the signature of a path, which in-
clude the information about the direction of the path. Therefore the insertion method
is able to reconstruct the derivative of a path with the direction.

We use the following example to demonstrate the differences between the symmetri-

sation and the insertion method.

Example 5.3.1. Consider the path v : [0,1] — R? parametrised at unit speed such
that 42 = (y1)2,

If we use the symmetrisation method, we use {* norm. When we fiz the length of each
block equal to 1 and increase the number of blocks, we obtain Figure 5.10.

If we use the insertion method and choose to use *> norm, we can reconstruct the

quadratic curve using the method of Lagrange multipliers as described in Proposition
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Time consumed(secs)

Symmetrisation in C4++, using signature level n =5,--- |11 2.885

Insertion in C++, using signature level n =4,--- 10 0.702

Table 5.1: Computational time when applying the methods using different platforms

5.2.1 and obtain Figure 5.9, and here again Libalgebra [6] and LAPACK [1] are used
in the computation. When reconstructing the path, for a given level of signature n,
we can get an approximation of the deriwative of the path at n%;z forp=1,--- n+1.
Then we approximate the increment of the path over the subinterval [%,n%l] by
L, ., where x5, is the solution to the optimisation problem defined in (5.3).

n+1 , :

A;aiﬁfue can see t}%i as we take higher order of signatures, the approximation path
obtained becomes closer to the underlying path.

We can also export the signature from C++ to use the built-in optimisation pro-
gramme FMINCON in MATLAB. Here we demonstrate the result when we solve the
problem under £ norm in Figure 5.11.

If we compare the time consumed when using each of the method, as shown in Table
5.1, we can see that the insertion method takes less time than the symmetrisation
method in C++. This is different from the complexity analysis we have, however we
have to bear in mind that in implementation there are other factors that affect the
performance, such as the complezity generated from using Libalgebra [6]. Moreover,
LAPACK [1] is highly optimised in terms of memory usage.

In terms of accuracy, we can see from Figure 5.9, 5.10 and 5.11 that both methods
give results with similar accuracy. One way to measure the accuracy is to compare
the levels of the signature reconstructed with the levels of the original signature used.
Denote the (2 error between the original and the reconstructed signatures at the n-th
level by e,. Note that the insertion method takes two levels of the signature as in-
puts, i.e. the insertion method requires information from two levels of the signature
to construct one approrimation path, while the symmetrisation method only requires
one level for one reconstruction. Hence for comparison, it is reasonable to compare
e, from the insertion method with e, 1 from the symmetrisation method. Table 5.2
shows that the symmetrisation method gives better approximation results than the in-
sertion method. We also note that the accuracy of the insertion method may also

depend on the optimisation package chosen.

Note: The code of the computational results in Chapter 4 and Chapter 5 is

available on https://sourceforge.net/projects/signatureinversioninsertion/.
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Table 5.2: Error between the reconstructed and the underlying signature at different

levels

Error Insertion method us- | Symmetrisation
ing Lagrange multipli- | method
ers
el 1.2334e-05 -
ez 4.833595e-07 3.57113e-08
e 1.28592e-08 5.28732e-10
e? 2.49103e-10 5.77203e-12
e 3.68427e-12 4.84631e-14
e 4.30637e-14 3.22984e-16
e 4.08225e-16 1.751e-18
et - 7.87613e-21
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Sample107UnderlyingDigit Sample107ReconstructedDigit

07t B _— \\\ 1 7l / 7
0.65 / \l | \ ’ -
P \ - “
06} | K ‘
L P 5

1 0 / //

0.75 T T ‘ 0.15 T T T ‘

055 | i ( /
| \ /
) -0.05 \ / 4
05t/ 4
J 01 4
0.45 J
\
\
L . ] 0.5 4
04 F N\ - —
\%%7 — -
0.35 P— ‘ ‘ 02 ‘ ‘ ‘ ‘ ‘ ‘
055 06 0.65 07 075 08 -0.05 0 0.05 0.1 0.15 02 0.25 03

(a) Sample 107, underlying digit (b) Sample 107, reconstructed digit

0.65 : 0.15 : :
‘ Sample112UnderlyingDigit ‘ Samplel12ReconstructedDigit
T
P 01r 1
06F g T~ 4
/ \ os | |
/
055 - / / \ ] ol \\ i
/ 0.05 “ “\
05 \ J
| 01F / B
045 | )
/ 0.15 1
\\\\\17; — ~_ _
04 : : e — : 0.2 . :
034 036 038 04 042 044 046 048 05 052 -0.05 0 0.05 0.1 0.15 0.2 0.25 03
(c) Sample 112, underlying digit (d) Sample 112, reconstructed digit
o7 ' /,,,‘J——J*f‘ Sa;mple125UnderlyingDigi‘ 01 ' ' ‘ Sample125ReconstructedDigit
065 - / o \ 1 005 -
06F \ 1 or 4
055 J g -0.05 VoA
05 4 0.1 4
045 | 4 0.15 4
04r - — 4 02F 4
0.35 . . . ! -0.25 .
0.35 0.4 0.45 05 055 06 0.1 -0.05 0 0.05 01 0.15 0.2
(e) Sample 125, underlying digit (f) Sample 125, reconstructed digit
o7 ' ' ' ‘ Sample127Un(1erIyingDigi( 01 ' ' ' ‘ Sample127ReconstructedDigit
o6t f ol P i
0.6 1 /// Y
01F — 1
055 | 1
o5l ] 02F 4
045 | 1 031 1
04r / 4 oal ]
035 | //' E
/ 05 B
03[ [/ 7 ‘/
06 \ 1
025 f \ 4
02 : : . : : : 07 : : : \
0.4 0.45 05 055 06 0.65 07 075 015 01 005 0 005 01 015 02 025
(g) Sample 127, underlying digit (h) Sample 127, reconstructed digit

Figure 5.8: Reconstruction of digits from the data set [14] using signature level 9 and
10
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0.6

0 Y= =% | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Figure 5.9: Reconstruction of y = 22 under ¢? norm using the method of Lagrange
multipliers, where n is the level of signature
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0.4 u . | T . .
0.35 7
0.3 7
y=x*
0.25 —*—n=5 | 4
n=6
7 —X—n=7
0.2r —X%—n=8 | |
—>*—n=9
0.15 - —>X—n=10| |
—X—n=11
0.1 7
0.05 7
0 Y= =< 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Figure 5.10: Reconstruction of y = 2? using the symmetrisation method, block
length=1
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051

04r

0.1r

0 K= | | | ! ! !
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Figure 5.11: Reconstruction of y = 2? under ¢! norm using the optimisation pro-
gramme in MATLAB, where n is the level of signature

113



Chapter 6

Conclusions and future work

The signature of a path has always been an important concept in rough paths theory.
We have showed various properties regarding the signature of a path.

It has always been an interesting topic that whether the normalised signature is
bounded below. We have proved in Chapter 2 that the n-th root of the n-th level
of the signature of a path multiplied by n! with finite length converges to a non-zero
limit, and we have conjectured that the limit is the length of the path. In fact, Ham-
bly and Lyons [19] showed that under the Hilbert-Schmidt norm, the n-th root of
the n-th level of the signature multiplied by n! of a continuously differentiable path
converges to the length of the path. It is therefore an interesting problem to prove
the conjecture for any path with finite length under any reasonable tensor algebra
norm.

A stronger convergence was proved by Hambly and Lyons [19], which states that for
path which satisfy certain smooth conditions, the n-th term of the normalised signa-
ture tends to 1 as n tends to infinity under a particular choice of norm. However,
we gave an example in Chapter 4 that this strong convergence does not hold for the
piecewise linear path under the Hilbert-Schmidt norm. Hence it is worth considering
the conditions required on paths and norm functions to observe the strong conver-

gence.

We have also included two methods to invert the signature of a path. The sym-
metrisation method, which was first introduced by Lyons and Xu [25], recovers the
increments of a path over sub-intervals. We demonstrated an algorithm using the
symmetrisation method to reconstruct a monotone path.

We have also introduced the insertion method, which recovers the derivative of a
path at different times. The motivation is that we can approximate the (n + 1)-th

level of the normalised signature of a path by inserting the derivative of the path
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into the n-th level of the normalised signature. We used the idea of concentration of
measures and showed an upper bound exists for the difference between the inserted
n-th level and the (n + 1)-th level of the normalised signature of a path. Combining
with the lower bound we found for a subsequence of terms in the normalised signa-
ture of a piecewise linear path in Theorem 4.5.1, we have showed that the solution to
Min||4|,—1 ||I () — §n+1H7r converges to the derivative of the piecewise linear path
if certain constraints are satisfied. Moreover, we have also showed that the insertion
method can also be used to reconstruct smooth enough paths from their signatures
under some conditions in Theorem 4.6.3.

There are some interesting questions we can ask about the insertion method:

1. Theorem 4.3.1 requires knowledge about the modulus of continuity of the nor-
malised signature of a non-degenerate piecewise linear path to develop an upper
bound for the difference between I, and S,. However, it is an open question
that whether the upper bounds obtained in Lemma 4.3.1 and Lemma 4.3.2 are

optimal;

2. We proved in Corollary 4.5.1 that a subsequence of terms of the normalised
signature of a non-degenerate piecewise linear path is bounded below by a con-
stant under the projective tensor norm. It is then a natural question to ask
whether there exists a lower bound for the normalised signature of a piecewise
linear path under other tensor norms, and in general, the rate of decay of the

terms in the normalised signature of a path;

3. We have seen from Chapter 5 that we can reconstruct a tree-reduced smooth
path with the insertion method by using norms other than the projective tensor
norm. It is then interesting to explore the feasibility of the insertion method
under other tensor norms induced by a norm function on R other than the ¢2

norm.

If the above questions can be answered, then it is very possible that the insertion
method can be used to reconstruct a more general set of paths, such as C! paths or

even, bounded-variation paths, under some easily computable norm.
To conclude, inverting the signature of a path is an interesting topic which involves

knowledge from different subjects such as rough paths, probability, algebra and anal-

ysis, and there are still some open questions in this topic awaiting to be discussed.
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Appendix A

1. Proof of Lemma 1.1.3

Proof. Let Lx(u) be the length of X up to time u € I. Because X () is contin-

uous, Lx(+) is a continuous increasing function on I. Define
7(t) :=sup{u € I : Lx(u) <t}.

Note that Lx(7(t)) =t for t € [0, L]. Define Y; = X, for t € [0, L]. Let Ly (t)
denote the length of Y up to time t. Recall that the length of a path is defined

as

Lx(u) :=sup Z | X, = Xui || Yuel,

X
ui—1,u; €Dx

where Dx is a partition on {v' € I : v/ <wu}. We can show that the length of
the path is invariant under this re-parametrisation:

For a partition Dy on {t' € [0, L] : t' < t}, define Dx = {7(t') : ¢’ € Dy }. Note
because 7(+) is not onto, more than one points in Dy can be mapped to the same
value in Dx. However, if Ly(u) = Lx(v) for u,v € I, then || X, — X,|| = 0.

Hence

> Ie=vial = > X = X,

ti—1,ti€Dy uj—1,u;€Dx

and

LY(t) - Sglp Z H}/tz - )/ti_lH - Slljlp Z HXU‘] - XUj—1H < LX(T(t)>

Y ti—1,ti€Dy X uj_1,u;EDx

Also for a partition Py on {u' € [ : v’ < 7(t)}, we can define

Py = {Lx(ul) = Px},
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and

> X -x = X Ya-Yi

wuj_1,ujEPx ti_1,tl;€Py

SO

Ly(r(t)) =sup > [[Xuy — Xy | = sup YL =Y | < Ly ().

X wj_1,u;E€EPx Yo t,_1tj_1€Py

Therefore Lx(7(t)) = Ly(t) for ¢ € [0, L]. Hence
Ly(t) — Ly(s) = Lx(7(t)) — Lx(7(s)) =t — s.
Therefore we have re-parametrised the path at a unit speed. O

. Proof of Lemma 1.2.1

Proof. Let D = {0 =1ty < ... <t, =t} be a partition of [0,¢]. Assume t; < s <
tj41 for some j € {0,...,r—1}. Define Dy = {t) < ... < t;}, Dy = {t; < .. <t .}
So D1 U D2 = D. Then

Z H(X * Y)ti+1 - (X * Y)ti !

titip1€D
= Z H(X * Y)ti+1 - (X * Y)ti”p + Z ||(X * Y)ti+1 - (X * Y)ti”p

titiv1€D1 titir1€D2
- Z HXtiH - Xy "+ Z H(YtzH - Y g

titiy1€D1 titiy1€D2
< Q.

Therefore
%
IX %Y, 0 = sup DX Y )y, — (X =Y),|["] <o
ti, Z+1€D

. Proof of Lemma 1.4.1

Proof. This is in fact a simplified statement of Exercise 3.15 in [23], and we

provide a proof here:

sym(Sg.r (X)) = — Z /0 AdXo(u) @ .. @ dXo(u,)

‘ oeS(n <ui<...<unp<T
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1
= — dX, .. ®dX,
n! Z /0<a1 ' “ ® .

" oeS(n) (u1)<...<o=(up)<T

== dX,, ® ... ® dX,,

TL' 0<ui,..., un<T

4. Proof of Lemma 2.1.1

Proof. The idea used is the same as in Proposition 2.1 of [29]. Suppose V
is a normed vector space. Let ¢ € (V¥") and ¢ € (V¥"). For any = =
Yo Ui ®V; € Vertn) where u; € VO™ and v; € V" for all i € I,

(0@ v)(@)] = |3 o(w)v(vi)
< Z |p(wi)| |1 (v:)]
< Z @ el 1] [l

for any arbitrary representation of . Hence for all z € V®(m+n)

(@ @) (@) < ol [,

Therefore [l¢ @ || < [ [[¥]].
Now let v € V®™ and v € V", Note by the definition of projective tensor

norm, we have
Ju @ wl| < flull o]l

For any permutation o € S(n), we have, for any representation of x = )., v;, ®
...®/Uz.n € V®n’

lo(@)ll, =t > oo - oot |

el

=inf ) [lon - flos, |

el
= [l=ll -

Hence the projective tensor norm satisfies the properties specified in Definition

2.1.3. [l
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5. Proof of Lemma 2.1.2.

Proof. This proof is also a generalisation of the argument in [29]. Suppose V
is a normed vector space. Let ¢ € (V™) and ¢ € (V). If ||¢|| = 0 or
|| = 0, then for all z € V" (¢ @ )(x) = 0, which implies trivially
that ||o|| [|[¢] = |l¢ @ ¢¥||. If we assume ||¢|| > 0 and |[[¢p]] > 0. Then for
=3 U ®@v; € VE where u; € VO™ and v; € V" for all i € I,

(@) (@) = | blui)y
el
= o1 3 gt Plus) Y (v

]l W\I

el
Note that ol and \\wll

of the injective tensor norm,

(@@ ¥)(@)] < ol ¢l

are linear functionals of norm 1, then by the definition

for any arbitrary representation of x. Hence

lo @ vl < llolll1X].

Let u € V®™ and v € V®". By Hahn-Banach Theorem, there exist ¢; €
(Vem), and ¢p € (V") such that [|¢1]] = 1, [[¢2f| = 1, and ¢1(u) = [uf,
¢2(v) = ||v||. Then

[ull [[v]] = [¢1 @ ¢a(u @)
< |1 @ 2| [Ju @ ]|
<|lu@oly.

Let v =3, ;v ® - ®v;, € V" for some indexing set I where |I| < co. If
o € S(n), then

||O'(I)||6 = | sup ZQSI vza@) ¢n(via(n))

losli<1 %5

= Sup Z¢1 Vi) On(vs,)

Hence the injective tensor norm satisfies the properties described in Definition

2.1.3. [l
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6. Proof of Lemma 2.1.4

Proof. We need to prove that for v € Hi@Ho®Hs, ||| 1, em)ems = 121 e maems)-
Assume {e; : i € I}, {f; : j € J} and {wy, : k € K} are orthonormal bases of
H,y, Hy and Hj respectively. Then for z =3, , icarex Nijk€i @ f; ® wy,

2 2 2
Il emem = O, Aok = 1215 eunsm):
iel,jeJ ke K

as expected. ]
7. Proof of Lemma 2.1.5

Proof. By the definition of the Hilbert-Schmidt inner-product (-, -) on H; ® Ho,
for all u € Hy and v € Hs,

(uRv,u®v) = (u,u)(v,v)s

= JJull?llv]1?,
hence
Ju@ | = [lull[lv].

By Riesz-Fréchet Theorem, H; and H! are Hilbert spaces, and for any ¢ € H]
and ¢ € H),

lo @9l = llellvll

We can show that the tensor product of duals here match with Definition 2.1.2:
If {e; : i € I'} is an orthonormal basis of H; and {¢} : j € J} is an orthonormal
basis of Hy, we denote the corresponding dual bases as {f; : i € I} and {f] :
j € J} respectively. Then {e; ® €} :i € I,j € J} is an orthonormal basis of
Hy® Hy, and {f;® f; :i € I, j € J} is the corresponding dual basis of H] @ Hy,

and

1 ifi=rj=s

0 otherwise.

fi® f]’-(er (%) (3;) = {
Note this coincides with Definition 2.1.2. ]

8. Proof of Lemma 2.1.6
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Proof. We are left to check that the Hilbert-Schmidt norm is invariant un-
der permutations: if {e; :4 € I} is an orthonormal basis of H, for any v =
ijel Biej, @ --- e, € H®" for any o € S(n),

2
HU(U)H = Z <Bjejg<1) Q- ® Chio(n) > /Bjejo'(l) Q- ® ejo'(n)>

Jk€l

=5

Jje€l

2
= [[ll”
Hence the Hilbert-Schmidt norm is a reasonable tensor algebra norm. O

9. Proof of Proposition 3.1.1

Proof. For all words w of length m and |w|, = ¢, |w|, = m — ¢, we have

1 i1 im

|wl=m,|w|z=2,,|w|y=m—~ 0<u,-..sum <1

1 _
= m(ﬁx)g(ﬁwm ‘

where |ej,...e;,. | = £ and |e;, ...€j, |, = m—{, and Az, Ay are the increments of
v over [0, 1]. Note the factorials come from the fact that the repeated integrals

are not counted. Hence

k
. 2n , 90
S (w, €) = /A 11 (%,) (A (Ayy) 2 doyyy Ay
k 1j 1

/A H%J

k=1 j=1 -

< )(ij)% (Ay )Qn %Jdul duk 1-

10. Proof of Lemma 4.2.4

)>exp(AMa—p+1t)) YA>0
)]

by Markov’s inequality



A2o2
< exp (Topt —Ma—p+ t)) by sub-Gaussian property

/\2 2
gexp( 200 —A(a—,u—l—t)).

Similarly,

=Pexp(—AX —p)) >exp(AMp—a+1t)) VA>0
Elexp(=A(X — )]
exp(A(p —a+1))

)\2 2
gexp( 200 —)\(u—a—i—t)).

Then

2 .2

P(|X —a| > t) <exp (A;O - At) (exp(A(u — a)) + exp(=A(u — a))),

and choosing A\ = % gives
0

P(IX —a| > 1) < exp (-%) <exp (t(“ag a)) + exp (%8_“))) |
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