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Abstract

The signature of a path is an important concept in rough paths theory.

It has been proved in the literature that the terms in the signature of

a path are bounded above, and it would then be interesting to consider

whether a lower bound exists for the signature of a bounded-variation

path. It has also been proved that the signature of a bounded-variation

path is unique up to some modifications, then a natural question is recon-

structing the path from its signature, i.e. inverting the signature of a path.

We show the connection between the two questions above, and provide

practical methods for signature inversion. First we prove a result about

the super-multiplicativity and the decay of the signature of a path with

bounded variation, then we describe the method of symmetrisation, which

was first introduced by Lyons and Xu [25], and demonstrate explicitly how

to invert the signature of a monotone path. Moreover we introduce the

method of inverting the signature by insertion, and provide examples us-

ing the insertion method to invert the signature of a path. We compare

these two methods of signature inversion, and illustrate the differences

with computational results.



Motivation

The signature of a path was first studied by K.T. Chen ([11], [12]). It can be under-

stood as a collection of non-commutative iterated integrals, and has always been an

interesting and essential topic in rough paths theory.

The signature provides a characteristic description of a path. Chen [10] first showed

that the non-commutative iterated integrals of a piecewise regular continuous path

give a unqiue representation of the path up to some null modifications. Hambly

and Lyons [19] furthered the result and showed that this non-commutative trans-

form is faithful for paths of bounded variation up to tree-like pieces. Such a feature

of the signature of a path lies at the heart of the theories related to applications of

signatures, which is also a motivation of the development of the theory of rough paths.

The signature of a path can be applied to machine learning for sequential data min-

ing. The signature of a path is invariant under re-parametrisation, which makes the

signature a good candidate to record the features of data. For example one can refer

to the very helpful primer of the connections of rough paths and data science by

Chevyrev and Kormilitzin [13]. Moreover, Lyons, Ni and Levin [21] gave an example

that when the underlying path is observed at discrete time steps while the data is

sampled at finer scales, the signature describes the data better than simply recording

the data stream. A particularly successful application of the signature method in

machine learning is due to Graham [18] who won a worldwide competition of recog-

nition of Chinese characters by using signatures as feature sets and state-of-the-art

deep learning techniques.

Given the fact that the signature of a path is unique up to tree-like pieces [19],

it is an important and natural topic to reconstruct the path from its signature for

the completeness of the theory. Lyons and Xu ([24] and [25]) developed theories

about inverting the signature of a C1 path, and one particular idea they used is sym-
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metrisation, which we will mention in one of the chapters. Geng investigated more

complicated cases and developed a method of inverting the signature of a rough path

[17]. Pfeffer, Seigal and Sturmfels [27] demonstrated a method of computing the

shortest path with a given signature level.

Signature inversion also has practical motivations. Because in some cases the dataset

is better summarised by the signature rather than discrete time-stamped data, some-

times signatures are stored instead of the raw data. Moreover, truncated signatures

can lead to dimension reduction, as we may meet circumstances where it is cheaper

to store the signature. As an example, we know that the signature of a d-dimensional

path at level n is of size dn, if the data is sampled at m time points such that

d+ d2 + ...+ dn ≤ dm,

then it is more economical to store the signature of the path up to level n than to

store the sequential data without losing much description about the data. In such

cases, we need an algorithm to reconstruct the underlying data from its signature.

However, there has been no practical algorithms about inverting the signature of

a path in the literature so far. The main aim of this thesis is therefore to provide ef-

fective algorithms for signature inversion for some classes of paths, and hopefully shed

light on signature inversion in more complicated cases. Developing such algorithms

requires knowledge about the behaviour of the signature of a path, and we will give

an lower bound for the decay of the signature of a path of finite length. We will also

extend the symmetrisation method developed by Lyons and Xu [25] and apply the

method to monotone paths, and introduce a new method of inverting the signature

of a path using insertion.
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Chapter 1

Introduction to the signature of a
path

In this chapter we introduce some basic concepts used in rough paths theory, and

some important definitions and theorems we will use in the following chapters. The

rough paths theory was initiated by Lyons [22] in the 1990s, and the contents of this

chapter are taken from the standard textbook about rough paths by Lyons et al. [23],

the paper by Hambly and Lyons [19] and the paper by Boedihardjo and Geng [5].

1.1 Characterisation of paths

For a path X in a Banach space E, one way to characterise its roughness is to discuss

the p-variation of the path X, which is defined below. In this section, we assume E

is a Banach space and J is a compact interval.

Definition 1.1.1 (p-variation paths). Assume p ≥ 1 is a real number. Let X : J → E

be a continuous path. The p-variation of X on the interval J is defined by

‖X‖p,J =

[
sup
D⊂J

r−1∑
j=0

∥∥Xtj+1
−Xtj

∥∥p] 1
p

,

where D = {t0 < t1 < · · · < tr : ti ∈ J ∀ i = 0, · · · , r} is a partition of J .

In particular, a path with finite one-variation is also known as a path with bounded

variation, or finite variation.

Lyons et al. described some basic and important properties about the paths of p-

variation in Section 1.2 of [23], and we state some of the properties here for later

use.
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Lemma 1.1.1 (Lower semi-continuity). Let (Xn)n≥0 be a sequence of elements of

C0 (J,E) which converges pointwise to a continuous path X. Then

‖X‖p,J ≤ lim inf
n→∞

‖Xn‖p,J .

Lemma 1.1.2 (Lyons et al., Lemma 1.6 [23]). Let X : J → E be a continuous path.

Then the followings are true:

1. Let ϕ : J → J be a non-decreasing surjection. Then, for all p ≥ 1, ‖X‖p,J =

‖X ◦ ϕ‖p,J .

2. The function p 7→ ‖X‖p,J from [1,+∞) to [0,+∞] is non-increasing.

3. The function p 7→ log ‖X‖pp,J is convex, and continuous on any interval where

it is finite.

4. For all p ≥ 1, ‖X‖p,J ≥ sups,t∈J ‖Xs −Xt‖.

For each p ≥ 1, let Vp(J,E) denote the set of continuous paths which have finite

p-variation. For each X ∈ Vp(J,E), set

‖X‖Vp(J,E) = ‖X‖p,J + sup
t∈J
‖Xt‖ .

In fact p-variation paths form a vector space, as proved in [23].

Proposition 1.1.1 (Lyons et al., Proposition 1.7 [23]). For each p ≥ 1, the set

Vp(J,E) is a linear subspace of C0(J,E) on which ‖·‖Vp(J,E) is a norm. Moreover,

(Vp(J,E), ‖·‖Vp(J,E)) is a Banach space.

Another important definition which characterises the roughness of a path is called

Hölder continuity.

Definition 1.1.2 (Hölder continuity). X : [0, T ] → E is Hölder continuous if there

exists a non-negative α such that

sup
s,t∈[0,T ]

‖Xt −Xs‖
|t− s|α

<∞.

Then X is called a Hölder continuous path with exponent α.

Definition 1.1.3 (Control functions). A control function, or control, on [0, T ] is

a continuous non-negative function ω on {(s, t) ∈ [0, T ]2 : 0 ≤ s ≤ t ≤ T} which is

super-additive in the sense that

ω(s, t) + ω(t, u) ≤ ω(s, u) ∀s ≤ t ≤ u ∈ J,

for which ω(t, t) = 0 for all t ∈ J .
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Lyons et al. [23] showed that there exists a relationship between p-variation and

Hölder continuity: Note that for a path X ∈ Vp([0, T ], E), the function ωX(s, t) :=

‖X‖pp,[s,t] is a control function for s ≤ t ∈ [0, T ]. The function ωX(0, ·) provides a

natural re-parametrisation for X. If we assume X is constant on no sub-interval of

J , the function t→ ωX(0, t) T
ωX(0,T )

is an increasing bijection J → J . Let t→ τ(t) be

its inverse. Note that then, for all s ≤ t in J ,∥∥Xτ(s) −Xτ(s)

∥∥p ≤ ωX(τ(s), τ(t)) ≤ ωX(0, τ(t))− ωX(0, τ(s)) =
ωX(0, T )

T
(t− s).

Hence any path of finite p-variation is Hölder continuous with exponent 1
p

up to re-

parametrisation.

We also recall the following definitions of a path.

Definition 1.1.4 (Length of a path). Assume X : I → E is a continuous path. The

length of X, LX is defined such that for all u ∈ I,

LX(u) := sup
D

∑
ui−1,ui∈D

∥∥Xui −Xui−1

∥∥ ,
where D is a partition on {t ∈ I : t ≤ u}.

Definition 1.1.5 (Parametrisation at unit speed). Assume X : I → E is a continu-

ous path of length L <∞ . X is parametrised at unit speed if

LX(t) = t ∀ t ∈ [0, L].

The next lemma guarantees that parametrisation will not significantly affect the

properties of a path. This is a well-known fact and we include a proof in Appendix

A just for completeness.

Lemma 1.1.3. Assume I = [0, T ]. If X : I → E is a continuous path of length

L <∞, then X can be re-parametrised at unit speed.

Proof. See Appendix A.

1.2 The signature of a path

Let X and Y be two real-valued functions on the interval [0, T ]. It is known that

if X has bounded variation, given that certain conditions are satisfied, the integral
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∫ t
0
Y dX can be defined for every t ∈ [0, T ]. Moreover, as a function of t, this integral

has bounded variation, and∥∥∥∥∫ ·
0

YsdXs

∥∥∥∥
1,[0,T ]

≤ ‖Y ‖∞,[0,T ] ‖X‖1,[0,T ] ,

where ‖·‖∞,[0,T ] denotes the uniform norm on [0, T ]. Young showed that if X has

unbounded varation, the integral
∫
Y dX can still be defined.

Theorem 1.2.1 (Young, see e.g. Theorem 1.16 of [23]). Let V and W be two Ba-

nach spaces. Let p, q ≥ 1 be two real numbers such that 1
p

+ 1
q
> 1. Let T be

a positive real number. Assume X ∈ Vp([0, T ], V ) and Y ∈ Vq([0, T ],L(V,W )),

where L(V,W ) denotes the set of continuous linear functions from V to W . Let

D = {0 = t0 ≤ t1 ≤ · · · ≤ tr−1 ≤ tr = T} be a partition on [0, T ]. Then for each

t ∈ [0, T ], the integral∫ t

0

YsdXs := lim
|D|→0,D∈[0,t]

r−1∑
i=0

Yti(Xti+1
−Xti)

is well-defined. As a function of t, this limit belongs to Vp([0, T ],W ) and there exists

a constant Cp,q which depends only on p and q such that the following inequality holds:∥∥∥∥∫ ·
0

(Ys − Y0)dXs

∥∥∥∥
p,[0,T ]

≤ Cp,q ‖Y ‖q,[0,T ] ‖X‖p,[0,T ] .

For many reasons, it is interesting to consider iterated integrals in tensor sense. In

this section we describe the following setup as introduced by Lyons et al. in Section

2.2 of [23]. The convention E⊗0 = R is adopted.

Definition 1.2.1. The space of formal series of tensors of E, denoted by T ((E)), is

defined to be the following space of sequences:

T ((E)) =
{
a = (a0, a1, · · · ) : ∀n ≥ 0, an ∈ E⊗n

}
.

Let a = (a0, a1, · · · ) and b = (b0, b1, · · · ) be two elements of T ((E)). We can equip

T ((E)) with two internal operations, addition and multiplication:

a + b = (a0 + b0, a1 + b1, · · · ),

and

a⊗ b = (c0, c1, · · · ),

4



where for each n ≥ 0,

cn =
n∑
k=0

ak ⊗ bn−k.

We can also denote a⊗ b by ab.

The space T ((E)) endowed with the operations described above and the natural

action of R by λa = (λa0, λa1, · · · ) is a real non-commutative unital algebra, with

unit 1 = (1, 0, 0, · · · ).
An element a = (a0, a1, · · · ) of T ((E)) is invertible if and only if a0 6= 0. Its inverse

is then given by

a−1 =
1

a0

∑
n≥0

(
1− a

a0

)n
,

which is well-defined because, for each given degree, only finitely many terms of the

sum produce non-zero tensors of this degree. In particular, the subset

T̃ ((E)) = {a ∈ T ((E)) : a0 = 1}

is a group.

It is often important to look only at finitely many terms of an element of T ((E)).

For each n ≥ 0, the space Bn = {a = (a0, a1, · · · ) : a0 = · · · = an = 0} of formal series

with no monomials of degree less than or equal to n is an ideal of T ((E)).

Definition 1.2.2 (Truncated tensor algebra). Let n ≥ 1 be an integer. The truncated

tensor algebra of order n of E is defined as the quotient algebra

T (n)(E) = T ((E))/Bn.

In fact T (n)(E) is canonically isomorphic to ⊕nk=0E
⊗k equipped with the product

(a0, · · · , an)(b0, · · · , bn) = (c0, · · · , cn),

where ck =
∑k

i=0 ai ⊗ bk−i for all k ∈ {0, · · · , n}.
We are now ready to define the signature of a path.

Definition 1.2.3 (Signature of a path). Let J denote a compact interval. Let X :

J → E be a continuous path of finite p-variation for some p < 2. The signature of

X is

SJ(X) = (1, S1
J(X), S2

J(X), · · · ),

where for each n ≥ 1, SnJ (X) =
∫
u1<···<unu1,··· ,un∈J dXu1 ⊗ · · · ⊗ dXun.

5



Note that the signature of a path is an element of T̃ ((E)).

The range of the signature mapping is important to consider. Lyons et al. [23]

discussed some important properties about the mapping, and we include some of

them below.

Definition 1.2.4. Let X : [0, s] → E and Y : [s, t] → E be two continuous paths.

Their concatenation is the path X ∗ Y : [0, t]→ E defined by

(X ∗ Y ) =

{
Xu if u ∈ [0, s]

Xs + Yu − Ys if u ∈ [s, t].

It is well-known that the concatenated path preserves the variation. We include

a proof in Appendix A just for completeness.

Lemma 1.2.1. Assume 0 < s < t. Let X : [0, s] → E and Y : [s, t] → E be

two continuous paths both of finite p-variation for p ≥ 1. Then X ∗ Y is of finite

p-variation.

Proof. See Appendix A.

Chen [11] proved that the signature is a homomorphism, which is stated in the

next theorem in the language of Lyons et al. [23].

Theorem 1.2.2 (Chen, see e.g. Theorem 2.9 of [23]). Let X : [0, s] → E and

Y : [s, t]→ E be two continuous paths with finite one-variation. Then

S0,t(X ∗ Y ) = S0,s(X)⊗ Ss,t(Y ).

Lyons et al. [23] extended Chen’s theorem to p-variation paths for p < 2.

Theorem 1.2.3 (Lyons et al., Corollary 2.13 of [23]). Theorem 1.2.2 holds for paths

of finite p-variation for p < 2.

By Lemma 1.2.1 and Theorem 1.2.3, we can see that the range of the signature

mapping is closed under multiplication. If X is a path of finite p-variation, it was

also showed in [23] that the inverse of S(X), denoted by S(X)−1, is the signature of

a path.

Proposition 1.2.1 (Lyons et al., Proposition 2.14 of [23]). Let X : [0, T ] → E be a

path of finite p-variation for p < 2. Let
←−
X be the path X run backwards, i.e. the path

defined by
←−
X t = XT−t, t ∈ [0, T ]. Then

S(
←−
X ) = S(X)−1.

In particular, the range of S : Vp([0, T ], E)→ T ((E)) is a group.

6



It is also interesting to note that the signature of a path is a solution to a particular

differential equation.

Lemma 1.2.2 (Lyons et al., Lemma 2.10 of [23]). Let X : [0, T ] → E be a path of

finite p-variation for some p < 2. Let L(E, T (n)(E)) denote the set of continuous

linear mappings from E to T (n)(E). Define f : T (n)(E)→ L(E, T (n)(E)) by

f(a0, a1, · · · , an)x = (0, a0 ⊗ x, a1 ⊗ x, · · · , an−1 ⊗ x).

Then the unique solution to the differential equation

dSt = f(St)dXt, S0 = (1, 0, · · · , 0)

is the path S : [0, T ]→ T (n)(E) defined for all t ∈ [0, T ] by

St = (1, S1
0,t(X), · · · , Sn0,t(X)).

Remark 1.2.1. We can also write the following differential equation for the full

signature of X as a function from [0, T ] to T ((E)):

dX0,t = X0,t ⊗ dXt, X0,0 = 1.

If we adopt the terminology of [23], the signature of a path is then the solution

to a rough differential equation. Since the solution to a rough differential equa-

tion is unique, we can conclude that the signature of a path is invariant under re-

parametrisation.

We can also discuss functions on signatures. If we regard the tensor as a word

over some alphabet, shuffle product is an important concept we should recall.

Definition 1.2.5 (Shuffle product). The shuffle product is defined inductively to be

bilinear, such that for any words u, v, a and b,

u⊗ a ttv ⊗ b := (u ttv ⊗ b)⊗ a+ (u⊗ a ttv)⊗ b.

Definition 1.2.6 (Group-like elements). Let V be a Banach space. Define

T̃ ((V )) :=
{

(a0, a1, a2, · · · ) : an ∈ V ⊗n ∀n ≥ 1, a0 = 1
}
.

An element a ∈ T̃ ((V )) is called group-like if for all φ, ψ : T̃ ((V ))→ R,

φ ttψ(a) = φ(a)ψ(a).

Lyons et al. showed in Section 2.2 of [23] that the signature of a path is a group-like

element.
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1.3 Uniqueness of the signature of a path

We first state the properties of the norms on tensor products which we assume to be

true.

Definition 1.3.1. Let V be a Banach space. We say that its tensor powers are

endowed with admissible norms if the following conditions hold:

1. For each n ≥ 1, the symmetric group Sn acts by isometries on V ⊗n, i.e.

‖σv‖ = ‖v‖ ∀v ∈ V ⊗n,∀σ ∈ Sn.

2. The tensor product has norm 1, i.e. for all n,m ≥ 1,

‖v ⊗ ω‖ ≤ ‖v‖ ‖ω‖ ∀v ∈ V ⊗n, ω ∈ V ⊗m.

For the rest of this chapter we consider paths of bounded-variation. Equipped

with a tensor norm with properties described in Definition 1.3.1, the signature of a

path is bounded above [23].

Proposition 1.3.1 (Lyons et al., Proposition 2.2 of [23]). Let X : [0, T ] → V be a

path with finite variation. Then, for each k ≥ 1, one has∥∥∥∥∫
0<u1<···<uk<T

dXu1 ⊗ · · · ⊗ dXuk

∥∥∥∥ ≤ ‖X‖k1,[0,T ]

k!
.

Remark 1.3.1. If we recall the definition of the length of a path, and suppose

X : [0, T ] → V is a bounded-variation path of length L > 0, since the length of

X is invariant under the re-parametrisation as described in Lemma 1.1.3, then by

Proposition 1.3.1, ∥∥∥∥∫
0<u1<···<uk<T

dXu1 ⊗ · · · ⊗ dXuk

∥∥∥∥ ≤ Lk

k!
.

In 2010, Hambly and Lyons [19] proved the uniqueness of the signature of a

bounded-variation path. In this section we state some of their results for future

references. More details can be found in [19].

Consider bounded-variation paths in Rd equipped with the Euclidean norm. An

important tool used by Hambly and Lyons is the hyperbolic development of the path.

Consider the quadratic form on Rd+1 defined by

Id(x, y) =
d∑
i=1

xiyi − xd+1yd+1, ∀x, y ∈ Rd+1.
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Also, define

H = {x : Id(x, x) = −1} .

Then H is hyperbolic space. Let SO(Id) denote the group of matrices with positive de-

terminant preserving the quadratic form Id, i.e. M ∈ SO(Id) if Id((MyT )T , (MxT )T ) =

Id(y, x).

Definition 1.3.2 (Cartan development). Define the mapping F : Rd → Hom
(
Rd+1,Rd+1

)
such that for x = (x1, · · · , xd) ∈ Rd,

F : x 7→


0 · · · 0 x1
...

. . .
...

...
0 · · · 0 xd
x1 · · · xd 0

 , (1.1)

where Hom(V,A) denotes the set of bounded linear operators from V to A. Then the

Cartan development of a continuous bounded-variation path γ : [0, 1]→ Rd to SO(Id)

is given by solving the following differential equation

dΓt = ΓtF (dγt), t ∈ [0, 1],

Γ0 = Id+1,

where Id+1 is the (d+ 1)× (d+ 1) identity matrix, i.e. the development Γ satisfies

dΓt = Γt


0 · · · 0 dγ1

t
...

. . .
...

...
0 · · · 0 dγdt

dγ1
t · · · dγdt 0

 . (1.2)

Note by Picard iteration, we have

Γt =
∞∑
n=0

∫
0<t1<···<tn<t

F (dγt) · · ·F (dγt) .

Definition 1.3.3 (Hyperbolic development). We define X to be the hyperbolic de-

velopment of a continuous bounded-variation path γ : [0, 1] → Rd into H starting at

o = (0, 0, · · · , 1)T and given by

Xt = Γto,

where Γ is the Cartan development of γ.
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In such a setting, we require Rd and Rd+1 to be both equipped with the Euclidean

norm. Note that under such assumptions, the hyperbolic development does not alter

the length of the path, which was clearly stated by Boedihardjo and Geng [5] as

described in the following lemma.

Lemma 1.3.1 (Boedihardjo and Geng, Fact 1 [5]). The hyperbolic development de-

scribed in Definition 1.3.3 is length preserving. Moreover, if γt is piecewise linear,

then its hyperbolic development Xt is piecewise geodesic with the same intersection

angles as those of γt.

Definition 1.3.4. If we develop path γ of fixed length l into path Γ in SO(Id), let

d(o,Γo) denote the length of the chord connecting the beginning and the end of the

development of γ into hyperbolic space.

Definition 1.3.5. If V is a Banach space, A is a Banach algebra and F1, · · · , Fk ∈
Hom(V,A), then write F1 ⊗ · · · ⊗ Fk for the canonical linear extension of the multi-

linear map from V ⊗k to A such that

(v1, · · · , vk)→ F1(v1) · · ·Fk(vk).

We can define the norm

‖x‖→A := sup
Fi∈Hom(V,A),‖Fi‖Hom(V,A)=1

‖F1 ⊗ · · · ⊗ Fk(x)‖A .

Note A = R yields the injective cross norm. In our case we consider the situation

when A = Hom(Rd+1,Rd+1) with the operator norm and Rd+1 is given the Euclidean

norm.

Lemma 1.3.2 (Hambly and Lyons, Lemma 3.1 [19]). If F is as defined in Equation

(1.1),

‖F‖Hom(Rd+1,Rd+1) = 1.

We note the following proposition which gives an upper bound on the length of

the chord connecting the beginning and the end of the hyperbolic development.

Proposition 1.3.2 (Hambly and Lyons, Proposition 3.13 [19]). Let G ∈ SO(Id).

Then ‖G‖Hom(Rd+1,Rd+1) ≥ ed(o,Go) where Rd+1 is equipped with the Euclidean norm.

The following lemma describes the relationships between distances in hyperbolic

space.
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Lemma 1.3.3 (Hambly and Lyons, Lemma 3.7 [19]). Let 0 = T0 < · · · < Ti < · · · <
Tn = T be a partition of [0, T ]. Let (Xt)t∈[0,T ] be a continuous path, geodesic on the

intervals [Ti, Ti+1]|i=0,··· ,n−1 in hyperbolic space with n ≥ 1 where, at each Ti, the angle

between the two geodesic segments ∠XTi−1
XTiXTi+1

is in [2Ω, π], Ω > 0. Suppose that

each geodesic segment has length at least K(Ω) = log
(

2
1−cos |Ω|

)
. Let d denote the

metric on the hyperbolic space. Then

1. d(X0, XTi) is increasing in i and for each i ≤ n,

d(X0, XTi) ≥ d(X0, XTi−1
) + d(XTi−1

, XTi)−K(Ω) ≥ K(Ω),

and the angle between
−−−−−−→
XTi−1

XTi and
−−−−→
X0XTi is at most Ω.

2. We also have

0 ≤
n∑
i=1

d(XTi−1
, XTi)− d(X0, XTn) ≤ (n− 1)K(Ω).

Let γ : [a, b] → Rd be a continuous path of finite length l, parametrised at unit

speed. If α ∈ R, and without loss of generality we assume α > 0, then the path

γα : [αa, αb] → R, γα := t → αγ(t/α) is also parametrised at unit speed, and the

length is αl: ∫ bα

aα

|γ̇α(t)| dt =

∫ bα

aα

∣∣∣∣γ̇(
t

α
)

∣∣∣∣ dt
=

∫ b

a

α |γ̇(s)| ds

= αl.

If we consider the case where u→ γ′(u) is continuous with modulus of continuity δγ,

the derivative of γα has modulus of continuity δγα(αh) = δγ(h). Its development from

the identity matrix into SO(Id) is denoted by Γα. Hambly and Lyons [19] showed

that the signature of a piecewise linear path has at least one term that is bounded

below.

Theorem 1.3.1 (Hambly and Lyons, Theorem 13 [19]). If γ is a non-degenerate

piecewise linear path in Rd, 2Ω is the smallest angle between adjacent edges, and

D > 0 is the length of the shortest edge, then there is at least one n for which(
2

1− cos |Ω|

)1− 1
D

≤ n!

∥∥∥∥∫
0<u1<···<un<T

dγ(u1)⊗ · · · ⊗ dγ(un)

∥∥∥∥
→Hom(Rd+1,Rd+1)

,

and in particular γ has non-trivial signature, i.e. S(γ) 6= (1, 0, 0, · · · ).
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Another important definition mentioned by Hambly and Lyons [19] is the tree-like

paths.

Definition 1.3.6 (Tree-like paths). X : [0, T ] → E is a tree-like path in E if there

exists a continuous function h : [0, T ]→ [0,+∞) such that h(0) = h(T ) = 0, and for

all s, t ∈ [0, T ] with s ≤ t,

‖Xt −Xs‖ ≤ h(s) + h(t)− 2 inf
u∈[s,t]

h(u).

The function h is called a height function for X. We say X is a Lipschitz tree-like

path if h can be chosen to be of bounded-variation.

Theorem 1.3.2 (Hambly and Lyons, Theorem 4 [19]). Let X be a bounded-variation

path in Rd. The path is tree-like if and only if the signature of X is (1, 0, 0, · · · ).

Theorem 1.3.3 (Hambly and Lyons, Corollary 1.6 [19]). For a bounded-variation

path X in Rd, there exists a unique path of minimal length X̃, called the tree-reduced

path, with the same signature S(X) = S(X̃).

Here we briefly explain the idea of the proof. Define the relation ∼ such that

for bounded-variation paths X and Y in Rd, X ∼ Y if X ∗
←−
Y is a Lipschitz tree-

like path. ∼ is in fact an equivalence relation, and S(X) = S(Y ) if and only if

X ∗
←−
Y is a Lipschitz tree-like path, that is, if X ∼ Y , then S(X) = S(Y ). Within

each equivalence class, there exists a unique path X̃ with minimal length, therefore

S(X) = S(X̃).

1.4 Information about a path from its signature

We have seen that the signature of a tree-reduced bounded-variation path is unique,

therefore the signature uniquely characterises the path up to tree-like pieces. We can

then discuss the information about the path that is contained in the signature.

Definition 1.4.1 (Symmetric tensors). Let V be a vector space, and let v ∈ V ⊗k.

Then v is a symmetric tensor if for any permutation σ ∈ S(k),

σ(v) = v.

For u ∈ V ⊗k, the symmetric part of u is the tensor defined by

sym(u) =
1

k!

∑
σ∈S(k)

σ(u).
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As an example, for a tensor x⊗ y⊗ z, the symmetric part of the tensor is the sum

of the tensors

sym(x⊗ y ⊗ z)

=
1

3!
(x⊗ y ⊗ z + y ⊗ x⊗ z + y ⊗ z ⊗ x+ x⊗ z ⊗ y + z ⊗ x⊗ y + z ⊗ y ⊗ x).

By recalling the fact that the signature of a path is a collection of tensors of different

degrees, we conclude the following lemma. Note that the following lemma is in fact

a special case of Exercise 3.15 stated in [23].

Lemma 1.4.1 (Lyons et al. [23]). Let X : [0, T ] → Rd be a path of finite variation.

Then for every n ≥ 1, the symmetric part of the n-th level signature, Sn0,T (X), is equal

to
(S1

0,T (X))⊗n

n!
.

Proof. See Appendix A.

Let X : [0, T ] → Rd be a bounded-variation path in Rd. We can write the path

coordinate-wise as (X i
t)i=1,··· ,d. Define

X i
s,t = X i

t −X i
s, X ij

s,t =

∫
s<u1<u2<t

dX i
u1

dXj
u2
, i, j = 1, · · · , d.

Then (1, (X i
s,t)i=1,··· ,d, (X

ij
s,t)i,j=1,··· ,d) is the truncated signature of X up to level 2. We

can see that (X i
s,t)i=1,··· ,d gives the increment of X over [s, t]. For the second level

signature, we can write it as sums of symmetric and anti-symmetric parts:

X ij
s,t =

1

2

∫
s<u1,u2<t

dX i
u1

dXj
u2
− 1

2

∫
s<u2<u1<t

dX i
u1

dXj
u2

+
1

2

∫
s<u1<u2<t

dX i
u1

dXj
u2

=
1

2
(X i

t −X i
s)(X

j
t −Xj

s ) +
1

2

∫
s<u1<u2<t

dX i
u1

dXj
u2
− dXj

u1
dXj

u2

=
1

2
(X i

t −X i
s)(X

j
t −Xj

s ) + Aijs,t,

where the anti-symmetric part Aijs,t = 1
2

∫
s<u1<u2<t

dX i
u1

dXj
u2
− dXj

u1
dX i

u2
. Note we

can write

Aijs,t =
1

2

∫ t

s

(X i
u −X i

s)dX
j
u − (Xj

u −Xj
s )dX

i
u,

and by Green’s Theorem, Aijs,t is the area enclosed by the curve from (X i
s, X

j
s ) to

(X i
t , X

j
t ) and the chord connecting the two points, provided orientation and multi-

plicity are taken into account.
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From above we see that the signature of a path contains information about the in-

crement and the area of the path. As the level goes higher, the truncated signature

contains more information about the path. We have also seen that the signature of a

bounded-variation path is unique up to tree-like pieces, therefore it is an interesting

topic to develop algorithms to reconstruct the path with minimal length from the

information available in the signature.
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Chapter 2

Super-multiplicativity and a lower
bound for the decay of the
signature of a path of finite length

From Chapter 1 we have seen that there exists an upper bound for the n-th level

of the signature of a path. It is then natural and interesting to study whether a

lower bound of the signature of a path exists. For a path of length L > 0, for all

n ≥ 1, we multiply the n-th term of the signature by n!L−n, and we say the resulting

signature is ‘normalised ’. It has been established [23] that the norm of the n-th term

of the normalised signature of a bounded-variation path is bounded above by 1. In

this chapter we discuss the super-multiplicativity of the norm of the signature of a

path of finite length, and prove by Fekete’s lemma the existence of a non-zero limit

of the n-th root of the norm of the n-th term in the signature multiplied by n! as n

approaches infinity [9].

2.1 Reasonable tensor algebra norms

Definition 2.1.1 (Algebraic tensor product space). Let {Vj}Nj=1 be normed vector

spaces over F=R or C. Their algebraic tensor product space is defined as the vector

space

V1 ⊗ · · · ⊗ VN =

{∑
i∈I

v1
i ⊗ · · · ⊗ vNi : vji ∈ Vj, ∀i ∈ I, |I| <∞, j = 1, · · · , N.

}
,

where we identify (u+ v)⊗ w = u⊗ w + v ⊗ w and u⊗ (v + w) = u⊗ v + u⊗ w.
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Definition 2.1.2. If φj ∈ V ′j are bounded linear functionals on Vj, j = 1, · · · , N ,

then we define the dual action of φ1 ⊗ · · · ⊗ φN on V1 ⊗ · · · ⊗ VN → F by

(φ1 ⊗ · · · ⊗ φN)(v1 ⊗ · · · ⊗ vN) :=
N∏
i=1

φ(vi) ∀vi ∈ Vi, i = 1, · · · , N,

and extending by linearity.

Definition 2.1.2 is in fact a generalisation of the mapping described on the tensor

product of two Banach spaces in [29].

Recall that if φ ∈ V ′, then the norm of φ is defined as

‖φ‖ := sup
‖x‖=1

|φ(x)| .

Definition 2.1.3 (Reasonable tensor algebra norms). Let V, V ⊗ V, · · · , V ⊗n be

normed vector spaces. We assume that for all v ∈ V ⊗n, w ∈ V ⊗m,

‖v ⊗ w‖ ≤ ‖v‖ ‖w‖ (2.1)

and the norm induced on the dual spaces satisfies that for all φ ∈ (V ⊗m)′, ψ ∈ (V ⊗n)′,

‖φ⊗ ψ‖ ≤ ‖φ‖ ‖ψ‖ . (2.2)

Moreover, if S(n) denotes the symmetric group over {1, 2, · · · , n}, we assume that

for all n ≥ 1,

‖σ(v)‖ = ‖v‖ ∀σ ∈ S(n), v ∈ V ⊗n.

If a norm satisfies the properties above, then we say it is a reasonable tensor algebra

norm.

Proposition 2.1.1. Let X and Y be normed vector spaces. If ‖·‖ is a tensor norm

on X ⊗ Y which satisfies

‖v ⊗ w‖ ≤ ‖v‖ ‖w‖ ∀v ∈ X,w ∈ Y,

and the norm induced on the dual spaces satisfies

‖φ⊗ ψ‖ ≤ ‖φ‖ ‖ψ‖ ∀φ ∈ X ′, ψ ∈ Y ′,

then ‖·‖ is called a reasonable cross norm, and ‖x⊗ y‖ = ‖x‖ ‖y‖ for every x ∈ X
and y ∈ Y ; for every φ ∈ X ′ and ψ ∈ Y ′, the norm of the linear functional φ⊗ ψ on

(X ⊗ Y, ‖·‖) satisfies ‖φ⊗ ψ‖ = ‖ψ‖ ‖ψ‖.
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Proof. For a proof see for example Proposition 6.1 of [29] by Ryan.

Proposition 2.1.1 implies that the inequalities in Equation (2.1) and (2.2) imply

equality.

Remark 2.1.1. Note that under the assumptions of Definition 2.1.3 for all a ∈
V ⊗m, b ∈ V ⊗n, c ∈ V ⊗l,

‖(a⊗ b)⊗ c‖ = ‖a⊗ (b⊗ c)‖ = ‖a‖ ‖b‖ ‖c‖ .

Definition 2.1.4 (Projective tensor norm and injective tensor norm). Let {Vj}Nj=1 be

normed vector spaces over F. The projective tensor norm on V1⊗ · · · ⊗ VN is defined

such that for x ∈ V1 ⊗ · · · ⊗ VN ,

‖x‖π := inf

{∑
i∈I

∥∥v1
i

∥∥ · · · ∥∥vNi ∥∥ : x =
∑
i∈I

v1
i ⊗ · · · ⊗ vNi , v

j
i ∈ Vj ∀i ∈ I, |I| <∞

}
.

The injective tensor norm on V1 ⊗ · · · ⊗ VN is defined such that for x =
∑

i∈I v
1
i ⊗

· · · ⊗ vNi ∈ V1 ⊗ · · · ⊗ VN , i ∈ I, |I| <∞,

‖x‖δ := sup

{∣∣∣∣∣∑
i∈I

N∏
j=1

φj(v
j
i )

∣∣∣∣∣ : φj ∈ V ′j , ‖φj‖ ≤ 1∀j = 1, · · · , N

}

for any representation of x.

It is well-known that the projective tensor product and the injective tensor prod-

uct are associative, i.e. if V1, V2 and V3 are normed vector spaces, for p = δ or π, the

natural mapping from (V1 ⊗p V2)⊗p to V1⊗p (V2 ⊗p V3) is an isometry, where V1⊗pV2

denotes the completion of V1 ⊗ V2 with norm p. One can refer to [3], [15], and [32]

for related discussions.

The projective tensor norm and the injective tensor norm are reasonable tensor alge-

bra norms, and this is in fact implied by the proofs given by Ryan [29]. We include

the proofs in Appendix A just for completeness.

Lemma 2.1.1. The projective tensor norm defined in Definition 2.1.4 satisfies the

properties stated in Definition 2.1.3.

Proof. See Appendix A.

Lemma 2.1.2. The injective tensor norm defined in Definition 2.1.4 satisfies the

properties stated in Definition 2.1.3.
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Proof. See Appendix A.

Lemma 2.1.3. If α is a reasonable cross norm on X ⊗ Y , and u ∈ X ⊗ Y , then

‖x‖δ ≤ α(x) ≤ ‖x‖π .

As a result, any reasonable tensor algebra norm is sandwiched between the injective

and projective tensor norms.

Proof. A proof of Lemma 2.1.3 can be found in Proposition 6.1 of [29].

Another example of a reasonable tensor algebra norm is the Hilbert-Schmidt norm,

as we show in the following.

Suppose for now H is a Hilbert space equipped with inner-product 〈·, ·〉. Then the

natural norm induced by the inner-product is defined such that

∀x ∈ H, ‖x‖ =
√
〈x, x〉.

Definition 2.1.5 (Hilbert-Schmidt inner-product). If H1 and H2 are Hilbert spaces

with inner-products 〈·, ·〉1 and 〈·, ·〉2 respectively, define the function 〈·, ·〉 on the alge-

braic tensor product space H1 ⊗H2 by

〈a⊗ u, b⊗ v〉 = 〈a, b〉1〈u, v〉2 ∀a, b ∈ H1, u, v ∈ H2 (2.3)

and extending by linearity. Note this definition of 〈·, ·〉 does not depend on the choice

of basis.

It is easy to show that 〈·, ·〉 defines an inner-product on H1⊗H2, and here we give

a proof that for any x ∈ H1 ⊗H2, 〈x, x〉 ≥ 0 and 〈x, x〉 = 0 if and only if x = 0:

Suppose {ei : i ∈ I} is an orthonormal basis of H1 and {fj : j ∈ J} is an orthonormal

basis of H2. For any x =
∑

i∈I,j∈j λijei ⊗ fj ∈ H1 ⊗H2,

〈x, x〉 =
∑

i∈I,j∈J

〈λijei ⊗ fj, λijei ⊗ fj〉

=
∑

i∈I,j∈J

λ2
ij ≥ 0,

and clearly 〈x, x〉 = 0 if and only if x = 0. Other properties of an inner-product can

easily be checked.

Taking the completion of H1 ⊗H2 with 〈·, ·〉 gives us a Hilbert space, and we denote

it by H1⊗̂H2.
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Lemma 2.1.4. The Hilbert-Schmidt tensor product is associative, i.e. if H1, H2 and

H3 are Hilbert spaces, then the natural mapping from (H1⊗̂H2)⊗̂H3 to H1⊗̂(H2⊗̂H3)

is an isometry, where we equip the tensor product of two Hilbert spaces with the

Hilbert-Schmidt inner-product.

Proof. See Appendix A.

We note the following important theorem which helps us to identify the dual space

of a Hilbert space.

Theorem 2.1.1 (Riesz-Fréchet Theorem). Let H be a Hilbert space with inner-

product 〈·, ·〉, and let F be a continuous linear functional on H. There exists a unique

y ∈ H such that

F (x) = 〈x, y〉 ∀x ∈ H.

Moreover, ‖F‖ = ‖y‖.

Proof. For a proof see Theorem 6.8 of [33] by Young.

Lemma 2.1.5. Suppose H1 and H2 are Hilbert spaces with inner-product 〈·, ·〉1 and

〈·, ·〉2 respectively. Then for all u ∈ H1, v ∈ H2,

‖u⊗ v‖ = ‖u‖‖v‖.

Moreover, for any φ ∈ H ′1, ψ ∈ H ′2,

‖φ⊗ ψ‖ = ‖φ‖‖ψ‖.

Proof. See Appendix A.

It can then be deduced that the Hilbert-Schmidt norm is a reasonable tensor

algebra norm.

Lemma 2.1.6. The Hilbert-Schmidt norm is a reasonable tensor algebra norm.

Proof. See Appendix A.
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2.2 Super-multiplicativity of the signature in rea-

sonable tensor algebra norms

Let V be a Banach space, and γ : J → V be a continuous path of finite length over

the compact interval J . The signature of γ is denoted by

S = (1, S1, S2, · · · , Sn, · · · ), (2.4)

where for each n ≥ 1, Sn =
∫
u1<···<un,u1,··· ,un∈J dγu1 ⊗ · · · ⊗ dγun .

Remark 2.2.1. Note that the n-th term of S lives in the completed Banach space V ⊗n

whenever the algebraic tensor product is completed with a reasonable tensor algebra

norm.

From now on we will fix a Banach space V , a reasonable tensor algebra norm, and

we will take V ⊗n to be the completion of the algebraic tensor product with respect to

that reasonable tensor algebra norm.

Theorem 2.2.1. Suppose γ : J → V is a path of finite length. Then for m,n ≥ 0,

the signature of γ satisfies

‖(m+ n)!Sm+n‖ ≥ ‖n!Sn‖ ‖m!Sm‖ ∀m,n ≥ 0. (2.5)

where ‖·‖ is any reasonable tensor algebra norm. V ⊗0 is defined to be F, and S0 = 1.

Proof. By Hahn-Banach Theorem, there exists φn ∈ (V ⊗n)
′
, φm ∈ (V ⊗m)

′
such that

‖φn‖ = 1, ‖φm‖ = 1, and

φn(Sn) = ‖Sn‖ , φm(Sm) = ‖Sm‖ .

Equivalently, we can write

φn(S) = ‖Sn‖ , φm(S) = ‖Sm‖ ,

where we define φk(x) = 0 for x 6∈ V ⊗k for all k ≥ 0. From [23] we know that S is

group-like, hence

φm ttφn(S) = φm(S)φn(S) = ‖Sm‖ ‖Sn‖.

Also,

φm ttφn(Sm+n) =
∑

σ∈shuffles(m,n)

σ(φm ⊗ φn)(Sm+n)
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=
∑

σ∈shuffles(m,n)

(φm ⊗ φn)(σ−1(Sm+n)),

so

|φm ttφn(Sm+n)| ≤ #shuffles(m,n) ‖φm ⊗ φn‖ ‖Sm+n‖ .

Note that #shuffles(m,n) = (m+n)!
n!m!

, and by Definition 2.1.3 we know that

‖φm ⊗ φn‖ ≤ ‖φm‖ ‖φn‖ = 1.

Hence

‖(m+ n)!Sm+n‖ ≥ ‖n!Sn‖ ‖m!Sm‖

as expected.

2.3 Limiting behaviour

Theorem 2.3.1 (Fekete’s Lemma, see e.g. Lemma 1.2.1 of [30]). If a sequence of

real numbers {an}n∈N satisfies the sub-additivity condition

am+n ≤ am + an ∀m,n ∈ N,

Then

lim
n→∞

an
n

= inf
n∈N

an
n
.

Definition 2.3.1 (Submonoids of N). Let S be a subset of N. Note we adopt the

convention that 0 ∈ N. Then S is a submonoid of N if:

(1). 0 ∈ S;

(2). If a, b ∈ S, then a+ b ∈ S.

Given a subset A of N, the submonoid 〈A〉 generated by A is defined as

〈A〉 := {λ1a1 + · · ·+ λrar : r ∈ N, λi ∈ N, ai ∈ A ∀i = 1, · · · , r} .

Definition 2.3.2 (Numerical semigroups). A submonoid S of N is called a numerical

semigroup if N \ S is finite.

Theorem 2.3.2. Let M be a submonoid of N. Then M has a unique minimal system

of generators, which in addition is finite.
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Proof. For a proof see for example Corollary 2.8 of [28].

Lemma 2.3.1. Assume A is a non-empty subset of N. Let d = gcd(A) be the greatest

common divisor of the elements in A. Then 〈d〉 \ 〈A〉 is finite.

Proof. Note first that 〈A〉 ⊂ 〈d〉. Define

S :=
{n
d

: n ∈ 〈A〉
}
.

Then by [28], S is a numerical semigroup, so N \ S is finite, therefore dN \ 〈A〉, i.e.

〈d〉 \ 〈A〉, is finite.

Lemma 2.3.2. Assume γ : J → V is a continuous tree-reduced path of finite length.

Define

I := {i ∈ N : Si 6= 0} .

I is a submonoid of N, therefore I is finitely generated.

Proof. Since S0 = 1, 0 ∈ I; Assume m,n ∈ I, then Sm 6= 0 and Sn 6= 0, so by

super-multiplicativity,

‖(m+ n)!Sm+n‖ ≥ ‖m!Sm‖ ‖n!Sn‖ > 0.

Hence m + n ∈ I. Therefore I is a submonoid of N. Then by Theorem 2.3.2, I is

finitely generated.

For a tree-reduced continuous path γ : J → V , by Lemma 2.3.2 there exist

n1, · · · , nr ∈ N \ {0} such that the set I of indices of the non-zero terms in the

signature of γ is generated by the set

A := {n1, · · · , nr} , ni ∈ N \ {0} ∀i = 1, · · · , r.

Since γ is tree-reduced, by Hambly and Lyons [19] the signature of γ is non-trivial,

and there must exist some n ∈ N\{0} such that Sn 6= 0. Hence the set A is non-empty.

We adopt these notations in the rest of this chapter unless otherwise specified.

Lemma 2.3.3. Assume a tree-reduced continuous path γ : J → V is of finite length

L > 0, and A := {n1, · · · , nr} is the generating set of the indices of all the non-zero

terms of the signature of γ. Then for all i = 1, · · · , r,

lim
n∈〈ni〉,n→∞

‖n!Sn‖1/n

= sup
n∈〈ni〉,n≥1

‖n!Sn‖1/n

=: L̃ > 0.
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Proof. Define

f(n) := − log(‖n!Sn‖ /Ln).

Then by the super-multiplicativity of the signature,

f(m+ n) ≤ f(m) + f(n) ∀m,n ∈ 〈ni〉 i = 1, · · · , r.

Define

`i := inf
n∈〈ni〉,n≥1

f(n)

n
.

Fix ε > 0. Then there exists K ∈ 〈ni〉 such that

f(K)

K
≤ `i + ε.

Then for all n ∈< ni > such that n > K, there exist q ∈ N and s ∈ 〈ni〉, s < K such

that n = qK + s, hence

f(n)

n
≤ qf(K) + f(s)

qK + s

≤ qK

qK + s
(`i + ε) +

f(s)

qK + s

≤ `i + ε+
f(s)

n
.

Note f(s) is bounded by maxj∈〈ni〉,j<K f(j). Then as n→∞, we have

lim sup
n∈〈ni〉,n→∞

f(n)

n
≤ `i + ε.

Therefore for all i = 1, · · · , r,

lim
n∈〈ni〉,n→∞

f(n)

n
= `i.

We also note that the submonoid of N generated by the least common multiple of

A, 〈lcm(A)〉, is a common infinite subsequence of 〈ni〉 for all i = 1, · · · , r. Hence

`i = `j := ` for all i, j = 1, · · · , r. Then for all i = 1, · · · , r,

lim
n∈〈ni〉,n→∞

‖n!Sn‖1/n

= sup
n∈〈ni〉,n≥1

‖n!Sn‖1/n

= L̃.

Because 〈ni〉 are indices of non-zero terms in the signature, L̃ > 0.
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Remark 2.3.1. Note that Lemma 2.3.3 in fact used the fact that Fekete’s Lemma

holds on 〈n〉 for all n ∈ N \ {0}.

Theorem 2.3.3 (Asymptotic behaviour of the signature). Assume a tree-reduced

continuous path γ : J → V is of finite length L > 0, and A := {n1, · · · , nr} is the

generating set of the indices of all the non-zero terms of the signature of γ. Let I

denote the set of indices of all non-zero terms in the signature of γ. Then

lim
n∈I,n→∞

‖n!Sn‖1/n

= sup
n∈I,n≥1

‖n!Sn‖1/n = sup
n≥1
‖n!Sn‖1/n

:= L̃ > 0.

Proof. Note I = 〈A〉 = 〈n1, · · · , nr〉. Define f(n) := − log(‖n!Sn‖ /Ln). Then

f(m+ n) ≤ f(m) + f(n) ∀m,n ∈ I.

By Lemma 2.3.3, we can define

` := inf
n∈〈ni〉,n≥1

f(n)

n
∀ i = 1, · · · , r.

Fix ε > 0. Again by Lemma 2.3.3 there exists N ∈ N such that for all λi ≥ N ,

` ≤ f(λini)

λini
≤ `+ ε ∀i = 1, · · · , r.

For all n > N
∑r

i=1 ni and n ∈ I, there exist λ1, · · ·λr ∈ N such that n =
∑r

i=1 λini,

and

f(n) = f

(
r∑
i=1

λini

)
= f

(∑
λi≥N

λini +
∑
λi<N

λini

)

≤ f

(∑
λi≥N

λini

)
+ f

(∑
λi<N

λini

)

≤ (`+ ε)

(∑
λi≥N

λini

)
+ f

(∑
λi<N

λini

)
.

Then

f(n)

n
≤ (`+ ε)

∑
λi≥N λini

n
+
f
(∑

λi<N
λini

)
n

.
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Note that f
(∑

λi<N
λini

)
is bounded above by rN maxi=1,··· ,r f(ni). Then as n goes

to infinity,

lim
n∈I,n→∞

f(n)

n
≤ `+ ε.

By a similar argument as in the proof of Lemma 2.3.3, we have, for any k ∈ I such

that k ≥ 1,

lim
n∈〈k〉

f(n)

n
= inf

n∈〈k〉,n≥1

f(n)

n
= `.

Therefore for all k ∈ I \ {0},

f(k)

k
≥ `.

Also note for any η > 0, for any k ∈ I \ {0}, there exists m ∈ 〈k〉 ⊂ I such that

f(m)

m
≤ `+ η,

hence

` = inf
n∈I,n≥1

f(n)

n
.

Combining with the inequality we found for the limit of the sequence (f(n)/n) for

n ∈ I, we have

` ≤ lim
n∈I,n→∞

f(n)

n
≤ `+ ε,

which implies

lim
n∈I,n→∞

f(n)

n
= inf

n∈I,n≥1

f(n)

n
,

and the result follows.

Remark 2.3.2. By the result of Lemma 2.3.1, the signature of a tree-reduced path

of finite length can only have finitely many zeros at levels which are multiples of

the greatest common factor of n1, · · · , nr. It is in fact a proof by Boedihardjo and

Geng [4] that there can only be finitely many zero terms in the signature of a tree-

reduced path of finite length, or in the language of Lemma 2.3.1, the greatest common

divisor of n1, · · · , nr is 1, and we can apply the idea of Fekete’s lemma and show that

limn→∞ ‖n!Sn‖1/n = supn≥1 ‖n!Sn‖1/n, and the limit is non-zero.
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Corollary 2.3.1. Let V be a Banach space. For any element

a = (a0, a1, a2, · · · ) ∈
{

(b0, b1, b2, · · · ) : b0 = 1, bn ∈ V ⊗n ∀n ≥ 1
}

which is group-like, we have

‖(m+ n)!am+n‖ ≥ ‖m!am‖ ‖n!an‖ ∀m,n ≥ 0.

Define I := {n ∈ N : an 6= 0}. Then

lim
n∈I,n→∞

‖n!an‖1/n = sup
k∈I,k≥1

‖k!ak‖1/k

under any reasonable tensor algebra norm ‖·‖.

Proof. Note that since a is group-like, the same arguments apply as in Theorem 2.2.1

and Theorem 2.3.3.

Remark 2.3.3. It is an interesting question to ask whether there is a nice and simple

form of the limit of ‖n!Sn‖1/n mentioned in Theorem 2.3.3, and whether the limit is

the same under any reasonable tensor algebra norm. Moreover, we know from [23]

that for a path of finite length L > 0, an upper bound of ‖n!Sn‖ is Ln. Furthermore,

Hambly and Lyons (Theorem 9, [19]) proved that for a smooth enough path of finite

length, the ratio ‖n!Sn‖ /Ln converges to 1 under certain norms. Therefore we have

the following conjecture.

Conjecture 2.3.1. Let V be a Banach space, and γ : J → V be a path of finite

length L > 0. Then the signature of γ satisfies that

‖n!Sn‖1/n → L as n→∞,

under any reasonable tensor algebra norm .

Example 2.3.1. Let us consider a monotone lattice path γ consisting of two linear

pieces, and each piece is of length 1
2
. Under `1 norm, we have

‖n!Sn‖1 =
n∑
k=0

(
n

k

)(
1

2

)k (
1

2

)n−k
= 1,

hence apparently limn→∞ ‖n!Sn‖1/n
1 = 1, which is the length of the path.

If we consider the case under the Hilbert-Schmidt norm, we have

‖n!Sn‖
1
n
HS =

(
n∑
k=0

(
n

k

)2(
1

2

)2k (
1

2

)2(n−k)
) 1

2n

.
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Figure 2.1: ‖n!Sn‖1/n
HS against the signature level n of a monotone lattice path

If we plot ‖n!Sn‖1/n
HS against n, we obtain Figure 2.1, from which we can see that it

is reasonable to assume ‖n!Sn‖1/n
HS converges to the length of the path. Therefore both

cases match our expectation as described in Conjecture 2.3.1.

Remark 2.3.4. An interesting tensor norm to consider is the Haagerup tensor norm

[3]. Clearly the Haagerup norm is not a reasonable tensor algebra norm, however

under the Haagerup norm, for a path of finite length L > 0, we still have n! ‖Sn‖ ≤ Ln.

Therefore it is an interesting question to ask whether the signature will have the same

behaviour as described in Theorem 2.3.3 under the Haagerup tensor norm, or the

symmetrised forms of the Haagerup tensor norm.

Remark 2.3.5. Although it has been shown that ‖n!Sn‖ eventually behaves like Ln

under certain norms for paths which are smooth enough (see [19]), some simple exam-

ples show that in general for a path of finite length, ‖n!Sn‖ /Ln does not necessarily

converge to 1 as n increases. The result in Theorem 2.3.3 is the best description we

have found so far about the decay of the signature of a path of finite length. Further

discussions can be found in Section 4.5.

Given the result for paths of finite length, it is then interesting to discuss whether
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a non-zero limit exists for p-variation paths for p > 1. However it is not the case as

demonstrated in the following corollary.

Corollary 2.3.2. Suppose p ∈ R and p > 1. Then for a path γ of finite p-variation,

there does not exist a non-zero limit for ‖(n/p)!Sn‖1/n under a reasonable tensor

algebra norm.

Proof. Consider a linear path γ of length 1. Note γ is a p-variation path for all p > 1.

Then for all p > 1,

∥∥∥∥(np
)

!Sn

∥∥∥∥ 1
n

=


(
n
p

)
!

n!


1
n

,

which converges to zero as n tends to infinity. Hence we cannot deduce a non-zero

limit for a p-variation path in general.
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Chapter 3

Signature inversion using
symmetrisation

From Lemma 1.4.1 we see that we can connect the symmetric part of a term in the

signature with the total increment of the path. In this chapter, we introduce the

method of symmetrisation by Lyons and Xu [25], which recovers the increments over

the subintervals. We then show that the method can lead to practical algorithms for

inverting monotone paths, which was jointly done with Duffield, Ni and Xu [8].

3.1 Symmetrisation

Lyons and Xu [25] first introduced the symmetrisation method of inverting the sig-

nature of a C1 path. As an example, consider a path

γ : [0, 1]→ R2, γt = (xt, yt) ∀t ∈ [0, 1],

with continuous derivative γ̇t = (ẋt, ẏt). Let ∆n denote the simplex

∆n := {(t1, t2, · · · , tn) : 0 < t1 < · · · < tn < 1} .

Given u ∈ ∆n, for every j = 1, · · · , k, define

∆u,jx = xuj − xuj−1
, ∆u,jy = yuj − yuj−1

to be the increment of γ over the time interval [uj−1, uj] ⊂ [0, 1]. Suppose {e1, e2} is a

basis of R2, where e1 is in the x-direction, and e2 is in the y-direction. Then for m ≥ 1,

elements of (Rd)⊗m can be written as linear combinations of words ω = ei1 · · · eim .

For each word ω, let |ω|x denote the number of letter e1’s in ω, and |ω|y denote the

number of e2’s in ω. For integers n ≥ 0 and k ≥ 0, define

Ln
k := {(`1, · · · , `k) : 0 ≤ `j ≤ n, 1 ≤ j ≤ k} .
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For every ` ∈ Ln
k and every word ω = ei1 · · · eik−1

, define

W2n
k (ω, `) =

{
ω1 ∗ ei1 ∗ · · · ∗ eik−1

∗ ωk : |ωj|x = 2`j, |ωj|y = 2n− 2`j

}
,

where ‘∗’ denotes the concatenation of words. For ω′ = ei1 · · · eim , define

C(ω′) =

∫
0<u1<···<um<1

dγi1u1 · · · dγ
im
um ,

and

S2n
k (ω, `) = ((2n)!)k

∑
ω′∈W2n

k (ω,`)

C(ω′).

Proposition 3.1.1 (Lyons and Xu [25]). Fix integer n and k. Let ω = ei1 · · · eik−1

and ` = (`1, · · · , `k) ∈ Ln
k . Then we can write

S2n
k (ω, `) =

∫
∆k−1

k−1∏
j=1

γ̇uj

k∏
j=1

(
2n

2`j

)
(∆u,jx)2`j (∆u,jy)2n−2`j du.

Proof. See Appendix A.

We can see that symmetrisation gives the piecewise increments over the subin-

tervals. Lyons and Xu [25] used symmetrisation method to reconstruct C1 paths, in

the rest of this chapter we will show that the symmetrisation method can be used

to recover monotone paths. The rest of this chapter was jointly done with Duffield,

Ni and Xu [8], and the original article includes a very interesting description about

the connection between the symmetrisation method and the large deviation principle,

here we mainly describe the algorithm developed in the paper [8].

3.2 Probabilistic interpretation of the signature of

a monotone path

Let {e1, · · · , ed} denote the standard basis of Rd. For every integer n ≥ 0, a word of

length n is an ordered sequence of n letters from the set {e1, · · · , ed}, where repetition

is allowed. For a word ω, let |ω| denote the number of letters in ω. For two words

ω1 = ei1 · · · ein and ω2 = ej1 · · · ejm , their concatenation ω1∗ω2 is a new word of length

n+m defined by

ω1 ∗ ω2 = ei1 · · · einej1 · · · ejm .

We use ∅ to denote the empty word, which is the unique word of length 0. Then we

can write down the signature of a bounded-variation path coordinate-wise:
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Definition 3.2.1. Let γ : [0, 1]→ Rd be a continuous path of bounded variation. For

every integer n ≥ 0 and every word ω = ei1 · · · een, let

Cγ(ω) :=

∫
0<u1<···<un<1

dγi1(u1) · · · dγin(un),

where γi is the i-th component of γ. The signature of γ is the formal power series

X(γ) =
+∞∑
n=0

∑
|ω|=n

Cγ(ω)ω,

where the second sum is taken over all words of length n, and we have set Cγ(∅) = 1

by convention.

We use `1 norm from now on in this chapter. Note that the collection

{Cγ(ω) : |ω| = n}

is the n-th level coefficients in the signature.

In the rest of this chapter we assume γ : [0, 1]→ Rd is a monotone path parametrised

at unit speed, that is, ‖γ̇(t)‖1 = 1 for all t ∈ (0, 1). Note in this case we can write

Cγ(ω) as

Cγ(ω) =

∫
0<u1<···<un<1

γ̇i1(u1) · · · γ̇in(un)du1 · · · dun.

Note if γ is decreasing in any of its components, we can reflect γi to −γi in that

component and the corresponding change in the signature is immediate. Therefore

without loss of generality we can assume that γ is monotonically increasing, that is

γ̇i(t) ≥ 0 ∀i = 1, · · · , d.

Under `1 norm we have

d∑
i=1

γ̇i(u) = 1 ∀u ∈ (0, 1)

since γ is parametrised at unit speed.

Since γ is monotonically increasing, we have Cγ(ω) ≥ 0 for every word ω. Note that

for any integer N ≥ 0,∑
|ω|=N

Cγ(ω) =
∑

i1··· ,iN∈{1,··· ,d}

∫
0<u1<···<uN<1

dγi1(u1) · · · dγiN (uN)
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=
∑

i1,··· ,iN∈{1,··· ,d}

∫
0<u1<···<uN<1

γ̇i1(u1) · · · γ̇iN (uN)du1 · · · duN

=

∫
0<u1<···<uN<1

N∏
k=1

d∑
i=1

γ̇i(uk)du1 · · · duN

=

∫
0<u1<···<uN<1

du1 · · · duN

=
1

N !
.

This suggests that for every N , the quantities {N !Cγ(ω) : |ω| = N} constitute a prob-

ability measure on the words of length N , giving each word ω with |ω| = N the

‘probability’ N !Cγ(ω). Therefore we can try to give the probabilistic interpretation

of the signature of a monotone path. For such a purpose, we introduce the definition

of Poisson processes.

Definition 3.2.2 (Poisson processes). A counting process {N(t), t ≥ 0} is called a

Poisson process with rate λ(t) > 0 if

1. N(0) = 0;

2. N(t) has independent increments;

3. N(t)−N(s) ∼ Poisson(
∫
s<u<t

λ(u)du) for t > s.

Let γ : [0, 1] → Rd be a monotone path parametrised at unit speed with respect

to `1 norm. Consider d independent Poisson processes running simultaneously on the

time interval [0, 1] respectively. The intensity for the i-th coordinate component of

this Poisson process is γ̇i(t). Let W (t) be the word of ordered letters that arrive up

to time t. For example, if at times 0 < u1 < · · · < u5 < t, the letters e3, e2, e2, e1, e3

arrive, then

W (t) = e3e2e2e1e3, W (v) = e3e2, v ∈ [u2, u3).

Suppose the arrival times are τj for j = 1, 2, · · · with the convention that τ0 = 0, then

W can be defined as a lattice path by setting W (τ0) = 0, and for t ∈ (τj, τj+1],

W (t) = W (τj) +
t− τj

τj+1 − τj
eij , (3.1)

where eij is the arriving letter at time τj. Therefore W is a lattice path we create

that is associated with γ.

Now we want to consider the law of W conditional on the total number of arrivals up
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to time 1. Let N (t) be the process counting the total number of arrivals up to time

t. Since γ is parametrised at unit speed, N (t) is a homogeneous Poisson process on

[0, 1] with intensity 1.

Now we condition on the event N (1) = N , that is, there are totally N arrivals up to

times 1. Let

PN(·) := P(·|N (1) = N)

denote the conditional probability. Thus, for every word ω with |ω| = N , with the

abuse of notation that W denotes the word generated by the processes, we have

Cγ(ω) =
1

N !
PN(W = ω) =

1

N !
P(W = ω|N (1) = N).

Define WN(t) = 1
N
W (t), where W (t) is as defined in Equation (3.1). We now would

like to parametrise the path WN at unit speed. Recall that N (t) records the number

of letters that have arrived until t for t ∈ [0, 1]. We still condition on N (1) = N . We

now try to normalise the interval [0, N ] to [0, 1].

For j = 1, · · · , N , let τj ∈ [0, 1] denote the arrival time of the j-th letter in the process

W , hence

N (t) = j if t ∈ [τj, τj+1).

Define TN : [0, 1]→ [0, τN ] such that

TN(q) := τj + (Nq − j) (τj+1 − τj) , q ∈ (
j

N
,
j + 1

N
].

We can see that TN(·) maps j
N

to the arrival time τj of the j-th letter, and linear

interpolates in between. Hence TN is a strictly increasing function, therefore we can

find the inverse QN : [0, τN ]→ [0, 1] defined by

QN(t) =
j

N
+

t− τj
N(τj+1 − τj)

, t ∈ (τj, τj+1]. (3.2)

Thus we can re-parametrise the path WN by considering

XN = WN ◦ TN : [0, 1]→
(
Z
N

)d
, q 7→ WN (TN(q)) . (3.3)

Hence XN is the lattice path WN re-parametrised at unit speed: for τj < t < τj+1,

ẊN(t) = ẆN (TN(t)) ṪN(t)

= N (τj+1 − τj)
1

N

1

τj+1 − τj
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= 1.

For every integer N ≥ 0 and k ≥ 0, let PN,k denote the set of k-partitions of N , i.e.

PN,k =

{
n = (n1, · · · , nk) : nj > 0,

k∑
j=1

nj = N

}
.

For n ∈ PN,k, let

Ln
k =

{
` = (`1, · · · , `k) : `j = (`1

j , · · · , `dj ),
d∑
i=1

`ij = nj,∀j = 1, · · · , k

}
.

Now for n ∈ PN,k and ` ∈ Ln
k , define the set of words Wn

k (`) by

Wn
k (`) =

{
ω = ω1 ∗ · · · ∗ ωk : |ωj|ei = `ij,∀i = 1, · · · , d, j = 1, · · · , k

}
,

where |ωj|ei denotes the number of the letter ei in the word ωj. Now for a given

length of the words, if we consider all the words in which the number of each letter is

fixed, we are ‘symmetrising’ the signature. We can define symmetrised signatures by

Sn
k (`) := N !

∑
ω∈Wn

k (`)

C(ω). (3.4)

That is, Sn
k (`) is the sum of the coefficients of all words ω such that ω = ω1 ∗ · · · ∗ωk,

and the number of letters in ωj is `ij. By recalling the random word W generated by

the Poisson process associated to the monotone path γ, we have

PN(W ∈ Wn
k (`)) = Sn

k (`).

So each Wn
k corresponds to a random piecewise linear path composed of k pieces,

each piece is a d-dimensional vector ωj for j = 1, .., k.

3.3 A numerical example

Now we consider a monotone path γ : [0, 1] → R2. From above we know that for a

random word W ,

PN(W ∈ Wn
k (`)) = Sn

k (`).

Let {x, y} be the alphabet in the 2-dimensional case. We know from before that

each Wn
k corresponds to a random piecewise linear path, which has k pieces, and the

number of letters in each piece is |ωj|x + |ωj| = nj for j = 1, · · · , k. Since the path γ
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is parametrised at unit speed, each piece is of length 1
k
. If we denote the increments

in the two directions over the j-th piece by ∆xj and ∆yj respectively for j = 1, · · · , k,

then

PN
(

∆xj =
m

nj

1

k
,∆yj =

nj −m
nj

1

k

)
=

∑
n=(n1,··· ,nk),|ωj |x=m Sn

k (`)∑
n=(n1,··· ,nk) Sn

k (`)
(3.5)

for m = 0, · · · , nj. Therefore we can compute the probabilities of all possible combi-

nations of ∆xj and ∆yj over the j-th piece for j = 1, .., k and construct the piecewise

linear path using the averaged increments.

We now consider the path γ : [0, 1]→ R2 such that

γt 7→ (xt, yt), yt = x3
t ∀t ∈ [0, 1],

and we parametrise γ at unit speed.

We compute the probabilities of different combinations of increments according to

Equation (3.5). We illustrate the results in two ways.

First we fix the length of each piece and vary the number of partitions: Let n := nj = 2

for j = 1, · · · , k, and vary k = 4, 5, 6. Note in this case we require information from

the (nk)-th level of the signature. If we plot the probabilities as matrices, as shown

in Figure 3.1, 3.2 and 3.3, we can see that the probability matrices characterise the

underlying path in the expected way, and as we take finer partitions, the approxima-

tion becomes more accurate.

Instead we can fix the total number of partitions and vary the length of each piece:

Fix k = 2 and vary n = nj = 1, · · · , 5 for j = 1, · · · , k. Again we see from Figure 3.4,

3.5, 3.6, 3.7 and 3.8 that using higher levels of the signature gives us better charac-

terisation.

If we plot the approximation paths obtained by taking the expectations of the in-

crements over each piece, we again see from Figure 3.9 and 3.10 that we get better

approximation results if we use higher levels of the signature. Note the computation

of the signature in this example is done via the C++ package Libalgebra [6] which

was developed through a project led by Lyons.

The key idea of the code for generating the approximation paths is that, given the

alphabet A and a fixed proportion m of increments of δxj, we define a function

AllPermutations(A, j,m) to generate all the words which have m letters in the j-th

block in the direction of xj. Then we define a function SigCoeff which takes the

coefficients in front of the words included in AllPermutations(A, j,m), as follows

def SigCoeff(A,j,m):

sigcoeff=0
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Figure 3.1: Probability matrix where n = 2, k = 4

for w in AllPermutations(A,j,m)

sigcoeff+=Signature(w)

return sigcoeff.

With the function above it is easy to compute the probability of a given increment

over a block, therefore the expectation can be computed.
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Figure 3.2: Probability matrix where n = 2, k = 5
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Figure 3.3: Probability matrix where n = 2, k = 6
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Figure 3.5: Probability matrix where n = 2, k = 2
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Figure 3.6: Probability matrix where n = 3, k = 2
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Figure 3.7: Probability matrix where n = 4, k = 2
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Figure 3.9: Reconstructed paths with n = 2 and k = 4, 5, 6
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Figure 3.10: Reconstructed paths with k = 2 and n = 1, 2, 3, 4, 5
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Chapter 4

Signature inversion using insertion

In this chapter, we develop a new method of inverting the signature of the path by

trying to approximate a level of the signature by a lower level of signature. We justify

the motivation of the method by considering the signatures of simple paths, and then

we illustrate how we can approximate a path by solving an optimisation problem

and demonstrate the method for a particular set of paths. In this chapter we mainly

consider paths of unit length parametrised at unit speed.

4.1 Introductory examples

Consider a path γ : [0, T ] → Rd. If γ is linear, the signature of γ at level n is

Sn0,T (γ) = (γT−γ0)⊗n

n!
for n ∈ N, so we have the linear relation

Sn0,T (γ)⊗ (γT − γ0) = (n+ 1)Sn+1
0,T (γ). (4.1)

Assume instead that γ is a piecewise linear path, and is linear on [0, u] and [u, T ]

respectively for u ∈ (0, T ). Then by Chen’s identity, Sn0,T (γ) =
∑n

k=0
(γu−γ0)⊗k

k!
⊗

(γT−γu)⊗(n−k)

(n−k)!
for n ∈ N. We note the following lemma for such a path.

Lemma 4.1.1. Consider a piecewise path γ : [0, T ]→ Rd that is linear on [0, u] and

[u, T ] respectively for u ∈ (0, T ). Then

(γu − γ0)⊗ Sn0,T (γ) + Sn0,T (γ)⊗ (γT − γu) = (n+ 1)Sn+1
0,T (γ). (4.2)

Proof.

(γu − γ0)⊗ Sn0,T (γ) + Sn0,T ⊗ (γT − γu)

=
n∑
k=0

(γu − γ0)⊗(k+1)

k!
⊗ (γT − γu)⊗(n−k)

(n− k)!
+

n∑
k=0

(γu − γ0)⊗k

k!
⊗ (γT − γu)⊗(n−k+1)

(n− k)!
.
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Note for k = 1, · · · , n,

(γu − γ0)⊗k

(k − 1)!
⊗ (γT − γu)⊗(n−k+1)

(n− k + 1)!
+

(γu − γ0)⊗k

k!
⊗ (γT − γu)⊗(n−k+1)

(n− k)!

=
k + n− k + 1

k!(n− k + 1)!
(γu − γ0)⊗k ⊗ (γT − γu)⊗(n−k+1)

=(n+ 1)
(γu − γ0)⊗k ⊗ (γT − γu)⊗(n−k+1)

k!(n− k + 1)!
,

and
(γu − γ0)⊗(n+1)

n!
= (n+ 1)

(γu − γ0)⊗(n+1)

(n+ 1)!
,

(γT − γu)⊗(n+1)

n!
= (n+ 1)

(γT − γu)⊗(n+1)

(n+ 1)!
.

Then

(γu − γ0)⊗ Sn0,T (γ) + Sn0,T (γ)⊗ (γT − γu)

=(n+ 1)
n+1∑
k=0

(γu − γ0)⊗k

k!
⊗ (γT − γu)⊗(n+1−k)

(n+ 1− k)!

=(n+ 1)Sn+1
0,T (γ).

We note that by solving the linear equation (4.2) for γu − γ0 and γT − γu, we are

able to reconstruct exactly the underlying path. From a computational perspective,

it is worth recalling the definition of the singular value decomposition.

Theorem 4.1.1 (Singular value decomposition). Suppose A is a matrix of dimension

m× n with entries from R or C. Then there exists a factorisation, called a singular

value decomposition (SVD) of A, of the form

A = UΣV T ,

where

U is an m×m unitary matrix;

V is an n× n unitary matrix and V T is the conjugate transpose of V ;

Σ is an m× n diagonal matrix with non-negative real numbers on the diagonal.

The diagonal entries of Σ are called the singular values of A.
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We can now computationally reconstruct a path consisting of two linear pieces.

If γ : [0, t] → Rd is a path consisting of linear pieces, Let the 2d × dn+1 matrix A

represent the linear mapping ·⊗Sn0,T (γ)+Sn0,T (γ)⊗· : (Rd,Rd)→ Rdn+1
, and b ∈ Rdn+1

represent Sn+1
0,T (γ). Then Equation (4.2) can be written as, for a vector X ∈ (Rd,Rd),

AX = (n+ 1)b.

By using SVD on A, we can obtain a simple computational algorithm that recovers γ,

as shown in Example 4.1.1. Note the computation of the signature in the example is

by the C++ package Libalgebra [6], and the matrix computation is done via LAPACK

[1], the version of LAPACK used is provided by Intel Math Kernel Library.

Example 4.1.1. For a two-dimensional path γ : [0, T ]→ R2, γt = (xt, yt) where

y =

{
2x ∀x ∈ [0, 1)

−2
3
x+ 8

3
∀x ∈ [1, 4].

By using two adjacent levels of the signature of γ, for instance, the third and fourth

levels, we can fully reconstruct the underlying path γ by solving Equation (4.2), as

shown in Figure 4.1.

Note from above we have shown that for a linear path or a piecewise linear path

composed of two linear pieces, we are able to recover the path exactly by comparing

two adjacent levels of the signature. This leads to the idea that we may as well get

some information about the underlying path if we compare two adjacent levels of the

signature of a more complicated path.

Another observation we can make is that if a path γ : [0, 1] → Rd is differentiable

with derivative f , then by ‘normalising’ the signature, i.e. multiplying the n-th level

of the signature of a path by n!, we have the integral∫
0<u1<···<un<1

f(u1)⊗ · · · ⊗ f(un)n!du1 · · · dun,

which is the expectation of a function under the distribution of n uniform order

statistics over [0, 1]. Note that the marginal distributions of uniform order statistics

are beta distributions.

4.2 Comparing two adjacent levels of the signature

of a C1 path

From now on we may omit the symbol ⊗ in tensor multiplication for simplicity. First

we define the properties of admissible norms we assume to be true for the rest of this

chapter.
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Figure 4.1: Reconstruction of y as a function of x for the path in Example 4.1.1

Definition 4.2.1. Let V be a Banach space. Suppose the tensor powers are endowed

with a tensor norm such that

1. For all n ≥ 1, the norm of a tensor is invariant under permutation, i.e.

‖σ(v)‖ = ‖v‖ ∀v ∈ V ⊗n,∀σ ∈ S(n),

where S(n) is the symmetric group on n letters;

2. For all n,m ≥ 1,

‖v ⊗ ω‖ = ‖v‖ ‖ω‖ ∀v ∈ V ⊗n, ω ∈ V ⊗m.

In the following lemma, we give a collection of norms which satisfy the properties

stated in Definition 4.2.1.

Lemma 4.2.1. Let V = Rd with a basis {e1, · · · , ed}. Then for any element u ∈ V ⊗n,

we can recognise u as a vector in Rdn, and in this case, for any l > 0, `l norm satisfies

the properties in Definition 4.2.1.
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Proof. Assumem,n are non-negative integers. Let v =
∑

i1,..,in∈{1,··· ,d} λi1···inei1 · · · ein ∈
V ⊗n. Then for any permutation σ ∈ S(n),

‖σ(v)‖l =

∥∥∥∥∥∥
∑

i1,··· ,in∈{1,··· ,d}

λi1···ineσ(i1) · · · eσ(in)

∥∥∥∥∥∥
l

=

 ∑
i1,··· ,in∈{1,··· ,d}

λli1···in

 1
l

= ‖v‖l .

Moreover, take ω =
∑

j1,··· ,jm∈{1,··· ,d} µj1···jmej1 · · · ejm ∈ V
⊗m. Then

‖v ⊗ ω‖l =

∥∥∥∥∥∥
∑

i1,··· ,in∈{1,··· ,d}

λi1···in

 ∑
j1,..,jm∈{1,··· ,d}

µj1···jm

 ei1 · · · einej1 · · · ejm

∥∥∥∥∥∥
l

=

 ∑
i1,··· ,in,j1,··· ,jm∈{1,··· ,d}

(λi1···inµj1···jm)l

 1
l

=

 ∑
i1,··· ,in∈{1,··· ,d}

λli1···in

∑
j1,··· ,jm∈{1,··· ,d}

µlj1···jm

 1
l

=

 ∑
i1,··· ,in∈{1,··· ,d}

λli1···in

 1
l
 ∑
j1,··· ,jm∈{1,··· ,d}

µlj1···jm

 1
l

= ‖v‖l‖ω‖l .

In this section, unless otherwise specified, let γ : [0, 1] → Rd be a path with

continuous derivative f : (0, 1) → Rd such that ||f(t)|| = 1 for all t ∈ (0, 1). Define

the modulus of continuity of f by

δ(h) := sup
|u−v|<h

‖f(u)− f(v)‖ .

Definition 4.2.2 (Normalised signature). Assume γ is a continuous path with bounded

variation over the interval [s, t] parametrised at unit speed. Define the normalised sig-

nature of γ over [s, t] as(
1, S̄1

s,t(γ), S̄2
s,t(γ), · · · , S̄ms,t(γ), · · ·

)
,
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where for all m ≥ 1,

S̄ms,t(γ) :=
m!
∫
s<u1<···<um<t f(u1) · · · f(um)du1 · · · dum

(t− s)m
. (4.3)

For simplicity, we write S̄m := S̄m0,1(γ).

Definition 4.2.3 (Insertion map). Assume γ : [0, 1] → Rd is a continuous path of

bounded variation parametrised at unit speed. For p = 1, · · · , n+1, define the mapping

function Ip,n : Rd → (Rd)
⊗(n+1)

by

Ip,n(x) :=

∫
0<u1<···<un<1

f(u1) · · · f(up−1)xf(up) · · · f(un)n!du1 · · · dun, (4.4)

i.e. Ip,n(x) is the function that inserts x into the p-th position of the n-th normalised

signature. Note that the operation of inserting x ∈ Rd into a homogeneous tensor

t ∈ Rd⊗n at p-th position is well-defined.

Similarly, for p = 1, · · · , n+ 1, define the mapping Rp,n+1 : Rd → (Rd)
⊗(n+1)

by

Rp,n+1(x) :=

∫
0<u1<···<un+1<1

f(u1) · · · f(up−1)xf(up+1) · · · f(un+1)(n+1)!du1 · · · dun+1,

(4.5)

i.e. Rp,n+1 replaces the p-th element of the (n+ 1)-th normalised signature by x.

A simple observation is that the function Ip,n is linear, as stated in the following

lemma.

Lemma 4.2.2. Assume γ : [0, 1]→ Rd is differentiable almost surely, and the deriva-

tive f : (0, 1)→ Rd satisfies ‖f(t)‖ = 1 if defined. For all a, b ∈ R, x, y ∈ Rd, n ≥ 1,

p ∈ {1, · · · , n+ 1}, Ip,n (ax+ by) = aIp,n(x) + bIp,n(y).

Proof.

Ip,n (ax+ by)

=

∫
0<u1<···<un<1

f(u1) · · · f(up−1)(ax+ by)f(up) · · · f(un)n!du1 · · · dun

=a

∫
0<u1<···<un<1

f(u1) · · · f(up−1)xf(up) · · · f(un)n!du1 · · · dun

+ b

∫
0<u1<···<un<1

f(u1) · · · f(up−1)yf(up) · · · f(un)n!du1 · · · dun

=aIp,n(x) + bIp,n(y).
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Because of the properties of the norm stated in Definition 4.2.1, we are able to

state the following property of the distances between images of the map Ip,n which

we will use later.

Lemma 4.2.3. Assume γ : [0, 1] → Rd is differentiable almost everywhere with

derivative f : (0, 1) → Rd such that ‖f(t)‖ = 1 if defined. Then following the

properties of the norm defined in Definition 4.2.1, for any x, y ∈ Rd, n ≥ 1, p ∈
{1, · · · , n+ 1},

‖Ip,n(x)− Ip,n(y)‖ =
∥∥S̄n∥∥ ‖x− y‖ . (4.6)

Proof.

‖Ip,n(x)− Ip,n(y)‖

=

∥∥∥∥∫
0<u1<···<un<1

f(u1) · · · (x− y) · · · f(un)n!du1 · · · dun
∥∥∥∥

=

∥∥∥∥∫
0<u1<···<un<1

f(u1) · · · f(un)n!du1 · · · dun(x− y)

∥∥∥∥
=

∥∥∥∥∫
0<u1<···<un<1

f(u1) · · · f(un)n!du1 · · · dun
∥∥∥∥ ‖x− y‖

=
∥∥S̄n∥∥ ‖x− y‖ .

Corollary 4.2.1. The function Ip,n is Lipschitz continuous.

Proof. It is a direct consequence of Equation (4.6) that Ip,n is Lipschitz.

With a suitable choice of x, we hope to approximate S̄n+1 by Ip,n(x). For such a

purpose, we first introduce some definitions that we will use.

Definition 4.2.4 (Sub-Gaussian variables). A random variable X with finite mean

E[X] = µ is sub-Gaussian if there exists σ ∈ R, σ > 0 such that

E [exp (λ (X − µ))] ≤ exp

(
λ2σ2

2

)
∀λ ∈ R.

Such a constant σ2 is called a proxy variance, and X is then called σ2-sub-Gaussian.

If X is sub-Gaussian, the optimal proxy variance is defined as

σ2
opt := min

{
σ2 ≥ 0 such thatX is sub-Gaussian

}
.

It is useful to recall the definitions of the beta distribution and the Dirichlet

distribution for later use.
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Definition 4.2.5 (Beta distributions). A beta variable X ∼ Beta(α, β) has a prob-

ability density function f : (0, 1)→ [0, 1] such that

f(x) =
Γ(α + β)

Γ(α)Γ(β)
xα−1(1− x)β−1,

where Γ(z) is the gamma function. Note if n is a positive integer, Γ(n) = (n− 1)!.

Definition 4.2.6 (Dirichlet distributions). The Dirichlet distribution of order K ≥ 2

with parameters α1, · · · , αK > 0 has a probability density function given by

f(x1, · · · , xK ;α1, · · · , αK) =
1

B(α)

K∏
i=1

xαi−1
i

where xi ≥ 0 and
∑K

i=1 xi = 1 for all i = 1, · · · , K. Note

B(α) :=

∏K
i=1 Γ(αi)

Γ(
∑K

i=1 αi)
, α = (α1, · · · , αK)

where Γ(z) is the gamma function.

In particular, beta variables are sub-Gaussian, and an upper bound can be found

for the optimal proxy variance, as proved by Marchal and Arbel [26].

Theorem 4.2.1 (Marchal and Arbel [26]). For any α, β > 0, the beta distribution

Beta(α, β) is σ2
opt(α, β)-sub-Gaussian. An upper bound for the optimal proxy variance

of Beta(α, β) is given by σ2(α, β) = 1
4(α+β+1)

.

Because of the sub-Gaussian property of the beta distribution, an upper bound

exists for the tails of the beta distribution.

Lemma 4.2.4. Suppose X ∼ Beta(α, β) with mean E[X] = µ. Assume σ2
0 is an

upper bound for the optimal proxy variance of X. Then for any a ∈ R, t ∈ (0, 1),

P (|X − a| ≥ t) ≤ exp

(
− t2

2σ2
0

)(
exp

(
t(µ− a)

σ2
0

)
+ exp

(
−t(µ− a)

σ2
0

))
. (4.7)

Proof. See Appendix A.

We are now ready to compare S̄n+1 and Rp,n+1(x).

Proposition 4.2.1. Assume γ : [0, 1] → Rd is a path with continuous derivative f :

(0, 1)→ Rd such that ‖f(t)‖ = 1 for all t ∈ (0, 1), and δ(h) := sup|u−v|<h ‖f(u)− f(v)‖
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for h ∈ [0, 1]. Fix θ ∈ (0, 1). For n ≥ 1, choose p ∈ {1, · · · , n + 1} such that

p = bθ(n+ 2)c. Then

∥∥Rp,n+1(f(θ))− S̄n+1

∥∥ ≤ δ

(√
log(n+ 3)

n+ 3

)
+

C

(n+ 3)2 → 0

as n→∞, where C is some constant.

Proof. Note for a fixed θ ∈ (0, 1) and a given n ∈ N, it might happen that bθ(n+ 2)c =

0. We can avoid this by considering large enough n such that p = bθ(n+ 2)c is at

least 1. Note for any x ∈ Rd,∥∥Rp,n+1(x)− S̄n+1

∥∥
=

∥∥∥∥∫
0<u1<···<un+1<1

f(u1) · · · f(up−1)(x− f(up)) · · · f(un+1)(n+ 1)!du1 · · · dun+1

∥∥∥∥
≤
∫

0<u<1

‖x− f(u)‖ (n+ 1)!
up−1

(p− 1)!

(1− u)n+1−p

(n+ 1− p)!
du,

which give rise to a variable U ∼ Beta(p, n − p + 2), and E[U ] = p
n+2

. Note that a

beta variable has its majority of the density concentrated near the mean. In order

to minimise
∥∥Rp,n+1(x)− S̄n+1

∥∥, it is interesting to consider the case when x = f(θ).

Note by the result from Theorem 4.2.1, U is sub-Gaussian, and an upper bound for

the optimal proxy variance of U is 1/(4(n+ 3)). Note

0 ≤ θ − p

n+ 2
≤ 1

n+ 2
.

Then Lemma 4.2.4 implies that for all h ∈ (0, 1),

P (|U − θ| ≥ h)

≤ exp
(
−2(n+ 3)h2

)(
exp

(
4(n+ 3)h

(
θ − p

n+ 2

))
+ exp

(
−4(n+ 3)h

(
θ − p

n+ 2

)))
≤2 exp

(
−2(n+ 3)h2

)
exp(8h)

≤2e8 exp
(
−2(n+ 3)h2

)
.

Then for any h ∈ (0, 1),∥∥Rp,n+1(f(θ))− S̄n+1

∥∥
≤
∫

0<u<1

‖f(θ)− f(u)‖ (n+ 1)!
up−1

(p− 1)!

(1− u)n+1−p

(n+ 1− p)!
du
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=

∫
|u−θ|<h

‖f(θ)− f(u)‖ (n+ 1)!
up−1

(p− 1)!

(1− u)n+1−p

(n+ 1− p)!
du

+

∫
|u−θ|>h

‖f(θ)− f(u)‖ (n+ 1)!
up−1

(p− 1)!

(1− u)n+1−p

(n+ 1− p)!
du

≤δ(h) + 2P (|U − θ| ≥ h)

≤δ(h) + 4e8 exp
(
−2(n+ 3)h2

)
.

Hence ∥∥Rp,n+1(f(θ))− S̄n+1

∥∥ ≤ δ(h) + 4e8 exp
(
−2(n+ 3)h2

)
.

In particular, if we choose h =
√

log(n+3)
n+3

, we have

∥∥Rp,n+1(f(θ))− S̄n+1

∥∥ ≤ δ

(√
log(n+ 3)

n+ 3

)
+

4e8

(n+ 3)2 ,

which converges to 0 as n goes to infinity.

Example 4.2.1. Following the assumptions in Proposition 4.2.1, consider the case

when δ(h) = hρ for some ρ ∈ (0, 1]. By taking h =
√

log(n+ 3)/(n+ 3), we have

∥∥Rp,n+1(f(θ))− S̄n+1

∥∥ ≤ ( log(n+ 3)

n+ 3

) ρ
2

+
4e8

(n+ 3)2 ,

so it has rate of convergence O((log(n+ 3)/(n+ 3))ρ/2).

We introduce another quantity: for p = {1, · · · , n+ 1}, define

Mp,n+1 :=

∫
0<u1<···<un+1<1

f(u1) · · · f(up−1)f(up+1) · · · f(un+1)(n+ 1)!du1 · · · dun+1,

(4.8)

which is essentially the (n+1)-th normalised signature with the p-th element removed.

We first observe the equivalence of ‖Ip,n(x)−Rp,n+1(x)‖ and
∥∥Mp,n+1 − S̄n

∥∥.

Lemma 4.2.5. Assume γ : [0, 1] → Rd is differentiable almost everywhere, and has

derivative f such that ‖f(t)‖ = 1 for all t ∈ (0, 1) where it is defined. Then following

the properties of the tensor norm defined in Definition 4.2.1, we have for all n ≥ 1,

p ∈ {1, · · · , n+ 1}, x ∈ Rd such that ‖x‖ = 1,

‖Ip,n(x)−Rp,n+1(x)‖ =
∥∥Mp,n+1 − S̄n

∥∥ .
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Proof. Note

‖Ip,n(x)−Rp,n+1(x)‖

=

∥∥∥∥∫
0<u1<···<un<1

f(u1) · · · f(up−1)xf(up) · · · f(un)n!du1 · · · dun

−
∫

0<u1<···<un+1<1

f(u1) · · · f(up−1)xf(up+1) · · · f(un+1)(n+ 1)!du1 · · · dun+1

∥∥∥∥
=

∥∥∥∥(∫
0<u1<···<un<1

f(u1) · · · f(up−1)f(up) · · · f(un)n!du1 · · · dun

−
∫

0<u1<···<un+1<1

f(u1) · · · f(up−1)f(up+1) · · · f(un+1)(n+ 1)!du1 · · · dun+1

)
x

∥∥∥∥
=

∥∥∥∥∫
0<u1<···<un<1

f(u1) · · · f(up−1)f(up) · · · f(un)n!du1 · · · dun

−
∫

0<u1<···<un+1<1

f(u1) · · · f(up−1)f(up+1) · · · f(un+1)(n+ 1)!du1 · · · dun+1

∥∥∥∥‖x‖
=
∥∥Mp,n+1 − S̄n

∥∥
by the properties of the norm described in Definition 4.2.1.

Because of Lemma 4.2.5, we would then like to compare Mp,n+1 and S̄n. Note

that we can rewrite Mp,n+1 as

Mp,n+1 =

∫
0<up−1<up+1<1

S̄p−2
0,up−1

(γ)f(up−1)f(up+1)S̄n−pup+1,1
(γ)

(n+ 1)!(up+1 − up−1)
up−2
p−1

(p− 2)!

(1− up+1)n−p

(n− p)!
dup−1dup+1.

Similarly,

S̄n =

∫
0<up−1<up<1

S̄p−2
0,up−1

(γ)f(up−1)f(up)S̄
n−p
up,1(γ)

n!
up−2
p−1

(p− 2)!

(1− up)n−p

(n− p)!
dup−1dup.

From above we can see that if we want to learn about the difference between Mp,n+1

and S̄n, it is interesting to discuss the continuity of S̄ms,t(γ) for m ≥ 1. Chen [10]

studied the distance between two integrals of different functions over the same region.

Lemma 4.2.6 (Chen [10]). Let fi(t), gi(t), i = 1, · · · , q, be piecewise continuous with

‖fi(t)‖ ≤M , ‖gi(t)‖ ≤M , ‖gi(t)− fi(t)‖ ≤ m for a ≤ t ≤ b. Then for q ≥ 1,∥∥∥∥∥
∫
a<t1<···<tq<b

g1(t1) · · · gq(tq)dt1 · · · dtq −
∫
a<t1<···<tq<b

f1(t1) · · · fq(tq)dt1 · · · dtq

∥∥∥∥∥
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≤mM
q−1(b− a)q

(q − 1)!
.

The lemma above gives us an idea that we may re-parametrise the path in order

to find the modulus of continuity of S̄ms,t(γ).

Lemma 4.2.7. Assume γ : [0, 1] → Rd is a path with continuous derivative f :

(0, 1)→ Rd such that ‖f(t)‖ = 1 for all t ∈ (0, 1), and δ(h) := sup|u−v|<h‖f(u)−f(v)‖
for h ∈ [0, 1]. Then for m ≥ 1, for s, u ∈ (0, t),∥∥S̄mu,t(γ)− S̄ms,t(γ)

∥∥ ≤ mδ(|u− s|).

Proof. Define λ = t−u
t−s .∥∥S̄mu,t(γ)− S̄ms,t(γ)

∥∥
=

∥∥∥∥m!
∫
s<v1<···<vm<t f(λv1 + t(1− λ)) · · · f(λvm + t(1− λ))dv1 · · · dvm

(t− s)m

−
m!
∫
s<u1<···<um<t f(u1) · · · f(um)du1 · · · dum

(t− s)m
∥∥∥∥ by re-parametrisation

≤
m!
∫
s<u1<···<um<t

∑m
i=1‖f(λui + t(1− λ))− f(ui)‖du1 · · · dum

(t− s)m

≤
m!
∫
s<u1<···<um<t δ(|1− λ|(t− u1)) + · · ·+ δ(|1− λ|(t− um))du1 · · · dum

(t− s)m

≤
m!
∫
s<u1<···<um<t δ(|1− λ|(t− s)) + · · ·+ δ(|1− λ|(t− s))du1 · · · dum

(t− s)m

=mδ(|u− s|).

Similarly we can prove the same modulus of continuity of S̄ms,t(γ) in t.

Lemma 4.2.8. Assume γ : [0, 1] → Rd is a path with continuous derivative f :

(0, 1)→ Rd such that ‖f(t)‖ = 1 for all t ∈ (0, 1), and δ(h) := sup|u−v|<h‖f(u)−f(v)‖
for h ∈ [0, 1]. Then for m ≥ 1, for u, t ∈ (s, 1),∥∥S̄ms,t(γ)− S̄ms,u(γ)

∥∥ ≤ mδ(|u− t|).

Proof. Define λ = t−s
u−s . Note∥∥S̄ms,t(γ)− S̄ms,u(γ)

∥∥
=

∥∥∥∥m!
∫
s<v1<···<vm<u f(λv1 + s(1− λ)) · · · f(λvm + s(1− λ))dv1 · · · dvm

(u− s)m
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−
m!
∫
s<u1<···<um<u f(u1) · · · f(um)du1 · · · dum

(u− s)m
∥∥∥∥

≤
m!
∫
s<u1<···<um<u

∑m
i=1‖f(λui + s(1− λ))− f(ui)‖du1 · · · dum

(u− s)m

≤
m!
∫
s<u1<···<um<u δ(|1− λ|(u1 − s)) + · · ·+ δ(|1− λ|(um − s))du1 · · · dum

(u− s)m

≤
m!
∫
s<u1<···<um<u δ(|1− λ|(u− s)) + · · ·+ δ(|1− λ|(u− s))du1 · · · dum

(u− s)m

=mδ(|u− t|).

Now we are ready to find an upper bound for the distance between Mp,n+1 and

S̄n.

Proposition 4.2.2. Assume γ : [0, 1] → Rd is a path with continuous deriva-

tive f : (0, 1) → Rd such that ‖f(t)‖ = 1 for all t ∈ (0, 1), and define δ(h) :=

sup|u−v|<h ‖f(u)− f(v)‖ for h ∈ [0, 1]. Fix θ ∈ (0, 1). For n ≥ 1, choose p ∈
{1, · · · , n+ 1} such that p = bθ(n+ 2)c. Then

∥∥Mp,n+1 − S̄n
∥∥ ≤ O

(
nδ

(√
log n

n

)
+

1

n2

)
.

Proof. Recall that we can write

Mp,n+1 =

∫
0<up−1<up+1<1

S̄p−2
0,up−1

(γ)f(up−1)f(up+1)S̄n−pup+1,1
(γ)

(n+ 1)!(up+1 − up−1)
up−2
p−1

(p− 2)!

(1− up+1)n−p

(n− p)!
dup−1dup+1, (4.9)

and

S̄n =

∫
0<up−1<up<1

S̄p−2
0,up−1

(γ)f(up−1)f(up)S̄
n−p
up,1(γ)

n!
up−2
p−1

(p− 2)!

(1− up)n−p

(n− p)!
dup−1dup. (4.10)

Note that Equation (4.9) gives rise to a Dirichlet distribution with mean ( p−1
n+2

, p+1
n+2

).

We know that the density of a Dirichlet distribution is concentrated near the mean,

therefore we can consider∥∥∥∥Mp,n+1 − S̄p−2

0, p−1
n+2

(γ)f(
p− 1

n+ 2
)f(

p+ 1

n+ 2
)S̄n−pp+1

n+2
,1

(γ)

∥∥∥∥
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and ∥∥∥∥S̄n − S̄p−2

0, p−1
n+2

(γ)f(
p− 1

n+ 2
)f(

p+ 1

n+ 2
)S̄n−pp+1

n+2
,1

(γ)

∥∥∥∥
respectively to approach

∥∥Mp,n+1 − S̄n
∥∥.∥∥∥∥Mp,n+1 − S̄p−2

0, p−1
n+2

(γ)f(
p− 1

n+ 2
)f(

p+ 1

n+ 2
)S̄n−pp+1

n+2
,1

(γ)

∥∥∥∥
=

∥∥∥∥∫
0<u1<u2<1

(S̄p−2
0,u1

(γ)f(u1)f(u2)S̄n−pu2,1
(γ)− S̄p−2

0, p−1
n+2

(γ)f(
p− 1

n+ 2
)f(

p+ 1

n+ 2
)S̄n−pp+1

n+2
,1

(γ))

(n+ 1)!(u2 − u1)
up−2

1

(p− 2)!

(1− u2)n−p

(n− p)!
du1du2

∥∥∥∥
≤
∫

0<u1<u2<1

∥∥∥∥S̄p−2
0,u1

(γ)− S̄p−2

0, p−1
n+2

(γ)

∥∥∥∥ (n+ 1)!(u2 − u1)
up−2

1

(p− 2)!

(1− u2)n−p

(n− p)!
du1du2

+

∫
0<u1<u2<1

∥∥∥∥f(u1)− f(
p− 1

n+ 2
)

∥∥∥∥ (n+ 1)!(u2 − u1)
up−2

1

(p− 2)!

(1− u2)n−p

(n− p)!
du1du2

+

∫
0<u1<u2<1

∥∥∥∥f(u2)− f(
p+ 1

n+ 2
)

∥∥∥∥ (n+ 1)!(u2 − u1)
up−2

1

(p− 2)!

(1− u2)n−p

(n− p)!
du1du2

+

∫
0<u1<u2<1

∥∥∥∥S̄n−pu2,1
(γ)− S̄n−pp+1

n+2
,1

(γ)

∥∥∥∥ (n+ 1)!(u2 − u1)
up−2

1

(p− 2)!

(1− u2)n−p

(n− p)!
du1du2

=

∫
0<u<1

∥∥∥∥S̄p−2
0,u (γ)− S̄p−2

0, p−1
n+2

(γ)

∥∥∥∥ (n+ 1)!
up−2

(p− 2)!

(1− u)n−p+2

(n− p+ 2)!
du

+

∫
0<u<1

∥∥∥∥f(u)− f(
p− 1

n+ 2
)

∥∥∥∥ (n+ 1)!
up−2

(p− 2)!

(1− u)n−p+2

(n− p+ 2)!
du

+

∫
0<u<1

∥∥∥∥f(u)− f(
p+ 1

n+ 2
)

∥∥∥∥ (n+ 1)!
up

p!

(1− u)n−p

(n− p)!
du

+

∫
0<u<1

∥∥∥∥S̄n−pu,1 (γ)− S̄n−pp+1
n+2

,1
(γ)

∥∥∥∥ (n+ 1)!
up

p!

(1− u)n−p

(n− p)!
du.

Note that now we have densities of distributions Beta(p− 1, n− p+ 3) and Beta(p+

1, n − p + 1) in the integrals. We can split each integral into two parts: the part

near the mean and the tail part. Using the modulus of continuity we have stated for

S̄p−2
0,u (γ) and S̄n−pv,1 (γ) in Lemma 4.2.7 and Lemma 4.2.8, we have for h ∈ (0, 1),∥∥∥∥Mp,n+1 − S̄p−2

0, p−1
n+2

(γ)f(
p− 1

n+ 2
)f(

p+ 1

n+ 2
)S̄n−pp+1

n+2
,1

(γ)

∥∥∥∥
≤
∫
|u− p−1

n+2
|<h

∥∥∥∥S̄p−2
0,u (γ)− S̄p−2

0, p−1
n+2

(γ)

∥∥∥∥ (n+ 1)!
up−2

(p− 2)!

(1− u)n−p+2

(n− p+ 2)!
du

+

∫
|u− p−1

n+2
|>h

∥∥∥∥S̄p−2
0,u (γ)− S̄p−2

0, p−1
n+2

(γ)

∥∥∥∥ (n+ 1)!
up−2

(p− 2)!

(1− u)n−p+2

(n− p+ 2)!
du

55



+

∫
|u− p−1

n+2
|<h

∥∥∥∥f(u)− f(
p− 1

n+ 2
)

∥∥∥∥ (n+ 1)!
up−2

(p− 2)!

(1− u)n−p+2

(n− p+ 2)!
du

+

∫
|u− p−1

n+2
|>h

∥∥∥∥f(u)− f(
p− 1

n+ 2
)

∥∥∥∥ (n+ 1)!
up−2

(p− 2)!

(1− u)n−p+2

(n− p+ 2)!
du

+

∫
|u− p+1

n+2
|<h

∥∥∥∥f(u)− f(
p+ 1

n+ 2
)

∥∥∥∥ (n+ 1)!
up

p!

(1− u)n−p

(n− p)!
du

+

∫
|u− p+1

n+2
|>h

∥∥∥∥f(u)− f(
p+ 1

n+ 2
)

∥∥∥∥ (n+ 1)!
up

p!

(1− u)n−p

(n− p)!
du

+

∫
|u− p+1

n+2
|<h

∥∥∥∥S̄n−pu,1 (γ)− S̄n−pp+1
n+2

,1
(γ)

∥∥∥∥ (n+ 1)!
up

p!

(1− u)n−p

(n− p)!
du

+

∫
|u− p+1

n+2
|>h

∥∥∥∥S̄n−pu,1 (γ)− S̄n−pp+1
n+2

,1
(γ)

∥∥∥∥ (n+ 1)!
up

p!

(1− u)n−p

(n− p)!
du

≤(p− 2)δ(h) + 2P
(∣∣∣∣U1 −

p− 1

n+ 2

∣∣∣∣ ≥ h

)
+ δ(h) + 2P

(∣∣∣∣U1 −
p− 1

n+ 2

∣∣∣∣ ≥ h

)
+ δ(h) + 2P

(∣∣∣∣U2 −
p+ 1

n+ 2

∣∣∣∣ ≥ h

)
+ (n− p)δ(h) + 2P

(∣∣∣∣U2 −
p+ 1

n+ 2

∣∣∣∣ ≥ h

)
=nδ(h) + 4P

(∣∣∣∣U1 −
p− 1

n+ 2

∣∣∣∣ ≥ h

)
+ 4P

(∣∣∣∣U2 −
p+ 1

n+ 2

∣∣∣∣ ≥ h

)
where U1 ∼ Beta(p− 1, n− p+ 3), and U2 ∼ Beta(p+ 1, n− p+ 1). Note by Theorem

4.2.1, we know that U1 and U2 are sub-Gaussian, and we have 1/(4(n + 3)) as an

upper bound for the optimal proxy variances of U1 and U2. Then by Lemma 4.2.4 we

can find an upper found for the tail of the beta distributions:

P
(∣∣∣∣U1 −

p− 1

n+ 2

∣∣∣∣ ≥ h

)
≤ 2 exp

(
−2h2(n+ 3)

)
,

P
(∣∣∣∣U2 −

p+ 1

n+ 2

∣∣∣∣ ≥ h

)
≤ 2 exp

(
−2h2(n+ 3)

)
.

So ∥∥∥∥Mp,n+1 − S̄p−2

0, p−1
n+2

(γ)f(
p− 1

n+ 2
)f(

p+ 1

n+ 2
)S̄n−pp+1

n+2
,1

(γ)

∥∥∥∥
≤nδ(h) + 16 exp

(
−2h2(n+ 3)

)
for h ∈ (0, 1).

Using similar arguments, we can find an upper bound for∥∥∥∥S̄n − S̄p−2

0, p−1
n+2

(γ)f( p−1
n+2

)f( p+1
n+2

)S̄n−pp+1
n+2

,1
(γ)

∥∥∥∥:∥∥∥∥S̄n − S̄p−2

0, p−1
n+2

(γ)f(
p− 1

n+ 2
)f(

p+ 1

n+ 2
)S̄n−pp+1

n+2
,1

(γ)

∥∥∥∥
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≤
∫

0<u1<u2<1

∥∥∥∥S̄p−2
0,u1

(γ)− S̄p−2

0, p−1
n+2

(γ)

∥∥∥∥n!
up−2

1

(p− 2)!

(1− u2)n−p

(n− p)!
du1du2

+

∫
0<u1<u2<1

∥∥∥∥f(u1)− f(
p− 1

n+ 2
)

∥∥∥∥n!
up−2

1

(p− 2)!

(1− u2)n−p

(n− p)!
du1du2

+

∫
0<u1<u2<1

∥∥∥∥f(u2)− f(
p+ 1

n+ 2
)

∥∥∥∥n!
up−2

1

(p− 2)!

(1− u2)n−p

(n− p)!
du1du2

+

∫
0<u1<u2<1

∥∥∥∥S̄n−pu2,1
(γ)− S̄n−pp+1

n+2
,1

(γ)

∥∥∥∥n!
up−2

1

(p− 2)!

(1− u2)n−p

(n− p)!
du1du2

=

∫
0<u<1

∥∥∥∥S̄p−2
0,u (γ)− S̄p−2

0, p−1
n+2

(γ)

∥∥∥∥n!
up−2

(p− 2)!

(1− u)n−p+1

(n− p+ 1)!
du

+

∫
0<u<1

∥∥∥∥f(u)− f(
p− 1

n+ 2
)

∥∥∥∥n!
up−2

(p− 2)!

(1− u)n−p+1

(n− p+ 1)!
du

+

∫
0<u<1

∥∥∥∥f(u)− f(
p+ 1

n+ 2
)

∥∥∥∥n!
up−1

(p− 1)!

(1− u)n−p

(n− p)!
du

+

∫
0<u<1

∥∥∥∥S̄n−pu,1 (γ)− S̄n−pp+1
n+2

,1
(γ)

∥∥∥∥n!
up−1

(p− 1)!

(1− u)n−p

(n− p)!
du.

Now in the integrals we see the densities of beta variables U3 ∼ Beta(p− 1, n− p+ 2)

and U4 ∼ Beta(p, n−p+1). Again by Theorem 4.2.1, 1/(4(n+2)) is an upper bound

for the optimal proxy variance of U3 and the optimal proxy variance of U4. Then by

Lemma 4.2.4, we can find upper bounds for the tails of U3 and U4: For h ∈ (0, 1),

P
(∣∣∣∣U3 −

p− 1

n+ 2

∣∣∣∣ ≥ h

)
≤ exp

(
−2h2(n+ 2)

)(
exp(4

p− 1

n+ 1
h) + exp(−4

p− 1

n+ 1
h)

)
≤2 exp

(
−2h2(n+ 2) + 4h

)
,

and

P
(∣∣∣∣U4 −

p+ 1

n+ 2

∣∣∣∣ ≥ h

)
≤ exp

(
−2h2(n+ 2)

)(
exp(4

p− n− 1

n+ 1
h) + exp(−4

p− n− 1

n+ 1
h)

)
≤2 exp

(
−2h2(n+ 2) + 4h

)
.

So for h ∈ (0, 1), again by considering the concentration parts and tail parts of the

beta distributions, we have∥∥∥∥S̄n − S̄p−2

0, p−1
n+2

(γ)f(
p− 1

n+ 2
)f(

p+ 1

n+ 2
)S̄n−pp+1

n+2
,1

(γ)

∥∥∥∥
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≤nδ(h) + 4P
(∣∣∣∣U3 −

p− 1

n+ 2

∣∣∣∣ ≥ h

)
+ 4P

(∣∣∣∣U4 −
p+ 1

n+ 2

∣∣∣∣ ≥ h

)
≤nδ(h) + 8 exp

(
−2h2(n+ 2) + 4h

)
+ 8 exp

(
−2h2(n+ 2) + 4h

)
=nδ(h) + 16 exp

(
−2h2(n+ 2) + 4h

)
.

Then by triangle inequality, for h1, h2 ∈ (0, 1),∥∥Mp,n+1 − S̄n
∥∥

≤nδ(h1) + 16 exp
(
−2h2

1(n+ 3)
)

+nδ(h2) + 16 exp
(
−2h2

2(n+ 2) + 4h2

)
.

If we choose h1 =
√

log(n+3)
n+3

, h2 =
√

log(n+2)
n+2

, then

‖Mp,n+1 − S̄n‖ ≤ nδ

(√
log(n+ 3)

n+ 3

)
+ nδ

(√
log(n+ 2)

n+ 2

)
+

C1

(n+ 3)2 +
C2

(n+ 2)2

for some constants C1 and C2.

Example 4.2.2. Following the assumptions in Proposition 4.2.2, in the case when

δ(h) = hρ for ρ ∈ (0, 1], we have

∥∥Mp,n+1 − S̄n
∥∥ ≤ n

(
log(n+ 3)

n+ 3

) ρ
2

+ n

(
log(n+ 2)

n+ 2

) ρ
2

+
C1

(n+ 3)2 +
C2

(n+ 2)2 .

If we use a triangle inequality argument, by the results of Proposition 4.2.1 and

Proposition 4.2.2, if a differentiable path γ : [0, 1]→ Rd is parametrised at unit speed,

and the derivative f : (0, 1) → Rd has modulus of continuity δ, for θ ∈ (0, 1), if we

choose p = bθ(n+ 2)c, then∥∥Ip,n(f(θ))− S̄n+1

∥∥
≤
∥∥Rp,n+1(f(θ))− S̄n+1

∥∥+
∥∥Mp,n+1 − S̄n

∥∥
≤O

(
nδ

(√
log n

n

)
+

1

n2

)
.

Therefore we need to have a δ function that decays faster than 1/n if we want∥∥Ip,n(f(θ))− S̄n+1

∥∥ converges to 0 as n increases. Because piecewise linear paths

are locally linear, it is interesting to consider such a path, which leads to the topic of

our next section.
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4.3 Comparing two adjacent levels of the signature

of a piecewise linear path

In this section we consider a non-degenerate piecewise linear path γ : [0, 1] → Rd

with continuous derivative f : (0, 1) → Rd such that ‖f(t)‖ = 1 for all t ∈ (0, 1)

where it is defined. For 0 ≤ s < t ≤ 1, n ≥ 1, and x ∈ Rd, the definitions of

S̄ns,t(γ), Ip,n(x), Rp,n+1(x) and Mp,n+1 are the same as in Equation (4.3), (4.4), (4.5)

and (4.8). We want to show that for a piecewise linear path, Ip,n(x) is eventually a

good approximation to S̄n+1 as n increases.

First we state the modulus of continuity of the normalised signature for a piecewise

linear path.

Lemma 4.3.1. Assume γ : [0, 1] → Rd is a piecewise linear path with derivative

f : (0, 1)→ Rd such that ‖f(t)‖ = 1 for all t ∈ (0, 1) if defined. Then for m ≥ 1, for

s, u ∈ (0, t), ∥∥S̄mu,t(γ)− S̄ms,t(γ)
∥∥ ≤ m sup

r1,r2∈(min(s,u),t)
|r1−r2|≤|u−s|

‖f(r1)− f(r2)‖ .

Proof. Define λ = t−u
t−s . Then we can write∥∥S̄mu,t(γ)− S̄ms,t(γ)

∥∥
=

∥∥∥∥m!
∫
s<u1<···<um<t f(λu1 + t(1− λ)) · · · f(λum + t(1− λ))du1 · · · dum

(t− s)m

−
m!
∫
s<u1<···<um<t f(u1) · · · f(um)du1 · · · dum

(t− s)m
∥∥∥∥

≤
m!
∫
s<u1<···<um<t

∑m
i=1‖f(λui + t(1− λ))− f(ui)‖du1 · · · dum

(t− s)m
.

Note that for all ui ∈ (s, t),

0 ≤ |λui + t(1− λ)− ui| ≤ |u− s|.

Hence ∥∥S̄mu,t(γ)− S̄ms,t(γ)
∥∥

≤
m!
∫
s<u1<···<um<t

∑m
i=1 sup|r1−r2|≤|u−s|‖f(r1)− f(r2)‖du1 · · · dum

(t− s)m

=m sup
r1,r2∈(min(s,u),t)
|r1−r2|≤|u−s|

‖f(r1)− f(r2)‖.
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Lemma 4.3.2. Assume γ : [0, 1] → Rd is a piecewise linear path with derivative

f : (0, 1)→ Rd such that ‖f(t)‖ = 1 for all t ∈ (0, 1) if defined. Then for u, t ∈ (s, 1),∥∥S̄ms,t(γ)− S̄ms,u(γ)
∥∥ ≤ m sup

r1,r2∈(s,max(t,u))
|r1−r2|≤|t−u|

‖f(r1)− f(r2)‖.

Proof. Define λ = t−s
u−s . Then∥∥S̄ms,t(γ)− S̄ms,u(γ)

∥∥
=

∥∥∥∥m!
∫
s<u1<···<um<u f(λu1 + s(1− λ)) · · · f(λum + s(1− λ))du1 · · · dum

(u− s)m

−
m!
∫
s<u1<···<um<u f(u1) · · · f(um)du1 · · · dum

(t− s)M

∥∥∥∥
≤
m!
∫
s<u1<···<um<u

∑m
i=1‖f(λui + s(1− λ))− f(ui)‖du1 · · · dum

(u− s)m
.

Note for all s < ui < u,

0 ≤ |λui + s(1− λ)− ui| ≤ |t− u| ,

then ∥∥S̄ms,t(γ)− S̄ms,u(γ)
∥∥

≤
m!
∫
s<u1<···<um<u

∑m
i=1 sup|r1−r2|≤|t−u|‖f(r1)− f(r2)‖du1 · · · dum

(u− s)m

=m sup
r1,r2∈(s,max(t,u))
|r1−r2|≤|t−u|

‖f(r1)− f(r2)‖.

We now discuss the behaviour of
∥∥Ip,n(f(θ))− S̄n+1

∥∥ of a piecewise linear path.

Theorem 4.3.1. Assume γ : [0, 1] → Rd is a piecewise linear path with derivative

f : (0, 1)→ Rd such that ‖f(t)‖ = 1 for all t ∈ (0, 1) where it is defined. Assume γ is

differentiable at θ ∈ (0, 1). Choose p ∈ {1, · · · , n + 1} such that p = bθ(n+ 2)c. For

all h ∈ (0, 1),
∥∥Ip,n(f(θ))− S̄n+1

∥∥ ≤ εθ,n,h, where

εθ,n,h = O

(
sup
|u−θ|<h

‖f(θ)− f(u)‖+ sup
|u−θ|<h

∥∥S̄p−2
0,u (γ)− S̄p−2

0,θ (γ)
∥∥

+ sup
|u−θ|<h

∥∥S̄n−pu,1 (γ)− S̄n−pθ,1 (γ)
∥∥+ exp

(
−2nh2

))
.
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Proof. Using similar ideas discussed in Proposition 4.2.1, for all h ∈ (0, 1),∥∥Rp,n+1(f(θ))− S̄n+1

∥∥
≤
∫

0<u1<···<un+1<1

‖f(u1) · · · f(up−1)(f(θ)− f(up)) · · · f(un+1)‖(n+ 1)!du1 · · · dun+1

≤
∫

0<u<1

‖f(θ)− f(u)‖(n+ 1)!
up−1

(p− 1)!

(1− u)n−p+1

(n− p+ 1)!
du

=

∫
|u−θ|<h

‖f(θ)− f(u)‖(n+ 1)!
up−1

(p− 1)!

(1− u)n−p+1

(n− p+ 1)!
du

+

∫
|u−θ|>h

‖f(θ)− f(u)‖(n+ 1)!
up−1

(p− 1)!

(1− u)n−p+1

(n− p+ 1)!
du

≤ sup
|u−θ|<h

‖f(θ)− f(u)‖+ 2P (|U − θ| ≥ h) ,

and U ∼ Beta(p, n− p+ 2), E[U ] = p
n+2

. By Theorem 4.2.1, an upper bound for the

optimal proxy variance of U is 1/(4(n + 3)). Then by Lemma 4.2.4, we can find an

upper bound for the tail density of U :

P (|U − θ| ≥ h)

≤ exp
(
−2(n+ 3)h2

)(
exp

(
4(n+ 3)h

(
θ − p

n+ 2

))
+ exp

(
−4(n+ 3)h

(
θ − p

n+ 2

)))
≤2 exp

(
−2(n+ 3)h2

)
exp

(
4(n+ 3)h

1

n+ 2

)
≤2 exp

(
−2(n+ 3)h2

)
exp(8h)

≤2e8 exp
(
−2(n+ 3)h2

)
for h ∈ (0, 1). Then∥∥Rp,n+1(f(θ))− S̄n+1

∥∥ ≤ sup
|u−θ|<h

‖f(θ)− f(u)‖+ 2e8 exp
(
−2(n+ 3)h2

)
.

Taking h =
√

log(n+3)
n+3

, we have

∥∥Rp,n+1(f(θ))− S̄n+1

∥∥ ≤ sup
|u−θ|<

√
log(n+3)
n+3

‖f(θ)− f(u)‖+
2e8

(n+ 3)2 . (4.11)

Note that since γ is differentiable at θ, f is continuous in some neighbourhood near

θ. Therefore as n increases, the right-hand side of (4.11) tends to zero.

We now look for an upper bound on
∥∥Mp,n+1(x)− S̄n

∥∥. Similarly as stated in Propo-

sition 4.2.2, we first consider∥∥Mp,n+1 − S̄p−2
0,θ (γ)f(θ)f(θ)S̄n−pθ,1 (γ)

∥∥
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and ∥∥S̄n − S̄p−2
0,θ (γ)f(θ)f(θ)S̄n−pθ,1 (γ)

∥∥
respectively.

Note for all h ∈ (0, 1),∥∥Mp,n+1 − S̄p−2
0,θ (γ)f(θ)f(θ)S̄n−pθ,1 (γ)

∥∥
=

∥∥∥∥∫
0<u1<u2<1

(S̄p−2
0,u1

(γ)f(u1)f(u2)S̄n−pu2,1
(γ)− S̄p−2

0,θ (γ)f(θ)f(θ)S̄n−pθ,1 (γ))

(n+ 1)!(u2 − u1)
up−2

1

(p− 2)!

(1− u2)n−p

(n− p)!
du1du2

∥∥∥∥
≤
∫

0<u<1

∥∥S̄p−2
0,u (γ)− S̄p−2

0,θ (γ)
∥∥ (n+ 1)!

up−2

(p− 2)!

(1− u)n−p+2

(n− p+ 2)!
du

+

∫
0<u<1

‖f(u)− f(θ)‖ (n+ 1)!
up−2

(p− 2)!

(1− u)n−p+2

(n− p+ 2)!
du

+

∫
0<u<1

‖f(u)− f(θ)‖ (n+ 1)!
up

p!

(1− u)n−p

(n− p)!
du

+

∫
0<u<1

∥∥S̄n−pu,1 (γ)− S̄n−pθ,1 (γ)
∥∥ (n+ 1)!

up

p!

(1− u)n−p

(n− p)!
du

=

∫
|u−θ|<h

∥∥S̄p−2
0,u (γ)− S̄p−2

0,θ (γ)
∥∥ (n+ 1)!

up−2

(p− 2)!

(1− u)n−p+2

(n− p+ 2)!
du

+

∫
|u−θ|>h

∥∥S̄p−2
0,u (γ)− S̄p−2

0,θ (γ)
∥∥ (n+ 1)!

up−2

(p− 2)!

(1− u)n−p+2

(n− p+ 2)!
du

+

∫
|u−θ|<h

‖f(u)− f(θ)‖ (n+ 1)!
up−2

(p− 2)!

(1− u)n−p+2

(n− p+ 2)!
du

+

∫
|u−θ|>h

‖f(u)− f(θ)‖ (n+ 1)!
up−2

(p− 2)!

(1− u)n−p+2

(n− p+ 2)!
du

+

∫
|u−θ|<h

‖f(u)− f(θ)‖ (n+ 1)!
up

p!

(1− u)n−p

(n− p)!
du

+

∫
|u−θ|>h

‖f(u)− f(θ)‖ (n+ 1)!
up

p!

(1− u)n−p

(n− p)!
du

+

∫
|u−θ|<h

∥∥S̄n−pu,1 (γ)− S̄n−pθ,1 (γ)
∥∥ (n+ 1)!

up

p!

(1− u)n−p

(n− p)!
du

+

∫
|u−θ|>h

∥∥S̄n−pu,1 (γ)− S̄n−pθ,1 (γ)
∥∥ (n+ 1)!

up

p!

(1− u)n−p

(n− p)!
du

≤ sup
|u−θ|<h

∥∥S̄p−2
0,u (γ)− S̄p−2

0,θ (γ)
∥∥+ 2P (|U1 − θ| ≥ h)

+ sup
|u−θ|<h

‖f(u)− f(θ)‖+ 2P (|U1 − θ| ≥ h)
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+ sup
|u−θ|<h

‖f(u)− f(θ)‖+ 2P (|U2 − θ| ≥ h)

+ sup
|u−θ|<h

∥∥S̄n−pu,1 (γ)− S̄n−pθ,1 (γ)
∥∥+ 2P (|U2 − θ| ≥ h) ,

where U1 ∼ Beta(p−1, n−p+3), and U2 ∼ Beta(p+1, n−p+1). By Theorem 4.2.1,

an upper bound for both the optimal proxy variance of U1 and the optimal proxy

variance of U2 is 1/(4(n+ 3)), then by Lemma 4.2.4,

P (|U1 − θ| ≥ h)

≤ exp
(
−2h2(n+ 3)

)(
exp

(
4(n+ 3)h

(
θ − p− 1

n+ 2

))
+ exp

(
−4(n+ 3)h

(
θ − p− 1

n+ 2

)))
≤ exp

(
−2h2(n+ 3)

)(
exp

(
4(n+ 3)h

2

n+ 2

)
+ exp

(
4(n+ 3)h

2

n+ 2

))
≤2 exp

(
−2h2(n+ 3)

)
exp(16h)

≤2e16 exp
(
−2h2(n+ 3)

)
for h ∈ (0, 1). Similarly, we can show that

P (|U2 − θ| ≥ h) ≤ 2e16 exp
(
−2h2(n+ 3)

)
.

Then for all h ∈ (0, 1),∥∥Mp,n+1 − S̄p−2
0,θ f(θ)f(θ)S̄n−pθ,1 (γ)

∥∥
≤ sup
|u−θ|<h

∥∥S̄p−2
0,u (γ)− S̄p−2

0,θ (γ)
∥∥+ sup

|u−θ|<h

∥∥S̄n−pu,1 (γ)− S̄n−pθ,1 (γ)
∥∥

+ 2 sup
|u−θ|<h

‖f(u)− f(θ)‖+ C1 exp
(
−2h2(n+ 3)

)
where C1 is some constant. Similarly,∥∥S̄n − S̄p−2

0,θ (γ)f(θ)f(θ)S̄n−pθ,1 (γ)
∥∥

=

∥∥∥∥∫
0<u1<u2<1

(S̄p−2
0,u1

(γ)f(u1)f(u2)S̄n−pu2,1
(γ)− S̄p−2

0,θ (γ)f(θ)f(θ)S̄n−pθ,1 (γ))

n!
up−2

1

(p− 2)!

(1− u2)n−p

(n− p)!
du1du2

∥∥∥∥
≤
∫

0<u<1

∥∥S̄n−p0,u (γ)− S̄p−2
0,θ (γ)

∥∥n!
up−2

(p− 2)!

(1− u)n−p+1

(n− p+ 1)!
du

+

∫
0<u<1

‖f(u)− f(θ)‖n!
up−2

(p− 2)!

(1− u)n−p+1

(n− p+ 1)!
du

+

∫
0<u<1

‖f(u)− f(θ)‖n!
up−1

(p− 1)!

(1− u)n−p

(n− p)!
du
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+

∫
0<u<1

∥∥S̄n−pu,1 (γ)− S̄n−pθ,1 (γ)
∥∥n!

up−1

(p− 1)!

(1− u)n−p

(n− p)!
du

≤ sup
|u−θ|<h′

∥∥S̄p−2
0,u (γ)− S̄p−2

0,θ (γ)
∥∥+ 2P (|U3 − θ| ≥ h′)

+ sup
|u−θ|<h′

‖f(u)− f(θ)‖+ 2P (|U3 − θ| ≥ h′)

+ sup
|u−θ|<h′

‖f(u)− f(θ)‖+ 2P (|U4 − θ| ≥ h′)

+ sup
|u−θ|<h′

∥∥S̄n−pu,1 (γ)− S̄n−pθ,1 (γ)
∥∥+ 2P (|U4 − θ| ≥ h′) ,

for all h′ ∈ (0, 1). Here U3 ∼ Beta(p−1, n−p+ 2), and U4 ∼ Beta(p, n−p+ 1). Note

E[U3] = p−1
n+1

, E[U4] = p
n+1

. By Theorem 4.2.1, an upper bound for both the optimal

proxy variance of U3 and the optimal proxy variance of U4 is 1/(4(n+ 2)). Note that∣∣∣∣θ − p− 1

n+ 1

∣∣∣∣ ≤ ∣∣∣∣θ − p− 1

n+ 2

∣∣∣∣+

∣∣∣∣p− 1

n+ 2
− p− 1

n+ 1

∣∣∣∣
≤ 2

n+ 2
+

p− 1

(n+ 1)(n+ 2)
.

Then by Lemma 4.2.4,

P (|U3 − θ| ≥ h′)

≤ exp
(
−2(n+ 2)h′

2
)

(
exp

(
4(n+ 2)h′

(
θ − p− 1

n+ 1

))
+ exp

(
−4(n+ 2)h′

(
θ − p− 1

n+ 1

)))
≤2 exp

(
−2(n+ 2)h′

2
)

exp

(
4(n+ 2)h′

(
2

n+ 2
+

p− 1

(n+ 1)(n+ 2)

))
≤2 exp

(
−2(n+ 2)h′

2
)

exp(12h′)

≤2e12 exp
(
−2(n+ 2)h′

2
)
,

and similarly,

P (|U4 − θ| ≥ h′)

≤ exp
(
−2(n+ 2)h′

2
)

(
exp

(
4(n+ 2)h′

(
θ − p

n+ 1

))
+ exp

(
−4(n+ 2)h′

(
θ − p

n+ 1

)))
≤ exp

(
−2(n+ 2)h′

2
)(

exp

(
4(n+ 2)h′

(
1

n+ 2
+

p

(n+ 1)(n+ 2)

))
+ exp

(
−4(n+ 2)h′

(
1

n+ 2
+

p

(n+ 1)(n+ 2)

)))
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≤2 exp
(
−2(n+ 2)h′

2
)

exp(8h′)

≤2e8 exp
(
−2(n+ 2)h′

2
)
.

Then for all h′ ∈ (0, 1), we have∥∥S̄n − S̄p−2
0,θ (γ)f(θ)f(θ)S̄n−pθ,1 (γ)

∥∥
≤ sup
|u−θ|<h′

∥∥S̄p−2
0,u (γ)− S̄p−2

0,θ (γ)
∥∥+ sup

|u−θ|<h′

∥∥S̄n−pu,1 (γ)− S̄n−pθ,1 (γ)
∥∥

+ 2 sup
|u−θ|<h′

‖f(u)− f(θ)‖+ C2 exp
(
−2(n+ 2)h′

2
)
,

where C2 is some constant.

Hence by triangle inequality, for all h, h′ ∈ (0, 1),∥∥Mp,n+1 − S̄n
∥∥

≤ sup
|u−θ|<h

∥∥S̄p−2
0,u (γ)− S̄p−2

0,θ (γ)
∥∥+ sup

|u−θ|<h

∥∥S̄n−pu,1 (γ)− S̄n−pθ,1 (γ)
∥∥

+ 2 sup
|u−θ|<h

‖f(u)− f(θ)‖+ C1 exp
(
−2h2(n+ 3)

)
+ sup
|u−θ|<h′

∥∥S̄p−2
0,u (γ)− S̄p−2

0,θ (γ)
∥∥+ sup

|u−θ|<h′

∥∥S̄n−pu,1 (γ)− S̄n−pθ,1 (γ)
∥∥

+ 2 sup
|u−θ|<h′

‖f(u)− f(θ)‖+ C2 exp
(
−2(n+ 2)h′

2
)
.

Note the result of Lemma 4.2.5 also holds for piecewise linear paths, so

‖Ip,n(f(θ))−Rp,n+1(f(θ))‖ =
∥∥Mp,n+1 − S̄n

∥∥ ,
then for all h, h′, t ∈ (0, 1),∥∥Ip,n+1(f(θ))− S̄n+1

∥∥
≤‖Ip,n(f(θ))−Rp,n+1(f(θ))‖+

∥∥Rp,n+1(f(θ))− S̄n+1

∥∥
≤ sup
|u−θ|<h

∥∥S̄p−2
0,u (γ)− S̄p−2

0,θ (γ)
∥∥+ sup

|u−θ|<h

∥∥S̄n−pu,1 (γ)− S̄n−pθ,1 (γ)
∥∥

+ 2 sup
|u−θ|<h

‖f(u)− f(θ)‖+ C1 exp
(
−2(n+ 3)h2

)
+ sup
|u−θ|<h′

∥∥S̄p−2
0,u (γ)− S̄p−2

0,θ (γ)
∥∥+ sup

|u−θ|<h′

∥∥S̄n−pu,1 (γ)− S̄n−pθ,1 (γ)
∥∥

+ 2 sup
|u−θ|<h′

‖f(u)− f(θ)‖+ C2 exp
(
−2(n+ 2)h′

2
)

+ sup
|u−θ|<t

‖f(θ)− f(u)‖+ 2e8 exp
(
−2(n+ 3)t2

)
.
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Define for all h ∈ (0, 1),

εθ,n,h :=2 sup
|u−θ|<h

∥∥S̄p−2
0,u (γ)− S̄p−2

0,θ (γ)
∥∥+ 2 sup

|u−θ|<h

∥∥S̄n−pu,1 (γ)− S̄n−pθ,1 (γ)
∥∥

+ 5 sup
|u−θ|<h

‖f(u)− f(θ)‖+ C1 exp
(
−2(n+ 3)h2

)
+ C2 exp

(
−2(n+ 2)h2

)
+ 2e8 exp

(
−2(n+ 3)h2

)
,

therefore εθ,n,h is as required.

Remark 4.3.1. Let us continue the setting in Theorem 4.3.1.

Note that if Sn = 0, then∥∥Ip,n(x)− S̄n+1

∥∥ =
∥∥S̄n+1

∥∥ ∀x ∈ Rd,

therefore the difference
∥∥Ip,n(x)− S̄n+1

∥∥ only depends on S̄n+1 if Sn = 0.

If Sn+1 = 0, then∥∥Ip,n(x)− S̄n+1

∥∥ =
∥∥S̄n∥∥ ‖x‖ =

∥∥S̄n∥∥ ∀x ∈ Rd, ‖x‖ = 1,

hence
∥∥Ip,n(x)− S̄n+1

∥∥ only depends on S̄n if Sn+1 = 0.

In both cases above,
∥∥Ip,n(x)− S̄n+1

∥∥ does not depend on x, and we cannot extract

any useful information about the underlying path by varying x. Therefore it is more

interesting to consider the case when Sn and Sn+1 are non-zero.

Now suppose the underlying path γ is such that there exists N ∈ N such that Sn 6= 0

for all n ≥ N . Let us try to understand the upper bound εθ,n,h obtained in Theorem

4.3.1. Essentially, we expect that given a suitable choice of h ∈ (0, 1) depending

on n, εθ,n,h converges to zero as n goes to infinity. Note that since γ is piecewise

linear and differentiable at θ, there exists t ∈ (0, 1) such that for u ∈ (θ − t, θ + t),

‖f(u) − f(θ)‖ = 0. Therefore the key is to understand the behaviour of other terms

in εθ,n,h.

Let us first look at the term exp(−2nh2). In order for this term to go to zero, we

shall choose h such that

h
√
n→∞ as n→∞,

in other words, if the spread of the concentration area is too small, the the tail of a

sub-Gaussian distribution would not be neglectable.

On the other hand, sup|u−θ|<h‖S̄
p−2
0,u (γ)− S̄p−2

0,θ (γ)‖ and sup|u−θ|<h‖S̄
n−p
u,1 (γ)− S̄n−pθ,1 (γ)‖

clearly would be closer to zero when h is smaller. Therefore there is a trade-off between
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the concentration part and the tail part, and the question is whether there exists an

h∗ ∈ (0, 1) such that h∗
√
n→∞ as n→∞, and

sup
|u−θ|<h∗

∥∥S̄p−2
0,u (γ)− S̄p−2

0,θ (γ)
∥∥→ 0 as n→∞, (4.12)

as well as

sup
|u−θ|<h∗

∥∥S̄n−pu,1 (γ)− S̄n−pθ,1 (γ)
∥∥→ 0 as n→∞. (4.13)

Note that in this case Lemma 4.3.1 and Lemma 4.3.2 cannot provide converging up-

per bounds on the modulus of continuity of the normalised signature as the degree

increases. Another way is to look at the derivative of the normalised signature. Note

that

sup
|u−θ|<h

∥∥S̄p−2
0,u (γ)− S̄p−2

0,θ (γ)
∥∥ ≤ sup

|t−θ|<h

∥∥∥∥∥∂S̄
p−2
0,t (γ)

∂t

∥∥∥∥∥h,
and

sup
|u−θ|<h

∥∥S̄n−pu,1 (γ)− S̄mθ,1(γ)
∥∥ ≤ sup

|t−θ|<h

∥∥∥∥∥∂S̄
n−p
t,1 (γ)

∂t

∥∥∥∥∥h,
where

∂S̄p−2
0,u (γ)

∂u
=
p− 2

u

(
S̄p−3

0,u (γ)⊗ f(u)− S̄p−2
0,u (γ)

)
,

and

∂S̄n−pu,1 (γ)

∂u
=
n− p
1− u

(
f(u)⊗ S̄n−p−1

u,1 (γ) + S̄n−pu,1 (γ)
)
.

Recall that p = bθ(n+ 2)c. In order to satisfy Equation (4.12) and (4.13), we need

to have

n1/2
∥∥S̄p−3

0,u (γ)⊗ f(u)− S̄p−2
0,u (γ)

∥∥→ 0 as n→∞, (4.14)

and

n1/2
∥∥f(u)⊗ S̄n−p−1

u,1 (γ) + S̄n−pu,1 (γ)
∥∥→ 0 as n→∞. (4.15)

We have not been able to prove (4.14) and (4.15), and it is still an open question.
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4.4 A converging upper bound for
∥∥Ip,n (f (θ))− S̄n+1

∥∥
Theorem 4.3.1 was our attempt to prove that

∥∥Ip,n(f(θ))− S̄n+1

∥∥ converging to zero

using the sub-Gaussian property of the beta distributions, and as stated in Remark

4.3.1, there are some unsolved questions which need to be answered in order for

this method to work. Intuitively it is reasonable to expect that if the derivative of

the underlying path is inserted at the ‘correct’ position into the n-th term in the

normalised signature, the resulting tensor shall be a well-behaved approximation of

the (n + 1)-th term in the normalised signature, and as we have a finer partition of

the interval, the approximation should be more accurate. We first note the following

theorem by Hoeffding [20].

Theorem 4.4.1 (Hoeffding’s inequality [20]). Let X1, · · · , Xn be independent random

variables strictly bounded by the intervals [ai, bi] respectively, define Sn =
∑n

i=1Xi.

Then for any t > 0,

P (Sn − E[Sn] ≥ t) ≤ exp

(
− 2t2∑n

i=1(bi − ai)2

)
,

P (|Sn − E[Sn]| ≥ t) ≤ 2 exp

(
− 2t2∑n

i=1(bi − ai)2

)
.

Notice since a binomial variable is a sum of independent Bernoulli variables, Ho-

effding’s inequality applies to binomial variables. We note the following example.

Example 4.4.1. Assume γ̃ : [0, 1]→ Rd is a linear path with derivative g : (0, 1)→
Rd such that ‖g(t)‖ = 1 for all t ∈ (0, 1). Then for any θ ∈ (0, 1) and q = bθ(n+ 2)c,

∥∥Iq,n(g(θ))− S̄n+1

∥∥ =

∥∥∥∥∥n!
(g(θ))⊗(n+1)

n!
− (n+ 1)!

(g(θ))⊗(n+1)

(n+ 1)!

∥∥∥∥∥ = 0,

therefore ∥∥Iq,n(g(θ))− S̄n+1

∥∥→ 0 as n→∞.

Now let us consider a slightly more complicated case. Assume {e1, e2} is a basis of

R2 and γ : [0, 1]→ R2 is a piecewise linear path such that

γ(t) =

{
te2 t ∈ [0, 2

3
]

(t− 2
3
)e1 + 2

3
e2 t ∈ (2

3
, 1].
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Note that the derivative f : (0, 1) → R2 of γ satisfies ‖f(t)‖ = 1 for all t ∈ (0, 1)

where f is defined. Note in this case,

S̄n = n!
n∑
k=0

(
2

3

)k
e⊗k2

k!
⊗
(

1

3

)n−k
e
⊗(n−k)
1

(n− k)!
.

Note that if we choose θ = 1/2 and p = bθ(n+ 2)c, then f(1
2
) = e2, and we can write

Ip,n

(
f

(
1

2

))
=n!

n∑
k=p−1

(
2

3

)k
e
⊗(k+1)
2

k!

(
1

3

)n−k
e
⊗(n−k)
1

(n− k)!

+ n!

p−2∑
k=0

(
2

3

)k
e⊗k2

k!

(
1

3

)n−k
e
⊗(p−1−k)
1 ⊗ e2 ⊗ e⊗(n−p+1)

1

(n− k)!
,

then

Ip,n

(
f

(
1

2

))
− S̄n+1

=n!
n∑

k=p−1

(
2

3

)k
e
⊗(k+1)
2

k!

(
1

3

)n−k
e
⊗(n−k)
1

(n− k)!

+ n!

p−2∑
k=0

(
2

3

)k
e⊗k2

k!

(
1

3

)n−k
e
⊗(p−1−k)
1 ⊗ e2 ⊗ e⊗(n−p+1)

1

(n− k)!

− (n+ 1)!
n+1∑
k=p

(
2

3

)k
e⊗k2

k!

(
1

3

)n+1−k
e
⊗(n+1−k)
1

(n+ 1− k)!

− (n+ 1)!

p−1∑
k=0

(
2

3

)k
e⊗k2

k!

(
1

3

)n+1−k
e
⊗(n+1−k)
1

(n+ 1− k)!

=
n∑

k=p−1

(
2

3

)k+1(
1

3

)n−k
(n+ 1)!

(k + 1)!(n− k)!

(
3

2

k + 1

n+ 1
− 1

)
e
⊗(k+1)
2 e

⊗(n−k)
1

+

p−2∑
k=0

(
2

3

)k (
1

3

)n−k
n!

k!(n− k)!
e⊗k2 e

⊗(p−1−k)
1 ⊗ e2 ⊗ e⊗(n−p+1)

1

−
p−1∑
k=0

(
2

3

)k (
1

3

)n+1−k
(n+ 1)!

k!(n+ 1− k)!
e⊗k2 e

⊗(n+1−k)
1 .

Hence∥∥∥∥Ip,n(f (1

2

))
− S̄n+1

∥∥∥∥ ≤ n∑
k=p−1

(
2

3

)k+1(
1

3

)n−k
(n+ 1)!

(k + 1)!(n− k)!

∣∣∣∣32 k + 1

n+ 1
− 1

∣∣∣∣
+

p−2∑
k=0

(
2

3

)k (
1

3

)n−k
n!

k!(n− k)!
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+

p−1∑
k=0

(
2

3

)k (
1

3

)n+1−k
(n+ 1)!

k!(n+ 1− k)!

=
n+1∑
k=p

(
2

3

)k (
1

3

)n+1−k
(n+ 1)!

k!(n+ 1− k)!

∣∣∣∣32 k

n+ 1
− 1

∣∣∣∣
+

p−2∑
k=0

(
2

3

)k (
1

3

)n−k
n!

k!(n− k)!

+

p−1∑
k=0

(
2

3

)k (
1

3

)n+1−k
(n+ 1)!

k!(n+ 1− k)!
. (4.16)

Let us investigate the binomial sums on the right-hand side of (4.16) respectively.

Note
n+1∑
k=p

(
2

3

)k (
1

3

)n+1−k
(n+ 1)!

k!(n+ 1− k)!

∣∣∣∣32 k

n+ 1
− 1

∣∣∣∣
≤

n+1∑
k=0

(
2

3

)k (
1

3

)n+1−k
(n+ 1)!

k!(n+ 1− k)!

∣∣∣∣32 k

n+ 1
− 1

∣∣∣∣
=

∑
t=k/(n+1)
k=0,··· ,n+1

(
2

3

)(n+1)t(
1

3

)(n+1)(1−t)
(n+ 1)!

((n+ 1)t)! ((n+ 1)(1− t))!

∣∣∣∣32t− 1

∣∣∣∣ . (4.17)

Assume X ∼Binomial(n + 1, 2/3). Note that (4.17) is the expectation of a function

of the random variable Y := X/(n+ 1), and

E[Y ] =
1

n+ 1
E[X] =

2

3
, Var[Y ] =

1

(n+ 1)2
Var[X] =

2

9

1

n+ 1
,

hence we can see that as n increases, the distribution of Y will be mostly concentrated

around E[Y ], and since
∣∣3

2
Y − 1

∣∣ = 0 at Y = E[Y ], the value of the sum of (4.17)

would converge to zero as n increases. For a more formal argument, we have for any

λ > 0,

P

(∣∣∣∣Y − 2

3

∣∣∣∣ ≥ λ

3

√
2

n+ 1

)

=P
(∣∣∣∣X − 2

3
(n+ 1)

∣∣∣∣ ≥ λ

3

√
2(n+ 1)

)
≤2 exp

(
−4

9
λ2

)
,

where the last inequality comes from Hoeffding’s inequality.

Then for any λ > 0,
n+1∑
k=p

(
2

3

)k (
1

3

)n+1−k
(n+ 1)!

k!(n+ 1− k)!

∣∣∣∣32 k

n+ 1
− 1

∣∣∣∣
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≤
∑

t=k/(n+1)
k=0,··· ,n+1

|t− 2
3 |<λ

3

√
2

n+1

(
2

3

)(n+1)t(
1

3

)(n+1)(1−t)
(n+ 1)!

((n+ 1)t)!((n+ 1)(1− t))!

∣∣∣∣32t− 1

∣∣∣∣

+
∑

t=k/(n+1)
k=0,··· ,n+1

|t− 2
3 |≥λ3
√

2
n+1

(
2

3

)(n+1)t(
1

3

)(n+1)(1−t)
(n+ 1)!

((n+ 1)t)!((n+ 1)(1− t))!

∣∣∣∣32t− 1

∣∣∣∣

≤ λ√
2(n+ 1)

+ 2P

(∣∣∣∣Y − 2

3

∣∣∣∣ ≥ λ

3

√
2

n+ 1

)

≤ λ√
2(n+ 1)

+ 4 exp

(
−4

9
λ2

)
.

Note that for a given n > 0, λ/
√

2(n+ 1) is a strictly increasing linear function of

λ from (0,∞) to (0,∞), and 4 exp
(
−4

9
λ2
)

is a strictly decreasing function of λ from

(0,∞) to (0, 4). So for each n, there exists λn > 0 such that

λn√
2(n+ 1)

= 4 exp

(
−4

9
λ2
n

)
. (4.18)

Differentiating (4.18) with respect to n gives

∂λn
∂n

(2(n+ 1))
1
2 − λn(2(n+ 1))−

3
2 = −32

9

∂λn
∂n

λn exp

(
−4

9
λ2
n

)
,

∂λn
∂n

(
(2(n+ 1))

1
2 +

32

9
λn exp

(
−4

9
λ2
n

))
= λn (2(n+ 1))−

3
2 ,

therefore ∂λn
∂n

> 0, and λn is a strictly increasing function in n which tends to infinity,

so 4 exp (−4/9λ2
n) is a strictly decreasing function in n, and

n+1∑
k=p

(
2

3

)k (
1

3

)n+1−k
(n+ 1)!

k!(n+ 1− k)!

∣∣∣∣32 k

n+ 1
− 1

∣∣∣∣ ≤ 2λn√
2(n+ 1)

=8 exp

(
−4

9
λ2
n

)
→0

as n goes to infinity.

For the other two binomial sums in (4.16), by Hoeffding’s inequality,

p−2∑
k=0

(
2

3

)k (
1

3

)n−k
n!

k!(n+ 1− k)!
+

p−1∑
k=0

(
2

3

)k (
1

3

)n+1−k
(n+ 1)!

k!(n+ 1− k)!
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≤ exp (−C1n+B1) + exp (−C2n+B2) ,

where C1 > 0, C2 > 0, B1 and B2 are some constants. Therefore∥∥∥∥Ip,n(1

2

)
− S̄n+1

∥∥∥∥ ≤ 2λn√
2(n+ 1)

+ exp (−C1n+B1) + exp (−C2n+B2)→ 0

as n→∞. Note since 2λn/
√

2(n+ 1) is decreasing in n, and λn is increasing in n,

the rate of increasing of λn must be smaller than the increasing rate of
√

2(n+ 1),

therefore the upper bound obtained for
∥∥Ip,n (1

2

)
− S̄n+1

∥∥ decreases at a rate slower

than O(1/
√
n).

Example 4.4.1 has inspired us that we can use the tail behaviour of the binomial

distribution to prove that
∥∥Ip,n (f(θ))− S̄n+1

∥∥ converges to 0.

Theorem 4.4.2. Suppose γ : [0, 1] → Rd is a tree-reduced continuous bounded-

variation path, and the derivative of γ f : (0, 1) → Rd is defined almost every-

where, and ‖f(t)‖ = 1 for all t ∈ (0, 1) if defined. Assume γ is linear on [s, t] for

0 ≤ s < t ≤ 1, and let θ ∈ (s, t). If we choose p = bθ(n+ 2)c, then∥∥Ip,n (f(θ))− S̄n+1

∥∥→ 0 as n→∞,

and the rate of convergence of the upper bound obtained for
∥∥Ip,n (f(θ))− S̄n+1

∥∥ is

slower than O
(
1/
√
n+ 1

)
.

Proof. Since γ is tree-reduced, by Boedihardjo and Geng [4], there exists N ∈ N such

that for all n ≥ N , Sn0,1(γ) 6= 0. We now only consider the case when n ≥ N .

By Chen’s identity,

S̄n = n!
∑

k1+k2+k3=n

Sk10,s(γ)⊗ Sk2s,t(γ)⊗ Sk3t,1(γ)

= n!
∑

k1+k2+k3=n

Sk10,s(γ)⊗ (t− s)k2f(θ)⊗k2

k2!
⊗ Sk3t,1(γ).

Define the sets

I := {(k1, k2, k3) : k1 + k2 + k3 = n, ki = 0, · · · , n, i = 1, 2, 3}

and

J := {(k1, k2, k3) : (k1, k2, k3) ∈ I, k1 ≤ p− 1, k3 ≤ n+ 1− p} .
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For x ∈ Rd, let x ↑ Sku,v(γ) denote the resulting tensor of inserting x into any position

of Sku,v(γ) for any 0 ≤ u < v ≤ 1. Then

Ip,n (f(θ)) =
∑

(k1,k2,k3)∈J

n!Sk10,s(γ)⊗ (t− s)k2f(θ)⊗k2+1

k2!
⊗ Sk3t,1(γ)

+
∑

(k1,k2,k3)∈I,k1≥p

n!
(
f(θ) ↑ Sk10,s(γ)

)
⊗ (t− s)k2f(θ)⊗k2

k2!
⊗ Sk3t,1(γ)

+
∑

(k1,k2,k3)∈I,k3≥n−p+2

n!Sk1s,t(γ)⊗ (t− s)k2f(θ)⊗k2

k2!
⊗
(
f(θ) ↑ Sk3t,1(γ)

)
.

Note also

S̄n+1 =
∑

k1+k2+k3=n+1

(n+ 1)!Sk10,s(γ)⊗ (t− s)k2f(θ)⊗k2

k2!
⊗ Sk3t,1(γ)

=
∑

(k1,k2,k3)∈J

(n+ 1)!Sk10,s(γ)
(t− s)k2+1f(θ)⊗k2+1

(k2 + 1)!
⊗ Sk3t,1(γ)

+
∑

k1+k2+k3=n+1
k1≥p

(n+ 1)!Sk10,s(γ)⊗ (t− s)k2f(θ)⊗k2

k2!
⊗ Sk3t,1(γ)

+
∑

k1+k2+k3=n+1
k3≥n−p+2

(n+ 1)!Sk10,s(γ)⊗ (t− s)k2f(θ)⊗k2

k2!
⊗ Sk3t,1(γ).

Then since for any 0 ≤ u < v ≤ 1 and any k ≥ 1,
∥∥Sku,v(γ)

∥∥ ≤ (v − u)k/k!, we have∥∥Ip,n (f(θ))− S̄n+1

∥∥
≤

∑
(k1,k2,k3)∈J

(n+ 1)!

k1!(k2 + 1)!k3!
sk1(1− t)k3(t− s)k2+1

∣∣∣∣k2 + 1

n+ 1

1

t− s
− 1

∣∣∣∣
+

∑
(k1,k2,k3)∈I,k1≥p

n!

k1!k2!k3!
sk1(t− s)k2(1− t)k3

+
∑

(k1,k2,k3)∈I,k3≥n−p+2

n!

k1!k2!k3!
sk1(t− s)k2(1− t)k3

+
∑

k1+k2+k3=n+1
k1≥p

(n+ 1)!

k1!k2!k3!
sk1(t− s)k2(1− t)k3

+
∑

k1+k2+k3=n+1
k3≥n−p+2

(n+ 1)!

k1!k2!k3!
sk1(t− s)k2(1− t)k3

≤
∑

0≤k≤n+1

(n+ 1)!

k!(n+ 1− k)!
(t− s)k(1− t+ s)n+1−k

∣∣∣∣ k

n+ 1

1

t− s
− 1

∣∣∣∣
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+
∑
p≤k≤n

n!

k!(n− k)!
sk(1− s)n−k

+
∑

n−p+2≤k≤n

n!

k!(n− k)!
(1− t)ktn−k

+
∑

p≤k≤n+1

(n+ 1)!

k!(n+ 1− k)!
sk(1− s)n+1−k

+
∑

n−p+2≤k≤n+1

(n+ 1)!

k!(n+ 1− k)!
(1− t)ktn+1−k. (4.19)

Note∑
0≤k≤n+1

(n+ 1)!

k!(n+ 1− k)!
(t− s)k(1− t+ s)n+1−k

∣∣∣∣ k

n+ 1

1

t− s
− 1

∣∣∣∣
=

∑
r=k/(n+1)
k=0,··· ,n+1

(n+ 1)!

((n+ 1)r)! ((n+ 1)(1− r))!
(t− s)(n+1)r(1− t+ s)(n+1)(1−r)

∣∣∣∣ 1

t− s
r − 1

∣∣∣∣ ,
(4.20)

then if we assume X ∼Binomial(n+ 1, t− s) and define Y := X/(n+ 1), notice that

(4.20) is the expectation of the function |Y/(t− s)− 1|, and

E[Y ] = t− s, Var[Y ] =
(t− s)(1− t+ s)

n+ 1
.

By Hoeffding’s inequality, for any λ > 0,

P

(
|Y − (t− s)| ≥ λ

√
(t− s)(1− t+ s)

n+ 1

)
=P
(
|X − (t− s)(n+ 1)| ≥ λ

√
(t− s)(1− t+ s)(n+ 1)

)
≤2 exp

(
−2(t− s)(1− t+ s)λ2

)
,

therefore by considering the cases when |Y − (t− s)| < λ
√

(t− s)(1− t+ s)/(n+ 1)

and |Y − (t− s)| ≥ λ
√

(t− s)(1− t+ s)/(n+ 1) respectively, we have

∑
0≤k≤n+1

(n+ 1)!

k!(n+ 1− k)!
(t− s)k(1− t+ s)n+1−k

∣∣∣∣ k

n+ 1

1

t− s
− 1

∣∣∣∣
≤λ

√
1− t+ s

(t− s)(n+ 1)

+ max

(
1,

(
1

t− s
− 1

))
P

(
|Y − (t− s)| ≥ λ

√
(t− s)(1− t+ s)

n+ 1

)
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≤λ

√
1− t+ s

(t− s)(n+ 1)
+ 2 max

(
1,

(
1

t− s
− 1

))
exp

(
−2(t− s)(1− t+ s)λ2

)
.

By similar arguments as in Example 4.4.1, there exists a strictly increasing sequence

(λn)n such that for each n ∈ N, λn > 0, and

λn

√
1− t+ s

(t− s)(n+ 1)
= 2 max

(
1,

(
1

t− s
− 1

))
exp

(
−2(t− s)(1− t+ s)λ2

n

)
.

(4.21)

Suppose λn → λ∗ < ∞ as n → ∞. Then taking limits on both sides of Equation

(4.21) gives

0 = 2 max

(
1,

(
1

t− s
− 1

))
exp

(
−2(t− s)(1− t+ s)λ∗2

)
,

which does not hold if λ∗ is finite. Hence we must have λ∗ =∞. Therefore∑
0≤k≤n+1

(n+ 1)!

k!(n+ 1− k)!
(t− s)k(1− t+ s)n+1−k

∣∣∣∣ k

n+ 1

1

t− s
− 1

∣∣∣∣
≤2λn

√
1− t+ s

(t− s)(n+ 1)

=4 max

(
1,

(
1

t− s
− 1

))
exp

(
−2(t− s)(1− t+ s)λ2

n

)
→ 0

as n→∞. If we defineX1 ∼Binomial(n, s), X2 ∼Binomial(n, 1−t), X3 ∼Binomial(n+

1, s), and X4 ∼Binomial(n+ 1, 1− t), by applying Hoeffding’s inequality to the other

binomial sums on the right-hand side of (4.19), there exists M ∈ N such that for all

n ≥M , ∥∥Ip,n (f(θ))− S̄n+1

∥∥
≤2λn

√
1− t+ s

(t− s)(n+ 1)
+ P (X1 ≥ p)

+ P (X2 ≥ n− p+ 2) + P (X3 ≥ p) + P (X4 ≥ n− p+ 2)

≤2λn

√
1− t+ s

(t− s)(n+ 1)
+ exp (−C1n+B1)

+ exp (−C2n+B2) + exp (−C3n+B3) + exp (−C4n+B4) ,

where we have used Hoeffding’s inequality and C1 > 0, C2 > 0, C3 > 0, C4 > 0,

B1, B2, B3 and B4 are some constants. Therefore∥∥Ip,n (f(θ))− S̄n+1

∥∥→ 0 as n→∞.
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Moreover, the rate of convergence of the upper bound obtained for
∥∥Ip,n (f(θ))− S̄n+1

∥∥
is slower than O

(
1/
√

(t− s)(n+ 1)
)

.

We also have the following example as a numerical demonstration of our claim.

Example 4.4.2. Assume γ ∈ R2 is a piecewise linear path which is an approxima-

tion to the quadratic path over the unit interval [0, 1] parametrised at unit speed, i.e.

γ(2)(t) = (γ(1)(t))2 for all t ∈ [0, 1]. Fixing θ = 0.3, if we compute the difference∥∥Ip,n(f(θ))− S̄n+1

∥∥ under the `1 norm and `2 norm, we obtain Figure 4.2 and 4.3.

From the figures we can see that under both the `1 norm and `2 norm, the difference be-

tween the n-th term in the normalised signature with f(θ) inserted at the p-th position

and the (n+1)-th term in the normalised signature decreases as n increases, although

not monotonically. The reason for the non-monotonicity is that given p = bθ(n+ 2)c,
Ip,n(f(p/(n + 2))) is a good approximation of S̄n+1, while Ip,n(f(θ)) may not be as a

good approximation as Ip,n(f(p/(n+ 2))) if θ(n+ 2) is not an integer, hence we may

observe small increases when p/(n+ 2) is a bit far from θ.

As a justification, we now choose θ = 0.5 and p = b0.5(n+ 2)c for n = 4, 6, 8, 10, 12,

and plot
∥∥Ip,n(f(θ))− S̄n+1

∥∥
1

in Figure 4.4. In this case since the signature level n

used is even, 0.5(n + 2) is an integer, and from the figure we can see that we get

monotone convergence as n increases in this case.

4.5 A lower bound for the signature of a path

We have so far discussed finding an upper bound on
∥∥Ip,n(f(θ))− S̄n+1

∥∥ for a path

which is differentiable at θ. In the light of Lemma 4.2.3, we know that for x, y ∈ Rd,∥∥S̄n∥∥ ‖x− y‖ = ‖Ip,n(x)− Ip,n(y)‖ ≤
∥∥Ip,n(x)− S̄n+1

∥∥+
∥∥Ip,n(y)− S̄n+1

∥∥ .
Given an upper bound on the right-hand side of the inequality, if we can obtain a

lower bound on
∥∥S̄n∥∥, we can get an upper bound on ‖x− y‖. In fact, finding a lower

bound for the signature is itself an interesting topic. We will see in the following

example that the rate of decay of the signature depends on the path as well as the

norm we choose.

Example 4.5.1. This is an extension of Example 2.3.1. If we consider a monotone

lattice path γ of consisting of two pieces, and each piece is of length 1
2
, the `1 norm

of the signature at level n is∥∥n!Sn0,T (γ)
∥∥

1
=

n∑
k=0

(
n

k

)(
1

2

)k (
1

2

)n−k
= 1,
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Figure 4.2:
∥∥Ip,n(f(θ))− S̄n+1

∥∥
1

for p = b0.3(n+ 2)c, n = 3, · · · , 10.

hence the signature is clearly bounded below. If we consider the norm of the signature

under the Hilbert-Schmidt norm, then

∥∥n!Sn0,T (γ)
∥∥
HS

=

√√√√ n∑
k=0

(
n

k

)2(
1

2

)2k (
1

2

)2(n−k)

.

As we can see from Figure 4.5, the
∥∥Sn0,T (γ)

∥∥
HS

decreases in such a way that there is

no obvious constant non-zero lower bound for the signature.

Therefore it is important to take into account the effects of the norm when we

look for a lower bound for the signature.

We first recall the norm in Definition 1.3.5 by Hambly and Lyons [19]: If V is a Banach

space, A is a Banach algebra, and F1, · · · , Fk ∈ Hom(V,A), then the canonical linear

extension F1 ⊗ · · · ⊗ Fk from V ⊗k to A is defined as

(v1, · · · , vk)→ F1(v1) · · ·Fk(vk).
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Figure 4.3:
∥∥Ip,n(f(θ))− S̄n+1

∥∥
2

for p = b0.3(n+ 2)c, n = 3, · · · , 10.

The norm

‖x‖→A := sup
Fi∈Hom(V,A),‖Fi‖Hom(V,A)=1

‖F1 ⊗ · · · ⊗ Fk(x)‖A .

As stated by Hambly and Lyons [19], the norm ‖·‖→A is smaller than the projective

tensor norm. We give a proof of this claim in the following lemma.

Lemma 4.5.1. For all x ∈ V ⊗k, ‖x‖→A ≤ ‖x‖π, where ‖·‖π is the projective tensor

norm as defined in Definition 2.1.4.

Proof. For all x ∈ V ⊗k, if x =
∑

i∈I vi1 ⊗ · · · ⊗ vik is an representation of x for some

indexing set I, then for any Fi ∈ Hom(V,A) such that ‖Fi‖Hom(V,A) = 1, i = 1, · · · , k,

we have

‖(F1 ⊗ · · · ⊗ Fk)(x)‖A =

∥∥∥∥∥∑
i∈I

F1(v1) · · ·Fk(vk)

∥∥∥∥∥
A
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Figure 4.4:
∥∥Ip,n(f(θ))− S̄n+1

∥∥
1

for p = b0.5(n+ 2)c, n = 4, 6, 8, 10, 12.

≤
∑
i∈I

‖F (vi1)‖A · · · ‖F (vik)‖A

≤
∑
i∈I

‖vi1‖ · · · ‖vik‖ ,

for an abitrary representation of x. Then by the definition of the projective tensor

norm, for any Fi ∈ Hom(V,A) such that ‖Fi‖Hom(V,A) = 1, i = 1, · · · , k,

‖(F1 ⊗ · · · ⊗ Fk)(x)‖A ≤ ‖x‖π,

hence

‖x‖→A ≤ ‖x‖π.

We also note the following useful lemma which gives a bound on the tail behaviour

of the Poisson distribution by Canonne [7].
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Figure 4.5: The Hilbert-Schmidt norm of the normalised signature of a monotone
lattice path at level n

Lemma 4.5.2 (Canonne [7]). Let X ∼ Poisson(λ) for some parameter λ > 0. Then

for any h > 0, we have

P (|X − λ| ≥ h) ≤ 2 exp

(
− h2

2(λ+ h)

)
.

We extend the argument by Hambly and Lyons (Theorem 13, [19]) and prove in

the following theorem that a non-zero lower bound exists for more than one level of

the signature of a piecewise linear path.

Theorem 4.5.1. Let γ : [0, 1] → Rd be a non-degenerate piecewise linear path con-

sisting of M > 0 linear pieces. Suppose 2Ω > 0 is the smallest angle between two

adjacent edges. Equip Rd and Rd+1 with the Euclidean norm. Then for any c ∈ (0, 1),

there exists at least an increasing subsequence (nk)k≥1 ∈ N such that∥∥S̄nk∥∥→Hom(Rd+1,Rd+1)
≥ c exp (−(M − 1)K(Ω)) ∀ k ≥ 1,

where K(Ω) := log
(

2
1−cos |Ω|

)
.

Proof. Without loss of generality, we can assume γ is of length 1. Suppose D > 0 is

the length of the shortest edge of γ. For α > 0, write the path αγ as γα. Then for
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all α such that α ≥ K(Ω)
D

, the shortest path of γα is at least of length K(Ω). Then

by Lemma 1.3.3, the Cartan development Γα of γα, as defined by Equation (1.2),

satisfies

d(o,Γαo) ≥ α− (M − 1)K(Ω).

Also by Proposition 1.3.2, we know that

‖Γα‖Hom(Rd+1,Rd+1) ≥ exp(d(o,Γαo)).

Then if we recall the definition of the map F as in (1.1), for all α such that α > K(Ω)
D

,

we have

exp (α− (M − 1)K(Ω)) (4.22)

≤‖Γα‖Hom(Rd+1,Rd+1)

≤
∞∑
n=0

αn
∥∥∥∥∫

0<u1<···<un<1

F (dγu1) · · ·F (dγun)

∥∥∥∥
Hom(Rd+1,Rd+1)

=
∞∑
n=0

αn
∥∥∥∥(F ⊗ · · · ⊗ F )

(∫
0<u1<···<un<1

dγu1 ⊗ · · · ⊗ dγun

)∥∥∥∥
Hom(Rd+1,Rd+1)

≤
∞∑
n=0

αn
∥∥∥∥∫

0<u1<···<un<1

dγu1 ⊗ · · · ⊗ dγun

∥∥∥∥
→Hom(Rd+1,Rd+1)

≤
∞∑
n=0

αn

n!

∥∥S̄n∥∥→Hom(Rd+1,Rd+1)
, (4.23)

where the third inequality follows from the definition of the norm ‖·‖→Hom(Rd+1,Rd+1).

Multiplying both sides of (4.22) by exp(−α) gives

exp (−(M − 1)K(Ω)) ≤ exp(−α)
∞∑
n=0

αn

n!

∥∥S̄n∥∥→Hom(Rd+1,Rd+1)
. (4.24)

Note the right hand side of (4.24) is the expectation of the function
∥∥S̄n∥∥→Hom(Rd+1,Rd+1)

under the Poisson distribution with parameter α. Note the distribution has mean α,

variance α. We have the following claim:

For all c ∈ (0, 1),

P
(
n such that

∥∥S̄n∥∥→Hom(Rd+1,Rd+1)
≥ c exp (−(M − 1)K(Ω))

)
≥(1− c) exp (−(M − 1)K(Ω)) .

We prove the above claim by contradiction. Suppose that

P
(
n such that

∥∥S̄n∥∥→Hom(Rd+1,Rd+1)
≥ c exp (−(M − 1)K(Ω))

)
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<(1− c) exp (−(M − 1)K(Ω)) .

We know from Remark 1.3.1 that
∥∥S̄n∥∥→Hom(Rd+1,Rd+1)

≤ 1. Then if we think about

how large the expectation can be, we have

exp(−α)
∞∑
n=0

αn

n!

∥∥S̄n∥∥→Hom(Rd+1,Rd+1)

<(1− c) exp (−(M − 1)K(Ω)) + c exp(−(M − 1)K(Ω))

= exp(−(M − 1)K(Ω))

which contradicts (4.24). So we must have

P
(
n such that

∥∥S̄n∥∥→Hom(Rd+1,Rd+1)
≥ c exp (−(M − 1)K(Ω))

)
≥(1− c) exp (−(M − 1)K(Ω)) .

Then by Lemma 4.5.2, we have an estimate for X ∼Poisson(α) such that for all h > 0,

P (|X − α| ≥ h) ≤ 2 exp

(
− h2

2(α + h)

)
.

In particular,

P
(
|X − α| ≥ α3/4

)
≤ 2 exp

(
− α3/2

2(α + α3/4)

)
. (4.25)

Note the right-hand side of (4.25) is a decreasing function in α, hence there exists α∗

such that for all α > α∗,

P(|X − α| ≥ α3/4) ≤ 2 exp

(
− α3/2

2(α + α3/4)

)
< (1− c) exp (−(M − 1)K(Ω))

≤ P
(
n such that

∥∥S̄n∥∥→Hom(Rd+1,Rd+1)
≥ c exp(−(M − 1)K(Ω))

)
.

Then there must be some n near the mean α such that∥∥S̄n∥∥→Hom(Rd+1,Rd+1)
≥ c exp(−(M − 1)K(Ω)),

i.e. for α > α∗,

P
(
X = nwhere |n− α| < α3/4 and ‖S̄n‖→Hom(Rd+1,Rd+1) ≥ c exp(−(M − 1)K(Ω))

)
≥(1− c) exp (−(M − 1)K(Ω))− 2 exp

(
− α3/2

2(α + α3/4)

)
>0.
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Hence for large enough α, there exists at least one n ∈ (α− α3/4, α+ α3/4) such that∥∥S̄n∥∥→Hom(Rd+1,Rd+1)
≥ c exp(−(M − 1)K(Ω)). Note that α grows faster than α3/4, so

as α increases, the interval (α− α3/4, α+ α3/4) moves rightwards. Hence there exists

a strictly increasing subsequence (nk)k≥1 ∈ N such that∥∥S̄nk∥∥→Hom(Rd+1,Rd+1)
≥ c exp(−(M − 1)K(Ω)) ∀ k ≥ 1.

Corollary 4.5.1. Let γ : [0, 1] → Rd be a non-degenerate piecewise linear path con-

sisting of M > 0 linear pieces. Suppose 2Ω > 0 is the smallest angle between two

adjacent edges. Equip Rd and Rd+1 with the Euclidean norm. Then for any c ∈ (0, 1),

there exists at least a subsequence (nk)k≥1 ∈ N such that∥∥S̄nk∥∥π ≥ c exp(−(M − 1)K(Ω)) ∀k ≥ 1,

where K(Ω) := log
(

2
1−cos |Ω|

)
and ‖·‖π is the projective tensor norm induced from the

Euclidean space Rd.

Proof. Without loss of generality, we assume γ is of length 1. There are two ways to

justify this result.

By Lemma 4.5.1, we know that ‖·‖π is a bigger norm than ‖·‖→Hom(Rd+1,Rd+1), hence

by Theorem 4.5.1, for any c ∈ (0, 1), there exists a subsequence (nk)k≥1 ∈ N such

that

c exp(−(M − 1)K(Ω)) ≤
∥∥S̄nk∥∥→Hom(Rd+1,Rd+1)

≤
∥∥S̄nk∥∥π .

An alternative proof directly applies the argument in the proof of Theorem 4.5.1 to

the norm ‖·‖π. Note that for any x ∈ Rd⊗k , and F : Rd → Hom(Rd+1,Rd+1) as

defined in (1.1), if x =
∑

i∈I vi1 ⊗ · · · ⊗ vik for an indexing set I, we have

‖(F ⊗ · · · ⊗ F )(x)‖Hom(Rd+1,Rd+1)

=

∥∥∥∥∥∑
i∈I

F (vi1) · · ·F (vik)

∥∥∥∥∥
Hom(Rd+1,Rd+1)

≤
∑
i∈I

‖F (vi1)‖Hom(Rd+1,Rd+1) · · · ‖F (vik)‖Hom(Rd+1,Rd+1)

≤‖F‖kHom(Rd,Hom(Rd+1,Rd+1))

∑
i∈I

‖vi1‖ · · · ‖vik‖ ,
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for an abritrary representation of x. Hence

‖(F ⊗ · · · ⊗ F )(x)‖Hom(Rd+1,Rd+1) ≤ ‖F‖
k
Hom(Rd,Hom(Rd+1,Rd+1)) ‖x‖π ≤ ‖x‖π.

Therefore when we equip (Rd)⊗k with ‖·‖π, we have

‖(F ⊗ · · · ⊗ F )‖
Hom

(
(Rd)

⊗k
,Hom(Rd+1,Rd+1)

) ≤ 1.

As in the proof of Theorem 4.5.1, and if we use ‖·‖π instead of ‖·‖→Hom(Rd+1,Rd+1),

(4.22) becomes

exp(α− (M − 1)K(Ω))

≤‖Γα‖Hom(Rd+1,Rd+1)

≤
∞∑
n=0

αn
∥∥∥∥∫

0<u1<···<uk<1

F (dγu1) · · ·F (dγun)

∥∥∥∥
Hom(Rd+1,Rd+1)

=
∞∑
n=0

αn
∥∥∥∥(F ⊗ · · · ⊗ F )

∫
0<u1<···<un<1

dγu1 ⊗ · · · ⊗ dγun

∥∥∥∥
Hom(Rd+1,Rd+1)

≤
∞∑
n=0

αn
∥∥∥∥∫

0<u1<···<un<1

dγu1 ⊗ · · · ⊗ dγun

∥∥∥∥
π

≤
∞∑
n=0

αn

n!

∥∥S̄∥∥
π

and then the rest of the proof of Theorem 4.5.1 applies.

Remark 4.5.1. We have seen from Conjecture 2.3.1 that we expect the n-th root of

the n-th term in the signature of a path of finite length multiplied by n! to converge

to the length of the path under a reasonable tensor algebra norm. Hambly and Lyons

[19] showed that (Theorem 4.6.2) a stronger decay result holds in special cases: If

γ is a path of finite length L > 0 with the modulus of continuity of its derivative

δ(ε) = o(ε3/4), then

L−kk!

∥∥∥∥∫
0<u1<···<uk<1

dγu1 ⊗ · · · ⊗ dγuk

∥∥∥∥
→Hom(Rd+1,Rd+1)

→ 1

as n → ∞. However we have seen from Example 4.5.1 such a strong result does

not hold for piecewise linear paths at least under the Hilbert-Schmidt norm. The

significance of Theorem 4.5.1 and Corollary 4.5.1 is that we have a stronger result

for a piecewise linear path than we conjectured in Conjecture 2.3.1.
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4.6 Inverting the signature of a path

Assume γ : [0, 1] → Rd is a continuous bounded-variation path with derivative f :

(0, 1) → Rd such that ‖f(t)‖2 = 1 for all t ∈ (0, 1) almost everywhere. Assume γ is

linear on [s, t] ⊂ [0, 1], and θ ∈ (s, t). For n ≥ 1, choose p ∈ {1, · · · , n+ 1} such that

p = bθ(n+ 2)c. In this section we use the result of Theorem 4.4.2, i.e. there exists

εγθ,n such that ‖Ip,n(f(θ))− S̄n+1‖π ≤ εγθ,n and εγθ,n → 0 as n→∞.

Define the set

Aγθ,n :=
{
x ∈ Rd : ‖x‖2 = 1,

∥∥Ip,n(x)− S̄n+1

∥∥
π
≤ εγθ,n

}
.

Note f(θ) ∈ Aγθ,n. We adopt these notations in this section. We first note the following

lemma.

Lemma 4.6.1. The projective tensor norm ‖·‖π satisfies Definition 4.2.1.

Proof. We know from Lemma 2.1.1 that the projective tensor norm is a reasonable

tensor algebra norm, it then follows directly from Proposition 2.1.1 that the projective

tensor norm satisfies the properties stated in Definition 4.2.1.

We now give a strategy to invert the signature of a non-degenerate piecewise linear

path.

Theorem 4.6.1. Assume γ : [0, 1] → Rd is a non-degenerate piecewise linear path

with derivative f : (0, 1) → Rd such that ‖f(t)‖2 = 1 for all t ∈ (0, 1) if defined.

Assume γ is differentiable at θ ∈ (0, 1). For n ≥ 1, choose p ∈ {1, · · · , n + 1} such

that p = bθ(n+ 2)c. Then there exists a subsequence (nk)k≥1 ∈ N such that for all

k ≥ 1, for all xθ,nk , yθ,nk ∈ A
γ
θ,nk

,

‖xθ,nk − yθ,nk‖2 → 0 as k →∞.

Proof. Note for all n ≥ 1, xθ,n, yθ,n ∈ Aγθ,n,

‖Ip,n(xθ,n)− Ip,n(yθ,n)‖π
≤
∥∥Ip,n(xθ,n)− S̄n+1

∥∥
π

+
∥∥Ip,n(yθ,n)− S̄n+1

∥∥
π

≤2εγθ,n.

By Corollary 4.5.1, there exists a subsequence (nk)k≥1 ∈ N such that for all k ≥ 1,

‖S̄nk‖π ≥ 1
2

exp(−(M−1)K(Ω)), where K(Ω) = log( 2
1−cos|Ω|), 2Ω is the smallest angle
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between two adjacent edges, and M > 0 is the number of linear pieces of γ. Then by

Lemma 4.2.3,

‖xθ,nk − yθ,nk‖2

=
‖Ip,nk(xθ,nk)− Ip,nk(yθ,nk)‖π∥∥S̄nk∥∥π
≤

4εγθ,nk
exp(−(M − 1)K(Ω))

.

Since εθ,nk → 0 as k →∞, we have ‖xθ,nk − yθ,nk‖2 → 0 as k →∞.

We are then able to derive a corollary which is more useful for computation.

Corollary 4.6.1. Assume γ : [0, 1] → Rd is a non-degenerate piecewise linear path

with derivative f : (0, 1) → Rd such that ‖f(t)‖2 = 1 for all t ∈ (0, 1) if defined.

Assume γ is differentiable at θ ∈ (0, 1). For n ≥ 1, choose p ∈ {1, · · · , n + 1} such

that p = bθ(n+ 2)c. Define

x∗θ,n := argminx∈Rd,‖x‖2=1

∥∥Ip,n(x)− S̄n+1

∥∥
π
. (4.26)

Then there exists at least a subsequence (nk)k≥1 ∈ N such that x∗nk converges to f(θ)

as k increases.

Proof. By Theorem 4.6.1, we know that there exists a subsequence (nk)k≥1 ∈ N such

that for all k ≥ 1, for all xθ,nk , yθ,nk ∈ Aγθ,nk , ‖xθ,nk − yθ,nk‖2 → 0 as k → ∞. We

know that f(θ) ∈ Aγθ,nk , and
∥∥Ip,nk(x∗θ,nk)− S̄nk+1

∥∥
π
≤ εγθ,nk due to the fact that x∗θ,nk

gives the shortest distance between Ip,nk(x) and S̄nk+1 among all x ∈ Rd such that

‖x‖2 = 1. Therefore x∗θ,nk ∈ A
γ
θ,nk

, hence
∥∥x∗θ,nk − f(θ)

∥∥
2
→ 0 as k →∞.

We can also develop such an algorithm for another set of paths. First we recall

the following theorem by Hambly and Lyons [19].

Theorem 4.6.2 (Hambly and Lyons, Theorem 9 [19]). Let J be a closed and bounded

interval. Let γ : J → Rd be a continuous path of finite length ` > 0. Recall that the

modulus of continuity of the derivative is defined as δ(h) := sup|u−v|≤h ‖γ̇(u)− γ̇(v)‖2.

If δ(h) = o
(
h3/4

)
, then

`kk!

∥∥∥∥∫
0<u1<···<uk<1

dγu1 ⊗ · · · ⊗ dγuk

∥∥∥∥
→Hom(Rd+1,Rd+1)

→ 1

as k →∞.
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Theorem 4.6.3. Let γ : [0, 1]→ Rd be a continuous path with derivative f : (0, 1)→
Rd such that ‖f(t)‖2 = 1 for all t ∈ (0, 1). Suppose further that the modulus of

continuity of f is δ(h) = o
(
h3/4

)
. Assume γ is linear over the interval [s, t] ⊂ [0, 1]

and θ ∈ (s, t). Then for n ≥ 1, choose p ∈ {1, ..., n + 1} such that p = bθ(n+ 2)c.
Define

x∗θ,n := argminx∈Rd,‖x‖2=1

∥∥Ip,n(x)− S̄n+1

∥∥
π
.

Then x∗θ,n converges to f(θ) as n increases.

Proof. By Theorem 4.6.2, for any c ∈ (0, 1), there exists N ∈ N such that for all

n ≥ N , ∥∥S̄n∥∥→Hom(Rd+1,Rd+1) ≥ 1− c.

By Lemma 4.5.1, the projective norm is bigger than the norm ‖·‖→Hom(Rd+1,Rd+1),

hence for all n ≥ N , ∥∥S̄n∥∥π ≥ 1− c.

Then for all n ≥ N , for all xθ,n, yθ,n ∈ Aγθ,n, we have

‖xθ,n − yθ,n‖2

=
‖Iθ,n(xθ,n)− Iθ,n(yθ,n)‖π∥∥S̄n∥∥π
≤

2εγθ,n
1− c

.

Since εγθ,n → 0 as n → ∞, we have ‖xθ,n − yθ,n‖2 → 0 as n → ∞. Since x∗θ,n, f(θ) ∈
Aγθ,n, we have ∥∥x∗θ,n − f(θ)

∥∥
2
→ 0 as n→∞.

Remark 4.6.1. Note that if we take p = bθ(n+ 2)c, we may get p = 0 if n is small.

But we can always take higher orders of the signature, and this will not affect our

result.

Note that so far in this chapter we have assumed that the underlying path is

parametrised at unit speed. However, in practice when we only have the information

from the signature, it is impossible to know whether the path is parametrised at unit

speed. We prove in the following lemma that our algorithm still works with a slight

alteration.
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Lemma 4.6.2. For a non-degenerate piecewise linear path γ : [a, b] → Rd of length

L > 0 and differentiable at θ ∈ (a, b), we can slightly change (4.26) and obtain an ap-

proximation to the derivative of γ when it is parametrised at unit speed when we choose

the position of insertion p appropriately, even if the original speed of parametrisation

is unknown. Moreover the same changes apply to the result of Theorem 4.6.3.

Proof. By Lemma 1.1.3 we know that γ can be re-parametrised at unit speed. Let

the function φ : [a, b]→ [u, v] be such that the path γ̃ := γ ◦φ is parametrised at unit

speed.

We first try to determine what value p should be, i.e. the position at which the

element shall be inserted into the n-th level of the normalised signature of γ̃. As

in the proof of Proposition 4.2.1, for any norm which satisfies properties stated in

Definition 4.2.1, if we insert x ∈ Rd into the n-th level of the signature of γ̃, then

L−(n+1)

∥∥∥∥∫
u<t1<···<tn+1<v

(n+ 1)! ˙̃γt1 ⊗ · · · ⊗ ˙̃γtp−1 ⊗ x⊗ ˙̃γtp+1 ⊗ · · · ⊗ ˙̃γtn+1dt1 · · · dtn+1

− (n+ 1)!

∫
u<t1<···<tn+1<v

˙̃γt1 ⊗ · · · ⊗ ˙̃γtn+1dt1 · · · dtn+1

∥∥∥∥
=L−(n+1)(n+ 1)!

∥∥∥∥∫
u<t1<···<tn+1<v

˙̃γt1 ⊗ · · · ⊗ ˙̃γtp−1

⊗ (x− ˙̃γtp)⊗ ˙̃γtp+1 ⊗ · · · ⊗ ˙̃γtn+1dt1 · · · dtn+1

∥∥∥∥
≤
∫
u<t<v

‖x− ˙̃γt‖L−(n+1)(n+ 1)!
(t− u)p−1

(p− 1)!

(v − t)n+1−p

(n+ 1− p)!
dt,

which gives rise to the expectation of a function about a non-standard beta variable

U ∼ Beta(p, n − p + 2) over the interval (u, v). We can change the variable in the

integral to obtain a standard beta variable U ′ := (U − u)/(v − u), which is over the

interval (0, 1). Therefore we can see that the expectation of U is p(v−u)/(n+ 2) +u.

With the same argument we had in the proof of Proposition 4.2.1, we know that we

shall choose

p =

⌊
φ(θ)− u
v − u

(n+ 2)

⌋
in order to approximate the derivative of γ̃ at φ(θ).

With a slight extension of the analysis in this chapter, we see that for n ≥ 1, the

solution to

min
‖x‖2=1

∥∥L−nI γ̃p,n(x)− L−(n+1)(n+ 1)!Sn+1
u,v (γ̃)

∥∥
π

(4.27)
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gives an approximation to the derivative of γ̃ at φ(θ), where

I γ̃p,n(x) := n!

∫
u<t1<···<tn<v

dγ̃t1 ⊗ · · · ⊗ dγ̃tp−1 ⊗ x⊗ dγ̃tp ⊗ · · · ⊗ dγ̃tn .

Note

Snu,v(γ̃) =

∫
u<t1<···<tn<v

dγ̃t1 ⊗ · · · ⊗ dγ̃tn

=

∫
a<t1<···<tn<b

(φ′(t1)dγφ(t1))⊗ · · · ⊗ (φ′(tn)dγφ(tn))

=

∫
a<t1<···<tn<b

dγt1 ⊗ · · · ⊗ dγtn

= Sna,b(γ).

Hence (4.27) can be written as a problem about γ:

min
‖x‖2=1

∥∥L−nIγp,n(x)− L−(n+1)(n+ 1)!Sn+1
a,b (γ)

∥∥
π
,

which is equivalent to solving the following optimisation problem

min
‖x‖2=1

∥∥LIγp,n(x)− (n+ 1)!Sn+1
a,b (γ)

∥∥
π
. (4.28)

Hence if we solve problem (4.28), we will obtain an approximation to the derivative

of γ at θ when it is parametrised at unit speed. Therefore we can still recover the

path, but maybe at a different speed of parametrisation from the underlying. The

same argument clearly applies to the result of Theorem 4.6.3.

Remark 4.6.2. The significance of Lemma 4.6.2 is that it provides us with a gen-

eralised version of the insertion algorithm we have developed in this chapter, and we

will then be able to reconstruct a path even if it is parametrised at an unknown speed.

In fact it shows that the insertion algorithm developed in this chapter for inverting

the signature of a path requires the knowledge of the length of the path. A particular

example can be found in the next chapter in Example 5.2.3.
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Chapter 5

Computational reconstruction of a
path from its signature

We have seen in Chapter 4 that a path can be reconstructed by solving an optimisation

problem after inserting an element into a level of the signature of the path. In

this chapter we demonstrate computationally how to use this method to recover

a path, and we also include comparisons between this insertion method and the

symmetrisation method discussed in Chapter 3.

5.1 Setting of the optimisation problem

Suppose γ : [0, 1] → Rd is a tree-reduced continuous bounded-variation path with

derivative f : (0, 1) → Rd such that ‖f(t)‖2 = 1 for all t ∈ (0, 1) almost everywhere,

and γ is differentiable at θ ∈ (0, 1). We have seen from Chapter 4 that given certain

assumptions are satisfied, the key to reconstruct the path from the signature is to

solve the optimisation problem

min
‖x‖2=1

∥∥Ip,n(x)− S̄n+1

∥∥
π
, (5.1)

where p = bθ(n+ 2)c. If we want to computationally reconstruct the path from its

signature, it is necessary to consider programmes which solve the non-linear optimi-

sation problem (5.1). Note in practice the projective tensor norm ‖·‖π is difficult to

compute, we can generalise the problem to a wider set of tensor norms:

Problem. For a norm function ‖·‖ which satisfies Definition 4.2.1, assume a tree-

reduced continuous bounded-variation path γ : [0, 1]→ Rd with derivative f : (0, 1)→
Rd such that ‖f(t)‖ = 1 for all t ∈ (0, 1) almost everywhere, and γ is differentiable

at θ ∈ (0, 1). For all n ≥ 1, define g : Rd → R such that

g(x) :=
∥∥Ip,n(x)− S̄n+1

∥∥
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for p ∈ {1, · · · , n+ 1}. We are interested in the following optimisation problem

min
‖x‖=1

g(x). (5.2)

Lemma 5.1.1. There exists at least one solution to (5.2).

Proof. We first show that g is a continuous function: for x, y ∈ Rd, we have

|g(x)− g(y)| ≤ ‖Ip,n(x)− Ip,n(y)‖

= ‖Ip,n(x− y)‖

= ‖x− y‖
∥∥S̄n∥∥ ,

so g is Lipschitz hence continuous. The set {x ∈ Rd : ‖x‖ = 1} is closed and bounded

in Rd, so there exists x∗ ∈ {x ∈ Rd : ‖x‖ = 1} such that g(x∗) = min‖x‖=1 g(x).

After proving the existence, a natural question to ask is whether the solution is

unique. If we have a convex optimisation problem, we would know the answer to this

question.

Definition 5.1.1 (Convex optimisation problem). If F : Rd → R is a convex function

and X is a convex set in Rd, then

min
x∈X

F (x)

is called a convex optimisation problem.

Proposition 5.1.1. If X is a convex subset of Rd and f : Rd → (−∞,∞] is a proper

convex function, then a local minimum of f over X is also a global minimum of f over

X. If in addition f is strictly convex, then there exists at most one global minimum

of f over X. For an example one can refer to [2] for details.

Lemma 5.1.2. g is a convex function.

Proof. For any x, y ∈ Rd and 0 ≤ λ ≤ 1,

g(λx+ (1− λ)y) =
∥∥Ip,n(λx+ (1− λ)y)− S̄n+1

∥∥
=
∥∥Ip,n(λx) + Ip,n((1− λ)y)− S̄n+1

∥∥
=
∥∥Ip,n(λx) + Ip,n((1− λ)y)− λS̄n+1 − (1− λ)S̄n+1

∥∥
≤
∥∥λ(Ip,n(x)− S̄n+1)

∥∥+
∥∥(1− λ)(Ip,n(y)− S̄n+1)

∥∥
= λg(x) + (1− λ)g(y),

therefore g is a convex function.
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However, (5.2) is not quite a convex optimisation problem, since the set{
‖x‖ = 1 : x ∈ Rd

}
is not convex. There is no general theory about the uniqueness of the solution to

optimisation over the sphere, therefore we have to explore the uniqueness of the

solution depending on the tensor norm used. In the next section we will prove that

if we identify (Rd)⊗n with (Rd)n, then under `2 norm the minimiser is unique using

the method of Lagrange multipliers.

5.2 Application of the method of Lagrange multi-

pliers

If
∥∥Ip,n(x)− S̄n+1

∥∥ is a smooth function under the norm we choose, then a practical

method to find a minimum to the problem is using Lagrange multipliers. As an exam-

ple, let us consider a tree-reduced d-dimensional path γ : [0, 1]→ Rd parametrised at

unit speed, i.e. ‖γ̇t‖2 = 1. For any n ≥ 1, p ∈ {1, · · · , n+ 1}, let A ∈ Rdn+1×d denote

the matrix representing the linear mapping Ip,n, and b ∈ Rdn+1
be the normalised

signature of γ at level n+ 1. We now try to find a solution to

min
x∈Rd,‖x‖2=1

‖Ax− b‖2 . (5.3)

We first note the following property of A.

Lemma 5.2.1. Assume that in Rd, A is same the matrix as in (5.3). The singular

values of A are the same and equal to
∥∥S̄n∥∥2

.

Proof. Let {e1, e2, · · · , ed} be a basis of R, and S̄n =
∑

i∈I(n) ai1i2···inei1 ⊗ · · · ⊗ ein for

the set I(n) of all words of length n over the alphabet {1, · · · , d}. Note the matrix

can be obtained by applying the map Ip,n on the basis {e1, · · · , en} of R, which gives

elements in R⊗(n+1). Therefore we can identify the entries in A by the bases of R and

R⊗(n+1) simultaneously, and write entries of A as Ai1···in+1,j for all i ∈ I(n + 1) and

j ∈ {1, · · · , d}. Then by the definition of Ip,n, we have

Ai1···ip−1ipip+1···in+1,j =

{
ai1···ip−1ip+1···in+1 if j = ip,

0 otherwise.
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Hence

ATA =


∥∥S̄n∥∥2

2
0 · · · 0

0
∥∥S̄n∥∥2

2
0

...
... 0

. . .
...

0 · · · 0 ‖S̄n‖2
2

 ,

which is a diagonal matrix with all diagonal entries equal to
∥∥S̄n∥∥2

2
. Then by the

definition of singular values, the singular values of A are equal to
∥∥S̄n∥∥2

.

Because the objective function in (5.3) is differentiable, we can use the classical

method of Lagrange multipliers.

Consider the non-linear programming problem

minimise f(x)

(P ) subject to h(x) = 0,

r(x) ≤ 0,

where the functions f : Rn → R, r : Rn → Rp and h : Rn → Rm are continuously

differentiable. Define Ω := {x ∈ Rn : h(x) = 0, r(x) ≤ 0}.

Theorem 5.2.1 (Karush-Kuhn-Tucker theorem (KKT)). Let x∗ ∈ Ω be a local min-

imiser of the problem (P ). If x∗ satisfies some regularity conditions, then there exists

λ∗ ∈ Rm and µ∗ ∈ Rp such that

−∇f(x∗) =
m∑
i=1

λ∗i∇hi(x∗) +

p∑
j=1

µ∗j∇rj(x∗),

µ∗j ≥ 0, j = 1, · · · , p,

µ∗jrj(x
∗) = 0, j = 1, · · · , p.

Note that when p = 0, i.e. when there is no inequality constraints, these multipliers

are called Lagrange multipliers.

Definition 5.2.1 (Linear independence constraint qualification (LICQ)). For the

optimisation problem (P ), the linear independence constraint qualification holds at

x̄ ∈ Ω if the equality constraint gradients ∇hi(x̄), i = 1, · · · ,m and the active inequal-

ity constraint gradients ∇rj(x̄), for those indices j ∈ {1, · · · , p} such that rj(x̄) = 0,

are linearly independent.
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In fact it is a well-known fact that LICQ is a regularity condition which guarantees

that the local minimisers must satisfy KKT conditions. For an example one can see

from [16] that the following corollary holds.

Corollary 5.2.1. If a local minimizer x∗ ∈ Ω satisfies LICQ, then x∗ satisfies the

KKT conditions stated in Theorem 5.2.1.

Now we can show that problem (5.3) admits a unique solution on the sphere.

Proposition 5.2.1. There exists a unique solution to problem (5.3), and we can

develop an explicit formula for the minimum using the method of Lagrange multipliers.

Proof. Applying singular value decomposition on A, we can write

A = UΣV T ,

where U ∈ Rdn+1×dn+1
is an orthogonal matrix, Σ ∈ Rdn+1×d is a diagonal matrix, and

V ∈ Rd×d is an orthogonal matrix. Note

‖Ax− b‖2 =
∥∥UΣV Tx− b

∥∥
2

=
∥∥ΣV Tx− UT b

∥∥
2
.

Recall from Lemma 5.2.1 that the singular values of A are equal to
∥∥S̄n∥∥2

. Define

λ :=
∥∥S̄n∥∥2

, and write

Σ =



λ 0 · · · 0

0
. . .

...
...

. . . 0
0 · · · 0 λ
0 · · · · · · 0
...

...
...

...


, V Tx =


q1

q2
...
qd

 , UT b =


y1

y2
...

ydn+1

 .

Then

∥∥ΣV Tx− UT b
∥∥

2
=

∥∥∥∥∥∥∥∥∥∥∥∥∥∥



λ 0 · · · 0

0
. . .

...
...

. . . 0
0 · · · 0 λ
0 · · · · · · 0
...

...
...

...




q1

q2
...
qd

−


y1

y2
...

ydn+1



∥∥∥∥∥∥∥∥∥∥∥∥∥∥
2
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=

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥



λq1 − y1

λq2 − y2
...

λqd − yd
−yd+1

...
−ydn+1



∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥
2

.

Note that ‖V Tx‖2 = ‖x‖2 since V is orthogonal. Note also that qi for i = 1, · · · , d
only appear in the first d entries, and therefore (5.3) is equivalent to

min
d∑
i=1

(λqi − yi)2 subject to
d∑
i=1

q2
i = 1.

Define η to be the Lagrange multiplier. Then the extreme values of {qi} satisfy

2λ(λqi − yi) = 2ηqi ∀i = 1, · · · , d,
d∑
i=1

q2
i = 1.

Therefore we can get an equation about η:

d∑
i=1

(λyi)
2 = (λ2 − η)2,

after solving which we can get η = λ2 ± λ
√∑d

i=1 y
2
i . Using the fact that qi = λyi

λ2−η ,

we have the following choices of solutions:

η = λ2 ± λ

√√√√ d∑
i=1

y2
i .

Therefore we have

qi =
yi√∑d
j=1 y

2
j

, ∀i = 1, · · · , d, or qi = − yi√∑d
j=1 y

2
j

, ∀i = 1, · · · , d.

By Lemma 5.1.1 we know that there must exist at least one feasible global minimum

to (5.3). Since we only have one equality constraint, LICQ is trivially satisfied.

Hence the solutions from using the Lagrange multipliers must contain at least one

local minimum by Corollary 5.2.1. Since a global minimum is also a local minimum,

the global minimum(s) must be among the solutions we have obtained from using
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the Lagrange multipliers. Hence we can substitute the solutions into the objective

function and compare.

When qi = yi√∑d
j=1 y

2
j

, the objective function is equal to

d∑
i=1

λ yi√∑d
j=1 y

2
j

− yi

2

=

 λ√∑d
j=1 y

2
j

− 1

2
d∑
i=1

y2
i ;

When qi = − yi√∑d
j=1 y

2
j

, the objective function is equal to

d∑
i=1

λ yi√∑d
j=1 y

2
j

+ yi

2

=

 λ√∑d
j=1 y

2
j

+ 1

2
d∑
i=1

y2
i .

By assuming ‖S̄n‖2 > 0, we have λ > 0, then from above we can see that qi =

yi√∑d
j=1 y

2
j

for i = 1, · · · , d give smaller value, therefore

(
yi√∑d
j=1 y

2
j

)
i=1,··· ,d

is the global

minimum. Hence the solution to (5.3) is unique. Finally we get the minimum x∗ by

x = V V Tx.

Corollary 5.2.2. Assume a tree-reduced continuous bounded-variation path γ : [a, b]→
Rd is of length L > 0 and differentiable at θ ∈ (a, b), and suppose γ is parametrised

at an unknown speed. Then there exists a unique solution to problem

min
x∈Rd,‖x‖2=1

‖LAx− b‖2 , (5.4)

where A and b are as described in (5.3).

Proof. We have seen from Lemma 4.6.2 that if we do not know the speed of parametri-

sation of the path, we can solve the optimisation problem (4.28) to get a approxima-

tion of the derivative of the path. If we use `2 norm, then (4.28) becomes (5.4). Note

the only difference between (5.4) and (5.3) is the constant L in front of the matrix A,

therefore a similar analysis as in Proposition 5.2.1 applies, and (5.4) admits a unique

solution.

We now demonstrate some examples of inverting the signature of a path by solving

(5.3). All of the following computation is done in C++, and the graphs are plotted in

MATLAB. The computation of signatures used is done via the C++ library Libalgebra

[6]. The matrix computation algorithms used are from LAPACK [1], and the version

used is provided by Intel Math Kernel Library.
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Figure 5.1: Reconstruction of a semicircle under `2 norm, where n is the level of
signature used

Example 5.2.1 (Semicircle). Let γ : [0, 1] → R2 be the path of a semicircle, i.e.

γ
(1)
t = 1

π
cos(πt), γ

(2)
t = 1

π
sin(πt) for t ∈ [0, 1]. If we use `2 norm, we can use the

formulae obtained in Proposition 5.2.1 to get an approximation to the derivative of

the path at different time points. Thus we are able to approximate the increments

over subintervals by Mean Value Theorem, as shown in Figure 5.1. We can see that

using higher levels of signature gives better approximations to the true path.

Example 5.2.2 (Circle). Assume in this example γ : [0, 1]→ R2 is the path of a circle

such that γt = ( 1
2π

cos(2πt), 1
2π

sin(2πt)) for t ∈ [0, 1]. Again we used the formulae

obtained in Proposition 5.2.1 to get an approximation to the derivative at different

times in `2 norm, therefore an approximation of the increments over the sub-intervals,

as shown in Figure 5.2.

Example 5.2.3 (Digit ‘8’). One interesting case to consider is when the path is self-

crossing. A good example of this kind is digits.

The dataset we use is Pen-Based Recognition of Handwritten Digits Data Set from
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Figure 5.2: Reconstruction of a circle under `2 norm, where n is the level of signature
used

98



UC Irvine Machine Learning Repository [14], which is a digit database by collecting

250 handwritten digit samples from 44 writers. The dataset records the (x, y) coor-

dinates on the 2-dimensional plane as the participants write. The raw data captured

consists of integer values between 0 and 500, and then a resampling algorithm is ap-

plied so that the points are regularly spaced in arc length.

We have taken one sample of the digit ‘8’ from the training data, and normalise the

input vectors so that they consist of values in [0, 1]. Note that the path now is not

necessarily parametrised at unit speed. In this case, we can solve a slightly altered op-

timisation problem by the result of Lemma 4.6.2, therefore we need an approximation

of the length of the path. Due to Conjecture 2.3.1, we can approximate the length of

the path by taking the n-th root of the n-th level of the signature multiplied by n!.

We then reconstruct the underlying path using the method of Lagrange multipliers to

approximate the derivative of the path at different points by the results of Proposition

5.2.1 and Corollary 5.2.2, and use splines to smooth the derivatives, and then inte-

grate over [1/(n+2), (n+1)/(n+2)] in MATLAB to approximate the underlying path,

where n is the level of the lower level signature used. Compared to the underlying path

in Figure 5.3a, we can see from Figure 5.3b, 5.3c, 5.3d, 5.3e, 5.3f, 5.3g, and 5.3h

that overall we get better approximations when we use higher levels of the signature of

the path. Note that the paths reconstructed are at different scales from the underlying

path. This is because we have reconstructed the path parametrised at unit speed, as

shown in Lemma 4.6.2. Also note that if γ : [u, u + L] → Rd is a path parametrised

at unit speed and of length L, then∫ u+L

u

γ̇(t)dt

=L

∫ 1

0

γ̇(Ls+ u)ds,

therefore the path obtained is the underlying path parametrised at unit speed and scaled

by 1/L. The shapes of the reconstructed paths are not affected even though we have a

different speed of parametrisation.

Example 5.2.4 (Robustness of the insertion method). In this example, we show

that we can build a pipeline to invert the signatures of paths by the insertion method.

We arbitrarily choose 20 samples from the training set (consisting of handwritten

digits by 30 writers) of the Pen-Based Recognition of Handwritten Digits Data Set

[14] and normalise the data as described in Example 5.2.3. Then we reconstruct the

underlying path using signature level 9 and 10 using the method of Lagrange multipliers
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(c) Reconstruction using signature level 5
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(d) Reconstruction using signature level 6
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(e) Reconstruction using signature level 7
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(f) Reconstruction using signature level 8
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(g) Reconstruction using signature level 9
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(h) Reconstruction using signature level 10

Figure 5.3: Reconstruction of the digit ‘8’ using the insertion method
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as described in Proposition 5.2.1 and Corollary 5.2.2, and obtain Figure 5.4, 5.5, 5.6,

5.7 and 5.8. Note we export the derivatives computed in C++ into MATLAB, and

use the splines to approximate the derivatives, and then unlike Example 5.2.3, we

integrate the splines over [0, 1]. This is because signature level 9 is relatively higher

than most of the signature levels used in Example 5.2.3, so the splines are supposed

to behave better at extrapolation. We can see that the insertion method is in general

quite robust, however it may not be able to give an accurate approximation at the

corner of the path.
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(b) Sample 9, reconstructed digit
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(c) Sample 12, underlying digit
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(d) Sample 12, reconstructed digit
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(e) Sample 17, underlying digit
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(f) Sample 17, reconstructed digit
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(g) Sample 38, underlying digit

-0.3 -0.25 -0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15
-0.45

-0.4

-0.35

-0.3

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05
Sample38ReconstructedDigit

(h) Sample 38, reconstructed digit

Figure 5.4: Reconstruction of digits from the data set [14] using signature level 9 and
10
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(a) Sample 41, underlying digit
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(b) Sample 41, reconstructed digit
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(c) Sample 51, underlying digit
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(d) Sample 51, reconstructed digit
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(e) Sample 55, underlying digit
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(f) Sample 55, reconstructed digit
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(g) Sample 62, underlying digit
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(h) Sample 62, reconstructed digit

Figure 5.5: Reconstruction of digits from the data set [14] using signature level 9 and
10
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(a) Sample 64, underlying digit
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(b) Sample 64, reconstructed digit
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(c) Sample 70, underlying digit
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(d) Sample 70, reconstructed digit
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(e) Sample 71, underlying digit
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(f) Sample 71, reconstructed digit
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(g) Sample 77, underlying digit
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(h) Sample 77, reconstructed digit

Figure 5.6: Reconstruction of digits from the data set [14] using signature level 9 and
10
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(a) Sample 81, underlying digit
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(b) Sample 81, reconstructed digit
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(c) Sample 86, underlying digit
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(d) Sample 86, reconstructed digit
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(e) Sample 91, underlying digit
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(f) Sample 91, reconstructed digit
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(g) Sample 100, underlying digit
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(h) Sample 100, reconstructed digit

Figure 5.7: Reconstruction of digits from the data set [14] using signature level 9 and
10
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Remark 5.2.1. From a computational point of view, in general if we want to use the

insertion method described in Chapter 4 to invert the signature, we need a nonlinear

optimisation solver. However most of such solvers require a good initial guess. Hence

when doing computation, we need to keep in mind that such factors may affect the

results.

5.3 Comparison with symmetrisation

So far we have discussed two methods of inverting the signature of a path: the

symmetrisation method and the insertion method. It is interesting to compare the

two methods.

Complexity. Let us first consider the complexity of the symmetrisation method.

If we recall the setting of constructing the probability of increments over the sub-

intervals, for m = 0, · · · , nj,

PN
(

∆xj =
m

nj

1

k
,∆yj =

nj −m
nj

1

k

)
=

∑
n=(n1,··· ,nk),|ωj |x=m Sn

k (`)∑
n=(n1,··· ,nk) Sn

k (`)
,

where ` ∈ Ln
k , and

Ln
k =

{
` = (`1, · · · , `k) : `j = (`1

j , · · · , `dj ),
d∑
i=1

`ij = nj,∀j = 1, · · · , k

}
,

for n ∈ PN,k, and

PN,k =

{
n = (n1, · · · , nk) : nj > 0,

k∑
j=1

nj = N

}
.

Note for a given n = (n1, · · · , nk), the number possible combinations of `1
j , · · · , `dj

satisfying
∑d

i=1 `
i
j = nj is

d−1∑
i=0

(
d

d− i

)(
nj − 1

d− i− 1

)
for all j = 1, · · · , k. Here we define

(
m
n

)
= 0 if m < n. Then the size of Ln

k

is
∏k

j=1(
∑d−1

i=0

(
d
d−i

)(
nj−1
d−i−1

)
). If we choose n1 = · · · = nk, then the size of Ln

k is

[
∑d−1

i=0

(
d
d−i

)( N
k
−1

d−i−1

)
]k, where N is the level of signature used, and also note the com-

plexity comes from calculating the number of combinations of letters when fixing

∆xj = m
nj

1
k

for every m = 0, · · · , nj and j = 1, · · · , k, hence the order of complexity

when all the k blocks are of equal length is O(k(N
k

+ 1)[
∑d−1

i=0

(
d
d−i

)( N
k
−1

d−i−1

)
]k−1).
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As for the insertion method, the complexity depends on the optimisation algorithm

we use. If we consider the method of Lagrange multipliers, from the previous section

we can see that the main complexity comes from singular value decomposition and

matrix multiplication. If we use the DGESVD function from LAPACK [1] to compute

SVD, LAPACK Users’ Guide [1] suggests that DGESVD requires Householder reflec-

tors, and from Trefethen and Bau [31] we can see that the cost of such an operation is

O(dN+3). The cost of matrix multiplication in our case is O(d2N+2). Hence the overall

complexity of the insertion method when using the method of Lagrange multipliers

is O(d2N+2).

For the ease of comparison, for the symmetrisation method we fix the length of each

of block to be 1, i.e. n1 = · · · = nk = 1. Then when the dimension d = 2, the

complexity of the symmetrisation method is O(N2N), while the complexity of the

insertion method is O(22N+2). Hence the symmetrisation method has an advantage

over the insertion method in terms of complexity.

Accuracy. In general, the rate of convergence of the both methods shall depend on

the modulus of continuity of the underlying path. We have not been able to determine

the rate of convergence for both methods, therefore we need to compare the accuracy

of the methods by implementation.

When using the symmetrisation method, we consider the iterated integrals coordinate-

wise, and recover the magnitude of the increments over the subintervals. With the

symmetrisation method we are not able to recover the direction of the path directly,

and this is also one of the reasons we have focused mainly on the symmetrisation

algorithm for inverting monotone paths. For C1 paths, a method of determining the

direction of the path is given by Lyons and Xu [25].

The insertion method directly deals with terms in the signature of a path, which in-

clude the information about the direction of the path. Therefore the insertion method

is able to reconstruct the derivative of a path with the direction.

We use the following example to demonstrate the differences between the symmetri-

sation and the insertion method.

Example 5.3.1. Consider the path γ : [0, 1] → R2 parametrised at unit speed such

that γ(2) = (γ(1))2.

If we use the symmetrisation method, we use `1 norm. When we fix the length of each

block equal to 1 and increase the number of blocks, we obtain Figure 5.10.

If we use the insertion method and choose to use `2 norm, we can reconstruct the

quadratic curve using the method of Lagrange multipliers as described in Proposition
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Time consumed(secs)
Symmetrisation in C++, using signature level n = 5, · · · , 11 2.885

Insertion in C++, using signature level n = 4, · · · , 10 0.702

Table 5.1: Computational time when applying the methods using different platforms

5.2.1 and obtain Figure 5.9, and here again Libalgebra [6] and LAPACK [1] are used

in the computation. When reconstructing the path, for a given level of signature n,

we can get an approximation of the derivative of the path at p
n+2

for p = 1, · · · , n+ 1.

Then we approximate the increment of the path over the subinterval [ p−1
n+1

, p
n+1

] by
1

n+1
x∗ p
n+2

,n, where x∗ p
n+2

,n is the solution to the optimisation problem defined in (5.3).

Again we can see that as we take higher order of signatures, the approximation path

obtained becomes closer to the underlying path.

We can also export the signature from C++ to use the built-in optimisation pro-

gramme FMINCON in MATLAB. Here we demonstrate the result when we solve the

problem under `1 norm in Figure 5.11.

If we compare the time consumed when using each of the method, as shown in Table

5.1, we can see that the insertion method takes less time than the symmetrisation

method in C++. This is different from the complexity analysis we have, however we

have to bear in mind that in implementation there are other factors that affect the

performance, such as the complexity generated from using Libalgebra [6]. Moreover,

LAPACK [1] is highly optimised in terms of memory usage.

In terms of accuracy, we can see from Figure 5.9, 5.10 and 5.11 that both methods

give results with similar accuracy. One way to measure the accuracy is to compare

the levels of the signature reconstructed with the levels of the original signature used.

Denote the `2 error between the original and the reconstructed signatures at the n-th

level by en. Note that the insertion method takes two levels of the signature as in-

puts, i.e. the insertion method requires information from two levels of the signature

to construct one approximation path, while the symmetrisation method only requires

one level for one reconstruction. Hence for comparison, it is reasonable to compare

en from the insertion method with en+1 from the symmetrisation method. Table 5.2

shows that the symmetrisation method gives better approximation results than the in-

sertion method. We also note that the accuracy of the insertion method may also

depend on the optimisation package chosen.

Note: The code of the computational results in Chapter 4 and Chapter 5 is

available on https://sourceforge.net/projects/signatureinversioninsertion/.
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Error Insertion method us-
ing Lagrange multipli-
ers

Symmetrisation
method

e2
4 1.2334e-05 -
e2

5 4.833595e-07 3.57113e-08
e2

6 1.28592e-08 5.28732e-10
e2

7 2.49103e-10 5.77203e-12
e2

8 3.68427e-12 4.84631e-14
e2

9 4.30637e-14 3.22984e-16
e2

10 4.08225e-16 1.751e-18
e2

11 - 7.87613e-21

Table 5.2: Error between the reconstructed and the underlying signature at different
levels
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Figure 5.8: Reconstruction of digits from the data set [14] using signature level 9 and
10
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Figure 5.9: Reconstruction of y = x2 under `2 norm using the method of Lagrange
multipliers, where n is the level of signature
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Figure 5.10: Reconstruction of y = x2 using the symmetrisation method, block
length=1
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Figure 5.11: Reconstruction of y = x2 under `1 norm using the optimisation pro-
gramme in MATLAB, where n is the level of signature
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Chapter 6

Conclusions and future work

The signature of a path has always been an important concept in rough paths theory.

We have showed various properties regarding the signature of a path.

It has always been an interesting topic that whether the normalised signature is

bounded below. We have proved in Chapter 2 that the n-th root of the n-th level

of the signature of a path multiplied by n! with finite length converges to a non-zero

limit, and we have conjectured that the limit is the length of the path. In fact, Ham-

bly and Lyons [19] showed that under the Hilbert–Schmidt norm, the n-th root of

the n-th level of the signature multiplied by n! of a continuously differentiable path

converges to the length of the path. It is therefore an interesting problem to prove

the conjecture for any path with finite length under any reasonable tensor algebra

norm.

A stronger convergence was proved by Hambly and Lyons [19], which states that for

path which satisfy certain smooth conditions, the n-th term of the normalised signa-

ture tends to 1 as n tends to infinity under a particular choice of norm. However,

we gave an example in Chapter 4 that this strong convergence does not hold for the

piecewise linear path under the Hilbert-Schmidt norm. Hence it is worth considering

the conditions required on paths and norm functions to observe the strong conver-

gence.

We have also included two methods to invert the signature of a path. The sym-

metrisation method, which was first introduced by Lyons and Xu [25], recovers the

increments of a path over sub-intervals. We demonstrated an algorithm using the

symmetrisation method to reconstruct a monotone path.

We have also introduced the insertion method, which recovers the derivative of a

path at different times. The motivation is that we can approximate the (n + 1)-th

level of the normalised signature of a path by inserting the derivative of the path
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into the n-th level of the normalised signature. We used the idea of concentration of

measures and showed an upper bound exists for the difference between the inserted

n-th level and the (n+ 1)-th level of the normalised signature of a path. Combining

with the lower bound we found for a subsequence of terms in the normalised signa-

ture of a piecewise linear path in Theorem 4.5.1, we have showed that the solution to

min‖x‖2=1

∥∥Ip,n(x)− S̄n+1

∥∥
π

converges to the derivative of the piecewise linear path

if certain constraints are satisfied. Moreover, we have also showed that the insertion

method can also be used to reconstruct smooth enough paths from their signatures

under some conditions in Theorem 4.6.3.

There are some interesting questions we can ask about the insertion method:

1. Theorem 4.3.1 requires knowledge about the modulus of continuity of the nor-

malised signature of a non-degenerate piecewise linear path to develop an upper

bound for the difference between Ip,n and S̄n. However, it is an open question

that whether the upper bounds obtained in Lemma 4.3.1 and Lemma 4.3.2 are

optimal;

2. We proved in Corollary 4.5.1 that a subsequence of terms of the normalised

signature of a non-degenerate piecewise linear path is bounded below by a con-

stant under the projective tensor norm. It is then a natural question to ask

whether there exists a lower bound for the normalised signature of a piecewise

linear path under other tensor norms, and in general, the rate of decay of the

terms in the normalised signature of a path;

3. We have seen from Chapter 5 that we can reconstruct a tree-reduced smooth

path with the insertion method by using norms other than the projective tensor

norm. It is then interesting to explore the feasibility of the insertion method

under other tensor norms induced by a norm function on Rd other than the `2

norm.

If the above questions can be answered, then it is very possible that the insertion

method can be used to reconstruct a more general set of paths, such as C1 paths or

even, bounded-variation paths, under some easily computable norm.

To conclude, inverting the signature of a path is an interesting topic which involves

knowledge from different subjects such as rough paths, probability, algebra and anal-

ysis, and there are still some open questions in this topic awaiting to be discussed.
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Appendix A

1. Proof of Lemma 1.1.3

Proof. Let LX(u) be the length of X up to time u ∈ I. Because X(·) is contin-

uous, LX(·) is a continuous increasing function on I. Define

τ(t) := sup {u ∈ I : LX(u) ≤ t} .

Note that LX(τ(t)) = t for t ∈ [0, L]. Define Yt = Xτ(t) for t ∈ [0, L]. Let LY (t)

denote the length of Y up to time t. Recall that the length of a path is defined

as

LX(u) := sup
DX

∑
ui−1,ui∈DX

∥∥Xui −Xui−1

∥∥ ∀u ∈ I,

where DX is a partition on {u′ ∈ I : u′ ≤ u}. We can show that the length of

the path is invariant under this re-parametrisation:

For a partition DY on {t′ ∈ [0, L] : t′ < t}, define DX = {τ(t′) : t′ ∈ DY }. Note

because τ(·) is not onto, more than one points in DY can be mapped to the same

value in DX . However, if LX(u) = LX(v) for u, v ∈ I, then ‖Xu −Xv‖ = 0.

Hence ∑
ti−1,ti∈DY

∥∥Yti − Yti−1

∥∥ =
∑

uj−1,uj∈DX

∥∥Xuj −Xuj−1

∥∥ ,
and

LY (t) = sup
DY

∑
ti−1,ti∈DY

∥∥Yti − Yti−1

∥∥ = sup
DX

∑
uj−1,uj∈DX

∥∥Xuj −Xuj−1

∥∥ ≤ LX(τ(t)).

Also for a partition PX on {u′ ∈ I : u′ ≤ τ(t)}, we can define

PY = {LX(u′) : u′ ∈ PX} ,
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and ∑
uj−1,uj∈PX

∥∥Xuj −Xuj−1

∥∥ =
∑

ti−1,ti∈PY

∥∥Yti − Yti−1

∥∥ ,
so

LX(τ(t)) = sup
PX

∑
uj−1,uj∈PX

∥∥Xuj −Xuj−1

∥∥ = sup
PY

∑
ti−1,tj−1∈PY

∥∥Yti − Yti−1

∥∥ ≤ LY (t).

Therefore LX(τ(t)) = LY (t) for t ∈ [0, L]. Hence

LY (t)− LY (s) = LX(τ(t))− LX(τ(s)) = t− s.

Therefore we have re-parametrised the path at a unit speed.

2. Proof of Lemma 1.2.1

Proof. Let D = {0 = t0 < ... < tr = t} be a partition of [0, t]. Assume tj ≤ s <

tj+1 for some j ∈ {0, ..., r−1}. Define D1 = {t0 < ... < tj}, D2 = {tj < ... < tr}.
So D1 ∪D2 = D. Then∑
ti,ti+1∈D

∥∥(X ∗ Y )ti+1
− (X ∗ Y )ti

∥∥p
=

∑
ti,ti+1∈D1

∥∥(X ∗ Y )ti+1
− (X ∗ Y )ti

∥∥p +
∑

titi+1∈D2

∥∥(X ∗ Y )ti+1
− (X ∗ Y )ti

∥∥p
=

∑
ti,ti+1∈D1

∥∥Xti+1
−Xti

∥∥p +
∑

ti,ti+1∈D2

∥∥(Yti+1
− Yti

∥∥p
<∞.

Therefore

‖X ∗ Y ‖p,[0,t] =

sup
D

∑
ti,ti+1∈D

∥∥(X ∗ Y )ti+1
− (X ∗ Y )ti

∥∥p 1
p

<∞.

3. Proof of Lemma 1.4.1

Proof. This is in fact a simplified statement of Exercise 3.15 in [23], and we

provide a proof here:

sym(Sn0,T (X)) =
1

n!

∑
σ∈S(n)

∫
0<u1<...<un<T

dXσ(u1) ⊗ ...⊗ dXσ(un)
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=
1

n!

∑
σ∈S(n)

∫
0<σ−1(u1)<...<σ−1(un)<T

dXu1 ⊗ ...⊗ dXun

=
1

n!

∫
0<u1,...,un<T

dXu1 ⊗ ...⊗ dXun

=
1

n!
(XT −X0)⊗n

=
1

n!

(
S1

0,T (X)
)⊗n

.

4. Proof of Lemma 2.1.1

Proof. The idea used is the same as in Proposition 2.1 of [29]. Suppose V

is a normed vector space. Let φ ∈ (V ⊗m)′ and ψ ∈ (V ⊗n)′. For any x =∑
i∈I ui ⊗ vi ∈ V ⊗(m+n), where ui ∈ V ⊗m and vi ∈ V ⊗n for all i ∈ I,

|(φ⊗ ψ)(x)| =

∣∣∣∣∣∑
i∈I

φ(ui)ψ(vi)

∣∣∣∣∣
≤
∑
i∈I

|φ(ui)| |ψ(vi)|

≤
∑
i∈I

‖φ‖ ‖ui‖ ‖ψ‖ ‖vi‖

for any arbitrary representation of x. Hence for all x ∈ V ⊗(m+n),

|(φ⊗ ψ)(x)| ≤ ‖φ‖ ‖ψ‖ ‖x‖π .

Therefore ‖φ⊗ ψ‖ ≤ ‖φ‖ ‖ψ‖.
Now let u ∈ V ⊗m and v ∈ V ⊗n. Note by the definition of projective tensor

norm, we have

‖u⊗ v‖π ≤ ‖u‖ ‖v‖ .

For any permutation σ ∈ S(n), we have, for any representation of x =
∑

i∈I vi1⊗
· · · ⊗ vin ∈ V ⊗n,

‖σ(x)‖π = inf
∑
i∈I

∥∥vσ(i1)

∥∥ · · · ∥∥vσ(in)

∥∥
= inf

∑
i∈I

‖vi1‖ · · · ‖vin‖

= ‖x‖π .

Hence the projective tensor norm satisfies the properties specified in Definition

2.1.3.
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5. Proof of Lemma 2.1.2.

Proof. This proof is also a generalisation of the argument in [29]. Suppose V

is a normed vector space. Let φ ∈ (V ⊗m)′ and ψ ∈ (V ⊗n)′. If ‖φ‖ = 0 or

‖ψ‖ = 0, then for all x ∈ V ⊗(m+n), (φ ⊗ ψ)(x) = 0, which implies trivially

that ‖φ‖ ‖ψ‖ = ‖φ⊗ ψ‖. If we assume ‖φ‖ > 0 and ‖ψ‖ > 0. Then for

x =
∑

i∈I ui ⊗ vi ∈ V ⊗(m+n), where ui ∈ V ⊗m and vi ∈ V ⊗n for all i ∈ I,

|(φ⊗ ψ)(x)| =

∣∣∣∣∣∑
i∈I

φ(ui)ψ(vi)

∣∣∣∣∣
= ‖φ‖ ‖ψ‖

∑
i∈I

φ(ui)

‖φ‖
ψ(vi)

‖ψ‖
.

Note that φ
‖φ‖ and ψ

‖ψ‖ are linear functionals of norm 1, then by the definition

of the injective tensor norm,

|(φ⊗ ψ)(x)| ≤ ‖φ‖ ‖ψ‖ ‖x‖δ

for any arbitrary representation of x. Hence

‖φ⊗ ψ‖ ≤ ‖φ‖ ‖ψ‖ .

Let u ∈ V ⊗m, and v ∈ V ⊗n. By Hahn-Banach Theorem, there exist φ1 ∈
(V ⊗m)′, and φ2 ∈ (V ⊗n)′ such that ‖φ1‖ = 1, ‖φ2‖ = 1, and φ1(u) = ‖u‖,
φ2(v) = ‖v‖. Then

‖u‖ ‖v‖ = |φ1 ⊗ φ2(u⊗ v)|

≤ ‖φ1 ⊗ φ2‖ ‖u⊗ v‖

≤ ‖u⊗ v‖δ .

Let x =
∑

i∈I vi1 ⊗ · · · ⊗ vin ∈ V ⊗n for some indexing set I where |I| < ∞. If

σ ∈ S(n), then

‖σ(x)‖δ =

∣∣∣∣∣ sup
‖φj‖≤1

∑
i∈I

φ1(viσ(1)) · · ·φn(viσ(n))

∣∣∣∣∣
=

∣∣∣∣∣ sup
‖φj‖≤1

∑
i∈I

φ1(vi1) · · ·φn(vin)

∣∣∣∣∣
= ‖x‖δ .

Hence the injective tensor norm satisfies the properties described in Definition

2.1.3.
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6. Proof of Lemma 2.1.4

Proof. We need to prove that for x ∈ H1⊗H2⊗H3, ‖x‖(H1⊗̂H2)⊗̂H3
= ‖x‖H1⊗̂(H2⊗̂H3).

Assume {ei : i ∈ I}, {fj : j ∈ J} and {wk : k ∈ K} are orthonormal bases of

H1, H2 and H3 respectively. Then for x =
∑

i∈I,j∈J,k∈K λijkei ⊗ fj ⊗ wk,

‖x‖2
(H1⊗̂H2)⊗̂H3

=
∑

i∈I,j∈J,k∈K

λ2
ijk = ‖x‖2

H1⊗̂(H2⊗̂H3),

as expected.

7. Proof of Lemma 2.1.5

Proof. By the definition of the Hilbert-Schmidt inner-product 〈·, ·〉 on H1⊗H2,

for all u ∈ H1 and v ∈ H2,

〈u⊗ v, u⊗ v〉 = 〈u, u〉1〈v, v〉2
= ‖u‖2‖v‖2,

hence

‖u⊗ v‖ = ‖u‖‖v‖.

By Riesz-Fréchet Theorem, H ′1 and H ′2 are Hilbert spaces, and for any φ ∈ H ′1
and ψ ∈ H ′2,

‖φ⊗ ψ‖ = ‖φ‖‖ψ‖.

We can show that the tensor product of duals here match with Definition 2.1.2:

If {ei : i ∈ I} is an orthonormal basis of H1 and {e′j : j ∈ J} is an orthonormal

basis of H2, we denote the corresponding dual bases as {fi : i ∈ I} and {f ′j :

j ∈ J} respectively. Then {ei ⊗ e′j : i ∈ I, j ∈ J} is an orthonormal basis of

H1⊗H2, and {fi⊗f ′j : i ∈ I, j ∈ J} is the corresponding dual basis of H ′1⊗H ′2,

and

fi ⊗ f ′j(er ⊗ e′s) =

{
1 if i = r, j = s

0 otherwise.

Note this coincides with Definition 2.1.2.

8. Proof of Lemma 2.1.6
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Proof. We are left to check that the Hilbert-Schmidt norm is invariant un-

der permutations: if {ei : i ∈ I} is an orthonormal basis of H, for any v =∑
jk∈I βiej1 ⊗ · · · ⊗ ejn ∈ H

⊗n, for any σ ∈ S(n),

‖σ(v)‖2 =
∑
jk∈I

〈
βjejσ(1) ⊗ · · · ⊗ ejσ(n) , βjejσ(1) ⊗ · · · ⊗ ejσ(n)

〉
=
∑
jk∈I

β2
j

= ‖v‖2 .

Hence the Hilbert-Schmidt norm is a reasonable tensor algebra norm.

9. Proof of Proposition 3.1.1

Proof. For all words ω of length m and |ω|x = `, |ω|y = m− `, we have∑
|ω|=m,|ω|x=`,,|ω|y=m−`

C(ω) =
1

`!(m− `)!

∫
0<u1,...,um<1

dγi1u1 ...dγ
im
um

=
1

`!(m− `)!
(∆x)`(∆y)m−`,

where |ej1 ...ejm|x = ` and |ej1 ...ejm|y = m−`, and ∆x, ∆y are the increments of

γ over [0, 1]. Note the factorials come from the fact that the repeated integrals

are not counted. Hence

S2n
k (ω, `) =

∫
∆k−1

k∏
j=1

(
2n

2`j

)
(∆xj)

2`j(∆yj)
2n−2`jdγu1 ...dγuk−1

=

∫
∆k−1

k−1∏
j=1

γ̇uj

k∏
j=1

(
2n

2`j

)
(∆xj)

2`j(∆yj)
2n−2`jdu1...duk−1.

10. Proof of Lemma 4.2.4

Proof.

P (X − a ≥ t) = P (X − µ ≥ a− µ+ t)

= P (exp(λ(X − µ)) ≥ exp (λ(a− µ+ t))) ∀λ > 0

≤ E[exp (λ(X − µ))]

exp (λ(a− µ+ t))
by Markov’s inequality
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≤ exp

(
λ2σ2

opt

2
− λ(a− µ+ t)

)
by sub-Gaussian property

≤ exp

(
λ2σ2

0

2
− λ(a− µ+ t)

)
.

Similarly,

P(X − a ≤ −t) = P(−X + a ≥ t)

= P(−X + µ ≥ µ− a+ t)

= P (exp(−λ(X − µ)) ≥ exp (λ(µ− a+ t))) ∀λ > 0

≤ E[exp(−λ(X − µ))]

exp(λ(µ− a+ t))

≤ exp

(
λ2σ2

0

2
− λ(µ− a+ t)

)
.

Then

P (|X − a| ≥ t) ≤ exp

(
λ2σ2

0

2
− λt

)
(exp(λ(µ− a)) + exp(−λ(µ− a))) ,

and choosing λ = t
σ2
0

gives

P (|X − a| ≥ t) ≤ exp

(
− t2

2σ2
0

)(
exp

(
t(µ− a)

σ2
0

)
+ exp

(
−t(µ− a)

σ2
0

))
.
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