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1 Introduction

Unitary conformal field theories [1] have played important roles in many different fields
of physics ranging from string theory [2, 3] to critical statistical mechanical systems [3, 4].
Recent studies have also shown their intimate connections to topological phases of matter
from symmetry protected topological phases [5-8] to fractional quantum Hall states [9-16].
Specifically, for quantum Hall states, following many pioneering works, wavefunctions of
fractional quantum Hall states are shown to be closely related to correlators of primariy
fields of the unitary conformal field theory describing its low-energy edge physics. This is a
manifestisation of the general “bulk-boundary” correspondence of a topologically ordered
state where the bulk hosts a topological field theory and the boundary hosts a conformal
field theory. Wavefunctions from unitary conformal field theories associated with fractional
quantum Hall states provide deep insights into understandings of physical properties of these
exotic phases of matter, such as anyonic excitaions, fractional statistics and even non-Abelian
fusion structures among anyons.

N =1 superconformal field theories (SCFTs) are the first series of unitary field theories
non-trivially extending Virasoro algebra [17-19]. Each member SCFT has a A = % supercur-
rent operator G (also called Zg) parafermion in [20] because of its fusion structure: G x G = 1)
that together with the usual A = 2 stress-energy tensor 7' forming the N' = 1 superconformal
algebra. This algebra coincides with W B; () algebra [21], where § is related to the central
charge by ¢ = 15/2 — 33 — 357!, Note that W B1(3) minimal models correspond to 3 = p/q,
where p, g are coprime integers. Other generalizations beyond Virasoro algebra involving
operators with fractional spin A = % can be found in [22-24] (N = 3 corresponds to S3
minimal models [25]). Our motivations to study this particular series of CFTs are two fold.
Recent works following [26-29] have revealed an intricate structure in the theory space of
rational CFTs. Different rational CFTs with highly similar topological modular data, fusion



structures and anyon contents, are related by number theoretical maps at the level of charac-
ters. One can trace these different classes of topological modular data back to realizations in
either some parafermion or minimal model M(p, ¢) theories (usually non-unitary q # p + 1).
Along this line of thinking, we want to understand how our N' = 1 minimal models can be
decomposed into more “primitive” CFTs. Furthermore, we go beyond characters and try to
find explicit decompositions of primary fields with Abelian fusion structure. On the other
hand, certain anyons are essential for topological quantum computation [30]. Member CFTs
in N' = 1 series are known to host these anyons that are capable of performing universal
quantum computation by braiding alone. For example, the tri-critical Ising model [3], also
known as the edge theory of the “anti-Fibonacci” phase [31], hosts Fibonacci anyons with
scaling dimension A = % and fusion rule 7 x 7 =1+ 7. A comprehensive understanding
of the ground state and quasiparticle wavefunctions of these topological phases are crucial
for their quantum information applications.

This paper is organized as follows: in section 2, we present explicit characterization of the
N = 1 superconformal minimal models using coset construction. This also gives us an unique
decomposition of the supercurrent operators. In section 3, we take our N/ = 1 superconformal
field theories as the neutral part of a fractional quantum Hall state. We work out its ground
state wavefunction based on correlators of the supercurrent operators. The main tool is to
use the fact that correlators of supercurrent operators depends on the central charge in a
polynomial way, so correlators of supercurrent operators in various free field theories with

different central charges uniquely determine the correlators themselves. By fixing the limit
3
2
into sums of symmetric polynomials with distinct clustering behaviours following [20]. Our

theory of our minimal models at ¢ = £, we can further organize our wavefunction polynomial

approach gives explicit expression for each summand symmetric polynomial in a concise format.

2 AN =1 superconformal minimal models and its coset constructions

N = 1 superconformal minimal models are a series of conformal field theories with A/ = 1
super-Virasoro algebra generated by

T(:)T() = E C_/i) T (j> L ITE) L oy
(ZQ_) z()2) i azG(Zz/f) +0o) (21)

(z—2)  z—2

T(2)G(Z) =

+0(1)

where z = z + it denoting the (1 + 1)d Euclidean space- time coordinates compactified
on a infinite cylinder and G is the scaling dimension A = 3 supercurrent operator that
generates the A/ = 1 supersymmetry. They have central charge c= %(1 — m) with
m = 3,4,--- where m = 3 is the tri-critical Ising CFT. Each member SCFT has a known
coset construction [3, 17]
SU(2)2 X SU(2)m,2
SU2)m

(2.2)



2.1 Decomposition

In order to decompose our N/ = 1 theories, let us first large our SCFTs by pairing them
SU@2)m
U(1)2m
we get the following relations:

SU@2)m  SU(2)2 x SU@2)m-2 _ SU@)m-2 _ SU(2)2
U(1)2m - SU(2)m © U)o X U(1) X U(L)am(m—2) (2.3)

with a Z,, parafermion CFT . Reshuffling factors in cosets of this product theory,

This equality holds at the level of stress-energy tensor. The U(1) factors in eq. (2.3) needs
a little explanation. Let us reshuffle U(1) theories as following:

Left (U(l)gm)_l X U(l)g(m_g) X U(1>4, Right U(1)4m(m—2)- (24)

To establish an equivalence relation between the left and right hand side, we first write
out their Lagrangian densities:

1 1
Li=— > K[70:61(0:+00)bs, Lr=-—K0:01(0: + ) (2.5)
dm o=, 4T
—2m 0 0
where K; = 0 2(m—2)0]| and K, = 4m(m — 2). It is easy to see that there exists
0 0 4
a matrix M with integer entries
2—-m-m0
M=| 1 1 1|, dtM=4>0 (2.6)
-1 -11
such that
—2m 0 0
M7 0 2m—2) 0] | M= (4m(m—2)) Pso.. (2.7)
0 0 4

The right hand side of eq. (A.7) is equivalent to £, as we can add a backscattering term
to the two counter-propagating modes

2 cos (V2(¢2 — ¢3)) (2.8)

to gap out 80, degrees of freedom (¢ and ¢3) [32, 33]. We have established an equivalence
relation in eq. (2.4).

Eq. (2.3) means we can combine a Z,, parafermion theory with the mth member of the
N =1 SCFT theory and turn them into a linear combination of a Z,,_o parafermion theory,
a U(1) free boson theory and an Ising (Zy parafermion) theory. Focusing on stress-energy
tensor, we have

Tonin = V17, » + Tz, + BTyaq) + ot

(2.9)
1z,, = (L =91z, , + (1 — )Tz, + (1 = B)Tyq) — ot



where v, a, 8 and J are coefficients representing weights for each constituent stress-energy
tensor. t is an extra A = 2 auxiliary field made out of Abelian primary fields from each
constituent CFT (v from Ising theory, ¢; (¢1) from parafermion theory and V=29 from
U(1) theory), that is key to make this decomposition work. A useful way to understand the
appearance of the auxiliary spin-2 field ¢ is the following. In the product theory Z,,_o %
Zs x U(1), we would like to find two mutually commuting stress tensors Ty, and 17,
whose sum equals the total stress tensor 1%, , + Tz, + Ty(). If one restricts to linear
combinations of the three constituent stress tensors only, the OPE closure conditions for Ti,in
and 17, are generically overconstrained and do not admit a solution compatible with mutual
commutativity. The role of t is precisely to provide an additional independent direction in
the neutral, local spin-2 sector so that the decomposition problem becomes solvable.

Our choice of t is further constrained by locality and neutrality: we take ¢t to be a
local dimension-2 operator built from Abelian (simple-current) primaries of each constituent
CFT, so that it braids trivially with the fields that appear in the decomposition. With
this requirement, and demanding that the ¢ x ¢ OPE closes onto the stress tensors as in
eq. (2.10), the operator ¢ is fixed up to an overall normalization and sign (which can be
absorbed into §). Other dimension-2 operators are either Virasoro descendants/improvement
terms that can be reabsorbed into a redefinition of the constituent stress tensors, or they
are non-local with respect to the desired operator algebra and are therefore excluded from
the stress-tensor decomposition. t satisfies

1 1 m m
t(2)t(w) ~ o w)4 + o w)2 <2TZ2 + — 2TU(1) + o 2sz2) (2.10)

since consistency of operator product expansion between stress-energy tensor 1’s and ¢

i /_m
ZA(E1 m72¢) _ m

requires coefficient in front of 77, is %(7) =2, Tyq) is o = 5 and Tz, _,
2
to be 2Alpi1) _ m_
Clp_ o m—2

Using this fact together with the usual stress-energy tensor OPE:
C/2 2Tmin/Zm (w)

Troin 2) T in w) ~ , 2.11
/Zm( ) /Zm( ) (Z — w)4 (Z — w)z ( )
we arrive at the following set of equations for these coefficients:
1 _
e + 2(mm7 2)5 + nmz— ;7 =1 (for ¢ coefficient)
o? + 6% = a (for Zy coefficient)
8%+ SR B (for U(1) coefficient) (2:12)
2(m—2)
2+ ﬁ(p = (for Z,—2 coeficient)

They have two solutions which corresponds to the two stress-energy tensors T, and 17z, :

m— 2 m 2 2v/m — 2
Tin = T — T —T —t
min m+2 Z2+m+2 U(1)+m+2 Lo —2 m+2
A 5 5 5 (2.13)
m m —
Ty, = T T; T _—
Zm = 0 22+m+2 U(1)+m+2 Zp—2 T —



Equation (2.12) admits a discrete “exchange” symmetry that maps one solution of (2.13)
to the other. Concretely, the transformation

(aaﬁa’%d) — (1—06, 1_57 1_77 _5)

leaves eq. (2.9) invariant but exchanges the two commuting Virasoro generators, Tmin <> 17,,,
while keeping their sum fixed. Thus the two branches in eq. (2.13) should be viewed as the two
possible assignments of the two mutually commuting stress tensors inside the enlarged theory.

Our naming convention is fixed by the N’ = 1 superconformal structure: by definition,
Tin is the stress tensor that appears in the A = 1 super-Virasoro algebra together with
the supercurrent GG, whereas 17, is the commuting spectator sector. Equivalently, among
the two branches in eq. (2.13), we choose the one for which Tinin (2)G(w) has the standard
primary OPE with conformal weight 3/2 and 17, (2)G(w) is regular, as imposed in eq. (2.14).
This criterion removes the ambiguity and fixes the assignment unambiguously (up to an
overall sign convention for t).

Now, we further decompose the supercurrent operator G in terms of operators from

different sectors. To this end, we have

3
Tnin (2)G(w) ~ 272 17, (2)G(w) ~ 0
z
(2.14)
G(2)G(w) ~ —3—
E60) ~ s
These relations give us a unique decomposition of G with the exception of m = 4 (it has
N = 2 superconformal algebra and therefore the decomposition of G is not unique due to
the emergent U(1) R-symmetry). To derive egs. (2.15) and (2.16) systematically, we start
from an operator-basis viewpoint. In the product theory Z,,_o X Zs x U(1), locality and
neutrality severely restrict the possible dimension-3/2 operators that can contribute to the
supercurrent. Up to overall normalization, the relevant local candidates are

. . m
¥1 e—i—zaqﬁ, 1 e_lad)v 78¢7 a=/—7,
m—2
which all have scaling dimension 3/2. We therefore write the most general ansatz as a linear
combination of these operators. The discrete “particle-hole” symmetry in eq. (2.17) rules

out the symmetric combination ¢1€"? 4 p1e7%? | leaving an ansatz of the form
G = A(golem‘z> - ¢1e_ia¢) + B~y 0.

Imposing the defining OPE constraints in eq. (2.14) (namely, that G is a weight-3/2 primary
under Thyin, is neutral under 77, , and that G x G reproduces the correct N' = 1 super-
Virasoro OPE) fixes the coefficients uniquely up to an overall sign. The difference between
even and odd m arises from locality/monodromy conditions, which determine the relative
phases needed for G to be a single-valued local field. For m odd,

_ . [2(m—2) i/~ —i /T4 . im =2
G=+i m(m+2> (()016 2 p1€e 2 ):FZ m+278¢

(901’Yei\/%¢ + @1’Ye*i\/%¢’>

(2.15)

1
t=—
V2



and for m even,

m(m + 2)(m — 4) (m+2)(m—4)

_ VA | eV
t= 2 (90176 Tt p1ve 2 )

where {¢o = I, 1,02, ,om-3 = @1} are the Z,,_o parafermion primary fields, v is a

oo W A (T ) i#(m— D(m )
(2.16)

Majorana fermion from Ising CFT and ¢ is a U(1) boson field. Parafermions (including
i(m—2-1i)
(3 %72 7
©j = P(i+j) mod (m—2)- Boson field has compactification radius ¢ = ¢ + 2m. Its vertex

Zip—2—2, Majorana fermion) ¢; has scaling dimension A = and fusion rule ¢; x

operators €%? has scaling dimension A = “2—2 From these relations, we can conclude that
i/ E5hy 5 o WV mE?) — — 3

A(pre’vm=2%) = A(pre %) = A(y99) = 5.

Curiously, ¢1e'V ma? (pre "V md)) appeared in eq. (2.15) is the same as the electron
operator of the (m — 2)th member in Read-Rezayi quantum Hall states with filling factor
V= %72 even though goleiv m-2% (gﬁle*iv %Qﬁ) does not carry any physical charge. In low
energy, it is known that Read-Rezayi states at filling factor v = %72 possess emergent N = 2
supersymmetry with the physical U(1) charge being its R-symmetry [34]. It is therefore not
surprising to see the appearance of ¢1eiv mf ([_31671'\/ 2% in decomposition of N' =1
supercurrent operator G. The other generator for the other half of supersymmetry in this
Vins9

9

rotated basis is cplei + @1e_iv m-3%_ We observe that the following “particle-hole

(since there is no real physical charge) symmetry
(;5 — _¢) p1 < _9517 Y= =Y (217)

takes G — G and forbids gplei\/%qj + ¢1e_i\/%¢.

Lastly, from our decomposition, we see that as m — oo, central charge of SCFTs goes
as ¢ — % Operator-wise, Timin(2) — Tz, + Ty() and G — y0¢ which makes it clear that
the conformal field theory in the infinity limit is the three Majorana fermion theory which
is on the moduli space of ¢ = % circle line [35]. This is analogous to the unitary minimal
models where they become the U(1) free boson theory on the moduli space of ¢ = 1 circle

line in the m — oo limit [36].

3 Fractional quantum Hall wavefunction

To study fractional quantum Hall states based on N/ = 1 minimal models, we need to combine
our N' = 1 minimal models (the charge neutral sector) with a U(1) physical charge sector.
First, let us define an electron operator that has trivial fusion structure and also braid
trivially with all other quasi-particles. Formally, we can write this electron operator as
Pe = GeiVPI9® where G is the supercurrent operator of our NV = 1 theories and ® is the
boson field representing the U(1) charge. p,q coprime € Z* gives a filling factor of % for
our FQH state (assuming our ground state only occupy the lowest Landau level). By the
bulk-boundary correspondence of quantum Hall physics, its ground state wavefunction is the



same as the chiral correlation function from the edge N'=1 SCFT and the U(1) theory:

N
(e(z1) -+ te(2n)) = (G(21) - Glan)) (e VPIIPED) L VPIREN)) = Oy ] (25— 25)P
1<j
(3.1)
where p/q is chosen such that (1e(z1) - - 1e(zn)) is a polynomial with no pole and branch-cut.
From this, we see that the task of computing this wavefunction is really about computing

Cn = (G(z1) - G(zn)).
3.1 Correlators of supercurrent operator G

In this section, we compute the n point correlators of supercurrent operators GG using free
field methods [37-39]. Physically, free field methods utilize free bosonic, fermionic or ghost
theories to represent a two dimensional conformal field theory. The simplest example is the
well-known “Coulomb-Gas” formalism. Free field methods allow us to compute correlation
functions of conformal fields via Wick’s theorem.

Before calculations for the supercurrent G, as a demonstration of principle, we apply
free field methods on stress-energy tensor 1" to calculate its n correlation functions. We start
from Virasoro algebra, which is generated by:

c/2 2T(2") aT (2

Sz =P 22

+0(1) (3.2)

For the n point correlator of stress energy tensors, we have the following theorem:

Theorem 1.

(T()T(2) Tz = > [l (3.3)

oESy i=1
o=(l1)(ls)

where the perumutation o = (11) ... (ls) € Sy is equivalent to product of cyclic permutations
of length at least 2, and for each cyclic permutation (1;) = (i1i2 .. .1m,), define

c/2

f1.(Ziys Zigy -+ 5 24y ) = . 3.4

( 119 “12 z z) (Zil _ 212)2(21'2 _ Zi3)2 - (Ziml — Zi1)2 ( )
We start the proof with two lemmas:

Lemma 3.1.1. (T'(21)T(22) ---T(2zn)) is a rational function in variables z1,za,- - , zp, and

central charge c.

Proof. This lemma can be proven by mathematical induction. For n = 2, the two point

6/722)4, which by definition is a rational

correlators of stress-energy tensor is (T'(z1)T(22)) = s
function in variables z1, z5 and c.

Suppose the conclusion holds for any n — 1 point correlators T),_1(z2,23,...2,) =
(T'(22)T'(23) ...T(zn)). By eq. (3.2), the n point correlators satisfy the following recursion

relation:

L c/2 N 2 0;
Tn(zla ce zn) = Z ((/)ALTn_Q(Zl’ Zz) + ((21 — ZZ‘)Q + o )Tn—l(z27 23y .- Zn)) .
(3.5)



Where T,(z1,...2n) = (T(z1)T(22)...T(2zn)) and T,_2(z1,%;) = (T(z2)...T(zi-1),
T(zit1)...T(2n)). By mathematical induction, T,,_2(Z1,%;) and T,_1(z2, 23, -+ ,2,) are
both rational function, T, (21, - ,2,) is also a rational function. Therefore the conclusion
holds for n point correlators. By mathematical induction, this conclusion holds for all integers
n > 2. O

Lemma 3.1.2. Let f(x1,x2, - ,xp) and g(x1, o, -+ ,xpr) be two rational functions over
f(yaw%"' ,iL'M) :g(wa?a"' ,.’I)M)

holds for infinitely many y € C, then f = g identically.

Proof. Fixing xa,- - ,xp, the function f(x1,xe, - ,zp) — g(x1,22, -+ ,xp7) is a rational

function in x, and it has infinitely many zeroes, but the number of zeroes of a rational function

is bounded by the degree of its numerator, thus f(z1,z2, - ,znp) — g(x1, 22, - ,z01) =0

identically. 0
Let

n

F(e,z1,22, y2n) = Z fi;- (3.6)
1

o=(l1)--(ls)
If we can show that

(T(21)T(2z2) - T(zn)) = F(c, 21,22, ,2n)

for infinitely many central charges ¢, then the theorem is proven.

At this point we emphasize that the “free-field check” is used only as a device to generate
infinitely many values of the central charge. By Lemma 3.1.1, for fixed insertion points {z;}
the correlator (T'(z1)---T(z,)) is a rational function of ¢ (and of the z;’s). The closed-form
expression F(c,z1,...,2,) in eq. (3.6) is manifestly rational in ¢ as well. Therefore, their
difference is a rational function of ¢; if it vanishes for infinitely many values of ¢, it must
vanish identically by Lemma 3.1.2. This justifies why proving the identity for the infinite
sequence of free-field realizations (¢ = N for free bosons, and similarly ¢ = 3N in the Svy—bc
construction for supercurrents) establishes the result for general ¢, without invoking any
additional analytic-continuation assumptions.

Proof. We construct the free field realization of Virasoro algebra via free bosons ¢;, i =
1,---,N with OPE:

0ii
0;i(2)0¢;(w) = m +0(1). (3.7)
The action for our free field realization is:
N 4 _
/szZ 58@ O bi (3.8)
i=1

N
with stress energy tensor T'(z) = 3 : 30¢i(2)0¢;i(2) :. One can check that the OPE of

=1
this stress energy tensor satisfy eq. (3.2) with central charge ¢ = N. Then the correlator
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Figure 1. Every line represents a contraction between different pair of fields, I; labels a loop. By
Wick’s theorem, summing over all the possible products of loops gives the n point amplitude.

(T'(21)T'(22) - - - T(zn)) can be computed using Wick’s theorem, namely we sum over all
possible contractions between pair of free bosonic fields:

. — | ]
o (0001 (21)00i, (21) =2 0y (22)00i (22) + .- . : Odiy (2k) Oy (1) 2)- (3.9)
Note that graphically, for all possible contractions, each vertex z; (i = 1,2,...,n) must

connect with other two vertices z; and 2, (j,k # ¢). Therefore, for each possible contraction,

we first decompose the n vertices into different clusters, then we connect all the vertices in

each cluster to form a loop. Physically, the amplitude associated with each contraction is the

product of the amplitude of each loop, which is:

N/2 N/2 N/2

(Zil - Zi2)2 T (ziml - Zi1)2 8 (Zjl - zj2>2 T (zjm]- - Zj1)2 . 8 (Zs1 - Zsz)2 T (Zsms - 251)2'
(3.10)

The overall n-point amplitude is the sum of amplitudes of all possible contractions. Figure 1

gives a graph representation of each possible contraction.

We give an interpretation to the factor N/2 associated with amplitude for each loop.
It is easy to understand the factor of N because there are N free bosonic fields in the
representation and the OPE between different fields vanishes. For a loop with m vertices,
each energy momentum tensor carries a factor of 1/2, which contributes a factor of 2%, and
each double contraction gives a factor of 2, however, because the diagram is a loop, so all the
double contractions contribute a factor of 2™ ~!. Multiply them together leads to a factor of
1/2. Therefore the total factor is N/2. Therefore (T'(z1) - T(2p))e=n = F(c = N, 21, , zn)
for infinitely many N € Z-~, thus the theorem holds by the Lemma 3.1.2. O

Following eq. (3.3), an equivalent way of writing the correlator is:

e\’ s
Te) Ty = X (5) T (3.11)
IlUIQ"'U]5:(12"'TZ) =1
cluster decomposition
where
N 1 1
fli(zia"'yzi ):7 .
1 MM, JEXS%Q (Za(i) = 20(i2))* (Zo(ia) = Za(is))? ** (Zo(ing) = Zo(in))?
(3.12)




(2i1s Zigs - - - Zipg,) € L. We divide the n vertices into s clusters labeled as (i = 1,2,...5),
where each I; contains |I;| = M; elements. Each cluster I; contains at least two vertices.
Below we give two examples:

n=3, s=1, I = (123)

(3.13)
n = 4, S = 2, Il = (12), Ig = (34), Il = (13),[2 = (24), Il = (14),[2 = (23)

The factor ML is because that the Feynman diagram corresponding to each cluster I; is
invariant under M; elements in permutation group Sy, where each element oj—12 . a is:
0 (2k) = ZM;—j+ks for k=1,2,...7 (3.14)
0j(2k) = 2k—js for k=j+1,..., M. '
Now we use free field techniques to calculate the n point correlation functions of super-
current G. We start from A/ = 1 super Virasoro algebra, which is generated by:

T(:)T(w) = (1/1)4 + (jT_(Z;2 + ZT_(Z) +0(1)
T(2)G(w) = (Z 2_)6;(;;’) + iG_(lfU) +0(1) (3.15)
G(2)G(w) = (ff/jig + 2 o)
Our goal is to compute
(G(21)G(z2) - -+ G(zn)). (3.16)

Similar to the stress-energy correlators, we have the following:

Lemma 3.1.3. (G(z1)G(z22) --- G(z,)) is a rational function in variables z1,z2,- - , z, and
central charge c.

Proof. This lemma can be proven by mathematical induction. For n = 1, the one point
correlator of supercurrent vanishes, i.e (G(z1) = 0). For n = 2, the two point correlators of
supercurrent is (G(z1)G(22)) = %,
Suppose the conclusion holds for the n — 2 point correlators G,,_2(23,24,...2,) =

which is a rational function in variables z1, z9 and c.

(G(23)G(24) ... G(zn)), by eq. (3.15), the n point correlators satisfy the following recursion

relation:
- . 2¢/3 1 & 3 0.
Gn(z1,...20) = 1) + (-1 + Gn_2(%1,%),
(1) =3 (( ) i+ (1) %1((%_2],)2 _)) 221, %)
(3.17)
where Gn(zl, PN Zn) = <G(2‘1)G(22) R G(Zn)> and Gn,Q(ZAl, 22) = <G(ZQ) PN G(Zifl)G(ZZpH)
...G(z,)). By mathematical induction, G,_2(71,%;) is a rational function, G, (z1,...2,)

is also a rational function. Therefore the conclusion holds for n point correlators. By
mathematical induction, this conclusion holds for all integers n > 3. Therefore the lemma
is proved.

Note that as a by-product, since (Gj(z1)) vanishes, by this recursion relation,
Gn(z1,...2y) =0if n is odd. O
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To begin with, we construct free field representation of N = 1 super Virasoro algebra
via free ghost fields [40]: By — be systems which combines two anticommuting fields bc with
two commuting fields 8. Their weights are:

hy, = A, hy=1-X  i=12---,N
1 3 , (3.18)
hﬂj:A_i’ h’szﬁ_)\’ ]:1,27"'7N

The action for our free field realization is:

N
5= L / d?2) (b:0c" + B;9Y'), (3.19)
2 i—1
Their OPEs are:
. 57
bi(z)d (w) = —— + O(1)

S (3.20)

&

Y()f5w) = —2— 4 0(1)

The stress-energy tensor and supercurrent read:

1

T = (O0(2))6 () ~ M(B()E()) + (OB (2) — 523~ DOB1(2)
(96:) ()} (2) + 2L

_% 5 0(Bi(2)c'(2)) — 2bi(2)7'(2)

One can check that their OPE satisfy eq. (3.15). Without loss of generality we choose
A= %, then the supercurrent reads:

(3.21)
G —

1 . A
G(z) = —5 0Bi(2)c"(z) : =2 : bi(2)v'(2) : (3.22)
with central charge ¢ = 3N.

Theorem 2.

(G(z1)G(22) ...G(22n)) = Z HSign (lll l22 2n> o (3.23)

gESon =1 ls

o=(l1)(ls)

where the perumutation o = (I1) ... (ls) € Say is equivalent to product of cyclic permutations
of length at least 2, and for each cyclic permutation (I;) = (i1i2 .. .i2m,), define

c/3
(2ziy — 2i3) (Zig — 2i5)2 * (Zigm_1 — Zigm) (Zigm — %i1)?
¢/3

(zil - 212)2(21'2 - Zis) T (Ziszl - Zizm)Q(Zizm - Zil) .

gzi(zm o Zigg,) =
(3.24)

Let
= 12..-2n
H(c,z1,22,...200) = E H81gn (ll Ly 1 >9li- (3.25)

c€Sq,  i=1

o=(1)(ls)
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i Zy

(Zizm- Zy (z1-22)? a- Zou Y &‘1_ ) / \l / \
~N

O OO

I, l2 I ls

Ziom Zip Ziam
-1 -1
Zizm-1- Zizm ) I(z,z» Zia )2 (i1 Ziom )" (zi2- 2i3) X

Zizm-1 v\ Zi3 Zizm-1 ‘/ Zj3

Iy Iy

Figure 2. Orange line represents contraction between fields b, ¢, blue line represents contraction
between fields 03,7. [; labels a loop. For each loop, we add two graphs because they have the
same underlying graph but different propagators. By Wick’s theorem, summing over all the possible
products of loops gives the 2n point amplitude of supercurrent operators.

If we can show that:
(G(21)G(22) ... G(z2p)) = H(c, 21, 22, - - - Zon) (3.26)
for infinitely many central charges ¢, then the theorem is proven.

Proof. We know by free field realization (G(z1) - - - G(z5,)) can be computed by Wick’s theorem.
Note that there are two differneces now: first, the n point correlator of G vanishes for odd n,
so we only need to consider the case when n = 2M. Each loop must contain even number of
vertices, otherwise the amplitude associated with the loop will vanish in the OPE. Second, for
each contraction between pair of supercurrents, as the supercurrent eq. (3.22) has two terms,
there are two propagators between each pair of vertices. We write them down explicity:

| — [ 1 \ | ‘
(: Bi, (Zl)ci1 (Zl> 2 iy (22)71'2 (22) : ‘ : aBiQM—l(Z2M*1)Ci2M—1(Z2M*1)bi2M (zQM)’YizM (ZQM) :>’
| — |
(: biy (21)74, (21) 2 OBiy (22) iy (22) - o By (201 Vimar s (7200-1)OBians (2200 iy (220) 3.
(3.27)
Figure 2 gives the corresponding Feynman diagram.
The amplitude associated with each Feynman diagram is
sigh X g1y (214215 *** 21, ) X Gy X -0 X G- (3.28)
L . 12 2n Lo . . e
where sign is the signature of - l which is a reflection of anti-communitivity of bc
1y o g
fields. And
( ) -
lZ Z .. Z s -
A i (zh - ziz)(ziz - zi3)2 T (Zizmrl - Zi2mi)(zi2mi - Zi1)2
N (3.29)

(22'1 - Zi2)2(zi2 - Zi3) T (ZiQmi—l - ZiQmi)Z(ZiQmi - 22'1) .

where the factor of N is a result of summing over all ghost fields. Since ¢ = 3N in this free
field realization, (G(21)G(22) ...G(22n))c=3n = H(c = 3N, z1, 22, ... z2;,) holds for infitely
many N € Z~q, thus the theorem holds by the Lemma 3.1.2. O
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Below we give an equivalent way of writing the 2n points correlators of supercurrent:
Theorem 3.
2c\* 12 2n\ 4
G -G = — ] xsi 01,
(G(21) (22n)) > < 3 > sign <]1 I I ) ggﬂ (3.30)

LUl UI;=(12--2n) s
cluster decomposition

where each cluster has |I;| = 2M; elements, n = My + My + - -- + M. Moreover, we have

gfi( ’ilaziga e 7Zi2Mi)
1 Z sign (o)
2M; o€San, (Za(i1) - Zo‘(iz))(za(iz) - Za(ig))2 U (ZO'(iQMi,l) - Za(igMi))(Zcr(bMi) - Zo‘(i1))2,
(3.31)
where (ziy, Zig, - - - s Zigyy,) € Li-

Proof. This is a direct result from eq. (3.29). Note that the first and second term of eq. (3.29)
are related via a permutation o from (i, 42, - ,i2n) to (i2, i3, 20, 1)-

Every I; is ordered compared with [;, for example: if I; = (3,1,2,4), then I; = (1,2,3,4).
Their sign are related:

sign (1 2 2n> = sign (1 2 2n> X H sign(o (7)) (3.32)
a(

Iy ly - g I Iy - I e8ans

1<i<s

The factor of ﬁ is because that the Feynman diagram corresponding to each cluster I; is
invariant under M; elements in permutation group Sa2ps,, where each element oj—1 2 . s is:

aj(zk) = Z22M;—2j+k> for k= 1, 2, e 2j

. (3.33)
oj(zk) = 2K—9j, for k=2j+1,...,2M,.
O
Note here that for supercurrent, the number of vertices in each cluster |L;|(i = 1,2,...,s)

must be even. However, for stress-energy tensor, |I;| could be even or odd.

3.2 Clustering behaviours of the wavefunction

From the results in previous section, we now explore how the structure of supercurrent
correlation functions affect clustering behaviours of their fractional quantum Hall wavefunc-
tions. Without loss of generality, let us set p = 3, ¢ = 1 for U(1) charge sector such that
wavefunctions are symmetric polynomials.

Corollary 1. Let 1 < k <n, then

k
lim (z2i-1 — 2’2z‘)3<G(Zl) - G(22n))

22i—1"722i
1=

I
7 N
‘I\D
o
~__
ol
—
Q
—
W
)
=
+
—_
SN—
Q
—~
N
)
3
N~—
~
—~
@
w
=~
SN—
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Proof. If z9;_1 and z9; are not in the same cluster, then eq. (3.34) will vanish when we take
the limit z9;_1 — 29;. If z0;_1 and zo; are in the same cluster I;, and the length of I; is more
than 2 (i.e, at least 4 vertices in this group), the the terms related to (z9;—1 — 22;) are either
ﬁ OF o which also vanishes in the limit when z9;_1 — 29;.
The only non zero contribution is if there exist a I; = (221, 22;), in this case:

2c

= 2c

3 3 3

NN ) . N\ = 1 — 29— = 3.35
(221 1 222) glz(z21 17222) (z2’L 1 221) (Z2i—1 — z2i)3 3’ ( )

proportional to

Therefore, the only non zero term in this limit is the following cluster decomposition:
LULU-- Ul Ul U---Ulg, (3.36)

where for 1 < i <k, I; = (2,(2i-1) 20(2i))» 0 € Sag. Then the conlcusion follows from the
definition of gj. O

Corollary 2. Let

Oz, zm) = I (2= 2)*(G(21) -+ Glz2n)), (3.37)
1<i<j<2n
then
6= Z( 5 @z (339)
where @3, (21, - , z2n) are symmetric polynomials determined by

I o) — 20j)?
1 1<i<j<2n
Qb =75 =i<Js . (3.39)

2 £5 (Ze() = 202)(20(2) — Z0(3)) ** (Zo2n-1) — Zo(2n)) (Za(2n) — Z0(1))?

and

s
1 3
Q3o = > @, II (=2 (3.40)
LUy Ul=(12--2n)  i=1 jel kel
cluster decomposition,|[;|=2m; r<t

Proof. Following eq. (3.30), eq. (3.37) and eq. (3.38), we have:

= 3 2c\° . 1220\ .

Z Qo) = T (i2) > 3 ) el g, g ) o

s=1 1<i<j<2n [UIy-UL,=(12---2n) 112 s/ i=1
cluster decomposition

(3.41)
Comparing the polynomial expansion of ¢ and G gives eq. (3.39) and eq. (3.40).
For s=1, it gives:
Q%n = H (Zi - Zj)ggh
1<i<j<2n

sign(o)  T1 (21— %)°

i 1<i<j<2n
2n £ (Zo(iy) — Zo(in)) (Zo(in) — %0(i))” ** (Zo(izn—1) = Zo(ian))(Zoliza) — Zo(ir))
T (Zow) — 20(j)?

_ 1 3 1<i<j<2n
2 £5 (Zo(in) = Zo(iz)) (Zo(ia) = Zo(is))* ** (Zo(izn-1) = Zo(ian)) (Za(ize) = Zo(ir))”

(3.42)

2
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where we use the identity:

H (Za(i) - Za(j))s = sign(a) H (ZZ - Zj>3' (343)

1<i<j<2n 1<i<j<2n
For 2 < s < n, we have:
. 1 220\ o .
Qn= Il G-z > Slgn(l Iy - I)Hg[i
(12--2n) 122 s/ i

1<i<y<2n I1UIy---Uls=
cluster decomposition,|I;|=2m;

s (3.44)
= > Q. I (-2
LUL-UL=(12-2n) =1 jel kel
cluster decomposition,|I; |=2m; 1<r<t<s
where the following identity is used:
I[I G-2°= Il (Gu-2) I G-=)°
1<i<j<2n a¢<bizai,zbi61i Jjel kel
1<i<s i<k
122 (345)
= 11 (2a;, — 2, )>sign I Gi—2)?
K LI - Ig) .
ai<bizai,zbi€1}- jEIT,kGIt
1<i<s 1<r<t<s
and
Q%ml = H (Zai - Zbi)ggli (346)
a;<bj,a;,bi€l;
O
It is easy to deduce from Corollary 1 and eq. (3.37) that
P21 =20 =21, 2911 = 2 ZZI,"')
(3.47)

9 l
:<3C> I @z - Zk”H H j = 2)°0(2a141, - 220),

1<j<k<l j=1k=21+1

then do similar comparasion of polynomial coeeficient of eq. (3.38) shows that @3, satisfy
the following clustering properties:

Qop(z1=20="21," 21 =20 =2, ")
(3.48)
= I & -2 12H H i — 26)0Q5 o (a1, 22n).-
1<j<k<l J=1 k=2141

Following [10, 20], the clustering properties of wave function Q)3,, is a reflection of Z* symmetry.
Note that eq. (3.48) is invariant under permutations, namely:

S
21 =20 =21, 2901 = 22l = L1, 22415122

= an(za(l) = Zq(2) = Zyye- y Ro(21—1) = Ro(21) = 2, Ro(2041)s -+ 20(271))‘
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which corresponds to the clustering decomposition:
LUbLU---ULUL4 1 U---Ulqg, (3.50)

where for 1 < j <, I} = (25(2j—1) = Zj, Zo(2j) = Zj); 0 € 5. For 1 < s <n —1, one can
prove that [ < s — 1 must hold by using proof by contradiction. If [ = s, then the clustering
decomposition that make ()3, non zero is:

LULU---UI;=(1,2,...2n), (3.51)

the length of each I; is 2, however, since s < n — 1, the total length of this clustering
decomposition is 2s < 2n — 2 < 2n, therefore for 2 < s<n—-1,1<[<s—1. For s = n,
the clustering decomposition that make @)%, non zero is:

LULU---UIL =(1,2,...,2n), (3.52)

the length of each I; is 2, so in this case, 1 <1 < n. Mathematically, each @3, (21, -, 225) is
a symmetric polynomial with 2n coordinates such that whenever k + 1 = 3 particles coincide,
the polynomial vanishes as power r = 6, which is a direct result from eq. (3.48). Individually,
for1<s<mn-1,Q35,(21, - ,z2,) vanishes whenever s clusters of two particles coincide but
not vanishing if only s — 1 clusters of two particles coincide as shown in eq. (3.48). For s = n,
(Q5,, will be non vanishing even for n clusters of two particles coincide.

Below we give some simple examples of these symmetric polynomials:

Ezample 3.2.1. Let z;; = z; — z;, then

1
QQ = 1’
1_q.2.2 .2 .2 2 2
Q4 = 3212213214%93%24%34,
(3.53)
6 6 1 6
2 2
Q=312 ZZT I =iz | -
a<b i<j 7 kg
Corollary 3. Q} = 32%,27527,23,23,23,.

Proof. Following Eq. (3.39),we have:

14 Zo(1)0(3) %0 (2)0(4)
Qi=-11% 3.54
=l j;%uw)%@)o(s) (359

For the cross ratio, take z = % as an example, one can prove that the cross ratio over the

4! = 24 permutations have 6 distinct value:

1 1 1 T
1— - 1-= 3.55
x? x? x’ x? 1 _ x? m _ 1 ( )
The stabilizer for the cross ratio M is:
o(1)o(4)?a(2)0(3)
(c(D)a(2)a(3)a(4)), (o(2)a(1)a(4)a(3)) (3.56)
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Therefore:

Z Zg(1)o(3)?a(2)o(4)
o Fo(1)o(4)%a(2)0(3)

1 1 1
4($+1—x+ 1ot f”) (3.57)

l—-z x-1

which implies that:

1 9.2 .2.2.2.2.2
Qi = 3212213214293254%34 - (3.58)

n =3 = 3
Corollary 4. @5, = Pf (Zij ) 11 =5
1<J

Proof. For a skew-symmetric matrix A, Pfaffian of A satisfies Pf(A)? = det(A). Let A = (a;;)
be a 2n x 2n skew-symmetric matrix, the explicit expression of its Pfaffian is:

1 . L
Pf(A) = onp! Z 31gn(a) H ao‘(?nfl),a(Zn)- (359>
=1

' 0€Sa,

which leads to the expression of Pf ( 2 ):

1
PE(=°) = 5 > sien(o Hza(zl o(2i) (3.60)

" o€Son

Following eq. (3.40), for Q%,, the cluster decomposition is given by:
LULU---UIL,=(1,2,...,2n) (3.61)

Since the length of each I; is at least 2 and the total length is 2n. We have for 1 < i < n,
|I;| = 2. Note that Q} = 1, by eq. (3.40) we have:

n
Qo = > e II G-
MUz Ul,=(12--2n) =1 jel kel

cluster decomposition,|I;|=2 r<t

= > T Gi—=)’

ULy Ul =(12--2n)  j€l kel

cluster decomposition,|I;|=2 r<t
2n
_ 3 _3 (3.62)
= > =5 11 Guw)
LUy Uly=(12:-2n)  i<j LkEl,
r=1,2,...n

cluster decomposition,|I;|=2

= by I Go |4

LUl---Ul,=(12---2n) Lkel, 1<j

cluster decomposition,|I;|=2 r=1,2,.n
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Following eq. (3.60), there is a subgroup of Sy, which leaves the expression

n
sign(o) 1] z;éi_l)a(%) invariant. For example, if we take the cluster decomposition to be:
i=1
Ii = (221;1, ZQZ') 1= 1, 2, oy (363)

The following equation holds for a subgroup of Sa,:

sign(o HZU(Qz Vo (2i) = Hz(m 1)(2i) (3.64)

where the generators of this subgroup are given by:

a; = o(22i-1, 22i) = (22i, 22i-1) Z =12....n (3.65)
bj = 0(z1, 22, 2251, 225) = (22j-1,225,...,21,22) Jj=1,2,....,n—1,
One can check that the order of this subgroup is 2"n!. Therefore:
1 n
-3 . -3
Pt (Zij ) = onpl Z sign(o) HZJ(Zifl)o(%)
' 0ESa, =1
(3.66)
= > I Gw™
LUIp--Ul,=(12--2n) L€l
cluster decomposition,|[;|=2 r=1,2,.n
thus the Corollary holds by eq. (3.62). O

There is an equivalent representation of the ground state wave function if we expand it
with another set of symmetric polynomials with same clustering properties. A nice feature

for choosing this new set of symmetric polynomials is that it makes direct connections

with our limiting case when m — oo and ¢ — % One can check that, for the following

symmmetric polynomials:

1S ;
PQSn(Zb'” 7z2n) = gz@%n(zla >Z2n) § = 1,2,...71- 1a (367)

PY (21, ) 2om) = 7Pf3 (25") sz (3.68)

1<j

We have:

Corollary 5.

2c\" w20\
S ) = () PG )+ X () G20 ), (3:69)
s=1

where Py, share the same clustering properties with ()3,,, namely,

Pésn(zl =20=121," 291 = 2 ZZZ,--')
(3.70)
= H Z Zk 12 H H - Zk 2n l2l(22[+15 e 7'2271)'
1<j<k<lI j=1k=21+1
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2n

Proof. First of all, we show that ¢(z1,--- , 20,) = Pf? (zigl) 11 z;?’j when ¢ = 3/2. Consider a
i<j

CFT of three Majorana fermions 11, ¥, ¥3 with OPEs

5ab

Z—Ww

Ya(2)ihp(w) = +0(1). (3.71)

This system has A = 1 superconformal symmetry with ¢ = 3/2, namely

13 .

T(z) = 3 Z D0V (2)0a(2) : G(z) = ih1(2)a(2)1Y3(2) (3.72)
a=1

satisfy the N/ = 1 super Virasoro algebra. Since 11,19,%3 are independent, the cor-
relator (G(z1)---G(z2,)) is simply the product of three correlators (1i(z1)---11(22,))

(ho(21) -+ - a(zon)) (Y¥3(21) - - - ¥3(22n)), which can be easily computed:

(al21) -+ Yalzan)) = P (2;) , @ = 1,2,3. (3.73)

2n
Thus ¢(z1, - - - , zon) = Pf3 (z;l) I1 zf’] when ¢ = 3/2. Finally, the clustering properties follow
i<j

from the equation (3.47) and the definition of Py, . O

The dominant clustering behaviours of our wavefunctions for any 2n particles, vanishing
2n

whenever three particles coincide, is fixed by Pf3 (zigl) I1 z;?’j which is associated to the
1<j

three Majorana fermion unitary CFT. This is in contrast to previous cases studied where
Jack polynomials associated with non-unitary CFTs plus “healing” polynomials are used
for generating wavefunctions of unitary CFTs.

4 Discussion

In this paper, we achieved two things in our studies of N' =1 SCFTs. We found explicit
characterizations of our A/ = 1 theories in terms of a parafermion theory, an Ising theory
and a free boson theory by first pairing our N' = 1 theory with a parafermion theory.
Supercurrent operator G can also be written as linear combinations of operators from its
constituent CFTs. By utilizing free field methods, we worked out explicit ground state
wavefunctions of fractional quantum Hall states based on our N' = 1 theories. We have
also shown clustering properties of these ground state wavefunctions. Several questions
remain. In our case, even though we have worked out an explicit decomposition of the
supercurrent operator G into parafermion operators, Majorana fermion operators and U(1)
vertex operators, we do not immediately see advantage of this decomposition in calculating
correlation functions of G. Our preliminary calculations do not show much simplification
from operator decomposition approach. On the other hand, we believe decomposition worked
out here should be applicable to boundary conforma field theories with A/ = 1 superconformal
algebra [41-44]. Speaking of wavefunctions, previous studies of Jack polynomials and Read-
Rezayi series of fractional quantum Hall states [11-13, 15, 16, 20, 45-49] have demonstarted
that distinct clustering behaviours indicate distinct topological orders. In our case, at least
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for ground state, wavefunctions are the same in terms of their clustering behaviours. The
only changing parameter is central charge c.

We would like to clarify the role of clustering in diagnosing topological order. Clustering
conditions are local vanishing constraints on the ground-state polynomial wavefunction. In
many prominent families (e.g. certain Laughlin/Read-Rezayi constructions), distinct clustering
patterns often correlate with distinct topological orders; however, clustering by itself is
generally not a complete invariant of topological order, and different topological orders can
share the same minimal local clustering constraints while differing in other topological data.

In our construction, the leading clustering behaviour of the ground state is dictated
by the universal N' = 1 super-Virasoro OPE of the supercurrent G and therefore persists
across the family. What changes between different members is encoded in the central charge
(and, correspondingly, in the relative weights among the different clustering sectors, e.g. the
coefficients in eq. (3.69)), rather than in the local vanishing order itself. To distinguish the
associated topological orders more sharply, one should incorporate additional data, such as
the chiral central charge and, crucially, the quasiparticle sectors. In the CFT construction,
this corresponds to studying conformal blocks with insertions of other primary fields (for
example Ramond spin fields and/or parafermion primaries) and analyzing their fusion rules
and monodromies, from which topological spins and braiding properties can be extracted.
Our method based on rationality in ¢ and free-field realizations can in principle be extended
to such correlators, and we leave a detailed exploration to future work.

There are two immediate questions: 1. How to understand different topological orders
sharing the same clustering behaviours in their wavefunctions? Original studies relate
different pseudo-potential [50] or Kivelson-Trugman type potential Hamiltonians [51] with
Jack polynomial ground state wavefunctions with different clustering behaviours. 2. In
thermodynamic limit in which 2n — oo, each ground state wavefunction should be orthogonal
to each other since they represent different topological orders. How to show or give evidences
to such tendency? Finally, for all other fractional spin (A = %) generalization of the
minimal models, can we always use free field methods to work out their correlation functions?
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A S35 minimal model

S3 minimal models have central charge ¢ = 2 (1 — W) with m = 5,6,---. It has
extended algebra beyond Virosora algebra which is generated by
T()T(w) = —— {C F2(s— w2 T(w) + (5 — w)? OT(w) + ... }
(z —w)" L2
T()GE(w) = —— {4Gi(w) b (2 — w)dGE(w) + ... } ,
(z —w)” L3
G (2)GF (w) = A+{G(w)+1(z—w)aa(w)+...} (A1)
(z —w)¥/? 2 7 )
G ()G (w) = — {G+(w) + X woetw) + . }
(z —w)¥? 2 ’
G ()G (w) = — {30 F(— w2 Tw) + ... } |
(z — w)8/3 8
where G* are operators with scaling dimension A = %. This series of conformal field

theories include examples such as the Zg parafermion CFT. Each member has a known
coset construction

SU(2)4 X SU(?)m_4

A2
SU@)n (42
This series of cosets has the following relation
SU(2)m _ SU2)4 x SU@)m 4 SU@)m 4 _ SU(2)s
X = X X U(D)gm(m— A3
U SU) Uy Uy Doy (B9)
at the level of stress-energy tensor and %[(Jg;: is the coset for Z,, parafermion. So this means

we can combine a Z,, parafermion theory with the mth member of the S35 minimial model
theory and turn them into a combination of a Z,,_4 parafermion theory together with a
U(1) theory and a Z4 parafermion theory.

Levels for U(1) theories need a little bit more explanations. Let us reshuffle U(1) theories
as following;:

Left (U(l)gm)_l X U(l)g(m_4) X U(l)g, Right U(l)Sm(m—4)- (A4)

To establish an equivalence relation between the left and right hand side, we first write
out their Lagrangian densities:

1< 1
El = Z Z Klljax(bl(ax + at)¢J7 Er = IKrax(bl(ax + a1‘/)@51 (A5)
TrJ=1 i
—2m 0 0
where K; = 0 2(m—4) 0| and K, = 8m(m —4). It is easy to see that there exists
0 0 8

a matrix M with integer entries

4—m —m20
1 1 1|, detM=8>0 (A.6)
-1 -11

M
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such that

—2m 0 0
M7 0 2m—4)0]| | M= (sm(m—4)) @ 160.. (A7)
0 0 8

The right hand side of eq. (A.7) is equivalent to £, as we can add a backscattering term
to the two counter-propagating modes

2 cos (2(p2 — ¢3)) (A.8)

to gap out 160, degrees of freedom (¢2 and ¢3) [32, 33]. We have established an equivalence
relation in eq. (A.4).

B Wavefunction comparison

In [13], the author gives a formula of the 2n point correlators of N' = 1 superconformal
currents. In this section, we compare with his results and give a proof on the equivalence
forn = 2 and n = 3.

< % -
Gon = (3) Z H X(Zo(2r71)7 Zo(2r); Ro(2s—1)s ZJ(QS)); (B1>

g€Sa, 1<r<s<n

where the function y is:

' 3 212234
X (21, 22; 23, 24) = 27323425323 (3 + : (B.2)
214223

For n = 2, we have:

Z X ZP(1)s #P(2)5 P(3)7ZP(4))

P€S4
(B.3)
¢ Z Do (1 . 3(2) (3)23(2) W <c n za(l)o(2)zo—(3)o(4)> ‘
6 5, 3 Zo(1)o(4)%0(2)0(3)
Note that:
3 3 3 3 Fo(1)o(2)%o(3)(4)
FoMe@ oMo e @@ DD 2 1\ 2 2100)
-] 2 Zo(1)7(3) 2o(2)o(4) (B.4)
1<icj<a  Fo(Do(2)Zo@)o(4)
The sum is over all elements in Sy. ] z?- is invariant under permutation. If we permute
1<i<j<4
0(2) and o(4) with each other, the expression reads:
¢ 2 Ze)o(3)%0(2)o(4)
61 icjea  Zo(Do(d)Z0(2)o(3) (B5)
2c 4
= §Q4

where we use eq. (3.54).
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One can also check that:

2

¢ 3 3 3 3
18 Zo(1)o(3) %0 (1)0(4) %0 (2)0(3) %o (2)0(4)
gESy
2
c
BET R 8 X (213214253254 — 21aZia %3730 + 212713734734) (B-6)
2c
( ) Q47
where we use Corollary 4. So ¢4(z1, 22, 23,24) = (%)QQE + %Q}l.
For n = 3, we have:
Z H X(ZO'(Q’I‘—I? Zo(2r); o (2s—1)» 20(25))
0656 1<r<s<6
53 3 ¢ | Fo(l)a(2)?a(3)o(4)
72 032 1)o(4 0'320'20'4<+ )
0656 )o(3)%o(1)o(4) 0 (2)0(3) %0 (2)0(4) 3 Zo(1)o(d) %0 (2)0(3) (B.7)

3 3 3 3
X Z5(1)a(5)%a(1)a(6) *(2)a(5) *o(2)a(6)
(c 4 o)) %a(5)(6)
3 Ze(1)0(6)%0(2)0(5)

3 3 3 3 ¢ | 2o(3)a(4)%a(5)a(6)
zo3a’5z0306za405za406<+ )
) (3)a(5)7a(3)a(6)“a(4)a(5)“a(4)a(6) \ 3 20(3)0(6) 2o (4)0 (5)

For term relating ¢3, it is easy to prove that it is equivalent with Q3.So we start from term
that proportional to ¢

H Ro(k)o(5)Ro(k)o(6)
60 Z H 22 (zo(l)a(?’)za(ma(@ k#5,6 (Ro(3)Zo kol
) 2
9 sSs 1<ici<e  \Fo(1)o(2)%0(3)0(4) 22 (5)0(6)
Hza'ka'SzokaéL H Zo(k)o(1)%o(k)o(2

+ Fo(1)a(5)%o(2)0(6) k#3,4 (W@ oot T o (3)0(5)%o(4)a(6) k#1,2 (W7 ®al )>

20(1)9(2) 0 (5)0 (6) Zﬁ< ot 20(3)0(4) 20 (5)0(6) Za()o(2) (B.8)

4c?
3 H Z H ZikZjk

1§a<b<6 1<j Z] k#i,j

i

This is because, consider the summation over Sg for the following term:

IT 2zo)o(s)20(k)0(6)
c Z H Zg(1)0(3)%0(2)o(4) k#5,6 (B 9)
Z D) .
4 s 1<ici<o 2 o(1)o(2)Zo(3)0(4) %0 (5)0(6)

For a given o, this term is invariant under the permutation between o(5) and o(6), so
summation over this subgroup gives a factor of 2. Also if we restrict to a subgroup S4 of
Se, which is the permutation between o(1),0(2),0(3),0(4), then the summation over this
subgroup gives a factor of 12. Since:

6 =720=2x24x 15 =2 x 24 x C? (B.10)
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So this summation equals:

2
2x12x — [ (Z H szzgk)

1<a<b<6 1<j U k#i,j5
4c?
T A (S I e
1<a<b<6 1<J 7/] k#i,j
The summation result is the same for other two terms, so the final result is:
4c?
? H (Z H szz]k)
1§a<b<6 1<J Z] k#i,j
For term that proportional to ¢, the result is:
I Zo)o(s)20(k)0(6)
Z H ( o(1)a(3)%0(2)o(4) Zo(1)a(2)%o(5)0(6) k#5,6
2
aes6 1<i<j<6 (1)a(2)%o(3)0(4) Zo(1)a(6)%0(2)a(5) “o(5)0(6)
2o (k)o(3) %o (k)o(4
i Za(1)o(5)?a(2)a(6) Fo(3)o(4)?a(5)o(6) k#3,4 (k) (8)%o(k)o()
2
o (1)a(2)%o(5)0(6) “a(3)0(6)%a(4)o(5) 25(3)0(4)
Zo(k)o(1)”o(k)o(2
X Za(3)o(5)?a(4)a(6) Fo(1)o(2)?a(3)o(4) k#1,2 (k)e()*e(k)ol )>
2
Zo(3)0(4)%a(5)0(6) “o(1)a(4)?a(2)o(3) “o(1)0(2)
Consider the term individually:
H Zo(k)o (5 o(6
lc Z H 52 <20(1)0(3)ZU(2)0(4) Fo(1)o(2)%0(5)0(6) k#5,6 (D)7 ®e(©
% 2
63 /S5 1<icice  \Fo()o(2Z0@)o(1) Z0(1)a(6)20(2)a(5) %5(5)0(6)

For the permutation between o(5) and ¢(6), we have:
Za(1)o(2)?a(5)0(6) + Za(1)a(2)?a(6)a(5)
Zo(1)o(6)%a(2)a(5) Zo(1)o(5)%a(2)a(6)

2 2
_ “o(1)a(2)%o(5)0(6)
Za(1)o(5)?a(1)a(6)?o(2)a(5) %o (2)o(6)

For the permutation between ¢(3) and o(4), we have:
Fo(D)o(3)%0(2)o(4) _ Fo(l)o(4)%a(2)a(3)
Fo(1)o(2)%0(3)0(4)  Fo(1)o(2)%0(3)o(4)
=1

For the permutation between o(1) and o(2), we have an extra factor of 2.

720=2x2x2x90=2x2x2xCzxC?

o(1)a(3)%o(2)a(4) Fo(1)a(2)?o(5)o(6) k#5,6

s I -

UESG 1<i<j<6

6 6
:g I1 z%( D | kazkm>

1<i<j<6 a<bm<n#a,b k#a,bom,n

( I 2o)o(s)20(k)a(6)

20(1)0(2)%0(3)0(4) Zo(1)o(6) 2o (2)0(5) 22 (5)0(6)
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(B.12)

(B.13)

(B.15)

(B.16)

(B.17)

(B.18)



The result is the same for other two term, so the final result is:

Zo(1)o(3)?a(2)o(4) Fo(1)o(2)?o(5)o(6) k#5,6
Za(1)r(2)Z0(3)r(4) Zo(1)0(6)20(2)0(5) 23 (5)0(6)

Ro(k)o(3)%o(k)o(4
Za(1)o(5)?a(2)a(6) Zo(3)o(4)?a(5)a(6) k#3,4 (k)7(3)%o(k)o(4)

Zo(1)o(2)%0(5)0(6) Zo(3)0(6)%o(4)0(5) Z<27(3)0(4)

Zo(k)o(1)%o(k)o(2) )

lc
ggz II =

o€Se 1<i<j<6

( I 26(k)0(5) 20 (k)0 (6)

_l’_

(B.19)
25 (3)o(5)Ra(4)a(6) Fo(1)a(2)?a(3)o(4) k#1,2

+ 2
%o (3)0(4)%0(5)0(6) “o(1)o(4)%0(2)a(3) Fo(1)a(2)

6 6

TR N SRS A | e

1<i<j<6 a<bm<n#a,b k#a,b,m,n

which corresponds to the numerical results produced by eq. (3.39). For term that does
not depend on ¢, one can check that it is actually antisymmetic and it will vanish over
permutation sum.

So far we proved the equivalence for n = 2 and n = 3. For general n, we leave it as
an exercise for enthusiastic readers to find an elementary proof of the equivalence between
Simon’s [13] and our formulae.
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