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SM Note A: Proofs

In this section, we present the proof of the first result
in our work, relating to the ground state (GS) of Eq. (1)
in the main text, for a single hole in the thermodynamic
limit when J = 0 and t > 0 (frustrated hopping). We
note that the proof applies generally to lattices of corner-
sharing tetrahedra, including the three-dimensional py-
rochlore lattice, as well as the two-dimensional checker-
board lattice.

1. Ground state energy

Since the Hamiltonian Ĥ includes only nearest neigh-
bour hopping terms, it can be decomposed as a sum of
Hamiltonians Ĥ↵ acting on each tetrahedron ↵:

Ĥ =
X

↵

Ĥ
↵ , (A1)

where the dual lattice index ↵ labels the di↵erent tetrahe-
dra and Ĥ

↵ includes only the six bonds of the tetrahedron
↵.

The ground state | 0i can be expressed as

| 0i =
X

r

|�ri , (A2)

where |�ri represents a state where the holon occupies
the site r and the rest of the spins are in an arbitrary spin
configuration, h�r|�r0i = �r,r0h�r|�ri, and h 0| 0i = 1.

After introducing the states

|�↵i =
X

r2↵

|�ri , (A3)

where the sum runs over the 4 sites of the tetrahedron ↵,
we compute the expectation value of the energy,

Eg =
X

r,r0

h�r|Ĥ|�r0i =
X

hr,r0i

h�r|Ĥ|�r0i =
X

↵

h�↵|Ĥ
↵
|�↵i ,

(A4)
where hr, r0i restricts the sum to nearest-neighbour sites.
By introducing the probability distribution over tetrahe-
dra:

p↵ =
1

2
h�↵|�↵i , (A5)

where the normalisation condition
P

↵ p↵ = 1 follows
from h 0| 0i = 1, we express Eg as

Eg =
X

↵

p↵2
h�↵|Ĥ|�↵i

h�↵|�↵i
. (A6)

Now, assume that Eg < �4t. Since p↵ is a probability
distribution over tetrahedra, this assumption implies that
there is at least one tetrahedron � for which

2
h�� |Ĥ|��i

h�� |��i
< �4t or

h�� |Ĥ|��i

h�� |��i
< �2t . (A7)

Eq. (A7) implies that the ground state energy of a sin-
gle tetrahedron is lower than �2t. However, the ground
state energy of a single tetrahedron is exactly �2t, which
implies that Eg cannot be lower than �4t.
For completeness, let us close by showing explicitly

that the single tetrahedron GS energy is �2t. If we con-
sider a system consisting of four fully connected sites,
labelled 1, 2, 3, 4, with one holon and three spins, we can
define the wave functions

| tet
1� i =

1
p
3
ĉ†1�

⇣
d̂†23 + d̂†34 + d̂†42

⌘
|0i

| tet
2� i =

1
p
3
ĉ†2�

⇣
d̂†13 + d̂†34 + d̂†41

⌘
|0i

| tet
3� i =

1
p
3
ĉ†3�

⇣
d̂†12 + d̂†24 + d̂†41

⌘
|0i , (A8)

with d̂†ij = 1p
2
(ĉ†i"ĉ

†
j# � ĉ†i#ĉ

†
j"). Note that d̂†ij = d̂†ji.

The state | tet
i� i has a static spin � on site i, while

the holon and a singlet resonate on the remaining three
sites. Consequently, the total spin of the state is �.
Applying the single tetrahedron Hamiltonian to this
state, we find that hopping to site i indeed is cancelled,
and the states are eigenstates with energy �2t. Note
that the state where site 4 has a static spin is a su-
perposition of the three states in Eq. (A8): | tet

4� i =
1p
3
ĉ†4�

⇣
d̂†12 + d̂†23 + d̂†31

⌘
|0i = �(| tet

1� i+ | tet
2� i+ | tet

3� i).

2. Ground state wave function

Consider now the resonant valence bond (RVB) state:

| RVBi =
1

p
N

X

r

|�RVB
r i , (A9)
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with

|�RVB
r i =

X

ar

| ar i,  = h�RVB
r |�RVB

r i , (A10)

where N ! 1 is the number of sites, the index ar runs
over all dimer coverings with one dimer per tetrahedron
on the lattice with the site r excluded and | ar i is the
corresponding direct product of singlet states on each
dimer:

| ar i =
Y

hi,ji2ar

d̂†ij |0i . (A11)

Substituting Eq. (A11) into Eq. (A10), and thence into
Eq. (A9), we obtain

| RVBi =
1

p
N

X

r,{ar}

| ar i =
1

p
N

X

r,{ar}

Y

hi,ji2ar

d̂†ij |0i .

(A12)
From Eq. (A4), we see that

ERVB ⌘ h RVB|Ĥ| RVBi =
1

N

X

↵

h�RVB
↵ |Ĥ

↵
|�RVB

↵ i,

(A13)
with

|�RVB
↵ i =

X

r2↵

|�RVB
r i . (A14)

According to Eq. (A10),

|�RVB
r i = | ̃r1r2

r i+ | ̃r2r3
r i+ | ̃r1r3

r i , (A15)

where r1, r2, r3 denote the 3 sites of the tetrahedron ↵
that are not occupied by the holon (the pair rirj is equiv-
alent to rjri) and

| ̃
rirj
r i =

X

ar/d2(ri,rj)

| ar i , (A16)

where the sum runs over dimer coverings | ar i with one
holon at site r and one singlet on the bond (rirj) with
1  i, j  3 and i < j. By inserting Eq. (A15) in
Eq. (A14), we obtain:

|�RVB
↵ i =

X

r2↵,i<j

| ̃
rirj
r i . (A17)

The sum contains 12 terms corresponding to the 12
di↵erent ways of allocating one holon (in one of the 4
sites of the tetrahedron) and one singlet in one of the 3
pairs that can be formed with the 3 remaining sites. We
will group these 12 terms in 4 groups, where each group
consists of the sum of three states:

| ̃↵
r i = | ̃

rirj
rk i+ | ̃rkri

rj
i+ | ̃

rjrk
ri i . (A18)

The coordinates ri, rj , rk denote the 3 distinct sites of
the tetrahedron (one containing the holon and the other

two forming a singlet state) that are di↵erent from the
‘passive’ site r. We note that when considering only the
four sites on the tetrahedron ↵, | ̃↵

r i correspond exactly
to the eigenstates of the single tetrahedron where one site
is passive and the three remaining sites contain a holon
and singlet resonating.
Next, if we denote the coordinates of the 4 sites of the

tetrahedron ↵ by ra with 1  a  4, we have:

|�RVB
↵ i = | ̃↵

r1
i+ | ̃↵

r2
i+ | ̃↵

r3
i+ | ̃↵

r4
i , (A19)

and

ERVB =
1

N

X

↵

h�RVB
↵ |Ĥ

↵
|�RVB

↵ i

=
1

N

X

↵

4X

a,b=1

h ̃↵
ra
|Ĥ

↵
| ̃↵

rb
i . (A20)

Finally, we note that

Ĥ
↵
| ̃↵

ra
i = �2t | ̃↵

ra
i , (A21)

implying that

ERVB = �
2t

N

X

↵

4X

a,b=1

h ̃↵
ra
| ̃↵

rb
i

= �
2t

N

X

↵

h�RVB
↵ |�RVB

↵ i

= �
4t

N

X

r

h�RVB
r |�RVB

r i = �4t . (A22)

Since we have shown that �4t is a strict lower bound for
the energy, Eq. (A22) implies that | RVBi is an exact
ground state of Ĥ. Eq. (A21) clarifies the name ‘passive’
for the site r: since | ̃↵

r i is an eigenstate of Ĥ
↵, the

holon never visits that site because of the destructive
interference produced by the linear superposition (A18).

3. Considerations about the thermodynamic limit

The proof holds in the thermodynamic limit, as only in
that limit can we accommodate one dimer in each tetra-
hedron. Inserting a hole in a finite lattice with an integer
number of tetrahedra leads to an unpaired spin that can
be associated with a spinon. In this scenario, the dimer
coverings are not complete because there is one tetrahe-
dron which does not contain a dimer. We can always
choose that tetrahedron to be located at the boundary
of the finite lattice and also to be the one containing the
unpaired spin. Since the boundary disappears upon tak-
ing the thermodynamic limit, the unpaired spin and the
missing dimer become irrelevant in this limit. However,
this simple observation has two important implications.
Firstly, as expected for an RVB ground state, the spin
and the charge of the fermion added to the Mott insu-
lator separate, i.e., the probability of finding the holon
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at any finite distance from the spinon is zero in the
thermodynamic limit. Secondly, on a finite size lattice
the spinon must necessarily occupy a passive site of the
tetrahedron, implying that the holon will never visit the
site occupied by the unpaired spin. In other words, the
spinon is expected to have infinite mass (static spinon)
and the spinon-holon interaction is expected to be repul-
sive. Both observations are supported by our numerical
results.

4. Proposed finite-size ground state wave function

From numerics (discussed in Supp. Mat. Notes C
and D), we find that the one-hole GS energy �4t can
be met in finite size systems and even when the unpaired
spin is fixed at a given site; in the latter case the GS
is unique. This allows us to conjecture a form for the
wave function that is given by the equal amplitude su-
perposition of all dimer-singlet states that have a spin
fixed and a delocalised holon, subject to the constraint
of no more than one dimer per tetrahedron. Remarkably,
we find that the conjectured state is identical within nu-
merical accuracy to the ground state found for the 16-
site system using ED, and to the 32-site system using
DMRG. We also find this to be the case for the two-holes
ground state (i.e., the equal amplitude superposition of
all dimer-singlet states that have two delocalised holons,
subject to the constraint of no more than one dimer per
tetrahedron). We therefore propose that such GS wave
functions are in fact exact for all system sizes.

Note that any dimer configuration with a fixed spin
and a hole (or two holes) necessarily has one less dimer
than tetrahedra. Under the condition of no more than
one dimer per tetrahedron, this means that there is pre-
cisely one tetrahedron without dimers in the configura-
tion. Notably, we find that the proposed GS wave func-
tion is invariant to fixing the location of this tetrahedron.

5. Vanishing wave function in the stoichiometric
limit

Curiously, we find that our problem does not admit
a straightforward stoichiometric limit of vanishing hole
density. If we take the equal amplitude superposition of
all dimer-singlet states on the pyrochlore lattice, with-
out holons or unpaired spins, the resulting wave function
vanishes identically for both the 16-site and the 32-site
system. This surprising result – which to the best of
our knowledge had not been pointed out in the litera-
ture before – holds irrespective of whether we impose the
constraint of one and only one dimer per tetrahedron (rel-
evant to our RVB liquid state) or we consider all possible
dimer configurations in general [1].

SM Note B: The counter-Nagaoka e↵ect

Itinerant holons in large-U Hubbard models near half-
filling are known to influence the spin correlations. For
example, Nagaoka’s theorem [2, 3] shows that a single
hole in the absence of interactions between the spins is
capable of inducing a ferromagnetic ground state. The
phenomenon is rooted in the fact that spin correlations
a↵ect the kinetic energy of the holon. In Nagaoka’s case,
a ferromagnetic pattern allows for perfect constructive
interference of the holon world lines, thus minimising the
kinetic energy. The e↵ect is remarkably stable (namely, a
finite magnetisation persists) up to 20% hole doping [4–
7] (however, see also Ref. 8 for considerations about a
possible breakdown mechanism due to phase separation).
More recently, Haerter and Shastry [9] pointed out that

the same kinetic mechanism can give rise to strikingly dif-
ferent spin correlations – namely, weak metallic antiferro-
magnetism – if the electronic lattice is frustrated; this oc-
curs, for instance, when the electron hopping amplitude is
negative, and the elementary loops on the lattice encom-
pass an odd number of bonds (see also Ref. 10 for earlier
results hinting at this phenomenon). This counterpart to
the Nagaoka e↵ect was further studied in Refs. 11 and 12
and later dubbed the ‘counter-Nagaoka e↵ect’ [13].
The nature of the state on the frustrated triangular lat-

tice was investigated numerically [11, 12, 14] and shown
to exhibit correlations that depart significantly from the
behaviour expected for the quantum Heisenberg antifer-
romagnet, towards a more classical nature (although not
entirely: a small deviation from classical correlations is
observed [11]). This work also demonstrated that the
kinetic energy mechanism was akin to a finite spin in-
teraction term proportional to the hole density (namely,
Jt ⇠ t/N , where N is the number of lattice sites, in the
presence of a single hole).
The e↵ect has been recently investigated in ladders in

Ref. 14; and on a Husimi cactus of triangles (akin locally
to a kagome lattice) where it was shown to form a regular
valence bond pattern [15].
To date, studies of the counter-Nagaoka e↵ect have fo-

cused on 2D (or quasi-1D) systems, where it is found to
lead to magnetically ordered low-energy states. In this
work, we explore the behaviour on the 3D pyrochlore
lattice (see Fig. 1 in the main text), renowned for its
strong frustration e↵ects (and our results straightfor-
wardly apply also to a planar arrangement of tetrahedra,
also known as the 2D checkerboard lattice).

SM Note C: Models and methods

In the main text, we expressed the Hamiltonian for
our system in terms of constrained electron operators for
notational convenience. The constraint can be made ex-
plicit by substituting ĉj� ! ĉj�P̂j�, where on the right
hand side we have the conventional femionic annihilation
operator, and P̂i� = (1� n̂i�) is the projection operator
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a1

a2

a3

FIG. S1. 16-site pyrochlore system. This is constructed from
a single cubic unit cell with lattice vectors a1 = (1, 0, 0),
a2 = (0, 1, 0) and a3 = (0, 0, 1).

a2

a3

a1

FIG. S2. 32-site pyrochlore system. This is constructed from
a 2 ⇥ 2 ⇥ 2 lattice of the ↵c unit cell with lattice vectors
a1 = (0, 1/2, 1/2), a2 = (1/2, 0, 1/2) and a3 = (1/2, 1/2, 0).
Each unit cell has four sites (a single tetrahedron).

that ensures no double occupancy, with n̂i� being the
customary density operator. This leads to the Hamilto-
nian written as

Ĥ = �t
X

hi,ji �

h
P̂i� ĉ

†
i� ĉj�P̂j� + h.c.

i
+J

X

hi,ji

Ŝi ·Ŝj , (C1)

where once again hi, ji denotes nearest-neighbour pairs of
sites; ĉ†i (ĉi) is the fermionic creation (annihilation) oper-

ator at site i; and Ŝi is the corresponding spin operator,
Ŝi =

1
2

P
�,�0 ĉ

†
i����0 ĉi�0 .

We study 16- and 32-site systems of the pyrochlore
lattice, both with periodic boundary conditions. The 16-
site system is a conventional cubic unit cell, illustrated

0.0000 0.0002 0.0004 0.0006 0.0008 0.0010 0.0012
¬°1

°4.000

°3.995

°3.990

°3.985

°3.980

E

FIG. S3. Energy as a function of the inverse bond dimension
for the 32-site pyrochlore system. The bond dimensions used
are � = {800, 1000, 1600, 3200, 6400, 12800}.

in Fig. S1. The 32-site system is a 2 ⇥ 2 ⇥ 2 spherical
cell constructed from the fcc primitive lattice vectors,
illustrated in Fig. S2.

The 16-site and 32-site systems are chosen as they re-
spect the symmetries of the pyrochlore lattice. Other
shapes of the unit cell show a tendency to seemingly
spurious finite-size e↵ects at very low temperatures in a
way akin to partial order-by-disorder e↵ects induced by
shape anisotropy. The next possible symmetric system
sizes would be the 3⇥3⇥3 spherical fcc system, with 108
sites, or a 2⇥2⇥2 cubic system with 128 sites. However,
these system sizes are beyond the computational reach of
our study.

For the 16-site system, we perform ED with Lanczos to
compute the 800 smallest eigenvalues and corresponding
eigenstates in each magnetisation sector. We ensure we
capture all ground states by checking that their number
stays the same when the number of computed eigenvalues
and eigenstates is doubled.

We use two-site DMRG to study the 32-site system,
with an energy convergence criterion of 10�10 and a max-
imum bond dimension up to 12800. This is su�cient
to reach convergence, as shown in Fig. S3. Using peri-
odic boundary conditions, we create a 1D snake path of
the system that follows the numbering in Fig. S2. The
choice of snake path seems to have little impact on the
convergence for our highly entangled 3D system. The
DMRG calculations were performed using the TeNPy Li-
brary (version 0.10.0) [16].

A single DMRG calculation gives one ground state.
When the ground state is degenerate due to an odd num-
ber of spins, we bias each ground state and compute cor-
relations as an average over all ground states. In the case
of pure hopping (J = 0, t = 1), the full GS manifold is
found by pinning the unpaired spin by adding an on-site
magnetic field. This gives an overcomplete set of ground
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states, and a linearly independent set of ground states is
then found via Gram-Schmidt decomposition.

For the studies of the classical Heisenberg model in
Supp. Mat. Note D, we use Monte Carlo (MC) simu-
lations with the Metropolis algorithm [17]. The classi-
cal structure factors are computed after equilibrating the
system down to � = 103. In order to compare quantita-
tively classical spins with quantum spin S = 1/2 degrees
of freedom, we tune the classical spin length to satisfy
S2 = 3/4.

As mentioned in the main text, our results hold for
lattices of corner sharing tetrahedra and therefore also
for the 2D checkerboard lattice. Indeed, the 16-site unit
cell of the 2D checkerboard lattice (4⇥ 2⇥ 2) is identical
to the one for the pyrochlore lattice (16 ⇥ 1 ⇥ 1 ⇥ 1).
In our work, we further consider a 24-site (4 ⇥ 3 ⇥ 2)
checkerboard lattice using ED (1 hole) and DMRG (2
holes) as well as 36- (4 ⇥ 3 ⇥ 3) and 48-site (4 ⇥ 4 ⇥ 3)
checkerboard lattices with 1 and 2 holes using DMRG.

SM Note D: Doping and correlations

In the first instance, we consider the case of non-
interacting spins (t = 1, J = 0) at zero temperature
in the presence of a single hole. For all system sizes, we
find that the ground state energy bound is met at �4t.
For 16 and 32 sites, the GS degeneracy is 18 and 34,
respectively.

An overall 2-fold degeneracy can be readily understood
from the odd number of spin-1/2 degrees of freedom
in the system. The residual degeneracy is clearly re-
lated to the presence of an unpaired spin. Indeed, we
find a unique ground state when the unpaired spin is
pinned to a given lattice site, resulting in a set of 16
and 32 linearly-dependent states that span the GS man-
ifold. A set of orthonormal GS wave functions can then
be found using Gram-Schmidt decomposition, for exam-
ple, giving the 9-fold and 17-fold degeneracy. This is in
contrast with the behaviour observed for two holes (see
Supp. Mat. Note E), where there are no unpaired spins
and the GS is unique. While the specific degeneracy of
the single-hole ground state for arbitrary system sizes
remains to be understood, our results suggest that the
scaling is at most linear in system size.

The holon density shows weak repulsive dependence on
the distance from the fixed spin, as illustrated in Fig. 2 in
the main text. Correspondingly, the expectation value of
the hole hopping operator has a suitably inverse depen-
dence, leading to the exact Hamiltonian eigenvalue �4t.
This is confirmed by computing the expectation value
h
P

�,j ĉ
†
i,� ĉj,�i, where j runs over all nearest-neighbour

sites of i. Within numerical accuracy, we find indeed
that this expectation value is precisely 4h1 � n̂ii for all
sites i, where h1� n̂ii is the holon density at site i.

We further checked that, within numerical precision,
the expectation value of the projector onto the state with
maximum angular momentum for each tetrahedron with

no holon,

Qtet =

*
Ŝ2
tet

⇣
Ŝ2
tet � 2

⌘ X

i2tet

n̂i � 3

!+
, (D1)

vanishes identically in the ground state for all tetrahe-
dra. Here, Ŝtet =

P
i2tet Ŝi is the total spin of the given

tetrahedron; and
P

i2tet n̂i takes on the value 4 or 3 de-
pending on whether a holon is absent or present on the
tetrahedron, respectively.
We find within numerical accuracy that the GS wave

function (with a fixed spin) from 16-site ED and 32-site
DMRG for the pyrochlore lattice, and 16- and 24-site ED
for the checkerboard lattice , is identical to a state con-
structed as the equal amplitude superposition of dimer-
singlet states with a holon and the further constraint of
no more than one dimer per tetrahedron.
We compute the spin structure factor of our RVB liquid

state, averaged over all ground states of our system for
t = 1 and J = 0, as S(q) =

P
i,jhS

z
i S

z
j ie

�iq·(ri�rj)/N ,
where ri is the position of site i. This is shown in
Fig. S4 (upper panels) for the 32-site system, obtained
using DMRG. There is indeed no evidence of symme-
try breaking. While one can recognise features akin to
those of the spin-1/2 quantum Heisenberg model (ob-
tained using DMRG; see Fig. S4, middle panels), the
doping-induced correlations in the structure factor of the
RVB liquid state in our work are clearly distinct in a
way that promises to be measurable in experiments. We
also compare it for reference to the case of a classical
Heisenberg AFM obtained using classical MC simulations
(Fig. S4, lower panels). Both the quantum and classical
pyrochlore Heisenberg AFM are known to be fully frus-
trated and in a spin liquid GS [18]. In the case of the
pure Heisenberg models we do not introduce any holes
and we scale the resulting correlations by (N � Nh)/N ,
where N = 32 and Nh = 1 are the number of sites and
holes in the RVB state, respectively.

SM Note E: Two holes

We compute the GS in the presence of two holes and
study the GS spin and holon correlations for t = 1 and
J = 0. We find that the GS is unique with energy �8t in
the Sz = 0 sector for both the 16-site and 32-site systems,
which is exactly twice the GS energy of a single hole.
We verified that, within numerical accuracy, the GS

wave function obtained with ED for 16 sites and DMRG
for 32 sites is identical to the equal amplitude superposi-
tion of all dimer-singlet states hosting two holons, subject
to the constraint of no more than one dimer per tetrahe-
dron. (We also confirmed that this result holds for the
24-site checkerboard lattice.)
We find that the doping-induced spin correlations

when two holes are present (see Fig. 2 in the main text)
are similar to the ones obtained for a single hole. Quan-
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FIG. S4. Spin structure factors of the 32-site systems. Top:
Doping-induced, 1 hole (t = 1 and J = 0). Middle: Quan-
tum Heisenberg model (QHM). Bottom: Classical Heisenberg
model (CHM). Both Heisenberg models have no holes and
their correlations are correspondingly scaled by (N � 1)/N .
Accessible momenta are marked by grey pluses.

titatively, we compare them using the measure:

D =
1

N

X

q

h
S1�hole(q)� S2�holes(q)

i2
, (E1)

and we find values . 10�4 and . 10�5 for the 16-site
and 32-site case, respectively, when S1�hole and S2�holes

are suitably rescaled by (N �Nh)/N to account for the
di↵erent total number of spins.

Next, we study the e↵ect of having a finite J when two
holes are present in the 16-site system. In Fig. S5 we show
the GS spin structure factor as a function of J/t with
t = 1. We find that the spin liquid behaviour persists
down to a finite negative value of (J/t)c ' �0.173 (hole
density 12.5%). This shows that also in the presence of
two holes, quantum spin liquid behaviour can be induced
over magnetic ordering by frustrated hole doping.

Finally, we study the holon-holon correlations. The
dependence on distance between the two holes is shown
in Fig. 2 in the main text, for t = 1 and J = 0 and sys-
tem sizes 16 and 32 (and, consistently with the structure
of the wave function, it overlaps with the spinon-holon
correlation for a single-hole GS).

For the 16-site system, we also study the behaviour in
presence of interactions, as a function of J/t, in Fig. S6.
Note that because of the small system size, we only have

°1.0 °0.5 0.0 0.5 1.0
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FIG. S5. Dependence of the ground state spin structure factor
on J/t (t > 0). This is shown for all individual reciprocal lat-
tice points for the 16-site system with two holes (density 1/8).
Dashed horizontal lines show the t = 0 limits, for reference.
The shaded region denotes correlations that are antiferromag-
netic in spite of a ferromagnetic interaction J , extending down
to (J/t)c ' �0.173. For comparison, the dashed vertical line
inside the shaded region shows the corresponding extent for
hole density 1/16, (J/t)c ' �0.052 (see Fig. 3 in the main
text).

°1.0 °0.5 0.0 0.5 1.0
J/t

0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

N 2
h(

1
°

n̂
0
)(

1
°

n̂
i)
i

i = one lattice spacing

i = two lattice spacings

FIG. S6. Holon-holon correlations as a function of J/t. n̂i is
the spin density operator on site i. We measure the correla-
tions between a holon at site 0 and a holon at a site either
one or two lattice spacings away. The shaded region shows the
range of J/t where the spin correlations are antiferromagnetic
in spite of a ferromagnetic interaction J .

access to three distances (with periodic boundary con-
ditions, two sites in this system are either one or two
lattice spacings apart). Additionally the second-nearest
neighbour and third-nearest neighbour correlators give
the same values, and we therefore only have two inde-
pendent values of the correlator. Within the limitation
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hÔ

i
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FIG. S7. Holon correlations on the checkerboard lattice. The
dark-blue dots show the holon density for a checkerboard lat-
tice of 16, 24, 36 and 48 sites, with t = 1 and J = 0 doped
with a single hole, as a function of distance from a pinned
spin, indicating spinon-holon deconfinement. Crosses show
the holon-holon correlations in equivalent systems with two
holes; they are numerically identical to the holon-spinon cor-
relations.

of the small system size accessed in our study, we observe
no sign of holon attraction (rather a small tendency to
holon repulsion) in the RVB liquid phase. In the large-
J ferromagnetic regime, when the GS becomes partially
magnetised, holon attraction is introduced by the holons
sharing minority spins [13].

SM Note F: Checkerboard

In Fig. S7, we show the spinon-holon correlations for
checkerboard systems of 16, 24, 36, and 48 sites, with
one hole and a pinned spin (t = 1 and J = 0). We
include in the figure the holon-holon correlations when
two holes are present, for the same system sizes. Once
again, we find that the holon-holon correlations exactly
match the spinon-holon correlations, consistently with
our ground state wave function ansatz. Indeed, as al-
ready mentioned earlier, we find that the numerically ob-
tained GS wave function for the 16- and 24-site checker-
board lattice is identical within numerical accuracy to a
state constructed as the equal amplitude superposition
of dimer-singlet states with one or two delocalised holons
(with a fixed spin in the one-holon case) and the further
constraint of no more than one dimer per tetrahedron.

For a checkerboard system of 36-sites and two holes
(t = 1 and J = 0), we also show in Fig S8 the spin
structure factor, for reference.
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FIG. S8. Spin structure factor for the 36-site checkerboard
lattice. This is shown for t = 1 and J = 0, doped with two
holes. Accessible momenta are marked by grey pluses.

SM Note G: Experiments

Among the known pyrochlore materials, the platinum
group (Pt, Pd, Rh, Ru, Ir, and Os) of compounds, partic-
ularly the iridates and ruthenates, have special interest
due to their mobile charge carriers and strong spin-orbit
coupling [19, 20]. As discussed in the main text, iridate
pyrochlore oxides (RE2Ir2O7, RE = rare earth) are espe-
cially promising because – while being far from a spin-1/2
half-filling Hubbard model description – stoichiometric
Ir4+ ions have 5d5 shells with e↵ective Je↵ = 1/2 ground
state doublets, whereas doping-induced Ir5+ have 5d4

shells and Je↵ = 0. In these materials, the iridium ions
sit on a lattice of corner-sharing tetrahedra and undergo
an antiferromagnetic transition to a long-range ordered
state that is characterised by an all-in-all-out (AIAO) ar-
rangement in which the iridium moments point directly
into/out of neighbouring tetrahedra [21–23]. The order-
ing temperature of the Ir sublattice depends on Ir–O–Ir
bond angles and hence is highly sensitive to the size of
the RE ion [24]. As such, to test our predictions e↵ec-
tively, holes should be introduced while perturbing the
IrO6 octahedra as little as possible. In addition, any
obfuscating e↵ects of magnetism from the RE sublattice
should be avoided. This could be achieved via the syn-
thesis of various doping series in which non-magnetic RE
ions (e.g., Y, La, Lu) are successively substituted by an
ion of similar size but di↵erent charge (e.g., Ca or Sr).

1. Measurements

Experimentally, the primary indicator of the onset of
spin liquid behaviour in the pyrochlore iridates would be
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the suppression of the AIAO magnetic order on the Ir
sublattice as a function of hole doping. In the materials
with non-magnetic RE ions, this can be readily observed
in the temperature dependence of the magnetic suscep-
tibility. The onset of AIAO order is typically accompa-
nied by a metal-to-insulator transition [25], and resistiv-
ity measurements may also be used to track its suppres-
sion (with the caveat that a separation of the magnetic
and resistive transitions is also possible, as recently ob-
served in Sm2Ir2O7 under applied pressure [26]). Other
measurements could be undertaken that provide informa-
tion on the nature of any observed magnetic ordering, in-
cluding resonant X-ray scattering, muon spin-relaxation
and neutron di↵raction [23, 24, 27]. Crystal structure
determination and careful modelling would also need to
be performed to disentangle any e↵ects on the magnetic
properties arising from structural changes or from the
increase in disorder caused by the introduction of ran-
dom defects, from those anticipated due to the addition
of holes.

As discussed earlier, some studies of this kind have al-
ready been performed, including measurements of poly-
crystalline samples of Y2�xCaxIr2O7 for x = 0–0.2
[28, 29]. Using X-ray photoelectron spectroscopy, Ref. 29
finds that the amount of Ir5+ in the sample does indeed
increase with Ca doping and, at the same time, transport
measurements indicate that the conductivity improves.
Moreover, a feature in the resistivity that might be asso-
ciated with the metal-insulator transition seen in other
pyrochlore iridates moves to lower temperatures. And
temperature-dependent magnetic susceptibility measure-
ments show that the bifurcation of the zero-field and
field-cooled traces (which likely arises due to weak ferro-
magnetic behaviour and is typically associated with the
onset of AIAO order in the pyrochlore iridates [30]), shifts
up in temperature with doping. This last result, however,
is in contradiction to Ref. 28, which finds that the bifur-
cation moves to lower temperatures over the same doping
range. That study also finds an enhancement of the con-
ductivity as x increases, but no features related to any
metal-insulator transition could be discerned. One draw-
back of these studies is the polycrystalline nature of the
samples. Broken symmetry at the surface and the un-
known e↵ects of intergrain boundaries in pressed pellets
are known to a↵ect the experimental results in these ma-
terials, particularly transport measurements, and tend
to obscure what is happening in the bulk [26]. So, while
a marked e↵ect on the magnetic and transport proper-
ties of pyrochlore iridates has already been observed on
doping with holes, measurements of high-quality single

crystals are necessary to understand these changes and
test the predictions discussed here. This requires further
investigation into improving synthesis techniques.

2. Crystal growth

Polycrystalline samples of pyrochlore iridates
(RE2Ir2O7) and ruthenates (RE2Ru2O7) are typi-
cally synthesised by conventional solid state sintering
between 950

�
C and 1100

�
C in air using high purity

(> 99.99%) oxide or nitrate chemicals [31, 32]. However,
in the case of platinum pyrochlores (RE2Pt2O7), the
low decomposition temperature of PtO2 around 450

�
C

makes the conventional ceramic-route synthesis impos-
sible. High-pressure (30–40 kbar) and high-temperature
(700–1200

�
C) routes have been used to synthesise

polycrystalline and small single crystals of platinum
pyrochlore materials [33]. The majority of the platinum
group compounds belong to the pyrochlore structure
with space group Fd�3m (no.277). Since these com-
pounds decompose at high temperature due to high
vapour pressure, single crystals cannot be grown using
any melt techniques, such as floating-zone or Bridgman.
Instead, successful growth of small crystals have been
reported via flux methods using KF and CsCl fluxes at
1100

�
C [34, 35] (see also our own sample in Fig. 1 in the

main text). Recently, high-temperature hydrothermal
methods have been employed to synthesise several
ruthenate single crystals using KOH as mineraliser [36],
and this could be extended to the iridate family.

While the pyrochlore iridates are a promising testbed
for the theoretical predictions discussed here, some devi-
ations from the ideal J = 1/2 Heisenberg model should
be noted. Firstly, the Ir4+ ions in RE2Ir2O7 are known
to be Ising-like, with the spins preferring to point along
the local [111] directions, i.e., into or out of the tetra-
hedra. It is this anisotropy, coupled with the AFM in-
teractions, that gives rise to the AIAO ordered state at
low temperatures and any reduction in the Ising-like na-
ture of the spins (e.g., by substitution of a RE ion with
a smaller radius) leads to a suppression of the transition
temperature. Secondly, the Ir ions in these materials also
exhibit a degree of mixing of the Je↵ = 1/2 state with
the Je↵ = 3/2 states due to the local trigonal crystal field
(although this is found to be minimised by replacement
of the RE ion with some other species). The e↵ects of
these deviations from the ideal model are yet to be es-
tablished, but these materials remain a promising avenue
for exploration in this context.
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