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Computational modelling of the semi-classical quantum vacuum in 3D

Z. Zhang,* R. Aboushelbaya, I. Ouatu, E. Denis, A. James, R. J. L. Timmis, M. W. von der Leyen, and P. A. Norreys’
Department of Physics, Atomic and Laser Physics sub-Department,
University of Oxford, Clarendon Laboratory, Parks Road, Ozford OX1 3PU, UK.

R. Torres, T. Grismayer, and L. O. Silva
GoLP/Instituto de Plasmas e Fusdo Nuclear, Instituto Superior Técnico,
Universidade de Lisboa, 1049-001 Lisbon, Portugal
(Dated: October 18, 2024)

The commissioning of multi-Petawatt laser systems is gathering pace around the world, promis-
ing unparalleled access to ultra-high electromagnetic fields for fundamental Physics studies. Here,
we present the first three-dimensional simulation results of two quantum vacuum effects using a
semi-classical numerical solver for the Heisenberg-Euler Lagrangian. The simulation model is bench-
marked against vacuum birefringence analytical results using counter-propagating probe and pump
pulses. Simulations of both plane-wave and Gaussian pulses show results consistent with theoretical
predictions. The solver is then applied to four-wave mixing using three realistic Gaussian pulses for
the first time. First results of the polarisation and power of the output pulse and the number of
photons obtained from the interaction are obtained and compared with theory. The output power
and polarisation dependence on input polarisation is also investigated, and found to be consistent

with the theoretical predictions.

I. INTRODUCTION

Quantum electrodynamics (QED) is one of the most
fundamental and well-tested theories in Physics, vali-
dated by numerous precision tests [1-3]. One of the
groundbreaking predictions of QED is on the nature of
the vacuum, which is classically viewed as an empty space
with no particles and zero energy. The quantum vacuum
state is filled with virtual electron and positron pairs,
and energy fluctuations. The presence of these virtual
particles creates non-linearities in vacuum that interact
with high power laser pulses travelling through, altering
their properties. Examples of these interactions include
vacuum birefringence [4-15], four-wave mixing [16-24],
photon splitting and merging [25-29], and quantum re-
flections [30].

There have been various indirect tests for photon-
photon scattering, the underlying reaction for the above
QED effects. These include the inelastic scattering exper-
iment at Stanford University (1997) colliding an electron
beam with terawatt laser pulses [31], scattering of vir-
tual photons at CERN using relativistic heavy-ion col-
lisions (2017) [32] and forward proton scattering in as-
sociation with lepton pairs produced via photon fusion
(2020) [33]. The advent of multi-petawatt lasers is able to
bring us into a new regime of direct tests for real photon-
photon scattering [34-36]. Currently, the Extreme Light
Infrastructure (ELI) in Romania [37] is able to deliver
two 10-PetaWatt (PW) laser beams along with a tunable
gamma-ray beam. Amongst the near-future high-power
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lasers is the Vulcan 20-20 laser at the Central Laser Fa-
cility in the United Kingdom [38], which will produce
a primary beam of 20 PW, as well as 8 beams with a
combined energy of 20 kJ. The EP-OPAL project [39] at
the University of Rochester in the United States plans on
generating two beams, each of 25 PW, along with four
OMEGA EP kilojoule beamlines. Photon-photon scat-
tering via four-wave mixing has been selected as one of
the flagship experiments to be conducted in future EP-
OPAL facility [40]. Finally, the station of extreme light
(SEL) [41] at Shanghai High repetition rate X-ray Free
Laser and Extreme light facility (SHINE) in China is
aiming at building a 100 PW beam with a focused elec-
tric field strength up to 10'® V/m. This laser is also
designed to combine with an X-ray free laser (XFEL) for
pump—probe experiments such as vacuum birefringence.
Unlike previous experiments, purely laser-based experi-
ments provide a clean source of photons without interac-
tions from other particles, significantly reducing the ex-
perimental noise. These experiments will not only probe
the quantum vacuum directly, but also provide tests for
alternative theories such as Born-Infeld electrodynamics
[42, 43], axions [44, 45] and millicharged particles [46].

While experimental conditions are increasingly promis-
ing with these up-coming facilities, current theoretical
models are somewhat limited and lagging behind. An-
alytical results have, by necessity, used plane wave ap-
proximations with infinite spatial properties, which are
clearly unrealistic for laser beam profiles that can be re-
alised in the laboratory. Numerical effects of non-ideal
pulses have been unexplored so far, particularly in the
context of multiple beam interactions such as four-wave
mixing. This informs the need for more precise com-
putational simulations to provide benchmarks for future
experimental designs and real data sets.

Existing quantum vacuum simulation toolkits include



HEWES by Lindner, Olmez, and Ruhl [47], and the
vacuum emission picture solver by Blinne, Gies, et al.
[48]. HEWES adopts a fully semi-classical treatment for
four-and six-photon processes, achieving high accuracy
without requiring spatial or temporal interpolation. The
vacuum emission picture solver treats quantum vacuum
signature as signal photons. External fields are treated
classically, while the emission amplitude of signal pho-
tons is calculated on a quantum level. It is less limited
by grid resolution for ultra-short laser wavelengths, but
does not account for self-induced quantum effects of the
laser pulses or their back-reactions on the vacuum.

This paper builds on the work presented in [49] on a
Heisenberg-Euler (HE) solver based on a modified Yee
scheme and extends the solver from one and two dimen-
sions to three dimensions for the first time. The solver
evaluates and propagates the fields using non-linear
Maxwell’s equations with non-linearity source terms de-
rived from the HE Lagrangian. The numerical stability
and robustness of the solver have been thoroughly tested
in lower dimensions. This approach is matrix-free numer-
ical method, and is implemented as part of OSIRIS [50], a
highly parallel and fully relativistic particle-in-cell (PIC)
code that has been extensively benchmarked against high
intensity laser-plasma interaction experiments, particu-
larly those associated with laser-wakefield accelerators.
The integration into OSIRIS allows for greater flexibility
in simulating a wide range of quantum phenomena [51—
53], both in vacuum and in the presence of particles, as
will naturally arise in experiments.

In this paper, we incorporate the solver into the latest
version of OSIRIS and aim to validate its robustness in
three dimensions by benchmarking it against two quan-
tum vacuum phenomena: vacuum birefringence and four-
wave mixing.

This paper is organised as follows. In Section II, a brief
overview of the theory underpinning the semi-classical
definition of the quantum vacuum is provided, along with
analytical results for the two phenomena considered. Sec-
tion III provides an outline of the three-dimensional algo-
rithm of the modified Yee scheme used in the new solver.
A discussion of simulation results and comparisons to
analytic theory are presented in Section IV. Section V
summarises the results and concludes the article.

II. THEORY

QED in vacuum can be approximated by the HE La-
grangian [54, 55], non-linear in electric and magnetic
fields, as expressed below in Gaussian units:
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where ¢ is the non-linearity coupling parameter:
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This approximation holds under the conditions for fields

E < E,and A> A, where By = "2 ~ 1018 V/m is the

Schwinger field, and A\, = % ~ 107'2 m is the Compton
wavelength [56]. All simulations presented in this paper
have fields and wavelengths strictly within these limits.

A set of semi-classical non-linear Maxwell’s equations
can be derived from the Lagrangian [57]:
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where we define an effective polarisation P and magneti-
sation of the vacuum M as:
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We can also derive the non-linear wave equation
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Under this formulation, the vacuum possesses non-linear
electromagnetic properties and interacts with laser pulses
propagating through it. The two effects of interest in this
paper are vacuum birefringence and four-wave mixing.
The following sections present an overview of the analyt-
ical solutions for the two effects, which will be compared
to simulation results.

A. Vacuum birefringence

In vacuum birefringence [4-15], a probe pulse travel-
ling through a strong electromagnetic background will
experience a change in its refractive indices along differ-
ent polarisations. Specifically, the difference in refractive
indices leads to dephasing between the different polari-
sation components. A linearly polarised probe pulse will
thus gain a small ellipticity in its polarisation after pass-
ing through the strong background. In our simulations,
the strong field is provided by an ultra-intense pump
pulse, and we extract the birefringence from a probe pulse
that passes through the pump pulse [49, 58]. The two
pulses will be counter-propagating along the x-axis.

We consider two scenarios. In the first scenario, both
the pump and probe pulses are plane waves with a Gaus-
sian temporal profile [58]:
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where E , is the pump and probe pulse profile, Eo,p is
the amplitude of the respective pulses, ko, and wp , are
their wave-numbers and frequencies, and og, are their
longitudinal duration.

In the second scenario, both are finite-width Gaussian
beams under the paraxial approximation:
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where Wy, are the transverse widths of the two pulses.
In both cases, Fy > Ep7 such that the birefringent effect
created from the probe pulse can be considered negligi-
ble. For a probe pulse that is initially linearly polarised
at 0, it will acquire a phase difference between its two
components along ¥ and z after the interaction:
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where k' is the wave-number altered by the non-linear
vacuum, and ¢ is the ellipticity given by [58, 59]
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for plane waves, and
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for paraxial Gaussian beams.
conjugate of the first term.

B. Four-wave mixing

We consider three input plane waves with frequencies
and wavevectors (w;, k;). An output beam whose four-
wavevector satisfies the conservation of energy and mo-
mentum will be generated such that: [60].

ki + ka2 = ks + Ky, (15)
w1 + wo = w3 + wy. (16)
We assign the angles ¢; and ~; to each field, where ¢;

is defined as the angle k makes with the x-axis, and ~; is
the angle of polarisation from the z-axis, such that:

k; = ki cos ¢;X + k; sin ¢y, (17)

Ei(r,t) = E;(r,t) [sin~; sin ¢;X — siny; cos ¢;¥ + cos ;2] .

(18)

Incoming beams are approximated as top-hat beams with
length L, width and height b (L > b). It is further

approximated that during the interaction process, the
pulses interact in a cubic region with volume b3, and
edge-effects are negligible. The output electric field then
takes the form [60]
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r, # and ¢ are conventional spherical coordinates, with
the origin at the interaction centre. G4 is a geometric
factor that depends on the interaction geometry and po-
larisation of input pulses. A full expression for Gy4 can
be found in appendix A.

The output power can be calculated by integrating the
intensity over a spherical shell, which gives
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where f(6,¢) = 1 — cos¢sinf and g(,$) = singsiné.
Py 23 represent the power of the input pulses. The ex-
peceted number of photons obtained per shot (N,u¢) is
calculated by multiplying the power by the time duration
and dividing by the output photon energy:
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We will use Eq. (13), (14 ), (23) to benchmark

our numerical solver.

), (19), (21

IIT. SEMI-CLASSICAL QED SOLVER

The Yee scheme [61, 62] is a widely used solver for
Maxwell’s equations, wherein the electric and magnetic
fields are computed on a staggered grid (Fig. (1)). To ad-
dress the non-linearities in the modified Maxwell’s equa-
tions, our solver employs a modified Yee scheme [49](Fig.
(2)). At each time step ty,:

1. The standard Yee scheme, based on the original
Maxwell’s equations in absence of vacuum non-
linearities, is carried out to compute the electric
and magnetic fields at staggered locations at t,,41.
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FIG. 1: Positions where electric and magnetic fields are
evaluated in the Yee scheme in 3D. Positions for
interpolation and calculation of invariants are
represented by dashed circles in orange.
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FIG. 2: TIterative loop in the modified Yee scheme.

2. The field values are interpolated to all grid loca-
tions.

3. The two electromagnetic invariants, E? — B2 and
E - B are calculated at all grid locations at ¢,4;.

4. The effective polarisation (Eq. (7)) and magnetisa-
tion (Eq. (8)), are calculated at all grid locations
at tn+1.

5. The electric field at ¢, is then re-evaluated using
the modified Ampere’s Law (Eq. (4)).

6. The updated electric field is used to revise the po-
larisation (Eq. (7)) and magnetisation terms (Eq.
(8)), which in turn update the electric field (Eq.
(6)). This iterative process continues until conver-
gence to the desired accuracy is achieved.

7. The magnetic field at ¢,,41 is then re-calculated us-
ing the modified Faraday’s Law (Eq. (6))

This scheme has the important advantange that it can be
straightforwardly incorporated into the electromagnetic
solver in PIC code, and allows the calculation of semi-
classical quantum vacuum effects in the existing PIC code

algorithm without significant modifications. We have up-
graded the solver to be compatible with the latest version
of OSIRIS, which supports new features such as pulse
propagation at an angle [63], and benefits from a shorter
run-time. For instance, the three-dimensional simulation
of vacuum birefringence as introduced below, where two
plane-wave pulses propagate through the vacuum, took
approximately 0.5 hour to complete without quantum ef-
fects, and 15 hours with the addition of the quantum vac-
uum solver., for the same computational resources. The
simulations of four-wave mixing took 0.75 and 3.4 hours
without and with the solver. The reasonable run-time al-
lows for higher flexibility in running multiple simulations,
for example when carrying out parameter scans.

IV. RESULTS

A. Vacuum birefringence

The stability and accuracy of the solver in 1D and 2D
have been validated in [49]. Here we extend the bench-
marking to vacuum birefringence in 3D for the two sce-
narios outlined in Eq. (10) and Eq. (11). To enhance
the non-linear effects, we have artificially increased the
value of the non-linearity coupling parameter £ in Eq. (7)
and Eq. (8) from 3.28 x 10751 to 1.08 x 10744, We note
that this adjustment only re-scales the results without
introducing additional physical effects.All diagnostic cal-
culations are performed using E and B fields interpolated
to the grid center.

The standard counter-propagating setup, shown in Fig.
3, consists of an optical pump pulse and an X-ray probe
pulse. The two pulses share the same focal spot, duration
and beam width, and fully overlap at the focal spot. The
pulse parameters for the plane-wave scenario are detailed
in Table I. The ellipticity value is measured from the
polarisation plane of the probe pulse at a fixed location.
Results for the ellipticity obtained in the plane-wave case
are plotted as a ratio of the theoretical prediction (Eq.
(13)) across the transverse plane, as shown in Fig.4(a).
The maximum deviation from theory is 3.1%, demon-
strating excellent agreement. There is a variation in the
ratio within a range of 4.3% across the transverse plane,
demonstrating the robustness of the solver across the y-z
plane.

For the Gaussian setup (Fig. 3(b)), both pulses have
the same transverse Gaussian profile, with simulation pa-
rameters presented in Table II. The ellipticity is expected

TABLE I: Input parameters for pump and probe pulse
in plane-wave scenario.

Pulse A (nm) Eo (V/m) o (fs)
Pump 1000 8.6 x 10 2.1
Probe 10 3.2 x 10*2 2.12




FIG. 3: Vacuum birefringence counter-propagating
probe and pump setup in 3D: (a) both probe and pump
pulses are plane waves. (b) both are Gaussian beams.
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FIG. 4: Normalised ellipticity, 0/d¢peo, across the
transverse plane of probe pulse for plane-wave scenario.
Maximum deviation from the theoretical prediction is
3.1%, with a variation of 4.3% across the plane.

to mirror the Gaussian profile of the pump pulse across
the y-z plane, as shown in Fig. 5. Comparison with the-
ory is shown in slices along the central y and z axes. The
deviation from theory at the peak of the Gaussian is 2.1%
and is found to be resolution dependent. Increasing the
y-z plane resolution by 1.8 times reduces the deviation to
1.7%. The deviation from analytical predictions for both
scenarios is consistent with previous deviations obtained
in past literature when the solver was benchmarked in

TABLE II: Input parameters for pump and probe pulse
in Gaussian scenario.

Pulse A (nm) Ep (V/m) o (fs) W (um)
Pump 1000 8.6 x 10 2.1 6.75
Probe 10 3.2 x 10*2 2.1 6.75
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FIG. 5: Normalised ellipticity across transverse plane
for the Gaussian scenario. Slices are taken along y and
z-axis at central y and z locations (30 um),
demonstrating high agreement with theory. Deviation
from theoretical value of the peak ellipticity is 2.1%.

two dimensions [58], validating the continued accuracy
of the solver when extended to three dimensions.

B. Four-wave mixing

The particular geometry studied here is

ki =kx—V3ky

ko =kXx+V3ky (24)
ks = —k% ’
ks = —3k%

as shown by Fig. 6, reproducing the setup studied
theoretically in [17, 22]. The output beam is well-
separated from the three incoming beams, making de-
tection straightforward. This geometry also yields a rea-
sonable number of photons compared to other potential
setups [60].

TABLE III: Input parameters for pump and probe
pulse in plane-wave scenario.

A1(pm) Az(pm) As(pm) Aa(pm)
0.5 0.5 1 0.33

Ey (V/m) Py(PW) o(fs) W (um)
6.4 x 10 13.9 13.3 2.8

The plane waves considered in theory are physically
unrealistic and offer limited insight for future experi-
ments. Therefore, in our simulation, all three beams



have realistic Gaussian profiles longitudinally and trans-
versely. The input beams each have a wavelength of 0.5
pum (A and Ag) and 1 pm (A3). They share the same
electric field strength, pulse duration and beam width,
as shown by Table ITI. This specific interaction geome-
try will yield a third harmonic output pulse, with a wave-
length of 0.3 pm. We start with the simplest polarisation
configuration: all three input beams are polarised along
the z-axis. Fig. 7 shows the interaction at three different
stages: initial stage (wt = 0) where the interaction has
not started, interaction stage (wt = 100) where the three
pulses fully overlap, and final stage (wt = 200) where the
interaction is complete.

Fig. 8 shows the resulting Fast Fourier Transforms
(FFT) in the %-y plane at the three stages, which allow
us to identify the range of harmonics produced in the
simulation. The six highest-intensity harmonics at loca-
tions (ku,ky) = (& ko,0) and (& ko, =v/3 ko) represent
the three input beams. Unlike plane waves in theory
with an infinitely sharp peak at single frequencies, the
harmonics in the simulation are smeared out around the
central frequencies due to finite pulse sizes. The white
strips along k, and k, come from imperfections in pulse
propagation in the simulation, but because of their much
lower intensity, they create little effect on the third har-
monic we wish to extract. From Fig.8(a) we can see
the harmonics at (£3 ko,0) and (43 ko, +3v/3 ko) aris-
ing due to self-interaction of the input beams [58]. We
note that self-interaction occurs only in non-plane-wave
pulses, where the curvature of the wave fronts induces
photon-photon scattering within the pulse itself. This is
hence not captured in the plane-wave theory described
in Section II B. The harmonics produced from the three-
beam interaction are presented by Fig.8 (b). From Eq.
(9), we can see that the output electric field includes the
frequency components present in the non-linear source
term, which scales as E. Substituting the input field as:

E(r,{) = (El(r, £)e~ ke 4 By (r, t)etF@+V3Y)

+E3(r,t)6ik(x7\/§y)) +ce  (25)

FIG. 6: A schematic view of the interaction geometry
in the simulation, where the wave-vectors of all four
beams lie on the x — y plane. The four beams have a
wavelength of 0.5 pm(\; and A2), 1 um(A3) and 0.3

into Eq. (9) gives a range of harmonics including
(Ko, 2v/3 ko) (£ko, £3v/3 ko) (£3ko, 0),(3ko, £v/3 ko)
and (43kg, +2v/3 ko). However, approaching the end of
the simulation, most of these harmonics are found to
be non-propagating and fade away, while the amplitude
of the third harmonic stays relatively constant, mak-
ing it easily distinguishable from the other frequency
components. These plots align with the principle of the
four-wave mixing experiment, which is used to stimulate
the generation of this particular harmonic.

The output pulse is extracted by placing a frequency
filter around wy, and further filtering out the positive k
mode. The final output pulse is shown in Fig. 8(b), also
exhibiting a Gaussian-like profile, and polarised along the
z-axis, consistent with the theoretical predictions given
by appendix A. The output pulse is shorter than the
input ones, with ¢ ~ 8.7 fs. It is also smaller in size
and astigmatic, with W ~ 1.8 pym along the y-axis, and
2.2 pm along the z-axis. The astigmatism comes from
the asymmetry the interaction geometry. As the wave-
vectors of the primary beams lie on the x-y plane, when
the beams approach each other at oblique incidence, they
are able to overlap fully along the z-axis, but only par-
tially along the y-axis. This leads to a smaller size of
the output pulse along the y-axis than along the z-axis.
Astigmatism has been ignored in previous analytical cal-
culations, where the interaction region is simplified as
cubic.

To compare with analytical results, we matched the
input power of the plane waves used in theoretical cal-
culations with the peak power of Gaussian pulses in the
simulations. The full length and width of the plane waves
are approximated by 40 of the Gaussian pulses longitu-
dinally and transversely, respectively 15.9 and 11.3 pm.
We compare the peak electric field, peak power of the
output pulse and the total number of photons emitted
per interaction with the theoretical predictions. As we
can see from (Eq. (19,21,23)), the output electric field
has a 1/r dependence, while output power and energy are
independent of detector distance. Given the difference in
pulse shapes between theory and simulation, we expect
reasonable discrepancies between the two. Specifically,
because of the peak power matching, we expect theo-
retical results to be higher than simulation results. An
additional contribution to the difference between the two
is the simplification of the interaction region in analyti-
cal calculations. The theoretical model [60] approximates
the region as cubic, while from Fig. 7(b) it could be seen
that the region consistently deviates from cubic.

Fig. 10 represents the ratio of theoretical to simulation
results for the respective quantities against the detector
distance from the interaction point. On average, there is
a factor of 1.5 difference between theory and simulation
results for peak power of output pulse, while for pho-
ton number the ratio reaches 9.8. The larger discrepancy
in photon number is again justified by the peak power
matching, since theory assumes plane-wave inputs with
a constant power, whereas the power of Gaussian pulses
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FIG. 8: FFT in the x-y plane at wt= (a) 1, (b) 100 and (c) 200, where w is the fundamental frequency. k values are
normalised by the fundamental frequency. The initial harmonics in (a) are produced from self-interaction of the
input beams. Harmonics produced from four-wave mixing are presented at (b), consistent with simple harmonic

analysis. The third harmonics at (+3 kg, 0) remain the highest intensity amongst all higher harmonics throughout
the interaction.

falls off rapidly away from the peak position. The biggest
variation is found in the peak electric field ratio, which
drops progressively with detector distance. This is be-
cause the analytical expression (Eq. (19)) relies on the
assumption that the observer distance is much greater
than the interaction length (r > L) [60], whereas the
range of length scales we investigated are of the same
order as the interaction length. The dropping discrep-
ancy as the detector is placed further away is also justi-
fied by this assumption. This marks the success of the
simulation to produce more accurate results close to the
interaction point than analytical predictions. The ratios
of power and photon number are also analysed at var-
ious distances from the interaction point to assess the
consistency of the simulation results. The output power
shows a maximum variation of 4.4% in a range of 12 pum,
while the number of photons varies by up to 2.9% in 6
pm, further demonstrating the robustness of the solver
to propagate the output pulse in space and time without
diffraction effects.

The comparisons indicate that the simulation captures
the results at close distances to the interaction point in-

cluding finite pulse effects, which is challenging for an-
alytical solutions. To further validate the reliability of
the simulation, we investigated the dependence of nor-
malised power and polarisation of the output pulse as
a function of the polarisation angle of the three input
beams, which are independent of input beam profile, and
compared them with theoretical predictions. Nine sim-
ulations with the same interaction geometry were run
while varying the polarisation angle -y of the three input
pulses. Fig. 11 shows the normalised power and polar-
isation of the output pulse from simulation results and
theory. The simulation results closely match the theo-
retical predictions for the angles tested, validating the
accuracy of the solver when applied to a novel quantum
phenomenon and field configuration.

V. CONCLUSIONS

In this paper, we introduced a semi-classical three-
dimensional solver for quantum vacuum effects, based on
the Heisenberg-Euler Lagrangian. The solver operates on
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FIG. 9: Resulting output pulse. Electric field is shown
in Terravolts/metre. Slices along %X and y axes are
taken along the centre of the simulation. The output
pulse is smaller than input pulses and astigmatic, due
to the asymmetry of the interaction region.

a modified Yee scheme and is integrated into the larger
PIC framework OSIRIS. We demonstrated the accuracy
and robustness of the HE QED solver in three dimensions
by applying it to two quantum vacuum phenomena: vac-
uum birefringence, and, for the first time, four-wave mix-
ing. In vacuum birefringence, we simulated two scenarios:
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FIG. 10: Ratio of analytical results to simulation
results for (a) peak electric field, (b) output power, (c)
total number of photons against distance of detector
from the interaction point. For all three quantities
analytical predictions are consistently higher than
simulation results because of power matching. Due to
the assumption in the derivation for electric field [60]
that the detector distance is far greater than interaction
length, analytical results for electric field overshoots
close to the interaction point. Ratio of power and
photon number remain relatively constant with
distance.
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FIG. 11: The solver is benchmarked against four-wave
mixing theory by investigating (a) normalized power
and (b) polarisation angle of the output pulse as a
function of the polarisation angle of input pulses. All
datapoints align well with theory within error bars.

plane-wave and Gaussian laser input pulses. The results
were benchmarked against theoretical predictions, veri-
fying the accuracy of the solver. We also show the first
ever simulation results of four-wave mixing in 3D employ-
ing realistic Gaussian beams. The theoretically predicted
third harmonic output pulse is observed in our simula-
tions. Simulation results have been benchmarked with
theory by examining the dependence of signal strength
and polarisation on input polarisations. Results from a
set of simulations are highly consistent with theory, once
again verifying the precision of the solver. Comparison
of the output electric field, power and number of photons
obtained from the interaction with analytical results also
demonstrate the solver’s capability to simulate realistic
pulse shapes that analytical methods cannot easily ad-
dress. The application of the solver in the two scenarios
marks its versatility in investigating different quantum
vacuum phenomena. Looking ahead, the solver could be
applied to studying interactions of novel pulse shapes,
including Laguerre-Gaussian beams [64] and tightly fo-
cused beams. The simulation results will complement
existing theoretical work and provide benchmarks for fu-
ture high-power laser experiments. Additionally, it opens
up the possibility of investigating QED effects in the pres-
ence of particles. For example, in future four-wave mix-
ing experiments, the solver could place initial estimates
of noise levels from Compton scattering, thus opening the
way to full-scale modelling of upcoming photon-photon
scattering experiments with optical
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Appendix A: 2D geometric factor

The geometric factor incorporates all the dependences
on interaction geometry and polarisation in four-wave

mixing, and are calculated theoretically as [60]:
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