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Abstract

This thesis concerns the diameter and spectral gap of finite groups. Our fo-
cus shall be on the asymptotic behaviour of these quantities for sequences

of finite groups arising as quotients of a fixed infinite group.

In Chapter 3 we give new upper bounds for the diameters of finite groups
which do not depend on a choice of generating set. Our method exploits
the commutator structure of certain profinite groups, in a fashion anal-
ogous to the Solovay-Kitaev procedure from quantum computation. We
obtain polylogarithmic upper bounds for the diameters of finite quotients
of: groups with an analytic structure over a pro-p domain (with exponent
depending on the dimension); Chevalley groups over a pro-p domain (with
exponent independent of the dimension) and the Nottingham group of a
finite field. We also discuss some consequences of our results for random

walks on groups.

In Chapter 4 we construct new examples of expander Cayley graphs of fi-
nite groups, arising as congruence quotients of non-elementary subgroups
of SLy(FF,[t]) modulo certain square-free ideals. We describe some applica-
tions of our results to simple random walks on such subgroups, specifically
giving bounds on the rate of escape from algebraic subvarieties, the set of

squares and the set of elements with reducible characteristic polynomial
in SLy(IF,[t]).

Finally, in Chapter 5 we produce new expander congruence quotients of
SLy(Z,), generalising work of Bourgain and Gamburd [6]. The proof com-
bines the Solovay-Kitaev procedure with a quantitative analysis of the
algebraic geometry of these groups, which in turn relies on previously

known examples of expanders.
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Chapter 1

Introduction

In so far as this thesis has a single unifying theme, it is this: given a finite group G
and a generating set S C G, what does it mean to say that S generates G “quickly”
or “efficiently”, and for which pairs (G, S) is such “efficient” generation achieved?
Of course, how we answer the first question will determine the kind of answers we
can expect to obtain to the second, and the route by which we shall arrive at them.

Here we shall focus on two possible interpretations: the diameter and spectral gap of

(G, 9).

1.1 What Is Diameter?

The diameter of the pair (G, S) simply measures the length of words in the generators

S needed to express elements of G. To be precise, we define:
diam(G, S) = min{n € N: Bg(n) = G}

where Bg(n) is the (closed) ball of radius n in the word metric induced on G by S.
That is:

Bs(n) ={s1-"sp:81,...,8, € SUSTTU{1}}.

Alternatively, and for ease of visualisation, diam(G,S) is precisely the diameter of
the Cayley graph Cay(G,S), equipped with the standard path metric.

It is intuitive to regard S as generating G “efficiently” if we can give a suitably
small upper bound for diam(G, S). Such bounds are usually expressed as a function
of the order |G| of G.

For a given group G, diam(G, S) shall depend greatly on the choice of a generating

set S: if |S] is fixed then a simple counting argument shows that diam(G,S) is



bounded below by a logarithmic function of |G|. On the other hand, for any finite
group G, diam(G,G) = 1.

This example should serve as a warning: we cannot expect the quantity diam(G, S)
to contain any interesting information about G if we permit ourselves to choose the
generating set S arbitrarily. To avoid such arbitrary choices, among other reasons,
it is desirable to define a notion of diameter for G' which is an invariant of the group
alone.

There are several reasonable ways to do this: one may for example fix the size of
S and study the minimal possible value of diam(G, S), as S varies. One may also ask
about the value of diam(G, S) for generic subsets S, if it indeed makes sense to talk
about the generic behaviour of diam(G,S). The notion of diameter studied in this

work, however, shall be the so-called worst-case diameter of G, defined by:
diam(G) = max{diam(G, S) : S C G, (S) = G}.

This definition has the obvious advantage that an upper bound for diam(G) contains
some information about any particular generating set S with which we may happen
to be working; it is in this sense always able to be turned to our needs. The downside
is that the upper bound may not be optimal for our chosen generating set (or for any
generating set at all, for that matter).

For which groups might one study diam(G)? One class which has attracted sub-
stantial attention is the finite simple groups. The key conjecture in this area is the

following, due to Babai.

Conjecture 1.1.1 ([1], 1992). There exists an absolute constant C' > 0 such that if

G 1s a non-abelian finite simple group, then:
diam(G) < C(log|G|)°.

This conjecture is still a long way from being proved, though substantial progress
has been made in recent years. The first major case to fall was that of PSLy(p) (p

prime), which was dealt with by Helfgott. Indeed, his proof yielded a stronger result:

Theorem 1.1.2 ([36], 2005). For all 6 > 0, there exist C(5), D(6),e(d) > 0 such
that, for any prime p and any generating set S C PSLy(p), the following holds.

(i) If |S] < |PSLa(p)|'=? then |S - S - S| > C|S|'+.

(ii) If |S| > |PSLa(p)|°, then diam(PSLy(p),S) < D. (In fact, Nikolov and Pyber
[65], building on work of Gowers [34], observed that if § > 8/9, we may take
D=3.)



Why does this imply the desired polylogarithmic diameter bound? First, re-
placing S by Bs(ly) for [y an absolute constant, we may assume |S| is bigger than
any absolute constant. Second, we apply (i) iteratively to obtain [ € N such that
|Bs(1)| > |PSLy(p)|% for 6y > 0 an absolute constant (here [ may be taken to be at
most polylogarithmic in |[PSLy(p)|). Finally, we apply (ii) to obtain
Bg(Dl) = PSLa(p).

Following the initial breakthrough of Helfgott’s paper there was a flurry of results
generalising his methods to other finite simple groups of Lie type, and versions of
Theorem 1.1.2 were quickly provided for PSL3(p) (by Helfgott in 2008 [37]) and for
PSLy(q) for g an arbitrary prime power (by Dinai in 2009 [27] and Varji in 2010 [77]).
The current state of the art in this direction is contained in independent works of
Breuillard, Green and Tao [18] and Pyber and Szab¢ [66] from 2010. They showed
that the analogue of Helfgott’s result holds for any family of finite simple groups of
Lie type of bounded Lie rank. Consequently, a weaker version of Babai’s bound is
now known to hold, in which the constant C' depends on the Lie rank of G. This
issue of dependence on Lie rank in diameter bounds is one to which we shall return
in discussing our new results.

Meanwhile, the best currently known bounds for the diameters of the alternating

groups A, appeared in [39] in 2011, where the upper bound:
diam(A,,) < exp(C(logn)*loglogn)

was given (with C' an absolute constant). This falls short of the polylogarithmic upper
bound which is demanded by Conjecture 1.1.1 (and which has been expected for much
longer: the particular case of Babai’s conjecture for A, is regarded as folkloric). It
should however be noted that the much better bound Cn?(logn)® has since been
proved for random generators [40].

It bears mention at this juncture that the aforementioned results on groups of Lie
type did not develop in isolation. A key motivation driving the rapid development
of this subject has been the remarkable applications such results on product growth
have to expansion phenomena, first discovered by Bourgain and Gamburd [5]. We

shall return to discuss these applications shortly.



1.2 The Solovay-Kitaev Procedure

Simple groups did not provide the first examples of families of groups with a poly-
logarithmic upper bound for diam. These were due to Gamburd and Shahshahani,
who observed that such a bound held for the sequence SLy(Z/p"Z) (with p fixed and

n varying).

Theorem 1.2.1 ([33], 2004). Let p be an odd prime. Then there exist Cy(p) > 0 and
an absolute constant Cy > 0 such that, for alln € N,

diam(SLy(Z/p"Z)) < Cy(log|SLo(Z/p"Z)]) 2.

Even better, it is possible to give an explicit numerical estimate for Cy, of approx-
imately 8.71.

When n is large, SLy(Z/p"7Z) is very much unlike a finite simple group such as
PSLy(F,): SLy(Z/p"Z) has many large normal subgroups, arising as the kernels of
congruence maps SLo(Z/p"Z) — SLo(Z/p™Z) for m < n. The presence of such
congruence kernels is both a blessing and a curse. On the one hand, a clean statement
about the growth of arbitrary subsets & la Theorem 1.1.2 becomes less accessible (there
are in some sense too many subgroups in which a generating set may become partially
trapped). On the other, the filtration by the congruence kernels opens the way to
arguments by induction on the level of the filtration.

The proof of Gamburd and Shahshahani’s result takes this form. The inspira-
tion for their particular proof came from the world of quantum computation, and
specifically from the Solovay-Kitaev procedure used in the construction of efficient
quantum compilers. In group-theoretic terms, this is an algorithm which, given a
finite symmetric subset S of SU(d) generating a dense subgroup, and an arbitrary
element g € SU(d), writes a short word in S approximating ¢g up to small error. We
expound further on the quantum compilation problem in Section 3.1.1.

The procedure relies only on a few key properties of SU(d), concerning commutator
words. Gamburd and Shahshahani’s insight was that these properties translate to the
setting of the group SLs(Z,), where we interpret “approximation up to small error”
as agreement up to some congruence kernel K,, = SLy(Z,) N (I3 + p"Ms(Z,)), for n
sufficiently large. In this context, writing every element of SLy(Z,) as a short word up
to an error in K, is equivalent to giving a small upper bound for diam(SLy(Z/p"Z)).

As hinted already, an additional virtue of diameter bounds proved via the Solovay-
Kitaev method is that the implied constants are reasonably small and may be explic-

itly computed. The constants appearing in Theorem 1.2.1 were improved by Dinai



(28], using the theory of p-adic analytic groups. He then extended Theorem 1.2.1 to
other Chevalley groups over Z, [29].

Our contribution to this field is the development of an abstract group-theoretic
formulation of the Solovay-Kitaev procedure for profinite groups, which is sufficiently
flexible as to be applicable to a much broader range of examples than has been
considered previously [12]. This shall be the subject of Chapter 3.

1.3 What Is Spectral Gap?

Meanwhile the spectral gap of the pair (G, S) is a quantitative measure of the connec-
tiwity of (G, S) and controls the equidistribution of the simple random walk on (G, 5).
In Chapter 2 we shall give a purely algebraic account of spectral gap, but for now
it shall be a little easier to motivate with reference to the Cayley graph Cay(G,S).
In common with any finite graph, Cay(G, S) has a (normalised) adjacency matrix
Ag € Mg (R). If S C G is symmetric, then Ag is a non-negative symmetric matrix
of operator norm 1; its spectrum o(Ag) is a finite subset of [—1, 1]. If S generates G,
so that Cay(G,S) is connected, then 1 is a simple eigenvalue of Ag. In this case we

define the spectral gap or expansion of (G, S) to be:
e(G,S) =min{l — [\ : A€ o(Ag) \ {1}}.

We view S as generating G “efficiently” if (G, S) is large. How can we make this
intuitive? It may be shown that, taking a simple random walk on Cay(G, S), the
probability ,ug) (g) of reaching a vertex g at time [ differs from 1/|G| (that is, the weight
assigned to g by the uniform distribution on the vertices) by at most (1 — ¢)!. If the
spectral gap is large, therefore, the sequence of probability distributions (ug)) ; arising
from the random walk on Cay(G, S) converge quickly to the uniform distribution. In
other words, for some reasonably small [, an approximately equal proportion of the
(unreduced) words of length [ in S are equal in G to each element g.

As with diameter, it is easy to “force” efficient generation by taking S to be
very large (for instance taking S = G). A problem which has been of great interest
to both pure mathematicians and computer scientists for many years is to produce
sequences (G, S,) where the GG, are of unbounded size, the S, are of bounded size
and the €(G,,, S,) remain large. If ¢(G,,S,) may be bounded away from zero by a
constant independent of n, then such a sequence is known as a (two-sided) expander
family (see [41] and [54] for an overview of the diverse applications of expanders across

mathematics).



The first examples of expander families were produced by Margulis [61], exploiting
Kazhdan’s property (7'). We shall not define property (7') precisely, but it is a
powerful representation-theoretic rigidity property of groups, which is satisfied by all
lattices in higher-rank simple Lie groups over local fields. Margulis’ observation was
that if the G,, arise as finite quotients of a fixed property (T") group G, and the S, are
the images in these quotients of a fixed finite generating set S for G, then (G,,S,)
is an expander family (for parity reasons, we assume for now that 1 € S, though in

many cases this shall not be strictly necessary).

Example 1.3.1 (Margulis). Let d > 3 and let S C SL4(Z) be a finite symmetric set,
generating a finite index subgroup, and such that 1; € S. Then there exists qo(S) € N
such that (SLa(Z/qZ),74(S))(g.q0)=1 15 an expander family.

Here 7, : SL4(Z) — SL4(Z/qZ) is the congruence map. Meanwhile, expander
congruence quotients of SLy(Z) arose from Selberg’s famous 3/16 Theorem on con-
gruence covers of arithmetic manifolds [72]. Historically Selberg’s result preceded
Margulis’ work on property (7') groups, but the connections with expansion were not
noted until later [58].

Example 1.3.2 (Selberg). Let S C SLy(Z) be a finite symmetric set, generating a
finite index subgroup, and such that Iy € S. Then there ezists po(S) € N such that
(SLa(Fp), mp(S)) p>po prime @S an expander family.

1.4 The Age of the Machine

By the turn of the new millennium, property (7') and Selberg’s Theorem had de-
livered numerous examples of expander families, but the mathematical community’s
understanding of expansion in groups was still unsatisfactory in a number of ways.
The limitations of the available tools were neatly illustrated by Lubotzky in his 7-2-3
Problem [53]. For a € Z, define:

1 a 1 0
Ia:(o 1)aya:(a 1)€SL2(Z)

and let S, = {zX!, y*! L,}. For p prime let 7, : SLy(Z) — SLy(p) be the congruence

a

map. Then for p > 5, m,(S,) generates SLa(p).

(i) If a = 1, then (S,) = SLy(Z), so by Selberg’s Theorem (SLy(p), m,(S1)), is an

expander family.



(ii) If @ = 2, then (S,) < SLy(Z) has finite index, so once again by Selberg’s
Theorem (SLy(p), m,(S2)), is an expander family.

(ili) If a = 3, then (S,) < SLo(Z) has infinite index, so Selberg’s Theorem cannot

determine whether or not (SLy(p), 7,(S3)), is an expander family.

This is in spite of the fact that, from the point of view of finite groups, m,(S3) is
almost exactly the same as m,(S1) or m,(S2): in each case x, and y, are generators
for the same pair of unipotent subgroups.

Lubotzky’s problem was eventually resolved in the breakthrough paper of Bour-
gain and Gamburd [5] (first announced in 2006), which has inspired much of the work

on constructions of expanders since. The main result of that paper was:

Theorem 1.4.1. For any k € N>y and 7 > 0, there exists €(k,7) > 0 such that the
following holds. Let p be a sufficiently large prime (depending on k and 7), and let
S C SLy(F,) be of order 2k. Suppose that:

girth(SLy(F,), S) > 7logp
Then the spectral gap of (SLa(F,), S) is at least e.

Here, for G a group and S C G, the girth of the pair (G,S) is the length of
the shortest non-trivial reduced word in S which is equal to 1 in G. In other words,
girth(G, S) is the length of the shortest embedded loop in the Cayley graph Cay(G, S)
(or girth(G, S) = oo if no such loop exists; in this case G is freely generated by 5).

Now, if S C SLy(Z) is a free generating set for a non-abelian free subgroup, it may
be seen that the congruence images m,(S) satisfy the girth hypothesis in Theorem
1.4.1. For if w is a non-trivial reduced word in S, and m,(w) = 1, then some non-zero
coefficient of w is divisible by p. A simple estimate of euclidean norms shows that
any such w must be of length >¢ logp. Using the Tits alternative, we can generalise
the conclusion of Theorem 1.4.1 to congruence images of any subset generating a

non-elementary subgroup, and thereby obtain:

Theorem 1.4.2. Let S C SLy(Z) be a finite symmetric subset. Suppose that (S) is
Zariski-dense in SLo(R). Then there exists po(S) € N such that:

(SL2 (Fp) ) WP(S))pro prime

18 an expander family.



Recall that in SLy(R), a subgroup is Zariski-dense iff it is not virtually soluble. In
particular, all the subsets S, described in the 1-2-3 problem above have this property.

Significant though Theorem 1.4.1 may be in its own right, a greater part of the
interest in [5] arose from the fact that the proof of Theorem 1.4.1 was based on a new
procedure for constructing expanders, exploiting results from additive combinatorics,
and which proved to be applicable to many other families of groups. This procedure,
which has come to be known as the Bourgain-Gamburd machine, will be described
in detail in Section 2.2. Roughly speaking though, the machine tells us that the
expansion of a pair (G, S) may be guaranteed by three hypotheses. The first is that
G should be highly quasirandom, meaning that G' has no small-dimensional non-trivial
complex representations. There are good classical estimates of quasirandomness for
many familiar families of finite groups, including finite simple groups of Lie type.
The combinatorics of quasirandom groups was studied by Gowers [34], who coined
the term, but its connection with expansion was first noted by Sarnak and Xue [70].
Suppose Ag has an eigenvalue A of modulus close to 1, so that the expansion is weak.
The eigenspace of X is a subrepresentation of the right-regular representation of G,
so by quasirandomness has large dimension. This places a substantial lower bound
on tr(A¥).

Proving expansion therefore reduces to showing that tr(A%) decays quickly. Suf-
ficient conditions for such decay come from the non-commutative Balog-Szemerédi-
Gowers Theorem, due to Tao [75], which tells us that if decay fails, the measure u(s?l)
must concentrate somewhat on a small approzimate subgroup A of G (that is, a sym-
metric subset containing 1 such that AA is covered by a small number of translates of
A). Some papers utilising the Bourgain-Gamburd machine have tackled the problem
of excluding this possibility head-on, but we can reduce the problem still further if
G satisfies a product theorem. All finite groups have some obvious approximate sub-
groups: if A is already almost the whole of GG, or is almost a proper subgroup of G,
then A will not grow much under multiplication with itself. A product theorem says
roughly that these are the only possibilities. Upon closer inspection, this is precisely
what the results on growth in finite simple groups of Helfgott [36]; Breuillard-Green-
Tao [18]; Pyber-Szabé [66] and the other authors discussed above (in the context of
bounds on diameter) tell us: any subset which is not trapped in terms of a proper
subgroup must grow quickly under multiplication with itself, and as such cannot be
an approximate subgroup.

)

Expansion is thereby reduced to showing that ,ugl escapes quickly from proper

subgroups of GG. It should be noted that this is the only point at which the set S enters



the argument. We therefore usually expect some information about the geometry of
S to be crucially involved in proving non-concentration in subgroups.

The years since Bourgain and Gamburd’s initial paper have seen a flood of results
which used the machine to construct new families of expanders. The construction of
expander congruence quotients of linear algebraic groups has remained a very fruitful
direction of enquiry in this context, following on from Theorem 1.4.2. In this vein,

we now know that the following are also expander families:

(i) (SLa(Z/qZ),7,(S)), for S C SLo(Z) generating a Zariski-dense subgroup, ¢
ranging over all square-free positive integers coprime to some ¢o(S) € N (Bourgain-
Gamburd-Sarnak, 2008 [10]);

(ii) (SLo(Z/p™Z), mm(S)), for S C SLy(Z) generating a Zariski-dense subgroup, p a
fixed sufficiently large prime and n ranging over N (Bourgain-Gamburd, 2008

[6]);

(iii) (SLa(Z/p"Z), mpn(S)), for d > 2, S C SL4(Z) generating a Zariski-dense sub-
group, p a fixed sufficiently large prime and n ranging over N; (SL3(F,), 7,(.5)),
for S C SL3(Z) generating a Zariski-dense subgroup, p ranging over all suffi-
ciently large primes (Bourgain-Gamburd, 2008 [7]);

(iv) (SLo(Ok/I),m(S)), for Ok the ring of integers of some number field K,
S C SLy(Og) generating a Zariski-dense subgroup, I C O ranging over square-
free ideals prime to some ideal J(S) C Of; (SL3(Z/qZ), 74(S)), for S C SL3(Z)
generating a Zariski-dense subgroup, ¢ ranging over all square-free positive in-
tegers coprime to some qo(S) € N (Varjd, 2010 [77]);

(v) (SLa(Fp), m,(S)), for d > 2, S C SL4(Z) generating a Zariski-dense subgroup, p
ranging over all sufficiently large primes (Breuillard-Green-Tao, 2010 [18]);

(vi) (SL4(Z/qZ),7,(S)), for S C SL4(Z) generating a Zariski-dense subgroup, ¢
ranging over all positive integers coprime to some ¢o(S) € N (Bourgain-Varjt,

2010 [11]);

(vil) ((my(S)), m(S)), for d > 2, go € N, S C GL4(Z[1/qo]) generating a group whose
Zariski-closure in GL4(Q) has perfect connected component at identity, as ¢

ranges over all square-free integers coprime to gy (Salehi Golsefidy-Varju, 2011
[69]).



Note that it is implicit in (i)-(vi) above that the congruence images of S gener-
ate the specified finite groups. Even this claim is far from obvious; it follows from
the work of Matthews-Vaserstein-Weisfeiler [62]; Nori [64] and Weisfeiler [79] on the
phenomenon of strong approximation in linear algebraic groups. Suppose that G is
a connected, simply connected, semisimple algebraic group defined over QQ, and sup-
pose that S C G(Q) is a finite subset generating a Zariski dense subgroup. For all
but finitely many primes p; there is a corresponding algebraic group G, defined over
F,. The Strong Approzimation Theorem states that for all sufficiently large p, the
congruence image 7,(5) of S generates G,(F,). Guided by the results above, we say
that G satisfies superstrong approzimation if for every such S, (G,(F,), m,(S5)) forms a
family of expanders, as p ranges over all sufficiently large primes. From this perspec-
tive, Theorem 1.4.2 asserts that SL, satisfies superstrong approximation. Further,
by combining strong approximation with (vii) above, we see that every G as in the
Strong Approximation Theorem also satisfies superstrong approximation.

There is also a version of strong approximation for algebraic groups over fields of
positive characteristic, due to Pink [65], but as yet the theory of superstrong approx-
imation in positive characteristic is undeveloped. Our work in Chapter 4 represents
a first step towards such a theory.

Although it does not relate directly to our concerns here, it is worth noting that the
ideas underpinning the Bourgain-Gamburd machine are also relevant to spectral gap
phenomena for group actions on compact real Lie groups. The first such result was
also due to Bourgain and Gamburd ([8], 2006), showing that the action on L?(SU(2))
of a finite rank free subgroup F' of SU(2) satisfying an appropriate Diophantine condi-
tion has the spectral gap property. The exact definition of the Diophantine condition
shall not concern us for now, so suffice it to say that it requires that a non-trivial
short reduced word in F' does not lie too close to the identity in matrix norm, and
that it is satisfied by subgroups consisting of matrices with algebraic entries.

This result on SU(2) was extended to SU(d) (Bourgain and Gamburd [9], 2011)
and to arbitrary simple real Lie groups (Benoist and de Saxcé [2], 2014), again under
appropriate hypotheses on the subgroup acting. We shall return to the theme of
Diophantine conditions on groups in our discussion of spectral gap results for compact

Lie groups over non-archimedean fields in Chapter 5.
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1.5 Sieving in Groups

Beyond their interpretation in terms of random walks on finite groups, expanders are
also valuable in the analysis of random walks on infinite groups, via the group sieve
method.

Let I' be an infinite group, generated by a finite subset S, and let X C I'. We
would like to show that X is sparse, in the sense that the probability that the simple
random walk on Cay(T',S) lies in X at time [ decays rapidly as a function of [.
Suppose we have a sequence of finite quotients 7, : I' — G,,, with |G,| tending to
infinity. A first, easy observation is that for every n, the probability ,ug) (X) of lying
in X at time [ is bounded above by the probability ,uffi (5)(mn (X)) of the random walk
on Cay (G, m,(5)) lying in 7, (X). If [ is sufficiently large that the latter random walk
has already equidistributed (so that “7(2( s) is almost uniform), then uﬁi(s)(ﬂn(){ ) is
approximately |m,(X)|/|Gn|.- The point is that in many examples, it is much easier
in practice to estimate the size of m,(X) than to compute :“53(5) (7 (X)) directly. If
X really is sparse, then it is reasonable to hope that |m,(X)|/|Gy| will tend rapidly
to zero.

This method is most powerful when the spectral gap of the (G, m,(5)) is large,
so that for given [, the bound ,ug) (X) < |7 (X)|/|Gy| is applicable for a large corre-
sponding value of n, so decays rapidly as a function of [ and not just of n.

Here are some examples of groups I' and subsets X which have been analysed
using the group sieve method in results from the literature. In all these cases, the

probability of return to the subset X decays exponentially fast in time.

(i) I' < GL4(K) is finitely generated, not virtually soluble, for K a field of char-
acteristic zero; X = I'N VY, for V an algebraic subvariety in GL; such that
dim(R(V N G)) < dim(G), where G is the Zariski closure of I" and R is its
soluble radical (based on Salehi Golsefidy-Varju [69], see [17]);

(ii)) I' < GL4(C) is finitely generated, not virtually soluble; X C I' is the set of
proper powers in I' (Lubotzky-Meiri [55]);

(iii) I' < G(K) is finitely generated Zariski dense, for G a connected semisimple
algebraic group defined and split over K a numberfield; X C T' is the set
of matrices without full Galois group (Jouve-Kowalski-Zywina [45], Lubotzky-
Rosenzweig [59]);
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(iv) ' = MCG(X), the mapping class group of the closed orientable surface ¥ of
genus g > 1; X C I' is the set of non-pseudo-Anosov mapping classes (Rivin
[67]);

(v) The same result, with MCG(X) replaced by T(X), the Torelli group of X
(Lubotzky-Meiri [56]);

(vi) T' = Aut(F,), the mapping class group of the free group of rank n > 2; X C T’

is the set of non-iwip automorphisms (Rivin [67]);

(vii) The same result, with Aut(F;,) replaced by IA,, the kernel of the action of
Aut(F,) on first homology (Lubotzky-Meiri [57]).

We shall use the group sieve to prove new results with a similar flavour to these
for subgroups of SLy(F,[t]) in Chapter 4. Sieving results in their turn may be applied
in the construction of other families of expanders, having been used for instance in [7]
to show escape of the random walk from proper subgroups of SL3(FF,). In a similar
vein (i) above shall be an important tool used in our work on expansion in SLy(Z,)
in Chapter 5.

1.6 New Results and Structure of the Thesis

Chapter 2 shall be an exposition on the technical background which underpins the
proofs of our new results. The basic definitions of an expander family; the diameter
of a finite group and the simple random walk on a finitely generated group are pre-
sented in Section 2.1, along with some basic results following from these definitions.
This material is basic to all of our new work. Section 2.2 lays out the Bourgain-
Gamburd machine, which is essential to the results of Chapters 4 and 5. Section 2.3
develops some of the basic theory of profinite groups and of groups with an analytic
structure over a pro-p domain with discrete valuation. Section 2.4 is concerned with
the construction of Chevalley groups over arbitrary rings, with a particular emphasis
on Chevalley groups over pro-p domains (as these shall be an important source of
examples of analytic groups over pro-p domains). Section 2.5 defines and explores
the Nottingham group of a finite field. These last three sections are used in Chapter
3. Finally, Section 2.6 investigates some consequences of Bourgain’s sum-product
theorem for the ring Z/p"Z, which shall be important to our work in Chapter 5.

We emphasize that Chapter 2 is purely expository: the contents of each individual

section fall well within the knowledge base of the experts in the relevant field; however,
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since the symmetric difference of these various knowledge bases is substantial, we hope
that assembling all of this material in one place shall aid the comprehensibility of the
subsequent chapters, regardless of the reader’s mathematical background.

Our new results are presented in Chapters 3, 4 and 5, as follows.

1.6.1 New uniform diameter bounds in pro-p groups

Chapter 3 shall describe our results on diameters of finite groups obtained from the
Solovay-Kitaev procedure. These results were first presented in [12].

Our first result concerns compact groups with a compatible structure as an R-
analytic manifold, where (R, M) is a pro-p domain with discrete valuation. Every
such group has an open subgroup with an especially simple R-analytic structure,
called an R-standard group. Precise definitions are given in Section 2.3. In a d-
dimensional R-analytic group G, an R-standard subgroup may be identified (as a
space) with the product space M@; the balls (M™)@ around 0 form a filtration by
open normal subgroups. The commutator structure in M@ is controlled by the Lie
algebra L. Recall that a Lie algebra L is called perfect if L is equal to its derived
subalgebra (L, £).

Theorem 3.1.3. Let (R, M) be a commutative unital discrete valuation pro-p do-
main. Let G be a d-dimensional R-standard group, K, = (M™)@ <, G. Suppose Lg
is perfect. Then there exist C1(G), Co(d) > 0 such that for all n € N:

diam(G/K,) < Ci(log|G/K,|)¢>.

In the case R = Z,, we can say more, exploiting the concept of a uniform subgroup
and associated additional features of the Lie theory (explained in detail in Section
3.4.1). Every Z,-standard group is uniform and every compact p-adic analytic group
has an open characteristic uniform subgroup. In a Z,-standard group G, the balls I,
described in Theorem 3.1.3 coincide with the terms of the lower central p-series for G.

Recall that a profinite group G is FAbD if every open subgroup has finite abelianisation.

Theorem 3.1.5. Let p > 3. Let G be a d-dimensional compact p-adic analytic group.
Let K1 < G be an open characteristic uniform subgroup; (K, ), its lower central p-
series. If G is FAb then there exist C1(G), Ca(d) > 0 such that for all n € N:

diam(G/K,,) < Cy(log|G/K,|)“. (1.1)

For G = K then conversely: if there exist Cy,Cy > 0 such that (1.1) holds for all
n € N then G is FAb.
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One familiar family of R-analytic groups is the class of Chevalley linear algebraic
groups over R. Here we have a stronger conclusion than that available in the general
setting of Theorem 3.1.3: the degree C5 in the diameter bound may be taken to be

independent of the dimension.

Theorem 3.1.6. Let (R, M) be a commutative unital discrete valuation pro-p do-
main, with M generated by P. Let G < GL4(R) be the adjoint Chevalley group of
type X, € {A,, B;,Cy, D,, Eg, Er7, Eg, Fy, Go} over R (here d is the dimension of the

associated Lie algebra). Suppose:

(lep) gé {(A1>2)7 (3172)7 (0172)7 (Db 2>}

Let K, = GN(I;+P"My(R)). Then there exist C1(G) > 0 and an absolute constant
Cs > 0 such that for all n € N:

diam(G/K,) < C1(log|G/K,|)°>.

Moreover, the same bound holds for G = SL4(R),SO4(R) or Spy(R) provided p > 3,
and for G = SLy4(R) with p = 2 provided d > 3.

Recall the correspondence between the classical root system of type X; and the
associated adjoint Chevalley group G: if X; = A; then G = PSL,4(R), and in particular
if X; = A; then G = PSLy(R); if X; = B, or D; then G = PSO4(R) (with the
dichotomy between B; and D, corresponding to the parity of d); if X; = C; then
G = PSpy(R). In the case R = Z,, this result was proved by Dinai [29], under the
additional hypothesis p > max ”72, 19}.

Note the contrast between the diameter bounds obtained in Theorem 3.1.6 and
the currently available results for the Chevalley groups over finite fields coming from
[18] and [66]: there the degree of the polylogarithm in the upper bound depended on
the Lie rank of the group, whereas in our work the degree (5 is an absolute constant.
On the one hand this resilience in the face of increasing rank indicates the power
of the Solovay-Kitaev procedure; on the other hand it may be seen as an additional
piece of evidence in favour of Babai’s Conjecture 1.1.1.

Finally we consider a class of non-linear examples. Recall that, for R a commu-
tative unital ring, the Nottingham group N'(R) of R is the set of formal power series

over R of the form:

fOy=t+> Ntk
k=2
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for some \; € R, with group operation the formal composition of power series. We
take R =T, a finite field (for ¢ a power of the prime p) and write N for N (F,). We

shall be concerned with the filtration by congruence subgroups:

K, = {t+ > At e/\fq} <o N
k=n+1
Theorem 3.1.7. Suppose p > 3. Then there exist C1(q) > 0 and an absolute constant
Cy > 0 such that for all n € N:

diam(Ny/Kn) < C1(loglNg/ K|

As an application of these results, we make some observations about mixing times
of random walks in the finite groups we study. The direct relationship between diame-
ter and spectral gap was recently exploited by Varji, who in [78] used a representation-
theoretic argument to produce uniform weak spectral gap estimates for SLq(Z/p"Z),
and deduced polylogarithmic diameter bounds. Here we reverse the direction of the
argument, and deduce weak spectral gap estimates from uniform diameter bounds.

For I" a countable group and S C I' a finite symmetric set, let X;, X5,... be a
sequence of independent random variables, each with law:

EXS € fQ(F).
For [ € N, the simple random walk on (I',S) at time | is the random variable
Y, =X, X

For (R, M) a discrete valuation pro-p domain; G a d-dimensional R-standard

group; zp,...,rq an R-basis for M@ (a set of so-called “co-ordinates of the first

kind”) and S C G a finite symmetric subset, we may express the simple random walk
on ((S),S) by:
Y=LV + -+ Lz,

for some random variables Lgl), . 7Lg) supported on R.

Corollary 3.1.8. Suppose L is perfect and S C G generates a dense subgroup.
Then there exists C(d) > 0, such that for any C' > 0 there exists C"(G,|S|,C") > 0
and C"(d,|R/M|,C") > 0 such that, for any (M1, ..., s) € R¥, and for any N € N,

we have:

l 1 1 _om e’
PULLE = Al 12 = Al < ) = e | < e

whenever | > C"NC+¢",
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In other words, for such [ the probability that Y; is close to any element of M@
is nearly constant, with error at most e ¢V “ Here ¢ € (0,1) is the norm of a
generator P for the maximal ideal M of R.

For a d-dimensional uniform pro-p group G, an alternative representation for ele-
ments is available: for any ¢ € G and any minimal (ordered) generating set ay, ..., aq
for G, there exist 1, ..., pq € Z, such that g = af* - - - a;* (so-called “co-ordinates of

the second kind”). We therefore have:

0 0
Yi=alt g}
for some random variables Ml(l), oM CEI) supported on Z,.

Corollary 3.1.9. Let p > 3. Suppose G is uniform and FAb and S C G generates
a dense subgroup. Then there exists C(d) > 0, such that for any C' > 0 there ezists
C"(G,|S],C") > 0 and C"(d,p,C") > 0 such that, for any pi,...,pua € Zy,, and for
any N € N, we have:

l 1 N 1 _ e’
P — ol M = pal) <577 = ] < e

whenever | > C"NC+C",

In the Nottingham group N, the question of mixing times for the groups N, /K,

was raised by Diaconis [25]. We may express:
Vi=t+y Al
=2

for some random variables Agl) supported on F,.

Corollary 3.1.10. Let p > 3. Suppose S C N, generates a dense subgroup. Then
there exists an absolute constant C° > 0, such that for any C' > 0 there exists
C"(¢q,|5],C") > 0 and C"(q,C") > 0 such that, for any sequence (a;); in Fy, and
for any N € N, we have:

1 " /
]P)[Agl):a@,...,A%):aN}— < e=C"NT

whenever | > C"NE+C",
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1.6.2 Expansion, random walks and sieving in SLy(F,[t])

Chapter 4 shall be devoted to our results on constructing expander congruence quo-
tients of SLy(F,[t]), and associated bounds on return probabilities for simple random
walks on SLy(F,[t]). These results were first presented in [13].

In spite of the major strides forward that have been made on the phenomenon
of superstrong approximation in linear groups following Bourgain and Gamburd’s
work (and to which we have alluded already) it is notable that the work of recent
years has focused entirely on the characteristic zero case, with a theory of expansion
in linear groups over fields of positive characteristic remaining largely undeveloped.
The results of Chapter 4 commence the development of such a theory.

Fix a prime p > 3. Our main results concern the escape of random walks on
SLy(F,[t]) from subsets X of various types. All of the escape results are proved
by the group sieve method described above: an upper bound for the probability of
the random walk lying in X is given by the probability of the random walk on a
congruence quotient lying in the image of X. This in turn may be bounded above in
terms of the size of the image of X, by our results on expander congruence quotients.
Our first result on random walks demonstrates exponentially fast escape from proper

algebraic subvarieties.

Theorem 4.1.1. Let S C SLy(F,[t]) be a finite symmetric subset, generating a non-
elementary subgroup. Let F' : My(F,[t])" — F,lt] be a polynomial over F,[t] which
does not vanish on SLy(F,[t])". Then there exist Cy(F'), C2(S) > 0 such that, letting
V(F) C My(F,[t])" be the affine algebraic subvariety of SLa(FF,[t])" defined by F,

(Xizipg )(V(F)) < Cre .
Here x]_, ,ug) is the product measure.
Second, we turn to proper powers in SLo(F,[t]). In the characteristic zero case,
the work of Lubotzky and Meiri on the group sieve provides a very general non-

concentration result [55], as we have seen. In positive characteristic we have:
Theorem 4.1.2. Let S be as in Theorem 4.1.1. There exist C1, Cy(S) > 0 such that:
ug)({g € SLy(F,[t]) : g = h? for some h € SLy(F,[t])}) < Cre~C2Vi/lost,

Finally we prove a non-concentration estimate for elements with reducible char-

acteristic polynomial.
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Theorem 4.1.4. Let S be as in Theorem 4.1.1. There ezist Cy,C3(S) > 0 such that:
,ug)({g € SLy(FF,[t]) : xg is reducible }) < Cre~“2V1/1ost,

It is very likely that bounds on return probabilities of random walks to other
subsets of SLy(FF,[t]) may be proved by the same method, and we emphasize that our
results are best viewed as sample, rather than an exhaustive list, of the applications
of this theory.

We now turn to our results on expanders.

Definition 1.6.1. For M > 0, an integer n > 1 will be called M-rough if n has no
prime factor less than M. A polynomial f € Fy[t] will be called M -rough if the degree

of every irreducible factor of f is a M-rough integer.
Our main result on constructing expanders is:

Theorem 4.1.7. Let S C SLy(F,[t]) be a finite symmetric subset, generating a non-
elementary subgroup. Suppose every entry of every element of S has degree at most
D. Let (fi); C F,[t] be a sequence of distinct polynomials. Then there exists M > 0
(depending on D and p) such that, if (f;); are M-rough then for ig € N sufficiently
large (depending on D,p), (SLa(F,[t]/(fi)), 7f,(S))izi, @5 a two-sided expander family,
provided one of the following holds:

(i) The f; are irreducible;

(i) The f; are square-free, every irreducible factor of every f; has prime degree, and

no two irreducible factors of any f; have the same degree.

Here, and throughout, for G a linear algebraic group defined over F,, and f € F,[t],
7y G(F,[t]) = G(F,[t]/(f)) shall denote the congruence map.

One of the keys to the proof of Theorem 4.1.7 shall be an analysis of Cayley graphs
of large girth. For G a finite group generated by a subset S, recall that the girth of
(G, S) is the length of the shortest non-trivial reduced word in S which equals 1 in
G, or equivalently the length of the shortest non-trivial embedded loop in the Cayley
graph Cay(G,S). In the course of our analysis, we also obtain the following result,
which applies to generating sets which may not be congruence images of a fixed subset

in SLy(F, [t]).
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Theorem 4.1.8. For any C > 0 and any k € Nso, there exists M > 0 (de-
pending on k,p and C) such that, if (n;); a sequence of M-rough positive integers,
Sn; C SLo(p™) is symmetric with |S,,| = 2k, and girth(SLy(p™), S,,) > Cny, for
all i € N, then for iy sufficiently large (depending on C., k), (SLa(p"™), Sn,)izi, 1S @

two-sided expander family.

The lower bound on girth is a natural hypothesis: for instance it is satisfied by
generic subsets of SLy(p™). Indeed large girth is a key component of the proof [19]
that random pairs of generators in SLy(p") yield expanders.

Beyond the concrete results which we obtain, our work in Chapter 4 should be
instructive in indicating the path that the development of a theory of superstrong
approximation in positive characteristic could take, and specifically in highlighting
the potential obstructions to applying the methods of Bourgain and Gamburd in
such a project. We shall fully describe these obstructions, which also account for the

particular hypotheses of Theorem 4.1.7.

1.6.3 Spectral gap in SLy(Z,)

The goal of Chapter 5 shall be to prove:

Theorem 5.1.1. Let S C SLy(Z,) be a finite symmetric set, generating a subgroup
I whose closure T in SLy(Z,) is open. Let A C 7Z, be the set of entries occurring
in elements of S. Suppose that for every a € A, there exists f,(X) € Q[X] such
that f,(a) = 0. Then (mpn (L), mpn(S))n ts a family of two-sided expanders, where
mpn © SLa(Zy,) — SLo(Z/p"Z) is the congruence map.

This is a generalisation of the main result of [6]. We may equivalently view
Theorem 5.1.1 either as a result on expanders (as we have stated it here) or as a
result about the spectral gap of the action of I on the p-adic Lie group SLs(Z,). In
this second guise, Theorem 5.1.1 is a non-archimedean cousin of the aforementioned
spectral gap results for compact real Lie groups due to Bourgain and Gamburd (][8]
and [9]) and Benoist and de Saxcé [2].
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Chapter 2

Background Material

2.1 Diameter, Expansion and Random Walks

2.1.1 Random walks and spectral gap

In this section G is a finite group. We take ¢*(G) to be the Hilbert space of complex-

valued functions on G, equipped with the inner product given by:

(6,0) = d(9)v(g)
geG
for ¢, € (*(G). For A C G, we define x4 € (*(G) to be the indicator function of A.
For g € G, we may also denote x4 by X4. Observe that {x,}sec is an orthonormal
basis of /?(G). The convolution ¢ * ) € (*(G) of ¢ and 1) is given by:

(6% 0)(9) = D o(h)yw(h™g).
heG
Equipped with *, ¢*(G) is a complex |G|-dimensional algebra: it is isomorphic to the
complex group algebra CG of G. For [ € N, we define the convolution power ¢!)

recursively via:

Qb(o) = X1; ¢(l+1) = gb(l) * ¢

We may alternatively regard non-negative real-valued functions ¢ € (?(G) as
measures on G: for A C G we write ¢(A) = > ., ¢(a). Given two such measures
o, 0, ¢ is equal to the pushforward of the product measure ¢ x 1) under the product
map G x G — G. In particular, if ¢, are probability measures on G and X,Y are
independent random variables with law ¢, ), respectively, then ¢ x ¢ is the law of

XY.
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For S C G let pug = ﬁXS € (*(G).
Remark 2.1.1. Let S C G be symmetric.

(i) Let W, be the number of loops in the Cayley graph Cay(G,S) of length | based
at the identity. Then ,ug)(l) =W/|S|\.

(i1) Since S is symmetric,

2[ _ [ l
ps" (1) =" (S (g7 =D ui (9)* = 1§ |13

geG geG

(i1i) Moreover, for arbitrary g € G,

us(9) = > s (houg (h™) < I3
heG@

by the Cauchy-Schwarz inequality, so ,u(szl)(l) maXyeq MS ( ) (by (ii)).
(v) Finally,

20+2 21 2 _
ps W) =" w9 (g7

geG

< (maxn(9) - 3 12k
heG

_ (21)
= max g (9)

= g (1) (by (i),
Define a linear operator Ag : *(G) — (*(G) (called the adjacency operator) by:
As(f) = ps = f.
Ag is self-adjoint of operator norm 1; let its spectrum be:
I=XM2>2X 2> Ag > -1

with the eigenvalue A\; = 1 corresponding to the constant functionals on G. More
generally, the 1-eigenspace of Ag is generated by the indicator functions of the right
cosets of (S) < G. In particular A\; > Ay iff S generates G.

Lemma 2.1.2 (Trace Formula). Let Wy be as in Remark 2.1.1 (i). Then:




Let (2(G) < (*(G) be the space of functions of mean zero on G (that is, the
orthogonal complement of the constant functions), and note that ¢3(G) is preserved
by As. Let p = max(|As, [Ng||), the norm of the restriction As [z in the Banach
space B((3(@)) of bounded linear operators on £2(G).

Lemma 2.1.3. For anyl € N; g,h € G,

|<AES'X97Xh> - ﬁ| < pl-

Proof. Noting that x, — ﬁxg € 2(@),

1 1
|[(ASxgs Xn) — @\ = [(As(xy — @XG), Xn)|

1
< || Al -
< 1400 — el

by the Cauchy-Schwarz inequality. The result follows, since:

1
- — <1.

]

Lemma 2.1.3 has an obvious interpretation in terms of random walks. Let
X1, X5, ... be a sequence of independent random variables, each with law pug. For
[ € N, the simple random walk Y, = X;---X; on (G, S) at time [ has law ,ug). For
g, h € G, the probability that a simple random walk starting at g will be at h at time

[ is:
P[Yig = h] = (Akxy. xn)-

Lemma 2.1.3 then gives an explicit bound on the rate at which the distribution of Y;

converges to the uniform distribution on G' (assuming S generates G).

2.1.2 Diameters of finite groups

Given a finite group G and a generating set S C G, the diameter of the pair (G, S)

is given by:
diam(G, S) = min{n € N: Bg(n) = G}
where Bg(n) is the (closed) word-ball of radius n, given by:

Bs(n) ={s1-"8p:81,...,8, € SUSTTU{1}}.
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Example 2.1.4. (i) It is easy to see that, if A C G and n € N salisfy
Ba(n) = Ba(n + 1), then Ba(n) = Ba(n + m) for all m € N. In particu-
lar, for S C G a generating set, and n < diam(G, S), |Bs(n)| < |Bs(n+1)|. It
follows that:

diam(G, S) < |G| -1
so there is an absolute linear upper bound for the diameter. Moreover,
diam(Z/nZ,{1}) = | 5]

so this linear upper bound is attained (at least up to constants) for some pairs

(G, S).

(i) For all AC G andn € N,
[Ba(n)] < 2(2[A] = 1)

(by a simple count of words), provided |A| > 2. It follows that for S C G a
generating set satisfying |S| > 2,

diam(G, S) > (log|G| —log(2))/log(2]S| —1).

Ezamples attaining this logarithmic lower bound may also be found (again, up
to constants), but this is a far more delicate matter, to which we shall return

later in our discussion of expanders.

(i1i) The dependence on |S| in (ii) is necessary, as for any G,

diam(G,G) = 1.

Our interest shall be in upper bounds for the diameter which do not depend on

the generators. With this in mind, we define for a finite group G:
diam(G) = max{diam(G, S) : S C G, (S) = G}.

This quantity is referred to by many authors as the worst-case diameter for G.
One advantage of working with diam is that it behaves well with respect to ex-

tensions.
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Lemma 2.1.5. Let G be a finite group, K < G. Then:

(i) diam(G/K) < diam(G);

(ii) diam(G) < 2diam(G/K)diam(K) + diam(G/K) + diam(K).
Proof. (i) is straightforward.

(ii) Let S C G be a generating set. Then Bg(diam(G/K)) contains a transversal T’
to K in G, with 1 € T. By the Reidemeister-Schreier process (see for instance
[44], [60]), Bg(2 - diam(G/K) + 1) contains a generating set for K. Hence:

diam(G, S) < diam(G/K) + diam(K) - (2 - diam(G/K) + 1)

as required.
O]

There is also a close connection between diameter and random walks. It seems
clear that a pair (G,S) on which the simple random walk approaches uniformity
quickly should have small diameter: if the probability of the simple random walk
reaching an element g at time [ is non-zero, then there exists at least one word in S of
length [ equal to g in G. Less obviously, there is a corresponding converse inequality,

a proof of which may be found in [26]. In summary we have:

Proposition 2.1.6. Let p be as in Lemma 2.1.3. Then:

diam(G, S) — 1 1
<

< i .
e ST, S |S] diam(G, S)

2.1.3 Expanders

Definition 2.1.7. For e > 0, the pair (G, S) is a (two-sided) e-expander if p < 1 —e.
A sequence (G, Sp)nen is called an e-expander family if (G, S,) is an e-expander for
every n € N, or just an expander family if there exists € > 0 such that (G, Sp)nen 1S

an e-expander family.

The two-sided version of expansion (also known as absolute expansion) that we
use here is stronger than the one-sided version which will be more familiar to many
readers, and which is equivalent to the combinatorial notion of expansion defined in
terms of the discrete Cheeger constant. For the most part, however, the distinction

need not concern us, thanks to a recent result of Breuillard, Green, Guralnick and

Tao [19]:
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Theorem 2.1.8. For any ¢ > 0,k € N, there exists §(e, k) > 0 such that, if (G, S5) is
a one-sided e-expander with |S| = k, then one of the following holds:

(i) (G,S) is a two-sided §-expander;
(ii) There exists H < G with |G : H| =2 and SN H = 0.

We recall some facts about expanders which will be used in what follows. Those
readers more familiar with the one-sided version of expansion may note that these
results about two-sided expanders follow from their one-sided analogues together with
Theorem 2.1.8. Note that condition (ii) of Theorem 2.1.8 is equivalent to Cay(G, S)
being bipartite.

Lemma 2.1.9. Let ' be a finitely generated group; (K,), be a sequence of finite index
normal subgroups of I'; m, : I' — '/ K,, be the natural epimorphism. Let S, T C T
be finite symmetric subsets, with (S) = (T) = T'. Suppose Cay(I'/K,,m,(T)) is
not bipartite, for all n € N. If (I'/K,,7.(S)), is an expander family then so is
(L) Koy (1)) -

Lemma 2.1.10. Let I'; (K,),; m, be as in Lemma 2.1.9 and let H < T be a finitely
generated subgroup. Suppose m,(H) = T'/K, for allm € N. Let S C T, T C H be
finite symmetric subsets, with (S) =T, (T) = H. If (I'/K,,, m.(T))n is an expander
family, and Cay(I'/ K, ,(S)) is not bipartite, then (I'/K,,m,(S))n is an expander
family.

In all cases in which we shall use these results, the finite groups concerned shall
have no subgroups of index two, so the associated Cayley graphs shall never be
bipartite.

Finally, expanders exhibit rapid mixing of the random walk and small diameter:
Proposition 2.1.11. Let (G, S,), be an expander family.
(i) For any o > 0 there exists C; > 0 such that for alln € N and | > C1log|G,|,

1 —a
[{(AsXgs Xn) — @I < |G

(i) There exists Co > 0 such that for all n € N, diam(Gy, S,) < Cylog|G,|.

Proof. Immediate from Lemma 2.1.3 and Proposition 2.1.6. O]
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2.2 The Bourgain-Gamburd Machine

This section describes the set of tools for constructing expanders which have come
collectively to be know as the Bourgain-Gamburd machine, following their introduc-
tion in [5]. They shall form the core of our constructions of expanders in Chapters
4 and 5. The emphasis of our discussion here is tailored to the requirements of our
own work; we do not claim to include all the possible ways in which Bourgain and

Gamburd’s ideas may be applied.

2.2.1 Quasirandomness

The notion of a quasirandom finite group was introduced by Gowers in [34]. The name
is somewhat misleading: typically in combinatorics an object in some class is described
as quasirandom if it possesses some combination of properties that are shared by
generic objects according to some model of random members of the class. A finite
graph I' of density p, for instance, is termed quasirandom if, whenever A, B C V(I'),
the number of edges between A and B is approximately p|A||B| (as one would expect
for a random graph according to, say, the Erdds-Renyi model). Quasirandom finite
groups do not fit readily into this picture: there is to the author’s knowledge no well-
accepted model for random finite groups. Instead, the name comes from the fact that
the “bipartite Cayley graph” of a quasirandom group is a “quasirandom bipartite
graph” (it shall not be of concern to us precisely what this means).

The condition Gowers exploited for a group to give rise to such quasirandom
graphs was a lower bound on the dimension of non-trivial complex representations.

Here we give two formulations, one of which is also relevant to infinite groups.
Definition 2.2.1. Let C,a > 0.

(i) Let G be a finite group. We say G is (C,«)-quasirandom if every non-trivial

complex representation of G has dimension at least C|G|“.

(i) More generally let G be an arbitrary group; N a family of finite-index normal
subgroups of G. We say G is weakly (C, a)-quasirandom with respect to N if,
whenever p is a finite complex representation of G such that ker(p) € N,

dim(p) > C|G : ker(p)|*.

Our terminology here is non-standard: for instance Tao [76] defines a finite group

G to be d-quasirandom if every non-trivial complex representation of G has dimension
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at least d (hence, that which we call (C, «)-quasirandom would in Tao’s terminology
be called C|G|*-quasirandom). Gowers’ definition [34] is given in terms of a condition
on the space of complex functionals on G: it is polynomially equivalent to Tao’s.

Our own definition is informed by the fact that bounds on dimensions given in
terms of a fractional power of the group order are most relevant to applications con-
cerning expansion. This fact has already been somewhat reflected by the terminology
in the literature: Varju [78] refers to groups satisfying condition (ii) of Definition
2.2.1 as (C, a)-quasirandom. We refer to such groups as weakly quasirandom be-
cause we shall be dealing with both parts of Definition 2.2.1 in this section and it
shall be helpful to be able to distinguish easily between them. Of course, according
to our nomenclature, a finite group G which is (C, «)-quasirandom is also weakly
(C, a)-quasirandom with respect to the family of all normal subgroups.

Let us begin by noting some elementary properties of group representations.

Lemma 2.2.2. If G is a finite group and H < G then the permutational representa-
tion of G on the coset space (G : H) induces a non-trivial complex representation of
G of dimension |G : H|. In particular, if G is (C, &)-quasirandom then every H < G
satisfies |G : H| > C|G|*.

Lemma 2.2.3. Let 1 - N — G — @Q — 1 be a short exact sequence of finite groups.
(i) If every non-trivial complex representation of G has dimension > d, then the

same holds for Q. In particular, if G is (C, a)-quasirandom, then @ is (C|N|*, «)-

quasirandom.

(i1) If every non-trivial complex representation of either N or Q) has dimension > d,

then the same holds for G. In particular, if N is (Ci, ay)-quasirandom and
Q is (Cy, an)-quasirandom, then G is (min(Cy/|Q|*, C2/|N|*?), min(ay, as))-

quasirandom.
Proposition 2.2.4. Let G be a group, H <; G and C,a > 0.
(i) If G is finite (C, a)-quasirandom, then H is (C|G : H|*™!, a)-quasirandom.

(1) If G is weakly (C, a)-quasirandom with respect to the family of all finite-index
normal subgroups then H is weakly (C|G : H|*™', a)-quasirandom with respect

to the family of all finite-index normal subgroups.

Proof. Let p be a non-trivial finite d-dimensional complex representation of H. Recall
that there is an induced representation p = Ind%(p) of G. This is a finite |G : H|d-

dimensional complex representation of G, satisfying ker(p) < ker(p).
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(i) If G is finite (C, a)-quasirandom, then:
|G : H|d > C|G|*

sod>C|G: H[* ' H|*

(i) If G is weakly (C, a)-quasirandom with respect to the family of all finite-index

normal subgroups, then:
|G : H|d > C|G : ker(p)|* > C|G : ker(p)|*

sod>C|G: H|*'|H : ker(p)|~.

Which groups exhibit strong quasirandomness properties, and which do not?

Example 2.2.5. Fvery non-trivial finite abelian group has a non-trivial one-dimensional
complex representation. Conversely, every one-dimensional complex representation
has abelian image, so every finite group without a non-trivial one-dimensional com-
plex representation is perfect.

In particular, for all C,a > 0, if G is a (C, a)-quasirandom finite group satisfying
|G| > 1/C%«, then G is perfect.

Theorem 2.2.6 (Landazuri-Seitz, [50]). For alll € N, there exist C(l), (1) > 0 such
that if G is a finite simple group of Lie type of rank [, then G is (C, a)-quasirandom.

Example 2.2.7. The standard permutational representation of A, induces a non-
trivial complex representation of dimension n. In particular there do mot exist
C,a > 0 such that A, is (C, a)-quasirandom for all n € N.

The relevance of quasirandomness-type conditions to our purposes is that they

allow us to reduce expansion to an a priori weaker condition:

Definition 2.2.8. Let G be a finite group with symmetric generating set S and let
C : (0,00) — (0,00). We say that (G, S) satisfies the ¢*-flattening condition with
function C' if, for all € > 0, there exists | < C(e)log|G| such that:

21 o
g (1) < |Gl
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This upper bound on pgl)(l) is exactly what we would expect to hold if (G, 5)
were a good expander: if after logarithmic time ,ugl) assigns a mass of approximately
1/|G| to every element of G, then the identity (which by Remark 2.1.1 (iii) is the
element at which the greatest mass accumulates) cannot receive a mass much greater
than this. Of course, in principle (G, .S) could still fail to be an expander when the
(?-flattening condition holds, if most elements were assigned a mass of approximately
|G| but a few “hard-to-reach” elements received a much smaller mass.

The observation that ¢?-flattening combines with quasirandomness to yield ex-
pansion goes back to Sarnak and Xue [70]; the basic idea is that G, acts on the
eigenspace of the second largest eigenvalue of the adjacency operator Ag , so that by
quasirandomness this eigenvalue has high multiplicity. If the expansion of (G, S,,) is
poor, then it follows that the trace of AZ is large (being the sum of the (2)th powers
of the eigenvalues). However this contradicts ¢2-flattening.

The most basic result of this form is the following:

Proposition 2.2.9. Let G be a finite group with symmetric generating set S, let
Ci,a >0 and let Cy : (0,00) — (0,00). Suppose:

(i) G is (Cy, a)-quasirandom;
(ii) (G, S) satisfies the (*-flattening condition with function Cs.

Then there exists §(a, Cy, Co, |S|) > 0 such that (G, S) is a 0-expander, provided |G|
is sufficiently large, depending on o, Cy,Cy, |S|.

Proof. First note that u(SQl)(l) = (A¥x,, x,) for every g € G. Hence:

1G]
us” (DIG] = tr(AF) = (2.1)

i=1
where 1 = Ay > Xy > ... > \g are the eigenvalues of Ag. Next, it is clear that
Ags commutes with the right regular representation (R, ¢*(G)) of G. In particu-
lar, R preserves the eigenspaces of Ag. Now let A = \; for some ¢ > 2 and let
Vy < £2(G) be the \-eigenspace of Ag. (R,V)) is a representation of GG, and is non-
trivial, because the A-eigenfunctions of Ag are non-constant. By quasirandomness of

G, dim(Vy) > C1|G]?, so that, by (2.1):
1 (1)|G| > dim(Va) A2 > Cy |G,
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Let € € (0, ). By the ¢*-flattening condition, we may choose | < Cy(¢) log|G| as
in Definition 2.2.8, so that:

|G|6fa > 01)\2l > Cl/\ZCg(e)log|G\'

For |\ > 2 | and for |G| sufficiently large, this is a contradiction. O

In fact for the results of Chapters 4 and 5, we shall require two stronger versions
of this result. In the first, the hypothesis is weakened by replacing the quasirandom

groups G, with direct products of quasirandom groups.

Proposition 2.2.10. Let G be a finite group with symmetric generating set S, let
Ci,a >0 and let Cy : (0,00) — (0,00). Suppose:

(i) There exist finite groups Gy, ..., G, with G = Gy X -+ X Gy;
(i) G; is (Ch, «)-quasirandom fori=1,...,n;

(iii) For every J C {1,...,n}, (I[,c, Gj, S) satisfies the (*-flattening condition with

function Cs.

Then there exists 6(cv, Cy, Ca,|S]) > 0 such that (G, S) is a §-expander, provided each
|G;| is sufficiently large, depending on «, Cy, Cs, |S)|.

The key point here is that the expansion of (G, S) is independent of n. To prove

this result we recall a basic fact from the representation theory of finite groups.

Lemma 2.2.11. Let Gy,Gy be finite groups, and let p be an irreducible complex
representation of Gy X Gy. Then there exist irreducible complex representations py, pa

of Gy, Gs, respectively, such that p = p1 ® ps.

Proof of Proposition 2.2.10. First note that, by shrinking « and taking |G;| suffi-
ciently large, we may take C; = 1. We proceed by induction on n. The base case
n = 1 is Proposition 2.2.9.

Suppose the claim holds for smaller n. Let A < 1 be an eigenvalue of Ag with
corresponding eigenfunction f. For each i let V; be the subspace of £*(G) spanned
by {xyc, : ¢ € G}, and let W; be its orthogonal complement (consisting of func-
tions with integral zero on each left coset of G;). Note that V;, W, are preserved
under left-translation by G (so are preserved by Ag). Suppose that f ¢ W; for
some i. Let m; : (*(G) — (*(G/G;) extend the quotient map G — G/G;. Then
m; 0 Ag = Ars) o m;, so that m;(f) is a non-zero M-eigenfunction of A, (g), and the

claim follows by induction.

30



We may therefore assume that f € W; for all i. Let U < (*(G) be the subspace
spanned by all right-translates of f, so that U is a right G-representation. Note that:

(a) U is contained in the A-eigenspace of Ag, since Ag commutes with right trans-

lation;
(b) U < W; for all i.

Let U’ be an irreducible G-subrepresentation of U. By Lemma 2.2.11, there exist
irreducible G;-representations U; such that U' 2 U ® --- ® U,,.

We note that for all ¢, U; is a non-trivial representation of G;. For suppose U;
were trivial. Then the action of GG; on U’ would be trivial, so every element of U’
would be constant on the left cosets of G, and U’ < V. But by (b), U’ < W; as well,
and V; N W; = {0}, a contradiction.

By quasirandomness of G;, dim(U;) > |G;|*. Thus:

dim(U) > dim(U") = [[dim(0:) > T[IGi|* = |GI".
i=1 i=1
By (a) the A-eigenspace V), of Ag contains U, so we may argue as in Proposition 2.2.9:
by (2.1) V) satisfies:

1 (1)|G| > dim(Vy)AZ > |GloAZ.

Let € € (0,a). By the ¢*-flattening condition, we may choose [ < Cy(€)log|G| as in
Definition 2.2.8, so that:

|G’e—a > )\2l > )\202(5) log\G|‘
For |\| > % | and for |G| sufficiently large, this is a contradiction. O

In our second strengthening of Proposition 2.2.9, we replace the sequence of quasir-

andom groups with a family of finite quotients of a weakly quasirandom group.

Proposition 2.2.12. Let G be a group generated by a finite symmetric set S. Let
N be family of finite-index normal subgroups of G which is closed under both fi-
nite intersections and passing to larger normal subgroups. Let Ci,a > 0 and let
Cy : (0,00) = (0,00). Suppose:

(i) G is weakly (C1, a)-weakly quasirandom with respect to N';

(ii) For every N € N, (G/N,S) satisfies the (*-flattening condition with function
Cs.
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Then there exists 0(a, Cy, Ca,|S|) > 0 such that (G/N,S) is a §-expander whenever
N € N is such that |G/N| is sufficiently large, depending on «, Cy, Co,|S|.

Proof. We proceed by induction on the lattice N'. For N € N recall that the regu-
lar representation of G/N decomposes as a direct sum of irreducible representations.
Each eigenvalue A of Ag (acting on £*(G/N)) is an eigenvalue of one of these repre-
sentations. By induction, it suffices to prove spectral gap for A lying in the spectrum
of a faithful representation of G/N (for any non-faithful representation is a faithful
representation of G/M for some M > N and the result follows by induction).

We argue as in Proposition 2.2.9. By (2.1) the \-eigenspace Vi < £2(G/N) of Ag

satisfies:
S (D|G/N| > dim(V3)A2 > |GJoa?.

Let € € (0,). By the f*-flattening condition, we may choose I < Cy(¢)log|G| as in
Definition 2.2.8, so that:

|G/N|efa > )\21 > )\ZCg(e)log|G/N\.

For |\| > % | and for |G| sufficiently large, this is a contradiction. The result

follows by induction. O

2.2.2 The *-flattening lemma

In the presence of quasirandomness then, we have reduced the problem of constructing
expanders to verification of the /?-flattening condition. How might this be achieved?
Certainly, there are some obvious algebraic obstructions to ¢2-flattening. For instance,
if most of the mass of ,ug) becomes concentrated in a small proper subgroup H of
G (or a coset thereof), then much of this mass will be recycled back into H again
and again, so will not spread out efficiently over G. More generally, if H is not a
genuine subgroup but is a subset with slow growth under multiplication with itself
(in other words, a subset which is not necessarily closed under multiplication in G,
but which is almost closed, in some quantitative sense) then the mass of ug) will still
tend to be recycled back into a small subset of G, and ¢?>-flattening will fail. The
centrepiece of the machine is Bourgain and Gamburd’s remarkable observation that
such sets of slow growth constitute essentially the only obstruction to ¢?>-flattening.
That is to say, if p is a symmetric probability measure on G such that (p* p)(1) is
not appreciably smaller than (1), then there exists a set of small growth contained

in the support of p * p, upon which p * u is concentrated.
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This idea is encapsulated in the ¢?-flattening Lemma, which in turn draws upon
the non-commutative Balog-Szemerédi-Gowers Theorem, due to Tao [75].

What do we mean by a subset with slow growth? The term has several plausible
interpretations. Here we present versions of the /2-flattening Lemma based on two of
them, namely on the concept of a set of small tripling and on that of an approximate

subgroup. The two notions are closely related, as we shall see.

Definition 2.2.13. Let G be an arbitrary group; A C G be finite and K > 1. A is
said to have tripling at most K if:

|A-A- Al < K|A|.
A is said to be a K-approximate subgroup of G if:
(i) 1€ A;
(i1) A is symmetric;
(iii) There exists X C G such that | X| < K and A-ACA-X.

Remark 2.2.14. (i) If ¢ : G — Gy is a homomorphism of groups and A C Gy is
a K-approximate subgroup then so is p(A) C Gj.

(i) If A, X C G are such that A- A C A- X, then for anyr > 2,
A C A XD, (2.2)

In particular, if A is a K-approzimate subgroup of G, then A" is a K> ~1-
approzimate subgroup of G. Likewise, if A has tripling at most K, then A"
has tripling at most K".

(iii) Taking r = 3 in (2.2), we see that every K-approximate subgroup has tripling

at most K2.

(iv) Conversely (though this is much less obvious), there exists an absolute constant
C > 0 such that if A C G has tripling at most K, then A’ = (AU AU {1})?
is a CKC-approzimate subgroup of G satisfying |A’| < CKC|A|.
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Many basic results about finite groups which rely on counting arguments can be
generalised to the setting of approximate subgroups [38]. To give just one example,
we have an approximate analogue of (one direction of) the class equation. Recall that

for g € G, cclg(g) is the conjugacy class of g in G.

Lemma 2.2.15. Let A C G be non-empty finite symmetric, | > 1. Then for every
g€ AV,
[A® N Ca(g)] = |A/|AT? N ecla(g)]. (2.3)

In particular, if A is a K-approzimate subgroup, if U C AW® consists of pairwise

non-G-conjugate elements, and |U| > M, then for some g € U:
|IA® N Calg)| > MK (2.4)

This shall follow from the following, which may be viewed as a version of (one

direction of) the Orbit-Stabiliser Theorem valid for arbitrary finite subsets.

Lemma 2.2.16. Let G be a group, acting on a set X. Let v € X, let Stabg(z) be
the stabiliser of x in G and let A C G be finite non-empty. Then:

(A1 A) N Stabg(z)] > |A]/|A - x].

Proof. For y € A -z, define B, = {a € A: a-x = y}. By the pigeonhole principle,
for some y, |B,| > |A|/|A - z|.

For any b € By, b'B, C (A~'A) N Stabg(z), so [(A~1A) N Stabg(z)| > |B,], as
required. ]

Proof of Lemma 2.2.15. (2.3) is immediate from Lemma 2.2.16, applied to the action
of G on itself by conjugation, with x = g, and noting that the set of A-conjugates of
g is contained in A2 Ncclg(g). Suppose (2.4) fails for all g € U. Then:

Kl+1|A| > ‘A(l+2)‘

> Z\A(l”) Ncclg(g)| (as the g are pairwise non-conjugate)
geU

> [A] Y (1/]A® N Calg)]) (by (2.3))

geU

> K™ A||U| /M

> K" A|, a contradiction.
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Theorem 2.2.17 ({*-flattening Lemma with sets of small tripling; Lemma 15 from
[77]). There exists an absolute constant C > 0 such that the following holds. Let G be
an arbitrary group; p,v be finitely supported probability measures on G and K > 2.
Suppose:

i vl > Nl 3 /5
Then there exists a symmetric subset A C G such that:
(i) 1/CK|ull3 < |A] < CK/||pl3;
(ii) A has tripling at most CK®;
(iii) For all g € A, (i * u)(g) > 1/CKC|A|.

Here f1 is given by ji(g) = p(g™'), so that g = p iff g is symmetric. Recall
(Remark 2.1.1 (ii)) that in case p is symmetric, (s * u)(1) = ||u/|3. Notice also that
the hypothesis is even weaker than was intimated above: we do not require that the
measure g collides substantially with itself under convolution, only that it collides

with some measure v.

Theorem 2.2.18 (¢*-flattening Lemma with approximate subgroups; Lemma 4.0.1
from [76]). There exist absolute constants C' > 0 such that the following holds: let v

be a finitely supported symmetric probability measure on G and let K > 1. Then one
of the following holds:

(i) v *vll2 < vl
(ii) G has an CKC-approzimate subgroup H such that:
|H| < CK/|v|3
and v(gH) > CK~=C for some g € G.
Remark 2.2.19. Letting H be as in Theorem 2.2.18 (ii),
[H - H| < CKC|H| < C*K*/||v|l3,
and by Remark 2.2.14 (i), H - H is a C3K3“-approzimate subgroup of G. Moreover,
(v % v)(H - H) = v(Hg W(gH) = vgH)* = C?K2C

since v 1s symmetric. In other words, up to polynomial losses in the constants involved

and replacing v by v x v, we can take g = 1 in Theorem 2.2.18 (ii).
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2.2.3 Product theorems and non-concentration

With the (appropriate version of the) ¢?-flattening Lemma in hand, it remains only
to show that the ,ug) are not too concentrated on approximate subgroups or sets of
small tripling in G. In the setting of Chapter 5, we shall tackle this problem head
on, showing that any approximate subgroup in which /Lg) becomes too trapped must
already be bigger than the conclusion of Theorem 2.2.18 permits.

However it is often possible to reduce the problem further, by classifying the slowly
growing subsets of G. We have noted already that proper subgroups do not grow. We
shall say that G satisfies a product theorem if a partial converse to this observation
holds: namely that every subset of slow growth is controlled by a coset of a subgroup.

To capture this property of groups, we make an auxiliary definition.

Definition 2.2.20. Let G be a finite group. Let C > 0 and let B : (0,00) — (0, 00).
We say that G satisfies the product theorem for sets of small tripling with respect to
(C, B) if, for alle > 0 and A C G symmetric satisfying:

(i) |Al < |G

(i1) For all g € G and H < G,
lgH NA|/|A| < |G+ H|~|G|*,

then |A-A- Al > C|A|"+A),

Lemma 2.2.21. Let G be a finite group which satisfies the product theorem for sets
of small tripling with respect to (C4,3). For all € > 0 there exists 6(Cy, B,€) > 0 such
that for u,v probability measures on G, if:

y -1 €.
(1) llpllz > 1G[7=
(ii) Forall g € G and H < G, u(gH) < |G : H|™¢
1 1
then [|p* vl < Hu!|§+§HuH§, provided |G| is sufficiently large, depending on C1, 5.

Proof. Suppose (for a contradiction) that there exists ¢ > 0 such that for all § > 0

there exist probability measures p, v on G such that:
. _1..
(1) llulla > 1GI7=27

(ii) Forall g € Gand H < G, u(gH) < |G : H|™5;
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546
I

1
(i) [[p vllz > {|ullz w3

By (iii), Theorem 2.2.17 is applicable with K = ||u|5°. Let A be as in Theorem
2.2.17. First, by Theorem 2.2.17 (i),

|A] < CKC/|lull} = Cllullz> < C|G|! 2405 =<C)
(by (i) above). Second, for all g € G and H < G,

lgH N A|/|A| < CK%|gH N A Hgll(/] 1) (a) (by Theorem 2.2.17 (iii))
< CK(f* p)(gH)
< CK¢ 'H
< CK” max (g H)
< CKC|G : H|™ (by (ii) above)
= C||p||3°€|G = H|=¢ (by choice of K)
< C|G|'T|G : H|™ (by (i) above).

Taking ¢ sufficiently small that 6C/2 < §(¢), we satisfy the hypotheses of Definition
2.2.20. Therefore:

|A-A- Al > Cy| A5,

But by Theorem 2.2.17 (ii), A has tripling at most C/||p||5°, so taking § sufficiently

small, we have the required contradiction. O

We summarise one of the paths to expansion explored in this section in the follow-
ing theorem. This is the version of the Bourgain-Gamburd machine which is applied in
[77], and is also the version of the machine from which our constructions of expanders
in Chapter 4 shall follow.

Theorem 2.2.22. Let G be a finite group;, S C G a symmetric subset. Suppose:

(1) (Quasirandomness) There exist Cy,a > 0 such that, for some finite groups
Gi,...,Gn, G =TI, Gi and G; is (Cy, «)-quasirandom for every i.

(i1) (Product theorem) There exist Cy > 0 and § : (0,00) — (0,00) such that G
satisfies the product theorem for sets of small tripling (Definition 2.2.20) with
respect to (Ca, B).
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(i1i) (Non-concentration) There exists v > 0 and C3 > 0 such that for some
[ < C3log|G| and every H < G,

g (H) < |G : H| ™.

Then there exists € > 0 (depending on «a, f(-),v,Cy, Cs, Cs,|S|) such that (G, S) is
a two-sided e-expander, provided the |G;| are sufficiently large depending on these

constants.

Proof. By Proposition 2.2.10 and condition (i), it suffices to check that (G, S) satisfies

the /2-flattening condition with respect to some C.

Fix € > 0. Applying (iii) to H = 1, we have p 210)( 1) < |G|*7 for some Iy < Cylog|G].
By (ii) and (iii), Lemma 2.2.21 is applicable, assuming ||u ||2 > |G|72*5 (if at any
point in what follows this assumption becomes invalid, then ¢?-flattening is already
satisfied, as ,ufq (1) = H,uS)HQ by Remark 2.1.1 (ii)).

Let 6 > 0 be as in Lemma 2.2.21. Applying the conclusion of Lemma 2.2.21 with

h=v= ug‘)), we have:

l 1 5
1y < [l

Replacing [y by 2¥ly and iteratively applying this last inequality (again, assuming that
(*flattening is not already satisfied, so that Lemma 2.2.21 continues to apply),

1y < [l 8" < |G e

Taking k > (log(3 — 5) —log 1)/ log(1 + ), it follows that g l)( 1) < |G| for some
1 < 2kly < 2%Cylog|G|. Hence we satisfy the £>-flattening condition for some function
C(e) < 2*Cy, and expansion follows. O

Remark 2.2.23. For H < G, and ¢ € (*(Q), define ¢ € (*>(G/H) b

= dlgh).

heH

Then since S is symmetric, for | € N,

21
u@ () = (502
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Now define Ag : (?(G/H) — (*(G/H) by:

AN oH) = 757 3 FlsoH).

seSs

Then Ag is a linear operator; it is a contraction (being the adjacency operator on the
Schreier graph of (G/H,S)) and satisfies, for ¢ € (*(GQ),

As(9) = s * ¢.

It follows that ugl)(H) is a decreasing function of l. Hypothesis (iii) of Theorem
2.2.22 therefore follows from an apparently weaker variant, in which ourl < Cslog|G|
1s permitted to depend on the subgroup H .

2.3 Analytic Pro-p Groups

2.3.1 Pro-p groups

In this section we recall a (very) few well-known properties of pro-p groups. All proofs
may be found in [30] Chapter 1.

Definition 2.3.1. A topological group G is profinite if it is compact Hausdorff and
has a basis of neighbourhoods of the identity consisting of open subgroups. For p a

prime, G is pro-p if it is profinite and every open subgroup has index a power of p.

It should be noted that every open subgroup in a profinite group G has finite
index, so that every open subgroup contains an open normal subgroup of G. This
means that we may always take a neighbourhood basis at the identity consisting of

open normal subgroups.

Proposition 2.3.2. Let G be a profinite group and let N be a family of open normal
subgroups forming a neighbourhood basis at the identity. Then G is isomorphic to the

verse limait
lim G/N
Sev

equipped with the Tychonoff topology, and where N is ordered by reverse-inclusion.
Conversely, the inverse limit of any inverse system of finite discrete groups (respec-

tively finite discrete p-groups) is profinite (respectively pro-p).
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Definition 2.3.3. Let G be a topological group. A (topological) generating set for
G is a subset X C G such that the subgroup (X) of G generated (abstractly) by X
is dense in G. G is (topologically) finitely generated if G has a finite (topological)

generating set.

Theorem 2.3.4 (Serre). Let G be a finitely generated pro-p group. The every sub-
group of G of finite index is open in G and the derived subgroup [G,G] is closed in
G.

Corollary 2.3.5. Fvery abstract homomorphism from a finitely generated pro-p group

to a profinite group is continuous.

These results were later extended to finitely generated profinite groups in the

celebrated work of Nikolov and Segal.

Definition 2.3.6. Let G be a pro-p group. The lower central p-series of G is the

sequence (Gy), defined recursively by:
G, =G; Gy = GH[G,, G.

Proposition 2.3.7. If G is a finitely generated pro-p group then G, is open in G for

every n, and (G,), forms a neighbourhood basis at the identity in G. In particular:

G 2= 1imG/G,.

n>1

Finally we explain the concept of a p-adic power in a pro-p group.

Lemma 2.3.8. Let G be a pro-p group, let g € G and let (a,)n, (by)n C Z be sequences
which converge in Z, to the same limit. Then (g ),, (g*"), converge in G to the same
limat.

We may therefore well-define:

Definition 2.3.9. Let G' be a pro-p group, let g € G' and let A € Z,,. Then:
= i g
where (ay), C Z is a sequence converging in Z, to .
Proposition 2.3.10. Let G be a pro-p group, let g,h € G and let X\, ju € Z,,. Then:
(i) g = g*g";
(ii) g™ = (g*)"
(iii) If gh = hg then (gh)* = g*h?;

(iv) The map v+ g” defines a (continuous) homomorphism of Z, onto (g).
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2.3.2 Pro-p domains

Fix p prime. Let R be a commutative unital Noetherian ring. Recall that R is called

a local ring if R has a unique non-zero maximal ideal M (we shall refer to the local
ring (R, M)). The quotient R/M is called the residue field of R.

Notation 2.3.11. Following [30], here and in Sections 2.3.3; 2.3.4 and 2.4 we adopt
the convention that for R a local ring; T << R and n € N, I™ shall denote the nth
power of T (an ideal in R), while T™ shall denote the n-fold Cartesian product of T.

There is a topology on R, called the M-adic topology, induced by declaring the
filtration (M™),, to be a basis for the neighbourhoods of 0.

Definition 2.3.12. The local ring (R, M) is called a pro-p ring if:
(i) The residue field of R is finite of characteristic p;
(i) R is complete with respect to the M-adic topology.

A pro-p ring (R, M) where M is principal is called a discrete valuation pro-p ring

and a pro-p ring which is an integral domain will be called a pro-p domain.

Theorem 2.3.13 (Krull Intersection Theorem). If (R, M) is a pro-p domain, then
Nz, M = {0}, so that the M-adic topology on R is Hausdorf}.

Let K be the field of fractions of R. Fix ¢ € (0,1) and define a norm ||-|| on R
(compatible with the M-adic topology) by:

lal]| = ¢ for a € M™\ M™*1; ||0]| = 0.

In particular if (R, M) is a discrete valuation ring, with P € M such that M = (P),

then ||P|| = ¢. In this case, we extend ||| to K via:
|la|| = [[aP™]|¢™ for n sufficiently large that aP™ € R.

Example 2.3.14. Z, and F[[t]] (for ¢ a power of p) are discrete valuation pro-p

domains, with mazximal ideals (p) and (t), respectively.

Theorem 2.3.15 (Cohen [23]). Every discrete valuation pro-p domain is a finitely

generated free module over a subring of the form Z, and F,[[t]].
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2.3.3 R-analytic groups

In this section (R, M) is a discrete valuation pro-p domain, with M generated by
P € M. For proofs of results quoted, refer to Chapter 13 of [30].

Definition 2.3.16. Write X = (X41,...,Xy), Y = (Y1,...,Yy). Denote by R[[X,Y]]
the ring of formal non-commuting power series in the 2d wvariables Xi,..., Xy,
Yi,...,Yy. Fori=1,...,d, let F;(X,Y) € R[[X,Y]]. Then F = (Fy,...,Fy) is

a formal group law, of dimension d over R, if:
(i) F(X,0) =X and F(0,Y) =Y;

Proposition 2.3.17 (13.16 in [30]). Let F be a formal group law. There exist power
series B(X,Y), I(X), O(X,Y), P(X), Q(X.,Y), with B bilinear in X and Y ; every

=\ P

term of O, P,Q having total degree at least 3 and every term of O,Q having degree
at least 1 in each of X,Y, such that:

(i) FX,Y)=X+Y +B(X,Y)+0(X,Y);
(i) I(X) = X+ B(X,X) + P(X) and F(X,I1(X)) =0 = F(I[(X),X);

(i) E((Lo F)(Y, X), F(X,Y)) = B(X,Y) - B(Y, X) + Q(X,Y).

Definition 2.3.18. An R-standard group of dimension d is a topological group (G, -)
with underlying space G = MW such that there exists a formal group law F of
dimension d such that, for all g,h € G,

g-h=_FE(g,h).
Note that, for B,I,Q as in Proposition 2.5.17, we have:
g7 =1(g). lg.h] = B(g, h) — B(h,g) + Q(g, h).
Recall that for R a ring, My(R) is the ring of d-by-d matrices over R.
Example 2.3.19. (i) (MY +) is an R-standard group of dimension d.

(i) Let GLY(R) = I;+PMy(R). Then GLL(R) < GL4(R) and, identifying GLL(R)
with M@ in the obvious way, multiplication in GLY(R) is given by a formal

group law of dimension d>.
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(iii) Let SLy(R) = SLgq(R) N GLY(R) be the kernel of the congruence map
SLy(R) — SLg(R/M). Then we may identify SLY(R) with M@~V wyiq
A = (A= 12)ij)Gj)2@a (since these d* — 1 co-ordinates together with the
determinant condition uniquely determine Aqq). Under this identification, mul-

tiplication in SLL(R) is given by a formal group law of dimension d*> — 1.

Proposition 2.3.20 (13.22 in [30]). For n € N define K,, = (M™)@ C G. Then for
all n,m € N:

(1) K, <, K1 =G;

(i) [Kn, Kin] © K,
(iii) If m < n, K,/Kpim is isomorphic to the additive group (M™/M™ ™)@
(iv) G = @G/Kn is a pro-p group.

R-standard groups arise as subgroups of R-analytic groups, in which they may be

seen as providing an especially nice chart at identity.

Definition 2.3.21. A topological group G is a R-analytic group if G has the structure

of an R-analytic manifold such that the functions:
(i) f:GxG— G given by (x,y) — zy,
(ii) i : G — G given by x >z~

are analytic.

Of course, this definition begs the further questions of how we define the concepts
of a R-analytic manifold structure and an analytic function. We do not answer these

questions here (and instead refer the interested reader to [30]).

Theorem 2.3.22 (13.20 in [30]). Let G be an R-analytic group. Then G has an open
R-standard subgroup.

Proposition 2.3.23 (13.24 in [30]). For v,w € MY define:
(v,w) = B(v,w) — B(w,v).

Then L(G) = (MY + (-,-) is a R-Lie ring. That is, (-,-) satisfies the Jacobi

identity (and is obviously R-bilinear antisymmetric).
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Remark 2.3.24. For each n, P"L(G) is a Lie subring of L(G). As a set it is equal
to Ky,41. Moreover by Proposition 2.53.17, the additive cosets of P"L(G) in L(G) are

the same as the multiplicative cosets of K1 in G.

Definition 2.3.25. The Lie algebra of G is Lo = L(G) @z K, where K is the field
of fractions of R.

Example 2.3.26. (i) For G = (MY 4), Lq is the d-dimensional abelian K-Lie

algebra.
(i) EGL;(R) = gl,(K).

2.3.4 p-adic analytic groups

The most familiar definition of a p-adic analytic group is the specific case of Definition
2.3.21 for which R = Z,. Once again, we do not define the notions of a p-adic analytic
manifold structure and an analytic function here, as Definition 2.3.21 is intended only
to fix our terminology; we shall not make much direct use of it.

A second characterisation of p-adic analytic groups is available, which is useful for

visualising the class and producing examples:

Theorem 2.3.27 (5.2, 7.19 and 8.34 in [30]). A topological group G is p-adic analytic
if and only if G has an open pro-p subgroup H such that H embeds as a closed subgroup
of GL4(Z,), for some d.

A third characterization, utilising the concept of a pro-p group of finite rank,

elucidates some of the subgroup structure of p-adic analytic groups:
Definition 2.3.28. For G a pro-p group, the rank r(G) is given by:
r(H)=sup{d(K): K <.H}.

Theorem 2.3.29 (8.33 in [30]). A topological group G is p-adic analytic if and only
if G has an open pro-p subgroup H such that r(H) is finite.

However, the characterization which will be of most use to us, and which will
provide an alternative approach to constructing the Lie algebra of G, is based on
the concept of a uniform subgroup. Uniform pro-p groups are close relatives of Z,-
standard groups (which are just the special case of the definitions and results in

Section 2.3.3 for R = Z,), but will be more convenient for our purposes.
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Let p > 3 be prime; G be a pro-p group and (G,), be its lower central p-series.

Definition 2.3.30. G is powerful if G/GP is abelian. G is uniform if it is finitely
generated, powerful and torsion-free. The dimension of a uniform group G is the

mainimal size of a topological generating set.

The relationship between powerful groups and p-adic analytic groups was first
described by Lazard [52].

Theorem 2.3.31 (3.13 in [30]). Let G be a pro-p group. Then r(G) is finite if and

only if G is finitely generated and G has an open powerful characteristic subgroup.

Theorem 2.3.32 (4.2 in [30]). Let G be a finitely generated powerful pro-p group.

Then Gy, is uniform for all sufficiently large n.

Theorem 2.3.33 (4.6 in [30]). If G is a pro-p group and H, K are open uniform

subgroups of G, then H and K have the same dimension.

By Theorems 2.3.29, 2.3.31 and 2.3.32 a topological group G is p-adic analytic if
and only if it has an open uniform pro-p subgroup. Indeed, for G compact we can
say more: letting H < G be as in Theorem 2.3.29, |G : H| is finite, so H contains an
open subgroup K which is characteristic in G. K is still pro-p of finite rank, so by
Theorem 2.3.31 contains an open characteristic powerful subgroup L. Finally, for n
sufficiently large, L,, is uniform by Theorem 2.3.32. Recalling that the terms of the

lower central p-series are characteristic subgroups, we deduce:

Corollary 2.3.34. A compact topological group G is p-adic analytic if and only if G

s a profinite group with an open characteristic uniform pro-p subgroup.

Example 2.3.35. Every Z,-standard group of dimension d is a uniform pro-p group
of dimension d (8.31 of [30]). Conversely, if G is a d-dimensional uniform pro-p
group, then Gy is a d-dimensional Z,-standard group (8.23 (iit) of [30]). In particular,
every compact p-adic analytic group has an open characteristic Z,-standard subgroup.

We describe the formal group law on Go below (Remark 2.3.40).

We recall some properties of uniform groups. Unless otherwise specified, let G be

a d-dimensional uniform pro-p group.

Theorem 2.3.36 (3.6, 4.9 in [30]). Let {ai,...,aq} be a topological generating set
for G; n,m € N,

(i) (M,..., M) = a}' ---a)? defines a homeomorphism 78— G.
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(i1) Gpy1 is uniform of dimension d.
(m) (Gn+1)m+1 - Gm+n+1~
(iv) Gny1 = {2?" : x € G}.
(v) {d?",...,d""} is a topological generating set for Gy1.
There is a complete normed Q,-algebra A, an embedding G < A* satisfying;:
VgeG,g—1¢e Ay, where Ay ={z e A:|z]| <p '}
and mutually inverse analytic functions:

IOgll—}—AQ—)Ao,
exp:A0—>1+A0.

A s naturally a Q,-Lie algebra with Lie bracket:
(z,y) = vy — y=.

log(G) is a free d-dimensional Z,-module and a Z,-Lie subalgebra of A.
Lemma 2.3.37 (6.25 and 7.12 from [30]). Let x € Ay, n € Z.

(i) exp(nx) = exp(z)".

(i1) log((1 + z)") = nlog(1l + z).
(i) (log(G),log(G)) C plog(G).
Moreover, for g € G, \ € Z,, Aog(g) = log(g").

Combining this Lemma with Theorem 2.3.36 (iv), we have:

Corollary 2.3.38. For alln € N, p™log(G) = log(Gpi1)-

Proposition 2.3.39 (6.27 and 6.28 in [30]). There are formal non-commutative power
series ®(X,Y), W(X,Y) satisfying:

P(X,Y)=X+Y + (XY -YX)+ho(X,)Y)
U(X,Y)= (XY -YX)+ho(X,Y)

(with h.o.(X,Y) denoting terms composed of brackets of length at least three) such
that, for x,y € /Alo,
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(i) ®(x,y) converges to log(exp(x)exp(y));

(11) W(x,y) converges to log(exp(—z)exp(—y) exp(x) exp(y)).
Remark 2.3.40. Let xq,..., 24 € log(G) be a Z,-basis for log(G). Identify ZI(,d) with
log(G) wvia:

d
0 : (Oéi>;-j:1 — 2061331
=1

Then, identifying Zéd) with G via exp o8, multiplication in G corresponds to the formal

group law:
(a,b) = 071 (2(6(a), (b))

on Z}(,d). Moreover, under this identification the subgroup G,i1 corresponds to
p*log(G) = 0((p"Z,) D), by Corollary 2.3.38. In particular, Gy = (pZ,)? is a
Zp-standard subgroup.

Proposition 2.3.41 (4.8 and 4.31 in [30]). Let H be a uniform closed subgroup of
G; N < G be closed such that G/N ‘s uniform.

(1) log(H) is a Z,-subalgebra of log(G).
(i) N is uniform, with dim(N) = dim(G) — dim(G/N).
(117) log(N) is an ideal in log(G), and log(G/N) = log(G)/log(N).

Proposition 2.3.42 (7.15 in [30]). Let S be a Z,-Lie subalgebra of log(G) such that
the Z,-module log(G)/S is torsion-free.

(1) exp(S) is a closed uniform subgroup of G.
(ii) If S is an ideal of log(G), then exp(S) < G and G/ exp(S) is uniform.

We may define L = spang (log((G)), a d-dimensional Q,-Lie algebra. By Remark
2.3.40, this is isomorphic to the Lie algebra described in Definition 2.3.25.
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2.4 Chevalley Groups

Unless otherwise stated, proofs of assertions left unproven in this section may be
found in [22].

Let ® be a root system of type X; € {A;, B;,Cy, D;, Eg, E7, Eg, Fy, G}, T C &
be a fundamental system of roots. In a moment, we shall describe the Lie ring of
type X; over a ring. This shall be done by specifying a basis and expressing the
brackets between basis vectors as explicit linear combinations of the basis. First
however we should indicate how to construct the coefficients appearing in these linear
combinations. We give the construction in full, not because its precise features will
be required in what follows (they won’t) but to reassure the reader that a suitable
choice of coefficients exists and may be explicitly constructed, since to do so is a little

delicate and involves a certain amount of “definition-chasing”.

Definition 2.4.1. A set of structure constants of type X is a set of integers { Na s} o peo
such that, for all o, 3,7, € ®:

(0) If a+ 3 ¢ ® then Nog =0, and if o + 5 € ® then Nog € {£(p+ 1)}, where
p € N is mazximal such that § — pa € ®;

(i) Nap=—Nga;

(i1) xfgf) = (]jfaj) = 527’537 provided o+  + v =0;

(ZZZ) Naﬁ = —N,a7,ﬁ,'

(iv) (gjgglg) = (giqgij) = (ﬁ:]jji), provided no two of «, 3,7,0 are opposite, and

a+p+v+06=0.
To describe the possible set of structure constants, we make an auxiliary definition.

Definition 2.4.2. Fiz a total order < on the space spanned by ®. A pair (a, B) € ®?

is extraspecial if:
(1) a+ € P
(1)) 0 < o < B;

(iii) If (o/,3) € ®? is another pair satisfying (i), (ii) and such that
a+p=ad+ [ then a .
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Proposition 2.4.3. Let ¥ C ®? be the set of extraspecial pairs. For every function
F W — {£1} there exists a unique set of structure constants {Na.g}ases of type X
satisfying:

Naﬂ = F(a7ﬁ>(q + 1)7
for every (a, B) € ¥, where g € N is mazimal such that  — qo € P.

In other words, sets of structure constants are exactly parametrised by their values

at the extraspecial pairs. Now let S be a commutative unital ring.

Definition 2.4.4. Let {N,g}apea be a set of structure constants of type X;. The
Lie ring of type X; over S, denoted L5(X)), is the free S-module on the basis:

{Ea}ace U{Hz}gen
with defining Lie brackets:
(1) (Ha, Hg) = 0;
(ii) (Ha, Eg) = AasEs;
(11i) (Eo, E_o) = Hy;

() (Ey, Eg) =0 fora+ 3 ¢ @;

(v) (Eo, Eg) = NopEoip for a+ 3 € @, where Ay p = 20.8) s the Cartan integer.

(a,@)

Proposition 2.4.5. For fized X;, L5(X;) is independent (up to isomorphism) of the

choice of structure constants {Nu g}apea in Definition 2.4.4.
Proposition 2.4.6. If K is a field then exactly one of the following holds:
(i) Lx(X;) is a perfect Lie algebra,
(ii) char(K) =2 and X; = Ay or C).

Definition 2.4.7. We define the adjoint Chevalley group of type X; over S to be the
subgroup G24(X;) < Auts(Ls(X;)) generated by the set {p(xa(t)) }acaoues, defined by:

(i) p(za(t))(Ea) = Ea;
(ii) plaa())(E-u) = E_o+ tH, — t2Eo;
(iii) p(za(t))(Ha) = Hy — 2tEq;
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() p(xa(t))(Hg) = Hg — A otE,, where Ag, = 2(5;85)) is the Cartan integer;

(v) p(za(t))(Es) = Es + Z Ma gt Eza+6> where Mo g = al Hz o N ajats and g
is mazximal such that qo + € P,

for any o, 8 € ® linearly independent and t € S.

Remark 2.4.8. Letting p € N be mazimal such that 8 — pa € &, we have
Nojats € {£(p+j+ 1)}, so that:

M, € {i(pJrZ )} CZ
Specifically, the identity (v) in the above definition makes sense for arbitrary S.
Proposition 2.4.9. G3(X)) preserves the Lie bracket on L5(X;).

Proposition 2.4.10. G2(X;) < GL(Ls(X;)) is independent of a choice of structure

constants.

It was no coincidence that we chose the (ostensibly unnecessarily complicated)
notation p(z,(t)) for the generators of G24(X;). They shall lie in the image of a

representation p on Lg(X;) of another group, which we define now.

Definition 2.4.11. We define the universal Chevalley group of type X; over S to
be the group Gs(X;) abstractly generated by the symbols {x4(t) }acares, subject to the

following Steinberg relations:

(i) For any o € ® and any t1,t3 € S,

xa(tl)xa(tg) = xa(tl + tg)
(ii) For any o, 8 € ® linearly independent and any s,t € S,

[z5(s) = [ wiaris(Nijias(—t)'s"),

4,7>0

where the products are ordered such that @+ + j is increasing;, and
N;jap € {£1,+2,£3} are defined by:

Nitias = Magi, Nijias = (=1 Mapj, N3gas = 3Matgas2;
Nasgap = —3Masigpo.
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(i1i) For any a € ® and any s,t € S*,
Ca(8)ca(t) = colst),

where ¢, (8) = To(8)T_a(—5)xa(8)(xa(1)z_o(—1)z4(1)) 7t
Immediately from these definitions we have:

Lemma 2.4.12. (i) If S’ is a subring of S, then the inclusion of {4 (t)}acares
into {Ta(t) }acotes induces a homomorphism ¢ : Go/ (X)) — Gs(X;) (in other
words, for each ®, every Steinberg relation over S’ is also a Steinberg relation
over S).

(ii) ca(1) =1.

Theorem 2.4.13 (Steinberg). Let K be a field. There is a group homomorphism
p: Gk(X)) = GL4(K) (where d = |®| + |II| is the dimension of Lk(X;)), such that
{p(xa(t)) tacoites are as in Definition 2.4.7. Moreover ker(p) is finite and central in
Gr(X1).

Note that for S a subring of K and ¢ : Gg(X;) — Gx (X)) as in Lemma 2.4.12,
p(¥(Gs(X1))) = G5'(X1) < GL4(S9).

Of particular interest to us shall be Chevalley groups over pro-p domains, because

these acquire an analytic structure.

Theorem 2.4.14 (Exercise 13.11 in [30]). Let (R, M) be a pro-p domain. For each
n>1, let G, < Gr(X)) be the subgroup generated by the set:

{za(t) bacasemn U {cs(1 + 8)}pemsern-
(1) G, <y Gr(Xy), for alln > 1.

(1) The map 6, : (M™)ICHID 5 G = given by:

0(t) = (] walta)(J] st +a))(T] walta))

€D+ pell acd—

(with the products ordered by the height function induced on ® by I1) is a bijec-
tion, for everyn > 1. Identifying G1 with MUPHID viq 0, Gy is an R-standard
group of dimension |®| + |II].

(iii) L, is perfect, unless p =2 and X; = Ay or C). Indeed Lg, = Lx(X)).
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Now let ¥ : Gr(X;) — Gk(X;) be as described in Lemma 2.4.12 (i). It is clear

from Definition 2.4.7 that:

(i) For any aw € ®;5,t € Rand n > 1, if s =t mod M™ then

p(a(s)) = p(aa(t)) mod M.

(ii) In particular, for t € M™, p(z,(t)) = I mod M™.
From Lemma 2.4.12 (ii), it follows that for any 5 € ®,s € M",
plcs(1+s)) = 1; mod M™. Thus we have:
Corollary 2.4.15. p(¢(G,)) < K,, := G3(X;) N (I + My(M™)).

2.5 The Nottingham Group

Another class of finitely generated pro-p groups of note is the Nottingham groups
of the finite fields. These groups have attracted considerable interest for three main
reasons. First, it is relatively easy to do explicit computations in them, so they serve
as a useful first testing ground for more general techniques and conjectures in pro-p
group theory. Second, they arise naturally in number theory as the groups of wild
automorphisms of F,((¢)). Third, they are exotic groups in their own right, and
exhibit a number of extreme properties.

The purpose of this section is to lay the groundwork for our analysis of the di-
ameters of finite quotients of the Nottingham group in Chapter 3. Our exposition is
largely based upon that appearing in [21], and we refer the reader there for further
details, together with [49] and [80].

2.5.1 Definition and first properties

Fix p a prime and let ¢ = p® be a power of p. Let IF, denote the finite field of order g.

Definition 2.5.1. The Nottingham group N, over F, is the group with underlying

set:

and group operation given by formal substitution of wvariables; that is, for
Fmth SNt g =t St € N,

frg=f+) wmf
=2
(I t+ ()\2 + M2>t2 + ()\3 + 2)\2,U/2 + M3)t3 +.. )
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N, is a compact topological group when endowed with the degree topology inher-
ited from FF[[t]].
We define the sequence of congruence subgroups (Ky), of Ny to be the subsets:

Kn:{t+ i Aktkequ}

k=n+1

(so that in particular K; = N).
Lemma 2.5.2. (K,), satisfies:

(i) Kn <o Ny;

(1) | K, : K,i1| = q for alln € N;
(iii) N = Hm N,/ K, as topological groups.
In particular, Ny is a pro-p group and the K, form a neighbourhood basis at identity.

For n > 1 and A € F,, define:
enn(t) =t + X" € K,,.

Of course, for A # 0, e, \ € K,, \ K,,+1. The elements e, , form an infinite topological

generating set for N, as follows:

Lemma 2.5.3. (i) Foranyn>1\peF,,
En " Cnp = Cpatp Mod Koy,

(so in particular efm = e,k mod Ky, for allk € N).

(11) Let {m,...,7v.} be an F,-basis for F,. Then:
Kn/Kn+1 = <en,v1Kn+1a e 7€n’,\/aKn+1> = Cg

Hence:

-N’q ={e1xn ~e2x (M) € FI;]}
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Of especial interest to us in Chapter 3 shall be the commutator structure of N,

which is fortunately very well-behaved.
Lemma 2.5.4. Let m,n € N.

(i) Let g =t + 3 00y At® € Ky \ Kpr, h=t+ 300wt € Ky \ Ky, s0
that Api1, ims1 7 0. Then:

[g, h] =t+ )\n+1ﬂm+1(n — m)tm+"+1 mod Km+n+1.
(i1) For any \, p € F,

— _n—m
[en,)\v em,u] = eern,)\,u mod Kmin(m+2n,2m+n)-

(iii) For p > 3, if pt (n —m) (respectively p | (n —m)), then [K,, K] = Knin
(respectively K, K] = Kpint1)-

2.5.2 Further group-theoretic properties

Henceforth we suppose p > 3. The results quoted here are not really used anywhere
else in this work, but to the reader unfamiliar with the Nottingham group they
should amply justify its inclusion in the cast of major characters studied in pro-p

group theory.

Proposition 2.5.5. N, is hereditarily just-infinite. In other words, for any H <, N,
and any K <. H, K <, H.

Proposition 2.5.6. Let (7,(N,))n be the lower central series of Ny. Then:

10 (N /1 (Ne)| < ¢
for all n € N. In particular, N, has finite width.

Hereditarily just-infinite pro-p groups (or HJI groups for short) have a status in
pro-p group theory similar to that enjoyed by finite simple groups in finite group
theory. Unfortunately, they are too large and wild a class for there to be any realistic
prospect of fully classifying them. Within the class of HJI groups, those of finite
width have drawn particular attention, in part because they form a class which may
be sufficiently restricted as to be amenable to classification. It is still far from clear
what such a classification should look like, but the last two results suggest that the
Nottingham group (and its relatives) could represent an important case of it.

Other examples of HJI groups arise from analytic groups over pro-p domains (with

simple Lie algebra), but the Nottingham group is very much unlike an analytic pro-p

group.
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Theorem 2.5.7 (Leedham-Green, Weiss (Theorem 10 in [21])). Every finite p-group
embeds into Nj,.

Corollary 2.5.8. N, is not linear over any field.

Theorem 2.5.9 (Camina [21], Fesenko [31]). Every countably based pro-p group em-
beds as a closed subgroup of Nj,.

Theorem 2.5.10 (Segal, Shalev (Theorem 5.3 of [73])). Let R be a pro-p domain (as
defined in Section 2.3.2). Then N, is not analytic over R.

It remains to the author’s knowledge an open question whether A, is a finitely

presented pro-p group.

2.6 The Sum-Product Phenomenon in Z/p"Z

In this section, we marshal some results related to the sum-product phenomenon in
the ring Z/p"Z, originally presented in [3] and [6].

For a general (commutative, unital) ring R, a sum-product theorem for R states
that for an arbitrary non-empty finite subset A C R, at least one of the sumset
A+ A or the product set A- A is significantly larger than A, provided certain obvious
obstructions do not apply.

Sum-product theorems are in a similar genre to the product theorems for finite
groups we encountered in Section 2.2. Indeed the proof of product theorems for linear
groups over finite fields such as Helfgott’s [36] involves associating to a generating set
for the group a subset of the underlying field, in such a way that growth of sum-
product in the field guarantees growth of the generating set under multiplication.

The precise nature of the obstructions to growth we wish to avoid depends on the
ring R in question. For R = Z/p"Z it turns out that if growth of sum-product fails
for A, then A is either: (i) already almost all of Z/p"Z or (ii) contained in a few

cosets of a subring p™Z/p"Z. To be precise, we have the following result of Bourgain:

Theorem 2.6.1 (Theorem 1 in [3]). For all 61,02 > 0 there exist v,e > 0 such that,
if A CZ/p"Z satisfies:

(i) |A] < pt=ovn;
(i1) |mpm(A)| > p®2™ whenever n > m > en
then:

A+ Al +]A- A > p™ Al (2.5)
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Our interest in this result is that it allows us to produce sets A which efficiently
generate a large part of Z/p"Z, by taking iterated sum- and product-sets and dif-
ference sets (see Proposition 2.6.3 and Corollary 2.6.4 below for precise statements).
The ability to produce such sets shall be crucial to the results of Chapter 5.

First we have an auxiliary Fourier-analytic result, which shows that families of
subsets A;, B; C Z/p"Z which are sufficiently equidistributed (in the sense that none
of them is too concentrated on any coset of a subring p™Z/p"Z) cover Z/p"Z upon

taking the product sets A; - B; and summing.

Lemma 2.6.2. Let 51,0, € (0,1); K € Z-o be such that By + P > 3/2 and
K > m Let A;, B; CZ/p"Z for 1 <i < K, satisfying:

(i) maxyez/pmz| A N Tpm 1(z)] < pPm| Ay

(i4) maxyez/pmz|Bi N Tym H(y)| < p~%2m| By
for all0 < m < mn. Then for any z € Z/p"Z, there exist x; € A;,y; € B; such that
z= Zfil ZiYi-
Proof. Denote A =[[X, A, B =], B;. Define ¢ : Z/p"Z — [0, 00) by:

o(w) = |{(&.y e AxB: ixy = w}|/(411B))

We prove that for any w € Z/p"Z, |p(w) — pin\ < pn1+1. In particular this implies that
¢(w) is always non-zero, and so yields the required result.
We first observe:

¢(w)

- T 2, 2 = Y w)

z€A yeB 0<z<p"

2miz

(where for x € Z/p"Z, eyn(x) = e ™ ). This is because, for fixed z € A and y € B,

the contribution to the exponential sum as z varies is p” when (z,y) is a solution to
Zfil x;y; = w, and is 0 if it is not. Thus:

1

O<z<p z€A yeB

Nz rA||B| PO DIPIL szyz

0<z<p™ z€AyeB

p|A||B| 2 H)ZZ% (z2y)

0<z<p™ i=1 z€A; yeB;
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For any z € Z/p"Z, there exist unique 0 < n’ < n and v € Z/p" "' Z with (p,v) = 1,
such that z = vp™, so that:

PIPICHEHIES) 9P SPRIE]

T€EA; yEB; Tr€A; yeB;
For X C Z/p"Z, define vx : Z/p" " Z — C by:

Ux(y) =z € X :mpw(z) =y}l
By hypothesis, for all y € Z/p" " Z and for 1 <i < K,

Ya(y) <p PTIA g, (y) < p By, (2.6)
Now,
IS el =Y va @)oo (vy)
zE€EA; YEB; z,yeZ/pn—"'7
<Y w@ X | tnbeatm)])}

IGZ/p”—”/Z xGZ/p"—”/Z yEZ/p”—”/Z
by the Cauchy-Schwarz inequality. Note that:

> ‘ > UnWepwvay)| = > ‘ > wBi(y)epnnf(xy)‘Q

mEZ/p"_”IZ yEZ/p"_"/Z er/pn—n/Z yGZ/p"_"/Z

’ 2

and for every x € Z/p" " Z:

Y ey =] X vn@ep(—ay)| = W),

yEL/pm—'L yEL/pn—"'7.
where w;gi is the Fourier transform of 15,. By the Plancherel Theorem,

g = pniansz‘ 3

X en@een )| =l

z€Z/pn—'7 yeZ/pn—' 17
It follows that:

SN e <Y wa @Y. vy

r€A; yeB; z€Z/pn—"'7, yEL/pn—"' 7,

< pB=Ai=B)n=n) | 4.1 B)|

/
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by (2.6). Therefore:

1

) K
[p(w) — ﬁ| < PTAB] Z Z H|Z Z epn—n (VTY)|

0<n/<n ve(Z/p”*"'Z)* i=1 z€A; yeB;

1 3 /
< pK(§—51—52)("—n)|AH§|
p"|All B 2 2

0<n'<n ye(Z/pn—"'7)*

1 1 /
<= Z (1— _)p(1+K(%*ﬁl*52))(”*”)
p 0<n/<n p
1
< pn+1
SinC61+K(%—61—52><—1. ]

We now combine Lemma 2.6.2 with Theorem 2.6.1 to prove efficient generation of

a large subring.

Proposition 2.6.3. For all ay, s > 0, there exists € > 0; r,s € Z~q such that, for
A CZ/p"Z satisfying:

|Tpm (A)] > p™™ whenever n > m > en,
there exists 0 < k < aon such that:
pFZ/p" 7 C B, A — %, A6,

Proof. Iteratively applying (2.5), for any d; > 0 there exist R, S € Z-o such that
B = Y A®) satisfies |B| > pU—ovn,
For a € (0,1), define:

Sy ={m<n: BN7i(x)| > p 1™ B}
{m<n xe%}ié T (T)| = p |B|}

Note that 0 € S, and that (provided & < a), n ¢ S,. If m > %% then
n—m < (1—68)n—(1—a)msothat p"~™ < p~(1=®)™|B|. But for any r € Z/p™"Z,
| ()] < p"~™, so that m ¢ S,.

Let M = max(S,), so that M < 2% There exists € Z/p"Z such that
C:=Bn W;ﬁ[ (x) satisfies:

C] = p~ =M B].
For any T € C, there exists D C Z/p"MZ such that |D| = |C| with:

C=z+pMD.
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Let 0 < k <n — M. By maximality of M,

p—(l—a)k|D| — p—(l—a)k|C|
2 p_(l_a)(k+M)’B|

-1
g yeZ%%}fMZ’B M My W)

> max |DnN ﬂ;}(yﬂ.

yEZ/p*Z

We may now apply Lemma 2.6.2 with 5, = 85 € (g, 1), K=8and 4, = B; = D.
Setting o € (0,1 — 31),

max [D N (y)| < p ”*|D)

YEL/P*T Pt
for all 0 < k <n — M, so that by Lemma 2.6.2, Z/p"MZ C 3D . Hence:

p"MZ/p"Z C Ss(p" D)
C %g(C—7)?
C £15C? — 5607
C 56B® — 5,B?
= Y162 AP — 162 A9

We require 2M < asn. Recall that M < ain Tt therefore suffices to set

o

01 € (O,%). ]

In our applications we shall use the following variant of Proposition 2.6.3, in which
the hypothesis has been weakened: we no longer require that A fails to be contained
in a few cosets of p™Z/p"7Z at all sufficiently large scales m; only that it should not

be so contained at some sufficiently small scale.

Corollary 2.6.4. For all « > 0, there exist € > 0; r, s € Z~q such that, if A C Z/p"Z

1s such that:
|Tpm (A)| > p*™ for some m < en,
then for some j < k < n satisfying k — j > “* and k <, m,

PLZIP"Z C mp(5,A® — 5, A)),
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Proof. Let ky < m be maximal such that:

max [{y € mm(A) Ty (y) = 2} 2 p 2 |mpm(A)]. (2.7)
TEL/pLZ

Such k; clearly exists: we have equality in the above for k; = 0, for instance.
For any = € Z/p™Z,
{y € Z/p™Z : e, (y) = x}| = pmh

Hence:

{y € mpm(A) : e (y) = a}] < p™ ™,
so that:

am

=t o k1
p"H 2 pE mpm (A)) > pTT T 2 (28)
(by (2.7)). If 0 < ky < m — ky, then:

—a(ky+kg)
pm 2 fmpm(A) > max  [{y € mpm(A) M (y) = 2}

x€Z/pF1tkay,

> A - _
2 B M € () s ) = )

> [y € mpm(A) : my (y) = 23/ Hmpriana (y) 2y € mpm (A), mps (y) = 2}
for any z € Z/p"Z. If z attains the maximum in (2.7), then:

{y € mpm(A) i e (y) = 2} > p 7 |mpm (A)]
SO:
_ak2

{mprana (y) 1y € mpm(A), T (y) = 2} > p 2

Define B = {x € Z/p"™™MZ : p"'z € A — A}. We claim that, for ky < m — ki,
| k2 (B)| > p%. Let C, = {rv € A: mp (x) = z}. For 2,y € C,

(2.9)

T (@) — Ty (y) = 2 — 2 =0 (in Z/p"7Z)
so there exists w € Z/p"Z such that x —y = p"w. Fix some x € C,, and let:

D =7y, ({p"(x—y):y € C.}) CB.

Then |mp,(B)| > |1 (D) > |mm(C)| (as y — p ¥ (x — y) is injective), and
| pk2 (C)] > p%, by (2.9), and we have the desired claim.

In other words, m,m-x (B) satisfies the hypothesis of Proposition 2.6.3, with n
replaced by m — k1, a1 = «/2, and € arbitrarily small. Setting oy = 1/2, we conclude
that there exist 0 <1 < mfkl; r,s € Z~go such that:

Tymi (5B =%, B®) = 8, (7 mt1 (B)) S =, (T, (B))®) D p'Z/p™ M Z. (2.10)

p p

60



By definition of B,
Tyme sty (Sasr AP = 800, A D miomvm (50(A — A)) — 5, (A = A))

2 Trper(S*l)kl( ( le) Zr(ple)(S))
= 7Tpm+(sfl)k1 (p kl(zr(B)(s) - ET(B)(S)))
2 pi+sk‘1Z/pm+(S*1)k1Z

(by (2.10)). We now take k = m + (s — 1)ky, j = i + sky. First, k < sm < sen, so

stipulating € < 1/s we have k < n. Second,

k—j=m—k —i>(m—ky)/2>am/4 (by (2.8)).

Finally, since k£ < sm and s depends only on «a, k <, m. O

61



Chapter 3

New Uniform Diameter Bounds in
Pro-p Groups

3.1 Introduction

This chapter shall describe our results on diameters of finite groups obtained from

the Solovay-Kitaev procedure. These results were first presented in [12].

3.1.1 The Solovay-Kitaev procedure in quantum computa-
tion and beyond

Let us begin by sketching some of the development of the Solovay-Kitaev procedure,
from its original implementation in the context of quantum computer science to the
more recent applications to diameters of finite groups. Our exposition here is based
in large part upon [24].

In classical computation the basic unit of information is the bit. A bit can exist in
one of precisely two states: “on” or “off”. By contrast in quantum computation the
basic unit of memory is the quantum bit or qubit, which can exist in a superposition of
these states. If we represent the two classical states of a bit as a pair of orthonormal
vectors e; and eg, then a superposition of the two memory states is represented by a
direction in the complex Hilbert space spanned by e; and es, that is by an element
of CP.

For simplicity, consider a quantum computer with a memory consisting only of
a single qubit. A programme run on such a computer takes the form of a finite
sequence of operations (known as quantum logic gates) which act on the memory
state as elements of SU(2). At the end of the programme, the memory state is

observed, and one of the two classical states is outputted: if the memory state after

62



the final gate is represented by the unit vector ae; + [esy, then the output is e; with
probability |a|? (respectively ey, with probability |3]?).

A major part of the power of quantum computation is the greater flexibility that
the ability to act on superpositions of the classical states affords: instead of the finite
number of operations that a classical computer can perform on its memory, we have
a continuum of options among the elements of SU(2). This flexibility has led to
the design of quantum algorithms which give much better performance than their
classical competitors: we have for instance the well-known quantum database-search
algorithm of Grover [35], which is quadratically faster than the best known classical
search algorithms, or Shor’s algorithm [74], which achieves polynomial-time integer
factorization.

There is a cost, though. A quantum computer, if built, could only ever have a
finite number of gates at its disposal, whereas a programme run on it could call for
any of the uncountable number of gates in SU(2). The best that can be hoped for is
that the gates sq,...,s, available to the computer (known as instructions) generate
a subgroup of SU(2) which is dense, so that the arbitrary gate called for by the
programme can be approximated, up to arbitrarily small error, by a finite sequence
of instructions (here, and throughout, we make the simplifying assumption that the
instruction set may be taken to be symmetric). The computer could then employ a
quantum compiler: an additional (classical) algorithm which would take as input the
arbitrary quantum gates from the programme, and output approximating sequences
of instructions which the computer was actually able to perform. The fact that the
result of the sequence of instructions may not exactly equal what was demanded by
the programme is not a major problem: the result outputted upon observation is
only a probable correct result anyway, and observation of a quantum state differing
by a small error will give the same result with high probability (the errors in our
approximations to elements of SU(2) being measured by distance in operator norm).

What is a big problem, however, is the possibility that the quantum compiler may
be inefficient, in the sense that the number of instructions it requires to approximate
an arbitrary gate up to error € grows too quickly as e shrinks. If this happens, and
the computer must work too hard to implement the programme, then any gains in
speed the programme enjoys over classical rivals may be lost.

We would like to know, then, that given a finite instruction set S, an arbitrary
gate g € SU(2), and € > 0, there exists a word w in S, of length bounded by a
slowly growing function of 1/e, which approximates g up to an error of size at most

€. Moreover we would like a fast classical algorithm to write w, given S, ¢ and
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€. This is precisely the problem which Solovay-Kitaev procedure solves: indeed it
delivers a bound on both the length of w and the time taken to write it, which is a
polylogarithmic function of 1/e. The procedure also works for SU(d) with larger d,
and specifically for SU(2"), which is the group of quantum logic gates for a computer
with a memory consisting of n qubits (2" being the dimension of the space of possible
quantum states of n particles).

How does the Solovay-Kitaev procedure work? First, we naively generate SU(d)
up to a first, fairly large error: since the instruction set S generates a dense subgroup
of SU(d), for any €y > 0 there exists lo(S) € N such that Bg(ly) contains an €y-net.
€o shall be a sufficiently small absolute constant, to be determined.

We now inductively construct sequences (I,,) € N and (¢,) € (0,1) such that
Bg(l,,) contains an €,-net. The construction relies on two facts about the group
SU(d), which hold for all sufficiently small §,e > 0. The first is an elementary
computation and tells us that there is some cancellation among error terms upon

taking commutators.
Lemma 3.1.1. Let u,u,v,0 € SU(d). Suppose:

= Lall, o = Lall < 6 [l — @), Jjo — 3] < e
Then ||[u,v] — [a,9]|| = O4(de + €*).

Once again, ||-|| is the operator norm. The second observation is that every element

of SU(d) of sufficiently small operator norm may be approximated by a commutator.

Lemma 3.1.2. Let k € SU(d), satisfying ||k — 14| < €. Then there ezist u,v € SU(d)
satisfying:

l = Lall, o = Lall = Oa(e2); [[[u.v] = k|| = Oale?).

Lemma 3.1.2 may be viewed as the Lie group analogue of a corresponding state-
ment about Lie algebras: that for every traceless Hermitian matrix H, ¢H may be
written as the Lie bracket of two Hermitian matrices of the appropriate norm. Lemma
3.1.2 follows from this latter claim by exponentiating.

We now construct the ,,¢,. Let ¢ € SU(d) be arbitrary. Given ¢,, there exists
wy, € Bs(l,) such that ||g — w,|| < €,, by induction. We apply Lemma 3.1.2 with
k = gw,', to produce u and v. By induction again we have 4,0 € Bg(l,) with
|lu — 4|, |[Jlv— 0| < e, It follows from Lemma 3.1.2 that w,, = [, 0w, € Bgs(5l,)

3
satisfies ||g — wpi1]] < €41 With €, = Og(€z), so we may take l,, 11 = 5l,,.
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For ¢, sufficiently small (€,),, decays doubly exponentially fast, at the cost of (I,,),
growing exponentially fast, so that [, is polylogarithmically large in €, .

What does all this have to do with diameters of finite groups? We can pose the
problem of “approximating” arbitrary elements by short words up to “small error” in
other topological groups, as well as compact real Lie groups like SU(d). In the case
of a profinite group G, the natural neighbourhood basis for the topology is provided
be the cosets of open normal subgroups, instead of the balls which we used in SU(d).
Given a descending sequence (K,),, of open normal subgroups and supposing we have
a finite subset S C G generating a dense subgroup, our problem becomes to find a
sequence (l,), such that every element of GG is approximable up to an error in K,
by a word of length at most [,. In other words, G = K, Bg(l,), or equivalently
diam(G/K,, S) < l,.

Further, one can describe hypotheses on G, K,, which imitate the Lemmata 3.1.1
and 3.1.2, in such a way that the inductive procedure for constructing approximat-
ing words, described above for SU(d), translates to the profinite setting. It was
this translation, achieved in the specific case G = SLy(Z,), with (K,), the congru-
ence subgroups, which formed the basis of Gamburd and Shahshahani’s bound on
diam(SLo(Z/p"Z)) [33]. The refinements made by Dinai [28] related to the transla-
tion of Lemma 3.1.2, and introduced the exponential map as a tool for computing
commutators in SLy(Z,) in terms of brackets in the associated Lie algebra. The pres-
ence of a supporting Lie algebra shall be of use in many of our results too, though an
exponential map shall not always be available.

It is worth noting that in the profinite setting, the first step of approximating up to
an initial error €y corresponds to generating G/K,,, for ng an absolute constant. For
any S C G generating a dense subgroup, diam(G/K,,,S) < |G/K,,|; in particular
the lengths of words in S required for this first approximation may be bounded
independent of S. Noting also that any generating set for any of the G/K,, lifts to
a finite subset of G generating a dense subgroup, it follows that the Solovay-Kitaev
algorithm produces diameter bounds independent of the choice of generating set, that
is bounds for diam(G/K,,).
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3.1.2 Statement of results

Let us recall the statements of our results on diameter from the Introduction.

Theorem 3.1.3. Let (R, M) be a commutative unital discrete valuation pro-p do-
main. Let G be a d-dimensional R-standard group, K, = (M™)@ <, G. Suppose Lg
is perfect. Then there exist Cy(G), Co(d) > 0 such that for all n € N:

diam(G/K,) < C1(log|G/K,|)°>.

Definition 3.1.4. Let G be a profinite group. G is FAb if every open subgroup has

finite abelianisation.

Theorem 3.1.5. Let p > 3. Let G be a d-dimensional compact p-adic analytic group.
Let K1 < G be an open characteristic uniform subgroup; (K,), its lower central p-
series. If G is FAb then there exist C1(G), Ca(d) > 0 such that for all n € N:

diam(G/K,,) < Cy(log|G/K,|)“?. (3.1)

For G = K then conversely: if there exist Cy,Cy > 0 such that (3.1) holds for all
n € N then G is FAb.

Recall that the definitions of a discrete valuation pro-p domain (R, M); an R-
analytic group and its associated Lie algebra and a uniform pro-p group were given
in Section 2.3. We shall also see (Proposition 3.4.2) that a uniform pro-p group is

FAD if and only if the associated Lie algebra is perfect.

Theorem 3.1.6. Let (R, M) be a commutative unital discrete valuation pro-p do-
main, with M generated by P. Let G < GL4(R) be the adjoint Chevalley group of
type X, € {A;, B;,Cy, Dy, Eg, E7, Eg, Fy, Gy} over R (here d is the dimension of the

associated Lie algebra). Suppose:

(Xl7p) ¢ {(A172)7 (Bl72)7 (Cl72)7 <D17 2>}

Let K, = GN(1;+P"My(R)). Then there exist C1(G) > 0 and an absolute constant
Cs > 0 such that for all n € N:

diam(G/K,) < Ci(log|G/K,|)¢>.

Moreover, the same bound holds for G = SL4(R),SO4(R) or Sp,(R) provided p > 3,
and for G = SLy4(R) with p =2 provided d > 3.
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Recall that the definitions of the adjoint Chevalley groups were given in Section
2.4. It is also important to note that, even though we have already seen that the
groups occurring in Theorem 3.1.6 are R-analytic with perfect Lie algebra (Theorem
2.4.14), the conclusion of Theorem 3.1.6 does not follow directly from Theorem 3.1.3.
For in Theorem 3.1.3, the degree C5 of the polylogarithm in the diameter bound
depends on the dimension of the group, whereas in Theorem 3.1.6 it is independent
of the dimension.

Next, recall from Section 2.5 the definitions of the Nottingham group N, over the

finite field of order ¢ and characteristic p, and of the congruence subgroups K,,.

Theorem 3.1.7. Suppose p > 3. Then there exist C1(q) > 0 and an absolute constant
C5 > 0 such that for all n € N:

diam(Ny/Ky) < C1(loglNg/ K|

Recall that in our results on random walks S C G is a finite symmetric set,
X1, Xs,...1is a sequence of independent random variables, each uniformly distributed
onS. ForleN, Y, =X,---X,.

For (R, M) a discrete valuation pro-p domain; G a d-dimensional R-standard

group and z1, . .., x4 an R-basis for M@ we may write:
Yz = Lgl)l‘l + -+ Ll(il)l'd
for some random variables Lgl), e ,Lg) supported on R.

Corollary 3.1.8. Suppose Lg is perfect and S C G generates a dense subgroup.
Then there exists C'(d) > 0, such that for any C' > 0 there exists C"(G, |S|,C") > 0
and C"(d,|R/ M|, C") > 0 such that, for any (M1, ..., s) € R¥, and for any N € N,
we have:

1 1 1 _ e’
PULLEY = Al 125 = Al < ) = s | < e

whenever | > C"NC+C",

Here ¢ € (0,1) is the norm of a generator P for the maximal ideal M of R.
For G a d-dimensional uniform pro-p group and any minimal (ordered) generating
set aq, ..., aq for G, recall that by Theorem 2.3.36 (i) we have:

MO %0
L=ap " g
. 1 1
for some random variables Ml( ), oM CE) supported on Z,.
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Corollary 3.1.9. Let p > 3. Suppose G is uniform and FAb and S C G generates

a dense subgroup. Then there exists C(d) > 0, such that for any C' > 0 there exists
C"(G,15],C") > 0 and C"(d,p,C") > 0 such that, for any pi, ..., s € Z,, and for
any N € N, we have:

1

l l _N_ o pgC’
B — - 00 = gl <77 = ] <

whenever | > C"NC+C",

For G = N, the Nottingham group of the finite field of order ¢ we may express:
Vi=t+y Al
=2

for some random variables Al@ supported on F,.

Corollary 3.1.10. Let p > 3. Suppose S C N, generates a dense subgroup. Then
there exists an absolute constant C > 0, such that for any C' > 0 there exists
C"(q,15],C") > 0 and C"(q,C") > 0 such that, for any sequence (a;); in F,, and
for any N € N, we have:

1 g /
]P’[Ag) =ag,... ,Ag\l,) =ay|— e < e CNT

whenever | > C"NC+C",

One of the virtues of the method by which we arrive at our diameter bounds is
that the constants appearing are in principle computable. Indeed, Propositions 3.2.1
and 3.2.5 shall allow us to read off the degree C5 of the polylogarithm giving our

upper bound on diam(G/K,,). For ease of reference, let us record some cases here:

G K, Cy
SLy(R) (withp >3ford=2) |{g9€G:9g=1 mod P"} ~ 5.46
Spog(R) (with p > 3) or SO4(R) | {g € G:g9g=1 mod P"} ~ 6.49
Adjoint Chevalley group of {g€G:g9g=1 mod P"} ~ 37.69
type Eg over R
d-dimensional R-standard; As in Theorem 3.1.3 6log(4d + 1)/ log(3)
L perfect
d-dimensional FAb p-adic As in Theorem 3.1.5 6log(4d + 1)/ log(3)
analytic (with p > 3)
N, (with p > 3) As in Theorem 3.1.7 12
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Here, as elsewhere, R is a discrete valuation pro-p domain with maximal ideal
generated by P and ¢ is a power of p. The case of the Fg-group gives the largest
value of (', among the Chevalley groups. It is likely that this value is far from optimal,
as we shall discuss later.

The chapter is structured as follows. In Section 3.2 we discuss analogues of the
Solovay-Kitaev procedure for profinite groups upon which all our results will be based.
In Section 3.3 we prove Theorem 3.1.6 in the case of classical groups. This is achieved
via a very concrete analysis of the Lie algebras of these groups, in their standard
matrix representation, and does not require any understanding of the associated root
systems. In Section 3.4 we study the Lie algebras of R-analytic groups, prove Theorem
3.1.3 and deduce both Theorem 3.1.5 and the exceptional case of Theorem 3.1.6. In
Section 3.5 we prove Theorem 3.1.7. Consequences of these results for mixing times

of random walks are explained in Section 3.6.

3.2 The Profinite Solovay-Kitaev Procedure

In this section we give bounds on the diameters of finite quotients of a general profi-
nite group G under some hypotheses on the behaviour of commutators in G. Our
hypotheses are based on the conditions underlying the Solovay-Kitaev procedure out-
lined in Section 3.1.1. The proofs of Theorems 3.1.3, 3.1.5, 3.1.6 and 3.1.7 will thereby
be reduced to a verification that commutators in the groups concerned satisfy these
hypotheses. Our first result in this direction, which will also serve as a warm-up for

the more general technical result required for some applications, is:

Proposition 3.2.1. Let G be a profinite group, (K,),>1 a descending sequence of

open normal subgroups of G'. Suppose:
(i) For allm,n > 1, [K;,, K,] C Kpin;
(i1) There exists ng > 1 such that for all m,n > ng satisfying n < m < 2n, and all
g € Ky m, there exist:

gl,...,gAEKn,hl,...,hAEKm

such that [g1, h] -+ [g4, halg™ € Konim.

Then G/, K, is finitely generated and there exists C > 0 (depending only on A,
|G/ Kay,|) such that for alln > 1,

log(8AZ+6A)

diam(G/K,) < Cn~ Tos2

69



Remark 3.2.2. In all the examples we consider below, we will have in addition that
the sequence (|K;/Kii1|); is constant, so that a bound for diam(G/K,), which is
polynomial in n, is polylogarithmic in |G/ K,|.

In fact, rather than hypothesis (i) itself the proof uses a reformulation (i’), as ex-
plained in the following Lemma, which is more recognizable as a profinite translation
of Lemma 3.1.1.

Lemma 3.2.3. Let G be a profinite group, (K,),>1 a descending sequence of open

normal subgroups. The following conditions are equivalent:
(i) For allm,n > 1, [K;, K,] C Kpin;
(i) For allm,m’ ,n,n' > 1, withm <m’, n <n', and for all g,¢' € K,; h,h' € K,
with g~ g’ € Ky; h7'H € Ky,

[.ga h]il [gla h/] S Kmin(m+n’,m’+n) .

Proof. Assuming (i), write §j = g~'¢/,h = h='h’. Then we may express [¢/, h'] as:
g’ W' = lg, h]lg, Pllg, k], Bl(lg, hh], §](G, hh]
by standard commutator identities. Now:
[gjl] € Knym; |9, h]jl] € Knymim'; 9, hBLEI] € Ky m; [0, h]tl] € Kpiim

by (i), so that [g, ] = [¢', '] mod Kuintmin’m/+n)-
Conversely, assuming (i’), let ¢ € K,, h € K,,. We may assume n < m. Then

g 'h € K,,. Taking n’ =n, m' > m in (i’), we have min(m +n',m’ + n) = n+m, so

we may set ¢’ = h’ = h to obtain:
1 =1[h,h| =[g,h] mod K, in.
In other words, [g, h] € K, 1m, as required. O

The diameter bound will come from the following Lemma, the conditions of which

we shall verify in the setting of Proposition 3.2.1.

Lemma 3.2.4. Let G be a profinite group, (K,),>1 a descending sequence of open
normal subgroups. Suppose there exist ng, B, D € N, with D > 2, such that, for every
n > ng and every X C G,

Kyn/Kpn € KpnX/Kpn = Kpn/Kp2n € Kp2p X8/ Kpa,. (3.2)
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Then G/ (., K, is finitely generated and there exists C > 0 (depending only on
B,|G/Kpn,|) such that for any n € N,

diam(G/K,) < CnieeD
Proof. Let S C G, and suppose the restriction of the quotient mp,, : G = G/Kpp,
to (S) is surjective. Then for some [y € N (independent of S),

Kpny,Bs(lo)/Kpny, = G/ Kpn,
(we may always take Iy < |G/Kpp,|). In particular we have:
Koy /Kpny  KpgBs (1) /K png.-
By an easy induction involving (3.2), we have for any i € N,
Kping/Kpiting C© Kpitin,Bs(Bly)/Kpitin,-

It follows that, for any n < Diny,

diam(G/K,, S) <z, B
Hence for arbitrary n, choosing i such that D""'ny < n < Din,,

log B

diam(G /Ky, ) <y BD = nieD.

Now let S C G/K,, and suppose (S) = G/K,. If n < Dnyg, then diam(G/K,, S) < lo.
Otherwise, the image of S in G/Kp,, is a generating set, and the preceding argument
applies.

In particular, let S C G be finite with image in G /Kpn, a generating set. Then

for every n, S generates G modulo K, so S maps to a topological generating set in
G/ V2 Ko s

Proof of Proposition 3.2.1. Let n > ng. Suppose X C G is such that:
K, /Ky, C Ko X/ K, (3.3)

Let g € Ky,. By hypothesis (ii) there exist gi,...,9a,h1,...,ha € K, such that:

g = [gla h/l] e [gA7 hA] mOd K3n'

By (3.3) there exist ¢i,...,g4, kY, ...,y € X with ¢; = g}/, h; = h, mod K, for
i=1,..., A. By hypothesis (i) from Lemma 3.2.3, [g;, h;] = [¢}, h}] mod K3,. Hence
g =gy, b)) 94, Py] mod K, so that:

KQn/KZSn g K3nX4A/K3n- (34)
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Likewise, let g € K3,,. There exist g1,...,94 € K, hy,...,ha € Ky, such that:

g=lg91. ] [ga, ha] mod Ky,
By (3.3) and (3.4) there exist gf,...,¢4 € X and h},...,h, € X* such that
gi = ¢, mod Ky, and h; = h} mod Ks,, so that [g;,h;] = [g}, h;] mod Ky, for
1=1,..., A and:

g =gy, by [9, Wy] mod Ky,.
Hence:
Ky /K © Ky X324 Ky, (3.5)

Combining (3.3), (3.4) and (3.5), we obtain Ks,/Ky4, C K4nX8A2+6A/K4n. The
required result now follows from Lemma 3.2.4, applied with B = 8A2+6A, D =2. [

Proposition 3.2.1 suffices to prove Theorem 3.1.6 in the case of classical groups
over pro-p rings. For general analytic pro-p groups and for the Nottingham group,
however, generating elements as products of commutators is more difficult. For exam-
ple, [K,,, K,,] may not be the whole of K,,,, (as will always be the case in Proposition
3.2.1) but some deeper subgroup K, imir (with & > 1 bounded independent of m, n,
say). To circumvent these and other complexities of the general case, we prove a

stronger version of Proposition 3.2.1, in which hypothesis (ii) has been weakened:

Proposition 3.2.5. Let G be a profinite group, (K,)n>1 @ descending sequence of

open normal subgroups of G. Suppose:
(i) For allm,n > 1, [Kn, K,] C Kpin;
(ii) There exists € € (0,1); A, My, My € N such that for all n > My, there exist
ni;, m; € N (fori=1,2,3) with:

224i+e) <n; <m; < ZB(2+10);n;+m; = (2+i)n— M,
and for all g € Koy, there exist:
gla---agAEKni ) hla"-ahA GKmi

such that (g1, ha] - - [ga, halg™ € Kotintni—ms = Kons4m, -

Then G/ —, K, is finitely generated and there exists C > 0 (depending on A,
|G/ K3y, |, where ng = max{2My, [2227} ) such that:

€

6log(4A+1)

diam(G/K,) < Cn~ loe3
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Proof. First claim that for any n > max{2M, %} and any X C G,

Ko/Ksy © K3n X/ K3y = Ko/ Koy © Koo XY /K. (3.6)
Let g € K3,. By hypothesis (ii), we have g1,...,94 € Ky, h1,...,ha € K,;,, such
that:

g = [gla hl] e [gA; hA] mOd K3n+n1—M2-

By assumption, there exist ¢i,...,¢%4,h),...,h)y € X such that g = g,
hi = h; mod K3, so that g, € K,,,, h, € K,,,. By Lemma 3.2.3,

[9:, hi] = [, hi] mod Kspyn, .
Hence g = g1, h}] - - - [¢4, 4] mod K3y, 1n,—rs,. Therefore:
Ksn/Kspiny -ty © Ksnny -1 X/ K, 1,
and, combining with the hypothesis K, /K3, C K3, X/K3,,
Ko/ Ksnin -y C Ksnsny—a, X Ky -

In particular, since ny > n + G > n+ M, K, /K4, C Ky XA Ky,

We now simply repeat the same procedure: let ny, mo € N be as above. We deduce:
K4n/K4n+n27M2 g K4n+nng2X4A(4A+1)/K4n+n27M2-

Combining this estimate with K, /Ky, C K4, X***!/Ky,, and since 4n+ny— M, > 5n,

we have:
Ko/ Ksn, C K5y XA /K
Finally let n3,m3 € N be as above. We have:
Ksn/Ksning-at © Konng-an XAV K.

Combining with K, /Ks, C K5, XWATD’ /K;, | since 5n + ng > 6n, the claim follows.
Using (3.6) we have for n > max{2M,, 242},

€

K, /Ksy C Ksu X/ K, = Kop/Kep C Ken XD /K,

Applying (3.6) again, with n replaced by 2n and X replaced by X (*4+1)°

Ko, /Kia, C K9, X (4AF1° /Koy,

so that in particular, Ks,/Kg, C Ko X@ATD® /Ky, The result now follows from
Lemma 3.2.4, applied with B = (4A+ 1)%, D = 3. O
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The proof of Proposition 3.2.5 is sufficiently robust that qualitatively similar
(though quantitatively worse) diameter bounds should be available under even weaker
hypotheses. We shall not pursue such results here, as the level of generality already
achieved is sufficient for all the examples we shall consider. We conclude this section
by noting some cases in which hypothesis (i) of Propositions 3.2.1 and 3.2.5 is always
satisfied.

Example 3.2.6. (i) Let G be any pro-p group; K, be the nth term of the lower

central p-series for G.

(ii) Let R be a unital profinite ring; G < R*; I < R a proper two-sided open ideal.
Define K,, = GN(1+1I") 9 G. Let n,m € N with n < m and let g € K,,
hekK,,. Leta,ac ™, b,l; € I" be such that:

g:1+a,g_1:1—|—d,h:1+b) h_lzl—i—g
Then a+a+aa=b+b+bb=0, so:
[g,h] =1+ ab+ab+ ab+ba =1 + ab — ba mod I?"*™.

In particular, [g,h] € Kpym-

(i11) As a particular case of (ii), letting R = F,G and I < R be the augmentation
ideal, K, 1s the nth mod-p dimension subgroup of G.

3.3 Diameter in Classical Groups

In this section we prove Theorem 3.1.6 in the case for which X; is classical, so
that the associated adjoint Chevalley group over R is one of PSL4(R), PSO4(R),
or PSp,(R) (with d even in the latter case). To be more precise, we prove the
diameter bound for G = SL4(R),SO4(R) or Spy(R); K, = G N (I + P"My(R)).
The required result for the adjoint form then follows from Lemma 2.1.5: letting
p: G — GLp(R) be the adjoint representation of G on the associated Lie algebra
(of dimension D), for any g € G, if ¢ = I; mod P" then p(g) = Ip mod P". Thus
letting K,, = G N (Iy + P"My(R)), L, = p(G) N (Ip + P"Mp(R)), p descends to an
epimorphism G/K,, - p(G)/L,. By Lemma 2.1.5 (i),

diam(p(GQ)/L,) < diam(G/K,) < C(log|G/K,])°.
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The polylogarithmic diameter bound in |G/K,| then translates to a polylogarithmic
bound in |p(G)/L,| (with possibly larger constant Cy). For |G/K,| < |R/M|*" and
p(G)/ Ln| > |R/ M.

We verify the hypotheses of Proposition 3.2.1 for G = SLy4(R), SO4(R), or Spy(R).
Recall that we permit ourselves the assumption that p > 3 unless G = SLy(R) and
d > 3. Hypothesis (i) follows immediately from Example 3.2.6 (ii). Moreover, for
g€ K,, he K, withn <m < 2n, writing:

for some X, Y € My(R), we have:
lg,h] = I;+ P™™(X,Y) mod P™+*n

where (X,Y) = XY — YX is the Lie bracket. Hence for ¢i,...,94 € K,,
hi,...,ha € K,,, writing g; = I, + P"X;, h; = I; + P™Y;, we have:

[91, ] -+ [9a, ha] = Lo+ P (X1, Y1) + ..+ (X4, Ya)) mod PmH2n,

To verify hypothesis (ii) of Proposition 3.2.1, it therefore suffices to find
A € N (independent of G) such that, for any g € K,,4,, we can find X,... X4,
Yi,...,Ys € My(R) such that:

(a) g — I; =P (X1, Y1) + ...+ (X4, Ys)) mod P2

(b) There exist g1,...,94 € K, hy,...,ha € K, such that
gi — I, = P"X; mod P>, h; — I; = P™Y; mod P?"

for 1 <q¢ < A.

As in the statement of Proposition 3.2.1, finding A independent of G yields an expo-
nent Cy in Theorem 3.1.6 independent of X;. For G = SLy(R), SO4(R) or Sp,(R),
let g = sly(R), so4(R) or sp,(R) be the associated Lie ring over R. Conditions (a),
(b) above will follow straightforwardly from the following, which we verify for each

group scheme in turn:

(a’) For every n € N and every g € K, there exists X € g such that such that
g—1;=P"X mod P>

(b’) There exists A € N (independent of g) such that every element of g is the sum of
at most A brackets in g (as we shall see, it suffices to take A = 2 for g = sly(R)
and A = 3 for g = s04(R) or sp,(R)).
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(¢’) There exists B C g, generating g as a Z-module, such that for every n € N and
every X € B, there exists g € K,, such that such that ¢ — I; = P"X mod P?".

For, given g € K, 1, we immediately produce X;,Y; as in (a) by applying (a’), (b’)
to g. Now writing an arbitrary element Z € g as y_;_, Z;, for Z; € B, and letting
ki,..., k. € K; be such that k; — I; = P'Z; mod P as in (c¢’), we have:

Is+PZ =k k. € K; mod P

Applying this observation to X;,Y; with [ = n,m respectively, we obtain g;, h; as in

(b).

3.3.1 SL,

Let sl;(R) denote the space of traceless d x d matrices over R; it is spanned over R

by the matrices E; j, Dy, for i # j, a < b, where:
(Eij)rs = 01055 (Dap)rs = Oar0a,s — Op,r0p,s.
(a’) Let g € K,,. Write g = I+ P"X, for some X € My(R). Then:
1 =det(g) =1+ P*r(X) mod P

so tr(X) = 0 mod P". Hence there exists X' € sl;(R) such that
X =X’ mod P".

(b") First suppose d > 3. Define R-module endomorphisms 77,75 : sl;(R) — sly(R)

by:
d—1
Ti(X) = (Xv ZEH-I,@‘)
i=1
~1
To(X) = (X,) Eii1).
i=1
Then:

Dj’jJrl = Tl(Ej,j+1) for j = 1, c. ,d - 1,
Eijo1—Eiy1;=T(E; ) for1<i<d—-1i+2<j<d,
El,i+1 = Tl(_Ei,l) for 2 S ) S d— 1,

E3,2 - 2E2,1 = T1<D1,2>~
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Transposing, we also have:

{Bicij—Eijy1:1<j<d-1,j+2<i<d}
U{Ej111:2<j <d—1}U{Ey3 —2E1 5} Cim(T3).

It may therefore be seen that im(77) Uim(753) contains an R-basis for sl,(R),
so sly(R) = im(77) + im(73). Now suppose d = 2 and p > 2. Then for any
a,b,c, € R,

(2= 0 )G S0 a) (o)

(") Let B=A{zE;; :x € R,i # j} U{x(Dop + Eap — Epa) : v € R,a < b}. Then B
clearly spans sl;(R) and, for any n € N, X € B, det(; + P"X) = 1.

Remark 3.3.1. The preceding argument breaks down for d = 2, p = 2. Let
X,Y € My(R) with tr(X) =tr(Y) =0. Then:

1 0

(Xa Y) = (X12Y21 - X21Y12) ( 0 —1

) mod P.

Hence we cannot express an arbitrary traceless matriz as a sum of brackets, as we do

above in higher rank or characteristic other than two.

3.3.2 SOy

Denote by so4(R) the space of skew-symmetric d x d matrices over R; it is spanned
over IR by the matrices X;; = E;; — Ej;, for 1 <i < j <d.

(a’) Let g € K,,. Write g = I+ P"X, for some X € My(R). Then:
Ij=(I;+P'X)(I;+ P XT) = I, + PY(X + XT) mod P

so X' = —X mod P Hence there exists X' € so; such that
X =X’ mod P".

(b’) Define the R-module endomorphisms 77,75, T3 : s04(R) — s04(R) by:

d—1
Ti(X) = (X, Z Xiit1)
i=1

Th(X) = (X, X19-1 + X1q+ Xo4)
T5(X) = (X, X12).
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Then for 1 <i<d—1,
Xiivo — Xic1im1 = T1(Xii11); Xiv1a — Xicrg — Xia—1 = T1(Xia)-

For1l<j<d—-1,

Xoj+ X101 — X010 =T (X ).
For 1 <1,7 <d, withi+1<j,

KXig1j + Xijor — Xio1j — Xijo1
For3<j<d—-2,

X15= TQ(Xj,dfl); Xja = T2(_X2,j)

and:

X1,2 = Tz(—Xz,d); del,d = T2(X1,d71); Xl,dfl = T3<_X2,d71)§
Xiq="T5(—Xs,4); Xoqg="T5(—X1,4).

Therefore im(77) U im(73) U im(73) contains an R-basis for soz(R), so

For o € R, | € N, consider the polynomial f(X) = X? — (1 — o?*P?). Then
f(1) = a*P?* =0 mod P? but f/(1) =2 # 0 mod P. By Hensel’s Lemma,
there exists 8 € R such that f(8) = 0 and 8 = 1 mod P*. Hence for any
L7 7,

gz(,lj) (CY) = Id + OZPZ(EiJ — Ejﬂ') —+ (ﬁ — 1)(Ez7z + Ej,j) [ Kl

and () = I, + aP!(E,; — E;;) mod P2

Remark 3.3.2. In contrast to the cases of SLq(R) and Spy(R), SO4(R) is not in
general the simply connected form of the Chevalley group of its type; this is rather

a proper central extension of SO4(R) by a finite group. Increasing the constant Cy

in Theorem 3.1.6, the diameter bounds obtained above for SOy extend to the simply

connected form by Lemma 2.1.5 ().
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3.3.3 Spd

0 I
-1, 0
over R satisfying the relation X7Q + QX = 0. Suppose p > 2.

Let d = 2g and let 2 = ( ), so that sp,(R) is the set of d x d matrices X

For 1 <i,j5 < g, define the matrices:

o Ei,j 0 o 0 Ei,j + Ejﬂ'
AM_( 0 —Ej,i)’BZ’J_<O 0 )

0 0
Cij = ( B+ B 0 > € sp,y(R).

We have:
(Aij, Aky) = 051 A1 — 051 Ak,
(Aij, Bry) = 0jxBig + 651 Bi,
(Aij, Cry) = =06:,C5 5 — 05k Cis
(Bi,j7 Cri) = ik Ain 050 Ai e + 0 g Aj + 01 Ak
Hence:

Aij = (Aij, Ajj), for i # j,
Aii = (3B 5Ci),
B;;j = (Aix, By), for i # k # j,
Cij = (—Aki, Cjp), for i #£ k # j.
(a7) Let g € K,,. Write g = Iy +P"X, for some X € My(R). Then:
Q=g
= Q+PHQX + XTQ) + PXTOQX
=Q+PHOQX +XTQ) mod P
so OX + XTO = 0 mod P*. Hence there exists X' € sp,y(R) such that
X = X' mod P".

(b’) Define the R-module endomorphisms Uy, U, : sp,(R) — sp,(R) by:
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Then for any 1 <1i,5 < g, B, ;,C;; € im(U;), A;; + A;; € im(Us). Define the
R-Lie subring V' < sp,(R):

vz{()O( e ) X € gl (R)}.

We show that, for any X € so,(R), there exist v;,v; € V and symmetric
Z € gl,(R) such that:

()o( )O():(”“W)*(g —OZ>'

Now for an arbitrary element v € sp,(R) there exist X € so,(R) and
symmetric B, C,Y € gl (R) such that:

(3 3) (0 5)(27)
:(vl,v2)+(g §)+(Y?)rz —(Y0+Z))

0 B - Y +2Z 0 ‘
and (C’ 0 ) € im(Uy), ( 0 (Y +2) ) € im(Us,), so that every

element of sp,(R) is expressible as a sum of three brackets.

It will suffice to check that any element of so,(R) is expressible as the sum of a
bracket in gl,(R) and a symmetric matrix. Define the R-module endomorphisms
S1, Sy : gl (R) — gl,(R) by:

S1(X) = (X, E11)
d-1

Se(X) = (X, Z(Ei,i—H - Ei—i-l,i))

i=1
and for X € gl (R), write X = X; + X, with X; symmetric, X, skew-
symmetric. Then:

d—1

(X7 Eiq+ Z(Ei,iJrl — EiJrl,i)) — 51(X7) — S2(X)

i=1

is symmetric. We already described the image of S5 |4, (r) (in the guise of T}

in our analysis of SOy). For 2 <1i < g,

S1(Eri+Ein) =Ei1—Ey;.
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These elements, together with im(Ss |s,(r)), span s04(R) over R, and the result

follows.

(¢’) For any o € R and any [ € N we have:

I+ aP'B;j, I;+ aP'Cij € K for any 1 <i,5,< d.
I+ aP'A; ; € K, provided i # j.

Finally, (1 +aP))™' =1 —aP’ mod P%, so:

CY,PlEi,i 0

fs ( 0 (Q+aPH) ™t =1)E;;

) =17 —+ OétPAi,i mod 7)21.

Remark 3.3.3. For R = Z,, the value A = 3 was achieved in [29], under the

additional assumption that p > Z’LTQ, where | is the rank of the associated Chevalley

group scheme. This assumption was necessary in the specific manipulations of the
root systems which were applied in Dinai’s argument. Hence even in the p-adic case,

the results of this section are new in large rank for small p.

3.4 Diameter in Analytic Pro-p Groups

In this section we prove Theorem 3.1.3, using the results of Section 2.3.3. Then we

deduce Theorems 3.1.5 and 3.1.6. First we require:

Proposition 3.4.1. Let G be a d-dimensional R-standard group. Suppose Lg is
perfect. There exists k € N such that every element of (MF)D is expressible as a

sum of at most d brackets in Lq.

Proof. Let {xy,..., 24} be a R-basis for L(G). Then there exist r;,s; € {1,...,d}
such that {(z,,,2s), ..., (2,,, xs,)} is a K-basis for Lg. Let \;; € K be such that:

d

€T; = Z Ai,j(xrj7$5j)‘

=1
Let k£ € N be defined by:
[P = max({1} U A+ 1 <. < d}).
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Then for any 1 < i,j < d, P*\;; € R. Hence for any z € L(G), there exist
W1, g € R such that:

d
=1

d d
= P* Z/M Z )\z‘,j(ﬁrﬁxsj)
i=1 =1
d d
= (Z Mipk/\i,jxrj7$sj)
=1 i=1

1 =

J

as required. N

Proof of Theorem 3.1.3. We verify the hypotheses of Proposition 3.2.5. Hypothe-
sis (i) is Proposition 2.3.20 (ii). For hypothesis (ii), we take € arbitrary; A = d;
M, > max{§ + 1,2}; My = k, where k is as in Proposition 3.4.1. For i = 1,2,3
choose 2(2+i+€) <n; < m; < 2(2+ i) such that n; + m; = (2+i)n — M, (this is
possible by our choice of M, M,).

Let g € K(o4iyn- Let h € Ky, be such that g = P+ h. Then by Proposition
3.4.1 there exist ¢1,...,94, h1,...,hq € G such that:

d
i=1
so that:
d
g=> (P"gi, P™h)
i=1

d
= [Pgi, Pk mod PP (by Proposition 2.3.17 (i)
i—1
= [P"gy, P™hy]---[P"gq, P™hg] mod P?™2™i (by Proposition 2.3.17 (i)).

Since 2n; + m; = (2 + i)n + n; — M,, we are done. O
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3.4.1 FADb p-adic analytic groups

Proposition 3.4.2. Let G be a d-dimensional uniform pro-p group. The following

are equivalent:
(i) G has finite abelianisation;
(ii) G is FAb;

(i1i) Lg is perfect.

Recall that a profinite group G is defined to be FAbD if it has an open subgroup with
infinite abelianisation. This proposition appears to be well-known to the experts, but

the author is not aware of an existing reference for the proof.

Proof. (ii) = (i) is clear.

For (iéii) = (ii), suppose H <, G is such that there exists an epimorphism
¢ : H - Z,. We may suppose that H = G?" for some n € N. For if h € H is
such that Z, = (¢(h)), and n € N is such that GP" < H, then h?" € GP", and
Py = (6(hP")) < G(GP") < 7y, 50 $(GP") <, Z,, and G(G?") = Z,,.

Now let N = ker(¢), so that by Proposition 2.3.41 (ii), N <. H is uniform of
dimension d — 1; log(H) = p"log(G) and log(H)/log(N) = Z,.

Hence Ly = L so Lo/Ly = Q,, and L is not perfect.

For (i) = (uii), suppose Z < Lg, with dim(Z) = d—1. Let I = log(G)NZ < log(G)
(so that Z = spang (I)). Let v € log(G), and suppose there exists A € Z,, \ {0} such
that \v € I. Then v = A"} (W) € Z, so v € ZNlog(G) = I. Thus log(G)/I
is torsion-free, so by Proposition 2.3.42, exp(/) < G is uniform and G/exp([) is

uniform, with:
dim(G/ exp(I)) = dim(G) — dim(exp(]))
= rk(log(G)) — rk(I)
= dim(Lg) — dim(Z)
=1.

and a 1l-dimensional uniform group is by definition infinite procyclic, so
G/exp(l) = Zy. O
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Proof of Theorem 3.1.5. First suppose that G is a FAb compact p-adic analytic group.
As noted in Corollary 2.3.34, G has an open characteristic uniform subgroup H. By
Remark 2.3.40, Hj is Z,-standard. Let K, <, Hy be as in Theorem 3.1.3. Then by
Remark 2.3.40 and Theorem 2.3.36 (iii),

Kn - (HQ)n = Ilp41

and H, . is a characteristic subgroup of H. In particular, K, <, G. Since G is FAD,
so is Hsy, hence by Proposition 3.4.2 and Theorem 2.3.36 (ii), Ly, is perfect. As in
the proof of Theorem 3.1.3, (K,,), satisfies the hypotheses of Proposition 3.2.5 and

the result follows.

Now suppose that G is uniform and not FAb. By Proposition 3.4.2; there exists
an epimorphism ¢ : G — Z,. By Proposition 2.3.41, N = ker(¢) is uniform of dimen-
sion d — 1. We may therefore choose a generating set S = {ay,...,aq} for G such
that {a1,...,aq 1} is a generating set for N and (¢(aq)) = Z,.

Let m, : Z, — Z/p™Z be the natural projection. Then G, 41 C ker(m, o ¢), so:

diam(G/Gry1, S) > diam(Z/p"Z, { (7, 0 ¢)(aq)}) > Cp™ = C|G/CGrarld.

In particular diam(G/G,,11, S) is not polylogarithmic in |G/Gy,11]. O

3.4.2 Exceptional groups

With Theorem 3.1.3 in hand we may complete the proof of Theorem 3.1.6. To avoid
cluttered notation, we write Gy = Gr(X;) and G.q = G¥(X)).

Proof of Theorem 3.1.6. If X; € {A;, By, C}, D}, Gaq is one of PSLy(R), PSO4(R) or
PSp,(R). The result then follows as in Section 3.3. If not, then letting Gy be as
in Theorem 2.4.14, G satisfies the hypothesis of Theorem 3.1.3, so that for some
Cy,Cy >0,

diam(Gye/Gy) < Cy(log|Gee/Gn|)2.

The map po 1 : Gg. — Gaq descends, by Corollary 2.4.15, to an epimorphism
Gse/Gp = Gaq/K,. By Lemma 2.1.5 (i),

diam(Gaa/K,) < diam(Gs./G,).
Finally, |Gs/Gn| <rx, |[R/M| and |Gaa/ K| > |R/M]™, so
(log|Gse/Gnl)* < g x, (log|Gaa/Kn|)?
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and the result follows (replacing C, by some larger constant Ch).
The bound we thus obtain for Cj is independent of X;, since we need only apply

Theorem 3.1.3 for finitely many types X;. O

Remark 3.4.3. (i) The method of this section is also applicable to the classical
Chevalley groups, though does not yield uniformity in the exponent Cy. In par-
ticular we obtain a diameter bound in the case (X;,p) = (By,2) or (Dy,2), which
does not fall under the purview of Theorem 3.1.6. The case (X;,p) = (A1,2) or
(C1,2) is beyond the scope of our methods, however, because the associated Lie

algebras may not be perfect.

(ii) The best degree Cy in Theorem 3.1.6 which we can obtain by the above method
is based on taking A = 248 in Proposition 3.2.5, because 248 is the dimension of
Gr(X)) as an R-analytic group in the case X, = Eg. It is likely that this is far
from optimal, and that a much lower degree could be obtained via a more direct
analysis of the Lie algebras of the exceptional groups, akin to that employed for
the classical groups in Section 3.3. In the case R = Z,, this has already largely
been achieved by Dinai in [29]: he showed that for p > 19, every element of the
Zy,-Lie ring associated to an exceptional group can be expressed as the sum of

three brackets.

3.5 Diameter in the Nottingham Group

We deduce Theorem 3.1.7 from Proposition 3.2.5. Hypothesis (i) of Proposition 3.2.5
is immediate from Lemma 2.5.4 (iii).

We shall show that, provided p > 3, for n < m < 2n satisfying p 1 (m — n)
every element of K,,,, may be expressed, modulo K, 2., as [g1, h1][g2, ho] for some
gi € K, hy € K,,. Now, for any e € (0,1),n > 5and i = 1,2, 3, there exist n;, m; € N
such that n; +m; = (2+i)n; 2(2+i4e) <n; <m; < F(2+1i) and m; —n; € {1,2}.
We therefore satisfy hypothesis (ii) of Proposition 3.2.5 with € arbitrary; A = 2;
My =5; My =0.

For any \;,v € F; K, M, N € N with N < M; applying Lemma 2.5.4 (iii) and an

easy induction, we have:

[9, €M7u] = [GN,AN eM,V] s [€N+K—1,>\K7 €M,u] mod Koniar41
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where g = en ., - €n+K—12,- Moreover, by Lemma 2.5.3 (i) and Lemma 2.5.4 (ii),

N—M)+i
)( ) mod K2N+M+2iKN+2M+i

[6N+i,>\i+1> eM,l/] = (6M+N+i7/\i+1l/
= eM AN +ihs i (N-M)+i) Mod Konrpon o
Hence for any A;, pi; € Fy, setting:

g1 = €nx; " Cmn—1,5 92 = Cnpy 0t €20—2

we have:
n—1 n—1
[917 em,l] [927 em—i-l,l] = (H 6n+m+i,)\i+1(n+i—m)>(H 6n+m+i,ui(n—m—2+i))
=0 =1
n—1
= €ntm A1 (n—m) (H Cntm4-1,\11 (n—m+i)+u; (n—m—?—i—i)) mod K2n+m
=1

since Ky ym/Konim is abelian. p 1 (n —m), and since p > 3, for each 1 <i <n — 1,
p divides at most one of n —m +i,n —m — 2 4+ 1. Hence by varying the \; and p;,
using the form described in Lemma 2.5.3 (ii), we can express any element of K, ,,

modulo Koy, -

3.6 Limit Theorems for Random Walks

The purpose of this section is to prove Corollaries 3.1.8, 3.1.9 and 3.1.10. Recall the
relationships between diameter, mixing of random walks and the spectral gap 1 — p
of the adjacency operator Ag for a pair (G, S) given in Lemma 2.1.3 and Proposition
2.1.6:

(A0 0) = 7 <7 (37)

diam(G, S) — 1 < 1
log|G]| T l-p

In particular, for diam(G, S) < Cy log®?|G|,

< |S| diam(G, S)? (3.8)

1—p>
P = 151021087 (G]

by (3.8). Setting C3 = |S|C?, and applying (3.7), we have:
1 1
Aly,, ——<(1l=-—F)
Recall that (1 —1)” is an increasing function for z > 1, converging to e~
Hence, for any Cy > 0 and taking [ > Cj5log?“*™|G|, we deduce:

1 e
(Alxg, Xn) — @| < e loe Gl

Las x — oo.
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Proof of Corollary 3.1.8. We may identify:
G/Kni1 Z{azi+ -+ Xaxa: M, ..., g € BRJMN} =2 (R M),
as a set, so |G/Kyi1| = |R/M|? and:

1
| R/ MY

1

Pl|ILY — Al 1LY = || < N — — AT
PULY = Aill o, ILE = Al < 1] G R

’ = ‘(AlSXev Xg)

where g = \jz1 4+ -+ A\gzqg € G/Kn41. The result is now a consequence of Theorem
3.1.3 and the discussion following (3.7) and (3.8), taking:

C =20y, C" = Cy,C" = Cs(d - log| R/ M|)?2FC C" = (d - log| R/ M])%".

Proof of Corollary 3.1.9. By Theorem 2.3.36,
G/KN+1 = <KN+1CL1> X ... X <KN+1ad> = (Z/pNZ)d,

N

as a set, so |G/Kn41| = p? and:

1

1
PIIMY = ], My = pal| < p~ __‘:’Al mrel
BUALY —pall - 1M = pall <07 = | = (e o) = e

where g = Kypa' ---aj* € G/Kyi1. The result now follows from Theorem 3.1.5
and the discussion following (3.7) and (3.8), taking:
C =20y, C" = C,,C" = Cs(d - log p)?“2+Cs C" = (d - log p)“H.

Proof of Corollary 3.1.10. Letting Gx = N,/ Kx, |Gn| = ¢V 71, so:
1

N-1

‘P[Agl) =aQo,... ,Ag\l,) = ozN} —

1
— l -

where g =t + Zf\ig a;t'. The result follows from Theorem 3.1.7 and the discussion
following (3.7) and (3.8), taking:

C =20y, C" = Cy,C" = Cs(log q)*¢>+C C" = (log q)“.
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Chapter 4

Expansion, Random Walks and
Sieving in SLo(F,[¢])

4.1 Introduction

The goal of this chapter shall be to prove our results on the escape of random walks on
SLy(F,[t]) from subsets of various types, and the constructions of expander congruence

quotients which underpin them.

4.1.1 Statement of results

Recall that we have bounds on the return probability to algebraic subvarieties; the
set of squares and the set of elements with reducible characteristic polynomial, as

follows:

Theorem 4.1.1. Let S C SLy(F,[t]) be a finite symmetric subset, generating a non-
elementary subgroup. Let F' : My(FF,[t])" — F,[t] be a polynomial over F,[t] which
does not vanish on SLy(F,[t])". Then there exist C1(F'), Cs(S) > 0 such that, letting
V(F) C My(F,[t])" be the affine algebraic subvariety of SLo(F,[t])" defined by F,

(Xicaig)(V(F)) < Crem@
Theorem 4.1.2. Let S be as in Theorem 4.1.1. There exist C1, Cy(S) > 0 such that:
ug)({g € SLy(F,[t]) : g = h? for some h € SLy(F,[t])}) < Cre~C2V/lost,

Remark 4.1.3. More could be said about proper powers. We could, for instance,
easily strengthen the proof of Theorem 4.1.2 to show that ,ug) escapes from the sets
of mth powers in SLy(F,[t]), for all m € N satisfying p =1 mod m, simultaneously.

Howewver, absent an application, we shall not rehearse the details of such an argument.
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Theorem 4.1.4. Let S be as in Theorem 4.1.1. There ezist Cy,C3(S) > 0 such that:
,ug)({g € SLy(F,[t]) : x4 is reducible }) < Cre~“2VI/1ost,
Now recall our results on expanders:

Definition 4.1.5. For M > 0, an integer n > 1 will be called M-rough if n has no
prime factor less than M. A polynomial f € Fp[t] will be called M -rough if the degree

of every irreducible factor of f is a M-rough integer.

Example 4.1.6. Let M > 0.
(i) Every prime > M is M -rough.

(ii) There is a sequence (n;); of M-rough integers growing linearly in i. For, given
M, let 7 be the set of all primes up to M. Let n; = Ni+ 1, where N = [[p., P. It
will be significant in the applications in Section 4.3 that the set of rough integers is

sufficiently dense.

Theorem 4.1.7. Let S C SLy(F,[t]) be a finite symmetric subset, generating a non-
elementary subgroup. Suppose every entry of every element of S has degree at most
D. Let (fi); C F,[t] be a sequence of distinct polynomials. Then there exists M > 0
(depending on D and p) such that, if (f;); are M-rough then for iq € N sufficiently
large (depending on D,p), (SLa(F,[t]/(fi)), 75 (S))izi, is a two-sided expander family,
provided one of the following holds:

(i) The f; are irreducible;

(ii) The f; are square-free, every irreducible factor of every f; has prime degree, and

no two irreducible factors of any f; have the same degree.

Theorem 4.1.8. For any C > 0 and any k € Nso, there exists M > 0 (de-
pending on k,p and C') such that, if (n;); a sequence of M-rough positive integers,
Sn; C SLa(p™) is symmetric with |S,,| = 2k, and girth(SLy(p™), S,,) > Cny, for
all i € N, then for iy sufficiently large (depending on C, k), (SLa(p™), Sn,)izi, 1S @

two-sided expander family.

Let us at this point say a quick word about the roughness hypothesis in Theorems
4.1.7 and 4.1.8. These results shall both be proved using the Bourgain-Gamburd
machine; specifically they shall follow from Theorem 2.2.22. Recall that one key
component of the machine is that the random walk should escape rapidly from proper

subgroups. One particular family of subgroups of SLy(p™) with which we must contend
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is the family of subfield subgroups: those obtained by restricting coefficients to a
proper subfield of F,». The purpose of imposing roughness on the integer n is that it
ensures all proper subfields of IF,,» are small, so that the associated subfield subgroups
are themselves too small to contain the random walk. This hypothesis places a
substantial restriction on the finite groups which are susceptible to our methods,
but as noted in Example 4.1.6, there are still enough rough polynomials to “sieve
out” the subsets from which the random walk is to escape in Theorems 4.1.1, 4.1.2
and 4.1.4.

The chapter is structured as follows: in Section 4.2 we prove Theorems 4.1.7 and
4.1.8. Specifically, Section 4.2.1 shall deal with hypotheses (i) and (ii) of Theorem
2.2.22 and further reduce Theorem 4.1.7 to the case of non-abelian free subgroups.
We then turn to hypothesis (iii) of Theorem 2.2.22. In Section 4.2.2 it is verified for
Cayley graphs of SLy(p™) with large girth under the roughness hypothesis. This yields
Theorem 4.1.7 (i) and Theorem 4.1.8. The generalisation of this argument required
for Theorem 4.1.7 (ii) is explained in Section 4.2.3.

We discuss the applications to random walks in SLy(F,[t]) in Section 4.3. In
Section 4.3.1 we explain in general terms how non-concentration results in infinite
groups can be obtained via the group sieve method, using expansion results on finite

quotients. Theorems 4.1.1, 4.1.2 and 4.1.4 are proved in the subsequent three sections.

4.1.2 Further questions

It is natural to try to weaken the roughness hypothesis in Theorems 4.1.7 and 4.1.8.
However there are some significant obstacles to doing so. For instance it is clear that

Theorem 4.1.8 does not remain true for arbitrary sequences (n;);:

Example 4.1.9. Let n; = 2'. Then we may identify Fyni with a proper subfield of
Fyrivi, and hence embed SLo(p™) < SLo(p™+'). For i even, let S,, be a
generating set for SLo(p™) satisfying girth(SLa(p™), Sn,) > n;.  For i odd, let
Sn; = Sni_y, S0 that (S,,) < SLo(p™). Then for every i, girth(SLa(p™), Sy,) > ny,
but {(SLa(p™), Sp,) }i>; is not an expander family for any j.

So the presence of large subfield subgroups presents a genuine obstruction to
expansion of subsets. It should be noted however that Example 4.1.9 exhibits an
obstruction to expansion which is qualitative, rather than quantitative in nature.
That is to say, expansion in (SLg(p™),S,,) fails simply by virtue of the fact that

(Sn,) # SLa(p™) for infinitely many 7. This leads to the question of whether this is

the only obstruction to expansion in these groups. Specifically:
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Question 4.1.10. Let S,, C SLy(p™) with girth(SLs(p™), Sy,) > n. Does there exist
€ > 0 such that ((Sy), Sn) is an e-expander for all n sufficiently large?

Question 4.1.11. Let S C SLy(F,[t]) be a finite symmetric set generating a non-
elementary subgroup. Let (f;); C F,[t] be a sequence of distinct irreducible polyno-
mials. Does there exist € > 0 such that ((m,(5)), 71 (S)) is an e-expander for all i
sufficiently large?

A second way in which Theorem 4.1.7 (ii) might be extended would be relax
the assumption that no two irreducible factors of f; have the same degree. As a
model case, let f,g € F,[t] be distinct irreducibles of degree n, and consider the
group SLo(F,[t]/(f - g)). By the Chinese Remainder Theorem, this may be identified
with SLa(p™) x SLa(p™). A potential obstruction to expansion in this group comes
from proper subdirect products of SLy(p™) x SLa(p™), which arise as the graphs of
automorphisms of SLy(p™). It remains an open question how to demonstrate non-
concentration in such subgroups, as would be required for hypothesis (iii) of Theorem
2.2.22.

The primality assumption in Theorem 4.1.7 (ii) comes from hypothesis (ii) of The-
orem 2.2.22, which in our setting is satisfied by results of Varji [77]. The applicability
of these results shall be discussed in more detail in Section 4.2. Roughly speaking
though, for the product theorem to apply to reductions modulo polynomials with un-
boundedly many irreducible factors (so that the corresponding congruence quotients
decompose as products with unboundedly many quasisimple factors), the subgroup
structure of the quasisimple factors must be highly restricted. It seems plausible that
a generalisation of Varju’s product theorem which relaxes these restrictions may be
discovered, and the primality assumption thereby removed.

An expansion result for reductions modulo arbitrary square-free polynomials seems
even further out of reach. For then the decompositions of the congruence quotients
into products of quasisimple groups contain unboundedly many isomorphic factors,
so Varju’s product theorem fails even more dramatically. It may be that the fastest
route to a result on expansion in this general setting is to tackle the question of
concentration in approximate subgroups directly.

Even an expansion result in the case of two irreducible factors of the same degree
would have useful consequences for sieving in SLo(F,[t]). For in the presence of such
a result (and the relevant strengthening of the product theorem indicated above) we
could substitute the group sieve of Lubotzky-Meiri for Proposition 4.3.3 in the proofs

of Theorems 4.1.2 and 4.1.4, thereby improving the upper bounds in those two results
from e~ V108l o ¢=CL,

91



4.2 Constructing the Expanders

As a notational convenience, for n € N we set @,, = SLa(p™).

4.2.1 Reduction to non-concentration for free generators

In this section we reduce the proof of Theorem 4.1.7 to the following Proposition:

Proposition 4.2.1. Let T' C SLy(F,[t]) be the symmetric closure of a finite subset,
freely generating a non-abelian free subgroup. Suppose every entry of every element
of T has degree at most D. Then there exists C, M,~v > 0 (depending on D, |T| and
p) such that the following holds. Let f € F,[t] be an M-rough square-free polynomial

with no two irreducible factors having the same degree. Then for every H < G =

SLo(F,[t]/(f)), there exists | < C'log|G| such that:
pi) (H) < |G : H| .

The reduction shall be via Theorem 2.2.22. We reference known results which
cover hypotheses (i) and (ii) of Theorem 2.2.22. We then use the general results
about expanders from Section 2.1.3 to reduce the question of expansion for arbitrary
sets S as in the Statement of Theorem 4.1.7 to expansion for finite sets 7' C (S) freely
generating (7T'). This shall be via a Tits alternative.

The quasirandomness condition in our setting is classical (see for instance [50]):

Theorem 4.2.2. There is an absolute constant C' > 0 such that every non-trivial

complex representation of Q),, has dimension at least Cp".

Let f be as in Proposition 4.2.1 and let py,...,py be the irreducible factors of f,
of degrees ny,...,ny respectively. It follows from the Chinese Remainder Theorem
that:

Lemma 4.2.3. The natural map:

(T2 mp,) = SLa(F[t]/(f) = TT}51 @n,

s an isomorphism.
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We turn next to the product theorem. In the setting of Theorem 4.1.7 (i), this
is due to Dinai [27]. For Theorem 4.1.7 (ii) we use Proposition 14 of [77], which we

quote in full:

Theorem 4.2.4. For all C > 0, L € N and 8 : RY — RT there exist
C'(C,L,B) > 0 and By 5 : RT — RT such that the following holds. Let G be a
finite group, G1,...,Gx be finite groups such that G = G1 x --- X G. Suppose:

(i) For any finite group F, |[{i € {1,...,N} : G; 2 F}| < L;
(1) For 1 <i <N, G; is quasisimple and |Z(G;)| < L;

(11i) For 1 <i < N, any non-trivial complezx representation of G; has dimension at
least |Gy|T ;

(i) For 1 < i < N and for some m < L, there are classes Ho, H1, ..., Hm of
subgroups of G; satisfying:

(a) Ho={Z(Gi)},
(b) Each H; is closed under conjugation in G,

(¢c) For each H < G there is 1 < j <m and H* € H; such that
\H:HNH| <L,

(d) Forl < j <m and for each Hy, Hy € H; with Hy # H,, there exists j' < j
and H* € H; such that |Hy N Hy: Hy N HyN H¥| < L.

If Gy, ...,Gn satisfy the conditions of Definition 2.2.20 (the product theorem for sets
of small tripling) with respect to (C,3), then G satisfies the conditions of Definition
2.2.20 with respect to (C', B, 1 5)-

We check that this result applies to G = SLy(FF,[t]/(f:)), for f; as in Theorem
4.1.7 (ii). The decomposition as a product is given by Lemma 4.2.3. (i) follows from
the assumption that no two irreducible factors of f; have the same degree. (ii) is
well-known for G; = @,,,. (iii) is Theorem 4.2.2. For (iv), we recall the classification

of subgroups of @, (see for instance [47]).

Proposition 4.2.5. For F, the finite field of order q and characteristic p > 3, any
proper subgroup H of SLy(F,) satisfies one of the following:

(i) H fizes a point in the projective line F P! over the quadratic extension Fp of

F,. In particular H is metabelian.
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(ii) H < SLo(Fs).

(111) H is conjugate in SLy(F,) to a subgroup of SLo(F') for some proper subfield F'
of F,.

Define H; to be the set of stabilisers in Q,, of pairs of distinct points in F2.P', and
H> to be the set of stabilisers in @, of points in F,2.P'. We check that the conditions
of Theorem 4.2.4 (iv) are satisfied by Ho = {Z(Qx)}, H1, H2, in the case for which
n is prime. (a), (b) are obvious, and (c) is immediate from Proposition 4.2.5, since
by primality of n, the only proper subfield subgroups of @),, are the conjugates of (1,
which are of bounded size. (d) is a consequence of the following elementary fact from

linear algebra:

Lemma 4.2.6. Suppose g € Q,, has at least three distinct fived points in F2Pt. Then
9 € Z(Qn).

Now let S be as in the statement of Theorem 4.1.7. We produce a pair of words in
S freely generating a non-abelian free subgroup. In the classical Tits alternative, the
lengths of our free generators as words in S, and hence the degrees of their entries,
depend on S and not just on D. However, we can obtain a bound depending only on

D by utilising the following result of Breuillard:

Theorem 4.2.7 (Uniform Tits Alternative [16]). For every d > 2, there exists
N(d) > 0 such that, for any field K, and S C SLy(K) finite symmetric, either (S) is
virtually soluble or the ball Bs(N(d)) of radius N(d) in the word metric contains two

elements which freely generate a non-abelian free subgroup of SLy(K).

Proof of Theorem 4.1.7. Let N = N(2) be as in Theorem 4.2.7 and let z,y € Bg(N)
freely generate a mnon-abelian free group. Every entry of every member of
T = {a%!,y*!} is expressible as a sum of monomials of degree at most N in the
entries of the elements of S, hence has degree at most DN. We now apply Theorem
2.2.22 to (SLa(Fyft]/(£))), 71, (T)).

We verify the conditions of Theorem 2.2.22. Note that, taking M sufficiently large
in Theorem 4.1.7, we may assume in Lemma 4.2.3 that the [Q,,| are larger than any
given constant. Hypothesis (i) is immediate from Theorem 4.2.2 and Lemma 4.2.3.
Hypothesis (ii) follows from [27] and Theorem 4.2.4. Hypothesis (iii) follows from
Proposition 4.2.1, applied with f = f; and D = DN, and Remark 2.2.23.

We conclude that (SLo(F,[t]/(fi)), 7, (T)); is an expander family. By Lemma
2.1.10, (SLo(F,[t]/(fi)), mf,(Bs(N))); is an expander family. The required result fol-
lows from Lemma 2.1.9, since (S) = (Bg(V)). O
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Remark 4.2.8. The constants M and iy in the statement of Theorem 4.1.7 could in
principle be computed, by keeping track of the bounds arising in the proof of Propo-
sition 4.2.1 below. They shall involve both the constant N from the statement of the
Uniform Tits Alternative and the known spectral radius \/3/2 for the simple random
walk on {x*', y*} in F(x,y) (see [46] Theorem 3).

Moreover, the proof of the Uniform Tits Alternative is effective, so N could in
principle be computed (though to our knowledge this has not been done). To be more
precise, although the published proof of Theorem 4.2.7 does make use of compactness
arguments, they apply only to one stage of the argument (Lemma 2.1 of [15]), are
even there only relevant to the case of matrices over archimedean fields, and may be
avoided altogether by employing an alternative argument (Remark 1.12 of [14]).

In computing M and i, one would obtain an explicit description of the degrees of
reductions which would give rise to families of expanders, in terms only of the degrees

of the entries of elements of S, |S| and p.

4.2.2 Non-concentration: the irreducible case

In this section we warm up to the proof of Proposition 4.2.1 by examining the case
for which the polynomials f; are irreducible, so that SLy(F,[t]/(fi)) = Quacg(s,)- The
proof of this case shall contain all the key ideas of the general case (to be discussed
in the following section) but is technically simpler. Indeed, more generally we shall

prove:

Proposition 4.2.9. For any C7; > 0 and any k € N with k > 2, there exists
Cy,C3,v > 0 (depending on Cy,p,|S|) such that, if n is a Cy-rough positive inte-
ger, S, C Q, is symmetric with |S,| = 2k, and girth(Q,,S,) > Cin, then for n
sufficiently large and for all H, < Q,, there exists | < Cslog|Q,| such that:
us, (Hy) < 1Qul 7.
The relevant case of Proposition 4.2.1 follows immediately from Proposition 4.2.9

and the following Lemma:

Lemma 4.2.10. let T be as in Proposition 4.2.1 and f € F,[t] be of degree n. Then:
girth(SLa(E ]/ (£)), 7(T)) = n/D.

Proof. Let w be a non-trivial reduced word in T of length [. Every entry of every

element of T has degree at most D, so every entry of w has degree at most DI. Now

suppose 7y(w) = 1, so that w € (Io + f - My(FF,[t])) \ {Z2}. Then at least one entry

of w has degree at least n, sol > n/ D, as required. O
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Given the discussion in Section 4.2.1, Proposition 4.2.9 also immediately implies
Theorem 4.1.8.

Proof of Theorem 4.1.8. As in the proof of Theorem 4.1.7, we apply Theorem 2.2.22.
Taking M sufficiently large in Theorem 4.1.8, we may assume the n; to be larger than
any given constant. Hypothesis (i) of Theorem 2.2.22 is Theorem 4.2.2; hypothesis
(i) is [27] and hypothesis (iii) follows from Proposition 4.2.9 and Remark 2.2.23. [J

We now turn to the proof of Proposition 4.2.9. Once again we exploit the classi-
fication of subgroups of @,,.

Informally, in all cases, the girth hypothesis and Kesten’s Theorem will reduce
the problem of bounding ugj)(Hn) to providing an upper bound for |H,, N Bg, (2[)].
For H, < SLy(FF5) this is immediate. The roughness hypothesis on n will guarantee
that any proper subfield subgroup is too small to fill |Bg, (2[)|. Non-concentration in
metabelian subgroups will be achieved by the same combinatorial argument as was
used for the corresponding case in [6]: a metabelian group satisfies a short group
law, so that if |H,, N Bg, (20)| is large, there will be many short relations between the
elements of S,,. However the girth hypothesis guarantees that this will not happen.

First we recall:

Theorem 4.2.11 (Kesten). Let X be a finite set. Then there exists Cy(|X]) > 0
such that ux € (*(F(X)) satisfies:

21 _
13 (g) <)x) e Ot

for all g € F(X).

The technicalities of non-concentration in subgroups are contained in the following

general Lemma.

Lemma 4.2.12. Let G be a finite group, S C G symmetric with |S| = 2k and let
Cy > 0 be such that girth(G,S) > Cylog|G|. Let Cy(k) > 0 be the constant from
Kesten’s Theorem. Let H < G. Let v > 0 and let C5 € (0,C4). Suppose |G| is
sufficiently large (depending on Ch, k).

(i) Suppose H is metabelian. Suppose Cslog|G| < 21 < Llog|G|.  Suppose
v < C4Cs/2. Then pn"(H) < |G|

(i) Let Cs > 0 and suppose |H| < C’6|G|C% Suppose Cslog|G| < 21 < Clog|G].
Suppose v+ 1/Cy < C4C5/2. Then ,ugzl)(H) < |G|7.
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Proof. (i) Define a homomorphism 6 : F' — G from a non-abelian free group F'

on free basis X, such that # maps X U X! bijectively onto S. Then 6 maps
Bx (321) bijectively onto Bg(321).

Consider Y = Bx(21) N0~ (H). Then for any a,b,c,d € Y, 0([[a, V], [c,d]]) =1
(since H is metabelian) so [[a, b], [¢,d]] = 1 (since [[a, b], [¢, d]] € Bx(320)).

Recall that the centraliser of every non-trivial element of a free group is cyclic.
Hence there exists x € F' such that for all a,b €Y,

[a,b] € Z := (x) N Bx(8l) (4.1)
so that |Z] <16l + 1. Now for a € Y and z € Z, define:
Wo.,={beY :[ab] =z}

Then W, . is contained in a single coset of the centraliser of a, and in Bx(2l),
so that |W, .| <4l+ 1. Fixa € Y. By (4.1),

Y C W

z2€Z

We conclude that:
|HN Bg(20)| < |Y| < (1614 1)(4l + 1).
By Kesten’s Theorem and the girth hypothesis,
u$Y (H) <, e O H 0 By (21)] < 1Pe Y,

so decays exponentially fast.

Suppose (for a contradiction) that for some Cslog|G| < 21 < C} log|G],
G < 1P (H) <, e C|H| < Cge=C|G|%.

(the second inequality being by Kesten’s Theorem and the girth hypothesis).

Hence:

|G‘%2+7 >k Ce eCal
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CyC
But ¢“ > |G|~2" so we have the required contradiction by choice of Cy and

.
[

Proof of Proposition 4.2.9. Suppose Csn < 2] < %n, for some Cj5 € (0,%). We

consider each case of Proposition 4.2.5 separately:

(i) Suppose H,, is metabelian. Choosing v € (0, C4C5/2), the required result follows
from Lemma 4.2.12 (i).

(i) If H,, < SLy(F5), then |H,| < 120, so /Lgf)(Hn) < e % for any 21 < Cyn, by
Kesten’s Theorem and the girth hypothesis.

(iii) Suppose that there exists a proper subfield I < F,» such that H,, is contained in
(some conjugate of) SLy(F’). Recall that there exists m | n such that F' = Fym.
By the roughness hypothesis, m < n/Cj so:

1 1
[Hp| < Q] < p™™ < (p7") %2 < [Qn 2

Choosing v sufficiently small and (9 sufficiently large, we may suppose
v+ 1/Cy < C4C5/2, and the result follows from Lemma 4.2.12 (ii).

4.2.3 Non-concentration: the general case

In this section we complete the proof of Proposition 4.2.1. The proof shall be very
similar in spirit to that of the special case discussed in Section 4.2.2: recall that there,
Proposition 4.2.5 guaranteed that every proper subgroup of SLa(F,[t]/(f)) was either
metabelian (Case (i)) or small (Cases (ii) and (iii)), so fell within reach of Lemma
4.2.12. Something similar is true in general, but to apply Lemma 4.2.12 we first need
to use the product decomposition of SLy(F,[t]/(f)) from Lemma 4.2.3, and project
down to either the factors on which the image of our proper subgroup is metabelian,
or those on which it is small, depending on which make up the larger part of the
product.

Recall the notation of Section 4.2.1: f € F,[t] is an M-rough square-free poly-
nomial with no two irreducible factors having the same degree. G = SLy(F,[t]/(f))
and H < G. Let py,...,pn be the irreducible factors of f, of degrees ny,...,ny

respectively.
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Recall (Lemma 4.2.3) that:

(TTj21 7, = SLa(By[t)/ () — TTj2s @,y
is an isomorphism.
Corollary 4.2.13. 7, (H) < Q,; for some 1 <j < N.

Proof. We proceed by induction on N (the case N = 1 being trivial). Suppose
(for a contradiction) that the projections m, of H to Q,, are all surjective. Denote
F = HjV:_ll @Qn,, so that by Lemma 4.2.3, G = F x Q. Define:

Ki={geF:(g,1)eH}, Ky ={g€Qy, :(1,9) € H}.

By induction the projections of H to F' and (), are surjective. By Goursat’s Lemma,
Ky <F, Ky <@y, and F/K; = Q,, /Ks.

If Ky # Qn, then F has PSLy(p"V) as a composition factor. But this is not the
case, as the n; are all distinct. Hence Ky = @, and K; = F, so H = G. O]

Up to a reordering of the p;, there exist k,m,n € N with £k +m +n = N such
that:

(i) mp,(H) = Qn, for 1 <i < k;
(i) mp, (H) is metabelian for k + 1 < i < k + m;
(ili) 7y, (H) < @y, is not metabelian for k +m+1 <7 < N,

Let C5,v > 0 be constants satisfying the conditions of Lemma 4.2.12. For M suffi-
ciently large, by the roughness hypothesis and Proposition 4.2.5,
|7, (H)| < |Qn|0% for k+m+1 < i < N. Moreover by Corollary 4.2.13, at least one
of m,n is non-zero.

Write I} = Hlepi, F, = Hfiﬁlpi, F5 = H?;Hmﬂpi, so that f = F, - F; - F.
Applying Lemma 4.2.3 with f replaced by F, Fy, F3 respectively, we have:

Lemma 4.2.14. (i) mp (H) =[], SLa(p™).
(ii) mg,(H) is metabelian.

(iii) |, (H)| < |7y (G)| 2.
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Finally, we are ready to complete:
Proof of Proposition 4.2.1. |H| > |mp, (H)| = |7, (G)], so:
|G H| < |G/17r (G)] = [7hm (G-

Case 1: deg(Fy) > deg(F3):
We have |7TF2F3(G)|% <<p |7TF2<G)’ < |7TF2F3 (G)| By Lemma 4-2-107

. degEFQ) S log|mr, (G)]

irth(mg, (G), S > = ,
girth(mr, (G), 5) D 3D logp

so that by Lemma 4.2.12 (i), if:

1 G
Cs loglmr, ()] < 21 < 208IT(G)]
96.D log p

then:
pSV(H) < p& (mpy (H)) < |7, (G <y |7mm, (G)| 7 < |G H|F

and

1 < ol (@) _ loslrr (@)
96D log p 96D log p
Case 2: deg(F3) > deg(Fy):
We have |7p,p, (G)|2 < |7 (G)| < |7pr (G)|. By Lemma 4.2.10,

girth(rp, (G), §) > Jeels) o Lol (G)]
D 3Dlogp

so that by Lemma 4.2.12 (ii), if:

10g|7TF3<G)|

Cs log|mp (G)] < 21 < —21 ,
slogls, (G)] < 20 < < E

then:
u$V(H) < u§D (mr, (H)) < |75y (Q) 7 < |7mm, (G) 7 < |G H|F

and

log|mr, (G|

2l < —
3D logp

< log’ﬂ-Fng (G>|

The required result follows.
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4.3 Non-Concentration Results

4.3.1 Two different sieves

Let us recall the basic concept of the group sieve method. We start with a simple

observation:

Lemma 4.3.1. Let G be a discrete countable group; H a finite group and
¢ G — H an epimorphism. Let v be a probability measure on G and X C G. Then

v(X) < (ov)(9(X)) < |¢(X)] - maxpex (ov)(d(x)).

Here ¢v is the pushforward measure defined, for Y C H, by:

(ov)(Y) = v(e™ (V).

Though straightforward, this bound can be very useful: when v = ug), for S C G
symmetric, with ¢(S) generating H, then for [ sufficiently large and even, ¢v is almost

uniform on H, so that:
(o) (0(X)) < |o(X)|/|H]. (4.2)

Moreover if (H,¢(S)) is a good expander, equidistribution occurs for [ sufficiently
small that (4.2) gives a non-trivial bound on the rate at which ,ug) escapes from X.

The present section contains two different instantiations of this philosophy for the
group SLo(F,[t]), taking (H, ¢) to be one of the congruence quotients from Theorem
4.1.7. In the first of these it shall be sufficient to consider congruences modulo ir-
reducible polynomials. We define, for G a countable discrete group and vy, ..., v,

finitely supported probability measures on G, the product measure x)_,v; on G by:

(<o) (X) =Y [ wilw), for X C G

zeX i=1

Proposition 4.3.2. Let S C SLy(F,[t]), M > 0 be as in Theorem 4.1.7; let (n;); be as
in Example 4.1.6 (ii) and let f; € F,[t] be irreducible of degree n;. Let X C SLy(F,[t])"
and suppose there exists a, C' > 0 such that for all i sufficiently large,

|71 (X)|/1Qn; " < Cp=omi.
Then there ezist C1(C,r), Co(a,p,S) > 0 such that for all l € N,

(XI_yi§)(X) < Cre@l,
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Proof. By Theorem 4.1.7 and Lemma 2.1.3, there exists ¢ > 0 such that, for ¢ > 1,
[ > cn; and any « € Q,, (Wfiug))(x) < 2/|Qn,|- Fixd € (0,1), so that for [ sufficiently
large, 3i > 7y such that [ > ¢n; > 6l. Then for i sufficiently large,

(X5 D) (X) < (i) (7, (X))
< 2w, (X)|/|Qn;|" (by Lemma 4.3.1)
< 2"Cp~*" (by hypothesis)

__adllogp

< 2"Ce c

as required. N

Proposition 4.3.2 is very useful for proving escape of the random walk from such
subsets as proper algebraic subvarieties, which have small image in congruence quo-
tients, as we shall see. However, Proposition 4.3.2 is powerless in the face of subsets
, for v € (0,1), say. This difficulty

may be partially resolved by considering, instead of individual congruence quotients

X whose images modulo f; are of order ~ ~|Q,,

Qn,;, large products @, X ... X Qp,,,. The image of X in such a quotient will be of
order ~ v¥|Qp, |+ |Qn,,, |, so by allowing k to grow and applying Theorem 4.1.7, we
may recover a good non-concentration estimate. As discussed in the Introduction,
Theorem 4.1.7 is not powerful enough to retain exponentially fast escape from such

X. However we still have:

Proposition 4.3.3. Let S C SLy(F,[t]), M > 0 be as in Theorem 4.1.7; let (n;);
be the sequence of all primes greater than M (arranged in ascending order) and let
fi € Fylt] be irreducible of degree n;. Let X C SLo(F,[t])" and suppose there exists

v € (0,1) and iy € N such that for all i > iy,
|77 (X1 1@, " <.

Then there ezist C1(r), Ca(y,p, S) > 0 such that for all | € N,

(<) (X) < Crem Vi ost,

Proof. Define g; = ;f:ii_l fr € F,lt], with iy sufficiently large (to be determined).
Then:

ig2+i—1

m (I <" 1T 1Qul
k

)
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(provided iy > i1). By Theorem 4.1.7, there exists ¢ > 0 such that, provided iz is
sufficiently large, for [ > 0222:2.271 ny and for any g € SLo(F,[t]/(g:)),

inti—1
(mo.$)9) <2/ T 1Qul.
k=i
For such [,
r 0 X) < r ) X
(XGmrpg N(X) < (XGormg, g’ ) (g, (X))
ioti—1
< e, (012/ 1T 1Qn )"
k=i
< 27y
Recalling that n; grows like klogk, we have ?jé—lnk = 4%logi. Choosing
i < +/l/logl, i*logi > [ and the result follows. O

4.3.2 Escape from subvarieties

We are now ready to prove Theorem 4.1.1. In view of Proposition 4.3.2, it will suffice

to bound the size of projections of subvarieties to congruence quotients. We use:

Theorem 4.3.4 (Schwarz-Zippel [51]). Let F be a finite field; F be its algebraic
closure. Let V be an affine algebraic subvariety of F¢, defined by A polynomials in
Flzy,...,24], each of total degree at most B. Then:

|V| <<A,B,d |F|dim(V)'
Proof of Theorem 4.1.1. SLj is irreducible of dimension 3r, so by Theorem 4.3.4,

r

Qn, "

The result now follows from Proposition 4.3.2. O]

7, (V)| <p p& D < p

Example 4.3.5. Under the hypotheses of Theorem 4.1.1:

(i) Zero entries are rare: let Fy : My (F,[t]) — F,[t] be given by Fy ( Z Z ) = abed.
Then there exist Cy,Cy > 0 such that:

1 ({g € SLy(F,[t)) : g has a zero entry}) = p (V(FY)) < Cre=@.

(i) Matrices with a particular trace are rare: fir o € Fyt] and let

F, : My(F,[t]) — F,[t] be given by Fy(A) = tr(A) — .
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Then there exist Cy,Cy > 0 such that:

(11i) Torsion elements are rare: Let g € SLo(FF,[t]). Conjugate g, possibly over a
a b
0 a!
there exists n € N such that ¢g" = Is. Then o = 1. This is only possible if a

quadratic extension, to an upper triangular matriz g = . Suppose

lies in a quadratic extension of F,. In particular tr(g) € F,, so g satisfies one
of the bounded set of polynomials F, as in (it) above, for a € F,. Hence there
exist Cv,Cy > 0 such that:

1% ({g € SLa(F,[t)) : g has finite order}) < Y p@(V(F,))

aclFy,
§ 016_021 .

(iv) Elements fixing a point in the adjoint representation are rare: Recall that
SLy(F,[t]) acts linearly on sly(IF,[t]) by conjugation. Given g € SLy(FF,[t]), let
Ad(g) € GL3(F,[t]) be the matriz of the associated linear transformation with
respect to some (fized) I, [t]-basis for sly(F,[t]).

Now recall that, given polynomials Fy(X), F5(X) over some field K, there is a
polynomial function Res(F1(X), Fo(X)) of their coefficients (defined over Z and
depending only on the degrees of Fy, F») which vanishes precisely when Fy, Fy
have a common root in some extension of K. In  particular,
F(g) = Res(xaa(g)(X), X —1) is a polynomial in the entries of g which vanishes
precisely when g has a non-zero fized point in sly(F,[t]). Moreover F(g) does

not vanish identically on SLy(FF,[t]): F L ;Lt ?ii ) # 0, for instance. We

conclude that there exist Cy,Cy > 0 such that:
1 ({g € SLy(F,[t]) : 3X € sh(F,[t]) \ {0} s.t. X9 =X}) < Cre

4.3.3 Squares in SLy(F,[t]) are rare

In this section we prove Theorem 4.1.2. Let X C SLy(F,[t]) be the set of squares.
In light of Proposition 4.3.3, it suffices to bound the sizes of images 7y, (X). We
note some elementary facts about SLy(Q), for ) an arbitrary odd prime power. Let
D(Q) < SLy(Q) be the subgroup of diagonal matrices. Recall that D(Q) is cyclic of
order () — 1.
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Lemma 4.3.6. Let g € D(Q) be non-central in SLy(Q). Then:

(i) Csia@)(9) = D(Q);
(ii) |cclsry@)(9) N D(Q)] = 2;
(iii) If g is a square in SLa(Q) then it is a square in D(Q).

Now 2 | (@ — 1), so the set of squares in D(Q) is of order %

Z(SLa(Q)) = {£I>} consists of squares in SLy(Q), so that by Lemma 4.3.6 (iii),
Q-1

there is a subset {¢;},.4, C D(Q) consisting entirely of non-squares in SLy(Q). If

g € SLy(Q) is not a square, then cclgr,g)(g) consists entirely of non-squares, and by

Lemma 4.3.6 (i), |cclsiyg)(9)| = Q(Q + 1). Hence:
Q-1
2

[{non-squares in SLy(Q)}| > | U cclsry @) (9i)]
i=1

Q-1
1 2 .o
= 9 ;|CClSL2(Q) (g:)| (by Lemma 4.3.6 (ii))

> 1Q-1Q@+ 1)
— ISLa(@Q)]

Theorem 4.1.2 is now immediate from Proposition 4.3.3, taking v = %.

4.3.4 Reducible characteristic polynomials in SLy(IF,[t]) are
rare

In this section we prove Theorem 4.1.4. Let Y C SLy(IF,[t]) be the set of elements
with reducible characteristic polynomial. Once again, we bound |7, (Y)|. Let g € Y
and let f € F,[t] be irreducible of degree n. Since x, € F,[t][X] splits over [F,[t],
Xrf(g) € Fpn[X] splits over Fpn. Let Q be an arbitrary odd prime power. It will suffice
to bound the set of elements g € SLy(Q) with reducible characteristic polynomial.

We distinguish two cases and prove exponential decay in each:

Case 1: tr(g) # £2.
Xy does not have a repeated root, so is diagonalisable in SLy(()). Hence there
exists non-central h € D(Q) such that cclgi,)(g) = cclsiy@)(h). There are
@ — 3 non-central elements h € D(Q), and each has conjugacy class in SLy(Q)
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of order Q(Q + 1), by Lemma 4.3.6 (i). Therefore the number of non-central

diagonalisable elements ¢ is at most:

1 ..
| U celsra)(h)] < 3 leclse, (@) (h)| (by Lemma 4.3.6 (ii))
heD(Q)\Z(SL2(Q)) heD(Q)\Z(SL2(Q))
1
<5(@-3)Q@+1)
1
< §|SL2<Q>’-

Case 2: tr(g) = £2 is immediate from Example 4.3.5 (ii).

Theorem 4.1.4 follows from Proposition 4.3.3, with any v > %
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Chapter 5

Spectral Gap in SLy(Z))

5.1 Introduction

Fix p > 3 prime. The goal of this chapter shall be to prove:

Theorem 5.1.1. Let S C SLy(Z,) be a finite symmetric set, generating a subgroup
I whose closure T in SLy(Z,) is open. Let A C 7Z, be the set of entries occurring
in elements of S. Suppose that for every a € A, there exists f,(X) € Q[X] such
that f,(a) = 0. Then (mpn (L), mpn(S))n ts a family of two-sided expanders, where
Tpn = SLa(Z,) — SLo(Z/p"7Z) is the congruence map.

Recall that:
Proposition 5.1.2. Let I' < SLy(Z,). Then the following are equivalent:
(i) T <, SLy(Z,);
(i1) T is Zariski-dense in SLa(Q));
(11i) T is not virtually soluble;
(iv) Fy = T.

The main result of Bourgain and Gamburd’s paper [6] is the special case of The-
orem 5.1.1 for which the matrices in S are supported over Z. In fact their result is
stated in a weaker form, where p is chosen such that the image of S in SLy(p) is a
generating set, so that S generates a dense subgroup of SLy(Z,) (if S generates a
non-elementary subgroup of SLy(Z) this will hold for all sufficiently large p). Never-
theless, their argument yields the same conclusion in the more general setting of S

generating a subgroup whose closure in SLy(Z,) is open (but not necessarily dense).
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The proof shall in a sense be a marriage of the techniques employed in the last two
chapters: expansion shall follow from a version of the Bourgain-Gamburd machine.
After applying the tools of quasirandomness and the ¢?>-flattening Lemma, it suffices
to check that the random walk escapes quickly from approximate subgroups. The
proof then proceeds by running the Solovay-Kitaev procedure inside an approximate
subgroup. The upshot shall be that any approximate subgroup on which the random
walk concentrates must efficiently generate a large subgroup of SLy(Z/p"Z), and must
therefore be too big to satisfy the conclusion of the /2-flattening Lemma.

Applying the Solovay-Kitaev procedure entirely within an approximate subgroup
H C SLy(Z/p™Z) presents some additional technical difficulties which were not present
in the setting of Chapter 3. First, in generating the Lie ring sly(Z/p"7Z) we do not a
priori have access to all elements of Z/p"Z to use as coefficients, but only a certain
subset arising from the coefficients of the elements in H (exactly how this set is pro-
duced shall be explained in Section 5.4). To produce arbitrary coefficients we need
the sum-product results of Bourgain from Section 2.6.

Second, to run the Solovay-Kitaev procedure in H at all, H must resemble the
ambient group SLo(Z/p"Z) from the perspective of algebraic geometry. In other
words, the preimage of H in SLy(Z,) must not be controlled by small sublevel sets of
non-trivial polynomials on SLy(Z,). Because the random walk may be hypothesised
to concentrate on H, it suffices to check that the random walk does not concentrate
on such sublevel sets. Using the fact that the coefficients are algebraic, this latter
claim may be reduced still further to the problem of proving non-concentration on
subvarieties.

In [6] this non-concentration was achieved by using the result of [5] to “sieve out”
proper subvarieties in congruence quotients already known to exhibit expansion. We
have already made use of this same idea, in the proof of Theorem 4.1.1. What allows
us to handle a broader range of coefficients than the integers is the proliferation of
new results on expander congruence quotients in the years since the publication of
6], and in particular the results of [69].

We should emphasize that the novelty of our work in this chapter is entirely con-
tained in the stage of the argument dealing with the escape of the random walk on
SL2(Z,) from algebraic subvarieties, and the upgrading of these non-concentration
estimates to sublevel sets of the relevant polynomials. Once the problem has been
successfully “pushed down” into the finite quotients, the argument is essentially iden-
tical to that presented in [6]. We do deviate from their presentation in Section 5.3.5

(corresponding to Proposition 4.3 in [6]), where we use a different proof which is (to
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us) more intuitive and more amenable to generalisation to other settings. There are
also minor differences between the argument of Section 5 and the corresponding Sec-
tions 5 and 6 of [6], where we have been unable to exactly replicate some of the steps
of Bourgain and Gamburd’s argument; nevertheless the architecture of the proof is
theirs.

Given all that, why have we opted to present the proof in full detail? The motiva-
tion is threefold. First, there is no natural result that corresponds to the parts of the
proof unchanged from [6] which we could use as a black box, so we have felt it nec-
essary to reproduce the complete argument to verify to the reader’s satisfaction that
these parts are indeed unchanged. Second, we aim to give a treatment of Bourgain
and Gamburd’s ideas emerging from [6] which will be as accessible and well-motivated
as possible, and thereby aid in the comprehension of some important and interesting,
but technically difficult mathematics. Finally, we wish to use the proof of Theorem
5.1.1 as a roadmap to other results for which a similar proof strategy would appear
to be relevant. Such results (actual and potential) are described in Section 5.5.

We also acknowledge the results of [68], which allow one to prove Theorem 5.1.1
using a different method. In that paper, expansion was proved for the mod p"
congruence quotients of finitely generated subgroups of GL4(Q) whose Zariski closures
have connected component at identity which is perfect. By restriction of scalars this
conclusion may be extended to subgroups supported on p-adic integers which are
algebraic over Q.

The chapter is structured as follows: in Section 5.2 we prove weak quasirandom-
ness for SLy(Z,) and thereby reduce Theorem 5.1.1 to non-concentration in approxi-
mate subgroups. Specifically, we state Theorem 5.2.11, which asserts that any approx-
imate subgroup in which the random walk becomes highly concentrated has iterated
product set (of controlled length) containing a large congruence kernel, contradiction
the /2-flattening Lemma. In Section 5.3 we investigate the algebraic geometry of such
approximate subgroups, and show that it resembles that of the ambient group. Sec-
tion 5.4 combines the results of Section 5.3 with the sum-product results from Section
2.6 to set up the Solovay-Kitaev procedure in our approximate subgroup and deduce
Theorem 5.2.11. Finally, in Section 5.5 we sketch the generalisation of Theorem 5.1.1
to SL4(Z,), discuss a potential weakening of our hypothesis on the generating set and

explore the possibility of proving a version for SLy(F,[[¢]]).
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5.2 Reduction to Non-Concentration in Approxi-
mate Subgroups

The proof of Theorem 5.1.1 shall follow from the Bourgain-Gamburd machine. The
goal of this section shall be to implement the aspects of the machine which reduce the
problem of proving expansion to that of proving non-concentration in approximate
subgroups.

In Section 5.2.1 we describe the normal subgroups of SLo(Z/p"Z), then prove
weak quasirandomness of SLy(Z,) in Section 5.2.2. The results of these sections are
well-known: weak quasirandomness of SLy(Z,) is provided by Lemma 5.1 of [71], for
instance. We include a full proof here only in the interests of completeness. Finally,
we shall apply the £2-flattening lemma in Section 5.2.3.

For ease of notation, in the sequel we shall write G, = SLo(Z/p"Z) and
K, = ker(myn) = SLo(Z,) N (12 + p"Ms(Z,)). For m < n we shall allow ourselves to
identify K,, and its image in K, under m,», when to do so will not cause excessive

confusion.

5.2.1 Normal subgroups of SLy(Z/p"Z)

In this section we prove the following:

Proposition 5.2.1. Let N < G, be a proper normal subgroup. Then there exists
m<n, W< Z(G,) such that N = K,,IW.

Lemma 5.2.2. (K;/K,)1<i<n is the upper central series for K,/K,; that is:
Ki/Kiy1 = Z(K1/ K1) for every 1 <i < n.

Proof. Let g,h € K. Direct computation yields that if » = I, mod p’, then
gh = hg mod ptl.
Section 3.3.

Conversely, if h € K satisfies gh = hg mod p'™! for every g € K, then setting

(1 p 1 0
o= (o) = (1)

we have hy1 — hoo, hia, ha1 € p'Z,. We may therefore write:

Indeed, we already carried out the required computation in

in turn:

for some p € pZ,, Z € My(Z,).
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But det(h) = 1, so:
p(p+2) +p(Z1a + Za) € pHZ,

and since p > 2, u+ 2 ¢ pZ,, p € p'Z, and h € K;. O

Lemma 5.2.3. For m < n < 2m, the map:

c —a

(avbac)'_>-[2+pm(a b )+Kn

is an isomorphism (Z/p" ™Z)* = K, /K,. In particular, for any m > 1,

Fz >~ K/ K-
Proof. Direct verification. O]
Corollary 5.2.4. G, = p*"2(p* — 1).

By Lemma 5.2.2, the action of SLy(Z,) on K; by conjugation descends to an action
of SLy(F,) on K;/K;1, which, by the above isomorphism, yields a three-dimensional
representation of SLy(FF,).

Lemma 5.2.5. The action of SLy(F,) on K;/K,+1 thus defined is irreducible.

Proof. Note that it suffices to check that the image of SLy(F,) under the representa-
tion spans Mj3(F,). For if the image were to preserve a non-trivial proper subspace
of K;/K;1, then so too would any linear combination of elements in the image. In

particular the image would not span Mj(F,).

g = ( Z} ﬁ ) € SLy(F,) acts under the representation via the matrix:

wz +rYy Yz —wWx

20z P a—

2wy  —y?  w?

We may verify directly that a spanning set for M3(FF,) may be produced by varying

m(5 o) (0n) (o v ) ()
(D)

maps to a spanning set, since p > 3. ]

g. For instance:

Lemma 5.2.6. Let P be a finite p-group. Every normal subgroup of P intersects
Z(P) non-trivially.
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Proof of Proposition 5.2.1. We classify the normal subgroups of G,,, proceeding by
induction on n. If n =1, G,, = SLy(F,) is quasisimple. Let n > 1 and let N < G,,.
We distinguish two cases:

If NNK; =1, then N = NK;/K; < Gy, so that if N 2 NK;/K; is not central,

mp|n : N — Gy is an isomorphism and the extension:
1—>K1"—>Gn—»G1—>1

splits as a direct product. In particular N centralises K. However there exists k € K;

such that g = k ( } (1) ) € N, and for p € p"'Z,,

(o) =(am ) (0t)
0 1 —u 1—p 0 1)’
a contradiction. Hence NK;/K; is central, so N < Z(G,,) (as m,|y is injective).

On the other hand, if N N Ky # 1, then, by Lemma 5.2.2 and Lemma 5.2.6,
NN K, 1 # 1, so that, by Lemma 5.2.5, K,, ;1 < N. Letting 1 < m < n—1 be
minimal such that K,, < N, apply the inductive hypothesis to N/K,, < G, to

deduce that N/K,, < Z(G,,). Then N < K,,Z(G,,), as required. O

5.2.2 Quasirandomness for SLy(Z/p"Z)

In this section, we prove the following result:

Proposition 5.2.7. Let p be an irreducible complex representation of G, such that
ker(p) < Z(G,,). Then dim(p) >, p".

It follows immediately from Proposition 5.2.1 and Corollary 5.2.4 that there exists
C(p) > 0 such that any dense subgroup I' of SLy(Z,) = hm Gy, s (C, 3)-weakly
quasirandom with respect to the family of all finite index normal subgroups containing
some K, NI . Indeed by Proposition 2.2.4, the same conclusion holds if we merely
assume that the closure of I' in SLy(Z,) is open.

Proposition 5.2.7 shall follow from bounds on the orbits of G,,, acting on the
Pontryagin dual of an abelian normal subgroup. Our exposition of this argument is
based on that appearing in [6] (though the proof there contains one oversight, which
we indicate at the corresponding stage of our proof). See also [71] for a more general
result. The author is not aware of any earlier proof of Proposition 5.2.7, but it is
possible that one exists in the literature: the idea of understanding representations
of a p-adic analytic group in terms of its action on the dual Lie algebra goes back to

Howe [42], and draws on the work of Kirillov on nilpotent (real) Lie groups [48].
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Recall that, for G a finite group, N < G, G acts on irreducible complex represen-
tations of N as follows: for ¢ € G and 6 an irrep of NV,

09(n) = O(n9) for all n € N.

Theorem 5.2.8 (Clifford). Let p be an irrep of G. Let p |y= 30, 6; be the decom-
position of p |n as a direct sum of irreps of N. Then 0y,...,04 lie in a single orbit

of the G-action, and all members of the orbit occur.

Now let n/2 < m < n. Our goal shall be to apply Clifford’s Theorem to K,, <1 G,,.
Define:

1 0 01 00
61=]2+pm(0 _1),62=f2+pm(0 O),€3=[2+pm(1 O)GKm-

As was observed in Lemma 5.2.3, (a,b,c) +— efebes defines an isomorphism
(Z/p"~™Z) — K,,. The Pontryagin dual K,, is a free (Z/p" ™Z)-module with

basis €1, €5,€3. It is clear that the action of G, on [fm described above is via

(Z/p"~™Z)-module automorphisms;  under this action the matrix of
g= Z} i ) € G,, with respect to the given basis is:
wz +xy 2x2z —2wy
Yz 2 =y . (5.1)
—wr  —z*  w?

In other words, it is precisely the transpose of the image of g, under the action of G,

by conjugation on the (Z/p"~"Z)-module K,,, with respect to basis ey, es, e3.
Proposition 5.2.9. There exists C(p) > 0 such that for any x € K \ pKp,
|Stabg, (x)| < Cp?™*™.

Proof of Proposition 5.2.7. Let p |nv= Zle 0; be as in Clifford’s Theorem. Then
dim(p) > d. Let x € K,_; be non-central in G,. Then, since ker(p) < Z(G,),
0;(x) # 0 for some i. Note that for all y € K, X(K,—1) = 0. Hence 0; € K,, \me
By Proposition 5.2.9 and Clifford’s Theorem,

d = |G,l|/|Stabg, (6:)| >, p*" 2" >, p",
as required. O

Remark 5.2.10. [t is at this stage that an error appears in the proof of Proposition
5.2.7 presented in [6]. There it is asserted that the required lower bound on the lengths
of orbits of irreps appearing in Clifford’s Theorem corresponds to an upper bound on

the size of the stabilizers in the action of G, on K,,, rather than the action on Km

113



Proof of Proposition 5.2.9. First note that K,_,, acts trivially on Km, so the action

of G,, on K,, descends to an action of G,,_,, and:

[Stabe, (x)| = [Stabe, _,, (X)|| Kn-m| = p*™[Stabe, _,, (X)I

It therefore suffices to check |Stabg, . (x)| <, p™~ ™. Moreover since
|Stabg, . (x) : K1 NStabg, . (x)| < |Gy : K1 =p* —p,

it suffices to bound |K; N Stabg, . (x)|. Let ¢ € K; N Stabg, . (x) and let
w,x,y,z € Z/p"~™Z be such that:

wox
9—12+P<y z)

There exist a,b,c € Z/p"~™Z such that x = aé€; + béy + cé3 and p does not divide
at least one of a,b,c. Using the matrix representation (5.1), the condition y9 = x

becomes the three constraints:
(i) fi(w,z,y,2) = (a(w+ z) + 2bx — 2cy) + (a(wz + zy) + 2bzz — 2cwy)p = 0,
(i) folw,z,y,2) = (ay + 2b2) + (ayz + bz* — cy*)p = 0,
(iii) f3(w,z,y,2) := (—ax + 2cw) + (—awz — bz* + w?)p = 0,
while the requirement that det(g) = 1 becomes the constraint:
(iv) fa(w, z,y,2) = (w+ 2) + (wz —zy)p = 0

(with all these equivalences being modulo p"~™~1). We seek to bound the number of
solutions (w, x,y, z) € Z/p" ™ 17Z. Write:

n—m-—2 n—m-—2 n—m—2 n—m-—2
w = E wip ;T = § ripiy = E Yip 5 2 = E ZiP -,
i=0 i=0 i=0 i=0

with w;, z;,v;, 2z € {0,1,...,p — 1}. Reducing (i)-(iv) modulo p, we obtain:
(i) a(wo + 20) + 2bxo + 2cyy = 0 mod p,

(ii") ayo + 2bzp =0 mod p,

(iii") —axo + 2cyo =0 mod p,

(iv’) wo+ 20 =0 mod p.
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Applying (ii’), (iii’) and (iv’) if @ Z 0 mod p (respectively (i’), (ii’) and (iv’) if
b# 0 mod p; ('), (iii’) and (iv’) if ¢ # 0 mod p), there are at most p choices for
(wo,iﬂo»ymZo)
We now iteratively apply this observation: at the (k+41)th stage suppose (w;, x;, y;, ;)
is determined for 0 <7 < k, so that:
k k k k
fj ( Z wipia Z xipi7 Z yzpla Z lez) =0 mod pk+1 fOI' J = 17 27 37 4.
i=0 i=0 i=0 i=0

Reducing (i)-(iv) modulo p**? and dividing through by p**!, we have:

(i") a(wrsr + 2rt1) + 20211 + 2¢yp i
k i Nk i gk i ok i _
FhHOS o wid’, Do T’ Do Uil s Yo 2iD) /P =0,

(i) @y + 2bzei1 + fo(0 g wip', oig xap', Yol vin's Yo zip') /P = 0,
(ili”) —axps1 + 2¢ype1 + f3(2?:0 wip', Ef:o zp', Zf:o yir', Z?:o zp') [P =0,
(V") i1 + 21 + L (O wip', Sk g, Sy, S8 i) [0 = 0

(with all these equivalences being modulo p). As before, there are at most p possibil-

n—m—1

ities for (wyy1, Tri1, Yrs1, 2ke1)- In total then, there are at most p choices for

w,x,y, 2), as required. O
( ) 7y7 )7 q

5.2.3 (*>-flattening

We can combine Proposition 5.2.7 and the comments immediately thereafter with
Proposition 2.2.12 to reduce expansion to £2-flattening. Recall that by the ¢>-flattening
lemma, it will suffice to check that the random walk does not concentrate on a small
approximate subgroup of G,, = SLy(Z/p™Z). Theorem 5.1.1 will follow from Theorem
2.2.18 (the *>-flattening lemma for approximate subgroups) and the following result,
which tells us that if H,, is an approximate subgroup of (z,, in which the random walk
concentrates, then for some r (suitably bounded), HY contains a large congruence
kernel of G,,. In particular, H, must already be too large to satisfy conclusion (ii) of
Theorem 2.2.18. Henceforth let S,, = mn (5).

Theorem 5.2.11. There exist Co(S) > 0 and fs : (0,1) — N such that the follow-
ing holds. For all v € (0,1) sufficiently small, there exists 6 € (0,1) such that if
n € N is sufficiently large, and H, C G, is an |G,|* -approzimate subgroup satisfying
,ugf)(Hn) > |G,|7% for some Cylog|G,| <1, then K, C HsO).
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Note that if Cj, 0 satisfy the conditions of Theorem 5.2.11, then so do all larger

Cy and smaller §.

Proof of Theorem 5.1.1. Let C' > 0 be as in Theorem 2.2.18. Let [ > Cjlog|G,,| be
as in Theorem 5.2.11, and suppose (for a contradiction) that:
l —oyp,.
1152l > |Gl 12512

(for § > 0 sufficiently small, yet to be specified). By Theorem 2.2.18, applied to G,,
with v = ,ugi, G, has a C|G,|“°-approximate subgroup H, such that:

- l
[Hy| < |G| ||2]12 (5.2)

and for some g € G, ugi(glj]n) > C|G,|~9. If ||,ugi||2 < |G,|72 ¢ there is nothing
to prove, so suppose otherwise. Then by (5.2),

|f{n‘ < C|Gn’1+(}§—e'

For ¢ sufficiently small and n sufficiently large we may assume H,, is a |G, |°-approximate
subgroup satisfying ,ugi (gH,) > |G,|7°. By Remark 2.2.19 we may apply Theorem
5.2.11 to H, = H, - H,, so that K.,, C H{**"_ By Remark 2.2.14 (ii),

ol < P00
< H (|G [?)2 s
< C‘Gn‘1+(2fs(’7)*1+c)5*€'

But [Kyn| > |G|t so:
1<, ]Gn‘(2fs(7)—1+0)5_(6_7).

Choosing v < eand § < 5 7ol and for n sufficiently large, this is a contradiction.

e—y
v)—1+C”
It follows that:

21 _ l
£ < Gl 112 -

Therefore, letting o > 1 be such that
l 14
)l < |Gl =2

we can achieve the ¢2-flattening inequality by iterating this argument at most m
times, for any m > (a+;1)e. That is, for any:

(a—1)e

Cle) >2 75 C.
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||ugi||2 < |Gn|"2%¢ for some | < C(e)log|G,|. Since (|Gy : mn(T)|)n is bounded,
(7,(T)), also satisfies the ¢2-flattening condition. The result now follows from Propo-
sition 2.2.12. [l

Remark 5.2.12. For any H C G,, andl € N, ifugi(H) > K, then for any 0 <1’ <1,

! =y, —1y (U
K <) (H) =y g ) (o)
CCEGn
so that, for some g € G, ug;) (gH) > K. In particular, taking H = gH, as in the

proof of Theorem 5.1.1 above, and by Remark 2.2.19, we may hypothesize further in
Theorem 5.2.11 that ugj/)(Hn) > |Go|™% forall0 <1 <.

The remainder of our work will be devoted to proving Theorem 5.2.11.

5.3 Non-Concentration in Subvarieties

In this section we prove exponentially fast decay of ug) on proper subvarieties. Such
non-concentration shall be a consequence of the expansion results for linear algebraic
group over Q emerging from [69]. We will apply these decay estimates (1) to produce
elements whose centralisers intersect significantly with approximate subgroups and
(2) to produce linearly independent matrices arising as conjugates by elements in

approximate subgroups of a fixed matrix.

5.3.1 Diophantine properties of p-adic numbers

We begin by noting a key property of p-adic numbers which are algebraic over Q. It
is this property which shall allow us to upgrade results on non-concentration of the

random walk on subvarieties to results giving non-concentration on sublevel sets.

Definition 5.3.1. Let C' > 0. A subset A C Q, is C-strongly Diophantine if,
whenever v € N, f € Z[X,...,X,] is a homogeneous polynomial of degree m > 1,
expressible as a sum of at most k signed monic monomials, ai,...,a, € A, and
i > C(m+logk), then:

fla, ... ar) & p'Zy \ {0}.

We say A is strongly Diophantine if there exists C' > 0 such that A is C-strongly
Diophantine.
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Informally, a set A is strongly Diophantine if one must apply the ring operations
in Q, a large number of times to A to produce a non-zero element of small p-adic

norm. Our motivation for making this definition is the following:

Proposition 5.3.2. Let A = {ay,...,a,} C Q,. Suppose that for every 1 < i <r,

a; 18 a root of some polynomial over Q. Then A is strongly Diophantine.

Indeed, the strong Diophantine property shall be the only property of algebraic
numbers which is used in the proof of Theorem 5.1.1. We start with some elementary

observations:

Lemma 5.3.3. Let BC A C Q,. For every C > 0, if A is C-strongly Diophantine,

then so is B.
Lemma 5.3.4. For any r € N and any C > 0, the set:

{(ay,...,a,) : {a1,...,a,} CQ, is C-strongly Diophantine}
is closed in Q.

Lemma 5.3.5. Let A € Q,\{0}. Letn € Z be such that ||A||, = p~™. For every C' > 0
and every A C Q,, if A is C-strongly Diophantine, then \-A is max(C, C'+n)-strongly
Diophantine.

We now turn to examples. First, any finite set of integers is strongly Diophantine.
For a non-zero integer of small p-adic norm must be divisible in Z by a large power

of p, and hence be of large Euclidean norm.

Example 5.3.6. If A C ZN|[—N, N, then any product of elements from A of length at
most m lies in [—N™, N™]|, so a sum of at most k such products lies in [—N"k, N™k].

In particular, A C Q, is @ max(1,log N)-strongly Diophantine.

This observation extends easily to finite sets of rational numbers: a non-zero
rational number of small p-adic norm may also be of small Fuclidean norm, but only

when it has large denominator.

Example 5.3.7. Let A= {ay,...,a,} CQ. For every 1 <i <, let p;,q; € Z, with
¢; # 0 be such that a; = p;/q;. Let L = lem(|q1],...,|q|). Let p; € Z be such that
a; = p,/L. We have |p}| < L|p;|.
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Let f,k,m be as in Definition 5.5.1, and suppose | f(ay,...,a.)|l, < p~". We

have:

flay,...,a.) = f(py,...,p.)/ L™

so |f, - o), < p7 % It now follows from Ezample 5.3.6 that A is C-strongly
Diophantine, with:

C_

o5 max(1, log L + log(max; <<, [p}])).

We are now ready to prove Proposition 5.3.2. Essentially we do this by restricting
scalars to replace algebraic numbers by matrices over Q, and thereby reducing the

problem to Example 5.3.7.

Proof of Proposition 5.3.2. Let K be the field generated over Q by A. Let
B = {bi,...,b.} be a basis of the (finite) field extension (K : Q); we may take
B C Z, and by = 1. By restriction of scalars (with respect to B), there is a Q-algebra

monomorphism:
¢ K — My(Q)

satisfying ®(q) = ¢ql; for ¢ € Q. Let n € N be minimal such that
O(pta;) € Muy(QNZ,) for all 1 < ¢ < r. According to Lemma 5.3.5, it suf-
fices to prove that p™ - A is strongly Diophantine. Let f, &k, m be as in Defini-
tion 5.3.1, and suppose p™f(ai,...,a,) = f(p"a1,...,p"a,) € p'Z, \ {0}. Let
M =9(f(p"ay,...,p"a,)) = f(P(P"a1),...,P(p"a,)) and let Adj(M) € Mu(QNZ,)

be its adjugate matrix. Then:

0 # det(M) =(M - Adj(M))14

I
.M&

-
Il
A

(M - Adj(M)); 10

4 Adj(M);1)b;

)

M& "M&

Z
Z M; ;b)) Adj(M);1
=1

1

J

d
f(pnah s 7pna7“> Z Ad.] (M)Jylbj

€'z, \ {0}.
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Now let A" C Q be the set of all entries of all ®(p™a;). By Example 5.3.7, there exists
C > 0 such that A’ is strongly Diophantine. Each entry of M is a homogeneous poly-
nomial in A”: it has degree m and consists of at most d"k signed monic monomials.
det(M) is a homogeneous polynomial in the entries of M of degree d, consisting of d!
signed monic monomials. Thus det(M) is a homogeneous polynomial in A" of degree

dm, and consisting of at most d!(d™k)? signed monic monomials. Hence:
i < C(log(d!(d™k)?) + dm) = C'logd! + Cdlogk + d(1 + log d)m

and the result follows. O

5.3.2 A sieving argument

Theorem 5.3.8 (Theorem 7.2 from [17]). Let K be a field of characteristic zero,
X C GL4(K) a finite symmetric set such that T' := (X) is not virtually soluble.
Let G be the Zariski closure of I' and R be its soluble radical. Suppose V is an
algebraic subvariety in GLg such that dim(R(V N G)) < dim(G). Then there exist
C1(V),Co(X) > 0 such that:

pY V) < Cre el

Henceforth let S be as in Theorem 5.1.1. Applying Theorem 5.3.8 to the connected
algebraic group G = SLj;, and taking X = S", we deduce:

Proposition 5.3.9. Let f : My(Z,)" — Z, be a polynomial over Z which does not
vanish on SLao(Z,)".  Then there exist Ci(f),C2(S) > 0 such that, letting
V(f) € May(Z,)" be the algebraic variety defined by the vanishing of f,

(XIS (V(f)) < Cre@2t.

Proof. In view of Theorem 5.3.8, it suffices to check that (X) is Zariski-dense in

SL2(Q,)". Indeed, since the vanishing set of a non-trivial polynomial on SLy(Z,)" has

measure zero, it suffices to check that the closure (X) of (X) in SLy(Z,)" is open in
SLy(Z,)".

I, € S® as S is symmetric. Hence (S®)" (X®)., B, — (S), so
Fy — (S@). Applying Proposition 5.1.2, (S®@) <, SLy(Z,), so (S@)r <, SLy(Z,)",

N

as required. N

We now employ the strong Diophantine hypothesis on the coefficients of the entries
of S. In the case of homogeneous f this will allow us to upgrade the conclusion of
Proposition 5.3.9: not only will the random walk fail to concentrate in the set of

zeroes of f, but it will also fail to concentrate in an appropriate sublevel set of f.
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Corollary 5.3.10. Let f : My(Z,)" — Z, be a homogeneous polynomial of degree
d > 1 over Z which does not vanish on SLy(Z,)". There exists Cs > 0 such that, for
0<il< Cgm,

(Ximups ) ({X € Ma(Z)" : p™ | F(X)}) < Cre .

Proof. Let C' > 0 be such that the set A of entries occurring in elements of S is
C-strongly Diophantine. Suppose f is a sum of at most e signed monic monomials.
Let g1,...,9, € SLa(Z,) be words of length [ in S. Then the entries of the g; are
all expressible as sums of 2! monic monomials of degree [ in the elements of A, so
f(g1,...,g-) is a sum of 2% signed monic monomials of degree dl in the elements of
A. Then for

m > C(log(2%e) + dl) = Cd(1 + log2)l + Cloge,

if f(g1,...,9-) = 0 mod p™ then f(g1,...,9,) = 0. The result now follows from
Proposition 5.3.9, for any C5 < C~1(d(1 + log2) + loge)~'. O

Let H, be as in Theorem 5.2.11. Since ,ugf) concentrates on H,, and does not
concentrate on sublevel sets of polynomials not vanishing on G,,, (as witnessed by
Corollary 5.3.10), it follows that 5"

such sublevel sets in H,,. In particular we have:

concentrates somewhat on the complements of

Corollary 5.3.11. Let f,C5 be as in Corollary 5.3.10. There exist Cy,Cs > 0 and
8 (0) > 0, with lims_,o 0" = 0 such that, for 0'n < 21 < Csym (and for § sufficiently

small),
(X)X € Hy : f(X) #0 mod p}) > Cue=C,

Proof. By definition of H,, and Remark 5.2.12,
(XTpg, YH;) 2 |Gl 70

so by Corollary 5.3.10, a lower bound for (xgzlug))({i € H : f(X)#0 mod p™})
is given by:

|Gn|f2r6 o 0167202l > Cpffirdn o 01672021 > 06% o 01672021
(for some C' > 0). Choosing:

Cyd’
3rlogp

we have the required result, for any Cy < C,C5 < 6rlogp/d’. n
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Corollary 5.3.12. Under the conditions of Corollary 5.3.11, there exists D(S) > 0
such that, if 'n < 21 < min(Csym, Dn), then there exist Cg,C7 > 0 such that:

HX € (H,N Bs,(20))" : f(X) £ 0 mod p™}| > Cee™.

Note that, since ¢’ could be chosen arbitrarily small in Corollary 5.3.11 (by choos-
ing ¢ sufficiently small), we may in particular set ' < min(Cs™, D), so that [ satis-

fying the conditions of Corollary 5.3.12 exists.

Proof. Recall from Kesten’s Theorem that there is a constant C's > 0 such that for
any g € (5),
ns' () <s e

Since the set of entries of elements of S is strongly Diophantine, and since all entries
of elements of Bg(2l) are expressible as a sum of at most 4! monic monomials of total
degree [ in the entries of elements of S, there exists D(S) > 0 such that for 20 < Dn,
the restriction of myn : SLo(Z,) — G, to Bs(21l) is injective.

Hence for any g € G,

1 (g) <g e 05,

Note also that, for any X C G,, quz,f)(X) < ]X\maxgex(ugj)(g)). It follows from
Corollary 5.3.11 that:

{X € (H,N Bs, (20))": f(X) #0 mod p™}| >z (@=L

Choosing ¢ sufficiently small, we have the required result. n

The range of values of [ for which Corollaries 5.3.10-5.3.12 may be applied directly
will prove to be too restrictive for our purposes. However for certain special poly-
nomials, it will be possible to generalise the conclusion of Corollary 5.3.10 to much

larger values of [, using the following elementary observation:

Lemma 5.3.13. Let V C G . Suppose that for some M >0, [, € N,
(xips,”)(BV) < M

for all h € G},. Then for alll >y,

(XI_ g™ (V) < M.
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Proof. For any g € G,

21
pe(g) = > u

heGn

Sn

Hence:

(X g (V) = > (X1

Sn
hearT,
— IS
= § :(Xizlﬂsn
heGr,

(21-2lp)

(h)us™ (h~1g).

g ) (B) Y (<m0 )

gev

G2y (h) (<7 1§ (R 1Y)

< max(x_yg,”) (V) < M.

heaGr,

5.3.3 Examples

We illustrate the results of the previous section by applying them to some specific

polynomials. At first glance, our choice of examples may seem somewhat arbitrary

and unmotivated, but, as the reader will note later, non-vanishing of these polynomials

will be what allows us to produce a large set of simultaneously diagonalisable elements

in H, N Bg,(2l), and to guarantee that by taking brackets of matrices conjugated by

these elements we may generate most of G,,.

Example 5.3.14. Define, for W, X, Y, Z 2 x 2 matrices,

W1,1
Arr(W, XY, Z) = );“

1,1

Zl,l
w; I

Letting g; = ( P
(0) f(o)(gl) = W1T1Y1%1,
(i) fD(g1) = tr(g1),

(ii) (g1, g2, g3) = det(Arr(Iy, g1, g2, g3)),

Wao1 Wis Wao
Xo1 Xip Xoo
You Yip Yoo
Zoy  Zip Lo

), consider the following homogeneous polynomials over Z.:

(z'z'z') f(iii)(91792793,94,95) = det(Arr(92 — 01,93 — 91,94 — 91,95 — 91));
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() fO(gy,...,g0) =det(M(g1,...,g9)), where M(g1,...,qg9) € My(Z,) is the ma-
triz:

2(w121+x1y1) 29021 —2unT1 27117 z% —x% —2w111 —y% wy

2(wozg + xToyg) 2ygzg —2woeTg 2T9Zg zg —xg —2wgy g —yg wg

In each case, we produce a tuple of elements of SLy(Z,) at which the polynomial doesn’t
vanish. Then, by Corollaries 5.3.10-5.3.12, we conclude that, for suitable constants
Ci,...,C7 >0,

(a) If 21 < Cym then:
(X i) ({X € My(Z,)" : f(X) =0 mod p™}) < Cre2;
(b) If 'n < 21 < Csym then:
(x_y s ({X € HY : f(X) £0 mod p™}) > Cre
(¢) If &'n < 20 < min(Cym, Dn) then:
{X € (H,N Bs,(2)": f(X) #0 mod p™}| > CyeC"l.

The tuples of elements which witness non-vanishing are as follows.

(0) If g1 = ( 2! ) then fO(g1) = 2.

(i) If gy = Ir then f@(g;) = 2.

. 11 10 2 1
(”)ffgh:(() 1),922(1 1),932(1 1>then

f(ii)(gl)g%g?)) =L

e 1 O 1 1 2 1
(i) ng1:[2’92:(1 1)’93:(0 1>’g4:(1 1)’

g5 = ( 1 2 ) then f9% (g1, g2, g3, g1, g5) = 1.

. 0 1 11 1 -1
(“}) ]fglz-[2792:(_1 0)793:(0 1)794_( 1 )7
1

-\ 0
(10 (10 (11 (-1
gs = 1 1 ; g = -1 1 , g7 = o 0 ; gs = ~-1 0 )

2 1 ‘
g9 = ( 11 ), then f(w)(g1,92,93,94,95,96,97,98799) = 512.
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5.3.4 Producing commuting elements

We now establish a series of non-vanishing results for polynomials defined in terms of
X € My(Z,) \ {0}, under certain conditions. A key point here is that the bounds we
obtain are independent of X (as will turn out to be necessary when we apply these
bounds later). We therefore cannot proceed by applying Corollary 5.3.12 directly
to the “obvious” polynomials defined in terms of X; rather we must first trap the
subvarieties defined by the vanishing of these polynomials inside new subvarieties,
whose defining polynomials do not depend on X. We then apply Corollary 5.3.12 to
these new defining polynomials.

In the present section, we use this strategy to study the map SLy(Z,) — Z, given
by g — tr(¢gX). The fibres of this map are not Zariski-dense, which means that the
set of traces of elements in H, - X is large (since the random walk concentrates on
H,). In particular, taking X € H,,, we see that many traces occur among elements of
H,(f), so that H.? intersects many conjugacy classes in GG,,. Applying the approximate
class equation (Lemma 2.2.15), we locate an element of HY (which may be taken to

be semisimple) with large centralizer in Hﬁm.

Proposition 5.3.15. There exist Cs,Cy > 0 such that if X # 0 mod p* and
d'n < 21 < min(Csym, Dn) then:

[{(h1, ha, h3) € (H, N Bs, (21))3 : (tr(X), tr(h X), tr(ho X), tr(h3 X)) # 0
mod pm-f—k}’ > Cg@cgl.

Proof. Let [X] = (a,b,c,d)” (the co-ordinate vector of X = ( Z Z

to the standard basis). Let hy, ho, h3 € G,,. Then:

) with respect

Arr(Iy, hy, ho, hs)[X] = (tr(X), tr(h X), tr(he X), tr(hs X)) ™. (5.3)

If hy, ho, hy € H, N Bg, (21) are such that:
(tr(X), tr(h X), tr(ho X), tr(h3 X)) =0 mod p™**
then:
det(Arr(1ly, hy, ho, hg)) =0 mod p™.

The result follows from Example 5.3.14 (ii) (using Corollary 5.3.12). O
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Remark 5.3.16. Letting hy, ho, hs be such that det(Arr(Iy, hy, ho, hg)) £ 0 mod p™,
if X,Y € My(Z,) are such that:

(tr(X), tr(h X)), tr(he X), tr(hs X)) = (tr(Y), tr(hY), tr(hoY), tr(h3Y)) mod p™H*
then by (5.3),
X =Y mod p".
Taking k = n —m in the above, we have for any V C My(Z/p"Z),
VI < [{{tr(X), tr(hn X), tr(he X), tr(hs X)) - X € V3] - [p""M(Z/p"Z)].
Noting that:
[{(6r(X), (s X), tr(ha X), tx(hs X)) 5 X € VI < Jex(V) lex(yV)fx(haV) tr(hs V)|
we conclude that for some g € {Is, hq, ha, hs},
[tr(gV)| = [V]ip~™

Proposition 5.3.17. There exist Cyg,C11 > 0 such that the following holds. Let
ary .. yar € Zyp; Xq,..., X, € My(Z,), with Xi,...,X, # 0 mod p*. Then for
2[0 S Cgm,

(ks (% ){g € My(Z,) : tr(X;g) = a; mod p™* for some 1 <i <r}) < Cjpe b,
Proof. Let U; = {g € Bs(2ly) : tr(Xig) = a; mod p™**}. Then for gi,gs, 93,
94,95 € Ui,

Arr(ga — 91,93 — 91,94 — 91,95 — 91)[Xi] =0 mod p™**
s0:
det(Arr(g2 — 91,93 — 91,94 — 91,95 — g1)) =0 mod p™
As noted in Example 5.3.14 (iii), this polynomial doesn’t vanish on SLy(Z,)°. By
Corollary 5.3.10, for some Cy,Cy > 0,
(X2 i) (UP) < CremCelo

hence

1 —oy

#(52,50)((]1') <Cres
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The result follows, since:

ngo)( U Uj) < Tugfo)(Ui), for some 1 < i <.
j=1

Corollary 5.3.18. For ¢’ > 0 sufficiently small and 0'n < 2] < Dn,
{g € H,N Bs,(2l) : tr(X;g9) # a; mod p™™* for some 1 <i < r}| > Crpe®rsl.

Proof. Let C3 > 0 be as in Proposition 5.3.17. Let ¢'n < 2ly < C3m. Since C1o, C11
in Proposition 5.3.17 were independent of Xi,...,X,, and since for all h € G,
X; =0 mod p* iff hX; =0 mod pF,

V= {g € My(Z,) : tr(X;g9) = a; mod p™** for some 1 <i <r}

satisfies the hypothesis of Lemma 5.3.13 with M = Cjpe ¢,  Hence for
2lp <20 < Dn,

1) (V) < Chpe O,

Arguing as in Corollaries 5.3.11 and 5.3.12, we have the required result. [

Theorem 5.3.19. There exist Chy, Ci5,C16 > 0 such that, for §'n < 21,2l' < Dn,
with 2U < Csm there exists g € HSY N Bs, (2(1+ 1)) such that tr(g) # +£2 mod p™

and:
‘H7(12) NCe, (g)| > 0146015l—016(m+5n).

Proof. Let hy, ho, hy € H,N Bg, (2l') be as in Proposition 5.3.15, and set hy = I5. Let
V ={g € H,NBg, (2]) : tr(h;g) Z £2 mod p™ for i = 1,2,3,4}. Applying Corollary
5318 withr =8, a1 =... =as=2;a5 = ... =ag = —2 and X; = X; 4 = h; for
1=1,2,3,4, we have, for some C}a, Ci3 > 0:

|V| Z 0126013l.
As was noted in Remark 5.3.16, for some i € {1,2,3,4},
i Cisl
[tr(h; V)| > Clhe 3 p~™.

1
In particular, there exists U C h;V consisting of at least sze% p~ "™ elements which

are pairwise non-conjugate in GG,,. It follows from Lemma 2.2.15 that for some g € U,

1

1 cqy31 —m _
|HY N Ca, (9)] > Clhe 5 p™(|G,[?) 2.

This yields the required lower bound. O
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5.3.5 Producing independent conjugates

In this section we study the adjoint action of SLy(Z,) on the Lie ring sly(Z,) of
traceless matrices over Z,. This representation is irreducible, so given traceless
X € My(Z,) \ pMs(Z,), the orbit of X spans sly(Z,). Using the concentration of
the random walk on H,,, we deduce that there exist ¢;, go € H,, such that the Z,-span
of I, X, X9, X9 contains a large ball around 0 in My(Z,).

First recall the adjoint representation Ad : SLy(Z,) — Autg, (sl2(Z,)) of SLy(Zy),
given by Ad(g)X = X9. Consider the Z,-basis B = {D; 9, E1 9, Es1} for sly(Z,),

given by:
1 0 0 1 0 0
D1,2_ ( 0 _1 > 7E1,2_ ( 0 0 ) 7E2,1 - ( 1 0 )

With respect to B, the matrix of Ad(g) is given by:
wz+xry Yr —wT

ME(Ad(g)) = 2xz 22 —x? |, where g = ( wor )

2wy —y®  w? y =z

There is a natural symmetric bilinear form (—, —) defined on M»(Q,) by:
(X)Y) =tr(X - YT).
We have:

<D1,27D1,2> == 27 <E1,27 E1,2> == 17 <E2,17 E2,1> == 17 <D1,27 E1,2> = 07 <D1,27E2,1> = 07
<E1,27 E2,1> =0.
It follows that for X,Y € sl5(Z,):

<Xg, Y) = 2((11]2 + xy)Xl,l + szLQ — wLEXQJ)Y’Ll
+(21]ZX171 + Z2X1’2 - $2X2’1)Y1,2 (54)
+H(—2wy X1 — y2X1,2 + w2X271)Y2,1'

Proposition 5.3.20. There exist Cg,Co > 0 such that, if X,Y € sly(Z,), with
X,Y #0 mod p, then for 6'n < 2] < min(Csm, Dn):

{g € H,N Bs, (20) : (X9,Y) 20 mod p™}| > Cige20!.
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Proof. Let U ={g € Bg(2l) : (X9,Y) =0 mod p™}. Let g1,...,99 € U. Recall the
matrix M (g, ..., g9) € Mg(Z,) defined in Example 5.3.14 (iv) to be:

2(w1z1+x1y1) 211 2wy 21z Z% —33% —2w1y —?J% w%

2

2(wgzg + ToYg) 2Yozg —2woTg 2Tozg 20 —Th —2weYo —Yo W3

w; X
(for g; = ( P ))

T
(X11Y1,1, X12Y11, X01Y11, X11Y12, X12Y12, X01Y12, X11Y21, X1 2Y21, X01Y21)" .

Define v(X,Y) € Z) to be:

It follows from (5.4) that:
Mgy, 99)v(X,Y) = (X9 V), ... (X% Y))T =0 mod p™

(since gi,...,90 € U). However X,Y ¢ pMy(Z,), so v(X,Y) ¢ (pZ,)°. It follows
that det(M(g1,...,99)) =0 mod p™.

As noted in Example 5.3.14 (iv), det(M (g1, ..., go)) does not vanish on SLy(Z,)°.
It follows from Corollary 5.3.10 that for some C4,Cs > 0,

(Lot )(U?) < Crem !

hence
uS(U) < e
Arguing as in Corollaries 5.3.11 and 5.3.12, the result follows. O

Corollary 5.3.21. Let X,l,m be as in Proposition 5.3.20. Then there exist
91,92 € H, N Bg, (2l) such that the following hold.

(1) For anyY € My(Z,), there exist k, \, i, v € Z,, such that,
p™ Y =kl + AX + puX9 +vX92 mod p".

(i) For any Z € sly(Z,) with Z # 0 mod p, at least one of [X,Z],[X9, Z],
[(X92. Z] 20 mod p™ (here [ X1, X2] = X1Xo — Xo X denotes the Lie bracket).

Proof. There exists W, € sly(Z,) such that W; # 0 mod p and (X,W;) = 0. By
Proposition 5.3.20, there exists ¢; € H,, N Bg, (2[) such that (X9 W) # 0 mod p™.
Now, there exists Ws € sly(Z,) such that:

W2 §é 0 HlOdp and <X, W2> = <X91,W2> =0.
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By Proposition 5.3.20 again, there exists ¢go € H, N Bg,(2l) such that
(X9 Ws) #0 mod p™. Note that:

Zp - X = {W € E[Q(Zp) : <VV, W1> = <VV, W2> = 0}
We check that g1, go have the required properties.
(i) Let Y € My(Z,). Let g1,g2 be lifts to SLa(Z,) of g1, g2, respectively. First,

Y=Y — @Ig € sly(Z,). Second,

Y W. .
Y// _ Y/ . ﬁ){gz c 5[2((@1))
satisfies (Y, Ws) = 0. Third,
Y// B
oy

satisfies (Y, W1) = (Y W,) = 0. As noted above, it follows that for some
a € Zy, Y" = aX. Altogether, we have:

tr(Y
pm—ly — I'(2 )pm—1]2 + apm—lX
+( <Y~/>W1> o <Y~/»W2> )pm_ngl + <Y~/> W2> pm—ngg'
<X917W1> <X92’W2> <X927W2>
Since ()?;T_Vi/l)’ <;;:_V;2> € Z,, our expression for p™ 1Y is of the required form

upon reducing modulo p”.

(ii) Suppose [Z, X],[Z, X9],[Z, X?] = 0 mod p™. Since Z # 0 mod p, at least
one of [Z, D1s],[Z, E12],|Z, E21] # 0 mod p. But by (i), each of p™ 1D,
P E 9, p™ 'Ey; is expressible as a Z,-combination of X, X9 X%  so
[Z,p™ D1 o), [Z,p™ B 5], [Z,p™  Ea1] =0 mod p™, a contradiction.

]

5.4 Proof of the Main Theorem

In this section we gather together the results of Section 5.3, along with those of
Section 2.6, to prove Theorem 5.2.11.

Section 5.4.1 relies only on Corollary 5.3.21. It witnesses that, given
X,Y € sl,(Z,), we can produce matrices spanning a large ball in sl,(Z,) by tak-
ing conjugates in H,, and nested brackets. In other words, our spanning matrices

shall be conjugates of a fixed matrix of the form:

[Yhe [Yhe=t Y™ X].. ] (5.5)
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Section 5.4.2 combines Theorem 5.3.19 with the approximate class equation to
produce a large set of simultaneously diagonalisable elements in HY. We shall use
these elements to produce a subset A of Z/p"Z to which the sum-product theorem
is applicable. Specifically, for g, h semisimple elements lying in the same maximal

torus, having eigenvalues A*!, u*! respectively, we have:
(1" = )g, X] = (A= A)(RXh ™" = h'Xh) (5.6)

for any 2-by-2 matrix X. Our set A is (a slight modification of) the set of u?—pu=2, as h
ranges over the intersection of our torus with HSY. This process is closely reminiscent
of an argument used crucially in [36].

In Section 5.4.3 we combine the results of Sections 5.4.1 and 5.4.2 with the sum-
product theorem. We begin with Z € sl,(Z,) lying in a sufficiently small (but still
moderately large) ball around 0. As observed in Section 5.4.3, we can write Z as
a linear combination of H,-conjugates of a nested bracket as in (5.5). Using the
sum-product results of Section 2.6, we can decompose the coefficients of this linear
combination as differences-of-sums-of-products of elements of A (up to some error).
With this decomposition in hand, we can repeatedly apply (5.6) to replace the nested
bracket by a difference-of-sums-of-conjugates of a fixed X. The conclusion is that
there exist M, N € N (depending only on S) such that every such Z is approximable

by an element of
Sy X -y x

that is, of the difference set of the M-fold sumset of the set of HfLN)-conjugates of X.

At long last, in Section 5.4.4 we deduce Theorem 5.2.11 from this last result.
Under the approximate correspondence g &~ I, + p™ X between elements g € K, and
p" X € p™sl,(Z,), products are approximated by sums and inversion is approximated
by subtraction. Taking X such that ¢ € K,, N H,(f), the fact that a large ball
in sl,(Z,) is filled (up to small error) by S XY 5, XHY translates to the
set of corresponding products of elements of H,, filling a large congruence kernel in
SLy(Z/p™7Z) (again, up to small error). Iterating the same procedure eliminates this

error and concludes the proof of Theorem 5.2.11.

5.4.1 Generating traceless matrices

Let X,Z € My(Z,) \ pMs(Z,) with p | tr(X) and tr(Z) = 0. Then by Corol-
lary 5.3.21 (ii), there exists h € H, N Bg,(2l) such that [X" Z] # 0 mod p™.
Hence, setting hy = h~! and conjugating, [Z"1,X] # 0 mod p™. Let m’ < m
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be such that [Z", X] € p™My(Z,) \ p™ T'My(Z,). tr([Z™,X]) = 0 so, apply-
ing Corollary 5.3.21 (ii) to pTln, [Z™M, X], we obtain hy € H, N Bg,(2l) such that
(2, [77, X]] £ 0 mod ™.

Iterating this argument, for any s € N, there exist hy,...,hs € H, N Bg,(2l) such
that:

X' = [Zhs (201 0 (2 X)L )] 20 mod p™.

Let m” < sm be such that X' € p™ ' My(Z,) \ p™ +'My(Z,). Let Y € My(Z,).
Applying Corollary 5.3.21 (i) to ﬁX’, we have:

PY = kI + AX + u(X)" + v(X)%2 mod p" (5.7)

for some K, \, i, v € Zy,, ¢1,92 € H, N Bg, (2]). Moreover if tr(Y) = 0 we may take

k=0.

5.4.2 Trace amplification

Recall Theorem 5.3.19:

Theorem 5.3.19. There exist Chy, Ci5,C16 > 0 such that, for §'n < 20,2I' < Dn,
with 2U' < Cym there exists g € H® N Bg, (2(1+ 1)) such that tr(g) # £2 mod p™

and:
‘Hg) N CG (g)| > 0146015Z—C16(m+6n).
Corollary 5.4.1. Under the conditions of Theorem 5.3.19,

C
[HE 0 Ciy (9)] > b Crot=Cuolomsin)

~ [SLa(p)|
Proof. There exists g9 € G,, such that:
1
H®nNc, N Kigo| > H?nC .
‘( n Gn(g)) 1gO| - |SL2(]))|| n Gn<g)|

Let ho € (HY N Ce,(g)) N K1go. Then:
{hhg' - h e (HY N Ca,(9)) N Kigo} € HyY N Cr, ().

The required result follows. O
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For such g, let A, be a root of the characteristic polynomial x,(x) = 2* —tr(g)z+1
of g. Recall that Z,[\,] is contained in O = Z,,Z,[0], Z,[\/p) or Z,[0/p], where
6 satisfies the relation 6 = «, for some o € Z, mapping to a non-square in F,.

Embedding G,, — SLy(O/(p™)), we have for some A € GLy(O):
Ay O
A _ Y
g —< 0 )\;1). (5.8)
We note an elementary piece of linear algebra:

Lemma 5.4.2. Let g be as above.

(i) A\g # ;' mod p*™.

(ii) At least of one g11 — ga2, g1.2, 921 Z 0 mod p*™.

(iii) If h € SLo(O) centralises g then h*t is congruent modulo p"~>™ to a diagonal
matriz in SLy(O).

Proof. (i) By Theorem 5.3.19, we have A, + )\g_l % +2 mod p™. First, suppose
(for a contradiction) that A\, = 1 mod p™. Then:

L=\t =201
SO Ag, )\;1 = +1 mod p™, which is impossible, by the above.

Now, suppose that Ay = A;' mod p*™. Then:

A+ DAy —1) =X (A, = A1) =0 mod p*™

g
and at least one of Ay +1,A\; —1 =0 mod p™, a contradiction.

(ii) If 911 — 922,912,921 =0 mod p?™, then:
1 =det(g) = gi, = g5, mod p*"

SO 11 = oo = +1 mod p*™ (as p is odd), and tr(g) = +2 mod p*™, a

contradiction.

(iii) Consider h* = ( Zj ﬁ ) If h centralises g, then:

(Ag = ANz, (Ag = Ay =0 mod p”
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n—2m

soxr,y =0 mod p

2n=4m 5o in particular, w, z are units in

O, and w(w™! — z) = 0 mod p*»*™. Hence z = w™' mod p**~*™. In sum-

Finally, 1 = wz — 2y = wz mod p

mary, we have:

hA = ( )(\)h /\91 ) mod pn—2m
h

for some invertible A\, € O.

Lemma 5.4.3. Let g, h, A, \;, A\, be as above. For any X € My(O),
(Ag = A (AXR™ = h71Xh) = (A2 — A;2)[g, X] mod pr—2m.

Proof. Recalling that hXh™'—h~'Xh = tr(h)[h, X], and conjugating by A, it suffices
to show that:

(A = A D[R, XA = (= A7H)[g?, X 4] mod pr=2m

But, letting X4 = ( ) and for any invertible A € O,

a b
c d
A0 _ 0 b
(525 ) xi=e-an (2 5)
and the result follows. O
Lemma 5.4.4. \2 — \,2 € Z, mod p"~%™.
Proof. Let Y = g — 4 tr(g)I5. Then:

i35 %)

In particular, A\, — A-! divides every entry of [Y4, X4] = [¢#, X*], so divides every
9 g

entry of [g, X]. Hence Zx := [g9, X] € M»(O), and:

1
Ag—Ag "

A2 =N DZx =hXh™' = A XA mod prim (5.9)

since A, — A-' 2 0 mod p?™). Now let g = [ © ¥ ). Then:
97" g Yy oz
0 1Y, [ -y (w—2) 00
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Hence by Lemma 5.4.2 (ii), Zx # 0 mod p*™ for some X € {( 8 (1) ) : ( [1) 8 )}

On the other hand, by (5.9), (A2 — \;?)Zx is congruent modulo p"~#™ to an ele-
ment of My(Z,). In particular, myn-em (A2 — X\, %) € Z/p" ™ Z. O

Lemma 5.4.5. There exist C,, Cl5, Clg > 0 such that the following holds. Let I, m
be as in Theorem 5.3.19. Then:

|7 pn—6m ({ A} — )\;2 “he HY N Cr, (V)] > C{4pC{5I*C{6(m+5n)'

Proof. Let T C 1+ pO be a set of representatives of {\, : h € HY N oy, (9)} (so
that Z contains at most one representative of each element of O/(p™)). For a € O,

suppose there exists A € Z such that:
A2 — A2 =a mod p".
Then, since A2, A2 =1 mod p, « =0 mod p. Define:
F (X)=X*"-aX?-1€O[X].

Then F,(A\) =0 mod p", but F/,(\) = 4)A3> — 2aA =4 mod p. By Hensel’s Lemma,
there is a unique X" € O such that F,(N) =0 and A = X mod p". But F,(X) has

at most 4 roots in O, so at most 4 elements A € Z satisfy \> — A\™2 = a mod p".
Setting J := {\?* — \72: X € I}, it follows that:

|T| = |Z]/4.
To summarise,
[mpnom ()] = | T /0% > |Z|/4p%™ = |Hi 1 i, (9)] /4p°™
and the result follows from Corollary 5.4.1. [

Putting everything from this section together, we obtain:

Proposition 5.4.6. There exists C(S) > 0 such that the following holds. Let v > 0
and let H,, C G,, be as in Theorem 5.2.11, with § sufficiently small (depending on ).
Then there exists A C Z/p"ZL; Y € May(Z,); xy € O such that xo #Z 0 mod pc%»d/”;
%Y € My (0); %Y s not congruent modulo p to a multiple of Iy and:

(i) |A] = (p™)“77;
(i1) For all X € My(O), x € A, there exists h € HY such that:
2[LY, X] = hXh™' = h"'Xh mod p"'=7).
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Proof. Take Y as in the proof of Lemma 5.4.4; g = A\, — )\;1. As was observed there,

%Y € My (0) is similar in My (O) to 2 ( L0

2\ o 1 ), so is not congruent modulo p to

a multiple of I5.

We take A to be a set of lifts to Z/p"Z of:
7Tpn—6m<{)\}% — )\}:2 ch c H7(14) N CKl (g)})

Such a set of lifts exists in Z/p"Z, by Lemma 5.4.4.

We may take | = 55, m = ‘Z—Z(: 20—1;) in Theorem 5.3.19, and, setting ¢ sufficiently
small depending on v, conditions (i), (ii) follow from Lemmas 5.4.5, 5.4.3, respec-
tively. ]

5.4.3 Applying the sum-product estimate
In this section we prove:

Theorem 5.4.7. There exist M, N € N, ¢,y € (0,1) (depending only on S) such
that for any 0 < v < v, and for § sufficiently small (depending on ), the following
holds. There exist i1,15 € N, with is < 11 Kg yn and i1 — s > cyn, such that for any
X, Z € My(Z,), satisfying X ¢ pMy(Z,), p | tr(X) and tr(Z) =0,

P27 € Dy X Z XY mod pit

This will follow from the construction achieved at (5.7): we take Z in place of Y
in the LHS of (5.7) and approximate the RHS by an element of EMXH’(TN) - EMXH’(ZN)
by iterating the construction achieved in Proposition 5.4.6. In so doing, we shall be
required to approximate the coefficients A, i, v appearing in (5.7) by sums-of-products
of elements of A. This we can do by using the sum-product estimates from Section
2.6. However, in order to apply Corollary 2.6.4, we must apply Proposition 5.4.6 not
to H,, C G, itself, but to mye.(H,) C Ggy, for some 5 € (0,1) (to be determined).
By Remark 2.2.14 (i), mysn(H,) still satisfies the hypothesis of Theorem 5.2.11, so
Proposition 5.4.6 is indeed applicable.

We thus obtain A C Z/p®"Z with |A| > (p?*)°~7. Let A C Z/p"Z be a set of lifts
of A. Choose vy < % We take a = % in Corollary 2.6.4 and obtain corresponding
€ > 0; 75 € Zsy. Taking 8 < €, A satisfies the conditions of Corollary 2.6.4 with

m = [n, so that there exist j < k <n, with k — j > O‘TB" and k <g fn, such that:
PZIP"T C (B, A — 5, AC), (5.10)
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Let z1,...,25 € A; k1,..., ks € Hy; X; € My(O). By Proposition 5.4.6 we have:

1 (4) (4)
xl[x—oy, X e x™ —x[" mod pr=7).

-1
Replacing X; by Xf ' and conjugating by k; in the above, we obtain:
n4Yh X € xPY Z XY mod pPn0),
Lo

We now iteratively apply this last estimate: recursively define, for 1 < N < s,
1
Xnt1 = xN[m—YkN7XN]
0

and suppose by induction that there exists Wy € My(QO) such that:

(Mpy) (Mp)
Xy =Wy mod pP=0; Wy € Sy, XY = 5y X

By Proposition 5.4.6,

Ex'hy'kn

1 -1
XN+1 = l‘N[;YkN, WN] = WN b v
0

— Wy mod p?(1=7)

for some hy € H,s4), and:
knthytky

Wy

kxihnkn MN+6) L MN+6)

— WN € Doy X Sy X

We may thus approximate X,q:

Ty T a6 )

Sk (YR [V X)) € Saen X Z s i XYY mod pfnc
(5.11)

Now consider Z: letting O be generated over Z, by 6, there exist Z;, Zy € My(Z,)

with tr(Z;) = tr(Z;) = 0 such that 23Z = Z; + 0Z,. Letting Y be as in Proposition

5.4.6 and m, m” be as in (5.7) we can write:

S
Lo

P Zy = N YR YR [V R X)) YR YR YR X9
+y[VEs [YE=1 o [YR X9 mod pn

(by (5.7)) for some \;, u;, v; € Z,. Moreover, recall from (5.7) that m+m” < (s+1)m
so that we may take m + m” <g &n (as m need only satisfy the conditions of
Proposition 5.3.20). By (5.10), there exist x4,y : Z, — A such that:

zp] Z(Hm]k Hyjk? ) HlOdpk,
j=1 k=1
pip’ = Z (H%k i) H@m(ui)) mod p",
j=1 k=1 k=1
vip) = Z (ijk i) Hyj,k(l/i)> mod p*.
j=1 k=1 k=1
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Replacing & with min(k, Sn(1 —+y)) in this last estimate, combining it with (5.11)
and setting X; = X,

zpj [Yks [Yks 1 ,[Ykl,XH] :ulp][

x Lo

Yy [yk— YR X)),

(65)

VP ke v X € S X 5 X mod o

x;

Substituting these last approximations into our expression for Z;, there exist
(65+1) (65+1)

Wi, Wy € Ygeg, X 0 — Yoe3, X such that:
prmtm” 7o = g3W; mod p”
so that:
wgp T 7 = p5(Wy + 0W,) mod pF

Finally let 7 be such that zj = 0 mod p’ but x5 # 0 mod p"™! Recall that by
Proposition 5.4.6, i <g d'n. Then:

prmtm” 7 = (W) 4+ 0Ws,) mod pF~?

In particular, since the left-hand side lies in My(Z,), Wo = 0 mod p*~*. Set
1=k —1,io =j+m+m". Then:

for ¢ sufficiently small, and i; < k <g fn. Choosing ¢ sufficiently small, we have
completed the proof of Theorem 5.4.7, with v <g 8, M = 2°3r, N = 6s + 1.

5.4.4 Generating a large subgroup

In this section we deduce Theorem 5.2.11 from Theorem 5.4.7: We shall permit
ourselves to shrink ~ as required in the sequel, making the corresponding reductions
in ¢ as we do so.

The first step is to note that H? contains elements of intermediate depth in
the filtration of G, by the K; (here “intermediate” means of depth approximately
vn). The proof we give here, though self-contained, should call to mind the kind of

arguments already employed in Section 5.3.2.

Lemma 5.4.8. There exists jo € N, satisfying yn =g jo, such that
(2
H )ﬂ( ]0\ 0+1)7é®-
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Proof. Asin Theorem 5.2.11, pg)(Hn) > |G| 7% for any | < Cylog|G,,|. There exists
g € G, such that:

21 _ _
pS) (Hy OV g ) > |Gl =2 Gl

Hence ugg)(HT(LQ) N K,,) > |Gu™|G,.]7% Arguing as in the proof of Corollary
5.3.12, it follows from Kesten’s Theorem and the strong Diophantine hypothesis that
for 41 < Dn,

He (HP 0 Kop) \{1}) 5 [Gal |G| > — €'

> 676(25+’y)n10gp . eszl_

We set | = C'yn, for C' > 0 sufficiently large that e 6(20+vnlogr _ ¢=Csl ~ (. For ~
sufficiently small (depending on C”), 41 < Dn is satisfied.

The conclusion is that there exists h € H\> N Bg, (41) such that h = I, mod p™
but h # I, and in particular, one of hy9,ha1,hi1 — hoo # 0. Now each of hy o, ho;
and hy; — heo are expressible as a homogeneous polynomial, of degree at most 4/,
and consisting of at most 23*! signed monic monomials, in the set A of entries of the
elements of S, and A is a C-strongly Diophantine set for some C' > 0. It follows that

one of hy2,ho1,h11 — heo #0 mod p™ whenever:
m > C(log(2371) +4l) = CC'(4 + 3log 2)yn + C'log 2,

so that h ¢ K, for such m. Therefore for some yn < j, < CC'(4 + 3log2)yn,
h e K;,\ Kj+1, as required. O

Henceforth we let M, N,i1,75 be as in Theorem 5.4.7. Our next Lemma ex-
ploits the correspondence between SLy(Z,) and sly(Z,): given g € K;, there exists
Z € sly(Z,) such that I, + p'Z is a good approximation to g. Conversely, given
Z € sly(Z,), I + p'Z may be approximated by some g € K;. Using Theorem 5.4.7,
we can quantify this last statement: under appropriate hypotheses, our approximation

g to Ir + p'Z may be chosen to lie within some small power of H,,.

Lemma 5.4.9. Suppose that, for some K,i € N, with i > 1y, there exists
ge HMn (Ki \ Kiy1). Then, for all Z € My(Z,) satisfying tr(Z) =0,

I + ptizz € FEMEHMN) - 6q pitin,
Proof. Let X € My(Z,) \ pMs(Z,) be such that g = I + p'X. We have:
1 =det(g) = 14 p’ tr(X) + p* det(X)

so that tr(X) =0 mod p'.
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Hence:
gl=0L—-p X +ptr(X), =, —p'X mod p*.

Apply Theorem 5.4.7 to X, Z, so that there exist hy, ..., has, by, ..., hy, € H™) such
that:

prZ=XM 4. 4 XM - XM~ — X" mod pht.
Then:

L+pT2Z = L+ pX)" - (L +p' X)"™ (I, — p'X)" - (I, — pP'X)"™ mod p'*™
gh1 . .ghM(gfl)h’l L. (gfl)th mod pZi

as required. O

We can now argue inductively (taking Lemma 5.4.8 as our base case and iteratively
applying Lemma 5.4.9). The upshot shall be that a small power of H, contains
elements at most levels of the filtration of G, by the K.

Proposition 5.4.10. Let jo € N be as in Lemma 5.4.8. For r € N, let

N, = M) (3225 +2) — 38 Then for any jo + ris < j < jo + r(iy — 1), there

exists g; € HM N (K \ Kjt1).

Proof. We proceed by induction on r. The base case r = 0 is immediate from Lemma

5.4.8. Let r > 0 and suppose the claim holds up to r. Let:
Jo+ (r+1)ia <j<jo+ (r+1)(i —1).
Let i5 < j' <y — 1 be such that:
Jo+ria < j—j < jo+r(in—1).

Let iy € HN 0 (Kj_j \ Kj_y41). Let Z € p/'~2My(Z,) \ pP'~ 2" My(Z,) with
tr(Z) = 0. By Lemma 5.4.9, there exists g; € HEMNAAMN) - Ne) ach that
g; = I +p*"77'Z mod p"*™7'. In particular, g; € K; \ Kjy1. O

Since iy < i1 Kg YN, i1 —iy > yen, we have is < i1(1 —¢) (replacing ¢ by a smaller
constant if required). Choose n sufficiently large (depending on ) such that i <3.
Let ro be sufficiently large that:

ro+ 1 2—c 1-1

< < al 5.12
70 2—2c 1—c ( )

so that ia(r9 + 1) < i1(ro + 1)(1 — ¢) < ro(iy — 1). Hence, for r > 1o, if j satisfies:
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Jo+r(ii—1)<j<jo+(r+1)(iy —1)

then jo + (r + 1)is < j < jo+ (r + 1)(41 — 1) so that, by Proposition 5.4.10,
HN 0 (K \ Kj) # 0.

Now take R € N satistying:

2
R>— (5.13)
Y

so that n < jo+R(i1—1). Thus for any jo+ro(i1—1) < j < n, HY ( Ki\Kj1) # 0.
Applying Lemma 5.4.9, we conclude:

Lemma 5.4.11. Let ry be as in (5.12). For every jo+ ro(iy — 1) < j <n —i; and
every Z € My(Z,) satisfying tr(Z) = 0,

L+ptez ¢ HN) mod piri,
As a consequence, we have:
Theorem 5.4.12. Let i3 = jo+ro(iy — 1) +iz. Let R’ € N satisfy R’ > % Then:
K, € H{)
Proof. We shall prove by induction on R’ € N that, if:
is+ R(iy — is) < j < iz + (R + 1)(6, — i2) (5.14)
and Z € My(Z,) satisfies det(lo +pZ) =1 mod p’ then:
I+ p®Z € HF+DNre)  mod /. (5.15)

In particular, taking j = n, we obtain the required result for R’ as in the statement.
In the base case R’ = 0, supposing that i3 < j < i3 + i; — o, and letting Z be
such that:

det(lo +pZ) =1+ p"tr(Z) + p** det(Z) =1 mod p?,
tr(Z) = 0 mod p/~%, since i3 > 43 — in. Let W € Mjy(Z,) be such that
tr(Z + p~BW) = 0, so that:
L+ p2Z + pW e HN ) mod pis+ii—ia

by Lemma 5.4.11. Hence I, + p*Z € H{"™" mod pi.

Suppose our claim (5.15) holds up to j = j' < n — iy + iy, with R’ as in (5 14)
We show the claim holds for ' < j < 3+ iy —iy. Let K € N and let g € HE) be
such that g = I, + pZ mod p7.
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Then for some W € My(Z,),
(L+p*2)g = L+p'W
S0:
1+ tr(W) + p¥ det(W) = det(I, + p?' W)
= det((Il2 +p"Z)g™")
= det(I, + p*Z)
=1 mod p’.
Hence p' 7" | tr(W). Let V € My(Z,) be such that tr(W + p’'V) = 0. Then by

Lemma 5.4.11 again,
L+p'(Wp V) =L+ p' W+ pV e H™ mod pi'+i—iz
so that I, + p/' W € H{"* mod p/. Hence:
L+pZ = (I +p'W)g € HE ™) mod p.
The required result follows by induction. O

Why does the containment K;, C HENm ) from Theorem 5.4.12 constitute a
proof of Theorem 5.2.117 Recall from the statement of Theorem 5.4.12 that:

i3 = jo +ro(in — 1) +ip
where:
(i) 71,19 are as defined in Theorem 5.4.7: they satisfy i1 =g yn, is <g Yn;
(ii) jo is as defined in Lemma 5.4.8: it satisfies jo =<g yn;

(iii) 7o is as defined at (5.12): it need only satisfy:

T0+1 2—C
<
To 2 —2c

where ¢ = ¢(S) is as in the statement of Theorem 5.4.7. In particular we may

take ¢ to depend only on S.

Overall then, i3 <g vn, as required. Next, recall from the statement of Proposition

5.4.10 that:

AMN AMN
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where M, N are as in Theorem 5.4.7 (they depend only on S). Moreover, R is
introduced at (5.13); it need only satisfy the condition R > 2/c¢y, where ¢, once again,
is as in the statement of Theorem 5.4.7. Specifically, we can take R to depend on
S and v alone, so that the same holds for Ngy;. Finally, R was introduced in the
statement of Theorem 5.4.12, and subject only to the condition R’ > (n—is)/(iy —i2).
As explained above, i3 <g yn and, according to the statement of Theorem 5.4.7,
11 — 19 > cyn, SO:

n — i3 < 1

- - <5 —.
11 — 12 Y

We may thus take R'Ngp,; to be a function of v and S alone. This concludes the
proof of Theorem 5.2.11, and hence that of Theorem 5.1.1.

5.5 What’s Next?

5.5.1 The higher-rank case SL;(Z,)

Replacing SLy with SL; throughout, a very similar argument would yield the analogue
of Theorem 5.1.1 for SL4(Z,). To be explicit:

Theorem 5.5.1. Let S C SL4(Z,) be a finite symmetric set, generating a subgroup
I whose closure T in SL4(Z,) is open. Let A C Z, be the set of entries occurring in
elements of S. Suppose that A is strongly Diophantine. Then (mpn (L), mpn(S))n is a

family of two-sided expanders.

As in the SLs case, the result is due to Bourgain and Gamburd for generating sets
supported over Z [7], and once again, their argument goes through without changes
once we have pushed our non-concentration estimates down into the congruence quo-
tients (using the strong Diophantine hypothesis).

In terms of establishing non-concentration in subvarieties, the only stage at which
the proof in higher rank differs substantially from the case of SL, is when we produce
a large set of simultaneously diagonalizable elements. Recall that for SL, this was
achieved in Section 5.3.4, using the fact that elements without repeated eigenvalues
are characterised by their trace. Such a characterisation clearly breaks down in higher
rank, so a different approach is needed. Following [7], we note that an element
g € SL4(Z,) has a repeated eigenvalue in some field extension if and only if the
Sylvester determinant Res(xg,xg) vanishes, so such elements satisfy a non-trivial

polynomial identity. In practice, we shall further require non-vanishing estimates
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for the Sylvester determinant applied to translates gh of g, which are uniform in
the translating element h € SL4(Z,). This is more tricky, but can still be done by
considering a sufficiently large tuple of solutions gy, ..., g., as was done in Sections

5.3.4 and 5.3.5. These ideas are to be explored in detail elsewhere.

5.5.2 Diophantine generating sets

In Chapter 1 we hinted at an analogy between Theorem 5.1.1 and the result of [8] on
spectral gap in SU(2). Let us now pursue that analogy a little further. In [8] spectral
gap was proved for the action of generating set of dense subgroups in SU(2) satisfying

the following condition:

Definition 5.5.2. A finite symmetric subset S C SU(2) is Diophantine if there exists
D(S) € (0,1) such that for any n € N and any w € Bg(n), either w = +1I5 or:

|lw + || > D"

Here ||-|| is the 2>-norm on M, (C). In other words, we must apply the multipli-
cation operation in the group many times to S to produce an element lying close to
{£15} but outside it.

Taking cosets of the congruence kernels K, as our neighbourhoods, there is an

obvious corresponding notion of a Diophantine subset of SLy(Z,):

Definition 5.5.3. A finite symmetric subset S C SLo(Z,) is Diophantine if there
exists C' > 0 such that for any n € N and any w € Bg(n), either w = +Iy or
Tw ¢ KCn'

Compare this with the strong Diophantine condition introduced in Section 5.3.1:
there we had a subset of Z, and could not produce an element of small p-adic norm
without applying the ring operations to our set many times. Considering the poly-

nomials f1(g) = g1.2, f2(9) = 92,1, f3(9) = 91,1 — 922, for g € SLa(Z,), and applying
Proposition 5.3.2, we deduce:

Proposition 5.5.4. Let S C SLy(Z,) be finite symmetric. Let A C Z, be the set
of entries occurring in elements of S. Suppose that for every a € A, there exists
fo(X) € Q[X] such that f,(a) =0. Then S is Diophantine.

Given the result of [8], it is plausible that a Diophantine generating set is all that
is needed to produce spectral gap results is p-adic groups too. We therefore propose

the following generalization of Theorem 5.1.1:
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Conjecture 5.5.5. Let S C SLy(Z,) be a finite symmetric set, generating a sub-
group T' whose closure T in SLy(Z,) is open. Suppose S is Diophantine. Then
(pn (L), mpn (S))n is an expander family.

The obvious difficulty in applying the methods of this chapter to Conjecture 5.5.5
is the recovery of the non-concentration results of Section 5.3. There, the strong
Diophantine hypothesis allowed us to take the upper bound from Theorem 5.3.8 on
the return probability of the random walk to the subvariety defined by a homogeneous
polynomial, and upgrade it to a bound on the return probability to a corresponding
sublevel set. It may be too much to hope for that the same should be achievable only
under the hypothesis of a Diophantine generating set for an arbitrary such polynomial,
but we may still expect to be able to obtain bounds for the specific polynomials used
in Sections 5.3.4 and 5.3.5.

5.5.3 Towards a positive-characteristic analogue

Taking the application of the Solovay-Kitaev procedure to expanders explored in
this chapter, together with our analysis of the Solovay-Kitaev procedure for groups
with an analytic structure over other pro-p domains such as F,[[¢]], leads one to the
possibility of constructing expander congruence quotients for these groups as well.
Certainly such groups are sufficiently quasirandom to make relevant the Bourgain-
Gamburd machinery [43].

What about the non-concentration of the random walk in algebraic subvarieties?
For the very simplest case of the group SLy(FF,[[t]]), and for generators supported over
IF,[t], this is provided for by our work in Chapter 4 (specifically by Theorem 4.1.1).

We therefore propose:

Conjecture 5.5.6. Let S C SLy(F,[t]) be a finite symmetric set, generating a non-
elementary subgroup T. Then (7w (L), 7 (S))n is a family of two-sided expanders,
where mm : SLo(F,[[t]]) — SLa(F,[t]/(t")) is the congruence map.

Indeed, Theorem 4.1.1 was originally proved as a tool with which to attack this
conjecture. The analogue for SLy(F,[t]/(¢")) of the remainder of Section 5.3 and
Sections 5.4.1 and 5.4.2 then goes through without changes.

Problems arise, however, when we reach the stage of the argument at which the
results on sum-product are required. To the author’s knowledge, versions of Bour-
gain’s results on Z/p"Z for the ring F,[t]/(t") are not known at this time (though
Bourgain has suggested [4] that F,[t]/(t") may be susceptible to analysis by the same
kind of tools employed in [3]).
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In any case, the most obvious analogue of Proposition 2.6.3 for F,[¢]/(t"), namely:

Not-a-Theorem 5.5.7. For all oy, a0 > 0, there exists € > 0; r, s € Z~q such that,
for A CF,[t]/(t") satisfying:

|em (A)] > p™*™ whenever n > m > en,
there exists 0 < k < agn such that:
(") /(") C X, A — %, A®),

is plainly false. For let A = m (F,[t?]). Then for any ay € (0,1), € > 0 and

n > m > en, A satisfies:
|mem (A)] > por

provided n is sufficiently large. But 3,A®) — ¥, A®) = A for all r,s € Z-, as A
is a subring of F,[t]/(t"), and A does not contain any non-trivial ideal (t*)/(¢") of
F,[t]/(t") (except (t"1)/(t"), when n is odd).

A stronger hypothesis on A would appear to be called for, then, perhaps requiring
that the subring of IF,[t]/(t") generated by A contains a large ideal. Even if such a
result on sum-product growth were to hold though, its hypothesis would not obviously
apply to the set A constructed in Section 5.4.2: the constraints on A coming from
Proposition 5.4.6 do not obviously preclude A from generating a smaller subring.

As a model case of Conjecture 5.5.6, it might be instructive to investigate subring
subgroups of SLa(F,[t]/(t")), such as the congruence image of SLy(F,[t?]), and aim
for a proof that the random walk does not concentrate in these subgroups (assuming
all reasonable claims about the sum-product phenomenon in F,[t]/(")). The tools
used in such a proof may be applicable to filling this particular gap in the proof of
Conjecture 5.5.6.
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discrete valuation, 41
expander, 5, 24
FADb, 13, 66

girth, 7, 18
group sieve, 11, 17

(?>-flattening, 28
Nottingham group, 52

p-adic analytic group, 44

powerful pro-p group, 45
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