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Abstract

This thesis concerns the diameter and spectral gap of finite groups. Our fo-

cus shall be on the asymptotic behaviour of these quantities for sequences

of finite groups arising as quotients of a fixed infinite group.

In Chapter 3 we give new upper bounds for the diameters of finite groups

which do not depend on a choice of generating set. Our method exploits

the commutator structure of certain profinite groups, in a fashion anal-

ogous to the Solovay-Kitaev procedure from quantum computation. We

obtain polylogarithmic upper bounds for the diameters of finite quotients

of: groups with an analytic structure over a pro-p domain (with exponent

depending on the dimension); Chevalley groups over a pro-p domain (with

exponent independent of the dimension) and the Nottingham group of a

finite field. We also discuss some consequences of our results for random

walks on groups.

In Chapter 4 we construct new examples of expander Cayley graphs of fi-

nite groups, arising as congruence quotients of non-elementary subgroups

of SL2(Fp[t]) modulo certain square-free ideals. We describe some applica-

tions of our results to simple random walks on such subgroups, specifically

giving bounds on the rate of escape from algebraic subvarieties, the set of

squares and the set of elements with reducible characteristic polynomial

in SL2(Fp[t]).

Finally, in Chapter 5 we produce new expander congruence quotients of

SL2(Zp), generalising work of Bourgain and Gamburd [6]. The proof com-

bines the Solovay-Kitaev procedure with a quantitative analysis of the

algebraic geometry of these groups, which in turn relies on previously

known examples of expanders.
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Chapter 1

Introduction

In so far as this thesis has a single unifying theme, it is this: given a finite group G

and a generating set S ⊂ G, what does it mean to say that S generates G “quickly”

or “efficiently”, and for which pairs (G,S) is such “efficient” generation achieved?

Of course, how we answer the first question will determine the kind of answers we

can expect to obtain to the second, and the route by which we shall arrive at them.

Here we shall focus on two possible interpretations: the diameter and spectral gap of

(G,S).

1.1 What Is Diameter?

The diameter of the pair (G,S) simply measures the length of words in the generators

S needed to express elements of G. To be precise, we define:

diam(G,S) = min{n ∈ N : BS(n) = G}

where BS(n) is the (closed) ball of radius n in the word metric induced on G by S.

That is:

BS(n) = {s1 · · · sn : s1, . . . , sn ∈ S ∪ S−1 ∪ {1}}.

Alternatively, and for ease of visualisation, diam(G,S) is precisely the diameter of

the Cayley graph Cay(G,S), equipped with the standard path metric.

It is intuitive to regard S as generating G “efficiently” if we can give a suitably

small upper bound for diam(G,S). Such bounds are usually expressed as a function

of the order |G| of G.

For a given group G, diam(G,S) shall depend greatly on the choice of a generating

set S: if |S| is fixed then a simple counting argument shows that diam(G,S) is
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bounded below by a logarithmic function of |G|. On the other hand, for any finite

group G, diam(G,G) = 1.

This example should serve as a warning: we cannot expect the quantity diam(G,S)

to contain any interesting information about G if we permit ourselves to choose the

generating set S arbitrarily. To avoid such arbitrary choices, among other reasons,

it is desirable to define a notion of diameter for G which is an invariant of the group

alone.

There are several reasonable ways to do this: one may for example fix the size of

S and study the minimal possible value of diam(G,S), as S varies. One may also ask

about the value of diam(G,S) for generic subsets S, if it indeed makes sense to talk

about the generic behaviour of diam(G,S). The notion of diameter studied in this

work, however, shall be the so-called worst-case diameter of G, defined by:

diam(G) = max{diam(G,S) : S ⊆ G, 〈S〉 = G}.

This definition has the obvious advantage that an upper bound for diam(G) contains

some information about any particular generating set S with which we may happen

to be working; it is in this sense always able to be turned to our needs. The downside

is that the upper bound may not be optimal for our chosen generating set (or for any

generating set at all, for that matter).

For which groups might one study diam(G)? One class which has attracted sub-

stantial attention is the finite simple groups. The key conjecture in this area is the

following, due to Babai.

Conjecture 1.1.1 ([1], 1992). There exists an absolute constant C > 0 such that if

G is a non-abelian finite simple group, then:

diam(G) ≤ C(log|G|)C.

This conjecture is still a long way from being proved, though substantial progress

has been made in recent years. The first major case to fall was that of PSL2(p) (p

prime), which was dealt with by Helfgott. Indeed, his proof yielded a stronger result:

Theorem 1.1.2 ([36], 2005). For all δ > 0, there exist C(δ), D(δ), ε(δ) > 0 such

that, for any prime p and any generating set S ⊆ PSL2(p), the following holds.

(i) If |S| < |PSL2(p)|1−δ then |S · S · S| > C|S|1+ε.

(ii) If |S| > |PSL2(p)|δ, then diam(PSL2(p), S) ≤ D. (In fact, Nikolov and Pyber

[63], building on work of Gowers [34], observed that if δ > 8/9, we may take

D = 3.)
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Why does this imply the desired polylogarithmic diameter bound? First, re-

placing S by BS(l0) for l0 an absolute constant, we may assume |S| is bigger than

any absolute constant. Second, we apply (i) iteratively to obtain l ∈ N such that

|BS(l)| > |PSL2(p)|δ0 for δ0 > 0 an absolute constant (here l may be taken to be at

most polylogarithmic in |PSL2(p)|). Finally, we apply (ii) to obtain

BS(Dl) = PSL2(p).

Following the initial breakthrough of Helfgott’s paper there was a flurry of results

generalising his methods to other finite simple groups of Lie type, and versions of

Theorem 1.1.2 were quickly provided for PSL3(p) (by Helfgott in 2008 [37]) and for

PSL2(q) for q an arbitrary prime power (by Dinai in 2009 [27] and Varjú in 2010 [77]).

The current state of the art in this direction is contained in independent works of

Breuillard, Green and Tao [18] and Pyber and Szabó [66] from 2010. They showed

that the analogue of Helfgott’s result holds for any family of finite simple groups of

Lie type of bounded Lie rank. Consequently, a weaker version of Babai’s bound is

now known to hold, in which the constant C depends on the Lie rank of G. This

issue of dependence on Lie rank in diameter bounds is one to which we shall return

in discussing our new results.

Meanwhile, the best currently known bounds for the diameters of the alternating

groups An appeared in [39] in 2011, where the upper bound:

diam(An) ≤ exp(C(log n)4 log log n)

was given (with C an absolute constant). This falls short of the polylogarithmic upper

bound which is demanded by Conjecture 1.1.1 (and which has been expected for much

longer: the particular case of Babai’s conjecture for An is regarded as folkloric). It

should however be noted that the much better bound Cn2(log n)C has since been

proved for random generators [40].

It bears mention at this juncture that the aforementioned results on groups of Lie

type did not develop in isolation. A key motivation driving the rapid development

of this subject has been the remarkable applications such results on product growth

have to expansion phenomena, first discovered by Bourgain and Gamburd [5]. We

shall return to discuss these applications shortly.
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1.2 The Solovay-Kitaev Procedure

Simple groups did not provide the first examples of families of groups with a poly-

logarithmic upper bound for diam. These were due to Gamburd and Shahshahani,

who observed that such a bound held for the sequence SL2(Z/pnZ) (with p fixed and

n varying).

Theorem 1.2.1 ([33], 2004). Let p be an odd prime. Then there exist C1(p) > 0 and

an absolute constant C2 > 0 such that, for all n ∈ N,

diam(SL2(Z/pnZ)) ≤ C1(log|SL2(Z/pnZ)|)C2.

Even better, it is possible to give an explicit numerical estimate for C2, of approx-

imately 8.71.

When n is large, SL2(Z/pnZ) is very much unlike a finite simple group such as

PSL2(Fq): SL2(Z/pnZ) has many large normal subgroups, arising as the kernels of

congruence maps SL2(Z/pnZ) → SL2(Z/pmZ) for m ≤ n. The presence of such

congruence kernels is both a blessing and a curse. On the one hand, a clean statement

about the growth of arbitrary subsets à la Theorem 1.1.2 becomes less accessible (there

are in some sense too many subgroups in which a generating set may become partially

trapped). On the other, the filtration by the congruence kernels opens the way to

arguments by induction on the level of the filtration.

The proof of Gamburd and Shahshahani’s result takes this form. The inspira-

tion for their particular proof came from the world of quantum computation, and

specifically from the Solovay-Kitaev procedure used in the construction of efficient

quantum compilers. In group-theoretic terms, this is an algorithm which, given a

finite symmetric subset S of SU(d) generating a dense subgroup, and an arbitrary

element g ∈ SU(d), writes a short word in S approximating g up to small error. We

expound further on the quantum compilation problem in Section 3.1.1.

The procedure relies only on a few key properties of SU(d), concerning commutator

words. Gamburd and Shahshahani’s insight was that these properties translate to the

setting of the group SL2(Zp), where we interpret “approximation up to small error”

as agreement up to some congruence kernel Kn = SL2(Zp) ∩ (I2 + pnM2(Zp)), for n

sufficiently large. In this context, writing every element of SL2(Zp) as a short word up

to an error in Kn is equivalent to giving a small upper bound for diam(SL2(Z/pnZ)).

As hinted already, an additional virtue of diameter bounds proved via the Solovay-

Kitaev method is that the implied constants are reasonably small and may be explic-

itly computed. The constants appearing in Theorem 1.2.1 were improved by Dinai
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[28], using the theory of p-adic analytic groups. He then extended Theorem 1.2.1 to

other Chevalley groups over Zp [29].

Our contribution to this field is the development of an abstract group-theoretic

formulation of the Solovay-Kitaev procedure for profinite groups, which is sufficiently

flexible as to be applicable to a much broader range of examples than has been

considered previously [12]. This shall be the subject of Chapter 3.

1.3 What Is Spectral Gap?

Meanwhile the spectral gap of the pair (G,S) is a quantitative measure of the connec-

tivity of (G,S) and controls the equidistribution of the simple random walk on (G,S).

In Chapter 2 we shall give a purely algebraic account of spectral gap, but for now

it shall be a little easier to motivate with reference to the Cayley graph Cay(G,S).

In common with any finite graph, Cay(G,S) has a (normalised) adjacency matrix

AS ∈ M|G|(R). If S ⊆ G is symmetric, then AS is a non-negative symmetric matrix

of operator norm 1; its spectrum σ(AS) is a finite subset of [−1, 1]. If S generates G,

so that Cay(G,S) is connected, then 1 is a simple eigenvalue of AS. In this case we

define the spectral gap or expansion of (G,S) to be:

ε(G,S) = min{1− |λ| : λ ∈ σ(AS) \ {1}}.

We view S as generating G “efficiently” if ε(G,S) is large. How can we make this

intuitive? It may be shown that, taking a simple random walk on Cay(G,S), the

probability µ
(l)
S (g) of reaching a vertex g at time l differs from 1/|G| (that is, the weight

assigned to g by the uniform distribution on the vertices) by at most (1− ε)l. If the

spectral gap is large, therefore, the sequence of probability distributions (µ
(l)
S )l arising

from the random walk on Cay(G,S) converge quickly to the uniform distribution. In

other words, for some reasonably small l, an approximately equal proportion of the

(unreduced) words of length l in S are equal in G to each element g.

As with diameter, it is easy to “force” efficient generation by taking S to be

very large (for instance taking S = G). A problem which has been of great interest

to both pure mathematicians and computer scientists for many years is to produce

sequences (Gn, Sn) where the Gn are of unbounded size, the Sn are of bounded size

and the ε(Gn, Sn) remain large. If ε(Gn, Sn) may be bounded away from zero by a

constant independent of n, then such a sequence is known as a (two-sided) expander

family (see [41] and [54] for an overview of the diverse applications of expanders across

mathematics).
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The first examples of expander families were produced by Margulis [61], exploiting

Kazhdan’s property (T ). We shall not define property (T ) precisely, but it is a

powerful representation-theoretic rigidity property of groups, which is satisfied by all

lattices in higher-rank simple Lie groups over local fields. Margulis’ observation was

that if the Gn arise as finite quotients of a fixed property (T ) group G, and the Sn are

the images in these quotients of a fixed finite generating set S for G, then (Gn, Sn)

is an expander family (for parity reasons, we assume for now that 1 ∈ S, though in

many cases this shall not be strictly necessary).

Example 1.3.1 (Margulis). Let d ≥ 3 and let S ⊆ SLd(Z) be a finite symmetric set,

generating a finite index subgroup, and such that Id ∈ S. Then there exists q0(S) ∈ N
such that (SLd(Z/qZ), πq(S))(q,q0)=1 is an expander family.

Here πq : SLd(Z) � SLd(Z/qZ) is the congruence map. Meanwhile, expander

congruence quotients of SL2(Z) arose from Selberg’s famous 3/16 Theorem on con-

gruence covers of arithmetic manifolds [72]. Historically Selberg’s result preceded

Margulis’ work on property (T ) groups, but the connections with expansion were not

noted until later [58].

Example 1.3.2 (Selberg). Let S ⊆ SL2(Z) be a finite symmetric set, generating a

finite index subgroup, and such that I2 ∈ S. Then there exists p0(S) ∈ N such that

(SL2(Fp), πp(S))p≥p0 prime is an expander family.

1.4 The Age of the Machine

By the turn of the new millennium, property (T ) and Selberg’s Theorem had de-

livered numerous examples of expander families, but the mathematical community’s

understanding of expansion in groups was still unsatisfactory in a number of ways.

The limitations of the available tools were neatly illustrated by Lubotzky in his 1-2-3

Problem [53]. For a ∈ Z, define:

xa =

(
1 a
0 1

)
, ya =

(
1 0
a 1

)
∈ SL2(Z)

and let Sa = {x±1
a , y±1

a , I2}. For p prime let πp : SL2(Z)→ SL2(p) be the congruence

map. Then for p ≥ 5, πp(Sa) generates SL2(p).

(i) If a = 1, then 〈Sa〉 = SL2(Z), so by Selberg’s Theorem (SL2(p), πp(S1))p is an

expander family.
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(ii) If a = 2, then 〈Sa〉 ≤ SL2(Z) has finite index, so once again by Selberg’s

Theorem (SL2(p), πp(S2))p is an expander family.

(iii) If a = 3, then 〈Sa〉 ≤ SL2(Z) has infinite index, so Selberg’s Theorem cannot

determine whether or not (SL2(p), πp(S3))p is an expander family.

This is in spite of the fact that, from the point of view of finite groups, πp(S3) is

almost exactly the same as πp(S1) or πp(S2): in each case xa and ya are generators

for the same pair of unipotent subgroups.

Lubotzky’s problem was eventually resolved in the breakthrough paper of Bour-

gain and Gamburd [5] (first announced in 2006), which has inspired much of the work

on constructions of expanders since. The main result of that paper was:

Theorem 1.4.1. For any k ∈ N≥2 and τ > 0, there exists ε(k, τ) > 0 such that the

following holds. Let p be a sufficiently large prime (depending on k and τ), and let

S ⊆ SL2(Fp) be of order 2k. Suppose that:

girth(SL2(Fp), S) ≥ τ log p

Then the spectral gap of (SL2(Fp), S) is at least ε.

Here, for G a group and S ⊆ G, the girth of the pair (G,S) is the length of

the shortest non-trivial reduced word in S which is equal to 1 in G. In other words,

girth(G,S) is the length of the shortest embedded loop in the Cayley graph Cay(G,S)

(or girth(G,S) =∞ if no such loop exists; in this case G is freely generated by S).

Now, if S ⊆ SL2(Z) is a free generating set for a non-abelian free subgroup, it may

be seen that the congruence images πp(S) satisfy the girth hypothesis in Theorem

1.4.1. For if w is a non-trivial reduced word in S, and πp(w) = 1, then some non-zero

coefficient of w is divisible by p. A simple estimate of euclidean norms shows that

any such w must be of length �S log p. Using the Tits alternative, we can generalise

the conclusion of Theorem 1.4.1 to congruence images of any subset generating a

non-elementary subgroup, and thereby obtain:

Theorem 1.4.2. Let S ⊆ SL2(Z) be a finite symmetric subset. Suppose that 〈S〉 is

Zariski-dense in SL2(R). Then there exists p0(S) ∈ N such that:

(SL2(Fp), πp(S))p≥p0 prime

is an expander family.
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Recall that in SL2(R), a subgroup is Zariski-dense iff it is not virtually soluble. In

particular, all the subsets Sa described in the 1-2-3 problem above have this property.

Significant though Theorem 1.4.1 may be in its own right, a greater part of the

interest in [5] arose from the fact that the proof of Theorem 1.4.1 was based on a new

procedure for constructing expanders, exploiting results from additive combinatorics,

and which proved to be applicable to many other families of groups. This procedure,

which has come to be known as the Bourgain-Gamburd machine, will be described

in detail in Section 2.2. Roughly speaking though, the machine tells us that the

expansion of a pair (G,S) may be guaranteed by three hypotheses. The first is that

G should be highly quasirandom, meaning thatG has no small-dimensional non-trivial

complex representations. There are good classical estimates of quasirandomness for

many familiar families of finite groups, including finite simple groups of Lie type.

The combinatorics of quasirandom groups was studied by Gowers [34], who coined

the term, but its connection with expansion was first noted by Sarnak and Xue [70].

Suppose AS has an eigenvalue λ of modulus close to 1, so that the expansion is weak.

The eigenspace of λ is a subrepresentation of the right-regular representation of G,

so by quasirandomness has large dimension. This places a substantial lower bound

on tr(A2l
S ).

Proving expansion therefore reduces to showing that tr(A2l
S ) decays quickly. Suf-

ficient conditions for such decay come from the non-commutative Balog-Szemerédi-

Gowers Theorem, due to Tao [75], which tells us that if decay fails, the measure µ
(2l)
S

must concentrate somewhat on a small approximate subgroup A of G (that is, a sym-

metric subset containing 1 such that AA is covered by a small number of translates of

A). Some papers utilising the Bourgain-Gamburd machine have tackled the problem

of excluding this possibility head-on, but we can reduce the problem still further if

G satisfies a product theorem. All finite groups have some obvious approximate sub-

groups: if A is already almost the whole of G, or is almost a proper subgroup of G,

then A will not grow much under multiplication with itself. A product theorem says

roughly that these are the only possibilities. Upon closer inspection, this is precisely

what the results on growth in finite simple groups of Helfgott [36]; Breuillard-Green-

Tao [18]; Pyber-Szabó [66] and the other authors discussed above (in the context of

bounds on diameter) tell us: any subset which is not trapped in terms of a proper

subgroup must grow quickly under multiplication with itself, and as such cannot be

an approximate subgroup.

Expansion is thereby reduced to showing that µ
(2l)
S escapes quickly from proper

subgroups of G. It should be noted that this is the only point at which the set S enters
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the argument. We therefore usually expect some information about the geometry of

S to be crucially involved in proving non-concentration in subgroups.

The years since Bourgain and Gamburd’s initial paper have seen a flood of results

which used the machine to construct new families of expanders. The construction of

expander congruence quotients of linear algebraic groups has remained a very fruitful

direction of enquiry in this context, following on from Theorem 1.4.2. In this vein,

we now know that the following are also expander families:

(i) (SL2(Z/qZ), πq(S)), for S ⊆ SL2(Z) generating a Zariski-dense subgroup, q

ranging over all square-free positive integers coprime to some q0(S) ∈ N (Bourgain-

Gamburd-Sarnak, 2008 [10]);

(ii) (SL2(Z/pnZ), πpn(S)), for S ⊆ SL2(Z) generating a Zariski-dense subgroup, p a

fixed sufficiently large prime and n ranging over N (Bourgain-Gamburd, 2008

[6]);

(iii) (SLd(Z/pnZ), πpn(S)), for d ≥ 2, S ⊆ SLd(Z) generating a Zariski-dense sub-

group, p a fixed sufficiently large prime and n ranging over N; (SL3(Fp), πp(S)),

for S ⊆ SL3(Z) generating a Zariski-dense subgroup, p ranging over all suffi-

ciently large primes (Bourgain-Gamburd, 2008 [7]);

(iv) (SL2(OK/I), πI(S)), for OK the ring of integers of some number field K,

S ⊆ SL2(OK) generating a Zariski-dense subgroup, I ⊆ OK ranging over square-

free ideals prime to some ideal J(S) ⊆ OK ; (SL3(Z/qZ), πq(S)), for S ⊆ SL3(Z)

generating a Zariski-dense subgroup, q ranging over all square-free positive in-

tegers coprime to some q0(S) ∈ N (Varjú, 2010 [77]);

(v) (SLd(Fp), πp(S)), for d ≥ 2, S ⊆ SLd(Z) generating a Zariski-dense subgroup, p

ranging over all sufficiently large primes (Breuillard-Green-Tao, 2010 [18]);

(vi) (SLd(Z/qZ), πq(S)), for S ⊆ SLd(Z) generating a Zariski-dense subgroup, q

ranging over all positive integers coprime to some q0(S) ∈ N (Bourgain-Varjú,

2010 [11]);

(vii) (〈πq(S)〉, πq(S)), for d ≥ 2, q0 ∈ N, S ⊆ GLd(Z[1/q0]) generating a group whose

Zariski-closure in GLd(Q) has perfect connected component at identity, as q

ranges over all square-free integers coprime to q0 (Salehi Golsefidy-Varjú, 2011

[69]).
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Note that it is implicit in (i)-(vi) above that the congruence images of S gener-

ate the specified finite groups. Even this claim is far from obvious; it follows from

the work of Matthews-Vaserstein-Weisfeiler [62]; Nori [64] and Weisfeiler [79] on the

phenomenon of strong approximation in linear algebraic groups. Suppose that G is

a connected, simply connected, semisimple algebraic group defined over Q, and sup-

pose that S ⊆ G(Q) is a finite subset generating a Zariski dense subgroup. For all

but finitely many primes p; there is a corresponding algebraic group Gp defined over

Fp. The Strong Approximation Theorem states that for all sufficiently large p, the

congruence image πp(S) of S generates Gp(Fp). Guided by the results above, we say

that G satisfies superstrong approximation if for every such S, (Gp(Fp), πp(S)) forms a

family of expanders, as p ranges over all sufficiently large primes. From this perspec-

tive, Theorem 1.4.2 asserts that SL2 satisfies superstrong approximation. Further,

by combining strong approximation with (vii) above, we see that every G as in the

Strong Approximation Theorem also satisfies superstrong approximation.

There is also a version of strong approximation for algebraic groups over fields of

positive characteristic, due to Pink [65], but as yet the theory of superstrong approx-

imation in positive characteristic is undeveloped. Our work in Chapter 4 represents

a first step towards such a theory.

Although it does not relate directly to our concerns here, it is worth noting that the

ideas underpinning the Bourgain-Gamburd machine are also relevant to spectral gap

phenomena for group actions on compact real Lie groups. The first such result was

also due to Bourgain and Gamburd ([8], 2006), showing that the action on L2(SU(2))

of a finite rank free subgroup F of SU(2) satisfying an appropriate Diophantine condi-

tion has the spectral gap property. The exact definition of the Diophantine condition

shall not concern us for now, so suffice it to say that it requires that a non-trivial

short reduced word in F does not lie too close to the identity in matrix norm, and

that it is satisfied by subgroups consisting of matrices with algebraic entries.

This result on SU(2) was extended to SU(d) (Bourgain and Gamburd [9], 2011)

and to arbitrary simple real Lie groups (Benoist and de Saxcé [2], 2014), again under

appropriate hypotheses on the subgroup acting. We shall return to the theme of

Diophantine conditions on groups in our discussion of spectral gap results for compact

Lie groups over non-archimedean fields in Chapter 5.
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1.5 Sieving in Groups

Beyond their interpretation in terms of random walks on finite groups, expanders are

also valuable in the analysis of random walks on infinite groups, via the group sieve

method .

Let Γ be an infinite group, generated by a finite subset S, and let X ⊆ Γ. We

would like to show that X is sparse, in the sense that the probability that the simple

random walk on Cay(Γ, S) lies in X at time l decays rapidly as a function of l.

Suppose we have a sequence of finite quotients πn : Γ � Gn, with |Gn| tending to

infinity. A first, easy observation is that for every n, the probability µ
(l)
S (X) of lying

in X at time l is bounded above by the probability µ
(l)
πn(S)(πn(X)) of the random walk

on Cay(Gn, πn(S)) lying in πn(X). If l is sufficiently large that the latter random walk

has already equidistributed (so that µ
(l)
πn(S) is almost uniform), then µ

(l)
πn(S)(πn(X)) is

approximately |πn(X)|/|Gn|. The point is that in many examples, it is much easier

in practice to estimate the size of πn(X) than to compute µ
(l)
πn(S)(πn(X)) directly. If

X really is sparse, then it is reasonable to hope that |πn(X)|/|Gn| will tend rapidly

to zero.

This method is most powerful when the spectral gap of the (Gn, πn(S)) is large,

so that for given l, the bound µ
(l)
S (X)� |πn(X)|/|Gn| is applicable for a large corre-

sponding value of n, so decays rapidly as a function of l and not just of n.

Here are some examples of groups Γ and subsets X which have been analysed

using the group sieve method in results from the literature. In all these cases, the

probability of return to the subset X decays exponentially fast in time.

(i) Γ ≤ GLd(K) is finitely generated, not virtually soluble, for K a field of char-

acteristic zero; X = Γ ∩ V , for V an algebraic subvariety in GLd such that

dim(R(V ∩ G)) < dim(G), where G is the Zariski closure of Γ and R is its

soluble radical (based on Salehi Golsefidy-Varjú [69], see [17]);

(ii) Γ ≤ GLd(C) is finitely generated, not virtually soluble; X ⊆ Γ is the set of

proper powers in Γ (Lubotzky-Meiri [55]);

(iii) Γ ≤ G(K) is finitely generated Zariski dense, for G a connected semisimple

algebraic group defined and split over K a numberfield; X ⊆ Γ is the set

of matrices without full Galois group (Jouve-Kowalski-Zywina [45], Lubotzky-

Rosenzweig [59]);
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(iv) Γ = MCG(Σ), the mapping class group of the closed orientable surface Σ of

genus g ≥ 1; X ⊆ Γ is the set of non-pseudo-Anosov mapping classes (Rivin

[67]);

(v) The same result, with MCG(Σ) replaced by T (Σ), the Torelli group of Σ

(Lubotzky-Meiri [56]);

(vi) Γ = Aut(Fn), the mapping class group of the free group of rank n ≥ 2; X ⊆ Γ

is the set of non-iwip automorphisms (Rivin [67]);

(vii) The same result, with Aut(Fn) replaced by IAn, the kernel of the action of

Aut(Fn) on first homology (Lubotzky-Meiri [57]).

We shall use the group sieve to prove new results with a similar flavour to these

for subgroups of SL2(Fp[t]) in Chapter 4. Sieving results in their turn may be applied

in the construction of other families of expanders, having been used for instance in [7]

to show escape of the random walk from proper subgroups of SL3(Fp). In a similar

vein (i) above shall be an important tool used in our work on expansion in SL2(Zp)
in Chapter 5.

1.6 New Results and Structure of the Thesis

Chapter 2 shall be an exposition on the technical background which underpins the

proofs of our new results. The basic definitions of an expander family; the diameter

of a finite group and the simple random walk on a finitely generated group are pre-

sented in Section 2.1, along with some basic results following from these definitions.

This material is basic to all of our new work. Section 2.2 lays out the Bourgain-

Gamburd machine, which is essential to the results of Chapters 4 and 5. Section 2.3

develops some of the basic theory of profinite groups and of groups with an analytic

structure over a pro-p domain with discrete valuation. Section 2.4 is concerned with

the construction of Chevalley groups over arbitrary rings, with a particular emphasis

on Chevalley groups over pro-p domains (as these shall be an important source of

examples of analytic groups over pro-p domains). Section 2.5 defines and explores

the Nottingham group of a finite field. These last three sections are used in Chapter

3. Finally, Section 2.6 investigates some consequences of Bourgain’s sum-product

theorem for the ring Z/pnZ, which shall be important to our work in Chapter 5.

We emphasize that Chapter 2 is purely expository: the contents of each individual

section fall well within the knowledge base of the experts in the relevant field; however,
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since the symmetric difference of these various knowledge bases is substantial, we hope

that assembling all of this material in one place shall aid the comprehensibility of the

subsequent chapters, regardless of the reader’s mathematical background.

Our new results are presented in Chapters 3, 4 and 5, as follows.

1.6.1 New uniform diameter bounds in pro-p groups

Chapter 3 shall describe our results on diameters of finite groups obtained from the

Solovay-Kitaev procedure. These results were first presented in [12].

Our first result concerns compact groups with a compatible structure as an R-

analytic manifold, where (R,M) is a pro-p domain with discrete valuation. Every

such group has an open subgroup with an especially simple R-analytic structure,

called an R-standard group. Precise definitions are given in Section 2.3. In a d-

dimensional R-analytic group G, an R-standard subgroup may be identified (as a

space) with the product space M(d); the balls (Mn)(d) around 0 form a filtration by

open normal subgroups. The commutator structure in M(d) is controlled by the Lie

algebra LG. Recall that a Lie algebra L is called perfect if L is equal to its derived

subalgebra (L,L).

Theorem 3.1.3. Let (R,M) be a commutative unital discrete valuation pro-p do-

main. Let G be a d-dimensional R-standard group, Kn = (Mn)(d) Co G. Suppose LG
is perfect. Then there exist C1(G), C2(d) > 0 such that for all n ∈ N:

diam(G/Kn) ≤ C1(log|G/Kn|)C2.

In the case R = Zp, we can say more, exploiting the concept of a uniform subgroup

and associated additional features of the Lie theory (explained in detail in Section

3.4.1). Every Zp-standard group is uniform and every compact p-adic analytic group

has an open characteristic uniform subgroup. In a Zp-standard group G, the balls Kn

described in Theorem 3.1.3 coincide with the terms of the lower central p-series for G.

Recall that a profinite group G is FAb if every open subgroup has finite abelianisation.

Theorem 3.1.5. Let p ≥ 3. Let G be a d-dimensional compact p-adic analytic group.

Let K1 ≤ G be an open characteristic uniform subgroup; (Kn)n its lower central p-

series. If G is FAb then there exist C1(G), C2(d) > 0 such that for all n ∈ N:

diam(G/Kn) ≤ C1(log|G/Kn|)C2 . (1.1)

For G = K1 then conversely: if there exist C1, C2 > 0 such that (1.1) holds for all

n ∈ N then G is FAb.
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One familiar family of R-analytic groups is the class of Chevalley linear algebraic

groups over R. Here we have a stronger conclusion than that available in the general

setting of Theorem 3.1.3: the degree C2 in the diameter bound may be taken to be

independent of the dimension.

Theorem 3.1.6. Let (R,M) be a commutative unital discrete valuation pro-p do-

main, with M generated by P. Let G ≤ GLd(R) be the adjoint Chevalley group of

type Xl ∈ {Al, Bl, Cl, Dl, E6, E7, E8, F4, G2} over R (here d is the dimension of the

associated Lie algebra). Suppose:

(Xl, p) /∈ {(A1, 2), (Bl, 2), (Cl, 2), (Dl, 2)}.

Let Kn = G∩ (Id +PnMd(R)). Then there exist C1(G) > 0 and an absolute constant

C2 > 0 such that for all n ∈ N:

diam(G/Kn) ≤ C1(log|G/Kn|)C2.

Moreover, the same bound holds for G = SLd(R), SOd(R) or Spd(R) provided p ≥ 3,

and for G = SLd(R) with p = 2 provided d ≥ 3.

Recall the correspondence between the classical root system of type Xl and the

associated adjoint Chevalley groupG: ifXl = Al thenG = PSLd(R), and in particular

if Xl = A1 then G = PSL2(R); if Xl = Bl or Dl then G = PSOd(R) (with the

dichotomy between Bl and Dl corresponding to the parity of d); if Xl = Cl then

G = PSpd(R). In the case R = Zp, this result was proved by Dinai [29], under the

additional hypothesis p > max{ l+2
2
, 19}.

Note the contrast between the diameter bounds obtained in Theorem 3.1.6 and

the currently available results for the Chevalley groups over finite fields coming from

[18] and [66]: there the degree of the polylogarithm in the upper bound depended on

the Lie rank of the group, whereas in our work the degree C2 is an absolute constant.

On the one hand this resilience in the face of increasing rank indicates the power

of the Solovay-Kitaev procedure; on the other hand it may be seen as an additional

piece of evidence in favour of Babai’s Conjecture 1.1.1.

Finally we consider a class of non-linear examples. Recall that, for R a commu-

tative unital ring, the Nottingham group N (R) of R is the set of formal power series

over R of the form:

f(t) = t+
∞∑
k=2

λkt
k
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for some λk ∈ R, with group operation the formal composition of power series. We

take R = Fq a finite field (for q a power of the prime p) and write Nq for N (Fq). We

shall be concerned with the filtration by congruence subgroups:

Kn =
{
t+

∞∑
k=n+1

λkt
k ∈ Nq

}
Co Nq.

Theorem 3.1.7. Suppose p ≥ 3. Then there exist C1(q) > 0 and an absolute constant

C2 > 0 such that for all n ∈ N:

diam(Nq/Kn) ≤ C1(log|Nq/Kn|)C2.

As an application of these results, we make some observations about mixing times

of random walks in the finite groups we study. The direct relationship between diame-

ter and spectral gap was recently exploited by Varjú, who in [78] used a representation-

theoretic argument to produce uniform weak spectral gap estimates for SLd(Z/pnZ),

and deduced polylogarithmic diameter bounds. Here we reverse the direction of the

argument, and deduce weak spectral gap estimates from uniform diameter bounds.

For Γ a countable group and S ⊆ Γ a finite symmetric set, let X1, X2, . . . be a

sequence of independent random variables, each with law:

1

|S|
χS ∈ `2(Γ).

For l ∈ N, the simple random walk on (Γ, S) at time l is the random variable

Yl = X1 · · ·Xl.

For (R,M) a discrete valuation pro-p domain; G a d-dimensional R-standard

group; x1, . . . , xd an R-basis for M(d) (a set of so-called “co-ordinates of the first

kind”) and S ⊆ G a finite symmetric subset, we may express the simple random walk

on (〈S〉, S) by:

Yl = L
(l)
1 x1 + · · ·+ L

(l)
d xd

for some random variables L
(l)
1 , . . . , L

(l)
d supported on R.

Corollary 3.1.8. Suppose LG is perfect and S ⊆ G generates a dense subgroup.

Then there exists C(d) > 0, such that for any C ′ > 0 there exists C ′′(G, |S|, C ′) > 0

and C ′′′(d, |R/M|, C ′) > 0 such that, for any (λ1, . . . , λd) ∈ R(d), and for any N ∈ N,

we have: ∣∣∣P[‖L(l)
1 − λ1‖, . . . , ‖L(l)

d − λd‖ ≤ cN+1
]
− 1

|R/M|dN
∣∣∣ ≤ e−C

′′′NC′

whenever l ≥ C ′′NC+C′.
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In other words, for such l the probability that Yl is close to any element of M(d)

is nearly constant, with error at most e−C
′′′NC′

. Here c ∈ (0, 1) is the norm of a

generator P for the maximal ideal M of R.

For a d-dimensional uniform pro-p group G, an alternative representation for ele-

ments is available: for any g ∈ G and any minimal (ordered) generating set a1, . . . , ad

for G, there exist µ1, . . . , µd ∈ Zp such that g = aµ11 · · · a
µd
d (so-called “co-ordinates of

the second kind”). We therefore have:

Yl = a
M

(l)
1

1 · · · aM
(l)
d

d

for some random variables M
(l)
1 , . . . ,M

(l)
d supported on Zp.

Corollary 3.1.9. Let p ≥ 3. Suppose G is uniform and FAb and S ⊆ G generates

a dense subgroup. Then there exists C(d) > 0, such that for any C ′ > 0 there exists

C ′′(G, |S|, C ′) > 0 and C ′′′(d, p, C ′) > 0 such that, for any µ1, . . . , µd ∈ Zp, and for

any N ∈ N, we have:∣∣∣P[‖M (l)
1 − µ1‖, . . . , ‖M (l)

d − µd‖ ≤ p−N−1
]
− 1

pdN

∣∣∣ ≤ e−C
′′′NC′

whenever l ≥ C ′′NC+C′.

In the Nottingham group Nq, the question of mixing times for the groups Nq/Kn

was raised by Diaconis [25]. We may express:

Yl = t+
∞∑
i=2

A
(l)
i t

i

for some random variables A
(l)
i supported on Fq.

Corollary 3.1.10. Let p ≥ 3. Suppose S ⊆ Nq generates a dense subgroup. Then

there exists an absolute constant C > 0, such that for any C ′ > 0 there exists

C ′′(q, |S|, C ′) > 0 and C ′′′(q, C ′) > 0 such that, for any sequence (αi)i in Fq, and

for any N ∈ N, we have:∣∣∣P[A
(l)
2 = α2, . . . , A

(l)
N = αN ]− 1

qN−1

∣∣∣ ≤ e−C
′′′NC′

whenever l ≥ C ′′NC+C′.
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1.6.2 Expansion, random walks and sieving in SL2(Fp[t])

Chapter 4 shall be devoted to our results on constructing expander congruence quo-

tients of SL2(Fp[t]), and associated bounds on return probabilities for simple random

walks on SL2(Fp[t]). These results were first presented in [13].

In spite of the major strides forward that have been made on the phenomenon

of superstrong approximation in linear groups following Bourgain and Gamburd’s

work (and to which we have alluded already) it is notable that the work of recent

years has focused entirely on the characteristic zero case, with a theory of expansion

in linear groups over fields of positive characteristic remaining largely undeveloped.

The results of Chapter 4 commence the development of such a theory.

Fix a prime p ≥ 3. Our main results concern the escape of random walks on

SL2(Fp[t]) from subsets X of various types. All of the escape results are proved

by the group sieve method described above: an upper bound for the probability of

the random walk lying in X is given by the probability of the random walk on a

congruence quotient lying in the image of X. This in turn may be bounded above in

terms of the size of the image of X, by our results on expander congruence quotients.

Our first result on random walks demonstrates exponentially fast escape from proper

algebraic subvarieties.

Theorem 4.1.1. Let S ⊆ SL2(Fp[t]) be a finite symmetric subset, generating a non-

elementary subgroup. Let F : M2(Fp[t])r → Fp[t] be a polynomial over Fp[t] which

does not vanish on SL2(Fp[t])r. Then there exist C1(F ), C2(S) > 0 such that, letting

V (F ) ⊆M2(Fp[t])r be the affine algebraic subvariety of SL2(Fp[t])r defined by F ,

(×ri=1µ
(l)
S )(V (F )) ≤ C1e

−C2l.

Here ×ri=1µ
(l)
S is the product measure.

Second, we turn to proper powers in SL2(Fp[t]). In the characteristic zero case,

the work of Lubotzky and Meiri on the group sieve provides a very general non-

concentration result [55], as we have seen. In positive characteristic we have:

Theorem 4.1.2. Let S be as in Theorem 4.1.1. There exist C1, C2(S) > 0 such that:

µ
(l)
S ({g ∈ SL2(Fp[t]) : g = h2 for some h ∈ SL2(Fp[t])}) ≤ C1e

−C2

√
l/ log l.

Finally we prove a non-concentration estimate for elements with reducible char-

acteristic polynomial.

17



Theorem 4.1.4. Let S be as in Theorem 4.1.1. There exist C1, C2(S) > 0 such that:

µ
(l)
S ({g ∈ SL2(Fp[t]) : χg is reducible }) ≤ C1e

−C2

√
l/ log l.

It is very likely that bounds on return probabilities of random walks to other

subsets of SL2(Fp[t]) may be proved by the same method, and we emphasize that our

results are best viewed as sample, rather than an exhaustive list, of the applications

of this theory.

We now turn to our results on expanders.

Definition 1.6.1. For M > 0, an integer n > 1 will be called M -rough if n has no

prime factor less than M . A polynomial f ∈ Fp[t] will be called M-rough if the degree

of every irreducible factor of f is a M-rough integer.

Our main result on constructing expanders is:

Theorem 4.1.7. Let S ⊆ SL2(Fp[t]) be a finite symmetric subset, generating a non-

elementary subgroup. Suppose every entry of every element of S has degree at most

D. Let (fi)i ⊆ Fp[t] be a sequence of distinct polynomials. Then there exists M > 0

(depending on D and p) such that, if (fi)i are M-rough then for i0 ∈ N sufficiently

large (depending on D, p), (SL2(Fp[t]/(fi)), πfi(S))i≥i0 is a two-sided expander family,

provided one of the following holds:

(i) The fi are irreducible;

(ii) The fi are square-free, every irreducible factor of every fi has prime degree, and

no two irreducible factors of any fi have the same degree.

Here, and throughout, for G a linear algebraic group defined over Fp and f ∈ Fp[t],
πf : G(Fp[t])→ G(Fp[t]/(f)) shall denote the congruence map.

One of the keys to the proof of Theorem 4.1.7 shall be an analysis of Cayley graphs

of large girth. For G a finite group generated by a subset S, recall that the girth of

(G,S) is the length of the shortest non-trivial reduced word in S which equals 1 in

G, or equivalently the length of the shortest non-trivial embedded loop in the Cayley

graph Cay(G,S). In the course of our analysis, we also obtain the following result,

which applies to generating sets which may not be congruence images of a fixed subset

in SL2(Fp[t]).
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Theorem 4.1.8. For any C > 0 and any k ∈ N≥2, there exists M > 0 (de-

pending on k, p and C) such that, if (ni)i a sequence of M-rough positive integers,

Sni ⊆ SL2(pni) is symmetric with |Sni | = 2k, and girth(SL2(pni), Sni) ≥ Cni, for

all i ∈ N, then for i0 sufficiently large (depending on C, k), (SL2(pni), Sni)i≥i0 is a

two-sided expander family.

The lower bound on girth is a natural hypothesis: for instance it is satisfied by

generic subsets of SL2(pn). Indeed large girth is a key component of the proof [19]

that random pairs of generators in SL2(pn) yield expanders.

Beyond the concrete results which we obtain, our work in Chapter 4 should be

instructive in indicating the path that the development of a theory of superstrong

approximation in positive characteristic could take, and specifically in highlighting

the potential obstructions to applying the methods of Bourgain and Gamburd in

such a project. We shall fully describe these obstructions, which also account for the

particular hypotheses of Theorem 4.1.7.

1.6.3 Spectral gap in SL2(Zp)

The goal of Chapter 5 shall be to prove:

Theorem 5.1.1. Let S ⊆ SL2(Zp) be a finite symmetric set, generating a subgroup

Γ whose closure Γ in SL2(Zp) is open. Let A ⊆ Zp be the set of entries occurring

in elements of S. Suppose that for every a ∈ A, there exists fa(X) ∈ Q[X] such

that fa(a) = 0. Then (πpn(Γ), πpn(S))n is a family of two-sided expanders, where

πpn : SL2(Zp)→ SL2(Z/pnZ) is the congruence map.

This is a generalisation of the main result of [6]. We may equivalently view

Theorem 5.1.1 either as a result on expanders (as we have stated it here) or as a

result about the spectral gap of the action of Γ on the p-adic Lie group SL2(Zp). In

this second guise, Theorem 5.1.1 is a non-archimedean cousin of the aforementioned

spectral gap results for compact real Lie groups due to Bourgain and Gamburd ([8]

and [9]) and Benoist and de Saxcé [2].

19



Chapter 2

Background Material

2.1 Diameter, Expansion and Random Walks

2.1.1 Random walks and spectral gap

In this section G is a finite group. We take `2(G) to be the Hilbert space of complex-

valued functions on G, equipped with the inner product given by:

〈φ, ψ〉 =
∑
g∈G

φ(g)ψ(g)

for φ, ψ ∈ `2(G). For A ⊆ G, we define χA ∈ `2(G) to be the indicator function of A.

For g ∈ G, we may also denote χ{g} by χg. Observe that {χg}g∈G is an orthonormal

basis of `2(G). The convolution φ ∗ ψ ∈ `2(G) of φ and ψ is given by:

(φ ∗ ψ)(g) =
∑
h∈G

φ(h)ψ(h−1g).

Equipped with ∗, `2(G) is a complex |G|-dimensional algebra: it is isomorphic to the

complex group algebra CG of G. For l ∈ N, we define the convolution power φ(l)

recursively via:

φ(0) = χ1; φ(l+1) = φ(l) ∗ φ.

We may alternatively regard non-negative real-valued functions φ ∈ `2(G) as

measures on G: for A ⊆ G we write φ(A) =
∑

a∈A φ(a). Given two such measures

φ, ψ, φ∗ψ is equal to the pushforward of the product measure φ×ψ under the product

map G × G → G. In particular, if φ, ψ are probability measures on G and X, Y are

independent random variables with law φ, ψ, respectively, then φ ∗ ψ is the law of

XY .
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For S ⊆ G let µS = 1
|S|χS ∈ `

2(G).

Remark 2.1.1. Let S ⊆ G be symmetric.

(i) Let Wl be the number of loops in the Cayley graph Cay(G,S) of length l based

at the identity. Then µ
(l)
S (1) = Wl/|S|l.

(ii) Since S is symmetric,

µ
(2l)
S (1) =

∑
g∈G

µ
(l)
S (g)µ

(l)
S (g−1) =

∑
g∈G

µ
(l)
S (g)2 = ‖µ(l)

S ‖
2
2.

(iii) Moreover, for arbitrary g ∈ G,

µ
(2l)
S (g) =

∑
h∈G

µ
(l)
S (hg)µ

(l)
S (h−1) ≤ ‖µ(l)

S ‖
2
2

by the Cauchy-Schwarz inequality, so µ
(2l)
S (1) = maxg∈G µ

(2l)
S (g) (by (ii)).

(iv) Finally,

µ
(2l+2)
S (1) =

∑
g∈G

µ
(2l)
S (g)µ

(2)
S (g−1)

≤ (max
g∈G

µ
(2l)
S (g)) ·

∑
h∈G

µ
(2)
S (h)

= max
g∈G

µ
(2l)
S (g)

= µ
(2l)
S (1) (by (iii)).

Define a linear operator AS : `2(G)→ `2(G) (called the adjacency operator) by:

AS(f) = µS ∗ f .

AS is self-adjoint of operator norm 1; let its spectrum be:

1 = λ1 ≥ λ2 ≥ . . . λ|G| ≥ −1

with the eigenvalue λ1 = 1 corresponding to the constant functionals on G. More

generally, the 1-eigenspace of AS is generated by the indicator functions of the right

cosets of 〈S〉 ≤ G. In particular λ1 > λ2 iff S generates G.

Lemma 2.1.2 (Trace Formula). Let W2l be as in Remark 2.1.1 (i). Then:

W2l =
|S|2l

|G|

|G|∑
i=1

λ2l
i .
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Let `2
0(G) ≤ `2(G) be the space of functions of mean zero on G (that is, the

orthogonal complement of the constant functions), and note that `2
0(G) is preserved

by AS. Let ρ = max(|λ2|, |λ|G||), the norm of the restriction AS |`20(G) in the Banach

space B(`2
0(G)) of bounded linear operators on `2

0(G).

Lemma 2.1.3. For any l ∈ N; g, h ∈ G,

|〈AlSχg, χh〉 − 1
|G| | ≤ ρl.

Proof. Noting that χg − 1
|G|χG ∈ `

2
0(G),

|〈AlSχg, χh〉 −
1

|G|
| = |〈AlS(χg −

1

|G|
χG), χh〉|

≤ ‖AlS(χg −
1

|G|
χG)‖2

by the Cauchy-Schwarz inequality. The result follows, since:

‖χg −
1

|G|
χG‖2 ≤ 1.

Lemma 2.1.3 has an obvious interpretation in terms of random walks. Let

X1, X2, . . . be a sequence of independent random variables, each with law µS. For

l ∈ N, the simple random walk Yl = X1 · · ·Xl on (G,S) at time l has law µ
(l)
S . For

g, h ∈ G, the probability that a simple random walk starting at g will be at h at time

l is:

P
[
Ylg = h

]
= 〈AlSχg, χh〉.

Lemma 2.1.3 then gives an explicit bound on the rate at which the distribution of Yl

converges to the uniform distribution on G (assuming S generates G).

2.1.2 Diameters of finite groups

Given a finite group G and a generating set S ⊆ G, the diameter of the pair (G,S)

is given by:

diam(G,S) = min{n ∈ N : BS(n) = G}

where BS(n) is the (closed) word-ball of radius n, given by:

BS(n) = {s1 · · · sn : s1, . . . , sn ∈ S ∪ S−1 ∪ {1}}.
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Example 2.1.4. (i) It is easy to see that, if A ⊆ G and n ∈ N satisfy

BA(n) = BA(n + 1), then BA(n) = BA(n + m) for all m ∈ N. In particu-

lar, for S ⊆ G a generating set, and n < diam(G,S), |BS(n)| < |BS(n+ 1)|. It

follows that:

diam(G,S) ≤ |G| − 1

so there is an absolute linear upper bound for the diameter. Moreover,

diam(Z/nZ, {1}) = bn
2
c

so this linear upper bound is attained (at least up to constants) for some pairs

(G,S).

(ii) For all A ⊆ G and n ∈ N,

|BA(n)| ≤ 2(2|A| − 1)n

(by a simple count of words), provided |A| ≥ 2. It follows that for S ⊆ G a

generating set satisfying |S| ≥ 2,

diam(G,S) ≥ (log|G| − log(2))/ log(2|S| − 1).

Examples attaining this logarithmic lower bound may also be found (again, up

to constants), but this is a far more delicate matter, to which we shall return

later in our discussion of expanders.

(iii) The dependence on |S| in (ii) is necessary, as for any G,

diam(G,G) = 1.

Our interest shall be in upper bounds for the diameter which do not depend on

the generators. With this in mind, we define for a finite group G:

diam(G) = max{diam(G,S) : S ⊆ G, 〈S〉 = G}.

This quantity is referred to by many authors as the worst-case diameter for G.

One advantage of working with diam is that it behaves well with respect to ex-

tensions.
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Lemma 2.1.5. Let G be a finite group, K C G. Then:

(i) diam(G/K) ≤ diam(G);

(ii) diam(G) ≤ 2 diam(G/K) diam(K) + diam(G/K) + diam(K).

Proof. (i) is straightforward.

(ii) Let S ⊆ G be a generating set. Then BS(diam(G/K)) contains a transversal T

to K in G, with 1 ∈ T . By the Reidemeister-Schreier process (see for instance

[44], [60]), BS(2 · diam(G/K) + 1) contains a generating set for K. Hence:

diam(G,S) ≤ diam(G/K) + diam(K) · (2 · diam(G/K) + 1)

as required.

There is also a close connection between diameter and random walks. It seems

clear that a pair (G,S) on which the simple random walk approaches uniformity

quickly should have small diameter: if the probability of the simple random walk

reaching an element g at time l is non-zero, then there exists at least one word in S of

length l equal to g in G. Less obviously, there is a corresponding converse inequality,

a proof of which may be found in [26]. In summary we have:

Proposition 2.1.6. Let ρ be as in Lemma 2.1.3. Then:

diam(G,S)− 1

log|G|
≤ 1

1− ρ
≤ |S| diam(G,S)2.

2.1.3 Expanders

Definition 2.1.7. For ε > 0, the pair (G,S) is a (two-sided) ε-expander if ρ ≤ 1− ε.
A sequence (Gn, Sn)n∈N is called an ε-expander family if (Gn, Sn) is an ε-expander for

every n ∈ N, or just an expander family if there exists ε > 0 such that (Gn, Sn)n∈N is

an ε-expander family.

The two-sided version of expansion (also known as absolute expansion) that we

use here is stronger than the one-sided version which will be more familiar to many

readers, and which is equivalent to the combinatorial notion of expansion defined in

terms of the discrete Cheeger constant. For the most part, however, the distinction

need not concern us, thanks to a recent result of Breuillard, Green, Guralnick and

Tao [19]:
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Theorem 2.1.8. For any ε > 0, k ∈ N, there exists δ(ε, k) > 0 such that, if (G,S) is

a one-sided ε-expander with |S| = k, then one of the following holds:

(i) (G,S) is a two-sided δ-expander;

(ii) There exists H ≤ G with |G : H| = 2 and S ∩H = ∅.

We recall some facts about expanders which will be used in what follows. Those

readers more familiar with the one-sided version of expansion may note that these

results about two-sided expanders follow from their one-sided analogues together with

Theorem 2.1.8. Note that condition (ii) of Theorem 2.1.8 is equivalent to Cay(G,S)

being bipartite.

Lemma 2.1.9. Let Γ be a finitely generated group; (Kn)n be a sequence of finite index

normal subgroups of Γ; πn : Γ � Γ/Kn be the natural epimorphism. Let S, T ⊆ Γ

be finite symmetric subsets, with 〈S〉 = 〈T 〉 = Γ. Suppose Cay(Γ/Kn, πn(T )) is

not bipartite, for all n ∈ N. If (Γ/Kn, πn(S))n is an expander family then so is

(Γ/Kn, πn(T ))n.

Lemma 2.1.10. Let Γ; (Kn)n; πn be as in Lemma 2.1.9 and let H ≤ Γ be a finitely

generated subgroup. Suppose πn(H) = Γ/Kn for all n ∈ N. Let S ⊆ Γ, T ⊆ H be

finite symmetric subsets, with 〈S〉 = Γ, 〈T 〉 = H. If (Γ/Kn, πn(T ))n is an expander

family, and Cay(Γ/Kn, πn(S)) is not bipartite, then (Γ/Kn, πn(S))n is an expander

family.

In all cases in which we shall use these results, the finite groups concerned shall

have no subgroups of index two, so the associated Cayley graphs shall never be

bipartite.

Finally, expanders exhibit rapid mixing of the random walk and small diameter:

Proposition 2.1.11. Let (Gn, Sn)n be an expander family.

(i) For any α > 0 there exists C1 > 0 such that for all n ∈ N and l ≥ C1 log|Gn|,

|〈AlSχg, χh〉 −
1

|G|
| ≤ |Gn|−α.

(ii) There exists C2 > 0 such that for all n ∈ N, diam(Gn, Sn) ≤ C2 log|Gn|.

Proof. Immediate from Lemma 2.1.3 and Proposition 2.1.6.
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2.2 The Bourgain-Gamburd Machine

This section describes the set of tools for constructing expanders which have come

collectively to be know as the Bourgain-Gamburd machine, following their introduc-

tion in [5]. They shall form the core of our constructions of expanders in Chapters

4 and 5. The emphasis of our discussion here is tailored to the requirements of our

own work; we do not claim to include all the possible ways in which Bourgain and

Gamburd’s ideas may be applied.

2.2.1 Quasirandomness

The notion of a quasirandom finite group was introduced by Gowers in [34]. The name

is somewhat misleading: typically in combinatorics an object in some class is described

as quasirandom if it possesses some combination of properties that are shared by

generic objects according to some model of random members of the class. A finite

graph Γ of density p, for instance, is termed quasirandom if, whenever A,B ⊆ V (Γ),

the number of edges between A and B is approximately p|A||B| (as one would expect

for a random graph according to, say, the Erdős-Renyi model). Quasirandom finite

groups do not fit readily into this picture: there is to the author’s knowledge no well-

accepted model for random finite groups. Instead, the name comes from the fact that

the “bipartite Cayley graph” of a quasirandom group is a “quasirandom bipartite

graph” (it shall not be of concern to us precisely what this means).

The condition Gowers exploited for a group to give rise to such quasirandom

graphs was a lower bound on the dimension of non-trivial complex representations.

Here we give two formulations, one of which is also relevant to infinite groups.

Definition 2.2.1. Let C, α > 0.

(i) Let G be a finite group. We say G is (C, α)-quasirandom if every non-trivial

complex representation of G has dimension at least C|G|α.

(ii) More generally let G be an arbitrary group; N a family of finite-index normal

subgroups of G. We say G is weakly (C, α)-quasirandom with respect to N if,

whenever ρ is a finite complex representation of G such that ker(ρ) ∈ N ,

dim(ρ) ≥ C|G : ker(ρ)|α.

Our terminology here is non-standard: for instance Tao [76] defines a finite group

G to be d-quasirandom if every non-trivial complex representation of G has dimension
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at least d (hence, that which we call (C, α)-quasirandom would in Tao’s terminology

be called C|G|α-quasirandom). Gowers’ definition [34] is given in terms of a condition

on the space of complex functionals on G: it is polynomially equivalent to Tao’s.

Our own definition is informed by the fact that bounds on dimensions given in

terms of a fractional power of the group order are most relevant to applications con-

cerning expansion. This fact has already been somewhat reflected by the terminology

in the literature: Varjú [78] refers to groups satisfying condition (ii) of Definition

2.2.1 as (C, α)-quasirandom. We refer to such groups as weakly quasirandom be-

cause we shall be dealing with both parts of Definition 2.2.1 in this section and it

shall be helpful to be able to distinguish easily between them. Of course, according

to our nomenclature, a finite group G which is (C, α)-quasirandom is also weakly

(C, α)-quasirandom with respect to the family of all normal subgroups.

Let us begin by noting some elementary properties of group representations.

Lemma 2.2.2. If G is a finite group and H � G then the permutational representa-

tion of G on the coset space (G : H) induces a non-trivial complex representation of

G of dimension |G : H|. In particular, if G is (C, α)-quasirandom then every H � G

satisfies |G : H| ≥ C|G|α.

Lemma 2.2.3. Let 1→ N → G→ Q→ 1 be a short exact sequence of finite groups.

(i) If every non-trivial complex representation of G has dimension ≥ d, then the

same holds for Q. In particular, if G is (C, α)-quasirandom, then Q is (C|N |α, α)-

quasirandom.

(ii) If every non-trivial complex representation of either N or Q has dimension ≥ d,

then the same holds for G. In particular, if N is (C1, α1)-quasirandom and

Q is (C2, α2)-quasirandom, then G is (min(C1/|Q|α1 , C2/|N |α2),min(α1, α2))-

quasirandom.

Proposition 2.2.4. Let G be a group, H ≤f G and C, α > 0.

(i) If G is finite (C, α)-quasirandom, then H is (C|G : H|α−1, α)-quasirandom.

(ii) If G is weakly (C, α)-quasirandom with respect to the family of all finite-index

normal subgroups then H is weakly (C|G : H|α−1, α)-quasirandom with respect

to the family of all finite-index normal subgroups.

Proof. Let ρ be a non-trivial finite d-dimensional complex representation of H. Recall

that there is an induced representation ρ̃ = IndGH(ρ) of G. This is a finite |G : H|d-

dimensional complex representation of G, satisfying ker(ρ̃) ≤ ker(ρ).
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(i) If G is finite (C, α)-quasirandom, then:

|G : H|d ≥ C|G|α

so d ≥ C|G : H|α−1|H|α.

(ii) If G is weakly (C, α)-quasirandom with respect to the family of all finite-index

normal subgroups, then:

|G : H|d ≥ C|G : ker(ρ̃)|α ≥ C|G : ker(ρ)|α

so d ≥ C|G : H|α−1|H : ker(ρ)|α.

Which groups exhibit strong quasirandomness properties, and which do not?

Example 2.2.5. Every non-trivial finite abelian group has a non-trivial one-dimensional

complex representation. Conversely, every one-dimensional complex representation

has abelian image, so every finite group without a non-trivial one-dimensional com-

plex representation is perfect.

In particular, for all C, α > 0, if G is a (C, α)-quasirandom finite group satisfying

|G| > 1/C
1
α , then G is perfect.

Theorem 2.2.6 (Landazuri-Seitz, [50]). For all l ∈ N, there exist C(l), α(l) > 0 such

that if G is a finite simple group of Lie type of rank l, then G is (C, α)-quasirandom.

Example 2.2.7. The standard permutational representation of An induces a non-

trivial complex representation of dimension n. In particular there do not exist

C, α > 0 such that An is (C, α)-quasirandom for all n ∈ N.

The relevance of quasirandomness-type conditions to our purposes is that they

allow us to reduce expansion to an a priori weaker condition:

Definition 2.2.8. Let G be a finite group with symmetric generating set S and let

C : (0,∞) → (0,∞). We say that (G,S) satisfies the `2-flattening condition with

function C if, for all ε > 0, there exists l ≤ C(ε) log|G| such that:

µ
(2l)
S (1) < |G|ε−1.
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This upper bound on µ
(2l)
S (1) is exactly what we would expect to hold if (G,S)

were a good expander: if after logarithmic time µ
(2l)
S assigns a mass of approximately

1/|G| to every element of G, then the identity (which by Remark 2.1.1 (iii) is the

element at which the greatest mass accumulates) cannot receive a mass much greater

than this. Of course, in principle (G,S) could still fail to be an expander when the

`2-flattening condition holds, if most elements were assigned a mass of approximately

|G|ε−1 but a few “hard-to-reach” elements received a much smaller mass.

The observation that `2-flattening combines with quasirandomness to yield ex-

pansion goes back to Sarnak and Xue [70]; the basic idea is that Gn acts on the

eigenspace of the second largest eigenvalue of the adjacency operator ASn , so that by

quasirandomness this eigenvalue has high multiplicity. If the expansion of (Gn, Sn) is

poor, then it follows that the trace of A2l
Sn

is large (being the sum of the (2l)th powers

of the eigenvalues). However this contradicts `2-flattening.

The most basic result of this form is the following:

Proposition 2.2.9. Let G be a finite group with symmetric generating set S, let

C1, α > 0 and let C2 : (0,∞)→ (0,∞). Suppose:

(i) G is (C1, α)-quasirandom;

(ii) (G,S) satisfies the `2-flattening condition with function C2.

Then there exists δ(α,C1, C2, |S|) > 0 such that (G,S) is a δ-expander, provided |G|
is sufficiently large, depending on α,C1, C2, |S|.

Proof. First note that µ
(2l)
S (1) = 〈A2l

S χg, χg〉 for every g ∈ G. Hence:

µ
(2l)
S (1)|G| = tr(A2l

S ) =

|G|∑
i=1

λ2l
i (2.1)

where 1 = λ1 > λ2 ≥ . . . ≥ λ|G| are the eigenvalues of AS. Next, it is clear that

AS commutes with the right regular representation (R, `2(G)) of G. In particu-

lar, R preserves the eigenspaces of AS. Now let λ = λi for some i ≥ 2 and let

Vλ ≤ `2(G) be the λ-eigenspace of AS. (R, Vλ) is a representation of G, and is non-

trivial, because the λ-eigenfunctions of AS are non-constant. By quasirandomness of

G, dim(Vλ) ≥ C1|G|α, so that, by (2.1):

µ
(2l)
S (1)|G| ≥ dim(Vλ)λ

2l ≥ C1|G|αλ2l.
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Let ε ∈ (0, α). By the `2-flattening condition, we may choose l ≤ C2(ε) log|G| as

in Definition 2.2.8, so that:

|G|ε−α ≥ C1λ
2l ≥ C1λ

2C2(ε) log|G|.

For |λ| > e
ε−α

2C2(ε) , and for |G| sufficiently large, this is a contradiction.

In fact for the results of Chapters 4 and 5, we shall require two stronger versions

of this result. In the first, the hypothesis is weakened by replacing the quasirandom

groups Gn with direct products of quasirandom groups.

Proposition 2.2.10. Let G be a finite group with symmetric generating set S, let

C1, α > 0 and let C2 : (0,∞)→ (0,∞). Suppose:

(i) There exist finite groups G1, . . . , Gn with G = G1 × · · · ×Gn;

(ii) Gi is (C1, α)-quasirandom for i = 1, . . . , n;

(iii) For every J ⊆ {1, . . . , n}, (
∏

j∈J Gj, S) satisfies the `2-flattening condition with

function C2.

Then there exists δ(α,C1, C2, |S|) > 0 such that (G,S) is a δ-expander, provided each

|Gi| is sufficiently large, depending on α,C1, C2, |S|.

The key point here is that the expansion of (G,S) is independent of n. To prove

this result we recall a basic fact from the representation theory of finite groups.

Lemma 2.2.11. Let G1, G2 be finite groups, and let ρ be an irreducible complex

representation of G1×G2. Then there exist irreducible complex representations ρ1, ρ2

of G1, G2, respectively, such that ρ ∼= ρ1 ⊗ ρ2.

Proof of Proposition 2.2.10. First note that, by shrinking α and taking |Gi| suffi-

ciently large, we may take C1 = 1. We proceed by induction on n. The base case

n = 1 is Proposition 2.2.9.

Suppose the claim holds for smaller n. Let λ < 1 be an eigenvalue of AS with

corresponding eigenfunction f . For each i let Vi be the subspace of `2(G) spanned

by {χgGi : g ∈ G}, and let Wi be its orthogonal complement (consisting of func-

tions with integral zero on each left coset of Gi). Note that Vi,Wi are preserved

under left-translation by G (so are preserved by AS). Suppose that f /∈ Wi for

some i. Let πi : `2(G) � `2(G/Gi) extend the quotient map G � G/Gi. Then

πi ◦ AS = Aπi(S) ◦ πi, so that πi(f) is a non-zero λ-eigenfunction of Aπi(S), and the

claim follows by induction.
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We may therefore assume that f ∈ Wi for all i. Let U ≤ `2(G) be the subspace

spanned by all right-translates of f , so that U is a right G-representation. Note that:

(a) U is contained in the λ-eigenspace of AS, since AS commutes with right trans-

lation;

(b) U ≤ Wi for all i.

Let U ′ be an irreducible G-subrepresentation of U . By Lemma 2.2.11, there exist

irreducible Gi-representations Ui such that U ′ ∼= U1 ⊗ · · · ⊗ Un.

We note that for all i, Ui is a non-trivial representation of Gi. For suppose Ui

were trivial. Then the action of Gi on U ′ would be trivial, so every element of U ′

would be constant on the left cosets of Gi, and U ′ ≤ Vi. But by (b), U ′ ≤ Wi as well,

and Vi ∩Wi = {0}, a contradiction.

By quasirandomness of Gi, dim(Ui) ≥ |Gi|α. Thus:

dim(U) ≥ dim(U ′) =
n∏
i=1

dim(Ui) ≥
n∏
i=1

|Gi|α = |G|α.

By (a) the λ-eigenspace Vλ of AS contains U , so we may argue as in Proposition 2.2.9:

by (2.1) Vλ satisfies:

µ
(2l)
S (1)|G| ≥ dim(Vλ)λ

2l ≥ |G|αλ2l.

Let ε ∈ (0, α). By the `2-flattening condition, we may choose l ≤ C2(ε) log|G| as in

Definition 2.2.8, so that:

|G|ε−α ≥ λ2l ≥ λ2C2(ε) log|G|.

For |λ| > e
ε−α

2C2(ε) , and for |G| sufficiently large, this is a contradiction.

In our second strengthening of Proposition 2.2.9, we replace the sequence of quasir-

andom groups with a family of finite quotients of a weakly quasirandom group.

Proposition 2.2.12. Let G be a group generated by a finite symmetric set S. Let

N be family of finite-index normal subgroups of G which is closed under both fi-

nite intersections and passing to larger normal subgroups. Let C1, α > 0 and let

C2 : (0,∞)→ (0,∞). Suppose:

(i) G is weakly (C1, α)-weakly quasirandom with respect to N ;

(ii) For every N ∈ N , (G/N, S) satisfies the `2-flattening condition with function

C2.
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Then there exists δ(α,C1, C2, |S|) > 0 such that (G/N, S) is a δ-expander whenever

N ∈ N is such that |G/N | is sufficiently large, depending on α,C1, C2, |S|.

Proof. We proceed by induction on the lattice N . For N ∈ N recall that the regu-

lar representation of G/N decomposes as a direct sum of irreducible representations.

Each eigenvalue λ of AS (acting on `2(G/N)) is an eigenvalue of one of these repre-

sentations. By induction, it suffices to prove spectral gap for λ lying in the spectrum

of a faithful representation of G/N (for any non-faithful representation is a faithful

representation of G/M for some M ≥ N and the result follows by induction).

We argue as in Proposition 2.2.9. By (2.1) the λ-eigenspace Vλ ≤ `2(G/N) of AS

satisfies:

µ
(2l)
S (1)|G/N | ≥ dim(Vλ)λ

2l ≥ |G|αλ2l.

Let ε ∈ (0, α). By the `2-flattening condition, we may choose l ≤ C2(ε) log|G| as in

Definition 2.2.8, so that:

|G/N |ε−α ≥ λ2l ≥ λ2C2(ε) log|G/N |.

For |λ| > e
ε−α

2C2(ε) , and for |G| sufficiently large, this is a contradiction. The result

follows by induction.

2.2.2 The `2-flattening lemma

In the presence of quasirandomness then, we have reduced the problem of constructing

expanders to verification of the `2-flattening condition. How might this be achieved?

Certainly, there are some obvious algebraic obstructions to `2-flattening. For instance,

if most of the mass of µ
(l)
S becomes concentrated in a small proper subgroup H of

G (or a coset thereof), then much of this mass will be recycled back into H again

and again, so will not spread out efficiently over G. More generally, if H is not a

genuine subgroup but is a subset with slow growth under multiplication with itself

(in other words, a subset which is not necessarily closed under multiplication in G,

but which is almost closed, in some quantitative sense) then the mass of µ
(l)
S will still

tend to be recycled back into a small subset of G, and `2-flattening will fail. The

centrepiece of the machine is Bourgain and Gamburd’s remarkable observation that

such sets of slow growth constitute essentially the only obstruction to `2-flattening.

That is to say, if µ is a symmetric probability measure on G such that (µ ∗ µ)(1) is

not appreciably smaller than µ(1), then there exists a set of small growth contained

in the support of µ ∗ µ, upon which µ ∗ µ is concentrated.
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This idea is encapsulated in the `2-flattening Lemma, which in turn draws upon

the non-commutative Balog-Szemerédi-Gowers Theorem, due to Tao [75].

What do we mean by a subset with slow growth? The term has several plausible

interpretations. Here we present versions of the `2-flattening Lemma based on two of

them, namely on the concept of a set of small tripling and on that of an approximate

subgroup. The two notions are closely related, as we shall see.

Definition 2.2.13. Let G be an arbitrary group; A ⊆ G be finite and K ≥ 1. A is

said to have tripling at most K if:

|A · A · A| ≤ K|A|.

A is said to be a K-approximate subgroup of G if:

(i) 1 ∈ A;

(ii) A is symmetric;

(iii) There exists X ⊆ G such that |X| ≤ K and A · A ⊆ A ·X.

Remark 2.2.14. (i) If φ : G1 → G2 is a homomorphism of groups and A ⊆ G1 is

a K-approximate subgroup then so is φ(A) ⊆ G2.

(ii) If A,X ⊆ G are such that A · A ⊆ A ·X, then for any r ≥ 2,

A(r) ⊆ A ·X(r−1). (2.2)

In particular, if A is a K-approximate subgroup of G, then A(r) is a K2r−1-

approximate subgroup of G. Likewise, if A has tripling at most K, then A(r)

has tripling at most Kr.

(iii) Taking r = 3 in (2.2), we see that every K-approximate subgroup has tripling

at most K2.

(iv) Conversely (though this is much less obvious), there exists an absolute constant

C > 0 such that if A ⊆ G has tripling at most K, then A′ = (A ∪ A−1 ∪ {1})2

is a CKC-approximate subgroup of G satisfying |A′| ≤ CKC |A|.
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Many basic results about finite groups which rely on counting arguments can be

generalised to the setting of approximate subgroups [38]. To give just one example,

we have an approximate analogue of (one direction of) the class equation. Recall that

for g ∈ G, cclG(g) is the conjugacy class of g in G.

Lemma 2.2.15. Let A ⊆ G be non-empty finite symmetric, l ≥ 1. Then for every

g ∈ A(l),

|A(2) ∩ CG(g)| ≥ |A|/|A(l+2) ∩ cclG(g)|. (2.3)

In particular, if A is a K-approximate subgroup, if U ⊆ A(l) consists of pairwise

non-G-conjugate elements, and |U | ≥M , then for some g ∈ U :

|A(2) ∩ CG(g)| ≥M/K l+1. (2.4)

This shall follow from the following, which may be viewed as a version of (one

direction of) the Orbit-Stabiliser Theorem valid for arbitrary finite subsets.

Lemma 2.2.16. Let G be a group, acting on a set X. Let x ∈ X, let StabG(x) be

the stabiliser of x in G and let A ⊆ G be finite non-empty. Then:

|(A−1A) ∩ StabG(x)| ≥ |A|/|A · x|.

Proof. For y ∈ A · x, define By = {a ∈ A : a · x = y}. By the pigeonhole principle,

for some y, |By| ≥ |A|/|A · x|.
For any b ∈ By, b

−1By ⊆ (A−1A) ∩ StabG(x), so |(A−1A) ∩ StabG(x)| ≥ |By|, as

required.

Proof of Lemma 2.2.15. (2.3) is immediate from Lemma 2.2.16, applied to the action

of G on itself by conjugation, with x = g, and noting that the set of A-conjugates of

g is contained in A(l+2) ∩ cclG(g). Suppose (2.4) fails for all g ∈ U . Then:

K l+1|A| ≥ |A(l+2)|

≥
∑
g∈U

|A(l+2) ∩ cclG(g)| (as the g are pairwise non-conjugate)

≥ |A|
∑
g∈U

(1/|A(2) ∩ CG(g)|) (by (2.3))

> K l+1|A||U |/M

≥ K l+1|A|, a contradiction.
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Theorem 2.2.17 (`2-flattening Lemma with sets of small tripling; Lemma 15 from

[77]). There exists an absolute constant C > 0 such that the following holds. Let G be

an arbitrary group; µ, ν be finitely supported probability measures on G and K > 2.

Suppose:

‖µ ∗ ν‖2 > ‖µ‖
1
2
2 ‖ν‖

1
2
2 /K.

Then there exists a symmetric subset A ⊆ G such that:

(i) 1/CKC‖µ‖2
2 ≤ |A| ≤ CKC/‖µ‖2

2;

(ii) A has tripling at most CKC;

(iii) For all g ∈ A, (µ̃ ∗ µ)(g) ≥ 1/CKC |A|.

Here µ̃ is given by µ̃(g) = µ(g−1), so that µ̃ = µ iff µ is symmetric. Recall

(Remark 2.1.1 (ii)) that in case µ is symmetric, (µ ∗ µ)(1) = ‖µ‖2
2. Notice also that

the hypothesis is even weaker than was intimated above: we do not require that the

measure µ collides substantially with itself under convolution, only that it collides

with some measure ν.

Theorem 2.2.18 (`2-flattening Lemma with approximate subgroups; Lemma 4.0.1

from [76]). There exist absolute constants C > 0 such that the following holds: let ν

be a finitely supported symmetric probability measure on G and let K ≥ 1. Then one

of the following holds:

(i) ‖ν ∗ ν‖2 ≤ 1
K
‖ν‖2;

(ii) G has an CKC-approximate subgroup H such that:

|H| ≤ CKC/‖ν‖2
2

and ν(gH) ≥ CK−C for some g ∈ G.

Remark 2.2.19. Letting H be as in Theorem 2.2.18 (ii),

|H ·H| ≤ CKC |H| ≤ C2K2C/‖ν‖2
2,

and by Remark 2.2.14 (ii), H ·H is a C3K3C-approximate subgroup of G. Moreover,

(ν ∗ ν)(H ·H) ≥ ν(Hg−1)ν(gH) = ν(gH)2 ≥ C2K−2C

since ν is symmetric. In other words, up to polynomial losses in the constants involved

and replacing ν by ν ∗ ν, we can take g = 1 in Theorem 2.2.18 (ii).
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2.2.3 Product theorems and non-concentration

With the (appropriate version of the) `2-flattening Lemma in hand, it remains only

to show that the µ
(l)
S are not too concentrated on approximate subgroups or sets of

small tripling in G. In the setting of Chapter 5, we shall tackle this problem head

on, showing that any approximate subgroup in which µ
(l)
S becomes too trapped must

already be bigger than the conclusion of Theorem 2.2.18 permits.

However it is often possible to reduce the problem further, by classifying the slowly

growing subsets of G. We have noted already that proper subgroups do not grow. We

shall say that G satisfies a product theorem if a partial converse to this observation

holds: namely that every subset of slow growth is controlled by a coset of a subgroup.

To capture this property of groups, we make an auxiliary definition.

Definition 2.2.20. Let G be a finite group. Let C > 0 and let β : (0,∞)→ (0,∞).

We say that G satisfies the product theorem for sets of small tripling with respect to

(C, β) if, for all ε > 0 and A ⊆ G symmetric satisfying:

(i) |A| < |G|1−ε;

(ii) For all g ∈ G and H � G,

|gH ∩ A|/|A| < |G : H|−ε|G|β(ε),

then |A · A · A| ≥ C|A|1+β(ε).

Lemma 2.2.21. Let G be a finite group which satisfies the product theorem for sets

of small tripling with respect to (C1, β). For all ε > 0 there exists δ(C1, β, ε) > 0 such

that for µ, ν probability measures on G, if:

(i) ‖µ‖2 > |G|−
1
2

+ε;

(ii) For all g ∈ G and H � G, µ(gH) < |G : H|−ε

then ‖µ ∗ ν‖2 ≤ ‖µ‖
1
2

+δ

2 ‖ν‖
1
2
2 , provided |G| is sufficiently large, depending on C1, β.

Proof. Suppose (for a contradiction) that there exists ε > 0 such that for all δ > 0

there exist probability measures µ, ν on G such that:

(i) ‖µ‖2 > |G|−
1
2

+ε;

(ii) For all g ∈ G and H � G, µ(gH) < |G : H|−ε;
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(iii) ‖µ ∗ ν‖2 > ‖µ‖
1
2

+δ

2 ‖ν‖
1
2
2 .

By (iii), Theorem 2.2.17 is applicable with K = ‖µ‖−δ2 . Let A be as in Theorem

2.2.17. First, by Theorem 2.2.17 (i),

|A| ≤ CKC/‖µ‖2
2 = C‖µ‖−2−δC

2 < C|G|1−2ε+δ(C
2
−εC)

(by (i) above). Second, for all g ∈ G and H � G,

|gH ∩ A|/|A| ≤ CKC |gH ∩ A|min
a∈A

(µ̃ ∗ µ)(a) (by Theorem 2.2.17 (iii))

≤ CKC(µ̃ ∗ µ)(gH)

≤ CKC max
g′∈G

µ(g′H)

≤ CKC |G : H|−ε (by (ii) above)

= C‖µ‖−δC2 |G : H|−ε (by choice of K)

< C|G|
δC
2 |G : H|−ε (by (i) above).

Taking δ sufficiently small that δC/2 < β(ε), we satisfy the hypotheses of Definition

2.2.20. Therefore:

|A · A · A| ≥ C1|A|1+β(ε).

But by Theorem 2.2.17 (ii), A has tripling at most C‖µ‖−Cδ2 , so taking δ sufficiently

small, we have the required contradiction.

We summarise one of the paths to expansion explored in this section in the follow-

ing theorem. This is the version of the Bourgain-Gamburd machine which is applied in

[77], and is also the version of the machine from which our constructions of expanders

in Chapter 4 shall follow.

Theorem 2.2.22. Let G be a finite group; S ⊆ G a symmetric subset. Suppose:

(i) (Quasirandomness) There exist C1, α > 0 such that, for some finite groups

G1, . . . , Gn, G =
∏n

i=1Gi and Gi is (C1, α)-quasirandom for every i.

(ii) (Product theorem) There exist C2 > 0 and β : (0,∞) → (0,∞) such that G

satisfies the product theorem for sets of small tripling (Definition 2.2.20) with

respect to (C2, β).
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(iii) (Non-concentration) There exists γ > 0 and C3 > 0 such that for some

l ≤ C3 log|G| and every H � G,

µ
(2l)
S (H) ≤ |G : H|−γ.

Then there exists ε > 0 (depending on α, β(·), γ, C1, C2, C3, |S|) such that (G,S) is

a two-sided ε-expander, provided the |Gi| are sufficiently large depending on these

constants.

Proof. By Proposition 2.2.10 and condition (i), it suffices to check that (G,S) satisfies

the `2-flattening condition with respect to some C.

Fix ε > 0. Applying (iii) to H = 1, we have µ
(2l0)
S (1) ≤ |G|−γ for some l0 ≤ C0 log|G|.

By (ii) and (iii), Lemma 2.2.21 is applicable, assuming ‖µ(l0)
S ‖2 > |G|−

1
2

+ ε
2 (if at any

point in what follows this assumption becomes invalid, then `2-flattening is already

satisfied, as µ
(2l)
S (1) = ‖µ(l)

S ‖2
2 by Remark 2.1.1 (ii)).

Let δ > 0 be as in Lemma 2.2.21. Applying the conclusion of Lemma 2.2.21 with

µ = ν = µ
(l0)
S , we have:

‖µ(2l0)
S ‖2 ≤ ‖µ(l0)

S ‖
(1+δ)
2 .

Replacing l0 by 2kl0 and iteratively applying this last inequality (again, assuming that

`2-flattening is not already satisfied, so that Lemma 2.2.21 continues to apply),

‖µ(2kl0)
S ‖2 ≤ ‖µ(l0)

S ‖
(1+δ)k

2 ≤ |G|− γ2 (1+δ)k .

Taking k ≥ (log(1
2
− ε

2
)− log γ

2
)/ log(1 + δ), it follows that µ

(2l)
S (1) ≤ |G|ε−1 for some

l ≤ 2kl0 ≤ 2kC0 log|G|. Hence we satisfy the `2-flattening condition for some function

C(ε) ≤ 2kC0, and expansion follows.

Remark 2.2.23. For H ≤ G, and φ ∈ `2(G), define φ ∈ `2(G/H) by:

φ(gH) =
∑
h∈H

φ(gh).

Then since S is symmetric, for l ∈ N,

µ
(2l)
S (H) = ‖µ(l)

S ‖2
2.
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Now define AS : `2(G/H)→ `2(G/H) by:

AS(F )(gH) =
1

|S|
∑
s∈S

F (sgH).

Then AS is a linear operator; it is a contraction (being the adjacency operator on the

Schreier graph of (G/H, S)) and satisfies, for φ ∈ `2(G),

AS(φ) = µS ∗ φ.

It follows that µ
(2l)
S (H) is a decreasing function of l. Hypothesis (iii) of Theorem

2.2.22 therefore follows from an apparently weaker variant, in which our l ≤ C3 log|G|
is permitted to depend on the subgroup H.

2.3 Analytic Pro-p Groups

2.3.1 Pro-p groups

In this section we recall a (very) few well-known properties of pro-p groups. All proofs

may be found in [30] Chapter 1.

Definition 2.3.1. A topological group G is profinite if it is compact Hausdorff and

has a basis of neighbourhoods of the identity consisting of open subgroups. For p a

prime, G is pro-p if it is profinite and every open subgroup has index a power of p.

It should be noted that every open subgroup in a profinite group G has finite

index, so that every open subgroup contains an open normal subgroup of G. This

means that we may always take a neighbourhood basis at the identity consisting of

open normal subgroups.

Proposition 2.3.2. Let G be a profinite group and let N be a family of open normal

subgroups forming a neighbourhood basis at the identity. Then G is isomorphic to the

inverse limit

lim←−
N∈N

G/N

equipped with the Tychonoff topology, and where N is ordered by reverse-inclusion.

Conversely, the inverse limit of any inverse system of finite discrete groups (respec-

tively finite discrete p-groups) is profinite (respectively pro-p).
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Definition 2.3.3. Let G be a topological group. A (topological) generating set for

G is a subset X ⊆ G such that the subgroup 〈X〉 of G generated (abstractly) by X

is dense in G. G is (topologically) finitely generated if G has a finite (topological)

generating set.

Theorem 2.3.4 (Serre). Let G be a finitely generated pro-p group. The every sub-

group of G of finite index is open in G and the derived subgroup [G,G] is closed in

G.

Corollary 2.3.5. Every abstract homomorphism from a finitely generated pro-p group

to a profinite group is continuous.

These results were later extended to finitely generated profinite groups in the

celebrated work of Nikolov and Segal.

Definition 2.3.6. Let G be a pro-p group. The lower central p-series of G is the

sequence (Gn)n defined recursively by:

G1 = G; Gn+1 = Gp
n[Gn, G].

Proposition 2.3.7. If G is a finitely generated pro-p group then Gn is open in G for

every n, and (Gn)n forms a neighbourhood basis at the identity in G. In particular:

G ∼= lim←−
n≥1

G/Gn.

Finally we explain the concept of a p-adic power in a pro-p group.

Lemma 2.3.8. Let G be a pro-p group, let g ∈ G and let (an)n, (bn)n ⊆ Z be sequences

which converge in Zp to the same limit. Then (gan)n, (g
bn)n converge in G to the same

limit.

We may therefore well-define:

Definition 2.3.9. Let G be a pro-p group, let g ∈ G and let λ ∈ Zp. Then:

gλ = lim
n→∞

gan

where (an)n ⊆ Z is a sequence converging in Zp to λ.

Proposition 2.3.10. Let G be a pro-p group, let g, h ∈ G and let λ, µ ∈ Zp. Then:

(i) gλ+µ = gλgµ;

(ii) gλµ = (gλ)µ;

(iii) If gh = hg then (gh)λ = gλhλ;

(iv) The map ν 7→ gν defines a (continuous) homomorphism of Zp onto 〈g〉.
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2.3.2 Pro-p domains

Fix p prime. Let R be a commutative unital Noetherian ring. Recall that R is called

a local ring if R has a unique non-zero maximal ideal M (we shall refer to the local

ring (R,M)). The quotient R/M is called the residue field of R.

Notation 2.3.11. Following [30], here and in Sections 2.3.3; 2.3.4 and 2.4 we adopt

the convention that for R a local ring; I C R and n ∈ N, In shall denote the nth

power of I (an ideal in R), while I(n) shall denote the n-fold Cartesian product of I.

There is a topology on R, called the M-adic topology, induced by declaring the

filtration (Mn)n to be a basis for the neighbourhoods of 0.

Definition 2.3.12. The local ring (R,M) is called a pro-p ring if:

(i) The residue field of R is finite of characteristic p;

(ii) R is complete with respect to the M-adic topology.

A pro-p ring (R,M) where M is principal is called a discrete valuation pro-p ring

and a pro-p ring which is an integral domain will be called a pro-p domain.

Theorem 2.3.13 (Krull Intersection Theorem). If (R,M) is a pro-p domain, then⋂∞
i=1Mi = {0}, so that the M-adic topology on R is Hausdorff.

Let K be the field of fractions of R. Fix c ∈ (0, 1) and define a norm ‖·‖ on R

(compatible with the M-adic topology) by:

‖a‖ = cn for a ∈Mn \Mn+1; ‖0‖ = 0.

In particular if (R,M) is a discrete valuation ring, with P ∈M such thatM = (P),

then ‖P‖ = c. In this case, we extend ‖·‖ to K via:

‖a‖ = ‖aPn‖c−n for n sufficiently large that aPn ∈ R.

Example 2.3.14. Zp and Fq[[t]] (for q a power of p) are discrete valuation pro-p

domains, with maximal ideals (p) and (t), respectively.

Theorem 2.3.15 (Cohen [23]). Every discrete valuation pro-p domain is a finitely

generated free module over a subring of the form Zp and Fp[[t]].
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2.3.3 R-analytic groups

In this section (R,M) is a discrete valuation pro-p domain, with M generated by

P ∈M. For proofs of results quoted, refer to Chapter 13 of [30].

Definition 2.3.16. Write X = (X1, . . . , Xd), Y = (Y1, . . . , Yd). Denote by R[[X, Y ]]

the ring of formal non-commuting power series in the 2d variables X1, . . . , Xd,

Y1, . . . , Yd. For i = 1, . . . , d, let Fi(X, Y ) ∈ R[[X, Y ]]. Then F = (F1, . . . , Fd) is

a formal group law, of dimension d over R, if:

(i) F (X, 0) = X and F (0, Y ) = Y ;

(ii) F (X,F (Y , Z)) = F (F (X, Y ), Z).

Proposition 2.3.17 (13.16 in [30]). Let F be a formal group law. There exist power

series B(X, Y ), I(X), O(X, Y ), P (X), Q(X, Y ), with B bilinear in X and Y ; every

term of O,P ,Q having total degree at least 3 and every term of O,Q having degree

at least 1 in each of X, Y , such that:

(i) F (X, Y ) = X + Y +B(X, Y ) +O(X, Y );

(ii) I(X) = −X +B(X,X) + P (X) and F (X, I(X)) = 0 = F (I(X), X);

(iii) F ((I ◦ F )(Y ,X), F (X, Y )) = B(X, Y )−B(Y ,X) +Q(X, Y ).

Definition 2.3.18. An R-standard group of dimension d is a topological group (G, ·)
with underlying space G = M(d) such that there exists a formal group law F of

dimension d such that, for all g, h ∈ G,

g · h = F (g, h).

Note that, for B, I,Q as in Proposition 2.3.17, we have:

g−1 = I(g), [g, h] = B(g, h)−B(h, g) +Q(g, h).

Recall that for R a ring, Md(R) is the ring of d-by-d matrices over R.

Example 2.3.19. (i) (M(d),+) is an R-standard group of dimension d.

(ii) Let GL1
d(R) = Id +PMd(R). Then GL1

d(R) ≤ GLd(R) and, identifying GL1
d(R)

with M(d2) in the obvious way, multiplication in GL1
d(R) is given by a formal

group law of dimension d2.
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(iii) Let SL1
d(R) = SLd(R) ∩ GL1

d(R) be the kernel of the congruence map

SLd(R) � SLd(R/M). Then we may identify SL1
d(R) with M(d2−1) via

A 7→ ((A − Id)i,j)(i,j) 6=(d,d) (since these d2 − 1 co-ordinates together with the

determinant condition uniquely determine Ad,d). Under this identification, mul-

tiplication in SL1
d(R) is given by a formal group law of dimension d2 − 1.

Proposition 2.3.20 (13.22 in [30]). For n ∈ N define Kn = (Mn)(d) ⊆ G. Then for

all n,m ∈ N:

(i) Kn Co K1 = G;

(ii) [Kn, Km] ⊆ Kn+m;

(iii) If m ≤ n, Kn/Kn+m is isomorphic to the additive group (Mn/Mn+m)(d);

(iv) G ∼= lim←−G/Kn is a pro-p group.

R-standard groups arise as subgroups of R-analytic groups, in which they may be

seen as providing an especially nice chart at identity.

Definition 2.3.21. A topological group G is a R-analytic group if G has the structure

of an R-analytic manifold such that the functions:

(i) f : G×G→ G given by (x, y) 7→ xy,

(ii) i : G→ G given by x 7→ x−1

are analytic.

Of course, this definition begs the further questions of how we define the concepts

of a R-analytic manifold structure and an analytic function. We do not answer these

questions here (and instead refer the interested reader to [30]).

Theorem 2.3.22 (13.20 in [30]). Let G be an R-analytic group. Then G has an open

R-standard subgroup.

Proposition 2.3.23 (13.24 in [30]). For v, w ∈M(d), define:

(v, w) = B(v, w)−B(w, v).

Then L(G) = (M(d),+, (·, ·)) is a R-Lie ring. That is, (·, ·) satisfies the Jacobi

identity (and is obviously R-bilinear antisymmetric).
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Remark 2.3.24. For each n, PnL(G) is a Lie subring of L(G). As a set it is equal

to Kn+1. Moreover by Proposition 2.3.17, the additive cosets of PnL(G) in L(G) are

the same as the multiplicative cosets of Kn+1 in G.

Definition 2.3.25. The Lie algebra of G is LG = L(G)
⊗

RK, where K is the field

of fractions of R.

Example 2.3.26. (i) For G = (M(d),+), LG is the d-dimensional abelian K-Lie

algebra.

(ii) LGL1
d(R) = gld(K).

(iii) LSL1
d(R) = sld(K).

2.3.4 p-adic analytic groups

The most familiar definition of a p-adic analytic group is the specific case of Definition

2.3.21 for which R = Zp. Once again, we do not define the notions of a p-adic analytic

manifold structure and an analytic function here, as Definition 2.3.21 is intended only

to fix our terminology; we shall not make much direct use of it.

A second characterisation of p-adic analytic groups is available, which is useful for

visualising the class and producing examples:

Theorem 2.3.27 (5.2, 7.19 and 8.34 in [30]). A topological group G is p-adic analytic

if and only if G has an open pro-p subgroup H such that H embeds as a closed subgroup

of GLd(Zp), for some d.

A third characterization, utilising the concept of a pro-p group of finite rank,

elucidates some of the subgroup structure of p-adic analytic groups:

Definition 2.3.28. For G a pro-p group, the rank r(G) is given by:

r(H) = sup{d(K) : K ≤c H}.

Theorem 2.3.29 (8.33 in [30]). A topological group G is p-adic analytic if and only

if G has an open pro-p subgroup H such that r(H) is finite.

However, the characterization which will be of most use to us, and which will

provide an alternative approach to constructing the Lie algebra of G, is based on

the concept of a uniform subgroup. Uniform pro-p groups are close relatives of Zp-
standard groups (which are just the special case of the definitions and results in

Section 2.3.3 for R = Zp), but will be more convenient for our purposes.
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Let p ≥ 3 be prime; G be a pro-p group and (Gn)n be its lower central p-series.

Definition 2.3.30. G is powerful if G/Gp is abelian. G is uniform if it is finitely

generated, powerful and torsion-free. The dimension of a uniform group G is the

minimal size of a topological generating set.

The relationship between powerful groups and p-adic analytic groups was first

described by Lazard [52].

Theorem 2.3.31 (3.13 in [30]). Let G be a pro-p group. Then r(G) is finite if and

only if G is finitely generated and G has an open powerful characteristic subgroup.

Theorem 2.3.32 (4.2 in [30]). Let G be a finitely generated powerful pro-p group.

Then Gn is uniform for all sufficiently large n.

Theorem 2.3.33 (4.6 in [30]). If G is a pro-p group and H,K are open uniform

subgroups of G, then H and K have the same dimension.

By Theorems 2.3.29, 2.3.31 and 2.3.32 a topological group G is p-adic analytic if

and only if it has an open uniform pro-p subgroup. Indeed, for G compact we can

say more: letting H ≤ G be as in Theorem 2.3.29, |G : H| is finite, so H contains an

open subgroup K which is characteristic in G. K is still pro-p of finite rank, so by

Theorem 2.3.31 contains an open characteristic powerful subgroup L. Finally, for n

sufficiently large, Ln is uniform by Theorem 2.3.32. Recalling that the terms of the

lower central p-series are characteristic subgroups, we deduce:

Corollary 2.3.34. A compact topological group G is p-adic analytic if and only if G

is a profinite group with an open characteristic uniform pro-p subgroup.

Example 2.3.35. Every Zp-standard group of dimension d is a uniform pro-p group

of dimension d (8.31 of [30]). Conversely, if G is a d-dimensional uniform pro-p

group, then G2 is a d-dimensional Zp-standard group (8.23 (iii) of [30]). In particular,

every compact p-adic analytic group has an open characteristic Zp-standard subgroup.

We describe the formal group law on G2 below (Remark 2.3.40).

We recall some properties of uniform groups. Unless otherwise specified, let G be

a d-dimensional uniform pro-p group.

Theorem 2.3.36 (3.6, 4.9 in [30]). Let {a1, . . . , ad} be a topological generating set

for G; n,m ∈ N.

(i) (λ1, . . . , λd) 7→ aλ11 · · · a
λd
d defines a homeomorphism Zdp → G.
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(ii) Gn+1 is uniform of dimension d.

(iii) (Gn+1)m+1 = Gm+n+1.

(iv) Gn+1 = {xpn : x ∈ G}.

(v) {ap
n

1 , . . . , a
pn

d } is a topological generating set for Gn+1.

There is a complete normed Qp-algebra Â, an embedding G ↪→ Â∗ satisfying:

∀g ∈ G, g − 1 ∈ Â0, where Â0 = {x ∈ Â : ‖x‖ ≤ p−1}

and mutually inverse analytic functions:

log : 1 + Â0 → Â0,

exp : Â0 → 1 + Â0.

Â is naturally a Qp-Lie algebra with Lie bracket:

(x, y) = xy − yx.

log(G) is a free d-dimensional Zp-module and a Zp-Lie subalgebra of Â.

Lemma 2.3.37 (6.25 and 7.12 from [30]). Let x ∈ Â0, n ∈ Z.

(i) exp(nx) = exp(x)n.

(ii) log((1 + x)n) = n log(1 + x).

(iii) (log(G), log(G)) ⊆ p log(G).

Moreover, for g ∈ G, λ ∈ Zp, λ log(g) = log(gλ).

Combining this Lemma with Theorem 2.3.36 (iv), we have:

Corollary 2.3.38. For all n ∈ N, pn log(G) = log(Gn+1).

Proposition 2.3.39 (6.27 and 6.28 in [30]). There are formal non-commutative power

series Φ(X, Y ), Ψ(X, Y ) satisfying:

Φ(X, Y ) = X + Y + 1
2
(XY − Y X) + h.o.(X, Y )

Ψ(X, Y ) = (XY − Y X) + h.o.(X, Y )

(with h.o.(X, Y ) denoting terms composed of brackets of length at least three) such

that, for x, y ∈ Â0,
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(i) Φ(x, y) converges to log(exp(x) exp(y));

(ii) Ψ(x, y) converges to log(exp(−x) exp(−y) exp(x) exp(y)).

Remark 2.3.40. Let x1, . . . , xd ∈ log(G) be a Zp-basis for log(G). Identify Z(d)
p with

log(G) via:

θ : (αi)
d
i=1 7→

d∑
i=1

αixi.

Then, identifying Z(d)
p with G via exp ◦θ, multiplication in G corresponds to the formal

group law:

(a, b) 7→ θ−1(Φ(θ(a), θ(b)))

on Z(d)
p . Moreover, under this identification the subgroup Gn+1 corresponds to

pn log(G) = θ((pnZp)(d)), by Corollary 2.3.38. In particular, G2
∼= (pZp)(d) is a

Zp-standard subgroup.

Proposition 2.3.41 (4.8 and 4.31 in [30]). Let H be a uniform closed subgroup of

G; N C G be closed such that G/N is uniform.

(i) log(H) is a Zp-subalgebra of log(G).

(ii) N is uniform, with dim(N) = dim(G)− dim(G/N).

(iii) log(N) is an ideal in log(G), and log(G/N) ∼= log(G)/ log(N).

Proposition 2.3.42 (7.15 in [30]). Let S be a Zp-Lie subalgebra of log(G) such that

the Zp-module log(G)/S is torsion-free.

(i) exp(S) is a closed uniform subgroup of G.

(ii) If S is an ideal of log(G), then exp(S) C G and G/ exp(S) is uniform.

We may define LG = spanQp(log(G)), a d-dimensional Qp-Lie algebra. By Remark

2.3.40, this is isomorphic to the Lie algebra described in Definition 2.3.25.
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2.4 Chevalley Groups

Unless otherwise stated, proofs of assertions left unproven in this section may be

found in [22].

Let Φ be a root system of type Xl ∈ {Al, Bl, Cl, Dl, E6, E7, E8, F4, G2}, Π ⊆ Φ

be a fundamental system of roots. In a moment, we shall describe the Lie ring of

type Xl over a ring. This shall be done by specifying a basis and expressing the

brackets between basis vectors as explicit linear combinations of the basis. First

however we should indicate how to construct the coefficients appearing in these linear

combinations. We give the construction in full, not because its precise features will

be required in what follows (they won’t) but to reassure the reader that a suitable

choice of coefficients exists and may be explicitly constructed, since to do so is a little

delicate and involves a certain amount of “definition-chasing”.

Definition 2.4.1. A set of structure constants of typeXl is a set of integers {Nα,β}α,β∈Φ

such that, for all α, β, γ, δ ∈ Φ:

(0) If α + β /∈ Φ then Nα,β = 0, and if α + β ∈ Φ then Nα,β ∈ {±(p + 1)}, where

p ∈ N is maximal such that β − pα ∈ Φ;

(i) Nα,β = −Nβ,α;

(ii)
Nα,β
(γ,γ)

=
Nβ,γ
(α,α)

= Nγ,α
(β,β)

, provided α + β + γ = 0;

(iii) Nα,β = −N−α,−β;

(iv)
Nα,βNγ,δ

(α+β,α+β)
=

Nβ,γNα,δ
(β+γ,β+γ)

=
Nγ,αNβ,δ

(γ+α,γ+α)
, provided no two of α, β, γ, δ are opposite, and

α + β + γ + δ = 0.

To describe the possible set of structure constants, we make an auxiliary definition.

Definition 2.4.2. Fix a total order ≺ on the space spanned by Φ. A pair (α, β) ∈ Φ2

is extraspecial if:

(i) α + β ∈ Φ;

(ii) 0 ≺ α ≺ β;

(iii) If (α′, β′) ∈ Φ2 is another pair satisfying (i), (ii) and such that

α + β = α′ + β′ then α 4 α′.
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Proposition 2.4.3. Let Ψ ⊆ Φ2 be the set of extraspecial pairs. For every function

F : Ψ→ {±1} there exists a unique set of structure constants {Nα,β}α,β∈Φ of type Xl

satisfying:

Nα,β = F (α, β)(q + 1),

for every (α, β) ∈ Ψ, where q ∈ N is maximal such that β − qα ∈ Φ.

In other words, sets of structure constants are exactly parametrised by their values

at the extraspecial pairs. Now let S be a commutative unital ring.

Definition 2.4.4. Let {Nα,β}α,β∈Φ be a set of structure constants of type Xl. The

Lie ring of type Xl over S, denoted LS(Xl), is the free S-module on the basis:

{Eα}α∈Φ t {Hβ}β∈Π

with defining Lie brackets:

(i) (Hα, Hβ) = 0;

(ii) (Hα, Eβ) = Aα,βEβ;

(iii) (Eα, E−α) = Hα;

(iv) (Eα, Eβ) = 0 for α + β /∈ Φ;

(v) (Eα, Eβ) = Nα,βEα+β for α+ β ∈ Φ, where Aα,β = 2(α,β)
(α,α)

is the Cartan integer.

Proposition 2.4.5. For fixed Xl, LS(Xl) is independent (up to isomorphism) of the

choice of structure constants {Nα,β}α,β∈Φ in Definition 2.4.4.

Proposition 2.4.6. If K is a field then exactly one of the following holds:

(i) LK(Xl) is a perfect Lie algebra,

(ii) char(K) = 2 and Xl = A1 or Cl.

Definition 2.4.7. We define the adjoint Chevalley group of type Xl over S to be the

subgroup Gad
S (Xl) ≤ AutS(LS(Xl)) generated by the set {ρ(xα(t))}α∈Φ;t∈S, defined by:

(i) ρ(xα(t))(Eα) = Eα;

(ii) ρ(xα(t))(E−α) = E−α + tHα − t2Eα;

(iii) ρ(xα(t))(Hα) = Hα − 2tEα;
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(iv) ρ(xα(t))(Hβ) = Hβ − Aβ,αtEα, where Aβ,α = 2(β,α)
(α,α)

is the Cartan integer;

(v) ρ(xα(t))(Eβ) = Eβ +
∑q

i=1 Mα,β,it
iEiα+β, where Mα,β,i = 1

i!

∏i−1
j=0 Nα,jα+β and q

is maximal such that qα + β ∈ Φ,

for any α, β ∈ Φ linearly independent and t ∈ S.

Remark 2.4.8. Letting p ∈ N be maximal such that β − pα ∈ Φ, we have

Nα,jα+β ∈ {±(p+ j + 1)}, so that:

Mα,β,i ∈ {±
(
p+ i
i

)
} ⊆ Z.

Specifically, the identity (v) in the above definition makes sense for arbitrary S.

Proposition 2.4.9. Gad
S (Xl) preserves the Lie bracket on LS(Xl).

Proposition 2.4.10. Gad
S (Xl) ≤ GL(LS(Xl)) is independent of a choice of structure

constants.

It was no coincidence that we chose the (ostensibly unnecessarily complicated)

notation ρ(xα(t)) for the generators of Gad
S (Xl). They shall lie in the image of a

representation ρ on LS(Xl) of another group, which we define now.

Definition 2.4.11. We define the universal Chevalley group of type Xl over S to

be the group GS(Xl) abstractly generated by the symbols {xα(t)}α∈Φ;t∈S, subject to the

following Steinberg relations:

(i) For any α ∈ Φ and any t1, t2 ∈ S,

xα(t1)xα(t2) = xα(t1 + t2).

(ii) For any α, β ∈ Φ linearly independent and any s, t ∈ S,

[xβ(s), xα(t)] =
∏
i,j>0

xiα+jβ(Ni,j;α,β(−t)isj),

where the products are ordered such that i + j is increasing; and

Ni,j;α,β ∈ {±1,±2,±3} are defined by:

Ni,1;α,β = Mα,β,i, N1,j;α,β = (−1)jMα,β,j, N3,2;α,β = 1
3
Mα+β,α,2,

N2,3;α,β = −2
3
Mα+β,β,2.
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(iii) For any α ∈ Φ and any s, t ∈ S∗,

cα(s)cα(t) = cα(st),

where cα(s) = xα(s)x−α(−s−1)xα(s)(xα(1)x−α(−1)xα(1))−1.

Immediately from these definitions we have:

Lemma 2.4.12. (i) If S ′ is a subring of S, then the inclusion of {xα(t)}α∈Φ;t∈S′

into {xα(t)}α∈Φ;t∈S induces a homomorphism ψ : GS′(Xl) → GS(Xl) (in other

words, for each Φ, every Steinberg relation over S ′ is also a Steinberg relation

over S).

(ii) cα(1) = 1.

Theorem 2.4.13 (Steinberg). Let K be a field. There is a group homomorphism

ρ : GK(Xl) → GLd(K) (where d = |Φ| + |Π| is the dimension of LK(Xl)), such that

{ρ(xα(t))}α∈Φ;t∈S are as in Definition 2.4.7. Moreover ker(ρ) is finite and central in

GK(Xl).

Note that for S a subring of K and ψ : GS(Xl) → GK(Xl) as in Lemma 2.4.12,

ρ(ψ(GS(Xl))) = Gad
S (Xl) ≤ GLd(S).

Of particular interest to us shall be Chevalley groups over pro-p domains, because

these acquire an analytic structure.

Theorem 2.4.14 (Exercise 13.11 in [30]). Let (R,M) be a pro-p domain. For each

n ≥ 1, let Gn ≤ GR(Xl) be the subgroup generated by the set:

{xα(t)}α∈Φ;t∈Mn ∪ {cβ(1 + s)}β∈Π;s∈Mn.

(i) Gn Cf GR(Xl), for all n ≥ 1.

(ii) The map θn : (Mn)(|Φ|+|Π|) → Gn, given by:

θ(t) = (
∏
α∈Φ+

xα(tα))(
∏
β∈Π

cβ(1 + tβ))(
∏
α∈Φ−

xα(tα))

(with the products ordered by the height function induced on Φ by Π) is a bijec-

tion, for every n ≥ 1. Identifying G1 withM(|Φ|+|Π|) via θ1, G1 is an R-standard

group of dimension |Φ|+ |Π|.

(iii) LG1 is perfect, unless p = 2 and Xl = A1 or Cl. Indeed LG1
∼= LK(Xl).
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Now let ψ : GR(Xl) → GK(Xl) be as described in Lemma 2.4.12 (i). It is clear

from Definition 2.4.7 that:

(i) For any α ∈ Φ; s, t ∈ R and n ≥ 1, if s ≡ t mod Mn then

ρ(xα(s)) ≡ ρ(xα(t)) mod Mn.

(ii) In particular, for t ∈Mn, ρ(xα(t)) ≡ Id mod Mn.

From Lemma 2.4.12 (ii), it follows that for any β ∈ Φ, s ∈Mn,

ρ(cβ(1 + s)) ≡ Id mod Mn. Thus we have:

Corollary 2.4.15. ρ(ψ(Gn)) ≤ Kn := Gad
K (Xl) ∩ (Id +Md(Mn)).

2.5 The Nottingham Group

Another class of finitely generated pro-p groups of note is the Nottingham groups

of the finite fields. These groups have attracted considerable interest for three main

reasons. First, it is relatively easy to do explicit computations in them, so they serve

as a useful first testing ground for more general techniques and conjectures in pro-p

group theory. Second, they arise naturally in number theory as the groups of wild

automorphisms of Fq((t)). Third, they are exotic groups in their own right, and

exhibit a number of extreme properties.

The purpose of this section is to lay the groundwork for our analysis of the di-

ameters of finite quotients of the Nottingham group in Chapter 3. Our exposition is

largely based upon that appearing in [21], and we refer the reader there for further

details, together with [49] and [80].

2.5.1 Definition and first properties

Fix p a prime and let q = pa be a power of p. Let Fq denote the finite field of order q.

Definition 2.5.1. The Nottingham group Nq over Fq is the group with underlying

set:

Nq =
{
t+

∞∑
i=2

λit
i : (λi)i ∈ FNq

}
⊆ Fq[[t]]

and group operation given by formal substitution of variables; that is, for

f = t+
∑∞

i=2 λit
i, g = t+

∑∞
i=2 µit

i ∈ Nq,

f · g = f +
∞∑
i=2

µif
i

(= t+ (λ2 + µ2)t2 + (λ3 + 2λ2µ2 + µ3)t3 + . . .)
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Nq is a compact topological group when endowed with the degree topology inher-

ited from Fq[[t]].
We define the sequence of congruence subgroups (Kn)n of Nq to be the subsets:

Kn =
{
t+

∞∑
k=n+1

λkt
k ∈ Nq

}
(so that in particular K1 = Nq).

Lemma 2.5.2. (Kn)n satisfies:

(i) Kn Co Nq;

(ii) |Kn : Kn+1| = q for all n ∈ N;

(iii) Nq ∼= lim←−nNq/Kn as topological groups.

In particular, Nq is a pro-p group and the Kn form a neighbourhood basis at identity.

For n ≥ 1 and λ ∈ Fq, define:

en,λ(t) = t+ λtn+1 ∈ Kn.

Of course, for λ 6= 0, en,λ ∈ Kn \Kn+1. The elements en,λ form an infinite topological

generating set for Nq, as follows:

Lemma 2.5.3. (i) For any n ≥ 1 λ, µ ∈ Fq,

en,λ · en,µ ≡ en,λ+µ mod K2n

(so in particular ekn,λ ≡ en,kλ mod K2n for all k ∈ N).

(ii) Let {γ1, . . . , γa} be an Fp-basis for Fq. Then:

Kn/Kn+1 = 〈en,γ1Kn+1, . . . , en,γaKn+1〉 ∼= Ca
p .

Hence:

Nq = {e1,λ1 · e2,λ2 · · · : (λk)k ∈ FNq }.
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Of especial interest to us in Chapter 3 shall be the commutator structure of Nq,
which is fortunately very well-behaved.

Lemma 2.5.4. Let m,n ∈ N.

(i) Let g = t +
∑∞

k=n+1 λkt
k ∈ Kn \Kn+1, h = t +

∑∞
k=m+1 µkt

k ∈ Km \Km+1, so

that λn+1, µm+1 6= 0. Then:

[g, h] ≡ t+ λn+1µm+1(n−m)tm+n+1 mod Km+n+1.

(ii) For any λ, µ ∈ Fq,

[en,λ, em,µ] ≡ en−mm+n,λµ mod Kmin(m+2n,2m+n).

(iii) For p ≥ 3, if p - (n − m) (respectively p | (n − m)), then [Kn, Km] = Km+n

(respectively [Kn, Km] = Km+n+1).

2.5.2 Further group-theoretic properties

Henceforth we suppose p ≥ 3. The results quoted here are not really used anywhere

else in this work, but to the reader unfamiliar with the Nottingham group they

should amply justify its inclusion in the cast of major characters studied in pro-p

group theory.

Proposition 2.5.5. Nq is hereditarily just-infinite. In other words, for any H ≤o Nq
and any K Cc H, K ≤o H.

Proposition 2.5.6. Let (γn(Nq))n be the lower central series of Nq. Then:

|γn(Nq)/γn+1(Nq)| ≤ q2

for all n ∈ N. In particular, Nq has finite width.

Hereditarily just-infinite pro-p groups (or HJI groups for short) have a status in

pro-p group theory similar to that enjoyed by finite simple groups in finite group

theory. Unfortunately, they are too large and wild a class for there to be any realistic

prospect of fully classifying them. Within the class of HJI groups, those of finite

width have drawn particular attention, in part because they form a class which may

be sufficiently restricted as to be amenable to classification. It is still far from clear

what such a classification should look like, but the last two results suggest that the

Nottingham group (and its relatives) could represent an important case of it.

Other examples of HJI groups arise from analytic groups over pro-p domains (with

simple Lie algebra), but the Nottingham group is very much unlike an analytic pro-p

group.
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Theorem 2.5.7 (Leedham-Green, Weiss (Theorem 10 in [21])). Every finite p-group

embeds into Nq.

Corollary 2.5.8. Nq is not linear over any field.

Theorem 2.5.9 (Camina [21], Fesenko [31]). Every countably based pro-p group em-

beds as a closed subgroup of Nq.

Theorem 2.5.10 (Segal, Shalev (Theorem 5.3 of [73])). Let R be a pro-p domain (as

defined in Section 2.3.2). Then Nq is not analytic over R.

It remains to the author’s knowledge an open question whether Nq is a finitely

presented pro-p group.

2.6 The Sum-Product Phenomenon in Z/pnZ

In this section, we marshal some results related to the sum-product phenomenon in

the ring Z/pnZ, originally presented in [3] and [6].

For a general (commutative, unital) ring R, a sum-product theorem for R states

that for an arbitrary non-empty finite subset A ⊆ R, at least one of the sumset

A+A or the product set A ·A is significantly larger than A, provided certain obvious

obstructions do not apply.

Sum-product theorems are in a similar genre to the product theorems for finite

groups we encountered in Section 2.2. Indeed the proof of product theorems for linear

groups over finite fields such as Helfgott’s [36] involves associating to a generating set

for the group a subset of the underlying field, in such a way that growth of sum-

product in the field guarantees growth of the generating set under multiplication.

The precise nature of the obstructions to growth we wish to avoid depends on the

ring R in question. For R = Z/pnZ it turns out that if growth of sum-product fails

for A, then A is either: (i) already almost all of Z/pnZ or (ii) contained in a few

cosets of a subring pmZ/pnZ. To be precise, we have the following result of Bourgain:

Theorem 2.6.1 (Theorem 1 in [3]). For all δ1, δ2 > 0 there exist γ, ε > 0 such that,

if A ⊆ Z/pnZ satisfies:

(i) |A| < p(1−δ1)n;

(ii) |πpm(A)| > pδ2m whenever n ≥ m > εn

then:

|A+ A|+ |A · A| > pγn|A|. (2.5)
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Our interest in this result is that it allows us to produce sets A which efficiently

generate a large part of Z/pnZ, by taking iterated sum- and product-sets and dif-

ference sets (see Proposition 2.6.3 and Corollary 2.6.4 below for precise statements).

The ability to produce such sets shall be crucial to the results of Chapter 5.

First we have an auxiliary Fourier-analytic result, which shows that families of

subsets Ai, Bi ⊆ Z/pnZ which are sufficiently equidistributed (in the sense that none

of them is too concentrated on any coset of a subring pmZ/pnZ) cover Z/pnZ upon

taking the product sets Ai ·Bi and summing.

Lemma 2.6.2. Let β1, β2 ∈ (0, 1); K ∈ Z>0 be such that β1 + β2 > 3/2 and

K > 2
β1+β2−3/2

. Let Ai, Bi ⊆ Z/pnZ for 1 ≤ i ≤ K, satisfying:

(i) maxx∈Z/pmZ|Ai ∩ π−1
pm(x)| < p−β1m|Ai|

(ii) maxy∈Z/pmZ|Bi ∩ π−1
pm(y)| < p−β2m|Bi|

for all 0 < m ≤ n. Then for any z ∈ Z/pnZ, there exist xi ∈ Ai, yi ∈ Bi such that

z =
∑K

i=1 xiyi.

Proof. Denote A =
∏K

i=1Ai, B =
∏K

i=1Bi. Define φ : Z/pnZ→ [0,∞) by:

φ(w) =
∣∣∣{(x, y) ∈ A×B :

K∑
i=1

xiyi = w
}∣∣∣/(|A||B|).

We prove that for any w ∈ Z/pnZ, |φ(w)− 1
pn
| < 1

pn+1 . In particular this implies that

φ(w) is always non-zero, and so yields the required result.

We first observe:

φ(w) =
1

pn|A||B|
∑
x∈A

∑
y∈B

∑
0≤z<pn

epn(z(w −
K∑
i=1

xiyi))

(where for x ∈ Z/pnZ, epn(x) = e
2πix
pn ). This is because, for fixed x ∈ A and y ∈ B,

the contribution to the exponential sum as z varies is pn when (x, y) is a solution to∑K
i=1 xiyi = w, and is 0 if it is not. Thus:

|φ(w)− 1

pn
| ≤ 1

pn|A||B|
∑

0<z<pn

∣∣∣∑
x∈A

∑
y∈B

epn(z(w −
K∑
i=1

xiyi))
∣∣∣

=
1

pn|A||B|
∑

0<z<pn

∣∣∣∑
x∈A

∑
y∈B

epn(z
K∑
i=1

xiyi)
∣∣∣

=
1

pn|A||B|
∑

0<z<pn

K∏
i=1

∣∣∣ ∑
x∈Ai

∑
y∈Bi

epn(zxy)
∣∣∣.
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For any z ∈ Z/pnZ, there exist unique 0 ≤ n′ < n and v ∈ Z/pn−n′Z with (p, v) = 1,

such that z = vpn
′
, so that:∣∣∣ ∑

x∈Ai

∑
y∈Bi

epn(zxy)
∣∣∣ =

∣∣∣ ∑
x∈Ai

∑
y∈Bi

epn−n′ (vxy)
∣∣∣.

For X ⊆ Z/pnZ, define ψX : Z/pn−n′Z→ C by:

ψX(y) = |{x ∈ X : πpn−n′ (x) = y}|.

By hypothesis, for all y ∈ Z/pn−n′Z and for 1 ≤ i ≤ K,

ψAi(y) < p−β1(n−n′)|Ai|;ψBi(y) < p−β2(n−n′)|Bi|. (2.6)

Now,∣∣∣ ∑
x∈Ai

∑
y∈Bi

epn−n′ (vxy)
∣∣∣ =

∣∣∣ ∑
x,y∈Z/pn−n′Z

ψAi(x)ψBi(y)epn−n′ (vxy)
∣∣∣

≤
( ∑
x∈Z/pn−n′Z

ψAi(x)2
) 1

2
( ∑
x∈Z/pn−n′Z

∣∣∣ ∑
y∈Z/pn−n′Z

ψBi(y)epn−n′ (vxy)
∣∣∣2) 1

2

by the Cauchy-Schwarz inequality. Note that:∑
x∈Z/pn−n′Z

∣∣∣ ∑
y∈Z/pn−n′Z

ψBi(y)epn−n′ (vxy)
∣∣∣2 =

∑
x∈Z/pn−n′Z

∣∣∣ ∑
y∈Z/pn−n′Z

ψBi(y)epn−n′ (xy)
∣∣∣2

and for every x ∈ Z/pn−n′Z:∣∣∣ ∑
y∈Z/pn−n′Z

ψBi(y)epn−n′ (xy)
∣∣∣ =

∣∣∣ ∑
y∈Z/pn−n′Z

ψBi(y)epn−n′ (−xy)
∣∣∣ = |ψ̂Bi(x)|,

where ψ̂Bi is the Fourier transform of ψBi . By the Plancherel Theorem,∑
x∈Z/pn−n′Z

∣∣∣ ∑
y∈Z/pn−n′Z

ψBi(y)epn−n′ (vxy)
∣∣∣2 = ‖ψ̂Bi‖2

2 = pn−n
′‖ψBi‖2

2.

It follows that:

|
∑
x∈Ai

∑
y∈Bi

epn−n′ (vxy)| ≤ (
∑

x∈Z/pn−n′Z

ψAi(x)2)
1
2 (

∑
y∈Z/pn−n′Z

ψBi(y)2)
1
2p

n−n′
2

≤ p( 3
2
−β1−β2)(n−n′)|Ai||Bi|
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by (2.6). Therefore:

|φ(w)− 1

pn
| ≤ 1

pn|A||B|
∑

0≤n′<n

∑
v∈(Z/pn−n′Z)∗

K∏
i=1

|
∑
x∈Ai

∑
y∈Bi

epn−n′ (vxy)|

≤ 1

pn|A||B|
∑

0≤n′<n

∑
v∈(Z/pn−n′Z)∗

pK( 3
2
−β1−β2)(n−n′)|A||B|

≤ 1

pn

∑
0≤n′<n

(1− 1

p
)p(1+K( 3

2
−β1−β2))(n−n′)

<
1

pn+1

since 1 +K(3
2
− β1 − β2) < −1.

We now combine Lemma 2.6.2 with Theorem 2.6.1 to prove efficient generation of

a large subring.

Proposition 2.6.3. For all α1, α2 > 0, there exists ε > 0; r, s ∈ Z>0 such that, for

A ⊆ Z/pnZ satisfying:

|πpm(A)| > pα1m whenever n ≥ m > εn,

there exists 0 ≤ k < α2n such that:

pkZ/pnZ ⊆ ΣrA
(s) − ΣrA

(s).

Proof. Iteratively applying (2.5), for any δ1 > 0 there exist R, S ∈ Z>0 such that

B := ΣRA
(S) satisfies |B| ≥ p(1−δ1)n.

For α ∈ (0, 1), define:

Sα = {m ≤ n : max
x∈Z/pmZ

|B ∩ π−1
pm(x)| ≥ p−(1−α)m|B|}.

Note that 0 ∈ Sα and that (provided δ1 < α), n /∈ Sα. If m > δ1n
α

, then

n−m < (1− δ1)n− (1− α)m so that pn−m < p−(1−α)m|B|. But for any x ∈ Z/pmZ,

|π−1
pm(x)| ≤ pn−m, so that m /∈ Sα.

Let M = max(Sα), so that M ≤ δ1n
α

. There exists x ∈ Z/pMZ such that

C := B ∩ π−1
pM

(x) satisfies:

|C| ≥ p−(1−α)M |B|.

For any x ∈ C, there exists D ⊆ Z/pn−MZ such that |D| = |C| with:

C = x+ pMD.
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Let 0 < k ≤ n−M . By maximality of M ,

p−(1−α)k|D| = p−(1−α)k|C|

≥ p−(1−α)(k+M)|B|

> max
y∈Z/pk+MZ

|B ∩ π−1
pk+M

(y)|

≥ max
y∈Z/pkZ

|D ∩ π−1
pk

(y)|.

We may now apply Lemma 2.6.2 with β1 = β2 ∈ (7
8
, 1), K = 8 and Ai = Bi = D.

Setting α ∈ (0, 1− β1),

max
y∈Z/pkZ

|D ∩ π−1
pk

(y)| < p−β1k|D|

for all 0 < k ≤ n−M , so that by Lemma 2.6.2, Z/pn−MZ ⊆ Σ8D
(2). Hence:

p2MZ/pnZ ⊆ Σ8(pMD)(2)

⊆ Σ8(C − x)(2)

⊆ Σ16C
(2) − Σ16C

(2)

⊆ Σ16B
(2) − Σ16B

(2)

= Σ16R2A(2S) − Σ16R2A(2S).

We require 2M < α2n. Recall that M ≤ δ1n
α

. It therefore suffices to set

δ1 ∈ (0, α2α
2

).

In our applications we shall use the following variant of Proposition 2.6.3, in which

the hypothesis has been weakened: we no longer require that A fails to be contained

in a few cosets of pmZ/pnZ at all sufficiently large scales m; only that it should not

be so contained at some sufficiently small scale.

Corollary 2.6.4. For all α > 0, there exist ε > 0; r, s ∈ Z>0 such that, if A ⊆ Z/pnZ
is such that:

|πpm(A)| > pαm for some m < εn,

then for some j ≤ k ≤ n satisfying k − j ≥ αm
4

and k �α m,

pjZ/pkZ ⊆ πpk(ΣrA
(s) − ΣrA

(s)).
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Proof. Let k1 < m be maximal such that:

max
x∈Z/pk1Z

|{y ∈ πpm(A) : πpk1 (y) = x}| ≥ p
−αk1

2 |πpm(A)|. (2.7)

Such k1 clearly exists: we have equality in the above for k1 = 0, for instance.

For any x ∈ Z/pk1Z,

|{y ∈ Z/pmZ : πpk1 (y) = x}| = pm−k1 .

Hence:

|{y ∈ πpm(A) : πpk1 (y) = x}| ≤ pm−k1 ,

so that:

pm−k1 ≥ p
−αk1

2 |πpm(A)| > pαm−
αk1
2 ≥ p

αm
2 (2.8)

(by (2.7)). If 0 < k2 ≤ m− k1, then:

p
−α(k1+k2)

2 |πpm(A)| > max
x∈Z/pk1+k2Z

|{y ∈ πpm(A) : πpk1+k2 (y) = x}|

≥ max
x∈Z/pk1+k2Z:π

pk1
(x)=z
|{y ∈ πpm(A) : πpk1+k2 (y) = x}|

≥ |{y ∈ πpm(A) : πpk1 (y) = z}|/|{πpk1+k2 (y) : y ∈ πpm(A), πpk1 (y) = z}|

for any z ∈ Z/pk1Z. If z attains the maximum in (2.7), then:

|{y ∈ πpm(A) : πpk1 (y) = z}| ≥ p
−αk1

2 |πpm(A)|

so:

|{πpk1+k2 (y) : y ∈ πpm(A), πpk1 (y) = z}| > p
−αk2

2 . (2.9)

Define B = {x ∈ Z/pn−k1Z : pk1x ∈ A − A}. We claim that, for k2 ≤ m − k1,

|πpk2 (B)| > p
αk2
2 . Let Cz = {x ∈ A : πpk1 (x) = z}. For x, y ∈ Cz,

πpk1 (x)− πpk1 (y) = z − z = 0 (in Z/pk1Z)

so there exists w ∈ Z/pnZ such that x− y = pk1w. Fix some x ∈ Cz, and let:

D = πpn−k1 ({p−k1(x− y) : y ∈ Cz}) ⊆ B.

Then |πpk2 (B)| ≥ |πpk2 (D)| ≥ |πpk2 (C)| (as y 7→ p−k1(x − y) is injective), and

|πpk2 (C)| > p
αk2
2 , by (2.9), and we have the desired claim.

In other words, πpm−k1 (B) satisfies the hypothesis of Proposition 2.6.3, with n

replaced by m− k1, α1 = α/2, and ε arbitrarily small. Setting α2 = 1/2, we conclude

that there exist 0 ≤ i ≤ m−k1
2

; r, s ∈ Z>0 such that:

πpm−k1 (ΣrB
(s)−ΣrB

(s)) = Σr(πpm−k1 (B))(s)−Σr(πpm−k1 (B))(s) ⊇ piZ/pm−k1Z. (2.10)
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By definition of B,

πpm+(s−1)k1 (Σ2srA
(s) − Σ2srA

(s)) ⊇ πpm+(s−1)k1 (Σr(A− A)(s) − Σr(A− A)(s))

⊇ πpm+(s−1)k1 (Σr(p
k1B)(s) − Σr(p

k1B)(s))

= πpm+(s−1)k1 (psk1(Σr(B)(s) − Σr(B)(s)))

⊇ pi+sk1Z/pm+(s−1)k1Z

(by (2.10)). We now take k = m + (s − 1)k1, j = i + sk1. First, k < sm < sεn, so

stipulating ε < 1/s we have k ≤ n. Second,

k − j = m− k1 − i ≥ (m− k1)/2 ≥ αm/4 (by (2.8)).

Finally, since k < sm and s depends only on α, k �α m.
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Chapter 3

New Uniform Diameter Bounds in
Pro-p Groups

3.1 Introduction

This chapter shall describe our results on diameters of finite groups obtained from

the Solovay-Kitaev procedure. These results were first presented in [12].

3.1.1 The Solovay-Kitaev procedure in quantum computa-
tion and beyond

Let us begin by sketching some of the development of the Solovay-Kitaev procedure,

from its original implementation in the context of quantum computer science to the

more recent applications to diameters of finite groups. Our exposition here is based

in large part upon [24].

In classical computation the basic unit of information is the bit. A bit can exist in

one of precisely two states: “on” or “off”. By contrast in quantum computation the

basic unit of memory is the quantum bit or qubit, which can exist in a superposition of

these states. If we represent the two classical states of a bit as a pair of orthonormal

vectors e1 and e2, then a superposition of the two memory states is represented by a

direction in the complex Hilbert space spanned by e1 and e2, that is by an element

of CP 1.

For simplicity, consider a quantum computer with a memory consisting only of

a single qubit. A programme run on such a computer takes the form of a finite

sequence of operations (known as quantum logic gates) which act on the memory

state as elements of SU(2). At the end of the programme, the memory state is

observed, and one of the two classical states is outputted: if the memory state after
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the final gate is represented by the unit vector αe1 + βe2, then the output is e1 with

probability |α|2 (respectively e2 with probability |β|2).

A major part of the power of quantum computation is the greater flexibility that

the ability to act on superpositions of the classical states affords: instead of the finite

number of operations that a classical computer can perform on its memory, we have

a continuum of options among the elements of SU(2). This flexibility has led to

the design of quantum algorithms which give much better performance than their

classical competitors: we have for instance the well-known quantum database-search

algorithm of Grover [35], which is quadratically faster than the best known classical

search algorithms, or Shor’s algorithm [74], which achieves polynomial-time integer

factorization.

There is a cost, though. A quantum computer, if built, could only ever have a

finite number of gates at its disposal, whereas a programme run on it could call for

any of the uncountable number of gates in SU(2). The best that can be hoped for is

that the gates s1, . . . , sr available to the computer (known as instructions) generate

a subgroup of SU(2) which is dense, so that the arbitrary gate called for by the

programme can be approximated, up to arbitrarily small error, by a finite sequence

of instructions (here, and throughout, we make the simplifying assumption that the

instruction set may be taken to be symmetric). The computer could then employ a

quantum compiler : an additional (classical) algorithm which would take as input the

arbitrary quantum gates from the programme, and output approximating sequences

of instructions which the computer was actually able to perform. The fact that the

result of the sequence of instructions may not exactly equal what was demanded by

the programme is not a major problem: the result outputted upon observation is

only a probable correct result anyway, and observation of a quantum state differing

by a small error will give the same result with high probability (the errors in our

approximations to elements of SU(2) being measured by distance in operator norm).

What is a big problem, however, is the possibility that the quantum compiler may

be inefficient, in the sense that the number of instructions it requires to approximate

an arbitrary gate up to error ε grows too quickly as ε shrinks. If this happens, and

the computer must work too hard to implement the programme, then any gains in

speed the programme enjoys over classical rivals may be lost.

We would like to know, then, that given a finite instruction set S, an arbitrary

gate g ∈ SU(2), and ε > 0, there exists a word w in S, of length bounded by a

slowly growing function of 1/ε, which approximates g up to an error of size at most

ε. Moreover we would like a fast classical algorithm to write w, given S, g and
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ε. This is precisely the problem which Solovay-Kitaev procedure solves: indeed it

delivers a bound on both the length of w and the time taken to write it, which is a

polylogarithmic function of 1/ε. The procedure also works for SU(d) with larger d,

and specifically for SU(2n), which is the group of quantum logic gates for a computer

with a memory consisting of n qubits (2n being the dimension of the space of possible

quantum states of n particles).

How does the Solovay-Kitaev procedure work? First, we näıvely generate SU(d)

up to a first, fairly large error: since the instruction set S generates a dense subgroup

of SU(d), for any ε0 > 0 there exists l0(S) ∈ N such that BS(l0) contains an ε0-net.

ε0 shall be a sufficiently small absolute constant, to be determined.

We now inductively construct sequences (ln) ⊆ N and (εn) ⊆ (0, 1) such that

BS(ln) contains an εn-net. The construction relies on two facts about the group

SU(d), which hold for all sufficiently small δ, ε > 0. The first is an elementary

computation and tells us that there is some cancellation among error terms upon

taking commutators.

Lemma 3.1.1. Let u, ũ, v, ṽ ∈ SU(d). Suppose:

‖u− Id‖, ‖v − Id‖ < δ; ‖u− ũ‖, ‖v − ṽ‖ < ε.

Then ‖[u, v]− [ũ, ṽ]‖ = Od(δε+ ε2).

Once again, ‖·‖ is the operator norm. The second observation is that every element

of SU(d) of sufficiently small operator norm may be approximated by a commutator.

Lemma 3.1.2. Let k ∈ SU(d), satisfying ‖k− Id‖ < ε. Then there exist u, v ∈ SU(d)

satisfying:

‖u− Id‖, ‖v − Id‖ = Od(ε
1
2 ); ‖[u, v]− k‖ = Od(ε

3
2 ).

Lemma 3.1.2 may be viewed as the Lie group analogue of a corresponding state-

ment about Lie algebras: that for every traceless Hermitian matrix H, iH may be

written as the Lie bracket of two Hermitian matrices of the appropriate norm. Lemma

3.1.2 follows from this latter claim by exponentiating.

We now construct the ln, εn. Let g ∈ SU(d) be arbitrary. Given εn, there exists

wn ∈ BS(ln) such that ‖g − wn‖ < εn, by induction. We apply Lemma 3.1.2 with

k = gw−1
n , to produce u and v. By induction again we have ũ, ṽ ∈ BS(ln) with

‖u − ũ‖, ‖v − ṽ‖ < εn. It follows from Lemma 3.1.2 that wn+1 = [ũ, ṽ]wn ∈ BS(5ln)

satisfies ‖g − wn+1‖ < εn+1 with εn+1 = Od(ε
3
2
n ), so we may take ln+1 = 5ln.
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For ε0 sufficiently small (εn)n decays doubly exponentially fast, at the cost of (ln)n

growing exponentially fast, so that ln is polylogarithmically large in ε−1
n .

What does all this have to do with diameters of finite groups? We can pose the

problem of “approximating” arbitrary elements by short words up to “small error” in

other topological groups, as well as compact real Lie groups like SU(d). In the case

of a profinite group G, the natural neighbourhood basis for the topology is provided

be the cosets of open normal subgroups, instead of the balls which we used in SU(d).

Given a descending sequence (Kn)n of open normal subgroups and supposing we have

a finite subset S ⊆ G generating a dense subgroup, our problem becomes to find a

sequence (ln)n such that every element of G is approximable up to an error in Kn,

by a word of length at most ln. In other words, G = KnBS(ln), or equivalently

diam(G/Kn, S) ≤ ln.

Further, one can describe hypotheses on G, Kn which imitate the Lemmata 3.1.1

and 3.1.2, in such a way that the inductive procedure for constructing approximat-

ing words, described above for SU(d), translates to the profinite setting. It was

this translation, achieved in the specific case G = SL2(Zp), with (Kn)n the congru-

ence subgroups, which formed the basis of Gamburd and Shahshahani’s bound on

diam(SL2(Z/pnZ)) [33]. The refinements made by Dinai [28] related to the transla-

tion of Lemma 3.1.2, and introduced the exponential map as a tool for computing

commutators in SL2(Zp) in terms of brackets in the associated Lie algebra. The pres-

ence of a supporting Lie algebra shall be of use in many of our results too, though an

exponential map shall not always be available.

It is worth noting that in the profinite setting, the first step of approximating up to

an initial error ε0 corresponds to generating G/Kn0 , for n0 an absolute constant. For

any S ⊆ G generating a dense subgroup, diam(G/Kn0 , S) ≤ |G/Kn0|; in particular

the lengths of words in S required for this first approximation may be bounded

independent of S. Noting also that any generating set for any of the G/Kn lifts to

a finite subset of G generating a dense subgroup, it follows that the Solovay-Kitaev

algorithm produces diameter bounds independent of the choice of generating set, that

is bounds for diam(G/Kn).
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3.1.2 Statement of results

Let us recall the statements of our results on diameter from the Introduction.

Theorem 3.1.3. Let (R,M) be a commutative unital discrete valuation pro-p do-

main. Let G be a d-dimensional R-standard group, Kn = (Mn)(d) Co G. Suppose LG
is perfect. Then there exist C1(G), C2(d) > 0 such that for all n ∈ N:

diam(G/Kn) ≤ C1(log|G/Kn|)C2.

Definition 3.1.4. Let G be a profinite group. G is FAb if every open subgroup has

finite abelianisation.

Theorem 3.1.5. Let p ≥ 3. Let G be a d-dimensional compact p-adic analytic group.

Let K1 ≤ G be an open characteristic uniform subgroup; (Kn)n its lower central p-

series. If G is FAb then there exist C1(G), C2(d) > 0 such that for all n ∈ N:

diam(G/Kn) ≤ C1(log|G/Kn|)C2 . (3.1)

For G = K1 then conversely: if there exist C1, C2 > 0 such that (3.1) holds for all

n ∈ N then G is FAb.

Recall that the definitions of a discrete valuation pro-p domain (R,M); an R-

analytic group and its associated Lie algebra and a uniform pro-p group were given

in Section 2.3. We shall also see (Proposition 3.4.2) that a uniform pro-p group is

FAb if and only if the associated Lie algebra is perfect.

Theorem 3.1.6. Let (R,M) be a commutative unital discrete valuation pro-p do-

main, with M generated by P. Let G ≤ GLd(R) be the adjoint Chevalley group of

type Xl ∈ {Al, Bl, Cl, Dl, E6, E7, E8, F4, G2} over R (here d is the dimension of the

associated Lie algebra). Suppose:

(Xl, p) /∈ {(A1, 2), (Bl, 2), (Cl, 2), (Dl, 2)}.

Let Kn = G∩ (Id +PnMd(R)). Then there exist C1(G) > 0 and an absolute constant

C2 > 0 such that for all n ∈ N:

diam(G/Kn) ≤ C1(log|G/Kn|)C2.

Moreover, the same bound holds for G = SLd(R), SOd(R) or Spd(R) provided p ≥ 3,

and for G = SLd(R) with p = 2 provided d ≥ 3.
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Recall that the definitions of the adjoint Chevalley groups were given in Section

2.4. It is also important to note that, even though we have already seen that the

groups occurring in Theorem 3.1.6 are R-analytic with perfect Lie algebra (Theorem

2.4.14), the conclusion of Theorem 3.1.6 does not follow directly from Theorem 3.1.3.

For in Theorem 3.1.3, the degree C2 of the polylogarithm in the diameter bound

depends on the dimension of the group, whereas in Theorem 3.1.6 it is independent

of the dimension.

Next, recall from Section 2.5 the definitions of the Nottingham group Nq over the

finite field of order q and characteristic p, and of the congruence subgroups Kn.

Theorem 3.1.7. Suppose p ≥ 3. Then there exist C1(q) > 0 and an absolute constant

C2 > 0 such that for all n ∈ N:

diam(Nq/Kn) ≤ C1(log|Nq/Kn|)C2.

Recall that in our results on random walks S ⊆ G is a finite symmetric set,

X1, X2, . . . is a sequence of independent random variables, each uniformly distributed

on S. For l ∈ N, Yl = X1 · · ·Xl.

For (R,M) a discrete valuation pro-p domain; G a d-dimensional R-standard

group and x1, . . . , xd an R-basis for M(d) we may write:

Yl = L
(l)
1 x1 + · · ·+ L

(l)
d xd

for some random variables L
(l)
1 , . . . , L

(l)
d supported on R.

Corollary 3.1.8. Suppose LG is perfect and S ⊆ G generates a dense subgroup.

Then there exists C(d) > 0, such that for any C ′ > 0 there exists C ′′(G, |S|, C ′) > 0

and C ′′′(d, |R/M|, C ′) > 0 such that, for any (λ1, . . . , λd) ∈ R(d), and for any N ∈ N,

we have: ∣∣∣P[‖L(l)
1 − λ1‖, . . . , ‖L(l)

d − λd‖ ≤ cN+1
]
− 1

|R/M|dN
∣∣∣ ≤ e−C

′′′NC′

whenever l ≥ C ′′NC+C′.

Here c ∈ (0, 1) is the norm of a generator P for the maximal ideal M of R.

For G a d-dimensional uniform pro-p group and any minimal (ordered) generating

set a1, . . . , ad for G, recall that by Theorem 2.3.36 (i) we have:

Yl = a
M

(l)
1

1 · · · aM
(l)
d

d

for some random variables M
(l)
1 , . . . ,M

(l)
d supported on Zp.
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Corollary 3.1.9. Let p ≥ 3. Suppose G is uniform and FAb and S ⊆ G generates

a dense subgroup. Then there exists C(d) > 0, such that for any C ′ > 0 there exists

C ′′(G, |S|, C ′) > 0 and C ′′′(d, p, C ′) > 0 such that, for any µ1, . . . , µd ∈ Zp, and for

any N ∈ N, we have:∣∣∣P[‖M (l)
1 − µ1‖, . . . , ‖M (l)

d − µd‖ ≤ p−N−1
]
− 1

pdN

∣∣∣ ≤ e−C
′′′NC′

whenever l ≥ C ′′NC+C′.

For G = Nq the Nottingham group of the finite field of order q we may express:

Yl = t+
∞∑
i=2

A
(l)
i t

i

for some random variables A
(l)
i supported on Fq.

Corollary 3.1.10. Let p ≥ 3. Suppose S ⊆ Nq generates a dense subgroup. Then

there exists an absolute constant C > 0, such that for any C ′ > 0 there exists

C ′′(q, |S|, C ′) > 0 and C ′′′(q, C ′) > 0 such that, for any sequence (αi)i in Fq, and

for any N ∈ N, we have:∣∣∣P[A
(l)
2 = α2, . . . , A

(l)
N = αN ]− 1

qN−1

∣∣∣ ≤ e−C
′′′NC′

whenever l ≥ C ′′NC+C′.

One of the virtues of the method by which we arrive at our diameter bounds is

that the constants appearing are in principle computable. Indeed, Propositions 3.2.1

and 3.2.5 shall allow us to read off the degree C2 of the polylogarithm giving our

upper bound on diam(G/Kn). For ease of reference, let us record some cases here:

G Kn C2

SLd(R) (with p ≥ 3 for d = 2) {g ∈ G : g ≡ I mod Pn} ≈ 5.46
Sp2d(R) (with p ≥ 3) or SOd(R) {g ∈ G : g ≡ I mod Pn} ≈ 6.49

Adjoint Chevalley group of {g ∈ G : g ≡ I mod Pn} ≈ 37.69
type E8 over R

d-dimensional R-standard; As in Theorem 3.1.3 6 log(4d+ 1)/ log(3)
LG perfect

d-dimensional FAb p-adic As in Theorem 3.1.5 6 log(4d+ 1)/ log(3)
analytic (with p ≥ 3)
Nq (with p ≥ 3) As in Theorem 3.1.7 12

68



Here, as elsewhere, R is a discrete valuation pro-p domain with maximal ideal

generated by P and q is a power of p. The case of the E8-group gives the largest

value of C2 among the Chevalley groups. It is likely that this value is far from optimal,

as we shall discuss later.

The chapter is structured as follows. In Section 3.2 we discuss analogues of the

Solovay-Kitaev procedure for profinite groups upon which all our results will be based.

In Section 3.3 we prove Theorem 3.1.6 in the case of classical groups. This is achieved

via a very concrete analysis of the Lie algebras of these groups, in their standard

matrix representation, and does not require any understanding of the associated root

systems. In Section 3.4 we study the Lie algebras of R-analytic groups, prove Theorem

3.1.3 and deduce both Theorem 3.1.5 and the exceptional case of Theorem 3.1.6. In

Section 3.5 we prove Theorem 3.1.7. Consequences of these results for mixing times

of random walks are explained in Section 3.6.

3.2 The Profinite Solovay-Kitaev Procedure

In this section we give bounds on the diameters of finite quotients of a general profi-

nite group G under some hypotheses on the behaviour of commutators in G. Our

hypotheses are based on the conditions underlying the Solovay-Kitaev procedure out-

lined in Section 3.1.1. The proofs of Theorems 3.1.3, 3.1.5, 3.1.6 and 3.1.7 will thereby

be reduced to a verification that commutators in the groups concerned satisfy these

hypotheses. Our first result in this direction, which will also serve as a warm-up for

the more general technical result required for some applications, is:

Proposition 3.2.1. Let G be a profinite group, (Kn)n≥1 a descending sequence of

open normal subgroups of G. Suppose:

(i) For all m,n ≥ 1, [Km, Kn] ⊆ Km+n;

(ii) There exists n0 ≥ 1 such that for all m,n ≥ n0 satisfying n ≤ m ≤ 2n, and all

g ∈ Kn+m, there exist:

g1, . . . , gA ∈ Kn , h1, . . . , hA ∈ Km

such that [g1, h1] · · · [gA, hA]g−1 ∈ K2n+m.

Then G/
⋂∞
n=1 Kn is finitely generated and there exists C > 0 (depending only on A,

|G/K2n0|) such that for all n ≥ 1,

diam(G/Kn) ≤ Cn
log(8A2+6A)

log 2 .
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Remark 3.2.2. In all the examples we consider below, we will have in addition that

the sequence (|Ki/Ki+1|)i is constant, so that a bound for diam(G/Kn), which is

polynomial in n, is polylogarithmic in |G/Kn|.

In fact, rather than hypothesis (i) itself the proof uses a reformulation (i’), as ex-

plained in the following Lemma, which is more recognizable as a profinite translation

of Lemma 3.1.1.

Lemma 3.2.3. Let G be a profinite group, (Kn)n≥1 a descending sequence of open

normal subgroups. The following conditions are equivalent:

(i) For all m,n ≥ 1, [Km, Kn] ⊆ Km+n;

(i’) For all m,m′, n, n′ ≥ 1, with m ≤ m′, n ≤ n′, and for all g, g′ ∈ Kn; h, h′ ∈ Km

with g−1g′ ∈ Kn′; h
−1h′ ∈ Km′,

[g, h]−1[g′, h′] ∈ Kmin(m+n′,m′+n).

Proof. Assuming (i), write g̃ = g−1g′, h̃ = h−1h′. Then we may express [g′, h′] as:

[g′, h′] = [g, h̃][g, h][[g, h], h̃][[g, hh̃], g̃][g̃, hh̃]

by standard commutator identities. Now:

[g, h̃] ∈ Kn+m′ ; [[g, h], h̃] ∈ Kn+m+m′ ; [[g, hh̃], g̃] ∈ Kn+n′+m; [g̃, hh̃] ∈ Kn′+m

by (i), so that [g, h] ≡ [g′, h′] mod Kmin(m+n′,m′+n).

Conversely, assuming (i’), let g ∈ Kn, h ∈ Km. We may assume n ≤ m. Then

g−1h ∈ Kn. Taking n′ = n, m′ > m in (i’), we have min(m+ n′,m′ + n) = n+m, so

we may set g′ = h′ = h to obtain:

1 = [h, h] ≡ [g, h] mod Kn+m.

In other words, [g, h] ∈ Kn+m, as required.

The diameter bound will come from the following Lemma, the conditions of which

we shall verify in the setting of Proposition 3.2.1.

Lemma 3.2.4. Let G be a profinite group, (Kn)n≥1 a descending sequence of open

normal subgroups. Suppose there exist n0, B,D ∈ N, with D ≥ 2, such that, for every

n ≥ n0 and every X ⊆ G,

Kn/KDn ⊆ KDnX/KDn ⇒ KDn/KD2n ⊆ KD2nX
B/KD2n. (3.2)
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Then G/
⋂∞
n=1 Kn is finitely generated and there exists C > 0 (depending only on

B, |G/KDn0|) such that for any n ∈ N,

diam(G/Kn) ≤ Cn
logB
logD .

Proof. Let S ⊆ G, and suppose the restriction of the quotient πDn0 : G � G/KDn0

to 〈S〉 is surjective. Then for some l0 ∈ N (independent of S),

KDn0BS(l0)/KDn0 = G/KDn0

(we may always take l0 ≤ |G/KDn0|). In particular we have:

Kn0/KDn0 ⊆ KDn0BS(l0)/KDn0 .

By an easy induction involving (3.2), we have for any i ∈ N,

KDin0
/KDi+1n0

⊆ KDi+1n0
BS(Bil0)/KDi+1n0

.

It follows that, for any n ≤ Din0,

diam(G/Kn, S)�B,l0 B
i.

Hence for arbitrary n, choosing i such that Di−1n0 ≤ n ≤ Din0,

diam(G/Kn, S)�B,l0 B
logn
logD = n

logB
logD .

Now let S ⊆ G/Kn and suppose 〈S〉 = G/Kn. If n ≤ Dn0, then diam(G/Kn, S) ≤ l0.

Otherwise, the image of S in G/KDn0 is a generating set, and the preceding argument

applies.

In particular, let S̃ ⊆ G be finite with image in G/KDn0 a generating set. Then

for every n, S̃ generates G modulo Kn, so S̃ maps to a topological generating set in

G/
⋂∞
n=1Kn.

Proof of Proposition 3.2.1. Let n ≥ n0. Suppose X ⊆ G is such that:

Kn/K2n ⊆ K2nX/K2n. (3.3)

Let g ∈ K2n. By hypothesis (ii) there exist g1, . . . , gA, h1, . . . , hA ∈ Kn such that:

g ≡ [g1, h1] · · · [gA, hA] mod K3n.

By (3.3) there exist g′1, . . . , g
′
A, h

′
1, . . . , h

′
A ∈ X with gi ≡ g′i, hi ≡ h′i mod K2n for

i = 1, . . . , A. By hypothesis (i’) from Lemma 3.2.3, [gi, hi] ≡ [g′i, h
′
i] mod K3n. Hence

g ≡ [g′1, h
′
1] · · · [g′A, h′A] mod K3n, so that:

K2n/K3n ⊆ K3nX
4A/K3n. (3.4)
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Likewise, let g ∈ K3n. There exist g1, . . . , gA ∈ Kn, h1, . . . , hA ∈ K2n such that:

g ≡ [g1, h1] · · · [gA, hA] mod K4n.

By (3.3) and (3.4) there exist g′1, . . . , g
′
A ∈ X and h′1, . . . , h

′
A ∈ X4A such that

gi ≡ g′i mod K2n and hi ≡ h′i mod K3n, so that [gi, hi] ≡ [g′i, h
′
i] mod K4n for

i = 1, . . . , A and:

g ≡ [g′1, h
′
1] · · · [g′A, h′A] mod K4n.

Hence:

K3n/K4n ⊆ K4nX
8A2+2A/K4n. (3.5)

Combining (3.3), (3.4) and (3.5), we obtain K2n/K4n ⊆ K4nX
8A2+6A/K4n. The

required result now follows from Lemma 3.2.4, applied with B = 8A2+6A, D = 2.

Proposition 3.2.1 suffices to prove Theorem 3.1.6 in the case of classical groups

over pro-p rings. For general analytic pro-p groups and for the Nottingham group,

however, generating elements as products of commutators is more difficult. For exam-

ple, [Kn, Km] may not be the whole of Kn+m (as will always be the case in Proposition

3.2.1) but some deeper subgroup Kn+m+k (with k ≥ 1 bounded independent of m,n,

say). To circumvent these and other complexities of the general case, we prove a

stronger version of Proposition 3.2.1, in which hypothesis (ii) has been weakened:

Proposition 3.2.5. Let G be a profinite group, (Kn)n≥1 a descending sequence of

open normal subgroups of G. Suppose:

(i) For all m,n ≥ 1, [Km, Kn] ⊆ Km+n;

(ii) There exists ε ∈ (0, 1); A,M1,M2 ∈ N such that for all n ≥ M1, there exist

ni,mi ∈ N (for i = 1, 2, 3) with:

n
3
(2 + i+ ε) ≤ ni ≤ mi ≤ 2n

3
(2 + i); ni +mi = (2 + i)n−M2

and for all g ∈ K(2+i)n, there exist:

g1, . . . , gA ∈ Kni , h1, . . . , hA ∈ Kmi

such that [g1, h1] · · · [gA, hA]g−1 ∈ K(2+i)n+ni−M2 = K2ni+mi.

Then G/
⋂∞
n=1Kn is finitely generated and there exists C > 0 (depending on A,

|G/K3n0|, where n0 = max{2M1, d3M2

ε
e}) such that:

diam(G/Kn) ≤ Cn
6 log(4A+1)

log 3 .
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Proof. First claim that for any n ≥ max{2M1,
3M2

ε
} and any X ⊆ G,

Kn/K3n ⊆ K3nX/K3n ⇒ Kn/K6n ⊆ K6nX
(4A+1)3/K6n. (3.6)

Let g ∈ K3n. By hypothesis (ii), we have g1, . . . , gA ∈ Kn1 , h1, . . . , hA ∈ Km1 such

that:

g ≡ [g1, h1] · · · [gA, hA] mod K3n+n1−M2 .

By assumption, there exist g′1, . . . , g
′
A, h

′
1, . . . , h

′
A ∈ X such that gi ≡ g′i,

hi ≡ h′i mod K3n, so that g′i ∈ Kn1 , h
′
i ∈ Km1 . By Lemma 3.2.3,

[gi, hi] ≡ [g′i, h
′
i] mod K3n+n1 .

Hence g ≡ [g′1, h
′
1] · · · [g′A, h′A] mod K3n+n1−M2 . Therefore:

K3n/K3n+n1−M2 ⊆ K3n+n1−M2X
4A/K3n+n1−M2

and, combining with the hypothesis Kn/K3n ⊆ K3nX/K3n,

Kn/K3n+n1−M2 ⊆ K3n+n1−M2X
4A+1/K3n+n1−M2 .

In particular, since n1 ≥ n+ εn
3
≥ n+M2, Kn/K4n ⊆ K4nX

4A+1/K4n.

We now simply repeat the same procedure: let n2,m2 ∈ N be as above. We deduce:

K4n/K4n+n2−M2 ⊆ K4n+n2−M2X
4A(4A+1)/K4n+n2−M2 .

Combining this estimate withKn/K4n ⊆ K4nX
4A+1/K4n, and since 4n+n2−M2 ≥ 5n,

we have:

Kn/K5n ⊆ K5nX
(4A+1)2/K5n.

Finally let n3,m3 ∈ N be as above. We have:

K5n/K5n+n3−M2 ⊆ K5n+n3−M2X
4A(4A+1)2/K5n+n3−M2 .

Combining with Kn/K5n ⊆ K5nX
(4A+1)2/K5n, since 5n+ n3 ≥ 6n, the claim follows.

Using (3.6) we have for n ≥ max{2M1,
3M2

ε
},

Kn/K3n ⊆ K3nX/K3n =⇒ K2n/K6n ⊆ K6nX
(4A+1)3/K6n.

Applying (3.6) again, with n replaced by 2n and X replaced by X(4A+1)3 ,

K2n/K12n ⊆ K12nX
(4A+1)6/K12n

so that in particular, K3n/K9n ⊆ K9nX
(4A+1)6/K9n. The result now follows from

Lemma 3.2.4, applied with B = (4A+ 1)6, D = 3.
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The proof of Proposition 3.2.5 is sufficiently robust that qualitatively similar

(though quantitatively worse) diameter bounds should be available under even weaker

hypotheses. We shall not pursue such results here, as the level of generality already

achieved is sufficient for all the examples we shall consider. We conclude this section

by noting some cases in which hypothesis (i) of Propositions 3.2.1 and 3.2.5 is always

satisfied.

Example 3.2.6. (i) Let G be any pro-p group; Kn be the nth term of the lower

central p-series for G.

(ii) Let R be a unital profinite ring; G ≤ R∗; I C R a proper two-sided open ideal.

Define Kn = G ∩ (1 + In) C G. Let n,m ∈ N with n ≤ m and let g ∈ Kn,

h ∈ Km. Let a, ã ∈ Im, b, b̃ ∈ In be such that:

g = 1 + a, g−1 = 1 + ã, h = 1 + b, h−1 = 1 + b̃.

Then a+ ã+ ãa = b+ b̃+ b̃b = 0, so:

[g, h] ≡ 1 + ab+ ãb+ ãb̃+ b̃a ≡ 1 + ab− ba mod I2n+m.

In particular, [g, h] ∈ Kn+m.

(iii) As a particular case of (ii), letting R = FpG and I C R be the augmentation

ideal, Kn is the nth mod-p dimension subgroup of G.

3.3 Diameter in Classical Groups

In this section we prove Theorem 3.1.6 in the case for which Xl is classical, so

that the associated adjoint Chevalley group over R is one of PSLd(R), PSOd(R),

or PSpd(R) (with d even in the latter case). To be more precise, we prove the

diameter bound for G = SLd(R), SOd(R) or Spd(R); Kn = G ∩ (Id + PnMd(R)).

The required result for the adjoint form then follows from Lemma 2.1.5: letting

ρ : G → GLD(R) be the adjoint representation of G on the associated Lie algebra

(of dimension D), for any g ∈ G, if g ≡ Id mod Pn then ρ(g) ≡ ID mod Pn. Thus

letting Kn = G ∩ (Id + PnMd(R)), Ln = ρ(G) ∩ (ID + PnMD(R)), ρ descends to an

epimorphism G/Kn � ρ(G)/Ln. By Lemma 2.1.5 (i),

diam(ρ(G)/Ln) ≤ diam(G/Kn) ≤ C1(log|G/Kn|)C2 .
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The polylogarithmic diameter bound in |G/Kn| then translates to a polylogarithmic

bound in |ρ(G)/Ln| (with possibly larger constant C1). For |G/Kn| � |R/M|d
2n and

|ρ(G)/Ln| � |R/M|n.

We verify the hypotheses of Proposition 3.2.1 for G = SLd(R), SOd(R), or Spd(R).

Recall that we permit ourselves the assumption that p ≥ 3 unless G = SLd(R) and

d ≥ 3. Hypothesis (i) follows immediately from Example 3.2.6 (ii). Moreover, for

g ∈ Kn, h ∈ Km, with n ≤ m ≤ 2n, writing:

g = Id + PnX; h = Id + PmY

for some X, Y ∈Md(R), we have:

[g, h] ≡ Id + Pm+n(X, Y ) mod Pm+2n

where (X, Y ) = XY − Y X is the Lie bracket. Hence for g1, . . . , gA ∈ Kn,

h1, . . . , hA ∈ Km, writing gi = Id + PnXi, hi = Id + PmYi, we have:

[g1, h1] · · · [gA, hA] ≡ Id + Pm+n((X1, Y1) + . . .+ (XA, YA)) mod Pm+2n.

To verify hypothesis (ii) of Proposition 3.2.1, it therefore suffices to find

A ∈ N (independent of G) such that, for any g ∈ Km+n, we can find X1, . . . XA,

Y1, . . . , YA ∈Md(R) such that:

(a) g − Id ≡ Pm+n((X1, Y1) + . . .+ (XA, YA)) mod Pm+2n;

(b) There exist g1, . . . , gA ∈ Kn, h1, . . . , hA ∈ Km such that

gi − Id ≡ PnXi mod P2n, hi − Id ≡ PmYi mod P2m

for 1 ≤ i ≤ A.

As in the statement of Proposition 3.2.1, finding A independent of G yields an expo-

nent C2 in Theorem 3.1.6 independent of Xl. For G = SLd(R), SOd(R) or Spd(R),

let g = sld(R), sod(R) or spd(R) be the associated Lie ring over R. Conditions (a),

(b) above will follow straightforwardly from the following, which we verify for each

group scheme in turn:

(a’) For every n ∈ N and every g ∈ Kn, there exists X ∈ g such that such that

g − Id ≡ PnX mod P2n.

(b’) There exists A ∈ N (independent of g) such that every element of g is the sum of

at most A brackets in g (as we shall see, it suffices to take A = 2 for g = sld(R)

and A = 3 for g = sod(R) or spd(R)).
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(c’) There exists B ⊆ g, generating g as a Z-module, such that for every n ∈ N and

every X ∈ B, there exists g ∈ Kn such that such that g− Id ≡ PnX mod P2n.

For, given g ∈ Kn+m, we immediately produce Xi, Yi as in (a) by applying (a’), (b’)

to g. Now writing an arbitrary element Z ∈ g as
∑r

i=1 Zi, for Zi ∈ B, and letting

k1, . . . , kr ∈ Kl be such that ki − Id ≡ P lZi mod P2l as in (c’), we have:

Id + P lZ ≡ k1 · · · kr ∈ Kl mod P2l.

Applying this observation to Xi, Yi with l = n,m respectively, we obtain gi, hi as in

(b).

3.3.1 SLd

Let sld(R) denote the space of traceless d × d matrices over R; it is spanned over R

by the matrices Ei,j, Da,b, for i 6= j, a < b, where:

(Ei,j)r,s = δi,rδj,s, (Da,b)r,s = δa,rδa,s − δb,rδb,s.

(a’) Let g ∈ Kn. Write g = Id + PnX, for some X ∈Md(R). Then:

1 = det(g) ≡ 1 + Pntr(X) mod P2n

so tr(X) ≡ 0 mod Pn. Hence there exists X ′ ∈ sld(R) such that

X ≡ X ′ mod Pn.

(b’) First suppose d ≥ 3. Define R-module endomorphisms T1, T2 : sld(R)→ sld(R)

by:

T1(X) =
(
X,

d−1∑
i=1

Ei+1,i

)
T2(X) =

(
X,

d−1∑
i=1

Ei,i+1

)
.

Then:

Dj,j+1 = T1(Ej,j+1) for j = 1, . . . , d− 1,

Ei,j−1 − Ei+1,j = T1(Ei,j) for 1 ≤ i ≤ d− 1, i+ 2 ≤ j ≤ d,

E1,i+1 = T1(−Ei,1) for 2 ≤ i ≤ d− 1,

E3,2 − 2E2,1 = T1(D1,2).
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Transposing, we also have:

{Ei−1,j − Ei,j+1 : 1 ≤ j ≤ d− 1, j + 2 ≤ i ≤ d}
∪{Ej+1,1 : 2 ≤ j ≤ d− 1} ∪ {E2,3 − 2E1,2} ⊆ im(T2).

It may therefore be seen that im(T1) ∪ im(T2) contains an R-basis for sld(R),

so sld(R) = im(T1) + im(T2). Now suppose d = 2 and p > 2. Then for any

a, b, c,∈ R,(
a b
c −a

)
= (

(
0 −b
c 0

)
,

(
1
2

0
0 −1

2

)
) + (

(
0 a
0 0

)
,

(
0 0
1 0

)
).

(c’) Let B = {xEi,j : x ∈ R, i 6= j} ∪ {x(Da,b + Ea,b − Eb,a) : x ∈ R, a ≤ b}. Then B
clearly spans sld(R) and, for any n ∈ N, X ∈ B, det(Id + PnX) = 1.

Remark 3.3.1. The preceding argument breaks down for d = 2, p = 2. Let

X, Y ∈M2(R) with tr(X) = tr(Y ) = 0. Then:

(X, Y ) ≡ (X12Y21 −X21Y12)

(
1 0
0 −1

)
mod P.

Hence we cannot express an arbitrary traceless matrix as a sum of brackets, as we do

above in higher rank or characteristic other than two.

3.3.2 SOd

Denote by sod(R) the space of skew-symmetric d × d matrices over R; it is spanned

over R by the matrices Xi,j = Ei,j − Ej,i, for 1 ≤ i < j ≤ d.

(a’) Let g ∈ Kn. Write g = Id + PnX, for some X ∈Md(R). Then:

Id = (Id + PnX)(Id + PnXT ) ≡ Id + Pn(X +XT ) mod P2n

so XT ≡ −X mod Pn. Hence there exists X ′ ∈ sod such that

X ≡ X ′ mod Pn.

(b’) Define the R-module endomorphisms T1, T2, T3 : sod(R)→ sod(R) by:

T1(X) = (X,
d−1∑
i=1

Xi,i+1)

T2(X) = (X,X1,d−1 +X1,d +X2,d)

T3(X) = (X,X1,2).
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Then for 1 < i < d− 1,

Xi,i+2 −Xi−1,i+1 = T1(Xi,i+1); Xi+1,d −Xi−1,d −Xi,d−1 = T1(Xi,d).

For 1 < j < d− 1,

X2,j +X1,j+1 −X1,j−1 = T1(X1,j).

For 1 < i, j < d, with i+ 1 < j,

Xi+1,j +Xi,j+1 −Xi−1,j −Xi,j−1.

For 3 ≤ j ≤ d− 2,

X1,j = T2(Xj,d−1); Xj,d = T2(−X2,j)

and:

X1,2 = T2(−X2,d); Xd−1,d = T2(X1,d−1); X1,d−1 = T3(−X2,d−1);

X1,d = T3(−X2,d); X2,d = T3(−X1,d).

Therefore im(T1) ∪ im(T2) ∪ im(T3) contains an R-basis for sod(R), so

sod(R) = im(T1) + im(T2) + im(T3).

(c’) For α ∈ R, l ∈ N, consider the polynomial f(X) = X2 − (1 − α2P2l). Then

f(1) = α2P2l ≡ 0 mod P2l but f ′(1) = 2 6≡ 0 mod P . By Hensel’s Lemma,

there exists β ∈ R such that f(β) = 0 and β ≡ 1 mod P2l. Hence for any

i 6= j,

g
(l)
i,j (α) := Id + αP l(Ei,j − Ej,i) + (β − 1)(Ei,i + Ej,j) ∈ Kl

and g
(l)
i,j (α) ≡ Id + αP l(Ei,j − Ej,i) mod P2l.

Remark 3.3.2. In contrast to the cases of SLd(R) and Spd(R), SOd(R) is not in

general the simply connected form of the Chevalley group of its type; this is rather

a proper central extension of SOd(R) by a finite group. Increasing the constant C1

in Theorem 3.1.6, the diameter bounds obtained above for SOd extend to the simply

connected form by Lemma 2.1.5 (ii).
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3.3.3 Spd

Let d = 2g and let Ω =

(
0 Ig
−Ig 0

)
, so that spd(R) is the set of d × d matrices X

over R satisfying the relation XTΩ + ΩX = 0. Suppose p > 2.

For 1 ≤ i, j ≤ g, define the matrices:

Ai,j =

(
Ei,j 0
0 −Ej,i

)
, Bi,j =

(
0 Ei,j + Ej,i
0 0

)
,

Ci,j =

(
0 0

Ei,j + Ej,i 0

)
∈ spd(R).

We have:

(Ai,j, Ak,l) = δj,kAi,l − δi,lAk,j,
(Ai,j, Bk,l) = δj,kBi,l + δj,lBi,k,

(Ai,j, Ck,l) = −δi,lCj,k − δi,kCj,l,
(Bi,j, Ck,l) = δj,kAi,l + δj,lAi,k + δi,kAj,l + δi,lAj,k.

Hence:

Ai,j = (Ai,j, Aj,j), for i 6= j,

Ai,i = (1
2
Bi,i,

1
2
Ci,i),

Bi,j = (Ai,k, Bk,j), for i 6= k 6= j,

Ci,j = (−Ak,i, Cj,k), for i 6= k 6= j.

(a’) Let g ∈ Kn. Write g = Id + PnX, for some X ∈Md(R). Then:

Ω = gTΩg

= Ω + Pn(ΩX +XTΩ) + P2nXTΩX

≡ Ω + Pn(ΩX +XTΩ) mod P2n

so ΩX + XTΩ ≡ 0 mod Pn. Hence there exists X ′ ∈ spd(R) such that

X ≡ X ′ mod Pn.

(b’) Define the R-module endomorphisms U1, U2 : spd(R)→ spd(R) by:

U1(X) =
(
X,

g∑
i=1

Ai,i
)

U2(X) =
(
X,

g∑
i=1

(Bi,i + Ci,i)
)
.
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Then for any 1 ≤ i, j ≤ g, Bi,j, Ci,j ∈ im(U1), Ai,j + Aj,i ∈ im(U2). Define the

R-Lie subring V ≤ spd(R):

V = {
(
X 0
0 −XT

)
: X ∈ glg(R)}.

We show that, for any X ∈ sog(R), there exist v1, v2 ∈ V and symmetric

Z ∈ glg(R) such that:(
X 0
0 X

)
= (v1, v2) +

(
Z 0
0 −Z

)
.

Now for an arbitrary element v ∈ spd(R) there exist X ∈ sog(R) and

symmetric B,C, Y ∈ glg(R) such that:

v =

(
X 0
0 X

)
+

(
Y 0
0 −Y

)
+

(
0 B
C 0

)
= (v1, v2) +

(
0 B
C 0

)
+

(
Y + Z 0

0 −(Y + Z)

)

and

(
0 B
C 0

)
∈ im(U1),

(
Y + Z 0

0 −(Y + Z)

)
∈ im(U2), so that every

element of spd(R) is expressible as a sum of three brackets.

It will suffice to check that any element of sog(R) is expressible as the sum of a

bracket in glg(R) and a symmetric matrix. Define the R-module endomorphisms

S1, S2 : glg(R)→ glg(R) by:

S1(X) = (X,E1,1)

S2(X) =
(
X,

d−1∑
i=1

(Ei,i+1 − Ei+1,i)
)

and for X ∈ glg(R), write X = X1 + X2, with X1 symmetric, X2 skew-

symmetric. Then:

(
X,E1,1 +

d−1∑
i=1

(Ei,i+1 − Ei+1,i)
)
− S1(X1)− S2(X2)

is symmetric. We already described the image of S2 |sog(R) (in the guise of T1

in our analysis of SOd). For 2 ≤ i ≤ g,

S1(E1,i + Ei,1) = Ei,1 − E1,i.
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These elements, together with im(S2 |sog(R)), span sog(R) over R, and the result

follows.

(c’) For any α ∈ R and any l ∈ N we have:

Id + αP lBi,j, Id + αP lCi,j ∈ Kl for any 1 ≤ i, j,≤ d.

Id + αP lAi,j ∈ Kl provided i 6= j.

Finally, (1 + αP l)−1 ≡ 1− αP l mod P2l, so:

Kl 3 I +

(
αP lEi,i 0

0 ((1 + αP l)−1 − 1)Ei,i

)
≡ I + αtPAi,i mod P2l.

Remark 3.3.3. For R = Zp, the value A = 3 was achieved in [29], under the

additional assumption that p ≥ l+2
2

, where l is the rank of the associated Chevalley

group scheme. This assumption was necessary in the specific manipulations of the

root systems which were applied in Dinai’s argument. Hence even in the p-adic case,

the results of this section are new in large rank for small p.

3.4 Diameter in Analytic Pro-p Groups

In this section we prove Theorem 3.1.3, using the results of Section 2.3.3. Then we

deduce Theorems 3.1.5 and 3.1.6. First we require:

Proposition 3.4.1. Let G be a d-dimensional R-standard group. Suppose LG is

perfect. There exists k ∈ N such that every element of (Mk)(d) is expressible as a

sum of at most d brackets in LG.

Proof. Let {x1, . . . , xd} be a R-basis for L(G). Then there exist ri, si ∈ {1, . . . , d}
such that {(xr1 , xs1), . . . , (xrd , xsd)} is a K-basis for LG. Let λi,j ∈ K be such that:

xi =
d∑
j=1

λi,j(xrj , xsj).

Let k ∈ N be defined by:

‖P‖−k = max({1} ∪ {‖λi,j‖ : 1 ≤ i, j ≤ d}).
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Then for any 1 ≤ i, j ≤ d, Pkλi,j ∈ R. Hence for any x ∈ L(G), there exist

µ1, . . . , µd ∈ R such that:

Pkx = Pk
d∑
i=1

µixi

= Pk
d∑
i=1

µi

d∑
j=1

λi,j(xrj , xsj)

=
d∑
j=1

(
d∑
i=1

µiPkλi,jxrj , xsj)

as required.

Proof of Theorem 3.1.3. We verify the hypotheses of Proposition 3.2.5. Hypothe-

sis (i) is Proposition 2.3.20 (ii). For hypothesis (ii), we take ε arbitrary; A = d;

M1 ≥ max{k
3

+ 1, 2}; M2 = k, where k is as in Proposition 3.4.1. For i = 1, 2, 3

choose n
3
(2 + i+ ε) ≤ ni ≤ mi ≤ 2n

3
(2 + i) such that ni +mi = (2 + i)n−M2 (this is

possible by our choice of M1,M2).

Let g ∈ K(2+i)n. Let h ∈ KM2 be such that g = Pni+mih. Then by Proposition

3.4.1 there exist g1, . . . , gd, h1, . . . , hd ∈ G such that:

h =
d∑
i=1

(gi, hi)

so that:

g =
d∑
i=1

(Pnigi,Pmihi)

≡
d∑
i=1

[Pnigi,Pmihi] mod P2ni+mi (by Proposition 2.3.17 (iii))

≡ [Pnig1,Pmih1] · · · [Pnigd,Pmihd] mod P2ni+2mi (by Proposition 2.3.17 (i)).

Since 2ni +mi = (2 + i)n+ ni −M2, we are done.
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3.4.1 FAb p-adic analytic groups

Proposition 3.4.2. Let G be a d-dimensional uniform pro-p group. The following

are equivalent:

(i) G has finite abelianisation;

(ii) G is FAb;

(iii) LG is perfect.

Recall that a profinite group G is defined to be FAb if it has an open subgroup with

infinite abelianisation. This proposition appears to be well-known to the experts, but

the author is not aware of an existing reference for the proof.

Proof. (ii)⇒ (i) is clear.

For (iii) ⇒ (ii), suppose H ≤o G is such that there exists an epimorphism

φ : H � Zp. We may suppose that H = Gpn for some n ∈ N. For if h ∈ H is

such that Zp = 〈φ(h)〉, and n ∈ N is such that Gpn ≤ H, then hp
n ∈ Gpn , and

pnZp = 〈φ(hpn)〉 ≤ φ(Gpn) ≤ Zp, so φ(Gpn) ≤o Zp, and φ(Gpn) ∼= Zp.
Now let N = ker(φ), so that by Proposition 2.3.41 (ii), N Cc H is uniform of

dimension d− 1; log(H) = pn log(G) and log(H)/ log(N) ∼= Zp.
Hence LH = LG so LG/LN ∼= Qp, and LG is not perfect.

For (i)⇒ (iii), suppose I C LG, with dim(I) = d−1. Let I = log(G)∩I C log(G)

(so that I = spanQp(I)). Let v ∈ log(G), and suppose there exists λ ∈ Zp \ {0} such

that λv ∈ I. Then v = λ−1(λv) ∈ I, so v ∈ I ∩ log(G) = I. Thus log(G)/I

is torsion-free, so by Proposition 2.3.42, exp(I) C G is uniform and G/ exp(I) is

uniform, with:

dim(G/ exp(I)) = dim(G)− dim(exp(I))

= rk(log(G))− rk(I)

= dim(LG)− dim(I)

= 1.

and a 1-dimensional uniform group is by definition infinite procyclic, so

G/ exp(I) ∼= Zp.
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Proof of Theorem 3.1.5. First suppose thatG is a FAb compact p-adic analytic group.

As noted in Corollary 2.3.34, G has an open characteristic uniform subgroup H. By

Remark 2.3.40, H2 is Zp-standard. Let Kn Co H2 be as in Theorem 3.1.3. Then by

Remark 2.3.40 and Theorem 2.3.36 (iii),

Kn = (H2)n = Hn+1

and Hn+1 is a characteristic subgroup of H. In particular, Kn Co G. Since G is FAb,

so is H2, hence by Proposition 3.4.2 and Theorem 2.3.36 (ii), LH2 is perfect. As in

the proof of Theorem 3.1.3, (Kn)n satisfies the hypotheses of Proposition 3.2.5 and

the result follows.

Now suppose that G is uniform and not FAb. By Proposition 3.4.2, there exists

an epimorphism φ : G� Zp. By Proposition 2.3.41, N = ker(φ) is uniform of dimen-

sion d − 1. We may therefore choose a generating set S = {a1, . . . , ad} for G such

that {a1, . . . , ad−1} is a generating set for N and 〈φ(ad)〉 = Zp.
Let πn : Zp � Z/pnZ be the natural projection. Then Gn+1 ⊆ ker(πn ◦ φ), so:

diam(G/Gn+1, S) ≥ diam(Z/pnZ, {(πn ◦ φ)(ad)}) ≥ Cpn = C|G/Gn+1|
1
d .

In particular diam(G/Gn+1, S) is not polylogarithmic in |G/Gn+1|.

3.4.2 Exceptional groups

With Theorem 3.1.3 in hand we may complete the proof of Theorem 3.1.6. To avoid

cluttered notation, we write Gsc = GR(Xl) and Gad = Gad
R (Xl).

Proof of Theorem 3.1.6. If Xl ∈ {Al, Bl, Cl, Dl}, Gad is one of PSLd(R), PSOd(R) or

PSpd(R). The result then follows as in Section 3.3. If not, then letting G1 be as

in Theorem 2.4.14, G1 satisfies the hypothesis of Theorem 3.1.3, so that for some

C̃1, C2 > 0,

diam(Gsc/Gn) ≤ C̃1(log|Gsc/Gn|)C2 .

The map ρ ◦ ψ : Gsc � Gad descends, by Corollary 2.4.15, to an epimorphism

Gsc/Gn � Gad/Kn. By Lemma 2.1.5 (i),

diam(Gad/Kn) ≤ diam(Gsc/Gn).

Finally, |Gsc/Gn| �R,Xl |R/M|dn and |Gad/Kn| ≥ |R/M|n, so

(log|Gsc/Gn|)C2 �R,Xl (log|Gad/Kn|)C2
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and the result follows (replacing C̃1 by some larger constant C1).

The bound we thus obtain for C2 is independent of Xl, since we need only apply

Theorem 3.1.3 for finitely many types Xl.

Remark 3.4.3. (i) The method of this section is also applicable to the classical

Chevalley groups, though does not yield uniformity in the exponent C2. In par-

ticular we obtain a diameter bound in the case (Xl, p) = (Bl, 2) or (Dl, 2), which

does not fall under the purview of Theorem 3.1.6. The case (Xl, p) = (A1, 2) or

(Cl, 2) is beyond the scope of our methods, however, because the associated Lie

algebras may not be perfect.

(ii) The best degree C2 in Theorem 3.1.6 which we can obtain by the above method

is based on taking A = 248 in Proposition 3.2.5, because 248 is the dimension of

GR(Xl) as an R-analytic group in the case Xl = E8. It is likely that this is far

from optimal, and that a much lower degree could be obtained via a more direct

analysis of the Lie algebras of the exceptional groups, akin to that employed for

the classical groups in Section 3.3. In the case R = Zp, this has already largely

been achieved by Dinai in [29]: he showed that for p > 19, every element of the

Zp-Lie ring associated to an exceptional group can be expressed as the sum of

three brackets.

3.5 Diameter in the Nottingham Group

We deduce Theorem 3.1.7 from Proposition 3.2.5. Hypothesis (i) of Proposition 3.2.5

is immediate from Lemma 2.5.4 (iii).

We shall show that, provided p ≥ 3, for n ≤ m ≤ 2n satisfying p - (m − n)

every element of Km+n may be expressed, modulo Km+2n, as [g1, h1][g2, h2] for some

gi ∈ Km, hi ∈ Kn. Now, for any ε ∈ (0, 1), n ≥ 5 and i = 1, 2, 3, there exist ni,mi ∈ N
such that ni +mi = (2 + i)n; n

3
(2 + i+ ε) ≤ ni ≤ mi ≤ 2n

3
(2 + i) and mi−ni ∈ {1, 2}.

We therefore satisfy hypothesis (ii) of Proposition 3.2.5 with ε arbitrary; A = 2;

M1 = 5; M2 = 0.

For any λi, ν ∈ Fq; K,M,N ∈ N with N ≤M ; applying Lemma 2.5.4 (iii) and an

easy induction, we have:

[g, eM,ν ] ≡ [eN,λ1 , eM,ν ] · · · [eN+K−1,λK , eM,ν ] mod K2N+M+1
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where g = eN,λ1 · · · eN+K−1,λK . Moreover, by Lemma 2.5.3 (i) and Lemma 2.5.4 (ii),

[eN+i,λi+1
, eM,ν ] ≡ (eM+N+i,λi+1ν)

(N−M)+i mod K2N+M+2iKN+2M+i

≡ eM+N+i,λi+1ν((N−M)+i) mod K2M+2N+2i.

Hence for any λi, µi ∈ Fq, setting:

g1 = en,λ1 · · · e2n−1,λn , g2 = en,µ1 · · · e2n−2,µn−1

we have:

[g1, em,1][g2, em+1,1] ≡ (
n−1∏
i=0

en+m+i,λi+1(n+i−m))(
n−1∏
i=1

en+m+i,µi(n−m−2+i))

≡ en+m,λ1(n−m)(
n−1∏
i=1

en+m+1,λi+1(n−m+i)+µi(n−m−2+i)) mod K2n+m

since Kn+m/K2n+m is abelian. p - (n −m), and since p ≥ 3, for each 1 ≤ i ≤ n − 1,

p divides at most one of n −m + i, n −m − 2 + i. Hence by varying the λi and µi,

using the form described in Lemma 2.5.3 (ii), we can express any element of Kn+m

modulo K2n+m.

3.6 Limit Theorems for Random Walks

The purpose of this section is to prove Corollaries 3.1.8, 3.1.9 and 3.1.10. Recall the

relationships between diameter, mixing of random walks and the spectral gap 1 − ρ
of the adjacency operator AS for a pair (G,S) given in Lemma 2.1.3 and Proposition

2.1.6:

|〈AlSχg, χh〉 −
1

|G|
| ≤ ρl (3.7)

diam(G,S)− 1

log|G|
≤ 1

1− ρ
≤ |S| diam(G,S)2 (3.8)

In particular, for diam(G,S) ≤ C1 logC2|G|,

1− ρ ≥ 1

|S|C2
1 log2C2|G|

by (3.8). Setting C3 = |S|C2
1 , and applying (3.7), we have:

|〈AlSχg, χh〉 −
1

|G|
| ≤ (1− 1

C3 log2C2|G|
)l.

Recall that (1− 1
x
)x is an increasing function for x > 1, converging to e−1 as x→∞.

Hence, for any C4 > 0 and taking l ≥ C3 log2C2+C4|G|, we deduce:

|〈AlSχg, χh〉 −
1

|G|
| ≤ e− logC4 |G|.
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Proof of Corollary 3.1.8. We may identify:

G/KN+1
∼= {λ1x1 + · · ·+ λdxd : λ1, . . . , λd ∈ R/MN} ∼= (R/MN)d,

as a set, so |G/KN+1| = |R/M|dN and:∣∣∣P[‖L(l)
1 − λ1‖, . . . , ‖L(l)

d − λd‖ ≤ cN+1
]
− 1

|R/M|dN
∣∣∣ =

∣∣∣〈AlSχe, χg〉 − 1

|G/KN+1|

∣∣∣
where g = λ1x1 + · · ·+λdxd ∈ G/KN+1. The result is now a consequence of Theorem

3.1.3 and the discussion following (3.7) and (3.8), taking:

C = 2C2, C
′ = C4, C

′′ = C3(d · log|R/M|)2C2+C4 , C ′′′ = (d · log|R/M|)C4 .

Proof of Corollary 3.1.9. By Theorem 2.3.36,

G/KN+1
∼= 〈KN+1a1〉 × . . .× 〈KN+1ad〉 ∼= (Z/pNZ)d,

as a set, so |G/KN+1| = pdN and:∣∣∣P[‖M (l)
1 − µ1‖, . . . , ‖M (l)

d − µd‖ ≤ p−N−1
]
− 1

pdN

∣∣∣ =
∣∣∣〈AlSχe, χg〉 − 1

|G/KN+1|

∣∣∣
where g = KN+1a

µ1
1 · · · a

µd
d ∈ G/KN+1. The result now follows from Theorem 3.1.5

and the discussion following (3.7) and (3.8), taking:

C = 2C2, C
′ = C4, C

′′ = C3(d · log p)2C2+C4 , C ′′′ = (d · log p)C4 .

Proof of Corollary 3.1.10. Letting GN = Nq/KN , |GN | = qN−1, so:∣∣∣P[A(l)
2 = α2, . . . , A

(l)
N = αN

]
− 1

qN−1

∣∣∣ =
∣∣∣〈AlSχe, χg〉 − 1

|GN |

∣∣∣,
where g = t +

∑N
i=2 αit

i. The result follows from Theorem 3.1.7 and the discussion

following (3.7) and (3.8), taking:

C = 2C2, C
′ = C4, C

′′ = C3(log q)2C2+C4 , C ′′′ = (log q)C4 .
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Chapter 4

Expansion, Random Walks and
Sieving in SL2(Fp[t])

4.1 Introduction

The goal of this chapter shall be to prove our results on the escape of random walks on

SL2(Fp[t]) from subsets of various types, and the constructions of expander congruence

quotients which underpin them.

4.1.1 Statement of results

Recall that we have bounds on the return probability to algebraic subvarieties; the

set of squares and the set of elements with reducible characteristic polynomial, as

follows:

Theorem 4.1.1. Let S ⊆ SL2(Fp[t]) be a finite symmetric subset, generating a non-

elementary subgroup. Let F : M2(Fp[t])r → Fp[t] be a polynomial over Fp[t] which

does not vanish on SL2(Fp[t])r. Then there exist C1(F ), C2(S) > 0 such that, letting

V (F ) ⊆M2(Fp[t])r be the affine algebraic subvariety of SL2(Fp[t])r defined by F ,

(×ri=1µ
(l)
S )(V (F )) ≤ C1e

−C2l.

Theorem 4.1.2. Let S be as in Theorem 4.1.1. There exist C1, C2(S) > 0 such that:

µ
(l)
S ({g ∈ SL2(Fp[t]) : g = h2 for some h ∈ SL2(Fp[t])}) ≤ C1e

−C2

√
l/ log l.

Remark 4.1.3. More could be said about proper powers. We could, for instance,

easily strengthen the proof of Theorem 4.1.2 to show that µ
(l)
S escapes from the sets

of mth powers in SL2(Fp[t]), for all m ∈ N satisfying p ≡ 1 mod m, simultaneously.

However, absent an application, we shall not rehearse the details of such an argument.
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Theorem 4.1.4. Let S be as in Theorem 4.1.1. There exist C1, C2(S) > 0 such that:

µ
(l)
S ({g ∈ SL2(Fp[t]) : χg is reducible }) ≤ C1e

−C2

√
l/ log l.

Now recall our results on expanders:

Definition 4.1.5. For M > 0, an integer n > 1 will be called M -rough if n has no

prime factor less than M . A polynomial f ∈ Fp[t] will be called M-rough if the degree

of every irreducible factor of f is a M-rough integer.

Example 4.1.6. Let M > 0.

(i) Every prime > M is M-rough.

(ii) There is a sequence (ni)i of M-rough integers growing linearly in i. For, given

M , let π be the set of all primes up to M . Let ni = Ni + 1, where N =
∏

P∈π P . It

will be significant in the applications in Section 4.3 that the set of rough integers is

sufficiently dense.

Theorem 4.1.7. Let S ⊆ SL2(Fp[t]) be a finite symmetric subset, generating a non-

elementary subgroup. Suppose every entry of every element of S has degree at most

D. Let (fi)i ⊆ Fp[t] be a sequence of distinct polynomials. Then there exists M > 0

(depending on D and p) such that, if (fi)i are M-rough then for i0 ∈ N sufficiently

large (depending on D, p), (SL2(Fp[t]/(fi)), πfi(S))i≥i0 is a two-sided expander family,

provided one of the following holds:

(i) The fi are irreducible;

(ii) The fi are square-free, every irreducible factor of every fi has prime degree, and

no two irreducible factors of any fi have the same degree.

Theorem 4.1.8. For any C > 0 and any k ∈ N≥2, there exists M > 0 (de-

pending on k, p and C) such that, if (ni)i a sequence of M-rough positive integers,

Sni ⊆ SL2(pni) is symmetric with |Sni | = 2k, and girth(SL2(pni), Sni) ≥ Cni, for

all i ∈ N, then for i0 sufficiently large (depending on C, k), (SL2(pni), Sni)i≥i0 is a

two-sided expander family.

Let us at this point say a quick word about the roughness hypothesis in Theorems

4.1.7 and 4.1.8. These results shall both be proved using the Bourgain-Gamburd

machine; specifically they shall follow from Theorem 2.2.22. Recall that one key

component of the machine is that the random walk should escape rapidly from proper

subgroups. One particular family of subgroups of SL2(pn) with which we must contend
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is the family of subfield subgroups : those obtained by restricting coefficients to a

proper subfield of Fpn . The purpose of imposing roughness on the integer n is that it

ensures all proper subfields of Fpn are small, so that the associated subfield subgroups

are themselves too small to contain the random walk. This hypothesis places a

substantial restriction on the finite groups which are susceptible to our methods,

but as noted in Example 4.1.6, there are still enough rough polynomials to “sieve

out” the subsets from which the random walk is to escape in Theorems 4.1.1, 4.1.2

and 4.1.4.

The chapter is structured as follows: in Section 4.2 we prove Theorems 4.1.7 and

4.1.8. Specifically, Section 4.2.1 shall deal with hypotheses (i) and (ii) of Theorem

2.2.22 and further reduce Theorem 4.1.7 to the case of non-abelian free subgroups.

We then turn to hypothesis (iii) of Theorem 2.2.22. In Section 4.2.2 it is verified for

Cayley graphs of SL2(pn) with large girth under the roughness hypothesis. This yields

Theorem 4.1.7 (i) and Theorem 4.1.8. The generalisation of this argument required

for Theorem 4.1.7 (ii) is explained in Section 4.2.3.

We discuss the applications to random walks in SL2(Fp[t]) in Section 4.3. In

Section 4.3.1 we explain in general terms how non-concentration results in infinite

groups can be obtained via the group sieve method, using expansion results on finite

quotients. Theorems 4.1.1, 4.1.2 and 4.1.4 are proved in the subsequent three sections.

4.1.2 Further questions

It is natural to try to weaken the roughness hypothesis in Theorems 4.1.7 and 4.1.8.

However there are some significant obstacles to doing so. For instance it is clear that

Theorem 4.1.8 does not remain true for arbitrary sequences (ni)i:

Example 4.1.9. Let ni = 2i. Then we may identify Fpni with a proper subfield of

Fpni+1 , and hence embed SL2(pni) ↪→ SL2(pni+1). For i even, let Sni be a

generating set for SL2(pni) satisfying girth(SL2(pni), Sni) � ni. For i odd, let

Sni = Sni−1
, so that 〈Sni〉 � SL2(pni). Then for every i, girth(SL2(pni), Sni) � ni,

but {(SL2(pni), Sni)}i≥j is not an expander family for any j.

So the presence of large subfield subgroups presents a genuine obstruction to

expansion of subsets. It should be noted however that Example 4.1.9 exhibits an

obstruction to expansion which is qualitative, rather than quantitative in nature.

That is to say, expansion in (SL2(pni), Sni) fails simply by virtue of the fact that

〈Sni〉 6= SL2(pni) for infinitely many i. This leads to the question of whether this is

the only obstruction to expansion in these groups. Specifically:
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Question 4.1.10. Let Sn ⊆ SL2(pn) with girth(SL2(pn), Sn) � n. Does there exist

ε > 0 such that (〈Sn〉, Sn) is an ε-expander for all n sufficiently large?

Question 4.1.11. Let S ⊆ SL2(Fp[t]) be a finite symmetric set generating a non-

elementary subgroup. Let (fi)i ⊆ Fp[t] be a sequence of distinct irreducible polyno-

mials. Does there exist ε > 0 such that (〈πfi(S)〉, πfi(S)) is an ε-expander for all i

sufficiently large?

A second way in which Theorem 4.1.7 (ii) might be extended would be relax

the assumption that no two irreducible factors of fi have the same degree. As a

model case, let f, g ∈ Fp[t] be distinct irreducibles of degree n, and consider the

group SL2(Fp[t]/(f · g)). By the Chinese Remainder Theorem, this may be identified

with SL2(pn) × SL2(pn). A potential obstruction to expansion in this group comes

from proper subdirect products of SL2(pn) × SL2(pn), which arise as the graphs of

automorphisms of SL2(pn). It remains an open question how to demonstrate non-

concentration in such subgroups, as would be required for hypothesis (iii) of Theorem

2.2.22.

The primality assumption in Theorem 4.1.7 (ii) comes from hypothesis (ii) of The-

orem 2.2.22, which in our setting is satisfied by results of Varjú [77]. The applicability

of these results shall be discussed in more detail in Section 4.2. Roughly speaking

though, for the product theorem to apply to reductions modulo polynomials with un-

boundedly many irreducible factors (so that the corresponding congruence quotients

decompose as products with unboundedly many quasisimple factors), the subgroup

structure of the quasisimple factors must be highly restricted. It seems plausible that

a generalisation of Varjú’s product theorem which relaxes these restrictions may be

discovered, and the primality assumption thereby removed.

An expansion result for reductions modulo arbitrary square-free polynomials seems

even further out of reach. For then the decompositions of the congruence quotients

into products of quasisimple groups contain unboundedly many isomorphic factors,

so Varjú’s product theorem fails even more dramatically. It may be that the fastest

route to a result on expansion in this general setting is to tackle the question of

concentration in approximate subgroups directly.

Even an expansion result in the case of two irreducible factors of the same degree

would have useful consequences for sieving in SL2(Fp[t]). For in the presence of such

a result (and the relevant strengthening of the product theorem indicated above) we

could substitute the group sieve of Lubotzky-Meiri for Proposition 4.3.3 in the proofs

of Theorems 4.1.2 and 4.1.4, thereby improving the upper bounds in those two results

from e−C
√
l/ log l to e−Cl.
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4.2 Constructing the Expanders

As a notational convenience, for n ∈ N we set Qn = SL2(pn).

4.2.1 Reduction to non-concentration for free generators

In this section we reduce the proof of Theorem 4.1.7 to the following Proposition:

Proposition 4.2.1. Let T ⊆ SL2(Fp[t]) be the symmetric closure of a finite subset,

freely generating a non-abelian free subgroup. Suppose every entry of every element

of T has degree at most D̃. Then there exists C,M, γ > 0 (depending on D̃, |T | and

p) such that the following holds. Let f ∈ Fp[t] be an M-rough square-free polynomial

with no two irreducible factors having the same degree. Then for every H � G =

SL2(Fp[t]/(f)), there exists l ≤ C log|G| such that:

µ
(2l)
T (H) ≤ |G : H|−γ.

The reduction shall be via Theorem 2.2.22. We reference known results which

cover hypotheses (i) and (ii) of Theorem 2.2.22. We then use the general results

about expanders from Section 2.1.3 to reduce the question of expansion for arbitrary

sets S as in the Statement of Theorem 4.1.7 to expansion for finite sets T ⊆ 〈S〉 freely

generating 〈T 〉. This shall be via a Tits alternative.

The quasirandomness condition in our setting is classical (see for instance [50]):

Theorem 4.2.2. There is an absolute constant C > 0 such that every non-trivial

complex representation of Qn has dimension at least Cpn.

Let f be as in Proposition 4.2.1 and let p1, . . . , pN be the irreducible factors of f ,

of degrees n1, . . . , nN respectively. It follows from the Chinese Remainder Theorem

that:

Lemma 4.2.3. The natural map:

(
∏N

j=1 πpj) : SL2(Fp[t]/(f))→
∏N

j=1Qnj

is an isomorphism.
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We turn next to the product theorem. In the setting of Theorem 4.1.7 (i), this

is due to Dinai [27]. For Theorem 4.1.7 (ii) we use Proposition 14 of [77], which we

quote in full:

Theorem 4.2.4. For all C > 0, L ∈ N and β : R+ → R+ there exist

C ′(C,L, β) > 0 and β′C,L,β : R+ → R+ such that the following holds. Let G be a

finite group, G1, . . . , GN be finite groups such that G ∼= G1 × · · · ×GN . Suppose:

(i) For any finite group F , |{i ∈ {1, . . . , N} : Gi
∼= F}| ≤ L;

(ii) For 1 ≤ i ≤ N , Gi is quasisimple and |Z(Gi)| ≤ L;

(iii) For 1 ≤ i ≤ N , any non-trivial complex representation of Gi has dimension at

least |Gi|
1
L ;

(iv) For 1 ≤ i ≤ N and for some m < L, there are classes H0,H1, . . . ,Hm of

subgroups of Gi satisfying:

(a) H0 = {Z(Gi)},

(b) Each Hj is closed under conjugation in Gi,

(c) For each H < Gi there is 1 ≤ j ≤ m and H] ∈ Hj such that

|H : H ∩H]| ≤ L,

(d) For 1 ≤ j ≤ m and for each H1, H2 ∈ Hj with H1 6= H2, there exists j′ < j

and H] ∈ Hj′ such that |H1 ∩H2 : H1 ∩H2 ∩H]| ≤ L.

If G1, . . . , GN satisfy the conditions of Definition 2.2.20 (the product theorem for sets

of small tripling) with respect to (C, β), then G satisfies the conditions of Definition

2.2.20 with respect to (C ′, β′C,L,β).

We check that this result applies to G = SL2(Fp[t]/(fi)), for fi as in Theorem

4.1.7 (ii). The decomposition as a product is given by Lemma 4.2.3. (i) follows from

the assumption that no two irreducible factors of fi have the same degree. (ii) is

well-known for Gi = Qni . (iii) is Theorem 4.2.2. For (iv), we recall the classification

of subgroups of Qn (see for instance [47]).

Proposition 4.2.5. For Fq the finite field of order q and characteristic p ≥ 3, any

proper subgroup H of SL2(Fq) satisfies one of the following:

(i) H fixes a point in the projective line Fq2P1 over the quadratic extension Fq2 of

Fq. In particular H is metabelian.
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(ii) H ≤ SL2(F5).

(iii) H is conjugate in SL2(Fq) to a subgroup of SL2(F′) for some proper subfield F′

of Fq.

Define H1 to be the set of stabilisers in Qn of pairs of distinct points in Fp2nP1, and

H2 to be the set of stabilisers in Qn of points in Fp2nP1. We check that the conditions

of Theorem 4.2.4 (iv) are satisfied by H0 = {Z(Qn)},H1,H2, in the case for which

n is prime. (a), (b) are obvious, and (c) is immediate from Proposition 4.2.5, since

by primality of n, the only proper subfield subgroups of Qn are the conjugates of Q1,

which are of bounded size. (d) is a consequence of the following elementary fact from

linear algebra:

Lemma 4.2.6. Suppose g ∈ Qn has at least three distinct fixed points in Fq2P1. Then

g ∈ Z(Qn).

Now let S be as in the statement of Theorem 4.1.7. We produce a pair of words in

S freely generating a non-abelian free subgroup. In the classical Tits alternative, the

lengths of our free generators as words in S, and hence the degrees of their entries,

depend on S and not just on D. However, we can obtain a bound depending only on

D by utilising the following result of Breuillard:

Theorem 4.2.7 (Uniform Tits Alternative [16]). For every d ≥ 2, there exists

N(d) > 0 such that, for any field K, and S ⊆ SLd(K) finite symmetric, either 〈S〉 is

virtually soluble or the ball BS(N(d)) of radius N(d) in the word metric contains two

elements which freely generate a non-abelian free subgroup of SLd(K).

Proof of Theorem 4.1.7. Let N = N(2) be as in Theorem 4.2.7 and let x, y ∈ BS(N)

freely generate a non-abelian free group. Every entry of every member of

T = {x±1, y±1} is expressible as a sum of monomials of degree at most N in the

entries of the elements of S, hence has degree at most DN . We now apply Theorem

2.2.22 to (SL2(Fp[t]/(fi))), πfi(T )).

We verify the conditions of Theorem 2.2.22. Note that, taking M sufficiently large

in Theorem 4.1.7, we may assume in Lemma 4.2.3 that the |Qnj | are larger than any

given constant. Hypothesis (i) is immediate from Theorem 4.2.2 and Lemma 4.2.3.

Hypothesis (ii) follows from [27] and Theorem 4.2.4. Hypothesis (iii) follows from

Proposition 4.2.1, applied with f = fi and D̃ = DN , and Remark 2.2.23.

We conclude that (SL2(Fp[t]/(fi)), πfi(T ))i is an expander family. By Lemma

2.1.10, (SL2(Fp[t]/(fi)), πfi(BS(N)))i is an expander family. The required result fol-

lows from Lemma 2.1.9, since 〈S〉 = 〈BS(N)〉.
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Remark 4.2.8. The constants M and i0 in the statement of Theorem 4.1.7 could in

principle be computed, by keeping track of the bounds arising in the proof of Propo-

sition 4.2.1 below. They shall involve both the constant N from the statement of the

Uniform Tits Alternative and the known spectral radius
√

3/2 for the simple random

walk on {x±1, y±1} in F (x, y) (see [46] Theorem 3).

Moreover, the proof of the Uniform Tits Alternative is effective, so N could in

principle be computed (though to our knowledge this has not been done). To be more

precise, although the published proof of Theorem 4.2.7 does make use of compactness

arguments, they apply only to one stage of the argument (Lemma 2.1 of [15]), are

even there only relevant to the case of matrices over archimedean fields, and may be

avoided altogether by employing an alternative argument (Remark 1.12 of [14]).

In computing M and i0, one would obtain an explicit description of the degrees of

reductions which would give rise to families of expanders, in terms only of the degrees

of the entries of elements of S, |S| and p.

4.2.2 Non-concentration: the irreducible case

In this section we warm up to the proof of Proposition 4.2.1 by examining the case

for which the polynomials fi are irreducible, so that SL2(Fp[t]/(fi)) = Qdeg(fi). The

proof of this case shall contain all the key ideas of the general case (to be discussed

in the following section) but is technically simpler. Indeed, more generally we shall

prove:

Proposition 4.2.9. For any C1 > 0 and any k ∈ N with k ≥ 2, there exists

C2, C3, γ > 0 (depending on C1, p, |S|) such that, if n is a C2-rough positive inte-

ger, Sn ⊆ Qn is symmetric with |Sn| = 2k, and girth(Qn, Sn) ≥ C1n, then for n

sufficiently large and for all Hn � Qn, there exists l ≤ C3 log|Qn| such that:

µ
(2l)
Sn

(Hn) ≤ |Qn|−γ.

The relevant case of Proposition 4.2.1 follows immediately from Proposition 4.2.9

and the following Lemma:

Lemma 4.2.10. let T be as in Proposition 4.2.1 and f ∈ Fp[t] be of degree n. Then:

girth(SL2(Fp[t]/(f)), πf (T )) ≥ n/D̃.

Proof. Let w be a non-trivial reduced word in T of length l. Every entry of every

element of T has degree at most D̃, so every entry of w has degree at most D̃l. Now

suppose πf (w) = 1, so that w ∈ (I2 + f ·M2(Fp[t])) \ {I2}. Then at least one entry

of w has degree at least n, so l ≥ n/D̃, as required.
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Given the discussion in Section 4.2.1, Proposition 4.2.9 also immediately implies

Theorem 4.1.8.

Proof of Theorem 4.1.8. As in the proof of Theorem 4.1.7, we apply Theorem 2.2.22.

Taking M sufficiently large in Theorem 4.1.8, we may assume the ni to be larger than

any given constant. Hypothesis (i) of Theorem 2.2.22 is Theorem 4.2.2; hypothesis

(ii) is [27] and hypothesis (iii) follows from Proposition 4.2.9 and Remark 2.2.23.

We now turn to the proof of Proposition 4.2.9. Once again we exploit the classi-

fication of subgroups of Qn.

Informally, in all cases, the girth hypothesis and Kesten’s Theorem will reduce

the problem of bounding µ
(2l)
Sn

(Hn) to providing an upper bound for |Hn ∩ BSn(2l)|.
For Hn ≤ SL2(F5) this is immediate. The roughness hypothesis on n will guarantee

that any proper subfield subgroup is too small to fill |BSn(2l)|. Non-concentration in

metabelian subgroups will be achieved by the same combinatorial argument as was

used for the corresponding case in [6]: a metabelian group satisfies a short group

law, so that if |Hn ∩BSn(2l)| is large, there will be many short relations between the

elements of Sn. However the girth hypothesis guarantees that this will not happen.

First we recall:

Theorem 4.2.11 (Kesten). Let X be a finite set. Then there exists C4(|X|) > 0

such that µX ∈ `2(F (X)) satisfies:

µ
(2l)
X (g)�|X| e−C4l

for all g ∈ F (X).

The technicalities of non-concentration in subgroups are contained in the following

general Lemma.

Lemma 4.2.12. Let G be a finite group, S ⊆ G symmetric with |S| = 2k and let

C1 > 0 be such that girth(G,S) > C1 log|G|. Let C4(k) > 0 be the constant from

Kesten’s Theorem. Let H � G. Let γ > 0 and let C5 ∈ (0, C1). Suppose |G| is

sufficiently large (depending on C1, k).

(i) Suppose H is metabelian. Suppose C5 log|G| ≤ 2l ≤ C1

32
log|G|. Suppose

γ < C4C5/2. Then µ
(2l)
S (H) ≤ |G|−γ.

(ii) Let C6 > 0 and suppose |H| ≤ C6|G|
1
C2 Suppose C5 log|G| ≤ 2l ≤ C1 log|G|.

Suppose γ + 1/C2 < C4C5/2. Then µ
(2l)
S (H) ≤ |G|−γ.
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Proof. (i) Define a homomorphism θ : F → G from a non-abelian free group F

on free basis X, such that θ maps X ∪ X−1 bijectively onto S. Then θ maps

BX(32l) bijectively onto BS(32l).

Consider Y = BX(2l) ∩ θ−1(H). Then for any a, b, c, d ∈ Y , θ([[a, b], [c, d]]) = 1

(since H is metabelian) so [[a, b], [c, d]] = 1 (since [[a, b], [c, d]] ∈ BX(32l)).

Recall that the centraliser of every non-trivial element of a free group is cyclic.

Hence there exists x ∈ F such that for all a, b ∈ Y ,

[a, b] ∈ Z := 〈x〉 ∩BX(8l) (4.1)

so that |Z| ≤ 16l + 1. Now for a ∈ Y and z ∈ Z, define:

Wa,z = {b ∈ Y : [a, b] = z}.

Then Wa,z is contained in a single coset of the centraliser of a, and in BX(2l),

so that |Wa,z| ≤ 4l + 1. Fix a ∈ Y . By (4.1),

Y ⊆
⋃
z∈Z

Wa,z.

We conclude that:

|H ∩BS(2l)| ≤ |Y | ≤ (16l + 1)(4l + 1).

By Kesten’s Theorem and the girth hypothesis,

µ
(2l)
S (H)�k e

−C4l|H ∩BS(2l)| � l2e−C4l,

so decays exponentially fast.

(ii) Suppose (for a contradiction) that for some C5 log|G| ≤ 2l ≤ C1 log|G|,

|G|−γ < µ
(2l)
S (H)�k e

−C4l|H| ≤ C6e
−C4l|G|

1
C2 .

(the second inequality being by Kesten’s Theorem and the girth hypothesis).

Hence:

|G|
1
C2

+γ �k,C6 e
C4l.
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But eC4l ≥ |G|
C4C5

2 so we have the required contradiction by choice of C2 and

γ.

Proof of Proposition 4.2.9. Suppose C5n ≤ 2l ≤ C1

32
n, for some C5 ∈ (0, C1

32
). We

consider each case of Proposition 4.2.5 separately:

(i) SupposeHn is metabelian. Choosing γ ∈ (0, C4C5/2), the required result follows

from Lemma 4.2.12 (i).

(ii) If Hn ≤ SL2(F5), then |Hn| ≤ 120, so µ
(2l)
Sn

(Hn) �k e
−C4l for any 2l ≤ C1n, by

Kesten’s Theorem and the girth hypothesis.

(iii) Suppose that there exists a proper subfield F′ < Fpn such that Hn is contained in

(some conjugate of) SL2(F′). Recall that there exists m | n such that F′ = Fpm .

By the roughness hypothesis, m ≤ n/C2 so:

|Hn| ≤ |Qm| ≤ p3m ≤ (p3n)
1
C2 �p |Qn|

1
C2 .

Choosing γ sufficiently small and C2 sufficiently large, we may suppose

γ + 1/C2 < C4C5/2, and the result follows from Lemma 4.2.12 (ii).

4.2.3 Non-concentration: the general case

In this section we complete the proof of Proposition 4.2.1. The proof shall be very

similar in spirit to that of the special case discussed in Section 4.2.2: recall that there,

Proposition 4.2.5 guaranteed that every proper subgroup of SL2(Fp[t]/(f)) was either

metabelian (Case (i)) or small (Cases (ii) and (iii)), so fell within reach of Lemma

4.2.12. Something similar is true in general, but to apply Lemma 4.2.12 we first need

to use the product decomposition of SL2(Fp[t]/(f)) from Lemma 4.2.3, and project

down to either the factors on which the image of our proper subgroup is metabelian,

or those on which it is small, depending on which make up the larger part of the

product.

Recall the notation of Section 4.2.1: f ∈ Fp[t] is an M -rough square-free poly-

nomial with no two irreducible factors having the same degree. G = SL2(Fp[t]/(f))

and H � G. Let p1, . . . , pN be the irreducible factors of f , of degrees n1, . . . , nN

respectively.
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Recall (Lemma 4.2.3) that:

(
∏N

j=1 πpj) : SL2(Fp[t]/(f))→
∏N

j=1 Qnj

is an isomorphism.

Corollary 4.2.13. πpj(H) � Qnj for some 1 ≤ j ≤ N .

Proof. We proceed by induction on N (the case N = 1 being trivial). Suppose

(for a contradiction) that the projections πpj of H to Qnj are all surjective. Denote

F =
∏N−1

j=1 Qnj , so that by Lemma 4.2.3, G ∼= F ×QnN . Define:

K1 = {g ∈ F : (g, 1) ∈ H}, K2 = {g ∈ QnN : (1, g) ∈ H}.

By induction the projections of H to F and QnN are surjective. By Goursat’s Lemma,

K1 C F , K2 C QnN and F/K1
∼= QnN/K2.

If K2 6= QnN then F has PSL2(pnN ) as a composition factor. But this is not the

case, as the nj are all distinct. Hence K2 = QnN and K1 = F , so H = G.

Up to a reordering of the pi, there exist k,m, n ∈ N with k + m + n = N such

that:

(i) πpi(H) = Qni for 1 ≤ i ≤ k;

(ii) πpi(H) is metabelian for k + 1 ≤ i ≤ k +m;

(iii) πpi(H) � Qni is not metabelian for k +m+ 1 ≤ i ≤ N .

Let C2, γ > 0 be constants satisfying the conditions of Lemma 4.2.12. For M suffi-

ciently large, by the roughness hypothesis and Proposition 4.2.5,

|πpi(H)| ≤ |Qni|
1
C2 for k+m+ 1 ≤ i ≤ N . Moreover by Corollary 4.2.13, at least one

of m,n is non-zero.

Write F1 =
∏k

i=1 pi, F2 =
∏k+m

i=k+1 pi, F3 =
∏N

i=k+m+1 pi, so that f = F1 · F2 · F3.

Applying Lemma 4.2.3 with f replaced by F1, F2, F3 respectively, we have:

Lemma 4.2.14. (i) πF1(H) =
∏k

i=1 SL2(pni).

(ii) πF2(H) is metabelian.

(iii) |πF3(H)| ≤ |πF3(G)|
1
C2 .
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Finally, we are ready to complete:

Proof of Proposition 4.2.1. |H| ≥ |πF1(H)| = |πF1(G)|, so:

|G : H| ≤ |G|/|πF1(G)| = |πF2F3(G)|.

Case 1: deg(F2) ≥ deg(F3):

We have |πF2F3(G)| 12 �p |πF2(G)| ≤ |πF2F3(G)|. By Lemma 4.2.10,

girth(πF2(G), S) ≥ deg(F2)

D̃
≥ log|πF2(G)|

3D̃ log p
,

so that by Lemma 4.2.12 (i), if:

C5 log|πF2(G)| ≤ 2l ≤ log|πF2(G)|
96D̃ log p

,

then:

µ
(2l)
S (H) ≤ µ

(2l)
S (πF2(H)) ≤ |πF2(G)|−γ �p |πF2F3(G)|−γ2 ≤ |G : H|−γ2

and

2l ≤ log|πF2(G)|
96D̃ log p

≤ log|πF2F3(G)|
96D̃ log p

.

Case 2: deg(F3) ≥ deg(F2):

We have |πF2F3(G)| 12 �p |πF3(G)| ≤ |πF2F3(G)|. By Lemma 4.2.10,

girth(πF3(G), S) ≥ deg(F3)

D̃
≥ log|πF3(G)|

3D̃ log p
,

so that by Lemma 4.2.12 (ii), if:

C5 log|πF3(G)| ≤ 2l ≤ log|πF3(G)|
3D̃ log p

,

then:

µ
(2l)
S (H) ≤ µ

(2l)
S (πF3(H)) ≤ |πF3(G)|−γ �p |πF2F3(G)|−γ2 ≤ |G : H|−γ2

and

2l ≤ log|πF3(G)|
3D̃ log p

≤ log|πF2F3(G)|.

The required result follows.
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4.3 Non-Concentration Results

4.3.1 Two different sieves

Let us recall the basic concept of the group sieve method. We start with a simple

observation:

Lemma 4.3.1. Let G be a discrete countable group; H a finite group and

φ : G→ H an epimorphism. Let ν be a probability measure on G and X ⊆ G. Then

ν(X) ≤ (φν)(φ(X)) ≤ |φ(X)| ·maxx∈X(φν)(φ(x)).

Here φν is the pushforward measure defined, for Y ⊆ H, by:

(φν)(Y ) = ν(φ−1(Y )).

Though straightforward, this bound can be very useful: when ν = µ
(l)
S , for S ⊆ G

symmetric, with φ(S) generating H, then for l sufficiently large and even, φν is almost

uniform on H, so that:

(φν)(φ(X))� |φ(X)|/|H|. (4.2)

Moreover if (H,φ(S)) is a good expander, equidistribution occurs for l sufficiently

small that (4.2) gives a non-trivial bound on the rate at which µ
(l)
S escapes from X.

The present section contains two different instantiations of this philosophy for the

group SL2(Fp[t]), taking (H,φ) to be one of the congruence quotients from Theorem

4.1.7. In the first of these it shall be sufficient to consider congruences modulo ir-

reducible polynomials. We define, for G a countable discrete group and ν1, . . . , νr

finitely supported probability measures on G, the product measure ×ri=1νi on G by:

(×ri=1νi)(X) =
∑
x∈X

r∏
i=1

νi(xi), for X ⊆ Gr.

Proposition 4.3.2. Let S ⊆ SL2(Fp[t]), M > 0 be as in Theorem 4.1.7; let (ni)i be as

in Example 4.1.6 (ii) and let fi ∈ Fp[t] be irreducible of degree ni. Let X ⊆ SL2(Fp[t])r

and suppose there exists α,C > 0 such that for all i sufficiently large,

|πfi(X)|/|Qni |r ≤ Cp−αni.

Then there exist C1(C, r), C2(α, p, S) > 0 such that for all l ∈ N,

(×ri=1µ
(l)
S )(X) ≤ C1e

−C2l.
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Proof. By Theorem 4.1.7 and Lemma 2.1.3, there exists c > 0 such that, for i ≥ i0,

l ≥ cni and any x ∈ Qni , (πfiµ
(l)
S )(x) ≤ 2/|Qni |. Fix δ ∈ (0, 1), so that for l sufficiently

large, ∃i ≥ i0 such that l ≥ cni ≥ δl. Then for i sufficiently large,

(×rj=1µ
(l)
S )(X) ≤ (×rj=1πfiµ

(l)
S )(πfi(X))

≤ 2r|πfi(X)|/|Qni |r (by Lemma 4.3.1)

≤ 2rCp−αni (by hypothesis)

≤ 2rCe−
αδl log p

c

as required.

Proposition 4.3.2 is very useful for proving escape of the random walk from such

subsets as proper algebraic subvarieties, which have small image in congruence quo-

tients, as we shall see. However, Proposition 4.3.2 is powerless in the face of subsets

X whose images modulo fi are of order ∼ γ|Qni |, for γ ∈ (0, 1), say. This difficulty

may be partially resolved by considering, instead of individual congruence quotients

Qni , large products Qni × . . .×Qni+k . The image of X in such a quotient will be of

order ∼ γk|Qni | · · · |Qni+k |, so by allowing k to grow and applying Theorem 4.1.7, we

may recover a good non-concentration estimate. As discussed in the Introduction,

Theorem 4.1.7 is not powerful enough to retain exponentially fast escape from such

X. However we still have:

Proposition 4.3.3. Let S ⊆ SL2(Fp[t]), M > 0 be as in Theorem 4.1.7; let (ni)i

be the sequence of all primes greater than M (arranged in ascending order) and let

fi ∈ Fp[t] be irreducible of degree ni. Let X ⊆ SL2(Fp[t])r and suppose there exists

γ ∈ (0, 1) and i1 ∈ N such that for all i ≥ i1,

|πfi(X)|/|Qni |r ≤ γ.

Then there exist C1(r), C2(γ, p, S) > 0 such that for all l ∈ N,

(×ri=1µ
(l)
S )(X) ≤ C1e

−C2

√
l/ log l.

Proof. Define gi =
∏i2+i−1

k=i2
fk ∈ Fp[t], with i2 sufficiently large (to be determined).

Then:

|πgi(X)| ≤ γi
i2+i−1∏
k=i2

|Qnk |r
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(provided i2 ≥ i1). By Theorem 4.1.7, there exists c > 0 such that, provided i2 is

sufficiently large, for l ≥ c
∑i2+i−1

k=i2
nk and for any g ∈ SL2(Fp[t]/(gi)),

(πgiµ
(l)
S )(g) ≤ 2/

i2+i−1∏
k=i2

|Qnk |.

For such l,

(×rj=1µ
(l)
S )(X) ≤ (×rj=1πgiµ

(l)
S )(πgi(X))

≤ |πgi(X)|(2/
i2+i−1∏
k=i2

|Qnk |)r

≤ 2rγi.

Recalling that nk grows like k log k, we have
∑i2+i−1

k=i2
nk � i2 log i. Choosing

i �
√
l/ log l, i2 log i� l and the result follows.

4.3.2 Escape from subvarieties

We are now ready to prove Theorem 4.1.1. In view of Proposition 4.3.2, it will suffice

to bound the size of projections of subvarieties to congruence quotients. We use:

Theorem 4.3.4 (Schwarz-Zippel [51]). Let F be a finite field; F be its algebraic

closure. Let V be an affine algebraic subvariety of Fd, defined by A polynomials in

F[x1, . . . , xd], each of total degree at most B. Then:

|V | �A,B,d |F|dim(V ).

Proof of Theorem 4.1.1. SLr2 is irreducible of dimension 3r, so by Theorem 4.3.4,

|πfi(V (F ))| �F p
(3r−1)ni � p−ni |Qni |r.

The result now follows from Proposition 4.3.2.

Example 4.3.5. Under the hypotheses of Theorem 4.1.1:

(i) Zero entries are rare: let F1 : M2(Fp[t])→ Fp[t] be given by F1

(
a b
c d

)
= abcd.

Then there exist C1, C2 > 0 such that:

µ
(l)
S ({g ∈ SL2(Fp[t]) : g has a zero entry}) = µ

(l)
S (V (F1)) ≤ C1e

−C2l.

(ii) Matrices with a particular trace are rare: fix α ∈ Fp[t] and let

Fα : M2(Fp[t])→ Fp[t] be given by Fα(A) = tr(A)− α.
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Then there exist C1, C2 > 0 such that:

µ
(l)
S ({g ∈ SL2(Fp[t]) : tr(g) = α}) = µ

(l)
S (V (Fα)) ≤ C1e

−C2l.

(iii) Torsion elements are rare: Let g ∈ SL2(Fp[t]). Conjugate g, possibly over a

quadratic extension, to an upper triangular matrix g̃ =

(
a b
0 a−1

)
. Suppose

there exists n ∈ N such that gn = I2. Then an = 1. This is only possible if a

lies in a quadratic extension of Fp. In particular tr(g) ∈ Fp, so g satisfies one

of the bounded set of polynomials Fα as in (ii) above, for α ∈ Fp. Hence there

exist C1, C2 > 0 such that:

µ
(l)
S ({g ∈ SL2(Fp[t]) : g has finite order}) ≤

∑
α∈Fp

µ
(l)
S (V (Fα))

≤ C1e
−C2l.

(iv) Elements fixing a point in the adjoint representation are rare: Recall that

SL2(Fp[t]) acts linearly on sl2(Fp[t]) by conjugation. Given g ∈ SL2(Fp[t]), let

Ad(g) ∈ GL3(Fp[t]) be the matrix of the associated linear transformation with

respect to some (fixed) Fp[t]-basis for sl2(Fp[t]).

Now recall that, given polynomials F1(X), F2(X) over some field K, there is a

polynomial function Res(F1(X), F2(X)) of their coefficients (defined over Z and

depending only on the degrees of F1, F2) which vanishes precisely when F1, F2

have a common root in some extension of K. In particular,

F (g) = Res(χAd(g)(X), X−1) is a polynomial in the entries of g which vanishes

precisely when g has a non-zero fixed point in sl2(Fp[t]). Moreover F (g) does

not vanish identically on SL2(Fp[t]): F

(
1 + t 2 + t
t 1 + t

)
6= 0, for instance. We

conclude that there exist C1, C2 > 0 such that:

µ
(l)
S ({g ∈ SL2(Fp[t]) : ∃X ∈ sl2(Fp[t]) \ {0} s.t. Xg = X}) ≤ C1e

−C2l.

4.3.3 Squares in SL2(Fp[t]) are rare

In this section we prove Theorem 4.1.2. Let X ⊆ SL2(Fp[t]) be the set of squares.

In light of Proposition 4.3.3, it suffices to bound the sizes of images πfi(X). We

note some elementary facts about SL2(Q), for Q an arbitrary odd prime power. Let

D(Q) ≤ SL2(Q) be the subgroup of diagonal matrices. Recall that D(Q) is cyclic of

order Q− 1.
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Lemma 4.3.6. Let g ∈ D(Q) be non-central in SL2(Q). Then:

(i) CSL2(Q)(g) = D(Q);

(ii) |cclSL2(Q)(g) ∩D(Q)| = 2;

(iii) If g is a square in SL2(Q) then it is a square in D(Q).

Now 2 | (Q − 1), so the set of squares in D(Q) is of order Q−1
2

.

Z(SL2(Q)) = {±I2} consists of squares in SL2(Q), so that by Lemma 4.3.6 (iii),

there is a subset {gi}
Q−1
2

i=1 ⊆ D(Q) consisting entirely of non-squares in SL2(Q). If

g ∈ SL2(Q) is not a square, then cclSL2(Q)(g) consists entirely of non-squares, and by

Lemma 4.3.6 (i), |cclSL2(Q)(g)| = Q(Q+ 1). Hence:

|{non-squares in SL2(Q)}| ≥ |

Q−1
2⋃
i=1

cclSL2(Q)(gi)|

≥ 1

2

Q−1
2∑
i=1

|cclSL2(Q)(gi)| (by Lemma 4.3.6 (ii))

≥ 1

4
(Q− 1)Q(Q+ 1)

=
1

4
|SL2(Q)|.

Theorem 4.1.2 is now immediate from Proposition 4.3.3, taking γ = 3
4
.

4.3.4 Reducible characteristic polynomials in SL2(Fp[t]) are
rare

In this section we prove Theorem 4.1.4. Let Y ⊆ SL2(Fp[t]) be the set of elements

with reducible characteristic polynomial. Once again, we bound |πfi(Y )|. Let g ∈ Y
and let f ∈ Fp[t] be irreducible of degree n. Since χg ∈ Fp[t][X] splits over Fp[t],
χπf (g) ∈ Fpn [X] splits over Fpn . Let Q be an arbitrary odd prime power. It will suffice

to bound the set of elements g ∈ SL2(Q) with reducible characteristic polynomial.

We distinguish two cases and prove exponential decay in each:

Case 1: tr(g) 6= ±2.

χg does not have a repeated root, so is diagonalisable in SL2(Q). Hence there

exists non-central h ∈ D(Q) such that cclSL2(Q)(g) = cclSL2(Q)(h). There are

Q− 3 non-central elements h ∈ D(Q), and each has conjugacy class in SL2(Q)
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of order Q(Q + 1), by Lemma 4.3.6 (i). Therefore the number of non-central

diagonalisable elements g is at most:∣∣ ⋃
h∈D(Q)\Z(SL2(Q))

cclSL2(Q)(h)
∣∣ ≤ 1

2

∑
h∈D(Q)\Z(SL2(Q))

|cclSL2(Q)(h)| (by Lemma 4.3.6 (ii))

≤ 1

2
(Q− 3)Q(Q+ 1)

≤ 1

2
|SL2(Q)|.

Case 2: tr(g) = ±2 is immediate from Example 4.3.5 (ii).

Theorem 4.1.4 follows from Proposition 4.3.3, with any γ > 1
2
.
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Chapter 5

Spectral Gap in SL2(Zp)

5.1 Introduction

Fix p ≥ 3 prime. The goal of this chapter shall be to prove:

Theorem 5.1.1. Let S ⊆ SL2(Zp) be a finite symmetric set, generating a subgroup

Γ whose closure Γ in SL2(Zp) is open. Let A ⊆ Zp be the set of entries occurring

in elements of S. Suppose that for every a ∈ A, there exists fa(X) ∈ Q[X] such

that fa(a) = 0. Then (πpn(Γ), πpn(S))n is a family of two-sided expanders, where

πpn : SL2(Zp)→ SL2(Z/pnZ) is the congruence map.

Recall that:

Proposition 5.1.2. Let Γ ≤ SL2(Zp). Then the following are equivalent:

(i) Γ ≤o SL2(Zp);

(ii) Γ is Zariski-dense in SL2(Qp);

(iii) Γ is not virtually soluble;

(iv) F2 ↪→ Γ.

The main result of Bourgain and Gamburd’s paper [6] is the special case of The-

orem 5.1.1 for which the matrices in S are supported over Z. In fact their result is

stated in a weaker form, where p is chosen such that the image of S in SL2(p) is a

generating set, so that S generates a dense subgroup of SL2(Zp) (if S generates a

non-elementary subgroup of SL2(Z) this will hold for all sufficiently large p). Never-

theless, their argument yields the same conclusion in the more general setting of S

generating a subgroup whose closure in SL2(Zp) is open (but not necessarily dense).
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The proof shall in a sense be a marriage of the techniques employed in the last two

chapters: expansion shall follow from a version of the Bourgain-Gamburd machine.

After applying the tools of quasirandomness and the `2-flattening Lemma, it suffices

to check that the random walk escapes quickly from approximate subgroups. The

proof then proceeds by running the Solovay-Kitaev procedure inside an approximate

subgroup. The upshot shall be that any approximate subgroup on which the random

walk concentrates must efficiently generate a large subgroup of SL2(Z/pnZ), and must

therefore be too big to satisfy the conclusion of the `2-flattening Lemma.

Applying the Solovay-Kitaev procedure entirely within an approximate subgroup

H ⊆ SL2(Z/pnZ) presents some additional technical difficulties which were not present

in the setting of Chapter 3. First, in generating the Lie ring sl2(Z/pnZ) we do not a

priori have access to all elements of Z/pnZ to use as coefficients, but only a certain

subset arising from the coefficients of the elements in H (exactly how this set is pro-

duced shall be explained in Section 5.4). To produce arbitrary coefficients we need

the sum-product results of Bourgain from Section 2.6.

Second, to run the Solovay-Kitaev procedure in H at all, H must resemble the

ambient group SL2(Z/pnZ) from the perspective of algebraic geometry. In other

words, the preimage of H in SL2(Zp) must not be controlled by small sublevel sets of

non-trivial polynomials on SL2(Zp). Because the random walk may be hypothesised

to concentrate on H, it suffices to check that the random walk does not concentrate

on such sublevel sets. Using the fact that the coefficients are algebraic, this latter

claim may be reduced still further to the problem of proving non-concentration on

subvarieties.

In [6] this non-concentration was achieved by using the result of [5] to “sieve out”

proper subvarieties in congruence quotients already known to exhibit expansion. We

have already made use of this same idea, in the proof of Theorem 4.1.1. What allows

us to handle a broader range of coefficients than the integers is the proliferation of

new results on expander congruence quotients in the years since the publication of

[6], and in particular the results of [69].

We should emphasize that the novelty of our work in this chapter is entirely con-

tained in the stage of the argument dealing with the escape of the random walk on

SL2(Zp) from algebraic subvarieties, and the upgrading of these non-concentration

estimates to sublevel sets of the relevant polynomials. Once the problem has been

successfully “pushed down” into the finite quotients, the argument is essentially iden-

tical to that presented in [6]. We do deviate from their presentation in Section 5.3.5

(corresponding to Proposition 4.3 in [6]), where we use a different proof which is (to
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us) more intuitive and more amenable to generalisation to other settings. There are

also minor differences between the argument of Section 5 and the corresponding Sec-

tions 5 and 6 of [6], where we have been unable to exactly replicate some of the steps

of Bourgain and Gamburd’s argument; nevertheless the architecture of the proof is

theirs.

Given all that, why have we opted to present the proof in full detail? The motiva-

tion is threefold. First, there is no natural result that corresponds to the parts of the

proof unchanged from [6] which we could use as a black box, so we have felt it nec-

essary to reproduce the complete argument to verify to the reader’s satisfaction that

these parts are indeed unchanged. Second, we aim to give a treatment of Bourgain

and Gamburd’s ideas emerging from [6] which will be as accessible and well-motivated

as possible, and thereby aid in the comprehension of some important and interesting,

but technically difficult mathematics. Finally, we wish to use the proof of Theorem

5.1.1 as a roadmap to other results for which a similar proof strategy would appear

to be relevant. Such results (actual and potential) are described in Section 5.5.

We also acknowledge the results of [68], which allow one to prove Theorem 5.1.1

using a different method. In that paper, expansion was proved for the mod pn

congruence quotients of finitely generated subgroups of GLd(Q) whose Zariski closures

have connected component at identity which is perfect. By restriction of scalars this

conclusion may be extended to subgroups supported on p-adic integers which are

algebraic over Q.

The chapter is structured as follows: in Section 5.2 we prove weak quasirandom-

ness for SL2(Zp) and thereby reduce Theorem 5.1.1 to non-concentration in approxi-

mate subgroups. Specifically, we state Theorem 5.2.11, which asserts that any approx-

imate subgroup in which the random walk becomes highly concentrated has iterated

product set (of controlled length) containing a large congruence kernel, contradiction

the `2-flattening Lemma. In Section 5.3 we investigate the algebraic geometry of such

approximate subgroups, and show that it resembles that of the ambient group. Sec-

tion 5.4 combines the results of Section 5.3 with the sum-product results from Section

2.6 to set up the Solovay-Kitaev procedure in our approximate subgroup and deduce

Theorem 5.2.11. Finally, in Section 5.5 we sketch the generalisation of Theorem 5.1.1

to SLd(Zp), discuss a potential weakening of our hypothesis on the generating set and

explore the possibility of proving a version for SL2(Fp[[t]]).
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5.2 Reduction to Non-Concentration in Approxi-

mate Subgroups

The proof of Theorem 5.1.1 shall follow from the Bourgain-Gamburd machine. The

goal of this section shall be to implement the aspects of the machine which reduce the

problem of proving expansion to that of proving non-concentration in approximate

subgroups.

In Section 5.2.1 we describe the normal subgroups of SL2(Z/pnZ), then prove

weak quasirandomness of SL2(Zp) in Section 5.2.2. The results of these sections are

well-known: weak quasirandomness of SL2(Zp) is provided by Lemma 5.1 of [71], for

instance. We include a full proof here only in the interests of completeness. Finally,

we shall apply the `2-flattening lemma in Section 5.2.3.

For ease of notation, in the sequel we shall write Gn = SL2(Z/pnZ) and

Kn = ker(πpn) = SL2(Zp) ∩ (I2 + pnM2(Zp)). For m ≤ n we shall allow ourselves to

identify Km and its image in Kn under πpn , when to do so will not cause excessive

confusion.

5.2.1 Normal subgroups of SL2(Z/pnZ)

In this section we prove the following:

Proposition 5.2.1. Let N C Gn be a proper normal subgroup. Then there exists

m ≤ n, W ≤ Z(Gn) such that N = KmW .

Lemma 5.2.2. (Ki/Kn)1≤i≤n is the upper central series for K1/Kn; that is:

Ki/Ki+1 = Z(K1/Ki+1) for every 1 ≤ i ≤ n.

Proof. Let g, h ∈ K1. Direct computation yields that if h ≡ I2 mod pi, then

gh ≡ hg mod pi+1. Indeed, we already carried out the required computation in

Section 3.3.

Conversely, if h ∈ K1 satisfies gh ≡ hg mod pi+1 for every g ∈ K1, then setting

in turn:

g =

(
1 p
0 1

)
and

(
1 0
p 1

)
,

we have h1,1 − h2,2, h1,2, h2,1 ∈ piZp. We may therefore write:

h = (1 + µ)I2 + piZ

for some µ ∈ pZp, Z ∈M2(Zp).
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But det(h) = 1, so:

µ(µ+ 2) + pi(Z1,1 + Z2,2) ∈ pi+1Zp

and since p > 2, µ+ 2 /∈ pZp, µ ∈ piZp and h ∈ Ki.

Lemma 5.2.3. For m ≤ n ≤ 2m, the map:

(a, b, c) 7→ I2 + pm
(
a b
c −a

)
+Kn

is an isomorphism (Z/pn−mZ)3 ∼= Km/Kn. In particular, for any m ≥ 1,

F3
p
∼= Km/Km+1.

Proof. Direct verification.

Corollary 5.2.4. Gn = p3n−2(p2 − 1).

By Lemma 5.2.2, the action of SL2(Zp) on Ki by conjugation descends to an action

of SL2(Fp) on Ki/Ki+1, which, by the above isomorphism, yields a three-dimensional

representation of SL2(Fp).

Lemma 5.2.5. The action of SL2(Fp) on Ki/Ki+1 thus defined is irreducible.

Proof. Note that it suffices to check that the image of SL2(Fp) under the representa-

tion spans M3(Fp). For if the image were to preserve a non-trivial proper subspace

of Ki/Ki+1, then so too would any linear combination of elements in the image. In

particular the image would not span M3(Fp).

g =

(
w x
y z

)
∈ SL2(Fp) acts under the representation via the matrix: wz + xy yz −wx

2xz z2 −x2

−2wy −y2 w2


We may verify directly that a spanning set for M3(Fp) may be produced by varying

g. For instance:

I2,

(
0 1
−1 0

)
,

(
1 1
0 1

)
,

(
1 −1
0 1

)
,

(
1 0
1 1

)
,(

1 0
−1 1

)
,

(
1 1
−1 0

)
,

(
−1 1
−1 0

)
,

(
2 1
1 1

)
maps to a spanning set, since p ≥ 3.

Lemma 5.2.6. Let P be a finite p-group. Every normal subgroup of P intersects

Z(P ) non-trivially.
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Proof of Proposition 5.2.1. We classify the normal subgroups of Gn, proceeding by

induction on n. If n = 1, Gn = SL2(Fp) is quasisimple. Let n > 1 and let N C Gn.

We distinguish two cases:

If N ∩K1 = 1, then N ∼= NK1/K1 C G1, so that if N ∼= NK1/K1 is not central,

πp|N : N → G1 is an isomorphism and the extension:

1→ K1 ↪→ Gn � G1 → 1

splits as a direct product. In particular N centralises K1. However there exists k ∈ K1

such that g = k

(
1 0
1 1

)
∈ N , and for µ ∈ pn−1Zp,(

1 µ
0 1

)g
=

(
1 + µ µ
−µ 1− µ

)
6=
(

1 µ
0 1

)
,

a contradiction. Hence NK1/K1 is central, so N ≤ Z(Gn) (as πp|N is injective).

On the other hand, if N ∩ K1 6= 1, then, by Lemma 5.2.2 and Lemma 5.2.6,

N ∩ Kn−1 6= 1, so that, by Lemma 5.2.5, Kn−1 ≤ N . Letting 1 ≤ m ≤ n − 1 be

minimal such that Km ≤ N , apply the inductive hypothesis to N/Km C Gm, to

deduce that N/Km ≤ Z(Gm). Then N ≤ KmZ(Gn), as required.

5.2.2 Quasirandomness for SL2(Z/pnZ)

In this section, we prove the following result:

Proposition 5.2.7. Let ρ be an irreducible complex representation of Gn, such that

ker(ρ) ≤ Z(Gn). Then dim(ρ)�p p
n.

It follows immediately from Proposition 5.2.1 and Corollary 5.2.4 that there exists

C(p) > 0 such that any dense subgroup Γ of SL2(Zp) = lim←−nGn is (C, 1
3
)-weakly

quasirandom with respect to the family of all finite index normal subgroups containing

some Kn ∩ Γ . Indeed by Proposition 2.2.4, the same conclusion holds if we merely

assume that the closure of Γ in SL2(Zp) is open.

Proposition 5.2.7 shall follow from bounds on the orbits of Gn, acting on the

Pontryagin dual of an abelian normal subgroup. Our exposition of this argument is

based on that appearing in [6] (though the proof there contains one oversight, which

we indicate at the corresponding stage of our proof). See also [71] for a more general

result. The author is not aware of any earlier proof of Proposition 5.2.7, but it is

possible that one exists in the literature: the idea of understanding representations

of a p-adic analytic group in terms of its action on the dual Lie algebra goes back to

Howe [42], and draws on the work of Kirillov on nilpotent (real) Lie groups [48].
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Recall that, for G a finite group, N C G, G acts on irreducible complex represen-

tations of N as follows: for g ∈ G and θ an irrep of N ,

θg(n) = θ(ng) for all n ∈ N .

Theorem 5.2.8 (Clifford). Let ρ be an irrep of G. Let ρ |N=
∑d

i=1 θi be the decom-

position of ρ |N as a direct sum of irreps of N . Then θ1, . . . , θd lie in a single orbit

of the G-action, and all members of the orbit occur.

Now let n/2 ≤ m ≤ n. Our goal shall be to apply Clifford’s Theorem to Km C Gn.

Define:

e1 = I2 + pm
(

1 0
0 −1

)
, e2 = I2 + pm

(
0 1
0 0

)
, e3 = I2 + pm

(
0 0
1 0

)
∈ Km.

As was observed in Lemma 5.2.3, (a, b, c) 7→ ea1e
b
2e
c
3 defines an isomorphism

(Z/pn−mZ) → Km. The Pontryagin dual K̂m is a free (Z/pn−mZ)-module with

basis ê1, ê2, ê3. It is clear that the action of Gn on K̂m described above is via

(Z/pn−mZ)-module automorphisms; under this action the matrix of

g =

(
w x
y z

)
∈ Gn with respect to the given basis is: wz + xy 2xz −2wy

yz z2 −y2

−wx −x2 w2

 . (5.1)

In other words, it is precisely the transpose of the image of g, under the action of Gn

by conjugation on the (Z/pn−mZ)-module Km, with respect to basis e1, e2, e3.

Proposition 5.2.9. There exists C(p) > 0 such that for any χ ∈ K̂m \ pK̂m,

|StabGn(χ)| ≤ Cp2m+n.

Proof of Proposition 5.2.7. Let ρ |N=
∑d

i=1 θi be as in Clifford’s Theorem. Then

dim(ρ) ≥ d. Let x ∈ Kn−1 be non-central in Gn. Then, since ker(ρ) ≤ Z(Gn),

θi(x) 6= 0 for some i. Note that for all χ ∈ pK̂m, χ(Kn−1) = 0. Hence θi ∈ K̂m \ pK̂m.

By Proposition 5.2.9 and Clifford’s Theorem,

d = |Gn|/|StabGn(θi)| �p p
2n−2m �p p

n,

as required.

Remark 5.2.10. It is at this stage that an error appears in the proof of Proposition

5.2.7 presented in [6]. There it is asserted that the required lower bound on the lengths

of orbits of irreps appearing in Clifford’s Theorem corresponds to an upper bound on

the size of the stabilizers in the action of Gn on Km, rather than the action on K̂m.
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Proof of Proposition 5.2.9. First note that Kn−m acts trivially on K̂m, so the action

of Gn on K̂m descends to an action of Gn−m and:

|StabGn(χ)| = |StabGn−m(χ)||Kn−m| = p3m|StabGn−m(χ)|.

It therefore suffices to check |StabGn−m(χ)| �p p
n−m. Moreover since

|StabGn−m(χ) : K1 ∩ StabGn−m(χ)| ≤ |G1 : K1| = p3 − p,

it suffices to bound |K1 ∩ StabGn−m(χ)|. Let g ∈ K1 ∩ StabGn−m(χ) and let

w, x, y, z ∈ Z/pn−mZ be such that:

g = I2 + p

(
w x
y z

)
.

There exist a, b, c ∈ Z/pn−mZ such that χ = aê1 + bê2 + cê3 and p does not divide

at least one of a, b, c. Using the matrix representation (5.1), the condition χg = χ

becomes the three constraints:

(i) f1(w, x, y, z) := (a(w + z) + 2bx− 2cy) + (a(wz + xy) + 2bxz − 2cwy)p ≡ 0,

(ii) f2(w, x, y, z) := (ay + 2bz) + (ayz + bz2 − cy2)p ≡ 0,

(iii) f3(w, x, y, z) := (−ax+ 2cw) + (−awx− bx2 + w2)p ≡ 0,

while the requirement that det(g) = 1 becomes the constraint:

(iv) f4(w, x, y, z) := (w + z) + (wz − xy)p ≡ 0

(with all these equivalences being modulo pn−m−1). We seek to bound the number of

solutions (w, x, y, z) ∈ Z/pn−m−1Z. Write:

w =
n−m−2∑
i=0

wip
i;x =

n−m−2∑
i=0

xip
i; y =

n−m−2∑
i=0

yip
i; z =

n−m−2∑
i=0

zip
i,

with wi, xi, yi, zi ∈ {0, 1, . . . , p− 1}. Reducing (i)-(iv) modulo p, we obtain:

(i’) a(w0 + z0) + 2bx0 + 2cy0 ≡ 0 mod p,

(ii’) ay0 + 2bz0 ≡ 0 mod p,

(iii’) −ax0 + 2cy0 ≡ 0 mod p,

(iv’) w0 + z0 ≡ 0 mod p.
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Applying (ii’), (iii’) and (iv’) if a 6≡ 0 mod p (respectively (i’), (ii’) and (iv’) if

b 6≡ 0 mod p; (i’), (iii’) and (iv’) if c 6≡ 0 mod p), there are at most p choices for

(w0, x0, y0, z0).

We now iteratively apply this observation: at the (k+1)th stage suppose (wi, xi, yi, zi)

is determined for 0 ≤ i ≤ k, so that:

fj

( k∑
i=0

wip
i,

k∑
i=0

xip
i,

k∑
i=0

yip
i,

k∑
i=0

zip
i
)
≡ 0 mod pk+1 for j = 1, 2, 3, 4.

Reducing (i)-(iv) modulo pk+2 and dividing through by pk+1, we have:

(i”) a(wk+1 + zk+1) + 2bxk+1 + 2cyk+1

+f1(
∑k

i=0wip
i,
∑k

i=0 xip
i,
∑k

i=0 yip
i,
∑k

i=0 zip
i)/pk+1 ≡ 0,

(ii”) ayk+1 + 2bzk+1 + f2(
∑k

i=0wip
i,
∑k

i=0 xip
i,
∑k

i=0 yip
i,
∑k

i=0 zip
i)/pk+1 ≡ 0,

(iii”) −axk+1 + 2cyk+1 + f3(
∑k

i=0wip
i,
∑k

i=0 xip
i,
∑k

i=0 yip
i,
∑k

i=0 zip
i)/pk+1 ≡ 0,

(iv”) wk+1 + zk+1 + f4(
∑k

i=0wip
i,
∑k

i=0 xip
i,
∑k

i=0 yip
i,
∑k

i=0 zip
i)/pk+1 ≡ 0

(with all these equivalences being modulo p). As before, there are at most p possibil-

ities for (wk+1, xk+1, yk+1, zk+1). In total then, there are at most pn−m−1 choices for

(w, x, y, z), as required.

5.2.3 `2-flattening

We can combine Proposition 5.2.7 and the comments immediately thereafter with

Proposition 2.2.12 to reduce expansion to `2-flattening. Recall that by the `2-flattening

lemma, it will suffice to check that the random walk does not concentrate on a small

approximate subgroup of Gn = SL2(Z/pnZ). Theorem 5.1.1 will follow from Theorem

2.2.18 (the `2-flattening lemma for approximate subgroups) and the following result,

which tells us that if Hn is an approximate subgroup of Gn in which the random walk

concentrates, then for some r (suitably bounded), H
(r)
n contains a large congruence

kernel of Gn. In particular, Hn must already be too large to satisfy conclusion (ii) of

Theorem 2.2.18. Henceforth let Sn = πpn(S).

Theorem 5.2.11. There exist C0(S) > 0 and fS : (0, 1) → N such that the follow-

ing holds. For all γ ∈ (0, 1) sufficiently small, there exists δ ∈ (0, 1) such that if

n ∈ N is sufficiently large, and Hn ⊆ Gn is an |Gn|3δ-approximate subgroup satisfying

µ
(2l)
Sn

(Hn) ≥ |Gn|−2δ for some C0 log|Gn| ≤ l, then Kγn ⊆ H
(fS(γ))
n .
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Note that if C0, δ satisfy the conditions of Theorem 5.2.11, then so do all larger

C0 and smaller δ.

Proof of Theorem 5.1.1. Let C > 0 be as in Theorem 2.2.18. Let l ≥ C0 log|Gn| be

as in Theorem 5.2.11, and suppose (for a contradiction) that:

‖µ(2l)
Sn
‖2 > |Gn|−δ‖µ(l)

Sn
‖2

(for δ > 0 sufficiently small, yet to be specified). By Theorem 2.2.18, applied to Gn,

with ν = µ
(l)
Sn

, Gn has a C|Gn|Cδ-approximate subgroup H̃n such that:

|H̃n| ≤ C|Gn|Cδ/‖µ(l)
Sn
‖2

2 (5.2)

and for some g ∈ Gn, µ
(l)
Sn

(gH̃n) ≥ C|Gn|−Cδ. If ‖µ(l)
Sn
‖2 < |Gn|−

1
2

+ε there is nothing

to prove, so suppose otherwise. Then by (5.2),

|H̃n| ≤ C|Gn|1+Cδ−ε.

For δ sufficiently small and n sufficiently large we may assume H̃n is a |Gn|δ-approximate

subgroup satisfying µ
(l)
Sn

(gH̃n) ≥ |Gn|−δ. By Remark 2.2.19 we may apply Theorem

5.2.11 to Hn = H̃n · H̃n, so that Kγn ⊆ H̃
(2fS(γ))
n . By Remark 2.2.14 (ii),

|Kγn| ≤ |H̃(2fS(γ))
n |

≤ |H̃n|(|Gn|δ)2fS(γ)−1

≤ C|Gn|1+(2fS(γ)−1+C)δ−ε.

But |Kγn| �p |Gn|1−γ, so:

1�γ |Gn|(2fS(γ)−1+C)δ−(ε−γ).

Choosing γ < ε and δ < ε−γ
2fS(γ)−1+C

, and for n sufficiently large, this is a contradiction.

It follows that:

‖µ(2l)
Sn
‖2 ≤ |Gn|−δ‖µ(l)

Sn
‖2.

Therefore, letting α > 1 be such that

‖µ(l)
Sn
‖2 ≤ |Gn|−

1
2

+αε

we can achieve the `2-flattening inequality by iterating this argument at most m

times, for any m > (α−1)ε
δ

. That is, for any:

C(ε) > 2
(α−1)ε
δ C0.
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‖µ(l)
Sn
‖2 < |Gn|−

1
2

+ε for some l ≤ C(ε) log|Gn|. Since (|Gn : πn(Γ)|)n is bounded,

(πn(Γ))n also satisfies the `2-flattening condition. The result now follows from Propo-

sition 2.2.12.

Remark 5.2.12. For any H ⊆ Gn and l ∈ N, if µ
(l)
Sn

(H) ≥ K, then for any 0 ≤ l′ ≤ l,

K ≤ µ
(l)
Sn

(H) =
∑
x∈Gn

µ
(l−l′)
Sn

(x−1)µ
(l′)
Sn

(xH)

so that, for some g ∈ Gn, µ
(l′)
Sn

(gH) ≥ K. In particular, taking H = gH̃n as in the

proof of Theorem 5.1.1 above, and by Remark 2.2.19, we may hypothesize further in

Theorem 5.2.11 that µ
(2l′)
Sn

(Hn) ≥ |Gn|−2δ for all 0 ≤ l′ ≤ l.

The remainder of our work will be devoted to proving Theorem 5.2.11.

5.3 Non-Concentration in Subvarieties

In this section we prove exponentially fast decay of µ
(l)
S on proper subvarieties. Such

non-concentration shall be a consequence of the expansion results for linear algebraic

group over Q emerging from [69]. We will apply these decay estimates (1) to produce

elements whose centralisers intersect significantly with approximate subgroups and

(2) to produce linearly independent matrices arising as conjugates by elements in

approximate subgroups of a fixed matrix.

5.3.1 Diophantine properties of p-adic numbers

We begin by noting a key property of p-adic numbers which are algebraic over Q. It

is this property which shall allow us to upgrade results on non-concentration of the

random walk on subvarieties to results giving non-concentration on sublevel sets.

Definition 5.3.1. Let C > 0. A subset A ⊆ Qp is C-strongly Diophantine if,

whenever r ∈ N, f ∈ Z[X1, . . . , Xr] is a homogeneous polynomial of degree m ≥ 1,

expressible as a sum of at most k signed monic monomials, a1, . . . , ar ∈ A, and

i > C(m+ log k), then:

f(a1, . . . , ar) /∈ piZp \ {0}.

We say A is strongly Diophantine if there exists C > 0 such that A is C-strongly

Diophantine.
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Informally, a set A is strongly Diophantine if one must apply the ring operations

in Qp a large number of times to A to produce a non-zero element of small p-adic

norm. Our motivation for making this definition is the following:

Proposition 5.3.2. Let A = {a1, . . . , ar} ⊆ Qp. Suppose that for every 1 ≤ i ≤ r,

ai is a root of some polynomial over Q. Then A is strongly Diophantine.

Indeed, the strong Diophantine property shall be the only property of algebraic

numbers which is used in the proof of Theorem 5.1.1. We start with some elementary

observations:

Lemma 5.3.3. Let B ⊆ A ⊆ Qp. For every C > 0, if A is C-strongly Diophantine,

then so is B.

Lemma 5.3.4. For any r ∈ N and any C > 0, the set:

{(a1, . . . , ar) : {a1, . . . , ar} ⊆ Qp is C-strongly Diophantine}

is closed in Qr
p.

Lemma 5.3.5. Let λ ∈ Qp\{0}. Let n ∈ Z be such that ‖λ‖p = p−n. For every C > 0

and every A ⊆ Qp, if A is C-strongly Diophantine, then λ·A is max(C,C+n)-strongly

Diophantine.

We now turn to examples. First, any finite set of integers is strongly Diophantine.

For a non-zero integer of small p-adic norm must be divisible in Z by a large power

of p, and hence be of large Euclidean norm.

Example 5.3.6. If A ⊆ Z∩[−N,N ], then any product of elements from A of length at

most m lies in [−Nm, Nm], so a sum of at most k such products lies in [−Nmk,Nmk].

In particular, A ⊆ Qp is 1
log p

max(1, logN)-strongly Diophantine.

This observation extends easily to finite sets of rational numbers: a non-zero

rational number of small p-adic norm may also be of small Euclidean norm, but only

when it has large denominator.

Example 5.3.7. Let A = {a1, . . . , ar} ⊆ Q. For every 1 ≤ i ≤ r, let pi, qi ∈ Z, with

qi 6= 0 be such that ai = pi/qi. Let L = lcm(|q1|, . . . , |qr|). Let p′i ∈ Z be such that

ai = p′i/L. We have |p′i| ≤ L|pi|.
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Let f, k,m be as in Definition 5.3.1, and suppose ‖f(a1, . . . , ar)‖p ≤ p−i. We

have:

f(a1, . . . , ar) = f(p′1, . . . , p
′
r)/L

m

so ‖f(p′1, . . . , p
′
r)‖p ≤ p−i. It now follows from Example 5.3.6 that A is C-strongly

Diophantine, with:

C = 1
log p

max(1, logL+ log(max1≤i≤r|p′i|)).

We are now ready to prove Proposition 5.3.2. Essentially we do this by restricting

scalars to replace algebraic numbers by matrices over Q, and thereby reducing the

problem to Example 5.3.7.

Proof of Proposition 5.3.2. Let K be the field generated over Q by A. Let

B = {b1, . . . , br} be a basis of the (finite) field extension (K : Q); we may take

B ⊆ Zp and b1 = 1. By restriction of scalars (with respect to B), there is a Q-algebra

monomorphism:

Φ : K ↪→Md(Q)

satisfying Φ(q) = qId for q ∈ Q. Let n ∈ N be minimal such that

Φ(pnai) ∈ Md(Q ∩ Zp) for all 1 ≤ i ≤ r. According to Lemma 5.3.5, it suf-

fices to prove that pn · A is strongly Diophantine. Let f, k,m be as in Defini-

tion 5.3.1, and suppose pmnf(a1, . . . , ar) = f(pna1, . . . , p
nar) ∈ piZp \ {0}. Let

M = Φ(f(pna1, . . . , p
nar)) = f(Φ(pna1), . . . ,Φ(pnar)) and let Adj(M) ∈ Md(Q ∩ Zp)

be its adjugate matrix. Then:

0 6= det(M) =(M · Adj(M))1,1

=
d∑
i=1

(M · Adj(M))i,1bi

=
d∑
i=1

(
d∑
j=1

Mi,j Adj(M)j,1)bi

=
d∑
j=1

(
d∑
i=1

Mi,jbi) Adj(M)j,1

= f(pna1, . . . , p
nar)

d∑
j=1

Adj(M)j,1bj

∈ piZp \ {0}.

119



Now let A′ ⊆ Q be the set of all entries of all Φ(pnai). By Example 5.3.7, there exists

C > 0 such that A′ is strongly Diophantine. Each entry of M is a homogeneous poly-

nomial in A′: it has degree m and consists of at most dmk signed monic monomials.

det(M) is a homogeneous polynomial in the entries of M of degree d, consisting of d!

signed monic monomials. Thus det(M) is a homogeneous polynomial in A′ of degree

dm, and consisting of at most d!(dmk)d signed monic monomials. Hence:

i ≤ C(log(d!(dmk)d) + dm) = C log d! + Cd log k + d(1 + log d)m

and the result follows.

5.3.2 A sieving argument

Theorem 5.3.8 (Theorem 7.2 from [17]). Let K be a field of characteristic zero,

X ⊆ GLd(K) a finite symmetric set such that Γ := 〈X〉 is not virtually soluble.

Let G be the Zariski closure of Γ and R be its soluble radical. Suppose V is an

algebraic subvariety in GLd such that dim(R(V ∩ G)) < dim(G). Then there exist

C1(V), C2(X) > 0 such that:

µ
(l)
X (V) ≤ C1e

−C2l.

Henceforth let S be as in Theorem 5.1.1. Applying Theorem 5.3.8 to the connected

algebraic group G = SLrd, and taking X = Sr, we deduce:

Proposition 5.3.9. Let f : M2(Zp)r → Zp be a polynomial over Z which does not

vanish on SL2(Zp)r. Then there exist C1(f), C2(S) > 0 such that, letting

V (f) ⊆M2(Zp)r be the algebraic variety defined by the vanishing of f ,

(×ri=1µ
(l)
S )(V (f)) ≤ C1e

−C2l.

Proof. In view of Theorem 5.3.8, it suffices to check that 〈X〉 is Zariski-dense in

SL2(Qp)
r. Indeed, since the vanishing set of a non-trivial polynomial on SL2(Zp)r has

measure zero, it suffices to check that the closure 〈X〉 of 〈X〉 in SL2(Zp)r is open in

SL2(Zp)r.
I2 ∈ S(2), as S is symmetric. Hence 〈S(2)〉r ⊆ 〈X(2)〉. F2 ↪→ 〈S〉, so

F2 ↪→ 〈S(2)〉. Applying Proposition 5.1.2, 〈S(2)〉 ≤o SL2(Zp), so 〈S(2)〉r ≤o SL2(Zp)r,
as required.

We now employ the strong Diophantine hypothesis on the coefficients of the entries

of S. In the case of homogeneous f this will allow us to upgrade the conclusion of

Proposition 5.3.9: not only will the random walk fail to concentrate in the set of

zeroes of f , but it will also fail to concentrate in an appropriate sublevel set of f .
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Corollary 5.3.10. Let f : M2(Zp)r → Zp be a homogeneous polynomial of degree

d ≥ 1 over Z which does not vanish on SL2(Zp)r. There exists C3 > 0 such that, for

0 < l ≤ C3m,

(×ri=1µ
(l)
S )({X ∈M2(Zp)r : pm | f(X)}) ≤ C1e

−C2l.

Proof. Let C > 0 be such that the set A of entries occurring in elements of S is

C-strongly Diophantine. Suppose f is a sum of at most e signed monic monomials.

Let g1, . . . , gr ∈ SL2(Zp) be words of length l in S. Then the entries of the gi are

all expressible as sums of 2l monic monomials of degree l in the elements of A, so

f(g1, . . . , gr) is a sum of 2dle signed monic monomials of degree dl in the elements of

A. Then for

m > C(log(2dle) + dl) = Cd(1 + log 2)l + C log e,

if f(g1, . . . , gr) ≡ 0 mod pm then f(g1, . . . , gr) = 0. The result now follows from

Proposition 5.3.9, for any C3 < C−1(d(1 + log 2) + log e)−1.

Let Hn be as in Theorem 5.2.11. Since µ
(2l)
Sn

concentrates on Hn and does not

concentrate on sublevel sets of polynomials not vanishing on Gn, (as witnessed by

Corollary 5.3.10), it follows that µ
(2l)
Sn

concentrates somewhat on the complements of

such sublevel sets in Hn. In particular we have:

Corollary 5.3.11. Let f, C3 be as in Corollary 5.3.10. There exist C4, C5 > 0 and

δ′(δ) > 0, with limδ→0 δ
′ = 0 such that, for δ′n ≤ 2l ≤ C3m (and for δ sufficiently

small),

(×ri=1µ
(2l)
Sn

)({X ∈ Hr
n : f(X) 6≡ 0 mod pm}) ≥ C4e

−C5δl.

Proof. By definition of Hn, and Remark 5.2.12,

(×ri=1µ
(2l)
Sn

)(Hr
n) ≥ |Gn|−2rδ

so by Corollary 5.3.10, a lower bound for (×ri=1µ
(2l)
Sn

)({X ∈ Hr
n : f(X) 6≡ 0 mod pm})

is given by:

|Gn|−2rδ − C1e
−2C2l ≥ Cp−6rδn − C1e

−2C2l ≥ Ce
−6rδl log p

δ′ − C1e
−2C2l

(for some C > 0). Choosing:

δ <
C2δ

′

3r log p

we have the required result, for any C4 < C,C5 ≤ 6r log p/δ′.
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Corollary 5.3.12. Under the conditions of Corollary 5.3.11, there exists D(S) > 0

such that, if δ′n ≤ 2l ≤ min(C3m,Dn), then there exist C6, C7 > 0 such that:

|{X ∈ (Hn ∩BSn(2l))r : f(X) 6≡ 0 mod pm}| ≥ C6e
C7l.

Note that, since δ′ could be chosen arbitrarily small in Corollary 5.3.11 (by choos-

ing δ sufficiently small), we may in particular set δ′ < min(C3
m
n
, D), so that l satis-

fying the conditions of Corollary 5.3.12 exists.

Proof. Recall from Kesten’s Theorem that there is a constant CS > 0 such that for

any g ∈ 〈S〉,

µ
(2l)
S (g)�S e

−CS l.

Since the set of entries of elements of S is strongly Diophantine, and since all entries

of elements of BS(2l) are expressible as a sum of at most 4l monic monomials of total

degree l in the entries of elements of S, there exists D(S) > 0 such that for 2l < Dn,

the restriction of πpn : SL2(Zp)→ Gn to BS(2l) is injective.

Hence for any g ∈ Gn,

µ
(2l)
Sn

(g)�S e
−CS l.

Note also that, for any X ⊆ Gn, µ
(2l)
Sn

(X) ≤ |X|maxg∈X(µ
(2l)
Sn

(g)). It follows from

Corollary 5.3.11 that:

|{X ∈ (Hn ∩BSn(2l))r : f(X) 6≡ 0 mod pm}| �S e
(CS−C5δ)l.

Choosing δ sufficiently small, we have the required result.

The range of values of l for which Corollaries 5.3.10-5.3.12 may be applied directly

will prove to be too restrictive for our purposes. However for certain special poly-

nomials, it will be possible to generalise the conclusion of Corollary 5.3.10 to much

larger values of l, using the following elementary observation:

Lemma 5.3.13. Let V ⊆ Gr
n. Suppose that for some M > 0, l0 ∈ N,

(×ri=1µ
(2l0)
Sn

)(hV ) ≤M

for all h ∈ Gr
n. Then for all l ≥ l0,

(×ri=1µ
(2l)
Sn

)(V ) ≤M .
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Proof. For any g ∈ Gn,

µ
(2l)
Sn

(g) =
∑
h∈Gn

µ
(2l−2l0)
Sn

(h)µ
(2l0)
Sn

(h−1g).

Hence:

(×ri=1µ
(2l)
Sn

)(V ) =
∑
h∈Grn

(×ri=1µ
(2l−2l0)
Sn

)(h)
∑
g∈V

(×ri=1µ
(2l0)
Sn

)(h−1g)

=
∑
h∈Grn

(×ri=1µ
(2l−2l0)
Sn

)(h)(×ri=1µ
(2l0)
Sn

)(h−1V )

≤ max
h∈Grn

(×ri=1µ
(2l0)
Sn

)(h−1V ) ≤M .

5.3.3 Examples

We illustrate the results of the previous section by applying them to some specific

polynomials. At first glance, our choice of examples may seem somewhat arbitrary

and unmotivated, but, as the reader will note later, non-vanishing of these polynomials

will be what allows us to produce a large set of simultaneously diagonalisable elements

in Hn ∩BSn(2l), and to guarantee that by taking brackets of matrices conjugated by

these elements we may generate most of Gn.

Example 5.3.14. Define, for W,X, Y, Z 2× 2 matrices,

Arr(W,X, Y, Z) =


W1,1 W2,1 W1,2 W2,2

X1,1 X2,1 X1,2 X2,2

Y1,1 Y2,1 Y1,2 Y2,2

Z1,1 Z2,1 Z1,2 Z2,2

.

Letting gi =

(
wi xi
yi zi

)
, consider the following homogeneous polynomials over Z:

(0) f (0)(g1) = w1x1y1z1,

(i) f (i)(g1) = tr(g1),

(ii) f (ii)(g1, g2, g3) = det(Arr(I2, g1, g2, g3)),

(iii) f (iii)(g1, g2, g3, g4, g5) = det(Arr(g2 − g1, g3 − g1, g4 − g1, g5 − g1)),
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(iv) f (iv)(g1, . . . , g9) = det(M(g1, . . . , g9)), where M(g1, . . . , g9) ∈M9(Zp) is the ma-

trix: 2(w1z1 + x1y1) 2y1z1 −2w1x1 2x1z1 z2
1 −x2

1 −2w1y1 −y2
1 w2

1
...

...
...

...
...

...
...

...
...

2(w9z9 + x9y9) 2y9z9 −2w9x9 2x9z9 z2
9 −x2

9 −2w9y9 −y2
9 w2

9

.

In each case, we produce a tuple of elements of SL2(Zp) at which the polynomial doesn’t

vanish. Then, by Corollaries 5.3.10-5.3.12, we conclude that, for suitable constants

C1, . . . , C7 > 0,

(a) If 2l ≤ C3m then:

(×ri=1µ
(l)
S )({X ∈M2(Zp)r : f(X) ≡ 0 mod pm}) ≤ C1e

−C2l;

(b) If δ′n ≤ 2l ≤ C3m then:

(×ri=1µ
(2l)
Sn

)({X ∈ Hr
n : f(X) 6≡ 0 mod pm}) ≥ C4e

−C5δl;

(c) If δ′n ≤ 2l ≤ min(C3m,Dn) then:

|{X ∈ (Hn ∩BSn(2l))r : f(X) 6≡ 0 mod pm}| ≥ C6e
C7l.

The tuples of elements which witness non-vanishing are as follows.

(0) If g1 =

(
2 1
1 1

)
then f (0)(g1) = 2.

(i) If g1 = I2 then f (i)(g1) = 2.

(ii) If g1 =

(
1 1
0 1

)
, g2 =

(
1 0
1 1

)
, g3 =

(
2 1
1 1

)
then

f (ii)(g1, g2, g3) = 1.

(iii) If g1 = I2, g2 =

(
1 0
1 1

)
, g3 =

(
1 1
0 1

)
, g4 =

(
2 1
1 1

)
,

g5 =

(
1 1
1 2

)
then f (iii)(g1, g2, g3, g4, g5) = 1.

(iv) If g1 = I2, g2 =

(
0 1
−1 0

)
, g3 =

(
1 1
0 1

)
, g4 =

(
1 −1
0 1

)
,

g5 =

(
1 0
1 1

)
, g6 =

(
1 0
−1 1

)
, g7 =

(
1 1
−1 0

)
, g8 =

(
−1 1
−1 0

)
,

g9 =

(
2 1
1 1

)
, then f (iv)(g1, g2, g3, g4, g5, g6, g7, g8, g9) = 512.
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5.3.4 Producing commuting elements

We now establish a series of non-vanishing results for polynomials defined in terms of

X ∈M2(Zp) \ {0}, under certain conditions. A key point here is that the bounds we

obtain are independent of X (as will turn out to be necessary when we apply these

bounds later). We therefore cannot proceed by applying Corollary 5.3.12 directly

to the “obvious” polynomials defined in terms of X; rather we must first trap the

subvarieties defined by the vanishing of these polynomials inside new subvarieties,

whose defining polynomials do not depend on X. We then apply Corollary 5.3.12 to

these new defining polynomials.

In the present section, we use this strategy to study the map SL2(Zp)→ Zp given

by g 7→ tr(gX). The fibres of this map are not Zariski-dense, which means that the

set of traces of elements in Hn · X is large (since the random walk concentrates on

Hn). In particular, taking X ∈ Hn, we see that many traces occur among elements of

H
(2)
n , so that H

(2)
n intersects many conjugacy classes in Gn. Applying the approximate

class equation (Lemma 2.2.15), we locate an element of H
(2)
n (which may be taken to

be semisimple) with large centralizer in H
(2)
n .

Proposition 5.3.15. There exist C8, C9 > 0 such that if X 6≡ 0 mod pk and

δ′n ≤ 2l ≤ min(C3m,Dn) then:

|{(h1, h2, h3) ∈ (Hn ∩BSn(2l))3 : (tr(X), tr(h1X), tr(h2X), tr(h3X)) 6≡ 0

mod pm+k}| ≥ C8e
C9l.

Proof. Let [X] = (a, b, c, d)T (the co-ordinate vector of X =

(
a b
c d

)
with respect

to the standard basis). Let h1, h2, h3 ∈ Gn. Then:

Arr(I2, h1, h2, h3)[X] = (tr(X), tr(h1X), tr(h2X), tr(h3X))T . (5.3)

If h1, h2, h3 ∈ Hn ∩BSn(2l) are such that:

(tr(X), tr(h1X), tr(h2X), tr(h3X)) ≡ 0 mod pm+k

then:

det(Arr(I2, h1, h2, h3)) ≡ 0 mod pm.

The result follows from Example 5.3.14 (ii) (using Corollary 5.3.12).
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Remark 5.3.16. Letting h1, h2, h3 be such that det(Arr(I2, h1, h2, h3)) 6≡ 0 mod pm,

if X, Y ∈M2(Zp) are such that:

(tr(X), tr(h1X), tr(h2X), tr(h3X)) ≡ (tr(Y ), tr(h1Y ), tr(h2Y ), tr(h3Y )) mod pm+k

then by (5.3),

X ≡ Y mod pk.

Taking k = n−m in the above, we have for any V ⊆M2(Z/pnZ),

|V | ≤ |{(tr(X), tr(h1X), tr(h2X), tr(h3X)) : X ∈ V }| · |pn−mM2(Z/pnZ)|.

Noting that:

|{(tr(X), tr(h1X), tr(h2X), tr(h3X)) : X ∈ V }| ≤ |tr(V )||tr(h1V )||tr(h2V )||tr(h3V )|

we conclude that for some g ∈ {I2, h1, h2, h3},

|tr(gV )| ≥ |V | 14p−m.

Proposition 5.3.17. There exist C10, C11 > 0 such that the following holds. Let

a1, . . . , ar ∈ Zp; X1, . . . , Xr ∈ M2(Zp), with X1, . . . , Xr 6≡ 0 mod pk. Then for

2l0 ≤ C3m,

(µ
(2l0)
Sn

)({g ∈M2(Zp) : tr(Xig) ≡ ai mod pm+k for some 1 ≤ i ≤ r}) ≤ C10e
−C11l0.

Proof. Let Ui = {g ∈ BS(2l0) : tr(Xig) ≡ ai mod pm+k}. Then for g1, g2, g3,

g4, g5 ∈ Ui,

Arr(g2 − g1, g3 − g1, g4 − g1, g5 − g1)[Xi] ≡ 0 mod pm+k

so:

det(Arr(g2 − g1, g3 − g1, g4 − g1, g5 − g1)) ≡ 0 mod pm.

As noted in Example 5.3.14 (iii), this polynomial doesn’t vanish on SL2(Zp)5. By

Corollary 5.3.10, for some C1, C2 > 0,

(×5
i=1µ

(2l0)
Sn

)(U5
i ) ≤ C1e

−C2l0

hence

µ
(2l0)
Sn

(Ui) ≤ C
1
5
1 e
−C2l0

5 .
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The result follows, since:

µ
(2l0)
Sn

( r⋃
j=1

Uj
)
≤ rµ

(2l0)
Sn

(Ui), for some 1 ≤ i ≤ r.

Corollary 5.3.18. For δ′ > 0 sufficiently small and δ′n ≤ 2l ≤ Dn,

|{g ∈ Hn ∩BSn(2l) : tr(Xig) 6≡ ai mod pm+k for some 1 ≤ i ≤ r}| ≥ C12e
C13l.

Proof. Let C3 > 0 be as in Proposition 5.3.17. Let δ′n ≤ 2l0 ≤ C3m. Since C10, C11

in Proposition 5.3.17 were independent of X1, . . . , Xr, and since for all h ∈ Gn,

Xi ≡ 0 mod pk iff hXi ≡ 0 mod pk,

V := {g ∈M2(Zp) : tr(Xig) ≡ ai mod pm+k for some 1 ≤ i ≤ r}

satisfies the hypothesis of Lemma 5.3.13 with M = C10e
−C11l0 . Hence for

2l0 ≤ 2l ≤ Dn,

µ
(2l)
Sn

(V ) ≤ C10e
−C11l0 .

Arguing as in Corollaries 5.3.11 and 5.3.12, we have the required result.

Theorem 5.3.19. There exist C14, C15, C16 > 0 such that, for δ′n ≤ 2l, 2l′ ≤ Dn,

with 2l′ ≤ C3m there exists g ∈ H(2)
n ∩ BSn(2(l + l′)) such that tr(g) 6≡ ±2 mod pm

and:

|H(2)
n ∩ CGn(g)| ≥ C14e

C15l−C16(m+δn).

Proof. Let h1, h2, h3 ∈ Hn∩BSn(2l′) be as in Proposition 5.3.15, and set h4 = I2. Let

V = {g ∈ Hn∩BSn(2l) : tr(hig) 6≡ ±2 mod pm for i = 1, 2, 3, 4}. Applying Corollary

5.3.18 with r = 8; a1 = . . . = a4 = 2; a5 = . . . = a8 = −2 and Xi = Xi+4 = hi for

i = 1, 2, 3, 4, we have, for some C12, C13 > 0:

|V | ≥ C12e
C13l.

As was noted in Remark 5.3.16, for some i ∈ {1, 2, 3, 4},

|tr(hiV )| ≥ C
1
4
12e

C13l
4 p−m.

In particular, there exists U ⊆ hiV consisting of at least C
1
4
12e

C13l
4 p−m elements which

are pairwise non-conjugate in Gn. It follows from Lemma 2.2.15 that for some g ∈ U ,

|H(2)
n ∩ CGn(g)| ≥ C

1
4
12e

C13l
4 p−m(|Gn|3δ)−3.

This yields the required lower bound.
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5.3.5 Producing independent conjugates

In this section we study the adjoint action of SL2(Zp) on the Lie ring sl2(Zp) of

traceless matrices over Zp. This representation is irreducible, so given traceless

X ∈ M2(Zp) \ pM2(Zp), the orbit of X spans sl2(Zp). Using the concentration of

the random walk on Hn, we deduce that there exist g1, g2 ∈ Hn such that the Zp-span

of I2, X,X
g1 , Xg2 contains a large ball around 0 in M2(Zp).

First recall the adjoint representation Ad : SL2(Zp)→ AutZp(sl2(Zp)) of SL2(Zp),
given by Ad(g)X = Xg. Consider the Zp-basis B = {D1,2, E1,2, E2,1} for sl2(Zp),
given by:

D1,2 =

(
1 0
0 −1

)
, E1,2 =

(
0 1
0 0

)
, E2,1 =

(
0 0
1 0

)
With respect to B, the matrix of Ad(g) is given by:

MB
B (Ad(g)) =

 wz + xy yz −wx
2xz z2 −x2

−2wy −y2 w2

, where g =

(
w x
y z

)
.

There is a natural symmetric bilinear form 〈−,−〉 defined on M2(Qp) by:

〈X, Y 〉 = tr(X · Y T ).

We have:

〈D1,2, D1,2〉 = 2, 〈E1,2, E1,2〉 = 1, 〈E2,1, E2,1〉 = 1, 〈D1,2, E1,2〉 = 0, 〈D1,2, E2,1〉 = 0,

〈E1,2, E2,1〉 = 0.

It follows that for X, Y ∈ sl2(Zp):

〈Xg, Y 〉 = 2((wz + xy)X1,1 + yzX1,2 − wxX2,1)Y1,1

+(2xzX1,1 + z2X1,2 − x2X2,1)Y1,2

+(−2wyX1,1 − y2X1,2 + w2X2,1)Y2,1.

(5.4)

Proposition 5.3.20. There exist C19, C20 > 0 such that, if X, Y ∈ sl2(Zp), with

X, Y 6≡ 0 mod p, then for δ′n ≤ 2l ≤ min(C3m,Dn):

|{g ∈ Hn ∩BSn(2l) : 〈Xg, Y 〉 6≡ 0 mod pm}| ≥ C19e
C20l.
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Proof. Let U = {g ∈ BS(2l) : 〈Xg, Y 〉 ≡ 0 mod pm}. Let g1, . . . , g9 ∈ U . Recall the

matrix M(g1, . . . , g9) ∈M9(Zp) defined in Example 5.3.14 (iv) to be: 2(w1z1 + x1y1) 2y1z1 −2w1x1 2x1z1 z2
1 −x2

1 −2w1y1 −y2
1 w2

1
...

...
...

...
...

...
...

...
...

2(w9z9 + x9y9) 2y9z9 −2w9x9 2x9z9 z2
9 −x2

9 −2w9y9 −y2
9 w2

9


(for gi =

(
wi xi
yi zi

)
).

Define v(X, Y ) ∈ Z9
p to be:

(X1,1Y1,1, X1,2Y1,1, X2,1Y1,1, X1,1Y1,2, X1,2Y1,2, X2,1Y1,2, X1,1Y2,1, X1,2Y2,1, X2,1Y2,1)T .

It follows from (5.4) that:

M(g1, . . . , g9)v(X, Y ) = (〈Xg1 , Y 〉, . . . , 〈Xg9 , Y 〉)T ≡ 0 mod pm

(since g1, . . . , g9 ∈ U). However X, Y /∈ pM2(Zp), so v(X, Y ) /∈ (pZp)9. It follows

that det(M(g1, . . . , g9)) ≡ 0 mod pm.

As noted in Example 5.3.14 (iv), det(M(g1, . . . , g9)) does not vanish on SL2(Zp)9.

It follows from Corollary 5.3.10 that for some C1, C2 > 0,

(×9
i=1µ

(2l)
Sn

)(U9) ≤ C1e
−C2l

hence

µ
(2l)
Sn

(U) ≤ C
1
9
1 e
−C2l

9 .

Arguing as in Corollaries 5.3.11 and 5.3.12, the result follows.

Corollary 5.3.21. Let X, l,m be as in Proposition 5.3.20. Then there exist

g1, g2 ∈ Hn ∩BSn(2l) such that the following hold.

(i) For any Y ∈M2(Zp), there exist κ, λ, µ, ν ∈ Zp such that,

pm−1Y ≡ κI2 + λX + µXg1 + νXg2 mod pn.

(ii) For any Z ∈ sl2(Zp) with Z 6≡ 0 mod p, at least one of [X,Z], [Xg1 , Z],

[Xg2 , Z] 6≡ 0 mod pm (here [X1, X2] = X1X2 −X2X1 denotes the Lie bracket).

Proof. There exists W1 ∈ sl2(Zp) such that W1 6≡ 0 mod p and 〈X,W1〉 = 0. By

Proposition 5.3.20, there exists g1 ∈ Hn ∩BSn(2l) such that 〈Xg1 ,W1〉 6≡ 0 mod pm.

Now, there exists W2 ∈ sl2(Zp) such that:

W2 6≡ 0 mod p and 〈X,W2〉 = 〈Xg1 ,W2〉 = 0.

129



By Proposition 5.3.20 again, there exists g2 ∈ Hn ∩ BSn(2l) such that

〈Xg2 ,W2〉 6≡ 0 mod pm. Note that:

Zp ·X = {W ∈ sl2(Zp) : 〈W,W1〉 = 〈W,W2〉 = 0}.

We check that g1, g2 have the required properties.

(i) Let Y ∈ M2(Zp). Let g̃1, g̃2 be lifts to SL2(Zp) of g1, g2, respectively. First,

Y ′ = Y − tr(Y )
2
I2 ∈ sl2(Zp). Second,

Y ′′ = Y ′ − 〈Y
′,W2〉

〈X g̃2 ,W2〉
X g̃2 ∈ sl2(Qp)

satisfies 〈Y ′′,W2〉 = 0. Third,

Y ′′′ = Y ′′ − 〈Y
′′,W1〉

〈X g̃1 ,W1〉
X g̃1 ∈ sl2(Qp)

satisfies 〈Y ′′′,W1〉 = 〈Y ′′′,W2〉 = 0. As noted above, it follows that for some

a ∈ Zp, Y ′′′ = aX. Altogether, we have:

pm−1Y =
tr(Y )

2
pm−1I2 + apm−1X

+ (
〈Y ′,W1〉
〈X g̃1 ,W1〉

− 〈Y
′,W2〉

〈X g̃2 ,W2〉
)pm−1X g̃1 +

〈Y ′,W2〉
〈X g̃2 ,W2〉

pm−1X g̃2 .

Since pm−1

〈X g̃1 ,W1〉
, pm−1

〈X g̃2 ,W2〉
∈ Zp, our expression for pm−1Y is of the required form

upon reducing modulo pn.

(ii) Suppose [Z,X], [Z,Xg1 ], [Z,Xg2 ] ≡ 0 mod pm. Since Z 6≡ 0 mod p, at least

one of [Z,D1,2], [Z,E1,2], [Z,E2,1] 6≡ 0 mod p. But by (i), each of pm−1D1,2,

pm−1E1,2, p
m−1E2,1 is expressible as a Zp-combination of X,Xg1 , Xg2 , so

[Z, pm−1D1,2], [Z, pm−1E1,2], [Z, pm−1E2,1] ≡ 0 mod pm, a contradiction.

5.4 Proof of the Main Theorem

In this section we gather together the results of Section 5.3, along with those of

Section 2.6, to prove Theorem 5.2.11.

Section 5.4.1 relies only on Corollary 5.3.21. It witnesses that, given

X, Y ∈ sl2(Zp), we can produce matrices spanning a large ball in sl2(Zp) by tak-

ing conjugates in Hn and nested brackets. In other words, our spanning matrices

shall be conjugates of a fixed matrix of the form:

[Y hs , [Y hs−1 , . . . , [Y h1 , X] . . .]] (5.5)
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Section 5.4.2 combines Theorem 5.3.19 with the approximate class equation to

produce a large set of simultaneously diagonalisable elements in H
(4)
n . We shall use

these elements to produce a subset A of Z/pnZ to which the sum-product theorem

is applicable. Specifically, for g, h semisimple elements lying in the same maximal

torus, having eigenvalues λ±1, µ±1 respectively, we have:

(µ2 − µ−2)[g,X] = (λ− λ−1)(hXh−1 − h−1Xh) (5.6)

for any 2-by-2 matrix X. Our set A is (a slight modification of) the set of µ2−µ−2, as h

ranges over the intersection of our torus with H
(4)
n . This process is closely reminiscent

of an argument used crucially in [36].

In Section 5.4.3 we combine the results of Sections 5.4.1 and 5.4.2 with the sum-

product theorem. We begin with Z ∈ sl2(Zp) lying in a sufficiently small (but still

moderately large) ball around 0. As observed in Section 5.4.3, we can write Z as

a linear combination of Hn-conjugates of a nested bracket as in (5.5). Using the

sum-product results of Section 2.6, we can decompose the coefficients of this linear

combination as differences-of-sums-of-products of elements of A (up to some error).

With this decomposition in hand, we can repeatedly apply (5.6) to replace the nested

bracket by a difference-of-sums-of-conjugates of a fixed X. The conclusion is that

there exist M,N ∈ N (depending only on S) such that every such Z is approximable

by an element of

ΣMX
H

(N)
n − ΣMX

H
(N)
n

that is, of the difference set of the M -fold sumset of the set of H
(N)
n -conjugates of X.

At long last, in Section 5.4.4 we deduce Theorem 5.2.11 from this last result.

Under the approximate correspondence g ≈ I2 + pmX between elements g ∈ Km and

pmX ∈ pmsl2(Zp), products are approximated by sums and inversion is approximated

by subtraction. Taking X such that g ∈ Km ∩ H(2)
n , the fact that a large ball

in sl2(Zp) is filled (up to small error) by ΣMX
H

(N)
n − ΣMX

H
(N)
n translates to the

set of corresponding products of elements of Hn filling a large congruence kernel in

SL2(Z/pnZ) (again, up to small error). Iterating the same procedure eliminates this

error and concludes the proof of Theorem 5.2.11.

5.4.1 Generating traceless matrices

Let X,Z ∈ M2(Zp) \ pM2(Zp) with p | tr(X) and tr(Z) = 0. Then by Corol-

lary 5.3.21 (ii), there exists h ∈ Hn ∩ BSn(2l) such that [Xh, Z] 6≡ 0 mod pm.

Hence, setting h1 = h−1 and conjugating, [Zh1 , X] 6≡ 0 mod pm. Let m′ < m
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be such that [Zh1 , X] ∈ pm
′M2(Zp) \ pm

′+1M2(Zp). tr([Zh1 , X]) = 0 so, apply-

ing Corollary 5.3.21 (ii) to 1
pm′

[Zh1 , X], we obtain h2 ∈ Hn ∩ BSn(2l) such that

[Zh2 , [Zh1 , X]] 6≡ 0 mod p2m.

Iterating this argument, for any s ∈ N, there exist h1, . . . , hs ∈ Hn ∩ BSn(2l) such

that:

X ′ := [Zhs , [Zhs−1 , . . . , [Zh1 , X] . . .]] 6≡ 0 mod psm.

Let m′′ < sm be such that X ′ ∈ pm
′′M2(Zp) \ pm

′′+1M2(Zp). Let Y ∈ M2(Zp).
Applying Corollary 5.3.21 (i) to 1

pm′′
X ′, we have:

pm+m′′Y ≡ κI2 + λX ′ + µ(X ′)g1 + ν(X ′)g2 mod pn (5.7)

for some κ, λ, µ, ν ∈ Zp, g1, g2 ∈ Hn ∩ BSn(2l). Moreover if tr(Y ) = 0 we may take

κ = 0.

5.4.2 Trace amplification

Recall Theorem 5.3.19:

Theorem 5.3.19. There exist C14, C15, C16 > 0 such that, for δ′n ≤ 2l, 2l′ ≤ Dn,

with 2l′ ≤ C3m there exists g ∈ H(2)
n ∩ BSn(2(l + l′)) such that tr(g) 6≡ ±2 mod pm

and:

|H(2)
n ∩ CGn(g)| ≥ C14e

C15l−C16(m+δn).

Corollary 5.4.1. Under the conditions of Theorem 5.3.19,

|H(4)
n ∩ CK1(g)| ≥ C14

|SL2(p)|
eC15l−C16(m+δn).

Proof. There exists g0 ∈ Gn such that:

|(H(2)
n ∩ CGn(g)) ∩K1g0| ≥

1

|SL2(p)|
|H(2)

n ∩ CGn(g)|.

Let h0 ∈ (H
(2)
n ∩ CGn(g)) ∩K1g0. Then:

{hh−1
0 : h ∈ (H

(2)
n ∩ CGn(g)) ∩K1g0} ⊆ H

(4)
n ∩ CK1(g).

The required result follows.
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For such g, let λg be a root of the characteristic polynomial χg(x) = x2−tr(g)x+1

of g. Recall that Zp[λg] is contained in O = Zp,Zp[θ],Zp[
√
p] or Zp[θ

√
p], where

θ satisfies the relation θ2 = α, for some α ∈ Zp mapping to a non-square in Fp.
Embedding Gn ↪→ SL2(O/(pn)), we have for some A ∈ GL2(O):

gA =

(
λg 0
0 λ−1

g

)
. (5.8)

We note an elementary piece of linear algebra:

Lemma 5.4.2. Let g be as above.

(i) λg 6≡ λ−1
g mod p2m.

(ii) At least of one g1,1 − g2,2, g1,2, g2,1 6≡ 0 mod p2m.

(iii) If h ∈ SL2(O) centralises g then hA is congruent modulo pn−2m to a diagonal

matrix in SL2(O).

Proof. (i) By Theorem 5.3.19, we have λg + λ−1
g 6≡ ±2 mod pm. First, suppose

(for a contradiction) that λg ≡ ±1 mod pm. Then:

1 = λgλ
−1
g ≡ ±λ−1

g

so λg, λ
−1
g ≡ ±1 mod pm, which is impossible, by the above.

Now, suppose that λg ≡ λ−1
g mod p2m. Then:

(λg + 1)(λg − 1) = λg(λg − λ−1
g ) ≡ 0 mod p2m

and at least one of λg + 1, λg − 1 ≡ 0 mod pm, a contradiction.

(ii) If g1,1 − g2,2, g1,2, g2,1 ≡ 0 mod p2m, then:

1 = det(g) ≡ g2
1,1 ≡ g2

2,2 mod p2m

so g1,1 ≡ g2,2 ≡ ±1 mod p2m (as p is odd), and tr(g) ≡ ±2 mod p2m, a

contradiction.

(iii) Consider hA =

(
w x
y z

)
. If h centralises g, then:

(λg − λ−1
g )x, (λg − λ−1

g )y ≡ 0 mod pn
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so x, y ≡ 0 mod pn−2m.

Finally, 1 = wz − xy ≡ wz mod p2n−4m, so in particular, w, z are units in

O, and w(w−1 − z) ≡ 0 mod p2n−4m. Hence z ≡ w−1 mod p2n−4m. In sum-

mary, we have:

hA ≡
(
λh 0
0 λ−1

h

)
mod pn−2m

for some invertible λh ∈ O.

Lemma 5.4.3. Let g, h, A, λg, λh be as above. For any X ∈M2(O),

(λg − λ−1
g )(hXh−1 − h−1Xh) ≡ (λ2

h − λ−2
h )[g,X] mod pn−2m.

Proof. Recalling that hXh−1−h−1Xh = tr(h)[h,X], and conjugating by A, it suffices

to show that:

(λg − λ−1
g )[hA, XA] ≡ (λh − λ−1

h )[gA, XA] mod pn−2m.

But, letting XA =

(
a b
c d

)
, and for any invertible λ ∈ O,

[

(
λ 0
0 λ−1

)
, XA] = (λ− λ−1)

(
0 b
−c 0

)
and the result follows.

Lemma 5.4.4. λ2
h − λ−2

h ∈ Zp mod pn−6m.

Proof. Let Y = g − 1
2

tr(g)I2. Then:

Y A = 1
2
(λg − λ−1

g )

(
1 0
0 −1

)
.

In particular, λg − λ−1
g divides every entry of [Y A, XA] = [gA, XA], so divides every

entry of [g,X]. Hence ZX := 1
λg−λ−1

g
[g,X] ∈M2(O), and:

(λ2
h − λ−2

h )ZX ≡ hXh−1 − h−1Xh mod pn−4m (5.9)

(since λg − λ−1
g 6≡ 0 mod p2m). Now let g =

(
w x
y z

)
. Then:

[g,

(
0 1
0 0

)
] =

(
−y (w − z)
0 y

)
, [g,

(
0 0
1 0

)
] =

(
x 0

(z − w) −x

)
.
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Hence by Lemma 5.4.2 (ii), ZX 6≡ 0 mod p2m for some X ∈ {
(

0 1
0 0

)
,

(
0 0
1 0

)
}.

On the other hand, by (5.9), (λ2
h − λ−2

h )ZX is congruent modulo pn−4m to an ele-

ment of M2(Zp). In particular, πpn−6m(λ2
h − λ−2

h ) ∈ Z/pn−6mZ.

Lemma 5.4.5. There exist C ′14, C
′
15, C

′
16 > 0 such that the following holds. Let l,m

be as in Theorem 5.3.19. Then:

|πpn−6m({λ2
h − λ−2

h : h ∈ H(4)
n ∩ CK1(g)})| ≥ C ′14p

C′15l−C′16(m+δn).

Proof. Let I ⊆ 1 + pO be a set of representatives of {λh : h ∈ H
(4)
n ∩ CK1(g)} (so

that I contains at most one representative of each element of O/(pn)). For α ∈ O,

suppose there exists λ ∈ I such that:

λ2 − λ−2 ≡ α mod pn.

Then, since λ2, λ−2 ≡ 1 mod p, α ≡ 0 mod p. Define:

Fα(X) = X4 − αX2 − 1 ∈ O[X].

Then Fα(λ) ≡ 0 mod pn, but F ′α(λ) = 4λ3 − 2αλ ≡ 4 mod p. By Hensel’s Lemma,

there is a unique λ′ ∈ O such that Fα(λ′) = 0 and λ ≡ λ′ mod pn. But Fα(X) has

at most 4 roots in O, so at most 4 elements λ ∈ I satisfy λ2 − λ−2 ≡ α mod pn.

Setting J := {λ2 − λ−2 : λ ∈ I}, it follows that:

|J | ≥ |I|/4.

To summarise,

|πpn−6m(J )| ≥ |J |/p6m ≥ |I|/4p6m = |H(4)
n ∩ CK1(g)|/4p6m

and the result follows from Corollary 5.4.1.

Putting everything from this section together, we obtain:

Proposition 5.4.6. There exists C(S) > 0 such that the following holds. Let γ > 0

and let Hn ⊆ Gn be as in Theorem 5.2.11, with δ sufficiently small (depending on γ).

Then there exists A ⊆ Z/pnZ; Y ∈ M2(Zp); x0 ∈ O such that x0 6≡ 0 mod p
2
C3
δ′n

;
1
x0
Y ∈M2(O); 1

x0
Y is not congruent modulo p to a multiple of I2 and:

(i) |A| ≥ (pn)C−γ;

(ii) For all X ∈M2(O), x ∈ A, there exists h ∈ H(4)
n such that:

x[ 1
x0
Y,X] ≡ hXh−1 − h−1Xh mod pn(1−γ).
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Proof. Take Y as in the proof of Lemma 5.4.4; x0 = λg−λ−1
g . As was observed there,

1
x0
Y ∈ M2(O) is similar in M2(O) to 1

2

(
1 0
0 −1

)
, so is not congruent modulo p to

a multiple of I2.

We take A to be a set of lifts to Z/pnZ of:

πpn−6m({λ2
h − λ−2

h : h ∈ H(4)
n ∩ CK1(g)}).

Such a set of lifts exists in Z/pnZ, by Lemma 5.4.4.

We may take l = n
2D

, m = δ′n
C3

(= 2l′

C3
) in Theorem 5.3.19, and, setting δ sufficiently

small depending on γ, conditions (i), (ii) follow from Lemmas 5.4.5, 5.4.3, respec-

tively.

5.4.3 Applying the sum-product estimate

In this section we prove:

Theorem 5.4.7. There exist M,N ∈ N, c, γ0 ∈ (0, 1) (depending only on S) such

that for any 0 < γ < γ0, and for δ sufficiently small (depending on γ), the following

holds. There exist i1, i2 ∈ N, with i2 < i1 �S γn and i1− i2 > cγn, such that for any

X,Z ∈M2(Zp), satisfying X /∈ pM2(Zp), p | tr(X) and tr(Z) = 0,

pi2Z ∈ ΣMX
H

(N)
n − ΣMX

H
(N)
n mod pi1.

This will follow from the construction achieved at (5.7): we take Z in place of Y

in the LHS of (5.7) and approximate the RHS by an element of ΣMX
H

(N)
n −ΣMX

H
(N)
n

by iterating the construction achieved in Proposition 5.4.6. In so doing, we shall be

required to approximate the coefficients λ, µ, ν appearing in (5.7) by sums-of-products

of elements of A. This we can do by using the sum-product estimates from Section

2.6. However, in order to apply Corollary 2.6.4, we must apply Proposition 5.4.6 not

to Hn ⊆ Gn itself, but to πpβn(Hn) ⊆ Gβn, for some β ∈ (0, 1) (to be determined).

By Remark 2.2.14 (i), πpβn(Hn) still satisfies the hypothesis of Theorem 5.2.11, so

Proposition 5.4.6 is indeed applicable.

We thus obtain A ⊆ Z/pβnZ with |A| ≥ (pβn)C−γ. Let Ã ⊆ Z/pnZ be a set of lifts

of A. Choose γ0 <
C
2

. We take α = C
2

in Corollary 2.6.4 and obtain corresponding

ε > 0; r, s ∈ Z>0. Taking β < ε, Ã satisfies the conditions of Corollary 2.6.4 with

m = βn, so that there exist j ≤ k ≤ n, with k − j ≥ αβn
4

and k �S βn, such that:

pjZ/pkZ ⊆ πpk(ΣrÃ
(s) − ΣrÃ

(s)). (5.10)
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Let x1, . . . , xs ∈ Ã; k1, . . . , ks ∈ Hn; X1 ∈M2(O). By Proposition 5.4.6 we have:

x1[
1

x0

Y,X1] ∈ XH
(4)
n

1 −XH
(4)
n

1 mod pβn(1−γ).

Replacing X1 by X
k−1
1

1 and conjugating by k1 in the above, we obtain:

x1[
1

x0

Y k1 , X1] ∈ XH
(6)
n

1 −XH
(6)
n

1 mod pβn(1−γ).

We now iteratively apply this last estimate: recursively define, for 1 ≤ N ≤ s,

XN+1 = xN [
1

x0

Y kN , XN ]

and suppose by induction that there exists WN ∈M2(O) such that:

XN ≡ WN mod pβn(1−γ); WN ∈ ΣKNX
H

(MN )
n

1 − ΣKNX
H

(MN )
n

1 .

By Proposition 5.4.6,

XN+1 ≡ xN [
1

x0

Y kN ,WN ] ≡ W
k−1
N h−1

N kN
N −W k−1

N hNkN
N mod pβn(1−γ)

for some hN ∈ H(4)
n , and:

W
k−1
N h−1

N kN
N −W k−1

N hNkN
N ∈ Σ2KNX

H
(MN+6)
n

1 − Σ2KNX
H

(MN+6)
n

1 .

We may thus approximate Xs+1:

x1 · · ·xs
xs0

[Y ks , [Y ks−1 , . . . , [Y k1 , X1]]] ∈ Σ2s−1XH
(6s)
n

1 − Σ2s−1XH
(6s)
n

1 mod pβn(1−γ).

(5.11)

Now consider Z: letting O be generated over Zp by θ, there exist Z1, Z2 ∈ M2(Zp)
with tr(Z1) = tr(Z2) = 0 such that xs0Z = Z1 + θZ2. Letting Y be as in Proposition

5.4.6 and m,m′′ be as in (5.7) we can write:

pm+m′′Zi ≡ λi[Y
ks , [Y ks−1 , . . . , [Y k1 , X]]] + µi[Y

ks , [Y ks−1 , . . . , [Y k1 , X]]]g1

+νi[Y
ks , [Y ks−1 , . . . , [Y k1 , X]]]g2 mod pn

(by (5.7)) for some λi, µi, νi ∈ Zp. Moreover, recall from (5.7) that m+m′′ < (s+1)m

so that we may take m + m′′ �S δ′n (as m need only satisfy the conditions of

Proposition 5.3.20). By (5.10), there exist xj,k, yj,k : Zp → Ã such that:

λip
j ≡

r∑
j=1

( s∏
k=1

xj,k(λi)−
s∏

k=1

yj,k(λi)
)

mod pk,

µip
j ≡

r∑
j=1

( s∏
k=1

xj,k(µi)−
s∏

k=1

yj,k(µi)
)

mod pk,

νip
j ≡

r∑
j=1

( s∏
k=1

xj,k(νi)−
s∏

k=1

yj,k(νi)
)

mod pk.
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Replacing k with min(k, βn(1− γ)) in this last estimate, combining it with (5.11)

and setting X1 = X,

λip
j

xs0
[Y ks , [Y ks−1 , . . . , [Y k1 , X]]],

µip
j

xs0
[Y ks , [Y ks−1 , . . . , [Y k1 , X]]],

νip
j

xs0
[Y ks , [Y ks−1 , . . . , [Y k1 , X]]] ∈ Σ2srX

H
(6s)
n − Σ2srX

H
(6s)
n mod pk.

Substituting these last approximations into our expression for Zi, there exist

W1,W2 ∈ Σ2s3rX
H

(6s+1)
n − Σ2s3rX

H
(6s+1)
n such that:

pj+m+m′′Zi ≡ xs0Wi mod pk

so that:

xs0p
j+m+m′′Z ≡ xs0(W1 + θW2) mod pk.

Finally let i be such that xs0 ≡ 0 mod pi but xs0 6≡ 0 mod pi+1 Recall that by

Proposition 5.4.6, i�S δ
′n. Then:

pj+m+m′′Z ≡ (W1 + θW2) mod pk−i.

In particular, since the left-hand side lies in M2(Zp), W2 ≡ 0 mod pk−i. Set

i1 = k − i, i2 = j +m+m′′. Then:

i1 − i2 = (k − j)− (i+m+m′′)�S (β − δ′)n� βn.

for δ sufficiently small, and i1 ≤ k �S βn. Choosing δ sufficiently small, we have

completed the proof of Theorem 5.4.7, with γ �S β,M = 2s3r,N = 6s+ 1.

5.4.4 Generating a large subgroup

In this section we deduce Theorem 5.2.11 from Theorem 5.4.7: We shall permit

ourselves to shrink γ as required in the sequel, making the corresponding reductions

in δ as we do so.

The first step is to note that H
(2)
n contains elements of intermediate depth in

the filtration of Gn by the Ki (here “intermediate” means of depth approximately

γn). The proof we give here, though self-contained, should call to mind the kind of

arguments already employed in Section 5.3.2.

Lemma 5.4.8. There exists j0 ∈ N, satisfying γn �S j0, such that

H
(2)
n ∩ (Kj0 \Kj0+1) 6= ∅.
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Proof. As in Theorem 5.2.11, µ
(2l)
Sn

(Hn) ≥ |Gn|−2δ for any l ≤ C0 log|Gn|. There exists

g ∈ Gn such that:

µ
(2l)
Sn

(Hn ∩ gKγn) ≥ |Gn|−2δ|Gγn|−1.

Hence µ
(4l)
Sn

(H
(2)
n ∩ Kγn) ≥ |Gn|−4δ|Gγn|−2. Arguing as in the proof of Corollary

5.3.12, it follows from Kesten’s Theorem and the strong Diophantine hypothesis that

for 4l ≤ Dn,

µ
(4l)
Sn

((H(2)
n ∩Kγn) \ {1})�S |Gn|−4δ|Gγn|−2 − e−CS l

≥ e−6(2δ+γ)n log p − e−CS l.

We set l = C ′γn, for C ′ > 0 sufficiently large that e−6(2δ+γ)n log p − e−CS l > 0. For γ

sufficiently small (depending on C ′), 4l ≤ Dn is satisfied.

The conclusion is that there exists h ∈ H(2)
n ∩ BSn(4l) such that h ≡ I2 mod pγn

but h 6= I2 and in particular, one of h1,2, h2,1, h1,1 − h2,2 6= 0. Now each of h1,2, h2,1

and h1,1 − h2,2 are expressible as a homogeneous polynomial, of degree at most 4l,

and consisting of at most 23l+1 signed monic monomials, in the set A of entries of the

elements of S, and A is a C-strongly Diophantine set for some C > 0. It follows that

one of h1,2, h2,1, h1,1 − h2,2 6≡ 0 mod pm whenever:

m > C(log(23l+1) + 4l) = CC ′(4 + 3 log 2)γn+ C log 2,

so that h /∈ Km for such m. Therefore for some γn ≤ j0 ≤ CC ′(4 + 3 log 2)γn,

h ∈ Kj0 \Kj0+1, as required.

Henceforth we let M,N, i1, i2 be as in Theorem 5.4.7. Our next Lemma ex-

ploits the correspondence between SL2(Zp) and sl2(Zp): given g ∈ Ki, there exists

Z ∈ sl2(Zp) such that I2 + piZ is a good approximation to g. Conversely, given

Z ∈ sl2(Zp), I2 + piZ may be approximated by some g ∈ Ki. Using Theorem 5.4.7,

we can quantify this last statement: under appropriate hypotheses, our approximation

g to I2 + piZ may be chosen to lie within some small power of Hn.

Lemma 5.4.9. Suppose that, for some K, i ∈ N, with i ≥ i1, there exists

g ∈ H(K)
n ∩ (Ki \Ki+1). Then, for all Z ∈M2(Zp) satisfying tr(Z) = 0,

I2 + pi+i2Z ∈ H(2MK+4MN)
n mod pi+i1.

Proof. Let X ∈M2(Zp) \ pM2(Zp) be such that g = I2 + piX. We have:

1 = det(g) = 1 + pi tr(X) + p2i det(X)

so that tr(X) ≡ 0 mod pi.
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Hence:

g−1 = I2 − piX + pi tr(X)I2 ≡ I2 − piX mod p2i.

Apply Theorem 5.4.7 to X,Z, so that there exist h1, . . . , hM , h
′
1, . . . , h

′
M ∈ H(N) such

that:

pi2Z ≡ Xh1 + . . .+XhM −Xh′1 − . . .−Xh′M mod pi1 .

Then:

I2 + pi+i2Z ≡ (I2 + piX)h1 · · · (I2 + piX)hM (I2 − piX)h
′
1 · · · (I2 − piX)h

′
M mod pi+i1

≡ gh1 · · · ghM (g−1)h
′
1 · · · (g−1)h

′
M mod p2i

as required.

We can now argue inductively (taking Lemma 5.4.8 as our base case and iteratively

applying Lemma 5.4.9). The upshot shall be that a small power of Hn contains

elements at most levels of the filtration of Gn by the Ki.

Proposition 5.4.10. Let j0 ∈ N be as in Lemma 5.4.8. For r ∈ N, let

Nr = (2M)r( 4MN
2M−1

+ 2) − 4MN
2M−1

. Then for any j0 + ri2 ≤ j ≤ j0 + r(i1 − 1), there

exists gj ∈ H(Nr)
n ∩ (Kj \Kj+1).

Proof. We proceed by induction on r. The base case r = 0 is immediate from Lemma

5.4.8. Let r ≥ 0 and suppose the claim holds up to r. Let:

j0 + (r + 1)i2 ≤ j ≤ j0 + (r + 1)(i1 − 1).

Let i2 ≤ j′ ≤ i1 − 1 be such that:

j0 + ri2 ≤ j − j′ ≤ j0 + r(i1 − 1).

Let gj−j′ ∈ H
(Nr)
n ∩ (Kj−j′ \ Kj−j′+1). Let Z ∈ pj

′−i2M2(Zp) \ pj
′−i2+1M2(Zp) with

tr(Z) = 0. By Lemma 5.4.9, there exists gj ∈ H
(2MNr+4MN)
n = H

(Nr+1)
n such that

gj ≡ I2 + pi2+j−j′Z mod pi1+j−j′ . In particular, gj ∈ Kj \Kj+1.

Since i2 < i1 �S γn, i1− i2 > γcn, we have i2 < i1(1−c) (replacing c by a smaller

constant if required). Choose n sufficiently large (depending on γ) such that 1
i1
< c

2
.

Let r0 be sufficiently large that:

r0 + 1

r0

<
2− c
2− 2c

<
1− 1

i1

1− c
(5.12)

so that i2(r0 + 1) < i1(r0 + 1)(1− c) < r0(i1 − 1). Hence, for r ≥ r0, if j satisfies:
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j0 + r(i1 − 1) ≤ j ≤ j0 + (r + 1)(i1 − 1)

then j0 + (r + 1)i2 ≤ j ≤ j0 + (r + 1)(i1 − 1) so that, by Proposition 5.4.10,

H
(Nr+1)
n ∩ (Kj \Kj+1) 6= ∅.

Now take R ∈ N satisfying:

R >
2

cγ
(5.13)

so that n ≤ j0+R(i1−1). Thus for any j0+r0(i1−1) ≤ j < n, H
(NR)
n ∩(Kj\Kj+1) 6= ∅.

Applying Lemma 5.4.9, we conclude:

Lemma 5.4.11. Let r0 be as in (5.12). For every j0 + r0(i1 − 1) ≤ j ≤ n − i1 and

every Z ∈M2(Zp) satisfying tr(Z) = 0,

I2 + pj+i2Z ∈ H(NR+1)
n mod pj+i1.

As a consequence, we have:

Theorem 5.4.12. Let i3 = j0 + r0(i1 − 1) + i2. Let R′ ∈ N satisfy R′ ≥ n−i3
i1−i2 . Then:

Ki3 ⊆ H
(R′NR+1)
n

Proof. We shall prove by induction on R′ ∈ N that, if:

i3 +R′(i1 − i2) ≤ j ≤ i3 + (R′ + 1)(i1 − i2) (5.14)

and Z ∈M2(Zp) satisfies det(I2 + pi3Z) ≡ 1 mod pj then:

I2 + pi3Z ∈ H((R′+1)NR+1)
n mod pj. (5.15)

In particular, taking j = n, we obtain the required result for R′ as in the statement.

In the base case R′ = 0, supposing that i3 ≤ j ≤ i3 + i1 − i2, and letting Z be

such that:

det(I2 + pi3Z) = 1 + pi3 tr(Z) + p2i3 det(Z) ≡ 1 mod pj,

tr(Z) ≡ 0 mod pj−i3 , since i3 ≥ i1 − i2. Let W ∈ M2(Zp) be such that

tr(Z + pj−i3W ) = 0, so that:

I2 + pi3Z + pjW ∈ H(NR+1)
n mod pi3+i1−i2

by Lemma 5.4.11. Hence I2 + pi3Z ∈ H(NR+1)
n mod pj.

Suppose our claim (5.15) holds up to j = j′ ≤ n − i1 + i2, with R′ as in (5.14).

We show the claim holds for j′ ≤ j ≤ j′ + i1 − i2. Let K ∈ N and let g ∈ H(K)
n be

such that g ≡ I2 + pi3Z mod pj
′
.
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Then for some W ∈M2(Zp),

(I2 + pi3Z)g−1 = I2 + pj
′
W

so:

1 + pj
′
tr(W ) + p2j′ det(W ) = det(I2 + pj

′
W )

= det((I2 + pi3Z)g−1)

= det(I2 + pi3Z)

≡ 1 mod pj.

Hence pj−j
′ | tr(W ). Let V ∈ M2(Zp) be such that tr(W + pj−j

′
V ) = 0. Then by

Lemma 5.4.11 again,

I2 + pj
′
(W + pj−j

′
V ) = I2 + pj

′
W + pjV ∈ H(NR+1)

n mod pj
′+i1−i2

so that I2 + pj
′
W ∈ H(NR+1)

n mod pj. Hence:

I2 + pi3Z = (I2 + pj
′
W )g ∈ H(K+NR+1)

n mod pj.

The required result follows by induction.

Why does the containment Ki3 ⊆ H
(R′NR+1)
n from Theorem 5.4.12 constitute a

proof of Theorem 5.2.11? Recall from the statement of Theorem 5.4.12 that:

i3 = j0 + r0(i1 − 1) + i2

where:

(i) i1, i2 are as defined in Theorem 5.4.7: they satisfy i1 �S γn, i2 �S γn;

(ii) j0 is as defined in Lemma 5.4.8: it satisfies j0 �S γn;

(iii) r0 is as defined at (5.12): it need only satisfy:

r0 + 1

r0

<
2− c
2− 2c

where c = c(S) is as in the statement of Theorem 5.4.7. In particular we may

take r0 to depend only on S.

Overall then, i3 �S γn, as required. Next, recall from the statement of Proposition

5.4.10 that:

Nr = (2M)r(
4MN

2M − 1
+ 2)− 4MN

2M − 1
,
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where M,N are as in Theorem 5.4.7 (they depend only on S). Moreover, R is

introduced at (5.13); it need only satisfy the condition R > 2/cγ, where c, once again,

is as in the statement of Theorem 5.4.7. Specifically, we can take R to depend on

S and γ alone, so that the same holds for NR+1. Finally, R′ was introduced in the

statement of Theorem 5.4.12, and subject only to the condition R′ ≥ (n−i3)/(i1−i2).

As explained above, i3 �S γn and, according to the statement of Theorem 5.4.7,

i1 − i2 > cγn, so:

n− i3
i1 − i2

�S
1

γ
.

We may thus take R′NR+1 to be a function of γ and S alone. This concludes the

proof of Theorem 5.2.11, and hence that of Theorem 5.1.1.

5.5 What’s Next?

5.5.1 The higher-rank case SLd(Zp)

Replacing SL2 with SLd throughout, a very similar argument would yield the analogue

of Theorem 5.1.1 for SLd(Zp). To be explicit:

Theorem 5.5.1. Let S ⊆ SLd(Zp) be a finite symmetric set, generating a subgroup

Γ whose closure Γ in SLd(Zp) is open. Let A ⊆ Zp be the set of entries occurring in

elements of S. Suppose that A is strongly Diophantine. Then (πpn(Γ), πpn(S))n is a

family of two-sided expanders.

As in the SL2 case, the result is due to Bourgain and Gamburd for generating sets

supported over Z [7], and once again, their argument goes through without changes

once we have pushed our non-concentration estimates down into the congruence quo-

tients (using the strong Diophantine hypothesis).

In terms of establishing non-concentration in subvarieties, the only stage at which

the proof in higher rank differs substantially from the case of SL2 is when we produce

a large set of simultaneously diagonalizable elements. Recall that for SL2, this was

achieved in Section 5.3.4, using the fact that elements without repeated eigenvalues

are characterised by their trace. Such a characterisation clearly breaks down in higher

rank, so a different approach is needed. Following [7], we note that an element

g ∈ SLd(Zp) has a repeated eigenvalue in some field extension if and only if the

Sylvester determinant Res(χg, χ
′
g) vanishes, so such elements satisfy a non-trivial

polynomial identity. In practice, we shall further require non-vanishing estimates
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for the Sylvester determinant applied to translates gh of g, which are uniform in

the translating element h ∈ SLd(Zp). This is more tricky, but can still be done by

considering a sufficiently large tuple of solutions g1, . . . , gr, as was done in Sections

5.3.4 and 5.3.5. These ideas are to be explored in detail elsewhere.

5.5.2 Diophantine generating sets

In Chapter 1 we hinted at an analogy between Theorem 5.1.1 and the result of [8] on

spectral gap in SU(2). Let us now pursue that analogy a little further. In [8] spectral

gap was proved for the action of generating set of dense subgroups in SU(2) satisfying

the following condition:

Definition 5.5.2. A finite symmetric subset S ⊆ SU(2) is Diophantine if there exists

D(S) ∈ (0, 1) such that for any n ∈ N and any w ∈ BS(n), either w = ±I2 or:

‖w ± I2‖ ≥ Dn.

Here ‖·‖ is the `2-norm on M2(C). In other words, we must apply the multipli-

cation operation in the group many times to S to produce an element lying close to

{±I2} but outside it.

Taking cosets of the congruence kernels Kn as our neighbourhoods, there is an

obvious corresponding notion of a Diophantine subset of SL2(Zp):

Definition 5.5.3. A finite symmetric subset S ⊆ SL2(Zp) is Diophantine if there

exists C > 0 such that for any n ∈ N and any w ∈ BS(n), either w = ±I2 or

±w /∈ KCn.

Compare this with the strong Diophantine condition introduced in Section 5.3.1:

there we had a subset of Zp and could not produce an element of small p-adic norm

without applying the ring operations to our set many times. Considering the poly-

nomials f1(g) = g1,2, f2(g) = g2,1, f3(g) = g1,1 − g2,2, for g ∈ SL2(Zp), and applying

Proposition 5.3.2, we deduce:

Proposition 5.5.4. Let S ⊆ SL2(Zp) be finite symmetric. Let A ⊆ Zp be the set

of entries occurring in elements of S. Suppose that for every a ∈ A, there exists

fa(X) ∈ Q[X] such that fa(a) = 0. Then S is Diophantine.

Given the result of [8], it is plausible that a Diophantine generating set is all that

is needed to produce spectral gap results is p-adic groups too. We therefore propose

the following generalization of Theorem 5.1.1:
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Conjecture 5.5.5. Let S ⊆ SL2(Zp) be a finite symmetric set, generating a sub-

group Γ whose closure Γ in SL2(Zp) is open. Suppose S is Diophantine. Then

(πpn(Γ), πpn(S))n is an expander family.

The obvious difficulty in applying the methods of this chapter to Conjecture 5.5.5

is the recovery of the non-concentration results of Section 5.3. There, the strong

Diophantine hypothesis allowed us to take the upper bound from Theorem 5.3.8 on

the return probability of the random walk to the subvariety defined by a homogeneous

polynomial, and upgrade it to a bound on the return probability to a corresponding

sublevel set. It may be too much to hope for that the same should be achievable only

under the hypothesis of a Diophantine generating set for an arbitrary such polynomial,

but we may still expect to be able to obtain bounds for the specific polynomials used

in Sections 5.3.4 and 5.3.5.

5.5.3 Towards a positive-characteristic analogue

Taking the application of the Solovay-Kitaev procedure to expanders explored in

this chapter, together with our analysis of the Solovay-Kitaev procedure for groups

with an analytic structure over other pro-p domains such as Fq[[t]], leads one to the

possibility of constructing expander congruence quotients for these groups as well.

Certainly such groups are sufficiently quasirandom to make relevant the Bourgain-

Gamburd machinery [43].

What about the non-concentration of the random walk in algebraic subvarieties?

For the very simplest case of the group SL2(Fp[[t]]), and for generators supported over

Fp[t], this is provided for by our work in Chapter 4 (specifically by Theorem 4.1.1).

We therefore propose:

Conjecture 5.5.6. Let S ⊆ SL2(Fp[t]) be a finite symmetric set, generating a non-

elementary subgroup Γ. Then (πtn(Γ), πtn(S))n is a family of two-sided expanders,

where πtn : SL2(Fp[[t]])→ SL2(Fp[t]/(tn)) is the congruence map.

Indeed, Theorem 4.1.1 was originally proved as a tool with which to attack this

conjecture. The analogue for SL2(Fp[t]/(tn)) of the remainder of Section 5.3 and

Sections 5.4.1 and 5.4.2 then goes through without changes.

Problems arise, however, when we reach the stage of the argument at which the

results on sum-product are required. To the author’s knowledge, versions of Bour-

gain’s results on Z/pnZ for the ring Fp[t]/(tn) are not known at this time (though

Bourgain has suggested [4] that Fp[t]/(tn) may be susceptible to analysis by the same

kind of tools employed in [3]).
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In any case, the most obvious analogue of Proposition 2.6.3 for Fp[t]/(tn), namely:

Not-a-Theorem 5.5.7. For all α1, α2 > 0, there exists ε > 0; r, s ∈ Z>0 such that,

for A ⊆ Fp[t]/(tn) satisfying:

|πtm(A)| > pα1m whenever n ≥ m > εn,

there exists 0 ≤ k < α2n such that:

(tk)/(tn) ⊆ ΣrA
(s) − ΣrA

(s).

is plainly false. For let A = πtn(Fp[t2]). Then for any α1 ∈ (0, 1
2
), ε > 0 and

n ≥ m > εn, A satisfies:

|πtm(A)| > pα1m

provided n is sufficiently large. But ΣrA
(s) − ΣrA

(s) = A for all r, s ∈ Z>0, as A

is a subring of Fp[t]/(tn), and A does not contain any non-trivial ideal (tk)/(tn) of

Fp[t]/(tn) (except (tn−1)/(tn), when n is odd).

A stronger hypothesis on A would appear to be called for, then, perhaps requiring

that the subring of Fp[t]/(tn) generated by A contains a large ideal. Even if such a

result on sum-product growth were to hold though, its hypothesis would not obviously

apply to the set A constructed in Section 5.4.2: the constraints on A coming from

Proposition 5.4.6 do not obviously preclude A from generating a smaller subring.

As a model case of Conjecture 5.5.6, it might be instructive to investigate subring

subgroups of SL2(Fp[t]/(tn)), such as the congruence image of SL2(Fp[t2]), and aim

for a proof that the random walk does not concentrate in these subgroups (assuming

all reasonable claims about the sum-product phenomenon in Fp[t]/(tn)). The tools

used in such a proof may be applicable to filling this particular gap in the proof of

Conjecture 5.5.6.
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