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Abstract

The application of techniques from nonlinear analysis to materials science has seen
great developments in the recent years and it has really been a driving force for
substantial mathematical research in the area of partial differential equations and the
multi-dimensional calculus of variations.

This thesis has been motivated by two recent and remarkable experimental obser-
vations of H. Seiner! in shape-memory alloys which we attempt to interpret mathe-
matically. Much of the work is original and has given rise to deep problems in the
calculus of variations.

Firstly, we study the formation of non-classical austenite-martensite interfaces.
Ball & Carstensen (1997, 1999) theoretically investigated the possibility of the occur-
rence of such interfaces and studied the cubic-to-tetragonal case extensively. In this
thesis, we present an analysis of non-classical austenite-martensite interfaces recently
observed by Seiner et al. in a single crystal of a CuAINi shape-memory alloy, under-
going a cubic-to-orthorhombic transition. We show that these can be described by
the general nonlinear elasticity model and we make some predictions regarding the
admissible volume fractions of the martensitic variants involved, as well as the habit
plane normals.

Interestingly, in the above experimental observations, the interface between the
austenite and the martensitic configuration is never exactly planar, but rather slightly
curved, resulting from the pattern of martensite not being exactly homogeneous.
However, it is not clear how one can reconstruct the inhomogeneous configuration as
a stress-free microstructure and, instead, a theoretical approach is followed. In this
approach, a general method is provided for the construction of a compatible curved
austenite-martensite interface and, by exploiting the structure of quasiconvex hulls,
the existence of curved interfaces is shown in two and three dimensions. As far as the
author is aware of, this is the first construction of such a curved austenite-martensite
interface.

Secondly, we study the nucleation of austenite in a single crystal of a CuAINi

shape-memory alloy consisting of a single variant of stabilized 2H martensite. The
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nucleation process is induced by localized heating and it is observed that, regardless
of where the localized heating is applied, the nucleation points are always located at
one of the corners of the sample - a rectangular parallelepiped in the austenite.
Using a simplified nonlinear elasticity model, we propose an explanation for the
location of the nucleation points by showing that the martensite is a local minimizer
of the energy with respect to localized variations in the interior, on faces and edges
of the sample, but not at some corners, where a localized microstructure can lower
the energy. The result for the interior, faces and edges is established by showing that
the free-energy function satisfies a set of quasiconvexity conditions at the stabilized
variant throughout the specimen, provided this is suitably cut. The proofs of quasi-
convexity are based on a rigidity argument and are specific to the change of symmetry
in the phase transformation. To the best of the author’s knowledge, quasiconvexity

conditions at edges and corners have not been considered before.
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Chapter 1

Introduction

As the title reveals, this thesis is primarily concerned with the problem of pattern
formation in shape-memory alloys. These are crystalline solids undergoing a broad
class of solid-to-solid phase transformations referred to as martensitic - named after
the German materials scientist Adolf Martens (1850 — 1914). A primary goal set out
for this thesis is to be as self-contained as possible and as such, in this introduction,
we give a brief account of martensitic transformations from a materials science point
of view; we describe precisely what they are and give an appropriate definition for the
context of this work. In doing so, we lay out and explain some fundamental concepts
regarding crystalline solids and their phase transitions.

Having provided the necessary background, we proceed to discuss shape-memory
alloys and highlight their importance with respect to applications. A description
of the shape-memory phenomenon is given and we show how this is manifested in
martensitic transformations.

Moreover, a complete overview of the proceeding chapters is included and the
introduction ends with a very brief discussion of issues related to martensitic trans-

formations which go beyond the scope of this thesis and have thus been omitted.

1.1 Martensitic Phase Transformations

A crystalline solid is a material in which the atoms or groups of atoms are arranged
in an orderly repeating pattern extending in all three spatial dimensions within the
body; this pattern is referred to as the crystal lattice or simply lattice. A unit cell for
a crystal lattice is a group of neighbouring atoms which, if repeated, can generate the
entire lattice structure. The dimensions of this unit cell, i.e. the interatomic distances,

are given by the lattice parameters which can be determined experimentally.



Crystalline solids can be single crystals or polycrystals. A single crystal is a crys-
talline solid in which the crystal lattice of the entire undeformed body is uniform
throughout the specimen. On the other hand, a polycrystal is a solid that comprises
a large number of regions, each having the same lattice structure but different ori-
entations. These regions of different orientation are referred to as grains and are
separated by grain boundaries. Hence, we could define single crystals as crystalline
solids that have no grain boundaries. Polycrystals are more common in nature and
in industrial usage; however, in this thesis we shall only be concerned with single
crystals.

Many of the commonly used materials are alloys; that is, they are a mixture of
different elements. Variations in the composition of such an alloy can result in regions
with different lattice structure or, even when the composition of regions remains
the same, these may have different crystal lattices. The regions described by the
latter are called phases and like grains are separated by interfaces referred to as
phase boundaries. Martensitic phase transformations are a manifestation of such a
coexistence of phases and they have a profound effect on the macroscopic properties
of the body.

A phase transformation in a material system is the transition from one phase
to another. During a phase transformation, the arrangement of the crystal lattice
changes from the reference configuration to a different one. When this structural
change in the crystal lattice occurs by the coordinated movement of atoms (or groups
of atoms) relative to their neighbours the transformation is called displacive and, in
particular, there is no diffusion.

We now define the class of martensitic phase transformations: these are displacive,
solid-to-solid phase transformations during which the structure of the lattice changes
abruptly at some critical temperature (i.e. first-order transformations!). The high-
temperature phase is called the austenite, whereas the low-temperature phase is re-
ferred to as the martensite. Assuming that the body is in the austenite phase, if
cooled a little, the only change will be that due to ordinary thermal contraction.
However, that is only until we reach a critical temperature Mg, the martensite start
temperature, at which the lattice structure suddenly changes as the body transforms

into the martensite phase. During this process austenite and martensite coexist until

'We note that certain transformations, such as the R-phase in NiTi or the modulated phases
in NiMnGa, share similar features to martensitic transformations and, in some literature, might be
referred to as martensitic; however, these are not of first-order; this is also true for certain ceramics
as well as ferroics. In this thesis, we retain the term martensitic only for transitions of first-order.



a temperature Mg, the martensite finish temperature, when the body has fully trans-
formed to martensite; this coexistence of phases is common in first-order transitions.
Despite the nature of this change, there is no diffusion and the relative positions of
atoms remain the same. Further cooling will only result in further thermal contrac-
tion. If, upon heating and at some other critical temperature Ag, the austenite start
temperature, the lattice structure abruptly changes back to its original configuration,
the transformation is called reversible; as with the forward transition, the two phases
coexist until the austenite finish temperature Ap is reached. These form a subclass
of martensitic transformations, known as thermoelastic. Henceforward, we will only
be concerned with reversible martensitic transformations and we drop the term ther-
moelastic. In the above process, the critical temperature for the forward and the
reverse transformations need not be the same and in fact, it is not. This difference
between the two critical temperatures is called thermal hysteresis. Understanding
hysteresis is far from trivial and it is not accounted for in this thesis. A common way
to ignore this is to consider the mean value of the two transformation temperatures
to be the critical temperature 6. both for the forward and reverse transformations,
ie. 0,=(Ms+ Ag)/2.

An important feature of such transformations is that, in general, the high-tempera-
ture phase possesses greater crystallographic symmetry than the low-temperature
phase. In particular, we will be interested in transitions in which there is only one
variant of austenite whereas there are several distinct variants of martensite. The
latter are symmetry-related and their number depends on the change of symmetry
during the transformation. For example, in a cubic-to-tetragonal transformation (see
Fig. 1.1), there are three distinct symmetry-related variants of martensite. As these
have the same energy, the material cannot distinguish between them and prefer one
over the other. In fact, not only is there no reason for one martensitic variant to be
preferable to another, but there is also no reason why the austenite should transform
into a particular single variant of martensite. Indeed, different regions of the crystal
may transform into different variants of martensite and this occurs for a number of
reasons, the most important being the need for the martensite to be geometrically
compatible with itself and the austenite.

This brings us to another feature of martensitic transformations which is the
ability to produce microstructure. The coexistence of different martensitic variants
occurs in such a way that the lattice remains unbroken across interfaces between such
variants. This need for coherence forces the martensitic variants to form patterns at

length-scales much smaller than the size of the solid body, e.g. Fig. 1.2. As a result,



microstructure is formed which has a profound impact on the macroscopic properties

of materials undergoing martensitic transformations.
Cool
—

Heat

Figure 1.1: Variants of martensite in a cubic-to-tetragonal transformation; a and c
represent the lattice parameters.

Figure 1.2: Microstructure of martensite in CuZnAl (M. Morin, INSA de Lyon).

Transformations of this type may also be induced by applying loads, a phenomenon
known as a stress-induced martensitic transformation. This means that, above the
critical temperature, the austenite can be transformed into stress-induced martensite
by applying some mechanical load rather than cooling the specimen. In this case,
applying and removing loads take the place of cooling and heating. The process is
not much different: as the loads are applied, the specimen only exhibits small elas-
tic deformation but, at some critical load, the crystal transforms to the martensitic
phase. Being above the transformation temperature, the martensite is unstable with-
out the presence of loads and hence, upon unloading, the crystal starts the reverse
transformation back to the austenite phase. After complete unloading, the crystal
recovers all the deformation and returns to its reference configuration. Hysteresis, in

the sense of critical loads, remains present and is dependent on the relative stability



of the austenite and the martensite and, hence, on the temperature. It should be
noted, however, that after suitable mechanical treatment many materials exhibit a
certain stabilization effect. In particular, the mechanical treatment leads to an en-
ergy barrier which can significantly increase the temperature needed for the transition
back to austenite; this effect is known as the mechanical stabilization of martensite.
In this case, upon unloading, the reverse transformation does not occur due to this
rise in the critical temperature. The mechanical stabilization effect will play an im-
portant role in Chapter 4 where a detailed description is given. We do not elaborate
further on stress-induced transformations as a detailed account for these is perpet-
ually connected to hysteresis and heat transfer. As such, they go beyond the scope
of this thesis and we refer the reader to the work of Huo and Miiller [79], Shaw and
Kyriakides [125] and of Sittner et al. [127, 128] for an extensive study.

Martensitic phase transformations have been observed in a number of materials,
including ceramics, biological systems and alloys. In particular, a category of alloys
that are of special interest in applications, as well as one of the main driving forces for
the development of mathematical models of martensitic transformations, is that of the
so-called shape-memory alloys. We draw attention to these and see how martensitic

transformations allow us to understand their properties.
Shape-memory phenomenon

Shape-memory alloys (SMAs) can be elastically deformed and, upon heating be-
yond some critical temperature, they return to their original configuration in a process
known as shape recovery. SMAs have been used in a wide range of applications includ-
ing eyeglass frames, dentistry and piping but also aircraft engineering and robotics,
amongst others, existing or potential. The following quote, borrowed from Richard
Lin (Stanford University), highlights the importance of such materials: ‘With the
innovative ideas for applications of SMAs and the number of products on the market
using SMAs continually growing, advances in the field of shape memory alloys for
use in many different fields of study seem very promising’. However, existing SMAs
present limitations in their usage because of factors such as large hysteresis and there
is a need to discover and manufacture new SMAs. Thus, understanding their proper-
ties is very important and in recent years this has motivated substantial mathematical
research.

The shape-memory phenomenon is really a manifestation of martensitic phase

transformations. In particular, at temperatures higher than the transformation tem-



perature, the specimen is in the high-symmetry austenite phase and, upon cooling,
the austenite transforms into the low-temperature, low-symmetry martensite phase.
As we mentioned already, this transformation needs to be done coherently and, as a
result, microstructure of martensite is formed. In fact the transformation from the
parent, austenite phase to the product, martensite phase often happens in such a way
that the shape of the specimen remains macroscopically undistorted; this is known
as self-accommodation (see [26] for a mathematical treatment).

Upon deformation, the crystal rearranges the martensitic variants and creates a
new microstructure so that the deformation can be accommodated. However, these
different martensitic variants have the same energy and the crystal is able to change
its shape to accommodate the deformation without any energetic costs. Once the
loads are removed, the crystal remains in the deformed configuration since the self-
accommodated state and its current deformed state are energetically equivalent.

When the specimen is heated to its transformation temperature, martensite trans-
forms back to austenite. However, since austenite possesses high symmetry, it can no
longer accommodate the deformed shape and the crystal is forced to return to its orig-
inal high-temperature reference configuration. Fig. 1.3 below provides a schematic
description of the shape-memory phenomenon. This unique high-temperature, low-
energy state, the various low-temperature, low-energy states and the ability of the
crystal to form microstructure at low temperatures are crucial for the properties of
materials undergoing martensitic phase transformations and, ultimately, are the ele-

ments giving rise to the shape-memory phenomenon.
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Figure 1.3: Schematic description of the shape-memory phenomenon.



1.2 Overview

The chapters of this thesis are organized as follows: In Chapter 2, we introduce the
continuum model for martensitic transformations, as proposed by J.M. Ball and R.D.
James, which we follow in our analysis. This is a variational model where the crystal
is modelled as a nonlinear elastic material and the free-energy density is invariant with
respect to both rigid-body rotations and the appropriate crystallographic symmetries;
the variants of austenite and martensite are represented by energy wells for this
density. This chapter is split into two main parts: firstly, so as to help keep the thesis
self-contained, we include a review of the vectorial calculus of variations to the extent
that is necessary for the chapters that follow. However, this review is by no means
exhaustive and the reader is referred to [46, 105] and the references therein for a
more complete account. In particular, we present the direct method of the calculus of
variations, make the passage from constrained to generalized minimization problems
via relaxation methods and discuss some fundamental aspects of the theory of Young
measures. Finally, we introduce all appropriate generalized convexity conditions for
functions and sets, discuss their connections and present relevant results.

We then proceed to introduce the continuum theory, beginning with an atom-
istic description. We present an elementary review regarding lattices, their defor-
mations and symmetries and establish a link with the continuum theory based on
the Cauchy-Born hypothesis. As we aim to concentrate on the continuum viewpoint,
this presentation is condensed and the reader is referred to [19] for a more extensive
treatment.

Having established our mathematical framework, we describe how this applies
in the continuum model and we discuss the origin of microstructure which, in this
context, is viewed as a result of energy minimization and geometric compatibility
accounting for discontinuities of the deformation gradient along phase boundaries.
This geometric compatibility gives rise to the so-called compatibility equations, a
generalization of which will be central in Chapter 3. We also review some of the
achievements of the continuum theory in recovering the crystallographic theory of
martensite and we introduce the parallelogram microstructure which will concern us
in Chapter 3. Lastly, we comment briefly on a geometrically linear variation to this
theory and discuss why the nonlinear model is preferred.

In Chapter 3, we draw attention to non-classical austenite-martensite interfaces.
The theory described in Chapter 2 naturally leads to the prediction of more complex

austenite-martensite interfaces compared to the classical crystallographic theory. In



these interfaces, a pure phase of austenite meets a complicated microstructure of
martensite and not necessarily a single laminate as in the classical case. Ball and
Carstensen [13, 14] provided a theoretical investigation of such interfaces which was
exhaustive for the cubic-to-tetragonal transformation. They fully identified the set of
admissible microstructures for the two-well problem and made predictions regarding
the possible interfaces and habit plane normals. A brief review of their work is
included. We then proceed to the description of experimental results obtained by H.
Seiner et al. [123], where a non-classical austenite-martensite interface is observed in
a CuAlNi single crystal. In the observed interface, the martensite is arranged in a
parallelogram microstructure and the actual interface appears to be slightly curved
due to a variation in the volume fraction of the martensitic configuration. Based on
the variational model of Ball and James, we provide an analysis of the homogeneous
non-classical interface which neglects the curvature of the interface. We deduce that it
is predictable by the theory and we present results concerning the admissible volume
fractions and habit plane normals; these can also be found in [20]. CuAINi undergoes
a cubic-to-orthorhombic transformation and, due to algebraic complexity, the results
we obtain are not as sharp as those of Ball and Carstensen; nevertheless, similarities
are clear and comparisons can be drawn.

The remainder of Chapter 3 is devoted to the investigation of curved interfaces.
Attempts to include the inhomogeneity of the martensitic configuration and directly
construct the curved interface of the experiment as a stress-free microstructure proved
to be unsuccessful. We briefly discuss these attempts not only to motivate the theo-
retical investigation of curved interfaces that follows, but also because they contain
calculations (not included) that are of some interest. We then depart from the strict
experimental set-up and proceed into a theoretical investigation where, via a new
method exploiting the structure of quasiconvex hulls, we prove the existence of a
curved austenite-martensite interface in two and three dimensions.

To ensure that the deformation remains Lipschitz continuous across a non-planar
surface, a modification of Hadamard’s jump condition is proved. This provides nec-
essary and sufficient conditions for a map z € W1 (Q, Rd) to have a gradient taking
the values Dy* and Dy~ on either side of a C'! surface, for y* appropriately smooth.

A general method of constructing a compatible curved interface is presented which
works for any relevant quasiconvex hull K% provided that its relative interior is non-
empty and contains a point F' which is rank-one connected to the identity; ‘relative’
is meant with respect to a set of the form D = {A € M : det A = A} and

‘relevant’ refers to SO (d)-invariant sets K satisfying such a determinant constraint.



In two dimensions, the existence of such a point is established by using a known
abstract characterization of quasiconvex hulls to show that double laminates corre-
spond to relative interior points. In three dimensions, no general characterization
exists and it can be shown that explicitly known hulls have empty (relative) interiors,
whereas, the limited existing examples of relative interior points (cf. [41, 53]) can-
not be rank-one connected to the identity. However, using an idea originated by B.
Kirchheim along with results in [41], we prove - modulo assumptions - the existence
of such a point for compact sets K such that K% contains a three well configuration
of the form Ule SO (3) U; where the U;, i = 1,2, 3, are diagonal matrices permuting
72,M1,Mm1 on the diagonal; examples of such sets K are those corresponding to the
cubic-to-tetragonal transition but also the cubic-to-orthorhombic which is the tran-
sition Seiner’s specimen undergoes. We end this chapter by making some concluding
remarks.

In Chapter 4, we draw attention to a different problem also motivated by recent
experimental observations of H. Seiner which - in a simplified setting - has much in
common with the Weierstrass problem? in the vectorial calculus of variations. In par-
ticular, using a localized heat source, austenite is nucleated in a bar-shaped specimen
of a CuAlNi single crystal which is mechanically stabilized as a pure phase of a single
martensitic variant. It is observed that, regardless of where the localized heating is
applied, the nucleation points are always located at a corner of the specimen, while
the martensite remains stable throughout the interior, faces and edges. A brief review
of the Weierstrass problem is presented, including the recent and truly remarkable
developments of Y. Grabovsky and T. Mengesha in [70], and the experimental results
of Seiner are described, along with a more detailed description of the mechanical
stabilization effect.

We then proceed to discuss the problem in mathematical terms. The viewpoint
taken is that the stability of the martensite is related to certain quasiconvexity con-
ditions on the energy density throughout the domain, conditions which fail at some
corners, thus allowing for the nucleation of austenite. The problem is phrased in terms
of Young measures where an energy functional is derived rigorously, via the means of
I'- convergence, that is infinite off the set K of the martensitic and austenitic energy
wells - assuming that the latter has lower energy. The quasiconvexity conditions in

the interior and at the boundary of a bar-shaped domain are defined in terms of

2The Weierstrass problem consists of finding necessary and sufficient conditions for strong local
minimizers in the calculus of variations. The resolution of this problem in the scalar case is attributed
to Weierstrass, thus bearing his name (see Chapter 4 for more details).



Young measures and amount to the stabilized variant being a local minimizer with
respect to a certain set of localized variations. In the interior and on faces these
conditions are a mere re-phrasing of the classical conditions of quasiconvexity in the
interior (Morrey [103]) and at the boundary (Ball and Marsden [22]), whereas, at
edges and corners, a natural extension of these is considered.

For a class of parallelepipeds, including that of the experiment, these quasicon-
vexity conditions are proved for the interior, faces and edges while, at some corners,
the instability is shown by an explicit construction of an inhomogeneous gradient
Young measure that lowers the energy (see also [21]*). The proof of quasiconvexity
uses the minors relations and for the faces and edges, a more elaborate method is
followed involving a notion of maximal directions which is defined. For the method
to be applicable, one needs to rule out interpenetration of matter and a certain type
of self-contact of the boundary, conditions which are achieved by employing the con-
straint of Ciarlet and Necas [39], combined with results from the theory of mappings

with bounded distortion.

1.3 Omissions

Throughout this thesis, there are issues related to the modelling of martensitic phase
transformations that fail to be addressed, either by the model itself or by the author,
and we briefly account for these.

First and foremost, the model is only concerned with statics and not dynam-
ics. The issue of the evolution of microstructure is not addressed, whereas this is
a problem of pattern formation and, as such, should be treated with a dynamical
model. A static model could never be fully predictive as there is an excess of energy
minimizers. In the low-temperature martensite phase, there are numerous configura-
tions of the martensitic variants that minimize the total energy and are, therefore,
allowed by the model. However, the static theory fails to distinguish between these
and the microstructure cannot be uniquely determined. Instead, the geometry of the
microstructure is assumed a priori and we decide on whether or not it is predictable
by showing its consistency with the theory. Nevertheless, the theory can predict var-
ious interesting aspects of the microstructure, such as the orientation of the habit
planes and the volume fractions in twinned martensite, without making assumptions

additional to the change in symmetry and the transformation strains. Further, there

3In [21] it is claimed that an appropriate Young measure lowering the energy can be constructed
at all corners. However, it is not clear whether or not this stronger statement is true; this is subject
to further investigation.
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is no consensus on the appropriate dynamical equations and for all models the re-
sulting equations are in general too difficult to treat rigorously, with few analytic
results known. Despite that, such models have been very useful in computations and
have provided great insight in problems of increasing complexity. Many authors have
developed dynamical models following various approaches and the reader is referred
to Andrews and Ball [5], Kloucek and Luskin [88] as well as Wang and Khachaturyan
[142] for relevant descriptions. We should also point out that we do not provide any
justification for the variational approach to microstructure; this is itself motivated
by dynamic considerations and we refer the reader to [11, 17, 67] which also provide
additional references for the dynamic approach.

Another issue that we do not address is the incorporation of interfacial energy
into the model. In the model used here, the infimum of the energy is not in general
attained but, rather, there are energy-minimizing sequences approaching it which, in
the limit, give rise to infinitely fine microstructures. However, in reality, the observed
microstructures may be very fine indeed but have a characteristic length scale which
is not accounted for in the model precisely due to the non-attainment of the infimum.
This problem can be dealt with by adding an interfacial energy term to the energy
functional. The form of this interfacial energy should be naturally derived from an
atomistic model and, although there have been several models, the way of doing so is
not clear. For treatments of such models the reader is referred to Ball and Crooks [16],
Conti and Schweizer [42], Kohn and Miiller [90], Miiller [105] and references therein.

Finally, this thesis concerns the modelling of single crystals where the lattice of
the austenite phase is uniform along the specimen; nonetheless, typical commercial
specimens are polycrystals. As mentioned already, these are an agglomeration of
a large number of grains with an identical lattice but oriented differently. In such
martensitic materials, each grain undergoes a martensitic transformation and forms a
microstructure that may well be different from that in other grains. Still, these differ-
ent microstructures cannot be entirely independent as the grains are bonded with each
other. As a result, the properties and behaviour of a polycrystal may differ notably
from those of a single crystal and, indeed, experimental results confirm this. Work
has been conducted in order to model polycrystals effectively in which a linearized
version of the elasticity model is preferred. This is because the nonlinear setting gets
too involved and sets restrictions to the extent up to which we can investigate the
behaviour of polycrystals. The reader is referred to the work of Bhattacharya and
Kohn [33, 34], as well as of Shu and Bhattacharya [126] and references therein for a
more in-depth study of polycrystals.

11



12



Chapter 2

The Calculus of Variations and the
Nonlinear Elasticity Model

At this point we take a detour and provide the mathematical background necessary
for the description of the model and, ultimately, the prediction of microstructure
formation in martensitic materials. The results described in this section are well
established and we do not include any proofs; instead, the reader is referred to the

appropriate literature where these can be found.

2.1 The Calculus of Variations

In general, the calculus of variations is concerned with the problem of minimizing an

integral of the form
1) = [ ¢y (). Dy@)ds
Q

over some set of admissible maps
A:{y:Q—ﬂRNeX: y‘am:gj}

In the above, Q C R? is a bounded domain (i.e. open and connected) where d, N > 1
and 02y is a portion of the boundary of {2 - possibly the entire boundary; X is a
function space to be specified and § € X is a given function; in particular, A is
non-empty. For the purposes of this thesis, we restrict attention to the case of no
lower order terms, i.e. when ¢ depends only on the gradient Dy, and we assume that
d = N > 1 which is relevant for the modelling of martensitic transformations. We
note that the general flavour of the results presented remains the same in the case
of lower order terms but the assumptions tend to be more technical. For statements

and proofs in the general case, the reader is referred to Dacorogna’s book [46], as well
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as the references given in this chapter. The case d = 1 or N = 1, the scalar case, will
not be of interest to us and it is not covered in this exposition. The scalar case is
generally more straightforward and standard textbooks, including [46], cover it.

Hence, we consider the minimization problem

I(y) = /Qgp(Dy(a:))d:U over (2.1.1)

A = {y: Q>R € X : yjpo, =7}, (2.1.2)

where Q C R? and § € X making A non-empty.

A powerful tool in dealing with the minimization problem (2.1.1)-(2.1.2) is the
direct method in the calculus of variations and we focus on this. The idea is as
follows: Suppose that inf 4 I (y) =1 > —oo. Then, there exists a sequence {yk} such
that I (yk) — [ as k — o0o. There are two central points:

(i) assume that (up to a subsequence) y* converges with respect to a certain topol-

ogy to a limit y and that

(ii) the functional I is (sequentially) lower semicontinuous with respect to the same

topology; that is I (y) < lilgn inf 7 (y*) whenever y* — y.
—00
Then we may conclude that

[ <I(y) <liminfI (y*) =1

k—o0

and the existence of a minimizer y is guaranteed.

Property (i) can be satisfied via an appropriate choice of the function space X
and we choose the Sobolev space WP (Q, Rd); then the boundary condition is to be
understood in the sense of traces. Recall that for 1 < p < oo a function y : 2 — R is
in the space W'? (Q, R) if

/Q<\y<x> P4 Dy (2)]P)dz <00, 1<p<oo,
(2.1.3)
esssup (ly(o)] + Dy(a)]) < o0, p=oc,

where esssup, |y(z)| = inf {M > 0: |y(z)| < M for a.e. z € Q}, i.e. y € WP (Q R)
if and only if both y and its generalized partial derivatives dy/0x; lie in L? (2, R) for all
i=1,...,d. Then, we say that y € WP (Q, Rd) if each component of y = (1, ..., Ya)
is an element of W (2, R). For details and an extensive treatment of Sobolev spaces
see Adams [2].
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When equipped with the weak topology (weakx for p = 00), Sobolev spaces enjoy
good compactness properties. This is because for 1 < p < oo, the space WP is
reflexive and the space L' is separable with (L')" = L*. Consequently, from the
Banach-Alaoglu theorem, every bounded sequence in W?, p > 1 has a weakly con-
vergent subsequence (weaklyx for p = oo). Thus, by imposing a coercivity condition

on ¢ (i) will be satisfied. Typically, this coercivity condition is of the form
—c1 + el FPP <@ (F), YF € M™? (2.1.4)

for some ¢;,co > 0 and p > 1. The condition for p = oo becomes ¢ (F) — oo as
|| = oo. Then, if {yk} C A is an infimizing sequence such that (yk) —l=infy I,
the coercivity condition allows us to bound %* in W'? and we can extract a convergent
subsequence (not relabeled) such that y* — y in WP, Assuming that the boundary
of €1 is Lipschitz, by trace theory, y(}m — Yjoa in LP and the limit will also satisfy the

boundary condition. Then, for
A={yeW" (QR?) : yoq, =7} (2.1.5)

we deduce that y € A and our choice of function space is justified.

Remark. When the boundary condition is set on the entire boundary 0€2, we will
often abbreviate this as y € g—l—Wol’p (Q, Rd) where, for 1 < p < oo, Wol’p (©,R™) is the
closure of C2° (Q,R?) - smooth, compactly supported functions - in the W'? norm;
for p = oo, the closure is taken with respect to the weakx topology of W1 (Q, Rd).
We note that if €2 is Lipschitz, Wol’p (Q,Rd) = {y e Wil (Q,Rd) D Yoo = O}.

On the other hand, satisfaction of (ii) is not as trivial. Morrey [103] introduced the
notion of quasiconvexity which is now recognized as the central convexity condition

ensuring weak lower semicontinuity in the vectorial case d > 1.

Definition 2.1.1. Let ¢ : M™% — R be a Borel measurable and locally bounded
function and 1 < p < oo. We say that ¢ is WP quasiconver at a matriz F' € M4
if for some bounded and open set E C RY with £ (OF) = 0,

o (F) < ﬁ [e(F+Dy@) s (2.1.6)

for ally € Wy (B,RY). We say that ¢ is W' quasiconvez if it is WP quasiconvez
at every F € M4,
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Above L (E) is the d-dimensional Lebesgue measure of the set E. We note that
if (2.1.6) holds for one open and bounded set E with £¢ (0F) = 0 then it also holds
for any such set F and the definition of quasiconvexity is independent of the choice
of E. From now on and for simplicity, we refer to W quasiconvex functions simply

as quasiconvex.

Remark. Note that we required Borel measurability and local boundedness for a
function to be termed (W'?) quasiconvex. Henceforth, whenever a function is said to
be (W1?) quasiconvex, it is also assumed to be Borel measurable and locally bounded.

This is not necessary and we refer the reader to [105] for an alternative exposition.

It is easy to see that ¢ is WP quasiconvex at F if the function y = Fx is an

absolute minimizer of the functional

Ig(y) = /Eso (Dy (z)) dz

over the set of admissible maps
A= {y cy—Fre Wol’p (E,Rd)}.

The following central theorem in the vectorial calculus of variations is essentially due
to Morrey [103] and has been refined by Acerbi and Fusco [1], Marcellini [98] and
Meyers [102].

Theorem 2.1.1. Let I(y) = [,¢(Dy)dz. If ¢ : M™% — R is continuous and
I is sequentially weaklyx lower semicontinuous in WhH* (Q,]Rd) (in particular, if 1
is weakly lower semicontinuous in WP (Q,Rd) ) then ¢ is quasiconvex. Conversely,

suppose that o is quasiconvex and that:

o ifp=oc,
o (F)| <n(F), for all F € M

and some continuous and increasing function n;
o if 1 <p<oo,
—c(L+|F) <@ ((F)<c(1+|F[P), forall F € M™¢

and some ¢ >0, 1< q <p;
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e ifp=1,
o (F)| <c(1+|F]), foralF e M

and some ¢ > 0.

Then the functional I is sequentially weakly (weakly* if p = 00 ) lower semicontinuous
in W (Q,RY).

Combining Theorem 2.1.1 with our discussion so far one obtains the existence of

minimizers:

Theorem 2.1.2. Let Q C R? have Lipschitz boundary and ¢ : M>? — R be a

quasiconvez function such that
—a+a|FP <o (F) <a(l+|FP)

for some ci, c3 > 0,1 <p<oo and all F € M¥™?. Then I admits a minimizer over

the class of admaissible maps
A= {y € Wl’p (Q,Rd) Yo, = g}

By Theorem 2.1.2; the quasiconvexity condition, modulo technical assumptions,
guarantees the existence of minimizers for the variational problem investigated here.
Interestingly, we note that in some sense quasiconvexity is also necessary for the
existence of minimizers. In particular, Ball and Murat [23] showed the following:

Let Q C R? be a bounded, open set with £4(9€) = 0,  be a Borel measurable

and bounded below function and 1 < p < oo. If the functional
1) = [ (Do) + (o, yta)] da

attains a minimum on A = {y :y — Fx € Wy"(Q,R%)} for all smooth, non-negative
U, then ¢ is WP quasiconvex at F € M,

However, in general, the absence of quasiconvexity is only indicative of non-
attainment of the infimum and this will be of great importance to us since typically
the integrands considered when modelling martensitic transformations are not quasi-
convex. This is a consequence of the crystallographic symmetry of the material and
it is an essential aspect of the model, leading to the formation of microstructure.

To overcome this difficulty, one examines a generalized minimization problem
which does admit minimizers and views these as generalized minimizers of the orig-
inal non-quasiconvex problem. There are two ways of generalizing the problem and

we shall introduce these here.
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Relaxation methods

Definition 2.1.2. Let ¢ : M%¥% — R be an arbitrary function. The quasiconvezifi-
cation of @, denoted by ¢, is defined by

p? = sup {77/1 ) M 5 R quasiconvex and i < go} . (2.1.7)
Alternatively, ¢ is referred to as the quasiconvex envelope or quasiconvex hull of .

Note that as long as ¢ is bounded below by a quasiconvex function, % is itself
quasiconvex; otherwise, ¢ = —o0.

Then the relaxation method relies on replacing the non-quasiconvex integrand ¢
with its quasiconvexification 9. Note that if ¢ satisfies a coercivity and growth
condition, so does % and it is quasiconvex. This is trivial as ¢ < ¢ and the
function —c; + 3| F|P is quasiconvex. Then, via an application of the direct method,

the minimization problem

1 (y) = / o (Dy (z)) da

admits a minimizer.
We note that there is an alternative characterization of ¢? which is due to Da-

corogna [45]. In particular, for ¢ Borel measurable and locally bounded,

o) =t {g%@ [ #F+Dyla) dz}

where £ C R? is bounded and open. As expected, the above infimum does not depend
on the choice of the set F and it is identically equal to —oo unless ¢ is bounded below
by a quasiconvex function.

For the purposes of the following relaxation theorem, a proof of which can be

found in [46], consider the variational problems:
inf{[ _ / o (Dy(2))do: y e A} (P)
Q
inf {ch = / ¢ (Dy (z))dz : y € A} (P*)
0

Theorem 2.1.3. Let a Borel measurable function ¢ : M4 — R satisfy the coercivity

and growth condition
—ate|Ff <e(F) <a(l+][FP)
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for all F € M%™? some ci, co >0 and p > 1. Then,
min (P%) = inf (P).

Furthermore, if y is a minimizer of (P%), there exists a minimizing sequence y* for
(P) such that y* — y in WP and I (yk) — 1% (y) as k — oo. Conversely, let y* be
a minimizing sequence for (P). Then y* is also minimizing for (P%) and (up to a

subsequence) y* converges weakly to a minimizer y of (P9°).

Remark. In physical terms, relaxation corresponds to the passage from a micro-
to a macro-energy and, respectively, solutions to the relaxed problem correspond to

macroscopic minimizers.
Young measures

We now introduce an alternative way of dealing with non-quasiconvex variational
problems via the use of Young measures. In this case, we do not alter the integrand
but, rather, we enlarge the space of admissible maps to one of admissible measures
in which the problem admits solutions.

Young measures, introduced by L.C. Young [144], are families of probability mea-
sures, v = (v,),, parametrized by z, carrying the minimal information about a se-
quence {zk} that is necessary (under suitable hypotheses) to compute precisely the
weak limit of ¢ (zk) for all continuous functions 1. To be more specific, we recall the

Fundamental Theorem on Young measures along with necessary notation.

Definition 2.1.3. Let Cy (]RN) be the closure under the supremum norm of compactly
supported, continuous functions on RYN. By M (RN) we denote the dual space of
Co (]RN ) consisting of signed Radon measures with finite mass equipped with the dual
norm of total variation.

Amapp:Q— M (RN) is called weakx measurable if the functions v — (u (x), 1)
are measurable for all ) € Co (RY) where (u(z) ,¢) = [on v dp ().

Henceforth, we denote the space of essentially bounded weakx measurable functions
from Q to M (RN) by L. (Q, M (]RN)); we note that since Cy (]RN) 1s separable,
L. (Q,./\/l (]RN)) =Lt (Q, Co (RN))* and it becomes a Banach space when equipped
with the norm

]l = esssup || g || mgy).-
€S
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Remark. If £ € L'(Q) and f € Cy (RN ) the tensor product £ ® f denotes the
element of L' (Q, Co (RN)) given by = — £ (x) f. We note that the span of such
tensor products is dense in L! (Q, Co (RN)). Then, a sequence v* € L (Q, M (RN))
converges weakly* to v in L3 (Q, M (RY)) if

/ £ () (W, f) do — / £ () v, f) de
Q Q

forall ¢ € LY (Q), fe C (]RN ) We shall refer to this type of convergence as weakx

convergence of Young measures.

Theorem 2.1.4. (Fundamental theorem on Young measures) Let Q C R be a mea-
surable set of finite measure and let 2 : Q — RY be a sequence of measurable functions
such that

sgp/ga (]2 (z)]) dz < (2.1.8)

where a : [0,00) — [0,00) is some continuous, nondecreasing function such that
a(t) — oo ast — oo. Then there exists a subsequence, not relabeled, and a weakx
measurable map v € L. (Q, M (]RN)) such that the following hold:

(i) ve >0 and vl pymny = Jan dve =1 for ae. v € Q.

(i1) if E C § is measurable, 1h € C (RN) and ¥ (zk) is relatively weakly compact in
L' (E) then

¥ (2F) = = (v, ) in L' (E). (2.1.9)
(iii) Let K C RN be compact. Then

suppv, C K a.e. < dist (2¥(2), K) — 0 in measure'. (2.1.10)

The family of probability measures (vy),cq is called the Young measure associated to

(a subsequence of ) z* and we say that (up to a subsequence) z* generates (v;),cq-

There are more general statements of the above theorem where Young measures
can be generated under weaker assumptions and the reader is referred to [9] for such
a version of the above theorem.

¥ is equi-integrable, then (2.1.8) is satisfied.

We should mention that if a sequence z
Also, taking a (t) = t?, one can easily see that any uniformly bounded sequence in L?

has (up to a subsequence) an associated Young measure.

!Convergence in measure means that Ve > 0, £ ({z € Q : dist (2* (z),K) > €}) = 0ask — oco.
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An important observation which will be of great use to us is that whenever the
functions z* are uniformly bounded in L™ (Q, RY ), then f (zk) is uniformly bounded
in L> () for any continuous f : RY — R. In this case, there exists a subsequence

and an associated Young measure v, such that

f(ZF) = (v, f)  in L ().

This is in fact the form of the theorem given by Tartar in [138].

Moreover, it is clear that whenever z* generates a Young measure (Va)4eq and
¥ — 2z in LP then z is the centre of mass of the corresponding Young measure;
i.e. 2 (z) = (v,,id) a.e. where id : RY — R¥ is the identity map.

Alternatively, one can give a probabilistic interpretation to Young measures [9)].
In particular, let B (x,r) C €2 be the ball centred at z of radius r. Define a probability
distribution ij,, by picking points y € B (x,r) uniformly at random and observe the

values of z* () (subsequence not relabeled). For a measurable set £ C RY we obtain

_ £4({y € B(z,r): " (y) € E})

Vir (E) L7 (B (z,7))

Then
v, = lim lim v* (2.1.11)

T,
r—0 k—oo ’

the limits being weaks limits of measures.
Reflecting this probabilistic interpretation, if a sequence of measurable functions

2% 1 Q0 — RY generates the Young measure v = (v,) then z¥ — 2 in measure if

zeQ
and only if v, = 0.(;) a.e. in . In particular, if 2% € L? (Q,R"Y), p < oo, {|2*|P} is
weakly convergent in L'(Q,RY) and z* generates a Young measure v = (v;),q such
that v, = d,(,) for a.e. z € Q, then 2* — z strongly in L? (Q,RY).

A special class of Young measures which will be of great importance to us is that
of WP gradient Young measures which we define next; henceforth, we identify R¥

with the space M¥*? of d x d matrices with real entries.

Definition 2.1.4. Let Q C R? be a bounded domain. A weaklyx measurable map
v:Q—-> M (MdXd) is a WP gradient Young measure if there exists a sequence of
maps y* : Q — R? such that

yF—~y in WP (Q,]Rd) <i ifp= oo)
5Dyk(~) A vooan Lz?* (Q,M (MdXd)) .

In this case, we will often say that v is generated by the sequence y* rather than the

gradients Dy*.
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The following theorem due to Kinderlehrer and Pedregal [86, 87] provides a full

characterization of W1? gradient Young measures.

Theorem 2.1.5. Let Q C R be a bounded domain. A family (v,)

measures on M, depending measurably on x, is a WP gradient Young measure if

wcq Of probability

and only if

(i) o [ypaxa |AP dvy (A)dz < oo for 1 < p < oo or suppr, C K a.e. for some

compact set K when p = oo.

(ii) Uy = (v, id) = Dy (x) a.e. for somey € WP referred to as the underlying map
of v.

(i) (Jensen’s inequality) (Vu, ) = [y1axa ¥ (A) dvg (A) > () a.e. for all quasi-
convez Y satisfying [ (A)| < c(1+4 |A]P) if 1 < p < oo; for p= oo no growth

condition is required.

In particular, we note the minors relations:
(ve, adjy) = adj, (72) (2.1.12)

for all subdeterminants adj, of order s < p. The justification for the minors relations
is provided later in our discussion on conditions of generalized convexity.

A gradient Young measure is called homogeneous if the map v : Q2 — M (M dXd)
is constant a.e., i.e. if there is no z-dependence. Kinderlehrer and Pedregal [86, 87]
showed that if (v,),.q is a W' gradient Young measure, then for a.e. o € €, the
probability measure v = v, is a homogeneous WP gradient Young measure. This
is referred to as the localization principle. Moreover, they showed that whenever
V= (Vs),eq is @ WP gradient Young measure with underlying map y (z) = Fz on
9Q, F € M*™? then the measure Av v defined for all ¢ € Cy (M) by

(Ao 4) = g [ i) o

is a homogeneous WP gradient Young measure with Avy = F. In particular, if v
is a W1 gradient Young measure, so that its support is compact, this holds for all
continuous 1. This is called the averaging of Young measures.

Ending our discussion on Young measures, we give a technical result due to Zhang
[146] known as Zhang’s Lemma. This says that if a sequence Dy* is bounded in
L?, p > 1, and generates a Young measure (v),., With suppr, C K a.e. where

K C M% is compact, then there exists a sequence z* with Dz* bounded in L™
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which generates the same Young measure (v;) In other words, a WP gradient

e’
Young measure with compact support is a W' gradient Young measure. This

will be particularly useful to us as, in the context of martensitic transformations,
we will be concerned with gradient Young measures with compact support. Hence,
using Zhang’s Lemma, we may speak of W1* gradient Young measures and restrict
attention to underlying deformations in W> (Q,R?).

The remaining ingredient is to show how these Young measures can be used to
tackle our minimization problem when the integrand ¢ fails to be quasiconvex. When
discussing the relaxation method, we introduced the original and relaxed problems in

the following form:
inf{[ _ /ng(Dy (2))de: ye A} (P)
inf{chz /Q S (Dy () dz : y eA} (™).

Next, let
inf {[YM = /(yx, @) dx : v admissible} (PYM)
Q

where v being admissible means that v = (1) ,.q is a W'? gradient Young measure

subject to the compatibility condition that there exists y € A such that
Uy = (Vg,id) = Dy () a.e. in Q.
Theorem 2.1.6. Let ¢ : M9 R satisfy
—a+oFP <e(F)<a(l+]|FP)
for all '€ M3*3, some ¢, co >0 and p > 1. Then,
min (P%°) = min (P*").

Furthermore, if (vVy),cq 95 a minimizer of (PYM) then the map y € A such that

Dy (z) = v, a.e. is a minimizer of (P9°) and
0 (Dy (z)) = (v, ) a.e. in Q.

Conversely, let y be a minimizer for (P°) and (v;),cq be an admissible Young measure
such that v, = Dy (z) and ¢ (Dy (z)) = (Va, ) a.e. in Q. Then, v = (1), s a

mainimizer of (PYM ) and

supp v, C {F € M™% : ¢ (F) =% (F)}.
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A proof of Theorem 2.1.6 can be found in [112]. We note that combining with
Theorem 2.1.3, we deduce that if y* is a minimizing sequence for the constrained
problem (P), then (up to a subsequence) Dy* generates a gradient Young measure

minimizing (PYM ) .

Remark. The above relaxation results are utilized in this thesis to establish the
existence of macroscopic minimizers in a variational model of martensitic transfor-
mations. This model is based on nonlinear elasticity and therefore one must require
that ¢ (F') — oo as det F' — 07 in order to avoid interpenetration of matter; similarly,
one also needs that ¢ (F') — oo for matrices F' such that det F' < 0. However, these
physical conditions are clearly violated with the growth condition assumed above,
Le. o(F) <c (1+|FJP).

The reader will also notice that we did not assign the notion of quasiconvexity to
infinite-valued functions (we will use such a notion in Chapter 4). There have been
such definitions in the literature, e.g. Ball and Murat [23], Dacorogna and Fusco [47],
which have been shown to be necessary for weak lower semicontinuity. However,
proving sufficiency is a difficult problem which has not been resolved. Since quasi-
convexity in the direct method is used as an equivalent to weak lower semicontinuity,
the existence of minimizers under the assumptions of elasticity theory is not clear.

In his celebrated paper [7], Ball proposed a stronger convexity condition, polycon-
vexity, that allows for infinite-valued functions and he was able to obtain existence
results under the constraint ¢ (F') — oo as det F' — 0%. The reader is referred to
Ball and James [19] for a treatment of these physical constraints in the context of

martensitic transformations.
Generalized notions of convexity

The notion of quasiconvexity may be the correct condition to ensure the existence
of minimizers but it is not at all trivial to verify the quasiconvexity condition for a
given function. Indeed, in the case of smooth real-valued functions on N x d matrices
(N > 3,d > 2), Kristensen [91] showed that there is no local condition equivalent
to quasiconvexity. Because of the intractability of quasiconvexity, other convexity
conditions have been explored and already we have mentioned that of polyconvexity.

Next, we aim to introduce these conditions and remark on their relation.
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Definition 2.1.5. Let ¢ : M¥*? — RU {+o00}. Then ¢ is rank-one convez if
eAA+(1=X)B)<Ap(A)+ (1 =X ¢(B) (2.1.13)
for all A, B € M%4 such that rank (A — B) =1 and all A € (0,1).

Remark. We note that when ¢ € C? (M dXd), rank-one convexity is equivalent to
D*p (F) (a®@m,a®@m) >0

for all F € M™% and a,m € R"; this is the Legendre-Hadamard condition which
appears often in variational problems as the condition ensuring the ellipticity of the

Euler-Lagrange equations (if slightly strengthened).

Theorem 2.1.7. Let ¢ : M9 = R be quasiconvex. Then ¢ is rank-one conves.

A proof of the above theorem can be found in [105]. It is worth noting that
even when ¢ is infinite-valued, rank-one convexity remains a necessary condition
for the weak lower semicontinuity of the functional /. Also, note that since rank-
one convex functions are continuous, Theorem 2.1.7 implies that every finite-valued
quasiconvex function is continuous as well; thus the requirement that ¢ be continuous
in Theorem 2.1.2 is redundant.

At this point, we motivate the importance of rank-one differences with a simple
result known as the Hadamard jump condition. We note this as it will be crucial for

the description of microstructure in the following section.

Lemma 2.1.8. Let m € R? be a unit vector and A, B € M¥¢, A + B. Suppose that
amap y: R — R is as in Fig. 2.1, i.e.

A, xr-m>k
Dy_{B, x-m<k.

Then y € W (Rd,Rd) if and only if
A-—B=a®m

for some non-zero a € R%; i.e. if and only if the matrices A and B are non-trivially

rank-one connected.

Through rank-one convexity we are able to get a necessary condition for a given
function ¢ to be quasiconvex. In the scalar case, rank-one convexity and quasiconvex-

ity are in fact equivalent. Although a series of results exist linking the two notions,
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Figure 2.1: A gradient taking the values A and B on either side of the planar interface
x-m=k.

Sverék in [134], constructed an ingenious counterexample showing that for functions
@ MN*4 — R with d > 2 and N > 3 the reverse implication does not hold in
general. Yet, it remains an open problem to verify whether quasiconvexity is implied
by rank-one convexity in the case d > N = 2. In this thesis, we will be interested
in the case d = N = 3 and hence rank-one convexity cannot serve as a sufficient
condition for quasiconvexity.

As mentioned earlier, Ball [7] introduced a different notion that he called polycon-

vexity. For the purposes of the next definition let o (s) = (‘;)2 and 7 (d) = 3% o (s).

Definition 2.1.6. A function ¢ : M¥? — R U {400} is called polyconvez if there
exists a convexr function g : R™@ — R U {+oo} such that

p (F)=g(T(F)) (2.1.14)

where T (F) = (F, adj, (F),..., adj,_; (F), det F) and adj, stands for the matriz of

all s X s subdeterminants of F.
Hence, for d = 3, ¢ is polyconvex if
©(F)=g(F, cofF, det F). (2.1.15)
Polyconvexity and quasiconvexity can be linked in the following way:

Theorem 2.1.9. Let ¢ : M™% — R be polyconvex and p > d. Then ¢ is WP

quasiconvez; in particular, o is (WhH™ ) quasiconvez for any d.

We should point out that the convex function g in the definition of polyconvexity
need not be unique. Moreover, the reverse implication of Theorem 2.1.9 does not hold

in general and the reader is referred to Sverdk [133], among others, for examples of
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quasiconvex functions that are not polyconvex. As remarked already, Ball in [7] used
the notion of polyconvexity to prove that integral functionals involving polyconvex
integrands are weakly lower semicontinuous and proved existence results under the
constraints of nonlinear elasticity.

Another class of functions is that of quasiaffine maps which we introduce next.
We note that these are very important as they enjoy remarkable weak continuity

properties.

Definition 2.1.7. A function ¢ : M%¢ — R is called quasiaffine if ¢ as well as —¢

are quasicom)ex.

This is an analogue of affine functions with respect to convex ones and it practically
means that inequalities are replaced by equalities in the definition of quasiconvexity.
Similarly, one can define polyaffine and rank-one affine functions in the obvious way.
Nevertheless, Ball [7] asserts that they are equivalent. With the definition at hand,

one can prove the following result which can be found in [7].
Theorem 2.1.10. Let ¢ : M¥*? — R. The following are equivalent:
(i) ¢ quasiaffine.

(ii) ¢ is a null Lagrangian, i.e. the Euler-Lagrange equations DivDpp (Dy) = 0 are
satisfied for all smooth functions y : R¢ — R,

7(d)
(iii) ¢ (F)=c+ Z csadj, (F) where ¢ =constant and c, € R7().
s=1

(iv) y +— ¢ (Dy) is weakly continuous (weakly* if p = oc) as a mapping from WP —
L' for p large enough (p > d suffices).

When discussing WP gradient Young measures, we noted the minors relations:
(e, adj,) = adj, (7z) (2.1.16)

for all subdeterminants adj, of order s < p. This should now be clear, as Jensen’s
inequality holds for +adj,.

Moreover, note that for d = 3 the only quasiaffine functions are of the form
@(F)=b+C-F+D-cofF+edet F

where b, e € R and C, D € M?3*3. To sum up, for finite-valued functions, we have

the following implications:
® convex = @ polyconvex = ¢ quasiconvex = ¢ rank-one convex (2.1.17)

whereas, and in particular in the case d = 3, the reverse implications are all false.
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Generalized convexity conditions for sets

We next discuss the above generalized convexity conditions for sets. These are
extremely useful for the study of microstructure in shape-memory alloys as they
enable us to identify the set of all recoverable strains, i.e. all the deformations that
the alloy can recover upon heating.

Before discussing these conditions formally, we note that different authors follow
different approaches and the definitions given here may not entirely agree with certain
expositions, e.g. Dacorogna [46], Zhang [148]|. However, we briefly comment on some

of these differences.

Definition 2.1.8. Let E C M9 We say that E is quasiconves if there exists a

non-negative, quasiconvex function v : M¥>¢ — R such that
E={¢1(0)} ={FeM> y(F)=0}. (2.1.18)

Similarly, we can define polyconvexity and rank-one convexity of sets where we
stress the fact that the function 1 is required to be finite-valued. In particular, since
1 is continuous, polyconvex, quasiconvex and rank-one convex sets are then closed by
definition. This is a major difference between other expositions where these sets may
be open; for instance, polyconvexity and rank-one convexity may be naturally defined
- and indeed they are in some contexts - by requiring that the indicator function of
the set is respectively polyconvex or rank-one convex. However, a different definition
would then be required for quasiconvexity as the respective notion for infinite-valued
functions has not been defined. For our purposes, it seems more convenient to use
Definition 2.1.8 which is uniform for all notions and, without perplexing definitions
or notation, provides all the desired definitions for the respective semiconvex hulls

which we present next.

Definition 2.1.9. Let K C M%< The quasiconver hull of K, denoted by K9, is
defined by
K% = n {FE 2 K : E quasiconvez} . (2.1.19)

Clearly, if K is quasiconvex then K = K%. Similarly, one can define the con-
vex, polyconvex and rank-one convex hull of a set K denoted by K¢ KP¢ and K"

respectively.
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Remark. As we shall see, in the case where K = |JY | SO(3)U;, the quasiconvex hull
is precisely the set corresponding to the deformation gradients of all linear transfor-

mations that the alloy can recover.

Equivalently, we have the following characterization: let K C M99, The quasi-

convex hull of K is given by
K= {F e M™®: ¢ (F)<0,V¢: M>* — R quasiconvex, ¢| g < 0}, (2.1.20)

where substituting quasiconvex for convex, polyconvex or rank-one convex we obtain a
characterization for the respective hulls. To see the equivalence with Definition 2.1.9,
let K% be as in the right hand side of (2.1.20). Suppose that F' € K \ K% by
definition, there exists a quasiconvex set £ 2 K such that F' ¢ E. But £ = ¢~ ({0})
for some finite-valued, non-negative quasiconvex ¢ and hence ¢(F) > 0. But K C
so that ¢| < 0 contradicting F' € K. Conversely, suppose that F € K \ K,
then ¢ (F') > 0 for some finite quasiconvex function with | < 0; let ¢ = max {1, 0}.
This is a (finite) non-negative quasiconvex function which vanishes on K, i.e. ¢~ *({0})
defines a quasiconvex set such that ¢g71({0}) 2 K and thus ¢~'({0}) 2 K%; but
F ¢ g7'({0}) contradicts F' € K.

In the context of martensitic transformations, we will be interested in compact

sets K and, in this case,
K — {F € M. (F) < maxyy, Voo : M 5 R quasiconvex} . (21.21)

Needless to say that by replacing ¢ quasiconvex by 1 convex, polyconvex, rank-one
convex, one obtains the definitions of K¢ KP?° and K" respectively. That the set
defined by (2.1.21) is contained in the set given in (2.1.20) is trivial and, as for the
other direction, it suffices to consider the function ¢ = max{t¢ — maxx,0}. We
note this characterization as it will be particularly useful.

As before, we remark that the above definitions always return a closed set. In fact,
if one is interested in obtaining open hulls, one would be required to include infinite-
valued functions in Definition 2.1.20, with a more elaborate definition required for
quasiconvex hulls; of course, Definition 2.1.8 will no longer suffice (see [46] for details).
For general sets K, including infinite-valued functions in (2.1.20) for the convex or
polyconvex hull will simply return a set whose closure is K¢ or KP¢ respectively
and, in particular, when K is compact including infinite-valued functions will make
no difference in the case of convex or polyconvex hulls. On the other hand, rather

interestingly, including infinite-valued rank-one convex functions in (2.1.20) delivers
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another semiconvex hull which is called the lamination convex hull of K2. This will

be very useful in practice and we give the definition next.

Definition 2.1.10. A set E C M%9 is called lamination convex if
AMF+(1-MN)Ge E YAe(0,1)

whenever F, G € E and rank (F — G) = 1. The lamination convez hull of a compact

set K C M9 is defined as the smallest lamination convex set containing K and is
denoted by K'°.

Clearly K'* ¢ K" and using the respective implications for functions (2.1.17) one

can easily obtain the following inclusions:
KCK*cCK™cK*c K" C K" (2.1.22)

Just as in the case of the convex hull, there are alternative characterizations of the
above semiconvex hulls which can prove to be much more useful in practice. We
introduce these here without any proofs. These can be found in [105].

As before, let K C M9 be compact. The following characterizations are equiv-
alent to (2.1.21):

e (gradient Young measures)
K = {17 : v homogeneous W gradient Young measure with suppr ¢ K } .

This is a direct consequence of the characterization of WH* gradient Young

measures given by Kinderlehrer and Pedregal in Theorem 2.1.5.

o (weakx limits) There exists y* € Whe (Q,]Rd) such that dist(Dy*, K) — 0
in measure and Dy* = Dy in L™ for some y € W (Q,R?) if and only if
Dy e K% a.e.

e (linear boundary conditions)

K — F € M%*?: Jsequence y* bounded in W such that
B yﬁfm = Fx and dist(Dy*, K) — 0 in measure :

As regards polyconvexity, and using the same notation as in Definition 2.1.6, we

get the following equivalent characterizations:

2Some authors, e.g. Dacorogna [46], define this as the rank-one convex hull.
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By Carathéodory’s Theorem [118] for convex sets it can be shown that (see [48])

(d)+1 7(d)+1
K" =S FeM™ :T(F)= ) ANT(F),FecK XN>0 > \=1
i=1 =1

KP¢ can also be written as the projection on d x d - dimensional space of a

convex set in dimension 7 (d) (see [46]); that is
kP = {F e M . T(F) e K}
where K = {T'(F) : F € K}.

(probability measures) Theorem 2.1.5 showed that every homogeneous W1
gradient Young measure satisfies Jensen’s inequality for all quasiconvex func-
tions. Let us write M9 MP¢ and M" for the set of homogeneous probability
measures supported on K satisfying Jensen’s inequality for quasiconvex, poly-
convex and rank-one convex functions respectively. Rather trivially, from the
implications on functions, M"™ C M% C MP¢. One can show® that MP¢ con-

sists precisely of those measures satisfying the minors relations (2.1.16), i.e.
M () = (v, M) for all minors of order s =1,...,d

and then,
K ={v : ve MPY}.

In a similar fashion, we can get a characterization of the rank-one convex hull in

terms of probability measures; in particular,

Ke={v:veM-}.

All measures in M"¢ are homogeneous gradient Young measures which are referred

to as laminates.

Note: There are no explicit equivalent characterizations of polyconvex and rank-one

convex hulls in terms of weak limits of sequences.

3Similarly to convex and affine functions, any (finite-valued) polyconvex function is given as the
pointwise supremum of the quasiaffine maps that lie beneath it (see [7, 46]); then, taking the limit
in the minors relation we obtain Jensen’s inequality for polyconvex functions.
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Finally, we introduce a characterization of the lamination convex hull which will

prove to be very useful in the description of microstructure. Let
KD = KOU{AF+(1-MNG : F,Ge K9 rank(F - G) =1, A€ [0,1]}

and K = K. Then,
K=K (2.1.23)
=1

In short, this says that we can reconstruct the lamination convex hull from the original
set simply by inductively adding rank-one segments.

There is an extensive literature on such semiconvex hulls and the reader is referred
to Zhang’s extremely interesting work [147, 148, 149, 150], Dolzmann et al. [54] as well
as Dacorogna [46] for further results. Before finishing our discussion on the calculus of
variations, we note some examples of known semiconvex hulls that we will encounter
later on. The known cases are relatively simple and, in general, calculating such hulls
or extracting information about their structure is a rich and intricate problem which
is far from trivial - this will concern us more in Chapter 3.

In the subsequent chapters, we will be interested in compact sets K that satisfy

a determinant constraint and are SO (d) invariant, i.e. K is of the form

N
K =|JsS0(a) U
i=1
where det U; = A, a positive constant, and the wells SO (d) U; are (rank-one) compat-
ible with each other; that is for all 4, j = 1,..., N with ¢ # j there exists R € SO (d)
such that
rank (RUZ - UJ> =1.

In this case some results are well established; however, the number of wells and
the dimension play a crucial role. Moreover, relaxing the assumptions on rank-one

compatibility or the determinant constraint can dramatically alter the results.

e The one-well problem: When N = 1 there can be no rank-one connections
between a well and itself and it can be shown that the quasiconvex hull is trivial
in this case, i.e. K% = K. Moreover, any gradient Young measure supported

on one well must necessarily be homogeneous. For references see [10, 19, 85].

e The two-well problem: In two dimensions, it has been shown that all semiconvex

hulls are trivial whenever the two wells are incompatible [135]. In fact, in
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[30, 136] this is shown to hold for any number of wells. Then, as in the one-
well problem, any gradient Young measure supported on two incompatible wells

must be trivial (i.e. supported on only one of them) and homogeneous [100, 135].

When the two wells are compatible, i.e. rank-one connections exist between
them, the situation alters entirely. If we do not set a determinant constraint but
simply require that the determinants of the two wells are positive, the problem
has been solved by Sverdk in [136] who showed that K7 = K9 = K" = K,
On the other hand, if we do assume that the wells have equal determinant, the
quasiconvex hull is given by K ?); in fact, in this case, the result can be extended
to an arbitrary number of wells which relies on the fact that necessarily the wells

have to be compatible (see [30, 52] for proofs). We make use of this in Chapter 3.

In three dimensions, the quasiconvex hull has been computed by Ball and
James [19] in the case of compatible wells with equal determinant, where they
showed that K9 = K' = K®_ If the two wells fail to have equal determinant
there are no general results known to the author. On the other hand, if the two
wells are incompatible there are many results which provide partial solutions,
usually under strict assumptions. The reader is referred to Dolzmann, Kirch-
heim, Miiller and Sverdk in [55] for such results. In particular, they show that
K7€ is always trivial - hence the same holds for K?¢ and K9 - if the wells satisfy
certain involved conditions on their eigenvalues. However, there are examples

where K¢ is not trivial, leaving K¢ open to investigation.

Three-wells or more: In two dimensions we have already mentioned that a gen-
eral characterization exists for the case of equal determinant and for any number
of wells. In three dimensions, it is worth mentioning that in the special case
of an arbitrary number of wells having an equal eigenvalue and corresponding
eigenvector, the problem can be reduced to that in two dimensions to show that
K = K'* = K®: however, this is by no means a general result. For other
cases, or more dimensions, hardly any concrete results exist. We note that
Friesecke has a presented but unpublished formula for the polyconvex hull of
three compatible wells [66] in three dimensions and it has been conjectured that
KP¢ = K9 - a conjecture which remains open. Moreover, there are interesting
results of Dolzmann and Kirchheim [53] and, more recently, of Conti, Dolzmann
and Kirchheim [41] showing e.g. that the problem of three compatible wells with
equal determinant has a relative interior of full dimension. We do not elaborate

further as we shall use their ideas in Chapter 3.
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It is evident that the situation becomes dramatically complicated even for the
three-well problem. In fact, for four wells or more, the problem becomes almost
completely open in three dimensions. Even in the case of four incompatible wells
(in fact even for four incompatible points) the quasiconvex hull can be non-trivial.
The construction that exhibits this is commonly referred to as the T-4 configuration,
or Tartar’s square, and details can be found in [31] or [105]. We also note that
throughout this discussion we have assumed that the wells have determinants of the
same sign. If this is not the case, even for two incompatible wells in two dimensions
the problem can be non-trivial. In [37] it is shown that indeed there can be non-trivial
gradient Young measures supported on such wells. For a more detailed account of
problems on semiconvex hulls, we refer the reader to [52, 105].

At this point, we put an end to our introductory discussion on the calculus of
variations and embark on the description of the model for martensitic phase trans-

formations where we see how the above ideas are implemented.

2.2 The Nonlinear Elasticity Model

Here we aim to provide a full description of the continuum theory as established by
Ball and James [13, 18]. In doing so, we follow a rather standard presentation and
start by introducing Bravais lattices and an atomistic description of the theory. We

do that in three dimensions.

Bravais Lattices and Link to Continuum Theory

Definition 2.2.1. A Bravais lattice L (g;,0) is a set of points in R® such that there
exist linearly independent vectors {g1, g, g3} € R® with the property that

L(gi,0) = {x eR®:x=1'g; + o0, wherev', 1?1’ € Z}, (2.2.1)
where repeated indices denote summation.

In other words, a Bravais lattice is simply a set of points in the three-dimensional
space obtained by the translation of a single point o through three linearly inde-
pendent vectors {g;, g2, 83}. The three vectors, {g1, g2, 83}, define the unit cell for
this lattice and are referred to as the lattice vectors. In three dimensions, there are

precisely 14 Bravais lattices which are given in Fig. 2.2.
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Figure 2.2: Unit cells for the 14 three-dimensional Bravais lattices.

At this point, we introduce some notation regarding lattices which will be of use
for the remainder of this thesis. A direction in a lattice, denoted by [uvw], is the

direction given by the vector
d = ugy + vg2 + wgs.

Moreover, a class of crystallographically equivalent directions is denoted by (uvw)
and it contains all the directions given by permutations of u, v, w including the
replacement of each by its additive inverse. As an example, in a simple cubic lattice
with lattice vectors parallel to the edges, the class (100) includes the directions [100],
[100], [010], [010], [001] and [001], where the overhead bar is used to denote the
additive inverse.

It is also important to introduce planes in a lattice; this is done through the use
of reciprocal vectors (see Ashcroft and Mermin [6] for details on reciprocal lattices).
Assume that the unit cell of a lattice is given by the vectors {g1, g2, g3}. Then, the

reciprocal vectors, {g!, g% g}, are such that

gzg]:dma iaj:172a37
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where §;; denotes the Kronecker delta. Then, the (abc) plane is simply the plane with
normal

n = ag' + bg® + cg’

and a class of crystallographically equivalent planes is denoted by {abc}. For example,
in a simple cubic lattice, {110} = {(110),(110),(101),(101),(011),(011)}. Notice
that these exhaust all the possibilities, as multiplying a, b, ¢ by a constant does not

change the plane in any meaningful way.

Definition 2.2.2. If the numbers u, v, w (or a, b, ¢) are all rational, then we say

that the direction [uvw] (or the plane (abc)) is a rational direction (rational plane).

Once again we note that multiplication by a positive constant does not make a
meaningful change either in a direction or a plane in the lattice, as it only changes
the magnitude of the vectors d and n respectively. Therefore, in the above case,
each of the rational numbers can be expressed as an integer simply by multiplying by
the smallest common multiple of the denominators. This enables one to understand
rational directions and rational planes, respectively, as those directions that pass
through lattice points and as those planes on which a two-dimensional sub-lattice
lies.

After this small elementary discussion on Bravais lattices, we proceed to discuss
lattice deformations and their symmetries. This will enable us to describe the setting
under which the continuum model is introduced.

A result in crystallography, [56], implies that a Bravais lattice cannot determine

its lattice vectors uniquely:

Theorem 2.2.1. Consider two Bravais lattices given by L (g;,0) and L (g;,0). Then
L(gi,0) = L(g;,0) if and only if there exists a 3 X 3 matriz with integer entries,
(u{), such that det (NZ) ==+1 and

g = ulg;,
where again the summation convention is used.
Let
G={u= () e M¥>* .yl €Z,i,j=1,2,3and det = £1}.

G forms a group referred to as the invariance group of the lattice and it consists of
all those linear transformations which map a Bravais lattice into itself; in particu-

lar, G includes shears and rotations alike. However, large shears are associated with
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plastic deformation and slip which are not elements associated with typical deforma-
tions of shape-memory alloys; additionally, the Cauchy-Born hypothesis, which will
provide the link between the atomistic and the continuum model, is violated if dislo-
cations and slips are allowed. Also, it was shown by Fonseca [60] that a variational
model with G as a symmetry group will necessarily be extremely degenerate. Includ-
ing such shears in the model would make the notion of a Bravais lattice inadequate
to describe the crystal and, instead, a local theory of material symmetry is needed
(e.g. Ericksen [57]). In this we only consider an appropriate neighbourhood of the
lattice vectors, say {g;}, where appropriate means a neighbourhood large enough to
include elastic deformations and the phase transitions relevant to martensitic trans-
formations, whilst large shears inherent in the invariance group G are excluded. This
neighbourhood will also serve as the domain of the free energy and, as such, it is
essential that it is invariant under a group which acts as the invariance group of that
free energy. Hence, before we proceed, we define the point group of a Bravais lattice

L (g;) which serves as the invariance group mentioned above.

Definition 2.2.3. The point group P (g;) of a Bravais lattice L (g;) is defined as the

set
P(gi) = {Q €c0(3):Qg = uggj for some u € Q} , (2.2.2)

where O (3) = {R € M*3: RTR = RRT =1, det R = +1} is the orthogonal group.

It is easy to show that if £ (g;) = £ (g;) then also P (g;) = P (g;) and, hence, the
point group of a lattice is associated with the lattice itself. For instance, in a cubic
lattice with lattice vectors {g;}, i = 1,2, 3, denote P (g;) by P°. Then, P¢ consists
precisely of the 48 orthogonal transformations that map a cube back to itself.

The existence of such a neighbourhood has been proven essentially by Ericksen
[57, 58, 59] and Pitteri [114] but below, we present a version of this theorem due to
Ball and James [19]*. Prior to the statement of the theorem we introduce its notation.
Given a set N of vector-triples, QN denotes the set of all vector-triples of the form
{Qf, Qfy, Qfs}, Q € O(3), {f;} € N and 1 [N] denotes the set of all vector-triples of
the form pf;, p € G, {f;} € N.

Theorem 2.2.2. Let L(g;) be a Bravais lattice. Then, there exists a bounded, open
neighbourhood N' C (R?)* = R3 x R® x R3 such that

4The same idea was implicitly used by Parry [111] and another version of the theorem has also
been proved by Fosdick and Hertog [65]
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(i) {gi} €N
(i) QN = N'VQ € O (3), i.e N is O (3) invariant;
(iii) Y € G, nN] = N or u[N]ON = 0;
(iv) if p € G satisfies p[N] = N, then pg; = Qg; for some Q € P (gi).

In addition, if {g;} is such that P (g;) = P¢, then any bounded open neighbourhood
N satisfying (i), (i) and (iii) has the property that

pNI=N, neg <+ ulg; = Qg forsomeQ € P". (2.2.3)

The neighbourhood, N, is known as the Ericksen-Pitteri neighbourhood and the
above result provides its existence. Nevertheless, it does not address whether we can
find a connected neighbourhood with the desired properties. The latter has been
addressed in detail by Pitteri and Zanzotto [115].

Due to the argument in Theorem 2.2.2; one is forced to restrict attention to those
transformations where the symmetry of one phase is greater than that of the other. In
addition, we need to choose the higher symmetry phase as the reference configuration
and the point group of that phase as the set of symmetry operations. Otherwise said,
the point group of the martensite, P™, must be a strict subset of the point group of
the austenite, P?, i.e.

P C P
Now assume that the austenite phase of a martensitic alloy has a Bravais lattice
given by L (g?) with corresponding point group P*. Further, assume that there is
a positive definite symmetric matrix U, depending on the lattice parameters, which
represents the transformation of the lattice vectors {g!}, and hence of the lattice
L (g?), to the martensite lattice £ (Ug!) with point group P™. Denote the Ericksen-
Pitteri neighbourhood of the austenite lattice vectors {g/'} by N? and assume that
{Ugl} € N?. Ball and James [19], show that the point groups of the austenite and

martensite phases must satisfy
P"={ReP*:RUR" =U}. (2.2.4)

The above condition characterizes the set of all positive definite, symmetric matrices
that give rise to the change of symmetry from P¢ to P™ in NP. P™ is clearly a
subgroup of P (closed under matrix multiplication, contains multiplicative inverses

and the identity matrix), containing precisely all the orthogonal transformations R
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which map U into itself. Also, note that elements of P% and P™ with determinant —1
are irrelevant for (2.2.4) as R appears twice. For this reason, we restrict attention to
point groups containing rotations only; that is, only the Laue groups P*N.SO (3) and
P™NSO (3) are to be considered from now on. For simplicity these are not relabeled,
i.e. Pa/m = Paimn SO (3).

It is worth noting that there is a restriction set by the fact that the point group
of the martensite must be a subgroup of the point group of the austenite. Namely,
it discards transformations, such as the face-centered cubic to body-centered cubic,
where this is not the case. However, such martensitic transformations are typically
irreversible and beyond our scope.

A very important consequence of (2.2.4) is that, due to the different possible
representations of the subgroup P™, it gives rise to multiple variants of martensite.
To be more specific, consider R € P? such that R ¢ P™. Then, from the definition
of P™, it becomes clear that RURT =V with V # U a positive definite, symmetric
matrix. Now, let |P?| and |P™| denote the order of the groups P* and P™ respectively.
Since, for any R € P™, V = R(RUR") R" = (RR)U (RR)T, we see that there are
precisely |P™| elements of P that return the matrix V. Therefore, the number n of

distinct symmetry related, positive definite, symmetric matrices that can be obtained
as RURT with R € P® is exactly

n = |,Pa‘ .
P

These distinct positive definite, symmetric matrices, Uy, ...,U, say, are called the
variants of martensite and their number can differ significantly according to the
relative symmetry of the parent and the product phase. For example, in a cubic-to-
tetragonal transformation n = 3 whereas for a cubic-to-orthorhombic n = 6.
Henceforth, let us assume that the austenite lattice is cubic, i.e. P* = P¢, and
write g¢ for the austenite lattice vectors and N° for the Ericksen-Pitteri neighbour-
hood; this is the only case that will concern us in this thesis. We now make the
assumption that the lattice parameters do not remain fixed but change slightly with
temperature due to ordinary thermal expansion. To account for this fact, we re-
quire that the lattice parameters, and hence the lattice vectors, are dependent on
the temperature € Z, where Z C (0,00) is an interval of relevant temperatures
containing the critical temperature 6.. However, instead of defining a temperature
dependent neighbourhood, we define the Ericksen-Pitteri neighbourhood N¢ through

g¢(0.), the austenite lattice vectors at .. Naturally, we then require that for each
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0eZ, {gff)} € N°. Upon passage to the continuum theory, defining the Ericksen-
Pitteri neighbourhood in terms of gf(f..), will lead to the interpretation of the reference
configuration €2 as the undistorted austenite at #.. Note that the dependence of the
lattice vectors on the temperature is henceforth assumed but not displayed.

The nonlinear elasticity model is based on energy minimization and, as such, on a

free-energy density ¢ which is to be prescribed. Let ¢ € C° (N¢ x I) be of the form

¢ (81,82,83,0) - (2.2.5)

It is natural to make the two following assumptions:

(a) any two sets of lattice vectors generating the same lattice give the same value

of the free energy and

(b) the free energy of a lattice is the same as the free energy of any orthogonal

transformation of the lattice.
Otherwise said, we assume that for each 6 € Z,
(a) ¢ (,u{gj,G) = ¢ (g, 0) whenever {g;} € N, u € G and plg; € N and
(b) ¢ (Rg;,0) = ¢ (g, 0) for all R € SO (3).

Further, we assume that the energy is minimized by austenite for temperatures 6 > 6.
and by martensite for < 6.; at the critical temperature 6. both the austenite and

the martensite are minimizers of the energy. That is,
(c) for each 6 € T such that 6 > 0., p (g%, 0) < ¢ (g;,0) for all {g;} € N¢ and
<

(d) for each 6 € Z such that 6 < 6., ¢ (Ugs, 0) < ¢ (g;,0) for all {g;} € N°.

In view of (a) and (b), the existence of minimizers from (c¢) and (d) implies the
existence of more minimizers via invariance. In particular, for > 6., (b) says that
{Rg{} also minimizes ¢(-,8) for all R € SO(3). Similarly, for § < 6., {RUg{} with
R € SO(3) minimizes ¢(+,0) but, due to (a), so does {u{RUgf} for any z/ € G with
ulN¢] = N¢. Making use of Theorem 2.2.2 (iv) (see [19] for proofs), we see that the
orbits {RUgS : R € SO (3), k=1,...n} are all energy-minimizing for § < . where
Ui,...,U, are the martensitic variants obtained as RURT, R € P¢ (say, U = U,).
These are all the minimizers of ¢(-, ) and we proceed by strengthening (c¢) and (d):

(¢”) for each 0 € Z such that 6 > 6., the orbit {Rgf: R € SO (3)} is a strict mini-
mizing set for ¢ (-,0) on N¢ and
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(d”) for each 6 € Z such that 6 < 6., the orbits {RUxgi: R € SO(3), k=1,...n}

are strict minimizing sets for ¢ (-, 6) on N°.

The set {Rg{ : R € SO (3)} represents the energy well of the austenite, whilst the sets
{RUg: Re SO (3)},...,{RU,g : R € SO (3)} represent the n energy wells of the
martensite. A schematic representation of the free-energy density and its energy wells,

relative to the temperature, is given in Fig. 2.3.

0 >0,

0 <0,

martensite austenite martensite

Figure 2.3: Schematic representation of the free-energy density. The relative stability
of each phase is shown by the height of the corresponding energy wells.

Before we formally proceed to the description of the continuum theory, we men-
tion that in some alloys the arrangement of atoms on the crystal lattice is such that
different types of atoms appear in different periodic arrangements. These cannot be
described by a Bravais lattice as it would require either to ignore the difference or
to ignore one of the types of atoms. Such structures are called ordered structures or
superlattices and they can be described by a collection of congruent Bravais lattices
which are shifted or off-set from one another. This collection of congruent Bravais

lattices is called a multi-lattice and Fig. 2.4 provides an example of such a 2-lattice.
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An analysis similar to the above is possible where the lattice, and consequently the
free energy, have a dependence on a function describing the shift or off-set. Never-
theless, according to the Cauchy-Born hypothesis, these shifts are not present in the
continuum deformation and can be ignored by minimizing them out of the problem
(see James [81]). The good agreement between experiments and theoretical predic-
tions in shape-memory alloys, which are commonly multi-lattices, allows us to ignore
the shift and discard it from the minimization. Yet, this agreement is satisfactory
when we consider statics, as in metastable and dynamic problems, shifts can have a
much greater effect [32, 81, 96].
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Figure 2.4: Example of a multi-lattice obtained by 2 congruent Bravais lattices.

The Continuum Model

At this point, we are in a position to make the passage from the atomistic to
the continuum model by making use of the Cauchy-Born hypothesis which relates
microscopic to macroscopic motion by regarding the lattice vectors as infinitesimal
line segments in the continuum. To be precise, let 2 C R? be a bounded domain (open
and connected) describing the region occupied by the crystalline solid in the reference
configuration. Also, let y :  — R? be a function describing the deformation of the
body; that is, the material point at x € €2 in the reference configuration is displaced
to the point y (x) in the deformed configuration, and let I’ = Dy be the deformation
gradient. In the continuum theory, we restrict attention to deformations that preserve
orientation and hence we impose the condition that det F' > 0. We note that this is
related to the issue of invertibility as, for any physically realistic model, one needs to

exclude interpenetration of matter, i.e. one needs to ensure invertibility of y in the
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interior of . We note that if y € C'(Q,R?), the condition det F' > 0 ensures local
invertibility by the inverse function theorem, i.e. invertibility in a neighbourhood of
each x € Q; this is a weaker condition and of course y will typically not be as smooth
since the existence of minimizers is only established in W'?(Q, R3). We do not remark
further on the issue of invertibility as this will be a main point in Chapter 4 where
references can be found. Then, the Cauchy-Born hypothesis says that a free-energy
density ¢ : N¢ — R is defined for each 6 € T by

p (F.0) = ¢ (Fgi,0) (2.2.6)

where

N¢ ={Ae M :detA>0and {Ag;} € N}. (2.2.7)

For mathematical rigour, we wish to impose standard coercivity and growth con-
ditions on the continuum density ¢ and, hence, we need to assume that ¢ is defined
on the entire space Mixg of matrices with positive determinant. To justify this, let us
look back at the energy ¢ and consider a deformation of the lattice £(g¢) associated
to an element p of the invariance group G which is not in the point group P¢ = P(g),
e.g. a lattice-restoring shear; due to Theorem 2.2.2, u [N NN¢ = (). On the other
hand, the Ericksen-Pitteri neighbourhood contains the martensitic transformations
so that, if U is the deformation associated to the martensitic transition, the vector
triple {Ug¢} belongs to N¢. Since u corresponds to a lattice-restoring shear, as we
move from {Ugf} to { 1] g}, one expects to find a high energy barrier as shown in
Fig. 2.5. In particular, since plastic deformations are not associated to martensitic
transformations in shape-memory materials, the energy barrier for the martensitic
transition is expected to be lower than that of the shear deformation. Hence, in order
to confine ourselves to deformations with moderate energy, it is reasonable to restrict
attention to the neighbourhood N¢; consequently, we justify redefining the contin-
uum energy ¢ on Mixg’ by naturally expecting its minimizers to lie in A¢. This is of
course not a rigorous justification but we do not elaborate further as this is in fact a
rather deep problem in the theory presented here.

In the continuum theory we consider the problem of minimizing the total free

energy of the crystal
W) = [ ¢(Dyx).0) (228)

among all deformations y € A where

A= {y € Wl’p(Q,Rg) tdet Dy > O a.e. and yjpq, = gj} , (2.2.9)

43



{Uss} {1igs}

N N

Figure 2.5: The energy density ¢ as one moves from a deformation U of the lattice
L(g¢) associated to the martensitic transition, to a deformation p associated to an
element in G \ P(g$); we note the high energy barrier expected between these two
points.

for some p > 1 as described in the previous section. The fact that there might be
no condition specified for the remainder of the boundary, corresponds to a ‘natural
boundary condition’ of surface tractions being zero there.

Following our discussion on the atomistic description, it becomes clear that the
energy density ¢ of the continuum model immediately inherits properties (a), (b),
(¢’) and (d”). Thus, in the continuum setting, for each § € Z and F € N,

(a) ¢ (FQ,0) = ¢ (F,0) for all Q € P° - material symmetry - and
(b) ¢ (RF,0) = ¢ (F,0) for all R € SO (3) - frame-indifference.

Since we are considering matrices with positive determinant, from the polar decompo-
sition theorem, we can write F' = RU where U is a unique positive definite, symmetric
matrix and R is a rotation. Then, condition (b) now implies that only the symmetric
part U = VFTF of any deformation gradient needs to be considered, thus justify-
ing our assumption that the transformation matrix U was a positive definite and
symmetric matrix.

We also obtain that

(¢”) for each 6 € Z such that 6 > 0., the orbit {« (0) SO (3)} is a strictly minimizing
set for ¢ (+,0) and

(d”) for each 6 € T such that 6 < 6., the orbits {{J._, SO (3) U;} are strictly mini-

mizing sets for ¢ (-, 0)
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where {U;, i = 1,...n} is the set of martensitic variants and the function « (#) in (¢”)
is simply a coefficient accounting for ordinary thermal expansion such that « (6,) = 1.
This leads to and is consistent with the fact that we interpret the reference configu-
ration {2 as the undistorted austenite at the critical temperature.

By adding to ¢ an appropriate function of the temperature #, we may assume
that infpeq @ (F,0) = 0. Then, in accordance with (¢”) and (d”), the set K, of

energy-minimizing deformation gradients at temperature 6, i.e.

Ky={F e MY :p(F0)=0}

becomes
a(0)SO(3), 0> 0.
Koy=< SO3)uU U?Zl SO (3)U;, 0 =20, (2.2.10)
U?:l SO (3) Uy, 0 <4..

In what follows we shall assume that the energy density o (-,6) : M2*® — [0, 00)

is continuous and satisfies the following growth condition:
—c1+|FP<p(F)<ca(|FP+1) (2.2.11)

for all F € M3 and for some ¢j, ¢ > 0 and 1 < p < oo. Above, M3*® =
{A € M*3 :det A > 0}. Moreover, we recall that ¢ satisfies conditions (a) and (b);
that is, material symmetry and frame indifference.

We have already mentioned that the growth condition above is inconsistent with
the natural constraint that ¢ (F,0) — oo as det ' — 0". Nevertheless, for mathe-
matical rigour, we shall assume (2.2.11) and we keep in mind that this condition can
be dropped and the constraint can be effectively handled (Ball and James [19)]).

As alluded to previously, energy densities for crystals which account properly for
crystallographic symmetry are typically not quasiconvex. In particular, the set K ()
usually contains rank-one connections, i.e. pairs of rank-one connected matrices, and
when this is the case, ¢ becomes zero at two matrices whose difference is of rank-
one. This implies that, were ¢ rank-one convex, it would become zero along the line
segment connecting the two matrices and lying outside the set Ky. This contradicts
our assumption on the zero set of ¢ and we conclude that ¢ cannot be rank-one
convex and, therefore, it cannot be quasiconvex either; thus, in dimension d > 1, we
cannot ensure that the infimum of Iy, under suitable boundary conditions, is attained.

This lack of quasiconvexity is precisely what gives rise to microstructure. Any

infimizing sequence will have to approach the set Ky in measure without the limiting
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configuration necessarily being a minimizer of ¢. Such a sequence will involve finer
and finer features (oscillations) and the hypothesis is that, in the limit, these can
model the extremely fine microstructures observed. Provided our infimizing sequence
is, say, bounded in WP we can deduce that - at the temperature 6 - it will generate

(up to a subsequence) a gradient Young measure (v, ), such that
supp v, C Ky for a.e. x € Q.

However, from our relaxation theorems, its centre of mass v, € A will be energy-
minimizing for I9¢ which was interpreted as the macroscopic energy. Therefore, 7, is
interpreted as an energy-minimizing macroscopic deformation gradient.

Moreover, we made the assumption that [ = inf 4 Iy = 0. Since we will primarily
be interested in linear boundary conditions, i.e. ¥ = Fx say in (2.2.9), we restrict
attention to these. In this case, it is clear that [ = 0 if and only if, there exists
a minimizing sequence y* such that y‘%ﬂ = Fx and dist(Dy*, Ky) — 0 in measure.

Thus, in the context of the previous section, we may say that
iIfl‘f Iy=0& F e K} (2.2.12)

and the set KjJ° corresponds precisely to the set of all recoverable strains under dis-

placement control at temperature 6.
Simple laminates

Suppose that A, B are martensitic variants. The simplest solution to the relation
Dy € {A, B} is a so-called simple laminate, as in Fig. 2.6, where Dy is constant
in alternating bands bounded by the planes x - n = constant. We note that for the
deformation to remain continuous across the interfaces x-n = constant, the Hadamard

jump condition (Lemma 2.1.8) must hold; that is,
B—A=a®n

for some non-zero a € R?, i.e. A and B must be rank-one connected. This is a rather
strict condition set on the two variants and the above equation needs to be solved.
We elaborate on this shortly and for the purposes of this example let us assume that
this is indeed the case.

As an illustration of the use of Young measures, let ' = AA + (1 —\) B be a
convex combination of the two variants. We wish to construct a gradient Young mea-

sure which can effectively describe a simple laminate and its underlying deformation
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Figure 2.6: A simple laminate of martensite between the variants A and B = A+a®n.

satisfies the linear boundary condition Fz. This is a fundamental example in the
continuum model for martensitic transformations and it will be used repeatedly.

Let us consider a sequence of deformations y* : Q — R? uniformly bounded in
Whee (Q,R3) such that

dist (Dyk, {A, B}) — 0 in measure,
y"(z) = FzondQ.

Such sequences can be constructed as in Fig. 2.7 by letting Dy”* correspond to a
simple laminate with bands of alternating width Ak, (1 — X) k~! upon which Dy*
takes the values A, B respectively, this being modified in a layer of width 1/k near
09 so as to exactly satisfy the boundary condition (see e.g. [105] for details).

os2

transition layer

1/k

)

Figure 2.7: Schematic depiction of the sequence of gradients Dy*, bounded in L,
approaching the set {A, B} in measure and modified near the boundary so as to
satisfy the boundary condition.
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Let v = (v,)

view of the Fundamental Theorem on Young measures (Theorem 2.1.4), we deduce

scq be the Young measure generated by (a subsequence of) DyF. In

that [|vz]| varsxsy = 1 and that suppv, C {4, B} ae. in {0, ie.

ve = (@) 8a+ (1 - p(2)) 6.

By considering a further subsequence, we may assume that y* = y in W5, Choosing
1 =1id in Theorem 2.1.4 (ii), we infer that Dy () = (v,,1d) so that

Dy(z)=p@) A+ (1 —p(x)B)=A+ (1 —-p(x)a®n.

Extending y* and y by Fz outside  we see that the map y () — Az is constant on
the planes x - n = constant. Hence, y (z) = Fx and p(x) = ), i.e. the sequence Dy*

generates the unique homogeneous W1 gradient Young measure
V:>\5A+(1 —)\)53.

Remark. We note that, unlike simple laminates, the microstructure corresponding
to v has no characteristic length-scale. Nevertheless, in view of the relaxed minimiza-
tion problem, we refer to this microstructure as a simple laminate and interpret the
centre of mass of v, ¥ = AA + (1 — \) B, as the macroscopic deformation gradient
corresponding to a simple laminate. This will play a pivotal role in the construction

of austenite-martensite interfaces.
Interfaces and Twins

Due to the Hadamard jump condition, we saw that zero-energy interfaces are in
one-to-one correspondence with rank-one connections between the sets SO (3) U; and
SO (3) U;. Naturally, we wish to determine the conditions under which these sets are

rank-one connected.

Definition 2.2.4. Let U,V € M3>**. We say that the wells SO (3)U and SO (3)V
are rank-one connected if there exist rotations Ry, Ry € SO (3) and vectors b,n € R3,
|n| =1, such that

RV — RU =b®n. (2.2.13)

A pair (R,V, RyU) satisfying (2.2.13) is called a twin. Moreover, the vectors RYb and

n are called the twin plane shear and twin plane normal respectively.
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At this point note that, provided U,V are positive definite and symmetric, using
the uniqueness of the polar decomposition, b = 0 implies U = V. Conversely, if
U =V, multiplying (2.2.13) to the right by U~! and to the left by BRI we deduce that

R=14+a®U 'n,

where R = RY Ry and a = RTb; but then R is a rotation with two linearly independent,
axes of rotation (perpendicular to U~'n) and, therefore, R = 1 implying that there
are no rank-one connections between a well and itself.

On the other hand, for U # V, multiplying (2.2.13) to the left by RI and under
the notation R and a introduced above, we deduce the so-called twinning relation

which is to be solved for R, a and n; that is,
RV —-U=a®n. (2.2.14)
Multiply to the right by U~ to get that
RVU''=1+a®@U ™n (2.2.15)

and let
C=(1+m®a)(l+a®m), (2.2.16)

where C = U TVTVU=!, m = U Tn. Clearly, det VU~! > 0 and thus 1 +a-m > 0.
According to the polar decomposition theorem, (2.2.15) is equivalent to (2.2.16) and
the problem reduces to solving the latter.

The following result due to Ball and James [18] (see also Khachaturyan [84])

provides a general method for solving the above problem.

Theorem 2.2.3. Let C € M3, C' # 1 be symmetric and let \; < Xy < A3 be the
ordered eigenvalues of C. Necessary and sufficient conditions for C to be expressible
in the form

C=(1+m®a)(1+a®@m)

for non-zero a and m with 1 +a-m > 0 is that \; > 0 (i.e. C > 0) and Ay = 1.

The solutions are then given by

B As (1= M) A (g — 1)
a = p Wel + K Weg y (2217)

p= (%) (~Vihe+m/h—la), (2219
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where p # 0 is chosen to make m of unit length, e, e3 are normalized eigenvectors of
C' corresponding to A1, A3 respectively and k = +1. These solutions are unique up to
the substitution a — —a, m — —m and satisfy 1 +a-m = /A 3.

The solutions to our original problem (2.2.15) can now be specified simply by
setting n = UTm and substituting back to the equation to get the rotation R.

Next, assume that U,V are positive definite, symmetric matrices and that, for
some Q € SO (3), U = QVQT - these are conditions satisfied by the martensitic
variants. The following result provides a simple criterion for determining whether the

sets SO (3) U and SO (3) V' are rank-one connected.

Lemma 2.2.4. Let U,V € M>*3 be positive definite and symmetric and assume that
U=QVQT for some Q € SO (3). Then, the sets SO (3) U and SO (3) V are rank-one
connected if and only if

det (U* — V?) = 0.

In fact, Forclaz [64] shows that an equivalent condition is det (U — V') = 0.
Theorem 2.2.3, though useful, can in practice require many calculations. Al-
ternatively and in specific cases, one can use a result known as Mallard’s law (see

Bhattacharya [26]), which we present next.

Theorem 2.2.5. (Mallard’s law) Let Q = —1+2e®e be a rotation by angle w about

the azis e and suppose that
o V = PUQ for some rotation P, or equivalently, V'V = QUTUQ and
o VIV L UTU

Then, there are two solutions to (2.2.14) which are given by

U-Te
GZQ(W—UG), n=e (2219)
UTUe
_ _ -1

where p # 0 is chosen to make n of unit length.

Recall that any two martensitic variants U, V are related by V = QUQT for
some rotation @) € P%; Mallard’s law says that if this rotation is by an angle 7, there
is always a twinning system between the wells SO(3)U and SO(3)V; this is indeed
the case at least for typical martensitic transformations (see e.g. Appendix A for the

cubic-to-orthorhombic transition). In particular, when a rotation @) by angle 7 is in
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P* but not in P™, there exists a martensitic variant V' = U, given by V = QUQ), and
the wells SO(3)U and SO(3)V are rank-one connected. In turn this implies that, for
any such material, an energy density ¢ accounting properly for its crystallographic
symmetries can never be quasiconvex.

We note that when V = QU (@, Mallard’s law also allows us to classify the twins
between the wells SO(3)U and SO(3)V. For this, we need the following definition.

Definition 2.2.5. In the notation of (2.2.14), let

a U n
= Ut —— K = —

(2.2.21)

We call s, 1 and K the twinning shear, the shearing direction and the twinning (or

shearing) plane respectively.

Looking back at Mallard’s law, we see that in the first solution the twinning
plane K is a plane of symmetry in the austenite and thus rational; such twins are
called Type-I. Similarly, in the second solution, it is the shearing direction which is a
direction of symmetry in the austenite and so rational. Then, we say that this is a
Type-1I twin. However, there are cases when there are two such rotations () by angle
7 meaning that there are two solutions which can be described both by a Type-I and
a Type-II twin, both having rational twinning plane and shearing direction. Such
twins are called compound.

Next, we present a result which can be found in [145] and comes as a useful
corollary to Theorem 2.2.5. For the purposes of the following corollary, we write a A b

for the vector product of a,b € R3.

Corollary 2.2.6. Let U,V € M3*3 satisfy U = QV Q for some rotation QQ by angle ©
about some axis e. Denote by (Ry,a1,n1) and (Ry,as,ny) the two twinning solutions

corresponding to the Type-1 and Type-II solutions in (2.2.19) and (2.2.20) respectively.
Then

R, = (—1 + Ule® U_16> Q. (2.2.22)

2
[U~tel?
Furthermore, the rotation R, has axis parallel to e AU e and the angle of rotation
61 can be found from cosf; =2 (U te-e)* /|Ute|2 — 1. Also, for Ry, we have

2
R2 = (—1 + WUB (024 U@) Q (2.2.23)

The rotation Ry has axis parallel to e AN Ue and the angle of rotation 0y can be found
from cosfy = 2(Ue-e)* /|Ue|? — 1.
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Ending our discussion on rank-one connections, we mention another corollary to

Theorem 2.2.5 which will prove useful in the following section (see [72]).

Corollary 2.2.7. Let U,V and (Ry,a1,n1), (Rs,as,nz) as in Corollary 2.2.6. Sup-
pose that U,V € M**3 such that U = QUQT and V = QV Q" for some rotation Q.

Then, the twinning solutions (R,d,ﬁ) to the equation
RV-U=a®n

are given by (QR1Q", Qar, Qny) and (QR.QT, Qaz, Qns) for the Type-I and Type-11

twins respectively.

Parallelogram microstructure

In what follows, we shall be interested in a particular configuration known as
the parallelogram microstructure (Bhattacharya [29], Nishida et al. [106, 107]) which
will concern us in Chapter 3. This microstructure involves four distinct variants of
martensite and can be described by a twinning system ‘zig-zagging’ through a region
occupied by another laminate; a small region of the parallelogram microstructure is
shown schematically in Fig. 2.8 where the crucial points are the four-fold corners at
which the four interfaces separating the four martensitic variants meet along the line
perpendicular to the plane of the paper. The entire pattern can then be reconstructed

by repeating such corners.

Figure 2.8: Schematic representation of a parallelogram microstructure involving the
variants A, A’, B and B'.

The above condition, namely that the four interfaces meet along a line, is rather

interesting as it adds a constraint for kinematic compatibility; in particular, one
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needs to ensure that there is no dislocation at the corner and satisfying the twinning
equations on the four interfaces alone does not suffice for the reconstruction of the
parallelogram microstructure.

Let A = RyUs, A’ = RyUy, B = RgUp and B’ = Rp/Up/. Then, geometric

compatibility on each of the four interfaces requires the following:

RpUp — RAUjy = aap @ nap
RB/UB/ — RA’UA’ = CLA/B/ ®TLA/B/
RyUpg — RAUg = apa @ ngar (2.2.24)

RpUp — RpUp = app @ npp

These are the twinning equations for each adjacent pair of variants but, as noted
already, these are not sufficient. Following our discussion above and setting R R; =
Ry, by = RFapy for I, J € {A, A', B, B'}, we obtain the following system which

needs to be satisfied:

RapUp —Us =bap ® nap
RapUp —Uy =bap @nap
RaaUyx —Up =baar @ naa (2.2.25)
RppUp —Up = bpp @ npp
RapRpp = RanRap

NnaAg,Na g, Naa and ngp coplanar.

Note that we added two conditions, namely that RaigRpp = RaaRap and
that nap, nap, naa and ngp are coplanar. Regarding the first condition note
that R;; denotes the mutual rotation between U; and Uj; then the mutual rotation
between U, and Upg: can be written as a superposition of rotations Rap and Rpp
or, equivalently, of Ryx and Ry p/, i.e. RapRpp = Raa Rap. In particular, this
condition is necessary to prevent a dislocation along the line of intersection. On the
other hand, the condition on the coplanarity of the normals to the four interfaces
ensures that all four planes meet at a line. In fact, we can say a bit more and we will
in Chapter 3; for now we only present the following result due to Bhattacharya [28]
giving conditions under which the parallelogram microstructure is compatible. For
notational convenience, let (Ur, U;) denote the twinning system between R;U; and
R;U;.
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Lemma 2.2.8. Suppose () and R are rotations by angle m about azres e; and e,
respectively such that ey - eo = 0. Let e3 be perpendicular to both ey and ey and

suppose that the variants Us, Uar, Ug and Upg: satisfy the conditions below:
o All four variants are distinct;
o Uy = RUAR, Up = QUaQ, Up = QUAQ;
o c3-Uliep #0.

Then, there are two solutions to (2.2.25). In either solution, the twinning systems
(Uar,Ua) and (Ug,Ug) are necessarily Type-1, whereas (Ug,Uya) as well as (Upgr, Uar)
are Type-I1I. Further, the Type-1 interfaces are in the same plane while the Type-II

interfaces are obtained by a reflection across it.

In a recent experiment by H. Seiner et al. [123], this geometry was observed
forming an interface with austenite and in the next chapter we explore the above

observations extensively.
Austenite-martensite interfaces

Suppose that at some critical temperature 6. a microstructure of martensite forms
an interface with a uniform region of austenite. For a single variant of martensite U
to form an interface with a uniform region of the austenite, we need that these are

compatible, i.e. from Theorem 2.2.3, we need that U? be expressible in the form
UP=(1+n®a)(l+a®n)

for some non-zero vectors a and n. In particular, we require that Ay (U?) = 1.
However, in practice, this is not the case and the requirement that the middle

6. What one usually observes is a region of

eigenvalue be one is truly non-generic
finely twinned martensite, in the form of a simple laminate, forming a not-so-sharp
flat interface with a uniform region of austenite. These are the most commonly
observed interfaces with austenite and are referred to as classical austenite-martensite

interfaces. Before we show how these interfaces can be predicted by the nonlinear

5We remark that since compound twins can be interpreted both as Type-I and Type-II twins,
in the necessary geometry described, the Type-I or Type-II twinning systems can be replaced by
compound twins.

SR. D. James, J. Cui, Z. Zhang and others have done some remarkable work where the composition
of alloys is ‘tuned’ so that Ag (U 2) = 1. This results in very interesting phenomena and relates to
thermal hysteresis [44, 83].
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elasticity model, we present a result by Ball and James [18] predicting a necessarily

planar geometry for a classical interface between a simple laminate and the austenite.

Theorem 2.2.9. Let p > 2 and let Q C R? be bounded, open and connected. Suppose
that € can be written as Q@ = Qa5 U Qc UP where Q4 p, Qc are disjoint, open
and connected and where P = QN 0Qap = QN IQc. Further assume that either
L3(P)=0o0rp>3. Let A, B,C € M>*3 be distinct matrices such that neither A—C
nor B — C is of rank one. Let y* — y in WP (Q,R3) satisfy for every e > 0

lim £ ({z € Qap:|Dy* — Al > e and |Dy* — B| > ¢}) =0 (2.2.26)
k—o0
and
lim £ ({z € Qc : [Dy* = C| > €}) =0. (2.2.27)

Then there exists a unit vector m € R® and ¢ € R such that P C {x e R® : z-m = ¢},

i.e. the interface P is planar.

In the notation of the above result, let A = U and B = RV be martensitic
variants such that V = PUPT for some rotation P € L?, the austenitic Laue group,
and let C' = 1 denote the undistorted austenite. Then, for the simple laminate to be

compatible we require that
RV —U =a®n.

On the other hand, none of U or RV are rank-one connected with the identity which
implies that the deformation cannot be continuous. To overcome this, we introduce
an interpolation layer of thickness 1/k - this time separating the uniform region of
austenite and the twinned martensite - to obtain a sequence of deformations y* as in
Fig. 2.9. In the limit as k — oo, the volume of the interpolation layer tends to zero
and we must make sure that the average deformations on each side are compatible so
that the limiting deformation remains continuous across the interface. In the example
of the simple laminate, we saw that the average deformation in the martensitic region
is given by

F=ARV4+(1-MNU=U+ la®n. (2.2.28)

Thus, we impose the condition
QF —1=b®@m (2.2.29)

for some rotation @ and vectors b, m € R3.
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Figure 2.9: Minimizing sequence of gradients Dy* for an austenite-twinned martensite
interface.

Then, we may obtain a sequence of energy-minimizing deformations provided that

(1) RV-U=a®n
2) QF—-1=b@m.

Suppose that (1) is satisfied for some rotation R and vectors a,n and we wish to
solve (2). Following Theorem 2.2.3, let C'(\) :== (U + M ®a) (U + Aa ® n). Then,

we need C' () to be expressible in the form
CA=0Q+meb)(1+bem).
This is possible if and only if, Ay (C' (\)) = 1 and, in particular, we require that
det (C(A)—1)=0.

The following results can be found in Ball and James [18] but we present them here,

along with proofs, as the methods will be useful for the calculations in Chapter 3.

Lemma 2.2.10. Assume C ()) is as above and let g(\) = det (C'(A\) —1). Then
g (N) is a quadratic function of A satisfying g (\) = g (1 — \).

Proof. We first show that g (\) is quadratic. First, note that detV = detU and
trV = trU. This is clear since, U, V' being martensitic variants, there exists a rotation
P such that V = PUPT. What is more, since RV = U + a ® n we get that

RVU'=14a@U 'n
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and taking determinants, it is easy to see that
a-Un=0, (2.2.30)

i.e. det (U + da®@n)=detU > 0. Thus,

g () det [(U+In®a) U+ a®@n)—1]
det Udet [(U+ X a®@n) — (U+ In® a)fl}

detUdet [(U—-U"")+A(a®@n+U"'n®@U 'a)]  (2.2.31)

where the matrix multiplying A is of rank two and, therefore, ¢g(\) is at most
quadratic. Also, RV = U +a ®n and hence, V? = (U+n®a)(U+a®n). In

turn, this implies that
g(1)=det [P (U*—1) P"] =det (U*—1) =g(0).

It follows that g (A) =g (1 —A). O
From Lemma 2.2.10, we can see how to make one eigenvalue of C' (\) equal to 1.
However, in order to satisfy the conditions of Theorem 2.2.3, we must ensure that the

other two eigenvalues of C' () bound 1 from above and below.

Lemma 2.2.11. Suppose that for some \* € [0,1], C (\*) has the unordered triple of

eigenvalues 1, A1, A\3. Then, Ay and A3 bound 1 from above and below if and only if,
tr U —det U* — 2+ (A2 = \*) |a|* > 0. (2.2.32)

Proof. A; and A3 bound 1 from above and below if and only if (1 — ;) (A3 — 1) > 0.
Thus, if and only if, (A + A3+ 1) — \A3 —2 >0, i.e.

tr C'(A\*) —detC (A\*) —2 > 0.

Note again that VZ = (U +n ® a) (U + a ® n). Taking traces and noting that |n| = 1,
we deduce that
2Ua - n+ |al* = 0. (2.2.33)

Then,

trC(\) = trU?+ 2\ (Ua-n) + \?al?
= trU%+ (A2 = X) [af”.

Since also det C' (\*) = det U?, the result follows. O
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We are now in a position to prove a result concerning the existence of solutions
to equation (2). For the purposes of Theorem 2.2.12, we shall refer to the triple
(Q,\,b®@m) as a solution of (2), if the rotation @, the scalar A € (0,1) and the

rank-one matrix b ® m satisfy
U+da@n=Q  (1+b®m). (2.2.34)

Theorem 2.2.12. Let U be a positive definite, symmetric matriz such that it satisfies
the twinning equation (1) for some V.= PUPT, P,R € SO (3) and vectors a # 0
and n with |n| = 1. Further, assume that U does not have an eigenvalue equal to 1.

Necessary and sufficient conditions for (2.2.34) to have a solution are that

§< -2 (2.2.35)
and that .
tr U? — det U? — 2 + %W >0 (2.2.36)
where
=a-U(U*=1)"n (2.2.37)
If further,
o< =2 (2.2.38)

then strict inequality holds in (2.2.36) and there are exactly four distinct solutions of
(2.2.34) having the form

(Ri, A, 0f @ mf) ,

(Ro, A", by @mY) ,
(Rs,1—X\",b5 @m3), (2.2.39)
(Ri,1— X, by @my)

The superscripts £ correspond to solutions of the twinning equation (2.2.34) given by
Theorem 2.2.3 with k = £1 and

1 2
= 1= /1+= 2.24

so that 0 < \* < 1/2. If equality holds in (2.2.35), then all solutions have \* = 1/2;
if strict inequality holds in (2.2.536), then there are exactly two solutions, while if
equality holds in (2.2.36) there is only one solution.
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Proof. By Theorem 2.2.3 and the polar decomposition theorem, necessary and suffi-
cient conditions that equation (2.2.34) has a solution with A = A\* are that the eigen-
values 0 < Ay < Ay < Az of C' (\*) satisfy Ay = 1, Ay > 0 and (A, — 1)*+ (g — 1)* # 0.
Note that since det (U + Aa®n) = detU > 0 for all A the condition A\; > 0 is
immediately satisfied. By Lemma 2.2.10, g (A\) = det (C' (\) — 1) can be written as

g(\) =ao+ar (A =) (2.2.41)
for some constants ag, a; and, by direct calculation, we find that ay = ¢(0) =
det (U2 — 1) and a; = —%(0) = —2a - Ucof (U? — 1)n. Then, the condition that

C' (X\*) has an eigenvalue equal to 1 for some A* € (0,1) is that g (A\*) = 0.
Setting 6 = —g- =a-U (U2 —1)""n, we see that g (\*) = 0 admits a solution
A € (0,1) provided that
0< =2

and, substituting back into g, we find that A\ is given by

1
)\*2 - /\* ——

20
Thus, by Lemma 2.2.11, the eigenvalues of C'(\*) satisfy 0 < A\ < Ag = 1 < A3
if and only if (2.2.35) and (2.2.36) hold. The eigenvalues of C'(A\*) cannot all be 1,

as C'(\*) = 1 would imply that for any vector e perpendicular to both Ua and n,

(2.2.42)

C (\*) e = U?e = e. However, U? does not have an eigenvalue equal to 1.

If 6 < —2 then g has two distinct roots A* and 1 — A\* with \* given by (2.2.40).
By Lemma 2.2.11 equality holds in (2.2.36) if and only if, 1 is a double eigenvalue of
C' (A*) which is impossible. This is because there would then exist a corresponding

eigenvector e with e - n = 0 such that
U?e+ X (Ua-e)n =e.

Writing (U? — 1) = det(U? — 1) cof (U? — 1)~! and taking the dot product with Ua,

we infer that L4
— Y :
g(0)(Ua-e)= 2)\ ) (0) (Ua-e).

Note that Ua - e # 0 since, otherwise, U? would have an eigenvalue equal to 1.

Hence,
1,
ag = 5)\ aq
which is only possible if \* = % - a contradiction. Therefore, Theorem 2.2.3, gives

four distinct solutions of (2.2.34).
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If 6 = —2, then (2.2.42) gives \* = 1. By Theorem 2.2.3, there are two solutions
if strict inequality holds in (2.2.36) and one otherwise. 0O

Remark. We note that the the presentation of Ball and James [18] followed here
completely recovers the predictions of the crystallographic (or phenomenological) the-
ory of martensite developed, independently, by Bowles and MacKenzie [35] as well
as Wechsler, Lieberman and Read [143] in the 1950s. Deriving the crystallographic
theory as a consequence of energy minimization has several advantages, including the
fact that we do not require the a priori knowledge of the twinning nodes and that
it allows us to extend the theory much further than the austenite - finely twinned
martensite interface; we do so with an austenite - parallelogram martensite interface

in the subsequent chapter.

Having introduced the necessary terminology and main results, we end this chapter

by briefly commenting on a geometrically linear version of the model presented here.

2.3 Variations of the Theory

The nonlinear elasticity model presented in this chapter is not the only one that has
been suggested in order to predict the morphology of microstructure in crystalline
solids. Most notably, Khatchaturyan, Roitburd and Shatalov (see e.g. [84]) have
introduced another model based on linear elasticity which, although not physically
linear, Ball and James [19] and Kohn [89] have shown that it can be thought of as a
‘linearization’ of the presented theory.

This geometrically linear version of the Ball and James model has been commonly
used in the literature as it enables easier computations. Nevertheless, we do not
extend further on this and for the purposes of this thesis only the nonlinear model
is used. This is because, in linear elasticity not only the stress-strain relation but
also rotations are linearized; this linearization of rigid body rotations results in non-
physical ‘phantom’ stresses whereas, in nonlinear elasticity, a rigid body rotation
correctly results in another stress-free state. Additionally, the nonlinear theory seems
conceptually simpler and, thus, it is preferred. For a detailed comparison between
the two models and their predictions, the reader is referred to Bhattacharya [27, 29].
We also note Ruddock [119] where an interesting comparison between the two models
can be found regarding their predictions on the X-interface (described in [24]) and

the wedge microstructure (analyzed in [25]).
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Chapter 3

Non-classical and curved
austenite-martensite interfaces

In Chapter 2, we saw how the nonlinear elasticity model can predict classical inter-
faces between austenite and martensite; these have been studied extensively in the
literature [18, 19, 29]. On the other hand, the model allows for more complicated
austenite-martensite interfaces in which the microstructure of martensite is not re-
stricted to a simple laminate; such interfaces are called non-classical and will concern
us in this chapter.

As a simple illustration, let us restrict attention to a planar interface, say z-m = k.
Suppose that the region below the interface, x - m < k, is occupied by a pure phase
of austenite, whilst a general microstructure of martensite, represented by a gradient
Young measure v occupies the region x - m > k. For simplicity, suppose that the
martensitic microstructure is homogeneous in the sense that v = F' is constant in the
region x - m > k. For the microstructure of martensite to be energy-minimizing we
must require that v is supported on the set K = [J SO (3) U; of martensitic energy
wells, i.e. suppv C K, which in turn implies that v = F' € K.

To make the overall deformation continuous across the planar interface we need to
satisfy the Hadamard jump condition. Thus, for planar interfaces between austenite
and a homogeneous microstructure of martensite, accounting for non-classical inter-
faces becomes equivalent to establishing rank-one connections between the austenite

and the set K9, i.e. finding vectors b, m such that
1+b®@me K% (3.0.1)

As we have seen, very little is known about quasiconvex hulls and predicting
non-classical austenite-martensite interfaces becomes a very difficult task even in

this simplified setting. If we allow the interface to be a general surface I' and the
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martensitic microstructure to depend on the position, we still need to require that
vy = Dy () € K9 almost everywhere but the jump condition no longer suffices; this
will concern us in Section 3.4.

In Section 3.3, we aim to present an analysis of non-classical interfaces recently
observed by Seiner et al. [123] in CuAlINi single crystals, undergoing a cubic-to-
orthorhombic transition, the experimental observations being described in Section 3.2.
We show that they can be described by the nonlinear elasticity model for martensitic
transformations and we make some predictions regarding the volume fractions of the
martensitic variants involved, as well as the habit plane normals.

In Section 3.4, we turn our attention to the issue of curved austenite-martensite
interfaces where we present a method of constructing such interfaces as stress-free mi-
crostructures. To the best of the author’s knowledge this is the first theoretical con-
struction of such a curved interface. Before presenting these results we briefly recap
the work of Ball and Carstensen [13, 14], who theoretically investigated non-classical

austenite-martensite interfaces and studied the cubic-to-tetragonal case extensively.

3.1 Previous Work

The two-well problem for rank-one compatible wells satisfying a determinant con-
straint has been solved by Ball and James [19]. In this case, one may assume that

the two wells, say SO (3) Uy, SO (3) Us, are given by

Uy = diag (12, m1,m), Uz = diag (n1,12,m) -
Then, it can be shown that for K = SO (3) U; U SO (3) Us,
K™= S0 (3)F (3.1.1)

where F consists of all matrices F' € Mixg, satisfying

a ¢ 0
FTF= ¢ b 0
00 n?

for some a,b > 0 such that
a+b+2c<ni+mn and ab—c* =nin;.
Equivalently,
K% ={F e M>® . det F =niny and |F (e; £ e2) > < + 13} .
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Remark. The above sets coincide with K - the set of second order laminates. A
way of showing that K¢ is given by this set consists of constructing an appropriate
polyconvex function which is zero precisely on the candidate set and then, the quasi-
convex hull can be shown to be contained in this polyconvex set by showing that all

its elements can be expressed as double laminates.

\

%
\
%

\
¥
\

\%
\
%

y

planar nonclassical
interface

pure phase
of austenite

double laminate
of martensite

Figure 3.1: A typical double laminate in which the martensite consists of twins within
twins with constant gradient on each sublayer (from [13]).

Through Theorem 2.2.3, Ball and Carstensen obtained solutions to (3.0.1) with
K% as above. The set K9 being much larger than K one expects to have many more
possibilities for non-classical interfaces than classical ones. This is verified in Fig. 3.2,
taken from [13], which shows the values of lattice parameters for which non-classical
and classical interfaces are possible. It becomes clear that non-classical interfaces are

indeed possible for a much larger set of lattice parameters 7y, 7.

Ny 47

7 classical and nonclassical
% interfaces possible

. only nonclassical
interfaces possible

Figure 3.2: Lattice parameters (n;,72) allowing non-classical interfaces.
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Moreover, Ball and Carstensen showed that in the region where both classical
and non-classical interfaces exist, the unit normals corresponding to the non-classical
interfaces form four circular arcs on the unit sphere whose endpoints are precisely the

eight habit plane normals of the classical theory as shown in Fig. 3.3.

Figure 3.3: Non-classical interface normals, depicted on the unit sphere, for lattice
parameters allowing for both classical and non-classical interfaces.

They also showed that the conditions on the lattice parameters allowing for non-

classical interfaces remain the same even for the three-well problem [14], i.e. when

3
K = USO (3)U; where

i=1
Uy = diag(ne,m,m), Us = diag (m1,m2,m), Us = diag (n1,m1,12) -

In particular, they showed that 1 +b®m € K9 & 14+b®@m € K & 1,
satisfy the same conditions as for the two wells. This is rather remarkable as neither
knowledge of K% nor of K?¢ is required.

The work of Ball and Carstensen remains theoretical as non-classical interfaces
have not been observed in materials undergoing the appropriate transformations, e.g.
cubic-to-tetragonal. Additionally, in Fig. 3.2, we note that for lattice parameters
very close to 1 (which is typically the case) the region allowing for classical interfaces
is much larger than that allowing for non-classical ones; this implies that for typical
materials undergoing the cubic-to-tetragonal transition, non-classical interfaces might
indeed not be preferable.

On the other hand, non-classical interfaces have been observed in materials with
lower martensitic symmetry. For example, through a clever experimental procedure,
Seiner and Landa [121] were able to observe a certain type of non-classical interface
in a CuAINi single crystal which is analyzed in the subsequent section. In the cubic-

to-orthorhombic transformation of CuAINi the number of martensitic variants is six

64



and their quasiconvex hull is far from known; as such, our analysis is not as sharp
and general as that of Ball and Carstensen, though similarities can be drawn and

interesting aspects are revealed.

3.2 Experimental Observations

The specimen examined was a 3.9x3.8x4.2mm rectangular parallelepiped of the
austenitic phase of CuAlINi, cut from a single crystal of this alloy such that the
normals to the specimen faces had approximately the principal crystallographic di-
rections (100). The original single crystal was grown by a Bridgman method at the
Institute of Physics ASCR in Prague. The specimen was subjected to the following

sequence of mechanical and thermal loadings (see Fig. 3.4):

COMPRESSION

YTy Yb Yy vy

(a)

A4t A 444 MARTENSITE
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1 T O o ~
&/// ittt .
A
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e TWINNED)

Figure 3.4: Outline of the experimental procedure.

(a) At room temperature, the specimen was transformed into a single variant of

2H martensite! by applying uniaxial compression (in a bench vice). Due to

'In Ramsdel’s crystallographic notation, 2H martensite is the basic form of orthorhombic CuAINi
martensite with crystal symmetry represented by the point group Py, (for point group notation
see e.g. Thurston [139]). This is the only martensitic phase which can be both stress-induced and
temperature-induced.
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an effect called mechanical stabilization of martensite (this will be explained in
depth in Chapter 4), the specimen did not return to austenite after unloading,

but remained as a single variant of martensite.

The specimen was rotated by 90° and uniaxial compression was applied again.
In this case, the loading induced the reorientation of martensite into another
variant via compound twinning (for an analysis of the relation between the
direction of applied compression and the activated twinning systems in CuAINi,
see [109]). The reorientation was not fully completed. Instead, the loading was
interrupted at the moment when the specimen contained comparable volume
fractions of both variants. By such a procedure, we obtain a finely compound

twinned specimen.

The finely compound twinned specimen was heated from one side using a gas
lighter, which induced the shape-recovery process, i.e. the thermally driven re-
turn of the specimen into austenite. As the compound twins cannot form any
compatible interface with austenite, the transition was achieved by formation
of an interfacial microstructure, interpolating between the mechanically stabi-
lized martensite (the compound twins) and austenite, ensuring their compatible
connection. This interfacial microstructure was formed by Type-II twins cross-
ing the original compound microstructure and getting arranged into a so called
X-interface (for more details of formation of X-interfaces in CuAINi see [123],
for the theoretical analysis of this microstructure, see [119]). By removing the
heating in the middle of the course of the transition, the interfacial microstruc-
ture was stopped, and the non-classical interfaces between austenite and the two
mutually crossing systems of twins (compound and Type- II) were observable

by optical microscopy. An example is given in Fig. 3.5.

This procedure was repeated several times, which enabled the capturing of several

optical micrographs of the non-classical interfaces. An interesting observation was

that,

as shown in Fig. 3.6, the interface between the austenite and the system of

crossing twins was never exactly planar, but rather slightly curved. This results from

the fact that the pattern of compound twins induced in the specimen by the uniaxial

compression in stage (b) of the experimental procedure is never exactly homogeneous.

With varying volume fraction of the compound twins, the admissible orientation of

the habit plane varies as well, as will be shown in the theoretical analysis given in

the following section.
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Figure 3.5: Optical micrograph of a non-classical interface between austenite and a
martensitic microstructure. The arrows indicate the orientations of twinning planes
of Type-II and compound twinning systems.

3.3 An Analysis of Non-Classical Austenite-
Martensite Interfaces

We now present an analysis for the above non-classical austenite-martensite interface
via the nonlinear elasticity model presented in Chapter 2. We note that, with lat-
tice parameters «,  and -, the martensitic variants for the cubic-to-orthorhombic

transition are given by

g0 0 B 0 0
0 5+ 52 0 5= 57
U= 0 B 0 = 0 B 0 (3.3.1)
s A ) e 1= g ety
2 2 2 2
Us=| =5t =5 0 U=| %5 5 0
0o 0 3B 0o 0 3B

Remark. As before, let (U7, U;) denote a twin between variants Uy and U;. Then
the twins (Uy, Us), (Us, Uy) and (Us, Us) are compound, whereas, twinning systems

between any other two variants can be either of Type-I or Type-II.
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AUSTENITE

Figure 3.6: Curved interface between crossing twins and austenite resulting from the
inhomogeneity of compound twinning. (Optical microscopy.)

We start by presenting a lemma in [119] which will prove to be pivotal for the

analysis that follows.

Lemma 3.3.1. Suppose that x; and y; are non-zero vectors with i = 1,2,3 and that
Z?:1 x; @y; = 0. Then, both {x1,x9, 3} and {y1,y0,y3} are sets of coplanar vectors

and at least one is a set of parallel vectors.

We now concentrate on the martensite phase and we construct the microstructure
consisting of compound and Type-II twin crossings, as shown in Fig. 3.7.

For the parallelogram microstructure we assume that (Ug,Uy) is a Type-1I twin
and the variants U, and Up: are their respective compound counterparts, i.e. both
(Uar,Uy) and (Upr, Ug) are compound twinning systems. From the remark following
(3.3.1) it is trivial to see that (Up/, Ua/) can also form a Type-II twin.

When discussing the parallelogram microstructure in Chapter 2 we saw that the

compatibility equations deriving from Hadamard’s jump condition are given by

RABUB — UA = bAB Q@ Nap (332)
RA’B’UB’ — UA’ = bA'B’ ® TLA/B/ (333)
RaaUpgr —Ug = baa Qnan (3.3.4)
RppUp — U = bgp @ npp (335)
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Figure 3.7: Parallelogram microstructure

where b;; and ny; are, respectively, the shearing vector and normal to the twinning
plane for the system of variants U; and U; and R;; denotes the mutual rotation
between variants U; and Uj.

In Fig. 3.7 we note an important fact; namely, that the normals n44 and ngp: to

the two compound systems satisfy

nNasr = Npp'-

This relation follows from the experimental observations and it is not only in accor-
dance with the theory but, more importantly, the theory necessitates it. This is a
consequence of Lemma 2.2.8 and we shall comment on this further, once we establish
the compatibility of the above parallelogram microstructure.

In addition to the compatibility equations (3.3.2)-(3.3.5), we also saw that there
are two other conditions for the parallelogram microstructure to be compatible;
namely that RapRpp = RaaRa g and that nap, nap, naa and ngp are coplanar
vectors. In fact, the former relation implies the latter and a necessary and sufficient

condition for the entire parallelogram microstructure to be compatible is simply that
RapRpp = RaaRuap. (3.3.6)

The necessity of (3.3.6) is clear, since both sides describe the mutual rotation between
Ua and Upgs. On the other hand, sufficiency follows from the fact that (3.3.2)-(3.3.5)

imply that the normals nag, nap, naa and ngp are coplanar. To see this, simply
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pre-multiply (3.3.3) by Raa and use the equality (3.3.6) to get that
RapRppUp — RaaUa = Raabap @narp.

Substitute for Ra4/Ua and Rpp/Up from (3.3.4) and (3.3.5) respectively to get that
RapUp —Ua + Rapbpp @ npp —baa @ naar — Raabap @ nap = 0. Then, using
(3.3.2), we deduce that

bap @ nap + Rapbpr @npp — baar @ npar — Raarbag @npp = 0. (3.3.7)

Given that naa = npp, Lemma 3.3.1 simply says that {naa, npp, nap, nap}
must be coplanar. We note this equation, as we will use it again shortly.

Before forming the interface, we show the compatibility of the parallelogram mi-
crostructure between the Type-II and compound twinning systems. At the same
time, we also turn our attention to the conditions of Lemma 2.2.8 on the parallelo-
gram microstructure. The first condition requires that the four martensitic variants
are distinct which is trivially true from our assumptions on the variants. From now
on we write @ = @ [¢, €] for the anticlockwise rotation @) by angle ¢ about the axis e.
In the subsequent parts, we shall denote vectors by e;; these should not be confused
with the standard basis vectors denoted in this thesis by ;. Firstly, from Table A
in Appendix A, note that there always exists a rotation Q) = Q[m,e;] € L% the
austenitic Laue group, such that QUAQ = U and QU () = Up and this rotation is
unique. As (Ug,Uy) as well as (Up/, Uy/) form Type-1I twins, from Mallard’s law,

Uze
bag = pUser and nap=2p" <€1 — ﬁ) (3.3.8)
1

where p is a factor chosen to make nup of unit length; clearly, for the twinning
solutions to the system between variants U4 and Upg/, we simply replace U4 by Uas in
(3.3.8). What is more, from Table A, there is precisely one rotation R = R [, es] € L*
such that RUsR = Us and RUgR = Up:. In general, as (Ua,U,) and (Ug:, Up)
form compound twinning systems, there are two rotations in L* for each of the pairs
(Ua,Ua) and (Ups, Up) taking Ua to Ua and similarly Up to Up. However, in view
of Lemma 2.2.8 and the experimental observations, we require that n44 = ngps; this

forces us to consider the unique common rotation R = R [, es], so that
naar =Npp = €2 (3.3.9)

and then

U_1€2 ) ( U_leg )
ban =2 —2A = —Uye and bpg =2 —2—= —Ugey | . 3.3.10
AA (|U2162|2 AC2 BB |U§162|2 BE€2 ( )
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We note that the existence of these rotations is also a condition of Lemma 2.2.8.
Through a careful examination of the appropriate rotations in Appendix A, it
can also be checked that whenever (Ug,Uy,) is a Type-11 twin and Uy, Up: are their

compound counterparts, the vectors e; and ey above always satisfy
e1-e3=0 (3.3.11)

and ez - U3e; # 0 for a vector ez perpendicular to both e; and e, provided that
(% # (a? +~?%)/2; this is true for Seiner’s specimen and the remaining conditions of
Lemma 2.2.8 are satisfied?.

It can then be checked that for the above solutions of the twinning equations,
RipRpp = RaaRap. The simplest way to see this is the following: by Corol-
lary 2.2.7, we deduce that the triple (QRaaQ, Qbaar, @Qnaar) is the solution to the
equation RgpUp — Up = bpp ® ngp: so that, staying consistent with our choice
of solutions, QR 4 Q) = Rpp. Similarly, for the Type-II solutions, we deduce that
RR R = Ra . Therefore,

RaaRap = RapRpp & RaaRRapR = RapQRanQ.
Moreover, writing
Q=-14+2¢,®e;, R=-142e ® ey,

and using the fact that e; - e = 0, a simple calculation reveals that RQ) = QR. We

may now utilize Corollary 2.2.6 to get that, with our choice of solutions,

2
Raa = (—1 + ’U_TQPUZIQ ® U;1€2)R
A
2
RAB - (—1 + mUAel X UAel)Q.

Combining with the fact that RQ) = QR, we infer that RaaRa g = RagpRpp if and

only if the matrices

2
Uilea@Ujle; and  — 14+ ———Use; ®@ Ugey

-1
|Unes|?

+—
U eaf?

2Simply note that e, is always one of the standard basis vectors of R? whereas e; is of the
form 4y + ¢; where iy, i; are the other two basis vectors, e.g. for A = 1, B = 4 say, A’ = 2 and
B' =3 and e; = (i1 + i2)/v/2 whereas ey = i3 so that e; - eo = 0. It is also easy to check that,
for any choice of variants, the expression ez - Ue; reduces to 82 — (a? 4+ 42)/2. For instance, in
the previous example, e3 = (i} — i2)/v/2 and Ufe; = (28%i1 + (o +¥?)is + (® — ¥?)iz) /2V/2, i.e.
€3 - U12€1 = (252 — a2 — 72)/4.
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commute. However, this is trivially the case due to (3.3.11); then all the compatibil-
ity equations for the parallelogram microstructure are satisfied and the constructed
microstructure is indeed compatible.

We also remarked that, under our assumed variants and twinning solutions, all
the conditions of Lemma 2.2.8 are satisfied. Hence, the lemma says that there are
indeed solutions to the compatibility equations for the parallelogram microstructure
between the assumed variants. By Lemma 2.2.8 we also deduce that these solutions
necessarily alternate between a Type-I and a Type-II twin interface and the Type-I
interfaces (here compound) are in the same plane; hence the requirement naa = npp
is justified. Note that having fixed the unique rotation R = R|[m,ey] such that
RU4R = Uy and RUgR = Up, it is the interpretation of the twinning systems as
‘Type-I’ twins in Mallard’s law® that returned the correct normals. Indeed, were they
not compound, Lemma 2.2.8 would have forced us to consider the twinning solutions
corresponding to the Type-I system and, hence, the solutions with nq4 = ngp: so
that the Type-I systems are in the same plane. This is a rather remarkable agreement

between theory and experiments.
Forming the Interface

We now wish to construct the non-classical interface between the homogeneous
parallelogram microstructure and the pure phase of austenite. We stress that, for
the time being, we are only concerned with the homogeneous microstructure and we

therefore exclude the possibility of a curved interface. Let
Mag (A\) = (1 =XN)Ua + ARagUp (3.3.12)

Mup (A) = (1 = NUa + ARapUp (3.3.13)

represent the macroscopic deformation gradients corresponding to the Type-II struc-
tures. We note that the geometry of the parallelogram structure requires that the
Type-1I volume fraction A be the same in (3.3.12) and (3.3.13).

Assume that the compound volume fraction of variant Uy in Uy, as well as that
of Ug/ in Up, is A. Then, the macroscopic deformation gradient of the entire mi-

crostructure is given by

M ()\,A) = (1 - A)MAB ()\) + AR p My g ()\) . (3.3.14)

3Since these are compound twins both solutions can be interpreted as either a Type-I or a Type-II
twin. Here, by a ‘Type-I’ twin we mean the first solution (2.2.19) in Theorem 2.2.5.
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Whether the interface between the parallelogram microstructure and the austenite
can be formed is a question of finding A and A such that the middle eigenvalue of
M7T (X, A) M (X, A) is equal to 1, which is equivalent to finding rank-one connections
between the austenite and SO(3)M (A, A). In particular, we require that

det(M™ (A, A) M (\,A) — 1) =0. (3.3.15)

We note that the above determinant is a priori a sixth order polynomial in both
A and A and in order to solve it we need to simplify it. Thus, we start by proving
some key results that, though simple, will be essential in the subsequent calculations.

We first show that det Ma/ g (A\) = det Map (N). This is trivially true since the
compatibility equations (3.3.2)-(3.3.5) imply that Map (), Map (A) € KM the set
of first order laminates, and the function det : M3*® — R is quasiaffine. However,
we follow a more basic approach which provides us with more and much needed

information. Consider equation (3.3.2); then
RapUp = Ua(1 + Uy bap @ nap)
and by taking determinants, we obtain
det Up = det Uu(1 + U;leB “NAB).
Clearly det Ug = det U4 and thus,
Uy'bap - nap = 0. (3.3.16)

That is, det Mag (A\) = det Uy det (1 + AU bap ® nAB) = det U, and similarly,
det Mg (N) = det Uy = det Uy for all A € [0,1], i.e. det Marp (A) = det Mag (N).
This result has a simple physical interpretation. Since the determinants have the
meaning of volume change and the microstructures Msg and M4 g are just mixtures
of variously rotated single variants, the volume must remain the same.

Also, by (3.3.7) and the fact that naa = npp,

(baar — Rapbpp) @ naa — bap @nap + Raabap @nag = 0.
The normals cannot all be parallel and hence, by Lemma 3.3.1, we deduce that
baar — Rapbpp || bag || Raabarp: . (3.3.17)
Hence, there exists some 7 such that
nbap = bax — Rabpp, (3.3.18)
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which needs to be determined. Using Corollary 2.2.6, we can identify the rotation

Rap as

2
Rap = (—1 + mUAel ® UA€1> Q, (3.3.19)

where Q = Q[m,e;] € L* is the unique rotation such that both QUaQ) = Up and
QUaQ = Ups. As for the solutions to the twinning equations (3.3.4), Corollary 2.2.7
says that the triple (QRaaQ,Qbaar, Qnaas) is a solution to (3.3.5). In particular,

Qbpp @ Qnpp = baxy @ naar. (3.3.20)

We wish to calculate the expression Rapbgp. Writing Q = —1+2e; ®ey, it is easy to
see that Qnpp = —ey = —naa simply by substituting ngp = e; and using (3.3.11).
Then, (3.3.20) immediately gives Qbgp = —baas; substituting back in the expression
for Rap and using the fact that bap = pUjgey,

2
Rapbpp = baar — —— (baar - bap) bag.
bas|
Then,
2
N = -—=zbax - bap. (3.3.21)
bas|

Our goal is to deduce an expression for det(M? (X, A) M (A, A) — 1) which will enable
us to find solutions of (3.3.15) for (A, A) € [0,1] x [0,1]. To this end we seek a rank-

one connection between Map (A) and Ma g (N). Indeed, using (3.3.6) and equations
(3.3.2)-(3.3.5),

RaaMup (N) — Mag (X)) = (1 — Nbaa @ naa + ARapbpp @ nppr.
Since nya = nppr, and using (3.3.18), we infer that
RaaMuap (N) — Mag (X) = b (A) @ naa, (3.3.22)
where b, (A) = baar — Anbap. Next, combining (3.3.22) and (3.3.14),
M (AN A) = Myp (M) + Abe (N) @ naar
and using the expression for M,p (\) we deduce that
M (MNA)=Us+ Noap @nap + Aby (A) @ naar. (3.3.23)

Finally, we note that det M (A, A) = det U,. This is again immediate since for
each A € [0,1], rank (RaaMarp (\) — Map (\)) = 1, i.e. M (A, A) € K® and, in
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particular, satisfies the determinant constraint. On the other hand, to extract more

information, we also have that
det M (A, A) = det Map () det (1+AM 5 (N b (A) ®naa) .
However, from (3.3.22), we see that
RaaMap (N) = Map (N) (1+ Ms(A) b (N) @naa)
and taking determinants,
det Map () =det Map (N) (14 Mg (A) b (X) - naa) .
Since det Mg (A) = det Mg (), it follows that for all A € [0,1],
Myg (A)be (N) - naar = 0. (3.3.24)

We now concentrate on the non-classical interface where we follow an approach
very similar to that of Ball and James [18]. Firstly, we present a result which enables
us to solve (3.3.15), i.e. det (M7M — 1) =0.

Lemma 3.3.2. Let g (A, A) = det (MT (X\,A) M (\,A) — 1). Then, g (X, A) is at most
a quadratic function of X\ and A such that

Proof. Since det M (A, A) = det Uy, by factoring M7 out of the determinant,
g\ A) =detUgdet(M (M A) — M~ ()\ A))

and we calculate M (\,A) — M~T (X, A). Making use of the expression for M (A, A)

and (3.3.24) - after a short calculation - we obtain
M7 (A A) = M5 (3) =AMz (N naw © Mk (\)b, (V).
Similarly, using the expression for M4p (M) in (3.3.12) and (3.3.16), one finds that
My (\)=U' = NU ' 'bap @ Uy 'nag.
Combining the last two equations and after a short calculation, we deduce that

M-t ()\, A) = UXI - )\UjlnAB & UgleB — AUZlnAA/ X UgleA/
+A>\U£17LAA/ & U;leB(UglnAB ~baar + 77). (3.3.25)
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Above we have used the fact that
Ui'naa -bap = 0; (3.3.26)

this is trivial since naa = ey, bap = pUae; and in (3.3.11) we established that

e1 - e = 0. Using the expressions for M and M~7 we infer that

g (A A) =det(Ag + AA; + AAy + AAA3), (3.3.27)
where
AO - Ui — 1
Ay = Usbap @nap+nap @ Uy bag
As = Upbany @naa + naa ®U;1bAA/ (3328)
Ay = —(Ui'nap-baa +n)nanw @ Ustbap

—NUabap @ naar.

Note that for fixed A, the expression multiplying A is of rank two and similarly, for
fixed A, the expression multiplying A is of the same rank. Hence, g only contains

terms with A and A of powers no greater than two. Then,

g A) = a+ BA+ YA+ ar® + DA + cAA + dAA?
+eNPA + FAZAZ (3.3.29)

The above expression simplifies further by noting that for all A € (0, 1),

g(0,A) = g(1,A) (3.3.30)
and, respectively, for all A € (0,1),

g(A,0)=g(\1). (3.3.31)

These are not trivial to obtain; however, using Corollary 2.2.7, it becomes simple. As
far as (3.3.30) is concerned, Corollary 2.2.7 says that Ug + Abpp @ npp = QUAQ +
AQbax ® Qnaa where QQ = Q[m,e;] is such that QU@ = Uy and QUrQ = Ua.
Then, by (3.3.6) and (3.3.14)

MT(1,A)M (1,A) = (Up+ Anpp ®@bpp) (Up + Abpp ® npp)
= QUas+Anan ®@baa) (Us+ Anga @ baar) Q
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In turn, (3.3.30) is trivially implied. Similarly, (3.3.31), is obtained by considering
the unique rotation R = R[m, es] such that RUsR = Us and RUgR = Up.
Corollary 2.2.7 now says that Uy + ANoap @nap = RUAR+ ARbag ® Rnag, i.c.

MT(A,l)M()\’l) = (UA’+)\nA/B’®bA’B/) (UA/+)\bA/B’®nA’B’)
= R(Uas+Map®@bag) (Ua+ Anap ®bap) R
= RMT ()\,0) M ()\0)R,
proving (3.3.31). Next, from equations (3.3.29)-(3.3.31) we may write g as

GO A) = ag+ ar(\ = ) + az(A2 — A) + az(A2 — A)(A2 — A). (3.3.32)

for some constants a;, ¢ = 0,...,3 and the lemma is proved. 0O
Making use of equations (3.3.27) and (3.3.32) we may specify the coefficients

ao, ai, az, az in the expression for g(A, A). Firstly,

ap = ¢(0,0) = det(U3 — 1). (3.3.33)

Also a; = —%(O, 0), ag = —g’—g(o, 0) and, after a simple calculation, we deduce that
ay = —2bap-Uxcof(U; — 1)nap and (3.3.34)

ay = —2baa -Ugcof(U3 — 1)naar. (3.3.35)

As for the last coefficient, we note that as = % (0,0) = Vg,cof Ag- Ay +cof Ag- As
where, for a matrix A, V 4 denotes the derivative in the direction of A. This expression
becomes too involved when expanded and, alternatively, we write this as

1 1
as = 4 (%(0, 1/2) + al) = 4COf(A0 + 5142) . (Al + 5143) + 4CL1 (3336)

which is an easier expression for computations.

Remark. We note that for A = 0, only the Type-II structure is present in the
martensitic configuration. The Type-II system can form a compatible interface with

the identity and, in this case, one obtains
g()\, 0) =ap+ (11()\2 - )\)

Trivially this becomes zero for \> —\ = —22; we denote this solution A = k* € (0,1/2]
and we note that it agrees with the value of the classical volume fraction obtained in
Theorem 2.2.12.
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Finding solutions to the equation g (A, A) = 0 provides us with the pairs (A, A)
that make an eigenvalue of M7 (X, A) M (A, A) equal to one. Nevertheless, to apply

Theorem 2.2.3 we need to make sure that this is the middle eigenvalue.

Lemma 3.3.3. Suppose that for some (\*, A*) € [0,1] x [0, 1], MT (A\*, A*) M (\*, A*)
has the unordered triple of eigenvalues 1, A1, A\3. Then, A\ and A3 bound 1 from above

and below if and only if,

tr U2 —det U2 —2 +(N2=X) |bap]> + (A*2 =A%) [ban > (3.3.37)
+ ()\*2_)\*)(A*2_A*)n2|bAB|2ZO

Proof. It is the middle eigenvalue of M7 (\*, A*) M (\*, A*) which is equal to 1 if and
only if (1 —A;) (A3 —1) >0, i.e. if and only if

tr MT (A", A*) M (A, A") — det MT (X", A") M (A", A*) — 2 > 0.

We have already seen that det MTM = det U% and it remains to calculate the ex-

pression for the trace. Note that, using the compatibility equations,
U = (Ua+nap ®@bap) (Ua+bap @nag).
Taking traces and noting that, since Uy and Up are symmetry related, tr U3 = tr U3,
0 =2Uabap - nap + |bas|? (3.3.38)
and, by (3.3.38), it becomes straightforward to see that
tr Mg (A\) Map (A) = tr U3 + (X = X) [bas|™. (3.3.39)

However, we know that Map (A) = Map (A)+b. (A\)®@n44 and that for R = R [, ey,
RMap (A) R = Mag (\); in particular, they are symmetry related. Then, in a fashion

almost identical to the case of the twinning system (Ug, U4) above, we deduce that
0=2M7% 5 (A be(N) - naa + b (V) ]2 (3.3.40)
As M (A, A) = Map (A) + Ab. (A) ® naar, we find that

tr MTM = tr Migz (\) Map (\) +2AM 4 (N) by (N) - nan + A2|b, (V) |2
= trU5+ (A = A) [bap|> + (A* = A) |b. (N) .
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Finally, b, (A\) = baar — A\bap where n = ——25baa - bap and therefore,

[bapl?
b (A) |2 = [baa > + (A = X) n°|bas|*.

Substituting into the expression for tr MT M we infer the result. O

We may now state and prove the theorem regarding the existence of rank-one
connections between the parallelogram microstructure and SO (3) for a cubic-to-
orthorhombic transition; that is, the existence of a map R (A, A) € SO (3) and non-
zero vector-valued ¢ (A, A), p(A\,A) with [p(A\,A)| = 1 that solve the habit plane

equation:
MMNA)=RMNA)(1+cAMA)@p(NA) YAelo,1]. (3.3.41)

For the purposes of the following theorem we wish to exclude solutions of (3.3.41)
with A = 0 or A = 1. Such solutions correspond to interfaces between a compound
twinning system and austenite which, in accordance with Seiner’s specimen, we as-
sume are not possible. On the contrary, we assume that the Type-II systems can

indeed form compatible interfaces with austenite.

Theorem 3.3.4. Let M (A, A) be as in (3.3.14). Suppose that the compatibility equa-
tions (3.3.2)-(3.3.5) as well as (3.3.6) hold with naa = npp and that the lattice
parameters are such that 23% + a® + v? # 4. Further assume that the Type-II twins
(Up,Ua), (Up,Uar) can form compatible interfaces with austenite, i.e. the conditions
of Theorem 2.2.12 are satisfied with Uy = U, Ug =V and with Uy = U, Ugr =V
and that
Mg 0,1/4]. (3.3.42)
as
If apas # ajaq, necessary and sufficient conditions for equation (3.3.41) to admit
solutions satisfying \* € (0,1) for all A* € [0,1] are

dag — a
0<M§

1
— 3.4
4@1 — as 4 (3 3 3)

and
tr U2 —det U2 —2 +(N*2 =X |bap]® + (A*2 = A*) [bau | (3.3.44)
+ ()\*2_)\*>(A*2_A*)n2|bAB‘2ZO
for all (\*; A*) such that

_aO +a2(A*2 _ A*)

A2\ = .
a1 + az(A*2 — A¥)

(3.3.45)
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For each A* € (0,1/2)U(1/2,1), there are four distinct solutions to (3.3.41) provided
that strict inequality holds in (3.3.44). These are given by

(Rl,/\* A cf @pf),
(Rg,/\* A ] ®@py
(Rs, 1 — X, A", c5 ®p3
(R4, — A AN ep ®@py

: (3.3.46)

7)
)
2)
)

where the superscripts + correspond to solutions of the twinning equation given by
Theorem 2.2.3 with k = £1 and

1 _ 1 _ a0+a2 A*2 A*)
a1+a3 A*2 A*)

€(0,1/2]. (3.3.47)

If for some A* € (0,1/2) U (1/2,1) equality holds in (3.3.44) then there are precisely
two solutions, one with Type-1I volume fraction \* and one with 1 — X\*. If in addition
strict inequality holds in (3.3.43), there are four distinct solutions with A* = 1/2
provided that strict inequality holds in (3.3.44) and two otherwise; if equality holds
in (3.3.43), there are two solutions with A* = 1/2 when strict inequality holds in
(3.3.44) and one otherwise. At A =0 or A =1, Theorem 2.2.12 applies.

On the other hand, if agas = ajas, necessary and sufficient conditions for equation
(3.8.41) to admit solutions satisfying \* € (0,1) for all A* € [0, 1] are

1
0 Z_l <3 (3.3.48)
and (3.3.44) with A* € [0,1] and
)\*2 _ )\* —_ _@
a1

Then, for each A* € [0,1] there are four distinct solutions to the habit plane equation
(8.3.41) satisfying \* = k*, with k* the classical volume fraction, provided that strict
inequality holds in (3.8.44) and ag/ay # 1/4. If equality holds either in (3.5.44) or
(8.3.48) there are two solutions and one if equality holds in both.

Proof. For notational convenience let C'(A*, A*) = MT (X\*; A*) (\*, A*); we follow a
proof on the lines of Theorem 2.2.12. By Theorem 2.2.3 and the polar decomposition
theorem, necessary and sufficient conditions that equation (3.3.41) has a solution
with (A, A) = (A", A*) are that the eigenvalues \; < Ay < A3 of C'(A*, A*) satisfy
Ao =1, A >0and (\ — 1)*+ (A3 — 1)* # 0. Since det M (\*, A*) = det U, > 0, the
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condition \; > 0 is immediately satisfied and, if Ay = 1, the condition 25%+a?+~2 # 4
on the lattice parameters guarantees that A\; and A3 cannot both be 1.

To see this, suppose that C'(A*, A*) = 1 and consider the vector e; appearing in
the defining formula for bap and n4p in (3.3.8). Then, e; is a unit vector parallel to
Uy 'bap for which (3.3.16) and (3.3.26) say that Uy 'bap - nap = Uy 'bap - naa = 0.
Then, it is easy to check that

€ = C(/\*,A*) €1
= Uiel + A(UAbAB . 61)”,43 +A(UAbAA/ . 61) naa — A/\T] (UAbAB . el)nAA,

and taking the inner product with e;, we deduce that
1= Uiel -e1.

The vector e; is unique once the variants are fixed and, by a close investigation of the
relevant rotations in Appendix A, we deduce that this amounts to 23% 4+ a? +~?% = 4,
a contradiction®.

Hence, we need only show that (3.3.43) and (3.3.44) are equivalent to Ay = 1; note
that, once an eigenvalue of C'(A*, A*) is 1, Lemma 3.3.3 establishes (3.3.44) as both
necessary and sufficient for that eigenvalue to be the middle one. We now claim that,
under our assumptions, (3.3.43) is equivalent to C' (A, A) having an eigenvalue equal
to 1 for each A* € [0, 1] and \* satisfying (3.3.45) or equivalently, that g (A*, A*) =0
where by Lemma 3.3.2, g (A, A) = det (C' (A, A) — 1) can be written as

g\ A) =ag+ ag ()\2—)\)+a2 (AQ—A)+a3()\2—)\) (AQ—A).

Suppose that agaz # ajas; by (3.3.42) and the fact that A> — A € [-1/4,0]

whenever A € [0, 1], the expression a; + a3z (A* — A) is non-zero. Then, letting

_ag +ax(A* —A)
N a1 + CL3(A2 — A)’

f(A)

we deduce that
g (A", AY) =0 < \*2 — A+ f(A")=0.

But A2 — X\ + f (A) = 0 admits solutions in (0, 1) for all A € [0, 1] if and only if

1
0< f(A)< ) for all A € [0, 1], (3.3.49)

4For example, suppose that A = 1 or A = 2; depending on the choice of B, the vector e; is given by
(i14i2)/v/2 or (i1 +i3)/v/2. A quick calculation shows that, in all cases, U3e;-e; = (26%+a%+~2) /4.
The symmetry of the martensitic variants might convince the reader that this remains true for all
other choice of A.
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since the case f (A*) =0 amounts to A* =1 or A* = 0 and it is thus excluded.

The necessity of (3.3.43) is now trivial as it corresponds to 0 < f(1/2) < 1/4;
as for the sufficiency, note that the conditions on the compatibility of the Type-II
structures with the austenite (see Theorem 2.2.12) require that 6 < —2; but this is

equivalent to

Qo 1
“_fO-1W<g
where we exclude the case f(0) = f(1) = 0 as it amounts to ag = det (U% — 1) = 0 and

hence to the variant U4 having an eigenvalue equal to 1, contradicting the assumptions

0<

of Theorem 2.2.12. However,

(2A - ].) (a1a2 - CL(]CL3)
(a1 + ag(A2 = A))?

f'(A) =

which is always well-defined by (3.3.42) and becomes zero precisely at A = 1/2 with
a constant and opposite sign in the intervals [0,1/2) and (1/2,1]. In particular, this
means that for any A € [0, 1],

ao 4&0 — ag

F(A) € [ } or f(A)€ {4“0—_@2 @}, (3.3.50)

CZ17 4@1 — as 4@1 — CL37 ay

depending on which one is greater. In either case, (3.3.49) follows.
Hence, (3.3.43) is sufficient for g (A, A) = 0 to admit solutions \*, 1 — A\* € (0,1)
for all A* € [0, 1], these being given by

N o 1—\/1—4f(A*).

a 2

Note that the solutions A* and 1 — A* are distinct for any A* € (0,1) except possibly
at A* = 1/2. This is because the solutions being distinct for some A is equivalent
to f(A) # 1/4. To reach a contradiction suppose that, without loss of generality,
there exists Ag € (0,1/2) such that f(Ag) = 1/4. Then, since f is bounded between
its values at 0 and 1/2, it must be the case that f(0) = 1/4 or f(1/2) = 1/4; in
either case, by an application of Rolle’s theorem, we deduce that there exists some
Ay € (0,Ag) or Ay € (Ag,1/2) such that f’ (A1) = 0; but this contradicts the fact that
for ajas # apas, the only root of f”is at 1/2. In particular, if strict inequality holds
in (3.3.43), the solutions must be distinct for A* = 1/2 and thus for all A* € (0,1).
The solutions are then given by Theorem 2.2.3 and for all A* € (0,1) they have
the form (3.3.46) if strict inequality holds in (3.3.43) and (3.3.44), whereas, if equality
holds in (3.3.44), they reduce to two solutions - one for each Type-II volume fraction.
If equality holds in (3.3.43), the only difference is at A* = 1/2, where there are two

82



solutions if strict inequality holds in (3.3.44) and one otherwise. At the points A* =0
and A* = 1, the structure of the solutions is governed by Theorem 2.2.12 as these
cases correspond to classical interfaces between a Type-II structure and austenite.

Finally, we treat the non-generic case agas = ajas. Note that since U, does
not have an eigenvalue equal to 1, ay # 0 and writing as = ajas/ag, we find that
g (A, A) =0 if and only if

(ao + a1 (A = X)) (ao + az (A* = A)) =0. (3.3.51)

Since a1 /ag ¢ [0, 1/4], we immediately infer that

20 ¢ 10,1/4]

a2

and ag + az(A? — A) # 0 for all A € [0,1]. Thus, by (3.3.51), g(\,A) = 0 admits
solutions A\* and 1 — A* € (0,1) for all A* € [0, 1] if and only if

a0+a1 ()\>k2 —)\*) = O

admits solutions in (0,1). However, from the classical case, we have seen that this
is possible if and only if § < —2 in Theorem 2.2.12 which is equivalent to (3.3.48).
Then (3.3.51) admits two solutions with \* = k* and k* as in the classical case. These
solutions are distinct if and only if strict inequality holds in (3.3.48).

By Lemma 3.3.3, equation (3.3.41) admits solutions for all A* € [0, 1] if and only
if (3.3.48) holds as well as (3.3.44) with A** — \* = —ag/a;. There are four solutions
if strict inequality holds in (3.3.44) and (3.3.48), two if equality holds in either and
one if equality holds in both. 0O

The algebra for the cubic-to-orthorhombic transformation gets too involved and
we are unable to provide explicit formulae for the habit plane normal p and shearing

vector ¢ in (3.3.41). For this reason, we proceed numerically.
Numerical Simulation

For the remainder of this section we present a numerical calculation where, in
accordance with [120], the lattice parameters for CuAINi are chosen to be v = 1.06372,
B = 0.91542 and v = 1.02368. The martensitic variants used are the ones obtained
from the experimental observations; that is, A =3, B = 6 with A’ =4, B’ = 5 their

compound counterparts. Following the above analysis, we calculated the zeros of g,
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Figure 3.8: Values of A that make the interface possible for 0 < A < 1.

i.e. the values of (A, A) that allow the interface to occur. Relations (3.3.42)-(3.3.44)
were satisfied and we plotted A\ against A as shown in Fig. 3.8.

It is easily seen that the value of A does not change significantly from k*, cor-
responding to the classical interface between the Type-II twinning system and the
austenite, i.e. A = 0. This is rather promising as in the experimental observations it
seems that the only significant variation is found in the compound volume fraction.

Moreover, using the algebraic procedure of Theorem 2.2.3, we calculated the dif-
ferent normals m(A, A) for (A, A) on the curves of Fig. 3.8 and a plot of these is
given in Fig. 3.9, where the normals are depicted as points on the unit sphere. These
normals lie on four curves on the unit sphere whose endpoints correspond to the
eight possible normals of classical interfaces between the Type-II twinning structures
and the austenite, i.e. four normals for the interface between M, p and the austenite
(corresponding to A = 0) and another four normals for the interface between M4/ p/
and the austenite (corresponding to A = 1). We note that, unlike the admissible
normals to non-classical interfaces in the two-well problem investigated by Ball and
James [13], these curves do not form arcs of circles but rather, they form normals to

a developable surface.
Concluding remarks

To the best of the author’s knowledge, such non-classical interfaces have never been
observed or analyzed before®. By discarding the inhomogeneity of the microstructure,
in this section, we have shown that these are consistent with the commonly accepted

nonlinear elasticity model for an arbitrary volume fraction of the compound laminate.

>We note that Q.P. Sun [131, 130] has observed different austenite-martensite interfaces in CuAINi
which are strongly deformed and non-planar.
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Figure 3.9: Plot of the unit normals p(A, A) in the compatibility equation (3.3.41) for
(A, A) as in Fig. 3.8.

Since the relation (3.3.45) between the compound volume fraction A and the volume
fraction A of the Type-II laminates, compatibly intersecting the compound twins,
was derived analytically for a general cubic-to-orthorhombic transition, the analysis
can be easily applied to predict the existence of similar non-classical interfaces in
any other shape-memory alloy with the same class of transition (e.g. CuAlMn) as
well as for materials undergoing cubic-to-tetragonal transitions (since the tetragonal
symmetry is a member of the orthorhombic symmetry class.)

Moreover, the numerical simulations carried out reveal that the habit plane orien-
tation depends on the compound volume fraction for the CuAINi alloy. This finding is
consistent with the optical observations of slightly curved non-classical interfaces be-
tween austenite and the twin-crossing microstructure with heterogeneous compound
volume fraction (Fig. 3.6). In the following section we investigate the possibility of

the occurrence of a curved interface.

3.4 Theoretical Construction of a Curved Inter-
face

The curved interfaces observed by Seiner result from the fact that the pattern of
compound twins is never exactly homogeneous, i.e. the compound volume fraction
varies as a function of the position vector. The analysis provided in Section 3.3

admits an exact relation between the Type-II and the compound volume fractions
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which allows for the habit plane interface. In order to predict the curved interface as
a stress-free microstructure there are two obvious approaches.

Firstly, one might be tempted to simply let the compound volume fraction A
vary in a suitable way as a function of the position, i.e. A = A (z). Then all other
quantities which depend on the compound volume fraction will also become functions
of x. One difficulty with this approach is that we do not yet know of an appropriate
version of the Hadamard jump condition between the inhomogeneous martensite and
the austenite which ensures that the overall deformation remains continuous across a
non-planar interface. Such a condition will be proved shortly and leads to a relation
between the two gradients at either side of the interface given by 1 and R (x) M (),
respectively, where R : Q — SO (3) is such that, at each o on the interface, R (zo)

solves the habit plane equation
R (z0) M (z0) = 1+ c(x) @ p(xg) for some ¢, p € C°(R3, R?).

However, the cubic-to-orthorhombic transition of CuAINi, results in such complicated
algebra that even the task of determining whether R (z) M (z) is a gradient, and
consequently the entire approach, becomes intractable.

The second possibility is an argument that would compatibly ‘patch’ together ho-
mogeneous regions of parallelogram microstructures with different volume fractions
and, by applying the analysis of the homogeneous case in each ‘patch’, one would
hope that this will result in a piecewise planar interface, separating the austenite and
a piecewise constant gradient. Then, in some appropriate limit, one would expect to
have constructed a curved interface. Even in its simplest form of only two regions (see
Fig. 3.10), this construction requires the simultaneous compatibility of two parallelo-
gram regions, each being compatible with the identity and with very special mutual
rotations so that these add up to the identity. In this simple case, an analysis similar
to that of Section 3.3 is still possible and formulae are simplified considerably; how-
ever, not enough to allow us to check for solutions analytically. Instead, numerical
simulations indicate that for a wide range of realistic lattice parameters this inter-
face cannot be constructed stress-free. In fact, the construction of the interface fails
quickly as even the non-trivial compatibility of two parallelogram microstructures
seems to be impossible. The analysis, apart from being inconclusive, contains tedious
calculations and we shall not elaborate any further.

As explicit attempts to construct the curved interface of Seiner’s experiment in a

compatible way seem to be either intractable or impossible, in this section, we shall
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Figure 3.10: Schematic depiction of a possible piecewise planar interface between two
parallelogram microstructures of martensite M and F' and austenite. For non-zero
vectors by, bp, bryr and rotations Ry, Rp, Rpy, relations (a), (b), (¢) and (d) are
necessary for the kinematic compatibility of this construction.

employ a theoretical approach to prove the existence of a stress-free curved austenite-
martensite interface in a rather more general fashion and for some appropriate set K
of martensitic wells - to the best of the author’s knowledge, this is the first theoretical
construction of such a curved austenite-martensite interface.

As we alluded to at the beginning of this section, for the construction of a curved
austenite-martensite interface, the classical Hadamard jump condition will no longer
suffice. Below, we state and prove an appropriate modification that serves for the
purposes of the construction that follows. However, we first clarify the notation and

terminology to be used.
Notation/Terminology.

e Let £ > 0. A domain € is of class C¥ if for each & € 9 there exist » > 0, a
Cartesian coordinate system in B(&,r), with coordinates (Z,x,) where

= (x1,..., 4 1), and a C* function g : R"! — R such that

QN BE,r) = {ze BEr) : zg>9(@)},
N B, r) = {ze B&r): zqg=9(2)}.

Interchangeably, we may refer to 2 simply as a C* domain, locally C* or a

domain with a C* boundary (respectively Lipschitz).

o A (d—1)-surface I' is a connected, relatively compact manifold of dimension
d — 1 embedded in R? such that I' = intI", in the sense that every point of T’

has an open neighbourhood in I homeomorphic to a ball in R?~!. We say that
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a (d — 1)-surface I is of class C* if for each £ € T" there exist r > 0, a
Cartesian coordinate system in B(&,r), with coordinates (7, z4), and a C*
function g : R~! — R such that

'n B, r)={xe€ B¢r):za=9(T)}.

We note that the reference to the dimension may be dropped when this is
obvious and, similarly to the definition of a C* domain, we may refer to I as a

locally C* or simply C* surface.

e We say that a function y : 2 — R belongs to the space C' (Q), if y € C* ()
and y can be extended to a continuously differentiable function in an open set
containing Q. A map y = (y1,...,vq) : 2 — R? is in the space C! (ﬁ, Rd) if
y, € CH(Q) foralli=1,....d.

e Lastly, we remind the reader that throughout this thesis the term domain is

reserved for an open and connected set.

Theorem 3.4.1. (Modified jump condition) Let d > 2. Let Q C RY be a bounded
CY domain and suppose that Q0 can be written in the form Q = QT U Q™ UT where
QF, Q are disjoint open sets and I' = QNIQT = QNIN~ is a (d — 1)-surface which
is locally C'. Further, assume that y* € C' (QF,R?) and let n € C (I',R?) be the
outward unit normal to T’ with respect to Q. There exists a map z € WH™® (Q,]Rd)

such that
Dyt (x), reQr
Dz (x) =
Dy~ (z), ze,
if and only if,
Dy* (x) = Dy~ (z) +a(x) @ n(x) (3.4.1)

for allz € T and some a € C (T',R?).

Remark. Under the hypotheses of Theorem 3.4.1, Q" and 9~ locally lie on either
side of the surface I'.

For the construction of the curved austenite-martensite interface we will be inter-
ested in the special case where, say, Dy~ = 1 represents the pure phase of austenite,
whereas Dy™ represents a microstructure of martensite, i.e. Dy™ (z) is almost ev-
erywhere equal to the centre of mass of a gradient Young measure supported on an

appropriate set K of martensitic wells; see Figure 3.11.

Before proving Theorem 3.4.1, we present a lemma which is used in the proof.
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Figure 3.11: Schematic depiction of a deformation gradient Dz taking the values Dy
and 1 on either side of a curved interface I'; for an austenite-martensite interface
Dy € K9 a.e. for some appropriate set K of martensitic wells. The deformation z
remains continuous across [' provided that Dy (z) =1+ a(z) ® n(x) for all z € T.

Lemma 3.4.2. Suppose that I C R? is a (d — 1)-surface which is of class C' and

0

let ° € T'. Then, for all x € T" there exists a continuous, piecewise continuously

differentiable path «y : [0,1] — T' such that v (0) = z° and v (1) = x.

Proof. Let 2°, x € T; since I is a connected manifold, it is also path-connected (see
e.g. [95]) and there exists a continuous path connecting 2 and z. Note that the set of
points on the path is compact since it is closed and contained in a relatively compact
set. Also, I' being C!, we can cover the path with balls B(z,r,) centred at x of radius
1, such that I' N B(x,7,) is the graph of a C! function g, : Rt — R.

Extracting a finite subcover, we may assume that there are points 2°,..., 2% =
x € I'such that the balls B(z7,7;), j = 0,1,..., N, cover the path and that there exist
local coordinate systems, say (z%,z3) with 2% = (z7’,..., 2/ |), and C" functions
g; : R — R such that

'n B(:Ej,rj) = {x € B([l?j,T’j) : xzj = gj(:i"cj)}.

Above, the superscript ¢; denotes the coordinate system in the ball B(z7,r;). Triv-
ially, we may also assume that for j = 0,1,..., N — 1, there exists some y/*! ¢
B(a?,r;) N B(x7 rjg).

For j = 0,..., N, we may define N continuously differentiable paths «; in each
B(27,r;) such that 7;(0) = v/ and ~;(1) = 3™, where we make the identification

89



20 = y° and 2V = yV*L by
%) = (9 +t (7 = g9) g (7 (7T = 57Y))),

where the superscript j,¢; denotes the point 3/ expressed in the coordinate system
¢;j in B(x7,r;). Then, the composition of 7, ..., 7y gives a continuous, piecewise

continuously differentiable path v : [0, 1] — T such that y(0) = 2° and (1) = z. O

Proof of modified jump condition. To prove necessity of the compatibility con-
dition (3.4.1) suppose that there exists a map z € W (Q, Rd) such that

Dyt (x), xeQf

Dz (x) =

Dy~ (), r e .
We use a blow-up argument to reduce the problem to the classical Hadamard condition
of Lemma 2.1.8 (see also Hadamard [71].). Let 2o € I". Consider a positive and
decreasing sequence of blow-up radii {r;} such that r; — 0 as j — oo and r; - the
first term in the sequence - is so small that o + ;B C Q and the C! surface I" can
be represented as the graph of a continuously differentiable function ¢ : R%~! — R in
B(xg,71); above, B = B (0,1) denotes the until ball in R%. In particular, there exists
a continuously differentiable map f defined by f(z) = x4 — g(Z), where (Z, x4) refers

to the coordinate system in the definition of the C* surface, such that
I'N B(zo,r1) = {z € Blxo,m1) : f(zx) =0}.

We note that the unit normal to a point z € B(xg,71) is given by n(x) = Vf(z)/|V f(x)]

and, in addition,
Q* N B(wo,r1) = {x € B(xo,m1) : £f(x) > 0}.
Next, define a sequence of functions z; : B — R? by

zj (@) = — [z (2o + 1j7) — 2 (20)].
j
Since z € Wt (Q,R?), z;(0) = 0 and Dzj(z) = Dz(xo + r;x), the maps z; are
uniformly bounded in Whee (B,]Rd) and, up to a subsequence, converge weak* to
some map, say 2 € Wh (B, Rd). We claim that

Dy*(z) , =€ By,
Dz (z) = (3.4.2)
Dy~ (z) , x€B,,),
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where for a unit vector n € S, Bf ={z € B : +x-n > 0}.
Let z € B,

To see this, suppose otherwise; then f(x¢ 4+ r;2) < 0 for all j. However, since f is

(zy) @nd note that, up to a subsequence (not relabelled), f(xo+r;xz) > 0.

continuously differentiable, by Taylor’s theorem,

2 flan+ ryw) = f(ay) -+ 2020

] ]
since g € I'N B(xg,r;) implies f(z) = 0. Note that the left hand side of the above

equation is always non-positive and letting j — oo, we obtain
Vf(xo) -z = |Vf(z)n(ze) -2 <0
which is a contradiction. But then, for z € B:{(m), the continuity of Dy™ implies that
Dzj(x) = Dz(zg + rjz) = Dyt (zo + rjz) — Dy*(z0) as j — oo.

Similarly, Dz;(z) — Dy (o) as j — oo whenever v € B .. Hence, Dz;
converges (uniformly) to DZ. As Z € W (B,R?), the tangential derivatives on the

hyper-plane x - n (z¢) = 0 are equal, i.e. assuming that |n(zo)| = 1,

Dy™ (x )nL (xo) n*, for any nt € R? such that n* - n (zy) = 0
< [Dy" (xo zo)] (x — (z-n mo)) n(zo)) =0, forall z € R?
& [Dy* (o z0)| z = [(Dy" (z0) — Dy~ (20)) n(z0) ® n (xo)] =

& Dy* (330) - Dy (950) = a(zo) ®n (iUo) :

The above is in fact a proof of Lemma 2.1.8. To conclude the proof of necessity, we
are left to show that the map a, defined by the blow-up argument at each z € I' is

indeed continuous. But this follows easily as, for each x € I,

a(z) = [Dy* (x) — Dy~ (x)] n(x),

and all other maps involved are continuous.

To prove sufficiency, let xq € I be fixed and, by adding an appropriate constant,
also assume that y* (o) = y~ (o) = 0. Then, it is enough to deduce that for all
z el y"(x) =y (z) as the map defined by

yT (x), r et
z(r) =

y (z), €

will be continuous across I' and its gradient will have the required form.
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Let # € T'; since I' is of class C', by Lemma 3.4.2, we can define a piecewise
continuously differentiable path ~ : [0,1] — I such that v(0) = z¢ and v (1) = z.
Then,

v (@) —y (@) = / [Dy* (7 (8)) — Dy~ (v ()] 4 (8) dt.

Note that for a.e. t € [0, 1], 4 () is tangential to the path and, in particular, perpen-
dicular to the normal at the point v (¢) € I', i.e. 4(¢) - n(y(¢)) = 0. On the other
hand, we know that for all x € ', Dy* (z) — Dy~ (x) = a (z) ® n (x) and therefore,

vt (@) —y (2) = / ()4 Olaly @) dt=0. o

Remark. If one assumes that (2 is a simply connected subset of R¢, condition (3.4.1)
ensures that the map F : Q — M%? defined by
Dy* (x), r et

F(z) =
Dy~ (x), xeQ”

is curl-free (in the distributional sense) and Theorem 1 in [4] shows that this is
equivalent to the existence of a distribution with a distributional derivative given by
F. Then, Maz’ya in Section 1.1.11 of [101] shows that a distribution whose derivatives
of order k belong to an L” space must itself be a function and an element of the
Sobolev space W¥?: sufficiency then follows. In this case, one need not assume that
I is connected.

Also note that if T is disconnected (and € is not simply connected) the result is

in general false. As an example, consider 2 = A x (0,1) where A is the annulus
{(z1,20) : 1 < 23 + 23 < 4}.
Let QOF = {(z1,22,73) : 21 <0, z3 € (0,1)} and T' = T'; U Ty where

Iy = {(z1,22,23) 1 21 = 0,29 > 1,23 € (0, 1)}
F2 = {(xl,fﬂg,l'g) T = 07-1'2 < _1,1'3 < (O, 1)}

A planar section perpendicular to the z3 axis is depicted in Fig. 3.12 below. Let
yT(z) = 0in QF, y=(z) =0 for x € Q" N{ze > 1}, y (z) = ax; + e for x €
Q- N{xy < —1} and interpolate smoothly for x5 € [—1, 1], where a is a non-zero vector

and z; = z-ey, ¢; being the standard basis of R?; trivially, the compatibility condition
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Figure 3.12: The manifold I' = I'y U T’y is disconnected, {2 is not simply connected,
and the conclusion of Theorem 3.1 no longer holds.

(3.4.1) is satisfied across T', with Dy* — Dy~ =0 on I'; and Dyt — Dy~ = a® e; on
I'y. Next suppose that there exists z € W (0, R?) such that
Dy™* ot Ot
Da(z) = y_(x), €T _ 0, ) v €
Dy~ (z), z€Q Dy (z), =€ Q.
Then, since QF are connected, z(z) = ¢ in QO for some constant ¢, whereas, in Q)
z(x) = y~(z) + d for some other constant d. But continuity across I'; requires that
d = ¢ and hence on I'y that ¢ = ¢ + ey - a contradiction.
Finally, we remark that a particularly interesting problem arises when the maps

y* are merely Lipschitz continuous. It had been thought that, in this case, the

polyconvex hulls of the essential ranges of the differentials, denoted by [Dy*=]",% must
satisfy Hadamard’s jump condition or are at least be rank-one connected. Iwaniec et

al. [80] showed that this is not true as long as d > 3.

Having established an appropriate jump condition, we next present a general
method for constructing a curved interface at zero stress. The method is rather
general in the sense that it is applicable to any set of martensitic wells K provided
that there exists a rank-one connection between SO (3), the austenitic well, and the
relative interior of the quasiconvex hull of K, rint K9. Here, the interior of K% is

taken relative to the set

D:={Aec M™ . det A=detU}

6The essential range of the differential, [Dy*], is defined as the smallest closed subset K of M%*?
such that Dy*(x) € K for a.e. z € QF.
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where det U denotes the common value of the determinant of the martensitic variants.

Lemma 3.4.3. (construction of a curved interface) Let K C D be a compact set such
that rint K¢ # (0. Further, assume that there exist F' € rint K9, ¢ > 0 and non-zero

vectors a, n € R? such that:

B(F,e)ND C K%,
(3.4.3)
F=1+a®n.

Then, for some open ball Q = B(0,7) C R and a non-planar (d — 1)-surface I', as in
Theorem 3.4.1, there exists a gradient Young measure (Vy),cq satisfying v, = 01 in
Q™ and suppv, C K in QF with an underlying deformation z € WhH* (Q,Rd) such

that
Dyt (x), r et
Dz (z) =
1, x e

and y* € C* (W, Rd). That is, there exists a microstructure of martensite which

borders compatibly with a pure phase of austenite along a non-planar interface I'.
Proof. Let f € C'(B(0,1)) satisfy the following properties:

e f(0)=0and Vf(0)=n,

o VS —nlle <¢/lal

e Vf(x)-a=n-aforall z € B(0,1) and

e for all sufficiently small r» € (0,1), Vf/|Vf| is not constant on {x € B(0,r) :
f(z) = 0}.

Such a function exists and an example is given after the proof. Choose an orthonormal
system of coordinates (Z, ;) with origin at 0 and e; = n. Consider the map ¢ :
B(0,1) — R? defined by g(z) = (Z, f(z)). Since Vg(0) = 1 # 0 it follows from the
inverse function theorem that for » > 0 sufficiently small and some neighbourhood V'
of 0 € R? the map ¢ : B(0,7) — V is invertible with C! inverse g~!, and that

{z € B(0,r): f(x) =0} ={x € B(0,r) : zqg = h(Z)},

where h(z) = ¢g71(7,0) - n. Let Q = B(0,r), QF = {z € Q : £f(x) > 0} and
I'={z€Q: f(x) =0}. Note that T is a (d — 1)-surface of class C' and that the
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unit normal n(z) to a point x € I' is given by n(x) = V f(z)/|V f(z)|. Also since on
I', Vf/|V f| cannot be constant, I defines a non-planar interface.
To establish the claim, we now need to construct the appropriate Young measure.
Define y* : QT — R? by
yt (@) =z+af (z). (3.4.4)

As f € C'(B(0,1)) and Q cc B(0,1), it follows that y© € C! (W, ]Rd) and
Dy* (z) =1+ a® Vf(x). Moreover, we note that at x =0 €T,

Dyt (0)=1+a®n=F € rint K.

But then there exists a homogeneous gradient Young measure jy which is supported
on K and satisfies jig = F.

For all other x € T", Dy™ is rank-one connected to the identity and, in addition, it
satisfies the determinant constraint Dy* (z) € D for all z € Q. This follows directly
from our assumption that Vf (x)-a = n-a for all z € B(0,1). What is more, (3.4.3);
states that B (F,e)N'D C K% for some ¢ > 0 and therefore, for all z € QF,

|Dy™ (z) = F| = |al[Vf () = n| <,
since f satisfies ||V f —n||~ < €/|al, i.e.
Dyt (z) € B(F,e)NnD C K.

This implies that, for each z € QF, there exists a homogeneous gradient Young
measure ji, supported on K such that i, = Dy* (x). By Theorem 6.1 in [86], the
family of measures p1 = (pig),cq+ satisfying supp p, C K for a.e. x € QO defines a
(W1e°) gradient Young measure provided that the map y* such that i, = Dy* ()
is an element of W (QF,R?); this is trivially the case since y= € C' (QF,R?).

On the other hand, for z € Q—, consider the homogeneous measure d;. The

compatibility condition along I between Dy™* and the identity is satisfied and, hence,

the parametrized measure v = (v,),., defined by
I I "2 s Qr
v 51, x €™

is a gradient Young measure itself since its centre of mass is given by

Dy™ (z), reQr
Daa) = { P rEl

and z € WH(Q,R3). This concludes the proof. 0O
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Depending on the choice of function f defining the implicit surface I', one can
obtain a variety of interfaces. A rather interesting example in three dimensions is

given below:

Example. Let h € C*(R) be such that A is not constant, h(0) = 2(0) = 0 and

€

Al < —.
1700 al?

Assume a,n € R? are nonparallel and define f € C'(R?) by
f(x)=z-n+h(z-(aAn)),

where a A n denotes the vector product of @ and n. If a and n are parallel, we can
proceed similarly replacing aAn by any vector perpendicular to them. Then, f(0) =0
and

Vi) =n+h(z-aAn)aAn,

so that Vf(0) = n. Moreover, a - Vf(z) = a-n. By the orthogonality of n and
aAn, T :={f710)} = {(=1(Tarn)s Tarn, Tm) : (Tapn, Tm) € R?} in some appropriate
coordinate system where x,,, r,r, and z,, are coordinates in the directions n, a A n
and some vector m € R? perpendicular to both n and a A n, respectively. This
defines a C! surface which extends indefinitely in the direction of a A n and m and
) C R3 can be chosen to be any domain intersecting I" and not just the possibly small
neighbourhood of Lemma 3.4.3. Also, I" is non-planar as otherwise h(za/\n) = h(ya,\n)
for all z, y € I which is impossible since h is not constant.

Moreover, note that V f(z) only changes along the direction a A n and the vector
m is always tangential to the surface. Then, the two-dimensional cross-sections of I’
with planes parallel to the one spanned by the vectors n and a A n are the same so
that the cross-section with the plane x-m = k is parametrized by r(t) = (=h(t),t, k);

see Fig. 3.13 for an example.

Remark. It is worth noting that if det U = 1 then, at least for martensitic transfor-
mations with cubic austenite, one can always find a sequence y*, uniformly bounded
in W1°(Q,R3), such that each y* agrees with the identity map on the boundary
0f) and generates a Young measure with support in K, the set of martensitic energy
wells - see Bhattacharya [26]. Then, by averaging the associated Young measure, we

find a homogeneous (W) gradient Young measure with centre of mass equal to
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T2 o

Figure 3.13: Example of a surface produced with h (t) = 27t 21, o, x3 denote

the coordinates in the direction of n, a A n and the vector perpendicular to both n
and a A n respectively. The vectors n = (1,0,0)” and a = (0,0, 1)” have been chosen
arbitrarily for simplicity and there is no smallness assumption imposed on ||Al|s so
that the curvature of the surface is clearly seen.

the identity matrix (see [86]), i.e. the identity matrix is an element of K9 and the
underlying martensitic microstructure can form any curved interface with the identity

as compatibility is trivial.

In proving Lemma 3.4.3, we assumed that there exists a relatively interior point of
K% which is rank-one connected to SO (d). This is by no means a trivial assumption
and, next, we wish to address this point.

In the context of martensitic transformations, one is interested in compact subsets
of M™% of the form

N
K =Jso(u,
i=1
where, for all i, U; is positive definite, symmetric with det U; = det U. For d = 2,

there is a characterization of K (Theorem 2.2.3, in [52]) which we present next:

Theorem 3.4.4. Let K = J*, SO (2) U; € M?*? be as above. Then,

K¢ — K¢ — KP¢ — K(Q)
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Further, define the set of corners C by
C= {Ui :Jv e S st |Upl* > r?gf\Uij} .
Then there exists a set £ ={ey,...,e;} CS* (I < N) such that
K® ={F :det F = detU and |Fe;|* < maxpec |Ue;|?, i = 1,...,1}.
Using this characterization one can show the following:

Lemma 3.4.5. Let K C M?*? be as above. Then
Fe KO\ KY = F ¢ rintK*,
i.e. all double laminates are relative interior points of K.

Proof. The only non-trivial part is showing that the set of constrained points lies in
KW e

{F:det F =detU and 3i € {1,...,1} s.t. |Fe;]* = r[rjlag\UeZ-]Q} c KW,
S

A proof of this can be found as Step 6 of the proof of Theorem 2.2.3 in [52]. Next,

let ' be an unconstrained point in K9, i.e.
|Fe;| <max|Ue;| foralli=1,...,1.
vec

For any such F, let € > 0 and consider a point G € B, (F) N D, where as before
D={Ae M**?:det A=det U}. Then,Vi=1,...,I

|Ges| < [(G=F)ei| + |Fei
< C|G — F|le;| + M; for some C, M; > 0 such that |Fe;| = M; < r[rjlaé<|Uei]
€
< max|Ue|,
vec

for small enough € > 0, i.e. the unconstrained points of K9 lie in the relative interior.
Clearly, the set of unconstrained points contains K\ K = K@\ KO implying

that all double laminates are relative interior points of K. O

In two dimensions, it is indeed possible to find rank-one connections between
double laminates and SO (2). For example, Ball and Carstensen [13], give explicit
conditions for finding rank-one connections from K2 c M?3*3 to SO (3) in the case

of two wells and
Uy = diag (n2,m1,m), Uz = diag (m,m2,m) -
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The fact that U; and Uy have a common eigenvalue for the eigenvector (0, 0, 1)T allows
one to reduce this to a two dimensional problem and we can find the appropriate rank-
one connections; hence, for d = 2 non-planar austenite-martensite interfaces can be
constructed. As we are mostly interested in the case d = 3, we do not extend further
on the two dimensional case.

Similarly, finding the quasiconvex hull of K = SO (3) U;USO (3) U, can be reduced
to two dimensions (see e.g. [52]) and Theorem 3.4.4 gives K% = K®. Also, Ball and
James [19] directly and explicitly calculated the above quasiconvex hull. As mentioned
in the beginning of the chapter, they showed that K% = SO (3) F where F consists

of all matrices F' such that

a ¢ 0
FTFP=1| ¢ b 0
0 0 n?

where ab—c? = nin3 and a+b+2|c| < ni+n3. Due to the determinant constraint, this
is trivially a two-dimensional set which implies that K is of dimension 5 (since SO (3)
has dimension 3). On the other hand, were the relative interior of K% non-empty,
it would have dimension 8, i.e. of full dimension minus the determinant constraint.
Therefore, rint K9 = () and we cannot construct curved interfaces.

Hence, for K C M?3*3 we shall follow a different approach to prove the existence
of a relative interior point, rank-one connected to SO (3); this originated in an idea
of Bernd Kirchheim.

Lemma 3.4.6. (Dolzmann and Kirchheim [53]) Let k > 0, k # 1 and assume that
K C {A € M>3 . det A =1} is compact and that K% contains a three-well config-

uration Ky given by

3
K, = USO (3) U, where
i=1

~ 11 ~ 1 1 ~ 11
U = diag (FLZ, -, —) , Uy = diag (—,/4;2, —) , U3 = diag (—, —, /12) .
K K K K K K

Then there exists € > 0 such that
B(l,e)n{Ae M*>?® : det A=1} C K9,

In particular, 1 € rint K.
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Remark. The three well configuration K,; corresponds to a cubic-to-tetragonal
transformation for which n? = 1/n,. Also, in [53], Dolzmann and Kirchheim pro-

vide a specific bound for this neighbourhood of the identity; in particular, if K < 3/2,
—1)2 -
B (1“6—2)) N{AeM*>?®:det A=1} C K«

The assumption that x < 3/2 is realistic as for shape-memory alloys the lattice
parameters are typically close to 1. Henceforth, without loss of generality, we assume
that e < 1.

By Lemma 3.4.6 we deduce the following;:

Theorem 3.4.7. (Eristence of a relative interior point, rank-one connected to the
identity) Let k > 0, k # 1 and A > 0 such that
A -1

T\/A4 +2A3+ A2 +2< ¢ (3.4.5)

where, by Lemma 3.4.6, 0 < € < 1 is such that B(1,e)N{A € M¥3:det A=1} C
K9, Further, lety, = £, n, = Ax? and assume that K C {A € M>3 : det A= A%}

1s compact and that K¢ contains a three-well configuration K. given by

3
K, = U SO (3)U; where (3.4.6)
i=1
Uy = diag(ne,m,m), Us = diag (ni,m2,m) , Us = diag (n1,m1,m2) -
Then there exist a, n € R and F € rint K9 such that F =1 +a ® n.

In proving the above Theorem, we shall use two very simple observations which

we now prove in the form of a lemma.

Lemma 3.4.8. Under the notation of Lemma 3.4.6 and Theorem 3.4.7 the following
hold:

(i) K¥ = AK% and
(i) rint K = Arint K. In particular,

B(F,e)n{Ae M**:det A=1} C K &
B(F,Ae)Nn{A € M*>?:det A=A’} C K%

where F = AF .
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Proof. (i) For notational convenience let K = K, = |J7_, SO (3) U; and similarly,
K =K, =, 50 (3)U;. We note that

Aﬁl = Uz and thUS, AK =K.

To show that AK% C K9, let I’ € K%. By the characterization of the elements of
K% as weakx limits (see Section 2.1), there exists a sequence ¢* uniformly bounded
in W1e(Q,R3), for some bounded domain © C R3, such that

dist(Dg*, K) — 0 in measure,
Di* X F in L®(Q, M373).
Define y*(x) = y*(Az); by our assumptions on 7*, 3* is uniformly bounded in
Whe((1/A)Q,R?) and the gradients Dy*(z) = ADg*(Ax) satisfy
dist(Dy*, AK) — 0 in measure,

Dy* 5 AF in L®((1/A)Q, M3*3).
But AK = K implying that AF € K.
For the converse inclusion we need to show that whenever F € K%, F/A € K.
This is almost identical to the above and the proof is omitted.
(ii) Using the same notation as for part (i), let I € rintK?; then there exists
€ > 0 such that
B(F,e)Nn{Ae M>3 :det A=1} C K%,

Let F = AF; then F € K% by part (i). We wish to conclude that F € rint K9 and,
in particular, that B (F,Ae) N { A :det A = A%} C K%. It is easy to see that for
any G € B(F,Ae)N{A:det A= A3},

IG—F|<Ae= AV G-F)|<e=> |AT'G—F|<e

and
det A7'G = A3A3 =1,

Therefore,
AT'GeB(F,e)n{Ae M3 :det A=1} Cc K%

so that A™'G € K% = A~'K% from part (i) and G € K9,
Conversely, let F € rint K% and F = A~'F € K% by part (i); Then there exists
€ > 0 such that

B(F,Ae)n{Ae M*>?:det A= A%} C K
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Let G € M**3 such that |G — F| < € and detG = 1; we wish to conclude that
G € K%. But, like before,

IG—F|<e=|G—-—ATF|<e= |AG - F| < Ac

and
det AG = A?

so that AG € B(F,Ae)N{Aec M>3 :det A= A%} C K%. Then,

G e AR = R
completing the proof. O
Proof of Theorem 3.4.7. We shall prove the result for the case K = K. and the
general statement then follows. From Lemma 3.4.6 and Lemma 3.4.8, we know that
the relative interior of K% is non-empty and, in particular, Al € rint K. The idea

behind the proof is then rather natural: if we choose A > 0 close enough to 1, we can

surely find a rank-one direction, say a ® n, such that the ‘line’
l1+ta®n, teR

intersects the relative neighbourhood of A1, B (A1, Ae)N{A € M3**3:det A= A3}.
Then, the point of intersection, say F', will itself be in K% and there will exist some
€ > 0 such that

B(F,egn{Ae M7 :det A=A’} C K™

Choose any vector n € R?, |n| = 1 and let a = (A% —1)n. We claim that F = 1+a®n
is the desired point. Trivially, det F' =1+ a-n = A3 and it remains to show that

| — Al| < Ae.
But, with a = (A3 — 1)n, we obtain that

|F— A1 = |(1-A)1+a®n]?
= 3(1-A)2+2(1—A)a-n+|af
= (1 —-A2A"+2A%3 + A7 +2) < A%,

where the last inequality follows from (3.4.5). This completes the proof. O
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Combining the above result with our construction of the curved interface in
Lemma 3.4.3 we deduce that under the hypotheses of Theorem 3.4.7, we can con-
struct a stress-free curved austenite-martensite interface for a set of martensitic wells
containing the three well configuration K. As remarked already, the configuration
K in (3.4.7) is indeed a realistic one in the context of martensitic transformations as
it corresponds to a cubic-to-tetragonal transition; nevertheless, such interfaces have
never been observed in materials with such high symmetry in the martensitic phase.
Thus, proving the existence of this relative interior point for transformations with
lower martensitic symmetry is desirable. Indeed, through Theorem 3.4.7, we can
prove the existence of a relative interior point, rank-one connected to the identity for
a cubic-to-orthorhombic transformation (with special lattice parameters) which is the
transition undergone by Seiner’s specimen. Since the lattice parameters of Seiner’s
CuAINi specimen are known, this also allows us to directly check the possibility of
such an interface occurring in the specific crystal; however, as we shall see, the deter-
minant of the martensitic variants of the CuAINi specimen is too far from 1. To be

more specific:

Lemma 3.4.9. Let K = J)_, SO(3)U; denote the union of the martensitic variants
for a cubic-to-orthorhombic transition where the matrices U;, © = 1,...,6 are as in
(8.3.1). Then, the set K9 contains the three-well configuration K. given by
3
K, = USO (3)V; where (3.4.7)
i=1
Vi = diag (8, oy, Vay), Ve =diag (Vay, 8, v/ay), Vs = diag (vay, av, B)
and «, B and 7y are the lattice parameters and eigenvalues of the matrices U;.

Proof. Under the notation of (3.3.1) let us restrict attention to the pairs of variants
(U1, Us), (Us,Uy) and (Us, Us); these are precisely the pairs that form compound

twinning systems. For example, the matrices Uy, Uy are given by

g 0 0 g 0 0
U= o a;rv a1 Uy=| 0 a;rv 1-a
0 o= aty 0 2=« oty

2 2 2 2

and they have a common basis of eigenvectors consisting of the unit vectors

1 1
(L Oa O)Tv _(07 17 1)T7 _(07 _17 1)T
V2 V2
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with corresponding eigenvalues (3, «, v for Uy and 3, v, « for Us respectively. Letting

1 0 0
Q=0 % —% | €50(3)
0 % &
be the rotation with these eigenvectors as columns and defining D; := QTU;Q for

1 = 1,2, we infer that
D1 :dlag (ﬁ,o&,”)/) and D2 :dlag (577700

By the characterization of the quasiconvex hull of two wells with equal determinant

(see Section 3.1 or part prior to Lemma 3.4.6), we trivially deduce that

Vi = diag (8, v/a7,/av) € (SO(3)D; USO(3)Dy)™.

We claim that QV1QT € (SO(3)U; USO(3)U,)* C K%; then, we also deduce
that V; = QV1QT C K. As in Lemma 3.4.8, since V; € (SO(3)D; U SO(3)Dy)%,
there exists a sequence z* uniformly bounded in Wh*(Q, R3), for some bounded
Q C R?, such that

dist(Dz*, SO(3)D; U SO(3)Dy) — 0 in measure,
DzF 2V in Leo(Q, M3*3).

Define y*(x) = Qz*(Q™x); the sequence y* is uniformly bounded in W1H>(QQ, R3)
and the gradients Dy*(z) = QD2*(QT2)QT satisfy

dist(Dy*, Q (SO(3)D; U SO(3)D5) Q") — 0 in measure,
Dy* = QViQ" in L>(QQ, M¥).
But Q (SO(3)D; U SO(3)D,) QT = SO(3)U; U SO(3)U, and hence
QVIQT = Vi € (SO(3)U, U SO(3)Uy)* C K.

By considering the pairs (Us, Uy) and (Us, Ug) and repeating the above argument,
we find that

Vo = diag (a7, B,y/ay) € (SO(3)Us USO3)Uy)* € K% and
Vs = diag(y/ay,/ay,B) € (SO@3)Us USO(3)Us)™ C K*.

Then, K% being invariant under the action of SO(3), K, C K% and the proof is

complete. 0O

Theorem 3.4.7 now allows us to deduce the existence of a relative interior point,

rank-one connected to the identity for a cubic-to-orthorhombic transition:
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Corollary 3.4.10. Let k > 0, k # 1 and A > 0 such that

A1

VAL F2A3 + A2 42 <€

where 0 < € < 1 s as in Lemma 3.4.6. Further, let K denote the union of the
martensitic wells in a cubic-to-orthorhombic transition and assume that the lattice

parameters «, 3, v satisfy
A
Joay ==, f=Axr%
K

Then there exist a, n € R® and F € rint K9 such that F =1+ a®n.

Proof. Follows immediately from Theorem 3.4.7 and Lemma 3.4.9. O

Given the above result, an interesting question to ask is whether we can indeed
predict a curved austenite-martensite interface in the CuAINi specimen of Seiner.
This is entirely dependent on the lattice parameters of the specimen and whether
they are such that the determinant of the martensitic variants is close enough to 1, as
required by Theorem 3.4.7. In accordance with [120], let o = 1.06372, 5 = 0.91542
and v = 1.02368; then A = (af7)/? = 0.998935 and x = /3 (ay)~1/6 = 0.957286.
In particular, x < 3/2 and we may take ¢ = (k — 1)2/62 = 2.94277 x 107°. This

means that we can apply the above result as long as

A—-1

2.60824 x 1073 = %\/N +2A3 + A2 42 > € =294277 x 1077,
which is impossible. Nevertheless, it should be noted that the failure mechanism
lies within the value of the determinant of the martensitic variants and not the lat-
tice parameters themselves. Perhaps, for other materials undergoing the cubic-to-
orthorhombic transition the determinant may indeed be sufficiently close to 1 so that

our result on the existence of a curved interface applies.

Concluding Remarks. Our method of constructing a curved interface for a set of
martensitic wells K is entirely dependent on the existence of a relative interior point
of K% which can be rank-one connected to the identity. As we saw, this poses a
difficult problem for which little is known in the existing literature.

Moreover, the analysis does not reveal much about the structure of the relative
interior point. Based on the analysis in [53], this point must lie in the lamination

convex hull of K, K%, but we cannot be more explicit.
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For transformations with lower martensitic symmetry, e.g. cubic-to-orthorhombic,
one might expect that the structure of the relative interior of the respective quasi-
convex hulls is much richer and this is a direction worth investigating. Above, we
provided the existence of the desired point for a cubic-to-orthorhombic transition
but the method of doing so remains the same and we do not exploit this potentially
rich structure. In this case, we saw the restriction on the determinant seems much
too strong for typical values of the lattice parameters. Possibly, via enlarging the
neighbourhood of 1 € M?*3 from Lemma 3.4.6, we might indeed be able to predict
non-planar interfaces for existing alloys or even Seiner’s CuAINi specimen. Of course,
there could also be entirely new ways of constructing curved interfaces at a stress-free
state and these might come with less stringent assumptions on the lattice parameters.
This is ultimately a problem on quasiconvex hulls and appropriate jump conditions,
both of which pose deep and interesting questions.

Lastly, we have mentioned already that R. D. James and others [44, 83] have
extensively investigated the case when the middle eigenvalue Ay (U;) of the martensitic
variants equals 1 and the so-called cofactors condition (see e.g. [83]) holds, both
theoretically, and experimentally by appropriately ‘tuning’ the lattice parameters of
alloys. This work has established a strong connection between these conditions and
low thermal hysteresis. Under the cofactor condition, one is able to theoretically
construct non-planar interfaces with a pure phase of austenite, without the need for
a boundary layer; however, this is restricted to this special case and the fact that

martensitic twins are directly compatible with the austenite [82].
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Chapter 4

Quasiconvexity at faces and edges
and the nucleation of austenite in
martensite by localized heating

4.1 Introduction

Consider a general variational problem of the form

I<y>=[2w<x,y<x>,py<x>> du

over the class of admissible deformations
A={y: Q> R": ye X and yjpo, =¥}

where Q C R? is a bounded C! domain, W : Q x RY x MV*4 — R satisfies certain

conditions, X is an appropriate function space and y € X is a specified function.

Definition 4.1.1. We say that yo € A is a strong local minimizer of I if there exists
an € > 0 such that I (yo) < I(y) for ally € A with ||yo — Yyl < €.

Similarly, yo € A is a weak local minimizer of I if there exists an € > 0 such that
I(yo) < I(y) for ally € A with |lyo — yll1,00 < €.

The Weierstrass problem consists of finding necessary and sufficient conditions for
a deformation yg € A to be a strong local minimizer of I. Of course, the function
space X and the conditions on the stored energy function W are themselves part of
the problem. This is an old and long-standing problem in the calculus of variations
which is fairly well understood in the so-called scalar cases of d = 1 (Weierstrass) or
N =1 (Hestenes [78]). However, in the vectorial case of d, N > 2, which is of interest

to us, the problem remained largely open.

107



Let X = C'(Q,RY) and define the set R = {(yo(z), Dyo(x)) : = € 2} where
Yo is a strong local minimizer of I. Assume that W (z,y, F') is continuous and that

its partial derivatives of first and second order in (y, F') exist and are continuous on
Q x O where O is a bounded and open neighbourhood of R in RY x MN*?, Letting

Var (.A) = {QD S Ol (ﬁ, RN) Pl = 0} ,

known necessary conditions for the map vy to be a strong local minimizer of I are

the following:

(i) Satisfaction of the weak form of the Euler-Lagrange equations, i.e.

/ﬂ (Wy (2,90 (x), Dyo () - ¢ (x) + W (2,0 (x) , Dyo () - Dop ()] dz = 0
for all ¢ € Var (A), where W, and W denote the derivatives of W with respect

to y and F' = Dy respectively.

(ii) Positivity of the second variation, i.e.

d2
8°I (yo) = =1 (yo + €p) [e=o > 0

de?
for all ¢ € Var (A).

(ili) Quasiconvexity in the interior, i.e. for all zy €

/B W (20,9 (20) , Dy (o) + Dep () de > / W (20,9 (20) , Dy (z0)) de

for all p € Cg° (B,RY) where B = B(0,1) denotes the unit ball in R?.

(iv) Quasiconvexity at the boundary, i.e. for all 2y € 9\ 9 - the free boundary -

W (o, y (0) , Dy (x0) + D (2)) d > W (20, y (o) , Dy (0)) dx
B;@Jo) B;(z'())

for all ¢ € V,,(5,) where n () is the outward unit normal to Q at zy and

Va(zo) = {90 e C™ (B;(xo),RN> cp=00on0dBNB_ }

n(zo)

Here, B, ={xz € B : x-n(zo) < 0}.

n(zo
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Conditions (i) and (ii) are classical conditions in the sense that these hold true in the
scalar cases. The necessity of condition (iii) was shown by Ball in [7] - although this
can also be deduced from the arguments of Meyers [102] - and can be thought of as a
multi-dimensional version of the Weierstrass positivity condition; in fact, it reduces
to it when d = 1. Condition (iv) was introduced by Ball and Marsden [22] and is a
genuinely new condition valid for the vectorial case.

For such C! functions, Grabovsky and Mengesha published a seminal paper in
2009 which showed that a slightly strengthened version of the above necessary condi-
tions is in fact sufficient for a map y, to be a strong local minimizer of I. This is a deep
result which can be found in [70] and settled a conjecture of Ball in [12] calling for
quasiconvexity-based sufficient conditions; see also Grabovsky and Mengesha [69] and
Grabovsky [68] for investigations on the problems of sufficient conditions for W
weak* local minimizers and necessary conditions for W1 strong local minimizers,
respectively.

In this section, we examine a problem which has been motivated by an experi-
mental observation of Seiner. This concerns the nucleation of austenite in mechan-
ically stabilized martensite, induced by localized heating in a rectangular specimen
of CuAINi (see Section 4.2 below) and, in a simplified setting, has much in common
with the Weierstrass problem. The work in [70], though maybe extendable to domains
with edges and corners, works for C! domains and is not directly applicable to our
case; nevertheless, there are similarities and concluding remarks on the connection

with the work of Grabovsky and Mengesha are drawn at the end of this chapter.

4.2 Experimental observations

The shape-recovery process, i.e. the thermally driven transition from the low tempera-
ture phase (martensite) into the high-temperature phase (austenite), is a fundamental
part of the shape-memory effect. For many shape-memory alloys, the critical tem-
perature for initiation of the shape-recovery process is strongly dependent on the
microstructure of martensite entering the transition. When heating is applied to a
thermally induced martensitic microstructure obtained by the stress-free cooling of
the austenitic phase, the transition starts at a certain temperature which we denote
as Ag (austenite start). However, if the material in the martensitic phase is, prior
to the heating, deformed (i.e. if the microstructure is reoriented by application of
external mechanical loads), this critical temperature can be shifted significantly up-

wards. This effect is called the mechanical stabilization of martensite and has been
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documented for both single crystals and polycrystalline shape-memory alloys (SMAs)
97, 113].

The difference between the shape-recovery process from the mechanically sta-
bilized martensite and from the thermally induced martensitic microstructure was
clearly illustrated by acoustic emission (AE) measurements by Landa et al. [94]. The
AE method is based on detecting and counting the number of acoustic signals emitted
by the material during the course of the transition (see [93, 141] for an example of the
use of AE for characterization of the martensitic transitions in SMAs). Fig. 4.1 gives
an illustrative example of the comparison of AE records obtained for the same single
crystal of the CuAlINi alloy undergoing the transition in these two different regimes.
For the thermally induced microstructure, more than 90% of AE events occur in a
temperature range between the austenite start temperature Ag and the austenite
finish temperature A, which is in agreement with DSC measurements for the same
material'l. The transition in this temperature interval is preceded by a small number
of events (less than 10%) appearing below Ag. These events can be ascribed to the
formation of nuclei of austenite in the thermally induced martensitic microstructure.
Above Ag, these nuclei grow successively through the material and provide the tran-
sition. For the stabilized martensite, more than 90% of the events are recorded within
a very narrow temperature interval. As observed by Seiner et al. [124], the transition
from the mechanically stabilized martensite is provided by the formation and propa-
gation of special interfacial microstructures, which interpolate between austenite and
mechanically stabilized martensite ensuring the kinematically compatible connection
between them. These microstructures are able to exist and propagate in a wide range
of temperatures and thermal gradients [122]. Thus, the AE record for the stabilized
martensite can be interpreted as follows: the small number of AE events detected
below the narrow interval corresponds to the nucleation of austenite. As soon as
the nucleation barrier is overcome, the interfacial microstructure propagates abruptly
through the specimen and no further increase of the temperature is necessary. This
shows how essential the nucleation process is for the effect of mechanical stabilization
and the shape-recovery process in general.

The observations that follow were made on a single crystal of CuAlNi, prepared
by the Bridgeman method at the Institute of Physics, ASCR. The specimen was a

prismatic bar of dimensions 12x3x3mm? in the austenite with edges approximately

'These temperatures, however, differ from the transition temperatures of the material used for
the experimental observations that follow, since the heat treatment of the material used by Landa
et al. [94] was slightly different.
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Figure 4.1: Illustrative comparison of AE records for the transitions of CuAlINi single
crystal from the thermally induced and mechanically stabilized states. (a) gradual
increase of the number of events between Ag and Ap for the thermally induced
microstructure; (b) abrupt transition of the stabilized martensite within a narrow
temperature interval. The 100% corresponds to ~107 events. Taken from [94] with
courtesy of M. Landa.

along the principal directions of the austenitic phase (see [124] for a detailed descrip-
tion), i.e. along the standard basis vectors iy, i, i3. The martensite-to-austenite
transition temperatures determined by DSC were Ag = —6°C and Ap = 22°C. The
critical temperature T for the transition from the stabilized martensite induced by
homogeneous heating for this specimen was ~60°C. This was estimated from opti-
cal observations of the transition in this specimen with one of its faces laid on and
thermally contacted with a gradually heated Peltier cell, using a heat conducting gel.

The specimen was subjected to the following experimental procedure:

a) by unidirectional compression along its longest edge, the specimen was transformed
into a single variant of mechanically stabilized 2H martensite. Due to the mechan-

ical stabilization effect the reverse transition did not occur during unloading.

b) the specimen was then freely laid on a slightly pre-stressed, free-standing polyethy-
lene (PE) foil (thickness 10pum, temperature resistance up to 140°C). This ensured
that there were minimal mechanical constraints to the specimen during the obser-

vations.

c¢) the specimen was locally heated by touching its surface with an ohmically heated
tip of the Solomon SL-30 (Digital) soldering iron with temperature electronically
controlled to be 200°C (control accuracy ~ £5°C), i.e. significantly above the

Ag and T temperatures. The nucleation of austenite was optically observed and
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recorded by a conventional CCD camera (7x optical zoom, 25 frames/second, PAL

resolution with mpeg compression).

A observation direction
+ (+ CCD camera)

heating point

pre-stress ] pre-stress
¢ specimen g

5 PE foil ]

Figure 4.2: Schematic outline of the experimental procedure.

The localized heating was applied in three different ways: (i) with the tip touching
one of the corners surrounding the upper face; (ii) with the tip touching one of the
edges, approximately in the middle between two corners; (iii) with the tip touching
approximately at the centre of the upper face. These experiments were repeated for
various orientations of the specimen, i.e. with various faces chosen to be the upper
(observed) ones.

When heating was applied at a corner, the nucleation was always induced exactly
at that corner and occurred nearly immediately after touching the specimen with the
tip. When heating either an edge or the centre of the upper face, the nucleation
occurred at one of the corners as well, i.e. the localized heating did not result in
formation of the nucleus under the tip. Moreover, the nucleus was only observable
after 30-60s, which was enough time for the corner to reach the T temperature. In
different tests the nuclei were observed at different corners (including those lying on
the PE foil) and the exact choice was probably governed by imperfections of the sta-
bilized martensite. After the nucleation, the transition front formed and propagated
through the specimen. The velocity of the transition front probably depended on the
actual overheating of the specimen. For some runs of the experiment, it propagated
at a few millimetres per second (comparable to the transition front propagating in a
thermal gradient citePrEASc); for other runs, the whole specimen transformed fully
within less than one second. This also supports the conjecture that the nucleation is
affected by the local microstructure in the corners: if the nucleation barrier in one of
the corners is lowered e.g. by imperfections in the stabilized martensite, the nucleation
occurs earlier (i.e. at a lower temperature) and the transition front, which lowers the

temperature of the material by the latent heat [122], propagates more slowly.
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In Fig. 4.3, snapshots from the observations are seen?. The transition fronts

have morphologies of the interfacial microstructures described in [124] (X— and
A—interfaces), in which the mechanically stabilized martensite is separated from

austenite by a twinned region ensuring kinematical compatibility.

HABIT PLANE

\\_/
NUCLEUS

/
TWINNED-TO-DETWINNED
INTERFACE —

R

Figure 4.3: Snapshots of the recorded video taken during the optical observations
of the nucleation process. (a) the initial state with the length and crystallographic
orientation of the specimen given in the coordinate system of the austenitic lattice
(indicated by the subscript A); (b) formation of the nucleus at a corner (the first frame
of the recorded video in which the nucleus was clearly visible); (c) the fully formed
transition front propagating through the specimen. The morphology of the interfacial
microstructure is outlined by the arrows indicating the austenite-to-twinned marten-
site interface (the habit plane) and the twinned-to-detwinned interface between the
laminate and the stabilized martensite.

It is only natural to treat this problem as one concerning local minimizers and
using a simplified nonlinear elasticity model we propose here an explanation for the
location of the nucleation points based on ideas of the modern calculus of variations.
It is shown that the stabilized martensite is a local minimizer of the energy with
respect to localized variations in the interior, on faces, and at edges of the sample,

but not at all corners, where a localized microstructure can lower the energy.

4.3 The Ciarlet-Necas constraint

At this point, we introduce an additional ingredient which will enter into our model
in the form of the constraint set by Ciarlet & Necas in [39]. In particular, for Q C R3

Lipschitz, consider the minimization problem
&) = [ 5(Dyta)) da

over the set A = {y € W(Q,R?) : yj90, = yo, det Dy > Oa.e.} of admissible defor-

mations, for some p > 3; this is typical for elasticity. Ciarlet and Necas proposed to

2The recorded video can be seen in the electronic version of [21]
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set an additional constraint on the admissible deformations that
/ det Dy(z) dx < L(y(Q)). (C-N)
Q

In [39], they showed that by imposing condition (C-N) the associated minimization
problem results in a mathematical model for matter to come into frictionless con-
tact with, but not interpenetrate, itself. In particular, they showed that under this

constraint any admissible deformation, say y, is injective a.e. in Q in the sense that
cardy '(z') =1 for almost all 2’ € y(Q).

They also showed that condition (C-N) is closed under weak convergence in W (2, R3)
for p > 3 (weakx if p = 00) so that minimizers of the associated problem remain
a.e. injective. To retain completeness we show precisely how condition (C-N) results
in almost everywhere injective maps and, as such, we do not elaborate further on the

work of Ciarlet and Necas.

Remark. The interpenetration of matter and the invertibility of Sobolev mappings
is a problem that many authors have contributed to, particularly in the case of pure
displacement problems; e.g. Ball [8] establishes global invertibility for orientation
preserving maps in WP(Q,R3), p > 3, under an integrability condition and the
assumption that these agree with an injective map on the boundary mapping €2 to
a sufficiently regular set; Sverdk [132] extends Ball’s work proving various continuity
properties as well as the invertibility of a class of functions relevant to nonlinear
elasticity. Moreover, Ciarlet and Destuynder [38] and Valent [140] establish global
injectivity in nonlinear elasticity under the assumption that the applied body force
density is small in the space LP, p > 3, within the existence theory based on the
implicit function theorem. The book of Fonseca and Gangbo [61] is a very good
reference as it contains insightful results regarding general invertibility problems for
Sobolev mappings within the context of degree theory. The reader is also referred to
Csornyei, Hencl and Maly [43], Hencl et al. [75, 76, 77] as well as Henao and Mora-
Corral [73, 74] for other works on the invertibility of Sobolev (and BV) mappings.

In our context, the (C-N) constraint results in deformations which are homeomor-
phic in Q rather than simply a.e. injective. This is because our admissible deforma-
tions also satisfy an additional property, namely that of having bounded distortion,
a class of functions which we define next. We note that our admissible deformations

being homeomorphic is a powerful result and allows us to extend our methods and
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main result to a set of domains which is much larger than the one obtained without
(C-N).

Definition 4.3.1. Let Q C R? be open. A continuous map y : @ — R? is called a
mapping of bounded distortion if:

o y € WhHQRY),

loc

e det Dy(z) does not change sign in 2 and
e there exists a number M > 1 such that
IDy(x)|[* < M|det Dy()|
for almost all x € 2.

Here, ||Dy(z)|| = sup,j<; |Dy(z)2z| = omax(Dy(z)) - the mazimum singular value of
Dy(x).

Mappings of bounded distortion share remarkable properties and below we present
one of them which is crucial for our purposes; the proof of the following lemma can
be found in Reshetnyak [116].

Lemma 4.3.1. Fvery mapping y of bounded distortion from an open domain 2 to

the space R which is not identically constant is an open mapping.

We end this section by proving an auxilliary result which will be used to establish
the regularity of our deformations under the (C-N) constraint and that of being

mappings of bounded distortion.

Lemma 4.3.2. Let Q@ C R?® be a bounded Lipschitz domain. Suppose that y €
Whe(Q,R?) is a mapping of bounded distortion, satisfying (C-N) and det Dy(x) >
r >0 a.e. in Q. Then, y is a homeomorphism between Q0 and y(Q), its inverse y=*
belongs to WH(y(Q), R?) and
_ _ —1
Dy~'(«") = [Dy(y~"(2"))]
for a.e. ' € y(Q).

Proof. We first show how the (C-N) constraint results in y being a.e. injective. For
Q2 a bounded and open subset of R® and y € W'?(Q,R?), p > 3, a theorem of Marcus
and Mizel [99] shows that

/ | det Dy(z)|dz = / cardy ™' (2) da’ (4.3.1)
Q y()
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whenever one of the two integrals is meaningful. In our case, y € W1 (Q,R3) and
the integral on the left side of (4.3.1) is bounded. Then, using (4.3.1) and the (C-N)

constraint we infer that
L3(y(Q) = / dr' < / cardy ' (2') da' = / det Dy(z)dz < L3(y(Q))
y(2) y(2) Q
from which we obtain the required a.e. injectivity, i.e.
cardy '(2') =1 for a.e. 2’ € y(Q).

Injectivity everywhere in €2 now follows due to the fact that y has bounded dis-
tortion. In particular, if the mapping y is identically equal to a constant, it cannot
be a.e. injective and Lemma 4.3.1 implies that y is an open mapping. To reach a
contradiction, suppose that there exist z1,xo € Q such that y(z1) = y(z2) = yo € R3,
so that y fails to be injective. Note that yo € y(€2) which is open since {2 is open and
y maps open sets to open sets; hence, there exists € > 0 such that B(yg,€) C y(Q).

By the continuity of y the inverse image of B(yo,¢€), ¥~ *(B(yo,€)), is an open set.
However, z1, 1o € y~'(B(yo, ¢)) and we can thus find open neighbourhoods U, V' of

x1, T9 respectively such that
U,V Cy Y(B(yo,e)), 11 €U, 29 €V and UNV = 0.

As y is an open mapping, y(U) and y(V') are open sets. Furthermore, y(U) Ny(V) is
open and non-empty, since yo € y(U)Ny(V). Thus, £3(y(U)Ny(V)) > 0 and it must
be the case that

card y~ ' (2') > 2 for all 2’ € y(U) Ny(V),

contradicting a.e. injectivity. Then, y being injective and open, it is a homeomorphism
from Q to y(92).

As for the regularity of y=!, det Dy(z) > r > 0 for a.e. x € Q, i.e. [Dy]™! €
L= (y(Q), R3*3). To conclude the proof, we deduce that Dy~'(z') = [Dy(y~*('))] "
in the sense of distributions; then y~! being itself bounded in y(f2), it is an element
of Wheo(y(Q),R3). Let w = y~! and ¥ : Q@ — R a smooth, compactly supported

function; letting =’ = y(x)

/ o ’ ro_ a_w
/y(m w;(x )8_.753(96 Ydx' = /QL o’ (y(z))det Dy(x) dx
o

o (y(2))[Dy(x)];,; det Dy(z) dz
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by the chain rule, the fact that y € W'* is differentiable a.e. and [Dy]™! €
L>(Q,R3*3). Using Piola’s identity and integrating by parts,

[ ) 00 (da! = — [ wtute ot Dy(a))de
y(2) Q

ox;
(cof Dy(z));i
- [ LRIy ) et Dy(o)

_ _/ (cof Dy(w(z")
y(2) /

Jii 1o N o
det Dy(w(z () e,

)

)
)
completing the proof. O

Remark. We note that y~! becomes itself a map of bounded distortion which also
implies that y~! is differentiable a.e. (see [116]).

We also remark that since y € W (2, R3) is a homeomorphism with bounded
distortion, a theorem from [43]® asserts that its inverse already lies in the space
Wt (y () ,R3). In particular, y~! is absolutely continuous on almost all lines parallel
to the axes, i.e. y~! admits classical first partial derivatives a.e. and these coincide
with the generalized derivatives (see e.g. [3, 101, 104, 117]).

Moreover, note that y being a W1 homeomorphism, one cannot expect that
y~te I/Vl(l)cl (y(©2),R?). As an example, consider the map f (z) =z +u (z), * € R,
where u is the usual Cantor ternary function and let ¢ = f~!. Then ¢! fails to
be absolutely continuous. By setting h (x) = (g (1), 22, x3), one obtains a Lipschitz
homeomorphism whose inverse is not in Wl (y (), R?).

In [43], the additional condition set on y is that it has finite distortion - a notion
satisfied for our admissible functions - and provides an inverse map which is of finite

1 can only be expected to be in

distortion as well. Without this assumption, y~
BViee (y () ,R3), the space of functions with locally bounded variation. The theory
of mappings of finite distortion and quasi-conformal maps has played an important
role in the regularity of inverses of Sobolev (and BV) maps and the reader is referred

to [75, 76, 77, 110, 151] and references therein for similar results.

4.4 A simplified model

For the purposes of this exposition we derive an appropriate variational model which

is based on the Young measure approach. The main reason for this is that Young

3In fact, in dimension 3, it only requires that y € Wﬁ)f (Q, RS) and is a homeomorphism of finite

distortion; a notion weaker than that of bounded distortion.
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measures are conceptually simpler and arise more naturally in the context of mi-

crostructure. In terms of Young measures, the problem becomes that of minimizing

Iy (v) = /Q (v, o) da (4.4.1)

over some set of admissible gradient Young measures. We recall that, for the min-
imization problem (4.4.1), the underlying deformation gradient of a Young measure
minimizer v, given by 7,, corresponds to the macroscopic deformation gradient.

We note that in our approach we do not assume any coercivity or growth for
our energy density ¢ and, therefore, the minimization problem in terms of Young
measures does not necessarily serve as a relaxation method for the gradient problem.

To set up our model, let Q C R? - a bounded domain - describe the rectangular

specimen in austenite at the critical temperature 6. and let
6
K :=3S0@3)ul JSOB)U;
i=1

denote the union of the energy wells of the austenite and the martensite; for the
cubic-to-orthorhombic transition of CuAlINi the martensitic variants U;, 1 = 1,...,6
being given in (3.3.1).

Henceforth, we make the assumption on the lattice parameters that det Uy, < 1
and Apax(cof Ug) > 1, where A\ax(A) denotes the largest eigenvalue of the matrix
A; in particular, the same holds for all martensitic variants as they are symmetry
related. This is a technical assumption and it should be noted that it is consistent
with the lattice parameters of the CuAINi specimen used in the experiment.

For our energy density ¢ : M**3 — R = RU {+oc} we only assume lower semi-
continuity. Moreover, as described in the experimental observations, the temperature
of the iron tip exceeded the critical temperature significantly and it was only after
the lapse of sufficient time for the corner to reach the critical temperature that the
transformation initiated; thus, we make the assumption that 6 > 6., i.e. the austenite
is energetically preferable to the martensitic variants. Specifically, on the energy wells

K, we assume that

—0, F €50 (3)
o (F) = (4.4.2)
0, Fel, 503U
where § > 0 is such that minysxs ¢ = —0 (the austenite minimizes ); in particular,

© is bounded below.
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The above form for ¢ is natural and as for the lower semicontinuity, this is the
least we can assume to make the minimization problem meaningful. As noted above,
we do not impose any coercivity or growth conditions for our minimization problem.
However, the question of local minimizers is dependent on the growth of ¢ off the
energy wells and in order to make the problem more tractable, we wish to work with an
energy functional which captures the essential behaviour of ¢ but becomes infinite off
the set K. This allows one to disregard the growth of ¢ and instead concentrate only
on microstructures supported on the wells; moreover, any configuration that lowers
the energy will necessarily be partly supported on the austenitic well, SO (3), so that
austenite has nucleated. To derive this functional rigorously we invoke I'-convergence,

the definition of which we now recall in some generality:

Definition 4.4.1. Let (X, d) be a metric space. We say that a sequence I* : X —
R U {+£oo} I'(d)-converges to I : X — R U {xoo} if for all x € X we have:

k

(i) (liminf inequality) for every sequence x* converging to x

I(z) < lim inf I* (2%); (4.4.3)

k

(ii) (existence of a recovery sequence) there ezists a sequence x* converging to x

such that
I (z) > limsup I* (z*), (4.4.4)
k
or, equivalently by 4.4.3,
I (x) = lim 1% (2%) . (4.4.5)

The function I is called the T (d)-limit of I* and we write [ =T (d)-lilgn 1",

The notion of I'-convergence was first introduced by De Giorgi [50, 51] and has
been a very powerful technique, particularly in homogenization problems and the
passage from atomistic to continuum models. I'-convergence defines a topology on the
space of lower semicontinuous functions on X and the idea behind it is to precisely
introduce a suitable notion of ‘variational convergence’ which is captured by the

following classical theorem, see e.g. [36].

Theorem 4.4.1. Let (X, d) be a metric space and suppose that the sequence of func-
tions I* : X — R U {£oo} is equi-mildly coercive, i.e. there exists a compact set
L C X such that igl(f " = iILlf I*¥ for all k € N. Suppose that the T (d)-limit of I*

exists and I =T (d) —lilgn I%; then H}}n I exists and

min I = lim inf I*.
X k—oo X
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Moreover, if 2* is a converging sequence such that h;?l I* (xk) = lilgn i&f I* then its

limit is a minimum point for I.

This type of convergence is only used to deduce our model rigorously and we
do not make use of any relevant deep results. As such we do not further review I'-
convergence here and we refer the reader to the books of Braides and Defranceschi [36]
as well as that of Dal Maso [49] for an extensive account.

Returning to our model, it is only natural to restrict attention to WH* gradi-
ent Young measures since, once we consider the blown up version of our functional,
any gradient Young measure with finite energy will be supported entirely within the

compact set K. For notational convenience, let us denote the closed unit ball of
L2 (2, M (M3*3)) by B, i.e.

B = {V c Lﬁ* (Q,M (ngg)) L Vg Z 0, ||Vx||M(M3><3) S 1 a.e.} .

Any Young measure v = (1, )zeq is a probability measure for a.e. z and hence belongs
to B. In our minimization problem we will be interested in a class of admissible

measures which belong to the subset of B
M :={v = (Vp)peq € B: v a W™ gradient Young measure}

under certain constraints and the (C-N) constraint introduced in Section 4.3 is one
of them. Of course, our model is expressed in terms of gradient Young measures and
we employ condition (C-N) in the obvious way, i.e. we require that the underlying
deformation of any admissible gradient Young measure satisfies this constraint. Here,
for the purposes of deriving our energy via I'-convergence, we define our functionals

on the class of measures
A:={ve M*:p, = Dy(z) a.e., det Dy(z) > 0 a.e., y satisfies (C-N)}. (4.4.6)

Note also that we will be interested in the I'-limit with respect to the weakx
convergence in the space L (Q, M (M3*3)). In principle, I'-convergence can be
defined for a general topological space (X,7) where the convergence is naturally
induced by the topology 7; nevertheless, one needs to be careful as some general
results may not be valid.

However, the space L2 (2, M (M?3*3)) is the dual of L' (Q, Cy (M>*?)) - a sepa-

rable normed vector space - and the Banach Alaoglu theorem states that B is weaks
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compact. Then B equipped with the topology induced by the weak* convergence is

a metrizable space (see e.g. [62])* with metric given by

o0

Ao = 3220w = by ) = 3227 [y @) (= e ) da] (447)
ij=1 ij= 1

where {f;} and {h;} are countable dense subsets in the unit balls of Cy (M?*3) and
L' (Q) respectively. Henceforth, we will freely use the term I'-convergence with re-
spect to the weak* topology in B without referring to the above argument about its
metrization.

Let us consider a function v : M3*3 — R and assume that
O(F) >0, b(F) =0 Fe K and —d+c[F]P <o(F),  (448)

for some d, ¢ > 0 and p > 3. Let ©* := ki) + ¢ and for each k& € N define the
functional I* : 4 — R by

I* (v) = /Q(l/z,gok) dx. (4.4.9)

The function ¢ vanishes on the energy wells K, whereas, away from them it is strictly
positive and increasing. In the limit £ — oo, one expects that the increasing term
kv will force the limiting functional to blow up whenever a measure is supported
anywhere off the set K, while, for measures with support contained in K the functional

should capture the behaviour of .

Lemma 4.4.2. Let p, ¢ : M33 — R be lower semicontinuous functions satisfying

(4.4.2) and (4.4.8) respectively and for k € N write o* = ki) + . Let I* : A — R

be as in (4.4.9). Then, I = F-klim I* with respect to the weaks convergence of Young
— 00

measures, where

—0 [, v2 (SO (3)) dz, suppv C K
I(v)= (4.4.10)
400, otherwise

and v, (SO (3 fso dv, (A

Remark. In terms of microstructures, the expression v, (SO (3)) represents the

volume fraction of SO (3) in the microstructure corresponding to v, at x € Q.

4In general, suppose that X is a separable normed space and let L C X* be compact in the
weakx* topology. Then L equipped with the weak+* topology is a metrizable space.
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Proof. Note that since ¢ > 0, the sequence " is increasing and therefore so is
I¥ i.e. the I-limit exists and is given by the supremum of the lower semicontinuous
envelopes of the functionals I*, see e.g. [49]. To establish the lim inf-inequality, let
v* € A such that

Vi L (Q, M (RPF).

Let us show that v € A. Clearly, we may assume that liminf, I* (/%) < co. In
particular, this implies that suppr, C K a.e. in §2; otherwise, v has part of its
support outside K. Then, letting f € Cy(R3*3) such that 0 < f < ¢ and f(A) =0
if and only if A € K, we deduce by the weak* convergence of v* that

/(Vf,f>d$—>/(vx,f>dx:c*>0
Q Q

since f > 0 outside K and v has at least part of its support outside K. Hence, for k

large enough,
FA) =k [k dos [ ) do
Q Q

> [ @k fyde - a9
Q
C
> k— —9|Q|.
e
But lim infy I* (1/’“) < 00, leading to a contradiction.
Also, since liminf, I* (1/’“) < 00, up to a subsequence, we may also assume that

sup, I*(v*) < 0o and, by (4.4.8), we deduce that, for some constant C,

sup/ / |A[P dvF(A)dr < C. (4.4.11)
k Q JR3X3

In particular, this implies that v, is a probability measure a.e. (e.g. Theorem 3.6, [137])
and that (e.g. Theorem 3.7, [137])

" — 7 in LP(Q,R3>*3). (4.4.12)

In particular, we may assume that the functions y* underlying the measures v* are

uniformly bounded in W1P(Q R3) and in view of (4.4.12), y* — y in WHP(Q, R?)
where Dy(x) = 1, a.e. in §; note, that a priori y* € WH>(Q,R?) for each k but the
bound is not uniform.

By Proposition 4.6 in [137], we infer that v is a W1? gradient Young measure and,

since supp v, C K a.e., Zhang’s lemma says that v € M. The remaining conditions
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now follow: the determinant constraint follows from the minors relations (2.1.12) and
the fact that suppr, C K a.e. in (Q since then

0 < min(det Us, 1) = %m}% det F < (v, det) = det 1,
S

= det Dy(z) < max det F' = max(det Ug, 1)  (4.4.13)
S

and (C-N) follows by the fact that each y* satisfies (C-N) and y* — y in WP(Q, R?),
p > 3 (see [39]).

Having established that v € A, let us prove the lim inf-inequality. Note that any
non-negative lower semicontinuous function f on R3*3 (generally, on a metric space)
is the pointwise supremum of a non-decreasing sequence of functions in Cy (R3*3),
e.g. given f, its Lipschitz regularizations

fu(F) = inf (f(A)+n|F —A|)

AeR3x%3

satisfy fi < fo < ... < fand f,(F) — f(F) for all F € R3*3. Multiplying each f,
by a suitable decaying and continuous function, we obtain the required sequence in
Co(R3*3). Next, consider the map ¢ + §; this is non-negative, lower semicontinuous
and, hence, there exists a non-decreasing sequence of functions, say ¢, € Cy (M?3*3)
with 0 < ¢, < ¢+ 0 converging pointwise to ¢+ 6. Then, by weak* convergence and
the fact that ¢, < p+4, forn e N

/(ux,gpn> de = liminf/<y§,¢n> dx
Q Q

k—o0

< liminf/<yf,g0+5> dx
Q

k—o0

< hggglf/g@g, k) + ¢ +0) do = lim inf I*(V%) + 6)Q
since ¢y > 0 and v* is a probability measure for a.e. x. But, 0 < ¢, for all n and
letting n — oo, we obtain the liminf inequality by monotone convergence and the
fact that v, is a probability measure a.e. in €2.

For the recovery sequence, let v € A and assume that I(r) < oo as otherwise the
result follows; in particular, suppr, C K a.e. in 2. The recovery sequence is simply

k

given by the constant sequence v* = v, as trivially v* € A, v* = v and

P = 140) =k [ o) dot [ Gnghde= [ () de

since suppv, C K a.eand v =0on K. 0O
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Remark. Alternatively, we write our energy functional I (v

[(w) = /ﬂ%m iz

where the energy density W : M3*3 — R is given by
5, FeSO(3)

W (F) = 0, FelU’,8013)U;

400, otherwise.

Admissible measures

) as

(4.4.14)

Having established the form of our energy we next define the set of admissible

measures, i.e. the set of W1 gradient Young measures competing in the minimiza-

tion. Throughout the rest of this thesis, we denote the mechanically stabilized variant

of martensite by Us. Then, the homogeneous gradient Young measure dy, corresponds

to a pure phase of the martensitic variant Us.

In our minimization problem, we only consider variations of dy;, which are localized

in the interior, on faces, edges and at corners. In particular, let S;, Sy, Se, S, C €2 be

as in Fig. 4.4.

)

interior ‘ face
<«

edge corner

Figure 4.4: Subsets of €2 used for testing whether nucleation of austenite can occur
in the interior, on a face, an edge and at a corner; these are given respectively by the
intersection of {2 with a small ball centred at a point in the interior, on a face, an

edge or a corner.

More precisely, let B (zg,7) be the ball of radius r > 0 centered at x.
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(interior) Let zg € Q; S; = B (20, 7) for some r > 0 such that S; C .

(face) Suppose that a face F' is contained in the plane {x - n = k} where n € 5% is
outward pointing and k£ € R. Let 2y € F'; then Sy = {z € B (x,7) : v -n < k}
for some 7 > 0 such that S; \ {z-n =k} C Q.

e (edge) Suppose that an edge E is the intersection of two faces contained in the
planes {x - ny = k1} and {x - ny = ky} where n; € S? are outward pointing and
k; € R, i=1,2. Let zp € E; then S, = {x € B(xo,7) : ©-n; < k; Vi=1,2}
for some r > 0 such that S, \ U7, {z -n; = ki} € Q.

e (corner) Suppose that a corner C' is the intersection of three faces contained
in the planes {z -n; = k;} where n; € S? are outward pointing and k; € R,
i =1,2,3. Let xy € C; then S, = {z € B(xg,r) : x-n; < k; Vi=1,2,3} for
some 7 > 0 such that S\ >, {z -n; = k;} € Q.

Definition 4.4.2. Let w € {i, f,e,c}. We say that a measure v = (Vy)zeq 1S admis-

sible for the interior (resp. a face, an edge or a corner) if v € A; (resp. Ay, A. or
A.) where

A = veM®:v, =0y, a.e. outside S, and its underlying deformation y
v satisfies (C-N), det Dy > 0 a.e. and y(z) = Usz on 0S,NQ [~

Remark. Note that the sets S;, Sy, Se, Sc are chosen to be (parts of) balls for
simplicity; clearly, no matter what the shape of a ‘nucleation region’ is, it can always
be embedded in (part of) such a ball.

Moreover, with the above notation and for S € {S;, Sy, Se, S.} we can write 05
as the disjoint union of 95 N Q) and 9S N €2, which are relatively open and closed
subsets of 95 respectively, where relative means with respect to 0S.

For faces, edges and corners 05;N0S2, 9S.NISY and 9S.NON2 act as free boundaries;
these are comprised of part of the given face, parts of the two faces that meet at the
given edge and parts of the three faces that meet at the given corner, respectively.

Note that any deformation y underlying an admissible Young measure is required
to be in W1 (Q,R?) and to satisfy the linear boundary condition y (x) = Uz on
05 N Q. By the Sobolev embeddings, y is continuous up to the boundary of {2 and
hence, whenever y (z) = U,z on 95 N € then also y (z) = U,z on 9S N .

We now end this section by showing how condition (C-N) leads to finite-energy

deformations which, as claimed, are homeomorphic in €.
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Theorem 4.4.3. Let w € {i, f,e,c} and v € A,,. Suppose that suppv, C K a.e. in
Q and let y € WH>(Q,R3) be the underlying deformation of v. Then y is a homeo-
morphism between Q and y(R2), its inverse y=! belongs to WH(y(Q2),R?) and

Dy=!(2') = [Dy(y=" (")~ for a.e. 2’ € y(2).

Proof. In view of Lemma 4.3.2, we need only prove that y is a mapping of bounded
distortion and that det Dy(x) > r > 0 a.e. in 2. The determinant constraint follows
by the minors relations and the fact that suppr, C K a.e. in  as in (4.4.13). To
show that y has bounded distortion, note that Q being Lipschitz, y € W1(Q, R3)
is continuous. Moreover, supp v, C K a.e. and the norm on R*3 ||F|| = oyax(F) is

quasiconvex, i.e.
V|| = < .e. )
172 = [ Dy(@)]| < max||F| for a.e.x € Q
Also, by (4.4.13), det Dy(z) is bounded above and below a.e. and does not change

sign in 2. Then, for a.e. x € ,

[Dy()|° _ maxpex [FI°

|det Dy(z)| — minpex det F ’

where M > 1 and y is a mapping of bounded distortion. O

Having established the required regularity of the finite-energy deformations in our
simplified model, we proceed with the analysis of the experimental observations and

state our main result.

4.5 Proposed explanation for the location of the
nucleation points

Our main result implies that nucleation is only possible at a corner but this will be
dependent on the directions along which the specimen is cut. We proceed with two
definitions and introduce the class of ‘admissible’ domains, i.e. the domains for which
our result will be proved to hold. We note that for any admissible measure v with
finite energy, supprv, C K = SO (S)UU?:l SO (3) U; a.e. which implies that v, € K%
a.e. in Q. In particular, for any quasiconvex function f : M3*3 — R

f () <max f(F) fora.e. xe€Q.

~ FeK

This motivates the following definition.
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Definition 4.5.1. Let K = SO (3)UJS_, SO (3)U; and s € {1,...,6}. We say that

a vector e € S? - the unit sphere in R® - is a mazimal direction for Uy if

|Use| = max |Fe| = max {|Use|,1}.
Fe kK c(1,....6}

Similarly, we say that a vector e € S? is a mazimal direction for U7 if

|cof Uge| > max  |cof Fe| = max {|cof Use|,1}
Fe K\SO(3)U, i€{1,... 61\ {5}
or € = emax(cof U),

where emax(cof Us) denotes the eigenvector of cof U corresponding to its largest eigen-
value’. We denote the set of mazimal directions for Uy and U;' by M, and M!

respectively.

Definition 4.5.2. Let Q C R? be a parallelepiped domain. We say that an edge of Q2
is admissible for U, if it is in the direction of a vector in My U U2 ML, Similarly,
a face of Q) is admissible for Uy if the normal to the face is perpendicular to a vector
in My U U2 M. Then, we say that the domain Q is admissible for Uy if all of its
edges are in the direction of a vector in My U U7 2ML.

Remark. Due to the condition that Apa..(cof Uy) > 1, the sets M, and M1 are
non-empty. We also remark that we view the set U;72M! as a subset of S?; that
is e € U72 M1 if there exists f € M;! such that e = U;2f/|U;2f|. In particular,
emax(cof Uy) € U72ML.

Moreover, note that if an edge is admissible it follows that the faces intersecting
at that edge are also admissible since the normals are necessarily perpendicular to
that edge. Therefore, for €2 to be admissible we need not require that its faces are

admissible too.

We are now in a position to state and prove our main result:

Theorem 4.5.1. Let Q C R? be admissible for U, and assume that det U, < 1 as
well as Amax(cofUs) > 1. Let v € A, U Ay U A, U A, be such that I (v) < I (dy,).
Then, v € A,.

Furthermore, for the CuAINi specimen of the experiment described in Section 4.2,

there exist four corners and, for each of these corners, an admissible measure v € A,
such that I (v) < I (dy,).

5We note that emax (cof Us) may or may not satisfy the maximality condition above.
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Remark. For the simplified model constructed above, dy, being a local minimizer
with respect to variations in, e.g. Ay, says in particular that no nucleation can occur

on that face. This should be clear from the form of our energy as I (dy,) = 0 and

1(y)<0<:>/ﬂux(50(3))dx:/ﬂ/SO(S) dv, (A) > 0.

On the other hand, if there exists v € Ay such that I (v) < I (dy,), we infer that v

must be partly supported on SO (3); in particular, austenite has nucleated.

The first part of Theorem 4.5.1 says that dy, is a local minimizer with respect
to localized variations in the interior, on faces and at edges of {2 and no nucleation
can occur there. The second part says that, for Seiner’s specimen, dy, is not a local
minimizer with respect to localized variations at some corner and, hence, the austenite
can indeed nucleate at that corner. Therefore, Theorem 4.5.1 states that austenite
must and indeed can nucleate at a corner.

We should point out that the requirement that €2 is admissible for U, as well as
the conditions on the lattice parameters and the constraint (C-N) are only relevant

for faces and edges; for corners and the interior no such conditions are required.
Quasiconvexity conditions.

At this stage we introduce a set of quasiconvexity conditions in the interior, on

faces, edges and at corners; we use these to prove the first part of Theorem 4.5.1.

Definition 4.5.3. Let W : M*3 = R, Q C R® a parallelepiped domain and write
B=B(0,1)={x eR? : |z| < 1}, the unit ball in R3.

o (interior) We say that W is quasiconvex at '€ M3*3 in the interior of Q if
(n, W) > W (F)
for all u € B; where

B; = {homogeneous W1 gradient Young measures p: i = F.}

o (face) Let a face of 2 be contained in the plane {x -n =k} for some outward
pointing normal n € 5% and k € R; let By ={x € B : z-n < 0}. We say that
W is quasiconver at F' € M3*3 on that face if

/ (pg, W) dx > W (F) dx
By By
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for all u € By where

B — Whee gradient Young measures j = (um)mer © e = Dz (2)
T ae in By, z satisfies (C-N) and z () = Fx onint (0BN By) |’

the interior being relative to 0B.

e (edge) Let an edge of Q2 be the intersection of two faces contained in the planes
{x-ny =k} and {x - ny = ko} for some outward pointing normals n; € S* and
ki€ R,i=1,2;let B.={x€B:x-n<0Vi=1,2}. We say that W 1is
quasiconvez at F € M3*3 at that edge if

/ (e, W)da > W (F) dx

e Be

for all p € B, where

r€EB: "

B Whee gradient Young measures = (uz) iy = Dz (7)
° | ae in B, z satisfies (C-N) and z () = Fa onint (0BNB,) |’

the interior being relative to OB.

e (corner) Let a corner of Q2 be the intersection of three faces contained in the
planes {x - n; = k;} for some outward pointing normals n; € S* and k; € R, i =
1,2,3;let B.={x € B : z-n; <0Vi=1,23}. Wesay that W is quasiconvex
at € M3*3 at that corner if

/ (o Wydz > [ W (F) de

c Bc

for all p € B. where

B _ Wt gradient Young measures p1 = (o). fla = Dz (2)
°" | ae. in B, z satisfies (C-N) and z (z) = Fx onint (OBNB.) [’

the interior being relative to 0B.

Notation. As remarked already, it is useful to view the free boundary of the nucle-
ation region as being closed and the prescribed boundary as being open relative to
the boundary of the region; as such we retain this for the sets B,, w € {f, e, c}, in
Definition 4.5.3 in contrast to the definition of quasiconvexity at the boundary given
in Section 4.1. This makes no real difference since the deformations underlying our
admissible measures are continuous up to the boundary. Then, for convenience and

in order to not depart from the notation used so far, we shall denote the free and
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prescribed parts of the boundary of B,, by 0B, N9JS2 and 9B, NS respectively rather
than (B N B_w) and int (8B N B_w)

Remark. We note that whenever a measure u € B, satisfies supp pu, C K, its un-
derlying deformation z becomes a mapping of bounded distortion and it thus inherits
the property of being homeomorphic with an inverse in the space W1 (2 (B,),R?).

Moreover, if we suppose that the map W is finite everywhere and ignore the
determinant and (C-N) constraints, the quasiconvexity conditions in the interior and
on a face are essentially the standard quasiconvexity conditions in the interior and
at the boundary but phrased in terms of Young measures. To see this, suppose
that W is quasiconvex in the interior at F' in the sense of Definition 4.5.3 and let
z € Fa + Wy™ (2,R%); consider the measure v = dp,, which is clearly a W
gradient Young measure and define p = Av v, the average of v, through its action on

a continuous function f by

1
wwzﬁémwm

Then p is a homogeneous gradient Young measure and satisfies i = F (see e.g. [112]).

By the quasiconvexity of W we get that
1 1
G W) > W (F) = @/@x,W)dx > W (F) = ﬁ/ W (Dx(z)) dz > W (F).
Q Q

Conversely, suppose that W is quasiconvex in the ‘gradient’ sense. Let p be a ho-
mogeneous W1 gradient Young measure with i = F and consider its generating
sequence z*. We may assume that this lies in W1 (Q, R?) and, by a standard mod-
ification (e.g. [1, 98]), we may also assume that 2 € Fx + W, (Q,R?). Using the
quasiconvexity of W (and implied continuity) and taking the limit k& — oo,

\%I/W(Dz’“) dv > W (F) =t | (W) de > W (F) = (0, W) > W (F)

121 Ja
since p is homogeneous. The case of a face is similar but simpler since no averaging
is required.

In regards to the other two conditions, these are natural extensions of the quasicon-
vexity conditions in the interior and at a face. To the best of the author’s knowledge,

quasiconvexity conditions at an edge or a corner have not been considered before.

Next we prove that the above quasiconvexity conditions in the interior, on a face,
an edge or at a corner are sufficient for the measure dy, to be a minimizer with respect

to localized variations in the interior, on a face, an edge or at a corner respectively.
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Lemma 4.5.2. Let Q C R? be a parallelepiped and suppose that W : M3**3 — R is
quasiconvex at Us in the interior (resp. on faces, edges or at corners) of Q0 in the
sense of Definition 4.5.3. Then I (6y,) < I (v) for anyv € A; (resp. Ag, A or A.).

Proof. The proof for faces, edges and corners is similar and we only treat the case
of a face; the case of the interior differs from the rest and we treat it last.

Suppose that W is quasiconvex at U, at a face contained in {x-n = k} where
n € S? is outward pointing and k € R; let v = (v),., € Ay with underlying
deformation y € W1*°(Q,R3) be admissible for that face. We wish to deduce that
I(v) > I(6y,). Since W = +o00 outside K, we may also assume that

supprv, C K a.e.

as, otherwise, I (v) > I (dy,) and there is nothing to prove.
The set Sy C Q where v differs from 0y, is of the form {x € B(zo,r): x-n < k}

for some xq in the interior of the face and some r > 0; clearly k = xo - n and
Sy = xo + 1By,

where By = {x € B(0,1) : - n < 0}. Then also zy + r (0B; N 0N2) = 95, N 0N and
o+ 1 (0B NQ) =095, NAQ.

We note that, since v is a W™ gradient Young measure, the parametrized mea-
sure (Vg )zes, is a Whe> gradient Young measure too with underlying deformation y|g s
this follows directly from Theorem 2.1.5. Also, y|s, satisfies the (C-N) constraint since
y, and thus y|s,, are injective.
by

Define H= (:U’x)mGBf

Mo = Vegdra-

We claim that u is a W gradient Young measure. Suppose that y* € W1*°(S;, R3)

generates (V;)ges,; in particular, we may assume that y* = y|s, in Wh°(Sy, R?). For

x € By, define 2*(x) = 1[y*(xo + rx) — Uszo]; this is a sequence uniformly bounded

o

in Wh=(B;,R?) and for any & € L*(By), 1 € Co(M3*3),

1 F—
E@)Y(DF(x))de = — £(I xo)w(Dyk(:v’)) dr' letting x’' = xg + rx
By s Js, r
1 F—
— s . {(x . xo)(yx/,@b} dx’ since y* generates (Va)ees;
7

=/ £(z)(pa, ) da
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by changing back to the variables z = (2’ — x4)/r, i.e. the sequence z* generates the
1

Whee gradient Young measure p. Note also that z(x) = L[y(zg + rz) — Uso] is the
underlying deformation of p and, for x € 0By NQ, 2(z) = Usx.
Also, z satisfies the (C-N) constraint as
1
/ det Dz(v)dx = — [ detDy(a')da’
By " Jsy
1 . .
< 553@(5})) since y|s, satisfies (C-N)
— £(=(B)).

In particular, u € By and by the quasiconvexity assumption,

/ (e, W) dz > W (Us) dx.

By By

Noting that g, = V4, 1re, changing variables to ' = x¢ + rz and multiplying by 3,
we deduce that

/(VZ,W>dzz W (U,) d. (4.5.1)

This is precisely what we need to show since then

I(v) = /S<VI,W>d£C—|— s W (Us) dx

> | W(U,) dz+ W (U,) dz by (4.5.1)
Sy O\Sy

— 1(6u,).

As for the case of the interior, let v = (v,),cq € Ai; as before, we may assume

that for a.e. x € Q, suppv, C K. Define u := Avv, i.e. for any continuous f

1
ww:@L%ﬁm

By [86], p is a homogeneous W1 gradient Young measure with suppu C K and
it = Us. Then p € B; and by the quasiconvexity assumption we deduce that

(u, W) > W (Us) and hence I (u) > 1I(6v,)-.
To finish the proof, it suffices to show that I (v) = I (u) so that I (v) > I (dy,). Since

the measures p and, for a.e. z, v, are supported in K, we may replace W by any

continuous function agreeing with W on K (not relabelled) and then

I(v) = /Q(V;U,W> dx
= QW)

_ /Qw,m dr=1I(4). O
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Remark. We note that any measure in B; is trivially an element of A; and the
quasiconvexity condition at Uy in the interior is also necessary for dy, to be a minimizer
with respect to the localized variations in A;. However, for faces, edges and corners,
necessity does not follow due to the (C-N) constraint. For example, assume that for
a face contained in {z -n =k}, 0y, is a minimizer with respect to variations in Ay
and let u € By. If one neglects the (C-N) constraint, let 25 € R? be a typical point in
the interior of the face, r > 0 such that z¢ + 7B has the form of some Sy and define

v = (Va)zeq by
fe=zq x € xg+ 1By
Vp =
ou,, z€Q\ (xg+rBy).

Similarly to the proof above, we may assume that suppv, C K a.e. so that v is a
Whee gradient Young measure and its underlying deformation preserves orientation
and (up to a constant) satisfies the boundary condition, i.e. by neglecting the (C-N)
constraint, v € A;. We may now use the fact that dy, is a minimizer to get that
I (v) > I (dy,). But this implies that

x0+7"Bf T SL‘0+TBf

Then, making the change of variables 2’ = (z — x¢) /r and dividing by 3,

/ (g, W) da' > W (Uy) da’,
By

By
proving the quasiconvexity of W at U, on that face. However, it is entirely possible
that the underlying deformation z of u satisfies (C-N) but the underlying deformation,
say ¥, of v is not a.e. injective in € and thus does not satisfy (C-N).

This can happen whenever the image of the free boundary of By ‘goes around a
corner’ and comes close to, or even into contact with, the image of the prescribed
part of the boundary 0B N (2; see Fig. 4.5 for an example.

Nevertheless, we mention that by altering the definition of the measures in A,, or
B, w € {f,e,c}, it is possible to retain the necessity of the quasiconvexity conditions
at Us on a face, an edge or at a corner for the measure dy, to be a minimizer amongst
the respective localized variations.

One possibility is to add a confinement condition on the deformations underlying
measures in B, in the spirit of the confinement condition by Ciarlet and Necas in [39],
which generalized the constraint set by the same authors in [40] (see also Noll [108]).

To motivate this in our context, let zy be a typical point in the interior of an edge

of Q contained in the intersection of the planes {x -n; = k;}, S. an appropriate set

133



Figure 4.5: Depiction of a possible deformation z underlying a measure p € By which
may satisfy the (C-N) constraint but the underlying deformation of v cannot; in
particular, v ¢ Aj.

of the form B(zg,7) N Q and y a deformation underlying a measure in A, so that
y(x) = Usx outside S.. Writing S, = x¢ + rB. we see that the deformation z defined
for z € Be by z(z) = L[y(zo + rz) — U,xo) is injective not only in B, but also in the
larger set D, C R? such that Q = x¢+7rD,; then, z can be extended linearly by Uz to
D, while satisfying (C-N). By blowing up around the point xg, i.e. by letting r — 0,
we see that a natural confinement condition would be to require that any deformation

z underlying a measure in B, can be extended linearly by Usx to the ‘quadrant’

2
D::U{x-ni<0}
i=1

and (C-N) is satisfied over any subset of that ‘quadrant’ - the quadrant being in
quotation marks as €2 need not be rectangular. Similarly, for faces or corners, D
would be the half-space defined by the face or the ‘octant’ defined by the three faces
meeting at the corner respectively. This would be a rather natural condition to assume
so that our localized problem respects the nature of the original one.

If we employ the (C-N) constraint in the definition of quasiconvexity as above, the
quasiconvexity conditions at Uy become trivially necessary for dy, to be a minimizer
in the respective class of admissible measures, but the measures in B, are restricted
dramatically and the conditions are no longer sufficient. Restricting attention to a
corner say, sufficiency is lost as it is possible for a map y, underlying a measure in
A, to map part of S, into the region U;D, where D is the corresponding ‘octant’; so
that the map z(z) = 2[y(zo + rz) — Uyzo] cannot be injective in D.

Nevertheless, since finite-energy measures are supported in K a.e., one may use the

resulting uniform Lipschitz condition on the maps underlying admissible measures in
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A, to show that, if g is the corner in question, there exists a neighbourhood B(x, )
such that §y, remains a minimizer amongst measures in 4. such that S. C B(xg,r),
i.e. austenite cannot nucleate in B(xg,r) N 2; similarly for faces and edges. Hence,
employing (C-N) in this way, weakens our main result and it is thus not preferred.
Clearly, one could also assume the same confinement condition for the maps un-
derlying our admissible measures and get both sufficiency and necessity as well as our
main result. However, this is a much too strong condition and does not seem natural.
Another way of establishing both necessity and sufficiency is to require that the
(C-N) condition does not hold for the entire deformation y underlying an admissible
measure in Ay, w € {f, e, c}, but rather that it holds for y|s_, i.e. the restriction of
y to the set S,. Then, the quasiconvexity conditions at U as in Definition 4.5.3 are
necessary and sufficient for dy, to be a minimizer amongst the respective admissible
measures and we can still prove our main result. However, employing (C-N) for the
restriction of admissible deformations means that our deformations can only be locally

injective, i.e. the non-physical interpenetration of matter is not excluded.

In particular, showing that the quasiconvexity conditions at U, hold for the inte-

rior, faces and edges would say that
ve LiUA;UA UA. and I (v) < I(dy,) = v € A,,

proving the first part of Theorem 4.5.1. We now proceed to the proof of our main

result where we distinguish between three cases: corners, interior, and faces and edges.
Corners.

To resolve the second part of Theorem 4.5.1, we construct an explicit Young
measure in A. that lowers the energy. As the construction depends heavily on the
orientation of {2 and the lattice parameters of the material, we only show this for

Seiner’s specimen.

Lemma 4.5.3. Assume that Q C R3 is a parallelepiped domain with edges along the
principle azes of the cubic austenite and let s € {1,...,6}. For the lattice parameters
of the CuAlNi specimen of the experiment described in Section 4.2, there exist four
corners of Q and, for each of these corners, a corresponding measure v € A, such
that

I(v)<I(dy,)-

In particular, austenite can be nucleated at a corner of €.
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Proof. Let € be as in the statement and, for convenience, suppose that the coordinate
system is such that the edges of () are parallel to the axes and each corner of {2 belongs
to a different octant. Fix s € {1,...,6} and suppose that there exists [ € {1,...,6},
[ # s, such that

QU - U, = a®n, (4.5.2)
(1=MNUs+A\QU, =Us+ X a®n = R+b®m, (4.5.3)

for non-zero vectors a, b, n, m € R? |n|,|m| =1, A € (0,1) and Q, R € SO(3).
Suppose, in addition, that the twin normal n and the habit plane normal m can
be chosen in such a way that they are not perpendicular to any of the edges of €2 and
that n, m belong to the same octant. Consider the corner of {2 lying in that octant,
say at the point xg, and let S, C 2 be an appropriate set of the form B(zq,r) N in

which austenite will nucleate. Define

St = {reS.ix-m >k},
S? = {reS.:x-m<ky,and r-n>k,},
S? = {ze€S.ix-m<k,}

where k,,,, k, € R? are such that
{reScix-m>kpyn{zeS.:x-n<k,} =0 (4.5.4)

We note that, if one can make the above choice of normals, it is always possible to
choose ky,, k, verifying (4.5.4).

Define a parametrized measure v = (,).ecq, as in Figure 4.6, by

6R7 T € Sl
Vy = (1 — )\) 5Us + )\6QUZ7 T € 52 (455)
5., z€SPU(Q\S,).

If this measure belongs to A, the proof is complete as then
I(v)=—6£°(5") <0=1(bp,).

Let us first verify that v defines a W1 gradient Young measure. Note that in each
of the regions S*, §% and Sz U (Q\ S,), v, is a homogeneous W1 gradient Young

measure with underlying deformation y given by

R, re St
Dy(x) =< (1-=XNUs+ QU r e S? (4.5.6)
Us, xESB»U(Q\SC)-
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This is trivially the case for the regions S and S3U(€\ S.); as for the simple laminate
in S? we have seen in Chapter 2 that one can construct the above simple laminate
as the weak* limit of a sequence y* uniformly bounded in W1 (Q,R?) such that
dist(Dy*, {U,, QU;}) — 0 in measure, i.e. the associated measure is a W1 gradient
Young measure supported on these two matrices.

To verify that v = (v,),cq is itself a W' gradient Young measure, by Theorem
6.1 in [86], we simply need to check that the above y lies in W (Q,R?). But this
reduces to verifying that y remains continuous across the planar interfaces between
St and S? as well as between S? and 52, i.e. it reduces to verifying Hadamard’s
jump condition across the interfaces {z-m = k,,} and {x-n = k,}. The compati-
bility equation (4.5.3) directly implies that y remains continuous across the interface

{z -m = k,,}, whereas, it is trivial to see that
(1= N U, - AQU)]| — U, = A (QU; — U,) = Aa @ n.

Therefore, the underlying deformation y is continuous across the interface {x - n = k, }
(twinned-to-detwinned interface) and the parametrized measure v = (v,), ., is indeed
a W1 gradient Young measure.

As v is supported in K a.e. in , det Dy(x) > 0 a.e. and it remains to verify the
boundary condition on 95.N¢) and the (C-N) constraint. The underlying deformation
y is given by

Rx + kb — \kya, x e St
y(z) =< (Us+ Aa®@n)xr — Nkya, r e S? (4.5.7)
Usx, x € S3U(Q\ S),

where the constants are chosen so that y remains continuous across the interfaces
{z-m=ky,}and {z-n=k,}. Clearly, 0S.NQ C S5U(Q\ S.) and then y|ys.nq =
Usx. As for the (C-N) constraint, it suffices to show that y is injective. To reach
a contradiction, suppose that z; # z; but y(z;) = y(x;); there are three non-trivial

cases to consider:
(a) z; € S* and z, € S?;
(b) 3 € S? and z3 € S3U (Q\ S.);
(c) my € St and z3 € S3U (2 S.).
Let us first treat case (b); y(z2) = y(x3) implies that
Us(zg — x3) = AMkp, — 22 - n)a. (4.5.8)
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But Us; + a ® n = QU, so that, by taking determinants on both sides, we infer that
(det Uy)(1 4+ U;a - n) = det Uy; but det U, = det U; # 0 and hence

Uta-n=0. (4.5.9)

The above is a relation we have seen repeatedly in Chapters 2 and 3. Now multiplying
(4.5.8) to the left by U, taking the dot product with n and using (4.5.9), we find

s

that (r9 — x3) - m = 0 which is absurd since x5 - n > k, and x5 -n < k,.

Next we treat case (a). Now, y(z1) = y(x2) implies that
R(xy — x9) = (zg - m — k), (4.5.10)

where we have made use of (4.5.3). Also, taking determinants in (4.5.3) and using
(4.5.9), we infer that det Uy = 1 + RTb - m and hence

1< RT-m <0, (4.5.11)

since we are also assuming that 0 < det Uy < 1. Multiplying (4.5.10) to the left by
RT | taking the dot product with m and using (4.5.11), we find that

(x1 —x9) - m < — (T3 - M — kyp),

since also x5 - m < k,,. But this is absurd since x; - m > k,,. We simply note that
if det Uy > 1, then RTb-m > 0 and by (4.5.10) we deduce that (z; — x3) - m < 0, a
contradiction.

As for case (c), we repeat a similar argument which reduces the injectivity of y
to the sign of a dot product. However, we are unable to check this sign for general
lattice parameters and, instead, we verify this numerically for Seiner’s specimen. In

particular, suppose that y(z1) = y(x3), i.e.
Rxqy + kb — Aka = Ugxs.
By (4.5.3), we may write R = Us + Aa ® n — b ® m so that y(z1) = y(z3) becomes
Us(xy — x3) = Mkn — 21 - n)a+ (x1 - m — k)b (4.5.12)

We may now multiply to the left by U; ! and take the dot product with n so that
(4.5.12) becomes

(1 —x3) - n=(x1-m—kn)U; b n.

However, x; -n > k, by (4.5.4) and hence (x; — x3) -n > 0; also, z1 - m > k,, and we

reach a contradiction provided that U;'b-n < 0.
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We note that taking @ = —a, . = —n, b = —b and 7 = —m in (4.5.2) and (4.5.3)
does not alter anything in the above argument. Then, if the construction is possible
for a corner in the quadrant {z; > 0,25 > 0,23 > 0} say, it is also possible for the
corner in the quadrant {x; < 0,29 < 0,23 < 0}.

To complete the proof, we need to establish that for each s € {1,...,6} we may
indeed choose two sets of solutions to the twin and habit plane equations (4.5.2) and
(4.5.3) respectively, such that the twin and habit plane normals are not perpendicular
to any edge and they lie in the same quadrant as a corner - the quadrant, and hence
the corner, being different for each set of solutions. Then, the construction of a
microstructure lowering the energy is possible at four distinct corners provided that,
for each choice of twin and habit plane solutions, U;'b-n < 0. This is indeed possible
and we refer the reader to Appendix B for the details. There, in Tables B.7 and B.8§,

one may also find a summary of the results for all values of s € {1,...,6}. O

Ve = 6US

%2< )\(SUS + (1 - )\) 5QUZ

Figure 4.6: Depiction of a measure v € A, such that I (v) < I (dy,). In the region
S} v, = 0g for some R € SO (3) so that austenite has nucleated at a corner; in the
region S2, v, = My, + (1 — X) dgy, for some Q € SO (3) and [ € {1,...,6} such that
the matrices R and A\Us + (1 — \) QU, are rank-one connected, i.e. v, corresponds to
a simple laminate between U, and QU] there, forming a compatible interface with R.
Note that the normals to the interfaces between austenite and the simple laminate
(habit plane) and between the simple laminate and the pure phase of U, (twinned-
to-detwinned interface) are different.
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Interior

For the case of the interior we wish to deduce that the stabilized martensite oy,
is indeed a minimizer with respect to the localized variations in A;. In particular, we

prove the following:

Lemma 4.5.4. The map W : M3*3 — R given by (4.4.14) is quasiconvex at U, in

the interior.

By the above lemma, along with Lemma 4.5.2, we may immediately infer the

required result which we provide for completeness in the form of a corollary.

Corollary 4.5.5. Assume that Q C R? is a parallelepiped. Then,
veAi= 1(v)> I (dy,).
In particular, nucleation cannot occur in the interior.

Proof of Lemma 4.5.4. Let i be a homogeneous gradient Young measure satisfying
i = Us; we may assume that supp pu C K as otherwise, (u, W) = 400 > 0 =W (Uy).
Using the minors relation for the determinant, we deduce that
detUs; = detp
= <M7 det)

— / det A du (A) + / det A du (A)
SO(3) U, SOB3)U;

_ / 1du(A)+/ det U, dyu (A). (4.5.13)
S0(3) U, SO(3)U;

On the other hand, as i is a probability measure,

det Us = / det Uy dp (A) + / det Us dp (A) . (4.5.14)
S0(3) U, SOB)U;

Subtracting equations (4.5.13) and (4.5.14), we obtain
/ (1 det U,) dp (A) = 0.
SO(3)

Therefore,
w(SO(3))=0 or detUs=1.
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The former case is precisely what we need to prove. So, let det Uy, = afy = 1
where «, f and v are the lattice parameters and eigenvalues of U;. By the AM-GM
inequality , ) , ,

‘U:;’ _a +ﬁ3 +7 > (a2/8272)1/3 -1
and thus |Us|? > 3 = |1]?. Note that the inequality is strict as otherwise o = 3 =
vy=1land U;=1foralli=1,...,6.

Since the map F — |F|? is convex,

Ul = 1al?
< <:u7||2>
= [P [ AR e
S0(3) U, SOB3)U;

/ 3du(A) +/ |U|? du (A) (4.5.15)
SO(3) U, SO3)U;i

as the martensitic variants are symmetry related and the norm stays constant. More-

over, as p is a probability measure,

1,2 :/ U2 dpe (A) +/ |U.J2 dpu (A). (4.5.16)
S0(3) U, SOB3)U;

Subtracting equations (4.5.15) and (4.5.16), we infer that

/S o BIUE) a4 20

However, |U,|?> > 3 and hence, (SO (3)) = 0 which completes the proof. 0O

Remark. The proof of Lemma 4.5.4 only uses the fact that g = Us. For an inho-
mogeneous measure i = (i, )zep With supp p, C K and fi, = Uy a.e. in B, the same
argument applies to show that for a.e. x € B, u, (SO (3)) = 0. We keep this remark

in mind as it will be central in proving quasiconvexity at faces and edges.
Faces and Edges

We argue about faces and edges in a similar manner and so we treat them simul-
taneously. Both for faces and edges, we wish to conclude that ¢y, is a minimizer of 7

in A, and A, respectively, which in turn implies that nucleation cannot occur there.

To prove this we establish the quasiconvexity of W at U, on faces and edges.

141



Lemma 4.5.6. Assume that Q@ C R3? is a parallelepiped domain which is admissible
for Uy and let W : M3 — R as in (4.4.14). Then W is quasiconvex at U, on all
faces and edges of Q.

Then, by Lemma 4.5.2 we immediately deduce:

Corollary 4.5.7. Assume that Q C R? as above is admissible for U,. Then,

veAr = I(v)> I(6y,) for a face and
> 1

veAd, = I(v) (6u,)  for an edge.

In particular, nucleation cannot occur at any face or edge.

Remark. Note that the statement of Lemma 4.5.6 requires that {2 be admissible for
Us and it is here that we use this condition for the first time. The (C-N) constraint
as well as the conditions det Us < 1, Apax(cof Us) enter here too. This will become

apparent in the proofs that follow.

Firstly, we prove a claim (Lemma 4.5.8) to which the proof of Lemma 4.5.6 will
eventually be reduced; note that Q being admissible for Us, condition (C-N) and the

assumption on the lattice parameters are not required.

Notation. As the cases of a face and an edge are treated simultaneously, for conve-
nience, we shall use the subscript f,e in e.g. A, or By, to mean ‘either Ay or A’

and ‘either By or B.’, respectively.

Lemma 4.5.8. Assume that for a face or an edge p € By, satisfies fi, = U, for
a.e. x € By.. Then,

/ (e, W) dz > W (Us) dz,
By.

By
i.e. W is quasiconver at Us on that face or edge. In particular, if supp p, C K
a.e. then p, (SO (3)) =0 for a.e. v € By,.

Proof. See Remark after Lemma 4.5.4. O
Thus, to prove Lemma 4.5.6, it suffices to show that all measures in By and B,
satisfy fi, = Us. In the case of the interior we reduced the problem to (homoge-

neous) measures p such that @ = U due to the fact that the boundary condition

on deformations underlying measures in 4; was set throughout the boundary of S;
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and, crucially, that the averaged measure did not change the energy. However, on a
face or at an edge, averaging the measures does not work as part of the boundary
is free. Therefore, we follow a different approach in order to establish that j, = Us
which is dependent on the orientation of 2 or, equivalently, the directions in which
the specimen is cut.

At this stage we invoke the notions of maximal directions for Us and U;! from
Definition 4.5.1. For the convenience of the reader, we recall that a vector e € S?
belongs to M, the set of maximal directions for Uy, if

US — (]Z 71 .
|Usel ier{?f?‘ffa}{l el, 1}

and to M1, the set of maximal directions for U, if

cof Uge| > max cof Uje|, 1} or e = epax(cof Uy
cof Use| > _ max {Jcof Uiel, 1} wlcof U1

The maximal directions allow us to use a rigidity argument to deduce that p, = Us
a.e. in By for all measures in By, provided that (2 is admissible itself. This argument
is the basis of our method; it is presented in Lemma 4.5.9 and applied in Lemma 4.5.10
and Lemma 4.5.12.

Lemma 4.5.9. Let t—, t* € R with t— < t* and suppose that o : [t=,tT] — RY,

d > 1, 1s differentiable almost everywhere. Then

d lo(tT) —o(t7)| d o(tt) —o(t)
\& Ea(tﬂ < P = Vit %U(ﬂ Ere—

In particular, o(t) =o(t™) + (t =t )(o(tt) —o(t7))/(tT —t7).

Proof. By the Fundamental Theorem of Calculus and the uniform bound on the

derivative of o,

0 < /t |%g(t)_M|2dt

= /. P

tt — —
B d , o(tT)=o(t7), d o(tt) —o(t™)
- /t_ o+ I P 2o = —

tt _

d 2 o(tt) —o(t?) 2
_ L3 AP A ACIDAT Y A
/t_ CotnP -1 )= gy <o

That is £o(t) = (o(tT) — o(¢t7))/(t" — t7) and the result follows. O

We may now apply Lemma 4.5.9 to obtain the following result:
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Lemma 4.5.10. Let pu € By, with supp u, C K a.e. in By, and z € WH> (By ., R?)
such that Dz (x) = fi a.e. in By.. In addition, let e € Mg and suppose that D C By,
1s an open set with the property that for each x € D the line segment parametrized by
r.(t) =z +te, t € [t,,t}], where

)T

t, = sup{t<0:x+te¢ By.}
th = inf{t>0:2+teéd By},

T

boundary of By.. Then, for a.e. v € D,

lies in D for all t € (t;,t]) and x + tfe € OB;, N Q, the prescribed part of the

z2(ry (1)) = Ugry (L) for all t € [t,,t]].

xx

Proof. For z € D, let r,(t), t € [t;,t}], as in the statement and

) x

0.(t) = 2(rz(t)).

Note that the map z € W is differentiable a.e. in By, and the classical and gener-
alized derivatives coincide a.e. in By.. Hence, by Fubini’s theorem, z is differentiable
at a.e. point of a.e. line segment parallel to a given direction and the directional and
generalized derivatives coincide, i.e. for a.e. x € D, 0,(t) = 2(r,(t)) is differentiable
for a.e. t € [t;,t]]. Then, for a.e. t € (t;,t}),

x ) x x ) Yx

%am(zﬁ) = %z(rx(t)) = Dz(r.(t))e. (4.5.17)
Note that for any fixed e € R? the function F' — |Fe| is a convex function of the
matrix F. But, i, = Dz(z) € K% a.e. and, again by Fubini’s theorem, a.e. point of
a.e. line segment parallel to the vector e belongs to the subset of By, where Dz(x) €

K. That is, for a.e. z € D and a.e. t € (t,,t]),

| Dz(rz(t))e| < max{1,|Use|} = [Usel,

since e € S? is a maximal direction for U,. Combining with (4.5.17) we deduce that

for a.e. x € D,

d |02(t3) — 0u(t3)]
— =D < = z . 4.5.1
o0 = 1Ds(ra(0)e] < 0] = 7] =7 (15.15)
Applying Lemma 4.5.9, we infer that for a.e. z € D and all t € (t,,t}),
T t+ - x t,
raft)) = 2(rlt) + (¢ — 1) 2D 20D )

=ty
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Remark. We note that since the region D C B¢, can be covered by line segments
joining points on the prescribed boundary 0Bf. M€} and on a.e. such line segment,
z agrees with Usz, z(x) = Usz for a.e. x € D; in particular, assuming z to be the

continuous representative, the same is true for all x € D.

The idea is now simple; let e € M, and suppose that we may take D = By,
i.e. the entire set By, can be covered by line segments in the direction of e joining
points on the prescribed boundary. Then, by Lemma 4.5.10, we immediately deduce

that for any p € By, such that supppu, C K a.e.,
fip = Us forae. x € By,

and using Lemma 4.5.8 we infer the quasiconvexity of W at U on a face or an edge.

In particular, we can prove the following:

Lemma 4.5.11. Let Q C R? be a parallelepiped and suppose that e € M, is a vector
parallel to an edge or perpendicular to a normal of a face of Q. Then W is quasiconvex

at Us on that face or edge. In particular, I (v) > 1 (0y,) for every v € Ag..

Proof. Let p € By.; we may assume that supp p, C K a.e. as otherwise the result
follows trivially irrespective of the directions. Hence, it suffices to show that if the
normal to a face is perpendicular to, or an edge is parallel to, e € M, then any
respective region By, can be covered by line segments in the direction of e € M,
joining points on the prescribed boundary 0B, N ). Then, Lemma 4.5.10 says that
iz = Ug a.e. and Lemma 4.5.8 proves the claim.

Trivially, the set By, can be covered by lines parallel to any direction joining
points on its boundary. Hence, it is a question of making sure that, if these are in
the direction of e, they never intersect the free boundary 05y, N OS2

Note that for the case of a face, dB; N 0N is flat and for an edge, 0B, N 02 is
piecewise flat, as it comprises of parts of the two faces that meet at the given edge.
Recalling that e is perpendicular to the normal of the face in question or parallel to
the edge, let « € 0B, N IS} - the free boundary - and define

tt = sup{t>0:z+te€dB;,NIN} and
t— = inf{t<0:z+4+te€ dBs.NOIN}.

The infimum and supremum above are attained since 9By, N d€2 is compact. Then,
the line x + te, t € R must lie on 0By, NN for all ¢ € [t~,¢"] whereas, for ¢t <t~ or
t>tt, x+ted By,
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Now, to reach a contradiction, suppose that for some x¢ € 0B, N}, there exists
to € R such that z + toe € 0By N 0. But then, there exists some z € 9By, N 0N
such that zy + tpe = z, i.e. © — tpe € 0Bs. N ). Note that this cannot be the case
since, by the above argument, either xy — toe ¢ B_fe or xy — toe € OBy, N OS2 and
(0B NON)N (0B NQ) =0. O

Note that, so far, we have not made use of the (C-N) constraint or the assumptions
on the lattice parameters. We employ these next where we follow a similar method
as for the maximal directions for U,, this time basing our argument on the inverse
deformation and maximal directions for U;!. This method allows us to add more
directions along which the underlying deformations of measures in By, agree with
Usz; indeed, for the cubic-to-orthorhombic transition of CuAINi, we will see in the
following section that all added directions are in fact new.

In Theorem 4.4.3 we established that measures in 4, whose support is contained
in K have underlying deformations that are homeomorphic and remarked that this
property is naturally inherited by measures in By.. We now restrict attention to the
deformed configuration z (B;.) and the maps 27! : 2 (By.) — Bje. The underlying
idea of our arguments is essentially the same as in Lemma 4.5.10 but we consider
an open set in the deformed configuration, covered by line segments along directions
in U;2M;! joining points on z (0B, N Q). We claim that almost all of these lines
necessarily deform linearly under the inverse map 2~ and according to U;!; then,
returning to the forward deformation, we can establish that the pre-image of these
segments deforms under z as Ux.

Nevertheless, as Fig. 4.7 below suggests for the case of a face (similarly for an
edge), we need to make sure that such an open set can actually ‘fit” in the deformed

region z (By,.); this will become possible due to the (C-N) constraint.

By . z (By)

Figure 4.7: Depiction of a deformation at a face; in this case, the method of maximal
directions for U ! is not applicable.

For now we assume that this is indeed the case and we return to it after proving

the result analogous to Lemma 4.5.10 concerning the maximal directions for U;!.
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Lemma 4.5.12. Let u € By, with supp p, C K a.e. in By, and z € WH>® (By ., R?)
such that Dz (x) = [i a.e. in By.. In addition, let e € U;2M' and suppose that
D C By, is an open set with the property that for each x € D the line segment
parametrized by r,(t) = x +te, t € [t ,t}], where

)T

t, = sup{t<0:z+te¢ By.}
th = inf{t>0:2+te¢ By.},

lies in D for all t € (t;,t]) and x + tfe € OB;. N Q, the prescribed part of the

T x

boundary of B¢.. Then, for a.e. x € D,

2 (ry () = Ugry (t) forallt € [t,,t}],

T x

provided that UsD C z(By,.).

Proof. For x € D, let r,(t), t € [t,,t]], as in the statement and write p,(t) =
Usry(t) = Usx + tUgse. Let w : 2(By.) — By, be the inverse of z. We have remarked
that maps underlying measures in By, inherit the properties of maps underlying
measures in Ay, so that, by Theorem 4.4.3, w € W'*°(z(By,.), R?) is differentiable
a.e. in z(By,.) and

Duw(v) = [Dz(w(v))] ™"

for a.e. v € z(By,).
Also, for every x € D, r,(t) € D for all t € (t;,t}) and therefore, for ¢t €

(t,,t5), pa(t) € UsD C z(By.) by assumption; also, for each x € D, the line seg-
ments parametrized by p, are all in the direction of the vector Use. Hence, as in
Lemma 4.5.10, for a.e. © € D, w(p,(t)) is differentiable for a.e. t € (¢, ,t}) and the
classical and generalized derivatives coincide.

Lastly, we note that g, = Dz (x) € K% a.e. and hence, for a.e. x € D and
ac. te(t;,th),

Dz(w(pa(t))) € K.

To see this, note that the set N C D such that Dz(z) ¢ K9 satisfies L3(N) = 0;
since z € W'°(By.,R?) and By, C R? is open and bounded, z maps sets of measure
zero to sets of measure zero (see [99]), i.e. £L3(z(N)) = 0. Then, a.e. point of a.e. line
in the direction of Use in the deformed configuration does not belong to the set z(N)
and their pre-image does not belong to V.

Now assume that e = ey (cof Us) and let

Ua:<t) - w(px(t))‘
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The function F — |cof FTe| = |adj Fe| is polyconvex. Since all the U;’s are symmet-
ric, Use || e and, for a.e. x € D and a.e. t € (t,,t}), Dz(w(p.(t))) € K%, we infer
that

|%%(t)| = | Dw(p,(t))Use|
1 .
= det Da(aip.) AU P2wlpn () Usel

1
f U;RUsel, |U,
det U, i,RIggg(S){‘CO el; [Usel}

1
- f
ol Amax (cof Us)|Use|
1 |lou(t)) — 0.(t,)]
— fUNUe| =1 = 192la 2/l 45.19
der 0, | (cot Us)Usel It — ¢ (45.19)

Above we have used the fact that the map F +— det F' is quasiaffine and, since
det Ug < 1, det Us < det Dz(w(p.(t))) < 1. Now Lemma 4.5.9 applies to give that

- w(ﬂx(ti)) — w(px(t;))

wlpult) = wlps(t) + (¢ - i) D =)
i.e. 2(ry(t)) = Ugry(t) for a.e. z € D and t € [t ,t]].
Next, assume that e € U72M1, e # epax(cof Us), and let
0(t) = Ule - w(ps(t)).
Then, for a.e. z € D and a.e. t € (t,,t}),
%Ux(t) = %Ufe ~w(pg(t)) = UZe - [Dz(w(py(t)))] Use. (4.5.20)

However, the function F' — |(cof F')UZ2e - U,e| is polyconvex and since, for a.e. z € D
and a.e. t € (t;,tF), Dz(w(p,(t))) € K% we infer that

T T

|(cof Dz(w(p,(t))))U2e - Use| < ‘ngg(?,) {R(cof U;)UZe - Use, RUZe - Use }
1,€

< max {|(cof U;)UZe||Usel, |UZe||Usel| }
= |(cof U,)U?e||Use| = det U,|Usel|? (4.5.21)
since e € U;2M;! and Uy is symmetric. As before, F' — det F' is quasiaffine and

det Uy < 1, hence
|Use - [Dz(w(pa(t)))] ™ Use| < [Usel*.

Combining with (4.5.20) we deduce that for a.e. z € D and a.e. t € (t,,t])

0. (t]) — 04(t;)]
[t —t,]

d
|£O‘x(t)| < |Use|2 = |U826 el = (4.5.22)
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and applying the rigidity argument of Lemma 4.5.9, we infer that for a.e. z € D and
all t € (t7,t)),

T x

Ue - w(pa(ty)) — Ule - w(pa(t;))

UZe - Dw(p,(t))Use = ——

= |Use|®. (4.5.23)

To finish the proof, note that by (4.5.21)
|cof Dz(w(p,(t)))UZe - Use| < det Uy|Usel*.
However, (4.5.23) says that
|cof Dz(w(p.(t)))Uz2e - Use| = det Dz(w(p,(t)))|Use|* > det U,|Usel?
by our assumption that det Us < 1. But then det Dz(w(p.(t))) = det Us and
|(cof Dz(w(p,(t))))U2e - Use| = det U,|Use|* = |(cof Uy)UZe - Usel.

Letting ¢ : R332 — R be the polyconvex function ¢(F) = |(cof F)UZe - Ue| and
using the fact that the measure p = (i)zep,, underlying the deformation z is a

Wb gradient Young measure, we deduce that for a.e. z € D and t € (t;,t]),

[(cof Uy)UZe - Use| = (Dz(w(ps(1))))
< (Hw(pa ), W)
- / |AUZ e - Use| dptup, (1) (A)
SO(3)

Y / (cof AYU2e - Usel dptagy, oy (A)
SO@B)U

,uw(pz(t))(SO(:S))'Us?d ’Use’ +
D taw(oe) (SOB)U:)|(cof Up)UZe||Use|. (4.5.24)

IN

On the other hand, since (cof U)U?e is parallel to U,e, we also deduce that

col Ug e-Ugel = co e e
fU,)UZe - U, fU,)UZe||U,
= Hw(p. (1) (SO(3))|(cof Ug) Ugel|Use| +
> taoa () (SOB)U;)|(cof U)UZe||Usel.  (4.5.25)

Subtracting equation (4.5.25) from (4.5.24), we obtain

0 < fu(pa(en(SO3)) [|[UZe||Use| — [(cof Uy)Ulel|Usel] +
D latouen (SOB);) [| (cof Uy)UZe||Use| — | (cof Uy)UZe||Use] -
1#£s
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However, since e € U;2M !, all terms in the brackets are strictly negative and hence,
for a.e. x € D and t € (t,,t)),

,uw(pE(t))(SO(S)) == Mw(pz(t))(SO(S)Ui) =0 for all ¢ 7& S,

x 7w

implying that supp fuw(p, 1)) C SO(3)Us for a.e. v € D and t € (t;,t}). By standard
results (see e.g. [10]), the quasiconvex hull of one well is trivial and any Young measure
supported on one well must be homogeneous; in particular, since the endpoints of the

curves parametrized by w(p,(t)) deform linearly by U,

Hw(ps(t)) = OU,

for a.e. x € D and t € (t;,t}). Trivially one now obtains that Dw(p.(t)) =

)T

[Dz(w(p(t)))] ' = U, and

s

wpa(®) = | Dulpa(s)Uieds -+ wlpa(t)) = o +te = 1, (o).

i.e. z(ry(t)) = Usr(t) for a.e. x € D and t € (t,,t}). O

The idea is now almost identical to that of maximal directions for Uy; if we are able
to take D = By, i.e. if we can cover By, by segments in the direction of e € U2 M*
joining points on the prescribed boundary 0By, N2, we can immediately deduce that
iz = Ug a.e. and Lemma 4.5.8 will provide the required quasiconvexity condition.
However, there is a crucial obstacle: in the statement of Lemma 4.5.12 we assumed
that the image of the set D under Uj lies entirely in z (By,).

In fact, proving this for D = Bj, would prove that z (z) = Uz throughout By,
which is precisely our goal. To see this, let’s restrict attention at an edge assumed
parallel to e € U;2M_!. Clearly, any region B, can be covered by lines in the
direction of e, i.e. parallel to the edge, joining points on 0B, N€). If we knew that the
image of any such segment under the linear map Usx was contained in z (B,.) then
Lemma 4.5.12 would say that almost all of the region B, transforms like U,z and
therefore, by the continuity of z, z (z) = Usz in B.. We proceed with two lemmata
to show that this is indeed the case.

Firstly, we wish to show that points in By, sufficiently close to the prescribed
boundary 0B, N2, have the property that their image under the linear map Uz lies
in z(By,.) for any deformation z underlying an admissible measure in By, supported
within K. This allow us to cover a small region in By, sufficiently close to 0By, N(2,

by the appropriate line segments such that their image under U,z lies in z(By,.),
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i.e. one appropriate set D exists. This is described in Lemma 4.5.13 below and, as
its proof is applicable to both faces and edges, we treat them together. We note that
Lemma 4.5.12 will then say that this (possibly small) region necessarily transforms

like U,z and the idea is that this process can be continued to exhaust By.

Lemma 4.5.13. Let z be a map underlying a measure in By, with support contained
in K a.e. and suppose that C C 0By, N2 is closed. There exists some € > 0 such
that whenever x € By, satisfies dist (z, C) < € then Usx € 2(By,.), where for any two
sets A, B C R3, dist(A, B) = inf{la—b|, a € A, b € B}.

In particular, if v : [0,a] — B_fe 15 the parametrization of a line segment such that
r(0), r(a) € C and for allt € (0,a), v (t) € By, then

{Ugr(t) : t € (0,a)} C z(Bye)
whenever dist (r (t),C) < e for all t € [0, a).

Proof. Since C' C 0By, N is closed and the sets 0By, N2, 0Bf, N 0 are dis-
joint, there must exist 6 > 0 such that dist(C,0Bf. N 0S) = 6. Let ¢y € C; then
dist(co, DB .NAN) > 4. Restrict 2 to B(co, )N By and extend it to Z : B(cy,d) — R3
by Usz, i.e.

z(x), x € B(cg,d) N By

Usz, x € B(cy,6) \ Bye.
Note that Z is continuous, an element of W (B(c, ), R?) and has bounded distor-
tion. Thus, since Z is not identically equal to a constant, Lemma 4.3.1 says that Z is
an open mapping.

Then, Z(B(cp,0)) is an open set and there exists €y such that B(Z(c),€) C
Z(B(c,0)), i.e.
B(z(cp), €0) = B(Usco, €9) C Z(B(co,0)).

We now claim that U, [B(co, €o/||Us||) N Bre] C 2(Bye) where ||Usl]| = 0umaz (Us);
trivially, UsB(co, €0/ ||Us||) € B(Usco, €9) and hence

Us [B(co, €0/ ||Usl]) N Bye] C 2(B(co,0)) = 2(B(co,0) N Bye) UUg(B(co,0) \ Bye)-

But B(co, €/||Us||) N By and B(cy,d) \ By, are disjoint and, since Uy is invertible

(even positive definite), the linear map U,z is injective, i.e.

Us [B(co, €0/ ||Us||) N Bye] C 2(B(co,d) N Bye) C 2(Bye).
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To conclude the proof, it suffices to find an e such that U [B(c, €) N By.] C 2(By,)
for all ¢ € C; by the above argument, for any ¢ € C' there exists ¢, > 0 such that

Us [B(c,e.) N Bye| C 2(Bye)

and the family of sets {B(c, €.)} ... is an open cover of C. Since C'is closed, it is also
compact and there exist ¢; € C, i = 1,..., N such that the sets {B(ci,e)} oy »

cover ('; let
N

e = dist([| ) B(ci. €))% O).

i=1
where for a set A C R3, A denotes its complement in R?. Note that € > 0 since
otherwise, both sets being closed, there would exist z € [\, B(ci, €,)]° and ¢ € C
such that z = ¢. But this is absurd as the point ¢ € C' would not belong to the cover
of C. Also, for any z € [UZ]\; B(ci,e.,)]¢ and ¢ € C, |& — ¢| > € and hence, whenever
x € By, satisfies dist(z,C) < ¢, z € (U, B(ci, €,)) N By and Uyz € 2(By,). O

Remark. We note that the above result excludes a certain kind of ‘one-sided’ contact
between 0B, N2 and 0By, N 0L2, the prescribed and free parts of the boundary of
By respectively. In particular, it says that for any zo € 0By, N ) there exists
an €y > 0 such that the set U, [B(zo,€) N By, lies in 2(By,.) and hence does not
intersect the image of the free boundary z(0Bys. N 0X2). By abusing terminology,
Us [B(xo,€) N Bye| can be thought of as a ‘neighbourhood’ of z(zg) lying entirely
within z(By,).

Moreover, let r(t), t € [0,a] be the parametrization of a line segment with end-
points on dBy,. N such that r(t) € By, for any ¢t € (0,a) and suppose that

{Usr(t) : t € (0,a)} C z(Bype).

For any ¢y € (0,a), Usr(ty) € 2(By,) which is open, i.e. there exists ¢, > 0 such that
B(Usr(to), €0) C 2(By.e) and hence

UulB(r(to), )] € #(Bre).
Treating endpoints, or generally boundary points, as in the proof of Lemma 4.5.13
and repeating the argument, one can find € > 0 such that whenever x € By, and
dist(z, {r(t) : t € [0,a]}) < ¢, then Usx € z(By.). In particular, whenever p(t), ¢t €
0, b] is another line segment in the direction of e with endpoints on 0B, N Q) with

the property that
dist(p(t), {r(t) : t € [0,a]}) <e Vtel0,0],
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then the set {Usp(t) : t € (0,b)} lies in 2(By.); we note this as it will be used shortly
in the proof of Lemma 4.5.14.

To see how one can use Lemma 4.5.13, let e € U;2M! be a vector parallel to the
edge or perpendicular to the normal of the face in question and consider some closed
set C' C 0By, N§2 such that the region (partly) enclosed by C' can be covered by line
segments in the direction of e contained in By, with endpoints on C. Lemma 4.5.13
says that for any such line segment sufficiently close to C its image under the linear
map Usz lies within the image of Bf,. under any map z underlying an admissible
Young measure with support contained in K.

In particular, this means that we can cover an open region D contained in By, by
such lines. Since each of these is in the direction of e and e € U;2M !, Lemma 4.5.12
says that for a.e. z € D the line segment through z, in the direction of e, joining
points on the prescribed boundary 0By, N €2, parametrized by r, (t), t € [t;,t}]
satisfies

z(r(t)) =Usr(t) forallte]|0,aqa,

i.e. almost all the region D transforms linearly and according to Uszx.

By the continuity of 2z, 2 must agree with the linear map Usx on the closure of D
and we may as well assume that By, is reduced; in particular, part of the prescribed
boundary of the reduced region By, is now flat and covered by the appropriate line

segments - see Figure 4.8 for an example in the case of a face.

By By (reduced)

— T N

Figure 4.8: The shaded region - covered by the appropriate line segments - necessarily
deforms like Usz and can be removed, thus reducing the set Bj.

Let r, (t), t € [t;,t}] be the parametrization of such a line segment now lying

on the prescribed part of the boundary of Bf.. As before, using Lemma 4.5.13 with
{rz(t) : t €[t;,t]]} C C, we can repeat the process and cover a greater part of By,

T x
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with the appropriate line segments, this time close to the flat boundary of the reduced
set By., each having the property that its image under Uz lies within z (By,), i.e.
the map z agrees with Usx in the closure of this larger region and the process can be
repeated. Then one may naturally expect that the entire region By, must transform
under the linear map Uszx.

The following lemma shows that this is indeed true and resolves the case of a face

and an edge. As before we treat both simultaneously.

Lemma 4.5.14. Let Q C R? be a parallelepiped domain and suppose that the vector
e € U72M! is parallel to an edge or perpendicular to the mnormal of a face of .
Let z € Wh* (B;.,R?) be a map underlying a Young measure in By, with support

contained in K a.e. in By.. Then
z(x) =Usx for all x € By,.

Proof. Let u € By, with support a.e. in K and suppose that z € W' (B, R?) is
its underlying deformation. Asin Lemma 4.5.11, we may cover By, with line segments
in the direction of e € U;2M ! whose endpoints lie on By, N 2. In particular, for
any x € By, let

t, = sup{t<0:x+te¢ By.} and
th = inf{t>0:2+te¢ By},

where both the supremum and infimum above are attained as By, is open. Then,
r.(t) = x +te, t € [t,,t}] is a parametrization of the unique line segment through =,
in the direction of e, with endpoints on 0B, N Q.

Let E' be the maximal subset of By, with the property that for every x € F,
r.(t) € E for all t € (t;,tF) and {Usr,(t) -t € (t;,t5)} C 2(By.), i.e. E is the
maximal subset of B, that can be covered by line segments in the direction of e,
joining points on 0B, N 2 such that their image under the linear map z — Uz lies
in z(By.). Such a maximal set clearly exists.

We aim to show that E is a non-empty, open and closed subset of B, where open
and closed is meant in terms of the induced topology on By, as a subset of R?. Then,
By, being connected, E = By,.; by Lemma 4.5.12 and the continuity of z we then
deduce that z(x) = Uz for all x € By,.

Firstly, by choosing an appropriate closed set C' C By, N (), Lemma 4.5.13 says

that there exists € > 0 such that any line segment in the direction of e with endpoints
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on C' - say parametrized by r (t), t € [0, a] - with dist (r (¢), C') < e for all t € [0, a]
satisfies
{Usr (t) : t € (0,a)} C z(By,).

In particular, {r(t) : t € (0,a)} C E and F is non-empty.

Let 29 € E and r4,(t), t € [t,,,t} ], be the parametrization of the corresponding
line segment. By the remark following Lemma 4.5.13, there exists yet another € > 0
such that whenever p(t), t € [0,b], is a line segment in the direction of e with endpoints
on 0By, N with the property that

dist(p(t), {rso(t) 1t € [t5, 11 ]}) <e ViEe[0,b],

o’ “xo

then {Usp(t) : t € (0,b)} C 2(By.). In particular, this defines a neighbourhood of
{rso(t) : t € (t5,, 1)}, say D, which is open in By, such that for any point & € D, the

o’ “x0

image under U,z of the corresponding line segment parametrized by rz(t), t € [t;, 3]

lies in z(By.) - except for the endpoints. But E is the maximal subset of By, with
this property and hence D C E. Trivially,

rg=r,0)€DCE

and F is indeed open.

We note an important fact: since E is open and can be covered by line segments in
the direction of e with endpoints on 9B, N whose image under Uz lies in z(By,.),
by Lemma 4.5.12 and the continuity of z, z(x) = U,z for all z € E. Note that, since
z is continuous up to the boundary of By, this is also true if E is viewed as the
closure of E in R3.

It is now easy to infer that E is also closed: let x; € F be a sequence of points
such that z, — x € By.5. Let r,(t), t € [t;,t]] be the parametrization of the line
segment through = and similarly r,, (¢) for the points ;. The idea is to show that
2(ry(t)) = Usry(t) for all ¢ € (¢, ,tF); then surely Usr,(t) € z(By,) for all t € (¢, ,t])
and, by the maximality of £, x € F.

We saw above that z(x) = Usz for all « € F; thus z(zy) = Uszy and z(x) = Usz
by the convergence of xy, to x. Let ty € (t;,t}) and consider the point 7, (tg) = z+tge;

trivially,
e (to) = g + toe — x + toe = 1.(to) (4.5.26)

6Since we have restricted attention to B e with the induced topology, a sequence {x}, C By,
such that z; — x € By . is convergent in R3 but not in Bje; in By it is only Cauchy.
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and since r,(to) € By, for k large enough, r,, (ty) must belong to By, i.e. r,, (t) € E
for k large and therefore z(r,, (t9)) = Usrs, (to). But then z(r,(ty)) = Usrs(to) by
(4.5.26) and, hence, E is also closed. 0O

We can now easily deduce Lemma 4.5.6 regarding the quasiconvexity of W at U
at any face or edge of a domain admissible for U as well as establish our main result,

Theorem 4.5.1. These are presented next:

Proof of Lemma 4.5.6. Suppose that i € By is such that supp p, C K; otherwise
the quasiconvexity follows trivially. Combining Lemma 4.5.11 and Lemma 4.5.14,
we deduce that whenever 2 is admissible for Uy, then pi, = Uy a.e. in By, and the

quasiconvexity of W at Ug on a face or edge follows by Lemma 4.5.8. 0O

Proof of Theorem 4.5.1. The second part of the Theorem was established in
Lemma 4.5.3. As for the first part, it suffices to show that W is quasiconvex at Uy in
the interior, on faces and edges; but this is immediate by Lemma 4.5.5 for the interior

and Lemma 4.5.6 for faces and edges. O

In particular, we have shown that if the specimen has been cut in such a way
that its edges are parallel to vectors in My UU; > M, the austenite cannot nucleate
anywhere in the interior, on faces or edges and we have shown how nucleation can
occur at a corner for Seiner’s specimen. We now turn our attention to the cubic-
to-orthorhombic transition of CuAlNi, calculate the sets of maximal directions for
each s =1,...,6 and infer whether our simplified model and main result can indeed

provide an explanation for the location of the nucleation points in Seiner’s experiment.

4.6 Admissible domains: cubic-to-orthorhombic

In this section we identify the maximal directions for U, and U;', s = 1,...,6 for
the cubic-to-orthorhombic variants given in (3.3.1). These directions are of course
dependent on the lattice parameters and, as a very simple example, consider the unit

vector e = (1,0,0)" and the matrices U; and Us, where

B0 0 g0
Uy=| 0 2 2 Us=| 0 8 0
0 &2 oty azy () ety

2 2 2 2
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We see immediately that |Uie[*> = 5% while |Uze|* = (o ++?) /2 and there is no
general relation between these quantities for arbitrary «, 8, v and, therefore, further

assumptions on the lattice parameters must be made.

Assumptions on lattice parameters. We make the following assumptions on the
lattice parameters «, 3, v of the cubic-to-orthorhombic transformation:

(Al) <1<y <a

(A2) 202 + 3% > 3; equivalently |U,|*> > 3 +~% — a?;

(A3) a®y% + a?B% + 324% > 3; equivalently |cof U,|> > 3;

(A4) A— B >0 where A = a?*y*> — 32 (a* ++%) /2 > 0 and B = 32 (a® — %) > 0.

We note that these assumptions are in accordance with the CuAINi specimen used
in the experiment of Seiner where o = 1.06372, 5 = 0.91542 and ~ = 1.02368. Then,
\Us|? — 4% + % = 3.10099, |cof U,|? = 3.01206 and A — B = 0.202513.

For the remainder of this section we prove a series of results concerning the max-
imal directions for U, and U;!; we warn the reader that the proofs of these rely on

simple, but often long, calculations.

Lemma 4.6.1. Assume that the lattice parameters «, 3,7 satisfy (A1) and (A2) and

for a vector e € S? write e = (ey, e, €3)T. Then, for each s =1,...,6,
M, ={eecs?: (=1)* " eges > 0, |ey| < min {|es], les|}}, fors=1,2
M, ={eecs?: (=1)* " eres >0, |es] < min {|ey], les|}}, fors=3,4
M, ={eecs?: (=1)* eren >0, |es| < min {|ey], lea|}}, for s =5,6.

Proof. We first prove this for s = 1. Writing out the expressions for |Use|* we get

OZ2+’}/2

\Use|* = B2+ (e3+e3) + (1) (a® =) ese3 for s =1,2,

\Use|* = B2+ (e +€3) + (=1 (0 —7*) eres for s = 3,4,

2
Ue]? = B2+

2
2
—2'—7 (e +€3) + (=1 (o® —7*) eres for s =5,6.
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We show that e € M, with the above representation is necessary and sufficient for
|Ure|] = max; |Use|. The condition on the norm of U is related to |Uje| > 1 and we
treat this last. Writing N = (# — 52> >0and P = (a® —~?) >0,

\Uie|® — |Use|* = 2Peges, (4.6.1)
\Uie|?* — |Use|* = —N(e? —e3) + Pes(ey — e1), (4.6.2)
\Uie|* — |Use|* = —N(e —e3) + Pes(ey + e1), (4.6.3)
\Ure|® — |Use|* = —N(e2 —e3) + Pey(es —e1), (4.6.4)
\Ure|* — |Use|* = —N(e2 —e3) + Pey(es +e1) (4.6.5)

Trivially, (4.6.1) is non-negative if and only if eze3 > 0, i.e. |eze3| = ezes. Then

|Uie|® — |Usel* = —N(led]® — |ea?) + Pleses| — Pese,
|Ure|* — |Use|* = —N(le1]* — |ea|?) + Pleses| + Pese;

and the minimum between (4.6.2) and (4.6.3) is given by
—N(Jex]* —[ez]*) + Plesea| — Pleses| = (lea] — lea|) [=Nler| — Nlea| — Ples]]. (4.6.6)

Simply by interchanging the roles of e; and eg, the minimum between (4.6.4) and
(4.6.5) is given by

—N(le1|* = |es]?) + Pleses| — Pleser| = (lex| — les|) [~ Nlei| = Nles| — Plea|] . (4.6.7)

Then, (4.6.1)-(4.6.5) are all non-negative if and only if ese3 > 0 and both (4.6.6) and
(4.6.7) are non-negative, i.e. esez > 0 and |e;| < min {|es|, |e3|}.
It now suffices to show that any vector e as above satisfies |Uje[*> > 1. This is a

consequence of the constraint |U;|> > 3+~ — a?. Since e € 52, €2 + €2+ ¢35 =1 and

2 2
UieP—1 = f22+ 2 ;7 (€3 +¢3) + (® = 7%) eze5 — 1
2 2
- (62—1)6?+(a ;7 _1) (€3 +e5) + (o —77) eaes.

But |e;| < min {|es],|es]} and ezes > 0 implies that 2e? < e3 + €2 and €3 < eqes.
Noting that |U;]* > 3 +~% — a?,

2 | A2
\Ure]* =1 > (62—1)%—1-2(@ —2'—7 —1>ef+(a2—72)ef

— (|U1|2—3—|—oz2—72) e? > 0.
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For the remaining variants, the proof is almost identical. Also note that the result
follows easily due to the symmetry relations between the martensitic variants (see
Appendix A). Suppose we wish to calculate the maximal directions for Us;. There
exists a rotation Q = Q [r, a] about an axis a € R? such that U, = QU,Q. But then,

ee My & |Use| =max{|Ue|, 1}
& |QUIQe| = max{|Use|, 1}
& |U(Qe)| = max{|U;@el, 1} & Qe € My

since for each j = 1,...,6 there exists a unique ¢ € {1,...,6} such that QU,;Q = U;
and hence |U;Qe| = |Use|. For e.g. Uy, Q17U3Q17 = Uy where Q17 = Q [, i3] and

e € My Qrre € My & (—ey, —eg,e3) € My < ezes < 0 and |eg]| < min{les|, |es]}.

Using the appropriate rotations we can easily compute the rest. O

Remark. The assumption on the lattice parameters that § < 1 <~ < « can indeed
be relaxed. What is needed here is that «,y > 1 and that § < min{«a,~}. In fact,
if 5 > 1 the condition on the norm of U is immediately satisfied and if v > « then
simply M, assumes the form of M; where U; is the compound counterpart of U;
and vice versa. Nevertheless, we need the assumption for the characterization of the

maximal directions for U; L

05

-05 1

Figure 4.9: All vectors e € M calculated using the lattice parameters of the CuAINi
specimen in Seiner’s experiment.
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We now turn our attention to the problem of calculating the maximal directions
for U;! and see whether they indeed add new directions along which we can deduce

that the underlying deformation of an admissible measure coincides with U,z.

Lemma 4.6.2. Assume that the lattice parameters satisfy (A1),(A3) and (A4). For

a vector e € S write e = (eq, eq,e3)" . Then, for each s =1,...,6,

Mt ={ee€ S?:(—1)" eses <0, |er] > max {lea], |es|} } U (1,0,0)7, s = 1,2,
M;t={ee S?:(—1)" " eies <0, |eo] > max {lei], |es|}} U (0,1,0)7, s = 3,4,
M ={ee S*: (=1)" "ejey <0, |es| > max {|ey], lea]}} U (0,0,1)T, s = 5,6.

Proof. We only prove this for s = 1. The rest follows from the symmetry relations,
since |cof (QU1Q)e| = |cof Uy (Qe) |. First note that A\yax(cof Uy) = ay by (Al), so
that epayx(cof Up) = (1,0,0)T. As for the remaining maximal directions, the relevant

expressions here are

lcof Upe]? = 04222—1—520624_72(24— 2 _1)57162(2_ 2) 19
s = e T €9 63)+( Y a7 ) eges, s =1, 2,
a? + 2 .
|cof Use|* = a?y2el + 5277 (e% + eg) +(—1) 132 (72 — aQ) eires, s = 3,4,

2 .2
|cof Use|* = a?y%el + Bzu (e +e3) + (—=1)" " B2 (72 — a?) eres, s = 5,6.

2

First we show that e € M, e # emax(cof Uy), with the above representation is
necessary and sufficient for |cof Uje| > max;; [cof Ue|. The condition on the norm
of cof Uy is again related to |cof Uge| > 1 and we treat this last. With A >0, B >0

as in the statement,

|cof Uye|® — |cof Upe|> = —2Beges (4.6.8)
cof Uye|® — |cof Use|> = A(e] —e3) — Bes(ey — e1) (4.6.9)
cof Uye|® — |cof Uge|* = A(e] —e3) — Bes(ey + e1) (4.6.10)
cof Uye|® — |cof Use|> = A(el —e3) — Bea(es — e1) (4.6.11)
cof Uye|® — |cof Uge|> = A(e? —e2) — Bey(es + e1) (4.6.12)
Trivially, (4.6.8) is positive if and only if eses < 0; in particular, |ese3] = —eqes.

Then,

|cof Ure|* — |cof Usel* =

|cof Uye|® — |cof Uye|* =

A(le1]* = |e2]?) + Blesea| + Bege,
A(le1]* — |e2]?) + Blesea| — Besen|
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and the minimum between (4.6.9) and (4.6.10) is given by
A(ler]” = lea]?) + Blesez| + Bleser| = (lea] — lea]) [Aler] + Alea| — Bles]].  (4.6.13)

Similarly, for (4.6.11) and (4.6.12), we need only interchange the roles of ey and e

and the minimum is given by
A(ler]” — les|?) + Bleaes| + Bleser| = (lea| — les) [Aler| + Ales| — Blea|] . (4.6.14)

Since A > B, if |e;| > max {|ez], |es|}, both (4.6.13) and (4.6.14) are positive and so
are (4.6.9)-(4.6.12), establishing sufficiency.
Conversely, suppose that (4.6.9)-(4.6.12) are all positive. In particular,

(lea] = lea]) [Aler] + Alea| — Bles|] > 0 (4.6.15)
(ler| = les]) [Aler| + Ales| — Bleaf] > 0. (4.6.16)

Note that if |e1]| > |es],
Ale1| + Ales| — Bles| > 0

since A > B and e # 0. Then (4.6.15) says that |e1| > |es|. Similarly, if |e1| > |es],
Aley| + Ales| — Blea| >0

and (4.6.16) says that |e;| > |es], i.e.
lel] > les| < |ex] > |ea].

So, if Aley| + Ales| — Bles| > 0 or Aley| + Ales| — Bles| > 0, by the above argument,

ler| > |es| and |ei| > |es| and we need only worry about the case
Alei| 4+ Ales| — Bleg] <0 and Aley| + Ales| — Bles| < 0.

But this is impossible since by adding them up, 2Ale;| + (A — B)(|ea| + |es]) < 0
which is a contradiction since A > B.

To finish the proof, we show that for all vectors e € M;', e # emax(cof Uy),
|cof Ure]?> — 1 > 0. This is a consequence of the constraint |cof U;|? > 3. Note that,

since |e| = 1,

a2+72

lcof Ure]> =1 = a*y%e] + 3 (e3+e3) + 8% (7" — a?) exes — e — €5 — €3

_ 2.2 2 2 2 2.2 €5+ €3 2/.2 2
= (oz'y 1)61—1—(504 + By 2)—2 + 5 (fy a)6263
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However, |e;| > max{|es|, |es|}, so that

es]? + les|?
|€1|2>|2‘ 2’3|

Then,

2 2
cof Urel> =1 > (a®y® +a?8% + %4° — 3) €3 er €3

_ 2 e +e3 2/ .2 2 :
= (Jeof Uy |* - 3) 5 + 6% (a® —7?) |ezes| since ezez < 0

+ 5% (7" — o) ezes

‘ 2

> 0 since |cof U|* >3 and a >~v. O

Figure 4.10: All vectors e € M;"' calculated using the lattice parameters of the
CuAINi specimen in Seiner’s experiment.

Naturally, one would ask whether we are actually adding any new directions
compared to the ones we had already obtained from M,. The answer is that all
the directions in U;2M ! are in fact new. To demonstrate this, consider a vector
f = (f1, fo, f3) € M7, say, and write f||UZe for some unit vector e = (eq, €5, e3)" in
UMt We claim that e ¢ M, where

My = {e € S5?:eze3 >0, |er| < min {|es, |€3|}} .

This is because,

2 2 2
a® + a” — o — a® +
f: U12€ = <5261, " €2+ v €3, v €2+ v €3>
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must satisfy fofs < 0 (being in M), i.e.

044—1—’)/4

Tegeg <0 (4617)

4 4
(e +

However, the first term in the sum is non-negative and so is # So, it must be
the case that esez < 0 and thus, e ¢ M, i.e. My and Uy ' M7 " are disjoint, so
that we are genuinely adding new directions. On the other hand, it is clear that if
fllUZemax(cof Uy) is a unit vector, then f = eyax(cof Uy) & M.

An important issue is whether these directions can cover the unit sphere and hence
exhaust all possible domains or, in terms of the experiment, whether we can deduce
that for any bar-shaped specimen, the nucleation can only occur at a corner. The
answer is easily seen to be negative as the union of the sets M, and U;72M;! is a
proper subset of the unit sphere. For example, consider s = 1 and the unit vector
e = \/ié (0, 1, —1)". Since eye5 = —1 < 0, it becomes clear that e ¢ M, and on the
other hand,

UZe = +e.
But then, [UZe], = 0 and UZe ¢ M; " or, equivalently, e ¢ U;>M7". We note that
writing out an explicit expression for all vectors outside M, |J U2 M ;! becomes a te-
dious task and, instead, we see these numerically for s = 1 and the lattice parameters

of Seiner’s specimen in Fig. 4.11 below.

Figure 4.11: All vectors e € My U U; > M calculated using the lattice parameters of
the CuAINi specimen in Seiner’s experiment.

However, in the case of a face, this does not reveal much. The fact that the above

directions do not cover the unit sphere, does not necessarily imply that the normal
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vectors to these directions do not cover the sphere as well. Moreover, it would be
more convenient to know all the possible normals to the faces that the method can
decide on rather than the possible vectors lying on the face. The rest of this section
aims to do precisely that. Let
N, = {neS®:3ee M,withe -n=0} and
NY = {neS?:3eec M, withe-n =0}
The set we are then interested in is N U U2N ! To see this, let n € N, UUZN L

e If n € N, there exists e € M, such that e-n = 0 and we can apply the method
to any face with normal n as there will exist a maximal direction e which lies

on the face.

e On the other hand, if n € U2N;! then there exists m € N ! such that n =
UZm. Since m € N ! there exists e € M ! such that e - m = 0. Once again,

we can then apply the method to any face with normal n as
UZe-n=U7e-Ulm=e-m=0,
i.e. U %e lies on the face with normal n and e is a maximal direction for U L.

Let us characterize these sets and see whether these can exhaust the unit sphere,

i.e. whether our methods can be applied to all possible faces.

Lemma 4.6.3. Under the assumptions (A1) and (A2) on the lattice parameters and
for each s=1,...,6

Ny ={n € S?: (=1)" ' nang <0 or [ng| > |na| + |nal}, s=1,2
Ny={n €S (=1)" 'nng <0 or|ng| > ||+ |nal}, s=34
N, ={nes?: (=1 ' nyng <0 or|ng| > |ng| + Ino|}, s=5,6.

Proof. We only prove this for s = 1. The rest follow easily due to symmetry.
Sufficiency. We show that if a vector n € S? has the above representation then there
exists e € My such that e-n = 0.

Suppose that n satisfies nong < 0. If ng = ng = 0 then n = j:(l,O,O)T and
e=(0,1,0)" € M, satisfies e-n = 0. So, assume that |ny| + |ns| # 0 and let e € M,

be the vector % (0, |ns|, |n2|) where p > 0 is a constant making e of unit length. Then,

pe - n = ng|ng| + nglna| =0
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as either one of ny, ns3 is zero or they have opposite sign. On the other hand, suppose
that |ny| > |na|+|ng|. Clearly, we may additionally assume that nong > 0 as otherwise

it reduces to the previous case. Note that if e = (eq, e, eg)T satisfies e - n = 0 then
f : (n17 —No, _n3)T = 0

for f = (e1, —ea, —63)T and if e € Mj so is f. Hence, without loss of generality, we

may assume that ny > 0 and ng > 0. Then,
|ng| 4+ |n3| = na + ng  and

by assumption. So, let e € M; be the vector % (= (ny 4 n3) /n1,1,1)", where p > 0
forces |e| =1, to get

pe-n:—(n2+n3)+n2+n3:0

and sufficiency is established.

Necessity. To reach a contradiction, suppose that n - e = 0 for some e € M but
nong >0 and |ng| < |na| + |ng|.
Since ngnz > 0 and ezez > 0, it must be the case that (nges) (nzes) > 0 and hence
|nges + nzes| = |nges| + Inses|. (4.6.18)
If nye; + nges + nges = 0,

|77/1€1| = ’n2€2’+|n3€3| by (4618)

v

min{]es, [es[} (Ina] + [ns])

> |ea] (Ina] + |ns]) ,

so that |n| > |na|+|ns|, a contradiction proving necessity. Note that for the remaining

variants

neN, & Jeec M suchthat e-n=0
& df € My such that Qf -n =0 where QU,Q = Uy
= Qn€N1

and the result follows easily. O
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Figure 4.12: All vectors n € N calculated using the lattice parameters of the CuAINi
specimen in Seiner’s experiment.

Lemma 4.6.4. Under the assumptions (A1), (A3) and (A4) on the lattice parameters
Nit= {neS%:(=1)" " nang <0 and |ni| < |na| + |nal}
U{n € S?:(=1)""nang >0 and |n1| < max{|na|, |ns|}}
Ufnes?:n-(1,0,007 =0}, s=1,2,
Nt= {neS%: (=1)" " 'ning <0 and |n2| < |na| + |nal}
U{n e S?:(=1)"""ning > 0 and |ns| < max{|n|, |na|}}
U{n e S?:n-(0,1,0)T = 0}, s =34,
N7t= {neS?: (=1)" " niny <0 and |ng| < |ni| + |no|}
U{n € S?:(=1)"""niny > 0 and |nz| < max{|n|, [n2|}},
U{n e S?:n-(0,0,1)T = 0}, s=75,6.

Proof. We only show this for s = 1 and the rest follows easily due to symmetry.
Note that the plane {n € S? : n-(1,0,0)T = 0} corresponds precisely to the set of
vectors perpendicular to ey, (cof Up) and, in the proof below, we only deal with the
remaining maximal directions.

Sufficiency. Assume that n € S? has the representation above; we wish to conclude

166



that e -n = 0 for some e € M;'. Firstly, note that n, and ns cannot both be zero

and we may also assume that n; # 0 as otherwise
n-(1,0,0)7 =0.

Next, suppose that either ny = 0 or ng = 0; without loss of generality assume that
n3 = 0. Then, from the above representations, it must be the case that |n,| < |na| so
that the vector e = %(ng, —ny,n;) is an element of Mi" (p > 0 forces |e| = 1) and
satisfies

pe-n =ngniy —ning = 0.

Hence, we may assume that ninsng # 0. Let us consider the case nong < 0 and

|n1| < |na| + |ns|. Since nons < 0 we infer that
2 — ns| = [na| + |ns|,

i.e. [ng — ng| > |n1| and the normalized vector %(ng —ngz,—ny,nq)7 is an element of
M7 satisfying
l(nz —ng,—ny,ny)’ -0 =0.

Next let nons > 0 and |n;| < max{|ng|, |n3|} - this case is seemingly more elab-
orate. Without loss of generality, suppose that |n3| > |ng| and let @ > 1 be any
number such that

o— — — > Q.
|71 |71

The existence of « is trivial since |ng| > |n1|. With p > 0 a normalizing factor, define

the vector
1 T
e = —(ang —ng,ny, —any)" .
p
Clealry, e - n = 0 and we are left to show that e € M '. But eye3 = —an? < 0 since
we are assuming that ny; # 0 and
ler] = |ang — no
= «alng| — |ng|, since nang >0

> alny|, by assumption

max {|es|, |e3|} since a > 1.

This completes the proof of sufficiency.
Necessity. Assume that n € S? and that there exists e € M7 such that e -n = 0.
Then,

Inier| = |nges + nges| (4.6.19)
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and we distinguish between two cases depending on the sign of nsong. Note that since
e e ./\/ll_l, it must be the case that eqes < 0.
If nonz < 0, (ngeq) (nzesz) > 0 and |nges + nzes| = |nges| + |nses|, i.e. by (4.6.19),
|n1€1| = |n2€2| -+ |n3€3|
< max{|ea|, |es[} (Ina| + |ns])
< lex] (Ina| + Ina)
since e € M;'. Now e; # 0 as otherwise, e belonging to M, forces e, = e3 = 0.
Therefore, |ni| < |ng| + |n3| and this case is finished.
On the other hand, if nynz > 0 we get that (nqez) (nges) < 0 and consequently,
|nie1] = ||n2es| — |nses||. Then, by (4.6.19),
[nier| = |Inzea| — [naes|
< max{|naez|, nszes|}

< |ex| max{|ny|, [ns|}

since e € M;*. But e; # 0 now says that |n;| < max{|ns|,|ns|} and the proof is

complete. O

1.0 0.5 0.0 - 0.5 -1.0
T T—T

0.5 — =]

—o.5 -

- 1.0
— 0.5
0.0

Figure 4.13: All vectors n € N ' calculated using the lattice parameters of the
CuAINi specimen in Seiner’s experiment.

As described already, we are interested in the set N UU?N! and, in particular,
we are interested in whether it can cover the entire unit sphere. If so, then our result
regarding faces will not depend on the orientation of the domain; however, the answer

is negative.
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Lemma 4.6.5. Suppose that a unit vector n satisfies n ¢ N, UN; L. Then,
Uln ¢ N, UUNL.
In particular, there exists m € S? such that m ¢ Ny UUZN.

Proof. We only prove this for s = 1 and the rest are identical. Let us first show that
n¢ Ny = Uln & Ni. (4.6.20)

Let n ¢ N so that nang > 0 and |ny| < |na| + |ns|. Then,

a2+72 a2—72 a2—72 ozz—l—wz
U12n = (52’)11, 5 No + 9 ns, 9 N9 + 9 n3>
and
ot — A4 at + A4
(Utn], [Utn], = == (n 4+ n3) + = Tnany > 0

since naong > 0 and a > v > 0. Moreover,

[[Uin],| = B%|m]

< a*(Ing| +n3|) asngN; and B <«

o®|ny + n3|  since ngnz > 0

2 | 2 2 _ 2 2 _ 2 2 2
= |(a —21-7n2+a 27?13)—%(& 27n2+a ;7n3>|
= [ [Uin], + [Uin],| =1 [Uin], |+ [Uin],]

as [Ufn], [Ufn]; > 0 and (4.6.20) is established. Then,
n¢ NVUNT = Uln ¢ Ny UUSNTL.
Finally, it is easy to check that whenever n = (ny, no, n3)T satisfies

nong > 0 and max{|na|, |ns|} < |n1| < |na| + |nsl,

then n ¢ NTUNT Y ie. m=Uln¢ N\yUUINT. O

The edges of the CuAINi specimen in Seiner’s experiment were oriented very nearly
along the principal directions of the cubic austenite, i.e. along (1,0, O)T, (0,1, O)T and
(0,0, 1)T and our result becomes applicable for any s = 1,...,6. In particular,

suppose that the mechanically stabilized variant of martensite is Uj.
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—1.0,

c (0.0,
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Figure 4.14: All vectors n € N U UZN ! calculated using the lattice parameters of
the CuAINi specimen in Seiner’s experiment.

As remarked already, the lattice parameters of Seiner’s specimen satisfy assump-
tions (A1)-(A4) and the representations of M; and M;* given in Lemma 4.6.1 and

Lemma 4.6.2 hold. In particular, the maximal directions for U; and U; ! are

My = {e€ S ee3 >0, |er] < min{les],|es]}},
MY = {665226263<0, |61|>maX{|€2|,|63|}}U(l,O,O)T.

But the vectors (0, 1, O)T, (0,0, 1)T belong to M; and the vector (1,0, O)T is an element
of M7! and, being an eigenvector of Uy, it is also an element of U; 2M;*. Therefore,
one can cover any nucleation region By on a face or B, at an edge and our main result

applies, i.e. for Seiner’s CuAINi specimen, nucleation can only occur at a corner.

Concluding remarks. It is worth mentioning that the set of maximal directions -
as calculated in Lemma 4.6.2, say for s = 1, (similarly for the rest) - is the interior of
the set

{e € 5% exe3 <0, |er| > max{|es|, |es|}},

where strict inequalities have been replaced with inequalities. In particular, we note

that the above set contains the vector ey, (cof U;). Then, defining the set
M= {6 € S? 1 |cof U,e| = max {|cof Use, 1}}

it is possible to use a continuity argument and deduce the quasiconvexity conditions

at any face with normal perpendicular to, or any edge in the direction of, a vector in
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U;2 Mt For example, suppose that a face has normal perpendicular to a vector in
UMY and let o € By. Consider a plane through the point xy, whose boundary
is contained in the prescribed boundary of By, 0B N, and whose normal, n’ say, is
perpendicular to a vector in U;72M; 1. Such a plane always exists as the vectors in

M1 are dense in ML, Then, we may restrict attention to the half-ball
B} ={x € B(0,1):xz-n <0}

and view the plane {z € B(0,1) : - n’ = 0} as part of a face with normal perpendic-
ular to a vector in U;72M;!. We may then repeat our arguments for the new set B} to
deduce that z(z) = Usx for all z € B} and, in particular, z(zg) = Uszo. But 2y € By
is arbitrary so that the same holds for all z € By. The case of an edge is similar. How-
ever, it has not been possible to show that the set M is the interior of M! simply
by exlpoiting the general structure of the martensitic and austenitic energy wells,
i.e. prior to computing the sets M, !, M1 explicitly for specific transformations.

Also, we note that for any s = 1,... ,6 and appropriate lattice parameters, the
set M, UU;2M;?! contains several sets of three linearly independent directions and
our methods apply to a variety of parallelepipeds with edges along these directions.
In fact, the method can also be extended to any convex polyhedron with edges along
directions in My U U;2M;'. However, M, U U;2M ' does not exhaust the unit
sphere. Hence our result leaves open the possibility that for differently cut specimens
nucleation could occur at a face or an edge.

It should also be mentioned that our analysis would carry forward even if we
departed from the exact form of the energy wells of the cubic-to-orthorhombic transi-
tion. This exact form of the set K is only relevant for the calculation of the maximal
directions and our analysis remains applicable for any number of martensitic variants
and any other transformation. In fact, for our analysis to apply we need only require
that

K:SO(?))UCJSO(?))Ui

is such that the variants U; are symmetry related and satisfy the constraint on the
determinant and the largest eigenvalue of the cofactor matrix. Of course, this is not
necessarily the case for the construction at a corner.

We note that the argument of maximal directions reduces to measuring the length
of lines; having fixed the endpoints of the deformed segments, the definition of a maxi-
mal direction ensures that its length cannot be greater than the length of the straight

line joining the endpoints and, thus, it must precisely be that straight line. It is
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worth remarking here that similar ideas are also used in Sivaloganathan and Spec-
tor [129] to show that for an incompressible cylinder under uniaxial extension, the
unique minimizer is a homogeneous, isoaxial deformation (under additional constitu-
tive hypotheses on the stored-energy function). Similarly, the cofactor matrix relates
areas and one might think of an argument in which, having fixed the boundary val-
ues of a deformed planar section, we can use the quasiconvexity of the cofactors to
compare areas and show that the plane must have deformed linearly. We mention,
however, that such a method allows one to deduce the quasiconvexity condition on
faces with normals in M ! and does not seem applicable to edges. In particular, since
Mt C N, we would add no new faces and one would not be able cover Seiner’s
specimen. Nevertheless, other methods based on the cofactor matrix may be possible
and it is worth investigating.

Also, as we alluded to in the introduction to this chapter, there are connections
between our work and that of Grabovsky and Mengesha [70]. In particular, Grabovsky
and Mengesha base their sufficiency proof on a decomposition lemma (see also [63, 92])
which splits arbitrary variations of the dependent variable into a strong and a weak
part. The core of their proof lies in showing that these two parts act on the functional
independently. In particular, they show that the action of the weak part can be
described in terms of the second variation, whereas, the action of the strong part
is ‘localized’, in the sense that it can be described as a superposition of ‘Weierstrass
needles’. Then, it is the (uniform) positivity of the second variation and the (uniform)
quasiconvexity conditions, respectively, that prevent the weak and the strong part
from decreasing the functional.

In our analysis, we have restricted attention to localized variations corresponding
to the localized nucleation of austenite. Nevertheless, if we depart from our simplified
setting of the singular energy, one expects to be able to prove something stronger using
the machinery of Grabovsky and Mengesha; in particular, one might be able to show
that whenever v is a W gradient Young measure such that d (§y,, v) is sufficiently
small and [ (v) < I(dy,), then v must necessarily involve nucleation at a corner.
Here, the distance d (-, -), given by (4.4.7), comes from the metrization of the weakx
topology in L% (Q, M (M?3*3)). This is another direction worth investigating further.

Concluding our final remarks, we mention that the same nucleation mechanism
was also observed by Seiner for a CuAINi specimen which was mechanically stabilized
as a compound twin. We recall that, for typical lattice parameters, compound twins

are also unable to form directly compatible interfaces with austenite so that the
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mechanical stabilization effect comes into play. We note that our methods, presented
in this chapter, may be applicable to this case as well.

Lastly, similar situations in which the incompatibility of gradients results in hys-
teresis have been documented before in other contexts, e.g. Ball, Chu and James [15].
There, though in a different way, the mathematical analysis argues that despite the
existence of a state with lower energy than a certain martensitic variant, it is nec-
essarily geometrically incompatible with it, giving rise to an energy barrier which
keeps the specific martensitic variant stable. In general, in the context of microstruc-
ture formation, the incompatibility of gradients gives rise to very rich and interesting

phenomena and the observations in Chapter 3 provide such an example.
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Appendix A

Symmetry relations between the
cubic-to-orthorhombic variants

The following relations between the cubic-to-orthorhombic variants can be found in
Hane [72].
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Table A.1: Symmetry relations amongst the variants of a cubic-to-orthorhombic
transformation, where the rotations of the cubic Laue group are given below.

As an example of how Table A.1 is meant to be understood, consider the variant
U3 and the rotation (Q14; the number corresponding to these is 5. Then, the table
says that Q1,U3QT, = Us.
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Cubic Laue group

Below the orthonormal vectors {i,is,43} correspond to the cubic basis and @ =

Q [¢, €] denotes a rotation by angle ¢ about the axis e.

1 = 141 ®i+1®i+1i3R13
Q1 = Q27/3,i1+is+i3] =11 iz +ia @1y + 13 D iy

Qs = Q[-2m/3,i1 +iy+i3] =11 Qg+ iy ®iz+i3R® iy
Qs = Q271/3,—iy + iy +is] = —i1 Qig + iy ®is — i3 ® iy
Qs = Q[=2m/3,—iy +ig + i3] = —i)y ®iz — iy @ i1 + i3 D iy
Qs = Q21/3,i1 — iy +i3] = —i1 ®ip — iy iz +i3 @i
Qs = Q[-2m/3,i1 —is+ i3] =11 ® iz —ls @11 — i3 D iy
Q7 = Q27/3,i1 +ig — i3] = i1 R iy — i iz — i3 Q14
Qs = Q[—27/3,11 +is — i3] = —i1 R iz + 12 ® i1 — i3 ® iz
Qo = Qlm iy +is] =11 Ry + 19 @1y — i3 i3

Qo = Qm iy —is) = —1) ®iy — g ® i1 — i3 D i3

Qu = Qm i +is) =11 iz —is iy +1i3 X1

Qrz = Qm iy —is) = —11 ®iz — iy @iy — I3 @1y

Qs = Qm, iy +i3] = —iy @iy + iy ® iz + i3 D iy

Qu = Qm iy —i3) = =i ®i1 — iy ® i3 — i3 @ iy

Qs = Q[m i) =1 ®i — iy ®ip — i3 ® i3

Qe = Q[ iz) = —11 ®i) +1iy @iy — i3 Qi3

Qi = Qmis) =11 ®i) —iy @iy +1i3RQ i3

Qs = Qr/2,i1] =i1 ®1) — iy @iz + i3 X1y

Qo = Q[-7/2,i1] =11 @iy + iy @iz — i3 Dy

QR = Qr/2is] =i, @iz +1iy @iy — iz @iy

Qu = Q[-7/2,is) = —i1 ®iz+iy @iy +1i3® iy

Qrn = Q[r/2is) = —i1 @iy + 12 ® iy +1i3 i3

Qo3 = Q[-7/2,i3] =11 Qi — iy @1 + 13 Vi3
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Appendix B

Twin and habit plane elements for
CuAlINi

In this Appendix we give the details of the proof of Lemma 4.5.3. In order to do so,

we need to summarize the results concerning the twin and habit plane shears and

normals for all variant pairs (, s) in the cubic-to-orthorhombic transition of CuAINi,

i.e. the vectors a, n (twin plane) and the vectors b, m (habit plane) such that

QUZ—US = a®n, (BOl)
Us+Xa®@n = R(1+b®@m). (B.0.2)

We use the following notation:

al, nl

CLII, nII

+ +
blvml

blvml

+

+
b27 my

by , My

Type-I twin plane shear and normal respectively;
Type-II twin plane shear and normal respectively;

habit plane shear and normal respectively, using the Type-II twinning

11

elements a’!, n!!, k = 41 in the solutions given by Theorem 2.2.3

and volume fraction A € (0,1/2);

habit plane shear and normal respectively, using the Type-II twinning

17

elements a’!, n'!, k = —1 in the solutions given by Theorem 2.2.3

and volume fraction A € (0,1/2);
habit plane shear and normal respectively, using the Type-II twinning

I ), = +1 in the solutions given by Theorem 2.2.3

elements a'!, n
and volume fraction A € (1/2,1);
habit plane shear and normal respectively, using the Type-II twinning

17

elements a’!, n'!, k = —1 in the solutions given by Theorem 2.2.3

and volume fraction A € (1/2,1).
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The Type-I and Type-II twinning elements can also be found in Hane [72]. The
algebra for the habit plane elements of the austenite - Type-II twinned martensite
interfaces becomes too involved and we calculate the components numerically using
Mathematica. The procedure involved in the numerical calculation simply verifies the
hypotheses of Theorem 2.2.12 and calculates the solutions directly by Theorem 2.2.3.
We note that the lattice parameters of Seiner’s specimen are given by a = 1.06372,
B = 0.91542 and v = 1.02368. For these parameters and the Type-II twinning
elements of any variant pair, A* = 0.300782 € (0,1/2) and

0 =—2.37742 < =2, n =0.0091991 > 0,

where \*, §, n are as in Theorem 2.2.12, i.e. for each variant pair there are four distinct
solutions to the habit plane equation using the Type-II twinning elements as above.

In this Appendix, we do not present the twin plane elements for compound twins
as, for our lattice parameters, these cannot form compatible interfaces with austenite
(see Bhattacharya [29] for the appropriate conditions on the lattice parameters al-
lowing for austenite - compound twinned martensite interfaces) and hence cannot be
used for the construction in Lemma 4.5.3 of the microstructure reducing the energy
at a corner. Also, we do not give the habit plane elements for austenite - Type-I
twinned martensite interfaces as the Type-I twin planes belong to the family of crys-
tallographically equivalent planes {110} and the corresponding twin plane normals
are perpendicular to the edges of Seiner’s specimen (see Table B.1), i.e. these cannot

be used for our construction in Lemma 4.5.3 either.

Table B.1 gives the Type-I twin plane normal n! and twin plane shear a’ for the

1

variant pair ([, s). The components uy, ug, ug of the shears a' are given by

U ) 3 (4ayf% — 20%92 — (o +77))
Y2 T 2022 1 B2(a? + 12) BB (ot y) —20)
us 52 (4o 4 2029 + P (a? +77))

Table B.2 gives the Type-II twin plane normal n!! and twin plane shear a’! for

the variant pair (/,s). The components t;, t5 of the normals n!! and vy, vs, v of the

11

shears a'’ are given by

(5) - 1 (")
ta V8B2(?2 — a? — 12) + 6at — 4a2y? + 672 2(7* = o?) 7

v aty
V832(8% — a? — 2) + 6at — 4a2y? + 642 2ﬁ

v = -
2 a? + '72 + 2B2 a—y
U3 T2
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pair v2n! al pair v2n! al

(1,3) | (1,-1,0) (w1, ug, ug) (3,1) | (1,-1,0) | (—ug, —uy, —u3)
(L,4) | (1,1,0) | (uy, —ug,—ug) | (4,1) | (1,1,0) (—ug, uy, ug)
(1,5) (1,0,—1) (Ul,U3,U2) (5,1) (1, ,—1) ( Ug, Ug,—U1)
(1,6) (1,0,1) (Ul,—U3,—UQ) (6,1) (1,0,1) (—u2,u3,u1)
(2,3) (1,1,0) (ul,—u2,u3) (3, 2) (1,1,0) (—’LLQ,Ul, Ug)
(2,4) (1,—1,0) (Ul,UQ, Ug) (4, 2) (1,—1,0) (—Ug,—ul,U3)
(2,5) | (1,0,1) | (uj,us,—u2) | (5,2)| (1,0,1) | (—ug, —us, uq)
(2,6) | (1,0,—1) | (uy, —us,u2) | (6,2) | (1,0,—1) | (—ug,us, —uq)
(3, 5) (0,1,—1) U3,u1,u2) (5,3) (0,1,—1) (—Ug,—Ug,—Ul)
(3, 6) (0, 1, ].) (—Ug, Uy, UQ) (6, 3) (0, 1, ]_) (U3, Uag, Ul)
(4, 5) (0, 1, ].) (U,g, Uy, UQ) (5, 4) (0, ]_, ]_) (—Ug, —Ug, Ul)
(4, 6) (0, 17 —1) (—U3, —Uuz, U2) (6, 4) (0, 1, —1) (U3, Ug, —Ul)

Table B.1: Components of the Type-I twin plane normal and shear for the different
variant pairs in a cubic-to-orthorhombic transition [72].

pair n!! a'l pair nt! a'!
(1,3) | (t1,t1,t2) (v, v9,v3) | (3,1) | (t1,t1,t2) (vg,v1,v3)
(1,4) ( t1,t1,t2) (—Ul,’UQ,Ug) (4,1) ( tl,tl,tQ) (—UQ,U1,U3)
(1,5) (thtg,tl) (Ul,v3,1}2) (571) (tl,tg,tl) (Ug,?}g,Ul)
(1,6) (—tl,tg,t1> (—Ul,Ug,Ug) (671) (—thtg,tl) (—UQ,’Ug,Ul)
(2, 3) (tl, —tl, t2> (Ul, —Va, 1)3) (3, 2) (tl, —tl, tg) (UQ, —V1, Ug)
(2,4) | (t1,t1, —t2) | (v1,v9,—v3) | (4,2) | (t1,t1, —t2) | (va, vy, —V3)
(2,5) | (t1,ta, —t1) | (v1,v3,—v2) | (5,2) | (t1,t2, —t1) | (va,v3, —V1)
(2, 6) (tl, —tg, tl) (’Ul, —7Us, UQ) (6, 2) (tl, —tg, tl) (UQ, —Us3, Ul)
(3,5) (tg,tl,t1) ('U3,U1,U2) (5,3) (tg,tl,tl) (1)3,1]2,’111)
(3, 6) (tg, tl, tl) (Ug, U1, UQ) (67 3) (tg, tl, tl) (Ug, V2, Ul)
(4, 5) (tz, tl, —t1> (Ug, V1, UQ) (5, 4) (tQ, tl, tl) (Ug, Vo, Ul)
(4,6) (—tz,tl,t1> (—Ug,Ul,UQ) (6,4) ( tg,tl,tl) (—U3,U2,Ul)

Table B.2: Components of the Type-II twin plane normal and shear for the different
variant pairs in a cubic-to-orthorhombic transition [72].

We note that for Seiner’s CuAINi specimen the components of the twinning ele-

ments become:

w 0.197977
w | =| —0.173644 |,
us 0.00379754
t —0.688388 o 0197977
( . ) — ( 099507 ) e | = —0.173644
v 0.00379754
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For the habit plane elements, the calculations are purely numerical. In order to

shorten the otherwise long tables that follow, let us write

s; = 0.141221,
s4 = 0.261549,
21 = 0.0244382,
2, = 0.0123419,

59 = 0.668151,
s5 = 0.727152,
29 = 0.0728267,
z5 = 0.0674388,

s3 = 0.730501,
s¢ = 0.634699,
zz = 0.0575181,
26 = 0.0671488.

pair my by pair my by
(1,3) | (—s1,82,—83) | (—21,—29,—23) | (3,1) (—s2, 81, S3) (22, 21, 23)
(1,4) (84,—85,—86) (2’4,25, —ZG) (4, 1) (—85,84786) (25,24,2’6)
(1,5) | (s1,83, —S2) (21, 23, 22) (5,1) | (—s5,—S6,—54) | (25, —26, —24)
(1,6) | (84, —S6,—55) (24, —26, 25) (6,1) | (—s2,—83,—51) | (22,—23,—21)
(2,3) | (s4,—8s5,56) (24, 25, 26) (3,2) | (—s9,—51,53) (22, —21, 23)
(2,4) | (—s1, S2,53) (—z1,—22,23) | (4,2) | (—$5,—54, S6) (25, —24, 26)
(2,5) | (s4,S6,—55) (24, 26, 25) (5,2) | (—s5,—S6, S4) (25, —26, 24)
(2,6) | (s1,—83, —S2) (21, —23, 22) (6,2) | (—s2,—S53,51) (22, —23, 21)
(3,5) (83,81,—82) (23,21,22) (5,3) (83,—82751) (23,22721)
(3,6) | (s3,—$1,—52) (23, —21, 22) (6,3) | (—s¢,85,—54) | (—26, —25, —24)
(4,5) | (s6,84,—55) (26, 24, 25) (5,4) | (s3,—82,—51) (23, 22, —21)
(4,6) (86, — Sy, —55) (26, —Z4,Z5> (6,4) <—56,85,S4) (—ZG, Z5,Z4>

Table B.3: Components of the habit plane normal m; and shear b for the different
variant pairs in the cubic-to-orthorhombic transition of Seiner’s CuAlNi specimen.

pair my by pair my by
(1,3) (84, S5, 56) (z4,—25,26) | (3,1) | (=85, —54,—56) | (25, —24, —26)
(1,4) | (—s1,—S2,53) (—z1,22,23) | (4,1) | (—s2, —51,—83) | (22, —21, —23)
(1,5) (—54, —SG,—S5) (—24,—2'6,2’5) (5, 1) (—82,83781) (2’2,23,21)
(1,6) | (—s1, 83, —S2) (—21,23,22) | (6,1) (—$5, S, S4) (25, 26, 24)
(2,3) | (—s1,—82,—53) | (—21,29,—23) | (3,2) | (—s5, 84, —S6) (25, 24, —26)
(27 4) (84, S5, —56) (24, —Z5, —26) (4, 2) (—827 S1, 83) (22, 21, —Zg)
(2,5) | (—s1,—83,—52) | (—21,—23,22) | (5,2) | (—s2,s83, —51) (22, 23, —21)
(2,6) | (—s4,S6,—S5) (—24,26,25) | (6,2) | (—$5,56, —S4) (25, 26, —24)
(3,5) | (—s¢, —S4,—55) | (—26, —24,25) | (5,3) | (—s¢, —S5,—54) | (—26, 25, —24)
(3,6) | (—s6,S4, —S5) (—26,24,25) | (6,3) (83,82, 51) (23, —29, 21)
(4,5) | (—s3,—51,—52) | (—23,—21,22) | (5,4) | (—s¢, —S5, S4) (—26, 25, 24)
(4,6) | (—s3,81,—52) (—z3,21,29) | (6,4) (83,82, —51) (23, —22, —21)

Table B.4: Components of the habit plane normal m; and shear b; for the different
variant pairs in the cubic-to-orthorhombic transition of Seiner’s CuAINi specimen.
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pair my by pair my by
(1,3) (—s2, S1, 53) (22, 21, 23) (3,1) (S4, S5, S6) (24, —25, 26)
(1,4) (—S$5, 4, S6) (25, 24, 26) (4,1) | (—s1,—82,53) | (—21,29,23)
(1,5) (—55,—86,—84) (25,—26,—24) (5,1) (81,83,—82) (2’1,23,22>
(1,6) | (—s2,—s3,—51) | (22,—23,—21) | (6,1) | (54,—56,—55) | (24, —26,25)
(2,3) | (—s2,—s1,S3) (22, —21, 23) (3,2) | (84,—8s5,56) (24, 25, 26)
(2,4) (—85,—84,86> (25, 24,26) (4,2) (—51752,83> (-Zl,—ZQ,Zg)
(2,5) | (—s5,—S6,S4) (25, — 26, 24) (5,2) (s1, 83, 82) (21, 23, —29)
(2,6) | (—s9,—S83,51) (22, —23,21) (6,2) | (s4,—S6,55) | (24, —26,—25)
(3,5) (83, —S2,51) (23, 29, 21) (5,3) | (s3,81,—82) (23, 21, 22)
(3,6) | (—s6,S5,—54) | (—26,—25,—24) | (6,3) | (s3,—51,—82) | (23,—21,22)
(47 5) (83,—82, —81) (2372’2,—2’1) (574) (86784,—85) (2’6,24,25>
(4,6) (—Ss6, S5, 54) (—z6,—25,24) | (6,4) | (S6, —S4,—S5) | (26, —24,25)

Table B.5: Components of the habit plane normal mj and shear b3 for the different
variant pairs in the cubic-to-orthorhombic transition of Seiner’s CuAINi specimen.

pair My by pair my by

(1,3) | (—s5,—84,—56) | (25, —24,—26) | (3,1) | (—s1,82,—53) | (—21,—22,—23)
(1,4) | (—s9,—s1,—53) | (22, —21,—23) | (4,1) | (s4,—55,—S6) (24, 25, —26)
(1,5) (—s2, S3,51) (22, 23, 21) (5,1) | (—s4,—S6,—55) | (—24,—26,25)
(1,6) (—s5, S6, S4) (25, 26, 24) (6,1) | (—s1,83, —S2) (—21, 23, 22)
(2,3) | (—ss, 84, —S6) (25,24, —26) | (3,2) | (=81, —S2,—53) | (—21,22,—23)
(2,4) | (—s2,81,—53) (22,21, —23) | (4,2) (84, S5, —S6) (24, —25, —26)
(2,5) | (—s9,83,—51) (22,23, —21) | (5,2) | (—84,—56,85) | (—z4, —26, —25)
(2,6) | (—s5,S6, —S4) (25,26, —24) | (6,2) (—s1, S3, S2) (=21, 23, —29)
(3,5) | (—s¢,—S5,—54) | (—26,25,—24) | (5,3) | (—s¢,—S4,—55) | (—26, —24,25)
(3,6) (s3,52,51) (23, —22,21) | (6,3) | (—S6,54,—S5) (—z6, 24, 25)
(4,5) | (—s6, —S5,54) (—z6,25,24) | (5,4) | (—83,—81,—52) | (—23,—21,29)
(4,6) (83,82, —51) (23, —22,—21) | (6,4) | (—s3,51,—82) (—z3, 21, 22)

Table B.6: Components of the habit plane normal m, and shear b, for the different
variant pairs in the cubic-to-orthorhombic transition of Seiner’s CuAINi specimen.

We note that the above components of the habit plane elements are only approx-

imate. These are of course easily subject to verification since
(Us+®@a)(Us+ra®@n)=(1+m®b)(1+b®m).

We can now verify that it is indeed possible to construct the microstructure at the
corner that reduces the energy as in Lemma 4.5.3. To see this we need to consider
each possible value of s € {1,...,6} and check the corners at which the required

microstructure can be constructed.
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As in the proof of Lemma 4.5.3, suppose that the coordinate system has been
chosen in such a way that the edges of () are parallel to the axes and each corner of
Q lies in a different octant. Let us write x = (21, 29, 23)7 for the coordinates of the

point x € R? in the standard basis of R? and denote the octants as follows:

0, = {$€R31$1>0,$2>0,$3>0},05:—01
02 = {$€R33$1<0,$2>O,£E3>0},06:—02
03 = {$€R32$1>0,Q32<0,$3>0},07:—03

0, = {$6R32I1>0,I2>0,I3<0}, Og = —0jy.

The results are summarized in Tables B.7 and B.8 for the habit plane solutions using

A=X"€(0,1/2) and A =1— X" € (1/2,1) respectively and are explained below:

s/ 1 2 [ 31 4 [ 5] 6 0
1 - - |my{ | -m{ |m{|-m; 1,256
2 - - my | m{ |m{ | my |3,4738
3 | —my | —-my| - - my | mi |1,3,57
4 | mf | -m; | - - my | —m] | 2,4,6,8
5 | my | —my |my | —-m{ | - - | 1,4,5,8
6 | mi | m; |m; | my | - - 12,3,6,7

Table B.7: For each s € {1,...,6}, the table gives all the habit plane normals with
A € (0,1/2) that lie in the same octant as the Type-II twin normal for the possible
values of [. The final column gives the octants in which the construction at the corner
is possible.

SIT 1 [ 2] 3 1 415 1 6 0
1 - - | —my | my | my | my |1,2,56
2 - - -m3 | -my | my | -m3 [3,4738
3 my | My - - My m, | 1,3,5,7
4 | —my | my - - —my | my |2,4,6,8
5 my | my | Mgy my - - 1,4,5,8
6 | —my |my | my | —my | - - 12,3,6,7

Table B.8: For each s € {1,...,6}, the table gives all the habit plane normals with
A € (1/2,1) that lie in the same octant as the Type-II twin normal for the possible
values of [. The final column gives the octants in which the construction at the corner
is possible.

For example, let s = 1. From Table B.2 and the lattice parameters of Seiner’s
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specimen, the Type-II twin normal is given by

(—0.688388, —0.688388, —0.228571)7, [ =3

o (0.688388, —0.688388, —0.228571)T, [ =4
(—0.688388, —0.228571, —0.688388)7, [ =5

(0.688388, —0.228571, —0.688388)7, 1 = 6.

Foreach [ € {3,...,6} and A € (0,1/2), we see from Tables B.3 and B.4 that we may

1

choose habit plane normal m in the same octant as n!! as follows:

) -mf, =4

me= mi, =
-my, =6

and similarly, for A € (1/2,1) and Tables B.5, B.6,
-m$, 1=3

m = M2 L=

m,, =

Note that we have multiplied some of the above habit plane normals by —1 imply-
ing that we also need to multiply the corresponding shears by —1 so that the tensor
product m ® b remains unaltered. Then, for [ = 3,5 the Type-II twin normal lies in
Os5 and we may choose a habit plane normal m in the same octant such that neither
m nor n!l are perpendicular to any of the edges of Q (recall that the edges are along
the principal cubic axes). Also, for | = 4,6 the Type-II twin normal lies in Og and
we may again choose an appropriate habit plane normal.

Clearly, by considering —a’!, —n!! and respectively —m, —b, we may also choose
twin and habit plane normals lying in the octants O; = —O5 and Oy = —Og. The con-
struction is now possible provided that the underlying deformation remains injective,
i.e. provided that

Uy 1h.n <0,

where b = Rb, R € SO(3) as in (B.0.2). Note that multiplying all the elements of the
twin and habit planes by —1 leaves the above dot product unchanged. The rotation

R can be easily computed in each case by calculating
R=U+X ®@n)(1+bxm) "

Then one finds that U; b -n = —0.0226521 for any I € {3,...,6} and any choice of

the above habit plane elements.
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The case s = 2,...,6 is identical to the above. The only non-trivial part is
verifying the inequality
U'b-n <0,

for the appropriate choice of habit plane normals. In fact, the value of the above
dot product remains —0.0226521 for any s and [, as long as we have chosen a habit
plane normal that lies in the same quadrant as the Type-II twin normal. This is
surprising and leads one to conjecture that there must be some underlying structure
for this to be true; nevertheless, algebraic complexity prevents us from unravelling

this structure.
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