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Abstract

Simulating time evolution under quantum Hamiltonians is one of the most natural applica-
tions of quantum computers. We introduce TE-PAI, which simulates time evolution exactly by
sampling random quantum circuits for the purpose of estimating observable expectation val-

ues at the cost of an increased circuit repetition. The approach builds on the Probabilistic Angle
Interpolation (PAI) technique and we prove that it simulates time evolution without discretisation
or algorithmic error while achieving shallow circuit depths with optimal scaling that saturates the
Lieb—Robinson bound. Another significant advantage of TE-PAI is that it only requires executing
random circuits that consist of Pauli rotation gates of only two kinds of rotation angles £ A and
m, along with measurements. While TE-PAI is highly beneficial for NISQ devices, we additionally
develop an optimised early fault-tolerant implementation using catalyst circuits and repeat-until-
success teleportation, concluding that the approach requires orders of magnitude fewer T-states
than conventional techniques, such as Trotterization—we estimate 3 x 10° T states are sufficient
for the fault-tolerant simulation of a 100-qubit Heisenberg spin Hamiltonian. Furthermore, TE-
PAT allows for a highly configurable trade-off between circuit depth and measurement overhead
by adjusting the rotation angle A arbitrarily. We expect that the approach will be a major enabler
in the late NISQ and early fault-tolerant periods as it can compensate circuit-depth and qubit-
number limitations through an increased circuit repetition.

1. Introduction

Accurately modelling the time evolution of quantum systems is an important task but presents a signi-
ficant challenge in classical computing. Thus, simulating quantum dynamics is regarded as one of the
most promising applications of quantum computers [1, 2] and may provide an exponential speedup over
classical computers. The simplest such approach, the Trotter-Suzuki decomposition [3, 4], approxim-
ates the time evolution through a relatively simple circuit that contains evolutions under the individual
Hamiltonian terms. A drawback of the approach is that circuits may need to be quite deep to suffi-
ciently suppress approximation errors. This discretisation error, also called the Trotter error, is inevitable
with finite circuit depth and can be particularly daunting in, e.g. quantum chemistry applications [5—
8]. These issues are further exacerbated when the aim is to simulate dynamics under time-dependent
Hamiltonians, as we demonstrate below. Indeed, sophisticated quantum algorithms, such as linear com-
bination of unitaries (LCU) [9-11], quantum signal processing [12, 13] or quantum walks [14, 15],

can achieve a fundamentally improved circuit-depth scaling compared to Trotterisation; however, they
require significant overheads in quantum resources.

We make significant progress and develop TE-PAI, which: (a) simulates ‘effectively exact’ time evolu-
tion on average; (b) requires executing only very simple circuits and performing measurements on them,
i.e. it does not require advanced quantum resources such as ancillary qubits or controlled evolutions; (c)
can naturally simulate time evolution under time-dependent Hamiltonians; (d) achieves shallow circuit
depths with optimal scaling that saturates the Lieb—Robinson bound. TE-PAI is ‘effectively exact’ in the

© 2025 The Author(s). Published by IOP Publishing Ltd
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sense that one needs to choose a priori a desired precision € to which the expectation value of the time-
evolved observable is estimated, i.e. the level of statistical uncertainty (see appendix C for details). While
algorithmic errors associated with time evolution are finite, they can be suppressed arbitrarily below e
without increasing circuit depths, i.e. by committing O(e ') classical pre-processing resources.

TE-PAI proceeds by constructing an unbiased estimator for the entire exact time-evolution
superoperator—this allows us to estimate expectation values of time-evolved observables by sampling the
output of quantum circuits and is thus compatible with advanced measurement techniques, such as clas-
sical shadows [16, 17] or Pauli grouping techniques [18, 19]. This immediately enables a wide range of
applications, such as shadow spectroscopy for estimating energy gaps in the problem Hamiltonian [20].
TE-PAI can be combined straightforwardly with a broad range of further techniques that require
the estimation of time-dependent correlators. Specifically, one can estimate the Loschmidt echoes
(¥(0)|(¥)) and (¥ (1)|Ol(t')) of fundamental importance, by estimating the Pauli Z expectation value
on an ancilla qubit. This enables the estimation of ground and excited state energies via statistical phase
estimation [21-23], the estimation of the density of states [24], as well as the estimation of expectation
values of observables O in eigenstates of the problem Hamiltonian [25]. These techniques are expec-
ted to unlock some of the most important application areas of early fault-tolerant quantum computers
(FTQCs), e.g. obtaining ground-state energies, correlation functions and molecular configurations, etc.
However, we note that our approach is based on expected value estimation and is thus not compatible
with conventional phase estimation or with other ‘single-shot’ techniques.

Previous work, such as qDRIFT [26-28], similarly use randomisation but the circuit depths are not
independent of the approximation error. Prior works [29, 30] achieve some of the advantages of TE-
PAI (exact evolution, comparable circuit depths), however, require more complex controlled circuits
and are not compatible with advanced measurement techniques, such as classical shadows [16, 17] or
Pauli grouping techniques [18, 19]. For instance, [30] requires estimating observables one-by-one using
Hadamard tests and thus requires random circuits to be controlled on an ancillary qubit, as we detail
in appendix A. In contrast, TE-PAI only requires executing simple random circuits and measuring their
outputs, and thus benefits from almost unlimited compatibility with a broad range of applications and
can be combined naturally with all error mitigation techniques, classical shadows, and randomised pro-
tocols that use time evolution as a subroutine, such as spectroscopy or estimating the density of states
and beyond [16, 20, 24].

The main technical tool we exploit is Probabilistic Angle Interpolation (PAI) [31], which is partic-
ularly relevant for near-term and early fault-tolerant applications, where averaging over many circuit
executions is required for expected-value measurements. While PAI increases the sampling cost, it prov-
ably achieves the least possible overhead. TE-PAI applies this mathematical formalism to time evolu-
tion circuits, generating random circuits with only two kinds of rotation angles, £A and 7 as illustrated
in figure 1; post-processing their outputs yields exact time-evolved expected values. Conventional trot-
terisation requires small gate angle settings that are proportional to the individual Hamiltonian terms.
However, in real experiments the gate angles always have a finite precision as well as added coherent
over or under rotations, which effectively leads to implementing the correct trotter evolution of a dif-
ferent Hamiltonian with slightly different Pauli coefficients—the effect of this may be radical near phase
transitions. Our randomised approach effectively overcomes this limitation as the rotation angle A can
be chosen arbitrarily in our approach and can be updated according to our best knowledge of the true,
experimentally calibrated rotation angle.

We prove that TE-PAI requires a number of gates proportional to the total simulation time T and
the system size, thus saturating the Lieb—Robinson bound [32, 33]. A significant advantage of TE-PAI is
that it offers a trade-off between sampling overhead and circuit depth, i.e. one can use NISQ-friendly
shallow circuits at the cost of an increased sampling overhead. While these features are particularly
important in the NISQ era, we construct optimised implementations for early FTQCs, whereby circuit-
depth and width limitations will be similarly crucial.

Furthermore, we exploit that our approach works even if we use the same rotation angle in every
gate in our time evolution circuits and develop an explicit, heavily optimised fault-tolerant implement-
ation using catalyst circuits and repeat-until-success teleportation. We explicitly estimate fault-tolerant
resource requirements for a benchmark problem and demonstrate that it may require significantly less
magic states than prior techniques, e.g. we achieve orders of magnitude lower T-counts than conven-
tional Trotterisation. As a result, our method imposes substantially lower fault-tolerance overheads,
potentially enabling early practical demonstrations of quantum advantage in early FTQC.

This manuscript is structured as follows: We begin with a detailed description of the time-
independent and time-dependent Trotter decompositions. In section 2, we derive the unbiased estim-
ator of TE-PAI and prove that the sampling overhead and the expected number of gates in the circuit
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Figure 1. A single random circuit instance of TE-PAI—by executing multiple such random circuits and post-processing their
measurement outcomes, one can implement effectively exact time evolution on average via statement 2. In the present example,
we consider a 5-qubit Hamiltonian defined in equation (13) and a rotation angle A = /2% = 7 /64. TE-PAI then uses the
Pauli gates RXX, RYY, RZZ and RZ only with rotation angles /A = +7 /64 and only rarely with 7 (gate highlighted by dot-
ted rectangle)—when the angle 7 is chosen then all measurement outcomes are multiplied by a factor —1. The example con-
siders a short time evolution of T = 0.05 which is the reason for obtaining a shallow circuit with an expected number of gates
Voo & 25. We note that existing compilation techniques, including ones that were specifically developed for Trotterised circuit
structures [35], can be applied immediately to reduce the circuit depth.

are finite for simulating exact time evolution. In section 3, we demonstrate the superiority of TE-PAI
through numerical simulations of practically motivated quantum simulation tasks under time-dependent
Hamiltonians. All numerical simulation results presented in this work were obtained using the imple-
mentation described in reference [34] We also demonstrate the benefit of executing shallow circuits

with TE-PAI by simulating a noisy NISQ device. In section 4, we detail explicit fault-tolerant imple-
mentations and provide cost estimations of TE-PAI, concluding that it can achieve orders of magnitude
more T-cost-efficient implementations than conventional Trotterisation. Finally, we conclude our work in
section 5.

1.1. Quantum simulation with product formulas
1.1.1. Time-independent Hamiltonians
We start by briefly reviewing product formulas used for simulating time evolution under a time-
independent quantum Hamiltonian H which is typically specified as a linear combination H =
ZLI ckhy, where ¢ are real coefficients, and hy € {X,Y,Z,1}" are Pauli strings. We also define the ¢;
norm of the coefficients as it will determine the complexity of simulating such quantum systems as
el =L, Je

Then, the first-order Trotter-Suzuki decomposition provides a way to approximate the evolution
operator as a product of exponentials of each term in the Hamiltonian as

L N
. . T
eszT% I Ieflckhkﬁ ) (1)
k=1

Each term represents the evolution under one component of the Hamiltonian ki for a short time inter-
val % and the approximation becomes increasingly more accurate as N increases. While in the present
work we are focusing on the above first-order Trotter decomposition we note that our results can imme-
diately be applied to higher-order Trotter decompositions [36, 37].

We now briefly summarise the error analysis for time-independent Trotter decompositions follow-
ing [36].

Statement 1. The additive approximation error of the first-order Trotter decomposition can be bounded as

L N e
—icphy L —iHT 2
€r = He N — e < H\THCH%
k=1
where the Trotterisation error norm was defined in [36] as
L L
2. _
llell7 = Z Z Cyo Py Ey by |- (2)
Y=1 Y2=71+1
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It follows that achieving a precision € requires the following number of quantum gates in a Trotter circuit
1
v < ELTZHCHZTE_I. (3)

Indeed, the additive Trotter error, €, can be reduced at the expense of proportionally increasing the
circuit depth. In the next section we describe our algorithm which utilizes a probabilistic approach to
generate random circuits from these Trotter-Suzuki circuit templates. In stark contrast, the circuit depth
in our approach is independent of the precision, and N is a parameter that only affects the complexity
of classical pre-processing as we detail in appendix C.

1.1.2. Time-dependent Hamiltonians

Building on the previous time-independent case, we extend the formalism to time-dependent
Hamiltonians, which are crucial for accurately simulating complex quantum systems in practice that
evolve under time-dependent interactions, such as in quantum control [38]. In particular, we consider
a Hamiltonian H(¢) whose decomposition coefficients ¢, () are time-dependent as

M=

H(t) = Ck(t> hy.

k=1

We will assume that c(#) are absolutely continuous functions of time. This assumption is necessary to
bound the convergence rate in our proofs in appendices D and E. We then define their average ¢;-norm
as

L

_ 1 T
||c||1::T/0 > le()de. (4)

k=1

In this work, we consider the following discretised product approximation for the unitary evolution
operator U(T) for a time-dependent Hamiltonian as

T T
U(T) m e N ..My (5)

where H(tj) represents the Hamiltonian at discrete time points via t; = I\I,] forj=1...Nand 1\17
Finally, we define the Trottererised circuit for our time-dependent Hamiltonian as

N L
: T
U(T) ~ H eflck(tf)hkﬁ
1

ji=1 \k=

The approximation assumes that the Hamiltonian remains constant within each small interval %, this
approximation improves as N is increased, and error bounds have been reported in [37]. We also note
that a generalisation of the above product formula can be found in [37] which has been derived by trun-
cating the Magnus expansion [39] to the first order.

2. Unbiased estimators via TE-PAI

2.1. Unbiased estimator for general product formulas

In this section, we present details of our protocol that samples and post-processes measurement out-
comes of random, shallow-depth quantum circuits in order to simulate effectively exact time evolu-
tion. By comparing equations (1) and (5) it is apparent that both time-dependent and time-independent
product formulas are generally of the form (and similarly higher order product formulas can be written
in this form) as

U:H TR (0%) |- (6)

The gates above are Pauli rotation gates, Ri(6) := e~ "?/2 and for time-dependent Hamiltonians their

rotation angles are set to 0; = 2ck(tj)l\lj, which simplify to 0y := 0 = 2CkI\I, for time-independent
Hamiltonians. The parameter N controls the number of Trotter steps, and by increasing N, we can
approximate the desired time evolution operator with arbitrary accuracy via statement (1).
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We use the Probabilistic Angle Interpolation (PAI) technique [31], which we summarise in appendix B,
and which builds on the observation that estimating an expected value of an observable requires a
quantum circuit to be run and measured many times. At each circuit run, PAI randomly replaces the
angle 6y in the rotation gate Ry(6y;) with one of only three discrete rotation angles 0, sign(fyj)A, or 7.
We will denote these three gate variants as

A=1I, By =Ry (sign(by)A), Ci=Ri(m). (7)

We note that one can choose a uniquely different Ay; specifically for each rotation angle 6y, however,
for ease of notation we assume that one global A is chosen such that |0 <A <7 forall ke l,...,L—
this choice will significantly reduce resources required for fault-tolerant implementations as we will detail
below.

The crucial observation that TE-PAI exploits is that in the limit N — oo, where the Trotter circuit
approaches exact evolution, the rotation angles ;; become vanishingly small. Thus, with probability
nearly equal to 1, we almost always choose the first gate variant, the identity operation (see appendix D).
As we prove below, this ultimately guarantees that the total circuit depth remains finite even in the limit
N — 00 and thus the parameter N only influences the complexity of classical pre-computation.

We review in detail in appendix B that the PAI approach builds on the fact that the superoperator
representation Ry (6y) of each unitary gate Ri(fj) can be decomposed analytically as

R (0) =1 (16x]) A+ 72 (105]) Big + 3 (164]) Cr (8)

where A, By and Cy are superoperator representations of the unitary gates in equation (7) which gen-
erally act isomorphically via conjugation, e.g. Ryvec[p] = Vec[RkpR;[]. The coefficients ;(6) are provided
explicitly as trigonometric functions in appendix B.

Focusing on a single gate element ﬁk(ﬁkj), our classical pre-processing algorithm randomly
selects one of the three discrete gate variants as D; € {A,Byj,Ci} according to the probabilities p; =
[71(0ki)| /117 (6x) |1 for 1€ {1,2,3} in order to sample the unbiased estimator of the desired, continuous-
angle gate R () as

Ric (05) = |17 (1645]) |11 sign [v (1641)] Dr. 9)

Koczor et al [31] analytically proved that this choice of the three discrete angle settings minimises the
measurement overhead characterised by ||v(|0|)||1, confirming numerical optimisation results of [40].

Replacing each gate in the product formula in equation (6) with the above unbiased estimator then
allows us to construct an unbiased estimator for the entire time evolution operator. As we now summar-
ise, this is a direct consequence of statement 2 of [31].

Statement 2. We obtain an unbiased estimator of the superoperator representation of the entire product
formula in equation (6) as

A~ N L A
u=1[ ( Ry (ekj)> : (10)
j=1 \k=1

using the unbiased estimators 7A2k(9kj) of the individual continuous-angle rotations from equation (9).

Specifically, the mean value of the estimator is E[1/] = U. The classical computational complexity of gen-
erating N; random circuits is O(NLNj).

Please refer to appendix B for a detailed derivation. Figure 1 shows an example of a random
circuit generated using the PAI approach that simulates the time evolution under the Hamiltonian
equation (13) for 5-qubit. Finally our protocol is summarised as follows.

e Take a quantum circuit U of the form of equation (6) which implements a product formula for simu-
lating the time evolution under the input Hamiltonian A with parameters N and T.

e Generate N; random circuits by randomly replacing gates in the circuit ¢/ with fixed rotation angles of
+A and 7 according to the PAI protocol in statement 2.

e Execute all random circuits and in post-processing multiply all measurement outcomes with their cor-
responding prefactor Hj\le H£:1 17 (101x;) |1 sign[vi(|0kj|)] where the index I:= [ is chosen randomly
for each gate in the circuit as I € {1,2,3}. When classical shadows are estimated then the expected
value from each snapshot needs to be multiplied by this factor as detailed in [16].
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Expected number of gates for Different A Values
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Figure 2. Expected number of gates when simulating the time evolution under the Hamiltonian in equation (13) for 14 qubits
using different rotation angle settings as A = 7/2¢, £ =1,2,...,10. While the number of gates grows linearly with the total
time T, the slope is determined by the angle A—decreasing A increases the circuit depth, however, can exponentially reduce the
measurement overhead as we detail below.

2.2. Gate count in the random circuits

For ease of notation, in the following we specifically consider first-order Trotter circuits in equations (1)
and (5), but our proofs apply to any higher-order product formula. In the standard first-order Trotter
approach, the number of gates v = NL is directly proportional to N. In contrast, TE-PAI generates cir-
cuits randomly, and the number of gates is thus formally a random variable. We now prove that, as we
increase N, the mean value E[v] asymptotically approaches a constant.

Theorem 1. The expected number of gates E(v) can be approximated in terms of

Voo i= Nlirn E(v)=csc(A)(3—cosA) || T

— 00

up to an error term as E(v) = vo, + O(N™1). Furthermore, the variance of the gate count satisfies the same
scaling: Var[v] = voo + O(N™'). The asymptotic gate count is lower bounded as

Voo = ||cl[1 T2V2. (11)

This bound is saturated when using the large angle A = 2 arctan (1 / ﬂ) ~ 0.3927. In the special case of
time-independent Hamiltonians the same result holds up to formally replacing ||c||; = ||c||1.

We explicitly bound the leading constant factors in the error term in E(v) = vy, + O(N™!) in our
proof in appendix D. We thus find that for a constant rotation angle A, TE-PAI saturates the Lieb—
Robinson bound [32, 33], which determines a fundamental bound on the speed at which local informa-
tion can spread due to time evolution under local interactions. However, we will later prove that in prac-
tice, A needs to scale with both T and the system size to avoid an exponential increase in the sample
complexity.

In addition to the above mean value, we also characterise the distribution of the number of gates in
the circuit.

Lemma 1. The distribution of the number of gates in the circuit approaches a normal distribution N (Veo, Voo )
as N — oo, where v is the mean value from theorem 1.

As illustrated in figure 2, the expected number of gates for the time-independent Trotter circuit
grows linearly with the total time T.

Additionally, the figure demonstrates that decreasing A results in an increased number of gates, how-
ever, as we will see below, it also decreases the measurement overhead exponentially.

2.3. Measurement overhead

In TE-PAI, we randomly replace the continuous-angle gates with three discrete gate variants: the third
gate variant has a very low associated probability for small A, however, when it does get selected then
any measured observable is multiplied with a negative sign. This negative sign leads to an increase in
the variance of the expectation value of the observable being estimated. Thus, in order to estimate the
observable expected value to the same precision as with an infinitely deep Trotter circuit, one needs to
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Overhead for Different T Values
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Figure 3. Measurement overhead for the time-dependent Trotter circuit with different A = 7/ 2t 0 =+6,7,8,9,10. We consider
the Hamiltonian in equation (13) for 14 qubits. We observe that the overhead grows exponentially with the total time T. Since A
directly affects the exponent, a smaller A results in a slower exponential blowup.

perform an increased number of measurements. We detail in appendix B that this measurement over-
head is upper bounded by the following factor as

N L
gl :==TTTT I (181 I1s- (12)

j=lk=1
Now we prove that the measurement overhead ||g||; converges to a constant as we increase N.

Theorem 2. We bound the number of shots N, required to achieve a specified precision € in estimating
time-evolved expectation values. The number of circuit repetitions in TE-PAI is upper bounded as

N; < [glli/€,

whereas having access to an infinitely deep Trotter circuit results in the upper bound N; < e 2. The overhead
determined by ||g||? can be approximated via

00 — A
Il = exp [zncnl T'tan (2)]

up to an term as ||g|l; = ||g||T° + O(N"). In the special case of time-independent Hamiltonians the

measurement overhead simplifies via ||c||, = ||c||;-

We explicitly derive and bound the leading constant factors in the above error term in our proof in
appendix E. We note that a variant of PAI was developed in [40] that introduces a trade-off parameter A
that allows to continuously interpolate between the unbiased PAI estimator (exact estimator with meas-
urement overhead ||g||;) and an approximate, biased estimator which has no measurement overhead at
all. The numerical approach of [40] can be used immediately for reducing the above measurement over-
head at the cost of introducing a bias, however, for ease of notation in the present work we focus on the
exact, unbiased implementation.

We illustrate in figure 3, that the measurement overhead of our unbiased estimator grows exponen-
tially with the total time T but decreasing A results in a slower exponential blowup. Furthermore, in
figure 4, we illustrate the trade-off between the measurement overhead and the expected number of
gates at different rotation angles A. As we increase A, we decrease the circuit depth but also increase
the measurement overhead. While the expected number of gates v, is a constant that is independent
of N, decreasing the rotation angle A increases v, and ultimately can yield to divergence in the limit
lima o E(v) = co. In a quantum computer where the quantum gates are not perfect—for example,
noisy physical operations or logical operations in an early fault-tolerant machine—the circuit depth
needs to be chosen such that p_;! oc v to ensure that error-mitigation techniques can be used effectively.
This desired circuit depth can be achieved by setting the corresponding A angle.

Both the measurement overhead and the circuit depth of TE-PAI depends implicitly on the number
of qubits, through the dependence of the norm ||c[|, on the number of qubits 1. For example, for the
Heisenberg spin model considered later in this manuscript, [[c[|, € O(n), while in quantum chemistry a
pessimistic worst-case bound is ||c|[, € O(n*). However, advanced techniques such as tensor hypercon-
traction can significantly reduce this scaling [41]. The complexity of other quantum simulation methods,

7
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Overhead and Expected Number of Gates (|c[l; = 33.308)
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Figure 4. Trade-off between the expected number of gates v (left axis) and measurement overhead (right axis) as a function of
the rotation angle A = 7/2¢, £ = 3,6,9, 12, 15 for the time-dependent Hamiltonian in equation (13) for 14 qubits and T = 1.

such as qubitization and qDRIFT, similarly depends implicitly on the number of qubits via the norm
el

Finally, we consider fixing the measurement overhead as a constant and establish how the rotation
angle A scales with the system size and total simulation time.

Remark 1. We introduce a trade-off parameter Q that governs the trade-off between circuit depth and the

measurement overhead. By using a rotation angle A = 2arctan ( Q9 ), we achieve a constant overhead of

2flelhh T

exp(Q) and obtain the number of gates as

N2 N2
I/OO:2<”C£1T>+Q<4<”C£T).

The upper bound above is due to the fact that Q < |c||1T\@, via the lower bound on v, in equation (11).

In practice one would choose Q > 1 given the measurement overhead exp(1) is still very reasonable.
Let us now compare the number of gates and the total time complexity of TE-PAI to similar techniques.

Number of gates: The parameter Q allows us to have a constant measurement overhead at the cost of the
number of gates increasing quadratically with the system size and with the time depth T. This scaling

is the same as in the case of first-order Trotterisation whereby v € O(T?/¢) in equation (C1), however,
the crucial difference is that the constant factor e~! in Trotterisation is replaced here with a controllable
hyperparameter Q! < 1 which in practice is many orders of magnitude smaller. Thus, we expect TE-
PAI to require orders of magnitude fewer gates than first-order Trotterisation.

Time complexity: We now estimate the end-to-end time complexity of TE-PAL. The number of gates in
a single circuit is O(T2Q™!), and estimating an observable to precision € requires O(e 2 exp Q) repeti-
tions (we assume the circuits are repeated serially and therefore TE-PAI does not require a space over-
head). The end-to-end time complexity of TE-PAI (or equivalently its space-time volume) therefore
scales as O(T?¢~2Q~ ' exp[Q]). We can compare this to a first-order Trotter circuit from which the expec-
ted value is extracted using amplitude estimation in which case the Trotter circuit is repeated coher-
ently O(¢™!) times leading to a total time complexity O(T?¢?) (the space-time volume of this approach
scales similarly given amplitude estimation requires little space overhead).

In conclusion, the time complexity of extracting a time-evolved expected value in TE-PAI is compar-
able to using first-order Trotterisation in combination with amplitude estimation. However, TE-PAI has
a number of significant advantages. First, TE-PAI requires only shallow circuits, making it feasible to run
when coherence time or code distance is limited, whereas amplitude amplification requires significantly
deeper circuits. Second, while amplitude estimation estimates observables one-by-one, we detail below
that TE-PAI is compatible with advanced measurement techniques, including classical shadows and thus
allows simultaneous estimation of many observables. Third, certain platforms, such as silicon qubit tech-
nologies, enable the fabrication of many independent QPUs on a single chip with no or limited com-
munication between QPUs. TE-PAI can be fully parallelized, with the sampling task distributed across
many QPUs, leading to a proportional reduction of the runtime. In contrast, some amplitude estimation
variants can be parallelised, but only to a more limited extent [42]. Finally, TE-PAI only requires the
implementation of a single type of non-Clifford rotation, specifically a single-qubit rotation with angle
A, which allows us to design a particularly efficient fault-tolerant implementation below.
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Figure 5. Histogram of the number of gates in the randomly generated TE-PAI circuits for the time-dependent Hamiltonian in
equation (13) for 14 qubits and A = 2777, T = 1. The expected number of gates in theorem 1 is Voo A 2715 which is in good
agreement with the empirical mean (black line). Furthermore, lemma 1 guarantees that the distribution is well approximated by a
Gaussian distribution N (Ve , Voo ) (red line) which is in good agreement with the histogram.

Note that, in terms of gate complexity, truncated Taylor—series LCU methods scale as

O(||CH1 T%) [9-11], while qubitization, QSP, and QSVT scale as O(]|c||; T+ log(1/¢€)) [12, 13,
43], but these techniques are fundamentally different and require deep coherent circuits that are not

feasible to execute on current or early-FTQC devices unlike TE-PAIL

3. Numerical demonstrations

3.1. Heisenberg spin model benchmark
We consider the benchmarking task of simulating the spin-ring Hamiltonian as

H= > wi+]0)d i, (13)
k€Ering(N)

where we choose time-dependent coupling terms J() = cos(997t) and the parameters wy are chosen
uniformly randomly within the range [—1,1]. This model is representative of problems considered in
condensed matter physics for studying many-body localisation. These problems could be effectively
explored using early quantum computers and may be hard to simulate classically for large numbers

of qubits [44, 45]. For the present demonstration, we use n= 14 qubits and due to the periodicity of
the Hamiltonian, W ~ 33.30 is constant for integer evolution times T=1,2..., and we choose T'=1
and A =27771. We generate random circuits using TE-PAI for a product formula of N = 1000 layers
and a total evolution time of 1—we chose a relatively low value of N as in our demonstrations we will
use a relatively low number of shots N; = 1000 and therefore shot noise will dominate over residual
algorithmic errors (while indeed N can be increased without requiring more quantum resources).

First, we present a histogram in figure 5 that estimates the distribution of the number of gates
from N; = 1000 different randomly generated TE-PAI circuits. The expected number of gates via the-
orem 1 is Vo, Rz 2715 which shows good agreement with the empirical mean in our histogram (black
line). Furthermore, as predicted by lemma 1, the histogram agrees well with a Gaussian distribution
N (Voos Voo)-

Second, we execute the TE-PAI circuits to estimate expected values (X,) and compare them to con-
ventional Lie—Trotter circuits. In figure 6(left) we report the distribution of expected values estimated
using N; = 1000 shots: while TE-PAI in figure 6(left, blue) has a slightly increased distribution width, its
mean value matches exactly the mean value of an arbitrarily deep Trotter circuit in figure 6(left, grey).
Furthermore, with small measurement overhead of ||g||7° & 2.15, TE-PAI requires only a small number
of gates comparable to a shallow Trotter circuit with N = 50—which shallow circuit introduces a signific-
ant bias due to significant algorithmic errors, as shown in figure 6(left, red).

Finally, we generate a family of TE-PAI circuits for an increasing total simulation time T and com-
pare the expected values (Xy)(T) to shallow and deep Trotter circuits in figure 6(right). Since this plot
considers T=0...2, we doubled the Trotter step numbers to N =2000 for the deep Trotter circuit and
N =100 for the shallow Trotter circuit. Expected values estimated from shallow Trotter circuits have rel-
atively low statistical uncertainty figure 6(right, red error bars) throughout the evolution, however, suffer
from a significant bias, i.e. red curve is significantly off from the reference deep time evolution circuit
figure 6(right, grey). In contrast, TE-PAI (blue line) achieves the same mean value as the deep Trotter
circuit, however, its statistical uncertainty increases with the simulation time.
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Figure 6. (left) Distribution of estimated expected values (Xy) from time evolution circuits that implement evolution under the
14-qubit spin Hamiltonian in equation (13) for T =1 and using N; = 1000 circuit repetitions (shots). (left, grey) distribution

of (Xo) from a deep Trotter circuit with N = 1000 layers, consisting of v = 56 000 continuous-angle rotations. (left, red) distri-
bution of (Xo) from a shallow Trotter circuit consisting of N = 50 layers and v = 2800 continuous-angle rotations. (left, blue)
Histogram and estimated distribution of (Xo) using TE-PAI using only two kinds of discrete rotation angles A = 2777 and 7.
The distribution width of TE-PAI is slightly increased but its mean is identical to that of the deep Trotter circuit (blue) while its
gate count is very close to that of the shallow Trotter circuit as voo = 2715. (right) Expectation values (Xp) as the simulation time
T increases from 0 to 2. Due to its shallow depth, the N = 100 Trotter circuit (right, red) introduces a bias to the expected value
measurement, albeit its standard deviation remains unchanged as we increase T. In contrast, TE-PAI (right, blue) recovers the
same mean value as the N = 2000 deep Trotter circuit (right, grey), however, its standard deviation increases as T increases.

3.2. Quantum chemistry benchmark

The complexity of TE-PAI depends on the coefficient £;-norm ||c|[; rather than on the number of

Hamiltonian terms L. This suggests that TE-PAI could be advantageous for quantum chemistry problems

with large L, where standard Trotter methods require prohibitively large gate counts per Trotter step.

An important example is the simulation of the FeMoCo active-space Hamiltonian. TE-PAI is therefore

expected to play a role in enabling quantum advantage in challenging quantum chemistry applications.
As a simple demonstration, we consider a time-independent chemistry simulation of a linear chain

of Ny = 6 hydrogen atoms in the STO-6G minimal basis with an interatomic spacing of 2.0 Bohr,

described by the corresponding electronic Hamiltonian:

1
H= Z hpq a;aq + 3 Z Ppgrs a;a;a,as, (14)
P4 pars

where a; and a, are fermionic creation and annihilation operators, and hy,, hy,s denote one- and two-
electron integrals obtained from a restricted Hartree—Fock calculation. Mapping to qubits is performed
using the Jordan-Wigner transformation, which yields a Pauli expansion acting on twelve qubits (corres-
ponding to twelve spin orbitals).

Since orbital occupation numbers,

fy = a;ap = %,

are an important observable in quantum chemistry, we compute the single-qubit expectation value
(Zy(1)), which is directly related to the occupation of the first spin orbital.

Figure 7 shows the results of simulating time evolution under the Hs Hamiltonian with 919 Pauli
terms, starting from the initial state |[101001010101) and using N; = 10000 circuit repetitions (shots),
as the simulation time T increases from 0 to 6. We compare the estimated expectation values (Zy(1))
with an exact simulation obtained by directly exponentiating the Hamiltonian, a shallow Trotter cir-
cuit with N = 16 layers requiring v = 14704 continuous-angle rotations that introduces systematic bias,
and TE-PAI with v, = 14138 gates and fixed rotation angle A = 27%7, implemented using random cir-
cuits corresponding to a product formula with N =1000 layers. In this setting, TE-PAI achieves the same
unbiased result as the exact simulation with a gate cost comparable to that of the shallow Trotter circuit.

In chemistry simulations typically a relatively high precision, the chemical accuracy oc 1072 is
required which is challenging to meet using shallow Trotter circuits. TE-PAI, on the other hand, repro-
duces the exact result, with the only remaining error coming from sampling noise, which can be reduced
by increasing the number of shots.

3.3. Noisy implementation
Before fault tolerance is achieved, one needs to resort to noisy physical gates to execute circuits in the
NISQ era. This poses limitations on the achievable circuit depths, as the total number of noisy gates
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Figure 7. Expectation values (Z;) from time evolution under the Hs Hamiltonian with 919 Pauli terms, starting from the initial
state [101001010101) and using N5 = 10000 circuit repetitions (shots), as the simulation time T increases from 0 to 6. (grey)
Exact simulation obtained by directly exponentiating the Hamiltonian. (red) Shallow Trotter circuit with N = 16 layers, consist-
ing of v = 14704 continuous-angle rotations, which introduces a systematic bias in the estimated values. (blue) TE-PAI simu-
lation using discrete rotation angles with A = 7 /28, which recovers the same mean as the exact reference while requiring only
Voo = 14138 gates; however, its standard deviation increases with T.
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Figure 8. Expected value (Y)) after time evolution using 1000 circuit repetitions (shots) in a 7-qubit spin-ring model from
section 3 using noisy quantum gates. Our reference is a noise-free Lie—Trotter simulation with N = 2000 Trotter steps (grey)
consisting of v = 56000 parameterized gates; Using a shallower Trotter circuit as N = 120 layers consisting of v = 3360 noisy
parameterized gates (green) achieves a smaller bias than using N = 200 layers (magenta) consisting of v = 5600 noisy parameter-
ized gates. However, TE-PAI (blue) achieves the smallest bias as it uses a fewer number of noisy quantum gates at the expense of
an increased statistical uncertainty (increasing error bars).

is typically restricted to a small constant multiple of the inverse average gate error rate. Compared to
Trotterisation, TE-PAI has the significant advantage that the circuit depth can be reduced without intro-
ducing bias. Here we demonstrate the improved robustness of TE-PAI against gate noise and consider

a noise model where each gate is followed by depolarisation that acts on the same qubit(s) as the gate
itself. We assume a typical two-qubit gate error probability of p, = 10~ and for single-qubit gates we
assume an order of magnitude lower error probability of p; = 10~%.

In figure 8, we repeat simulations of the spin-ring model defined in section 3 but assuming a noisy
7-qubit system and a rotation angle A = % which yields an expected number of gates of 1364 at T = 2.
We consider Trotterisation using N =100 (green) and N =200 layers (magenta). For both N =100 and
N =200, the Trotter step sizes are larger than those of the shallow Trotter circuit in figure 6, but they
are still small enough that the Trotter error cannot be ignored in our noiseless simulations. Despite the
small number of steps, the resulting circuits remain highly susceptible to noise. We also observe that
increasing the number of Trotter layers introduces a more significant bias due to the increased number
of noisy gates. In contrast, TE-PAI achieves a smaller bias, i.e. blue is closer to the reference simulation
(grey), as it requires fewer noisy quantum gates. This configuration of A enables us to flexibly reduce
the circuit depth, thereby enhancing its resilience to noise compared with Trotter circuits.

Additionally, to further reduce the effect of gate noise, TE-PAI can naturally be combined with
quantum error mitigation [46] and can also be combined with classical shadows as detailed in [16].
Furthermore, TE-PAI estimates an expectation value by executing a large number of structurally rad-
ically different random circuits; such randomisation protocols have been shown to scramble local gate
noise to global depolarising noise—with theoretical proofs for global random circuits [47] and numerical
evidence for shallow structured circuits [48]—which allows for very simple and effective error mitigation
by global rescaling.
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Table 1. Resource estimates for the fault-tolerant simulation of a 100-qubit spin-ring Hamiltonian in equation (13), with L =400
Hamiltonian terms, T =1, ||c[|; = 241.3, and A = %. The expected number of Ry (£A) gates is approximately 39328, with a
measurement overhead of 19.32. For the Trotter circuit, we use the direct synthesis method assuming N = 10000 trotter steps. While we
assumed limited storage space, the efficiency of the Hamming phasing approach would asymptotically for large number of storage
qubits approach that of the catalyst towers.

Trotter circuit TE-PAI, direct synthesis TE-PAI, Hamming weight phasing TE-PAI towers

T-gates 356000000 2438336 1880980 298647
storage qubits — — 63 63
ancilla qubits — — 56 60

4, Fault-tolerant resource estimation

TE-PAI implements time evolution exactly by averaging outputs of random circuits. A significant advant-
age compared to, e.g. Trotterisation, is that our circuits only have two kinds of rotation angles as £A
and 7, and, as we demonstrate in the following, this significantly reduces overall non-Clifford resources
required for fault-tolerant implementations.

In particular, early generations of FTQCs will likely be limited by the number of logical qubits and
by the achievable circuit depths. Here, we perform resource estimation for a typical example of sim-
ulating the time evolution under a 100-qubit spin Hamiltonian (which we introduced in section 3).
This Hamiltonian has L =400 terms, and we fix T=1, W = 241.3. The expected number of rota-
tion gates using A = 5 is approximately 39328 and the measurement overhead is then about 19.32.

We set the Trotter step to N = 10* because, by equation (C1) in appendix C, this choice guarantees a
Trotter error to be er < 0.1. However, such worst-case bounds are typically loose by about an order of
magnitude [36], so we expect a error on the order of 1072 in practice. Table 1 summarises the resource
estimation, indicating the total number of T-gates required for a single circuit in the Trotter and TE-PAI
methods using different approaches.

In appendix G, we detail how our random circuits can be compiled into a sequence of Clifford gates
and discrete angle, single-qubit Z rotation gates Rz(A). Thus the only non-Clifford resource we require
are single-qubit Z rotation gates, all with the same rotation angle. In fault-tolerant quantum computing
(FTQC), Clifford gates are relatively cheaper and less error prone than non-Clifford resources. Thus, our
focus in this section is to minimize the implementation cost of our method by efficiently implementing
the Rz(A) rotations.

Fault-tolerant machines are emerging; however, there is a range of different hardware platforms with
radically different qubit technologies. For example, solid-state platforms (superconducting qubits and
quantum dots) have fast gates but relatively noisier qubits, and the leading error-correction approach
is the surface code. On the other hand, ion traps and neutral atoms have significantly higher fidelit-
ies but slower gate times, and therefore the requirements for error correction can be quite different.
Nevertheless, most platforms aim to implement fault-tolerant Clifford gates augmented with magic state
teleportation, and therefore we expect the results in this section to apply to a broad range of hardware
platforms.

4.1. Method 1: direct gate synthesis

The most straightforward approach is a direct gate synthesis whereby the non-Clifford rotation is
decomposed into a sequence of Clifford gates and typically T-gates. Here we consider approximat-

ing Rz(A) to a precision € deterministically without using ancilla qubits as in [49], which requires
~3.02log,(1/€) + 1.77 T-gates on average. Thus, in our example we estimate approximately 62 T-gates
are required to synthesize each rotation gate to a precision € = 10~° which adds up to a total of 2438336
T-gates. In contrast, performing Trotterisation with N = 10000 rounds requires 4000000 rotation gates
each with a precision ¢ = 10~ which adds up to a total of 356000000 T-gates. As a remark, by using
approximate or non-deterministic synthesis, e.g. repeat-until-success synthesis, the costs can be reduced
to ~1.03log,(1/€) +5.75 [50-52]. In contrast, exact synthesis can also be achieved by randomly choos-
ing from a library of short T-depth approximate rotations [40].

4.2. Repeat-until-success methods
The repeat-until-success approach implements rotation gates by iteratively teleporting the following
resource states as

1

10) =Rz (0)|+) = NG

(e—i0/2|0> +e+i9/2‘1>) _
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With probability 1/2 the teleportation circuit yields a measurement outcome +1 which indicates that the
qubit is correctly rotated as Rz()|t¢)). However, with equal chance, it yields a —1 measurement outcome
which indicates an inverse rotation Rz(—0)|t). In the latter case, one needs to apply a rotation gate
with twice the angle Rz(26) in order to obtain the desired Rz(6)|i)) net effect. The approach is therefore
repeated iteratively using resource states with angle settings 2¥ until a 4+1 outcome is achieved, which in
general requires on average the following number of trials as

1

1 1 i
IX-+2X-+3X -+ = — =2.
2Jr 4Jr 8Jr

N
21
i=1
Using the Clifford hierarchy, which we define in appendix G, is particularly beneficial for our pur-
poses. In particular, in the following we assume that our rotation angles are of the form A, = 72~¢*1,
thus the rotation gate Rz(Ay) is in the ¢th Clifford hierarchy. The significant advantage is that the repeat
until success approach can terminate successfully after /—3 unsuccessful trials given the ¢ =3 case is a T-
gate which can be applied deterministically using T-state teleportation. Since we consider A = Ay —9 in
the present example, the probability of termination with a T state teleportation is relatively high as 27°.
We note that we can directly prepare Clifford hierarchy states |A,) by distillation using Reed-Mueller
codes [53]. This may be beneficial when ¢ is sufficiently low, however for large ¢, the cost of directly
distilling a resource state |Ay) to high precision will likely exceed the cost of distilling a multiple T-
states that can produce |Ay) using the techniques we now introduce. Therefore, we consider alternative

approaches that enable the preparation of these resource states by consuming relatively few T-states [53].

4.2.1. Method 2: hamming weight phasing

Using the Hamming weight phasing method introduced in [54] and appendix A of [55], we can effi-
ciently apply n equal-angle R,(#) rotations simultaneously to #n qubits. The technique still uses |log, 7+
1| directly synthesised, arbitrary-angle R,(-) rotations but only uses in addition at most 4(n — 1) T-gates
(or n— 1 Toffoli gates) and n — 1 ancilla qubits. The total required number of T-gates is therefore

h(n):= Cyn (€) log,n+ 1| +4(n—1), (15)

where Cyy(€) is number of T-gates required to synthesise an arbitrary-angle R,(-) rotation to precision e
and we assume that C,y,, = 62 as in Method 1.

While we could directly apply these rotations to the computational qubits, instead we apply them to
n storage qubits to prepare resource states for the repeat-until-success approach — then the more storage
qubits are available, the more T-gate savings this approach can yield and in the limit of infinite storage
space the approach could produce K resource states using 4(K — 1) T-states.

We assume that in the present example we store 1, = 2°~* number of |A;) resource states, i.e. we
use 19 =32 qubits to store the states |Ay—y) and store only one of the |Ay—4). We do not assume addi-
tional storage qubits for the ¢/ = 3 case given this is a T-state which we assume is provided natively
on demand in the fault-tolerant machine. The total storage space then adds up to ng +ng+...ns =
22: 4,257 = 63 qubits, whereas the total number of ancillary qubits is (19 — 1) + (ng — 1) + -+
(ng— 1) = 57.

Ultimately, our aim is to power a total of K = 39328 rotations using the repeat-until-success
approach, thus we need to run the procedure R = [K/ny| times which in total costs R[h(n9) + h(ng) +
--+h(ny) + n3] T-states, where h(n) is defined in equation (15) and for the 3rd level in the hierarchy we
use 13 T-states. In total we thus need 1880980 T-gates and 63 storage qubits.

4.2.2. Method 3: catalyst generation of resource states
A catalyst tower construction was proposed in [56], which builds on [55, 57]. The central object is a so-
called catalyst circuit that we define in figure 13 and which consumes two |+) states, a resource state
|A) and a rotation gate R,(2A), and outputs three resource states |A), thus, in effect applies two R,(A)
rotations at the cost of consuming one R,(2A) rotation and 4 T-states. Sun et al [56] then stacked these
catalyst circuits so that the overall circuit prepares a family of resource states |2FA) by catalysis consum-
ing only a single rotation R,(2"A) where h is the height of the tower.

Using our Clifford hierarchy construction with angles A = Ay, the tower height can be set to h =
o — 3, given the rotation angle 2"A, = A; can be applied directly by T-state teleportation. Thus, the
catalyst towers can be initialised by the family of resource states |Ay—4. 4,) (negligible initial cost) and
can then continuously produce the required resource states. Thus, we prepare and store in total n, =
2¢=% resource states as in the previous subsection.
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In appendix G.3, we explicitly construct catalyst towers that branch out a relatively large number of
catalysts at the top level to produce ny resource states |Ay,) and branch out fewer and fewer at the lower
levels, in order to precisely output the desired exponential distribution 7, of the resource states |Az)
required for the repeat-until-success method. Then the total number of ancilla qubits required to pro-
duce the desired distribution n, = 2¢~* is

26=2 _ gy 41
2

and the total number of T-gates required is

(2% —36y+1) /2 £ isodd
(250 — 34y + 6) /2 4y is even .

As in the previous section, our aim is to power a total of K= 39328 rotations via the repeat-
until-success approach. Thus, we prepare the 63 storage qubits in the resource states using
[(2% — 30y +1) /2] = 243 T-states in a single round, and we repeat this procedure [K/no] = 1229 times
as in the previous section. Thus in total, we estimate 298647 T-gates are required.

Statement. Given an arbitrarily chosen ¢y, the expected number of rotation gates in theorem 1 is o, =
csc(Ag,) (3 — cos Ay, )|¢c|l1 T and thus the expected T cost of implementing a time evolution using our cata-
lyst approach is

(2% =30y +1) /2573 vy Lyisodd,

N =
Tgate (2&’ - 380 + 6) /2@073 “Vso éo is even,

using the repeat-until-success approach with Zg": , 2°7* storage qubits that store Clifford hierarchy states. It
follows that the T cost can be upper bounded given £y > 2 as Nrgae < 8Vc.

5. Conclusion and discussion

We introduced TE-PAI to estimate observable expected values from effectively exactly time-evolved
quantum states. The approach proceeds by generating a number of random circuits in classical pre-
processing, whose outputs are post-processed to yield on average exact time evolution. A significant
advantage of the approach is that the random circuits are built entirely of Pauli rotations R, (-) using
the Pauli operators o in the system Hamiltonian and using only two kinds of rotation angles A and

m, which is particularly well-suited for fault-tolerant implementations. Furthermore, another signific-
ant advantage of TE-PAI is that it allows for a highly configurable trade-off between circuit depth and
measurement overhead by adjusting a single parameter, A, offering flexibility to fine-tune. This fea-

ture is particularly useful in NISQ and early-FTQC devices, where circuit depth and qubit coherence

are the primary limitations. In the limit A — 7/2, TE-PAI reduces to a Clifford circuit that is classic-
ally simulable—and Clifford circuits can be trivially exectued in FTQCs—but requires infinite sampling
overhead. In contrast, in the limit A — 0 the measurement overhead vanishes at the cost of an infin-
itely deep quantum circuit. TE-PAI thus provides a continuous interpolation between these extremes and
trades off coherent resources for incorherent repetition, i.e. by tuning A, one effectively trades classical
resources (sampling) against quantum resources (circuit depth) as also relevant in quantum resource
theory. Furthermore, we proved that our circuits saturate the Lieb—Robinson bound in the sense that
the number of gates required for simulating a total time T is directly proportional to T. By construction,
TE-PAI respects the Lieb—Robinson bound on information propagation in expectation, so that quantities
such as entanglement growth and state-transfer fidelity are reproduced on average as in the ideal evolu-
tion. These observations indicate the potential for TE-PAT’s randomized structure to be compatible with
error-resilient strategies in quantum communication and computation.

Compared to other time-evolution algorithms, the key advantage of this approach is its ability to
simulate time evolution without discretisation or algorithmic errors in the sense that finite Trotterisation
error can be suppressed efficiently in classical pre-processing to arbitrarily low levels without affect-
ing circuit depth. This is a particularly powerful feature when the aim is to simulate the evolution
under time-dependent Hamiltonians. Furthermore, we require no ancillary qubits or advanced quantum
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resources, only the ability to execute random circuits with rotation angles A and 7, and perform meas-
urements. The main limitation of the approach is that its measurement overhead potentially grows expo-
nentially unless the circuit depth is increased with growing system size. Nonetheless, an approximate ver-
sion of TE-PAI can interpolate between the edge cases of exact time evolution with measurement over-
head and approximate time evolution but no measurement overhead by tuning a continuous trade-off
parameter A from [40]. Building on this flexibility, future work could explore variance reduction tech-
niques to further reduce sampling cost.

While TE-PAI is well-suited for NISQ applications due to its shallow depth, we develop particularly
efficient fault-tolerant implementations building on the observation that the only non-Clifford gates
we require are single-qubit R,(A) rotations with identical rotation angles. Our architecture prepares
resource states R,(A)|+) using less than 4 T-states via catalyst towers [54, 56] and applies the desired
rotations via repeat until success teleportation [51].

TE-PAI can also naturally be combined with other randomised quantum protocols. First, our ran-
dom circuits could be distributed via circuit cutting algorithms and phase estimation algorithms. For
instance, [58] employs circuit-cutting techniques using the quasiprobabilistic decomposition framework
of our method to remove entangling gates rather than to reduce overall circuit depth. Moreover, [59]
proposes a randomized algorithm for phase estimation that balances gate complexity and shot noise,
aiming to eliminate dependence on the sparsity of the Hamiltonian. Second, TE-PAI can be combined
immediately with classical shadows by appending a layer of random measurement-basis transforma-
tion gates [16, 17]. This opens up powerful applications, such as shadow spectroscopy [20] or subspace
expansion using time-evolved trial states [60]. Alternatively, one can also combine the approach with
Pauli grouping techniques [18, 19]. Third, the approach can also be combined with algorithms whereby
random initial states are time evolved, such as when estimating the density of states [24]. As many of
these randomised protocols treat the evolution time T a random variable, TE-PAI can be used naturally
to implement queries to random evolution times. Furthermore, our random circuits are composed of
Pauli operators that appear in the Hamiltonian and can thus present opportunities for further optim-
isation through advanced compilation and transpilation tools, such as 2QAN, which was specifically
designed for structurally similar Trotter circuits [35] and can significantly reduce the circuit depth by
parallel execution of non-overlapping gates.

Given its simplicity, our approach is immediately deployable to a broad range of problems with
applications in, e.g. quantum chemistry, materials science, combinatorial optimisation, high-energy
physics, optimisation, quantum machine learning etc given time evolution is one of the most important
quantum algorithmic subroutines.
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Appendix A. Comparison to prior work

The gDRIFT algorithm [26] is a randomized Hamiltonian simulation method based on Hamiltonian
sparsification. It was originally proposed for a time-independent Hamiltonian H = ZJ.L:I ¢iP; with ||, =
>_jlcil- At each step, a term P; is sampled with probability p; = [¢j|/[[c||:, and the unitary e e (G)BT g
applied with 7 = T||c[|;/N, where T is the total simulation time and N is the number of steps. Averaging
over the N independent random steps yields a quantum channel whose expectation matches e~ up
to an additive error €, with gate complexity O(||c||?T?/¢), independent of the number of Hamiltonian
terms L. The rotation angle 7 is fixed across all steps of the algorithm but depends on the target accur-
acy € through the choice of N. In contrast, the TE-PAI algorithm with constant measurement overhead
achieves gate complexity O(||c||3T?/Q) for a tunable parameter Q, incurring a constant overhead factor
of exp(Q). In TE-PAJ, the rotation angles are fixed at +A and 7, independent of the target accuracy e
(though dependent on Q). As a result, TE-PAI can achieve exact simulation with a finite gate count for
any fixed Q. There are many variants of qDRIFT, such as for time-dependent Hamiltonians [63, 64],
which can be compared to TE-PAI in a similar manner.

Next, we compare TE-PAI to a related algorithm developed in [30] which, similar to TE-PAI, sim-
ulates the time evolution by averaging over random quantum circuits. The approach decomposes the
small-angle unitary rotations into linear combination of unitary matrices which are then randomly
sampled to yield an unbiased estimator. In contrast, TE-PAI obtains an unbiased estimator by random-
ising a linear combination of superoperators in equation (8).

This leads to the following differences in practice. First, given the randomly generated quantum cir-
cuits U and U’, and target unitary observable O, the approach of [30] proceeds by controlling these
quantum circuits on the state of an ancilla qubit via the Hadamard test as

H

In contrast, TE-PAI needs only execute a random circuit V and directly estimate observables without the
need for controlling the circuits as, e.g. in the following implementation

@)

o)

For this reason TE-PAI is particularly well suited for near-term applications, such as NISQ or early-
FTQC implementations.

Second, the approach of [30] requires a different Hadamard-test circuit for each unitary observ-
able M. The significant advantage of TE-PAI is that it is compatible with all advanced measurement
techniques and can thus be used for the simultaneous estimation of multiple observables, e.g. classical
shadows, Pauli grouping, and can naturally be used to directly estimate expected values of non-unitary
observables, e.g. estimating the probability of a bitstring.

Granet and Dreyer [30] bounded the measurement overhead ||g]|$° of the approach and we find it
coincides with the measurement overhead of TE-PAI as

exp [2||c||1Ttan (?)} .

Furthermore, the expected number of gates in [30] is 2csc(A)||¢||; T which is approximately the same as
the number of gates in TE-PAI (assuming small A) as

Voo = (3 —cosA)csc(A) ||e]i T-

Furthermore, quantum simulation based on truncated Dyson series, as opposed to product formulas,
is well-established in the literature [65]. A related work proposed an unbiased random circuit compiler
(URCC) based on the Dyson expansion and achieved exact (on average) simulation of time-dependent
Hamiltonians using an LCU expansion, continuous unbiased sampling of its terms, and a leading-order
rotation to suppress variance [29]. Similar to TE-PAI, which uses fixed rotation angles A and 7 (Pauli
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operator), URCC applies in its leading-order branch a single Pauli rotation with a fixed angle, while its
remaining-order branch consists of Pauli operations sampled from the Dyson expansion. Both URCC
and TE-PAI achieve comparable finite gate counts and constant sampling overheads that are independent
of the target precision. However, URCC requires complex, controlled quantum circuits as

0) —{H]} [ H
|Wo) ————— u(s) — u(s")

where u(s) and u(s’) are time-evolution subcircuits sampled from the Dyson series and O is the observ-
able of interest.

In section 4, we develop fault-tolerant implementations of TE-PAI that efficiently prepare multiple
copies of the resource states required for the fixed-angle rotations Rz(A). These methods apply imme-
diately to other techniques, such as qDRIFT and URCC, since they likewise rely on the same fixed-angle
Pauli rotations discussed above. However, the number of rotation gates required by qDRIFT is 2||c[|2T2 /e
for a target accuracy e. Assuming a time-independent Hamiltonian with ||¢||; =241.3 and T=1 (time-
independent version of section 4), then for a target accuracy of € = 10~3, qDRIFT would require approx-
imately 1.16 x 10® rotation gates, which is about three orders of magnitude more than TE-PAI in a
single circuit.

Recent advances in scalable quantum simulation for constrained hardware have focused on trad-
ing quantum circuit complexity for increased classical post-processing. Similar to TE-PAI, Harrow and
Lowe [58] propose circuit cutting techniques that simulate large circuits by partitioning them into smal-
ler, independent fragments. Their key idea is that entangling unitaries can be replaced by ensembles of
local unitaries, expressed via quasiprobabilistic decompositions U(p) = >_.p; V}A) ® W;B)(p), where {p;}
are quasiprobabilities and V}A), W]{B) are local unitaries. The reconstructed observable expectation values
are given by (O) = >_,p; E[O}], with sample variance scaling as | p||3. To minimize this overhead, they
introduce the product extent, and construct optimal protocols using two-copy Hadamard tests. One key
application is the simulation of clustered Hamiltonians with weak inter-cluster coupling.

Appendix B. Summary of probabilistic angle interpolation

We assume a quantum system comprising of N qubits, and consider parameterised quantum gates

R() = e796/2, where G is a Pauli string as G € {1,X,Y,Z}®N. These gates are fundamental to quantum
technologies given single and two-qubit rotation gates are typically engineered as Pauli gates. Here we
briefly review PAI [31], which enables these gates to operate at discrete angular settings © determined
by B bits, defined as

Ou=kA, A=T ke {012 -1},

The PAI method effectively allows for any continuous rotation angle to be achieved by overrotating from
one of the discrete settings, selecting from three potential notch settings for each gate in a circuit. This
approach not only ensures the desired rotation but also maintains a probability distribution centered
around the same mean value as would be achieved with infinite angular resolution. The trade-off, how-
ever, is an increased number of circuit repetitions, which grows exponentially as e"A’/* with the number
of gates v. Nevertheless, [31] found that at a resolution of B=7 bits, the overhead is reasonable for cir-
cuits containing up to a few thousand parametrized gates, as relevant in non-error corrected machines.

We introduce the following notation for the superoperators of the aforementioned discrete-angle
rotation gates as

Rl I:R(@k),Rz ZZR(@](+1),R3 Z:R(@k+7T),

then any overrotation R(Oy + #) by a continuous angle § < A can be expressed as a linear combination
of the discrete gates as

R(Ok+0) =7 (0)R1 +72(0) Ra +73 (0) Rs.
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By solving a system of trigonometric equations, Koczor et al [31] obtained the analytic form of the coef-

ficients () as
(D)o (3-4)
72(0) = csc(A)sin(0),

73 () = —sec (?) sin (i) sin (? — §> ;

as a function of the continuous-angle 6. We can also analytically compute the vector norm as

A A
[I7]l1 = sec (2> cos (2 - 9) .

Analogously to quasiprobability sampling methods which mitigate non-unitary error effects, PAI ran-
domly samples the discrete rotation gates according to the above weights. In particular, we randomly
choose one of the three discrete gate variants {R(0y), R(Ok+1), R(Or + 7)} according to the probabilit-
ies pi(8) = |71(0)|/1]7(0)|; which yields the unbiased estimator of the rotation gate as

R (Ok+6) = [|7(6) |l sign [% (6)] Ry,

such that E[R (O + )] = R(Ox 4 0). Koczor et al [31] proved that PAI is optimal in the sense that the
choice of the three discrete angle settings globally minimises the measurement overhead characterised by
17 ()]s

We now briefly summarise statement 2 of [31] which is concerned with applying the PAI protocol to
each continuous-angle rotation in a circuit. To simplify notations we assume a circuit Uy, that contains
no other gates than v parametrised ones as

Ueire = HR(j) (@k./ + 9]') ,

j=1

however, it is straightforward to generalise to the case when the circuit contains other non-parametrised
gates too. Here R/ denotes the jth parametrised gate which is ideally set to the continuous-angle that
we express as an over rotation by an angle 6; relative to the notch setting Oy;. Let us, denote the discrete
rotations as

RO =R (0), RY = RO (0411).
jo) =RW (@kj + 7r) .

At each execution of the circuit, we randomly replace a parametrised gate with the corresponding dis-
crete gate variant, i.e, the jth parametrised gate is replaced by one of the discrete gate variants R(])
according to the probability distribution p;(6;). Given a circuit U of v parametrised gates, we choose

a multi index [ € 3" according to the probability distribution p(I) = |g|/||g|l; where g

v
_ ()
8= H%j (91)
j=1
We obtain an unbiased estimator of the ideal circuit as

Z;lcirc = Hg”l Sign (gl) ub

where |lglly =TT"_, [+ H PAI then executing the circuit variants U; in which all continuously para-
metrised gates are replaced by the discrete ones according to the multi index L This yields an unbiased
estimator of the ideal circuit in the sense that ]E[Z/lmc] = Ueire.

After performing a measurement, one multiplies the random outcome with a factor ||g]|; sign(g) that
can have negative signs. As a consequence, the variance of the estimator is magnified which implies an
increased number of circuit repetitions. Applying PAI to the estimation of an expected value results in
an unbiased estimator 0 of the expected value of an observable as E[6] = Tr[OlU|0)(0]] = 0 . The num-
ber of repetitions required to determine the expected value o to accuracy e scales as

N < e |lgll,
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which is increased by the measurement overhead factor ||g||? compared to when having access to the
ideal unitary.

Appendix C. Classical pre-processing resources

We have finite N in classical pre-processing, and we want to bound the classical pre-processing resources.
An important feature of TE-PAI is that the quantum circuit depth is independent of the Trotter num-
ber N; increasing N only affects the classical pre-processing resources required to generate the unbiased
estimators. In this subsection, we rigorously bound these classical resources.

For a fixed N, the additive Trotter error of a first-order product formula is bounded as in
statement 1,

TZ

er < KTHC”%W

where ||c||7 denotes the commutator norm defined in equation (2). This error quantifies the algorithmic
discrepancy between the exact unitary and the product formula at finite N. We recall that the first-order
Trotter error involves a sum of commutators. Since for any pair of Pauli operators ||[P;, Pj]|| < 2, we
obtain

lell <2 el

i<j
2
L L
=Dl | =D lsl
j=1 j=1
= Jlelli = llell2-
Therefore, a simple universal bound is
T2
€r < ﬁ||c||%7

which only requires the easily computable ¢; norm of the Hamiltonian coefficients.

In practice, we require the algorithmic error er to be negligible compared to the statistical error €
of the estimated expected value. We may demand, for some constant x > 1 which expresses how much
algorithmic errors are below the statistical uncertainty, that

er< K €

This condition ensures that algorithmic errors are several orders of magnitude smaller than the statistical
uncertainty. Substituting the bound for € yields a constraint on the Trotter number,

T2lell}

N> .
7 2k le

Thus, a sufficiently large N guarantees that TE-PAI is effectively exact to the desired precision. Therefore,
the classical pre-processing cost C, which corresponds to the number of classical samples required to
choose an angle from three candidates, becomes

C:=NLN; < 35[gltleliLT e = O (|lglfi[lcliLT*e ™) .

Let us illustrate this on the example of the spin-ring Hamiltonian we consider in the main text
whereby each qubit is touched by seven operators, but only ten pairs per site actually anticommute, giv-
ing a maximum commutator weight of 20. Summing over all sites yields

n
||C||2T<2 4Z|Wk‘+6n < 20n. (C1)
k=1

In our numerical demonstrations, we considered a time evolution of T =1 with N, = 1000 shots. To
guarantee that the algorithmic error is within the statistical error, the above bound implies that one
must take N > 140+/1000 k ~ 4427x. However, in practice the actual Trotter error is often much smal-
ler than the above theoretical bound. Thus, in our simulation in section 3, we increased the number
of Trotter steps N until the Trotter error became negligible, so that the results matched the exact curve
within statistical error bounds. In this way, we found that N = 1000 is sufficient in practice.
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Appendix D. Proof of expected number of gates

D.1. Mean value

Proof. We now detail our derivation of the expected number E(v) of gates in TE-PAI circuits. As PAI
replaces each continuously parametrised gate in a circuit with one of three discrete gate variants, and
because one of those three options is the identity operation which does not increase the number of gates,
the number of gates is a Bernoulli distributed random variable. More specifically, the operational dynamics
of the gates are defined such that at position k and j, exactly one gate is added to the circuit with probabil-
ity 1 — p1(|04j|) (either £A rotation or 7 rotation ), while the identity operation is selected with probability
p1(]0kj]). Given that we implement this selection process across N time steps and L different gate types, we
effectively conduct NL independent trials. This allows us to compute the expected total number of gates as

N L
)=2.2_ (1=pi(16]))
j=1k=1

We express the probability p; in terms of the gate parameters |0y;|, where:

sin (A — |64]) + sin (A) —sin (|6])
2 (sin (A - \9kj|) +sin (|9kj|))

Expanding these for large N we obtain the series for p; as

(|9kj|)

1
p1(10g]) =1— 3 (3 —cosA)csc(A) |6yl

A 1

T
=1— (3 —cosA)csc(A) e () |N + Dy,

where in the second equation we introduced the error term

A 1
Dyj = (sec2 (2> — 4> |9kj|2 + O(|9kj|3)
2 L —3
<8l (8) 'z +ONT)

that we l;ound using (sec? (%) — 1) <2 given that A < 7/2, and substitute in the rotation angles |6y;| =
2|e()] -
With this approximation, the expected number of gates can be expanded for large N as

:2_:2::< 3 —cosA) csc(A )|Ck(tJ)| Dk;)

N
=csc(A)(3—cosA) Z<|ckt] ) g, (D1)

L
k=1 j=1
where we denoted the sum of individual error terms as
L N L N v
o 2 -
oYY D8 ) P+ O ().
k=1 j=1 k=1 j=1
We can relate the summation in equation (D1) to the Riemann integration in equation (4) as
/Z\ck dt_zz(m )+ (D2)
k=1 j=1

where we can bound the error term as |Q| < Vi, T/N. In the present work we assume that the time-
dependent Hamiltonian coefficients ¢, (#) are absolutely continuous functions of time and therefore have
bounded variation with V,, = >, V(c) < 0o being a finite constant. In case if ¢ (¢) is differentiable, then
V(cx) is upper bounded by the absolute largest value of the derivative function ¢/(t), but our results also
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apply to functions that are not necessarily differentiable everywhere. This follows from results of [66, 67]

which proved that the error term in the Riemann summation fah flx)dx = Zszl flkAN)AN + Q is upper
bounded as |Q| < VAy using the notation Ay = (b —a)/N and V is the absolute largest variation V of the
function.

Therefore, we finally obtain the explicit expression as

E(v) = csc(A)(3—cosA) S 3 (ck (1) '17\;) _
L _T
:csc(A)(?)fcosA)Z/ lee (1) |dt+ Q" —

=csc(A) (3 —cosA) [, T+ Q' —E.
Here we can bound the two error terms using the notation Q' = csc(A)(3 — cos A)Q as

Q' —€I< Q|+ €]

3csc(A) TV, L X T2
< csc(N) ”JrSZZM(tj) |2ﬁ+O(N72)
k:lj:l
3csc(A) TV,
ST e o(vy).

In the last equation, we again replaced the Riemann summation with an integral to obtain the mean of the
square of the £, norm of the coefficient vector ||¢[|3 up to an error O (N72).
Finally, we conclude our proof as

E(v) =csc(A)(3—cosA)[[c]iT+O(N"). (D3)

In figure 9 we numerically plot E(v) for increasing N for the time-dependent Hamiltonian introduced in
section 3 and confirm that indeed it converges to the above expression. O

D.2. Minimal number of gates
We can also compute the minimum of the number of gates over A. From theorem 2, we already knew

) Thus, Substituting this

that the sampling cost is upper bounded by exp Q if we set A = 2arctan (ZH =7

angle yields

lim E(v) = @

N—oo Q

+Q.

Noting that we used the following relations to (3 — cos A) csc(A).

2 1 — 52

sin (2arctan (x)) = ﬁxw cos(2arctan (x)) = ﬁxz
x x

2(HCH 1)’

From the assessment of the arithmetic-geometric mean, the expression + Q takes its minimum

value of ||c[|; T2v/2 when Q = |[c[[, TV/2 i.e. A =2tan (%)

D.3. Variance of the number of gates
The variance of the number of gates can be computed analyitically given each position follows a
Bernoulli distribution for which the variance is p(1 — p) and thus

N L
Var[v] = > " (16g]) (1= p1 (164])) -
j=1 k=1

Here the total variance of the number of gates is upper bounded by the expectation value of the number
of gates as

N L
Var[v ZZ 1—p1 (|0g])) =E[v].

j=1 k=

—_
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Convergence of expected number of gates (lim£(v))
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Figure 9. Expected number of gates by N for the time-dependent Trotter circuit introduced in section 3, where A = /27, T =

0.5, 1.0, 1.5 and ||c||, T &~ 16.654, 33.308, 49.963, respectively. We observe that the Expected number of gates approaches its
limit value oo as N increases and converges to it.

Convergence of the variance of the gate count (,UmVar[v])
0 >

— T=15
T=1

50007 _ 1o

4000

2000 /

1000 __‘;'V
0

0 400 800 1200 1600 2000
N

Var[v]

Figure 10. Variance of the gate count by N for the time-dependent Trotter circuit introduced in section 3, where A = 7 /27,

T=0.5, 1.0, 1.5and ||c[| T = 16.654, 33.308, 49.963, respectively. We observe that the variance of the gate count approaches
its limit value voo as N increases and converges to it.

For large N, the variance can be simplified as follows:

Var[v Z chc ) (3 —cosA) |ex (1) |£ +0(N?)
j=1 k=1

=csc(A)(3—cosA)[[c]i T+O(N").

Above we do not detail all steps as we used the argument as in equation (D2) to replace the summation
with an integral, and to bound the error term as O(N~!). This leads to:

lim Var[v] =csc(A)(3—cosA)||c[, T= lim E[v].

N—oo N—oo

As such, since we consider large N, By Lyapunov Central Limit Theorem, we can approximate the distri-
bution of gate numbers well by the normal distribution:

N(E[p]E[]).

We numerically plot the variance of the number of gates in figure 10 for the time-dependent
Hamiltonian introduced in section 3, respectively, and confirm convergence to the above expressions.

Appendix E. Proof of measurement overhead

Proof. In this section we provide a detailed derivation of the measurement overhead in PAI applied within
Trotter circuits for simulating time-dependent Hamiltonian systems. As we detailed above, the measurement
overhead of PAI is bounded by the following expression as

||g||1—HH||7k 1640) 11,

j=1lk=1

which quantifies the cumulative measurement overhead of the circuit by considering the overhead intro-
duced by individual rotation gates.
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The measurement overhead for each gate is given by:
A A
I ) 1 = sec (5 ) cos (5 s
) A
= cos (|0]) + sin (|6]) tan 5 )

We again consider the limit of large N and thus small angles 6;(f), and obtain the series expansion as

A

7 (16)1) 1 = 1+ tan 04| + Dy,
where also substitute in our expression for the angles 6 and introduce the error term Dy € O(N™?) as
TZ
—1612/2+ 0 (6}) = ~2lex (8) P +O (N7).

The total measurement cost ||g||; can thus be evaluated by expanding each term in the product as

gl —HH [Hztan(A) e (1) |£+ij] ,

j=1k=1

We now take the logarithm of ||g||;, which allows us to convert the product into a sum as

L
A T
10g||g||122210g [I—G—Ztan( >|Ck( )|N+Dk]]

j=1k=1
N L
A T
:Z {Ztan <2> |k (t]) |N+ij]
j=1 k=1
A\ e T
= 2tan (2> ' Z |k (tj) |N—|—5, (E1)

where in the second equation we used the expansion log(1+x+¢€) = log(l +x) +¢/(1+x) + O(€*) and
log(1+4x) =x—x2/2+ O(x*) for small e = Dy; € O(N~2) and x = 2tan (5) |c(;)| & € O(N™!), respect-
ively. We introduce the error term as

N L
= ZZij. (E2)

j=1 k=1

We can again replace the summation in equation (E1) with Riemann integration as introduced in
equation (D2) as

ZT:Z |* Z/ e ()|t + O, (E3)

up to the error term |Q| < V4, T/N. This yields

fogligh =2tan (5 ) / (0)]drt Q'+ €,
where we use the notation Q' = 2tan (%) Q. We finally obtain

A
lell = exp [Ztan( )”C” oy 5}

—ex 2un (5 ) Teli7] ewple’ + €1,
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Overhead convergence (,!Iim||g||1)

0 400 800 1200 1600 2000
N
Figure 11. Measurement overhead by N for the time-dependent Trotter circuit introduced in section 3, where A = /27, T =

0.5, 1.0, 1.5and ||c||, T & 16.654, 33.308, 49.963, respectively. We observe that the overhead approaches its limit value ||g||$° as
N increases and converges to it.

S T .
where we used the notation [|c[[; = 7 [, Z£=1 |ck(¢)|dt from equation (4), we conclude our proof by bound-
ing the error terms as

Q' +&I< Q|+ €]

N L
2tan< ) TVio +ZZ|Dk]

j=1 k=1

A TVtOt —
=2t — 2||c O(N
an (3 ) Dot o g+ 0 (47

which yields the expression

llglli = exp {2tan< >| ] O(NTY). (E4)

In figure 11 we numerically plot ||g||; for increasing N for the time-dependent Hamiltonian intro-
duced in section 3 and confirm that indeed it converges to the above expression.

Appendix E. Proof of remark 1

In remark 1, we introduced a control trade-off parameter Q that manages the trade-off between the cir-
cuit depth and the number of shots required. The expression for the number of gates v, is given by:

2 (WT)z

2(Tlelli7)*

Here, we have two competing factors as the term -~ decreases and the second term increases as Q

increases. We can rewrite the expression as

Q Q Q

The lower bound of v, in theorem 1 is attained when Q = ||¢||;
bound Q = |||, Tv/2 into the expression as

2 () + (Fm) ()’

Voo & =
Q Q

Tv/2, and now, we substitute this

gives the upper bound, holds for Q < ||c[|, TVv/2.
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Appendix G. Details of resource estimation

G.1. Mapping Pauli rotations to Z rotations

In FTQC, Clifford gates are considered relatively cheap to implement as natural operations in stabiliser
codes. A Clifford operator on a quantum system described by n qubits is a unitary operator U such that
for any Pauli operator P, the operator UPU' is also a Pauli operator. Formally, the Clifford group C is
defined as:

c:={U|UPU' € P,yPe P},

where P denotes the Pauli group. Clifford gates are pivotal in quantum error correction schemes as they
are efficiently implementable and largely error-free compared to non-Clifford gates.

Non-Clifford gates, such as T-gates, on the other hand, are more challenging and costly to imple-
ment due to the need for non-trivial additional measures, such as magic state distillation. Thus, minim-
izing the number of non-Clifford gates, such as continuos-angle rotations, is crucial for minimising the
resources requirements in early-FTQC.

In our TE-PAI approach, we require only discrete Pauli rotations R, () of the form €'??/, where o
represents Pauli strings. These rotations can be efficiently mapped to single-qubit Z rotations, interleaved
with Clifford gates. More precisely, any Pauli rotation R, (6) can be expressed as

i0o /2

R, (0) = URz(0) U,

where U is a sequence of Clifford gates determined by the specific Pauli operator ¢ and the rotation
angle 6. This formulation allows us to focus on efficiently implementing the Rz(4+A) rotation gate
which is then the only non-Clifford resource we require.

G.2. Clifford hierarchy
The Clifford hierarchy, denoted as Cy, is defined recursively, beginning with the Pauli group P at the
first level as C; := P and for £ > 1, the higher levels of the hierarchy are defined as

C,:={U|UPU' €C,_,,VPEP}.

This recursive definition means that the unitary U at level ¢ conjugates elements of the Pauli group P to
operators in Cy_;. Thus, C, = C becomes a Clifford group.

G.3. Catalyst towers for Clifford hierarchy rotations

Here, we explain how we construct a catalyst tower to generate resource states in Clifford hierarchy for
repeat-until-success method. The construction of the catalyst tower is based on [56]. In figure 12, we
give the constructive example for £y = 9, but our construction is straightforwardly generalises to higher
e().

The white boxes in figure 12 indicate the catalyst circuits that were introduced in [56] and which we
denote as CT and we define them explicitly in figure 13. While [56] concatenated these circuits to yield
a catalyst tower that outputs an approximately equal number of |A,) resource states, our construction
in figure 12 outputs resource states |A,) according to an exponential distribution as required for the
repeat-until-success implementation of the rotation gate R,(Ay). Specifically, our catalyst tower outputs
2¢=* resource states of |A) for £ =4,5,... 4, and we explicitly demonstrate the case of £y = 9. |A;)
is a T-state, and we assume that T-states are natively produced by the fault-tolerant quantum hardware,
e.g. via magic state distillation.

The tower is constructed as follows:

e Top Layer: In the top layer, each CT circuit generates two |Ay,) states. Therefore, we need 2%~> CT
circuits at the top layer to generate all required 2%~* of |Ay,) states.

o Second Layer: Each CT circuit in the second layer is connected to exactly one CT circuit in the top
layer. The total number of CT circuits in the second layer is 2% >, which generates 2> number of
|Ag,—1) states.

e Third Layer: In the third layer, we aim to generate 2%~° number of |Ay,_,) states, so 2%~¢ CT cir-
cuits are required. To ensure we provide enough |Ay,_,) states to the CT circuits in the second layer,
we use an additional (2f0~° — 2676 /2 = 2%~7 extra CT circuits, which do not generate additional
resource states but are used solely to support the generation of |Ay,_,) states for the second layer.
Thus in total, we need 3 x 2%~7 CT circuits.
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Figure 12. The catalyst tower to generate resource states in Clifford hierarchy of £y = 9 which follows an exponential distribu-
tion, i.e. generating 2¢—* resource states of | Ay) for £ = 4,5, ..., £, = 9. In the top layer, since each CT circuit generates two

| Ay) states, we require 2~ CT circuits. In the second layer, each CT circuit is connected to exactly one CT circuit from the first
layer, resulting in 16 CT circuits to generate 16 |Asg) states. For the third layer, since we need to generate 8 | A7) states, we need 8
CT circuits. Additionally, to provide |A7) to the remaining CT circuits in the second layer, we require (16 — 8) /2 = 4 extra CT
circuits, which do not generate additional | A7) states. The same approach applies to the following layers. In the final layer, since
|3A) corresponds to the T-state, we can directly apply three T-gates for this layer. Therefore, in total, we need 60 CT circuits and
3 T-gates, resulting in a total cost of 243 T-gates and 60 ancilla qubits.

+) |Ar) +) 1 - 1A

+) —& S— |Aw) EOR I/ %

Ak) { X |- S—O-{X|1Ax) T 1Ak - - 1Ak)
D R.(Ak—1) H4 R.(Ak—1)

Figure 13. The catalyst circuit as a tower of height h = 1. The catalyst towers are built by connecting these CT circuits as in
figure 12 and reproduced from [56]. CC BY 4.0.

e Remaining Layers: The same process continues for subsequent layers, where we progressively halve the
number of |Ay) states generated at each layer. At every step, additional CT circuits are used to provide
resource states to the above layer, following the same pattern.

o Final Layer: In the final layer, the resource state |As) corresponds to the T-gate, so we can directly
apply T-gates to complete the process.

Based on the above, by using mathematical induction, we can calculate that (¢ — £ +1)2¢=> CT cir-
cuits are required at each layer /. Note that if /; is an even number, this expression for the final layer
¢ =4 is not an integer. Thus, it will require one extra T-gate and CT circuit that generate second |A,).
Therefore, the total number of CT circuits required is calculated as follows:

£ lo—2
Z(go_g+1)zf*5 - [2280+1—‘ .

{=4

The number of ancillary qubits is equal to the number of CT circuits. Additionally, [(¢y —3)/2] T-gates
are applied to the final layer. Since each CT circuit requires 4 T gates, the total T cost of the entire pro-
cess becomes (240 — 30+ 1) /2 for odd ¢, and (2‘30 — 30y + 6) /2 for even £.
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