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Abstract

Chapter 1: The owners of large online platforms, like Airbnb or Amazon Marketplace,

are able to a�ect the probability that a given buyer observes a given seller on their plat-

form. Buyers and sellers therefore interact on a bipartite graph with links between them

weighted by the probability of observation. Platform owners are then able to design

the network by choosing the observation probabilities. A seller's price is decreasing in

their Bonacich centrality. In order to maximise pro�ts, the platform owner connects an

entrant to buyers according to a measure of their own centrality in the graph. While a

network where buyers observe and trade with all sellers with probability one maximises

consumer surplus, such a network does not necessarily maximise the platform's pro�t.

The platform owner faces a trade-o� between increasing observability and reducing

competition, which explains why buyers tend not to be able to observe all sellers on

online platforms. If sellers are identical, increasing seller prominence for any consumer

segment increases competition, and pro�t is maximised when it is randomised across

all sellers.

Chapter 2: Product ratings and reviews are commonplace on large online platforms,

like Airbnb and Amazon Marketplace. One use for these ratings is to order search

results. Platform owners are able to choose the extent to which ratings can be used

to determine the probability a given seller is observed. Since demand is higher for

high-quality products, there is an incentive to increase the probability that highly rated

sellers are observed by biasing search results towards them. Biasing search results in this

way results in competition being more concentrated, reducing prices. In markets where

demand is sensitive to quality, a search process that is biased towards highly rated sellers



is more pro�table than an environment where matches are random. However, when the

variance in idiosyncratic preference is relatively large, the loss in pro�ts associated

with missing bene�cial matches renders a random match environment more pro�table.

Whether it is pro�table to use ratings as a means of ordering search results therefore

depends on the properties of the market(s) in which the platform operates.

Chapter 3: Politicians serve two masters: voters and their own party leadership,

and allocate e�ort between tasks that bene�t one or the other of these principals.

Depending on the extent to which they value the incentives o�ered by the party leader,

a politician may choose to build a reputation either as an e�ective legislator, increasing

their probability of receiving those incentives, or as a representative of the people,

increasing their probability of re-election. This framework allows us to analyse the

party leader's incentives in the case where they lack commitment power: the legislative

bene�t a�ect the probability that politicians are re-elected, and the party leader cannot

to take this into account when they are unable to contract with the legislator ex-ante.

The party leader therefore su�ers from a lack of ability to commit. They may also

face second-mover disadvantage because they can only reward the politicians who are

re-elected, implying that the e�ectiveness of their incentive is reducing as the �rst-best

level of legislative e�ort becomes large.



Introduction

We examine two disparate environments across three chapters. The �rst two chapters

analyse competition and platform design in networked markets hosted on a platform.

The third chapter characterises the incentives of a politician whose time allocation

is distorted by two principals: a representative voter and their party leader in the

legislature.

The two set-ups are both complex in the sense that one decision maker is constrained

in some way in designing an environment that incentivises another decision maker (or

decision makers) to maximise the payo� of the designer. In maximising aggregate

pro�ts, the platform owner in the �rst two chapters must account for the strategic

interaction between a large number of sellers, and is constrained in the ability to a�ect

which sellers interact with one another. For example, we examine cases where the

platform owner is only able to a�ect the probability that certain types of sellers are

observed, or can only choose the probability that an entrant is observed, holding other

observation probabilities �xed.

In Chapter 3, the fact that the party leader can only reward politicians that are re-

elected means that the leader faces incentives that are non-standard compared to much

of the traditional literature on moral hazard. By incentivising a politician to allocate

e�ort towards legislative tasks, the party leader is more likely to be able to achieve
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their short-term goals, but makes the politician's re-election less likely. Furthermore,

the fact that the party leader moves second in�uences the e�ectiveness of the party

leader's action: while spending a large amount of e�ort on legislative tasks may impress

the party, doing so makes it less likely that the politician is re-elected, and hence they

cannot receive any reward the party leader o�ers them.

Chapter 1 considers the case where the owner of a large, online platform is able to

a�ect the probability that groups of consumers who are tied by some characteristic, like

age or geographic location, observe horizontally di�erentiated sellers. Sellers compete

with one another by setting a single price, which is chosen prior to knowing which

buyers observe them.

The interactions between buyers and seller are captured by a bipartite graph with

edges weighted according to the observation probabilities of the buyers. Using this

framework, we characterise the equilibrium price vector and �nd that, under certain

conditions, a seller's price is decreasing in their Bonacich centrality a seller-only graph

which captures the competitive overlap between sellers. Sellers who are more central in

this graph face more direct and/or indirect competition than other sellers, and therefore

set a lower price.

Having characterised the price vector, we consider the owner's platform design in-

centives. Suppose a new seller enters the market - which consumer segments should

observe them, and with what probability? Assuming the platform owner receives a

proportion of the pro�ts from each seller, segments who observe fewer sellers in ex-

pectation and are less central in the bipartite graph should observe the entrant with a

higher probability than segments who have larger values on both of these metrics. If a

consumer segment i observes few sellers in expectation and has low centrality, then i

observing the entrant has a relatively small e�ect on competition and therefore prices

2



across the network.

We show that while the optimal network in terms of consumer surplus is one in

which every seller observes every buyer with probability 1, the platform owner has

an incentive to reduce observation probabilities in order to reduce competition. This

incentive is consistent with empirical work which suggests that buyers only observe a

relatively small fraction of products available in any given market on large platforms

like Amazon.

Our analysis also indicates that making a seller prominent imposes a cost on the

owner. Assuming each seller is observed with some baseline probability, then making

a seller more likely to be prominent increases the expected centrality of every seller in

the network, reducing prices. Assuming sellers are of equal quality, we show that under

certain conditions the platform owner maximises pro�ts by setting the probability of

prominence the same for each seller, as this minimises the e�ect on prices.

When sellers have di�erent levels of quality, the platform owner has an incentive

to ensure that high quality sellers are observed with a higher probability, but faces a

trade-o� in doing so in terms of more concentrated competition. Chapter 2 examines

this trade-o� by considering the case where part of the demand function of consumer

segments is stochastic. The platform owner does not observe consumer demand directly

but is able to use ratings to bias search such that buyers are more likely to observe high

quality sellers.

The owner has an incentive to bias search towards highly-rated sellers, since doing so

increases demand. However, it also induces more concentrated competition, as highly-

rated sellers are more likely to be in competition with one another. This reduces prices,

which in turn reduces pro�t. We �nd that this e�ect is more pronounced in cases where

goods are relatively substituable.
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If a consumer segment values quality more than other segments, then the platform

owner has an incentive to bias their observation function towards highly-rated sellers

more than less quality conscious buyers. In order to reduce the level of concentrated

competition imposed by this bias, the probability that less quality conscious buyers

observe high quality products is reduced.

We also compare the pro�ts associated with an environment where sellers and buyers

are randomly matched and a �ratings-based� environment in which the bias towards high

quality products is �xed. As the extent to which consumers value quality increases,

the di�erence in pro�ts between the ratings-based and random matching environments

increases. The cost associated with more concentrated competition becomes relatively

less important as the cost of missing high quality matches increases.

Under certain conditions, biasing observation towards high quality sellers reduces

the expected number of sellers that a given consumer segment observes compared with

the random match environment. This implies that a consumer segment is more likely

not to observe a product that is idiosyncratically valued highly by that segment in the

ratings-based environment. As the variance of the idiosyncratic element of demand

increases therefore, the random match environment becomes relatively more pro�table.

Our analysis therefore suggests that the nature of the market or markets that the

platform hosts is crucial for determining the extent to which ratings are used to rank

products. In markets where buyers quality is a large driver in consumer demand, such as

the hotel industry, ratings-based search increases pro�ts. However, in markets driven

largely by idiosyncratic demand, such as arts and crafts, random matching may be

preferred.

Chapter 3 examines the e�ort allocation incentives of politicians in the United States

Congress. While many politicians frontload their e�ort levels in their constituency, we
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note that the empirical literature also indicates that a number of politicians actually

spend more time in the legislature early in their career rather than later. We explain

this discrepancy with a model in which the politician is incentivised by both voters

(as is usual in models of political reputation) and party leadership in Congress (which

tends not to be).

Politicians are assumed to be of two types that innately value legislative and con-

stituency e�ort di�erently. Politicians allocate their e�ort across legislative and con-

stituency tasks according to their preferences and the incentives o�ered by the two

principals. The representative voter and the party leader observe the politician's action

imperfectly, and provide rewards to the politician according to a binary signal they

receive that is related to the politician's e�ort on legislative and constituency tasks.

Voters reward politicians who generate a high signal by re-electing them, and the

party leader provides legislative rewards in accordance with their belief about the politi-

cian's type. Politicians who value legislative rewards (e.g. positions on congressional

committees) su�ciently have the incentive to frontload their legislative e�ort so that

the party leader believes that they value legislative tasks, and are therefore provided

with legislative rewards.

The fact that the party leader can only reward the politician if the politician is

re-elected implies that the party leader is worse o� if they lack commitment power.

When the direct reward to being re-elected is relatively low, the legislative incentives

o�ered by the party actually serves as an incentive to increase the e�ort the politician

puts into constituency tasks. The legislative incentives in this case serve as indirect

reward to being re-elected, and the party leader would in some cases be better o� not

o�ering legislative rewards at all than the amount they o�er in equilibrium.

Furthermore, if the party leader lacks commitment power then they are unable
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to take into account the fact that the level of incentive they o�er a�ects both the

probability that a politician is re-elected and the type of politician who is re-elected.

The fact that the party leader moves second implies that the marginal e�ect of their

incentive on e�ort allocation is larger for politicians who innately value constituency

e�ort more highly.

Our analysis also shows that the party leader may su�er from second-mover disad-

vantage: under certain conditions, the party leader's ability to a�ect the politician's

optimal e�ort allocation is larger than if they were able to reward the politician regard-

less of whether they are re-elected.
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Chapter 1

Price Competition and Platform

Design in Two-Sided Networks

1.1 Introduction

Many economic interactions occur in settings where sellers are only able to sell to a

subset of buyers. This strati�cation might occur, for example, because: sellers are

unable to supply some consumers due to geographic constraints or due to consumer

preferences (see, for example, Spiegler, 2006); consumers might be uncertain which

�rms are active in a market, as in Janssen and Rasmusen (2002); or the owner of a

platform may deliberately not show all the products available. In such settings, a seller

potentially faces di�erent levels of competition for each individual consumer that they

can supply - some buyers could be supplied by a large number of sellers, while others

may only be able to buy goods from a single seller.

Online platform owners appear to choose to design search such that buyers only

observe a subset of sellers. Ringel and Skiera (2016) �nd that 99.9% of potential buyers
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of LED TV sets only observe sixteen of a possible 1,124 products on a German price

comparison website. Similarly, Kim, Albuquerque and Bronnenberg (2010) examine

the camcorder market on Amazon and �nd that the median search set for consumers of

these products was eleven out of a total of more than ninety camcorders available on the

platform. Furthermore, which products consumers are able to observe via Amazon's

search function di�ers depending on the search terms used, suggesting that platform

design directly in�uences the number and nature of the sellers observed by buyers on a

platform.

We model the online platform environment as a network that connects sellers with

the buyers who could potentially demand goods from them. In general, the literature

that models buyer-seller interactions in a network setting has focused on cases where

buyers bargain with sellers they are connected to (see, e.g., Kranton and Minehart,

2001, Corominas-Bosch, 2004 and Polanski, 2007 ) over a single, indivisible good. This

approach seems particularly relevant in relatively �thin� markets, populated by a small

amount of buyers and sellers, and where the goods being sold are discrete. In thin net-

works with discrete goods, individual buyers and sellers can make bilateral agreements

with one another easily.

However, many real-world cases of networks connecting buyers and sellers are not

thin markets. For example, online platforms, such as Amazon and Airbnb have a very

large number of users, with sellers interacting with a large number of buyers at any one

time. This would make bilateral bargaining between users di�cult, and in general prices

on these platforms are not bilaterally negotiated or set by the owner of the platform

itself. A natural assumption in a thick market is that sellers choose a single price which

is the same for each potential buyer.

We characterise the equilibrium price setting behaviour of sellers competing for
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consumer segments (i.e. groups of consumers who share some characteristic like age or

location) in a potentially large-scale stochastic network. The network is stochastic in

the sense that we assume that there is a probability of a given buyer observing a given

seller and that the actual network is only realised after price setting has taken place.

We �nd that a seller's price is linked to their Bonacich centrality in a network

connecting sellers and consumer segments who observe them with some probability.

This result is consistent with the literature on strategic interaction in networks (e.g.

Ballester, Calvò-Armengol and Zenou, 2006), as well as more recent work applying price

or quantity competition to network environment (see, for example, Elliott and Galleotti,

2019). When sellers are symmetric in terms of the substitutability of their goods and

their own-price elasticity, we �nd that a seller's price is falling in their centrality.

The equilibrium pricing behaviour of sellers implies that the platform owner faces a

trade-o� when increasing the probability that sellers are observed by buyers: increasing

the probability of observation increases the likelihood of sales, but at the same time

it increases the level of competition between sellers on the network. This latter e�ect

reduces seller prices, which in turn reduces the aggregate pro�ts.

The same trade-o�s are also present in the case where the platform owner chooses

the probability that consumers observe an entrant. The platform owner has an incentive

to make it more likely that the entrant is observed by consumer segments that are: (a)

relatively uncontested in expectation (i.e. their probability of observing a given number

of sellers is relatively low) and (b) are relatively unin�uential on seller prices. Hence,

entrants should be more likely to be observed by buyers who are less likely to observe

sellers on aggregate and/or observe sellers who experience relatively little competition

across the whole network.

We also �nd that products being more likely to be prominent than others imposes
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a cost on the platform owner. If a product is likely to be prominent but buyers are still

likely to observe at least some products, then the sellers of those products are placed

in more concentrated competition with the prominent seller, and, indirectly with one

another. Prominence therefore reduces the price of those sellers in direct competition

with the prominent seller, which drives a fall in prices, which then produces a feedback

e�ect: sellers in competition with sellers with lower prices must decrease their price

in order to compete e�ectively, as prices are strategic complements (see, for example,

Bulow, Geanakoplos, and Klemperer, 1985) .

The feedback e�ect implied by the equilibrium pricing behaviour implies that making

a seller more likely to be prominent (i.e. more likely to be observed by any given

consumer segment) results in lower expected prices than the case where sellers are

equally likely to be prominent. When products have the same quality, the platform

owner maximises their pro�t by completely randomising which seller is prominent for

each consumer segment.

If products di�er in quality, then the platform owner has an incentive to make higher

quality products more prominent, as this will increase sales. However, doing so again

concentrates expected competition between the more prominent sellers and the other

sellers in the network. Hence the platform owner generally faces a trade-o� between

concentrated competition on the one hand, and increasing the sales of high-quality

products on the other.

Our analysis more generally indicates that monopoly platforms have an incentive to

lower competition on the platform by changing its structure. Given that the optimal

structure from a consumer surplus perspective is one in which each buyer observes each

seller with a probability of one, the fact that platforms may choose to only allow con-

sumers to observe a fraction of the total number of goods on o�er is harmful to welfare.
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This suggests that competition authorities may wish to examine intra-platform com-

petition, in addition to inter-platform competition. Regulating the internal structure

of the networks that underpin large online platforms may reduce the extent to which

consumers are harmed by the formation of monopolistic platforms.

1.2 Literature review

In terms of equilibrium characterisation, our �nding that a seller's price in equilibrium

is decreasing in their Bonacich centrality in a seller-only network is consistent with

Ballester, Calvò-Armengol and Zenou (2006), which �nds that if direct e�ects are

su�ciently small, the equilibrium action of each player in a network is proportional

to their Bonacich centrality in a network. The price setting behaviour of sellers are

strategic complements in this setting, which might suggest, as in Bramoullé, Kranton

and D'Amours (2014), that the more central a seller in the network, the higher their

price.

However, the model here does not conform to that result due to the fact that the

underlying relationship between buyers and sellers is determined by the preferences of

buyers, which are pinned down by a quadratic utility function. As the number of options

a buyer considers increases, their demand for a given seller's good at any non-zero price

decreases. This �competition e�ect� outweighs the strategic complementarity e�ect

found in Bramoullé, Kranton and D'Amours (2014), and hence a seller's equilibrium

price is decreasing in their Bonacich centrality.

The link we �nd between pricing and centrality is consistent with earlier work in

industrial organisation, which examines the role �captive� buyers have on optimal pric-
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ing. Ireland (1993) and McAfee (1994) consider a framework in which sellers of a

homogeneous good compete for consumers and have �independent reach� - a buyers

observe each �rm with some �rm-speci�c probability, and the fact that a consumer

observes one �rm does not a�ect the probability that the consumer observes another

�rm. The unique mixed equilibrium of this game is one in which the lowest price within

each seller's strategy set is the same, but the strategy set of the seller with the largest

proportion of captive consumers contains the highest maximum price. De Francesco

and Salvadori (2013) and Armstrong and Vickers (2019) extend this analysis to cases

where �rms have di�erent capacities and only the largest �rm has captive customers

respectively.

The relationship between the price of competing sellers in a network and their

Bonacich centrality in that network found here is consistent with other studies which

examine pricing in networks. For example, Candogan, Bimpikis and Ozdaglar (2012)

and Chen, Zenou and Zhou (2018) analyse monopolistic pricing in cases where there

are networked consumers.

Cominetti, Correa and Stier-Moses (2009) and Chawla and Roughgarden (2009)

compare the e�ciency of competitive equilibria of a game involving Bertrand compe-

tition between �rms who act as intermediaries who control the �ow of some good (for

example) by controlling the edges of a network compared with the optimally e�cient

network �ow. Similarly, Melo (2017) employs a discrete choice framework to show that

a node's Bonacich centrality determines the shape of its market demand.

Recently, a literature on competition networks has developed. Bimpikis, Ehsani

and Ilkiliç (2018) examines networked quantity competition. Firms potentially compete

for multiple markets, and each �rm has a non-separable cost function, such that the

quantity produced in one market a�ects the marginal cost of production in another.
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In this setting, it can be shown that quantities in that model are proportional to their

Bonacich centrality with a negative decay factor, which captures the idea that the more

competitors a �rm is connected to via a market, the lower their pro�t.1

Elliott and Galeotti (2019) show that in a Hotelling-type model in which sellers

compete on price and are di�erentiated by location, a seller j's price is determined

not only by the sellers with whom directly j competes, but also those sellers in other

markets that compete with j's competitors. This result is a corollary of our more

general characterisation of the price equilibrium of the sellers on the platform.

The way in which a platform can in�uence equilibrium prices and pro�ts by choosing

observation probabilities represents an intervention in the network that di�ers consider-

ably to approaches deployed in other contexts. For example, Ballester, Calvò-Armengol

and Zenou (2006) use their characterisation of equilibrium to identify the key player in

the network, the removal of whom would allow a central planner to reduce total activity

the most with the removal of a single player.

Birge, Candogan and Chen (2018) construct a model in which �rms are connected to

buyers on a network controlled by a platform and choose their price in order to attract

buyers with di�erent valuations of a single good. They characterise the e�ect of net-

work structure on the pro�tability of commissions and subscriptions from a platform's

perspective, �nding that loss in revenues is potentially unbounded when all sellers are

charged either the same commission or the same subscription fee regardless of their

location in the network.

Galeotti, Golub and Goyal (2019) examines a case where a central planner can

partly determine (at an exogenously imposed cost) the payo� of players in a network,

1Bonacich (1987) calls the centrality measure in the case where the scalar is negative a measure of
�power�.
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which in turn determines the equilibrium actions of each player. While there is similarity

between this approach and the one utilised here, our intervention in the network is on

its design, rather than on the payo� functions of the agents. Furthermore, the cost of

intervention in our model arises endogenously from the e�ect that changing observation

probabilities has on increasing competition.

We examine the e�ect of prominence on price competition. Armstrong, Vickers and

Zhou (2009) analyses the case where consumers engage in costly search to learn the

price and match value of a series of products. If one product is more prominent than

another, then it is observed �rst, with buyers choosing whether to buy it or search for

other products. They �nd that the prominent �rm sets a lower price than other sellers,

who set a higher price than in the case where matching is random, increasing pro�ts. In

constrast, our analysis �nds that prominence causes prices to fall, because prominence

increases the expected intensity of competition.

1.3 Motivating example

Large, online platform owners must design platforms in which many sellers compete for

many buyers. If sellers can only set one price, then network design has implications for

the nature of competition between sellers for di�erent buyers. If a platform owner can

a�ect which buyers observe which sellers and sellers only set one price, then the platform

owner faces a trade-o� between more sellers being observed, increasing demand, and

the resultant increase in competition.

As an example, suppose the probability that two buyers observe two sellers is strictly

between 0 and 1. Then all the possible ex-post market structures (ignoring the case

where no buyer observes any sellers) can be represented by Figure 1.1.
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Figure 1.1: The black nodes represent sellers, the white nodes represent buyers. Assum-
ing sellers and buyers are identical, these con�gurations represent all possible market
types when there are two sellers and two buyers

Consider the nature of total pro�ts and competition if prices were set after the re-

alisation of a network structure. Market structures on the bottom and to the right

of the diagram exhibit less competition, but pro�ts are lost because the buyers will be

assumed throughout to purchase at least some goods from any seller they observe. This

issue is reduced in market structures above and to the left of the diagram; however,

there, the two sellers are in more direct competition with one another, which reduces

pro�t due to both sellers setting a lower price.

The trade-o� highlighted by this simple example is one that the platform owner

faces when designing the network. Increasing the probability that a buyer observes a

seller increases the competition faced by every seller in the network, but this in turn

increases sales.
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1.4 Model

Suppose there is a �nite set, B, whose elements are �consumer segments�, in the sense

that they are a �nite mass of consumers who are assumed to share some trait, such

as geographical location, age demographic, occupation, etc. We use n to denote the

number of consumer segments.

Let S be a �nite set of sellers, where |S| = m. Sellers each sell a single type of

completely divisible good, and each seller's good is an imperfect substitute for each of

the goods.

Sellers and buyers interact on a platform. A consumer segment, i, observes a seller

j with probability 0 ≤ wij ≤ 1. Assume wij is independent of wik for all (i, j, k) and

is determined exogenously. Such an observation process generates a weighted network

G = (B ∪S,E), where E is the set of weighted edges from B to S. G has an adjacency

matrix, R, which is a zero diagonal matrix with components wij.

As an example, suppose the probability that three subsets of buyers, 1, 2 and 3,

observe three sellers, X, Y and Z, can be summarised in the following table:

Observation probability X Y Z

1 0.1 0.7 0.3

2 0 0.1 0.5

3 0 0 0.3

The probabilities above can be represented as a bipartite network, as shown in Figure

1.
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Figure 1.2: A weighted bipartite network - the number on each line indicates the
probability that a given buyer observes the relevant seller

Let p denote a m × 1 vector whose jth entry is pj ∈ R+, the price of j's good. We

assume that sellers set prices with full knowledge of the adjacency matrix R, but prior

to the realisation of the links in the network. In other words, sellers know the buyers'

observation probabilities, but do not know which buyers actually observe them.

We will assume that if a consumer segment i observes a seller j, then their demand

function, xij(.) : Rm → R+, for product j can be expressed as follows:

xij(p) = aγij − bijpj +
m∑
k=1

cik(pk − γik). (1.1)

where a, bij, cik, γij are all positive scalars, with cii = 0. We will assume throughout

that a is large enough such that xij > 0 for each observed good: this restriction will be

discussed in more detail below. As cik > 0 for all i, k, each product is a gross substitute

for every other product.

Note that the demand function in (1.1) is an ex-post demand function, in that it is

generated after the realisation of the network structure is realised, and hence after the
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sellers set prices. De�ne i's ex-ante demand function for a good j as follows:

E[xij(p;G)] = wij(aγij − bijpj +
m∑
k=1

wikcik(pk − γik)). (1.2)

Seller j's aggregate demand function is then de�ned:

E[xj(p;G] =
n∑
i=1

E[xij]. (1.3)

Then, assuming the marginal cost of each seller is zero, the pro�t function for seller j

is:

E[πj(p)] = pjE[xj(p)]. (1.4)

Sellers are assumed to observe the structure of graph G: they observe the matrix of

observation probabilities. On the basis of this information, sellers choose their prices.

A seller, j, is assumed not to be able to price discriminate across buyers, and hence

sets a single price pj ∈ R+. Sellers compete with one another on price, and set prices

simultaneously. Therefore, each seller's maximisation problem can be expressed:

max
pj

E[πj(pj, p_j; G)]. (1.5)

Let Γ(G) represent the simultaneous move m-player game played on a network G with

payo�s as speci�ed in (1.5) and strategy spaces R+.

We will also assume that there is a platform owner who has the following pro�t

function:
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E[πP (p)] = χ
m∑
j=1

E[πj(p)]

where 0 < χ < 1.

1.5 Equilibrium characterisation in the general case

Buyers are not strategic agents in the game, and therefore it is possible to de�ne a

network that is strategically equivalent to the original network G, but only includes

seller nodes. Such a network can be used to characterise the equilibrium of the game

Γ(G). De�ne αj and βj as follows:

αj(G) :=
n∑
i=1

wij(aγij −
m∑
k=1

wikcikγik)

and:

βj(G) :=
n∑
i=1

wijbij.

αj represents the expected value of the intercept of the aggregate demand function of

j, and βj represents the expected aggregate price sensitivity. Transforming the pro�t

function in (1.5) to put it in terms of a seller-only network yields the following payo�

function for seller j:

E[πj(p)] = pj(αj − βjpj +
m∑
k=1

ĉjkpk), (1.6)

where ĉjk =
∑n

i=1 cij(wijwik), which is therefore a measure of the strength of the con-

nection between j and k because it measures the weighted link between the sellers and
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shared buyers. Rescaling (1.6) by 1/βi and multiplying by 1
2
generates the following:

E[π̃j(p)] = pjα̃j −
1

2
p2
j +

m∑
k=1

c̃jkpjpk (1.7)

where α̃j =
1
2
αj
βj

and c̃jk =
1
2
ĉjk
βj

. The maximisation problem maxpi π̃(pi) has the same

set of �rst-order conditions as the one that involves maximising a vector containing

the pro�t functions in (1.6). De�ne λ = max{c̃ij|i 6= j} and RS as a symmetric zero

diagonal matrix of a network GS with components c̃ij
λ
. This transformation yields a

competition network, GS, which is a projection of G. The competition network of the

network in Figure 1.2 is shown in Figure 1.3 below.

Figure 1.3: Transforming the network G into the competition network GS. Here it is
assumed that b = 1 and c = 0.25 for each buyer and γj = 1 for all j.

The links in GS represent the relative importance of the connection between two sellers.

In the graph in Figure 1, seller X is competing for their only (potential) buyer with

seller Y. Hence, the directed link between X and Y has a much larger value than the

weight between Y and X, as Y is also in competition with Z for consumer segment 2.

Let α̃ represent a m × 1 vector with element j α̃j. To ensure that an equilibrium

of the game Γ(G) is unique, it is necessary to ensure that demand is positive for all
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sellers. De�ne the m× 1 vector:

Zα̃(G) := [I − λRC ]−1α̃,

where RC is the adjacency matrix of the complete seller-only graph, with wij = 1 for all

i, j. De�ne Σ as a m×m matrix with a for each of its diagonal components and with

−cij for each of its ijth non-diagonal components. Given that Zα̃(G) < γ, Σ(γ −Zα̃)

is increasing in a. Hence, there exists an ā ∈ R+ such that if a ≥ ā then Σ(γ−Zα̃) > 0.

De�ne Cα̃(GS, λ) = Cα̃ = [I−λRS]−1α̃, which is the weighted transformed Bonacich

centrality measure of the network GS. The following theorem, which characterises the

equilibrium price vector, then holds2:

Theorem 1.1. Suppose a > ā. Then the game Γ(G) has a unique Nash equilibrium in

pure strategies, which is the equilibrium price vector:

p∗(G) = Cα̃(GS, λ) (1.8)

i� (I − λRS) is positive de�nite.

There exists a unique Nash equilibrium price vector of Γ(G) that is equal to the Bonacich

centrality of the sellers in the network GS multiplied by α̃, assuming that (I − λRS)

is positive de�nite and at the equilibrium vector of prices, each consumer demand a

non-zero amount of each good.

The vector α̃ is a function of the matrix GS. The more direct connections a seller

has in G, the larger the sum of the intercept terms of the demand functions of the

buyers in the network, increasing the α̃ term of each seller. This implies that a more

central seller will have an incentive to set a higher price. At the same time, the more

2Proofs can be found in the Appendix throughout.
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sellers that are connected to a given buyer, the more competition that each of those

sellers faces, which leads to an incentive to lower prices. This implies that a more

central seller will choose a lower price. Which of these e�ects dominates depends in

general on the parameters of the model. The next section shows that, in the symmetric

case (i.e. where the demand function of each buyer is identical), the equilibrium vector

is decreasing in the network's centrality vector.

The condition on (I−λRS) in Theorem 1.1 provides a restriction on each cij, which

is measures the substitutability of the model, relative to the e�ect own price has on

demand, which is captured by a. For example, if (I − λRS) is diagonally dominant,

which holds when
∑

j ĉij < βi for all i, then it is positive de�nite.

Returning to the example in Figures 1.1 and 1.2, Theorem 1.1 suggests that the

centrality of each seller and their price is as follows for the assumptions laid out in

Figure 1.2:

Centrality Price

X 1.26 3.70

Y 1.20 3.98

Z 1.06 4.87

Seller Z has a (potentially) uniquely connected buyer, and therefore has lower centrality

in the competition network than X or Y. As a result, Z's price is higher than either

X or Y's. Z's price is the lowest as they are likely to face competition from Y, as the

connection probability between Y and consumer segment 1 is relatively high (0.7).
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Equilibrium in the symmetric case

Assume that γij = γ, bij = a for all (i, j) and cij = c for all (i, j).3 Then the demand

function of the consumer segment, i, can be expressed as follows:

xij(p) = aγj − apj + c

m∑
k=1

(pk − γk). (1.9)

De�ne Γc(G) as an m-person game played on a connected network G by sellers with

payo�s consistent with the demand vector implied by the equality in (1.9), and assume

that the demand parameters are such that (I−λRS) is diagonally dominant (and hence

positive de�nite) and that a > ā . Let p∗(G) represent the equilibrium price vector of

this game and C(GS, λ) be vector of Bonacich centralities of the nodes in graph GS.

De�ne γ as an m × 1 vector with jth element γj. Theorem 1.1 implies the following

result:

Corollary 1.1. The unique pure-strategy Nash equilibrium of Γc is:

p∗(G) =
1

2
(γ − γTC(GS, λ)). (1.10)

Hence, a seller's equilibrium price is decreasing in their centrality in GS. Sellers that

are connected to more isolated consumer segments (particularly those who are captive)

face relatively less competition than sellers who are largely connected to segments with

di�erent goods to choose from, and therefore are able to set a higher price in equilibrium

than other sellers. The above expression implies seller j's price is increasing in γj but

is decreasing in every other element of the vector γ.

3We show that this assumption is an approximation of the linear demand curve that is generated
from a quadratic, quasi-linear demand curve in the �rst section of the Appendix.
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1.6 Comparative statics

Let Γ
′
c represent the symmetric version of the game described in Section 5 above but with

the further restriction that γj = γ. De�ne the vector p∗(G, c, γ, a) as the equilibrium

vector of this game.

Consider the e�ect of a change in the parameters in the consumers' utility function

will have on the equilibrium price level in the game Γ
′
c. The following proposition

concerning γ and c follows from the analysis above:

Proposition 1.1. Suppose the game Γ
′
c is being played and that γ

′
> γ and c

′
> c.

Then: (i)p∗(G, c, γ
′
, a) > p∗(G, c, γ, a) and (ii) p∗(G, c, γ, a) > p∗(G, c

′
, γ, a).

The parameter γ determines the intercept of the consumers' demand function for each

of the goods. If γ increases, then each seller has a direct incentive to increase their

price, and, because the network is connected, the have a second-order incentive to raise

their price because all other prices have also risen.

Increasing c has the e�ect of increasing the substitutability between the goods of

each seller. An increase in c therefore increases competition between sellers, which

reduces prices directly, which, again, induces further price reductions because prices

are strategic complements.

Suppose a networkG
′
is created by adding a node, i, toG and an edge, w

′
ij, between

i and one seller j ∈ G. Assume that w
′

ik = 0 ∀k 6= j. Then the following proposition

holds:

Proposition 1.2. Suppose the game Γc is being played. Then, p
∗(G

′
) > p∗(G).
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A seller's price is increasing in the number of captive segments who observe it. As the

number of captive buyers a seller has increases, as the relative importance of competition

from other sellers decreases. Since the sellers' actions are strategic complements, an

increase in the price of a seller results in an increase in the price of sellers who are

in direct competition with that seller. If the network is connected, it follows that the

price of all sellers will increase - the sellers connected indirectly to j increase their price,

which leads to the sellers indirectly connected to them increasing their price and so on,

until the entire set of sellers has increased their price.

Now consider the e�ect of seller entry. Suppose a network G
′′
is created by adding

both a seller node, j, an edge, w
′
ij > 0, between j and one consumer segment i ∈ G.

The new graph G
′′
is generated as a result of entry by the seller j. The following

proposition shows the e�ect of this entry on equilibrium prices:

Proposition 1.3. Suppose the game Γc is being played. Then, p∗(G) > p∗(G
′′
) if GS

is connected.

Seller entry unambigously reduces prices across a connected network. Every seller that

consumer segment i observes experiences an increase in direct competition from j, which

results in a fall in prices. This fall in price results in sellers who compete with sellers

who are observed by i also lowering their prices, and so on. The result is lower prices

across the network.

The above results make it possible to analyse optimal pricing and entry in the case

where sellers have �independent reach�, which occurs when the the fact that a consumer

observes a �rm does not a�ect the probability that the consumer observes another �rm.
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An illustrative example: the case of independent reach

To see the implications of the analysis above, consider the case where G is a connected

network with m sellers and n consumer segments. Suppose that the proportion of

consumer segments that are connected to a seller i is σi > 0, and the proportion of

consumer segments connected to two sellers i and j is σiσj, and so on. In industrial

organisation, this situation is called independent reach, and it generates a network such

as the one in Figure 1.4.

Figure 1.4: An example of a network generated by each buyer having �independent
reach�.

Suppose each of the m sellers have independent reach to n consumer segments. This

implies that in expectation there is a positive proportion of buyers connected to a seller

i uniquely and another proportion connected to i and some other seller j only and so

on. Such a set up generates a network Gσ(m,n,σ). Call the seller within Gσ with the

weakly highest σi seller 1, such that σ1 ≥ σ2 ≥ ...σm. Theorem 1.1 implies the following

about the relative prices of the sellers in the case of independent reach:
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Corollary 1.2. Suppose sellers play Γ
′
c on Gσ. Then the equilibrium prices satisfy the

following inequality: pc1 ≥ pc2 ≥ ... ≥ pcm.

Seller 1 has the lowest centrality in the network GS because they have the largest pro-

portion of captive buyers and near-captive buyers in expectation. Though the strength

of their connection with a seller k, ĉ1k is larger than ĉik for all i 6= 1, 1's connections

in GS, which take into account the own-price sensitivity parameter β1, are such that

c̃1k < c̃ik for all (i, k) pairings where i 6= 1. This is because the seller with the largest

reach has the most captive buyers, and therefore is able to set the highest price. The

same logic holds for each seller, which implies that the larger a seller's reach, the higher

their price.

The result in Corollary 1.2 is consistent with Ireland (1993) and McAfee (1994) in an

undi�erentiated Bertrand setting, which �nd that a �rm's expected pro�t is increasing

in that �rm's reach.

Independent reach can also be used to analyse seller entry. Suppose there is a set

of m sellers with a m × 1 reach parameter vector σ, generating a network Gσ with

equilibrium price vector p∗(Gσ) when the game Γ
′
c is played. Also suppose that there is

a set of m+ 1 sellers such that each of the components 1, ...,m of the vector σ are such

that σi = σ
′
i and let σ

′
m > σ

′
m+1 > 0. De�ne Gσ′ as the m + 1-seller, n-buyer network

generated by the parameter vector σ
′
. Proposition 1.3 has the following corollary:

Corollary 1.3. Take any element 1, ...,m of the equilibrium price vector p∗(Gσ), pi(Gσ).

p∗j(Gσ) is strictly greater than p∗j(Gσ′ ).

In the case where the entrant has independent reach, each of the incumbent's centralities
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in the competition network increase as a result of entry, which in turn implies an increase

in competition and therefore a decrease in equilibrium price for each seller.

1.7 Endogenous observation probabilities

Advertising

Thus far, the structure of the network and the probability that a buyer observes a

given seller have been treated as exogenous. We consider the case where an entrant or

the platform are able to shape the nature of competition by shaping the structure of

the network. Throughout this section, assume that players play the game Γc once the

structure of the network is realised.

First, consider the case where, through advertising (for example) a seller j, can

choose the probability of being observed by a single buyer, i, holding the remainder of

the network �xed. De�ne:

G
′ ≡ G+ E

′

ij

where −1 ≤ E
′
ij ≤ 1 and 0 ≤ wij(G)+E

′
ij ≤ 1. G

′
is then the graph generated by seller

j's choice of E
′
ij, which in turn generates an observation probability. Seller j's pro�t

maximisation problem can be stated as follows:

max
E
′
ij

π∗j (p;G) (1.11)

subject to the constraints above. The following lemma holds:

Lemma 1.1. There is a unique solution to the seller's maximisation problem, w∗ij ≤ 1.

The seller's maximisation problem is concave in E
′
ij, as each seller's centrality is convex
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in any observation probability wik. This implies that there is a unique solution to the

seller's maximisation problem, which corresponds with a unique value for i's probability

of observing j, w∗ij. Note that there will be cases in which w∗ij = 1.

The seller faces a trade-o�: increasing wij increases revenue directly because there

is a higher probability that they are observed by i. At the same time, increasing an

observation probability increases the centrality of j, which results in more competition

across the network.

The above trade-o� is also present if we consider the case in which the platform

owner maximises their pro�t by choosing E
′
ij for a given network G. However, the

platform owner also internalises the fact that a reduction in prices across the network

also reduces the pro�ts of sellers other than j. By the same logic as in the proof of

Lemma 1, there is a single observation probability that corresponds to the solution of

the platform owner's maximisation problem, which we will denote wPij . The following

proposition holds:

Proposition 1.4. The solution to the platform owner's maximisation problem, wPij ≤

w∗ij with the inequality strict if w∗ij < 1.

The platform has an incentive to set wij below the level that is optimal for the individual

seller because of the e�ect changing the weight has on the pro�ts of other players in

the network. Hence, even if w∗ij = 1, if the e�ect of the weight change on the price of

sellers other j is su�ciently large, then wPij < 1.

When an individual seller chooses the probability that they are observed in the

network, they do not take into account the competition e�ect on aggregate pro�ts.

Increasing any observation probability weakly increases competition on the network,

reducing prices and platform pro�ts. Individual sellers only take into account their
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own pro�t levels, and hence do not fully internalise this e�ect if they choose their own

observation probabilities.

Pro�t-maximising seller entry

Let G denote a bipartite graph of n buyers and m ≥ 2 sellers. Suppose that there

exists a seller j ∈ G for whom wij = w̃ > 0 for all i, and suppose that the platform

owner chooses the n×1 vector of observation probabilities, wj , whose ith element is the

observation probability wij. We use this set up to represent the case where a new seller

enters the market and the platform owner needs to choose the optimal set of observation

probabilities to maximise pro�ts, keeping all other observation probabilities �xed. The

observation probability w∗ is thus a default likelihood that buyers would observer the

new seller if the platform owner did not intervene.

De�ne wj as an n× 1 vector whose ith entry is wij. The platform owner's maximi-

sation problem can be stated as follows:

max
wj

E[π̂∗P ] = χmax
wj

m∑
j=1

E[π̂∗j ] (1.12)

To solve this maximisation problem, we de�ne the following variable, which captures

how in�uential a given consumer segment is on the centrality of sellers in GS, and which

we will call �buyer in�uence�:

CB
i (G) :=

m∑
j=1

wijCj(GS, λ). (1.13)

Let wPij represent an element of a vector wPj , which is a solution to the platform's

optimisation problem stated above. Denote the equilibrium price vector when wj =

w̃1n as the m× 1 vector p̃ with jth element p̃j.
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We characterise the �rst-order conditions of the platform owner's problem as follows.

By the envelope theorem, while a marginal change in an observation probability, wij,

changes j's price, it does not a�ect j's pro�ts. Seller j's pro�t change with wij insofar as

it a�ects pro�t directly (i.e. by generating an increase in demand from i) and through

a change in price of the other sellers. Similarly, the pro�ts of all other sellers who are

not j change as a result of a change in the prices of the other sellers.

We denote the marginal bene�t associated with increasing a weight wij above w̃ as

follows:

MBij = ap̃j(γ − p̃j) +
m∑
k=1

∂c̃jk
∂wij

p̃j(p̃k − γ) > 0.

Increasing wij increases the probability that i observes j, which, by assumption, results

in positive demand and therefore increased expected pro�t. However, increasing wij

increases the competition between the existent sellers and the new seller. Increasing

the probability that a consumer segment observes a seller has a direct e�ect on the

expected demand for every other good and the prices of those goods. The marginal

cost associated with increasing wij can be written as follows:

MCij =
m∑
k=1

∂c̃jk
∂wij

p̃j(p̃k − γ) +
m∑
l=1

m∑
k=1

ĉkl
∂p̃k
∂wij

p̃l.

The solution to the maximisation problem in (1.12) equates the absolute value of these

two expressions. Note that, as per Bonacich (1972), the centrality of k in GS can be

written:

Ck(GS, λ) =
m∑
k=1

ĉklCl(GS, λ).

The centrality of k is a linear function of Cj(GS, λ). As a result, it can be shown that

∂Ck(GS ,λ)
∂wij

can be written as a weighted sum of both Cj(GS, λ) and Ck(GS, λ). Specif-
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ically, the weights in this expression are a function of
∑

iwik, the sum of observation

probabilities of every consumer segment. As both of these expressions are weighted

sums of the centrality of every other seller, it follows that ∂Ck(GS ,λ)
∂wij

is increasing in

CB
i (G).

The analysis above suggests that there is a link between the in�uence measure de-

�ned in (1.13) and the solution to the platform owner's maximisation problem. Theorem

1.2 makes this link explicit:

Theorem 1.2. Suppose Γc is played after the platform owner chooses GS by choosing

the vector wj. If CB
i (G) < CB

l (G) and
∑

k wik(G) ≤
∑

k wlk(G), then wPij ≥ wPlj for

any solution to the platform owner's optimisation problem.

The marginal bene�t of increasing an observation probability wij is related to the ad-

dition revenue generated by sales from j. Increasing the probability that j is observed

straightforwardly results in an increase in the expected demand for j's product, in-

creasing pro�t. The extent to which pro�t increases as a result of an increase in wij is

tempered by the fact that the ex-post demand for j's good is reducing in the number

of additional products buyers observe.

Figure 1.5 illustrates an example of where of the platform owner's optimal solution

in the case where a new seller enters.
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Figure 1.5: pro�t-maximising entry of seller D, keeping the remainder of the network
�xed. The thicker the lines in the diagram, the larger the observation probability.

Consumer segments 1 and 4 are connected to only one seller, with segment 1 also having

the lowest sum of observation probabilities. Hence, 1's probability of observingD in any

solution to the platform owner's maximisation problem is larger than the probability

that 4 observes D. The buyer in�uences of both 2 and 3 are both larger than the

in�uence of 1 and 4, and hence they observe D with lower probability than 1 and 4.

1.8 Network structure and prominence

In Section 7, we saw that the platform owner faces a trade-o� between increasing a

seller's expected sales by increasing the probability that they there are observed by

a consumer segment i and the increase in competition that this imposes on the rest

of the sellers who are observed by i. In this section, we examine this trade-o� more

generally by characterising the network structure or structures that maximise pro�t

and/or consumer welfare.
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Consumer surplus

Assume the game Γ is being played, a > ā and that the matrix I − λRS is diagonally

dominant. De�ne the expected consumer surplus of consumer segment i for a given

equilibrium price vector p∗ and demand vector x∗
i is as follows:

E[CSi(x
∗
i ;p

∗)] =
m∑
j=1

1

2
wijE[x

∗
ij|wij = 1](

aγij
bij

+
m∑
k=1

wik
cik
bij

(p∗k − γik)− p∗j) (1.14)

De�ne CS(x∗;p∗) :=
∑

iCSi(x
∗
i ;p
∗), where x∗ is anm×nmatrix whose ijth component

is x∗ij(p
∗). If I−λRS is diagonally dominant, then it is clear from the above expression

that the expected value of each CSi(x
∗
i ;p

∗) is falling in p∗. It is also straightfoward

to show that expected consumer surplus, ceteris paribus, is increasing in the expected

number of connections in G a buyer has. Clearly then, CS is a function of the network G

and can be written CS(G). Call the set of all possible m,n bipartite networks G(m,n).

De�ne Gc as a complete network where wij = 1 for all (i, j) pairs. The following

proposition holds:

Proposition 1.5. Assume the game Γ is being played, a > ā and that the matrix I−λRS

is diagonally dominant. For any G ∈ G(m,n), G6= Gc, E[CS(Gc)] > E[CS(G)].

The centrality of each agent is at its maximum for a given number of buyers and sellers

when the network is complete. Intuitively, when the network is complete, each buyer is

competed for by each seller. A complete network maximises competition, which reduces

the equilibrium price level of each seller. This result is consistent with Bimpikis, Ehsani

and Ilkiliç (2018), who �nd that a complete network maximises consumer welfare in

Cournot setting if buyers' demand functions are homogeneous.4

4 Strictly, the model of Bimpikis, Ehsani and Ilkiliç (2018) is one where �rms compete for �markets�
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Hence, despite the fact that in a Cournot model the sellers' actions are strategic

substitutes, while in a Bertrand setting they are strategic complements, the driving

logic in both cases is that competition reduces prices and a complete network maximises

competition.

Pro�t-maximising networks

Consider �rst the case where c = 0. If c is zero, then that each seller's product is not a

substitute for the other goods in the market, which implies that each interaction e�ect

parameter linking the two sellers in GS is equal to zero. Let π(G) =
∑m

i=1 πi(G). It

follows that:

Proposition 1.6. Suppose c = 0 and the game Γc is being played. For all G ∈ G(m,n)

where G 6= Gc, π(Gc) > π(G).

When goods are not substitutes, sellers are not in competition with one another. Prices

are therefore set at the monopoly level. The platform owner then has an incentive to

increase any probability wij < 1 as xij > 0 for all i, j. It follows that the complete

network maximises seller pro�t, which in turn maximises the platform owner's pro�t.

The analysis in Section 7 implies that, despite demand from each consumer segment

being strictly positive for any good they observe, the complete network does not nec-

essarily maximise the platform's pro�t. The platform owner has an incentive to reduce

the probability that sellers are observed in order to increase prices. In decreasing ob-

rather than consumers. They �nd that if markets are of the same size, which would be equivalent to

homogeneous buyers in this model.
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servation probabilities, the platform owner potentially (assuming a is su�ciently large)

reduces demand. In order to maximise pro�t then, the platform owner must choose a

network structure that maximises the expected number of sellers each consumer seg-

ment observes while accounting for the constraint that increasing observability decreases

prices.

To illustrate the platform's trade-o�, suppose �rst that υ ∈ [0, 1] and that:

wij(υ) = υ.

Assume that the platform owner then solves:

max
υ

π̂∗P = χmax
υ

m∑
j=1

π̂∗j (1.15)

The following result holds:

Proposition 1.7. Suppose that Γc is played after the platform owner's choice of υ.

Then there exists a unique solution to the platform owner's pro�t maximisation problem,

υ∗ ≤ 1, with the inequality strict if c is su�ciently large. Furthermore, ∂υ∗

∂a
> 0 and

∂υ∗

∂c
< 0.

Proposition 1.7 highlights the platform owner's trade-o� with respect to network design.

Increasing the probability that each of the seller's is observed increases pro�ts as sales

are increasing in the probability that each buyer observes each seller. At the same time,

increasing sales increases competition, reducing prices. Each seller's price is a concave

function of υ implying that a unique solution to the maximisation problem in (1.15)

exists for υ ∈ [0, 1].
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Increasing c increases the substitutability of the goods being sold on the platform.

This increases the level of competition in the network for a given level of observability,

υ, reducing prices. The platform owner then has an incentive to reduces observability

across the network to increase prices.

Increasing a, on the other hand, results in an increase in sales for a given price level.

Hence, the platform owner has an incentive to increase the probability that sellers are

observed, even if the implied increase in competition unambiguously reduces prices.

Proposition 1.7 implies that the platform owner potentially has the incentive to

reduce the extent to which consumer segments observe sellers in order to increase prices.

For a given observation probability, as the number of sellers, m → ∞, the probability

that any consumer segment will observe every seller on the network (which is equal to

vm) tends to zero. We discuss the policy implications of this �nding in the discussion

section below.

Prominence

The above analysis and the characterisation of the equilibrium price vector also indicate

that the platform owner faces another trade-o� when they are able to choose network

structure more generally. The observation probabilities can be thought of as a measure

of �prominence� in the sense that they capture the likelihood that the seller is observed

by a given buyer. Increasing a seller j's prominence in the network potentially increases

pro�ts as a result of increasing the probability of sales, but at the same time it imposes

a cost on the rest of the network by increasing competition, reducing prices of every

seller, including for the more prominent seller.

As the number of sellers and the centrality of those sellers in the in the network GS
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increases, wij > wik has an increasingly large e�ect on prices. The centrality vector in

GS can be expressed:

C(GS, λ)1 =
∞∑
k=0

λkGk
S1.

It follows that ∂2Ck
∂2wij

> 0. Recall that seller prices are falling in the centrality of the

sellers in this setting. Hence, setting wij > wik imposes a cost upon the platform owner

because the centrality measure has a feedback e�ect such that increasing an observation

probability wij (weakly) reduces j's price, which reduces k's price which then reduces

j's price and so on. This feedback e�ect, which is a feature of the Bonacich centrality

measure, is increasing as the centralities of the sellers in GS become larger.

In order to formally analyse the e�ects of prominence on the network, we consider

the case where each seller has a baseline observation probability, υ > 0, which we

take as �xed, and that one seller is prominent for each consumer segment. Which

seller is prominent for a consumer segment can di�er for each segment. If a seller j is

prominent for a segment i, they are observed with probability wij = υ + ξ < 1 where

ξ > 0. Otherwise, sellers are observed with probability υ.

Denote the probability that a seller j is prominent with any consumer segment

as ρj ∈ [0, 1], and assume that the probability that a seller being prominent for one

consumer segment is independent of the probability that they are prominent for another

seller group. Thus,
∑m

j=1 ρj = 1. Then, the platform owner chooses the vector of

probabilities ρ to solve the following problem:

max
ρ

E[π̂∗P (ρ; υ, ξ)] = χmax
ρ

m∑
j=1

E[π̂∗j (ρ; υ, ξ)] (1.16)

subject to the constraint that:
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m∑
j=1

ρj = 1.

We assume that the platform �rst chooses the prominence probability vector, the who

seller becomes prominent is then realised, generating a network G and then the sellers

play the game Γ(G). This implies that the expected price vector can be expressed

E[p(G)] =
1

2
(γ − γTE[C(GS, λ)])

where:

E[C(GS, λ)] =
∞∑
k=0

λkE[Gk
S(ρ)]

Let ρ∗ be a solution to the platform owner's maximisation problem. Theorem 1.3

characterises the results of the platform owner's problem as follows:

Theorem 1.3. Suppose the platform owner chooses ρ to maximise pro�t and Γ
′
c is

played once ρ is chosen. Then, if m,n ≥ 2, ρ∗ = 1
m

1m is the unique solution

to the platform owner's maximisation problem. This implies that, at the optimum,

E[wij] = υ + 1
m
ξ for all i, j pairs.

Making one seller more likely to be prominent is costly for the platform owner for two

reasons. Firstly, prominence concentrates competition, which results in a fall in prices

that in turn reduces platform pro�ts. By randomising prominence, the platform owner

ensures that the level of expected competition in the network is as low as possible

given the prominence parameter ξ and υ. The feedback e�ect inherent within the price

competition on the network results in outcomes where one seller is more prominent to a

larger number of consumer segments than other sellers increases competition. The more

consumer segments a seller is prominent to, the more direct and indirect competition
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the seller imposes upon other sellers in all consumer segments, which reduces prices.

Secondly, increasing the likelihood that one seller is more prominent than other

sellers increases the probability of outcomes in which that seller is prominent in many

markets and the other sellers are prominent in few or no markets. Sellers who are not

prominent in many or any markets are less likely to have captive or near captive buyers.

As a result, they put more relatively more weight on the competition they face from

other sellers.

A seller prominent in many markets puts less weight on the competition they face;

however, this e�ect is diminishing as the number of buyers for whom that seller is

prominent increases. Mathematically, this e�ect arises from the fact that c̃ij =
ĉij
βi
, and

hence c̃ij is convex in βi for all j 6= i. It follows that in outcomes where one seller

is prominent for more consumer segments than other sellers, the sum of the weighted

walks starting from each seller is greater than outcomes where seller prominence is

more evenly distributed. This implies setting some prominence probability ρi > ρj

j 6= i increases the probability of outcomes where prices and pro�ts are lower than

outcomes where prominence is more evenly distributed.

As a result of both the competition e�ect and the captive buyer e�ect described

above, the unique solution to the platform owner's maximisation problem is that

ρ∗ = 1
m

1m, assuming m,n ≥ 2. If n = 1, then as one of the sellers must be prominent,

any set of probabilities is a solution to the maximisation problem, and if m = 1, then

the probability that the seller is prominent is 1 by de�nition. Note that the solution to

the seller's problem implies that E[wij] = υ + 1
m
ξ for all i, j pairs: the expected proba-

bility that any seller observed by any consumer segment is the same for all sellers and

consumer segments.

Now suppose that there is a single seller whose product is of higher quality than
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the other products on the market. We capture this by assuming that there is a seller j

for whom γj > γ = γk k 6= j, which implies that demand for j's product is higher than

demand for all other sellers' products when prices are equal. De�ne ρ∗∗ as a solution

to the platform owner's maximisation problem. Proposition 1.8 examines the platform

owner's choice of ρ in this case:

Proposition 1.8. Suppose the platform owner chooses ρ to maximise pro�t, that γj >

γ = γk, k 6= j for all j and Γc is played once ρ is chosen. Then there exists an

ã ∈ R+such that if a > ã, any ρ∗∗ , ρj > ρk , k 6= j, and hence E[wij] >E[wik] for all i

and k.

Suppose ρ = ρ∗. A marginal increase in the expected prominence of product j increases

expected demand for j directly for all buyers, and, as γj > γ, this e�ect outweighs the

implied decrease in demand from another seller, k, whose expected prominence must

decrease because
∑m

i=1 ρi = 1.

However, increasing the expected prominence of j also decreases demand for other

products for two other reasons. First, it causes a direct fall in demand for every other

product because by equation (1.2) above, ∂xik
∂γj

< 0 for all k 6= j. Second, from | ∂E[p∗i ]

∂ρj∂γj
|

is strictly positive, and hence increasing the prominence of j at ρ = ρ∗. has the e�ect

of decreasing the price of every seller other than j.

The latter two e�ects are not functions of a, but the direct increase in demand

associated with an increase in j's expected prominence is linearly increasing a. Hence,

if a is su�ciently large, then it is pro�table to increase ρj above the ρ∗, so that ρj >

ρk, k 6= j. When this holds, the bene�t associated with increasing the probability that

a buyer observes a seller with a popular product is higher than increasing any other

observation probability, due to the fact that the popular product yields more revenue
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when it is observed. As a result, the equilibrium observation probability for the popular

product is higher than the observation probability of the other products.

Proposition 1.8 highlights that platform owners have an incentive to increase the

expected prominence of particular, high quality (or otherwise high demand) products,

even if this results in additional direct and indirect competition on the network. This

incentive may explain why platforms such as Amazon tend to highlight particularly

popular or branded products to users: see, for example, Barach, Golden, and Horton

(2019) and Kim, Albuquerque and Bronnenberg (2010).

An example of the expected weights of a network generated in the case analysed by

Proposition 1.8 are shown in Figure 1.6.

Figure 1.6: Network structure when γA > γB = γC = γD. The thicker the lines in the
diagram, the larger the observation probability between the two connected players.

1.9 Discussion

When a platform owner's revenue is a proportion of the pro�ts of sellers on their plat-

form, they have an incentive to reduce the probability that buyers observe sellers. While

42



ensuring that a consumer segment observes a seller increases sales, it produces a cost

because it reduces prices through increased competition. If product substitutability

is su�ciently high, the platform owner reduces observability to maintain high prices,

reducing consumer welfare.

The result that platform owners have an incentive to reduce is consistent with the

observed behaviour of online platforms. Several empirical studies (e.g. Kim, Albu-

querque and Bronnenberg, 2010 and Ringel and Skiera, 2016) show that buyers tend

only to be able to observe a fraction of the total sellers on the platform. Our analysis

explain these �ndings by showing that it is consistent with the pro�t-maximising be-

haviour of a platform owner who takes a proportion of the pro�ts of the sellers on the

platform.

A similar logic applies to seller entry. If a seller enters the market, the platform

owner has an incentive to ensure that they are more likely to be observed by consumer

segments that are: (a) relatively uncontested in expectation (i.e. their probability of

observing a given number of sellers is relatively low) and (b) are relatively unin�uential

on seller prices. The expected demand an entrant receives from a relatively contested

consumer segment is relatively less than the expected demand from an uncontested

consumer segment for the same observation probability. Furthermore, the e�ect on the

demand of other sellers of increasing the probability of consumer segment i observing

the entrant is increasing the extent to which i is contested.

In Section 7, we de�ned the buyer in�uence of a consumer segment i as the sum of

the centralities of the sellers observed by i weighted by the observation probabilities.

The lower the buyer in�uence of a consumer segment, the smaller the e�ect on prices

of other sellers associated with a seller being observed by that consumer segment. The

platform owner therefore has a potential incentive to reduce the probability that some
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consumer segments observe entrants in order to maintain relatively high prices across

the network.

Our analysis implies that seller prominence imposes a cost on the platform owner.

As a seller's price is falling in their centrality in the network, a single seller being

relatively more prominent to a consumer segment than other sellers results in a fall in

the prices of those sellers, reducing pro�ts. Due to the fact that the Bonacich centrality

measure is convex in any one observation probability, this price e�ect increases as the

probability that the seller is prominent increases. Hence, if one seller has to be more

prominent than others, because, for example, the platform displays search results as a

list of sellers, and product quality is the same, then the probability that any one seller

is prominent should be equal.

However, if products have di�erent levels of quality, then the platform owner bene�ts

from making high quality products more observable, and low quality products less

observable. Increasing the probability high-quality products are observed then imposes

a trade-o�: if high-quality sellers are more prominent, sales increase for a given price

vector, but increasing that prominence can reduce prices. We examine this trade-o� in

a stochastic context in Chapter 2.

There are a few of potentially important issues left unaddressed by our analysis. We

have assumed that marginal costs are zero. If sellers are heterogeneous with respect

to their marginal cost, then the platform owner may have an incentive to increase the

prominence of low cost sellers in the network at the expense of sellers with higher

marginal costs. This would imply that some form of paid prominence could be pro�t-

maximising from the platform owner's perspective, as Armstrong and Zhou (2011) point

out.

Furthermore, we do not consider the case where the platform owner is able to
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segment the market by making one seller prominent with one consumer segment and

less prominent with another. This is an extension to the analysis here, and would

involve the same kind of trade-o�s present in our model. Seller prominence is costly

(assuming buyers observe sellers with relatively high probability), but is likely to be

less costly than the case where they are prominent to all consumer segments, as the

platform owner is able to partially segment the market.

1.10 Conclusion

We consider the case where buyers have consideration sets containing a subset of all the

sellers in a market, who sell di�erentiated substitutes and compete on price. Whether

a given buyer observes a given seller in the market is assumed to be determined after

prices are set, but the probability of observation is assumed to be common knowledge.

Buyers and sellers are therefore connected to one another in a weighted network, and

the structure of this network a�ects the equilibrium price of each seller. Speci�cally, if

the substitutability between goods is su�ciently small, there is a unique, interior pure

strategy equilibrium where each seller's price is falling in their Bonacich centrality in

a sellers-only network that is strategically equivalent to the original bipartite network.

The more central a player in this competition network, the more competition they face,

and the lower their price.

Using the characterisation of equilibrium, it is possible to see how changes in net-

work structure a�ect prices. Increasing the number of captive buyers unambiguously

increases the price of every buyer in the network as the direct e�ect of increasing the

price of one player, which in turn propagates across the entire network if it is complete.

In general, however, assessing the e�ect on the network price vector across the network

is more complex. While seller entry or the addition of contested buyers increases the

45



competition e�ects experienced by a seller, it also increases the relative importance of

captive buyers. If the latter e�ect is su�ciently large, entry may result in an increase

in price.

The framework can also be used to determine the optimal probability of each con-

sumer observing a given seller from the perspective of the seller and of a platform that

owns the entire the network. In general, the platform prefers the observation proba-

bilities to be (weakly) lower than the seller, because the platform needs to take into

account the fact the higher the level of competition, the lower the prices are across the

network, which lowers pro�t. This e�ect is not fully internalized in the case where the

individual seller choose the vector of observation probabilities.

When a new seller enters, the platform owner can increase expected sales by in-

creasing the probability that the seller is observed. However, increasing the probability

that the entrant is observed reduces prices through increased competition. The plat-

form owner has an incentive to ensure that the entrant is more likely to be observed

by consumer segments that are both relatively uncontested in expectation (i.e. their

probability of observing a given number of sellers is relatively low) and relatively unin-

�uential on seller prices.

Consumer surplus is maximised by a complete network. For any number of buy-

ers and sellers, a complete network maximises the level of competition between sellers,

which reduces the equilibrium price level. However, platform pro�t is not necessarily

maximised by the complete network, despite the fact that, by assumption, each con-

sumer segment has strictly positive demand for any products they observe. Platform

owners may therefore have an incentive to set the default observation probability below

1, in order to reduce the amount of competition on the platform and increase prices.

We also �nd that seller prominence potentially imposes a cost on the platform owner.
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Due to the feedback e�ect inherent to actions determined by the sellers' Bonacich

centralities in the network, a seller being more likely to be prominent results in an

increase in competition that is larger than the corresponding decrease in competition

associated with a reduction in prominence. When sellers are identical, the platform

owner maximises their pro�t by making it equally likely that every seller is prominent.

As platforms have an incentive to reduce competition in order to increase prices, our

analysis suggests that competition authorities would be well-advised to take seriously

attempts by platforms to control intra-platform competition. Regulation, insofar as

it has been directed at online platforms, has tended to focus on inter-platform com-

petition. As online platforms become more established and dominant, this kind of

competition becomes less relevant, and the incentives to increase prices examined here

become increasingly important.
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Appendix

The symmetric demand function

We show that the linear demand curve for the game Γc is a simpli�ed form of the one

generated by the following demand system. Let yi denote i's demand for a numeraire

good. Suppose that i has the following quasi-linear, quadratic utility function:

ui(xi) =
m∑
j=1

γxij −
m∑
j=1

µx2
ij −

m∑
j=1

xij(
m∑
k=1

ρxik) + yi

where µ, ρ ∈ R+. Suppose that each buyer has an income of l. As l → ∞ and a > ā,

the demand for each product is positive. De�ne the m×m matrix µ as follows:

µ =



1 ρ ... ρ

ρ
. . . ρ

...

... ρ
. . .

...

ρ . . . ρ 1


Then, as discussed in Amir, Erikson and Jin (2015), the demand vector xi can be

written:

xi = µ−1(γ − p).

Hence, for any consumer segment i and any seller j, the intercept term of the i's demand

for j's product is some constant, a, multiplied by γ and their own price sensitivity term

is also equal to a.

Proof of Theorem 1.1

It can be readily shown that the �rst-order condition (and therefore the resulting opti-
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misation problem) for the payo� vector associated with the payo� described in (1.9) is

equivalent to the �rst-order condition of the payo� vector associated with the original

payo� function. The �rst-order condition of the payo� vector with individual compo-

nents described by (1.7) is as follows:

α̃ = [I − λRS]p.

The matrix I − λRs̃ is non-singular and the above �rst-order condition has a solution,

which is denoted p∗. Rearranging this �rst-order condition leads to (1.9).

The �rst-order condition above yields a unique interior solution. It is necessary to

rule out potential corner solutions. Suppose that there exists an equilibrium in which

at least one seller j sets their price, pj = 0, yielding a pro�t of 0. By assumption, a > ā

and hence xij > 0 for all i, j pair. There then exists a ε > 0 such that p
′
j = ε generates

a strictly positive level of demand x
′
ij > 0 for at least one buyer j. This would yield a

strictly positive level of pro�t, which implies that j would have an incentive to deviate

- yielding a contradiction.

Proof of Corollary 1.1

Note that
1
2
αj
βj

= 1
2
γ in this setting and de�ne γ as a m × 1 vector whose jth element

is equal to γj. Then the right-hand side of (1.10) can be rewritten as follows:

Cα̃(GS, λ) =
1

2

∞∑
k=0

λkRk
Sγ −

∞∑
k=1

λkRk
S̄γ

thus:

Cα̃(GS, λ) =
1

2
γ +

1

2
γT

∞∑
k=0

λkRk
S −

∞∑
k=0

λkRk
Sγ
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and:

Cα̃(GS, λ) =
1

2
γ − 1

2
γT

∞∑
k=0

λkRk
S,

which implies:

Cα̃(GS, λ) =
1

2
γ − 1

2
γTC(GS̄, λ).

Proof of Proposition 1.1

Given the expression for the price vector, and noting that p∗(G) = 1
2
(γ−γTC(GS, λ)) >

0, the result immediately follows.

For the result in (ii), �rst recall that c̃jk =
∑
i cwijwik
βj

. De�ne Gτ
S as a graph with

(m,n) nodes with edges such that c̃τjk =
∑
i c
′
wijwik
βj

. It follows that, as GS (and therefore

Gτ
S) is connected, the ijth entry of the centrality matrix C(GS,λ) is less than the ijth

entry of C(Gτ
S,λ), which in turn implies that:

C(Gτ
S,λ)1m > C(GS,λ)1m

increasing in c. As p∗(G) = 1
2
(γ − γ′C(GS, λ)) the result follows.

Proof of Proposition 1.2

Recall that for the graph GS, c̃jk =
∑
i cwijwik
βj

. Let c̃
′

jk denote this value in the graph

G
′
S. β

′
j > βj, as b[

∑n
l wlj +wij] > b[

∑n
l wlj]. As i is uniquely connected to j, cw

′

ljw
′

lk =

cwljwlk for all l, j, k. This implies in turn that c̃
′

jk < c̃jk for all k and c̃
′

lk < c̃lk for all

l, k 6= j.

The entries of the centrality matrix C(GS,λ) are equal to σij =
∑

l λ
lr

[l]
ij (GS),where

r
[l]
ij (GS) measures the weighted walks of length l that start at node i and end at node
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j. As GS is connected, it follows that:

C(G
′

S,λ)1m < C(GS,λ)1m,

which implies the result.

Proof of Proposition 1.3

Note that the entries of the centrality matrix C(GS,λ) are equal to σij =
∑

l λ
lr

[l]
ij (GS),where

r
[l]
ij (GS) measures the weighted walks of length l that start at node i and end at node

j. Consider walks of length 1 in G and G
′′
. If the graph is complete, then there exists

at least one walk from j and a seller k ∈ G′′ that is not present in G. By similar

reasoning, there are also walks of length n ∈ [2,∞] in G
′′
that do not exist in G. Every

walk in G exists in G
′′
and the weight on those edges in both graphs is the same. To

see this, note that c̃ij =
ĉij
βi
, which do not depend on the weight on other edges in the

graph.

Hence the weighted sum of walks from all nodes is greater in G
′′
than G, which

implies that:

C(GS, λ)γ < C(G
′′

S, λ)γ.

Given that p∗ = (γj − 1
2
γ
′

jC(GS, λ)), the result is proved.

Proof of Corollary 1.2

Call the proportion of buyers who have n connections and are connected to seller i,

σn,i. Then the strength of the connection between two seller, i and j, can be written as

follows:

c̃ij =
cσiσj
anσi

=
cσj
an

.
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It follows that if σi > σj, then c̃ik < c̃jk for all k, including k = i. Hence, the centrality

of i in the network GS is lower than the centrality of j, which implies that p∗i > p∗j by

the result of Corollary 1.1.

Proof of Corollary 1.3

This corollary follows immediately from Proposition 1.3.

Proof of Lemma 1.1

By the envelope theorem, taking the derivative of seller j's maximisation problem gives

the following condition:

∂πj(p
∗)

∂wij
= ap∗j(γ − p∗j) + (cp∗j

m∑
k=1

rkwik(p
∗
k − γ) +

m∑
k=1

[ĉjk
∂p∗k
∂wij

]p∗j) = 0 (1.17)

where rk = 1 when k 6= j and rk = 0 when k = j. To guarantee that a solution to this

problem exists and is a maximum, we must analyse ∂p∗k
∂wij

and show that its derivative is

negative.

Recall that C(GS, λ)1 =
∑∞

k=0 λ
kGk

S1. It follows that Ck can be written as some

additive function of each of the powers wij from 1 to ∞:

Ck(wij) = gk(wij, w
2
ij, ..., w

∞
ij ) = 1 +

∞∑
n=1

ϕn(R)wnij

where 0 < ϕn < 1 ∀n. It is possible to see that all the criteria of Abel's uniform

convergence test are satis�ed such that gk(wij, w2
ij, ..., w

∞
ij ) is uniformly convergent.

De�ne fn as the nth term in the in�nite sum that chracterises Ck(wij),
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J(wij) =
∑
n

f
′

n(wij)

and:

K(wij) =
∑
n

f
′′

n (wij).

It is clear that J(wij) and K(wij) converge uniformly, which, as Je�reys and Je�reys

(1988) show, is su�cient to guarantee that ∂Ck(GS,λ)

∂wij
> 0 as it guarantees that the

derivative of gk(wij, w2
ij, ..., w

∞
ij ) is the sum of the derivatives of each component of the

sum which composes it. Furthermore, it is clear by the same logic that ∂2Ck(GS,λ)

∂2wij
> 0.

Noting that pk is negative in Ck(GS,λ), the seller's maximisation problem is strictly

concave in wij.

The fact that ∂2Cj(GS,λ)

∂2wij
< 0 is su�cient to guarantee that there exists a w∗ ∈ [0, 1]

that is a unique global maximum. Namely, w∗ solves the �rst-order condition in (1.17).

Proof of Proposition 1.4

The �rst-order condition of the platform owner's maximisation problem can be written:

∂πP (p∗)

∂wij
= χ

m∑
k=1

∂πk(p
∗)

∂wij
= 0.

The derivative of j's pro�t with respect to wij is expressed in (1.17) above. The deriva-

tive of another seller, k's pro�t function can be similarly expressed:

∂π∗k
∂wij

= p∗k(
m∑
k=1

rkcwikp
∗
j +

m∑
l=1

ĉkl
∂p∗l
∂wij

), (1.18)

As shown in proof of Lemma 1.1, ∂2p∗l
∂2wij

< 0, and hence the platform owner's maximisa-
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tion problem has a unique solution wPij that solves the above �rst-order condition:

∂π∗P
∂wij

= χ

m∑
k=1

∂π∗k
∂wij

= 0. (1.19)

The above implies that the solution to the two sets of �rst-order conditions are maxima.

Now note that the platform's �rst-order condition can be as follows:

∂π∗j
∂wij

+ cp∗j

m∑
k=1

wik(p
∗
k − γ) +

m∑
l=1

m∑
k=1

[ĉkl
∂p∗k
∂wij

]p∗l ) = 0. (1.20)

The second term in this expression is negative, as p∗k < γ. As the second derivative of

π∗j in wij is also negative, it follows that the unconstrained value of wij that solves the

above must be smaller than the unconstrained value of wij that solves i's optimisation

problem. Hence, wPij ≤ w∗ij, with the inequality strict if w∗ij < 1.

Proof of Theorem 1.2

By the envelope theorem, the marginal bene�t of increasing wij can be expressed:

MBij = apj(w̃)(γ − pj(w̃) + c
m∑
k=1

pj(w̃)wik(pk − γ).

and the marginal cost of increasing wij can be expressed:

MCij = c

m∑
k=1

wik(pj(w̃)pk − γ) +
m∑
l=1

m∑
k=1

[ĉkl
∂p∗k
∂wij

]p∗l .

As pk = γ(1 − 1
2
Ck(GS, λ)) and hence pk < γ, it follows that if

∑
k wik >

∑
k wlk and∑

k wikCk(GS, λ) >
∑

k wlkCk(GS, λ), which in turn implies that the last expression in

the marginal bene�t expression and the �rst in the marginal cost expression.then terms

are larger for l than for i.
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Consider the last term in the marginal cost expression. Noting that:

Ck(GS, λ) =
m∑
l=1

c̃klCl(GS, λ).

then Ck(GS, λ) can be written:

Ck(GS, λ) = c̄kjCj(GS, λ).

where c̄kj > 0 is a parameter of the form:

c̄kj =
z1(c̃1j, ..., c̃mj)

z2(c̃1k,..., c̃mk)

where z1(.) : Rm → R+ is a linear and increasing function and z2(.) : Rm → R+ is

a linear and decreasing function in all of its inputs except c̃jk, as
∂z2(c̃1k,...,c̃mk)

∂c̃jk
= 0 by

construction. Hence, the derivative of Ck(GS, λ) with respect to wij when w = w̃ can

be written:

∂Ck(GS, λ)

∂wij
=
∂c̄kj
∂wij

Cj(w̃) + c̄kj(
∂Cj(GS, λ)

∂wij
). (1.21)

Noting that:

∂Cj(GS, λ)

∂wij
=
∑ ∂c̃jl

∂wij
Cl +

∑
c̃jl(

∂Cl(GS, λ)

∂wij
),

Equation (1.21) implies:

∂Cj(GS, λ)

∂wij
=

m∑
l

∂c̃jl
∂wij

Cl +
m∑
l

c̃jl(
∂c̄lj
∂wij

Cj(w̃) + c̄lj(
∂Cj(GS, λ)

∂wij
)). (1.22)

Given that:

∂c̃kj
∂wij

=
c
a
wik∑
iwik

,
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it is is clear that ∂c̃kj
∂wij

is increasing in
∑

k wik. Furthermore:

∂c̃jk
∂wij
|wj=w̃1n =

c
a
wik(nw̃)−

∑
l wlkw̃

(nw̃)2
=

c
a
wik(n− 1)−

∑
l(wlk − wik)

w̃n2
.

Hence, ∂c̃jk
∂wij
|wj=w̃1n is increasing in wik, and so the �rst term in (1.22) is an increasing

function of
∑

k wikCk.

Combining the above observations together, it follows that MBij + MCij ≥ MBlj +

MClj if it is the case that both CB
i (G) < CB

l (G) and
∑

k wik(G) ≤
∑

k wlk(G). Hence,

in any solution to the platform owner's maximisation problem, it must be the case that

wPij ≥ wPlj for any solution to the platform's optimisation problem.

Proof of Corollary 1.4

The result follows immediately from Theorem 1.2: it is in fact just a restatement of it

for the case where
∑

k wik(G) =
∑

k wlk(G).

Proof of Proposition 1.5

Recalling that C(GS, λ)1 =
∑∞

k=0 λ
kRk

S1 and the expression for the equilibrium price

vector it is clear that the complete network maximises the centrality of each node in

G, which then minimises the price vector p for a given m. At the same time, given the

assumption that xij > 0, for each consumer i and seller j in a complete network, which

implies that, holding price constant, i's expected consumer surplus is increasing in each

weight wij. Hence, consumer surplus is maximises when the network is complete.

Proof of Proposition 1.6

When c = 0, the marginal cost associated with increasing wij is zero. Furthermore, the
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marginal bene�t of increasing wij can be written as follows:

MBij = aγp∗j − b(p∗j)2.

As this expression is greater than zero, it follows that the optimal graph is a corner

solution such that wij = 1 for each i, j pair, which is the complete graph.

Proof of Proposition 1.7

In the case where each observation probability is equal to υ, then a seller j's (un-

weighted) centrality in GS is:

Cj(GS, λ) =
∞∑
n=0

(
c

b
v(m− 1))n.

As j′s price is strictly decreasing in their centrality for all j, it follows that ∂2pj
∂2υ

< 0.

This implies the platform owner's maximisation problem has a unique global maximum

that solves the �rst-order condition:

∂πP (υ∗;p∗)

∂υ
= 0.

By the envelope theorem, we can express the marginal e�ect of a change in υ as follows:

∂πP (υ∗;p∗)

∂υ
= n[map∗(γ−p∗)+2c(m−1)2p∗υ∗(p∗−γ)+ c(υ∗)2(m−1)

m∑
l=1

m∑
k=1

[
∂p∗

∂υ
]p∗].

Hence, if c increases, then υ∗ (weakly) decreases in order for the �rst-order condition

above to hold. If c is su�ciently large, the the υ∗ that solves the �rst-order condition

is such that υ∗ < 1.
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Denote πPυ = ∂πP (υ∗;p∗)
∂υ

. By the implicit function theorem:

∂υ∗

∂a
= −π

P
υa

πPυυ
> 0,

as πPυυ < 0. As πPυc < 0, then by a similar logic ∂υ∗

∂c
< 0.

Proof of Theorem 1.3

Suppose ρ∗ = 1
m

1m and consider the case where ρj is marginally increased by reducing

ρk. The expected equilibrium price vector of the game Γc can be written as follows:

E[p∗(G)] =
1

2
(γ − γTE[C(GS, λ)|ρ = ρ∗]).

Noting that the expected price for each seller is equal in the case where ρ = ρ∗, let

p∗ = E[p∗j(G)|ρ = ρ∗] for all j. By the envelope theorem, we can express the gross

expected marginal bene�t of increasing ρj in a similar way to above

E[MBj] = n[aξp∗(γ − p∗) + (m− 1)ξcυp∗(p∗ − γ)].

However, increasing ρj reduces ρk by the same amount and, as MBj = MBk, it follows

that there is no change in the net marginal bene�t associated with the proposed change

in observation probabilities. There is a change in the net marginal cost, which can be

expressed as follows:

E[MCj −MCk] = n(m− 1)c̃
m∑
i=1

(
∂E[p∗i ]

∂ρj
− ∂E[p∗i ]

∂ρk
)p∗, (1.23)

where c̃ is the expectation of c̃il for all i, l pairs when ρ∗ = 1
m

1m.

Consider an undirected graph, ĜS, where an edge between j and k is equal to

ĉjk = cwijwik, recalling that the directed edge between j and k in GS is equal to
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c̃jk =
ĉjk
βj
. Also de�ne λ̂ = max{cij} and C(ĜS, λ̂) as a matrix whose jkth component is

ĉjk

λ̂
. Note that the component of the centrality matrix C(ĜS, λ̂) is equal to σij =

∑
l λ̂r

[l]
ij ,

where r[l]
ij is the weighted walks of length l that start at node i and end at node j. We

can express ĉij = ĉji as follows:

E[ĉij] = cn[ρi(υ + ξ)υ + ρj(υ + ξ)υ + (1− ρi − ρj)υ2].

Compare the expected sum of all the walks of length 1 in ĜS when ρ = ρ∗ and when

ρ = ρ
′
, which is identical to ρ∗ except that ρ

′
j = ρ∗j + ε and ρ

′

k = p∗k − ε. Given the

expression for the expected value of E[ĉij]:

∑
i

∑
j

E[ĉij|ρ = ρ∗] =
∑
i

∑
j

E[ĉij|ρ = ρ
′
].

Assume that m ≥ 3. Consider the sum of the walks of length 2 in ĜS from a seller

i 6= j, k which can be expressed:
∑

l

∑
s cilcls. Again, compare this sum when ρ = ρ∗

and when ρ = ρ
′
. The following observations apply:

• any walk from i that does not run through j and k has the same value for both

probability vectors;

• excluding walks that end at i, the di�erence between sum of walks though j

but not k when ρ = ρ
′
and when ρ = ρ∗ is equal to the absolute value of the

di�erence between sum of walks though k but not j when ρ = ρ
′
and when

ρ = ρ∗ ;

• the increase in the value of the walk that runs from i through j and back to i is

larger than the decrease in the value of the walk that runs from i through k and

back to i for all i.
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The last result holds because E[ĉ2
ij(ρ

∗) − ĉ2
ij(ρ

′
)] := ∆ĉ2

ij > |∆ĉ2
ik| when υ > 0. This

inequality implies that the increase in the value of the sum of walks of length 2 starting

at j is larger than the decrease in the sum of walks of length 2 starting at k. Hence,

the sum of all the walks of length 2 starting at any i 6= k is greater when ρ = ρ
′
than

when ρ = ρ∗. The same logic applies for walks of length l > 2, as ∂lCj(ĜS ,λ̂)

∂lĉjk
> 0 for all

l. It follows that:

E[Ci(ĜS, λ̂)|ρ = ρ∗] < E[Ci(ĜS,λ̂)|ρ = ρ
′
] i 6= k.

The e�ect on the centrality of k is ambiguous: the sum of shorter walks starting at k are

smaller when ρ = ρ
′
than when ρ = ρ∗, but the sum of longer walks are potentially

larger. However, as ∆ĉnij > |∆ĉnik| for all n ≥ 2, the decrease in k's centrality is less

than the corresponding increase in j's centrality.

Furthermore, as the above argument does not rely on the value of ρ, and therefore

the above result applies to any increase in some probability ρj for any corresponding

decrease in ρk where ρj ≥ ρk. Hence, increasing the probability that a seller is prominent

increases the sum of the sellers' centralities in the undirected graph ĜS, which can be

thought of as capturing an increase in the concentration of competition on the network.

Now consider the directed graph GS. Recall that c̃ji =
ĉji
βj

and thus c̃ji is convex in

βj for all i and j. Consider the sum of all walks of length 1, λr[1]
ij .

λr
[1]
ij =

∑
i=1

∑
j=1

c̃ij.

Note that the
∑
βi = β̄ for any realisation of the adjacency matrix R. Hence, if υ > 0

and m ≥ 2, increasing ρj above 1
m
shifts the probability mass realisations of R in which

βj is relatively large, which, given each c̃ji is convex, implies the following:
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E[λr[1]
ij |ρ = ρ∗] < E[λr[1]

ij |ρ = ρ
′
] ∀ρ′ 6= ρ∗.

walks of length 2 are all of the form: ĉji
βj

ĉij
βi
. Hence, each of the walk of length 2 starting at

j is also convex in βj. In fact, as walks starting at j of walk length k > 2 are functions

of 1
βrj

where r ≥ 2, it follows that each walk of length k is also convex in βj.

The preceding analysis indicates that increasing ρj above 1
m

increases the probability

of realisations of R in which both:

1. The sum of the unweighted walks
∑

i

∑
j ĉ

r
ij are larger than E[

∑
i

∑
j ĉ

r
ij|ρ = ρ∗]

for all r ≥ 2 (assuming m > 2);

2. βj > βk k 6= j (an e�ect which occurs for all m ≥ 2).

Hence, increasing ρj above 1
m

shifts the probability mass towards outcomes in which∑
i

∑
j λr

[q]
ij is larger than E[

∑
i

∑
j λr

[q]
ij |ρ = ρ∗] for all q ≥ 1. This implies that for

all q ∈ [1,∞].:

E[
∑
i

∑
j

λ[q]r
[q]
ij |ρ = ρ∗] < E[

∑
i

∑
j

λ[q]r
[q]
ij |ρ = ρ

′
] ρ 6= ρ∗.

The above expression in turn implies that:

E[
m∑
i=1

Ci(ĜS, λ̂)|ρ = ρ∗] < E[
m∑
i=1

m∑
i=1

Ci(ĜS,λ̂)|ρ = ρ
′
].

It follows that the sum of the price changes as a result of a change from ρ∗ to any

probability vector ρ
′ 6= ρ∗ is negative. Note that, as argued above, the solution to the

platform owner's �rst-order conditions must solve equation (23). Given that the sum

of the price changes as a result of a change from ρ∗ to any probability vector ρ
′ 6= ρ∗

is negative, it follows that the the only solution to the �rst-order condition in (1.23) is

ρ = ρ∗.
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Proof of Proposition 1.8

Without loss of generality, let seller 1 be a seller with intercept parameter γ1 = γ and let

ρ1 = 1−
∑m

k=2 ρk. For any solution ρ∗∗ to the platform owner's maximisation problem

that is interior, the set of �rst-order conditions for the platform owner's problem is:

∂πP (ρ;p∗)

∂ρi
= 0 ∀i.

De�ne p∗j := E[p∗j(G)|ρ]. By the envelope theorem, we express the gross expected

marginal bene�t of increasing ρj as follows:

E[MBj|ρ = ρ∗] = n[aξp∗j(γj − p∗j) +
m∑
k=1

∂E[ĉjk]

∂ρj
p∗j(p

∗
k − γ)] > E[MBk|ρ = ρ∗]∀k.

As γj > γ the net expected marginal bene�t of increasing ρj, E[MBj|ρ = ρ∗] −

E[MB1|ρ = ρ∗] > 0. Furthermore, note that E[MBj|ρ = ρ∗] − E[MB1|ρ = ρ∗] is lin-

early increasing in a.

However, it is also the case that E[MCj|ρ = ρ∗]−E[MC1|ρ = ρ∗] < 0, which follows

from the fact that:

E[MCj −MC1] = −cn(m− 1)(γj − γ) + n(m− 1)c̃
m∑
i=1

(
∂E[p∗i ]

∂ρj
− ∂E[p∗i ]

∂ρ1

)p∗.

The �rst term of this expression is trivially less than zero as (γj − γ) > 0. The second

term is also negative because a marginal increase in ρj increases E[
∑

k ĉjkγj] more than

a marginal decrease in ρ1 decreases E[
∑

k ĉ1kγ1] because, again, (γj − γ) > 0. This

implies that:
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∂E[C(GS, λ]

∂ρj
>
∂E[C(GS, λ]

∂ρ1

,

which implies that ∂E[p∗i ]

∂ρj
− ∂E[p∗i ]

∂ρ1
< 0 for all i. However, note that the expression in

(24) is not a function of a. As E[MBj|ρ = ρ∗] − E[MB1|ρ = ρ∗] is increasing in a,

there exists an ã such that if a > ã, ρ∗ cannot be a solution to the platform owner's

maximisation problem.
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Chapter 2

Rating the Competition: Seller

Ratings and Intra-Platform

Competition

2.1 Introduction

Many online platforms allow users to rate products on their platform. These ratings

have many potential uses, including revealing to buyers their own valuation for products

on o�er. Another way in which product ratings are used is to determine the likelihood

that sellers are observed by buyers. Given that buyers do not tend to observe every

seller on a platform (see, for example, Ringer and Skiera, 2016 and Kim, Albuquerque

and Bronnenberg, 2010), the choice of which sellers buyers observe will a�ect platform

pro�ts. Many online platforms use ratings as one of the inputs that determine how

search results are ordered (Dinerstein et al, 2018). We analyse the incentive of a pro�t-

maximising, monopolistic platform owner to use ratings as a means of determining the
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prominence of a seller on a platform.

Analysis of real-life online platforms reveals that there are di�erences in how im-

portant ratings are in default search settings. Platforms like Amazon, Airbnb, Jet.com,

Wish.com, and Trivago appear to use these ratings as part of search algorithms, but

are not used to directly rank products as default. Other platforms, like eBay, Etsy,

Newegg and Zibbet do not to utilise ratings as part of their default search options (see

Dinerstein et al, 2018 for a detailed account of eBay's change of search algorithm).

Our analysis examines what drives the relative importance of ratings in the search

algorithms of these online platforms.

To give an example of the problem under consideration, suppose there is a market

with three products, X, Y and Z, where X is more highly-rated than Y and Y is

more highly-rated than Z. A platform owner chooses two aspects of the search process

in order to maximise joint network pro�ts: (a) the baseline probability that any one

product is observed and (b) the relative prominence of highly-rated products. For

example, the platform owner can choose both the number of search results displayed

for a given query and whether those search results are ordered according to ratings (i.e.

X, Y, Z) or randomly (e.g. Y, Z, X).

We �nd that there is a trade-o� inherent with choosing to positively weight the

observation probabilities according to a product's rating. On the one hand, there is

an incentive to bias the search process towards highly-rated sellers because doing so

increases the probability that buyers observe high quality sellers. Buyers also demand

more of the products sold by highly-rated sellers for a given set of prices, which im-

plies that matching buyers to these sellers increases expected pro�ts, if prices were

independent of the search process chosen by the platform owner.

However, making it more likely that highly-rated sellers are observed causes compe-
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tition to become more concentrated across the network. highly-rated sellers are more

likely to compete with each other than in the case where matches are random. This

�erce competition between a subset of the sellers in the network more than o�sets the

fact that sellers with a low rating are less likely to compete with one another. highly-

rated sellers have a lower price than is the case were matching random, and all sellers

on platform, including those with low ratings, respond by reducing their prices as well.

The optimal price-setting behaviour of sellers for a given network when sellers com-

pete à la di�erentiated Bertrand is examined in Chapter 1. There, we characterise

optimal price setting in terms of the sellers' Bonacich centrality in a secondary network

in which the strength of connection between sellers is determined by the probability

that they will competing for the same buyers once buyers and sellers are connected.

We use this di�erentiated Bertrand competition in a network framework to look at

a case in which the preferences of buyers are stochastic with respect to the intercept

term of their demand functions, capturing randomness in the valuation a set of buyers

has for a seller's product. Each intercept term is assume to be composed of a �quality�

component, which is re�ected in average ratings, and an idiosyncratic component, which

is not.

We examine the platform owner's optimal choice of information environment in

such a setting, which is assumed to take place prior to the realisation of the consumers'

preferences and therefore any rankings of the products on the platform. We also analyse

how changes in parameters in the model a�ect that optimal choice and how the relative

pro�tability of a purely ranking-based information environment compares to that as

the variances of the quality and idiosyncratic components of the valuation parameter

changes.

If products become less substituable, the concentration of competition e�ect reduces,
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increasing the pro�tability of information environments where buyers: (a) are more

likely to observe sellers in general and (b) are in particular more likely to observe

highly-rated products. Similarly, in a market where buyers are particularly sensitive to

quality, there is a greater incentive to ensure that they are matched with high quality

products. In such markets, the platform owner will increase the extent to which search

is biased towards high quality products.

We examine the pro�tability of an environment where search results are biased in

this way and compare it to the case where matches are random. The latter environment

yields more pro�t when buyers are not particularly sensitive to quality, as the cost

imposed by more concentrated competition outweighs any bene�t associated with high

quality matches.

Furthermore, as the variance of the component of the buyers' valuation that is

idiosyncratic increases, the bene�t of random match increases. Using ratings to bias

search increases the probability that buyers miss out on high quality matches with a

surplus largely composed of the buyer's idiosyncratic preference towards the product.

If buyer demand is su�ciently sensitive to quality, these e�ects are dominated by the

bene�ts associated with matching buyers to high quality sellers. Our analysis therefore

suggests that the nature of the market or markets that the platform hosts is crucial for

determining the extent to which ratings are used to rank products. In markets where

quality is a large driver in consumer demand, such as the hotel industry, ratings-based

search increases pro�ts. However, in markets driven largely by idiosyncratic demand,

such as arts and crafts, random match may be preferred.

Consumer surplus is increasing in the probability that a consumer segment observes

a seller and is decreasing in prices. As in Chapter 1, a benevolent central planner would

set the baseline probability that buyers observe sellers to 1, so every consumer segment
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would observe every seller, generating the lowest possible price vector.

We also characterise the conditions under which the central planner would prefer

the ratings-based environment over random matching. When the total probability of

observation between the two environments is the same, the ratings-based environment

is preferred because in expectation it creates higher-surplus matches and lower prices.

When the platform owner does not use product ratings to bias search results, therefore,

they likely do so at the expense of consumer welfare.

2.2 Literature review

Our modelling approach sits within the competition on networks framework, treatments

of which include Ballester, Calvò-Armengol and Zenou (2006) and Bramoullé, Kranton

and D'Amours (2014). Papers in this framework show the existence and nature of

equilibrium actions in a network context when players actions directly a�ect the payo�s

of players they are connected to. The games on network approach has been applied

to competition in markets in, for example, Elliott and Galleotti (2019) and Bimpikis,

Ehsani and Ilkiliç (2018).

There are a number of empirical studies that examine the e�ect of information

design on the structure of competition in networks. The most prevalent of these simply

attempt to capture the e�ect of product or seller ratings. For example, Chevalier and

Mayzlin (2006), Vana and Lambrecht (2020) and Fradkin, Grewal and Holtz (2017) all

examine the e�ect of ratings on demand on a range of online platforms, �nding that

ratings have a positive e�ect on demand, which validates our assumption that ratings

are a means of identifying high-quality or highly demand products.

A more pertinent empirical study to this paper is Dinerstein et al (2018). The
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authors estimate a model in which platform owners choose the probability that buyers

observe sellers on the basis of their price and quality. They assume that platform

owners aim to maximise consumer surplus, and �nd that increasing the probability

that low-price sellers are observed increases competition but reduces the probability

that consumers do not observe high quality products. This trade-o� is central to the

model the authors use to estimate the e�ect of a change in eBay's search algorithm.

They �nd that a reduction in posted prices is the result of observation probabilities

being driven by seller price.

The search on platforms literature considers the e�ect the determinants of search

have on the nature of competition. Choi, Dai and Kim (2018) analyse the case in which

oligopolists compete on prices when prices partly determine the probability of being

observed. In this context, a fall in search costs leads to a rise in prices because sellers

are less concerned about not being observed, since their price is too high. Armstrong,

Vickers and Zhou (2009) and Armstrong and Zhou (2011) show that search prominence

a�ects competition and prices, with more prominent sellers setting lower prices and less

prominent sellers setting higher prices, the overall e�ect being higher pro�ts.

Our result that there are potential ex-ante gains for the platform owner generated

by consumers observing high quality products shares features with the results found in

work analysing the incentive of monopolists to reveal information relating to consumer

valuations. Lewis and Sappington (1994) and Myatt and Johnson (2006) both show that

a monopolist either has an incentive to full reveal information or reveal no information

at all when the consumer is uninformed about their own preferences.

Recently, there been some analysis of the more speci�c problem of the incentive a

platform owner has to reveal information to sellers and buyers when both are initially

uninformed about buyer preferences. Armstrong and Zhou (2020) show that too much
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information revelation is potentially pro�t reducing ex ante, because it results in cases

where, ex post, sellers compete aggressively with one another because they are not suf-

�ciently di�erentiated. Elliott and Galleotti (2020) examine a case where the platform

owner knows consumer preferences and chooses what information to pass on to �rms,

allowing the authors to characterise the conditions under which the platform owner can

generate perfect segmentation.

The last two papers discussed �t into the wider Bayesian persuasion framework,

which was introduced in Kamenica and Gentzkow (2011). The Bayesian persuasion

literature examines how information revelation by one agent can be used to shape other

agent's or agents' equilibrium behaviour in order to maximise some payo�. Applications

of this framework to an industrial organisation context include Bergemann, Brooks, and

Morris (2015), which examines third-degree price discrimination in the case where the

�rm is uninformed but consumers are not and Chen and Zhang (2020). While the basic

nature of our analysis shares similarities with this class of problems, we examine the

case where an uninformed agent is able to choose, ex-ante, how information can be used

to shape the nature of the interaction between two, at least partially, informed agents.

2.3 The model

Suppose that there are a �nite number of consumer segments, each composed of po-

tentially a large but �nite number of buyers. Each buyer within a consumer segment

shares some trait, such as geographical location, age demographic, occupation etc. Call

the set of these consumer segments B and suppose that |B| = n. Let S be a �nite

set of sellers and where |S| = m. Sellers each sell a single type of completely divisible

good, and each seller's good is an imperfect substitute for each of the goods.
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Sellers and consumer segments interact on a platform. A consumer segment, i,

observes a seller j with probability wij, which is generated by an observation function

discussed below. The observation process generates a weighted network G = (B∪S,E),

where E is the set of weighted edges from S to B, where each consumer segment can

be thought of as a node in the graph G. G has an adjacency matrix, R, which is a

zero-diagonal matrix with components wij.

We will assume that the following ex-post demand function captures the demand of

a group of buyers i for a product j1:

xij(p) = b(a− pj) + θiγij +
m∑
k=1

c(pk − a). (2.1)

where a, b, c ∈ R+. We will suppose throughout that each γij is stochastic. More

speci�cally, assume that:

γij = γj +
1

θi
εij, .

where both γj and εij are random iid variables with continuous and symmetric distri-

bution supported on bounded intervals [γL, γH ] and [εL, εH ], with means γ̄ and 0 and

variances σ2
γ > 0 and σ2

ε ≥ 0 respectively. The �rst of these terms can be thought

of capturing the relative �quality� of product j, whereas the second captures the id-

iosyncratic value consumer i derives from j. Goods are therefore both vertically and

horizontally di�erentiated.

The parameter θi ∈ {θL, θH} then captures the extent to which consumer segment

i values quality relative to their idiosyncratic assessment of the good. We will assume

that all of the elements of the buyer's demand function, which are non-stochastic,

1While the settings in Chapters 1 and 2 are similar, there are di�erences in the notation used.
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including θi, are common knowledge. As in Chapter 1, we also assume that xij > 0,

which is guaranteed when b is su�ciently large, the conditions for which we discuss in

more detail below.

Once the value of each γij is realised, consumer segment i's ex-ante expected demand

function for a good j can be represented by E[xij(p, γij)] : Rm+1 → R:

E[xij(p)] = wij(b(a− pj) + θiγij +
m∑
k=1

c(pk − a)).

De�ne as j's expected demand function, E[xj(p,γj)] : Rm+n → R where γj is a n × 1

whose ith vector in the following way:

E[xj(p)] =
n∑
i=1

E[xij].

Then, assuming the marginal cost of each seller is zero, the pro�t function for seller j

is:

E[πj(p)] = pjE[xj(p)].

Sellers are assumed to observe the entire graph G: they observe the matrix of obser-

vation probabilities. On the basis of this observation, sellers choose their prices. A

seller, j, is assumed not to be able to price discriminate across buyers, and hence each

sets a single price pj ∈ R+. Sellers compete with one another on price, and set prices

simultaneously. Therefore each seller's maximisation problem can be expressed as:

max
pj

πj(pj, p_j; G).

Having characterised the game played by the sellers given the graph G, it is necessary
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to set out how G is determined. De�ne the rating of a product j as follows:

γ̂j :=

∑
γij
n

.

Ratings are then the averaging of the result of a process in which previous sets of buyer

reveal their intercept parameters. By the law of large numbers, as n → ∞, γ̂j →p γj.

We will assume throughout that n is su�ciently large such that γ̂j is very close to γj.

Having set out the demand function of the buyers, it is necessary to outline the

observation process of the buyers. We will assume that the probability that a buyer i

observes a seller j, wij, is determined in the following way:

wij(υ, κi) =


υ + κi(γ̂j −

∑
k γ̂k
m

) if υ + κi(γ̂j −
∑
k γ̂k
m

) ≤ 1

1 if υ + κi(γ̂j −
∑
k γ̂k
m

) > 1

, (2.2)

where υ ∈ R+ is the default probability that a consumer segment observes any of the

sellers and κi ∈ R is the weight the observation function of i places on above average

ratings. When κi > 0, if a product's rating is relatively high, the probability that they

will be observed is greater than a product with a lower than average rating.

Note that (2.2) implies that the expected observation probability is equal for each

seller, and the expected sum of every observation probability is also equal. Throughout

we will assume that m is su�ciently large such that
∑
k γ̂k
m

is within ε of γ̄ with high

probability, and for simplicity we will write the observation function as if
∑
k γ̂k
m

= γ̄.

Let κ represent an m × 1 whose ith component is κi. We de�ne Γ(υ,κ) as the

simultaneous move m-player game for the vectors υ and κ with payo�s as speci�ed in

(2.6) and strategy spaces R+. Section 2.4 will outline the equilibrium price vector for

a given Γ(υ,κ). Given the equilibrium price setting behaviour, the platform owner is
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assumed to choose υ,κ that maximise the following function:

π∗P = χ

m∑
j=1

π∗j .

We will assume throughout that the platform chooses υ and κ prior to the realisation

of the consumer preferences. Hence, the timing of the model can be summarised as

follows:

1. The platform owner chooses υ and the vector κ;

2. Buyer preferences are realised and the ratings vector γ̂ is thus realised;

3. The realisation of γ̂ generates a graph G;

4. Sellers set prices according to G.

In the next section we discuss the platform owner's choice of κ and υ in more detail.

2.4 Determining observation probabilities

Equation (2.2) in Section 2.3 de�nes an observation function that determines the prob-

ability that each consumer segment observes each seller. The platform owner's choice of

υ and κ then determines the structure of competition in the network: the more obser-

vation probabilities are a�ected by a seller's rating, the more competition among highly

valued sellers. This has implications for the competition structure of the network: com-

petition is more concentrated, with some sellers competing much more �ercely than in

a case where the observation function is una�ected by seller ratings, which (all else

equal) will lead to lower prices.
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We will largely restrict our analysis to the case where κi = κ for all i. In this case,

the probability that i observes j can be expressed:

wij(υ, κ) =


υ + κ(γ̂j − γ̄) if υ + κ(γ̂j − γ̄) ≤ 1

1 if υ + κ(γ̂j − γ̄) > 1

∀i. (2.3)

The probability that a buyer observes a seller j is increasing linearly in both the infor-

mativeness parameter υ and the di�erence between j's rating and the sellers' average

quality. Notice that wij = wlj for all i, l pairs, and it is therefore not possible for the

platform to di�erentiate between di�erent buyers in this setting.

In Section 6, we consider the case where the platform owner chooses the optimal

observation function, in the sense that they maximise their pro�t by choosing the

optimal level of υi and κi for a given set of model parameters. This captures the notion

of the platform owner being able to optimally bias their search process towards sellers

with high ratings.

In Section 7, the platform owner is unable to choose κ explicitly, due to e.g. technol-

ogy constraints, and instead faces an observation function with a �xed κ and is only able

to choose between making ratings public or not. If they make the information public,

the information environment is �ratings-based�, while if they do not, the environment is

said to be a �random match� environment. These two environments generate di�erent

structures for a given realisation of the rankings vector γ̂, as Figure 2.1 shows.
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Figure 2.1: Ratings-based and random match environments where the product quality
parameters are as follows: γ̂A > γ̂B > γ̂C . The thicker a line, the higher the probability
of observation.

The graph generated by the ratings-based environment is such that buyers are more

likely to observe highly-rated sellers, hence, highly-rated sellers are more likely to com-

pete with one another than they are with sellers with a lower rating. In contrast, in the

random match environment the probability of observation is the same for each buyer-

seller pair, which implies that competition is less concentrated. The concentration of

competition, as we will see, has an impact on the nature of competition and equilibrium

prices, which in turn a�ects network pro�ts.

2.5 The price setting equilibrium

To characterise the equilibrium price vector of the sellers competing in G, it should be

noted that buyers are not strategic agents in the game, and therefore it is possible to
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de�ne a network which is strategically equivalent to an original network G, but only

includes seller nodes. Such a network can be used to characterise the equilibrium of the

game Γ(υ,κ). De�ne:

αj :=
n∑
i=1

[wij(υ, κi)(ab+ θiγij)− ĉjk,

where:

ĉjk :=
n∑
k=1

n∑
i=1

acwij(υ, κi)wik(υ, κi).

Also, de�ne:

βj := a
n∑
i=1

wij(υ, κi).

Transforming the pro�t function in (2.6) to put it in terms of a seller-only network

yields the following payo� function for seller j:

πj(p) = pj(αj − βjpj +
m∑
k=1

ĉjkpk),

Rescaling (2.6) by 1/βi and multiplying by 1
2
generates the following:

π̃j(p) = pjα̃j −
1

2
p2
j +

m−1∑
k=1

c̃jkpjpk

where α̃j =
1
2
αj
βj

and c̃jk =
1
2
ĉjk
βj

. The maximisation problem maxpi π̃(pi) has the same

set of �rst-order conditions as the one which involves maximising a vector containing

the pro�t functions in (2.6). De�ne λ = max{c̃jk|j 6= k} and RS as a symmetric zero

diagonal matrix of a network GS with entries c̃jk
λ
. As in Chapter 2, this transformation
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yields a competition network, GS, which is a projection of G.

Let α̃ represent a m× 1 vector with element j equal to α̃j. To ensure that there is

a unique equilibrium in this setting, it is necessary to specify a condition under which

demands are all positive for any equilibrium. De�ne Zα̃ as follows:

Zα̃ := [I − λRC ]−1α̃L,

where RC is the adjacency matrix of the complete seller-only graph, with wij = 1 for

all i, j pairs and α̃L denotes the vector α̃ when θγij = θγL + εL for all i, j pairs.

Let γL denote the m×1 vector when the latter equality holds and Σ denote a m×m

matrix with each diagonal entry equal to b and each of its o�-diagonal components equal

to −c. It is clear that Σ(a − Zα̃) is increasing in b. Moreover, there exists a b̄ ∈ R+

such that if b > b̄, then Σ(a−Zα̃) + γL > 0.

De�ne Cα̃(GS, λ) := [I − λRS]−1α̃, which is the weighted transformed Bonacich

centrality measure of the network GS. The following proposition, which characterises

the equilibrium price vector then holds:

Proposition 2.1. Suppose that b > b̄. Then the game Γ(υ, κ) has a unique Nash

equilibrium in pure strategies, which is the equilibrium price vector:

p∗(υ,κ) = Cα̃(GS, λ) (2.4)

i� (I − λRS) is positive de�nite.

There exists a unique Nash equilibrium price vector for a game Γ(υ,κ) which is equal to

the Bonacich centrality of the sellers in the network GS multiplied by α̃, assuming that
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(I − λRS) is positive de�nite and at the equilibrium vector of prices, each consumer

demands a non-zero amount of each good.

The assumption after the �i�� statement in Proposition 2.1 guarantees that, for

whatever the structure of the graph G and the realisation of the set of intercept pa-

rameters, xij > 0 for all i, j pairs. Speci�cally, this assumption states that, even if

the graph structure results in the most competition possible (i.e. it is complete) and

demand is as low as possible, xij > 0. This guarantees the existence of an equilibrium.

De�ne Γc(υ, κ) as a game in which θL = θH = θ, (I − λRS) is diagonally dominant

and b > b̄. Also, de�ne:

ωj :=

∑n
i=1 wijγij
βj

.

Let ω denote a m× 1 vector whose jth component is ωj and, abusing notation slightly,

let C = C(GS, λ). Let E[p(υ,κ)] denote the expected price vector for υ and κ. Under

the assumption that there is no di�erence between types, it can be shown that equation

(2.4) in Proposition 2.1 can be written as follows:

E[p∗(υ, κ)] =
1

2
(a− E[C]a+ θE[Cω]), (2.5)

where a is the vector a1m. Hence, there exists a θ̄ ∈ R+ such that if θ < θ̄, then seller

j's expected price is decreasing in their weighted expected Bonacich centrality for all

j. Throughout, we will assume that θ < θ̄.
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2.6 Weighting ratings

We will examine the platform owner's choice of optimal observation function, where

the platform owner is able to optimise their payo� with respect to both the expected

observation probability (υ) and the extent to which the observation function is biased

towards highly-rated sellers (κ).

First, we will consider a case where the observation probabilities are of the form

speci�ed in (2.3). The probability that a buyer observes a seller j is increasing linearly

in both the informativeness parameter υ and the di�erence between j's rating and the

sellers' average quality. Notice that wij(υ, κ) = wlj(υ, κ) for all i, l pairs, and it is

therefore not possible for the platform to di�erentiate between di�erent buyers.

To understand some of the trade-o�s inherent in the platform owner's maximisation

problem, it is useful to suppose at �rst that the platform owner can only choose υ and

that κ is �xed at 0. The platform owner then solves the following problem:

maxυπ
∗
P (υ, κ).

An increase in υ has two e�ects on pro�ts. Increasing υ increases the probability that a

given buyer is observed increases expected sales, which increases pro�ts. However, there

is a cost to increasing υ: it results in there being a higher probability that buyers observe

more sellers, which creates more competition across the network. More competition

reduces demand for any one good and reduces prices, decreasing pro�ts as well.

To see the trade-o� the platform owner faces more formally, we will split the marginal

e�ect of υ into two parts. At the equilibrium value of υ, the marginal increase in pro�ts

associated with an increase in the probability that each buyer observes each seller can,

by the envelope theorem, be expressed as follows:
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MBυ = nχ
∑
j

E[p∗j(ba+ θγj − bp∗j)|wj ≤ 1],

where p∗j is seller j's price at the equilibrium. The expected marginal cost in terms of

increased competition can similarly be de�ned:

MCυ = χ
∑
j

E[
m∑
k=1

2υncp∗j(p
∗
k − a) +

m∑
l=1

m∑
k=1

[ĉkl
∂p∗k
∂υ

]p∗l |wj ≤ 1].

When κ = 0 and the solution is interior, the platform owner's pro�t is maximised when

the marginal bene�t and marginal cost sum to zero. The following proposition holds:

Proposition 2.2. Suppose κ = 0 and that the game Γc(υ, 0) is played after the platform

chooses υ. If there is not a unique solution to the platform owner's above maximisation

problem, then inf{maxυπ
∗
P (v, 0)} = 1. Otherwise, there exists a unique optimum, 0 <

ῡ < 1. Furthermore, ῡ is decreasing in c, and hence there exists a ϕ ∈ R+such that if

c > ϕ, then ῡ < 1.

Seller, j's equilibrium price is decreasing in their Bonacich centrality, which is convex in

υ. Hence, the marginal cost associated with increasing υ is convex, while the equivalent

marginal bene�t is linear. Hence, either a corner solution obtains (i.e. υ∗ = 1 is

a solution to the platform owner's optimisation problem) or there exists a solution,

where υ = ῡ < 1, which is a unique solution to that problem.

Increasing υ increases the level of competition in the network. If c is su�ciently

high, then products are so substituable that the platform owner is willing to forgo some

of the pro�t associated with buyers observing sellers for certain in order to increase

prices. This is a result that is consistent with that found in Chapter 1: the platform

owner faces a trade-o� between expected sales on the one hand and competition and
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lower prices on the other.

Now, consider the case where the platform owner chooses κ as well as υ. Increasing

κ has the e�ect of increasing the relative weight placed on j's rating when determining

the probability that j will be observed. De�ne the platform owner's pro�t maximisation

problem as follows:

maxκ,νπ
∗
P (υ, κ) (2.6)

Theorem 2.1 characterises the solution to this maximisation problem in terms of κ as

follows:

Theorem 2.1. Suppose ῡ < 1 and that the game Γc is played after the platform chooses

υ and κ. Then there exists a c̄ ∈ R+ where if c < c̄, then the �rst-order conditions

of the above maximisation problem are uniquely solved by the vector (υ∗, κ∗) such that

κ∗ > 0 and υ∗ < ῡ.

The assumption that c < c̄ guarantees that the platform owner's pro�t maximisation

problem is concave in κ and υ, and will be maintained throughout. Theorem 2.1 is a

result of a trade-o� the platform owner faces in making κ > 0. A positive κ∗ results

increases the probability that a high quality product is observed for a given level of υ.

Buyers demand more high quality products for a given price level. Hence, if they are

also more likely to observe those products, then the platform owner's pro�t is increasing

in the variance of the quality parameter, holding prices constant.

At the same time, κ∗ being greater than zero has implications for the structure

of competition on the network. It implies that highly-rated sellers are more likely

to be competing in more markets (ex-post) and are in particular more likely to be
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in competition with one another. Speci�cally, the higher κ, the more concentrated

competition is between highly-rated players. If the probability that a seller competes

with a set of sellers is high, then this has a disproportionately large e�ect on the prices

of the other sellers. In the model, this is the result of the fact that a seller j's centrality

in the graph GS is convex in the weight between j and k, ĉjk.

Intuitively, there being a-higher-than average probability that two sellers compete

with one another drives their own prices down, which propagates across the network.

Weighting the observation function by rating results in high quality sellers competing

with one another with relatively high probability, driving down prices. The e�ect of

concentrated competition is depicted in Figure 2.2.

Figure 2.2: The e�ect increasing κ above zero has on competition, where γ̂A > γ̂B > γ̂C .

Hence, the platform owner faces a trade-o� between increased revenue (holding prices

constant) resulting from buyers observing high quality sellers and the fact that increas-

ing the probability highly-rated sellers are observed increases competition. Assuming

the optimal network structure when κ = 0 is not just the complete graph (i.e. assuming
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ῡ < 1), then at κ∗ = 0, the bene�t of increasing the probability a high-quality seller is

observed outweighs the cost associated with more concentrated competition and hence

there is an incentive to set κ∗ > 0.

To see the bene�t of raising κ above 0 formally, it is useful to consider the marginal

bene�t of increasing κ on pro�t when κ = 0, de�ning this marginal bene�t in a similar

way to the way in which we de�ned MBυ above:

MBκ := χ
∑
j

E[(γ̂j − γ̄)(p∗j(ba+ θγj − bp∗j)|wj < 1].

When E[γ̂2
j ] > γ̄2 (i.e. when σγ > 0), MBκ > 0. As the marginal cost of increasing κ is

close to zero when κ = 0, it follows that κ∗ > 0.

When κ > 0, the marginal cost of increasing υ increases, while the marginal bene�t

remains constant. Hence, the optimal level of υ is falling in κ, which implies that

υ∗ < ῡ. Given that the platform owner's pro�ts are submodular in κ, ν, this is an

application of Le Chatelier's principle (Milgrom and Roberts, 1996). Setting κ∗ > 0

concentrates competition, and the platform owner therefore has an incentive to reduce

the baseline observability of every seller in the network to reduce competition.

Prices and comparative statics

The above analysis raises the question: what is the e�ect of κ being strictly positive on

prices? To illustrate the e�ect of biasing observation probabilities on prices, we simplify

the analysis by assuming that υ is �xed at the optimal point when κ = 0, ῡ. Then

suppose the platform owner chooses κ such that they solve the following problem:

maxκπP (ῡ, κ). (2.7)
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Given that ∂2πP (ῡ,κ)
∂2κ

< 0, the �rst-order condition ∂πP (ῡ,κ∗)
∂κ

= 0 de�nes a unique solution

to this problem, assuming ῡ = 0. Denote this solution κ̃. Then the following result

holds:

Proposition 2.3. Suppose υ is �xed at ῡ and the platform owner solves the maxκπP (ῡ, κ).

If ῡ < 1, then E[p(ῡ, 0)] < E[p(ῡ, κ̃)].

Increasing κ results in more concentrated competition in the network, reducing

expected prices for a given υ̃. High quality sellers are in competition with one another,

which increases competition and lowers prices. Even in the case where prices are lower

as a result of biasing buyer observations to high quality sellers, the platform owner is

willing to lower prices in order to increase the probability that higher quality sellers are

observed.

Let κ̃ again denote the solution to the platform owner's maximisation problem in

(2.7) when υ = ῡ < 1. The following results hold:

Proposition 2.4. If κ̃ denotes the unique solution to the platform owner's maximisa-

tion problem stated in (2.7) and ῡ < 1, then ∂κ̃
∂c
≤ 0 and ∂κ̃

∂θ
≥ 0 .

As the sellers' goods become more substituable, the cost of a given level of competitive

overlap between the sellers increases. Hence, as c increases, prices are lower for a given

level of κ. An increase in c increases the e�ect of the concentration in competition

implied by κ > 0. highly-rated sellers compete with one another with higher probability

when κ > 0, and the relative strength of this competition e�ect is increasing in product

substitutability.

As θ increases, the marginal bene�t of increasing κ also increases. This follows

because (a) ∂MBκ
∂θ

= χ
∑

j(γ̂j − γ̄)(γj) > 0 and (b) ∂pj
∂θ

> 0 by equation (2.5). It follows

that κ∗ is increasing in θ. Intuitively, as the extent to which buyers value quality
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increases, the value of matching buyers with high quality products also increases, which

implies that the optimal value of κ must rise.

The results thus far have considered the case in which the observation function is

the same for all buyers. We relax this assumption in the section below.

Heterogeneous consumer segments

Thus far, we have assumed that the observation function is the same for each group of

buyers. In this section we relax these assumptions, examining the e�ect doing so has

on the platform owner's choice of observation function.

First, assume that, rather than choosing a single parameter κ, the platform owner

chooses an observation function for both high-type buyers and low-type consumer seg-

ments. Recall that a seller for whom ai = aL is a low-type consumer segment and a

high-type segment is similarly de�ned. A high-type segment is more sensitive to quality

than a low-type segment.

Let i ∈ {L,H} denote a consumer segment's type, and let wLj denote the probability

that a low-type segment observes a seller j. We write the observation probability

function as follows:

wij(υ, κi) =


υ + κi(γ̂j − γ̄) if υ + κi(γ̂j − γ̄) ≤ 1

1 if υ + κi(γ̂j − γ̄) > 1

.

where κi ∈ {L,H}. We therefore allow the observation probabilities for a given seller

to di�er between types of consumer segments.

To illustrate the e�ect of introducing heterogeneous consumer segments, we suppose

that θH = θL + ε < θ̄, so that high-types only have slightly more demand for a given
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set of products. Under this assumption, it is clear that each seller's price continues to

be decreasing in their centrality. To simplify the problem further, we assume that υ is

�xed at some point such that υ = ῡ < 1.

Given the above assumptions, the platform owner's maximisation problem can be

expressed:

maxκL,κHπ
∗
P (κL, κH ;θ),

where θ = (θL, θH)T . The above maximisation problem has two �rst-order conditions

such that:

∂π∗P (κ∗L, κ
∗
H ;θ)

∂κi
= 0 for i = L,H.

The following proposition outlines the e�ect of an increase in θH on a solution to these

conditions, κ∗L and κ∗H :

Proposition 2.5. Suppose that ῡ < 1. Then
∂κ∗L
∂θH

< 0 and
∂κ∗H
∂θH

> 0.

As θH increases, the di�erence in demand for high quality products from high-type

and low-type consumer segments increases. Therefore, when θH increases, the plat-

form owner has an incentive to increase the probability that high-types observe those

products above the probability that low-types observe them by increasing κ∗H .

However, by increasing the probability that high quality sellers are observed, the

platform owner concentrates competition between high quality sellers. This has the

e�ect of reducing prices. To partially compensate for this price e�ect, the platform

owner has an incentive to reduce the probability that low-types observe high quality

sellers by reducing κ∗L.

In the pro�t-maximising solution, then, the platform owner is willing to sacri�ce
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high value matches for low-types in order to reduce the price e�ect associated with

increasing the probability that such matches take place for high-types. The optimal

graph resulting from this trade-o� is depicted in Figure 2.3.

Figure 2.3: The optimal graph structure where γ̂A > γ̂B > γ̂C . The letter on each buyer
group re�ects their type.

The probability that the high-type segment observes the high quality product, A, is

higher than for the same probability for low-types, who are less likely to observe A

than they would be had the high-type been a low-type instead. More generally, this

analysis implies that the platform owner has an incentive to ensure particular consumer

segments observe high quality products and other segments are far less likely to observe

these products, implying that consumer targeting is likely to be pro�table.

2.7 The pro�tability of matching environments

Section 6 outlined the trade-o�s faced by the platform owner when choosing the weight

to place on ratings in order to maximise pro�t. We consider a constrained decision

problem in which the platform owner chooses whether to make ratings public or not.
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In doing so, it is possible to further illustrate the trade-o� between matching and

concentrated competition found previously, as well as chracterise the e�ect an increase

in the idiosyncratic valuation variance has on the pro�tability of using ratings to shape

the observation process.

We conduct a pro�tability comparison between two environments with observation

functions of the form in (2.9), but with two di�erent sets of values for κ and υ: the

�random match� environment, where κ = 0, and another where κ = κ̄ > 0; the �ratings-

based� environment. We will assume throughout that θi = θ for all i.

Denote the platform owner's pro�t function πP (υ, 0; θ, σε, c). The pro�t generated

by the random match environment can be de�ned as follows:

πA(c, σε, θ) = maxυ∈R+πP (υ, 0; θ, σε, c).

De�ne argmaxυ∈R+πP (υ, 0; θ, σε, c) = ῡ. Then the pro�t generated by the ratings-based

environment can be de�ned:

πR(c, σε, θ) = πP (ῡ, κ̄; θ, σε, c).

The random match environment generates the maximum pro�t for the platform, con-

ditional on their only being able to choose υ when κ = 0. To make the comparison

between two environments as tractable as possible, we assume that the rating-based

environment is such that υ = ῡ and κ = κ̄. The baseline between the two environments

is therefore the same, but there is a �xed bias towards highly-rated products in the

ratings-based environment which is not present in the random match environment.

The preceding analysis draws out the relative costs and bene�ts associated with the

two information environments. A ratings-based environment results in buyers observing
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high quality sellers with a higher probability. However, such an environment results in

more concentrated competition between highly-rated players, resulting in lower prices.

The bias towards highly-rated sellers also increases the probability that a high-surplus

match generated by a high idiosyncratic valuation is missed, as it increases the prob-

ability that a relatively lowly-rated seller is not observed by a buyer that values their

product relatively highly.

A �random match� environment, in contrast, results in observation probabilities

being equal across the network. This implies that the competition e�ect associated

with one set of sellers being more central than others is not present. However, such

a structure results in a lower probability of buyers observing a highly-ranked product,

which reduces pro�ts, all else equal.

To make a pro�tability comparison between the two environments meaningful, we

will assume that there exists some θ∗ such that both: (a) ῡ(θ∗) < 1 and; (b) it is the

case that κ̄ is the optimal κ when θ = θ∗ and υ = ῡ. That is, θ∗ satis�es the following

expression:

argmaxκ∈R+πP (κ, ῡ; θ∗, σε, c) = κ̄. (2.8)

That is, when θ = θ∗, κ̄ is the unique solution to the platform owner's optimisation

problem if they were able to choose κ. We are therefore assuming that the vector (ῡ, κ̄)
′

will be the unique solution to the unconstrained maximisation problem of the platform

for some value of θ, θ∗. This is reasonable in that the platform owner's pro�t function

is concave in κ, which implies that if υ = ῡ(θ∗) < 1, then there exists some κ that

uniquely maximises the platform owner's pro�t by Theorem 2.1. De�ne:
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πR(c, σε, θ)− πA(c, σε, θ) := π̃(c, σε, θ).

We can use the preceding analysis to establish for what values of θ, if any, the random-

match environment is preferred to the ratings-based environment. Theorem 2.2 shows

that there are cases where not making ratings public (and therefore generating the

random match environment) is preferred by the platform owner:

Theorem 2.2. Suppose that σε = 0 and that Γc(υ, κ) is played in both environments.

Then for a given κ̄ there exists an θ̃ ∈ R+ such that: if θ > θ̃ then π̃(c, σε, θ) < 0; if

θ < θ̃, then π̃(c, σε, θ) > 0; and if θ = θ̃ then π̃(c, σε, θ) = 0.

Intuitively, Theorem 2.2 states that if κ̄ is relatively large when θ is near zero then the

concentration in competition associated with the ratings-based environment results in

pro�t being lower than in the random match environment. When κ̄ is large, relatively

small di�erences in ratings result in large di�erences in observation probability, which

has the e�ect of increasing competition, reducing the pro�t of the platform owner.

As θ increases, the value of matching a buyer with a high quality seller increases,

which means that the incentive to bias the observation function to high quality products

increases. The rating-based environment thus becomes more attractive to the platform

owner. There is a point for a given κ̄, θ̃, at which the two environments yield the same

pay-o�. If θ > θ̃, then the optimal κ at θ is larger than κ̄, and the platform owner

always strictly prefers the pro�t associated with the rating-based environment.

Proposition 2.6 considers the e�ect of changes to c and θ:

Proposition 2.6. Suppose that c < c
′
and θ < θ

′
< θ̃(κ̄). Then π̃(c, σε, θ) ≥ π̃(c

′
, σε, θ)
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and π̃(c, σε, θ
′
) ≥ π̃(c, σε, θ).

As goods become less substituable, the cost of the more concentrated competition

associated with the ratings-based environment decreases, implying that the pro�t from

that environment increases more than the pro�t from the random match environment.

The same is true of a change in how sensitive buyers are to changes in quality:

as buyers value quality more, the higher the bene�t associated with increasing the

probability of buyers observing high-quality sellers. This implies that a ratings-based

environment becomes more pro�table relative to the random match environment, where

high quality products are no more likely to be observed than low quality products.

An increase in σε, however, has the e�ect of increasing the pro�t of the random

match environment relative to the ratings-based environment.

Proposition 2.7. Suppose that σε < σ
′
ε and 1−v̄

κ̄
< (γH − γ̄). Then π̃(c, σε, θ) <

π̃(c, σ
′
ε, θ).

As j's price and i's demand is increasing in εij, j's expected pro�t is convex in εij,

a result consistent with Myatt and Johnson (2006). Thus, when the additional pro�t

generated from a positive realisation of εij is greater than the loss in pro�t associated

with a negative realisation of εij.

When κ > 0, the sum of the expected sum of the observation probabilities for

any one consumer segment is smaller than the sum of the probabilities for κ = 0,

assuming that v̄ > 1− κ̄(γH − γ̄). As the distribution is symmetric, if a seller's quality

is su�ciently large, then they will be observed with probability 1, but, clearly their

observation probability cannot increase above that.

Given the assumption on 1−v̄
κ̄
, increasing κ from 0 to κ̄ does not reduce the prob-

ability of observing any low-quality seller to 0. Hence, the total sum of observation
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probabilities is lower in the ratings-based environment than in the random match en-

vironment. This implies that by biasing observation towards high quality sellers, the

platform owner increases the probability of missing out matching a consumer segment

with a product that is a high-value idiosyncratic match.

The result in Proposition 2.7 then captures the notion that introducing ratings may

result in buyers being less likely to observe (or pay attention to) lower rated products,

resulting in them observing fewer products overall. As σε increases, the reduction in the

expected number of products observed by consumer segments is more costly because

the probability of missing a high-value match also increases.

The preceding discussion is summarised in Figure 2.4 below. Figure 2.4 depicts

the point at which π̃(c, σ
′
ε, θ) = 0 for given values of θ and σε. As θ increases, the

idiosyncratic variance in preferences required for the platform to be indi�erent between

the environments increases, as the rating environment becomes increasingly attractive

to the platform owner.

Figure 2.4: Isopro�t lines where π̃(c, σ
′
ε, θ) = 0 and c3 > c2 > c1. The ratings-based

environment is preferred at points below the relevant line.
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2.8 Consumer welfare

Thus far we have analysed the extent to which biasing the search process towards high

quality sellers increases pro�ts. We now consider consumer welfare by assessing the

e�ect of changes to the matching environment on consumer surplus. We de�ne i's

consumer surplus as follows:

E[CSi(x
∗
i ;p

∗)] =
m∑
j=1

1

2
E[x∗ij(a+

θ

b
(γij) +

m∑
k=1

c

b
wik(p

∗
k − a)]− p∗j)].

De�ne
∑

iCSi(x
∗
i ;p

∗)] = CS(x∗;p∗(υ, κ)), where x∗ is an n × m matrix whose ijth

component is x∗ij. Suppose that κ = 0, that the observation probabilities of the con-

sumer segments take the form in equation (2.3) and a central planner chooses υ in order

to maximise total consumer surplus. The central planner's maximisation problem can

thus be stated:

maxυCS(x∗;p∗(υ, 0)).

The following proposition holds:

Proposition 2.8. Suppose the game Γc(υ
∗, 0) is played after the central planner chooses

υ∗. Any υ ≥ 1 is a solution to the central planner's above maximisation problem. There-

fore, E[wij] = 1 for all i, j pairs.

As in Chapter 1, increasing an observation probability wij increases consumer sur-

plus because it both increases the probability of surplus-increasing sales and reduces

prices across the network. The platform owner therefore harms consumer surplus if

they reduce υ below 1, which they may have an incentive to do in order to increase

prices.
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Now, consider the case in which the central planner chooses between the two obser-

vation environments outlined in Section 7. Recall that the random match environment

is one in which κ = 0 and υ = ῡ, while in the ratings-based environment observation is

biased towards highly-rated sellers. De�ne:

C̃S(ῡ, κ̄) = CS(x∗;p∗(ῡ, κ̄))− CS(x∗;p∗(ῡ, 0)).

Theorem 2.3 compares the two observational environments in terms of their e�ect on

consumer welfare:

Theorem 2.3. If 1− κ̄(γH− γ̄) > ῡ and Γc(υ
∗, κi) is played in both environments, then

C̃S(ῡ, κ̄) > 0.

As discussed above, increasing κ imposes a cost on the platform owner in that it concen-

trates competition and reduces price. For the central planner, however, the price e�ect

does not represent a cost but rather an additional bene�t associated with increasing

the probability that high quality sellers are observed. The ratings-based environment is

unambiguously associated with lower expected prices and a higher probability of high

quality matches than the random match environment, assuming that 1− κ̄(γH− γ̄) > ῡ,

both of which yield higher expected consumer surplus.

The ratings-based environment is therefore always preferred to the random match

environment by the central planner. In contrast, we have shown that the platform owner

may prefer the random match environment if θ is su�ciently low, because the lower

prices associated with the ratings-based environment are detrimental to �rm pro�ts.
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2.9 Discussion

The analysis in Sections 2.6 and 2.7 helps explain why online platform use ratings

di�erently to determine which sellers are more likely to be observed by buyers. In

general, the platform owner faces a trade-o� between increased competition and lower

expected prices on the one hand and an increase in pro�ts due to matching on the other.

Our analysis suggests that the extent to which the platform owner has an incentive to

bias their search process towards highly-rated sellers depends on the nature of the goods

being sold on the platform.

As products become more substitutable, the cost imposed by the concentrated levels

of competition imposed by the observation function being dependent on seller ratings

increases. This would imply that platforms selling products that are relatively substi-

tutable are less likely to use ratings to determine the probability buyers observe prod-

ucts. Platforms wholly or largely selling products like groceries, second-hand books,

electronics and clothing, for example, would then be less likely to use ratings as promi-

nently in their search processes as platforms selling products like arts and crafts, where

products are generally less substitutable.

The analysis in Section 2.6 also suggests that when buyers value product quality

more highly, the platform owner has a larger incentive to ensure that their search process

is biased towards high quality sellers. Doing so ensures that high quality matches are

missed with lower probability. Hence, platforms o�ering products that have high degrees

of quality di�erentiation are likely to bias their search results more towards high quality

products.

Our analysis in Section 2.7 allows us to consider how the type of products o�ered

on a platform can a�ect the relative pro�tability of the two information environments
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being analysed. Markets for di�erent products are assessed in terms of the extent to

which buyers value quality and the variance of the idiosyncratic preferences that buyers

have for them in Figure 2.5.

Figure 2.5: A comparison of di�erent types of markets according to their values of
importance of quality and the variance in idiosyncratic preferences

When platforms o�er (or predominately o�er) products with low values of θ, the concen-

trated competition e�ect identi�ed in Section 2.6, whereby using ratings to determine

observation probabilities increases the e�ective level of competition across the market,

dominates. When the ex-post di�erence between the valuations of the sellers is low, the

expected reduction in prices associated with biasing observation towards high-quality

sellers outweighs any potential bene�ts associated with the ratings-based environment,

which implies that it is relatively less pro�table than the random match environment.

For products that have high idiosyncratic variance but relatively low expected di�er-

ences in quality, the random match environment is relatively more pro�table than the
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ratings-based environment. This is because there is an increasing probability of high-

surplus matches driven by the convexity of the pro�t function. On the other hand, the

relative pro�t associated with high-quality sellers being observed with a high probabil-

ity increases as σγ increases, as a result of the same convexity in pro�t function. Hence,

in such environments, the ratings-based environment would be more pro�table.

These results are summarised in Figure 2.6, which depicts the isopro�t curve along

which the two information environments yield equal pro�t, which is upward sloping and

concave in σε − θ space.

Figure 2.6: A comparison of the random match and ratings-based environments: for
any market above the solid line, pro�ts are higher in the ratings-based environments.

Figure 2.6 makes clear that platforms that (largely) host markets where product quality

is less important to consumers should use an information environment that weights

ratings less than platforms where product quality is more important to consumers. It

is possible to approximate the positions of real-life platforms within the space shown in
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Figure 2.6, which is shown in Figure 2.7.

Figure 2.7: A comparison of the random match and ratings-based environments. For
any market above the solid line, pro�ts are higher in the ratings-based environments.

There are few studies that speci�cally examine the e�ect ratings have on the probability

that buyers observe sellers have on these platforms. Much of the previous analysis

relating to this topic �nds that buyers are more likely to buy from highly-rated sellers.

For example, Luca (2016) �nds that an increase of 1 star on Yelp.com increases demand

by 5-9%. Similarly, Ögut and Tas (2009) �nd that increases in customer ratings increase

demand for hotel rooms in Paris and London.

These �ndings are often interpreted as capturing the e�ect that ratings have on

in�uencing buyer valuations - a higher rating reveals information about the sellers on

the platform, which in turn increases demand. It is likely that at least some of the

e�ect of ratings captured by the empirical studies above is the result of the e�ect on

consumer valuations. However, it is also clear that platforms use seller ratings as a
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part of their search process. If buyers are more likely to observe products, sales are

more likely. The size of this e�ect, and the role it plays in determining competition, is

relatively unexplored in the literature.

Our analysis generates several predictions that would be worthwhile exploring em-

pirically:

1. Platforms selling products where perceived or actual quality is more important

will use ratings as a larger component of their search process;

2. Platforms selling products with high idiosyncratic variance will use ratings as a

smaller component of their search process;

3. Revealing product rankings may reduce prices within given platform or market;

4. Platforms selling relatively homogeneous products will use ratings as a smaller

component of their search process.

There are to the author's knowledge no empirical studies that speci�cally examine

these questions directly, and they would be important questions to consider in future

empirical research.

2.10 Conclusion

The aim of this paper has been to examine the e�ect of using seller ratings to determine

the probability that groups of sellers observe buyers on a large platform. If seller ratings

are used to order search results on large platforms, then they determine which sellers are

more likely to be observed, and therefore the structure of competition on the network.

Empirical evidence makes clear that there the extent to which seller ratings are used to
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order search results di�ers considerably between platforms, and the aim of our analysis

is to understand what drives these di�erences.

Our analysis indicates that there is a clear trade-o� that the platform owner faces

when using seller ratings to order search results. Increasing the extent to which sellers

that are highly-rated are observed by buyers is potentially pro�t increasing because

buyers are more likely to be matched with a high quality product, increasing willingness

to pay.

At the same time, biasing search towards highly-rated sellers has the e�ect of concen-

trating competition among those sellers, which results in lower expected prices across

the network. The platform owner resolves this trade-o� in the case where they can

freely choose the extent to which they bias their search results by limiting the use of

ratings in the search process. As products become more substitutable, or consumers

become less sensitive to product quality, the platform owner has an incentive to reduce

the extent to which the search process is biased towards highly-rated products.

We also examine the case in which the platform owner chooses between an environ-

ment where they can either make ratings public or not. If they do so, then highly-rated

sellers are more likely to be observed, but not necessarily in an optimal way: for ex-

ample, the search process may be too biased towards highly-rated sellers, increasing

competition and lowering prices. If the platform does not make ratings public, then

consumers are less likely to observe high quality products, but competition is less con-

centrated.

If the variance of the idiosyncratic component of the buyers' valuation is large

enough, then an environment where. matches are random is preferred because the

cost associated with missing highly valuable matches driven by idiosyncratic preference

gets larger. If the buyers' sensitivity is su�ciently high, the idiosyncratic match e�ect
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and the the reduction in prices due to concentrated competition are outweighed by the

bene�ts of matching buyers to high quality sellers. Platforms in markets where buyers

particularly value quality therefore have a greater incentive to reveal product ratings

than in other markets.

Our analysis suggests that whether large, online platforms use seller ratings in their

search process depends upon the characteristics of the market or markets they host.

Markets that provide goods that are more tailored towards individual preferences, like

arts and crafts, may be less willing to reveal ratings, or use them prominently in their

search process, than in markets where buyer demand is sensitive to quality, like the

hotel sector.

We show that it is optimal in some cases (e.g. when product substitutability is

high) for the platform owner to choose random matching over the ratings-based en-

vironment, even when the expected number of sellers observed by consumers is the

same in both cases. Consumers are always better o� in the ratings-based environment,

as in expectation prices are lower and matches have higher surplus than when match-

ing is random. The platform owner's incentive to maintain high prices by choosing the

random matching environment is therefore potentially detrimental to consumer welfare.
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Appendix

Proof of Proposition 2.1

The proof of Proposition 2.1 follows directly from the proof of Theorem 1.1 in Chapter

1, noting that the assumption that b > b̄ guarantees that xij > 0 if wij > 0 in the same

way that a > ā does in that chapter.

Proof of equation (2.5)

Recall that:

p∗(v,κ) = Cα̃(GS, λ)

and:

αj =
n∑
i=1

[abwij(υ, κi) + wijθiγij]− ĉjk.

Hence:

E[Cα̃(GS̄, λ)] = E[
1

2

∞∑
k=0

λkRk
S(a+ θω) −

∞∑
k=1

λkRk
Sa].

The equality holds because each εij is independent of Rk
S for all k, and hence E[Rk

Sεij] =

0 for all i, j, k.

E[Cα̃(GS̄, λ)] = E[
1

2
a− 1

2

∞∑
k=0

λkRk
S̄γ +

∞∑
k=0

λkRk
Sθγ].

The last equality implies the result.
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Proof of Proposition 2.2

Note that the ijth entry in the centrality matrix C(GS,λ) is equal to
∑

l λ
lr

[l]
ij (GS),

where r[l]
ij (GS) measures the weighted paths of length l that start at node i and end at

node j. If κ = 0, then Cj(GS,λ) can be written as follows:

E[Cj(GS, λ)] =
∞∑
k=0

(
c

b
v(m− 1))k (2.9)

Each expected centrality is convex in υ, as E[Cj(GS, λ)]υυ > 0. As the expected equi-

librium price vector is decreasing in the expected centrality of each seller j, this implies

that the expected price vector is strictly concave in υ. Hence, if the solution of the

�rst-order conditions of the platform owner's pro�t maximisation problem is interior,

it represents a unique, global optimum, where 0 < υ∗ < 1. If there is a corner solution,

then any value of υ that results in wij = 1 for all i, j is optimal, which is just any υ ≥ 1,

which implies that inf{maxυπ∗P (v, 0)} = 1.

It is clear from (9) that the absolute value of the derivative ∂pj
∂υ

is increasing in c.

Furthermore, the expression 2υncp∗j(p
∗
k−a), which is a component of the marginal cost

of increasing υ in the main text is also increasing in c. It follows that there exists a

ϕ ∈ R+ such that if c > ϕ, then ῡ < 1.

Proof of Theorem 2.1

Note that the centrality matrix of GS can be written:

C(GS, λ) =
∞∑
k=0

λkRk
S.

Noting that given the assumptions on the observation probabilities, wik = wk for all i,
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then:

E[c̃jk] = cE[
nwkwj
nwj

] = cE[wk],

which follows from the fact that E[wkwj] = E[wk]E[wj], from the assumption that γj, γk

are independent. Hence, an element of the kth column of the matrix R3
S, r

3
k is a function

of w2
jwk. Noting that the expected price vector is described by (2.5) and that:

wj = υ + κ(γ̂j − γ̄),

then the second derivative of the weighted centrality with respect to κ is always positive.

Consider the Hessian of the centrality of j:

H =

 ∂Cj
∂υ∂υ

∂Cj
∂υ∂κ

∂Cj
∂κ∂υ

∂Cj
∂κ∂κ

 .
Note that the expected adjacency matrix, E[Rn

S] where n ≥ 1 includes a term that is

a function of υn. Hence, ∂Cj
∂υ∂υ

features positive terms that are a function of c. This is

not the case for the other components of H, which only have positive terms which are

functions of cn where n ≥ 3. Hence, if c is su�ciently small, ∂Cj
∂υ∂υ

∂Cj
∂κ∂κ

>
∂Cj
∂υ∂κ

∂Cj
∂κ∂υ

for

all values of υ and κ and hence |H| > 0. This implies that the then centrality vector

C(GS, λ)1 is convex in κ, υ, which implies that the platform owner's pro�t maximisation

function is concave in (υ, κ). Thus, there exists a c̄ such that if c < c̄, then if there

exists a interior solution to the platform owner's maximisation problem, then it is a

unique, global optimum.

Note that seller j's pro�t function is twice di�erentiable and continuous, and |H| <

0. Hence, E[pj(υ, κ)] exists and is continuously di�erentiable, by the implicit function

theorem. As per Milgrom and Segal (2002), these are jointly su�cient conditions for
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the envelope theorem to apply, and thus dπP (υ∗,κ∗)
dκ

= ∂πP (υ∗,κ∗)
∂κ

.

To see that for any solution to the platform owner's maximisation problem it must

be the case that κ∗ > 0 when ῡ < 1, consider the fact that the expected marginal

bene�t, which we de�ne as the �rst term of the summation inside the above expectation,

associated with an increase in κ can be stated, by the envelope theorem, as follows:

E[MBκ] =
∑
j

E[n(γ̂j − γ̄)(p∗j(ba+ θγj − bp∗j))|0 ≤ wij ≤ 1] (2.10)

If ῡ < 1 and σy > 0 then the expected marginal bene�t of increasing κ is strictly positive

when κ = 0, as E(θ(γ̂2
j )] > E[θ(γ̂j γ̄)] because E[γ̂2

j ] > γ̄2. The expected marginal cost

associated with increasing κ is as follows:

E[MCκ] = E[
m∑
k=1

(
m∑
j=1

∂ĉjk
∂κ

p∗j(p
∗
k − a) +

m∑
l=1

[ĉkl
∂p∗k
∂κ

]p∗l )|0 ≤ wij ≤ 1] = 0. (2.11)

Both ∂Eĉjk
∂κ
|κ=0 and ∂Ep∗k

∂κ
|κ=0 equal zero. To see this, note that E[ĉjk] = E[(υ + κ(γj −

γ̄))(υ + κ(γk − γ̄))] and, as E[γj-γ̄] = 0 and γj,γk are independent, it follows that for

∂Eĉjk
∂κ

to be non-zero, it must a�ect the total probability that both k and j are observed,

and it does not do so at κ = 0 and ῡ < 1.

We can also show that ∂Ep∗k
∂κ
|κ=0 = 0. By the analysis above, any entry of the expected

centrality matrix that is a function of κ is a function of κn where n ≥ 2. This follows

as only entries that are functions of E[γ̂nj ] where n ≥ 2 are functions of κ, and such

entries are also functions of κn.

As E[MBκ|κ = 0] > 0 and E[MCκ|κ = κ̄] = 0, it follows that κ∗ > 0 as required.

To see that υ∗ < ῡ, note that for n > 4, there exists a least one entry, rn, of
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the matrix Rn
S which is a function of υwjw2

k. Hence, if κ > 0, the marginal cost of

increasing υ at ῡ is larger than when κ = 0. It follows that the υ that solves the

�rst-order condition in (2.16) is decreasing in κ∗. Alternatively, notice that the game

is submodular in υ and κ. When σγ = 0, the vector (0, v̄)
′
is an optimum. Hence, if

σγ > 0, then, by Theorem 2 of Milgrom and Roberts (1996), it must be the case that

v∗ < v̄. This is then an application of the global Le Chatelier's principle.

Proof of Proposition 2.3

From the results of Theorem 2.1, we know that if ῡ < 1, then E[MBκ|κ = 0] > 0 and

E[MCκ|κ = 0] = 0 if σγ > 0. Hence κ̃ > 0. From the functional form of E[Cj(υ, κ̃)], it

is clear that E[Cj(υ, κ̃)] > E[Cj(υ, 0)], which implies the result.

Proof of Proposition 2.4

Consider the �rst-order condition of the platform owner's problem maxκ,νπ∗P (v̄, κ),

which we express as follows:

πκ :=
∂πP (κ̃; θ, c)

∂κ
= 0.

By the implicit function theorem:

∂κ̃

∂θ
= −πκθ

πκκ
.

To �nd the sign of πκθ, we inspect (2.10) and (2.11) and note that these expression

are equal at κ̃. By (2.10), E[MBκ] is clearly increasing linearly in θ. Furthermore,

∂pi(υ,κ)
∂θ

> 0 for all i, which implies that E[MCκ] is increasing in θ as well. Therefore,
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πκθ > 0 . As κ̃ is a maximum, πκκ < 0. Hence ∂κ̃
∂θ
> 0. Noting that πκc < 0, then by

similar reasoning, ∂κ̃
∂c
< 0.

Proof of Proposition 2.5

As θH = θL + ε < θ̄ by assumption, ∂E[p∗]
∂E[C(GS ,λ)

< 0. Denote the �rst-order conditions of

the platform owner's maximisation problem as follows:

πL :=
∂πP (κ∗L, κ

∗
H ;θ)

∂κL
= 0,

and:

πH :=
∂πP (κ∗L, κ

∗
H ;θ)

∂κH
= 0.

These two �rst-order conditions provide a mapping from R4 → R2. Denote the Hessian

of the platform owner's maximisation problem as follows:

H =

 πHH πHL

πLH πLL

 .
At any maximum (κ∗L, κ

∗
H) of the platform's �rst-order condition, |H| > 0. It is clear

from equations (2.10) and (2.11) that:

∂πL
∂θH

= 0,

and:

∂πH
∂θH

> 0.
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By the implicit function theorem:

H−1

 ∂πH
∂θH

∂πL
∂θH

 =

 ∂κ∗H
∂θH

∂κ∗L
∂θH

 .
Therefore:

− 1

|H|

 πLL −πLH

−πHL πHH


 ∂πH

∂θH

∂πL
∂θH

 =

 ∂κ∗H
∂θH

∂κ∗L
∂θH

 .
It follows from the above expression that ∂κ∗H

∂θH
> 0 and ∂κ∗L

∂θH
< 0.

Proof of Theorem 2.2

First, it is necessary to check that the function π̃(c, σε, θ) is continuous in θ. To see

this, recall that a seller j solves the problem:

π∗j (υ, κ) = maxp∈R+πj(p).

Hence, if the conditions of the envelope theorem are met, we know that the following

condition holds:

dπA(c, σε, θ)

dθ
= χ

∑
j

∂E[π∗j ]

∂θ
,

with the equivalent result holding for πR. By inspection, πA and πR are then linear in

θ, and hence both pro�t functions are continuous in θ. It follows that π̃(c, σε, θ) is a

continuous function in θ as well.

Next, we show that π̃(c, σε, θ) is an increasing function on θ ∈ [0, θ∗]. Note �rst that

when θ = 0, κ∗ = 0, which follows from the fact that:
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E[MBκ] =
∑
j

E[n(γ̂j − γ̄)(p∗j(ba+ θγj − bp∗j))|0 ≤ wij ≤ 1] = 0

when θ = 0 and E[MCκ|υ = ῡ] > 0. This then implies that there exists a value

of θ such that π̃(c, σε, θ) < 0. This is because κ = 0 satis�es the condition that

E[MBκ|κ = 0] = E[MCκ|κ = 0] = 0 when θ = 0.

Consider an increase in θ from 0. We can show that ∂πR
∂θ

> ∂πA
∂θ

if σγ > 0. To see

this, note that for all j the following expression holds:

∂E[π∗j |κ = κi]

∂θ
= E[p∗j((ῡ + κI(γj − γ̄)γj +

m∑
k=1

ĉjk
∂E[p∗k|κ = κi]

∂θ
)]|0 ≤ wij ≤ 1], (2.12)

where κA = 0 and κR = κ̄. As σγ > 0, the �rst term is greater when κ = κ̄ than when

κ = 0.

Now consider the second term in (2.12) and note that ∂E[p∗k|κ=κi]

∂θ
=E[C(ῡ, κi)ω|κ =

κi]. When κ = 0 the vector ω and the matrix C are independent, as a seller's centrality

is independent of the realisation of each γj. Hence:

E[C(ῡ, 0)ω|κ = 0] = E[C(ῡ, 0)]E[ω].

However, in the case where κ = κ̄ > 0, cov(E[C(ῡ, κ̄),ω) > 0. This follows from the fact

that each entry of the adjacency matrix, RS can be expressed ĉjk = ῡ+κ̄(γk−γ̄) and thus

C(ῡ, κ̄) is a function of γnj for all j and n ∈ [1,∞]. Hence, E[Cω|κ = κ̄] > E[Cω|κ = 0].

It follows that ∂πR
∂θ

> ∂πA
∂θ

. It follows that θ∗ > 0.

By assumption, πR(c, σε, θ
∗) is equal to the result of an unconstrained maximisation

problem where the platform owner freely chooses κ when θ = θ∗ and υ = ῡ. Given that

the platform is also free to set κ = 0 and υ = v̄(θ∗), but chooses not to, it follows that
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πR(c, σε, θ
∗) > πA(c, σε, θ

∗). Therefore π̃(c, σε, θ
∗) > 0. π̃(c, σε, θ) is thus continuous in

θ and takes the value π̃(c, σε, θ) > 0 and π̃(c, σε, θ) < 0. By the intermediate value

theorem, there exists an 0 < θ < θ∗ such that π̃(c, σε, θ) = 0.

Proof of Proposition 2.6

The fact that ∂πR
∂θ

> ∂πA
∂θ

is proven in the proof of Theorem 2.2 above. This directly

implies π̃(c, σε, θ
′
) ≥ π̃(c, σε, θ).

Now, let κA denote the value of κ for the random match environment and κR denote

the value of κ for the ratings-based environment. By the envelope theorem the e�ect

of c increasing on pro�t can be expressed:

∂E[πP |κ = κi]

∂c
= χE[

m∑
j=1

m∑
k=1

∂ĉjk
∂c

p∗j(p
∗
k − a) +

m∑
l=1

m∑
k=1

(ĉkl
∂E[p∗k|κi]

∂c
]p∗l )].

Recall that υR = υA = ῡ, but κ̄R > 0 and κ̄A = 0. As |∂E[p
∗
k]

∂c∂κ
| > 0, it follows that:

|∂E[p
∗
k|κ = κ̄]

∂c
| > |∂E[p

∗
k|κ = 0]

∂c
|

which implies the �rst result in the proposition.

Proof of Proposition 2.7

Recall that γij = θ(γj + 1
θ
)εij. As εij and γj are independent, εij does not a�ect the

centrality vector of the graph generated by v, κ for all i and j. Hence:

∂p∗(υ, κ)

∂εij
=

∂α̃

∂εij
> 0.
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Given the de�nition of α̃, it is clear that this expression is postie and does not include

εij, and hence p∗(υ, κ) is linear in each εij. Consider the pro�t function of a seller j:

πj(p) = pj(υ, κ; εij)(αj(εij)− βjpj(υ, κ; εij) +
m∑
k=1

ĉjkpk(υ, κ; εik), (2.13)

Each seller's pro�t, and therefore the platform owner's pro�t, is thus increasing in

σ2
ε = Eε2ij, as the platform owner's expected pro�t is equal to χ

∑
j E[πj(p)].

Note that
∑

j E[wj|κ = κ̄] ≤
∑

j E[wj|κ = 0] when κ̄ > 0, and 1−v̄
κ̄
< (γH− γ̄). Note

that as observation probabilities are bounded at 1, implying that:

E[wj|κ = κ̄] = v̄ +

∫
κ̄(γj − γ̄)ξ(γj)dγj = v̄ +

∫ X

γL

κ̄(γj − γ̄)ξ(γj)dγj

Where X < γH solves the expression v̄ + κ̄(X − γ̄) = 1 and ξ(γj) is the probability

density function of γj. It follows that the �nal part of the summation is negative, thus:

E[wj|κ = κ̄] < ῡ = E[wj|κ = 0].

From (2.13) and the de�nition of α, it is clear that:

∂E[πj(p)]

∂σε∂wj
> 0.

Assuming then that 1−v̄
κ̄

< (γH − γ̄), it follows that: π(c, σ
′
ε, σγ, 0) − π(c, σε, σγ, 0) >

π(c, σε, σγ, κ̄)− π(c, σ
′
ε, σγ, κ̄).

Proof of Proposition 2.8

When κ = 0, i's consumer surplus can be written as follows:
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E[CSi(x
∗
i ;p

∗)] =
m∑
j=1

1

2
υE[x∗ij|wij = 1](a+

θ

b
γ̄ +

c

b
υ(
∑
k

p∗k − a)− p∗j)],

which follows because the realisation of each γij is independent of the realisation of the

observation probability and prices are non-random when κ = 0.

Suppose υ∗ < 1. First, note that E[x∗ij] is increasing as υ < 1 increases. Noting that

p∗j = p∗ for all j in this setting, the e�ect on expected demand of increasing υ can be

written:

∂E[x∗ij|wij = 1]

∂υ
= −b[ p

∗

∂υ
] + c(m− 1)(p∗ − a) + cυ(m− 1)

∂p∗

∂υ
)]

As shown in Proposition 2, prices are decreasing in υ. Given that the matrix (I−λRS)

is diagonally dominant:

b
∂p∗

∂υ
> cυ(m− 1)

∂p∗

∂υ
. (2.14)

When θ < θ̄, it must be that p < a. This follows because by de�nition if θ < θ̄ then

the following expression is decreasing in centrality:

E[p∗(υ, κ)] =
1

2
(a− E[C]a+ θE[Cω]).

As cov(C,ω) and E[ω] > 0, it must be the case that p∗ < 1
2
a < a. Hence, (p∗− a) < 0.

It follows from this and (2.14) that
∂E[x∗ij |wij=1]

∂υ
> 0.

Now consider the second component of the term inside the brackets of the above

expression, (a+ θ
b
γ̄ + c

b
υ(
∑

k p
∗
k − a)− p∗j). By (2.14), the derivative of this expression

with respect to υ is positive. Hence, E[CSi(x
∗
i ;p

∗)] is increasing in υ < 1 for all i,

which proves the result.
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Proof of Theorem 2.3

Recall that if θ < θ̄, the expected equilibrium price vector E[p∗] is decreasing in the

centrality vector C1m. Suppose that 1−v̄
κ̄

< (γH − γ̄) and ῡ
κ̄
> (γ̄ − γL). In this case,∑

i

∑
j E[wij|κ = κ̄] =

∑
i

∑
j E[wij|κ= 0].

Consider the expectation of the sum of i's demand for each seller's product condi-

tional on κi, E[
∑

j x
∗
ij(p

∗)|κ = κi] :

E[
∑
j

x∗ij(p
∗)|κ = κi] = E[

∑
j=1

(ῡ+κi(γj−γ̄))(b(a−p∗j(ῡ, κi)+θγj+
∑
k=1

ĉjk(p
∗
k(ῡ, κi)−a))].

(2.15)

De�ne the random variable:

x̃ij = (b(a− p∗j(ῡ, κi) + θγj +
∑
k=1

ĉjk(p
∗
k(ῡ, κi)− a).

When κ = 0, (2.15) can be expressed:

E[
∑
j

x∗ij(p
∗)|κ = 0] = ῡE[

m∑
j=1

x̃ij|κ= 0]

as cov(ῡ,x̃ij) = 0. Note that:

E[
m∑
j=1

x̃ij|κ = 0]= (m− 1)[b(a− p∗(ῡ, 0) + θγ̄ + (m− 1)ĉ(p∗(ῡ, 0)− a)].

E[p∗j |κ = κ̄] = E[p∗k|κ = κ̄] in this setting as each seller is identical prior to the realisation

of the matrix of the preference parameters γ and γj, γk are independent.

When κ = κ̄ > 0, cov(
∑

j ῡ + κ̄(γj − γ̄),
∑

j x̃ij) > 0. This holds for two reasons:
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1. As σγ > 0, ῡ + κ(γij − γ̄)(θγij) is increasing in κ when 1−v̄
κ̄
< (γH − γ̄);

2. As (I − λRS) is diagonally dominant,
∑

j x
∗
ij(p

∗) is decreasing in p∗, which is

decreasing in κ (assuming θ < θ̄), as per the proof of Theorem 2.1.

Furthermore

E[
m∑
j=1

x̃ij|κ = κ̄]=
m∑
j=1

[b(a− E[p∗j |κ = κ̄)]) + θγ̄ +
m∑
k=1

E[ĉjk(p
∗
k(ῡ, κ̄)]− a)],

which is greater than E[
∑m

j=1 x̃ij|κ = 0] as E[p∗j |κ = κ̄] < E[p∗j |κ = 0] and (I −

λRS) is diagonally dominant. Hence, E[
∑m

j=1 x̃ij|κ = κ̄] > E[
∑m

j=1 x̃ij|κ = 0]and

cov(ῡ + κ̄(γj − γ̄),
∑

j x̃ij) > 0, and thus:

E[
∑
j

x∗ij(p
∗)|κ = κi] > E[

∑
j

x∗ij(p
∗)|κ = 0].

Now consider the second term in the expression forCSi:

ỹij := a+
θ

b
(γij) +

m∑
k=1

c

b
wik(p

∗
k − a)]− p∗j .

By the same reasoning as used to analyse the function E[
∑m

j=1 x̃ij|κ = κ̄], it is clear

that:

E[
m∑
j=1

ỹij|κ = κ̄] > E[
m∑
j=1

ỹij|κ = 0].

De�ning y∗ij := [υ+ κ(γj − γ̄)]ỹij and noting that cov(ῡ + κ̄(γj − γ̄),
∑

j ỹij) > 0 by the

same logic as above, we conclude that:
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E[
∑
j

y∗ij(p
∗)|κ = κi] > E[

∑
j

y∗ij(p
∗)|κ = 0].

Finally, we note that:

cov(
∑
j

x∗ij(p
∗),
∑
j

y∗ij(p
∗)|κ = κ̄) > cov(

∑
j

x∗ij(p
∗),
∑
j

y∗ij(p
∗)|κ = 0).

This holds because cov(Cj, Ck|κ = κ̄) > 0 for all j, k, while cov(Cj, Ck||κ = 0) > 0 for

all j, k. Hence the following two statements both hold:

i) E[
∑
j

x∗ij|κ = κ̄]E[
∑
j

y∗ij|κ = κ̄) > E[
∑
j

x∗ij|κ = 0]E[
∑
j

y∗ij|κ = 0]

ii) cov(
∑
j

x∗ij,
∑
j

y∗ij|κ = κ̄) > cov(
∑
j

x∗ij,
∑
j

y∗ij|κ = 0).

Hence, it must be the case that:

E[
∑
j

x∗ijy
∗
ij|κ = κ̄] > E[

∑
j

x∗ijy
∗
ij|κ = 0],

and so:

E[CSi|κ = κ̄] > E[CSi|κ = 0].

This result holds for all i, and hence the result is proved for 1−v̄
κ̄

< (γH − γ̄) and

ῡ
κ̄
> (γ̄ − γL).

Now consider the case where ῡ
κ̄
> (γ̄−γL). The preceding analysis still holds, but in

this case,
∑

j E[wij|κ = κ̄] >
∑

j E[wij|κ= 0] for all i. As E[CSi] is increasing directly

in
∑

j E[wij], and prices are decreasing in the probability that each seller is observed,

it follows that the result that E[CSi|κ = κ̄] > E[CSi|κ = 0] for all i continues to hold

when ῡ
κ̄
> (γ̄ − γL).
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Chapter 3

To Lead or To Follow? The Incentives

of Party Leadership and Legislators in

a Multi-Principal Environment

3.1 Introduction

A large body of literature (see, for example Fenno, 1978, Levitt and Synder, 1997 and

Gowrisankaran, Mitchell, and Moro, 2004) documents and models how the incentive

to be re-elected a�ects the e�ort allocation of members of Congress. Voters are more

likely to re-elect politicians who have a reputation for putting e�ort into tasks in their

constituency, such as town-hall meetings. Legislators therefore have an incentive to

build a reputation for being such a politician by exerting more e�ort on tasks related

to their constituency at the beginning of their time in o�ce than they do at the end of

it, an e�ect known as �frontloading� constituency e�ort.

However, less attention has been paid to the fact that legislators serve two masters:
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the voter and leader of their party in Congress (e.g. the Senator Majority or Minority

leader or the Speaker of the House of Representatives). Both principals are able to

reward the politician. Voters incentivise politicians by voting them out if they do not

spend time in their constituency, while party leaders are able to o�er politicians rewards

like committee positions or access to the executive branch. If the latter bene�ts are

su�ciently valued by the politician, then they backload their constituency e�ort so as

to enhance their reputation as an e�ective operator in the legislature, an e�ect explored

in Charlson (2014) and supported empirically by e.g. Johannes (1980) and Sarbaugh-

Thompson et al. (2004).

Modelling the party leader's role in the politician's time allocation problem identi�es

the complex nature of the party leader's incentives in this environment. The politician's

trade-o� between time allocations is internalised by the party leader in that, while they

wish to reward politicians skilled at legislative work, they also want politicians of their

own party to be re-elected. As a result, there are cases where the party leader would

prefer to bind themselves to not providing the legislative bene�t to ensure the politician

increases their probability of re-election.

Moreover, the party leader would prefer to be able to commit to not o�ering the

legislative bene�t quite aside from their desire to see the politician of their own party

re-elected. The party leader is a second-mover in the sense that they are only able

to meaningfully reward the politician if the politician is re-elected. As a result, it is

possible that providing the politician with a legislative reward results in an increase

in constituency e�ort. To receive the legislative bene�t, the politician needs to be re-

elected, and hence such a bene�t can incentivise increased constituency e�ort, even

if, conditional on re-election, the probability of receiving that bene�t is reducing in

constituency e�ort allocation. The party leader therefore su�ers from both a lack of
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commitment power and, potentially, second-mover disadvantage as well.

To model these e�ects, we assume that politicians allocate their time across constituency-

based tasks (for example town hall meetings, district surgeries, etc.) and tasks that

take place in the legislature (e.g. networking, voting etc).1

There are two types of politician: one who prefers to allocate their time to legislative

business and one who prefers to allocate it to constituency-based tasks. Politicians have

a term limit of two and are therefore a lame duck in their �nal period. Voters prefer

politicians who spend e�ort on constituency-based tasks. The party leader values both

the re-election of politicians of their party and the election of legislators who innately

value putting e�ort into legislative projects, as this allows them to more easily pass

high-quality legislation.

We show that whether a politician frontloads or backloads their e�ort depends on

the relative value the politician places on the incentive o�ered by the two principals.

If the value a politician places on the legislative rewards that the party leader o�ers is

su�ciently large compared with the bene�t of being re-elected, then they allocate more

of their time to legislative tasks in their �rst term than in their second, which implies

a backloading of constituency e�ort. A politician that values legislative rewards highly

may therefore risk the greater chance of not being re-elected in order to increase the

likelihood that they receive legislative bene�ts if they are re-elected.

We then explore the incentives of the party leader. As the utility the party leader

gains from the politician's re-election increases, the optimal level of legislative incentive

they wish to o�er the politician decreases. Furthermore, the e�ectiveness of the legisla-

1There could potentially be some complementary between the two tasks. For example, including
attempting to pass pork barrel legislation would bene�t constituents and the party leader as well.
The possibility of complementarity is ignored in this paper so that it can capture the trade-o� that
undoubtedly exists in general.
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tive incentive decreases in the level of constituency e�ort exerted by the politician.

Our analysis therefore suggests that the party leader is strictly worse o� because

they lack commitment power. The party leader's lack of commitment power means that

their choice of legislative reward does not take into account the fact that it distorts the

politician's time allocation. As a result, the party leader tends to over-reward politicians

who generate a low signal and under-reward politicians who generate a high signal. We

�nd that the party leader is strictly worse o� as a result of not being able to contract

ex-ante with the politician.

We also �nd that the party leader may su�er from second-mover disadvantage.

The case where the politician can only be rewarded if they are re-elected is compared

with the case where they can be rewarded independently of re-election. If the bene�t

associated with high levels of legislative e�ort is large enough relative to the cost of

inducing it, then the then party leader su�ers from second-mover disadvantage. When

the politician can only receive legislative bene�ts when they are re-elected, as legislative

e�ort gets higher (and therefore the re-election probability gets smaller), the politician

needs to be incentivised with a larger amount of legislative bene�ts. Providing such

bene�ts is costly, which implies that the party leader is worse-o� than in the case where

they can provide bene�ts unconditionally.

However, if the costs of providing legislative bene�ts are high enough, the party

leader actually prefers the case in which they move second. When the optimal level of

legislative e�ort is relatively small, moving second can make the party leader's action

more e�ective at increasing legislative e�ort than it would be in the case where the

party leader does not move second.
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3.2 Literature review

The distinction Fenno (1978) puts forward between the �expansionist phase� of a legis-

lator's career, in which they build a reputation among voters in their constituency, and

the �protectionist phase�, which involves engaging in legislative tasks in Washington, is

an early example of a reputational model of politician time allocation. The expansionist

phase increases the probability of victory in future elections, allowing the politician to

focus on their career in Congress as they gain seniority.

Formal treatments of political reputation include Besley and Case (1995), who show

that when voters are uncertain about a politician's type, the legislator has an incentive

to distort their action away from its optimal level in order to gain a reputation as a

conscientious representative. Banks and Sundaram (1998) extend this model to the

case where a long-lived principal interacts with a series of short-lived agents, who are

retained only if they generate a cut-o� level of surplus and �nd that the e�ort level of

agents is reducing over time.

Political reputation models build on empirical research relating to constituency e�ort

frontloading. Levitt and Synder (1997) �nd that politicians who provide constituency

services early in their careers increase the likelihood that they are re-elected. They

term the increase in re-election probability generated in this way as a �selection e�ect�:

incumbents are more likely to be re-elected if they are seen as a politician who values

constituency e�ort. Cain, Freejohn and Fiorina (1987) and Gowrisankaran, Mitchell,

and Moro (2004) both also provide evidence for this selection e�ect.

However, there is also evidence that some politicians backload their constituency ef-

fort. For example, Sarbaugh-Thompson et al. (2004) �nd that state legislators increase

the amount of time they spend on helping constituents with problems in the period
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in which they are a lame duck. Johannes (1980) shows that constituency casework

increases with seniority, suggesting that at least some members of Congress increase

their constituency e�orts later in their terms.

Another approach to examining the way in which re-election incentives distort the

legislator's e�ort or time allocation builds on Holmstrom's (1999) "career concerns"

framework. In the career concerns framework, the principal's payo� depends upon a

noisy signal that in turn depends on the agent's type and their action, both of which

are private information for the agent. The agent has an incentive to �signal-jam� to

raise the principal's expectation of their type in future periods. Such a model di�ers

from reputational models in that the principal's payo� depends directly on the agent's

type, rather than on their action alone.

Persson and Tabellini (2000) and Ashworth (2005) apply the signal-jamming ap-

proach to a political reputation framework. Politicians distort their level of e�ort up-

wards in order to increase the voter's expectation about their type. Voters condition

their voting decision on observed outcomes, and therefore as the number of periods

of play increases, the fewer low-type politicians survive. High-type politicians engage

in fewer costly constituency services, as the probability of producing a high signal is

correlated with type.

Our analysis involves two principals interacting with a single agent who allocates

their e�ort across two tasks. There are a number of more general analyses of multi-

principal, single-agent models, including Bernheim and Whinston (1986), who charac-

terise the conditions under which there exists a mechanism that induces an e�cient

action choice by the agent, Mastrolia and Ren (2018), who expand that result to a con-

tinuous time setting and Baverman and Stiglitz (1982), who apply the common agency

framework to sharecropping. Lohmann (1998), Dixit, Grossman and Helpman (1997)
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and Gailmard (2009) apply the multi-principal, single-agent framework to a political

environment.

A general treatment of multi-task principal-agent problems can be found in Holm-

strom and Milgrom (1991). Hat�eld and Padro i Miquel (2006) examines a case where

a politician allocates their time across multiple tasks and �nd that because the only

incentive voters can o�er a politician is re-election, voters cannot incentivise a politician

to allocate their e�ort e�ciently across two tasks.

Charlson (2014) examines the time allocation of a politician whose action is distorted

both by the re-election incentive and a �xed incentive o�ered by the party leader who

has commitment power. The analysis there focused on the extent to which the multi-

principal framework can explain why some politicians backload constituency e�ort.

The model here examines the case where the party leader's incentive is continuous, and

examines the extent to which a lack of commitment power and the fact that the party

leader moves second a�ects the party leader's utility. The voter and politician's utility

functions and the nature of the signals the politician's action generates are similar

across the two environments.

3.3 The model

Politicians

Following Charlson (2014), the politician engages in two types of task: tasks which

are bene�cial to their party in the legislature (referred to here as �legislative tasks�)

and tasks which are bene�cial to their constituents (�constituency tasks�). Politicians

allocate their e�ort across up to two terms in o�ce. As we will see, the politician's e�ort
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allocation will a�ect their re-election probability and the legislative rewards bestowed

on them by the party leader. After choosing their e�ort allocation in the �rst term, the

politician faces re-election before they are able to choose their action pro�le again in

their second term. The challenger they face in the election is assumed to be of another

party.

Politicians are either of type p (�populist�) or type l (�legislative entrepreneur�) with

equal probability and are privately informed of their type. Politicians allocate e�ort

between legislature tasks and constituency tasks, with types di�ering in respect to their

�rst-best e�ort allocation.

Let xi,t ≥ 0 denote the level of constituency e�ort exerted in period t by a politician

i and yi,t ≥ 0 be i's legislative e�ort level. A politician i's utility function in period t is

as follows:

ui,t(xi,t, yi,t;Ki,t, Et, ai) =
1

2
aixt +

1

2
(1− ai)yt −

1

4
(xt)

2 − 1

4
(yt)

2 + zki,t + Et

where al < 0.5 < ap < 1 and al + ap ≥ 1. The value of Et and Kt are contingent on the

actions of the party leader. Et is the election incentive, and can be expressed:

Et =


e if st−1 = 1

0 otherwise

,

where st = 1 indicates that the politician has been elected by the voter in period t. e is

thus the extra utility the politician receives by being in o�ce. kt ∈ R+ is the amount

of legislative bene�t the politician is provided by the party leader and z ∈ R+ is the

utility politician i receives from a unit increase in kt.

We normalise the maximum amount level of a politician's e�ort to 1. Hence:

xi,t + yi,t ≤ 1 ∀t.
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In periods in which the politician does not move, xt = yt = 0 by de�nition. If the i

loses the election, then they are removed from o�ce, and a new politician, j is elected.

The new politician is of either type with equal probability.

Voter

The voter chooses whether to vote for the incumbent or for a new politician. As in

Charlson (2014), the voter observes their own utility and their utility function in period

t can be written as follows:

mt =


1 if qt > q∗

0 if qt ≤ q∗
,

where qt ∼ U(0, 1
1−xt ). The voter observes the politician's e�ort only if the signal q

exceeds some threshold q∗. As the politician exerts more e�ort in their constituency,

the greater the probability that the threshold is exceeded. Speci�cally:

Pr(qt > q∗) = 1− q∗(1− xt).

The voter therefore imperfectly observes the actions of the politician in the periods prior

to the one in which they will vote, capturing the notion that voters are not perfectly

attentive.

The voter's choice variable at election period t is st. If st = 1, then the voter re-elects

the politician and if st = 0, they elect the politician from the other party, and remove

the incumbent. There is only one election period in model (period 2), and so st ≡ 0 for

all t 6= 2.
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Party leader

The party leader is the leader of the party to which the incumbent politician belongs

(e.g. the Speaker of the House of Representatives). The party leader values politicians

of their own party being re-elected, the passage of legislation of good quality and the

provision of legislative bene�ts to politicians who exert high legislative e�ort. The party

leader's utility in period t is as follows:

nt(kt; Ψt,Υt) = dyi,tkt −
1

2
ck2

t + Ψt + Υt,

where kt ∈ R+ is the amount of legislative bene�t (e.g. the provision of a committee

position, etc.) that the party leader provides to a politician of their own party, and d > 0

is the marginal bene�t the party leader receives a from an extra unit of legislative e�ort

when the legislative bene�t level is kt. The more legislative e�ort the politician engages

in, the greater the utility the party leader gains from providing legislative bene�ts to

them, capturing the notion that the party leader gains utility from politicians who put

in legislative e�ort towards, for example, the committee position allocated to them.

Υt denotes the utility obtained by the party leader if the politician is re-elected:

Υt =


υ if st−1 = 1

0 otherwise

,

and Ψt is a binary signal of the form:

Ψt =


θ if rt > r∗

0 if rt ≤ r∗
,

where rt ∼ U(0, 1
1−yt ). The functional form of the signal Ψt captures the notion that

more legislative e�ort increases the likelihood the passage of good quality legislation but

does not necessarily induce this outcome. As θ increases, the utility the party leader
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receives from the passage of high-quality legislation increases. The party leader only

observes the outcome of the legislative process, and not the level of legislative e�ort

directly.

If the party leader provides a politician with a non-zero level of legislative bene�ts,

they do so after the incumbent has been re-elected. Furthermore, it will be assumed

initially that neither principal has any commitment power. The party leader is therefore

unable to credibly commit to providing the bene�t upon the observation of a given

signal ex-ante and only provides a bene�t once they have observed the actions of the

politician.

The party leader is assumed not to be able to reward politicians of a di�erent party,

so by de�nition if st = 0, kt+1 = 0. It is useful to de�ne the party leader's overall level

of utility, which can be expressed:

N(kt; Ψt,Υt) :=
3∑
t=1

nt(kt; Ψt,Υt).

Timing of the model

At the start of the game, the politician i′s type is assigned, and they are type l or p with

equal probability. The politician's type is private information. The model is assumed

to have three periods, after which the game ends. These periods take the following

form:

Period 1: The politician i chooses a level of xi,1 and yi,1, which generate q1 and r1.

Period 2: The voter whether to re-elect the incumbent or elect the challenger, i.e.

they set s2 = 1 or s2 = 0.

Period 3: The party leader chooses whether to give the politician the legislative

bene�t and the elected politician chooses x3 and y3 and generates q3 and r3, after which,
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the game ends.

Note that we assume that the game ends in period 3 whether or not a new politician

is elected in period 2. As the focus of our analysis is how the incentives of the politician,

party leader and voter are a�ected when the politician can be re-elected, we assert that

this abstraction is reasonable.

Equilibrium characterisation

We solve the game via backwards induction in the normal manner.

Period 3: The politician's strategy

The politician cannot be re-elected as the game ends in period 3. The principals are not

able to a�ect the e�ort allocation of the politician in period 3. The politician therefore

chooses the e�ort allocation that optimises their instantaneous utility, which, noting

that the their time constraint binds as al + ap ≥ 1, implies that the optimal e�ort

allocation is as follows:

x∗i,3 = ai

y∗i,3 = 1− ai.

The optimal level of constituency e�ort for type p politicians is greater than for type l

politicians, while type l politicians exert more legislative e�ort in equilibrium.

Period 3: The party leader's strategy

The party leader knows that the politician has been re-elected in period 2, and therefore

updates their prior belief about the politician's type. De�ne:
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σi := Pr(politician is of type i|s2 = 1).

By Bayes rule, the party leader's belief that the politician is of type i when r1 > r∗ can

be written:

Pr(r > r∗, s2 = 1 and type i)
Pr(r > r∗and s2 = 1)

=
(1−r∗(1−y1,i)σi∑
i σi(1−r∗(1−y1,i))

Noting that the belief that politician is of type i if r1 < r∗ can be expressed similarly,

the party leader's belief that the politician's type is l, α, can be denoted:

α =



(1−r∗(1−y1,l)σi∑
i σi((1−r∗(1−y1,i))

if r1 > r∗ and s2 = 1

r∗(1−y1,l)σi∑
i Prσi(1−r∗(1−y1,i))

if r1 ≤ r∗and s2 = 1

0.5 if s2 = 0

.

We assume that the party leader is only able to provide legislative incentives to an

incumbent politician, motivating this assumption by noting that in general if there is

new politician elected, they are of a di�erent party to the party leader. Assuming the

incumbent is re-elected, and given the politician's strategy in period 3, the party leader

maximises their utility by choosing k (for ease of notation we drop the t subscript here

as the party leader only sets k once in the model) that solves the following:

maxk{dk(α(1− al) + (1− α)(1− ap))−
1

2
ck2}.

Hence:

k∗ =


d
c
(α(1− al) + (1− α)(1− ap)) if s∗2 = 1

0 if s∗2 = 0

.

We de�ne as k∗H as the optimal level of k when the politician is re-elected and r1 > r∗
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and k∗L as the optimal level of k when the politician is re-elected and r1 < r∗.

Period 2: voter's strategy

The voter's signal in period 1 is informative about the politician's type, and they update

their belief accordingly. As there is initial probability that the politician is of either

type is equal, by Bayes rule the voter's belief that a politician is of type p if q1 > q∗ is

as follows:

Pr(type=p | q1 > q∗)=
Pr(q > 1 and type p)

Pr(q > 1)
= 0.5(1−q∗(1−x1,p))

0.5(1−q∗(1−x1,p))+0.5(1−q∗(1−x1,p))

It follows that, if E[x∗1|p] ≥ E[x∗1|l] (which holds in equilibrium; see below), the voter's

belief that the politician is of type p is above 0.5 i� q1 is greater than the threshold

q∗. If q > q∗, the incumbent is more likely to be of type p than than their challenger

(who is type p with probability 0.5). The voter's utility of re-electing the incumbent

(i.e. setting s2 = 1) is µ2ap + (1 − µ2)al. This is weakly preferred to setting s2 = 0

when µ2 ≥ 0.5, which implies that the voter's optimal strategy is as follows:

s∗2 =


1 if q1 > q∗

0 if q1 ≤ q∗
.

Period 1

Given the strategies outlined in periods 2 and 3, a politician i's chooses to optimise

their utility in period 1. Their optimisation problem is as follows:

max
xi,1,yi,1

{1

2
aixi,1 +

1

2
(1− ai)yi,1 −

1

4
(xi,1)2 − 1

4
(y1)2+

[1− q∗(1− xi,1)](1− r∗(1− yi,1)(zkH + e+ fi) + r∗(1− yi,1)(zkL + fi + e))},
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where fi is the utility a type i politician receives from their optimal e�ort allocation in

period 3, and is therefore equal to1
4
a2
i + 1

4
(1 − ai)2. The above maximisation problem

is subject to the resource constraint:

xi,1 + yi,1 ≤ 1,

which must bind in equilibrium, as al + ap ≥ 1. Thus, i's optimisation problem can be

restated:

max
xi,1
{1

2
aixi,1 +

1

2
(1− ai)(1− xi,1)− 1

4
(xi,1)2 − 1

4
(1− xi,1)2+

[1− q∗(1− xi,1)](zkH + Vi − r∗xi,1k̃)},

where k̃ := kH − kL and Vi := ei + fi. De�ne the maximand of this problem as Ui(x1.i).

As Ui(x1.i) is concave in x1,i, it follows that the solution to the �rst-order condition:

U
′

i (x̄
∗
1.i) = 0

de�nes a unique equilibrium if the solution is interior (i.e. if 0 < x∗i,1 < 1). Let x̄∗i,1 and

ȳ∗i,1 denote this interior solution to the party leader's optimisation problem. Then the

following must hold for the optimal allocation in period 1:

x∗i,1 = min
{
x̄∗i,1, 1

}
;

y∗i,1 = max
{

1− x̄∗i,1, 0
}
,

where:

x̄∗i,1 =
ai + q∗(zkH + Vi)

1 + 2zk̃r∗
.

Call the above game Γ. Theorem 3.1 summarises the analysis in the previous sections

formally.
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Theorem 3.1. The game Γ outlined above has the following unique Perfect Bayesian

Equilibrium:

Period 1: The politician sets xi,1 = x∗i,1 and yi,1 = y∗i,1

Period 2: The voter re-elects the politician i� q > q∗, with the belief that the politician

is of type p equal to µ.

Period 3: If the politician is re-elected, the party leader's belief that the politician is

of type l is α and k∗ = d
c
(α(1− al) + (1− α)(1− ap)) if s2 = 1 and 0 otherwise. If the

politician is re-elected sets x∗i,3 = ai and y
∗
i,3 = 1 − ai. If a new politician of type j is

elected, they set x∗j,3 = aj and y
∗
j,3 = 1− aj.

An example, Γ1

We will use a slightly simpli�ed form of the game Γ in Section 5, which we call Γ1. We

assume that Γ1 has the same basic set-up as Γ, but that some of the parameters take

on speci�c values. Speci�cally, we assume that: q∗ = r∗ = 1, υ = 0, ei = e for all i and

ap = 1− al.

These assumptions imply the following about the probability that the two binary

signals, rt and qt are above their threshold level:

Pr(rt > 1) = y1

and:

Pr(qt > 1) = x1.

The voter's belief that the politician is of type p when q1 > 1 is as follows:

Pr(type=p | q1 > q∗) =
Pr(q > 1 and type p)

Pr(q > 1)
=

x∗p,1
x∗p,1 + x∗l,1

.
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The above expression implies that the party leader's belief if they observe r1 > 1 and

the politician is re-elected is as follows:

Pr(type=l | r1 > r∗) =
y∗l,1

x∗l,1
x∗p,1+x∗l,1

y∗l,1
x∗l,1

x∗p,1+x∗l,1
+ y∗p,1

x∗p,1
x∗p,1+x∗l,1

.
.

Then the solution to the politician's maximisation problem yields:

x∗i,1 = min

{
ai + zkH + V

1 + 2zk̃
, 1

}
;

y∗i,1 = max
{

1− x∗i,1, 0
}
,

where V = e + f and f = 1
4
a + 1

4
(1 − a) = 1

4
. The politician's constituency e�ort is

increasing in their innate preference for re-election (e) and the bene�t to re-election

associated with being able to choose their optimal level of e�ort allocation in their sec-

ond term (f). Whether constituency e�ort is increasing or decreasing in the legislative

bene�t is ambiguous, which discuss in more detail below.

3.4 Analysis

The time allocation of the politician

As noted in the introduction, some politicians frontload their constituency e�ort, whereas

others backload it. The model set out in Section 3 can explain both of these observa-

tions. A legislator frontloads their constituency e�ort e�ort if x∗i,1 > x∗i,4 and backloads

it if the reverse inequality holds. Whether politicians backloads or frontloads legisla-

tive e�ort depends on the legislative bene�t, z. The following proposition relates the

relative level of legislative e�ort across the two periods:

Proposition 3.1. Suppose Γ is played. For any �nite value of the electoral bene�t,
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Vi> 0, there exists a z̄(Vi) such that if z ≤ z̄(Vi, r
∗), then x∗i,1 ≥ x∗i,4 and if z > z̄(V ∗i ),

then x∗i,1 ≤ x∗i,4.

When the legislative bene�t is large it is preferable for the politician to frontload their

legislative e�ort in order to increase the probability that they will be provided with the

legislative bene�ts. If the politician values legislative bene�ts relatively highly, then

they will attempt to build a reputation as a legislative entrepreneur by engaging in

more legislative e�ort in their �rst term in o�ce.

On the other hand, if the utility associated with re-election is relatively large com-

pared with the value the politician receives from legislative bene�ts, then the politician

will allocate more constituency e�ort to their �rst term, in order to increase the proba-

bility of re-election. This result is consistent with Charlson (2014), which explores the

politician's optimal time allocation when the party leader is able to commit to o�ering

a �xed legislative bene�t.

The legislator exerts high legislative e�ort in their �rst term if the value they place

on legislative bene�ts is relatively large compared with the re-election incentive, occurs

if z is large enough relative to Vi. This implies the following proposition:

Proposition 3.2. Suppose Γ is played. The threshold marginal value on legislative

bene�ts, z̄(Vi, r
∗) is increasing in Vi and decreasing in r∗.

As Vi increases, the incentive to allocate resources towards re-election straightforwardly

increases, which implies that for a politician to backload their constituency e�ort they

would need value legislative bene�ts more to o�set the direct bene�t to re-election.

As r∗ increases, there is a greater incentive for the politician to engage in legislative

e�ort because the party leader requires there to be a greater level of legislative e�ort to

receive a positive signal. Hence, the threshold level of the marginal value of legislative
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bene�ts must be higher.

The party leader without commitment

One key element of the model and the real-life interaction it captures is the fact that the

party leader is only able to provide the politician with a reward if they are re-elected.

This shapes the party leader's ability to in�uence the politician's decision making and

the utility they receive from being able to o�er legislative rewards.

The party leader has an incentive to ensure that politicians of their own party are re-

elected, an incentive known in the literature as �electoral maintenance� (Pearson, 2005).

At the same time, the party leader also has a desire to pass high-quality legislation,

which is more likely when politicians who exert relatively high levels of legislative e�ort

are in o�ce.

The desire for electoral maintenance may mean that the party leader's utility would

increase if they were able to commit to not providing a legislative bene�t to politicians

at all. To see this, de�ne x̂i,1 such that it solves the politician's �rst-order condition

when k∗H = k∗L = 0∗ and hence k̃ = 0:

ai + Vi = x̂i,1.

For now, assume x∗1,i < x̂1,i. When this holds the party leader would face a trade-o� in

the case where they can commit not to provide legislative bene�ts. When the politician

spends on legislative tasks in period 1, the party leader reaps immediate bene�ts allows

the party leader to give electoral bene�ts to politicians who provide a high signal. At

the same time, the politician is less likely to be re-elected if they spend more time on

legislative work, which is has a direct utility cost to the party leader.

The above trade-o� leads to the following proposition relating to v, the bene�t to
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the party leader associated with the re-election of the politician, and the party leader's

desire to commit to not providing a legislative bene�t at all. Let N(kL, kH) denote

the party leader's expected utility when they commit to a payment schedule such that

if r < r∗ they give the politician kL and if r > r∗ they give the politician kH . The

following proposition holds:

Proposition 3.3. Suppose Γ is being played, d > 0 and that x∗1,i < x̂1,i. There exists a

threshold level of υ, ῡ, the bene�t to the party leader associated with the re-election of

the politician, such that if υ > ῡ then N(0, 0) > N(k∗L, k
∗
H).

If the bene�t to the party leader associated with an incumbent being re-elected is high

enough, then the party leader's outweighs their motive to incentivise legislative e�ort,

and they would prefer to be able to commit to not providing the legislative bene�t.

In addition to the e�ects above, there are set-ups of the game in which the legislative

bene�t does not incentivise increased legislative e�ort for all types of politician. To

see an example of this, consider the game Γc at the end of Section 2 and note that

x∗1,i ≤ x̂1,i when:

ai + (zk∗H + V )

1 + 2zk̃
≤ ai + (V + k∗). (3.1)

The inequality in (3.1) implies the following proposition:

Proposition 3.4. Suppose the game Γ1 is played. If 2al + 1
2
< 1, then there exists

a value of ē ∈ R+, such that if e < ē then the party leader's o�er of kH reduces the

amount of legislative e�ort of the l type in period 1 compared to the case where kH is

not o�ered; that is, x∗1,i ≤ x̂1,i.

Proposition 3.4 implies that if the bene�t of re-election is su�ciently low, legislative

bene�ts incentivises the l type politician to increase their e�ort because they can only
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receive the bene�t if they are re-elected. As the direct bene�t of re-election becomes

larger, the legislative reward becomes less in�uential in the politician's decision to get

re-elected, and more in�uential in allocating their time towards legislative tasks in order

to receive the electoral bene�t.

Hence, even if the party leader values incentivising legislative e�ort, it may be

optimal for them to commit to not o�ering a lower level of legislative bene�t than is

implied by the equilibrium of Γ1. However, there is no mechanism that allows them to

do so. Once the incumbent is re-elected, and if their signal, r1 > r∗, then the party

leader only has an incentive to give the politician the legislative bene�t. Any promise

not to provide the bene�t would be a non-credible commitment and therefore cannot

be a part of equilibrium play.

Propositions 3 and 4 suggest that the party leader su�ers from both a lack of com-

mitment power and from second-mover disadvantage. In terms of the latter, the party

leader can only provide a bene�t to the politician if they are re-elected. Hence, there

are cases where they would prefer not to incentivise the politician to put more weight

on legislative tasks if it were possible to do so. As Proposition 3.4 makes clear, this

may be true even if the party leader does not explicitly put value on the incumbent's

re-election: as the politician's payo� is contingent on re-election, the party leader's

incentive may actually lower legislative e�ort, and therefore the party leader's payo�.

3.5 Commitment

In this section, we will consider the case where the party leader is able to commit

to a contract such that, prior to period 1, the party leader commits to rewarding

the politician based on the realisation of the party leader's signal. We will use this
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abstraction to examine two ways in which the party leader's decision is constrained.

We will examine the fact that the party leader: (a) lacks the ability to commit; and (b)

can only reward politicians who are re-elected.

It will be assumed throughout that di�erent versions of game Γ1 are played. The

parameter values will be the same as this game, but we will assume that the commitment

power of the party leader and/or their ability to reward the politician after they lose

an election are di�erent to that game.

Contracting between the party leader and the politician

To examine the party leader's commitment problem, we will consider the case where

the party leader is able to commit to rewarding the politician contingent on their signal,

but only if the politician is re-elected. Formally, the party leader is able to contract with

the politician such that they will provide the politician with a contract of the following

form: (if r < r∗ and s∗2 = 1, then pay kL); (if r ≥ r∗ and s∗2 = 1, then pay kH). We

assume that the parameters of the model are the same as the equivalent parameters in

game Γ1. We will call this version of the game Γc.

We �rst consider the case where d = 0. Then, the party leader only values the

outcome of their signals Ψ1 and Ψ4, and does not innately value providing legislative

bene�ts to the l type. The party leader's optimal strategy solves the following problem:

maxkL,kH{N(k;x(k,Γc)}

where k = (kL, kH)
′
and x = (xl,1, xp,1)

′
. The derivative of the party leader's utility

function with respect to kj, j ∈ {L,H}can be stated as follows:
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marginal e�ect on e�ortkj + marginal e�ect on selectionkj+

marginal cost of re-electionkj − ckj.

The marginal e�ect on e�ort term captures the fact that changing kH and kL changes

the optimal level of e�ort the politician allocates to legislative tasks. The marginal

e�ect on selection is tied to the �rst e�ect, in that by changing the equilibrium e�ort

the politician allocates to constituency tasks, the party leader changes the probability

that a given type will be re-elected. This e�ects the party leader's utility in period 3,

as the l type puts in more legislative e�ort in this period than the p type. The marginal

cost of re-election re�ects the fact that re-electing a politician requires the party leader

to provide them with legislative bene�ts, which, in this setting, provides no utility to

the party leader directly and is thus costly.

Note that the derivative of xi,1 with respect to kH is reducing in V. De�ne Ṽ as

follows:

Ṽ := al −
z

2
.

It is easy to verify that if V > Ṽ , then ∂xl,i
∂kH

< 0 for both i. The following proposition

characterises the party leader's optimal strategy when d = 0:

Proposition 3.5. Suppose Γc is being played, that V > Ṽ and that V + ap < 1. When

d = 0, in any solution to the party leader's maximisation problem, k
′
L = 0 and k

′
H > 0.

The assumption that Ṽ +ap < 1 guarantees that xl,i is reducing in kH when kH = 0, as

it rules out x1,i being a corner solution for both types if no legislative bene�t is o�ered.

Setting k
′
L > 0 is costly for three reasons. Firstly, it reduces the incentive to engage

in legislative e�ort. The politician receives at least k
′
L upon re-election. Hence, as k

′
L
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increases, the re-election incentive increases and the cost to putting in less legislative

e�ort decreases. This increases the politician's optimal level of constituency e�ort,

reducing their legislative e�ort.

Secondly, increasing kL increases the constituency e�ort level of p types more than

it does for l types. Therefore, increasing k
′
L above 0 increases the probability that a p

type will be re-elected, which reduces the party leader's payo� in period 3. As the party

leader's payo� is decreasing in kL due to both of these e�ects, it follows that k
′
L = 0.

Finally, increasing kL increases the probability of re-election, which is straightfor-

wardly costly when d = 0, as the party leader must reward the politician without

receiving any direct bene�t.

There is an incentive to set k
′
H above zero for similar reasons to k

′
L = 0. Increas-

ing k
′
H increases legislative e�ort because it incentivises the politician to increase the

probability that r > r∗. Furthermore it is clear that:

|∂xp,1
∂kH

| > |∂xl,1
∂kH
|. (3.2)

Increasing the bene�t associated with a high r decreases the constituency e�ort (and

therefore increases the legislative e�ort) of p type politicians more than l types. Hence,

the probability that a p type will be re-elected reduces relative to the probability that

an l type will be re-elected.

Recall that in game Γ1, where commitment is not possible, the following holds:

k∗ =
d

c
(α(1− al) + (1− α)(1− ap)). (3.3)

Therefore, as d = 0 here, k∗L = kH = 0. De�ne the equilibrium of the game where the

party leader has no commitment power as the �no commitment equilibrium�. De�ne:

Ni = maxkL,kH{N(k;x(k,Γi)} i ∈ {1, c}.
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Proposition 3.6 relates the payo�s in of the no commitment equilibrium and the com-

mitment equilibrium:

Proposition 3.6. If d = 0 and V > Ṽ , then Nc > N1.

When d = 0, the party leader always prefers the case where they are able to commit,

assuming that increasing kH increases the legislative e�ort of the politician. Commit-

ment allows the party leader to take into account the fact that their legislative bene�ts

decision in�uences the action pro�le of the politician. In the no-commitment case, the

party leader can only provide the legislative bene�t according to the expected bene�t

resulting from the appointment, which in this case is zero. Thus, when d = 0, the party

leader underprovides kH in the no-commitment case.

Now consider the case where d > 0. The derivative of the party leader's utility

function with respect to each kj has three additional terms, which are as follows:

marginal e�ect on re-electionkj + marginal e�ect on screeningkj+

marginal e�ect of appointmentkj .

The marginal e�ect on re-election term captures the party leader's only being able

to receive bene�ts to appointment if the politician is re-elected. As has been shown,

changing kH and kL a�ect the probability that the incumbent is re-elected. The party

leader values re-election when d > 0 because they can only provide legislative bene�ts

if the incumbent is re-elected. The probability of re-election is increasing in kL and

ambiguous in kH : if V < Ṽ , then increasing kH increases the probability of re-election;

otherwise increasing kH decreases the probability of re-election.

The party leader's choice of kH and kL also has a screening e�ect, in that the choice
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of these variables has an e�ect on their ability to distinguish between l type and p

type politicians, conditional on re-election. The party leader only wants to provide

legislative bene�ts to l types, and hence prefers the case where the signal they receive

is maximally informative, all else equal. As shown above, an increase in kH (and kL)

has di�erent marginal e�ects on x1,p and x1,l, which implies that changing kj a�ects the

party leader's ability to screen.

More speci�cally, conditional on re-election, increasing kH increases the relative

likelihood that a signal of r > r∗ comes from a p type rather than an l type. Hence,

conditional on a politician being re-elected, increasing kH reduces the party leader's

ability to screen politicians and makes it more likely that they provide the p type

politician with a high level of legislative bene�ts, which is costly. For the opposite

reason, increasing kL is bene�cial for screening: the absolute value of the derivative of

y1,p with respect to kL is larger than the same derivative of y1,l, and both are negative,

implying that the relative likelihood that a positive signal is from a l type increases.

The last of the additional terms in the �rst-order condition relates to the bene�t

associated with providing legislative bene�ts to the politician. The party leader receives

an expected payo� of providing a bene�t of k to the politician equal to dkj times the

probability that kj is o�ered. Notice that this term is positive in both �rst-order

conditions - the party leader has an incentive to provide some legislative bene�ts to

politicians even if they produce a low signal. Low signal producing politicians still may

be of type l, and hence there is a payo� associated with providing them with some

legislative bene�t.

It is clear from the functional form of the party leader's payo� function that there

exists a c̃ ∈ R+ such that if c > c̃ then N(k;x(k,Γi)) is concave in the vector k. The

analysis above implies the following theorem, recalling that k∗j denotes the optimal level
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of kj when the party leader does not have commitment power:

Theorem 3.2. Suppose that V > Ṽ , ap + V < 1 and c > c̃. Then there exists a unique

solution to the party leader's maximisation problem, (k
′
L, k

′
H). Furthermore, then if

k∗j = k
′
j then k

∗
i 6= k

′
i for i 6= j. Hence, Nc > N1.

If increasing kH from zero reduces the each type's level of constituency e�ort (which is

implied by ap + V < 1), the party leader strictly prefers to have commitment power,

assuming V > Ṽ . Given the trade-o�s highlighted by the discussion of the �rst-order

conditions of the party leader's maximisation problem, it is possible that, for example,

k
′
H = k∗H . However, if this is the case then it must be that k∗L 6= k

′
L. Hence, the no-

commitment equilibrium is never identical to the the commitment equilibrium. As the

party leader could choose (k∗L, k
∗
H) in the commitment case but chooses not to, it follows

that the commitment equilibrium is always strictly preferred to the no-commitment

equilibrium.

Second-mover disadvantage

To focus the discussion on the second-mover disadvantage faced by the party leader,

we assume they have commitment power and d = 0. We will compare Γc, which was

discussed in the previous section, with the case where the party leader is able to provide

legislative bene�ts to the politician whether or not the voter re-elects them.2 The

contract that the party leader o�ers to the politician in this case can be stated: (if r <

r∗, then pay kL); (if r ≥ r∗, then pay kH). Call the game where the party leader can

o�er kH and kL to the politician regardless of the election outcome Γ2.

2This abstraction makes it possible to understand cases where the party leader has a second-mover
disadvantage - clearly the party leader would be unlikely to be able to provide such a bene�t if the
incumbent were to lose the election.
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By the same argument as the one made for Proposition 3.6, the party leader will

only provide the politician a non-zero level of legislative bene�t if r1 > r∗, that is,

kL(Γi) = 0 for i ∈ (c, 2). The solution of the optimisation problem of the incumbent is

as follows:

xi,1(0, kH ,Γ2) = max{ai − zkH + V, 0}. (3.4)

The party leader's optimisation problem in game Γi can then be stated:

Ni = maxkH{N(k,x(k; Γi)} i ∈ {c, 2}.

The analysis above showed that the party leader's �rst-order conditions when game i

is played can be stated:

E�ortk∗j (Γi)+Selectionk∗j (Γi) + Re-electionk∗j (Γi) = ck∗j (Γi).

It can be shown that the selection e�ect and the re-election e�ect in Γ2 are both equal

to zero. It is clear from (3.5) that the marginal e�ect of kH is not dependent on ai,

that is:

∂xl,1(kL, kH ; Γ2)

kH
=
∂xp,1(kL, kH ; Γ2)

kH
.

The selection e�ect identi�ed above is driven by the party leader's ability to decrease the

probability that a politician of type p is elected more than they decrease the probability

that a type l is re-elected. In the case where the party leader is able to reward the

politician is either way, the marginal e�ect of legislative bene�ts is the same for both

types and therefore the selection e�ect is zero.

Similarly, as the party leader does not move second in game Γ2, they must provide

the politician with legislative bene�ts whether or not they are re-elected. Hence, the re-

election e�ect, which is driven by the party leader's incentive to increase the probability

that the politician fails to get re-elected so that they do not have to provide them with
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the legislative, is zero in the case where the party leader does not move second.

Hence, there are bene�ts to the party leader from moving second, in that they are

able to a�ect the selection of candidates by the electorate with their choice of kH ,

and there is some probability that they can commit to providing the politician with a

legislative bene�t they do not then provide.

However, by not moving second, the party leader is potentially able to a�ect the

politician's e�ort allocation at a reduced cost compared to in game Γc. The derivative

of xi,1 with respect to kH in the case where the party leader moves second is as follows:

∂xi,1(0, kH ; Γc)

∂kH
=
z(1− 2(ai + V ))

(1 + 2zkH)2
.

When V is low, or k∗H is su�ciently high, the marginal e�ect of increasing kH on

legislative e�ort in Γc is lower than z, the marginal e�ect of kH on legislative e�ort

in Γ2. In fact it is possible that if al and V are low enough, increasing kH actually

reduces the legislative e�ort of type ls, though this is not possible for type p politicians.

Second-mover disadvantage arises in cases where the party leader is able to induce a

high probability of receiving a positive signal at a lower cost than in the case they move

second.

The party leader is thus more likely to su�er from second-mover disadvantage in

cases where the optimal level of kH is relatively high in both games, which arises

because, for example, the bene�t associated with a positive realisation of the party

leader's signal, θ, is relatively high compare with the cost of inducing e�ort, c. When

the bene�t to a positive realisation of the signal is large, the party leader wishes to

induce a high level of yi,1 for both types. In the case where they move second, the

party leader's ability to increase yi,1 becomes increasingly costly, because it becomes

increasingly unlikely that the politician will receive the reward being o�ered to them.
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The same is not true in game Γ2, where the party leader can induce a legislative e�ort

level of 1 for both types by setting k∗H ≥
ap−V
z

.

Theorem 3.3 formalises some of the above discussion:

Theorem 3.3. Suppose that d = 0. For all V and c > 0, there exists a θ̄ ∈ R+ such

that if θ > θ̄, then Nc < N2: when these assumptions hold, the party leader su�ers from

second-mover disadvantage.

As the payo� the party leader receives from a positive signal increases, the greater the

loss associated with the fact that when the party leader moves second, yi,1 is concave in

kH . If the politician can only be rewarded if they are re-elected, it becomes increasingly

more costly for the party leader to increase the probability of receiving a positive signal

because as yi,1 increases the probability that the reward is received by the politician de-

creases. As θ increases, this disadvantage of moving second dominates the selection and

re-election e�ects, and thus the party leader su�ers from second mover disadvantage.

Hence if the party leader values the passage of high-quality legislation highly enough,

then they su�er from second-mover disadvantage. As they are not necessarily able to

reward a politician who has exerted the e�ort required to pass legislation, the party

leader is unable to incentivise the politician to exert such e�ort as much as they would

like to.

However, if the optimal level of kH is relatively low in both games, then the party

leader may actually prefer that they move second. For a start, when kH is low, the

selection and re-election e�ects are relatively large. In addition, ∂x1,i(0,kH ;Γc)

∂kH
is relatively

large when kH is small, which implies that kH is relatively e�ective at increasing yi,1.

In fact, if V > 1 − al, then moving second is actually more e�ective at decreasing the

legislative e�ort of both types for some positive values of kH .
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The above analysis implies that as c increases, the party leader's second-mover

disadvantage is reducing, and in fact the party leader may actually prefer moving second

if c is su�ciently large. We do not examine this possibility explicitly here.

3.6 Discussion

Introducing a second principal into the canonical model of political reputation not

only explains why politicians may frontload or backload time allocated to constituency

work, but also illustrates the incentive structure of the party leader. The party leader

generally lacks commitment power and moves second, both of which potentially leaves

them worse o�.

If the party leader is unable to contract with the politician, they are unable to

internalise the distortive e�ect that legislative incentives have on the politician's time

allocation. The time allocation of the politician a�ects the probability that the politi-

cian is re-elected, which in turn a�ects the party leader's ability to gain utility from

providing politicians with legislative bene�ts. We �nd that the party leader is always

strictly worse o� as a result of not having the ability to commit as a result of these

e�ects.

A further avenue of research would therefore be to examine the extent to which

legislative leaders and parties more generally are able to commit to o�ering legislative

appointments or other bene�ts to politicians. While party leader's are not able to

directly contract with politicians, the fact that they repeatedly interact with politicians

in a dynamic setting suggests that they have reputational incentives of their own with

regards to promises made to politicians of their party. Analysing what shapes incentives

and how they may a�ect the party leader's ability to in turn incentivise time allocation
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towards legislative tasks would be an fruitful line of inquiry.

Moving second means that the party leader's ability to incentivise the politician is

tempered by the fact that the politician can only reap any bene�ts provided by the

party leader if they are re-elected. This implies that, assuming the politician's initial

level of time allocated to the constituency is not very high, the party leader is less able

to distort e�ort towards legislative tasks, which makes the party leader worse o� when

the bene�t to receiving a positive signal increases. The signal in this model captures

the utility the party leader receives from the passage of high-quality legislation. Hence,

as the desire for high-quality increases, the more likely it is that the party leader su�ers

from second-mover disadvantage.

However, moving second does have potential bene�ts to the party leader, in that they

are able to a�ect the time allocation of the populist candidate more than the legislative

entrepreneur, so their action has a di�erential e�ect on re-election probabilities. As

well as this, the party leader only has to reward the politician if they are re-elected. As

there is a cost to providing legislative bene�ts, potentially forgoing this cost while still

incentivising the politician to engage in legislative e�ort is bene�cial.

Furthermore, when the politicians gain large amounts of utility from being re-

elected, the party leader's legislative incentive may actually be more e�ective at chang-

ing the politician's action for some levels of the legislative bene�t. The party leader

therefore may prefer moving second in the case where c is su�ciently large.

Several extensions to the general framework considered here would be fruitful. A

formal characterisation of the conditions under which the party leader prefers to move

second would provide a deeper understanding of the set-up. As well, considering the

extent to which there being two principals rather than one a�ects optimal e�ort allo-

cation would further illuminate the extent to which the party leader's moving second
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distorts incentives.

3.7 Conclusion

When faced with two principals, the voter and the leadership of their party, politicians

need to decide what kind of reputation they wish to build. Depending on their prefer-

ence for legislative bene�ts, politicians may wish to be seen as being either a legislative

entrepreneur or a populist. If they value the bene�ts on o�er from their party lead-

ership, politicians may risk not being re-elected in order to increase the probability of

receiving those bene�ts.

Our approach also captures the incentives of the party leader. The party leader

wants to select politicians who are interested in working on legislative tasks, while at

the same time also wants to have politicians of their party re-elected. If the latter

incentive is large, the party leader may prefer to be able to commit to not providing

legislative rewards, so as to ensure that the politician maximises their probability of

being re-elected. In general, however, they do not have the means of doing so.

Even if the party leader does not value re-election, we �nd that by o�ering the

legislative incentive they may actually reduce the legislative e�ort of some politicians.

If the bene�t the politician receives from being re-elected is small enough, the legislative

reward acts as an incentive to increase e�ort in the constituency in order to increase the

probability of re-election, whereupon they can receive the bene�ts bestowed on them

by the party leader.

Both of the above points suggest that the party leader may su�er from both a lack

of commitment power and second mover disadvantage, both of which we examine.

We show that the party leader is always strictly worse o� as a result of lacking

149



commitment power. As a result of not being able to commit to a reward pro�le, the

party leader is unable to take into account the fact that the legislative bene�t a�ects the

probability that the politician will be re-elected, a�ecting the probability of its payment.

Furthermore, the level of legislative bene�t a�ects the probability that di�erent types

will be re-elected di�erently: increasing the legislative reward decreases the probability

that the populist type will be re-elected. The party leader's action therefore has a

selection e�ect, which they do not take into account when they are unable to commit

to an action pro�le.

Constructing a game in which the party leader can choose the level of legislative

reward and is able to reward the politician even if they are not re-elected makes it clear

that the party leader's second-mover disadvantage is increasing as the expected bene�t

the party leader receives from the passage of high-quality legislation.

Our analysis implies that second-mover disadvantage is more likely in periods of

time (or countries) in which partisanship is less salient. In such circumstances, re-

election is relatively less valuable, and good quality legislation is more highly valued.

As moving second makes re-election more likely and a positive realisation of the party

leader's signal more likely, it follows that moving second is more costly than in cases

where party leadership is more focused on the re-election of members of their own party.

However, if the cost of rewarding the politician is su�ciently high, the party leader

actually prefers the case where they move second. Moving second makes it more likely

that the party leader incentivises the politician to engage in legislative e�ort without

having to provide the legislative reward, which is costly. Furthermore, when the optimal

level of legislative bene�t is su�ciently low (for example, because it is costly to reward

the politician), the party leader's action may actually be more e�ective at increasing

legislative e�ort when they move second than when they do not.
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Appendix

Proof of Theorem 3.1

The characterisation equilibrium follows from the analysis in the main text of the paper.

To see that PBE is unique, consider each of the periods in turn:

Period 3: Given the party leader's preferences, the stated strategy is uniquely optimal

for every possible history of the game, and the belief pro�le α is pinned down by Bayes

rule. The stated strategy in the proposed equilibrium strategy in period 3 is uniquely

optimal for each type of politician given any pro�le of past actions by the politician

and the two principals.

Period 2: Given the voter's preferences, the stated strategy is uniquely optimal for

every possible history of the game, and the belief pro�le µ is pinned down by Bayes'

rule.

Period 1: Given the fact that the action pro�les in each future period are unique for

a given set of parameter values, it follows that the action pro�le described in Theorem

3.1 is unique.

As the strategy pro�le for each player at each period period is unique for a given set of

parameters, it follows that the uniqueness statement in Theorem 3.1 holds.

Proof of Proposition 3.1

From Section 3, if the optimal e�ort allocation of the politician is interior, then it is

expressed:

x̄i,1 =
ai + q∗(zkH + Vi)

1 + 2zk̃r∗
.

This expression is equal to aiwhen the following holds:
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q∗(zikH + Vi) > 2zk̃r∗,

which implies that the threshold value of z̄i can be expressed as follows:

z̄ =
q∗Vi

2k̃r∗ − q∗kH
. (3.5)

Hence, if z < z̄, then the politician's �rst period e�ort is (weakly) greater than their

e�ort upon re-election, with the inequality strict if the politician's e�ort allocation is

interior.

Proof of Proposition 3.2

The proof follows immediately from equation (3.5) in the proof of Proposition 3.1.

Proof of Proposition 3.3

By the de�nition of α and k∗, it is clear that kL < kH . Furthermore if d > 0, then

0 < kL < kH .

Call the probability of the politician being re-elected pi(k̃, kH), where pi(.) : R→[0, 1]

is a decreasing function because we have assumed that x∗1,i < x̂1,i. The total expected

bene�t to the party leader receives directly re-election is pi(k̃)υ. As v →∞, the bene�t

of increasing pi(k̃) approaches in�nity, which would imply that there exists a ῡ that is

su�ciently large such that N(k̃, ῡ) = N(0, ῡ) where k̃ > 0.

Combined, the two paragraphs above imply that there trivially exists some threshold

value of v, v̄, above which the party leader's utility is strictly higher in the equilibrium

where they can commit to not o�ering a legislative bene�t.
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Proof of Proposition 3.4

Recall that inequality (3.1) above is as follows:

ai + (zk∗H + V )

1 + 2zk̃
≥ ai + (V + k∗).

Re-arranging (3.1) then yields the following expression:

k∗H
k̃
≥ 2(ai + e+

1

4
).

As the left hand side is greater than 1 in equilibrium, it follows that if 2ai+
1
4
< 1, then

there exists an ē ∈ R+ such that if e < ē, then the above inequality holds.

Proof of Proposition 3.5

Let �type 1� denote type l and type 2 denote type p. De�ne x as the vector (x1,p(kH , kl), x1,l(kH , kl)).

The party leader's utility function in this case can be stated:

N(x(kL, kH ; Γj)) =
2∑
i=1

0.5(yi,1θ+xi,1((1−ai)θ−y1,i(
1

2
ck2

H)−x1,i(
1

2
ck2

L))+0.5θ(1−xi,1)

with the last term resulting from the fact that 0.5(1−al)θ+0.5(1−ap)θ = 0.5θ given that

al = 1− ap by assumption. As argued in the main text, if V < Ṽ ,then ∂N(x(kL,kH)
∂kL

< 0.

This follows from the following observations:

1. ∂yi,1
∂kL

< 0 for both i if ap + V < 1;

2. ∂xi,1
∂kL

> 0 for both i if ap + V < 1 and c > 0 so y1,i(
1
2
ck2

H) and (1− y1,i)(
1
2
ck2

L) are

both less than zero;

3. ∂xi,1
∂kL∂ai

> 0 and 0.5 < ap. Hence,
∑2

i=1 0.5(x1,iai + 0.5(1 − x1,i)) is decreasing in

kL if ap + V < 1.
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Observations (1)-(3) indicate that N(x(kL, kH)) is falling in kL, hence k
′
L = 0. Note

that if V > Ṽ , then ∂y1,i
∂kH

> 0.

De�ne:
∑2

i=1 0.5xi,1ai+0.5(1−xi,1) := Y . By point 3 above, ∂Y
∂kH

> 0. Hence, when

kH = 0, it must be that ∂N(x,kL,kH)
∂kH

> 0. This holds as:

∂yi,1
∂kH
|kH=0 +

∂Y

∂kH
|kH=0 > 0.

This result implies that in any solution to the party leader's maximisation problem,

k
′
H > 0.

Proof of Proposition 3.6

As shown in the main text, in the no-commitment equilibrium, k∗H = 0 when d =

0. However, as shown in the proof of Proposition 3.5, if V > Ṽ , then k
′
H > 0 and

∂N(x(kL,kH))
∂kH

|kH=0 > 0. Hence, any equilibrium in the commitment case yields a higher

utility than in the no-commitment case.

Proof of Theorem 3.2

Suppose that d > 0. Then the party leader's payo� can be expressed:

N(kL, kH ; Γj) =
2∑
i=1

(0.5θ(yi,1(Γj) + xi,1(Γj)((1− ai)θ + yi,1(Γj)(d(1− ai)kH −
1

2
ck2

H)

+ (1− yi,1(Γj))(d(1− ai)kL −
1

2
ck2

L)) + 0.5θyi,1(Γj).

If c > c̄ and ap + V < 1, then it follows that maximisation problem maxkL,kHN(kL, kH)

has a unique interior optimum, which must solve the �rst-order conditions:

∂N(k
′
L, k

′
H ; Γc)

∂kj
= 0 for j = L,H. (3.6)
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Note that: ∑
0.5xi,1(k∗j )(y1,i(k

∗
j )(d(1− ai)− ck∗j )) = 0 for j = L,H

by the de�nition of k∗j . The term on the right hand side of the equation is present in

both the �rst-order condition in (3.7). Hence for k
′
L = k∗L and k

′
H = k∗H , it must be that

the other terms in the �rst-order conditions in (3.6) are equal to zero for the vector

(k∗L, k
∗
H) . De�ne:

βkj(kL, kH) :=
∂N(k

′
L, k

′
H ; Γc)

∂kj
−
∑
i=1

0.5xi,1(kj)(yi,1(kj)(d− ckj))

For (k∗L, k
∗
H) to be the solution to the party leader's �rst-order condition it must be the

case that:

βkj(k
∗
L, k

∗
H) = 0 for j = L,H (3.7)

Given the above functional form of the party leader's utility function, βkj(kL, kH) can

be written:

βkj(kL, kH) = g(
∂xl,1
∂kj

,
∂xp,1
∂kj

)

where g(., .) is a linear function that is non-constant in both of its inputs. When x∗1,i is

interior for both i, it must be the case that:

∂xi,1
∂kH

6= ∂xi,1
∂kL

. (3.8)

Given the result in (3.8), it must be the case that no interior equilibrium can satisfy

the two conditions implied by (3.7) simultaneously. Hence for all d > 0, if k∗L = k
′
L

then k∗H 6= k
′
H and vice versa. Noting that when d = 0, k∗L 6= k

′
L and k∗H 6= k

′
H ,this

result implies that the party leader strictly prefers the commitment equilibrium to the

no-commitment equilibrium for all d ∈ [0,∞).
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Proof of Theorem 3.3

Again, let �type 1� denote type l and type 2 denote type p, as in Proposition 3.5. The

party leader's payo� function when Γc is played can then be stated:

N(0, kH ; Γc) =
2∑
i=1

0.5(yi,1(Γc)θ + xi,1(Γc)((1− ai)θ − yi,1(Γc)(
1

2
ck2

H)) + 0.5θyi,1(Γc).

The equivalent payo� function for Γ2 is as follows:

N(0, kH ; Γ2) =
2∑
i=1

0.5(yi,1(Γ2)(θ − (
1

2
ck2

H)) + xi,1(Γ2)(1− ai)θ + 0.5θyi,1(Γ2).

De�ne:

Ñ(k; θ, c, V, z) =
2∑
i=1

0.5(ỹi,1[θ − (1− xi,1(Γc)](
1

2
ck2

H) + x̃i,1(1− ai)θ) + 0.5θỹi,1.

where ỹi,1 = yi,1(Γ2)−yi,1(Γc) and x̃i,1 = xi,1(Γ2)−xi,1(Γc). Ñ(k; θ, c, V, z) then denotes

the di�erent between the party leader's utility in Γ2 and game Γc. Note that if:

k∗H(Γ2) ≥ ap + V

z

then the probability that the party leader receives a positive signal is equal to 1 for

both types. Given the expression for N(0, kH ; Γ2), it is clear that for any c there exists

a θ̃ > 0 such that if θ > θ̃ the above inequality holds.

Note that, given the expression for x∗i,1(Γc), there is no �nite value of kH for which

x∗i,1(Γc) = 0. Hence, Ñ(k; θ, c, V, z) is increasing in θ function, and Ñ(k; θ, c, V, z)→∞

as θ →∞. It follows that there exists a θ̄ ∈ R+ such that if θ > θ̄, then Ñ(θ) > 0, and

hence the result is proved.
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Conclusion

In Chapters 1 and 2, we consider the incentives of a pro�t-maximising platform owner

who is able to a�ect which sellers groups of consumers observe. We consider several

ways in which the platform owner could be constrained in matching buyers to sellers,

including the owner only being able to choose: the probability that a seller is prominent

to buyers; the probability that an entrant is observed, keeping the rest of the network

�xed; and to what extent product ratings determine the probability that a seller can

be observed.

A consistent observation throughout both chapters is that the platform owner faces

a trade-o� when increasing the probability that buyers and sellers are matched: a

match generates sales and therefore pro�t, but at the same time, the more sellers a

buyer observes, the more competition there is across the entire network. The nature of

price competition on networks, and speci�cally the fact that indirect connections a�ect

prices, means that concentrating competition by making a subset of sellers prominent

decreases prices.

The platform owner resolves their trade-o� by reducing the extent to which sellers

are prominent. Doing so results in fewer high-quality matches but generates higher

prices, and therefore yields higher aggregate pro�ts.

The platform owner's incentive to reduce seller prominence and seller observability
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more generally is harmful to consumer welfare. Consumer surplus is highest when

buyers observe as many products as possible and prices are low. The complete network,

where buyers observe sellers with probability 1, therefore always maximises consumer

surplus.

Platform owners in general thus have an incentive to design platforms in a manner

that is harmful to consumer welfare. They tend to prefer networks where competition

is less concentrated, which in turn implies that buyers observe only a subset of the total

products on the market, including those that are high-quality.

In the last decade, competition authorities have taken an increasing interest in en-

suring that large online markets function such that there is enough competition between

platforms. However, as platforms across the digital commerce sector consolidate, the

extent to which platforms that link buyers and sellers can control the market environ-

ment in which competition takes place becomes increasingly important.

Our analysis indicates that policymakers should ensure that platform owners are not

distorting intra-platform competition to increase prices and harm consumer welfare. To

do so, competition authorities would need to examine the search processes that large

online retail platforms use to match buyers with sellers. Speci�c recommendations on

how to improve competition would be platform- and market-speci�c, as our analysis in

Chapter 2 suggests.

In Chapter 3, we examine the optimal e�ort allocation of a politician who is incen-

tivised to engage in constituency e�ort by voters and legislative e�ort by their party's

leader in Congress. Doing so explains why some politicians choose to frontload their leg-

islative e�ort, while others backload it: if a politician values legislative rewards highly,

then they have an incentive to build a reputation as someone who cares about legislative

work at the expense of their constituency.
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Our analysis also sheds light on the party leader's incentive to provide the politician

with legislative bene�ts. As the party leader is only able to reward the politician when

the politician is re-elected, the e�ectiveness of the party leader's action is potentially

constrained, and they may in some cases prefer to actually increase constituency e�ort,

as in doing so the politician is more likely to be re-elected and thus be able to potentially

claim the legislative bene�t.

If the party leader cannot commit to a schedule of legislative rewards prior to the

politician's performing their action, they are unable to take into account the fact that

their reward a�ects the likelihood that the politician will be re-elected. This implies

that the party leader is always strictly worse o� in the case where they lack commitment

power.

Furthermore, the party leader loses out because they move second. Since their action

becomes less e�ective as the probability that the politician is re-elected becomes low,

if the cost of rewarding the politician is low compared to the bene�t associated with

high legislative e�ort, the hypothetical case in which they would be able to reward the

politician whether they are re-elected or not would be better for the party leader than

the case in which they move second. If, however the cost of providing legislative rewards

is high enough, then the party leader may actually prefer that they move second.
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