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We investigate the full doping and strain-dependent phase diagram of the normal state of magic-angle
twisted bilayer graphene (TBG). Using comprehensive Hartree-Fock calculations, we show that at
temperatures where superconductivity is absent the global phase structure can be understood based on the
competition and coexistence between three types of intertwined orders: a fully symmetric phase, spatially
uniform flavor-symmetry-breaking states, and an incommensurate Kekulé spiral (IKS) order. For small
strain, the IKS phase, recently proposed as a candidate order at all nonzero integer fillings of the moiré unit
cell, is found to be ubiquitous for noninteger doping as well. We demonstrate that the corresponding
electronic compressibility and Fermi surface structure are consistent with the “cascade” physics and
Landau fans observed experimentally. This suggests a unified picture of the phase diagram of TBG in terms

of IKS order.

DOI: 10.1103/PhysRevLett.128.156401

Introduction.—When two layers of graphene are stacked
with a relative twist close to the “magic angle” (~1°) the
resulting moiré pattern leads to a band structure with very
flat bands, enhancing correlation effects [1]. As the number
of electrons per moiré unit cell (i.e., the filling v, measured
relative to neutrality) is varied, twisted bilayer graphene
(TBG) exhibits a rich array of insulating, metallic, semi-
metallic, topological, and superconducting behavior [2-7].
Much theoretical effort has been expended in attempts to
formulate a consistent framework explaining these phe-
nomena [8—41]. Three main classes of experimental data
(detailed below) guide such a framework: (zero-field)
transport measurements, compressibility measurements
(cascades), and Landau fan diagrams. In this Letter we
use microscopic Hartree-Fock (HF) calculations, which
crucially incorporate strain and allow for spatially modu-
lated order, to establish a global normal state phase diagram
of TBG that is consistent with all these experimental
results.

Transport measurements above 7', reveal a semimetal
[3-5,42-50] or insulator [2,6,7,51-55] at v = 0, a metal or
weak insulator at v = +£1, correlated insulators at v = 42
[2,3,5-7,42-55] and +£3 [2,5-7,44,46,47,49,51-55], and
metallic behavior [2-7,42-55] at all noninteger fillings.
Strong-coupling calculations predict an insulator at v = 0
[11,21]; thus the observed semimetallic behavior indicates
that experimental TBG samples lie outside the strong
coupling regime. Theoretically, it has been demonstrated
that even small amounts of strain suppress strong coupling
insulators at v = 0 [36] in favor of semimetallic behavior.
Since finite heterostrain of strength € = 0.1-0.7% has been
measured via scanning probes [56-59] in many TBG
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samples and is likely ubiquitous, its inclusion provides a
compelling explanation of experiments at charge neutrality.

Viewing strain as a key ingredient at v = 0 profoundly
impacts the understanding of TBG at other commensurate
fillings. In recent work we and others [25] argued that a
new state, dubbed the incommensurate Kekulé spiral (IKS),
emerges at all nonzero integer fillings in the range of
modest strain invoked to explain the v = 0 semimetal. Via
HF analysis, we identified IKS order as an energetically
favored and experimentally consistent candidate for the
metallic states at v = +1 and the gapped insulators at
v = 2, +3. Here, we explore the relationship between the
physics at noninteger v and the previously identified states
at integer v.

A stringent test for theory is to reproduce the phenom-
enology of the Fermi surfaces (FSs) that emerge on doping
away from commensuration. One such feature is “cascade
physics”: the sequence of density-tuned transitions which
repeats roughly each time v is increased by one. Scanning
tunneling experiments [59-61] show distinct changes in
the excitation spectrum at each integer filling, whereas
compressibility measurements show a characteristic
repeating sawtooth pattern in the chemical potential y
[42,45,49,50,53,62,63]: As v approaches each positive
integer from below, u increases sharply, before gradually
decreasing towards the next integer v. A complementary
perspective is given by the “Landau fans” of field-
dependent densities where the longitudinal magnetoresis-
tivity p,(B) reaches a minimum, corresponding to filled
Landau levels. These reveal the number of degenerate FSs
that emerge from the commensurate fillings. On the
electron-doped side of v =0, 2, 3, experiments find

© 2022 American Physical Society


https://orcid.org/0000-0003-3154-8995
https://orcid.org/0000-0001-6479-5584
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.128.156401&domain=pdf&date_stamp=2022-04-12
https://doi.org/10.1103/PhysRevLett.128.156401
https://doi.org/10.1103/PhysRevLett.128.156401
https://doi.org/10.1103/PhysRevLett.128.156401
https://doi.org/10.1103/PhysRevLett.128.156401

PHYSICAL REVIEW LETTERS 128, 156401 (2022)

42,1 FSs, respectively [2-7,42,45-47,49,51,52,64]. Hole-
doping negative integers yields analogous scenarios due to
approximate particle-hole symmetry [65].

The flavor degeneracy of TBG is crucial to under-
standing cascade physics. Focusing on the two flat central
bands, there are four flavors of electrons (two spins and two
valleys) so that 8 electrons per moiré unit cell are necessary
to completely fill the TBG flat bands. Empirically, flavor-
symmetry breaking transitions occur near van Hove sin-
gularities between integer fillings [9], with the density of
electrons in partially filled bands resetting to zero at each
integer; however, the mechanism behind the cascades
remains controversial. Although both weak- and strong-
coupling approaches invoke the competition between
Coulomb exchange (which favors flavor polarization)
and kinetic energy (minimized by equal flavor popula-
tions), they differ in details. Weak-coupling theories build
on the bare dispersion [45] and its linearity near Dirac
points; since each flavor has two Dirac cones near K, K jw
in the moiré Brillouin zone (mBZ), in this “Dirac cascade”
picture the sequence of electron-doped FSs is 8, 6, 4, 2,
inconsistent with measured Landau fans unless, e.g., Cs
symmetry is broken [67]. In contrast, strong-coupling
treatments rely on the renormalization of the bare band
structure by interactions: within HF the Dirac cones are
replaced by a large correlation dip, i.e., a minimum in the
dispersion, near I'y; [53,68-72]. On doping, this yields a
single FS per flavor and hence gives Landau fans consistent
with experiment [72].

Despite such successes, a strong-coupling calculation
that ignores corrections from the single-particle dispersion
fails other tests. Notably, it ignores strain, which is essential
to reproduce the v = 0 semimetal as well as the metallic
behavior at v = £1 seen by many experiments. Even for
zero strain, in a strong-coupling calculation it is necessary
to include a small amount of kinetic energy in order to
pick out the Kramers intervalley coherent (KIVC) insulator
(known to be the unstrained HF ground state at v = 0, £2
for realistic interactions [11,21]) from a degenerate mani-
fold of flavor-symmetry-broken states. In the presence of an
experimentally realistic amount of strain, the kinetic energy
is further enhanced, hence requiring an intermediate-
coupling analysis, as used in Ref. [25] to argue that IKS
order consistently explains metallic and insulating behavior
at different integer v. A natural question is whether this
approach also reproduces the cascade physics and Landau
fan degeneracies.

With this motivation, we extend the study of TBG with
strain [25,36] to the gapless states at non-integer fillings of
the central bands. We demonstrate numerically that finite-
strain IKS order remains stable when the system is doped
away from integer filling, and analyze the Fermi surfaces
and the chemical potential variation over the full range of
experimentally relevant fillings and strains. We find that the
electronic compressibility matches experiment reasonably

well for all strains, even though the phase structure changes
significantly for € Z 0.2%, suggesting that cascade physics
places far weaker constraints on theory than previously
assumed. We argue therefore that Landau fan degeneracy
and the absence or presence of insulating states at integer
fillings are more informative diagnostics of the underlying
physics. Strain and the resulting IKS order are vital for the
HF calculation to agree with both experimental probes. The
ubiquity of IKS order at almost all fillings for the relevant
strains suggests this is the universal normal state of TBG
from which superconductivity emerges at low temperatures.

Results.—We perform self-consistent HF calculations of
the interacting Bistritzer-Macdonald (BM) model [1] pro-
jected to the central bands and without substrate potential
or nonlocal tunneling. We use hopping parameters
wys = 82.5meVand wypz = 110 meV and work at a twist
angle of @ = 1.1°. We include heterostrain of strength ¢ and
axis along X using the prescription of Refs. [25,36,73]. We
verified that variations in twist angle and strain axis do not
qualitatively change the phase diagram. The Hamiltonian
has approximate particle-hole symmetry, allowing us to
restrict discussion to positive v [65]. We use the dual-gate
screened Coulomb interaction V(q) = (e?/2¢ye,q) tanh gd
with screening length d = 25 nm and relative permittivity
€, = 10. To avoid double-counting interactions, we sub-
tract off a density matrix corresponding to decoupled
graphene layers at charge neutrality [10,11]. We show
that other subtraction schemes lead to similar results
(See Supplemental Material [65]). Further HF details are
in Ref. [25].

Diagonalizing the sublattice operator (ignoring the weak
dispersion) defines the “Chern basis” ?:Lm for the eight
central bands [11], which can then be labelled by valley,
spin, and sublattice polarization (with Pauli matrices z,, s,
and o, respectively), with the Chern number of each band
given by C = ¢,7.. In the strong coupling limit, the integer-
filling ground states are uniform ferromagnets in this basis,
in analogy with quantum Hall ferromagnetism (QHFM)
[11,21]. However, on including finite strain the system
leaves the strong coupling limit, and hosts new phases:
A fully-symmetric phase and the IKS order. All these
orders can be captured by the one-particle density matrix

<elT(_1q/2.fmék—r’q/2,r’s’0’> = Prsa;r’s’a’(k>’ (1)
with TrP = (v + 4)N|N,, where N = NN, is the number
of moiré unit cells. We have shifted the momenta such that
we always hybridize electrons with momentum k — zq/2
in valley 7 with electrons with momentum k — 7/q/2 in
valley 7. That way intravalley (z = 7’) hybridization occurs
at equal momenta while intervalley (z # 7/) coherence
(IVC) occurs with relative momentum q. We choose the
HF solution with the lowest energy for any q in the mBZ.
We find two types of IVC states: Kramers-IVC (KIVC)
order [11] at q =0 and time-reversal symmetric 7IVC
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FIG. 1. (a) Hartree-Fock phase diagram of TBG in the filling-strain plane. Color map intensity shows the magnitude of the IVC order
parameter (white regions have no IVC). Color encodes type of IVC via the angle arctan(Agyc/A7ve) on the “Bloch sphere,” KIVC at
q = 0 (red) and 7TVC at nonzero q (blue). Hatching denotes valley polarization. 7 -breaking phases are underlined. HF results are for
12 x 12 systems, minimizing over all q. (b) Electron-doped FSs (black lines) of both spin species (1, | ) near commensurate filling at
three representative strains. In IVC phases, valleys hybridize as indicated by the modulated valley polarization, yielding two split bands
of which only the lower is shown. Finite-q IVC order is flagged by dashed mBZ boundaries (q may vary). Experimentally measured
Landau fans indicate 4,2,1 equal-area FSs on electron-doping v = 0, 2, 3. HF results at ¢ = 0.16% and ¢ = 0.3% are consistent with
this, but not at € = 0, suggesting strain is ubiquitous in real samples. Metallic parent states at v = 1, € = 0.16%, 0.3% (hatched) do not
give rise to clear Landau fans, consistent with experiments.

order at variable q # O (this is the so-called IKS order [25]).  (blue regions) that was previously reported only at integer
We can define the spinless time-reversal symmetry 7 =  fillings [25]. Finally, there are other generalized ferromag-
7,K and the related antiunitary symmetry 7' = 7,K, where  nets besides the KIVC: quantized anomalous Hall (QAH),
K denotes complex conjugation. The KIVC order param-  valley polarized (VP), valley Hall (VH), and spin Hall (SH)
eter Agyc = 7,0, then satisfies 7' whereas 7IVC with ~ [74] states (white regions) that are in close energetic
Ariye = 7,0, respects 7. competition with the IKS solution. Between the integer
Figure 1(a) shows a global phase diagram of TBG in the fillings, we find first-order phase transitions where the
filling-strain plane. We find the different types of order  ground state crosses over between an IKS solution and a
listed in Table I. Between v = 0 and v = 2 we find KIVC VP solution (between v = 1-2 and v = 3-4) or a VH/SH
order at q = 0 for small strains (red regions). As noted, this solution (between v = 2-3; the two solutions are degenerate
is known to be the zero-strain HF ground state atv = O and  in our calculation, however intervalley Hund’s coupling
v=2. At v=0 the ground state switches from the favors the VH state [65]). VP can also coexist with the
insulating KIVC to a semimetallic state (SM) at a critical ~ KIVC and IKS away from the integer fillings. 7 breaking is
value of strain (larger than € =0.3% for the chosen  ubiquitous at zero strain, but is almost completely absent
parameters), as previously reported [36]. This semimetal  for ¢ = 0.3%.
persists to finite doping as a symmetric metal (white region). We have verified that the order parameters remain
For modest values of strain and mostly on the hole-  nonzero in finite-temperature HF for temperatures up to
doped side of the integers, we find IKS order at finite q = ~50 K [65], although those that break U(1) symmetries

TABLE I.  Order parameters and representative projectors P in the Chern basis at a given reference v. Doped versions of these phases
appear at noninteger fillings. Asterisks denote degenerate manifolds of states with different spin polarizations obtained by performing
valley-dependent spin rotations allowed by SU(2)x x SU(2),, symmetry. y = (0,,7.6,,7,6;), § = (7:6,,7,06,,7,) and ny, my are
three-vectors (ny lies in the x-y plane).

Phase Ref. v Spin pol. Valley pol. U(1), 7 =7k T = ryIAC P= <5|+(,m€‘k',1/s'a/>

IKS =3 * 0 X 4 X g (L s) (1 my - 7) (e + M Gy g + mign*Si )
VP -2 2 2 v X X 11+ 5.)(1 4 7,) 000k

SH -2 0 2 v X X T +7,)(1 +0,5,)0x

VH -2 * 0 v v v 17o(1+5,)(1 4 0,)0k i

QAH -3 1 1 v X X L+ 5.)(1+6.)(1+7.) 8

KIVC -2 * 0 X X v T (14 s)[1 + (cos Oryet, + sinbryct,)o, 0k
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will only have algebraic correlations once fluctuations
beyond mean field are included. Consequently, the phases
studied here are possible parent states for the supercon-
ductors that emerge in experiments below 7, <5 K [2-5].

Depending on the strain, different pictures emerge for the
cascades. At zero strain, at v = 0 the system begins in
KIVC, with IVC in both spin species. Upon doping, down
spins continue to have IVC order, while up spins valley
polarize. At v =1, down spins are in a KIVC insulator
while up spins form a QAH state. We move to v = 2 by
doping up spins until they are fully filled, while down spins
are in KIVC. Doping beyond v =2, KIVC order is
destroyed in the down spins, which now become valley
polarized and eventually form QAH state at v = 3.

At finite strain, doping the semimetal at neutrality gives
four FSs from the two spins and two valleys. The states are
filled from the Hartree minima, which shift away from I'y,
by equal and opposite amounts in each valley, consistent
with C, symmetry. At a critical filling, the Fermi seas of the
two valleys start overlapping, signaling the onset of finite-q
IVC order (IKS). By the time the next integer filling is
reached, the IKS order has proliferated throughout the mBZ
(except near the Hartree minima, where electrons remain
valley polarized). Therefore we can view the emergence of
IKS order at critical fillings as a weak-coupling instability
of a FS from interaction-renormalized bands. For e =
0.1-0.2% there are regions on the electron-doped sides
of v=0, 1, 2, 3 where the ground state lacks any IVC
order. By counting the number of (equal area) FSs [Fig. 1(b)]
we obtain Landau fan degeneracies of 4,2,1 atv = 0, 2, 3,
respectively. For larger strains the ground state always
includes some IKS order (except for fillings close to
v =0, 4) with wave vector q whose optimal value varies
throughout the mBZ as the filling changes (see Supplemental
Material [65] for € and v dependence of q). For the “Kekulé
cascades”, the Landau fan degeneracies at v = 0, 2, 3 are
4,2,1, respectively. Since we find a metal at v = 1, no clear
Landau fans would emanate from this filling, consistent with
all experiments under normal conditions [2,4,5,46,47]. A
striking feature seen in experiments is the asymmetry of the
Landau fans: Atv = 42, 43, the Landau fans are only seen
for doping away from charge neutrality [2-7,42,45—
47,49,51,52,64]. By calculating the density of states at the
Fermi surface, we see that for doping towards charge
neutrality the bands are very flat and there is no sharp
Fermi surface consistent with the absence of Landau fans.
We see this phenomenology for any value of the strain
(see Supplemental Material [65]).

The traces of the chemical potential in Fig. 2 show a
sawtooth pattern that is consistent with the experimental
observations reported in Refs. [42,45]. The phases on the
hole-doped side of integer filling are more compressible
than those on the electron-doped side. For larger strains, the
chemical potential is a smoother function of filling closer to
the “square root” shape previously thought to be a unique

601 €= 0.00%
€= 0.16%
Py ] e=0.30%
= 40
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E
201
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FIG. 2. Chemical potential  as a function of filling v for three
different strain values, offset by 5 meV for clarity. HF calculation
for a 12 x 12 system with steps of Av = 1/36.

signature of an underlying Dirac description [45]. To
understand this, note that at the largest values of the strain
(~0.3%) there is a continuous range of IKS. The IKS state
evolves smoothly, with a gradually changing q, leading to a
smooth variation in the chemical potential (up to finite-size
effects). Furthermore, the chemical potential increases by
40 meV between v=0 and v =4, consistent with
Refs. [42,45,59,62,72]. We note, however, that the chemi-
cal potential traces are relatively insensitive to the under-
lying phases, and the resetting of the chemical potential at
integer fillings is a generic feature both of our HF studies at
all strains and also of zero-strain calculations at both weak
[45] and strong [72] coupling. In contrast, Landau fans
are sensitive to the number and structure of the FSs and
are hence better able to distinguish between competing
scenarios.

Conclusions.—In this work we have fleshed out the full
HF phase diagram of TBG above T for any filling v of
the central bands and and as a function of strain €, and
demonstrated that it captures key experimental features of
TBG (modulo superconductivity). Reproducing the correct
Landau fans and semimetallicity at v =0 requires an
intermediate coupling picture with nonzero strain. A weak
coupling description fails to reproduce the observed
Landau fans, since the two Dirac points per noninteracting
band doubles the number of Fermi surfaces relative to
experiment. Absent strain, a strong coupling approach can
reproduce the correct Landau fans, but predicts a gapped
state at v = 0. This justifies our inclusion of both strain and
realistic interactions as a necessary prerequisite to fully
match experiments.

One of our key messages is that the normal state phase
diagram of TBG can be understood in terms of three types
of competing states: A symmetry-preserving metal and two
classes of symmetry-breaking orders—IKS and a set of
generalized ferromagnets. Without strain, the generalized
ferromagnetic states are exact ground states [21] at integer
fillings in an idealized limit of the Hamiltonian. In accord
with this, we find that these states and their doped
descendants describe the entire range of fillings at zero
strain. However, strain is ubiquitous in experimental
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samples and upon its inclusion realistic TBG departs from
the limit where generalized ferromagnets are ground states.
This leads to the two types of states we find that do not lie
within the manifold of generalized ferromagnets: The
completely symmetric metal and the IKS state. For rela-
tively modest strains of € 2 0.3%, IKS order exists for
almost the entire range of fillings v. Because of its variable
wave vector q, the IKS order readily adjusts to changes in
parameters, explaining its ubiquity in the phase diagram.
This underscores the importance of an experimental search
for this order. Furthermore, our study suggests that a doped
IKS state could play the role of a parent to the super-
conducting order that emerges below 7. The angle of the
optimal IKS wave vector  varies as a function of filling
[65], potentially providing an explanation for the rotating
nematicity observed near 7, [43]. A theoretical investiga-
tion of a superconducting mechanism from an IKS parent
state is clearly warranted, and may provide the final piece
of the puzzle of competing orders in TBG.
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