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Abstract

The generation of conformations for small molecules is one of the corner-

stones of computational chemistry. Identifying diverse low energy con-

formers and, in particular, the lowest energy conformer are essential for

applications, such as molecular docking and molecular property predic-

tions. The large conformational space of flexible molecules and the high

computational cost of accurate energy evaluation with methods such as

quantum mechanics are two key challenges.

This thesis explores the use of statistical techniques to (i) understand the

factors governing the conformational preferences of small molecules and

their population, and (ii) improve the efficiency in finding the lowest en-

ergy conformer of a molecule. I first provide an overview of conformer

sampling and Bayesian optimisation, followed by an introduction to cir-

cular data analysis for analyzing torsional distribution in small molecule

conformations.

I demonstrate the effectiveness of Bayesian optimisation algorithm in find-

ing the lowest energy conformation of molecules, which requires orders of

magnitude fewer energy evaluation to find the lowest energy conformation.

I also show how sampling efficiency can be further improved by biasing the

search towards low energy regions through a knowledge-based acquisition

function. To extend the sampling framework, I explore the use of Cremer

Pople puckering parameters to characterise complex ring geometries, and

study the resulting ring puckering preferences extensively.

Finally, I investigate the factors contributing to the conformational en-

tropies of small molecules, and develop linear models that predict the

conformational entropies of small molecules accurately and rapidly.

In summary, this thesis contributes an improved understanding of small

molecule conformational preferences, and introduces new methods to im-

prove the efficiency of sampling conformers and entropy calculations.



Contents

1 Introduction 1

1.1 Motivation and Contribution . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Thesis Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Background 6

2.1 Molecular Representation . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1.1 String Representations . . . . . . . . . . . . . . . . . . . . . . 6

2.1.2 Molecular Fingerprints . . . . . . . . . . . . . . . . . . . . . . 7

2.2 Coordinate Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.3 Conformers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.4 Conformer Sampling . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.5 Metrics for Conformer Sampling Performance . . . . . . . . . . . . . 13

2.6 Quantum Mechanical, Semi-Empirical Quantum Mechanical, Molecu-

lar Mechanics Methods, and Machine Learning Potentials . . . . . . . 14

2.6.1 Ab Initio Quantum Mechanical Methods . . . . . . . . . . . . 15

2.6.2 Semi-Empirical Quantum Mechanical Method . . . . . . . . . 16

2.6.3 Molecular Mechanics . . . . . . . . . . . . . . . . . . . . . . . 17

2.6.4 Machine Learning Potential . . . . . . . . . . . . . . . . . . . 19

2.7 Gaussian Process . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.8 Bayesian Optimisation . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.9 Statistical Analysis of Circular Data . . . . . . . . . . . . . . . . . . 24

2.9.1 Preliminaries and Notation . . . . . . . . . . . . . . . . . . . . 25

2.9.2 Measures of Location, Concentration and Dispersion . . . . . 25

2.9.3 Circular Correlation . . . . . . . . . . . . . . . . . . . . . . . 26

2.9.4 von Mises Distribution . . . . . . . . . . . . . . . . . . . . . . 27

2.9.5 Mixture Models . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.10 Linear Models and Machine Learning Models . . . . . . . . . . . . . . 29

2.10.1 Linear Models . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

i



2.10.2 Least Absolute Shrinkage and Selection Operator . . . . . . . 30

2.10.3 Ridge Regression and Kernel Ridge Regression . . . . . . . . . 31

2.10.4 Neural Network . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3 Bayesian Optimisation for Conformer Generation 34

3.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.2 Methods and Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.2.1 Bayesian Optimisation Algorithm (BOA) . . . . . . . . . . . . 37

3.2.1.1 Acquisition Functions . . . . . . . . . . . . . . . . . 38

3.2.2 Bivariate von Mises Distribution and Mixture Models . . . . . 39

3.2.3 Search Space . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.2.4 Comparison . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.2.4.1 Comparison between BOA, Confab and Uniform Search 40

3.2.4.2 Comparison between BOKEI, BOA-EI and Genetic

Algorithm . . . . . . . . . . . . . . . . . . . . . . . . 41

3.2.5 Performance Metrics . . . . . . . . . . . . . . . . . . . . . . . 42

3.2.6 Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.2.6.1 Simulations . . . . . . . . . . . . . . . . . . . . . . . 43

3.2.7 Statistical Tests . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.2.8 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.2.9 Run Time Analysis . . . . . . . . . . . . . . . . . . . . . . . . 45

3.3 Results and Discussions . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.3.1 Comparison between BOA, Confab and Uniform Search . . . . 45

3.3.1.1 Number of Conformers Generated in Systematic Search 45

3.3.1.2 Search Performance . . . . . . . . . . . . . . . . . . 46

3.3.1.3 Doubling number of energy evaluations . . . . . . . . 52

3.3.1.4 Limitations . . . . . . . . . . . . . . . . . . . . . . . 53

3.3.1.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . 54

3.3.2 Bayesian optimisation Algorithm with Knowledge-based Ex-

pected Improvement (BOKEI) . . . . . . . . . . . . . . . . . . 54

3.3.2.1 MMFF94 . . . . . . . . . . . . . . . . . . . . . . . . 57

3.3.2.2 GFN2 . . . . . . . . . . . . . . . . . . . . . . . . . . 60

3.3.2.3 Correlated Torsions . . . . . . . . . . . . . . . . . . . 61

3.3.2.4 Computational Time . . . . . . . . . . . . . . . . . . 66

3.3.2.5 Limitations . . . . . . . . . . . . . . . . . . . . . . . 67

3.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

ii



3.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

4 Understanding Ring Puckering in Small Molecules and Cyclic Pep-

tides 70

4.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.2 Related Works . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

4.3 Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

4.3.1 Cremer Pople Puckering Parameters . . . . . . . . . . . . . . 74

4.3.2 Ring Ordering . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

4.3.3 Ring Substituent Orientation . . . . . . . . . . . . . . . . . . 77

4.3.4 Unique Ring Families (URFs) . . . . . . . . . . . . . . . . . . 78

4.3.5 Reconstructing Cartesian Coordinates from Cremer-Pople Puck-

ering Parameters . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.3.6 Conformational Sampling of Rings . . . . . . . . . . . . . . . 81

4.3.7 Connection between Ring Puckering, Substituent Orientation

and Torsion Angles . . . . . . . . . . . . . . . . . . . . . . . . 82

4.3.8 Metrics for Sampling and Model Performance . . . . . . . . . 84

4.3.9 Ramachandran Plot and Eccentricity for Cyclic Peptides . . . 84

4.3.10 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.3.11 Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

4.4 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 86

4.4.1 Small and Medium-sized Ring Puckering Preferences . . . . . 86

4.4.2 Effect of Endocylic Double Bonds . . . . . . . . . . . . . . . . 89

4.4.3 Cyclic Peptides . . . . . . . . . . . . . . . . . . . . . . . . . . 92

4.4.4 Effects of Substituent Orientation and Functionality . . . . . . 97

4.4.5 Connection between Puckering Parameters, Endocyclic and Ex-

ocyclic Torsion Angles . . . . . . . . . . . . . . . . . . . . . . 105

4.4.6 Ring Reconstruction . . . . . . . . . . . . . . . . . . . . . . . 107

4.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

5 Understanding Conformational Entropy in Small Molecules 110

5.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

5.2 Data and Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

5.2.1 Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

5.2.2 Calculation of Entropies . . . . . . . . . . . . . . . . . . . . . 113

5.2.3 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

5.2.3.1 Degrees of Freedom . . . . . . . . . . . . . . . . . . . 114

iii



5.2.3.2 Ring Flexibility . . . . . . . . . . . . . . . . . . . . . 115

5.2.3.3 Chemical Functionality . . . . . . . . . . . . . . . . . 117

5.2.3.4 Foldability . . . . . . . . . . . . . . . . . . . . . . . 117

5.2.4 Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

5.2.5 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . 121

5.2.6 LASSO and Ridge Regression . . . . . . . . . . . . . . . . . . 122

5.2.7 Kernel Ridge Regression (KRR) . . . . . . . . . . . . . . . . . 122

5.2.8 Neural Network . . . . . . . . . . . . . . . . . . . . . . . . . . 122

5.3 Results and Discussions . . . . . . . . . . . . . . . . . . . . . . . . . 123

5.3.1 Intramolecular Interactions . . . . . . . . . . . . . . . . . . . . 127

5.3.1.1 Hydrogen Bonds . . . . . . . . . . . . . . . . . . . . 128

5.3.1.2 Face-to-Face and Parallel π-π stacking . . . . . . . . 132

5.3.2 Models to Predict Conformational Entropy and their Performance136

5.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

6 Conclusions and Future Directions 140

6.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

6.2 Future Directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

6.2.1 Bayesian Optimisation with New Kernels for Conformer Sampling145

6.2.2 General Conformational Preferences . . . . . . . . . . . . . . . 145

6.2.3 Integration with Conformer Sampling Tools . . . . . . . . . . 145

6.2.4 2D Geometry Characterisation for Molecular Properties Pre-

dictions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

6.3 Final Words . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

Appendices 148

A 148

B 177

C 190

Bibliography 195

iv



List of Figures

1.1 Drug discovery pipeline. . . . . . . . . . . . . . . . . . . . . . . . . . 1

2.1 Conformations of butane. . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Potential energy surface of butane . . . . . . . . . . . . . . . . . . . . 10

2.3 Conformations of cyclohexane . . . . . . . . . . . . . . . . . . . . . . 10

2.4 Illustration of Bayesian optimisation . . . . . . . . . . . . . . . . . . 24

2.5 von Mises distribution . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.6 Schematic of a neural network. . . . . . . . . . . . . . . . . . . . . . . 32

3.1 Potentail energy landscape for 5-phenylthioquinazoline-2,4-diamine and

ortho-1,1’:2’,1”-terphenyl . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.2 Distribution of the number of energy evaluations by Confab . . . . . 46

3.3 MMFF94 energy difference versus number of rotatable bonds. . . . . 47

3.4 Percentage of the lowest energy conformations found by different meth-

ods and average efficiency of search methods. . . . . . . . . . . . . . . 48

3.5 Examples where BOA found lower energies than Confab. . . . . . . . 48

3.6 Champion rate of BOA and uniform search. . . . . . . . . . . . . . . 49

3.7 Normalized maximum energy variation versus number of rotatable

bonds in BOA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.8 RMSD and TFD values between the sampled conformers and the ref-

erence conformers. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.9 Effect of doubling the maximum number of energy evaluations. . . . . 53

3.10 BOA computational time . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.11 Sampling behavior in BOA-EI and BOKEI . . . . . . . . . . . . . . . 55

3.12 Comparison between BOA-EI and BOKEI . . . . . . . . . . . . . . . 56

3.13 MMFF94 and GFN2 average energy difference from five runs. . . . . 57

3.14 Percentage of BOKEI found lower energy than BOA-EI and GA . . . 58

3.15 Sample standard deviation of the energy of the output conformations

in five independent runs. . . . . . . . . . . . . . . . . . . . . . . . . . 59

v



3.16 Mixture models for correlate torsions (Pattern 2 and 16) . . . . . . . 62

3.17 Higher order correlated torsions . . . . . . . . . . . . . . . . . . . . . 63

3.18 Examples of intramolecular interactions . . . . . . . . . . . . . . . . . 64

3.19 Patterns with discrepancies between crystal structures, MMFF94, and

GFN2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

3.20 BOKEI Running Time Analysis . . . . . . . . . . . . . . . . . . . . . 66

3.21 Performance with updated prior . . . . . . . . . . . . . . . . . . . . . 67

4.1 Two distinct pseudo-rotated conformations of azepane and methylcy-

clohexane. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.2 Ring atoms ordering for 5,5-dimethylcyclohepta-1,3-diene. . . . . . . 76

4.3 Definition of the substituent orientation angle α and β. . . . . . . . . 78

4.4 Example of unique ring families (URFs) calculations . . . . . . . . . . 79

4.5 Puckering preferences of 6-membered rings with no endocyclic double

bonds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

4.6 Puckering preferences of 6-membered rings with one endocyclic double

bond or shared aromatic bond. . . . . . . . . . . . . . . . . . . . . . 87

4.7 Puckering preferences of 7-membered rings with no double bonds. . . 88

4.8 Pseudo-rotation map of the boat-chair conformation in 8-membered ring. 89

4.9 Effect of double bonds on 7-membered rings . . . . . . . . . . . . . . 90

4.10 Location effect of double bonds on 7-membered rings . . . . . . . . . 91

4.11 Conformational sequence preferences in cyclic tetra- and pentapeptides 93

4.12 Ramachandran plot for γ-turns in cyclic tetrapeptide conformations . 93

4.13 Puckering preferences in cyclic tetrapeptide CCCC-DDDD and CCCC-

UDDD conformations . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4.14 CCCC-DDDD subclusters eccentricity values . . . . . . . . . . . . . . 96

4.15 Ramachandran plots and eccentricity values in cyclic tetra- and pen-

tapeptides . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

4.16 Substituent orientation preferences . . . . . . . . . . . . . . . . . . . 98

4.17 Effect of endocyclic double bond on substituent orientation angle . . 100

4.18 Cβ and amide carbonyl orientation preference in cyclic tetrapeptdies

with CCCC-DDDD conformations . . . . . . . . . . . . . . . . . . . . 101

4.19 Examples of CCCC-DDDD conformations . . . . . . . . . . . . . . . 102

4.20 Example of TTTT conformation . . . . . . . . . . . . . . . . . . . . . 102

4.21 Cβ and amide carbonyl orientation preference in all-trans (TTTT)

cyclic tetrapeptdies . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

vi



4.22 Alignment of conformations generated by the proposed method and

the reference conformations. . . . . . . . . . . . . . . . . . . . . . . . 108

5.1 Distribution of GFN2-computed component entropies. . . . . . . . . . 111

5.2 Computational time of CREST and GFN2 vibrational entropy . . . . 112

5.3 Example of unique ring family calculations . . . . . . . . . . . . . . . 116

5.4 Graphical illustration of the distance and angle constraints in hydrogen

bond and π-π stacking. . . . . . . . . . . . . . . . . . . . . . . . . . . 118

5.5 Conformational entropies for increasing lengths of n-unbrached alkanes 124

5.6 Number of conformers and conformational entropies of the molecules

in the training data. . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

5.7 Conformational entropies of branched- and cycloalkanes. . . . . . . . 126

5.8 Relationship between GFN2-computed conformational entropy and to-

tal ring flexibility. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

5.9 π-π stacking interactions. . . . . . . . . . . . . . . . . . . . . . . . . . 128

5.10 Distribution of path lengths in intramolecular hydrogen bonds and π-π

stacking motifs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

5.11 Hydrogen bond acceptors . . . . . . . . . . . . . . . . . . . . . . . . . 129

5.12 Count of unique intramolecular hydrogen bond structural motifs con-

taining different hydrogen acceptors in the dataset. . . . . . . . . . . 129

5.13 Positional analysis for a given intramolecular hydrogen bond acceptor

type . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

5.14 Intramolecular hydrogen bonds motif examples . . . . . . . . . . . . . 131

5.15 Example of functional groups involving in π-π stacking interactions. . 132

5.16 Counts of unique π-π stacking structural motifs containing six different

functional groups. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

5.17 Count of functional groups by position in the training set. . . . . . . 134

5.18 Amide positional preferences in the training set and peptide set. . . . 136

5.19 Models Diagnostics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

A.1 Mixture models for correlated torsion . . . . . . . . . . . . . . . . . . 167

B.1 Side chains χ1 torsion angles . . . . . . . . . . . . . . . . . . . . . . . 187

C.1 Model Performance . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192

vii



List of Tables

2.1 SMARTS logical operators . . . . . . . . . . . . . . . . . . . . . . . . 7

3.1 Number of simulated conformations versus number of rotatable bonds

(BOA) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.2 Number of simulated conformations versus number of rotatable bonds

(BOKEI) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.3 Number of simulated conformations versus number of rotatable bonds

(COD) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.4 Wilcoxon signed-rank test of energy difference on each method pair. . 50

3.5 Average MMFF94 energy difference in different stages . . . . . . . . . 60

3.6 Average GFN2 energy difference in different stages . . . . . . . . . . 61

3.7 Frequency of molecules with the presence of correlated torsion patterns

in different databases. . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.1 Amino acids volume ranking. . . . . . . . . . . . . . . . . . . . . . . 77

4.2 Amino acids table . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

4.3 Predictive performance of carbonyl α substituent orientation angle at

a given position . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

4.4 Predictive performance of carbonyl β substituent orientation angle at

a given position. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

4.5 Predictive performance of endocyclic torsion angles. . . . . . . . . . . 106

4.6 Predictive performance of the substituent exocyclic torsion angles. . . 107

5.1 Fourteen of the twenty naturally occurring amino acids that were used

to generate the cyclic tetrapeptides (CTPs) test set. . . . . . . . . . . 113

5.2 Feature definitions as SMARTS expressions used in the calculation of

descriptors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

5.3 Ring penalties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

viii



5.4 Distance and angle constraints used to determine the intramolecular

interactions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

5.5 SMARTS expressions used to identify functional groups in π-π stacking

structural motifs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

5.7 Model summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

5.8 Entropy prediction model performance . . . . . . . . . . . . . . . . . 138

A.1 Rotatable bond SMARTS patterns and periodicity parameters . . . . 148

A.2 Correlated torsions SMARTS patterns . . . . . . . . . . . . . . . . . 158

A.3 Molecules used in BOA comparison. . . . . . . . . . . . . . . . . . . . 159

A.3 Molecules used in BOA comparison. . . . . . . . . . . . . . . . . . . . 160

A.3 Molecules used in BOA comparison. . . . . . . . . . . . . . . . . . . . 161

A.3 Molecules used in BOA comparison. . . . . . . . . . . . . . . . . . . . 162

A.4 Molecules that excluded from the analysis (MMFF94). . . . . . . . . 162

A.5 Molecules that excluded from the analysis (GFN2). . . . . . . . . . . 162

A.6 Wilcoxon signed-rank test of RMSD on each method pair . . . . . . . 163

A.7 Wilcoxon signed-rank test of TFD on each method pair . . . . . . . . 163

A.8 Wilcoxon signed rank test versus number of rotatable bonds on all

stochastic search algorithms with MMFF94 as energy function . . . . 164

A.9 Wilcoxon signed rank test across number of rotatable bonds on all

stochastic search algorithms with GFN2 as energy function . . . . . . 165

A.10 Higher order correlated torsion SMARTS pattern . . . . . . . . . . . 166

B.1 Reference bond lengths . . . . . . . . . . . . . . . . . . . . . . . . . . 177

B.2 Reference bond angles . . . . . . . . . . . . . . . . . . . . . . . . . . 177

B.3 Ring partition table . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178

B.4 Model parameters for predicting the α substituent orientation angle of

carbonyl functional group at a given position. . . . . . . . . . . . . . 179

B.5 Model parameters for predicting β orientation angle of carbonyl group

at a given position. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181

B.6 Model parameters for predicting endocyclic torsion angles . . . . . . . 183

B.7 Model parameters for predicting substituent exocyclic torsion angles . 185

B.8 Molecules in the benchmarks set. . . . . . . . . . . . . . . . . . . . . 186

B.9 RMSD and TFD values between sampled conformations and reference

conformations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

C.1 GFN2-computed conformational entropies of 70 cyclic molecules . . . 190

ix



Abbreviations

BNN Bayesian Neural Network

BO Bayesian Optimisation

BOA Bayesian Optimisation Algorithm

BOKEI Bayesian Optimisation with Knowledge-based Expected Improvement

CHARMM Chemistry at HARvard MolecularMechanics

CP Cyclic Peptide

CSD Cambridge Structural Database

CTP Cyclic Tetrapeptide

DFT Density Functional Theory

DFTB Density Functional Tight Binding

DG Distance Geometry

ECFP Extended Connectivity Fingerprints

EI Expected Improvement

ETKDG Experimental-Torsion Distance Geometry with basic Knowledge

GA Genetic Algorithm

GAFF General AMBER Force Field

GFN-xTB Geometry Frequency Non-covalent eXtended TB

GP Gaussian Process

HF Hartree–Fock

InChI International Chemical Identifier

KEI Knowledge-based Expected Improvement

KRR Kernel Ridge Regression

LASSO Least Absolute Shrinkage and Selection Operator

LCB Lower Confidence Bound

x



MACCS Molecular ACCess System

MD Molecular Dynamics

MMFF94 Merck Molecule Force Fields

NN Neural Networks

PDB Protein Data Bank

QM Quantum Mechanics

RBF Radial Basis Function

ReLu Rectified Linear Unit

RMSD Root Mean Square Deviation

RR Rigid Rotors

SBDD Structure-Based Drug Design

SLN SYBYL Line Notation

SMARTS SMILES Arbitrary Target Specification

SMILES Simplified Molecular-Input Line-Entry System

TF Torsion Fingerprints

TFD Torsion Fingerprint Deviation

UFF Universal Force Fields

WLN Wiswesser Line Notation

xi



Chapter 1

Introduction

1.1 Motivation and Contribution

Target 
Identification

Target 
Validation

Lead 
Discovery

Lead 
Optimisation

Pre-clinical 
Test

Clinical 
Test

Disease-related 
Genomes

Computational Tools

● virtual screening
● de novo design
● pharmacophore modeling
● QSAR

Computer-Aided 
Molecular Design

Figure 1.1: Drug discovery pipeline and applications of computer-aided molecular
design in the discovery process.

Material and drug discovery process are time consuming and expensive. A new ma-

terial or drug can cost millions of dollars and can take twenty years or longer to reach

the market (Morgan et al., 2011). Recent development in computational tools and

the improvement in hardware help accelerate the discovery process, and reduce the

overall cost. These computational tools can be applied in different stages, as illus-

trated in Figure 1.1. For instance, various ligand-based (Ballester and Richards, 2007;

Armstrong et al., 2010; Lee et al., 2016) and structure-based virtual screening meth-
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ods (Morris et al., 2009; Trott and Olson, 2010; Ragoza et al., 2017) were proposed

for lead discovery, and different quantitative structure-activity models (QSARs) (Ma

et al., 2015; Wenzel et al., 2019) were used to predict molecular properties.

Computer-aided molecular design methods have played a major role in the lead discov-

ery and optimisation stages over the last decades. Sampling conformers, i.e. distinct

spatial arrangements of atoms of a molecule typically at a minimum on its potential

energy surface (Moss, 1996), is one of the key tasks in the computational discov-

ery pipelines. The goals are to: (i) sample diverse low-energy conformers, and (ii)

find the lowest energy conformation (Hawkins, 2017). Generating distinct low energy

conformers is particularly useful in Structure-Based Drug Design (SBDD). It pro-

vides inputs for different types of calculation in lead discovery and lead optimization,

for example molecular docking (Morris et al., 2009; Trott and Olson, 2010), shape

similarity (Ballester and Richards, 2007; Armstrong et al., 2010), pharmacophore

searching (Schwab, 2010), and 3D-QSARs (Verma, 2010). On the other hand, finding

the lowest energy conformation and other low energy conformations help determine

the Boltzmann distribution of conformers, and predict the molecular properties, such

as solubility (Hyttinen and Prisle, 2020), standard entropy (Ghahremanpour et al.,

2016), and whether it will crystallise (Wicker and Cooper, 2015). Accurate prediction

of molecular properties, especially thermochemistry, is crucial for designing chemicals

with new functionality.

Most small molecules are flexible and can adopt multiple low-energy conformations.

The number of possible conformers increases exponentially with the number of degrees

of freedom, in particular, free rotors in the molecule. It is therefore time-consuming

to search for relevant conformers in an enormous conformational space. Certain ap-

proximations, such as the rigid rotor (RR) hypothesis, in which the bond length and

bond angles are kept fixed, have been applied to simplify the problem, and reduce the

search space. Still, even in medium-sized molecules, i.e. molecules with six or more

rotatable bonds, there can be thousands or millions of possible conformations. How-

ever, only a small fraction of low-energy conformers are usually thermally accessible,

and relevant to the downstream applications. Hence, an efficient sampling scheme is

required for the search of all relevant low-energy conformations and the lowest energy

conformation.

Directly related problem to effective sampling is evaluating the energies of the candi-

date conformations. Ideally, quantum mechanics (QM) method (Slater, 1951; Becke,

1988; Lee et al., 1988; Petersson and Al-Laham, 1991; Stephens et al., 1994) should be
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used for the energy evaluations and to rank the candidate conformations, however, it

is computationally expensive. Different semi-empirical approximations (Dewar et al.,

1985; Stewart, 1989; Grimme et al., 2017; Bannwarth et al., 2019), force fields (Rappe

et al., 1992; Halgren, 1996; Halgren and Nachbar, 1996; Wang et al., 2004; Brooks

et al., 2009) based on molecular mechanics and machine learning potentials (Smith

et al., 2017, 2019; Devereux et al., 2020) have been developed to rank the top can-

didate conformations. These approximations typically improve the run time, but

decrease accuracy as a trade-off (Folmsbee and Hutchison, 2020).

To overcome this computational challenge, I present the use of a sampling scheme,

namely Bayesian optimisation (Brochu et al., 2010; Snoek et al., 2012), to search for

the lowest energy conformation efficiently (Chan et al., 2019, 2020a). This sampling

scheme learns the most likely torsion angles in a molecule from previously available

energy evaluations, and samples new conformations based on the existing model’s

uncertainty. This approach balances exploration and exploitation, to avoid being

trapped in local minima of the potential energy surface, and also attempt to find

globally optimal solutions. More importantly, it is independent of the choice of energy

function, and generally requires orders of magnitude fewer energy evaluations than

other search methods to reach the top candidates. It also does not assume any

functional forms of the objective function of interest.

Beyond efficient sampling of the low energy conformations, I also develop methods

to analyse and model the conformational preferences of small molecules, including

correlated acyclic torsions and ring puckerings in cyclic molecules. Inspired by Ra-

machandran et al. (1963), where the correlation of adjacent acyclic torsion angles in

polypeptide chains can be depicted by Ramachandran plots, I extended these ideas to

small molecules (Chan et al., 2020a). This helps to provide a better understanding of

conformational preferences of small molecules, including the effects of intramolecular

interactions such as hydrogen bonds and π-π stacking. Previous work has involved

large scale analysis of the torsional preferences of small molecules, and these pref-

erences have been embedded into different sampling schemes (Hawkins et al., 2010;

Riniker and Landrum, 2015; Cole et al., 2018; Wang et al., 2020).

Additionally, I conduct an extensive conformational analysis on ring conformations

to better understand the geometrical constraints in rings (Chan et al., 2020b). Cy-

clisation imposes additional constraints on a molecule, and significantly restricts its

conformational space. While the conformational preference of small rings, i.e. 5-

and 6-membered rings, have been widely studied, there are relatively few studies
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on medium-sized cyclic molecules and macrocycles, due to their high flexibility and

complexity, with the notable exception of cycloalkanes (Bocian et al., 1975; Anet and

Cheng, 1975; Pakes et al., 1981; Pawar et al., 1998; Dragojlovic, 2015) and some fam-

ilies of macrocycles (Gutsche and Bauer, 1985; Al-Jallal et al., 2005; El-Azhary and

Al-Kahtani, 2005; Gong et al., 2009; Begel et al., 2014). In macrocycles, i.e. rings

with 12 or more atoms, small local structural changes usually result in notable changes

in conformation through transannular repulsion and intramolecular interactions, and

the effect sometimes propagates via ring strain to distal structural features (Appavoo

et al., 2019). The framework I propose here will provide chemical insights into the

factors governing the conformational preferences in rings, which will in turn enhance

the computational sampling of ring conformations.

In addition to conformational sampling, it is crucial to determine the conformer pop-

ulation (or distribution of conformers). Boltzmann weighting of conformers is used to

determine many molecular properties. In particular, the calculation of conformational

entropy can help us understand the stability of a molecule. Again, such calculations

can be computationally prohibitive when standard quantum mechanics methods are

used. To estimate the conformational entropy for a molecule, Sconf, the Boltzmann

equation (Equation 1.1) is used:

Sconf = k log(ω) (1.1)

where ω is the number of conformers of a molecule and k is the gas constant. Since

the number of conformers is associated with the number of degrees of freedom in a

molecule, a simple approximation (Equation 1.2) based on the number of rotatable

bonds (Nrotor) is commonly used, assuming each rotatable bond correspond to exactly

three conformations (Ghahremanpour et al., 2016).

ω ≈ 3Nrotor (1.2)

Hence, the empirical approximation of conformational entropy becomes:

Sconf ≈ CNrotor (1.3)

where C is a constant.

Since the delocalization of electrons within functional groups and formation of in-

tramolecular interactions such as hydrogen bonds typically reduce the conformational

flexibility of a molecule, this approximation will tend to overestimate the conforma-

tional entropy. I thus investigate the effects of these factors on the conformer popu-

lation of a molecule, as well as the resulting conformational entropy. I present a set
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of novel descriptors that improve the prediction of the conformational entropies of

small molecules.

In brief, the main contributions of the thesis can be summarised as follows:

• Provide a better understanding of the conformational preferences of small molecules.

• Develop a novel sampling framework for low-energy molecular conformations

using Bayesian optimisation.

• Investigate the conformational preferences of rings.

• Develop a novel knowledge-based sampling framework for ring conformations.

• Gain chemical insights into the components that contribute to the conforma-

tional entropy of a molecule.

• Build a model to predict the conformational entropies of small molecules rapidly

and accurately.

1.2 Thesis Outline

This thesis contains six chapters. In Chapter 2, I provide the background material

and prior work upon which this work builds. In Chapter 3, I investigate the use of

Bayesian optimisation in sampling low-energy molecular conformations. I also pro-

pose a new acquisition function that incorporate our prior knowledge about correlated

adjacent torsion angles to enhance sampling performance. In Chapter 4, I study the

conformational preferences of flexible molecular rings, and discuss the roles of sub-

stituents and the effects of intramolecular interactions on ring geometries. In Chapter

5, I investigate the components that contribute to the conformational entropy of small

molecules. I also build physically motivated statistical models to predict conforma-

tional entropies on a wide range of molecules. Finally, in Chapter 6, I summarise my

works and provide a discussion of future work.
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Chapter 2

Background

This chapter describes the background and related work on which this thesis builds.

Sections 2.1 and 2.2 discuss different representations of molecules and their geome-

tries. Sections 2.3 and 2.4 provide the definition of conformers and a summary of

conformer sampling methods. Section 2.5 introduces various metrics to assess the

quality of the sampled conformations. Section 2.6 explains different methods for

molecular energy evaluation. Section 2.7 and 2.8 provide the basis of kernel methods,

Gaussian Process (GP) in machine learning, and an overview of Bayesian optimisa-

tion. Section 2.9 provides a brief summary of circular data analysis. Section 2.10

discusses various regression techniques, including linear models and different machine

learning models.

2.1 Molecular Representation

2.1.1 String Representations

There are multiple ways to represent a molecule, including a molecular formula, a

string or a graph. The simplest string representation is the simplified molecular-

input line-entry system (SMILES) (Weininger, 1988). In the SMILES language, there

are fundamental types of symbols for atoms, bonds, charge and stereochemistry. For

example, the 2-butene can be represented by ”CC=CC”. The SMILES strings also

encode information about the molecular graph, where the atoms are the nodes and

bonds are the edge of the graph. Stereochemistry can be captured using the “@” and

“@@” symbols, while cis and trans double bond isomerism can be described using

“\” and “/” symbols.
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An extension of SMILES, namely SMILES arbitrary target specification (SMARTS)

had been developed. It is a language that allows us to specify substructures using

rules based on the extension of SMILES. For example, to search for cyclohexane-

containing structures in a database, one could use the SMARTS string [C1CCCCC1].

In addition to atoms and bonds, logical operators (see Table 2.1) can be included,

using special atomic and bond symbols. The comprehensive descriptions of SMARTS

can be found in Daylight’s SMARTS theory (Daylight, 2011).

Table 2.1: SMARTS logical operators; e is an atom or bond SMARTS expression.

Symbol Expression Meaning
exclamation mark !e1 not e1
comma e1,e2 e1 or e2
semicolon e1;e2 e1 and e2

Other linear representations, such as Wiswesser line notation (WLN) (Wiswesser,

1954), SYBYL line notation (SLN) (Ash et al., 1997), and the International Chem-

ical Identifier (InChI) (Heller et al., 2013) have also been developed. These unique

and unambiguous representations provide a standard way to encode molecular infor-

mation and facilitate the search of molecule in database. For example, the InChI

algorithm converts the input structure into a unique InChI identifier in three steps:

(i) normalization, (ii) canonicalization, and (iii) serialization. Redundant informa-

tion is removed in first step, and unique labels are generated for each atom in second

step. The serialization produce a string of characters. The hashed version of InChI

representation, also known as InChIKey, is frequently used in my work, to remove

duplicate molecules in the datasets.

2.1.2 Molecular Fingerprints

Besides string representations, molecular fingerprints are an alternative way of encod-

ing structural features of a molecule. Typically, a series of binary digits (bits) are used

to represent the presence or absence of particular substructures in the molecule. For

example, the Molecular ACCess System (MACCS) keys (Dalke, 2014; Landrum, 2018)

and the extended connectivity fingerprints (ECFP) (Rogers and Hahn, 2010) are two

widely used molecular fingerprints. The MACCS keys are fingerprints representing

166 substructures defined by SMARTS patterns, originally designed for substructure

searching with similarity calculation, while ECFP is a circular fingerprint generated
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by considering the bonded environment of each atom up to a given radius or diameter

measured in bonds. The ECFPs are usually generated using a variant of the Morgan

algorithm. Recent advancements in machine learning facilitate the development of

molecular fingerprints, and neural fingerprints have been proposed (Duvenaud et al.,

2015).

These molecular fingerprints allows us to search for similar molecules by comparing

fingerprint similarity, where Tanimoto or Jaccard similarity (Equation 2.1) (Ralaivola

et al., 2005) is the most frequently measure:

similarity(A,B) =
A ∩B
A ∪B

(2.1)

where A∩B represents the common bits shared between two molecules A and B, and

A∪B are the bits set in the fingerprint for molecule A and B. Fingerprints have also

been used as molecular features to predict molecular properties (Chan et al., 2020c)

and reaction predictions (Schneider et al., 2015).

2.2 Coordinate Systems

There are two common ways for representing positions of atoms in a molecule. The

most straightforward approach is to use Cartesian (x, y, z) coordinates. The alterna-

tive is to use internal coordinates, i.e. bond lengths, bond angles and torsion angles

(or dihedral angles). This describes an atom’s position relative to other atoms in a

molecule. It is always possible to convert internal coordinate to Cartesian coordi-

nates and vice versa. Note that there are a total of 3N − 6 coordinates in internal

coordinates, as translation and rotation along the x-, y-, and z-axes do not change

the relative positions of the atoms. It is thus preferred for conformational analysis of

small molecules.

2.3 Conformers

Conformer is an isomer of a molecule that differs from another form of the same

molecule by rotation of one or more single bonds. For example, there are three

conformers of a acyclic molecule butane, namely anti-, eclipsed- and gauche- confor-

mations, as illustrated in Figure 2.1. The energy changes during rotation and the

Merck molecular force field (MMFF94) (Halgren, 1996; Halgren and Nachbar, 1996)
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potential energy of butane is shown in Figure 2.2. The functional form of MMFF94

energy will be discussed in Section 2.6. For cyclic molecules, rotation about a ring

bond lead to subsequent changes of torsion angles inside a ring, and results in different

conformations. In cyclohexane, it can adopt multiple conformations, including chair,

half chair, boat and twist boat conformations, as shown in Figure 2.3. Again, these

conformations give different energies, and the chair conformation gives the lowest en-

ergy. From these examples, one can expect the number of conformers will increase

exponentially with the number of degrees of freedom (rotatable bonds) in a molecule.

However, there are other geometrical constraints in larger molecular systems reducing

their flexibility and the number of conformers. I will explain it in detail in Chapter

5.

(a) (b)

HH

H3C

CH3

H H
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Figure 2.1: Conformations of butane and their corresponding Newman projections:
(a) & (b) anti conformation (torsion θ = ±π); (c) & (d) eclipsed conformation (torsion
θ = 2π

3
); (e) & (f) gauche conformation (torsion θ = ±π

3
).
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Figure 2.2: MMFF94 potential energy surface of butane.
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Figure 2.3: Conformations of cyclohexane: (a) chair; (b) half chair; (c) boat; and (d)
twist boat.

2.4 Conformer Sampling

Conformer sampling methods can be broadly classified as either systematic or stochas-

tic. Systematic sampling methods typically keep bond lengths and bond angles fixed,
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and deterministically enumerates all of the allowed low energy torsion angles for each

rotatable bond in a molecule with predefined increment angles, typically 30◦ or 60◦.

This brute-force approach is impractical for molecules with a large number of rotatable

bonds, because of the combinatorial explosion of candidate conformations. To over-

come this issue, various knowledge-based methods have been proposed, for example

Confab (O’Boyle et al., 2011b), OMEGA (Hawkins et al., 2010) and CSD Conformer

Generator (Cole et al., 2018). They use predefined libraries for torsion angles and

ring conformations, and possibly 3D fragment libraries to generate conformers. These

libraries are typically created from experimentally determined structures in databases

such as the Cambridge Structural Database (CSD) (Groom et al., 2016) or the Protein

Data Bank (PDB) (Berman et al., 2000).

On the other hand, various stochastic methods are widely used in the community,

including molecular dynamics simulation (MD) (Tsujishita and Hirono, 1997), Monte

Carlo-simulated annealing (MC) (Chang et al., 1989; Wilson et al., 1991; Speran-

dio et al., 2009), distance geometry (DG) (Havel et al., 1985; Spellmeyer et al., 1997;

Riniker and Landrum, 2015; Wang et al., 2020) and genetic algorithms (GA) (Mekenyan

et al., 1999; Vainio and Johnson, 2007; Brain and Addicoat, 2011; Supady et al., 2015).

MD simulation is one of the most complex and time-consuming stochastic methods. It

applies Newtonian mechanics to study the evolution of conformations over time, using

a molecular mechanics force field to estimate energetics. This approach samples the

conformational space of a molecule, and a Boltzmann-weighted conformers ensemble

can be obtained if the adequate sampling is achieved. This allows the calculation

of different molecular properties of an isolated molecule. The molecular dynamic

simulation is also used for conformational sampling of biomolecular systems, such as

protein (Minary et al., 2004).

Computationally less expensive methods based on low-mode MD methods (Labute,

2010; CCG, 2018) and MC simulated annealing have also been developed. Low mode

MD simulation samples conformers by running a brief MD simulation, with velocities

initialized to low-frequency vibrational models. The output conformers are followed

by energy minimisation. In simulated annealing, a rejection technique, Metropolis

algorithm (Metropolis et al., 1953), is used to sample low-energy conformers, i.e. the

new conformation generated by random walk is accepted if it satisfies the acceptance

criterion, otherwise, it is rejected. The acceptance criterion is defined by the energy

difference between the new conformation and current conformation (∆E), and the

annealing temperature, T . The probability that a new sampled conformation with
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positive ∆E being accepted is defined as follows:

P (∆E) = exp

(
−∆E

RT

)
(2.2)

where R is the gas constant, and ∆E and T are defined as above.

In distance geometry (DG), a matrix representing the lower and upper bounds of all

pairwise distances in a molecule is created. Triangle inequality smoothing of bounds

is then applied to refine the matrix. A set of random coordinates that satisfies the

bound matrix is generated, followed by energy minimisation to generate a candidate

conformer that satisfies these distance constraints. A knowledge-based DG, namely

Experimental-Torsion Distance Geometry with basic Knowledge (ETKDG) (Riniker

and Landrum, 2015; Wang et al., 2020), has recently been introduced. This method

applies an additional minimisation step with knowledge-based torsion potentials, and

has shown great promise in reproducing conformations observed in crystal structures.

In the ETKDG framework, the torsional potentials take the following forms:

V (θ) = K[1 + cos(d) cos(mθ)] (2.3)

V (θ) =
6∑
i=1

Ki[1 + cos(di) cos(miθ)] (2.4)

where θ is the torsion angle, K is the force constant, d is the phase shift, and m

is the multiplicity. For both potentials, the phase shift is restricted to 0 or π. The

multiplicity in Equation 2.3 can take values from 1 to 6. Torsion potentials of 479

substructures defined by SMARTS patterns, including 105 aliphatic ring torsions,

were fitted. To improve the sampling performance of macrocycles, custom pairwise

Coulombic interactions and eccentricity constraints were introduced to bias the sam-

pling towards more experimentally relevant structures. For full description of the

method, I refer interested reader to Wang et al. (2020).

Genetic algorithms (Mitchell, 1998) use ideas based on the natural genetics and biolog-

ical evolution. They typically begin with a random population of random individuals.

A new set of individuals is generated by either mutation and/or crossover. A new

generation of individuals is selected according to a fitness criterion to form the next

generation. This is an iterative process, and is typically terminated when a maximum

number of generations have been produced, or a satisfactory fitness level has been

reached for the population. In conformer sampling, the selection is based on either
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energy or conformational diversity criteria. Variants of the GA are used to gener-

ate conformers in Open Babel (O’Boyle et al., 2011a) and to perform protein-ligand

docking in AutoDock (Morris et al., 1998).

For an extensive review of conformer sampling, I refer the interested readers to Ebejer

et al. (2012) and Hawkins (2017).

2.5 Metrics for Conformer Sampling Performance

Three metrics are frequently used to assess conformational sampling performance:

heavy atom root-mean-square-deviation (RMSD), torsion fingerprint deviation (TFD) (Schulz-

Gasch et al., 2012), and the energy difference (∆E) between sampled conformation

and the reference conformation.

The RMSD is defined as follows:

RMSD =

√√√√ 1

N

N∑
i=1

(ri,sample − ri,ref) (2.5)

where N is the number of heavy atoms in a molecule, ri,sample and ri,ref are the coor-

dinates of the i-th atom of the sampled conformation and the reference conformation

respectively. The reference conformation is usually the experimentally determined

structure or the lowest energy conformation. In conformational sampling, the RMSD

calculation requires alignment of the two conformations, and the RMSD values differ

slightly between alignment methods.

The Torsion Fingerprint (TF) of a molecule is a fingerprint encoding the torsion

angles of a molecule. The TFD between a molecule in a reference conformation and

one of its sampled conformations is calculated as follows:

1. The difference of all torsion angles, including ring torsions, are calculated.

2. The deviation of each torsion angle is normalized to a number between 0 (no

deviation) and 1 (maximal deviation).

3. The deviation at topologically central bond or rings are heavily weighted, using

a Gaussian function.

4. The TFD is the sum of the weighted deviations.
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The TFD values range from 0 to 1, where 0 indicates perfect match and 1 indicates

maximal deviation for every single torsion angles and ring torsions. In contrast to

RMSD, the TFD is an alignment-free method.

The energy difference ∆E is defined as follows:

∆E = Esample − Eref (2.6)

where Esample and Eref are the energy of the sampled conformation and the reference

conformation respectively.

2.6 Quantum Mechanical, Semi-Empirical Quan-

tum Mechanical, Molecular Mechanics Meth-

ods, and Machine Learning Potentials

Energy evaluations are typically used to rank candidate conformations, and only the

top ranked conformers are retained for downstream applications. The energy of a

molecule at a particular conformation can be obtained by solving the Schrödinger

equation (Equation 2.7) below:

{− ~2

2m
∇2 + V (r)}Ψ(r) = EΨ(r) (2.7)

where ~ is the Planck’s constant divided by 2π; the position of a single particle is

given by a vector r, E is the energy of the particle, Ψ is the wave function which

characterises the particle’s spatial distribution, and ∇2 is defined as follows:

∇2 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
(2.8)

This equation can be solved exactly for only the simplest systems such as the hy-

drogen atom. For general molecular systems, approximation is required, and there

are different levels of approximation. Quantum mechanical methods (QM) such as

Hartree–Fock (HF) methods (Slater, 1951; Petersson and Al-Laham, 1991) and Den-

sity Functional Theory (DFT) methods (Becke, 1988; Lee et al., 1988; Becke, 1992;

Stephens et al., 1994) provide an accurate estimate of the conformational energies,

however, it is computational expensive. Semi-empirical quantum mechanical meth-

ods such as Geometry, Frequency, Noncovalent, eXtended Tight Binding (GFN-xTB,

GFN for short) (Grimme et al., 2017; Bannwarth et al., 2019), molecular mechanics
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methods (MM) such as universal force fields (UFF) (Rappe et al., 1992), Merck molec-

ular force field (MMFF94) (Halgren, 1996; Halgren and Nachbar, 1996), and general

AMBER force field (GAFF) (Wang et al., 2004), Chemistry at HARvard Molecular

Mechanics (CHARMM) (Brooks et al., 2009), and machine learning potential (Smith

et al., 2017, 2019) were also developed to approximate the energies. These approxi-

mations improve the run time, and decrease in accuracy as a trade-off (Folmsbee and

Hutchison, 2020). I provide a brief summary of these methods below.

2.6.1 Ab Initio Quantum Mechanical Methods

The Hartree-Fork (HF) method is a mean-field and wavefunction-based approach

to solve the Schrödinger equation. The Born-Oppenheimer approximation (Born

and Oppenheimer, 1927) is assumed in the calculation, i.e. the motion of atomic

nuclei and electrons in a molecule can be treated independently. Hence the total

wavefunction for the molecule, Ψ, can be expressed in the following form:

Ψ(nuclei, electrons) = Ψ(electrons)Ψ(nuclei) (2.9)

The total energy equals the sum of nuclear energy and the electronic energy. A Slater

determinant (Slater, 1951) is the functional form of the wavefunction used in Hartree

Fork methods. Popular basis functions include 6-31G (Petersson and Al-Laham,

1991).

Similarly, density functional theory (DFT) considers single electron functions. The

major difference is that it only attempts to calculate the total electronic energy and

the overall electron density distribution. Thanks to the Honhenberg and Kohn the-

orems (Hohenberg and Kohn, 1964), the ground state energy of the system can be

uniquely defined by the electron density, i.e. the total energy is a functional of the

electron density. The variational principle is applied to minimise the energy with

respect to the electron density. A first level approximation, the local density ap-

proximation, can be used. This approach is based upon a model called the uniform

electron gas, in which the electron density is constant throughout the space. Other

methods, including generalized gradient approximations (GGA) (Becke, 1988, 1992)

and hybrid functional methods (Lee et al., 1988; Stephens et al., 1994), have also

been proposed.
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Quantum mechanical methods typically have a high computational cost, with O(n3)

for DFT methods andO(n4) for HF methods, where n is the number of basis functions.

Hence, different approximations have been developed.

2.6.2 Semi-Empirical Quantum Mechanical Method

Semi-empirical methods (Thiel, 2014; Christensen et al., 2016) are derived from either

HF or DFT theory by applying systematic approximations. Such approximation lead

to efficient computational schemes orders of magnitude faster than conventional ab

initio calculations.

Semi-empirical methods such as AM1 (Dewar et al., 1985) and PM3 (Stewart, 1989)

are derived from HF theory and these methods neglect a varying degree of the dif-

ferential overlap between atomic basis functions. On the other hand, the density

functional tight binding approach (DFTB) is derived in the framework of DFT based

on a Taylor expansion of the energy with respect to a reference density. Both ap-

proaches use minimal basis sets and various approximations of the electron integrals.

Methods based on the DFTB approach includes GFN-xtb (Grimme et al., 2017) (GFN

for short) and GFN2-xtb (Bannwarth et al., 2019) (GFN2 for short). GFN2 is heavily

used in my analysis, so I provide a brief summary of the energy calculation method

below.

In GFN2, the total energy of the system is given by:

EGFN2 = Erep + Edisp + EEHT + EIES+IXC + EAES + EAXC +GFermi (2.10)

where Erep is the classical repulsion term; Edisp is the pairwise London dispersion

contribution; EEHT is the energy term derived by extended Hückel theory; EIES+IXC

is the isotropic electrostatic and isotropic exchange correlation; EAES and EAXC refer

to the anisotropic electrostatic and anisotropic exchange correlation respectively; the

last term, GFermi, refers to the entropic contribution of an electronic free energy at

finite electronic temperature due to Fermi smearing. The inclusion of the anisotropic

second order approximation leads to an increase in accuracy, without a noticeable

increase in computational cost, compared to its predecessor, GFN (Bannwarth et al.,

2019).
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2.6.3 Molecular Mechanics

Unlike quantum methods, molecular mechanics methods use classical mechanics to

model the molecular system. Force fields are commonly used to estimate the forces

between atoms within and between molecules, and the calculation only depends on

the atomic positions. This highly simplifying assumption allows us to study larger and

more complex molecular systems with many thousands to millions of atoms. Hence it

is widely used for screening and filtering large number of organic molecular structures

for atomistic properties, for example computational drug design (Kitchen et al., 2004;

Sliwoski et al., 2014) and/or conformational search (Kaminský and Jensen, 2007;

O’Boyle et al., 2011b).

In molecular mechanics, the potential energy is determined by the interaction energies

of bonded atoms and non-bonded atoms respectively. The interactions energies of

bonded atoms includes bond stretching, angle bending and torsional terms, while the

energies of non-bonded atoms includes electrostatic, and van der Waals (vdW) terms.

The parameters in each energy term are typically derived from either experimental

or theoretical data. The total energy in molecular mechanics is simply the sum of all

the interaction energies, and takes the following general form:

ETotal = Ebonded + Enon-bonded

= Ebond + Eangle + Etorsion + Eelectrostatic + EvdW
(2.11)

The parameterisation of each energy term depend on the force fields, and the bond

and angle terms are commonly modelled by quadratic or cubic energy functions. For

example, the parameterisation of MMFF94 (Halgren, 1996) is shown below:

Bond Stretching

The bond stretching term describes the change in energy when the bond lengths

change, and it has the following form:

EBij = −143.9325
kbij
2

∆r2
ij × (1 + cs∆rij +

7

12
cs2∆r2

ij) (2.12)

where ∆rij is the difference between actual and reference bond lengths, kbij is the

force constant, and cs is the stretching constant.

Angle Bending

The angle bending term describes the change in energy as the bond angles change.
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EAijk = 0.043844
kaijk

2
∆θ2

ijk(1 + cb∆θijk) (2.13)

where kaijk is the force constant, ∆θijk is the difference between actual and reference

bond angles, and cb is the bending constant. A special set of parameters is used for

angles involved in delocalized bonds and/or in small rings.

Torsion Interactions

The torsion interaction term describes the energy change upon internal rotation about

single bonds.

ETijkl = 0.5(V1(1 + cos Φ) + V2(1− cos 2Φ) + V3(1 + cos 3Φ)) (2.14)

where V1, V2 and V3 are constants depending on the atom types I, J , K and L for

atoms i, j, k, l, where i-j, j-k and k-l are bonded pairs. Φ is torsion angle defined

by four atoms (i, j, k, l).

Van der Waals Interactions

The van der Waals interaction term provides an estimate of the induced electrical

interactions between two or more atoms or molecules that are close to each other.

In particular, ”Buffered-14-7” form (Halgren, 1992) is used in MMFF94 parameter-

isation, which describes the 14-th and 7-th power dependencies for repulsive and

attractive terms. Alternative functional form for van der Waals interaction term is

the Lennard-Jones potential (Jones, 1924), which 12-th and 6-th power terms are

used.

EvdWij
= εij(

1.07R∗ij
Rij + 0.07R∗ij

)7(
1.12R∗

7

ij

R7
ij + 0.12R∗

7

ij

− 2) (2.15)

where R∗ij is the buffering constants, and εij is used to describe hydrogen bonding

interactions.

Electrostatic Interactions

The electrostatic interaction term describes the attractive or repulsive interaction

between atoms with electric charges. It takes the following form:

EQij =
332.0716qiqj
D(Rij + δ)n

(2.16)
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where qi, qj are the partial atomic charges, Rij is the internuclear separation, δ is the

electrostatic buffering constant, and D is the dielectric constant. The exponent n is

taken as 1 normally.

Two additional terms, stretch-bend interactions and out-of-plane bending at tricoor-

dinate centers are included in MMFF94 energy.

Stretch-Bend Interactions

To model the coupling between bond stretching and angle bending in adjacent bonds,

and the associated change in energy, addition stretch-bend interaction is introduced.

It takes the following form:

EBAijk = 2.51210(kbaijk∆rij + kbaijk∆rkj)∆θijk (2.17)

where kbaijk and kbakjl are force constatns that couple the i− j and k − j stretches

to the i− j − k bend, and ∆r and ∆θ are defined above.

Out-of-Plane Bending at Tricoordinate Centers

The out-of-plane bending term describes the potential of a displacement of the trig-

onal center atom bonded to three other out-of-plane atoms.

EOOPijk;l = 0.043844
koopijk;l

2
χ2
ijk;l (2.18)

where koopijk;l is the force constant and χijk;l is the Wilson angle between bond j− l
and the plane i− j − k.

2.6.4 Machine Learning Potential

Recent advances in machine learning and the improvements in general-purpose com-

puting on graphics processing units (GPGPU) and the introduction of machine learn-

ing capable silicon chips such as Google’s tensor processing units (TPUs) enable us to

develop machine learning models to calculate the energies at a smaller trade-off be-

tween accuracy and computational cost. Recently, ANAKIN-ME (Accurate NeurAl

networK engINe for Molecular Energies) (Smith et al., 2017), or ”ANI” for short, and

its variants (Smith et al., 2019; Devereux et al., 2020) have been developed. The atom

coordinates are taken as input and a set of features describing the atomic environment

are generated. The generated features and the molecular energies as computed with
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QM (DFT) methods are used to train a fully-connected deep neural network (NN).

These deep learning models are able to predict the energies of unseen molecules ac-

curately, and dramatically reduce the computational cost to a semi-empirical or force

field level (Folmsbee and Hutchison, 2020).

2.7 Gaussian Process

Gaussian process (GP) (Williams and Rasmussen, 2006) is a Bayesian non-parametric

approach that treats f , the function of interest, as a random variable in an infinite

dimensional space of functions. It allows us to place a prior on functions, and updating

it to a posterior on functions with available observations (evaluations of the function

at a set of points). For example, we can treat the function, f , as the potential energy

surface of a molecule, and the points are the evaluated energies of a set of conformers.

In particular, a Gaussian process can be fully specified by its mean and covariance

function, i.e.:

m(x) = E[f(x)] k(x, x′) = E[f(x)−m(x))(f(x′)−m(x′)]

for some observed data x. Let x = {xi}Ni=1, and by definition, f = [f(x1), ...f(xN)]T

follows a multivariate normal distribution N (m,K), with mi = m(xi), and Kij =

k(xi, xj). For simplicity, we can set m(x) as a constant function. Different kernels

can be used, including the radial basis function (RBF) kernel(kRBF ), Equation 2.19,

periodic kernel (kPER), Equation 2.20, Matérn kernel (kMatern), Equation 2.21 and

Jaccard (Tanimoto) kernel (kTanimoto) (Ralaivola et al., 2005), Equation 2.22. For a

comprehensive review of kernels, I refer the interested readers to Duvenaud (2014).

kRBF (xi, xj) = σ2 exp(
−(xi − xj)2

2l2
) (2.19)

kPER(xi, xj) = σ2 exp(
−2 sin2(π(xi − xj)/p)

l2
) (2.20)

kMatern(xi, xj) =
21−v

Γ(v)
(

√
2v

l
||xi − xj||)vKv(

√
2v

l
||xi − xj||) l, v > 0 (2.21)

kTanimoto(xi, xj) =
kt(xi, xj)

kt(xi, xi) + kt(xj, xj)− kt(xi, xj)
(2.22)
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where l, p, σ2 are the length scale, period and the variance respectively; Kv is the

modified Bessel function of the second kind of order v ; Γ(·) is the gamma function;

kt(xi, xj) is defined as
∑

p∈P 1(p, xi)1(p, xj) and 1 is an indicator function. Note

that the Tanimoto kernel is simply the Tanimoto similarity between two vectors

with binary inputs. These kernels determine the characteristic of the functions, e.g.

smoothness of the function. Prior knowledge on the distribution family of function f

can be incorporated via appropriate kernel functions, e.g. Chan et al. (2019, 2020a).

Suppose we have a GP prior on function f , with observed data {xi, yi}Ni=1, and denote

x = {xi}Ni=1, y = {yi}Ni=1 f = [f(x1), ..., f(xN)], then we can define the following

regression model:

f ∼ GP (m(·), k(·, ·))

f ∼ N (m,Kxx)

y|f ∼ N (f , σ2I)

(2.23)

where m is the mean vector, Kxx denotes the kernel matrix on inputs x; σ2 is the

variance of the noise, and I is the identity matrix. Using the standard Gaussian

conditioning, the posterior distribution, f |y, is given below:

f |y ∼ N (µpost,Σpost) (2.24)

where

µpost = m + Kxx(Kxx + σ2I)−1(y −m)

Σpost = Kxx −Kxx(Kxx + σ2I)−1Kxx

µpost and Σpost are the posterior mean and variance respectively.

In addition, the posterior prediction distribution with unseen observation x′ = {xj}mj=1,

and f ′ = [f(x′1), .., f(x′m)] given below:

f ′|y ∼ N (m′ + Kx′x(Kxx + σ2I)−1(y −m),Kx′x −Kx′x(Kxx + σ2I)−1Kxx′) (2.25)

where m′ denotes the mean function evaluation on x′, Kx′x denotes the kernel matrix

between x′ and x and vice versa for Kxx′ . It should be noted that Gaussian process

incurs a computational cost of O(n3), where n is the number of observations, due

to the matrix inversion. Two approximation methods, namely Nyström approxima-

tions (Williams and Seeger, 2001) and random Fourier features (Rahimi and Recht,

2008), are frequently used.
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The Nyström approximation is a low-rank approximation to an n× n Gram matrix,

i.e. the kernel matrix. This approximation is commonly used for the numerical

solutions of eigenproblems. It is achieved by carrying out an eigendecomposition on a

smaller system of size m < n, and then expanding the results back up to n dimensions.

The computational complexity is reduced to O(m2n). Random sampling or weighted

random sub-sampling methods can be used to construct a smaller (m ×m) matrix.

Note that this approach is data-dependent, and it yields a good approximation for

kernel matrix with rapidly decaying eigenvalues.

In contrast, random Fourier features is a data-independent approximation. Instead

of matrix approximation, it attempts to approximate the feature maps with random

Fourier bases cos(wTx + b), where w ∈ Rd and b ∈ R are random variables, and

x ∈ Rd is observed data point. These mappings project data points on to a randomly

chosen line, and then pass the resulting scalar through a sinusoidal function. Using

classical theorems from harmonic analysis, the kernel k(xi, xj) can be approximated

by the inner product of the approximated feature maps z(·), that is:

k(xi, xj) ≈ z(xi)
T z(xj) (2.26)

Note that this approximation is widely applied to shift-invariant kernels such as RBF

kernel.

2.8 Bayesian Optimisation

In Bayesian optimisation (BO), we have a function, f(θ), that we want to optimise

with respect to θ ∈ Θ, i.e. the goal is to find θ∗ = argminθ∈Θ f(θ). For example, we

might want to determine accurately the Boltzmann weights of conformers of a flexible

molecule, so we would have to search for the lowest energy conformation. Bayesian

optimisation can be applied in this scenario, with the function, f , as the potential

energy surface of a molecule of interest, and parameters, θ, are the torsion angles in

a molecule. In the BO setting, the function, f , can be non-differentiable and non-

convex with respect to θ. The only requirement is that we can evaluate the function

pointwise. While conventional optimisation methods such as basin hopping (Wales

and Doye, 1997) and evolutionary algorithms (Mitchell, 1998; Hansen, 2006) can

solve the problem, the evaluation of f is often computationally expensive, e.g. energy

evaluation with standard quantum mechanics methods. Hence, we are interested in
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obtaining the set of torsion angles around rotatable bonds that give the lowest energy

conformations, θ∗, in as few evaluations as possible.

Typically, as function, f , is smoothly varying with respect to θ. By considering pre-

vious evaluations of f , one can employ a sequential strategy to select θ. In particular,

we can model the function f using a Gaussian Process (GP). The general procedure

of Bayesian optimisation is described in Algorithm 1 (see Figure 2.4).

Algorithm 1 Bayesian Optimization
• Input: Data Dt−1

1. Choose θt by optimizing the acquisition function, a, over the Gaussian Process
(GP) such that:

θt = argmaxθ α(θ|Dt−1) (2.27)

2. Sample the objective function: yt = f(θt) + εt
3. Augment the data Dt = {D1:t−1 ∪ (θt, yt)}
4. Repeat until the maximum number of iterations is reached.

The acquisition function takes the predicted values and model uncertainty into ac-

count to strike a balance between exploration and exploitation. Here, exploration

means seeking locations with high posterior variance, while exploitation means seeking

locations with low posterior mean. There are different acquisition functions, including

Probability of Improvement (PI), Expected Improvement (EI) (Mockus et al., 1978)

and Gaussian Process Lower Confidence Bound (GP-LCB) (Srinivas et al., 2009):

PI(θ) = Φ(z(θ)) (2.28)

EI(θ) = σ(θ)(z(θ)Φ(z(θ)) + φ(z(θ)) (2.29)

GP-LCB(θ) = µ(θ)− qασ(θ) (2.30)

where z(θ) = f(θbest)−µ(θ)
σ(θ)

, µ(θ) and σ2(θ) are the predictive mean and predictive vari-

ance respectively; Φ(·), φ(·), qα are the cumulative distribution function, probability

density function and the desired quantile of the standard normal distribution.

Note that the size of the improvement in the objective function is not taken into

account in PI, but it is considered in EI. Hence exploitation is preferred in PI: locations

that have a high probability of being better than the current best are drawn. It may

offer larger improvement, but less certainty.

In addition to Gaussian Process, other surrogates such as Bayesian linear regres-

sion (Law et al., 2019) and Bayesian neural networks (BNN) (Snoek et al., 2015) are
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also used. For a comprehensive review, we refer the interested readers to Brochu et al.

(2010) and Snoek et al. (2012).

(a)

(b)

Figure 2.4: Illustration of Bayesian optimisation (without noise). The green dotted
line represents the underlying unknown function, f , while the blue line refers to the
Gaussian Process model (with uncertainty represented by the shaded grey region).
The black line represents the acquisition function, a(θ). The red line indicates the
next query point, i.e. θ that maximises the acquisition function a(θ). Bayesian
optimisation at (a) time t; (b) at time t+ 1.

2.9 Statistical Analysis of Circular Data

Internal coordinates, i.e. bond lengths, bond angles, and torsion angles, are fre-

quently used in conformational analysis of small molecules (McCabe et al., 2014) and

macromolecules, e.g. proteins (Ramachandran et al., 1963; Mardia et al., 2007). Con-

ventional statistical analysis, however, cannot be applied directly, due to the nature
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of circular variables, such as bond angles and torsion angles. The summary statistics

such as mean and standard deviation are not well defined, as they depend on the point

where the circle is cut. To address these issues, I will describe the basic concepts of

circular data analysis below. For a comprehensive review, I refer the interested reader

to Jammalamadaka and Sengupta (2001) and Mardia and Jupp (2009).

2.9.1 Preliminaries and Notation

Each point x on a circle can be represented by an angle θ (in radians), i.e.,

x = (cos θ, sin θ) (2.31)

2.9.2 Measures of Location, Concentration and Dispersion

For given unit vectors x1,..., xn with corresponding angles θi, for i = 1, ..., n. The

mean direction θ̄ of θ1,.., θn is the direction of resultant x1 + ...+xn of x1, ..., xn. The

Cartesian coordinates of xj are (cos θj, sin θj), for j = 1, ..., n, and the center of mass

are (C̄, S̄):

C̄ =
1

n

n∑
j=1

cos θj, S̄ =
1

n

n∑
j=1

sin θj (2.32)

Therefore θ̄ is the solution of the equations:

C̄ = R̄ cos θ̄

S̄ = R̄ sin θ̄
(2.33)

provided that R̄ > 0, and R̄ = |
√

(C̄2 + S̄2)| is the mean resultant length. The θ̄ can

be obtained by:

θ̄ =

{
tan−1( S̄

C̄
) if C̄ ≥ 0

tan−1( S̄
C̄

) + π if C̄ < 0
(2.34)

Since x1, ..., xn are unit vectors, the resultant length R̄ ranges from 0 to 1, where 1

indicates the directions θ1, ..., θn are tightly clustered, while 0 indicates the directions

widely dispersed. The resultant length R̄ is therefore a measure of concentration of

a data set, and the sample circular variance is defined as :

V = 1− R̄ (2.35)
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Alternatively, circular variance can be 2(1 − R̄). It is sometimes useful to have

an analogue for circular data of the standard deviation of data on the line. The

calculation requires transformation of the summary statistics, and is given by:

v = |
√
−2 log(1− V )| = |

√
−2 log R̄| (2.36)

Note that v takes values in positive real, whereas V takes values in [0,1]

In addition to location and concentration, a measure of the distance between two

angles θa and θb is required. Two circular distances are introduced below:

d(θa, θb) = min(θa − θb, 2π − (θa − θb))

= π − |π − |θa − θb||
(2.37)

d(θa, θb) = 1− cos(θa − θb) (2.38)

The distance defined in Equation 2.37 is simply the smaller of the two arc-lengths

between two points along the circumference. Equation 2.38 is a monotone increasing

function of difference between two angles. It takes value 0 when the difference is 0,

while it is 2 when the angular difference is π.

2.9.3 Circular Correlation

We are often interested in measuring the association between two circular variables,

similar to that in linear analysis. Following the definition in (Fisher and Lee, 1983),

the circular correlation coefficient ρc(θ
a, θb) is defined as:

ρc(θ
a, θb) =

E((sin(θa − µ)(sin(θb − ν))

|
√

Var(sin(θa − µ))Var(sin(θb − ν))|
(2.39)

where µ and ν are the mean directions of θa and θb respectively.

This circular correlation coefficient, ρc satisfies the following properties:

• it does not depend on the zero direction used for either variable;

• it is symmetric, i.e. ρc(θ
a, θb) = ρc(θ

b, θc)

• |ρc(θa, θb)| ≤ 1

• ρc(θa, θb) = 0 if θa, θb are independent, but the converse does not always hold;

• ρc(θa, θb) = 1 if and only if (iff) θa = θb + const (mod 2π), and ρc(θ
a, θb) = −1

iff θa + θb = const (mod 2π)

26



2.9.4 von Mises Distribution

Similar to conventional statistics, we can build various models for circular data. Here,

I discuss some important families of of distributions on circles. The most basic dis-

tribution on the circle is the uniform distribution. The von Mises distribution is

another important distribution for circular data. It is an analogue to the normal

distributions on a line. Other useful distributions include wrapped normal, wrapped

Cauchy and projected normal distributions. I only provide a brief summary of von

Mises distribution below. For a review of other distributions, I refer the interested

readers to Mardia and Jupp (2009).

/2 0 /2
0.0
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0.4

0.6

0.8

1.0
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g(
)

= 0.2
= 1
= 2
= 10

Figure 2.5: von Mises distribution with varying κ: 0.2 (blue), 1 (orange), 2 (green)
and 10 (red). The mean direction is zero, i.e. µ = 0.

The von Mises distribution M(µ, κ) has the probability density function:

g(θ;µ, κ) =
1

2πI0(κ)
expκ cos(θ−µ) (2.40)

where I0 denotes the modified Bessel function of the first kind and order 0. The

Bessel function I0 has power series expansion:

I0(κ) =
∞∑
r=0

1

(r!)2
(
κ

2
)2r (2.41)

The parameter µ is the mean direction and the parameter κ is known as the concen-

tration parameter. Typically, we take κ ≥ 0. When κ = 0, M(µ, κ) is simply the
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uniform distribution. For high concentration κ, it can be approximated by normal

distribution.

The von Mises distribution is unimodel and is symmetrical about θ = µ, as illustrated

in Figure 2.5. The mode is at θ = µ. and the antimode is at θ = µ + π. Since von

Mises distribution belongs to the exponential family of distributions, its properties

can be derived in a similar fashion to other exponential family distributions.

There are multiple ways in which the von Mises distribution can arise. I provide a brief

summary of one of the approaches, which is the conditional distribution of bivariate

normal distribution. I refer the interested readers to Mardia and Jupp (2009) for a

comprehensive review.

Conditioning Normal Distribution

Let x have a bivariate normal distribution with mean µ = (cosµ, sinµ)T and variance

matrix κI2, where I2 is a 2 × 2 identity matrix. Set x = r(cosµ, sinµ)T . The

probability function of (r, θ) becomes:

p(r, θ) ∝ r exp−
κ
2

(r2−2r cos(θ−µ)) (2.42)

and the conditional distribution of θ|r = 1 is M(µ, κ).

2.9.5 Mixture Models

Often the data exhibits multimodality, and a single probability distribution is not

sufficient to describe the data. The classical statistics technique, mixture models, can

be applied to address this.

Mixture models assume that the dataset was created by sampling independently and

identically from K distinct populations (called mixture components). In other words,

data come from a mixture of several sources and the model for the data can be viewed

as a combination of several distinct probability distributions, often modelled with a

given parametric family, g, e.g. von Mises distribution:

gM =
K∑
i=1

ωigi(θ|µi, κi) (2.43)

where K is the number of components, gi denote a von Mises distribution with mean

µi and concentration κi, and ωi is the weight of each component, with
∑

i ωi = 1.
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To get the estimates of the parameter, µi, κi, and weights ωi, a local optimisation

technique called Expectation Maximisation (EM) (Dempster et al., 1977) can be used.

EM algorithm is a general iterative method for local maximisation of the likelihood

under missing data or hidden variables. I provide a brief explanation of the EM

algorithm below.

Let (x, z) be a pair of observed variables x, and latent variables z. The probabilistic

model is given by p(x, z|Γ), for some parameters, Γ, and we do not have access to

z. Direct optimisation of the observed data log-likelihood (marginal log-likelihood)

l(Γ) = log p(x|Γ) = log
∫
p(x, z|Γ)dz over parameter x, is typically not feasible due

to presense of many local optima. The EM algorithm seeks to find the estimates of

the marginal likelihood by alternating maximisation. It first updates the distribution

of latent variable q(z) (E-step), with full conditional of z using the current estimates

of Γ, followed by updates of parameters Γ, by maximising the expected value of the

log-likelihood function (see Algorithm 2).

Algorithm 2 Expectation Maximisation (EM)

At time t > 0, given Γt

• E-step: set qt = p(z|x,Γ(t)) and compute the expected value of the log-
likelihood functio Ez∼qt log p(x, z|Γt)
• M-step: Γt+1 = argmaxΓ Ez∼qt log p(x, z|Γ)

2.10 Linear Models and Machine Learning Models

Often we are interested in modelling the relationships between a dependent variable

(molecular property) and one or more independent variables (molecular features).

Linear models are commonly used. In particular, I discuss the case where the de-

pendent variable (response) is continuous and real-valued. I refer interested readers

to (Nelder and Wedderburn, 1972) for the general modelling framework with different

response variable types.

2.10.1 Linear Models

Given data (xi, yi)
n
i=1, where xi is a p dimensional vector with all independent vari-

ables, and yi is dependent variable. The linear model takes the following form:

yi = β0 + β1xi1 + ...+ βpxip + εi (2.44)
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where β0, ..., βp are the model parameters and ε (error term) is random variables

normally distributed with mean 0, and with constant variance σ2. Alternatively, it

can be written in matrix form.

Y = Xβ + ε (2.45)

where Y is the response vector (y1, ..., yn)T ; X is the data matrix (X1, ..., Xp); β is

the parameter vector; and ε is defined above.

To estimate the β, least-squares method is commonly used, i.e. minimising the

squared error between Y and Xβ. The resulted estimator of β̂ take the following

form:

β̂ = (XTX)−1XTY (2.46)

In standard linear regression, a number of assumptions are made: (i) linearity which

the dependent variable is a linear combination of the parameters (regression coeffi-

cient, β) and the independent variables; (ii) homoscedasticity which means constant

variance of the error terms; (iii) independence of errors, which the error terms are

uncorrelated with each other; and (iv) normality of the error terms. If any of the

assumption fails to hold, the resulting model may not be useful and the results in

hypothesis tests are not valid.

Note that one can always increase the number of independent variables to achieve

lower error and match the observations, however, the complex model may not gener-

alise to new samples. To prevent overfitting, regularisation is commonly used. It can

be achieved by adding penalties to the large values of parameters to the risk function,

i.e. the expected loss. Hence the objective is as follows:

minβ
1

n

n∑
i=1

L(yi, fβ(xi)) + λ||β||pp (2.47)

where p ≥ 1; L(yi, fβ(xi) is the loss function; fβ is a model with parameter β; || · ||pp
is the Lp norm; λ is a tunable penalty term; y and x are defined as above.

2.10.2 Least Absolute Shrinkage and Selection Operator

The least absolute shrinkage and selection operator (LASSO) (Tibshirani, 1996) is

a regression method with regularization, and it takes p = 1 in Equation 2.47. The
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optimal value of penalty λ can be selected by cross validation over a parameter grid.

For given penalty λ, the solution of β can be obtained using least angle regression

(LARS) (Efron et al., 2004), and coordinate descent (Tibshirani and Taylor, 2011).

2.10.3 Ridge Regression and Kernel Ridge Regression

The ridge regression, which sets p = 2 in Equation 2.47, is another form of regularisa-

tion. Similarly, the optimal penalty λ is selected by cross validation over a parameter

grid. The solution to β under squared loss function is as follows:

β̂ = (XTX + λI)−1XTY (2.48)

where I is an identity matrix.

Often non-linear relationship is observed between dependent variable and independent

variables, and the data vector x = (x1, ...xp) is transformed by some function Φ, i.e.

x 7→ Φ = Φ(x). I denote the transformed matrix Φ(X) as ΦX below. The solution

to β under quadratic loss becomes:

β̂ = (ΦT
XΦX + λI)−1ΦT

XY (2.49)

By using the matrix identity below:

(P−1 +BTR−1B)−1BTR−1 = PBT (BPBT +R)−1 (2.50)

for some matrix P , B and R.

The new predicted value of a new test point, x′ is as follows:

y′ = (Φx′Φ
T
X)(ΦXΦT

X + λI)−1Y

= κ(x′, X)(KXX + λI)−1Y
(2.51)

where κ(x′, X) = Φ(x′)ΦT
X and KXX = ΦXΦT

X . It shows that only the kernel (inner

product between data points) is required in the calculation, instead of the explicit

feature mapping. It is so called the kernel trick.

The kernel ridge regression is also closely connected to the Gaussian Process intro-

duced before (Kanagawa et al., 2018). For a comprehensive review, I refer interested

readers to Hofmann et al. (2008).
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2.10.4 Neural Network

Recent advancement in technology enable the use of deep neural network to model

complex biological systems and predict chemical properties accurately. For example,

Ragoza et al. (2017) developed a convolutional neural network based scoring function

to rank and predict protein-ligand binding affinities and poses. Imrie et al. (2020)

developed a graph-based deep generative model that utilise structural knowledge to

generate molecular linkers between two fragments. Ma et al. (2015) and Wenzel et al.

(2019) also developed different neural network models to predict molecular properties.

The flexible modelling framework allows it to learn the non-linear relatinoship effec-

tively. Here, I provide a basic idea behind neural network. For a detailed introduction

to neural networks, I refer interested readers to Goodfellow et al. (2016).

The typical artificial neural networks (ANN) are computing systems inspired by the

biological neural networks in human brain. A neural network (NN) consists of many

simple and connected nodes called neurons. The input and output nodes are con-

nected by a set of weight links, see illustration in Figure 2.6. The nodes can be

connected in various ways, and give rise to different network architectures. For in-

stance, there are no cycles in the feed-forward networks, which allow a direct feedback.

In contrast, the formation of cycles between nodes in recurrent networks creates feed-

back loops, and thus allows the modelling of dynamical changes over time (Salehinejad

et al., 2017).

Input Layer

Hidden Layers

Output Layer

Figure 2.6: Schematic of a two hidden layers, feed-forward neural network.

In addition to network architecture, the activation function plays an important role

in determining the non-linear characteristics of the function. It first maps weighted
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inputs to feature space through one or more mapping(s), φ(s), which can be linear

or non-linear. At the final layer (output layer), another transformation is used to

map the transformed feature vectors to the outputs. Hence the multi-layer neural

networks output, y, can be written as composite transformations of inputs, x, i.e.

y = φM+1(φM(...φ(2)(φ(1)(x)))))) (2.52)

where M is the number of hidden layers, and φ(l)(x) = φ(wTl x+ bl), where y is the bl

denotes a bias term and wl denotes the weight.

Commonly used activation functions include rectified linear unit (ReLu) (Nair and

Hinton, 2010), leaky rectified linear unit (Leaky ReLU) (Maas et al., 2013), tanh,

sigmoid, and radial basis function.

The solution to the weight, w, is typically calculated by backpropagation (Rumelhart

et al., 1986a,b). It is an algorithm calculating the gradient of the loss function with

respect to the weights by chain rule. The gradient of one layer is computed at a time,

and is iterated backward from the last layer. Gradient descent methods, for example

stochastic gradient descent, are frequently used. For an overview of gradient descent

methods, I refer interested readers to Ruder (2016).

Typically, the multi-layer networks suffer from overfitting due to its high complexity.

To overcome this issue, different techniques are proposed, including L1 and L2 regu-

larization, dropout (Srivastava et al., 2014), early stopping and data augmentation.

The L1 and L2 regularizations work identically as above. In dropout, some nodes

along with their connections from neural networks are randomly dropped to prevent

it from co-adapting. This reduces overfitting and improve the generalising ability

significantly. In early stopping, a hold-out validation set is used to assess the per-

formance of the model. The training is stopped when the performance deteriorates.

Lastly, the data augmentation inflates the training data via data warping or oversam-

pling. Geometric and color transformations are typically used in data warping, while

the label is preserved. Oversampling creates synthetic instances into the training sets.

The data augmentation technique is frequently used in image problem (Shorten and

Khoshgoftaar, 2019).
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Chapter 3

Bayesian Optimisation for
Conformer Generation

Most of the work in this chapter has been reproduced from the following publications:

(i) L. Chan, G. R. Hutchison, and G. M. Morris. Bayesian Optimization for Con-

former Generation. Journal of Cheminformatics (2019) 11 32 and

(ii) L. Chan, G. R. Hutchison, and G. M. Morris. BOKEI: Bayesian Optimization

Using Knowledge of Correlated Torsions and Expected Improvement for Conformer

Generation. Physical Chemistry Chemical Physics (2020) 22 5211-5219

3.1 Background

Most small molecules are flexible and can adopt multiple energetically-accessible con-

formations. Even in medium-sized molecules, e.g. molecules with six or more rotat-

able bonds, there may be thousands or millions of possibilities. The multi-dimensional

energy landscape and presence of huge number of local minima make finding low-

energy conformations to be one of the key challenges in molecular modelling and

cheminformatics.

There are two goals in conformer sampling: (i) generate geometrically diverse con-

formations and (ii) search for the lowest energy and other low energy conforma-

tions. Generating diverse conformations is important to many applications including

molecular docking (Morris et al., 2009; Trott and Olson, 2010), pharmacophore mod-

eling (Schwab, 2010), and generate 3D quantitative structure-activity relationships

(3D-QSAR) (Verma, 2010). A variety of tools have been developed with the purpose
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of generating diverse conformers. For a comprehensive review, I refer the interested

readers to Ebejer et al. (2012) and Hawkins (2017).

On the other hand, finding low energy and the lowest energy conformations efficiently

help determine the molecular physiochemical properties, such as solubility (Hyttinen

and Prisle, 2020) and standard entropy (Ghahremanpour et al., 2016). To accurately

predict the molecular properties, standard quantum mechanics methods is required

to evaluate the conformer energies. However, it is computational prohibitive for

flexible molecules. To overcome this challenge, I propose to use Bayesian optimisation

algorithm (BOA) (Chan et al., 2019), as introduced in Section 2.8, to search for

the lowest energy conformation efficiently. This technique learns the most likely

torsion angles for an arbitrary molecule by sampling new conformers from the multi-

dimensional potential energy surface, regardless of the energy function used.

In addition, structural information about the correlated torsion is crucial for con-

former generation, as adjacent torsion angles are naturally constrained, in order to

reduce steric clashes, retain π-conjugation, align intramolecular hydrogen bonds or

other similar non-covalent interactions (Chan et al., 2020a). For instance, Figure 3.1b

shows the computed Merck molecular force fields (MMFF94) (Halgren, 1996; Halgren

and Nachbar, 1996) potential energy surface for 5-phenylthioquinazoline-2,4-diamine,

with light blue indicating the low-energy feasible regions. Due to steric clashes,

the neighboring dihedral angles are clearly correlated and thus the conformational

search can be greatly reduced by incorporating this information. Even in a simpler

molecule such as ortho-1,1’:2’,1”-terphenyl, Figure 3.1d indicates correlation between

non-neighboring dihedral angles due to steric clashes. Clearly, it is necessary to un-

derstand the underlying correlation between adjacent torsion angles and possibly the

non-nearest neighbors correlation to improve the sampling efficiency.

In this chapter, I first examine my new sampling approach based on Bayesian opti-

misation to search for the lowest energy conformation. In the second part, I study

the distributions of correlated torsions in X-ray crystal structures, the lowest energy

conformations simulated under force fields MMFF94 and a semi-empirical energy

function, GFN2 (Bannwarth et al., 2019), separately. I will also develop a modified

acquisition function that encapsulate the correlated torsions preferences to enhance

the sampling performance (Chan et al., 2020a).
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(a)
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NH2

NH2S

(b)

(c) (d)

Figure 3.1: (a) 5-Phenylthioquinazoline-2,4-diamine. (b) MMFF94 potential energy
landscape for 5-Phenylthioquinazoline-2,4-diamine. (c) ortho-1,1’:2’,1”-Terphenyl.
(d) MMFF94 potential energy landscape for ortho-1,1’:2’,1”-terphenyl. The areas
in light blue show the lowest-energy regions. The correlated torsions in the molecules
are highlighted in red.

3.2 Methods and Data

In this work, rigid rotor approximation was used, i.e. bond lengths and bond angles

were kept fixed. Hence, only the torsion angles about rotatable bonds were sampled.

The torsion angles about the rotatable bonds are denoted by θ. Here, I first introduce

the method, namely Bayesian Optimisation Algorithm (BOA) (Chan et al., 2019),

followed by Bayesian Optimisation with Knowledge-based Expeceted Improvement

(BOKEI) (Chan et al., 2020a). The underlying algorithms are almost identical, except

the choice of acquisition function. The details are given below.
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3.2.1 Bayesian Optimisation Algorithm (BOA)

There are two components in Bayesian optimisation: (i) surrogate model and (ii)

acquisition function, as discussed in Chapter 2.8. Gaussian Process (GP) was used

as the surrogate model, with a locally periodic kernel (Duvenaud, 2014; Chan et al.,

2019, 2020a), as defined in Equation 3.1.

kLP = kRBFkPER

= σ2 exp(−(‖θa − θb‖)2

2l2
) exp(

−2 sin2(π|θa − θb|/p
l2

)
(3.1)

where l, p, σ2 are the length scale, period and variance respectively. The θa and θb are

two set of torsion angles in a molecule. This is simply the product of a RBF kernel

and periodic kernel. Intuitively, the periodic kernel is used to capture the periodicity

of the potential energy function, while the RBF kernel increases the flexibility of the

GP, by allowing it to model the torsional potentials with varying amplitudes, as well

as different local minima and maxima. Note that the Euclidean distance between

two circular variables may not be a meaningful measure, as discussed in Chapter 2.9.

Potential solutions are discussed in Section 3.4.

The periodicity was determined by torsion potentials corresponding to the 364 rotat-

able bond SMARTS patterns (Guba et al., 2016), see Appendix A, Table A.1. Note

that this set of substructures were derived from commonly-occurring types of rotat-

able bonds observed in small molecules and protein-ligand X-ray crystal structures,

and are also used in RDKit’s (Landrum, 2018) Experimental-Torsion Distance Geom-

etry with basic Knowledge (ETKDG) algorithm (Riniker and Landrum, 2015; Wang

et al., 2020). When the list of patterns did not cover a specific type of rotatable

bond, I assigned general values for the periodicity parameter based on the atomic

hybridization of the two atoms in the rotatable bond, i.e. sp2 − sp2, sp2 − sp3, and

sp3 − sp3.

To consider the adjacent correlated torsions, I enumerated all possible pairs of the 364

rotatable bond SMARTS patterns, and counted the frequencies of the corresponding

pairs of torsion angles observed in small molecules having five or fewer rotatable

bonds in the Crystallography Open Database (COD) (Gražulis et al., 2009, 2012).

Pattern pairs with fewer than 100 observations were excluded, resulting in 19 adjacent

correlated torsion patterns for the BOKEI framework, including one pattern from Cole

et al. (2018), see Appendix A, Table A.2.
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3.2.1.1 Acquisition Functions

In the BOA framework, two acquisition functions were used, namely Expected Im-

provement (Mockus et al., 1978) and Gaussian Process Lower Confidence Bound

(GP-LCB) (Srinivas et al., 2009). In the BOKEI framework, a novel knowledge-based

Expected Improvement (KEI) was used. The detail is discussed below.

Expected Improvement (EI)

EI(θ) = σ(θ)(z(θ)Φ(z(θ)) + φ(z(θ)) (3.2)

Gaussian Process Lower Confidence Bound (GP-LCB)

GP-LCB(θ) = µ(θ)− qασ(θ) (3.3)

where z(θ) = f(θbest)−µ(θ)
σ(θ)

, µ(θ) and σ2(θ) are the predictive mean and predictive vari-

ance respectively; Φ(·), φ(·), qα are the cumulative distribution function, probability

density function and the desired quantile of the standard normal distribution.

Knowledge-based Expected Improvement (KEI)

Knowledge-based Expected Improvement (KEI) can be considered as a modified EI

algorithm that offers improvement only when a set of torsion constraints are satisfied:

aKEI(θ) = EI(θ)
M∏
m=1

Pm(θm,1, θm,2) (3.4)

whereM is the total number of correlated torsions found in the molecule; Pm(θm,1, θm,2)

is the mixture model of the torsion angle pairs in pattern m. Independence between

each pair of correlated torsions were assumed. The idea of KEI is similar to the

method of EI with Boolean constraints suggested in (Gelbart et al., 2014; Grif-

fiths and Hernández-Lobato, 2020), with a user-specified minimum confidence of the

cosntraints. Instead of Boolean constraints, I derived separate distributions of the

correlated torsions from the lowest energy conformations found by MMFF94, and

GFN2 (see simulation detail in Section 3.2.6). These were encapsulated by bivariate

von Mises mixture models (see Section 3.2.2), and the resulting models were used in

Equation 3.4.
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3.2.2 Bivariate von Mises Distribution and Mixture Models

The bivariate von Mises distribution is a probability distribution that can be used

to jointly model two angular variables, i.e. two torsion angles (θ1, θ2). Multiple

bivariate von Mises models were developed, including the Sine model (Singh et al.,

2002) and Cosine model (Mardia et al., 2007). The Cosine models (Equation 3.5 and

3.6 respectively) were used in my implementation.

Cosine density with positive interaction

g(θ1, θ2) = c(κ1, κ2, κ3) exp{κ1 cos(θ1−µ)+κ2 cos(θ2−ν)−κ3 cos(θ1−µ−θ2+ν)} (3.5)

Cosine density with negative interaction

g(θ1, θ2) = c(κ1, κ2, κ3) exp{κ1 cos(θ1−µ)+κ2 cos(θ2−ν)−κ3 cos(θ1−µ+θ2−ν)} (3.6)

where c(κ1, κ2, κ3)−1 is the normalizing constant with the following form:

c(κ1, κ2, κ3)−1 = (2π)2{I0(κ1)I0(κ2)I0(κ3) + 2
∑∞

p=1 Ip(κ1)Ip(κ2)Ip(κ3)}

Ir(·) denotes the modified Bessels function of the first kind and order r; the parameters

in the model represent the mean direction (µ, ν), concentrations (κ1, κ2) and a

parameter (κ3) controlling the correlation.

Unlike univariate von Mises distribution, as discussed in Chapter 2.9, the cosine

densities can be unimodal (κ3 <
κ1κ2
κ1+κ2

) or bimodal (κ3 >
κ1κ2
κ1+κ2

). It is approximately

bivariate normally distributed if and only if κ3 < κ1κ2
κ1+κ2

. Furthermore, the cosine

density is flexible which allows us to consider transformation of all the data when

estimating the model parameters. In particular, the cosine density with negative

interaction can be obtained by transforming (θ1, θ2) 7→ (θ1,−θ2) in the model of

cosine density with positive interaction (Mardia and Frellsen, 2012). In practice, the

likelihood for original data and the transformed data are compared, and the one with

larger value is selected.

Typically, there are multiple modes in the torsional space, and a single bivariate von

Mises distribution is not sufficient to describe the correlated torsion. Therefore, a

mixture model (Equation 3.7) was used.

gM =
K∑
j=1

ωjgj(θ1, θ2) (3.7)
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where K is the number of components, gj denotes a cosine density, and ωi is the

weight of each component (with
∑

i ωi = 1).

Expectation Maximisation (EM), as discussed in Chapter 2.9, can be used to esti-

mated the model parameters. It is well-known that the EM algorithm can easily get

stuck in the local optimal. Hence, I performed the EM algorithm multiple times with

different initialisation, and chose the best final solution. I also excluded any solutions

with extremely high concentration. In the M-step, gradient ascent algorithm was

used to update the model parameters. Note that the mixture models were applied to

the 19 SMARTS patterns with adjacent correlated torsions, as defined in Appendix

A, Table A.2. The resulting models were used as Pm(θ1, θ2) in KEI acquisition func-

tion, Equation 3.4. The model parameters for all 19 SMARTS patterns are shown in

Appendix A, Figure A.1.

We should note that the bivariate von Mises mixture model requires sufficient data to

accurately describe torsional preferences, so cases with small numbers of observations

were excluded in this work. This limited the current performance of my algorithm,

and I will discuss some potential solutions in Section 3.4

3.2.3 Search Space

All methods explored the same search space for each molecule, as determined by the

set of freely rotatable bonds in each. The search space of the algorithms was thus

defined by a hypercube [0, 2π)d, in the BOA framework, and [−π, π)d in the BOKEI

framework, where d is the number of rotatable bonds in the molecule.

3.2.4 Comparison

3.2.4.1 Comparison between BOA, Confab and Uniform Search

To assess the effectiveness of the BOA algorithm, I compared it with two other confor-

mational search algorithms, including a systematic search method, Confab (O’Boyle

et al., 2011b) and a uniform random search. The expected improvement (EI) and

Gaussian process lower confidence bound (LCB) acquisition functions were used in

my BOA algorithm.

An energy cutoff of 500 kcal/mol was used in Confab, with up to one million conform-

ers and a root mean square deviation clustering threshold of 0.05 Å; all other Confab

40



parameters were left as their default values. The RMSD cutoff of 0.05 Å was used to

eliminate duplicate conformers with identical geometry to existing conformers. Note

that only one compound (cochliodinol, a molecule with six rotatable bonds) would

have generated more than a million conformers (1,327,104).

To ensure fair comparison between search algorithms, I used the same number of

iterations, K, i.e. the number of energy evaluations, for all of the stochastic search

methods. The number of energy evaluations depend on the number of rotatable

bonds in a molecule, see Table 3.1. Note that by the nature of the algorithm, BOA

requires initial observations of the energy landscape in order to fit a Gaussian Process.

For each molecule, five initial observations were obtained by random sampling, and

only K − 5 conformers were evaluated after initial sampling in BOA. Five runs were

performed for all stochastic search algorithm, i.e. Uniform, BOA with EI and LCB.

Table 3.1: Number of simulated conformations versus number of rotatable bonds

Number of rotatable bonds Number of conformers
1-3 50
4-6 100

To assess the effect of increasing the number of energy evaluations, I doubled the

number of energy evaluations, i.e. K = 200, in BOA search for a subset of molecules

with five rotatable bonds. I performed four runs for each molecule in the set.

A force field MMFF94 was used to evaluate the energy of the molecule throughout

first assessment.

3.2.4.2 Comparison between BOKEI, BOA-EI and Genetic Algorithm

To evaluate the usefulness of the correlated adjacent torsions prior on conformer sam-

pling, I compared BOA with my proposed knowledge-based expected improvement

(KEI) acquisition function with standard EI, and a genetic algorithm (GA). The

implementation of Bayesian optimisation was identical as above.

In GA, the search was terminated when either maximum number of energy evaluations

was reached or three identical generations were observed; all other GA parameters

were left as their default values.
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Similarly, I fixed the same number of energy evaluations throughout the search, and I

also included more flexible molecules, i.e. more than six rotatable bonds, for compar-

ison. The number of energy evaluations depend on the number of rotatable bonds in a

molecule, see Table 3.2. Likewise, only K−5 conformations were sampled after initial

sampling in Bayesian optimisation algorithm. For accurate statistical comparisons of

these methods, five runs were performed on each algorithm.

Table 3.2: Number of simulated conformations versus number of rotatable bonds

Number of rotatable bonds Number of conformers
2-3 25
4-5 50
6-7 100
≥ 8 200

Two energy functions: (i) geometry-optimized MMFF94 and (ii) GFN2,were used.

Instead of a single point MMFF94 energy evaluation, I performed constrained geom-

etry optimisation with MMFF94, which the torsion angles in a molecule were kept

fixed and other degrees of freedoms such as bond lengths and bond angles were being

optimised. On the other hand, torsion constraints was not added in GA search, as

surrogate models were not required.

3.2.5 Performance Metrics

As discussed in Chapter 2.5, the energy difference, heavy atom root-mean-square-

deviation (RMSD) and torsion fingerprint deviation (TFD) are frequently used to

assess the quality of the sampled conformations. Since my goal is searching for the

lowest energy conformation, the energy difference should be used. RMSD and TFD

were included for reference in the first comparison, i.e. comparison between BOA,

Confab and uniform random search, while they were not reported in the second

comparison.

In the first comparison, the molecule with the lowest energy conformation obtained

from Confab was used as the reference conformation. Negative value indicates a

better conformation was found by the search than by Confab. Note that symmetry

was considered in the RMSD calculation. In the second comparison, i.e. comparison

between BOKEI, BOA-EI and GA, the molecule with the lowest energy conformation

obtained from BOA-EI was used as reference conformation. Similarly, negative value
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indicates a better conformation was found by the search than by BOA-EI. Throughout

my work, I denote the MMFF94 energy difference as ∆EMMFF94, and GFN2 energy

difference as ∆EGNF2.

3.2.6 Data

In the first comparison, the datasets assembled by Ebejer et al. (2012) was used,

which consists of 708 distinct small molecules and includes ligands from the Astex

diverse set (Hartshorn et al., 2007). I filtered this set of molecules with six or fewer

rotatable bonds, giving a subset of 572 molecules, excluding 4 rigid molecules.

In the second assessment, Platinum dataset (Friedrich et al., 2017) and a dataset

assembled by Ebejer et al. (2012) were used to benchmark the performance of the

search algorithms. The duplicated molecules in two datasets were removed based

on their InChiKey (Heller et al., 2013). Molecules with 2 to 18 rotatable bonds,

and consist of two adjacent rotatable bonds (correlated torsion) that match the 19

correlated torsion SMARTS patterns in Appendix A, Table A.2 were selected for the

study, giving a subset of 533 unique molecules. Furthermore, I extracted molecules

with correlated torsions from organic small molecules in the Crystallography Open

Database (COD) (Gražulis et al., 2009, 2012) to derive the probabilistic constraints,

as discussed above. The simulation of the lowest energy conformation is discussed

next. Note that the overlapping molecules between the validation set and the COD

were removed from the COD set based on their InChiKey.

3.2.6.1 Simulations

I calculated the lowest energy conformation of the molecules from the COD set, and

used it to derive correlated torsions distribution. I only considered molecules with

five or fewer rotatable bonds in this calculation. Under this setting, I could find the

lowest energy conformation for both GFN2 and MMFF94 with high probability. The

sampling schemes are described below.

MMFF94

I simulated diverse conformers by RDKit’s ETKDG (Riniker and Landrum, 2015),

followed by energy minimisation, and calculated the lowest energy conformation. Note

that this is a basin-hopping style optimisation (Wales and Doye, 1997). Table 3.3

shows the number of initial conformers used in the simulation.
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Table 3.3: Number of simulated conformations versus number of rotatable bonds

Number of rotatable bonds Number of conformers
2 50
3 100
4 250
5 500

GFN2

I calculated the lowest energy conformation using the Conformer-Rotamer Ensemble

Sampling Tool (CREST) (Pracht et al., 2020) based on GFN2 method. The CREST

sampling consists of three parts: (i) meta-dynamic (MTD) simulation , (ii) regular

MD sampling and (iii) a genetic structure crossing algorithms. In MTD, the atomic

RMSDs are included as collective variables, and a Gaussian potential on RMSDs is

introduced. The additional bias Gaussian potential helps generate diverse geome-

tries. The GFN2 energy function is used throughout the entire process. Geometry

optimisations are performed in between and in the final step. This iterative process

is termed iMTD-GC, where the lowercase i indicates an iterative strategy within the

algorithm. iMTD-GC workflow was used in the search. Note that CREST may break

the molecule into fragments in the outputs and I discarded those observations in my

analysis.

3.2.7 Statistical Tests

The Wilcoxon signed-rank test was used to test whether the distributions of the

lowest energy conformations found by each pair of search methods was statistically

significantly different from one another. In the first assessment, I compared three

pairs of methods, including (BOA-EI, uniform), (BOA-LCB, uniform) and (BOA-EI,

BOA-LCB). In the second assessment, I tested whether BOKEI framework found

lower average energy conformations than BOA-EI and GA.

3.2.8 Implementation

In both comparisons, a Python package, GPyOpt (GPyOpt, 2016) was used for the

Bayesian optimisation algorithm variants. Pybel (O’Boyle et al., 2008) was used

to drive the torsion angles of the molecules. The MMFF94 energy and the RMSD
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calculation that implemented in Open Babel 2.4.1 (O’Boyle et al., 2011a) were used.

Numpy (van der Walt et al., 2011; Harris et al., 2020) was used to generate random

numbers between 0 to 2π for the uniform search in the first comparison. The genetic

algorithm (GA) implemented in Open Babel 2.4.1 was used in the second comparison.

3.2.9 Run Time Analysis

Run time analysis on my proposed algorithms was performed on a desktop running

Fedora 28 with an Intel Core i7-6700 operating at 3.40 GHz, and 32 GB of RAM. A

single core was used for energy evaluation and driving the torsion angles. All cores

were used in the GPyOpt operations.

3.3 Results and Discussions

I first present the results in the first comparison, i.e. comparison between BOA,

Confab and uniform random search, followed by the results in the second assessment.

Note that due to occasional numerical instabilities, GPyOpt terminated early before

reaching the maximum number of iterations requested. This was manifested by a non-

positive definite kernel error. I separated out these molecules with “early stopping”.

The excluded molecules in comparison 1 are listed in Appendix A, Tables A.3, and A.4

and A.5 for comparison 2.

3.3.1 Comparison between BOA, Confab and Uniform Search

3.3.1.1 Number of Conformers Generated in Systematic Search

I first analyzed the number of conformers sampled by systematic search, Confab.

Figure 3.2 shows that up to 106 conformers were explored for molecules with six ro-

tatable bonds. For molecules with four or more rotatable bonds, the median number

of conformers generated was approximately 103 to 104. Cochliodinol has six rotat-

able bonds and had generated over one million conformers, with 750,402 conformers

retained, and the lowest energy of 146.04 kcal/mol. Bayesian optimisation algorithm,

on the other hand, required only 102 evaluations to obtain low energy conformations,

and the best conformation out of five trials had an almost identical energy of 146.13
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kcal/mol. This highlights the power of BOA, and it gives good performance in general

despite using orders of magnitude fewer energy evaluations.
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Figure 3.2: Distributions of the number of energy evaluations by Confab versus the
number of rotatable bonds.

3.3.1.2 Search Performance

As expected, the uniform random search performed the worst of all search methods.

It gave higher median energy differences and larger ranges in energy difference than

BOA search across all sets of rotatable bonds, as shown in Figure 3.3. The distribu-

tions of the energy differences were very similar for BOA search, with both acquisition

functions, EI and LCB. When constrained by a maximum number of energy evalua-

tions, uniform random search suffered more in higher dimensions than BOA, and the

median of the energy differences increased rapidly. On the other hand, the median

of the energy differences in BOA search increased slowly and reaches approximately

9 kcal/mol for molecules with six rotatable bonds.

Confab was used to enumerate systematically all conformers for each molecule us-

ing the ‘torsion driving approach’. Confab iterates systematically through a set of

allowed torsion angles for each rotatable bond in the molecule. Being a systematic

search, Confab was thus expected to identify all the low energy conformations for each

molecule. However, the best torsion angles may not be covered by the set of discrete

torsion angles used in Confab. On the other hand, BOA samples torsion angles freely

in the space and learns from the observed conformations, which enables it to recover
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conformations with lower energies using orders of magnitude fewer evaluations than

Confab.
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Figure 3.3: MMFF94 energy difference versus number of rotatable bonds: BOA and
uniform random search. The red dotted line indicates no energy difference between
the lowest energy conformation found by the search algorithm and that found by
Confab. The black line indicates the median energy difference of the uniform random
search. Note that the median (213 kcal/mol) for molecules with six rotatable bonds
is not shown in figure. The blue and orange groups show the result for BOA with EI,
and BOA with LCB, respectively

I define the lowest energy conformer (LEC) for a given molecule as the lowest en-

ergy conformation found by any search method in our experiments. I computed

the frequency that each method (Confab, BOA, and Uniform) was able to find each

molecule’s LEC. Since the number of energy evaluations used in the search varies

between stochastic and systematic methods, I also computed the average efficiency

of the Bayesian optimisation and Confab. The average efficiency takes the number of

energy evaluations into account, and is defined as
∑Nmol
i

1lowest
Neval

Nmol
, where 1lowest is 1 if the

search method found the lowest energy conformation, Neval is the number of energy

evaluation, and Nmol is the number of molecules. Figure 3.4 shows that BOA recovers

the most LECs for molecules with three or fewer rotatable bonds. This suggests that

the geometries of the LECs deviate slightly from those with ideal torsion angles used

in Confab. It should be noted that these non-ideal conformers cannot be generated

by Confab. Although Confab found more lower energy conformations for molecules

with four or more rotatable bonds, it used more energy evaluations in the search and

the average efficiency was lower across all rotatable bonds, as shown in Figure 3.4.

Examples of conformations found by BOA that have significantly lower energies than

those found by Confab are shown in Figure 3.5.
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Figure 3.4: Percentage of the lowest possible energy conformation found by any of
the search methods, from five independent trials, and the average efficiency of search
methods. Confab found more lower energy conformations than BOA for molecules
with four or more rotatable bonds. However, Confab (green line) has a lower aver-
age efficiency than BOA (orange line), as it used orders of magnitude more energy
evaluations for the search, as shown in Figure 3.2.

(a) (b)

(c)

Figure 3.5: Examples where BOA found lower energies than Confab: (a) for
omegacsd-FUPFIF, the lowest energy Confab found was 117 kcal/mol, while for BOA,
it was 70 kcal/mol; (b) for omegacsd-CDBMPI10, the lowest energy Confab found
was 150 kcal/mol, while for BOA: 118 kcal/mol; (c) for omegapdb-1SN5, the lowest
energy Confab found was 131 kcal/mol, while for BOA, it was: 99 kcal/mol. The low-
est energy conformations found by Confab and BOA are shown in green and orange
respectively. Figures are generated by PyMOL (Schrödinger, LLC, 2015).

I assessed the ”champion” rate’ of all search methods in each trial, i.e. the percentage
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of molecules that the search algorithm found better conformations than Confab in a

single trial. Figure 3.6 shows that uniform random search had the lowest champion

rate. I observed a similar rate in BOA search with both acquisition functions, EI

and LCB. BOA search had a very high champion rate of 100% and 55% in molecules

with one and two rotatable bonds, respectively. As expected, it decreased as the

number of rotatable bonds increased. The champion rate was approximately 25%

for molecules with three and four rotatable bonds, and 10% for molecules with five

or more rotatable bonds. A key question here is how many samples are required to

recover a better conformation and thus achieve a high recovery rate. I addressed the

influence of the maximum number of evaluations by doubling the number of energy

evaluations, see Section 3.3.1.3.
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Figure 3.6: Champion rate: percentage of conformers with lower energy than Confab
recovered by uniform random search, BOA with EI and LCB. The error bars show
the variation in the trials. It can be seen that both variants of BOA recovered a
lower energy conformer than Confab much more often than uniform random search,
although the overall recovery rate dropped as the number of rotatable bonds increased.
A maximum of 100 iterations was used for molecules with four or more rotatable bonds
and 50 iterations otherwise.

The Wilcoxon signed-rank test of energy difference distributions in Table 3.4 shows

that uniform random search is significantly different from BOA with EI and LCB

(p-value � 0.01) for all numbers of rotatable bonds. Since the sample sizes of the

sets of molecules with one and two rotatable bonds were small, I combined these with

molecules having three rotatable bonds for the statistical test to give more reliable

test results. For the EI-LCB pair, large p-values were obtained, except for molecules
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with one to three rotatable bond (p-value of 0.02). Thus I found no evidence to reject

the null hypothesis that the results for EI and LCB come from the same distribution.

Table 3.4: Energy difference: Wilcoxon signed-rank test on each method pair.
Molecules with three or fewer rotatable bonds (Nrotor : 1, 2, 3) are grouped together
due to small sample size. The p-values are rounded to 2 significant figures.

Method-Pair \ Nrotor 1,2,3 4 5 6
Uniform-EI 8.1× 10−24 4.5× 10−23 3.5× 10−17 2.8× 10−15

Uniform-LCB 4.5× 10−24 4.5× 10−23 3.7× 10−17 2.6× 10−15

EI-LCB 0.02 0.44 0.89 0.09
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Figure 3.7: Normalized maximum energy variation versus number of rotatable bonds
in BOA. The black horizontal line indicates the median of normalized maximum
energy variation in uniform random search. The median for molecules with two or
more rotatable bonds are greater than 20 kcal/mol, and they are not shown in the
figure.

Furthermore, I assessed the variation in energies found by BOA. In particular, the

normalized maximum energy variation for each molecule, i.e. maximum energy dif-

ference between computed conformation and the lowest energy conformation found

in all trial divided by the number of rotatable bonds, was computed as shown in

Figure 3.7. The variation in BOA was smaller than that in uniform search. The

variation increased increased gradually as the number of rotatable bonds increased in

BOA search.
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Figure 3.8: RMSD and TFD by varying number of rotatable bond. (a) RMSD case 1:
the lowest energy conformations found by either BOA or uniform random search were
used as reference conformations. (b) RMSD case 2: the lowest energy conformation
found by Confab were used as reference conformations. (c) TFD case 1: the lowest
energy conformations found by either BOA or uniform random search were used a
reference conformations. (d) TFD case 2: the lowest energy conformations found by
Confab were used as reference conformations. It should also be noted that there were
6 and 10 molecules with one and two rotatable bonds in panel (a) and (c). There
were only two molecules with two rotatable bonds in panel (b) and (d). It can be
seen that BOA with either EI or LCB outperformed uniform search. It is notable
that BOA performed as well as Confab despite tending to use orders of magnitude
fewer iterations.

Both RMSD and TFD were used to measure the distance between reference conformer

and that obtained by various search methods. The lowest energy conformation across

all methods was used as the reference conformer, and two scenarios were considered.

Case 1 considered the lowest energy conformation found by either BOA or uniform

random search from all trials for each molecule, while case 2 considered the lowest

energy conformation found by Confab.

Figure 3.8 shows that the conformers generated by uniform random search had higher
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RMSD and TFD values than those generated by BOA. The conformations found by

BOA with both acquisition functions had similar distributions in RMSD and TFD

values in case 2, while EI and LCB slightly vary in case 1.

Similarly, I grouped molecules with three or fewer rotatable bonds together. In addi-

tion, I combined molecules with five or more rotatable bonds together in case (1) due

to the small sample size in molecules with six rotatable bonds. Wilcoxon signed-rank

tests for the RMSD and TFD distributions showed consistent results, see Appendix

A, Tables A.6 and A.7: the distribution of conformers generated by uniform random

search was significantly different from that generated by BOA (p-value� 0.01). The

conformers generated by BOA with both acquisition functions, EI and LCB, were not

statistically different from each other.

3.3.1.3 Doubling number of energy evaluations

I investigated the effect of doubling the maximum number of energy evaluations to

200 on the BOA, for the set of molecules with five rotatable bonds. I found that

the results were more robust and had smaller ranges of energetic differences than

were found with 100 iterations. Figure 3.9 shows that the median of the energy

difference distributions decreased by 1.1 kcal/mol for EI, and 1.3 kcal/mol for LCB.

The maximum variation also decreased, by 1.5 kcal/mol for EI, and 1.7 kcal/mol for

LCB. Thus, increasing the maximum number of iterations improves the likelihood of

finding low-energy minima, and decreases the stochastic variance between multiple

runs.

Performance in terms of finding the lowest energy was improved by increasing the

maximum number of energy evaluations. However, the computational cost also in-

creased, in a rate between n2.3 and n2.7, where n is the number of energy evaluations,

as shown in Figure 3.10. We should note that the computational complexity of the

Gaussian process regression is O(n3) in theory, due to the matrix inversion. The time

shown in Figure 3.10 included computational time for energy evaluation ,Tenergy, and

Bayesian optimisation, TBOA, and time to read input molecules or write the conform-

ers to disk was not included. In this comparison, a relatively fast energy function was

used, which only took about 7 ms to update the torsions and evaluate the energy 100

times in a molecule with six rotatable bonds. Hence, the relative contribution of en-

ergy evaluation time to the total computational time was small, i.e. Tenergy << TBOA.
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Figure 3.9: Effect of doubling the maximum number of energy evaluations: (a) energy
difference; (b) maximum variation in energy. Note that only molecules with five
rotatable bonds were tested. BOA with 100 iterations and 200 iterations are shown
in blue and orange respectively. As expected, the energy difference and variation in
energy decreased as number of energy valuations increased.

If the energy function was replaced by a more accurate but computationally more ex-

pensive method, such as quantum mechanical methods, as discussed in Chapter 2.6,

which can take hours for the evaluations, the relative contribution of computational

time of Bayesian optimisation would be small in such scenario, i.e. Tenergy >> TBOA.

The Bayesian optimisation algorithm would become a more competitive search strat-

egy than those used by other stochastic search methods.

In fact, other surrogates model can be used to reduce computational cost, for instance

Bayesian neural network (BNN) (Snoek et al., 2015; Häse et al., 2018). Alternatively,

one can incorporate more accurate prior knowledge to enhance the search, which will

be further discussed in the Section 3.3.2.

3.3.1.4 Limitations

In addition to high computational complexity, poor parameter initialization leads to

numerical instabilities. To address it, one would be to place priors on the parameters;

alternatively, it may be possible to set boundary constraints on the parameters. The

former approach would require more computational power, but would give a more

robust estimation of the parameters.
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Figure 3.10: Average computational time for BOA with two difference acquisition
function (EI or LCB) and different number of evaluations (50, 100 and 200). Five
molecules were randomly sampled for each rotor. The average computational time
increased as number of rotatable bonds increased, but was primarily dominated by
the number of conformers generated.

3.3.1.5 Summary

In summary, I demonstrated the effectiveness of Bayesian optimisation algorithm

(BOA) in searching the lowest energy conformation. I incorporated prior knowledge

about torsion angle preferences to accelerate the search. This strategy even finds

lower energy minima than those generated by systematic enumeration, using orders

of magnitude fewer energy evaluations.

3.3.2 Bayesian optimisation Algorithm with Knowledge-based
Expected Improvement (BOKEI)

In this section, I will evaluate the usefulness of the correlated adjacent torsions prior

on conformer sampling. As discussed above, the knowledge of correlated adjacent

torsion priors can be embedded in the acquisition function, i.e. KEI. I revisited the

example, 5-phenylthioquinazoline-2,4-diamine, and the sampling behavoir of BOA-EI

and BOKEI are shown in Figure 3.11. Figure 3.11b shows the mixture models of

the adjacent correlated torsions in the molecule, it exhibits reflectional dependence

between torsion angles. Using KEI, the sampled conformations were more likely

observed in the region where the mixture models with high density values. In both

cases, the posterior mean showed a coarse boundary between high and low energy

regions.
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Figure 3.11: (a) GFN2 potentail energy surface of 5-phenylthioquinazoline-2,4-
diamine. (b) Mixture models for the correlated torsion. The contour plot indicates
the log density of the mixture model and the points (in red) mark the mean location
for the components. (c) Posterior mean (normalized) energy landscape and (d) poste-
rior standard deviation in BOA-EI. (e) Posterior mean (normalized) energy landscape
and (f) posterior standard deviation in BOKEI. The samples were more concentrated
in the low energy regions for BOKEI than that in BOA-EI.
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Furthermore, two molecules were sampled to illustrate the strengths and the weak-

nesses of the BOKEI algorithm, using the geometry-optimized MMFF94 energy. Ten

runs were performed for each molecule. Figure 3.12a shows that BOKEI was able

to find lower energy conformation consistently using same number of iterations. The

energy gap between BOKEI and BOA-EI decreased as the number of evaluations

increased, since both methods should converge to the same global minimum. Un-

usually, the performance of BOKEI was worse than BOA-EI, which was a result of

under-estimation of the correlated torsion distribution, as illustrated in Figure 3.12b.

Insufficient sampling or biased selection of molecules gave rise to the incomplete prior

information, and led to the inferior performance. Using additional data to improve

the density estimates, even in this case, the performances became similar, as discussed

in Section 3.3.2.5.

(a) (b)

Figure 3.12: The red line and the blue line in the convergence plots represents the
average rate of the BOKEI and BOA-EI in finding lower energy conformations respec-
tively, with ±1 sample standard deviation (shaded region). The correlated torsion in
corresponding molecule is highlighted in red. Geometry-optimized MMFF94 energy
function was used in both cases. (a) BOKEI consistently found lower energy confor-
mations than BOA-EI in early stage and the energy gap reduced as the number of
iterations increased. (b) Unusually, BOKEI performed worse than BOA-EI, which
was a result of under-estimation of the correlated torsion.

For a broader comparison, I validated the performance on a set of 533 molecules

containing 2 to 18 rotatable bonds, as mentioned above. In GFN2, I benchmarked

the performance with molecules up to 13 rotatable bonds only. Note that there were

nine molecules (five in MMFF94 and four in GFN2) excluded from analysis due to

early stopping in the search, see Appendix A, Tables A.4 and A.5.
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Figure 3.13: (a) MMFF94 average energy difference from five runs. (b) GFN2 average
energy difference from five runs. The average energy of the outputs from all runs found
by BOA-EI was used as the reference point (red line) in (a) and (b). BOKEI often
found lower energy conformations than BOA-EI in both cases. The GA in MMFF94
outperformed BOKEI and BOA-EI for molecules with twelve or more rotatable bonds.

3.3.2.1 MMFF94

Figure 3.13a shows that BOKEI consistently found a lower energy conformation than

BOA-EI and GA. A Wilcoxon signed rank test shows that energy difference between

BOKEI and BOA-EI was statistically significant (p-value � 0.01, see Appendix A,

Table A.8), across all rotatable bonds. On the other hand, one can see that the GA

outperformed BOKEI and BOA-EI for molecules with more than twelve rotatable

bonds. This is because the small number of samples (200 energy evaluations) may
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not be sufficient for the BOA-EI or BOKEI models to learn the most likely dihedral

angles in high dimensional problems. Figure 3.14a shows that BOKEI frequently

found lower energy conformations than BOA-EI (≈ 65 − 75%) and GA (> 80%)

for molecules with fewer than eleven rotatable bonds respectively. Figure 3.15a also

shows that BOKEI gave a lower variation in energy than BOA-EI of the output

conformations in all five runs. In both cases, the variation increased slowly to less

than 20 kcal/mol for molecules with more than 14 rotatable bonds.
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Figure 3.14: (a) Percentage of BOKEI found lower energy conformations than BOA-
EI and GA, with geometry-optimized MMFF94 energy. (b) Percentage of BOKEI
found lower energy conformations than BOA-EI, with GFN2 energy.

58



(a)

2 3 4 5 6 7 8 9 10 11 12 13 >14
Number of rotatable bond

0

10

20

30

40

50

s (
kc

al
/m

ol
)

BOA
BOKEI

(b)

2 3 4 5 6 7 8 9 10 11 12 13
Number of rotatable bond

0

5

10

15

20

25

s (
kc

al
/m

ol
)

BOA
BOKEI

Figure 3.15: Sample standard deviation, s, of the energy of the output conformations
in five independent runs: (a) MMFF94, and (b) GFN2. The sample standard devia-
tion increased as the number of rotatable bonds increased in both cases. BOKEI had
a lower median sample standard deviation than BOA in almost all cases. In (b), for
a few molecules with eight and eleven rotatable bonds, one in five runs terminated
with a high energy, which resulted in high sample standard deviations.

Furthermore, Figure 3.12a highlighted that BOKEI had greater benefit in the early

stage of the search. Comparing the mean energy difference between BOKEI and

BOA-EI at different stages (40%, 60% and 100%) of the maximum number of energy

evaluations), the energy gap was indeed greater, and in favor of BOKEI, in the early

stages, see Table 3.5. The gap diminished when more evaluations were used, since

both methods converged to the same global optimum. These results suggest that the
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information about correlated torsions greatly helped the search in the early stage,

pointing the search towards favorable regions of the potential energy landscape.

Table 3.5: Average MMFF94 energy difference in different stages: 40%, 60% and 100%
of the maximum number of energy evaluations. The value found by BOA-EI was used
as reference. Negative value indicated BOKEI found lower energy conformations than
BOA-EI. The median was reported. In general, BOKEI outperformed BOA-EI in the
early stage, and the energy difference diminished as more evaluations were used.

No. of rotatable bonds Median40% Median60% Median100%

2 -12.567 -8.482 -0.736
3 -17.910 -11.980 -1.151
4 -12.305 -8.897 -0.962
5 -24.361 -12.811 -2.324
6 -24.204 -15.089 -2.883
7 -16.496 -20.423 -1.995
8 -10.831 -15.354 -3.472
9 -30.170 -12.668 -4.177
10 -83.867 -18.585 -5.077
11 -87.031 -18.255 -4.801
12 -7.456 -66.339 -0.901
13 24.885 284.054 -4.037
14-18 68.935 58.545 -3.569

3.3.2.2 GFN2

In GFN2, I used a single-point energy calculation, and excluded GA in the analysis.

Figure 3.13b shows that BOKEI consistently found lower energy conformations than

BOA-EI. Similarly, a Wilcoxon signed rank test shows the average energy difference

between BOKEI and BOA-EI was statistically significant (p-value � 0.01, see Ap-

pendix A, Table A.9). The energy gap was greater in the early stage and the gap

diminished as more energy evaluations were used, see Table 3.6. Figure 3.14b also

shows that BOKEI frequently (> 60%) found lower energy conformations than BOA-

EI across all rotatable bonds. Figure 3.15b shows that BOKEI gave a lower variation

in energy than BOA of the output conformations in all five runs.
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Table 3.6: Average GFN2 energy difference in different stages: 40%, 60% and 100% of
the maximum number of energy evaluations. The value found by BOA-EI was used
as reference. Negative value indicated BOKEI found a lower energy conformation
than BOA-EI. The median was reported. In general, the BOKEI found lower energy
conformations than BOA-EI in the early stage for molecules with seven or fewer
rotatable bonds. The energy gap between BOKEI and BOA-EI diminished as more
evaluations were used. The molecules with eight or more rotatable bonds had positive
energy difference in the early stage.

No. of rotatable bonds Median40% Median60% Median100%

2 -14.143 -8.438 -0.276
3 -33.585 -13.870 -0.658
4 -8.817 -11.639 -0.856
5 -53.612 -15.612 -1.815
6 -14.688 -22.946 -1.857
7 -71.926 -50.814 -1.772
8 54.914 4.356 -4.117
9 119.435 11.961 -2.927
10 -57.236 -95.970 -3.228
11 88.074 -950.314 -4.405
12 -1075.099 -921.136 -4.961
13 1148.000 1937.425 -3.796

3.3.2.3 Correlated Torsions

Correlated torsion angles between adjacent rotatable bonds usually arise because of

unfavorable steric interactions and favorable intramolecular interactions. Intramolec-

ular hydrogen bonds and π-π stacking were observed in four of the nineteen patterns.

For example, in pattern 2 and 16, the thioamide and thiourea functional groups play

an important role in determining the torsion preferences. The delocalization of the

nitrogen lone pairs contributes to its all planarity, and results in either cis (θ ≈ 0) or

trans (θ ≈ π) configurations, see Figure 3.16. The cis/trans configuration preference

depends on the atom environments. In particular, a specific thiourea derivative that

is bonded to a carbonyl group was found to adopt the following conformations: (i) the

C=S and C=O were oriented in ”opposite” directions, while (ii) the thiourea adopted

the syn-anti conformation (Sahu et al., 2011). This resulted in the formation of a

pseudo six-membered ring that was stabilized by a C=O–H-N intramolecular hydro-

gen bond, see example Figure 3.18a. To align such intramolecular hydrogen bonds,

the associated torsion angles were restricted, as illustrated in Figure 3.17. Similarly,
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the formation of intramolecular hydrogen bonds between N-H or O-H groups and the

adjacent carbonyl oxygen atoms in the esters can be easily observed in the substruc-

ture defined in pattern 15, see example Figure 3.18b.
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Figure 3.16: Mixture models for correlated torsions. The contour plot indicates the log
density of the mixture model and the points (in red) mark the mean location for the
components. The histogram indicates the marginal distribution of the torsion angles.
The torsional preference of X-ray crystal structures, the lowest energy conformation
from MMFF94 and GFN2 are on the left, middle and right respectively. (a) Pattern
2. (b) Pattern 16. The torsion 2 (θ2) in pattern 2, and both torsions (θ1,θ2 were
restricted around 0 or ±π due to the delocalisation of nitrogen lone pairs.
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Figure 3.17: Higher order correlated torsion angles in the lowest energy (GFN2)
conformation. Torsion angles were concentrated around 0, suggesting C=S and C=O
were oriented in opposite directions and formed a pseudo six-membered ring. This
conformation promoted C=O–H-N intramolecular hydrogen bond.
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(a) (b)

(c)

Figure 3.18: Intramolecular H-bonds are observed in patterns 2 and 16 (a) and pattern
15 (b); while intramolecular π − π stacking is evident in pattern 17 (c).

For pattern 17, π–π stacking is evident: when aromatic rings are attached to both

ends of the pattern, both rings prefer to interact with one another, see Figure 3.18c. It

should be noted that the CSD Conformer Generator (Cole et al., 2018) considered 11

correlated torsions, but a simple clash term was used for all other interactions. Here,

I used a more flexible approach that employs bivariate von Mises mixture models to

fully describe the correlated torsions. Both favorable intramolecular interactions and

unfavorable steric clashes can be described. It would also possible to expand this to

a multivariate case (Mardia et al., 2008) in order to capture higher-order correlations

as mentioned earlier.

I also noticed that the torsional preference of MMFF94 differed from the one in GFN2

and crystal structures in some of the patterns, as shown in Figure 3.19. It suggests

that the classical force fields failed to capture all reflectional and rotational depen-

dence between adjacent torsion angles. Moreover, in pattern 2, the trans configuration

(θ2 ≈ ±π) were more frequently observed in crystal structures than the one in GFN2,
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as illustrated in Figure 3.16a. Such discrepancy could be explained by formation of

inter- and intramolecular hydrogen bonds. The trans configuration was in favor of

the intermolecular hydrogen bonds of N-H and C=S group in crystal structures, while

the cis configuration helped the formation of intramolecular hydrogen bonds.
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Figure 3.19: Mixture models for correlated torsions. The contour plot indicates the
log density of the mixture model and the points (in red) mark the mean location
for the components. The left, middle and right are the models derived from crystal
structures, the lowest energy conformations from MMFF94, and GFN2 respectively.
(a) Pattern 1; (b) Pattern 12. The conformations from MMFF94 failed the capture
the reflectional dependence in crystal structures and GFN2 low energy structures.

Additionally, I computed the coverage of these nineteen correlated torsions patterns

in different databases, including Platinum, COD and ChEMBL 25 (Gaulton et al.,

2016). The SMARTS patterns library constructed in my analysis showed matches of

10%-15% organic molecules, which was noticeably higher than the patterns defined

in CSD Conformer Generator (Cole et al., 2018) (∼ 1% − 4%). These results sug-

gest that broader investigation of correlated torsion angles is warranted, despite the

conventional assumption of each rotatable bond as an independent free rotor.
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Table 3.7: Frequency of molecules with the presence of correlated torsion patterns,
comparing this work to previous steric constraints (Cole et al., 2018) across various
databases, including the Crystallographic Open Database (COD).

Dataset Number of Molecules % Matches (New) % Matches (CSD)
Platinum 4,548 9.2 2.5
COD 110,623 13.5 1.6
ChEMBL 25 1,870,461 14.6 3.6

3.3.2.4 Computational Time

Similarly, I evaluated the computational time of the algorithm with proposed acqui-

sition function. Figure 3.20 shows the average run time of BOA-EI and BOKEI with

GFN2 energy function, varying the number of iterations (50, 100) and number of ro-

tatable bonds (two to six rotatable bonds). Both computational cost increased as the

number of rotatable bonds increased. The computational time also increased when

BOKEI was used, but was primarily dominated by the number of conformers gener-

ated. Note that the current implementation can be further optimized by providing

the gradient information of the acquisition function.
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Figure 3.20: Average computational time for BOA-EI and BOKEI with GFN2 energy
function, using different number of energy evaluations (50 and 100). The computa-
tional time increased as the number of rotatable bonds increased, but was dominated
by the number of conformers sampled.

In theory, extra multiplication in the BOKEI acquisition function increases the com-

putational complexity by O(mn), where m and n are the number of correlated torsion

found in a molecule and the number of samples used in evaluating the acquisition
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function respectively. The relative contribution to the computational time of the new

acquisition function will be small, when a more accurate and computational expensive

DFT or Hartree methods are used for energy evaluation.

(a) (b)

(c)

Figure 3.21: (a) Mixture model derived from the COD dataset. (b) Mixture model
derived from COD and additional ChEMBL database. The contour plot indicates
the log density of a mixture model and the points (in red) mark the mean location
for the components. (c) Convergence plot. The search performance improved when
updated prior was used.

3.3.2.5 Limitations

The lowest energy conformation of the molecules with up to five rotatable bonds in

the COD datasets were considered, and the sampling of the low energy region of the
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correlated torsion angles could be incomplete. This may lead to inferior performance

of the algorithm, as illustrated in Figure 3.12b. It can be easily solved by increase

sampling of the corresponding substructures from different databases, for example

ChEMBL (Gaulton et al., 2016) and PubChem (Kim et al., 2018), and re-estimating

the distribution. Figures 3.21a and 3.21b shows the difference between the original

prior and the updated prior with additional observations from ChEMBL. The search

performance improved with the update prior, as illustrated in Figure 3.21c.

3.4 Discussion

A local periodic kernel was used throughout the analysis. However, the L2 norm

used in the kernel is not an appropriate measure for angular variables, as discussed in

Chapter 2.9. To overcome this issue, the L2 norm can be replaced by an appropriate

angular distance measure. Alternatively, one can project the torsion angle to the

Cartesian coordinates, i.e. θ 7→ (cos θ, sin θ), and the original kernel can be directly

used. I anticipate the new kernel will fully capture the circular nature of the variables

and lead to an improved surrogate model for the search.

On the other hand, the bivariate von Mises mixture models used in my analysis can

be extended for general conformer sampling. For instance, the trained models (or

statistical potentials) based on X-ray crystal structures can be used in the minimisa-

tion step in ETKDG framework, to better reproduce the conformations observed in

a solid state. For substructures with small number of observations, the correlations

between adjacent torsion angles may not be fully captured by the bivariate models.

Alternatively, a meta-learning approach proposed by Ton et al. (2019) can be used.

Instead of a joint density, it attempts to model the conditional distributions of a set

of correlated torsions through a shared representation. By sharing information from

other related pairs of correlated torsions through the representation, the approach

can generalise the distribution with few observations. This meta-learning approach

can potentially help discover more unexpected correlated torsions patterns for the

sampling.
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3.5 Summary

In this chapter, I demonstrated the effectiveness of Bayesian optimisation algorithm

(BOA) in finding the lowest energy conformation of a molecule. It learned the most

likely torsion angles by approximating the energy landscape with a surrogate model,

Gaussian Process (GP), followed by an optimisation of an acquisition function to se-

lect next query conformation. Prior knowledge about the characteristic of the energy

landscape, i.e. periodicity of the energy landscape, was encapsulated into the kernel

function in GP. The sequential sampling strategy improved the approximation in each

iteration, and returned the optimal solution(s) with high confidence. I showed that

it required orders of magnitude fewer energy evaluations to reach the top candidates,

compared to uniform random search and a systematic enumeration. The uncertainty

of the optimal solutions reduced with the number of energy evaluations. The com-

putational cost, however, increased at a cubic rate with the number of evaluations

theoretically.

To address the high computational complexity, I incorporated the knowledge of the

correlated adjacent torsion angles preferences through a modified acquisition func-

tion, namely Knowledge-based Expected Improvement (KEI), which is the product

of a standard expected improvement and a collection of bivariate von Mises mixture

models. The bivariate von Mises mixture models were used to capture the rotational

and reflection dependencies between adjacent torsion angles, and biased the search

towards low energy regions. This approach showed great improvement in finding the

lowest energy conformation, especially in the early stage of the search, compared to

the standard expected improvement. More importantly, this approach did not show

substantial increase in the computational complexity, while improved the search per-

formance. Additionally, I performed conformational analysis on a set of experimental

determined structures, the lowest energy conformations from a force field MMFF94

and a semi-empirical energy GFN2, and I identified the deficiencies of the MMFF94

force filed. It failed to fully capture the reflection dependencies in some of the adja-

cent torsion angle pairs, as shown in experimental determined structures or the lowest

energy conformations under GFN2 energy evaluations.

Lastly, I discussed some extensions of current works, including design of new kernels

and density estimation techniques under low data regime.
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Chapter 4

Understanding Ring Puckering in
Small Molecules and Cyclic
Peptides

Most of the work in this chapter has been reproduced from the following work:

(i) L. Chan, G. R. Hutchison, and G. M. Morris. Understanding Ring Puckering in

Small Molecules and Cyclic Peptides. ChemRxiv (2020) doi:10.26434/chemrxiv.12999938

4.1 Background

Molecular rings play an important role in chemistry and biology, and their shapes

are intimately linked to their physical and chemical properties. For instance, the

glycosidases reactions heavily depend on their conformations (Davies et al., 2012).

Beyond small rings, macrocycle conformations are crucial in host-guest chemistry and

drug design. In host-guest chemistry, the conformational preferences of macrocyclic

rings lead to selective complexation of organic ligands (Hancock and Martell, 1989;

Gong et al., 2009; Begel et al., 2014). On the other hand, macrocycles including

cyclic peptides have recently demonstrated their potential in modulating traditionally

less druggable targets, e.g. mimicking protein-protein interactions (Driggers et al.,

2008; Marsault and Peterson, 2011; Villar et al., 2014; Giordanetto and Kihlberg,

2014). The flexibility of cyclic molecules improves their chance to adopt favorable

conformations that will bind to targets with flat surfaces. Despite the importance

of ring conformations, most studies on ring conformations focus on small subsets,

for example on carbohydrate rings (Altona and Sundaralingam, 1972; Ionescu et al.,
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2005; Mayes et al., 2014; Alibay and Bryce, 2019), cycloalkanes (Anet and Cheng,

1975; Bocian et al., 1975; Pakes et al., 1981), and families of macrocycles involved in

host-guest chemistry (Gutsche and Bauer, 1985; Al-Jallal et al., 2005; El-Azhary and

Al-Kahtani, 2005), resulting in a lack of general understanding of ring conformational

preferences, especially for medium-sized rings and macrocycles. I therefore carried

out an extensive conformational analysis on a wide range of ring molecules, including

cyclic peptides.

Flexible rings can adopt different conformations due to out-of-plane bending motions,

caused by changes in the rotatable ring bonds, resulting in so-called ring puckering.

Typically, the ring puckers can be classified into different canonical forms, and are usu-

ally low energy conformations; a classic example is the chair and boat conformations

in 6-membered rings such as cyclohexane. These canonical forms are not “unique”, as

pseudo-rotation leads to multiple equivalent conformations, for example the 4C1 and
1C4 chair conformations in cyclohexane (Cremer and Pople, 1975; Ionescu et al., 2005).

The pseudo-rotation and the coupled change in substituents orientation sometimes

lead to diverse geometry, i.e. large root-mean-square-deviation (RMSD) in overall

3D conformations, asillustrated in Figure 4.1. It is therefore neceesary to sample ring

conformations adequately to generate physically and biologically relevant conforma-

tional ensembles. In addition, there are several factors controlling the conformational

flexibility of rings, including the presence of endocyclic double bonds (Flores-Ortega

et al., 2007), the nature of substituents and the presence intramolecular interactions

such as hydrogen bonds (Lyu et al., 2019). Lyu et al. (2019) recently showed that

intramolecular hydrogen bonds restricted the pseudo-rotation path in deoxyribonu-

cleosides, and the path characteristics depended on the strength of intramolecular

interactions. In macrocycles, small structural modification to macrocycles, e.g. mod-

ification of exocyclic functionality, may lead to significant changes in conformation

through hydrogen bonds and other intramolecular interactions (Appavoo et al., 2019).

Such conformational changes are difficult to predict, as the correlation between ring

bond rotations are not well studied.

A variety of coordinate systems have been developed to characterise ring puckers

quantitatively. These techniques can be categorized into three general approaches.

The first approach measures the perpendicular displacement of the ring atoms from

a mean plane of the ring (Kilpatrick et al., 1947; Cremer and Pople, 1975); while

the second approach makes use of triangular tessellation of the ring, and measures

the associated angles between the reference plane and the triangular planes (Hill and
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Figure 4.1: Two distinct pseudo-rotated conformations (green, orange) of (a) azepane
and (b) methylcyclohexane. The best RMSD between conformations are 0.60 Å and
0.67 Å respectively. The RDKit implementation of RMSD calculation was used.
Pseudo-rotation and the concomitant change in substituent orientation, e.g. axial
and equatorial methyl groups in panel (b), can lead to diverse geometry.

Reilly, 2007). The last approach simply measures the ring torsion angles (Haasnoot,

1992); but this representation does not lend itself well to identifying pseudo-rotation.

Methods used to analyse ring conformations based on perpendicular displacements

of ring atoms such as Cremer Pople puckering coordinates (Cremer and Pople, 1975)

are widely used in the community (Mayes et al., 2014; Paoloni et al., 2019). This

representation has the advantage of using a reduced number of parameters, N −
3, to describe the geometry of an N -membered monocyclic ring. Hence, only two

parameters are required to describe the conformational space of five-membered rings,

and just three for six-membered rings. This representation has been also used as

collective variables for the enhanced sampling of six-membered ring conformations in

molecular dynamics studies (Sega et al., 2011).

To better understand ring conformational preferences, I extended the analysis to more

complex ring systems, including larger sizes, bicyclic and polycyclic rings. I not only

study their puckering preferences using Cremer-Pople puckering coordinates, but also

identify the underlying constraints on their geometry and the change in substituent

orientations upon puckering. More importantly, I have built quantitative models

to convert from Cremer-Pople puckering coordinates to ring torsion angles, which

thus allows us to understand the torsional changes upon pseudo-rotation. A novel

knowledge-based conformational sampling scheme based on puckering parameters is

also proposed. This approach allows efficient exploration of the conformational space,

including the dominant canonical conformations and their associated pseudo-rotation.
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I show that my sampling method can generate low energy ring conformations effec-

tively.

4.2 Related Works

Although the general conformational preference of rings are not well understood,

many efforts have been devoted to develop conformer sampling tools for ring con-

formers, especially macrocycles. Knowledge-based methods include CSD conformer

generator (Cole et al., 2018), Conformator (Friedrich et al., 2019), and ETKDG (Wang

et al., 2020), where endocyclic torsion potentials and ring templates are used in these

methods. Molecular dynamic simulations and low mode dynamic simulations (Labute,

2010; Watts et al., 2014) can also be used.

Alternative methods such as inverse kinematics and ring breaking-and-stitching were

proposed to sample ring conformation. Inverse kinematics method, BRIKARD (Cout-

sias et al., 2016), leverages techniques from kinematics and computational geometry

for the sampling. It uses a recursive breadth-first construction to generate all steri-

cally feasible ring combinations that are consistent with a given set of values of the

sampled torsions. On the other hand, the ring breaking-and-stitching method breaks

the rings into linear chains based on hierarchical rules, and dummy atoms are intro-

duced. A given set of values of the allowed torsion angles that satisfy the ring closure

constraints are used in the sampling. Local energy minimisation is usually performed

after ring closure. Methods utilising ring breaking-and-stitching include PrimeMCS

in Schrödinger Tools (Sindhikara et al., 2017), Conformator (Friedrich et al., 2019),

and the conformer sampling tool in AutoDock (Forli and Botta, 2007).

4.3 Method

I first introduce the basic concept of Cremer Pople puckering parameters and sub-

stituent orientation angles, followed by an introduction to unique ring families (URFs)

(Kolodzik et al., 2012) and the ring reconstruction procedures. After that, I build

models to understand the relationship between puckering parameters, substituent

orientation and torsion angles. I then discuss the metrics for model performance,

followed by the implementation detail and the dataset used in this analysis.
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4.3.1 Cremer Pople Puckering Parameters

Cremer and Pople (1975) proposed a coordinate system to describe the geometry of an

N -membered monocyclic ring. It leverages the discrete Fourier transform technique

to characterise the ring geometry with amplitudes and phase angles. Using this

representation, pseudo-rotation in molecular rings can be completely elucidated. The

mathematical details are discussed below.

Let the position of each atom, j, in an N -membered puckered ring be specified by the

Cartesian coordinates (Xj, Yj, Zj); and let Rj be the corresponding position vector

of ring atom j, with the origin, (0, 0, 0) as the geometrical center of the ring, such

that it satisfies Equation 4.1:

N∑
j=1

Rj = 0 (4.1)

This constraint effectively suppresses translation of the planar reference. Two addi-

tional constraints, Equations 4.2 and 4.3, are imposed to suppress overall rotation of

the planar reference about the x- and y-axes:

N∑
j=1

zj cos

(
2π(j − 1)

N

)
= 0 (4.2)

N∑
j=1

zj sin

(
2π(j − 1)

N

)
= 0 (4.3)

The orientation of the mean plane can now be determined by two vectors, R′ and

R′′, as in Equations 4.4 and 4.5. I denote the unit normal vector to the mean plane

defined by R′ and R′′ as n, as defined in Equation 4.6, and the positive direction of

n defines the “top” side of the ring.

R′ =
N∑
j=1

Rj sin

(
2π(j − 1)

N

)
(4.4)

R′′ =
N∑
j=1

Rj cos

(
2π(j − 1)

N

)
(4.5)
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n =
R′ ×R′′

|R′ ×R′′|
(4.6)

Using the ring atom position vector and the unit normal vector n, it is possible to

compute the full set of displacements, zj (for j = 1, ..., N), from the mean plane

using the scalar products in Equation 4.7; this will also satisfy Equation 4.2 and 4.3

automatically:

zj = Rj · n (4.7)

The general ring-puckering coordinates for an N -membered ring are calculated as

follows:

If N is odd and N >3, I define qm and φm using:

qm cosφm =

∣∣∣∣∣
√

2

N

∣∣∣∣∣
N∑
j=1

zj cos

(
2πm(j − 1)

N

)
(4.8)

qm sinφm =

∣∣∣∣∣
√

2

N

∣∣∣∣∣
N∑
j=1

zj sin

(
2πm(j − 1)

N

)
(4.9)

These formulae apply for m = 2, 3, ..., (N−1)
2

. They represent a set of puckering

coordinates with non-negative amplitudes, qm, (qm ≥ 0), and phase angles, φm (−π ≤
φm < π).

If N is even, the coordinates in Equation 4.8 and 4.9 apply up to m = N
2
− 1, but

there is an additional puckering coordinate, as shown in Equation 4.10; note that the

amplitude qN
2

can take either sign:

qN
2

=

∣∣∣∣∣
√

1

N

∣∣∣∣∣
N∑
j=1

zj(−1)j−1 (4.10)

4.3.2 Ring Ordering

The Cremer Pople puckering parameter is atom-order dependent. The choice of the

first atom and the atom numbering order, i.e. clockwise or anticlockwise, will affect

the outcome. To overcome this ambiguity, I introduced a new atom numbering scheme
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Figure 4.2: Atom ordering for 1-Methylcyclohepta-1,3-diene. There are two possi-
ble orderings, including: (0,1,2,3,4,5,6) and (3,2,1,0,6,5,4), based on the bond order
criterion. Since atom 0 has one non-hydrogen (methyl) substituents, it has a higher
connectivity than atom 3. Thus, the final atom ordering is (0,1,2,3,4,5,6).

that is based on the ring bond order, connectivity (number of substituents attached

to the ring atoms), and the element types in the ring. The first atom is chosen

with a bond that has the highest bond order, i.e. triple > double > aromatic >

single. If the bond order of all the ring bonds is the same, such as in cyclohexane,

then atomic connectivity is used to determined the first atom. Atoms with exocyclic

double bonds have the highest priority, followed by atoms with two non-hydrogen

substituents, followed by one non-hydrogen substituent, and finally no substituents.

If the first atom cannot be determined by the rules above, then the atom with the

minimum atomic number is assigned as the first atom. Otherwise, the first atom is

assigned randomly when the ring is symmetric, such as in cyclohexane.

The direction of numbering can be determined by the sum of the ring bonds’ bond

orders, ring atoms’ connectivities, and ring atoms atomic number in a ring path. The

ring path takes N+2
2

atoms when N is even, and N+1
2

atoms when N is odd. For any

N -membered ring, the path with the largest sum of bond orders is chosen. Similarly,

the path with the largest connectivity sum is selected when there are multiple paths

with same bond orders (an example is shown in Figure 4.2). If multiple possibilities

exist, the path with the minimum sum of the atomic numbers from the first atom to

atom N+2
2

when N is even (or atom N+1
2

when N is odd) is chosen.

For cyclic peptides, the volume of the amino acids side chain is taken into account

for atom numbering, giving highest priority to the bulkiest side chain, tryptophan,

and so on down to glycine. The amino acid ranks are listed in Table 4.1 (Zamyatnin,

1972).

76



Table 4.1: Amino Acid Volume Ranking.

Amino Acid Volume (Å3) Rank
Tryptophan 227.8 1
Tyrosine 193.6 2
Phenylalanine 189.9 3
Arginine 173.4 4
Lysine 168.6 5
Isoleucine 166.7 6
Leucine 166.7 6
Methionine 162.9 8
Histidine 153.2 9
Glutamine 143.8 10
Valine 140.0 11
Glutamic acid 138.4 12
Threonine 116.1 13
Asparagine 114.1 14
Proline 112.7 15
Aspartic acid 111.1 16
Cysteine 108.5 17
Serine 89.0 18
Alanine 88.6 19
Glycine 60.1 20

4.3.3 Ring Substituent Orientation

To describe each substituent’s orientation, I used a coordinate system defined by Cre-

mer (1980), which is complementary to Cremer Pople puckering parameters. The

mathematical details are given below.

Let n be the unit vector perpendicular to the mean plane (as defined in Cremer-Pople

puckering parameters); let sj be the unit vector pointing from a ring atom, j, to the

corresponding substituent, S; let u be the vector that points from the geometrical

center to the projection of the position of the ring atom onto the mean plane; and let

v be the vector perpendicular to both n and u. The substituent orientation can be

described by two orientation angles, α and β, which describe the substituent position

relative to the mean plane and to the ring center respectively, as shown in Figure 4.3.

The α angle is defined by Equation 4.11:

cosα = sj · n (4.11)
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α angle ranges from 0 to π radians, where 0 (or π) implies the vector, s, is parallel to

the z-axis, i.e. axial above (or below respectively) the mean plane; and π/2 means

the vector s is perpendicular to the z-axis, i.e. equatorial orientation.

The β substituent angle is defined by Equations 4.12 and 4.13:

sj · uj = sinα cos β (4.12)

sj · vj = − sinα cos β (4.13)

The β substituent angle ranges from −π to π radians, where 0 (or ±π) indicates the

substituent is outwardly (or inwardly) directed.

Figure 4.3: Definition of the substituent orientation angle α and β. Methylcyclohex-
ane is used as an example with a mean plane (grey) cutting through the six-membered
ring. The points P and U are projections of the methyl carbon and the ring atom that
is attached to the methyl carbon onto the mean plane. The ring bonds are colored
in green. O denotes the origin, which is also the geometrical center of the ring. The
points O, U and Q are collinear. The β is defined by the angle between P, U and Q.

4.3.4 Unique Ring Families (URFs)

To study the puckering preferences of complex rings such as fused rings and spiro

rings, I applied the concept of unique ring families (URFs) (Kolodzik et al., 2012) to

decompose complex ring systems into multiple meaningful sub-groups. The puckering
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parameters of these sub-groups and the orientation angles of the substituents attached

to the sub-groups can be computed directly.

The calculation of URFs comprises two parts: (i) calculation of Relevant Cycles

(RCs), where the RCs are defined as the union of all minimum cycle bases; and (ii)

pairing of RCs if they are URF-pair-related (see Definition 1).

Definition 1 Let C1 and C2 be two RCs in a molecular graph, G; then C1 and C2

are URF-pair related if and only if all of the following conditions hold:

1. |C1| = |C2|, i.e. the number atoms in each ring is the same;

2. E(C1)
⋂
E(C2), i.e. the two rings share one or more bonds; and

3. There exists a set, S, of strictly smaller rings, c, in G such that C1

⊕
(
⊕

c∈S c) =

C2.

(a)

0

1

4

7

6

3

9
8

5

2

(b)
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8

54 6
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Figure 4.4: Example of unique ring families (URFs) calculation. (a) 1,2,3,4-
tetrahydronaphthalene. There are two RCs in (a) (0, 1, 2, 3, 4, 9) and (4, 5, 6, 7, 8, 9).
Since it does not exist any smaller rings satisfying definition 3, the two RCs are the two
URFs in (a). (b) Tricyclo(8.2.2.24, 7)-hexadecane. There are six RCs: (0, 1, 2, 3, 4, 5),
(8, 9, 10, 11, 12, 13),(0, 1, 2, 3, 6, 7, 8, 9, 10, 11, 14, 15),(0, 1, 2, 3, 6, 7, 8, 13, 12, 11, 14, 15),
(0, 4, 5, 3, 6, 7, 8, 9, 10, 11, 14, 15) and (0, 4, 5, 3, 6, 7, 8, 13, 12, 11, 14, 15). There are
three URFs in total. The two six atoms RCs form two URFs while the four RCs
with 12 atoms are paired to form another URFs.

4.3.5 Reconstructing Cartesian Coordinates from Cremer-
Pople Puckering Parameters

Cremer-Pople puckering parameters are uniquely defined and can be easily calculated

from the Cartesian coordinates of the atoms in an N -membered ring. On the other

hand, the Cartesian coordinates of any N -membered rings can be derived from its
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N − 3 puckering parameters and the additional 2N − 3 internal coordinates that

describe the planar reference ring. The calculation comprises the following steps:

1. Calculation of z evaluations;

2. Projection of bond lengths and bond angles onto the mean plane;

3. Ring partition; and

4. Calculation of ring partition coordinates.

Step 1: Calculation of z elevations

Cremer Pople puckering parameters are required for the calculation, and the inversion

formulae for an N -membered ring are given below:

zj =

∣∣∣∣∣
√

2

N

∣∣∣∣∣
N−1

2∑
m=2

qm cos

(
φm +

2πm(j − 1)

N

)
, if N is odd (4.14)

zj =

∣∣∣∣∣
√

2

N

∣∣∣∣∣
N
2
−1∑

m=2

qm cos

(
φm +

2πm(j − 1)

N

)
+

1

N
qN

2
(−1)j−1, if N is even (4.15)

for ring atoms j = 1, ..., N .

Step 2: Projection of bond lengths and bond angles

Once the zj coordinates have been determined, the bond lengths, r′, and bond angles,

θ′, of the planar reference ring can be computed by projecting the N bond lengths, r,

and N−3 bond angles, θ, of the puckered ring onto the mean plane. The N projected

bond lengths, r′, and N − 3 projected bond angles, θ′, suffice to determine the (x, y)

coordinates of the projected atoms. The initial bond lengths and bond angles are

listed in Appendix B, Tables B.1 and B.2, respectively. Note that the reference bond

lengths and bond angles will vary with ring size. For ring atoms i, j, and k:

r′ij =
∣∣∣√r2

ij − (zi − zj)2

∣∣∣ (4.16)

cos θ′ijk =
(zk − zi)2 − (zk − zi)2 − (zk − zi)2 + 2rijrjk cos(θijk)

2r′ijr
′
jk

(4.17)
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Step 3: Ring partition

To calculate the (x, y) coordinates of the planar reference ring, the ring is partitioned

into three segments, S1, S2 and S3, by inscribing a triangle inside the ring. The

number of atoms, bond length, r, and number of bond angles, θ, in each fragment

are listed in Appendix B, Table B.3. This partitioning keeps the error propagation

due to coupling of the ring parameters to a minimum.

Step 4: Ring partition coordinate calculations

The (x, y) coordinates of the atoms of each segment can be calculated from the bond

lengths r′ and bond angles θ′ values. In the next step, the coordinates of the vertices

of the inscribed triangle are determined by lengths of the sides of the triangle, namely

R1, R2, and R3, which are equivalent to the distance between the terminal atoms of

each segment. One point of this triangle is placed at the origin, and the second point

on the positive x-axis. The coordinates of the remaining vertex of the triangle can be

calculated easily using R1, R2, and R3. In the remaining steps, the three segments are

rotated such that the terminal atoms coincide with appropriate segments. Finally,

the planar ring is translated such that the geometric center coincides with the origin,

thus yielding the final set of Cartesian coordinates.

The procedure outlined can be applied to any N -membered monocyclic ring with or

without symmetry. Note that this procedure is sensitive to the puckering parameters,

bond lengths and bond angles in the planar reference ring. Poor parameter choice

will lead to numerical error.

Here, I focused on generating ring conformations of monocyclic rings only. This frame-

work can be extended in conjunction with URF decomposition to generate conformers

for more complex rings, such as bicyclic fused rings and spiro rings.

4.3.6 Conformational Sampling of Rings

Kernel Density Estimation (KDE) was used to learn the ring puckering preferences.

To facilitate the learning process, the Cremer-Pople parameters were mapped to

Cartesian coordinates (qm cosφm, qm sinφm) for the KDE calculation. A Gaussian

kernel was used in the calculation. The samples drawn from the model were then

converted back to puckering parameters, and returned distinct ring conformations
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using the procedures outlined in Section 4.3.5. Once the ring backbone conformation

is fixed, the ring substituent position can be updated accordingly using the relation-

ship between endocyclic torsion angles and exocyclic torsion angles, Equation 4.19 in

Section 4.3.7, with appropriate parameters (see Appendix B, Table B.7). Note that

the exocyclic bond angles were kept fixed in the sampling. Note that this approach

does not require force field minimization, although as discussed below, energy min-

imization can also improve cases where actual bond lengths or angles differ slightly

from ideal geometry.

4.3.7 Connection between Ring Puckering, Substituent Ori-
entation and Torsion Angles

To understand the change of substituent orientation upon pseudo-rotation, I proposed

two models, Models 1 and 2, to predict the orientation angles, α and β. Both models

share the same functional form, Equation 4.18, but the model parameters, Ai, Bi,m,

Ci,m, Di, Ei,m, Fi,m, and Gi are different. αi and βi denote the orientation angles of

the substituents attached to ring atom, i; qm and φm are the puckering amplitudes and

phase angles respectively; M = N−1
2

when N is odd, otherwise M = N
2
− 1; 1N,2(M+1)

is an indicator function, and is equal to 1 when N = 2(M + 1); and N is the number

of atoms in the ring. Note that a single model is not sufficient to describe substituent

orientation, since it also depends on other factors such as the nature of substituents

and the relative stereochemistry of the stereo-centers. Multiple sub-models are thus

required.

Models 1 and 2:

αi, βi = Ai +
M∑
m=2

Bi,mqm cos(φm +
2πm(i− 1)

N
) +

M∑
m=2

Ci,mqm sin(φm +
2πm(i− 1)

N
)+

Di1N,2(M+1)(−1)i−1qN
2

+

M∑
m

Ei,mq
2
m cos(2(φm +

2πm(i− 1)

N
)) +

M∑
m

Fi,mq
2
m sin(2(φm +

2πm(i− 1)

N
))+

Gi1N,2(M+1)(−1)i−1q2
N
2

(4.18)

Alternatively, the substituent orientation can be described by exocyclic torsion angles

and bond angles. A linear model, Model 3, Equation 4.19, was proposed to describe

the rotational relationship between the exocyclic torsion angle and the neighbouring

82



endocyclic torsion angle. The endocyclic torsion angles are defined by the four ring

atoms, (i− 1, i, i + 1, i + 2); while θexoi is the exocyclic torsion angle defined by the

substituent atom, si attached to ring atom i, and the three ring atoms (i, i+1, i+2), so

the exocyclic torsion is defined by (si, i, i+1, i+2). Hi and Ji are model parameters.

Since the endocyclic and exocyclic share the same rotatable bond defined by ring atom

(i, i + 1), the equation can be simplified to Equation 4.20, i.e. setting Ji = 1. It

describes the rotation of the exocyclic torsion angle around the endocyclic torsion

angle. Similarly, the parameter Hi depends on the nature of the substituents, and

the relative stereochemistry of the stereo-center. Multiple sub-models are required.

Model 3:

θexoi = Hi + Jiθ
endo
i (4.19)

θexoi = Hi + θendoi (4.20)

Torsion angles are an alternative way to measure or define ring geometries. They are

widely used in conformational analysis of small rings. Inspired by de Leeuw et al.

(1984), I proposed a linear model, Model 4, Equation 4.21, to convert the Cremer-

Pople puckering parameters to endocyclic torsion angles for general N -membered ring.

This model helps understand the torsional changes upon pseudo-rotation. Variables

qm, φm, θendoi , and 1N,2(M+1) are defined as above; Li, Pi,m, Qi,m, Ri are the model

parameters.

Model 4:

θendoi = Li +
M∑
m=2

Pi,mqm cos(φm +
2πm(i− 1)

N
) +

M∑
m=2

Qi,mqm sin(φm +
2πm(i− 1)

N
)+

Ri1N,2(M+1)(−1)i−1qN
2

(4.21)

For all models, a random sample of 50% of the data was used to estimate the model

parameters, and the rest was used to assess the performance of the models. All model

parameters were estimated by the least-squares method. The model parameters are

listed in Appendix B.4 to B.7. The performance metrics are discussed in Section 4.3.8.
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4.3.8 Metrics for Sampling and Model Performance

Two metrics were used to assess the quality of the generated conformations, namely

heavy atom root-mean-square deviation (RMSD) and Torsion Fingerprint Deviation

(TFD), as discussed in Chapter 2.5. The lowest energy conformation obtained from

CREST was used as the reference conformation in each case. Symmetry was taken

into account for the RMSD calculation.

Three metrics: squared circular correlation coefficient R2
circ, the mean angular error

(MAE), and standard deviation of the angular distance, were used to assess the

performance of our proposed models. The angular distance (angular error) is defined

by Equation 4.22, which was introduced in Chapter 2.9 Equation 2.37

d(θpredicted, θactual) = min(θpredicted − θactual, 2π − (θpredicted − θactual)) (4.22)

where θpredicted and θactual are the predicted angles and actual angles respectively.

4.3.9 Ramachandran Plot and Eccentricity for Cyclic Pep-
tides

To provide a better understanding of the ring geometry of cyclic peptides, I computed

the (φ,ψ) torsion angles (Ramachandran et al., 1963). I also calculated the eccentric-

ity, which is a measure of ”roundness” of a ring (Wang et al., 2020). Eccentricity, e,

is a non-negative real value that characterizes the shape of a conic section. A value

0 indicates a circle and 1 indicates an ellipse.

4.3.10 Implementation

RDKit (Landrum, 2018) was used to read in molecules, generate initial conformers

for the simulation and write conformers. The implementation of RMSD and TFD

in RDKit were used. RingDecomposerLib (Flachsenberg et al., 2017) was used to

identify the relevant cycles and the unique ring families in a molecule. NumPy (van

der Walt et al., 2011) was used to calculate the Cremer-Pople puckering parameters,

orientation angles, model parameters of the proposed models, model performance

metrics, and eccentricity of cyclic peptides. The implementation of kernel density

estimation (KDE) in Scikit-Learn (Pedregosa et al., 2011) was used.
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4.3.11 Data

Over 130,000 small molecules were selected from Crystallography Open Database

(COD (Gražulis et al., 2009, 2012)) (63814 molecules) and ZINC database (Sterling

and Irwin, 2015) (67009 molecules), including natural products and macrocycles. In

addition, I generated a set of cyclic peptides (CP), including 8661 cyclic tetrapeptides

(CTP) and 2249 cyclic pentapeptides (CPPs). The molecules from COD and ZINC

contain carbon (C), nitrogen (N), oxygen (O), and sulphur (S) atoms in the ring,

with rings having up to 20 atoms. The peptide datasets contain head-to-tail cyclic

tetrapeptides and cyclic pentapeptides, i.e. cyclization from the N -terminus to the C-

terminus, yielding a set of 12-membered and 15-membered rings. Their sequences are

composed of fourteen of the twenty naturally occurring L-amino acids, see Table 4.2.

Table 4.2: Fourteen of the naturally occurring amino acids were used to generate the
cyclic peptides dataset.

Property Amino Acids
Special Cysteine, Glycine
Charged Histidine, Lysine, Aspartic Acid, Glutamic Acid
Polar Neutral Serine, Threonine
Hydrophobic Alanine, Valine, Leucine, Phenylalanine, Tyrosine, Tryptophan

For molecules from ZINC and cyclic peptides, ETKDG (Riniker and Landrum, 2015)

in RDKit was used to generate initial conformations, while the molecules from COD

used the X-ray crystal structures as initial conformations. I computed the lowest en-

ergy conformation for each molecule including the cyclic peptides using CREST (Grimme,

2019; Pracht et al., 2020), using the density functional tight binding quantum method

GFN2 (Grimme et al., 2017; Bannwarth et al., 2019) for energy evaluation. The

iMTD-GC workflow, as introduced in Chapter 3, was used in the search. Note that

CREST may break the molecule into fragments in the outputs; when this happened,

they were discarded in my analysis.

To demonstrate the effectiveness of using puckering preferences in sampling ring con-

formations, I selected twenty simple molecules, including monocyclic rings with sub-

stituents and endocyclic double bonds, see Appendix B, Table B.8.
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4.4 Results and Discussion

4.4.1 Small and Medium-sized Ring Puckering Preferences

A relatively small number of conformational clusters were observed for 5- to 8-

membered rings, reflecting their canonical conformations. For example, Figures 4.5a

and 4.5b show the puckering preferences for flexible 6-membered rings with no endo-

cyclic double bond. The peaks at q3 ≈ ±0.6 and q3 ≈ 0 correspond to the celebrated

chair and boat conformations respectively. As expected, the chair conformation is

more frequently observed than the boat conformation. The phase angle, φ2, is uni-

formly distributed, suggesting free pseudo-rotation in both forms.

(a) (b)

(c) (d)

Figure 4.5: Puckering preferences of 6-membered rings with no endocyclic double
bonds: (a) Coupled amplitudes q2 and q3. The mode at q3 ≈ ±0.6 and q3 ≈ 0
correspond to the chair and boat conformation respectively. (b) Coupling between
amplitude q3 and the phase angle φ2. The pseudo-rotation is free in chair and boat
conformations. (c) chair conformation (q2 = 0.03, q3 = 0.57, φ2 = 0.00); (d) boat
conformation (q2 = 0.62, q3 = 0.01, φ2 = 0.00).

In contrast, the presence of endocyclic double bonds or shared aromatic bonds restrict

both puckering and pseudo-rotation, as shown in Figures 4.6a and 4.6b. The puckering
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amplitude, q3, and phase angle, φ2, exhibit a sinusoidal relationship in Figure 4.6b.

These relationships hold for both simple monocyclic rings, complex bi- and polycyclic

rings.

(a) (b)

(c)

Figure 4.6: Puckering preferences of 6-membered rings with one endocyclic double
bond, including shared aromatic bond: (a) Coupling between amplitudes q2 and
q3; (b) Coupling between amplitude q3 and phase angle φ2. The pseudo-rotation is
restricted by the presence of double bond, and exhibit a sinusoidal relationship with
amplitude q3. (c) half chair conformation (q2 = 0.45, q3 = 0.28, φ2 = −1.92).

For 7- and 8-membered rings, an additional phase angle, φ3, is required. Phase-phase

couplings are evident in some conformational clusters. For example, Figure 4.7a

shows that there are three conformational clusters in 7-membered rings with no en-

docyclic double bonds. The predominant conformations are the twist-chair and chair

conformations, as illustrated in Figures 4.7c and 4.7d. The puckering amplitudes (q2,

q3) fall into a narrow range and the pseudo-rotations are restricted in this region, as

shown in Figure 4.7b. The phase angles φ2 and φ3 are strongly coupled, and they are

marginally uniformly distributed. This coupling suggests the minimum energy path-

way of the chair-twist-chair pseudo-rotation. As suggested by Bocian et al. (1975),
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the pseudo-rotation map can be approximated by Equation 4.23, with varying fixed

values (φ∗2, φ
∗
3), slopes (K2, K3), and an angle φ (−π ≤ φ < π). In this case, K2 = 3

and K3 = 1. The pseudo-rotation pathways are valid for all monocyclic, bicyclic and

polycyclic rings with heteroatoms.

φ2 = φ∗2 +K2φ

φ3 = φ∗3 +K3φ
(4.23)

(a)
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Figure 4.7: Puckering preferences of 7-membered rings with no endocyclic double
bonds. (a) Coupling between puckering amplitudes q2 and q3. Twist-chair and chair
conformations (indicated by red box) are frequently observed in the lowest energy
conformation, followed by boat and twist boat conformation (indicated by black box).
The half chair (indicated by green box) is the transition structure from chair to boat,
and it is occasionally observed. Note that the color boxes only show the coarse
boundary of the conformational clusters. (b) Coupled phase angles of the chair and
twist-chair conformations, as indicated by the red box in (a). Example conformation
of cycloheptane. (c) chair; (d) twist chair; (e) boat; (f) half chair.

Bulky substituents and adjacent rings often induce significant steric clashes, and result

in concomitant changes in conformational preferences. The increase in amplitude q2
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and decrease in amplitude q3 indicate a conformational change from chair to half chair

(0.7 < φ2 < 1) and boat conformations (φ2 > 1). The pseudo-rotations are free in

these clusters, i.e. the phase angles are randomly distributed.

For 8-membered rings, the couplings of amplitudes and phase angles vary between

clusters. In particular, the boat-chair conformation shows strong phase-phase cou-

plings, as illustrated in Figure 4.8a. Similarly, the pseudo-rotation map in Equa-

tion 4.23 can be applied, with different model parameters.

(a)

/2 0 /2
2

/2

0

/2

3

(b)

Figure 4.8: (a) Pseudo-rotation map of the boat-chair conformation in 8-membered
rings with no endocyclic double bonds. (b) Example of the boat-chair conformation
of cyclooctane.

4.4.2 Effect of Endocylic Double Bonds

To assess the effect of endocyclic double bonds on the conformational preferences

of rings, I selected 7-membered rings with one and two endocyclic double bonds. I

further separated the observations by the location of endocyclic double bonds. Fig-

ure 4.9a shows three conformational clusters in seven membered-rings with single en-

docyclic double bond, corresponding to the chair, half-chair and boat conformations,

which are the same as the case without double bonds. However, the population of

chair conformations decreases, while the population of half chair and boat conforma-

tions increase. The pseudo-rotations in all three clusters are restricted, as illustrated

in Figures 4.9b to 4.9d. In the chair and twist-chair region, the phase angle, φ3, is

relatively fixed with small variations in phase angle, φ2, while in the boat and twist-

boat region, the phase angle φ2 is fixed while the phase angle φ3 varies. The half
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chair conformation exhibits strong coupling between phase angles.
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Figure 4.9: Puckering preferences of 7-membered rings with one endocyclic dou-
ble bond. (a) Puckering amplitudes (q2, q3). Similarly, the red box indicates the
chair/twist chair conformations; green box indicates half chair conformations, and
black box indicates the boat conformations. Coupled phase angles in (b) chair/twist
chair conformation; (c) half chair; and (d) boat/twist boat conformation. The pseudo-
rotation are restricted in all three clusters.

As the number of endocyclic double bonds increases, the number of degrees of free-

dom of the ring system decreases. The location of the double bonds strongly in-

fluences the puckering preferences, as shown in Figure 4.10. The double bonds in

1,3-cycloheptadiene and 1,4-cycloheptadiene-like structures (Figure 4.10a and 4.10c

respectively) impose different steric constraints, and lead to contrasting phase-phase

coupling.
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Figure 4.10: 7-membered rings with two endocyclic double bonds and their associated
phase angles coupling. (a) 1,3-cycloheptadiene, and (b) the highly-coupled phase
angles of the low energy conformations observed in 7-membered rings with double
bonds at the 1 and 3 positions. (c) 1,4-cycloheptadiene, and (d) again, the highly-
coupled phase angles of the low energy conformations observed in 7-membered rings
with double bonds at the 1 and 4 positions. Monocyclic, bicyclic and polycyclic
rings are all included in our analysis, and it should be noted that the double bond
could also be a shared aromatic bond. The relative location of the endocyclic double
bonds imposes different constraints on the system, and results in visibly different
phase-phase couplings.

For larger rings, the number of conformational clusters increases, while the coupling

between puckering amplitudes and phase angles becomes more complex. It should

be noticed that small local structural changes may result in significant changes in

conformation through transannular repulsion and intramolecular interactions. To

gain further insight into long range coupled ring bond torsion angles, I performed
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cluster analysis on a set of cyclic peptides.

4.4.3 Cyclic Peptides

Peptide cyclization imposes additional constraints on the system, and thus reduces the

thermally-accessible conformational space of the resultant cyclic peptides relative to

their linear counterparts (Edman, 1959). There are several factors governing the back-

bone conformation of cyclic peptides, including the size and properties of the amino

acid side chains, presence of N-methylation, and formation of γ- and β-turns (Loiseau

et al., 2003). Analysing the puckering preferences helps us to understand the relative

influence of these factors.

The configuration of the amide bonds provides important information to determine

the dominant backbone conformation adopted by the cyclic peptides. The partial dou-

ble bond character of the carbon-nitrogen bond in amide bonds renders them planar,

resulting in either cis (C) or trans (T) amides. I can thus classify the conformations

based on the sequence of cis- or trans-amide bonds, as described in (Loiseau et al.,

2003), for example, for cyclic tetrapeptides, all-cis (“CCCC”) or all-trans (“TTTT”)

amides. Typically, the trans-amide bond is preferred in acyclic peptides, large cyclic

peptides and proteins. Figures 4.11a and 4.11b, however, show that the cis-amide

bond is preferred in both cyclic tetrapeptides and cyclic pentapeptides. In small

cyclic peptides, high ring strain reduces the energy barrier between cis and trans iso-

mers. All-trans and single-cis (CTTT and CTTTT) configurations are less favored

in both tetra- and pentapeptides due to high transannular strain, and they exist

only with explicit stabilization from one or more intramolecular hydrogen bonds.

Such stabilization leads to γ- turns in cyclic tetrapeptides, and γ- and β-turns in

cyclic pentapeptides, as reflected by their Ramachandran (φ,ψ) dihedral angles in

Figure 4.12. The puckering amplitudes and phase angles are thus highly restricted

in such conformational clusters. It should be noted that these turns are favored by

the in vacuo calculation, and may not reflect the conformations observed in solution.

The positional preferences of amide carbonyl groups are key to understanding the

formation of such intramolecular hydrogen bonds, which will be discussed in next

section.
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Figure 4.11: Conformational sequence preferences in (a) cyclic tetrapeptide and (b)
cyclic pentapeptides. cis amide bond is favored in cyclic tetra- and pentapeptides.

Figure 4.12: Ramachandran plot showing the backbone (φ,ψ) torsion angles at the
α-carbon atoms in i + 1-th amino acid of cyclic tetrapeptides with all-trans, TTTT,
amide configuration.

Main chain-main chain intramolecular interactions were not observed in cyclic tetrapep-

tides with two or more cis-amide bonds; nor were they seen in cyclic pentapeptides

with three or more cis-amide bonds. Transannular repulsion, main chain-side chain,

and side chain-side chain intramolecular interactions appear to be the major driving

forces behind the conformational preferences seen in these cases. Small structural

modifications, such as the change of amide bonds and/or side chain orientations, may

induce significant steric clashes, and lead to conformational switching. Here, I fol-

lowed the nomenclature used by Loiseau et al. (2003), where the orientation of amide

carbonyl is denoted by ”U” when it is oriented above the mean plane; while it is

denoted by ”D” when it is oriented below the mean plane. Figures 4.13a and 4.13b
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show the puckering amplitude preferences of two canonical conformations in all-cis-

amide cyclic tetrapeptides, and they differ by the orientation of one amide bond. The

two canonical forms (CCCC-DDDD and CCCC-UDDD) exhibit distinct phase-phase

couplings, as illustrated in Figures 4.13c to.4.13f. Similar phenomena are observed

in cyclic pentapeptides. Furthermore, the formation of main chain-side chain inter-

actions and/or side chain-side chain interactions give rise to two sub-clusters within

same configuration (CCCC-DDDD) with diverse geometries, as illustrated in Fig-

ures 4.14a and 4.14b. The eccentricty values of the two sub-clusters are shown in

Figure 4.14c The orientation of the side chain Cβ atoms play important roles in the

formation of these interactions.
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Figure 4.13: (a) Marginal distribution of the ring puckering amplitudes preferences
(q2, q3, q4, q5, q6) for two types of all-cis conformation in cyclic tetrapeptides (CCCC-
DDDD is colored blue and CCCC-UDDD is colored red). The two clusters are defined
by the α orientation angle of the amide carbonyl oxygen, where U indicates α < π

2
,

and D indicates α > π
2
. In panel (a), two modes are observed in puckering amplitudes

q2 and q4, indicating presence of multiple sub-clusters. (b) Pairwise joint distribution
of the ring puckering amplitudes preferences (q2, q3, q4, q5, q6) for two conformational
clusters of all-cis conformation in cyclic tetrapeptides. The puckering preferences of
CCCC-DDDD conformations are more concentrated than the one in CCCC-UDDD
conformations. φ2 and φ3 phase-phase couplings in (c) CCCC-DDDD conformation
and (d) CCCC-UDDD conformation. φ2 and φ5 phase-phase couplings in (e) CCCC-
DDDD conformation and (f) CCCC-UDDD conformation.
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Figure 4.13: (Continued)

95



(a) (b)

(c)

0.3 0.4 0.5 0.6 0.7 0.8 0.9
Eccentricity

0

100

200

300

400

500

Co
un

t

CCCC-DDDD sub-cluster 1
CCCC-DDDD sub-cluster 2

Figure 4.14: Example conformation from CCCC-DDDD (a) sub-cluster 1; (b) sub-
cluster 2. Hydrogen atoms and side chains are not shown in panel (a) and (b). (c) Ring
eccentricity values for two sub-clusters of CCCC-DDDD conformations, as colored by
purple (sub-cluster 1) and green (sub-cluster 2). The main chain-side chain and side
chain-side chain intramolecular interactions give rise to the diverse geometries.

To further understand the cyclic backbone conformation, I calculated the Ramachan-

dran (φ,ψ) dihedral angles and the eccentricity of the backbone. The Ramachandran

plots in Figures 4.15a and 4.15b show that the (φ, ψ) angle preferences of cyclic

tetrapeptides and pentapeptides are similar to the standard secondary structures

observed in proteins. Figure 4.15c and 4.15d show contrasting eccentricity values

between clusters, for example all-trans cyclic tetrapeptides give a mode at 0.3, while

alternating CTCT cyclic tetrapeptides give a mode at 0.8, indicating diverse geome-

tries between clusters.

96



(a) (b)

(c)

0.0 0.2 0.4 0.6 0.8 1.0
Eccentricity

0

2

4

6

8

10

12

14

De
ns

ity

TTTT
TTTC
TTCC
TCTC
TCCC
CCCC

(d)

0.0 0.2 0.4 0.6 0.8 1.0
Eccentricity

0

1

2

3

4

5

6

De
ns

ity

CCCCC
CCCCT
CCCTT
CCTCT
CCTTT
CTCTT
CTTTT

Figure 4.15: Ramachandran plots for (a) cyclic tetrapeptides and (b) cyclic pen-
tapeptides. The (φ, ψ) angles preferences are quite similar to the standard secondary
structures observed in proteins. Eccentricity values in (c) cyclic tetrapeptides and (d)
cyclic pentapeptides. The change in amide configurations lead to diverse geometries.

I thus have shown that Cremer-Pople puckering parameters are a useful represen-

tation to understand ring puckering for both small rings and macrocycles including

cyclic peptides, and analyzed the associated effects of endocyclic double bonds on

ring puckering. I have also revealed the influence of configuration and orientation of

amide on ring geometries. To gain further insights, I will examine the substituent

orientations and its relationship to puckering preferences.

4.4.4 Effects of Substituent Orientation and Functionality

The size and functionality of substituents are two of the key factors determining

the ring geometries, and their effects vary with ring size. I thus separated the

lowest-energy conformations according to ring sizes: small (5- and 6-membered) rings,

medium (7- to 11-membered) rings, and macrocycles (12-membered or larger rings).

In particular, I assessed the following substituent types: hydroxyl group, alkoxy

group, methyl group, carbonyl group, halogens and bulky substituents. The bulky
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substituents are defined by the following SMARTS pattern: [CX4;R]!@;-[CX4H0,

CX4H1,CX4H2], where the substituent carbon consists of at most two hydrogen

atoms, and is attached to a carbon ring atom with a single non-ring bond.
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Figure 4.16: Substituent orientation preferences. The marginal distribution of orien-
tation angles of substituents in small, medium-sized, and macrocycles are represented
by dashed, solid, and dotted lines respectively. (a) carbonyl, (b) methyl (CH3),
(c) alkoxy (d) hydroxyl (e)halogens (fluorine), (f) halogens (chlorine), (g) halogen
(bromine), (h) bulky substituents. For halogens, due to small number of observations
in medium and large rings, the marginal distribution and the observations are not
shown in the figure. All substituents tend to be directed outwardly, as indicated by
the β angles. The α orientation angles vary between substituents and ring size.
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Figure 4.16: (Continued)

Figure 4.16 shows the orientation preferences of different substituent types. As might

be expected, ring substituents tend to be outwardly directed (relative to the ring

center) in small and medium-sized rings, i.e. β is close to zero, regardless of the

nature of the substituents. Their α angle preferences, however, depend on both ring

size and the nature of substituents. For example, Figure 4.16a shows the substituent

orientation preferences of the carbonyl functional group. Due to the exocyclic double

bond, its movement is restricted compared to other single bonded small substituents

such as hydroxyl and methyl. The carbonyl oxygen thus tends to be equatorial to

the mean plane, i.e. α ≈ π
2

in small rings, and preferences change as the ring size

increases. Besides exocyclic double bonds, endocyclic double bonds also restrict the

exocyclic motion. Figure 4.17 shows the substituent orientation preferences of methyl

groups in small rings, and the α angle is bounded when the methyl is attached to a ring

atom that is linked to a neighbouring ring atom with a shared endocyclic double bond.

The influence of endocyclic bonds is weakened in medium-sized rings and macrocycles,
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and the α angle can therefore adopt a wider range of values. Furthermore, substituents

including carbonyl and hydroxyl are allowed to be quasi-axial to the mean plane

and inwardly-directed in macrocycles, which are sterically unfavorable in small and

medium-sized rings.

Figure 4.17: Effect of endocyclic double bond on substituent orientation angle. The
orientation angles of methyl group attached to small rings with endocyclic double
bonds are bounded (colored in orange).

In addition to endocyclic double bonds, the formation of long range intramolecular

interactions in cyclic peptides, for example main chain-side chain interactions and

side chain-side chain interaction, typically alter the conformational preferences and

lead to multiple sub-clusters. The positional preferences of amide carbonyls and the

side chain Cβ atoms help us to understand the effect of these interactions.

Figure 4.18 shows the side chain Cβ atoms and amide carbonyl orientation angles pref-

erences in CCCC-DDDD conformational cluster. Both Cβ and amide carbonyl groups

are generally located accordingly to avoid steric clashes. The sub-clusters orientation

angle preferences (colored by purple and green) provide a clear understanding of the

effect of long range intramolecular interactions on substituent orientation. Figure 4.19

illustrates how the side chains interact in different conformational sub-clusters. On

the other hand, the amide carbonyl groups are aligned to form main chain-main chain

hydrogen bonds in all-trans (TTTT) conformations (example in Figure 4.20), lead to

100



rigidification of amide carbonyls, and form γ-turns, as shown in Figure 4.21. The Cβ

atoms also move accordingly to avoid steric clashes.
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Figure 4.18: Cβ and amide carbonyl orientation preference in cyclic tetrapeptdies
with CCCC-DDDD conformations. (a)-(b) α, β angles of Cβ. (c)-(d) α, β angles
of amide carbonyl. Substituents orientation angles are correlated, and the angles
preferences change (colored by purple and green) in order to align the long range
intramolecular interactions such as CH-π interactions and hydrogen bonds.
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(a) (b)

Figure 4.19: Example of CCCC-DDDD conformations: (a) sub-cluster 1; (b) sub-
cluster 2. The yellow dots indicate the intramolecular hydrogen bonds.

Figure 4.20: Example of all-trans TTTT conformation. There are four intramolecular
hydrogen bonds, with two sets above the ring mean plane (indicated by yellow dots)
and two sets below the mean plane (not shown).
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Figure 4.21: Cβ and amide carbonyl orientation preference in cyclic tetrapeptdies
with all-trans (TTTT) conformations. (a)-(b) α, β angles of Cβ. (c)-(d) α, β angles
preferences of amide carbonyl. Substituent orientations are restricted in order to align
the main chain-main chain intramolecular hydrogen bonds.

In addition to Cβ orientation, I calculated the side chain torsion angles, χ1. Fig-

ure B.1 in Appendix B shows multimodality in χ1 angles, which is consistent with

side chain torsion angles observed in protein secondary structures. This suggests the

side chain conformations can be easily sampled using standard side chain rotamer

libraries (Dunbrack, 2002).
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Our extended Cremer-Pople representation provides a means to understand correlated

positional preferences in ring substituents; however, it is not clear what the relation-

ship between the puckering preference and substituent orientation is, especially in

macrocycles. I therefore developed simple model, Equation 4.18 to predict α and β

orientation angles. Tables 4.3 and 4.4 show the predictive performance of the α and

β orientation angles of carbonyl groups in 5-, 6-membered rings, and amide carbonyl

in cyclic tetrapeptide CCCC-DDDD conformation at given positions. The low mean

angular error and high square circular correlation coefficient suggest an excellent fit

of the proposed model. Note that since the β angle falls into narrow range in small

rings, and small variation will lead to low squared circular correlation.

Table 4.3: Predictive performance of carbonyl α substituent orientation angle at
a given position. Each model’s performance is given in terms of squared circular
correlation coefficient, R2

circ, mean angular error, MAE, and standard deviation of
angular error.

Ring Size Cluster Performance (Position, R2
circ, MAE, S.D.)

5 Cluster 1 (Envelope)
(1, 0.990, 0.026, 0.028)
(2, 0.986, 0.023, 0.028)
(3, 0.994, 0.022, 0.016)

6 Cluster 1 (Chair)
(1, 0.974, 0.028, 0.026),
(2, 0.949, 0.034, 0.037)

6 Cluster 2 (Chair)
(1, 0.974, 0.028, 0.026),
(2, 0.949, 0.034, 0.037)

6 Cluster 3 (Boat)
(1, 0.997, 0.035, 0.031),
(2, 0.997, 0.032, 0.035),

12 CCCC-DDDD (sub-cluster 1)

(1, 0.995, 0.012, 0.009)
(4, 0.994, 0.013, 0.010)
(7, 0.994, 0.013, 0.010)
(10, 0.994, 0.013, 0.010)

12 CCCC-DDDD (sub-cluster 2)

(1, 0.999, 0.010, 0.010)
(4, 0.999, 0.011, 0.010)
(7, 0.999, 0.011, 0.010)
(10, 1.000, 0.010, 0.009)
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Table 4.4: Predictive performance of carbonyl β substituent orientation angle at
a given position. Each model’s performance is given in terms of squared circular
correlation coefficient, R2

circ, mean angular error, MAE, and standard deviation of
angular error.

Ring Size Cluster Performance (Position, R2
circ, MAE, S.D.)

5 Cluster 1 (Envelope)
(1, 0.410, 0.017, 0.015)
(2, 0.620, 0.014, 0.012)
(3, 0.337, 0.016, 0.012)

6 Cluster 1 (Chair)
(1, 0.514, 0.021, 0.022),
(2, 0.570, 0.015, 0.018)

6 Cluster 2 (Chair)
(1, 0.514, 0.021, 0.022),
(2, 0.570, 0.015, 0.018),

6 Cluster 3 (Boat)
(1, 0.929, 0.028, 0.025),
(2, 0.934, 0.027, 0.025),

12 CCCC-DDDD (sub-cluster 1)

(1, 0.908, 0.067, 0.051),
(4, 0.914, 0.066, 0.048),
(7, 0.912, 0.065, 0.049),
(10, 0.909, 0.068, 0.048)

12 CCCC-DDDD (sub-cluster 2)g

(1, 0.994, 0.041, 0.044),
(4, 0.994, 0.043, 0.042),
(7, 0.993, 0.046, 0.046),
(10, 0.995, 0.040, 0.044)

4.4.5 Connection between Puckering Parameters, Endocyclic
and Exocyclic Torsion Angles

As mentioned earlier, measuring torsion angles is an alternative way to quantify ring

puckering, and is often used in conformational analysis of small rings. de Leeuw

et al. (1984) discussed the connection between ring puckering coordinates and torsion

angles for small rings. Here, Equation 4.21 was proposed to convert Cremer-Pople

puckering parameters to torsion angles for general N -membered rings. Table 4.5

shows the predictive performance in 5-, 6-membered rings and 12-membered cyclic

tetrapeptide. All sub-models gave high squared circular correlation coefficient values,

R2
circ > 0.9, and low mean angular error, MAE< 0.14 radians (≈ 8.0◦).
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Table 4.5: Predictive performance of endocyclic torsion angles. Each model’s per-
formance is given in terms of squared circular correlation coefficient, R2

circ, mean
angular error, MAE, and standard deviation of angular error. The endocyclic tor-
sions (3,6,9,12) in cyclic tetrapeptide are the torsion angles of the amide bonds, which
are not shown here.

Ring Size Cluster Performance (Torsion, R2
circ, MAE, S.D.)

5 Cluster 1 (Envelope)

(1, 0.999, 0.012, 0.018),
(2, 0.999, 0.016, 0.023),
(3, 0.999, 0.016, 0.023),
(4, 0.999, 0.027, 0.033),
(5, 0.999, 0.024, 0.029)

6 Cluster 1 (Chair)

(1, 0.971, 0.019, 0.018),
(2, 0.964, 0.021, 0.018),
(3, 0.953, 0.021, 0.019),
(4, 0.938, 0.021, 0.024),
(5, 0.889, 0.036, 0.027),
(6, 0.917, 0.033, 0.027)

6 Cluster 2 (Chair)

(1, 0.974, 0.018, 0.016),
(2, 0.968, 0.021, 0.017),
(3, 0.958, 0.022, 0.019),
(4, 0.933, 0.022, 0.025),
(5, 0.902, 0.034, 0.028),
(6, 0.926, 0.031, 0.026)

6 Cluster 3 (Boat)

(1, 0.999, 0.025, 0.028),
(2, 0.999, 0.030, 0.022),
(3, 0.999, 0.030, 0.027),
(4, 0.999, 0.028, 0.034),
(5, 0.999, 0.041, 0.033),
(6, 0.998, 0.038, 0.037),

12 CCCC-DDDD (sub-cluster 1)

(1, 0.884, 0.124, 0.094),
(2, 0.824, 0.126, 0.089),
(4, 0.876, 0.137, 0.096),
(5, 0.796, 0.132, 0.090),
(7, 0.875, 0.135, 0.099),
(8,, 0, 779, 0.129, 0.095),
(10, 0.883, 0.133, 0.093),
(11, 0.774, 0.126, 0.090),

12 CCCC-DDDD (sub-cluster 2)

(1, 0.997, 0.037, 0.042),
(2, 0.993, 0.045, 0.050),
(4, 0.997, 0.047, 0.043),
(5, 0.989, 0.060, 0.057),
(7, 0.997, 0.042, 0.039),
(8, 0.992, 0.051, 0.051),
(10, 0.997, 0.040, 0.041)
(11, 0.993, 0.048,0.048)
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Equation 4.19 describes the relationship between the change in substituent exocyclic

torsion angles with respect to the neighbouring endocyclic torsion angles, and the

performances are summarised in Table 4.6. All sub-models gave high squared circu-

lar correlation coefficient, R2
circ > 0.97, and small mean angular error, < 0.1 radian

(≈ 5.7◦), highlighting the power of the models. These models allowed us to update

substituents positions efficiently in my proposed sampling scheme. Note that exo-

cyclic bond angles will also change upon puckering, but their relationship with ring

puckering parameters is not discussed here.

Table 4.6: Predictive performance of the substituent exocyclic torsion angles. Each
model’s performance is given in terms of squared circular correlation coefficient, R2

circ,
mean angular error, MAE, and standard deviation of angular error.

Ring Substituent Performance (Sub-Model, R2
circ, MAE, S.D.)

Carbonyl (C=O) (1, 0.998,0.040,0.039)

Methyl (CH3)
(1, 0.997,0.052,0.039),(2, 0.994,0.061,0.041),
(3, 0.993,0.029,0.028), (4, 0.998,0.056,0.039),
(5, 0.998,0.047,0.038)

Hydroxyl (OH) (1, 0.998,0.054,0.038),(2, 0.998,0.057,0.040)

Alkoxy (-O-)
(1, 0.998,0.044,0.039), (2, 0.980,0.038,0.037
(3, 0.998,0.048,0.041)

Bulky carbon (-CH0, CH1, CH2)
(1, 0.996, 0.064, 0.052),(2, 0.972, 0.063, 0.036),
(3, 0.975, 0.082, 0.049),(4, 0.996, 0.068, 0.054) ,

Halogen (-F) (1, 0.998,0.046,0.033), (2, 0.998,0.048,0.036)

Halogen (Cl) (1, 0.996,0.060,0.048), (2, 0.997,0.054,0.043)

Halogen (Br) (1, 0.998,0.057,0.045), (2, 0.998,0.052,0.052)

4.4.6 Ring Reconstruction

To assess the performance of the proposed sampling method, I selected 20 simple

ring molecules including small and medium sized monocyclic substituted and unsub-

stituted rings. None of the molecules contained any acyclic rotatable bonds. The

GFN2-computed lowest energy conformation obtained from the CREST were used

as the reference conformations. Note that the conformation with the lowest RMSD

does not necessary give the lowest TFD values. Here, I reported the TFD values of

the conformation with the lowest RMSD values. Figure 4.22 shows two examples, cy-

cloheptane and 4,4-dimethylhexanone. Both have generated conformations (without

energy minimisation) that are very similar to their corresponding reference conforma-

tions, with low RMSD values (0.12 Å and 0.16 Å) and TFD values (0.06 and 0.05).
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In general, my proposed method gives low average TFD value (0.05), and an average

RMSD value 0.09 Å on the selected cyclic molecules, see Appendix B.9. It demon-

strates the effectiveness of our proposed method. Note that the large RMSD values

are ascribed to the deviation in bond lengths and bond angles. Local geometry opti-

misation with bond length and bond angles will help generate a better conformation

with lower RMSD values.

(a) (b)

Figure 4.22: Alignment of conformations generated by my method (in orange) and the
lowest energy conformation sampled by CREST (in green), for (a) cycloheptane, and
(b) 4,4-dimethylcyclohexanone. The sampled conformations are very similar to the
lowest energy conformation, with RMSD values of 0.12 Å and 0.16 Å, and TFD values
of 0.06 and 0.05, respectively. The torsion deviations are small in both cases, and the
deviation in bond lengths and bond angles lead to larger RMSD values. RDKit was
used to compute the RMSD and TFD values.

4.5 Summary

In this chapter, I explored the use of Cremer Pople puckering parameters to study

the conformational preferences of a diverse set of rings, including macrocycles and

cyclic peptides. By standardizing the atom ordering of ring atoms, I was able to elu-

cidate the puckering preferences for general N -membered ring molecules from GFN2-

computed low energy structures. The extended representation provided a means to

characterise the geometries of ring substituents, thus enabling us to study the coupled

motion of ring substituents upon puckering.
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I showed that the ring conformations are generally clustered, based on their canon-

ical conformations. The presence of endocyclic double bonds and shared aromatic

ring bonds reduce the flexibility of the rings and alter the puckering preferences.

The pseudo-rotation is usually restricted, except in some canonical conformations

such as chair and boat conformation in flexible 6-membered rings. In addition, the

substituent orientation preferences have great influence on ring geometries. The sub-

stituent α orientation angle preferences normally depends on the nature of substituent

and the ring size. On the other hand, the β orientation angle is rigid in small and

medium-sized rings, regardless of the nature of substituents, while it shows variation in

macrocycles. The formation of intramolecular interaction between substituents leads

to rigidification of substituent position and unique puckering preferences. Different

models were proposed to understand the local change of geometries, including change

of substituent orientation, endocyclic and exocyclic torsion angles upon puckering.

A novel knowledge-based conformer sampling tool based on the puckering prefer-

ences was proposed. Kernel density estimation (KDE) was used to learn the puck-

ering preferences and sample new conformations. Using the physical understanding

of the rotational dependence between endocyclic and exocyclic torsion angles, the

substituent orientation can be updated accordingly. To progress to larger ring sys-

tems, more data is necessary for the density estimation. Future work should focus

on increasing sampling with additional accurate quantum mechanics (QM) energy

calculation and developing better density estimation technique to learn the coupled

puckering preferences in large rings effectively. The resulting puckering preferences

derived from conformations with QM energies can then be utilized to sample low

energy macrocycle conformations efficiently.

My proposed models and sampling framework are general and readily extensible to

larger and more complex ring systems. An improved understanding of the confor-

mational preference of cyclic molecules will accelerate the sampling of low energy

conformers for a wide range of computational modelling applications.
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Chapter 5

Understanding Conformational
Entropy in Small Molecules

Most of the work in this chapter has been reproduced from the following works:

L. Chan, G. M. Morris, G. R. Hutchison. Understanding Conformational Entropy in

Small Molecules. ChemRxiv 2020 10.26434/chemrxiv.12671027

5.1 Background

While entropy is a major driving force in many physical and chemical processes and

is a key component of the free energy of a molecule, it can be challenging to cal-

culate with standard quantum mechanics methods. Proper consideration in flexible

molecules, even within a rigid rotor approximation, requires not just the calculation

of the translational, rotational and vibrational partition functions, but sampling all

thermally accessible conformational degrees of freedom. Several efforts have focused

on both exhaustive quantum mechanical evaluations of multiple conformers (Spey-

broeck et al., 2005; Ellingson et al., 2006; Zheng et al., 2011; Simón-Carballido et al.,

2017; Wu et al., 2019), and empirical estimates of the entropy from multiple ther-

mally accessible conformers (Ghahremanpour et al., 2016). Other efforts have used

molecular dynamics with various force fields, which may not yield the same accuracy

as modern quantum mechanics methods (Head et al., 1997; Peter et al., 2004; Chang

et al., 2005, 2007; Suárez et al., 2011).

In principle, the number of possible conformers increases exponentially with the num-

ber of degrees of freedom of a molecule. In the solution and gas phase, many bonds

have low torsional energy barriers (e.g., sp3−sp3 single bonds), while in the solid
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Figure 5.1: Distributions of GFN2-calculated vibrational, translational, rotational,
and conformational entropies across 93021 molecules in the datasets, see Section 5.2.1.

state, steric effects may restrict free torsional motion. Thus, it is common practice

in conformer generation to focus on sampling hundreds or thousands of geometrically

diverse conformers, (O’Boyle et al., 2011b; Hawkins, 2017) and using fast molecular

mechanics force fields for energy evaluations – even if they do not always correlate

well with more accurate electronic structure methods (Kanal et al., 2018; Rai et al.,

2019; Folmsbee and Hutchison, 2020).

Recent improvements in density functional tight-binding approximations (Grimme

et al., 2017; Bannwarth et al., 2019; Grimme, 2019; Pracht et al., 2020) and in avail-

ability of computational resources have enabled the work I present here: an evalu-

ation of conformer ensembles and the corresponding entropies of over 120,000 small

molecules with up to twenty rotatable bonds, and comprising over 12 million conform-

ers. Figure 5.1 highlights one of the key results that the vibrational entropy usually

has the largest contribution to the total entropy, followed by translational and rota-

tional entropies. The conformational entropy makes the smallest contribution. The

median conformational entropy comprises 36.3 J/mol·K, and while relatively small,

should not be neglected.

Although the relative contribution of conformational entropies to total entropies is

small, the calculation time is 200-300 times longer than for the vibrational calcula-

tions, with a median time of 1.01 hours per compound, and an average of 2.08 hours

per compound for a dual core job using the GFN2 method, as illustrated in Figure 5.2.
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Figure 5.2: Histograms showing the counts of (a) CREST dual-core run times (in
hours) on a logarithmic scale; and (b) GFN2 dual-core vibrational run times (in
seconds) across a subset of 39005 molecules in the dataset, see Section 5.2.1.

To overcome this computational bottleneck, I elucidate a physical interpretation of

the components of conformational entropy by developing a statistical model across

the datasets I curated, as described in Section 5.2.1.

5.2 Data and Methods

Here, I first summarise the set of molecules used for the study, followed by a descrip-

tion of the methods.

5.2.1 Data

Over 120,000 compounds were drawn from the Crystallographic Open Database (COD)

(Gražulis et al., 2009, 2012) as well as more complex organic macrocycles from the

ZINC database (Sterling and Irwin, 2015), and consisted of any of the following

elements: hydrogen, boron, carbon, nitrogen, oxygen, fluorine, silicon, phosphorus,

sulfur, chlorine, bromine and iodine. The set includes a wide range of molecular sizes,

with up to 128 heavy atoms, up to 181 bonds, and up to twenty rotatable bonds.

To assess the model performance, I split the data into two sets: (i) a training set

(93021 molecules) and (ii) a testing test (15547 molecules) selected from the ZINC

database, namely ZINC-I set. Most of the analysis and models focused on the train-

ing set, and the testing set was used to assess the predictive performance. The InChI

key (Heller et al., 2013) of each molecule in both the training set and testing set was
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computed to ensure there was no overlap between datasets. To examine the mod-

els’ predictive performance, an additional cyclic tetrapeptide (CTP) testing set was

assembled. This set contains 8661 head-to-tail cyclic tetrapeptides, i.e. cyclization

from the N -terminus to the C-terminus, and thus gives a set of 12-membered rings.

They are composed of fourteen out of twenty naturally occurring L-amino acids (see

Table 5.1). Both ZINC and peptide test sets contain dissimilar molecules from the

training sets, with a median of 0.57 and 0.53 of Tanimoto similarity (Ralaivola et al.,

2005) between the extended connectivity fingerprints with diameter 6 (Rogers and

Hahn, 2010) respectively.

Table 5.1: Fourteen of the twenty naturally occurring amino acids that were used to
generate the cyclic tetrapeptides (CTPs) test set.

Type Amino Acids
Special Cysteine, Glycine
Charged Histidine, Lysine, Aspartic Acid, Glutamic Acid
Polar Uncharged Serine, Threonine
Hydrophobic Alanine, Valine, Leucine, Phenylalanine, Tyrosine,

Tryptophan

5.2.2 Calculation of Entropies

For all molecules from ZINC, RDKit (Landrum, 2018) was used to generate initial

conformations. For molecules from COD, the X-ray crystal structures were used as

initial conformations. The molecular geometries of all molecules from ZINC and COD

were then optimized using the GFN2 method (Grimme et al., 2017; Bannwarth et al.,

2019), followed by conformer sampling using the iterative metadynamic sampling and

genetic crossover (iMTD-GC) method implemented in the CREST program (Grimme,

2019; Pracht et al., 2020), including additional geometry optimization of the final con-

formational ensemble. The lowest energy conformer was selected for calculating the

vibrational modes to evaluate standard rigid rotor harmonic oscillator vibrational,

translational, and rotational entropies (Grimme, 2012). Note that the CREST cal-

culation may break molecules into fragments; molecules that were fragmented in its

final output were excluded from our analysis.
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Table 5.2: Feature definitions as SMARTS expressions used in the calculation of
descriptors. The definition of donors and acceptors are adapted from (Gobbi and
Poppinger, 1998).

Name SMARTS
Rotatable bond [!$(*#*)&!D1]-!@[!$(*#*)&!D1]
Methyl group [CX4H3]
Acyclic amide [#7]!@;-[CX3]=[O]
Acyclic ester [#8]!@;-[CX3]=[O]
Acyclic thioamide [#7]!@;-[CX3]=[SX1]
Cyclic amide [NX3]@[CX3]=[O]
Cyclic ester [OX2H0]@[CX3]=[O]
Cyclic thioamide [NX3]@[CX3]=[SX1]
Donor [$([N;!H0;v3,v4&+1]),$([O,S;H1;+0]),n&H1&+0]
Acceptor [$([O,S;H1;v2;!$(*-*=[O,N,P,S])]),$([O,S;H0;v2]),

$([O,S;-]),$([N;v3;!$(N-*=[O,N,P,S])]),
n&H0&+0,$([o,s;+0;!$([o,s]:n);!$([o,s]:c:n)])]

5.2.3 Methods

5.2.3.1 Degrees of Freedom

The calculation of the conformational entropy of a molecule is associated with the

distribution of its conformers. It is thus necessary to understand the factors control-

ling the conformer population. The number of conformers, in principle, grows with

the number of degrees of freedom in a molecule, for example number of rotatable

bonds, number of methyl groups and number of degrees of freedom in flexible rings.

To understand the effect of increasing number of degrees of freedom, three descrip-

tors were introduced, namely the number of rotatable bonds , Nrotor, the number of

methyl groups, NCH3, and total ring flexibility, RTotal
f .

The number of rotatable bonds and number of methyl groups are the counts of sub-

structures defined by the SMARTS patterns in Table 5.2. The rotatable bond is

defined as an atom which is not triply bonded and not one-connected, i.e. terminally

connected by a single non-ring bond to an equivalent atom. An additional descriptor,

total ring flexibility, RTotal
f , was introduced to represent the number of degrees of

freedom in flexible rings.
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5.2.3.2 Ring Flexibility

Inspired from results published by Cremer and Pople (1975) that showed the con-

formational space of an N -membered monocyclic ring can be described by N − 3

parameters, one can derive a descriptor based on the number of ring atoms. To

explain the actual number of degrees of freedom in more complex ring structures,

the concept of unique ring families (URFs) (Kolodzik et al., 2012) is required. The

calculation of unique ring families (URFs) was introduced in Chapter 4.3.4.

Once the URFs are identified, a subgroup ring flexibility score, RS
f , can be computed

using Equation 5.1. Building on the results from Cremer and Pople (1975) and

Chapter 4, the number of degrees of freedom in a relevant cycle is given by Nr−3−p,
where Nr is the number of atoms in the relevant cycle, and p is the penalty to

account for the effect of presence of endocyclic double bonds and shared aromatic

bonds. Counts of non-single bonds in a ring were used as the penalty. The maximum

function in Equation 5.1 avoids negative values in an over-constrained ring system

such as aromatic rings. Rs indicates the number of relevant cycles in a URF. The

subgroup ring flexibility is thus the average ring flexibility of a URF:

RS
f =

1

RS

RS∑
r=1

max(Nr − 3− p, 0) (5.1)

Beyond the effect of non-single bonds, ring junction types such as spiro (at least two

rings sharing a common ring atoms), fused (at least two rings sharing two adjacent

atom) and bridged rings (at least two rings sharing more than two atoms), have great

influence on the associated conformer population. The number of degrees of freedom

decreases as the number of ring junctions increases. I therefore introduced a penalty

based on the counts of various types of ring junctions, as described in Table 5.3.

Furthermore, delocalisation of electrons in amide, ester, and thioamide group (see

definitions in Table 5.2) partially restrict the rotations of a ring bond. A penalty was

also included to account for their associated effects.

The total ring flexibility, RTotal
f , is simply the sum of subgroup ring flexibility, as

shown in Equation 5.2. Three examples are shown in Figure 5.3.

RTotal
f =

T∑
t=1

Rt
f (5.2)
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where t is the index of the subfamilies, and T is the total number of subfamilies in

the molecule.

Table 5.3: Ring Penalties. A fused ring penalty is only applied to fused rings with
shared atoms linked by a single bond.

Condition Penalty, p
Non-single bond Count of non-single bonds
Spiro Count of spiro atoms
Fused Count of fused single bonds
Bridge Count of bridgehead atoms
Polycyclic Count of polycyclic atoms
Cyclic amide Count of cyclic amides
Cyclic ester Count of cyclic esters
Cyclic thioamide Count of cyclic thioamides

(a)
(b)

(c)

Figure 5.3: Example of URFs calculations: (a) cyclohexylmethylbenzene; (b) 1,2,3,4-
tetrahydronaphthalene; (c) adamantane. In (a), there are two URFs: URF0,
(0,1,2,3,4,5); and URF1, (7,8,9,10,11,12). The subgroup ring flexibility of URF0 and
URF1 are 3 and 0 respectively. The total ring flexibility is 3. In (b) there are two
URFs: URF0, (0,1,2,3,4,9); and URF1, (4,5,6,7,8,9). The subgroup ring flexibility of
UFR0 and URF1 are 0 and 2 respectively, and the total ring flexibility is 2. In (c),
there are four URFs: URF0 (0, 5, 6, 7, 8, 1), URF1 (0, 1, 2, 3, 4, 5), URF2 (3, 4, 5,
6, 7, 9), and URF3 (1, 2, 3, 9, 7, 8). Since each URF contains 3 bridgehead atoms,
the corresponding subgroup ring flexibility is 0. Hence, the total ring flexibility is 0.

116



Note that cis-trans isomers in fused ring systems impose different steric constraints to

the system and may give different conformational entropy values. I did not penalise

cis-trans isomerism in this analysis.

5.2.3.3 Chemical Functionality

Besides the number of degrees of freedom, the chemical functionality and the molec-

ular shape have great influence on the conformer population. For instance, delocal-

isation of electrons in acyclic amide, ester and thioamides groups (see definitions in

Table 5.2) reduce the conformational flexibility and render them planar. A descriptor

based on the count of these functional groups in a molecule was introduced. I denote

the count of these functional groups as NSG. Note that the definitions of amide and

ester also match other functional groups, such as urea and carbamate, and result in

multiple matched groups.

5.2.3.4 Foldability

Additionally, intramolecular interactions such as hydrogen bonds and π-π stacking

can have strong influence on the molecular shape. Typically, formation of such in-

teractions leads to a so-called “folded” structure, and reduces the conformational

flexibility. Accurate prediction of the formation of intramolecular interactions will im-

prove the prediction of conformational entropies. Multiple efforts have been made to

characterise the topologies that are likely to form intramolecular hydrogen bonds (Bil-

ton et al., 2000; Kuhn et al., 2010), by analysing the X-ray crystal structures from

the Cambridge Structural Database (CSD) (Groom et al., 2016) and the Protein

Data Bank (PDB) (Berman et al., 2000). Bond angle and torsion angle preferences

were studied and a set of motifs with a high probability of forming intramolecular

hydrogen bonds were suggested. To predict potential formation of intramolecular

interactions, I applied junction analysis to study the characteristics of the shortest

path of these potential interactions. In particular, intramolecular hydrogen bonds and

π-π stacking (see definitions in Table 5.4) were considered in this analysis. Junction

analysis (Monod et al., 2004) was originally used to identify structurally conserved

positions of amino acids in antibodies. I applied the same concept to study the sub-

structure positional preferences in molecules involving intramolecular hydrogen bonds

and π-π stacking. The calculation is described next.
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Table 5.4: Distance and angle constraints used to determine the intramolec-
ular interactions. The distance and angle constraints are adapted from
Schrödinger (Schrödinger, LLC, 2020).

Interactions Distance and Angle Constraints

π-π stacking i. Maximum distance between ring centroids of two rings is 4.4 Å.
ii. Angles between the ring planes is less than 30◦.

Hydrogen bonds i. Maximum distance is 2.5 Å.
ii. Minimum donor angle is 120◦.
iii. Minimum acceptor angle is 90◦.

(a)

H:  Hydrogen Atom
D:  Donor Atom
A:  Acceptor Atom
Bi:  Linker Atoms (i=1,...,n)
    :  Covalent Bond
     :  Hydrogen Bond 

H

D

B1

A
2.5 Å

>120°

B2

B3>90°

(b)

Figure 5.4: Graphical illustration of the distance and angle constraints in (a) hydrogen
bond and (b) π-π stacking.

Given a path defined by bonds between atoms in a molecular graph, the path is

aligned such that the terminal nodes are the atoms with desired intramolecular in-

teractions. For instance, one can treat the first atom as the hydrogen bond donor

and the last atom as the hydrogen bond acceptor. Gaps are inserted in between

when the path is shorter than the maximum path length. This is not unlike protein

squence aligment and loops of variable length between common secondary structural

elements in proteins, in particular complementarity-determining regions (CDRs) in

antibodies (Monod et al., 2004).

Inspired by the motif analysis in Bilton et al. (2000); Kuhn et al. (2010), I developed a

method that can characterise the path involved in hydrogen bonds using the element

type, atomic hybridization and whether the atom is in a ring. The hybridization of

an atom is inherited from the definition in RDKit (Landrum, 2018). Note that the

oxygen in amides, and the ether oxygen in ester groups, hydroxyl oxygen in carboxyl
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groups are classified as sp2 hybridized. The path direction was unified such that

the path began with the donor atom and ended with the acceptor atom. I further

separated the motifs based on the acceptor types for junction analysis. Five types

of acceptors were considered, including carbonyls, hydroxyls, alkoxy groups, acyclic

nitrogens and nitrogens in heterocycles.

Intramolecular aromatic interactions such as π-π stacking also influence molecular

shape. Instead of using the atom and bond properties, I studied the positional pref-

erences of a set of functional groups, including carbamates, ureas, ketones, ethers,

esters, amides. The position of a specified atom in the corresponding substructure

and the orientation of an atom in the substructure bonded to the specified atom were

taken into account, as described in Table 5.5. To standardise the atom ordering, the

position of the aromatic ring atom that is closer to the substructure of interest was

used as beginning atom. If multiple substructures exist in the same path, the sub-

structures with the highest rank was used. The orientation is denoted as “F” if the

bonded atom is followed by the specified atom, and is denoted as “B” if the bonded

atom comes before the specified atom.

Table 5.5: SMARTS expressions used to identify functional groups in π-π stacking
structural motifs. Urea type 1, 2 and 3 indicate cyclic urea, urea with one nitrogen in
a ring, and acyclic urea respectively. Similarly, amide type 1, 2, and 3 indicate cyclic
amide, amide with nitrogen in ring and acyclic amide respectively. The general amide
SMARTS pattern will match all types of amide. The position 1 indicates location of
the atom of interest in the corresponding functional group. The position 2 indicates
the location of atom that bonded to atom of interest, and is used to determine the
orientation.

Functional Group SMARTS Pos. 1 Pos. 2
Carbamate [#8][C](=O)[#7] 1 0
Urea Type 1 [#7&R][C&R](=O)[#7&R] 1 N/A
Urea Type 2 [#7&R][C&!R](=O)[#7&!R] 1 0
Urea Type 3 [#7&!R][C&!R](=O)[#7&!R] 1 N/A
Ketone [#6][C](=O)[#6] 1 N/A
Ether [#6][O][#6] 1 N/A
Ester [#8][C](=O)[#6] 1 0
Amide [#7][C](=O)[#6] 1 0
Amide Type 1 [#7&R][C&R](=O)[#6&R] 1 0
Amide Type 2 [#7&R][C&!R](=O)[#6&!R] 1 0
Amide Type 3 [#7&!R][C&!R](=O)[#6&!R] 1 0
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Table 5.6: Position and Count Thresholds

Intramolecular Interactions Thresholds
Hydrogen Bond (i) >= 10% of the total count at a given position.

(ii) minimum 10 observations at a given position.
π-π Stacking (i) >= 10% of the total count at a given position

(ii) minimum 5 observations at a given position.

The over-represented atom types or functional groups at given positions (see thresh-

olds in Table 5.6) were then used to identify motifs with desired properties. Once the

motifs in a molecule were identified, the foldability score can be computed directly as

follows:

Foldability score for a motif with intramolecular hydrogen bonds (FHBond):

Wr =
K∑
i=1

Li∑
j=1

wijr 1r∈ij =
K∑
i=1

Li∑
j=1

1

Li
1r∈ij (5.3)

FHBond =
R∑
r=1

min(Wr, 1) (5.4)

where K is the number of donors in the molecule; Li is the number of possible

acceptors interact with a fixed donor i, and R is the number of rotatable bonds

respectively; Wr is the score for rotatable bonds, r; and wijr is the weight of rotatable

bond r in the path from donor i to acceptor j; 1r∈ij is a indicator function, and is 1 if

the rotatable bond r is in the path from donor, i, to acceptor, j. The foldability score,

FHBond, is simply the expected number of rotatable bonds found in the molecular

subgraph containing intramolecular hydrogen bonds. Note that the donor atoms can

potentially interact with multiple acceptors, and the final geometry depends on the

strength of each hydrogen bond pair and the overall steric interaction. To avoid over-

estimation, I calculated the expected number of rotatable bonds restricted by the

formation of hydrogen bonds, rather than the count of rotatable bonds. Equal weight

was used for all possible pairs in the analysis.

Foldability score for a motif with π-π stacking:

Fπ−π =

p∑
p=1

Np
rotor (5.5)
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where Np
rotor is the number of rotatable bonds found in the shortest path between

two aromatic rings that form π-π stacking; and P is the total number of possible

π-π interactions in the molecule. The foldability score, Fπ−π, is thus the number of

rotatable bonds found in molecular subgraph containing π-π stacking interaction.

5.2.4 Models

Using all the descriptors mentioned above, a linear model, LR-Best, was proposed to

predict the conformational entropies of small molecules. There were six descriptors

in total: (i) the number of rotatable bonds (Nrotor), (ii) the number of methyl groups

(Nmethyl), (iii) the total ring flexibility (RTotal
f ), (iv) the number of functional groups,

i.e. amides, ester and thioamides (NSG), (v) the hydrogen bond foldability (FHbond),

and (vi) the π-π stacking foldability (Fπ−π). β0, β1, β2, β3, β4, β5, β6 are the model

parameters.

LR-Best:

Sconf = β0 + β1 log(Nrotor + 1) + β2 log(Nmethyl + 1) + β3 log(RTotal
f + 1)

+ β4 log(NSG + 1) + β5 log(FHBond + 1) + β6 log(Fπ−π + 1)
(5.6)

LR-1:

Sconf = β7 + β8 log(Nrotor + 1) (5.7)

where β7 and β8 are model parameters.

A baseline linear model (LR-1) with number of rotatable bonds (Nrotor) as a sole input

feature (Ghahremanpour et al., 2016) and multiple machine learning models were

included for comparison. The machine learning models included (i) least absolute

shrinkage and selection operator (LASSO), (ii) ridge regression, (iii) kernel ridge

regression, and (iv) a neural network (NN). Extended connectivity fingerprints with

diameter 6 (ECFP6) (Rogers and Hahn, 2010) with 4096 bits was used as the inputs

for all machine learning models. The implementation of the models is discussed in

Section 5.2.5.

5.2.5 Implementation

RDKit (Landrum, 2018) was used to read molecules, generate initial conformers

for molecular dynamic simulation, calculate molecular descriptors and generate the
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ECFP6 fingerprints. RingDecomposerLib (Flachsenberg et al., 2017) was used to

identify the URFs of a molecule. A Python package, statsmodels (Seabold and Perk-

told, 2010), was used to estimate model parameters of the proposed linear model and

the baseline model. The implementations of LASSO, ridge regression, kernel ridge

regression, and cross-validation in Scikit-learn (Pedregosa et al., 2011) were used.

Keras (Chollet, 2015) was used to construct the neural network.

5.2.6 LASSO and Ridge Regression

ECFP6 with 4096 bits was used as model inputs. The hyperparameter (penalty),

α, was optimised by 3-fold cross-validation with a grid-search over a parameter grid,

α ∈ {0.01, 0.05, 0.1, 0.5, 1.0, 5.0, 10.0}.

5.2.7 Kernel Ridge Regression (KRR)

ECFP6 with 4096 bits was used as model’s inputs. The Tanimoto (Jaccard) ker-

nel (Ralaivola et al., 2005) was used in KRR. The Nyström approximation (Williams

and Seeger, 2001) was used to approximate the feature map. The hyperparame-

ter α was optimized by 3-fold cross-validation with a grid search over a grid α ∈
{0.001, 0.01, 0.1, 1, 10}.

5.2.8 Neural Network

ECFP6 with 4096 bits was again used as the model’s inputs. Rectified Linear Unit

(ReLu) activation functions (Nair and Hinton, 2010) were used in the hidden layers

of the neural network model. A linear activation function was used for the final

layer. The ADAM optimizer (Kingma and Ba, 2014) was used for the optimisation.

I also added elastic net regularization in the hidden layers, with L1 = 10−4 and

L2 = 10−4. The hyperparameters, i.e. number of hidden nodes, number of layers and

dropout rate were optimised by cross-validation with grid search over a parameter

grid: NHidden ∈ {32, 64}, NLayer ∈ {3, 4, 5}) and dropout (Srivastava et al., 2014) rate

∈ {0.5, 0.6}.
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5.3 Results and Discussions

A set of saturated hydrocarbons, specifically alkanes, were used to investigate the

effect of increasing the number of degrees of freedom on conformational entropy. In

an unbranched n-alkane, CnH2n+2, the low torsional energy barrier of carbon-carbon

single bonds enables all bonds to rotate freely and result in different conformations.

In principle, with low torsional barriers and all bonds being equal, the number of

conformers should increase exponentially with the count of rotatable bonds (≈ 3n−3),

assuming three possible local minima per rotatable bond. However, symmetry, cor-

related dihedral angles, and excluded volume often reduce the number of thermally

accessible conformers (Vansteenkiste et al., 2003; Speybroeck et al., 2005; Ellingson

et al., 2006; Wu et al., 2019).

Rather than an exponential growth in the number of possible conformers of linear

alkanes, the number of low-energy conformers increases sub-linearly on a logarithmic

scale, when evaluated either with exhaustive systematic conformer enumeration (Con-

fab) (O’Boyle et al., 2011b) using a standard molecular force field (MMFF94) (Hal-

gren, 1996; Halgren and Nachbar, 1996), or when using CREST conformer generation

with the GFN2 method, as illustrated in Figures 5.5a and 5.5b respectively. The

curves fit roughly to a power-law function, with exponents ≈ 1.5− 2.6, depending on

the method and the energy window.

Since the number of low-energy conformers increases relatively slowly (i.e. sub-

exponentially) with the number of rotatable bonds, the conformational entropy will

therefore increase logarithmically, as found by the computed CREST / GFN2 en-

tropies. For short alkane chains (n < 4 carbon atoms), the increase in conformational

entropy is approximately linear, and approximately logarithmic or perhaps close to

constant for long chains (see Figure 5.5c). One can understand that in long chains,

dihedral motion in the center of the molecule will inherently restrict otherwise free

rotations to avoid steric clashes—a concept known as excluded volume in polymer the-

ory (Hill, 1986). These results match previous detailed quantum chemical calculations

of conformational entropy in linear alkanes (Vansteenkiste et al., 2003; Speybroeck

et al., 2005; Ellingson et al., 2006; Wu et al., 2019).
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Figure 5.5: Conformational entropies for increasing lengths of n-unbranched alkanes,
CnH2n+2. The counts of conformations in (a) and (b) are shown on a logarithmic
scale. (a) Number of alkane conformers within a given energy range (in kcal/mol) of
the global minimum (i.e., within 3, 5, 8, 10, 100, and 500 kcal/mol) using Confab
exhaustive sampling with the MMFF94 force field. (b) Number of conformers within
a given energy window in kcal/mol of the global minimum using CREST sampling and
the GFN2 method. (c) Conformational entropies for calculated for n-alkanes using
CREST / GFN2. Note that for smaller hydrocarbons (n < 4 carbons) the scaling is
approximately linear, and beyond n = 8 − 10 carbons, the conformational entropies
are roughly constant. (d) Schematic of central torsion in octane C8H18 indicating
potential steric bumping (clashing carbons shown in blue) between the two molecular
ends.

Figure 5.6a shows the conformer populations across the set of ∼93,000 molecules at

different GFN2-computed energy cutoffs (shown in different colors up to 6 kcal/mol),

and the number of conformers within 6 kcal/mol of the global minimum grows at

a logarithmic rate, reaching ∼ 103 conformers for molecules with twenty rotatable

bonds. Across the set, this still suggests the number of rotatable bonds is a useful

predictor of the number of thermally-accessible conformers, and thus the conforma-

tional entropy — even if in larger molecules, the degrees of freedom are inherently

correlated.
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Figure 5.6: (a) Scaling of the number of conformers across the ∼93,000 molecules
in the training set, on a logarithmic scale, within a given energy threshold, as a
function of the number of rotatable bonds; and (b) correlation between the number
of rotatable bonds, Nrotor, and GFN2-calculated conformational entropies, shown as
violin plots for each rotatable bond bin. The line indicates a logarithmic best fit,
i.e. a + b log(Nrotor + 1), with a coefficient of determination of 0.232; this highlights
the need for better predictors than simply the number of rotatable bonds. Note how
the linear model underestimated the conformational entropies of molecules with no
rotatable bonds.

Beyond simple linear alkanes, branched alkanes and cycloalkanes can be used as mod-

els to understand other components of the conformational entropy. Both polypropy-

lene chains and highly branched alkanes exhibit logarithmic increases in CREST-

computed conformational entropy, based on the number of terminal CH3 groups (see

Figures 5.7a and 5.7b). Note that methyl groups are known to increase entropy as

hindered rotors (Irikura, 1998, 2020). The magnitude of the methyl rotor entropies are

higher from the CREST/GFN2 ensembles than previous quantum chemical estimates

(i.e. 9.1 J/mol·K from CREST/GFN2 vs. 6.8 J/mol·K from HF/6-31G(d) using a

hindered rotor model) (Irikura, 1998, 2020), but reflect that beyond iso-pentane, cor-

relations between multiple CH3 groups slow the increase in conformational entropy

to logarithmic. Similarly, while cycloalkanes have fewer torsional degrees of freedom

( N − 3 for an N -membered ring), the CREST-computed conformational entropy

increases logarithmically with the ring size (see Figure 5.7c).
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Figure 5.7: Conformational entropies for polypropylenes, branched alkanes and
cycloalkanes. (a) Conformational entropies calculated for increasing lengths of
polypropylene chains, as a function of the number of repeat units, illustrating ap-
proximately logarithmic increase; and (b) branched alkane chains as a function of
the number of terminal methyl rotors. (c) Conformational entropies calculated for
increasing ring size of cycloalkanes, n-CnH2n. The conformational entropies tends to
grow logarithmically with ring size.

Building from the simple alkanes, it can be seen that the conformational entropy has

multiple components based on the torsional degrees of freedom, including rotatable

bonds, terminal methyl groups, and correlated motions in flexible rings, such as the

cycloalkanes.

Rings can also be joined together, forming more complex spiro, fused and bridged

rings. Figure 5.8 shows good correlation between the total ring flexibility, RTotal
f ,

and the GFN2-computed conformational entropies of a set of complex rings, with a

Pearson correlation coefficient, R2 = 0.7. Note that the complex rings set contains 70

molecules (see Appendix C.1), including monocycles, fused rings, bridged rings and

spiro rings. They do not contain any acyclic rotatable bonds.
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Figure 5.8: Relationship between GFN2-computed conformational entropy and total
ring flexibility, RTotal

f . Conformational entropies of 70 simple molecules, including
unsubstituted monocyclic heterocycles, fused rings, bridged rings, spiros, and rings
with simple substituents (e.g., hydroxyl, carbonyl) were calculated. Note that these
molecules do not contain any rotatable bonds and methyl groups. The total ring
flexibility shows good correlation with conformational entropy, with R2 = 0.70.

5.3.1 Intramolecular Interactions

Beyond the number of degrees of freedom in molecules, formation of intramolecular

interactions tend to reduce the conformational flexibility of molecules. Intramolecular

hydrogen bonds were frequently (≈ 36%) observed in the GFN2-computed low energy

structures, followed by π-π interactions (≈ 6.8%). Face-to-Face and parallel π-π

stacking were the dominant forms, see Figure 5.9. That said, T-shaped π-stacking

was less frequently observed in the database, and therefore was not included in our

analysis. Furthermore, molecules may share the same structural motifs in forming

intramolecular interactions, and repeating motifs, i.e. subgraph sharing same size and

same atom types, were removed in the following analysis. The atom types are defined

by the atom’s element, hybridization, and whether the atom is in ring. Figure 5.10

shows the distribution of the path length of the motifs containing hydrogen bonds

and π-π stacking. Note that the path length is the number of bonds between the

terminal atoms, and the bond between the donor atom and hydrogen atom was not

counted. The path length of the motifs containing intramolecular hydrogen bonds was

widely varying, and ranged from 3 to 35. Multiple intramolecular interactions were

found in large motifs, i.e. subgraph with more than 10 bonds. On the other hand,

the distribution of the path length of π-π stacking motifs was skewed. Similarly, long

range π-π stacking was rare and normally required several intramolecular interactions
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to facilitate their formation. To gain structural insights into these path characteristics,

I performed junction analysis and summarised the results below.

(a) (b)

Figure 5.9: π-π stacking interactions: (a) face-to-face; and (b) parallel.
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Figure 5.10: Distribution of the path length in (a) hydrogen bonds motifs and (b) π-π
stacking motifs. The path length is the number of bonds between terminal atoms.
Note that the bond between the donor atom and hydrogen atom in hydrogen bond
motifs was not counted.

5.3.1.1 Hydrogen Bonds

As mentioned in Section 5.2.3.4, the motifs were grouped according to the acceptor

types. Motifs containing up to nine bonds (ten atoms) were considered. The acceptor

groups chosen—carbonyl oxygen, hydroxyl oxygen, alkxoy oxygen, acyclic and cyclic

nitrogens, covered more than 90% of the observed intramolecular hydrogen bonds.

Figure 5.12 shows that carbonyl and hydroxyl groups are frequently observed in the

motifs.
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Figure 5.11: Example of hydrogen bond acceptors: (a) carbonyl group; (b) hydroxyl
group ; (c) alkoxy group; (d) acyclic nitrogen; (e) heterocycle nitrogen; (f) sulfonyl
group.
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Figure 5.12: Count of unique intramolecular hydrogen bond structural motifs con-
taining six different hydrogen bond acceptors in the dataset. Motifs with carbonyl or
hydroxyl groups as hydrogen bond acceptor were frequently observed.
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The junction analysis revealed that carbonyl acceptors usually form intramolecular

hydrogen bonds with hydroxyl (sp3 hybridized oxygen) groups, ester oxygen (sp2

hybridized oxygen), and amide nitrogen (sp2 nitrogen), as shown in Figure 5.13a and

Figure 5.14. A large variety of atom types were observed along the path. Similarly,

hydroxyl and alkoxy oxygen acceptors have a high propensity to form hydrogen bonds

with hydroxyl group, as shown in Figures 5.13b and 5.13c.

There are approximately 5.4% and 7.6% motifs containing acyclic and cyclic nitro-

gen acceptors respectively. For motifs with cyclic nitrogen acceptors, I divided into

two classes: (i) sp3 hybridized nitrogen acceptor and (ii) sp2 hybridized nitrogen ac-

ceptor. The hybridization of the heterocycle nitrogen imposed different geometrical

constraints to the system, as reflected in the path variation shown in Figures 5.13e

and 5.13f.
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Figure 5.13: Positional analysis for a given intramolecular hydrogen bond acceptor
type, showing counts of molecules with each type of atom. Counts of motifs containing
each kind of intramolecular hydrogen bond are shown as histograms above each heat
map, where black represents zero, and a color spectrum from dark red, red, orange,
and yellow to white maps to the number of motifs in each category. Position 0 and
9 are the donor atom and acceptor atom respectively. Plots are shown for each type
of H-bond acceptor: (a) carbonyl; (b) hydroxyl; (c) alkoxy; (d) acyclic nitrogen (e)
heterocyclic sp3 nitrogen; and (f) heterocyclic sp2 nitrogen. The atom types are
defined by the atom’s element, hybridization, and whether the atom is in ring, e.g.,
“C sp3 0” is an sp3 carbon not in a ring. In general, a large variety of atom types were
observed in the motifs with carbonyl, hydroxyl or alkoxy acceptors. The hybridization
state of heterocycle nitrogen acceptor induced different geometrical constraints, and
gave rise to the variation in path.
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Figure 5.13: (Continued)

(a) (b)

Figure 5.14: Intramolecular hydrogen bonds motif examples
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5.3.1.2 Face-to-Face and Parallel π-π stacking

Motifs with up to 16 atoms were considered in the analysis. Position 0 and 15 are

the aromatic ring atoms. Six functional groups were considered in π-π stacking,

including carbamate, urea, ketone, ester, ether and amide, which contributed 80% of

the observed π-π stacking. Figure 5.16 shows that amide group was widely observed,

followed by ether group.

(a) (b)

(c) (d)

(e) (f)

(g) (h)

(i) (j)

Figure 5.15: Example of functional groups involving in π-π stacking interactions: (a)
carbamate group; (b) cyclic urea; (c) urea with one nitrogen in a ring; (d) acyclic
urea; (e) ketone; (f) ester; (g) ether; (h) cyclic amide; (i) amide with nitrogen in a
ring; (j) acyclic amide.
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Figure 5.16: Counts of unique π-π stacking structural motifs containing six different
functional groups. Amide was widely observed in the motifs. Note that the motif
may contain more than one functional groups.

Figure 5.17a shows the position of carbamate carbons and the orientation of the

C−O bond was highly conserved. Its paired functional group, ester, was commonly

observed near the other end and the direction of the C−O bond was also conserved.

Three forms of urea were considered, including cyclic ureas (type 1), ureas with one

nitrogen in a ring (type 2), and acyclic ureas (type 3), see Figure 5.15. The positional

preferences varied between them. Figure 5.17b shows that the position of the cyclic

urea was conserved, while Figure 5.17d shows widely varying positional preferences

of acyclic amide. Note that the acyclic amides often came in pairs. Amide was the

common paired functional group in the motifs containing cyclic ureas or ureas with

one nitrogen in a ring, see Figures 5.17b and 5.17c respectively.

Figure 5.17e shows that ketone group was frequently found in a short path, and

typically came after the aromatic rings. For longer paths, it was found in the middle

of the path and often formed intramolecular hydrogen bonds with hydroxyl group,

in order to support longer range π-π stacking and other intramolecular interactions.

It paired functional groups included ether and ester. The ether oxygen was normally

found next to the terminal aromatic rings.

Figure 5.17f shows multiple preferred positions of ester carbon, and the orientation of

the C−O single bond was position dependent. Its paired functional group included

sulfonamide group and ether. The position of sulfur in sulfonamide group and the

orientation of S−N group were highly conversed. The positions of ether oxygen,

however, showed a huge variation.
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Figure 5.17: Counts of functional groups by position in the training set. Atoms 0
and 15 belong to the aromatic rings. The functional groups are: (a) carbamate; (b)
cyclic urea; (c) urea with one nitrogen in a ring; (d) acyclic nitrogen; (e) ketone; (f)
ester; (g) ether; and (h) acyclic amide (type 0), (i) cyclic amide (type 1); (j) amide
with nitrogen in a ring (type 2); (k) acyclic amides with one or more ring bonds along
the shortest connecting path. The orientations of the C−O bond in carbamates and
esters, the S−N bond in sulfonamides, and the C−N bond in amides are specified
thus: (F) indicates that the oxygen or nitrogen atoms are followed by the carbon or
sulfur atom, while (B) indicates that the oxygen or nitrogen atoms comes before the
carbon or sulfur atom. The positions of carbamate, urea, and ketone groups tend to
be conserved, while amide positions show a huge variation.
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Figure 5.17: (Continued)

Similar to ureas, three different types of amide groups, including cyclic amides, amides

with the amide nitrogen in a ring and acyclic amides, were considered. Figures 5.17h

to 5.17j show that the amide carbon position was predominantly found at the first,

second or third positions, however, the orientation of the C−N bond was position

dependent. Cyclic amide and acyclic amide were typically came in pairs, as shown in

Figure 5.17h.

Despite the high variation in positional preferences in some functional groups, some

rules were generalised to identify potential intramolecular π-π stacking. To assess the

generalizability of these positional preferences, I compared the positional preference

of amide carbon in the training set and also in the peptides set. Figure 5.18 shows

different positional preferences in the training set and peptide set, and this suggests

that different models may be required for peptides.
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Figure 5.18: Amide positional preferences in the training set and peptide set.

The junction analysis provided insights into the positional preferences of common

functional groups in molecules with intramolecular hydrogen bonds and π-π stacking

interactions. The over-represented groups (see the thresholds in Table 5.6) were then

used to identify potential interactions in unseen datasets and compute the foldability

descriptors defined in Equations 5.4 and 5.5. These descriptors and path features were

used to develop models to predict conformational entropy. The model performances

are discussed next.

5.3.2 Models to Predict Conformational Entropy and their
Performance

I compared the proposed model LR-Best, Equation 5.6, with a baseline model, LR-1,

Equation 5.7, and multiple statistical and machine learning models, including lin-

ear regression, LASSO, ridge regression, kernel ridge regression (KRR), and neural

networks (NN).

Before looking at the predictive performance, I assessed the model assumptions in

my proposed and baseline linear models, as illustrated in Figure 5.19. For the base-

line model, there was no evidence the normality assumption was violated, however,

the residuals plots in Figure 5.19b shows that the model underestimated the con-

formational entropies of molecules with no rotatable bonds, and the variance of the

residuals depended on the fitted values, suggesting the homoscedasticity and that the

linear relationship did not hold. On the other hand, I did not have sufficient evidence

that the model assumptions were violated for the proposed model (LR-Best).
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Figure 5.19: Models Diagnostics: (a) LR-1 Q-Q plot (b) LR-1 residual plot. The
predicted conformational entropies of molecules with no rotatable bonds are under-
estimated and the variance of the residuals are not equal. (c) LR-Best Q-Q plot (d)
LR-Best residual plot. There is no evidence that the model assumptions are violated
for LR-Best model.

Table 5.7: LR-Best Models Summary. The parameters associated with foldability
(FHbond, Fπ−π), and counts of functional groups (NSG) are negative, indicating the
conformational entropy decreases as the these variables increase. All parameters differ
significantly from zero. The negative value in parameter associated with total ring
flexibility is inconsistent with my previous results.

Coefficient Estimate Std. Error t Pr(> | t |)
Intercept 8.15 0.08 99.44 < 10−3

log(Nrotor + 1) 9.02 0.05 180.93 < 10−3

log(NMethyl + 1) 13.03 0.04 375.39 < 10−3

log(NSG + 1) -2.44 0.05 -50.77 < 10−3

log(FHBond + 1) -1.72 0.05 -32.47 < 10−3

log(Fπ−π + 1) -0.59 0.03 -17.34 < 10−3

log(RTotal
f + 1) -0.23 0.03 -7.51 < 10−3

R2 = 0.714
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Table 5.7 shows negative values of the parameters associated with the number of

specified functional groups, foldability with intramolecular hydrogen bonds, and π-π

stacking, which suggest that the conformational entropy decreases as these variables

increase. Small p-values from the t-tests indicate these parameters are significantly

different from zero. Surprisingly, the parameter associated with the ring flexibility

is slightly negative, which is not consistent with observations in cycloalkanes (Fig-

ure 5.7c) and the small cyclic molecules subset shown in Figure 5.8. This indicates

our proposed descriptor, ring flexibility, may not fully capture the conformational

entropy of complex rings in the training set. The LR-Best model was also in close

agreement with the GFN2-calculated conformational entropy in the training set, with

a coefficient of determination, R2 = 0.715.

To assess the predictive power of all models, I calculated the mean absolute error

between the model-predicted and GFN2-computed conformational entropies for two

independent test sets, ZINC-I and the peptides set. The proposed linear model (LR-

Best) outperformed the other machine learning models (LASSO, Ridge, KRR and

DNN), giving a mean absolute error of 4.77 and 4.65 J/mol · K respectively (see

Table 5.8). Figure C.1 in Appendix C shows the correlation between the predicted

entropies and the GFN2-computed entropies in both ZINC-I and peptide test sets

for all models. The LR-Best model gave the highest correlation, with R2 = 0.75

and R2 = 0.61 respectively. The ECFP6 fingerprints only consider local information

about any given atom, and the global topological information including longer range

intramolecular interactions therefore cannot be encapsulated in such representations.

This limits the predictive power of models based on such short range features. The

KRR approach failed to obtain good predictions in peptides, as the cyclic peptides

are likely too dissimilar from molecules in the training data.

Table 5.8: Entropy prediction model performance. Comparison of the mean absolute
error (MAE) between the model-predicted and GFN2-computed conformational en-
tropies, in J/mol· K, for the training set and both test sets, namely the ZINC-I and
CTP sets. LR-1 is a single-variable linear model, with the number of rotatable bonds
as the sole explanatory variable. LR-Best gives the lowest MAE in both test sets.

Model Training (MAE) ZINC-I Set (MAE) CTP Set (MAE)
LR-1 8.67 8.83 9.00
LR-Best 5.16 4.77 4.65
LASSO 5.55 5.47 6.76
Ridge 4.95 5.29 5.83
KRR 5.90 5.87 8.79
DNN 5.22 5.26 6.98
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5.4 Summary

In summary, my analysis showed that the conformational entropy of small molecules

increases logarithmically with the number of degrees of freedom in the small molecules.

Despite the possible number of conformers increasing exponentially with the number

of rotatable bonds, inherent correlation between multiple rotatable bonds and termi-

nal CH3 groups restricts the number of thermally-accessible conformations greatly.

Intramolecular interactions such as π-π stacking and intramolecular hydrogen bonds

further reduce the number of thermally-accessible conformers, and decrease the con-

formational entropy as a result. Such effects, here in small molecules, relate to

Levinthal’s paradox which states finding the native folded state of a protein by a

random search among all possible configurations can take an enormously long time,

and the energy landscapes found in protein folding (Levinthal, 1968; Zwanzig et al.,

1992; Dill and Chan, 1997). The contribution of ring entropy from flexible rings has

to be assessed carefully. A standardized atom numbering scheme was introduced to

study the path characteristic of hydrogen bonds and π-π stacking and sets of rules

were generalised to identify potential interactions in unseen molecules. I introduced

a new descriptor called foldability which took the effect of intramolecular interac-

tions on conformational entropy into account, and thus improved the prediction of

the conformational entropy component of standard molecular entropy. The result-

ing linear model, based on a physical understanding of the various contributions to

conformational entropy, outperformed current machine learning methods that used

ECFP-based features, and gave a mean absolute error of 4.8 J/mol· K, or ≈ 0.34

kcal/mol at 300 K. My approach facilitates the calculation of thermodynamic prop-

erties and provides insights into the effect of intramolecular interactions on confor-

mational preferences and the intrinsic correlation between rotors in a molecule. This

work can also be extended to predict the change in solvation entropy as well as ligand

conformational entropy upon protein-ligand binding, and thus provide better esti-

mates of binding free energies for drug discovery (Head et al., 1997; Chang et al.,

2007).
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Chapter 6

Conclusions and Future Directions

6.1 Summary

In Chapters 1 and 2, I gave an overview of the computer-aided drug and materials

design process, and highlighted one of its key challenges: sampling diverse low energy

conformers and finding the lowest energy conformer of a flexible small molecule. I

introduced the basic concepts of molecular conformation and their representation,

and described various systematic and stochastic conformer sampling methods. Eval-

uating conformational energy is a complementary task to rank conformers for down-

stream applications. The most accurate method for energy evaluation requires solving

the Schrödinger equation, and different levels of numerical approximations were dis-

cussed, including the standard quantum mechanics methods, semi-empirical quantum

mechanics methods, molecular mechanics force fields and machine learning methods.

Two of the most significant challenges arise in two ways: (i) the enormous conforma-

tional space of flexible molecules, and (ii) the high computational cost when standard

quantum mechanics methods are used for energy evaluations.

The advancement in hardware and the rise of machine learning allow us to tackle this

challenge. One of these machine learning techniques, namely Bayesian optimisation,

was used (Brochu et al., 2010; Snoek et al., 2012). It is a sequential strategy for

global optimisation. A surrogate model, typically Gaussian Process (GP) (Williams

and Rasmussen, 2006), is used to approximate the function of interest, followed by an

evaluation at a new query point. This process is repeated until the stopping criterion

is reached. The search strategy only requires pointwise evaluation, while it does not

make any assumptions about the functional forms of the objective being evaluated.

This technique is widely used in the machine learning community for hyper-parameter
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tuning (Snoek et al., 2012; Law et al., 2019), and I applied this technique to search

for the lowest energy conformation of a molecule (Chan et al., 2019, 2020a).

In addition to sampling, I introduced a computational framework to analyse conform-

ers and model their conformational preferences. In conformational analysis, internal

coordinates, i.e. bond lengths, bond angles and torsion angles, are frequently used,

as they describe the relative positions between atoms, so as to eliminate the effect of

translation and rotation along x-, y-, z-axes. Conventional summary statistics and

distance measures, however, are not readily applicable to these internal coordinates,

due to the circular nature of the variables. The basics of circular data analysis was

introduced, including circular distance, circular correlation, and the von Mises dis-

tribution, which is an analogue of normal distribution on a circle. I also discussed

multiple metrics to examine the quality of the sampled conformations.

In Chapter 3, I first assessed the effectiveness of the Bayesian optimisation (BO)

technique in searching the lowest energy conformation of a molecule with up to six

rotatable bonds. I introduced and compared the Bayesian optimisation algorithm

(BOA) (Chan et al., 2019) with a systematic search method, Confab (O’Boyle et al.,

2011b), and a uniform random search, using a molecular mechanics force field energy,

namely the Merck molecular force fields (MMFF94) (Halgren, 1996; Halgren and

Nachbar, 1996). In BOA, Gaussian Process (GP) was used as the surrogate model,

with a locally periodic kernel, which encapsulated the periodicity of the torsion po-

tentials derived from experimental determined X-ray crystal structures. Standard

acquisition functions of expected improvement (EI) (Mockus et al., 1978) and GP

lower confidence bound (GP-LCB) (Srinivas et al., 2009) were used. The BOA algo-

rithm outperformed both systematic enumeration and uniform search. It frequently

found lower energy structures than the lowest energy conformations found by the sys-

tematic search. As expected, uniform random search performed worst, as it suffered

from the combinatorial explosion of number of conformers with increasing number

of rotatable bonds. More importantly, the BOA required orders of magnitude fewer

energy evaluations to reach the optimal solution. Its performance improved when the

number of energy evaluation increased, despite the cubic time complexity of BOA.

The flexible Bayesian optimisation framework allows us to further incorporate our

prior knowledge through the acquisition function. Adjacent torsion angles are inher-

ently correlated to avoid steric clashes and align intramolecular interactions, such as

hydrogen bonds and π−π stacking. Inspired their use in protein structure modelling,
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I used bivariate von Mises mixture models to capture the correlation between adja-

cent torsion angles. A new knowledge-based acquisition function, knowledge-based

expected improvement (KEI) was proposed (Chan et al., 2020a). It is a product of

standard EI and a collection of bivariate von Mises mixture models of substructures

containing correlated torsions. The proposed acquisition function biased the search

towards to low energy regions, and accelerated the early stage of the search. BOA

with KEI (BOKEI for short) was compared with BOA with standard EI (BOA-EI for

short) using two energy functions: (i) geometry-optimised MMFF94, and (ii) a den-

sity functional tight binding method, GFN2 (Bannwarth et al., 2019). A genetic algo-

rithm (GA) was also included in the benchmark assessment where geometry-optimised

MMFF94 was used. BOKEI outperformed BOA-EI in both cases for molecules up

to 18 rotatable bonds, and GA for molecules up to 11 rotatable bonds. BOKEI was

particularly efficient in the early stage of the search, and the effect diminished as

more energy evaluations were used, as both BOKEI and BOA-EI converged on the

same conformation. The new approach (BOKEI) did not show substantial increase

in computational time, compared with original approach (BOA-EI).

Additionally, the conformational analysis on adjacent torsion angles revealed the de-

ficiencies of the MMFF94 force fields, which failed to capture the correlated torsions

in some substructures. The discrepancy between the GFN2-computed low energy

structures and the crystal structures were ascribed to the formation of intra- and

intermolecular interactions.

Thus far, I mainly focused on sampling conformers that arise from rotation about

acyclic rotatable bonds and the associated torsional preferences. The conformation

of cyclic structures remained fixed throughout the sampling. I therefore explored the

use and extensions of Cremer-Pople puckering parameters (Cremer and Pople, 1975;

Cremer, 1980) to describe the geometries of a conformationally flexible ring in Chap-

ter 4. Instead of using internal coordinates, the Cremer-Pople puckering parameters

utilised a discrete Fourier transform to characterise the ring geometry with some am-

plitudes and phase angles. The general puckering motions, including pseudo-rotation,

i.e. a set of intramolecular movements of the atoms leading to an indistinguishable

conformation from the initial one, can be elucidated using these puckering parameters.

To better understand the conformational preferences of complex bi- and polycyclic

rings, I applied the concept of unique ring families (URFs) (Kolodzik et al., 2012) to

decompose rings into meaningful subgroups, in conjunction with the Cremer-Pople

puckering parameters. The coupled substituent orientation can be fully described by
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the extension of Cremer-Pople puckering parameters with two additional orientation

angles. This new framework provided a means to study flexible ring conformations

quantitatively, especially macrocycles.

Furthermore, I proposed models to (i) predict substituent orientations from puckering

parameters, (ii) to convert Cremer Pople puckering parameters into endocyclic torsion

angles, and (iii) predict substituent exocyclic torsion angles from endocyclic torsion

angles. The first model helped understand the influence of substituents upon ring

puckering, while the second model provided insights into the torsional changes upon

pseudo-rotation and other puckering motions. The latter model explained the local

rotational dependence of the substituents’ exocyclic torsion angle with respect to

neighbouring endocyclic torsion angles. Using these puckering preferences and the

proposed models, I developed a knowledge-based conformer sampling method for

ring conformations, and showed that it could generate low energy ring conformers

efficiently (Chan et al., 2020b).

In Chapter 5, I investigated the conformational entropy of small molecules. Entropy

is an important thermodynamic quantity, which provides insights into the stability

of molecules. However, it is computationally challenging to evaluate the entropy of

flexible molecules with standard quantum mechanics methods. Different approxima-

tions have been introduced (Speybroeck et al., 2005; Ellingson et al., 2006; Zheng

et al., 2011; Ghahremanpour et al., 2016; Simón-Carballido et al., 2017; Wu et al.,

2019), and all required calculation of vibrational, translational, rotational and confor-

mational entropy. Despite that the conformational entropy has the least contribution

to the total entropy, the median GFN2-computed conformational entropy was of or-

der of 2.6 kcal/mol at 300 K in my analysis, which should not be neglected (Chan

et al., 2020c). The calculation of conformational entropy requires sampling of all

thermally-accessible conformers for the calculation, which is thus computationally

expensive. To overcome this bottleneck, I studied the factor governing the conformer

populations and developed a statistical model to predict the conformational entropy

of small molecules rapidly.

In my analysis, I showed that the number of conformers increases logarithmically with

the number of degree of freedoms in a molecule. The degrees of freedom of a molecule

include the number of acyclic rotatable bonds, the number of terminal methyl groups

(which is also well-known as a hindered rotor), and the degree of freedoms in a

flexible rings. Inspired from the Cremer-Pople puckering parameters (Cremer and

Pople, 1975), the concept of unique ring families (URFs) (Kolodzik et al., 2012), and
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the results from Chapter 4, I introduced a new descriptor called total ring flexibility,

to describe the flexibility of rings. This descriptor showed good correlation with the

GFN2-computed conformational entropy in an empirical study (Chan et al., 2020c).

Beyond the number of degrees of freedom in a molecule, the conformational population

was also controlled by the chemical functionality and the shape of the molecule.

Delocalisation of electrons in functional groups such as amides and esters reduced

their conformational flexibility and rendered them planar. A descriptor based on the

count of functional groups was included in my model. In addition, the formation of

intramolecular interactions such as hydrogen bonds and π − π stacking gave rise to

”folded” structures and a reduction in conformational flexibility. The conformational

entropies decreased as a result.

Inspired from the junction analysis (IMGT numbering scheme) in antibody mod-

elling (Monod et al., 2004), I developed a consistent atom numbering scheme to

analyse the path characteristics of molecules that consisted of π-π stacking and in-

tramolecular hydrogen bonds. A set of rules were generalised to predict the formation

of intramolecular interactions, and a descriptor called foldability was introduced to

estimate the effect of intramolecular interactions on conformational entropies. The

estimated parameters in my analysis matched our expectation that these factors de-

crease the conformational entropies of small molecules (Chan et al., 2020c).

Using the functional forms and the understanding of contributions to conformer pop-

ulation, I proposed a linear model to predict the conformational entropies of small

molecules, and it provided accurate predictions, with a mean absolute error of 4.8

J/mol · K or under 0.4 kcal/mol at 300 K, outperforming machine learning models

based on extended connectivity fingerprints. This work will facilitate the rapid calcu-

lation of thermodynamic properties, and in turn advance computer-aided molecular

discovery.

6.2 Future Directions

Here, I describe future directions that might build upon and enhance the work pre-

sented in this thesis.
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6.2.1 Bayesian Optimisation with New Kernels for Conformer
Sampling

As mentioned in Chapter 3, the L2 norm used in the locally periodic kernel is not

an ideal distance measure for circular variables. Projection of the circular variables

to Cartesian space with an appropriate kernel, or applying an appropriate circular

distance measure with the original kernel, will capture the circular natures of the

variables and improve the accuracy of the surrogate model. Improvement in surrogate

models would lead to a better estimate in the acquisition function and enhance the

selection of new query points. The effect of the kernel should be carefully investigated

in future.

Additionally, the ring conformations remained fixed throughout the sampling in Chap-

ter 3. To sample ring conformers in BOA framework (Chan et al., 2019), the Cremer-

Pople puckering parameters can be used as input variables. A new kernel would also

be required to encapsulate the amplitudes and phases couplings. On the other hand,

statistical potentials based on puckering preferences can be also embedded into the

knowledge-based expected improvement acquisition function for sampling.

6.2.2 General Conformational Preferences

A large set of chemically neutral molecules have been investigated in my thesis, and

the effect of charge was not considered. Future work should focus on the effect of

charge on conformational preference. Furthermore, as illustrated in Chapter 3, there

are occasional discrepancies between the in vacuo GFN2-computed low energy struc-

tures and the experimentally determined X-ray crystal structures, due to favorable

intra- and intermolecular interactions present in the crystal structures. It is also

well-known that conformations in solution phase differ from gas phase and crystal

structures, because of solvent effects. A better understanding of the preference of

intra- and intermolecular interactions in different phases will help generate relevant

conformers efficiently for different computational approaches, such as molecular dock-

ing and 3D QSAR. This will in turn accelerate the drug design process.

6.2.3 Integration with Conformer Sampling Tools

The torsional preferences and the puckering preferences identified here are not limited

to use in the BOA framework. They can be easily embedded into other conformer
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sampling tools. For instance, a better sampling grid can be defined for systematic sam-

pling in Confab (O’Boyle et al., 2011b) or docking methods such as AutoDock4 (Mor-

ris et al., 2009) and AutoDock Vina (Trott and Olson, 2010). Alternatively, multi-

dimensional correlated torsional potentials could be incorporated into the geometry

optimisation method used in RDKit’s ETKDG framework (Riniker and Landrum,

2015; Wang et al., 2020).

6.2.4 2D Geometry Characterisation for Molecular Proper-
ties Predictions

As mentioned in the beginning of my thesis, the discovery process typically starts

with screening a large set of molecules of interest. Statistical or machine learning

models are frequently used to select potential candidates with desired properties.

Some molecular properties, such as solubility and entropy, are conformer-dependent,

and classical 2D descriptors are not always sufficient to provide accurate estimates.

I showed that the consistent atom numbering scheme used in Chapter 5 provided

accurate predictions of the presence of intramolecular interactions from molecular

graphs or SMILES strings, and a new descriptor, namely foldability, was developed

to predict the conformational entropies of small molecules. This atom numbering

scheme can be extended and several descriptors can be derived for other molecular

property predictions.

6.3 Final Words

I have studied the conformations of a diverse set of small molecules, including cyclic

small molecules and peptides. I developed multiple models to elucidate the confor-

mational preferences of acyclic and cyclic molecules, which I used to develop novel

knowledge-based sampling methods. I also explored the use of Bayesian optimisation

to search for the lowest energy conformation. I showed that it is more efficient than

conventional search methods, and requires orders of magnitude fewer energy eval-

uation to reach the top candidates. Its flexible framework allows us to incorporate

prior knowledge through the kernel and a novel knowledge-based acquisition function.

With the increasing availability of computational power and X-ray crystal structures,

the proposed analysis and modelling framework can be applied to understand the

conformational preferences of more complex structures. This work will lead to better
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conformer sampling tools for computer-aided molecular design, and in turn help to

accelerate the drug and material discovery process.
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Appendix A

Table A.1: 364 Rotatable bond SMARTS patterns and the corresponding periodicity
parameters.

Rotatable bond SMARTS pattern Parameter

0 [O:1]=[C:2]!@;-[O:3]˜[CH0:4] 1
1 [O:1]=[C:2]([N])!@;-[O:3]˜[C:4] 1
2 [O:1]=[C:2]!@;-[O:3]˜[C:4] 1
3 [O:1]=[C:2]!@;-[O:3]˜[!#1:4] 1
4 [$(C=O):1][O:2]!@;-[c:3]˜[*:4] 2
5 [$(C=O):1][O:2]!@;-[CX3:3]˜[*:4] 1
6 [$(C=O):1][O:2]!@;-[CH1:3][H:4] 1
7 [$(C=O):1][O:2]!@;-[CH2:3]˜[C:4] 1
8 [H:1][CX4H1:2]!@;-[O:3][CX4:4] 1
9 [C:1][CH2:2]!@;-[O:3][CX4:4] 1
10 [*:1][CX4:2]!@;-[O:3][$([CX3](=[!O])):4] 1
11 [O:1][CX4:2]!@;-[O:3][CX4:4] 1
12 [*:1][CX4:2]!@;-[O:3][CX4:4] 1
13 [cH1:1][c:2]([cH1])!@;-[O:3][S:4] 2
14 [cH1:1][c:2]([cH0])!@;-[O:3][S:4] 2
15 [cH0:1][c:2]([cH0])!@;-[O:3][S:4] 2
16 [cH1:1][c:2]([cH1])!@;-[O:3][c:4] 1
17 [cH1:1][c:2]([cH0])!@;-[O:3][c:4] 1
18 [cH0:1][c:2]([cH0])!@;-[O:3][c:4] 2
19 [cH0:1][c:2]([cH0])!@;-[O:3][P:4] 2
20 [cH0:1][c:2]([cH0])!@;-[O:3][p:4] 2
21 [cH:1][c:2]([cH])!@;-[O:3][$(C([F])([F])[F]):4] 2
22 [cH0:1][c:2]([cH0])!@;-[O:3][CX4H0:4] 2
23 [a:1][c:2]([a])!@;-[O:3][CX4H0:4] 1
24 [cH1,n:1][c:2]!@;-[O:3][CRH1:4] 2
25 [cH1,n:1][c:2]!@;-[O:3][CH1:4] 2
26 [nX2H0:1][c:2]([cH0])!@;-[O:3][CX4H0:4] 1

Continued on next page
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27 [cH0:1][c:2]([nX2])!@;-[O:3][C:4] 1
28 [nX2:1][c:2]([nX2])!@;-[O:3][C:4] 2
29 [nX2:1][c:2]([nX3])!@;-[O:3][C:4] 1
30 [cH1:1][c:2]([nX3])!@;-[O:3][C:4] 1
31 [cH1:1][c:2]([nX2])!@;-[O:3][C:4] 1
32 [$([cH0]([CX3])):1][c:2]([cH1])!@;-[O:3][C:4] 1
33 [cH1:1][c:2](cO)!@;-[O:3][C:4] 1
34 [$(cO):1][c:2](cO)!@;-[O:3][C:4] 2
35 [cH0:1][c:2]([cH0])!@;-[O:3][C:4] 2
36 [cH0:1][c:2]([cH1])!@;-[O:3][C:4] 1
37 [cH1:1][c:2]([cH1])!@;-[O:3][C:4] 2
38 [a:1][c:2]!@;-[O:3][CX3H0:4] 2
39 [aH0:1][c:2]!@;-[OX2:3][!#1:4] 2
40 [!#1:1][CX4H0:2]!@;-[OX2:3][!#1:4] 1
41 [H:1][CX4H1:2]!@;-[OX2:3][!#1:4] 1
42 [C:1][CX4H2:2]!@;-[OX2:3][c:4] 1
43 [c:1][CX4H2:2]!@;-[OX2:3][C:4] 1
44 [C:1][CX4H2:2]!@;-[OX2:3][C:4] 1
45 [c:1][CX4H2:2]!@;-[OX2:3][c:4] 1
46 [!#1:1][CX4H2:2]!@;-[OX2:3][c:4] 1
47 [!#1:1][CX4H2:2]!@;-[OX2:3][C:4] 1
48 [c:1][CX4H2:2]!@;-[OX2:3][!#1:4] 1
49 [C:1][CX4H2:2]!@;-[OX2:3][!#1:4] 1
50 [!#1:1][CX4H2:2]!@;-[OX2:3][!#1:4] 1
51 [!#1:1][CX4:2]!@;-[OX2:3][!#1:4] 2
52 [$([CX3]=O):1][NX3H0:2](C)!@;-[CX4H2:3][C:4] 2
53 [$([CX3]=O):1][NX3H1:2]!@;-[CX4H2:3][C:4] 1
54 [$(S(=O)(=O)):1][NX3H0:2]!@;-[CX4H2:3][!#1:4] 2
55 [$(S(=O)(=O)):1][NX3H1:2]!@;-[CX4H2:3][!#1:4] 1
56 [$(S(=O)(=O)):1][NX3H0:2]!@;-[CX4H1:3][H:4] 2
57 [$(S(=O)(=O)):1][NX3H1:2]!@;-[CX4H1:3][H:4] 1
58 [$(S(=O)(=O)):1][NH1:2]!@;-[c:3][nX2:4] 2
59 [$(S(=O)(=O)):1][NH0:2]!@;-[c:3]([cH1])[cH1:4] 2
60 [$(S(=O)(=O)):1][NH1:2]!@;-[c:3]([cH1])[cH1:4] 1
61 [$(S(=O)(=O)):1][NH0:2]!@;-[c:3]([cH1])[cH0:4] 2
62 [$(S(=O)(=O)):1][NH1:2]!@;-[c:3]([cH1])[cH0:4] 1
63 [$(S(=O)(=O)):1][NH0:2]!@;-[c:3]([cH0])[cH0:4] 2
64 [$(S(=O)(=O)):1][NH1:2]!@;-[c:3]([cH0])[cH0:4] 2
65 [$(S(=O)(=O)):1][N:2]!@;-[c:3][a:4] 1
66 [O-:1][N+:2](=O)!@;-[c:3]([cH,nX2H0])[cH,nX2H0:4] 2
67 [O-:1][N+:2](=O)!@;-[c:3]([cH0])[cH,nX2H0:4] 2
68 [O-:1][N+:2](=O)!@;-[c:3]([cH0])[cH0:4] 2

Continued on next page

149



69 [O-:1][N+:2](=O)!@;-[c:3][a:4] 2
70 [cH0:1][c:2]([cH0])!@;-[NX3H1:3][C,c:4](˜[N,n]... 2
71 [cH0:1][c:2]([cH1])!@;-[NX3H1:3][C,c:4](˜[N,n]... 1
72 [cH0:1][c:2]([nX2H0])!@;-[NX3H1:3][C,c:4](˜[N,... 2
73 [cH1:1][c:2]([cH1])!@;-[NX3H1:3][C,c:4](˜[N,n]... 2
74 [nX2H0:1][c:2]([nX2H0])!@;-[NX3H1:3][C,c:4](˜[... 2
75 [nX2H0:1][c:2]([nX3H1])!@;-[NX3H1:3][C,c:4](˜[... 2
76 [a:1][a:2]!@;-[NH1:3][C,c:4](˜[N,n])(˜[N,n]) 2
77 [C:1][NH:2]!@;-[C:3](=[NH2:4])[NH2] 2
78 [NH2][C:1](=[NH2])[NH:2]!@;-[CH2:3][C:4] 1
79 [a:1][c:2]!@;-[NX2:3]=[$(C([NX3])n):4] 2
80 [nX2:1][c:2]!@;-[NX2:3]=[$(C([NX3])N):4] 2
81 [cH0:1][c:2]!@;-[NX2:3]=[$(C([NX3])N):4] 2
82 [cH1:1][c:2]!@;-[NX2:3]=[$(C([NX3])N):4] 2
83 [O:1]=[C:2]([NH1])!@;-[NX3H1:3](C=O)[H:4] 1
84 [O:1]=[C:2]!@;-[NX3H1:3](C=O)[H:4] 2
85 [O:1]=[C:2]!@;-[NX3:3](C=O)[*:4] 2
86 [$(C=O):1][NX3H1:2]!@;-[CX3:3]=[NX2:4] 2
87 [$(C=O):1][NX3H0:2]!@;-[CX3:3]=[*H0:4] 2
88 [$(C=O):1][NX3H0:2]!@;-[CX3:3]=[*H1:4] 1
89 [$(C=O):1][NX3H1:2]!@;-[CX3:3]=[*H2:4] 2
90 [$(C=O):1][NX3H1:2]!@;-[CX3:3]=[*H1:4] 1
91 [$(C=O):1][NX3H1:2]!@;-[CX3:3]=[*H0:4] 2
92 [$(C=O):1][NX3H0:2]!@;-[CX3H1:3]=[*:4] 1
93 [$(C=O):1][NX3H1:2]!@;-[CX3H1:3]=[*:4] 1
94 [$([C](=O)):1][NX3H0:2]!@;-[CX4H2:3][$([c]([cH... 2
95 [$(C=O):1][NX3H1:2]!@;-[CX4H2:3][$([c]([cH,nX2... 2
96 [$(C=O):1][NX3H0:2]!@;-[CX4H2:3][!#1:4] 2
97 [$(C=O):1][NX3H1:2]!@;-[CX4H2:3][!#1:4] 1
98 [$(C=O):1][NX3H0:2]!@;-[CX4H1:3][H:4] 2
99 [$(C=O):1][NX3H1:2]!@;-[CX4H1:3][H:4] 1
100 [$(C=O):1][NX3H0:2]!@;-[CX4H0:3][C:4] 1
101 [$(C=O):1][NX3H1:2]!@;-[CX4H0:3][C:4] 1
102 [$(C=O):1][NX3:2]!@;-[!#1:3][!#1:4] 1
103 [$([C](=O)([$([NX3H1]),$([NX3H2])])[NX3H1]):1]... 1
104 [$([C](=O)([$([NX3H1]),$([NX3H2])])[NX3H1]):1]... 1
105 [$([C](=O)):1][NX3H1:2]!@;-[$([a]([nH0,o])):3]... 1
106 [$([C](=O)([$([NX3H1]),$([NX3H2])])[NX3H1]):1]... 2
107 [$([C](=O)):1][NX3H1:2]!@;-[c:3]([cH])[nX2H0:4] 1
108 [$(C=O):1][NX3H0:2]!@;-[c:3]([s,o])[n:4] 1
109 [$(C=O):1][NX3H1:2]!@;-[c:3]([s,o])[n:4] 1
110 [$([C](=O)):1][NX3:2]!@;-[a:3](s)[a:4] 1
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111 [$(C=O):1][NX3:2]!@;-[a:3][nH:4] 1
112 [$(C=O):1][NX3H1:2]!@;-[c:3]([cH0]Cl)[cH:4] 1
113 [$(C=O):1][NX3H1:2]!@;-[c:3]([cH0]F)[cH:4] 1
114 [$(C=O):1][NX3:2]!@;-[$([a]([cH1])):3][$([aH0]... 1
115 [$(C=O):1][NX3:2]!@;-[a:3][aH0:4] 1
116 [$(C=O):1][NX3H1:2]!@;-[c:3]([cH1])[cH1:4] 2
117 [$(C=O):1][NX3H0:2]!@;-[c:3]([cH1])[cH1:4] 2
118 [$(C=O):1][NX3H0:2]!@;-[c:3]([cH0])[cH:4] 2
119 [$(C=O):1][NX3H1:2]!@;-[c:3]([cH0])[cH:4] 1
120 [$(C=O):1][NX3H0:2]!@;-[c:3]([cH0])[cH0:4] 2
121 [$(C=O):1][NX3H1:2]!@;-[c:3]([cH0])[cH0:4] 2
122 [O,S:1]=[C:2]([$([NX3H1]),$([NX3H2])])!@;-[$([... 2
123 [O:1]=[C:2]!@;-[$([NX3](c([nH1])n)):3][H:4] 1
124 [O:1]=[C:2](c)!@;-[$([NX3](c([nX2H0])([nX2H0])... 2
125 [O:1]=[CX3:2]([$([NX3H1]C)])!@;-[NX3H1:3][!#1:4] 1
126 [O:1]=[C:2]([!$([NH1])])!@;-[NX3H1:3]([H:4])[$... 1
127 [O,S:1]=[C:2]([$([NX3H1]),$([NX3H2])])!@;-[$([... 2
128 [O:1]=[C:2]!@;-[NX3H0:3]([a:4])[A] 2
129 [O:1]=[CX3:2](a)!@;-[NX3H0:3][!#1:4] 2
130 [O:1]=[CX3:2]!@;-[NX3H0:3][!#1:4] 2
131 [O:1]=[CX3:2]!@;-[NX3H1:3][!#1:4] 1
132 [CH0:1][NX3:2]([CH0])!@;-[c:3][a:4] 2
133 [CH0:1][NX3:2]([CH1])!@;-[c:3][a:4] 2
134 [cH1,nX2H0:1][c:2]([cH1,nX2H0])!@;-[NX3&r:3][*:4] 2
135 [a:1][c:2]!@;-[NX3H1:3][$([CX4&r]([C;r])([C;r]... 2
136 [cH1:1][c:2]([cH1])!@;-[NX3:3][CX4:4] 2
137 [cH0:1][c:2]([cH,nX2H0])!@;-[NX3H1:3][CX4:4] 1
138 [cH0:1][c:2]([cH,nX2H0])!@;-[NX3H0:3][CX4:4] 1
139 [cH0:1][c:2]([cH0])!@;-[NX3:3][CX4:4] 1
140 [c:1][c:2](c)!@;-[NX3:3][CX4:4] 1
141 [cH1:1][c:2]([cH1])!@;-[NX3:3][a:4] 2
142 [cH1:1][c:2]([cH0])!@;-[NX3:3][a:4] 1
143 [cH0:1][c:2]([cH0])!@;-[NX3:3][a:4] 2
144 [cH0:1][a:2]!@;-[NX3H0:3][$([CX3]=O):4] 2
145 [cH0:1][a:2]!@;-[NX3H1:3][$([CX3]=O):4] 1
146 [nX2H0:1][a:2]([nX2H0])!@;-[NX3H0:3][$([CX3]=O... 1
147 [nX2H0:1][$(a([!nX2H0])([nX2H0])!@;-[NX3H1]):2... 1
148 [nX2H0:1][a:2]!@;-[NX3H1:3][$([CX3]=O):4] 2
149 [a:1][a:2]!@;-[NX3H1:3][$([CX3]=O):4] 2
150 [a:1][a:2]!@;-[NX3:3][CX4H0:4] 1
151 [a:1][a:2]!@;-[NX3:3][!#1:4] 2
152 [O:1]=[CX3:2]!@;-[nX3:3]([aH0:4])([aH0]) 2
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153 [O:1]=[CX3:2]!@;-[nX3:3][aH1:4] 2
154 [a:1][CX3:2](=S)!@;-[NX3:3][a:4] 1
155 [!#1:1][CX3:2](=S)!@;-[NX3H0:3][!#1:4] 2
156 [!#1:1][CX3:2](=S)!@;-[NX3H1:3][!#1:4] 2
157 [!#1:1][CH2:2]!@;-[n:3][cH0:4] 2
158 [!#1:1][CH2:2]!@;-[n:3][a:4] 2
159 [cH0:1][n:2]!@;-[CX3H0:3]˜[$([n,N](-a)):4] 1
160 [CX4:1][CX4H2:2]!@;-[NX3:3][CX4:4] 1
161 [C:1][CX4H2:2]!@;-[NX3:3][C:4] 1
162 [C:1][CX4:2]!@;-[NX3:3][C:4] 1
163 [!#1:1][CX4H2:2]!@;-[NX3H1:3][!#1:4] 1
164 [!#1:1][CX4H2:2]!@;-[NX3:3][!#1:4] 1
165 [!#1:1][CX4H1:2]!@;-[NX3:3][!#1:4] 1
166 [!#1:1][CX4:2]!@;-[NX3:3][!#1:4] 1
167 [!#1:1][$(S(=O)=O):2]!@;-[nX3:3]([aH1])[aH1:4] 2
168 [!#1:1][$(S(=O)=O):2]!@;-[nX3:3][aH0:4] 2
169 [c:1][S:2](=O)(=O)!@;-[NX2H0-:3]-[*:4] 2
170 [*:1][$(S(=O)=O):2]!@;-[NX3H0&r:3][*:4] 2
171 [C:1][$(S(=O)=O):2]!@;-[NX3H1:3][c:4] 2
172 [C:1][$(S(=O)=O):2]!@;-[NX3H0:3][c:4] 2
173 [c:1][$(S(=O)=O):2]!@;-[NX3H1:3][C:4] 2
174 [c:1][$(S(=O)=O):2]!@;-[NX3H0:3][C:4] 2
175 [c:1][$(S(=O)=O):2]!@;-[NX3H1:3][c:4] 2
176 [c:1][$(S(=O)=O):2]!@;-[NX3H0:3][c:4] 2
177 [C:1][$(S(=O)=O):2]!@;-[NX3H1:3][C:4] 2
178 [C:1][$(S(=O)=O):2]!@;-[NX3H0:3][C:4] 2
179 [*:1][$(S(=O)=O):2]!@;-[NX3H1:3][*:4] 2
180 [*:1][$(S(=O)=O):2]!@;-[NX3H0:3][*:4] 2
181 [!#1:1][CX3:2]!@;-[SX2:3][!#1:4] 2
182 [!#1:1][CX4:2]!@;-[SX2:3][!#1:4] 2
183 [!#1:1][CX3:2]!@;-[SX3:3][!#1:4] 2
184 [!#1:1][CX4:2]!@;-[SX3:3][!#1:4] 1
185 [!#1:1][CX3:2]!@;-[SX4:3][!#1:4] 2
186 [H:1][CX4H1:2]!@;-[SX4:3][!#1:4] 1
187 [!#1:1][CX4:2]!@;-[SX4:3][!#1:4] 1
188 [aH1:1][c:2]([aH1])!@;-[SX2:3][!#1:4] 1
189 [aH1:1][c:2]([aH0])!@;-[SX2:3][*R:4] 1
190 [aH1:1][c:2]([aH0])!@;-[SX2:3][!#1:4] 1
191 [aH0:1][c:2]([aH0])!@;-[SX2:3][!#1:4] 1
192 [!#1:1][c:2]!@;-[SX2:3][!#1:4] 2
193 [!#1:1][c:2]!@;-[SX3:3][!#1:4] 2
194 [aH1:1][c:2]([aH1])!@;-[SX4:3][!#1:4] 2
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195 [aH0:1][c:2]([aH1])!@;-[SX4:3][!#1:4] 1
196 [aH0:1][c:2]([aH0])!@;-[SX4:3][!#1:4] 2
197 [O:1]=[CX3:2]([NH1])!@;-[CH2:3][CX3:4]=O 1
198 [O:1]=[CX3:2]([NH1])!@;-[CH2:3][C:4] 1
199 [$([CX3]([C])([H])):1]=[CX3:2]([C])!@;-[CH2:3]... 1
200 [$([CX3]([C])([H])):1]=[CX3:2]([H])!@;-[CH1:3]... 1
201 [$([CX3]([C])([H])):1]=[CX3:2]([H])!@;-[CH2:3]... 1
202 [N:1][C:2](=O)!@;-[CX4H2:3][CX4H2:4] 1
203 N[C:2](=[O:1])!@;-[CH2:3][N:4] 2
204 [O:1]=[C:2]([O-])!@;-[CX4H1:3][H:4] 1
205 [CX3H2:1]=[CX3:2]!@;-[CX3:3]=[C:4] 1
206 [CX3:1]=[CX3:2]!@;-[CH2:3][OX2:4] 1
207 [CX3:1]=[CX3:2]!@;-[CH1:3](C)[C:4] 1
208 [CX3:1]=[CX3:2]!@;-[CH2:3][C:4] 1
209 [CX3:1]=[CX3:2]!@;-[CH2:3][c:4] 1
210 [CX3:1]=[CX3:2]!@;-[CH2:3][!#1:4] 1
211 [O:1]=[CX3:2](O)!@;-[CX3:3]([$([NH1,NH2,CH2])]... 2
212 [O:1]=[CX3:2]!@;-[CX3:3]=[O:4] 1
213 [CX3R:1]=[CX3R:2]!@;-[CX3:3]=[CX3:4] 2
214 [CX3H0:1]=[CX3H0:2]!@;-[CX3:3]=[CX3H0:4] 1
215 [CX3H0:1]=[CX3H0:2]!@;-[CX3H0:3]=[CX3:4] 2
216 [CX3H0:1]=[CX3:2]!@;-[CX3H0:3]=[CX3:4] 1
217 [CX3H0:1]=[CX3H0:2]!@;-[CX3:3]=[CX3:4] 1
218 [CX3:1]=[CX3:2]!@;-[CX3:3]=[CX3:4] 1
219 [*ˆ2:1]˜[Cˆ2:2]([!H])!@;-[Cˆ2:3]˜[*ˆ2:4] 2
220 [*ˆ2:1]˜[Cˆ2:2]!@;-[Cˆ2:3]˜[*ˆ2:4] 2
221 [O:1]=[CX3:2]!@;-[CX4&r3:3]!@[!#1:4] 2
222 [O:1]=[CX3:2]!@;-[CX4H1&r3:3][H:4] 2
223 [OX2:1][CX4H2:2]!@;-[CX4H2:3][N&r:4] 1
224 [OX2:1][CX4H2:2]!@;-[CX4H2:3][N:4] 1
225 [OX2:1][CX4:2]!@;-[CX4:3][N:4] 1
226 [OX2:1][CX4H2:2]!@;-[CX4H2:3][OX2:4] 1
227 [OX2:1][CX4:2]!@;-[CX4:3][OX2:4] 1
228 [!#1:1][CX4&r:2]!@;-[CX4&r:3][!#1:4] 1
229 [!#1:1][CX4H2:2]!@;-[CX4H2:3][!#1:4] 1
230 [!#1:1][CX4:2]!@;-[CX4:3][!#1:4] 1
231 [OX2:1][CX4H2:2]!@;-[CX3:3]([$([NX3H1,NX3H2])]... 2
232 [OH1:1][CX4:2]!@;-[CX3:3]=[O:4] 2
233 [NH1:1][CX4:2]!@;-[CX3:3]=[O:4] 2
234 [O:1][CX4:2]!@;-[CX3:3]=[O:4] 2
235 [N:1][CX4:2]!@;-[CX3:3]=[O:4] 2
236 [C:1][CX4H2:2]!@;-[CX3:3]=[O:4] 1
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237 [c:1][CX4H2:2]!@;-[CX3:3]=[O:4] 1
238 [!#1:1][CX4H2:2]!@;-[CX3:3]=[O:4] 2
239 [c:1][CX4:2]!@;-[CX3:3]=[O:4] 1
240 [C:1][CX4:2]!@;-[CX3:3]=[O:4] 1
241 [!#1:1][CX4:2]!@;-[CX3:3]=[O:4] 1
242 [c:1][CX4:2]!@;-[CX3:3][C:4] 1
243 [C:1][CX4:2]!@;-[CX3:3][c:4] 1
244 [c:1][CX4:2]!@;-[CX3:3][c:4] 2
245 [C:1][CX4:2]!@;-[CX3:3][C:4] 1
246 [!#1:1][CX4:2]!@;-[CX3H0:3][!#1:4] 1
247 [H:1][CX4H1:2]!@;-[CX3:3][!#1:4] 2
248 [!#1:1][CX4H2:2]!@;-[CX3:3][!#1:4] 1
249 [$([cH0]([$([NX3H2]),$([NX3H1])])):1][a:2]!@;-... 2
250 [nH0:1][c&r6:2]([nH0])!@;-[c&r6:3]([nH0])[nH0:4] 2
251 [nH0&r6:1][c&r6:2]([nH0&r6])!@;-[c&r6:3]([cH1&... 2
252 [nH0&r6:1][c&r6:2]([nH0&r6])!@;-[c&r6:3]([cH1&... 2
253 [c:1][c:2]!@;-[c:3][$(c!@c):4] 2
254 [cH0:1][c:2]([cH0])!@;-[c:3]([cH0:4])[cH0] 2
255 [cH0:1][c:2]([cH0])!@;-[c:3]([cH0:4])[cH1] 2
256 [cH0:1][c:2]([cH1])!@;-[c:3]([cH0:4])[cH1] 2
257 [cH0:1][c:2]([cH0])!@;-[c:3]([cH1:4])[cH1] 2
258 [cH0:1][c:2]([cH1])!@;-[c:3]([cH1:4])[cH1] 1
259 [cH1:1][c:2]([cH1])!@;-[c:3]([cH1:4])[cH1] 2
260 [nX2H0:1][c:2]!@;-[c:3][nX3H1:4] 2
261 [nX2H0:1][c:2]([!nX2H0])!@;-[c:3]([!nX2H0])[nX... 1
262 [nX2H0:1][$(c([nX2H0])(a(a)(a))!@;-c[nX2H0]):2... 1
263 [nX2H0:1][$([c&r6](c[OH])):2]!@;-[$([c&r6](c[O... 1
264 [c:1][c:2]!@;-[c:3][s,o,nX3H1:4] 1
265 [cH0:1][c:2]([cH0])!@;-[c:3][nX2H0:4] 2
266 [cH0:1][c:2]!@;-[c:3]([cH0])[nX2H0:4] 2
267 [c:1][c:2]!@;-[c:3]([cH0])[nX2H0:4] 1
268 [c:1][c:2]([cH0])!@;-[c:3][nX2H0:4] 2
269 [cH1:1][c:2]!@;-[c:3]([cH1])[nX2H0:4] 2
270 [c:1][c&r5:2]!@;-[c&r5:3][c:4] 2
271 [c:1][c&r6:2]!@;-[c&r5:3][c:4] 1
272 [c:1][c&r6:2]!@;-[c&r6:3][cH0:4] 2
273 [c:1][c&r6:2]!@;-[c&r6:3][c:4] 1
274 [c:1][c:2]!@;-[c:3][c:4] 1
275 [nX2&r6:1][cH0&r6:2]([cH1&r6])!@;-[CX4H2:3][O!... 1
276 [cH0:1][c:2]!@;-[CX4H0:3][a:4] 1
277 [cH0:1][c:2]!@;-[CX4H0:3][N,O,S:4] 1
278 [cH0:1][c:2]!@;-[CX4H0:3][CX3:4] 1
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279 [cH0:1][c:2]!@;-[CX4H0:3][CX4:4] 1
280 [cH0:1][c:2]!@;-[CX4H0:3][*:4] 1
281 [cH0:1][c:2]!@;-[CX4H2:3][a:4] 2
282 [cH0:1][c:2]!@;-[CX4H2:3][CX3:4] 2
283 [cH1:1][c:2]([cH1])!@;-[CX4H2:3][$([CX4H1]C(=O... 2
284 [cH1:1][c:2]([cH1])!@;-[CX4H2:3][CX4:4] 2
285 [cH0:1][c:2]!@;-[CX4H2:3][CX4:4] 2
286 [cH0:1][c:2]!@;-[CX4H2:3][N,O,S:4] 2
287 [cH0:1][c:2]!@;-[CX4H2:3][!#1:4] 2
288 [cH0:1][c:2]!@;-[CX4H1:3][a:4] 2
289 [cH0:1][c:2]!@;-[CX4H1:3][CX4:4] 2
290 [cH0:1][c:2]!@;-[CX4H1:3][CX3:4] 1
291 [cH0:1][c:2]!@;-[CX4H1:3][N,O,S:4] 1
292 [cH0:1][c:2]!@;-[CX4H1:3][H:4] 2
293 [a:1][c:2]!@;-[CX4H0:3][a:4] 2
294 [a:1][c:2]!@;-[CX4H0:3][CX3:4] 1
295 [a:1][c:2]!@;-[CX4H0:3][CX4:4] 1
296 [a:1][c:2]!@;-[CX4H0:3][N,O:4] 2
297 [a:1][c:2]!@;-[CX4H2:3][a:4] 2
298 [a:1][c:2]!@;-[CX4H2:3][CX3:4] 2
299 [n,o,s:1][c:2]!@;-[CX4H2:3][CX4:4] 1
300 [a:1][c:2]!@;-[CX4H2:3][!#1:4] 2
301 [a:1][c:2]!@;-[CX4H1:3][N,O:4] 1
302 [a:1][c:2]!@;-[CX4H1:3][a:4] 2
303 [a:1][c:2]!@;-[CX4H1:3][H:4] 2
304 [nX2H0:1][c:2]!@;-[C:3](=[N:4])(-[NH1,NH2]) 2
305 [a:1][c:2]!@;-[C:3](=[$([N][CX4]):4])([$(N[CX4... 2
306 [a:1][c:2]!@;-[C:3](=[$([NH0][CX4]):4])(-N) 2
307 [a:1][c:2]!@;-[C:3](=[$([N][!#1]):4])([$(N(C)[... 2
308 [a:1][c:2]!@;-[C:3](=[$([N][!#1]):4])([$(N(C)˜... 2
309 [a:1][c:2]!@;-[C:3](=[N:4])(-N) 2
310 [O:1]=[C:2]([O-])!@;-[c:3][$(aC(=O)(O)):4] 2
311 [O:1]=[C:2]([O-])!@;-[c:3][nX3H1:4] 2
312 [O:1]=[C:2]([O-])!@;-[c:3][nX2H0:4] 2
313 [O:1]=[C:2]([O-])!@;-[c:3]([cH0])[cH0:4] 1
314 [O:1]=[C:2]([O-])!@;-[c:3]([cH1])[$([cH0][NH1,... 2
315 [O:1]=[C:2]([O-])!@;-[c:3]([cH1])[cH0:4] 2
316 [O:1]=[C:2]([O-])!@;-[c:3]([cH1])[cH1:4] 2
317 [O:1]=[C:2]([O-])!@;-[c:3][a:4] 2
318 [$([c]([NH1,NH2])):1][c:2]!@;-[CX3:3]([!O])=[O:4] 1
319 [$(a[OH1]):1][a:2]!@;-[CX3:3]([NX3H0,CX4H0,c])... 1
320 [$(a[NH1,NH2]):1][a:2]!@;-[CX3:3]([NX3H0,CX4H0... 1

Continued on next page

155



321 [cH0:1][c:2]([cH1])!@;-[CX3:3](c)=[O:4] 1
322 [cH1:1][c:2]([cH1])!@;-[CX3:3](c)=[O:4] 2
323 [a:1][a:2]!@;-[CX3:3](a)=[O:4] 1
324 [$([cH0](=O)):1][c:2]([cH1])!@;-[CX3:3]([NX3H1... 1
325 [nH0&r6:1][c&r6:2]([cH1&r6])!@;-[C:3]([NH1,NH2... 1
326 [s:1][c:2]!@;-[C:3]([NH1])=[O:4] 2
327 [$([cH0]Cl):1][c:2]([cH1])!@;-[CX3:3]([NX3H1])... 2
328 [$([cH0]F):1][c:2]([cH1])!@;-[CX3:3]([NX3H1])=... 1
329 [$([cH0][OH0]):1][c:2]([cH1])!@;-[C:3](=O)[NH1:4] 1
330 [$([cH0][OH1]):1][c:2]([cH1])!@;-[C:3](=O)[NH1:4] 2
331 [cH0:1][c:2]([cH1])!@;-[CX3:3]([NX3H1])=[O:4] 1
332 [cH0:1][c:2]([cH1])!@;-[CX3:3]([NX3H0])=[O:4] 2
333 [cH1:1][c:2]([cH1])!@;-[C:3]([NH1,NH2])=[O:4] 2
334 [a:1][c:2]!@;-[C:3]([NH0])=[O:4] 1
335 [a:1][c:2]!@;-[C:3]([NH1,NH2])=[O:4] 2
336 [s:1][c:2]([aX2,cH1])!@;-[CX3:3](O)=[O:4] 2
337 [s:1][c:2]([aX2,cH1])!@;-[CX3:3]=[O:4] 1
338 [$([cH0](F)):1][c:2]([cH1])!@;-[CX3:3]([O,N])=... 2
339 [$([cH0]F):1][c:2]([cH1])!@;-[CX3:3]=[O:4] 1
340 [$([cH0](Cl)):1][c:2]([cH1])!@;-[CX3:3]([CX3H]... 1
341 [$([cH0](Cl)):1][c:2]([cH1])!@;-[CX3H:3]=[O:4] 1
342 [$([cH0](Cl)):1][c:2]([cH1])!@;-[CX3:3](O)=[O:4] 2
343 [nX3H1:1][a:2]!@;-[CX3:3]=[O:4] 2
344 [nX2H0:1][c:2]([cH1])!@;-[CX3H1:3]=[O:4] 1
345 [nX2H0&r6:1][c&r6:2]([c&r6])!@;-[CX3:3]([!O])=... 1
346 [nX2H0:1][a:2]([nX2H0])!@;-[CX3:3]=[O:4] 2
347 [$([cH0]!@;-[*ˆ2]):1][c:2]([cH1])!@[CX3:3]=[O:4] 2
348 [cH0:1][c:2]([cH1])!@;-[CX3:3]=[O:4] 2
349 [cH0:1][c:2]([cH0])!@;-[CX3:3]=[O:4] 1
350 [cH1:1][c:2]([cH1])!@;-[CX3:3]([CX3H0])=[O:4] 2
351 [cH1:1][c:2]([cH1])!@;-[CX3:3]=[O:4] 2
352 [a:1][a:2]!@;-[CX3:3]=[O:4] 2
353 [cH1:1][c:2]([nX2])!@;-[CX3:3]=[NX3:4] 2
354 [cH1:1][c:2]([nX3H1])!@;-[CX3:3]=[NX2:4] 1
355 [cH1:1][c:2]([nX2])!@;-[CX3:3]=[NX2:4] 2
356 [cH1:1][c:2]([$([cH0][OH1])])!@;-[CX3:3]=[NX2:4] 1
357 [cH1:1][c:2]([cH0])!@;-[CX3x0:3]=[NX2:4] 2
358 [cH1:1][c:2]([cH1])!@;-[CX3:3]=[NX2:4] 2
359 [cH0:1][c:2]([cH0])!@;-[CX3!r:3]=[NX2!r:4] 2
360 [a:1][c:2]!@;-[CX3:3]=[CX3H0:4] 2
361 [a:1][a:2]!@;-[CX3:3]=[CX3H2:4] 2
362 [a:1][a:2]!@;-[CX3:3]=[CX3H1:4] 2
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363 [*:1][SX2:2]!@;-[SX2:3][*:4] 2
364 sp2-sp2 2
365 sp2-sp3 3
366 sp3-sp3 3

157



T
ab

le
A

.2
:

S
M

A
R

T
S

p
at

te
rn

s
an

d
th

e
at

om
n
u
m

b
er

s
th

at
d
efi

n
e

th
e

to
rs

io
n

an
gl

es
.

T
h
e

at
om

n
u
m

b
er

s
(1

-4
)

an
d

(5
-8

)
d
efi

n
e

th
e

fi
rs

t
an

d
th

e
se

co
n
d

to
rs

io
n

an
gl

es
re

sp
ec

ti
ve

ly
.

T
h
e

S
M

A
R

T
S

p
at

te
rn

in
b

ol
d

is
th

e
p
at

te
rn

d
efi

n
ed

in
(C

ol
e

et
al

.,
20

18
)

P
at

te
rn

N
u
m

b
er

S
M

A
R

T
S

1
2

3
4

5
6

7
8

1
[a

][
a]

!@
;-

[C
X

3]
(=

[C
X

3]
)!

@
;-

[a
][
a]

0
1

2
4

1
2

4
5

2
[a

][
a]

!@
;-

[N
X

3H
1]

!@
;-

[C
X

3]
(=

S
)[

!#
1]

0
1

2
3

1
2

3
5

3
[a

][
c]

!@
;-

[C
X

4H
0]

([
C

X
3,

N
])

!@
;-

[c
][
a]

0
1

2
4

1
2

4
5

4
[a

][
c]

!@
;-

[C
X

4H
1]

([
N

,O
,H

])
!@

-[
c]

[a
]

0
1

2
4

1
2

4
5

5
[a

][
c]

!@
;-

[C
H

2]
!@

;-
[n

][
a]

0
1

2
3

1
2

3
4

6
[a

][
c]

!@
;-

[C
X

4H
2]

!@
;-

[O
X

2]
[C

]
0

1
2

3
1

2
3

4
7

[a
][
c]

!@
;-

[C
X

4H
1]

!@
;-

[O
X

2]
[!
#

1]
0

1
2

3
1

2
3

4
8

[c
][
c]

!@
;-

[C
X

4]
!@

;-
[c

][
c]

0
1

2
3

1
2

3
4

9
[c

H
0]

[c
]!
@

;-
[C

X
4H

2]
!@

;-
[a

][
a]

0
1

2
3

1
2

3
4

10
[c

H
0]

[c
](

[c
H

0]
)!

@
;-

[N
X

3]
!@

;-
[a

][
a]

0
1

3
4

1
3

4
5

11
[c

H
1]

[c
](

[c
H

1]
)!

@
;-

[N
X

3]
([

C
X

4]
)!

@
;-

[a
][
a]

0
1

3
5

1
3

5
6

12
[!
#

1]
[c

]!
@

;-
[S

X
2]

!@
;-

[c
][
aH

1,
aH

0]
0

1
2

3
1

2
3

4
13

[!
#

1]
[N

X
3H

0]
!@

;-
[C

](
=

O
)!

@
;-

[O
][
C

H
0]

0
1

2
4

1
2

4
5

14
[C

X
3,

C
X

4]
[C

X
4H

2]
!@

;-
[C

](
=

O
)!

@
;-

[O
]˜

[C
]

0
1

2
4

1
2

4
5

15
[N

,O
,N

H
1,

O
H

1]
[C

X
4]

!@
;-

[C
](

=
O

)!
@

;-
[O

]˜
[C

]
0

1
2

4
1

2
4

5
16

[C
,c

][
N

H
]!

@
;-

[C
](

=
S
)!

@
;-

[N
H

][
C

,c
]

0
1

2
4

1
2

4
5

17
[a

H
1]

[c
](

[a
H

1]
)!

@
;-

[$
(S

(=
O

)=
O

)]
!@

;-
[N

X
3H

0]
[*

]
0

1
3

4
1

3
4

5
18

[O
]=

[C
]!
@

;-
[O

]!
@

;-
[C

X
4H

0]
[!
#

1]
0

1
2

3
1

2
3

4
19

[O
]=

[C
]!
@

;-
[N

X
3H

0]
(A

)!
@

;-
[a

][
cH

0]
0

1
2

4
1

2
4

5

158



Table A.3: Molecules used in BOA comparison.

Target Number of rotatable bonds

astex 1p62 2
astex 1jd0 3
omegacsd PAPPHI 3
omegacsd PEXFED 3
omegapdb 1uwc 3
omegapdb 1d3g 3
omegacsd YINDII 3
omegacsd GALMOV 3
omegacsd KAVLIC 3
astex 1n2j 3
omegacsd WESZOJ 3
omegacsd DUXYOK 3
omegacsd YAHBOY 3
omegapdb 2aw1 3
omegacsd MINTSA 3
omegacsd CPIPLA 3
astex 1q1g 3
omegacsd FABWUA10 3
omegapdb 1syh 3
omegacsd CEVTUS 3
omegacsd JUDLUP 3
omegacsd GEKWAU 3
omegapdb 2evc 3
omegapdb 2flb 3
omegacsd CMSMOC 3
omegacsd DENBUT 4
omegacsd PIKDIW 4
omegacsd SIHVUA 4
omegacsd WIKJOP 4
omegacsd MATSTA10 4
omegapdb 1ofd 4
omegapdb 1y6q 4
omegacsd MTBPNP 4
omegacsd FOJZUZ 4
omegacsd GINKUJ 4
omegacsd YOPRAW 4
omegacsd BAJZOB10 4
omegapdb 1qy5 4
omegacsd BUTDID 4
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Table A.3: Molecules used in BOA comparison.

Target Number of rotatable bonds

omegacsd GIHKAJ 4
omegacsd VUGDEG 4
astex 1tow 4
omegacsd CAGXEN 4
omegacsd KEBVES 4
omegacsd ABHYTZ 4
omegapdb 2g8n 4
omegapdb 1gz8 4
omegacsd TAPBZO 4
omegapdb 1yc1 4
omegacsd FOLMEY 4
omegapdb 1uf7 4
omegacsd CELDEC 4
omegacsd DENDAC 4
omegacsd CODYUP10 4
astex 1tz8 4
astex 1opk 4
omegacsd EHMPYX10 4
omegapdb 1g6c 4
omegacsd YUKKUK 4
omegacsd DIGSIV 4
omegapdb 2cbs 4
omegacsd DAWRAU 4
omegacsd EITDZL 4
omegacsd DIZREJ 4
omegapdb 1s8j 4
omegacsd LETBUH 4
omegacsd CMPEPI 4
omegapdb 1o3l 4
omegacsd VOPDIN 4
omegacsd GEJJUA 4
omegapdb 1rf6 4
omegacsd LIKMEX 5
omegacsd DIZWAK 5
omegacsd YICPIJ 5
omegacsd DEBBER 5
omegacsd CETZOQ 5
omegacsd VEYRAS 5
omegapdb 1v2k 5
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Table A.3: Molecules used in BOA comparison.

Target Number of rotatable bonds

omegacsd NBPENC 5
omegacsd WAVTIW 5
omegacsd COKTAX 5
omegacsd BTHYDX 5
omegacsd WAMZAL 5
omegacsd BHMPET 5
omegacsd ACPIXZ 5
omegacsd VURTOR 5
omegapdb 1uf8 5
omegacsd CBZHYX 5
omegacsd LACPAG 5
omegacsd FOLYIO 5
omegacsd CLPNXA 5
omegacsd YAHFAO 5
omegacsd VIBWIM 5
omegapdb 1w9u 5
omegacsd KICRIX 5
omegacsd HEXFEV 5
omegacsd YUYJEH 5
omegacsd SILTUC 6
omegacsd TAPSOS 6
omegacsd DAFVUB 6
omegapdb 1h1s 6
omegacsd BENPRL 6
omegacsd SISYIC 6
omegacsd CMANPQ 6
omegacsd FLPNTX10 6
omegapdb 2gss 6
omegacsd PMEPEN 6
astex 1v48 6
omegacsd FOYLIO 6
omegacsd SURREC 6
omegapdb 2j34 6
omegacsd CFBPBI 6
omegacsd ACENHT 6
omegacsd FAHXIV 6
omegacsd PEPHEX 6
omegacsd FBPAZD 6
astex 1mzc 6

Continued on next page
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Table A.3: Molecules used in BOA comparison.

Target Number of rotatable bonds

omegacsd PMBSAN10 6
omegacsd HALDOL 6
omegacsd AOPCHY 6
omegacsd FUJRUX 6
omegacsd FANRER 6
omegapdb 6prc 6
omegacsd BEKDIE 6
omegacsd LEDWAS 6

Table A.4: Molecules that excluded from the analysis (MMFF94).

SMILES Name

O(c1ccc(Nc2c3ccccc3[nH]c2c2ccccc2)cc1)C OMEGACSD PMPAIN
S(c1ccccc1)c1ncc(n1C)[C@H](O)c1ccccc1 OMEGACSD VUSKID
N(C(C)C)(C(=O)c1ccc(cc1)C)c1c(sc(c1)c1ccccc1)C(=O)O OMEGAPDB 1yvx
N1C(=O)/C(=C(\CCC(=O)OC)/c2ccccc2)/C=C1c1ccccc1 OMEGACSD FAXPUP
O=C(CCC)OC[C@@H](OC(=O)CCC)CO[P@@](=O)([O-])O
[C@@H]1 [C@H](O)[C@H](O)[C@@H]
(OP(=O)([O-])[O-])[C@H](O)[C@H]1O DB4 4MXP A

Table A.5: Molecules that excluded from the analysis (GFN2).

SMILES Name

COc1c(ccc(c1)Cc1c2cc(c(cc2ccn1)OC)OC)OC OMEGACSD MVERIQ
O=P([O-])([O-])O[P@](=O)([O-])OCCc1c(C)c(c(s1)
[C@H](O)CO)Cc1cnc(C)nc1N 1U0 4KXY A
O=C(N[O-])[C@@H](CCCC[NH2+]Cc1ccc(cc1)F)
C[C@@H](OC)c1ccc(cc1)F 0LX 4DV8 A
c1cc(c(cc1C(c1ccc(c(c1)C)OC[C@@H](C(C)(C)C)O)
(CC)CC)C)O[C@H](CCO)CO YR4 3AUN A
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Table A.6: RMSD: Wilcoxon signed-rank test on each method pair. Case 1: the
lowest energy conformations found by either BOA or uniform random search is used as
reference conformation. Molecules with three or fewer rotatable bonds (Nrotor : 1, 2, 3)
and molecules with five or more rotatable bonds (Nrotor : 5, 6) are grouped together
respectively due to small sample size. Case 2: the lowest energy conformation found
by Confab is used as reference conformation. Molecules with three or fewer rotatable
bonds (Nrotor : 1, 2, 3) are grouped together due to small sample size. The p-values
are rounded to 2 significant figures.

Nrotor

Method Pairs Case 1,2,3 4 5 6
EI-Uniform 1 3.7× 10−10 6.5× 10−5 1.0× 10−3

EI-Confab 1 0.04 0.04 0.32
EI-LCB 1 0.03 0.67 1.0
LCB-Confab 1 0.64 0.24 0.73
LCB-Uniform 1 2.6× 10−7 6.1× 10−6 5.5× 10−5

Confab-Uniform 1 3.1× 10−9 8.7× 10−8 1.5× 10−4

EI-LCB 2 0.03 0.66 0.96 0.76
EI-Uniform 2 3.7× 10−10 6.5× 10−5 0.06 3.1× 10−3

LCB-Uniform 2 2.6× 10−7 6.1× 10−6 3.1× 10−3 4.8× 10−3

Table A.7: TFD: Wilcoxon signed-rank test on each method pair.Case 1: the lowest
energy conformations found by either BOA or uniform random search is used as
reference conformation. Molecules with three or fewer rotatable bonds (Nrotor : 1, 2, 3)
and molecules with five or more rotatable bonds (Nrotor : 5, 6) are grouped together
respectively due to small sample size. Case 2: the lowest energy conformation found
by Confab is used as reference conformation. Molecules with three or fewer rotatable
bonds (Nrotor : 1, 2, 3) are grouped together due to small sample size. The p-values
are rounded to 2 significant figures.

Nrotor

Method Pairs Case 1,2,3 4 5 6
EI-Uniform 1 1.3× 10−8 2.1× 10−5 3.1× 10−4

EI-Confab 1 0.70 0.14 0.14
EI-LCB 1 0.07 0.94 0.74
LCB-Confab 1 0.14 0.16 0.26
LCB-Uniform 1 1.0× 10−6 2.1× 10−5 4.9× 10−4

Confab-Uniform 1 9.9× 10−10 5.0× 10−6 9.0× 10−6

EI-LCB 2 0.07 0.94 0.61 0.91
EI-Uniform 2 1.3× 10−8 2.1× 10−5 0.01 0.01
LCB-Uniform 2 1.0× 10−6 2.1× 10−5 5.1× 10−3 0.04
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Table A.8: Wilcoxon signed rank test versus number of rotatable bonds with MMFF94
as energy function. BOA-EI and BOKEI are the Bayesian optimization with standard
expected improvement and knowledge-based expected improvement respectively. GA
represents the Genetic algorithm. We tested whether BOKEI found lower energy con-
formations than the two other methods, GA and BOA-EI, in the search (i.e. one-sided
test). R (3.4.4) (R Core Team, 2020) was used to perform the hypothesis test. As
the number of molecules with more than 10 rotatable bonds were small, we grouped
the molecules with 11-13 and 14-18 rotatable bonds together when performing statis-
tical test. The test showed the energy difference (between BOKEI and BOA-EI) was
statistically significant (p < 0.01) across all rotatable bonds. The energy difference
(between BOKEI and GA) were statistically significant up to ten rotatable bonds.

Number of rotatable bonds BOKEI BOA-EI GA
2 NA 3.82e-05 3.82e-06
3 NA 1.50e-08 1.23e-10
4 NA 3.04e-06 2.16e-13
5 NA 3.42e-11 3.54e-16
6 NA 9.84e-09 3.66e-13
7 NA 8.15e-06 1.05e-11
8 NA 1.14e-07 1.66e-05
9 NA 1.25e-06 1.75e-05
10 NA 2.21e-05 4.17e-07
11-13 NA 4.00e-03 0.06
14-18 NA 1.00e-03 1
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Table A.9: Wilcoxon signed rank test across number of rotatable bonds on all stochas-
tic search algorithms with GFN2 as energy function. BOKEI and BOA-EI stand for
Bayesian optimization with standard expected improvement and knowledge-based ex-
pected improvement respectively. We would like to test whether BOKEI found lower
energy conformation than BOA-EI in the search (i.e. one-sided test). We performed
the statistical test in R (3.4.4) (R Core Team, 2020). As the number of molecules
with more than 10 rotatable bonds were small, we grouped the molecules with 11-13
together when performing statistical test. The test showed the energy difference (be-
tween BOKEI and BOA-EI) was statistically significant (p < 0.01) across all rotatable
bonds.

Number of rotatable bonds BOKEI BOA-EI
2 NA 7.90e-04
3 NA 1.41e-06
4 NA 3.41e-08
5 NA 9.31e-07
6 NA 1.21e-04
7 NA 2.02e-06
8 NA 9.84e-07
9 NA 1.34e-04
10 NA 2.34e-04
11-13 NA 6.14e-03
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Figure A.1: Mixture models for correlated torsion. The contour plot indicates the log
density of the mixture model and the points (in red) mark the mean location for the
components.
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Figure A.1: Mixture models for correlated torsions. The contour plot indicates the
log density of the mixture model and the points (in red) mark the mean location for
the components. (Continued)
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Figure A.1: Mixture models for correlated torsions. The contour plot indicates the
log density of the mixture model and the points (in red) mark the mean location for
the components.(Continued)
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Figure A.1: Mixture models for correlated torsion. The contour plot indicates the log
density of the mixture model and the points (in red) mark the mean location for the
components. (Continued)
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Figure A.1: Mixture models for correlated torsion. The contour plot indicates the log
density of the mixture model and the points (in red) mark the mean location for the
components. (Continued)
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Figure A.1: Mixture models for correlated torsions. The contour plot indicates the
log density of the mixture model and the points (in red) mark the mean location for
the components.(Continued)
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Figure A.1: Mixture models for correlated torsion. The contour plot indicates the log
density of a mixture model and the points (in red) mark the mean location for the
components.(Continued)
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Figure A.1: Mixture models for correlated torsion. The contour plot indicates the log
density of a mixture model and the points (in red) mark the mean location for the
components.(Continued)
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Figure A.1: Mixture models for correlated torsions. The contour plot indicates the
log density of the mixture model and the points (in red) mark the mean location for
the components. (Continued)
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Figure A.1: Mixture models for correlated torsions. The contour plot indicates the
log density of the mixture model and the points (in red) mark the mean location for
the components. (Continued)
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Appendix B

Table B.1: Reference Bond Lengths. Aromatic atoms are represented by lower case.

Bond Ring Size, N Bond Length (Å)
C—C 5 1.535
C=C 5 1.339
c—c 5 1.403

C—C 6 1.531
C=C 6 1.336
c—c 6 1.388

C—C 7 1.530
C=C 7 1.339
c—c 7 1.390

Table B.2: Reference Bond Angles. Aromatic atoms are represented by lower case.

Bond Angle Ring Size, N Bond Angle (rad)
C—C—C 5 1.816
C=C—C 5 1.904
c—c—C 5 1.859
C—C—C 6 1.931
C=C—C 6 2.132
c—c—C 6 2.097
C—C—C 7 1.979
C=C—C 7 2.188
c—c—C 7 2.256
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Table B.3: Partitioning of a Projected Planar Ring into Segments S1, S2 and S3.
The number of atoms, bonds, and angles in each of the three segments are given for
N -membered rings of varying size.

# Atoms in Segment # Bonds in Segment # Angles in Segment
N S1 S2 S3 S1 S2 S3 S1 S2 S3

5 3 2 3 2 1 2 1 0 1
6 3 3 3 2 2 2 1 1 1
7 3 4 3 2 3 2 1 2 1
8 4 3 4 3 2 3 2 1 2
9 4 4 4 3 3 3 2 2 2
10 4 5 4 3 4 3 2 3 2
11 5 4 5 4 3 4 3 2 3
12 5 5 5 4 4 4 3 3 3
13 5 6 5 4 5 4 3 4 3
14 6 5 6 5 4 5 4 3 4
15 6 6 6 5 5 5 4 4 4
16 6 7 6 5 6 5 4 5 4
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Table B.8: Molecules in the benchmarks set.

Name SMILES
cyclopentane C1CCCC1
cyclopentanol C1CCCC1O
cyclopentene C1=CCCC1
2-methylcyclopent-2-en-1-ol CC1=CCCC1O
cyclopent-2-ene-1,5-dione C1C=CC(=O)C1=O
cyclohexane C1CCCCC1
methylcyclohexane CC1CCCCC1
4,4-dimethylcyclohexanone O=C1CCC(C)(C)CC1
cyclohexene C1=CCCCC1
1-methyl-1-cyclohexene CC1=CCCCC1
cyclohexa-1,3-diene C1=CC=CCC1
cyclohexa-1,4-diene C1=CCC=CC1
2,5-cyclohexadienone C1C=CC(=O)C=C1
cycloheptane C1CCCCCC1
cycloheptanone O=C1CCCCCC1
cycloheptene C1=CCCCCC1
cyclohept-2-en-1-one O=C1C=CCCCC1
cyclohepta-1,3-diene C1=CC=CCCC1
cyclohepta-1,4-diene C1=CCC=CCC1
6-methylcyclohepta-1,4-diene C1=CCC=CCC1C
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Figure B.1: Histogram of χ1 angles for 12 amino acids. (a) Valine; (b) Leucine; (c)
Phenylalanine; (d) Tyrosine; (e) Tryptophan; (f) Cysteine; (g) Serine; (h) Threonine
; (i) Histidine; (j) Lysine; (k) Aspartic acid; (l) Glutamic Acid. The χ1 angles of
all amino acid side chains in CTPs exhibit multimodal, which are similar to the one
observed in normal protein side chains.

187



(g)

180 120 60 0 60 120 180
1

0

200

400

600

800

Co
un

t
(h)

180 120 60 0 60 120 180
1

0

200

400

600

800

1000

Co
un

t

(i)

180 120 60 0 60 120 180
1

0

50

100

150

200

250

300

350

400

Co
un

t

(j)

180 120 60 0 60 120 180
1

0

25

50

75

100

125

150

175

Co
un

t

(k)

180 120 60 0 60 120 180
1

0

50

100

150

200

250

300

350

Co
un

t

(l)

180 120 60 0 60 120 180
1

0

25

50

75

100

125

150

175

Co
un

t

Figure B.1: Histogram of χ1 angles for 12 amino acids. (a) Valine; (b) Leucine; (c)
Phenylalanine; (d) Tyrosine; (e) Tryptophan; (f) Cysteine; (g) Serine; (h) Threonine
; (i) Histidine; (j) Lysine; (k) Aspartic acid; (l) Glutamic Acid. The χ1 angles of
all amino acid side chains in CTPs exhibit multimodal, which are similar to the one
observed in normal protein side chains.
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Table B.9: RMSD and TFD values between sampled conformations and reference
conformations. The TFD values are calculated using conformation with the lowest
RMSD value.

Molecule RMSD TFD
cyclopentane 0.020 0.058
cyclopentanol 0.075 0.167
cyclopentene 0.053 0.039
2-methylcyclopent-2-en-1-ol 0.069 0.013
cyclopent-2-ene-1,5-dione 0.072 0.031
cyclohexane 0.057 0.063
methylcyclohexane 0.111 0.029
4,4-dimethylcyclohexanone 0.164 0.049
cyclohexene 0.073 0.012
1-methyl-1-cyclohexene 0.066 0.067
cyclohexa-1,3-diene 0.079 0.048
cyclohexa-1,4-diene 0.088 0.015
2,5-cyclohexadienone 0.085 0.013
cycloheptane 0.115 0.055
cycloheptanone 0.130 0.007
cycloheptene 0.053 0.003
cyclohept-2-en-1-one 0.166 0.099
cyclohepta-1,3-diene 0.090 0.090
cyclohepta-1,4-diene 0.104 0.044
6-methylcyclohepta-1,4-diene 0.168 0.050
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Appendix C

Table C.1: GFN2-computed conformational entropies of 70 cyclic molecules

SMILES RF Entropy

0 C1CCCCC1 3.0 5.792
1 C1=CCCCC1 2.0 5.825
2 C1=CCC=CC1 1.0 -0.000
3 C1=CCCC=C1 1.0 5.763
4 O=C1CCCCC1 3.0 7.116
5 C1CCCCCCC1 5.0 28.186
6 C1CCCNCCC1 5.0 24.067
7 C1CCNCCNC1 5.0 24.388
8 C1=C\CCCCCC/1 4.0 12.114
9 OC1CCCCCCC1 5.0 27.033
10 c1ccccc1 0.0 -0.000
11 c1ccncc1 0.0 -0.000
12 c1cncnc1 0.0 -0.000
13 C1CCCC1 2.0 19.145
14 C1=CCCC1 1.0 5.763
15 C1CCCCCC1 4.0 22.105
16 c1ccc2c(c1)CCCC2 2.0 6.996
17 C1CCCCCCCC1 6.0 29.889
18 C1CCCCCCCCC1 7.0 37.845
19 C1CCCCCCCCCC1 8.0 41.701
20 C1CCCCCCCCCCC1 9.0 23.576
21 C1CCCCCCCCCCCCC1 11.0 37.458
22 C1CCCCCCCCCCCCCCC1 13.0 42.363
23 c1ccc2c(c1)Cc1ccccc1-2 0.0 -0.000
24 C1CCC2=C(C1)CCCC2 4.0 11.441
25 C1=C\C2=C(/CCCC/1)CCCCCCC2 8.0 22.727
26 c1ccc2c(c1)CCCCCC2 4.0 11.571
27 C1=C\c2ccccc2CCCC/1 3.0 11.115

Continued on next page
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SMILES RF Entropy

28 c1ccc2c(c1)CCCc1ccccc1C2 2.0 9.115
29 c1ccc2c(c1)CCCCc1ccccc1-2 2.0 0.683
30 C1CCOC1 2.0 5.763
31 C1COCCOCCO1 6.0 18.070
32 C1COCCOCCOCCO1 9.0 36.030
33 C1COCCOCCOCCOCCO1 12.0 49.560
34 C1COCCO1 3.0 5.807
35 C1CCC2(CC1)CCCC2 5.0 16.420
36 C1CCC2(CC1)CCCCC2 6.0 11.827
37 O=C1CCCC1 2.0 5.763
38 O=C1CCCCCC1 4.0 16.918
39 OC1CCCCCC1 4.0 22.619
40 NC1CCCCCC1 4.0 27.206
41 NC1CCCCC1 3.0 15.512
42 NC1CCCCCCC1 5.0 31.236
43 OC1CCCCCCCC1 6.0 27.601
44 C1CCCC2(CC1)CCCCCC2 8.0 13.360
45 C1CCC1 1.0 5.763
46 C1COC1 1.0 -0.000
47 C1CNCC2=C(C1)C1=C2CCCNCN1 7.0 21.922
48 C1CC[C@H]2CCCC[C@@H]2C1 0.0 0.015
49 C1CC[C@@H]2CCC[C@H]2C1 0.0 0.027
50 C1CC[C@H]2CNCC[C@@H]2C1 0.0 0.022
51 C1CC[C@H]2C[C@H]3CCCC[C@@H]3C[C@@H]2C1 0.0 0.015
52 C1CC[C@@H]2[C@@H](C1)C[C@H]1CCCC[C@H]12 1.5 5.594
53 C1CCC2=C(C1)C[C@@H]1CCCC[C@H]21 3.5 14.517
54 c1ccc2c(c1)C[C@@H]1CCCC[C@H]21 1.5 6.775
55 C1C[C@H]2CC[C@@H]1C2 0.0 -0.000
56 C1CC[C@H]2CNC[C@@H](C1)C2 5.0 12.943
57 C1CC[C@@H]2CCC[C@H](C1)C2 5.0 9.699
58 c1ccc2c(c1)CCCC[C@H]1CCCC[C@@H]21 3.0 3.362
59 c1ccc2c(c1)CCCC[C@H]1CCCC[C@H]21 0.0 1.142
60 c1ccc2c(c1)CCCC[C@H]1CCCC[C@@H]1CCC2 3.0 15.566
61 O=C1CCC[C@H]1O 2.0 2.414
62 C1CC2CCC1CC2 9.0 5.763
63 C1C[C@H]2CCC[C@@H](C1)C2 4.0 5.479
64 C1CC2CCCC(C1)CCC2 15.0 5.763
65 CC1(C)[C@H]2CC[C@]1(C)C(=O)C2 2.0 27.403
66 C1CC[C@H]2C[C@H]2CC1 2.5 0.915
67 C1CC[C@H]2[C@@H](CC1)[C@@H]1CCCC[C@H]21 4.0 12.946
68 C1CCC[C@@H]2[C@H](CC1)[C@H]1CCCCC[C@@H]21 7.5 7.075

Continued on next page
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SMILES RF Entropy

69 C1CNCN[C@@H]2[C@H](C1)[C@H]1CNCCC[C@H]12 6.0 9.765
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Figure C.1: Correlation between predicted entropies and GFN2-computed entropies
on ZINC-I (left) and peptide (right) test sets. (a)-(b) LR-1 (linear model with number
of rotatable bonds as sole descriptor); (c)-(d) LR-Best; (e)-(f) LASSO; (g)-(h) Ridge
Regression ; (i)-(j) Kernel Ridge Regression (KRR); (k)-(l) Neural Network (NN).
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Figure C.1: (Continued)

193



(k)
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Figure C.1: (Continued)
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