Parabolic Equations and Diffusion Processes with

Divergence-free Vector Fields

DOMI | MINA

NVS TI0
ILLV | MEA

Guangyu Xi
Queen’s College

University of Oxford

A thesis submitted for the degree of

Doctor of Philosophy

Hilary term 2018



Abstract

The study of this thesis is motivated by the stochastic Lagrangian representations of so-

lutions to the Navier-Stokes equations. The stochastic Lagrangian formulation to the

Navier-Stokes equations is described by stochastic differential equations, which essen-

tially represent the diffusions under divergence-free velocity fields. The associated stochas-
tic differential equations are closely related to a class of parabolic equations and these

two types of equations are the central objects of this thesis. The difficulty of the problem

mainly comes from the low regularity of the velocity field. The key point is that we use

the divergence-free condition to relax the regularity assumptions.

The thesis is divided into two parts. The first part is the Aronson-type estimate which
is an a priori estimate on the fundamental solutions (transition probability) independent of
the smoothness of the coefficients. In the critical case, we obtain the Aronson estimate in
its classical form, while in supercritical cases we obtain a weaker Aronson-type estimate.
In the second part, we use approximation arguments to apply the Aronson estimate to
the construction of solutions to the parabolic equations and the stochastic differential
equations, and further regularity theory of the solutions is obtained for the critical case.
Under the supercritical conditions, we will focus on the uniqueness of solutions to the

parabolic equations and their relation to the construction of the diffusion processes.
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Chapter 1

Introduction

The analysis of the Navier-Stokes equations, which are non-linear partial differential
equations describing the motion of incompressible fluids confined in certain spaces, has
inspired a large portion of the mathematical analysis of non-linear partial differential
equations (see e.g. [44, 48, 60, 78] and etc.) due to the fundamental work by Leray

[49]. The Navier-Stokes equations are partial differential equations of second-order

d
Eu—i—u‘Vu:vAu—Vp, (1.1)

V-u=0, (1.2)

subject to the no-slip boundary condition if the domain of fluid is finite, where u(¢,x) is
the velocity vector field of the fluid flow and p(z,x) is the pressure at time # and location
x. Leray [49] demonstrated the existence of a weak solution # which belongs to the space
L~ (0,00, L*(R™)) and also to the space L? (0,00; H'(R")). The vorticity @ exists in L%x
space and formally, by differentiating the Navier-Stokes equations, solves the vorticity
equation

0
EQH_M.V(D:vAcoqLoo-Vu. (1.3)

Here u is the velocity and @ is the vorticity, which is also a time dependent vector field

o(t,x), and they are related by the definition ® = V x u. The resolution of the three di-
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mensional Navier-Stokes equations remains to be an open mathematical problem (see e.g.
[48, 85, 73, 84]). Most literature in this research area concentrates on the understanding

of related partial differential equations and numerical solutions.

The Navier-Stokes equations and the vorticity equation may be written in the follow-

ing form
d
g _ Viu=-V )
(8t VA+u )u D, (1.4)
and
d
<E—VA—|—M-V>(D:0)-VM, (1.5)

respectively, where the diffusion part is the same and involves the following parabolic
operator

d
8;—L:E—VA—|—M-V. (1.6)

The elliptic operator VA — u - V is the generator of the so-called Taylor diffusion (see
Taylor [82, 83]) of the flow of fluids. There are two non-linear terms appearing in the
Navier-Stokes equations and the vorticity equation, which determine the turbulent nature
of the fluid flow (see e.g. [58, 59]). The parabolic operator L has the capability of covering
the so-called non-linear convection mechanism — the rate-of-strain (for the Navier-Stokes
equations [85]) and the vorticity (in the case of the vorticity equation) can be amplified
even more rapidly by an increase of the velocity. It is therefore important to study the
parabolic equations associated with the elliptic operator L = VA —u -V, where u is a

Leray-Hopf weak solution of the Navier-Stokes equations.

The following sections are devoted to explaining these ideas in detail. In section
1.1, we present stochastic representations to the Navier-Stokes equations and the vorticity
equation, and discuss the motivation from the probability aspect. Section 1.2 is a brief
review of the classical results on the parabolic equations and related diffusion processes.
In section 1.3 we discuss the divergence-free condition and its advantages. Finally in
section 1.4, we state our main results of this thesis and review the related literature with

more details.



1.1 Stochastic Lagrangian representation

There are two mathematical descriptions of fluid flow. The first one is the Eulerian coor-
dinates which are fixed coordinates in the ambient space. For example, equations (1.1) to
(1.3) are written under the Eulerian coordinates. The second description is the Lagrangian
coordinates which follow an individual fluid parcel as it moves through space and time.

In inviscid flow, the coordinate X; is governed by the ODE
dXt :M(X[,t)dt, X():.XO,

where u is the velocity field. This coordinate has been used to study the Euler equations
extensively (see e.g. [10]). In terms of viscous flow with the viscosity modeled by (VA),

we have a stochastic Lagrangian coordinate described by the SDE
dX; = 2vdB, +u(t,X,)dt,  Xo=x, (1.7)

where B; is the Brownian motion and Vv is the coefficient of viscosity. This X; is the
diffusion process corresponding to the operator L in (1.6). This also shows the importance

of studying these diffusion processes and related parabolic equations.

Under the stochastic Lagrangian coordinates, it is natural to obtain the following

stochastic Lagrangian representation of the vorticity

o(t,x) =E*[(VX)wp) o X, )], (1.8)

where X; is the same as in (1.7) determined by the velocity u. Then the velocity can be
recovered from the vorticity using the Biot-Savart law. Actually, this representation is
essentially the Feynman-Kac representation. This stochastic representation of the vor-

ticity has been used in [7]. For the Navier-Stokes equations, the following stochastic
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Lagrangian representation of the velocity
u(t,x) = EP[(V' X, ") (uoo X, "))

is obtained in Constantin and Iyer [1 1, 12] and Zhang [91]. Here P is the Leray-Hodge

projection onto divergence free vector fields and V7 is the transpose of V.

In all these papers [7, 11, 12, 91], they use these stochastic representations to prove the
uniqueness of the short time strong solutions, which is to choose an appropriate function
space so that these representations form contraction mappings for small time ¢. Different
from their work, our motivation here is to consider the regularity results of the weak
solutions through these representations, which imposes the need of constructing such

coordinates.

1.2 Linearized equations and diffusion processes

As mentioned in the previous section, we would like to solve SDEs of the form (1.7),
which is closely related to a class of parabolic equations. Motivated by this, we consider,

in a more general form, parabolic equations of second order with singular divergence-free

drift

n n
Lu = du(t,x) — Z O, (aij(t,x)dyu(t,x)) + Z bi(t,x)dyu(t,x) =0, (1.9)
i,j=1 i=1
where (g;;) is a symmetric matrix-valued and Borel measurable function on R". Through-

out this thesis, we always assume that there exists a number A > 0 such that

AEP < zn: aij&i&jﬁ%‘ﬂz E

=1

for all £ € R, and that b = (b;) is a divergence-free vector field, i.e.



in the sense of distributions for all 7.

Equation (1.9) has been well-studied without the divergence-free condition (S). Let
us first consider the regular case where (a,b) are smooth, bounded and possess bounded
derivatives of all orders on [0,00) x R". Tt is known that (see Friedman [28], Theorem 11
and 12, Chapter 1), under condition (E) and smoothness assumptions on (a,b), there is a
unique positive fundamental solution I'(t,x;7,&) to (1.9), and it is smooth in (¢,x;7,&)
on0 <7<t <ooand (x,&) € R" x R". Recall that the following properties are satisfied.

) I (t,x;7,E) >0forany 0 < 7 <randx, & €R"

2) For every & € R" and 7 € [0,0), as a function of (¢,x) € (T,00) X R", u(t,x) =

I'(t,x;7,&) solves the parabolic equation Lu = 0 on (7,e0) x R":

n

oI (t,x;7,&)— i Oy, (aij(t,x)0, I (1,x:7,&)) +Zb,~(t,x)8xl.1"(t,x;r,§) =0. (1.10)

ij=1 i=1

3) Chapman-Kolmogorov’s equation holds

I'(t,x;7,8) :/ I(t,x;5,2)(s,2;7,&)dz. (1.11)

n

4) For any bounded continuous function f and 7 € [0,0), it holds that

lim [ ()0 (e, 7,8)dE = £(x) (1.12)

tlt R~

for every x € R".

These results are crucial to our a priori estimates that we are going to state later
since they allow us to apply many calculations without concerning integrability and dif-
ferentiability. For the corresponding diffusion processes, it is well known that Lipschitz
coefficients with linear growth give a unique strong solution to the SDE.

For measurable coefficients, classical solutions to the PDE no longer exist and the
concept of weak solution is introduced. A classical monograph on weak solutions is

[44] by Ladyzhenskaya, Solonnikov, and Ural’ceva, in which if b is assumed to be in
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L(0,7; L(R")) with
<1, [€[2,)andq € (n,)

then for any initial data uy € L?, there is a unique weak solution with Holder regularity

satisfying that d,u € L>(0,T; H~'(R")), u € C([0,T],L*(R")) and the energy identity

1 r 1
§\|”(T)||Zz+/0 /n<a(X>-Vu(t,X),Vu(t,x»dxdt: §||u0||§z- (1.13)

If y < 1, in [3], Aronson proved that there exist Gaussian upper and lower bounds for
the fundamental solution, from which the Holder continuity of weak solutions can be
deduced. We call such estimate on fundamental solutions the Aronson estimate. Similar

conditions are also obtained in Krylov and Rockner [42], which proved that the SDE
dXt — dBt + b(t,Xt)dl

has a unique strong solution if y < 1.

The reason why we require such conditions on Y can be easily seen from the natural

scaling property of parabolic equations. Under the following scaling transformation

ulP)(t,x) = u(p’t,px), P (t,x) =a(p?t,px), bP)(1,x) = pb(p*t, px)

for p > 0, if u is a solution to (1.9) with ellipticity constant A, then u'P) is still a solution to
the parabolic equation with (a(?), 5(P)), and condition (E) is still satisfied with the same A.
If b € B, where B is a Banach space, then based on || pb(p?t, px)|| converging to 0, 40 or
being bounded as p — 0, we call them subcritical, supercritical and critical respectively.
We can deduce that estimates depending on ||b||p vary accordingly on finer scales. The
critical and subcritical conditions on b imply that estimates are uniform on all finer scales

and hence solutions have better regularity, while the supercritical case does not. This
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classification allows us to say that b € L!L{ is critical (or subcritical and supercritical) if
% + g =1 (or < 1 and > 1 respectively). In the supercritical case, we are unable to obtain
the Harnack inequality uniformly for small scales. But in the critical and subcritical cases,
we still can control solutions for small scales to obtain the Harnack inequality, and hence
obtain Holder regularity. However, an exceptional case is L*(0,7;L"(R")), which is

critical, but the Harnack inequality fails.

Moreover, many regularity results regarding the Navier-Stokes equations also reflects
this observation from scaling. In Prodi [67], Serrin [75] and Ladyzhenskaya [43], it was
proved that if Leray-Hopf weak solution u to the 3D Navier-Stokes equations satisfies
the Ladyzhenskaya-Prodi-Serrin condition, i.e. u € L'(0,T;L(R?)) with %+§1 =1and
g € (3,90], then u is the unique solution and it is smooth. Later the results are extended
in Escauriaza, Seregin and Sverak [19] to the marginal case u € L3 (0,T;L> (R3)). This
result is closely related to the divergence-free condition, which we will discuss in the next

section.

1.3 Divergence-free condition

In this section, we would like to discuss why the divergence-free condition on b is so
important to our problem. As shown in the last section, without the divergence-free con-
dition, all results are confined to subcritical or critical conditions on b. Divergence-free
is the key condition that allows us to extend the classical results mentioned in the last
section. Recall that a vector field b = (b;) being divergence-free, i.e. V-b = 0, implies
that there exists a skew-symmetric tensor (d;;) such that b = divd and

dd;;j 9
V= J
b 8)@' an

i,j=1
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If we denote A = a — d, equation (1.9) can be put into a divergence form

oiu(t,x) — ‘anl O (Aij(2,x)dy;u(t,x)) =0, (1.14)
ij=
where A = (Ai j) is not necessarily symmetric. The symmetric part (ai j) is uniformly
elliptic, and the skew-symmetric part (a’i j) determines the divergence-free drift vector
field b. (1.14) is also an important equation in our work.

Another important equation is the adjoint equation of (1.9). Because of the divergence-
free condition, the adjoint equation essentially has the same form up to a sign. Hence
their fundamental solutions share essentially the same properties. Consider equation (1.9)
on [0,7] x R" and denote its fundamental solution as I'(¢,x;7,§) with 0 <t <7 < T,

x,& € R". For the adjoint equation

du(t,x) — Z O (aij(T —t,x)dy,u(t,x)) Zb, x) 0y u(t,x) =0 (1.15)

ij=1 i=1

and its fundamental solution I';.(z,x;7,&), we have I'(t,x;7,&) =7 (T — 7,5 T —1,x).

Writing (1.15) into the same form as (1.14), we obtain
du(t,x) — Y. 0 (Aji(T —1,x)0yu(t,x)) =0, (1.16)
where (A ;) is the transpose of (A;;). Moreover, if we define operator

Faf@ = | fOF 0x78)dE

and define its adjoint operator F%l by (It f.8) = (f, I}Lt g). then we have

Che) = [ g(THT — 2T 1. £)dE. (1.17)

This means that the adjoint operator F ; solves equation (1.15) and hence any estimate on

I';; also applies to Fft.



Recall that we are interested in those b which are the Leray-Hopf weak solutions of
the Navier-Stokes equations. For the 3D Navier-Stokes equations, the weak solutions are
in space L(0,T;L*(R3)) NL*(0,T;L5(R3)) by Sobolev embedding, and they both give
% + %1 = %, which is supercritical. All previous results with critical conditions on b do
not hold here. With the additional features brought by the divergence-free condition on
b, we expect to relax the assumption on b. We note that the divergence-free condition

implies the conservation of volume and energy. Such uniform estimate guarantees the

2
loc

existence of weak solutions for any b € L*>(0,T;L? (R")) and forms the ground on which
we can discuss uniqueness and regularity of the weak solutions. We can also consider the
meaning of the corresponding diffusion processes.

Here we give a simple proof of the existence of weak solutions to (1.9) when (a,b)

satisfies conditions (E), (S) and b € L*(0,T; L7 .(R")).

Definition 1.1. A function u € L*(0,T;L*(R"))NL*(0,T;H'(R")) is a weak solution to

(1.9) corresponding to (a,b) and initial data uy if

/OT/Rnu(t,x)a,(p(t,x) dxdt—/OT/n<a(t,x)'V”(l‘,x),V(P(t,x»dxdt
- ' (b(t,x),Vu(t,x))@(t,x) dxdt = — | up(x)@(0,x) dx
/L [

for any ¢ € Cy([0,T) x R").

Theorem 1.2. Suppose conditions (E) and (S) are satisfied and b € L*(0,T;L? .(R")),

loc
there exists a weak solution to (1.9) with initial data ug € L*(R").
Proof. Denote by u; the weak solution corresponding to (a, by), where by € C5’((0,T) x
R") are divergence-free and by — bin L*(0,T;L? (R")). Then {u} is uniformly bounded
in L*(0,T;L*>(R")) NL*(0,T;H'(R")) and hence has a sub-sequence which converges

weakly to some u. This weak convergence allows us to take limit as k — oo in the equa-

tion:

/()T/Rnuk(t,x)a,(p(t,x) dxdt—/OT/n<a(t,x)'V”k(fax),V(P(t,x»dxdt
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T
_/O /n<bk(t,x),Vuk(t,x))gD(t,x) dxdt = —/ uo(x)@(0,x) dx

n

to obtain that

/OT /Rn u(t,x)o;@(t,x) dth_/OT/n(a<t’x) Vu(t,x), Vo (t,x)) dxdt
- ' (b(t,x),Vu(t,x))@(t,x) dxdt = — | up(x)(0,x) dx.
/L [

1.4 Main results

In this section, we review related literature and summarize our main results. With the
assumption that b is divergence-free, we approach equation (1.9) by estimating its funda-
mental solution, which is called the Aronson estimate. We will discuss critical conditions
and supercritical conditions on b separately. The first result we mention below is an Aron-
son estimate of its classical form under a critical condition on b, or equivalently a critical

condition on the anti-symmetric part d = A — AT in equation (1.14).

Theorem 1.3. Suppose I is the fundamental solution to (1.14) satisfying condition (E).
There is a constant C > 0 depending only on the dimension n, the elliptic constant A > 0,

and the L (0,00; BMO) norm of the skew-symmetric part d;; = % (Aij —Aj,-) such that

- &P

! Cl— &2
N (1— o2 P {_ Clt—1)

C(t—1)n/? exP { t—1

]gr(t,x;r,g)g ] (1.18)

forany 0 <t <t <eoand (x,§) € R" x R", where the L*(0,0; BMO) norm of (d;;) is

defined by

1|z (Bro) = b )y ”dij(t")HzMO'

20\ i<
The L*(0,00;BMO) (L;"BMO, for short) condition on d here is equivalent to the

L=(0,00;BMO~!) (LBMO; ! for short) condition on b because of the equivalence of
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equation (1.9) and equation (1.14). As mentioned above, a marginal case L (0, T; L"(R"))
is excluded in [44], although it is critical. However, with the divergence-free condition
and L"(R") c BMO ™! (R"), our results actually cover the marginal case L™ (0, T; L"(R")).
The BMO~! condition on the velocity has been well-studied in many Navier-Stokes equa-
tions literatures. We refer to [48] for more details about its imporatance in the study of

the Navier-Stokes equations.

The heat kernel estimate (1.18) for parabolic equations has a long history. Two sided
estimate (1.18) was first established in Aronson [!, 2] for uniformly elliptic operators
in divergence form where (A;;) is symmetric (so that (d;;) = 0), in which his constant
C depends only on the elliptic constant A and the dimension n. The estimate (1.18) is
therefore referred to as the Aronson estimate. A weaker but global estimate similar to
(1.18) under the same assumption as in Aronson [?] already appeared in the Appendix
of Nash [64]. Aronson [2, 3] indicated that his estimate can be established for a general
elliptic operator, and a written proof is available in Fabes and Stroock [2 1], Stroock [79],
Norris and Stroock [65] too. In these papers, the Aronson estimate (1.18) was established

for the following type of uniformly elliptic operator

"9 d u d d A
Z a_xiaij(t7x)a_xj+ Z aij(t7x)bj(t7x)a_)ci_a_)ci (aij(t7x)bj(t7x))+C(t’x)7

ij=1 i,j=1

where (ai j) is symmetric and uniformly elliptic. In this case, the constant C depends on

the dimension, the elliptic constant A and the L,"j’x—norms of b, b and c.

The Aronson estimate is related to the regularity of solutions to the parabolic equation
(dy — L)u = 0 (see [44] for a complete survey of classical results). If the elliptic operator
is symmetric and is in divergence form, it was Nash [64] who proved the Holder con-
tinuity of bounded solutions and also proved that the Holder exponent depends only on
the dimension and the elliptic constant A. Under the same setting as that of Nash [64], in
1964, Moser [62] established the Harnack inequality for positive solutions of the parabolic

equation (d, — L)u = 0, based on which Aronson was able to derive his estimate (1.18).
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Fabes and Stroock [21] showed that Moser’s Harnack inequality could be derived from
the Aronson estimate together with Nash’s idea, and Stroock [79] further demonstrated
that both the Holder continuity of classical solutions and Moser’s Harnack inequality for
positive solutions could be established by utilizing the two sided Aronson estimate (1.18).
Nash’s idea in [64] and the techniques in Moser [61, 62, 63] have been investigated inten-
sively during the past decades. Many excellent results have been obtained in more general
settings, but mainly under the symmetric setting of Dirichlet forms [29]. See for example
Grigor’yan [32], Davies [15] and Stroock [80] for a small sample of references, and also

the literature therein.

The case that (A,- j) is non-symmetric has received intensive study only recently, due
to the connection with the Navier-Stokes equations and the blow-up behavior of their so-
lutions. In Osada [66], the Aronson estimate (1.18) was obtained for an elliptic operator
in divergence form, where (A,- j) may not be symmetric. His constant C in (1.18) how-
ever depends on the dimension #n, the elliptic constant A and the L;",-norm of the skew-
symmetric part (d;;). In recent works by Seregin, Silvestre, Sverdk, and Zlato$ [74] and
Friedlander, Vicol [27], they both relaxed the condition on (d;;) from L, to L7*(BMO,)
using De Giorgi’s technique. In [27], the Harnack inequality is proved under assumptions
that (d;;) is in L;?(BMO,) and satisfies divd € L?L2. In [74], the main result is the Har-
nack inequality for weak solutions satisfying an additional local energy inequality. The
relaxation from L°, to L;°(BMOy) here is non-trivial, which is also exposed in [27] and
[74]. It is worth mentioning that the Harnack inequalities proved in [27] and [74] are both
local, i.e. they are true for any local weak solution. We take an approach different from
the techniques used in [27] and [74], which is to estimate the fundamental solution and
relies on several versions of compensated compactness results. In the proof of the upper
bound of the Aronson estimate, we use essentially Proposition 2.2, which is in the same
spirit as the classical compensated compactness results and is new to the knowledge of

the author.
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Moreover, it is mentioned in [74] that the fundamental solution I" of operator

d
A t)-V——
+ u(x,1) o
satisfies the diagonal decay estimate
C

I'(x,t;x,7) < -
(t—1)2

for all + > 7 > 0. Our work is motivated by the observation made by Seregin et al. [74]
to obtain a better estimate of I', and the approach put forward by Davies [14], Fabes and
Stroock [21], and Stroock [79]. We follow the approach in Davies and Stroock to work
on the non-symmetric case, and adapt their arguments to our case by overcoming the
difficulties arising from the singularities of the skew-symmetric part (d;;).

As applications of the Aronson estimate , we have the following continuity theorem

and the Harnack inequality as in Stroock [79].

Theorem 1.4. There exist C > 0 and o € (0, 1) depending only on the dimension n, the
elliptic constant A and the L BMOy-norm of the skew-symmetric part (d;;), such that for

every 8 >0
!/ !/ C / / / o
Pst8) T8 < sl — VI - VIE =€) (119

forallt>0, (¢',x,E),(t,x,&) € [s+8%) x R" x R with |t —t|V |x' — x|V |y —y| < 8.

Theorem 1.5. [Harnack Inequality] There exists a constant C > 0 depending only on
n,A and ||d||;=smo) such that given any non-negative v € L>(R™) with v > 0 and set

u(t,x) =Iyv(x), we have

sup u(t,x) <C inf u(t,y) (1.20)

[s,s+R2]><B(x0,R) [s+3R27s+4R2}><B(x07R)

forany R >0, (s,x) € [T,00) x R".

13



For supercritical conditions, we focus on the cases that b belongs to Lebesgue spaces

L'(0,T;L9(R™)) (L!L} for short) for I,q € [1,0], and we denote

T L T
A= bl e = (/ (/ ’b(l‘,X)]qu) th) .
o 0 R”

Since the divergence-free condition on drift b prevents the formation of local blow up, we

have the following upper bound which is of exponential decay.

Theorem 1.6. Suppose conditions (E), (S) hold and b € L (0,T;LI(R")) for some n > 3,
[>1,qg> % such that 1 <y < 2. In addition, we assume that a and b are smooth with
bounded derivatives of all orders. Let T'(t,x;7,&) be the fundamental solution of (1.9).

Then
C

WCXp(m(I—T,x—é)), (1.21)

[(t,x;7,&) < =

where

m(t,x) = Ortr&gl(Cﬂalthr o[ AREY) + - x)

. 2—
with A = |[bl| s 1.10(mr)), 1 = 2_72/+%, V= ﬁ and C =C(l,q,n,A).

The point here is that the upper bound above only depends on n, A and A, but not
on the estimates of the derivatives of a or . One restriction of Nash’s scheme is that its
iteration procedure requires the bound on b to be uniform in time, i.e. [ = co. Therefore
in general, we use Moser’s iteration scheme instead and use cut-off functions. A more
explicit form of the upper bound can be obtained as a corollary of Theorem 1.6.

Corollary 1.7. Under the same assumptions and notations as in Theorem 1.6, if U =

—2__ > 1, the fundamental solution has an upper bound

2—Y+7

C 1 (|x=&P n=2
womee (-4 () e

1
C 1 x—&|H\ BT |)«7|“72
(tf‘l:l)"/2 CXp <_€2 < tfr)"> ) H—V=T > 17

where A = |[b|| 1o .9, C1 = C1(l,g,n,4), Co = Co(l,q,n,A,A). If u =1, which

I(t,x;7,&) < (1.22)

]
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implies g = o0, we can solve for m(t,x) explicitly and obtain

C CiIA(t—1)¥ — |x—&])?
F(t,x;f,é)gmexp (—( ! (t4CT2t—’L") ) ) (1.23)

Similar estimates on the fundamental solution are obtained for several entropy condi-
tions on b, which are supercritical under scalling. In [88], Zhang obtained the exponential
decay upper bound for the fundamental solution when m € (1,2] and b satisfies the fol-

lowing entropy condition

T T
//\bym<p2dxdt§c/ / \Vo|?dxdt (1.24)
0 n 0 n

for every smooth function ¢ on [0, 7] x R" with compact support in space. Such condition
can be traced back to [41], in which the previous entropy condition was first introduced
for the time independent case in order to construct a semigroup theory. The Sobolev em-
bedding allows us to deduce from the entropy condition (1.24) that b € L*(0,T; L7 (R")).
Therefore, the entropy condition is effectively scaling invariant when m = 2, i.e. itis a
critical case, while it is supercritical if m € (1,2). For the supercritical case, Zhang [89]

further considered the following entropy condition:

T T
//|b\(1n(1+yb|))2<p2dxdzgc/ / \Vo|?dxdt, (1.25)
0 R~ 0 n

and proved the existence of a bounded weak solution in this case. Under supercritical con-
ditions, in [37], assuming that b € L;{x NL°L? with g € (54 1,n+ 2], Ignatova, Kukavica
and Ryzhik proved a weak Harnack inequality. The constant in the weak Harnack in-
equality explodes as the radius of the parabolic ball goes to zero, which is consistent with
our observation through scaling. Hence it fails to yield the Holder continuity of weak

solutions.

In the supercritical case ¥ € (1,2), using the upper bound (1.21), we still can derive

a lower bound. Actually, we know that the fundamental solution is conservative, and in
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fact, for fixed t > 7, I'(¢,x; 7,&) is a probability density in x (and in & as well due to the
divergence-free condition). Because the upper bound decays exponentially, we can find a
radius R(z) such that I has a lower bound inside the ball of radius R(¢). However, we can
not hope too much for the lower bound for supercritical case. Using current techniques,

we establish the following theorem.

Theorem 1.8. Assume that a and b are smooth with bounded derivatives. Suppose con-
ditions (E), (S) hold and b € L'(0,T;L4(R")) for some n >3, 1 > 2, q > 2 such that
1 < y<?2. Forany x >0, there is a constant C > 0 depending only on x,l,q,n,A and

A= HbHLl(O,T;Lq(RH)) such that

I'(t,x,0,&) >exp

1 n+2
—ctGHD=Y) <ln—) ] (1.26)
1t

for x,& € B(0,xR(t)) and small enough t, where R(s) = Cs?~7)/2 Inl fors>o0.

Such form of lower bounds also appear in [4], but in a rather different setting of
Dirichlet forms. Although we only deal with the lower bound in the cone B(0,R(t)) for
small > 0, by the Chapman-Kolmogorov equation, we can extend this lower bound to
the whole space. Therefore this form of lower bound is actually the essence of lower
bound in the heat kernel estimate, and it determines the local behavior of solutions to the
parabolic equation. In all cases the upper bound looks stronger than the lower bound, and
the lower bound in the supercritical case fails to yield Holder continuity of weak solutions.
Therefore, in the supercritical case, the regularity theory for this kind of linear parabolic
equations remains an open problem.

Not just the regularity, uniqueness is also an important result desired. Recall that the

divergence-free condition on b formally gives us the uniform energy identity

1 r 1
E\|u(T)||§2+/O /n<vu(t,x),a(x).vu(;,x)>dxdz:§||u0||§2,

which is independent of the . The uniqueness of the weak solutions can be instantly

obtained if they satisfy this energy identity. With this observation, we first attempted the
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case when the coefficients are independent of time.

We consider the time-homogeneous parabolic equation

n n
u(t,x) — Z O, (@ij(x)Oxu(t,x)) + Zbi(x)axiu(t,x) =0, (1.27)

ij=1 i=1
where (a,b) satisfies conditions (E) and (S). We use [(@:b) (t,x,&) (¢ > 0) to denote the
fundamental solution (recall that a, b are independent of r) which is defined by I'(¢:?) (t—

7,x,E) =T@P)(r x;1,E). We study the Markov semi-group associated with T(@?) for

b e L*(R")NLI(R"), g > 4. The corresponding bi-linear form
& (u,v) = / [(Vu,a-Vv)+ (b-Vu)v| dx (1.28)

is not sectorial in general in the sense defined in [56] and the theory of non-symmetric
Dirichlet forms does not apply in this case. On the other hand, due to the divergence-free

condition (S), the symmetric part of the bi-linear form is given by

Es(u,v) :/ (Vu,a-Vv) dx,

which is however sectorial, and (&5, D(&y)) is a Dirichlet form. See for example [30, 56].

We are now in a position to state the result of uniqueness.

Theorem 1.9. Suppose conditions (E), (S) hold and b € L*(R") \LY(R") for g > 4. There
is a unique Markov semi-group (P;);>o on L*(R") associated with the bi-linear form
(1.28) which has transition probability kernel T'(t,x,y) for t > 0, x,y € R". Moreover,
the uniqueness of weak solutions holds for the Cauchy initial problem to (1.27) and is

given by the representation

ult) = [ Texy)ul) dy (1.29)

for any initial data uy € L*(R").
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When the dimension n = 3, the condition of the theorem above is satisfied if b €
L*(R?). As a consequence of Theorem 1.9, we have the following result which is inter-

esting by its own.

Corollary 1.10. Let b be a C'-vector field in R" with n > 3 such that V.-b=0. If b €

LY(R")NL*(R") where n > q > 5, then the diffusion process defined by solving
dX[ :dB[+b<X[>dt, XO =X

is conservative, i.e. its transition density function I'(t,x,y) (with respect to the Lebesgue

measure) satisfies that

/ T(t,x,y) dy = 1, (1.30)
where I'(t,x,y) = P[X; = y|Xo = x| formally.

The closest conditions in literature to ensure the stochastic completeness (1.30) for
unbounded b are those on the symmetric tensor V*b (Ricci curvature or Bakry-Emery
condition) and V - b is the trace of V*b. This was first proved by Yau [86] that the Brown-
ian motion on a complete Riemannian manifold with Ricci curvature bounded from below
is stochastic complete. Later various conditions for the stochastic completeness of a com-
plete Riemannian manifold are studied. For example, one natural idea is to control the
volume of the geodesic balls from below to control the speed that the Brownian motion
goes to infinity. We refer to Hsu [35, 36] and Grigor’yan [33] for more details. Hence
the divergence-free condition imposes a constrain on the ‘““scalar curvature” of the oper-
ator L = A —b-V. Together with an integrability condition, they implies the stochastic
completeness of the process.

There have been many works on the construction of Markov semi-groups from non-
sectorial bi-linear forms, which is an important topic in stochastic analysis. In [41], Ko-
valenko and Semenov proved the existence of a semi-group on L? for p larger than a
certain number under an entropy condition on b. Their entropy condition is still a critical

condition on b. Using ideas from Dirichlet form, it is proved in [53] that there exists a Cp-
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semigroup if the drift b is form bounded. Later, Sobol and Vogt [76] proved the existence
of a strong continuous semi-group on L for any p € [1,) if the space Q(b*) N D(&;) is
core for &, where Q(bz) = { uel?: u*b* el }, and & is accretive. Their idea is to use
the continuity argument. They first add a potential V' to the bi-linear form in order to re-
move the singularity appearing from the drift, and then send the potential to zero. There-
fore the association of the semi-group ¢'* and bi-linear form & is established through

the correspondence of ¢’ (L=V)

and & + V. Our approach is to directly approximate b by
smooth by, which gives the existence and conservative of the kernel. The proof is inspired

by Zhikov [98] in which he considered the time-homogeneous parabolic equations
du—div((a+d)-Vu) =0, (1.31)

and constructed the unique approximation semi-group for periodic d € L*(R"), divd €

LZ

loc

(R") and sup,> ri” d|[7, (B(0,r)) < o Laterin [54], Liskevich and Sobol further proved
the heat kernel estimate of these semi-groups under additional functional conditions on
the bi-linear form, by using the idea developed in [14], which is similar to proving up-
per bound in time-inhomogeneous cases in [68, 70]. Recently, there are works by Flan-

doli et al. [26], Zhang and Zhao [94] in which distributional drift » in Sobolev space

L™(0,00;W~%P) with ot € (0,%) and p € (125> ) has been studied. They proved unique-
ness and a heat kernel estimate. By dimensional analysis, their condition is still subcritical
and the scaling property of the Sobolev space implies the uniform control of solutions on

finer scales, while in our case where b is supercritical and these uniform control are no

longer expected to be true.

To obtain the uniqueness of solutions, another approach arises from the idea of renor-
malized solutions. Following the work by Le Bris and Lions [46, 47], which first proved
the uniqueness of renormalized solutions to (1.9) under singular conditions on b, there
are many papers dealing with the related parabolic equations and SDEs (see e.g. [8, 25,

, 91, 92]). The idea of renormalized solution relaxed the condition on b greatly, which
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can include our condition that b € L?(R") N L4(R"), while it needs more regularity on the
diffusion term a in addition to uniform elliptic. It is worth mentioning that the uniqueness
of the SDEs derived from the uniqueness of renormalized solutions is only true for almost
every initial data x € R” under the Lebesgue measure (see e.g. Figalli [25] and Zhang
(91, 92]).

The rest of this thesis is organized as follows. In Chapter 2, we prove several Aronson-
type estimates for different critical and supercritical conditions including Theorem 1.3,
1.6 and 1.8. In Chapter 3, we apply the Aronson estimate in the critical case to study
the parabolic equations and diffusion processes with singular drift using approximation
argument. We show that in the critical case, the Aronson estimate implies Holder conti-
nuity of the weak solutions, and also the uniqueness of the weak solutions. In Chapter
4, we discuss the supercritical case, for which we prove Theorem 1.9 through analyzing
the convergence of resolvents. We also present the idea of renormalized solutions, which
is very useful in obtaining the uniqueness of solutions. The supercritical case in general
is not as good as critical case and we will also discuss the difficulties present. Finally, in
chapter 5, we summarize previous chapters and discuss interesting problems which are

left open.
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Chapter 2

The Aronson estimate

This chapter is devoted to the proof of several Aronson-type estimates. It is worth men-
tioning that the Aronson estimate is an a priori estimate, and hence we will always assume
that our coefficients are regular enough through this chapter. The important point is that
all constants in these estimates do not depend on the smoothness of the coefficients, which

allow us to use approximation argument later to work on singular coefficients.

2.1 Technical facts

In this section, we prove all the technical facts which are used for the proof of the Aronson

estimate.

2.1.1 BMO space and compensated compactness

The first result we need is a variation of Coifman-Meyer’s compensated compactness
Theorem (see e.g. [Y, 48]) which highlights the importance of the Hardy spaces in the
study of partial differential equations.

We first recall some facts on BMO functions [38, 78]. A function f is in BMO(R") if

1
£l = sup — / () — fil dx < oo @.1)
B| J

BCR”
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where fp = ﬁ 3 f(x) dx and the supremum is taken over all open balls B € R" (in what
follows, B,(x) or B(x,r) denotes the ball centered at x with radius r). If we define another

norm

1
1£1om0, = sup — / ) — fal? dx < oo (22)
» gere |Bl /B

for any 1 < p < oo, the John-Nirenberg inequality [38] (see also for example, Appendix
in Stroock and Varadhan [81]) implies that || - ||BMO,, are equivalent for different p.

The original version of the compensated compactness theorem in [9], which we use

in our proof of the lower bound of Aronson estimate, can be stated as follows.

Proposition 2.1. Let vector fields E, B satisfy that E € L (R), B € LY(R) with Il? - 611 =1
(p>1,¢g>1)andV-E=0,VxB=0. Then E -B € 7" where 7" is the Hardy space,
and

|E - B|| 1 < Cl|E||1r[|Bl|s- (2.3)

In particular, there is a constant C depending on the dimension n and p > 1 such that

IVF < Vel o1 <CIV Sl V8] o 2.4)

forany f,g € C5(R"), where Il9+é = 1. Hence

[ (V50 Vo) dx| <Clallio IV IVells  25)
forany f,g € H' (R") and for any d = (dij) € BMO which is skew-symmetric (d;; = —d ;).

In the energy estimate of equation (1.14), the anti-symmetric part d gives a term
similar to [, (Vf(x),d(x) - Vg(x))dx, which appears in the bilinear form. The com-
pensated compactness result above will be the key to obtain energy estimate with d €
L=(0,00;BMO). To prove the upper bound of the Aronson estimate, we need the fol-
lowing estimate, which is in the same spirit as the compensated compactness theorem

above. Actually a term like [, (Vf(x),d(x)-&) f(x)dx will also appear in our bilinear
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form. Here Vf is curl-free, while & f is not divergence-free and we can not apply the

compensated compactness result above. So this leads us to prove the following result.

Proposition 2.2. There is a universal constant C depending only on the dimension n, such
that

1S -V Iller < CIENV Il LF Il (2.6)
for any f € H'(R") = WI2(R") and & € R", where |||| ;1 denotes the Hardy norm.

Proof. Let h be any smooth non-negative function on R”, with its support in the unit ball
B1(0) such that [p,h(x)dx =1, and h;(x) =t"h(x/t) for t > 0. Notice that & f -V f =
IV (f2€) in LY(R"), so

1

he(EF Ve = 5 [ Vi) £y

_ /B,(x) ,nl+1 vh (?) S 0)dy
= [ () e [f(y) | f] d
ef () e (fw f) dy

- Il +I27

where th (x) denotes the average integral over the ball B, (x), that is, |B;(x)| 7! [, B,(x)- FOr

the first term on the right-hand side, we have

1
1 o

ﬁl(x)m“r 71[9,@ <f<y>— ]{Wf) -
1

where o € [1,2), é—k%: 1. Choose «,f such that 1 < a,3 < 2 and é+[—3:1+

Ll <C (2.7)

Y

S =

Then by the Sobolev-Poincaré inequality, we have

]izoc) (f_]ifu)f) a
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For the second term on the right-hand side, we integrate by part again to obtain

/B,@ P57 aiv(Ero) (71[9,@ f> dy
<cielf, wron(f, r)a

By using these estimates we thus conclude that

L] =

1

a 5
sup | { * (EF-V)}()| < C!é\sup(f |f\“> p(][ |Vf|ﬁ>
>0 >0 B;(x) >0 By (x)

C \Y%
+CIElsup (Ji,m 'f') o (ﬁ,@' f')

1 1
= CIE|[M(f1*)eM(|[VfIP)E +M(| )MV F])),
where M(f) is the maximal function. Since | < ¢ <2, 1 < 8 < 2, we have
1 1
MA@l <Cllfl2s IM(VFPYF]| 2 < CIV A2,

and similarly

1M Dl < Clifllz2s (IMVIDIz2 < CIVA 2

So sup,.q [+ (§f-Vf)] € L' and

16 -Vl et < CIEINIV Al 2 11f ]2

(2.9)

(2.10)

]

Given a function d € L*(0,0;BMO(IR")), we want to approximate it by a mollified

sequence, which is not trivial as it looks. A simple example is a vector field d(¢) which

depends only on #, not on the space variables. Then it may not be in Lllo .

and there is no

approximation by mollifying sequences. However, the problem considered here allows us
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to add a constant to it, i.e. consider d(t,x) + f(t), where f(¢) is skew-symmetric so that it
will not alter the weak solution formulation of the corresponding parabolic equations. By

subtracting the mean value of d on a unit ball, we may assume that

dy,0)(1) = ]i 0 de=o @.11)
1

for all 7 € [0,00). Then for any r > 0

dp,0)(1)] = |dp,0)(t) —dp,0)(t)| =

][ dg o)1) —d(t,x) dx|  (2.12)
B1(0)

< Wﬁwym@@—amwmgwwmmmwmy (2.13)

By the definition of BMO functions, we have

005 a0 O < €l o 2.14)

which implies that d € L? ([0,00) x R") for any 1 < p < oo,

loc

Proposition 2.3. Take ® € C;(B1(0)), n € C5((—1,1)) with ®,1 > 0 and

/ @(x)dx:/ n(t)der=1.
B1(0) (=11

Let dg(x) = 8—{,@(%) and Ne(t) = %n(é) Suppose d € L (BMO(R")) and satisfies (2.11).

Define
+€
de(t,x) = / / D (y)Ne(s)d(t —s,x—y) dyds. (2.15)
—& JBe(0)

Then de¢ — d locally in LP for any 1 < p < oo, and

|dellz=Bmorn) < ld||=Brom@n)):- (2.16)
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Proof. Let xp and r > 0 be fixed. Let  denotes the average integral over B(xo, r), that is,

][ ¢(y)dy = ]i . ¢(y) dy.

For x € B(xg,r) we have

@mm—f@mw@]

:'/ /08 (s)d(t —s,x =) dyds

-/ / | Pl 5.y =) sy
Lol o
,/ /}8 e(s) d(t = s.0-3) = Fdle—s,2-y) dz

IN

dyds,

so that
(f@@@—f@mwﬁhu
< ][/ / d(t—s,x—y) ][dt—sz y) dz|dydsdx
B(0,¢e)
= / / Y)Ne(s ][’ (t—s,x—y) ][dt—sz y) dz| dxdyds
B(0,¢)
< / / () 1| 2= BMO(RM)) dyds
B(0,¢)
= 4| =BMO(R))-
Now we proved that ||de | .= Bmo(r)) < [|d|2=BMO®R?))- u

The lattice property of the BMO space in the proposition below should be well known.

We include a proof here for completeness.

Proposition 2.4. Suppose f,g € BMO(R"), then f Ag and f\ g € BMUO(R"). Moreover,
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we have

If Agllamo < C (|| fllamo +1gllamo) » (2.17)

where C only depends on n, and the same is true for f\V g.

Proof. Here we only prove it for f A g, and fV g follows similar proof. Observe that for

any a,b,c,d € R, we have
lanb—cNd| <|a—c|+|b—d]|. (2.18)
Hence for any ball B,

g LA =gl dx < ﬁ/ng(x)—fBAgBde

2/ 2 2
Z 15— S drt = / 19(x) — g2 dx
8]/, 5]

C(|| fllEmo + llglEmo)

IN

and the proof is complete. O

2.1.2 Poincaré-Wirtinger inequality

We will need the following Poincaré-Wirtinger inequality for the Gaussian measures [0,
Corollary 1.7.3] in the proof of the Aronson-type estimate. For the completeness, we will
give a short proof here. In the sequel, we shall write Cll, (R™) to be the space of functions

with bounded continuous first order derivatives.

Lemma 2.5. Let u be the standard Gaussian measure on R", i.e. p(dx) = u(x)dx with

n(x) = G l)n/2 exp (—l> Then for every p > 1

[ 176~ firutan) < mp)Gr [ 97 ru(a) @2.19)
RV!
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for any f € C}(R"), where f = [, f(x)u(dx) and

u(p) = [ IEP e (318 ) at.

Further, setting [, (x) = rn]ﬁexp( n‘x‘ ) and fr = [gn f(x)l-(dx), one has

L1560 =Frmtan) < MYGY G [ Vr@raa. @2

Proof. Suppose Xy and X; are independent random vectors of n-dimensional normal dis-
tribution .4;,(0,1,), i.e. they have mean zero and covariance matrix /,. Then their density

functions are both u(x). Consider
Y(0) =Xpsin0 + X; cos 0

with 6 € [0, Z], which is also of distribution .4,(0,1,). Given f € C}(R"), we will have

d
= v(6)de,

A - £ro) = [ Tvrien- g

where %Y (0) = Xpcos 6 — X sin 0 is of distribution .4;,(0,1,) and independent of Y (6).

Now we take the LP-norm under the expectation on both sides to obtain that

EHf(Y(g)) / @)= O pldyndx)
> [ 1= Fran

by Jensen’s inequality, and

| vrtien: sovie) as

0
3* |

p]
d
VIY(8))- 25 (6)

<E

p
do

28



T

[ mee)) (o)

NS

p} do
=@ [ [ 9w aana).
=3 [ VP [ 51 cost V() u(aru(ar)

where (l] +% = 1 and (y,Vf(x)) is the angle between y and V f(x). Since the Gaussian

measure L is symmetric, we actually have that

. 1 -
[ reostrs) i) = [ int” wias) = [l aese (g an

for any x € R". Plug this in and the proof of (2.19) is complete. Finally, to prove inequality
(2.20), we just need to scale the coordinate by y = r~2x and it follows from inequality

(2.19), so we will omit the detail here. [

Remark 2.6. Lemma 2.5 can be extended to any function with weak derivative such that
both sides of the Poincaré-Wirtinger inequality are well-defined using a truncation and

approximation argument. We refer to [6] for more details.

2.1.3 A Riccati differential inequality

We will need the following lemma on a Riccati differential inequality for proving the
lower bound of the Aronson estimate. The first lemma below can be found in [79] and
we include the proof here for the sake of completeness. The second lemma is new to the

knowledge of the author.

Lemma 2.7. Suppose a non-positive valued function u is continuous and differentiable

on [%, T}, where T > 0 is a constant. If u satisfies the Riccati differential inequality

' (1) > —a+ Bu(t)? (2.21)
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fort € [%, T], where o, B > 0 are two constants, then

u(T) zmin{—aT—Z\/g,—wiT}.

Proof. fu(T) > —aT — 2\/E , then the proof is done. Otherwise, integrating the differ-
ential inequality (2.21) from T /2 to T, we have u(T) —u(t) > —%F forany ¢ € [, T]. In

other words, we have

T T
u(t)Su(T)—FaTS—OCT—ZM%—FaT,

which in turn yields that u(r) < —2\/% . Notice that u(t) is negative on [£,T] and there-

fore u(t)? > 4%. Hence differential inequality (2.21) implies that

002 B (5 +uln?) = B (P +u?) = ey

foreveryt € [%, T). Dividing both sides by u(¢)? and integrating from ¢ € [%, T]to T, we

obtain that
I _ 3BT 1 _ 3T
u(T) 8 u(t) 8
In particular, u(7) > _3BLT and the proof is complete. O

If o is a function depending on #, which is integrable and non-negative, then we still

can derive a lower bound on u.
Lemma 2.8. Let T > 0. Suppose that non-positive function u is continuous on [%, T] and

satisfies the following integral inequality

u(ty) —u(tr) > / " (—ault) + Bur)) i forallggtl <n<T, @22

n
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where o is non-negative and integrable on [%, T], and B > 0 is a constant, then

T
a(t)dt—CcpiT!

=
3
(AV4
|
—_——

for some C > 0.

Proof. Let C; = f r a(t)dt and C; > C; be a constant to be determined later. Suppose

u(T) < —Cy. Then for any ¢ € [Z, T] it holds that

T
u(t) <u(T) —|—/[ a(s)ds < —Cy+Cy =: —C3,

where C3 > 0 since C; > C,. Since u(t) is negative, this implies that u(t)? > C3. Now

(2.22) gives us

T T T
u(t) Su(T)+/t Oc(s)ds—/t Bu(s)*ds < —/t Bu(s)?ds, (2.23)

which implies that u(t) < —BC3(T —1t) for all ¢ € [%, T]. Repeating the procedure of

using the old bound on u(¢) and (2.23) to obtain a new bound, we deduce that

( ) < Bzm 1C2m 2m 1H 2m —k

k=1

m . 2]71
C|BC(T —1)[J(2 )

_k
after m times. Since inf,, []}" (2 2¢) = C4 > 0, the right-hand side can be arbitrarily
small at time % if BC3(T — %)C4 > 1, which contradicts to the fact that u is finite. Now if

we take C3 > ie. C; = Cy+CB~'T~! for some constant C, then u(T) > —C;. O

2
BTCy>

2.2 A critical condition on the drift

In this section, we study the divergence form equation (1.14) and prove Theorem 1.3. The
proof follows the main lines as in Stroock [79] and Davies [ 4] from which a clever use of

the h-transforms from harmonic analysis is borrowed, while we need to overcome several

31



difficulties since A is non-symmetric and the skew-symmetry part d is singular. The ideas

used are mainly due to Nash [64] and Moser [61, 62, 63].

2.2.1 The upper bound

In this section we show the upper bound in Theorem 1.3:

I'(t,x;t,€)<

2
x—¢| } (2.24)

7 &XP {_ Clt—1)

(t—1)2
forany t > 7 and x,& € R", where C depends only on n, A and ||d||;-gmo)-

The main idea of Davies [14] is to consider the A-transform of the fundamental solu-
tion I'(¢,x; 7,&) and apply Nash and Moser’s iteration to the A-transform of the fundamen-
tal solution I". Nash’s idea is to iterate the L”-norms of solutions to parabolic equations,
and to control the growth of the L”-norms. The main ingredient in Nash’s argument is the

clever use of the Nash inequality
2435 2 i 1 (on I (mon
lull " < CallVullz2llullf,  Vue L(R")NH (R"), (2.25)

where C,, > 0 is a constant depending only on the dimension 7.

The Nash iteration is neatly described as follows (Stroock [79], Lemma 1.1.14).

Lemma 2.9. Given positive numbers ¢y, ¢, B and p > 2. Let w be positive, non-
decreasing and continuous on [0,0), and u be positive with continuous derivatives on

[0,00). Suppose the following differential inequality holds:

Cl t(pfz)u<l’)l+ﬁp

/
u'(r) < —; WALE +copu(t), t>0. (2.26)
Then there exists a K(cy,) > 0 such that
K 2 Br 6t
t(p_l)/ﬁpu(t) < (_8p ) e 21j W(l), t>0 (2.27)
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forevery 6 € (0,1].

The iteration procedure above works in a very general setting, which has been ex-
plored since the publication of Nash’ paper [64], and it is still the major ingredient in our
proof. It is surprising that it works well even in our setting where the diffusion is very

singular.

Fortunately as well, Davies’ idea [ 14, 15] also works well for our parabolic equations.

Following Davies [14] and Stroock [79], given a smooth function ¥ on R”, we consider
Y (r,x7,8)=e¢ YOI (t,x;7,8)e¥®), (2.28)
and the linear operator

LYf) = | f(E)e YW (1,x;7,8)e"SdE,
Rl‘l

which is defined for non-negative Borel measurable function f ', and for f which is smooth
with a compact support. Similar to representation (1.17), it is easy to see that the adjoint

operator of F;ff can be identified as the following integral operator

P10 = [ FE) exp(—w(E)N(r &) exp(y()
= | FE ep W ENTHT — 5T 1,8 exp(w(x) dE.
that is
(Lf.8) = (£.0 )

for any smooth functions f and g with compact supports.

Lemma 2.10. Let T > 0,7 > 0. Let f € C5(R") be non-negative, and y(x) = o - x for
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some o, € R". Define

[ =LY = | f(&)e" VYOI (t,x7,8)de

Rn

fort > 1, and

£ o) =TYEf(x) = / €)W VE (1, &7, x)dE
Rn
= [ FE@ VO (T~ kT -1 &)
Rn

fort € (0,T].

There is a constant C > 0 depending only on n, A and ||d| =m0, such that for any
p=1
p IOCI

||fl”L2p — )’ Hvﬁ HLZ +C HleLZp (229)

fort > 1, and
p*laf?

ﬁ

£t (2.30)

1p 2
o M BT

L2 12

forallt € (0,T], where Cg = C||d|| 1~ smo) +2-

Proof. We may assume that T = 0 without loss of generality, so that

= [ ([ rorveso.gg) as

=/< | H&)e +w<e:>r(t,x;o,5)d§)2pdx.

Differentiating || £;||?%, to obtain

HLZp

Hszsz—Zp/ fix)?P” I(Rff 3F<rx05)d&>
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and by equation (1.10) we have

s =20 [ Lt [ fge vvO, a6V, 0.8 dg  ax.
Rr Rr

Similarly, the adjoint equation (1.16) implies that

d 2p

dt

1
t

L2p

:2p/ {fﬁ(x)zl’—l f(g)e‘ﬂx)—‘*’@)Vx-(AT(T—r,x)VxF(T,g;T—t,x))d&]dx,
R» R~

where AT is the transpose of A. By the Fubini theorem, then performing integration by

parts we therefore have

A= (e‘”@f@ [V h02 v, <A<t,x>vxr<r,x;0,é>>dx) at

R
_ /R PP (Vysalrx) - V) dx
-2t | R alen) V) dx
_2p—1) fi(x)P(Vfi(x)Pa(t,x)-Vy)dx
p R~
~2 Rnfz(xV (Vfi(x)P,d(t,x) - Vy)dx

=h—hL—5—1,

and similarly we have

1 d 2
55 ‘ftl LIZ)p :\/R”f[L(x)zp <Vl’/’a(T—l,X)'VlI/>dx
202p—1) . 1
_T/Rn <Vft (xX)P,a(T —t,x)-Vf; (X)p>dx
_2p—l) FH@P (Vya(T —1,x)- V()7 dx
P Jre
2 [ f P (VAP (T —1,2) V)
Rﬂ
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Since % | f¢ ||i’;,, and % |+ Hifp are similar, we only need to prove (2.29).

Each term /; on the right-hand side of (2.29) can be dominated as the following. The
first three terms [, I and I3 can be handled exactly as in Davies [14] and Stroock [79].

Recall that Vy = « is a constant vector. Hence we have

‘(X|2 2p
I < THftHsz- (2.31)

While for I and /3, by completing squares we first rewrite the terms of I + I3 as follows

b= =L [ A alen) V() d
i R
P Jre
= [ VAP alen) VAW (0= 1) [ 0 (ale) ) ds
P JRrr R~
ot [ (VR = ph0r @) ale ) (VA = pfi()7a) dx.

The last term on the right-hand side is non-positive as a(t,x) is positive definite, so by
using inequalities

(VA(0)P,a(t,2)-Vi(x)?) = AV fi(x)P

and

(@.alt) @) < 5 o,

we deduce that

(2.32)

2

A —1
~h=B <= VA | S P A

The main innovation in our proof is the handling of the skew-symmetric part 14 which
does not appear in the symmetric case. The idea is to apply estimate (2.6) in Proposition

2.2 to obtain

1= |2 [ £ (A1) )
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§C||d||L°°(BMO)|a|||ﬁp}}L2“Vﬂp}|L27 (2.33)

where C is a constant depending only on n. Therefore
Ll < 2 VeI +clld)? Lol 15112 2.34
|4 _EH 2 +Cl ||L°°(BMO)I|O‘| £l 72 - (2.34)

Putting these estimates on /; to 4 together, we thus obtain (2.29). [

Now we can follow arguments in Stroock [79] to obtain the upper bound, yet again
by using the special feature of our elliptic operator. We include the major steps only for
completeness.

First we can prove the following by exactly the same argument in Stroock [79].

Lemma 2.11. There is a constant C > 0 depending only on n and the L°(BMO)-norm

of the skew-symmetric part of (A;j(t,x)) such that

C Claf(-1)
73
1=l < e % Wl (235)
and
vl C Claf*(t=7)
[r 1], < gy e 236)

forevery f € LI*(R"),0< T <tand o € R", where y(x) = & -x.

Proof. We only need to prove (2.35) for the case that 0 = 7 < t. The proof of (2.36) is
similar, which uses the inequality (2.30) instead and the fact that the constant appears in
that inequality is independent of 7 > 0.

To show (2.35), we apply Nash’s inequality (2.25) to the first term on the right-hand
side of (2.29) to deduce that

144
I A e

- 4 ’
2pCu | |30/ A

d
g Ml = PR (2.37)

for every p > 1. Let u,(t) = || f¢]|;2» and wy () = supy< <, s"(l’_z)/4pup/2(s). Then (2.37)
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can be written as

A tp—Zu (t)1+4p/n |O£|2
") < — P C t
so that, according to Lemma 2.9, we have
wop(t) = sup s”(pfl)/‘tpup(s)

0<s<t

su <K_pz>4"pex (C|a|26s)w(s)
oz \ 8 ) TP\ T A )M

_ (KP\T_(Cla?st
= (5> exp( o wp(1).

According to (2.37), if take p = 1, we have

IN

2
wa(t) = sup || fill2 < A £ 2.
0<s<t

Now we set 6 = 1 and iterate it to get

Clo|?t Cla|*t
wom () < Cexp( ’A| )Wz(t) < Cexp (%) 112

Taking m — oo, we therefore obtain that

C Cla|?t
Il < sgexe (S5 ) Ul

which completes the proof. ]

Proof of the upper bound (2.24). Let us use the same notations as in the proof of Lemma

(2.11). By (2.36) and the fact that F;F is the adjoint operator of I}t’f, we have

C Clal?
10 < seeso (S5 ) 1l
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Since Folf;t = F,Ig[ o Fol,l:’ we thus deduce that

C Clal’t
Il < soexe (20 )

which is equivalent to

Clal’t

1 +a- (& —x)}.

C
I'(2t,x,0,&) < a2 XP

2

Let oo = ZLC[(x — &) and adjust 2¢ to 7 and O to 7, we therefore derive the upper bound
C g2
I'(t,x;7,6) <—exp (— ¢ )
(t—1)2 C(t—r)
for any ¢+ > 7 > 0. This completes the proof of the upper bound. 0

2.2.2 The lower bound

In this section, we prove the lower bound in Theorem 1.3:

. 1 Clx—¢&J?
F(I,X,T,g) > mexp [—?] (238)

following the idea due to Nash [64], where C depends only on n, A and [|d|| ;= gmo)-
According to Nash’s arguments, the lower bound is local in nature, and follows easily

from the following.

Lemma 2.12. There is a constant Cy > 0 depending only on the dimension n, A > 0 and

the L™(BMO) norm of (d;j), such that

/ In(I'(1,x:0,&)) u(d§) > —Co  Vx € B(0,2), (2.39)

and

2,x0&) >e20  x&eB(0,2), (2.40)
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where UL denotes the standard Gaussian measure on R", i.e.

1 £

p(dé)=p(8)ds, Where#(g):WfT-

Proof. The proof follows the same ideas as in Nash [64], as explained in Stroock [64]. We
have to overcome difficulties from the additional non-symmetric part d(¢,x) = (di i (t,x)).

The idea is to consider for any x € B(0,2) the following function

G) = [ (I (11 -1.8)) wld?).

where 7 € (0,1] and x € B(0,2). Since (4;;) is uniformly elliptic with bounded derivatives,
I'(t,x;7,&) is a probability density in x (when other variables are fixed) and also in £ (as
other variables are fixed). Hence [, I'(r,x;0,&) d§ =1 for every r € (0,1]. We have
G(t) < 0 according to Jensen’s inequality. What we want to show is that G(1) is bounded
from below uniformly for x € B(0,2). To this end we consider the derivative of G. By a

simple calculation with integration by parts we obtain

G'(0)= [ (Eal1=18)- VeI (11 ~t.£)) udt)
+/Rn (VelnI'(1,x;1—1,&),a(1 —1,&)-VeInI'(1,x;1 —1,&) ) u(dg) (2.41)
5 | (Ven (@) d(1-1.8) Ve (&' P (a1 —1.)) ) dé

for any 0 € (0,1). Here we have used the facts that VInpu () = —2&, the backward

equation for the fundamental solution I'(¢,x; 7, ) and the following fact that

(Vi,d-VInT') = é <Vu5,d~V (u1*51nr)>

as b is skew-symmetric. Using the Cauchy-Schwartz inequality and the compensated
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compactness inequality (2.5) we deduce that

G(1) > —g+ (1 —e)/n (VeI (11 —1,8),a(l —1,€) Ve In(1x:1—1,£)) p(dE)
_%”d”BMOHV.ué

Ve <u1*51nr(1,x;1 —z,&))

C
>+ (1= A |[VInC (Ll —1,) |2y

L2 L2

= 5o [V, |7 (ut-omr 1 —1.)

L2 L2

for any €,8 € (0,1). Choose 6 € (0, %), then
sl _sll,8 -
] i, <=
Moreover, for § € (0, %), we have

ﬁﬁu@ﬁﬁvmu@m<w

and

@)1 <,
g

which imply that

Hv (u1*51nr(1,x;1 s ~))

< H(vul—fs)lnr(l,x;l—t,-)H

12

12

)
+Hu1 VlnF(l,x;l—t,~)HL2

—(1-9) H(u%—5V1nu)1nF(1,x; 1-1,)

L2(p)

v Hu%—ﬁvmr(l,x; 1-1,")

L2(p)

< (151 =1, 2 + VL (L 11, 2,
for some constant C depending only on n and 6 € (0, %) By substituting this estimate
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into the inequality for G/, we obtain

C
G'(1) >~ +(1=&)A|[VInI (Lx: 1= 1,) [

—Clldlao (I (161 =1, 2+ IVINE (s 1 =1,) |24
S C 1
~ & 4A2¢?

—Clld|gmo [InI"(1,x;1 —1, ')HLZ(;;)

C?||d im0 + (1 —2€) A || VInT (121 =1, [ 72

for any € € (0, %) By choosing € = 1/3, we thus have the following differential inequal-

ity:
G(t)> —C+4|IVInT (1,51 —1,)|| 72 — CllInT (11 =1, | 200y (242)

for all € (0,1), for some constant C > 0 depending only on n and the L (BMO) norm

of the skew-symmetric part d(z,x).

The remaining arguments of the proof are more or less the same as in Stroock [79].

Firstly, by the Poincaré-Wirtinger inequality for the Gaussian measure, we obtain
J(t7x) = HlnF(LX; l—1, ) - G(I)H%}(u) <2 ||V1IIF(1,X; 1—1, ) ||1242(,u) :
On the other hand, since G(¢) < 0, we have

J(t,x) = [InL(1,x:1—1,) = G(1) |32,
:/n(lnru,x;l—t,aj)—G(t))Zu(dé)

>

t/ (InF(1x:1—1,E) — G()? u(dE)
{InI(1,x;1-1,£)>—K}

(InC(1,x1—1,E)+K —G(t) —K)* u(d§)

Alnl"(l,x;l—t,f>—[(}

=5/ (InI(1x1-1,8) + K — G(1)* 1(dE) — K>
2 Jinr(xl-1,8)>—K}
=1 G121 (dE) — K

2 Jnr(l—1.8)>—K)
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= JGUPRIE ER Il (Ls1 —1,8)> K} K

According to the upper bound

C k=&
-] — < — —
I'(1,x;1 t,g)_tn/zexp{ o |
we have
x— &7

n
InC(1,x1—1,E) <InC—=Int —
nI"(1,x §)<InC—3ln c

forx € B(0,2) and ¢ € (3,1). Hence

C x—&|?
I'(l,x1—1&6)dE g/ exp [—— d&
/{|5|>r} (1[5 12 Ct

| [c
:CLLL ‘ §t€+x >r
r—2 r—2
<G ||§l>—=| <G |[§] > :
Vér Vs

and therefore, there is a positive number R depending on C such that for any r > R

/ I'(lx;1—1,8)dé& <l forallr € (0,1],x € B(0,2).
{IE[>r} 4

Thus for any 7 € [%, 1], there is some M such that I'(1,x;1 —7,&) < M, and therefore

53/ (11 —1,&) dE
4~ JBo.r

< |B(0,7)|e X + (2m)"/2Me” Pu{E e R* : In[(1,x;1 —1,E) > —K}.

Choose K > 0 such that |B(0,r)|e % = 1, we obtain

1
(Zn)n/zMerZ/z -

,u{éGR":lnF(l,x;l—t,é)z—K}zz K(r) > 0.
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Using this estimate, we deduce that

G,(t) > —C+ %J(I,X) _C||1nF(17X;1 _tv')HLz(,u)

> C4 %J(r,x) ~c[Vite +16()]]
> —C(g,A) + %J(r,x) —eG(1)?

> —C(e, 1)+ ;—4G(t)2u {EeR":In[(1,x;1—1,E) > —K} — fL—sz —eG(1)?

> —C(e,K, )+ (1% K(r)— 8> G(t)?

for € > 0 such that %K(r) — & > 0. Now we obtain

G'(t) > —C; +CG(r)? (2.43)

foranyr € [%, 1], where C; > 0, C; € (0, 1]. The previous inequality (2.43) may be written

Ci Ci
GHY>C|G—/= |G -

together with the fact that G < 0, it follows that

as

) Ci 8
G(1) > —C1 =24/ —.—— » = —(). 2.44
( )_mln{ 1 C 3C2} 0 (2.44)

The lower bound in (2.39) follows from the Chapman-Kolmogrov equation and Jensen’s

inequality. In fact

InI'(2,x;0,&) =1n (/Rnl"(2,x;l,z)F(l,z;O,é)dz)

In (/n(zn)"/ze'dz/zr (2,x; 1,z)r(1,z;0,¢j—)u(dz)>
> ([ resartzosuao)
2/ lnF(Z,x;l,z)/.L(dz)—i—/llnF(l,Z;Oaé)lJ(dZ)

> _2C07
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which yields (2.40). O

Proof of the lower bound (2.38). By the scaling invariant properties, i.e. for any r > 0
and z € R”,

L(rt,rx+2;0,rE +2) = r "I (1,x,0, &) (2.45)

where A, (t,x) = A(r*t,rx+z) and I'* is the fundamental solution associated with A in
equation (1.14). The transformation A — A"* preserves the elliptic constant A and more

importantly the L*(BMO) norms. So we may apply (2.40) to "4 to deduce that

—2A

e 1
e for | — x| < 4r2. (2.46)

I'(2t,x;0,&) >
Finally, to extend it to all (x,&) € R” x R", we use the Chapman-Kolmogrov equation
again. Suppose that k < [x—&|* <k+1, set x, = &+ 24 (x— &) and B, = B(xm,kl—l/z)

for 0 < m < k+ 1. Notice that if y,, € B, then |y, — 11| < kl% and therefore

2m 2(m—1)

; 0, > k"6
k—l—l’ym k1 s Ym>Yy Ym— 1)

I

. :r‘am

where A, (t,x) = A(t + 2(,:"+_]1) ,x). Hence by the Chapman-Kolmogrov equation

'(2,x;,0,&)

4 2 2k
> V2 5 F2, T, dv,---d
/31 /Bk k+l’yl I (k+1y2k i) I( xk+1Yk) Vi dy

> (K2 (B0, DIk 3.

Choose B such that e B < |B(0,1)|e~?, then we have ['(2,x;0,&) > e e P8I,

Again apply the scaling argument to I', we obtain the lower bound:

1 Clx— &P

al™

) <T(¢,x;0,&).
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2.3 Supercritical conditions on the drift

In this section, we will prove Theorem 1.6 and 1.8, which are a priori estimates of the
fundamental solution to equation (1.9). We will assume that a € C*(][0,T] x R") and

b e C*([0,T],Cy(R")) so that there exists a unique regular fundamental solution.

2.3.1 The upper bound

In this section, we prove the upper bound, which essentially use the A-transform of the
fundamental solution. But here we will use Moser’s approach instead of Nash’s to prove

the upper bound because it has the potential of applicability to more general cases where
] " 2 n

be L(O.T;LARY),  1<-+-<2 A
q

forn>3,/>1and g > % Recall that we denote

§ NS
q
e 0 R”

Same as in the divergence form (1.14), we apply the A-transform to equation (1.9).
Given a function ¥ on R" which is smooth and has bounded derivatives, we define the

operator

AYu(x) = exp(~ fl B (ai5(1,)3%, exp(w () u(x)]
i,j=

—exp(— Xn:bz Oy [exp (Y (x))u(x)].

i=1
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Then its corresponding fundamental solution is

TY(1,x:7,8) = exp(—y(x))L(t,x:7,8) exp(y(8)),

and the adjoint operator is

LY () = [ F©)exp(=w(&))T(r. &) exp(y(2) de,

as defined in the critical case. Clearly they satisfy
i
(CF f @) 2 = (T2 &) 12(ro)- (2.47)

Lemma 2.13. Suppose (a,b) satisfies conditions (E), (S) and (A). Given oo € R", and
y(x) = o -x, set

filx) =Tg f(x) = SOV (6x50,8)dl
for f € C5(R™). Then there exists a constant C depending on (n,l,q) such that

jaf?

2 2o
|4117, < exp

t+2cﬂ+3!a|129/\“t”) 12, (2.48)

2‘,27

_n_ —
where@-q 1, u R R

y=7+2and A= bl o 7,000

Proof. We begin with the fact that f; satisfies

d
21 1l = 2047 fos fo) -

It follows that

> (LRI, = 1718;) = 5 /’iu By te= [ A5t

/ / Y a0 exp () £ ()% fexp(— () ()] dieds

i,j=1
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_/ /nibi(Sax)axi[CXP(W(X))fs(X)][eXp(—w(x))fs(x)] dxds

/ /n“‘1Sx 3 (x dm&—/ / (Vf5(x)-a(s,x), Vfs(x)) dxds
_/0 /n<a-a(s,x)7st(x)>f;(x) dxds—i—/o /n<VfY(x).a(s7x)7a>fS(x) dxds
_/Ot/n<b(S,x),oc)st(x) dxds—/O[/Rn(b(s,x%vfs(x»fs(x) dxds.

Since b is divergence-free, we have for any s that

[ 060, VAW 5 dx =
The third and fourth terms cancel each other and condition (E) gives

> (102, - ufuiz)

o-a(s f ) dxds — (Vfs(x)-a(s,x),Vfs dxds
/ 1K S / /. ) V£ ()

_ /0 / {b(5,),0)£2(x) dds
< [Ptz s [ a1 as- [ [ o050 s

For the last term, one obtains the following estimate

t
0 —0
< / @l 1505, Mgl 2 L 12 s

/Oz/nw(s’x)vamz(ﬂ dxds

1+ 1—
/ @155, gl o, 151,

where

n 2n
oL (ten=Th (1-e)n

n—

By Sobolev’s embedding and Young’s inequality, we can further control it as follows
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5,x), @) £ (x) dxds

n

t
/ Cledllb(s, )|l £l 1V £l € ds
oy, AL 150
Mgl (G T IVA
2 1-1—9)»
Meg) e 155172+ = IV A, ds

1+6
2 7)ds

2 116
Clal||b
[ cialiets
"1-6,2 140
< [ S Clalp
! 2 A
e Edatle ->uLg>ﬂmHi;+guwsumds

<

Combining all the estimates above, one has

Jof?
103 < Wi +2 [ 11, - 21941 as
2 2 A,
+ [ O (allb(o. ) ) P01 + 21V A2 ds

(165, )0 )Ilfslleds

)%

2 |af? 1
<2 [ (Gh+e!
Recall % + +2=ywithl <y<2and A= 16112210, 77,29(rn))- HOlder’s inequality implies
that
2
l+2 =,
/ Ib(s, )l 2 s ds—/ 1B, ||Lf, = " ds < (/ (s, )15 ds> T o}
AZ 7+l Z,Z ]H—I ,
2 _andv= 22_7'2. Hence,

where we set 7 = 0if [ = c. For simplicity, we denote u =

2 1 2
E e albts Mg ) 1l as

146
-0

by Gronwall’s inequality and

t
I < Wi +2 [ (
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we deduce that

t a 2 1 i 2
I <o (2 (10 + e albGs Mg ) as ) i
2|af? 1
<exp (%t—l—ZC(I)hﬁapzeAﬂtv) ||f||%2
Now the proof is complete. [

Lemma 2.14. Suppose that (a,b), ¥ and f; are defined as in Lemma 2.13. For any p > 1

and any smooth non-negative function 1 on [0, T] satisfying 1(0) = 0, we have

£ IIszsz <Clal*p||fn IILszJrC(IOCIp)Z* IIblleLqut 7Y||L2Lz
+c/ / & 12 (x)|am (£)|n2° " (¢) dxd.
where ¥ = +2 , 0= ﬂ and C > 0 is a constant depending only on l,q,n, A.

Proof. For any p > 1, we have

Hﬁ||2" =2p(AL fi 777 2.

Next we multiply both sides by n2° and integrate on [0,T] to obtain

/n2<’ /8tf, ) (x)?P~ 1 dxdr

= [0 [ (Penpy0) )l Vexpl 0 )
= [ 00 [ 0000 ey ) ) exp - 0) e

_ / . / a-a(t,x), o) f2° (x) ddt

—@p-1) / M) [ (VAG)-alen). VA ()£ dc
_@2p—1) / n2° /na.a(t,x),v]e(x)mzl’1(x)dxdr
[ 70 [ 9400 a0, 08 ) e
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/n / ), £ (x) dxde

/ n%° / (b(1,2), V£, (x)) 271 (%) dixd. (2.49)

Condition (S) implies that

[ 00,950 ) =0

for any ¢, and hence the last term vanishes. Set g; = f/ for simplicity, then the left-hand

side becomes
T T 1
/O ) [ 3tfr(X)fz(X)2p_ldxdt= / [ 1e0)5 2163 00)

- /]Rn an g, dx / /n_gt )(@m ()N 20—1(t) dxdt.

Multiplying by p on both sides of equation (2.49), we obtain

/” %HZG(I)g?(X) dx : _/OT/n ogtz(x)(&n(t))nchl(t) dxdt
T
:P/O nzo(f)/n<a'a(fax),06>g,2(x) dxdt

(2p— 1)

T
| [ (Fa0-at0.), Vi (0)
—(2p— 2/ n%° / (a-a(t,x),Vgi(x))g:(x) dxdt
[0 [ pen.@gw v

=L —h—-—LK—1I.
Now we estimate each term individually as follows

I < / 0% —p||g,r|L2dt
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OC
et [ 000 % o pla - [ o 0AIva IR

i =|p [ 00 [ 060,015} ana

T
<[/ nprb<r,x>|\g,ncmg,\wam)dxdt

< \OCIPHbHLquHgm HLSUHgtTl ”L2L2

since 0y =20 — 1 and

1l vy 2—y 1 vy 2-vy
-+t —t=1 -4+ —==1
l+s 2 ’ q+r+ 2
From this relation, it is easy to see
2 n_n
s r 2

which yields the interpolation inequality

n

1Al < C||f”LooLz||Vf||Lsz> B=

NS

Together with Young’s inequality, we deduce the following estimate

1y < Cillfllgerz + CAIV 1l 212 (2.50)

Now we choose € > 0 small enough such that, by Young’s inequality, we have

2
|14 S«Sllgm"HLsu+C(8)(|06|p)2 Y||b||Lqu||gm "2z

AN b
<—(||gm IILmLz+||ng IILsz)+C(|0tlp)2 YHbHLqullgm HLsz

Combining these together, we conclude that

T
/ / Gg2()(Am (1))~ (1) dxdr
O n
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< [ w0 [ o oaiveg

YN e
+—(||gm IILsz+||ng ||L2Lz)+C(|06|p)2 Y||b||Lqu||gm ||Lsz-

If we set 7(0) = 0, then the inequality above implies that

1

> lgrn®(T )||Lz+ ||ng ||L2L2

2 1
|Igm ||L2Lz+ Hgm HLooszLC(|Ot|p)2 Y||bHL1Lquzn HLsz

+ /O | ogmiomom @) dua,

and the same is true if we replace T by any ¢ € [0,T]. Hence

| o

<

1 A
ZHg,nGH%mLz—i-—||Vgtn6||izL2

|OC|2 2
<

l
lg:m® !\Lsz+C(!0¢|P)2 YHbllequlgm "1

+ /O | ogtiam@)n® (o) dxar

Applying the interpolation inequality (2.50) with s = r = y = "= we deduce that

2 2
I8m° ory 2 < ClaPpPllgm 25,5+ C tlp) Yllbllequlgm "ass

ve [ [ o@wamon o

and the proof is complete. 0
Now we can use Moser’s iteration to prove Theorem 1.6.

Proof of Theorem 1.6. Define open intervals I; = ((% — 2k )T, T) and choose 1 as cut-
off functions such that 1, = 1 on I, x = 0 on Ip\Ix_ and | ;| < 4*T~!. Denote Lian

the L? space on the space-time domain /; X R”. Then

2 G2
||gt||szchn < [l HL,ML)%X
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4
2—
k

< Clafp’llgm? Iz, +C(lalp)? VHbHLquHgm

+c//cg, ) am(e) 027 (¢) dxdr

HL2L2

<ClaPpllgll (\06!17)2YHbHL[LqutHLz +CG ngHLz
1% _ xR

k IXR
2 4k
sc(mr e LA e a )Hgtan

IX

Recall that g; = f. Let po = 1 and py = x* = ("nﬁ)k fork=1,2,---. Then

4k
) —1(12
PPy <C (lal Pi P ||b||Lqu|0‘|“+<’T>”ﬁ"k'”L%“XM

lk><

or equivalently,

1 4k 2pk
I, < €70 (lad+ pE bRl 7+ 0 ) ™ 1l

IkX LA

Iterate the procedure above to get that

k=1

k1
- 7 2 E 4 2py_
||ﬁ‘HL<%A’T) an (HC i1 (| pk 1+P ||b”L1Lq|06’2 —l—GT) Pk 1) ”ftHL%Oan'

Since p; = (”T“)k <2Fand2—7y< 1, we have

o <
[

IN

o 1 2 2 koo 1
2 = =y 7y
(HCZPkl(‘al +A>7|al? y_|_T)2pk (42 7)2pk1> Hf’”L%Oan
(e} n+2
<C(laP +ATT|a|7T 4+ = ) “ftHL

(\a!2T+A2 yya|2 "T+0)" S **HftHLz (2.51)

We already proved inequality (2.48), which implies

Nf—

2
il ., < Texp (COaPT + (ol P AT") ) |z

54



Inserting this into (2.51), we derive that

2 2 n+2
Ifill=,  <C(laPT+AT7|a|” 7T +0) 4 T"

(L. 1)xRn

IS

xexp (C(IlaPT+ o T ATY) )| ]

: _Q—0_"n_9_ 2 —_2 _ 2=
Notice that 1 — 0 =2 i 2—v+ ; and recall that u = g V= e Hence

2-y+2

2 2
@ TTATIT = (Ja|FOARTY) 2T

2 2 n . =
and (|Oc|2T+AZTV|O¢|2TYT—|—0')%2 can be viewed as a polynomial of (|a|*T, |«| 13eA“T"),

which can be dominated by
Cexp (C(|a|2T+ |a|ﬁA“T")>.

Therefore we have

Ifrlliz < €T 4exp (C(1@PT + || “FATY) ) | £l
By duality, i.e. equation (2.47)

I frllz < T~ exp (C(1@’T + @ o ART) )1 -
Using the Chapman-Kolmogorov equation, one has

|orli < €T3 exp (C(1PT+ || FTARTY) ) | £l
Recall that

far(x) = [ F(§)exp(—y(x))T(2T,x;0,5) exp(y(3)) d&

Rn
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for any f € Cy'(R") and that y(x) = o - x. Replacing 27 by ¢ and dividing both sides by

exp(—y(x))exp(y(&)), then we have a point-wise upper bound on I as follows
[(1,2:0,8) < s exp (Cllafr + o] FoA"Y) + - (x—£))

for any o € R", where C depends only on (I,q,n,A). Set m(t,x) = mingepn(C(|ct|*t +
|| ﬁ/\“t") + a - x). Taking the minimum of the right-hand side over all o € R", we can

conclude that

[(¢,x;0,&) < C/‘zexp( (t,x—§)).

Finally, we shift I'(r — 7,x,0, &) by 7 to obtain estimate (1.21). Now the proof is complete.
]

We may give an elementary and explicit estimate for the function m in the theorem we

just proved, which also gives a more explicit form of this upper bound.

Corollary 2.15. Under the same assumptions and notations as in Theorem 1.6, if U =

5 }2,+2 > 1, the fundamental solution has upper bound
AN
C (=€ ]2
) (t_Tl)n/Z exp <_C_2 < —1 )) V=T <1
[(t,x;7,&) < _ N o (2.52)
C 1 xX— = x|* T
(tfrl)"/2 eXp (_C_2 <(zf7:)"> ) Py > 1
where A = ||b||1o 7.9y C1 = Ci(l,q,n,4), Co = Co(l,q,n,A,A). If i =1, which
implies g = o0, we can solve for m(t,x) explicitly and obtain
G (CiA(—1)" |x &)’
I'(t,x;7,6) < ——— — 2.53

Proof. Clearly, it is enough to estimate function m(z,x). In this proof, we denote C; as
a constant depending only on (/,¢,n,A) and C; a constant depending on (/,q,n,A,A).

Their values may be different throughout the proof. Notice that u > 1. When u > 1, by
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; - __x
taking o0 = icyr » We have

mirx) < QR CAME P Gl CIAMBP 2
T 16C5  ARCheey 4Gt 16C3  ARCHeD vl 4G T 8Cot

. u=2 u=2 1
if [L’CLT < 1. When t|:f|—v—1 > 1, we take o0 = —ﬁ(%)ﬂ—l ‘ﬁ—‘ Then one has
2 o o
Cld7T | Gl i
m(t,x) < 2v nv_ v
16C3 1T 4UCH AT Gyt R
o 2-p o o o
Cilx[=T |x[BT CLAR|x|ET x| o
= 0.V Tyoudl TP ~ < — v
16C5t =1 -1 AHCyrr=t Cotil 20k

Now consider the case that = 1. To obtain m(t,x) = mingern (Cy(|ot|?t + |a|ArY) +

o - x), it is easy to see that & must be in opposite direction of x, i.e. % = —‘i—‘. So we
only need to find the minimum of the polynomial Cyt|ct|? 4 (C;AtY — |x|)|a|, which is
vV_ .
obtained at |a| = —C“;tcl . " and the value is
(Ci1ArY — |x])?
m(t,x) = ————x—".
( ’ ) 4C1t
Now the proof is complete. [

Recall that in dimension three, any Leray-Hopf weak solution to Navier-Stokes equa-
tions satisfies

ue L=(0,T;L2(R*)NL*(0,T;H (RY)).

Clearly L2(0,T; H'(R?)) C L*(0,T;L%(R3)), thus y = 3 for both function spaces. Notice
that by interpolation, u € L'(0,T;L4(R?)) for any [ € [2,0] and ¢ € [2,6] satisfying % +
= % This is an interesting case for which we have the following theorem.

3
q

Theorem 2.16. Suppose n = 3, and conditions (E) and (S) hold for b € L*(0,T;L4(R?))

satisfying % + % = % Then the fundamental solution I to (1.9) has the upper bound

57



c 2 -4
comee (=& () =

1
C 1 (=81t\5% i
(I,Tl)3/2 cXp (_6 < -7 ! = = 1,
14

where A= ||b||11(o 7,19(w3)) C1 =Ci1(l,q,n,4), Co = Ca(l, g, A, A). Here we set |f,|,2 =

[(t,x;7,8) <

when [ = oo,

Since we know that fR" ['(t,x;7,£)dE = 1 and we have proved the upper bound in
Corollary 2.15, which is of exponential decay in space, we can derive a lower bound for
I in the following form. This proposition will be used in the proof of a pointwise lower

bound later.

Proposition 2.17. Take the fundamental solution of (1.9) satisfying conditions (E) and

(S), for any 6 € (0,1) and t — T small enough, we have

/ Lt 7,E)dE > &,
B(x,R(1—7))
where R(-) is a function defined as follows

ct'/? ify=1
R(t) =
Cr>N2ml ry>1,

B(x,r) is the ball of radius r and center x, and C depends only on (8,1,q,n,A,\).

Proof. Firstly, when u > 1, we have
[t,x1,8)<h@t—tx—&)+h(—1x—E&), (2.55)

where

G s C) A
hl(t»x):tn/zexp(—c—z (T ) hz(t,x):tn/zexp o\
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Thus it is enough to prove that

/ It —Tx— &)+ halt — T,x— E)dE < 1— 5.
B R(i—7))¢

Without loss of generality, we can assume T = 0 and x = 0. By the following change of

variable

ex d C exD (— dE
/B(O,RC21/2t1/2)c /2 P C2 &= BOR) p(—IEI7)dE
we have
C 2 5
/ n/lzeXp< <|§| )) 5_
B(x,R(1))c ! Cz

with R ( ) = Ct'/2 for some sufficiently large constant C > 0. For the second term, since

X =L < % it follows that

1
C HN w1
/ /12 exp (’él > d§ =
B(O,RCé”_])V/‘utv/u)c tn C2 t

C B
exp(—|§|*+ T )dS.
e g o0 (C1EFT) e

Setting ®(R fB e €XP (—\5\%>d§,then one has ®(R) < Ce R by £~ i1 > 1. Soif

set R=C(1— (% - ﬁ) Inz) for some C, we obtain that

n(i-—x
/B(o,R)ceXp (_|§|%> de <ce k<! (ZCIH) '¥’
and therefore |
AT _
/B<0,Rz<t>>c tf_/lzeXp <_ci2 <|§\|/ )u ) ag<°
with
Ry(t) :ctvm(1+(%_£)1n%) :Ct(Z—y)/2(1+(% _?,)ln%)

for some constant C. When 7 is small enough, R (f) < R,(¢) and we obtain the radius
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R(I):Rz(l).

When u =1, we have v = 2%7/ < % and, by using the elementary inequality (a — b)? +

2 a*
b 279

Ci ( (ClAtV—|€!)2>
—= €X —_= 7 |d
/B(O,Rtv)c [n/z P 4C1t é
c (clA—|éi|>2)
— B Ny
(=) /B(O,R)"exp( Cyt!=2v :

1
T
ClE2
"(z=V) JB(o,R)c C1

C &7, o 2>
< exp| —— +CyA” ) d¢.
= (i) /B(M)c p( o, TEIAT)dS

Let ®(R) =[5 g exp (—|€|*) d§. Then ®(R) < Ce® for some universal constant.

Thus we still take

R(t) =ct® 121 + (% - 2%") In-)

Ci < (Ci1ArY — |5D2)
——exp| —————— |dEL<1-6.
/B(O,Ié(r))c /2 P 4C1t ¢ <

Clearly, when y = 1, R(r) is just Ct'/2. We only need R(r) for small ¢, and under this

to obtain

condition ln% > 1. Thus we can R(r) = Ct?-7/2 ln% when ¥ > 1 and the proof is now

complete. [

Remark. Although estimate (2.55) seems to be better than (2.52), actually it can be shown
that this observation will not affect the result. Therefore, based on Corollary 2.15, this
R(t) is the smallest cone radius such that we can derive a lower bound of this form inside

the cone.
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2.3.2 The lower bound

Let T > 0 and x € R". To prove the lower bound, the idea is to consider the quantity

Gy(1.x) = / (0T 2T —1,€)p (d€) = / (1, €:0,3)) 1y (dE)

n

/2

for t € [0,T], where u,(x) = -1y exp (—%x‘z) as defined in Lemma 2.5. Then Jensen’s
inequality implies that G,(¢,x) < 0. We will write it as G(¢,x) if r = 1. If we have
G.(T,x) > —C for some positive constant C, then we can derive a lower bound for

I'(T,x;0,&). Consider the time derivative of G,(t,x)

G.(t,x) = N o In(C'(T,x;T —1t,&)) u(d&)

r

:/n<%,a(T—t,§)-VglnF(T,x;T—t,§)>,ur(d§)
+ Rn<V§lnF(T,x;T—t,é),a(T—t,é)-VglnF(T7x;T—t,§)>,ur(d§)

+ . (b(T —1,&),VeInI(T,x;T —1,&)) u(dE). (2.56)

In the rest of this subsection, we will estimate G, (¢, x) under various conditions on b and
hence obtain a lower bound of T".

For y =1, or in particular / = o, g = n, which is the only case that regularity theory
is missing, the argument is the same to the BMO case. Since in the critical case, ||b||z=z»
is invariant under scaling, we do not need to worry about explicitly how the constant
depends on A. Hence we will only need to estimate G(1,x) and obtain the estimate of
G(t,x) for all ¢ by scaling. In supercritical case 1 < y < 2, in order to use scaling, we
need to find out how the constants appearing in lower bounds depend on A, and therefore
it is not a good idea to use the scaling argument. So we will alter the strategy to estimate

G,(t,x) for all 7 directly.

Lemma 2.18. Suppose ¢ > 2, 1 >2, 1 < y< 2 and R(t) is defined as in Proposition

2.17. For any k > 0, x € B(0,kR(t)) and t > 0 small enough, there is a constant C > 0
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depending only on ,1,q,n, A, A = |[b|| s 1.14(rn)) Such that

) 2
Gr(t,x)z—C(l)(;—l— /4y A2) — C(;)"/Zﬂexp (”“Z#) (2.57)

Proof. We fix a T > 0. By the definition of G,(¢,x), for 0 < t; <1, < T, we can deduce

that

G(t2> (tla )
o (T,x;T —s,&)
(T, x;T —s5,&)

ot
- L

ur(d&)ds

(T —5,8) - VeInI(T,x; T —5,8)) i (d& )dss

+/ / (Ve InD(Tox T —5,E).a(T —5,)- Ve InT(T,x:T — 5,€) i (dE )ds

+/ / &), Ve InI(T,x;T —5,8) )y (dE )ds

22w
> [ I VeI T 5 g s
+/ MIVEID(T 55T 5,9 s ds
1

—/ ||b(T_sa'>HL‘i(R”)H.ur2”L%(Rn)nvélnF(T7X;T_S7')HL2(u,)dS
> c ( ) C(A)||b(T — 2 d
> 5 M& 112, + COIBT =5, [Za ey ||Hr "2 ds
151 n

L (R)

2
. 2
+5/tl [Ve D (T T 5,2, ds-
Here we set % = oo when g = 2. Since [ > 2, we have

[ I =) oyt <

For the last term in the equation above, we use the Poincaré-Wirtinger inequality to obtain
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that

15)
/ Ve InT(T T — s, s >
f Hr

15}
Crl/ INT(T, 25T — 5,E) — Gy(s5,2) 2ty (dE)ds
131 R”
Since G,(t,x) <0, using (a — b) > “7 — b?, the right-hand side can be estimated as

/t2 [InD(T,x;T —5,&) — G(s5,%) | (d& )dss
/ / (INC(T, 2T — 5,) — Gy(s,x) — 1+ 1) o (d€)ds
InI'(Tx;T—s,6)>—1}

> ‘/ / (InI(T,x:T —5,) + 1= Gy(s,x))” pr(dE) — 1ds
2 InI(Tx;T—s,6)>—1}
> l/ / Gr(S,X)ZHr(dé) — lds
2/ {InI"(T.x;T—-s,§)>—1}
15}
_ % / Gy(s,2)’ NI (T, ;T = 5,8) = —1} — 1ds.
151

By Proposition 2.17, for any x € B(0, kR(t)), we have

/ DT 1,66 > 5,
B(0,(C+1)R(1)) 2

which implies that

/2 30712
U (T T —1,8) > — 110 exp (nIR(T)I

/2 Cr

| =

) +IBO.(CH RO >
fort € [, T]. So if we take T > 0 small enough such that |B(0, (C+ x)R(t))|e~! < }‘ for

allt € [0, 7], then

LU}

T
. _ > _ > }’l/2 —
wAInL(T,x; T —t,&) > 1}_C(r) exp< Cr
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Also it is easy to calculate that || ”%2 ) =" and

1
712 —C —n/q
r - r —4 .
H.u ”L42*q2(]R") H,u Hquz(Rn) (Q)r

We now can conclude that

2C(A) —n/ 2 1
Gr(t2,2) = Gli1,0) 2 — [ 2 COY DT — 5, oy + Cr s
n
1 T wR(T)]? /[2 2
+Cr (r) exp Cr ; G,(s,x)°ds,

for % <t1]<thp <T.ByLemma 2.8 and [ > 2, we have

» 2
G (T,x) > —C(A) (L 4+ /07 P A% _C(%)n/2+l exp (ﬂIRC(T)| ) _

r r

Proof of Theorem 1.8. For x,& € B(0,kR(t)), by using the Chapman-Kolmogorov equa-

tion we obtain that

InI"'(2T,x;0,&) zln/ I'(2T,x;T,z)I'(T,z;0,&)dz

n

V
=

/‘WﬂF@angﬂXRzoﬁﬂhwd

v

lnr+/ InI"(2T,x;T,2)'(T,z;0,&) . (dz)

lnr+/ lnF(ZT,x;T,z)ur(dz)—l—/ InI'(T,z;0,&)u,(dz)
n Rn

3 2
1nr—C()L)(§ —|-r*”/‘1T¥A2) _C(%)n/2+1 exp (n|RéT)| ) 7

r

Vv
IS IS IS
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i.e.

3 2
FRrx0.8) = rhexp | ~CL 70T 7 a3 - ey exp (FREE .

Now we can take maximum of the right-hand side over all positive r. Recall R(t) =

Ct>=1/2n %, if we take r = R(T')?, then the right-hand side becomes
722" (In l)% exp | —CT?% (In l)—’2 —cT® (ml)—z"/q —CT%(In l)<"+2>
T T T T ’

where 8 = y—1, 6, =1 — % - 3(2—')/), and 63 = (5 +1)(1 —7) <0. Clearly 6; =

min{0;,6,,6;} < 0. Because we consider only for small ¢, the dominant term will be
1
I'(2T,x;0,&) > exp [—CT63 (In 7)(”+2)} )

and the proof is complete. 0

We can use the Chapman-Kolmogorov equation to obtain a positive lower bound on

the whole space, but we prefer to omit the details of computations.

Remark 2.19. Using full power of the Poincaré-Wirtinger inequality and following similar
arguments as above, we can actually drop the assumptions that ¢ > 2 and [ > 2. We only

need to assume that 1 < y < 2 to obtain a lower bound.
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Chapter 3

Weak solutions and diffusion processes:

critical cases

Using the a priori Aronson-type estimates proved in Chapter 2, in this chapter, we will
study the weak solutions and the related diffusion processes in the critical case. In Sec-
tion 3.1, we will show that under the critical condition d € L*(0,7;BMO(R")) (or equiv-
alently b € L=(0,00;BMO~!(R"))), the Aronson estimate implies Holder continuity of
weak solutions following the ideas from Stroocks [79]. We also obtain the uniqueness
of weak solutions in Section 3.2 through approximation. Moreover, we can construct a
unique diffusion process from the results in first two sections. In Section 3.3, we fur-
ther construct a strong solution to the SDE when the diffusion part is Brownian motion.
We show that there is a unique almost everywhere defined strong solution if we in ad-
dition assume that b € L?>(0,T;H"). The L?(0,T;H") condition can be generalized with
current method. But we stick to this special condition here because it is satisfied by the

Leray-Hopf weak solution to the Navier-Stokes equations.
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3.1 Holder regularity of the solutions

In the previous chapter, if d € L*(0,7;BMO(RR")), we have proved the Aronson estimate

=&
Ct

&I
t

exp(—C )7

C
Ctn/z ) < F(trx’()vg) < tl’l/z exp(—

where C only depends on n, A and ||d||;=mo)- In this section, we will prove the regu-
larity results to the parabolic equations using the Aronson estimate. We will still assume
that the coefficients a and d are smooth and the key point is that the constants in the con-
tinuity theorem do not depend on the smoothness. Then the same estimate will still be
true when we approximate singular coefficients, because of the point-wise convergence
of weak solutions and fundamental solutions obtained in the next section.

Recall the parabolic equation

Z: a_ [ l.] t x axj (t x):| _Eu(lax) :0? (.1

where A;; = a;j + d;j, (aij) is symmetric satisfying the uniform elliptic condition that
A < (ajj) < A1 in the matrix sense, and (di j) is skew-symmetric. We only assume that
A;;j are Borel measurable in (7,x), and d;;(¢,x) belong to the BMO space for every ¢ > 0,
such that the BMO norms  — ||d(z,-) || gp0 1S bounded, whose supremum norm is denoted
by |||~ Bmo0)- as before.

Let us consider Cauchy’s initial and Dirichlet boundary problem associated with (3.1).
Let D C R" be an open subset with a smooth boundary. Given T > 0, u(¢,x), which
is a locally integrable and Borel measurable function in (z,x) € [t,T] x D, is a weak
solution to the Dirichlet boundary problem of (3.1) with initial data u(t,-) = f € L*(D),

ifueL*(t,T;H' (D)) NL” (7,T;L*(D)) and

T T a
—/T /D(V(p(t,x),A(t,x)-Vu(t,x))dxdt+/T /Du(s,x)a(p(s,x)dsdx
+/f(x)(p(7:,x)dx:0 (3.2)
D
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for any smooth function ¢ (s, x) which has compact supportin (7,7) x D. Let '?(¢,x; 7, &)
denote the corresponding fundamental solution. Then we recall the following result in

[44, Chapter 1V, Section 15] when the coefficients are smooth.

Lemma 3.1. Suppose that A;;j are smooth, so that these exists a smooth fundamental

solution I'(t,x;7,&) satisfying the Aronson estimate, and therefore

| _ C x— &I
0<T2(t57,6) ST(xT,8) < o exp (‘W)

forallt >t and x,& € D. If f € L*>(D), then u(t,x) = A (x) belongs to
C([z,T],L*(D))NL”(t,T;L* (D)) NL*(t,T;H' (D)).

Moreover, we have the energy inequality

t
ut, )22 + 22 / IVau(s, )% < [1£11 (33)
T

forallt > 7, and u(t,x) is also a weak solution to (3.2).

Proof. This is a well known result in the theory of parabolic equations. Suppose f is

smooth with compact support in D, then u(r,x) = I/} f(x) is a classical solution to the

parabolic equation (3.1), so that

" d d d
Z E (Aij(t,x)a—xju(t,x)) — Eu(z‘,x} =0

i,j=1

for all x € D and ¢ > 7. It follows that

J 2
/D,]Z'lAljtx 3x, )8x] txdx——a—/ (t,x)%dx =0
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for all > 7, and therefore we have the energy inequality

t
(e, 122 + 22 / IVu(s, Y| ds < |11 (3.4)
T

for all # > 7. From the energy inequality above, we deduce that for every f € L*(D),
u(t,x) = FTDI (x) belongs to L=(t,T;L? (D)) and also to L>(t,T;H' (D)), and the energy
inequality remains true. Therefore for any ¢(z,x) which is smooth with compact support

in [7,7) x D, we have

t a t
/ / u(s,x)=—@(s,x) dxds—/ /(V(p(s,x),A(s,x) -Vu(s,x))dxds+/ fx)o(t,x)dx=0,
t JD ds t JD D
(3.5)
which is true for smooth f with compact support, so that it remains true for f € L?(D) by
the energy inequality above. Thus u(f,x) = FTI?I (x) is a weak solution with initial data

feL*D). O

This result allows us to approximate A by {A,,} and there exists a unique fundamen-
tal solution I"” and strong solution u™ corresponding to A,,, which satisfy the claims in
Lemma 3.1.

We denote the parabolic ball as Q((9,x0),R) = (to — R?,19) x B(xo,R) and

Osc u=— max u— min u.
O((to,x0),R) O((to.x0),R) O((to,x0),R)

Firstly, we will prove Nash’s continuity theorem as follows.

Theorem 3.2. Suppose u € C'>(Q((to,x0),R)) is a solution to equation (3.1), then for
any 6 € (0,1), there are a € (0,1] and C > 0 depending only on (§,n,A, ||d||1=sm0))

such that

Osc u

o
|l‘1 —t2|1/2\/ |X1 —)Cz|
O((0,%0),R)

|u(ty,x1) —u(t2,x2)| SC( R

forany (t1,x1), (t2,x2) € O((t0,x0),OR).
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Applying this theorem to the fundamental solution, we have the following corollary.

Corollary 3.3. There exist o € (0,1] and C > 0 depending only on (n,A,||d||1=mo0))

such that for any 6 > 0, we have

C (n—0]"2Vix —x|V]E —&\"
\F(t1,x1;0,§1)—F(tz,xz;0,52)| < ﬁ <| 1 2| |x16 X2| |§1 §2|>

for all (11,x1,&1),(12,%2,62) € [67,00) X R" X R" with |x —x2| V| — & < 6.

Here we prove Nash’s continuity theorem. The proof is inspired by [79], which was
originally written in probability language and relies heavily on the strong Markov property
of the diffusion process. Here we rewrite it using a PDE approach instead.

Since we still assume (a,d) to be smooth, it implies that equation (3.1) is equivalent
to

du—div(a-Vu)+b-Vu=0 (3.6)

with b = divd. Clearly this equation satisfies the maximum principle. We consider the
Dirichlet problem on [0,7] x B(xo,R) for any fixed xo and R > 0 with u(0,x) = f(x)
and u(t,x) = 0 for x € dB(xp,R). Then there is a unique regular fundamental solution

R (¢, x;7,&) with x,& € B(xo,R). So for any f € CJ(B(xo,R)) satisfying f > 0,

TR f(x) = / IR BRSO

is the unique strong solution to Dirichlet problem. We will prove the following lower

bound for I*-R(¢, x; 7, &), which is also interesting by its own.

Theorem 3.4. Forany 6 € (0, 1), there exists a constant C = C(6,n, A, ||d||=smo)) such

that

! x—&J
R (¢ >__ - _

forany t — 1 € (0,R?] and x,& € B(xg, SR).
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Proof. Without loss of generality, we take T = 0. For any ¢ > 0, given f € C5(B(xo,R))

satisfying f > 0, consider w(s,x) = I'sf(x —F;“)’R x) —M for s € |0,¢| where
ying

M= sup  T,f(2)
s€[0,1],z€B(xp,R)¢

Then we notice that w solves (3.6) in (0,7] x B(xg,R) with the initial-boundary condi-
tion that w(0,x) < 0 for x € B(xo,R) and w(s,x) < 0 for s € (0,¢], x € dB(x0,R). So
the maximum principle implies that w < 0 in (0,7] x B(xo, R), which means I/ £ (x) >

I, f(x) — M. Since this is true for any f € Cg(B(xo,6R))™ with & € (0, 1), we have

R (2,0,8) > T(1,%,0,8) — sup I'(s,2;0,y)
s€[0,t],z€B(x0,R)¢,yEB(x9,0R)

1 x—&J? C (1—8)°R?
> _C=Z_>=' ) _ _— B Sl
> 2 exp ( C ; sup I exp s

s€[0,1]

for any x,& € B(xo,8R). Consider the second term, and set 7 = ¢/R? and § = s/R>

C < (1—6)2R2>
sup n—/zexp —_

s€l04] S Cs
= 202 P <_Cﬁ> o ZCszg/z exp (‘ § _ci)ZRz +C’x_t§‘2>
- s (~ePEE) wp 2 g (U ).
If x—E? < % and t < R?, it implies
sup 20272 xp (_(1 —53)2 N |x~—‘g'|2) - 2—C2exp (_(1 _(?)2) |
sepg 72 Cs iR? sefon] 52 2Cs

2
where s%% exp (—%) — 0 as § — 0. So we can take 7 small enough so that RHS < 1
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and hence we have

R (1, x;0,€) >

1 =&
202 P (_C t

where max{t, |x — &[>} < €2R? for some small € depending on (§,n,A,A).

Now we use the Chapman-Kolmogorov equation to extend this to any x, & € B(xo, OR)
and ¢ € (0,R?]. First consider |x —&| > €R and any ¢, we set &, = & + tx—8), Bn=

(x0,5R)ﬁB(§m, yany ) Im k+1 Then for any z,, € By, we have |z, — zp—1| < |+1§‘.

So, to obtain |z, — z,_1| < €R and |t,, —t,,_1| < €°R?, we just need to choose k > %

Now one has

Fme(IaX;ng)Z/ / ero’ lm+1,Zm+1,lm,Zm>de le
B B

k m=

[ &[ e [ (k1) e\
2 ( 2z P <_C(k+1)t>)
|x gl |x—§|2

=& tn/zep( p )

! =&
> — .
> Ct"/zeXp< C ;

The only case left now is the case where [x—&| < eRand ¢ > €2R2. Set t,, as before, then

- w2 S\ K
50.R (; . R (k+1) kD =g
*o(z,x;,0,&) Zc(k—l—l) ( Scnr SXP C ;

1 =&
> —
—Czn/ZeXp( c ; ;

and the proof is complete. ]

Now we give the proof of Nash’s continuity theorem. First consider a non-negative
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solution on a parabolic ball u € C!?([tp — R?,19] x B(xo,R)), clearly we have

u(t,x) > / COR (1,2t — B2, Eulty — B2 E)dE
B(XOaR)

by the maximum principle. Then by Theorem 3.4

u(t,x) u(to—R%,E)dE (3.7)

: /
>
~ C|B(x0,52R)| JB(xy.5,R)

for any (¢,x) € [to — 82R?,t9] x B(xo, 8R), 81,8 € (0,1), and C depending only on J;,

&, n, A and ||d||z=(pp0)- This estimate is called the super-mean value property.

Lemma 3.5. Suppose u € C'*(Q((t,x0),R)) is a solution to equation (3.1), then for any

6 € (0,1), there is a 0 = 6(5,n,A,[|d| 1=(8m0)) € (0,1) such that

Osc u<6 Osc u.
O((10.x0),0R) O((t0,x0),R)

Proof. Let

M(r)= max u, m(r)= min u,
O((t0.x0).r) O((to.x0),r)

and consider M(R) — u and u — m(R), which are non-negative solutions. Inequality (3.7)

implies that

M(R) — M(SR) >

I 2
~ C|B(x0,6R)] /B<xo,5R)M(R) (fo— R, §)dS,

and

m(O0R) —m(R) u(to— R, &) —m(R)dE.

1
> -
~ C|B(x0,0R)] /B(xo,(SR)

The sum of these two inequalities gives us

[M(R) —m(R)] — [M(SR) —m(5R)] > é[M(R) —m(R)],

which completes the proof. [
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Proof of Theorem 3.2. Denote [ = |t —t2|1/2 V|xp —xp|. If Il_e > 1— 9, then it is easy to
find C and the proof is done. If 117 < 1— 8, we choose integer K such that (1 — &§)X+! <

L < (1—8)K. Assume #; <t,. Then

lu(ty,x1) —u(tz,x2)| < Osc u< k-1 Osc u
O((12.x2),(1-8)KR) 0((12,%2),(1-8)R)

<6k! 0sc u=607265" 0sc u
O((t0,x0).R) O((t0,x0).R)

Now we can find o such that 6 = ((1 — &) A 8)%, which implies 6K ! < (1 — §)(K+De <

(11—3)0‘ and the proof is complete. O

Remark 3.6. Another important consequence of the Aronson estimate is the Harnack in-
equality as in Theorem 1.5. It is a simple consequence of the super-mean value property

and Lemma 3.5. We will omit the proof here and a complete proof can be found in [79].

3.2 Uniqueness of weak solutions

In this section, we prove the uniqueness of weak solutions. To this end we need the

following fact from Evans [20, Theorem 5.9.3].

Lemma 3.7. Let T > 7> 0. Let u € L?(t,T;H' (R"))and $u € L? (1,T;H (R")),

then we have u € C ([t,T],L* (R")) and

)

(T )z = N1 (0, )72 = 2<E .Gy

u, u>
(v, T:H- Y (R")).L2(7,T:H' (R"))

where <-,-)W*’W denotes the pairing between a Banach space W and its dual Banach

space W*.

Proof. Tf u(t,x) = ¥ @;(x)n;(t) where ¢; € H' (R") and n; are smooth with compact sup-

portin (7,T), then

[ uePa =T oo [ eoeiax
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so that
d 2 ’ /
u(t,x)“dx=2 H)n;(t i (x)Qi(x)dx,
di Jo, 1) gn()m() - P09;()

and therefore
T 4 5 "o
|5 [ uteapas=2 [ Yiem | otoe i
T dt n T R~

=2 <£u, u> .
ot 122, H-V(RY)) L2 (7,T5H (RY))

Hence

d
(T, Y12 — (e, )% = z<5u,u>
L2(n.T:H-V(RY)).L2 (1, T:H! (RY))

By the density property, this equation remains true for any u € L* (7,T;H"' (R")) such
L]

that %u € L? (t,T;H ' (R")), and we can deduce that u € C ([t,T],L* (R")).

Now we are in the position to state the following uniqueness theorem.

Theorem 3.8. Suppose A = a+ d satisfies conditions stated at the beginning of the sec-

tion, i.e. A < (ajj(t,x)) < A~! and 4|l (8moy < o= Let T > 0. Suppose u(t,x) €

L>(t,T;L>(R"))N L (7, T; H (R")), and satisfies

/TT/nu(nx)%(p(t,x) dxdt = /TT/n<V(p(t,x),A(t,x)-Vu(t,x)> dxdt 3.9
for any @(t,x) that is smooth with compact support in (T,T] x R", then
du 2 —1
5, €L (z,T;H'(R")). (3.10)
Hence the following energy inequality holds:
(3.11)

T
(T, )12 + 22 / / Viule, )2 dxde < u(t, )%
T Rn
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and the uniqueness of weak solutions holds for the initial problem of (3.1) in space

L>(t,T;L>(R"))N L (7, T; H (R")).

Proof. Consider the linear functional

Fv)= [ (VWle.2).A(0) Ve, ) ds

for y € H'(R"). By the compensated compactness inequality (2.5) we have

Fi(w) < (llall=o.ryn) +C Il ooy ) 1V, 2 IV W2y Bu12)

for any w € H'(R"). Hence by the Riesz representation theorem, there exists a unique

w(t,-) € H'(R") for every ¢ such that

Fi(y) = / (Vw(e.) - V() w2 () (3.13)

where

9, Mo ey < (Nl o 712 + C Ml mqnaon ) Vel 2y

which implies that w € L?(t, T; H' (R")).

In terms of w(t,x), (3.9) becomes

T T
| [ utesotm@yasd= [ [ (Fte.n)- Vo) +wir.s)p) (o) drd
(3.14)

forany n € Cy((7,T)) and ¢ € C5(R"), which can be written as

T T
/T (u(t."), @) 20 (£)dt = / (w(t.), @) i 1 (6)dt
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and can be extended to any ¢ € H!(R"). Since

T
< / e, Vg 191 1 (0)d
T
— 19l / It )l 1 (6)ds

T
<ol \// w7 de 171l 2.
T

T
/1: (w(t,-), @)1 n(t)dt

we obtain

T
<@l \// w7 de 172 e 7
T

T
/E <u(t7')7(p>L2 nl(t)d[

which implies that

d

o u(t,),9)2 € L2 ([5,T))

for every ¢ € H' (R"). Moreover, according to the Riesz representation theorem

‘ < ll@lla \// lw(e, )7 dr
L2[t,T] T

for any ¢ € H' (R"). Therefore, there is %u € L*(t,T;H "' (R")) such that

d

(e, ),9).0

/TT <%u(t, .),(p>H1,H1 n(t)dr = —/TT (ult,), @)’ (t)dr

for every ¢ € H' (R") and 1 € CJ (7, T). The equation above can be written as

<§tu (P®TI>L2( ) / /n txa_ @(x)n (1)) dxdt
[ [ @m0 Vute, ) avi

where and in the remaining part of the proof, for simplicity, we use (-,-) L2(H-1),L2(H")

to denote the pairing between L? (7,T;H' (R")) and its dual space L* (7,T;H ' (R")).
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Since

span{Q @1 : @ e H' (R") and eCy(r,7)}

is dense in L% (7,T;H' (R")), we have

<£u,l]/> / / (Vy(t,x),A(t,x) - Vu(t,x)) dxdt
at LZ( L2 Hl n

for any y € L* (,T;H' (R")). In particular,

<£u,u> / / (Vu(t,x),A(t,x) - Vu(t,x)) dxdt
at LZ(H 1 L2 Hl n

—l/ \Vu(t,x)|*dxdt.
T JR?

Now, by combining with Lemma 3.7, we deduce that

T
(T, ) — (e, )| = 2<3u,u> < o / Vu(t )
ot L2(H-1),[2(H") v JRe

which in turn yields the energy inequality (3.11). Other conclusions of the theorem follow

easily. 0

Finally we prove the existence and uniqueness of the fundamental solution.

Theorem 3.9. Suppose (Ai j) = (ai j) + (d,- j), where a and d are symmetric and skew-
symmetric parts of A respectively, is uniformly elliptic: A < a(t,x) < A~" in matrix sense
for some constant & > 0, and ||d||;=(gp10y < o. Then there is a unique positive function

I'(t,x;7,&) defined fort >t > 0 and x,& € R", which possesses the following properties.

1) I is a Markov transition density: I'(t,x;7,5) >0

/r(z,x;f,g)d5:1 and /F(t,x;f,é)dle
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foranyt>1>0, and

F(t,x;r,é):/ I'(t,x;5,2)(s,2;7,&)dz

n

foranyt>s>1>0.

2) There is a constant M > 0 depending only on n, A and ||d|| =gy such that

I Mlx— &2 | M &P
M-y P (‘ (—t ) STUsne) = G o (‘Mo—r))

forallt > 7.

3) Forevery f € L* (R"), u(t,x) = [gu f(E)(t,x;7,&)dE (for any t > 1) is the unique

weak solution with initial data f, which belongs to

C([z,T],L*(R™)) NL=(t, T;L*(R")) N L*(z, T; H' (R™)).
Proof. Since d € L”(BMO(R")), we can choose a € > 0 such that

lelog(|x)lBmo < (||| 1= BMmoO)-
Define
U™ (x) = (—elog(|x]) +m) AmVv0, LU (x) = (elog(|]x]) —m)AOV (—m), (3.15)
which are compactly supported BMO functions with
1T [B7o = L™ [Bmo < Clld]|=BMO);
where constant C > 0 depends only on the dimension n. Let

d" (t,x) = d(t,x) NU™ (x) VLU (x). (3.16)
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—

m)

By Proposition 2.3, we can mollify it to define d; ’. Then, there is a C independent of

L
m

d and m, such that Hd(Lm)HL‘”(BMO) < C||d||=Bmo0)- Each d"™ is smooth with compact

1
support and d ) din LY ([0,T] x R") for any 1 < p < eo. For simplicity denote d(im)

1
by dy,. Similarly a,, denotes the mollified approximation of a for m = 1,2,---. ay(t,x)
and d,,(t,x) are smooth, bounded and have bounded derivatives of all orders, and a,, — a

and d,, — d in L ([0,T] x R") for every p € [1,00).

loc

Now for each A,,(t,x) = an(t,x) + dy(t,x), a, is uniformly elliptic with elliptic con-
stant 24 and

|dm | L=BMO) < Clld || =BMO)

for some constant depending only on the dimension n, thus there is a unique fundamental
solution I'™(¢,x;7,&) which satisfies the Aronson estimate with the same constant. Ac-
cording to Theorem 1.4, I'"™(z,x;7,&) are Holder continuous in any compact sub-set of
t >t >0and x,& € R" with the same Holder exponent and the same Holder constant for
allm=1,2,---. Therefore by the Arzela-Ascoli Theorem, there is a sub-sequence of """,
for simplicity the sub-sequence is still denoted by I"™, which converges locally uniformly
to some I'(7,x;7,&) fort >t >0 and x,§ € R". Clearly I'(¢,x; 7,§) still satisfies 1) and

2).

We now prove 3). By our construction, if 7 > 0 and f € L?>(R"),
u™ (t,x) = I3 f(x) = u(t,x) = Iz, f(x)

point-wisely. According to Lemma 3.1, u™ (actually «™(¢,x) is Holder continuous too
in t > 7 and x) is a strong solution to the Cauchy problem of the parabolic equation

associated with the diffusion matrix A,,, so that the energy inequality holds:

t
Hum(f,')!liﬂr?t/ IVa (s, 172 < [1F117- (3.17)
T

which implies that {¥™} is uniformly bounded in L*(7,T;H'(R")). Hence there is a
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sub-sequence which converges weakly, whose limit must be # and
u€C([r,T),L*(R")) NL™(z,T; LA(R")) N L* (s, T; H' (R™)).

Next we prove that u also satisfies the energy inequality (3.17) as u™. For each m, we

have

/TT/num(t,x)%ﬁD(t,x) dxd;_/:/nw(p(t,x) An(t,x), V" (t,x)) dxdt =0

for any ¢ € C5'((7,T) x R"). Since A, — A in L} ([s,T] x R") for any 1 < p < oo and

U — u weakly in L?(7,T;H'(R")). By taking m — oo in the equation above, we obtain

that

/ET/nu(t,x)%(p(t,x) dxdt—/ET/an)(t,x)'A(%X%VM(I,X))dxdt:O

for any ¢ € C5((7,T) x R"). That is, u is a weak solution to the Cauchy problem of
the parabolic equation (3.1) with initial data f. Now according to Lemma 3.8, % €

L*(t,T;H~'(R")) and therefore

t
ut, )22+ A / 1Vas, )22 < |11 (3.18)
T

The uniqueness of the fundamental solution I" follows from the energy inequality
easily. In fact, suppose there is another sub-sequence of I'™ converges to I. Then
ii(t,x) = I7,f(x) satisfies all the results above. Especially they both satisfy the energy

inequality. Therefore w = u — i is also a weak solution. By Theorem 3.8, we deduce that

t
/ w(t,x)? dx+l/ \Vw(t,x)|* dxdr <0
R” T JR”

for any ¢ > 7 and we have w = 0. This implies « = if and hence I = I". The proof is

complete. [
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3.3 Diffusion processes

Clearly the fundamental solution obtained above in Theorem 3.9 can be regarded as the
transition probability of a diffusion process and hence we can construct a diffusion process
which is unique in law. In this section, we will study in detail the diffusion processes

corresponding to equation (1.9). In particular, we are interested in solutions to the SDE

for its application to the Navier-Stokes equations. It is well known that for » which is
Lipschitz continuous and has linear growth, SDE (3.19) has a unique strong solution for
any initial data xo € R". For measurable drift b, this SDE has weak solution which is
unique in law when b € L'(0,T;L4(R")) with y = 7 +2 < 1,1 € [2,e0) and g € (n,q].
In Krylov and Rockner [47], it was shown that there exists a unique strong solution to
(3.19) when b € L' (0, T;L(R")) with % + 4 < 1. Later it was further proved in Fedrizzi
and Flandoli [23] that the strong solution to SDE (3.19) is Holder continuous and differ-
entiable in space variable with V,X € L?(Q x [0, T]). However, these results are still not
2

known when b is critical, i.e. 7+ g = 1. The main difficulty can be observed from the

Girsanov transform theorem, which requires that the exponential martingale

T 1 [T
exp{/ b(l;Bt)dBt_E/ |b(t,Bt)|2dt}
0 0

is a true martingale. By the Novikov condition, we can see a sufficient condition is that

T
sup E [ / |b<r,B,>|2dz] <o,
0

xeR?

where the supremum is taken over all initial data x of the Brownian motion B;. By
the transition probability of the Brownian motion, this condition is satisfied for b €
£'(0,T;L9(R")) with §+2 < 1.

With the divergence-free condition on b, we use another approach to work on the

82



existence of strong solutions and its differentiability. The approach is first used by Crippa
and De Lellis [13] on ODEs, which is to estimate the difference between two processes
with different initial data or different drift term b. The key tool in the estimate is inequality
(3.22) below. To use this inequality, these two processes have to be controlled to stay in
a finite ball, which is easier to obtain for ODEs. For SDEs, because of the diffusion
term, the control of the process within a ball is much harder and most works impose
boundedness or linear g-rowth condition on b (see e.g. [25, 90]). In our work, we will use

the Aronson estimate to control the processes to stay within a ball.

Proposition 3.10. Suppose a diffusion process X; has transition probability I" which sat-
isfies the Aronson estimate

1 Golx—&P

_E12
C—(t ’C)”/z exp [ 1 :| < F(l‘,x;f,é) < Lexp {_M] , (3.20)
o\l — - _

(t—1)n/2 Co(t—1)

then

~

P sup [X;—x| >R | <2C3"P(Z > -),
0<s<t 1t

where x is the initial data of X; and Z is of normal distribution A (0,1,).

Proof. Without loss of generality, we assume x = 0 and set

M; = sup |Xi|, Tg = min{zt : |X;| > R}.
0<s<t

Then we have
P(|X;| = R) = P(|X;| = R,M; > R)

— P(|X,| > R|M, > R)P(M, > R)

= P(|X,| > R|Tz < t)P(M, > R),
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in which

P(|X;| > R|Tg <1t)

v

/;exp Gl

n
-1-4

R — N —
N

by the lower bound. We plug this in to obtain P(M; > R) < 2C(1)+%P(]X,] > R). Now using

the upper bound and we proved that P(M; > R) < 2C3"P(Z > By O

Remark 3.11. This estimate is not optimal, but it is enough for the application below to
obtain the integrability of the supremum process and also to control the path. The estimate

(3.20) here is expected to be relaxed to supercritical condition on b.

Corollary 3.12. Under the same assumptions as in Proposition 3.10, we have that

E

sup | Xy —x|P| <o
0<s<t

forany 1 < p < oo

Proof. The proof is a straightforward calculation using Proposition 3.10

E

sup |Xs—x|? :/ P| sup [X;—x|" >y |dy
0<s<r 0 0<s<t

1

< / 203 P(Z > yT) < oo,
0

which is essentially due to the exponential decay of the density function of the normal

distribution. ]

In addition, we use the following feature that when b is smooth and divergence-free,

the strong solution X; preserves the Lebesgue measure in the sense that

PlocQ: |X (A, m) =|A] =1 (3.21)
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where X; (A, @) is the image of any Borel set A € R” under the mapping x — X;(x, ®).
Now we start to present the construction of the strong solutions based on the argument

in [90]. First, we recall the following lemma in [ |3, Appendix, Lemma A.3].

Lemma 3.13. Let Mg f be the local maximal function of locally integrable function f

defined as
1
Mgf(x)= sup f(y)dy.
0<r<R |Br| By (x)
Suppose f € BV,.(R"), then
1f(x) = FO)] < Clx = y|(MA|V f[(x) + M|V F|(y)) (3.22)

for x,y € R™\N, where N is a negligible set in R", R = |x —y| and constant C depends

only on the dimension n.

We denote M f as the maximal function

Mpf(x) = sup B
0<r<<><>| r| B (x)

f()dy

and clearly inequality (3.22) is also satisfied with the maximal function on the right-hand

side.

Lemma 3.14. Suppose X;(x) and X,(x) are strong solutions to SDE (3.19) driven by the

same Brownian motion, with initial data x and smooth drift b and b respectively. Then

. / log (SUPOSsgz Xo(x) =X 1) W
B,

1 -
02 SC(”Vb||L}L§+EHb_bHL,‘L}C)a

where the constant C depends on r and n.

Proof. Consider

d 1X: (x) = X ()2 1X: (x) = X (%) [b(2, X () = b(t, % (x))|
dr 8 ( 62 + 1) = X, (x) — X, (x)]2 + 62
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o bl X (x ))—b(t Xi(x))| | |b(, Xr( ) — b(t,X(x))]
wx, )2+62  VIXi(x) - Xi(x)? + 62

= g1(x) + g2(x).

Integrate both sides on B,(0) and take expectation, then by (3.21) and Lemma 3.13 we

dx

have that
ClX:(x) — X (x )I(MIVbI(t Xz( ) +M|Vb|(1,X:(x)))
: {/B’gl(X)dx} =F /Br \/|Xt (x)|>+ 62

<c / / M|Vb|(t,x)dx+ / M|Vb|(,x)dx dP(o)
QJX (B0 X:(B,,0)

1
c /Q 1B, 3| V] 2 gy dP(@)

1
— 201, HIVB | 2 gan)

and
1 -
| [ satopds] <GB | [ b0 (5) = e B o)
< // lb— B|(t,x)dx dP(e)
9 X (B,,0)
< o IBHD Bl 2y
Finally we take supremum in time ¢ on log (W + 1> and the proof is complete.

]

Now we are ready to prove our main result in this section.

Theorem 3.15. Given a divergence-free vector field b € L*>(0,T;H' (R")) such that there
exists a sequence of divergence-free vector fields b\ e C ([0,T],C5(R")) converging to
b in L*(0,T;H'(R")), and the corresponding diffusion processes (X,( )) to SDE (3.19)
satisfies uniform Aronson estimate (3.20). Then we have that (X,(n)) is a Cauchy sequence

in the function space LP(Q x B,;C([0,1])) for any p € [1,2) and r > 0. Moreover, the limit
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X; is the unique strong solution to
dXt — b(t,Xt)dt +dBt

in space LP(Q x B,;C([0,t])).

Proof. Step 1: We first prove that (X,(")) is a Cauchy sequence. The estimate of

[ 1o (supo<s<t X" - %" WP 1)
B,

E 02

in Lemma 3.14 does not imply the estimate of

E

/ sup (X (x) — x™ (x)|2dx] ,
B

- 0<s<t

and that is why we need Lemma 3.10 to estimate it when supy <, |XS(") (x) —Xs(m) (x)|? is
large. Denote
Of () = { eR": sup |X"(x,0)| <R, sup [X"(x,)| < R}
0<s<t 0<s<t
and by Lemma 3.10 we have that for any fixed r > 0,
supP(w:x ¢ 057,”(0))) — 0, as R — oo. (3.23)

xEB,

Set S,(n’m) (x) = supp<s<; ]XS(") (x) —Xs(m) (x)|?, then for any fixed § > 0 we have

P (w : / S (x)dx > 26) <P <w : / S (x)dx > 5)
B, B.NOR , (»)

+P (a) : / ST (x)dx > 5)
B,\OK,,(0)

_ Il(n,m) +I§n,m).
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We first estimate the second term Ién’m)

< Ly / sup X (x) — X" (x) Pdx
8 | JB\OR, () 0<s<t
(m)  \p2
<5 L s 0 X WP g, o P
1
2
<1 / 2E | sup X (x) —x[*+ sup \X§m>(x)—x|4] P(o:xd O (@))hdx
0 B, 0<s<t 0<s<t ’

<e

for large enough R by (3.23) and Corollary 3.12, and this estimate is independent of (n,m).
This estimate also helps us to fix an R. To estimate Il(n’m), we separate B, N 0§7m(a)) into

two parts

{80 = 0% - DY, ") < 02 - 1)

such that if fB log( ( )+1) dx < L, we have that \{S ( ) > Gz(eL2 -1} <

b

S—=

which implies

(n,m) (n,m)
/B,ﬂoﬁm(w) S w)dx = /B,ﬂoﬁm(w) S ) I{Sf(n’m) (X)ZGZ(eszl)}dx

(n,m)

" /Brmofgm(w) S I{S,("’") (x)<02(el*—1) }dx

1
< 0%(eH — DB, +4R .

Now we set 8 = [|p(") — p(m))| 1)1 to obtain
X

St(nm)
/Brlog —(e(n,m))Z +1 |dx

by Lemma 3.14, which gives us that
S§n7m)
—_— > <
P /Brlog (9(”7’"))2 +1]ldx>L | <

88

supE

n,m

<C

STk



Thus for fixed § > 0, we can choose L large enough and (n,m) large enough (6" is

small enough) such that (0(””"))2(6L2 —1)|B,|+4R*] < 8 and § < €. Hence

(r,m)
P a):/ s (x)dx > 8, [ log S’—2(x>+1 dx<L| =0,
B,ﬂOﬁ,n(a)) BV 6

and

(n,m)
Il(n,m) _p ((D : / St(mm)(x)dx > 57 10g (Ste—z(x) + 1) dx > L)
B,ﬂOﬁm(CD) By

(n,m)
§P<a):/ log<St9—2(x)—|—l>dx>L> <e.
B,

Now we proved that

P (w : / S (x)dx > 26> 0
B,

as n,m — oo for any fixed 9, i.e. convergence in probability. Recall that

sup E

nxeB,

sup |XS(”) (x)|2] < oo
0<s<t

by Corollary 3.12, which means that sup,, ]Xs(n) (x)|? is uniformly integrable for any
p € [1,2). Finally we can deduce that for any fixed r > 0, (X,(n)) is a Cauchy sequence in

LP(Q x B,;C([0,1])) for any p € [1,2) and we denote the limit as X;.

Step 2: Now we verify that the limit X; is a solution corresponding to b, i.e. if we

define
t t
Y,(x):x+/ b(s,Xs(x))ds+/ dBy,
0 0

then X, =Y, in space L' (Q x B,;C([0,¢])). Consider

sup 0 10 < [ 165X )~ b5 X, 09,
0

0<s<t
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Then integrate both sides on B, and take expectation, we have that

E

/ sup ]Xs(n)(x)—Ys(x)|dx]
B

r 0<s<t

<E [ /B , /0 6 (5, (1)) — (s, X <x>>|dsdx]
ve|[ y 16057 09) b5 X0 s

— I, +1L.

Again using (3.21) , we have that I} < |Br|% |b— l~)||L[1L2. For the second term, we will find

another smooth be such that [|be —b|[;> < € and then separate /; into three parts

L<E [ /B | /0 e (5.X (x)) — bg(s,Xs(x))]dsdx]
+e|[ b 16e(51X,(2) b5 X0 lds|
+e|[ b oe(s: X7 0) (5. X7 )]

For the second and the third part, we will control them just as /; and the first term con-
verges to 0 as n — oo since Xt(n) — Xy in LP(Q % B,;C([0,])) for any p € [1,2). Now we
proved that X" — ¥, in L' (Q x B,;C([0,1])) and concluded that X; = ¥,.

Step 3: Finally we prove that the limit is unique. Suppose we have two solutions X;

and X; and we apply Lemma 3.14 to deduce that

s X, (x) — X, (x)|?
. /10g< upy<y i [Xsl(x) =X, )] +1> W
B,

92 < CHVb”L}Lg;

which is uniform for all 8 > 0. Hence we can take & — 0 and now the proof is complete.

]

Remark 3.16. The solution X; in the theorem above is in the space L”(Q x B,;C([0,t])),

which means that we have a unique strong solution to the SDE (3.19) for almost every

90



initial data x € R" under the Lebesgue measure. It is worth mentioning that for ODEs, a
unique solution is also obtained for almost every initial data x € R" in DiPerna and Lions

[17] using the idea of renormalized solutions.

Recall the Aronson estimate obtained in Theorem 1.3, we have the following corollary.

Corollary 3.17. For a divergence-free vector field b € L*(0,T;H' (R"))NL*(0,T;BMO~ "),
the SDE (3.19) has a unique strong solution for almost every initial data x € R" under the

Lebesgue measure.

Following similar argument in Lemma 3.14, we can deduce the approximately differ-

entiability of the solution X; obtained in Theorem 3.15.

Proposition 3.18. Suppose X; is the solution obtained in Theorem 3.15, then

X,(x) — X () [?
. / / log<supogsgt| () ~%0) +1>dxdy

where constant C depends on r and n. Moreover, the solution X; is P-a.s. approximately

3
< C|B,2||VDl| 1112,

differentiable in the space variable x.

Proof. Under similar argument as in Lemma 3.14, we have

d (1% - X0)P X, () = X, () (2, X, () — b1, X, ()]
El"g( 62 “)S X, () X ()2 1 62 |

Integrate both sides on B,(0) x B,(0) and take expectation, then by (3.21) and Lemma

3.13 we have that the right-hand side is dominated by

CIX(x) — X, () PMIVB|(1, X, () + MIVB|(1, X, ()
V/ X, ()~ X,0) + 62 dxdy

<c// / M|VB|(t,x) dxdy+/ / M|VB|(t,y)dydx dP(o)
X;(By,0) X;(Br,0)
c /Q 21B,13|Vb | 12 dP(00)

3
- 2C|Br’2 HVbHLZ(Rn)
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Fix r, for any € > 0, there exists Qe C Q with P(Q\Q,) < € such that for any ® € Q¢

3
X (x) = X.(v)|? C|B/|2||VDb||;1;2

which again implies that there exists Kz C B, with |B,\K¢| < € such that for any x € K,

3
1Xs(x) — Xs(v) 2 C|B|2|| VD112
1 1)dy< L=,
J, oo (B 1)<

Now for any x,y € K¢, we set 0 = |x — y| and consider

_ 2 _ 2
6 Bg(x)NBg(y) 6

B 2
gcf 1og(’Xs<x) %) +1> dz
By (x) 0

X, (v) — X,(2)|?
92
Bg(y)
CIB, |2 (| Vb 12
(1—g)?

This implies that X;(x) is Lipschitz on K, and hence is approximately differentiable by

Theorem 3.19 below. O]

Finally, to complete the proof above, we state the result below whose proof can be

found in [22, Theorem 3.1.16].

Theorem 3.19. For functions f : D — R", if there exists a sequence of subsets D,, C D for

n € Z such that D,y C D, and |D\D,| — 0, then fis approximately differentiable on Q.

Remark 3.20. We would like to emphasize here again that the key point in this section
is the usage of the Aronson estimate to estimate the supremum process instead of the
growth conditions previous used by other works. We only deal with a very special case
here for divergence-free vector fields b € L?(0,T;H'(R")), which is the regularity of
the weak solutions to the Navier-Stokes equations. Similar result can be obtained for

b e L(0, T;Wllo’cp) with p > 1 and with bounded divergence as in [13, 90].
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Chapter 4

Weak solutions and uniqueness:

supercritical cases

In this chapter, we will discuss the cases when b is supercritical. The Aronson-type esti-
mate is weaker under supercritical conditions, and all the regularity results including the
Harnack inequality and Holder continuity are unknown. Hence we will need to impose
more conditions to achieve uniqueness and other properties of the weak solutions and

related processes.

4.1 Tightness of the fundamental solutions

Given b € L!(0,T;LI(R")) with 7 + 7€ [1,2) satisfying condition (S), we can always find
a sequence b,, — b in L'(0,T;L9(R")) (when [, g # o) such that b,, are smooth, bounded
with bounded derivatives of all orders and still satisfy condition (S). Moreover, we can
have {|bm |10 7:0(r)) < 2118|110, 7:09(rny)- For these by, the fundamental solution to
(1.9), denoted by I"”, are unique and have uniform upper bound as proved in Chapter 2.

In this section, we show several tightness results of {I""} relying on the upper bound we
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proved, i.e

C 1 &P p-2
Sl () e

1
C 1 (|x—&HF\u-1 |x|#—2
iy P (‘c_z ((t—r)v> ) vt 2 1

and the divergence-free condition on b. We first recall the definition of tightness.

[(t,x7,8) <

Definition 4.1. (Tightness) Given a family of probability measures {P;};c; on a metric
space, if for every € > 0, there is a compact set K such that sup,; Pi(K) > 1 — &, then we

call this family of measures tight.

Clearly for fixed (¢, 7,&), the family of fundamental solutions {I""(z,x;7,&)} decays
exponentially in space variables x, which implies the tightness of {I"™(¢,x;7,&)}. Actu-

ally, we have tightness for the finite dimensional distributions

n
Hrm(fi;xi;ti_1 ,Xi—1) dxo---dxy
i=1

for fixed s <19 <t < --- <t,. This allows us to take m — oo to obtain a measure I as

limit and this measure actually has a density as shown in the following proposition.

Proposition 4.2. Given a sequence of probability measures {P,} on R" which have den-

sities { f } uniformly bounded from above by a continuous function h. Suppose h satisfies

lim h(x) dx =0,
R—e0 JB(0,R)*

where B(0,R) is the open ball in R" centered at 0 with radius R. Then {B,} is weakly com-
pact in the space of probability measures. Suppose we take a convergent sub-sequence,

then its limit P has density f which is also bounded from above by h.

Proof. It is easy to see that {P,} is tight, which implies that it is weakly compact by Pro-
horov’s theorem. So we just need to show that P has density f which is bounded by .

Firstly, we show that P is absolutely continuous with respect to the Lebesgue measure m.
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Suppose A C R” such that m(A) = 0, then there is a decreasing sequence of open sets {O;}
containing A such that lim;_,.m(0O;) = 0. Therefore lim;_;. P,,(O;) — 0 uniformly for all
P,. By Portmanteau theorem [81, Theorem 1.1.1], we have P(O;) < limsup,,_,., B,(0;),
which implies that lim; . P(O;) = 0 and hence P(A) = 0. So P has a density f by
Radon—Nikodym’s theorem.

Next we show that this f is bounded by A. If not, we can find a bounded set A such
that m(A) >0 and f > ha.e. on A. Since h is continuous, we can find an open set O small
enough such that it contains A and P(O) > [,h > P,(0) for all n. Clearly this contradicts

to that P, — P weakly in measure. 0

The tightness allows us to construct I'(¢,x; 7,&) for Borel measurable a and b which
satisfy (E), (S) and b € L'(0,T;L(R")) with % + 7€ [1,2). However, the weak conver-

gence for measures is too weak to ensure the Chapman—Kolmogorov equation:

[(t,x;7,&) :/ [(¢,x;8,9)(s,y;7,E) dy

n

for the limit, which means that we do not have the convergence of measures on the path
space. To study the convergence of measures on the path space, we turn to the tightness
criteria by Meyer and Zheng [95, 57]. We need to emphasize that here a is the identity

matrix.

Theorem 4.3. Let X/ be a diffusion governed by operators %A + by (t,x) -V, such that

for some p > 1

T
supE" [ / |bm(Xs’",s)|”ds} < oo @.1)
m 0

Assuming that the sequence (X') is tight in R", then the sequence (X/") is tight. Moreover,

X is a semimartingale with canonical decomposition

t T
Xt:X0+/ Hds+B,, E [/ ]Hs|pds] < oo,
0 0

where B is the Brownian motion.
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Recall that when b, is smooth and divergence-free, the strong solution X;" preserves

the Lebesgue measure in the sense that
PlocQ: x4 )= A =1

where X" (A, @) is the image of any Borel set A € R" under the mapping x — X" (x, ®).

If the initial data X, has density oy € L”(R"), then we have

e[ ' s s = [ ' [ oo (04205 s
-/ g [ [ Hollbn(x70).) 7| s

< 1wy ltoll=

for any p > 1. By Meyer-Zheng’s criteria, we have the tightness of the family of ap-
proximation processes (X;”) with bounded initial distribution. However, the uniqueness
of the limit X; and its relation with b are not clear here. Motivated by this, we study the

uniqueness and the Chapman—Kolmogorov equation in the following sections.

4.2 Uniqueness with time-homogeneous coefficient

In the supercritical case, we do not have the Chapman—Kolmogorov equation through the
tightness argument above, so in this section we look at a special case when the coefficients
are time-homogeneous.

In order to establish the existence and uniqueness of a Markov semi-group associated
with parabolic equation (1.27), which also defines the unique weak solution, we use an
idea from [98]. For b € L*(R")NLY(R") with g > %, there are divergence-free vector fields
by € C3(R") for k= 1,2,--- such that by — b in L>(R") N LI(R"). For the existence of
such an approximation sequence to divergence-free vector fields, see Section 1.5 in [73].

Throughout this section, L denotes the elliptic operator div (a-V) — b -V, and its adjoint

96



operator is

L*=div(a-V)+b-V

as b is divergence-free. The fact that the dual operator has the same form will be of great

importance to our arguments in what follows.

Recall that we proved the existence of weak solutions in Theorem 1.2 using an ap-
proximation argument. We call such solutions the approximation solutions. Next, we
show that every weak solution is an approximation solution in a weaker sense. This result

follows from a similar argument in [85].

Proposition 4.4. Suppose b € L*>(R") and by, € Cy (R™) are divergence-free such that
by — b in L*(R"). Let u and {u} be the weak solutions to (1.27) on [0,T] x R" with
initial data uo, and drifts b and {by} respectively. Then u is the L(0,T; L' (R")) limit of

functions {uy}.

Proof. Choose a sequence by — b in L>(R"). Consider the Cauchy problem
diuy —div (a-Vuy) + by - Vur, =0
with initial data u; (x,0) = u(x,0) = ug(x). Clearly u; — u is a weak solution to
O (up —u) —div(a-V(ug —u)) + by - V(ug —u) = (b—by) - Vu

with 0 as the initial value. By assumption, |[(b — bx) - Vul| 2o 7,01 (mr)) — 0 as k — co.

Since by € Cy'(R"), we have a representation given by

(up —u)(t,x) = /0 /nfk(t— 7,x5,E)(b—1Dby)-Vu(&, 1) dédr,

where T is the fundamental solution corresponding to b; on R". Then I} (t,&,x) ==

I'k(,x,&) is the fundamental solution to (d; — L )u = 0, which is of the same form as the
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original equation (1.9) up to a sign on the drift. Hence

/ I(t—t,x,8)dx=1 4.2)

for any fixed (z,7,&). This implies that

t
]uk—u\(t,x)de// |b—bi||Vu| dédTt — 0
R" 0 JRe

and the proof is done. ]

The proposition above implies that any weak solution is an approximation solution.
Here the divergence-free condition is the key to having the dual operator being conserva-
tive to obtain (4.2).

Now we start to prove our main result Theorem 1.9. The idea is to construct a unique
approximation Markov semi-group corresponding to generator L = div(a-V) —b-V.
Since a is only Borel measurable, the generator L is not well-defined as a differential
operator. Hence we will construct L in the following, while we still use formal expression
L=div(a-V)—b-V,if no confusion may arise, for simplicity of notations. We start with

the bi-linear form

& (u,v) z/n<Vu,a-Vv>+(b-Vu)v dx.

Naturally we consider the elliptic problem and its weak solutions. The approach is stan-

dard in literature.

Definition 4.5. Let (a,b) satisfies (E), (S) and b € L>(R"). For f € L>(R"), if there exists

au € H'(R") such that

/ (Vu,a-Vo)y+ (b-Vu)o+aup dx= | fodx
n Rn

for all ¢ € Cz(R"), we call u a weak solution to the elliptic problem (& — L, f), where

o> 0.
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For b € Ci(IR"), the bi-linear form is actually a Dirichlet form. We recall the following

result on Dirichlet forms in [56, Chapter 1].

Theorem 4.6. Let (a,b) satisfies (E), (S) and b € Cg (R"). Then (&,H'(R")), where
E(u,v) = / (Vu,a-Vv)+ (b-Vu)v dx

for u,v € H'(R"), is a (non-symmetric) Dirichlet form. We still use L together with its
domain D(L) to denote the generator associated with the Dirichlet form (&, H'(R")).
The resolvent Ry = (ot — L)™' for a > 0 is a bounded linear operator from L*(R") to

L2(R") with ||( — L) Y| ;2,2 < @™}, and it satisfies
g(ROCf7 V) + a(R(va V) = (f7 V)' (43)

Thus for b € C7(R"), div(a- V) — b -V is understood as the generator L defined as in
Theorem 4.6 above. Clearly, for any f € L>(R"), (ot — L)~ ! f is the unique weak solution

to (¢ —L, f). We can take v = (a — L)' f and derive that

. 1 . 1
)l < arlle and @0 fle < Gl @)

for all o > 0 and f € L?>(R"). The following estimate on Ry, which follows from [98],

plays an important role in proving our main result.

Lemma 4.7. Suppose b € C3(R") and L as in Theorem 4.6, set u= (1 —L)"'f for f €

Cy (R™). Then for n > 3, we have

2 2
/ [ln(|x|2 +e)] yuz(x) dx < CO/ [ln(|x|2 +e)] 7/fz(x) dx
n Rn
with sufficiently small positive y and constant Cy depending only onn, A, y and ||b|| o (wn)
with g > 7.
Proof. Let ¥ = vy, W = Inln(|x|*> +¢), for ¥ > 0, and consider the operator Ly, =
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e¥Le V. Forv=eYu, we have Lyv —v =g =¢"f and

/ —(V(e¥v),a-V(e ¥v)) —b-V(e ¥v)e¥v —1? a’x:/ gv dx.

n

It follows, together with (E) and (S), that

n

//’L]Vv|2—%}/2|Vl;/o\2v2—y(b~Vl//0)v2+v2dxg—/ gv dx.
Rn

Notice that
2|x]
x|+ 1) In(|x[*> +-¢)’

IVwﬂ§<

which is bounded. Hence we have

/n(b-Vllfo)v2 dx < C||lla |V yollz= 1]l > ° Vv 37

< Cl[b]|zalIV woll=C(8) (IIvIIZ2 + IV vll72)

where 0 = g — 1 and C depends on n,q. Now we can take ¥ small enough such that

Ivll;2 < Collgl|;2 and the proof is complete. O

Given a divergence-free b € LY(R") N L?*(R") and a sequence of smooth functions

by — b in L9(R") N L?(IR"), this lemma implies that for each fixed f € C(R"),

lim (1=L) "' f>=0

r—ree |x|>r

uniformly in k. Using them, we prove the compactness of resolvent operators { (o0 — L)~ ! }

as follows.

Lemma 4.8. Given divergence-free b € L1(R") N L*(R"), smooth approximations by — b
in L4(R")NL*(R™), and f € L*>(R"), the sequence {(1 — L)~ f} is strongly compact in

L?*(R™) and weakly compact in H' (R").
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Proof. Since

1
~1
(L =Le)" fllg < m”f”y 4.5)

the sequence {(1—Ly)~'f} is weakly compact in H'(R"). To prove the strong com-
pactness in L?(IR"), recall that we have proved || (1 — L) ~!||;2_,;2 < 1 for all k. Since
the convergence of bounded linear operators is determined by its convergence on a dense
subset (see Theorem 6 in [45, Chl135]), it is sufficient to establish the compactness of
{(1 = Ly)~'f} for £ in a dense subset of L?*(R"). For f € C3(R"), by Lemma 4.7
and the inequality (4.5), the compactness of {(1 —L;)~!f} in L?(R") follows from the

Fréchet—Kolmogorov theorem [87, Chapter X, Section 1]. 0

The previous lemma allows us to take limit as k — oo and to define the generator L for

singular b.

Lemma 4.9. Given L; defined as in Theorem 4.6 corresponding to by, which converges
to b in L4(R") N L*(R"), after a possible selection of a sub-sequence (denoted as L
again), there exists a closed operator L defined on a dense subset of L? (R™) such that

(ot —L)~|;272 < ! forall o > 0 and
(a—L) 'f = (a—L)'f  in*RY

as k — oo, for all o« > 0 and f € L*(R").

Proof. We first consider the case when o = 1. We apply Lemma 4.8 to f in a countable
dense subset of LZ(R”), by Theorem 6 in [45, Chl5] and Cantor’s diagonal argument,
we can find a sub-sequence of (1 —L;)~! that converges strongly. We still denote the

sub-sequence as (1 —L;)~! and denote its limit as S, i.e.

(1-L) 'f—Sf

strongly in L?(R") for f € L*(R"). Since (1 —L;)~!f is weakly compact in H', it also

converges to Sf weakly in H'. It is easy to see that the limit Sf is a weak solution to
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(1—L,f). Since S is a bounded linear operator from L?(R") to itself, we can define its

adjoint operator S* by (Sf,g) = (f,S*g) for all f,g € L>(R"). We already know that

lim ((1—Ly) "' f,g) = (Sf,8)

k—yo0

for all f,g € L*(R") and

(1=Lo) " fr8) = (£, (1= L) 'g).

Hence we can see that S*g is a weak solution to (1 — L*,g). Proposition 4.10 implies that
both S and S* have kernels K(S) = K(S*) = 0 and hence they have dense range in L>(R")
due to the equality that K(S*) = R(S)*. Now we can define L = 1 —S~!, which has dense
domain D(L) and D(L) C H'. Since S = Ry = (1— L)~ ! is the resolvent, we also have that
L is a closed operator. Clearly, for each u € D(L), it is the weak solution to (—L,—Lu).
Hence (a — L)™' f is a weak solution to (& — L, f) for f in the range of (a — L), i.e.
f € R(a—L). From last theorem, we already know that Ry = (@ — L)~! is bounded
linear operator. We therefore need to show that R(a — L) = L*>(R"). We can show that for
each f € L?(R"), there is a unique weak solution u € D(L) to (& — L, f). This is because
for each u € D(L), f = (1 — L)u+ (a — 1)u € L? and u is the weak solution to (& — L, f).
Finally we can apply Theorem 1.3 in [39, Ch.8] to the approximation sequence L; to
obtain that

(a—L)'f—=(a—L)"'f  in*(R")
as k — oo, for all o > 0 and f € L*(R"). O

Let u be the limit of {(1 — L)~ f} weakly in H'(R"). Then it is easy to check that
u is a weak solution to (1 — L, f). Next we show that for b € L4(R") N L*(R"), there is a
unique S defined as in Lemma 4.9. The uniqueness of S implies that the definition of L is

independent of the choice of the convergent sub-sequence.

Proposition 4.10. Suppose (a,b) satisfies conditions (E) and (S). For any f € L?, there
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exists a unique weak solution u € H' to the elliptic problem (& — L, f)forn>3,be

LY(R")NL*(R") and o > 0.

Proof. We already showed the existence of weak solution by an approximation approach.
Given a weak solution u where f = 0, actually we can take a test function as & = ii¢ with

#=u/ANV(—N)and ¢ € C7, because b-ii € L?. We let

forany r > 0 and 0 < ¢, < 1. Then we have
/ﬂ(Vu,a -V(a@,)) +b-Vu(iae,) + au(iag,) dx = 0.
Because it@, — i1 in H 1 (R™) and almost everywhere, by taking r — oo, we obtain that
/n(Vu,a V(@) +b-Vu(i)+ ou(i) dx =0.

Next we consider the second term in the equation above. Since fRn b-Vii dx =0, we

have

/b»Vuﬁdx:/ b-(Vu—Vi)i dx
Rn n

:N/ b-(Vu—Va) dx—N b (Vu—Va) dx =0,
{u>N} {u<—N}

and therefore

/ (Vu,a-Vu)+ au® dx =0

by taking N — 0. Now we obtained that # = 0 and the proof is complete. [

Finally, to prove the representation (1.29), we also need the convergence of the fun-

damental solution.
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Now we are in a position to complete the proof of Theorem 1.9.

Proof. By the fundamental approximation theorem of semi-groups in [39, Cp 9, Theorem
2.16], the convergence of resolvents in Theorem 4.9 implies that ¢’/ — ¢/ as bounded
linear operators from L?(R") to L?(R") and are uniform for ¢ in any finite interval [0, T].
Further, Proposition 4.4 yields that ¢/l is the unique semi-group which generates the

unique weak solution. Let I';(¢,x,y) be the fundamental solution to (d; — Ly)u = 0. Then

ua(t,x) = / Te(t,xy)uo(y) dy = &g

for any ug € L*>(R") and k = 1,2, ---. By Corollary 2.15 and Proposition 4.2, we have that
for each fixed (¢,x) (and (z,y)), the family of transition probabilities {I'y(¢,x,y) dy} (and
also the family{I'x(¢,x,y) dx}) is tight and hence converges weakly in measure to some

I'(z,x,y) dy which has the same upper bound as that of I'y(¢,x,y). Define

u(t,x) = /nF(t,x,y)uo(y) dy

for up € i (R"), then ui (t,x) — u(t,x) by the weak convergence of measure. As we have
proved above that u; — eLug in L2(R"), so u = elug in L?(R"). Since C(R") is dense

in L?>(R"), we can extend it to conclude that operator ¢'" has a kernel I'(z, x, y). O

4.3 Renormalized solutions

In this section, we will introduce the concept of renormalized solutions [17]. This sec-
tion is a brief review of the uniqueness theorems of the renormalized solutions as in Le
Bris and Lions [46, 47], because this theory allows us to define a unique solution under
supercritical conditions.

For simplicity, we assume that the diffusion coefficient a is constant here, which can
be generalized (see e.g. [46, 47]). Also the divergence-free condition on the drift b can be

relaxed to bounded convergence condition. Motivated for applications to the incompress-
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ible fluid, we will stick to the special case here. Suppose u is a weak solution, then we
have

du—div(a-Vu)+b-Vu=0 (4.6)

in the distribution sense. Let p be a non-negative smooth function supported on the unit
ball B(0,1) and pe(x) = ép(g) If we mollify the equation in space by applying p¢ to

each term and denote us = p¢ * u, then we have that
Jiug —div(a-Vug)+b-Vug =b-Vug — pex (b-Vu).
We notice that the right-hand side is a commutator
[Pe,b-V](u) =b-V(pexu) —pe* (b-Vu).

It is easy to check that when b and u are in C’((0,T') x R"), commutator [pg,b- V] (1) — 0
in L*((0,7) x R") as € — 0. So we want to have the convergence with more singular b
and u. This is the key observation made first in DiPerna and Lions [17] for defining
renormalized solutions to transport equations and then adapted to parabolic equations in

Le Bris and Lions [46, 47].

Lemma 4.11. Suppose b € L>(0,T;L*(R")), u € L*>(0,T;H' (R")) and pe are mollifiers

on space variables, then the commutator [pe,b- V] (1) — 0 in L' (0, T; L' (R")).

Proof. The idea of the proof here is similar to proving ||pe * f — f||rr — O for f € L?,
which is to consider approximations f;,, — f and compare pg¢ * f;, — Pe * f. As men-
tioned above, this lemma is true for smooth and compactly supported » and u. Let
byt €C3((0,T) x R") with by, — bin L2(0,T; L*(R")) and u, — uin L?(0, T; H' (R")).

Then we have

e V] () 3) — [Pesb V) (0)3) = [ (bu3) =) Vitn (1)pelx —3)dy
- [ (60) = b)) Vul)pe(r—)dy
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= [ 5 0)- V) ~u)pe(x — )
+ [ (bn0) = b0) - Vaul)pelr—)dy
~ba(a): [ V() ~uy)pelx —)dy
~ (bale) =) [ Vulpe(e—)dy

=L+L—-5L—14.
Now we estimate each term. Firstly, by Fubini ’s theorem

T T
| inelasdi= [ [ 16u0)- ¥ 0n5) = uto))lpe e )y
T
- / bn() -V () = u())| [ pe(x—y)ddyds
0 R~ R2
T
= [ [ 1) V)~ v
0 R~

< [1bmll 2 IV (m(y) =)l 2, = 0,

and similar estimate applies to I,. Now for I3, we have

T T
/O / |l (0)ldeds = /0 [ 19 (m(0) = )] /R [ (9lpe o y)dxdyr
< bullz, 19 3) = (92, = .

and again similar estimate applies to Iy. Since [pg, by - V] () — 0 in L1(0,T; L' (R")),

we now deduce that [pe,b- V] (1) — 0in L' (0, T; L' (R")). O

Now we are ready to prove the uniqueness of weak solution to bounded initial data.

Theorem 4.12. Suppose a, b satisfy conditions (E), (S) and a is constant in equation (1.9).
If we assume that b € L*>(0,T;L*(R")), then for any initial data uy € L>* NL*, there is a

unique weak solution u € L*(0,T;H") N L*(0,T;L*) corresponding to uo. In addition,
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the weak solution satisfies the energy inequality
[u(T)| 2 + A Vuell 2 < [|u(0)]] 2

Proof. The idea is to prove the energy inequality for all weak solutions. Suppose that u is

a weak solution and ue = pg * u satisfies
Jiug —div(a-Vug)+b-Vug =b-Vug — pex (b-Vu).
Then we multiply by ue and integrate it on [0, 7] x R" to obtain that

T
||M3(T)||L2_||ug(0)||L2+/ /R<Vug,a-Vug)+b-Vu8ugdxdt
0 n

_ /OT/ [pe.b- V) (w)uedxdt,

in which fOT Jgn b - Vuguedxdt = 0 because of condition (S) and that ue is smooth and
bounded. We take € — 0 and the right-hand side converges to 0 due to Lemma 4.11, Now

we obtain

T
Dl = @)+ [ [ (- Vuyasar =,
0 JR»

which gives us

[u(T) |2 + AVl 2 < [[u(0)][ 2

using condition (E). This energy inequality now implies the uniqueness of the weak solu-

tion. O]

The condition that uq is bounded implies that the weak solution « is also bounded,
which is crucial to the convergence of right-hand side when taking € — 0. When the
initial data is not bounded, we can not expect the solution to be bounded and hence impose
difficulty to us. To deal with this, the concept of renormalized solution is introduced
by considering #(u) with bounded smooth % instead of u. The idea is first introduced

in [17] and then generalized to parabolic equations. A first expose of the definition of
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renormalized solution to parabolic equation is in Lions [52].

Definition 4.13. We say that u is a renormalized solution to

du—div(a-Vu)+b-Vu=0

if for any bounded smooth function 4 with compactly supported ', h(u) satisfies

dh(u) —div(a-Vh(u))+b-Vh(u)+ k" (u)(Vu,a-Vu) =0

in the distribution sense.

Theorem 4.14. Suppose a, b satisfy conditions (E), (S) and a is constant in equation (1.9).
If we assume that b € L*(0,T;L*(R")), then for any initial data uy € L?, there is a unique

renormalized solution u € L*(0,T;H')NC([0,T];L?) corresponding to ug.

Since the unboundedness of the solution is the main difficulty, the definition of the
renormalized solution actually truncates it by imposing boundedness condition on 4. The
proof of this theorem in essence follows the idea used for initial data ug € L™. A detailed

proof of this theorem can be found in [52, Appendix E] and we will omit it here.
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Chapter 5

Conclusions

In this chapter we summarize what have been obtained using current approaches and
some thoughts on further problems. We split the discussion into two parts regarding the

parabolic equations and the diffusion processes respectively.

5.1 Parabolic equations

With the divergence-free condition, the existence of weak solutions to the parabolic equa-
tions can be obtained for b € LZ(O,T;LIZO .)- Regarding the uniqueness of the solution,
the concept of renormalized solution is introduced and the solution is unique for b €
L?(0,T;L*(R™)) (this condition here can be generalized, see [46, 47]). Compared with
existence and uniqueness, regularity of the solution remains an open problem. The Holder
continuity of the weak solution is obtained for the critical case that b € L*(0,7;BMO~")
which is a marginal condition. The regularity theory can be derived from the Aronson
estimate obtained in Chapter 2. The Aroson estimate shows that the diffusion term in the
equation is dominant over the drift term and hence the fundamental solution is compara-
ble with Gaussian functions. For the supercritical case, it appears that in short time the
drift term is dominant over the diffusion term and singularity may appear.

Regarding the linear parabolic equations under supercritical conditions, examples of

singular solutions would be of great interest. Also partial regularity result of the weak
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solution can be considered as well for the purpose of understanding the solutions. For the
general theory of parabolic equations, the bounded divergence condition can be consid-
ered instead of the divergence-free condition to obtain the Aronson-type estimate, because
bounded divergence is also an important assumption in the theorem of renormalized so-
lutions. Regarding fluid dynamics, the idea of stochastic Lagrangian representation can
be used to study various of equations describing viscous incompressible fluid, including

axisymmetric Navier-Stokes equations and Prandtl’s boundary layer problem.

5.2 Diffusion processes

Applying the Aronson estimate in the critical case, a unique diffusion process (a weak
solution to the SDE satisfying the strong Markov property) can be immediately obtained.
Further, since the Aronson estimate controls the speed of the process X; going to infinity,
we can prove that if in addition b € L?(0,T; H') (this condition can be generalized) there
actually exists a unique strong solution to the SDE for almost every initial data xo € R”".
Moreover, the solution is approximately differentiable in space variable x. Recall that the
stochastic representation of velocity and vorticity fields both involve VX;, which repre-
sents the deformation of the stochastic flow along the stochastic Lagrangian coordinates.
Therefore, it is also interesting to estimate the gradient. It is worth mentioning that under
the divergence free condition, we always have detVX; = 1. In Krylov and Rockner [42],
their is a unique strong solution X; if » € L'(0,T;L4(R")) with %+ 7 < 1. Moreover,
X; is Holder continuous and differentiable. Similar result when % + g > 1 1s still largely
open and we can only obtain approximately differentiability in this thesis. We know that
the differentiability of the flow is closely related to the regularity of the flow, while more
understanding is required to reveal its relation with the regularity theory of the parabolic
equations.

In the supercritical case, failing to obtain the Chapman—Kolmogorov equation for

the transition probability becomes a major difficulty in constructing a diffusion process
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satisfying the strong Markov property. Although the Aronson estimate is not Gaussian,
its power on controlling the speed of the process X; going to infinity is expected, which
may potentially extend the previous construction of strong solutions from critical cases to
supercritical cases. From the point of view of renormalized solutions, intuitively it should
determine a weak solution to the SDE uniquely in law for almost every initial data xo € R"
(see [46, 47]), while technically it has not been achieved yet due to the appearance of the
diffusion part. In general, more understanding is needed for the renormalized solution

and what properties of the diffusion processes it implies.
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