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Abstract

We propose a bilinear decomposition for the Burer-Monteiro method and combine it with the
standard Alternating Direction Method of Multipliers algorithm for semidefinite programming.
Bilinear decomposition reduces the degree of the augmented Lagrangian from four to two, which
makes each of the subproblems a quadratic programming and hence computationally efficient.
Our approach is able to solve a class of large-scale SDPs with diagonal constraints. We prove
that our ADMM algorithm converges globally to a first-order stationary point, and show by
exploiting the negative curvature that the algorithm converges to a point within O(1 − 1/r)
of the optimal objective value. Additionally, the proximal variant of the algorithm can solve
block-diagonally constrained SDPs with global convergence to a first-order stationary point.
Numerical results show that both our ADMM algorithm and the proximal variant outperform
the state-of-art Riemannian manifold algorithms and can reach the global optimum empirically.

1 Introduction

1.1 Related Work

SDPs [VB96] are widely used in various fields such as control engineering [BEGFB94], signal pro-
cessing [HP10], combinatorial optimization [BV97, BYZ00] and finance [GHV20]. While interior-
point methods [HRVW96] can be used to solve small to medium size SDPs in polynomial time, they
do not scale well with dimension of the problem. At present, several methods have been proposed
to tackle the scalability of SDPs [MHA20]. One is to exploit the chordal decomposition of a SDP
[FKMN00, VA15], which typically reduce a single cone constraint to a collection of constraints
on lower dimensional cones. This technique has been successfully implemented for interior-point
methods [ADV10] and ADMM-based methods [ZFP+20, GCG21]. Approaches based on diagonal
dominance (dd) and scaled diagonal dominance (sdd) have been studied for solving SDP approx-
imately and shown to be effective in the SDP relaxation of the sum-of-square problems [AM19].
Another direction is to exploit low-rank information of a SDP [LSY16, SB03, FGM17, YTF+21],
a popular variation of which is called the Burer-Monteiro method [SB03], which substitutes X � 0
with a low-rank factorization X = V V > where V ∈ Rn×r with r � n, saving both computational
time and data storage. Frank-Wolfe algorithms [Jag13], which are projection-free and circumvent
a full eigenvalue decomposition, have also been proposed to solve large-scale SDPs and exploit
low-rank information via in-face exploitation [FGM17]. Meanwhile, some work has been done on
the storage issue of SDPs. The sketching method, which has been well-studied in numerical linear
algebra [Woo14], is applied to SDPs [YTF+21, DHNY20]. Based on approximate complementary
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slackness, [DYC+21] proposes a method to iteratively estimate a low-rank eigenspace and then
optimize the SDP with reduced dimension. In addition, SDPs can be reformulated as a equivalent
problem that can be solved efficiently, e.g, formulating diagonally constrained SDPs as a nonconvex
QP (4) and solving it by block-coordinate descent methods [WCK17, EOPV21].

The Burer-Monteiro (BM) method is a popular low-rank method for SDPs and works well in
practice [SB03]. For the standard primal SDP problem

min{〈C,X〉 : 〈Ai, X〉 = bi, i = 1, . . . ,m,X � 0}, (1)

the classical BM approach replaces the positive semidefinite constraint X � 0 with the factorization
X = V V > where V ∈ Rn×r, so that the problem becomes

min{〈C, V V >〉 : 〈Ai, V V >〉 = bi, i = 1, . . . ,m}. (2)

for very large scale problems with low rank solutions. Compared with (1), (2) requires storage
of O(nr) of V instead of O(n2) of X and eliminates the semidefinite cone constraint that can
be beneficial for computation. The problem (2) is nonconvex due to the existence of quadratic
equality constraints and global optimality is hard to guarantee, although a global optimum is usually
obtained using the BFGS algorithm [SB03]. Generally speaking, the rank r is selected according
to the rank-inequality constraint in SDPs [AHO97, Pat98, LSY16]. Such a choice ensures that any
local minimum is a global optimum for almost all cost matrices C in (3) [BVB16] and is tight as
shown in [WW20].

The alternating direction method of multipliers (ADMM), which is closely related to the al-
ternating direction method and the augmented Lagrangian method, has become very popular in
recent years for use in the large-scale optimization [BPC+11]. Convergence proofs of ADMM in
convex optimization typically rely on the design of a Lyapunov function [BPC+11],[JLMZ19] which
is monotonically decreasing, or the interpretation of it as a variant of the Douglas Rachford (DR)
algorithm [EB92, BGSB19, GCG21] whose convergence is proved based on monotone operator the-
ory [BC11]. ADMM often works extremely well even for nonconvex problems [LO14, KGB16], such
as nonnegative matrix factorization [LHW17], optimal power flow [YP14] and image reconstruction
[BS21] but convergence analysis is much less mature. In recent years, some results have been devel-
oped for the convergence of nonconvex ADMM to first-order stationary points in limited situations
[HLR16, WYZ19, JLMZ19, BST14].

1.2 Our Contribution

In this paper, our contribution are:
1. We propose an ADMM algorithm with a novel bilinear decomposition to the Burer-Monteiro

approach for diagonally constrained SDPs in Section 2. We prove convergence of this algo-
rithm in value in Section 3 and in iterates in Section 4.

2. In Section 5, we show that exploiting negative curvature guarantees convergence to a solution
of O(1− 1/r) optimality.

3. In Section 6, we introduce a proximal variant of the algorithm that can also solve a broader
class of diagonally constrained SDPs with global convergence to a first-order stationary point.

4. Finally, numerical results show both algorithm and its proximal variant perform better than
the state-of-the-art Riemannian manifold algorithms and scales well w.r.t. the dimension of
SDPs in Section 7.

A preliminary version of the results of Section 3 appeared in [CG22].
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1.3 Notation and Preliminaries

The Frobenius norm is ‖A‖F =
√
〈A,A〉 =

√
Tr(A>A), where Ai,j is the entry at the i−th row

and j−th column of matrix A. The induced operator p-norm of matrix A ∈ Rn×n is ‖A‖p =

sup‖x‖6=0
‖Ax‖p
‖x‖p , where ‖A‖ denotes 2-operator norm and ‖A‖∞ is the infinite matrix norm, i.e.

‖A‖∞ = max1≤i≤n
∑n

j=1 |aij |. Sn denotes the set of symmetric matrices and Sn+ denotes the set
of positive semidefinite matrices. X � 0 is equivalent to X ∈ Sn+. Ci,· and C·,j denote the i-th
row and the j-th column of matrix C respectively. The indicator function IX (x) of set X and the
limiting-subdifferential ∂f(x) of function f(x) follow definitions in [ABS13]. The set [n] denotes
{1, . . . , n} and dxe is the ceil integer to x.

2 Bilinear Decomposition & ADMM Algorithm

We consider semidefinite programming (SDP) with diagonal constraints in the following form,

min 〈C,X〉
s.t Xii = 1, for i ∈ [n]

X ∈ Sn+,
(3)

where C ∈ Sn. This kind of SDP applies to many applications, including the max-cut problem
[GW95], graphical model inference [EDM17] and the community detection problem [BBV16].

It is well known that (3) is equivalent to [WCK17, EOPV21]:

min f(σ) := 〈C, σσ>〉
s.t. ‖σi‖ = 1, for i ∈ [n],

(4)

if r ≥ d
√

2ne, where σ := [σ1, σ2, ..., σn]> ∈ Rn×r and σi ∈ Rr is the i-th row of σ. We denote
the unit norm constraint set as M = {[σ1, σ2, . . . , σn]> ∈ Rn×r | ‖σi‖ = 1, i ∈ [n]}. The problem
(4) is inspired by the popular Burer Monteiro (BM) method, which substitutes the SDP constraint
X � 0 with a low-rank factorization X = σσ>. The diagonal constraints Xii = 1, for i ∈ [n]
are replaced by norm constraints ‖σi‖ = 1, for i ∈ [n]. It is easy to see that the constraint set is
decoupled while the objective function is coupled w.r.t σi, ∀i ∈ [n]. In this paper, we introduce
a bilinear decomposition for (4) as in [LHW17]. Instead of setting X = σσ>, we decompose the
variable X as a bilinear term, X = σσ̃> subject to σ = σ̃, resulting in the following equivalent
problem formulation:

min 〈C, σ̃σ>〉
s.t. σ̃ ∈M, σ̃ = σ.

(5)

We define the corresponding augmented Lagrangian as:

Lρ(σ̃, σ, y) :=〈C, σ̃σ>〉+ 〈y, σ̃ − σ〉+
ρ

2
‖σ̃ − σ‖2F +

n∑
i=1

I‖σ̃i‖=1(σ̃i)

=

n∑
i=1

[ρ
2
‖σ̃i − σi‖2 + y>i (σ̃i − σi) + I‖σ̃i‖=1(σ̃i)

]
+ 〈C, σ̃σ>〉, (6)
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where y := [y1, y2, . . . , yn]> ∈ Rn×r is the dual variable for the equality constraint σ̃ = σ and
σ̃ := [σ̃1, σ̃2, ..., σ̃n]> ∈ Rn×r. A standard ADMM algorithm given this splitting is then

σ̃k+1 = argmin
σ̃∈M

Lρ(σ̃, σ
k, yk), (7a)

σk+1 = argmin
σ

Lρ(σ̃
k+1, σ, yk), (7b)

yk+1 = yk + ρ(σ̃k+1 − σk+1). (7c)

For the ADMM algorithm above, step (7a) corresponds to the solution of n decomposable nonconvex
QPs w.r.t. σ̃i for ∀i ∈ [n],

σ̃k+1
i = argmin

‖σ̃i‖=1

ρ

2
‖σ̃i − σki ‖2 + yki

>
σ̃i +

n∑
j=1

Ci,j〈σkj , σ̃i〉 (8)

and has a closed-form solution

σ̃k+1 ← Normalize-Row

(
σk − 1

ρ
(yk + Cσk)

)
, (9)

which is to normalize each row vector into unit length. We will require the following assumption
to ensure that (9) is valid everywhere.

Assumption 1 For ∀i ∈ [n], ‖γki ‖ is nonzero for any iteration k where γki is the i-th row of

γk := σk − 1

ρ
(yk + Cσk), (10)

i.e. γk = [γk1 , · · · , γkn]>.

In Lemma 2, we will show that Assumption 1 is always satisfied for every iteration k given an
appropriate choice of ρ. In addition, step (7b) is an unconstrained QP and amounts to

σk+1 ← σ̃k+1 +
1

ρ
(yk − Cσ̃k+1). (11)

Our approach, outlined in (7), can therefore be implemented as in Algorithm 1.

Algorithm 1 ADMM Burer-Monteiro algorithm (ADMM-BM)

1: Initialization: set σ0 = σ̃0 ∈M, y0 = Cσ̃0.
2:

3: while termination criteria not satisfied do

4: σ̃k+1 ← Normalize-Row
(
σk − 1

ρ(yk + Cσk)
)

5: σk+1 ← σ̃k+1 + 1
ρ(yk − Cσ̃k+1)

6: yk+1 ← yk + ρ(σ̃k+1 − σk+1)

Algorithm 1 has a nice property that connects the primal variable σ̃ with the dual variable y
for any k ≥ 1, i.e.

yk = yk−1 + ρ(σ̃k − σk) = Cσ̃k, (12)

where the last equality comes from step 3 in Algorithm 1.
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3 Convergence of the Objective Value

A first order stationary point of (4) can be defined [JLMZ19, Def. 3.6] as

−(Cσ̃∗)>i,· ∈
∂I‖σ̃∗i ‖=1(σ̃

∗
i )

∂σ̃∗i
, ∀i ∈ [n], (13)

where σ̃∗ belongs to the set of first-order stationary points and (Cσ̃∗)i,· denotes the i-th row of the
matrix Cσ̃∗. The main result of this section is then the following theorem:

Theorem 1 If ρ ≥ max {10‖C‖∞, 2 · ‖C‖}, then the augmented Lagrangian sequence
Lρ(σ̃

k, σk, yk)+∞k=1 converges to the objective function 〈Cσ̃k, σ̃k〉 in Algorithm 1, under Assumption
1. Moreover, every convergent subsequence of {σ̃k} converges globally to Ω, the set of first-order
stationary points of the problem (4), and such a convergent subsequence exists.

Theorem 1 establishes the global convergence of Algorithm 1. The proof of Theorem 1 is
composed of three parts. We first prove monotonic non-increase of the augmented Lagrangian
Lρ(σ̃

k, σk, yk) in Lemma 3; we then derive a lower bound for Lρ(σ̃
k, σk, yk), ∀k in Lemma 4. Finally,

we use Lemmas 3 and 4 to prove convergence of Lρ(σ̃
k, σk, yk) and lim

k→∞
‖σ̃k−σk‖ → 0, which implies

convergence to the set of first-order stationary points.

3.1 Part I: Monotonic non-increase of Lρ(σ̃, σ, y)

The key to proving Theorem 1 is showing that Lρ(σ̃, σ, y) is monotonically non-increasing, i.e.

Lρ(σ̃
k, σk, yk)− Lρ(σ̃k+1, σk+1, yk+1) ≥ 0, ∀k. (14)

In the remainder of this section, we first give the iteration-wise change of Lρ(σ̃
k, σk, yk) in Lemma

1 and then prove that the change is non-negative if ρ is properly lower bounded in Lemma 3, which
implies (14) is valid.
Change of Lρ(σ̃

k, σk, yk)

From (9), we have σ̃k+1
i =

γki
‖γki ‖

, ∀i ∈ [n] which says γki is aligned with σ̃k+1
i without necessarily

being a unit vector itself. The change of Lρ(σ̃
k, σk, yk) per iteration is then summarized in Lemma 1

below.

Lemma 1 For any iteration k, we have

Lρ(σ̃
k, σk, yk)− Lρ(σ̃k+1, σk+1, yk+1)

≥

(
ρmini∈[n]{‖γki ‖}

2
− ‖C‖

2

ρ

)
‖σ̃k+1 − σ̃k‖2F +

ρ

2
‖σk+1 − σk‖2F . (15)

Proof of Lemma 1. The proof of (15) can be decomposed into three parts

Lρ(σ̃
k, σk, yk)− Lρ(σ̃k+1, σk+1, yk+1)

=Lρ(σ̃
k, σk, yk)− Lρ(σ̃k+1, σk, yk)︸ ︷︷ ︸

(A)

+Lρ(σ̃
k+1, σk, yk)− Lρ(σ̃k+1, σk+1, yk)︸ ︷︷ ︸

(B)

+ Lρ(σ̃
k+1, σk+1, yk)− Lρ(σ̃k+1, σk+1, yk+1)︸ ︷︷ ︸

(C)

.
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For part (A), we consider the minimization over σ̃. The difficulty is the constraint ‖σ̃i‖ = 1, ∀i ∈ [n],
which makes the minimization over σ̃ nonconvex. We define Lρ,i(σ̃i, σ, y) as

Lρ,i(σ̃i, σ, y) :=
ρ

2
‖σ̃i − σi‖2 + yi

>(σ̃i − σi) +
n∑
j=1

Ci,j〈σj , σ̃i〉. (16)

Note that Lρ,i(σ̃i, σ
k, yk) in (16) is differentiable and ρ-strongly convex w.r.t. σ̃i. Hence, we have

Lρ,i(σ̃
k
i , σ

k, yk)

≥Lρ,i(σ̃k+1
i , σk, yk) + 〈∇Lρ,i(σ̃k+1

i , σk, yk), σ̃ki − σ̃k+1
i 〉+

ρ

2
‖σ̃ki − σ̃k+1

i ‖2,

=Lρ,i(σ̃
k+1
i , σk, yk) + ρ〈σ̃k+1

i − γki , σ̃ki − σ̃k+1
i 〉+

ρ

2
‖σ̃ki − σ̃k+1

i ‖2,

=Lρ,i(σ̃
k+1
i , σk, yk) + ρ(1− ‖γki ‖)〈σ̃k+1

i , σ̃ki − σ̃k+1
i 〉+

ρ

2
‖σ̃ki − σ̃k+1

i ‖2, (17)

where both equalities above come from the definition of γk in (10). Noting that

〈σ̃k+1
i , σ̃ki − σ̃k+1

i 〉 = 〈σ̃k+1
i , σ̃ki 〉 − 1 = 〈σ̃k+1

i , σ̃ki 〉 −
1

2
(‖σ̃k+1

i ‖2 + ‖σ̃ki ‖2)

= −1

2
‖σ̃k+1

i − σ̃ki ‖2,

which uses ‖σ̃k+1
i ‖ = ‖σ̃ki ‖ = 1. Then, (17) becomes

Lρ,i(σ̃
k
i , σ

k, yk) ≥ Lρ,i(σ̃k+1
i , σk, yk) +

ρ‖γki ‖
2
· ‖σ̃ki − σ̃k+1

i ‖2. (18)

For part (B), we can establish monotonic non-increase when updating σ:

Lρ(σ̃
k+1, σk, yk)− Lρ(σ̃k+1, σk+1, yk)

=〈σ̃k+1, C(σk − σk+1)〉 − 〈yk, σk − σk+1〉+
ρ

2
‖σ̃k+1 − σk‖2F

− ρ

2
‖σ̃k+1 − σk+1‖2F

=〈Cσ̃k+1 − yk, σk − σk+1〉+
ρ

2
‖σ̃k+1 − σk‖2F −

ρ

2
‖σ̃k+1 − σk+1‖2F

(11)
= ρ〈σ̃k+1 − σk+1, σk − σk+1〉+

ρ

2
‖σ̃k+1 − σk‖2F −

ρ

2
‖σ̃k+1 − σk+1‖2F

=
ρ

2
‖σ̃k+1 − σk‖2F −

ρ

2
〈σ̃k+1 − σk+1, σ̃k+1 − σk + σk+1 − σk〉

=
ρ

2
‖σ̃k+1 − σk‖2F −

ρ

2

(
‖σ̃k+1 − σk‖2F − ‖σk+1 − σk‖2F

)
=
ρ

2
‖σk+1 − σk‖2F . (19)

Finally, for part (C) we have

Lρ(σ̃
k+1, σk+1, yk)− Lρ(σ̃k+1, σk+1, yk+1) = 〈yk − yk+1, σ̃k+1 − σk+1〉

= −1

ρ
‖yk+1 − yk‖2F , (20)
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where the last equality comes from the update rule for yk, i.e. step 4 in Algorithm 1. Furthermore,
we can obtain

Lρ(σ̃
k+1, σk+1, yk)− Lρ(σ̃k+1, σk+1, yk+1) ≥ −1

ρ
‖C‖2 · ‖(σ̃k+1 − σ̃k)‖2F (21)

from (12). Combining (18), (19) and (21), we finally obtain (15).

Choice of ρ
From Lemma 1, it is sufficient to show that Lρ(σ̃

k, σk, yk) is monotonically non-increasing in (14)

if the coefficient
ρmini∈[n]{‖γki ‖}

2 − ‖C‖2
ρ > 0 while ‖γki ‖ is dependent on the choice of row i and

iteration k. We argue that by choosing ρ properly, ‖γki ‖ can be uniformly lower-bounded in Lemma
2 and then Lρ(σ̃

k, σk, yk) always satisfies the monotonic non-increase condition (14) in Lemma 3.
From (10), we expect that the magnitude of ‖γki ‖ will depend strongly on the choice of ρ, and

‖γki ‖ → 1, ∀i ∈ [n] if ρ is set to be sufficiently large as σ → σ̃ with ‖σ̃i‖ = 1, ∀i ∈ [n]. In Lemma
2, we provide a lower bound for ρ such that ‖γki ‖, ∀i ∈ [n] is not too small for any k.

Lemma 2 Suppose ρ ≥ α‖C‖∞, α > 0, then

‖γki ‖ ≥ 1− 4

α
− 2

α2
, ∀i, ∀k ≥ 2.

Proof of Lemma 2. We note that, ∀i ∈ [n], ∀k ≥ 2,

σk+1
i = σ̃k+1

i +
1

ρ
(yki −

n∑
j=1

Ci,j σ̃
k+1
j )

(12)
= σ̃k+1

i +
1

ρ

n∑
j=1

Ci,j(σ̃
k
j − σ̃k+1

j ).

Substituting into (10), we can write γki in terms of σ̃ as

γki = σki −
1

ρ
(yki +

n∑
j=1

Ci,jσ
k
j )

(12)
= σki −

1

ρ

n∑
j=1

Ci,j(σ̃
k
j + σkj )

= σ̃ki +
1

ρ

n∑
j=1

Ci,j(σ̃
k−1
j − σ̃kj )− 1

ρ

n∑
j=1

Ci,j σ̃
k
j

− 1

ρ

n∑
j=1

Ci,j

[
σ̃kj +

1

ρ

n∑
l=1

Cj,l(σ̃
k−1
l − σ̃kl )

]
,

where the last equality is based on (11) and (12), the update of σk. Since ‖σ̃ki ‖ = 1, ∀i ∈ [n], ∀k ≥ 1
from step 2 of Algorithm 1, we can bound the norm of ‖γki ‖ by

‖γki ‖ ≥ 1− 4

ρ

n∑
j=1

|Ci,j | −
1

ρ

n∑
j=1

|Ci,j | ·

(
2

ρ

n∑
l=1

|Cj,l|

)

≥ 1− 4

ρ

n∑
j=1

|Ci,j | −
1

ρ

n∑
j=1

|Ci,j | ·
2

α

≥ 1− 4

α
− 2

α2
,

where the second inequality relies on ρ ≥ α‖C‖∞.
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Note that C is in the linear objective function and can be scaled such that the parameter ρ won’t
be too large to satisfy the condition in Lemma 2. Meanwhile, Assumption 1 will be satisfied
automatically when k ≥ 2, as long as 1− 4

α −
2
α2 > 0.

Based on (15) and Lemma 2, we establish that Lρ(σ̃, σ, y) is monotonically non-increasing given
a proper ρ in Lemma 3.

Lemma 3 If we set ρ ≥ max {α‖C‖∞, β‖C‖} and α > 0, β > 0 satisfies κ := (α2−4α−2)β
2α2 − 1

β > 0,

then the augmented Lagrangian sequence Lρ(σ̃
k, σk, yk) is monotonically non-increasing ∀k ≥ 2,

and satisfies

Lρ(σ̃
k, σk, yk)− Lρ(σ̃k+1, σk+1, yk+1) ≥κ‖C‖ · ‖σ̃k+1 − σ̃k‖2F +

ρ

2
‖σk+1 − σk‖2F .

Proof of Lemma 3. First, Lemma 2 is satisfied under the condition ρ ≥ α‖C‖∞. Then, combining
Lemma 2 with (15) we obtain

Lρ(σ̃
k, σk, yk)− Lρ(σ̃k+1, σk+1, yk+1)

≥
[
α2 − 4α− 2

2α2
· ρ− ‖C‖

2

ρ

]
‖σ̃k+1 − σ̃k‖2F +

ρ

2
‖σk+1 − σk‖2F

≥κ‖C‖ · ‖σ̃k+1 − σ̃k‖2F +
ρ

2
‖σk+1 − σk‖2F .

3.2 Part II: Lower bound of Lρ(σ̃k, σk, yk)

We next establish a lower bound on lim
k→∞

Lρ(σ̃
k, σk, yk) in the following lemma:

Lemma 4 For k ≥ 2, we have

Lρ(σ̃
k, σk, yk) ≥ −n‖C‖∞. (22)

Proof of Lemma 4.

L(σ̃k, σk, yk) =〈Cσ̃k, σk〉+ 〈yk, σ̃k − σk〉+
ρ

2
‖σ̃k − σk‖2F

=〈Cσ̃k, σ̃k〉+ 〈yk − Cσ̃k, σ̃k − σk〉+
ρ

2
‖σ̃k − σk‖2F

(12)
= 〈Cσ̃k, σ̃k〉+

ρ

2
‖σ̃k − σk‖2F

≥〈Cσ̃k, σ̃k〉 =
n∑
i=1

n∑
j=1

Ci,j〈σ̃ki , σ̃kj 〉
‖σ̃k

i ‖=1

≥ −
n∑
i=1

n∑
j=1

|Ci,j |

≥ − n‖C‖∞.

8



3.3 Proof of Theorem 1

We can now prove Theorem 1 given the results of Lemma 3 and Lemma 4.

Proof of Theorem 1. Since Lρ(σ̃
k, σk, yk) is monotonically non-increasing (Lemma 3) and lower

bounded (Lemma 4), Lρ(σ̃
k, σk, yk) converges to a constant value due to the monotone convergence

theorem. As a consequence, both ‖σk+1 − σk‖F and ‖σ̃k+1 − σ̃k‖F converge to 0 from Lemma 3.
We also have

‖yk+1 − yk‖F ≤ ‖C‖F ‖(σ̃k+1 − σ̃k)‖F ,

due to (12). Hence, ‖yk+1 − yk‖F also converges to 0 when k is sufficiently large. In addition,
‖yk+1 − yk‖F can be written as

‖yk+1 − yk‖F = ρ‖σ̃k+1 − σk+1‖F

due to the dual update (7c). Since ‖yk+1 − yk‖F → 0, we obtain ‖σ̃k+1 − σk+1‖F → 0 for constant
ρ. According to (22), we have

Lρ(σ̃
k, σk, yk) = 〈Cσ̃k, σ̃k〉+

ρ

2
‖σ̃k − σk‖2F .

Due to the convergence of ‖σ̃k − σk‖F → 0, we obtain

Lρ(σ̃
k, σk, yk)→ 〈Cσ̃k, σ̃k〉.

Moreover, the optimality condition of (7a) can be shown to imply that

0 ∈ (Cσk)>i,· + yki + ρ(σ̃k+1
i − σki ) +

∂I‖σ̃i‖=1(σ̃
k+1
i )

∂σ̃k+1
i

, (23)

following the same argument as in [ABS13]. Since ‖σ̃k+1
i − σ̃ki ‖ → 0 and ‖σ̃ki − σki ‖ → 0, we obtain

lim
k→+∞

dist

(
−(Cσk)>i,· − yki ,

∂I‖σ̃i‖=1(σ̃
k+1
i )

∂σ̃k+1
i

)
= 0 (24)

and hence

lim
k→+∞

dist

(
−2(Cσ̃k)>i,·,

∂I‖σ̃i‖=1(σ̃
k
i )

∂σ̃ki

)
= 0 (25)

due to ‖σk+1 − σk‖F → 0, ‖σ̃k − σk‖F → 0 and (12), which means σ̃k lies in the set of first-order
stationary points as defined in (13) when k →∞. In addition, the compactness of M implies that
there is a subsequence of σ̃k that converges to a first-order stationary point.
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4 Convergence of the Sequence σ̃k

Theorem 1 established convergence of the sequence of Langrangian values Lρ(σ̃
k, σk, yk). We next

consider the behavior of the sequence of iterates σ̃k. We show that this sequence converges to a
first-order stationary point in the following Theorem, which is the main result of this section:

Theorem 2 Under Assumption 1, if we set ρ ≥ max {10‖C‖∞, 2 · ‖C‖}, then the sequence (σ̃k)k∈N
generated by Algorithm 1 converges to a critical point σ̄ of f . Moreover, the sequence (σ̃k)k∈N has
a finite length, i.e.

∑+∞
k=0 ‖σ̃k+1 − σ̃k‖ <∞.

Our result relies on the Kurdyka- Lojasiewicz property, defined as follows:

Definition 1 (Kurdyka- Lojasiewicz (KL) property) The function f is said to have the
Kurdyka- Lojasiewicz property at x̄ ∈ dom ∂f if there exist η ∈ (0,+∞], a neighborhood U of x̄
and a continuous concave function ϕ : [0, η)→ R+ such that:

- ϕ(0) = 0,
- ϕ is C1 on (0, η),
- for all s ∈ (0, η), ϕ′(s) > 0,
- and for all x in U ∩ [f(x̄) < f < f(x̄) + η], the Kurdyka- Lojasiewicz inequality holds

ϕ′(f(x)− f(x̄)) dist(0, ∂f(x)) ≥ 1.

Moreover, f is called a KL function if it satisfies KL property at each point of dom ∂f .

When a function f is known to be a KL function, we can prove the convergence of an algorithm to
critical points by checking conditions in the following proposition from [ABS13]:

Lemma 5 (Theorem 2.9 in [ABS13]) Suppose h : Rn → R ∪ {∞} is a proper lower semicon-
tinuous function and (xk)k∈N is a sequence satisfying all of the following:

• (C1) Sufficient decrease condition: ∀k ∈ N,

h(xk+1) + a‖xk+1 − xk‖2 ≤ h(xk);

• (C2) Relative error condition: ∀k ∈ N,∃ gk+1 ∈ ∂h(xk+1) such that

‖gk+1‖ ≤ b‖xk+1 − xk‖;

• (C3) Continuity condition: There exists a subsequence (xkj )j∈N and x̄ such that, when j →∞,

xkj → x̄ and h(xkj )→ h(x̄).

Here, a, b are positive constant. If h has the Kurdyka- Lojasiewicz property at the cluster point x̄
specified in (C3), then x̄ is a critical point of h and the sequence (xk)k∈N converges to it as k →∞.
Moreover, the sequence (xk)k∈N has a finite length, i.e.

+∞∑
k=0

‖xk+1 − xk‖ <∞.

The lemma above is the key component to prove Theorem 2.
Next, we discuss how to utilize the KL property inside the proof of Theorem 2. The proof of

Theorem 2 follows [BST14], [ABS13] and proceeds in three parts. We first define a twin problem in
Section 4.1 and prove the equivalence of first-order stationary points between the original problem
and the twin one. Next, we show Algorithm 1 converges to critical points of the twin problem via
Lemma 5 and thus also critical points of the original problem (4) by Lemma 6. The key is to show
that the twin problem satisfies (C1), (C2), (C3) and Gρ(σ̃, σ) is a KL function.
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4.1 Twin problem

Since we have obtained yk = Cσ̃k, k ≥ 1 in (12), Algorithm 1 can also be interpreted as an
alternating method for the minimization over the function

Gρ(σ̃, σ) := 〈C, σ̃σ̃>〉+
ρ

2
‖σ̃ − σ‖2F +

n∑
i=1

I‖σ̃i‖=1(σ̃i)

Note that Gρ(σ̃
k, σk) = Lρ(σ̃

k, σk, yk) for all k ≥ 1 when we take y = Cσ̃ in the augmented
Lagrangian Lρ(σ, σ̃, y). It then remains to prove Algorithm 1 converges to a critical point of (4.1),
which is also a critical point of (4) due to the following lemma.

Lemma 6 The problem (4.1) and the problem (4) have the same critical points.

Proof of Lemma 6. A critical point of (4.1) satisfies

∂σ̃Gρ(σ̃, σ) = 2Cσ̃ + ρ(σ̃ − σ) + ∂

(
n∑
i=1

I‖σ̃i‖=1(σ̃i)

)
,

∂σGρ(σ̃, σ) = ρ(σ − σ̃).

0 ∈ ∂σ̃Gρ(σ̃, σ) and ∂σGρ(σ̃, σ) = 0 (a critical point to Gρ(σ̃, σ)) are equivalent to σ̃ is a critical
point to the problem (4).

4.2 Proof of Theorem 2

In order to prove Theorem 2 we will first need the following result showing that the property (C2)
is satisfied for Gρ(σ̃, σ):

Lemma 7 The sequence (σ̃k, σk) generated by Algorithm 1 satisfies the property (C2) w.r.t.
Gρ(σ̃, σ): ∥∥∥∥∂σ̃Gρ(σ̃k+1, σk+1)

∂σGρ(σ̃
k+1, σk+1)

∥∥∥∥
F

≤
(

2‖C‖+ ρ+
‖C‖2

ρ

)∥∥∥∥σ̃k+1 − σ̃k
σk+1 − σk

∥∥∥∥
F

, ∀k ≥ 1. (26)

Proof. According to Algorithm 1, we have

Cσk + yk + ρ(σ̃k+1 − σk) + vk+1 = 0, (27)

Cσ̃k+1 − yk + ρ(σk+1 − σ̃k+1) = 0, (28)

due to the first-order optimality condition of (7a), (7b) where

vk+1 =

n∑
i=1

∂I‖σ̃i‖=1(σ̃
k+1
i ).

11



Then, a subgradient of Gρ(σ̃, σ) at (σ̃k+1, σk+1) is

∂σ̃Gρ(σ̃
k+1, σk+1) =2Cσ̃k+1 + ρ(σ̃k+1 − σk+1) + vk+1

(27)
= 2Cσ̃k+1 + ρ(σ̃k+1 − σk+1)− [Cσk + yk + ρ(σ̃k+1 − σk)],
(12)
= 2Cσ̃k+1 − Cσk − Cσ̃k − ρ(σk+1 − σk)
=C(σ̃k+1 − σ̃k) + C(σk+1 − σk) + C(σ̃k+1 − σk+1)− ρ(σk+1 − σk)

(7c)
= C(σ̃k+1 − σ̃k) + C(σk+1 − σk) +

C

ρ
(yk+1 − yk)− ρ(σk+1 − σk)

(12)
= C(σ̃k+1 − σ̃k) + C(σk+1 − σk) +

C2

ρ
(σ̃k+1 − σ̃k)− ρ(σk+1 − σk) (29)

∂σGρ(σ̃
k+1, σk+1) =ρ(σk+1 − σ̃k+1)

(7c)
= yk − yk+1 (12)

= C(σ̃k − σ̃k+1). (30)

Therefore, ∥∥∥∥∂σ̃Gρ(σ̃k+1, σk+1)
∂σGρ(σ̃

k+1, σk+1)

∥∥∥∥
F

≤
(

2‖C‖+ ρ+
‖C‖2

ρ

)∥∥∥∥σ̃k+1 − σ̃k
σk+1 − σk

∥∥∥∥
F

, ∀k ≥ 1. (31)

Finally, we give the proof for Theorem 2.

Proof of Theorem 2. (C1) is valid for Gρ(σ̃, σ) with a = min{κ‖C‖, ρ} since we can rewrite
Lemma 3 as

Gρ(σ̃
k, σk)−Gρ(σ̃k+1, σk+1) ≥κ‖C‖ · ‖σ̃k+1 − σ̃k‖2F +

ρ

2
‖σk+1 − σk‖2F , (32)

based on the primal-dual connection (12). (C2) is validated in Lemma 7. Similar to the proof
of Theorem 1, σ̃k ∈ M and the update of σk in Algorithm 1 imply that the sequence (σ̃k, σk) is
bounded. Therefore, there exists a converging subsequence (σ̃kj , σkj ) and the continuity of Gρ(σ̃, σ)
on M× Rn×r mean that (C3) is satisfied. In addition, Gρ(σ̃, σ) is semi-algebraic and thus a KL
function that satisfies the KL property at any point of domGρ(σ̃, σ)1. Therefore, Lemma 5 applies
to Gρ(σ̃, σ) and the sequence (σ̃, σ) generated by Algorithm 1 converges to a critical point of the
problem (4.1) and thus a critical point of (4) due to Lemma 6, with

+∞∑
k=0

(
‖σ̃k+1 − σ̃k‖+ ‖σk+1 − σk‖

)
<∞,

which implies
∑+∞

k=0 ‖σ̃k+1 − σ̃k‖ <∞.

5 Exploitation of Negative Curvature

Thus far we have analysed Algorithm 1 in the Euclidean metric, but it is known that SDPs can be
regarded as optimization over manifolds [AMS07, Bou23]. For a class of SDP problems including

1The semi-algebraic functions and related KL property are detailed in [BST14, §5].
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diagonally constrained SDPs, any local optimum is also globally optimal in manifold optimiza-
tion [BVB16]. Hence, we can exploit second-order information and add it into Algorithm 1 to
achieve local optimality, and thus global optimal. In this section, we analyse the convergence of
Algorithm 1 in view of manifold optimization.

5.1 Convergence to a first-order stationary point on manifold

We first prove the following lemma:

Lemma 8 Any first-order stationary point (critical point) defined as in (13) is a first-order sta-
tionary point (critical point) of the Cartesian products of n spherical manifolds.

Proof of Lemma 8. Note that the manifold gradient of Problem (4) is

gradf(σ) = 2(C −Diag(diag(Cσσ>)))σ, ∀σ ∈M. (33)

Any first-order stationary point σ∗ defined by (13) is equivalent to

Cσ∗ = Λσ∗, σ∗ ∈M, (34)

where Λ = Diag(λ1, · · · , λn), λi ∈ R,∀i ∈ [n], and we obtain

gradf(σ∗) = 2(C −Diag(diag(Cσ∗σ∗>)))σ∗

= 2(Λ−Diag(diag(Λσ∗σ∗>)))σ∗

= 0,

(35)

where the last equality is due to the property of M that ‖σi‖ = 1,∀i ∈ [n].

5.2 Achieving O(1 − 1/r) optimality with negative curvature

For nonconvex optimization, a first-order algorithm may stall at a saddle point. We can improve
the convergence of our algorithm to second order stationary points by exploiting negative curvature
when it is close to a saddle point. First, we define approximate convex points of a function f on
manifold M.

Definition 2 (Approximate convex point) Let f be a twice differentiable function on a Rie-
mannian manifold M. The point σ ∈M is an ε-approximate convex point of f on M if

〈u,Hessf(σ)[u]〉 ≥ −ε〈u, u〉, ∀u ∈ TσM,

where Hessf(σ) denotes the Riemannian Hessian of f at point σ and 〈·, ·〉 is the scalar product on
TσM.

We can now extend Algorithm 1 to exploit negative curvature, resulting in Algorithm 2.
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Algorithm 2 ADMM-BM2

1: Initialization: set σ0 = σ̃0 ∈M, y0 = Cσ̃0, ε > 0.
2:

3: for k = 0, 1, 2, . . . do

4: σ̃k+1 ← Normalize-Row
(
σk − 1

ρ(yk + Cσk)
)

5: σk+1 ← σ̃k+1 + 1
ρ(yk − Cσ̃k+1)

6: yk+1 ← yk + ρ(σ̃k+1 − σk+1)
7: if Gρ(σ̃

k, σk)−Gρ(σ̃k+1, σk+1) ≥ ∆ then
8: Continue with σ̃k+1, σk+1, yk+1.
9: else

10: Find uk ∈ Tσ̃kM such that λH(σ̃k) := 〈uk,Hessf(σ̃k)[uk]〉 ≤ λmin(Hessf(σ̃k))/2 with
〈uk, gradf(σ̃k)〉 ≤ 0 and ‖uk‖F = 1.

11: if λH(σ̃k) < − ε
2 then

12: σ̃k+1
i ← σ̃ki cos(‖uki ‖t) +

uki
‖uki ‖

sin(‖uki ‖t),∀i ∈ [n] with t = − 2
15‖C‖1λH(σ̃k).

13: σk+1 ← σ̃k+1

14: yk+1 ← Cσ̃k+1

15: else
16: Return an ε-approximate convex point with high probability.

Compared with Algorithm 1, we additionally check the consecutive difference of Gρ(σ̃, σ) at the
end of each iteration in Algorithm 2 (line 5). If the decrease is sufficiently large, we progress to
the next iteration as Algorithm 1. Otherwise, we exploit the negative curvature at σ̃k by a power
method instead.

Due to Lemma 2 in [EOPV21], we have

f(σ̃k+1) ≤ f(σ̃k) + t〈uk, gradf(σ̃k)〉+
t2

2
〈uk,Hessf(σ̃k)[uk]〉+

5‖C‖1
2

t3

≤ f(σ̃k) +
λH(σ̃k)

2
t2 +

5‖C‖1
2

t3,

(36)

given 〈uk, gradf(σ̃k)〉 ≤ 0 and 〈uk,Hessf(σ̃k)[uk]〉 = λH(σ̃k) = λmin(Hessf(σ̃k))/2 < 0.
If we allow an adaptive t = − 2

15‖C‖1λH(σ̃k), then

f(σ̃k)− f(σ̃k+1) ≥ −2λH(σ̃k)3

675‖C‖21
, (37)

where λH(σ̃k) ≤ 1
2λmin(σ̃k) < 0 The analysis relies on the following result:

Lemma 9 (Theorem 2 in [MMMO17]) For any ε-approximate convex point σ ∈ M of the
rank-r non-convex problem (4), we have

f(σ) ≤ SDP(C)− 1

r − 1
(SDP(C) + SDP(−C)) +

n

2
ε,

where SDP(C) is the optimum of (3).
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Suppose we denote f∗ = SDP (C) − 1/(k − 1) · (SDP (C) + SDP (−C)), g(σ) = f(σ) − f∗ and
assume g(σ̃0), . . . , g(σ̃T+1) > 0. We can then obtain the following, which is the main result of this
section:

Theorem 3 Suppose we choose an adaptive step t = 2
15‖C‖1λH(σ̃k). Algorithm 2 returns a point

σ ∈M with

f(σ) ≤ SDP(C)− 1

r − 1
(SDP(C) + SDP(−C)) +

n

2
ε, (38)

within T = T1 + T2 iterations, where we set T1 = df(σ̃
0)

κε2
e and T2 = d675‖C‖21n/ε2e.

Proof of Theorem 3.
Algorithm 2 has three possible updates for each iteration: we proceed as Algorithm 1 when

the decrease of Gρ(σ̃
k, σk) is sufficiently large enough (case 1). Otherwise, we try to exploit the

negative curvature along the most negative decreasing direction uk when the smallest eigenvalue is
negative (case 2), or return an ε−approximate convex point (case 3).
Case 1 (line 5-6): Gρ(σ̃

k, σk)−Gρ(σ̃k+1, σk+1) ≥ ∆.
We define κ :=

{
µ− ‖C‖2/ρ, ρ2

}
and suppose that {ki}i=1,2,...,T1 is the set of iteration numbers

when

Gρ(σ̃
ki , σki)−Gρ(σ̃ki+1, σki+1) ≥ κε2,

is satisfied.
Summing the decrease for every first-order step, we have

T1κε
2 ≤

T1∑
i=1

(
Gρ(σ̃

ki , σki)−Gρ(σ̃ki+1, σki+1)
)
≤ Gρ(σ̃k1 , σk1)−Gρ(σ̃kT1+1, σkT1+1)

≤ Gρ(σ̃k1 , σk1)− f∗ − (Gρ(σ̃
kT1+1, σkT1+1)− f∗) ≤ Gρ(σ̃k1 , σk1)− f∗ − g(σ̃kT1+1)

≤ Gρ(σ̃0, σ0)− f∗ = g(σ̃0),

(39)

i.e. T1 ≤ f(σ̃0)
κε2

.
Case 2 (line 9-12): Gρ(σ̃

k, σk)−Gρ(σ̃k+1, σk+1) < ∆ and λH(σ̃k) < − ε
2 .

In this case, we have λmin(σ̃k) < λH(σ̃k) < − ε
2 < 0. If ε is set to −λmin(σ̃k) in Lemma 9, we obtain

g(σ̃k)

n
≤ −1

2
λmin(σ̃k) ≤ −λH(σ̃k).

Substituting it into (37) yields

g(σ̃k)− g(σ̃k+1) ≥ 2g(σ̃k)3

675‖C‖21n3
. (40)

Then

1

g(σ̃k+1)2
− 1

g(σ̃k)2
≥ (g(σ̃k)− g(σ̃k+1))(g(σ̃k) + g(σ̃k+1))

g(σ̃k)2g(σ̃k+1)2

≥ 2

675‖C‖21n3

(
g(σ̃k)

g(σ̃k+1)
+

g(σ̃k)2

g(σ̃k+1)2

)
≥ 4

675‖C‖21n3
.

(41)
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Case 3 (line 14): Gρ(σ̃
k, σk)−Gρ(σ̃k+1, σk+1) < ∆ and λH(σ̃k) > − ε

2 .
We can obtain

λmin(Hessf(σ̃k)) ≥ 2 ∗ λH(σ̃k) > −ε,

which means σ̃k is already an ε-approximate convex point and (38) is satisfied due to Lemma 2.
Suppose {kj}j=1,2,...,T2 is the subsequence of {1, . . . , T + 1} such that the negative curvature is

taken but not at an ε-approximate convex point. Note that f(σ̃kj+1) = Gρ(σ̃
kj+1, σkj+1), ∀j and

Gρ(σ̃
kj+1, σkj+1) ≥ Gρ(σ̃

kj+1 , σkj+1) ≥ f(σ̃kj+1) due to the non-decreasing property of Gρ(σ̃
k, σk),

we can obtain g(σ̃kj+1) ≥ g(σ̃kj+1). Therefore, summing up (41) yields

4T2
675‖C‖21n3

≤
T2∑
j=1

(
1

g(σ̃kj+1)2
− 1

g(σ̃kj )2

)
≤ 1

g(σ̃kT+1)2
− 1

g(σ̃k1)2
≤ 1

g(σ̃T+1)2
, (42)

which guarantees g(σ̃T+1) ≤ nε/2 as long as we set T2 = d675‖C‖21n/ε2e.

6 Extension to the product of Stiefel manifolds

If we replace diagonal constraints with block-diagonal constraints in problem in (3), we obtain

min 〈C,X〉
s.t Xii = Id, for i ∈ [q]

X ∈ Sn+,
(43)

with n = qd and the rank-constrained counterpart is

min f(σ) := 〈C, σσ>〉
s.t. σ>i σi = Id, for i ∈ [q],

(44)

where σ := [σ1, σ2, ..., σq]
> ∈ Rqd×r with r ≥ d and σi ∈ Rr×d is the i-th block of σ, and the

manifold M is generalized to the product of Stiefel manifolds M = {[σ1, σ2, . . . , σq]> ∈ Rnd×r |
σ>i σi = Id, i ∈ [q]} := M1 × · · · × Mq. To ensure the convergence of Algorithm 1, we add a
proximal regularization to the update of σ̃. When we add a proximal regularization to step (7a),
we obtain a new prox-ADMM algorithm as follows,

σ̃k+1 = argmin
σ̃∈M

Lρ(σ̃, σ
k, yk) +

µ

2
‖σ̃ − σ̃k‖2, (45a)

σk+1 = argmin
σ

Lρ(σ̃
k+1, σ, yk), (45b)

yk+1 = yk + ρ(σ̃k+1 − σk+1). (45c)

The update of σ̃ can be written as σ̃k+1 ← ProjM(γk) if we define

γk :=
µ

ρ+ µ
σ̃k +

ρ

ρ+ µ
σk − 1

ρ+ µ
(yk + Cσk),

which is equivalent to

σ̃k+1
i ← ProjMi

(γki ), ∀i ∈ [n],

with γk = [γk1 , . . . , γ
k
n]>, γki ∈ Rr×d. The projection has an analytic solution by computing the SVD

factorization of each γki , which we show in the following result:
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Lemma 10 (Theorem 1 [LO14]) The constrained quadratic problem

P ∗ = argmin
P∈Rr×d

1

2
‖P −X‖2F , s.t. P>P = Id,

which is the projection of X to the Stiefel manifold P>P = Id, has closed-form solution P ∗ =
UIr×dV

>, where U ∈ Rr×r, V ∈ Rd×d are two orthogonal matrices and D ∈ Rr×d is a diagonal
matrix satisfying the SVD factorization X = UDV >.

Hence, we have a proximal ADMM algorithm for the products of Stiefel manifolds shown in Al-
gorithm 3. Compared with Algorithm 1, the only difference is an additional regularization for the
update of σ̃k+1 (line 2) to guarantee the convergence of ADMM-BM theoretically.

Algorithm 3 Proximal ADMM Burer-Monteiro algorithm (Prox-ADMM-BM)

1: Initialization: set σ0 = σ̃0 ∈M, y0 = Cσ̃0.
7pt
2: while termination criteria not satisfied do
3: γk ← µ

ρ+µ σ̃
k + ρ

ρ+µσ
k − 1

ρ+µ(yk + Cσk)

4: γki ← ProjMi
(γki ), ∀i ∈ [q]

5: σk+1 ← σ̃k+1 + 1
ρ(yk − Cσ̃k+1)

6: yk+1 ← yk + ρ(σ̃k+1 − σk+1)

Similar to Theorem 2, we can prove that Algorithm 3 converges to a critical point of f .

Theorem 4 Suppose ∀i ∈ [q], ‖γki ‖F is nonzero for any iteration k. If we set ρ, µ ≥ 0 properly
such that µ− ‖C‖2/ρ > 0, then the sequence (σ̃k)k∈N generated by Algorithm 3 satisfies Lemma 5
and converges to a critical point σ̄ of f . Moreover, the sequence (σ̃k)k∈N has a finite length, i.e.∑+∞

k=0 ‖σ̃k+1 − σ̃k‖ <∞.

Proof of Theorem 4. Similar to (18), we have the decrease

Lρ(σ̃
k, σk, yk) ≥ Lρ(σ̃k+1, σk, yk) +

µ

2
‖σ̃k − σ̃k+1‖2F ,

and the counterpart of Lemma 3 is

Lρ(σ̃
k, σk, yk)− Lρ(σ̃k+1, σk+1, yk+1) ≥

(
µ− ‖C‖

2

ρ

)
‖σ̃k+1 − σ̃k‖2F +

ρ

2
‖σk+1 − σk‖2F ,

which implies (C1) is valid for Gρ(σ̃, σ) since

Gρ(σ̃
k, σk)−Gρ(σ̃k+1, σk+1) ≥

(
µ− ‖C‖

2

ρ

)
· ‖σ̃k+1 − σ̃k‖2F +

ρ

2
‖σk+1 − σk‖2F ,

≥min

{
µ− ‖C‖

2

ρ
,
ρ

2

}
·
∥∥∥∥σ̃k+1 − σ̃k
σk+1 − σk

∥∥∥∥2
F

.

(46)

In addition, the condition (27) becomes

Cσk + yk + ρ(σ̃k+1 − σk) + µ(σ̃k+1 − σ̃k) + vk+1 = 0.

17



Then a subgradient of Gρ(σ̃, σ) at (σ̃k+1, σk+1) is

∂σ̃Gρ(σ̃
k+1, σk+1)

= 2Cσ̃k+1 + ρ(σ̃k+1 − σk+1) + vk+1,

= 2Cσ̃k+1 + ρ(σ̃k+1 − σk+1)− [Cσk + yk + ρ(σ̃k+1 − σk) + µ(σ̃k+1 − σ̃k)],
= 2Cσ̃k+1 − Cσk − Cσ̃k − ρ(σk+1 − σk)− µ(σ̃k+1 − σ̃k)
= C(σ̃k+1 − σ̃k) + C(σk+1 − σk) + C(σ̃k+1 − σk+1)− ρ(σk+1 − σk)− µ(σ̃k+1 − σ̃k)
(7c)
= C(σ̃k+1 − σ̃k) + C(σk+1 − σk) +

C

ρ
(yk+1 − yk)− ρ(σk+1 − σk)− µ(σ̃k+1 − σ̃k)

(12)
= (C − µI)(σ̃k+1 − σ̃k) + C(σk+1 − σk) +

C2

ρ
(σ̃k+1 − σ̃k)− ρ(σk+1 − σk),

and

∂σGρ(σ̃
k+1, σk+1) =ρ(σk+1 − σ̃k+1)

(7c)
= yk − yk+1 (12)

= C(σ̃k − σ̃k+1),

which imply that∥∥∥∥∂σ̃Gρ(σ̃k+1, σk+1)
∂σGρ(σ̃

k+1, σk+1)

∥∥∥∥
F

≤
(

2‖C‖+ max{ρ, µ}+
‖C‖2

ρ

)∥∥∥∥σ̃k+1 − σ̃k
σk+1 − σk

∥∥∥∥
F

, ∀k,

and hence (C2) is satisfied. Moreover, Lemma 4 shows that Lρ(σ̃
k, σk, yk) = Gρ(σ̃

k, σk) is uniformly
lower-bounded. In combination with (46), we can prove that Gρ(σ̃

k, σk) converges to a limiting
point, which implies ∥∥∥∥σ̃k+1 − σ̃k

σk+1 − σk
∥∥∥∥
F

→ 0,

and then

‖σ̃k+1 − σk+1‖ =
1

ρ
‖yk+1 − yk‖

(12)

≤ ‖C‖ · ‖σ̃k+1 − σ̃k‖ → 0.

Following the same argument in Theorem 1, we can show that the distance between {σ̃k} and
the set of first order stationary point is 0, and that the compactness of M implies that there is
a subsequence of σ̃k that converges to a first-order stationary point, i.e. (C3) is valid. We hence
prove Theorem 4 via Lemma 5.

7 Experimental results

In this section, we describe our computational results for Algorithm 1 and Algorithm 3, named
ADMM-BM and Prox-ADMM-BM respectively. All experiments are run on a PC with 3.0 GHz
processor and 16GB memory, with all code written in Julia. For comparison, we also present com-
putational results from Riemannian gradient (RGD) method and Riemannian trust-region (RTR)
method from Manopt.jl [Ber22]. The benchmarking metric is the relative optimality gap defined
as:

relative optimality gap =

∣∣∣∣〈σ̃k, Cσ̃k〉 − 〈σ∗, Cσ∗〉〈σ∗, Cσ∗〉

∣∣∣∣ , (47)
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where σ̃k is generated at the k-th iteration by Algorithm 1 or Algorithm 3 that is feasible for (4)
or (44), and σ∗ is the optimal solution obtained via Mosek [ApS21].

7.1 Max-cut

For Algorithm 1, we set r = d
√

2ne and ρ to ‖C‖ and test it on the dataset Gset2, which contains
a collection of max-cut problems of the form (3). An initial condition σ̃0 ∈ Rn×r is generated
uniformly at random on [0, 1] and then normalized row-wise. We also set σ0 = σ̃0 and y0 = Cσ̃0

for ADMM-BM and σ̃0 as the initial point for RGD and RTR. We test problems with sizes varying
from n = 800 to n = 10000 and the results are shown in Figure 1, where the x-axis denotes the
computation time and the y-axis denotes the relative optimality defined in (47). ADMM-BM always
performs better than RGD and RTR at moderate accuracy 10−4. The computation time is within
several seconds even for problem sizes up to n = 10000.

G1, n = 800, ‖C‖ = 12.197 G34, n = 2000, ‖C‖ = 0.899

R
el
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ti
v
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o
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ti
m
a
li
ty

time: s time: s

G57, n = 5000, ‖C‖ = 0.889 G67, n = 10000, ‖C‖ = 1.676

time: s time: s

Figure 1: Tests of Algorithm 1 on max-cut problems.

2https://www.cise.ufl.edu/research/sparse/matrices/Gset/
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7.2 SO(3) Synchronization

The SO(3) synchronization problem [MMMO17] is a typical problem of the form (43) where we
choose d = 3. In order to test Algorithm 3, each entry of σ̃0 is generated uniformly at random on
[0, 1] and then projected back to the product of Stiefel manifolds as in Lemma 10. We initialize
σ0 = σ̃0, y0 = Cσ̃0 in Prox-ADMM-BM and σ̃0 as the start point for RTG and RTR. In addition,
penalty parameters are set to ρ = µ = ‖C‖2 in Prox-ADMM-BM. We change the dimension from
n = 300 to n = 15000 and also choose two sparsity pattern, 0.02 and 0.002. As shown in Figure 2,
Prox-ADMM-BM always performs better than RTG and RTR up to accuracy level 10−4, while RTR
performs better on a higher accuracy level for some cases due to local super-linear convergence.
In addition, we find that the speed of Prox-ADMM-BM converges faster when the cost matrix C
is more sparse, which is reasonable since most of computational time is spent on matrix products
when we update σ̃ and σ. This also applies to ADMM-BM.

8 Contribution & Future Work

In this paper, we proposed an ADMM-based Burer Monteiro method for diagonally constrained
SDPs. It introduced a bilinear decomposition to the original problem such that all updates can
be run in parallel. Theoretically, we proved a global convergence of Algorithm 1 to a first-order
stationary point and showed that the algorithm scaled well to large-scale diagonal SDPs and con-
verged to a global minimum empirically. We also introduced Algorithm 2 with negative curvature
exploitation, which guarantees a solution to 1 − O(1/r) approximation to SDPs. Moreover, Algo-
rithm 1 can be generalized to Algorithm 3 that solves SDPs with block-diagonal constraints with a
global convergence to a first-order stationary point. Our experiments show that the proposed algo-
rithm and its proximal variant outperform Riemannian manifold algorithms at moderate accuracy
and both are suitable for large-scale SDPs.
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n = 300, s = 0.02, ‖C‖2 = 3.685 n = 3000, s = 0.02, ‖C‖2 = 30.625
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Figure 2: Tests of Algorithm 3 on SO(3) synchronization problems.
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