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1 Introduction

The purpose of this article is to develop the a posteriori error analysis of stabilised finite
element approximations to transport problems, including the streamline diffusion finite ele-
ment method and the least-squares stabilised finite element method (see [9]). For simplicity,
we restrict the discussion to the case of a scalar linear transport equation of the form

B-Vu+cu=f

subject to appropriate inflow boundary condition. Generalisations to systems and nonlinear
equations are possible and will be remarked on where appropriate.

Mesh adaptation in finite element discretisations should be based on rigorous a poste-
riori error estimates; for hyperbolic equations such estimates should reflect the inherent
mechanisms of error propagation (see [6,8]). These considerations are particularly im-
portant when local quantities such as point values, local averages or flux integrals of the
analytical solution are to be computed with high accuracy. Selective error estimates of
this kind can be obtained by the optimal control technique proposed in [5] and [2] which
is based on duality arguments analogous to those from the a priori error analysis of finite
element methods. In the resulting a posteriori error estimates the element-residuals of
the computed solution are multiplied by local weights involving the dual solution. These
weights represent the sensitivity of the relevant error quantity with respect to variations
of the local mesh size. Since the dual solution is usually unknown analytically, it has to
be approximated numerically. On the basis of the resulting a posteriori error estimate the
current mesh is locally adapted and then new approximations to the primal and the dual
solution are computed. This feed-back process is repeated, for instance, until the required
error tolerance is reached. In this way, optimal meshes can be obtained for various kinds
of error measures, where optimal can mean most economical for achieving a prescribed
accuracy TOL or most accurate for a given mazimum number Np,.. of mesh cells. This
approach is quite universal as it can, in principle, be applied to almost any problem, linear
or nonlinear, as long as it is posed in a variational setting. For a collection of examples, we
refer to the survey article [13].

A new feature of this technique, when applied to stabilised finite element methods, is
the choice of the dual problem, and it is the study of this question that represents the
subject of the present paper. In particular, we show that the naive approach of using the
natural dual based on the formal adjoint of the partial differential operator results in a
posteriori error estimates in which the stabilisation terms may strongly dominate the other
residual terms, leading to over-refinement of the mesh. We then show that this deficiency
can be overcome by exploiting the dual of the ‘stabilised’ primal differential operator. In
this way, extra powers of the mesh size are gained in the stabilisation terms, resulting in an
optimal-order error bound. The success of the latter approach is explained by theoretical
analysis and is illustrated in detail by numerical experiments.

The outline of the paper is as follows. We start, in Section 2, by describing the key ideas
on a one-dimensional model problem. In Section 3, guided by the one-dimensional anal-
ysis, we then consider the question of a posteriori error estimation for stabilised Galerkin
approximations to multi-dimensional transport equations. In particular, we discuss the



problem of a posteriori error estimation for norms as well as linear functionals of the solu-
tion. Section 4 presents a series of numerical experiments which illustrate and verify the
theoretical results. Finally, in Section 5 we summarise the work presented in this paper
and draw some conclusions.

2 The analysis of the one-dimensional problem

In order to highlight the key issues concerning the error analysis while avoiding unnecessary
technicalities, we begin by considering the following model problem:

u'(z) = f(z), forz e (0,1], u(0) =g, (2.1)

where f € L5(0,1) and ¢ is a given real number; it is a simple matter to show that this has
a unique solution in H*(0, 1).

Now suppose that the interval [0, 1] has been partitioned by a nonuniform mesh defined
by the mesh-points {z;}¥,, where 0 = zp < 71 < ... <zy_; <ax = 1, and N is a positive
integer, N > 1. We let I; = (x;_1,2;], hj = x; — xj_1, and introduce the mesh function
h defined on [0,1] by h(x) = hj for x € I;, j = 1,...,N. On this partition we consider
the finite element space Sy, S, C H'(0, 1), consisting of continuous piecewise polynomials
of fixed degree p, p > 1. We recall the following standard approximation property of the
finite element interpolant P, : H*(0,1) — S, (see [4]):

(A) Given that v € H*1(0,1) for some s, 0 < s < p, there exists a constant Cj, indepen-
dent of v and A, such that

||U — PhUHLQ(Ij) + hj|?) — PhU|H1([].) S Cih;+1|U|Hs+1(1j) (2.2)

forall j =1,...,N. Here, |-
Hr([j),TZL

mr(1;) denotes the usual seminorm of the Sobolev space

Next, we introduce the streamline diffusion finite element approximation of (2.1); to do

so, we consider a positive function § € Ly (0,1) called the streamline diffusion parameter,
the bilinear form Bjs(+,-) defined by

Bs(w,v) = (w',v + §v") + w(0)v(0),
and the linear functional /5 given by
ls(v) = (f, v+ 6v") + gv(0).

In these definitions (-, -) denotes the inner product of Ly(0,1).
The streamline diffusion method is: find u;, € S} such that

Bg(uh,vh) = l(;(’l)h) \V/Uh S Sh. (23)

As Bs(vp,vy) > 0 for all vy, in S, \ {0} and S}, is a finite-dimensional linear space, it follows
that (2.3) has a unique solution w in S,. Formally, (2.3) can be viewed as a perturbation
of the standard Galerkin method corresponding to § = 0.



Here we shall be concerned with the a posteriori error analysis of the streamline diffusion
method: our aim is to derive a bound on the global error ¢ = u — u; in terms of the
computable finite element residuals

rh:f_u;w T}; :g—Uh(O),

which arise from inserting u;, into the differential equation in (2.1) and the associated
boundary condition at inflow. The analysis relies on the following Galerkin property:

Bs(u — up,v,) =0 Yo, € Sp. (2.4)
The identity (2.4) is easily seen to hold by noting (2.3) and that
Bg(u,?)h) = lg(vh) Yo, € S,

In the next two subsections we shall describe two distinct approaches to the a posterior:
error analysis of the streamline diffusion method; being driven by duality arguments, they
both proceed in the same manner, but since they use different dual problems the resulting
a posteriori error bounds are not identical.

2.1 The first approach and its limitations

The starting point in the argument is the following dual problem: given that ¢ € C*°|0, 1],
find 2z such that

—'=y(x), z€]0,1), z(1) = 0; (2.5)

clearly, this has a unique solution z € C*°[0, 1]. Now we are ready to state our first result.

Lemma 1 The following bound holds for 0 < s < p:

g

N
|(u — Up, 77b)| S CZ z} ||hrh||L2(I]‘) Orgnigs {h;|z|H”+1(I]‘)}
]:
N
H(1+C) Y N6rall a2l 1y (2.6)
7=1
where C; is the constant from (2.2).

PROOF: Recalling the dual problem (2.5), integrating by parts, and appealing to the
Galerkin property (2.4), we deduce that, for any z, € S,

(u — up,¥) = (rn, 2 — z1) — (6rn, 21,) + 15 (2(0) — 2,(0)) = I+ 1T + IIL (2.7)

Next, given that s is a fixed real number, 0 < s < p, we make a specific choice of z,: we
take z, = Pz, where P, is the finite element interpolant of v from Sj,. Then, z(0) — 2,(0) =



2(0) — (Pr2)(0) = 0, yielding IIT = 0. It remains to estimate terms I and II. Let us first
deal with term I. Noting (2.2), we have, for any o; € [0,s], j=1,..., N,

o;+1 (0 +1) hoi
1] < ZHh rullaaplihy ™ (2 = Paz) | o) < G Z||h7“h||L2 hy' 12l i)

7=1

Consequently,

11| < C; Z||hrh||L2 min {h 2| mrot1 (1, }-

For term II, on writing P,z = z + (P,z — z) and applying (2.2) we have

N
RIS Z 167n |y | (Paz) oy < (L4 Ci) D N6l |2]a )
=1

Collecting the bounds on I and IT and inserting them into (2.7), we complete the proof of
the estimate (2.6). O

In order to ensure that the first term in this a posteriori error bound fully reflects the
approximation properties of the test space, one would wish to choose s as large as possible,
namely s = p. However, since in the second term 7, is multiplied by § rather than A5+,
the error bound (2.6) will be properly balanced only if § < Csh**! where Cj is a fixed
positive constant. For s > 0, such choice of § is considerably smaller than the standard
one of § = Csh (cf. [9], [10]), and may lead to an under-stabilised numerical approximation
which exhibits non-physical numerical oscillations. Thus, from the practical point of view,
there appears to be no benefit from choosing any value of s other than the suboptimal one
of s = 0; indeed, with s = 0 in (2.6) and noting that [2|g1(0,1) = ||¥[|15(0,1), Wwe immediately
deduce the next result.

Corollary 2 The following a posteriori error bound holds:
[l = unl[Lo0,1) < Cillhrnllzao,0) + (1 + C)lloral| a0,

In the next section, we present a strategy which overcomes the undesirable features of
this first approach.

2.2 The second approach

Although (2.5) is the most natural candidate for the dual problem, it is by no means the
only possible choice. Indeed, as will be seen below, the a posteriori error bound (2.6) can
be improved by selecting a dual problem which respects the particular structure of the
Galerkin property (2.4).
Thus, we now consider the following dual problem: given that ¢ is in C'*[0, 1], find zs
in H'(0,1) such that
Bs(w, z5) = (w, ) Yw € H'(0,1). (2.8)



Here, the solution to the dual problem is denoted by z; in order to emphasise the dependence
on the stabilisation parameter §. Recalling the definition of B, a simple calculation based
on integration by parts shows that (2.8) can be restated as follows:

N
—(z+625) = (@), xe| i),
j=1

(25 + dz5](x;) = 0, j=1,...,N—1,
z(0) = 0, (z+0%)(1) =0,

where [w](z) = w(z+) — w(z—) denotes the jump of w at z. In particular, when ¢ €
WL (0,1), the function zs + dz; is continuous on [0, 1] and the jump conditions are trivially
satisfied. In this case, the dual problem collapses to

—(zs +dz5) = y(x), z € (0,1), (2.9)
z5(0) = 0, (25 + 025)(1) = 0.

To motivate the hypotheses which we shall make on ¢, we give the following characterisation
of the dual solution.

Lemma 3 Suppose that 0 is a constant, § > 0, and let n be a nonnegative integer; then
1 n
w(@) = / YEE+ Y (1) oD (x) — e gD (0))
z m=1

0

When n = 0 the index set of the summation in the second term on the right is empty, and
the corresponding sum is then defined to be identically zero.

PROOF: Let n = 0; integrating the differential equation in (2.9) between = and 1 we deduce,
recalling the boundary condition at x =1, that

1
z5+5zg:/ WOde,  xe01] (2.11)
Solving the differential equation (2.11) gives
T 1
(e = 2500) = [ (@@ d, where x(x) = [ w(e)de.
0 x

Integrating by parts on the right and noting the boundary condition at x = 0 in (2.9),
which, according to (2.11), is equivalent to demanding that z5(0) = x(0), we deduce that

25(x) = x(z) + 7 / B(E)eE e,

which is just the required identity for n = 0.



For n > 1, we write under the integral sign on the right in the last equality

A% s
dgn
and integrate by parts n times to deduce (2.10). O

It is clear from this lemma that derivatives of z; will exhibit a boundary layer at x = 0,
unless the function v and its derivatives vanish at this point. Armed by this observation,
we state the following result.

e/ = 47

Lemma 4 a) Let § € WL (0,1) and suppose that there exists a constant K, such that
1
1+§5'(x) >Ky >0  fora.e x€(0,1);
then, there is a positive constant My = M, (Ky) such that, for each ¢ € C*[0,1],

|25 0.) < M|l o(0,1)- (2.12)

b) Let 0 <m <p—1,5 € W"2(0,1) and suppose that there exist constants Ly, > and
Kpnio such that |60 (2)| < Lyyy for a.e. € (0,1) and

3
1+ <m+ 5) §'(2) > Ko >0 for a.e. v € (0,1);

then, there ezists a positive constant My, 1o = Myio(Kpio, My, ..., M1, Loy ...y Lipio)
such that for each ¢ € C*[0,1] with )V (0) =0 for all 1 =0,...,m, we have

|Z§|Hm+2(071) S Mm+2|w|Hm+1(0,1)- (2.13)
PROOF: a) To prove (2.12), we differentiate (2.11) to deduce that
(148254025 = —(x), =€ (0,1]. (2.14)

Taking the L(0,1) inner product of (2.14) with zj and noting that 25(0) = 0, upon ma-
nipulating the second term on the left and applying the Cauchy-Schwarz inequality on the
right, we arrive at

1
Kll25117 0.1 + 55(1)|Z('s(1)|2 < 19l Lo 25l La0,0)-

Hence (2.12) with M, =1/K].

b) For m > 0 the proof is analogous, by induction: on differentiating (2.11) m+ 1 times
and taking the Ly(0,1) inner product of the resulting equality with 22, after a simple
manipulation based on integration by parts we obtain the inequality (2.13) where

Nm m+2 m 4 9
M0 = K +z [14— E ( I )Lka+3k
m+

k=2

and N,,,- is the constant in the following Poincaré inequality:

|| ams10,1) < N2l gmer0,1). O

Now we are ready to embark on the a posteriori error analysis of the streamline diffusion
finite element method, using the dual problem (2.8). We state the following analogue of
Lemma 1.



Lemma 5 Suppose that 0 < s < p and let § € WE(0,1); then,
N
(= un, )| < C: > (1hrallzoery) + 11670 Laczy)) Jnin {A7[25]movi(ry) ) (2.15)
=1 =7

where C; is the constant from (2.2).
PROOF: By the definition of the dual problem (2.8), with w = u — uy, and the Galerkin
property (2.4), we have that

(w—un,¥) = Bs(u—un,2) = Bs(u—un,z5 — 25)
= (rn,25 — z5) + (10, 0(25 — 25,)) + 15, (25(0) — 25,4(0)) = T+ IT 4111

For s fixed, 0 < s < p, we choose z55, = Pj,zs in I, II and III and proceed in the same way
as in the proof of Lemma 1, to arrive at the desired bound. O

We note in passing that when ¢ is a constant function on [0, 1] the hypotheses of Lemma
4 are satisfied with K1 = Ky = ... = K,,,;» = 1. Tracing the constants in the proof, we
then find that M; = My = ... = M,,;» = 1. In general, § will not be constant on [0, 1],
so the assumptions on ¢ stated in a) and b) of Lemma 4 can be seen as conditions on
the variation of the computational mesh, given that in practice ¢ is related to h. Let us
suppose, for example, that § is defined as a piecewise linear function whose value at the
midpoint of I; is equal to hj, the length of the interval I;. The hypothesis on § from part
a) is then satisfied on any mesh which results from a coarse background mesh through
successive local bisections, so it does not represent a practical limitation from the point of
view of our adaptive mesh refinement algorithm. The conditions which occur in part b) are
increasingly more demanding; for large values of m they require that the variation (more
precisely, the compression from left to right) of the mesh is small. However, we expect that
the mesh-size distribution and hence § will approach a piecewise smooth function in the
process of mesh adaptation. The potential loss of regularity in 6 and the consequential loss
of smoothness in z; in some interval I; is compensated by the presence of the factor A7 in
(2.15). Indeed, the estimate (2.15) is at least as sharp as the one of Lemma 1. We shall
return to this question again in Section 3 in the error analysis of the multi-dimensional
problem.

The a posterior: error bound resulting from Lemma 5 is stated below in Corollary 6.
First we introduce some notation. For k a positive integer, we put

HE(0,1) = {v € H*(0,1) : v(0) = ... = v*1(0) = 0}.

For k = 0, by definition, H°(0,1) := Ly(0,1). Further, we introduce the negative Sobolev
norm || - [|g-#(,1) by

fullran = sup oDl

ve Hk(0,1) |U|Hk(0,1)
In particular, ||w|gop,1) = ||w|lrs,1)- On noting that C'*°[0,1] is dense in Ly(0,1) =
H°(0,1) and that the set {1) € C*°[0,1] : (0) = ... =* 1 (0) = 0} is dense in H*(0,1),

k > 1, we deduce from Lemmas 4 and 5 the following a posteriori error bound for the
streamline diffusion method.



Corollary 6 Suppose that 0 < s < p and let the conditions of Lemma 4 hold with m = s—1
(when s = 0, the conditions in part a) of Lemma 4 are assumed); then the following a
posteriori error bound holds:

= unllz-s(0,1) < CiMogr (12170l ooy + 10707l Lag0,1)) -

Unlike the a posterior: error bound discussed in the previous section, this estimate now
reflects completely the approximation properties of the test space, with the practically
realistic value of § = Cjh.

3 The multi-dimensional model problem
We consider the hyperbolic boundary-value problem
Lu=p-Vu+cu=/f in{, wu=g¢g onl_, (3.1)

where Q = (0,1)", with inflow boundary T'_ = {x € 0Q : [B(x) - v(z) < 0}; here v(x)
denotes the unit outward normal vector at x € 0 (defined almost everywhere on 0€).
Analogously, we define the outflow boundary 'y = {x € 9Q : f(z) - v(z) > 0}.

We shall suppose that the entries 1, ..., 3, of the n-component vector function [ are
continuously differentiable and positive on €2; this ensures that 02 is non-characteristic for
L at almost every point x on 0€2. It will be assumed that ¢ is a continuous real-valued
function on 2, f is a real-valued square-integrable function on 2, and ¢ is a real-valued
square-integrable function on I'_.

In order to set up the variational formulation of (3.1), we associate with £ the function
space

H(Q)={v e Ly() : Lve Ly()};

we consider the bilinear form B(-,-) : H(Q) x H(Q2) — R defined by
B(w,v) = (Lw,v) — ((8 - v)w,v)r_
and introduce the linear form [ : H(2) — R by

l(v) = (f,’l)) - ((ﬁ ' l/)gvv)f‘,-

In these definitions (-,-) denotes the Ly inner product over 2 and (-,-)r_ signifies the Ly
inner product over I'_ (with (-,-)p, being defined analogously). It can be shown that any
function v € H(2) has a well defined trace on T'_ (respectively, I'}) in Ly(T" ) (respectively,
Ly(T'4)), so the definitions of B(-,-) and I(-) are meaningful. When equipped with the
graph-norm
vl @) = (||v||%2(n) + ||£v||%2(ﬂ))1/27

H(Q) is a Hilbert space. With this notation, the boundary-value problem (3.1) can be
expressed as follows: find u in H(2) such that

B(u,v) =1(v) Vv e H(Q). (3.2)
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Using the Lax-Milgram Theorem, it is a straightforward matter to prove that under the
present hypotheses on 3, ¢, f and g problem (3.2) has a unique solution u in H(£2).

Let 7, = {k} be a finite element partition of 2 into open element domains x. We shall
suppose that the family of partitions {75} is shape regular; namely, there exists a positive
constant « such that "

—~<a Vke U T,

Px -
with h, = diam(k) and p, the diameter of the largest ball contained in k. Let h(x)
denote the mesh function whose value on element k is equal to h,.. On 7, we consider the
finite element space S, C H'(Q) (C H(f2)) containing continuous piecewise polynomials of
maximum degree p, p > 1. It will be assumed that S;, possesses the following standard
approximation property:

(B) Given that v € H**'(Q) and v|. € H*™(T'_) for some s, 0 < s < p, there exists vy,
in S, and a constant C;, independent of v and the mesh function A, such that

||U - UhHLz(n) + h,i|’l) - vh|H1(n) S Cihz+1|U|Hs+1(,%) VK € 771, (33)
||U — UhHLQ(@nﬁF_) S Cihi+1|U|Hs+1(3I%nF_) Vk € 771 s.t. Ok NI 7£ @ (34)

Here and in the rest of the paper, for s < n/2, & signifies the union of all such elements
whose closure has nonempty intersection with the closure of «; for s > n/2, we define
k = k. Given a function v and an associated function vy, satisfying (3.3), (3.4), we shall
write v, = P,v to denote that vy, is assigned to v.

Remark 7 For s > n/2 hypothesis (B) can be satisfied by selecting Pyv as the finite
element interpolant of v € H**'(Q) from S,. For s < n/2, point evaluation of v need
not be meaningful, due to the lack of Sobolev reqularity; in this case Pyv can be chosen as
a suitable quasi-interpolant of v. A further possibility is to define Pyv € Sy at degrees of
freedom interior to QUL as indicated in the previous sentence, while on I'_ one can define
Pyl as the orthogonal projection of v|.  onto the restriction of S, to I'_ with respect to
the inner product

/ 18+ vlw(z)o()ds.
r_
This latter choice of P, will be made use of in Remark 17 below.

Next, we introduce the finite element approximation of (3.2); to do so, we consider
the stabilisation parameter as a positive function ¢ contained in L. (£2), the bilinear form
Bs(+,-) defined on H(Q2) x H() by

Bs(w,v) = (Lw, v+ 0Lv) — (8- v)w,v)r_, (3.5)
where, following Baiocchi and Brezzi [1], we put Lw=f-Vw+ éw with

0 for the streamline diffusion finite element method,
c for the least-squares stabilised finite element method,
V -3 —c¢ for the negative-adjoint stabilised finite element method,

o>
I
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and introduce the linear functional [5(-) : H(2) — R by
ls(v) = (f,v+0Lv) = (8- V)g, v)r .

With these notations, we formulate the stabilised Galerkin finite element method: find
up, € Sy, such that
Bg(uh,vh) = l(;(vh) Yu, € Sp. (36)

Remark 8 In the case of the streamline diffusion method and the least-square stabilised
finite element method, assuming, for example, that there exists a nonnegative constant cg
such that

1 _

c— §V B> co on €2, (3.7)
it is a straightforward matter to prove that Bs(vy,v) > 0 for all vy, in Sy \ {0}. The same
is true in the case of the negative-adjoint stabilised finite element method, provided that
(3.7) holds with co > 0 and § < 1co[c® + (V- )27 on Q. As Sy is finite-dimensional, it
follows for each of the three choices of L above that (3.6) has a unique solution uy in S,

3.1 A posteriori error analysis for norms

The a posteriori error analysis of (3.6) is based on considering the finite element residual
and the boundary residual defined, respectively, by

rn=f—Lu, and 1, = (9 —up)lp_,
and noting the Galerkin property
B5(U — Up, Uh) =0 Yu, €585, (38)

As in the second approach in one-dimension, we proceed by introducing the stabilisation—
dependent dual problem: find z; € H(2) such that

Bs(w, z5) = (w,y) Yw € H(Q), (3.9)

where 9 is a given function in C§°(€2). The existence of a unique solution z; in H(2) to (3.9)
follows by applying the Lax-Milgram Theorem; see also Theorem 1.4.1 in the monograph of
Oleinik and Radkevi¢ [11]. For the moment we shall suppose that z; is sufficiently smooth,
namely z; € H*"'(Q), 0 < s < p; conditions which ensure this will be stated below in
Lemma 10. We begin with the following preliminary result.

Lemma 9 Suppose that 0 < s < p and z; € H**'(Q); then,

(u—un, )| < CiNy ;ﬂ)||hi/2r}:||L2(e)Orgngigs{hgzﬂffaﬂ(,%e)} (3.10)
e:enl'—

+Ci 3 (Iwtnlliage) + Nollorll o) min {57125l

KETH

where N1 = /2C5||B|| vy, No = maxyer, (||B] 1) +hslléll i), Ci is the constant from
condition (B), Cs is a positive constant that depends only on the mesh-reqularity parameter
a and the number of space dimensions n, k. is the element with (open) face e and h, is the
diameter of e.
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PROOF: Choosing w = u — uy in (3.9) and noting the Galerkin property, we deduce that

(u — Up, @b) = B(;(u — Up, Z,;) = B(;(u — Up, 2§ — Z&h) (311)
= (rn, 25 — zsn) + (10, 0L(25 — 250)) — (8- V)1, , (26 — 250))r_ =T+ T+ 111,

where 255, = Pn2s (cf. (B) above). We shall proceed by estimating each of the terms I, II
and III by means of the approximation property (B). First, for any o, € [0, s], we have

|I| < Cz Z ||hnrh||L2(n)hZ~|Zﬁ|H‘m+1(k),

KETH

and therefore,
1 < Ci Y 1 rnllnagey min {h 25| oy }-

KETH

Second,

11 < Ci Y (18l oo + Pl oo ) 11671 Loy Ofgﬂgigs{hi|za|f1fr+l(k)}-

KETH

Third, denoting by e an open face of an element in the partition 7,, we deduce that

< > 1By a2 = Z5nllage)

e:eNl'—#£D

To each open face e which has nonempty intersection with I'_ we assign the element k. in
T, with that face. Now,

1 2
25 — 25piwe) T 7125 — 26mllTo 000 |

o5 = 2l < o s = s ;
Ke

where (5 is a positive constant which only depends on the mesh-regularity parameter o
and the number of space dimensions, n. Consequently, by (B),

125 = 2.1 La(e) < Cin/2C5 hEFV? |25
(e) c

Inserting this into the bound on term III yields, possibly with an altered value of C5 =
C13(&7 n)a

Hs+1(,§:e) .

I < Civ/2C5 Y 1Bl i) 1221 [l e Join {h¢|zs e )

e:enl_#)

Upon substituting the bounds on I, IT and III into (3.11), we obtain (3.10). O
Now we shall verify that z; € H*"'(Q) and derive a bound on |z;|gs+1(q) in terms of the
H**1(Q) norm of 4.

Lemma 10 Suppose that s > 0, 3 € [C*T2(Q)]?, c € C*TL(Q), § € WHH(Q), o € CP(Q),

and assume that there exists positive constants Lsy 1 and Kgy1 such that

max |DS(x)| < Lyp1, 1—(s+1)|Vo@)i|B@)): > Ker Ve eQ,  (3.12)

jaf <s+1
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where |- |y denotes the Iy vector norm on R™. Let us also assume that V-f—c—¢=01in a
small but fixed neighbourhood of the origin, independent of §; then, there exists a constant
Mgy = My 1 (Ksiq, L), independent of § and v, such that

25| ms 1) < Moqr|| ]| mrs+1(0)- (3.13)

We note here that V - 3 — ¢ — ¢ = 0 is a compatibility condition between the data of the
partial differential equation and the homogeneous inflow boundary datum at the vertex
point of the inflow boundary.

PROOF: Since § € WL (), (3.9) can be rewritten in the following strong form:
—V - (B(zs+6(8-Vzs+ ¢25)) +c(zs +6(B-Vzs+¢25)) = ¢ inQ,

B-Vzs+ézs = 0 onT_, (3.14)
Z5+5(ﬂ-VZ5+éZ5) = 0 onl},.

Putting x = 25+0(3-Vzs+¢zs), we can write (3.14) as a system of coupled scalar hyperbolic
equations:

-V-(Bx)+ex = ¢ inQ, x=0 only, (3.15)
2zs+8(8-Vzs+ézs) = x onQ, 2zs=x onl_. (3.16)

First we shall bound y in terms of 1, then zs in terms of x; combining the two will yield
the desired bound on zs in terms of 1.

Recalling that ¢ € C§°(2), it follows by the Differentiability Theorem of Rauch ([14],
p. 272) applied to (3.15) that

Xl zrs 1) < Mysa ||| rs+(a), (3.17)

where M, is a positive constant, independent of ¢ (and of §, of course).

Next we shall derive bounds on Sobolev norms of z5 in terms of y, independent of the
stabilisation parameter 6. We begin by reformulating (3.16) so that the boundary condition
is homogeneous: we put w = z5 — x and observe that w is the solution of the following
boundary value problem

1
B-Vw+ (¢+ S)U’ = —(B-Vx+¢éx) inQ, (3.18)
w = 0 onI_. (3.19)

Further, denoting the right-hand side in (3.18) by ¢, we see from (3.15) that
=—(B-Vx+ex)=v+x(V-f—c—¢) (3.20)
With this new notation (3.18), (3.19) becomes

0f-Vw+ (1+06)w = 0¢ inQ, (3.21)
w = 0 onl_. (3.22)
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Since ¢ € C§°(Q2) and V -  — ¢ — ¢ vanishes in the vicinity of the origin, it follows that
¢ € H*T'(Q) and ¢ vanishes in the vicinity of the origin. Thus, from Rauch’s theorem, we
deduce that w € H**'(Q) and

|w] e+ (Q) S M 1] Hs+1(Q)5 (3.23)

where My, is a positive constant (possibly different than in (3.17)). The independence of
M1 on ¢ follows by tracing the constants in Rauch’s proof, making use of (3.12). Finally,
we recall that zs = x + w and apply the bounds on x and w. O

Now we are ready to complete the a posteriori error analysis we embarked on before the
statement of Lemma 10. In particular, we derive a posteriori bounds on negative Sobolev
norms of the global error u — u,. Given that m is a positive integer, we define H["(2)
as the closure of C§°(f2) in the norm of H™(Q2) and introduce the negative Sobolev norm
|+ [[r-m(q) in the usual way by

_ (w, v)[
||U)||H7m(ﬂ) = sup )
vecg @) [|v][rm @)

The next result follows by applying (3.13) to the right-hand side of (3.10).

Theorem 11 Suppose that 0 < s < p and assume that the conditions of Lemma 10 hold;
then, we have the following a posteriori error bound:

1/2
lu—wnllg-s-10) < Mspr ¢ C (Z 1Al ) + N§||hi5rh||%2(n)>
KETH

1/2

+CON [ Y IR )

e:eNl'_#0)

where Mgy is a positive constant, independent of 0, C; is the constant from condition (B),
and Ny and Ny are as in Lemma 9.

3.2 A posteriori error estimation for linear functionals

In many problems of physical importance the quantity of interest is a linear functional of
the solution. Relevant examples include the lift and drag coefficients for a body immersed
into an inviscid fluid, the local mean value of the field, or its flux through the outflow
boundary of the computational domain.

Suppose that we wish to control the discretisation error in terms of some linear func-
tional J(-) defined on the space H(f2) (or on a suitable subspace which contains the finite
element space Sy, and the exact solution u of problem (3.1)). To do so, following the same
line of thought as in the one-dimensional case, we shall derive an a posteriori bound on the
error between J(u) and J(uy), where u;, € Sy, is the finite element approximation to u, de-
fined by (3.6). The error analyses which we shall perform are based on two dual problems,
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the first of which stems from the formal adjoint of the partial differential operator while
the second exploits the adjoint of the stabilised primal operator:

Find z in H(Q2) such that B(w, z) = J(w) Yw € H(Q); (3.24)
and
Find 25 in H(2) such that Bs(w, z5) = J(w) Yw € H(Q). (3.25)

Let us assume that each of these problems possesses a unique solution. Clearly, the validity
of this assumption depends on the choice of the linear functional .J(-). We have the following
general result.

Theorem 12 The dual problems (3.24) and (3.25) give rise to the following error repre-
sentation formulas, respectively:

J(u) — J(up) =—=((B-v)r,, (z—2zn)r_ + (rn, 2 — 2z1) — (7h, 5ﬁzh): (3.26a)
J(u) — J(up) = —((B-v)r,, (25 — zo0))r_ + (Thy 25 — 250) + (71, 0L(25 — 2s5,)). (3.26Db)

ProoF: We shall only present the argument in the case of the stabilisation-dependent dual
problem (3.25); for the standard dual problem (3.24) the proof is analogous. On choosing
w = u — uy in (3.25) and recalling the Galerkin property (3.8), we deduce that

J(u) — J(up) = J(u—up) = Bs(u — up, 25) = Bs(u — up, 256 — 2s,)

= —((B-v)ry,, 25 — zsp)r_ + (rhs 25 — 250) + (0rn, L(25 — 25,1))-

That completes the proof of (3.26b). O
Guided by the error representation formulas (3.26a) and (3.26b), we define the residual
terms p, i =1,2,3, by

PO ==y, PP =" =m,
and the weighting terms w®, i = 1,2, 3, as follows:
a) for dual problem (3.24):
w =@ =7 — 2, WO = —6Lz,;

b) for the stabilisation-dependent dual problem (3.25):

2)

for z, and z;;, in S,. Using this notation, (3.26a) and (3.26b) can be rewritten in the
following compact form:

J(u) - J(uh) = (p(l)aw(l))F_ + (p(Q),w(Q)) + (p(3),w(3)).

Given a linear functional J(-) and a positive tolerance TOL, the aim of the computation
is to calculate u; so that
|.J(u) — J(up)| < TOL. (3.27)
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A sufficient condition for this to hold is that the stopping criterion
Ei(up) <TOL (3.28)
is satisfied, where
E(un) = |(p, w)r_ + (0P, 0@) + (02, 0®)]. (3.29)

If (3.28) holds true, J(uyp) is accepted as an accurate representation of .J(u); otherwise, uy,
is discarded and a new approximation is computed on a finer partition. In order to ensure
that the partition is refined only where necessary, a local decision has to be made on each
element r as to whether diam(k) is acceptable in relation to TOL. A convenient approach
to constructing a refinement criterion which relates the local element size to TOL is to
localise the right-hand side in (3.29). More precisely, & (uy) is further bounded from above
by decomposing the inner products over €2 and I"_ as sums of inner products over elements
k in € and faces Ok in I'_, respectively, with the absolute value sign now appearing under
the summation sign:

| T (w) — T (un)] < Ex(un), (3.30)
where
Ex(un) = Y (P, wM)owar_ + (07, w0 + (0P, 0P)sl, (3.31)
KETH
with _ . . _
p,(f) = p(l)‘n, w,(j) = w(z)‘n, 1=1,2,3 Vi € Tp.

Thus, for example, a possible refinement criterion might consist of checking whether on
each element x in the partition 7, the following inequality holds:

TOL
A, amcr + (o2, 0P+ (o0, 0] < =,

(3.32)
where N is the number of elements in 7. If (3.32) fails on an element &, then & is subdi-
vided; otherwise « is accepted as being of adequate size, for if (3.32) holds on each element
K in Ty, then, according to (3.30), the required error control (3.27) has been achieved. We
note that other mesh refinement criteria are also plausible (see, for example, [3, 13] and Sec-
tion 4 below), but these too will typically rely on localising & (u;) in a manner discussed
above. As a precursor to the numerical experiments in Section 4 we remark here that the
seemingly harmless transition from (3.29) to (3.31) can be detrimental: degradation of the
asymptotic properties of the bound and uneconomical meshes may result. In fact, it will
be shown in Section 4.4 that the occurrence of such adverse effects (stemming from the
localisation of global error bounds) is closely related to the choice of the dual problem.
While the residual terms p,(f), i =1,2,3, can be easily evaluated once the numerical so-
lution uy, has been computed, the calculation of the weights w,(f), 1 =1, 2,3, requires special
care; this will be discussed in detail in the next section. First, however, we perform two
‘thought experiments’ which illuminate the significance of using the stabilisation—dependent
dual problem (3.25) and illustrate the implications of our a posteriori error analysis. We
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consider the linear advection equation (3.1) on the unit square Q = (0,1)? in the zy co-
ordinate system, with 8 = (1,1)”, ¢ = 0 and f = 0. The inflow boundary datum g will
be assumed to be such that the exact solution u is smooth, but not piecewise constant or
linear.

Thought experiment 1. First, we choose the mean-flow across the outflow boundary I',
as the functional to be controlled; namely, we take

J(w) = (1,(6 - v)w)r,.
In this case, the solution z = 1 of the standard dual problem
—3-Vz=0 1in{, z=1 only,

is also the solution of the corresponding stabilisation—dependent dual problem (3.25). This
implies that J(u) = J(uy), recovering the well known conservation property of the scheme
(3.6).
Thought experiment 2. Next, we choose as the functional to be controlled the mean-flow
over §2; thus, we take
J(w) = (1,w).

The solution of the corresponding standard dual problem
—3-Vz=1 1in{, z=0 onl}y,

is area-wise linear with an edge along the line y = x. This results in nonzero values for the
error indicators (14, (3-Vzy)), in all of 2 inducing global mesh refinement which does not
seem necessary for this particular functional, in view of the conservation property of the
scheme. Now we slightly change the error functional J(-) to

Js(w) = (1,w) — (1,6(8 - v)w)r_,

and assume that the stabilisation parameter J is a constant function over €2; then, a simple
calculation shows that the corresponding stabilisation—dependent dual problem (3.25) can
be rewritten as

(=B -Vz5,w—0(8-Vw))+ ((v)zs,w)r, = (L,w) —6(1, (6 v)w)r_ Vw € H(Q),
and it has the same area-wise linear solution as the problem
—03-Vzs=1 in Q, zs=40 onl,.
Consequently, the local error indicators |(p$, w(?)s| + | (0%, w)),.| are nonzero only along
the characteristic line y = x. This indicates that mesh refinement based on the a posteriori

error bound which stems from the stabilisation—dependent dual problem will be localised
to the line y = x and will be, therefore, highly economical.

Definition 13 For future reference, we recall the particular forms of the terms on the
right-hand sides of (3.26a) and (3.26b), and we define

L=|(B-v)ry,2—2)r |, IL=|(rn,z—z)|, IIL = |(0rh, Lzp)]
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and
Ls=|((B-v)r,,zs —zsn)r_|, 1Ihs=|(rn, 26 — 2zs5p)|, IILs=|(drn, L(z5 — 254)]-

We also consider the localised counterparts of these, given by

Z ((B-v)ry 2 — 2zn)osnr_|, Ih= Z \(rny 2 — 2n)e|, 1L = Z |(07h, L)

KETh wETh KETH

and the corresponding terms L5, IL 5, IIL 5 for the stabilisation—dependent dual problem,
arising from the right—hand side of (3.31).

By applying the Cauchy-Schwarz inequality on Iy, IIy and IIly, as well as I 5, Il 5 and
III, 5 together with the approximation property (B), these terms can be further bounded
above. Thus we arrive at the following result.

Lemma 14 Let u and uy, denote the solutions of (3.1) and (3.6), respectively. Given that
z € H"Y(T_) for some s, 0 < s < p, we have that

L < G Z ||5||Loo AkNT ||h7'h||L2 AkNT m1n {h |Z|H<f+1 dRNT — )}

KETH

Furthermore, given that 2 € H*Y(Q) for some s, 0 < s < p, we have that

I, < G Z ||hrh||L2(n) Ofgfliéls{hmﬂ}pﬂ(g)}a

KETH
My < Ci Y (181mte) + hellélcty) 167n ] Lo Juin {7 2| mee) }
KETH -
+ > (1B ey + cllel o)) 117l oy |21 )
KETH

For the case of the stabilisation—dependent dual problem, z is replaced by zs and estimates
identical to those for Iy and Iy hold for 1y 5 and Ily 5, while in the corresponding bound for
IIIy 5 the second sum on the right-hand side of the estimate for Il does not arise.

We see from Lemma 14 and inequality (3.30) that when the analysis is based on the
standard dual problem, the resulting bound on the error in the approximation of the func-
tional J(-) is dominated by the term III, which stems from the stabilisation in the numerical
method.

As in Section 2, we further illustrate the features of our a posteriori error estimation
by a simple example which concerns the finite element approximation of the normal flux
through the outflow boundary T'y for the solution to the transport problem (3.1). Thus,
assuming that 1) € Lo(I";) is a given weight function, we are interested in the quantity

Ny(u) = /F (B -v)upds (3.33)
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where u is the solution to (3.1). Supposing that wuy is the Galerkin approximation to u
defined by the stabilised finite element scheme (3.6), we wish to estimate the error between
the computed outflow normal flux N, (u;,) and the actual value Ny (u) by means of the two
dual problems. In Section 4 we present a number of numerical experiments to compare the
two approaches.

For this particular functional the dual problems (3.24), (3.25) in strong form read as
follows: find z such that

L2=-V-(Bz)+cz=0 inQ, z=1 only; (3.34)
for 6 € WL (Q), find 25 € H(Q) such that

L¥(z5+06Lz) = 0 inQ,
Lz; = 0 onTl_, (3.35)
2s+0L25 = ¥ onTl,.

We shall now derive an a priori bound on the error in the computed functional in
terms of Sobolev norms of the analytical solution u; this will indicate the expected rate of
convergence for |Ny(u) — Ny(up)| as h tends to zero. We need the following result which
is a minor variation on an a priori error bound from [10].

Lemma 15 Assume that (B) holds and let u and u,, denote the solutions of (3.1) and (3.6),
respectively. Suppose that v € H*T'(Q) for some s, 0 < s < p, and there exist positive
constants cs and Cs such that csh < 6 < Csh on ; then

llu —unlll < CH 2 ul goviqey,
where
lloll* = V8 LolZym) + 1ol Za@) + 101Eow + 1ollZaw,)
and C' is a constant independent of the mesh function h.
Thereby, from Lemmas 14 and 15, we deduce the following a priori error bound.

Lemma 16 Assume that (B) holds and let v and uy, denote the solutions of (3.1) and
(3.6), respectively. Given that u € H**'(Q) and z € H**Y(T_) for some s, 0 < s < p, and
there exist positive constants c; and Cs such that csh < 6 < Csh on ), we have that

12 < Crh2s+3/2 |U

Hs+1(Q) |Z Hs+1(T_)-

Furthermore, given that z € H*T'(Q) for some s, 0 < s < p, we have that

I, < Ch*"|u

ML, < Ch*™ulgeriq) 2| + OB [ul gty |2 m @),

Hs+1(Q) |Z Hs+1(Q)»

where C' is a constant independent of the mesh function h. For the case of the stabilisation—
dependent dual problem, z is replaced by zs and estimates identical to those for Iy and 11,
hold for I, s and Il 5, while in the corresponding bound for 1Ily 5 the second term on the
right-hand side of the estimate for 111y does not arise.
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Thus, Lemma 16 indicates that (under suitable assumptions on the smoothness of u
and the dual solution z) the error bound in the outward normal flux based on the standard
dual problem is of size O(h?), irrespective of the degree p of the polynomial approximation
used in the finite element space S,. On the other hand, using the error estimate based on
the stabilisation—dependent dual problem we find that |Ny(u) — Ny(up)| = O(h**1) for
0 < s < p, provided that z; € H*"'(Q) with ||zs]| gs+1(0) < Const., independent of h.

Remark 17 We note that if we assume that uw € H*(T_) for some s, 0 < s < p, then the
a priori error bound for the boundary term Iy stated in Lemma 16 may be improved provided
that the boundary residual is redefined as v, = g — Pyg. Indeed, on selecting z, = Ppz in
(3.26a) with Py, chosen as indicated at the end of Remark 7 and applying (B) we deduce
that

IQ S Ch28+2 |’U/|Hs+1(1"7) |Z Hs+1(T_)s

provided that z € H**(T'_). An analogous bound holds for I».

Remark 18 The absence of a forcing function in the first dual problem (3.34) means that
the error representation formula (3.26a) may be re-written in the following form:

~

N¢(u) — N¢(uh) = —((ﬂ : V)T};, Z — Zh)F_ + (Th, z — Zh) + (57’h, ,C(Z — Zh))
—(0rp, (6 +c—V - [)2).

Thus, if the negative-adjoint stabilisation is employed, i.e. L:=—L*, then
e4+c—V-B=0 forallxin,

and it is easy to verify that the solutions to the two dual problems (3.34) and (3.35) coincide,
i.e. z = z5. Consequently, when L := —L* the error representation formulas resulting from
the two dual problems are identical; in particular, this is the case when the absorption term
¢ is identically zero and the velocity field (8 is incompressible, i.e. V - 3 =0 for all x in 2.

4 Computational implementation; numerical experi-
ments

In this section we present a number of numerical experiments to compare the various error
bounds which were based on the two dual problems, (3.34) and (3.35). In Examples 1—-
3 of Sections 4.3-4.5, we implemented (3.6) with the streamline diffusion stabilisation,
corresponding to ¢ = 0.

4.1 Numerical approximation of z;

First, we outline the numerical method employed for the approximation of the analytical
solution z; to the stabilisation—dependent dual problem (3.35); here, we exploit the sta-
bilised finite element method introduced and analysed in [7]. Let 75, be an admissible
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subdivision of €2 into shape regular finite elements x, with corresponding mesh function
hq. Further, we define S, as the finite element space consisting of continuous piecewise
polynomials of fixed degree py, pg > 1; for simplicity, in this paper we shall only consider
the case where p;, =p = 1.

Let us first rewrite the stabilisation—dependent dual problem (3.35) in the following
strong form

Lazs = =V (agV2z5) +bg - Vs + cq25 = 0, (4.1)
where
ag=06B6T,  ba=(5(c—¢)—1)B,  cqg=L(1+d¢).

We emphasise here that the matrix 837 is negative semi-definite, but not positive defi-
nite. At any rate, (4.1) is a second-order partial differential equation with nonnegative
characteristic form. Now let us introduce the bilinear form By, (-, ) defined by

Bss,(w,v) = (agVw, Vv) — (w, V - (bgv)) + (cqw, v)
+ > (Lqw,b4ba- Vo) — (B v)w,v)r_,

KETh,
and the linear functional
Lo, (v) = ((B-v) ¥, v)r,,
where, on element x € Tj,, we define L4 by
Lyw =~V - (Py(agVw)) + by - Vw + cquw,

and P, signifies the orthogonal projection in [Ly(k)]" onto [P,,—1(x)]". Here, the dual
stabilisation parameter d, is chosen as the positive piecewise constant function

6d = Odhda

where hy|,, = diam(k) for k € Tp,,. The finite element approximation to z; is then defined
as follows (cf. [7]): find 25 € Sj, such that

B(57gd(25,vhd) = l,;d(vhd) \V/Uhd € Shd- (42)

The next section is devoted to the description of the adaptive finite element algorithm.

4.2 Adaptive Algorithm

Following from Theorem 12, we have the a posteriori error bounds:

Ny () — Nop(un)| < { €o(up, z,2,)  for dual problem (3.34), (4.3)

€2,5(Un, 25, 21,5) for dual problem (3.35),
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where, as in (3.31),

2= |=((B-v)ry, (2= m))owor- + (rny 2 — 20)r — (ra, 6L )],

KETH

€20 = Z | = (B ), (25 = 250))annr_ + (T 25 = Z50)n + (Thy 6L (25 = 25.) )]
KETH

With this notation, we now consider the problem of designing a mesh such that
62,5(“’/17 28, zh,5) S TOL

subject to the constraint that the number N of elements is minimised. To this end, we
adopt the optimised mesh strategy outlined in [13]. Defining

A(z) = |run(zs — z5n) + 5rhﬁ(z,5 — zn5)| /i (),
B(x) = (8- v)(g — un) (25 — zsn)|/hp_(),

where hq and hr_ are the mesh functions on 2 NI, and ['_, respectively, after an ele-
mentary calculation involving a Lagrange multiplier A\, we arrive at the optimal mesh size
distributions hg*(z) and Ay (z) given by

hopt B 2 1/5 hopt B 1 1/5
8 A3\ ’ '~ \4\B ’

where A is the positive root of

9 3/5 1 4/5
— A5 dy + (—) / BY5ds = TOL. 4.4
() [ s L (14

For TOL < 1, we anticipate A >> 1, so that (1/\)*® < (1/)A)*/°. Thus, for simplicity,
we neglect the boundary integral term in (4.4); on eliminating A, we then arrive at the
following explicit formula for hg*(x):

s+ (TOLN'? 1
hQ (.7/') ~ W A1/5(x)7

In order to construct a computational mesh with granularity predicted by (4.5), we employ
the red—green isotropic refinement strategy. Here, the user must first specify a (coarse)
background mesh upon which any future refinement will be based. A red refinement corre-
sponds to dividing a certain triangle into four similar triangles by connecting the midpoints
of the sides. Green refinement is only temporary and is used to remove any hanging nodes
caused by a red refinement. We note that green refinement is only applied on elements
which have one hanging node; for elements with two or more hanging nodes a red refine-
ment is performed. Within this mesh modification strategy, elements may also be removed
from the mesh (i.e. derefined) provided they do not lie in the original background mesh.
For the practical implementation of this adaptive algorithm, the analytical solution zs
to the stabilisation-dependent dual problem (3.35) will be approximated as outlined in the

where W:/A2/5(x) dz. (4.5)
Q



Mesh | [[u—upllpo@) | k| [Ny(u) = Ny(un)| | k
17x17 | 2077 x 103 | - 3.419 x 107 -
33 x33 | 4.343 x 107* | 2.26 4.461 x 107 2.94
65 x 65 | 1.021 x 10~* | 2.09 5.657 x 107 2.98

129 x 129 | 2.500 x 10~° | 2.03 7.107 x 1078 2.99
257 x 257 | 6.208 x 1076 | 2.01 8.901 x 1079 3.00
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Table 1: Example 1. Convergence of ||u — up||r,) and [Ny(u) — Ny(up)| with § = h/4.

Mesh Il k IIl k IIIl k
17 x 17 1.804 x 107° - 2.511 x 1075 - 3.490 x 107 -
33 x 33 1.119 x 1077 | 4.01 | 1.568 x 107 | 4.00 | 4.506 x 107° | 2.95
65 x 65 | 7.147 x 107° | 3.97 | 1.003 x 1078 | 3.97 | 5.686 x 107 | 2.99

129 x 129 | 4.552 x 10719 1 3.97 | 6.379 x 10710 | 3.97 | 7.126 x 1078 | 2.97
257 x 257 | 2.876 x 101 | 3.98 | 4.026 x 10~ [ 3.99 | 8.913 x 10~? | 3.00

Table 2: Example 1. Convergence of the terms in the error representation formula with
§ = h/4.

previous section. For clarity, we define éy5 = €9 5(up, 25, 2n5), Wwhere 2, 5 is the interpolant
of Z5 onto the mesh 7}, used to calculate the approximation u, to the primal problem (3.1).
The mesh 7y, for the dual problem (3.35) will be constructed via the fized fraction strategy
outlined in [13] using the local error indicator ||hq7s,||r,(x) as in [6], where 75, is defined to
be the residual of the computed dual solution Zs.

4.3 Example 1

In this example we first investigate the order of convergence of the error in the outflow
normal flux as the mesh is uniformly refined. To simplify the presentation, we consider
a model problem which ensures that the solutions to the two dual problems, (3.34) and
(3.35), are identical, c¢f. Remark 18. To this end, we let § = (1 + sin(7y),2), ¢ = 0 and
f = 0 with boundary condition

1=y forz=0,0<y<I1,
u(z,y) = e 5 for0<ax <1, y=0.

In addition, we define the weight function ¢ in the functional Ny(-), cf. (3.33), by

= { 1 —sin®(7(1 —y)/2) cos(my/2) forz =1, 0 <y < 1, (4.6)

1—(1—2)—(1—2)t/2 for0 <z <1, y=1.

Thus, the true value of the outflow normal flux is Ny(u) = 1.8664.
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Mesh | [[u —upllpo) | k| [Ny(u) = Ny(un)| | k
17x 17 | 8442 x 103 | - 2.831 x 101 -
33 x33 | 7.876 x 10~* | 3.42 1.963 x 107° 3.85
65 x 65 | 1.099 x 10~* | 2.84 1.252 x 1076 3.97

129 x 129 | 2.504 x 10~° | 2.13 7.854 x 1078 3.99
257 x 257 | 6.197 x 1076 | 2.01 4912 x 1079 4.00

Table 3: Example 1. Convergence of the terms in the error representation formula with
§ = 25h2.

Mesh Il k IIl k IIIl k
17 x 17 | 2.671 x 107° - 3.276 x 1076 - 2.837 x 1074 -
33 x 33 1.358 x 1077 | 4.30 | 1.657 x 1077 | 4.31 | 1.966 x 10~ | 3.85
65 X 65 7.210 x 1079 | 4.24 | 9.945 x 107Y | 4.06 | 1.255 x 107° | 3.97

129 x 129 | 4.549 x 10719 1 3.99 | 6.373 x 10719 [ 3.96 | 7.873 x 108 | 3.99
257 x 257 | 2.883 x 1071 | 3.98 | 4.037 x 107 | 3.98 | 4.924 x 1077 | 4.00

Table 4: Example 1. Convergence of the terms in the error representation formula with
§ = 25h2.

In Table 1 we show ||u — up||,) and [Ny(u) — Ny(up)|, along with their respective
rates of convergence k, on a sequence of uniform triangular meshes: in each case the
mesh is constructed from a uniform N x N mesh by connecting the bottom—left corner of
each mesh square with its top-right corner. Here, we observe that with the stabilisation
parameter chosen to be h/4, the Ly(Q2) norm of the error converges like O(h?) and the
error in the functional, Ny(u — uy), converges like O(h?) as expected, cf. Lemma 16 with
s = p = 1. However, if we now look at the convergence rates of each of the terms in the
error representation formula (3.26a) (or (3.26b)), cf. Definition 13, then we observe, cf.
Table 2, that the first two terms, i.e. terms Iy (=1, 5) and II; (=11, 5), both converge like
O(h*) as h tends to zero. We note that term II; is super—convergent, since we only expect to
observe a convergence rate of O(h3) as h tends to zero, cf. Lemma 16. Thereby, the whole
bound is dominated by the third term, which arises as a result of the stabilisation employed.
Furthermore, we note that the same asymptotic rates of convergence are achieved for each of
the above quantities on unstructured quasi-uniform triangular meshes as well; this indicates
that the super—convergence of term II; is robust with respect to mesh distortion.

Thus while classical a priori error analysis, cf. [10], indicates that the stabilisation
should be chosen so that § = O(h) as the mesh is refined, in order to obtain optimal
error estimates in a mesh dependent norm, cf. Lemma 15; here, our numerical experiments
indicate that § should be chosen to be § = O(h?) in order to obtain O(h?*) convergence for
the error in outward normal flux. Indeed, in Tables 3 and 4 we repeat the above numerical
experiments with § = 25h%. From Table 3, we observe that the Ly(Q) norm of the error
still approaches second order as the mesh is refined, while the error in the functional Ny(-)
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Mesh | [[u—upllpo) | k| [Ny(u) = Ny(un)| | k
17 x 17 | 2927 x 1072 | - 2.957 x 1014 -
33 x33 | 5.195x 107* | 2.49 3.860 x 10~° 2.94
65 x 65 | 1.079 x 10~* | 2.27 4.944 x 107 2.96

129 x 129 | 2.544 x 10~° | 2.08 6.257 x 107 2.98
257 x 257 | 6.260 x 1075 | 2.02 7.874 x 1078 2.99

Table 5: Example 2. Convergence of ||u — up||r,) and [Ny(u) — Ny(up)| with § = h/4.

is now clearly O(h*) as h tends to zero. Furthermore, from Table 4 we now clearly observe
that all three terms in the error representation formula (3.26a) (or (3.26b)) are fourth order
convergent as the mesh is refined. As before, the same asymptotic behaviour is achieved
on unstructured triangular meshes also.

In summary, this numerical experiment indicates that when the quantity of interest is
the outward normal flux of the solution, the stabilisation parameter § should not be chosen
to be O(h) as advocated on grounds of accuracy by standard a priori error analysis in the
mesh-dependent norm ||| - |||. Indeed, due to the inherent super-convergence property of
term IT; (and IT; 5), cf. Definition 13, the error in the outflow flux can be reduced to O(h*),
for a piecewise linear approximation uy, to u, provided that § = Csh?. However, a drawback
of such a stabilisation is that the resulting system of linear equations becomes increasingly
difficult to solve as h is reduced, unless C's is chosen sufficiently large; this, however, is rather
counter—productive, since a large C leads to much larger error in the computed functional.
Thus, while | Ny (u) — Ny (up)| is now O(h?), the constant that multiplies the powers of h
is increased; thereby on practical meshes, we would still advocate using O(h) stabilisation
with a ‘small’ Cs, at the expense of suboptimal convergence rates in the functional of
interest.

4.4 Example 2

In this example we consider a compressible problem in order to highlight the main dif-
ferences between using the standard dual problem (3.34) and the stabilisation—dependent
dual problem (3.35). To this end, we let § = (1 + z,1 + y), c = 0 and f = 0 with same
boundary conditions as employed in Example 1; i.e.

(2,7) = 1—yforz=0,0<y<1,
Y= Ve 50 for0<a <1, y=0.

Selecting the weight function ¢ as in equation (4.6), we have Ny (u) = 2.4676.

In Table 5 we first investigate the order of convergence of the error in the functional
Ny(-) as h tends to zero. As in Example 1, we observe that |Ny(u) — Ny(up)| converges
like O(h*) with O(h) stabilisation, while the Ly(2) norm of the error is of second order.
In Tables 6 and 7 we show the convergence of each of the terms in the error representation
formulas (3.26a) and (3.26b), respectively. Table 6 again shows that the second term in the
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Mesh Il k IIl k IIIl k
17x17 [ 3308x10°% | - [3350x10% | - |2957x10*]| -
33x33 | 1.906 x 1077 [ 4.12 | 2.295 x 10~ | 3.87 | 3.864 x 107" | 2.94
65 x 65 | 1.166 x 1078 | 4.03 | 1.515 x 10~% [ 3.92 | 4.947 x 1076 | 2.97

129 x 129 | 7.236 x 10719 | 4.01 | 9.742 x 100 [ 3.96 | 6.260 x 107 | 2.98
257 x 257 | 4.511 x 10~ [ 4.00 | 6.178 x 10~ [ 3.99 | 7.872 x 10~% | 2.99

Table 6: Example 2. Convergence of the terms in the error representation formula (3.26a)
with 6 = h/4.

Mesh 11,5 k 11175 k IIIL,; k
17 x 17 | 3.308 x 107° - 1.501 x 107° - 2773 x 1074 | -
33x33 | 1.906 x 1077 | 4.12 | 2.041 x 107° | 2.88 | 3.637 x 107° | 2.93
65 x 65 | 1.166 x 1078 | 4.03 | 2.562 x 1077 | 2.99 | 4.676 x 107° | 2.96

129 x 129 | 7.236 x 10710 [ 4.01 | 3.166 x 10°% | 3.02 | 5.933 x 10~ | 2.98
257 x 257 | 4.511 x 1071 [ 4.00 | 3.919 x 1077 | 3.01 | 7.474 x 107® | 2.99

Table 7: Example 2. Convergence of the terms in the error representation formula (3.26b)
with § = h/4.

error representation formula (3.26a), i.e. term II;, is super—convergent; here, II, = O(h*)
as h tends to zero. Furthermore, since the two dual problems are no longer equivalent,
the third term in the error representation formula (3.26a) is only expected to converge like
O(h?) as h tends to zero, cf. Lemma 16. Table 6 indicates that term III; is also super—
convergent. However, as in Example 1, the error in the outward normal flux is entirely
dominated by this term which arises as a result of the stabilisation employed. On the other
hand, from Table 7, we see that while the first term, term I, 5, in the error representation
formula based on the stabilisation—dependent dual problem (cf. (3.26b)) is still fourth order
convergent as the mesh is refined, the second term, term IT; 5, is now only O(h?*) as h tends
to zero. Thus, by employing the stabilisation-dependent dual problem (3.35) the terms
in the error representation formula involving integrations over the entire computational
domain €2, i.e. terms II, 5 and III; 5, are ‘balanced’. This will be essential for ensuring
that any a posteriori error estimate derived by further bounding the terms on the right—
hand side of (3.29) from above, converges at the same asymptotic rate as the true error
in the functional Ny (-). Indeed, in Table 8 we now compare the convergence rates of the
a posteriori error bounds €; and €5, cf. (4.3) and (3.30), together with their respective
effectivity indices 6 and 6s; here 6; = €5/| Ny (u) — Ny (up)| and 6y = €3 5/| Ny (u) — Ny (up)|-
Here, we see that the error bound €, now only converges at the sub-optimal rate of O(h?)
as h tends to zero; this leads to large effectivity indices which grow as the mesh is refined.
Table 9 shows each of the terms in the error bound €5 together with their respective rates
of convergence, cf. Definition 13. Here, we see that while term Iy still converges like O(h*)
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Mesh () k 91 €2,6 k 92
17x 17 | 3.195x 1073 | - 10.8 [ 3.724x10°*] - [1.26
33x33 |8150x 107 | 1.97 | 21.1 | 5.058 x 107> | 2.88 | 1.31
65 x 65 |2.043 x10~*[2.00| 41.3 [ 6.678 x 10°¢ | 2.92 | 1.35

129 x 129 | 5.108 x 10~2 | 2.00 | 81.6 | 8.622 x 10~7 | 2.95 | 1.38
257 x 257 | 1.277 x 107° [ 2.00 | 162.2 [ 1.279 x 1077 | 2.75 | 1.62

Table 8: Example 2. Comparison of the a posteriori error bounds €, and €35 with 6 = h/4.

Mesh 12 k IIQ k IIIQ k
17 x 17 | 1.006 x 107> | - | 7431 x107°| - [3203x1073| -
33x33 | 4944 x 1077 [ 4.35]9.117 x 1076 | 3.03 | 8.159 x 10~* | 1.97
65 x 65 | 2.850 x 1078 | 4.12 | 1.138 x 1076 | 3.00 | 2.044 x 10~* | 2.00

129 x 129 | 1.734 x 107° | 4.04 | 1.422 x 107 | 3.00 | 5.110 x 1075 | 2.00
257 x 257 | 1.075 x 10719 [ 4.01 | 1.777 x 1078 | 3.00 | 1.278 x 10~ | 2.00

Table 9: Example 2. Convergence of the terms in the a posteriori error bound e, with

5 = h/d.

as h tends to zero, and term Il is third-order convergent, III; is now only second order
convergent, in agreement with Lemma 16.

In contrast, by using the stabilisation—dependent dual problem, the error bound e ;
converges to zero at the same asymptotic rate as the true error in the functional Ny(-),
thereby giving rise to small effectivity indices of approximate size 1.3-1.6 on all of the
meshes considered, cf. Table 8. Moreover, from Table 10 we see that all the terms in
the error bound €, 5 converge to zero at the same rate as those in the error representation
formula (3.26b); i.e. term I, 5 is fourth order convergent and both term II, 5 and term III, g
converge like O(h?) as h tends to zero. Finally, we note that as in Example 1, the same
asymptotic behaviour is achieved on unstructured quasi-uniform triangular meshes.

Mesh Iy k 11, 5 k T, 5 k
17x 17 | 1.006 x 107> | - [1.943x10~*| - [3427x10~*| -
33x33 | 4944 x 1077 | 4.35 | 2.870 x 107° | 2.76 | 4.639 x 10~° | 2.89
65 x65 | 2.850 x 1078 [ 4.12 ] 3.912 x 10 6| 2.88 | 6.003 x 10 ¢ | 2.95

129 x 129 | 1.734 x 107° [ 4.04 | 5.125 x 1077 | 2.93 | 7.634 x 107 | 2.98
257 x 257 [ 1.075 x 100 [ 4.01 | 6.578 x 107 % | 2.96 | 1.138 x 10 7 | 2.75

Table 10: Example 2. Convergence of the terms in the a posteriori error bound €3 5 with

5 = h/d.
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Uniform Meshes Unstructured Meshes

Mesh | [[u —uplleo) | k| [Ny(u—wup)[ | k | [Ny(u—up)|| k
17x17 | 1176 x 107" | - [3.234x 107" | - |4814x10~* -
33 x 33 8.951 x 1072 [ 0.39 | 2.191 x 107° | 3.88 | 1.069 x 10~* | 2.17
65 X 65 6.858 x 1072 | 0.38 | 1.264 x 107% | 4.12 | 1.527 x 10~° 2.81
129 x 129 | 5.280 x 1072 | 0.38 | 3.509 x 108 | 5.17 | 1.847 x 10~% | 3.05
257 x 257 | 4.010 x 1072 | 0.40 | 5.638 x 107? | 2.64 | 1.941 x 10" | 3.25

Table 11: Example 3: Convergence of ||u — up||,0) and [Ny (u) — Ny(uy)| with § = h/4.

4.5 Example 3

In this final example we consider a strongly compressible linear hyperbolic problem with
discontinuous inflow boundary condition. To this end, we let 8 = (10y? — 12z + 1,1 + y),
¢ =0 and f = 0. Here, the characteristics enter the computational domain 2 from three
sides of 0€2, namely from x =0, y = 0 and x = 1, and exit 2 through y = 1. Thereby, we
may prescribe the following boundary condition

forx =0, 0b<y<1,
forx =0, 0<y<0.5,
for0 <z <0.5, y=0,
for0.b<x <1, y=0,
sin?(ry) forx =1, 0 <y < 1;

u(r,y) =

O = = O

the analytical solution to this problem is shown in Figure 1(a). We define the weight
function v in the functional Ny(-), cf. (3.33), by

Y =sin(rz/2) for0 <z <1, y=1.

Thus, the true value of the outward normal flux is Ny (u) = 0.24650.

In Table 11 we investigate the asymptotic behaviour of ||u — us||z.) and [Ny (u) —
Ny(up)| as the mesh function h tends to zero. Here, we see that on uniform triangular
meshes, the convergence rate of the Ly (€2) norm of the error is k & 0.4 due to the presence of
the two discontinuities in the solution, cf. [6]; the convergence rate of the L,(€2) norm of the
error on unstructured meshes is identical, so these results have been omitted. In contrast,
the error in the outward normal flux is O(h3) on the unstructured meshes and O(h*) on
uniform meshes. We note that there is a sudden increase in the order of convergence in
the error in the functional on the uniform meshes followed by a decrease. This behaviour
is caused by a change of sign in the boundary term in the error representation formula
(3.26a); indeed, by calculating the convergence rate k between the error in the outward
normal flux on the 65 x 65 mesh and the 257 x 257 mesh gives rise to a convergence rate
of k = 3.90.

We remark that the high—order convergence attained for the error in the outward normal
flux is attributed to the fact that while the residual terms r;, and r, are clearly large in the
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Figure 1: Example 3. (a) Analytical solution to the primal problem; (b) Scaled residual
term ||7||1,) /P On @ 65 x 65 mesh with 6 = h/4; (c) Scaled weighting term ||z5 —
Zsnl|La(r) /e on a 65 x 65 mesh with § = h/4.
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Figure 2: Example 3. Adaptive algorithm with TOL = 5.0 x 1075 and § = h/4.

vicinity of the discontinuities in this problem, cf. Figure 1(b), the local weighting terms
involving the approximation error between z;5 and zs, are not active within these regions of
the computational domain since the dual solution is extremely smooth with ‘small’ support
concentrated near the boundary y = 1, cf. Figure 1(c). This clearly highlights the benefit
of keeping the local weighting terms w,(f), 1 = 1,2,3, inside the a posteriori error bound
(4.3), rather than bounding them above by a global constant.

In Figure 2 we show the performance of the adaptive algorithm described in Section
4.2 for TOL = 5.0 x 107%; here, the initial meshes used for the numerical solution of the
primal problem and the stabilisation-dependent dual problem are shown in Figures 3(a)
and 3(b), respectively. We clearly observe in Figure 2 that even though the solution to the
stabilisation—dependent dual problem has been numerically approximated, the a posteriori
error estimator € ;5 remains an upper bound on the true error in the functional Ny(-); for
clarity, we write Ny (e(é25)) to denote the error in the outward normal flux on the sequence
of meshes generated using the optimised mesh strategy (4.5). Additionally, in Figure 2 we
plot the true error in the functional Ny (-) based on a sequence of meshes generated using
the energy error indicator ||ry||,(x) on each element « in the mesh 7, with the fixed fraction
refinement strategy, cf. [13]; we denote this by Ny(e(r,)). Here, we see that Ny (e(r3,)) is
always inferior to Ny(e(és5)); moreover, on the sequence of meshes generated by using
the energy error indicator, the error in the outward normal flux starts to ‘level off” as the
number of degrees of freedom in the mesh increases. This indicates that by using an ad
hoc mesh refinement strategy only a limited amount of accuracy may be achieved in the
functional of interest.

In Figures 3(c) and 3(d) we show the meshes generated for the primal and dual solution,
respectively, using the adaptive algorithm outlined in Section 4.2 for TOL = 5.0 x 107°.
Here, the mesh for the primal problem is concentrated in the upper region of the domain
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Figure 3: Example 3. (a) Initial mesh for primal problem with 61 nodes and 96 elements;
(b) Initial mesh for stabilisation—-dependent dual problem with 137 nodes and 232 elements;

(¢) Primal mesh using optimal mesh strategy (4.5) for TOL = 5.0 x 10~° with 5648 nodes

and 11132 elements (|Ny(u — up)| = 6.764 x 107%); (d) Dual mesh with 7594 nodes and
14199 elements; (e) Mesh constructed using energy error indicator with 8607 nodes and

17038 elements (|Ny(u — up)| = 3.057 x 107°).
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close to the outflow boundary. Most notable is the lack of mesh refinement in the discon-
tinuities as they enter the domain from y = 0 and x = 0. The mesh constructed for the
stabilisation-dependent dual problem is again denser in the upper half of €2, with most
of the elements concentrated near the corners (x,y) = (0,1) and (z,y) = (1,1) due to
the presence of a boundary layer of thickness ~ |B -v| 0 in the dual solution zs along I'_;
here 3 denotes the normalised velocity vector. Finally, in Figure 3(e) we show the mesh
constructed using the Lo(k) norm of the residual; as expected most of the elements are
concentrated in the discontinuities, leading to unnecessary over-refinement.

5 Concluding remarks

In this article we have developed the a posteriori error analysis of stabilised finite ele-
ment, approximations to transport problems via duality arguments. In particular, by us-
ing a stabilisation—dependent dual problem which respects the particular structure of the
Galerkin method employed, optimal error bounds for both norms and linear functionals of
the approximation error were established. In the context of estimating the outward nor-
mal flux of the solution, we have implemented an adaptive algorithm capable of delivering
guaranteed error control to within a user—defined tolerance TOL. Here, mesh adaptivity
was employed for the numerical estimation of both the primal and dual problems; for the
former problem the mesh was constructed using the optimised mesh strategy outlined in
[13].

The present theory extends directly to multi-dimensional symmetric positive systems
in the sense of Friedrichs (cf. [6]). Further extensions to nonlinear hyperbolic conservation
laws, based on a suitable linearisation of the primal problem are possible; this work is part
of our current research programme and will be presented elsewhere.
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