
1. Introduction. Let 
 be an open bounded domain in IRd with boundary �.The steady-state Navier-Stokes equations are given by the system of partial di�erentialequations �"�u+ (u � r)u+rp = f in 
;(1.1a) �r � u = 0 in 
;(1.1b) Bu = g on �;(1.1c)where (u)i = ui; i = 1; : : : ; d, are the components of velocity, p is the pressure and � isthe viscosity parameter. The boundary conditions are represented by B which may bea di�erential operator to allow for derivative boundary conditions. In the following weconcentrate on the case d = 2, since the 3 dimensional case can be treated similarly,as we show in section 2.It is well-known (e.g. [4, pp. 255{257]) that an e�cient numerical solution to(1.1) can be obtained via a �xed point (or Picard) iteration. More precisely, forn = 1; 2; : : : ; one constructs iterates fun; png satisfying the linearised version of (1.1),known as the Oseen equations:�"�un + (un�1 � r)un +rpn = f in 
;(1.2a) �r � un = 0 in 
;(1.2b) Bun = g on �:(1.2c)The initial guess u0 can be taken to be the solution to the associated Stokes problemwith boundary conditions (1.2c) (i.e., u�1 = 0).In this paper we are interested in the e�cient solution to the sparse linear systemA� up � = � f0 �(1.3)arising from the discretization of the Oseen equations (1.2). For large problems, theonly viable solution methods are Krylov subspace methods (see [20] for an overview).However, the performance of these methods is sensitive to the conditioning of Aand thus the idea of preconditioning must be exploited. More precisely, we seek apreconditioning matrix P = P1P2 which is easy to construct and invert, such thatthe equivalent systemP�11 AP�12 � û̂p � = P�11 � f0 � ; � û̂p � = P2� up �(1.4)is solved e�ciently via an appropriate iterative method. A su�cient condition for thisto be the case is that P approximate in some sense the coe�cient matrix: P � A. Inthe following we consider only the case P = P2.In general, mixed formulations for the discretization of the 2-dimensional Oseenproblem give rise to a non-symmetric coe�cient matrix of the formA = 0@ F 0 BTx0 F BTyBx By ��C 1A = � F BTB ��C � ;(1.5)with F = � F 00 F � ; B = �Bx By � ;1



where F = "A + S is a discrete advection-di�usion operator, with A the discreteLaplacian and S the discrete advection operator; B is the negative discrete divergenceoperator. Since we are interested in both stable and stabilised formulations of thediscrete problem, we include in (1.5) the stabilisation matrix C which is symmetricand positive semide�nite. Note that for stable methods � = 0; otherwise � > 0([9],[10]).An ideal, though academic, preconditioner has already been suggested by Murphyand Wathen in [16],[17]. This is of the formP = � F 00 �X � ;(1.6)where X = BF�1BT + �C:(1.7)It is shown in [16] and [17], that for this choice of X the preconditioned matrix P�1Ahas only three distinct eigenvalues. This guarantees convergence of an appropriateiterative solver in at most three iterations. The use of (1.6) requires the solution ofseparate linear systems with coe�cient matrices F and X at each iteration. Inversionof F may well be practical (see section 4); however, the so-called Schur complement(1.7) is an impracticable choice and alternatives have been sought in the literature.Elman and Silvester [6] suggested a triangular preconditionerP = � F BT0 �X � ;(1.8)which, in the case of X being the exact Schur complement (1.7), leads to a precon-ditioned matrix AP�1 with a minimal polynomial of degree two, thus guaranteeingconvergence in two iterations. As a practical alternative, they approximate the Schurcomplement X with a viscosity scaled pressure Grammian (or pressure mass matrix)XM =Mp=":(1.9)This choice leads to the eigenvalues of XX�1M being bounded independently of themesh size. XM is seen to perform well mostly for large values of viscosity, which isessentially the Stokes 
ow regime for which Wathen and Silvester ([24]) showed theoptimality of XM . However, the convergence rates for the choice (1.9) deteriorateroughly like 1=" for the Oseen problem. Moreover, the bound on the eigenvaluesguarantees asymptotic convergence of iterative solvers independently of the meshre�nement; however, the number of iterations is too large for any practical purpose.In an attempt to reduce the dependence on viscosity, the choiceXB = (BBT )(BFBT )�1(BBT )was suggested by Elman in ([5]). When applied to the �nite di�erence MAC scheme[12] for an Oseen problem with periodic boundary conditions and constant wind,Elman showed [5, Theorem 3.3] (BF�1BT )X�1B = I:(1.10)Numerical experiments using the MAC scheme presented by Elman suggest that thedependence on viscosity is O(��1=2) with only mild dependence on h. However, in2



our experience (see section 4) XB is not a robust choice when considering �nite el-ement discretizations, particularly when a stabilisation term is required. Moreover,for certain elements the dependence on mesh size seems to be at least O(h�1=2) andthe practical implementation of such a preconditioner to many mixed �nite elementsis not clear.In this paper we introduce a preconditioner of the form (1.8) with a new choice ofX which seems to have no dependence on the mesh size and only a slight dependenceon viscosity. In section 2 we calculate Green's tensor for the Oseen operator. Insection 3 we introduce our preconditioner and justify our choice via an argumentinvolving the continuous inverse calculated in section 2. Finally, section 4 discussesthe implementation and presents numerical results which show that the preconditioneris highly competitive and may be applied to a wide variety of discretizations.2. Green's tensor and preconditioning. Our approach to devising a precon-ditioner is based on the form of A�1. IfA�1 = � M NP Q � ;it is easy to show that Q = �X�1; 8� � 0. In other words, the inverse of the Schurcomplement (1.7) is also the (3,3)-block of the inverse of (1.5). Thus, it is natural toturn our attention to the continuous form of the inverse, or the Green's tensor for theOseen operator.2.1. Green's tensor results. In this section we collect some de�nitions andproperties of Green's functions which we will �nd useful in the derivation of ourpreconditioner.Consider a system of m di�erential equations in m unknowns with homogeneousDirichlet boundary conditionsLu = f in 
 � IRd(2.1a) u = 0 on @
(2.1b)By analogy with the scalar de�nition, the Green's tensor for a tensor di�erentialoperator L is de�ned to be the solution toLxG(x;y) = � �(x;y) x;y 2 
(2.2a) G(x;y) = 0 x 2 @
; y 2 
:(2.2b)where �(x;y) is the Dirac delta function and (�)ij = �ij ; i; j = 1; : : :m is the Kro-necker delta symbol. The subscript x denotes di�erentiation with respect to the xvariables. When 
 � IRd, (2.2a) together with decaying boundary conditions atin�nity de�nes the fundamental solution tensor.Alternatively, one can choose to de�ne the Green's tensor as the solution of anadjoint problem with respect to the second variable yL�yG(x;y) = � �(x;y) x;y 2 
(2.3a) G(x;y) = 0 y 2 @
; x 2 
(2.3b)which one can use to show that u can be expressed in integral formu = Z
G f d
:(2.4) 3



Finally, the Green's tensor can be seen as a perturbation of the fundamental solutiontensor (or free space Green's tensor) G:G(x;y) = G(x � y) + g(x;y);(2.5)where g(x;y) is the solution ofLg(x;y) = 0 x;y 2 
;(2.6a) g(x;y) = �G(x� y) x 2 @
; y 2 
:(2.6b)In general, Green's tensor formulae are not available. However, since we are in searchof an approximation to the inverse (i.e., a preconditioner) we can use (2.5) to devisea preconditioner. More precisely, we choose the fundamental solution tensor as ourcontinuous approximation to the Green's tensor G(x;y). By (2.6), it is evident thatfor �xed y the perturbation gy(x) = g(x;y) introduced in our approximation is smalleverywhere inside the domain, except in the vicinity of the boundary. We discuss thisissue in section 4.2.2. Green's tensor for the Oseen operator. Let us assume that in (2.1)
 � IR2 and the tensor L is the Oseen operator with constant coe�cients (i.e., b =constant) L = 0@ �"�+ b � r 0 @=@x0 �"�+ b � r @=@y@=@x @=@y 0 1A :To calculate the fundamental solution tensor G for L consider again the integralrepresentation (2.4) in the whole spaceu(x) = ZIR2 G(x � y) f(y) dy:(2.7)Let v̂ denote the Fourier transform of v, i.e.,v̂(k) = ZIR2 v(x)e�ik�xdk :The Fourier space representation of (2.1a) iscLu = bLbu = bf ;where bL(k) = 0@ "k2 + ib � k 0 ik10 "k2 + ib � k ik2ik1 ik2 0 1A ;with k � k = k2.Thus, u(x) = ZIRd bL�1(k)bf (k)eik�xdk= ZIRd ZIRd bL�1(k)f(y)eik�(x�y)dkdy4



and by comparison with (2.7) we deduce thatG(x) = ZIRd bL�1(k)eik�xdk;(2.8)i.e., bG(k) = bL�1(k) = 1k2�(k) 0@ k22 �k1k2 �ik1�(k)�k1k2 k21 �ik2�(k)�ik1�(k) �ik2�(k) �(k)2 1A ;where �(k) = "k2 + ib � k.Hence, using the properties of the Fourier transform, we �ndG(x) = 0B@ � @2@y2GQ @2@x@yGQ � @@xG�@2@x@yGQ � @2@x2GQ � @@yG�� @@xG� � @@yG� (�"�+ b � r)G� 1CA ;where G� is the fundamental solution for the Laplacian and GQ is the fundamentalsolution for the singularly perturbed fourth order operator Q = �(�"�+ b:r):If 
 � IR3, we similarly �ndG(x) = 0BBB@ �( @2@y2 + @2@z2 )GQ @2@x@yGQ @2@x@zGQ � @@xG�@2@x@yGQ �( @2@x2 + @2@z2 )GQ @2@y@zGQ � @@yG�@2@x@zGQ @2@y@zGQ �( @2@x2 + @2@y2 )GQ � @@zG�� @@xG� � @@yG� � @@zG� (�"�+ b � r)G� 1CCCA ;where the Laplacian � and Q de�ned as above are now three-dimensional operators.Remarks. (i) Peculiarly enough, the last column in the fundamental solutiontensor is not necessary in order to write the solution in the form (2.7) (see [11, sectionVII.3]). This is due to the fact that the divergence free conditions (1.1b, 1.2b) leadto a right hand side of the form (f ; 0)T which gives no contributions to the solutionin the form of convolutions with the entries of the last column. This is equivalent tosaying that the discrete operator can a�ord a rectangular preconditioner. Indeed, ifone were to construct a rectangular matrix P such thatAP = � I0 � ;(2.9)then P will guarantee convergence in one iteration for any iterative solver. However,in practice, any rectangular matrix which approximates P in (2.9) is bound to havea di�erent kernel and thus is certain to perform poorly with an iterative solver.(ii) The continuous version of the Schur complement is the same in two and threedimensions: (�"�+ b � r)G�. Though we will concentrate on the two-dimensionalcase in this paper, we believe that the three-dimensional choice of preconditioner isthe natural multidimensional generalisation.(iii) In the above, we considered only the case of constant wind b, which seems toindicate directionality of the diagonal entries of G (see �gure 2.1(a)). For the non-constant wind too, this directionality is preserved, as seen in the numerical plot of�gure 2.1(b). This fact indicates that a preconditioner based on the analytic inverse5
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(b) b = circular (as in(4.3))Fig. 2.1: Numerical Green's functions (G11) for the Oseen operator.of a constant coe�cient operator may well generalise to the case of non-constantcoe�cients, as is the case with other operators such as advection-di�usion [15].Our motivation for looking at the fundamental solution tensor originated fromthe attempt to approximate the inverse of the Schur complement, which was shownto be also the (3,3) block of the inverse of system matrix (1.5). In the two-dimensionalcase the continuous counterpart of the Schur complement isG33(x) = (�"�+ b � r)G�(x)(2.10)In the next section we will be looking at the discrete version of this operator which,as we shall see, provides an e�cient replacement for the Schur complement in apreconditioner of the form (1.8).3. A preconditioner for the Oseen equations. The function (2.10) has nodiscrete counterpart arising from the discretization of the original Oseen problem. Itsdiscretization should represent a convolution on the pressure space with a function(kernel) involving a convection-di�usion operator acting on the inverse Laplacian.Physically, this has no clear meaning. However, there is a precedent which can helpus devise the preconditioner.Consider the limiting case of the Oseen equations, the Stokes problem, with op-erator L = 0@ �"� 0 @=@x0 �"� @=@y@=@x @=@y 0 1A :An analysis similar to that in the previous section leads to the Green's tensor for theStokes operator: G(x) = 0B@ � @2@y2 GQ @2@x@yGQ � @@xG�@2@x@yGQ � @2@x2GQ � @@yG�� @@xG� � @@yG� "� 1CA ;6



where GQ is the fundamental solution for the scaled biharmonic operator Q = "��and � is the Dirac delta function. By the same argument, if one were to search fora good replacement for the Schur complement, then a promising choice would be aviscosity-scaled discrete delta function. What is a discrete delta function? To seethis, consider the `equation' u = f in IR2:(3.1)Green's function for the identity is the delta function and since the discrete versionof (3.1) is Mu = f ;whereM is the mass matrix, we conclude that the discrete version of the delta functionis an inverse mass matrix. Hence, the alternative for the Schur complement would beXM =M=":(3.2)This is the choice that Wathen and Silvester ([24]) investigated in the context of usingblock-diagonal preconditioners for the Stokes problem and for which they showedoptimality in the sense that the eigenvalues of the preconditioned Stokes coe�cientmatrix are bounded above and below and away from the origin independently of thediscretization.Note that Green's tensor for the Oseen operator tends in the limit b ! 0 toGreen's tensor for the Stokes operator. Thus, one can view the discrete version of(2.10) as a generalization of (3.2). Hence, our preconditioner based on the fundamentalsolution should default to the optimal Stokes preconditioner in the limit as b! 0.Note �rst that a straightforward interpretation of (2.10) would giveX�1 = FpA�1p ;where Fp and Ap are discrete versions of �"�+b�r and � respectively. The subscriptp indicates that they act on the pressure space and that they should be discretizedaccordingly. However, this choice of X will not default to XM for the Stokes problembut to "I . For this reason we include the mass matrix in our preconditioner, so thatour choice becomes X�1G =M�1p FpA�1p :(3.3)Remarks (i) There is another way we could introduce the mass matrix in our pre-conditioner, namely X�1G = FpA�1p M�1p : However, (3.3) performed marginally betterin our tests and so we included numerical results only for this choice.(ii) Note that G33 in (2.10) is a function and not a di�erential operator. Hence, theorder in which we apply Fp and A�1p is as given in (3.3) and not otherwise.4. Numerical results. In this section we present a comparative study of theperformance of our preconditioner together with those suggested in the literature [5],[6] and in [7].1. The test problems. Our test problems were chosen from the large body ofliterature on the Navier-Stokes equations.(i) Pipe 
ow;(ii) Driven cavity; 7



(iii) Backward facing step;(iv) Flow past a cylinder.The domains and boundary conditions are detailed in the following subsections. Theviscosity varied from 1/10 to 1/1,000, according to the problem. Note that for someproblems the onset of unsteady 
ow prevented us from decreasing the viscosity further.2. The discretizations. The tests were conducted on 4 types of discretizationsof the Oseen equations:(i) the �nite di�erence MAC scheme [12];(ii) mixed �nite element formulation on triangles using a quadratic approximation forthe velocities and a linear approximation for the pressure (P2P1) [13];(iii) mixed �nite element formulation on triangles using a linear approximation forthe velocities and pressure (P1P1) ;(iv) mixed �nite element formulation on rectangles using a bilinear approximation forthe velocities and pressure (Q1Q1).Note that the �rst two are stable discretizations of the Oseen equations in the LBBsense ([3, p. 205]), while the other two are stabilised formulations (see [9], [10], [18]).Remarks. (i) For high Reynolds number 
ows, standard Galerkin discretizationof the advection-di�usion operator is well known to be numerically unstable. Forthis reason, we chose the streamline di�usion method (SDM) originally suggested byHughes and Brookes in [14] with parameter choice as in [8].(ii) In general, to the best of our knowledge, we implemented our preconditionerwith the most accurate representation of the continuous operator on a given mesh.This involved tuning various stabilisation/SDM parameters. Clearly, the performanceof our preconditioner would deteriorate in the same way the actual solution woulddeteriorate, since an inaccurate discrete operator will lead to a poor representation ofthe discrete inverse.3. The solvers. The iterative solver we used was full GMRES [21] with right pre-conditioning. The initial guess was the zero vector and the stopping criterion was therelative residual brought below a tolerance of 10�6. We implemented preconditioner(1.8) with our approximation XG = MpF�1p Ap (cf. 3.3) of the Schur complementtogether with three other existing choices:(i) XM =Mp=" ([6])(ii) XB = (BBT )�1BFpBT (BBT )�1 ([5]);(iii) XR = (XM +XB)=2 ([7]). In the following, the subscript of the preconditionerP will denote the respective choice of Schur complement approximation (e.g. PM ispreconditioner (1.8) with X replaced by XM ).4. The implementation. From the factorisation of the inverse of (1.8)P�1 = � F�1 00 I �� I BT0 �I �� I 00 X�1 � ;(4.1)we see that implementing the preconditioner involves computing the action of onlytwo inverses : F�1 and X�1. The �rst is a vector advection-di�usion solve for whiche�cient preconditioners have been devised ([1], [2], [15], [19]). The action of X�1 isalso inexpensive computationally, with the possible exception of XB (and thus XR)as detailed below.(i) X�1M can be approximated cheaply in a conjugate gradient code (CG), with a di-agonal preconditioner [22], [23].(ii) The implementation of XB (and thus XR) is not very clear for the case of most�nite element discretizations (P2P1, P1P1, Q1Q1), due to the BBT term which can-not be inverted in an inexpensive straightforward manner. However, for the MAC8



�nite di�erence scheme, BBT turns out to be the common �ve-point �nite di�erenceLaplacian for which multigrid is an optimal solver.(iii) The action of XG requires the inverse of XM as in (i) together with a solve forthe Laplacian for which optimal multigrid codes exist [25].To sum up, the cheapest preconditioner is PM , while the cost of PG is comparablewith that of PB (if the inverse of the latter exists).In section 4.1 we present the results for the exact implementation of the precon-ditioners, which should give us an insight into their asymptotic behaviour. However,from a practical point of view we are interested in minimising the cost of each it-eration. For this reason, further approximations were introduced, via multigrid andCG solutions to the inverses involved in the above preconditioners. These resultsare presented in section 4.2. Finally, section 4.3 considers the performance of ourpreconditioner when the issue of adaptivity is addressed.4.1. Exact Preconditioning.Problem I. The �rst problem to be considered is the Oseen equations (1.2),applied to pipe-
ow on the domain 
 = (0; 1)� (0; 1), with w = (1; 0). Applying theconstraint R
 p dx = 0 and the boundary conditions u1 = 4(y�y2), u2 = 0 on � givesthe exact solution u = � 4(y � y2)0 � ; p = 4�� 8�x:(4.2)From tables 4.1, 4.2 and 4.3 we clearly see that the exact preconditioner seems toh 1/32 1/64 1/128� = 1=100 28 27 25� = 1=500 54 46 42� = 1=1000 73 61 55Table 4.1: GMRES iteration counts for the P1P1 solution to the pipe-
ow problemusing PG and uniform re�nement .have a dependence on viscosity of order O("�1=3). Furthermore, we see that as themesh is re�ned the number of GMRES counts decreases up to the point where themesh P�eclet number becomes su�ciently small, i.e., when the �nite dimensional oper-ator becomes a good representation of the continuous operator. Note that this wouldbe the mesh size where the discrete Green's function is a good approximation of thecontinuous Green's function. This feature of reducing iteration counts with an increas-ing dimension of the discrete problem (which is generally never seen for algebraicallyconstructed preconditioners) is common to all the results we have computed with PG .Problem II. The second problem to be considered is the lid driven cavity prob-lem on the domain 
 = (0; 1)� (0; 1) with windb = � 2(2y � 1)(1� (2x� 1)2)�2(2x� 1)(1� (2y � 1)2) � :(4.3)and boundary conditions u(x; 1) = (1; 0)T ; u(x; y) = 0 elsewhere. The iterationcounts for the MAC scheme discretization of this problem are shown in table 4.4.Both PB and PG exhibit similar viscosity dependence. However, the performance of9



h 1/32 1/64 1/128� = 1=100 36 36 35� = 1=500 71 65 63� = 1=1000 95 87 80Table 4.2: GMRES iteration counts for the Q1Q1 solution to the pipe-
ow problemusing PG and uniform re�nement.h 1/16 1/32 1/64� = 1=100 29 29 27� = 1=500 56 52 48� = 1=1000 69 70 67Table 4.3: GMRES iteration counts for the pipe-
ow problem using the �nite elementdiscretization P2P1, preconditioner PG and uniform re�nement.PB seems to deteriorate with the re�nement. Note that a MAC scheme discretizationof a problem with periodic boundary conditions leads to PB and PG being the same(see [5, pp. 5{6]) BF�1BtX�1B = BF�1BtX�1G = I:The results for P2P1 discretizations are presented in table 4.5. Note that precon-ditioner PM gives a dependence on viscosity proportional to ��1. Furthermore, theiteration counts grow with re�nement while the mesh P�eclet number is large. Forthe preconditioners PB and PR we see viscosity dependence no worse than O(��1=2)and dependence on re�nement proportional to h�1=2. Finally, for the preconditionerPG we see a dependence on viscosity which is bounded above by O(��1=3) while nodependence on re�nement is observed.Problem III. We consider a stationary Navier-Stokes problem of 
ow past abackward facing step. The boundary conditions are detailed in �gure 4.1. Table 4.6shows that PB fails and that the use of PM or PR would be in no way practical forproblems of this nature. This is due to the fact that these preconditioners were devisedalgebraically, for a coe�cient matrix (1.5) with a zero (3,3) block. Once stabilizationis necessary, the preconditioner PB fails to be a good approximation. However, PG wasdevised for any reasonable discretization of the continuous problem. The stabilizationmatrix C in (1.5) does not a�ect the preconditioner, since it is meant to improve the� h PB PG1/16 11 141/10 1/32 14 151/64 18 141/16 20 251/100 1/32 21 271/64 24 28Table 4.4: GMRES iteration counts for the lid driven cavity using the MAC scheme.10



� h PM PB PR PG1/4 14 10 10 151/10 1/8 17 16 16 151/16 19 25 24 151/32 17 38 35 151/4 17 11 11 181/20 1/8 23 17 17 171/16 27 28 26 161/32 27 41 39 161/4 19 11 12 211/50 1/8 30 18 19 201/16 43 29 28 211/32 55 43 43 211/4 20 13 13 221/100 1/8 38 20 20 251/16 62 32 32 261/32 87 48 48 26Table 4.5: GMRES iteration counts for the lid driven cavity using the �nite elementdiscretization P2P1.
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Fig. 4.1: Backward facing step boundary conditions.discrete representation of the operator. Thus, in table 4.6 we see no h dependence forPG and from tables 4.7 and 4.8 we again see a viscosity dependence bounded aboveby O(��1=3) for both P1P1 and P2P1 discretizations.4.2. Inexact preconditioning. The exact preconditioning experiments haveshown PG consistently outperforming the other preconditioners. Henceforth we willonly consider the performance of preconditioner PG . For the preconditioner to bepractical we must be able to cheaply obtain the inverses or good approximations tothe inverses of the matrices Mp, Ap and F. This is achieved as follows:� Mp: Preconditioned Conjugate GradientA good approximation to the inverse of this matrix can be obtained usingthe preconditioned conjugate gradient method. Jacobi preconditioning is suf-11



hmin (DOF) 1/4 (333) 1/8 (1191) 1/16 (4491) 1/32 (17427)PM 54 96 � 100 � 100PB � 100 � 100 � 100 � 100PR 52 69 � 100 � 100PG 45 44 41 37Table 4.6: GMRES iteration counts for the P1P1 solution to the backward facing stepproblem; � = 1=100.hmin (DOF) 1/4 (333) 1/8 (1191) 1/16 (4491) 1/32 (17427)� = 2=25 23 20 19 18� = 1=25 24 21 21 19� = 1=50 31 28 27 26� = 1=100 45 44 41 37Table 4.7: GMRES iteration counts for the P1P1 solution to the backward facing stepproblem, using preconditioner PG.hmin (DOF) 1/2 (256) 1/4 (905) 1/8 (3391) 1/16 (13115)PM 37 97 � 100 � 100PB 25 41 63 84PR 25 41 56 71PG 34 47 42 41Table 4.8: GMRES iteration counts for the P2P1 solution to the backward facing stepproblem using preconditioner PG ; " = 1=100.�cient for mesh-independent results [22],[23]. In the following we will apply5 iterations of the preconditioned CG algorithm.� Ap: MultigridThis matrix is a discrete Laplacian. A good approximation to the inverse maybe obtained using multigrid, see [25]. In the following we will apply a verysimple multigrid procedure with 2 V -cycles and simple point Gauss{Seidelsmoothing.� F: MultigridSolving systems with this matrix is not as simple, due to the convectionterm. For reasonable viscosity it has been shown [19] that multigrid is a goodpreconditioner for convection-di�usion problems which are stabilised usingstreamline-di�usion. In the following we will apply multigrid with 2 V -cycleswith forward and backward Gauss{Seidel smoothing.We denote by PG;1 the preconditioner PG used with inexact solves applied to Mpand Ap and an exact solve used for F. PG;2 will denote the use of inexact solves forMp, Ap and F.For the lid driven cavity problem, table 4.9 shows iteration counts for PG;1 sim-ilar to those for PG . This seems to indicate that the approximations introduced bymultigrid and PCG are indeed reasonable.12



h (DOF) 1/8 (187) 1/16 (659) 1/32 (2467) 1/64 (9539)� = 1=10 15 16 17 17� = 1=20 17 18 19 19� = 1=50 20 23 25 25� = 1=100 21 28 29 32Table 4.9: GMRES iteration counts for P2P1 solution to the lid driven cavity problem,with preconditioner PG;1.hmin (DOF) 1/4 (333) 1/8 (1191) 1/16 (4491) 1/32 (17427)PG;1 44 45 41 39PG;2 46 45 41 39Table 4.10: GMRES iteration counts for the P1P1 solution to the backward facingstep problem; � = 1=100For the backward facing step problem, table 4.10 shows that the inexact solve onF does not a�ect the iteration counts. Furthermore, comparing tables 4.6 and 4.10we see only a slight increase in the iteration counts when using PG;2 versus using PG .4.3. Adapted mesh re�nement. In this section we investigate the perfor-mance of our preconditioner applied to a sequence of nested adaptively re�ned meshes.An error indicator is used to select the elements to be re�ned. The choice of re�ne-ment is such that the aspect ratio of the triangles can be no worse than twice that ofthe original aspect ratio.Two problems are considered:(i) 
ow past a backward facing step;(ii) 
ow past a cylinder.
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Fig. 4.2: Adapted meshes for backward facing step.A selection of mesh re�nements is given in �gure 4.2. The numerical results are13



Level 2 (306) 4 (720) 6 (1932) 8 (5427) 10 (9288)PG 46 46 41 41 39PG;2 48 50 43 42 40Table 4.11: GMRES iteration counts for the P1P1 solution to the backward facingstep using adaptive mesh re�nement; � = 1=100.shown in table 4.11. Again, they seem to indicate no mesh dependence. Moreover,the use of multigrid on the adapted meshes does not seem to signi�cantly a�ect theiteration counts.For the problem of 
ow past a cylinder, the boundary conditions are detailedin �gure 4.3; the sequence of mesh re�nements is shown in �gure 4.4. In table 4.12iteration counts decrease with re�nement and the use of PG;2 is as e�ective as usingPG .
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Fig. 4.3: Boundary conditions for the 
ow past a cylinder problemLevel 1 (264) 2 (540) 3 (1242) 4 (2709) 5 (5484) 6 (9003)PG 49 49 43 43 40 38PG;2 49 51 44 44 41 40Table 4.12: GMRES iteration counts for the P1P1 solution to the 
ow past a cylinderproblem using adaptive mesh re�nement, � = 1=505. Conclusion. In this paper we used a novel approach to preconditioning in or-der to devise a fast, e�cient solver for the steady-state Navier-Stokes equations. Ourstarting point was the ideal, though impractical preconditioner (1.8), which requiredthe inverse of a full matrix: the Schur complement. We circumvented this di�cultyby constructing this inverse via inversion and multiplication of sparse matrices. Thechoice of these discrete operators was suggested by the continuous inverse of the Os-een operator, the fundamental solution tensor. The resulting preconditioner exhibitsa mild dependence on the viscosity and no mesh dependence at all. This remarkable14
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Fig. 4.4: Adapted meshes for the 
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