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Abstract

We study small energy solutions within the Landau-de Gennes theory for nematic liquid
crystals, subject to Dirichlet boundary conditions. We consider two-dimensional and three-
dimensional domains separately and study the correspondence between Landau-de Gennes theory
and Ginzburg-Landau theory for superconductors. We treat uniaxial and biaxial cases separately.
In the uniaxial case, topological defects correspond to the zero set and we obtain results for the
location and dimensionality of the defect set, the solution profile near and away from the defect
set. In the three-dimensional case, we establish the C'1:*-convergence of uniaxial small energy
solutions to a limiting harmonic map, away from the defect set, for some 0 < a < 1, in the
vanishing core limit. Generalizations for biaxial small energy solutions are also discussed, which
include physically relevant estimates for the solution and its scalar order parameters. This work
is motivated by the study of defects in liquid crystalline systems and their applications.

1 Introduction

Nematic liquid crystals are examples of mesophases whose physical properties are intermediate
between those of a typical liquid and a crystalline solid [10]. The constituent rod-like molecules have
no translational order but exhibit a certain degree of long-range orientational ordering. Consequently,
liquid crystals are anisotropic media and this makes them suitable for a wide range of physical
applications and the subject of very interesting mathematical modelling [13].

The Landau-de Gennes theory is a general continuum theory for nematic liquid crystals [10, 28].
It describes the state of a nematic liquid crystal by a symmetric, traceless 3 x 3 matrix - the Q-tensor
order parameter, that is defined in terms of anisotropic macroscopic quantities, such as the magnetic
susceptibility and the dielectric anisotropy. Nematic liquid crystals are said to be in the (a) biazial
phase when Q has three distinct eigenvalues, (b) uniazial phase when Q has a pair of equal non-zero
eigenvalues and (c) isotropic phase when Q has three equal eigenvalues or equivalently when Q = 0.
For a general biaxial phase, Q can be written in the form [15, 20]

1 1
st(n@n—?)I)—l-r(m@m—gI) s,y €R; n,m e S?, (1)
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where s, r are scalar order parameters, n, m are eigenvectors of Q and I is the 3 x 3 identity matrix.
In the uniaxial phase, Q takes the simpler form of

1
Q:s<n®n—31> se€R; neS? (2)

where s is a scalar order parameter that measures the degree of orientational ordering about the
distinguished eigenvector n.

The Landau-de Gennes energy functional, Z,g, is a nonlinear integral functional of Q and its
spatial derivatives. In the absence of any surface energies or external fields, Z,g is given by [10, 20]

Tea) = [ 5Ivap+ 2 gy

I, (3)

where Q is the domain, fp(Q) is the bulk energy density that dictates the preferred phase - isotropic,
uniaxial or biaxial, L; is a positive material-dependent elastic constant and |VQ|? is an elastic energy
density that penalizes spatial inhomogeneities. The equilibrium, physically observable configurations
correspond to either global or local Landau-de Gennes energy minimizers, subject to the imposed
boundary conditions.

In this paper, we study sequences of small energy solutions {QLel} in the limit Ly — 0. Small
energy solutions are classical solutions of the Euler-Lagrange equations associated with the energy
functional (3) and they have small energy in the sense that

TrglQ™] < IrglQ') (4)

where QU is a limiting harmonic map [15]. Such small energy sequences include global energy
minimizers. We emphasize on uniarial small energy sequences in this paper because a rigorous
study of uniaxial solutions is the first step in the mathematical analysis of arbitrary solutions and
the interplay between biaxiality and uniaxiality. Secondly, uniaxial small energy solutions exist - this
is known both analytically and numerically [19, 23, 25], examples of which include the well-known
radial hedgehog solutions. Our results can be used to understand these solution structures and
the nature of their singularities, making this a physically relevant and mathematically challenging
problem. We also point out that there are two widely-used continuum theories for purely uniaxial
liquid crystal phases - the Oseen-Frank theory and the Ericksen theory [13, 14, 8, 12] and uniaxiality
is one of the most frequently used assumptions in the theoretical study of liquid crystalline systems,
even in the context of applications. Our analysis does extend to the biaxial case although our results
in the biaxial case are weaker due to technical difficulties.

The paper is organized as follows. In Section 2, we introduce some basic notation and terminology.
In Section 3, we study Landau-de Gennes minimizers on two-dimensional (2D) domains and establish
a 1—1 correspondence between Landau-de Gennes theory and Ginzburg-Landau theory. In Section 4,
we recall useful results from [15] in a three-dimensional (3D) framework that are crucial for the
development of this paper. The results in [15] are for global Landau-de Gennes energy minimizers.
We demonstrate that these results are also valid for small energy sequences (4) and this is a non-
trivial observation, since results for global energy minimizers don’t necessarily carry over to special
sequences of solutions. In Section 5, we study uniaxial small energy solutions on 3D domains in
the low-temperature regime. There are important differences between the 2D and 3D cases and
the standard Ginzburg-Landau techniques do not extend to the 3D case. We derive the governing
equations for uniaxial solutions and the governing equations reduce to the harmonic map equations
in the limit of constant scalar order parameter. The scalar order parameter s vanishes at the



defect locations (see (2) and the defect locations are prescribed in terms of the singular set of
a limiting harmonic map. Using asymptotic methods, we show that the leading eigenvector n
(see (2)) necessarily has a radial-hedgehog type of profile in the immediate neighbourhood of each
isolated point defect. Our result is analogous to a powerful result on singularity profiles in [5], where
the authors work within the Oseen-Frank theory for uniaxial liquid crystals with constant order
parameter s. In Section 6, we study the qualitative properties of uniaxial small energy solutions away
from the defect set, in the vanishing core limit. This limit is expressed in terms of a dimensionaless
parameter L = a?fﬁ’ where R is a measure of the domain size and a?\, ; is a characteristic constant
related to the nematic-isotropic transition temperature [22, 19]. The limit L — 0 is particularly
relevant for macroscopic domains that are much larger than typical defect core sizes. We adapt
the small energy regularity theorem of [7] to the Landau-de Gennes framework and prove the C'1%-
convergence of small energy uniaxial solutions to a limiting harmonic map, away from the defect set,
as L — 0. This convergence result encodes quantitative information about the corresponding scalar
order parameter. In Section 7, we discuss various generalizations of our results to the completely
general biaxial case. The uniaxial case in 3D can be viewed as a generalized Ginzburg-Landau
theory from R? to R? although there are important technical differences. However, the biaxial case
presents a whole host of new mathematical difficulties; there are five degrees of freedom in the biaxial
case and the additional degrees of freedom give us more possibilities, particularly in the context of
defects. Finally, in Section 8, we discuss certain directions for future research. The methods in this
paper contribute to the development of a generalized Ginzburg-Landau theory from R® to higher
dimensions (R® in this case), for non-standard non-convex multi-well bulk potentials.

2 Preliminaries

Let Sq € M%*¢ denote the space of symmetric, traceless d x d matrices i.e.

= def

Sa™@ {Qe M™% Qy = Qii, Qu =0}
where we have used the Einstein summation convention; the Einstein convention will be used in the
rest of the paper. The corresponding matrix norm is defined to be

QY \/oQ2=/Q,;Q, ij=1...d

We take our domain €2 to be either a two-dimensional or three-dimensional i.e. d = 2 or d = 3,
bounded, connected and simply-connected set with smooth boundary, 9€2. We work with the simplest
form of the bulk energy density, fp, in (3) that allows for a first-order nematic-isotropic phase
transition [20]. We focus on the low-temperature regime; the function fp is bounded from below
and can be written as

2 2 2

f5(Q) =~ tr (@) - %tr (@) + 7 ((Q)" + C* 1. ) (5)
where a?,b?,¢?> € RT are material-dependent and temperature-dependent positive constants and
C(a?,b%, c?) is a positive constant that ensures f5(Q) > 0 for all Q-tensors. We note that C(a?, b2, c?)
plays no role in energy minimization, in either spatially homogeneous or inhomogeneous cases and
the negative coeflicient of tr (QQ) incorporates the fact that we are working below the nematic-
isotropic transition temperature. In 2D, fp attains its minimum on the set of Q-tensors defined



_ 2a2 1
QQZ{QESZQQ:\/CQ<H®H—2IQ>} (6)

where n € S! and I is the 2 x 2 identity matrix. In 3D, fp attains its minimum on the set of
uniaxial Q-tensors given by [16]

- 1
with n € §2, Iis the 3 x 3 identity matrix and
b2 + Vbt + 24022
5+ = 4c2 . (8)

We work with strong anchoring conditions or Dirichlet boundary conditions. The prescribed
boundary condition Qj is given by

1
Qp = Seq(d) (nb ®ny — dI> (9)
where d is the domain dimension, I is the corresponding identity matrix,
2a2
2a° -9
segd) = AV (10)
S+, d= 3,

n, € Wh2(Q; M) (M = S' in 2D and M = S? in 3D) is a unit-vector field with non-zero topological
degree, when viewed as a map from 0f) to M. Clearly, Qp € Qmin in 3D, where Quin has been
defined in (7). We define our admissible space to be

Aq = {Q e wt? (Q; S’d) ;Q = Qp on 012, with Qp as in (9)} , (11)

where W12 (Q;gd) is the Sobolev space of square-integrable Q-tensors in d-dimensions (d = 2
or d = 3 in this paper) with square-integrable first derivatives [9]. The existence of global energy
minimizers for Z,g in the admissible space Aq follows readily from the direct methods in the calculus
of variations [16, 15]. For completeness, we recall that the W'2-norm is given by [|Qlly12(0) =

([ QP +|vVQ/? dw)l/Q. In addition to the Wh2-norm, we also use the L>°-norm in this paper,
defined to be [|Q| () = ess Supxeq|Q(X)] -

Finally, we introduce the concept of a “limiting uniazial harmonic map” in 3D, Q¥ : Q — Qunin;
QU is defined to be

Q" = s, (no ®@ng — ;I> (12)
where ng is a minimizer of the Dirichlet energy
Torln] = [ vaf* av (13)
on © C R3, in the admissible space
An={neW"?(Q;5%); n=n, on 00} . (14)
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The terminology limiting harmonic map stems from the fact that ng is a harmonic unit-vector field
[24] and it can be shown that QU is a global minimizer of Zpg in the restricted class AqQ N {Qmin}
[5],[13]. We use the limiting harmonic map Q° to study the inter-relationship between the Landau-
de Gennes theory and the Oseen-Frank theory for nematic liquid crystals. The Oseen-Frank theory
is the simplest continuum theory for nematic liquid crystals, restricted to uniaxial phases with
constant scalar order parameter [10]. Working within the one-constant approximation, the Oseen-
Frank energy reduces to the Dirichlet energy in (13) and ng, and hence Q°, is a global Oseen-Frank
energy minimizer in the admissible space Aj.

3 The 2D case

Let Q_ C R? be a bounded, connected and simply-connected domain with smooth boundary. Then
Q € S5 can be written as
Q=A(n®n-mem) (15)

where A € R and n,m are the two orthonormal eigenvectors of Q. We note that there are only
two degrees of freedom in the representation (15) and hence we can think of Q as being a map
Q : © — R2. Using the identity, d;; = n;n; + m;m;, we can re-write (15) as

Q =2\ <n ®@n — ;12> (16)

where Iy is the 2 x 2 identity matrix. We can also think of Q € S, as being a symmetric, traceless
3 x 3 matrix: Q = (A + %)n ®n + (% —A)m®m — %z ® z € S where z is the unit-vector in the
z-direction.

Straightforward calculations show that

1Q* = 2\
trQ® = Q;;Q;,Qpi =0 i,j,p=1,2. (17)

Then the Landau-de Gennes energy functional in (3) simplifies to
1 1 a’ c?
ZeolQ) = [ 51VQP+ 1 { -G 00+ Sw@ ) av (18)
Q2 Ly 2 4
for two-dimensional domains. The corresponding Euler-Lagrange equations are -
1 .
Qijar = 7 (=a* +°1QP) Qi ij = 1.2 (19)
€
and using the scaling Q =4/ %Q, we obtain the following system of partial differential equations -
~ a® (152 ~
Qijkk = 7— ‘Q‘ -1)Q4y 4,5,k=1,2
Lel
~ 1
Q=12 (nb @ny — 21) on 9. (20)

This is equivalent to the Ginzburg-Landau equations for superconductors in two dimensions [26]

and we are interested in the asymptotic properties of global energy minimizers either in the limit

a’? — oo (low temperature regime) or Ly — 0.



Let Q%< be a global minimizer of Zzg in (18), in the admissible space
Aq = {Q e wh2 (Q;Sg) 1 Q = 5¢q (nb ® ny — %I) on 89} for a fixed Ly > 0, where s¢; has been
defined in (10). Then QP is necessarily of the form

QU1 (x) = s%4x) (4 () " () 512 ) @1

for some scalar function s’ : Q — R, nle ¢ W12 (Q; Sl) and Q%< is a classical solution of (20).
Let ©r,, = {x € Q; shei(x) = 0} denote the isotropic set of Q<. We have a topologically non-trivial
boundary condition in (20), since n; has non-zero topological degree when viewed as a map from
09 to S'. Hence, the unit-vector field n” necessarily has interior discontinuities and let Sy, denote
the defect set of n’<. Then

Sh C O Lo (22)

since QFet is well-defined at all points inside Sy. In what follows, we use existing results in the
mathematical literature for Ginzburg-Landau theory in two dimensions, to make predictions about
the structure and location of the isotropic set and the far-field properties of global energy minimizers.

Dimension of ©;_, [2, 6]: The isotropic set ©r,_, consists of |D| isolated points, {al,...a‘m},
where D is the topological degree of the boundary condition Qy in (9).

The configuration (al, . a|D|) minimizes the renormalized energy W over (by,...bp|) € Qlbl
which is defined by

W(bs,...bp) = =21 Y _log|b; — b;| — 2w > R(bi, b)) (23)
i#] 12

where R(x,y) = ¥U(x,y) — log|x — y|,x,y € R? and ¥(x,y) is given by the solution of an explicit
boundary-value problem [3, 26].

Far-field behaviour [3, 26]: Let {QL’&} denote a sequence of global energy minimizers for (18),

where L’;’l — 0T as k — oo. Then (up to a subsequence),
QL’efz — Q*inCh® (Q \ @Lel) . Ya <1 andin WHP(Q), V¥p € [1,2)
for some Q* € ﬁl§p<2W1’p (Q; Sl). The limit Q* is the canonical harmonic map associated with

ai,...a|p| and the degrees sgn D, ... sgn D.
The interested reader is referred to [3, 26] for the proofs.

4 Preliminaries for 3D case

Let © C R? be a bounded, connected and simply-connected domain with smooth boundary. An
arbitrary Q-tensor field, Q : 2 — S3 can be written as

3
Q:Z)\z’ei@)ei Z)\izo
i1

7

where e; are the orthonormal eigenvectors, \; are the corresponding eigenvalues and in contrast to
the 2D case, trQ? # 0 in general.



We consider the Landau-de Gennes energy functional, Zrg in (3), in the admissible space Aq =
{Q e wh2 (Q; Sg) ;Q =Qp on 89}. The corresponding Euler-Lagrange equations are

LaAQij = —a’Qj — b? (Qikaj — ‘thr(QQ)) +2Qutr(Q?) 4,5 =1,2,3, (24)

where the term bz%tr(QQ) is a Lagrange multiplier associated with the tracelessness constraint. It
follows from standard arguments in elliptic regularity that all solutions are actually classical solutions
of (24) and they are smooth and real analytic on €2, up to the boundary [15].

The equations (24) can be non-dimensionalized as follows. Define R = ming yepq [x — y| and
introduce the following scaled variables:

_ T
r=—;
R
2 2 2
a® - b c
dz = 5 b2 = 5 62 == 5 (25)
N1 NI NI
where a%;; = %. In terms of these re-scaled variables, the equations (24) reduce to
Ly 9%°Qij

= -a’Q,; — b° (Qikaj - (ngtl"(QQ)> +%Qitr(Q%) 4,5 =1,2,3. (26)

a?VIRQ or, 0ty

We define the dimensionless parameter
Lel

L= 27
ay R @0
where &, = aL;l is a uniaxial correlation length related to defect core size [19]. We note that the
NI
system (26) has an associated dimensionless free energy:
— 1 B(Q) -
Tegla) = [ 5ivap+ 22 av (28)

where L is defined in (27), Zpg = GQZL%S’ fB= afTB and fp has been defined in (5), 2 and dV are
NI NI L

the re-scaled domain and volume element respectively. The re-scaled bulk energy density fp attains

its minimum on the set Qui, as before

Qmin:{Qeg?nQ:S-i— <n®n—:1))1) } (29)

where s has been defined in (8). In what follows, we drop the bars from the re-scaled variables for
convenience and all subsequent results should be interpreted in terms of the dimensionless quantities
above.

We briefly comment on limiting harmonic maps in a 3D setting: Q" = s (no ®@ng — %I) where
ng is an energy minimizing harmonic map in the admissible space A,, = {n € Wh2(Q; 5?);n = ny on OQ}.
We note that Q° Aq, where the admissible space .Aq has been defined in (11). Let Sy denote the
singular set of ny (and hence, of Q°). Then Sy consists of precisely |D| isolated point singularities
[5, 24], where D is the topological degree of ny.

Let QX* be a sequence of solutions for the re-scaled system (26), where L, — 0% as k — oo.
Then we refer to {QLk} as a small energy sequence if

TrglQ™] < TrglQ°) YLy > 0. (30)



The limit L — 07 is referred to as the vanishing core limit in the rest of the paper since it is relevant
for macroscopic domains with R >> £, [22]. We, next, quote important results from [15, 16] that
are crucial for the analysis of small energy solutions, away from Sy, in the vanishing core limit.

Maximum principle [16]: Let Q be an arbitrary solution of the Euler-Lagrange equations (26)

in the space Aq. Then
2
1Qll L) < \/;8+ (31)

Strong convergence to Q¥: Let Q C R? be a bounded, connected and simply-connected domain
with smooth boundary. Let {QLk} be a small energy sequence in the admissible space Aq (Aq
have been defined in (11)) where Ly — 0 as k — oco. Then Q¥ — QU strongly in W2 (€2; S5) (upto
a subsequence), where Q° has been defined in (12).

where s has been defined in (29).

Proof: This was demonstrated in [15] for sequences of global Landau-de Gennes energy minimiz-
ers {QLk}, where Ly, — 0 as k — oco. The same arguments also apply to small energy sequences

(4)
Let {QLk} be a small energy sequence in the admissible space Ag. We recall that the limiting
harmonic map Q° € Aq. From the inequality (4) and the energy definition (3), we have that

1 1 L 1
[sivarpavs [JwQups PR gy < [Swqopav—c@ @)
Q2 Q2 Ly 02
since f5(Q") = 0. The sequence of inequalities (32) shows that the W' 2-norms of the Q™*’s are
bounded uniformly in L. Hence, we can extract a weakly convergent subsequence (also denoted by
{QLk}) such that QL* converges weakly to Q' in W2, for some Q! € Aq as Ly — 0. Using the
lower semicontinuity of the W!2-norm with respect to the weak convergence, we have that

/Q QI av < /Q VQUP v, (33)

On the other hand, as Ly — 0, we have fz(Q%*(x)) — 0 for almost all x €  (see (32)). Therefore,
the weak limit Q' € Qmin and is of the form

1
Ql(x) = sy (n1 @n' — 3I) , n'ecS?aexecQ (34)

where s has been defined in (8). We note that [VQ!|> = 252 |Vn!|? and |[VQ?|? = 25% |Vn"|? and
recall that QU is a global Landau-de Gennes energy minimizer in the restricted space Aq N Quin to
deduce that [, |[VQ!'[> dV = [,|Q°* dV and hence,

/|VQO2 dVghminf/ \VQLk 12 dv ghmsup/ |VQLk|2 dVg/ VQY)? dV (35)
9 Liy—0 Jq Li,—0 JQ 0

from which the strong convergence result, QX* — QO in W2 follows. O

Interior and boundary monotonicity lemmas [15]: Let Q be an arbitrary solution of the Euler-
Lagrange equations (26). Define the normalized energy on balls B(x,r) CQ={y € Q: |x—y| <r}:

Q)

FQxn =1 [ e+ 2 ay

B(x,r) 2
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Then we have the following interior monotonicity lemma:
F(Q,x,7) < F(Q,x,R) Vxe€Q; r<Rand B(x,R) C . (36)

Similarly, for xo € 92, we define the region 2, = QN B(xg,r) with » > 0, and the corresponding
normalized energy to be

e@xar) = [ sivar+ 2 av

Then there exists ry > 0 so that
d 232 2
d—SE—C(a,b,c,Qb,ro,Q) 0<r<mrg (37)
,
where the positive constant C is independent of L.

The proofs of (36) and (37) follow a standard pattern using the Pohozaev identity; complete de-
tails can be found in [15]. An immediate consequence of the strong convergence and the monotonicity
lemmas is the following:

Convergence of bulk energy density away from Sy [15]: Let {QLk} be a small energy sequence
in the admissible space Aq, where Ly, — 0 as k — oco. Then there exists a subsequence {QLk} such
that Q% — QU in W12(Q, S3) as k — oo, where Q° has been defined in (12).

For any compact set K C € such that K contains no singularity of QY, we have that

Jim 5(QM(x) =0 x€ K (38)

and the limit is uniform on K.
If {QL’f} is a uniaxial small energy sequence, then Q% can be written in the form

Qi = g, <nk Qmny — ;I) (39)

for s : Q@ — R and n; € W12(Q;5%). Then (38) implies that (up to subsequence), s converges
uniformly to s; everywhere away from Sy i.e. we have

|sp(x) — s4| < e(Li,x) x€Q\ Bs(So) (40)

where € — 0 as k — 00, Bs(Sp) is a small 6-neighbourhood of the singular set Sy and 0 < § < 1 is an
arbitrary small constant independent of Lj. Similarly, if {QLk = Sk (nk QX ng — %I) + rg (mk ® my, —
is a biaxial small energy sequence, then (38) implies that

|s+ — skl < ek, |ril <eg (41)

everywhere away from Sy, where €1 4, €2 — 01 as k — oco.

Uniform convergence in the interior [15]: Let {QLk} be a small energy sequence in Aq such
that Ly — 0 as k — oco. Then (up to a subsequence) Qi — QU strongly in W12(€, S).

Let K C Q be a compact set which does not contain any singularities of Q°. We define

(@) = yvap + 19

I);



Then
(i) there exists a constant C' > 0 independent of L such that

“Aer(QN)(x) < Ce2 (QY) (x) x €K (42)

for L sufficiently small;
(ii) we have a uniform bound for ey (Q¥) in the interior of , away from Sy in the limit L — 0% i.e.

ern(QY)(x) < C (0% 0%,32,0) x€e K (43)

for all L sufficiently small and a positive constant € independent of L;
(iii) Q™* converges uniformly to Q° everywhere in the interior of Q, away from Sp.

klim QL+ (x) = Q°(x) uniformly for x € K. (44)

We emphasize that (43) and (44) only hold in the interior of €. In Section 5,6 and 7, we refine these
convergence results in the interior and up to the boundary.

5 Uniaxial solutions and their defect sets in 3D

Let Q be a uniaxial solution of (26) for a fixed L > 0. For Q uniaxial (of the form Q = s(n®n— 1I)
where s : Q — R and n € WH2(Q; S?), see (2)), a direct calculation shows that

2 2
Q) = gSQ, rQ’ = §32

0ij S
(Qikaj - ;jtr(QQ)) =3Qi
and hence, the Euler-Lagrange equations (26) simplify to

1 .
LQijpe = 5 (2¢%° —b%s —30°) Qij, i =1...3. (45)

A uniaxial small energy solution Q¥ is analytic on € and is fully characterized by its scalar
order parameter s” and distinguished eigenvector n’. The scalar order parameter, s”, is a locally
Lipschitz function of Q% and hence, is continuous on € [27]. From [16], we have that

st(x)<sp xeQ (46)

and let O = {x € Q;sh(x) = 0} denote the isotropic set of Q¥. We have a topologically non-trivial
boundary condition Qp in (9) and hence, every interior extension of Q; must have discontinuities.
We interpret the defect set of Q¥ as being the defect set of n”. Let S denote the defect set of n”
and let x, € SL. Then Q¥(x,) = 0, since QF is well-defined on Q and consequently s”(x,) = 0.
We deduce that S c O and from [21], we have that n” is analytic everywhere away from ©. We
first make an elementary observation about the defect locations, in the vanishing core limit L — 0.

Lemma 1 Let Sy denote the singular set of the limiting harmonic map Q¥ defined in (12). Let
Xn € SL. Then
dist (Xn, So) < €(L)

where e(L) — 0 as L — 0%,

10



Proof: Let x, € Sﬁ . As mentioned above, sL(xn) =0 and x, € O, where O, has been defined
above. However, for a small energy solution, the bulk energy density fz(Q¥) converges uniformly
to its minimum value, everywhere away from Sy, in the interior and up to the boundary, as L — 0.
Recalling (40), we deduce that dist(xyn, Sp) — 0 as L — 07. Lemma 1 now follows. [J

Lemma 1 is also equivalent to the statement dist(©r,Sy) — 0 as L — 07 i.e. the isotropic set
of a uniaxial small energy sequence converges uniformly to the singular set of a limiting harmonic
map in vanishing core limit.

Proposition 1 Let Q¥ be a uniazial small energy solution in the admissible space Aq, for a fized
L > 0. Then QF = s (nL®nL . %I) for some real-valued function s* : Q@ — Rt and n’ ¢
W2(Q; S2). The following equations hold everywhere in , away from the isotropic set Or:

sk

L L L2 2/ LN\2 2 L 2
As” —3s”|Vn™| ZSL(ZC (s7)° = b%s"” — 3a%) (47)
L L2 L Os” L .

L
anj

Here nﬁk denotes the partial derivative T Alternatively, n* = (sin 6% cos ¢, sin 6% sin T, cos HL) ,

where 0¥, ¢T are functions of spherical polar coordinates (r,0,¢) centered at the origin. Then O
and ¢¥ satisfy the following coupled nonlinear partial differential equations

V- ((s%)*Vor) = (s¥)?sin 0" cos 07| V" |? (49)
V- ((s¥)*sin® 9LV pF) = 0. (50)

Remark: In general, Q € W2 implies that the tensor n ® n € Wbh2. However, for simply-
connected three-dimensional domains, n®@n € W2 (Q) = n e Wl? (Q; SQ) [1].

Proof: In what follows, we drop the superscript L from Q¥ for brevity. Since Q is a classical
solution of (45), we have that

1
Qij,k = Os <ninj — 3(5@') +s (ninjk + njnl-7k)

1
Qij ik = As <Ilz'11j — 35ij> + 20ks (min;  + nyn; 1) + 5 (0 gy + 00y g + 20 ,055) (51)

where 4,7,k =1...3,Qjr = 9Qij g,

Consider the decoupled equations (45)
1
LQij,kk = g (20282 — b28 — 3@2) Qij

and multiply both sides by n; to get the following vector equation

2 2
gnjAs + 20ksmjp, + s (0 — |Vn|2nj) = 9—2 (20252 —b%s — 3a2) n;. (52)

Multiplying both sides of (52) by n;, we obtain the following scalar equation for s:-

2 2
§A8 — 25|Vn|? = 9—2 (2¢%s* — b*s — 3a?) (53)
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and (47) now follows. In (52) and (53), we use (51) and the relations n;n; = 1,n;n;; = 0 and
nin@kk = —’VIIP.

For (48), we multiply both sides of the vector equation (52) by the derivative n;, for p=1,2,3
to get the following system of three equations -

28ksnj7pnj7k +snjpni =0 p=1,2,3. (54)
Multiplying both sides by the scalar order parameter s, (54) simplifies to

Ilj’pak (821’13‘7]{) =0 p = 1, 2, 3. (55)

Next, we note that for a fixed p, (nj,n;,,e;) form an orthogonal basis at each point x € Q
where e; =n,; X n;,), away from the isotropic set O, so that
J j J.p

Ok (321’1%]6) = A\in; + \e; (56)
where
/\1 = njé?k (8211]',]6) = —SQIVD‘Q.
We substitute (56) into (52) to get
2 252
—SnjAs —25%|Vn|*n; + \se; = il (2¢%s* — b*s — 3a*) n,
3 9L
from which we deduce that Ay = 0. Hence
O (s*n;1) + 5°|Vn|®n; =0 j=1...3 (57)

from which (48) follows.

An alternative formulation of (55) can be obtained by writing the unit-vector field n in terms of
its spherical angles, 07 (r, 0, ¢) and ¢ (r, 0, ¢), where (r, 0, ¢) are spherical polar coordinates centered

at the origin i.e.
n = (sin 0% cos ¥, sin L sin ¢T, cos 9L) . (58)

Straightforward computations show that

% = 0" (cos 0 cos ¢F, cos 6% sin ¢, — sin 9L) + sin O 9o (— sin ¢, cos p*, O)

k
2

8)? (;lx = 00" (cos 0L cos ¥, cos O sin ¢, — sin «9L) — (8k9L)2 (sin 0 cos p*, sin 6% sin ¢*, cos HL) +
KkOX

+2 cos 00,070 p" (— sin %, cos ¢*, 0) + sin 010y, 0" (— sin ¢, cos ¢*, 0) — sin 6" (qubL)z (COS o, sin

Substituting (59) into (52) and taking the dot product of both sides with (cos 6% cos ¢, cos % sin ¢, — si

we obtain
20, s0,0" + 501,0F — ssin L cos 0L |Vl |? = 0. (60)

We multiply both sides of (60) by s and equation (49) now follows. Similarly, we take the scalar
product of (52) with the unit-vector (— sin gL, cos ¢F, O) to obtain

ssin 0FOpdY + 25 cos 0F 0,07 O d" + 2sin 0L 9 sOLH" = 0. (61)

12



As above, we multiply both sides of (61) by ssin #* and (50) then follows. The proof of Proposition 1
is now complete. [

Comment: We note that for s constant, (48) is equivalent to the harmonic map equations Angy+

|Vn0\2n0 =0 /5/

Next, we use asymptotic methods to predict the minimizer profile near isolated isotropic points
in ©f and establish a 1 — 1 correspondence between isolated isotropic points and isolated point
defects.

Proposition 2 Let QY be a uniazial small energy solution in the admissible space Aq, for a fized
L > 0. Then QF(x) = sl(x) (nl(x) @ nl(x) — 31I). Let I'y C Q denote the set of isolated point
defects in n” and let T';, C Q denote the set of isolated isotropic points of QL.

(i) Let x, € T'p, be an isolated interior isotropic point. Let (r,0,¢) denote a local spherical co-ordinate
system centered at xr,;, then
a0, )

r2

|VnL‘2~ asr —0 (62)
where o only depends on 0, ¢ and is independent of the radial coordinate r. Then xj, € I'y too.
(ii) Let xn € 'y, be an isolated point defect. Then x, € I'r, and hence, I'y =T'f.

Proof: (i) Consider the coupled equation (47):

As — 3s|Vn|*> = Si (20252 — b5 — 3a2) (63)

L
Let x;, € T' be an isolated isotropic point. Since s’(x) = %QL(X) (nf(x) ® nf(x) — %I) is the
product of two analytic matrices away from X, we deduce that s”(x) is analytic for 0 < r < rg, for

some 79 > 0. We are interested in the leading-order behaviour of |[Vn’|? as r — 0.

From the local analyticity of s”, we have the following power series expansion

s(x) =1"g(0,0) + h(r,0,6) 0<r<mr,<ry n>1, (64)
where (7,6, ¢) is a local spherical coordinate system centered at xr, , ‘%) =o(l) as 7 — 0 and

rp is the radius of convergence of the series (64). Further, g # 0 for » # 0 and {g, h} are analytic
functions with bounded derivatives in a sufficiently small neighbourhood of x. Substituting (64)
into (63) and expressing As” in spherical polar coordinates

L 10 ([ ,0s 1 9%t 19 (. os"
As “2or \" or +r251n2¢ 00? +r2sin¢>8¢ sin¢ ’ (65)

we have that

999
sin? ¢

rn2 [n(n +1)g+ + gpg + cot ¢g¢] +

2h, hog hg hg
hrr 5 . 9 . 2 to— —
r + Jrr?siIlQ(ﬁjL 72 teo ¢7“2
—3|Vn®|? (r"g(0, ¢) + h(r,0,¢)) =
(r"g + h)

= {202 (r" g+ h)? = (r" g+ h) — 3a2] as r — 0. (66)

+
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All the terms on the right-hand side are O(r™) whereas the leading order term on the left-hand
side of (66) is O(r"~2). Since h is an analytic function and ‘T%} = o(1) as r — 0, we have that
hy /7, hyr = o(r"~2) as r — 0. Therefore, for (66) to hold as r — 0, we must have

e 9% | ot 92| asr—0 (67)
g

1
Vnl?2 ~ — [nn+1)+
| | 3r2 ( ) gsin® ¢ g

and (62) now follows. It follows that [Vn’|? is not defined as 7 — 0 and hence, the isolated isotropic
point x;, € I'y too.

(i) Let x, € I'y. Then QF¥(xn) = 0, since QF is well-defined on 2. Therefore, we must have
s¥(xn) = 0 and by definition, x,, € I'r,. Combining (i) and (ii), we conclude that T';, = T',. O

Comment: We briefly comment on the relevance of Propositions 1 and 2 to uniaxial Landau-de
Gennes minimizers (if they exist). In [18], the authors study minimizers, u, of the Ginzburg-Landau
functional on R® with deg(u) =1 at co and demonstrate that every local minimizer has the “radial-
hedgehog” structure %I’ modulo a rotation i.e. these local minimizers support an isolated point defect
in the interior. The vanishing core limit is equivalent to studying Landau-de Gennes minimizers
on the whole Euclidean space R3. By analogy with the results in [18], one might expect that in
the vanishing core limit, uniaxial Landau-de Gennes minimizers can only account for isolated point
defects and all higher-dimensional defects are intrinsically biaxial.

We hypothesize that n = 2 in (64) i.e. we have a quadratic decay of the scalar order parameter as
we approach point defects, by analogy with the study of vortices in Ginzburg-Landau theory [17].
We note that the estimate (62) is analogous to a similar result on singularity profiles within the
Oseen-Frank theory of uniaxial nematic liquid crystals with a constant scalar order parameter s [5].
Let n be a global minimizer of the Dirichlet energy (13) in the admissible space Ay in (14). In [5],
the authors show that near every singularity x, € €, we have
X — Xp

n~R (68)

|x — xp|

for some rotation R € SO(3). Therefore ,

[Vnf? ~

——— 48 X — X,
x—x P T

The estimate (62) suggests that we have a similar radial hedgehog-type of profile (68) near the isolated
zero xy, € (), for uniazial Landau-de Gennes minimizers.

6 Far-field results

In this section, we study the qualitative properties of uniaxial small energy solutions { Qr } away
from the isotropic set O, in the vanishing core limit, L — 0. From Lemma 1, this is equivalent to
studying the qualitative properties of {QL} away from the singular set Sy of the limiting harmonic
map QO defined in (12), as L — 07.

Let QY = s* (n* @ n’ — %I) be a uniaxial small energy solution of (26), for fixed L > 0. Recall
that for L sufficiently small,
0<sy—stx)<e(l) (69)

or equivalently

1 - 32| < e (70)
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where €1(L),e2(L) — 0 as L — 01, everywhere away from Sj.

Our first result is an inequality for

Q szg,

that holds everywhere away from Sy on €. We do not use Lemma 2 in the subsequent sections but
keep it as an interesting technical result.

Lemma 2 Let AL = 2QZJ K Z] w by definition. Then we have the following inequality on 2\ Bs(So)
for L sufficiently small

AL?
Q|2
where o > 1 is a positive constant independent of L that can be worked out explicitly, Bs(So) is a
small d-neighbourhood of So and § > 0 is independent of L.

—AAL 4+ \VQQL\Z < % \VQQL}Q +at

(71)

Proof: The derivation of (71) closely follows the methods in [4]. In what follows, we drop the
superscript L for brevity. First, consider the decoupled equations (45); setting

f(s) = (2¢°s* — b%s — 3a?)
and differentiating both sides of (45) with respect to x,, we obtain

QU,p Qi] Qrs Qrs
V6L 1Q

From (70) and the global upper bound (31), we have that |Q| is bounded away from zero on Q\ B;s(Sp)
and

(8) + f (5) = === for p=1,2,3. (72)

QZ] kkp =

7 (73)
on the set Q\ B;(Sp), where f'(s) = ds’ f(s)= f etc. A straightforward computation shows that

A= !V2Q|2 + Qi k. Qi ppk (74)
(where |[V2Q[? = Q;j kpQijkp) and using (72), we obtain

() f()(Q vQ)*

V2QP + IVQ[? 75
—1viap + vl + L (1)
Note that (Q - VQ)? =3 ’V|Q] ‘ From (73) and (45), we have the following inequality
A
~aa+ QP < [variel (76)

Q[

Finally, we use the inequality

|AQ| < a|VQ
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where o > 1 is a positive constant that can be worked out explicitly. Substituting the above into
(76),
v*Ql _

AQ
V2QP2 + ot — 77
qQ = ! Q"+« (77)

—AA+|V2Q)? < 204 QP

and (71) now follows. OJ

We recall the uniform convergence result in (44) and (43), whereby we establish a uniform bound
for [VQF|, independent of L, everywhere away from Sy in the interior of Q. The next step is to
extend this uniform convergence result up to the boundary. To do so, we adapt the small energy
regularity theorem in [7] to the Landau-de Gennes framework to obtain a uniform bound for |[VQZ|
independent of L, everywhere away from Sy up to the boundary.

Consider a boundary point xo € 9 and define the region Q,.(xq) = QN B,(xq), where B,(x0)
is a ball of radius r centered at xg. Let p be a suitably small positive constant such that for any
xo € 0N, we may choose a coordinate system {x,} so that xg is at the origin and €2,(xg) corresponds
toB+x0 {x e Qx| < p; 23>0}

Proposition 3 Let {QLk} be a uniazial small energy sequence in the admissible space Aq, where
Li — 0 as k — co. We can extract a subsequence such that QM+ — QO strongly in Wh2(Q; S3) as
k — oco. Let xg € OS2 be such that ,.(xq) contains no singularity of the limiting harmonic map Q.
Then there exists C1 > 0,Cy > 0,79 > 0, Lo > 0 (all constants independent of Ly) so that if

L
/ 1\VQL\2 + /5(Q7) dx < Cp r <min{rg,p} (78)
then
2 sup er(QF) < Cy  forall L < Lo (79)
QT‘/Q(XO)
where ( )
L L2 fB Q-
en(@h) = LvQrp + 209

Proof: The first half of the proof of Proposition 3 closely follows the scaling arguments for the
interior uniform convergence result (43) in [15] and the second half closely follows the arguments in
Theorem 2.1 in [7].

We first recall from (38) that since §,.(Xg) contains no singularity of Q°, Im(x) € S? such that

}QL(X) sy (m(x) & m(x) — ?1)1>‘ e <<l xEQ(x) (80)

for L sufficiently small. We also note that Q° has a finite number of interior isolated point defects
and therefore, for every x¢ € 92, we can define §2,(x¢) for some r > 0 sufficiently small such that
Q,-(x0) contains no singularity of Q.

We continue reasoning similarly to [15]. We fix an arbitrary Ly < Lg. We let 0 < 7 < %’" <

min {2%, %p} and x;1 € Q, (x0) be such that

max (27" - s>2 max ep, (Q) = (27" - r1>2eLk Q%) (x1). (81)

0<s<Z \ 3 Qs(x0 3
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Define ey = maxyeq,, (xy) €1, (Q"*) = er, (Q¥*)(x1). Then

max  er, (QFF) < dek (82)
Qa/3r—r (x1)
2/srory

where we use the inclusion Q25— (x1) C Q2/304r, (X0), 2/37"% < Z by definition of r; and the
2 2

inequalities (81).

Define r9 = w%\/ef’“ and let

R (x) = QP [ xy + —= (83)
\/elL’“
Let Lj, = elL’“Lk. Then R** has the following properties on €., (0):-

1
e, RM) = eTkeLk(QLk) (84)

1
P (REF) <4 e; (REF)(0) =1 85
e, (RM) <4 ep, (RE)(0 (%)

1

R[b, = I (2c*s* — b%s — 3a®) R]* (86)

where 5% = % ‘QL’C‘Q.

We next claim that ro < 1. It is obvious that ro < 1 implies the conclusion (79). We prove
this claim by contradiction. Assume that ro > 1; then using the same arguments as in [7], one is
led to the existence of a sequence of solutions {R"*} of (86) on €(0) = B (0), with the following
properties: -

I 1 L .
_AR”]“ + E—k (26282 — bQS — 3@2) ka =01 BT_(O)

max eLk(RL’“) <4 eik(RL’“)(O) =1
XGBIL(O)

X

Ly,
\V €1

VR || xs=0 < ||V Qsll(90), VR [Ixs=0 < 1|V Qbl| 1000 with € — 0 as k — oo

with

RLk|X3:0 = Qb X1+

/ eik(RL’“) dx <6, — 07 as k — oo. (87)
B (0)
From (42) and (85), we deduce that R+ satisfies the following Bochner-type inequality on B; (0):-

~Aer, (R*) < C'ep (R™) x € Bf(0) (88)

where C' is a constant independent of Lj.

Next, we write R explicitly in terms of its scalar order parameter and leading eigenvector -

1
R = s <nf ;- 35i'> n' e W2 (Q; 5%) (89)
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where R+ |2 = %s% and
lsk — s4] < St
PO 100
from (80), for k sufficiently large. From Proposition 1, we have that s, and n* satisfy the following
equations in B (0):-

Asy — 3s;,|VnF|? = i(chsi — b5y, — 3a?) (90)
3Ly
Ops
k k2. k POk ko
2
VR |? = 3 Vsil* + 257 |Vn*? < 4. (92)
From (80) and (92), we deduce that
2 2V 6
Vnk| < = ‘ ki< 2 on Bi(0). (93)
S+ Sk S+
We combine (93) and (91) to deduce that
k|2 1/3
sup |Vn"[* <¢6,/" =0 k— o0 (94)

+
B2/3(0)

where ¢ is a constant independent of k. In particular, this implies that ||Vn*|| L=09) < 05]1,/ ® 5 0as
k — oo. The proof of (94) is identical to the proof of Theorem 2.1 in [7] and the details are omitted
for brevity.

Next, look at the equation (47) and introduce the function
Sk = S4 — Sk
Then 3y, is a solution of the following problem on Bj (0) :-

2c% 515, (s — 5_)
3Ly,
Sp(x) =0 xe€ {Bf(0)nas=0} (95)

— A3, = 38k’Vnk‘2 —

where s_ < 0 is a constant. Repeating the same arguments as in [7], we obtain the following
estimates:-

Sk(x) < clxgéi/‘g X € BIF/Q(O)
_ 1/3
V5l [ 0) = [V skl (a) < 08> =0k — 00 (96)
where ¢y and ¢ are positive constants independent of L.

Finally, we define é; = max {O, e, (RY*) — (c+ 00)5,1,/3}. (Recall that fp(RM*) =0 on 23 =0
because of the choice of the boundary condition Qp.) Then from (42), (94) and (96), we have that

—Aép(x) < C'ép(x) x€ By ,(0)
€ (X)|z5=0 =0 (97)
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for a constant C” independent of L. Using standard arguments as in [7], (97) implies that

sup  Ex(x) < 30, — 0 as k — oo
XEBILM(O)

contradicting (85). The proof of Proposition 3 is now complete. [
For the reader’s convenience, we quote Lemma 2 from [4] which is used in Proposition 4:
Lemma 2 from [4]: Let w(r) be a solution of
—e2Aw +w =0 on B(0,R)
w=1on 0B(0,R). (98)

Then for e < 3 w(r) < ewr (=R o B(0,R).

Proposition 4 Let {QL’f} be a uniaxial small energy sequence of solutions of (26) in admissible
space Aq, where Ly — 07 as k — oo. Then as k — oo, we can extract a suitable subsequence such
that QI+ — QY in C1 (Q\ Bs(So)) for some 0 < o < 1 and Bs(So) is a small §-neighbourhood of
the singular set, So, of the limiting harmonic map, Q°, where Q° has been defined in (12) and § is
independent of L.

Proof: The proof follows the methods in [4] and the key ingredient is to establish a global bound

_L ,
for %, everywhere away from Sy, for Lj sufficiently small.

_ We drop the superscript Ly, in what follows for convenience. Consider the equation (47) on
'\ Bs(Sp) and introduce the function

w . Sy — S

==

sy has been defined in (29) and s_ = <b2 — Vb2 + 24a2c2> /4c? < 0. Then (47) can be re-written as

(99)

9 2
As — 3s|Vn[? = —%w (s—s_) (100)

From (31) and (40), we have that 252 > |Q|?> > 2s% — €, where ¢, — 0 as L — 0, on €\ B;(S)).
Therefore,

on Q\ Bs(Sy), where 3 is a positive constant independent of L.

We note that |[VQ[?> = 2|Vs|? + 2s?|Vn|? where Q = s (n®@n — I). We recall the global
uniform bound (79) everywhere away from Sy to deduce that

[Vn|? < C(a®,0%, ¢, Q)
on Q\ Bs(Sp). Combining the above, we have that v satisfies the following inequality on Q\ Bs(Sp)
—BLAY 41 < v|Vn|* < D(a?,b?, 2, Q) (101)

where v and D are positive constants independent of L. Applying standard maximum principle
arguments, we conclude that

9] oo (o Bs(50)) < D' (a?, b2, ¢, Q) (102)
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where D’ is a positive constant independent of L.

Consider the governing equations (45) for a uniaxial global minimizer Q; they can be written in
terms of the function v as shown below -

AQ = 3% (20232 — s — 3a2) Q< —ayQ (103)

where o > 0 is a constant independent of L, we have used the definition of ¢ in (99) and the uniform
convergence of bulk energy density everywhere away from Sy (refer to (38)). Finally, we combine
the global upper bound (31) and the L>-estimate (102) to conclude that

HAQHL(’C(Q\B(S(SO)) S D,/(a2,b2,c2,Q) (104)

where D" is a positive constant independent of L i.e. |AQ| can be bounded independently of Ly
everywhere away from Sp. Finally, we use (104) and Sobolev estimates to establish {QLk} — QY in
C(Q\ Bs(S0)) as k — oo, for some 0 < a < 1. The proof of Proposition 4 is now complete. [J

Comment: One immediate consequence of (102) is that s, — s* < CL, where C is a positive
constant independent of L, everywhere away from So in the limit L — 0. This explicitly estimates
the rate of convergence in (40) and improves upon a previous estimate in [15] where an analysis
of the bulk energy density fg in (5) shows that sy — s < C1v/L where Cy is a positive constant
independent of L.

Comment: Motivated by Proposition 4, one might define the defect set of a uniaxial small energy
solution to be (see [12] for a similar definition in the Oseen-Frank theory of uniazial nematics with
constant order parameter)

a 1
®={xeQ; lim WQ\M"CB(Q) dV >0y, (105)
=0 JOnB(x,r) 2 L

Lemma 3 Let QF = s* (n* @ n* — %I) be a uniazial small energy solution of (26) in Aq, for L
sufficiently small. Then for x € Q\ Bs(Sp), we have

IVs"| < e (x)
||Vn*(x)]* — |[Vnol*| < ex(x) (106)

where ng and Q° are defined in (12) and e1,e3 — 0% as L — 07.

Proof: Lemma 3 is a direct consequence of Proposition 4. Let x € Q\ Bs(Sp). Then from
Proposition 4, we have that

‘QiLj (x) — ng (x)| < es(x)

Qi k(%) — QY k(%) < ealx) (107)
where QU is the limiting harmonic map in (12), Qijr = agjj and e3,64 << 1. One can directly
compute

IVQ°|* = 252 |Vng|*. (108)
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On the other hand,

2
Q" = g(sL)Q
and therefore,
2
Qz] i,k gsLakS (109)

where |s¥(x) — 51| < e5(x) << 1 for x € Q\ Bs(Sp), from (40).

One can re-write Q QZ] ;. as shown below -

Qz] zgk (Q'L](X Q’(L)j(x)) zgk( )+QZ]( )( ’ij‘( )_Q?j,k(x)) (110)

) —
since Q U , = 0 from |Q°[> = 2s%. Using the inequalities (107), the global bound (79) and the
triangle mequahty, we have that

QL (x)QF (x)| < es(x) << 1 (111)
for x € O\ Bs(Sp) and from (109) and (40), this necessarily implies that
Vst < er (L) (112)
away from Sg, where ez — 0% as L — 0.

On the other hand, from Proposition 4, QY — Q° in C1*(Q; S3) as L — 0 (up to a subsequence),
everywhere away from Sy. Therefore, for x € Q\ Bs(Sy),

IVQ [ — [VQ)’| < es(x) (113)
where eg — 07 as L — 01. A direct computation shows that
2
[VQF? = SIVs"[* + 2(s")* | Vn" [,

Combining (40), (112), (113) and (108), we have that |[Vn%|? — |Vng|? as L — 0T. Lemma 3 now
follows. [J

Proposition 5 Let QY = st ( Lonl — g ) be a uniazial small energy solution of (26) in Aq, for
L sufficiently small. Then for x € Q\ Bs(Sp), we have that

L 2
sy —s°  9|Vng < co(x) (114)
L Vbt + 24a2c2

where eg — 07 as L — 0.

Proof: Consider the function 1% = 8+ZSL in (99) and the equation (47) on Q\ Bs(Sp)

Ast — 354 Vnt|? = —2028—(31’ —s_ )yt (115)

B24vbe4 240 b4+24“26 . Equation (115) can be re-arranged to give

_LA <¢L_ 9|Vno|? ) +2623L(3L_3—) (wL_ 9|Vng|? ) _
Vbt + 24a2c? 3 Vbt + 24a2¢2?
9L s 6?5t (s —s) 5
— A |Vng|® — Vngl®. 116
Vbt 4 24a2c2 Vol Vbt 4+ 24a2c2 [Vnol (116)

where sy =

= 3s¥|Vnl? +



We note that A |Vng|? = O(1) away from Sy and the right-hand side of (116) can be written as

6c2sh (sL — s,)
Vbt 4+ 24a2c2
6c2st (SL — 8_)

Vbt 4 24a2c?

3sE|Vnl|? + |Vng|? — |Vng|? = (117)

9L
— A
Vbt 4 24a2c2

= 3s%|Vn’ 2 — 35, |[Vng|* + 35, |[Vng|* — |Vng|? + O(L). (118)

Finally, we use (40) and (106) to deduce that
3SL|VI1L’2 — 3S+ ]Vn0|2 < €10
where €;0 — 0T as L — 07 and
6c2st (sL - s_)
Vbt + 24a2c?
as L — 07, since s* — s_ — (s4 —s_) = Vb* + 24a%c%/2¢? as L — 0. Combining the above, we
have that | 2 | 2
9 VII() ) < L 9 Vno >
—LA (pF — —— ) + —————| <€ 119
(1/) Vbt + 24a2c? . Vbt +24a2¢2) ~ H (119)

where f3 is a positive constant independent of L and €11 — 07 as L — 0*. Proposition 5 now follows
from the maximum principle and Lemma 2 of [4]. O

[Vn|* — 3s4 [Ving|®

7 Biaxial case in 3D: Interior estimates

Consider a biaxial small energy sequence of solutions of (26), {QLk}, in the admissible space Aq
where L, — 07 as k — oo. From Section 4, {QLk} converges strongly to a limiting harmonic map
Q (as in (12)) in W12(Q, S3) (up to a subsequence) [15], for Lj, — 0% as k — oo. Further, we can
use the interior and boundary monotonicity lemmas (36) and (37) to show that

fB(Q") —0 (120)
uniformly everywhere away from the singular set, Sp, of the limiting harmonic map or equivalently
s—sy, r—0" (121)

uniformly away from Sy, as k — oo [15].

In what follows, we derive the analogue of Lemma 2 in the biaxial case.
Lemma 4 Let QF be an arbitrary small energy solution of (26), for L sufficiently small. Let
1
L L AL
AV = §Qij,inj,k'
Then on Q \ Bs(Sp), we have the following inequality

2
4 AL
QF[?

where Bs(Sy) is a small 6-neighbourhood of Sy and o > 1 is a positive constant independent of L.

_AAL 4 ‘VQQL‘Z < % ‘VQQL}Q_'_O[
Q@

(122)
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Proof: We start with the relation (74)

L 2L 2 L AL
AA" = [V2Q" + Qi k. Qi ppi
and drop the superscript L for brevity.

We need to estimate |Q;;xQijppr| in terms of [AQ||VQ|?/|Q]. Straightforward but tedious
calculations show that
2
L |QijrQijppil > = a'IVQ[* + ¢ (trQ%)” [VQ[* + 46" (QipQpj g Qijig)” +
+400* QipQpj g Qij| VQI* — 407 QP [V QI QipQpj.Qijig — 20°¢°|QFPVQ|* +

+4c* (Q-VQ)* +4¢ (Q - VQ)* QA VQ* - 4’ |IVQ[* (Q - VQ)* — 86*¢* (Q - VQ)* QipQy)Qijq <

< C(a? 0%, A)|vQl*

where we have used the Euler-Lagrange equations (26) to compute the right-hand side of (123) and
the uniform convergence of the bulk energy density to its minimum value away from the singular
set of the limiting harmonic map. It can be shown that the right-hand side of (123) vanishes for
Q € Qmin, where Qpin has been defined in (7). The details of these calculations are omitted here
for brevity.

Secondly,
vQl* trQ?
! |Q?2’ AQf® = a*|VQ|* + 2a2b2\VQ|4’QC‘22 —24°7|Q*|VQ[*
4 4 2,2 2 3., 2 3
2?2t VQlt + QI vt + 26T +3527T‘Q‘2 SIS 9Qt > Dla? 12, )V
(124)
where
D(a®,b?,¢%) =0
if and only if Q € Quin.
Combining (123) and (124), we get that
: vQJ?
Q] = D212, N 1AQ) (125)

where D' is a positive constant independent of L. Substituting (125) into (74) and repeating the
same steps as in Lemma 2, (122) follows. The proof of Lemma 4 is then complete. [J

Corollary: Let QU be a biavial small energy solution of (26) in the admissible space Aq, for L
sufficiently small. Then we have the following interior estimates, away from the singular set, So, of
the limiting harmonic map Q° in (12) :-

L
%IVQLIZ + fB(LQ) < H(a?,V?,c,Q) (126)
1Q°| — 1QF| < C(a?,b?, AL on K C Q\ Bs(Sp). (127)

In particular, the largest positive eigenvalue, \¥, of QF, satisfies the following inequality on the
interior compact subset K C Q\ Bs(So)

2S+

. A< D0, AL (128)
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where s has been defined in (8) and the positive constants H,C' and D are independent of L.
Proof: The inequality (126) is a mere repetition of (43); see [15] for a proof.

Consider the function 12
Q" = (QLQL) "~ pa=1.23

Then a direct computation shows that |QF| satisfies the following partial differential equation

2 2
A|Q| — ‘VQ‘ _ (Q ) VQ) + Q'I'SAQT'S s = 1...3 (129)

Q| Q° Q|

where (Q - VQ)2 = i ‘V!Q]Q‘Z and we have dropped the superscript L for brevity.

On the interior compact subset K C 2\ Bs(Sy), we have the following inequalities

2 2

i -a<|QP <38t

IVQI* < C1(a®,b?, ¢?) (130)
where we have used (31), (120) and (126). Therefore, the first two terms on the right-hand side of

(129) can be bounded independently of L. We use the Euler-Lagrange equations (26) to compute
the third term on the right-hand side of (129) i.e.

QrsAQrs 1 ¢ 9 2 2 3 24 _|Q|{2 o UIQ 2} 52|Q|2< _ trQ?’)
Qg LTI reQie Il = TRl - St T (1 Voigp )

We recall from [15] that

2 4 rQ*\
5(Q) = 1 6<|Q|3> 0.1

is the biaxiality parameter and as a direct consequence of (126), we have

on the compact interior subset K C 2\ B;s(Sp), for a positive constant C5 independent of L. Further,
we have the following sequence of inequalities on K C Q\ B;(Sp)

QI
V6

for positive constants C3, Cy independent of L (see (120) and (70)).

Cs(a®,0%,¢%) (1Q] - 1Q%) < {c2rQ!2 - az} < Cu(a®, b, (1Q] - 1Q°)

From the preceding remarks, we deduce that

(IQIx) - 1Q°(x))

AlQ|(x) < a(a?,b%,¢%) + Ca(a®,b%,¢%) 7 , x €0\ B5(5) (131)

where « is a positive constant independent of L. Define the function

= (’QO\L— ’QD.
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Then using (131), we see that 1) satisfies the following inequality on K C Q \ Bs(Sp)

—LAY + B(a®, b2, ) < o' (a2, 0%, ). (132)
Finally, we apply the maximum principle and Lemma 2 in [4] to deduce that

[Y(x)| < y(a® 0%, ¢?) x €Q\ Bs(So), (133)

for positive constants o', 8 and v independent of L and (127) follows. The inequality (127) improves
upon a previous estimate in [15] where an analysis of the bulk energy density fp, coupled with (120)
and (126), shows that |Q°| — |Q| < A(a?,b?, ¢?)V/L, for a positive constant A(a?,b?,c?) independent
of L.

For (128), we use the following alternative representation formula to (1)
L 1
Q" =5, n®n—§I +R,(m®@m—pQ®p) (134)

where n, m and p are the orthonormal eigenvectors and
0<s,—S,<CsVL; R:<CsL (135)

on the interior compact subset K C Q\ Bs(Sp), for positive constants Cg, C5 independent of L (see
(120) and Proposition 7 in [15]). We note that

2

352 + 2R?

Q* =

and hence the inequality (127) necessarily implies that

2\ 1/2
S+—SL <1_|_3‘51‘R2L> §C7L,
L

for a positive constant C7 independent of L. This combined with (135) i.e. R < CsL yields the

improved estimate

0<sy—Sn(x)<CsL x€Q)\ Bs(So) (136)

where Cg > 0 is independent of L. Finally, it suffices to note from (134) that the largest positive
eigenvalue of QF is given by

2
)\L = gSL

and (128) directly follows from (136). O

Let QF = S, (n ®n— %I) + R;, (m ® m — p ® p) be an arbitrary Landau-de Gennes minimizer
in the admissible space Aq, for L sufficiently small. In [15], we establish that an arbitrary Landau-de
Gennes minimizer is either purely uniaxial everywhere or is biaxial everywhere except for possibly a
set, Uy, of zero Lebesgue measure interfaces. Then the eigenvectors n and m are analytic everywhere
away from So U Wy [27] and Sz and Ry, are constrained by the inequalities (136), everywhere away
from Sp. The following equations hold on an interior compact set K C €2, that does not contain any
singularities of Q® and does not intersect ¥r,.
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Corollary: Let Q¥ be an arbitrary Landau-de Gennes global minimizer in the admissible space
Aq, for L sufficiently small. Let K C Q\ {Bs(S0) U B,(¥,)} where 6 and o are positive constants
independent of L. Then the following equations hold everywhere on K :

1
ASp, —3S.|Vn? + 3R, [(n- Vm)? — (n- Vp)?] = — (2¢°S} — b*SE — 3a®Sy, + 6c*SLRE + 3b*R7)

3L
(137)
ARp — Ry, (|Vm]* +|Vp[*) + [Sp(m - Vn)? — S (p - Vn)? — 2R, (m - Vp)?] =
9 2 Q2 2
1 22 RS 4 =€ SiBy | 27ScBr  ap (138)
L 3 3
It follows from (137) and (138) that
IRL|(x) < Q(a®,0*,*)L. x€ K C Q\{Bs(So) UB,(¥)} (139)

where Q) is a positive constant independent of L.

Proof: We drop the superscript L from Q¥ and the subscript L from S, Ry, for convenience.
The equations (137) and (138) follow from tedious but straightforward manipulations of the Euler-
Lagrange equations (26). To see (139), we note that R < Q'L and 0 < s — Sy < Q*L (from (135)
and (136)) and |[VQ[? < Q**L (from (126)) on the interior compact subset K, where Q', Q*, Q**
are positive constants independent of L. Therefore, all terms on the left-hand side of (138) can be
bounded independently of L in the limit L — 0. On the other hand, the terms on the right-hand
side of (138) can be bounded independently of L, in the limit L — 07, if and only if |R| < Q" L, for
a positive constant QN independent of L. The inequality (139) now follows. [

8 Generalizations

This paper focuses on qualitative properties of small energy sequences of solutions associated with
the Landau-de Gennes energy functional on 2D and 3D domains. This is a general framework that
includes local and global energy minimizers. In the 2D case, we focus on energy minimizers, show
that the Landau-de Gennes theory is equivalent to Ginzburg-Landau theory for superconductors
and make predictions about the dimension of the defect set, the defect locations and the asymptotic
profile of global minimizers close to and far away from the defect set.

In 3D, we focus on the vanishing core limit, expressed in terms of a dimensionless parameter
L — 0, which is relevant for macroscopic domains that are much larger than the uniaxial correla-
tion length. We emphasize on uniaxial small energy sequences because this is the first step in a
rigorous study of arbitrary minimizers. The topological defects are contained inside the correspond-
ing isotropic sets. We derive the governing equations for the scalar order parameter s* and the
leading eigenvector n’; these equations reflect the coupling between the two quantities. We show
that the topological defects (or equivalently the isotropic set) are necessarily contained in a small
neighbourhood of the singular set of a limiting harmonic map and establish the vortex-like or radial
hedgehog-like profile of isolated point defects. We also study the qualitative properties of uniaxial
small energy solutions away from the isotropic set. In particular, we establish the C1®-convergence
of uniaxial small energy sequences to a limiting harmonic map, everywhere away from the isotropic
set, in the vanishing core limit. We use this convergence result to obtain an expansion for the scalar
order parameter s” in terms of L, everywhere away from the isotropic set. As mentioned in Section 2,
a limiting harmonic map is an energy minimizer within the Oseen-Frank theory for uniaxial liquid
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crystals with constant order parameter. These convergence results suggest that Oseen-Frank theory
and Landau-de Gennes theory give qualitatively similar information away from topological defects
and the Landau-de Gennes theory can potentially give new information near topological defects.

Such uniaxial small energy sequences do exist, such as radial-hedgehog solutions [17]. Let Q be

the unit ball centered at the origin, in three dimensions with radial anchoring conditions: Q; =
r r

S (7 ® [y — %I) Then the limiting harmonic map QU is unique [13] and is given by

r]
0 r r 1
—s (Lol 1),
Q S*<|r|®|r| 3)

We can explicitly construct a family of radial-hedgehog type solutions of (26) for each L > 0 [17]

1
(g1

such that
ZrglQL) < Zrg[QY] = 87s?

for all L > 0. This radial hedgehog sequence {Qp } is an example of a uniaxial small energy sequence.
We note that Qr has a single isolated zero at the origin, has a hedgehog-type profile around the
origin (as predicted by Proposition 2) and the results in Section 6 apply everywhere away from the
origin. Further, Q; has complete radial symmetry and any symmetry-breaking is likely to have an
energy-penalty. This makes Qr, a natural candidate for a uniaxial minimizer in the admissible class
Aq, in the case of  being a unit ball. We will investigate this in future work.

Our results in the biaxial case are restricted to interior estimates, away from the singular set of
a limiting harmonic map. At present, we cannot obtain uniform bounds for the gradient of a small
energy solution up to the boundary. We obtain physically relevant interior estimates away from
singularities, in the vanishing core limit and these include estimates for the solution norm and the
eigenvalues of the small energy solutions. We also derive the governing equations for the scalar order
parameters and these equations will be useful for an asymptotic study of arbitrary biaxial solutions.

A complete analysis of Landau-de Gennes global energy minimizers can be accomplished only
if we have a better understanding of the full Euler-Lagrange equations (26). One strategy is to
decompose the system (26) as follows -

5is
LAQ;; = —a*Q;; — b? <Qikaj - ;tr(Qz)) + ?Qitr(Q?) =

= <—a2 - bz'\%’ + 02|Q|2> Qi; + b ('\(/%’Qij = Qi Quj + ;|Q|25ij> (140)
where we can think of the first term as being a Ginzburg-Landau component (because of its similarity
to Ginzburg-Landau equations for superconductors [18]) and the second term as being a remainder
component. We need to understand the coupling between the Ginzburg-Landau and the remainder
components and to establish quantitative estimates on the magnitude of the remainder component,
in order to derive rigorous results for the structure of global Landau-de Gennes energy minimizers
and their relation to the limiting harmonic map QU in (12). Other future directions are to charac-
terize defects in global minimizers (uniaxial versus biaxial cases), to study qualitative properties of
minimizers for different choices of the boundary conditions i.e. when Qp ¢ Quin Where Qui, has
been defined in (7) and to study minimizers in different temperature regimes. We plan to report on
these problems in future work.
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