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ABSTRACT 

We outline a method to determine analytic Kähler potentials with associated approximately Ricci-flat Kähler metrics on Calabi–
Yau manifolds. Key ingredients are numerically calculating Ricci-flat Kähler potentials via machine learning techniques and fitting 
the numerical results to Donaldson’s ansatz. We apply this method to the Dwork family of quintic hypersurfaces in ℙ4 and an 
analogous one-parameter family of bi-cubic CY hypersurfaces in ℙ2 × ℙ2 . In each case, a relatively simple analytic expression is 
obtained for the approximately Ricci-flat Kähler potentials, including the explicit dependence on the complex structure parameter. 
We find that these Kähler potentials only depend on the modulus of the complex structure parameter. 
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 Introduction 

au’s theorem guarantees the existence of a unique Ricci-flat
ähler metric with a given Kähler class on a Calabi–Yau (CY)
anifold. Such Ricci-flat metrics are of mathematical interest and
hey play an important role in compactifications of string theory.
nfortunately, for compact Calabi–Yau manifolds of complex
imension three or higher, analytic expressions for Ricci-flat met-
ics are not known. Over the past few years substantial progress
as nevertheless been made in numerically computing Ricci-
lat metrics on Calabi–Yau three-folds, starting with Donaldson’s
lgorithm [ 1 ] and its applications [ 2–9 ] and, more recently, using
achine learning methods [ 10–16 ]. 

he Ricci-flat metric in numerical form is already useful, enabling
s to compute the spectrum of the Laplacian on a CY manifold [ 5,
7 ] or the masses of quarks in a CY string compactification [ 18 ],
o name just two applications. However, it would be all the
ore helpful and exciting to deal with the metric analytically.
he purpose of this paper is to present analytic expressions
or metrics (or, rather, their associated Kähler potentials) on
elatively simple CY manifolds, which are approximately Ricci-
lat. More specifically, we will find such metrics for the standard
his is an open access article under the terms of the Creative Commons Attribution Licen
riginal work is properly cited. 
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one-parameter Dwork family of quintics, as well as an analogous
one-parameter family for the bi-cubic CY. For these cases, we will
obtain a family of approximately Ricci-flat analytic metrics as an
explicit function of the single complex structure modulus.1 

The starting point of our discussion is Donaldson’s ansatz for CY
metrics. Consider a CY manifold 𝑋, an ample line bundle 𝐿 → 𝑋

and a basis { 𝑠𝐼 } of sections of Γ( 𝑋, 𝐿𝑘 ) , where 𝑘 is a positive integer.
Then, Donaldson’s ansatz for the Kähler potential 𝐾 reads 

𝐾 = 1 

𝜋𝑘 
log ( 𝜅) , 𝜅 = 𝐻𝐼𝐽 𝑠

𝐼 𝑠𝐽 , (1.1)

where 𝐻 is a Hermitian matrix to be determined. The associated
Kähler form and the metric are given by 𝐽 = 𝑖 𝜕𝜕̄ 𝐾 and 𝑔𝛼𝛽 =
𝜕𝛼𝜕𝛽𝐾, respectively. Donaldson’s algorithm involves finding, for
any fixed 𝑘, a “balanced” metric, using an iterative procedure. It
can be shown that these balanced metrics converge to the Ricci-
flat metric with Kähler class [ 𝐽] proportional to 𝑐1 ( 𝐿) , as 𝑘 → ∞.
Practical numerical calculations can only be carried out up to a
finite 𝑘 (as the dimension of Γ( 𝑋, 𝐿𝑘 ) increases) and reasonable
numerical approximations to the Ricci-flat metric by balanced
metrics can be obtained for moderately large 𝑘, say 𝑘 ≥ 6 [ 3 ].
Here, we will not attempt to find the balanced metric but ask
se, which permits use, distribution and reproduction in any medium, provided the 
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2

nstead about the “optimal”metric for a given 𝑘, that is, the metric
ithin the family ( 1.1 ), which is “closest” to the Ricci-flat one.
s we will see, this already leads to fairly accurate results for
elatively small 𝑘, specifically 𝑘 = 1 , 2 , 3 . 

n practice, we proceed as follows. Our chosen CY manifolds, the
ne-parameter families of quintics and bi-cubics, have relatively
arge discrete symmetries 𝐺. Restrictions thus arise on the form
f the Hermitian matrix 𝐻 in the Kähler potential ( 1.1 ), which we
irst clarify. Next, we use machine learning techniques, specifi-
ally the cymetric package [ 14 ], to compute the Kähler potential
f the Ricci-flat metric numerically, for many choices of the single
omplex structure parameter 𝜓. We then fit the ansatz ( 1.1 ) to
ach of these numerical Kähler potentials and thereby determine
he remaining coefficients (after having imposed the symmetry
onstraints mentioned above) of 𝐻 as a function of 𝜓. In this
ay, we obtain remarkably accurate fits even for 𝑘 = 2 and a
elatively simple Kähler potential of the form ( 1.1 ) with explicit
-dependence, leading to the associated analytic expression for
n approximately Ricci-flat metric. 

he plan of the paper is as follows. In the next section, we
ntroduce our method in detail by illustrating it with the standard
ne-parameter Dwork family of quintics. In Section 3 , we con-
ider a somewhat more complicated example, a one-parameter
amily of bi-cubic CY manifolds. We conclude in Section 4 . 

 Approximate Ricci-Flat Metrics on the Quintic 

ur strategy starts from choosing a one-parameter family of
uintics 𝑋 with a symmetry group 𝐺 and restricting the Kähler
otential ansatz ( 1.1 ) by imposing 𝐺-invariance. This will reduce
he number of free parameters in the Ansatz considerably and
implify the numerical calculation. 

n fact, the procedure here is not quite as innocent as it might
eem, because 𝐺 may in general have fixed points. If 𝐺 is freely
cting, the quotient 𝑋 ∕𝐺 is a smooth CY manifold with a unique
icci-flat metric of its own, which, pulled back, gives rise to
 Ricci-flat metric on 𝑋. In this case, the associated Ricci-flat
ähler potential should thus be 𝐺-invariant by construction. In
he presence of fixed points, however, the above argument does
ot apply as simply due to the singularities of the quotient. 

or the family of CY manifolds that we consider in this sec-
ion (and also for the one considered in the following section), the
ymmetry 𝐺 does lead to fixed points. Nevertheless, we can use a
ifferent argument to show that our non-freely acting symmetry
ust still be respected by the Ricci-flat metric: First, as it turns
ut, our symmetry 𝐺 acts trivially on the Kähler class [ 𝐽] of a
icci-flat Kähler form 𝐽. Then, for each 𝑔 ∈ 𝐺, since the pull-back
∗ 𝐽 is also Ricci-flat and has the Kähler class [ 𝑔∗ 𝐽] = 𝑔∗ [ 𝐽] = [ 𝐽] ,
he uniqueness of the Ricci-flat metric for a given Kähler class
ssures that 𝑔∗ 𝐽 = 𝐽, which is the required symmetry property. 

or the explicit computation, we first obtain approximately Ricci-
lat metrics (and the associated Kähler potentials) numerically,
or many values of the complex structure parameter 𝜓, using
he cymetric package. The results for any given 𝜓 are then fit
o the Kähler potential Ansatz ( 1.1 ) (in its 𝐺-invariant form).
of 9
Combining the results for all values of 𝜓, we finally determine
the 𝜓-dependence of the Kähler potential. 

2.1 Quintic Threefolds 

We begin by introducing the properties of quintic CY threefolds,
relevant to our discussion; see, for example, Ref. [ 20 ] for more
information on the quintic, as well as other related Calabi–
au manifolds, and Ref. [ 21 ] for mathematical background on
manifolds with special holonomy. Quintic CY threefolds 𝑋 have
non-trivial Hodge numbers ( ℎ1 , 1 ( 𝑋) , ℎ2 , 1 ( 𝑋)) = (1 , 101) and Euler
number 𝜂( 𝑋) = − 200 . They can be defined by the vanishing locus
of a quintic polynomial in complex projective space ℙ4 , on which
we introduce homogeneous coordinates 𝑥𝐴 with 𝐴 = 0 , . . . , 4 . On
a local patch, for example, the one defined by 𝑥0 ≠ 0 , we have
affine coordinates 𝑥𝑎 ∕𝑥0 with 𝑎 = 1 , . . . , 4 . For our purposes, we
consider the one-parameter Dwork family of quintics, whose
defining polynomials are given by 

𝑃 = 𝑥5 0 + 𝑥5 1 + 𝑥5 2 + 𝑥5 3 + 𝑥5 4 − 5 𝜓 𝑥0 𝑥1 𝑥2 𝑥3 𝑥4 , (2.1)

where 𝜓 ∈ ℂ is the single complex structure parameter (out of a
total of ℎ2 , 1 ( 𝑋) = 101 ). 

Note that we may impose the following identification on the
complex structure: 

𝜓 ∼ 𝛼𝜓 , for 𝛼 = exp (2 𝜋𝑖∕5) , (2.2)

since the coordinate transformation 𝑥0 ↦ 𝛼𝑥0 , 𝑥𝑎 ↦ 𝑥𝑎 for 𝑎 =
1 , . . . , 4 , combined with 𝜓 ↦ 𝛼− 1 𝜓, leaves the polynomial ( 2.1 )
invariant. In practice, this means we can restrict our calculation to
the fundamental domain 0 ≤ arg ( 𝜓) < 2 𝜋∕5 . Within this domain
the quintic ( 2.1 ) defines a smooth manifold, except at the conifold
point 𝜓 = 1 . 

The above family of quintics has the well-known freely acting
ℤ
(1) 
5 ×ℤ

(2) 
5 symmetry (projectively) generated by 

ℤ
(1) 
5 ∶ 𝑥𝐴 ↦ 𝛼𝐴 𝑥𝐴 , ℤ

(2) 
5 ∶ 𝑥𝐴 ↦ 𝑥( 𝐴+ 1)mod 5 . (2.3)

In fact, there is an even larger, non-freely acting symmetry group,

𝐺 = ⟨ℤ(1) 
5 , 𝑆5 ⟩ , (2.4)

where 𝑆5 permutes the homogeneous coordinates 𝑥𝐴 , which
leaves the polynomials ( 2.1 ) invariant. 

2.2 Kähler Potential Ansatz 

Choosing 𝐿 = 𝑋 (1) and starting with 𝑘 = 1 , we should consider
the sections in Γ( 𝑋, 𝑋 (1)) , a five-dimensional space spanned
by the coordinates 𝑥𝐴 , where 𝐴 = 0 , . . . , 4 . In this case, the
ansatz ( 1.1 ) reads 

𝐾 = 1 

𝜋
ln 

( 

4 ∑
𝐴,𝐵̄ = 0 

𝐻𝐴𝐵̄ 𝑥𝐴 ̄𝑥𝐵̄ 

) 

, (2.5)
Fortschritte der Physik, 2026
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here 𝐻 is a Hermitian 5 × 5 matrix. For quintics defined by
he polynomials ( 2.1 ), we expect 𝐾 to respect the symmetry
, so we should consider only the 𝐺-singlets in Γ( 𝑋, 𝑋 (1)) ×
( 𝑋, 𝑋 (1))

∗ . There is evidently only one such singlet, which
orresponds to a matrix 𝐻 proportional to the unit matrix.
fter absorbing the factor of proportionality into a projective
oordinate re-scaling the Kähler potential becomes 

𝐾 = 1 

𝜋
ln 

( 

4 ∑
𝐴= 0 

|𝑥𝐴 |2 
) 

, (2.6)

hat is, the standard Fubini-Study Kähler potential.2 No degree
f freedom of the matrix 𝐻 remains. This Fubini-Study Kähler
otential (restricted to the quintic, using 𝑃 = 0 ) represents a
rather crude) approximation to the Ricci-flat Kähler potential.
erhaps surprisingly, even this crude approximation leads to
easonable results for the purpose of some calculations [ 18 ]. 

o proceed more systematically, we incorporate the dependence
f 𝐾 on the complex structure parameter 𝜓 as well as the Kähler
arameter 𝑡, by using the 𝑘 = 1 ansatz 

𝐾 = 𝑐 𝑡 ln ( 𝜅) , 𝜅 = 𝑎0 𝐼0 , (2.7)

here 𝐼0 denotes the 𝐺-singlet, 

𝐼0 =
4 ∑

𝐴= 0 
|𝑥𝐴 |2 , (2.8)

nd the parameter 𝑐 ∈ ℝ accounts for the overall normalization.
he single remaining degree of freedom of the matrix 𝐻, the
arameter 𝑎0 = 𝑎0 ( 𝜓) , amounts to a Kähler transformation. As a
esult, the metric associated to Equation ( 2.7 ) is 𝜓-independent,
s expected from the above arguments. 

or a better approximation of the Ricci-flat metric, we proceed
aturally to 𝑘 = 2 and sections of Γ( 𝑋, 𝑋 (2)) , a 15-dimensional
pace spanned by the quadratic monomials 𝑥𝐴 𝑥𝐵 , where 𝐴, 𝐵 =
 , . . . , 4 and 𝐴 ≤ 𝐵. Again, we expect 𝐾 to respect the symmetry
and focus on the 𝐺-singlets in Γ( 𝑋, 𝑋 (2)) × Γ( 𝑋, 𝑋 (2))

∗ . As it
urns out, there are precisely two such singlets, namely 

𝐼0 =
∑
𝐴< 𝐵 

|𝑥𝐴 |2 |𝑥𝐵 |2 , 𝐼1 =
∑
𝐴 

|𝑥𝐴 |4 . (2.9)

herefore, the ansatz ( 1.1 ) for the Kähler potential can be written
s 

𝐾 = 𝑐 𝑡 ln ( 𝜅) , 𝜅 = 𝑎0 𝐼0 + 𝑎1 𝐼1 (2.10)

here, again, 𝑡 is the single Kähler parameter and 𝑐 ∈ ℝ a
onstant, while the two remaining degrees of freedom, 𝑎0 =
0 ( 𝜓) and 𝑎1 = 𝑎1 ( 𝜓) of the matrix 𝐻, are real functions of
he complex structure parameter 𝜓. Our goal is to determine
he functional forms of 𝑎0 ( 𝜓) and 𝑎1 ( 𝜓) by a comparison with
umerical calculations. 

efore we do so, let us also discuss the situation at the next
igher order, 𝑘 = 3 . In this case, we should consider sections of
( 𝑋, 𝑋 (3)) , a 35-dimensional space spanned by the cubic mono-
ials 𝑥𝐴 𝑥𝐵 𝑥𝐶 , where 𝐴, 𝐵, 𝐶 = 0 , . . . , 4 and 𝐴 ≤ 𝐵 ≤ 𝐶. The space
ortschritte der Physik, 2026
Γ( 𝑋, 𝑋 (3)) × Γ( 𝑋, 𝑋 (3))
∗ contains three 𝐺-invariants which are

given by 

𝐼0 =
∑

𝐴< 𝐵< 𝐶 

|𝑥𝐴 |2 |𝑥𝐵 |2 |𝑥𝐶 |2 , 𝐼1 =
∑
𝐴≠𝐵 

|𝑥𝐴 |4 |𝑥𝐵 |2 , 
𝐼2 =

∑
𝐴 

|𝑥𝐴 |6 . (2.11)

This means that the ansatz for the Kahler potential is now of the
form 

𝐾 = 𝑐 𝑡 ln ( 𝜅) , 𝜅 = 𝑎0 𝐼0 + 𝑎1 𝐼1 + 𝑎2 𝐼2 , (2.12)

where, as before, the coefficients 𝑎𝑟 = 𝑎𝑟 ( 𝜓) with 𝑟 = 0 , 1 , 2 are
real functions of the complex structure parameter 𝜓. 

2.3 Numerical Results 

We would like to consider quintics defined by Equation ( 2.1 )
for values of the complex structure parameter 𝜓 =
0 . 4 𝑛 exp (2 𝜋𝑖𝑚∕25) , where 𝑛 = 0 , . . . 50 and 𝑚 = 0 , . . . 5 , leading
to a total of 301 points and covering the fundamental domain3 
0 ≤ arg ( 𝜓) < 2 𝜋∕5 in the range 0 ≤ |𝜓| ≤ 20 . The single Kähler
parameter is set to 𝑡 = 1 ; the Kähler potential and the metric
scale with 𝑡, so the 𝑡-dependence can easily be restored later. For
each of the above 𝜓-values, we use the cymetric point generator
to generate a data set of 100000 points 𝑝𝑖 on the manifold. We
have checked that these data sets respect the 𝐺 symmetry to good
accuracy, that is, for each data point 𝑝 the data set also contains
points close to the orbit points 𝐺𝑝. 

Using the cymetric 𝜙-model we train a fully connected neural
network (width 64, depth 3, GeLU activation) for each of the
301 data sets for 120 epochs. The final Monge–Ampere loss, as
defined in Ref. [ 14 ], as a function of |𝜓| is shown in Figure 1
on the left. It is in the range 0.01–0.025, indicating that we have
found Ricci-flat Kähler metrics to a good approximation. Using
the trained networks, we read out the pairs ( 𝑝𝑖 , 𝐾𝑖 ) , where 𝐾𝑖 

denote the values of the numerical Kähler potential evaluated
at the points 𝑝𝑖 . We may then use this Kähler potential data to
determine the coefficients 𝑐 and 𝑎𝑟 in the ansätze ( 2.7 ), ( 2.10 ), and
( 2.12 ) as follows. 

We begin with the somewhat trivial case 𝑘 = 1 , that is, the Fubini-
Study metric ( 2.7 ). We have performed a fit to this ansatz for all
301 data sets, each consisting of 100000 pairs ( 𝑝𝑖 , 𝐾𝑖 ) , to determine
the optimal choices for the parameters 𝑐 and 𝑎0 in each case.
The value of 𝑎0 is not meaningful as it corresponds to a Kähler
transformation and that of 𝑐 is found to be approximately 𝜓-
independent, 𝑐 ≃ 1∕ 𝜋, in accordance with Equation ( 1.1 ). The
mean of the relative deviation |( 𝐾𝑖 − 𝐾 ( 𝑝𝑖 ))∕ 𝐾 ( 𝑝𝑖 ) |, evaluated
from Equation ( 2.7 ) with the best-fit values for 𝑐 and 𝑎0 inserted,
is shown in Figure 1 on the right (blue) for each |𝜓|. 
We move on to the case 𝑘 = 2 . As before, for all 301 data
sets {( 𝑝𝑖 , 𝐾𝑖 )} we have performed a fit to the Kähler potential
ansatz ( 2.10 ), thereby determining the optimal parameters 𝑐
and 𝑎𝑖 in each case. The error for this ansatz with the best-
fit values for the parameters, defined again as the mean of the
relative deviation, is shown in Figure 1 on the right (yellow)
3 of 9



FIGURE 1 Left plot: Final 𝜎-loss as a function of |𝜓| for the quintic. Right plot: Mean of the relative error |( 𝐾𝑖 − 𝐾 ( 𝑝𝑖 ))∕ 𝐾 ( 𝑝𝑖 ) | as a function of |𝜓|
for the Kähler 𝑘 = 1 potential ( 2.7 )(blue), the 𝑘 = 2 Kähler potential ( 2.10 ) (yellow), and the 𝑘 = 3 Kähler potential ( 2.12 ) (green). 

FIGURE 2 Left plot: Best-fit coefficients 𝑎0 ( 𝜓) (blue) and 𝑎1 ( 𝜓) (orange) and 𝑐 (green) in the Ansatz ( 2.10 ) for the quintic Kähler potential, as a 
function of |𝜓|. Right plot: Ratio 𝑎1 ( 𝜓)∕ 𝑎0 ( 𝜓) as a function of |𝜓| and best-fit of the form ( 2.14 ). 
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4

or each |𝜓|. This error is about 2% at most for larger values
f |𝜓| and somewhat smaller, around 1%, for small |𝜓|-values.
his means, Donaldson’s ansatz for 𝑘 = 2 can already provide an
pproximation to the Ricci-flat Kähler potential at the percent
evel, at least for our quintic example. 

he optimal values for 𝑐 and 𝑎𝑟 as a function of |𝜓| for the
 = 2 ansatz ( 2.10 ) are shown in Figure 2 on the left. The
irst observation from this figure is that the coefficient 𝑐 is
-independent, as expected, and its value, 𝑐 ≃ 1 

2 𝜋
, is in good

greement with Equation ( 1.1 ). The other features in Figure 2
n the left look disappointing at first: the blue and the orange
oints which represent the optimal values of 𝑎0 ( 𝜓) and 𝑎1 ( 𝜓) ,
espectively, have a rather substantial scatter, especially at larger
alues of |𝜓|. There are two possible reasons why disappointment
ight be premature. First, there is no a priori reason why the
𝑖 should be functions of the modulus |𝜓|, rather than of the
ull complex variable 𝜓. Furthermore, the ambiguity of 𝐾 due
o Kähler transformations implies that 𝑎0 ( 𝜓) and 𝑎1 ( 𝜓) do not
arry independent meaning; rather, the Kähler potential ( 2.10 )
an, equivalently, be written as 

𝐾 = 𝑐 𝑡 ln 

( 

𝐼0 +
𝑎1 ( 𝜓) 

𝑎0 ( 𝜓) 
𝐼1 

) 

+ Kähler transformation , (2.13)
of 9
which suggests plotting the ratio 𝑎1 ( 𝜓) 
𝑎0 ( 𝜓) 

as opposed to the individual
parameters 𝑎0 ( 𝜓) and 𝑎1 ( 𝜓) . The resulting plot, as shown in
Figure 2 on the right, strongly indicates that the ratio is a function
of the modulus |𝜓| only. This function can, for example, be
accurately fit by an exponential 

𝑓( |𝜓|) = 𝑎1 
𝑎0 

≃ 0 . 141 + 1 . 453 𝑒− 0 . 348 |𝜓| , (2.14)

whose graph is given by the red curve in Figure 2 , on the right.
This leads to the final form for the quintic Kähler potential, 

𝐾 = 𝑡 

2 𝜋
ln ( 𝐼0 + 𝑓( |𝜓|) 𝐼1 ) . (2.15)

Here, 𝐼0 and 𝐼1 have been defined in Equation ( 2.9 ) and the 𝜓-
dependence of 𝐾 is fully encoded in the functional behavior of
𝑓, for which we can use Equation ( 2.14 ). This is a rather simple
expression and the metric associated to this Kähler potential is
approximately Ricci-flat to within a few percent. 

Let us extend this discussion to the case 𝑘 = 3 , that is, to the
Kähler potential ansatz ( 2.12 ), using the same data sets {( 𝑝𝑖 , 𝐾𝑖 )}

for complex structure parameters 𝜓 = 0 . 4 𝑛 exp (2 𝜋𝑖𝑚∕25) , where
𝑛 = 0 , . . . 50 and 𝑚 = 0 , . . . 5 , as before. The best-fit values for 𝑐 and
Fortschritte der Physik, 2026



FIGURE 3 Left plot: Best-fit coefficients 𝑎0 ( 𝜓) (yellow), 𝑎1 ( 𝜓) (red), 𝑎2 ( 𝜓) (green) and 𝑐 (blue) in the Ansatz ( 2.12 ) for the quintic Kähler potential, 
as a function of |𝜓|. Right plot: The ratios 𝑎1 ( 𝜓)∕ 𝑎0 ( 𝜓) (yellow points) and 𝑎2 ( 𝜓)∕ 𝑎0 ( 𝜓) (blue points) as a function of |𝜓| and best fits of the form ( 2.16 ). 
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𝑟 ( 𝜓) as a function of |𝜓| are shown in Figure 3 . The mean error
etween the data and the ansatz ( 2.12 ) with these best-fit values
nserted is shown in Figure 1 on the right (green). We note that
his error is typically smaller than the one for 𝑘 = 2 (yellow) and
s below 1% for most 𝜓-values. In conclusion, the Ansatz ( 2.12 )
rovides a rather good approximation to the Ricci-flat Kähler
otential for the quintic. 

rom Figure 3 on the left, it is evident that the value of 𝑐 is 𝜓-
ndependent, as expected, and is given by 𝑐 ≃ 1 

3 𝜋
, in accordance

ith Equation ( 1.1 ). Furthermore, the scatter in Figure 3 on
he left can be reduced significantly by considering the ratios
1 ( 𝜓)∕ 𝑎0 ( 𝜓) and 𝑎2 ( 𝜓)∕ 𝑎0 ( 𝜓) , as Figure 3 on the right shows.
his provides good evidence that 𝑎1 ∕𝑎0 and 𝑎2 ∕𝑎0 are functions
f |𝜓| only and it turns out that the functional dependence is well
escribed by the exponentials 

𝑓1 ( |𝜓|) = 𝑎1 
𝑎0 

≃ 0 . 121 + 0 . 605 𝑒− 0 . 264 |𝜓| , 
𝑓2 ( |𝜓|) = 𝑎2 

𝑎0 
≃ 0 . 106 + 0 . 783 𝑒− 0 . 352 |𝜓| , (2.16)

hose graphs are shown in Figure 3 , on the right. Hence, the
inal form of the approximately Ricci-flat Kähler potential for the
uintic is given by 

𝐾 = 𝑡 

2 𝜋
log ( 𝐼0 + 𝑓1 ( |𝜓|) 𝐼1 + 𝑓2 ( |𝜓|) 𝐼2 ) , (2.17)

ith the invariants 𝐼𝑟 from Equation ( 2.11 ) and the functions 𝑓1 ,
2 from Equation ( 2.16 ). 

et us note that Figure 3 on the right shows a somewhat irregular
ehavior of 𝑎1 ( 𝜓)∕ 𝑎0 ( 𝜓) for small values 0 ≤ |𝜓| ≤ 3 . We have
hus looked at this feature in more detail by computing the
umerical Ricci-flat metric for 𝜓 = 0 . 1 𝑛, with 𝑛 = 0 , . . . , 30 and
itting the results, as before, to the 𝑘 = 3 Ansatz ( 2.12 ). The
esults for 𝑎1 ( 𝜓)∕ 𝑎0 ( 𝜓) and 𝑎2 ( 𝜓)∕ 𝑎0 ( 𝜓) in this small- |𝜓| range
re shown in Figure 4 , which indicate that 𝑎1 ( 𝜓)∕ 𝑎0 ( 𝜓) does
ehave non-trivially around 𝜓 = 1 . (This non-trivial feature is of
ourse not captured by our simple fit in Equation ( 2.16 )). 
ortschritte der Physik, 2026
It is tempting to attribute this behavior to the conifold singularity
the quintic ( 2.1 ) exhibits at 𝜓 = 1 . This may indeed be the case
but, in view of our numerical approach, one has to be careful
interpreting the effect of a singularity. For a choice of 𝜓 near 𝜓 =
1 , a significant portion of the quintic’s curvature is concentrated
on a small locus near the (developing) conifold. As we approach
𝜓 = 1 , this locus becomes smaller and, at some point, can no
longer be resolved in our numerical calculation, which relies
on a finite point sample. In this case, the numerical metric is
still a good approximate Ricci-flat metric in the “bulk” but it
fails to describe the high-curvature conifold region. It is plausible
that the non-trivial behavior of 𝑎1 ( 𝜓)∕ 𝑎0 ( 𝜓) around 𝜓 = 1 reflects
this limitation of the numerical method to capture the small
regions of high curvature. In summary, we expect our metric still
provides an approximate Ricci-flat metric in the “bulk” but, near
𝜓 = 1 , it does not account for the high-curvature locus around
the conifold. 

3 Approximate Ricci-Flat Metrics on the 
Bi-cubic 

The basic strategy for bi-cubic CY manifolds follows the one for
the quintic explained earlier. 
5 of 9
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6

.1 Bi-Cubic Threefolds 

e start with the ambient space  = ℙ2 × ℙ2 . The ambient
omogeneous coordinates are denoted by 𝑥𝐴 and 𝑦𝐴 with 𝐴 =
 , 1 , 2 , for the two ℙ2 factors. On a local patch, for example the
ne where 𝑥0 ≠ 0 and 𝑦0 ≠ 0 , we have the four affine coordinates
𝑎 ∕𝑥0 and 𝑦𝑎 ∕𝑦0 with 𝑎 = 1 , 2 . A bi-cubic threefold 𝑋 is then
efined as the zero locus of a bi-degree (3,3) polynomial in  . The
on-trivial Hodge numbers are ( ℎ1 , 1 ( 𝑋) , ℎ2 , 1 ( 𝑋)) = (2 , 83) , which
mply the Euler number 𝜂( 𝑋) = − 162 . The Kähler class [ 𝐽] can
e parametrized as [ 𝐽] = 𝑡1 [ 𝐽1 ] + 𝑡2 [ 𝐽2 ] , where 𝐽1 and 𝐽2 are the
estrictions of the Fubini-Study Kähler forms of the ambient ℙ2

actors, and 𝑡1 , 𝑡2 are the two Kähler parameters. In terms of these
arameters, the Kähler cone is characterized by 𝑡1 , 𝑡2 > 0 . 

here is a well-known family of bi-cubics with a freely acting
ymmetry defined by the cyclic generators, 

ℤ
(1) 

3 ∶

{ 

𝑥𝐴 ↦ 𝛼𝐴 𝑥𝐴 

𝑦𝐴 ↦ 𝛼𝐴 𝑦𝐴 
, ℤ

(2) 

3 ∶

{ 

𝑥𝐴 ↦ 𝑥( 𝐴+ 1)mod 3 

𝑦𝐴 ↦ 𝑦( 𝐴+ 1)mod 3 
, (3.1)

here 𝛼 = exp (2 𝜋𝑖∕3) . If the above action is understood as a
rojective representation on ℙ2 × ℙ2 the two generators commute
nd the total group is ℤ(1) 

3 ×ℤ
(2) 

3 . On the other hand, understood
s a linear action on ℂ6 the Schur cover of ℤ(1) 

3 ×ℤ
(2) 

3 , a group of
rder 27, is generated. 

or our applications, we are interested in a large, non-freely acting
ymmetry which contains the previous one as a sub-group. This
ymmetry contains the two cyclic groups generated, respectively,
y 

ℤ
( 𝑥) 

3 ∶

{ 

𝑥𝐴 ↦ 𝛼𝐴 𝑥𝐴 

𝑦𝐴 ↦ 𝑦𝐴 
, ℤ

( 𝑦) 

3 ∶

{ 

𝑥𝐴 ↦ 𝑥𝐴 

𝑦𝐴 ↦ 𝛼𝐴 𝑦𝐴 
, (3.2)

s well as the symmetric group, 𝑆( 𝑥,𝑦) 3 , consisting of coordinate
ermutations of the form, { 

𝑥𝐴 ↦ 𝑥𝜎( 𝐴) 

𝑦𝐴 ↦ 𝑦𝜎( 𝐴) 
, (3.3)

here 𝜎 ∈ 𝑆3 is a permutation of {0 , 1 , 2} . Projectively, these gen-
rate a group of order 54 isomorphic to ℤ( 𝑥) 

3 ×ℤ
( 𝑦) 

3 × 𝑆
( 𝑥,𝑦) 

3 , while
he linear action generates a group 𝐺 of order 486. The sub-space
f 𝐺-invariant bi-degree (3,3) polynomials is five-dimensional and
panned by the following invariants: 

𝑃1 =
∑
𝐴 

𝑥3 
𝐴 
𝑦3 
𝐴 
, 𝑃2 =

∑
𝐴≠𝐵 

𝑥3 
𝐴 
𝑦3 𝐵 , 𝑃3 = 𝑦0 𝑦1 𝑦2 

∑
𝐴 

𝑥3 
𝐴 
, 

𝑃4 = 𝑥0 𝑥1 𝑥2 
∑
𝐴 

𝑦3 
𝐴 
, 𝑃5 = 𝑥0 𝑥1 𝑥1 𝑦0 𝑦1 𝑦2 (3.4)

ithin this space of 𝐺-invariants we focus on the one-parameter
amily of defining equations 

𝑃 = 𝑃1 − 𝑃2 + 3 𝜓 𝑃3 , (3.5)

omewhat analogous to the Dwork family of quintics, where 𝜓 ∈

 is a single complex structure parameter. This family of bi-cubics
of 9
is invariant under the coordinate transformation 𝑥𝐴 ↦ 𝑥𝐴 , 𝑦0 ↦
𝛼𝑦0 , 𝑦𝑎 ↦ 𝑦𝑎 , combined with 𝜓 ↦ 𝛼− 1 𝜓. Therefore, the complex
structure parameter should be identified as 𝜓 ∼ 𝛼𝜓 . In practice,
we restrict 𝜓 to the fundamental domain 0 ≤ arg ( 𝜓) < 2 𝜋∕3 . 

3.2 Kähler Potential Ansatz 

For the bi-cubic the simplest choice is to start with the line
bundle 𝐿 = 𝑋 (1 , 1) and 𝑘 = 1 . In particular, this means we are
working on the line 𝑡1 = 𝑡2 in Kähler moduli space. The space
of sections Γ( 𝑋, 𝑋 (1 , 1)) is 9-dimensional and spanned by the
monomials 𝑥𝐴 𝑦𝐵 , where 𝐴, 𝐵 = 0 , 1 , 2 . There are only two 𝐺-
singlets contained in Γ( 𝑋, 𝑋 (1 , 1)) × Γ( 𝑋, 𝑋 (1 , 1))

∗ (where 𝐺 is
the group generated by the actions in Equations ( 3.2 ) and ( 3.3 )),
namely 

𝐼0 =
2 ∑

𝐴= 0 
|𝑥𝐴 |2 |𝑦𝐴 |2 , 𝐼1 =

∑
𝐴≠𝐵 

|𝑥𝐴 |2 |𝑦𝐵 |2 . (3.6)

Hence, we can write the Ansatz for the Kähler potential as 

𝐾 = 𝑐 𝑡 ln ( 𝜅) , 𝜅 = 𝑎0 𝐼0 + 𝑎1 𝐼1 , (3.7)

where 𝑡 is the Kähler parameter along the line 𝑡1 = 𝑡2 in Kähler
moduli space, that is, we take 𝑡1 = 𝑡2 = 𝑡. 

3.3 Numerical Results 

We are considering the one-parameter family of bi-cubic three-
folds defined by the zero locus of the polynomial 𝑃 in Equa-
tion ( 3.5 ). In line with our Ansatz for the Kähler potential,
we focus on Kähler parameters 𝑡1 = 𝑡2 = 1 (with the single
parameter 𝑡 along the line 𝑡1 = 𝑡2 easily re-instated). For the
complex structure parameter 𝜓, we consider values of the form
𝜓 = 0 . 4 𝑛 exp (2 𝜋𝑖𝑚∕18) , where 𝑛 = 0 , . . . , 50 and 𝑚 = 0 , . . . , 5 ,
covering the fundamentail domain 0 ≤ arg ( 𝜓) < 2 𝜋∕3 in the
range 0 ≤ |𝜓| ≤ 20 , for a total of 301 values. As before, we have
used the cymetric point generator to obtain 100000 points 𝑝𝑖 on
the manifold, for each 𝜓-value. 

With each of these data sets we have trained a cymetric 𝜙-model
(width 64, depth 3, GeLU activation) for 100 epochs. The final
Monge–Ampere loss as a function of 𝜓 is shown in Figure 5 ,
which indicates that Ricci-flat Kähler metrics have been found
to a good approximation. 

Furthermore, as can be seen from Figure 6 on the left, the error
is relatively small, about a few percent, for small 𝜓 but grows
with |𝜓| to around 10% . This increase correlates with an increase
in final training loss for larger |𝜓| and is therefore related to
the residual error in the trained neural networks. It is typical
that training becomes more difficult for more extreme parameter
choices. While the situation can in principle be improved by
taking more point samples and/or performing more extensive
training, we will not attempt to improve on this as the present
results are sufficient for our purposes. 

The best-fit values for the coefficients 𝑎0 , 𝑎1 , and 𝑐 in the
ansatz ( 3.7 ) as a function of |𝜓| are shown in Figure 6 on
Fortschritte der Physik, 2026



FIGURE 5 Final 𝜎-loss as a function of |𝜓| for the bicubic. 
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he right. Evidently, the value of 𝑐 is 𝜓-independent to a good
pproximation and its mean value is 𝑐 ≃ 1∕ 𝜋, as expected. As in
ur analysis of the quintic, the scatter in the data points for 𝑎0
nd 𝑎1 in Figure 6 on the right can be reduced by removing the
mbiguity due to Kähler transformations and by plotting 𝑎1 ∕𝑎0
nstead. This has been done in Figure 7 . As in the quintic case
he result strongly suggests that 𝑎1 ∕𝑎0 is a function of only the
odulus |𝜓|. It turns out that its functional behavior can be well
escribed by a sum of two exponentials, 

𝑓( |𝜓|) = 𝑎1 
𝑎0 

≃ 1 + 0 . 675 𝑒− 2 . 959 |𝜓| − 0 . 238 𝑒− 0 . 122 |𝜓| , (3.8)

nd the graph of this function is shown in Figure 7 (red curve).
ence, the expression for the Kähler potential can be written as 

𝐾 = 𝑡 

𝜋
ln ( 𝐼0 + 𝑓( |𝜓|) 𝐼1 ) (3.9)

ith the invariants 𝐼0 , 𝐼1 from Equation ( 3.6 ) and the function 𝑓
rom Equation ( 3.8 ). 

ote that the blue points in Figure 7 indicate the asymptotic
ehavior 𝑎1 ∕𝑎0 → 1 for |𝜓| → ∞. The functional form of 𝑓 in
quation ( 3.8 ) has thus been chosen to reflect this feature.
ssuming this is indeed the correct asymptotic form, the Kähler
otential for large |𝜓| becomes 
𝐾 ≃

𝑡 

𝜋
ln ( 𝐼0 + 𝐼1 ) 

= 𝑡 

𝜋
ln 

(|𝑥0 |2 + |𝑥1 |2 + |𝑥2 |2 ) + 𝑡 

𝜋
ln 

(|𝑦0 |2 + |𝑦1 |2 + |𝑦2 |2 ) , 
(3.10)

hat is, a sum of the Fubini-Study Kähler potentials of the two ℙ2

mbient space factors.4 

 Conclusion 

n this paper, we have found analytic Kähler potentials for approx-
mately Ricci-flat metrics on certain simple Calabi–Yau (CY)
anifolds. Specifically, we have considered the one-parameter
amily of Dwork quintic CY hyper-surfaces in ℙ4 and an analo-
ous one-parameter family of bi-cubic CY hyper-surfaces in ℙ2 ×
2 . 
ortschritte der Physik, 2026
Our method is conceptually simple. Using previous result [ 14, 16 ]
and the cymetric package, we have first calculated the (approx-
imate) Ricci-flat Kähler potential numerically via machine
learning methods for a number of values of the single complex
structure parameter 𝜓. These numerical results have then been
compared with Donaldson’s ansatz for the Kähler potential for
relatively low-degree underlying line bundles. Given the large
symmetry groups of our manifolds, only a few free parameters
remain in this ansatz. For each value of 𝜓, we have determined
these parameters by a fit to the numerical data, thereby finding
the “optimal” Kähler potential within the ansatz (rather than the
balanced one computed by Donaldson’s algorithm). The quality of
the fits is quite convincing, typically reproducing the data within
a few percent. This indicates that the Kähler potentials obtained
provide a good approximation to the Ricci-flat ones. Moreover,
after dealing with a subtlety related to Kähler transformations,
we have been able to extract the explicit5 𝜓-dependence of these
Kähler potentials. Perhaps somewhat unexpectedly, they only
depend on the modulus, |𝜓|, and appear to be independent of the
phase of 𝜓, within the accuracy of our computation. 

Since our motivation is to provide an analytic approximation
to the Ricci-flat metric, rather than the balanced one, we have
not considered performing a comparison. It is clear that the
optimal metric for a given 𝑘 is, by definition, closest to Ricci-
flat for the given ansatz and hence, superiority to the balanced
one follows, provided that the numerical metric is flat enough.
Given the relatively small errors at percent level we thus expect
that our approximate analytic result shares this property and is,
indeed, closer to the Ricci-flat case than the balanced metric.
More specifically, for the quintic the 𝜎-loss of the numerical
metric and the error of our approximation, as depicted by Figure 1 ,
lead to the combined loss of a few percent. In particular, for
the Fermat quintic with 𝜓 = 0 the loss is only at percent level,
indicating superiority to the balanced metric for which the 𝜎-
loss is a few tens percent [ 4 ]. It is beyond the scope of this paper
to perform a systematic comparison of the two methods and we
leave this to future work. 

Earlier, we have presented an argument that the Ricci-flat
Kähler potential has to respect the discrete symmetry 𝐺 of the
underlying CY manifold. We have not built this symmetry into
our network architecture explicitly but, rather, have used it as a
useful check of our results. The fact that the Kähler potential,
numerically learned without imposing the symmetry 𝐺, fits well
to the 𝐺-invariant ansatz confirms that the numerical results are
sensible.6 

The analysis of the quintic is based on the line bundle 𝐿 =
𝑋 (1) and we have discussed the cases of 𝐿𝑘 , with 𝑘 = 1 , 2 , 3 .
For 𝑘 = 1 , the optimal Kähler potential is simply the Fubini-
Study Kähler potential on ℙ4 , restricted to the quintic. The results
for the approximately Ricci-flat Kähler potentials for 𝑘 = 2 , 3 are
given in Equations ( 2.15 ) and ( 2.17 ), respectively. For the one-
parameter family of bi-cubics, we have considered the line bundle
𝐿 = 𝑋 (1 , 1) for 𝑘 = 1 and the approximately Ricci-flat Kähler
potential is given in Equation ( 3.9 ). 

While we have been able to determine the Kähler potential’s
dependence on the complex structure parameter 𝜓 explicitly,
matters are not quite so straightforward for the Kähler param-
7 of 9



FIGURE 6 Left plot: Mean of the relative deviation |( 𝐾𝑖 − 𝐾 ( 𝑝𝑖 ))∕ 𝐾 ( 𝑝𝑖 ) | as a function of 𝜓 for the best fit of the data ( 𝑝𝑖 , 𝐾𝑖 ) to the bi-cubic Kahler 
potential ansatz ( 3.7 ). Right plot: Best fit values of 𝑎0 (blue), 𝑎1 (yellow), and 𝑐 (green) in the ansatz ( 3.7 ). 

FIGURE 7 Ratio 𝑎1 ∕𝑎0 of the best-fit parameters in the Ansatz ( 3.7 ) 
for the bi-cubic Kähler potential, as a function of |𝜓| (blue points). The red 
curve is a graph of the function 𝑓 in Equation ( 3.8 ), the best fit of a sum 

of two exponentials to the data. 
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8

ters. For manifolds with a single Kähler parameter 𝑡, such as
he quintic CY, the Kähler potential (and the associated metric)
cales with this parameter. Therefore, in such cases, the Kähler
lass dependence can easily be incorporated, as has been done in
quations ( 2.15 ) and ( 2.17 ). On the other hand for CY manifolds
 with ℎ1 , 1 ( 𝑋 ) > 1 , such as the bi-cubic CY with ℎ1 , 1 ( 𝑋) = 2 ,
he situation is more complicated. Donaldson’s ansatz based on
ections of a line bundle 𝐿 → 𝑋 is appropriate for a Kähler class
 𝐽] proportional to 𝑐1 ( 𝐿) . A change in Kähler class requires a
ifferent line bundle and leads to a completely different ansatz
or the Kähler potential. It is, therefore, difficult to see how
ähler moduli dependence for cases with ℎ1 , 1 ( 𝑋) > 1 can be
ncorporated in this approach. For our example based on the bi-
ubic CY, we have bypassed this difficulty by focusing on the line
ith 𝑡1 = 𝑡2 in Kähler moduli space. 

he Kähler potentials in Equations ( 2.15 ), ( 2.17 ), and ( 3.9 ) are
ather simple when expressed in terms of the projective ambient
pace coordinates. However, if we want to calculate the associated
ähler metric, we have to remember to restrict first to a patch
n the ambient space and then to the CY hypersurface, using
he defining equation. This complicates matters considerably. It
emains to be seen, and is the subject of ongoing work, if our
of 9
results for approximate Ricci-flat Kähler potentials can facilitate
approximate analytic calculation of metric-dependent quantities,
despite these difficulties. 
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Endnotes 
1 See also [ 19 ] for a related analysis of highly symmetric CY manifolds
such as the Fermat quintic, for which approximately Ricci-flat analytic
metrics are sought after in terms of symmetric polynomials. 

2 This also works for general quintics since the matrix 𝐻 in Equa-
tion ( 2.5 ) can be diagonalized to a unit matrix using a suitable GL (5)
transformation acting on the homogeneous coordinates. 

3 Strictly speaking, any values of the complex structure 𝜓 with 𝑚 = 5

do not lie in the fundamental domain and should rather be consid-
ered redundant, as they are identified with their 𝑚 = 0 counterparts.
Nevertheless, we still include them in our analysis for a sanity check. 

4 The parametrization ( 3.5 ) indicates that the hypersurface degenerates
in the large 𝜓 limit into the union of the four irreducible components,
𝐸 × ℙ2 and ℙ2 ×𝐻𝐴 with 𝐴 = 0 , 1 , 2 , where 𝐸 is the Fermat-type elliptic
curve in the first ℙ2 ambient factor and 𝐻𝐴 = { 𝑦𝐴 = 0} ⊂ ℙ2 are the
hyperplanes in the second. Given this asymmetric form of the variety, it
is not clear to us if there is a fundamental reason behind the factorization
of the metric. 

5 Note that the 𝜓-dependence of the Kähler potential has directly been
learned in [ 12 ], for the Dwork family of the quintic. 

6 See Ref. [ 22 ] for an invariant machine learning approach, where the
symmetry is reflected in the neural network architecture. 
Fortschritte der Physik, 2026
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